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ABSTRACT

In this thesis, we study the Selmer group of the p-adic étale realization of certain
motives using Kolyvagin’s method of Euler systems [34].

In Chapter 3, we use an Euler system of Heegner cycles to bound the Selmer group
associated to a modular form of higher even weight twisted by a ring class character. This
is an extension of Nekovari’s result [39] that uses Bertolini and Darmon’s refinement of
Kolyvagin’s ideas, as described in [3].

In Chapter 4, we construct an Euler system of generalized Heegner cycles to bound
the Selmer group associated to a modular form twisted by an algebraic self -dual character
of higher infinity type. The main argument is based on Kolyvagin’s machinery explained
by Gross [27] while the key object of the Euler system, the generalized Heegner cycles,

were first considered by Bertolini, Darmon and Prasanna in [5].
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RESUME

Cette these est consacrée a I’étude du groupe de Selmer de la réalisation étale p-
adique de certains motifs suivant la méthode de Kolyvagin basée sur les systemes d’Euler
[34].

Dans la premiere partie de cette these, nous exploitons le systeme d’Euler des cycles
de Heegner afin de borner le groupe de Selmer associ€ a une forme modulaire de poids pair
différent de 2 tordue par certains caracteres d’un corps de classe. Il s’agit d’une extension
du travail de Nekovar [39] basée sur ’article de Bertolini et Darmon [3].

Dans la deuxieme partie de cette these, nous édifions un systeme d’Euler a partir de
cycles de Heegner généralisés et nous 1’utilisons pour borner le groupe de Selmer associé
a une forme modulaire et un caractere algébrique de Hecke. L”argument principal est basé
sur I’approche de Kolyvagin telle que décrite par Gross [27] tandis que I’objet principal
du systeme d’Euler, les cycles de Heegner généralisés, ont été étudiés en premier par

Bertolini, Darmon et Prasanna [5].



TABLE OF CONTENTS

DEDICATION . . . . . e il
ACKNOWLEDGEMENTS . . . . . . .. e il
ABSTRACT . . . . . . e iv
RESUME . .. ... . v
1 Introduction . . . . . .. L 1
1.1 Introduction . . . . . ... Lo 1
1.2 Firstcontribution . . . . . . .. ... oL o 7
1.3 Second contribution . . . . . ... Lo 9
2 Preliminaries . . . . . . . ... 14
2.1 Abel-Jacobimap. . . . . .. ... 14
2.2 Frobenius substitution . . . . . ... ... Lo 16
2.3 Localclass fieldtheory . . ... ... ... ... ........... 19
2.4 Brauer group and local reciprocity . . . . . ... ... 22
25 Local Tateduality . . . . . ... ... ... ... ... ....... 25
2.6 Weilconjectures . . . . . . . ... e 28
3 Kolyvagin’s method for Chow groups of Kuga-Sato varieties over ring class
fields . . . . . . e 29
3.1 Introduction . . . . . ... 29
3.2 Motive associated to a modular form . . . . ... ..o 0L 32
3.3 Heegnercycles . ... ... ... ... ... .. 35
34 TheEulersystem . . ... ... ... ... ... ... .. ... 38
3.5  Localization of Kolyvaginclasses . . . . . . ... ... .. ...... 43
3.6 Statement . . . ... 47
3.7 Generating the dual of the Selmer group . . . . . . . ... ... ... 49
3.8 Bounding the size of the dual of the Selmer group . . . . . . ... .. 60

vi



4 On the Selmer group attached to a modular form and an algebraic Hecke

character . . . . . . . . . . L 64

4.1 Introduction . . . . . ... 64

4.2 Motive associated to a modular form and a Hecke character . . . . . . 69

43  p-adic Abel-Jacobimap . . . . ... ... Lo oo 72

4.4  Generalized Heegnercycles . . . . . . ... ... .. ......... 74

4.5  Euler system properties . . . . . . . . . .. ... 77

4.6  Kolyvagin cohomologyclasses . . . . .. .. ... .. ........ 82

4.7  Global extensions by Kolyvaginclasses . . . . ... ... ... ... 86

4.8  Complex conjugation and local Tate duality . . ... ... ... ... 90

4.9  Reciprocity law and local triviality . . . . . ... .. ... ... ... 93

5 Conclusion . . . . . . ... 98
5.1  From analytic rank to algebraicrank . . . ... ... ... .. .. .. 98

5.2  Futuredirections. . . . . . . .. .. ... 99
References . . . . . . . . . . 100

vii



CHAPTER 1
Introduction

One of the most beautiful results in algebraic number theory is the class number
formula which relates local arithmetic of number fields with global arithmetic. This local-
global principle is a manifestation of a general phenomenon in arithmetic. Indeed, special
values of L-functions of algebraic varieties over number fields appear to be related to the
global geometry of these varieties. This observation gave rise to the Birch and Swinnerton-
Dyer conjecture, and more generally to the Beilinson-Bloch conjectures.

An important tool in establishing results in this area is the construction of appropriate
algebraic cycles such as Heegner cycles. They are used to construct cohomology classes
with convenient norm compatibilities satisfying the properties of Euler systems, crucial to
the study of the geometric aspect of the algebraic varieties. Kolyvagin developed the case
where the algebraic variety is an elliptic curve over (Q and introduced a beautiful theory
of Euler systems. Nekovar extended the argument to p-adic étale realizations of motives
attached to classical modular forms. In my thesis, I consider first the case of a modular
form twisted by a ring class character and then the case of a modular form twisted by an
algebraic self-dual character of higher infinity type.

1.1 Introduction

Given an elliptic curve £ and a number field K, the Mordell-Weil theorem implies

that

E(K) ~ 7" +E(K)or,



where r is the algebraic rank of E and E(K);oys is the finite torsion subgroup of E(K). This
gives rise to the following questions:

e When is E(K) finite, that is, when is r = 0?

e How do we compute r?

e Could we produce a set of generators for E(K)/E(K );ors?
The main insight in the field is one of the seven Millennium Prize Problems listed by the
Clay Mathematics Institute, Birch and Swinnerton-Dyer’s conjecture that the algebraic
rank of £ is equal to its analytic rank, that is, the order of vanishing at s = 1 of the Hasse-

Weil L-function L(E /K, s) associated to E over K. Let
L*(E/K.s) = ((2) T(s))'N"*L(E/K.s),

where d = [K : Q], T'(s) = [y’ e "+*"!dt is the T-function and N is the conductor of E
be the completed L-function associated to E /K. The Hasse-Weil conjecture stipulates that
L(E/K,s) has analytic continuation to the whole complex plane C and L*(E /K, s) satisfies

a functional equation of the form
L*(E/K,2—s5)=w(E/K) L*(E/K,s),

where

w(E/K) = +1

is the global root number of E /K. Together with Birch and Swinnerton-Dyer’s conjecture,

it would imply the parity conjecture

(—1)" = w(E/K).



The short exact sequence in Galois cohomology
0 — E(K)/pE(K) — Sel,(E/K) — II(E/K), — 0

relates the rank of E(K) to the size of the so-called Selmer group Sel,(E/K). The
Shafarevich-Tate conjecture on the finiteness of III(E/K), the Shafarevich group of E
over K, implies that Sel,(E/K) and E(K)/pE(K) have the same size for all but finitely
many primes p. This is the reason why the study of Selmer groups is a crucial step towards
the understanding of the equality conjectured by Birch and Swinnerton-Dyer.

We describe next some of the most interesting advances in this area. Coates and Wiles
[14] proved that if E has complex multiplication by the ring of integers of an imaginary

quadratic field K of class number 1 and if it is defined over F = K or F = Q, then
r(E/F)>1 = rg(E/F) > 1.

Kolyvagin [34, 27] uses an Euler system to bound the size of the Selmer group of certain
elliptic curves over imaginary quadratic fields assuming the non-vanishing of a suitable
Heegner point. This implies that they have algebraic rank 1, and that their associated Tate-
Shafarevich group is finite. Combined with results of Gross and Zagier [28], this proves
the Birch and Swinnerton-Dyer conjecture for analytic rank 1. Using results of Kumar and
Ram Murty [38], it can be shown that the Birch and Swinnerton-Dyer conjecture holds for
analytic rank less than or equal to 1. Bertolini and Darmon adapt Kolyvagin’s descent to
Mordell-Weil groups over ring class fields [3]. We denote by r, the corank of the Selmer

group
rp = rank(Homz, (Sel,~(E/K),Q/Z)).



In [41], Nekovar proves that if E is an elliptic curve over Q with good ordinary reduction
at p, then
W(E/Q) = (~1)7E/2).

Tim and Vladimir Dokchister [20] show that if £ /K has a rational isogeny of prime degree

p > 3, and E is semistable at all primes over p, then
w(E/K) = (—1)7E/K),
Skinner and Urban [51] prove that for a large class of elliptic curves,
rp, =0= ord,—L(E,s) =0.

Skinner [50] shows that if E is a semistable elliptic curve over QQ that has non-split multi-
plicative reduction at at least one odd prime or split multiplicative reduction at at least two

odd primes then
rankz(E(Q)) = 1 and |III(E)| is finite = ord,—1L(E,s) = 1.

He also proves the corresponding result for the abelian variety associated with a weight
two newform of trivial character. Wei Zhang [56] proves that for a large class of elliptic
curves over Q,

rp=1=ords—L(E,s) = 1.

No assumptions are made about the primes for which E has additive reduction. However,
the Gal(Q/Q) representation of E[p)], the p-torsion points of E, is required to ramify for
certain primes of multiplicative reduction. Bhargava and Shankar [6] show that the average

size of the 5-Selmer group of elliptic curves over Q is equal to 6. Combining this with a



new lower bound on the equidistribution of root numbers of elliptic curves, they deduce
that the average rank of elliptic curves over () when ordered by height is less than 1 and at
least four fifths of all elliptic curves over (Q have rank either O or 1. Furthermore, at least

one fifth of all elliptic curves in fact have rank 0. Bhargava, Skinner and Wei Zhang prove

in [7] that
_ {E/Q | HE)=ord,_iL(E,s), LI(E) finite , H(E) <X}
1 66.48%
X {E/Q | H(E) < X}| ~ ’

where H(E) is the height of the elliptic curve E. In other words, a majority of elliptic
curves over (Q satisfy the Birch-Swinnerton-Dyer conjecture and have finite Shafarevich
group over Q.

More generally, one can associate to a modular form f of even weight 2r and level
['o(N) a p-adic Galois representation A [32, 46]. For a given number field K, there is a
p-adic Abel-Jacobi map

®:CH (X/K)y — H'(K,A),

where
e X represents the Kuga-Sato varieties of dimension 2r — 1, that is, a compact desingu-
larization of the 2r — 2-fold fibre product of the universal generalized elliptic curve
over the modular curve X;(N),
e CH'(X/K)y is the r-th Chow group of X over K, that is the group of homologically
trivial cycles on X of codimension » modulo rational equivalence,

e H'(K,A) stands for the first Galois cohomology group of Gal(K/K) acting on A.



The Beilinson-Bloch conjecture, which generalizes Birch and Swinnerton-Dyer’s, predicts

that
dimg, (Im(®) ® Q) = ordy—,L(f ® K,s). (1.1)

This motivates the study of the Selmer group Sel,(A/K) of A over K as Im(®) closely
relates to it.

In [39], Nekovar shows that
dimg, (Im(®)®Q,) =1 (1.2)

assuming that a suitable cycle of H'!(K,A) is non-torsion. Combined with results of Gross-
Zagier and Brylinski [11, 28] and results of Bump, Friedberg and Hoffstein [12], this
provides further grounds to believe the Beilinson-Bloch conjecture for analytic rank less
than or equal to 1.

We extend Nekovéi’s work described in 1.2 to more general settings. Firstly, we
adapt ideas and techniques from [3] and [39] to provide a bound on the size of the Selmer
group associated to a modular form of even weight strictly larger than 2 twisted by a ring
class character. Secondly, we exploit the construction of so-called generalized Heegner
cycles by Bertolini, Darmon and Prasanna [5] to construct an Euler system attached to a
modular form twisted by an algebraic self-dual character of higher infinity type. Following
Nekovar [39], we subsequently use the tools introduced by Kolyvagin to bound the size of

the associated Selmer group.



1.2 First contribution
Let f be a normalized newform of level I'o(N) where N > 5, of trivial nebentype and

even weight 2r > 2 and let

K =Q(v-D)

be an imaginary quadratic field satisfying the Heegner hypothesis relative to N, that is,
rational primes dividing N split in K. For simplicity, we assume that |0f| = 2. We fix
a prime p not dividing ND¢ (N). Let H be the ring class field of K of conductor ¢ with

(¢,NDp) =1 and let e be the exponent of Gal(H /K). Let

F= @(Cll,dz,"' 7,ue)

be the field generated over (Q by the coefficients of f and the e-th roots of unity u, and
let OF be its ring of integers. We denote by A the p-adic étale realization of the motive
associated to f by Scholl [46] and Deligne [18] twisted by r. It will be viewed (by extend-
ing scalars appropriately) as a free Or ® Z,, module of rank 2, equipped with a continuous
Or-linear action of Gal(Q/Q). Let A o be the localization of A at a prime & of OF divid-
ing p. Then A, is a free module of rank 2 over Oy, the completion of O at . For a

p-torsion Gal(H /H) module M, the Selmer group
SCH'(H,M)
consists of the cohomology classes ¢ whose localizations ¢, at a prime v of H lie in

H'(H" /H,,M) for v not dividing Np

H/(H,,M) for v dividing p



where H} (Hy,M) is the finite part of H'(H,,M) as in [9]. In our setting, since A, has

good reduction at p, H}(H,,M) = H]

cris

(H,,M). Note that the assumptions we make will

ensure that H!(H"" /H,,A,/p) = 0 for v dividing N. The Galois group
G = Gal(H/K)

acts on H'(H,M) hence it acts on S. Assume that p does not divide |G|. We denote by

G = Hom(G, 1..) the group of characters of G and by

the projector onto the x-eigenspace given a character y of G. By the Heegner hypothesis,

there is an ideal ./ of @, the order of K of conductor ¢, such that
O, N =7/NZ.

Therefore, C/ 0, and C/.# ~! define elliptic curves related by an N-isogeny. As points of
Xo(N) correspond to elliptic curves related by N-isogenies, this provides a Heegner point
x1 of Xo(N). By the theory of complex multiplication, x; is defined over H. Let E be
the corresponding elliptic curve. Then E has complex multiplication by &,. The Heegner

cycle of conductor c is defined as
er(graph(v/=D))""!

for some appropriate projector e,, (see Section 3.2 for more details). Let y; be its image

by the p-adic étale Abel-Jacobi map in H!(H,A/p). We denote by Fr(v) the arithmetic



Frobenius element generating Gal(H!" /H,), and by I, = Gal(H,,/H!"). In Chapter 3 which
is submitted for publication, we prove the following statement.

Theorem 1.2.1. Assume that p is such that

Gal (Q(Ap/p)/Q) ~GL2(Op/p), (p,ND§(N)) =1, and pt|G|.

Suppose further that the eigenvalues of Fr(v) acting on A{[; are not equal to 1 modulo p

forv dividing N. Let x € G be such that

exy1 # 0.

