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STUDIES ON RUBBER ELASTICITY AND VISCOELASTICITY

IN ION-CONTAINING POLYMERS
Abstract

This thesis investigates the effect of ions on rubber
elasticity and viscoelasticity in polymers. The ratio of the
moduli of an ionizable rubber in its acidic and ionic forms is
predicted from simple coﬁsiderations of entropy and chain
dimensions. The experimentally determined ratio for a crosslinked
poly(vinyl alcohol)-poly (acrylic acid) gel is found to agree

semi-quantitatively witﬁ the predicted value.

A theoretical study of the dilute solution viscoelasticity
of ion-containing polymers, employing a modification of the
well-known bead-spring model, is presented. The study predicts
an increase in intrinsic viscosity and a broadening in the

distribution of relaxation times with increasing ion repulsion.

The effect of ions on the structure and viscoelasticity of
poly(acrylic acid) is investigated as a function of the degree of
ionization and the plasticizer content. The stress relaxation
behaviour is analyzed in terms of a two-mechanism response and

correlated with X-ray diffraction and dynamic mechanical studies.
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CHAPTER 1

A REVIEW OF BACKGROUND LITERATURE AND
A GENERAL DESCRIPTION OF THE STUDY

The incorporation of ions into a polymeric material can
produce structural changes of considerable magnitude, the effect
of which can generally be observed in the form of greatly modified
viscoelastic behaviour. In the past decade, the pace of research
into the structure and viscoelasticity of ion-containing polymers
has increased sharply. Since this thesis draws from the growing
store of knowledge in this area of research, it will be important

to begin with a review of the most relevant background studies.

Three major areas of interest in the study of ion-
containing polymers are dealt with in this thesis: rubber
elastic;ty, dilute solution viscoelasticity, and bulk visco~-
elasticity. In each area, investigations have been made on non-
ionic polymers and, in each case, the approach to the study of the
ion-containing polymer has been essentially to modify existing
methods, so that changes in the parameters, other than those
directly associated with the inclusion of ions, are restricted as

much as possible in order to facilitate direct comparisons be-

tween the properties of corresponding ionic and nonionic systems.

A model for the viscoelastic behaviour of polymers must

contain the basic elements of energy storage and energy dissipa-



tion. The most successful theories of polymer viscoelasticity
nave been those where the polymer is considered to behave like a
flexible chain which assumes the average configuration in solu-
tion which minimizes its free energy. In the absence of severe
restrictions to bond rotation or unusual solvent effects, the
polymer configuration is governed largely by entropic considera-
tions and is that of a more or less random coil.! Deviations
from randomness, as may be induced by an externally applied
stress, result in decreased entropy which, in the absence of
dissipative factors and in an isothermal process, is equivalent
to energy storage. This is the origin of elasticity in randomly
coiled macromolecules; its importance will become apparent in
Chapter II on rubber elasticity And in Chapter III on dilute
solution viscoelasticity. This mode of energy storage is less
important in the polymer solid state, where intermolecular re-
strictions to bond rotation are often quite severe. Some of the

considerations in this case will be discussed later.

The inherent effect of ionic interaction on entropic

energy storage in polymers can be isolated from considerations of
energy dissipation by considering the elasticity of an ionizable
rubber. The theory of ideal rubber elasticity® comnsiders a rubber
to be a network of non-interacting polymeric chains. One of the
quantitative factors which determines the modulus of elasticity

of an ideal network is the average dimension that the polymeric
chains would assume were they not constrained by the crosslinks.

In Chapter II, the theory of ideal rubber elasticity is applied



to a swollen, ionizable network. The ratio of the moduli of
elasticity in the ionized and unionized states is predicted
from the determination of polymer dimensions in model solvents.
Experimental observations of the modulus of elasticity of a
simple ionizable network — a rubber formed from poly(acrylic
acid) and poly(vinyl alcohol) — show semi-quantitative agreement

with the predictions from theory.

In the study of rubber elasticity, it is essential that
the time span in which the effects of energy dissipation occur be
less than the time of observation. However, in the case of
rubbers, as in all real systems, energy dissipation occurs when
the system is perturbed by applied stresses. Whether it is
observable or not depends on the correct choice of frequency or
time. In polymer solutions, the form of energy dissipation is of
two general types; both of these can be classified as friction.
One form of frictional dissipation results from the interaction
between the polymer and the solvent. The form of this interaction
in polymer solutions has been postulated by Kirkwood and Riseman, ®
using the principles of classical mechanics, and their formalism
has been employed in most of the subsequent theoretical treat-

ments of polymer viscoelasticity.

The other important type of friction is the "internal
friction" which results from hindered rotation of bonds which lie
along the polymer-chain backbone. This form of energy dissipation

is highly dependent on polymer microstructure and is, in general,



very short-range in nature. Because of the complex and specific
nature of this type of friction, theories which describe the
time~dependent behaviour associated with it have been only
moderately successful."” Fortunately, the usual fregquency range
associated with bond rotation is much greater than that associ-
ated with the motions in which polymer-solvent friction is
important. Thus, if the region of interest is restricted to
lower frequencies, only the time-averaged effects of bond rota-
tion need be considered, and these are much better explored.®*®
Hence, the development of viscoelastic theory for ion-containing
polymers will be rgstricted to polymers in which the ionizable
groups are sufficiently well separated to produce a negligible

effect on short-range motions.

The viscoelastic theory which will be presented in detail
in Chapter III is built upon the model described by Rouse’ and
Bueche® and subsequently modified by Zimm,° Tschoegl, !’ and
others. This model depends on the statistical nature of the
polymer configuration, which leads to entropic energy storage.
Because of the Gaussian distribution of the separation of chain
ends in an ideal polymer solution, there is a net restoring force
on the ends of the coiled polymer which is proportional to their
separation;2 thus, the polymexr tends to act like a Hookean spring
of zero rest length. Furthermore, the polymer may be subdivided
into arbitrary units each of which have this spring-like property.,
provided that the segments are of sufficient length to be

statistically distributed. Thus, energy storage in the model is



that which would result from a series of coupled Hookean springs

of zero rest length.

Energy dissipation in the model is considered to be of the
same nature as that which results from the motion of beads in a
viscous medium; that is, the retarding force on each bead is pro-
portional to its velocity relative to that of the medium. For
macromolecules, each monomer unit is considered to be equivalent
to a bead moving in a viscous medium (the solvent); the propor-
tionality constant between retarding force and velocity is termed
the monomeric friction coefficient. For mathematical conve-
nience, the frictional effect of all the monomer units in each
submolecule is considered to be centered in the connector. The
viscoelastic model for the macromolecule is thus considered to be
a collection of beads joined together by Hookean springs. The
one additional element necessary for stability in the model is
Brownian motion, which is the effect of thermal energy, and which
tends to hold the beads apart by randomization and prevent their

collapse under the Hookean forces.

Despite its simplicity, the model has been used with con-
siderable success in predicting the viscoelastic behaviour of
polymers in dilute solution. Comparisons of the theory with
experimental findings have appeared in a number of reviews and
books.!!”1? Since none of the theory developed to this point has
applied specifically to ion-containing polymers, further review

will not be presented here.



In Chapter III, the basic model as presented by Rouse is
modified to include the effects of ionic forces. With all the
other parameters remaining the same, the beads are considered to
contain electrostatic point charges. Because of the mathematical
complexity involved, viscoelastic functions are derived for only
the two simplest cases of the model — those with éwo beads and
three beads respectively. Equations are written to describe the
motion of the beads in a shearing flow. By combining the equa-
tions of motion with the equation of continuity for the beads, a
second order differential equation known as the diffusion equa-
tion is obtained. The solution of the diffusion equation gives
the distribution function of bead separation, from which the
viscoelastic functions of interest can be calculated. Computa~-
tion of the dynamic viscosity as a function of frequency for this
simple model indicates that ionization produces an increase in
relaxation times as well as a broadening in the distribution of

relaxation times.

One of the inherent flaws in the dilute solution theory is
that no account of the effect of intermolecular interactions on
viscoelasticity is taken. Since all of the viscoelastic measure-
ments that have been made on solutions of ionic polymers have
been in the concentration range where intermolecular interactions
are a major factor,!*”!® the application of dilute solution
viscoelastic theory to ionic polymers anticipates experimental
evidence which may be possible in the near future with recent

developments in experimental technique, whereby viscoelastic



pehaviour in very dilute solutions can be examined. !’

in Chapter IV, the properties of ionic polymers in highly
concentrated solutions are examined. In this region of polymer
concentration, both jonic and nonionic intermolecular interac-
tions play a significant role, while considerations of elastic
energy storage and frictional loss still apply. The properties
of polymers in solutions of very high concentration are similar
to those of undiluted polymers. Most of the studies of relevance
to this part of the thesis have been made on undiluted polymers;

a detailed review of some of them is presented here.

Ton-containing polymers may be divided into several main
classes. A number of studies of the mechanical properties of
each class of polymers have been made. The first of these
classes includes ion-containing inorganic polymers such as the
phosphate!® and the silicate!? 2! systems. The second group,
which has been the subject of a recent review,2? comprises the
organic copolymers in which the ionizable fraction is small;
systems of this type which have been the subject of recent
studies include the ethylene ionomers, 22 2% the styrene
ijonomers,27+2® and the carboxylic rubbers.2? The third major
class, on which the main focus of Chapter IV is placed, comprises
ionizable organic homopolymers and copolymers containing a high
percentage of jonizable material. These polymers, which are
generally termed polyelectrolytes when they are in agqueous solu-

tion, have received considerable attention with respect to their



synthesis®? and their solution p:n:operties.“"33

The solid-state
properties of polyelectrolytes have received much less attention;
those studies that have been reported are discussed here. The
work done on the first two classes of ion-containing polymers
will not be reviewed in detail in this thesis, except for those

studies which afford results or conclusions of relevance to the

viscoelasticity and structure of polyelectrolytes.

The first reported study on the solid-state mechanical
properties of polyelectrolytes is that of Fitzgerald and
Nielsen.27s%* They obtained viscoelastic data for several ion-
containing polymers, including salts of poly(methacrylic acid),
poly (acrylic acid), and a copolymer of acrylic acid containing 6%
2-ethylhexyl acrylate (in this thesis referred to as PMA, PAA and
PAA-PEHA respectively) . The studies showed that ionization pro-
duced drastic changes in the mechanical properties of these mate-
rials. Glassy Young's moduli of greater than 1 x 101! dyn/cm2
were reported for the sodium salts of PMA and PAA, while glassy
shear moduli of various divalent salts (Zn, Pb, Ca) of PAA-PEHA
were found to range between 5.5 X 10'° and 6.5 x 10%° dyn/cm?.
These values represent increases by a factor of about 1.5 for the
sodium salts and about 2 for the divalent salts when compared with
the corresponding moduli of the unionized polyacids. The moduli
of the polyacids themselves are greater by a factor of 2 than
those of typical nonionic, non-hydrogen—bonded polymers like poly-
styrene. The modulus values of the divalent salts cannot be taken

too literally, because the method of preparation — simultaneous



molding and neutralization with metallic oxide — would likely
produce an inhomogeneous product. As Nielsen points out,®" the

real moduli of the ionized materials are probably higher still.

In addition to the moduli, the glass transition tempera-
tures of these ionized polyacids are greatly increased; they were
not measured specifically, but no significant softening was ob-
served up to 275°C. In fact, other tests indicated that they
neither soften nor lose shape before their decomposition tempera-
tures. Another notable change in the physical properties of
polyelectrolytes is in the (glassy) linear expansion coefficient,
ag. The salts of the polyacids were found to have values of o
as low as 1/4 of those of the unionized polymers. Indeed, in
this property, as well as in others, polyelectrolyte salts are

more like inorganic glasses than organic polymers.

The remarkable changes in the physical properties of these
materials can be attributed to the crosslinking effect of ionic
bonding which serves to greatly increase the strength of the
intermolecular forces and therebv affect such properties as Tg,
ug, and modulus. The magnitude of the changes in these properties

indicates that the strength of ionic bonding is much greater than

that of hydrogen bonding.

In Chapter IV, an extensive study of the viscoelastic
properties of plasticized poly(sodium acrylate) is described.
The results of this study indicate that dramatic changes in the

mechanical properties of polyelectrolytes occur even in the
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presence of plasticizers. Both the glassy modulus and the
breadth of the glass transition are observed to increase with in-
creasing degrees of neutralization. Significant variations in
the mechanical properties of the fully neutralized polymers are

found to occur with different types and amounts of plasticizer.

Although stress relaxation measurements on solid poly-
electrolytes were not reported in the studies by Fitzgerald and
Nielsen, their investigations did show that, in a copolymer of
styrene and sodium methacrylate (7.5%), the rate of stress
relaxation was greatly retarded by ionic bonding. Their studies
also pointed out that the effect of hydrogen bonding on stress
relaxation is very minor when compared with the effect of ionic
bonding. This indicates that the lifetimes of hydrogen bonds
are much shorter than those of ionic bonds; at ca. 130°C, they
exhibit a negligible effect on a stress relaxation experiment,
while the effect of ionic bonding at that temperature is highly

significant in retarding the relaxation rate.

The investigations by Fitzgerald and Nielsen indicate
that polyelectrolytes show promise as structural materials be-
cause of their mechanical and thermal properties. However, the
difficulties involved in their preparation and the inherent un-
certainties in their composition and structure have stalled
further development. More recently, a study®® of the glass
transition temperature, Tg, in plasticized salts of poly(acrylic
acid) has elucidated the effect of ionic bonding on this aspect

of polyelectrolytes. 1In this case, the composition of the mate-
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rial was controlled by neutralizing the polyacid in solution and
casting the plasticized material from solvent. Tg's for

poly (sodium acrylate) were measured for two plasticizer systems
— water and formamide. Extrapolation of the values of Tg to
zéro plasticizer content in each case gave Tg for the undiluted
salt (250°C). The Tg's for other salts of PAA — potassium,
cesium, and a sodium-calcium mixture — were established in a
similar fashion. The results of this study indicate that T _is a
linear function of g/a, the ratio of the cation charge and the
internuclear distance between anion and cation at closest ap-
proach. Similar relationships were established earlier for the
phosphates and silicates.?® From the relationship established
for the acrylate series, it is possible to predict values of Tg
for the undiluted divalent salts, which cannot be prepared in

this manner.

studies have been made to determine the effect of ions on
the supermolecular structure of polymers. Changes in super-
molecular structure brought about by ionization are likely to be
crucial in their effect on viscoelastic properties. Only one
structural investigation specifically in the area of glassy poly-
electrolytes has been reported. As part of a study made by
Wilson, Longworth, and Vaughn, ®’ X-ray diffraction analysis of
fully neutralized poly(acrylic acid) and poly (methacrylic acid)
showed the appearance of Bragg spacings of 12 R in both of these
non-crystalline polymers. This phenomenon can be attributed to

the effect of ion aggregation which could result in a two-phase
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structure in which regions of high and low ionic content (and
thus high and low electron density) would occur. The observed
maxima in the diffracted X-ray intensity may thus be associated
with the average separation of ion aggregates within domains
which are of necessity at least several times larger than 12 A in
size. The latter conclusion is based on the fact that any struc-
tured material in which the domains do not contain at least
several repeat units could not give rise to a maximum in
scattered intensity which would correspond to that repeat unit.
The actual dimensions of ionic domains (which could, in fact, be
macroscopic) have not been determined, and no further evidence on
the solid-state structure of polyelectrolytes has been published.
In Chapter IV of this thesis, the results of further X-ray
analysis of neutralized poly (acrylic acid) will be presented. It
will be shown that, although phase separation occurs with every
plasticizer used, the variation in structure with the type and

amount of plasticizer is small.

Although the extent of iﬁvestigations into the structure
of glassy polyelectrolytes has been minimal, a number of studies

have been made on various copolymers with low ionic contents.

e ¢ v 4 i Y g

These studies have shown that most of these materials exist in a

two-phase structure in which the ionic material is concentrated

o smten i ot s

in one of the phases. X-ray diffraction analysis of the sodium
salts of various ethylene-methacrylic acid copolymers?®’ have
shown maxima in the scattered intensity which correspond to spac-

ings of 19 to 27 R in samples of varying acid content and degree
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of neutralization. These dimensions are identified with the
average separation of ion aggregates within ion-containing
domains. In a subsequent study,38 an additional maximum in
scattered intensity corresponding to a spacing of 83 A was ob-
served in both the cesium and the sodium salts of an ethylene
ijonomer. This peak did not occur in the unneutralized material,
nor did it vary with annealing; it was therefore associated with
the ionic phase. It can be interpreted as corresponding to the
average spacing between clusters of ionic material, which may be
thought of as aggregates of ion multiplets separated by nonionic
material and held together by electrostatic forces. This two-
phase structure in ethylene ionomers has recently been confirmed

in a study of polyethylene modified by the addition of phosphonic

acid side groups.39 Electron microscopy of the cesium salt of
this copolymer showed domains of 50 to 80 A in diameter which did

not exist in the unneutralized material.

Similar structural effects have been observed in ionomers
of styrene and of pbutadiene and in carboxy-terminated butadiene
polymers. In a study of the divalent salts of carboxy-terminated
putadienes, "’ low-angle X-ray scattering measurements indicate a
periodicity of 70 R in a Mn*t salt; an e.p.r. spectral analysis
of the Cut* salt of the same material shows the structure of the
ionic phase to be essentially that of copper acetate, an aggregate
containing two Cutt icns and four carboxyl anions. Ionomers of
butadiene and methacrylic acid were studied by electron

microscopy;“! both the ionized and unionized forms of the polymer
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appear to exist in a domain structure — regioﬁs of high acid or
ion content dispersed in a matrix of butadiene. The size of the
domains is found to vary within each sample; dimensions varying
from 13 to 26 & were recorded. This study indicates that even in
unionized copolymers, a two-phase structure is likely if the com-
ponents differ significantly in polarity. Recent investigations
into the structure of styrene-methacrylic acid ionomers"? have
shown the existence of clusters of ionic material with avefage
separations of 70 to 75 R for salt contents of greater than

6 mol%. For lower concentrations of ionic material, no evidence
of phase separation is observed. It is proposed that above a
critical ion concentration, phase separation occurs; this conclu-

sion is reinforced by rheological and other evidence.

Theoretical justification for the existence of clusters of
ions in organic polymers has been presented by Eisenberg,*® based
on thermodynamic arguments. The model employed is a hypothetical
polymeric material of the ethylene ionomer type, with ionizable
groups widely spaced along non-crystallizable chains. The driving
force for ion aggregation is the energy gained by the formation of
dipoles and multipoles. It is assumed that ions aggregate in
tightly packed multiplets whose size is severely restricted by
steric considerations to groups of no more than eight ion pairs.
The energy gained in this aggregation process is considerable, and
such multiplets are assumed to be quite stable. It is postulated
that these multiplets may be further associated into clusters.

The energy for cluster formation is also electrostatic; the size
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of the clusters can be predicted by balancing the gain in
electrostatic free energy against the loss in entropic free
energy which results from the non-random distributions of chain
segments in the nonionic material separating the clusters. The
calculation of cluster sizes is based on a number of determinable
parameters, including ion concentration. Significantly, the
theory predicts that, for any given material, there is a certain

minimum concentration of ions required for the formation of

clusters.

The accuracy of the calculations of cluster sizes is
limited by the lack of account taken for polymer microstructure
which influences not only the size and geometry of the multiplets
that can be formed, but also the variation in entropic free
energy in the nonionic phase. The latter limitation could be
expected to be quite severe in the case of polyelectrolytes in
which the separation of the ionic groups is small. However, the
formation of clusters still seems reascnable on the basis of
electrostatic considerations. It must be remembered that the
clustering theory is an equilibrium theory. Since it does not
consider the transient nature of the clusters, it cannot be used
to predict time-dependent properties such as viscoelasticity.

One cf the aims of Chapter IV is to investigate the effect of ion
aggregation on viscoelasticity in solid polyelectrolytes and
thereby to elucidate the transient nature of the polymer super-
structure. It will be shown that the viscoelastic data can be

analyzed in terms of two concurrent relaxation mechanisms, using
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methods of analysis that have been previously applied only to

non-phase-separated polymers. The contribution of each mechanism
to the total viscoelastic response can be associated with the

yielding of each phase.
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CHAPTER II

THE MODULUS OF PLASTICIZED IONIC RUBBERS

A. Introduction

In this chapter, the time-independent effects of ions on
mechanical properties are examined. It has been found in a
number of ion-containing systems, as pointed out in Chapter I,
that ionic polymers in the glassy state have much higher moduli
than corresponding nonionic polymers. It is pertinent to ask
whether this effect extends beyond the glass transition point and
specifically into the rubbery region. Because of the tendency of
ions to aggregate and thus act as additional crosslinks,! one
would expect that the modulus of elasticity of an ionized rubber
would be greater than that of the corresponding unionized mate-
rial. However, it should be remembered that ionic aggregates do
not form crosslinks in the conventional sense, since they often
have a significant time dependence, as will be shown in Chapter
IV. It is of interest, therefore, to determine if there is an
intrinsic effect of ions, other than increased crosslinking,

which would cause a higher modulus to persist into the rubbery

region.

Since a rubber is ideally a network of non-interacting
polymer chains,? and since rubber elasticity is inherently an

intramolecular phenomenon, it is imperative to eliminate the
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effects of ion aggregation in order to determine the effect of
ions on rubber elasticity in terms of intramolecular parameters.
This can be accomplished by plasticizing the rubber with a ligquid
of high dielectric constant. It will be shown that under these
circumstances the ions have only a small effect on the modulus
and that from the change in polymer dimensions alone a semi-
quantitative prediction of the variation in modulus on ionization

can be obtained.

A rubber system in which the effects of ion aggregation
can be eliminated and which, in addition, has been well studied?
is the crosslinked poly (acrylic acid)-poly (vinyl alcohol) system
(PAA-PVA). 1Ion aggregation effects can be eliminated by allowing
the polymers to swell in aqueous media. Accordingly, a series of
PAA-PVA films were prepared after the method of Kuhn, et gl.s
The films were crosslinked by heating, swollen in aqueous media,
and subsequently studied in both acidic and ionic forms. The
rubbery modulus was measured at a single temperature as a func-
tion of the volume fraction of polymer. When the results were
compared at a common volume fraction, it was found that the
modulus of the ionic form was lower than that of the acidic form,

in contrast to what one might anticipate intuitively.

In one attempt to rationalize this result, free-chain
dimensions in solvent systems similar to the swollen polymer
environment were determined by viscometry and used to predict the

ratio of the moduli in acidic and ionic forms from simple rubber
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elasticity theory. In another attempt to predict this ratio, 6
dimensions, as published in the literature, were employed. Both
attempts lead to correct qualitative agreement, but both under~

estimate the effect somewhat.

bThe first part of the subsequent discussion will be
devoted to the derivation of a theory for a two-component rubber,
one component of which is ionizable. Subsequently, the experi-
mental aspects will be discussed, and the theoretical predictions
compared with experimental results. Finally, several reasons
will be suggested which might explain the discrepancy between

theory and experiment.

B. Theory

Consider a unit cube of a rubber which consists of a mu-
tually interpenetrating network of two types of chains. 1In the
present case, the two types of chains are PAA and PVA. The
nature of the crosslink in the PAA-PVA rubber system is taken to
be a simple esterification.® It is assumed, for the purposes of
this calculation, that each crosslink is tetrafunctional and that

from each crosslink emanate two chains of PAA and two of PVA.

Suppose that a unit cube of such a polymer undergoes iso-
tropic swelling in the ratio l/Vr, where Vr is the total wvolume
fraction of polymer in the mixture. The length of each edge of

the cube in the swollen, unstrained state is given by l/Vrlh.
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If the network is subsequently deformed by an external force to
the dimensions Y1’ Yz' ya, the total difference in network en-
tropy between the unstrained, unswollen state and the strained,

swollen state for each type of chain, p, is given by?s°®

AS ' = - % Nk (rp o/Toig) (v Pyt E v,2 - 3) (1)

The expressions rp20 and rpzf represent the mean square end-to-

end distances of the chains in the unstrained, unswollen network

and in the free state, respectively. It is assumed that rpzo and

2
rp g are not equal.

For a network consisting of two types of chains, the total
entropy of deformation of the network, ASO', including both
swelling and deformation resulting from the externally applied

force, is simply the sum of the entropies of the components

[ ' __!-_ 2
Aso-As1 +ASZ'— 2k[(r /rlf)N +(r /:rzf)N]x

2 4 2 4 2 .
(wr1 Y, Y, 3) (2)

where the subscripts 1 and 2 on S, r and N refer to the two com-

ponents. The change in entropy due to the isotropic swelling in

the ratio 1/Vr’/a in the absence of stress is

ASO=-%k[(r /r PN+ (] /r ) N]x

(3v,~% - 3) (3)

Therefore, the entropy of deformation of the swollen network, AS,

is simply the difference of ASO' and ASO
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— .

- v =_£|-_ 2 2 2
AS = AS0 ASO 5 k [(r1 o/r1 f) N1 + (r2

2
O/r2 f) N2 I x

2 2 2 -2/3
"+ v, % +y, V.7 (4)

It is more convenient to express AS in terms of the exten-

sions ll, Az, As, referred to the swollen, unstrained network,

where Al = ylvrlh, etc. Thus

= - 1 2 2 2 2
AS = 5 k [(r1 0/ . f) N1 + (r2 O/r2 f) N2 1 x
(A2 + 224222 3) vy -2 (5)
1 2 3 r

If changes in the internal energy of the system on deformation of
the swollen network are neglected, the force of extension, f, of

a swollen rubber of length L and volume V is given by
f=-07 (BAS/BL)T,V (6)

For simple extension of a rubber, Al = L/L1’ where L1 is the

value of I, in the unstrained, swollen state. Therefore,
= - 9AS
£ (T/Ll) (2A /BAI)T,V (7)

If the rubber is considered to be incompressible, then V = Vv P

1
the unstrained, swollen volume, and

= = - 1f2
lz AS (Al) (8)

Hence, the relationship
A2+ a2 4022322 2/x -3 (9)
1 2 3 1 1

is obtained. By substituting Eq. 9 in Eq. 5 and differentiating

the result in Eq. 7, the expression for the force is obtained
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£ = (kT/L ) [(r /r g N4 (r /r ) N ] X
1 2 £ 2
(A - 1/ 2) v -2 (10)
1 1 r
The Young's modulus, E, is then given by the ratio of
stress to strain

E

(f/A )/(L/L - 1)

2
(R/v) LG 2/r P N+ (x P/r te) N1

[(A = 1/x 2)/(x - 11 v "2k (11)
1 1 1 r

In the limit of small strains, this becomes

E = (3kT/V ) [(r /r1 PN Zo/rzzf) N ] vx-”3 (12)

1f V0 is the unswollen, unstrained volume, then V1 = Vo/Vr, and

the Young's modulus becomes

E = (3kT/V,) [(r /r1 N+, T 2 /r2 g N1V, 1 (13)

It is clear that, in the simplest approximation where
rzo/rzf is considered to be unity® and N+ N ) becomes the
total number of chains, the equation for the Young's modulus

assumes the familiar form
= 1/3
E EO Vr (14)
where Eo is the modulus of the unswollen network.

Now consider the specific case of a rubber formed from a
mixture of PAA (monomeric mole fraction m) and PVA (monomeric
mole fraction [1 - m]). The mixture is cast as a film from

aqueous solution, crosslinked by heating, and subsequently
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swollen in water. Since it was assumed that each crosslink is

the junction of two chains of PAA and two chains of PVA, it must

hold that

NPAA = NPVA = N/2 (15)

Therefore, the degrees of polymerization between crosslinks, P

14

are in the ratio of the monomeric mole fractions; that is

PPVA/PPAA = (1L - m)/m (16)

. 2 2 -
The relative values of ova o and paa o can be deduced by bal
ancing the force on each crosslink, keeping in mind that each
crosslink must be the junction of two PAA chains and two PVA
chains. The retractive force exerted by each chain is propor-

tional to the end-to-end distance, r, as given by®

£ = 3kT r/;?f (17)

Since the average tension exerted on the PAA chains must
be equal and opposite to the average tension exerted on the PVA
chains in any one direction, and considering that the sample is

isotropic, the relationship

Z)Iﬁ/r

z 2 12 2
(Tpan“o par £ = (Fpya o) " /Tpya's (18)

may be written. A similar relationship holds for the ionic form

2 412 2 2 412 2
Tpnan o) ' /TpNan'f = Fpya o) /Toyar ‘g (19)
where the symbol PVA' refers to the basic medium, and PNaA is
poly (sodium acrylate). It should be recalled, however, that it

is not the mean square end-to-end distances of the two types of
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chains that are equal, but only the average tension under which

the chains find themselves.

It is more convenient to rewrite Eg. 12 using Eq. 15,

with PAA representing component 1 and PVA component 2

E = (3NKT/2V,) [(rppp® /Tpan’s) * (pya’o/Tpva £ erh (20)

Substitution of Eq. 18 in Eg. 20, for the polymer in the acidic

form, gives

— 2 2
Eacidic - (3NkT/2Vo) [(rPAA o/rPAA f) +
2 2 4\ 2 p) 2 i3
(foya’e/Toan £ Fpaa o/ Fpva gl vy (21)
or
— 2 2
Eacidic - (3NkT/2Vo) (rPAA o/rPAA f) X

2 2 1/3
(1 + Tpya ¢/Tpan £) Vi (22)

Similarly, for the polymer in the ionic form

- 2 P)
Eionic ™ (3NkT/2V0) (rPNaA o/rPNaA f)

2 3 Y3
(L + rpya+ £/%pyan £ Vr (23)

: 2 2
The ratio rpNaA o/rPAA

o may be obtained by equating the
total root mean square distances between crosslinks for both com-
ponents in acidic and basic forms, at constant volume fraction of

polymer

T v 4 (7 Ve -

2
(Tpan o PVA o

(Tpwan o) # + ‘rpv;c\.'zo)l/2 (24)

Combining Eq. 24 with Egs. 18 and 19 yields
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2 2 s 2 y2 _
r (1 + rpun” ¢/Tpan )

2 1+r

IpNaa o (25)

2 2
pva' £/TpNan £
From Egs. 22 and 23, the ratio of the Young's moduli at constant

Vr is obtained

2 2 2 2
Eacidic  pan o/Tpan £) pya ¢/Tpan’s + 1)

= (26)
2 2 2 2
Eionic pnan o/ TpNan £ Fpya' “¢/Tpyan £ * 1)
With Eq. 25 the ratio simplifies to
2 2

Eacidic  TpNaa £ * Fpva' £
B 2 2 (27)

Eionic rPAA £ + rPVA £

Since the present system deals with equal numbers of chains
of each component, this ratio is simply the ratio of the average

mean square end-to-end distances of the free chains

E /E

acidic’ “ionic ~ (rzf)basic/(;?E)acidic (28)
It is evident that Eg. 28 is formally the same as that obtained
for an ionizable rubber consisting of a single component. The
determination of the mean square end-to-end distances of the free
chains and hence the prediction of the ratio of the moduli will

be discussed in the subsequent sections.

C. Experimental Procedures

Films suitable for the measurement of the rubbery modulus

were prepared from a 50:50 mixture (by weight) of PVA and PAA.
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The PVA (99% hydrolyzed, P = 1700-1800) was obtained from
Matheson Coleman & Bell and used without further preparation.

The PAA used in the preparation of the films was of medium
molecular weight (MV = 1.4 x 10°) and was assumed to be atactic.
A description of its preparation and molecular weight characteri-

zation is given in Appendix A of Chapter IV.

A mixture of PAA and PVA of equal parts by weight was
dissolved in water and cast in a flat-bottomed polystyrene con-
tainer. The water was evaporated at 50°C until a clear flexible
film was obtained. This film was then divided into two portions
which were heated at 110°C for periods of 0.5 hr and 1.5 hr,
respectively, in order to produce two different crosslink densi-
ties. Both of the films obtained were found to swell but not
dissolve in water. It was found that the film of higher cross-
link density was not suitable for mechanical measurements because
it was easily ruptured when swcllen; thus, only the more lightly
crosslinked film, which was quite elastic in nature, was used in
subsequent measurements. While no specific tests were performed,
no evidence of incompatibility was observed in visual examina- ‘
tions of the films. Kuhn's investigations,?® carried out in
similar concentration regions, also revealed no such problem,

presumably due to the high swelling ratios used.

The film studied was first allowed to swell in distilled
water overnight. The modulus was measured at a single tempera-
ture (25°C * 1°C) as a function of the weight fraction of

polymer. The measurements were made in a sealed stress
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relaxometer (described in detail elsewhere®). For each weight
fraction, the force of extension was observed as a function of
time; after initial rapid relaxation, the force was generally
constant. For lower swelling ratios where the force did not
remain constant within experimental error, the data were dis-
carded. The extensions were always from 5% to 10%, in which

range the elastic response was found to be linear.

The weight fractions were obtained from the polymer weights
taken immediately after each force measurement, so that weight
loss due to saturation of the sample chamber with water vapor
during temperature equilibration was not a factor. The density
of the sample as a function of the weight fraction of polymer was
measured pycnometrically at 25°C, with paraffin oil as the con-
fining fluid. This procedure allowed the calculation of volume

and, hence, volume fraction of polymer in each case.

After the study of the modulus of the acidic form, the
film was immersed in 1N NaOH solution for several hours. The time
required for diffusion, T, was calculated from the data of Kuhn,
et al.,?® taking D = 107° cm? sec™! as the value of the diffusion
constant of the base in the embedded fluid. For a film thickness
a=0.2cm, t=a?/2D = 0.5 hr. Hence, the time allowed for

diffusion was more than adequate.

As before, the modulus was measured as a function of the
weight fraction of polymer. With the aid of density measurements

as a function of weight fraction, the modulus as a function of
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volume fraction was obtained. As a check on reversibility, the
films were re-soaked overnight in HC1l, angd then in water. The
modulus was found to return to its initial value within the

limits of experimental error.

Mixed solvents, representing the low molecular weight
analogs of the acidic and ionic forms of the Polymer mixtures,
were prepared. For the acidic form, the solvent was a mixture
(by volume) of propionic acid (15%), ethyl alcohol (15%) ang
water (70%); for the ionic form, a mixture of sodium propionate
(15%), ethyl alcohol (15%) and water (70%) was chosen. The
volume percentages were selected to give the same volume percent
of water as the point of comparison of the swollen polymers and

also the same ratio of alcohol to acid as in the polymer mixture.

Intrinsic viscosity determinations (at 25°C) in the above
two solvent mixtures were made for a series of paAaA samples of
various molecular weights, as described in Appendix A of Chapter
IV. These were used to determine relationships between [n] and

MV in acidic and basic media. The relationships obtained were
- -4 0,54
[n]PAA = 8.9 x 10 M, (30)
= -4 0.50
[n]PNaA =16 x 10 Mv (31)
Intrinsic viscosity determinations in the above two media
were also made for a series of commercially obtained Pva Ssamples.

In addition to the material described earlier, the pva samples

were three grades of Elvanol (from Dupont) with reported values
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of P = 500-600, 1700-1800, and 2400-2500, respectively. The
molecular weights of these samples were determined by membrane
osmometry in aqueous solution at 25°C, using a Hewlett Packard
502 High Speed Membrane Osmometer. Values of Mn in the range
1.9 x 10* to 6.7 x 10* were obtained, in line with but somewhat
lower than those expected from reported degrees of polymeriza-
tion. For the PVA used in the preparation of films, Mn = 5,7 x

10* was obtained.

D. Experimental Results

Since the theory predicts Young's modulus of a swollen
rubber to vary as Vrlﬁ, E versus Vr”@ was plotted for both the
acidic form and the ionic form of the rubber. These results are
shown graphically in Fig. 1. Typical error limits are shown for
two points of each line; a more complete error analysis is pre-
sented in Appendix A. The data represent values for three
different films, crosslinked for the same length of time, indicat-

ing the good reproducibility of the modulus measurements.

