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Abstract 

This thesis investigates the effect of ions on rubber 

elasticity an~ viscoelasticity in polymers. The ratio of the 

moduli of an ionizable rubber in its acidic and ionic forms is 

predicted from simple considerations of entropy and chain 

dimensions. The experimentally determined ratio for a crosslinked 

poly(vinyl alcohol)-poly(acrylic acid) gel is found to agree 

semi-quantitatively with the predicted value. 

A theoretical study of the dilute solution viscoelasticity 

of ion-containing polymers, employing a modification of the 

well-known bead-spring model, is presented. The study predicts 

an increase in intrinsic viscosity and a broadening in the 

distribution of relaxation times with increasing ion repulsion. 

The effect of ions on the structure and viscoelasticity of 

poly(acrylic acid) is investigated as a function of the degree of 

ionization and the plasticizer content. The stress relaxation 

behaviour is analyzed in terms of a two-mechanism response and 

correlated with X-ray diffraction and dynamic mechanical studies. 
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CHAPTER l 

A REVIEW OF BACKGROUND LITERATURE AND 

A GENERAL DESCRIPTION OF THE STUDY 

The incorporation of ions into a polymeric material can 

produce structural changes of considerable magnitude, the effect 

of which can generally be observed in the form of greatly modified 

viscoelastic behaviour. In the past decade, the pace of research 

into the structure and viscoelasticity of ion-containiug polymers 

has increased sharply. Since this thesis draws from the growing 

store of knowledge in this are a of research, it will be important 

to begin with a review of the most relevant background studies. 

Three major areas of interest in the study of ion

containing polymers are dealt with inthis thesis: rubber 

elasticity, dilute solution viscoelasticity, and bulk visco

elasticity. In each area, investigations have been made on non

ionic polymers and, in each case, the approach to the study of the 

ion-containing pol ymer has been essentially to modify existing 

methods, so that changes in the parameters,other than those 

directly associated with the inclusion of ions,are restricted as 

much as possible in order to facilitate direct comparisons be

tween the properties of corresponding ionic and nonionic systems. 

A model for the viscoelastic behaviour of polymers must 

conta in the basic elements of energy storage and energy dissipa-
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tion. The most successful theories of polymer viscoelasticity 

have been those where the polymer is considered to behave like a 

flexible chain which assumes the average configuration in solu

tion which minimizes its free energy. In the absence of severe 

restrictions to bond rotation or unusual solvent effects, the 

polymer configuration is governed largely by entropie considera

tions and is that of a more or less random coil. 1 Deviations 

from randomness, as may be induced by an externally applied 

stress, result in decreased entropy which, in the absence of 

dissipative factors and in an isothermal process, is equivalent 

to energy storage. This is the origin of elasticity in randomly 

coiled macromolecules; its importance will become apparent in 

Chapter lIon rubber elasticity and in Chapter Illon di lute 

solution viscoelasticity. This mode of energy storage is less 

important in the polymer solid sta.te, where intermolecular re

strictions to bond rotation are often quite severe. Sorne of the 

considerations in this case will be discussed later. 

~e inherent effect of ionic interaction on entropie 

energy storage in polymers can be isolated from considerations of 

energy dissipation by considering the elasticity of an ionizable 

rubbero The theory of ideal rubber elasticity2 considers a rubber 

to be a network of non-interacting polymerie chains. One of the 

quantitative factors which determines the modulus of elasticity 

of an ideal network is the average dimension that the polymerie 

chains would assume were the y not constrained by the crosslinks. 

In Chapter II, the theory of ideal rubber elasticity is applied 
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to a swollen, ionizable network. The ratio of the moduli of 

elasticity in the ionized and unionized states is predicted 

from the determination of polymer dimensions in model solvents. 

Experimental observations of the modulus of elasticity of a 

simple ionizable network -- a rubber formed from poly(acrylic 

acid) and poly(vinyl alcohol) -- show semi-quantitative agreement 

with the predictions from theory. 

In the study of rubber elasticity, it is essential that 

the time span in which the effects of energy dissipation occur be 

less than the time of observation. However, in the case of 

rubbers, as in aIl real systems, energy dissipation occurs when 

the system is perturbed by applied stresses. Whether it is 

observable or not depends on the correct choice of frequency or 

time. In polymer solutions, the form of energy dissipation is of 

two general types 1 both of these can be classified as friction. 

One form of frictional dissipation results from the interaction 

between the polymer and the solvent. The form of this interaction 

in polymer solutions has been postulated by Kirkwood and Riseman,3 

using the principles of classical mechanics, and their formalism 

has been employed in most of the subsequent theoretical treat

ments of polymer viscoelasticity. 

The other important type of friction is the "internaI 

friction" which results from hindered rotation of bonds which lie 

along the polymer-chain backbone. This form of energy dissipation 

is highly dependent on polymer microstructure and is, in general, 
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very short-range in nature. Because of the complex and specifie 

nature of this type of friction, theories which describe the 

time-dependent behaviour associated with it have been only 

moderately successful. 4 Fortunately, the usual frequency range 

associated with bond rotation is much greater than that associ

ated with the motions in which polymer-solvent friction is 

important. Thus, if the region of interest is restricted to 

lower frequencies, only the time-averaged effects of bond rota

tion need be considered, and these are much better explored. s • 6 

Hence, the development of viscoelastic theory for ion-containing 

polymers will be r~stricted to polymers in which the ionizable 

groups are sufficiently weIl separated to produce a negligible 

effect on short-range motions. 

The viscoelastic theory which will be presented in detail 

in Chapter III is built upon the model described by Rouse? and 

Bueche 8 and subsequently modified by Zimm,9 Tschoegl,lO and 

others. This model depends on the statistical nature of the 

polymer configuration, which leads to entropic energy storage. 

Because of the Gaussian distribution of the separation of chain 

ends in an ideal polymer solution, there is a net restoring force 

on the ends of the coiled polymer which is proportional to their 

separationi 2 th us , the polymer tends to act like a Hookean spring 

of zero rest length. Furthermore, the polymer may be subdivided 

into arbitrary units each of which have this spring-like property, 

provided that the segments are of sufficient length to be 

statistically distributed. Thus, energy storage in the model is 
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that which would result from a series of coupled Hookean springs 

of zero rest length. 

Energy dissipation in the model is considered to be of the 

same nature as that which results from the motion of beads in a 

viscous medium; that is, the retarding force on each bead is pro

portional to its velocity relative to that of the medium. For 

macromolecules, each monomer unit is considered to be equivalent 

to a bead moving in a viscous medium (the solvent); the propor

tionality constantbetween retarding force and velocity is termed 

the monomeric friction coefficient. For mathematical conve

nience, the frictional effect of aIl the monomer units in each 

submolecule is considered to be centered in the connector. The 

viscoelastic model for the macromolecule is thus considered to be 

a collection of beads joined together by Hookean springs. The 

one additional element necessary for stability in the model is 

Brownian motion, which is the effect of thermal energy, and which 

tends to hold the beads apart by randomization and prevent their 

collapse under the Hookean forces. 

Despite its simplicity, the model has been used with con

siderable success in predicting the viscoelastic behaviour of 

polymers in dilute solution. Comparisons of the theory with 

experimental findings have appeared in a number of reviews and 

books. II
-

13 Since none of the theory developed to this point has 

applied specifically to ion-containing polymers, further review 

will not be presented here. 
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In Chapter III, the basic model as presented by Rouse is 

modified to include the effects of ionic forces. With aIl the 

other parameters remaining the same, the beads are considered to 

contain electrostatic point charges. Because of the mathematical 

complexity involved, viscoelastic functions are derived for only 

the two simplest cases of the model -- those with two beads and 

three beads respectively. Equations are written to describe the 

motion of the beads in a shearing flow. By combining the equa

tions of motion with the equation of continuity for the beads, a 

second order differential equation known as the diffusion equa

tion is obtained. The solution of the diffusion equation gives 

the distribution function of bead separation, from which the 

viscoelastic functions of interest can be calculated. Computa

tion of the dynamic viscosity as a function of frequency for this 

simple model indicates that ionization produces an increase in 

relaxation times as weIl as a broadening in the distribution of 

relaxation times. 

One of the inherent flaws in the dilute solution theory is 

that no account of the effect of intermolecular interactions on 

viscoelasticity is taken. Since aIl of the viscoelastic measure

ments that have been made on solutions of ionic polymers have 

been in the concentration range where intermolecular interactions 

are a major factor, 14-16 the application of dilute solution 

viscoelastic theory to ionic polymers anticipates experimental 

evidence which may be possible in the near future with recent 

developments in experimental technique, whereby viscoelastic 
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behaviour in very dilute solutions can be examined. 17 

In Chapter IV, the properties of ionic polyrners in highly 

concentrated solutions are examined. In this region of polymer 

concentration, both ionic and nonionic intermolecular interac

tions play a significant role, while considerations of elastic 

energy storage and frictional loss still apply. The properties 

of polymers in solutions of very high concentration are similar 

to those of undiluted polyrners. Most of the studies of relevance 

to this part of the thesis have been made on undiluted polymers; 

a detailed review of some of them is presented here. 

Ion-containing polyrners may be divided into several main 

classes. A number of studies of the rnechanical properties of 

each class of polymers have been madeo The first of these 

classes includes ion~containing inorganic polymers such as the 

phosphate1 8 and the silicate19 - 21 systems. The second group, 

which has been the subject of a recent review,22 comprises the 

organic copolymers in which the ionizable fraction is small; 

systems of this type which have been the subject of recent 

studies include the ethylene ionomers,23-26 the styrene 

ionomers,27.28 and the carboxylic rubbers. 29 The third major 

class, on which the main focus of Chapter IV is placed, comprises 

ionizable organic homopolymers and copolymers containing a high 

percentage of ionizable material. These polymers, which are 

generally termed polyelectrolytes when they are in aqueous solu

tion, have received considerable attention with respect to their 
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synthesis 30 and their solution properties. 31 - 33 The solid-state 

properties of po1ye1ectro1ytes have received much 1ess attention; 

those studies that have been reported are discussed here. The 

work done on the first two classes of ion-containing polymers 

will not be reviewed in detai1 in this thesis, except for those 

studies which afford resu1ts or conclusions of re1evance to the 

viscoe1asticity and structure of po1yelectro1ytes. 

The first reported study on the solid-state mechanica1 

properties of po1ye1ectro1ytes is that of Fitzgerald and 

Nie1sen.27,3~ They obtained viscoelastic data for severa1 ion

containing po1ymers, inc1uding sa1ts of po1y(methacrylic acid), 

po1y(acry1ic acid), and a copo1ymer of acrylic acid containing 6% 

2-ethy1hexy1 acrylate (in this thesis referred to as PMA, PAA and 

PAA-PEHA respective1y). The studies showed that ionization pro

duced drastic changes in the mechanica1 properties of these mate

rials. G1assy Youngls moduli of greater than 1 x 10 11 dyn/cm2 

were reported for the sodium salts of PMA and PAA, whi1e glassy 

shear modu1i of various divalent sa1ts (Zn, Pb, Ca) of PAA-PEHA 

were found to range between 5.5 x 1010 and 6.5 x 1010 dyn/cm2• 

These values represent increases by a factor of about 1.5 for the 

sodium sa1ts and about 2 for the diva1ent sa1ts when compared with 

the corresponding moduli of the unionized polyacids. The moduli 

of the polyacids themselves are greater by a factor of 2 than 

those of typical nonionic, non-hydrogen-bonded polymers like poly

styrene. The modulusvalues of the divalent salts cannot be taken 

too literally, because the method of preparation -- simultaneous 
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molding and neutralization with metallic oxide -- would likely 

pro duce an inhomogeneous product. As Nielsen points out,34 the 

real moduli of the ionized materials are probably higher still. 

In addition to the moduli, the glass transition tempera-

tures of these ionized polyacids are greatly increased; they were 

not measured specifically, but no significant softening was ob-

served up to 275°C. In fact, other tests indicated that they 

neither soften nor lose shape before their decomposition tempera-

tures. Another notable change in the physical properties of 

polyelectrolytes is in the (glassy) linear expansion coefficient, 

a. The salts of the polyacids were found to have values of a 
9 9 

as low as 1/4 of those of the unionized polymers. Indeed, in 

this property, as weIl as in others, polyelectrolyte salts are 

more like inorganic glasses than organic polymers. 

The remarkable changes in the physical properties of these 

materials can be attributed to the crosslinking effect of ionic 

bonding which serves to greatly increase the strength of the 

intermolecular forces and therebv affect such properties as T 1 

9 
ag' and modulus. The magnitude of the changes in these properties 

indicates that the strength of ionic bonding is much greater than 

that of hydrogen bonding. 

In Chapter IV, an extensive study of the viscoelastic 

properties of plasticized pOly(sodium acrylate} is described. 

The results of this study indicate that dramatic changes in the 

mechanical properties of polyelectrolytes occur even in the 
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presence of plasticizers. Both the glassy modulus and the 

breadth of the glass transition are observed to increase with in-

creasing degrees of neutralization. Significant variations in 

the mechanical properties of the fully neutralized polymers are 

found to occur with different types and amounts of plasticizer. 

Although stress relaxation measurements on solid poly

electrolytes were not reported in the studies by Fitzgerald and 

Nielsen, their investigations did show that, in a copolymer of 

styrene and sodium methacrylate (7.5%), the rate of stress 

relaxation was greatly retarded by ionic bonding. Their studies 

also pointed out that the effect of hydrogen bonding on stress 

relaxation is very minor when compared with the effect of ionic 

bonding. This indicates that the lifetimes of hydrogen bonds 

are much shorter than those of ionic bonds; at ca. l30 o e, they 

exhibit a negligible effect on a stress relaxation experiment, 

while the effect of ionic bonding at that temperature is highly 

significant in retarding the relaxation rate. 

The investigations by Fitzgerald and Nielsen indicate 

that polyelectrolytes show promise as structural materials be

cause of their mechanical and thermal properties. However, the 

difficulties involved in their preparation and the inherent un-

certainties in their composition and structure have stalled 

further development. More recently, a study 35 of the glass 

transition temperature, T , in plasticized salts of poly(acrylic 
9 

acid) has elucidated the effect of ionic bonding on this aspect 

of polyelectrolytes. In this case, the composition of the mate-
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rial was controlled by neutralizing the polyacid in solution and 

casting the plasticized material from solvent. Tg'S for 

poly(sodium acrylate) were measured for two plasticizer systems 

-- water and formamides Extrapolation of the values of T to 
g 

zero plasticizer content in each case gave T for the undiluted 
g 

salt (250°C). The Tg'S for other salts of PAA -- potassium, 

cesium, and a sodium-calcium mixture -- were established in a 

similar fashion. The results of this study indicate that T is a 
g 

linear function of q/a, the ratio of the cation charge and the 

internuclear distance between anion and cation at closest ap-

proach. Similar relationships were established earlier for the 

phosphates and silicates. 36 From the relationship established 

for the acrylate series, it is possible ta predict values of T 
g 

for the undiluted divalent salts, which cannot be prepared in 

this manner. 

Studies have been made to determine the effect of ions on 

the supermolecular structure of polymers. Changes in super-

molecular structure brought about by ionization are likely to be 

crucial in their effect on viscoelastic properties. Only one 

structural investigation specifically in the area of glassy poly-

electrolytes has been reported. As part of a study made by 

Wilson, Longworth, and Vaughn,37 X-ray diffraction analysis of 

fully neutralized poly(acrylic acid) and poly(methacrylic acid) 

° . 
showed the appearance of Bragg spacings of 12 A ~n both of these 

non-crystalline polymers. This phenomenon can he attributed to 

the effect of ion aggregation which could result in a two-phase 
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structure in which regions of high and low ionic content (and 

thus high and low electron density) wou1d occur. The observed 

maxima in the diffracted X-ray intensity may thus be associated 

with the average separation of ion aggregates within domains 
o 

which are of necessity at least severa1 times 1arger than 12 A in 

size. The latter conclusion is based on the fact that any struc-

tured materia1 in which the domains do not conta in at least 

several repeat units could not give rise to a maximum in 

scattered intensity which wou1d correspond to that repeat unit. 

The actua1 dimensions of ionic domains (which cou1d, in fact, be 

macroscopic) have not been determined, and no further evidence on 

the solid-state structure of polyelectrolytes has been pub1ished. 

In Chapter IV of this thesis, the resu1ts of further X-ray 

ana1ysis of neutralized po1y(acry1ic acid) will be presented. It 

will be shown that, although phase separation occurs with every 

p1asticizer used, the variation in structure with the type and 

amount of plasticizer is small. 

A1though the extent of investigations into the structure 

of glassy polye1ectro1ytes has been minimal, a number of studies 

have been made on various copolymers with low ionic contents. 

These studies have shown that most of these materia1s exist in a 

two-phase structure in which the ionic materia1 is concentrated 

in one of the phases. X-ray diffraction analysis of the sodium 

sa1ts of various ethy1ene-methacrylic acid copo1ymers 37 have 

shown maxima in the scattered intensity which correspond to spac

ings of 19 to 27 A in samp1es of varying acid content and degree 
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of neutralization. These dimensions are identified with the 

average separation of ion aggregates within ion-containing 

domains. In a subsequent study,S8 an additional maximum in 

scattered intensity corresponding to a spacing of 83 A was ob

served in both the cesium and the sodium salts of an ethylene 

ionomer. This peak did not occur in the unneutralized material, 

nor did it vary with annealing; it was therefore associated with 

the ionic phase. It can be interpreted as corresponding to the 

average spacing between clusters of ionic material, which may be 

thought of as aggregates of ion multiplets separated by nonionic 

material and held together by electrostatic forces. This two-

phase structure in ethylene ionomers has recently been confirmed 

in a study of polyethylene modified by the addition of phosphonic 

acid side groups.S9 Electron microscopy of the cesium salt of 
o 

this copolymer showed domains of 50 to 80 A in diameter which did 

not exist in the unneutralized material. 

Similar structural effects have been observed in ionomers 

of styrene and of butadiene and in carboxy-terminated butadiene 

polymers. In a study of the divalent salts of carboxy-terminated 

butadienes,40 low-angle X-ray scattering measurements indicate a 

o 
periodicity of 70 A in a Mn++ salt; an e.p.r. spectral analysis 

of the Cu++ salt of the same material shows the structure of the 

ionic phase to be essentially that of copper acetate, an aggregate 

containing two Cu++ ions and four carboxyl anions. Ionomers of 

butadiene and methacrylic acid were studied by electron 

microscopYi 41 both the ionized and unionized forms of the polymer 



- 14 -

appear to exist in a domain structure -- regions of high acid or 

ion content dispersed in a matrix of butadiene. The size of the 

domains is found to vary within each sarnplei dimensions varying 

from 13 to 26 Â were recorded. This study indicates that even in 

unionized copolyrners, a two-phase structure is likely if the com

ponents differ significantly in polarity. Recent investigations 

into the structure of styrene-methacrylic acid ionomers 42 have 

shown the existence of clusters of ionic material with average 

separations of 70 to 75 Â for salt contents of greater than 

6 mol%. For lower concentrations of ionic material, no evidence 

of phase separation is observed. It is proposed that above a 

critical ion concentration, phase separation occurSi this conclu

sion is reinforced by rheological and other evidence. 

Theoretical justification for the existence of clusters of 

ions in organic polyrners has been presented by Eisenberg,43 based 

on thermodynamic arguments. The model employed is a hypothetical 

polymerie material of the ethylene ionomer type, with ionizable 

groups widely spaced along non-crystallizable chains. The driving 

force for ion aggregation is the energy gained by the formation of 

dipoles and multipoles. It is assurned that ions aggregate in 

tightly packed multiplets whose size is severely restricted by 

steric considerations to groups of no more than eight ion pairs. 

The energy gained in this aggregation process is considerable, and 

such multiplets are assumed to be quite stable. It is postulated 

that these multiplets may be further associated into clusters. 

The energy for cluster formation is also electrostatici the size 
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of the c1usters can be predicted by balancing the gain in 

electrostatic free energy against the 1055 in entropie free 

energy which results from the non-random distributions of chain 

segments in the nonionic material separating the clusters. The 

calculation of cluster sizes is based on a number of determinable 

parameters, including ion concentration. Significantly, the 

theory predicts that, for any given material, there is a certain 

minimum concentration of ions required for the formation of 

clusters. 

The accuracy of the calculations of cluster sizes is 

limited by the lack of account taken for polymer microstructure 

which influences not only the size and geometry of the multipl~ts 

that can be formed, but also the variation in entropie free 

energy in the nonionic phase. The latter limitation cou Id be 

expected to be quite severe in the case of polyelectrolytes in 

which the separation of the ionic groups is small. However, the 

formation of clusters still seems reasonable on the basis of 

electrostatic considerations. It must be remembered that the 

clustering theory is an equilibrium theory. Since it does not 

consider the transient nature of the clusters, it cannot be used 

to predict time-dependent properties such as viscoelasticity. 

One of the aims of Chapter IV is to investigate the effect of ion 

aggregation on viscoelasticity in solid polyelectrolytes and 

thereby to elucidate the transient nature of the polymer super

structure. It will be shown that the viscoelastic data can be 

analyzed in terms of two concurrent relaxation mechanisms, using 
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methods of analysis that have been previously applied only to 

non-phase-separated polymers. The contribution of each mechanism 

to the total viscoelastic response can be associated with the 

yielding of each phase. 
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CHAPTER II 

THE MODULUS OF PLASTICIZED IONIC RUBBERS 

A. Introduction 

In this chapter, the time-independent effects of ions on 

mechanical properties are examined. It has been found in a 

number of ion-containing systems, as pointed out in Chapter l, 

that ionic polymers in the glassy state have much higher moduli 

than corresponding nonionic polymers. It is pertinent to ask 

whether this effect extends beyond the glass transition point and 

specifically into the rubbery region. Because of the tendency of 

ions to aggregate and thus act as additional crosslinks,l one 

would expect that the modulus of elasticity of an ionized rubber 

would be greater than that of the corresponding unionized mate

rial. However, it should be remembered that ionic aggregates do 

not form crosslinks in the conventional sense, since they often 

have a significant time dependence, as will be shown in Chapter 

IV. It is of interest, therefore, to determine if there is an 

intrinsic effect of ions, other than increased crosslinking, 

which would cause a higher modulus to persist into the rubbery 

region. 

Since a rubber is ideally a network of non-interacting 

polymer chains,2 and since rubber elasticity is inherently an 

intramolecular phenornenonl' it is imperative to eliminate the 
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effects of ion aggregation in order to de termine the effect of 

ions on rubber elasticity in terms of intramolecular parameters. 

This can be accomplished by plasticizing the rubber with a liquid 

of high dielectric constant. It will be shown that under these 

circumstances the ions have only a small effect on the modulus 

and that from the change in polymer dimensions alone a semi

quantitative prediction of the variation in modulus on ionization 

can be obtained. 

A rubber system in which the effects of ion aggregation 

can be eliminated and which, in addition, has been weIl studied 3 

is the crosslinked poly(acrylic acid)-poly(vinyl alcohol) system 

(PAA-PVA). Ion aggregation effects can be eliminated by allowing 

the polymers to swell in aqueous media. Accordingly, a series of 

PAA-PVA films were prepared after the method of Kuhn, et ~.3 

The films were crosslinked by heating, swollen in aqueous media, 

and subsequently studied in both acidic and ionic forros. The 

rubbery modulus was measured at a single temperature as a func

tion of the volume fraction of polymer. When the results were 

compared at a common volume fraction, it was found that the 

modulus of the ionic form was lower th an that of the acidic form, 

in contrast to what one might anticipate intuitively. 

In one attempt to rationalize this result, free-chain 

dimensions in solvent systems similar to the swollen polymer 

environment were determined by viscometry and used to predict the 

ratio of the moduli in acidic and ionic forms from simple rubber 
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elasticity theory. In another attempt to predict this ratio, 8 

dimensions, as published in the literature, were employed. Both 

attempts lead to correct qualitative agreement, but both under-

estimate the effect somewhat. 

The first part of the subsequent discussion will be 

devoted to the derivation of a theory for a two-component rubber, 

one component of which is ionizable. Subsequently, the experi-

mental aspects will be discussed, and the theoretical predictions 

compared with experimental results. Finally, several reasons 

will be suggested which might explain the discrepancy between 

the ory and experiment. 

B. Theory 

Consider a unit cube of a rubber which consists of a mu-

tually interpenetrating network of two types of chains. In the 

present case, the two types of chains are PAA and PVA. The 

nature of the crosslink in the PAA-PVA rubber system is taken to 

be a simple esterification. 4 It is assumed, for the purposes of 

this calculation, that each crosslink is tetrafunctional and that 

from each crosslink emanate two chains of PAA and two of PVA. 

Suppose that a unit cube of such a polymer undergoes iso-

tropic swelling in the ratio l/Vr , where Vr is the total volume 

fraction of polymer in the mixture. The length of each edge of 

the cube in the swollen, unstrained state is given by l/V lh. 
r 
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If the network is s~sequently deformed by an external force to 

the dimensions y , y , y , the total difference in network en-
1 2 3 

tropy between the unstrained, unswollen state and the strained, 

swollen state for each type of chain, p, is given by2,S 

~S 1 = - ~ N k (;-ï I~ ) (y 2 + Y 2 + Y 2 - 3) (1) 
P 2 P pop f 1 2 3 

The expressions ~ and r 2 represent the mean square end-topop f 

end distances of the chains in the unstrained, unswollen network 

and in the free state, respectively. 

r 2 are not equal. 

It is assumed that -;-r and 
p 0 

p f 

For a network consisting of two types of chains, the total 

entropy of deformation of the network, ~So', including both 

swelling and deformation resulting from the externally applied 

force, is simply the sum of the entropies of the components 

~S ' o = ~S ' + ~S ' 
1 2 

= - ~ k [(r 2 Ir 2 ) N + (~ Ir 2 ) N ] x 
210 1 f 1 2 0 2 f 2 

(y 2 + Y 2 + Y 2 - 3) 
1 2 3 

(2) 

where the subscripts 1 and 2 on Sr rand N refer to the two com-

ponents. The change in entropy due to the isotropie swelling in 

the ratio l/vr1fi in the absence of stress is 

~S o = - ~ k [(r 2 Ir 2 ) N + (r 2 Ir 2 ) N ] x 
210 1 f 1 2 0 2 f 2 

(3V -2/3 - 3) 
r ( 3) 

Therefore, the entropy of deformation of the swollen network, ~S, 

is simply the difference of ~So' and ~So 



- 24 -

Ils Ils , - Ils l [(r 2 Ir 2 
f) N (r 2 Ir 2 ) N ] = = - '2 k + x 0 0 1 0 1 1 2 0 2 f 2 

(y 2 + Y 2 + Y 2 - 3V -2/3) (4 ) 1 2 3 r 

It is more convenient to express Ils in terms of the exten-
sions À , À , À , referred to the swollen, unstrained network, 1 2 3 

where À = y V 1/3, etc 0 Thus 
1 1 r 

Ils = - ! k [Cr 2 Ir 2 ) N + (r 2 Ir 2 ) N ] x 21 0 1 f 1 2 0 2 f 2 

( À 2 + À ,2 + À 2 - 3) V - 2/3 
123 r (5) 

If changes in the internaI energy of the system on deformation of 
the swollen network are neglected, the force of extension, f, of 
a swollen rubber of length L and volume V is given by 

f = - T (ôllS/ôL)T,V (6) 

For simple extension of a rubber, À = L/L , where L is the 1 1 1 
value of L in the unstrained, swollen state. Therefore, 

f = - (TIL ) (ô~S/ôÀ )m V (7) 1 1 .J.:, 

If the rubber is considered to be incompressible, then V = 
the unstrained, swollen volume, and 

À = À = (À )-1~ 
2 3 1 

Bence, the relationship 

À 2 + À 2 + À 2 - 3 = À 2 + 2/À - 3 1 2 3 1 1 

V , 
1 

(8) 

(9) 

is obtainedo By substituting Ego 9 in Ego 5 and differentiating 
the result in Ego 7, the expression for the force is obtained 
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-- --
f = (kT/L) [(r 2 /r 2 ) N + (r 2 Ir 2 ) N ] X 

1 10 If 1 20 2f 2 

C\ - l/À 2) V - 2/3 
1 1 r 

(10) 

The Young's modulus, E, is then given by the ratio of 

stress to strain 

= (kT/V) [(r 2 /r 2 ) N + (r 2 /r 2 ) N ] X 

1 1 0 If 1 2 0 2 f 2 

[(À - l/À 2)/(À - 1)] V -2h 
1 1 1 r 

(11) 

In the limit of small strains, this becomes 

E = (3kT/V) [(r 2 /r 2f> N + (r 2 Ir 2 ) N ] V - 2/3 (12) 
1 1 0 1 1 20 2f 2 r 

If Vo is the unswollen, unstrained volume, then VI = Vo/Vr ' and 

the Young's modulus becomes 

E = (3kT/Vo) [(r 2 /r 2 ) N + (~ I~ ) N ] V 1/3 (13) 
1 0 1 f 1 2 0 2 f 2 r 

It is clear that, in the simplest approximation where 

- -
r 2

o/r
2
f is considered to be unity2 and (N

1 
+ N

2
) becomes the 

total number of chains, the equation for the Young's modulus 

assumes the familiar form 

(14) 

where Eo is the modulus of the unswollen network. 

Now consider the specifie case of a rubber formed from a 

mixture of PAA (monomeric mole fraction m) and PVA (monomeric 

mole fraction [1 - ml). The mixture is cast as a film from 

aqueous solution, crosslinked by heating, and subsequently 
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swollen in water. Since it was assumed that each crosslink is 

the junction of two chains of PAA and two chains of PVA, it must 

hold that 

(15) 

Therefore, the degrees of polymerization between crosslinks, Pp' 

are in the ratio of the monomeric mole fractions; that is 

(16) 

The relative values of rpVA20 and r pAA
2

0 can be deduced by ba1-

ancing the force on each crosslink, keeping in mind that each 

crosslink must be the junction of two PAA chains and two PVA 

chains. The retractive force exerted by each chain is propor

tional to the end-to-end distance, r, as given by 6 

f = 3kT r/r 2

f (17) 

Since the average tension exerted on the PAA chains must 

be equal and opposite to the average tension exerted on the PVA 

chains in any one direction, and considering that the samp1e is 

isotropic, the re1ationship 

( 2) 1/21 2 _ ( 2) 1/21 2 r pAA 0 r pAA f - r pVA 0 r pVA f (18) 

may be written. A simi1~r relationship holds for the ionic form 

( 2 ) 1/21 2 _ ( 2 ) 1/21 2 r pNaA 0 r pNaA f - r pVA 0 r pVA ' f (19 ) 

where the s}~ol PVA' refers to the basic medium, and PNaA is 

poly(sodium acrylate). It should be recalled, however, that it 

is not the mean square end-to-end distances of the two types of 
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chains that are equa1, but on1y the average tension under which 

the chains find themselves. 

It is more convenient to rewrite Eq. 12 using Eq. 15, 

with PAA representing component 1 and PVA component 2 

E = (3NkT/2Vo) [(rpAA2o/rpAA2f) + (rpVA2o/rpVA2f)] Vr
1/3 (20) 

Substitution of Eq. 18 in Eq. 20, for the po1ymer in the acidic 

forro, gives 

Eacidic = (3NkT/2Vo) [(rpAA2o/rpAA2f> + 

(rpVA 2 f/rpAA 
2 f) 2 (rpAA

2 o/rpVA 
2 f)] V r 1/3 (21) 

or 

Eacidic = (3NkT/2Vo) (rpAA2o/rpAA2f) x 

(1 + rpVA2f/rpAA2f) Vr1~ 

Simi1ar1y, for the po1ymer in the ionic form 

Eionic = (3NkT/2Vo) (rpNaA2o/rpNaA2f) x 

(1 + r pVA ,2 f/rpNaA 
2 f) V r 1/3 

(22) 

(23) 

The ratio rpNaA2o/rpAA2o rnay be obtained by equating the 

total root mean square distances between cross1inks for both com

ponents in acidic and basic forros, at constant volume fraction of 

po1yroer 

(r P AA 2 
0) 1/2 + (r PVA 2 

0) 1/2 = (r PN aA 2 0) 1/2. + (r PVA ' 2 0) 1/2 (24 ) 

Combining Eq. 24 with Eqs. 18 and 19 yields 

--' 



- 28 -

(1 +.,.. 2 1.". 2 \ 2 = 
, -PVA f''''PAA fi 

rPNaA
2

0 (1 + rpVA,2f/rpNaA2f) (25 ) 

From Eqs. 22 and 23, the ratio of the Young's moduli at constant 

Vr is obtained 

E 'd' acl. l.C 
----= 

with Eq. 25 the ratio simplifies to 

E 'd' acl. l.C 
---=.=:::::::;:::-----===:::;:-

2 2 E, , 
l.onl.C r pAA f + r pVA f 

(26 ) 

(27) 

Since the present system deals with equal numbers of chains 

of each component, this ratio is simply the ratio of the average 

mean square end-to-end distances of the free chains 

E 'd' lE, , = (-;rf)b ' I(~f) 'd' acl. l.C l.onl.C asl.C acl. l.C (28) 

It is evident that Eq. 28 is formally the sarne as that obtained 

for an ionizable rubber consisting of a single component. The 

determination of the mean square end-to-end distances of the free 

chains and hence the prediction of the ratio of the moduli will 

be discussed in the subsequent sections. 

c. Experimental Procedures 

Films suitable for the measurement of the rubbery modulus 

were prepared from a 50:50 mixture (by weight) of PVA and PAA. 
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The PVA (99% hydrolyzed, P = 1700-1800) was obtained from 

Matheson Coleman & Bell and used without further preparation. 

The PAA used in the preparation of the films was of medium 

molecular weight (Mv = 1.4 x 10 5 ) and was assumed to be atactic. 

A description of its preparation and molecular weight characteri

zation is given in Appendix A of Chapter IV. 

A mixture of PAA and PVA of equal parts by weight was 

dissolved in water and cast in a flat-bottomed polystyrene con

tainer. The water was evaporated at 50°C until a clear flexible 

film was obtained. This film was then divided into two portions 

which were heated at 110°C for periods of 0.5 hr and 1.5 hr, 

respectively, in order to produce two different crosslink densi

ties. Both of the films obtained were found to swell but not 

dissolve in water. It was found that the film of higher cross

link density was not suitable for mechanical measurements because 

it was easily ruptured when swcllen; thus, only the more lightly 

crosslinked film, which was quite elastic in nature, was used in 

subs~quent measurements. While no specifie tests were performed, 

no evidence of incompatibility was observed in visual examina

tions of the films. Kuhnls investigations, 3 carried out in 

similar concentration regions, also revealed no such problem, 

presumably due to the high swelling ratios used. 

The film studied was first allowed to swell in distilled 

water overnight. The modulus was measured at a single tempera

ture (25°C ± 1°C) as a function of the weight fraction of 

polymer. The measurements were made in a sealed stress 
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relaxometer (described in detail elsewhere 8
). For each weight 

fraction, the force of extension was observed as a function of 

time; after initial rapid relaxation, the force was generally 

constant. For lower swelling ratios where the force did not 

remain constant within experimental error, the data were dis

carded. The extensions were always from 5% to 10%, in which 

range the elastic response was found to be linear. 

The weight fractions were obtained from the polymer weights 

taken immediately after each force measurement, so that weight 

loss due to saturation of the sample chamber with water vapor 

during temperature equilibration was not a factor. The density 

of the sample as a function of the weight fraction of polymer was 

measured pycnometrically at 25°C, with paraffin oil as the con

fining fluide This procedure allowed the calculation of volume 

and, hence, volume fraction of polymer in each case. 

After the study of the modulus of the acidic form, the 

film was immersed in IN NaOH solution for several hours. The time 

required for diffusion, T, was calculated from the data of Kuhn, 

et ~.,3 taking D ~ 10- 5 cm2 sec- 1 as the value of the diffusion 

constant of the base in the embedded fluide For a film thickness 

a ~ 0.2 cm, T = a 2 /2D ~ 0.5 hr. Hence, the time allowed for 

diffusion was more than adequate. 

As before, the modulus was measured as a function of the 

weight fraction of polymer. With the aid of density measurements 

as a function of weight fraction, the modulus as a function of 
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volume fraction was obtained. As a check on reversibility, the 
films were re-soaked overnight in HCl, and then in water. The 
modulus was found to return to its initial value within the 
limits of experimental error. 

Mixed solvents, representing the low molecular weight 
analogs of the acidic and ionic forms of the polymer mixtures, 
were prepared. For the acidic form, the solvent was a mixture 
(by volume) of propionic acid (15%), ethyl alcohol (15%) and 

water (70%}i for the ionic form, a mixture of sodium propionate 
(15%), ethyl alcohol (15%) and water (70%) was chosen. The 

volume percentages were selected to give ~he same volume percent 
of water as the point of comparison of the swollen polymers and 
also the same ratio of alcohol to acid as in the polymer mixture. 

Intrinsic viscosity determinations (at 25°C) in the above 
two solvent mixtures were made for a series of PAA samples of 
various molecular weights, as described in Appendix A of Chapter 
IV. These were used to determine relationships between [n] and 
MV in acidic and basic media. The relationships obtained were 

= 8 9 X 10- 4 M 0.54 • V 

= 16 X 10- 4 M 0.50 
V 

(30) 

(31) 

Intrinsic viscosity determinations in the above two media 
were also made for a series of commercially obtained PVA samples. 
In addition to the material described earlier, the PVA samples 
were three grades of Elvanol (from Dupont) with reported values 
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of P = 500-600, 1700-1800, and 2400-2500, respectively. The 

molecular weights of these samples were determined by membrane 

osmometry in aqueous solution at 25°C, using a Hewlett Packard 

502 High Speed Membrane Osmometer. Values of Mn in the range 

1.9 x 10 4 to 6.7 X 10 4 were obtained, in 1ine with but somewhat 

lower than those expected from reported degrees of polymeriza

tion. For the PVA used in the preparation of films, Mn = 5.7 x 

10 4 was obtained. 

D. Experimental Results 

Since the the ory predicts Young's modulus of a swol1en 

rubber to vary as V 1/3, E versus V 1/3 was plotted for both the 
r r 

acidic form and the ionic form of the rubber. These resu1ts are 

shown graphically in Fig. 1. Typical error limits are shown for 

two points of each linei a more complete error analysis is pre-

sented in Appendix A. Tne data represent values for three 

different films, crosslinked for the same length of time, indicat-

ing the good reproducibility of the modulus measurements. 

The best straight line was obtained for each of the two 

forms by a least squares method, and the moduli obtained were 

compared at a common volume fraction of polymer. For the volume 

fraction V = 0.3, the values of modulus obtained were r 

E 'd' = 8.75 x 10 6 dyn/cm2 
ac~ ~c 

E, , = 6.1 x 10 6 dyn/cm2 
~on~c 

(32) 

( 33) 
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FIGURE 1 

Young 1 S rnodulus versus V r 1/3 for rubber in acidic 

and ionic forms. Data points indicated: sarnple 1 (0), 

sample 2 ([]), sample 3 (Cl). -- :best fit to 

E = A + B V 1/3. - - : best fit to E = C V 1/3. 
r ' r ' 

cornparison at Vr = 0.3. 
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From these, the ratio of the moduli was calculated 

E , d ' lE, , = 1. 43 ac1. 1.C l.on1.C 
(34) 

It will be shown that the value of this ratio, as predicted by 

theory, is in the same direction (i.e., greater than 1) but 

smaller than that obtained by experiment. 

The 'two best linear relationships (solid lines in Fig. 1) 

are given by 

E X 10- 6 = -1.37 + 15.1 (V ) V3 acidic r (35) 

E, , X 10- 6 = -2.33 + 12.6 (V ) 1/3 
1.on1.C r (36) 

The standard deviations of E 'd' and E, , are 0.20 and 0.36, ac1. 1.C 1.on1.C 

respectively. It should be pointed out, however, that with only 

slight increases in the deviations, the lines can be made to pass 

through the origine These lines are the dashed lines in Fig. l, 

represented by the relationships 

E 10-6 
'd' x ac1. 1.C 

= 13 2 (V ) 1/3 . r (37) 

E 10- 6 
ionic x 

= 8 6 (V ) 1/3 . r (38) 

the standard deviations being 0.21 and 0.40, respectively. Thus, 

within the limits of experimental error, the modulus as a function 

of volume fraction can be adequately reproduced by the elementary 

theory. 

E. Comparison of Experiment with Theory 

The values of r pAA
2

f and rpVA2f with respect to the actual 

polymer network are unknown~ However, they may be estimated in 
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two different ways. At one extreme, it may be said that the 

polymers find themselves in a medium which approximates e solvent 

conditions. The polymer dimensions in this case would be the 

unperturbed dimensions. At the other extreme, the values of ~f 

may be determined from the measurement of polymer dimensions in 

solvent conditions which approximate those in the real polymer, 

assuming that the polymer is far from e conditions. 

In the former case, the dimensions may be expressed in 

terms of a characteristic ratio, cr = (r 2 /r 2 
) 1/2.. cr has been e f.r. 

measured for PAA 7 and for PNaA 9 in actual e solvents, and it has 

been estimated for PVA 10 although no e solvent was obtained. 

These results are summarized in Table I. 

TABLE l 

POLYMER cr REFERENCE 

PAA 1.85 ± .05 7, Il 

PNaA 2.38 9 

PVA 2.04 ± .10 10, Il 

The value of (r2f.r./P) is a constant (9.49 x 10- 16 cm2) 

for vinyl polymers. Hence, 

(39) 

Combining Eq. 39 with Eqs. 28 and 16, the ratio 
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E 'd' crpVA 
2 X (l - m) + cr pNaA 

2 X m ac~ ~c 
= 

E, , crpVA 
2 X {l - m} + cr PM 

2 X m ~on~c 

( 40) 

is obtained. For a 50:50 mixture of PVA and PM by weight 
(m = 0.38), this ratio has the value 1.22. 

