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ABSTRACT 

Conventional C1rcu1t models for balancéJ operat10n of polyphas~ 
1nduct10n motors are reviewed and augmented to 1nclude second order effects. 

Exper1mental p~ocedures and instrumentat1dh are developed to measure the 
'1 

character1st1cs of a mach1ne s6 that 1tS C1rcu1t parameters can be 1dent1fied. 

Analyt1cal solut~ons based' on curve f1tt1ng are cbrnpared with parame ter Opt1-~ 

m1Z1n\teChn,qu~ based on m,n>rn,zat,on of an error funct,on. Opt,m,z,ng 

technl ues are shown to y1eld rellable models Wh1Ch 1nclude effects'of satur-
"J 

atlon of ma1n and leakage flux paths and sk1n effect ln the bars of a squir, 
rel cage rotor. 

The work on standard mach1nes prov1des a bas1s for the devel~pment 

of a dynam1c C1rcu1t model for pole amp11tude modula~ed mach1nes Wh1Ch norm-

ally have high harmon1c mmf €ontent and asymmetr1cal wlndlngs. 1 This model 

lncludes an orthogonal aX1S equlvalent of a squ1rrel cage rotor. Experlmental 
fi' 

résults show that harmonlC eff~cts are correctly predlcted, the dlfferen8€ 

betweèn measured and computed torqu0s be1ng consi~tent w1th stray lo~s pffects. 
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ABSTRAIT 

~ Les modèles conventionnels des circuits des moteurs asynchrones 

polyphasés sont revus et accrus pbur inclure les effets de second ordre. 

Des procédures expérimentales et i'instrumentation sont développée~ pour 

r 
déterminer les caracteristiques d'une machine afin que les paramètres du 

c1rcuit puissent être identifiés. Des solutions analytiques basées sur 

l'ajustement d'une courbe sont comparées avec les techniques d'optim1sation 

des paramètres par la minimisation d'une fonction d'erreur. Il est ~rouvé 

que les techniques d'optimisation produisent des modèles fiables qui tiennent 

compte des effets de la saturat10n du parcours du flux principal et celui 

des fuites, aussi bien que l'effet de peau dans les barres de la cage 

d'écureuil. 

Les études sur les machines o!dinaires donnent une base pour 

la développement d'~n modèle dynamlque pour les machines à fmm modulée qui 

normalement possèdent de forts harmoniques de la fmm et des enroulements 
~ 

, 1 

asymétriques. Le modèle employe des axes orthogonaux qui le rendent équi-

~alent à la cage d'écureuil. Les resultats exper~mentaux montrent que l'effet 

des harmoniques~est préd1t correctement, la d~f~ence entre les valeurs 

mésuiées et celles des couples calculées est compatible avec les effets 

des pertes parasites. 
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PREFACE 

t fl 
Th1s thesis descilbes a new approach to the parame ter identi-

ficat10n problem of standatd and pole amplitude modulated pOlyphase,lnduc: 

tlon machInes. To the best of the author's knowledge, the follow1ng are 

a) The app11cat1or::' of a funct10n m1n1mIzat10n techn1que to opt1m1ze a 

\ 

set of parame ter values for a CIrCUIt model, and the determlnatlon of 

the condltlons where IthlS may sat1sfactorlly he done. 
1 

(, 

b) The development of a SUl table CIrCUIt model wh1ch 1S enlarged ta 

( 

lnclude second ord~r effects . 

. 
c) The usd of an equlvalent rectangular bar ta model skln effect ln the 

bars of il squlrrel ~age rotor, the depth of the bar belng determlned by. 

the parameter optlmlzat1on proce1s.' 

d) The development of lnstrumentat10n for the acqulsltlon of the necessary 

da ta. In partlcular, the 1nstrument used to separate and- measure tl,\:: .Ln-
1 ,. 

phase and reactlve components of lnput current 1s an orlg1nal deslgn 

whlch 1S not commerclally ~ava11able. 

, 
e) .. The canplete, Instrumentation system makes lt feas1ble to operate a 

mach1ne at normal v?ltage leve18 wh11e acq~lrlng the experimental data. 

As a result 1t 18 now poss1ble to obtaln rellable parameters applIcable 

to normal op~ratlon. 

f) The:r~vlew of pole amplItude modulation lS a novel presentat10n wh1ch 

is particularly conCIse and 1n which the eXlstlng general theorefu of 

/ 

three-phase modulatIon has been extended to the more general case ôf q 

phases 

lIN 

/ 



~) T&e dynamLc circuit model for pole amplitude modulated machines 

involves a new transformation of the var1ables for a ]QU1rrel cage 

rotor to·those of a quas1-stat1onary set of two-phase coils. The model 
~ 

1nclude~ all airgap rnrnf harmonies and is directly applicable to machines 

h,~v1ng asyrmnetr1cal w1nd1ngs. 
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CHAPTER l 

INTRODUCTION 

The formulation of equivalent Clrcults for induction motors is a 

problem which has received mueh attention. Nevertheless'standard models and 

the methods used ta measure their par&meter values are not entirely satls-

factory in that they produce noticeable differences between measured and pre-

dicted characteristics. The availability of automatic data acquisition and 

reduction systems no.., offers the possibility of improvin~ on existing methods> 

of parame ter ldentification. The facility and rapidity wlth which such 

systems can accurately acquire and store large quantities of lnforma~~on 
, 

should result ln the abili ty ta use' a wlder range of experImental data, thus 

making it possIble ta include second arder effects in a more detailed model 

and ta consider the effects of temperature rlse on performance more effective-

ly. 

Among the effee ts WhlCh may requlnre considerablL expe!imental data 

for their IdentifIcatIon are alrgap mmf harmonies, [1] skin effect in the 

[ 2] 
rotor bars of a squirrel cage machIne, reductlon of leakage reactance due 

to saturatIon of the leakage flux paths,[3,4] incremental lasses in the teeth 

due to leakage flux, [5] and changes in parameter values due ta saturation of 

the main core. Measuremenf of parameter values where these effects are sig-

nificant poses many problems for which no satisfactory solutions have yet 

been found. For example, the assumption of negligible harmonie effects is 

often justifiable in the case of modern standard induction motorË and from 

this point of view existing models appear to be satisfactory. However, de

velopment of pole amplitude modulated induction motors[6,7J in recent years 

/ 
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now provides situations where the harmonie content is invariably large, yet 

the literature is notably lac king in circuit models. There is therefore a 

clear need ta develop suitable models and parame ter identification technlques 

for such situations. Most of these machines have squirrel cage rotors and 

therefore skin effect is also likely ta be appreciable. The main difficulty 

ln modelling this effect from experimental data is that of estimating the 

change in part of the rotor resistance and leakage re~tance as the speed 

~ 

changes. Since the leakage flux paths include the teeth of both rotor and 

stator, any tendency for these parts ta saturate under the influence of wind-

lng currents at high values of SlIP, irrespective of the terminal voltage, 

also results ln leakage reactances which are speed dependent. In addition tu 

this change in leakage reactance, the leakage flux produces ln the teeth 

incremental core losses which are determined by the winding currents. 

The circuit model WhlCh is used for the majority of polyphase in-

ductlon machine problems is based on the similarity between a transformer and 

a machine having balanced windings, voltages and currents.[8) This model is 

baslcally that of a short clrcuited transformer in which the value of one of 

the resistive parameters is dependent on the relative velocity between tne 

two sets of windings. Standard tests for the measurement of parameter ~alues 

for this model do not provide sufficient information to determine the varia-

tions in parameter values due to sorne of the second arder effects di~cussed 

above. Inclusion of these effects in the model requires additional circuit 

elements and additional experimental data from operation over a range Bf 

speedPrather than at the limited number used in the standard tests. A data 

acquisition system therefore seems to offer the best rneans of gathering and 

igterpreting sufficient data so that an enlarged model may include these 

• 
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erfects. 

Another form of model which is widely used is~the set of dynamic 

~ 
circuit equations which results from viewing the machine as a network of 

coupled coils, some of which are free ta move relative ta the remainder.[9,1~] 

This model is particularly valuable for situatlons where windings or source 

voltages are not balanced. The ~ircuit equations for the actual coils are 
~, 

non-linear and it is usual ta seek transformations for some of the variables 

which yield sets of linear equations for yhlCh the total power in terms of the 

transformed variables is the sarne a~ that given by the original variables. 

These transformations are usually ohtained by qpnsidering the transformed Vdr-

iables ta be associated with another set of coils which produces exactly t~e 

same magnetic effect in the airgap, 

suit the particular situation. The 

and whore reference frame is chosen ta 

matrice~ which perform these power invar-

iant transformations are orthogonal, the simplest forms being those having 

only two axes. Since pole amplitude rnodulated machines often have asymmetri

cal windings,[ll] a dynamic circuIt model i5 likely to be the most viable 

form. This, however, requires the detefmination of a suitable transformation 

which includes the effects of airgap harmonies. 

T:iS thesis pres1nts a new approach to the parameter identifi

cation problem. Instrumentation and experimental proceoures are developed 

ta provide for the measurement of parameter values of a circuit model which 

is enlarged to include second order effects. An important feature of this 

approach is that the time requir,ed for a set of measurements is sufficiently 

small that a machine May safely ~ operated at its rated voltage, thus making 

it possible ta obtain a reliable S~~f parameter valuestapplicaHle ta normal 

operation. In addition, the equipment and experimental procedure- are 'wel1 

, .. \" 
; . 
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suited to the mea~ement of aIl ope~ating characteristics, including those 

of machines having significant harmoriie content. 

After first describing the instrumentatIon and experimental pro-

cedure, the relatively simple situation in a wound rotor machine operated at 

low voltage is used to develop the augm~nted circuit model and establish the 

validity of bath model and procedure. Next, skin effect in the rotor bars 

of a squirrel cage machine is added ta the model, and the effect of voltage 

level on parameter values determined by operating a machine over,a range of 

voltages up to its ~ated value. 

Following a review of the basic principles Involved in pole amp· 

litude modulatIon, a dynamlc circuIt model ls developed for this situation 

slmultà~eously involvlng slgnificant harmonie content ant~skin effeet in the 

rotor bars. In this case the stator has three axes on each of whieh there 

are two sets of harmonic coils to mndel exactly the magnetic properties of 

the windings. To complete the model a two-axis equlvalent of a squirrel cage 

rotor ls deveroped. An Interesting feature 1 s that al though the harmon 1 c 

coils are electricallv orthqgonal, their relative mechanieal posltions are 

dependent on the order of the harmonie. It may also b~ noted that the normal 

sImplifications resulting from the absence of g.roups of harmonies, suer- as 
1 

.' 

those having even nurn~~rs in standard windings, do not apply, and the pres-

ence of sub-harmonies makes ït desi rable: ta think in terms of a two-pole 

field which is the fundamental, and a spectrum whieh has a peak value at the 

number of pales which it is intended should dominate the airgap field. 

Finally the model is verified by an experimental investigation of two 
• 

machineS', one having 6/8 pales and the other 6/4 pales. 
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CHAPTER II 

INSTRUMENTATION 

2.1 Introduction 

The methods which have been devised to obtain parame ter values 

depend on the availability of test facilities incorporating sorne features not 
, 

usually found on a dynamometer. The equipment must provide means for changing 

and measuring speed while the in-phase and reactive components of current are 

measured. If the speed is changed continpously it is desirable that the ac-

celeration be constant in order to simplify the correction for inertia torque. 

The speed control system should therefore he capable of providing either à 

, 
ramp or a constant value of speed. The termin,al voltàge should be monitored 

""'"' .... 
continuously and variations 1n its value kep? t~a minimum. To satisfy these 

requirements, the instrumentation requires several distinct parts, each of 

which is described below. F1gures 2.1 and 2.2 show two ,views of the system. 

2.2 The ~amometer 

The dynamometer has a d.c. work machine which ls rated 7, HP and 

may be operated at speeds up to 2500 rpm. Speed càntrol is by meâns of a 

Ward~eonardsystem whose basic reference is obtained from a chopper stabilized 

operational amplifier which can be operated either as an integrator to pro-

vide the ramp reference or as' an invertor to provide the constant reference. 

A thyristor bridge circuit and a motor-generator set provide the necessary ., 
power amplification for the d.c. work machine which provid~s an excellent 

~' 

ramp of speed whose only defect is a slight change of slope 00 passing 

through the synchronous speed of the induction machine under teqt; this i8 

s 
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due to hysteresis in the d.c. machines when the power flow reverses. 