The best straight line was obtained for each of the two
forms by a least squares method, and the moduli obtained were
compared at a common volume fraction of polymer. For the volume

fraction Vr = 0.3, the values of modulus obtained were

E cidic = 875 x 10® dyn/cm? (32)

Eionic = 61 x 10° dyn/cm? (33)
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FIGURE 1

Young's modulus versus Vrl"3 for rubber in acidic
and ionic forms. Data points indicated: sample 1 (0),

sample 2 (o), sample 3 (o). tbest fit to

E=2A+B Vrlﬁ; —— : best fit to E =C er; -----

comparison at Vr = 0.3,
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From these, the ratio of the moduli was calculated

/E = 1.43 (34)

Eacidic ionic
T+ will be shown that the value of this ratio, as predicted by
theory, is in the same direction (i.e., greater than 1) but

smaller than that obtained by experiment.

The two best linear relationships (solid lines in Fig. 1)

are given by

-6 _ - 13
Eacidic x 10 1.37 + 15.1 (Vr) (35)

-6 = - 1/3
Eionic x 10 2.33 + 12.6 (Vr) (36)
The standard deviations of Eacidic and Eionic are 0.20 and 0.36,

respectively. It should be pointed out, however, that with only
slight increases in the deviations, the lines can be made to pass
through the origin. These lines are the dashed lines in Fig. 1,

represented by the relationships

E x 1078

/3
acidic 13.2 (V) (37)

E

]

x 10~% = 8.6 (vr)l/3 (38)

ionic
the standard deviations being 0.21 and 0.40, respectively. Thus,
within the limits of experimental error, the modulus as a function

of volume fraction can be adequately reproduced by the elementary

theory.

E. Comparison of Experiment with Theory

The values of rPAAZf and rPVAzf with respect to the actual

polymer network are unknown. However, they may be estimated in
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two different ways. At one extreme, it may be said that the
polymers find themselves in a medium which approximates 6 solvent
conditions. The polymer dimensions in this case would be the
unperturbed dimensions. At the other extreme, the values of ;7f
may be determined from the measurement of polymer dimensions in
solvent conditions which approximate those in the real polymer,

assuming that the polymer is far from 6 conditions.

In the former case, the dimensions may be expressed in
terms of a characteristic ratio, ¢ = C;Ee/;E}.r.)lﬂ. o has been
measured for PAA’7 and for PNaA® in actual 6 solvents, and it has
been estimated for PVA!?. although no 6 solvent was obtained.

These results are summarized in Table I.

TABLE I

POLYMER o REFERENCE
PAA 1.85 ¢ .05 7, 11
PNaA 2.38 9

PVA 2.04 + .10 10, 11

The value of (;?f c /P) is a constant (9.49 x 107'® cm?)

for vinyl polymers. Hence,

g = o P (39)

Combining Eq. 39 with Egs. 28 and 16, the ratio
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2

%pva

_ 2
Facidic I T

(40)
Zx (L =-m) +o0_ .2 x m

o PAA

Eionic PVA
is obtained. For a 50:50 mixture of PVA and PAA by weight

(m = 0.38), this ratio has the value 1.22,

In the latter case, where model solvents are used to ap-
proximate the solvent environment in the real system, polymer
chain dimensions can be estimated from intrinsic viscosity data.!
Because r f/P is a function of the degree of polymerization in
non-6 solvents, the overall average molecular weight between
crosslinks, Mc, was estimated from the rubbery modulus data, using

the simple approximation?2
13
E/Vr = 3pRT/Mc (41)

Since E/V ' = 1.3 x 107 dyn/cm®, then M_ * 7500. At this value
of M

2 2 = 23 -
"eNaa £/Fpan £ = ([Nlpyap/ iy, 1.16 (42)
This ratio is quite insensitive to the value of M . (At M = 3000,

for example, it is 1. 18.)

The intrinsic viscosity measurements of PVA in the two
solvent systems indicated that the variation in polymer dimen-

sions between acidic and basic media is small, and at M = 7500,

the value of Tova' f/rPVA f Was taken to be unity. Application
of these values of r £ in Eq. 27 for m = 0.38 leads to a predic-
tion of Eacidic/Eionic = 1.06, considerably lower than the

estimate from unperturbed dimensions, although the ratio is still

greater than 1.
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F. Discussion

Several possible reasons can be offered for the lack of
quantitative agreement between experiment and theory. First of
all, as mentioned above, one of the assumptions used in the de-
velopment of the theory was that the nature of the crosslink in
the PAA-PVA rubber system was taken to be simple esterification.
While this is relatively well established, " it is quite possible
that crosslinking of a different nature could occur. As a matter
of fact, one could conceive of a network formed, say, by an-
hydride crosslinks, where the active chains are mostly PAA and
PVA acts mainly as a filler. In this case, the ratio of the
moduli in acidic and ionic forms would be the same as that for a
rubber network formed from a single ionizable component. Using
the approximation that the polymer dimensions are the unperturbed
dimensions, the predicted value of Eacidic/Eionic for PAA, as

obtained from the characteristic ratios and Eg. 28,is 1.65.

If such defects as PAA-PAA crosslinks do occur, it is
probable that they would be only a fraction of the total number
of crosslinks in the network. A study of the kinetics of an-
hydride formation in PAA has shown that this reaction is mainly
intramolecular; !? furthermore, as is shown in Appendix B, its
rate is low under the conditions employed in this study. How-
ever, even a small amount of intermolecular anhydride formation
could change the relative numbers of chains of each component.

If the number of active PAA chains were significantly greater
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than the number of PVA chains, then the value of E /Eionic

would be expected to lie somewhere between the values of 1.22

acidic

for a two-component rubber (PAA-PVA) and 1.65 for a single~com-
ponent rubber (PAA). If the original molecular weights of PVA
and PAA were different, then the numbers of active chains of each
component would be unequal, because there would be unequal
numbers of chain ends. However, in the present case, the origi-
nal molecular weights of PAA and PVA were chosen to be similar.

Hence, this should not affect the results appreciably.

Another possibility of error is introduced in the neglect
of changes in internal energy with extension; that is, in
assuming a purely entropic force. If the variation in internal
energy with extension, (BE/BL)T’V, were roughly the same in both
cases, then most of this error could be expected to be cancelled
in determining the ratio of moduli. However, the variation in
internal energy could very well be significantly different for
ionic and nonionic chains. 1In part, (BE/SL)T’V for an isolated
ionic chain would be expected to be lower than the same quantity
for the corresponding nonionic chain, because extension would
relieve some of the long-range effect of electrostatic repulsion.
However, in an ionic gel whose volume does not change on exten-
sion, the change in electrostatic energy with extension should be

zero, and this effect should not be expected to contribute in the
present case. Since the embedding medium for the ionized form of
the rubber is of considerable ionic strength, the long-range

interactions of the fixed ions will be effectively screened by
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the mobile electrolyte. Thus, one would expect only essentially
short-range interactions of fixed ions, which are considerable,
but which modify only the unperturbed dimensions. It is possible,
however, that there may be more subtle electrostatic or internal

energy effects for which this argument does not account.

The above reasoning might explain why 1.22, the value of

E for the case where unperturbed dimensions are

acidic/Eionic
assumed, is an underestimate. The following arguments show that
the attempt to use low molecular weight analogs as model solvents

/B

yields a drastic underestimate of E jonic®

acidic
One reason for the difficulty in comparing dimensions

measured in low molecular weight analog solvents with those in

the polymer network environment was suggested by Flory,!® who

proposed the following relationship for polymer coil expansion,

o, for dilute solutions of polymers in their oligomers
of - a® = KPV2/P_ (43)

where K = 1 and P and Ps are the degrees of polymerization of the
polymer and the solvent, respectively. This formulation suggests
that the values of o in low molecular weight analogs greatly over-
estimate the values of o in the polymer network, where the solvent
is the polymer itself. In effect, this would suggest that the
polymers are much closer to a 6 environment in the swollen net-
work than they are in the model solvents. This would then pro-
vide some justification for using the unperturbed dimensions as

the better estimate of the free polymer dimensions.
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A second reason for the inaccuracy of the comparison
between low molecular weight analog solvents and the solvent
environment presented in the polymer network lies in the fact
that the contribution of excluded volume to the entropy of poly-
mer networks is different than that of polymer solutions by
virtue of the constraints presented by the crosslinks. Mijnlieff
and Jaspers'!® point out that, at significant swelling ratios,
the number of conformations that the chains can assume becomes
more limited, and the overlap regions of nearby chains are con-
siderably reduced. In more extreme cases, intersection of a
chain with other chains is considerably less probable than in
the solution of equivalent polymer concentiation. Since the
rubbery modulus is compared at constant volume fraction of dilu-
ent, this entropic effect, which is a function of volume frac-

tion, should be cancelled out in determining the ratio of

moduli.

However, this entropic effect does influence the choice

of the model polymer environment from which the values of rzf
must be obtained. Since a network chain has less contact with
other chains than it would have if there were no crosslinks to
constrain it, it follows that it must have more contact with the
diluent. This means that the environment of the network chains
is more like that of the diluent alone than that of the diluent
— low-molecular-weight-analog system taken as a model. The

extent of this deviation is not easily determined. However, it

can be assumed that increasing the amount of diluent (in the
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present case, water) in the model solvent will affect an ionic
polymer (PNaA) differently than a nonionic polymer (PAA). In

fact, the likely result would be an increase in the ratio

2 2 « . ;
roNaA f/rPAA g as the water content of the solvent increased, and
would help to account for the discrepancy between prediction and

experiment.

It should be pointed out that the Young's moduli pertinent
to the present case could not have been calculated from the data
of Kuhn, et gl.,a for the reason that their measurements of exten-
sion versus applied stress were taken in a system completely
immersed in solvent, in which case the volume fraction of polymer
varied upon neutralization and acidification. The changes in
extension that they measured were due to Donnan osmotic force,
which is not relevant in measuring the rubbery modulus of a net-

work in which the amount of diluent is kept constant.

Finally, it should be made clear that the observed effect
/E

for all ionizable rubbers where effects of aggregation can be

> 1 should be generally observable

of a rat}o of Eacidic

ionic
removed. The reason for this is the same reason that ionization
of a polymer generally produces an increase in the unperturbed
dimensions of a polymer chain. If ionization caused a decrease
in polymer dimensions, then one would expect to see an increase

in modulus on ionization.
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G. Conclusions

The rubbery modulus of a crosslinked ionizable rubber has
been explored in a system where the additional crosslinking
effect of ion aggregation has been eliminated by plasticizing the
rubber with a liquid of high dielectric constant. Experimen~-
tally, a rubber was prepared by thermally crosslinking a mixture
of poly(acrylic acid) and poly (vinyl alcohol). The moduli of the
swollen rubber in its acidic and ionic forms were measured and
compared at a common volume fraction. 1In addition, a theory for
the modulus of such a two-component rubber was derived and the
predictions from the theory were compared with the experimental
results. It was found that the predicted ratio of the moduli in
the acidic and ionic forms was in the same direction as deter-

mined experimentally, but that the calculation underestimated the

magnitude of the effect.



10

11

12

13

14

REFERENCES

A. Eisenberg, Macromolecules, 3, 147 (1970).

L. R. G. Treloar, "The Physics of Rubber Elasticity," Oxford
U. P., London (1958), Chap. IV.

W. Kuhn, A. Ramel, O. Walters, and H. Kuhn, Fortschr. Hoch-
polym.-Forsch., 1, 540 (1960).

H. Noguchi, Busseiron Kenkyu, 69, 78 (1953).
M. S. Green and A. V. Tobolsky, J. Chem. Phys., 14, 80 (1946).
Treloar, op. c¢it., Chap. III.

S. Newman, W. R. Krigbaum, C. Laugier, and P. J. Flory,
J. Polym. Sci., 14, 451 (1954).

M. Navratil, Ph.D. thesis, MGill Univ., 1972.

A. Takahashi and M. Nagasawa, J. Amer. Chem. Soc., 86, 543
(1964).

H. A. Dieu, J. Polym. Sci., 12, 417 (1954).

M. Kurata and W. H. Stockmayer, Fortschr. Hochpolym.~Forsch.,
3, 196 (1963).

A. Eisenberg, T. Yokoyama, and E. Sambalido, J. Polym. Sci.,

P. J. Flory, J. Chem. Phys., 17, 303 (1949).

P, F. Mijnlieff and W. J. M. Jaspers, J. Polym. Sci., &A-2, 7,
357 (1969).



APPENDIX A

EXPERIMENTAL ERROR

The modulus is given experimentally by the relationship
presented in Eq. 11

B = (£/A)/(/L - 1)

(A1)

Each of the quantities inherent in the above equation is subject

to experimental
force -

area -

length

weight

density -
extension -

error:

+0.5 g when no observable relaxation occurs,
+1.0 g when observable relaxation occurs,
generally 2 or 3%.

5% if measured directly. However, since the
area is calculated from the length, weight
and density, only the errors in these quanti-~
ties need be considered.

+0.01 cm, generally ~0.5%.

+2 mg with high vapor loss in ionic form,
+]1 mg with low vapor loss in acidic form,
generally ~0.5%.

v0.5% throughout.
+0.0002 cm, generally <0.1%.

Thus, a typical error calculation for each form is as

follows:

acidic form - error

ionic form - error

. . .01 .
orce) + gy X 2 (length, twice)
L] l

el (weight) + 0.5% (density)

|-

O

]
(8]
©

[ LA
do

R

|

.01
(force) + 505 * 2 (length)

.ogi (weight) + 0.5% (density)

+ ot
o

R
K
[



APPENDIX B

EXTENT OF ANHYDRIDE FORMATION IN PAA

As discussed in Section C of this chapter, the PAA~PVA
mixture was crosslinked by heating at 110°C, in one case for
0.5 hr and in the other for 1.5 hr. The study of the kinetics
of anhydride formation in PAA by Eisenberg, et al.,'' showed
that anhydride formation was a first order reaction whose rate
constant (in sec™!) can be expressed as

k, = 2.5 x 10° exp(-2.6 x 10"/RT) (B1)

Hence, at 110°C, the value of k, is 3.6 X 10-° sec~!, and the
rate of anhydride formation may be expressed as

-d[al/dt = 3.6 x 107°% [A] (B2)

where [A] is the concentration of carboxyl groups. Solution of
this differential equation gives the degree of anhydride forma-
tion

1 - [A]/[A]o =1 - exp(-kat) (B3)

Thus, the degree of anhydride formation is 0.65% after 0.5 hr
and 1.9% after 1.5 hr.

Although the polymer used in this study was not pure PAA,
the degrees of anhydride formation could be expected to be simi-
lar to those calculated above, since the reaction is mainly
intramolecular. The fraction of intermolecular reactions is un-
known, but it would be expected to be smaller than in pure PAA,

because of the decreased concentration of PAA in the polymer
mixture.



CHAPTER IIIX

THE DILUTE SOLUTION VISCOELASTICITY
OF SIMPLE IONIC POLYMERS

A. Introduction

In Chapter I, the theoretical approach to the dilute solu-
tion viscoelasticity of polymers was introduced. The model
employed with the greatest success is the well-known bead-spring
model. This model represents the polymer as a collection of-
beads on which all of the frictional interaction with the solvent
occurs; the beads are joined together by Hookean springs of zero
rest length and held apart by Brownian motion forces. The effect
of ionization in this model is obtained by considering that the
beads contain point charges of equal magnitude. The resulting
electrostatic forces between the beads provide an additional

parameter in the expression of the equations of motion of the

beads.

A realistic model, which would incorporate a large number
of charges per chain, presents considerable difficulties. Thus, as
a first step in the development of a theory for the dilute solu-
tion viscoelasticity of ionic polymers, thé elastic dumbbell
model (two beads, one spring) was used. This model can serxrve two
purposes in this development — it forms the basis for the de-

scription of more complex bead-spring models, and it serves as a
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model, itself, for simple ionic polymers which can be readily
synthesized, such as carboxy-terminated polymers1 and polymeric
zwitterions.? Experimental techniques for the measurement of
very dilute solution viscoelastic properties, although still very
difficult, are becoming increasingly available,?® and it is to be
expected that experimental data on dilute solutions of ionic
polymers may soon appear. Thus, materials such as those men-—

tioned above might be used to test the validity of the model.

In Section B of this chapter, equations of motion will be
developed for the two simplest charged bead-spring models —
the elastic dumbbell and the three-bead/two-spring assembly.
From these equations, the diffusion equation for the distribution
function of bead separation in shearing flow will be formulated.
The solution of this second order differential equation yields
the viscoelastic functions of interest. Because the solution of
the diffusion equation for the ionic dumbbell necessitates the
use of approximate methods, the approximate solution for the non-
ionic dumbbell, whose viscoelastic functions are known in closed
form, will be derived in order to evaluate the correctness of the
procedure. A more rigorous mathematical proof of the validity of
the method will also be offered. Then the same methods will be
applied to the ionic dumbbell in order to calculate the intrinsic
viscosity and the real and imaginary parts of the complex vis-
cosity in steady and dynamic shear as a function of frequency and
for a range of values of the charge and spring parameters. The

values are chosen to correspond to real polymers for which the
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charged bead-spring model would be appropriate, such as linear
dicarboxylic acids and polymeric zwitterions for the dumbbell,

and linear triacids for the three-bead model.

It is found that, in the case of the ionic dQumbbell, a
single relaxation time is retained; that is, the shapes of the
curves of dynamic viscosity versus reduced frequency are un-
changed, except for a simple shift in the relaxation time. For
like charged dumbbells, it is found that both the intrinsic
viscosity and the relaxation time increase with increasing
charge, while for oppositely charged dumbbells, the intrinsic

viscosity and relaxation time decrease.

For the three-bead/two—spring model, whose solution de-
pends in part on the solution of the elastic dumbbell, two
single relaxation times are obtained, as in the corresponding
nonionic case. As expected from the dumbbell calculations, the
intrinsic viscosity increases with increasing charge, as do both
relaxation times. 1In addition, the longer relaxation time in-
creases by a proportionally larger amount than the shorter
relaxation time. This leads to the conclusion that in systems of
a large number of charges per chain, the distribution of relaxa-

tion times would broaden.

B. Theory

The recent review by Bird, et al.® gives the derivation of

viscoelastic properties of dumbbell suspensions in various types
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of flows. Equations are derived in terms of a generalized type
of dumbbell in which the connector may be elastic or rigid. The
model chosen here is a dumbbell which consists of two beads
joined by a connector which is taken to be a Hookean spring of
zero rest length. The beads are considered to contain equal
electrostatic point charges which yield an additional term for
the force which acts on the beads. The suspension of dumbbells

is assumed to be at infinite dilution.

If the beads are assigned the space and time coordinates
(X1'y1'z1't) = (rl,t) and (xz,yz,zz,t) = (rz,t), respectively,
then the distribution function, which is a function of all these
coordinates, may be taken as W(rl,rz,t). Y may be determined
from the diffusion equation which is obtained by combining the
equations of motion of the beads with the equation of continuity

for the distribution function.

The equations of motion are obtained by equating the
inertial force (mass X acceleration) to the sum of the hydro-
dynamic drag force, the Brownian motion force, and the forces
acting along the line of the connector (which are due to the
Hookean spring and the electrostatic charges on the beads). The

equations obtained are thus
mF, = - p (wi - vi) - kT (a/ari) In ¥ + Fi P i=1,2 (1)
The expressions éi and ?i are the first and second deriva-

tives of Ty with respect to time. p is the friction coefficient

of a bead moving through the solvent. v, is the relative solvent
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velocity at bead i. Hydrodynamic interaction is neglected in
this treatment; that is, the motion of bead 2 is not considered
to affect the fluid velocity at bead 1, and vice versa. Fi is
the force along the line of the connector acting on bead i

and contains Coulombic and Hookean terms. The expression

- kT (B/Bri) 1n ¥ is that used for the "time-averaged" Brownian

motion force acting on bead i.*r?

The term v; can be equated to [x-ri], the dot product of
k, a second order tensor which, for homogeneous flows, is inde-
pendent of position but dependent on time, and ry the position
vector. k is specific to the pattern of flow selected. For
shearing flows, the components of [k°r] become greatly simplified

to v, = nyy = Ky, and v = v, = 0, where k is the shear rate for

y
simple shear.

Subtraction of Eq. 1 for i = 1 and i = 2, and the substi-

tution of the relative coordinate

R= (¢ =-r)/2= (X,Y,2)

gives
R = [k-R] = (kT/2p) (3/3R) 1n ¢ + F/p (2)
Here
Fl - Fz = 2F1 = 2F
since Fl = -Fz for a dumbbell. In forming Eq. 2, the ingrtial

terms, m?i, are neglected since they are assumed to be small.
Also, the relevant distribution function is now Yy = P(R,t), the

distribution of the relative position vector R. S
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The continuity equation, which may be derived simply from
the law of conservation of mass, is given in terms of the
distribution function and the relative position vector by®

aY/ot = = {3/3R- (RY)} (3)

The law of conservation of mass applies to the present

case, since the total value of ¥ over all space is fixed; there-

fore, Egs. 2 and 3 may be combined to give the diffusion equation

- %g-([x-al - %%-%ﬁ + %)w (4)
Following the notation of Bird,"* it will be convenient to express
this equation in the spherical coordinates, R, 6, ¢, where
X = RSc, Y = RSs and Z = RC, and where S = sin 6, C = cos 9,

s = sin ¢, ¢ = cos ¢. This gives, in spherical coordinates

20 Y _ B 20 roiny g L 2

%5 - RZ(E%'E@[KR]R‘” k—cﬁFR"')
19 19y _ 20 .,

*Eéﬁgs’(ﬁ?g'ﬁ lkeRlg W)%

1 0y _ 2 .
+E§W(§§a—¢-ﬁmm¢w) (5)

For shearing flows, the components of [k°R] are

19
RZ 3R

H

[ = 2
S R]R S°scRk
[|<°R]e = SCscRk
[K’R]¢ = - Ss?Rk

The term FR in Eq. 5 is the sum of a Hookean term and a

Coulombic term, and as such is a function of R only. F is given

by
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«
il
-
Il

- - 2 - - 3
H(r, r) (q*/¢) (r, rl)/lr2 r

- 2HR + (g?/4¢)R/R3 (6)

where H is the Hookean spring constant, g is the charge on each
bead, and ¢ is the dielectric constant of the solvent. Hence,

the radial component is given by

Fp = = 2HR + g?/4€R?

By making the further substitutions

A = 2p/kT
B = 4H/KT
E = - g?/2¢kT

Eq. 5 simplifies to

2
p o[t (v kel dr e

c 9 1 32 1 32
+ ®7s 35 © ®T 307 T Rzse a¢2] v
- AKSC [SZR %_R- + SC %‘5 - % %6] w (7)

If Kk is a periodic function of time, it may be written in
the form
int

kK({t) = Ky ©

An approximate solution of Eq. 7 can be obtained by replacing V

by an infinite series in powers of K

i
[

Yo=Y, n§0(m<)n A A

When coefficients of (Ak)" are equated, a recursion relationship
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Bird, et g;.“ point out that k is more correctly described

by the function

k(t) = Re {Ko* exp(iwt) }

where Ko* is a complex quantity. However, since the calculation
of viscosity will require only the first two terms of the power
series for ¥, the simple exponential notation is sufficient to

give the correct result.

The exact solution of wo is obtained by solving Eq. 7 for

y, = const. X exp (E/R - BR?/2) (8)

The arbitrary constant is unimportant, since it may be removed by
normalizing the distribution function. This solution is consis-
tent with the boundary condition of wo(O) = wo(W) = 0. [wo(O)
must equal zero since the Coulombic force at R = 0 becomes
infinite.]

If the series approximation is substituted for V¢ in Eq. 7,

and coefficients of (AK)n are equated, one obtains for n 2 1

92 2 E ) d c 9
[a‘ﬁ?*(ﬁ*BR’“ﬁf)a—R”B*frs“a—e

L1 92 1 92 .

t+ %7 397 * ®RETST D¢ m‘*’A] Ao

_ 25 O 3 _ 42 9

= (scs R "R + scSC T s 3¢) An-lwo (9)

In particular for n = 1, inserting wo as given in Eg. 8 and re-

calling that Ao = 1, Eq. 9 becomes
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92 2 E d cC 9 1 )
[3R2+(§'BR §T)_R+st'§§+i?ae!
2
+ §%§3-%E? - iwA] A = - g25¢ (%,+ BRZ) (10)

The solution of this equation will be the solution of
pPhysical interest for low shear rates (small k) and may be ex-
pressed in the form

V=9, (L+ Ak ) (11)

)
Experimentally, this is justified because values of k for dynamic

shear are generally low, and higher members of the series can be

neglected.

For the three—bead/two—spring system (3B2S), if one con-
siders only the case of identically charged beads joined by
springs of equal Hookean force constants, then one can express
three equations of motion for the three beads; these can be com-
bined into two equations in internal coordinates. If the same
coordinate transformation that is used for the nonionic case is
employed, two distinct relaxation times for the ionic case will

be obtained which can be compared with those of the nonionic

model.

The distribution function is given by
¥ = ¥(p P, ,t)
1 b 3
The equations of motion of the beads may thus be written

mr; = - p (ri - vi) - kT (8/3ri) In ¥ + Fi’

i=1,2,3 (12)
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The symbols in Eg. 12 have the same significance as in Eq. 1l.

The expressions for the Fi may be written as

2 - r 2 (- F
F1 = H (rz - r1) - {5 Al% - 40 L%
e |r, = r | e [ry - 1yl
: 2 - 2 -
F =H (r +¢ - 2r) - g (r, r,) _ g (Fg ro)
2 ! 3 2 e e =2 | efr -r¢|?
1 2 3 2
2 - 2 -
F =H (¢ - 1) - a '(T, 5'3)3 - g (rJ E-3)3 (13)
3 2 8 e jv = ¢ | e |lr. - r |
2 3 1 3

H, g, and € have the same meaning as in Eq. 6.

It will be shown in Section D that the ionic dumbbell has
a relaxation time which is given by a simple multiplicative shift
of that of the nonionic dumbbell. This is equivalent to the
result which would have been obtained if the 1-2 (or 2-3)
Coulombic force were combined with the 1-2 (or 2—3) Hookean
force and the sum expressed as a "pseudo-Hookean" force with a
new constant, H'. This is done with the 1-2 and 2-3 Coulombic
forces in Eq. 13; if this step were not taken, then subsequent
coordinate separation would be impossible. Since the 1-3
Coulombic force has no Hookean counterpart, it remains unchanged
in Eq. 13. Hence, one can write

FE = H' (F_F)_qz(ﬁ'a'?l)
1 2 1 c I?a _ Vlla

A
I

H' (¢ + 7 - 27 )
1 3 2

2 -
F =8 (¢r, - r) - S {0 = 7o)
3 2 3 € |py - Pg?

(14)
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The calculation of the values of H' will be left for Section D.

The relative coordinates Tyr Rx' and Rz are obtained by
the same coordinate transformation used by Zimm® for the nonionic

case
R=Q l-r
3/3R = Q'+3/0r

If the matrix @ is taken to be

1 1 1
Q=11 0 -2 (15)
l1-11

then the relative coordinates are given by

r, = (r1 + rz + wa) (center of mass)

)
]

(wl - ra)/z
R = (?1 + ra - 2r2)/6

As in the dumbbell case, the relevant distribution function is

now w(Rl,Rz,t), which is constant with respect to L

The relative equations of motion for E%l and E’Rz are then
obtained by combining Eq. 12 for i = 1, 2, 3 in the same ratios
as the coordinates given above and inserting the values of EFi

from Eg. 14. This yields

5 = ° - 1{2 —g._ - i EZ_ERLL__
Ro= R - g - R o g
> kKT 23 3H'
= ° 1 = 22 e -
[E{z e Ra‘ 5 TR in ¥ 5 Rz (16)
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The continuity equation, in relative coordinates, is

given by
ap/at = - {3/3R - (R ¥) + 3/3R - (R V)] (17)
Hence, the diffusion equation obtained by combining Egs. 16 and
17 is
3w f(reepy-KE 2 _EH @ R
3t - IR, ([" RI-35%r ~ 5 B " R v
oo (ke _kr 3 _ 3
= (CIREEF h ) ¥ (18)

With the usual conversion to spherical coordinates, and with the

substitutions
A = 2p/kT
B'= 2H'/kT
E = - q?/2€kT

one obtains

w_ [2% L (2, g _E ) 3
Aat_[ +( +BR1+R2) + 3B’

IR 2 R o9R
1 1 1 1
1 32 C, d 1 32
+EreTtR2s 56 tRzsz e 2|V
1 1 1 1 11
_ 2 3 9 _ 539 [V
AKS C, [(Sl R ot 5,6 78, " ¢ a¢l}
1| 32 2 . ) '
+ 3 [m + (E_ + °B RZ) IR + 27B
! 2 2 2
1 32 C, 0 1 52 ]
*RT 39z VRS T6 TR Z5e.7|Y
2 2 2 2 2 2 2 -
- AKS C (S.ZR)—Q—-+(SC)—?—"§'2-LW¢ (19
2 2 2 2 3R2 2 2 362 c2 a¢2 )
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As in the dumbbell case, an infinite series solution for

Y is assumed. For n = 0, the exact solution is obtained
p, = const. X exp(E/Rl - B'R‘:'/Z - 9B'R22/2) (20)

As before, this solution is the one which is consistent with the
boundary conditions, ¥(0) = Y(») = 0. For E = 0, it is identical

with that obtained for the nonionic case.

By substituting the series expansion for ¥ in Eq. 19, the

recursion relation for An is obtained

2 [} E d 4
[vl + (B R+ fl-ﬁ-) _aRl + 3B_] Av,

_1-_ 2 ' 3 ! - 1
+ 3 [Vz + 9B'R, —aRz + 27B ] A b, = inwhh Y,
2 ( 5 5
= 2 Is.c;8,%’R, =% + 8.¢,8.C. 55—
i=1 i“iti 1 BRi i7ivivi aei
S5 3¢’1) hp-1¥0 (21)

For simplicity, the operators Wﬁz and V;z are not expanded. In

particular for n = 1, one obtains, by substituting for ¢o

2 . [gt _E ). 3
(o (orm, + o) 5]

_]._ 2 _ 9 s
+ 3 [@2 QBHRZ gﬁz] A1 iwAlh,

=-stc(-Eﬁ-+B'Rz)—9szscB'R2 (22)
1 1 1 1 3 2 2 2 2
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As in the case of the dumbbell, the solution of this equation

will be the solution of physical interest for low shear rates.

C. Application of Theory to Shearing Flow

For the dumbbells, the shear stress per unit volume, T_,

is given by the expression’

2
o T mo Ky (W5 ¥ fyy) (23)

The triangular brackets in Eq. 23 indicate the calculation of the
expectation value of the quantity they contain. In Eq. 23, n, is
the concentration of dumbbells and ij is the hydrodynamic drag

on bead j. yj

the center of mass respectively. The expressions for ij are

and y, are the y-coordinates of the jih bead and

obtained from Eq. 1

q? (x - x) 5
£, =H (x -x) - 2 L - kT 55 1n ¥
X1 2 ! e lr -r |3 X
2 1
g2 (x - x) 5
£, =H(x -x) - o 2 = KT 5—— 1n V¥ (24)
2 1 2 e lrz.’ r |® X,

1
The expectation values of terms containing (8/3xj) In ¥

are zero since Y(®) = 0. Upon conversion to relative spherical

coordinates, the remaining terms yield the expression

T, = - ng {4H <Raszsq> - (g?/2¢) (stc/R>} (25)
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Hence the relative complex viscosity is given by

[ - = .-
n Ng TP/K

(n/k) {4H <stzsc> - (gq2/2¢) <stc/R>} (26)

It is to be noted that the expectation values may be time

dependent.

For steady shear (w = 0), a particular solution of Eg. 10

in closéd form is available

A1 = R28%sc/2 (27)

A1 is identical with that obtained for the nonionic dumbbell in
the case of steady shear; for low shear rates, it is the solution
of physical interest. Evaluation of the expectation values will
immediately give the relative viscosity from which the intrinsic
viscosity can be obtained. The results of such calculations will

be discussed in the next section.
For dynamic shear, A1 has the form
A1 = F*(R) S?%sc (28)

where F*(R) is a complex function of R only. (See Appendix A.)

Substitution of Eq. 28 in Eq. 10 results in the equation

32 2 _E d 6 . E
[—B—-Rf'l'(i--RT-BR)ﬁ—-R—Z-lwA]F*=-<-R-+BR2) (29)

For the nonionic case (E = 0), the relevant particular

solution of Eg. 29 is

F *(R) = R2/(2 + iwd/B) (30)
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For the ionic case, it is assumed that F*(R) approaches
FO*(R) asymptotically at large values of R, where the effects of
the electrostatic charges will be small. At low values of R,
it is assumed that F*(R) deviates from Fo*(R), but retains the
same sign, since it is a distribution function, and has the
value 0 at some (very) small value of R, consistent with the
condition that the Coulombic force varies as 1/R? and would be
very large at small values of R. Anticipating the need for
numerical calculation, it is worthwhile to point out that, since
the force would become infinite at R = 0, it is necessary to
choose the lower boundary to be a small value of R. Specifically,
for calculational purposes, the lower boundary is chosen to equal
1 i; it will be shown that this value is not critical, as long as
it is sufficiently small. An estimate of the error involved in

this approximation is presented in Appendix B.

By replacing the expectation values with their integral

forms, one obtains, from Egs. 1l and 26

2T T <
* - = n--Q- b 3
n ng = 22 %mag’ jsg"wo (L + AcA ) R'dR 5°A6 scdy

2 T

2
T 2e ﬁ‘
0

T
f_g"wo (1 + AcA ) RAR s3%as scd¢§ (31)
0 0

The normalization factor of the distribution function, J, is de-

fined as

2T T &
J = f f.é“"o R2dR Sd6 d¢
] (]
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Upon substitution of the expressions for wo and A:' as
given in Egs. 8 and 28, into Egq. 31, and integration of all but

the radial terms, the expression simplifies to

fF*(R) exp (E/R - BR%/2) (4HR* - g?R/2¢) dR

n,A
n* - n = ._g_
1
s /R2 exp(E/R - BR2/2) dR (32)
In Eq. 32 and in subsequent equations, the limits of integration

are understood to be 0 and «.

To be consistent with the notation of Bird" and Zimm, S
A/B = p/2H is replaced by ZXO, where Ao is the relaxation time of
the nonionic dumbbell. Also, by substituting for H and q?/e,

Eg. 32 becomes

- 2 L
_ 2n kTA B fF*(R) exp (E/R - BR?/2) (BR* + ER) dR

% - =
n Ng 15

fR2 exp (E/R - BR?/2) 4R (33)

For the nonionic dumbbell (E = 0), Egs. 30 and 33 yield

6 2
_ n,.kT\ B2 J{R exp (=BR“/2) 4R
(n* =)y = 79708 15 ) ) (34)
0 J[R exp(-BR“/2) 4R

Evaluation of the above definite integrals gives the final result
R - = )
(n Ng)y = BKTA /(1 + dwd ) (35)
This expression is the same as that obtained by Zimm®
without the necessity of specifically determining Y.

For the ionic dumbbell, Eq. 29 is solved for different

values of the constants B, E and wA. F*(R) is obtained by a
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boundary value method which is as follows: 1In Eq. 29, the sub-
stitution

F*(R) = u(R) + iv(R)

is made. Then by equating real and imaginary parts, one obtains

the simultaneous equations

[[J— E __2—_, ] _§__ - _E_ 2
u" = (ﬁf + BR R) u' + gy u- WAV - g BR
V"=(%T+BR—%)V'+%?V+wAu (36)

The boundary conditions for the upper boundary are

u(R large)

u, (R large) 2(R large)?/(4 + w?A?/B?)

v(R large)

- (wA/B) (R large)?/(4 + w2A2%2/B2)

VO(R large)
and for the lower boundary

u(R small) v(R small) = 0

i

The choice of upper boundary, R large, is somewhat arbi-
trary, but the solution is rather insensitive to it provided that
R is chosen to be sufficiently large. The boundary was chosen so
that the ratio of Coulombic to Hookean force, (E/R?)/(BR), was
smaller than 0.01% for each value of B and E used. (This value
provides an estimate of the error at the upper boundary.) Eg. 36
was solved for various sets of the constants B, E and wA. For
each set, initial values of u' and v' at the 'upper boundary were
chosen. Then, by employing a Runge-Kutta initial value method, ®
u(R) and v(R) were obtained by stepwise approximation to the lower

boundary. The values of u' and v' at the upper boundary were then
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varied by successive refinements until the lower boundary condi-
tion (u = v = 0) was approximately satisfied. (The computer
program for this method of solution is presented in Appendix C,
along with a sample calculation.) Finally, insertion of the
function

u(R) + iv(R) = F* (R)

in Eg. 33 and numerical evaluation of the resulting integrals
gave the relative complex viscosity as a function of wA, B, and

E.