In the latter case, where model solvents are used to ap-
proximate the solvent environment in the real system, polymer 
chain dimensions can be estimated from intrinsic viscosity data. 11 

Because ~f/P is a function of the degree of polymerization in 
non-8 solvents, the overall average molecular weight between 
crosslinks, Mc' was estimated from the rubbery modulus data, using 
the simple approximation2 

E/V 1/3 ~ 3 pRT/M r c { 4l} 

Since E/Vrlft ~ 1.3 X 10 7 dyn/cm2 , then Mc ~ 7500. At this value 
of M 

(42) 

This ratio is quite insensitive to the value of M. (At M = 3000, c 
for example, it is 1.18.) 

The intrinsic viscosity measurements of PVA in the two 
solvent systems indicated that the variation in polymer dimen-
sions between acidic and basic media is small, and at M = 7500, 

the value of rpVA,2f/rpVA2f was taken to be unity. Application 
of these values of r 2

f in Eq. 27 for m = 0.38 leads to a predic
tion of E 'd' /E, , = 1.06, considerably lower th an the ac~ ~c ~on~c 

estimate from unperturbed dimensions, although the ratio is still 
grea ter than 1. 
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F. Discussion 

Several possible reasons can be offered for the lack of 
quantitative agreement between experiment and theory. First of 
aIl, as mentioned above, one of the assumptions used in the de-
velopment of the theory was that the nature of the crosslink in 
the PAA-PVA rubber system was taken to be simple esterification. 
While this is relatively weIl established,~ it is quite possible 
that crosslinking of a different nature could occur. As a matter 
of fact, one could conceive of a network formed, say, by an-
hydride crosslinks, where the active chains are mostly PAA and 
PVA acts mainly as a filler. In this case, the ratio of the 
moduli in acidic and ionic forms would be the same as that for a 
rubber network formed from a single ionizable component. Using 
the approximation that the polymer dimensions are the unperturbed 
dimensions, the predicted value of E lE for PAA, as acidic ionic 
obtained from the characteristic ratios and Eq. 28,is 1.65. 

If such defects as PAA-PAA crosslinks do occur, it is 
probable that they would be only a fraction of the total number 
of crosslinks in the network. A study of the kinetics of an-
hydride formation in PAA has shown that this reaction is mainly 
intramoleculari 12 furthermore, as is shown in Appendix B, its 
rate is low under the conditions employed in this study. How-
ever, even a small amount of intermolecular anhydride formation 
could change the relative numbers of chains of each component. 
If the number of active PAA chains were significantly greater 
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than the number of PVA chains, then the value of Eacidic/Eionic 

would be expected to lie somewhere between the values of 1.22 

for a two-component rubber (PAA-PVA) and 1.65 for a single-com

ponent rubber (PAA). If the original molecular weights of PVA 

and PAA were different, then the numbers of active chains of each 

component would be unequal, because there would be unequal 

numbers of chain ends. However, in the present case, the origi

nal molecular weights of PAA and PVA were chosen to be similar. 

Hence, this should not affect the results appreciably. 

Another possibility of error is introduced in the neglect 

of changes in internaI energy with extension; that is, in 

assuming a purely entropie force. If the variation in internaI 

en.ergy with extension, (aE/aL)T,V' were roughly the same in both 

cases, then most of this error could be expected to be cancelled 

in determining the ratio of moduli. However, the variation in 

internaI energy could very weIl be significantly different for 

ionic and nonionic chains. In pùrt, (aE/aL)T,V for an isolated 

ionic chain would be expected to be lower than the same quantity 

for the corresponding nonionic chain, because extension would 

relieve sorne of the long-range effect of electrostatic repulsion. 

However, in an ionic gel whose volume does not change on exten

sion, the change in electrostatic energy with extension should be 

zero, and this effect should not be expected to contribute in the 

present case. Since the embedding medium for the ionized form of 

the rubber is of considerable ionic strength, the long-range 

interactions of the fixed ions will be effectively screened by 
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the mobile electrolyte. Thus, one would expect only essentially 

short-range interactions of fixed ions, which are considerable, 

but which modify only the unperturbed dimensions. It is possible, 

however, that there may be more subtle electrostatic or internaI 

energy effects for which this argument does not account. 

The above reasoning might explain why 1.22, the value of 

E 'd' lE, , for the case where unperturbed dimensions are ac1. 1.C 1.on1.C 

assumed, is an underestimate. The following arguments show that 

the attempt to use low molecular weight analogs as model solvents 

yields a drastic underestimate of Eacidic/Eionic. 

One reason for the difficulty in comparing dimensions 

measured in low molecular weight analog solvents with those in 

the polymer network environment was suggested by Flory,13 who 

proposed the following relationship for polymer coil expansion, 

a, for dilute solutions of polymers in their oligomers 

(43) 

where K ~ 1 and P and Ps are the degrees of polymerization of the 

polymer and the solvent, respectively. This formulation suggests 

that the values of a in low molecular weight analogs greatly over-

estimate the values of a in the polymer network, where the solvent 

is the polymer itself. In effect, this would suggest that the 

polymers are much closer to a e environment in the swollen net-

work than they are in the model solvents. This would then pro-

vide sorne justification for using the unperturbed dimensions as 

the better estimate of the free polymer dimensions. 
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A second reason for the inaccuracy of the comparison 

between low molecular weight analog solvents and the solvent 

environment presented in the polymer network lies in the fact 

that the contribution of excluded volume to the entropy of poly

mer networks is different than that of polymer solutions by 

virtue of the constraints presented by the crosslinks. Mijnlieff 

and Jaspers 14 point out that, at significant swelling ratios, 

the nurnber of conformations that the chains can assume becomes 

more limited, and the overlap r~gions of nearby chains are con

siderably reduced. In more extreme cases, intersection of a 

chain with other chains is considerably less probable than in 

the solution of equivalent polymer concentration. Since the 

rubbery modulus is compared at constant volume fraction of dilu

ent, this entropic effect, .which is a function of volume frac

tion, should be cancelled out in determining the ratio of 

moduli. 

However, this entropie effect does influence the choice 

of the model polymer environment from which the values of r 2
f 

must be obtained. Since a network chain has less contact with 

other chains than it would have if there were no crosslinks to 

constrain it, it follows that it must have more contact with the 

diluent. This means that the environment of the network chains 

is more like that of the diluent alone th an that of the diluent 

-- low-molecular-weight-analog system taken as a model. The 

extent of this deviation is not easily determined. However, it 

can be assumed that increasing the amount of diluent (in the 
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present case, water) in the model solvent will affect an ionic 

polymer (PNaA) differently than a nonionic polymer (PAA). In 

fact, the likely result would be an increase in the ratio 

rpNaA2f/rpAA2f as the water content of the solvent increased, and 

would help to account for the discrepancy between prediction and 

experiment. 

It should be pointed out that the Young's moduli pertinent 

to the present case could not have been calculated from the data 

of Kuhn, et al.,3 for the reason that their measurements of exten

sion versus applied stress were taken in a system completely 

immersed in solvent, in which case the volume fraction of polymer 

varied upon neutralization and acidification. The changes in 

extension that they measured were due to Donnan osmotic force, 

which is not relevant in measuring the rubbery modulus of a net-

work in which the amount of diluent is kept constant. 

Finally, it should be made clear that the observed effect 

of a ratio of E 'd' lE, , > 1 should be generally observable . aC1 1C 1on1C 

for aIl ionizable rubbers where effects of aggregation can be 

removed. The reason for this is the same reason that ionization 

of a polymer generally produces an increase in the unperturbed 

dimensions of a polymer chain. If ionization caused a decrease 

in polymer dimensions, then one would expect to see an increase 

in modulus on ionization. 
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G. Conclusions 

The rubbery modulus of a crosslinked ionizable rubber has 
been explored in a system where the additional crosslinking 
effect of ion aggregation has been elirninated by plasticizing the 
rubber with a liquid of high dielectric constant. Experirnen
tally, a rubber was prepared by thermally crosslinking a mixture 
of poly(acrylic acid) and poly(vinyl alcohol). The moduli of the 
swollen rubber in its acidic and ionic forms were measured and 
compared at a common volume fraction. In addition, a theory for 
the modulus of such a two-component rubber was derived and the 
predictions from the the ory were compared with the experimental 
results. It was found that the predicted ratio of the moduli in 
the acidic and ionic forms was in the same direction as deter
mined experimentally, but that the calculation underestimated the 
magnitude of the effect. 
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APPENDIX A 

EXPERIMENTAL ERROR 

The modulus is given experimentally by the relationship 

presented in Eq. Il 

(Al) 

Each of the quantities inherent in the above equation is subject 

to experimental error: 

force 

area 

length 

weight 

density 

- ±0.5 9 when no observable relaxation occurs, 
±1.0 9 when observable relaxation occurs, 
generally 2 or 3%. 

- ~5% if measured directly. However, since the 
area is calculated from the length, weight 
and density, only the errors in these quanti
ties need be considered. 

- ±0.01 cm, generally ~0.5%. 

- ±2 mg with high vapor loss in ionic form, 
±l mg with low vapor loss in acidic forro, 
generally ~0.5%. 

- ~0.5% throughout. 

extension - ±0.0002 cm, generally <0.1%. 

Thus, a typical er.'ror calculation for each form is as 

follows: 

acidic form - error = SIS (force) + ~ x 2 (length, twice) 
1. 52 

ionic form - error 

+ .001 (weight) + 0.5% (density) .261 
::! 4% 

= 1 ( f ) + • 01 x 2 (1 th) 50 orce 2.05 eng 

+ .002 (weight) + 0.5% (density) :434 
::! 4% 



APPENDIX B 

EXTENT OF ANHYDRIDE FORMATION IN PAA 

As discussed in Section C of this chapter, the PAA-PVA 

mixture was crosslinked by heating at 110°C, in one case for 
0.5 hr and in the other for 1.5 hr. The study of the kinetics 

of anhydride formation in PAA by Eisenberg, et ~.,ll showed 

that anhydride formation was a first order reaction whose rate 

constant (in sec- l ) can be expressed as 

Hence, at 110°C, the value of k is 3.6 x 10- 6 sec-l, and the a 
rate of anhydride formation may be expressed as 

(BI) 

-d[A]/dt = 3.6 x 10~6 [Al (B2) 

where [A] is the concentration of carboxyl groups. Solution of 

this differential equation gives the degree of anhydride forma

tion 

l - [A]/[A] = 1 - exp(-k t) o a 

Thus, the degree of anhydride formation is 0.65% after 0.5 hr 

and 1.9% after 1.5 hr. 

(B3) 

Although the polymer used in this study was not pure PAA, 
the degrees of anhydride formation could be expected to be simi
lar to those ca1culated above, since the reaction is mainly 

intramolecu1ar. The fraction of intermo1ecular reactions is un
known, but it wou1d be expected to be smaller than in pure PAA, 

because of the decreased concentration of PAA in the polymer 
mixture. 



CHAPTER III 

THE DILUTE SOLUTION VISCOELASTICITY 

OF SIMPLE IONIC POLYMERS 

A. Introduction 

In Chapter l, the theoretical approach to the di lute solu

tion viscoelasticity of polymers was introduced. The model 

employed with the greatest success is the well-known bead-spring 

modela This model represents the polymer as a collection of 

beads on which aIl of the frictional interaction with the solvent 

occurs; the beads are joined together by Hookean springs of zero 

rest length and held apart by Brownian motion forces. The effect 

of ionization in this model is obtained by considering that the 

beads contain point charges of equal magnitude. The resulting 

electrostatic forces between the beads provide an additional 

parameter in the expression of the equations of motion of the 

beads. 

A realistic model, which would incorporate a large number 

of charges per chain, presents considerable difficulties. Thus, as 

a first step in the development of a theory for the dilute solu

tion viscoelasticity of ionic polymers, the elastic dumbbell 

model (two beads, one spring) was used. This model can serve two 

purposes in this development -- it forms the basis for the de

scription of more complex bead-spring models, and it serves as a 

, 1 
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model, itself, for simple ionic polymers which can be readily 

synthesized, such as carboxy-terroinated polymers 1 and polymerie 

zwitterions. 2 Experimental techniques for the measurement of 

very dilute solution viscoelastic properties, although still very 

difficult, are becoming increasingly available, 3 and it is to be 

expected that experimental data on dilute solutions of ionic 

polymers may soon appear. Thus, materials such as those men

tioned above might be used to test the validity of the modela 

In Section B of this chapter, equations of motion will be 

developed for the two simplest charged bead-spring models -

the elastic dumbbell and the three-bead/two-spring assembly. 

From these equations, the diffusion equation for the distribution 

function of bead separation in shearing flow will be formulated. 

The solution of this second order differential equation yields 

the viscoelastic functions of interest. Because the solution of 

the diffusion equation for the ionic dumbbell necessitates the 

use of approximate methods, the approximate solution for the non

ionic dumbbell, whose viscoelastic functions are know~ in closed 

forro, will be derived in order to evaluate the correctness of the 

procedure. A more rigorous mathematical proof of the validity of 

the method will also be offered. Then the same methods will be 

applied to the ionic dumbbell in order to calculate the intrinsic 

viscosity and the real and imaginary parts of the complex vis

cosity in steady and dynamic shear as a function of frequency and 

for a range of values of the charge and spring parameterso The 

values are chosen to correspond to real polymers for which the 
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charged bead-spring model would be appropriate, such as linear 
dicarboxylic acids and pOlymerie zwitterions for the dumbbell, 
and linear triacids for the three-bead model. 

It is found that, in the case of the ionic durnbbell, a 
single relaxation tirne is retained~ that is, the shapes of the 
curves of dynamic viscosity versus reduced frequency are un
changed, except for a simple shift in the relaxation tirne. For 
like charged durnbbells, it is found that both the intrinsic 
viscosity and the relaxation time increase with increasing 
charge, while for oppositely charged dumbbells, the intrinsic 
viscosity and relaxation time decrease. 

For the three-beadjtwo-spring model, whose solution de
pends in part on the solution of the elastic durnbbell, two 
single relaxation times are obtained, as ~n the corresponding 
nonionic case. As expected from the durnbbell calculations, the 
intrinsic viscosity increases with increasing charge, as do both 
relaxation tirnes. In addition, the longer relaxation time in
creases by a proportionally larger arnount 'than the shorter 
relaxation time. This leads to the conclusion that in systems of 
a large nurnber of charges per chain, the distribution of relaxa
tion times would broaden. 

B. Theory 

The recent review by Bird, et al. 4 gives the derivation of 
viscoelastic properties of dumbbell suspensions in various types 



- 49 -

of flows. Equations are derived in terms of a generalized type 

of dumbbell in which the connector may be elastic or rigide The 

model chosen here is a dumbbell which consists of two beads 

joined by a connector which is taken to be a Hookean spring of 

zero rest length. The beads are considered to contain equal 

electrostatic point charges which yield an additional term for 

the force which acts on the beads. The suspension of dumbbells 

is assumed to be at infinite dilution. 

If the beads are assigned the space and time coordinates 

(x ,y ,z ,t) = (r ,t) and (x ,y ,z ,t) = (r ,t), respectively, 
III 1 222 2 

then the distribution function, which is a function of aIl these 

coordinates, may be taken as ~(r ,r ,t). ~ may be determined 
1 2 

from the diffusion equation which is obtained by combining the 

equations of motion of the beads with the equation of continuity 

for the distribution function. 

The equations of motion are obtained by equating the 

inertial force (mass x acceleration) to the sum of the hydro-

dynamic drag force, the Brownian motion force, and the forces 

acting along the line of the connector (which are due to the 

Hookean spring and the electrostatic charges on the beads). The 

equations obtained are thus 

mr. = - p (r. - v.) - kT (a/ar~) ln ~ + ~. , 
~ ~ ~ . ~ 

i=1,2 (1) 

The expressions ri and fi are the first and second deriva

tives of r. with respect to time. p is the friction coefficient 
~ 

of a bead moving through the solvent. vi is the relative solvent 
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velocity at bead i. Hydrodynamic interaction is neglected in 

this treatment: that is, the motion of bead 2 is not considered 

to affect the fluid velocity at bead l, and vice versa. F. is 
~ 

the force along the line of the connector acting on bead i 

and contains Coulombic and Hookean terms. The expression 

- kT (a/ar.) ln 'li is that used for the "time-averaged" Brownian 
~ 

motion force acting on bead i.~,5 

The term vi can be equated to [K"i]' the dot product of 

K, a second order tensor which, for homogeneous flows, is inde-

pendent of position but dependent on time, and ri' the position 

vector. K is specifie to the pattern of flow selected. For 

shearing flows, the components of [KOr] become greatly simplified 

to Vx = KxyY = Ky, and vy = Vz = 0, where K is the shear rate for 

simple shear. 

Subtraction of Eq. 1 for i = 1 and i = 2, and the substi-

tution of the relative coordinate 

a = (r - r )/2 = (X,Y,z) 
1 2 

gives 

~ = [Ko~] - (kT/2p) (a/afll) ln \jJ + ~/p (2) 

Here 

~ - IF = 21F = 21F 
1 2 1 

since IF = - IF for a dumbbell. In forming Eq. 2, the inertial 
1 2 

terms, m~i' are neglected since they are assumed to be small. 

Also, the relevant distribution function is now \jJ = \jJ(~,t), the 

distribution of the relative position vector ~.5 
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The continuity equation, which rnay be derived sirnply frorn 

the law of conservation of rnass, is given in terms of the 

distribution function and the relative position vector by 6 

The law of conservation of mass applies to the present 

(3) 

case, since the total value of W over all space is fixed; there-

fore, Eqs. 2 and 3 may be combined to give the diffusion equation 

aW = _ ~.([K.R] _ kT 1- + !)w 
at dK 2p al p (4) 

Following the notation of Bird,~ it will be convenient to express 

this equation in the spherical coordinates, R, a, ~, where 

x = RSc, y = RSs and Z = RC, and where 5 = sin a, C = cos a, 

s = sin ~, c = cos~. This gives, in spherical coordinates 

~~ ~ = ~ 2 ~ R l R 
2 (~ - ~~ [K 0 R] R ~ - ~ T FR w)! 

+ ~S ~a ls{ï * -~~ [KoR] a w)! 
l d (1 dW 2 \ 

+ RS ~ RS ~ - kT [K • R] <1> W J 

For shearing flows, the components of [Ko~] are 

[KOR]a = SCSCRK 

[K • R] <1> = - 5 s 2 RK 

( 5) 

The terrn FR in Eq. 5 is the surn of a Hookean term and a 

Coulombic term, and as such is a function of R only. F is given 

by 
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F = IF = H (r - r ) - (q2 le:) (r - r ) 1 1 r - r 1 3 
1 2 1 2 1 2 1 

= - 2HR + (q 2 /4e:) R/R 3 (6) 

where H is the Hookean spring constant, q is the charge on each 

bead, and e: is the dielectric constant of the solvent. Hence, 

the radial component is given by 

By making the further substitutions 

Eqo 5 simplifies to 

A = 2p/kT 

B = 4H/kT 

E = - q2/2e:kT 

A~= at [ a2 
( 2 E) a aR2 + BR + R + R2 aR + 3B 

+ c a .L. l a2 
RiS aë . W a8 2 + 

l a
2

] 
R2S2 av 1JJ 

AKSC [S2R ~R + sc 
a sa] aë- ë~ 1JJ 

(7) 

If K is a periodic function of time, it may be written in 

the form 

An approximate solution of Eqo 7 can be obtained by replacing 1JJ 

by an infinite series in powers of K 

When coefficients of (AK)n are equated., a recursion relationship 

for An resultso 
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Bird, et al.~ point out that K is more correctly described 

by the function 

K(t) = Re {Ko* exp(iwt)} 

where KO* is a complex quantity. However, since the calculation 

of viscosity will require only the first two terms of the power 

series for ~, the simple exponential notation is sufficient to 

give the correct result. 

The exact solution of ~o is obtained by sOlving Eq. 7 for 

K = 0 

~o = const. x exp(E/R - BR2 /2) (8) 

The arbitrary constant is unimportant, since it may be removed by 

normalizing the distribution function. This solution is consis-

tent with the boundary condition of ~o(O) = ~o(oo) = o. 

must equal zero since the Coulombic force at R = 0 becomes 

infinite. ] 

If the series approximation is substituted for ~ in Eq. 7, 

and coefficients of (AK)n are equated, one obtains for n ~ 1 

= (SCS
2

R ~R + sc SC ~e - S2 ~<p) An-1VJo (9) 

In particular for n = l, inserting ~o as given in Eq. 8 and re

calling that A - l, Eq. 9 becomes o 
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E)a Cal a - BR - RT aR + R2S as + R2 1fë2 

(10) 

The solution of this equation will be the solution of 
physical interest for low shear rates (small K) and may be ex-
pressed in the form 

~ = ~ (1 + AKA ) o 1 (11) 

Experimentally, this is justified because values of K for dynamic 
shear are generally low, and higher members of the series can be 
neglected. 

For the three-bead/two-spring system (3B2S), if one con
siders only the case of identically charged beads joined by 
springs of equal Hookean force constants, then one can express 
three equations of motion for the three beads; these can be com-
bined into two equations in internaI coordinates. If the same 
coordinate transformation that is used for the nonionic case is 
employed, two distinct relaxation times for the ionic case will 
be obtained which can be compared with those of the nonionic 
model. 

The distribution function is given by 

1f = 1f( II' , Il' ,11' ,t) 
1 :; 3 

The equations of motion of the beads may thus be written 

mr. = - p (r. - v.) - kT (a/a~.) ln W + ~., ~ ~ ~ ~ ~ 

i=1,2,3 (12) 
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The symbols in Eq. 12 have the sarne significance as in Eq. 1. 

The expressions for the F. 
l. 

may be written as 

F (1' ) 
q2 (r z - , 1 ) q2 (r li - rd = H - r - -

1 2 1 e: \ 1"2 - '1\ 3 e: \'3 - rI \ 3 

IF (1' 2 r ) 
q2 (r 1 - 1'2) q2 (11'3 - &" 2 ) = H + l' - -2 1 3 2 e: \1' - r \ 3 e: \1" - r \ 3 

1 2 3 2 

IF ( r l' ) 
_ q2 (1'2 - r il) q2 ( l' 1 - 1"3) (13) = H - -

3 2 3 1 r \ 3 \1' l' \ 3 e: Ir - e: -2 3 1 3 

H, q, and e: have the sarne meaning as in Eq. 6. 

It will be shown in Section D that the ionic dumbbe11 has 

a relaxation time which is given by a simple multiplicative shift 

of that of the nonionic dumbbel1. This is equivalent to the 

result which would have been obtained if the 1-2 (or 2-3) 

Coulombic force were combined with the 1-2 (or 2-3) Hookean 

force and the sum expressed as a "pseudo-Hookean" force with a 

new constant, HI. This is done with the 1-2 and 2-3 Coulombic 

forces in Eq. l3~ if this step were not taken, then subsequent 

coordinate separation would be impossible. Since the 1-3 

Coulombic force has no Hookean counterpart, it remains unchanged 

in Eq. 13. Hence, one can write 

IF = HI 
1 

IF = HI 
2 

IF = HI 
3 

(Il" 

( Il" 

(Ii" 

2 

+ Il' 
1 3 

- Il" ) 
2 3 

- 2!l" ) 
2 

_ q 2 ( Il' 1 - li' il) 

e: \rl - 1l'3\ 3 
(14) 



- 56 -

The calculation of the values of H' will be left for Section D. 

The relative coordinates ro' IR , and Rare obtained by 
1 2 

the same coordinate transformation used by Zimrn 5 for the nonionic 

case 

IR = a- 1 • Il' 

a/aIR = Ql. a/ail' 

If the matrix Q is taken to be 

Q = [~ ~ -~J 
1 -1 1 

(15) 

then the relative coordinates are given by 

Il' = (Il' + Il' + Ir ) o 1 2 3 
(center of mass) 

R = (rr - Ir ) /2 
1 1 3 

lit = (fi" + fi" - 2 fi" ) /6 
2 1 3 2 

As in the dumbbell case, the relevant distribution function is 

now W(R li ,t), which is constant with respect to Il' • 
1 2 0 

The relative eguations of motion for ~ and ~ are then 
1 2 

obtained by combining Eg. 12 for i = l, 2, 3 in the same ratios 

as the coordinates given above and inserting the values of f. 
~ 

from Eg. 14. This yields 

~ [Ko ~ ] kT a ln 1JJ - !!.:. ~ + sC.. ~ = - 2p aIR _L-
I 1 P 1 4e;p IRlia 

1 

i [Ke ~ ] kT a 
1JJ -

3E!' = - - -- ln -R 
2 2 6p ail p 2 

2 

(16) 
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The continuity equation, in relative coordinates, is 

given by 

(17) 

Hence, the diffusion equation obtained by combining Eqs. 16 and 

17 is 

(18) 

With the usua1 conversion to spherica1 coordinates, and with the 

substitutions 

A = 2p/kT 

B'= 2H'/kT 

E = - q2/2e:kT 

one obtains 

A aljJ = [ a 2. (L + BIR E) a 3B 1 
at aR

1
2. + RI 1 + R

1
2. aR

1 
+ 

+ 1 a 2 
Cl a 1 a

2 
] ljJ if2 "§"'ë2 + R 28 as + R 28 2 a6

1
2 

1 1 1 1 1 1 1 

AKS C [(8 2.R ) 
a 

(8 C ) 
a ~L ]~ 

1 1 1 1 ~+ 1 1 as - c a <1> 
1 1 1 1 

1 [a
2 

(2 9B ' R ) __ d __ + 27B ' + 3' aR
2

2. + R
2 

+ 2 aR 
2. 
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As in the dumbbell case, an infinite series solution for 

~ Ë assumed. For n = 0, the exact solution is obtained 

,II = const. x exp(E/R - BIR2 /2 - 9B IR 2/2) 
'1'0 1 1 2 

(20 ) 

As before, this solution is the one which is consistent with the 

boundary conditions, ~(o) = $(oo) = O. For E = 0, it is identical 

with that obtained for the nonionic case. 

By substituting the series expansion for $ in Eq. 19, the 

recursion relation for An is obtained 

[v,' + (B'R, + R~2) a~, + 3B~] 1\n~o 

= t (s. c . S • 2 R • '\ Ra + S. C • S • C • '\ as 
i=l ~ ~ 1 1 0 i 1 1 1 1 0 i 

- S 2 ..1...) A ,II 
i a<j> n-l'l'o 

1 
(21) 

For simplicity, the operators V 2 and V 2 are not expanded. In 
1 2 

particular for n = l, one obtains, by substituting for $0 

[V
1

2 
- (BIRl + R~') a~J 1\, 

+ 1 [v: - 9B' R -ri--] 1\ - iwAAl 
3' 2 R 1 

2 

= - S 2S C (:, + B'R,') - 9S 2S c BIR 2 (22 ) 
1 1 1 2 2 2 2 

1 
1 
1 
1 

\ 

! 
! 
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As in the case of the dumbbell, the solution of this equation 

will be the solution of physical interest -for low shear rates. 

c. Application of Theory to Shearing Flow 

For the dumbbells, the shear stress per unit volume, T , 
P 

is given by the expression 7 

2 

Lp = no j"'f
l 

«Yj - Yo) f xj ) (23) 

The triangular brackets in Eq. 23 indicate the calculation of the 

expectation value of the quantity they contain. In Eq. 23, no is 

the concentration of dumbbells and f Xj is the hydrodynamic drag 

on bead jo Yj and Yo are the y-coordinates of the jth bead and 

the center of mass respectively. The expressions for f xj are 

obtained from Eq. 1 

q2 (x - X ) a f = H (x - x ) - 2 1 - kT ln 'l' Xl 2 1 
E Ir - r 1

3 aX
I 

2 1 

q2 (x - X ) a f = H (x - x ) 1 2- - kT ln 'l' (24 ) - aX 2 X2 1 2 E Ir - r 1
3 

2 1 

The expectation values of terms containing (a;ax.) ln 'l' 
J 

are zero since $(00) = 00 Upon conversion to relative spherical 

coordinates, the remaining terms yield the expression 

(25) 
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Hence the relative complex viscosity is given by 

n* - n = - T /K 
S P 

It is to be noted that the expectation values may be time 

dependent. 

For steady shear (w = 0), a particular solution of Eq. 10 

in closed form is available 

(27) 

A is identical with that obtained for the nonionic dumbbell in 
1 

the case of steady shear; for low shear rates, it is the solution 

of physical interesto Evaluation of the expectation values will 

immediately give the relative viscosity from which the intrinsic 

viscosity can be obtained. The results of such calculations will 

be discussed in the next section. 

For dynamic shear, A has the form 
1 

A = F*(R) S2 sc (28) 
1 

where F*(R) is a complex function of R only. (See Appendix A.) 

Substitution of Eq. 28 in Ego 10 results in the equation 

For the nonionic case (E = 0), the relevant particular 

solution of Eq. 29 is 

F *(R) = R2 /(2 + iwA/B) o 

(29) 

(30) 
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For the ionic case, it is assumed that F*{R) approaches 

FO*{R) asymptotically at large values of R, where the effects of 

the electrostatic charges will be small. At low values of R, 

it is assumed that F*{R) deviates from Fo*{R), but retains the 

same sign, since it is a distribution function, and has the 

value 0 at sorne (very) small value of R, consistent with the 

condition that the Coulombic force varies as 1/R2 and would be 

very large at small values of R. Anticipating the need for 

numerical calculation, it is worthwhile to point out that, since 

the force would become infinite at R = 0, it is necessary to 

choose the lower boundary to be a small value of R. Specifically, 

for calculational purposes, the lower boundary is chosen to equal 

1 A; it will be shown that this value is not critical, as long as 

it is sufficiently small. An estimate of the error involved in 

this approximation is presented in Appendix B. 

By replacing the expectation values with their integral 

forms, one obtains, from Eqs. Il and 26 

n* - n =!!.o. {4H f2'IT f'IT 100 

Wo (l + Ad\. ) R4 dR S 3d8 scde/> 
s KJ 0 0 0 1 

(3l) 

The normalization factor of the distribution function, J, is de-

fined as 

2'IT 'IT 00 

J = f f f 1jJo R2dR Sd8 de/> 
o 0 0 
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Upon substitution of the expressions for ~ and A , as 
o 1 

given in Eqs. 8 and 28, into Eq. 31, and integration of aIl but 

the radial terms, the expression simplifies to 

~F*(R) exp(E/R - BR2 /2) (4HR4 
- q2 R/2E) dR 

J R2 exp(E/R - BR2 /2) dR (32) 

In Eq. 32 and in subsequent equations, the limits of integration 

are understood to be 0 and 00. 

To be consistent with the notation of Bird~ and Zimm,s 

A/B = p/2H is replaced by 2À o ' where Ào is the relaxation time of 

the nonionic dumbbell. Also, by substituting for H and q2/E, 

Eq. 32 becomes 

~F*(R) exp (E/R - BR2 /2) (BR 4 + ER) dR 
n* - n = 2nokTÀQB 

s 15 
JfR2 exp(E/R - BR2/2) dR (33) 

For the nonionic dumbbell (E = 0), Eqs. 30 and 33 yield 

B2 ~R6 exp(-BR2/2) dR 

15 JR2 exp(-BR2/2) dR 
( ~ ) nAkTÀ~ n'" - n = !..! -sol + J.W 0 (34) 

Evaluation of the above definite integrals gives the final result 

This expression is the same as that obtained by Zimm s 

without the necessity of specifically determining ~o 

For the ionic dumbbell, Eq. 29 is solved for different 

values of the constants B, E and wA. F*(R) is obtained by a 

(35) 
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boundary value method which is as follows: In Eq. 29, the sub-

stitution 

F*(R) = ueR) + iv(R) 

is made. Then by equating real and imaginary parts, one obtains 

the simultaneous equations 

un = (~ + BR 6 E 2 u l + R2 U - wAv - R - BR 

v" = (~ + BR - i) Vi + ~2 V + wAu (36) 

The boundary conditions for the upper boundary are 

ueR large) = Uo(R large) = 2(R large) 2/(4 + w2A2 /B2) 

veR large) = v (R large) = - (wA/B) (R large) 2/(4 + w2A2/B2) 
0 

and for the lower boundary 

ueR small) = veR small) = 0 

The choice of upper boundary, R large, is somewhat arbi-

trary, but the solution is rather insensitive to it provided that 

R is chosen to be sufficiently large. The boundary was chosen so 

that the ratio of Coulombic to Hookean force, (E/R2)/(BR), was 

smaller than 0.01% for each value of Band E used. (This value 

provides an estimate of the error at the upper'boundary.) Eq. 36 

was solved for various sets of the constants B, E and wA. For 

each set, initial values of u l and Vi at the 'upper bound~ry were 

chosen. Then, by employing a Runge-Kutta initial value method,8 

ueR) and veR) were obtained by stepwise approximation to the lower 

boundary. The values of u l and Vi at the upper boundary were then 
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varied by successive refinements until the lower boundary condi-

tion (u = v = 0) was approximately satisfied. (The computer 

program for this method of solution is presented in Appendix C, 

along with a sample calculation.) Finally, insertion of the 

function 

u(R) + iv(R) = F*(R) 

in Eq. 33 and numerical evaluation of the resulting integrals 

gave the relative complex viscosity as a function of wA, B, and 

E. 

For the 3B2S system, the analysis of the stress due to 

the polymer follows the same pattern as for the dumbbell system. 

The stress per unit volume due to the polymer is given by 

(37) 

where the symbols have the same meaning as in Eq. 23. The ex

pressions for f Xj are obtained from the equation of motion 

(Eq. 12) as in the dumbbell case. With the transformation to 

relative spherical coordinates, and the elimination of terms con-

taining (d/dXi ) ln ~, which vanish upon integration, the stress 

becomes 

~p = - n {2H' (R 2S 2S c ) + l8H ' (R 2S 2S c ) 
o 1111 2222 

( 38) 

Finally, the complex viscosity is given by 
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n* - n = - L /K 
S P 

= (n /K) '{2H ' (R 28 2S c) + l8H ' (R 28 2S c> 
o 1111 2222 

For steady shear (w = 0), the particular solution of 

interest (for low shear rates) is obtained as 

A = R 28 2S c /2 + 3R 28 2S c /2 
1 1111 2222 

This is identical to Zimm's solutionS for the nonionic 3B28 

system. 

For dynamic shear, A has the form 
1 

A = F*(R ) 8 2S C + G*(R j 8 2S C 
1 1111 2222 

(39) 

(40 ) 

(41) 

for the same arguments as given in Appendix A for the dumbbell. 

G*(R ), which contains no explicit ionic terms, is formally the 
2 

same as that obtained for the nonionic case 

G*(R) = 9R 2/(6 + iwA/B ' ) 
2 2 

F*(R ) is formally the same as that obtained for the dumbbell 
1 

(42 ) 

case, except that the constant BI is defined differently. Hence, 

the same numerical solutions as those obtained for the dumbbell 

may be used. 

Replacement of expectation values by the appropriate 

integrals in Eq. 39, and evaluation of aIl but the radial terms 

results in 
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I
fF*(R I ) exp(E/RI - B'R I

2/2) (2H 1 R
1

4 
- q2RI/2e:) dR I 

JRl2 exp(E/R - B'R 2/2) dR 
1 1 1 

f G*(R) exp(-9B'R 2/2) (18H'R 4) dR 
+ 2 2 2 2 (43) 

JR 2 exp(-9B'R 2/2) dR 
222 

Replacement of A/B' = p/H' by 2À , where À is the longest re-
l 1 

laxation time of the assembly, and substitution for H' and q2/E 

gives 

n* - = 2nokTÀIB' x 
ns 15 

F*(R ) exp(E/R - B'R 2/2) (B'R 4 + ER ) dR 
1 1 1 1 1 1 

I R 2 exp(E/R - B'R 2/2) dR 
1 1 1 1 

JG*(R ) exp(-9B'R 2/2) (9B'R 4) dR 
+ 2 2 2 2 (44) 

JR 2 exp(-9B'R 2/2) dR 
222 

For the nonionic case (where E = 0), F*(R ) becomes 
1 

FO*(R ) = R 2/(2 + iooA/B') 
1 1 

( 45) 

Hence, insertion of the expressions for F*(R ) and G*(R ) in 
1 2 

Eq. 44 results in the expression for the viscosity as obtained 

by Zimm s 

nokTÀ 1 (B 1 ) 2 1 f Rl 6 exp(-B'R 2/2) dR 
(n* - ns)o = 1 1 

15 1 + ÜllÀ JRl2 exp(-B'R 2/2) 1 dR 
1 1 

al JR2 6 exp(-9B'R 2/2) 
dR, 1 + 2 

3 + iWÀ fR22 exp(-9B'R 2/2) dR 1 2 2 

= n kTÀ [1/(1 + iWÀ ) + 1/(3 + iWÀ )] 
o 1 1 1 
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2 Àj 
= nokT L 1 + iWÀ. 

j=l J 

since À = À /3 for the nonionic case. 
2 l 

(46) 

For the ionic case in dynamic shear, the exact solution 

for G*(R ) is given in Eq. 42. This gives the shorter relaxation 
2 

time, À. For the longer relaxation time, À , one need only re-
2 

l 

interpret the constant Band employ the same solution as obtained 

for the dumbbell. An example of this will be given in the next 

section. 

D. Calculations and Results 

The constants A, Band E, which appear in Eg. 7 and in 

subsequent equations, were estimated by comparison with the 

physical parameters of real polymers. A real system which could 

be approximated by the ionic dumbbell mode! is the series of 

linear dicarboxylic salts. For sufficiently long diacid chains, 

the distribution of end-to-end distances can be described as 

Gaussian, in which case the attractive force, fHI between the 

ends of the chain is given by 9 

where R is the end-to-end distance. R20 is the mean square value 

of R in the unionized acid. The constant 3kT/R2o is thus asso

ciated with H as given in Eq. 6, and hence with B in Eq. 7. It 
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must not be forgotten that this is only an approximation which 

has its limitations for short-chain polymers. For the doubly 

ionized acid, the Coulombic force, fc, between the chain ends is 

given by the same expression as for the dumbbell model 

fc = - q2/ER2 

wher@ the symbols have the same meaning as in Eq. 6; hence, E is 

given by - q2/2EkT. The value of E is taken to be that of the 

pure solvent, although it is recognized that it would be de

creased somewhat by presence of the polymer itself. 

The constant A = p/2kT contains the indeterminate quantity 

p, which is related to the relaxation time, Ào' of the nonionic 

dumbbell by Ào = p/4H = A/2B. Since we are only interested in 

the fractional change in the relaxation time upon ionization, Ào 

is included in the expression for reduced frequency, WÀo. 

A different class of materials for which the ionic dumb

bell model may apply is the series of macromolecular zwitterions. 

In this case, the.Coulombic force would be attractive, and as a 

result, the dumbbell model would have to be applied with sorne 

caution, since the attractive force increases without limit as R 

becomes small. Obviously, the dumbbell model does not account 

for the chain nature of real polymers. However, for small values 

of E, the distribution function of end-to-end distances may be 

cut off at a small value of R in order to evaluate the visco

elastic functions. 
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The values of B can be estimated from intrinsic viscosity 

data on the unionized material in the appropriate solvent. In 

the absence of such data, estima tes can be made from the dimen-

sions of known polymers of equiva1ent flexibility. 

To determine how variations in the relevant physical 

parameters affect the relaxation time, several numerica1 values 

of both E and B were used in Eq. 29 for a range of values of wA 

(or equivalently wÀ o); for the dicarboxylic acids, E = - q2/EkT, 

as defined ear1ier, and B = 3/R2
eo Sorne typical examp1es are de

scribed below: 

(i) for an ionized C dicarboxy1ic acid in water at 
10 

25°C (E = 78.5), E = -3.55 A and B = 0.096 A-2., taking 

the mean square end-to-end distance to be the same as 

that of polyethylene in a e solvent;lO i.e., cr = 1.63. 

(ii) for an ionized C dicarboxylic acid in water at 
a 0 

25°C, B = 0.032 A-2. and E = -3.55 A as in (i). A com-

parison of (i) and (ii) shows the effect of changing 

chain length, while keeping charges constant. 

(iii) for an ionized Cao dicarboxy1ic acid in ethanol 

at 25°C (€ = 24.3), E = -11.5 A and B = Oa032 Â-2. A 

comparison of (ii) and (iii) shows the effect of decreas

ing the dielectric constant (which is equivalent to in

creasing the charge). The value of B will also change 

with the change in solvent, but no account is taken here 

of variations in the dimensions of the unionized polymer 
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which result from excluded volume considerations. 

(iv) for a C zwitterion in water at 25°C, which 
30 

may or may not exist as such under these circumstances, 

E = +3.55 A and B = 0.032 Â-2. The distribution function, 

° W, was cut off at 2 A for the calculation. A comparison 

of (ii) and (iv) shows the effect of changing the sign 

of E. 

It should be realized that these examples are taken for 

:llustrative purposes only, and not as a prediction of what will 

actually be encountered in experiments. It is obvious that a 

variety of factors which affect these parameters have been 

neglected, but further refinements in such a simple model would 

be unwarranted. 

For each set of values of E and B, [n]/[nl o' the intrinsic 

viscosity relative to that of the unionized material, was calcu-

lated from Eq. 33. In preliminary graphs, it was found that 

[n]/[nl o varied approximately linearly with both E and B~2; 

therefore, the viscosities, which are shown in Fig. 1 (solid line) , 

are plotted as a function of the dimensionless parameter, -EB~2, 

which reflects the ratio of charge to end-to-end distance. 