Then the x-eigenspace S% of the Selmer group S has rank 1 over O,/ p.
1.3 Second contribution
Kolyvagin and Nekovér respectively use Heegner points and Heegner cycles to de-
fine a pertinent Euler system which is subsequently exploited to obtain a bound on the size
of an associated Selmer group. Bertolini, Darmon and Prasanna constructed generalized
Heegner cycles in the product of a Kuga-Sato variety with a power of a CM elliptic curve
[5]. In Chapter 4, we adapt Nekovar’s work to the setting where Heegner cycles are re-
placed by generalized Heegner cycles. This determines the left-hand side of the equality
(1.1) conjectured by Beilinson and Bloch for the étale realization of a motive attached to a
modular form twisted by an algebraic self -dual character of higher infinity type, when the
relevant generalized Heegner cycle has non-trivial image by the p-adic Abel-Jacobi map.
Let f be a normalized newform of level I'o(N) and trivial nebentype where N > 5 and

of even weight r 42 > 2. Denote by K = Q(1/—D) an imaginary quadratic field with odd

discriminant satisfying the Heegner hypothesis, that is primes dividing N split in K. For



simplicity, we assume that |0 | = 2. Let
yv:Ag —C*

be an unramified algebraic Hecke character of K of infinity type (,0). Then there is an
elliptic curve A defined over the Hilbert class field K; of K with complex multiplication by
Ok such that vy is the Hecke character associated to A [25, Theorem 9.1.3]. Furthermore,
A is a QQ-curve by the assumption on the parity of D, that is A is K- isogenous to its con-
jugates in Aut(Kj). (See [25, Section 11]). Consider a prime p not dividing ND¢ (N)Ny,
where N, is the conductor of A. We denote by V/ the f-isotypic part of the p-adic €tale
realization of the motive associated to f by Scholl [46] and Deligne [18] twisted by %
and by Vy, the p-adic étale realization of the motive associated to y twisted by 7. More
precisely, Vi, is the y-isotypic component of
resg, 0(A) =[] A°
ceGal(k; /Q)
where A is the o-conjugate of A, (see Section 4.2 for more details). Let &F be the ring

of integers of

F:Q(ahaZ?"'7bl>b27"')7

where the a;’s are the coefficients of f and the b;’s are the coefficients of the theta series

Oy = Z ‘l/(a)qN (@)

aCOx

10



associated to y. Then V¢ and Vi, will be viewed (by extending scalars appropriately) as

free OF ® Z,-modules of rank 2. We denote by
V = Vf ®ﬁF®ZP Vl’/

the p-adic €tale realization of the twisted motive associated to f and y and let V), be its
localization at a prime & in F dividing p. Then V;, is a four dimensional representation of

Gal(Q/Q) with coefficients in
End(A/Q) = ©5cgai(r/g)Hom(A,A%).

We also denote by OF , the localization of O at f&. By the Heegner hypothesis, there is
an ideal .4 of Ok satisfying
Ox| N =17/NZ.

We can therefore fix level I'j(N) structure on A, that is a point of exact order N defined
over the ray class field L; of K of conductor .#". Consider a pair (¢;,A;) where A is an

elliptic curve defined over K| with level I'j (N) structure and
¢:A— A
is an isogeny over K. We associate to it a codimension r + 1 cycle on V
Yo, = Graph(¢1)" C (AxA;)" ~ (A1) xA" C W, x A"
and define a generalized Heegner cycle of conductor 1

Ap, =erYo,,

11



where e, is an appropriate projector (4.1). Then Ay, is defined over L. The Selmer group
S - HI(K,Vp/p)
consists of the cohomology classes which localizations at a prime v of L; lie in

H'(K"" /K,,V,/p) for v not dividing NNsp

H}(K,,Vp/p) for v dividing p

where K, is the completion of K at v, and

H}(vap/p> = Hc]ris(KV’VP/p)

is the finite part of H'(K,,V,,/p) [9]. Note that the assumptions we make will ensure that
HY (K" /K,,Vy/p) = 0 for v dividing NN4. We denote by Fr(v) the arithmetic Frobe-
nius element generating Gal(K""/K,), and by I, = Gal(K, /K!"). In Chapter 4 which is
submitted for publication, we prove the following statement.

Theorem 1.3.1. Let p be such that

Gal (K(Vp/p)/K) ~ Autg(Vy,/p), and (p,ND@(N)Ny) = 1.

Suppose that V,/p is a simple Aut(V,/p)-module. Suppose further that the eigenvalues
of Fr(v) acting on VJIOV are not equal to 1 modulo p for v dividing NNy. Assume the

corestriction corp, k®(Ag,) # 0 where
D(Ag,) € H' (K, Vp/p)

is the image by the p-adic Abel-Jacobi map of the generalized Heegner cycle Ap,. Then

the Selmer group S has rank 1 over Uf,p/p.

12



One could consider other flavours of Selmer groups. Instead of studying the Selmer
group with coefficients in V,,/p, one could look at the Selmer group with coefficients in
the p-torsion submodule V[p] of V. The duality between these two types of Selmer groups

allows us to deduce information about the latter from the study of the former.

13



CHAPTER 2
Preliminaries

In this chapter, we explain some of the key concepts used in Kolyvagin’s method of
Euler systems adapted to modular forms of higher even weight. We invite the reader to
consult these sections as they are referenced in Chapters 3 and 4.

2.1 Abel-Jacobi map

The Kolyvagin cohomology classes we construct are derived from the image by the
p-adic Abel-Jacobi map of (possibly generalized) Heegner cycles. We follow [1] and [5]
in the description of the Abel-Jacobi map. Consider a smooth projective variety X of
dimension d over a field K of characteristic 0. An irreducible cycle Z of codimension c is
a closed irreducible subvariety of codimension c. We denote by Z¢(X) the abelian group
generated by codimension ¢ cycles. Two cycles «, B are rationally equivalent if there is

U C P! and yin Z¢(X x U) such that for all u € U, we have
Yo =YNZ(X xu) and there is ug # u; € U with y,, = o and 7, = B.

The cycle class map

cl:Z°(X /K) — HX (X ®K,Z,(c))

factors through rational equivalence. Therefore, it induces a map

cl: CH(X/K) — HX(X K, Z,(c))

14



on the c-th Chow group CH(X) consisting of Z¢(X) modulo rational equivalence. Two
cycles a, B are homologically equivalent if cl(a) = cl(B). We denote by CH®(X)o the
group of homologically trivial cycles. Leti: Z < X be a closed immersion and j: U — X
an open immersion such that X is the disjoint union of i(Z) and j(U). Let .# be an étale
sheaf on the étale site of X and let i* be the right adjoint of i,. The group of sections of .7

with support on Z is

[(X,i.i'F) =T(Z,i'.F) = ker(F (X) — F(U)).
The étale cohomology groups of .% with support on Z are
Hly (X, 7): F — RT(Z,i'F).
Assume that Z is smooth over K. For 0 < k <2c¢—2, we have
HY (X, )~ HS (U, 7).

The long exact excision sequence in étale cohomology gives rise to an exact sequence

0— HX \(X,.7) = HX ' (U,.Z) » HE (X, F) 5 HX(X,.F)
— HY|(X,.7) = Hy'(X,.7) = Hy (U,.F) -0,
where
k k—2 .
HY, (X,.7)~H, “(Z,i*F(—c)).

Taking .# = Z,(c), the Gysin map i* induces by restriction to rational cycles the cycle
class map

cl: CH*(X) — HX(X,Z,(c))%*

15



where X = X ® K. For Z € CH®(X ), consider the diagram

0—— Ha' ' (X, Zp(c)) — Ha ™' (X = Z,Zp(c)) — H (X, Zp(c) Jo —— 0
0—— HX'(X,Z,(c)) E; Z, 0
where

HE (X, Zy(c))o = ker( HE (X, Zy(c) — HX(X.Z,(c)))
is the kernel of the Gysin map and
Lp — H|ZZC|(Y,ZP(C))O 1= Z
Here, E7 is identified with a subquotient of
{e€ Hff_l()_(—z Zp(c)) | Im(e) € H|2ZC| (X,Zp(c))o N Im(Zp)}.
The p-adic Abel-Jacobi map is the map
AJS CHE(X) — Ext'(Zp,H (X, Zy(c))) = H' (K, Hy ' (X,Zp(c)))

which associates to Z € CH¢(X ), the isomorphism class of E in the group of extensions
of Z, by H2X (X, Z,(c)) in the category of p-adic representations of Gal(K/K).
2.2 Frobenius substitution

The choice of the primes determining the Kolyvagin cohomology classes which are
central to the proof relies on the theory of Frobenius substitution which we summarize in

this section. Let L be a finite Galois extension of F'. Consider a prime g of L lying above

16



an unramified prime p of F. There is an element
o =(q,L/F) € Gal(L/F)
uniquely determined by the condition that
o(a)=a™? modgq forallac 0y,

where N(p) = |OF/p|. If g; is another prime of L lying above p then (¢;,L/F) is conjugate
to (¢,L/F). In particular, if L/F is an abelian extension then the set {(¢,L/F), q | p}

consists of a single element

Frob,(L/F) = (p,L/F) = (q:;,L/F),

the Frobenius substitution of p. When p is a real infinite place, (p,L/F) is the com-
plex conjugation . When p is a complex infinite place, (p,L/F) is the identity. Ce-
botarev’s density theorem which plays a crucial role in the proof of Theorem 1.2.1 and
Theorem 1.3.1 is a statement about the occurence of a conjugacy class [o] of an element
o € Gal(L/F) as a Frobenius substitution. Cebotarev proved that the set of unramified

prime ideals p of F such that (p,L/F) € [o] has Dirichlet density

| [o] | | [o] |
[L:F]  |Gal(L/F)|’ @D

and is hence infinite. In particular, if L/F is abelian, then the set of unramified primes
such that Frob,(L/F) belongs to [o] has density 1/[L: F|.
We discuss the transfer of an element from a group to a subgroup following Serre’s

development [48]. This will be applied to move the Frobenius substitution of an unramified

17



prime from a Galois group to a Galois subgroup. Let G be a group, H a subgroup of finite
index and X = G/H the set of left cosets of X. For x € X, we denote by X a representative
of x in G. Assume s € G and x € X, then sx € G has image sx in X. Therefore, if 5x is a

representative of sx in X, then there exists /i, € H such that

§X = 5X hy x.
Consider the map

Ver : G—HY : s Hhs,x mod [H,H],
xeX

where the product is computed in H*’ = H/[H,H]. This is a group homomorphism that
does not depend on the choice of representatives {X},ex. Let C be the cyclic subgroup
of G generated by s. We denote by O, the orbits of X under the action of C and by fy
the cardinality of 0. If x4 belongs to O, then sfaxy, = x. This implies that given a

representative go of xo in G, there exists hy in H such that

Sfagoc = gaha-
Therefore, it is enough to show that
Ver(s) = H hg = H gq 5% go mod [H,H]
o o

to conclude that the homomorphism G* — H*® — G maps s to s". Indeed,

84 8%gq =s/* mod[G,G], and stele ="
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In particular, if G is abelian, we obtain a homomorphism

Ver : G—H : s+—s".

2.3 Local class field theory
In this section, we develop certain aspects of local class field theory that are relevant
to the definition and understanding of (generalized) Heegner cycles following Cox [16]

and Gala [23]. A modulus m in a number field F' is a formal product

m = I_Ipmp
p
running over the places p of F' where

m,, > 0 is non-zero for finitely many places p
m;, = 0 or 1 for infinite real places

m,, = 0 for infinite complex places

Writing m as m = mom.., the product over finite and infinite places of F respectively, we

denote
Pri(m)={a € F*|vy(a—1)>m,forall p|mgyand p(a) >0 forall p | me}.

Let Ir(m) be the set of fractional ideals of F generated by the prime ideals which do not

divide m. The ray class group of F modulo m is

Cm = IF(m)/PEl(m).
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Assume E/F is a finite abelian extension and m is a modulus of F’ divisible by the primes

of F' that ramify in E. Then the Artin map is the surjective homomorphism

y: Ip(m) — Gal(E/F) : []p{" — [](pi.E/F)™.
Pi Pi

A prime ideal of F' splits completely in E if and only if it is in the kernel of the Artin map.

Consider the norm map
NE/F g —Ir (]pr(q/p),

where p is the prime of F lying below the prime g of E and f(q/p) = [F, : F,] is the

residue degree. We have
Ng/p(Ig) C ker(y).

Indeed, it is enough to see that
y(p\9/P)y = (p,E/F)la/P) = 1,

Artin’s reciprocity law further states that there is a modulus m of F which satisfies the
following properties:

1. m is divisible by the primes of F' that ramify in E

2. Ppi(m) Cker(y)

3. ker(y) = Pr,1(m) Ng/p(Ig(m')), where m' is divisible by the primes of E lying above

primes of m
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The minimal such modulus m is called the conductor of the extension. A subgroup H of

Ir(m) is called a congruence subgroup modulo m if
PF71(I’I’Z) CHC Ip(m).

There is a unique abelian extension E of F such that the primes of F ramified in E divide

m and such that
H = Pr,1(m) Ng/p(Ig(m')),

where m’ is divisible by the primes of E lying above primes of m. The Artin map induces
an isomorphism

y: Ip(m)/H — Gal(E/F).

In the case where m is the trivial modulus 1, the congruence subgroup H = Pr (1) gives
rise to the Hilbert class field F; of F, the maximal abelian unramified extension of F. In

the case where m is a product of finite places, we consider the order
O =7+m0O%

of conductor m in an imaginary quadratic field F = K with 07 = {£1}. Let Pic(0,,) be

the Picard group of &,,. Then
Pic(ﬁm) ~ Cl(ﬁm) ~ IK(mﬁK)/PK’Z(mﬁK),

where

Px 7(mOk) ={ac Ox |a=a modmOk, acZ, (a,m)=1}.
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Since Pk 7(m) is a congruence subgroup modulo m, there is an extension K, of K, the ring

class field of K of conductor m, such that
Pic(0,,) ~ Gal(K,,/K).

The Galois group Gal(K,,/K) ) is the subgroup of Gal(K,,/K) acting trivially on K;. There-

fore, we have
IK(mﬁK>ﬂP[((ﬁ[() - (ﬁ[(/m)*

Gal(K,,/K;) ~ P2 (mOx) > Lim)

This provides a formula for the ratio of the class numbers of a ring and a suborder. The

complex conjugation T which generates Gal(K/Q) acts on an element ¢ of Gal(K,,/K)

1 1

by 767" = ¢ ' and we have

Gal(K,,/Q) ~ Gal(K,,/K) x Gal(K/Q).

2.4 Brauer group and local reciprocity

The local reciprocity law is the principal tool used to transform global information
about the elements of the Selmer group into local information. We describe this law and
the Brauer group with Serre’s book [47] as a reference. The Brauer group of a field k is
the direct limit

By =lim H*(K /k,K")
K
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as K runs through the set of finite Galois extensions of k. For an algebraic number field £,

let k, be the completion of k with respect to the place v of k. Then

By, = Q/Z for finite primes v of ,
By ={0,1/2} if k, =R,
Bi =0 if k,=C.

The embedding k < k, induces a map

Bk — HBkv
v

that is injective by the Hasse principle. In fact By embeds into ®,By,. Combining [47,
Theorem XI1.3.2] and the corollary of [47, Proposition XIII.1.1], we obtain an exact se-
quence

0 — By — @By, 9 Q/Z — 0,

where 6(®,x,) = ¥, x,. If k, is a field complete under a discrete valuation with finite

residue field then we have an isomorphism

invg, : By, ~Q/Z.