For the 3B2S system, the analysis of the stress due to
the polymer follows the same pattern as for the dumbbell system.

The stress per unit volume due to the polymer is given by
3

where the symbols have the same meaning as in Eq. 23. The ex-
pressions for ij are obtained from the equation of motion

(Eq. 12) as in the dumbbell case. With the transformation to
relative spherical coordinates, and the elimination of terms con-

taining (B/Bxi) in ¥, which vanish upon integration, the stress
becomes
¢ =-n_ {28' 2g 2 + ' 2g 2
p o { (R1 . slc1> 18H <R2 S2 szc2>
- 2 4 2
(a?/4e) {5 s c /R )} (38)

Finally, the complex viscosity is given by
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* - = -1 /K
n n o/

' 1 ] 2 2
(n /x) {2H <R1281251°1> + 18H <R2 s, s2c2>
- 2 [c 2
(q®/4¢e) (8, sch/Rl)} (39)

For steady shear (w = 0), the particular solution of

interest (for low shear rates) is obtained as

A = R2S 2sc /2 + 3R %8 %s ¢ /2 (40)
1 1 1 1 1 2 2 2 2

This is identical to Zimm's solution® for the nonionic 3B2S

system.
For dynamic shear, A1 has the form

A =F*(R) S2%sc +G*(R ) S ?*s c (41)
1 i 1 11 2 2 2 2

for the same arguments as given in Appendix A for the dumbbell.
G*(Rz), which contains no explicit ionic terms, is formally the

same as that obtained for the nonionic case

G*(Rz) = 9R22/(6 + iwa/B') (42)

F*(RI) is formally the same as that obtained for the dumbbell
case, except that the constant B' is defined differently. Hence,
the same numerical solutions as those obtained for the dumbbell

may be used.

Replacement of expectation values by the appropriate

integrals in Eq. 39, and evaluation of all but the radial terms

results in
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R - =M
n g = 15~

fF*(Rl) exp(E/R - B'R */2) (2H'R " - qR /2¢) AR

2 - [} 2
Jle exp(E/R1 B R1 /2) dR1

- ] 2 ' L]
, fG*(Rz) exp(-98'R 2/2) (18H'R %) dR

2 2 (43)
fRz exp(-9B'R 2/2) @R,

Replacement of A/B' = p/H' by ZAI, where Al is the longest re-
laxation time of the assembly, and substitution for H' and g2/¢
gives

2nokT) ;B
K - I e et —
n Ng 15 X

- 1 2 ] L]
fF*(Rl) exp(E/R =~ B'R */2) (B'R " + ER ) dR

2 - [} 2
le exp(E/R - B'R 2/2) dR

- ' 2 t 4
. fG*(Rz) exp(-9B'R 2/2) (9B'R.*) AR,

2 2 (44)
- ]
JfRz exp (~-9B R2 /2) dR2
For the nonionic case (where E = 0), F*(R1) becomes
Fo*(Rl) = Rl?-/(z + iwA/B') (45)

Hence, insertion of the expressions for F*(Rl) and G*(Rz) in

Eq. 44 results in the expression for the viscosity as obtained

by Zimm®

nokTA, (B') 2 1 les exp(-B'R */2) AR
15 L+ iwl1 ‘lez exp(—B'Rlz/Z) dr

(n* - ns)o

fR S exp(-9B'R_2/2) 4R
+ 52k : 2 :
3+ :un)\1 ~[Rzz exp(-9B'R22/2) dR2

nokTA1 [1/(1 + iwkl) + 1/(3 + iwkl)]
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oxr

(n* - n.),. =nkT f: A (46)
n Nglo = %o = 1+ iwkj

since kz = A1/3 for the nonionic case.

For the ionic case in dynamic shear, the exact solution
for G*(Rz) is given in Eq. 42. This gives the shorter relaxation
time, Az. For the longer relaxation time, kl, one need only re-
interpret the constant B and employ the same solution as obtained
for the dumbbell. An example of this will be given in the next

section.

D. Calculations and Results

The constants A, B and E, which appear in Eq. 7 and in
subsequent equations, were estimated by comparison with the
physical parameters of real polymers. A real system which could
be approximated by the ionic dumbbell model is the series of
linear dicarboxylic salts. For sufficiently long diacid chains,
the distribution of end-to-end distances can be described as
Gaussian, in which case the attractive force, £y, between the

ends of the chain is given by?
- o2
£, = (3kT/R o) R
where R is the end-to-end distance. Rzo is the mean square value

of R in the unionized acid. The constant 3kT/R2o is thus asso-

ciated with H as given in Eq. 6, and hence with B in Eq. 7. It
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must not be forgotten that this is only an approximation which
has its limitations for short-chain polymers. For the doubly
ionized acid, the Coulombic force, f¢, between the chain ends is

givén by the same expression as for the dumbbell model
£ = - q?/eR?

where the symbols have the same meaning as in Eq. 6; hence, E is
given by - g2/2ekT. The value of ¢ is taken to be that of the
pure solvent, although it is recognized that it would be de-

creased somewhat by presence of the polymer itself.

The constant A = p/2kT contains the indeterminate quantity
o, which is related to the relaxation time, Ao’ of the nonionic
dumbbell by Ao = p/4H = A/2B. Since we are only interested in
the fractional change in the relaxation time upon ionization, AO

is included in the expression for reduced frequency, wko.

A different class of materials for which the ionic dumb-
bell model may apply is the series of macromolecular zwitterions.
In this case, the Coulombic force would be attractive, and as a
result, the dumbbell model would have to be applied with some
caution, since the attractive force increases without limit as R
becomes small. Obviously, the dumbbell model does not account
for the chain nature of real polymers. However, for small values
of E, the distribution function of end-to-end distances may be
cut off at a small value of R in order to evaluate the visco-

elastic functions.
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The values of B can be estimated from intrinsic viscosity
data on the unionized material in the appropriate solvent. In
the absence of such data, estimates can be made from the dimen-

sions of known polymers of equivalent flexibility.

To determine how variations in the relevant physical
parameters affect the relaxation time, several numerical values
of both E and B were used in Eq. 29 for a range of values of wA
(or equivalently wko); for the dicarboxylic acids, E = - q?/ekT,
as defined earlier, and B = 3/§Ee. Some typical examples are de-

scribed below:

(i) for an ionized C10 dicarboxylic acid in water at
250C (¢ = 78.5), E = -3.55 & and B = 0.096 477 taking
the mean sqguare end-to-end distance to be the same as

that of polyethylene in a © solvent;!? i.e., 0 = 1.63.

(ii) for an ionized C30 dicarboxylic acid in water at
25°C, B = 0.032 A™2 and E = -3.55 A as in (i). A com-
parison of (i) and (ii) shows the effect of changing

chain length, while keeping charges constant.

(iii) for an ionized C,, dicarboxylic acid in ethanol
at 25°C (e = 24.3), E = -11.5 & and B = 0.032 A%, A
comparison of (ii) and (iii) shows the effect of decreas-
ing the dielectric constant (which is equivalent to in-
creasing the charge). The value of B will also change
with the change in solvent, but no account is taken here

of variations in the dimensions of the unionized polymer
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which result from excluded volume considerations.

(iv) for a C30 zwitterion in water at 25°C, which
may or may not exist as such under these circumstances,
E = +3.55 A and B = 0.032 A~2., The distribution function,
Y, was cut off at 2 i for the calculation. A comparison
of (ii) and (iv) shows the effect of changing the sign

of E.

Tt should be realized that these examples are taken for
!1llustrative purposes only, and not as a prediction of what will
actually be encountered in experiments. It is obvious that a
variety of factors which affect these parameters have been
neglected, but further refinements in such a simple model would

be unwarranted.

For each set of values of E and B, [n]/[n]o, the intrinsic
viscosity relative to that of the unionized material, was calcu-
lated from Eq. 33. 1In preliminary graphs, it was found that
[n]/[nl, varied approximately linearly with both E and BY?;
therefore, the viscosities, which are shown in Fig. 1 (solid 1line),
are plotted as a function of the dimensionless parameter, -EB¥2,

which reflects the ratio of charge to end-to-end distance.

Then, for each set of values of E and B, the functions
[n'l1/In] and in"1/1n1 were calculated for a range of values of
wko. For each system, they form a curve, which within calcula-
tional error, is of the same shape as that for the unionized

polymer. As an example of this, [n"]/I[n] is plotted in Fig. 2 as
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FIGURE 1

n1/Inl (—— =) and M} (——) plotted
against the dimensionless parameter -EBY? for the
jonic dumbbell. Examples discussed in the text:
O - case (i); - case (ii); O - case (iii);

- case (iv).
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FIGURE 2

[n"1/In] versus wi  for C10 diacid in water in

nonionic¢ (~———) and ionic (—— —) forms.
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a function of wxo for the c1o diacid described in case (ii) in
both its unionized and ionized forms. These curves can all be
normalized to the nonionic curves by a simple multiplicative
factor in relaxation time. For the case of the C10 diacid, the
value of A/AO, based on nine points (not all shown), is 1.106
with a standard deviation of 0.006. The values of x/xo are
plotted in Fig. 1 (dashed line) as a function of EBY2., The
function A/AO forms a single curve versus EB¥ as did the func-

tion [n]/[n]oa The points representing the four cases described

above are indicated in Fig. 1.

A simple shift in the relaxation time might be obtained
from the theory if it is considered that the presence of ions
merely results in a new, "pseudo-Hookean" force constant, H'

14

which will be a function of the parameter EBY2. Since M

]

H/H', the value of H' can be obtained for any value of EBY2 from

the plot of A/AO (Fig. 1).

For the 3B2S system, consider a linear C20 triacid whose
two Hookean springs have the same constant, H, as that of the
corresponding diacid in case (i) above. Since B' is defined
differently than B, one obtains (B'), = 2H/KT = 0.048 R~2 for the
unionized triacid. E remains the same (-3.55 A). For the ion-
ized acid, the pseudo-Hookean constant, H', is obtained from the
plot of A/A  versus EBY? for the dumbbell (Fig. 1). Thus, in

this case, H'/H = 1/1.106, and therefore B' = 0.048/1.106.

Then using the solution of Eg. 29 for wA = 1, (although
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any value of w)A would give the same result since a single relaxa-
tion time is obtained), the additional fractional increase in Al
is found to be 1.075. Hence, the overall increase in Al is given
by

Al/(ll)o = 1.075 x 1.106 = 1.19

while the increase in Az is given by

A /() = 1.106

Recalling that (Al)o/()tz)o = 3 for the nonionic 3B2S system, then
the ratio of relaxation times in the ionic 3B2S system for C20
triacid is given by

ll/kz = 3.23

The ratio of the intrinsic viscosities of the ionized and
the unionized C20 triacids is obtained by substitution of Eg. 40
in Eq. 39 and evaluation of the resulting integrals. For this
example

[nl/In], = 1.244

Similar calculations were performed on the triacids cor-
responding to cases (ii) and (iii) of the dumbbell model; that
is, for a cso triacid in water and in ethanol, respectively. In
each case the ratios 11/12 and [n]/[n]o were obtained. These

ratios are plotted in Fig. 3 as a function of the parameter

E(Bv)olﬂ‘

It can be seen that a broadening of the distribution of

relaxation times is predicted for the ionic 3B2S system. This
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FIGURE 3

[n]/[n]o (—— —) and A1/3)\2 ( ) plotted

against ~E(B' )on for the 3B2S assembly. Examples
discussed in the text: - case (i); © -~ case (ii);

O ~ case (iii).
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broadening increases approximately linearly with -E(B')O’ﬂ, the
parameter which reflects the ratio of charge to end-to-end dis-
tance. The intrinsic viscosities also increase approximately
linearly with this parameter. The values obtained are slightly
higher than the corresponding cases in the dumbbell system be-

cause of the increased contribution of the longest relaxation

time.

E. Discussion

In this treatment, no account was taken for the concentra-
tion of the polymer, since the effect of the ions would be ex-
pected to be greatest at infinite dilution. The effect of either
an increase in the concentration of polymer or the addition of a
simple electrolyte would be to screen out some of the Coulombic
interaction. However, either of these possibilities could be
taken into account by a modified expression for the Coulombic

force, such as that provided by the Debye-Hiickel approximation.!!

Also, at finite polymer concentration, a complication in
the viscoelastic effect could conceivably arise because of the
finite time required for the rearrangement of the counterion
atmosphere around a polymer ion. However, recent investigations
on counterion relaxation times!? indicate that they are much

higher than those likely to be encountered in polymer relaxations.
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F. Conclusions

A theoretical investigation of the dilute solution visco-
elasticity of simplé ionic polymers was undertaken. The bead-
spring model of Rouse was modified to include electrostatic
charges in the beads. For the two simplest cases of this model
(the elastic dumbbell and the three-bead/two-spring assembly),
the diffusion equation for the distribution function of bead
separation in shearing flow was formulated. Numerical solutions
were obtained for a range of values of the charge and spring
parameters. The values were chosen to correspond to real poly-
mers for which the charged bead-spring model would be appropri—
ate, such as linear dicarboxylic acids and polymeric zwitterions
for the dumbbell, and linear triacids for the three-bead model.
It was found that the effect of ions can be described by simple
multiplicative shifts in the relaxation times of the uncharged
material. For like charged dumbbells, both the relaxation time
and the intrinsic viscosity increase; for oppositely charged
dumbbells, both of these functions decrease in value. For the
three-bead model, the intrinsic viscosity and both of the relaxa-
tion times increase. In addition, the ratio of the two relaxa-

tion times increases, indicating a broadening in the distribution

of relaxation times.
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APPENDIX A

Angular Dependence of AI(R,6,¢)

The solution of Eq. 10 for A1' for E = 0, is

2
. R
(A dgg = 5°5¢ 7% 1aA/B

This suggests that the angular dependence of A1 for E # 0 is the
same. To test this, try A = g2gcF*(R). Then Eq. 10 becomes

32 2 E )
g2scR? | =— + e _ 5 __ gr) <] F*(R
[BRZ (R, R? ) BR] (R)

’ 2 2
- 6S2scF*(R) + S%sc ca . 2—; + —% 3 _ | F*(R)
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= - s2sc (ER + BRY) + iwAR282scF* (R) (1)

on elimination of S?sc, Eq. Al becomes

32 2 E d 6 . E 2
32 (2 _-E__ gr) - 25 - iwa|F*(R) =~ {37 + BR A2
[aR2 (R =, ) - & - ] (R) (R ) (a2)

where F*(R) has the form F*(R) = u(R) + iv(R) .

If the solution of A1 is actually of the form

.A1=szscF*(R)~G(e,¢)

then the solution of A1 must be obtained from

1 2 | 32 2 _E__ 9 _ 6 _
FE(R) © [aR"z * (R R? BR) 3R R2 lwA] FHR)
1 C 3 32 1232
+ = o
(6,9 (s 56 T 307 ' 87 a¢2) G(6,9)
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F*(R) G(6,9)

(A3)



Eg. A3 is of the non-homogeneous type. If the term on the right
side of Eq. A3 is set equal to zero, and each part of the result-
ing homogeneous equation is set equal to A, then, by the usual
method for solving partial differential equations

32 C 93 1 52 =
(resf i ) s = By

If G(6,¢) is replaced by g(0)h(¢), and A is introduced,
one obtains

1 92 d 2 1 8 2
Tty ==z + sC == + 1s 8) = h(¢) = + A
Hence, for h(¢)
h" + Alzh =0 (A6)
If Alz is positive,
h = k1 (cos A1¢ + 1 sin A1¢) + k2 (cos A1¢ - i sin A1¢) (A7)
The boundary condition for x—y plane symmetry is h(¢) = h(¢ + m),

since one must be able to interchange ends of the dumbbell. This
requires that

(k + k) cos A ¢ (k +k ) cos A (¢ + m)
1 2 1 1 2 1

_ . - in A +
(k1 kz) sin A1¢ (k1 kz) sin 1(¢ )

Since there is no real, non-zero value of A for which this is
true, the only solution for A 2 > 0 is the tr1v1al one, h = 0.

If A 2 is negative,

h=k eM? ;4 k eMid
1 2

1
the only non-trivial solution of Eq. A6 is that for which A 2 =0,

namely

and, according to the boundary condition, k, = k, = 0. Hence,

h = k1 + k2¢
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The boundary condition requires that k2 = 0, and thus

h = k1 = const.

Since the constant is arbitrary, h may be set equal to 1, and the
constant included in F*(R).

For g(6), then, Eq. A5 becomes

2 4 scd +as? g(8) = 0
362 96

or

g" + sin226 g' + A sin2 6 g =0 (a7)

For A # 0, symmetry of the distribution demands that g(8) =
g(m - 0), since the flow and shearing force are both in the x-y
plane. By inspection of Eq. A7, the only conceivable function
which is consistent with this symmetry condition [that 6 may be
replaced by (7 - 08)] is g = 0. Hence, in order to obtain ‘a non-
trivial solution of g(0), A must equal zero. 1In this case,
either g = const. or

g = ———Sinsze +k0+k
Again, the symmetry conditions imply that k1 = 0, and, since
sin 20 # sin 2(w - @), it is concluded that g = const. As before,
g can be set equal to 1. Thus

A= F* (R) S%sc

as assumed.



APPENDIX B

Calculational Error at Low Values of R

It is possible to estimate the error which results from
replacing the integrals in Eqg. 33 by expressions of the type

co € [0 ]
on F*(R) R* dR a"wo F*(R) R* 4R + !wo F*(R) R* dR
where € is small, and setting

€
fzpo F*(R) R* dR = 0
[}

At low values of R, terms in R? and R and constant terms
may be disregarded in Eq. 29, since they are very much smaller
than terms in 1/R and 1/R?. Eg. 29 then becomes

2
3 F* + _Z__E__)_a__F*_é__F*=_§
R , R

IRZ RZ/ 3R RZ (B1)

By substitution, it is found that the solution at low values of R
is the same as that for steady shear

2
F*(R) = %_
R-=>0
(B2)
Also, at low values of R
b, (R) = exp (E/R) (B3)
R->0
Therefore
€ l €
[y, F*(®) R" @R = 3 fexp(E/R) R® @R
0 °
7 o0
= - 2= [(ex%) ax (B4)
~Ele
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The integral in Eq. B4 is finite and may be readily evalu-
ated by approximation. As a typical example, for E = =-3.55 A and
e =1 ﬁ, as in case (i)

€
fv, F*(R) R* aR = 0.2 A’
[]
Since (for w)A = 1)
ﬁpo F*(R) R* dR = (1.3 - 1.4i) x 10 &7
€

for the same example, the error involved is negligible. This is
clearly the case for all reasonable values of E and ¢.



APPENDIX C

Program for the Approximate Solution of a
Second Order Differential Equation

in a Complex Plane

Eq. 29 is a second order differential equation of the type

F* = (P + iP ) F' + (Q + iQ ) F + (G + iG)) (Cl)
1 2 1 2 1 2

where P1' Pz, Q1' Qz, G1’ and G2 are all non-complex functions of
R and continuous in the interval R1' Rz. F(R), the unknown dis-

tribution function, is assumed to be a complex function of R and
continuous in the interval R1’ Rz; also, it is assumed to be con-
tinuously positive, because it is a distribution function. F(R)

may be written

F(R) = u(R) + iv(R) (c2)

where u and v are non-complex functions of R. Substitution of
Eq. C2 in Eq. Cl and separation of the real and imaginary terms
gives the simultaneous differential equations

" = Pu' -Pv'+Qu-Qv+6G
1 2 1 2 1

v'"=Pu +Pvi+Qu+Qv+G (C3)
2 1 2 1 2
Eg. C3, which is the general form of Eq. 36, can be solved
by a modification of the Runge-Kutta method.® This procedure is l
actually a means of solving an initial value boundary problem i

where the values of u, u', v, and v' are all known at some ini-

tial value R . However, it may be used to solve a problem where

the values u and v are known at two boundary points R, and R,.
In this case, two pairs of trial values of u'(R,) and v'(R,) are
chosen for one boundary point, and two trial solutions are ob-
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tained. From the values of u(Rz) and V(R ) obtained at the
second boundary point, a new pair of trlal values of u' (R ) and
v' (R ) are chosen by linear interpolation to produce a better
approx1mate solution. Because the function F(R) is complex,
solutions must be obtained by consecutively varying u'(R) while
holding v'(R) £fixed, and vice versa. So, in fact, nine trial
solutions in all must be obtained in order to obtain one approxi-
mate solution. The scheme by which values of u' (R ) and V' (R )
are chosen is given in Table I, below. If it is deSLred to 1m—
prove on this first approximation, the same steps must be
repeated, but with emaller variations in the trial values of
u'(Rl) and v'(Rl).

TABLE I
Step u'(Rl) v'(Rl)
1 u1 (chosen)
2 u2 (chosen) ' v1 (chosen)
3 u, (interpolated)
4 u
1
5 u v  (chosen)
2 2
6 u“ (interpolated)
7 u
1
8 u2 V3 (interpolated)
° u, (interpolated)




The ease with which a solution is obtained depends some-
what on the judicious choice of the trlal values of u' (R ) and
v'(R ). If approximate values of u' (R ) and v' (R ) are known or
can be estimated, thenr ul, uz, V1’ and v2 should be chosen to lie
on either side of the expected real values; however, this is not
an absolute requirement. In the present case, the solution was

facilitated by choosing values of u . u R V1' and v in the

vicinity of known values of u' (R ) and v (R ) for the nonionic
case.

The fortran language program used for this computational
procedure is described below. The arrangement of data cards and
the interpretation of the sample output are self-explanatory. In
this program, double precision variables are used throughout the
iterative procedure because the error is cumulative and, with the
small intervals chosen here, the differences between successive
values are often very small. The program is written with the
specific functions P1(R)' etc. obtained from Eq. 36, but other
functions may be substituted, provided they meet the required

condition of continuity. Finally, the program evaluates the
function

[¢.¢]
JF*(R) exp(E/R - BR2/2) (BR + ER) dR
0

as required in Eq. 33.

Program "RUNGE"

APPROXs DISTo FUMNCTION BY RUNGE-KUTTA METHOD IN COMBLEX PLANS
DISTs FUNCTION OBTAINED FROM FOLLOWING CQUATTON
DHI=PSI0O(1+AXKAPRARL AM3DAL)

PSIO=EXP(E/R=-B%XRxXx2/2)
LAMBDAL=F X (R) XS&X2 %S C
PST = PSIOX()1 + A*KAPPAXL AMRBDA1)
PSIV = EXP(E/R — BXR%x%2/2)
LA\DDAI = FX(R)ESXXD2NXS%,C
F1* = (Pl + [%P2)%F 9 & (Q1 + I%Q2)%F + (Gl + 1%G2)
Fa{R) = U(R) + IxVv(R)

NAOAANODOONONN



Brtager

DIMENSION wORD(20)

REAL%8 P1,P2,Q1,Q02,G1,G2

REAL%8 HyRyUgVyXyY ¢ROGRFyUO§UF,VO,VF
REAL%X8 U1,U2,V1V2,UF1,UF2,VF1l,VF2,DU,DV
REAL¥8 C1,C2,C34C44D1,D2,03,D4,X0,Y0
REAL%S8 EyByAyPSI0y51,52,S3,54

DEFINE FUNCTIONS P1(R),P2(R)3Q1(R),Q2(R)yG1{R),G2(R)
P1(R)=2+/R-E/R*%¥2-8%R

P2{R)=0.

Ql{R)=—6+/R%¥*2

Q2 (R)=-A

G1{R)==~E/R-BXR¥*2

G2{R)=0.

READ( 5 (88 )WORD

1 CARD ALPHAMERIC LABEL
WRITE(6,89)WORD

READ(5,90)E,B,A

1 CARD CONSTANTS IN ABOVE FUNCTIONS
READ{(5490)RORFyUOyUF 9V O, VF

1 CARD 1INIT. & FINAL BDY. & VALUES OF U & V AT BODY.
READ(S5,90)U1,U2,V1,V2

1 CARD TRIAL VALUES OF U'(RO) €& V*(RO)
READ(S54,91) ITER

1 CARD NOo. OF ITERATIONS IN EACH STEP
H=(RF—-R0)/DFLOAT{ ITER)

H IS INTERVAL WIDTH

DU=uU2-U1

DV=Vv2-V1

1=0

DO 3 J=1,3

Uui=u2-DU

IF(JoFEQo2) VI=V2

IF(JeEQe3) V1=VI-(VF2-VF)/( VF2-VF1)*DV
DO 2 K=1,3

IF(KoEQe2) ULI=U2

IF(KoEQe3) ULl=UI-(UF2=-UF)/{UF2-UF1)%*DU
I=1+1

WRITE{6,95)TI,ULl V1

R=RO

u=uUo

v=VO0

X=U1%*H

Y=V1%*H

PSI0=DEXP(E/R-B*R*¥%2/2)

S1=PSIO0*U*R=x*4

S2=PSTO*VXR%*%4

S3=PS I0%U*R

S4=PSTOXV%R

JK=J+K

IF(JK,EQe6) WRITE(6,34)

IF{JKeEQoH) WRITE(H6792IR,UgVeXY,PSIO

1



DN 1 L=1,ITER
X0=X
Yo=Y
Cl==(P1{R)*X-P2(R) *Y+{Q1(R) *U~-Q2{(R)I*V=-G1l(R) )xH)I*H/2,
D1==(P1(R)*Y+P2(R)%*X+( Q1 (R) ¥V+Q2(R)I*U-G2(R) I*HI*H/2,
R=R+H/2,
UsU+X/72.%Cl /4.
V=V4+Y/2.4D1/4 0
X=X+Cl1
Y=Y+D1
C2z—=(PL{R)I¥X-P2(RI¥Y+{ Q1 {R) *U-Q2(R) *¥V-GL1(R) d*HI*H/2,
D2==(P1(R)%XY+P2{RI*X+{ Q1 {R)AXV+Q2(RIERU-G2(R) Y *H)I%*H/2 .
X=X0+C2
Y=Y0+D2
C3==(P1{R)%XX=P2(R)*¥+( Q1 {R) *U-Q2{(R}*V=-G1(R) )*xH)*H/2.
DB=—(P|(R)*Y+P2(R)*X+(Ql(R)*V+02(R)*U-GZ(R))*H)*le.
R=R+H/2,
UsU+X0/72.4C3-Cl /4.
V=V4+Y0/2.4+D3-D1/4 .
X=X0+2,%C3
Y=Y0+2.%D3
Ca=—(P1(R)%*X-P2(R)*Y+(Q1{R) ¥U-Q2{RI*¥V~GL{R) ) ¥H)I*H/2,
Da=—(P1{R)AY+P2{R)I %X+ (Q1({R) *VH+Q2{RI*¥U-G2(R) I*H)*H/ 2.
U=U+{(C1¥C2=~2.%C3) /3,
V=V+{D1+D2-2,%D3)/ 36
X=X0+{C1l+2.%C242.%C3+C4) /3,
Y=YO+{(DL4+2.%D242.%D3+D4 )/ 3,
PSIO=DEXP(E/R-B%*R%%2/2)
S1=S14+PSI0¥U*RX*4
52=S24+PSI0¥V¥Rx%4
$3=S34PSI0*%U%*R
S4=544+PSIO*V%R
IF(JK oEQoh) WRITE(6792)R4UyVyXY,PSIO
1 CONTINUF
S1=-H*{(S1%¥B+S3%*E)
S2=H*{S2%B+S4*E)
IF(JUKEQeb) WRITE(H,93)51,52
IF{JUKLTo6) WR!TE(‘)ggé)UQV
IF({K.EQol) UF1=U
UF2=uU
2 CONTINUE
IF{J:.EQoel) VF1=V
VF2=V
3 CONTINUE
88 FORMAT(20A4)
89 FORMAT(%1°,20A4)
90 FIRMATI(7D11.3)
91 FORMAT(I14)
92 FORMAT(D1063¢5N12.4)
93 FORMAT(90 I =9,D11e4,° — I%9,D1004)
94 FDRMAT(’0'93Xg°R°911X7°U°pllXp“V"glOXp'U““*H'910X9°V“’*H°7
110X,9PSTO®)
95 FORMAT('0STEP? (12, ° U "(RO) =°,D0180.10,° V29 (RO) =94D18,10)
96 FORMAT(?0? j9X,°U(RF) =9 3D1305¢8X,°VI(RF) =?9D13.5)
sSTOP
FND

e tamar

P



STEP

STEP

STEP

STEP

STEP

STEP

STEP

STEP

STEP

1

9

R
0.500D

06 495D
0.4S0D
0.4850D

0. 480D
|
'
'

0.250D
0.2000D
0, 150D
0.100D

i =

Sample Output

89 -

C10 DIACID SALT IN H20, OMEGA*LAMBDA

U*{RO) = 0.2500000000D
U(RF) = —0089311D 03
U'(RO) = 0024000000000
U(RF) = —0.80686D0 03
UP(RO) = 0014644603710
U(RF) = 00292000-08
U'(RO) = 0.2500000000D
U(RF) = ~0.68299D 03
Ue(RO) = 024000000000
U(RF) = —0.59675D 03
U'{RO) = 0,1708079806D
U(RF) = =0016348D0-08
U (RO) = 025000000000
U(RF) = -0.24508D0 03
U?(RO) = 0.2400000000D
UIRF) = —-0.15884D 03
UT{RO) = 00,2215829331D

U v
02 006250D 03 ~0,6250D0
02 061280 03 —-0.6123D
02 0.6007D 03 —-005998D
02 0058860 03 =0.5875D
02 0057650 03 —-0.57540D

] !

1 ]

L} [
01 005%296ND 00 -001970D
01 0,1085D 00 —0.1394D
Ol -0,1416D 00 -0.,8694D
o1 003175D0-09 =0,2922D~

0.,84795D 03

1%0.2297D 03

02

02

o2

02

02

02

02

02

02

03
03
03
03
03

o1
01
00
07

ve(RO)
V(RF)
V*(RO)
V{RF)

V* (RO)
V(RF)

vVt (RO)
VIRF)

v* {RO)
V{RF)

Ve {RO}
V{RF)

V?* (RO}
V{RF)

vVt (RO)
V{RF)

V® (RO)

U ?*H
—0.1108D
-00.1162D
=0,1186D

~0.1194D

-0.1131D
'
'
'

-0.,4963D
=003429D
-0.1355D

0034700

h

]

[}

1
- 002500000000D
0.33108D 03
-0.2500000000D
0012096D 03
-0,2500000000D
-0.18447D 04
- 0426000000000
0.41732D0 03
-0.2600000000D
0.20721D 03
—-0.2600000000D
~0012466D 04
~0.2808419137D
00597070 03
-0.2808419137D
0.38696D 03

-0,2808419137D

Ve
02 001404D 02
02 0,13200 02
02 0.1268D 02
02 0.1234D 02
02 0.1211D 02

I

L]
00 0,6208D 00
00 005368D 00
00 0.5519D 00
00 0.1958D 01

02

02

02

02

02

02

PSIO
0e71420-52

0,7773D-51
0.8260N-50
0.8568D~-49

0.86770-48
'
]
1

017910 00
0.1399D 00
0,34190-01
0.27380-01
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CHAPTER IV

THE VISCOELASTICITY OF HIGHLY CONCENTRATED
SOLUTIONS OF POLYELECTROLYTES

A. Introduction

In Chapter I, the results of thermomechanical and struc-
tural studies on solid-state polyelectrolytes were discussed.
These studies have shown that ionization produces vast changes in
the thermomechanical behaviour of undiluted polyelectrolytes.

The theoretical study presented in Chapter III showed that in
dilute solution, where no intermolecular interaction occurs, the
effect of ionization on viscoelasticity is small. Likewise, the
study of rubber elasticity in Chapter II showed that the inherent
effect of ions is small where ion aggregation is suppressed. 1In
this chapter, it will be shown that the dramatic effects of
ionization on the viscoelastic properties of polyelectrolytes can
still be observed even with the addition of considerable amounts

of plasticizer, as long as ion aggregation is not disrupted.

The polyelectrolytes used in this study were a series of
plasticized sodium salts of poly(acrylic acid). Stress relaxa-
tion curves were prepared for this material as a function of the
type and amount of plasticizer and of the degree of neutraliza-
tion. It will be shown from stress relaxation measurements taken

over 3.5 decades of time that time-temperature superposition of
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viscoelastic data is not valid in these materials. Thus, for com-
parative purposes, modulus-temperature curves will be presented to

illustrate the variation in viscoelastic behaviour in this system.

It will be shown that the X-ray diffraction measurements
on the polyacrylate salts support a structure in which ion aggre-
gation occurs. Then the rheological data will be analyzed
according to the two-mechanism response expected of some micro-
phase-separated materials. It will be shown by direct and in-
direct evidence that the mechanism which dominates the short-time
behaviour above Tg is adequately described by the W.L.F. equation
and thus can likely be attributed to a normal diffusional proc-
ess. The mechanism which corresponds to the long-time deviations
in the pseudo-master curves is of low activation energy
(17-32 kcal) and is essentially a pure viscosity. The possible
relationship of this mechanism to the ionic phase is discussed.
Finally, a correlation between dynamic and static mechanical data

suggests the existence of a third relaxation mechanism in this

polymer system.

B. Experimental Procedures

1. Sample Preparation

Samples of plasticized poly(sodium acrylate) — PNaA —
were prepared in the form of films suitable for the measurement of

viscoelastic, thermal, and structural parameters. The synthesis



- 92 -

and the molecular weight determination of the poly(acrylic acid)
— PAA — from which the films were made are described in
Appendix A. The PAA samples used in this part of the study were
obtained as unfractionated polymers with molecular weights in the
range 2.9 x 10° to 9.9 x 105, as determined from intrinsic

viscosity measurements.

The PAA samples were neutralized by titration with agueous
alkali hydroxide of approximately unit normality. The latter
solutions had been previously standardized against potassium
hydrogen phthalate. The PAA was first weighed and then dissolved
in a small amount of water. No particular attempt was made to
thoroughly dry the PAA because of its tendency to crosslink and
decarboxylate under prolonged heating.! 1In the cases where com-
plete neutralization was required, titrations were carried out to
phenolphthalein end-point. Based on the known amount of alkali
hydroxide added and assuming complete neutralization (see
Appendix A), the dry weight of PAA was calculated and used in sub-
sequent determinations of plasticizer content. The differences
between the weights of PAA as determined by titration and those
directly measured were attributed to the water content of the
polymer. This was normally found to be about 5% by weight, in
line with reported values.? Partially neutralized polymers were
prepared by adding to a weighed amount of polymer of known water
content (determined by simultaneous complete neutralization of
another sample) the quantity of alkali hydroxide required to

produce the desired degree of neutralization.
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The aqueous solutions of polymer and alkali were then con-
centrated by evaporation to about 10% polymer by weight. For the
preparation of samples with non-aqueous plasticizer, an excess
weight of plasticizer was added to the solution, which was then
degassed and poured into tared, flat-bottomed polystyrene con-
tainers (approximate dimensions 5 cm by 2 cm by 1 cm). Evapora-
tion was continued until the desired level of plasticizer content
was reached. In the case of formamide-plasticized polymers, the
addition of excess plasticizer was repeated, because of the high
volatility of formamide, in order to ensure the elimination of
the water. It is possible that a small percentage of water still

remained in these samples, but it was assumed to be inconsequen-

tial.