Then, for each set of values of E and B, the functions 

[nl]/[n] and [nUl/ln] were calculated for a range of values of 

WÀo. For each system, they form a curve, which within calcula

tional error, is of the same shape as that for the unionized 

polymer. As an example of this, [nUl/ln] is plotted in Fig. 2 as 



- 71 -

FIGURE 1 

[n]/ ln] 0 (- - -) and À/Ào (---) plotted 

against the dimension1ess parameter -EB 1/2 for the 

ionic dumbbe11. Examp1es discussed in the text: 

o - case (i); œ - case (ii); 0 - case (iii); 

A - case (iv). 
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FIGURE 2 

[n"]/[n] versus wA
o 

for C diacid in water in 
10 

nonionic ---) and ionic (- - -) forros 0 
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a function of wÀ for the C diacid described in case (ii) in 
o 10 

both its unionized and ionized forms. These curves can aIl be 

norma1ized to the nonionic curves by a simple multiplicative 

factor in relaxation time. For the case of the C diacid, the 
10 

value of À/Ào' based on nine points (not aIl shown), is 1.106 

with a standard deviation of 0.006. The values of À/Ào are 

p10tted in Fig. 1 (dashed line) as a function of EB~. The 

function À/Ào forms a single curve versus EB l/l as did the func

tion [nl/[nlo• The points representing the four cases described 

above are indicated in Fig. 1. 

A simple shift in the relaxation time might be obtained 

from the theory if it is considered that the presence of ions 

merely resu1ts in a new, "pseudo-Hookean" force constant, HI, 

which will be a function of the parameter EB1fo. Since À/Ào = 

H/H 1, the value of HI can be obtained for any value of EB 1/2 from 

the plot of À/Ào (Fig. 1). 

For the 3B2S system, consider a 1inear C triacid whose 
20 

two Hookean springs have the same constant, H, as that of the 

corresponding diacid in case (i) above. Since BI is defined 

different1y than B, one obtains (B 1).0 = 2H/kT = 0.048 Â-2 for the 
o 

unionized triacid. E remains the same (-3.55 A). For the ion-

ized acid, the pseudo-Hookean constant, HI, is obtained from the 

plot of À/Ào versus EB1~ for the dumbbel1 (Fig. 1). Thus, in 

this case, HI/H = 1/1.106, and therefore BI = 00048/1.106. 

Then using the solution of Eq. 29 for wÀ = l, (although 
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any value of wÀ wou1d give the same resu1t since a single relaxa

tion time is obtained), the additiona1 fractiona1 increase in À 
1 

is found to be 1.075. Hence, the overa11 increase in À is given 
1 

by 

À /(À) = 1.075 x 1.106 = 1.19 
11 0 

whi1e the increase in À is given by 
2 

À /(À )0 = 1.106 
2 2 

Reca11ing that (À ) /(À) = 3 for the nonionic 3B2S system, then 
1 0 2 0 

the ratio of relaxation times in the ionic 3B2S system for C 
20 

triacid is given by 

À /À = 3.23 
1 2 

The ratio of the intrinsic viscosities of the ionized and 

the unionized C triacids is obtained by substitution of Eq. 40 
20 

in Eq. 39 and eva1uation of the resu1ting integra1s. For this 

examp1e 

[nl/[nl
0 

= 1.244 

Simi1ar ca1cu1ations were performed on the triacids cor-

responding to cases (ii) and (iii) of the dumbbe11 mode1; that 

is, for a C triacid in water and in ethano1, respective1y. In 
60 

each case the ratios À /À and [n1/[nl were obtained. These 
1 2 0 

ratios are p10tted in Fig. 3 as a function of the pararneter 

E (B') 0 V2
• 

It can be seen that a broadening of the distribution of 

relaxation times is predicted for the ionic 3B2S system. This 
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FIGURE 3 

[11]/[11] (---) and À /3À plotted 012 

against -E (B') 1/2 for the 3B2S assembly. Examples o 
discussed in the text: 0- case (i); ~ - case (ii); 

0- case (iii). 
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broadening increases approximately linearly with -E(B')o V2
, the 

parameter which reflects the ratio of charge to end-to-end dis

tance. The intrinsic viscosities also increase approximately 

linearly with this parameter. The values obtained are slightly 

higher than the corresponding cases in the dumbbell system be

cause of the increased contribution of the longest relaxation 

time. 

E. Discussion 

In this treatment, no account was taken for the concentra

tion of the polymer, since the effect of the ions wou Id be ex

pected to be greatest at infinite dilution. The effect of either 

an increase in the concentration of polymer or the addition of a 

simple electrolyte would be to screen out some of the Coulombic 

interaction. However, either of these possibilities could be 

taken into account by a modified expression for the Coulombic 

force, such as that provided by the Debye-Hückel approximation. Il 

AIso, at finite polymer concentration, a complication in 

the viscoelastic effect could conceivably arise because of the 

finite time required for the rearrangement of the counterion 

atmosphere around a polymer ion. However, recent investigations 

on counterion relaxation times 12 indicate that they are much 

higher than those likely to be encountered in polymer relaxations. 
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F. Conclusions 

A theoretical investigation of the di lute solution visco

elasticity of simple ionic polyrners was undertaken. The bead

spring model of Rouse was modified to include electrostatic 

charges in the beads. For the two simplest cases of this model 

(the elastic dumbbell and the three-bead/two-spring assembly), 

the diffusion equation for the distribution function of bead 

separation in shearing flow was formulated. Numerical solutions 

were obtained for a range of values of the charge and spring 

parameters. The values were chosen to correspond to real poly

mers for which the charged bead-spring model would be appropri

ate, such as linear dicarboxylic acids and polymerie zwitterions 

for the dumbbell, and linear triacids for the three-bead model. 

It was found that the effect of ions can be described by simple 

multiplicative shifts in the relaxation times of the uncharged 

material. For like charged dumbbells, both the relaxation time 

and the intrinsic viscosity increasei for oppositely charged 

dumbbells, both of these functions decrease in value. For the 

three-bead model, the intrinsic viscosity and both of the relaxa

tion times increaseo In addition, the ratio of the two relaxa

tion times increases, indicating a broadening in the distribution 

of relaxation times. 
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APPENDIX A 

Angular Dependence of A (R,e,~) 
1 

The solution of Eq. 10 for A , for E = 0, is 
1 

This suggests that the angular dependence of A for E ~ 0 is the 
1 

same. To test this, try A = S2 scF*(R). Then Eq. 10 becomes 
1 

S'seR' [~~, + (! -!' - BR) ~RJ F*(R) 

- 6S 2scF*(R) + S2SC [f l- + ~ + ~ ~J F*(R) 
S ae ae 2 S2 a~2 

= - S2SC (ER + BR4) + iWAR2S2scF*(R) 

On eiimination of S2SC, Eq~ Al becomes 

(Al) 

[~ + (~ - !.... - BR) l- - .L - iWA] F* (R) = - (!R + BR2) (A2) 
aR2 R R2 aR R2 

where F*(R) has the form F*(R) = ueR) + iv(R). 

If the solution of A is actually of the form 
1 

then the solution of A must be obtained from 
1 

Ft: lR) R
2 [~~i + (~ - iz - BR) ~R - !2 - iWA] F* (R) 

+ G(e~~) (~ ~e + ~~2 + ~ ~;2) G(8,~) 

= ER + BR4 

Fi (R) G (e, ~) (A3) 
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Eq. A3 is of the non-homogeneous type. If the terrn on the right 

side of Eq. A3 is set equal to zero, and each part of the result

ing homogeneous equation is set equal to À, then, by the usual 

method for solving partial differential equations 

(A4) 

If G(e,~) is replaced by g(e)h(~), and À is introduced, 
1 

one obtains 

g1ej (::2 + SC :e + ~S2) g(e) = 

Hence, for h (~) 

If À 2 is positive, 
1 

h" + À 2h = 0 
1 

+ À 2 
1 

(AS) 

(A6) 

h = k (cos À cp + i sin À ~) + k (cos À ~ - i sin À~) (A7) 
1 1 1 2 1 1 

The boundary condition for x-y plane symmetry is h(~) = h(~ + n), 

since one must be able to interchange ends of the durnbbell. This 

requires that 

(k + k ) cos À $ = (k + k ) cos À (~ + n) 
1 2 1 1 2 1 

(k 
1 

k ) sin À l~ = (k k ) sin À (~ + n) 
2 1 2 1 

Since there is 

true, the only 

no real, non-zero value of À for which this 
1 

solution for À 2 > 0 is the trivial one, h :: 
1 

If À 2 is negative, 
1 

is 

O. 

and, according to the boundary condition, k 1 = k 2 = O. Hence, 

the only non-trivial solution of Eq. A6 is that for which À 2 = 0, 
1 

narnely 

h = k + k ~ 
1 2 
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The boundary condition requires that k = 0, and thus 
2 

h = k = const. 
1 

Since the constant is arbitrary, h may be set equal to 1, and the 
constant included in F*(R). 

or 

For g(a), then, Eq. AS becomes 

g" + sin 2a g' + A sin 2 a 9 = 0 
2 

For A ~ 0, symmetry of the distribution demands that g(a) = 

(A7) 

g(~ - a), since the flow and shearing force are both in the x-y 

plane. By inspection of Eq. A7, the only conceivable function 
which is consistent with this symmetry condition [that a may be 

replaced by (~ - a)] is 9 - o. Hence, in order to obtain 'a non
trivial solution of g(a), A must equal zero. In this case, 

either 9 = const. or 

Again, the symmetry conditions imply that k = 0, and, since 
1 

sin 28 ~ sin 2(~ - 9), it is concluded that 9 = const. As before, 
9 can be set equal to 1. Thus 

as assumed. 



APPENDIX B 

Calculational Error at Low Values of R 

It is possible to estimate the error which results from 
replacing the integrals in Eq. 33 by expressions of the type 

00 E 00 f$o F*(R) R~ dR = f$o F*(R) R~ dR + J$o F*(R) R~ dR 
o 0 E 

where E is small, and setting 
E 

/$0 F*(R) R~ dR = 0 
o 

At low values of a, terms in R2 and R and constant terms 
may be disregarded in Bq. 29, since the y are very much smaller 

than terms in I/R and I/R2 • Eq. 29 then becomes 

E 

R 
(BI) 

By substitution, it is found that the solution at low values of R 
is the same as that for steady shear 

F* (R) 
Il +0 

R2 

=2 

AIso, at low values of R 

Therefore 

lJJ 0 (R) = exp (E/R) 
n+o 

E 

J ,II F* (R) R~ dR 
'1'0 

o 

E 

= ! f exp (E/R) R6 dR 
o 

(B2) 

(B3) 

(B4) 
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The integral in Eq. B4 is finite and may be readi1y eva1u-
• 0 

ated by approximation. As a typ1cal example, for E = -3.55 A and 

E = 1 A, as in case (i) 

Since (for wÀ = 1) 

( 

f "1 F*(R) R4 dR = 0.2 Â7 0/ 0 o 

jFtPo F*(R) R4 dR = (1.3 - 1.4i) x 10 6 A7 

( 

for the same example, the error involved is negligible. This is 

clear1y the case for aIl reasonable values of E and E. 



APPENDIX C 

program for the Approximate Solution of a 
Second Order DifferentiaI Equation 

in a Complex Plane 

Eq. 29 is a second order differential equation of the type 

F" = (p + ip ) F' + (Q + iQ ) F + (G + iG ) (Cl) 
1 2. 1 2. 1 2. 

where P , P , Q , Q , G , and G are aIl non-complex functions of 
1 2. 1 2. 1 2. 

Rand continuous in the interval R , R. F(R), the unknown dis-
1 2. 

tribution function, is assumed to be a complex function of Rand 

continuous in the interval R , R ; also, it is assumed to be con~ 
1 2. 

tinuously positive, because it is a distribution function. F(R) 

may be written 

F(R) = ueR) + iv(R) (C2) 

where u and v are non-complex functions of R. Substitution of 
Eq. C2 in Eq. Cl and separation of the real and imaginary terms 
gives the simultaneous differential equations 

u" = P u l 
- P Vi + Q u - Q v + G 

1 2. 1 2. 1 

v" = p u' + P v· + Q u + Q v + G 
2. 1 2. 1 2. 

(C3) 

Eg. C3, which is the general forro of Eq. 36, can be solved 
by a modification of the Runge-Kutta method. 8 This procedure is 

actually a means of solving an initial value boundary problem 
where the values of u, u l

, v, and v· are aIl known at some ini

tial value Ro' However, it may be used to solve a problem where 

the values u and v are known at two boundary points Rand R • 
. 1 2. 

In this case, two pairs of trial values of u' (R l ) and v' (R
l

) are 

chosen for one boundary point, and two trial solutions are ob-
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tained. From the values of ueR ) and veR ) obtained 
2 2 

second boundary point, a new pair of trial values of 

Vi (R ) are chosen by linear interpolation to produce 
1 

at the 

u' (R ) and 
1 

a better 

approximate solution. Because the function F(R) is complex, 

solutions must be obtained by consecutively varying u'(R} while 

holding Vi (R) fixed, and vice versa. 50, in fact, nine trial 

solutions in aIl must be obtained in order to obtain one approxi

mate solution. The scheme by which values of u' (R ) and v' (R ) 
1 1 

are chosen is given in Table I, below. If it is desired to im-

prove on this first approximation, the same steps must be 

repeated, but with smaller variations in the trial values of 

u' (R ) and v 1 (R ). 
1 1 

TABLE l 

5tep u 1 (R ) v· (R ) 
1 1 

l u (chosen) 
1 

2 u (chosen) v (chosen) 
2 1 

3 u (interpolated) 
3 

4 u 
1 

5 u v (chosen) 
2 2 

6 u (interpolated) 
~ 

7 u 
1 

8 u v (interpolated) 
2 3 

9 u (interpolated) 
5 



- 86 -

The ease with which a solution is obtained depends some

what on the judicious choice of the trial val~es of u l (R ) and 
. l 

VI (R). If approximate values of u l (R ) and VI (R ) are known or 
l 2 

can be estimated, the~ u , u , v , and v should be chosen to lie 
l 2 l 2 

on either side of the expected real values; however, this is not 

an absolute requirement. In the present case, the solution was 

facilitated by choosing values of u , u , v , and v in the 
121 2 

vicinity of known values of u l (R ) and VI (R ) for the nonionic 
l l 

case. 

The fortran language program used for this computational 

procedure is described below. The arrangement of data cards and 

the interpretation of the sample output are self-explanatory. In 

this program, double precision variables are used throughout the 

iterative procedure because the error is cumulative and, with the 

small intervals chosen here, the differences between successive 
values are often very small. The program is written with the 

specifie functions P (R), etc. obtained from Eq. 36, but other 
l 

functions may be substituted, provided they meet the required 

condition of continuity. Finally, the program evaluates the 

function 
00 

fF*(R) exp (E/R - BR 2/2) (BR 4 + ER) dR 
o 

as required in Eq. 33. 

program "RUNGE" 

c A~~Rrx. OISTo FUNCTION BY RUNGE-KUTTA MFTHon IN COMPLFX PLAN~ 
C nIST. FUNCTl~N UUTAINEO FPUM FOLLOWING CQUATIUN 
C a~J=~).sIO( 1+A~'KAPPA*LA~t3DA1) 

C PSIO=EXP(E/~-H*P**~/?) 

C LAMn0Al~F*(R)*S**2*S*C 
C PSI -= PSIO*(l + A*KAPPA*LAMRl)AI) 
c ~SI0 = CXP(E/R - 8*R**2/?) 
C LAMODAl = F*(H)*S**2*S*C 
(" Fit = (Pl + I*P2,*Fo + (ClI + I*02l*f + (Gl + 1*G2) 
C F * ( I~) = U ( r-) + 1 ".. V (R ) 



DIMENSION WORD(20) 
REAL*8 Pl,P2,Ol,Q2,Gl,G2 
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REAL*8 H,R,UvV,X,Y,RO,RF,UO,UF,VO,VF 
REAL*8 Ul,U2,Vl,V2,UFl,UF2,VFl,VF2,DU,OV 
REAL*8 Cl,C2,C3,C4,Dl,02,D3,04,XO,YO 
REAL*8 E,B,A,PSIO,Sl,S2,S3,S4 

C DEFINE FUNCTIONS Pl(R),P2(R),Ol(R),Q2(R),Gl(R),G2(R) 
Pl(R)=2./R-E/R**2-B*R 
P2(R)=O. 
QI {R)=-6./R**2 
Q2(R)=-A 
Gl(R)=-E/R-B*R**2 
G2(R)=O. 
READ(5,88)WORD 

C 1 CARO ALPHAMERIC LABEL 
WR ITE ( 6,89) WORD 
REAf)(5,90)E,B,A 

C 1 CARD CONSTANTS IN ABOVE FUNCT[ONS 
READ(5,90)RO,RF,UO,UF,VO,VF 

C 1 CARO INIT. & FINAL BOY. & VALUES OF U & V AT BOYo 
READ(5,90)Ul,U2,Vl,V2 

C 1 CARO TRIAL VALUES OF U'(RO) & VItRO) 
REAO(5,91)[TER 

C 1 CARD NO o OF ITERATIONS IN EACH STEP 
H=(RF-RO)/DFLOAT( ITER) 

CHIS INTERVAL WIDTH 
DU=U2-Ul 
OV=V2-Vl 
1='0 
on 3 J=1,3 
Ul=U2-DU 
IF(JoF.:Q.2, Vl=V2 
IF(JoEQ.3) Vl=Vl-(VF2-VF)/( VF2-VFll*OV 
DO 2 K=1,3 
IF(KoEQ.2) Ul=U2 
IF(KoEQo3) Ul=Ul-(UF2-UF)/(UF2-UF1)*DU 
1=1+1 
WRITE(6,95)I,Ul,Vl 
R=RO 
U=UO 
v=VO 
X=Ul*H 
Y=V1*H 
PSIO=DEXP(E/R-S*R**2/2) 
SI =F)S 1 O*U*R **4 
S2=PSIO*V*R**4 
S3=PSIO*U*R 
54=PSIO*V*R 
JK=J+K 
IF(JK oEQo6) WRITE(6,94) 
IF(JKoEQo6) ~RITE(6,q2)RvU9VpX,VoPSIO 



DO 1 L=l,ITER 
XO=X 
YO=y 
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Cl=-(Pl(R)*X-P2(R)*V+(Ql(R,*U-Q2(R)*V-Gl(R) '*H)*H/2. 
Dl=-(f'1(R'*Y+P2(R)*X+(QUR)*V+Q?(R'*U-G2(R) '*H)*H/2. 
R=R+H/2. 
U=U+X/2.+Cl/4. 
V=V+Y/2.+!)1/4. 
X=X+Cl 
Y=V+Dl 
C2=-(Pl(R)*X-P2(R)*V+(Ql(R)*U-Q2(R>*V-Gl(R, )*H)*H/2. 
D2 =- (P 1 (R) *V+P2 (R , *X +( al ( R) *V+Q2 (R) *U-G2 ( R, ) *H' *H/2 • 
X=XO+C2 
Y=YO+02 
C3=-(Pl(R)*X-P2(R)*Y+(~1(R)*U-Q2(R)*V-Gl(R' '*H>*H/2. 
DJ=-(Pl(R)*Y+P2(R'.X+(Ql(R'*V+Q2(R)*U-G2(R)'*H)*H/2. 
R=R+H/2. 
U=U+XO/2.+C3-Cl/4. 
V=V+VO/2.+D3-Dl/4. 
X-=XO+2.*C3 
V=VO+2.*D3 
C4=-(Pl(R)*X-P2(R>*V+(Ql(R'*U-Q2(R)*V-Gl(R' '*H)*H/2. 
D4=-(Pl(R'*V+P2(R)*X+(Ql(R'*V+Q2(R>*U-G2(R»*H)*H/2o 
U=U+(Cl+C2-2.*C3'/3. 
V-=V+(Dl+D2-2.*03)/3. 
X=XO+(Cl+2o*C2+2.*C3+C4)/3. 
Y=VO+(D!+2o*D2+~o*D3+D4)/3o 

P510=DEXP(E/R-S*R**2/2) 
Sl=51+P5IO*U*R**4 
S2=52+PSIO*V*R**4 
53=53+P5IO*U*R 
54= 54 +PS 1 O*V*R 
IF(JK.EQo6) WRITE(6,92'R,U,V,X,V,P5IO 
CONTINUF 
51=-H*(Sl*B+53*El 
52=H*<52*B+S4*E' 
IF(JK.EQ,,6) WRITc(6 0 93'Sl 0 52 
IF(JK.LTo6) WR!TE(~996)UpV 
1 F (K 0 EQ 01) UF 1 =U 
UF2=U 

2 CONTINUE 
IF(JoEQol) VF1=V 
VF2=V 

3 CONT 1 NUE 
88 FORMAT(20A4) 
89 FORMAT(OlO,20A4' 
90 F1RMAT(7Dllo3) 
91 FORMAT( 14) 
92 FORMAT(D10 0 3,5D12.4' 
93 FI.1RMAT(OO 1 =°,01104,° - 1*0,Dl0.4' 
<)4 FORMAT(OOO,3X,DR·,11X v oU D ,11X,GVo ll lOX,euo'*Ho ,10X,.voo*Ho, 

110X,OPSIOO) 
9 !:> F 1) R MAT ( • 0 5 TEP 0 p 12 , ' u· v ( R 0» =., 0 1 8 • 1 0 , G V 0 • <r~ 0 ) :' Il D 1 8 • 1 0 ) 
qf, FORMAT( DO' ,9XvDU(RF, :=B ,013 .. 5,8X, 0V(RF) =',01305) 

STnp 
FNO 
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Sample Output 

CIO DIACIO SALT IN H20, OMEGA*LAM80A = 1 

STEP 1 U' (RO ) = 0.25000000000 02 V' (RO) = -0.2500000000D 02 

U (RF) = -0.893110 03 V (RF) = 0.331080 03 

STÈP 2 U' (RO) = 0.24000000000 02 VI( RO) = - 0.25000000000 O? 

U(RF) = -0.806860 03 V{RF) = 0.120960 03 

STEP :1 u' (RO) = 0.14644603710 02 V'(RO) = -0.25000000000 02 

U(RF) = 0.292000-08 V(RF) = -0.184470 04 

STEP 4 U '(RO) = 0.25000000000 02 V'tRO) = - 0.26000000000 02 

U (RF) = -0.682990 03 V(RF) = 0.417320 03 

STEP 5 U' (RO) = 0.24000000000 02 V'(RO) = -0.26000000000 02 

U(RF) -= -0.596750 03 V (RF) -= 0 .. 207210 03 

5TEP 6 U'(RO) = 0.17080798060 02 V'(RO) = -0.26000000000 02 

U(RF) = -00163480-08 V(RF) = -0.124660 04 

STEP 7 U 0( RO) = 0 .. 2500000000D 02 VI (RO) = -0028084191370 02 

U(RF) = -0024508D 03 V(RF) -= 0.597070 03 

STEP B U' (RO) = 0.24000000000 02 V 8 (RO) - -0.28084191370 02 

U(RF) = -0.158840 03 V(RF) = 0.386960 03 

STEP 9 UO (RO) = 0022158293310 02 V 8 (RO) = -0 .. 28084191370 02 

R U V UO*H V'*H PSIO 
0.5000 02 0.62500 03 -0062500 03 -0.11080 02 0.14040 02 0.11420-52 
O.495D 02 0061280 03 -006123D 03 -0.11620 02 0 0 13200 02 007773D-'11 
00490() 02 0060070 03 -0.59980 03 -001186() 02 0012680 02 008260n-50 
004850 02 0 .. 58860 03 -0058750 03 -0011<140 02 0.12340 02 0.8568D-49 
004800 02 005765() 03 -0051540 03 -00 Il <nD 02 0012110 02 0086770-48 

1 1 1 1 1 1 
1 1 1 1 1 1 
1 1 1 1 1 1 

0.2500 01 0052961') 00 -0 .. 19706 01 -0049630 00 0 062080 00 0 .. 17910 00 
0 .. 200D 01 0010850 00 -0.13940 01 -0.34290 00 0.53680 00 0013990 00 
O.l~OD 01 -0.14160 00 -0086940 00 -0 .. 13550 00 0 .. 55190 00 0084190-01 
001000 01 0031750-09 -0029220-07 0094100 00 0019580 01 Oo273RD-Ol 

1 = 0.84750 03 - I*Oo~2970 03 



CHAPTER IV 

THE VISCOELASTICITY lOF HIGHLY CONCENTRATED 
SOLUTIONS OF POLYELECTROLYTES 

A. Introduction 

In Chapter l, the results of thermomechanical and struc

tural studies on solid-state polyelectrolytes were discussed. 

These studies have shown that ionization produces vast changes in 

the thermomechanical behaviour of undiluted polyelectrolytes. 

The theoretical study presented in Chapter III showed that in 

di lute solution, where no intermolecular interaction occurs, the 

effect of ionization on viscoelasticity is small. Likewise, the 

study of rubber elasticity in Chapter II showed that the inherent 

effect of ions is small where ion aggregation is suppressed. In 

this chapter, it will be shown that the dramatic effects of 

ionization on the viscoelastic properties of polyelectrolytes can 

still be observed even with the addition of considerable amounts 

of plasticizer p as long as ion aggregation is not disrupted. 

The polyelectrolytes used in this study were a series of 

plasticized sodium salts of poly(acrylic acid). Stress relaxa-

tion curves were prepared for this material as a function of the 

type and amount of plasticizer and of the degree of neutraliza-

tion. It will be shown from stress relaxation measurements taken 

over 3.5 decades of time that time-temperature superposition of 
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viscoelastic data is not valid in these materialso Thus, for com-

parative purposes, modulus-temperature curves will be presented to 

illustrate the variation in viscoelastic behaviour in this system. 

It will be shown that the X-ray diffraction measurements 

on the polyacrylate salts support a structure in which ion aggre

gation occurs. Then the rheological data will be analyzed 

according to the two-mechanism response expected of sorne micro

phase-separated materials. It will be shown by direct and in

direct evidence that the mechanism which dominates the short-time 

behaviour above Tg is adequately described by the W.L.F. equation 

and thus can likely be attributed to a normal diffusional proc

eSSe The mechanism which corresponds to the long-time deviations 

in the pseudo-master curves is of low activation energy 

(17-32 kcal) and is essentially a pure viscosity. The possible 

relationship of this mechanism to the ionic phase is discussed. 

Finally, a correlation between dynamic and static mechanical data 

suggests the existence of a third relaxation mechanism in this 

polymer system. 

B. Experimental Procedures 

10 Sarnple Preparation 

Samples of plasticized poly(sodium acrylate} -- PNaA -

were prepared in the form of films suitable for the measurement of 

viscoelastic, thermal, and structural parameters. The synthesis 
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and the molecular weight determination of the poly(acrylic acid) 

-- PAA --- from which the films were made are described in 

Appendix A. The PAA samples used in this part of the study were 

obtained as unfractionated polymers with molecular weights in the 

range 2.9 x 10 5 to 9.9 x 10 5 , as determined from intrinsic 

viscosity measurements. 

The PAA samples were neutralized by titration with aqueous 

alkali hydroxide of approximately unit normality. The latter 

solutions had been previously standardized against potassium 

hydrogen phthalateo The PAA was first weighed and then dissolved 

in a small amount of water. No particular attempt was made to 

thoroughly dry the PAA because of its tendency to crosslink and 

decarboxylate under prolonged heating. 1 In the cases where com

plete neutralization was required, titrations were carried out to 

phenolphthalein end-point. Based on the known amount of alkali 

hydroxide added and assuming complete neutralization (see 

Appendix A), the dry weight of PAA was calculated and used in sub

sequent determinations of plasticizer content. The differences 

between the weights of PAA as determined by titration and those 

directly measured were attributed to the water content of the 

polymer. This was normally found to be about 5% by weight, in 

line with reported values 0 

2 Partially neutralized polymers were 

prepared by adding to a weighed amount of polymer of known water 

content (determined by simultaneous complete neutralization of 

another sample) the quantity of alkali hydroxide required to 

produce the desired degree of neutralization. 
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The aqueous solutions of polymer and alkali were then con

centrated by evaporation to about 10% polymer by weight. For the 

preparation of samples with non-aqueous plasticizer, an excess 

weight of plasticizer was added to the solution, which was then 

degassed and poured into tared, flat-bottomed polystyrene con

tainers (approximate dimensions 5 cm by 2 cm by 1 cm). Evapora

tion was continued until the desired level of plasticizer content 

was reached. In the case of formamide-plasticized polyrners, the 

addition of excess plasticizer was repeated, because of the high 

volatility of formamide, in order to ensure the elimination of 

the water. It is possible that a small percentage of water still 

remained in these samples, but it was assurned to be inconsequen

tial. 

In the preparation of water-plasticized polymers, the same 

procedure was used, except of course for the addition of excess 

plasticizer. For polymers of low plasticizer content, where the 

material would be brittle at room ternperature, strips of film 

were cut to the desired size before aIl the water had evaporated. 

For comparative purposes, the plasticizer contents were expressed 

as volume percentages, assuming a negligible volume of mixing. 

Density measurements on similar ion-containing polymers, the PAA

PVA mixtures discussed in Chapter II, indicated that the error 

involved in this conversion is small. 

For each of the materials on which stress relaxation 

measurements were to be made, the glass transition temperature 

and the thermal expansion coefficient were measured. The apparatus 
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employed for the measurement of Tg by thermal expansion has been 

previously described by Eisenberg and Sasada. 3 For sorne of the 

samples, Tg measurements were also made by differential scanning 

calorimetry (DSC). The thermal expansion method was deemed more 

useful for Tg measurements, however, since coefficients of 

thermal expansion could be obtained at the same time; also, no 

additional sample preparation was required since the films used 

in stress relaxation measurements could be used directly in the 

thermal expansion apparatus. 

2. Stress Relaxation 

Stress relaxation measurements were carried out on the 

prepared films of polymer. Two stress relaxometers \'i.lre used in 

making these measurements. The two devices differed essentially 

in only one aspect, namely the method of control of the sample 

environment. Measurementsin the range -IOOoC to +60 oC were 

carried out in a device described schematically in Fig. 1; 

measurements in the range 40°C to 250°C were made in apparatus 

described in detail elsewhere. 4 AlI measurements were performed 

under a positive pressure of nitrogen. 

The stress relaxation experiments proceeded in the follow-

ing manner. Measurements were normally made in an ascending 

sequence of temperatures, startin.g from below T and continuing 
9 

until the loss of plasticizer became significant. Thus, the 

first measurements were normal1y made on glassy polymers 

(E > 1010 dyn/cm2
). For this reason, the first measurements em-
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FIGURE 1 

Schema tic cross-section of low-temperature 

stress relaxometer; h and h as described in texte o 1 



stee 1 rod ---t---4l1"--.o1+-++--+--f--~ 

to force transducer 
and electronics 

support rods =~j?rr=fF~H~-.w~-~f 

sealed 
test tube 

thermoregulator __ ~~~ 
probe 

bending clamps~~~~~~~r-~I 

copper tubing 

glass jacket 

nichrome wire 

thermocouple 
probe 



- 96 -

ployed a bending deformation. The sample was inserted in the 

bending clamps and kept under a positive pressure of nitrogen. 

Temperature control was maintained to a tolerance of tO.lo during 

any one rune When the desired temperature was attained, with the 

temperature control 1er operating, the stress relaxation run was 

begun. 

The deformation of the sample was accompli shed in as short 

a time as possible, generally in about 0.2 sec; thus, for read

ings taken at times greater than 2 sec (factor of 10), the effect 

of a finite deformation time was considered to be negligible. 5 

The magnitude of the deformation relative to the sample dimen

sions was maintained within a level in which linear viscoelastic 

effects could be observed. An extensive discussion of the sources 

of error in stress relaxation measurements of this type has been 

presented. 6 A brief summary of these is given in Appendix B. 

In any one run, the sample was maintained at constant 

deformation and constant temperature for periods of time up to 

2 X 10 4 sec. The force of deformation was continuously recorded 

on chart paper and was read at intervals of time which increased 

in approximately logarithmic fashion. The dimensions of the 

sample and of the clamps were measured and recorded. The se 

values were used to calculate the shape factor, which relates the 

modulus to the stress-strain ratio. From the shape factor and 

the values of stress and strain, the modulus was calculated as a 

function of time for each temperature. This procedure and the 
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results of such calculations are described in detail in subse-

quent portions of this chapter. 

As the temperature was increased and the modulus of the 

polymer decreased to the point that bending measurements could no 

longer be accurately made, deformations in the stretching mode 

were begun. The procedure involved in stretching measurements is 

generally the same as outlined above, except that the shape 

factor for the calculation of modulus is different. In some 

cases, where values of modulus less than 10 6 dyn/cm2 were antici-

pated, measurements in compression were made. For compression, 

the same shape factor as for stretching applies. Generally, 

however, the modulus did not fall to such a low value before sig-

nificant plasticizer loss occurred. 

The formulae used in calculating Youngls modulus, E(t), in 

the various modes of deformation are given as follows 7 

E(t) = 981 bf/(Ah - cff) (1) 

where b is the shape factor, Ah is the deformation, f is the 

force (in grams), and Cf is a correction for instrumental compli

ance. If aIl quantities are given in c.g.s. units, then E(t) has 

the dimensions dyn/cm2 • The shape factors are: 

(i) for bending 

(2) 

ho' wo' and do.represent the unstrained length, width, and 

thickness of the film, respectively; S = h /h is an eccen-
1 0 
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tricity factor (~0.5), where h is the distance between 
1 

the point of deformation and the nearest edge of the 

clamp (see Fig. 1). For h = h /2 
1 0 

b = h 3/4w d 3 
000 

(ii) for stretching 

Since volatile plasticizers were used, the variation in 

(3) 

(4) 

sarnple weight was monitored, and measurements were discontinued 

after a weight loss of 1% was observed. It is reasonable to 

assume that the weight loss of plasticizer was essentially 

diffusion controlled, since measurements could be taken at rela-

tively high temperatures.for the low plasticizer content materi-

aIs before significant plasticizer loss occurred. Occasional 

measurements were taken in random order of temperatures to ensure 

that the loss of plasticizer to the extent of 1% did not produce 

a loss of reproducibility. 

3. Dynamic Mechanical Measurements 

A brief dynarnic mechanical study of PNaA was undertaken 

using a torsion pendulum. The apparatus used and the general 

procedure for such measurements are described in detail else

where. 6 Measurements were made in the region from ca. -100°C to 

the temperature at which significant plasticizer loss was appar-

ent. In the vicinity of T , account of the modulus of the g 
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supporting wire was taken in order to calculate the values of 

modulus and tan 0. 4 The formulae employed are listed below: 

(i) for storage modulus 

G 1 = 4~~I (v 2 - V02 - v2 A2 /4TI 2
) 

v is the measured frequency of vibration, V o is the 

natural frequency of the supporting wire,- and l is the 

moment of inertia. b , the shape factor, and A, the 

logarithmic decrement, are defined below. 

(ii) for loss modulus 

(iii) for loss tangent 

tan 0 = GII/G 1 

A is defined as 

A = 1. ln An 
m A(n+m) 

where An and A(n+m) are the amplitudes of the n th and 

(n+m)th vibrations. The shape factor in torsion is 

given by 

~(wo/do) is a numerical factor dependent on the shape 

of the sample;~ aIl other symbols in Eq. 9 are identical 

with those in Eq. 2. 

(5) 

(6) 

(7) 

(8) 

(9) 
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4. X-Ray Diffraction 

An X-ray diffraction study of sorne cesium and sodium sa1ts 

of PAA was performed. Cesium sa1ts of PAA were made in the same 

fashion as the sodium sa1ts described previously. X-ray scatter-

ing patterns were obtained at room temperature using nicke1-
o 

fi1tered copper radiation (À = 1.54 A ) generated by a Rich 

Seifert X-ray source operating at 40 kV and 20 mA. The patterns 

were recorded photographica11y in a conventiona1 wide-ang1e 

camera with a 0.05 cm pin ho1e and a 6.6 cm samp1e-to-fi1m dis-

tance. The photographs were microdensitometered using a Joyce, 

Loeb1 doub1e-beam recording microdensitometer. Exposure times 

varied with the type of materia1, but were genera11y 4-6 hr. 

C. Experimental Resu1ts 

1. Materia1s 

A summary of the pol ymer samp1es for which mechanica1 

properties data were obtained is presented be10w in Table I. The 

po1ymer samp1es were coded according to their compositions. The 

codes are of the form WX-yZi where w represents the degree of 

neutralization in percent; X represents the counterion, either 

Na or Cs; y represents the volume percent p1asticizer in the 

samp1ei and Z is the symbo1 representing each of the p1asticizers 

used: ethy1ene glycol (EG), formamide (FA), glycerine (GL), and 

water (H20). In addition, Tg' ag , and ~~, as measured by thermal 
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expansion, and M , as discussed in Appendix A, are given in 
v 

Table l for each po1yrner. 

TABLE l 

Composition 

OONa-23FA 

10Na-26FA 

22Na-23FA 

39Na-25FA 

67Na-27FA 

100Na-22FA 

100Na-29FA 

100Na-37FA 

100Na-43FA 

100Na-48FA 

100Na-52FA 

100Na-67FA 

100Na-72FA 

100Na-54EG 

100Na-54GL 

100Na-55GL 

100Na-66GL 

100Na-50H20 

100Na-54H 20 

100Na-58H 2 O 

*T by OSC 
g 

Tg 
( OC) 

1 

2 

-1 

23 

41 

97 

71 

45 

15 

0* 

-15 

-100* 

-88* 

-21 

-9 

-28 

-34 

-18 

-25 

-28 

<lg 
(X10 s ) 

2'.2 

2.8 

-
-

2.7 

2.8 

2.5 

2.6 

3.0 

-
3.5 

-
-

3.7 

2.4 

2.6 

2.5 

3.0 

3.3 

3.5 

<lJ!, Mv 
(X10 s ) (x10- s ) 

6.2 9.9 

6.5 5.1 

- 4.7 

- 4.7 

7.0 4.7 

7.5 4.7 

6.7 9.9 

6.8 7.9 

9.0 7.9 

- 2.9 

10.9 2.9 

- 2.9 

21.0 5.1 

12.3 4.7 

6.9 5.1 

10.0 2.9 

9.6 2.9 

20. 4.7 

25. 5.1 

25. 4.7 
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2. Pseudo-master Curves 

For each of the materials listed in Table l, stress relax

ation experiments were performed. Each experiment consisted of 

several constant tempe rature runs in which readings of the force 

at constant deformation were obtained over a period of time. 

These data were used to calculate the modulus as a function of 

time and tempe rature by the application of the appropriate formu

lae from Eqs. 1-4. Examples of the type of results obtained are 

shown in the following four figures; the curves of modulus versus 

time (depicted on a doubly logarithmic scale) for each constant 

temperature run appear in the central portion of each figure. In 

each figure, temperatures in oC are shown and every fourth read

ing is plotted. The significance of the solid lines in each 

figure will be made clear presently. 

The S.R. results shown in Figs. 2-5 are for only a few 

selected materials to which specifie reference is made in subse

quent sections of the texte The remaining S.R. curves, described 

in the text as modulus-temperature curves, are preser.ted more 

fully in Appendix B. 

With materials for which the principle of time-temperature 

superposition of viscoelastic data is valid, master curves of 

reduced modulus versus reduced time can be prepared by shifting 

the curves of modulus versus time so that the overlap between 

successive curves is maximized. B The shifts are made both hori

zontally (in time) and vertically (in modulus), according to the 
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FIGURE 2 

Stress relaxation curves for 100Na-48FA. 

Symbo1s: Er versus t as a function of temperature 

(OC), every four th point shown. Solid 1ines: 

pseudo-mas~er curves. 
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FIGURE 3 

Stress relaxation curves for 100Na-55GL. 

Symbo1s: Er versus t as a function of temperature 

(OC), every fourth point shown. Solid 1ines: 

pseudo-master curves. 



~ ________ ~ __________ ~ ________ ~ __________ ~ ________ -,U) 

~ __________ ~~ __ =-__ =-~ __________ -+ __________ ~~ ________ ~0ù 
c CD CD 0) CD If) ..... (W') 1 

c ~ ~ ~ ..... 0 ::l' CD 
1 1 1 1..... N (W') 

~ 
0J~---------~~--------~CJ~--------~cn=---------~OO~--------~~1 

~ 

LU 
ba 
o -

t;J\ 
o -



- 105 -

FIGURE 4 

Stress relaxation curves for 100Na-66GL. 

Symbols: E versus t as a function of temperature 
r 

(OC), every fourth point shown. Solid lines: 

pseudo-master curves. 
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FIGURE 5 

stress relaxation curves for 100Na-SOH20. 

Symbols: Er versus t as a function of ternperature 

(OC), every fourth point shown. Solid lines: 

pseudo-master curves. 
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=~ 
Tp 

E (t) (10) 

( Il) 

The reference point for the measurement of To and Po is normally 

taken as T. al' the shift factor, is obtained by determining 
9 

the horizontal shift between two successive curves, after the 

vertical reduction parameters have been applied. 

In the present system, initial attempts to prepare master 

curves in the above-described manner indicated that time-tempera-

ture superposition could not generally be achieved. As a result, 

the procedure was modified slightly so that overlap between 

successive curves was maximized in the short-time regions. The 

computer program used to calculate the shift factors for this form 

of overlap from original S.R. data is presented in Appendix C. 