To ac~ieve the large accelerations required ~hen operating a 

, 
machine at full voltage, and to overcome the pull-out torque, it is necessary 

to have a large marg~n of power rcserve ~n the dynamometer. The speed control 

of this 7! HP dynamometer is at the limits of Its capability in handling the 

full voltage pull-out torque of a 2 HP inductIon motor. Larger machines we~e 

, 
operated at reduced voltages where the Ilm~tlng factor was the current 

capability of the voltage regulator. 

The controller has two ranges for both of its modes of operation. 

For continuous speeds the maximum values are 250 and 2500 rpm. ~For ramps of 

speed the maximum values are 250 and 2500 rpm/sec. 

A d.c. tachogenerator provides the measurement of speed. It has 

an output of 50 V per 1000 rpm and although it has high powe-r capabi1~ty, It 

can deliver its rated accuracy of 0.15% only when the load is at least 1 M~. 

A high voltage oper~tional amplifIer ~n simple inverting mode 1S therefore 

used as a buffer. The signal is then brought down to a level suitable for 

the solid state amplifiers which are used throughout the other-parts of the 

system. 

Measurement of torqueLis aecomplished by means of a torquemet' 

of the magnetic anisotropy type which has been developed in previous projects 

. [121 
at MeCill Un~vers~ty. It is excited at 200 Hz to reduee the influence 

" 
of stray 60 Hz fields and the excitation current is controlled to improve its 

stability . 

To measure stalled torque as a function of position, it ia 

" 



neu!ssary to rotate th!:' m<lchine~ very c,lowly wlth minimal fluctuatlolls III 

Th~ eff!:'ct of tooth ripple 1<, ',\I('h th.lt the main <,pl'l'd (ontrol <,vst!'m ... 

1 .... unc,uitable, and an ,lUxIliary drIve systt?m 1 .... used for thi', puq.lü<,e. r t 1 ..... 

shown ln Figure 2.3. 

2.1 Electrical Measurements 

The problem of determlnlng piIrameter values for a Circult mlldel 

lS basH.al1y that of measuri'ng e1ther the Input impedance or admJttal'r(> ~lf d 

machHH'. If the machIne 15 üpf'rated clt constant voltage, tlw real and Imag

ln,lry componE.nts of th", \nput admitt<lnce ~c;' ln' determlned (ilrectly from thl' 

,n-phaSl> and rl'actIve COmplJ!1l'nts of the input currellt. SirH'p there 1<, no 

<,t<1ndard instrument c:1pable of performlng tlus function at pO\.Jer frpquen( 1,",. 

It was nece~sarv to deslgn and make one havlng the required accuracy. , . 
~ 

// The c~l1\ponents of input current are detected bv two sets of ~Olld 

state, chopper type, phase sensItIve detector!-> connected to the outputs ,,1 

three current transformer". One set 15 switched ln phdse wlth the luH-tll-

neutrill volt~e, and thE:' nther <,pt al a phase clngle or 90°, this Shlft t;t'lng 

accompl.lshed by a set .f thr('p tntegrators. The componf.'nts of any l1IW of 

ihe threp currents or thelr drlthmetlL mean are Indicated on two d.c. mIIII-

ammeters and thert' ,Ire corresponding ~ignals dvailablf.' ftlr recording. 

Voltage control IS by means of a three-phase autotransformer unit. 

The voltage is measured by a three-phase diode bridge circu1t dnd compared 

. , 
with a zener d10de reference. A thyristor bridge circuit provides the nec-

esc;ary amp11fication of the error signal ta operate the drive mator. The 

rating of the unit is 120 volts (line-to-neutral), 50 amperes. 
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To determine the temperature of the machine, the d.c. resistance 

of the stator-winding is measured immediately before and after each set of 

- measurements. The method used is the simple one of measuring current and 

voltage, but for reliable data acquisition the signaIs must be filtered ta 

eliminate the effects of remanence induced voltage. 

2.4 Data Acquisition 

'\...---' 
Normally the choice of a,data acquisition system is determined to 

a large degree by the quantity of data to be recarded. The data for simul-

taneous measurement of several characterlstics may be recorded in analog or 
, 

digital form. In this context, the advantages of an analog system includé l t<., 

relative simplicity and the ease of visually smoothing out lrrelevant perturb-

atlons. Those of a digital system lnclude the possibillty of computer control, 

the fact that the data is alread~\ in a form suitable for processing by comput-

er, resulting in reduced time between the measurements and final results, and 

greater resolutiGn which sh0u.ld be of particular value in determinlng values 

for those parameters modelling second arder effects. Unfortunately a computer 
)' 

controlled system requires considerable tlme to set up and must have much 

repedted use if it ie; to Justify the increased cost of preparation. r\cver-

theless it seems desirable to use such a system'with a view to ;~essing the 

feasibillty of automatic measurement of parameter values. Digital data ac-

quisition has therefore been used for the development of the parameter deter-

mination techniques de5cribed in Chapter 4 and a150 for the experimental 

study of pole amplitude modulated machines describe~ in Chapter 9. Analog 

data acquisition has been used for m'easurements of parameter values at volt-

age levels up to the rated value, since they must be brief on accaunt of the 

very rapid rise in temperature. This has provided an opportunit} ta deter-
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mine the effect of the lower resolution. 

Both the analog and the digital system have difficulty in dearing 

with one of the natural modes of torsional oscillation of the dynamumeter. 

For example, when coupled to ~he wound rotor machine there is a natural mode 

of approximately 30 Hz which appears at several "tliscrete values of speed with-

in the range to be measured. The resulting oscillation in torque is suffic-

iently high to be hazardous to an X - Y pIotter. ln additIon, there is an 

oseillatory torque due ta mechanical difficulties in aligning the shafts. the 

frequenev being the same as the shaft speed. The torque and speed signaIs 
r 

h f d h h l . f'l [13J are t ere ore passe t roug ow-pass actIve 1 ters. To minimize t iroc 

"lag errors in the recorded data. the SIgnaIs for the ~n-Pha.nd reaet ive 

components'of current are also passed through low-pass filters having the 
.... 

sanJe break point as the speed signal, Slnce the oscillatory t~e is the 

larger and more troublesome, its .filter i8 fourth order and its break palnt 

adjusted sa that for the range of frequeneies in the signaIs th~ time laq 15 

the same as those of the second arder fIlters in aIl other channels. 

111 the digital system aIl the ,,,sIgnaIs derived from the instrurnen-

tation are measured by a digital valtrneter' and multiplier which are cùntrolled 

by a Genera'l "-Electrle model 4020 process control computer. Range, integra-'_ 

tian time and sdmning rate are programmed ta sui t the experimental cond,itions. 
" 

ln the analog 'system the signaIs are mea~~red and recordcd by ~ 

bmulti-channel optica1 recorder. Transcription of the recorded data ta 

digital form i8 simplified by including the ~ecessary 

th~.main "computer program. 
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CHAPTER III 

EXPERlMENT AL PROCEDURE 

3.1 Introduction 

In any process of parameter identification there are two main 

aspects which are closely lnterrelated. These are the experimental procedure 

and the geneTal strategy of computing the parameter values from data obtained 

by measurement. The developm)n t of nove 1 instrumentation specially for the 

task of measurwg parameter value.:; of a novel model inevi tably leads to an 

experimentaJ procedure which has novel features. Although thlS proce~ure wa~ 

developed primarily for use with the models and computational methods descrJ-

bed in Chapter 4, it lS suitable for the more general task of measurement nf 

aIl of the characteristics of an Induction machine since the conditions 

applying ta these characteristics must be clearly defined. It has therefore 

been used for the measurement of the character~stics of the pole amplitude 

modulated machines shawn in Chapter 9. An Important aspect of any expenmen-

tai procedure is the error WhlCh it introduces. After the detailed descrlp-

tian which follows, the remainder of the chapter is devoted to consideration 

of those effects which are most likely to result in serious experimental 

error specifically introduced by the procedure. 

3.2 Details of the Procedure . 

The d.c. resistance of the stator winding is measured just before 

\ ~~ginning a set of measurements. This is done with the set runn1ng at the 

desired initial speed in order to minimize the time elapsed between t~~re-

sis tance measurement and the ~i\st measurement after the machine has been 
". . . 

13 
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switched on. Measurement of the d.c. resistance while the machine is running 

minimizes errors in estimating the temperature of the winding during a set of 

measurements, but unfortunately the effect of remanence in the rotor core re-

sults in significant ripple in the voltage which appears across the winding 

terminaIs. The elapsed time is measured in the digital system by storing the 

computer time count at the end of each scan. In the analog system it ls meas-

ured directly from the recording. After allow~ng a short t~me fo~ conditions 

to hecome steady, the ramp is switched on or the speed changed point by point 
i. 

and data acquired ov.er_ ~e desired range of speed. -. - '. 

I~diately after the machine has reached the ultimate value of 

speed or, in the case of the digital system, the last scan has been completed, 

the d.c. resistance 15 aga in measured. The speed is then returned ta the inl-

tial value 50 that it may be changed again over the same range under the same 

conditions to determine the inertia and friction torque. With the analog 

system the data is already recorded on photographic paper and i5 transcribed 

ta digital form later. With the digital system ty data 

and, if required, the procedure repeated, the onu{ limit 

is stored on disL 

being that imposed by 

the space available on dise. The data is retrieved from the disc after the 

system has been shut down, and computation follows. 

There are two effects which may cause difficulty with the inter-

pretation of the data obtained with this procedure. The expressions given ln 

Appendix A and the normal computation of Induction machine characteristics 

assume 'that the temperature is constant. 
\ 

This ls not correct during a set of 
l 
J 

measuremepts and the d.c. resistance is mea5ured sa that the temperature vari-
\, 

ation may be estimated by the method described below. It is also assumed that 

the machine i8 electrical1y in the steady state. If the speed iq being chang-
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ed continuously in the form of a ramp, the slope of the ramp must be small 

eno~gh that its electrical effects are negligible. This i5 also considered 

below. 

3.3 Temperature Compensation 

One feature of this procedure ls the ability to take a complete 

set of experimental data in a time period sufficiently small that the rise in 

'\ 
temperature is kept ta a reasonable. value. It is tempting ta conclude that a 

change of only a few degrees ought to be negligible. However, the fact that 
) 

there is a deterministic change in temperature as the measurements proceed 

rather than a random fluctuation about a mean value results in a ~wing of sorne 

of the character~stics wh~ch leads to erroneous results wh en using the curve 

fit method described in Appendix A. The swing in the R s characteristic can 
cr 

be seen by inspection of Figures 4.5 and 4.6; the uncompensated points show a 

significant djfference in curvature and ~nspection of the intercepts shuws 

that ~n one case there ib an increase but in the other there is a decrease, 

leading to values of rotor resistance which are significantly different. For 

the wound rotor machine used in the investigation it may be noted that the 

effect of a SoC increase in ternperature is to increase the input conductance 

by lt% and the torque by 1% when stalled. These are significant errors and 

it ls therefore essential ta mode1 the variation in temperature and to compen
i 

sate for it when using measured data ta obtain parameter values. 

3.3.1 The Thermal Model 

ç 

Accurate prediction of temperature variations in a rotating 

machine over a long period of time has bèen the subject of much investigation 

in the past 
[14-16] 

A detailed thermal model is complex and experimental 
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determination of its parameters is lengthy and diff1cult[l71. However, in 

this case, because of the short ~ime periods involved ~d the relative con-

stancv of conditions, a simple model in which the machine is regarded as a 

single homogeneous body with cooling dependent on speed should be sufficiently 

accurate. Any errors cao be minimized by using cooling curve data measured 

at two or more values of speed to prov~de the thermal conductance and its 

speed dependence, and then iterating the computation of the temperature res-

ponse ta seek the thermal capacitaoce which matches the calculated and measur-

ed values of temperature ,at the end of the measurements. 

The basic expr~ssio1' for the temperature variation of a homogen-

eous body in which the lasses are P watts is 

p J (3.1) 

where ~ 13 the temperature, ~ the amb1ent temperature, C the thermal capaC1-
a 

tance and D the thermal conductance. Hence * = ~ [p - D(~ - 4J a )] (3.2) 

Slnce the voltage lS constant durlng measurements,and the core losses forro a 

Slgnlflcant part of the total loss durlng only a small part of the character-

lstlCS, tha losses may be assumed proportl0nal ta the square of the lnput 

current, and thus 

(3.3) 

where Kc and Kd are rev1sed thermal parameters due to the change o~ var1aPle 

from power to current. The in1t1al slope of the coo11ng curve ls therefore 

g1ven by 

(3.4) 
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= -K (~ - ~ ) at 5peed N 
N 0 a 

(3.5) 

The values of ~ and KS are obta1ned by direct measurement and the init1al 

5lope of the cooling curve at any other speed n 15 given by 

= -[K + (K
N 

- K)o I!!.I] 
S S N 

= -K (<p - <P l 
n 0 a 

(3.6) 

This value of K~ replaces KcKd 1n Equat10n 3.3 and the change 1n temperature 

dur1ng a time 1nterval can be calculated uSlng the mean value of the square 

of the current dur1ng the 1nterval. 