In the preparation of water-plasticized polymers, the same
procedure was used, except of course for the addition of excess
plasticizer. For polymers of low plasticizer content, where the
material would be brittle at room temperature, strips of film
were cut to the desired size before all the water had evaporated.
For comparative purposes, the plasticizer contents were expressed
as volume percentages, assuming a negligible volume of mixing.
Density measurements on similar ion-containing polymers, the PAA-
PVA mixtures discussed in Chapter II, indicated that the error

involved in this conversion is small.

For each of the materials on which stress relaxation
measurements were to be made, the glass transition temperature

and the thermal expansion coefficient were measured. The apparatus
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employed for the measurement of Tg by thermal expansion has been
previously described by Eisenberg and Sasada.® For some of the
samples, Tg measurements were also made by differential scanning
calorimetry (DSC). The thermal expansion method was deemed more
useful for Tg measurements, however, since coefficients of
thermal expansion could be obtained at the same time; also, no
additional sample preparation was required since the films used
in stress relaxation measurements could be used directly in the

thermal expansion apparatus.

2. Stress Relaxation

Stress relaxation measurements were carried out on the
prepared films of polymer. Two stress relaxometers wa:re used in
making these measurements. The two devices differed essentially
in only one aspect, namely the method of control of the sample
environment. Measurements in the range -100°C to +60°C were
carried out in a device described schematically in Fig. 1;
measurements in the range 40°C to 250°C were made in apparatus
described in detail elsewhere.” All measurements were performed

under a positive pressure of nitrogen.

The stress relaxation experiments proceeded in the follow-
ing manner. Measurements were normally made in an ascending
sequence of temperatures, starting from below T_ and continuing
until the loss of plasticizer became significant. Thus, the
first measurements were normally made on glassy polymers

(E > 10!° dyn/cm?). For this reason, the first measurements em-
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FIGURE 1

Schematic cross-section of low-temperature

stress relaxometer; ho and h1 as described in text.
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ployed a bending deformation. The sample was inserted in the
bending clamps and kept under a positive pressure of nitrogen.
Temperature control was maintained to a tolerance of #0.1° during
any one run. When the desired temperature was attained, with the

temperature controller operating, the stress relaxation run was

begun.

The deformation of the sample was accomplished in as short
a time as possible, generally in about 0.2 sec; thus, for read-
ings taken at times greater than 2 sec (factor of 10), the effect
of a finite deformation time was considered to be negligible.5
The magnitude of the deformation relative to the sample dimen-
sions was maintained within a level in which linear viscoelastic
effects could be observed. An extensive discussion of the sources
of error in stress relaxation measurements of this type has been

presented.6 A brief summary of these is given in Appendix B.

In any one run, the sample was maintained at constant
deformation and constant temperature for periods of time up to
2 x 10* sec. The force of deformation was continuously recorded
on chart paper and was read at intervals of time which increased
in approximately logarithmic fashion. The dimensions of the
sample and of the clamps were measured and recorded. These
values were used to calculate the shape factor, which relates the
modulus to the stress-strain ratio. From the shape factor and
the values of stress and strain, the modulus was calculated as a

function of time for each temperature. This procedure and the
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results of such calculations are described in detail in subse-

quent portions of this chapter.

As the temperature was increased and the modulus of the
polymer decreased to the point that bending measurements could no
longer be accurately made, deformations in the stretching mode
were begun. The procedure involved in stretching measurements is
generally the same as outlined above, except that the shape
factor for the calculation of modulus is different. In some
cases, where values of modulus less than 10° dyn/cm? were antici-
pated, measurements in compression were made. For compression,
the same shape factor as for stretching applies. Generally,

however, the modulus did not fall to such a low value before sig-

nificant plasticizer loss occurred.

The formulae used in calculating Young's modulus, E(t), in

the various modes of deformation are given as follows’
E(t) = 981 bf/(Ah - c,f) (1)

where b is the shape factor, Ah is the deformation, f is the
force (in grams), and c, is a correction for instrumental compli-
ance. If all quantities are given in c.g.s. units, then E(t) has

the dimensions dyn/cm?. The shape factors are:
(i) for bending
- 3,3 _ 3
b = 4ho B (1 6)/wodo (2)

ho' W and dourepresent the unstrained length, width, and

thickness of the film, respectively; B = hl/h0 is an eccen-
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tricity factor (<£0.5), where h1 is the distance between
the point of deformation and the nearest edge of the

clamp (see Fig. 1l). For h1 = h0/2
b = h03/4wod03 (3)
(ii) for stretching
b = ho/wod0 (4)

Since volatile plasticizers were used, the variation in
sample weight was monitored, and measurements were discontinued
after a weight loss of 1% was observed. It is reasonable to
assume that the weight loss of plasticizer was essentially
diffusion controlled, since measurements could be taken at rela-
tively high temperatures for the low plasticizer content materi-
als before significant plasticizer loss occurred. Occasional
measurements were taken in random order of temperatures to ensure
that the loss of plasticizer to the extent of 1% did not produce

a loss of reproducibility.

3. Dynamic Mechanical Measurements

A brief dynamic mechanical study of PNaA was undertaken
using a torsion pendulum. The apparatus used and the general
procedure for such measurements are described in detail else-
where.® Measurements were made in the region from ca. -100°C to
the temperature at which significant plasticizer loss was appar-

ent. In the vicinity of Tg, account of the modulus of the
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supporting wire was taken in order to calculate the values of

modulus and tan 6.% The formulae employed are listed below:

(i) for storage modulus
2
¢ = AL (v2 - v 2 - v2A%/4m?) (5)
v is the measured frequency of vibration, v, is the
natural frequency of the supporting wire, and I is the
moment of inertia. b, the shape factor, and A, the
logarithmic decrement, are defined below.

(ii) for loss modulus

e" = 2% vaa (6)

(iii) for loss tangent

tan § = G"/G* (7)
A is defined as
1 A ,
= = 1ln —0— 8
A o v (8)

where A, and A, are the amplitudes of the nth and

(n+m)!® vibrations. The shape factor in torsion is
given by
= 3
b = wodo u(wo/do)/lGho (9)

u(wo/do) is a numerical factor dependent on the shape

of the sample;# all other symbols in Egq. 9 are identical

with those in Eq. 2.
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4. X-Ray Diffraction

An X-ray diffraction study of some cesium and sodium salts
of PAA was performed. Cesium salts of PAA were made in the same
fashion as the sodium salts described previously. X-ray scatter-
ing patterns were obtained at room temperature using nickel-
filtered copper radiation (A = 1.54 R) generated by a Rich
Seifert X-ray source operating at 40 kV and 20 mA. The patterns
were recorded photographically in a conventional wide—angle
camera with a 0.05 cm pin hole and a 6.6 cm sample-to-£film dis-
tance. The photographs were microdensitometered using a Joyce,
Loebl double-beam recording microdensitometer. Exposure times

varied with the type of material, but were generally 4-6 hr.

C. Experimental Results

1. Materials

A summary of the polymer samples for which mechanical
properties data were obtained is presented below in Table I. The
polymer samples were coded according to their compositions. The
codes are of the form wX-yZ; where w represents the degree of
neutralization in percent; X represents the counterion, either
Na or Cs; y represents the volume percent plasticizer in the
sample; and Z is the symbol representing each of the plasticizers
used: ethylene glycol (EG), formamide (Fa), glycerine (GL), and

water (H,0). In addition, Tg’ ag, and @y, as measured by thermal



- 101 -

expansion, and Mv' as discussed in Appendix A, are given in

Table I for each polymer.

TABLE I
Composition Tg @ Og My
(°C) (x10°) (x10°) (x107°)
00Na-23FA 1 2.2 6.2 9,9
10Na-26FA 2 2.8 6.5 5.1
22Na-23FA -1 - - 4.7
39Na-25FA 23 - - 4.7
67Na-27FA 41 2.7 7.0 4.7
100Na-22FA 97 2.8 7.5 4.7
100Na-29FA 71 2.5 6.7 9.9
100Na-37FA 45 2.6 6.8 7.9
100Na-43FA 15 3.0 9.0 7.9
100Na-48FA o= - - 2.9
100Na-52FA ~-15 3.5 10.9 2.9
100Na-67FA -100% - - 2.9
100Na—-72FA -88% - 21.0 5.1
100Na-54EG =21 3.7 12.3 4.7
100Na—-54GL -9 2.4 6.9 5.1
100Na-55GL -28 2.6 10.0 2.9
100Na—-66GL -34 2.5 9.6 2.9
100Na-50H20 ~-18 3.0 20. 4,7
100Na-54H20 -25 3.3 25. 5.1
100Na-58H,0 -28 3.5 25. 4.7

*T by DSC
g y
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2. Pseudo-master curves

For each of the materials listed in Table I, stress relax-
ation experiments'were performed. Each experiment consisted of
several constant temperature runs in which readings of the force
at constant deformation were obtained over a period of time.
These data were used to calculate the modulus as a function of
time and temperature by the application of the appropriate formu-
lae from Egs. 1l-4. Examples of the type of results obtained are
shown in the following four figures; the curves of modulus versus
time (depicted on a doubly logarithmic scale) for each constant
temperature run appear in the central portion of each figure. 1In
each figure, temperatures in °C are shown and every fourth read-
ing is plotted. The significance of the solid lines in each

figure will be made clear presently.

The S.R. results shown in Figs. 2-5 are for only a few
selected materials to which specific reference is made in subse-
quent sections of the text. The remaining S.R. curves, described

in the text as modulus-temperature curves, are presented more

fully in Appendix B.

With materials for which the principle of time~temperature
superposition of viscoelastic data is valid, mastexr curves of
reduced modulus versus reduced time can be prepared by shifting
the curves of modulus versus time so that the overlap between
successive curves is maximized.® The shifts are made both hori-

zontally (in time) and vertically (in modulus), according to the
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FIGURE 2

Stress relaxation curves for 100Na-48FA.
Symbols: Er versus t as a function of temperature
(°C), every fourth point shown. Solid lines:

pseudo-master curves.
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FIGURE 3

Stress relaxation curves for 100Na-55GL.
Symbols: Er versus t as a function of temperature
(°c), every fourth point shown. Solid lines:

pseudo-master curves.
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FIGURE 4

Stress relaxation curves for 100Na-66GL.
Symbols: Er versus t as a function of temperature
(°C), every fourth point shown. Solid lines:

pseudo-master curves.
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FIGURE 5

Stress relaxation curves for 100Na-50H,0.
Symbols: Er versus t as a function of temperature
(°C), every fourth point shown. Solid lines:

pseudo-master curves.
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reduction parameters

_T,p : )
E () = —-,ff,-p—o- E(t) . (10)
tr = t/aT ‘ (11)

The reference point for the measurement of T, and Py is normally
taken as Tg. a;, the shift factor, is obtained by determining
the horizontal shift between two successive curves, after the

vertical reduction parameters have been applied.

In the present system, initial attempts to prepare master
curves in the above-described manner indicated that time-tempera-
ture superposition could not generally be achieved. As a result,
the procedure was modified slightly so that overlap between
successive curves was maximized in the short-time regions. The
computer program used to calculate the shift factors for this form
of overlap from original S.R. data is presented in Appendix C.

The attempts at drawing master curves in this way are shown as the
solid lines in Figs. 2-5. The contributions of the moduli which
correspond to the longer times in any given constant temperature
relaxation are seen to deviate downward from the upper envelope of
Er versus tr. This is apparent for each of the materials pre-
sented in Figs. 2-5, where S.R. data were measured over about 3.5
decades of time. In the S.R; data presented in Appendix B, simi-
lar deviations are apparent in most of the curves (although the
magnitude of the deviations varies considerably), but since the
runs cover shorter periods of time (about 2.5 decades), the lack

of superposition is not as dramatic.
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It is apparent that the curves presented in Figs. 2-5 are
not true master curves but what may be termed pseudo-master
curves, which describe only the short-time relaxation behaviour
at any given temperature. It is worth stressing that the same
pattern is obtained whether measurements are made in order of
increasing temperature or not. This was tested for 100Na-48FA
(Fig. 2) and for 100Na-50H20 (Fig. 5). Also, the lack of super-
position cannot be attributed to the loss of plasticizer because
this would result in deviations of the opposite direction, and

would certainly not lead to reproducible results.

3. Modulus-Temperature Curves

Because the pseudo-master curves determine short-time be-
haviour only, it is not surprising that the variations ir their
shapes are closely paralleled by the variations in the shapes of
curves of 10-sec modulus versus temperature. Because of their
greater ease of presentation and simplicity in interpretation,
modulus-temperature curves are used to illustrate the variation
in mechanical behaviour of these polymers with the percentage and
type of plasticizer and with the degree of neutralization. In
Fig. 6, the 10-sec Young's modulus as a function of absolute
temperature is shown for PAA samples with degrees of neutraliza-
tion between 0% and 100% and with a common plasticizer dontent
(ca. 27% formamide). The stars on each curve indicate the posi-
tion of Tg as given in Table I. It is worthwhile to note the

rise in glassy modulus — by about a factor of 3 — and the great
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FIGURE 6

10-sec modulus of PAA versus temperature as a
function of the degree of neutralization (formamide
content ca. 27%). The stars on each curve indicate

the position of Tg.
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increase in the breadth of the transition as the ion content in-
creases. It is clear that the high glassy moduli must be due to

additional intermolecular bonding which results from the presence

of ions.

Fig. 7 illustrates the variation in the modulus of the
fully neutralized polymer as a function of the percentage of
formamide. One can see that the broadness of the transition and
the glassy modulus decrease with increasing plasticizer content,
as one might expect. In Figs. 6 and 7, an inflection point below
Tg appears in the modulus-temperature curves for low percentages
of formamide and high degrees of neutralization. This inflection
point seems to correlate with the occurrence of a broad shoulder
in the loss tangent below Tg, as indicated by the dynamic mechani-

cal measurements to be discussed in more detail below.

The shapes of some of the modulus-temperature curves pre-
sented in Figs. 6 and 7 are reminiscent of those obtained for
partially crystalline polymers such as low density polyethylene.9
However, the X-ray diffraction patterns obtained from a variety of

PAA salts showed no evidence of any crystallinity.

Figs. 8 and 9 show the modulus-temperature behaviour of
PNaA plasticized with glycerine and water, respectively. In
these two cases, the range of plasticizer content is considerably
less than for formamide, so the great variation in the shapes of
the curves is not as apparent. However, it is readily seen that

the rate of relaxation, which parallels the decrease in modulus
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FIGURE 7

10-sec modulus of PNaA versus temperature as a

function of formamide content. The stars on each

curve indicate the position of Tg.
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FIGURE 8

10-sec modulus of PNaA versus temperature as a
function of glycerine content. The stars on each

curve indicate the position of Tg.
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FIGURE 9

10-sec modulus of PNaA versus temperature as a
function of water content. The stars on each curve

indicate the position of Tg.
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with temperature, is considerably greater than for formamide.

A direct comparison of the effect of plasticizer on the
modulus-temperature behaviour of PNaA is shown in Fig. 10. The
curves drawn in this figure were all obtained for approximately
the same volume fraction of plasticizer. The glassy moduli and
the glass transition temperatures of these polymers are all very
similar. However, above Tg’ the great variation in the effi-
ciency of these plasticizers is apparent. This variation is a
good indication that the plasticizer plays a very important role

in determining the lifetimes of the ionic bonding.

4. Dynamic Mechanical Results

Measurements of the loss tangent, tan 6, at ca. 1 Hz as a
function of temperature were made on three samples of PNaA:
100Na-50H,0, 1l00Na-48FA and 100Na-55GL. The data are shown in
Fig. 11, normalized with respect to the primary transition, for
the sake of clarity. The dotted lines in Fig. 11 indicate the
regions which were inaccessible to measurement of tan 6. Al-
though the relative intensities are different, each curve shows
a primary maximum and a broad shoulder just below it in tempera-
ture. It should be recalled that inflection points below T were
observed in the modulus-temperature curves of PNaA at low forma-
mide contents and high degrees of ionization. This shoulder in
the loss tangent seems thus to correlate with the inflection
points in the modulus-temperature curves of the PNaA-formamide

series. The fact that no inflection point is seen in the PNaaA-
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FIGURE 10

10-sec modulus of PNaA versus temperature for
four different plasticizers (ca. 54%). The stars on

each curve indicate the position of Tg.
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FIGURE 11

tan § versus (T - Tg) for PNaA with three
different plasticizers (0 — FA; &0 — GL; O — H,0).
The dotted lines represent regions inaccessible to

measurement.
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water or PNaA-glycerine series is likely due to the fact that the
intensity of the shoulder is considerably less than that of the
primary maximum in the latter two cases and the effect of the

sub—Tg shoulder on the modulus would be relatively small.

5. X-Ray Diffraction

X-ray diffraction patterns were obtained for a number of
plasticized salts of PAA. Since the X-ray study was not intended
to be comprehensive in itself but was undertaken in support of

the thermomechanical study, diffraction patterns were obtained

TABLE II
0
Plgiit:;ier C§ni:§t Counterion Inner Haig (ilter Halo
FA (23%) 0 —_ 12.1 = 0.3 | 6.7 * 0.2
H»0 (~5%) 0 —_— 12.1 6.7
H20 (~5%) 1 Cs 12.3 6.7
H,0 (~5%) 5 Cs 13.4 6.2
H,O (~10%) 25 Cs 14.3 —_—
H,0 (~20%) 100 Cs 15.0 —_—
FA (38%) 100 Cs 15.4 —_—
FA (29%) 100 Na 15.0 5.0
FA (48%) 100 Na 14.4 4.8
H,0 (low) 100 Na 15. *

*Calculated from data presented in ref. 11
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only for selected samples chosen mainly to correspond to materi—
als on which mechanical measurements had been made. All of the
X-ray patterns recorded showed either one or two diffuse halos in
the range 4° < 26 < 40°, where 26 is the scattering angle. 1In
each cése, dg’ the dimension associated with the scatierinz was obtained

OP
0
from1

d = 1.22 dg = 1.22 A/ (2 sin 6) _ (12)

The results are presented in Table II, above, along with typical

error limits, mainly due to the diffuseness of the halos.

D. Discussion

1. Structure

The X-ray diffraction patterns obtained in unionized PAA
dre similar to those observed in other amorphous polymers, such as
pblystyrene.‘° Wifh increasing cesium content, the longer spacing.
increases, while the shorter spacing disappears. For the fully
neutralized polymers, similar values of the longer spacing are
seen in both cesium and sodium salts, and for both water and for-
mamide as plasticizers; however, in the sodium salts, an outer
halo is still observable. The scattering pattern obtained for the
unionized material indicates that a type of amorphous order exists
even here. This is not surprising, since the extent of hydrogen
bonding in PAA should be considerable, and associations between

the carboxyl groups could lead to a partially ordered structure.

It is assumed that cesium and sodium salts of PAA have es-
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sentially the same structure. This was not tested specifically
in this system, but rheological considerations have shown it to
be true for Styrene-methacrylic acid ionomers. * Non-crystalline
X~ray maxima are associated with the average separation between
recurrent centers of relatively high electron density. Because
the electron density of cesium is much higher than that of the
other atoms involved, the single halo observed in PCsA samples
can likely be attributed to an average spacing between regions of
high cesium content. The fact that a second halo is observed in
PNaA is reasonable, since sodium, with an electron density not
much greater than carbon, would not dominate the diffraction pat-
tern like cesium. This evidence is therefore consistent with a
microphase-separated structure (regions of high and low ionic
content) for this polymer system. This conclusion is supported
by a number of other factors which include the predictions based
on thermodynamic arguments!2 and the evidence of phase separation
in other organic ion-containing polymers, as discussed in Chapter
I, as well as the rheological evidence in the pPresent system, to

be discussed shortly.

The longer spacings in the fully neutralized Paa samples
provide a measure of the size of the ionic aggregates. Based on
simple stoichiometry and assuming the complete incorporation of
carboxyl groups, the number of ion pairs per aggregate is esti-
mated to be about 25. The fact that the longer spacings do not
vary much with the type of Plasticizer indicates that the struc-~

ture in glassy PNaA is not very dependent on the type of plasti-
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cizer. However, X-ray diffraction is not sensitive to dynamic
phenomena. The time dependence of the structure, on which the
rheological properties depend, must be investigated by other

means.

2. Separation of Relaxation Mechanisms

In Figs. 2-5, as well as in those presented in Appendix B,
non-superposability of stress relaxation curves can be observed
in varying degrees. In every case, the deviations at long times
for any given constant temperature relaxation are toward lower
values of modulus; this fact suggests the existence of two con-
current relaxation mechanisms with different activation energies.
Similar viscoelastic responses have been observed in a variety of
other non-crystalline polymers. In a number of cases, the lack
of superposability has been attributed to a secondary relaxation
mechanism: side-chain motion in the poly(alkyl methacrylates) 7%
spontaneous bond interchange in polymeric sulfur;'® and lanthanum-

catalyzed bond interchange in the polyphosphates.'®

In the present system, a two-mechanism viscoelastic re-
sponse would be in line with the two-phase structure, since each
phase could be expected to yield in response to the applied
stress. In such a system, the contributions of the two mech-

anisms to the total compliance should be additive.!® The

method used in separating the contributions of the two mechanisms,

as employad by Eisenberg and Teter,!® is outlined below.
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The upper envelope of modulus versus reduced time and the
moduli of the original stress relaxation curves were converted
to compliance values by the method of Hopkins and Hamming, !’ with
the aid of a computer program written for this purpose. This
program is outlined in Appendix D. It was found that, in regions
of rapid stress relaxation, the values generated by this method
differed significantly from those generated by the more approxi-

mate relationship®

J(t) = sin mm/mm G(t) (13)

Shift factors for the individual curves of compliance versus time
were recalculated by maximizing the overlap between their short-
time regions. No significant differences were noted in the shift
factors calculated from the original moduli. The conversion of
stress relaxation data to compliances results in a pseudo-master
curve of compliance versus reduced time. An example of such a
curve is shown in Fig. 12, for 100Na-50H,0. The data in Fig. 12

correspond to those in Fig. 5; on the scale shown here, the curves

are nearly mirror images.

It is assumed that, at any given temperature, the short-
time compliance is mainly due to the primary relaxation mechanism;
the upward deviations from the lower envelope of compliance versus
reduced time are therefore due to the second mechanism, whose con-
tribution is computed by means of point-by-point subtraction of
compliance values from the lower envelope and the individual de-

viations in compliance corresponding to long-time relaxations at
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FIGURE 12

Computed pseudo-master curve in compliance for
100Na~50H,0. Subtracted compliances and correspond-

ing temperatures (°C) are shown.
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any given temperature. These subtracted curves of compliance

versus reduced time for the system 100Na-50H,0 are also shown in

Fig. 12.

The subtracted curves of compliance versus reduced time
are converted back to real time by subtraction of the original
shift factors, a;. These curves are then reshifted into a sec-
ondary master curve of subtracted compliance versus reduced time
by shifting horizontally with respect to one of the curves chosen
as a reference. As a result, a new set of shift factors, b,, is
obtained. The result of this procedure for the curves in Fig. 12
is shown in Fig. 13. Similar curves were obtained for the two
systems 100Na-66GL (S.R. data in Fig. 4) and 100Na-48FA (S.R. data
in Fig. 2). These curves are presented in Figs. 14 and 15. The
implications of the dashed lines in Figs. 13-15, representing a

theoretical slope of unity, will be discussed later.

For each of the three materials discussed above, two master
curves are obtained — the upper envelope, representing the short-
time relaxation behaviour, and the secondary master curve, repre-
senting the long~time deviations from the envelope. The signifi-
cance of the two master curves should be pointed out; just as one
master curve allows the complete description of the viscoelastic
response in a system with a single relaxation mechanism, then two
master curves allow the complete description of the viscoelastic

response in a system with two relaxation mechanisms.
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FIGURE 13

Master curve of subtracted compliance for
100Na-50H,0. Individual curves and corresponding
temperatures (°C) are shown. Dashed line: the-

oretical slope of 1.
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FIGURE 14

Master curve of subtracted compliance for
100Na-66GL. Individual curves and corresponding
temperatures (°C) are shown. Dashed line: the-

oretical slope of 1.
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FIGURE 15

Master curve of subtracted compliance for
100Na-48FA. Individual curves and corresponding
temperatures (°C) are shown. Dashed line: the-

oretical slope of 1.
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3. Nature of Primary Mechanism

The natures of the two relaxation processes and their re-
lationships with the polymer structure are not perfectly clear;
however, an analysis of their temperature dependences will.be
useful in relating them to physical processes. The mechanism
whose contribution dominates the short-time behaviour above T
can be investigated by an analysis of the primary shift factors,

ay, which contribute to the primary master curves.

It is of interest to determine whether the shift factors
corresponding to the primary mechanism follow an Arrhenius-type

temperature dependence, or whether they obey the W.L.F. equatione

log a; = - cl9 (T - Tg)/(cz9 +T - Ty (14)

where the W.L.F. parameters 019 and c29 are referred to Tg' The

W.L.F. equation can be rewritten in the following form

1o _c? 1 .1
. - 9
logay ¢,° T Tg c,

(15)

Thus, from the slope and intercept of a plot of - 1/log a; versus

1/(T - Tg), the constants cl9 and czg can be determined.

This procedure was followed for two samples from the series
PNaA-glycerine, where a wide range of temperature above T is ac-
cessible for S.R. measurements. Values of log a; from the temper-
ature range (Tg + 30°) < T < (Tg + 90°) were used to establish the
linear relationships shown in Fig. 16. The W.L.F. parameters,

obtained by a least-squares analysis, are also indicated in
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FIGURE 16

- 1/log a; versus 1/(T - Tg) for PNaA-glycerine.

W.L.F. parameters are indicated.
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Fig. 16. The two sets of parameters do not differ significantly.

Plots of log ar; versus 1/T for the above two materials
show definite curvature in the same temperature range. Since
the latter curves should be linear for an Arrhenius temperature
dependence, it can be concluded that the short-time shift factors

in the system PNaA-glycerine are of W.L.F. type.

With volatile plasticizers, notably formamide and water,
the accessible temperature range above Tg is small because of
plasticizer loss. Thus, the establishment of W.L.F. parameters
from stress relaxation measurements is impossible in these plasti-
cized systems. However, there is other evidence, to be presented
shortly, to support the applicability of the W.L.F. equation to

the primary relaxation process even in these cases.

In all of the materials studied, the short-time shift
factors, ay, could be drawn to fit an Arrhenius~-type temperature
dependence in the immediate region of Tg. Examples of this can
be seen in Fig. 17, in which log a; versus 1/T is plotted for the
series PNaA-formamide. The fact that the shift factors fit well
with an Arrhenius-type temperature dependence in the vicinity of
Tg cannot be considered significant in establishing the true
temperature dependence, however, since the two forms of tempera-

ture dependence are generally indistinguishable in this range.

The W.L.F. equation can be used to predict the apparent

activation energy at Tg, (AHa)T; the relationship, which can be
9

derived from Eq. 14, is given by®
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FIGURE 17

Log a; versus 1/T for PNaA-formamide.

Formamide percentages indicated.
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- 9 9 2
(AHa)Tg— 2.303 R (c1 /c2 ) Tg (16)

Although the constants clg and 029 would not be established for
the formamide series, the propoftionality between (AHa)Tg and T 2
can be demonstrated. From linear relationships of the type ob-
tained in Fig. 17, values of (AHa)Tg were computed. For the
PNaA-formamide series, these values were found to increase mono-
tonically with decreasing plasticizer content (see Table III,

page 135) and, as can be seen in Fig. 18, a linear relationship

: 2
exists between (AHa)Tg and Tg .

This linear relationship can be predicted from Eg. 16 if
it is assumed that the ratio clg/czg is constant in the range of

composition studied. The W.L.F. parameters are given formally

bye

Q
@
i

B/2.303 fg

Q
@
]

fg/af (17)
where fg is the fractional free volume at Tg, Oc is the free
volume expansion coefficient and B = 1. Within a single plasti-
cizer-polymer system, fg is likely to be relatively constant and,
as can be seen from Table I, the variation in oc (= ap - ag) is
small. Thus, it is reasonable to assume that clg/cz9 is either
constant or, at worst, a slowly varying function of the plasti-

cizer content. Therefore, it can be concluded that the W.L.F.

equation applies to the formamide series as well.

In view of the evidence to support the applicability of

the W.L.F. equation to the primary relaxation process in PNaA, it
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FIGURE 18

(AHa)T versus ng for PNaA-formamide. Formamide
g .

percentages indicated.
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is reasonable to attribute its mechanism to the same type of dif-
fusional process that characterizes the glass transition in most
nonionic polymers. This assignment is also reasonable in view of
the magnitude of the activation energy associated with the pri-
mary mechanism. By extrapolating the linear relationship ob-
tained in Fig. 18 to the Tg of undiluted PNaA (Tg = 250°C, as
reported by Eisenberg et al.!?), (AHa)Tg = 175 kcal is obtained.
This value is in general agreement with values which can be ob-
tained for a wide variety of thermorheologically simple polymers

by the application of Eg. 16.

The variation in (AHa),I,g with the percentage of plasti-
cizer was studied only in the formamide system because of the
narrow range of plasticizer contents employed in the other cases.
Values of (AHa)Tg in the PNaA-glycerine series, calculated from
Eg. 16 and the W.L.F. parameters in Fig. 16, were found to be
somewhat higher than those at the corresponding value of Tg in
the formamide series. (AHa)Tg for the primary mechanism in
100Na-50H,0, obtained from the Arrhenius plot in Fig. 19, is
higher still. These values, as well as those contributing to

Fig. 18, are presented below in Table III.

It can be seen that the variation in apparent activation
energy with the type of plasticizer (for similar values of %
plasticizer) is in the order FA < GL < H,O. This is the same
order in which the rate of relaxation at constant % plasticizer
increases (see Fig. 10). It is also the order in which the in-

tensity of the primary peak in tan 6 increases, as seen in Fig. 11.
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FIGURE 19

Log a;, log by versus 1/™ for 100Na-50H:0.
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TABLE III
Composition Tg (AHa)T9
(°C) (kcal)
100Na-22FA 97 95
100Na—-29FA 71 83
100Na-37FA 45 71
100Na-43FA 15 61
100Na-48FA 0 58
100Na-52FA -15 55
100Na-55GL -28 76
100Na-66GL -34 79
100Na-50H,0 -18 160
00Na=-23FA 1l %6

Incidentally, the primary transition in PAA-formamide (see
Fig. 21 in Appendix B) is also described by the W.L.F. equation,
as might be expected. The constants cl9 = 35 and 029 = 127 were
obtained for 00Na-23FA from shift factors in the region (Tg + 10°)
< T < (Tg + 70°). The breadth of the transition in the unionized
polymer is somewhat greater than that observed in non~hydrogen-
bonded polymers such as polystyrene.'+ It is impossible to make a
direct comparison with the transition in undiluted PAA, because of
the dehydration and decarboxylation which occurs in PAA above its

Tg;1 however, the broadened transition may be merely a plasticizer
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effect, due to induced local heterogeneities, as has even been

observed in concentrated polystyrene solutions. !°®

Application of Eq. 16 to the above W.L.F. parameters
yields the value (AHa)Ts = 96 kcal. Since this value is essen-
tially the same as that obtained for the ionized material at the
same plasticizer content (see Table III), it is a further indica-
tion that the primary mechanism in PNaA above Tg is essentially

nonionic in nature.

4. Nature of Secondary Mechanism

The activation energy associated with the secondary process
can be calculated from the shift factors used in obtaining master
curves of the type shown in Figs. 13-15. The Arrhenius plot for
the secondary mechanism in 100Na-50H,0 is shown in Fig. 19, The
activation energies obtained varied from 32 kcal for 100Na-50H»0
to 17 kcal for both 100Na-66GL and 100Na-48FA. The variations
in these values with the percent plasticizer were not tested be-
cause of the insufficient number of long-time runs and the
tediousness of the method. It is difficult to specifically define
the relaxation process involved in this polymer, but it is quite
possible that it could correspond to the decomposition of an ion
aggregate by the removal and subsequent migration of one ion
pair. The amount of energy involved in this process would depend
on the size and geometry of the aggregate and on a number of
other factors, including the solvating effect of the plasticizer.

The observed values of activation energy, which lie between 17
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and 32 kcal, seem reasonable for such a mechanism.

Whatever its form, if the secondary relaxation process
were due to the yielding of an ionic phase, its contribution to
the compliance would correspond to a pure viscosity in the same
fashion as bond interchange.2? 1In this case, the approximate
relationship

D(t) = t/n (18)

should hold. It can be seen in Figs. 13-15, by comparison with
the doubly logarithmic slopes of unity, that this is a reasonable
approximation. Thus, it can be concluded that the secondary

mechanism is essentially viscous in nature.

5. Correlation with Dynamic Mechanical Data

The correlation of the sub—Tg shoulder observed in the
dynamic mechanical study with one of the relaxation proéesses ob-
éerved in the stress relaxation experiments should be possible
through an analysis of the activation energies of the two dynamic
mechanical peaks. This would involve dynamic mechanical measure-
ments in a frequency range in which the peaks would be separated.
Assuming that the sub—Tg.transition is of lower activation energy
than the primary transition, as might be expected, the separation
of the peaks would require lower frequencies than those available

on a torsion pendulum.

One method of investigating dynamic mechanical behaviour

at low frequencies is by the conversion of stress relaxation data

et A et

e e
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to a dynamic mechanical function. This was done for some members
of the PNaA-formamide series. The static creep compliance, D{t),
which had been obtained from stress relaxation data in the manner
described above (page 121), was converted to dynamic compliance
by the method of Schwarzl and Struik,?’ assuming a semi-logarith-
mic approximation of third oréer for D(t). This computational

procedure is included in the program described in Appendix D.

Although the conversion to dynamic compliance is highly
sensitive to experimental errors and is inherently subject to
large uncertainties because of truncation errors, it was neverthe-
less possible to gqualitatively reproduce the pattern in tan ¢
that can be obtained from direct mechanical measurements using a
torsion pendulum. This can be seen in Fig. 20, for 100Na-43FA, in
which two peaks in tan ¢ in the vicinity of Tg are seen. Calcu-
lations of the activa;ion energy for the sub-Tg in the PNaA-
formamide series are tabulated below; the values obtained are
quite scattered, and the variation in them is likely indicative of

the magnitude of the error involved.

TABLE IV

Composition (AHa)Tg (AHa)sub-Tg
100Na-22FA 95 77
100Na-29FA 83 55
100Na-37FA 71 26
100Na-43FA 61 57
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FIGURE 20

Computed tan § versus T (°C) for 100Na-43FA

at three frequencies: & - 0.1 Hz, o - 0.10 Hz,

O - 0.001 Hz. Tg is indicated.
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Since the range of values of (AHa)sub_Tg is close to
values observed for the primary process in the same series, this
mechanism could be expected to be competitive in stress relaxa-
tion. Thus, it is possible that the pseudo~Arrhenius region ob-
served in the vicinity of Tg is in fact the result of two com-
petitive relaxation mechanisms. This possibility would not
necessarily negate the applicability of the W.L.F. equation to
the primary process. It is even possible that both processes are
describable in terms of the W.L.F. equation, as has been suggest-

ed in some phase-separated polymers.??

It was not possible, by the technique described above, to
reproduce the pattern observed in PNaA-glycerine or PNaA-water.
This may be due to the fact that the intensity of the sub-Tg
peak in these two cases is too small in relation to the intensity

of the primary transition.

E. Conclusions

This chapter has provided a survey of the viscoelastic
properties of highly concentrated solutions of poly(sodium acry-
late). Stress relaxation measurements taken as a function of the
type and amount of plasticizer and the degree of neutralization
have shown several major trends. First of all, there is a re-
markable broadening in the glass transition as the ion content
increases from 0 to 100%;in addition, there is a marked rise in

the glassy modulus (by a factor of about 3) and in the glass
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transition temperature, as observed by other workers. Secondly,
the breadth of the transition in the fully neutralized polymer
decreases as the plasticizer content increases. Finally, the
breadth of the transition, but not the glassy modulus, varies

considerably with the type of plasticizer.

Dynamic mechanical measurements indicate the existence of
a broad shoulder in the loss tangent in the region below T .
Structural investigations, by amorphous X-ray scattering, indi-
caté a phase-separated structure consistent with the prediction
that ions aggregate in organic polymers. The variation in the
glassy structure of the fully neutralized polymer with the type

and amount of plasticizer is small, as could be expected from the

modulus-temperature behaviour.