(See [47, Proposition XIII.3.6]).
Let L be a finite extension of K of degree n for a field K that is complete with respect
to a discrete valuation v with quasi-finite residue field K (see [47, Paragraph XIIL.2] for

the definition of a quasi-finite field). Let

resg 1 : Bk — B,
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be the canonical homomorphism of Bk into By. Then
Invp oreskg | = n-invg.

Suppose L/K is Galois with Galois group G. Then the isomorphism invg maps the sub-
group H%(L/K,L") of Bk onto the subgroup Z/nZ of Q/Z by [47, Corollary XIIL.3.2].
Assume K contains the group ,, of n-th roots of unity. We choose a primitive n-th root of

unity @ identifying w, with the group Z/nZ. The exact sequence
0—u,—K HK —0,
where v(x) = x" induces the exact sequence
0 — H%(G,Z/nZ) % Bx — Bg

since H 1(G,K*) = 0. Given elements a,b of K* we can associate elements ¢, ¢, of

H'(G,7/nZ). The cup product then yields an element ¢, ¢, of H*(G,Z/n7Z). We let

(av b) = i((paq)b)'

We define

(a’ b)v _ a)nian(a,b)7

an n-th root of unity which does not depend on the choice of @ by the corollary to [47,
Proposition XIV.2.6]. Assume L = K (a%) ,and b € K*. Artin’s reciprocity law implies

that y(b) = 1, (see Section 2.3). One can then deduce that

[I(a,b), =1

v
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by relating the elements (a,b), to the Frobenius substitution at the primes dividing b by

the formula
(a,b), = (b,*/K)(ar)/ar

where (b,*/K) is an appropriate limit of (b, F /K) over increasing extensions F of K, (see
[47, Proposition XI.3] for the precise definition).
2.5 Local Tate duality

Local Tate duality is one of the main ingredients of the proof of Theorems 1.2.1 and
1.3.1. We succinctly explain the main ideas following Nekovaf [39] and Tate [53]. Let
K; be a local field with residue field F; and let A be a finite group with an unramified
action of Gal(K} /K, ) killed by a prime p. Assume p divides g — 1 so that 1, C K and let
A" =Hom(A, u,). We denote by K}”, the maximal unramified extension of K, by K, , the
maximal tamely ramified extension of K;, and by H! (K ,*), the group H! (K57 /Ky, %).

The natural pairing A x A’ — p,, yields the cup product pairing
H' (K, A) x H' Ky A") — H*(K),,1tp) = 2,/ pT.
which induces a perfect local Tate pairing
H'(KY /K, A) x H' Ky ,A") JH (K} /Ky, A) — Z/ pL.

Let
o H' (K /Ky,A) = A/(¢—1)A

be the evaluation map at the Frobenius element ¢ where

Gal(KY /Ky) =< ¢ > .
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Then « 1s an isomorphism. The exact sequence of Galois groups

0 — Gal(K, /K}) — Gal(K, /K}") — Gal(K} /K}") — 0
induces the exact sequence

H' (K} /Ky, A" — H' (K47 A') — H' (K},A") — 0,
where H' (K} ,A") = 0 since Gal(K} /K},) is a pro-g group. Therefore,
H'(KY" A" ~ H' (K}, /K47, A') ~ Hom(Z/ pZ(1),A”) ~ Hom(p,,A’).
Hence we have an isomorphism
H'(KY,A") = Hom(u,,A").

The exact sequence of Galois cohomology groups

0— H' (K" /K,A") — H' (K3, A") — H' (K4, A')? — 0
allows us to identify H' (K, ,A")/H' (KY" /K),A") with

H'(KY,A")? ~ Hom(u,,A")?.
Hence, we obtain a perfect local pairing
(-, ) HY(KY /Ky, A) x H (K}, A — 7/ pZ.
Alternatively, the local Tate pairing can be viewed as a duality between invariants
(4PN = B (K 1)
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of the dual of A under the action of ¢ and Frobenius co-invariants
A/(0—DA=H' (K /K.A)

of A.
We will be interested in the particular situation where A = A’, K is an imaginary
quadratic field and K is its ring class field of conductor £. Since the extension K, /Kj is

totally ramified, the generator oy of Gal(K},/K} ) can be lifted to a generator

T € Gal(K /K4") = 2 (1) = [] Zy(1).
g7t

Let §j, , be the image of 7, by the projection
7 — .

We obtain the map f3
B . HY(KY ,A)? = A9=NA)

as the composition of the isomorphism H' (K4",A)? ~ Hom(p,,A)? with the evaluation
map

Hom (,(K3),4)? = A?=N*)

at £ ,. This induces an isomorphism
y=B"'oa : H).(K;,A) ~H"(K}",A)® (2.2)

where elements of A /(¢ — 1)A are viewed as the corresponding dual elements of A9~V @),

The map Y switches cocycles with same values on ¢ and 7, modulo p.
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2.6 Weil conjectures

We recall the Weil conjectures which play an important role in the study of the lo-
calization of Kolyvagin cohomology classes. We follow Mazur’s notes [36]. Consider
an abelian variety V over a field k of cardinality ¢ and denote by &, the subfield of k of

cardinality ¢”". We can associate to V a zeta function

t}’l
Z(V/k,t) = N,(V /k) —
k) =exp (T M/ ).
where N,(V /k) is the cardinality of V (k). This zeta function can be expressed as

_ Tloaa; det(1—1¢ | H/(V))
a Hevenj det(l _t¢ ‘ HJ(V)Y

Z(V [k,t)

where ¢ is the Frobenius endomorphism acting on the étale cohomology H/ of V. (See
[36, Discussion 1.4,1.5]). The Weil conjectures predict the following

1. Rationality: Z(V /k,t) is a rational function of 7 with coefficients in Q whose poles and
zeros are algebraic integers.

2. Functional equation: If V [k is connected, proper and smooth of dimension d then the
map « — g% /o is a permutation of the zeros of Z(V /k,t) and of its poles.

3. Riemann hypothesis: If a is an eigenvalue of the geometric Frobenius acting on H/ (V)

for an étale cohomology H/ and |- | is any archimedean absolute value then |a| = q%.
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CHAPTER 3
Kolyvagin’s method for Chow groups of Kuga-Sato varieties over ring class fields

3.1 Introduction
Let f be a normalized newform of level I'o(N) and trivial nebentype where N > 5 and

of even weight 2r > 2 and let

K =Q(v-D)

be an imaginary quadratic field satisfying the Heegner hypothesis relative to N, that is,
rational primes dividing N split in K. For simplicity, we assume that |0f| = 2. We fix
a prime p not dividing ND¢ (N). Let H be the ring class field of K of conductor ¢ with
(¢,NDp) = 1, (see Chapter 2, Section 2.3 for more details) and let e be the exponent of
Gal(H/K). Let F = Q(ay,ay,- -, 1) be the field generated over Q by the coefficients
of f and the e-th roots of unity u,. We denote by A the p-adic étale realization of the
motive associated to f by Scholl [46] and Deligne [18] twisted by r. It will be viewed
(by extending scalars appropriately) as a free O ® Z, module of rank 2, equipped with a
continuous Up-linear action of Gal(Q/Q). Let A, be the localization of A at a prime 2 of
OF dividing p. Then A, is a free module of rank 2 over 0),, the completion of OF at .
The Selmer group

SCH'(H,Ap/p)
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consists of the cohomology classes ¢ whose localizations ¢, at a prime v of H lie in

H'(H""/H,,A,/p) for v not dividing Np

H}(H,,Ap/p) for v dividing p

where H} (Hy,Ap/p) is the finite part of H'(H,,Ap/p) as in [9]. In our setting, since A,

has good reduction at p, H}(H,,M) = H

cris

(H,,M). Note that the assumptions we make

will ensure that H' (H"" /H,,Ap/p) = 0 for v dividing N. The Galois group
G = Gal(H /K)

acts on H'(H A o/ p) and preserves the unramified and cristalline classes, hence it acts
on S. Assume that p does not divide |G|. We denote by G = Hom(G, 11,.) the group of

characters of G and by

1 -1
€x = 1747 X 8)8

the projector onto the y-eigenspace given a character y of G.
By the Heegner hypothesis, there is an ideal .4 of &, the order of K of conductor c,
such that

6./ N =1Z/NL.

Therefore, C/0, and C/.# ~! define elliptic curves related by an N-isogeny. As points of
Xo(N) correspond to elliptic curves related by N-isogenies, this provides a Heegner point
x1 of Xo(N). By the theory of complex multiplication, x; is defined over H. Let E be

the corresponding elliptic curve. Then E has complex multiplication by .. The Heegner
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cycle of conductor c is defined as
er(graph(v/=D))""!

for some appropriate projector e,, (see Section 3.2 for more details). Let 0 be the image
by the p-adic étale Abel-Jacobi map of the Heegner cycle of conductor ¢ viewed as an
element of H!(H,A,/p). We denote by Fr(v) the arithmetic Frobenius element generating
Gal(H""/H,), and by I, = Gal(H,/H""). This chapter is dedicated to the proof of the
following statement:

Theorem 1.2.1. Assume that p is such that

Gal (Q(Ap/p)/Q) ~GLa(Op/p), (p,ND$(N))=1, and pt|G|.

Suppose further that the eigenvalues of Fr(v) acting on A{[; are not equal to 1 modulo p for
v dividing N. Let ¥ € G be such that ez9 is not divisible by p. Then the x-eigenspace S%
of the Selmer group S has rank 1 over 0, /p.

To prove Theorem 1.2.1, we first view the p-adic étale realization A of the twisted
motive associated to f in the middle étale cohomology of the associated Kuga-Sato va-
rieties. The main two ingredients of the proof are the refinement of an Euler system of
so-called Heegner cycles first considered by Nekovér and Kolyvagin’s descent machinery
adapted by Nekovar [39] to the setting of modular forms. In order to bound the rank of the
x-eigenspace of the Selmer group %, we use Local Tate duality and the local reciprocity
law to obtain information on the local elements of the Selmer group. Using a global pairing
of the Selmer group and Cebotarev’s density theorem, we translate this local information

about the elements of S% into global information.
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The main novelty is the adaptation of the techniques by Bertolini and Darmon in [3] to
the setting of modular forms that allow us to get around the action of complex conjugation.
Indeed, unlike the case where  is trivial, the complex conjugation T does not act on S% as
it maps it to S%.

3.2 Motive associated to a modular form

In this section, we describe the p-adic étale realization A of the motive associated to
f by Scholl [46] and Deligne [18] twisted by r. Consider the congruence subgroup I'o(N)
for N > 5 of the modular group SL,(Z)

a b
FO(N):{ €SLy(Z) | ¢=0 modN}.
c d

We denote by Yy (N) the smooth irreducible affine curve that is the moduli space classifying
elliptic curves with I'g(N) level structure, that is elliptic curves with cyclic subgroups of
order N. Equivalently, Yy(N) classifies pairs of elliptic curves related by an N-isogeny.

Over C, we have

H/To(N) ~ Yo(N)c : T — ((C/(Z-l-ZT), <]%[>)

We denote by Xo(N) the compactification of Yy(N) viewed as a Riemann surface and we
let j be the inclusion map

J:Yo(N) = Xo(N).

The assumption N > 5 allows for the definition of the universal elliptic curve

w:& — Xo(N).
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Let
72\ (C x H)

be the universal generalized elliptic curve over the Poincaré upper half plane where (m,n)
in Z? acts on C x H by

(z,7) = (z+mt+n,7).

We denote by & the compact universal generalized elliptic curve of level I'g(N). Let W, be
the Kuga-Sato variety of dimension r+ 1, that is a compact desingularization of the r-fold

fibre product
& XXo(N) " X xo (W) &
(see [18] and the appendix by Conrad in [5] for more details).
Fix a prime p with (p, N¢(N)) = 1. Consider the sheaf
F = Sym* 2 (R'm.Z/p).
Let
Ty 2= (Z/Nx)* ?xX,

where t, = {41} and X,,_; is the symmetric group on 2r — 2 elements. Then I, acts

on Wa,_», (see [46, Sections 1.1.0,1.1.1] for more details.) The projector

associated to I'5,_», called Scholl’s projector, belongs to the group of zero correspondences

CorrO(WZ,,z, War—2)q from W, to itself over Q, (see [4, Section 2.1] for more details.).
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Remark 3.2.1. The hypothesis ((2r —2)!,p) = 1 is not necessary by a combination of
the work of Tsuji [54] on p-adic comparison theorems and Saito [43] on the Weight-
Monodromy conjecture for Kuga-Sato varieties.

Proposition 3.2.2.

H)(Xo(N)®Q, joF) ~ e, &1 HYy (W, @ H,Z/ p).

Proof. The proof is a combination of [46, theorem 1.2.1] and [5, proposition 2.4]. Note
that the proof in [46, theorem 1.2.1] involves Q, coefficients but it is still valid in our

setting, (see the Remark following [39, Proposition 2.1]). ]
Define

J=H\(Xo(N)2Q, j.F).

For primes ¢ prime to N, the Hecke operators 7; act on Xo(N), which induces an endo-
morphism of H) (Xo(N)®Q, j..Z). Let A be its f-isotypic component with respect to the

action of the Hecke operators. Let
I =Ker{T — OF : Ty — ay,Yl{ N}.

Then A = {x € J | Ix = 0} is isomorphic to J/IJ. A is a free Or ® Z, module of rank
2, equipped with a continuous Cp-linear action of Gal(Q/Q). Hence, there is a map
es : J — A that is equivariant under the action of Hecke operators and Gal(Q/Q).

Consider the étale p-adic Abel-Jacobi map

®:CH (War_2/H)og — H' (H,HZ ' (Wa,_2 @ H, Z(r)))
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where CH" (W»,_»/H) is the group of homologically trivial cycles of codimension 2r — 2
on W,,_; defined over H, modulo rational equivalence. Composing the Abel-Jacobi map

with the projector e,, we obtain a map
®:CH" (Ws,_»/H)o — H'(H,J).
The Abel-Jacobi map commutes with automorphisms of W,,_», so ® factors through
e,(CH (War_2/H)o R 7Zyp).
Proposition 3.2.2 implies that e, H" +1 (Way—2o ®H, Zp) = 0. Since
CH'(War—2/H)o = Ker(CH"(War_2/H) — H"™ ™' (W, 2 ® H, Z,)),

we have e,(CH"(Wa,—2/H)o ® Z,) = e,(CH"(Wa,—2/H) ® Z,,). Composing the former

map with the map eq : / —> A, we get
®:e,CH (Wy,_2/H)o — H'(H,A).

3.3 Heegner cycles
Consider an integer m such that (m,cNDp) = 1. Recall that H = K, is the ring class

field of K of conductor c. We denote by
Hy = Kem

the ring class field of K of conductor cm for m > 1. We describe Nekovai’s construction

of Heegner cycles as in [39, Section 5].
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By the Heegner hypothesis, there is an ideal .4 of &, the order of K of conductor

cm, such that

Oom) N =TINL.

Therefore, C/ 0, and C/.# ~! define elliptic curves over C related by an N-isogeny. As
points of Xo(N) correspond to elliptic curves over C related by N-isogenies, this provides
a Heegner point x,, of Xo(N). By the theory of complex multiplication, x,, is defined over
the ring class field H,, of K of conductor cm, (see [26] for more details). Let E be the
elliptic curve corresponding to x,,. Then E has complex multiplication by &,,. Letting
graph(/—D) be the graph of the multiplication by v/—D on E, we denote by Zg the image
of the divisor

(graph(\/j) —Ex0-D(0OXE))

in the Néron-Severi group NS(E x E) of E X E, that is, the group of divisors of E x E

modulo algebraic equivalence. Consider the inclusion
it EY 2 Wals.