The attempts at drawing mas ter curves in this way a~e shown as the 

solid lines in Figs. 2-5. The contributions of the moduli which 

correspond to the longer times in any given constant temperature 

relaxation are seen to deviate downward from the upper envelope of 

Er versus tro This is apparent for each of the materials pre

sented in Figs. 2-5, where S.R. data were measured over about 3.5 

decades of time. In the S.R. data presented in Appendix B, simi

lar deviations are apparent in most of the curves (although the 

magnitude of the deviations varies considerably), but since the 

runs cover shorter periods of time (about 2.5 decades), the lack 

of superposition is not as dramatic. 
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It is apparent that the curves presented in Figs. 2-5 are 

not true master curves but what may be termed pseudo-master 

curves, which describe on1y the short-time relaxation behaviour 

at any given temper·ature. It is worth stressing that the same 

pattern is obtained whether measurements are made in order of 

increasing temperature or note This was tested for 100Na-48FA 

(Fig. 2) and for 100Na-50H20 (Fig. 5)0 AIso, the lack of super-

position cannot be attributed to the loss of plasticizer because 

this would result in deviations of the opposite direction, and 

would certainly not lead to reproducible results. 

3. Modulus-Temperature Curves 

Because the pseudo-master curves de termine short-time be-

haviour only, it is not surprising that the variations i~ their 

shapes are closely paralleled by the variations in the shapes of 

curves of 10-sec modulus versus temperature. Because of their 

~reater ease of presentation and simplicity in interpretation, 

modulus-temperature curves are used to illustrate the variation 

in mechanical behaviour of these polymers with the percentage and 

type of plasticizer and with the degree of neutralization. In 

Fig. 6, the 10-sec Young1s modulus as a function of absolute 

temperature is shown for PAA samples with degrees of neutraliza

tion between 0% and 100% and with a common plasticizer content 

(ca. 27% formamide). The stars on each curve indicate the posi

tion of T as given in Table I. It is worthwhile to note the g 

rise in glassy modulus -- by about a factor of 3 -- and the great 
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FIGURE 6 

10-sec modulus of PAA versus temperature as a 

function of the degree of neutralization (formamide 

content ca. 27%). The stars on each curve indicate 

the position of T • g 
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increase in the breadth of the transition as the ion content in-

creases. It is c1ear that the high glassy moduli must be due to 

additiona1 intermo1ecu1ar bonding which resu1ts from the presence 

of ions. 

Fig. 7 illustrates the variation in the modulus of the 

ful1y neutra1ized polymer as a function of the percentage of 

formamide. One can see that the broadness of the transition and 

the glassy modu1us decrease with increasing plasticizer content, 

as one might expect. In Figs. 6 and 7, an inflection point below 

T appears in the modulus-temperature curves for low percentages g 

of formamide and high degrees of neutralization. This inflection 

point seems to correlate with the occurrence of a broad shoulder 

in the 10ss tangent below T , as indicated by the dynamic mechani-g 

cal measurements to be discussed in more detail below. 

The shapes of sorne of the mOdu1us-temperature curves pre-

sented in Figs. 6 and 7 are reminiscent of those obtained for 

partia11y crysta1line polymers such as low density polyethylene. 9 

However, the X-ray diffraction patterns obtained from a variety of 

PAA sa1ts showed no evidence of any crysta11inity. 

Figs. 8 and 9 show the modu1us-temperature behaviour of 

PNaA p1asticized with glycerine and water, rèspectively. In 

these two cases, the range of plasticizer content is considerably 

less than for formamide, so the great variation in the shapes of 

the curves is not as apparent. However, it is readily seen that 

the rate of relaxation, which paral1els the decrease in modulus 
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FIGURE 7 

lO-sec modulus of PNaA versus temperature as a 

function of formamide content. The stars on each 

curve indicate the position of Tg" 
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FIGURE 8 

10-sec modu1us of PNaA versus temperature as a 

function of glycerine content. The stars on each 

curve indicate the position of Tg. 
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FIGURE 9 

lO-sec modulus of PNaA versus temperature as a 

function of water content. The stars on each curve 

indicate the position of Tg. 
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with temperature, is considerably greater than for formamide. 

A direct compaFison of the effect of plasticizer on the 

modulus-temperature behaviour of PNaA is shown in Fig. 10. The 

curves drawn in this figure were aIl obtained for approximately 

the same volume fraction of plasticizer. The glassy moduli and 

the glass transition temperatures of these polymers are aIl very 

similar. However, above Tg' the great variation in the effi

ciency of these plasticizers is apparent. This variation is a 

good indication that the plasticizer plays a very important role 

in determining the lifetimes of the ionic bonding. 

4. Dynamic Mechanical Results 

Measurements of the loss tangent, tan 0, at ca. 1 Hz as a 

function of temperature were made on three samples of PNaA: 

100Na-SOH20, lOONa-48FA and 100Na-SSGL. The data are shown in 

Fig. Il, normalized with respect to the primary transition, for 

the sake of clarity. The dotted lines in Fig. Il indicate the 

regions which were inaccessible to measurement of tan o. Al-

though the relative intensities are different, each curve shows 

a primary maximum and a broad shoulder just below it in tempera-

ture. It should be recalled that inflection points below Tg were 

observed in the modulus-temperature curves of PNaA at low forma-

mide contents and high degrees of ionization. This shoulder in 

the loss tangent seems thus to correlate with the inflection 

points in the modulus-temperature curves of the PNaA-formamide 

series. The fact that no inflection point is seen in the PNaA-
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FIGURE 10 

lO-sec modulus of PNaA versus temperature for 

four different plasticizers (ca. 54%). The stars on 

each curve indicate the position of Tg" 
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FIGURE 11 

tan ô versus (T - T ) for PNaA with three g 

different plasticizers (C - FA; Ô - GL; 0 - H20) • 

The dotted lines represent regions inaccessible to 

measurement. 
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water or PNaA-g1ycerine series is 1ike1y due to the fa ct that the 

intensity of the shou1der is considerab1y 1ess than that of the 

primary maximum in the latter two cases and the effect of the 

sub-Tg shou1der on the modu1us wou1d be re1ative1y sma11. 

5. X-Ray Diffraction 

X-ray diffraction patterns were obtained for a nurnber of 

p1asticized sa1ts of PAA. Since the X-ray study was not intended 

to be comprehensive in itse1f but was undertaken in support of 

the thermomechanica1 study, diffraction patterns were obtained 

TABLE II 

P1asticizer % Ion Counterion 
d (A) 

Content Content 
g 

Inner Halo Outer Halo 

FA (23%) 0 - 12.1 ± 0.3 6.7 ± 0.2 

H20 (-5%) 0 - 12.1 6.7 

H20 (-5%) 1 Cs 12.3 6.7 

H20 (-5%) 5 Cs 13.4 6.2 

H20 (-10%) 25 Cs 1403 --
H20 (-20%) 100 Cs 1500 --

FA (38%) 100 Cs 15.4 --
FA (29%) 100 Na 15.0 5.0 

FA (48%) 100 Na 1404 4.8 

H20 (low) 100 Na 15. '* 

'*Calcu1ated from data presented in ref. Il 
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only for selected samples chosen mainly to correspond to materi
aIs on which mechanical measurements had been made. AlI of the 
X-ray patterns recorded showed either one or two diffuse halos in 
the range 4° < 26 < 40°, where 26 is the scattering angle. In 
each case, d,::rf the dimension associated ,-ri th the scattering ~ i·Tas obtain0d ::> 

dg = 1.22 dB = 1.22 À/(2 sin 6) (12) 

The results are presented in Table II, above, along with typical 
error lirnits, mainly due to the diffuseness of the halos. 

D. Discussion 

1. Structure 

The X-ray diffraction patterns obtained in unionized PAA 
are sirnilar to those observed in other amorphous polymers, such as 
pOlystyrene. 10 With increasing cesium content, the longer spacing 
increases, while the shorter spacing disappears. For the fully 
neutralized polymers, similar values of the longer spacing are 
seen in both cesium and sodium salts, and for both water and for-
mamide as plasticizers~ however, in the sodium salts i an outer 
halo is still observable. The scattering pattern obtained for the 
unionized material indicates that a type of amorphous order exists 
even here. This is not surprising, since the extent of hydrogen 
bonding in PAA should be considerable, and associations between 
the carboxyl groups could lead to a partially ordered structure. 

It is assumed that cesium and sodium salts of PAA have es-
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sentially the same structure. This was not tested specifically 
in this system, but rheological considerations have shown it to 
be true for styrene-methacrylic acid ionomers. 4 Non-crystalline 
X-ray maxima are associated with the average separation between 
recurrent centers of relatively high electron density. Because 
the electron density of cesium is much higher than that of the 
other atoms involved, the single halo observed in pesA samples 
can likely be attributed to an average spacing between regions of 
high cesium content. The fact that a second halo is observed in 
PNaA is reasonable, since sodium, with an electron density not 
much greater than carbon, would not dominate the diffraction pat
tern like cesium. This evidence is therefore consistent with a 
microphase-separated structure (regions of high and low ionic 
content) for this polymer system. This conclusion is supported 
by a number of other factors which include the predictions based 
on thermodynamic arguments 12 and the evidence of phase separation 
in other organic ion-containing polymers, as discussed in Chapter 
l, as weIl as the rheological evidence in the present system, to 
be discussed shortly. 

The longer spacings in the fully neutralized PAA samples 
provide a measure of the size of the ionic aggregateso Based on 
simple stoichiometry and assuming the complete incorporation of 
carboxyl groups, the number of ion pairs per aggregate is esti
mated to be about 25. The fact that the longer spacings do not 
vary much with the type of plasticizer indicates that the struc
ture in glassy PNaA is not very dependent on the type of plasti-
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cizer. However, X-ray diffraction is not sensitive to dynamic 

phenomena. The time dependence of the structure, on which the 

rheologica1 properties depend, must be investigated by other 

means. 

2. Separation of Relaxation Mechanisms 

In Figs. 2-5, as we11 as in those presented in Appendix B, 

non-superposabi1ity of stress relaxation curves can be observed 

in varying degrees. In every case, the deviations at long times 

for any given constant temperature relaxation are toward lower 

values of modulus; this fact suggests the existence of two con

current relaxation mechanisms with different activation energies. 

Simi1ar viscoe1astic responses have been observed in a variety of 

other non-crystal1ine po1ymers. In a number of cases, the 1ack 

of superposabi1ity has been attributed to a secondary relaxation 

mechanism: side-chain motion in the po1y (a1ky1 methacry1ates) ;13,1'+ 

spontaneous bond interchange in polymerie su1fur; 15 and 1anthanmr.

cata1yzed bond interchange in the po1yphosphates. 16 

In the present system, a two-mechanism viscoe1astic re

sponse would be in 1ine with the two-phase structure, since each 

phase could be expected to yield in response to the app1ied 

stress. In such a system, the contributions of the two mech

anisms to the total comp1iance should be additive. 13 The 

method used in separating the contributions of the two mechanisms, 

as emp10yed by Eisenberg and Teter,15 is out1ined below. 
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The upper envelope of modulus versus reduced time and the 

moduli of the original stress relaxation curves were converted 

to compliance values by the method of Hopkins and Hamming,17 with 

the aid of a computer program written for this purpose. This 

program is outlined in Appendix D. It was found that, in regions 

of rapid stress relaxation, the values generated by this method 

differed significantly from those generated by the more approxi

mate relationship 8 

J(t) = sin m~/m~ G(t) (13) 

Shift factors for the individual curves of compliance versus time 

were recalculated by maximizing the overlap between their short

time regions. No significant differences were noted in the shift 

factors calculated from the original moduli. The conversion of 

stress relaxation data to compliances results in a pseudo-master 

curve of compliance versus reduced time. An example of such a 

curve is shown in Figo 12, for lOONa-50H20. The data in Fig. 12 

correspond to those in Fig. 5; on the scale shown here, the curves 

are nearly mirror images. 

It is assumed that, at any given temperature, the short

time compliance is rnainly due to the primary relaxation mechanism; 

the upward deviations from the lower envelope of cornpliance versus 

reduced time are therefore due to the second mechanism, whose con

tribution is cornputed by rneans of point-by-point subtraction of 

compliance values from the lower envelope and the individual de

viations in cornpliance corresponding to long-time relaxations at 
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FIGURE 12 

Computed pseudo-master curve in comp1iance for 

lOONa-SOH 20. Subtracted comp1iances and correspond-

ing temperatures (OC) are shown. 
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any given temperature. These subtracted curves of compliance 

versus reduced time for the system lOONa-50H20 are also shown in 

Fig. 12. 

The subtracted curves of compliance versus reduced time 

are converted back to real time by subtraction of the original 

shift factors, al. These curves are then reshifted into a sec

ondary master curve of subtracted comp1iance versus reduced time 

by shifting horizontal1y with respect to one of the curves chosen 

as a reference. As a result, a new set of shift factors, bl' is 

obtained. The result of this procedure for the curves in Fig. 12 

is shown in Fig. 13. Simi1ar curves were obtained for the two 

systems lOONa-66GL (S.R. data in Fig. 4) and lOONa-48FA (S.R. data 

in Fig. 2). These curves are presented in Figs. 14 and 15. The 

implications of the dashed lines in Figs. 13-15, representing a 

theoretical slope of unit y, will be discussed later. 

For each of the three materials discussed above, two master 

curves are obtained -- the upper envelope, representing the short

time relaxation behaviour, and the secondary master curve, repre

senting the long-time deviations from the enve1ope. The signifi

cance of the two master curves should be pointed out; just as one 

mas ter curve allows the complete description of the viscoelastic 

response in a system with a single relaxation mechanism, then two 

mas ter curves allow the complete description of the viscoelastic 

response in a system with two relaxation mechanisms. 
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FIGURE 13 

Master curve of subtracted comp1iance for 

100Na-50H20. Individua1 curves and corresponding 

temperatures (OC) are shown. Dashed line: the

oretica1 s10pe of 1. 
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FIGURE 14 

Master curve of subtracted comp1iance for 

100Na-66GL. Individual curves and corresponding 

temperatures (OC) are shown. Dashed line: the

oretical slope of 1. 
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FIGURE 15 

Master curve of subtracted comp1iance for 

lOONa-48FA. Individua1 curves and corresponding 

temperatures (OC) are shown. Dashed 1ine: the

oretica1 slope of 1. 



-IO~------------------------------I 

1 
_/If-

109 D 

-/2',-

/ 
1 

o 2 
log floT 

/ 
0 

0 

e 0 la 6 

.~·oO ~ 

o 

0 0 

e o 0 
e 

00 0 

o 

o 

22.0° 

19.,° 
24. ° 

-2.9° 

1 

4 



- 127 -

3. Nature of Primary Mechanism 

The natures of the two relaxation processes and their re-

lationships with the polymer structure are not perfectly clear; 

however, an analysis of their temperature dependences will be 

useful in relating them to physical processes. The mechanism 

whose contr:i.bution dominates the short-time behaviour above Tg 

can be investigated by an analysis of the primary shift factors, 

aT' which contribute to the primary master curves. 

It is of interest to de termine whether the shift factors 

corresponding to the primary mechanism follow an Arrhenius-type 

temperature dependence, or whether they obey the W.L.F. equation 8 

log a T = - c 9 (T - T )/(c 9 + T - T ) 
1 9 2. 9 

(14) 

where the W.L.F. parameters c 9 and c gare referred to T. The 
l 2 9 

W.L.F. equation can be rewritten in the following forro 

(15) 

Thus, from the slope and intercept of a plot of - l/log ai versus 

1/ (T - T ), the constants c 9 and c 9 can be deterroinedo 
g l 2. 

This procedure was followed for two samples from the series 

PNaA-glycerine, where a wide range of temperature above Tg is ac

cessible for S.R. measurements. Values of log a T from the temper-

ature range (T + 30°) < T < (T + 90°) were used to establish the 
9 g 

linear relationships shown in Figo 160 The WoLoF. parameters, 

obtained by a least-squares analysis, are also indicated in 
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FIGURE 16 

- 1/1og ai versus 1/(T - Tg> for PNaA-g1ycerineo 

W.L.F. parameters are indicated. 
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Fig. 16. The two sets of parameters do not differ significant1y. 

Plots of log a, versus lIT for the ab ove two materia1s 

show definite curvature in the same temperature range. Since 

the latter curves shou1d be 1inear for an Arrhenius temperature 

dependence, it can be conc1uded that the short-time shift factors 

in the system PNaA-g1ycerine are of W.L.F. type. 

With volatile p1asticizers, notab1y formamide and water, 

the accessible temperature range above T is sma1l because of g 

p1asticizer loss. Thus, the establishment of W.L.F. parameters 

from stress relaxation measurements is impossible in these p1asti-

cized systems. However, there is other evidence, to be presented 

short1y, to support the applicabi1ity of the W.L.F. equation to 

the primary relaxation process even in these cases. 

In a11 of the materials studied, the short-time shift 

factors, a" cou1d be drawn to fit an Arrhenius-type temperature 

dependence in the immediate region of T. Examp1es of this can g 

be seen in Fig. 17, in which log a, versus lIT is p10tted for the 

series PNaA-formamide. The fact that the shift factors fit wel1 

with an Arrhenius-type temperature dependence in the vicinity of 

Tg cannot be considered significant in estab1ishing the true 

temperature dependence, however, since the two forms of tempera

ture dependence are genera11y indistinguishab1e in this range. 

The W.L.F. equation can be used to predict the apparent 

activation energy at T , (~H )T; the relationship, which can be 
gag 

derived from Eq. 14, is given by 8 
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FIGURE 17 

Log ay versus lIT for PNaA-formamide. 

Forrnarnide percentages indicated. 
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(~H )T = 2.303 R (c 9/C 9) T 2 
a 9 1 2 g 

(16 ) 

A1though the constants c 9 and c 9 would not be established for 
1 2 

the formamide series, the proportionality between {~H)T and T 2 a 9 g 

can be demonstrated. From linear relationships of the type ob-

tained in Fig. 17, values of (~H)T were computed. For the 
a 9 

PNaA-formamide series, these values were found to increase mono-

tonically with decreasing plasticizer content (see Table III, 

page 135) and, as can be seen in Fig. 18, a linear relationship 

exists between (~H)T and T 2. a 9 g 

This linear relationship can be predicted from Eq. 16 if 

it is assumed that the ratio c 9/C 9 is constant in the range of 
1 2 

composition studied. The WoL.F. parameters are given formally 

bye 

C 9 = B/2.303 f 
1 g 

(17) 

where fg is the fractional free volume at Tg' a f is the free 

volume expansion coefficient and B ~ 1. Within a single plasti

cizer-polymer system, f is likely to be relatively constant and, g 

as can be seen from Table l, the variation in a f (~ a~ - a
g

) is 

small. Thus, it is r.easonable ~o assume that c 9/C 9 is either 
1 2 

constant or, at worst, a slowly varying function of the plasti-

cizer content. Therefore, it can be concluded that the W.L.F. 

equation applies to the formamide series as weIl. 

In view of the evidence to support the applicabi1ity of 

the W.L.F. equation to the primary relaxation process in PNaA, it 
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FIGURE 18 

(~H)T versus T 2 for PNaA-formamide. Formamide 
a 9 g 

percentages indicated. 
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is reasonable to attribute its mechanism to the same type of dif-

fusional process that characterizes the glass transition in most 

nonionic polymers. This assignment is also reasonable in view of 

the magnitude of the activation energy associated with the pri

mary mechanism. By extrapolating the linear relationship ob-

tained in Fig. 18 to the Tg of undiluted PNaA (Tg = 250°C, as 

reported by EisGnberg et al. 18
), (6H)T = 175 kcal is obtained. 

-- -- a 9 

This value is in general agreement with values which can be ob-

tained for a wide variety of thermorheologically simple polymers 

by the application of Eq. 16. 

The variation in (6H)T with the percentage of plasti
a 9 

cizer was studied only in the formamide system because of the 

narrow range of plasticizer contents employed in the other cases. 

Values of (6Ha )T
g 

in the PNaA-glycerine series, calculated from 

Eq. 16 and the WoLoF. parameters in Fig. 16, were found to be 

somewhat higher than those at the corresponding value of Tg in 

the formamide series. (6Ha )T
s 

for the primary mechanism in 

100Na-50H20, obtained from the Arrhenius plot in Fig. 19, is 

higher still. These values, as weIl as those contributing to 

Fig. 18, are presented below in Table III. 

It can be seen that the variation in apparent activation 

energy with the type of plasticizer (for similar values of % 

plasticizer) is in the order FA < GL < H20. This is the same 

order in which the rate of relaxation at constant % plasticizer 

increases (see Fig. 10). It is also the order in which the in-

tensity of the primary peak in tan 0 increases, as seen in Fig. Il. 
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FIGURE 19 

Log all log b i versus lIT for 100Na-SOH20. 
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TABLE III 

T (lm )T 
Composition g a 9 

( OC) (kcal) 

100Na-22FA 97 95 

100Na-29FA 71 83 

100Na-37FA 45 71 

100Na-43FA 15 61 

100Na-48FA 0 58 

100Na-52FA -15 55 

100Na-55GL -28 76 

100Na-66GL -34 79 

100Na-50H2,O -18 160 

00Na-23FA 1 96 

Incidenta11y, the primary transition in PAA-formamide (see 

Fig. 21 in Appendix B) is a1so described by the W.L.F. equation, 

as might be expected. The constants c 9 = 35 and c 9 = 127 were 
1 2 

obtained for 00Na-23FA from shift factors in the region (Tg + 10°) 

< T < (T + 70°). The breadth of the transition in the unionized g 

po1ymer is somewhat greater than that observed in non-hydrogen-

bonded po1ymers such as po1ystyrene. 4 It is impossible to make a 

direct comparison with the transition in undi1uted PAA, because of 

the dehydration and decarboxy1ation which occurs in PAA ab ove its 

Tg ;l however, the broadened transition may be mere1y a p1asticizer 
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effect, due ta induced local heterogeneities, as has even been 

observed in concentrated polystyrene solutions. 19 

Application of Eq. 16 to the above W.L.F. parameters 

yields the value (~H)T = 96 kcal. Since this value is essen-
a 9 

tially the sarne as that obtained for the ionized material at the 

sarne plasticizer content (see Table III), it is a further indica

tion that the primary mechanism in PNaA above T is essentially 
9 

nonionic in nature. 

4. Nature of Secondary Mechanism 

The activation energy associated with the secondary process 

can be calculated from the shi ft factors used in obtaining rnaster 

curves of the type shown in Figs. 13-15. The Arrhenius plot for 

the secondary mechanism in lOONa-50H20 is shown in Fig. 19. The 

activation energies obtained varied from 32 kcal for lOONa-50H20 

ta 17 kcal for bath lOONa-66GL and lOONa-48FA. The variations 

in these values with the percent plasticizer were not tested be-

cause of the insufficient nurnber of long-time runs and the 

tediousness of the method. It is difficult to specifically define 

the relaxation process involved in this polyrner, but it is qui te 

possible that it could correspond to the decomposition of an ion 

aggregate by the removal and subsequent migration of one ion 

pair. The amount of energy involved in this process would depend 

on the size and geometry of the aggregate and on a nurnber of 

other factors, including the solvating effect of the plasticizer. 

The observed values of activation energy, which lie between 17 
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and 32 kca1, seem reasonable for such a mechanism. 

Whatever its form, if the secondary relaxation process 

were due to the yielding of an ionic phase, its contribution to 

the comp1iance would correspond to a pure viscosity in the same 

fashion as bond interchange. 20 In this case, the approxima te 

re1ationship 

D(t) ~ tIn (18) 

should hold. It can be seen in Figs. 13-15, by comparison with 

the doub1y 10garithmic slopes of unit y, that this is a reasonable 

approximation. Thus, it can be concluded that the secondary 

mechanism is essentially viscous in nature. 

5. Correlation with Dynamic Mechanical Data 

The correlation of the sub-T shoulder observed in the 
g 

dynamic mechanical study with one of the relaxation processes ob-

served in the stress relaxation experimerits should be possible 

through an analysis of the activation energies of the two dynamic 

mechanical peaks. This would involve dynamic mechanical measure-

ments in a frequency range in which the peaks wou1d be separated. 

Assuming that the sub-Tg transition is of lower activation energy 

th an the primary transition, as might be expected, the separation 

of the peaks would require lower frequencies than those avai1able 

on a torsion pendu1um. 

One method of investigating dynamic mechanical behaviour 

at low frequencies is by the conversion of stress relaxation data 
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to a dynamic mechanical function. This was done for sorne members 

of the PNaA-formamide series. The static creep compliance, D{t), 

which had been obtained from stress relaxation data in the manner 

described above (page 121), was converted to dynamic compliance 

by the method of Schwarzl and Struik,21 assuming a semi-logarith

mic approximation of third order for D(t). This computational 

procedure is included in the program described in Appendix D. 

Although the conversion to dynamic compliance is highly 

sensitive to experimental errors and is inherently subject to 

large uncertainties because of truncation errors, it was neverthe-

less possible to qualitatively reproduce the pattern in tan ô 

that can be obtained f~om direct mechanical measurements using a 

torsion pendulum. This can be seen in Fig. 20, for 100Na-43FA, in 

which two peaks in tan ô in the vicinity of Tare seen. Calcu-
9 

lations of the activation energy for the sub-Tg in the PNaA-

formamide series are tabulated below; the values obtained are 

quite scattered, and the variation in them is likely indicative of 

the magnitude of the error involved. 

TABLE IV 

Composition (~H )T a 9 (~Ha)sub-Tg 

10ONa-22FA 95 77 

lOONa-29FA 83 55 

lOONa-37FA 71 26 

lOONa-43FA 61 57 
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FIGURE 20 

Computed tan ô versus T (OC) for 100Na-43FA 

at three frequencies: 6 - 0.1 Hz, 0 - 0.10 Hz, 

o - 0.001 Hz. Tg is indicated. 
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Since the range of values of (~H ) ub T is close to 
a s - 9 

values observed for the primary process in the same series, this 

mechanism could be expected to be competitive in stress relaxa-

tion. Thus, it is possible that the pseudo-Arrhenius region ob-

served in the vicinity of T is in fact the result of two com-
9 

petitive relaxation mechanisms. This possibility would not 

necessarily negate the applicability of the W.L.F. equation to 

the primary process. It is even possible that both processes are 

describable in terms of the W.L.F. equation, as has been suggest

ed in some phase-separated polymers. 22 

It was not possible, by the technique described above, to 

reproduce the pattern observed in PNaA-glycerine or PNaA-water. 

This may be due to the fact that the intensity of the sub-T 
9 

peak in these two cases is too small in relation to the intensity 

of the primary transition. 

E. Conclusions 

This chapter has provided a survey of the viscoelastic 

properties of highly concentrated solutions of poly(sodium acry-

late). Stress relaxation measurements taken as a function of the 

type and amount of plasticizer and the degree of neutralization 

have shown several major trends. First of aIl, there is a re-

markable broadening in the glass transition as the ion content 

increases from 0 to 100%~in addition, there is a marked rise in 

the glassy modulus (by a factor of about 3) and in the glass 
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transition temperature, as observed by other workerse Secondly, 
the breadth of the transition in the fully neutralized polymer 
decreases as the plasticizer content increases. Finally, the 
breadth of the transition, but not the glassy modulus, varies 
considerably with the type of plasticizer. 

Dynamic mechanical measurements indicate the existence of 
a broad shoulder in the loss tangent in the region below T • 

9 
Structural investigations, by amorphous X-ray scattering, indi-
cate a phase-separated structure consistent with the prediction 
that ions aggregate in organic polymers. The variation in the 
glassy structure of the fully neutralized polyrner with the type 
and amount of plasticizer is srnall, as could be expected from the 
modulus-temperature behaviour. 

The time dependence of the structure was investigated by 
analyzing the stress relaxation data in terms of a two-mechanism 
response. From this analysis, two master curves were obtained, 
one corresponding to the short-time relaxations and one 
corresponding to the deviations at long times. The latter 
mechanism was found to be essentially a pure viscosity, and was 
assumed to be ionic in naturee The former mechanism was found, 
by direct and indirect evidence, to be describable in terms of 
nonionic, free-volume the ory (the W.L.F. equation) and was 
therefore assumed to be of the same diffusional nature as the 
primary mechanism in normal linear polymers. 
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A correlation between the stress relaxation behaviour and 

the dynamic mechanica1 results was provided by the conversion of 

static modulus to dynamic compliance. The pattern in the 10ss 

tangent curves obtained experimentally was qualitatively repro-

duced by the conversion procedure. From this ana1ysis, it was 

suggested that a third, competitive mechanism is involved in the 

stress relaxation behaviour of poly(sodium acrylate) below T • 
g 
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APPENDIX A 

Preparation of PAA 

The PAA samples used in this study were prepared in part 

by Dr. T. Yokoyama (and reported in ref. 1 of this chapter) and 

in part by Mr. Karl Taylor, using a similar method. Since the 

latter work is unpublished, and is of relevance to this thesis, 

it is included here. 

The PAA was prepared by the polymerization of acrylic 

acid intoluene with benzoyl peroxide (BZ202) initiator. The 
acrylic acid used in the preparation was obtained from Anachemia 

Chemicals and purified by vacuum distillation. The polymeriza
tions were carried out in a well-stirred reaction kettle at 

ca. 50°C. A solution of BZ202 in 50 ml toluene was added drop
wise to a solution of 140 ml acrylic acid and 1050 ml toluene. 

The weight of BZ202 added varied from 0.02 g to 0.85 g. AlI of 
the chemicals used in the preparation were of reagent grade. 

The reactions were allowed to continue until about 70% 
complete. The polymer precipitate was then collected and dried 

ta constant weight at 80°C, under vacuum. The molecular weights 
of the PAA samples were determined by viscametry in dioxane solu
tion at 30°C, using the relationship 23 

[n] = 8.5 x 10- 4 M 0.50 
V 

(Al) 

The values of Mv obtained are reported in Table V , below, along 

with the initiator/monomer ratios used in the synthesis. It is 
apparent that aIl of the polymers are polydisperse. 

Also tabulated below are the intrinsic viscosity determi

nations of PAA in the acidic and basic media described in Chapter 
II (page 31) and used to establish the relationships reported 

there. The accuracy of the relationships should not be taken 
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too serious1y, since on1y a relative effect was desired. 

TABLE V 

initiator 
[nldioxane 

M" 
[nl acidic [nlbasic mon omer (x10- s ) 

0.04% 0.60 5.1 1.14 1.10 

0.06% 0.58 4.7 1.14 1. 07 

0.18% 0.46 2.9 - -
0.15% 0.41 2.3 0.75 0.72 

0.06% 0.32 1.4 0.62 0.61 

1.2% 0.28 1.1 0051 0.52 

In the titration of PAA with aqueous NaOH, the pheno1-

phtha1ein end-point was taken to indicate complete neutra1ization. 

A study of the potentiometric titration of PAA by various a1ka1i 

meta1 and quaternary ammonium bases has been made.2~ This study 

showed that titration of PAA with a1ka1i meta1 bases resu1ts in a 

fair1y sharp end-point in the vicinity of pH = 9-100 The varia

tion in pH with the degree of neutra1ization indicates that over 

the usua1 transition range for pheno1phtha1ein (pH = 8-10), the 
inherent titration error is about 1-2%; this error, which is of a 

systematic nature, is ref1ected in the uncertainty in the samp1e 
composition. 



APPENDIX B 

Additiona1 Pseudo-master Curves 

Pseudo-master curves for the materia1s 1isted in Table l, 

but not specifica11y referred to in the text,are i11ustrated here. 

From the data contained in these figures, the modu1us-temperature 

curves, shown in Figs. 6-10, were prepared. The shift factors 

were obtained by the method described in Appendix C. In a few 

cases, where no over1ap was found, but where the 1ack of over1ap 
was not too great, shift factors were computed by extrapolation. 

For two materia1s, 100Na-54H20 and 100Na-58H20, the 1ack of over-

1ap was too severe to permit the determination of shift factors 

even by extrapolation. For these materia1s, on1y modu1us-temper

ature curves are reported. However, the original stress relaxa

tion data are inc1uded in the Tables of Supporting Data. 

Each of the f01lowing figures shows reduced modu1us versus 

time (every fourth point indicated, temperatures in OC) and the 

pseudo-master curve of reduced modu1us versus reduced time. AlI 

reductions are with reference to Tg' except in Figs. 31 and 32, 

where Tg was out of range. In the latter cases, the reference 
curve is the one at the lowest temperature. The order of presen

tation is summarized in Table VI, on the fo11owing page. 

The major errors contributing to the modu1us determinations 

from Eq. 1 can be summarized as fo11ows: 

(i) Systematic error in the determination of b -- 10-20%. 

This error is constant throughout any one mode of deformation 
and is 1argely irre1evant, since it does not affect the shape 
of a S.R. curve. 

(ii) Random error in the measurement of deformation -

±0.0002 cm, typica11y 1-2%. This error is ref1ected in the 

determination of the shift factor. 
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(iii) Random error in the measurement of force -- ±1 g. 

This error is on1y significant at long times, when it can be 

as high as 10%. It does not affect the ca1cu1ation of shift 

factors, which depend on1y on short-time readings, but it 

strong1y influences the subtractive procedure used to deter

mine the secondary master curves, where relative errors are 
as high as 20%. 

TABLE VI 

Composition Fig.No. Page 
Figure Data 

00Na-23FA 21 149 186 

10Na-26FA 22 149 187 

22Na-23FA 23 150 188 

39Na-25FA 24 150 189 

67Na-27FA 25 151 190 

100Na-22FA 26 151 191 

100Na-29FA 27 152 193 

100Na-37FA 28 152 195 

100Na-43FA 29 153 196 

100Na-52FA 30 153 197 

100Na-67FA 31 154 198 

100Na-72FA 32 154 199 

100Na-54EG 33 155 200 

100Na-54GL 34 155 201 

100Na-54H20 -- - 202 

100Na-58H20 -- - 203 
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APPENDIX C 

program for the Calculation of Shift Factors 

The following program is designed to compute the shift 
factors for a series of stress relaxation runs at successively 

increasing temperatures. It requires a discrete set of force 
versus time data at each temperature, plus a number of 
parameters including T (or any convenient reference temperature); g 
ag and a~ (these need only he estimates); cf' Âh' and h, as de-
fined in Eqs. 1-4, pages 97-98. The arrangement of the data 
cards is self-explanatory. A sample output is included. 

program "MASCURVE" 
C SHIFT FACTORS FROM FORCE VS TIME VS TEMPERATURE 

nlMENSION F(60),E(60),EPR(60',T{60),WT(60),FLOG(60) 
nIMENSInN CUMA(50),DEG(50),WORO(20) 

C ~IMFNSION(20) ALLOWS FOR ALPHAM~RIC LABEL OF 80 CHARACTERS 
C OIMENSION(50) ALLOWS FOR MAXIMUM 50 RUNS 
C D[M~NSION(60) ALLOWS FOR MAXIMUM 60 POINTS PFR RUN 

READ( 5,89)\1IT 
C 3 CARDS: WFIGHTING FACTORS IN DETERMINING OVERLAP 
C IF COMPLFTE OVERLAP EXPFCTED, WT(I)=l.O 

READ(5,92)NTIME 
C 1 CA~D: NO. OF TIME SETS 

D~ 1001 KLM=l,NTIME 
REAO(5,90)T 

C 4 CARDS: SET OF nISCRETF TIMES AT WHICH FORCE VALUES ARE RêAD 
C T 15 NORMALLV CONSTANT FOR ONE SAMPLE 

REAO(S,9?)NCURV 
C 1 CARO: Nn. OF CURVES PEP TIMF. SET 

D~ 1001 JKL=l,NCURV 
RF.AO( 5,86)WfJI.~D 

C 1 CARO: ALPHAMFRIC LABEL, MAX .. 80 CHARACTERS 
WRITI=(6,37)WORO 
f<E AD ( 5,92) L, C ORI~ 

C 1 CARO: L=O; CORR IS INSTRUMENTAL COMPLIANCE IN CM/G 
HEAD(S,91)NN p NSUM,ALPHAG,ALPHAL,TG 

C 1 CARO: NN IS NO .. OF SHAPE FACTORS; NSUM IS TOTAL NU .. OF RUNS; 
C ~LPHAG AND ALPHAL ARE EXP. COEFF o nELOW AND A10VE TG; 
C FXPo CUEFFSo NFEO ONLV BF. ESTIMATES 
C ALL TEMPERATURES IN DEGo K 

CIJMI\ ( 1) =00 

K=O 
"'1PR=l 
E;3R(MPR)=lO**14 

C A VALU~ HIGHER THAN ALL POSSIBLF MOOULI 



DO 1000 IJK=l,NN 
RF-AD(5,92)N,CONST 
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C 1 CARO N IS NO. OF RUNS FOR GiVEN SHAPE FACTOR; 
C CONST IS SHAPE FACTOR IN C.G.S. UNITS 

')() 100 1 = 1 , N 
K=K+ 1 
REAO(5,92)M,DEL,TE~P 

C 1 CARO: M IS NO. OF POINTS IN RUN, rNCLUDfNG 8LANKS; 
C DEL IS DEFORMATION IN CM; TEMP 15 IN OEG. K 

I~E AD ( 5 9 89 ) ( FeL) 9 L = 1 9 M ) 
C UP TO 3 CARDS: FORCE READINGS; IF NO READING TAKEN, LEAVE BLANK 

DEGCK)=TEMP 
ALG=O. 
W5UM=0. 
ALPHA=ALPHAG 
IFCTEMP-TG)61,61,62 

~2 ALPHA=ALPHAL 
61 C=CONST*TG/TEMP*{l.+3.*ALPHA*(TEMP-TG» 

DO 1 Q 1 J= l , M 
ECJ)=C*F(J)/(OEL-CORR*FeJ» 
IF(ECJ).GT.l.0) ELOG(J)=ALOGI0(F{J') 
IF(WT(J).EO.O.) GO TO lOI 
1 F ( E e J ) -EPR ( MPR , ) 101 , 1 l ,1 1 

Il IFeJ.GT.MPR)GO Tn 101 
DO 4 LL=J,MPR 
IF(EPR(LL)oEQ.O.'GO TO 4 
GO TO 1 

4 CrJNTINUF. 
IFCEPR(LL)-EeJ"101 g 2,2 

:? 00 '5 L=LL,MPR 
LLL=L-i 
IFCEPR(L'.EQ.O.'GO Ta 5 
IF(~PR(L'-E(J»12,12,5 

12 IFCF.PRCLLL»10I,13,3 
1:3 LLL =LLL-i 

GO Ta 12 
3 ALG=ALG+WTCJ)*eALOGIOCTCJ»-ALOGIO(T{LLL»-ALOGIO(EPR(LLL)/E(J»/ 

lALOGIO(FPRCLLL)/EPR(L)'*ALOGlO(T(L)/T(LLL») 
W5lJM= W5lJM+WT ( J, 
GO Tf) 101 

~ C<lNTINUE 
101 C:ONTINIJE 

IF(K.EO.Il GO TO 800 
IF(WSUM)8,8,9 

8 WSUM=l. 
q ALG=ALG/WSUVI 

CUMA(K}=ALG+CUMA(K-l) 
~OO CUNTINlJF 

WQ[TE(6,93)K,TEMP,ALG,CUMA(K) 
C RUN 1\10 .. ; TFMP.; LOG SHIFT; CUMULATIVE SHIFT 

WRITE(6,95)(ELOG(J),T(J),J=1,M) 
C ~AIRS OF VALUES OF LOG E ANO TIME 

Mf-'R=M 
r)'J 1 0 a J= l , M 
FLOG(J)=O.O 

100 FPR(J)=E(J) 
1000 CONTINUF. 



C 

f)1] 102 1= 1, K 
IF(DEG( I)-TG)102,6,7 

6 f)Q 103 J=l,K 
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103 CUMA(J)=CUMA(J)-CUMA(I) 
GO TO 105 

7 ARFF=CUMA(I)+(CUMA(I-l)-CUMA(!)}*(DEG(I)-TG)/(OEG(I)-OEG( 1-1» 
DO 104 J= l, K 

104 CUMA(J)=CUMA(J)-AREF 
GO T') 105 

102 CONTINUE 

105 

WRITE(6,a8) 
GO TO 1001 
W~ITE(6,96)(CUMA(L),DEG(L),L=1,K) 

1001 
PAIRS OF VAL~FS OF LOG SHIFT AND TEMP. RELe Ta TG 
CONT 1 NUE 

1=\6 FORMA T( 20A4' 
87 FI.) RM A. T ( , l ' t 20 A4 ) 
A8 FURMAT('O TG OUT OF RANGE') 
89 FI1RMA T( 20F4.1 ) 
90 FORMAT(16F5.0) 
91 
9? 
9~ 

95 
96 

FOR~AT(2I2,2E7.3,F4.1 ) 
FURMATtI2,E7.3,F4.1' 
F~RMAT('ORUN',13tFI=\.1,G DEG.K',2FI0.3) 
FORMAT(GOa,8(F9.3,F7.0») 
FORMAT('O',16FRo3) 
STUP 
END 

Sample Output 

IO.l~A-'I"F fi 

HlIN :'10. , o .. ti.1i( 0.0 0.0 

0.0 3. I:) • .,?;; ~. 1\1.014 la. 10 .... 00 1'>. 
la .!,t)~ nO. 11l.,.,t\ dO. 10.~-;:! 100. IO.S4lJ 1,'0. 
10.!>1!- .10J. 10.'>07 400. lll.4Q·) ~\)O. 10.4'12 ~OO. 

I:J. '1 'j(' 17l11. 1\').4"4 ?IlClO. 10.IIJ7 ;>!iOO. 10 •• .!') JOOO. 
10.31. IDDJ,l. 