The time dependence of the structure was investigated by
analyzing the stress relaxation data in terms of a two-mechanism
response. From this analysis, two master curves were obtained, -
one corresponding to the short-time relaxations and one
corresponding to the deviations at long times. The latter
mechanism was found to be essentially a pure viscosity, and was
assumed to be ionic in nature. The former mechanism was found,
by direct and indirect evidence, to be describable in terms of
nonionic, free-volume theory (the W.L.F. equation) and was
therefore assumed to be of the same diffusional nature as the

primary mechanism in normal linear polymers.
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A correlation between the stress relaxation behaviour and
the dynamic mechanical results was provided by the conversion of
static modulus to dynamic compliance. The pattern in the loss
tangent curves obtained experimentally was gualitatively repro-
duced by the conversion procedure. From this analysis, it was
suggested that a third, competitive mechanism is involved in the

stress relaxation behaviour of poly(sodium acrylate) below Tg.
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APPENDIX A

Preparation of PAA

The PAA samples used in this study were prepared in part
by Dr. T. Yokoyama (and reported in ref. 1 of this chapter) and
in part by Mr. Karl Taylor, using a similar method. Since the
latter work is unpublished, and is of relevance to this thesis,
it is included here.

The PAA was prepared by the polymerization of acrylic
acid in toluene with benzoyl peroxide (Bz;0:) initiator. The
acrylic acid used in the preparation was obtained from Anachemia
Chemicals and purified by vacuum distillation. The polymeriza-
tions were carried out in a well-stirred reaction kettle at
ca. 50°C. A solution of Bz302 in 50 ml toluene was added drop-
wise to a solution of 140 ml acrylic acid and 1050 ml toluene.
The weight of Bz:0, added varied from 0.02 g to 0.85 g. All of
the chemicals used in the preparation were of reagent grade.

The reactions were allowed to continue until about 70%
complete. The polymer precipitate was then collected and dried
to constant weight at 80°C, under vacuum. The molecular weights
of the PAA samples were determined by viscometry in dioxane solu-
tion at 30°C, using the relationship??

[n] = 8.5 x 10~* MV°'5° (A1)

The values of Mv obtained are reported in Table V , below, along
with the initiator/monomer ratios used in the synthesis. It is
apparent that all of the polymers are polydisperse.

Also tabulated below are the intrinsic viscosity determi-
nations of PAA in the acidic and basic media described in Chapter
II (page 31) and used to establish the relationships reported
there. The accuracy of the relationships should not be taken
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too seriously, since only a relative effect was desired.

TABLE V

initiator M,

monomer [n143 oxane (x10~3%) [n]acidic [n]basic
0.04% 0.60 5.1 1.14 1.10
0.06% 0.58 4.7 1.14 1.07
0.18% 0.46 2.9 —_— —_—
0.15% 0.41 2.3 0.75 0.72
0.06% 0.32 1.4 0.62 0.61
1.2% 0.28 1.1 0.51 0.52

In the titration of PAA with aqueous NaOH, the phenol-
phthalein end-point was taken to indicate complete neutralization.
A study of the potentiometric titration of PAA by various alkali
metal and quaternary ammonium bases has been made.?" This study
showed that titration of PAA with alkali metal bases results in a
fairly sharp end-point in the vicinity of pH = 9-10. The varia-
tion in pH with the degree of neutralization indicates that over
the usual transition range for phenolphthalein (pH = 8-10), the
inherent titration error is about 1-2%; this error, which is of a

systematic nature, is reflected in the uncertainty in the sample
composition.



APPENDIX B

Additional Pseudo-master Curves

Pseudo-master curves for the materials listed in Table I,
but not specifically referred to in the text, are illustrated here.
From the data contained in these figures, the modulus-temperature
curves, shown in Figs. 6-10, were prepared. The shift factors
were obtained by the method described in Appendix C. In a few
cases, where no overlap was found, but where the lack of overlap
was not too great, shift factors were computed by extrapolation.
For two materials, 100Na-54H,0 and 100Na-58H20, the lack of over-
lap was too severe to permit the determination of shift factors
even by extrapolation. For these materials, only modulus-temper-
ature curves are reported. However, the original stress relaxa-
tion data are included in the Tables of Supporting Data.

Each of the following figures shows reduced modulus versus
time (every fourth point indicated, temperatures in °C) and the
pseudo-master curve of reduced modulus versus reduced time. All
reductions are with reference to Tg, except in Figs. 31 and 32,
where Tg was out of range. In the latter cases, the reference
curve is the one at the lowest temperature. The order of presen-
tation is summarized in Table VI, on the following page.

The major errors contributing to the modulus determinations
from Eq. 1 can be summarized as follows:

(i) Systematic error in the determination of b — 10-20%.
This error is constant throughout any one mode of deformation

and is largely irrelevant, since it does not affect the shape
of a S.R. curve.

(ii) Random error in the measurement of deformation ——
+0,0002 cm, typically 1-2%. This error is reflected in the
determination of the shift factor.
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(iii) Random error in the measurement of force — tl g.
This error is only significant at long times, when it can be
as high as 10%. It does not affect the calculation of shift
factors, which depend only on short-time readings, but it
strongly influences the subtractive procedure used to deter-

mine the secondary master curves, where relative errors are
as high as 20%.

TABLE VI
Composition Fig.No. FigurzageData
00Na-23FA 21 149 186
10Na-26FA 22 149 187
22Na-23FA 23 150 188
39Na~25FA 24 i50 189
67Na-27FA 25 151 190
100Na-22FA 26 151 191
100Na—-29FA 27 152 193
100Na-37FA 28 152 195
100Na-43FA 29 153 196
100Na—-52FA 30 153 197
100Na~-67FA 31 154 198
100Na-72FA 32 154 199
100Na-54EG 33 155 200
100Na-54GL 34 155 201
100Na-54H,0 —_ - 202
100Na-58H20 —_ - 203
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APPENDIX C

Program for the Calculation of Shift Factors

The following program is designed to compute the shift
factors for a series of stress relaxation runs at successively
increasing temperatures. It requires a discrete set of force
versus time data at each temperature, plus a number of
parameters including Tg (or any convenient reference temperature);
ag and oy (these need only be estimates); Cer Ah’ and b, as de-
fined in Egs. 1l-4, pages 97-98. The arrangement of the data
cards is self-explanatory. A sample output is included.

Program "MASCURVE"

C SHIFT FACTORS FROM FORCE VS TIME VS TEMPERATURE
DIMENSION F(60),E(H60) ,EPR(KO0D;T(60),WTI{60),ELNG(60)
NIMENSION CUMA(S50) DEG(50),WORD (20}

c DIMENSION(20) ALLOWS FOR ALPHAMERIC LABEL OF 80 CHARACTERS

c DIMENSION(50) ALLOWS FOR MAXIMUM SO RUNS

c DIMENSION(60) ALLOWS FOR MAXIMUM 60 PCINTS PFR RUN
READ(S,89)uT

c 3 CARDS! WFIGHTING FACTORS IN DETERMINING OVERLAP

c IF COMPLETE OVERLAP EXPECTED, WT(I)=1.0
READ(5,92)NT IME

c 1 CARD: NO. OF TIME SETS

DI 1001 KLM=1 ,NTIME
READ(S5,90)T
C 4 CARDS: SET OF NISCRETF TIMES AT WHICH FORCFE VALUES ARE READ
C T IS NORMALLY CONSTANT FOR ONE SAMPLE
READ(S5,92 )NCURY
1 CARD: NN, OF CURVES PER TIME SET
DY 1001 JKL=1,NCURYV
READ( S ,86)WORD
C 1 CARD: ALPHAMFRIC LABEL, MAX. 80 CHARACTERS
WRITE(H7S7IWORD
READ(S492)L s CORR
1 CARD: L=0; CORR IS INSTRUMENTAL COMPLIANCE IN CM/G
READ(S; 91 INNyNSUM , ALPHAG ) ALPHAL , TG
1 CARDI NN IS NO. OF SHAPE FACTORS; NSUM IS TNTAL NU. OF RUNS;:
ALPHAG AND ALPHAL ARF EXP. COEFF, RELDW AND A3QVE TG3
FXPo, CUEFFS. NFED ONLY BF ESTIMATES
ALLL TEMPERATURES IN DEG. K
CUMA(1)=0,
K=0
MPR=1
EPR(MPR)=10%%14
C A VALUE HIGHER THAN ALL POSSIBLF MODULI

]

0

[aNsNaNe
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DO 1000 [JK=1,4NN

REAND(5492 )Ny, CONST

1 CARD N IS NO. OF RUNS FOR GIVEN SHAPE FACTOR;
CONST IS SHAPE FACTOR IN CoGoeSoe UNITS

N0 100 I=1,4N

K=K+1

READ(S,92)M,DEL , TEMP

1 CARD: M IS NDO. OF POINTS IN RUNp, INCLUDING BLANKS]

DEL 1S DEFORMATION IN CM; TEMP IS IN DEG. K
READ(S,89) (F(L) jL=1,M)

UP TN 3 CARDS: FORCE READINGS; IF NO READING TAKEN,
NDEG(K)=TEMP

ALG=0.

WSUM=0,

ALPHA=ALPHAG

IF(TEMP=TG)61,61,62

ALPHA=ALPHAL
C=CONSTH*TG/TEMP®({1 o+30% ALPHA%{TEMP-TG) )

DO 101 J=1,4M

E(J)=C*F(J) /(DEL~CORR%F (J))

IF(E(J) «GTe100) ELOG(JI=ALOGLO(E(J))
IF(WT{J)eEQs0e) GO TO 101

IF(E(J)-EPR(MPR)) 101,411,411

IF(J.GT.MPR)GO TN 101

DO 4 LL=J,MPR

IF(EPR(LL) «EQ00.)GO TO 4

GO TO 1

4 CONTINUE

3 ALG=ALGHWT(J)*(ALOGLO(T(J))—ALOGIO(T(LLL))-ALOGIO(EPR{LLL)/F(J))/

C
C
Cc
C
C

62

A1

11

1

2

12

13

S

101

8

9

200
C
C

100

1000

IF(EPR(LL)-E(J))I10142,2
DO 5 L=LL,MPR

LLL=L-1
IF(EPR(L).EQ.0,)G0 TO 5
IF(FPR(L)-E(J})12,12,5
IF(EPR(LLL))I101,13,3
LLL=LLL=-1

G TO 12

1ALOG10(FPR{LLL)ZEPRI(L) ) *ALOGI0(T(L) /T(LLL)))
WSUM= WSUM+WT ( J)

GO T2 101

COINTINUE

CONT INUE

IF(KsEQel) GO TO 800

IF(WSUM)B,8,9

WSUM=1,

ALG=ALG/WSUM

CUMA{K)=ALG+CUMA(K=1)

CONTINUF

WRITE(6,93)K,TEMP,ALGy CUMA(K)

RUN NO:3 TEMP.3 LOG SHIFT; CUMULATIVE SHIFT
WRITE(6995) (ELOG(J)gT{J)gJd=1,M)

PAIRS OF VALUES OF LOG E AND TIME

MPR=M

P 100 J=1,M

FLOG(J)=0.0

FPR(JI=E(I)

CONTINUE

LEAVE BLANK

PPN



103

104

102

105

1001
86
87
a8
89
90
91
92
93
95
96

RUN

0.0 3.
10eH0% 60
10e918& 300 109507 400.
136850 1700
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NN 102 I=1,4K
IF(DEG(I)=TG)102,y6,7
N 103 J=1,4K

CUMA( J) =CUMA( J)-CUMACT)
GN TO 105

ARFF=CUMA([)+(CUMA(I—1)-CUMA(I))*(DEG(I)-TG)/(DEG{I)—DEG(l—l))

DO 104 J=14K

CUMA( J) =CUMA ( J) —AREF

G3 TO 10S

CONT I NUE

WRITE(6,88)

G0 TO 1001
WRITE(6,96) (CUMA(L) yDEG (L), L=1,K)

PAIRS OF VALUES OF LNOG SHIFT AND TEMP, REL. TO TG

CONT I NUE

FORMAT(20A4)
FORMAT(*1°,20A4)

FORMAT('0 TG OUT OF RANGE?Y)
FORMAT{20F4e1)
FORMAT(16F500)
FORMAT(21292E7:3¢F4e1)
FORMAT{I23E703,F4a1)

FORMAT (SORUN® s 13,F8e1,° DEGoK?®;2F1003)
FORMAT(909 48(F93,F7.0))
FORMAT( 0% 3 16F8.3)

STOP

END

Sample Output

tOONA=RRFA
1 270,13 DUGX 00 0.0

tDen2d De
10.9R 1Y

1.0l 10.
10552 100,
10409 500
10037 2500

10000 1S
10e580 1204
1004892 AU0 .

10486 2000, 10,429 3000,

10374 10030

T73e3 DEGWK

RUN 2 -0 957 -0e957
Je0 3. 105063 LY 10554 10. 10543 15
104503 60 10.435 8C. 10,638 100 104483 120

1Nea%7 3030
10392 1700,
10304 10000,

10.467 40Co
10.132 2000,
10,294 12300,

100437 500
104372 2500e

10.432 600
106362 3000.

RUN 3 2794 DEGeK -0e372 -1.328
10+ 501 3. 10547 Se 10.53t 10, 10519 1Se
10.481 60, 10.468 80 10+466 100. 10.461 120

10.438 300.
10,372 1702,

10,429 40Ce 104421 500
10345 2000, 10355 2500.

10.414 600.
10,337 3000,

10.278 10000.

!
BUN 9O 3080 DEGaK =1a877 =S54512
10221 3. 10.182 L 10166 10e 100146 15
10067 60. 104053 Q0. 10.041 100. 10.027 120
9950 S00. e 237 400, Y913 500, 9900 60N
94765 1700 2,778 2100, Q754 2500. 9,733 3000.

00606 2704300 <=0e¢311 2784300 =0.682 279.400 ~1e0RA 2834600

~8oAAC 309,000

10575 40,
10.530 200,
104462, 1200¢
106399 6200,

10,512 4.
104869 200,
104806 1200
10.328 6000,

100490 40.
104647 200,
10.386 1200,
10,307 6000

10096 40,
94994 200,
94832 1200.

=3.939 297.900

10570 S0
104921 S50
10 4HH 1400,
1Ce 486 RIOVVe

10510 ET\RY

10.a61 250

1C+a01 1800
10313 BO0O.

10+480 50.
10.443 250
1C«378 1400,
10291 8000,

10,083 S0,
Q77 250,
SeBL7 1400,

-84339 3025200



APPENDIX D

Program for the Conversion of Static Modulus
to Dynamic Compliance

The fortran program 1isted below performs the following
operations:

(i) Calculation of reduced modulus versus reduced
time. This is done by using the raw stress relaxation
data used in the previous program, along with the shift
factors and an additional parameter representing the
number of points of overlap with the upper envelope for
each run, to calculate Er versus tr.

(ii) Computation, by simple interpolation, of values
of E. for each run at even logarithmic intervals of t.
(speclflcally, at intervals of 0.2 log units).

, (iii) Computation and sorting of values of E_  on the
upper envelope of modulus at even logarithmic 1ntervals
of t

(iv) Conversion of the upper envelope of modulus to
a lower envelope of compliance by the method of Hopkins
and Hamm:.ng,17 which is based on the approximation of
convolution integrals. The initial value of D(t) is ob-
tained from Eg. 13. An initial fluctuation in D(t) re-
sults from the inaccuracy of the initialization, but the
function converges rapidly.

(v) Conversion of the individual curves of modulus to
compliance. The values of D(t) from the lower envelope
up to the point of deviation in any one run are used to
initialize the conversion of the subsequent long-time de-
viations. In this way, the initial fluctuations in com-

pliance for any one run (except the first) are avoided.



‘sl

664
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(vi) Calculation of the values of subtracted com-
pliance, as illustrated in Fig. 12, since values on the
lower envelope and corresponding values of the devia-
tions are obtained for the same discrete times.

(vii) Conversion of the values of D(t) in any one
run to dynamic compliance, D' (w) and D" (w), by the
method of Schwarzl and Struik.?! The approximation

D(t) =c  +c (Int) +¢ (Int)2 +c (ln t)? (D1)
1 2 3

is made. The subroutine CURVFT is used to obtain the
best-fitting set of constants to the above relationship.
The values of D', D" and tan § = D"/D' are evaluated at

different values of w according to the following rela-
tionships

D(t) - 0.5772 <S2{t)

D' (w) = T(in £
_ a:n(t) _ aao(t)
002447 ——d(]_n t)z" 0.1954 m

w(g) = B 4p(e) _ _a’D(t)
DT(w) =3 <d(ln 02 272 Fn 02

+ 0.5778 ~&D(E) (D2)
d(ln t)?

Program “CONVETOD"

CONVERSION FROM F TO D

DATA CARDS AS IN MASCURVF UNLFSS SPECIFIED

DIMENSION T(150) ,G(150),Z(150),F{150),3(150),R(150),TE(150),D(150)
DIMENSTION X(150),Y(150),P(400),S(400),U{50),V(50}
DIMENSION WORD{20) ;TIME{B0) ¢yM{S0),MS(50) ;MI(S50),A(50)
FIMENSINN WT(30) ,COF(A) ¢ XF{1),YF(1),CUPLI30), TLOG(30)
MIMENSION TJ(8),CMPL1(8),CMPL2{B), TANDFL(8) ,FREQ(8)
ENAT=2.302585

P{=3.14159

NN A54 J=1,30

WT(J)=1,0

WFIGHTING FAZTO® IN SURROUTINE CURVFT

REAN( S,88)NFREQ

1 CARD: ND, OF SETS OF FREQUENCY



74

71

72

100

22

24
23
50
51

S8
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NN 299 JKLM=1,NFREAN

READ(S,90)FREQ

1 CARD: SEV OF DISCRFTE FREQUENCTES
N 665 J=1,9

TJI(J)=-ALOGI{FRFQ(J))

READ( 5,83 )NCURVY

DN 239 TJKL=1,NCURV

READ(5,86)WORD <

WRITE(6,87IWORD

READ(5,92)L ,CORR

READ(S¢90)T IMFE
READ(E,Q!)NN.NSUM.ALDHAG'ALPHAL.TG
READ(S,93) (A(LL) yLL=1, NSUM)

1 NR MORE CARDS: SHIFT FACTORS
READ(S5,88) (MS(LL),LL=1,yNSUM)

1 CARD OR MORE: NQe NF POINTS PFY RUN ON ENVELOPE
1=0

ni1Y=A(1)

NN 101 TJK=14NN

READ(S5,92INy, CONST

") 101 JUKL=14N

K=0

L=t¢+1

READ(S5,92)M{ L} DEL,TEMP
ALP-4A=ALPHAG
[F{TEMP-TG)73,73,7%
Al_PHA=ALPHAG
C=CINSTHXTG/TMPX{ 1 o¢3 % ALPHAR{TEMP-TG) )
MM=M{ L)
READ(S,89)(F(LL)LL=1MM}

NN 100 J=1,MM
FlJ)=CH*F(JIV/Z(DEL-CORRXRF {J)})
IF(F(JIIITL 71,72

M(L)Y=M(L)-1

GO T0O 100

K=K+1

X{K)=ALOGIO(TIME(J)I=-ALL)
Y(R)Y=ALOGIO(F(J))

CONT I NUF

MM=M( L)

WRITE(6,85}L

WQITE(6996D(X(LL)gY(LL)oLL=lgMW) <z
J=0 <%

X1=ATNT(X(1)%5:) /S0
MMS=MS(L)
X2=AINT{X{MMS) %54} /S
MS(L) =(XP=X1)%5.4001
IF(X(1))22,23,23
X1=X1=002
TFIX(MMS}))23,23,264
MS(L)=MS(L)+1
{PR=T 41

X1=X14062

J=J4+1
IF(J-MM)54,564,55
IF(X(JII-X1)S1,52,53

(i)



52

53

55

101

57

48
49

58

63

6&

60

62

61
200
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1=1¢1
PLIY=Xt
slii)=vy(J)
GD TN S0
1=1+1
2¢1)=X1
S{II={Y(I=1)=Y(I))RI(X{II=X1I/Z7({X(J)=X(I-1))2Y¥Y(I)
G0 TO S0

M{L =1-1PR41

WRITE(HK,84)

WRITE(6,96)IPILLY SILL) jLL=IPP,I)

ZONTINUE &

MS {NSUM)=M{NSUM) &

MSUM=T

IPR=1

Xx(1)=pP(1)

T{1)=10.%%X(1)
NX=50%(P(MSUMI=-P{1))+1l.1
NN 56 [=24NX
X(T)=X(1-1)¥+De2
TCI)=10%%X(1)

MJ(1)=1

KK=MS(1)

DN 57 J=1,KK

Y{3)=S(J)

Z(JI)=10.%%Y(J)

J1=M(1)+1

N0 200 L.=2yNSUM
J2=J14+MS(L)-1
ND=(P{I1)=X(KK)I¥S,
IF(DDoLTo=0o1) DO=NN=0,1
JX=DD+0.0%
IF(MS{L)4+JX-1)48,49,49
JX=1=-MS(L}

MJ(L)Y=UX

JX1=1ABS{JX-1)
IF{JX-11358,59,60

N 53 J=t o JXI
YIKK=JIX1+I)=(Y{RK=IX14+IDV+S(IJ1+I-1)372,
ZIKK=JX1+J)=1 0o Y (KK=-JXT14J)
IF(JIX1.EQaMS{L)) GO TO 200
J3=J1+4X1

DN 64 J=J3,J02

KK=KK4+1

Y(KK)=S({J)
7{KK}=10%¥Y(KK)

50 T2 200

DO 62 J=1,JX1
VIKLKEI)I={V(KKIRCIX=I)+S(I1I%J)/FLOAT(IX)
ZIRK4+J)I=10 25 Y{KK2J)
KK=KK4+JIX1

DO 61 Jd=J1,J2
KK=KK+1

Y(KK)Y=S{J)
Z(KKI=10e%xVY(KK)
J1=J14M(L)

(ii1)




n

21

i2

14

13

659
70

67
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WRITE(6,83)
WRITE(6,98)1 ¢ X(LL) ¢V(LL) yLL=1,NX)
WRTITE(6,5,04) (MILL) gMSE{LL D MICLL) yLL=14NSUM) &

NO 4 I=14NX <
GLIY=2{(1)/2(1)
F(1)Y=T(1)

DO 5 I=2,NX
X{(I-1)=X(I-1)+0.1

PO={Y(I-1)-Y(T1))/0.2
I(1-1)=SORT(1o/Z(1)/7Z2(I-1))%SIN(3.14159%DD)/3,:,14159/DD
FOI)=F(I=-1)+(GlI=-1)+G(IN)IXT(I)=-T(T~-1)) /2,

C=D(1)

N(1r=1. )

UINSUMY=A(NSIM)

NSUME =NSUM+1

M{NSUM1)=0

MJINSUME) =1

20 53 L1=1,NSUM}

L=NSUMI-L 141

IF(L.EQeNSUMI ) J1=2

DO 13 T=J1,NX

11=7-1

PO 8 J=1,I1

TE(JI)=T(I)I-T(I)

L0=0

NN 8 K=2,1

[F(LOY10,10,8

IF(TE(JII-T(K))O,21,8

Lo=1

GX=G{K=~1)#(TZ{JII)=-T{K=-1) IE{(GIKI-G(K=-1)I/{T(K)-TI(K-1))
TE(I) =F(K=1)4(G{K-1I+GXIR(TE(I)-T{K=-1)}/2,

GO T2 8

TE(J) =F(K)

Lo=1

CANTINUE

1F(I-2)13,13,12

2(11) =0,

12=1-2

DD 16 J=1,1?

PITEYI=R(IT1)+Q(IIH(TE(II-TF(I+1))
A(I13=(T(TI-R{CE1DD/7TE(TL)

CONTINUE

NX1=NX~-1

IF(L=NSUM1)HK7:692,299

PN 70 J=1,NX1

Y(J)=QlJ)*C

Y(2)=Y(2)/72.

WRITE(H82)

WDITE(");QCH(X(LL)qY(LL)gD(LL)pLL=19NXl)

LNG TIME; D(T), 2ND AND 1ST APPRPNX,

GO 71 65 &

J1=J1-1 &<
YSUM=MSUM=-M{L)
KK=0

IF(LoFQel) MSUM=MSUME I

(iv)



66

127

666

668

2

Ve

65

68
99
78

a1
a2
83
as
as
16
87
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ND A5 J=J1,NX1
MSUM=MSUM+1
KK=KK+1 . .
D(MSUM)=X{ J)+A(L) (v)
TIME(KK)=X{(J)

SIMSUUM)=Q(J) %C

Y(KK)=S(MSUM)

IF(LsFQel) Y(2)=Y(2)/2,
WRITE(6,81}L
WRITF.(6,97"T‘ME(LL)'Y(LL,'LL=1'KK,
DD 127 J=1,KK
TIME(JI=TIME(J)+A(L) <€
JJ1=J1-5 %
IF{JJ1eLTe3) JUI=3

KKK=0

DO 666 J=JJ1,NX1

KKK=KKK+1

CMPL (KKK)=Q( J)*C

TLOG(KKK)=ENATX(X{J)+A(L))

CALL CURVFV{TLOG)CMPL yWT KKKy1y3yCOFgNCOF¢=1,04XF,YF)
WRITE(6,78)NCOF, {COF(J) ¢J=1 {NCOF)

DD 668 J=1,8
DFLo=an(1)+coF(29*7J(J)4C0F(3)*TJ£J)#rJ(J)+an(¢)*TJ(J)*rJ(J)*
1TI(N)

DELI=COF(2)42.%COF(3)%TJ{ IV +3.%COF(4IXTIC(I) *¥TIC D) (vii)
DEL3=6.%COF(4)

NDEL2=DFL3%TJ(J)+2, %COF (3}

CMPLI (J}=DELO=-0S772%¥DFL 1-c2447%NEL2-,1954%3F| 3
CMPL2(J)=(DEL1-.5772%DEL24.577B%DEL3) %P1/ 2,
CMPL1(JIY=ALNGLI0C(CMPLI(J))

CMPL2{(J)=ALOGI0(CMPL2(J))

TANDEL(J)=CMPL2(J)-CMPL1(J)
wnxrs(s,a0)¢rksa(J).CMDL!(J),CMDLa(J).TAVDEL(J),J:l,a)
FREQUENCY TN HZ3 J%,J9¢,1 0SS TANGENT IN L0G UNITS
IF(L.FO-1) GI TN 299 B
J1I=NXE2=M(L ) -MJ{L ) -MSC{L~-1)

NX=J1-14M{L-1)

MSUM=MSUM=-M{L Y =M{ L-1)

IF{_oFRo2) Ji=2

IF(LLoEQo2}) MSUM=1

NN 58 JS=J1 o NX

MSUM=MSUME1

2{(IV=10%%S{USUM)

5(J)=2C(J)7Z(1)

FOD=FJ=-1)14+(G(I=-1)#G (IR T(II =T (J=-1)) /2,

CONTYINUE

FORMAT(SONCNF :0,[?90 co =°9812059° Ci =°yF.12059° c2 =°'F1205'
1°C3 =9,F12,5)

FORMAT(0° y3(E12e32,7 HZ?,3F8,3))

FORMAT("0 UN °,12,° COMPLTANCE VS TIVWE®)

TOPMAT(°0 LIWER ENVELOPE OF COMPLIANCE VS TIMFo)

FORMAT(®0 WU2PER ENVELDPE 0OF MODULUS VS TIME® )

EORMAT (0 - INTFRPOLATED VALUES®)
FORMAT(®0 RUN °312,° MODULUS VS TIME - EXDPFRIMENTAL VALUFES )
SORVAT(20A6)

FORMAT(°1% ,20A4)
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ae =APYAT{401?)

A9 FNRPMAT(20F4.1)

90 TORMAT(16FSe0)

91 FORWAT(212.2E703,F4.I)

92 FORVMATIIP ,E7e34F80l)

93 TNRMAT(13F6.3)

94 FOPMAT(®D®?,11(15,213})

96 FNORVMAT(90° ,16{FB8.3))

97 FARMAT('0% ,7(FbHolF1204))

98 FNRUAT{?0°,9{FBol,F8.3))

99 FUQMAT('O',Q(F6.I,EIZ.Q,EIIa3))
STOR
FND

Sample Output

LA A= 'TA

RIS 1 FRENTRI GRS TR ) TpuE Y AL VAL

- N 11 "0 EE TIR i R B RN L I B LR B wheh A 11,.¥00 LR TR AL ty.d - tenit 19071
T P R Phd R DL L L B PAT 10O =AY VNPT T R B P B P N

L 10,0 % =Vt 109D R R N L RN BT TR T AR T L P I AL

P PRI RN XL -2,T17 10977 S, 10D E =2 af1Y 10,11 -T,A405 10N 0 an, 3 10e Y

o ENTEUBYV AT VALUFS

e 0 ttedtt:  ~ae%0 11010 =3,~09 .ll.-f‘ll -A 400 11304 —t.u0n 10,931 -4 0 AR
c 1,40 1078  =TN0 10.93% 3,000 17,90 =290 10979

SUN P VOPBUS VS TTWE - FROEDIMENTAL VALUFS

3.2 10986 =755 10.070 =71,5133 10,063 =3,I7 104367 -"e31 10,239 =2. A3 17, 3348

Pe7RS 10,3130 -T.n3A 10,027 =2.630 10,9273 ~2+531 10,7178 22.APT 10,9 =2,27V 10, ne

“2e3% 10,907 =Je15) 1 0. ROT7  =D2,.09 10 8OG =24 029 10,232 —1e®%4 10,873 =1.78% 10,876

=1 SRR 10777 1510 10959 “14"33 10.RARA ~1e858 10,377 14778 | 0HaR ~1e237 10,934
- INTFEPILATED VALUFS

-3.89C 1Nn.221 «3,620 106977 ~3.400 10,062 =3,230 10. 957 ~2,600 104927 =?2.010 10711

=2.20) 10,300 ~2.309 10,839 =1.820 10,B78 =1.600 10:,9A7

oUN 14 MADULUS VS TIMF - EX2ER TMENTAL VALUES

1040/9 n,029 10.745 9,919 10,867 9,897 10,613 96877
11235 G.n13  t1e312 9.805 11370 Q9,799 11.467 Q.78
11.74R N, 787 11887 2.739 11.918 Qe 776 11972 ° 9o71R
1212 Q669 124370 9.659 12467 9.639 12.546 D519

11069 5.833 11.15A8 G020
11.670 Fe7H2 114722 Qe 735
12.166 Q.67 12,245 9.633
124722 V586 12.7063 .574

- INTESRPILATED VALUFS

10.700 9.721 10,609 9.303 10.600 9,801 10.400 9.859

11.400 9.79 . -
11.nn0  G.7a8 12,000 9,713 12,200 0.6FA 12,800  9.653 * +79%  11.400 94771

UOPFR FNVFLOPE 9F MOOULUS VS TIME
.0 11.02h =A.R 11019 =8.5 11.011 8.8 11.004 =8.,2 10,997

— 3,7 10,952 <=3.0 10,0472 =2, 10.932 2.6 10622 =248 12711
“1.5 10.855% =142 10.R43 =-1.0 10,832 -0eB 10.A21 =06 10.904

~3A 10,973 =3,4 10.7061
“1+9 104878 =j,6 13.R5h

0ua 10,750  0e5 10739 0.9 10.724 140 10.711 142 10,699 ?:g :g:;l: :‘i 12.741
oA 17635 2.8 10.523 2.6 104609 2.8 10.539 1.0 1%.902 Teh 1meent  ta 17.648
heh 10.510  8e2 10,392 8,4 10,877 806 10,362 4.3 10,347 6en 10.19% 5.4 :“-»’ﬁ
Geqd 103AD 6.0 10,382 6+2 10,325 6¢8 10.306 5.6 17.286 702 10.740 7'” "-3’6
Pet 12,191 7.8 18.169 8.0 10,149 8,2 10128 R.8 10,101 ' " A i0.21

2.9 110.036 e ? 13.020
1%.9 N.R5A 11.0 PeA0
12+ 4% 9.610

©,48 10.000 Teh 9990 9.8 ‘Qe957 100 9.781 10.2 2.720
11e2 2,217 118 9,796 11.6 Q9,771 131.8 9,768 12.0 9.717%



16 10 1 13 9 -3 13 10

1y 8 -3 14 8

-8 13 23

2
-1

13 9 -6

LOWER ENVELOPE NF CIMPLIANCE VS TIME

=8,9 0+978E~-11
-841 041020F~10
~3.3 0.1105F=10
~2.% 0.1215F=10
-147 Ce1345F-10

0e2495~11
0.101£~-10
0.110F~10
0.124F-10
0.1"342-10

0.0 0,1491E=10- —0s18AF=10"~

. 00 16705-10
0.7 0s1PSTE=-10
1.5 0.2NQ0E=-10
2e7 0.23405-10

TR 1T 0L PESAF ST 00 P64F 10

3.0 0. 2021E-10
4,7 0.32400E-10
Se% Cs4091F=10
f.3 0.4R075~10
Tel Qe S714F=10
7.9 CeFARAT~10
Qe? (.RA13~10
Q& 0s1013=09

10s3 Cel12195-09

11el 0etanac=09

119 Cot831F=09

0.166C-10
0s1864€-10
0+208BE=-10
0.2335=10

0,2Q0E-10
0+3488BE~-10
0.476E-10
0:s876E~-10
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CHAPTER V

SUMMARY: CONTRIBUTIONS TO ORIGINAL KNOWLEDGE
AND SUGGESTIONS FOR FURTHER RESEARCH

This thesis is a study of the contributions of ions to the
viscoelastic effects observed in polymers. Three types of
systems were considered. The first of these was one in which
permanent crosslinks were introduced into an ionizable material,
so that the inherent effect of ions on rubber elasticity could be
observed. From simple considerations of entropy and chain
dimensions, equations were developed to predict the modulus of
elasticity of a two-component rubber, one component of which is
ionizable. Experiments were performed to determine the modulus
of such a rubber, namely a crosslinked poly(vinyl alcohol) -
poly (acrylic acid) gel, in its acidic and ionic forms. The
experimentally determined ratio of the moduli was found to agree
semi-quantitatively with the predicted value. Possible reasons

for the discrepancy were discussed.

Secondly, the effect of ions on the dilute solution visco-
elastic behaviour of linear polymers was studied. Experimental
techniques for studying such a system are only now becoming
available; therefore, this part of the thesis was an attempt to
predict the results of such experiments. The bead-spring model
of Rouse for the two simplest cases (two and three beads,

respectively) was modified to incorporate charges on the beads.
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The variation of dynamic viscosity with frequency was obtained
for both the two-bead and three-bead systems, and expressed as a
function of the ratio of charge to average end-to-end distance.
Calculations from this model indicate moderate increases in both
the viscosity and the relaxation times of the ionized material,
and also a broadening in the distribution of relaxation times
with increasing charge to end-to-end distance. The parameters
used in the model were obtained for systems which could well

prove to be experimentally possible in the near future.

Finally, the third part of the study was concerned with
the effects of ions on the viscoelastic response in concentrated
solutions of completely ionizable polymers. In this case, a
theoretical approach would have been impossible, but experimental
techniques were available for such a study. The polymers chosen
were the sodium salts of poly(acrylic acid) with various
plasticizers. Pseudo-master curves of modulus versus time and
modulus-temperature curves were obtained from stress relaxation
data on these materials. The variation in the mechanical
properties as a function of the degree of neutralization and of

the type and amount of plasticizer was observed.

An X~ray diffraction study was taken in support of the
thermomechanical study; the structural implications of the
findings were discussed in the light of current theory and of
observations by other workers. Using a technique previously

applied only to non-phase-separated polymers, the pseudo-master



- 169 -

curves were split into two separate master curves, corresponding
to a primary, short-time mechanism and a secondary, long-time
mechanism. These two mechanisms were found, by direct and
indirect evidence, to be essentially ionic and nonionic in
nature. Another supportive study, using a torsion pendulum, was
made; the results were correlated with the behaviour of the

primary relaxation process. The existence of a third, competing

mechanism was suggested.