Then i, (Z;;l) belongs to the Chow group CH (W,,_»/H,,)o. Denote by y,, the image of

i.(Z") by the p-adic étale Abel-Jacobi map
® : CH" (War_o/Hyp)o — H' (Hp, A)

as described in [31] and briefly explained in Chapter 2, Section 2.1. We consider two

crucial properties of the Galois cohomology classes thus obtained from Heegner cycles.
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Proposition 3.3.1. Consider cocycles y, and y,, with n = {m, where { is a prime inert in

K. Then
Tyym = cory, /g, Yn = arym-

Proof. Let E,, be the elliptic curve corresponding to x,,. Then, we have
l* Zr 1 Zl* Zr 1

where the elements y € Y(N) correspond to ¢-isogenies E, — E,, compatible with level

['o(N) structure. The set {y} consists of the orbit of x,, in
Gal(H,/Hp) ~ Gal(K,/K,) ~ Gal(K;/K;).

Let E,, be the elliptic curve corresponding to x,. We have

YiZgh= ) g2 ") =corym,i(Zg ).
y g€Gal(H, /Hy,)

Since the action of the Hecke operators commutes with the Abel-Jacobi map, we obtain

Tyym = cory, /g, Yn-

The equality
Tfym = AyYm
follows from the definition of A on which Hecke operators 7y act by ay. ]

We denote by (y,), the image of an element y, € H'(H,,A) in H'(H, ,,A).
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Proposition 3.3.2. Consider cocycles y, and y,, with n = {m, where { is a prime inert in

K. Let Ay, be a prime above { in K,, and A, the prime above A, in K,. Then

(yn)ln = Fr(E) (resKAmJ(}Ln (ym)M) ln H] (KA”,A)-

Proof. The proof can be found in [39, proposition 6.1(2)]. ]
3.4 The Euler system
Letn =/, ---{; be a squarefree product of primes ¢; inert in K satisfying

(¢;i;,DNpc) =1 for i=1,--- k.

The Galois group G, = Gal(H, /H) is isomorphic to the product over the primes ¢ dividing
n of the cyclic groups Gal(Hy/H) of order ¢+ 1. Let o, be a generator of G,. We denote
by Oy, the completion of OF at a prime @ dividing p. Then O ® Z), = @®,,0p. Let

Ap=A®p,2z, Op be the localization of A at £. Denote by
Yo € H' (Hy,Ap)

the go-component of y, € H 1(Hn,A). In this section, we use Operators (3.2) considered
by Kolyvagin to define Kolyvagin cohomology classes P(n) € H'(H,A,/p) using the

cohomology classes y, € H' (H,,A) for appropriate n. Let

L=H(Ap/p)

be the smallest Galois extension of H such that Gal(Q/L) acts trivially on A,/p. We will
denote by Frobg, /p, (o), the conjugacy class of the Frobenius substitution of the prime «

of F2 in Gal(F1 /Fz).
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A prime ¢ will be referred to as a Kolyvagin prime if it is such that
(¢,DNpc) =1 and Froby(L/Q) = Frob..(L/Q),

where Frobe.(L/Q) refers to the conjugacy class of complex conjugation. Given a Koly-
vagin prime /¢, the Frobenius condition implies that it is inert in K. Denote by A the
unique prime in K above ¢. Since A is unramified in H and has the same image as
Frob..(L/K) = > = Id by the Artin map, it splits completely in H. Let A’ be a prime

of H lying above A, then A’ splits completely in L as it lies in the kernel of the Artin map:
Frob,, (L/H) = 1> =1d.
The Frobenius condition also implies that
ar=¢+1=0 mod p. 3.1)

Indeed, the characteristic polynomial of the complex conjugation acting on A,/ p is x?—1

while the characteristic polynomial of Frob(¢) is

X2 —ag/l'x+1/L.

The latter corresponds to the polynomial x> — ayx + 2!

where we make the change of
variable x — ¢"x dictated by the Tate twist r of ¥,. As a consequence, we obtain the
polynomial

x2£2r_a££rx_|_£2r—l ZEZr(xz_ae/grx_i_ 1/£>
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Let
¢ [
Try=Y 0, Dy=) ioy. (3.2)
i=0 i=1
These operators are related by
(oy—1)Dy =0+ 1—Try.

We define D, =[]y, D¢ in Z[G,]. And we denote by red(x) the image of an element x of

Hl(H,,Ap) in H'(H,,A,/p) obtained by composing x with the projection
Ap — Ap/p.
Proposition 3.4.1. We have
Dyred(yn, ) belongs to H' (Hy,Ap/p)©r.

Proof. 1t is enough to show that for all ¢ dividing n,

(o¢ —1)Dyred(y,, ) =0
in H'(H,,Ap/p). We have

(or—1)Dy, = (0y— 1)DyDy, = (€41 —Try)Dyy,.
Since resp,, H, © cory, /y, = Try, Proposition 3.3.1 implies
(041 —Trg)Dpred(yy ) = (€4 1)Dpred(y, ) — arresy,, b, (Dmred(Ym,p))-

The latter is congruent to O modulo p by Equation (3.1). ]

40



Proposition 3.4.2. For n such that (n,cpND) = 1, we have
H'(Hy,Ap/p) = H'(Q,Ap/p) =0,

and Gal(H,(A g/ p)/Hn) ~ Gal(H(Ap/p)/H) ~ Gal(K(Ap/p)/K) ~ Gal(Q(Ap/p)/Q).

Proof. Indeed, H,/Q and Q(A,/p)/Q are unramified outside primes dividing cnD and
Np respectively, so H, NQ(A/p) is unramified over Q. Since Q has no unramified
extensions, we obtain that H; NQ(A,/p) = Q, and therefore H*(H,,Ap,/p) = H(Q,Y,).
The hypothesis Gal(Q(A/p)/Q) ~ GL2(0,,/p) further implies that H(Q,A,/p) = 0.

The result follows. L]

Proposition 3.4.3. The restriction map
resy p, - H' (H,Ap/p) — H' (Hy,Ap/p)©"

is an isomorphism for (n,cpND) = 1.
Proof. This follows from the inflation-restriction sequence:

inf res

0— H'(H,/H,Ap/p) =5 H' (H,Ap/p) ~> H' (H,,Ap/p)°" — H*(H,/H,Ap/p)

using the fact that H°(H,,A,,/p) = 0 by Proposition 3.4.2. O

As a consequence, the cohomology classes D,red(yy,, ) can be lifted to cohomology

classes P(n) in H'(H,A/p) such that

resy 1, P(n) = Dpred(yn p).
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Proposition 3.4.4. Let v be a prime of H. If v

N, then P(n), is trivial. If vt Nnp, then

P(n), lies in H'(H"" /H,,A /).
Proof. If v divides N, we follow the proof in [39, lemma 10.1]. We denote by
(Ap/p)™ = Hom(Ap/p, Z/ pZ(1))
the local Tate dual of A,/ p. The local Euler characteristic formula [37, Section 1.2] yields
|H' (Hy,Ap/p)| = |H(Hy,Ap/p)| x |H (Hy, Ap/p)|.
Local Tate duality then implies
|H' (H,,Ap/p)| = [H(Hy,Ap/p)[>.

I)Fr(v) = 0 where

The Weil conjectures and the assumption on Fr(v) imply that ((A,/p)
< Fr(v) > = Gal(H," /H,)

and I, = Gal(H,/H!") is the inertia group. (See Section 2.6 for more details). Therefore,
((Ap/p)") SR = (A p) O/ ) = HO(H,, A b/ p) = 0.

To prove the second assertion, if v does not divide Nnp, we observe that

reSH,HnP(n)v = Dnred(yn,xo>v’

belongs to H' (H s/ Hy v, A/ p) and Hy v /H, is unramified for V' in H,, above v. O
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3.5 Localization of Kolyvagin classes

Nekovar [39] studied the relation between the localization of Kolyvagin cohomology
classes P(m{) and P(m), for appropriate m and ¢ by explicitly computing cocycles using
the Euler system properties. We briefly explain his development in this section.

Set up. We denote by

Gi =Gal(Q/H), G¢=Gal(Q/H,), Gi=Gal(Q/H,"),

and Gy, = Gal(Q¢/H, 5,), Gy, =Gal(Qu/Hyy,), G, = Gal(Qe/Q),
where H 1+ is the maximal real subfield of H;. Then
G1/Gy=<06>, G/Gi=<1>, G1/G;=Cal(H)//H" ) =<0>x<T>
for some o and 7 of order £+ 1 and 2 respectively. There is a surjective homomorphism
7 Gy, 2 Gal(Q)/Qp) =2 (1) % 22,

where

Gal(Q}/Q}") =[]%
g#l

is generated by an element 7, and

Gal(QY" /Qy) ~ 7

is generated by the Frobenius element ¢ at £ and ¢7,¢~' = (7,)’. One can show that

H'(Gy,,Ap/p) =H'(Gy,.Ap/p) = H' (2Z,Ap/p) ~ (Ap/p) /(9> — DAg/p)
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and a cocycle F in Z' ( Z'(1) x 22, Ayp/p) acts by
F(t}¢™) = (149> + -+ D)a+ (9>~ 1)b,

where [F] =a mod (¢>—1)A,/p.

Proposition 3.5.1. We have

_ agé‘/fr—l/ﬁ—lp
p

(H L, (m)y, (3.3)

Elem 2 )

p p
where Y is the map defined by (2.2), Ay is a prime of H; dividing {, and € = +1. Further-

more, P({m),, is unramified at {.

Proof. We denote by
x=Dpy, € Hl(Gl,Ap/p), and y = Dyygm € H' (Ge,Ap/p).
Let z= P(¢m) in H'(G1,Ap/p). Then
resG, G,(z) = Dyred(y) € Hl(Gg,AJg/p).

For ain A,/ p, we have

4 4
. .+ 1)
Dya = i_zlz(f’(a) = i_z 1l =—F—"= 0 mod p.

Therefore, resg, g,, (z) = 0, which implies that P(¢m),, is ramified at a place A; of H;

above /. Hence, using the inflation-restriction sequence

0 — H'(Gy, /Gy, Ap/p) — H'(Gy,,Ap/p) — H'(G,,Ap/p) — 0,
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we obtain
P(em)}ul = reSGhG)Ll (Z) = infG;Ll /G}%’Gll (Zl)

for some

21 € H'(G), /Gy, Ap/p) = Hom(< 6 >,A,/p).
Since corg, G, (¥) = agx, there is an element a in A,/ p such that
corg,,G, (v)(81) —ar x(g1) = (g1 —1)a
for g1 in Gy. It is shown in [39, section 7] that
a=z1(0).

We let
ax =1e3G.G,, (x), and ay, = IeSH.Gy, ().

Restricting g1 to g;, € Gy, in equation (3.4) where 7(g;, ) = c"¢>’, we obtain

4

Y ay(6782,6") —aax(gn,) = (C+ ay(gs,) — arax(gy,) = (9° — 1a,

i=0

where G is a lift of o in G /Gy to G|. We have

x(ga,) = (1+¢*+---+ 9> Na, + (97 — )by,

& y(ga,) = (1+¢*+-+ 9> V)a,+ (2 — 1)by.
For u = 0,v =1, we obtain from the last three equations

(0+1)y(ga,) —aex(ga,) = (0> — Da+ (9> — 1)(—agby + (L4 1)by),
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where

(% —1)(—agby+ (£+1)by) =0 mod p

asay=¢+1=0 mod p. The second property of the Euler system

ay=¢(ax) mod (¢>—1)Ag/p

implies that

The characteristic polynomial of ¢ implies that

¢2—ag¢/€r+l/€:00nAp/p.

Therefore,

agS/ﬁ —l/g—la.

(€+1 %>x(g,ll):aé¢/£r;l/£_laz ;

We seek to express a = z1(0) in terms of P({m),, = infol1 /Gy,.Gy, (z1) where the generator

o of Gy, /Gy, can be lifted to the generator 7, of Gy, = Gal(Hil /HKI’) It is therefore

enough to apply the map y defined by (2.2) to a to obtain P({m),;, where y switches

cocycles with same values on Frob(¢) and ;. The result follows.
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3.6 Statement
Recall that the Galois group G = Gal(H/K) where H is the ring class field of K of

conductor ¢ acts on H'(H,A/p). We denoted by
G = Hom(G, p,)

the group of characters of G and by
1 ~1
ey = H Z X (8)g
geG
the projector onto the y-eigenspace given a character ¥ of G. We let
§ =red(y;) in H'(H,Ap/p).

Then ez8 belongs to the ¥-eigenspace of H'(H,A,/p). We recall the statement of the
theorem we prove.

Theorem 1.2.1. Assume that p is such that

Gal (Q(Ap/p)/Q) ~GLa(Op/p), (p,ND9(N))=1, and p{|G|.  (3.6)

Suppose further that the eigenvalues of Fr(v) acting on A?; are not equal to 1 modulo p
for v dividing N. Assume y € G is such that ez0 is non-zero. Then the y-eigenspace S%
of the Selmer group S has rank 1 over 0,/ p.

Set up of the proof. Consider the prime A of K lying above a prime ¢ inert in Q and

let A’ be a prime of H above A. The self-duality of A,,/p given by

Ap/p~Hom(Ap,/p,Z/pZ(1)),
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where Hom(A,/p,Z/pZ(1)) is the Tate dual of A,/ p and local Tate duality as explained

in Section 2.5 gives a perfect pairing
(oo )ar s HY (HYT Hy, (Ap/p)) x H' (H}) A/ p) — 2/ pZ,
where Iy, = Gal(H,,/H}7) and O -linear isomorphisms

{H'(H} Ap/p) Y™ ~ H' (HYI [Hyr, (Ap/ )W) = (Ap/p)¥ /(9 — 1). (3.7

where ¢ is the arithmetic Frobenius element generating Gal(H})/H,/). Recall that the
Selmer group S C H'(H,A o/ p) consists of the cohomology classes whose localizations
lie in H'(H" /H,,A,/p) for v not dividing Np and in H}(Hv,Ap/p) for v dividing p.

1
Here, H ¢

(Hy,Ap/p) is the finite part of H(H,,A/p) as in [9]. We denote by
resy : H'(H,Ap/p) — @ nH' (Hy,Ap/p)

the direct sum of the restriction maps from H'(H,A,/p) to H'(H;/,A/p) for A’ dividing

A in H. Restricting res; to the Selmer group, we obtain the following map
res; : S — @;VMHI(H%/’/HA/, (Ap/p)™).

Taking the (Z/p)-linear dual of the previous map and using isomorphism (3.7), we obtain
a homorphism

Yy . @l’|7LH1(H}LL£77A[0/p) — Sdual.
Let

Xy = Im(yy)
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be the image of yy in $%““/. We aim to bound S“# from above by using the Kolyvagin
classes P(n) introduced in Section 3.4 to produce explicit elements in the kernel of ;.
3.7 Generating the dual of the Selmer group

Lemma 3.7.1. We have

H'(Aut(Ap/p),Ap/p) =0.