3.4 Accelerat10n Effects 

., 
It has been common pract1ce untl1 recently to assume that any 

mechanlcal trans1ent assoc1ated Wlth an Induct10n mach1ne would take place 50 

slowly relat1ve to the result1ng electrlcal transients that the electr1cal 

translente could safely be 19nored and the machIne regarded as be1ng ln a 
\ 

d 
. [18,19J . 

quas1-steady-state con 1t10n. However, recent stud1es have lnd1cated 

that such a cond1t1on does not necessar1ly eX1st, especially for the common 

SWI tch.lng-on trans1ent. \ It 1S therefore necessary ta establ1sh the errors 

llkely to be l~troduced by a ramp of speed and note the parts of the charac-

ter1stIcs wh1ch should be d1scoun~d 1n the modell1ng process. 

The approach used here 15 to cons1der the app!1cat10n of a sma!! 

perturbat1on, 1n the forro of a ramp, to the normal tWO-ax1S mode! transformed 

ta synchronous reference axés. The mach1ne electrical equations 1n th1s ref-

erence frame are 

(3.7) 

/ 

1 



< • 

" ' , 

where R, F, G and Lare respectlvely the reslstance, reference frame, torque 

and lnductance matrlces of the machlne, w
F 

lS the veloclty of the rotatlng 

reference frame, W lS the rotor veloe l ty and v and 1 are the voltage and cur
m 

rent v~ctors. For steady-state condltlons 

v (R + ~I F + ~I G)I "" ZI 
F m 

(3.8) 

l (3.9) 

where upper case letters Slgnlfy the qUlescent values. For small perturb-

atlons v, l and w 
m 

dl 
V = Z1 + w GI + L 

m dt 

ln thlS case fhe perturbatIon 15 a ramp of slope a, and v 

f)ll ed vol tage 15 cons tant. Thus 

dl 
Z1 + L - = -aGI t 

dt 

Th~ steùdy-state solutIon has the form 

where 

l = At + B 

A 

B 

-1 
-oZ (,1 

-1 '-1 
oZ LZ GI 

4 the error ln current due to the rarnp. 

(3.10) 

o Since the ap-

(3.11) 

(3.12) 

(3.13) 

Computer solutlons show errors ln current w.l:uch are complt.>tely 

negllg1ble for the ramps uspd at all speeds other than close to synchronous . 
speed. A typ1cal 'set of resu1ts for an acccleratlon of approx1ma~e1y 

-450 rpm/sec. as used wlth the experlments on the 2 HP squlrrel cage machIne 

1S shown ln Flgure 3.1 for the on1y range of speed over wh1ch'the effect lS 

apprec1able. It can he seen that the dlfferences between pOlnts WhlCh In-

clude the effect of the ramp and the curve, Wh1Ch 15 the normal steady-state 

respon5e, are qu1te small. At lower values of ramp 510pe, such as those used 
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w1th the wound-rotor machine, the effect is, of co~rse, less and the only 

points which need to be discounted are tho~ at very small values of slip. 

, . 
" ' 
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" 

'r 

" " 1 
1 

.. 

'. 



CHAPTER IV 

PARAMETER IDENTIFICATION FOR WOUND ROTOR MACHINES 

, 

4.1 Introduct~on 
t , 
, ~' 

1- • , , 
\ 

To complete a process of pararneter be 

a satlsfactory method of uSlng measureq data to calculate numerlcal values for 
.' 

each of the parameters. In general, lt seems deslrable to work wlth an anal-

ytical solutlon for the parameters, but the nature of the model, even ln lts 

slmplest form, resul ts ln sets of non-11near equatlons wruch usually are nct 

wntten exp'.lcltly, yet nevertheless are made to yleld approxunate solut10li\'S 
, '1 

, [201 
by mC'ans of )UdlClOUS slmpl~flcatlons . ~ Also, the adequacy of any set of 

parameters can only be Judged lf the experlmental procedure has lncluded oper-

atlon over a reasonable range of speeds, preferably lncluding operatlon ln 

generatlng, motorlng ,and braklng modes. Thus, the computatlonal process 

should be based on data ohtalned from the three mode~ of operatl0n, ratht'r 

than at a Ilmlted number of speeds such as no-load and stalled. 

4.2 Circult Models 

The conventlonal model for balancedoperatlon of a polyphase 1n

(uctlon mach1ne lS essent1ally that of a transformer hav1.ng re'lative lT\Otlon 

J 
between prlmary and secondary wlndlng~. The two most cornrnon clrcult repre-

sentatl0ns are shown 1.n Flgure 4.1 where, for slmplicity, all quantlties are 

referred to the prlmary. The representation of the core loss 1.n Flgure 4.1(a) 

~orresponds more closely to phys1.cal reallty but, lf the excitation frequency 
Iv 

lS constant, the use of the serles equlvalent magnetizing impedance of Figure 
, 

4.l(h) results ln somewhat simpler express~ons. 

21 
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ThIS elementdry modC'l hùs certa.ln deflClenCl<:~b Whl,_"h drt, relat~d 

~o) 

~ 

F'lg. 4.1 Th ... ;-,lmple ~:4ul'"alt'llt Llr",:ult 

(a) 

R, x •• 

( b) 

FIg. 4.2 The Addltlondl Core Loss Pa~ameters 

Ge = Gh + Ge 5 

R 
Re Po + e 

s 

o 
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4.2.1 Core Losses 

In a transformer the conductance G or resistance R of FIgure 
o 0 

" 4.1 represents the total core loss. In an Inductl0n motor, because of the 

energy converSlon process applled to aIl power crosslng the alrgap, lt lS nec-

essary ta cansIder separately the pr~ary and secondary core lossep. The most 

recent clrcult proposed to model thls effect lS that shawn ln Flgure 

4.2(a). [21] The secondary core 10ss lS represented by a conductance, 

G = G
h 

+ G s 
c e 

(4.1) 

the component G
h 

representlng the loss due to hysteresls and Ge representlng 

that due to eddy currentsi G
h 

changes slgn at "synchronous speed. Such a form-

ulatl0n, whl1e superflclally attractlve, lS not ln accord with observed lron 

, loss behavlour Slnce lt suggests that, at constant peak flux density, the eddy 

current 10ss lncreases wlthout 11mlt as the frequency increases. If the frc-

quency dependence of the losses ln magne tIC sheet steel is to be mode1led 

wlthout any Inductance parameter, the series resistance arrangement of FIgure 

4.2(b), 

(4.2) 

appears to flt the observed behavlour more closely and this representatl0n has 

therefore been adopted. As for G
h

, the hysteresis component of resistance, 

~, changes slgn at synchronous speed, belng posItIve for posItIve SlIP and 

negatlve for negative Sllp. 

4.2.2 Losses Assoclated wlth Leakage Fluxes 

Since the leakage fields prbduce significant flux densities in 

the teeth, a small core 1055 15 a5sociated wlth th~. This can be included in 

the equlvalent Clrcult by a resistor such as R of Figure 4.2(b) ln parallel 
c 
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with the leakaye reactance. fioW0Vf>r, thlS le; a small effect and It 15 more 

cOnVell1f'nt to employa sc>rlCS L'jUIValent. ;>lnce eddy current losses at hO Hz 

are usudlly murh smêilll~r than hy~terp<.., l '-, lo<,c;e!; and thp whole pffl'ct l~ small, 

It lS sufflc10nt tu take t.he e4UIVdlplll primary reslstance dlr.-:ctly propor-

tlunai to frequency and the L'qUI valent secondary H'slstance numerlcally con-

stant, but hdv1ng the same slgn as the SlIp. 

4.2.3 hffect of SaturatIon on Leakage Heactance 

In addItIon ta th0 IncrementaI los ses descr Ibed above, the ri'l-

dtlvely large fluy densltles III the teeth caus'ê thf~ leakage [Jaths to saturilt.C 

dt h1qh vdlu.:.,s of curr('nt even thuugh the ma1n flux path 15 weIl below the 

[3] 
knee of 1 ts lTIaqnf~tl z,atlon ChèHdct0rl~,tlc. Th0 leakage reactance 15 ther,·-

fore r,,'duced as the Cllrrent InCH'd'-,e<, and Uns effect can be rnodelled Dy th,., 

tntroductlon of a negat,lve reac..tance fJarameter. ::olnce SlIP lS used as t:le, 

Independent varIable wlth the other \{ar~able fJardI11eters, It can also be us"d 

" Wl th thlS onè, the effect belny taken as prof.'Ort.:onal to the rnagni tuJe' of Lil0 

SlIp. Also, Slnce ~he dIstrIbutIon of the leakage reactanre between [rlmdry 

and sc>condary ln the conventionai model produces very 11ttle dlfferpnce ln 

céllc.ulated perfODnaIlCe, It should IH~ suff1Clent to model trllS effect U':;lnq 

only one parameter ln the secondary. 

4.2.4 The EquIvalent Clrcult 

Based on the above arguments, the equlvalent Clrcuit used for the 

parameter 1dentlfication studles lb shown ln f'lgure 4.3, where RCl and Pc2 

represent the rotor core lasses aSbOC lated Wl th the main flux and RIO' and R
2a 

represent the core loss assoclated wlth the leakage fluxes. DIrect appllca-

tIan of this C1rCU1 t 15 Iiml ted ta the wound rotor machIne, and Sl tuat10ns 
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Fig. 4.4 The Mod~fied Morris Model 
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where harmonic and sk1n effect~ are likely to he s1gn1ficant require further 
1/ 

consideration. 

4.3 Strategy of Computat1on 
;: 

The eS5ent1al purpo5e of computat1on 15 to match a set of data 

ca1culated from thê parameters of the model w1th the measured data. There are 

two ways 1n Wh1Ch a dig1ta1 computer may ~ead11y be used ta ach1eve th1S end. 

The dat~ p01nts can be cons1dered as a known funct10n of speed or 

5l1p ~d a strategy of least squares curve f1tt1ng used to determ1ne the ... 
values of the parameters. Th1S process 1S espec'ially ... s1mple when the funct10n 

1S a Holynom~al although other forms are read1ly solved, the baS1C forms being 
</Jo 

weIl known. (22) Unfortunately, neither the convent1onal model of F1gure 4.1 

nor the more deta11ed ~e1 of F1gure 4.3 produces a forro of 1nput admrttance 

or 1mpedance express10n Wh1Ch 1S amenab1e to th1S approach. 

There 1S, howevEr, a~ alternate form of the conventional model[231 

which has pararneters obta1nable from s1mp1e 11near regress10n. If the [24] 

same transformat10n 1S app11ed to L~e model of F1gure 4.3 the result1ng model 
\ / 

19 shown 1n F1gure 4.4 and a quadrat1c curve f1tt1ng process y1elds a set of 

parameters. Although the model can be used d1rectly in this form, 1t suffers 

from the fact that sorne of 1tS pararneters cannot be associated directly with 

phys1cal c~ncepts such as the res1stance of a particular w1nding or with the 
.. ::: . 

leakage flux. It 1S therefore des1rable to transform th1S model to the forro 

of F1gure 4.3. Details of th1s transformation are g1ven 1n Appendix A. 

Th1S procedure, although rather cumbersome in many respects, 

therefore prov1des an analytical solu~1on to the parameter identificat10n 

« 
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pr;blem once the modified Input data has been mode lIed on the statistical , 

basls of the quadratlc curve fittlng process. Unfortunately, it is of limlted 

value slnce, it lS not applicabie to a squirrel cage machine ln WhlCh there lS 

1...... ' slgnlflcant skln effect ln the rotor bars. 

< 

Thé other way ln WhlCh a dlgltal computer may be used to obtaln 
~ 

a set of pararneter values WhlCh WIll match~the calculated characterlstlcs'wath , . ' 

• the fueasured data lS to ~eflne an error functlon of the pararneters and mlnlmlze 

• ~ - ~ (24) 
1 t ln a process of paraÎnete~ optlml'zatlon: Q,f the several methods avallable 

\. 