There are several areas in which further research might
prove fruitful. The charged bead-spring model could be modified
in two ways. First, a parameter could be included to account for
the effect of ionic shielding by a counterion atmosphere (such as
a simple Debye radius). This would undoubtedly reduce the
magnitude of the viscoelastic effect of ions. Secondly, the
three-bead assembly could be generalized to the case of n charged
beads. With appropriate consideration of counterion effects,
this could be a realistic model for polymers containing multiple
charges such as ionizable copolymers. This work would involve
considerable iterative approximation since the resulting differ-

ential equations would not likely have easily accessible

solutions.

Additional studies could be made in the poly(acrylic acid)
system. A more complete study of the dynamic compliance should
be undertaken to investigate the nature of the sub—Tg process.

Knowledge of its variation as a function of the degree of
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neutralization and of the type and amount of plasticizer should
aid in understanding the viscoelastic effects of ions. Coupled
with this study should be a more extensive study of structure,
perhaps by a spectroscopic technique as well as X-ray, to more
accurately determine the effect of plasticizer on the structure.
It would be especially rewarding to study the structure as a

function of temperature to see if observations correlate with the

thermomechanical investigations.



TABLES OF SUPPORTING DATA FOR FIGURES

Chap. II, Fig. 1, p. 33

. E
Material (x10‘° dyn/cmz) Vr
9.58 0.329

9.12 0.346

9.40 0.379

Sample A, 9.79 0.397
acidic 9.86 0.419
10.14 0.442

10.53 0.474

8.98 0.304

Sample B, 9.06 0.332
acidic 9.24 0.357
8.84 0.316

Sample C, 9.08 0.359
acidic 9,60 0.399
10.5 0.455

4.5 ©0.131

4.6 0.146

4.45 0.177

5.5 0.204

Sampee B, 4.77 0.169
: 4.33 0.195

4.74 0.222

5.43 0.249

6.38 0.303

4.4 0.135

4.2 0.142

4.3 0.157

Sample C, 4.4 0.168
ionic 5.0 0.205
5.25 0.229

5.65 0.230

6.4 0.251
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Chap. III, Fig. 1, Pp. 71

case | [n1/Inl, Mg -EB'
(1) 1.234 1.106 1.100
(ii) 1.145 1.065 0.635
(iii) 1.395 1.194 2.06
(iv) 0.805 0.915 -0.635

Chap. III, Fig. 2, P 72

WA (n"1/1Inl ([n"]/[n])E___o

1/10 0.111 0.099
1/4 0.260 0.235
1/2 0.425 0.400
1 0.493 0.500
0.371 0.400

0.218 0.235

10 0.095 0.099

Chap. III, Fig. 2, p. 75

- 1 by
case | i1, | Ay, | @D ¥
(1) 1.244 1.077 0.78
(ii) 1.145 1.047 0.45
(iii) 1.44 1.13 1.45
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Chap. IV, Fig. 2, p. 103
TEMP. | =269 16l 5¢2 10e4 19a1 2200 24,7 290 34.8
LOG A 0665 =0e31 —0065 ~1607 =273 ~3.67 —3.95 -%038 —-4.86
TIME |LDOG € LOG F LDG E LOG E LOG E LOG E LOG E_1LOG
3 10:56 10054 10043 1034 10632 1027 10022
6| 1063 10,57 10e54 10052 1040 10431 1029 10+24 10,19
10| 1061 10655 10.53 10,50 10638 10029 10+26 1021 10,17
15/ 1060 10054 1052 10649 1036 10027 10024 10.20 10015
20/ 1059 1053 1051 10048 10435 10026 1023 10019 10,13
30| 1059 1052 1050 10047 10034 10024 1021 10616 10011
40| 1058 1051 10:49 10646 10632 10023 1020 10,15 10.10
50| 1057 1051 1049 10.45 10.32 1022 10,19 10.14 10.08
60| 1057 1050 10.48 10.45 1031 10021 10018 10213 10.07
80| 10656 1050 10047 10044 10629 10419 10016 10412 10405
100| 1055 10649 10,47 10643 10,29 10,18 10,15 10,10 10,04
120 10055 10648 1046 10643 10028 10017 1014 10,09 10,03
160| 1054 10048 10:46 10642 10027 10016 10613 1009 10,02
170] 1054 10,47 10+45 10e41 10626 10015 10,12 1008 10.00
200| 1053 10647 1045 100,41 1025 10014 10c11 1007 9099
250| 1052 10046 10e44 10040 10024 10013 10.10 10,05 9.98
300| 1052 10.46 10:44 10039 10023 10:12 10,09 10,04 9.96
400] 10051 10045 10043 10038 10022 1010 10.07 100,02 9094
500| 1050 10,44 10.42 1037 10021 1009 10005 10,01 992
600] 1049 10643 10.41 10,37 10.20 10,08 10,08 9.99 ©S690
800| 10048 10042 1040 10.35 10s18 1006 10:02 9097 9087
1000| 1047 10041 10039 10.34 10016 1004 10,00 995 9.85
1200| 10046 10041 10039 10033 10015 10,02 9599 9093 9083
1800| 10046 10040 10038 1032 10014 10001 9097 9092 9.82
1700| 10045 10039 10.37 10,32 10:13 10:00 9096 9090 979
2000| 10.44 10038 10.36 10.31 10012 9:98 9:95 9.88 9.78
2500| 10044 10037 10035 10:29 1010 9096 9.93 9.86 9475
3000| 10.43 10636 10035 10,28 10,08 9094 9091 2,73
4000| 10041 10.35 10033 10:27 10,06 9,92 9.88 9,70
5000| 10040 10033 1032 10:25 10,04 9090 9.86
6000| 10040 10033 1031 10024 10,02 9.88 9085
8000| 1039 10631 10029 10.22 9299 9085 Q.82
10000] 1037 10,30 10.28 10021 9,97 986 9.80
12000 10029 10,20
14000 10619
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Chap. 1V, Fig. 3, p. 104

TEMPe |=20:8 ~34e¢1 -283.8 -23.6 -20e6 -20.3 =159 -1300
LOG A 36413 1018 0018 ~1e39 -1263 ~1e86 —3654 —4.46
TIME | LDG € LDG € LOG E LOG E LOG E LOG E LOG E LOG E
3] 1100 10090 1083 10.64 1019 9098
6l 10,99 10.88 10,80 1058 1052 10048 10.12 9490
10] 1098 1086 1078 1053 10448 10044 10,07 9e84
15! 10,98 10085 1075 100650 1045 10040 10,03 9079
20| 1097 10-84 10.74 10+47 10042 10637 1000 9676
25| 1097 10083 1072 10645 10,40 10635 9297 973
30| 10096 1082 1071 10:43 10638 10634 996 9.71
35] 10096 10082 1070 10642 10037 10632 9694 9069
40! 1096 10081 10470 10041 1036 1031 992 967
50| 1095 1080 10.68 1038 10434 10629 9689 9665
60l 1095 1079 10.67 10637 10632 10627 987 9.63
70| 1094 10079 1066 10.35 10:31 10626 9086 961
80| 10094 10678 10665 1033 10+29 1024 984 9,59
90| 10094 1078 1064 10632 1028 1023 9683 9.58
100| 10,93 1077 10664 10631 10:27 10:22 9082 9456
120] 10,93 1076 10:62 10029 10:26 10020 980 9.58
140] 10092 1076 10061 10027 10024 10019 9,78 9.52
160l 10,92 10075 10660 10026 10023 10017 976 9051
180| 10,92 10074 10059 10025 10.21 1016 9075 9,49
200l 1091 1074 10,58 1023 1020 10.15 9074 9048
250] 10691 1072 10657 10.21 10018 10,13 9071 9045
300] 10690 1071 10055 10:19 10c16 10612 9069 9043
350] 10089 1070 100564 10,17 10.14 10,20 9067 .41
400] 1089 10070 10053 10616 10013 100,09 9065 9,40
500] 10,88 10068 10251 10013 10011 10:06 .63 9.37
600| 1087 10667 10049 10.11 10.09 10,05 Q.61 9.34
700] 1087 10066 10:48 10010 10.07 10,03 959 .32
800] 10086 10:65 10,46 10,08 1005 10,02 9.57 930
900] 10,85 10064 10045 10,07 10:04 10.00 9055 9.28
21000] 1085 10063 10084 10005 10002 Q099 9.54 9027
1200| 10,84 310062 10043 1003 9,97 9052 Q.24
1400| 10,83 10061 10041 10,01 10,00 9096 950 .21
1600 1082 10060 10,40 10.00 9,94 9648 9,19
1800] 10082 10059 10038 9098 2096 9093 9,47 9018
2000] 10081 10658 10637 9097 9095 9092 9046 9016
2250| 1081 10656 10,36 9.96 9,91 9,44 9,15
2500] 10,80 1055 10035 9.94 990 9¢43 9,13
3000] 10079 10653 10,32 9092 .88 90,41 9oil’
3500| 10,78 1052 10031 9,91 9,86 9039 9,08
4000} 10,77 10050 10,29 9,89 9,84 9,37
S000| 10075 10048 10,27 9,86 9,82
6000} 10,74 10045 100,24 984 9.80
7000] i0.73 10648 10,22 9,82 9,78
8000 1072 10062 10,21 9.81 9. 76
9000| 10,71 10041 10,19 9079 9,75
10000] 1070 10639 10,17 9.78 .73
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Chap. IV, Fig. 3 (cont.)

TEMPo | =106 3o7 1065 1664 28,1 31,3 3863
LOG A | =505 -6009 ~-7.17 =8.05 —9,22-10627-27,93

ryMe | LOG E_LOG E_LOG E LDG £ LOG E LOG E L0G E
3 923 8034
'3} 9,49 9015 80,92 864 B8e43 8029
10 9,38 Q.08 B8B.86 Be59 B8B.38 8.25
195 9o 33 9,04 8.81 B8:55 835 8.22
20 Q9629 94,01 8.78 BeS2 8633 8,20

261 957 9026 8,98 8o:76 B850 8431 8,19
30] 954 9¢24 B.,96 8,74 8,48 80,29 8.18
39 9652 922 8695 8,72 8,47 8.28 8017
4 0 D51 9,21 Be93 8071 Be46 8,27 B8e16
S0 9048 9018 891 869 B8e.44a 825 8615
60 9045 9.16 8,89 8.67 B8.42 8024 8.l4
70| 9043 9014 Bo87 865 B8.41 80,23 8013
80| 9.42 913 B8.86 B8.64 8.40 8422 8.12
90] 940 S.11 Be84& 863 Be39 8.21 8.11
100] 9039 9.10 B8.83 8.62 B8.38 8.21 8e11
120] 9637 9.08 8,81 8,60 B8e36 8019 8.10
140 S35 9.06 8,79 B8059 836 B8.18 8,09
160 933 9.05 B8.78 8,57 8.34 8s17 8,08
180 Qo032 9,04 Be77 856 80,33 8.17 8,08
200 9,30 9,02 8,76 8055 Bo 32 8016 8. 06
250 9,28 9.00 8,73 8053 8,31 815 8. 05
300 9025 8098 8,72 8652 B802% Boel3 80057
35C 9,23 8096 870 8.50 8028 8.12 8,03
400 9622 8095 Be69 8049 8,27 8s.11 8,02
S00 Q.19 80,93 Bo 67 8047 Boel26 8010 8,01
600 9017 8,91 8065 846 Boe2&4 8,09 8,00
700 9015 8,89 8.64 B8.44 Bo23 8,08 B8.00
800 9,13 8.88 8.62 8043 8022 8,07 7099
900 9012 8087 8,61 8:42 8o.21 8,07 7.98
1000] 2011 8086 B8.60 8s41 B8o21 Be06 7.97
1200 9009 BoB& 8,59 B8040 Bo19 8004 7.96
1400 2.07 8082 8057 80,38 80,19 8.04 7.95
1600 9,05 8.81 8,56 8037 8617 Bo03 7095
18000 9.04 B8.80 8055 8.36 8017 8,02 7.94
2000 9,03 8,79 B054 8035 8016 8001 7693
2250, 901 8078 8,53 B8o34 8015 8,00 7092
2500 9,00 877 8.52 833 8cl4 7.99 792
3000 8098 8075 8,50 B8.32 8-13 797 7090
3500 8096 8073 B8Bo49 8030 8.12 7096 7.90
8000] 8095 8072 B.47 8030 8.1l 795 7.88
5000 8092 8069 B8B.,485 80,28 B8.09 7.94 7.86

60L0 8,90 8,68 8043 8,26 8,07 785
7000 8088 8067 Bod2 8025 8006 7084
8000 8086 8s65 80,40 B8B.24 B8.06 7.83
90 00! 8085 8064 8023 8005 782
10000] B84 8B.38 8022 8,04 7.82

12000 8.81 8,62
14000 8.7°9
16000 B8.78
18000] B.76




Chap. IV, Fig. 4, p. 105

TEMPo 5801 —4705 =-37.9 —2704 —-19.6 -12.2% -850.5 =106 L XX4 119 103 18400 2401 30.6 39.8 5008
LLOG A 3095 2026 0033 -1.83 -3.06 =8.88 =7-13 =7.55 -9o,14-106e11 -10075-11 009—12022“12991—13091-14061
T IME LDG € LOG E LDG E LOG E LOG € LOG E LOG E LOG E LOG E LOG E LOG £ LOG E LOG E LOG E LOG E LDOG E
3| 10,83 10,70 10054 10,06 9046 9002 | 817 7090 7. 64 7048

6] 10,82 10,68 10051 10029 9099 Q.49 9,35 8,92 . 8,02 7e81 7¢56 7041

10| 10.82 10.78 10067 10048 10,25 9094 9042 90,30 B8.86 8056 8049 8034 795 Te75 7051 7037

15| 10,81 10,77 10.66 10067 10021 9, 90 9,38 9025 8079 8051 8,42 B8.28 7690 7.70 7,47 7To35

20| 1081 10077 10065 10045 1018 9.87 Q.34 9022 Be76 8447 8436 8e¢23 Te86 Te67 7045 T7o33

30] 10081 10,76 10064 10043 10,15 9.83 9,28 9.17 871 8042 8029 8416 7.81 Te63 To42 731

40| 10,80 10,75 100,63 10041 10012 90,80 Q625 9013 8.67 8,38 8.24 8013 7077 760 7039 7029

50 1080 10,75 10062 10039 1010 9078 9022 9,11 B.64 8035 8020 8409 7.75 7058 7.38 7.28

60| 10080 1074 10062 10038 10,09 9.76 Q.20 ©.08 8,61 8,33 8017 8006 Te72 7¢56 To36 To27

80| 1080 10,74 10061 10036 10,06 9.73 90,17 9.05 Bo58 8,29 Bel2 8.02 769 754 7034 To26
100/ 1079 10,73 10,60 1035 10004 971 9,14 Q.02 8055 8.27 80,08 8,00 7.66 751 733 725
120} 1079 1073 10,59 10034 10,03 969 9012 9,00 8,53 8025 8.05 797 T7e654 Tot9 732 To284
140 1079 10.72 10.58 1033 10,01 Qe 68 90,10 8098 8651 8023 8403 795 7,63 7.48 7.31 7023
170] 1079 10,71 1058 10,31 2,099 9. 66 9,07 80,96 Bo.48 8.20 800 7092 7060 7Te46 7229 7023
200 1079 10,71 1057 1030 Do 97 9. 64 9,05 B8.94 B8,46 8.19 7097 70690 759 745 728 7o22
250] 10,78 1070 10,56 10629 9095 96062 9,03 8,91 B.483 B8Bel6 793 786 7.57 743 727 7.21
300J 10,78 10070 1055 10027 2,93 9060 9,00 B8.89 B8.30 8.13 790 784 7.55 Te4l 726 7020
400] 1078 10.69 10.54 1025 90,90 90,57 8,98 B8.86 8036 Bo10 7 .86 780 752 7 39 724 7019
500F 10078 100,68 1053 10,23 9,88 9.55 8,95 B8.84 B8o33 8,08 782 777 7049 T37 723 7-18
600l 10,77 10,67 10.52 10.22 9.86 905% 8093 8080 8031 8¢ 06 779 775 7.48 7 « 36 7,22 7017
800| 10,77 1066 1051 10019 9,83 950 8088 8.76 Bo27 860 02 7e74 771 745 7.33 7021 716
1000 10677 106:65 10049 1017 2,80 9,48 887 8.72 80264 7.98 Te71l 768 7o42 731 7619 7015
1200| 10,76 1064 10048 10616 9079 9046 8,84 8o70 8.21 7295 769 766 7To81 730 7.18 715
1400] 10,76 1064 10047 10014 Q077 Qo044 8. 82 8067 818 794 7«66 7064 739 728 Tel? 7ol &
1700| 10,76 100,63 10046 10,13 974 Q042 8.78 8,64 B.17 793 763 761 70637 7227 7.16 714
2000] 10,75 10,62 10,45 10011 90,72 9+ 40 8076 B.62 815 7091 7e61 7659 7036 726 7015 7013
2500 10,75 10.61 10.43 10,09 9,70 9.38 8072 8058 B8ell 789 758 756 7:34 724 714 Te12
3000] 1074 1060 10.42 10,07 Q.67 9,36 80 68 8.55 8408 7,85 755 7Te54 7Te32 722 713 To10
4000| 10074 10059 10,39 10,03 Q.64 9632 80,51 B804 T« 82 7.51 Te51 Te29 720 7011 7 09
5000] 1073 1057 10037 10-01 9,62 9,30 8.00 778 788 Tol7 To27 Tol7 709 7008}
6000] 1073 1056 10.34 9,99 Q059 Q.28 798 745 786 725 7.16 7.08 7,07
8000| 10,72 10.54 10,33 De 95 .56 Q.24 Tet2 741 Te24 Tel4 707 7005
10000 1071 10.31 9,93 3053 9021 7481 7638 7022 T7oll 705 To08
12000 90930 9050 9,19 739 7636 To21 710 7004 703
14000 9,89 Jo49 9,18 734 7020 7,08 703 7,03
17000 9,86 o047 7.07 702

20000 9.84 9045 705

9LT



Chap. 1V, Fig. 5, P-

106

TEMP . 312 —2Bs2 —20603 —28e3 —21.0 T30.7 —17.8 —1645 —14e3 —11.8 —8.4 4.7 348 —-0e7 1e7 3.8 7.5
66 A | 5.89 5.05 2.38 3.26 1.47 1239 —0e31 -0e81 =229 —2+79 —4.61 C6e2 —B.1h —Be47 -3490 -9.45-10.19
cive | 1LoG £ LOG E LOG E LUG E LUG E LUGE L0G F LOG E LLOG E LOG E LOG E LOG E LIG £ LOG E LDG F LUG E LOG
ST T1o15 11.14 11,10 11.00 10.82 10.80 e 55 10.51 10424 10415 9479 9426 .75 8.
W 11014 11.12 11,08 10,97 10.78 10.77 10.54 10446 10419 10408 9,73 9.18 3.85 He77 Seh7 Be55 8438
1ol 11213 11411 11.07 10095 1075 10.74 10.50 10.42 10415 10,05 963 9.12 8.30 Be7l B8e67 B8e51 833
15l 11.12 11.10 11,06 10.94 10073 10.72 10043 10039 10.11 10.01 .64 9.07 3,75 Be6B 3.58 Be47 8.29
S0l 11.11 11.10 1105 10.92 10471 10.70 10.46 10.37 10,08 9.99 G661 9+03 A.72 B.65 3.56 Be&4s Be26
500 11210 11.09 11404 10.91 10,69 10.68 10.43 10434 1005 0e96 0,57 8.99 B.68 Beb1 BeB52 Be39 8.22
w0 11,09 11.09 11,03 10.90 10,67 10.66 10,41 10432 10402 9493  2.56 Be96 3.85 8,59 B.49 B.37 B8.20
6ol 11.08 11,07 11.93 10489 10,66 1065 10239 10030 9499 991 9.52 8¢93 8.63 BeS7 Be47 8Be36 8.17
60l 11208 11,07 11,02 10.88 10.65 10064 10.37 1029 9.98 9.39 .50 8,91 8.6l .55 3¢45 He32 8416
a0l 11.07 1106 11.01 10,86 1063 10062 10235 1026 995 9487 9.47 8.83 38.58 Be52 Be42 Be29 8413
100| 11.06 1105 11.00 10+85 10.61 10.60 10.33 10.24 992 9485 2.45 3.85 B8.56 8.50 340 8027 8410
120] 11006 11405 11,00 10+84 10.60 1059 10.32 10022 9491 9483 9.43 B8.33 8.54 B.48 8,38 825 B8.08
140l 11.05 11.08 10499 10.83 10,59 10.58 10.30 10.21 989 933 9.61 B8.82 B33 Be46 Be37 B.24 807
170] 11204 11403 1099 1062 10.58 1057 10429 10.19 9.87 9.80 9.39 8.80 BeS51 Bo44 B8e35 B8e22 8.08
200| 11.04 11.03 10498 10681 10.57 10055 10.27 10.18 9085 9.79 9.37 8478 8.50 8.42 3433 820 8.03
550| 11403 1102 10497 10.80 10.55 10.54 10.25 10.16 082 .77 9,35 8.76 58,48 8.40 831 8018 8.00
300 11.02 11401 10.96 10.79 10.53 10.52 10,24 10414 9481 9¢75 9433 875 8.46 8e39 8.29 8015 7.98
200 11201 11400 1095 10.77 10051 10.50 10421 10612 9478 973 9430 8470 8.36
500 11400 1099 10494 1075 10049 1048 10618 1010 975 970 9.27 8468 8.34
600l 10,99 10497 10,73 10.74 10,48 10.47 10016 10.08 O.73 968 9425 A.65 8.32
500 10098 10.97 10092 10,72 10045 10044 10e13 10,08 9.70 9466 9,22 3.62
1000} 1096 10+96 1091 1070 10.43 10.42 10410 10.03 968 9463 .19 8459
1200 10096 10.95 10.90 1068 10.41 10.40 10408 10,01 9.66 9:61 9,18 Be56
1400 10,95 10.94 1039 10,67 1039 10038 10006 099 9064 9+59 0.16 8.54
1700 10,96 10493 1098 1065 1038 10236 10,03 9.97 9062 957 9.12 8.52 :
2000] 10.93 10.92 10.87 10,64 10436 10.35 10.01 9496 9.60 9¢56 9.09 8.49
5500 10292 10490 10436 10461 10,34 10032 9.98 9.94 958 9De54 0.06 Be36
3000 10.91 10.A9 10.85 10.59 10,32 10.30 9.95 9.92 Q.56 9.52 09.04 Be43
2000 10.89 10.87 10.93 10.56 10.29 10.27 9.92 9.89 953 9.48 9.00 8.39
5000 10,88 10.35 10.31 10.54 1026 10.246 .88 9¢8T 951 9+46 B8.97 8.38
6000 1087 10.83 10230 10,52 10.24 10.22 9+86 0¢85 089 9¢44 8e94 8.35
8030 1085 1081 10.78 10.48 10.21 1019 Q82 9.82 9046 9042
10000] 10.83 10479 10.76 10,45 10.17 10,16 9.78 9.81 9.40
12000 10.77 9,76 .

- LLT
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Chap. IV, Fig. 6, p. 109

100Na-29FA 67Na-27FA 39Na-25FA 22Na-23FA 10Na-26FA 00Na-23Fa

T(*°C) LogE,|etc.

~28e0 11007 [-22.6 10.97 ~20.8 11.02 ~40.2 11,02[-59.5 10.80(-S1T-.38 10.57

~2000 11.05]-10:5 10.95 [~33.8 10,98 |-35.6 11.00]-49.2 10.78|-45.8 10.55
6e3 11001 | ~4.0 10,93 {~3003 10.92 [~25.4 10093 |=3867 1077 |-33e3 10.50
14.5 10,98 308 10490 {~20.0 10686 |~14.6 10.86|-26.6 10:69 =209 1042
2043 10697 | 14.9 10.84 | ~6e8 10.81| —4.6 10677 |-18¢8 10667 |~12.9 10.41
33+0 10492 | 28+4 10.79 Oe¢4 1078 7¢8 10065| =846 1059] -3.4 10.36
4203 10080 | 3841 1065 13¢6 10.68| 17.8 10.56 862 10447 8¢5 10027
Slel 1072 | 47.7 10.58| 2309 10.65| 2844 10:28| 168 10633 | 173 10,00
6263 10068 | 57¢8 10451 | 344 10.55| 36.5 9099 | 2246 1019 22,6 9.49
709 10665 | 6767 1036 458 10033 4207 9065 | 29¢4 9,53 | 34.9 8.15
80e6 10061 | 76.5 10,21 | 53.4 1016 45¢8 9059 34.9 9.14| 43.3 7.70
93¢1 10054 | 8642 10407 5607 10.05| 52,2 9638] 4305 8.78| 58,0 7.28

1001 10649 | 94.5 10,01 68,4 9.89 5500 8016)] 70.8 6.73

111.9 10,42 65.0 9,72 6842 7,60

121.4 10.35 77.6 9.28 | 83.5 70,29

132.,0 10.22 97.1 6,89

144.2 10.04

1518 9,95

Chap. IV, Fig. 7, p. 111

100Na-22FA | 100Na-29FA | 100Na-43FA 100Na-52FA | 100Na-67FA | 100Na~-72FA

3646 11.11[-28.0 11,07 [-26.5 10.941-57.3 1094 [-39:0 9.27|-88.0 9,97

“€9e4 11013[-2060 1105 [~16.0 10091 |~48.2 1090 (=278 9:09|-76.4 9,91

‘18n0 11.10 6@3 1]901 ~95e¢3 ]0081 -33.? 10075 “llo? "3083 ‘7100 9082
=7¢4 1111 14,5 10,98 2:0 1079 |~210.2 10,69 0e6 B8o:53|-67.3 9,72
1.7 11610 2063 10,97 Fe6 1007411008 10,52 12.4 B8.39|-62.2 9,68
18¢3 11e03] 33.0 10.92| 18.7 10.60 12 10635| 22.8 B.28|-52.8 9.44
2309 1101 4263 10630 2747 10062} 10.9 10018 ) 32,2 8417|-29.3 9,20
390 10699 S51e1 1072 38.4 10,49 22,2 10,00 -31.7 8,81
S303 1093} 52.3 1068 | 47.1 10.38] 36,3 9,81 -19.,0 8059
63e6 10690) 7009 1065 56649 1029 ] -8s1 8,31
738 10686 B0eh 1061 | 644 10022 2.5 8,18
8302 10077 9341 1054 74.5 10.13 10.1 8,09
P27 107511001 10,49 | 82.5 10,07 24,2 7,96

1027 107211109 10,42 | 93,8 9,96

11221 10671214 10,35 T

12103 166631320 10,22

1328 10.56144.2 10.04

14406 10.49|151.8 3,95

160e4 10,42
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Chap. IV, Fig. 8, p. 112

100Na-54GL | 100Na-55GL | 100Na-66GL
=322 10085]|-4008 10951-54,1 10.78
-2400 10683{-34,1 10.85[-47.5 10.75
-1508 10070 -2808 10377 "37.9 10066
-8:6 10040 "‘2306 10.‘5¢ "21?94 10049
560 9698 [~2066 10+49|-19.6 10.27
13:5 9085(~20s3 10645{-12.4 9,98
1665 9656 |-15¢9 10.09] =55 9,47
1964 9238 |-13,0 9.87| —1¢6 9,35
2407 9607 =166 0,04] 507 8092
33,8 8,73 3.7 9.42] 11.9 8,63
3809 806‘ 10.5 9-14 1003 3.56
46¢2 8049 16.4 B8.,93] 14.0 8.41
S54.8 B8.40] 24.1 8.66] 24.1 8,03
660l B8¢35| 31e3 8e47] 30.6 7.85
7801 8429 | 3803 8e35] 39.8 7.62
85.0 B8.23 508 7,50
Chap. IV, Fig. 2, p. 113 Chap. IV, Fig. 10,
100Na-50H2.0{100Na-54H,0 {100Na-58H,0 100Na~54EG
=312 110101-4503 1092 [~73.0 1101 —43.6 10066
“2802 11009[-380¢5 10080 [ -620.2 10099 -3806 10064
—2608 11:06[=3103 1055 |-58+5 10096 -31.2 10.52
—2403 10094]=2702 10036 |{-5002 10,93 -22.0 10037
<2100 10:751-2008 968 |~42.7 10,86 -9,8 10011
~2002 10074 -1304 B8.82|-39.6 10.82 002 2,98
~1708 10:51]=12103 7630 ]|-36.9 10.74 606 9035
~1605 10043 =4.0 6065 |~-35.8 10,68 1401 9073
-140,3 10015 308 5026 |~30.8 10042 24,3 9,57
-11.8 10.0S ~-25.8 9.88 2601 9,54
-804 969 -2207 9015 4002 9045
-8.,9 9018 ~2105 8,89 49,3 9,84
"308 3982 6007 9‘038
-007 B8o74 66.7 025
107 8065
3.8 B8.54
7.5 B.37

P.

115
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Chap. IV, Fig. 11, p. 116
100Na—-48FA 100Na-55GL 100Na-55H20

T G’ T G! : T G 4
ey | xnomy| €2 Sl oy Joxaore) | B O (o) | (x10-ey| aR
1~64 252. .163 -37 .144 -63 .081
-62 224, .169 -35.5 135 -61.5 403. .091
-59,.5 212. .19%4 -34 151. .156 =59 403. .107
~58.5 200. .199 -32.5 <157 -57 333. .126
-56 193. .217 -31.5 .173 -56 319. .129
-54.5 176. «236 -30 143. .183 |} -54 .144
=53 161. .246 -28.5 .186 -53 .148
-51 143. .260 =27 132. .207 =51 .160
~-48 113. .301 -26 129. .209 -48.5 .173
-46 108. . 309 =24 126. .221 -46.5 .192
-44.5 96. .319 -23 122. .216 -45 . 200
-42 75. . 345 -21.5 117. .258 -44 .202
-40 71. .356 -20 113. .264 -42 .233
-38 63. . 256 -18.5 114. . 291 -40 .249
-35.5 51. .368 ~17 114. .316 -38 .260
-33.5 43.6 .378 -15.5 109. . 342 -36.5 277
=31 39.1 .402 -12 94, . 395 -35 . 281
-28 32.0 .407 -11 94, .403 -33.5 .294
-26 27.1 . 405 =10 72. 427 -32 . 302
-23.5 23.3 405 - 8.5 72. . 441 -30 88.6 .313
-22 20,7 422 -6 58. .464 -28.5 .334
—1905 1706 .417 - 405 54u 0511 -27 71,9 .343
-18 15.9 .414 - 2.5 43, 522 -25 54.7 . 349
-15.5 13.2 .425 + 1 29,4 .552 -23 44.8 . 360
-13.5 10.8 .436 3 23.1 . 566 -20.5 38.6 . 381
-11.5 8.8 . 446 4.5 20.8 . 566 -19.5 . 396
- 9.5 7.5 .451 5.5 19.3 .591 -18 30.2 .409
-7 5.6 .486 8.5 13.1 -16.5 . 403
- 4.5 4,7 . 469 11 9.6 .616 -15.5 23.1 . 396
- 2,5 3.85 .465 12.5 8.7 .621 -14 18.5 .421
+ 0.5 2,93 - 455 21 1.8 -12 14,1 L4448
2.5 2.68 443 26.5 .66 . 769 -11.5 10.6 . 480
4.5 2.27 .425 28 51 . 747 - 9.5 9.0 .568
6 1.81 .413 29.5 .40 .775 -9 6.5 .599
8 1.63 .404 31 .285 .755 - 8 4.8 .726
11.5 1.13 . 370 33 .232 . 731 0 .204 .953
13 «96 . 356 35 .120 .720 1.5 .154 . 892
i5 .86 . 345 36.5 .158 .655 3 .130 .901
17 « 715 » 327 39 .130 .609 5.5 ., 055 .626
19 .61 .311 40 .118 . 541 7.5 .053 .517
21 «53 .298 42 .096 .483 9.5 .053 .462
23 -483 . 285 44 .088 . 417 10.5 ,045 .438
25.5 .399 0267 46.5 .081 . 367 11.5 . 045 .426
28 327 . 249 49 .065 .242 12.5 .043 . 366
30.5 | .276 .228 13.5 | .040 .373
33 .253 .228 15.5 | .039 .309

34.5 .243 .199

Jo—
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Chap. IV, Fig. 12, p. 122

T(°C) -31.2 -28.2 -26.4 -24.3
-Se4 0o711E-11§-5.0 0.75LE-11 — 4.4 0¢801E-11]=206 00104E-10
-562 0o731E-11}~%.8 0.768E~11]—-4:2 00821E-11 —2.4 0,109E-10
-5.0 0s7S0E-11]-4.6 0.785E-11 —4.0 0e841E-11]=2¢2 00113E-10
~8.8 0.768E~11]—4es 0.802E-11 —3,8 0.864E-1 =240 0,118E-=10
log t —4.6 0.7T86E-11]=84.2 00.821E-11 —306 00887E-11|=108 04123E-10
—8e4 0.806E-11}-4.0 0.844E-11 ~3¢4 0.913E—11|—t=6 05128510
VS. |—8602 00830E-11}-3.8 0.870E-11 ~3.2 0.942E-11|-1¢4 00,135E-10
D(t) -8.0 0.857E-11]1-3.6 0,899E-11 ~3.0 00973E-11]-1+2 00142E-10
~3.8 0088BE=11]~-3¢4 0.929E-11 ~2.8 00101E-10]~1.0 0.150E~10
~3.6 0,923E-11]-3.2 0.964E-111-246 0.1 04E-101-0e8 0.160E-10
—3e4 00960E~11]-3.0 0.100E~10 ~2o4 0e109E-10{-0.6 00171E-10
=3e2 00100E-10fj-2+8 0,105E-10 —2.2 0.113E-10]=0e4 0.184E-10
~360 0o0l0SE=10l-2.,6 0.111E-10 ~200 00119E=10)— 0.2 00.199E-10
—2e8 0o111E=10}-204 0s117E-10 —1.8 0.125E-10] 000 00217E-10
~2e6 00117E-10)j=-2.2 00.126E-10 —166 0.133E—10] 0.2 0.280E-10
~2e&4 04123E-10§-2.0 0.136E-10 —1e4 00141E-10] 0c4 0.266E-10
-202 00131E-10}-1.8 0.148E-10]—102 00150E-10 S
-21.0 -20.2 -17.8 -16.5
—0.8 00158E-10-0¢8 00159E-10 0.8 0.25QE-10f 104 00314E-10
~0.6 00167E-10j=00.6 0,169E-10 100 0.276E-10] o6 8+3368E—1E
—0¢& 00177E-10|-004 0.178E-10 162 00294E-10] 1.8 00363E-10
—002 0,1B8E-10{—0.2 00.188E-10 o4 0031SE-10} 200 0.391E-10
000 00200E-10} 000 0,200E-10] 1.6 00337E-10 2.2 00422E-10
0.2 0.213E-10§ 0s2 0,212E-10 108 00363E-L0] 204 0.457TE-10
O0o& 00227E-10] 0.4 0.226E-10 2.0 00392E-1G§ 205 00496E-10
006 0o243E-10) 0.6 0.241E-10f 202 00425E-10} 208 0,541E-10
0.8 00262E-10] 0s8 0,25%E-10 204 00,463E-10] 300 0.592E-10
1.0 00282E-10] 100 0,279E-10 206 00506E-10} 302 0.649E-10
1.2 003068-10] 1.2 00302E-10 2.8 0.555E-~10)] 306 00713E-10
1.6 00334E—10) 1.4 00329E-10 3,0 0.614E-10) 306 0,786E-10
1.6 00367E-10] 1.6 0.360E-10 3,2 0.,683E-10} 3.8 0.870E-10
108 00404E-10] 18 0o397E-10 3.6 0.76TE-10] 200 0.964E-10
200 0,448E-10 2.0 00440E"§° 3.6 0.869E—-10 fH02 Oo&O?E—OQ
2.2 00499E-10| 2.2 0,491E-10 3.8 0:992E-10| 44 Ool1BE~09
. 204 005526-10) 4.0 00114E-09] 82 00131E-09
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Chap. IV, Fig. 12 (cont.)