Proof. Sah’s lemma [35, 8.8.1] states that if G is a group, M a G-representation, and g an
element of Center(G), then the map x — (g — 1) x is the zero map on H'(G,M). In our
context, since

g =2l Aut(A,/p)

belongs to Center(Aut(A,/p)), we have that g —I = I is the zero map on the group

H'(Aut(Ap/p),Ap/p) and the result follows. O

Proposition 3.7.2. There exists a prime q such that q is a Kolyvagin prime, and such that
resﬁ/e75 75 0,

where B' is a prime dividing q in H.

Proof. For the purpose of this proof, we denote the cocycle ez0 by c1 and the Galois group

G(L/H) by G. By Proposition 3.4.4, ¢ belongs to SX. The restriction map
r:H'(H,Ap/p) — H'(L,Ap/p)¢ = Homg(L,Ap/p)
is injective. Indeed, Proposition 3.4.2 and Proposition 3.7.1 imply that

Ker(r) = H'(H(Ap/p)/H,Ap/p) = 0.
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Consider the evaluation pairing
r(S¥%) x Gal(Q/L) — Ap/p

and let Galg(Q/L) be the annihilator of r(S*). Let L® be the extension of L fixed by
Galg(Q/L) and denote by Gy the Galois group Gal(L5/L). We obtain an injective homo-

morphism of Gal(H /Q)-modules
r(S%) — Homg(Gs,Ap/p).

We denote by s the image of r(c1) in Homg(Gs,Ap/p).

If s(G{) =0, then as s belongs to S*, we have
G- +
5s:Gy — Ap/p™,

where A,/ p* are the + eigenspaces of A o/ p with respect to the action of 7. On the one
hand, the eigenspace A,/ p* is of rank one over & o/ p- On the other hand, by Proposition

3.4.2 and Assumption (3.6),
G=G(L/H)~GLy(0p/p).

Hence, A,/ p* has no non-trivial G-submodules and s(Gg ) = 0, that is s = 0. This is a
contradiction because c¢1 # 0 in % as ¢y is not divisible by p in S¥. As a consequence, we

have that s(G{) # 0, where

G& =G = {h"h | hin Gs} = {(th)* | hin Gs}.
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Therefore, there exists 4 in Gg such that ¢((th)?) # 0. Consider the element 7/ in
Gal(L%/Q). Cebotarev’s density theorem, (see Chapter 2, Theorem 2.1 for more details)

implies the existence of ¢ in Q such that
Frob,(L°/Q) = th

and such that (¢,cpND) = 1. In particular, ¢ is a Kolyvagin prime since res|z(th) = 7.

For 3 in L above ¢, we have that
Frobg (L% /L) = (th)*
generates the local extension LS/L at B. This implies that resgrc does not vanish for
B'=BNH. O
We consider the restriction d of an element ¢ of H!(H,A,/p) to H'(F,A/p). Then
d factors through some finite extension ¥ of F. We denote by

F(C) _ err(d)

the subextension of F' fixed by ker(d). Note that F(c) is an extension of F.

Consider the following extensions

Io1 = ol

/I\
|
Gal

I()—F(red ylp Vv

S

(Dgred(y,, JO))Gal

\
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where the abbreviation Gal indicates taking Galois closure over Q. We define
Vo = Gal(ly/F), V) = Gal(I;/F), and V = Gal(Ip], /F).
We have an isomorphism of Aut(A,,/p)-modules Vo ~ Vi ~A,,/p. Let
I¥ = F(egred(y1 )% and IF = F(ezDyred (v, ).
We denote by VOY and V17 their respective Galois groups over F'. We will show that
VZ = Gal(I*1¥ /F) ~ VI x V.

Proposition 3.7.3. The extensions Ig and 117 are linearly disjoint over F.

Proof. Linearly independent cocycles c1,c; of H!(H,, A,/ p) over O,/ p can be viewed as
linearly independent homomorphisms Ay, h; in Homgy(r/m,)(V,Ap/p) over Op/p. The

restriction map
H' (Hy,A /)0 1) s 1 (F, A p) /)
is injective. Indeed, combining Proposition 3.4.2 with Proposition 3.7.1 that implies that

H'(K(Ap/p)/K.,Ap/p) =0,

we obtain that
Ker(r) = H'(F /Hy,Ap/p) = 0.

Gal(F /H,)

Furthermore, cocycles of H!(F,A,/p) factor through

H' (Ip1 /F, A/ p) S F M) = Homgyy ) (o1 /F,Ap/ p).
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Consider the extension 107 N 117 of F. Itis a Gal(F /H,)-submodule of A,/p. The hypoth-

esis resgregred(yy, ) # 0 implies that

resgrezred(Dgyg. o) # 0

by (3.3.2). On the one hand, since resgrezred(Dyyy () is ramified, ezDgred(y,, ) does
not belong to S¥. On the other hand, ezred(yy,p) # 0 belongs to S% by Proposition 3.4.4.
Therefore 107 0117 = 0 since Ay, /p is a simple Gal(F /H,)-module. Note that the cocycles
c1 and ¢, cannot be linearly dependent either since one of them belongs to S* while the

other one does not. L]

For a subset U C V, we denote by
L(U) = {/ rational prime |Frob,(lp;/Q) = [tu],u € U}.
Note that a rational prime ¢ in L(U) is a Kolyvagin prime as
Frob,(H(Ap/p)/Q) = res|pa,/p)Frobe(lo1/Q) = ©
since u € U. In fact, it satisfies

Frob,(H,(Ap/p)/Q) = res]Hq(AfJ/p)Frobg(Im/Q) =T.

Hence, a prime above / in H splits completely in H,. Indeed, it lies in the kernel of the

Artin map because of the Frobenius condition

Froby(H,/H) = tPH/Ql = 12 — 14,
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where |D(H/Q)| is the order of the decomposition group D(H /Q), also the order of the
residue extension. Similarly, a prime above ¢ in H splits completely in H,(A/p); it lies

in the kernel of the Artin map because of the Frobenius condition
FrObg(Hq(A(p/p)/Hq) — 7IPH Q| — 22 _ 14,

Proposition 3.7.4. Assume U™ generates V. Then {X¢} e () generates gdual,

Proof. The proof consists of the following steps:

1. Anelement s of S can be identified with an element z of Homg (F,Ap/p).

2. To show the statement of the theorem, it is enough to show that resy (s) = 0 for all
¢ € L(U) implies s = 0.

3. The assumption res; (s) = 0 for all £ € L(U) implies that 4 vanishes on U™

4. The assumption U™ generates V' implies h = s = 0.

1. Let s be an element of S. For the purpose of this proof, we denote
G = Gal(H(Ap/p)/H) = GLa(/p).
We denote by & the image of s by restriction in
H'(F,Ap/p)° C Homg(Gal(F /F),Ap/p).
Here, restriction can be viewed as the composition of the following two restriction maps

HY(H,Ap/p) "% B (H(Ap/p).Ap/p)® 25 H(F.A/p)C.
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Combining Proposition 3.4.2 and 3.7.1 we obtain that
Ker(r)) =H'(H(Ap/p)/H.Ap/p) =0.
By Proposition 3.4.2, we have
Gal(Hy(Ap/p)/H(Ap/p)) ~ Gal(Hy/H) ~Z/(q+1)Z.

On the one hand, the group G acts trivially on Gal(Hy(Ap,/p)/H(Ap/p)). On the other

hand, A,/ p is simple as a G-module. Hence,
Ker(r,) = Homg(Gal(F /H(Ap/p)),Ap/p) ~Homg(Hy/H,Ap/p) =0

since such a G-homomorphism maps an element of Gal(H,/H) to a G-invariant element
of Ay, /p, that is, to 0.

2. By Isomorphism (3.7), local Tate duality identifies &,y H' (H47,Ap/p) with
SypnH (HY [Hy, (Ap/p)™).
So if we show that

{res; Yoerw) = S — { @ H' (HY [Hy, (Ap/P) ) Y ierw)

is injective, then the induced map between the duals

{2 H' (Hy Ap/P) }rerw) — S

would be surjective. Hence, it is enough to show that res; (s) = 0 for all £ € L(U) implies

s=0.
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3. Consider I, the minimal Galois extension of Q containing Iy; such that A factors
through Gal(ly;/F). Let x be an element of Gal(ly;/F) such that x|, belongs to U.
By Cebotarev’s density theorem, there exists £ in L(U) such that Frob(I;/Q) = [zx].
The hypothesis res; (s) = 0 implies that h(Froby«(Iy; /F)) = 0 for A” above £ in F since

Frob,«(Io1 /F) is a generator of the local extension of Gal(Iy; /F) at A”. In fact,
Froby (Io1 /F) = (7x) PF/Ql = (£x)? = xTx = 2x7,

where |D(F /Q)| is the order of the decomposition group D(F/Q), and is also the order
of the residue extension and x™ = %xfx. Therefore, h(x") = 0 for all x € Gal(ly; /F) such
that x|z, belongs to U.

4. The hypothesis U™ generates V' then implies that / vanishes on Gal(ly; /F)". Hence,
Im(h) lies in A, /p~, the minus eigenspace of Ay, /p for the action of 7 which is a free
O/ p-module of rank 1. In particular, it cannot be a proper non-trivial G-submodule of

Ay /p. Therefore, h = 0 which implies s = 0.
[]

Next, we study the action of complex conjugation on the }-component of the cocycles

yq,p-
Proposition 3.7.5. There is an element oy in Gal(H,/K) such that

TeyYq.0 = €X(00)exVq, 0

where —¢€ is the sign of the functional equation of L(f,s).
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Proof. [39, proposition 6.2] that uses a result in [26] states that

TVq.00 = €00Yq,p0 (3.8)

for some oy in Gal(H,/K). Since 7 acts on an element g of G by

8T =8
we have
1 ~1 1 —1y,.—1 1 =1y =1\ 1. _
Tey @ZTX (8)g ‘—| 28 g T @Z% (8 )8 T=exT
geG geG geG
Also,
1 . 1 _ _ _
6700—?2% 1(é’)ffog:E %(00)% " (60g)00g = % (00)ey-

Therefore, applying ey to Equation (3.8) yields

TeyYq.0 = €X(00)ex7Yq.0-

]

Let us look at the action of complex conjugation on V= V07 Vlf . For (vg,v1) in V1,

we use the identity 7D, = —D,T mod p to obtain

™0T(ezy1,0) = €X(00)Tvo(exyi,p)-

™1T(exDgyg.p) = —™1DgT(exYq.0) = —€X(00)Tv1(exDygyq.p)-
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When y =, for (x,y) in VOYVIY,
o) = (£2(00)Tx, —€%(00) ).
In this case, we define
U = {(x,y) in Vo x Vi|ex(0p)Tx+x,—€X(00) Ty +y generate A, /p}.
When j # %, for (x,y,z,w) in VIVIVIVE =V,
T(x,y,2,w)T = (€X(00) Ty, €X(00)TX, —€X(00)TW, —€X(00) T2).
In this case, we define
U ={(x,y,z,w) in V()XV()YVIXVIY|€X(G())TX+y, —€x(0p)Tz+w generate A,/ p}.
In both cases, Proposition 3.7.3 and Congruence (3.1) imply that U generates
Vi Vit x Vit~ 0,/px Op/p~Apy/p.

Let ¢ be a prime in L(U ), and let A be the prime of K lying above it.

Proposition 3.7.6. The elements
res) ez P({) and resy exP({q)

generate @M/IH] (HY Ap/p)*.

Proof. We have

S H (HY Ap/p)E =~ @30 (Ap/p)¥ /(9 — 1))



since the former is isomorphic to its dual by Isomorphism (3.7). The module

@ ((Ap/p) /(9 —1))*

is of rank at most 2 over &,/ p, hence, so is @M)LHI (H%,r,A[g/p)Z The Frobenius condi-

tion on ¢ implies that
res) ezred(y1 o) and resy exDyred(y,, )

are linearly independent over /1A /p. Indeed, if they were linearly dependent then, in

the case ¥y =7,

(res,, eyred(ylnp))(”)2 —resy ezred(yy p)

and (resy exDgred(y,, Ja))(fy ? _res rezDgred(yy, o)

where Froby(Ip; /Q) = Tu = (7x,Ty) would also be linearly dependent. The Frobenius

condition implies that
Froby(I¥ /F) = x"x = (7x)? and Frob,(I¥ /F) = y%y = (1y)?

generate A,/ p, which yields a contradiction as (7x)? acts on the element res, exred(y1,p)

generating the local extension of 1(7)7 over F by

2
(resj ezred(y) ) ™) —resy ezred(y) )

and (7y)? acts on the element res; exDyred(y, 1) generating the local extension of 117 over
F by

2
reS;Lequ’”ed(yq,go))(Ty) - reslefqued(y%[O)'
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Similarly, in the case y # ¥,

(resy, eyred(yhp))xfy —resy ezred(yy,p)
and (resy ez D red(y,, p))zrw —resy ezDyred(yy, )
where Froby(Iy; /Q) = Tu = (7x, Ty, Tz, Tw) would also be linearly dependent. The Frobe-

nius condition implies that
Frobg(lg/F) =x"y = (1x)(ty) and FI'Obg(I?/F) =7'w=(12)(TW)

generate A,/ p, which yields a contradiction.
Equation (3.3) implies that if resy ezP({q) and res)ezP({) were linearly dependent
then

res) ez P(q) = resy ezD redy, , and resy ez P(1) = res) ezredy
would be linearly dependent as well. ]
3.8 Bounding the size of the dual of the Selmer group

In what follows, we study the modules XZ for £in L(U).

Proposition 3.8.1. We have

Z <Sl/,I'CSA/P(I’l)>)L/ =0.
Alln
Proof. The proof follows [39, proposition 11.2(2)] where both the reciprocity law, (see

Chapter 2, Section 2.4 for more details) and the local ramification properties of P(n) in

Proposition 3.4.4 are used. L

Proposition 3.8.2. The element y(resyezP({q)) generates XZ over O,/ p for L in L(U).
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Proof. The image of res) ez P(¢) by the map
Yy . @)L/MHI (H%r,Ajg/p)Y — XZC
is the homomorphism from S to Z/p given by:

exs — Z (egsar,exP(€) ) ar
ATA

Proposition 3.8.1 implies that

Z <€7Sl/,€7P(f)l/>W =0.
A|A

Hence, the image by y; of res; ez P({), one of the two generators of
Sl (HY Ap/p)*

by Proposition 3.7.6, is trivial.
Proposition 3.8.3. The modules XZ that are non-zero are all equal for ¢ € L(U).

Proof. Proposition 3.8.1 implies that

Z <€7S2’/,€7P(EC[)A/> + Z <€7Sﬁ/7€7P(£q)ﬁ/> = O
A'|A BB

Hence,
Vi (resyezP(lq)) + l,l/q(resﬁ exP(lq)) =0.

If yy(resyezP({q)) = 0, then by Proposition 3.8.2, X% = 0. Otherwise, since

Wi(resy exP((q))
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generates X, Z over O © /p, we have that

—yy(resyezP({q)) = y(resgezP({q)) € XF

is non-zero. Therefore, the non-trivial element v, (resgezP({q)) generates a rank 1 module

qu over O,/ p andXZ:XqZ O
In what follows, we prove theorem 1.2.1.