• • .. Cr ' • [25) 
one Involvlng the use of ~onJugate gradlents was used. for the study. , . 

~ ,,'" ~ 

In addItIon, sorne of the InItIal results were checked by.uSlng a slmpler algor-

,.. '. [26] 
Ithrn based on the method of steepest desce~t. 'Since this procedure does ,,' 
not yleld an analytlc Solutlon, It lS ~rudent to exercise ~qme ca~tlot due to 

the posslbllity that It ~ay seek and obtalh an ~deslred turning point of the 

error functl0n. 'The cholce of function lS to sorne extent arbitrary, but tS 

llkely to be sorne forro of tre standard error, , 

l . A 2 
- L Ll 

.n 
(4.3) 

wh~re 6 lS the dlfference between measured and calculated values, and n lS the 

nurnber of data pOlnts. The experlrnental study'of the,wound rotor machtne has 

il ~, 
shown that such a functlon produces a mlnlmum WhlCh lS sufficiently weIl de- , 

.il 

flned that an Inltlal pararneter set based on extremely crude lnterpretatl0n of 

the Input admittance at synchronous and zero speeds, togéther wlth the arblt-

rary asslgnment of Inltlal values toi the second order parameters, ylelds a 

1 

flnal set substantlally ln agreement'wlth the results of the analytic solutIon' 

abov.e : 
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4.4 EXper1ffie~tal Results 

Tests were carried out on a 7! HP wound rotor induction motor, de-, 
\ 

""--ta~ls of wh~ch are glven in AppendlX B. "The sl~prings were short-clrcu1ted by 

means of a bolt ta ensure cons1stency ~n the value of the rotor resistance. A 

tYf-'lcal exper1.me!:!~al run covered a speed range of -1800 rpm ta +2400 rpm at 

rates ranq~ng from 12.5 to 50 rpm/sec. read~ngs be1ng taken at 100 rpm 1nter-

vals. The current ratlng of the voltage regulator llm1ted the appl~ed voltage 

to approx~mately 40% of the rated value. This, however, was suff1c1ent ta 1n-, 
, '" 

dlcate sorne degree of saturat~on of the leakage flux paths. 

j 

Typ~cal plots of the character1stlcs R s and X s used for the 
a cr \', 

'\, . 
c~rve fl~tlnq process are shown ln F~gures 4.5 and 4.6, the resIst1ve ones 

c1' 

belng~hown with' and ~lthout t~perature compensat1on. The necess1ty fO!~tem~-
erature compensatIon can be seen bt ~O~lh~ that the c~vature Of: th; uncompen~' 

1 r 
sated R(,S character~st1c lS ~F~ent ~n the ~nIt1al speed. The most l.Inportant ... ' . 
cffect on the result1ng pa~ameter values lS a s~gn1flcant difference in tne 1n-

, . 
d~cated vall!ie 'dfJ R2 , w1 the lm.t1~1 sh~ lS approxlIna~ely -O.3~ 1~dIca-

ted value of R2 is sl~ghtly low, but an ~ltlal ~llP of approxl.Inately ~.Ù pro-

,duces a va11,le Cft R
2 

of' the order of 10% above the correct value.' In add1 t10n 

to. trese curves the stalled torque 1S required for tne evaluation of R2a . Un-
O<;"'\.. -;.. 

, Ifort~natel~' 1 t lS 1mpract1cal to measure the stalled torqug.{:JoIhen the mac;:hine is 

s,tatlonary[27] as c'an be seen by 1nspection of Flgure 4.7 Wh1Ch is a reproduc
fi 

tion of a measurernent of stalled torque as a functlon of shaft positIon. It lS 

, 
therefore necessary to extrapolate the torque-speed characteristic, Figure 4.8, 

from both sldes of zero speed not1ng that there is a dlscontinulty due to 

Coulomb frict1on. The appar~nt osc1llatory torque is that due to mechanical 

dlfflcult1es ln the al1gnment of the shafts. .' The effect 1S the same wh~n the 
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mach~nes are unexcited and the effect ~s troublesome only when the machlne is 

operated at low voltages which result in small developed torques. At hlgher 

speeds this effect can be filtered but ~t ~s LmRractical to do so at the low-

est speeds and therefore measured torques ~n this regl0n are unrellable. 
~ 

COOIparù;on of calculated and measured values for the purpose of 

error funct~on mln~mizat~on lS based on the lnput conductance and susceptance. , 

Ta make the value of the funct~on more mean~ngful, the differences are expres-

" 
sed as a ratlo of the admlttance correspondlng to full scale defl~ction of the 

ammeters. An alternate forro ln WhlCh the dlfferences are expressed as a ratlo 

of the mcasured value lS also meanlngful and has been used successfully. 

Slnce the stall~d torque lS used 1P. the curve f1tt~ng method 1t can a1so te 

lncluded ln the error functlon. However, lt lS then a small component and 

makes only a small difference to the f~nal result, this being prLmarl1y ln the 

value of the stator reslstance, (R
L 

+ RIa) . 

The results regard~ng the core loss parameters Rel and R
c2 

are 

rather Inconcluslve ln that although theré lS a tendency to reduce the value 

of the error functlon, it 15 qUlte 1nsens~t~ve to the values of RCI and R
c2 

and therefore the optLmlzatlon process lS unable to change them from thelr 

Inltlal arb1trary values. Most of the computatlon has therefore béen done 

with the B-parameter model of F~gure 4.9 and camparlson made wlth the conven-

tlunai 6-pararneter model of FIgure 4.I(b). , ' 

A surnmary OTh the errors correspondlng ta different models is 

shown ln Table 4.1. The errors for several possible lnitlal models and those 

obta~ned after five searches are shown. The sets of parameter values after 

the flve searches are sho~n ln Table 4.2. The effect of uSlng the value of 



32 

( R, + R,cr ) Xie,. - X,ISI 

Rz -S 

Fig. 4.9 The 8-parameter Model _ 

'1 

06 

'-

COllductollce 
04 l 

02 -0 
oC 
e 

1 
-1600 -800 • 0 800 2400 u 

c 
(r'nllll ) 0 Sp .. d -- -0.2 Ë 

"0 
~"" 

-0.4 

-08 

SUlcep'OIlCI 
-oe 

-10 

Fig. 4.10 Input Admittance vs Speed 

" 



• 

8-pararneter 
mode 1 

A 

B 

c 

" D 

E 

F 

6-pararneter 
mode l 

A 

B 

c 

o 

33 

TABLE 4.1 

COMPARISON OF MEAN ERRORS OF 

DIFFERENT MODELS 

Ini tla1 Mean 
Error (%) 

12.75 

2.32 

2.97 

0.89 

3.88 

1.32 
, 

13.12 

3.05 

2.77 

1.53 

Mean Error after 
5 Searches ( %) 

1.28 

0.98 

0.65 

0.59 

1.06 

0.68 

1.88 

1. 79 

1.26 

0.59 

A Inltlal model based on crude lnterpretation of data at synchronous 

and zero speeds. 

.. 

B Inltlal model lncorporatlng common reflnements to the interpretatl0n 

of the zero speed data.[20] 

, C Same a B, but value of stal1ed torque obtalned from X - Y plot of 

Flgure 4.8 used. 

D Same as B" but stalled torque is not included ln the error function. 

E Resu1t of quadratic curve flt used as lnltial model. 

F Same as E, but value of'stalled torque obtained fram X - Y plot of 

Figure 4.8 is used . 
., 

... ~ .. '" . ~ , ~ 
,\ '. 

\ 
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TABLE 4.2 

PARAMF.:TER VALUES AFTER 5 SEARCHES 

8-parameter (RI + RIO) R
2 

R
20 RO XIa X

20 
X

3 
Xo 

mode 1 

~ 0.2015 0.2956 0.0599 1.051 0.5527 0.6055 0.0396 16.11 

B 0.1967 0.3014 0.0449 1.051 0.5606 0.5601 0.0131 16.10 

C 0.2070 0.2950 0.0325 1.051 0.5615 0.5612 0.0155 16.10 

D 0.2120 0.2905 0.0298 1.051 0.5601 0.5601 0.0147 16.10 
"G 

E 0.1907 0.3001 0.0449 /1.059 0.5562 0.5558 0.0078 16.10 

F 0.2106 0.2945 0.0335 '-1. 059 0.5581 0.5580 0.0093 1{>.10 

6-parameter 
mode 1 

A 0.2004 0.3274 1.051 0.5362 0.5353 16.11 

B 0.1985 0.3296 1.051 0.5392 0.5396 16\J-l 

C 0.2067 0.3156 1.051 0.5427 0.5434 16.11 
oR 

'D 0.2337 0.2983 1.051 0.5521 0.5530 16.11 

• 
• 
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the stalled torque interpolated d~rectly from the data, or of using a value 

obtained from the X - Y plot of Figure 4.8, or of 19noring the stalled torque 

can be seen. In general, these are not the minlma of the error functlon which 

can be further reduced although convergence may be slow. For example, the 

8-parameter model ln Table 4.1 having an error of 0.68% after five searches 

has an error of 0.67~ after ten searches, and lt lS the results of this model 

WhlCh are shown ln Flgure 4.10. The parameters, ln ohms at 60 Hz normallzed 

to 50°C, of thlS mOdel are 

RI O.204S 

Ria 0.0061 0.5580 

R
2 

0.2941 

p 
20 

0.0340 = 0.5590 
, 

0.0093 

Ra 1. 0592 , ... 16.0998 

the average value of the termlnal voltage durlng the measurements belng 30.2 

volts (llne-to-neutral). The parameter values vary somewhat wlth voltage 

level, but the ~aln lnvestlgatlon of thlS aspect has been done on a smaller 
" 

squ1rre1 cage machlne and lS de~crlbed ln Chapter 5. A further comparlson of 

measured and calculated values, uSlng the lnput currlnt and power factor, 15 

shawn Hl Flqure 4.11. Comparlson of deve loped torque lS shawn 1.n Flgure 4.12 

and 1 t can be se en thdt lf allawance 1.S made for the effect of the oscillatory 

torque at low speeds by extrapolating a smooth curve trom the points at higher 

speeds, the agreement lS very good at zero '5peed Slnce the stray loss torque 

15 zero. At other values of speed the dlfferences are typical of 5tray 1055-

es ~n a mach1.ne of .th1S Slze and type. 

Optlmlzatiort of the 6-parameter model generally produces values 
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of error funct10n which are lârger than the corresponding values of the 

8-parameter model. The except10n 1S model D in Table 4.1 but the fact that 

RIO 1S 18% of RI suggests that th1S model may not really be satisfactory and 

thlS has been confirmed by observ1ng that the stray loss torques implied are 

quite unreasonable. 

Unfortunately, inspection of Table 4.2 makes it clear that unless 

the stalled torque is very accurately known, bath the 6-parameter and 8-para-

meter models may y1eld values of-~l wh1ch are negat1vc. However, the 
, a 

8-parameter model D 1S very close to the model obta1ned d1rectly from the 

curve fltt1ng me~lod, uS1ng the best est1ffiate of the stailed torque, 1n wh1ch 

the parameter RIa 1S obta1ned 1nd1rectly fram the stalled torque, the d1ffer-

ence 1n the two calculated values being less than 1%. 

Thus, lt lS unnecessary to 1nclude the stalled torque ln the 

error funct10n of an opt1mlz1ng process prov1ded the model lncludes a p~ra-

meter such as R2 wh1ch 1S capable of match1ng the calculated and mea5ured 
'J 

values. The measurement of stalled torque 15 therefore not required when 

uSlng parameter opt1m1zatlon.to obta1n values for the elements of the C1rcuit , 
model of a mach,lne. 

1. 



J 

OIAPTER V 

PARAMETER IDENTIFICATION FOR SQUIRREL CAGE MACHINES 

5.1 Introductlon 

In addltlon to the effects which have been Included ln the model 

of the wound rotor inductl0n machlne descrlbed ln Chapter 4, a squirrel cage 

machIne may also have slgnlflcant skln effect ln the rotor bars. Although 

harmonle effects may be appreclable ln squlrrel caqe machlnes, they were found 

l to~~e negl~qlble ~n the motor used for the experimental Investlgatlon and are 

~~/ 
consldered separately ~n the study of pole ampl~tude modulated mach~nes wh~ch 

" . 
have suhstantlal harmoruc content. The experurental and analytical techn~ques 

dev~loped for the Identlf~catlon of the equlvalent circult parameters of a 

wound rotor machIne can now be extended to the squlrrel cage machIne, for 

WhlCh the cIrcuit model must Include the sk~n effect. AIso, the use of a 

\ 

smaller machine has enabled thlS study ta Include the effect of magnetlc sat-

uratlon of the maln flux paths at full voltage. 