RUN 2 ; 14.J OE t';. te. -0.-1"07 -0.~'>1 

'.0 1. tt'.'b~ ;,. 1.1.0;5. 10. 1 O.54.~ 15. 
10.51l3 bO. 10.4 l'5 OC'. 10.'I~R 100. 10.483 I~O. 

lil.4';7 J\'J. 10.447 ~OCo 10.417 500. 10.432 bOO. 
10.3"2 1 70".1. 10.~"? 2000. 10.312 ?SOO. 10.11>2 JOOO. 
10. J->. 10>100. 10.2'1. Izaoo. 

RUN .:3 :!19.4 C'rG.1( -O. J1i' -1.328 

10.5 .. 1 3. Ill. 54' ". 10.531 1 O. 10.519 15. 
10.481 bO. 1->.4';8 BO. 10 •• 66 100. 10.41>1 1,>0. 
10.438 3ll0. 10.42<1 ~OC. 10 •• ?1 500. 10.414 60'0. 
10.ol12 170J. 10,J,",5 2001l. 10.355 2500. 10.347 3000. 
10.278 10000. 

~..-lllti 0 DfG K -) 1'l7? -50.5.l2. 

10.Z21 J. 1 Ool"~ t... 10.11>6 10. 10.146 1"0. 
10.067 (,0. 10.053 t'o. 10.0'11 100. 10.0?7 120. 

9.""0 .'110. '1 • .111 400. ~.QI~ '':;00. '1.QOO bOl) • 

9.195 1700. Q.776 :''l00. C).75,\ 20;00. Q.131 3000. 

0.646 ë 10. 300 -0.31 1 21<1.300 -O."R~ 279.400 -t.ORR 263.'.>00 

-II. fi <If. 30~.000 

1 o.~ 15 
10.'>JO 
10.462 
10.19Q 

10.51:! 
10 •• 69 
10 •• 0(, 
10.328 

10.49~ 
10.4.7 
10.3B6 
10.307 

10.096 
9.994 
9.'132 ---

-3.QJQ 

'Ill. 1.) .1.)' 'l 
;>00. 10.',.' 1 

l..?OO .. lU.4'.lh 
'f.;)OO. 1". iC'h 

4->. 1 11 • .> 1 ~) 
&!OO. 10.41>1 

1200. le.401 
6000. 10.J13 

'10. lO.4U f ") 

200. 10 •• 43 
1200. IC.370 
6000. 10.2'n 

40. 10. Of!' 
i"OO. 9.<:)77 

1200. 9.1:517 

291.QOO -4.3~q 

'-,o. 
.'~C"". 

1 ~Ih) • 

f'\JOve 

.."ll'_ 

c!~O. 

140"> • 
ROOO. 

~O. 

2'>0. 
1400. 
BOOO. 

50. 
250. 

1400. 

30?'I?OO 



APPENDIX D 

program for the Conversion of Static Modulus 

to Dynamic Compliance 

The fortran program listed below performs the fOllowing 

operations: 

{il Calculation of reduced modulus versus reduced 

timee This is done by using the raw stress relaxation 

data used in the previous program, along with the shift 

factors and an additional parameter representing the 

number of points of overlap with the upper envelope for 

each run, to calculate Er versus tro 

(ii) Computation, by simple interpolation, of values 

of Er for each run at even logarithmic intervals of tr 

(specifically, at intervals of 0.2 log units). 

(iii) Computation and sorting of values of Er on the 

upper envelope of modulus at even logarithmic intervals 

of tro 

(iv) Conversion of the upper envelope of modulus to 

a lower envelope of compliance by the method of Hopkins 

and Hamming,17 which is based on the approximation of 

convolution integrals. The initial value of D(t) is ob

tained from Eqo 130 An initial fluctuation in D{t) re

sults from the inaccuracy of the initialization, but the 

function converges rapidlyo 

(v) Conversion of the individual curves of modulus to 

compliance. The values of D(t) from the lower envelope 

up to the point of deviation in any one run are used to 

initialize the conversion of the subsequent long-time de

viations. In this way, the initial fluctuations in com

pliance for any one run (except the first) are avoidedo 

! . 
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(vi) Calculation of the values of subtracted com

pliance, as illustrated in Fig. 12, since values on the 

lower envelope and corresponding values of the devia

tions are obtained for the same discrete times. 

(vii) Conversion of the values of D(t) in any one 
run to dynamic compliance, D' (w) and D"(w), by the 

method of Schwarzl and Struik. 21 The approximation 

D (t) = Co + Cl (ln t) + c 2 (ln t) 2 + c 3 (ln t) 3 

is made. The subroutine CURVFT is used to obtain the 

best-fitting set of constants to the above relationship. 
The values of D', D" and tan ô = Dn/D' are evaluated at 

different values of w according to the following rela
tionships 

D' (w) 

DII(W} 

dD(t) = D(t) - 0.5772 d(ln t) 

d2D(t) d 3 D(t) 
- 0.2447 d(ln t)2 - 0.1954 d(ln t}3 

= !. (dD(t) _ 0.5772 d
2
D(t) 

2 d(ln t}2 d(ln t)2 

+ 0.5778 d
3
D(t) ) 

d(ln t) 3 

program "CONVETOD" 

c :ONV=RsTnN F~OM ~ TO D 
C ~AT_ CARDS ~5 IN MASCUQVF UNLFSS SPECIFIED 

(Dl) 

(D2) 

~t~eNSlaN T(i501,G<i50),Z(150),F(150),Q(150l,R(150),TE( 150),0(150) 
OIM~NSTn~ X(150),Y(i50),P(400"S(400),U(SO',Vf50) 
DYMENSION wnRDC20l,TIME(60),M(SO>,MS(;O),MJ(50),A(50) 
,)IM=NSION WT(30) ,CaF(4-) ,XF( 1 ),VF(l )vC\4PL(30l,TLOG(30) 
~IMfNStON TJ(Rl,CMPL1(8),CMPL2(8),TANDFL{8),FREO(8) 
ENAT = t? 0 302 5 A:=i 
ot=.30141SQ 
r)r) li"=>4 J=l,JO 

664 WT(J)=lo0 
C WF'IGHTING FA~TOQ IN SUARnOTINF CUl~VFT 

REAr'l( 5,Q8lNFREQ 
C 1 CA~D: NOo OF SETS OF FRFOUENCV 



~n ?9q J~LM=l.NFRFO 
REAr>( 5,90' FREQ 
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C 1 CA~O: SET OF Di5CRFTE FREQUENCIFS 
1)0 665 J=t,'\ 

665 TJ(Jl=-ALOG(FRFQ(J) 
REAO(5tA~'NCJRV 

DO 2~Q TJKL=l,NCUPV 
~I=An(5,85)WO~1) 

W~ ITE (6,81 lWDRI) 
REAr> (5,92' L, r:ORR 
REAO(S,QO)TI'-1F. 
READ(~,Ql)NN,NSU~,ALPHAG,ALPHAL,TG 

REA~(S,9J)(A(LL),LL=1,NSUMl 

(' 1 OR MORE CA~OS: SHIFT FACTORS 
REAO(5,AB)(~S(LL',LL=1,NSUM) 

C 1 CARO OR Mn~E: NO. OF POINTS PF~ RUN O~ ENVELOP~ 

1=0 
1)(1)=A(11 
1)(') 101 tJK=I,NN 
REAO(S,92)N,CONST 
')0 101 JKL=t ,N 
K=O 
L=l.+1 
RI=AD(5,92)M(L,,~EL,T~MP 

ALP~A=ALPHAG 

IF(TEMP-TGl13,13,74 
14 ALPHA=ALPHAG 
13 C=CJ~ST*TG/T~MP*(10+30*ALPHA*(TEMP-TG» 

MM=M(L) 
READ(S,89)(F(LL),LL=1,MM) 
110 100 J=l,M'4 
~(J)=C$F(Jl/(DEL-CORR*F(Jl) 

IF(F(J»7t,7t,12 
71\1l(L)=M(L)-l 

GO TO tOO 
72 K=K+l 

X(K)=ALOGI0(TiMF(J)'-A(L) 
V(K)=ALOGiO(F(J») 

100 Cr:JNTiNUF 
MM=M(L) 

WRiTF.(69~'5lL 

'.'/R n r:: ( 6 v 96) ( )( ( Ll. » Il V (LL ) Il LL= 1 ~ MVI ) 

J=O ~,...------------------------_ ... _---
Xl=AINT(X(l,*So)/50 
MMS=fIIIS(L) 
~?=AINT(X(MM~)*50)/50 

VlS(L) =( X?-)(l )*50+001 
IF()« 1) )22,23,23 

2<' )(1=Xl-002 
,F(X(MM~»)2~,~3924 

24 M5(U=MS(LH-t 
23 {OR=I+t 
c:;o )(1=Xl,,"002 
51 J=J+l 

IF(J-MM1!:'4,54"c:;c:; 
C:;4 IF()(,( J)-Xl )C:;1 ,52"c:;"l 

(i) 

(ii) 



52 t =1+1 
P(Il=Xl 
S(I)=V(J) 
GI) TI) 50 

5~ 1=1+1 
O(Il=Xt 
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S(I)=(V(J-Jl-V(J»*(X'J)-Xl)/(X(J)-X(J-l»+VIJ) 

GO TO 50 
5~ I>Jl(LJ=I-IPR+l 

'IIqlTEU;,A4) 

'II~lTE(6,q6)(P(LL),S(LL),LL=(PP,I) 

101 :::ONTINlJE 4-.------------_______ --' 
I>JlS(NSU~l=M(NSUM) 

MSUM=T 
IPP=1 
X(l}=P(l) 
Tt 1 ):10.~*X{ 1) 

NX=5.*(P(M5U~)-P(1»+t.l 

1)0 55 [=?,NX 
XC 1)=X( 1-1 )+0.2 

56 T(I)=tO.**X{J, 
MJ{I)=t 
'<K=MS(l) 
Dr) 57 J=l,KK 
V(Jl=S(J) 

57 Z(J)=10.**V{J) 
Jl='Yl(l}+l 
)0 200 L=2,NSUM 
J2=Jl+MS(Ll-t 
f)l)=(P(Jl)-X(KK)l*So 

IF(~DoLT.-O.l) on=Of)-O.l 

JX=I")D+O o 05 
IF(MS(L>+JX-114R,4Q,4C) 

4A JX=l-MS(L) 
49 MJ(l)=JX 

JXl=IABS(JX-ll 
TF(J)(-t)58 9 5:},60 

"'i8 1)0 53 J=1 9 J)(1 

V(KK-JX1+J'=(V(KK-JX1+J)+S(Jl+J-l')/?o 

~3 ZeKK-JXl+J)=10o**V(KK-JX1+J) 

JF(JXloEQ.~S(L») GO TD 200 

J3=J 1 + JXl 
f)!1 64 J=J3,J2 
I(K=KK+l 
Y(K,K'=S(J) 

64 7(KK)=10o**V(KK) 
~O Tr:l 200 

60 DO 02 J=I,J)(1 

V(K<+J'=(V(K()*(JX-J)+S(Jll*J)/FLOAT(JX) 

62 7(KK+Jl=10o**V(KK+J' 
KK=I(I(+JX1 

c:;q DO 61 J=Jl,J2 
KI<=I(K+l 
V(KK}=S(J) 

61 Z(KK)=10o**V(KK) 
200 Jl=Jl+rJl(L) 

(iii) 
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WqITF.(6,q~) ~ 
WRITE(6,QB}(X(LL),Y(LL),LL=I,NX) 
W~ITE(6,q4)(MCLL),MS(LL),MJ(LL),LL=t,NSJM) ~ 

no 4 I=l,NX ~<~----------------------------------~------~ 
4 G(Y)=Z(I)/Z(1) 

F(l}=TCt, 
DO 5 1=2,NX 
xc I-t )=X( 1-1 >+0.1 
OO=(Y(I-l)-Y(I»/0.2 
~CI-t)=S~RT(1./Z(I)"ZCI-l')*~IN(3.14t59*~O}/3.1415q/DD 

5 F(I)=FCl-l)+(G(I-l)+G(I»*CT(I)-T(I-l})/2o 
C=D(l) 
~(1)=1. 

U(N5UM)=A(NSJM) 
'1SUMt=NSUM+l 
"4(N5UMl )=0 
MJ(\lSU .... l)=l 
'JO 5q Ll=1,N5UMl 
~=N5~'MI-U +1 
IFCL..EO.NSU .... l' JI =2 
no 1'3 I=Jt,NX 
11=1-1 
no 8 J= l ,1 t 
TE(J)=T( I)-T( J' 
LO=O 
~" 8 K=?,I 
IF(LOlI0,tO,8 

10 IF(TE(J'-T(K)'9,21,8 
q LO=l 
G~=G(K-t'+(T~{J'-T(K-l»*(G(K)-G(K-l»"(T«)-T(K-I» 

TE(Jl=F(K-l)+(G(K-l)+GX)*CTE(J}-T(~-1»'2. 
GO Ta q 

21 TE(J)=F(l(' 
LO=l 

~ CrJNTINUE 
TF(I-2)t3,13,l:? 

12 ~(I1)=Oo 
T?=1-2 
D') 14 J=1,t? 

14 P(Tll=~(It)+a(J)*(TF(J)-TFCJ+l» 

Cl ( il) = ( T ( i ) - =< ( t 1 ) » l'TF. ( 1 1 ) 

t~ CONTIN"!:: 
f'IIX1=f'IIX-t 
1~(L.-N5u~t)67969,29q 

69 na 70 J=l"NXl 
70 Y(J)-=QCJ)*C 

Y(2)=Y(2"2o 
IfIQITE(I),B2) 
WR T TE ( 6, 9q l ( X ( L L , , Y( LL , ,D (LL ) "L L= 1 9 NX t ) 

C LOG TI~E; D(T), 2NO AND 15T APppnx. 
GLJ T" 65 

67 Jt=Jl-t ~,--------------------------------------------~ 
VlSUIJI=M5UIJI-M(L) 
KK=O 
1~(~oFQ.l) ~SUM=MSUM+l 

(iv) 



C 

1')0 ",5 J=JI,NXI 
NlSUM=MC;UM+l 
KK=KK+I 
O(MSUM)=X(J}+A(L) 
TlME(KK)=X(J) 
!:;(MSUM)=QeJ'*c 

6f.. Y(KK)=S(MSUM) 
IF(LoF-Q.l) Y(2)=Y(2)/2. 
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\,JQITE(6,81 )L 

WRJTE(6,97)(rIM~(LL),Y(LL),LL=1,KK) 

f)O 127 J=l,KI<. 
127 TIME( J)=TIMEC J)+A(L) ""(~-----------------_! 

JJ1=JI-5 ~-----------------------------------------~ 
IF(JJI.LT.3) JJl=3 
KKK=O 
DO 655 J=JJ1,NXt 
I(I<K=KKI<+1 
CMPL(KKK)=Q(J)*C 

666 TLOG(KKK)=ENAT*<X(J,+A(L») 
CALL CIJRVFT(TLOG,CMPL,WT,KKK,1,3,COF,NCOF,-1,O,XF,Yf=' 
WRTTE(6,79)NCOF,CCOFeJ),J=t,NCOF) 

(v) 

on f,6A J=l, 8 

D~LO=COF(1)+COF(2)*TJCJ)+COF(3)*TJ(J)*TJ(J)+cnF(4'*TJeJ'*TJ(J'* 

668 

65 

ITJ(J} 
DEL1=COF(2)+2.*COF(3'*TJ(J'+3.*COFe4)*TJCJ'*TJ(J) 
Df"L3=6.*COF(4) 
l')EL2=DFL3*TJ(J)+2&*COF(~) 

:~PLleJ)=DELO-o5772*DFLl-.2447*nEL2-.1954*~EL3 

CMPL2(J)=(DELl-.5772*DEL2+.S77S*OEL3)*PI/2. 
CMPLl(J)=ALOGIO(CMPL'(J» 
CMPL2(J)=ALOGIO(CMPL2(J» 
TAN)~L{J'=CMPL2(J)-CMPL1(J) 

WR IT F ( 6 , ~ 0) ( rREQ ( J » ,r. MPl.l (J , ,CM PL 2 ( J ) t TA \1 OE L ( J ) , J= l ,~l 
FRFOUENCY IN HZ; JD,JOI,lnss TANGFNT IN ~OG UNITS 
IF(LoFQ.l) G~ TO 2qq 
Jl=\lX+~-~(L'-MJ(L)-MS(L-l ) 
Nl(=Jl-1+M(L-i) 
MSUM=MSU~-M(L)-M(L-i) 

1 F (_ 0 Fa 02) JI =2 
IF(LoEQo2l MSU~=I 

')n 58 J=Jl,NX 
"'S\J~=MSUVl-o-l 

Z(J)=10G~*S(~SUM' 

G( J)=Z( J'/Z( 1) 

6A ~(J)=F(J-t )~(G(J-l)+r.(J»*(T(J)-T(J-I)/2o 
299 CONTiNUE 

(vii) 

7R ~ORM~T(eO~C~F =o,i?,' CO =o,EI205vo Cl :o,F1205,' C2 =o,Ft2o~, 
l 'C3 =' ,FI2 .. 5) 

8 0 C t) R ~ A T ( a 0 \1 ,3 ( E 1 2 • ~ ,fi HZ', 3F 8 0 .3) » 
~t F'ORIIIAT(OO =l~\I °,12,0 COMPLIANC::: vs TIVI!:") 
A2 ~np~AT(OO LJWER ENVELOPF OF COMPLIANCF VS TIMF', 
A3 ~nRIIIAT(OO U~PER ENVELOPE OF MnOULU5 VS Tilll~O) 

A4 ~flP~"'T(OO 

A5 FnRIII~T(ao RU~ ',12,0 
A6 COP,*" A. T( 20A4) 
87 ~OPMAT(OiQ,20A4) 

- INTFPpnLATED VALUESO) 
MODWUS VS TJ~E - EX~FPIMFNTAL VALUF~') 



f\P, =rlP~~T(40'?1 

R9 FonMAT(20F4.11 

qO COP~AT(16F5.0) 

ql FOR~AT(?T2,2E703,F4.1 

9? ~OP~~T(I?,E7.3,F4ot) 

9~ =~R~~T(t3F603) 

94 FOP~AT('0',lt(t5,2T~1) 

96 FOPVlAT( '0', 16(F8.3') 
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97 r-~RMAT('O',7(F6.1,~12.4') 

gR ~aR~AT('O.,q(F6019F8.3)) 

9C) ~r)PMI\T(·O·,4(F6.1 ,EI2.4,F:1t .l» 

STO~ 

F"ID 

Samp1e Output 

1.\·~·IA-4 1~ A 

- .n·:' 11.~'t' --l.'I;- 11."''' -" •. "" ll.n,. ··".'~(14 '1.'()1 

-, •• ," 1.'.')"" - ........ , ,n.'»'1: -"."" li".C')I~('t --4.I."ll ".'." 

_'.('°1 1(1." -. -1 •• " "'.'1,", -1."" 11"'.r".f, -l.ll\. I·'.'J·,~ 

"~."'\'; ,p ..... , _"t., .. , 10.'17"'1 _~.,.ll) ,~, .... ~c;;. -1'.'.1' ,l'''.''l'~ 

-· .... ("l'i' Il •. ''0''1· -4.-4'1" Il.01·) -4 ..... n l) ,11.(\11 -1\.400 Il.''''4 

-"."lll 10."'"'' -"1.""'0 10.",:\1 -".000 1~.'.t.aO _?n(\:) 1('\.""'" 

_~.f"·.'\1 

-:'te "C;S 
lf).·..,~fo -"1I.1e;5 

l!t.:).'''' _ .... "'·U~ 

10."":" -~.I''1 

10."''''' -1.~lO 

10.01:') -'.C;:t-. tn.C1"':' -1."\'\7 

10.Cl~~ -?~'l" t~.O?~ -?~1\ 

IO.AQ1 -~.('Iq(~ tO.ftCl5 -:!.("I?q 

tO.q~q -,.~" IO.~~4 -'.~~4 

t O.:U';;' 

10.71 A 

-?.' ~ '" 
1 C'.I.\ l~ 

-,. ""~, , O. ql""," 

- lNTF~~~LAT~O V4LUF~ 

-:-.A1r 'O.:Jql -:-.«t:JiO IO.!17~ -3.0\00 ''l.Qh''? -3.?'O ,O.'lC;? 

-'.?t)., 1 .... ~~" -:".'~'l 10.AQ9 -1.q!lO '('I.a7P -1."00 'O.""'" 

ou,. 14 .. nI'lULU<; VS TII4F - F.X"F.PII4ENTAL VALlIF.:S 

lo.or,«l 
l ,. ?4~ 

t').o~q 10.:-45 

cl.0:13 11.11;1 
CI.~19 10.467 9.R97 10.~1] 

Q.BOS Il.370 Q.1QQ Il.4h1 
C).q7~ 

Il. 7 <~ R 

1 1. 7~R 

1 ~. 'l' Z 

".747 11.1347 

CI. (,69 12. ]70 
9.731) 11.914 Q.77.6 tl.Q-,"2 

9.659 12.467 9.0]9 12.5~o 

- INT~RPJLATED VALUF~ 

9.11 " 
0)."1<'1 

10."..,0 Q.')?l 10.400 q.~03 IO.f.Ot) q.B~1 lo.t'no q.a5~ 

11."QO 0.744 12.000 Q.713 12"00 q.6P~ 12.40~ 9.~~] 

-~ .0 
- .. ;" 

- 1.4 

~. '1 
~.q 

7. !. 

'1. Q 

t t.2 

'1.1)?f; _".A 11.0''1 
I~.~~~ -3.0 tO.Q~? 

1".;'~5 -t,? tt).R4J 

1~.750 o.~ lO.71Q 

1) .~ .. 35 2.4 tO.'>~3 

'O.~IO 4.~ '".~~? 

10.~':"(' ,.,0 tn.34Z 

I~ .!ClI 7.6 13.1"<'1 

to.~oo ~,~ ~.Qqo 

Q.qt? Il.4 Q.7Q6 

-<1.5 
-?,q 
-1.0 

0).'1 

2.6 
4.4 
5.2 
9.0 
9.R 

Il.1> 

Il • 'III 
10 • ., .~? 
10. q,,~ 
10.724 
10.60<) 
10.4 7 ? 

10.]25 
tO.t4Q 
"q,Qc;:r 

Q.71\ 

-A.4 

-~," 
- 0.8 

1 • 0 
2.8 
<I.E> 

6.<1 
'!.? 

1 O. 0 
Il.6 

tt.nn4 -4.' 
,o.~?? -~., 

IO.R?1 -n.f> 

10. Til I.? 
tO.Cjq-; 1.0 

1 n •. \!.=' I\..f't 

10.]'1f> !>." 
10.12" !I." 

9.<)41 10.2 
<1.74<1 .12.0 

IC.<'IQ1 

11.'111 

10.'10!l ln.".,., 
11) ..... n? 
In.40\7 

1" •• ~6E> 

\('.101 
~.'l20 

?711 

-" •. ,.... ". 'l' _ - 1 •• Il t).)' , 

-' ..... , ... 1("1.1,.,.) _~.I\~. ".". 
- •• ·t " i t'.'1 t l -'.'" 1 .l. ' ,. 
_'"f .... ,r. "'. '1('1.. ..;'t. ~I' » 1 r'I. ' '" 

-'.',on ll).(",~t -".','0 Il'.l,'C 

-? ,1."" 

'O.'l~Q 

1 n. 0"'" 
IO.1'\7() 

11'. fSA~ 

_~:t. n,~ 

-,." 7' 
_'.7C;("', 
-1. '23 .. 

1'1. ) 1" 

1 O. ~IH~ 

1 o .. ·\.,~ 
1 fl • .:..\" 

ll.Ol=,<l 1').~3" II.l"~ r'.~20 

Q.7'lS 

9."'1::1 
'>.574 

'1.671 ~.7r)2 11.7?? 

12.166 g.~~~ t??~~ 

12.72~ q.~q6 '?76~ 

Il.400 

-.1./1; lt').97J 

-I.q 1 O.~7rl 

\l. (\ 10.771 

'.A 10"'>(.1 

"l." 1". S.-.":I l'j.'' 1 O.lQ~ 
7.? 1 o •. ..,""(n 
<'1." l '1. ('~f> 

11). q 'le RC;R 

12." Q.~IO 

-:,1.4 

-1.6 

Il.'1 

, n.ru.] 

1.'. R~,., 
t '). 7r'l 
I? .,,~ Il 

'I).'}?A 

" .. 11" 
• .,. t?SI 
1:I.O~o 

'l.P\f) 
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14 10 -2 13 Q-3 
'" 10 1 l:'l 9 -3 13 10 2 ':l 8 -3 14 "-4 Il 13 -1 

13 9-6 

LOWER ENVr-~OPF. nF C'MPLIA~ce vs T,~e 

-'I.g 0.<l4TSE-1I O.94!'1~-11 -4.7 
-4.1 O.IO?O~-IO O.IOIE-IO -3.Q 
-3.~ 0.11~5F-l0 0.1101"-10 -3.1 
-2.~ 0.12151"-10 0.12~F-10 -2.3 
-1.7 C.I~~S!--IO 0.r14:-10 -1.5 
-~. <>-0.149· .. ·-10· -'ih14 ~"-I 0'" -O. 7 

0.16701"-10 0.166~-10 0.1 
0.7 O.IP~TE-IO 0.IS4E-10 O.Q 
1.5 o.?~~O~-IO O.~ORE-IO 1.7 
2.~ O.~34<l"-10 0.23J"-10 ~.5 
·~.1--0; ?f,,,c.!".;.-nr· 0;'(,41"-1 0 ':;1.3 
3.~ O.~O?IE-iO 0.~9<l~-IO 4.1 
4.7 0.~4<l~E-iO 0.~4SE-10 4.9 
5.~ O.40QI"-10 0.4,~e-IO 5.7 
~.~ O.4P.07"-10 0.476,-10 6.5 
7.1 ~.~714F-IO 0.567F-10 7.3 
7.9 r.~P64=-10 O.68IE-10 R.I 
!'I.7 ~.P.41~"-10 O.q~SF-IO 8.Q 
~.~ O.IOI~!--OQ O.IOlr.-Og 9.7 

10.J 0.1?19"-09 0.l?lr-09 10.5 
1 1.1 O.14~<l~-09 0.145F-OQ Il.3 
11. 0 r.161IF-09 0.IROE-09 12.1 

O.'1'l71E-11 
0.1039E-IO 
O.1I3?E-10 
O.1245E-IO 
O.13~OF-10 

O.1534E-IO 
0.1715E-IO 
0.1 'I16F-IO 
0.Zt52E-IO 
0.2420E-10 
0.'731'>1':-10 
0.31441"-10 
0.3 .. :n::-IO 
O.4?· ... OO::-10 
o. 50??F-I 0 
1't.5974E-IO 
0.7;>O~F-IO 

0.8'351::-10 
O.1061E-Oo 
l'. 1271'11"-09 
0.1544"-09 
0.1'I50F-0'1 

l' 9-' 

0.964::-11 
0.1031"-10 
O.IIZE- HI 
0.1241"-10 
001 371"-1 0 
0.1521"-10 
0.171E-IO 
0.1'101"-10 
0.~14F-10 

0.?4 OE-I 0 
0.27?E-IO 
0.31 ?F-IO 
O.:'IfSoOE-IO 
0.424(;'-10 
0.4981"-10 
O.5Q3F-In 
"."14F-I~ 
O.R7AF·-IO 
0.1051"-09 
0.IZ7F-(lQ 
Ool53F-~9 

0 •• 194r-09 

-4.3 

-".5 
-~ .. 7 
-I.q 
-1 .1 
-0.3 
0.5 
1. :. 
2.1 
~.q 

~.7 

4.!i 
5.3 
~.1 

6.9 
7.7 
R.S 
'1.~ 

10.1 
In.q 

Il."' 
12.5 

0.1007['-10 
O.I013IF-IO 
O.lle"'!"-IO 
0.1310E-10 
0.145'·1"-10 
0.1624E-IO 
0.18041"-10 
0.202qF-\0 
0.2?~IF-IO 

0.:>57,.,"-10 
0.291?1:'-10 
0.3-'791:'-10 
0.~9IQF-IO 

0.46141"-10 
O.54" .. E-\ 0 
O.f.54?t!-IO 
O.1\004E-10 
O.9",Q6"-10 
n .116:\1':-1)'1 
0.\4011':-0'} 
0.17?OF-O'l 
0.2?54F-09 

O.qq~E-I\ 

0.1071"-10 
0.1\61"-10 
0.1 ~O!ô-I 0 
O.14!lF-IO 
0.1"1"-11> 
0.179=:-10 
0.20?:-10 
O.?2TE -1 0 
0.?S6E-10 
0.2Q9F-10 
O. ~3f.F -1 0 
o.~Qa!-IO 

0.459"-10 
O.'i4?=:-IO 
0."4I\F-10 
0.7')7;--10 
0.'·6?=:-10 
0.1\5:-09 
0.140"-09 
(I.I~'1r:-O'l 

0.;>16"-09 

ln.l O.II~,!,:",,-nO "Jel 0.1714:"-01) .".r; 0.1:>71r:-O., 
Il.1; f"I.I,.;t!'.,c-OCl Il.1' O.17?O~-O~ II.Cl ('I.'~'t~-nQ 

110\ 0.1."'''''-0'1 Il.:1 0.1"441':-(\0 
l'o~ o.~?r,~~-Oq 

'.'.t lI" n. "P -q.~Q" -1('\."-'" -o ... .,~ n. \Of"F 00 li7 -Q.q ...... ' -1('\,1';." -O.'\IC'", 
"" ... ',1-01 .... ' _Il •• "" _'~."o~ -0.141 
(".li't.1 r -ri"'" .'.",:;" -1\)."9'.0 -o.,...~,.. 

~.10~r-01 lil -0.711 -,~.~~Q -~.h'~ 
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CHAPTER V 

SUMMARY: CONTRIBUTIONS TO ORIGINAL KNOWLEDGE 

AND SUGGESTIONS FOR FURTHER RESEARCH 

This thesis is a study of the contributions of ions to the 

viscoelastic effects observed in polymers. Three types of 

systems were considered. The first of these was one in which 

permanent crosslinks were introduced into an ionizable material, 

so that the inherent effect of ions on rubber elasticity could be 

observed. From simple considerations of entropy and chain 

dimensions, equations were developed to predict the modulus of 

elasticity of a two-component rubber, one component of which is 

ionizableo Experiments were performed to determine the modulus 

of such a rubber, namely a crosslinked poly(vinyl alcohol)

poly(acrylic acid) gel, in its acidic and ionic forms. The 

experimentally determined ratio of the moduli was foun.d to agree 

semi-quantitatively with the predicted value. Possible reasons 

for the discrepancy were discussed. 

Secondly, the effect of ions on the dilute solution visco

elastic behaviour of linear polymers was studied. Experimental 

techniques for studying such a system are only now becoming 

available; therefore, this part of the thesis was an attempt to 

predict the results of such experiments. The bead-spring model 

of Rouse for the two simplest cases (two and three beads, 

respectively) was modified to incorporate charges on the beads. 



- 168 -

The variation of dynamic viscosity with frequency was obtained 

for both the two-bead and three-bead systems, and expressed as a 

function of the ratio of charge to average end-to-end distance. 

Calculations from this model indicate moderate increases in both 

the viscosity and the relaxation times of the ionized material, 

and also a broadening in the distribution of relaxation times 

with increasing charge to end-to-end distance. The parameters 

used in the model were obtained for systems which could weIl 

prove to be experimentally possible in the near future. 

Finally, the third part of the study was concerned with 

the effects of ions on the viscoelastic response in concentrated 

solutions of completely ionizable polymers. In this case, a 

theoretical approach would have been impossible, but experimental 

techniques were available for such a study. The polymers chosen 

were the sodium salts of poly{acrylic acid) with various 

plasticizers. Pseudo-master curves of modulus versus time and 

modulus-temperature curves were obtained from stress relaxation 

data on these materials. The variation in the mechanical 

properties as a function of the degree of neutralization and of 

the type and amount of plasticizer was observed. 

An X-ray diffraction study was taken in support of the 

thermomechanical study; the structural implications of the 

findings were discussed in the light of current theory and of 

observations by other workers. Using a technique previously 

applied only to non-phase-separated polymers, the pseudo-master 
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curves were split into two separate master curves, corresponding 

to a primary, short-time mechanism and a secondary, long-time 

mechanism. These two mechanisms were found, by direct and 

indirect evidence, to be essentia11y ionic and nonionic in 

nature. Another supportive study, using a torsion pendu1um, was 

made; the resu1ts were correlated with the behaviour of the 

primary relaxation process. The existence of a third, competing 

mechanism was suggested. 

There are severa1 areas in which further research might 

prove fruitfu1. The charged bead-spring mode1 cou1d be modified 

in two ways. First, a parameter cou1d be inc1uded to account for 

the effect of ionic shie1ding by a counterion atmosphere (such as 

a simple Debye radius). This wou1d undoubted1y reduce the 

magnitude of the viscoe1astic effect of ions. Second1y, the 

three-bead assemb1y cou1d be genera1ized to the case of n charged 

beads. With appropriate consideration of counterion effects, 

this cou1d be a rea1istic mode1 for po1ymers containing multiple 

charges such as ionizab1e copo1ymers. This work wou1d invo1ve 

considerable iterative approximation since the resu1ting differ-

entia1 equations wou1d not 1ikely have easi1y accessible 

solutions. 

Additiona1 studies cou1d be made in the po1y(acry1ic acid) 

system. A more complete study of the dynamic comp1iance shou1d 

be undertaken to investigate the nature of the sub-T process. 
g 

Know1edge of its variation as a function of the degree of 
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neutralization and of the type and arnount of plasticizer should 

aid in tmderstanding the viscoelastic effects of ions. Coupled 

with this study should be a more extensive study of structure, 

perhaps by a spectroscopie technique as weIl as X-ray,to more 

accurately determine the effect of plasticizer on the structure. 

It would be especially rewarding to study the structure as a 

function of temperature to see if observations correlate with the 

thermomechanical investigations. 



TABLES OF SUPPORTING DATA FOR FIGURES 

Chap. II, Figo l, p. 33 

Materia1 E V (X10- s dyn/crn 2 ) r 

9.58 0.329 
9.12 0.346 

Sarnp1e A, 9.40 0.379 
9.79 0.397 acidic 9.86 0.419 

10.14 0.442 
10.53 0.474 

Sample B, 8.98 0.304 
9.06 Oe332 acidic 9.24 0.357 

8.84 0.316 
Sarnp1e C, 9.08 0.359 

acidic 9060 0.399 
10.5 0.455 

4.5 0.131 
4.6 0.146 
4.45 0.177 

Samp1e B, 5.5 0.204 
4.77 0.169 ionic 4.33 0.195 
4.74 0.222 
5.43 0.249 
6.38 00303 

4.4 0.135 
4.2 0.142 
4.3 0.157 

Samp1e C, 4.4 0.168 
ionic 5.0 0.205 

5.2.5 0.229 
5.65 0.230 
6.4 0.251 
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Chap. III, Fig. 1, p. 71 

-
Case [nl/[nl o À/Ào -EB 1/2 

(i) 1.234 1.106 1.100 

(ii) 1.145 1.065 0.635 

(iii) 1.395 1.194 2.06 

(iv) 0.805 0.915 -0.635 

Chap. III, Fig. 2, p. 72 

wÀ [n" 1/ [n 1 ( ln" 1 / ln 1 ) E=O 

1/10 0.111 0.099 

1/4 0.260 0.235 

1/2 0.425 0.400 

1 0.493 0.500 

2 0.371 0.400 

4 0.218 0.235 

10 0.095 0.099 

Chap. III, Fig. 2, p. 75 

Case lnJ/[nl o 
À /3À -E (B 1) 1/2 

l 2 0 

(i) 1.244 1.077 0.78 

(ii) 1.145 1.047 0.45 

(iii) 1.44 1.13 1.45 
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Chap. IV, Fig. 2, p. 103 

TEMP. -2.9 1 .1 5.2 10.4 19.1 22.0 24.7 29.0 34.8 

LOG Ji. 0.65 -0.31 -0.65 -1.07 -2.73 --3.67 -3.95 -4.38 -4.86 

T iME LOG E LOG E LOG E LOG E LOG E LOG E lOG E LnG E lOG F 

3 10.56 10.54 10.43 10.34 10.32 10.27 10.22 

6 10.63 10.57 10.54 10.52 10.40 10.31 10.29 10.24 10.19 

10 10.61 10.55 10.53 10.50 10.38 10.29 10.26 10.21 10.17 

15 10.60 10.54 10.52 10.49 10.36 10.27 10.24 10.20 10.15 

20 10.59 10.53 10.51 10.48 10.35 10.26 10.23 10.19 10.13 

30 10.59 10.52 10.50 10.47 10.34 10.24 10.21 10.16 10.11 

40 10.58 10.51 10.49 10.46 10.32 10.23 10.20 10.15 10.10 

50 10.57 10.51 10.49 10.45 10.32 10.22 10.19 10.14 10.08 

60 10.57 10.50 10.48 10.45 10.31 10.21 10. 18 10.13 10.07 

80 10.56 10.50 10.47 10.44 10.29 10.19 10.16 10.12 10.05 

100 10.55 10.49 10.47 10.43 10.29 10.18 10.15 10.10 10.04 

120 10.55 10.48 10.46 10.43 10.28 10.17 10.14 10.09 10.03 

140 10.54 10.48 10.46 10.42 10.27 10.16 10.13 10.09 10.02 

170 10.54 10.47 10.45 10.41 10.26 10.15 10.12 10.08 10.00 

200 10.53 10.47 10.45 10.41 10.25 10.14 10.11 10.07 9.99 

250 10.52 10 046 10.44 10 .. 40 10.24 10.13 10 .. 10 10 .. 05 9 .. 98 

300 10.52 10.46 10.44 10.39 10.23 10.12 10 .. 09 10.04 9 .. 96 

400 10.51 10.45 10.43 10038 10022 10.10 10 .. 07 10 .. 02 9.94 

500 10 .. 50 10.44 10.42 10037 10021 10.09 10005 10.01 9.92 

600 10.49 10.43 10.41 10037 10 .. 20 10.08 10.04- 9 .. 99 9 .. 90 

800 10.48 10.42 10.40 10.35 10.18 10006 10.02 9 .. 97 9 .. 87 

1000 10.47 10.41 10.39 10.34 10.16 10.04 10.00 9 .. 95 9.85 

1200 10.46 10041 10.39 10.33 1001.5 10<302 9099 9.93 9 .. 83 

1400 10046 10 .. 40 10038 10.32 10.14- 10001 9097 9.92 9082 

1700 10 .. 45 10.39 10.37 10032 10.13 10.00 9.96 9.90 9 .. 79 

2000 10044 10.38 10 .. 36 10 .. 31 10.12 9098 9095 90B8 9 .. 7à 

2500 10044 10,,37 10 .. 35 10029 10.10 9096 9 .. 93 9086 9 .. 75 

3000 10043 10 036 10.35 10.28 10.08 9" 94 9091 9073 

4000 10.41 10 035 10033 10027 10.06 9092 9 .. 88 9 0 70 

5000 10.,40 10.33 10.32 10025 10004 9090 9086 

6000 10.40 10033 10.31 10.24 10.02 9.88 9 085 

8000 10039 10.31 10.29 10022 ~ .. 99 9085 9082 

10000 10037 10,,30 10 .. 28 10021 9 0 97 9 .. 84 9.80 

12000 10.29 10020 

14000 10,,19 
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Chap. IV, Fig. 3, p. 104 

TEMP. -40.8 -34.1 -2g.8 -23.6 -20.6 -20.3 -15.9 -13.0 

LOG A 3.13 1.18 0.18 -1.39 -1.63 -1.86 -3.54·-4.46 

TIME LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 
3 Il.00 10.90 10.83 10.64 10.19 9.98 

6 10.99 10.88 10.80 10.58 10.52 10.48 10.12 9.90 

10 10.98 10 .. 86 10 .. 78 10.53 10.48 10.44 t 0.07 9.84 

15 10.98 10.85 10.75 10.50 10.45 10.40 10.03 9.79 

20 10.97 10 .. 84 10.74 10.41 10.42 10.37 10.00 9.76 

25 10.97 10.83 10.72 10 .. 45 10.40 10.35 9.97 9.73 

30 10.96 10.82 10.11 10.43 10.38 10.34 9.96 9.71 

35 10.96 10.82 10.70 10.42 10.31 10.32 9.94 9.69 

40 10.96 10.81 10.70 10.41 10.36 10.31 9.92 9 .. 67 

50 10.95 10.80 10.68 10.38 10.34 10.29 9.89 9.65 

60 10.95 10.79 10.67 10.37 10 .. 32 10.27 9.87 9.63 

70 10.94 10.79 10.66 10.35 10.31 10.26 9.86 9.61 

80 10.94 10.78 10.65 10.33 10.29 10.24 9.84 9.59 

90 10.<;)4 10.18 10.64 10.32 10.28 10.23 9.83 9.58 

100 10.93 10.77 10.64 10.31 10.21 10.22 9.82 9.56 

120 10.93 10.16 10.62 10.29 10.26 10.20 9.80 9.54-

140 10 .. 92 10.76 10.61 10.21 10 .. 24 10.19 9 .. 78 9.52 

160 10.92 10.75 10.60 10.26 10.23 10.17 9.76 9.51 

180 10.92 10.74 10.59 10 .. 25 10.21 10.16 9.15 9.49 

200 10091 10.74 10 0 58 10.23 10.20 10.15 9 .. 74 9.48 

250 10.91 10.72 10.57 10.21 10.,18 10.13 9.71 9045 

300 10.90 10.71 10.55 10.19 10 .. 16 10.12 9.69 9.43 

350 10.89 10.70 10.54 10.17 10 .. 14 10.10 9.67 9041 

400 10089 10.70 10.53 10.16 10.13 10.09 9.65 9.40 

500 10.88 10.68 10.51 10.13 10.11 10.06 9.63 9.37 

600 10087 10.,67 10 .. 49 10.11 10.09 10.05 9 .. 61 9.34 

700 10.87 10.66 10.48 10 .. 10 10 .. 07 10 .. 03 9 059 9032 

800 10.86 10 065 10.46 10.08 10 .. 05 10.02 9.57 9.30 

900 10 .. 85 10.64 10045 10 .. 07 10.04 10000 9055 9.28 

1000 10.85 10 .. 6.3 10044 10.05 10.02 9.99 9 .. 54 9 027 

1200 10084 10 062 10043 10003 9097 9052 9024 

1400 10.83 10.61 1l0.4Jl 1000i 10000 9096 <;}050 9 0 21 

1600 10 .. 62 10 .. 60 10040 10.00 9094 9 .. 48 9.19 

lAOO 10082 10 .. 59 10038 9.98 ~096 9093 9 .. 47 9018 

2000 10.81 10 058 10 .. 37 9 .. 97 9 .. 95 9092 <;}.46 9.16 

2250 llO081 10 .. 56 10036 9 096 9.91 9 .. 44 9 .. 15 

2500 10 .. 80 10055 10035 9 .. 94 9.90 9043 9.13 

3000 10.79 10053 10.32 9092 9 .. 88 9041 9.11 

3500 10078 10.52 10 031 9.91 9086 9039 9 .. 08 

4000 10 .. 77 10050 10029 9.89 9.84 9.37 

5000 10075 10048 10 027 9 086 9082 
6000 10074 10045 10024 9 084 9.80 
7000 10073 10 .. 44 10022 9082 9078 
8000 10072 10 .. 42 10 .. 21 9.81 9.76 
9000 10071 10041 100 t 9 9079 9075 

10000 10070 10.39 10017 9.78 9073 
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Chap. IV" Fig. 3 (cont.) 