Proof. By Proposition 3.7.4, the set {Xg } generates S9“%Z as { ranges over L(U ). Hence,
the set {XZ } generates 7442 as ¢ ranges over L(U ), where, by Proposition 3.8.2, the mod-
ules XZ that are non-zero are of rank 1 over &,/ p and are all equal. Hence, rank($%) < I.
Also, eyred(y1 ) belongs to S by Proposition 3.4.4 and is not divisible by p in S%. In-
deed, this follows from the hypothesis on exred(y ) and Proposition 3.7.5 where ()
is a root of unity since Gal(H /K) is a finite group. This implies that rank(S%*) > 1. There-
fore,

rank (S¥) = rank($4“%) = 1.
[

Remark 3.8.4. Because the p-adic Abel-Jacobi map factors through the Selmer group,

(see [39, Proposition 11.2.1] for a proof)
O : CH (W2 /H)E @ O/ pO, — S,

Theorem 1.2.1 implies that rank;/,(Im(®%)) = 1.
Remark 3.8.5. In Kolyvagin’s argument for elliptic curves E over (Q and certain imaginary

quadratic fields K, the non- triviality of the Heegner point yx in E(K)/pE(K) for suitable

62



primes p immediately implied the non-triviality of yx in Sel,(E/K). In our situation,
even though the p-adic Abel-Jacobi map is conjectured to be injective, it is non-trivial

to check whether a non-trivial Heegner cycle in the Chow group has non-trivial image in

H'(H,Ap/p).
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CHAPTER 4
On the Selmer group attached to a modular form and an algebraic Hecke character

4.1 Introduction

Kolyvagin [34, 27] constructs an Euler system based on Heegner points and uses it to
bound the size of the Selmer group of certain (modular) elliptic curves E over imaginary
quadratic fields K assuming the non-vanishing of a suitable Heegner point. In particular,
this implies that

rank(E(K)) =1,

and the Tate-Shafarevich group III(E/K) is finite. Bertolini and Darmon adapt Kolyva-
gin’s descent to Mordell-Weil groups over ring class fields [3]. More precisely, they show
that for a given character y of Gal(K./K) where K, is the ring class field of K of conductor
¢,

rank(E (K. )*) =1

assuming that the projection of a suitable Heegner point is non-zero. Nekovar [39] adapts
the method of Euler systems to modular forms of higher even weight to describe the image
by the Abel-Jacobi map ® of Heegner cycles on the associated Kuga-Sato varieties, hence
showing that

dimg, (Im(®)®Q,) =1

assuming the non-vanishing of a suitable Heegner cycle. In Chapter 3, we combined

these two approaches to study modular forms of higher even weight twisted by ring class
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characters of imaginary quadratic fields and showed that
dimg, (Im(®)®Q,) =1

assuming the non-vanishing of a suitable generalized Heegner cycle. In this chapter, we
study the Selmer group associated to a modular form of even weight r + 2 and an unram-
ified algebraic Hecke character y of infinity type (r,0). The case of a Hecke character of
infinity type (0,0) corresponds to the setting of Nekovéi’s work [39] and its generalization
in Chapter 3. Our setting involves the generalized Heegner cycles introduced by Bertolini,
Darmon and Prasanna in [5].

Our motivation stems from the Beilinson-Bloch conjecture that predicts that
dimg(Im(®) ® Q) = ords—,1L(f ® By,s),

where 6y, is the theta series associated to y [44, 32].

Let f be a normalized newform of level I'g(N) where N > 5 and even weight r+2 > 2.
Denote by K = Q(v/—D) an imaginary quadratic field with odd discriminant satisfying the
Heegner hypothesis, that is primes dividing N split in K. For simplicity, we assume that
|Og| =2. Let

y:Ag — C*
be an unramified algebraic Hecke character of K of infinity type (r,0). Then there is an
elliptic curve A defined over the Hilbert class field K| of K with complex multiplication
by Ok such that y is the Hecke character associated to A by [25, Theorem 9.1.3]. Fur-

thermore, A is a Q-curve by the assumption on the parity of D, that is A is K- isogenous

to its conjugates in Aut(Kj). (See [25, Section 11]). Consider a prime p not dividing
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ND¢(N)N,, where Ny is the conductor of A. We denote by Vy the f-isotypic part of the p-
adic étale realization of the motive associated to f by Scholl [46] and Deligne [18] twisted
by # and by Vy, the p-adic étale realization of the motive associated to y twisted by 5.
More precisely, Vy, is the y-isotypic component of
resg, ip(A) = [ A°
ceGal(k; /Q)
where A is the o-conjugate of A, (see Section 4.2 for more details). Let OF be the ring

of integers of

F:Q(al7a27"'7blab27"')7

where the a;’s are the coefficients of f and the b;’s are the coefficients of the theta series

oy=Y wla)g"@

aCOxg
associated to y. Then Vy and Vi, will be viewed (by extending scalars appropriately) as

free OF ® Z,-modules of rank 2. We denote by
V = Vf ®@’F®Zp V‘l/

the p-adic étale realization of the tensor product of V; and Vy, and let V;, be its localization
at a prime @ in F dividing p. Then V,, is a four dimensional representation of Gal(Q/Q)

with coefficients in
End(A/Q) = @ cga(m /g Hom(A,A°),

(see Section 4.2). We also denote by OF , the localization of OF at .
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By the Heegner hypothesis, there is an ideal .4~ of O satistying
Ox| N =17/NZ.

We can therefore fix I'j (N) level structure on A, that is a point of exact order N defined
over the ray class field L; of K of conductor .4". Consider a pair (¢;,A;) where A} is an

elliptic curve defined over K; with level N structure and
Qo :A— A
is an isogeny over K. We associate to it a codimension 7+ 1 cycle on V
Yo, = Graph(¢1)" C (Ax A1) ~ (A1) xA"
and define a generalized Heegner cycle of conductor 1
Ap, =€, X,

where e, is an appropriate projector (4.1). Then Ay, is defined over L;. We consider the
corestriction

P(1) = cory, k®(Ag,) € H' (K,V/p)

where @ is the p-adic étale Abel-Jacobi map. The Selmer group

SQHI(K,Vp/p)
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consists of the cohomology classes which localizations at a prime v of K lie in

H'(K""/K,,V,/p) for v not dividing NNsp

H}(K,,Vpp/p) for v dividing p

where K, is the completion of K at v, and

H}(Kvavp/p) = Hclris(KV’VW/p)

is the finite part of H'(K,,V,,/p) [9]. Note that the assumptions we make will ensure that
HY(K" /K,,Vy/p) = 0 for v dividing NNs. We denote by Fr(v) the arithmetic Frobenius
element generating Gal(K*" /K,), and by I, = Gal(K, /K!"").

Theorem 1.3.1. Let p be such that
Gal (K(Vy/p)/K) ~ Autg(Vy,/p), and (p,ND$(N)Ns) = 1.

Suppose that V,,/p is a simple Autg(Vy,/p)-module. Suppose further that the eigenvalues
of Fr(v) acting on V‘Ig" are not equal to 1 modulo p for v dividing NN4. Assume P(1) # 0
in H'(K,V,/p). Then the Selmer group S has rank 1 over OF. g,/ p.

To prove Theorem 1.3.1, we first consider the p-adic étale realization of the twisted
motive V associated to f and y in the middle étale cohomology of the associated Kuga-
Sato varieties. This provides us with a p-adic Abel-Jacobi map that lands in the Selmer
group S. Next, we construct an Euler system of generalized Heegner cycles which where
first considered by Bertolini, Darmon and Prasanna in[5]. These algebraic cycles lie in the
domain of the p-adic Abel Jacobi map. In order to bound the rank of the Selmer group
S, we apply Kolyvagin’s descent using local Tate duality, the local reciprocity law, an

appropriate global pairing of S and Cebotarev’s density theorem.
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Our development is an adaptation of Nekovai’s techniques [39] and Gross’ exposition
of Kolyvagin’s method of Euler systems [27]. The main novelty is that the algebraic Hecke
character y is of infinite type. In particular, the Galois representation associated to V' is
four-dimensional.

4.2 Motive associated to a modular form and a Hecke character

In this section, we describe the construction of the four dimensional Gal(Q/Q)-

representation
Vo= (Vi ®eraz, Vy) o>
where  1s a prime of F dividing p.

Denote by Y (N) the affine modular curve over Q parametrising elliptic curves with
level I'j(N). Let j: Y1 (N) < X;(N) be its proper compact desingularization classifying
generalized elliptic curves of level '} (N).. The assumption N > 5 allows for the definition
of the generalized universal elliptic curve 7 : & — X;(N). Denote by W, the Kuga-Sato
variety of dimension r + 1, that is a compact desingularization of the r-fold fiber product

of & over X|(N). We let W be the 2r + 1-dimensional variety defined by
W =W, xA”.

We denote by [¢] the element of Endk, (A) ®z Q corresponding to an element ¢ of K.

Consider the projectors

o _ <mj[_¢——m>®r+ (@\;[_\/—_D]) o (1—[—1])@
2v/—D 2v/—D

and
1 _ (2

epa=ey oey
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in Q[End(A)]". These projectors e(l), ef) and e4 belong to the group of correspondences

Corr? (A,A)q from A to itself, (see [4, Section 2] for more details). Let
I''=(Z/Nxu)" xX,

where t, = {£1} and ¥, is the symmetric group on r elements. Then I', acts on W,,

2Nr!} ] as-
sociated to I',, called Scholl’s projector, belongs to the group of zero correspondences

(see [46, Sections 1.1.0,1.1.1] for more details.) The projector ey in Z {

CorrO(W,,W,)Q from W, to itself over Q, (see [4, Section 2.1]). Recall that the hypoth-
esis (r!,p) = 1 is not necessary by a combination of the work of Tsuji [54] on p-adic
comparison theorems and Saito [43] on the Weight-Monodromy conjecture for Kuga-Sato

varieties. Let
er =eweqy, “4.1)

be the projector in the group of zero correspondences CorrO(W, W))g from W to itself over

Q. We consider the sheafs
F = j.Sym"(R'm.Z,) and Fp = j.Sym" (R'm.Z,) @ eaHly (AT, Z,).
Proposition 4.2.1. The étale cohomology group
Hy(Xi(N) ©Q, Za)
is isomorphic to

e HY "W Q,2)) = e, @11 ) H(W2Q,Z,)
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and

HL(X\(N)®Q, ) @ eaH}, (AT, 7).

Proof. The proof is a combination of [46, theorem 1.2.1] and [5, proposition 2.4]. Note
that the proof in [46, theorem 1.2.1] involves Q, coefficients but it is still valid in our

setting, (see the Remark following [39, Proposition 2.1]). ]

Let B=T((N)/T'{(N). We define
V=egHL(X1(N)®Q,.Z)(r+1)

where ep = EHZ[)E gb. Given a rational prime ¢ coprime to N, the Hecke operator 7; acts

on X (N) [46], inducing an endomorphism of V. Letting
I =Ker{T — Op : T) — ayby, V{1 NN, },
we can define the (f, y)-isotypic component of V by
V={xeV|Ix=0}.

Hence, there is a map m : V — V that is equivariant under the action of Hecke opera-
tors 7y, for £ not dividing NN, and under the action of the Galois group Gal(Q/Q). The
f-isotypic component of egH ), (X1 (N) ® Q,.F)(5 + 1) gives rise (by extending scalars ap-
propriately) to Vy and exH}, (A7, Z,) (%) givesrise to V. They are free O ® Z,-modules of
rank 2. Hence, V, = (V ®g, 07, Vy)p is a four dimensional representation of Gal(Q/Q)

with coefficients in

End(A/Q) = ©gegai(n/gHom(A,A%).
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4.3 p-adic Abel-Jacobi map

We use Proposition 4.2.1 to view the p-adic étale realization of the twisted motive
V associated to f and y in the middle étale cohomology of the associated Kuga-Sato
varieties.

Consider the p-adic étale Abel-Jacobi map
®:CH " (W/Ly)o — H' (L, HY ™ (WRQ,Z,(r+1))),

where CH"*! (W /L))o is the group of homologically trivial cycles of codimension r + 1
on W defined over the compositum L, of the ring class field K, of K of conductor » and
L1, modulo rational equivalence. (See Chapter 2, Section 2.1 for more details on the Abel-
Jacobi map). Composing the Abel-Jacobi map with the projectors e, and ep, we obtain a
map

®:CH ™ (W/L))o — H'(L,,V).

In fact, @ factors through e,(CH (W /L, ) ®Z,,) as the Abel-Jacobi map commutes with

correspondences on W. Combining Proposition 4.2.1 which implies that
e, H (W 2Q,Z,) =0,
with the definition of
CH ™' (W/L,)o = Ker(CH ™ (W /L,) — H* (W @ Q,Z,(r +1))),
we deduce that

e (CH ™ (W /L,)o®7Z,) = e,(CH T (W/L,) ®Z,).
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Hence, composing ® with m : V — V, we obtain
®:e,(CH T (W/Ly)o®Z)) — H (L, V),

which is T[Gal(L,/Q)]-equivariant.
Beilinson and Bloch’s conjectures. Beilinson and Bloch formulated conjectures
about values of L-functions that arise from algebraic varieties, that is, motivic L-functions

at integers. Bloch [8] defined a regulator map
r:Ky(X) — H'(X(C),C")

for any curve X over C, where K>(X) is the K, group of X and H'(X(C),C*) is the de

Rham cohomology group of X (C). More generally, Beilinson defined a regulator map
riHy(X,Q(n)) — H£+1(X®R,R(n))

from the motivic cohomology of X, that is, a suitable piece of the K-theory of X, to the
Deligne cohomology of X. The L-function L(h'(X),s) associated to the i-th cohomology
h(X) of the Chow motive h(X) associated to X is expected to satisfy a functional equation
relating its values at s and i 4 1 — 5. Beilinson’s conjectures [2] relate the order of vanishing
of L(h'(X),s) at i + 1 —n with the dimension of H5' (X @ R,R(n)).

In our setting, as explained in [33] [44, section 6] and [32], Beilinson and Bloch
conjecture that

dimg(Im(®) ® Q) = ords—,1L(f @ By, s).

(See [9] for more details). Kolyvagin’s results [34] combined with those of Gross and

Zagier [28] prove the Birch and Swinnerton-Dyer conjecture for analytic rank less or equal
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to 1. This is the particular case where the modular form f is associated to an elliptic curve
and v is the trivial character. Nekovdi’s results [39, 40] that correpond to the setting
where V is trivial provide further evidence towards a p-adic analog of the Beilinson-Bloch

conjecture of the form

dimg, (Im(®) ® Qp) = ords—r+1Lp(f,5)

due to Perrin-Riou [15, section 2.8], [42]. In this thesis, we provide a sufficient condition
for dimg, (Im(®) ® Q) = 1. Since Shnidman [49] relates the order of vanishing of the
p-adic L-function L, (f ® 6y, s) at s = r+ 1 to the height of the image by the p-adic Abel-
Jacobi map of a generalized Heegner cycle of conductor 1, we obtain a p-adic analog of
the statement conjectured by Beilinson and Bloch in Corollary 4.9.4.
4.4 Generalized Heegner cycles

We describe the construction of generalized Heegner cycles following Bertolini, Dar-
mon and Prasanna [5]. Consider pairs (¢;,A;) where A; is an elliptic curve defined over K

with level N structure defined over L; and
Q;: A—> A,‘

is an isogeny over K. Two pairs (@;,A;), (¢;,A;) are said to be isomorphic if there is a K-
isomorphism & : A; — A; satisfying oo @; = ;. Let Isog”" (A) denote the isomorphism
classes of pairs (¢;,A;) with ker(¢;) NA[.#] trivial. For (¢;,A;) in Isog”" (A), we associate

a codimension r+ 1 cycle on V

Yo, = Graph(@;)" C (AxA;)" ~ (A;)" xA" C W, x A"
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and define a generalized Heegner cycle
A, = e, Y.
Denote by Dy, the element
(graph(¢;) — 0 x A — deg(¢;)(A; x 0)) in NS(A; x A),

where NS(A; x A) is the Néron-Severi group of A; x A. Let us assume that the index i of A;
indicates that End(A;), which is an order in O, has conductor i. Then Ay, is defined over
the compositum of the abelian extension K of K over which the isomorphism class of A is
defined, with the ring class field K; of conductor i. (See Chapter 2, Section 2.3 for more
details). Since K is the smallest extension of K| over which Gal(K/K) acts trivially on
A[/], it is equal to the ray class field L; of K of conductor .#". Therefore, Ay, 1s defined
over

L =LiK;.