5.2 The Circult Madel 

1 
The CIrcuIt which proved most suc~s5ful ln moqelling the wound 

rotor machIne lS that shawn in Figure 4.9. 
t\ 

Inclusion of skin effect requlres 

the Introductl0n of at least one more pararneter. Among the standard approach-

es, one whlch lS su~table 15 the model of a double cage rotor. This requlres 

two addltlonal parameters and 15 essentlally a flrst approx~ation to the lad-

[28,29] 
der network representatl0n of a deep bar secondary • ThlS ha~ been re-

jected ln favour of a single pararneter alternative based on an equivalent rec-

[21 
tangular bar . The resIstance, Rf' and reactance, Xf' of such a bar at 

38' -
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frequency f are related to the zero frequency values, R
dc 

and X
dc

' by 

ad (sinh 2ad + SU)· 2ad) ' .... 
Rf cosh 2ad - cos 2ad 

R
dc 

(5.1) 

~l 

ad (Slnh 2ad - Sln 2ad) 
X

f cosh 2ad - cos 2ad 
R
dc 

(5.2) 

-2..- . [swh 2cxd - Sln 2ad
j . X 2ad G cosh 2cxd - cos 2ud de 

(5.3) 

where a =~~f 10
7 . 

<-

d the depth of the bar 

p the reSlstlvlty of the bdr 

r = the ratlo of bar wldth to slot wldth 

The rotor bdrs of most squlrrel cage lnductI0n mashInes arp 

11.kely tOg be somewhat trapezoldal ln cross sect1.on, but 1. t 1.S conVenlent ta 

conslder a rectanaular bar wh1.ch lS equlvalent ln the sense that the frequency 

dependence of reslstcince and reac tance arc slmllar. The depth of thlS equ1 v-

aIent rectanqular bar can be tcik0n de; the addlt}onal parameter and used, ln 

COll]Unctlon wlth equatlon-;S.l and S.3 to modJfy the values of rotor rpf'l~tanc(' 

and reactancc, R
2 

and X 20 of F lqure 4. Cj. The appllc,atlon of these sk ln ('ffeet 

relatlons to the entlre secondary fèakage reactance lS )ustlfled if the con-

stant portion 15 transformed lnto an equlvalent pr~ary reactance. ThIS lS 
, 

done automatlcally by the parameter optlmlz1ng technlque, descrlbed ln Chapter 

4, as the error functlon is m1.nJmlzed. 

5.3 Expenmenbal Resul ts 
t 

~ 

Tests were carrled out on a 2 HP squirrel cage Induction motor, 
1 

detalls of WhlCh are glven in Appendix B. For this smaller machIne, measure-

ments were taken at voltage levels up ta the rated value. Due ta the rapid 
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temperature r1se the speed ~s varlPd over the range -1800 ta /2000 rpm at 

,1I'r,rOXlmately 450 rpm/sec. 50 thdt <l r'un wa~; .:lCCOmpllshed ln ahout q <,l'conde;. 

At full voltage the temperatun ro',(' abO\!.t 40°(' durlnq thl'> tlme. Analoy 

data acqu lS1 tion was employed a/ld resul ts tranc,cribed from the recordlngs' at 

apI,roXlmately 100 rrm lnter,,:a15. DuC' to the hlgh values of acceleratlon, the 

cecorded values cfÎffer slqnl flcantly from the stt'ady va'lues 11') the reglon or 

synchronous speed.· Resul ts betwel~n J 60n ùnd 2000rpm wcn.> therefore 0011 ttcd 

from the computatlon ~r the error functlon. 

In thl c; case t\lC only mpthod uscd to deterIn1nf' the parameter 

vdlues was the opt1m1 za t-ton process, the Inl tl al.values being derlved fror;1 cl 

" standard ctna]ysls of the expt!r1mental data. "lm11arly to the wound rotor 

machIn.-, th!· l tpratlon COnVPFjl'C; rdpldly untll thp mean error bec;omes comj ,11-

at1(· Wl th the Ine;tn.lffientatIcJtl t'rror, t:stImat(·d to bp of the order of l~" dut' 
, \.' 

t() the lower rl'sol utlon of lhe UV T( cordér. Thereafter, convergence 15 slow" 

cmri SUlce the computer 1 c:; at telT'j'tl ng ta Includp the Instrument charactet 4 ~o-

tIC'ô, as weIl as thOSl~ of the machlne, 1n the model there 15 no rOlnt ln pro-

ceedlng further. 

Figurl? 5.1 shows a tyr1cal record1ng, the wldth of WhlCh lS 4.:' 

Jnches; the absence of harmonic torques may be noted. Comparlson of computed 

and measured data for operatlon at IOn volts (lllle-to-n.3utral) 1S sho ... ·n ln 

Figure 5.2. The elt'ctr1 cal character ~stiCS an~ weIl reproduced except for 

power factors ln the V1Clnl ty of synchronous speed, the errors belng conSlS-

tent wlth the hlgh acceleratlon employed. The dlvergence between computed 
• 

electromagnet1c torques and the measured values ~s characterlst1c of stray 

10ss effects and lt lS noteworthy that the dlfference is ~all at stanrtst111 

when t~é stray 1055 torque 15 zero. The equivalent slot depth 15 0.23 lnch 
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ln comparlson w~th the actual depth of 0.47 inch, the bar having approximately 

a trapezoidal cross section which is detailed ln Appendix B. The other para-

meter values, ~n ohms at 60 Hz normallzed to a wlnding temperature of 50 0 e are 

RI 1.23 . . 

RIa = 0.015 XIa 0.955 

~ </ 
, 

R
2 

= 0.655 

R
2a 

0.057 X2a 
= 0.09 

Q 

RO 1.05 Xo = 31.45 

The effect of voltage on the clrcuit parameters, normalized to 

d 

50 o e, 1S 111ustrated ln Flgure 5.3, the varlations belng consistent ~lth the 

f 
effects of magne tiC saturation. 

For purposes of comparlson, the standard 6-parameter model, 

Flgure 4.1(b) , based on synchronous speed and blocked-rotor tests was studled. 

Figure 5.4 shows thlS to be an lnadequate representatlon of the machine over 

a wlde speed range. However, when the equlvalent slot depth is introduced as 

a seventh parameter, and lt alone lS used to optlmize the model, the agree-
\ 

ment between computed and measured values is greatly lmproved. The equivalent 

slot depth of 0.37 Inch lS rather large, considering the shape of the bar, 

and the stray 10ss torque 1S abnormally small at negatlve speeds. 

A1though standard th~ee-phase squirrel cage induction motors, 

such as the one used ln the study descrlbed above, norma11y have negligible 

harmonlc effects and thls new approach to the measurement of parameter values 

is therefore widely appllcab1e, there remalns the problern of modelling the 

sltuation where harmonic content lS signiflcant. Since a pole amplltude mod-
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" u!ated machine invariably has a high harmonie content, it is particularly 

suited for the study of problems in modelling wnen both skin efféct and har-

monic content are simultaneously signif~cant. 

0' 

------------------ --- -- ----

-~-__ o 



CHAPTER VI 

POLE AMPLITUDE MODULATION 

6.1 Introduct1.on 

Pole-change w1.nd1.ngs have been 1.n use for a long time, but 1.t 1.S 

only recently that the method of changlng the effect1.ve number of poles was 

(30] 
reallzed to have much ln common w1th ampl1.tude modulat1.on . As a result, 

it has been poss1ble to deslgn and manufacture Induction motors for operat1on 

at two speeds whose ratlos were prev10usly consldered Lmposslble to achleve 

, " 
WIth the s1ffi~le sWltch1ng arrange~ent of reveJ~ng the conn~ctlons to one

half of each phase WJ nd1ng. The development of these pole ampli tude rnodulatcd 

(PAM) mach1nes has been character1zed by the1r 1.nventors overcomlng SpeC1.f1C 

problems one at a tIme, Wlth Just enough theoretlcal background to expla1n the 

part1cular Solut1on. PAM mach1.nes present both rnodellIng and parame ter 1den-

t1.f1.cat1.on problems ln .addl t10n to those of normal mach1.nes consldered III the 

two prevIous chapters. Therefore, before proceedlng to develop a CIrCUIt 

model, 1t lS necessary to rev1e~ thelr theoret1cal background, at the same 

tIme not1ng the restr1ct1ons ~mposed by real wInd1ng5. 

1 .'1 

6.2 Theoretlcal Cons1derat1ons 

AmplItude modulatIon of a carrIer wave by a sIgnal produces upper 

and lower sldeba~d5[3l]. For the lnductlon machlne, it is usual to conslder 

modulatIon of the mmf waveform although, strictly, It 15 the current d1stri-

bution in half of each phase W1.ndlng Whlch 15 reversed to produce the effect 

of modulat,on.[ If a motor ,s to operate satisfactor,ly in the modulated con

dItion, the unwanted sldeband must be brought effectively ta zero. Unfortun-

1 
47 
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ately, the mmf waveforms are functl0ns of bath time and space, and therefore 

the normal techniques for single sldeband transmlssion do not apply. However, 

the effect of the unwanted sideband can be made effectlvely zero if the ~f 

waveforms of each phase are co-phasal, thus pro duc lng a zero phase sequence 

SItuatIon. ThlS concept was presented as a baSIC theorem of generallzed pole 

[ 32] 
amplltude modulatlon for 3-phase machlnes , and ltS extensl0n to the more 

general q-phase SItuation lS shown below. 

6.3 General Theorem of Pole Amplltude ModulatIon 

The fundamental mmf of a normal Integral slot wlndlng ~~ glven 

by 

'. F(e, t) 
, . 

where CI. 
J 

1< q 
l: F' Sln(wt - Ô ) Sln(me - CI ) 

J=l 

2n(J-l) 
q 

J J 
(6.1) 

(6.2) 

lS the relatlve pOSItIon of the aXIS of the J
th 

of q phases of an m-pole-palr 

wlndlng, and 6 lS the phase angle of the 'current ln the jth phase. Normally 
J 

6 = CI and the resultlng mmf of the polyphase wlndlng lS 
J J 

F(8,t) = ~ cos(m8 - ~t) 
2 

(6. 3) 

th 
When modulated, the dlstrlbutl0n of the J phase mmf waveform is 

F (e) = F sln(me - a ) sln(kO - B.) 
J J J 

F 2" {cos [(m-k)8 - (a
j 

- S)] - cos[(m+k)8 - (a
j 

+ Bj)J} (6.4) 

Q () h f d lI' d th' th where ~J lS the space p ase angle 0 the ma u atlng wave app le to e J 

phase and k lS the expected change ln the number of pole-paIrs. If the values 

of 8 are chosen ta equal a. the resulting dlstribution 
) ,,- J 

", • • > 
"'7 ' 

FJ(8) ='2 {cos(m-k)e 

( 
1 

cos [(m+k)8 - 4(j-l)~1} 
q 

is 

(6.5) 
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The lower sldebands are therefore co-phasal and the upper sidebands form a 

q-phase set provided q lS odd. h h l 4n . d 2n Tep ase ang es are now - lnstea of - so 
q q 

that consecutlve wlndlng phases (1,2,3, ..• q) must be connected to alternate 

phases (1,3, ... q,2,4, •.. q-l) of the source. For a 3-phase system thlS lS the 

reverse or negative sequence. 

It should also bJ, noted that when the modulatlng waveforms have 

the same spatlal sequence as that of the phase wlndings, modulatlon results 

. 
ln the upper sldeband being effectlve. Conversely, when the modulating wave-

forms have the OppOSl te sequence f 1 t is the lower sldeband WhlCh lS effectJ.ve. 

6.4 Pract1cal L1rnltatl0ns 

The ldeallzed pole amplltude modulatlon descrlbed above presup-

poses that the zero of each modulatlng wave cOlncldes wlth the zero of its 

mmf wave. Unfortunately, thlS sltuatlon does not always eXlst as I~lustrated 

by the clock dlagrams ln Flgure 6.1 [33]. There are three possible Sltuatl0ns 

for a 3-phase wlndlng dependlng on the nurnber of pole-palrs, m, of the unrnod-

u1ated wlndlnq. F1gure 6.1(a) shows the dlstrlbutl0n of a standard 8-pole 

wlnd1ng whlch lS typ1cal of pole-palr nurnbers m = 31 + l, 1 belng an lnteger. 