TEMP. -106 3.1 10.5 16.4 24.1 3103 38.3 

LOG A -5.0S -6.09 -7.17 -8.05 -q.22-10.~~-~~~93 

TIME LOG E LOG E LOG E LOG E LOG E LOG E 1 Or. F 

3 9.23 8.34 

6 9.45 9.15 8 092 8.64 8.43 8.29 

10 9.38 9.08 8.86 8.59 8.38 8.25 

15 9.33 9.04 8.81 8.55 8.35 8.22 

2C 9.29 9.01 8.78 B.52 8.33 8.20 

25 9.57 9.26 8.98 8.76 8.50 8.31 8.19 

30 9.54 9.24 8.96 8074 8.48 8.29 8.18 

35 9.52 9.22 8.95 8.72 8.47 8.28 8.17 

40 9.51 9.21 8.93 8.71 8.46 8027 B.16 

50 9.48 9.18 8 0 91 8.69 B.44 8.25 8.15 

60 9.45 9.16 8.89 8.67 B.42 8024 B .14 

70 9.43 9.14 A.87 8.65 8.41 8.23 B.13 

8c) 9.42 9.13 6.86 8.64 8.40 8.22 8.12 

90 9.40 9.11 8.84 8.63 B.39 8.21 B.l1 

100 9.39 9.10 8.83 8.62 8.38 8.21 B.l1 

120 9.37 9.08 8.81 8.60 8.36 8.19 8.10 

140 9.35 9.06 8.79 8 .. 59 8.36 8.18 8.09 

16C 9.33 9.05 8 .. 78 8 .. 57 8.34 8.17 8.08 

18C 9.32 9.04 8.77 8.56 8.33 B.17 B.OB 

20C 9030 9.02 8.76 8.55 8.32 8 .. 16 8.06 

250 9.28 9.00 A.73 B.53 9 .. 31 B.15 BoOS 

30C 9.25 8.98 8.72 8.52 8 .. 29 8 .. 13 8.05 

35C 9.23 8.96 8.70 8.50 8.28 8012 8 .. 03 

40C 9.22 8.95 8.69 8.49 8.21 8.11 Bo02 

500 9.19 8.93 B067 8.47 8026 8.10 8.01 

600 9.17 8.91 8.65 8 .. 46 B024 8.09 8.00 

700 9 .. 15 8089 8064 8 .. 44 Bo?3 8.08 8 .. 00 

800 9.13 8 0 88 8.62 8.43 8.22 8 .. 07 7.99 

90(l 9.12 8.87 8.61 8 0 42 9 .. 21 8 .. 07 7.98 

1000 9.11 8.86 8 .. 60 8,,41 8.21 8.06 7097 

1200 9009 8084 8.59 8.40 9019 8004 7.96 

1400 9.07 8.82 8.57 8.38 8019 8.04 7.95 

1600 9.05 8.81 8.56 8.37 8.17 8.03 7095 

1800 9004- 8.80 8.55 8.36 Bo17 8002 7 .. 94 

2000 9.03 8.79 8054 8035 8016 8 .. 01 7093 

2250 9001 8078 8 053 8 034 8.15 8000 7092 

2500 9000 8 0 77 8 .. 52 8 033 6 .. 14 7099 7 .. 92 

3000 8098 8075 8 0 50 8.32 8 .. 13 7097 7.90 

3500 8096 8 .. 73 8 0 49 8030 8012 7096 7090 

4000 8095 8 .. 72 8 .. 47 8.30 8 .. 1 1 7 .. 95 ·7088 

5000 8.92 8 .. 69 8045 8 0 28 8 009 7 .. 94 7.86 

60\.0 8 .. 90 8 .. 68 8 043 8 .. 26 8.07 7085 

7000 8 .. 88 8 .. 67 8.42 8.25 8.06 7 084 

8000 8.86 8.65 8.40 8024 8 .. 06 7 .. 83 

9000 8.85 8 0 64 8023 8005 7 .. 82 

10000 8084 8.38 8.22 8 0 04 7 .. 82 

12000 8.81 8 0 62 

114000 8 .. 79 

16000 8 .. 78 

18000 8076 



TEMPo 1-54 .. 1 -47 .. 5 -37.9 -27.4- -19,,6 

LOG A 3.95 2026 0.3.3 -1~83 -3046 

TIME LOG E LOG E LOG E LOG E LOG E 
3 10 .. 83 10.70 10~54 

6 10.82 10058 10.51 10.29 

10 10 .. 82 10 .. 78 10067 10 048 10 .. 25 

15 10.,81 10077 10066 10047 10021 

20 10081 10077 100 65 10045 10 .. 18 

30 10.81 10.75 10.54 10 043 10015 

40 10080 10 .. 75 10063 10 041 10012 

50 10.80 10075 10 .. 62 10039 10 .. 10 

60 10080 10.74 10.,62 10.38 10.09 

80 10.,80 10074 10.,61 10.,36 10.,06 

100 10.79 10.73 10.60 10 .. 35 10,,04-

120 10079 10.,73 10.,59 10 .. 34- 10003 

140 10.79 10.72 10 .. 58 10.33 10001 

170 10 .. 79 10 .. 71 10 .. 58 10 .. 31 9099 

200 10 0 79 10.71 10057 10 .. 30 9 .. 97 

250 10078 10 .. 70 10056 10.29 9095 

300 10 .. 78 10 .. 70 10055 10.27 9093 

400 10078 10069 10.,54 10 025 9090 

500 1007A 10068 10053 10023 9088 

600 10077 10 067 10 .. 52 10.,22 9.86 

800 10077 10 .. 66 10051 10019 9083 

1000 10.77 10 .. 65 10049 10017 90BO 

1200 10.,76 10 .. 64 10 .. 4A 10.16 9079 

1400 10076 10064 10 .. 4-7 10014 9 .. 77 

1700 10 .. 76 10 .. 63 10 .. 46 10 0 13 9 .. 74 

2000 10 .. 75 10 .. 62 10.,45 10011 9072 

2500 10075 10 .. 61 10043 10 009. 9 0 70 

3000 10 .. 74 10 .. 60 10.42 10 .. 07 9667 

4000 10 .. 74 10 .. 59 10 .. 39 10003 9064 

5000 10 .. 73 10.57 10037 10,,01 9 .. 62 

6000 !O .. 73 10.56 10034- 90q9 '}059 

8000 10072 10.54 10033 9 .. 95 9056 

10000 10071 10.31 9 0 93 9,,53 

12000 9090 9 .. 50 

14000 Q .. 8Q 9 .. 4<J 

17000 9.86 :=J.47 

20000 9084 9045 

Chap. IV, Fig. 4, p. 105 

-12.4 -5 .. 5 -1.6 5.7 11.9 10.3 14.0 24.1 30.6 39.8 50.8 

-4.88 -7.13 -7 0 55 -9.14-10.11 -10.75-11.09-12.22-12891-13.91-14.61 

LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 

10.06 9046 9.02 1 
A.17 7.90 7.64 704S 

9.99 9.49 9.35 8.92 ' 9.02 7.81 7.56 7.41 

9.94- 9 .. 42 9 .. 30 8.86 8.56 8.49 8.34 7.95 7 .. 75 7.51 7.37 

9.90 9038 9 0 25 8079 8.51 B .42 8.28 7 .. 90 7.70 7.47 7.35 

9.87 9.34 9.22 8076 8.47 8.36 8.23 7.86 7.67 7.45 7.33 

9083 9 .. 28 9 .. 17 8e71 8.42 8.29 8.16 7 081 7.63 7 0 42 7.31 

9 0 80 9025 9.13 8.67 8.38 8024 8.13 t.77 7.60 7.39 7029 

9.,78 9.22 9.11 8.54 8.35 8.,20 8.0Q 7.75 7.58 7.38 7.28 

9076 9.20 9.08 8 .. 61 8 0 33 8.17 8.06 7.72 1.56 7036 7.27 

9 .. 73 9.17 9.05 8.58 8.29 8.12 8.02 7.69 7.54 7.34 7.26 

9071 9014 9.02 8055 8.27 8.0B 8.00 7.66 7.51 7.33 7.25 

9 .. 69 9 .. 12 9 .. 00 8.53 8.25 8.05 7 .. 97 7.64 7.49 7.32 7 024 

9068 9.10 B .. 98 8.51 8.23 8.03 7.95 7.63 7.48 7031 7.23 

9066 9007 8096 8 .. 48 8.20 8.00 7092 7.60 7.46 7,.,29 7 .. 23 

9 .. 64 9 .. 05 8.94 8.46 8.19 7.97 7.90 7.59 7.45 7 .. 28 7 .. 22 

9062 9.03 8091 8.43 8 .. 16 7.93 7.86 7.57 7.43 7.27 7021 

9060 9.00 8 .. 89 8.40 8.13 7.90 7.84 7.55 7.41 7.26 7 .. 20 

9.57 8 .. 98 8 .. 86 8 .. 36 8.10 7.86 7.80 7.52 7.39 7.24 7 .. 19 

9055 8095 8 .. 84- 8 .. 33 8.08 7.82 7.77 7049 1.37 7.23 7 .. 18 

9.54 8 .. 93 8 .. 80 8.31 8.06 7.79 7.75 7.48 7.36 7 022 7 0 17 

9 0 50 8.88 8 0 76 8 .. 27 8.02 7.74 7.71 7.45 7.33 7.21 7016 

9048 8 .. 87 8072 8 .. 24 7.98 7.71 7.68 7.42 7.31 7.19 7.15 

9 0 46 8084 8 .. 70 8.21 7.95 1.69 7.66 7041 7.30 7018 7 .. 15 

9 .. 44- 8 .. 82 8.67 8.18 7.94- 7.66 7.64- 7039 7.28 7.17 7014 

9 0 42 8 .. 78 8.64 8.17 7.93 7.63 7.61 7 .. 37 7.27 7.16 7 0 14 

9 .. 40 8 .. 76 8.62 8.15 7.91 7.61 7.59 7.36 7 .. 26 7.15 7 .. 13 

9038 8.72 8 .. 58 8.11 7.89 7.58 7.56 7 .. 34 7.24 7.14 7.12 

9036 8 .. 68 8.55 8.08 7085 7.55 7.54 7.32 7.22 7.13 7 .. H) 

9.32 8051 8.04 7.82 7.51 7.51 7.29 7.20 7.11 7.09 

9.30 8 .. 00 7.78 7 .. 48 7.47 7.27 7.17 7.09 7.08 

<J.28 7.98 7.45 7.46 7.25 7.16 1.08 7 0 07 

9 .. 24 7.42 7.41 7.24 7.14 7.07 7.05 

9021 7.41 7.38 7.22 7.11 7.05 7 0 04-

9 0 19 7.3<J 7.36 7.21 7.10 7.04- 7003 

9018 7.34 7. ~O 7.08 7.03 7.03 

7.07 7 .. 02 

7.0~ 

1-' 
-..J 
en 



Chap. IV, Fig. 5, p. 106 

Tt:.MI-' • f-.H .2 -21'1.2' -2(,. 'l -24.3 -21.0 -20.2 -17.8 -16.5 -14.3 -11.8 -8.4 

LOG " 5.89 5.b5 'l.'38 3.26 1.47 1.39 -0.31 -0.B1 -2.?9 -2.79 -4.61 

l L·\IIE" l '1G. F .LOG E LOG F L UG F L ùG F LOG F LOG F lOG E lOG E LOGE LOG E 

.1 11 • 1 ~ Il.14 Il • 1 a Il.00 10.82 10.80 10.51'1 10.51 10.24 10.15 9.79 

1'> Il .14 11 • 12 Il.0R 10.97 10.78 10.77 10.54 10.46 10.19 10.08 9.73 

10 Il .13 1 1 • Il Il.07 10.<l5 10.75 10.74 10.50 10.42 10.15 10.05 9.6i1 

15 Il .12 1 1 • 1 () Il • \16 10.94 10.73 10.72 10.43 10.39 10.1 t 10.01 9.64 

20 11 • Il 11 • 1 () Il.05 10.92 10.71 10.70 10.46 10.37 10.08 9. 'J9 <;.61 

30 1 1 • 10 1 1 .0') 11 .04 10.91 10.69 10.613 10.43 10.34 10.05 <).96 9.57 

40 11.09 Il.0Q 11.03 10.90 10.67 10.66 10.41 10.32 10.02 <).q3 ·J.54 

50 Il.08 Il.1l7 11. () 3 10.8.) 10.06 10.65 10.39 10.30 9.99 9. "11 9.52 

60 Il.08 Il .0., 11. il 2 10.88 10.65 10.64 10.37 10.29 9.98 CI.89 9.50 

'10 11 .07 Il.06 Il.01 10.R6 10.63 10.62 10.35 10.26 9.95 9.il7 9.47 

100 Il .06 Il .05 11. 00 10.85 10.61 10.60 10.33 10.24 9.92 9 •. '35 9.45 

1<'0 Il.06 Il.05 11.00 10.84 10.bO 10.59 10.32 10.22 9.91 9.'33 9.43 

140 Il.05 Il.04 10.<)9 10.83 10.59 10.58 10.30 10.21 9.89 9.-33 9.41 

170 Il .04 Il .03 10.99 10.Es2 10.58 10.<57 1 C. 29 10.IQ Q.87 9.'10 9.3Q 

200 11 .04 Il.03 10.98 10.81 10.57 10.55 10.27 10.18 q.85 Q.79 <J.37 

250 Il.03 Il .02 10.97 10.80 10.55 10.54 10.25 10.16 9.82 9.77 9.35 

300 Il.02 Il.01 10.96 10.7C) 10.53 10.52 10.24 10.14 9.81 q.75 9.33 

400 Il .01 Il.00 10.'15 10.77 10.51 10.50 10.21 10.12 9.7B 9.73 :}.30 

500 Il.00 10.')<) 10.94 10.75 10.49 10.48 10.18 10.10 9.75 <).70 9.27 

600 10.Cl9 10.99 10.':13 10.74 10.4R 10.47 10.16 10.08 9.73 9.1'>8 9.25 

800 10.98 10.97 10. ')2 10.72 10.45 10.44 10.13 10.04 9.70 9.66 9.22 

1000 10.<)6 10.91'> 10.'H 10.70 10.43 10.42 10.10 10.03 9.68 9.63 '}.19 

1200 10.96 10.95 10.90 10.69 10.41 10.40 10.08 10.01 9 066 9.1'>1 9.18 

1400 10095 10.94 10.B9 10.67 10.39 10 •. 38 10.06 9.99 ge64 9.59 9.16 

1700 10.94 10.93 10. 'Hi 10065 10.38 10.36 1 O. 03 9.97 9.62 9.57 Q.12 

2000 10.93 10.92 10.'17 10.64 10.36 10.35 10.01 9.96 q.60 9.56 9.0',1 

2500 10.92 10.90 10.36 10.61 10.34 10.32 9.98 9.94 9.58 CI.54 9.06 

3000 10.91 10.R9 10.85 10.59 10.32 10.30 9.95 q.92 9.56 9.'52 C).04 

4000 10.89 10.87 10.93 10.56 10.29 10.27 9.92 9.89 9.53 9.48 9.00 

500C 10.RB 10.85 10.'31 10.54 10. ::>6 10.24 g.88 9.87 9.51 9.46 8.<)7 

6000 10.~7 10.83 10.':l0 10.52 10.24 10.22 9.86 9.85 C).49 9.44 8.94 

aOlO 10.85 10.81 10. ·'8 10.48 10.21 10.1C) C).82 9.82 9.46 q.42 

10000 10.83 10.79 10.76 10.45 10.1'1 10.11'> '1078 9.81 Q.40 

12000 10.77 9.76 . 
- - - -

-4 .'~ -3.8 -0.7 1.7 3.8 7.5 
-b.92 -fl.16 -8.47 -j.90 -9.45-10.1<; 

LOG E L::JG C LOG F. LJG F LOG E lOG E 

9 •. '6 '1.75 8.4/5 

9.113 ':\.85 13.77 9."'7 8.5'1 8.38 

9.12 8. ·'10 8.71 'l.6? 8.51 8.33 

C).07 9.75 8.68 fI.58 '3.47 8.29 

C).03 1'1.72 tI.65 ':l.56 8.44 6.26 

8.C)9 8.6R 13.61 8.5? 8.39 8.22 

8.96 9.55 'l.5:} d.49 8.37 B.20 

8. -J.'! 8.63 H.57 '3.47 8.34 8.17 

8.91 8.61 8.55 3.45 8.32 8.16 

8.8'3 9.:; 8 tl.52 9.42 8.29 8.13 

a.95 tl.56 8.~0 ~.40 8.27 8.10 

8.133 '1.54 8.49 <1.38 A.25 8.08 

8.A2 8. :j3 8.46 tl.37 8.24 8.07 

8.80 6.51 8.44 ~.35 A.22 8.04 

8.78 3.50 8.42 ::3.33 B.20 8.03' 

6.76 ~.48 8.40 9.31 8.18 8.00 1 

8.75 6.46 8.39 8.29 8.15 7.98 

8.70 8.36 

8.68 8.34 

8.65 8.32 

·9.62 
8.5C1 
8.56 
8.54 
8.52 
8.49 
8.46 
8.43 
8.3<J 

8.3>'1 
8.36 

- - - - -- -- - -- - ._------~ 

1-' 
-..J 
-.JO 
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Chap. IV, Fi g. 6, p. 109 

100Na-29FA 67Na-27FA 39Na-25FA 22Na-23FA 10Na-26FA 00Na-23FA 
T {ne) LogE, etc. 
-28.0 11.07 -22.6 10.97 -40.8 Jl.02 -40.2 Il.02 -59.5 10.80 -51.8 10.57 -20.0 Il.05 -10.5 10.95 -33.8 10.98 -35.6 11.00 -49.2 10.78 -45.8 10.55 6.3 1! .. 01 -4 .. 0 10.93 -30.3 10 .. 92 -25.4 10.93 -38.7 10.77 -33.3 10.50 14.5 10.98 3.8 10.90 -20.0 10.86 -14.6 10.86 -26 .. 6 10.69 -20.9 10.42 20.3 10.97 14 .. 9 10.84 -6.8 10.81 -4.6 10.77 -18.8 10.67 -12.9 10.41 33.0 10.92 28.4 10.79 0.4 10.78 7.8 10.65 -8.6 10.59 -3.4- 10 .. 36 42.3 10.80 38.1 10.65 13.6 10.68 17.8 10.56 8.2 10.47 8.5 10.27 51.1 10.12 47.7 10.58 2309 10.65 28.4 10.28 16.8 10 .. 33 17.3 10.00 62.3 10.68 51.8 10.51 34.4 10.55 36.5 9.99 22.6 10.19 22.6 9.49 70.9 10.65 67.7 10.36 45.8 10.33 42.7 9065 29.4- 9.53 34.9 8.t5 80.6 10.61 76.5 10.21 53.4 10.16 45.8 9.59 34.9 9 .. 14- 43.3 7.10 93.1 10.54 86.2 10.07 56.1 10.05 52.2 9.38 43.5 8.78 58.0 7.24-100.1 10.49 94.5 10.01 64.4 9.89 55.0 8.16 70.8 6.73 111 .9 10.42 65.0 9.72 68.2 7.60 121.4 10.35 77.6 9.28 83.5 1.29 - .-132.0 10.22 97.1 6 ._~~_ 
144.r. 10.04 

"f'" 151.8 9.95 

Chap. IV, Fig. 7, po 111 

100Na-22FA 100Na-29FA 100Na-43FA 100Na-52FA 100Na-67FA 100Na-72FA 
-3(-,.6 11 • Il -28.0 11007 -26.13 10.94 -5702 10.94 -3900 9o?7 -88.0 9.97 - 29 • I~ 1 1 0 13 -?O.O 11005 -16.0 10.91 -4802 10.90 -27 .. R 9.09 -74 .. 4 9091 -IR.O Il • 10 60:3 11 .. ()1 -5.3 1 o. ~H -330? 10 .. 76 -1107 ,~ .. 83 -7100 9 .. 82 -7.4 Il .. 1 1 14.5 1 ()o 'J8 2.0 10. 7 9 -21.2 10 .. 6<;1 0 .. 6 8053 -67 0 3 9 0 72 1 07 1 1 • 10 2003 10.<)7 906 10 0 74 -100~ 10052 1204- 8039 -62.2 9068 1,~ •. ] Il 003 3300 10.-J? IB.7 10.69 1 .. 2 10035 22 .. 8 8028 -52 .. 8 9 .. 44 2'3 .. C) II .01 42.3 10.'30 27.7 10062 10 .. 9 1 0 .. 18 3202 A 0 17 -39.3 9020 3Q .. 0 1 0 • ~)9 51 • 1 1 [). 72 38.4 10.49 22.2 10000 -.11 0 7 8 .. 81 5303 lOG03 6?03 10.68 47.1 100313 36 .. 3 <;1081 -19.0 ~ .. 59 63. ij 10.<)0 70.Q 10.65 56.9 10.29 -801 8031 73. fl 106'86 AOer:- 10.1-)1 64.4- 10.2::> 20'5 8018 83. ~ 10.77 Q3 .. 1 10.~-i4 74-.5 11)013 10.1 8 .. 09 92. -, 10.75 100.1 10.49 82.5 10.07 24 02 7 .. 96 102.7 10.72 11 1.9 10. t4-2 93.~ <J 096 

---1 12 • 1 10.67 121 .4 10.3!'i 
121 •. l J().h1 IJ? .. O ID.:?? 
1 :'i2. R 10.56 11.4. ? 10.0'. 
144.h 10./~9 1510R 1.9<) 
160.4 10 .. 42 
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Chap. IV 1 F~ g •. 8, p. 112 

100Na-S4GL 100Na-SSGL 100Na-66GL 
-32.2 10.85 -40.8 10.96 =54.1 10.78 
-24.0 10.83 -34.1 10.85 -47.5 10.75 
-15.8 10.70 -28.8 10 .. 77 -37.9 10.66 
-4 .. 6 10 .. 40 -23.6 10.54 -27.4 10 .. 49 

5.0 9.98 -20 .. 6 10.49 -19.6 10.27 
13 .. 5 9 085 -20.3 10.4-5 -1204 9098 
16 .. 5 9.56 -15.9 10.09 -5.5 9.47 
19.4- 9.38 -13.0 9.87 -1.6 9.35 
24.7 9.07 -1.6 0 .. 04- 5.7 8.92 
33.8 8.73 3.7 9.42 11.9 8.63 
38.9 8.61 10.5 9.14 10.3 8056 
46.2 8.4-9 16.4 8.93 14-.0 8.41 
54.8 8.40 24.1 8.66 24.1 8.03 
66.1 8.35 31.3 8.47 30.6 7.85 
74.1 8.29 38.3 8.35 39.8 7.62 
85.0 8.23 50.8 7.50 

Chap. IV, Fig. 9, p. 113 Chap. IV, Fig. 10, p. 115 

100Na-SOH20 lOONa-S4H 2O lOONa-S8H 2O 100Na-S4EG 
--

-3102 11.10 -4503 10.92 -73.0 1! 001 -43.6 10.66 
-28.2 11 009 -38.5 10080 -620? 10099 -3806 10.64 
-2604- 11 .06 -3103 10.,55 -5805 10096 -3102 10 .. 52 
-24 .. 3 10.,94 -27 .. 2 10 .. 36 -50 .. 2 10 .. 93 -22 .. 0 10 .. 37 
-21.0 10.75 -20.8 9 .. 68 -42 .. 7 10 .. 86 -9 .. 8 10011 
-20 .. 2 10074 -13 .. 4- 8 .. 82 -39 .. 6 10 .. 82 0 .. 2 9 098 
-17 0 8 10 .. 51 -1103 7 .. 30 -3609 10074- 6 .. 6 9 ... 35 

-16 .. 5 10 .. 4-3 -4 .. 0 6 .. 65 -35 .. 8 10 .. 68 14" 1 9073 
-14 0 3 10 .. 15 3 .. 4- 6 026 -30.,8 10 .. 4-2 24 .. 3 9057 
-11 0 8 10 .. 05 -2508 9 0 88 2601 9054-
-8.4 9069 -22 .. 7 9 .. 15 40 .. 2 ~ .. 45 
-4 .. 9 9014- -21,,5 8 .. 89 4-9 .. 3 9 .. 44-
-3 0 8 S .. 82 60 .. 7 ~ .. 38 
-0 .. 7 8 .. 74- 6607 9 .. 25 

1 0 7 8065 
3,,8 B.54-
705 8037 
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Chap. IV, Fig. 11, p. 116 

100Na-48FA 100Na-55GL 
". ... -." -

T G1 

tan 0 T G' "tan 0 T G' tan é 
(OC) (x10- a) (OC) (x10-: a ) (OC) (X10- a ) 

-64 252. " .163 -37 .l44 -63 .081 
-62 224. .169 -35.5 .135 -61.5 403. .091 
.o.r59.5 212. .194 -34 151. .156 -59 403. .107 
-58.5 200 .. .199 -32.5 .157 -5:'1 333. .126 
-56 193. .217 -31.5 .173 -56 319. .129 
-54.5 176. .236 -30 143. .183 -54 .144 
-53 161. .246 -28.5 .186 -53 .148 
-51 143. .260 -27 132. .207 -51 .160 
-48 113. .301 -26 129. .209 -48.5 .173 
-46 108. .. 309 -24 126 • .221 -46.5 .192 
-44.5 96. • 319 -23 122 • .216 -45 .200 
-42 75. .345 -21.5 117. .258 -44 .202 
-40 71. .356 -20 113. .264 -42 .233 
-38 63. .356 -18.5 114. .291 -40 .249 
-35.5 51. .368 -17 114. .316 -38 .260 
-33.5 43.6 .378 -15.5 109. .342 -36.5 .277 
-31 39.1 .402 -12 94. .395 -35 .281 
-28 32.0 .407 -11 94. .403 -33.5 .294 
-26 27.1 .405 -10 72. .427 -32 .302 
-23.5 23.3 .405 - 8.5 72. .441 -30 88.6 .313 
-22 2007 .422 - 6 58. .464 -28.5 .334 
-19.5 17.6 • 417 - 4.5 54 • .511 -27 71.9 .343 
-18 15.9 .414 - 2.5 43. .522 -25 54~7 .349 
-15.5 13.2 .425 + 1 290'4 .552 -23 44.8 .360 
-13.5 10.8 .436 3 23.1 .566 -20.5 38.6 .381 
-11.5 8.8 .446 4.5 20"08 .566 -19.5 .396 
- 9.5 7.5 .451 5.5 19.3 .591 -18 30.2 .409 
- 7 5.6 .486 8.5 13.1 -16.5 .403 
- 4.5 4.76 .469 11 9.6 .616 -15.5 23.1 .396 
- 2.5 3.85 .465 12.5 8.7 .621 -14 18.5 .421 
+ 005 2.93 .455 21 108 -12 1401 .444 

2.5 2 .. 68 .,443 26.,5 .,66 .769 -11.,5 10.6 .480 
4.5 2.27 .425 28 .51 0747 - 9.5 9.0 .568 
6 1.81 .413 29.5 .40 .775 -. 9 6.5 .599 
8 1.63 .404 31 .285 .755 = 8 4.8 .726 

11.5 1.13 .370 33 .232 .731 0 .204 .953 
13 .96 .356 35 .190 .720 1.5 .154 .892 
15 .86 .345 36.5 .158 .655 3 .130 .901 
17 075 .327 39 .130 .609 5.5 .055 .626 
19 .61 .311 40 .118 .541 7.5 .053 .517 
21 ~53 .298 42 .096 .483 9.5 .053 .462 
23 .483 .285 44 .088 .417 10.5 .045 .438 
25.5 .399 .267 46.5 .081 .367 11.5 .045 .426 
28 .327 .249 49 .065 .242 12.5 .043 .366 
30.5 .276 .228 13.5 .040 .373 
33 .253 .228 15.5 .039 .309 
34.5 .243 .199 

•. _.J 



T (OC) 

log t 

vs. 
D(t) 
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Chap. IV, Fig. 12, p. 122 

-3102 -28.2 

-S.4 O.711E-11 -5.0 O.751E-tl 

-S.2 O.731E-ll -4.8 O.76eE-11 

-5.0 00750E-11 -4.6 O.78SE-ll 

-4.8 O.768E-Il -4.4 O.802E-ll 

-4.6 O0786E-11 -4.2 0.82IE-11 

-4.4 O.806E-ll -4.0 O.844E-ll 

-4.2 O. 830E- t 1 -3.8 O.870E-Il 

-4.0 O.857E-11 -3.6 O.899E-I1 

-3.8 O.888E-II -3.4 O.929E-II 

-3.6 O.923E-ll -3.2 O.964E-ll 

-3.4 O.960E-ll -3 .. 0 0.1 OOE-l 0 

-3.2 O.lOOE-lO -2.8 O.lOSE-IO 

-3.0 0.1 05E-I 0 -2.6 0.IIIE-10 

-2.8 O.lllE-10 -2.4 O.117E-10 

-2.6 O.II7E-lO -2.2 O.126E-I0 

-2.4- O.123E-IO -2.0 O.136E-lO 

-2.2 O.131E-lO -1.8 O.148E-lO 
- ,- . - --.- " •.. _-

-21.0 

-0.8 O.IS8E-IO -0.8 O.lS9E-lO 

-0.6 O.167E-,lO -0 .. 6 O.169E-10 

- 041 4- O. 1 7 7E - 1 0 - O. 4 a • 1 7 8E -1 0 

- o. 2 0 0 1 8 8E - 1 0 -, 0 41 2 0 • 1 8 8E -1 0 

o • 0 O. 2 0 O~ -1 0 

o. 2 O. 21 3E - 1 0 

0.4 o.227E-IO 

0.6 0.2431:;-10 

0.8 O.262E-l0 

1 .. 0 o.282ES-lO 

A .. 2 0 .. 3068-10 

1.4 0,,334E-I0 

1.6 O.367E-I0 

1.8 O.404E-:-.lO 

2.0 o.448E-10 

202 O.499E-10 

o • 0 0 .2 0 OE -1 0 

0.2 O.212E-AO 

0.4 O.226E-I0 

0.6 O .. 241E-l0 

0.8 O.259E-I0 

1.0 O.279E-nO 

1.2 o.302E-10 

1.4 00329E-I0 

1 .. 6 0 .. 360E-I0 

1 CI 8 0 e 3 97E - 1 0 

2.0 O.440E-IO 

2 .. 2 O.491E-I0 

~~_4 O.552~~ 

-26.4 

-4.4 O'.80tE-11 

-4.2 O.821E-ll 

-4.0 O.841E-11 

-3.8 O • .864E-i' 

-3.6 O.887E-ll 

-3.4- O.913E-l1 

-3.2 O.942E-Il 

-3.0 0.973E-11 

-2.8 0.1 OlE-1 0 

-2.6 0.104E-l0 

-2.4 O.109E-10 

-2.2 O.l13E-1O 

-2.0 O.lI9~-10 
-1.8 O.125E-IO 

-1.6 O.133E-10 

-1.4 O.141E-10 

-1.2 O.ISOIE-lO 
- --"--- - - - _ .. __ .-

-17.8 

0 .. 8 0.2S9E-I0 

1.0 0 .. 276E-lO 

1 .. 2 O.294E-I0 

1 .. 4 0 .3 1 SE - 1 0 

1.6 o.337E-10 
1. ., 8 0 .36 3E ~ f, 0 

2.0 0.392E-lû 

2 .. 2 O .. 425E-I0 

2 .. 4 O.463E-I0 

206 0 .. 506E-lO 

2 .. 8 O.5S5E-l0 

3 .. 0 O. 61 4E - 1 0 

3 CI 2 0 .. 6 8 3E - 1 0 

3';4 0 .. 767E-10 

3.6 0 .. 869E-10 

3.8 00992E-l0 

4 .. a. _0 ~1~ 4E-:-.09. 

-24.3 

-2.6 a.lOltE-IO 

-2.4 O.109E-10 

-2.2 o. 113E-l 0 

-2.0 O.118E-IO 

-1.8 O.123E-IO 

,1 .. 6 6.128E 16 

-1 ~4 O.135E-10 

-1.2 O.142E-10 

-1.0 O .. 150E-10 

-0.8 O.160E-10 

-0.6 0.1 71E-l 0 

-0.4 O.184E-10 

-0.2 O.199E-10 

0.0 O.217E-10 

0.2 O.240E,-10 

0.4 O.266E-IO 
; 

-16.5 

1 .. 4 O. 3 1. 4E -1 0 

:1 0 6 9 .. 338E le 

1.80.363E-10 

2.0 O.391E-lO 

2.2 O.422E-IO 

2.4 O.45-rE-10 

2.6 O.496E-10 

2 .. 8 0 .. 541E-1I.0 

3 .. 0 O .. 592E-10 

3 .. 2 O .. 649E-l0 

3.4 O.713E-1I0 

306 O.786E-lO 

3.8 O .. 870E-lO 

4 .. 0 0 .. 964E-l0 

4.2 o. & 07E-09 

4.4 O.IISE-09 

4.6 00131E-09 
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Chap. IV, Fig. 12 (cont.) 

-14.3 -11.8 -8.4 -4.9 
-- ---- - --

2.8 O.S40E-IO 3.4 O.706E-IO 5.2 0.1 59E-09 7.4 0.502E-09 3.0 O.591E-IO 3.6 O.775E-IO 5.4 0.175E-09 7.6 0.56IE-09 3.2 0.645E-IO 3.8 0.849E-IO 5.6 0.193E-09 7.8 O.630E-09 3.4 0.706E-IO 4.0 0.927E-IO 5.8 0.212E-09 8.0 0.713E-09 3.6 O.776E-I0 4.2 0.10IE-09 6.0 0.235E-09 8.2 0.80BE-09 3.8 0.855E-IO 4.4 0.110E-09 6.2 0.260E-09 8.4 0.915E-09 4.0 0.943E-IO 4.6 O.12IE-09 6.4 O.289E-09 8.6 0.103E-08 4.2 0.104E-09 4.8 0 .. 133E-09 "6.6 0.322E-09 8.8 0.116E-08 4.4 0.116E-09 5.0 0.145E-09 6.8 0.359E-09 9.0 0.131E-08 4.6 O.129E-09 5.2 O.159E-09 7.0 0.402E-09 9.2 0.147E-08 4.8 0.144E-09 5.4 0.175E-09 7.2 0.450E-09 9.4 0.165E-08 5.0 0.16IE-09 5.6 0.194E-09 7.4 0.506E-09 9.6 0.185E-oa 5.2 0.180E-09 5.8 0.215E-09 7.6 0.569E-09 9.8 0.209E-08 5.4 O.20IE-09 6.0 O.240E-09 7.8 O.643E-09 10.0 0.238E-08 5.6 O.225E-09 6.2 0.267E-09 8.0 0.735E-09 10.2 0.274E-08 
5.8 0.252E-09 6.4 0.298E-09 10.4 0.315E-08 

-3."8 -0.7 1.7 
- .. -- - - - -- --""-::-9 .. 0 O.132E-08 9.4 0.167E-08 904 00167E-08 902 0.147E-08 9 .. 6 0 .. 187E-08 9.6 0.187E- 08 9.4 0 .. 1 65E-08 9.8 O0208E-08 908 00209E-08 9.6 0.186E-08 10.0 00231E-08 10.0 00232E-08 908 O .. 208E-08 1002 00256E-08 10.2 0.257E-08 1000 00232E-08 1 O.~." 0 .. 284E-:-08 10.4 0.285E-08 10.2 O0258E-08 10.6 O.315E-oa 100"6 O.315E-08 10 0 4 0.285E-oa 1008 0.351E-08 10 .. 8 Oo349E- 08 

11.0 0.390E-08 1100 0.388E-oa 

3.8 7.5 

1004 O0285E-08 1008 0 .. 350E-08 
10 .. 6 O .. .315E-08 11.0 O.390E-08 
1008 00350E-08 11.2 O.433E-08 
1100 00389E-08 1104 O.482E-08 
II!. .. 2 0 .. 432E-08 1106 00535E-08 
111 .. 4 Oo481E-08 1 1 .. 8 0 .. 592E-08 
11 .. 6 0 .. 536E-08 12 .. 0 O.657E-08 

12.2 0 .. 733E-08 
1204 0.819E-08 
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Chap. IV, Fig. 13, p. 124 

T (OC) -31.2 -28.2 -24.3 -21.0 -20.2 -17.8 -14.3 

log bT 
2.0 1.85 1.4 1.1 1.1 0.7 0.0 

2.69 0.52 2.46 0.22 2.66 0.37 2.47 0.6 2.59 0.8 2.49 1.5 1.91 0.32 

2.89 0.71 2.66 0.30 2.86 0.65 2.67 1.2 2.79 1.5 2.69 2.3 2.11 0.55 

3.09 0.92 2.86 0.43 3.06 1.09 2.87 2.0 2.99 2.3 2.89 3.8 2.31 0.82 

log t 3.29 1.15 3.06 0.61 3.26 1.78 3.07 2.9 3.19 3.4 3.09 6.1 2.51 1.15 

vs. 3.49 1. 38 3.26 0.87 3.46 2.75 3.27 4.1 3.39 4.9 3.29 9.4 2.71 1.57 

D{t) 3.69 1. 66 3.46 1.27 3.66 4.02 3.47 5.7 3.59 6.9 3.49 14.3 2.91 2.07 

xl0-12 3.66 1.82 x10-12 3.67 7.6 3.79 9.4 3.69 21.0 3.11 2.64 

3.86 2.49 x 10-12 x10-12 X 10-12 3.31 3.28 

x10-l2 3.51 3.97 
xI0·11 

Chap. IV, Fig. 15, p. 126 

T (OC) -2.9 1.1 10.4 19.1 22.0 24.7 

log bT 1.1 1.25 0.95 0.4 0.05 0.0 

2.95 0.62 3.11 0.31 3.23 0.9 3.17 2.6 2.63 2.0 2.35 1.1 

3.15 0.93 3.31 0.56 3.43 1.6 3.37 4.1 2.83 3.3 2.55 1.8 

3.35 1.34 3.51 0.95 3.63 2.3 3.57 7.1 3.03 4.8 2.75 2.9 

log t 3.35 1. 79 3.71 1.57 3.83 3.5 3.77 10.7 3.23 6.9 2.95 4.3 

vs. 3.75 2.33 x 10-12 4.03 4.8 x 10 12 3.43 9.4 3.15 5.8 

D (t) x 10-12 x 10-1:1 3063 12.0 3.35 7.1 

3.83 14.4 3.55 8.6 

x 10-12 3.75 9.7 
x 10 -12 



- 184 -

Chap. IV, Fig. 14, p. 125 

T (OC) -47.5 -37.9 -27.4 -19.6 -5.5 

log bT 
4.2 3.9 4.0 3.4 2.3 

3.40 1. 07 3.41 0.54 3.65 1.1 3.40 0.30 3.27 3.0 

log t 3.60 1.91 3.61 0.97 3.85 2.3 3.60 0.57 3.47 5.3 

vs. 3.80 2.71 3.81 1.46 4.05 4.0 3.80 0.96 xI0·n 

D(t) 4.00 3.94 4.01 2.07 4.25 5.9 4.00 1. 43 

xl0-l2 X 10-12 xl0-l2 4.20 2.07 
xI0·n 

-1.6 5.7 14.0 24.1 30.6 39.8 

2.1 1.3 0.9 0.55 0.4 0.0 

3.22.3.4 2.78 0.9 3.28 0.71 2.98 1.04 3.09 1.4 2.29 0.7 

3.42 7.3 2.98 1.7 3.48 1.34 3.18 1.56 3.29 2.7 2.49 1.2 

x 10-11 3.18 2.7 3.68 2.32 3.38 2.39 3.49 4.5 2.69 1.7 

3.38 4.1 3.88 3.64 3.58 3.71 3.69 7.1 2.89 2.5 

3.58 5.8 xl0-9 3.78 5.38 3.89 10.2 3.09 3.6 

xl0-l0 xl0-9 4.09 13.9 3.29 4.9 
xl0-9 3.49 6.6 

3.69 8.7 

3.89 11. 2 
XI0' 9 



- 185 -

Chap. IV, Fig. 20, p. 139 

0.1 hz 0.01 hz 0.001 hz 

T (OC) 
-log DI (w) -log DI (w) -log DI (w) 