-14.3 -11.8 -8.4 -4.9
208 0.540E-10] 3.4 0.706E—10] S.2 0:1S9E~09]| 7.4 0.503E-09
3,0 0.591E-10) 3.6 0.775E-10 Se4 0.17SE-09| 7.6 0,561E-09
302 0645E~10| 3.8 06849E-10 56 00193E-09] 7.8 0.630E-09
304 0.706E-10) 4,0 0,927E-10 Se8 06212E-09! 8.0 0.713E-09
306 00776E-10] 402 00,101E-09] 6.0 0e23SE-09] 8.2 0.808E~-09
328 008SSE-10| 4.4 0.110E-09| 6.2 0.260E-09| sg.4 0.915E~09
400 0,943E~10| 4¢6 0.121E-09| 6.4 0.,289E-09 846 0.103E-08
402 00104E-09] 4.8 0.133E-09| 6.6 0,322E-09| a.s 00.116E-08
404 0,116E-09| S.0 0.14SE-09 68 00359E~09| 9.0 0.131E-08
406 00129E-09]| S¢2 041SYE-09| 7.0 0.402E-09| 9.2 0¢147E-08
40,8 0,144E-09] 5S¢4 0o17SE-09 702 004S0E-09| 9.4 0.165E-08
Se0 0¢161E-09| S¢6 0.194E-09| 7.4 0.506E-09| 9.6 0.1856-08
Se2 0¢180E-09] Se8 04215€~-09| 7.6 0.569E-09) g.s 0.209€E-08
Se4 0.201E-09] 6.0 0.240E-09| 7.8 0.643E-09| 10,0 0.238E-08
Se6 00225E-09| 6.2 0.267E-09| 8.0 0.735E-09] ;0.2 0.274E-08
508 0.252E~-09)] 6.4 0,298E-09 104 0,315E-08
-3.8 -0.7 1.7
9.0 0.1326-08] o.a 0.167E-08] 904 0.167E-08
902 0.147€-08] 9.6 0,187E-08| 9.6 00187E~08
904 00.165E-08] 9.8 0,2086-08] 9.8 0.209E-08
906 0.186E-08| 10.0 0.,231E-08] 10.0 0.232E-08
9.8 0.208E~-08 1062 00256E-08{ 10.2 Q0.257E-08
10.0 0.232E-08 10.4 0.284E-08 1004 0.285E-08
1002 00258E-08| 10.6 0.315e~08] 10,6 0,31S€~08
1004 0.28S5E-08] 10.8 0.351E-08) 10.8 0.349E-08
11.0 0.390E-08) 11.0 0,388e-08
3.8 7.5
10.4 0.285E-08)| 10.8 0.350E-08
106 0.3156-08] 11,0 0.390E-08
1008 00,3S0E-08) 11.2 0,433E-08
11.0 0.389E-08] 11.4 0.482E-08
1802 0.432E-08] 11.6 0.,5356-08
3304 00483E-08 llns 005921':'-08
11:6 00536E-08]|12.0 0,657e-08
12.2 0,733E-08
12:4 0.819E-08




Chap. IV, Fig. 13, p. 124
r(ec) | -31.2 -28.2 -24.3 -21.0 -20.2 -17.8 -14.3
log by 2.0 1.85 1.4 1.1 1.1 0.7 0.0
2.69 0.5212.46 0.22]2.66 0.37|2.47 0.6 |2.59 0.8 2.49 1.5(1.91 0.32
2.89 0.7112.66 0.30|2.86 0.65(2.67 1.2 |2.79 1.5 |2.69 2.32.11 0.55
3.09 0.92|2.86 0.43{3.06 1.0912.87 2.0 }2.99 2.3 }2.89 3.8(2.31 0.82
log t |3.29 1.15|3.06 0.61]3.26 1.78|3.07 2.9 }3.19 3.4 3.09 6.1{2.51 1.15
vs. 13.49 1.38|3.26 0.87|3.46 2.75(3.27 4.1 |3.39 4.9 |3.29 9.4[2.71 1.57
p(t) |3.69 1.6613.46 1.27!3.66 4.02|3.47 5.7 |[3.59 6.9 |3.49 14.3]2.91 2.07
x10"%3.66 1.82 x10"?|3.67 7.6 |3.79 9.4 {3.69 21.0|3.11 2.64
3.86 2.49 x10"2 x1072 x1072{3.31 3.28
x1072 3.51 3.97
xlo-“
Chap. IV, Fig. 15, p. 126
T (°C) -2.9 1.1 10.4 19.1 22.0 24.7
log by 1.1 1.25 0.95 0.4 0.05 0.0
.95 0.6203.11 0.31|3.23 0.9 |3.17 2.6{2.63 2.0j2.35 1.1
3.15 0.93]3.31 0.56|3.43 1.6 {3.37 4.1{2.83 3.3|2.55 1.8
3.35 1.3413.51 0.95|3.63 2.3 [3.57 7.1|3.03 4.8{2.75 2.9
log t |3.35 1.79]3.71 1.57}3.83 3.5 |3.77 10.7]3.23 6.9 2,95 4.3
vs. 3.75 2.33 x104{4.03 4.8 x10"3.43 9.4|3.15 5.8
D(t) x 10" xlo*# 3.63 12.0(3.35 7.1
3.83 14.4(3.55 8.6
x10%3.75 9.7
><10"ﬂ
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Chap. IV, Fig. 14, p. 125
T(°c) | -47.5 -37.9 -27.4 -19.6 -5.5
log by, 4.2 3.9 4.0 3.4 2.3
3.40 1.0713.41 0.54(3.65 1.1 [3.40 0.30[3.27 3.0
log t [3.60 1.91/3.61 0.97!3.85 2.3 |[3.60 0.57|3.47 5.3
vs. |[3.80 2.71(3.81 1.46|4.05 4.0 [3.80 0.96 x10™
D(t) [4.00 3.94|4.01 2.07|4.25 5.9 {4.00 1.43
x1072 x10" x107%{4.20 2.07
><]_O-Il
-1.6 .7 14.0 24.1 30.6 39.8
2.1 .3 0.9 0.55 0.4 0.0
3.22.3.4 [2.78 0.9 |3.28 0.71]2.98 1.04{3.09 1.4|2.29 0.7
3.42 7.3 |2.98 1.7 |3.48 1.34{3.18 1.56(3.29 2.7|2.49 1.2
x10"3.18 2.7 |3.68 2.32(3.38 2.39{3.49 4.5(2.69 1.7
3.38 4.1 |3.88 3.64|3.58 3.71(3.69 7.1{2.89 2.5
3.58 5.8 x10°|3.78 5.38(3.89 10.2|3.09 3.6
x107% x10°{4.09 13.9{3.29 4.9
x10°}3.49 6.6
3.69 8.7
3.89 11.2
x10°®
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Chap. IV, Fig. 20, p. 139
0.1 hz 0.01 hz 0.001 hz
-log D' (w) -log D' (w) ~log D' (w)

T(°C) -log tan § -log tan § -log tan §
-26.8 | 11.009 1.458 {10.977 1.204 |10.931 1.105
-18.0 | 10.966 1.143 |10.915 1.076 |10.860 1.058
- 5.3|10.859 1.060 |10.799 .939 |10.716 .808
2.0 10.828 1.049 }|10.771 1.009 |10.705 .950
9.6 | 10.769 1.043 [10.710 .971 |10.635 .858
18.7 | 10.697 1.008 | 10.634 .988 {10.567 .958
27.7 | 10.619 .998 | 10.554 .948 |10.478 .882
38.4 | 10.480 .913 |10.400 .845 |10.303 .774
47.1110.365 .871 |10.276 .799 |10.168 .727
56.9 | 10.270 .839 {10.173 .736 |10.046 .642
64.4 | 10.194 .789 }|10.084 .706 9.952 .643
74.5 | 10.086 .786 9.979 .725 9.853 .662
82.5 | 10.016 .800 9.916 .779 9.808 .744
93.8 9.905 .802 9.799 .695 9.660 .605




Chap. IV, Fig. 21, p. 149

TEMPo 51068 =48508 =3303 -200.9 -129 =304 865 173 22,6 38,9 #£#3.3 58,0 70.8
LOG A 7005 6045 8079 2049 loqa 065 ‘1020 -3.35 ~507 -Te 69 —8.76-10¢60-‘203o

1LOG E LOG E LOG E

TIME | LDG € LOG E LDG E LOG E L0OG E LOG E LOG E LOG E LOG E LOG E
10,68 10066 10059 10:49 10046 10040 10.31 10009 Oe73 Bo85S 793 0.0 6085

10,68 10065 10.58 10048 10046 10,80 10030 10,07 9,66 Bo37 7,85 0,0 6079

10067 10064 10,57 106047 1044 10039 10028 1002 958 Be26 775 7025 HoT72

1066 1064 1056 10046 10044 10038 10,27 10,00 952 8618 770 7e21 668

10066 10063 10.55 1045 100.23 10637 1026 998 Q046 8010 7.64 7017 6064

1065 10062 1055 1045 106422 10036 10625 9. 94 9038 8.01 759 To11 659
20| 10,64 1062 10.54%4 10044 10042 10036 10024 9,92 933 795 754 7,08 6054
28] 10,64 10.61 10.34 10044 10041 10035 10.23 9,89 9e29 791 7051 7,04 6.52
30| 1064 10061 10,53 10,43 10.41 10.,35 1022 9. 88 Fe25 7«87 7049 7.01 6049
35 10,63 10061 10,53 10043 1041 10,35 10.22 9,86 Q622 7.84 Taoba7 699 6047
40l 10063 1060 10033 10043 1040 10034 10021 9. 84 9.19 T«82 7 045 6098 5.44
50| 10663 1060 1053 10042 1040 100,34 10,20 9, 81 9615 778 7043 65094 6042
60 1062 1060 10,52 10042 10,40 1034 1020 9,79 9.11 To75 7240 6091 6039
70l 10062 10659 1052 10042 10,39 100,33 10,19 9,78 9,07 Te73 7.38 5689 5237
80| 10:62 10059 10.52 10.41 1039 1033 10,18 9,76 9,04 7o 70 737 686 636
90| 1061 10059 10051 10041 10039 1033 10018 9,75 901 768 7035 684 6034
100] 10061 10059 10,51 10041 1039 10032 10,17 9,74 8,99 Teb67 7 o34 6083 6.33
120 1061 10058 10,51 10041 10038 10,32 10016 971 Be95 7064 7032 679 6630
140 10,61 1058 1051 10640 100,38 10632 10016 96569 8e91 7061 731 677 627
160 1060 10,58 1050 10,40 10,38 1031 10015 967 888 759 7029 6074 65025
180 10,60 10,58 10,50 10,40 10,37 10,31 10.14 Q.64 885 7057 T7e28 6072 6022

200} 10,60 1057 10,50 1039 10,37 10,30 10.,13 9,63 B8.83 7506 7027 He69 6021

250] 10059 1057 10,50 100,39 1036 10,30 10.12 959 877 7053 7025 6066

300] 10059 10056 10,49 100,38 10636 1029 1010 9.56 8,72 750 723 6062

350 10.58 10056 10049 10,37 1035 10:.29 10,09 9.53 8467 7.48 721 6059

400 10058 10056 1049 10037 1035 10028 10008 950 864 7046 720 6556

500 1058 1055 1048 1037 1034 10,27 10,06 9.46 8,58 7044 7.18 650

600] 10057 10655 10048 10,36 10034 1026 1005 9,41 8.54 7a41 717

- -
e NN W

700 1057 10047 10036 10,33 10,26 10.03 850 7040 715
800f 10056 10047 1033 10,25 10.02 8.46 7039 7-14
900| 10.56 10047 1033 105,25 10.01 8044 T7e37 7013

1000 10.56 10,46 10032 10024 10000 8042 737

981



Chap. 1V, Fig. 22, P- 149
TEMPo F5905 -49.2 —-38.7 T56.6 -180.8 -—806 B2 16.8 226 2904 38.9 3.5 55.0 68.2 835 97.1 |
LOG A 8.69 6.87 5062 3034 2075 1023 =076 —2.13 =3.02 —5.19 ~6018 =7.24 29.07-10.79-11.85-13.30}
LOG E LOG E LOG € LOG E LOG £ LOG E LOG E LOG E LOGE LOG E LOG E}
§ i 3 ] 9.75 D039 7. 39 6090 |
9.69 9.34 7067 To33 6091 |
10,91 10088 1084 10075 10,72 10.62 10022 9060 9022 7.60 Te26 6485|
10091 10088 10084 10074 10.71 10062 10047 10033 10019 9055 9.16 8478 7.54 To22 681}
1091 10087 10.8%4 10073 10070 10,61 10,46 10031 10016 9089 9,10 8472 8,09 751 7018 67T
10,91 100,87 10.83 10073 10069 10059 10034 10029 1012 D042 9403 865 8601 7043 Tel3 60731
1090 1087 10,83 10072 10.69 10059 10043 10027 10010 9.37 8.98 8061 7097 740 7o10 6071
1090 10086 10082 10071 1068 10.58 10082 10025 10,07 9033 B.94 8057 7.93 Te37 T7.08 6068
30| 10,90 1086 1082 1071 10,68 1057 10041 10024 10005 9e30 891 8.53 7.90 7.35 T.06 6065
35| 0.0 10086 10,82 10071 10067 10057 10040 10.23 10.03 Q.26 8.89 8.50 7.88 7¢33 7To04 6063
40 10,90 10,86 10.81 10,70 1067 1057 10040 10622 10,01 Qe23 8,87 B8e48 7.86 7¢31 703 6061
50 1090 10,85 1081 1070 1066 10056 1039 10020 9.98 9.20 B.85 8.45 783 728 7000 6058
60l 10,90 10,85 10031 10069 10066 10055 10039 10018 9.96 Q.18 B8.83 8042 730 7.26 6097 6455
20l 10,90 10.85 10,80 10069 1066 10055 10038 10017 0.94 9.16 B.81 B840 778 7¢246 6094 6052
80l 10,89 10.85 1080 1068 10.65 10,54 10037 10015 0.92 Q.14 8,78 837 776 7e23 6093 6049
00l 10.89 10,85 10,80 1068 10065 10054 1037 10014 9.90 Q.12 B8.76 B8e35 774 7.21 6091 6087
100 10.89 10,84 10,80 10068 10064 1054 10036 10013 9.80 Q.10 8074 B8e34 To72 7.20 6090 6044
120| 10,89 100,84 10679 10.67 10:64 10053 10035 10012 987 9,07 8.72 8,31 7070 7.18 6088 6037
140] 1089 10084 10079 10667 10.63 10053 10034 10610 9085 9,04 8.69 8029 7.68 Te16 6085
160 10.89 1084 10278 10067 10063 10052 1033 10009 9.83 9,00 B8.65 B8Be27 7066 7015 6683
180 10,88 1083 1078 10.66 10062 10052 10032 10008 9.82 Bo99 B8.64 Be25 7064 7.14 H.81
200| 10.88 1083 1077 10.66 1062 10.52 10032 10006 9480 Be96 B.60 B8e24 Teb63 7o13 6080
250| 10,88 10083 1077 1065 10062 10051 10030 10003 9078 8.21 7460 6076
300 10088 10,83 10076 1065 10061 1050 10029 10,00 9,75 8,18 TeS8 6072
350 10.88 1082 10,75 10064 1061 10050 1028 9098 8e16 To57
200 10,88 1082 10,75 10.64 10060 1050 1028 9096 9.70 8.15 Te55
500 10074 10,63 1059 10048 10,25 9093 812
600 10,73 10.62 1059 10.24 Q090 8010
700 10,73 10062 10058 8008
800 100,72 10.58 8607
900 10,72 8405
1000 10.71 8004

- L8T -



Chap. IV, Fig. 23, p. 150

TEMPo [-84002 -3506 —2504 -1406 -806 7oB8 17e8 2B+ 3605 A&2.7 458 52.2
LOG A | 5049 4076 3:26 1098 0053 —1041 —2.48 =4056 ~6030 ~7.84 =8+09 —9.13
TIME | LOG £ LOG E LUG E LOG E LOG E LOG E LOG E LOG E LOG E LOG_E LOG £ LOG E
2| 11c12 1108 11,01 1092 108 0 € Do 76 “IY Y
3l 11011 11608 11:00 10091 10081 10:66 10¢58 1032 1008 9¢71 9066 90421
S| 11010 11,07 10098 10090 10:80 10065 1056 10629 10,00 9,67 9,60 9.36
71 11009 1106 10098 1089 10079 10064 1055 1026 9¢97 9.63 9,58 933
10{ 11009 11005 10097 10088 10s78 10063 1053 10624 9094 9059 9.53 9631
15[ 1108 11.05 10096 10087 1077 10062 10651 10c21 9090 9:55 9.50 9,27
20{ 11607 1104 10.95 10086 10076 10061 10050 1019 988 9.53 9.46 9024
25( 1107 11:03 10094 10086 10075 10060 10649 1018 9.86 9051 9¢44 9,23
30[ 11007 11203 10:94 10085 10074 10659 10648 1016 9084 9049 9.42 9,21
35/ 11006 1103 10094 10084 10074 10059 1047 10e15 9683 9,47 Q.41 9,20
40[ 11006 11,02 10:93 1084 10074 10058 10046 10014 982 9¢45 941 9,19
50 11606 1102 10092 10083 10073 10057 10044 10613 9480 9043 9,40 918
60[ 11005 11001 10092 10683 1072 10:56 10643 10012 9,78 9e41 0,38 9,17
70[ 11505 11001 10092 10682 1072 10:56 10042 10010 9076 9¢39 0,35 9,15
80( 11005 1101 10091 1082 10.71 10.55 10041 1009 9.75 9.38 09.34 9.14
90[ 11004 11200 10:91 10081 10s71 10.54 10041 10,08 9073 937 9632 9012
100[ 1104 11000 10.90 1081 10:71 10054 10640 10.07 9071 9036 9.31 Q.11
120/ 11004 10299 10090 10081 10,70 10253 10039 10,06 970 9¢34 9,29 9,10
140 11004 10099 10:89 10.80 10069 1052 1038 1005 9.68 9.28 9,09
160[ 11203 10:99 1089 10080 10.69 10.51 1037 10,04 9.66 9.27 9.08
180[ 1103 10.93 10.88 10,79 1068 10:51 1037 10,03 9.64 9.25 9,07
200[ 11003 10098 10.88 10079 10.68 10050 10636 1002 9.63 9.26 9,06
250 1097 1087 10078 10067 10049 1035 10.01 9460 9.22
300 1097 10086 10.78 10066 10047 10.33 9.99 9,58 9420
350 1096 10086 1077 10065 10046 10032 998 9,55 9.19
400 1096 10035 1076 10065 10:45 10,32 9.97 9.54 9.18
500 1095 10.84 10076 10.64 10043 10,30 9495 9,52 9.16
600 1095 10:83 10075 1063 10041 10029 9.93 9449 9.14
700 10.94 1074 10062 10.27 992 9.47
800 10.94 10,74 10.61 10.27 9.90 9.46
900 10.94 1060 10.26 9.90 9.44
1000 10,93 10.60 10.24 9.89

- 88T



Chap. IV, Fig. 24, p. 150

TEMPo 4008 -33.8 —3003 ~20.0 -608 006 1306 23:9 34.4 45.8 6308 5667 68c4 65.0 7706
LOG A | 1033 8032 6031 6062 3025 2061 0080 —0010 =162 —3¢59 =4,71 —5623 =6015 —6088 =8053

TiME | LOG € LOG € LDG E _1.LOG E LOG E LOG E LOG E LOG € LOG E LOG E LDG E LOG E LOG _E %OG E 1.0G E
- 39 10.24 10e14 997 |

2 11013 11010 11003 10095 10089 10085 10078 10069 10,60 10e
3 1113 11,09 11,03 10094 1088 10084 10,73 1068 10,58 1038 10.22 10610 993 E

sl 11,12 11,08 110,02 10,94 100,86 10083 1072 10667 10057 1035 10,18 10,07 9.89 i 9. 31
7 11,12 11,08 11,02 10093 10086 10.82 10.71 1066 1056 100632 10,15 1004 987 ! 2026
10| 1112 11,07 11,01 10092 10.85 10,82 1070 100,65 10.54 1030 10,12 10001 9084 9,67 Q021
15| 11012 11,07 11,00 1091 10.84 1080 100,69 10.64 1052 10028 10609 9,98 9.80 9,62 Solb
20| 11011 11,07 10.99 10,91 10083 1079 10,68 10063 10,51 1026 1006 9096 978 9,59 2,13
28l 11011 11.07 10,99 10090 10083 10,79 10.68 100663 1050 1024 10.04 9094 976 956 9.10
30| 11,11 11.06 10,98 10,90 10,82 1078 1067 1062 10.50 10,23 10,02 G.93 974 9.54 9,07
35 11,11 11,06 10,98 10,82 10,82 10,78 10067 10062 1049 10022 10,01 9,91 9,73 9,52 92,05
40| 1111 11,06 10,98 16,89 10,81 10,78 1067 10.61 10049 1021 10,00 9,90 9.71 9,50 9,04
50| 11,11 1106 10097 1089 10.81 1077 1066 10061 1048 1019 9.97 9,88 9068 9,48 92,01
60| 11,11 1106 1097 10,88 10.81 10,76 1065 1060 1047 10.18 9 .95 9,86 965 9.45 B,98
70l 11,11 11,06 10,96 10,88 10.80 1076 1065 10060 10046 1017 9.94 9,85 9063 9.43 B8o096

80| 11,10 11005 10088 10,80 10,76 1065 10.59 1045 1016 9,92 9,84 0.0 9,42 Be95

90| 11,10 11,05 1088 100,80 1075 10648 10059 10.44& 10,15 9.91 9,83 9eH2 9.41 8093
100] 1110 1105 10,87 10,79 10,75 1064 10059 10644 10.14 9089 Q.82 9.58 9,39 80,92
120{ 11,10 1105 10087 10079 1075 1064 10,58 1043 10.13 9,88 9,80 957 9,36 8,90
140] 11,10 1104 1086 10,78 10,74 10064 1058 10,42 10,12 979 955 9035 8. 88
160 1110 11.04 10.86 1078 10.74 1063 1057 10,42 10011 | 9,78 953 9,33 8087
180! 1110 11,04 10086 10077 1073 1063 10,57 10041 10,10 | 9676 0.0 9,32 8. 86
200| 1109 11.04 10085 1077 10073 10063 10056 10,40 10,08 % 9.74 9.49 9,31 8.84
250 11,09 11,04 10085 1076 10073 1062 10,56 10,38 10007 ; 9,72 947 9,28 8,82
300/ 11,09 1103 10084 1075 1072 1062 10.55 100,37 10004 ] Q.69 E Q9026 80 80
350] 1109 11.03 10.84 1075 1071 1061 1054 1036 10002 9.68 ‘ 9,25 B8e78
400{ 1109 1103 10,84 10,71 10.61 10054 10035 10,01 Q9066 } 923 8676
500 1108 11,02 10.83 10,70 10061 1052 10.34 Qe 99 Q.63 ‘ 9621 8073
600| 11,08 11,02 10.82 10070 10,60 10,51 10.33 9,96 9.62 1 9.18 8070
700| 11,08 11,02 10.81 1069 1060 10050 1032 9,906 960 90,17 8.67
800} 11,08 11,01 10,81 1069 1059 10.50 1031 Qe 94 Q.60 ‘ 9,15 80695
900 11,01 10.81 1069 10059 1049 10,30 9,92 9,58 9,14 8.6&8

1000 1101 10,81 1069 1059 100488 1029 9090 9058 9.,13 8.61

- 68T



Chap. IV, Fig. 25, p. 151

TEMPo 2206 -1005 =%,0 308 1409 2804 380l 477 S7e8 6707 TH6eS5 86a2 9405
LOG A 8012 6045 5093 6095 3071 2055 00348 =0088 =197 -3,58 -5005 -6.38 -7.00
TIME | LOG E LOG E LOG E LOG E LOG E AL.06 € LOG € L0 LOG _E LU . 2 _E
2] 11008 11004 1102 10098 10092 10085 10070 10063 1054 1040 10025 10.10 10.03

3 11,08 1104 11.02 10,98 10091 10084 10069 10061 10052 1038 10,23 10,08 10,01
S| 11607 11003 11201 1097 10089 20082 1068 L0059 1051 10036 10021 1006 9,98
7l 1107 1103 11,00 10.96 1089 10081 10067 10058 1050 1035 10619 10.04 92,97
10| 1107 11002 11,00 10,95 1088 10080 10066 1057 10049 10033 10017 1002 9,95
15 11006 11001 10099 10094 10087 10079 1064 1056 1047 1031 10,15 999 9,93
20| 11006 11001 10099 100693 1086 1079 10064 10655 1046 1030 10014 998 9,91
25| 11,06 1100 10098 10,93 10086 10078 1063 10o5% 10645 10029 1012 997 9,90
30/ 11006 1100 1098 10093 1085 1078 10062 10653 10045 1028 1012 996 9,89
35| 1106 11,00 1097 10292 10.85 10077 1062 1053 10.44 10,27 10,11 .95 9.88
40| 11006 100699 10097 10092 10084 10077 10061 100652 10043 1027 100,10 994 9.88
50| 11005 10699 10097 1091 10.84 1076 1061 1051 10043 1025 10,09 9093 9.86
60| 11005 10099 100696 10091 10083 10076 1060 100650 1042 10024 10,08 9+92 9.85
70} 11605 100698 10096 10090 10083 1075 100660 1050 10e81 10023 1007 9,91 9,85
80| 11,05 10097 10095 1090 10082 10075 1059 10650 10040 10023 (0,06 990 9.84
90| 1105 10097 1095 10090 10682 10674 10059 10649 10640 1022 10,05 990 983
100] 1106 1097 10095 100690 1082 10074 10059 10648 1039 10621 10,05 989 9.83
120 1104 10096 1094 10089 10081 10074 10059 1047 10639 1020 10,03 987 9.81
140] 11006 10095 1094 10.89 10081 10073 10058 10647 10638 10619 10,02 9.87 9081
160] 11604 1095 10,94 10.88 10.80 1073 10,58 1046 1037 1018 10,01 9.86 9,80
180 11003 100694 10094 10088 10080 10073 100657 10045 10437 10618 1000 9085 9.79
200/ 11003 10094 10093 10.88 10079 10672 10057 1045 10636 10617 1000 9284 9,78
250] 1103 10094 10,93 10087 1079 10071 10656 10044 10635 10616 2,98 9,83 9,78
300] 1103 1092 10086 1078 1071 1055 10044 10034 10014 9497 981 9,77
350 11.03 10092 10086 100677 10070 10655 10043 10634 10013 9,96 9680 976
400 11.02 100691 1085 10077 10070 10055 10643 10633 10012 9,95 978 9,75
500] 11.02 10,90 10084 10,76 10:.69 1054 10042 10.31 1010 9,94 .74
600 11,02 1020 10083 10675 10068 10054 1040 10629 1008 9,92 .72
700, 11,01 10689 10683 10675 1068 1053 1039 10.28 10,07 - 971
800 11.01 1088 10.82 1074 10668 10052 10«38 10027 10006 9.71
900] 11,00 10,88 10.82 1078 1067 10051 1037 10.26 10,05 9.70
1000{ 11.00 1088 10.81 1073 1067 1051 10437 1025 10,05 9.69

- 06T



Chap IV, Fig. 26, p. 151

- 191 -

TEMP,
LOG A

TIME

L0OG E

LOG E

-36¢6 =294 —18.0
1720 170,20 15.1 4

LO0G E

-Teb
14,33

LOG E

17

13,05

LOG E

18.3
10,05

LOG E

28.9
8492

LOG E

39.6

Te93

LOG E

LOG E

6£3. 6
4,78

LOG F

-~ U W

80

90
100
120
140
160
180
200
250
300
350
400
500
600
7 00
800Q]
200
1000

1131
1130
1130
11,30
11.30
11.30
1130
11,30
11.30
11.29
11.29
11.29
11.29
11.29
11.29
11,29
11.29
11.29
11.28
11.28
11.28
11.28
11.28

11.31
11,31
11631
11.30
11,30
11,30
11.30
1130
1130
1130
1130
11.29
1129
1129
11.29
1129
11,29
11..28
11.28
11.28
11.28
11.27
110,27
11.27

1127
11.27
1126
1126
11.26
11.26
11.26
11.26
11.25
11.25
11.25
11,25
11.25
11.25
11,25
11.25
11.25
11.24
1124
i1.24
11,24
11.24
11024
11.23
11.23
11,23
11,22
1122
11,22
11.22
11,22
11.21

1126
11.26
11.25
11.25
11.25
1125
11.24
11.24
il1.24
11.24
11.24
11.24
11.23
11.273
11,23
11.23
11.23
11.23
11.22
11,22
11.22
11.22
11.22
1121
11.21
11.21
1121

11.23
11,23
11.23
11.22
11.22
11.22
11.21
11.21
11.21
11.21
1121
11.20
11.20
11.20
11,20
11.20
1120
11,19
1119
11.19
1119
11.19
11.18
1118
11.18
1117
11017
1117

1116

11.16

11,15
1115
11,14
11.14
11,13
11.13
110,12
1112
11,12
11.12
11.11

11611

11,11

11,11

11.10
11.10
11,10
11,10
11,09
11.09
11.09
11,09
11.08
11,08
11,08
1108
1107
11,07
11,06
11.06
11,06
11,06

11.12
1111

11,10
11.10
11.10
11.09
11,09
11.08
11.08
11.08
11.07
11.07
11,07
11,06
11.06
11,06
i1.06
11.06
11.05
1105
11.05
11.05
11,04
11.04
11,03
11.03
110,02
11,02
11,02
i1.01

11,01

11,01

11.09
11.08
11.07
1106
1106
11.05
11.05
11.04
11.04
11. 04
11.04
11,03
11.03
11.03
11.03
11.02
11.02
11,02
11,02
1101
11,01
11,01
11.00
11.00
11.00
11,00
10.99
10099
10,99
10.98
10.98
1098

11,01
1100
11,00
10,99
1098
1098
1097
1097
10,97
10.96
10696
1096
1095
1095
106995
1095
10,94
10,94
10.94
1094
10.93
10,93
10,93
10,92
10,92
10.92
1091
10,91
10,90
10,90
10.90
10.89

1 0. 96
1096
10.95
10,94
10,93
10,93
10.92
10.92
10.92
10,91
1091
10691
106 91
1090
1090
10,50
10,90
10,89
10,89
10,89
1089
10,89
10,88
10.88
10,97
1097
10,87
10.R6
10.86
10.86
1086
10085




Chap. IV, Fig. 26 (cont.)

- 192 -

TEMP.
LOG A

TIME

73.8
3.62

LOG E

120

LOG E

83.2 92,

046 '0067

L3G £ LOG F

-2002

LOG E

~-3e13

-84,90

-6 37

7 102.7 11201 1213 132.8 144.6 1604

-8.20

LOG E L OG F LOG € LDG E

) N e e
C U O NN WN

o
[4)]

30

10.92
10,91
1090
10.90
1089
10,88
10.88
10487
1087
1087
1087
10.86
10.86
10.86
10,86
10086
10 .85
10.85
10.85
10.84
10.84
10.84
10,83
1083
10,83
10,82
10,82
10081

10.82
10.81
10.80
10,79
1079
10.78
1078
1077
1077
10,77
1076
10,76
10.76
1075
1075
1075
1075
10.74
1074
10.74
10.74
10.74
10,73
10,73
1072
1072
10,72
10,72
1071
10,71
10.71
10,71

10.79 10.74
10.78 10673
10,77 10672
10,76 10672
10.76 1071
10,75 10471
10.75 1070
10.74 10470
10.74 10469
1074 10669
1074 10469
10,73 10.68
10.73 10.68
10,73 1067
10,72 10067
1072 1067
10,72 10.67
10,72 1066
10,71 10666
10.71 1066
10.71 10666
10,71 10065
10,70 1065
1070 10,65
10,69 10.64
10.59 1064
10,60 10.63
10:68 10063
1068 10.63
10.68 10662
16567 10062
1067 1062

10.68
1067
1067
10666
106 65
1064
10+ 64
10.64
1063
10,63
10.63
1062
1062
10.62
10.61
10,61
1061
10,60
1060
1060
1059
10,59
10.58
10,58
10.58
1057
1056
10.56
10.55
10655
10.54
10.54

10.63
10.62
10.61
1061
1060
10659
1059
10.58
10,58
1058
1057
1057
10.57
10,57
10.56H
10,56
1056
10.56
10655
1055
1055
10.54
1054
10.54
1053
10.53
1052
10.52
10,51
1051
10,51
10,50

1055
1054
1053
10.53
10.52
10.51
10.51
10,50
1050
10.50
1049
1 0. 49
1049
10.48
10.48
1048
10.47
10047
10.47
10,46
10.46
10646
1045
10.45
10.44
10.44
1044
10043
10,43
10042
10042
10.42

1048
10047
1046
10.45
10645
i0.44
1044
10643
10.43
10,43
1042
10,42
1042
10041
10.41
1041
10,40
1040
10,40
10039
1039
10039
10, 38
10038
10,37
10,37
10, 36
10,35
10.34%
10633
1033
1033

10039
10.38
1037
10.36
1036
10.35
1035
10.34
1034
1033
1033
10,32
1032
10.32
1031
10,31
1031
10,30
10,30
10.30
1029
1029
10,28
10,27
10,27
10,26
1029
10,24
10,23
10023
1022
1021




Chap.
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v, Fig. 27, p. 152

TEMP,
LOG A

TIME

12.75

LOG E

-2860 -2000 503

11,05 7.85

LOG E LOG E

14.5
6.84

LOG E

NN =
Ul o O N W

30
35
40
50
60
70
80
90
100
120
140
160
180
200
250
300
350
400
500
600
700
800
900

11.22
11 .22
11,22
11.22
11.21
11.21

11.21

11.21

11,21

11.20

11.20

1120
11.20
11,20
i1.20
11,19
11,19
11.18
11.18
1117
1117
1116
11,16

1000

11,16

1110 11.13
11,19 1112
11.19 11011
1119 11611
11618 11,10
11,18 11,09
11,18 11,09
11618 11,08
11.18 11,08
11,17 11.08
11.07

1117 11.07
11.07

11,17 11.06
11.06

11,17 11,06
11.06

11.16 11,06
11,05

1116 1105
00,0 1i.04
11,16 11,04
11016 11.03
110,15 11,03
11,07

11,15 11,02
i 11.01
1215 18,01
11,00

11.00

11016 10,99
10,99

11,09
11,08
11,07
11.06
11.06
11.05
11.04
11.04
11,03
11.03
11.03
11.02
11,02
11,01

11,01

11.01

11.00
11,00
11,00
11,00
10,99
10,99
10.98
10,98
10,97
10,97
10.96
10.96
10,95
10,95
10,94
10.94

2063 33,0 42.3
638 5611 3.23

LOG € LOG E LOG E
11 07 11,01 10,89

11.06 11,00 10.87
1105 10,98 10.86
11.04 10.97 10,85
11,03 10,96 10.84
1103 1095 10,83
1102 1095 10,82
11.02 10,94 10,81
11.01 10,94 10.81
1101 1094 10,80
1100 1093 10.80
1100 10,93 10,80
10699 10692 1079
1099 1092 10,79
10699 10,91 1078
10,98 10.91 10,78
1098 10,90 10,78
1097 10090 1077
10697 10089 10,77
10097 1089 10,77
1097 10,88 1076
10.96 10,88 10,76
1096 1087 1075
1095 1087 10,75
1095 1086 1074
1095 10,86 10,73
1094 100,85 1073
1093 10,85 1072
1093 1084 10,71
10,92 1084 10,71
10.92 100,83 10,70
10092 1083 1070

Sle1
1.78

6203

0.85

709

-0.01

LOG E LOG E LOG E

1079
10.78
10.77
10.75
10.75
10.74
10.73
10.72
10.72
10.72
10.71
10.71
10.70
10,70
1069
1069
10. 69
10.68
10,68
10.68
10,67
10.67
10.66
10.66
10. 65
10.64
10. 64
1063
10.62
1062
10.62
10- 61

10,73
10.72
1071

1070
1069
1069
10.68
1068
10e67
1067
10eH67
10.6H
10.66
10665
1065
1065
10.64
10.64
10.64
1064
10,63
10.63
10,53
1062
10.61

10.61

10.60
10.59
1058
10,57
1057
1056

1069 |

10.A8
1067
10,66
10,65
10,64
10.64
10,63
10.63
10.62
1062
10,561

10461

10,61

10,61

10,61

10.60
10060
10,59
10659
10.58
10.58
10.58
10,57
10,57
10.56
10.55%
1055
10654
10.54
10653
10,53
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Chap. IV, Fig. 27 (cont.)