2'11" 
For modulatlon by one Fole-palr (l.e. k = 1) the angle ~ lS ~ on the scale 

of 9, and lf the ax1S A lS shawn, for convenlence, at the beginnlng of phase 

a to slgnlfy the posltlon of lts modulatlng wave, the axes Band C are at the 

271 471 
angles ~ and ~ respectlvely. In thlS case, the axis B cOlncldes W1th the 

beginning of phase band axlS C cOlncldes wlth the beglnn1ng of phase c and 

lt 15 therefore feaslble to modulate in the same sequence as the winding at 

the ldeal pos1tlon. 
2n 

However, modulatl0n in reverse sequence 8 = - ~ , re-

quires axlS C to cOlncide wlth an entry to phase b. The nearest positl0n at 

, J 
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(a) m = 4 

A 

(b) m - 5 

Fig. 6.1 (a & b) C10ck Diagrams 
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(c) m. 3 

" .... 

,. ,. 

..... 

,. 
" 

., 
1 

1 

(d) m = 4 k-2 

Fig. 6.1 (c & d) C10ck Diagrams 

.' 

.. 
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which the zero of the m~ulating wave can c6incide with an entry to phase b is 

the axl.S B' at an angle of (...; 211 

3 
11 

+ 3m)' Sl.ffillprly, phase c could be modula ted 

using axlS C' at the (21T 11 
angle + -) 

·3 3m 

The ID-pole wl~dlng shown ln Flgure 6.1(b) is typlcal of pole-

palr numbers m = 31 - 1. In thlS case modulatlon ln the same sequence re-

qUlres a change in the values of e, but modulatlon ln reverse sequence can be 

done at the Ideal values. For pole-palr nurnbers m = 31 such as the 6-pole 

d19t~ibutlon shown ln Flgure 6.l(c) the values of 8 must be adJusted for both 

modulatl.ng sequences. These angles are summarlzed ln Table 6.1. It should 

be noted that these values are restrlcted to modulatl.on by one pole-palr. For 

other values of k the sltuatl.On lS not necessarlly the same and the posltlon 

of the wlndlng relatlve to the Ideal modulatlng wave must be determlned. 

r 
Appllcatlon of the modulatlng waves at the angles glven ln 

Table 6.1 results ln wlndlng arrangements wh1ch are symmetrlcal. Unfortunate-

ly, the resultlng mmf distrlbutlons do not form a syrnmetrlcal 3-ph set artd the 

'fi-
unwanted s1debands are no longer co-phasal, as can be seen by Substltutlng 

these angles ln Equatlon 6.5. Thus It can be seen that the phase angles of 

the modulated mmf dIstrlbutlon are determlned by the angle of 8 of the mod-

ulatIng wave and not by the angle a of the wlndlng. The result lS that the 

appilcatlon of modula tlng waves at other than the l.deal values produces an 

unwanted sldeband whlch has sorne poslt~ve or negatlve phase sequence content. 

6.5 Pre-Shaplng 

The 1mpllclt requ1rement that modulatlon IS to be achleved by a 

simple reversaI of connections to one-half of,each phase Wl.ndlng presents 

some-problerns Slnce the modulatln~ waveform 1S then rectangular. Typical 
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TABLE 6.1 

SUMMARY OF ANGLES AT WHICH ~ODULATING WAVES AND 

MMF DISTRIBUTIONS HAVE COINCIDENT ZEROS 

(k = 1) 

POSITIVE SEQUENCE MODULATION NEGATIVE 

Sb 8 eb c 

2'lT 7T 27T 7T 27T -+ - -3 3m 3 3m 3 

-
27T 7T 27T TT 27T TT 

<# 

SEQUENCE 

- - ""-- + --3 3m 3 3m 3 3m 

21T 2n 21T 1T 
3 3 

- - + 
3 3m 

. .. 

1 

1 

MODULATION 

S c 

2lT 
3 

2'11' 1T -+ 
3 3m 

2'11' )1"-"",--
.. 

3 J 3m 

1 

, 
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mmf waveforms are shown ln F.lgure (,. 2. Thp Founer harmonlc coeff ~Clents for 

the s~debands of the modulated w<1vl!form arc low, a situatlon l1k€'1y ta resuît 

ln an unsat~5factory mach~ne. If the condltlons after modulatlon are to ap-

proXlmdte the ldea1, the unmodulatSd w~ndlng con~ect~on must produce waveforms 

wh~ch a1ready lnclude the fonm of the modulat~ng wave. The unmodulated wave-

form, ln the Ideal case, lS then ùescrlbed by 

P (8) = F 51n(m(1 - a)' 1 s1n(kO - f) 1 (1).6) 

[ 34) 
ThIs techn~que has been called "prc-shaplng" , and typical wav'::forT!'<; are 

shawn ln Figure 6.3. 

The urunodulated wav(·form clearly has slgnlflcant harmonlc con-

tent. !larmon] c analy~;ls lnto a ':H!rlf'S of the farm 

;'(1)) ,. n b n ) - = ~ (cl cos ni) + Sln n') 
n ' 

resul ts ln the coefflClents: 

n 
a 

-2k k 
-- L 

2 ï ï 
cos (m+n)--Sln(m+n) (21-1)-

[ 
2k k 

, 2 2 + 
(m+n) - k 1=1 

2 r; "T 

cos (m+n) ----cos (m+ll) (21-1)-
[ 2k k 

2 2 
(m+l1) k 

2 TI ~ 
cos (m-n) ~ln (m-n) (21-1); 

2 2 
(m-n) - k 

2 ~ 1 ï 
cos (m-n)~os(m-n) (21-1); 

2 2 
(l1'\-n) - k 

OUf' ta the summatlons, Slmple expresSIons eXlst only for a 1Im1 ted number of 

condltlons relatlny m and k. Hùwever, ~t can be shown thilt for n = m .' lK, 

. 
the coeffiCIents are zero for odd values of 1 and ~herefore the upper and low-

cr sldebands do not eXlst. For n m, a~ 15 zero 50 that thé coeff~::;lent for 

the phys~cally rea11zable condlt~on of m an ~nteger 15 
k 

2 
'TT ') 2 

4m~ - k 
(6.8) 

Numer1cal values may appear rat~er 10w but proper compar~son Wlth the unlform 

sinusold of FIgure 6.3(a) should allow for the fact that with the same total 

\ 

- ... 

, . 
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(a) 