Then
Ay, = D)) belongs to CH' (W /L;).

In fact, Ay, is homologically trivial on W as shown in [5, proposition 2.7].
In the rest of this section, we consider elements (¢;,A;) and (¢;,A;) in Isog”" (A).

Lemma 4.4.1. Consider the map

gxI:A; xA— AjxA,
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where g is an isogeny of elliptic curves and I is the identity map. Then

deg(¢;)
deg(9;)

(g x1)«Dys, = deg(g) Dy

j*

Proof. We denote the intersection pairing of two divisors by a dot. We have
(8 % I)*DAi (g x I)*DA,' = deg(g)2DAi "D,
where

Dy; - Dy,
= (graph(¢;) —0x A —deg(¢;)A; x 0) - (graph(¢;) — 0 x A — deg(¢;)A; x 0)
= graph(¢;) - graph(¢;) +0x A-0 x A+ deg(p;)A; x 0-deg(@;)A; x 0
—2graph(¢;) -0 x A —2graph(¢;) - deg(¢;)A; X 0+ 2deg(¢;)A; X 0-0x A
=0+4+0+0—2deg(¢;) —2deg(¢;) +2deg(¢;)
= —2deg(¢;).

In the previous computation, the equality graph(¢;) - graph(¢;) = 0 follows from the im-

plication

(x,@i(x)) = (x, pi(x) +P) = P=0
for a translation of ¢;(x) by some quantity P. Hence,
(g X I)«Da, - (g X I)+Da; = —2deg(g) deg(¢:).
Since (g X I)«Da; = kD4, where Aj = g(A;) and k > 0, we also have
(8 X I)uDa, - (g X I)xDa, = k*Dy, - Dy, = —2k* deg(9;).
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The equality —2deg(g)? deg(¢;) = —2k*deg(¢;) then implies that

deg(¢;)
k=de ,
&) deg(9;)
and
B deg(¢;)
(5¢1)2D, = dea(g)y | g5 D,

4.5 Euler system properties

We study certain global and local norm compatibilities of generalied Heegner cycles
satisfying the properties of Euler systems.

We have OF ® Z), = @ Py pﬁg @ Where OF o, is the completion of OF at the prime

dividing p. Recall that V, = (Vr ®, V) Where £ is a prime of F dividing p. Let
Gy = Aut(Vp/p).

For a Galois representation V/,

F(V)

will designate the smallest extension of F such that Gal(F/F (V)) acts trivially on V.
We denote by Frob, (F]/F,) the conjugacy class of the Frobenius substitution of the
prime v € F; in Gal(F; /F,) and by Frob.(F;/Q) the conjugacy class of the complex con-

jugation 7 in Gal(F;/Q). A rational prime / is called a Kolyvagin prime if

((,NDNpp) =1 and asby = (+1 = a3 —b7+2 = 0 mod p. 4.2)
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Let
L=K(Vy/p).

Condition (4.2) is equivalent to

Frob, (L(u,)/Q) = Froba (L(u,)/Q), (4.3)

where L), is the group of p-th roots of unity. Indeed, it is enough to compare the charac-
teristic polynomial of the complex conjugation (x> — 1)? = x* — 2x? + 1 acting on V,,/p
with roots —1 and 1, each with multiplicity 2, with the twist by r+ 1 of the characteristic

polynomial of the Frobenius substitution at £ acting on V,,/p with roots
o103, 0104, 003, and 00y

satisfying

(xlaz:ﬁ’, o+ oy = by, OC3OC4:€H_1, 03 + 0y = ay.

The characteristic polynomial of Frob(¢) acting on V,/p is

(x — 0 053)()6— (041 (X4)<x— OC2(X3>(X— OC2(X4)

= (x? — (o o3 + 0 o) x + a3 0) (3% — (005 + 00X + 03 03.04)

= (x2 — alagx—l—E’Halz) (x2 — Otzagx+£r+10022)
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We use the equality (o 4 ) = 0612 + 0622 + 20 o that is b% =20 = 0612 + 0622 to conclude

that the latter equals
P (opay+ Otlag)x3 + (€r+1 0612 + 0] 0522 + o Ocza%) X
— gt (oclagoozz + Oczagalz) x4+ 2ol
=x*— agng3 + (fr—Hb% Y a%f’) X — £2r+]ag(a1 +op)x+ rhr+2

— )C4 —Clgng3 + (€r+1b% o 2€2r+1 _|_a%€r) xZ _ €2r+1bgagx+€4r+2.
To twist this characteristic polynomial by "' it is enough to map x — ¢'*!x. We obtain

€4r+4x4 . aéb€€3r+3x3 + £2r+2 (er-}—] b% o 262"4—1 + a%gr) .X'2 . £3r+2b€a£x + €4r+2

ool [2r+2 S )
On the one hand, using the congruences
aby = (+1 = a%—b%—l—2 = 0 modp,
we find that the characteristic polynomial
2?41

of the complex conjugation 7 acting on V),/p is congruent to the characteristic polynomial
of Frob(¢) acting on Vj,/p. On the other hand, comparing the action of the Frobenius
element Froby and the complex conjugation 7 on ), where {, is a p-th root of unity, we

obtain

¢! = Froby({,) = Frobw({,) = ¢, .
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This implies that { = —1 mod p. As a consequence, Condition (4.2) is necessary to satisfy
Equality (4.3).
Letn =/, ---{; be a squarefree integer where ¢; is a Kolyvagin prime fori =1,--- k.

Then the extensions L and K,, are disjoint over K| and
G, = Gal(L,/L;) ~ Gal(K,/K)).

The Galois group Gal(K,/K)) is the product over the primes ¢ dividing n of the cyclic
groups Gy = Gal(K; /K ) of order /+ 1. We denote by o, a generator of G,. The Frobenius
condition on ¢ implies that it is inert in K. Denote by A the unique prime in K above /.
Writing n as n = ¢m, we have that A splits completely in L,, since it is unramified in L,,
and has the same image as Frob..(L/K) = t> = Id by the Artin map. A prime A,, of L,
above A ramifies completely in L,. We denote by A, the unique prime in L, above A,,.

Consider the image of Ay, by the Abel-Jacobi map
®:CH ™\ (W/L,)o — H'(L,,V).

Proposition 4.5.1. Consider (An, ®,) ~ (Am, @n) € Isog”" (A) where n = {m for an odd
prime L. Then

Ty®@(Ay,) = corp, 1, P(Ag,) = asby®P(Ag,).

Proof. By [45, corollary 11.4],

Ti(Ag,) = ZA%,-7
n;

where the generalized Heegner cycles Ay, correspond to elements (Anjs On;) ~ (Am, Om)

in Isog”" (A) for elliptic curves A, that are /-isogenous to A,, respecting level N structure.
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These elliptic curves A, correspond to gA,, where
g € Gal(L, /L) ~ Gal(K,/K,,) ~ Gal(K;/K).

Hence

ZA(p"z - Z gA(Pn = Coan7L1n (A(Pn) = aZbEA(Pma
n g€Gal(L,/Ly)

where the last equality follows from the action of 7; on V. Finally, we apply ® which

commutes with 7 to obtain Ty®(Ay,,) = cory, 1, P(Ag,). O

For an element ¢ € H'(F, M), we denote by res, (c) € H'(F,, M) the image of c by the

restriction map H'(F,M) — H'(F,,M) induced from the inclusion
Gal(F,/F,) — Gal(F /F).
Proposition 4.5.2. Consider (A,, ©,),(Am, On) € Isog”" (A) where n = m. Then
res) P(Ag,) = kFroby(L, /Ly )res; ®(Ag,)
deg(¢;)

deg(@;)

Proof. The Eichler-Shimura relation consists of the local congruence

fork=1{

Froby+ Frob, =7; mod ¢

on Xo(N) where Froby is the Frobenius morphism and Frob), is the morphism dual to Froby.

For elliptic curves over 0y, , we have

Frob), = ¢ Frobg_1 = /(Froby mod 4,
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because |07y, /Ay| = £2. Since A,, completely ramifies in L,, we have 0y, /A =~ 0L, /Ay
Hence,

Ti(Am)= Y, ocAn= ) A,=({+1)A, modA,.
6€G(Ly/Ly) 0€G(Ly/Ln)

Therefore, we have Froby(A,,) = A, mod A,. By Proposition 4.4.1, this implies

(Froby x I)«Dys, = kD, mod A,

deg(i)

where k =/
deg(o))

from which the result follows. ]

4.6 Kolyvagin cohomology classes
We denote by
P(Ag,) o € H' (La,Vy)
the image of ®(Ay,) € H'(L,,V) by the map H'(L,,V) — H'(L4,V,,) induced by the

projection V' — V. Let

yn =1ed(P(Ag,) o) € H' (Ln,Vip/p)

be the image of (A, ), € H' (Ly, V) by the map H'(L,,V,,) — H'(L,,V,,/p) induced
by the projection V, — V,/p. We use certain operators (4.4) defined by Kolyvagin in
order to lift the cohomology classes y, € H'(L,, Vy»/p) to Kolyvagin cohomology classes
P(n) € H'(K,V,,/p), for appropriate n.

Lemma 4.6.1. For all n,

HO(LmVJO/p) :HO(LlaV[O/p) =0

and Gal(Ly(Vp/p)/Ln) ~ Gal(L1(Vp/p)/L1) ~ Gal(K (Ve/p) /K).
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Proof. The extensions L,/L; and L (V,,/p)/L; are unramified outside primes dividing nc
and NsNp. Therefore, L, N L{(V,/p) is unramified over L; and is hence contained in Lj,

the maximal unramified extension of K of conductor .4". Hence,

HO<Ln7VJ0/p) :HO(LUVJO/p)

The result follows by the assumption on p which implies that H(L;,V,,/p) = 0. O

Proposition 4.6.2. The restriction map
resp, 1, - H' (L1,Vyp/p) — H' (Ly,Vyp/ p)©"

is an isomorphism.
Proof. This follows from the inflation-restriction sequence

res

0= H' (Lu/L1,Vp/p) 2L H (L1, Vi) p) 25 H (L, Vo p) — H2(Ln /L1, Vo) ),

since H(L,,V,,/p) = 0 by Lemma 4.6.1. O
Let
g . g .
Try=) o, D;=) ioj. (4.4)
i=0 i=1
They are related by
(oy—1)Dy=10+1—Tr,. 4.5)
Define

D, =[]D: € Z[G,).
ln
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Proposition 4.6.3.

Dyyn € H' (L, V) p)°n.
Proof. 1Tt is enough to show that for all ¢ dividing n,
(Gg — I)Dnyn =0.

We have
(Gg — 1)Dn = (Gg — I)DgDm = (g-i- 11— Trg)Dm,

where the last equality follows by Relation (4.5). Since resy,, 1, ocory, 1, = Try,

(041 —Trg)Dpred(P(Ag,) p)

= (4 1)Dyred(P(Ap,) p) — Dmagbered(P(Ay,) o)

= 0 mod p.
by Proposition 4.5.1 and Condition 4.2. [

As a consequence, the cohomology classes Dy, € H'(L,,V,,/p)©" can be lifted to
cohomology classes c(n) € H'(Ly,V,,/p) such that
resy, 1,,¢(n) = Dypyy.
We define
P(n) = cory, gc(n) in H' (K, V,,/p).

Proposition 4.6.4. Let v be a prime of L;.
1. If v|NaN, then res,(P(n)) is trivial.

2. If vt NaNnp, then res,(P(n)) lies in H' (K /K,,V5/p).
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Proof. 1. We follow the proof in Chapter 3 Proposition 3.4.4. We denote by
Vip/ p™“ = Hom(Vyy/ p, Z/ pZ(1))
the local Tate dual of Vp/ p- The local Euler characteristic formula [37, Section 1.2] yields
|H' (K, Vip/ )| = |[H* (K0, Vip/ )| % |H* (K., Vip/ p)].
Local Tate duality then implies
|H' (Ky,Vo/p)| = |H (K, Vio/ ) .
The Weil conjectures and the assumption on Fr(v) imply that ((V,,/p)")F"(") = 0 where
< Fr(v) > = Gal(K}" /K,)

and I = Gal(K,/K"") is the inertia group. (See Section 2.6 for more details). Therefore,

HO(K,,Vp/p) = (Vp/p)")F") = 0.

2. If v does not divide NnpNy, then
reSLL‘,,LM/reSvC(n) =resyDyy, € H' (Ln,v’ /Lmv’a VJO/p)
for v/ above v in L,,. The exact sequence
Ies

g Hl (Lrul,rv’/l'n,v’a (Vﬁ/p)lv) — Hl (Ln,v’vvJO/p) — Hl (Ln,v’/LZTvHVJO/p) —

allows us to view the cohomology class res,sD,,y, that belongs to Ker(res) as an element in
H! (Lo /Ln.,Ve/p). The isomorphism L, ,» ~ L, hence implies that res,c(n) belongs

to H' (LY, /L1y, Ve/p).
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4.7 Global extensions by Kolyvagin classes

We construct a global pairing of the Selmer group that will subsequently be used
to relate local and global information about the elements of the Selmer group and we
consider extensions of L by Kolyvagin cohomology classes ¢ and P(g), where P(g) will
play a crucial role in the proof of Theorem 1.2.1.

Lemma 4.7.1. We have
H'(Aut(Vp/p),Vp/p) =0.

Proof. First note that if p{|Aut(V,,/p)|, then H!(Aut(Vy,/p),Vy/p) = 0. If p divides |G|,
then since Vj,/p is irreducible as an Aut(V,,/p)—module, Dickson’s lemma [52, Theo-
rem 6.21] implies that Aut(V),/p) contains SL,(F,) for some ¢q. In particular, it contains
21 where [ is the identity map. Therefore, by Lemma 3.7.1, the map x — (21 —I)x = Ix is

the zero map on H' (Aut(V,,/p),V,/p) and the result follows. O

‘We recall the statement of theorem 1.3.1.

Theorem 1.3.1. Let p be such that
Gal (K(V/p)/K) ~ Autg(V,/p), and (p,ND@(N)Ns) = 1.

Suppose that V,,/p is a simple Autg(Vy,/p)-module. Suppose further that the eigenvalues
of Fr(v) acting on V(é” are not equal to 1 modulo p for v dividing NN,. If P(1) is non-zero,
then the Selmer group S has rank 1 over O,/ p.

Local Tate duality and the reciprocity law translate local properties of Kolyvagin’s

cohomology classes into local properties of elements of the Selmer group. This local
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information will be transferred to global one using a global pairing of the Selmer group.
One can then conclude using Cebotarev’s density theorem.