8006

93.1 100.1

111.9 '”1.2 132,0 144,22 151.8

TEMP.
LDG A ]| -1011 =235 ~3.50 -4,85 =617 -=7.91 —9:52—10.15
vyimME | LOG E 1 DG E LOG E LOG E LO0G £ LOG E LOG E L.OG E
2] 1063 1056 1049 1042 1034 1022 10007 9097
3] 10.62 10:55 10,48 10,41 1033 1020 1004 9,95
sl 1061 1053 1047 1040 10,32 1018 10,01 9.91
71 1060 1053 10447 1039 1031 10017 90,99 9.89
10l 1060 1052 10.46 1038 10.30 10,16 9:96 9.86
15| 1058 1051 10645 10037 10029 10.14 991 9.83
20 10,57 1051 10044 10.36 10,28 10,13 9.89 9,80
25| 10,57 10.50 1043 1036 10.27 1012 Q.88 9.78
30 1057 10¢50 10,43 10.36 1027 10,11 9,87 G.76
35 1056 10649 1043 1035 10026 10011 9,82 976
40| 1056 1049 10+42 10,35 10,25 1010 9482 975
50| 10,56 10048 1042 10034 1025 1009 9080 973
60l 10055 10,48 1042 1034 10.24 10,08 9,80 9.71
70 10,55 10,48 10.41 1033 10,24 1006 9079 9667
80] 10:54 10.47 10.41 1033 1023 10,06 9074 9065
90| 1054 10047 10.41 10632 10623 10,05 972 964
100l 10,54 1047 10,40 10032 10623 10,048 9,71 9062
120 1053 10046 1040 1031 10622 10003 9069 9059
1480] 10.52 10646 1039 10.31 10022 10,02 967 9657
160] 10,52 10646 1039 10631 10021 10002 9,64 955
180 10,51 10045 10,39 10,30 10020 10,01 9062 90 54
200 10051 10.45 10,38 10.30 10020 10,00 9.53 9,51
250 1051 10044 10.38 10029 10,19 10,00 9.56 9.48
300] 10.50 10044 1037 10029 10,18 9,98 9.51
350 1050 10.43 10.36 100,28 10,17 9Qe¢97 Q047
400 10049 10043 1036 10.28 1017 9096
500 10,48 100243 10.36 10.27 1016 9095
600 10,48 10042 10,35 10026 1015 9693
700 10047 10042 10035 10025 1015 9092
ROC| 10046 10041 10.34 10,25 10.14 9090
900 10,46 10.41 10034 10025 10,13 9,89
1000 1045 10040 10,34 10,25 10.13 9.88




Chap. IV, Fig. 28, p- 152

TEMPo
LUG A

TIME

"2400
7495

LOG E

'20.?
7055

LOG E

-11.8
5,35

LOG F

202
5el4b

LOG E

i1.8
4054

LOG_E

3402
0698

LOG E

4601
-0c12

LOG E

53.7
—1.24

LOG E

618
-1.96

LOG E

T4 .1
-3.87

LOG E

8502 102.1

"5.24

LNG E

—-7.14

LG E

10406 1205

-850

LOG F

-3.62

LOG E

>
3

5

b

10
15
20
25
30
35
40
©0
60
70
80
90
100
120
140
160
180
200
250
300
350
4 Q0
200,
HO O
700
£0 0
Q00

11
11
11
11
11
11
11
11
11t
11
il
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11
11

10900

11

13
«13
013
e12
012
212
e12
012
012
011
a11
o 11
o11
o1l
ol1
o1l
o111
o11
=11
210
«10
«10
10
o 10
«10
e 10
« 00
P AR
00O
e 09
- 09

0 N7

11.12
11.12
11.12
11,12
1112
11,11
11,11
1111
11.11
11,11
ilo1ll
11.11
1110
1110
11010
1110
1110
1110
1110
11,10
11.09
11,09
1109
11,07
11.09
1!.08
116993
11.08
11073
11.09
11,098

11,12
11.11
11,11
1111
11,10
11,10
11,10
11,10
1109
11,09
11,09
11,09
11,08
11,908
1108
11,98
11,07
11.07
1107
11907
11,06
11926
11.05
1195
1124
1104
11,073
11.92

11,08
11.07
11,07
11,06
11,06
11.05
11.05
11,05
11.04
11004
1‘004
11,073
11.03
11.03
11,02
11.02
11.02
11.01
11.01
11.01
11,00
11,00
10,69
1099
1098
1093
1097
1 Qe GO
10096
10695
1095
10695

11.05
11.04
11,03
11,03
11,02
11,01
1101
11,900
1100
11,00
10,29
10099
100 99
1098
10.98
10698
10,97
1097
1096
1096
1096
10095
10.94
10.94
1993
1092
10932
10,91
10.91
10,90
1390
10639

1 087
10086
1085
10.84
10.83
10.82
1082
10.81
10.81
1081
10.80
10,80
1079
1079
10,79
1078
1078
1078
1077
1077
1077
1076
1076
1075

1075

1075
1074
10.74
1074
10673
10773
1073

10.81
10.80
1079
10,78
1078
1077
1076
10,75
10.75
1075
1074
10,74
10.73
1073
10073
10,73
1072
1072
10.72
10.72
1071
1971
1070
10,70

1076
1075
1073
10.73
1072
10.71
1079
10,70
10.69
10.69
10.68
10.68
10.68
1067
10,567
10.67
1057
1066
10.66
1065
1065
1065
10.64
10.64
10.63
10.63
10662
1062

1072
1071
10,70
10069
1058
10657
10066
10656
10,66
1065
1 0eH5
10. 64
10.64
1 0e H4
1063
10563
10.53
10e62
10¢ 62
10662
10.61
1061
10.61
10660
1059
10.59
1058
1057
1056
1056
1055

10661
1060
1058
10,958
1057
10,56
10.55
1054
10.54
1053
1053
1053
10652
1052
1051
1051
1050
1050
1050
10049
1049
1048
10.47
1047
10.46
106456
1045
10.’&4
10643
10.43
10e43
1042

10,53

10.51

10.50
10649
10.453
1047
1046
1046
10645
10.45
1044
10443
10.473
10.42
10442
10642
10.41

10.41

1040
10640
10.39
10639
1038
10.38
10.37
1236
10635
106395
10.34
1034
1033
1032

10.39
1038
1036
1035
1034
1033
10.32
10.31
10.30
1030
10,30
10209
1028
1027
1027
10.26
10e26
10,25
1025
1024
10s24
1023
1023
1022
10e21
10.21
1010
10.18
10.1°€
10617
10617
1016

10273
1027
1025
10.24
1022
1021
10620
1012
1018
10617
10156
1016
1015
1014
10.13
10.13
10.12
10.11
1011
10.10
10009
10,08
10.07
10.06
10.05
1004
1003
10027
10,01
10,00
1000
G609

1017
10.14
1013
10,12
10,10
1009
10.08
10.08
10,07
1006
10.06
10605
10.04
10.04
10,03
10.03
1002
10,02
10,01
10,01
10.00
Qe 99
498
F.98
Qe A7
0406
G495
Do Q4
DeIh
2,973
Je93

G6T



Chap. IV, Fig. 29,

p. 153

TEMP. 258 =1600 =503 5.0 0.6 1807 27.7 38e4 4T7el 5649 6404 78¢5 82,5 93.8
L0G A ] 5.39 4.23 2017 1067 0e66 =0049 =173 =3.70 =508 -6415 c5094 —Te96 =Be50 —9.77
rive | LoG € LoG £ LaG F LOG E LOG F LDG E LNG £ LOG E LOGE LOG E LOG E LUG £ LI6 E LOG E
11 .03 10,07 1038 10.85 10c79 10c72 10.65 10051 10640 1030 10.23 10.12 10,05 9.94
3 11.07 10.98 10037 10.84 10078 10071 10064 10050 1038 10029 10,21 10,10 10,93 9.92
o| 1101 10097 10.86 1083 1077 10070 10062 10.48 10436 10427 10419 10608 1002 9490
A 11.01 102956 10095 1082 10:76 10669 10s61 10s87 10235 10.25 10017 10.07 10.00 9,89
10l 11.00 10.95 10.34 10e81 1075 10s68 10.60 10.46 10e34 10.24 1016 10205 9.99 9.87
15 11.00 1095 10033 10.80 10074 1067 10057 10044 10,32 10,22 10014 10,03 2.7 985
50 10099 10094 10633 1079 1074 1066 10.58 10043 10+31 10.21 10,13 10,02 2.96 9e84
26 10.99 10.93 1032 1079 10:73 1066 10.58 1042 10430 10,20 10411 1001 995 9.83
50l 10.90 10.93 10,32 10.79 10.72 10:65 1057 10042 10029 10619 10.11 1000 3,94 9,82
35| 10.98 1093 10631 1073 10.72 10665 10.57 1041 10029 10619 10.10 999 993 9,81
2ol 10,98 19092 10091 10.73 1072 1064 10056 10.41 10428 1018 1009 999 9.92 981
5ol 10.98 1092 10030 1077 10071 10e64 1055 1040 1028 10417 10.08 995 .91 9.79
5ol 10,97 10091 10.79 10477 1071 10063 10e55 10039 10427 10416 1007 9497 .90 9.78
70l 10,97 1091 10.79 10,76 10.70 10e63 10,55 10,39 10+26 10.15 10,06 9¢96 9430 9.78
80l 10.97 10.91 10.79 10076 10,70 10.62 1054 1038 1025 1015 10.06 9095 9.39 9.77
20 10.97 1090 10073 1076 10,70 1062 1054 10.38 1025 10414 10,05 9095 9.89 9.76
100l 10295 12070 10678 1075 10469 1062 1053 1037 10.25 10413 10,04 9.94 9.88 9.75
120] 10,96 10090 10.77 1075 10,68 10:61 10053 10437 1024 10413 10,03 .93  9.87 9.74
10| 1096 10030 10.77 10.75 10,68 10461 10.52 1036 10023 10,12 10,02 9092  9.136 9.73
160 10095 10033 10.76 10074 10068 1060 10,52 1035 1022 10.11 10,02 9,91  9.86 9e72
180 10095 10089 10676 10.74 1067 10s60 10052 10635 10.22 10410 10,01 9091 9.15 9.72
500 10.94 1088 10475 10.73 1067 10:60 1051 10¢34 1021 10010 1000 9.90 9.85 971
2ol 10294 10038 10074 10.73 10.66 10659 1050 10,33 1020 10,08 9.99 9.89 9,84 9.70
3000 10094 10088 10673 1072 1065 1058 10050 10033 10019 10,07 9,98 9.83 9.83 9659
250 10,03 10687 10.73 1072 10:65 1058 10049 10632 10618 10406 397  9.87 942 Q.67
200l 10.97 1037 1072 1071 10,64 1058 10049 1031 10418 1005 2.96 9856 932 9067
c00l 10,92 10086 10e71 10.71 10.53 10,57 1048 10.30 1016 10,03 994 9284 931 9.65
~0] 10.02 1035 10470 1070 1063 10656 10047 10029 10415 1002 9,93 9,83 9,20 962
200l 10,91 10645 10059 1062 10.62 10656 10046 10428 10e14 10601 9,92 9632 9479 961
300 10491 1985 10459 1069 10e61 1056 10046 10027 10413 1000 9091 948l 9e78 9460
900l 10,01 10.35 17061 1055 1045 10026 10612 9699 2690 980 3477 959
1000 1000 10,34 10.60 10055 10065 10026 1011 9698 9,90 979 9,77 958

- 961
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Chap. IV, Fig. 30, p. 153

TEMPo [F57¢2 -48¢2 =33.2 212 ~10e8 162 10,9 22.2 36.3
LOG A | 5686 4.70 2¢26 1008 =0096 ~2.98 -4:49 —6¢00 —7.30
TIME | LDG E LOG E LOG £ LOG E LDG € LOG E LOG E LOG E LOG E
2] 1105 1099 1084 10676 1058 10039 1022 1004 O¢86
3| 11,04 10.99 10483 10.74 10.56 1037 10,20 10.02 9,83
S| 11403 10.98 10482 10.72 10.54 1035 1018 9.99 9,79
7| 11,02 10.97 10.81 10.71 10053 1034 1016 9.97 9,76
10/ 11,01 10.96 1079 1070 1052 1032 10015 9.94 9.74
15| 11601 1095 10.78 1068 1050 10630 10.13 9,92 9,71
20{ 1100 1094 1077 10667 10,49 10:29 10611 9.90 9469
25| 10699 1094 1077 10667 10:48 10628 10:10 9,88 9,67
30| 10099 10.93 1076 1066 10+47 10627 10409 9e87 9,65
35| 10:99 10.93 10476 10.65 10.47 1026 10.08 9.86 9.64
40| 10098 10093 10.75 10665 1046 10626 10607 9.85 9,63
50| 10:98 10.92 10.74 10.64 1045 1024 10.06 9.84 9,61
60| 10.97 10.91 1073 10.63 10045 1024 10405 9.83 9,59
70| 1097 1091 1073 10063 10044 10,23 10,04 9.81 9,58
80[ 10097 1091 10.72 10.62 10643 1022 10:04 9.80 9,56
90| 10,97 10:90 1071 10.61 10043 10:21 10:03 9.79 9,55
100/ 1096 10,90 1071 100:61 10643 10021 1002 9,78 9.54
120 1096 1089 1070 10,60 10:42 10:20 10001 977 9,52
140 10:96 1089 10.69 10,60 10.41 10.19 10.00 9.76 9,50
160] 10696 10.89 10.68 1059 10.41 10.18 90,99 9.74 9.48
180] 10095 1088 1068 10.58 10.40 1017 9.99 9,73 9.46
200| 10095 10.88 10567 10.58 1040 10017 998 9072 9043
250] 10095 10.87 10066 1057 10039 10.15 9096 9,69 0.41
300| 10:95 10086 10065 1056 10638 10:14 9095 9067 9.38
350( 1095 10.86 10064 1055 1037 1013 9098 9,64 9.34
400/ 10,95 10685 10:63 10.54 10636 10¢13 9093 9,63 9.31
500 10:94 1085 10061 1053 10034 10.11 9091 9059
600 1094 10084 10.61 10,52 10033 10010 9090 9,55
. 700| 10093 10:60 10,51 10032 9.54
800 10,50 10031 9.52
900 10,49 1030 9.50
1000 10.49 10.29 9.47
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Chap. IV, Fig. 31, p. 154

TEMP . 39.0 "27.8 "l.!.? e P < 124 2208 32.2
LOG A 000 =1sl11 —=2+16 =335 ~80,03 —4.63 -5,30

TiME lLOG E LOG £ LNG F LOG E LDG F LOG E LOG E

TTOE D14 De87 Bedd 8039 Be?23 Rell
0e25 910 B8.83 8BS0 S8e34 Be20 8,07
9e22 9004 8.77 BRo44 Be2R 8Be.15 8,02
9.19 9,01 873 8Be40 B.24 8ell 7.99
0,17 €698 B8.69 Be37 BeZ2l Be 09 7496
18] 90,15 B.94 8.64 Boe32 Se18 8e06 7093
20 9.14 Ro91 3.H1 B8e30 8415 8403 791
2 9o13 688 Be38 Be27 8¢13 8.0l 789
30 .11 R,R6 Be36 Be25 Boll B8eN0 T7.88
35| 9,10 B8.85 B.54 Be.24 8410 7699 787
40] 9.10 B8e83 B8.53 8.23 8409 7498 7.86
50l 2.00 €.79 R«50 B.20 8,07 Te06 785
60] 9.08 8B.7Hh B8.48 8.19 3606 7494 7o 84
70l 9,07 £.74 8.46 8,17 .05 7693

80l D.06 B.72 BRe44 8016 8403 7692

90l 9.06 8,70 B8.43 8.15 B3.02 7091
100] 9.05 0.0 8,42 8ol4 102 790

120 8,40 B8o12 B.00 7,89
140 8,38 8,10 799 70 8R
160 Be 36 8,09 799 7087
180 8034 8007 797 7086
200 8033 8,05 Te906 708“
250 8004 7eG4 783
300 8,02 70973 782
350 Re00 7091 7081
4 Q0] 709 7920 7,80
500 7,78
600 7.76
700 7475
800 T.74
S00 7e74

10060 Te73




Chap. IV, Fig. 32, p. 154

TEMP. F88.0 -74oebs =Tle0 =67e3 —62.2 -5208 —39¢3 —-31.7 =19.0 -8.1 2.5 101 24,2
_0G6 A 060 —1094 =320 ~4060 —-5033 —8910-10o59~l3.37—14.85—16.19-16-38-17-34—18.04

TiMeE | LOG E LOG E LOG € LOG E .0G E LOG E _LOG E LOG E LOG E LDOG E_LOG E LOG E LOG F

2] 9.96 Q.89 90680 9Go71 9,65 9-41 9,16 8078 8,30 Bel7 8006 7092
3] 9.905 9.88 9478 7.69 Qe H4 9. 39 Gels Be75 Be54 8.26 8.12 8.01 7.87
sl 2,05 9.87 2,77 967 9,62 937 9,11 Be72 8.50 B8.21 8es07 796 7082
7l 92.95 9.86 9.76 9.66 9.61 9.36 9010 870 Be47 Bo18 8,03 T7e93 779
10] 9.94 QB35 0075 965 9059 9. 34 9,08 B.68 B4 Belé B8e00 7090 775
18] 9.93 9.33 9.74 .64 9,58 9033 9,06 Be65 B840 Boll 7.96 To86 Te72
20] 9,93 9,82 9.73 963 9,57 9031 9,04 Bo.H64 B.38 B.08 7.93 783 7.70
o5 9.9 Ge82 .72 Deb2 Q.56 e 31 9,03 B8.62 B8.36 B8.06 7091 7e82 T7eH8

30 Ge 3 Q.41 .72 962 356 9630 9,02 8661 B8e34 B8e04 789 7630 756
25 Q92 o8l Ve 72 Qe 61 9,55 Q.29 9. 01 8,60 832 BoO3 787 Te79 TeH5
40] G2 Q.80 .71 F.61 Q.55 9029 9., 01 8,59 8.31 802 786 778 7.64
50 791 Q.72 371 9.60 9.54 9.28 8099 858 Be29 B.00 7.84 776 7.63
60 9091 979 D70 IFe59 3,53 Q.27 8,98 BeB7 8627 7098 Te82 TeT74 Te61
70, 3.91 9,783 9059 9¢57 9653 9:26 B,97 8056 Be26 7,96 T.81 7073 7550
80] 9.91 9,78 .59 958 952 9,26 8,97 B8:55 Be24 7095 780 Te71 7959
Q0 .90 Y77 IF59 9,83 .52 9,25 Be 96 8o 54 8023 7698 779 7270 758
100, 2.90 Qe77 9058 Qe 57 .52 9,25 8695 8.53 8.22 7093 777 ToeH9 Te58
120 D690 Go76 58 9.57 Je51 Qe 24 86 94 8,52 R.20 7,90 775 7e68 Te56
140 GoRQ Q.76 DeH7 9.56 .50 924 893 8.50 BelB 789 774 766 7455
160 GBI D075 FeH7 Fe5D 3,50 9,23 8,92 8+ 49 Bel6 7687 773 Teb6S5 754
130 Q43R 9675 96056 .55 D49 e 22 8,91 8.48 Bells ToB6 771 7e64 753
200 D88 De74 Qe56 355 9«49 0,22 8,90 8,47 8413 7.85 7070 T7eHh3 Te52
250 2.8 Y73 9655 9655 e 48 9. 21 8.89 8.486 8.11 7e83 T7e68 Tob1 7.50
300 Qe R7 Q.73 T.H% FeSH4 2¢47 920 8,87 8084 B8B.09 7,81 7o Te59 7049
350 F.87 Y72 DahHb 9.53 2047 919 8,86 8o42 8.06 Te79 7. 64 757 7448

400 Q9. 86 D71 FeH?2 3.53 De 46 F.19 8. 85 Be4dl 778 763 TeB6 Tald7
500 Qe B6 Fe70Q  DeH2 9 eH2 e b5 9.17 Re 83 8. 39 Te7S 7661 753 745
e 00 Q.15 FeHT el P52 Q.44 Q.16 A0 81 8. 38 Te73 759 7:51 Te43
700 D858 Je51 951 Jellh Geld B 79 8037 772 7057 7e49 7To42
800 Je50 go51 - 243 .9.15 873 8¢35 7«70 7655 747 Te41l
320 2,59 9651 473 Q.14 Be 76 8. 34 768 7254 Ted5 7:40

1060 .59 Q.50 .42 .14 8e 75 B.33 7«07 7+52 7443 7e39

66T




Chap. IV, Fig. 33, p. 155

TEMPo 4366 ~3806 =312 -22.0 =-9.8 02 606 1461 2803 2661 4002 49+3 60,7 667
LOG A 3,91 3051 1.99 0019 ~2c65 =3094 =5015 =6o17 =746 —TFo?75 —~8.51 —-B69 —2,30-10,.16
TIME | LDOG E LOG E LOG £ LOG E LOG E LDG E LDG £ LOG € LOG E LOG E LOG E LOG E LOG E LOG E
2] T0. 76 Y009 10043 1016 1003 Yo i ° EXY:) 957 e 46 9eR4 Fo36 G923
3] 10.74 1038 10042 1014 100,01 9,87 Qo784 9,58 9,54 Q.44 9.41 Q.34 9021
S5 100672 10669 10636 10,40 10012 9,98 9084 9,71 955 951 941 939 9.31 9018
7] 10071 10068 10055 10,38 10,10 9,96 982 970 9653 9649 9039 937 929 D16
10 1070 1067 10,53 10,37 10.09 9,94 9080 9668 9,51 9,47 9437 9635 927 9613
15] 10068 10:66 10652 10636 10607 9093 979 9066 90849 9.45 9035 933 9.24 9610
20| 10067 10.653 10651 10635 10006 9091 Q077 Q0658 947 9443 9,33 9,31 9,23 9.08
25| 10667 100664 10050 10.34 10.05 90,90 Qe T6 963 946 9,42 9,32 9¢30 9.21 9,07
30| 1066 10:64 10050 1033 10.04 989 Qo075 9,62 9,45 a4l 9, 31 Q29 G20 906
35] 10066 10663 10689 10632 10,03 9o.89 9074 961 284 9Ye40 9,30 D28 919 9,04
40| 10066 10663 10049 10632 10603 9688 9673 9060 9043 9,39 Qe29 927 918 902
S50 1065 10062 10,48 10,31 10,02 Q87 972 9059 9.42 9038 9.28 9026 916 9.02
60| 10664 1061 1047 1030 10,01 9. 86 9,71 9,583 9.41 9,37 9,27 9025 9615 9,00
70| 1064 10061 1046 10,29 10.00 90, 85 9070 9057 D40 9e36 9,26 9624 9613 8,99
80] 10664 10060 10.46 10029 92.99 9,84 9070 GoS6 939 9,35 Q25 9023 912 8.98
Q0] 1063 10059 10046 10028 999 9084 G669 9655 9038 9.34 Q024 9622 Je12 8697
100} 1063 10,59 10045 10.28 9,98 9,83 9.68 955 9637 9.34 Q.24 921 9,11 8696
120] 1063 10058 10644 1027 9,97 9,82 Qo067 9054 9636 933 902 920 9,09 8.94
140] 10663 1058 106044 10026 9096 9, 82 9, 66 Q653 935 9,32 9021 912 9,08 8693
160| 1062 10657 10,43 10:26 2096 9. 81 965 9052 934 Ge31 9420 9,18 3,07 8,92
180 100697 10042 10025 9095 90 80 9. 64 9,051 9,34 9,31 2¢19 9617 306 8,90
200 1096 10642 1024 9094 9080 Qo 64 9.51 9433 9030 9019 9416 9,05 B8.89
250 100655 10041 100623 9093 9,78 Q.49 9,31 9,29 9617 9el4d 9,02 8.87
300 10654 1040 10023 9092 9077 9048 930 9,27 Q16 9613 353,00 8,85
350 10653 10,40 10022 9,91 9,76 Q.48 9029 927 9614 9,12 B8.98 8,83
400 10653 1039 10.21 9091 Qe 75 9047 928 9026 9613 9,10 Be97 B8Be.82
500 100651 1038 10:20 9090 9,73 9626 9,12 9.08 Be94 8,79
600 1050 10637 10,19 Qo089 Qo722 T 25 90,10 9,07 8,91 8.77
700 10049 100,19 9, 71 924 909 9605 BoeRI 8075
800 10.18 9,70 9,23 9,07 9004 8637 Bes74
900 0.0 9,70 Q622 Q.06 902 B8B.86 8.73
1000 1017 9o 69 9.21 9,05 9,01 Be71
1200 10.16 9,00

o0o¢



Chap. IV, Fig. 34, p. 155
TEMP e 3202 -2400 —1508 =—406 SO 13.5 16.5 10.4 24.7 338 3B.9 46,2 5408 6601 T4.1 85.0
LOG A 3.06 2055 1023 —0086 =303 ~3072 =5003 —5083 —7021 -B.87 -9.42 ~9,99-10.48-10.87-11.31-11.82
Time | LOG E LOG £ LOG E LOG E LOG E LOG E LOG E LOG E LOG E LOG € LOG E LOG E LDG E LOG E LOG E LOG E
51 10.094 1001 10.80 10.52 10,11 9097 J071 9452 : B8.56 B8.46 B.36 B8.29 Be.21
3| 10092 1090 10,78 10048 10,08 9,93 9066 946 8053 8,42 Bo33 8026 8018
5| 10090 1088 10675 10044 10002 9088 .60 9041 8675 8048 B8+37 8430 80,23 8615
7] 1090 1087 10.73 10,42 9,99 9085 9656 9037 Bo71 8045 Be34 Be27 8020 8013
10| 10.89 10086 10071 10639 9.96 Q.82 952 9033 9,02 8467 8,54 B8e42 B.31 825 8018 8,11
15| 10088 10084 10:69 10036 9.93 9.78 9.48 9.29 8.98 B8.63 8.50 8.358 B8.28 B.22 B8.16 8,08
20| 10,87 10083 1068 100348 9090 9076 D084 9026 B8¢95 Be60 8,47 Be36 B8.26 8020 B8.14 80,07
55| 10086 10082 10067 10033 9088 9073 9042 9024 B093 Be58 B8.45 8,34 8.25 8¢19 8¢13 B8.06
30| 10,86 10081 10066 10031 9086 9071 9e41 9022 8092 Be56 8,44 8.32 8.23 8018 B8.11 8,04
35| 10085 10081 1065 100630 984 9069 9639 9020 Be.90 Be54 84482 B8s31 8e22 8017 8.10 8.03.
20| 10.85 1080 10064 10029 9083 9.68 9238 9019 B89 8053 B8e41 8029 8.21 8,16 8,09 8,03
50| 10084 10679 1063 10,28 9.81 Q.66 9036 9017 Be87 8,51 8039 8027 B8.20 8e14 8.08 8001
60| 1084 1078 10061 10026 9079 9e65 Q¢33 9016 B8:86 B8o49 8,37 B.26 Bel9 8013 B8.07 B.00
70l 1083 10077 10060 1025 978 9063 9:32 9014 Be84 B8e47 8,36 8.24 B.18 8012 B8.06 7099
80| 1083 10077 10060 10028 9o77 9063 931 9012 8.83 B8.46 8,35 8.23 8.17 Bol2 B.05 7,98
90| 10082 1076 1059 10622 9077 9061 9,30 9011 8082 8,45 B8e34 822 8.16 8s1ll 8.04 To98
100] 1081 10.76 1058 10022 976 960 9,29 9,10 8,81 Bo 44 8633 8o021 8015 8,10 8.04 797
120] 1081 10075 1057 10020 9o75 959 927 9.09 880 B8.43 8.32 8,20 8.14 8009 Be03 7096
140] 10.80 10074 10056 10618 9o74 Q.57 9.26 9,08 8.78 8,42 8,30 819 B8.13 8,08 8602 7095
160 1079 10074 10055 10617 9.73 9¢55 9025 9006 B8e77 Bo4l 8,29 8.19 8.12 8,07 8001 794
180 10.73 10053 10016 9¢72 9056 923 9005 B8.76 B840 8.28 8.18 B8.11 8.06 8.00 7.93
200 1073 10.53 10015 9070 9.52 9022 9,04 Be75 8e40 B8.27 8017 Bell 8.06 7099 7.93
250 10070 10052 10e13 9068 9050 9.20 9002 8:73 8639 8026 8016 8.09 8,04 7.98 7.91°
300 10069 1050 10012 9067 9048 918 9000 8.71 8037 8,24 8.15 B8.08 8,03 7.97 7.90
350 10067 10049 10,10 9¢65 9.45 917 8e70 B8e36 8023 B8o14 B8e07 B8.02 796 7.89
400 1066 10048 10,09 9,62 943 9.16 8.68 8434 8,21 8¢13 8,06 8,02 7095 7.88
500 10665 10.46 10,07 9,39 9.14 Be67 B30 8,18 Bel2 Be05 8000 7.94 7087
600 1064 10.45 10005 9.36 9013 8065 B8e27 Bel6 Bell 8004 799 792 785
700 10,63 10,43 10,03 9,34 9.1l Be64 8425 | 8e10 B8.03 798 7.91 784
800 10,62 10042 9,31 9510 8.63 8.24 8,09 B8.02 7.98 7.91 7.84.
900 1062 9,29 9,08 8¢62 8.09 BoOl 7,97 7090 7.83
1000 9,27 9607 Bo61 8,08 B8.00 796 7.89 7.82
7.95
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Chap. IV, Table VI, p. 148

T Fa5 .3 —38.5 =31e3 —27e2 -P0e8 -1324 =11e3 =4.0 3.4
LG A VeHO DeHO 2040 100 =180 =4050 —800-1000-12.00
T IML LG F LOG E LRG F LS F 196 & LOG & LOG . LOG E LOG £
2 1084 10e55 10048 908 7e 65 He B4 Hed7

3l 1097 108348 10eH3 10645 e B4 3699 Te55 GCe77 6633

Sl 10696 10633 10eH50 10042 Je 78 e 1 Ts43 6o 69 028

721 10,96 10633 1058 10439 F.73 Bae86H 736 6o 66 Hel5

10] 10696 10632 106536 10436 DehH 7 Be30 Te28 6062 He22
15 10695 1031 10633 10434 Jo01 Be74 720 6.58 6418
P 109% 1031 1051 10.31 357 B, 70 715 6ae 56 HolhH
25| 10695 10631 10650 10030 Fe53 ReH7 7ell 6o 54 6Gel4
30| 10694 10630 1048 10428 2651 He O4 Te 08 Hae 52 hel3
35| 10694 10630 10647 10427 Fedtd BeH2 705 6652 Hell
40 10694 1080 10646 10426 Je 46 B e 6O 703 6650 6el(
S50l 10693 10679 10644 1024 Fe473 B.57 H699 649 5003
00 lQo")3 1079 10.43 10422 Ve 40 805 6697 6el7 606
70| 1093 10073 10642 10,20 9637 BeH3 6695 6046 0604
Q0 1092 10673 10:41 1041° Qe 35 8.51 65093 HeltS 6403
90l 10092 10673 1040 1017 Qe 33 8450 6©e 91 6e44 heO1l
100l 10692 10677 10039 10616 3o 31 So413 He 8Y 643 He01
120 10692 10677 10037 10014 e 29 Botr 6o B7 Eodl 5099
160] 1091 1075 1036 10612 Fo26 Hod4 Se 84 6040 5697
160 1091 1076 1035 10011 Fo 24 Hod?2 6082 6038 596
130 1091 10675 10634 10609 Qe 22 Bo40U He81 He27 SoY4
200l 10660 1073 10633 10608 e 20 Be3R 680 6036 He92
2501 10690 1074 10041 1005 D617 Be 35 6,77 6e34 590
330 10,89 1074 10279 10002 9014 Bo 32 B 75 6e 32 G oRF
390 1089 10673 10,28 9099 .11 8630 6072 6031 586
4900} 1088 10672 106206 e I7 9609 8Be2H 671 He30 5085
500} 10687 1071 10,24 3693 306 Re21 Ho 69 Se82
600l 100836 1070 10022 9o B9 .03 Pelb Ho 67 Se7
730 1086 1069 10.21 Qe &5 9600 £10 66 Be?77
200 1085 10,68 10,19 Qe B2 3,99 6Hob 4 567%
900 1085 10,63 10,18 Q79 3097 Se74
1000] 10084 10667 10617 Qe 76 3,96 Se71
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Chap. IV, Table VI, p. 148

TEMP.
L.OG A

10¢
120
140
16C
18¢
204
250
300
350,
400
50¢C
600
700
80¢C
°0¢
1000
120¢
120¢
1600
180G
2000
230¢C
2600

11 .09
11,09
11,09
11 .09
11.09
11.0°
11,08
11 .08
11 .08
11,08
11,08
11 .08
11,08
11,08
11 .07
1107
11.07
1107
11 .07
11.07
1107
1107
11,07
1107
1106
11006
11 .06
11,06
11 .06
1106
1106
11,06
1106
1106

11.06
11,06
11.06
11.05
1105
11.05
11 .04
il1.04
11 .04
11,03
11,03
11,03
1103
11.03
11,02
11,02
110,02
11 .02
1101
1§01
11,01
11,00
11,00
11,00
11,00
1100
100,99
100,99
10099
10,98
10,98
10,98
1098

11,03

11.02
11,02
11,02
11.01
11,01
11,01
11.00
1100
11,00
11.00
11.00
11.00
100,99
10.99
10,99
10,99
10699
10-.99
10.98
10.98
10,98
10,97
10,97
10.927
1097
1097
10.96
1096
10096
1096
1096
10,95
10,95

1097
10.96
1096
1095
10.95
1095
1C.94
10.94
1094
10,93
10,93
10,93
1092
1092
10.92
1091
10,91
10,90
10.90
1089
10.89
10,89
100,88
1087
10087
10.86
10.86
10.86

10,87
10.86
1085
10.84
10083
10,83
10.82
10.82
100,81
1081
10.80
10.80
10.80
1079
10,79
10,79
10,78
10,78
1077
10,76
1076
10.75
1075
1074
10.7%
10,73
10,72
10,71
1071
10.,70
10,70
10.68
10.67
10067
10066
10,65
10.64
10063

73,0 —6202 ~5805 -5002 -4267 -39¢6 —36.9
1527 13.02 10.85 10015 8060 7040 550 4.70

10.78
10,77
1076
10,75
1074
1073
10,72
10,72
1071
1071
1070
10.69
10.68
1068
10067
10.67
10,66
10-65
10064
10,64
10063
10,62
10,061
10,60
1059
10.58
1057
100,56
10,55
10053
10,53
10,51
10.50
100,48
10,46

35e8 -308 ~25e8 -22+7 |

10,58
10.58
1057
10.56
1055
10,54
1054
1052
1051
10,50
10,49
10.48
10.48
16045
10045
1084
1043
1062

1.60

1049
10867
1045
10043
1040
10.38
1037
1036
10,35
1033
1032
10,30
10.29
10.28
10,27
10.26
10025
1023
10,22
10,21
10,20
100,18
10016
10,14
100,13
10010
10,08
10,05
10,03
10,01
9,99
Se 95
96,92
9,89
2,87
Qo84
9,80
Q.78

-1.55

=360