(~ 

~~~~~~~~~--1-~~~~---(C) 
• 

Fig. 6.2 Basic Waveform~ of Regular Windings 

, , 
a) The original sinusoidal wave 
b) The rectangular modulating wave 
c) The resulting modulated wave 

• 

o 



( a) 

.. 

(b) 

.. 

• IL---+----i;..---+---+-:a.&---+--+----+--I--~-' (d)' 
(J \. 

Fig. 6.3 
/ 

Basic Waveforms of Pre-Shaped Wi~dings 

a) ~he original sinuisoidal wave 
b) The desired modulating wave 
c) The pre~shaped unmodulated waVe 
d) The resulting modulated wave 



• 

number of cOlIs ln a wlndl nq, th!' pl'ak ampll tudl' of the pr('-~;hap~d nunf wav<, 1 <, 

larger than the amplttude of the unlform slnusold. Tins can be> donc by notlnq 

that the total arCd under the curv(' should bp t'quaI." For unlfonn Sll1USOldal 

f _ 
dl,>trlbutlon havlng unl t ampll tude thlS arca l!, 

A 

TI 

2m (ffi SIn m(J d(i 

() 

4 (6.9) 

For the equlvalent pre-shaped dlstrlbutlon of amplItude a, the are a 15 

A 

2m 
i (-1) (1-1) 

1=1 

11 
I-

f m a Sln mû SIn kO de 
TI 

(1-1)-
m 

(6.10l 

m '. If the coeffIcIent t, of '":yuùtlon G.r; IS ap.t-'lled to the pre-shaped waveform 

of amplI tude a obta l ned' by eguatlll'1 thesp aH'as, the coeff lClent obtained 

provldes a valld c'omparls<..>n wlth che unIt amplItude of unlform sinusoldai dl!,-

tr 1 butl on. The ratlo l s close ~o unI ty and expiains ,why pre-shaping prodt..ce~, 

a drastlc Improvement ln the modulated performance without slgnlflcant. cnanoe 

ln the unmodulated perfol~ancc other than the Increase ln harmonlC effect,>. 

6.6 ASymmetrlcal Modulatlon 

A slm!,lc extensIon of the tpchnlque of pre-shapinq provides the solutIon 

tl) tr,p probll'In of POSl tlonlnr; the modula1:.ln r} wavl'S dt the Idf'al posItIons. 

Pre-Sha[;L'd wlndln(;C, art~ fractlonal c;lot wlndlngs ln WhlCh the belt Wldth 15 

proportlonal to the absolute value of the moduiating wave. In thlS rf'spect, 

the sltuatlon 1S s1mllar to pulse wldth modulatlon. It lS therefore relatlve-

ly a slmple ~atter to adJust the cOll grouplng sa that, when requlred, the 

TT 
number of cOlIs per gr~up 15 prof'ort1onal ,to SIn k('3 ± '3m) rqther than ta 

In ,thlS manner the pOSl tion of the modulatlng wavès can be made 

reasonably close to the Ideal values, and'thus produce the required.magnetlc 

and electric symmet~. 

" ., 

o 
, ' 
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~.7 Propert~es of PAM Wlndlngs 
,. 

.:---The two parts of a l'AM phds~ wIndIng are ldentlcal except for 

theIr locatlon. Each of these parts Cdn hp IdentIfIed as cl baslc ~egment, one 

beIng complementary to the other. From the pOInt of Vlew of Clrcult model~, 

they can be connected lh serles or parallel, aldlng or opposlnq, depend~ng on 

the number of pales and the operatlng voltage deslred. 

In gcneral, the conductor dlstrlbutlon pattern of a basIc seq-

ment 15 repeated k tlmes round the perlphery of the machine, each portlon oc-

For the sake of clarlty, the followlng dIScussIon IS lImlted to 

the case where k ~ l, but can be generallzed by substitutlng electrlcai for 

mpchanlcal anqles where approprlatp. 

(,.7. l '[he BasIc Segment 

Conductor and nunf dIstrIbutIons of a baSIc segment arp shown ln 

FIgure 6.4. Th1s lS a basIc s0qment of an 8-poLc, fuI I-I-Jl tch, Integt-al-sl"t, 

wlndlng and apart from the lack of pre-shaplng these dlstrlbutlons are typlCdl 

of th.- case when the number of IlOle-palrs (unmodulated) lS even. 

The mmf waveform of- cl baslc segment can be anaIyzed lnto a har-

monle serIes contallllng, ln general, aIl pole-paIr numbers from one ur-wards. 

= l~ F
n 

SIn nf> 

n=1 
(6.11) 

The complementary segment, IdentIcal to the flrst but dlsp1ated by n can he 

slmIIar1y analyzed gIvlng 

F (8) = l F
n 

SIn n(e + n) 
2 

(6.12) 
n=l 

When the two basIc segments·are connected ln serIes aidlnq (l •. e. the unrnod-

( ~ 
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Fig. 6.4 Conductor and Mmf Distributions of a Ba~ic Segment .. . ' 

cl 



{ 

60 

ulated condItIon), aIl the odd numbered pOle-paIrs are suppressed. When they 

are connected ln serles 0pposlnq (l.e. the modulated condltlon), aIl the evcn 

numbered pole-palrs are suppressed. 

( 
For the SItuatIon where the wlnding would normally be considered 

as haVlng an odd number of pole-paIrs, the complementary segment mmf dIstrlbu
~ 

tlon IS glven by 
00 

F' (0) = f _F
n 

sin nIe + TT) (6.13) 
c 

n=l 

In thlS case It lS therefore the even numbered pole-paIrs WhlCh are suppressed 

by a serIes aIdlng cO?nectl0n and the odd numbered pole-paIrs WhlCh are sup-

pressed by cl ser1es OpPos-lng connection. 

(,.7.2 ConJugate HarmonIes 

" 
The dISCUSSIon 50 far has centered on the modulatIon of each 

phas'e SInce the pr1me obJectlve 1'5 a CIrCUIt model. In a normal 3-phase 

machIne llttle attentIon IS pald to' thlrd harmonlc mmfs s1nce the1r effec~s 

cancel out. ThIS IS not the cas~ ln a PAM w1ndlng when modulated 

F 3m .' 
(0,t) = SIn 3mO S1n kG SIn wt + sln3(mB-a)sln(kB-a)sln(wt-a) 

(6.14) 

+ sln3(m8-2a)sln(k8-2a)sln(wt-2a) 

3 = 4 {sln[(3m+k)9-wtl + sln[(3m-k)8+wt]} (6.15) 

The waveform of pole-paIr number (3m+k) has been Identifled as a pOSSIble re-

suIt of modulatlng the entlre -3-phase mmf waveform by one havlng a Il~ of 

[32] 
pole-paIrs equal to the sum of the unmodulated anq modulated numbers : 

F (B,t) = cos(m8-wt)sln(2m+k)8 

1 ="2 [sln(m+k)8+wtJ + sw(3m+k)8-iùt] 

, [6] 
Such harmonIes have been termed "conjugate harmonlcs", and are readl1y 
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identified wheh PAM w1nding design is based on total modulation rather than 

on phase-by-phase logic. Modulation by (2m+k) pOle-pairs is best seen in a 

clock diagram and 1ts main value lies in winding design. 

" 

" 
" 

, " 
'

" 

, ' 

• f 

\ 
t 



CHAPTER VII 

A CIRCUIT MODEL FOR POLE AMPLITUDE 

MODULATED INDUCTION MACHINES 

7.1 Introduction 

A c1rcuit model for pole amp11tude modulated machines must re-

flect the 'mmf effects which have just been descr1bed. Ideally, the model 

should respond to the app11ed cons traints 1n' the same mancer as the actual 

-"''"'-
machlne. Because of the lack of syrnmetry 1n the w1ndlngs the s1mple'è1rèuIt 

model can no longer prov1de a sU1table basis and therefore a more general 

orthogonal ax1S model must be used. As a consequence of the general theorern 

of pole amplItude modulat10n develop'ed 1n the prevlous chapter, there lS no 

d1rect way of reproducing the mmf patterns of a three phase mach1ne uS1ng 

only two axes and therefore a three-axls model 15 requlred to represent the 

stator wlnd1ng, whlch also has. the advantage that the external constraints 

imposed by the connect10ns may be applled d1rectly. 

7.2 The Prlmary Model 

A phase wInd1ng has been shown tà consist of two baSIC segments, 

whose rnrnf waveforms. can be "inodelled by harmonlC ser1es. .r f the term "1deal 

wlndlng" 1S cons1dered to den ote a wlnd1ng wlth S1nusoidal conductor d1strl-

but10n and zero res1stance and leakage Inductance, the electromagnetlc effect 

of a baSIC segment can be modelled by a ser1es connection of 1deal windlngs 

hav1ng appropriate pole-pa1r numbers and turns, together w1th an appropr1ate 

resistance and leakage inductance. The'camplementary segment 1S displaced by 

1T 
k (mechan1cal) and lS modelled ~y an 1dent1cal set of Ideal ~1ndlngs corres-

63 
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pondlngly dIsplaced as shown ln FIgure 7.1. As wlth ardlnary orthogonal axl~ 

models, It IS the electrical'dlsplacement between the sets of cOlIs WhlCh ]s 

Indlcated. 

o , 

Polarlty marklngs for the Ideal windlngs pose a problem Slnce 

they de pend on whether EquatIon 0.12 or 6.13 applles. The marklngs shawn ln 

FIgure 7.1 apply to an even poJe-palr number, and those on one of the seqments 

are rcversed when the number lS odd. 

The three-phasc l'AM machIne has three complementary paIrs of 

baSIC segments. The baSIC segments of the phases are not necessarIly IdpTltl-

ca,l, especlally If asymmetrlca1 modulatIon has been used, nor are they necps'-

21T 
arlly Inc1Ined at exactly ~ The Inclinatlons are readlly Obtalned durlnq 

computatIon of the harmonlc wIndlng factors WhlCh, ln thlS context, Include 

bath ampll tude and POS,l tlon of each rrunf harmonlc. 

7.3 The Rotor Model 

r35) 
Whllf' wound rotors for PAM machInes have been descrlbed' " 

they are ratQ compared to the squlrrel cage secondary. Only the latter have 

therefor~ been Inc1uded ln thi~ study. A squ11rel cage reacts as a balanced, 
/ 

short'-clrcul ted polyphase winding ta any pole-palr number l~ss than or equal 

ta half ItS number of bars[36]. In View of the rapld convergence of the mmf 

harmonIe serIes of practlcal prlmary wlndlngs, thlS restrIctIon IS not Impor-

., 

tant 50 that, as shown ln the next chapter, the squlrrel cage can be represen-

ted by sets of quasl-statlonary two-phase Indlvrdually short-CtrCulted Ideal 

wlndlngs. 
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Fig. 7.1 Circuit Model of a Pair of Basic Segments 
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7.4 The Complete Machine Model 

Jhe'complete squlrrel cage PAM machine can therefore be 

modelled by sets of ideal wlndings as shown in Flgure 7.2. The rotor wlnd-

ings are shown ln thelr electrlcal1y orthogonal positions, however, it should 

be noted that physlcally thelr axes are lnclined at the mechanical angles 

shown. 

1 
The el~ctrlcal equ~tions for the machlne of Flgu~e 7.2 may be 

wrltten. 

? 
~22 (7.1) 

o 

where sufflX l denotes'the prlmary al' b
l

, cl segments. 

where sufflX 2 denotes the prlmary a
2

, b
2

, c
2 

segments. 

where sufflX 3 denotes the secondary. 

The submatrlces Z11 and Z22 are ldentlca1 and of order 3x3. Z21 lS the trans

pose of Z12 and lS also 3x3. Z33 1S 2hx2h where h lS the number of harmonlcs 

belng lnc1uded ln the mode1~ Z13 and Z23 are jx2h matrlces of mutua1 coup-

11ng. Z31 and z32 are e~ual to the respectlve transposes of Z13 and Z23 

together Wlth appropr1ate speed voltage terms. The subvectors vI and v
2 

each 

have three elements WhlCh are the 'voltages applied to the baslc segments. 

The subv~ctors 11 and 1 2 also have three elements which are the currents ln 

the basic segments. 
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Fig. 7.2' Circuit Modé['~f a 3-Phase Machine 
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The electromagnetic torque, T , ~s the quadratic product 
e 

~tGi, the torque matr~x, G, be~ng the coefficient of rotor sp,eed in the 

impedance matr~x. 

S~nce severa1 sub- and super-harmonies of the desired pole-

pa~r number are ~nvolved in any ana1ys1s, the number of simu1taneous 

d1fferent1al equat10ns is inev1tab1y of the order of 20. For sinusoidal 

steady-state eondit1ons the equat10ns are a1gebra1c but nevertheless requ~re 

the a~d of a d1g1tal computer wh~ch y1e1ds solut1ons eff1c1~ntly and econo-

m1cally. Simpl1f~cation 1S however desirable and 1S often ~oss1ble. 

7.5 Constra1nts Imposed by Connect1ons 

If the w1nd1ng segments are connected in paral1el the constra1nt 

for an unmodulated cond1t1on 1S v
2 

= v
l 

and th'at for a modu1ated condition 1S 

Whe'n the segments are connected in ser~eS ,the constraints are 

1
2 

= 1
1

, 1f unmodulated and 1
2 

= -1
1

, 1f modulated. In thig case a CtZC trans-

forrnat10n reduces the number of equat10ns by ~hree, the connect1on matr1x 

belng deflned by the current transformatl0n 

+u - l [ ::] 
t' 

where U
l 

1S the un1t matrix of order 3 and U
3 

is the unit matr1x of order h, 

the number of harmonles be1ng included ln the model. 

The constra1nts cons1dered above can be app1ied dire~tly to 
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delta and four-wire star connections s~nce the applied voltagès are completely 
1 

defined. The posslbility of unbalance due to asymmetric conductor distr1bu-

t10n makes the three-wire star connection more complexe The fact that the 

neutral current lS zero can be used to reduee by one the number of current 

variables, thus lea~l1ng two stator currents Ul the case of the series conne.c
." 

t10n and flve for the parallel connectlon. Connectlon matrices thus deflned 

perm~t solution ~n terms of known llne voltages. The phas~ voltages and 

neutral-to-ground voltage can be obta~ned, if requ~~ed, by substitutlng the 

currents thus found lnto the original equatlons . .. 
7.6 Circuit Pa~ameters 

. 

. .~ 

'~he ~rnpëdance submatrices of Equation 7.1 are deflned ~n terrns 