We denote the Galois group Gal(L/K) by G. The restriction map
r H'(K Ve p) — H'(L.Vp/ p)° = Homg(Gal(@/L). Veo/p)
has kernel

Ker(r) = H'(K(Vpp/p) /K Vo) p) = H'(Aut (Vpo/ p). Vo p) = 0

by Lemma 4.7.1. Hence, we can identify an element ¢ € H'(K,V,,/p) with its image r(c).

Consider the evaluation pairing
[, ] 7(S) x Gal(Q/L) — V,,/p. (4.6)

We denote by Galg(Q/L) the annihilator of r(S). Let L® be the extension of L fixed by
Galg(Q/L) and Gy the Galois group Gal(L5/L).
We consider the restriction d of an element ¢ of H'(K,V,,/p) to H'(L,V,,/p). Then

d factors through some finite extension L of L. We denote by
L(C) _ Zker(d)

the subextension of L fixed by ker(d). Note that L(c) is an extension of L.
Remark 4.7.2. The element y; belongs to S by Proposition 4.6.4. Also, L(y;) is a subex-
tension of LS. Indeed, assume p € Galg(Q/L), then [s,p] = O for all s € S. Hence, y;

defines a cocycle of S by

p—p(y1)—y1=0.
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This implies that p fixes L(y;), a subfield of LS.

We have Gal(L(y1)/L) ~ V,,/p and we denote by I = Gal(L5/L(y1)).

LS

1
L(y1) / Gs

L=K(Vy/p)
Lemma 4.7.3. There is an isomorphism of U,/ p-modules mapping res; P(m{) where A’

divides ¢ in K to resy P(m). Also, res) P({) is ramified for all such A.

Proof. This is an adaptation of Section 3.5 in Chapter 3 that uses the properties of the

Euler system considered in Proposition4.5.1 and Proposition 4.5.2. ]

Lemma 4.7.4. There is a Kolyvagin prime g such that
Froby(L®/Q) = th, h€ Gal(L’/L), h*"' ¢ Iand resgy; #0

for some prime B in K above q.

Proof. Let g be a Kolyvagin prime such that
Frob,(L5/Q) = th, he€ Gal(L’/L), K" ¢ 1.

Note that the restriction of Th to L is 7. Assume g splits completely in L(y;). Then for a

prime ' of L(y;) above g, we would have that

Frobg (LS /L(y1)) = (th)?,
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a contradiction since Frobﬁ/(LS /L(y1)) belongs to I while h**! = (th)? ¢ I. Hence ¢ does
not split completely in L(y; ). Therefore, since ¢ splits completely in L and does not ramify
in L(y1), there is a prime 8 in L; above g such that |L(y1)gr : Lg/| > 1 for a prime B’ of L

above f and a prime " of L(y;) above B’. This implies that

resgyr # 0.

Consider the following extensions

-7 H()Hl\
Hy = L(c) H, = L(P(q))
% Vo/p
L=K(Vp/p)

We define V; = Gal(H;/L) for i = 0,1,2. We have an isomorphism of Aut(A,/p)-modules
Vo~V >~ V‘(g/p.

Lemma 4.7.5. The extensions LS and H; are linearly disjoint over L.

Proof. Tt is enough to prove that LS N H| = L as linear disjointness for Galois extensions

is equivalent to disjointness. The Frobenius substitution p of ¢ in Gal(L! /L") is such that
[s,p] =0foralls €S,

since s is unramified at g.

89



Lemma 4.7.3 implies that P(g) ramifies at g and resgP(q) is mapped under an iso-

morphism to resgy; # 0. Hence
p(P(q)) # 0.

As a consequence, LS NL(P(q)) # L(P(q)). For all ¢ generating L5 over L, we have
Gal(L(c)NL(P(q))/L) is a Gy —submodule of V| ~V,/p.

Therefore, Gal(L(c) NL(P(g))/L) is trivial.

4.8 Complex conjugation and local Tate duality

We study the action of complex conjugation on the image by the p-adic Abel-Jacobi
map of generalized Heegner cycles and consider the pairing induced by the action of the
complex conjugation and the local Tate pairing.

Lemma 4.8.1. There is an element ¢ in Gal(K;/K) such that
TCD(A%‘)JO = ech)(A(Pj)lO?
deg(¢)

deg(¢))’
Proof. Using [26] which shows that TA; = Wy (oA ) for some ¢ in G(K;/K), we obtain

where —¢gr, is the sign of the functional equation of L(f,s), and k =2

by Proposition 4.4.1
(Tx1)«(Dy,) = kD% y = kD (54,

deg (i)

where k =2
eg(Q))

. Consider the map

WxI:WyxA— WyxA:((E,P),A) — ((E/(P),P),A),
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where P’ is such that the Weil pairing < P,P’ > of P with P’ satisfies < P,P’ >= {y for

some choice {y of an N-th root of unity {y. Note that W has degree N. Also,
W, f(7)dcd, = LN f(7)dd;.
This implies as in [39, Proposition 6.2] that
(W x I)*D;VN(GAJ-) = gerDzvN(GAj),

7

deg(¢;)
deg(9;)

while Proposition 4.4.1 implies that the former equals N” Dy A Hence,

r _ rnyr
Dy, (oa;) = k16D

r

deg(:)
deg(9;)

where k; = . Applying Proposition 4.4.1 to the map (o x I), we obtain

(0 x1)+(Dy;) = kaDigy,,
deg(¢;)

where k; = deg(o)” deg(9))
j

= ky. Hence, ngN(cAj) =g/ (0 X 1)*(D2j) and
(T x1)«(Dy,) = €rk(0 x 1)«(Dy,).

Therefore

Remark 4.8.2. The non-trivial Kolyvagin class P(1) belongs to S™¢ where

£E=¢.

91



Indeed, y; is non-zero by the hypothesis on ®(Ay, ) » and belongs to S*¢ by Lemma 4.8.1.
Using the relation tDy = —D;7T mod p, it can also be deduced from Lemma 4.8.1 that
P(n) belongs to the (—1)®"e—eigenspace where (n) is the number of distinct prime
factors of n.

Given a Kolyvagin prime ¢, the Frobenius condition implies that is inert in K. We
denote by A the prime of K lying above ¢. As explained in Chapter 2, Section 2.5 using

local Tate duality, we have a perfect local pairing

(o2 H'(KY /Ky, (Veo/p)*) x H (K} Vo p) — L/ p,

where I; = Gal(K} /K}") and OF, g-linear isomorphisms

{H'(KY" Vp/p)}" = H' (K} /Ky, (Vo/P)").
We denote by
res; - H'(K.Vpp/p) — H' (K3, Vp/ )

the restriction map from H'(K,V,,/p) to H'(K;,V,,/p). When the complex conjugation
7 acts on a module M, we denote by M and M~ the + and — eigenspaces of M with
respect to the action of 7.

Lemma 4.8.3. The action of complex conjugation induces non-degenerate pairings of

eigenspaces

(o s HUKY /Ko, (Vo p)*)* < HY (K Vip/ p)™ — L/ p.
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Proof. 1t is enough to show that the + and — eigenspaces are orthogonal. For cocycles ¢

and ¢; in the 4 and — eigenspaces respectively, we have

(c1,c2) 1 = (cT,¢5) 0 = (c1,—co)pr = —(c1,c2) 0

Furthermore, (c1,c2)%, = (c1,¢2), since 7 acts trivially on H*(Ky, {1,) = Z/p. The case

where ¢ and ¢; are in the — and + eigenspaces is similar. O]

Lemma 4.8.4. We have
G& ={(th)* heGs}, I ={(ti)? iel}.
Proof. On the one hand, GEH C G! as
GFEN — 6P = 1a.
On the other hand, since p is odd, 2 is an automorphism of Gg. Therefore, if h € G;, then
h— (hl/2>1:+l c G§+1‘

Hence,

Gi =G = (™ = (tht ') h, he Gs).
The same proof applies for /. [

4.9 Reciprocity law and local triviality
We use the reciprocity law in Proposition 4.9.1, local Tate duality in Proposition 4.8.3,
Cebotarev’s density theorem 2.1, and the global pairing of the Selmer group (4.6) to prove

theorem 1.3.1.
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Lemma 4.9.1. We have

Z (s3,resy P(n)); =0.
Al

Proof. The proof follows [39, proposition 11.2(2)] where both the reciprocity law, (see
Chapter 2, Section 2.4 for more details) and the ramification properties of P(n) in propo-

sition 4.6.4 are used. 0
Proposition 4.9.2. We have S~¢ is of rank 0 over O,/ p.

Proof. Consider the Kolyvagin class P(¢) where ¢ is a Kolyvagin prime satisfying
Frob,(L°/Q) = th, h€ Gs, h¢ Gal(L®/L(yy)).

We have that P(¢) belongs to the —eg—eigenspace by Remark 4.8.2. Then by Lemma 4.7.3,
there is an isomorphism sending res; P(¢) to res; P(1). The same argument as the one for
g implies that

res; P(1) # 0.

Let s be an element of S™¢. Lemma 4.9.1 and Lemma 4.8.3 imply

Y (resys,res, P(()); € =0.

Ale
Since resy P(¢) # 0, the non-degeneracy of the local Tate pairing implies that res; s = 0.
Hence, [s,Frob, (L%/L;)] =0, that is [s, (th)?] = 0. By Cebotarev’s density theorem, (see
Chapter 2, Theorem 2.1 for more details) and Lemma 4.8.4, this statement is true for all &

in G;r —I'". The homomorphism s : Gg — V,,/ p induces a Gy-homomorphism of groups

5s: G5 —Vy,/p.
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Therefore, the vanishing of s on G;’ —I'" implies the vanishing of s on G;’. As a conse-

quence, we obtain a Gy-homomorphism
s: Gy — Vp/pt.
s o/ P

The modules V,,/p® are of rank 2 over Uf,/p. Since Vj,/p has no non-trivial Gy-

submodules, we have s(Gg) = s = 0. O
Proposition 4.9.3. We have S*¢ is of rank 1 over O,/ p.

Proof. Let ¢ be a Kolyvagin prime such that
Frob, (L5 /Q) = ti, i € Gal(L%/L(y1))
and such that

Frob,(L(P(q))/Q) = tj, j € Gal(L(P(q))/L), j*™""' # 1.

These two Frobenius conditions are compatible because the extensions LS and L(P(q)) are
linearly disjoint by Lemma 4.7.5. Consider the Kolyvagin class P(¢q) which belongs to

the e—eigenspace by Remark 4.8.2. We have

res; P(q) # 0

for A above ¢ in K. Indeed, the Frobenius condition

Froby, (L(P(¢))/K) = ' = (¢j)? # 1
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implies that A does not split completely in L(P(g)). By Lemma 4.7.3, this implies that
resy P(¢q) # 0.
The Frobenius condition in L5 /Q implies that ¢ splits completely in L(y;), so that
res; y1 = 0.

Then by Lemma 4.7.3, res; P(¢) = 0. Hence, P(¥) belongs to the Selmer group, in fact to

S7¢. As a consequence of Proposition 4.9.2, P({) = 0 implying
resgP(¢) = 0.

Therefore by Lemma 4.7.3,

resgP({q) = 0.

Let s € ST, By Lemma 4.9.1 and Lemma 4.8.3,

;LZZ(TCSAS;TGS;LP(&[))IE + %(resﬁs,resﬁP(ﬁq»EE =0.
q

Hence,

Y (ress,res, P({q)) 1€ =0.
P

The non-degeneracy of the local Tate pairing implies that
res; s = 0.
Therefore, [s, Froby (L /K; )] = 0, that is

s, (zi)?] = 0.

96



This is true for all i € I by Cebotarev’s density theorem and Lemma 4.8.4. As a conse-

quence, the homomorphism s : I — V,/ p reduces to a Gy-homomorphism
siI” —Vy/p*,

where V,,/p™ and V,/p~ are free of rank 2 over OF ,/p. Therefore, since Vy,/p have no

non-trivial Gy-submodules, s(I~) = s(I) = 0. This implies that

s € Homg, (Gal(L’ /L) /I,Vy/p) =~ Homg, (V! p,Vp/P) =~ OF ] p-
Therefore by Remark 4.8.2,
rank(S) = 1.
O

Corollary 4.9.4. Assume that f is ordinary at p. Under the hypotheses of Theorem 1.3.1,
if L,(f ® Oy, r+1) # 0 then S is of rank 1 over OF, g/ p.

Proof. By [49, Theorem 1], the non-vanishing of L,(f ® 6y,r + 1) implies the non-
vanishing of the image by the p-adic Abel-Jacobi map of the generalized Heegner cycle
®(A),, of conductor 1, where / is the identity map. Since corestriction is injective, this

implies that P(1) # 0. Hence, by Theorem 1.3.1, S is of rank 1 over OF ,/p. O
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CHAPTER 5
Conclusion

5.1 From analytic rank to algebraic rank

Let ¢ : Xo(N) — E be a modular parametrisation of an elliptic curve E over Q
with conductor N which maps the cusp infinity of Xo(N) to the identity on E. Let x;
be a Heegner point of conductor 1 on Xy(N) attached to K. By the theory of complex
multiplication, x; belongs to the Hilbert class field K of K. Let yx = Trg, /xyk. Gross-

Zagier [28] proved that yx has infinite order if and only if
L(E/K,1)=0and L'(E/K,1) #0.
Combined with Kolyvagin’s result that
vk has infinite order = rank(E(K)) =1,

one can conclude that

L'(E/K,1)# 0= rank(E(K)) = 1.

Nekovar [39] adapted Kolyvagin’s method to modular forms f of higher even weight.
In [40], he proved a p-adic version of the Gross-Zagier formula relating the first derivative
of a p-adic L-function of f at the central point and the p-adic height of a Heegner cycle.
This result is due to Perrin-Riou in weight 2. As a consequence, Nekovar obtains a p-adic

form of the conjecture of Beilinson and Bloch.
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In [49], Shnidman relates the order of vanishing of the p-adic L-function of a modular
form f twisted by an algebraic Hecke character at central critical points to the height of
associated generalized Heegner cycles. Combining this with theorem 1.3.1 of Chapter 4,
we obtain a p-adic version of the Beilinson-Bloch conjecture in Corollary 4.9.4.

5.2 Future directions

In the context of elliptic curves, if we omit the Heegner hypothesis, then the modular
parametrisation fails to produce a non-trivial Heegner system [17, chapter 4]. Instead, one
uses Shimura curve parametrisations [24]. In this setting, there are results of Zhang [55]
and Disegni [19] computing heights of Heegner points on Shimura curves.

In the context of modular forms, Brooks [10] adapts results of Bertolini, Darmon
and Prasanna [5] to the situation where the Heegner hypothesis is dropped. It would
be interesting to have parallel results to Chapter 4 in this situation. More precisely, one
could adapt the construction of generalized Heegner cycles to modular forms over Shimura
curves in order to construct an appropriate Euler system and apply Kolyvagin’s machinery
to bound the size of the Selmer group, (see [22] for developments in this direction).

Bertolini, Darmon and Prasanna describe the relation between Abel-Jacobi images of
generalized Heegner cycles and special values of certain p-adic L-function attached to the
modular form [5]. Castella extends their results to a setting allowing arbitrary ramification
at p [13]. An interesting future direction would be to examine the connection between
the adapted generalized Heegner cycles (to the context of modular forms over Shimura
curves) and special values of the p-adic L-function attached to f.

One could also consider Hida theoretic or Iwasawa theoretic settings such as in [21],

[29] and [30].
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