-log tan cS -log tan cS -log tan cS 

-26.8 Il.009 1. 458 10.977 10204 10.931 1.105 

-18.0 .10.966 1.143 10.915 1.076 10.860 1.058 

- 5.3 10.859 1.060 10.799 .939 10.716 .808 

2.0 10.828 1.049 10.771 1.009 10.705 .950 

9.6 10.769 1.043 100710 .971 10.635 .858 

18.7 10.697 1. 008 10.634 .988 10.567 .958 

27.7 10.619 .998 10.554 .948 10.478 .882 

38.4 10.480 .913 10.400 .845 10.303 .774 

47.1 10.365 .871 10.276 .799 10.168 .727 

56.9 10.270 .839 10.173 .736 10.046 .642 

64.4 10.194 .789 10.084 .706 9.952 .643 

74.5 10.086 .786 9.979 .725 9.853 .662 

82.5 10.016 .800 9.916 .779 9.808 .744 

93.8 9.905 .802 9.799 .695 9.660 .605 



TEMPo 
LOG A 

TIME 
2 
3 
5 
7 

10 
15 
20 
2~ 

30 
35 
40 
50 
6C 
70 
80 
90 

100 
120 
140 
160 
180 
200 
250 
300 
350 
400 
500 
600 
700 
800 
900 

1000 

Chap. IV, Fig. 21, po 149 

~5108 -45.8 -33.3 -20.9 -1209 -3.4 8.5 17.3 22.6 34.9 43.3 58.0 70.8 
7 0 05 6045 4 0 75 2049 1.94- 0065 -1.20 -3.35 -5.07 -7.69 -8.76-10.60-12.30 

LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 
10.68 10.66 10059 10949 10046 10.40 10.31 10.09 9.73 8.45 7.93 0.0 6.85 
10 068 10.,65 10.58 10048 10 .. 46 10040 10.30 10.07 9.66 8 .. 37 7.85 0 .. 0 6.79 
10.67 10.64 10 .. 57 10.47 10.44 10039 10.28 10.02 9.58 8.26 7.75 7.25 6.72 
10.,66 10.,64 10.56 10.46 10 .. 44 10.38 10.27 lO.OO 9.52 8.18 7.70 7.21 6.68 
10.66 10.63 10055 10 .. 45 10 .. 43 10.37 10026 9.98 9.46 8.10 7.64 7.17 6.64 
10065 10.,62 10.55 10.,45 10.42 10.,36 10.25 9.94 9.38 8.,01 7.59 7 0 11 6.59 
10.,64 10 .. 62 10 .. 54- 10044- 10.,42 10.,36 10.,24 9.92 9.33 7.95 7054- 7.08 6 .. 54-
10.64 10 .. 61 10.54- 10044 10041 10.35 10023 9.89 9029 7.91 7.51 7004 6.52 
10064- 10061 10053 10043 10.41 10.35 10.22 9.88 q.25 7.87 7.49 7.01 6.49 
10.63 10061 10 .. 53 10.,43 10.41 10 .. 35 10.22 9.86 9.22 7.84 7.47 6.99 &.47 
10 .. 63 10060 10053 10 .. 43 10.40 10 .. 34 10.21 9.B4 9.19 7.82 7.45 6.98 &.44 
10.63 10.60 10.53 10.42 10 .. 40 10.34 10.20 9. BI 9.15 7.78 7.43 6.94 6.42 
10062 10 .. 60 10052 10.42 10.40 10034 10 .. 20 9.79 9.11 7.75 7.40 6.91 6.39 
10.62 10 .. 59 10 .. 52 10042 10.39 10.33 10 .. 19 9.78 9.07 7.73 7.38 6.89 &.37 
10.62 10.59 10052 10 .. 41 10.39 10 .. 33 10 .. 18 9.76 9.04 7.70 7.37 6.86 6.36 
10.61 10059 10.51 10041 10039 10.33 10018 9.75 9.01 7.68 7.35 6.B4 5 .. 34-
10061 10 .. 59 10051 10 .. 41 10 .. 39 10 .. 32 10.17 9.74 8.99 7.67 7.34 6.83 5.33 
10061 10058 10.51 10041 10.38 10.32 100 16 9.71 8.95 7.64 7.32 6.79 5.30 
10 061 10058 10051 10040 10038 10.32 100 16 9.59 8.91 7.61 7.31 6.77 5027 1 

10.60 10058 10.50 10040 10 .. 38 10.31 10015 9.67 8.88 7.59 7.29 6.74 5. 25
1 

10 0 60 10.58 10.,50 10040 10 .. 37 10031 t 0 .. 1 4 9.64 8.B5 7.57 7.28 6.7? 5022 
10060 10,,57 10050 10.39 10.37 10.30 10" 13 9.63 8.83 7.56 7.27 5.69 6.21 
10059 10057 10050 10039 10 .. 36 10 .. 30 1 0.12 9.59 8.77 7.53 7 .. 25 6.66 
10059 10056 10049 10038 10.36 10029 10010 9.56 8.72 7.50 7.23 6.62 
10058 10056 10049 10 .. 37 10.35 100 29 10 .. 09 9.53 8.67 7.48 7.21 6 .. 59 
10058 10056 10 .. 49 10.31' 10.35 10 .. 28 10.08 9.50 8.64 7 .. 46 7.20 6.56 
10058 10.,55 10048 10037 10.34 10027 10.06 9.46 8.58 7.44 7.18 6.50 
10057 10 .. 55 10.48 10036 10034 10026 10.05 9 .. 41 8.54 7.41 7.17 : 
10 .. 57 10047 10 .. 36 10033 10 .. 26 10003 8.50 7040 7015 
10056 10047 10033 10025 10.02 8.46 7.39 7.14 
10056 10047 10.33 10 .. 25 10001 8.44 7.37 7 .. 13 
10.56 10046 10 .. 32 10 .. 24 10.00 8042 7.37 

.-----_ .... -.. -.. _._.----

t-' 
«XI 
0'1 



Chap. IV, Fig. 22, p. 149 

TEMPo rS9.5 -4902 -3807 -26.6 -18.8 -806 802 16.8 22.6 29.4 34.9 43.5 55.0 68.2 83.5 97.1 

LOG A 1 8069 6.87 5.62 3.34 2 0 75 1.23 -0.76 -2013 -3.02 -50 19 -6.18 -7.24 -9.07-10.79-11.85-13030., 

TIME 1 LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 

2 10.92 10 089 10086· ~0076 10 .. T4 1-0.64 10.52 10 .. 39 10.29 

3 10 092 10088 10085 10 0 75 10.73 10064 10.50 10.37 10.26 

5 10091 10088 10.84 10.75 10072 10.62 10049 10.34 10022 

7 10091 10088 10084 10074 10071 10062 10047 10.33 10.19 

10 10.91 10087 10.84 10.73 10070 10061 10~46 10.31 10.16 

15 10 0 91 10 0 87 10.83 10 073 10 .. 69 10.59 10.44 10.29 10.12 

20 10090 10087 10083 10072 10069 10059 10.43 10027 10.10 

25 10090 10086 10082 10071 10.68 10058 10.42 10025 10.07 

30 10.90 10.86 10.82 10.71 10068 10.57 10.41 10024 10.05 

35 0.0 10.86 10.82 10.71 10067 10.57 10040 10.23 10.03 

40 10090 10.86 10.81 10070 10067 10.57 10.49 10.22 10.01 

50 10.90 10.85 10.81 10070 10066 10056 10.39 10.20 9 0 98 

60 10.90 10.85 10.81 10.69 10.66 10.55 10039 10c18 9096 

70 10 090 10.85 10~80 10.69 10066 10.55 10.38 10.17 9.94 

80 10089 10.85 10080 10068 10065 10054 10037 10015 9.92 

90 10.89 10.85 10080 10.68 10065 10054 10037 10014 9 090 

100 10.89 10 084 10.80 10068 10064 10054 10036 10013 9089 

120 10.89 10.84 10.79 10.67 10064 10.53 10.35 10.12 9.87 

140 100 89 10084 100 79 10.67 10063 10053 10034 10.10 9 0 85 

160 10.89 10e84 10.78 10.67 10063 10.52 10.33 10009 9.83 

180 1008A 10083 10078 10066 10062 10052 10.32 10.08 9.82 

200 10088 10.83 10077 10.66 10062 10.52 10.32 10.06 9.80 

250 10e88 10.83 10077 10.65 10.62 10.51 10030 10.03 9.781 

300 10088 10.83 10.76 10065 10061 10050 10029 10.00 9075 1 

350 10088 10 082 10 075 10064 10061 10.50 10.28 9098 

400 10088 10082 10e75 10.64 10060 10050 10.28 9 096 9.70 

500 10.74 10063 10.59 10.48 10.25 9 0 93 

600 10.73 10062 10.59 10.24 9090 

700 10.73 10062 10058 

800 10 072 10058 

900 10 0 72 

1000 10071 

LOG E 
9;-75 
9069 
9.60 
9 .. 55 
9.49 
9.42 
9.37 
9033 
9.30 
9.26 
9023 
9.20 
9.18 
9.16 
9.14 
9 0 12 
9.10 
9007 
9.04 
9.00 
8.99 
8.96 

LOG E LOG E LOG E 
9.39 
9.34-
9.22 
9.16 
9.10 
9.03 
8.98 
8.94 
8.91 
8.89 
8.87 
8.85 
8.83 
8.81 
8.78 
8.76 
8.74 
8.72 
8.69 
8.65 
8.64 
8.60 

8.78 
8.72 
8.65 
8.61 
8.57 
8.53 
8.50 
8.48 
8.45 
8.42 
8.40 
8.37 
8.35 
8.34 
8.31 
8.29 
8.27 
8.25 
8.24 
8~21 

8 .. 18 

8.09 
8001 
7097 
7.93 
7.90 
7.88 
7.86 
7.83 
7.80 
7.78 
1.76 
7.74-
7.72 
7070 
7068 
7066 
7064 
7.63 
7.60 
7.58 

8.16 7 0 57 

8.15 7.55 

8.12 
8.10 
8.08 
8.07 
8.05 
8.04 

LOG E LOG E LOG E 
7.3~6';-961' 

7.67 7.33 6 .. 91 i 

7.60 
7.54 
7.51 
7043 
7.40 
7.37 
7.35 
7.33 
7.31 
7.28 
7.26 
7.24-
7.23 
7.21 
7.20 
7.18 
7.16 

7.26 
7.22 
7018 
7.13 
7.10 
7.08 
7006 
7.04-
7.03 
7000 
5.97 
6094 
6.93 
6091 
6 0 90 
6.88 
6.85 

7.15 6083 

7.14 6.81 

7.13 6.80 
6.76 
6.72 

6.85 
6.81 1' 

6.77 
6 .. 73 
6.71 
6068 
6.65 
6.63 
6 0 61 
6.58 
6.55 
6.52 
6049 
6 .. 47 
6.44-
6.37 

.... 
CO ....., 



Chap. IV, Fig. 23, p. 150 

TEMPo 
LOG A 

4002 -35.6 -2504 -1406 -406 708 17.8 28.4 36.5 42.7 45.8 52.2 
5 0 49 4.76 3.26 1.98 0.53 -1.41 -2.48 -4056 -6.30 -7.84 -8.09 -9013 

TIME 

3111 011 
5 11010 

Il.00 
10098 

10.81 10066 10.58 10.32 10.04 9.71 9.66 9041 
10.80 10.65 10.56 10.29 10.00 9.67 9.60 9.36 

7 11009 Il.06 10098 10.89 10.79 10064 10.55 10.26 
10 Il.09 11005 10.97 10088 10.78 10063 10.53 10.24 
15 Il.08 11005 10096 10.87 10.77 10.62 10.51 10.21 
20 11.07 11004 10.95 10086 10.76 10061 10.50 10.19 
25 11.07 11.03 10094 10.86 10.75 10.60 10.49 10.18 
30 11.07 11003 10 0 94 10085 10.74 10.59 10.48 10.16 
35 11006 11.03 10094 10.84 10.74 10.59 10.47 10.15 
40 11006 11002 10093 10.84 10.74 10~58 10.46 10.14 
50 Il.06 Il.02 10.92 10.83 10.73 10057 10.44 10.13 
60 Il.05 Il.01 10092 10.83 10072 10.56 10.43 10.12 
70 11005 11001 10092 10082 10.72 10.56 10.42 10.10 
80 Il.05 11001 10091 10.82 10071 10055 10.41 10.09 
90 11004 11000 10.91 10081 10071 100 54 10.41 10.08 

100 11004 11000 10.90 10081 10.71 10.54 10.40 10.07 
120 11004 10099 10 090 10081 10.70 10053 10.39 10.06 
140 11004 10 0 99 10.89 10080 10.69 10052 10.38 10.05 
160 Il.03 UO.99 10089 10.80 10.69 10.51 10037 10.04 
180 11.03 10099 10088 10.79 10068 10.51 10.37 10003 
200 11.03 10098 10088 10079 10.68 10.50 10.36 10.02 

9.97 
9.94 
9.90 
9.88 
9.86 
9.84 
9.83 
9.82 
9.80 
9.78 
9.76 
9.75 
9.73 
9.71 
9.70 
9.68 
9.66 
9.64 
9.63 

250 
300 
350 
400 
500 
600 
700 
800 
900 

n0097 10087 10078 10067 10049 10.35 10.01 9.60 
AO.97 10086 10078 10066 10047 10033 9.99 9.58 
10.96 10086 10077 10065 10046 10.32 9.98 9.55 

1000 

10.96 10e85 10 076 10.65 10045 10032 
10095 10084 10076 10 0 64 10043 10.30 
10095 10083 10.75 10063 10041 10.29 
10094 
10094 
10 .. 94 
10.93 

10074 10.62 
10074 10.,61 

10060 
10060 

10.27 
10.27 
10026 
t 0.24 

9.97 
9095 
9093 
9.92 
9.90 
9.90 
9.89 

9.54. 
9.52 
9.49 
9.47 
9.46 
9.44 

9.63 
9 0 59 
9 0 55 
9053 
9051 
9 0 49 
9 0 47 
9.45 
9«143 
9.41 
9.39 
9.38 
9.37 
9.36 
9.34 

9.58 
9053 
9.50 
9.46 
9.44 
9.42 
9.41 
9.41 
9.40 
9.38 
9.35 
9.34 
9.32 
9.31 
9.29 
9.28 
9.27 
9.25 
9.24 
9.22 
9820 
9.19 
9.18 
9.16 
9.14 

9.33 
9.31 
9.27 
9·24 
9.23 
9.21 
9020 
9.19 
9.18 
9.17 
9.15 
9.14 
9012 
9.11 
9.10 
9.09 
9.08 
9.07 
9.06 

..... 
00 
00 



TEMPo ~40 .. 8 -33 .. 8 -30 .. 3 -2000 
LOG A 10 .. 33 8 .. 32 6031 4062 

TIME LOG E LOG E LOG E LOG E 
2 11013 il 010 11 G03 10 .. 95 

3 11 .. 13 11009 11 .. 03 10 .. 94-

5 Il .. 12 Il .. 08 11 .. 02 10094 

7 11 .. 12 11 .. 08 11 .. 02 10.93 

10 Il 012 11 .. 07 11 .. 01 10 .. 92 

15 11 .. 12 11 .. 07 Il .. 00 10 .. 91 

20 11 0 Il 11 .. 07 10.99 10 .. 91 

25 11 0 Il Il .. 07 10 .. 99 10 .. 90 

30 11.,11 Il .. 06 10.98 10.,90 

35 11 0 Il 11 .. 06 10098 10089 

40 11 .. Il 11006 10098 10089 

50 11 0 Il U.o0610 .. 97 10.89 

60 11 0 Il 11 .. 06 10.97 10 .. 88 

70 11 0 Il 11006 10 .. 96 10088 

80 11010 11005 10088 

90 Il .. 10 II .. 05 10088 

100 Il .. 10 Il .. 05 10087 

120 Il .. 10 11005 10087 

140 11 010 11 .. 04- 10086 

160 11 010 11.,04 10.86 

180 Il .. 10 Il.04 10 .. 86 

200 11 .. 09 11004- 10 .. 85 

250 Il .. 09 II.04- 10.85 

300 11009 11003 10.84 

1 

350 11009 11003 10.,84-

400 Il .. 09 11003 10.84 

500 11.08 11002 10 .. 83 

600 II,,08 11002 10082 

700 11008 11.02 10.81 

800 11 .. 08 11001 10.81 

900 II.,01 10., 81 

1000 Il CI 01 10 .. 81 

Chape IV, Fig. 24, p. 150 

-(P,,8 004 13.6 23.9 34.4 45.8 53.4 

3025 2 0 61 0.80 -OotO -1.62 -3.59 -4.71 

LOG E LOG E LOG E LOG E LOG E LOG E LnG E 
10 .. 89 10085 10 .. 74 10 .. 69 10.bO 10.39 10.24 

10088 10 .. 84 10.73 10.68 10.58 10.38 10.22 

10 .. 86 10 .. 83 10.72 10 .. 67 10057 10.35 10 .. 18 

10 .. 86 10 .. '82 10.71 10 .. 66 10.56 10.32 10.15 

10 .. 85 10.82 10 .. 70 10 .. 65 10.54 10.30 10.12 

10 .. 84 10 .. 80 10069 10 .. b4 10 .. 52 10 .. 28 10.09 

10083 10.,79 10.68 10.,63 10.,51 10.26 10.06 

10 .. 83 10 .. 79 10 .. 68 10.63 10.50 10.24 10.04 

10 .. 82 10.78 10 .. 67 10 .. 62 10.50 10.23 10.02 

10 .. 82 10078 10 .. 67 10 .. 62 10.49 10 .. 22 10.01 

10 .. 81 10078 10.67 10.61 10 .. 49 10.21 10.00 

10 .. 81 10 .. 77 10 .. 66 10.61 10.48 10.19 9.97 

10.81 10 .. 76 10.65 10 .. 60 10.47 10.18 9.95 

10080 10076 10 .. 65 10060 10 .. 46 10.17 9.94 

10.80 10 .. 76 i 0.65 10 .. 59 10.45 10.16 9 .. 92 

10080 10 .. 75 10 .. 64 10 .. 59 10.44- 10.15 9.91 

10079 10075 10.64- 10 .. 59 10.44 10.14 9.89 

10079 10.75 10064- 10058 10 .. 43 t o. t 3 9.88 

10078 100 74- 10064 10.58 10.42 10.12 

10.,78 10074- 10.63 10.57 10.42 10.11 

10077 10 .. 73 10 .. 63 10057 10 041 10.10 

10 .. 77 10.73 10063 10.,56 10 .. 40 10.08 

10076 10.,73 10.62 10 .. 56 10.38 10.07 
i 

10 .. 75 10072 10 .. 62 10055 10.37 10004-

10 .. 75 10 .. 71 10 .. 61 10 .. 54 10036 10.02 

10071 10061 10054- 10 .. 35 10 .. 01 

10.,70 10061 10.52 10.34 9 .. 99 

10070 10060 10.51 10.33 9.96 

10.,69 10.60 10 .. 50 10.32 9.96 

10069 10.59 10.50 10.31 9.94 

10 .. 69 10 .. 59 10.,49 10.30 9.92 

10069 10059 10.48 10.29 9.90 

.,....,.1.<1 

56.7 6404 65.0 77.6 
-5.23 -6.15 -6.88 -8 .. 53 

LOG E LOG E LOG E lOG E 
10.14 9.97 T 
10.10 9.,93 1 

i 

10.07 9.89 
i 

9.31 

10 .. 04 9.87 9.26 

10 .. 01 9.84 9.67 9.21 1 

9.,98 9 .. 80 9.,62 9 .. 16 1 

9.,96 9.78 9.,59 9.13 
9.,94 9.76 9.56 9.10 

9 .. 93 9.74 9.54- 9.07 

9091 9.73 9 .. 52 9.05 

9090 9.71 9 .. 50 9.04 

9 .. 88 9.68 9.48 9 .. 01 

9886 9.65 9 .. 45 8 .. 98 

9 .. 85 9.63 9 .. 43 8.96 

9 .. 84- 0.0 9342 8.95 

9.83 9.62 9.41 8.93 

9.82 9.58 9.,39 8 .. 92 

9 .. 80 9 .. 57 9036 8090 

9.79 9.55 9 .. 35 8.88 

9.78 9.53 9.33 8.87 

9 .. 76 0.0 9 .. 32 8.86 
9.74 9.49 9031 8.84 
9.72 9.47 9.28 8.82 

9.69 i 9.26 8080 

9.68 9.25 8.78 

9.66 1 9.23 8.76 

9.63 1 9.21 8 .. 73 
: 

9.62 1 9 .. 18 8 .. 70 
9.60 9.17 8.67 
9.60 9.15 8.65 

9.58 9.14- 8.64 

9 .. 58 9.13 8.61 

f-' 
0) 

\0 



TEMPo 
LOG A 

TIME 
2 
3 
5 
7 

10 
15, 
20 
25 
30 
35 
40 
50 
60 
70 
80 
90 

100 
120 
140 
160 
180 
200 
250 
300 
350 
400 

1 500 
600 
700 
800 
900 

100q 

Chapo IV, Fig. 25, p. 151 

~2206 -10 .. 5 -Q.oO 308 14 .. 9 28 .. 4 38 .. 1 4707 57.8 67.,7 76.5 86 .. 2 94.5 
8.12 6 .. 45 5093 4 .. 95 3 0 71 2.55 0034- -0088 -1.97 -3.58 -5.05 -6.38 -7.00 

LOG E LOG E LOG E LOG E LOG E L OG E L.OG E LOG F L nG F 1 nG F LOG E l QG E LOG E 
11 008 11 0 04 11 002 10098 10092 10085 10.70 10 .. 63 10.54 10.40 10 .. 25 10.10 10.03 
11008 II .. 04 Il,, 02 10 .. 98 10091 10 .. 84 10069 10.,61 10.52 10.38 10.23 10.08 10.01 
11007 Il.03 11 .. 01 10097 10.89 10082 10.68 10.59 10.51 10036 10.21 10.06 9.98 
11007 11003 11 000 10096 10.89 10081 10067 10.58 10.50 10.35 10.19 10.04 9.97 
11007 Il 002 11 .00 10 .. 95 10 .. 88 10.80 10066 10. Sir 10.49 10.33 10.17 10.02 9.95 
11 .. 06 Il .01 10099 10.94 10 .. 87 10079 10.,64 10. SC; 10.47 10.31 10.15 9.99 9.93 
11006 11 .. 01 10.99 10093 10.,86 10.79 10.64 IO.5S 10.46 10.30 10.14 9.98 9.91 
11.06 11000 10.98 10093 10 .. 86 10.78 10.63 10. 5~~ 10.45 10.29 10.12 9.97 9.90 
11006 11 .. 00 10 .. 98 10093 10.85 10 .. 78 10062 10.53 10.45 10.28 10.12 9.96 9.89 
11.06 11000 10097 10 .. 92 10.85 t 0077 10062 10.53 10.44 10.27 10.11 9.95 9.88 
Il 006 10099 10097 10092 10.84 10 .. 77 10.61 10.52 10.43 10.27 10.·10 9.94 9.88 
Il.05 10.99 10 .. 97 10 .. 91 10 .. 84 10076 10.61 10.51 10.43 10.25 10.09 9.93 9.86 
11005 10099 10 .. 96 10 .. 91 10083 10.76 10.60 10.50 10.42 10.24 10.08 9.92 9.85 
11 .. 05 10.98 10 .. 96 10 .. 90 10083 10.75 10.60 10.50 10.41 100 23 10.07 9.91 9.85 
11005 10.97 10 .. 95 10.90 10.82 10 .. 75 10.59 10.50 10.40 10.23 10.06 9.90 9.84 
11005 10 0 97 10095 10090 10.82 10.74 10 .. 59 10.49 10.40 10022 10.05 9.90 9.83 
Il .. 04 10 .. 97 10095 10090 10 .. 82 10.74 10059 10.48 10.39 10.21 10.05 9.89 9.83 
11.04 10096 10 .. 94 10089 10.81 10.74 10.59 10.47 10.39 10.20 10.03 9.87 9.81 
11004 10.95 10.94- 10089 10081 10.7.3 10.58 10.47 10.38 10.19 10.02 9.87 9.81 
1 t .04 10.95 10 .. 94 10088 10.80 10.73 10 .. 58 10.46 10.37 10. t 8 10.01 9.86 9.80 
11003 10.94 10094 10088 10 .. 80 10 .. 73 10 .. 57 10 .. 45 10.37 10.18 10.00 9.85 9.79 
11 .. 03 10094 10 .. 93 10088 10079 10.72 10057 10.45 10.36 10.17 10.00 9.84 9.78 
11 .. 03 10 .. 94 10.93 10087 10.79 10.71 10.56 10.44 10.35 10.16 =1.98 9.83 9.78 
11 .. 03 10.92 10 .. 86 10,,78 10.71 10.55 10 .. 44 10.34 10.14 9.97 9.81 9.77 
Il 003 10092 10.86 10077 10070 10.55 10.43 10.34 10.13 9.96 9.80 9.76 
Il .. 02 10,,91 10 .. 85 10 .. 77 10.70 10.55 10.43 10.33 10.12 9.95 9.78 9.75 
11002 10090 10 .. 84 10 .. 76 10 .. 69 10.54 10.42 10.31 10.10 9094 g.74 
11002 10 .. 90 10 083 10075 10.68 10.54 10.40 10.29 10.08 9.92 g.72 
Il .. 01 10 .. 89 10.,83 10.75 10 .. 68 10 .. 53 10.39 10.28 10.07 g.71 
Il.01 10 .. 88 10082 10.74 10.68 10.,52 10.38 10.27 10.06 9.71 
11 .. 00 10 .. 88 10082 10.74- 10.67 10051 10.37 10.26 10 .. 05 g .. 70 
11 .. 00 10 .. 88 10081 10.73 10.67 10 .. 51 10.37 10.25 10 .. 05 9.69 --

~ 
\0 
o 
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Chap IV, Fig. 26, p. 151 

.- .- ~ .-~ 

TEMP. r-36.6 -29.4- -16.0 -7.4 1.7 1A.3 28.9 39.6 53.3 fl3.6 
LOG A 17.20 17.20 15.14 14.33 13.05 10 .. 05 8.92 7.93 6.00 4.78 

TIME LOG E LQG E LOG E LUG E LnG E LOG E LOG E LOG E LOG F. LOG F 
2 Il .31 Il.31 1l.27 Il.?-I') Il.23 Il.15 1 1.12 Il.09 Il .01 10.96 
3 Il.30 Il 031 Il .27 Il.26 Il.23 Il.15 1101l 11.08 Il.00 10.96 
5 Il.30 11.31 Il.26 11.25 Il.2~ 1 1. 14 Il .. 10 Il.07 Il.00 10.95 
7 Il.30 Il.30 Il.26 11020 Il .. 22 1 1.14 Il.10 Il.06 10.99 10.<)4 

10 Il.30 Il.30 1l.26 11.2~ 11.22 11.13 1 1. 10 Il.06 10.Q8 10.93 
15 Il .30 Il.30 11 .26 Il.25 Il.22 1 1. 13 Il.09 Il.05 10.9R 10.93 
20 Il .30 Il • _10 11.26 11.24 Il.21 Il.12 Il.09 Il.05 10.97 10.92 
25 11 .. 30 Il.30 Il.26 1 1 • ?4 Il.?1 Il. 12 Il.08 Il.04 10.97 10.92 
30 Il .30 Il.30 Il .25 Il.24 11.21 Il. 12 Il.08 11.04 10.Q7 10.92 
35 Il.29 Il.30 11.25 11.24 11.21 Il. 12 Il.08 11.04 10.96 10.91 
40 Il.29 Il.30 11.25 Il.24 1 1.21 Il. 11 Il.07 Il.04- 10.96 10. cn 
50 Il.29 11.29 11.25 Il.24 11.20 11 .. 11 Il.07 Il .03 10.9!) 10.91 
60 Il .29 11.29 Il.25 11.23 Il.20 Il.11 Il.07 Il.03 10.95 10.91 
70 11.29 11 .. 29 11.25 11.21 Il.20 1 1 • Il Il.06 11.03 10.95 10.90 
ao Il.29 11029 Il.25 11.?-3 11020 Il. 10 Il.06 11 .. 03 10 .. 95 100 90 
90 11 .. 29 1102e) Il.25 11.23 11.20 Il.10 Il.06 11002 10095 100 <;0 

100 11029 11029 Il .. 2 5 Il .. 23 11020 1 1. 10 11006 11.02 10.94 10.90 
120 Il.29 Il,.28 11024 Il.23 11 .. 19 Il .. 10 Il.06 11002 10.94 10.B9 
140 Il .28 11.28 11.24 11.22 Il CI 19 Il .. 09 Il.05 Il.02 10.94 10.~9 
160 11028 1'1; 028 11 .24 Il.22 1101e) Il.09 11005 Il .. 01 10.94 10 .. 8q 

1 

180 11 .. 28 11.28 11 0 24 Il.22 Il.19 11009 11005 Il.01 10.93 100Re) 
200 11028 1'1027 11 .. 24 1 1 .. 2 2 Il .. 19 Il.09 1 t 0 05 11001 10.93 10089 
250 11.28 Il.27 Il.24 11 .. 22 1 1 .. 18 Il.08 Il.04 Il .. 00 10.93 10.88 
300 11.27 Il.23 Il .. 21 Il .. 18 Il.08 Il.04 Il .. 00 10.92 10.e8 
350 Il.23 11 021 11.18 Il.,08 11003 tl.00 10.92 10.Q7 
400 11.,23 1 1021 11.17 Il .. 08 Il.03 Il .. 00 10.92 10oP,7 
5 (l0 Il .. 22 11021 1 1 .. 1 7 11.07 Il .. 02 10099 10.,91 10.87 
nOO 11022 Il .. 17 11 .. 07 11002 10099 10.91 10.R6 
700 11 022 Il.06 11.,02 10099 10 0 90 10.R6 
800 11022 1 1 • 16 11.0f') Il .01 10098 10.90 10.36 
000 110:?;? 11006 Il .. 01 10.98 10 090 10.e6 

1000 1 1 021 11016 11006 Il .. 01 10098 10081.'} lOoKS 
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Chap. IV, Fig. 26 (cont.) 

---

TEMP. 73.8 83.2 92.7 11)2.7 112.1 121.3 132.8 144.b 160.4 

LOG A 3.62 1.20 0.45 -0.67 -2.02 -3.13 -4.90 -6.37 -8.20 

TIME LOG E LOG E L:JG F LOG F LOG E LOG E LOG 'E LOG E LOG E 

2 10.92 10.82 10.79 10.74 10.68 10.63 10.55 10.48 10.3Q 

3 10.91 10.81 10.78 10073 10.67 10.62 10.54 10.47 10.38 

5 10.90 10.80 10.77 10.7?. 10.b7 10.61 10.53 10.46 10.37 

7 10.90 10.79 10.76 10.72 10.66 10.61 10.53 10.45 10.36 

10 10.89 10.79 10.76 10.71 10.fi5 10.60 10.52 10.45 10.36 

15 10.88 10.78 10.75 10.71 10.64 10.59 10.51 10.44 10.35 

20 10.88 10.78 10. 75 10.70 10.64 10."59 10.51 10.44 10.35 

25 10.87 10.77 10.74 10.70 10.64 10.5~ 10.50 10.43 10.34 

30 10.87 10.77 10.74 10.69 10.63 10.58 10.50 10.43 10.34-

35 10. R7 10.77 10.74 10.69 10.63 10.58 10 .. 50 10.43 10.33 

40 10.87 10.76 10.74 10.69 10.63 10.57 10.49 10.42 10.33 

50 10.86 10.76 10.73 10.68 10.62 10.57 10.49 10.42 10.32 

60 10.86 10.76 10.73 10.6,9 10.62 10.57 10.49 10.42 10.32 

70 10.86 10.7'5 10.73 10.67 10.62 10.57 10.48 10.41 10.32 

80 10.86 10.75 10.72 10.67 10 .. 61 10. sr'l 10 .. 48 10.41 10.31 

90 10 .. 86 10 .. 7"5 10.72 10.67 10.61 10.56 10.48 10.41 10.31 

100 10.85 10.75 10.72 10.67 10.61 10.56 10.47 10.40 10.31 

120 10.85 10 074 10.72 10.66 10 .. 60 10056 10.47 10.40 10.30 

140 10.85 10.74 10.71 10.60 10.60 10.55 10.47 10 0 40 10 030 

160 10.84 10.74 10.71 10.66 10.60 10.55 10.46 10.3Q 10.30 

180 10.84 10 074 10.71 lO.nn 10.59 10.55 10.46 10.39 10 029 

200 10.84 10.74 10.71 10.65 10.59 10.54 10.46 10.39 10.29 

250 10 083 10.73 10.70 10.f..5 10.58 10054 10.45 10 .. 38 10.;:-8 

3110 10.83 10.73 10.70 10.65 10.58 10.54 10045 10038 10 .. 27 

350 10.,83 10.72 10069 10004 10.58 10.S3 10.44 10.37 10.27 

400 10 .. 82 10,,72 10. (')9 10.64 10.57 10.53 10.44 10037 10026 

500 10.82 10.72 100nq 1aon] 10.56 10.5? iO.44 10.36 10.25 

600 10081 10.72 10.6A 10 .. 63 10.56 10.52 10.43 10.::15 10.24 

700 10.71 1 o. r, 1:.1 10. (,3 10055 10.51 10.43 10.34 10 0 23 

800 10.71 10 .. 6Fj 10.62 10.55 10.51 10.42 10.33 10.23 

900 10.71 10.67 lO.6? 10.54 10 .. 51 10.4? 10.33 10.?2 

1000 10 0 71 10.67 1 o. 6? 10.54 10.50 10.42 10.33 10021 
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Chap. IV, Fig. 27, p. 152 

TF.MP. ~28.0 -20.0 0.3 14.5 20.3 33.0 42.3 51.1 62.3 70.9 
LOG A 12.75 Il.05 7.65 6.84 6.38 5.11 3.23 1.78 0.85 -0.01 

TIM~ LOG E LOG E LOG F LOG E LOG E LOG E LOG E LOG E LOG E LOG E 
2 Il.22 Il.19 Il.13 Il.09 Il.07 Il.01 10.89 10.79 10.73 10.69 
3 11022 11019 11.12 11.08 Il.06 11.00 10.87 10.78 10.72 10.~A 
5 Il.22 Il.19 11 0 11 Il.07 Il.05 10.98 10.85 10.77 10.71 10.67 
7 Il.22 Il.19 11.11 Il.06 Il.04 10.97 10.85 10.75 10.70 10.66 

10 Il.21 Il.18 Il.10 11.06 Il.03 10.96 10.84 10.75 10.69 10.65 
1511.21 Il.18 Il.09 11.05 Il.03 10.95 10.83 10.74 10.6910.64 
20 ll~18 Il.09 Il.04 Il.02 10.95 10.82 10.73 10.68 10.64 
25 II.21 Il.18 Il.08 Il.04 Il.02 10.94 10.81 10.72 10.68 10.63 
30 Il.18 Il.08 Il.03 Il.01 10.94 10.81 10.72 10.67 10.63 
35 Il.21 Il.17 Il.08 Il.03 11.01 10.94 10.80 10.72 10.67 10.62 
40 Il.07 11.03 Il.00 10.93 10.80 10.71 10.67 10.62 
50 Il.21 Il.17 11.07 Il.02 Il.00 10.93 10.80 10.71 10.66 10.ryl 
60 Il.07 Il.02 10.99 10.92 10.79 10.70 10.66 10.61 
70 Il.20 Il.17 11.06 Il.01 10.99 10.92 10.79 10.70 10.65 10.61 
80 Il.06 II.01 10.99 10.91 10.78 10.69 10.65 10.61 
90 11017 11.06 Il.01 10.98 10.91 10.78 10.69 10.65 10061 

100 Il.20 11006 11.00 10.98 10.90 10.78 10.69 10.64 10.60 
120 Il.16 Il.06 11.00 10.97 10.90 10.77 10.08 10.04 10000 
140 Il.05 11.00 10.97 10.89 10.77 10.68 10.64 10 0 59 
160 11.20 Il.16 Il.05 Il.00 10.97 10.89 10.77 10068 10.64 10.59 
180 11.20 0.0 11.04 10.99 10.97 10.88 10.76 10.67 10.63 10.58 
200 11.20 11.16 11.04 10.99 10.96 10.88 10076 10.67 10.63 10.58 
2,0 11.20 11016 11.03 10.98 10.96 10.87 10.75 10.66 10.03 10.58 
3001101911015 Il.0310.9810.9510 .. 8710.751006610.6210057 
350 Il.19 Il.0? 10.97 10.95 10.·86 10.74 10.65 10.61 10.,7 
400 11.18 II.15 Il.02 10.97 10.95 10 0 86 10.73 10.64 10.61 10.56 
500 Il.18 11.01 10.96 10.94 10.85 10.73 10064 10.60 10.55 
600 Il.17 Il.15 11001 10.96 10.93 10.85 10.72 10.63 10059 10.55 
700 11017 11.00 10.95 10.93 10.84 10.71 10062 10.58 10.54 
800 11.16 11.00 10 095 10.92 10.84 10.71 10.6? 10.57 10.54 
900 Il.16 11014 10099 10094 10.92 10.83 10070 10.62 10.57 10.53 

1000 11016 10 0 99 10.94 10.92 10.83 lOe70 10061. 10056 10 0 53 
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Chap. IV, Fig. 27 (cont.) 

TEMP .. 80.6 93.1 100.1 111.9 '''''1.4 132.0 144.2 15l.8 

i..OG A -1.11 -2.35 -3.50 -4.85 -6.l7 -7.91 -9.52-10.l5 
.~ 

TIMF. LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 

2 10.63 10.56 10.49 10.42 lO.34- 10.22 10.07 9.97 

3 10.62 10.55 10.48 10.41 10.33 10.20 10.04 9.95 

5 10.61 10.53 10.47 lO.40 10.32 10.18 lO.Ol 9.91 

7 10.60 10.53 10.47 10.39 10.31 10.17 9.99 9.89 

10 10.60 10.52 10.46 10.38 10.30 10.16 9.96 9.86 

15 10.58 10.51 10.45 10.37 10.29 10.14 9.91 9.83 

2e 10.57 10.51 10.44 10.36 10.28 10.13 9.89 9.80 

2!: 10.57 10.50 10.43 10.36 10.27 10.12 9.88 9.78 

3(J 10.57 10.50 10.43 10.36 10.27 l O. 11 9.87 9.76 

35 10.56 10.49 10.43 10.35 lO.26 10.11 9.82 9.76 

40 10.56 lO.4') 10.42 10.~5 10.25 10. lO 9.82 9.75 

5C 10.56 10.48 10.42 10.34 10 .. 25 t O. 09 9 .. 80 9 .. 73 

60 10.55 10.48 10.42 10.34 10.24 10.08 9.80 9 .. 71 

7<1 10.55 10.48 10.41 10.33 10.24 10.06 9.79 9.67 

80 10.54 10.47 10.41 10.33 10.23 10006 9.74 9.65 

90 10.54 10.47 10.41 10.32 10.23 10 .. 05 9.72 9.64 

100 10.'54 10 .. 47 10.40 10032 10.23 10.04 9.71 9.62 

120 10053 10 .. 46 10 .. 4 0 10.31 10.22 10003 9.69 9059 

140 10.52 10.46 10.39 10.31 10 .. 22 t 0.02 ') .. 67 9057 

lM 10.52 10.46 10.3<) 10.31 1 0 • 21 lQ.02 - 9.64 9.55 

180 10.51 10 .. 45 10.3e) 10.30 10 .. 20 10.01 9.6? 9.54 

20C 10 .. 51 10 .. 45 10.38 10.30 10.20 10.00 9.59 9.51 

25<1 10 .. 51 10.,44 10.3A 10.29 10.19 10 .. ..-00 9.56 9.48 

300 10.50 10.44 10.37 10.29 10.18 9 .. 98 9.51 

350 10 .. 50 10.43 10.36 10.28 10.,17 9.97 9 .. 47 

400 10.49 10043 10.36 10.28 10.17 9.96 

50C 10.,48 10.43 10.36 10.27 10 .. 16 9095 

600 10.,48 10042 10.35 10026 10.15 9 .. 93 

70( 10047 10042 10o~5 10.25 10015 9.,92 

AOC 10046 10041 10034- 10.25 10014 90')0 

900 10.46 10.41 10 .. 34 10.25 10.13 9 0 89 

IOO( 10.45 10 040 10.34 10.25 10.13 908B 



TEMP. r2400 -20.? -llo~ 

LUG A 1 7.95 7.~~ ~o~S 

Chap. IV, Fig. 28, p. 152 

2.? Il.8 73.7 34.2 4601 53.7 51.A 74.1 AS.? 10Z.1 104.6 120.5 

~.4b 4054 3.10 O.QR -Oe12 -1.24 -1.96 ~3087 -5.24 -7.14 -8.5~ -~.63 

TIME LOG E LOG ~ LOG F LOG E LOG E LOG F LOG E LOG E LOG E LOG E LOG E LnG E L~G E LOG E LOG E 

2 Il.13 11012 Il.12 11 .. 08 11.0~ 10.Q7 10.87 10.81 10.76 10.72 10.61 10.53 10.3Q 10.2-';' 

3 Il.13 11.12 11.11 Il.07 11804 10.97 10.86 10 0 80 10.75 10.71 10.60 10.51 10.~8 10.27 10.17 

5 Il.1~ Il.12 Il.11 11.07 11.0~ 10.95 10.85 10.79 10.73 10.70 10.5A 10.50 10.16 10.25 10.14 

7 Il.12 Il.12 Il.11 Il.On Il.03 10.95 10.84 10.78 10.73 10.69 10.58 10.49 10.35 10.24 10.13 

10 Il .. 12 Il.12 11010 Il.06 Il.02 10.94 10.,83 10.78 10.72 10.68 10.57 10.I~q 10.34 10.22 10.12 

15 11012 Il.11 Il.10 Il.05 Il.01 10.93 10.82 10.77 10071 10.67 10.56 10.47 10.33 10.21 10.10 

20 Il.12 11011 Il.10 11.05 11.01 10.92 10.82 10.76 10.70 10.66 10.55 10.46 10.32 10.20 10.09 

25 11.12 Il.11 11.10 11.05 Il.00 10.92 10.81 10.75 10.70 10.66 10.54 10.46 10.31 10.1Q 10.08 

3011012 Il.11 Il.0Q 11.0 t• 11000 10.9210.8110.7510.6910.6610.<)410., .. 510.]010.1810.08 

35 Il.11 Il.11 Il.09 11001~ Il.00 IG.Ql 10.81 10.7510.6910.6510.5310.4510.3010.1710.07 

40 11.11 11.11 Il.0Cl Il.04 10.<:lQ 10.91 10 .. 80 10.74 1').61'3 10.65 10.53 10.44 10.30 10.16 10.06 

'" 0 Il 0 Il 1 1 • Il 11. n Q 1 1 • 0) 1 0 .. gq 10091 1 00 80 100 74 10.68 1 O. 64 10. 53 1 0.4 3 1 0.2 q 1 0 • 1 6 1 0 • 06 

bO Il.11 Il.10 11.08 Il.03 10.99 10.90 10.79 10.73 10 .. 68 10.64 10.~,2 10.4-3 10.28 10.15 10.05 

70 Il.11 Il.10 II.08 Il.,03 10,,98 10.90 10.79 10073 10.67 10.64 10.52 10.42 10.27 10.14 10.04 

80 11.11 11010 11008 11002 10.98 10.90 10 0 79 10.73 10.67 10.63 10.5110.42 10.27 10 .. 13 10.04 

<JO 11.11 11010 11.,:18 11.02 10.<)8 10.1'\9 10.78 10.73 10.67 10.63 10.51 10.42 10.~6 10.13 10.03 

100 Rl.ll 11,,10 11.07 11.02 10.97 10.~9 10.78 10 .. 72 10.67 10.63 10.50 10. lQ 10.2(, 10.12 10.03 

12011011 Il .. 10 Il.07 Il.01 Il).,97 10.139 10.7810.7210.6(,10.0210.5010.4110.2510.1110.02 

140 Il.11 11.10 11.07 Il.01 10 0 96 10 0 88 10.77 10.72 10.66 10.02 10.50 10.40 10.25 10.11 10.02 

1~0 Il.10 1t.l0 Il.07 11.01 10.90 10.88 10.77 10.72 10.65 10.62 10.49 10.40 10.24 10.10 10.01 

11\0 Il.10 11.0Q 11006 1100310.96 10.138 10.77 10.71 10.65 10.61 10.49 10.~9 10.24 10.09 10.01 

? () 0 1 1 • 1 0 1 1 • 0 9 1 1 • ') F. 1 1 • 0 0 1 0 0 9 r:; 1 û " 87 1 0 0 76 1 ,> 0 7 1 1 0 • 6 5 1 0 .. 61 1 0 0 4 8 1 0 • 3 q 1 0 • 2 3 1 0 • 0 8 1 0 • 0 0 

250 11.10 11.0Q Il.05 10.qg 10.Q4 10 0 87 10.76 10.70 10.64 10.51 10.47 10.3B 10.23 10.07 9.q9 

300 Il.10 Il.00 II.!JS 10.<1') 10.94 10.86 10.75 10.70 10.64 10.60 10.47 10.38 10.22 10.06 9.98 

3 r; 0 1 1 • 1 0 Il. 09 1 1 • ') 4 1 (). 9 R 1 f) 0 () 1 1 0 • [-36 1 08 75 1 0 .63 1 0 • 59 1 0 • 4 A 1 0 • 3 7 1 0 • 2 1 1 0 • 05 -] • Q 8 

400 Il.1011.,)8 11.1)4 10.'J'3 10.')? 10.36 10.75 10.n3 10.">9 10.4,<) 13.36 10.21 10.04 9.97 

son 11.0C) Il.();3 Il.-)~ 10.C)7 10.'1;:> 10.>35 10.74 10.A2 lü.5B 10.45 10.35 10.1 0 10.03 Ct.()f) 

hOl) Il.CQ Il.OH ll.f)? 10.()(~ lO.YI 10.8 '510.74 10.62 10-.-5-7 10./~4 10.35 10.18 10.0? 9.(15 

700 Il.00 1-1.08 10.°610.911008510.74 10.-5710.4310.34 IO.If> 10.01 '').04 

800 Il.00 11.C)'3 10.Cl::; 10.f}0 10.f.34 10.73 10.56 10.43 lU.34 10 .. 1710.00 9.9 1• 

'lQO Il.09 11ot)~ lU.QC:; 1·).00 10.84 10.71 10.56 10.4:~ 10._3310.17 10.ÜO :).93 

10nll Il.0') 101. 0 ') 10.~9 10.'-34 10.73 10.55 1J.4? 10.32 10.1(' Y.CJ"} 9.93 

1-' 
\D 
U1 



TEMP. r25.P -1600 -,.3 
~nG A 1 5.39 4.23 2.17 

Chap. IV, Fig. 29, p. 153 

2.0 9.6 1867 27.7 38.4 47.1 56.9 6404 74.5 82., 93.8 
1067 0.06 -0.49 -1.73 -3.70 -5.08 -6.15 -6.94 -7.95 -6.~0 -9.77 

TtMr LOG E LOG E LOG F LOG F. LOG F LOG F LnG E LOG E LOG E LOG E LOG E LOG F L~G E LOG E 
2 11.03 1009'~ 10.9A 100A5 10.79 10.72 10.65 10.51 10.40 10.30 10.23 10.12 10.0, 9.C)4 
3 11.02 10.98 10D~7 10.84 10.78 10.71 10.64 10.50 10.38 10.29 10.21 10.10 10.03 9.92 
5 Il.01 10.97 10.8~ 10.83 10.77 10.70 10 062 10 0 48 10.36 10.27 10.19 10.08 10.02 9.90 
7 11.01 10.96 10.95 10.82 10.76 10.69 10,,61 10.47 10.35 10.25 10.17 10.07 10.00 9.89 

10 11.00 10.95 10.94 10.81 10.7~ 10.68 10.60 10.46 10.34 10.24 10.16 10.05 9.99 9.87 
15 Il.00 10.95 10.33 10.80 10.74 10.67 10.59 10.44 10.32 10.,22 10.14 10.03 ':J.'l7 9.85 
20 10099 10.94 10.93 10.79 10.74 10.66 10.58 10.43 10.31 10.21 10.13 10.02 9.96 9.84 
25 10.99 10.93 10.'32 10.79 10.73 10866 10058 10.42 10.30 10.20 10.11 10.01 C).9S 9.83 
30 10.99 10.9~ 10.'3? 10.79 10.7210 .. 6510 .. 5710.4210.2910.1910.1110.00 9 .. 94 9.~? 

35 10.C)8 10.93 IO.Ql 10.79 10.72 10.65 10.57 10.41 10.29 10 .. 19 10.10 9.99 9.g3 9.81 
~o IO.9R lry.9~ 10.91 10.73 10.72 10.64 10.56 10.41 10.28 10.18 10.09 C).9Q 9.92 9.81 
50 10. 0 8 10.92 10.90 10.77 10.71 10.64 10 0 55 10.40 10.28 10.17 10.08 9.98 9.91 9.7c) 
AD 10.97 10.91 10.79 10.77 10.71 10.63 10.55 10.39 10.27 10.16 10.07 9.97 g.90 9.78 
70 10.97 10.91 10.79 10.7fi 10.70 10.63 10.55 10.39 10.26 10.15 10.06 9.96 9~~0 9.78 
80 10.97 10 0 91 10.79 10.76 10.70 10062 10.54 10.38 10.25 10.15 10.06 C).95 c).99 9.77 
QO 10.97 10.90 10.78 10.76 10.70 10.62 10.54 10.38 10 .. 25 10.14 10.05 Q.95 9.89 9.76 

100 10.0~ lOo~0 10.78 10.7S 10.69 10.62 10.53 10037 10.25 10.13 10.04 9.94 9.8B 9.75 
120 10.96 10 0 90 In.77 10.75 10.6A 10.61 10.53 10.37 10.24 10.13 10.03 ~093 9.B7 9.74 
140 10.9b 10.99 10.77 10.75 10.68 10d61 10.52 10.36 10.23 10012 10.02 9.92 9.qfi 9.7~ 

160 10.95 10.q~ 10.76 10.7 /• 10.68 10 .. 60 10 .. 5? 10.35 10.22 10.11 10.0~ 9.91 c).flb 9.72 
IBO 10.05 10.d9 10.76 10.74 10.67 10.60 10.52 10.35 10.22 10.10 10.01 9.91 9.~5 C).7? 
?OO 10.04 10.88 10 .. 7~ 10.73 10.67 10.60 10.51 10.34 10.21 10.10 10.00 9.90 9.~5 9.71 
250 10.94 10.R8 10.74 10.7~ 10.66 10.59 10.50 10.33 10.20 10.08 9.q9 9.89 9.84 9.70 
30n 100Q4 10.gH 10.73 10.72 10.65 10.5R 10 050 10.33 10.19 10.07 9.98 9.R~ 9.8~ 9.6c) 
350 10.0) 10o~7 10.71 10G72 10065 10.5R 10.49 10.32 10.1R 10.06 ~.97 9.87 9.8~ 0.A7 
I~()O 10.<)~ 10.g7 10.7210.7110.6410.'5810.4910.3110.1810.05 9.96 9.86 9.a2 9.67 
~On 10.02 10.~6 In.71 10.71 10.63 10.57 10.48 10.30 10.16 10.03 9.94 9.n4 9.ql 9.65 
h ) 0 1 0 • C)~: 1 ù • '~.c, 1 (). ! 0 1 f) .. 70 1 0 0 6"3 1 0 .. 5 fi 1 O. 4 7 1 o. 29 1 0 • 1 5 1 O. O? q • q 3 C) • B '\ C) • i", 0 ') • 6 ? 

700 10.Ql 10.A~ lOo~~ 10.A? 10.~? 10.56 10.46 10.28 10.14 10.01 g.92 9.~2 g.79 9.Al 
.q 00 1 0 .. q 1 1 ~ • A 5 1 0 • 6 q 1 0 0 h -) 1 0 • AllO. 5 n 1 O. 46 1 o. 27 1 0 • 1 3 1 O. 00 9 • q 1 9 • 81 Cl. 78 9 • 60 
900 10. 0 1 10.~5 l?bl 10.55 10.45 10 0 26 10.12 9.C)9 ~.90 C).qO ).77 9.59 

1000 10.°0 10.~' 10.60 10.55 10.45 10.26 10.11 9.C)R 9.C)0 C).79 9.77 9.5R 

~ 
\0 
0\ 
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Chap. IV, Fig. 30, p. 153 

TEMP. ~57.2 -48.2 -33.2 -21.2 -10.8 1.2 10.9 22.2 36.3 LOG A 5.86 4.70 2.26 1.08 -0096 -2.98 -4.49 -6.00 -1.30 

-.LIME LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 
2 11.05 10.99 10.84 10.76 10.58 10.39 10.22 10.04 9.86 
3 Il.04- 10.99 10.83 10.74- 10.56 10.37 10.20 10.02 9.83 
5 Il.03 10.98 10.82 10.72 10.54 10.35 10.18 9.99 9.79 
7 Il.02 10.97 10081 10.71 10.53 10.34 10.16 9.97 9.76 

10 11.01 10.96 10.19 10.70 10.52 10.32 10.15 9.94- 9.74 
15 11 .01 10.95 10018 10.68 10.50 10.30 10.13 9.92 9.71 
20 Il.00 10.94 10.71 10.67 10049 iO.29 10.11 9.90 9.69 
25 10.99 10.94 10.77 10.67 10.48 10.28 10.10 9.88 9.67 
30 10.99 10.93 10.76 10.66 10.41 10.27 10.09 9.S7 9.65 
35 10.99 10 .. 93 10.16 10.65 10.47 10.26 10.08 9.86 9.64 
40 10.98 10.93 10.75 10.65 10.46 10.26 10.07 9.85 9.63 
50 10.98 10.92 10.74 10.64 10.45 10.24- 10.06 9.84- 9.61 
60 10.97 10.91 10.13 10.63 10 .. 45 10.24 10.05 9.83 9.59 
70 10.97 10 0 91 10.73 10.63 10.44 iO.23 10.04- 9.81 9.58 
80 10.97 10.91 10.12 10 .. 62 10 .. 43 ~0.22 10 .. 04 9 •. 80 9 .. 56 
90 10.97 lQ=90 10071 10061 10.43 10.21 10.03 9.79 9055 

100 10.96 10.90 10.71 10" 61 10.43 iO.21 10 .. 02 9.78 9.54 
120 10.96 10.89 10.10 10.60 10.42 10.20 10001 9017 9052 
140 10096 10.89 10069 10 .. 60 10041 10 .. 19 10.00 9 0 76 9.50 
160 10.96 10.89 10.68 10.59 10 .. 41 10.18 9.99 9.74 9.48 
180 10.95 10.88 10.68 10058 10040 10.17 9 099 9073 9 .. 46 
200 10.95 10.88 10.67 10.58 10 .. 40 10 .. 17 9 .. 98 9.72 9.4';] 
250 10095 10087 10.66 10.51 10.39 10 .. 15 9.96 9.69 9 .. 41 
300 10095 10.86 10.65 10 .. 56 10038 10 .. 14 9.95 9.67 9 .. 38 
350 10.95 10 .. 86 10 .. 64 10 .. 55 10.31 10.13 9.94 9.64- 9.34 
400 10.95 10.85 10 .. 63 10 054 10.36 .. " 1-:2 & V9 &.J 9093 9 0 63 9031 
500 10094 10.,85 10.,61 10 .. 53 10034 10 .. Il 9091 9 .. 59 
600 10 .. 94 10 .. 84 10.,01 10 .. 52 10033 10010 9090 9 0 55 
700 10.93 10 0 60 10 0 51 t 0 .. 32 9 .. 54-
800 10 .. 50 10 .. 31 9 .. 52 
900 10.49 10 .. 30 9050 

1000 10 .. 49 10029 9 .. 47 
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Chap. IV, Fig. 31, p. 154 

TEMP. ~39. 0 -27.8 -Il.? 0.6 12.4 22.8 3?? 

LOG A 0.0 -1.11 -2.16 -J.3~ -4.('13 -4.1)3 -5.30 

TIMF LOG E LOG r- lonG r. LOG E LOG ~ LOG E LOG E 

~ 'J. <:"~ ':1 .. 14 ~. ·~7 R.54 8.39 8.23 R. Il 

3 9.25 9.10 8.83 13.50 8.34 1'3.20 8.07 

5 9.22 9.04 g.77 8.44 R.2R 8.15 8.02 

7 9.19 9.01 R.73 8.40 q. 21~ 8 .. 12 7.99 

10 9.17 8.98 8.09 8.37 ts.21 B.OC) 7.96 

15 9.15 8.94 9.64 8.32 11.1H H.06 7.93 

20 9.14 fl.91 8.1",1 8.30 R.15 8.03 7.91 

25 9 .. 13 6.88 8.38 8.27 >3.13 8.01 7.R9 

30 q .11 8.86 8.,6 H.26 >3. 11 B.IJO 7.R8 

35 C).10 8085 8.54 B.24 8.10 7.99 7.ti7 

40 9.10 8.83 9 .. '33 8.23 R.09 7.9B 7.86 

50 9.0Q 8.79 R.,O 8.20 8.07 7.96 7.R5 

60 9.08 8. -If> 8.48 8.19 8.06 7.94 7.R4 

70 9.07 8.74 q.46 8.17 8.05 7.c)~ 

AD 9.06 A.7? R.44 8.16 8.03 7.9? 

<l0 9.06 8 .. 70 R.4~ 8.15 q.O? 7.91 

100 9.05 0.0 9.42 8.14 ~.O2 7.90 

120 g.40 8.12 R.OO 7.8 Q 

140 8.18 8. 1 () 7.q9 7.88 

160 ':3e3f. 8.09 ?9~ 7.87 

180 8.34 8.07 7.97 7.86 

200 8.13 R.O~ 7.96 7.8<; 

250 8.04 7.q4 7.83 

300 RoO? 7.9"1 7.8;? 

350 ~oOO 7.91 7.81 

400 7.<)9 7.90 70AO 

500 7078 

600 7 0 70 

700 7.7~ 

~OO 
7 0 74 

900 7.74 

IOvO 7.7~ 



TEMP. 
_DG A 

TIMf 
2 
3 
5 

7 

10 

15 

20 
?5 
30 
::'15 

/4- 0 

50 
AO 
70 
RO 
90 

100 

120 

140 

160 

1 (~o 

200 
250 
300 

350 

400 
son 
non 
700 

BOO 
~CO 

100n 

Chap. IV, Fig. 32, p. 154 

~8A.0 -74 0 4 -7100 -6703 -62.2 -52.8 -3993 -3107 -19.0 -8.1 2.5 1"01 24.~ 

000 -loQ4 -~.20 -4060 -5.33 -8el0-10.59-13037-14.~5-1n.19-16.R8-17.3
4-18.04 

LOG E LOG E LOG E LUG E ~OG E LOG F LOG E LOG E LOG E LOG E LOG E LOG E LOG F 

9 0 96 9.U9 9G~0 9071 9.65 9.41 9016 8078 A.30 8.17 8.06 7.92 

9.95 9 0 88 9.78 ry069 q.~4 9039 9.14 8.75 8.54 8.26 B.12 8.01 7.87 

~oQ5 9.87 ~.77 9.67 9.6? 9.37 9011 8.72 A.50 8.21 8.07 7.96 7.82 

9 095 9.86 9.76 9066 9.61 9.36 9010 8.70 8.47 8018 8.03 7.q3 7.79 

90Q4 goRS 9.75 90~5 9.59 9.34 9.08 A068 8.44 8.14 8.00 7.90 7.75 

g093 Q093 9.74 9.64 9.58 9033 9.06 8065 8040 8.11 7.96 7.A~ 7.72 

9.93 9082 ~073 9.63 9057 9 0 31 9.04 8.64 8.38 8008 7.93 7.83 7.70 

g09~ ~082 907? 9062 9056 9.31 9003 8.62 8.36 8.06 7.91 7.d2 7.68 

9093 9.81 ~.72 9.62 9.56 9.30 9.02 8.61 8.34 8.04 7.89 7.80 7.56 

Y.92 ~eRl ~o72 9 0 61 9.55 9.29 9.01 8.60 8.32 8.03 7.87 7.79 7.65 

q.92 9 080 9.71 9.61 9 0 55 9.29 9.01 8.59 8.31 8.02 7.86 7.78 7.64 

Q 0 91 9.7~ 9.71 9.60 9.54 9.28 8.99 8.58 8.29 8.00 7.84 7.76 7.63 

9091 9.79 ~.70 9.59 9.53 9.27 8.98 8.51 8.27 7.98 7.82 7.74 7.61 

9.91 9 0 78 9 0 S9 9059 9.53 9.26 8.97 8.56 8.26 7.96 7.B1 7.73 7.60 
1 

9.91 9 0 78 9059 9.58 9.52 9.26 8.97 8.55 8.24 7.95 1.RO 7.71 7~59 

9090 9.77 9.~9 9 0 53 9.52 9.2, 8.96 8.54 8.23 7.94 7.79 7.70 7.58 

9090 0.77 9.~A 9.57 9.52 9.25 8.95 8.53 8.22 7.93 1.77 7.69 7.58 

9.90 9076 9.~8 9.57 9.51 9.24 8 0 94 8.52 ~.~O 7.90 1.75 1.68 1.56 

n.P9 9076 9.67 9.~6 9.50 9.24 8.93 8.50 8.18 7.89 7.74 7.66 7.55 

9.89 9.75 qo~7 9.5~ 9050 9023 8.92 8.49 8.16 7.87 7.73 7.65 7.54 

o.~R 9.75 90Sb 905~ 9 0 49 9.22 8091 8.48 8.14 7.86 7.71 7.64 7.53 

9.pg q.74 9.56 9.55 9.49 9022 8 0 90 8.47 8.13 7.85 7 0 70 7.63 7.52 

q.PR ~o73 9.65 9055 9.48 9.21 8.89 8.46 8.11 7.83 7.68 7.61 7.50 

9.R7 9.7~ Qob4 9.S4 9.41 9.20 A087 8.44 8.09 7.81 7.66 7.59 7.49 

9.A7 9.7~ 9.~4 9.53 ~.47 9.19 8.86 8.42 8.06 7.79 7064 7.57 7.48 

9.86 n.71 9.~~ 9.S3 9.46 9.19 8.85 8.41 7.78 7.~3 7.S6 1.47 

9 0 BA ~.70 ~.~2 Q.S2 ~.45 9017 ~.83 8.39 7.75 7.61 7.53 7.45 

0.85 ~.6q 9.~1 9.~2 9.44 9.1~ RoBl 8.38 7.73 7.59 7051 7.43 

0.A5 ~.~1 Q.Sl ~044 9.16 8079 8.37 7.72 7.57 7.49 7.42 

::).")0 9051- '"}043· ·9.15 A.78 8.35 7.70 7.S5 7.47 7.41 

?,q 
~. 'C) q 

9.51 
0.<;0 

9.43 
.).42 

9.14 
qa14 

8.76 
8.75 

A.34 
8,,33 

7.68 
7og7 

7 .. 54 
7 .. 52 

-'.45 
7.4~ 

7. ~ 0 
7.~q 

t-' 
\0 
\0 
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Chap. IV, Fig. 33, p. 155 

TEMPo r43e6 -3806 -3102 -2200 -908 002 606 14.1 2~o3 26.1 40.2 49.3 60.7 66.7 
LOG A 1 3.91 3051 1 0 99 0019 -2.65 -3094 -5015 -6017 -7.46 -7.75 -8051 -8.69 -9.30-10.16 

TIME LOG E LOG E LOG E 

5 10072 10.69 10.56 10.40 10.12 
7 10.71 10.68 10055 10038 10.10 

10 10.70 10067 10053 10037 10009 
15 10.68 10.66 10052 10 0 36 10007 
20 10067 10065 10051 10035 10006 
25 10067 10064 10050 10034 10005 
30 10066 10064 10050 10033 10.04 
35 10066 10063 10049 10032 10.03 
40 10066 10063 10049 10.32 10.03 
50 10.65 10062 10048 10.31 10 002 
60 10064 10061 10047 10030 10.01 
70 10.64 10061 10.46 10.29 10000 
80 10064 10060 10.46 10.29 Q099 
90 10.63 10059 10 046 1002d 

100 10.63 10059 10045 10028 
120 10.63 10058 10044 10027 
140 10063 10058 10044 10.26 
160 10062 10057 10043 10026 
180 10057 10042 10025 
200 
250 
300 
350 
400 
500 
600 
700 
800 
900 

1000 
1200 

10056 10.42 10.24 
1005~ 10041 10023 
10.54 10.40 10023 
10053 10040 10022 
10053 10039 10.21 
10051 10038 10020 
10.50 10037 10.19 
10049 10019 

10018 
0.0 

10017 
10.16 

9.99 
9 0 98 
9.97 
9 0 96 
~o 96 
9095 
9 0 94 
9093 
9 0 92 
9.91 
9091 
9 0 90 
9.89 

9098 
9096 
9094 
9 0 93 
9091 
9.90 
9.89 
9 0 89 
9088 
9 .. a7 
9086 
9085 
90 8~ 
9084-
9083 
9082 
908~ 

9081 
9080 
9.80 
9.78 
9077 
9 .. 76 
9075 
9.73 
9072 
9071 
9070 
9070 
9069 

9084 
9.82 
9 0 80 
9.79 
9.77 
9076 
9 .. 75 
9.74 
9 .. 73 
9.72 
9.71 
9070 
9070 
9 .. 69 
9 0 68 
9.67 
9 0 66 
9065 
9.64 
9 0 64 

9.71 
9070 
9,,68 
9066 
9.64 
9.63 
9.62 
9061 
9060 
9059 
9.58 
9 0 57 
9.56 
9055 
9.55 
9.54 
9.53 
9052 
9 .. 51 
9051 
9049 
9048 
9048 
9047 

9.55 
9.53 
9.51 
9.49 
9.~7 

9.46 
9.45 
9.44 
9 0 43 
9.42 
9.~1 

9.40 
9.39 
9.38 
9.37 
9.36 
9.35 
9<>34 
9.34 
9.33 
9 0 31 
9.30 
9.29 
9.28 
9.26 
9.25 
9.24 
9.23 
9.22 
9.21 

9.57 9.46 9.44 
9.54 904~ 9.41 9.34 9.21 
9.51 
9.49 
9.~7 

9.45 
9.43 
9,.42 
9.41 
9.40 
9.39 
9.38 
9.37 
9.36 
9.35 
9.34 
9.34 
9 .. 33 
9.32 
9.31 
9.31 
9.30 
9.29 
9.27 
9.27 
90~6 

9.41 
9.39 
9.37 
9.35 
9033 
9.32 
9.31 
9.30 
9.29 
9.28 
9.27 
9.26 
9.25 
9.24-
9.24 
9.22 
9 0 21 
9.20 
9.19 
9.19 
<) .17 
9.16 
9.14 
9.13 
9.12 
9 .. 10 
9.09 
9 .. ()7 

90()6 
C) 0 05 

9039 
9037 
9035 
9.33 
9 0 31 
9.30 
9.29 
9.28 
9.27 
9.26 
9.25 
9.24 
9.23 
9.22 
9.21 
9.20 
9.19 
9.18 
9.17 
9.16 
9.14 
9.13 
9012 
9.10 
9.0ti 
9.07 
9.05 
9.04 
9002 
9.01 
9.00 

9.31 
9.29 
9.27 
9.24 
9.23 
9 0 21 
9.20 
9.19 
9.18 
9.16 
9.15 
9.13 
9.12 
=1.12 
901 1 
9.09 
=1.08 
9.07 
9.06 
9.05 
9.02 
:}.OO 
R.98 
B.97 
8.94 
9.91 
B.i39 
8.a7 
8.86 

9.18 
9016 
q" 13 
9.10 
9.08 
9007 
9.06 
9.04 
9.03 
9.02 
9 0 00 
8.99 
8098 
8.97 
8.96 
8 0 94-
8.93 
8.92 
8.90 
8.89 
8.87 
8.85 
8083 
8.82 
8.79 
8.77 
8.75 
8.74 
8 0 73 
8.71 

t.) 

o 
o 
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Chap. IV, Fig. 34, p. 155 

TEMPo ~3202 -2400 -1508 -4 0 6 500 13.5 16.5 1904 24.7 33.8 38.9 46.2 54.8 66.1 74.1 85.0 
LOG A 1 3006 2.55 1023 -0086 -3.03 -3.72 -5.03 -5.83 -7.21 -8.87 -9.42 -9.99-10.48-10.87-11.31-11.82 

TIME LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG E 
2 10.94 10.91 10.80 10.52 10.11 9097 90 1 9.52 8.58 8046 8.36 8.29 • 
3 10092 10.90 10.78 10.48 10.08 9.93 9.66 9.46 8.53 8.42 8.33 8.26 8018: 
5 100QO 10.A8 10 0 75 10 044 10002 9088 9.60 9041 8.75 8.48 8.37 8.30 8023 8015 
7 10.90 10.87 10073 10042 9 0 99 9 0 85 9.56 9.37 8.71 8.45 8.34 8.27 8.20 8.13 

10 10089 10.86 10.71 10.39 9096 9082 9.52 9.33 9.02 8.67 8 054 8.42 8.31 8.25 8.18 8.11 
15 10088 10084 10009 10036 9 0 93 9.78 9 0 48 9029 8098 8.63 8.50 8.38 8.28 8.22 8.16 8.08' 
20 10087 10.83 10068 10034 9090 9076 9.44 9026 8.95 8.60 8.47 8.36 8.26 8.20 8014 8.07, 
25 10.86 10082 10067 10.33 9 0 88 9 0 73 9.42 9024 8.93 8.58 8.45 8.34 8.25 8.19 8013 8.06, 
30 10.86 10.81 10066 10.31 9086 9071 9.41 9022 8092 8.56 8.44 8.32 8.23 8.18 B.ll 8.04 
35 10.85 10.81 10.65 10030 9.84 9.69 9039 9020 8.90 8.54 8.42 8.31 8.22 8.17 8.10 8003 
40 100A5 10080 10064 10029 9083 9068 9.38 9019 8.89 8.53 8.41 8.29 8.21 8.16 8.09 8.03 
50 10084 10079 10063 10028 9081 9.66 9.36 9017 8.87 8051 8.39 8.27 8.20 8.14 8.08 8.01 
60 10084 10.78 10061 10.26 9079 9065 9 0 33 9.16 8.86 8.49 8.37 8 026 8.19 8.13 8.07 8000 
70 10083 10077 10060 10.25 
80 10.83 10.77 10060 10024 
90 10082 10.76 10.59 10.22 

100 10081 10.76 10058 10.22 
120 10.81 10075 10.57 10020 
140 10080 10074 10.56 10.18 
160 10079 10074 10.55 10017 
180 
200 
250 
300 
350 
400 
500 
600 
700 
800 
900 

1000 
1200 

10.73 10053 10016 
10.73 10.53 10015 
10070 10052 10.13 
10.69 10.50 10012 
10067 10.49 10010 
10.66 10 0 48 10.09 
10.65 10.46 10007 
10.64 10.45 10.05 
10063 10 0 43 10003 
10.62 10042 
10.62 

9078 
9077 
9077 
9 0 76 
9075 
'}074 
9.73 
9072 
9 0 70 
9 0 68 
9067 
9065 
9062 

9063 
9063 
9061 
9.60 
9.59 
9057 
9055 
9 0 54 
9 .. 52 
9 0 50 
9848 
9045 
9 0 43 
9.39 
9036 
9034 
9.31 
9029 
9.27 

9.32 
9 .. 31 
9030 
9 0 29 
9.27 
9.26 
9.25 
9.23 
9022 
9 .. 20 
9018 
9017 
9 .. 16 
9 .. 14 
9.13 
9011 
9010 
9 .. 08 
9 .. 07 

9 .. 14 
9012 
9.11 
9 .. 10 
9.09 
9008 
9006 
9.05 
9.04 
9 .. 02 
9000 

8.84 
8.83 
8.82 
8.81 
8.80 
8.78 
8.77 
8.76 
8075 
8.73 
8.71 
8 .. 70 
8068 
8067 
8.65 
8.64 
8.63 
8062 
8.61 

8.47 
8.46 
8.45 
8.44 
8.43 
8.42 
8.41 
8.40 
8.40 
8.39 
8.37 
8.36 
8.34 
8.30 
8.27 
8.25 
8.?4 

8.36 
8.35 
8.34 
8.33 
8.32 
8.30 
8.29 
8.28 
8.27 
8026 
8.24 
8.23 
8.21 
8.18 
8.16 

8.24 
8.23 
8.22 
8.21 
8.20 
8.19 
8.19 
8.18 
8017 
8.16 
8.15 
8.14 
8.13 
8.12 

8.18 
8.17 
8.16 
8.15 
8.14 
8.13 
8.12 
8.11 
8.11 
8.09 
8.08 
8.07 
8.06 
8.05 

8 .. 118.04 
8.10 8.03 
8.09 8.02 
8.09 8.01 
8.08 a.oo 

8.12 
8.12 
8.11 
8.10 
8.0Q 
8.08 
8.07 
8.06 
8.06 
8004 
8.03 
8.02 
8.02 
8.00 
7.9Q 
7.98 
7.98 
7.97 
7.96 
7.95 

8.06 
8.05 
8.04 
8.04 
8.03 
8.02 
8.01 
8.00 
7.99 
7.98 
7097 
1'896 
7.95; 
7.94, 
7.92 
7.91 
7.91 
7090 
708Q 

7.99 
7.98 
7.98 
7.97 
7.96 
7.95 
7 .. 94 
7093 
7 0 93 
7 0 91 ; 
7.90 
7.89 
7.88 
7.87 
7.85 
7.84 
7.84· 
7 .. 83 
7.82 

N 
o ..... 
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Chap. IV, Table VI, p. 148 

Tf Mf> • !-45.3 -38.5 -:H .'~ -2.7.2 -?O.B -13.4 -1 1.3 -4.0 :3 o'~ 

,-llG A q.:-:.O 5. <;() 2o/t-O 1.00 -1.80 -4o~O -8.00-10.00-12.00 

TIML L.nG F LriG E L()G F. LOG F l'Je.. c LOG 1-:: LOG E LOG E LOG F 

? 10. H/~ 10.~·)5 1004R C).O'\ 7.65 6.84 6.37 

3 10.97 10.1:34 10.63 10.4b C).84 ~. 9') 7.55 6.77 0.33 

:, 10.96 10.13 10.flO 10042 'J.18 ~l. 91 7.43 6.69 ().? H 

7 10.1.')6 10.'33 10 .. 5H 10 • .39 ,.7.3 R. ~f, 7.30 6.66 6.?"l 

1 0 10.96 100"l~ 1 o. 'j6 10.36 9." 7 H.'\O 7.28 6.62 0.22 

15 10.95 10. ""\ 1 1 o. :j3 10.34 9 0 01 8.7(t- 7.20 6.58 o.ln 
;:~ 0 10.9':i 10.:'Q 10.51 10.31 :}.57 1:3. 70 7 8 15 6.56 6.1r, 

~~ 5 10.95 1 O. ::\ 1 10.,0 10 • .::s0 ;"J.53 8.67 7.11 (,054 6.14 

30 10.94 10.g0 10.48 10.2R 9.51 H. 6/~ ï'.Of3 6.52 6.11 

15 10.94 10 .'~ 0 10.~7 10.27 9.48 i3.62 7.05 6.5? (, • 1 1 

40 10. g4 10.~0 10.46 10.26 'l.46 B.60 7.03 6.50 f.,.1 () 

~o 10.Q3 10. 79 10.' .. 4 10.24 9.43 R.57 6.99 6.49 6.0a 

00 10. <)3 10.79 10.4.3 10.22 ,). '+0 8.5~ 6 0 97 6047 6.06 

70 10.93 1 o. T~ 10.42 10020 'l.37 8.53 6.95 6.46 6.04 

':\0 10.92 10.7~ 10.41 10. 19 <.J.3') 8.51 6.93 6.45 6.0.1 

C)O Il) .92 10.7M 10.40 10.17 q •. '3.1 8.')0 6.91 6044 6.01 

100 lO.Y? 10 0 77 1 0 0 39 10.16 '.) 031 ,9.'~>J 6.89 6.43 6.01 

1 20 10 092 10.77 10.37 10014 .:~. 2<) >i. IH~ 6.87 f,,, 41 ~.qq 

140 10.91 10.76 lO.1b lO.I? ':).26 !::\ 0 '. (. 0.84 6.40 5.97 

1 (:.0 10.91 10. 76 10.3') 10. 1 1 9.2 /+ F.:I 0 I~? o.A2 6.313 S.90 

PlO 10.91 1007" 10. '\ 4 10.09 9.22 8.'4-U 6.81 6."37 S094 

200 10"Q() 1 0 0 7'') 100:13 10 .. 08 9.20 8."1R. 6 lt RO no36 ').g~ 

?"lO 1 I}. 90 1().74 10. il 10.05 9.17 f3.35 6.77 6 .. 34 5.90 

3,) l) 10.8'1 10.74 10. 2'~ 10.ù2 9. 14 F3.3? 6.75 6.32 ::; • i'\ r~ 

3~.lO 10.89 10. '3 10.28 9.99 9. 11 8030 0072- 6 .. 31 ").136 

li 00 lO"BM 1 o. !'? 10.;~6 9.97 9.09 8.2.'1 6.71 6.30 ~ . ~:; 
c;O 0 10.i:37 10071 lO.?4 9. <)3 t).06 ~o 21 6.69 50R:? 

f, JO 10.<"3(- 10. 70 10.22 9.b9 ,:j. 1) 1 A.16 6067 ':>.7Q 

7)0 100~6 lùo(".) 10o~1 9.85 9000 6 066 ",.77 

900 10 0 ~5 10.ô~3 10.1 q 9. R? 3 0 QQ () 0 64 S07,,) 

900 10.85 100 (, a 10.1 B 9079 ;~ 0 (~7 ').74 

10 () 0 10o~4 10.n7 1001 7 9.76 d.96 ").71 
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TEMP. 73.0 -62.2 -58.5 -50.2 -42.7 -39.6 -36.9 -35.8 -30.8 -25.8 -22.7 
l.OG A 15.27 13.04 11.85 10.15 8.60 7.40 5.50 4.70 1.60 -1.55 -3.60 

--- -

11.03 10.91 10.87 10.78 10.73 10 .. 49 10.00 
Il.06 11.02 10.90 10.86 10.77 iO.1'2 iO.47 9.95 9.29 
11.06 11.02 10.90 10.85 10.76 10.71 10.45 9.91 9.21 
Il.06 11.02 10.97 10.89 10.84 10.75 10.70 10.43 9087 9.14 
Il.05 11.01 10.96 10.88 10.83 10.74 10.68 10.40 9.83 9.05 
Il.05 11 .01 10.96 10.88 10.83 10 .. 73 10.67 10.38 9.80 9.00 
Il.05 Il.01 10.95 10.87 10.82 10.,72 10.66 10.37 9.77 8.95 
11.04 Il.00 10.95 10.87 10.82 10.72 10.66 10.36 9.75 8.91 
11.04 11 .00 10.95 10.86 10.81 10.71 10.65 10.35 9.73 8.88 
11.,04 11.00 10.94 10.86 10.81 10.71 10.65 10.33 9.71 8.85 

1 

Il.03 11.00 10.94 10.86 10.80 10.70 10.64 10.32 9.68 8.79 1 

Il.0~ 11.00 10.94-10.85 10.80 10.69 10.63 10.30 9.66 8.75 
Il.03 11.00 10.93 10.85 10.80 10.68 10.62 10.29 9.63 8.71 
Il.03 10.99 10.93 10.85 ! 0.79 10 .. 68 10.62 10.28 9.62 8.68 
Il.03 10.99 10.93 10.85 10.79 10.67 10.61 10.27 9.60 8.65 
11 .. 02 10.99 10.92 10.84 10.79 10.67 10 .. 61 10 .. 26 9.58 8.63 
11.02 10.99 10.92 10.84 10.78 10.66 10060 10025 9 .. 56 8.59 
Il.02 10.,99 10 .. 92 10.83 10.78 10.65 10.59 10..,23 q.53 
Il.02 10.99 10 .. 91 10.83 10.77 10.64 10 .. 58 10.22 9 .. 51 
Il .. 01 10.98 10 .. 91 10.83 10.76 10.64 10.58 10.21 9.49 
11 .01 10.98 10 .. 90 10.,83 10 .. 76 10.63 10.57 10.,20 9.48 
11.01 10.98 10.90 10 .. 82 10.75 10 .. 62 10 .. 56 10.18 9.44 
Il.00 10.97 10 .. 89 10 .. 81 10.75 10 .. 61 10055 10.16 9.40 
11.00 10 097 10.89 10.81 10" 74 10.60 10.54 10014 9.37 
Il.00 10 .. 97 10 .. 89 10080 10 .. 74 10.,59 10.54 10 .. 13 9035 
11.00 10.97 10088 10.80 10.73 10.58 10 .. 52 10.10 9.30 
11.,00 10 .. 97 10087 10 .. 72 10 .. 57 10.,51 10008 9025 
10099 10 .. 96 10087 10" 71 10 .. 56 10 0 50 10005 9 .. 22 
10.,99 10 .. 96 10086 10 .. 71 10.55 10.49 lOo03 9,,18 
10099 10 .. 96 10 .. 86 10070 10053 10 .. 48 10001 9 .. 15 
10 .. 98 10096 10 .. 86 10 .. 70 10.53 10048 9 .. 99 9 0 12 
10 .. 98 10 .. 96 10068 10 .. 51 10046 9oQ5 9 .. 06 
10098 10.,95 10 .. 67 10.50 10 .. 45 9.,92 9,,01 
10.,98 10 .. 95 10 .. 67 10048 10044- 9 .. 89 

nO .. 66 10 .. 46 10 .. 43 9.87 
10 .. 65 10042 9084-
10 .. 64- 9080 
10 .. 63 9.78 