of a nurnber of Circult paraméters, most of wh~ch are airgap inductances assoc-

latéd with the var~ous harmonlc fields. Thus 

where Rll 

and 

R 
a 

(L +LL n) 
aa a 

_ n '( an n 
J,M b cos p -ex ) 

'a 

n n n n n 
cos(y -ex ) L~C cos(y -13 ) 

R 
c 

n n n 
LM cos(y -ex ) 

ae 

'"' n n n 
L.~c cos (y -6 ) 

n 
(L ·+EL ) 

Oc c 

(7.3) 

(7.4) 

(7.5) 

The subscrlpt 0 1ndlcates a leakage ~nductance and th~ superscript n indleates 

that tbe airgap inductance and angles apply to the 

The angles a, e and y are the incllnations of the , 

ta the datum as lndlcated ln Figure 7.2, 

p<;>le-pairs. 
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The pr unary mutual coupllng 1.n\p~dances are 

t , , 
(-1) mL: Ln n n n Mn 

Z12 = Z21 = cos nn M ab co 5 (8 -CL ) a ac 

Mn 
ab 

n n cos(S -a ) 
n Mn 

Lb be 

Mn n n n n n eos{y -a ) ~c cos (y -(3 ) 
ac 

where m lS the number of pole-pairs of the unmodulated wlnding. 

n n 
cos (y -0. } 

n n 
cos(y -6 ) 

Ln 
c 

'" (7.'6) 
The factor 

P 

m 
(-1) resolves the problem of the polar»ty marklngs, descrlbed in Seetl0n 7.2. 

~ll elements of the seeondary self umpedanee matrix, Z33' are 

zero ~xeept for h 2x2 3ubmatrlceS"on the leadlng dlagonal. These terms are 
~ 

.' 

descrlbed ln tne fo11owlng chapter. 

The stator-rotor mutua1 Impedance matrIces, Z13 and Z23 are eom

th posed of h, 3x2 submatrlces, that for the n .harmonle belng 

n 1,.0 n Mn n l Z13 cos Cl Sln a p ar ar 

,~ 

o. n sn Mn an 

J 
~r cos SIn 

br 

Mn n Mn n cos Y SIn y 
" 

cr cr 

(7.7) 

~ 

'" 
n m Mn n Mn n 

Z23 (-1 ) cos (n11+o. ) SIn (n11+0 ) p ar ar 

n n n (nn+Sn) , 
f\-r cos (nn+e. ) l\r SIn (7.8) 

n n n n 
M cos (n11+)' ) M SIn (n1T+)' ) cr er 

wh~re .M:r 15 -the mutual Induc;tance between the n th hapnonic wlndi,ng of tqe al 

segment and ," 
igned. {r 

the' 

and 

th ", ' 
;, l'harmonlc equlvalent rotor ~nndl.ng when their axes are al-

n . 
Mare Slml1arly,deflned. cr ' If the turns of the equlvalent 

rotor'Wlnding rare made equal ta those of the corresponding al segmen~ harmonlc 

" , } 

• \. . ,1" .... 
/ . 

.1> 
., 

'" 

'~ 

1 
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(7.9) 

The rotor-stator mutual ~oupllng matrlces, Z31 and Z32 are the 

n' 
transposes of Z13 and Z23 wlth the addltlon of the speed terms, G

31
W

m 
and 

n 
G

32
w

m
, where 

[ 

nMn :r 
-nM ar 

(_l)m [nMn 
ar, 

n 

-nM ar 

~ 

n 
Sln Cl 

n 
cos Cl 

c 

n 
s1n(nn+a ) 

n 
cos(nn+a ) 

n Sn nM
n n 

] n~r Sln Sln y 
cr 

(7.10) 
n Sn n n 

-~r cos -nM cos y 
cr 

n n 
nM

n 

Sinln
n
:

Y:1 nlbr 
sln!nn+e ) 

cr 
(7.11) 

n n n 
-nlbr cos(nn+e ) -nM cos(n7T+Y ) 

cr 

The parameters requlred for the forrnulatlo~ of the machlne equatlons 

are thE!refore; 

a) the wlndlng segment reslstances and leakage lnductances, 

R , ~, R • L , 
Lab' L 

a ç aa oc 

b) the wlndJ.ng egment harmonJ..c alrgap lnductances 
• 0 

n n n n n Mn L , Lb' L , Mab' ~c' . 
" i1 C ca 

c) the two-aX1S e~ulvalent harmonlc rotor wlndLng resistances, leakage 
, , 

lnductances and alrgap lnductances, . 
ri n n 

R, L L. 
r "r r 

d) the rotor-stator harmonlc mutual lnductances, 

h M , 
ar 

n-

~r' 

"-Many of th~se pararneters are ,lnt~rr lated, 1 Whl~h 

the number of unknowns. , The pr1mary augap ;nut,\ia'i lnductances are\ .r;el~t.ct~ to 
1 .' \ 

\ 
! 1 

1 
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the self inductances by 

=~ 
L L 

x y 
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(7.12) 

The harmonie alrg~p inductances of a primary segment are proportional to 

the square-?f the hartnonic wlndlng factors: \ 

(7.13) 

wher~~Qs 1S a rnachlne fonstant. SlnCe the w1ndlng factors are readily compu

ted, the experimental deterrninat10n of a single v&lue of Ln serves to deter
x 

rn1ne Qs an~ hence aIl other val~e~ ot' L: and, from Equation 7.12, aIl values 

of Mn 
xy 
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1 CHAPTER VIII 

A 'IWO-AXIS MODEL OF A SQUIRREL CAGE ROTOR 

8.1 'Network Equlvalent of the Cage 

A squlrrel cage rotor comprlslng N bars can be cons1dered as a 

network havlng N 1dentleal loops as shawn ln F 1911re 8.1. The N identlcal 

loops may aiso be eons1dered as N phases. The total res1stance of each Ioop 

lS 2 (~ + Re' where ~ lS the reslstance of one bar and Re 1S the reslstance 

of one segment of an endrlng. There lS aiso a mutual reslstan~e of -~ be

tween th~ adj'acent Ioops sa that the reslstance matrlx lS clrculant havlng 

the fU8t row glven"by 

a a ....... -~l (8 .ll· 

The lnductances can be consldered to have two components: one 

" r 
due to alrgap f1elds and the other due to leakage flelds. ," The latter can be 

descrlbed ln the same way as that used for the reslstances so that the leak-

" age lnductance ma tnx 18 also clrculant and has the flrst rOtl -

L ~ 
CTlk [2 (L b + L ) 

,'J oe 
-L 

ab 
o o ........ ,-LobJ (8.2) 

The aIrgap lnduetances 'can be obtalned by eonslderlng flrst the 

~ "J' 
harmonIe eomponent~ of 'the eurtent denslty dlstrlbutlon of one of the loops . 

• 
Thl';' 18 represented by the palr of lmpuise funetlons shown ln Flgure 8.2. 

th -
The n, harmonle coeff lClents for unl t curreht is 

Sln 
2 nn 

== - - s1n -
, il N 

(8.3l 
2 
n 

Each harmonIe compone~t may be consldered t~ result from an 

equlvalent slnusold~lly dlstrlbuted windlng, carrying the same current. If 
... 
h d · 'h n tIf t 15 Wln lng as w urns per po e, equatlng ~ s glves 

72 
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Fig. 8.1 The Squirrel Cage a~ a Network 

, " _ -' 
'2 

.. 

.. -lit 
C • ca .. 
c 
! .. 
::t 

U 
~r 
:1 

Fig. 8.2 Current Density Distri?utton of a Pâir of 
Adjacent Bars 
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n 2 mT 
w == sin 

nn N 
(8.4) 

It lS usually consldered more convenient to use equlvalent concentrated COlIs 

ln Clrcult models. If such a cOll has wn 
turns per pole, ltS fundamental amp-

Il tude lS ldentlcal provlded 

from WhlCh 

n 
W 

sin n1l 
N 

(8.5) 

The alrgap 1nductance of these equlvalent COlIs can be obtalned by conslderlng 

the total flux llnkages WhlCh each COll produces. 
- th 

Thus the n harmonic com-

.' 
panent of alrgap lnductance 15 glven by 

Ln = Q ~ Sln 2 n~ 
r r 2 N 

n 

where Qr 1S a constant for any partlcular mach1ne. 

(8.6) 

The mutual 1nductances are obta1ned by conSlder1ng a pair of 

elemental loopsl a anq b , hav1ng the1r axes located at a and B r~lat1ve ta 

the or1g1n of the mmf wave. The anqle between lhem .1.5 (8-a) and the angular 

th . 
separatlon ot thelI n hdrIDOn1C equlvalent w1ndings lS nU~-a). The arnpl1tude 

of the mutual coupl1ng 15 thus 

(8.7) 

The angle (B-a) must be an lntegral mult1ple of the rotor slot pltch 6 50 
r 

that the mutual 1ndu~tances Wlth one 1000 are Ln cos n6 1 Ln cos 2n6 ..•.... 
~ r r 

n 
L cos' (N-l) <5 • Slnce~cos (N-r)n6 = cos r n6 , the alrgap lnductance matr.lX 

r r r . . 
1S aiso clr~ulant, the f1rst row be1ng glven by 

L n = Ln[l 
. lk 

cos n6 
r 

cos 2n6 
r 

cos (N-I) 6 ) 
r 

Th1S completes the baslC model of the 'squ~rrel cage for WhlCh 

each elemental loop 15 replaced by N 1dentléal c1rcuits hav1ng res1stance and 

~' .. 
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leakage lnductance components ln serles Wlth a set of ldeal concentrated 

wlnd1ngs each hav1ng ~ ~qu1valent,turns per pole . 

. ' 
IS shawn ln Flgure 8.3. 

" ' 

8.2 Transformat1on to Two-Phase Equ1valents 

• The bas1c model can now be slmpl1f1ed by f1ndlng a set of two-

phase equ1valent w1nd1ngs wh1ch have the same a1rgap harmon1cs. If harmonics 

greater than N are neg~e~ted, there are (N-l) separate two-ph?sc systems and 

[33 ] 
a zero phase sequence system • 

pn 
k 

The mmf d1str1but10n of the n
th 

harmonlC of the k
th 

loop lS 

4 n 
- W l cos n[8 - (k-l)6 1 
TT k r 

4 n 
TT W 'Ik [cos n8 cos n(k-l)~ + SIn ne Sin n(k-l)6 ] 

r r 
(8.9) 

Tf the axes of each s~t of two-phase co11s are chosen 50 that they are orth-

ogonal wlth respect to thelr own mmf wave, the angle between them IS 
~ 2n 

TT 

(mechanlcal) and the currents ln cOlls, 1: and 12, produce mrnf w~ves 

~' n 4 wn n 
ne 1 cos 

Ù TT a a 
i-

n ~ n n ,. 
Wb'~b cos n'( 'j - ~) (8.1(.) 

b T' 2n 

The two-phase currents WhlCh produc~ the s~e mmf dlstrlb~tlon as rotor cu~-
. j 

• rents, lk' are 

wn N 
n 

! cos~n(k-l) G ~ l = 1 
a wn 

k=l 
r ~' r ;:. .. ~ 

a (8.11) . 
N 

n vin 
L n(k-l)6 1 1 SIn 

b wn 
k=l 

r r' 
b 

J 
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Fig. B. 3 Circui t Equivalent of the N -loop Ne twork-. 
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Fortunately, the number of 11nearly independent~currents requ1red to dup11-

cate the nunf wave 1S linll ted. -Th1s can be shown by cons1derl.ng two harmon1cs 

of order nI and n
2 

such that 

( 8.12) 

where K 15 an 1nteger. If the turns are chosen such tha t 

n
2 

n 
W W 1 
--= (8.13) 

W 
n

2 
W 

nI 

a a 

the. currents are equal. Div1dlng Equation ,8.12 by (k-l) 6 and not1ng that 
" r 

6 
271 

'" N'g1.ves w r .. 
n

2 nI + N (8.14) 

1.f K 1.5 cho5en ta equal (k-l) Thus there are N separate palrs of currents 

wh~ch may be requ1red to reproduce the mIDf wave. 

Th1S number can be further reduced by not1ng that 1f n
2 

= N -nI' 

S1.nce N(k-l)6 15 an 1.ntegral mult1ple of 2rr 
r 

cos n,.,(k-l)6 
~ r 

cos n l (k-l) <5 " 
r , 

The currents ate therefore pa1red ln the sense that 

(N-n) n 
1. 1. 

a a 

(N-n) n 
1.

b -lb 

When N 15 odd the only unpa'ued "currents are 

N 
l 

a 

N 
1 = 0 

b 

- / 
l 

r 

~. ' 

j 

(8.15) 

(8.16) 

/ J8.17) 

(8.1S) 

.' 
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50 that the number of currents requaed is ! (N + 1) on axlS a and ! (N ... 1) 

on axlS b. When N is even the 1ast of the paired sets is 

N , N/2 
1 1 

a a 
(8.19) 

N N/2 
0 lb = -lb 

",-

and the munber of current5 required ,15 ;N on axl5 a and ~N - 1 on axis b. 

The arrangement of cOlls on the two axes 15 shown ln Flgure 8.4. 

8.3 Impedance Transformatlon 

The currents ln th~ two-phase equlvalent cOlls are therefore 

re.1têlted' to thet' currents ln the actua1 cage by 

1 = T 1 = WS 1 
ab N N 

where lab and lN are the correspondlng current vectors, and 

wl 
W::: a 

w1 

w1 • 
"" ) b ... 

wl 

w2 
a 

w2 

w2 . 
tI b 

2 
W 

, . 
\ 

.. 

(8.20) 

(8.21) 

r ) 
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Fig. 8.4 Two-axis Arrangement of Equivalent Coils 
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S = l C05Ô cos2ô cos (N-l)6 r , r r 

sin6 sin26 sin (N-l) 6 
r r r 

l cos2ô cos4é cos2(N-l)é 
r r r 

s~n26 sin46 s~n2 (N-l) 6 r r r 
(8.22) 

l l 1 l 

Both W and S are shawn for the case of an odd value of N. The product of T 

and 

H = 

~ ts transpose 
l 

W· 
(~) 2 N 
wl 2 

1S ,the d1?gonal rnatrix, 

l, 

wh~ch also ~s showl1 for" an odd value of N. 

, . 

(8.23) 

-The connec tian rnatr1x, C, 15 used to der ive the original variables 
1 

1 

fram the transformed var1ables. 

iN iab 
-1 

i' = C = T 
ab 

and 
, 

C :r::: st Wt ~-l 
1 

1 
, 1 

l ' 

it~~ 

-----------
, 
• 

(8 . .'24~ 

(8.'25) 

~, 

! 
,1 , 
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e The impedances can now be trans~ormed using th~s connection 

~ 

, 

,,~e 

ill 

Il 

\ \ 

---'----~--,---

matrix. S~nce> the ~pedance matru is cycl~c-symmetr~c, the transformed 

[37,38] 
matr~x ~s sparse , camprising 2x2 submatrices for each harmon~c two-

phase set, arrayed along the lead~ng d~agonal. 

Rn (Ln n n 
+ + nw (L + 

r or 
L )p 

r m or 
zn 

r 

where 

..; 
n Ln) n 

-nli\n (L + R 
or r r 

2 [R 
e 

+ ~(l - cos nô )] 
r 

- cos n6 ) l 
r 

+ 

ard L~ ~s def:\.ned by ~quat~on 'B.6., 

(Ln 
Gr 

Ln) 
r 

+ Ln) 
r P 

th 
The n harmon~c submatrLX ~s 

(8.26) 

'" -
(8.27) 

/ 

As ~n the case of the stator model, the determ~nation of one of 
1 

the harmon~c parameters perm~ts ready computat~on of the complete ser~es. 

The bar and endr~ng components can be obta~ned by determ~ng the d1str~but1on 

of rotor res~stance and leakage reactance betweén ~he bars and endr~ngs from 

the d~ens~ons of the mach~ne. 

t. 
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CHAPTER IX 

EXPERIMENTAL VERIFICATION OF THE MODt:L 

9.1 Introduchon 

An, essent1al part of the process of develop1ng a new model 1S 

that of prov1d1ng an assessment of 1tS accuracy. Deta11s of the twa mac~nes 
used for th1S 1nvest1gatl.On are g1ven l.n Append1x B. ,However, there 9Xe sorne 

aspects of thel.r specIfIcatIons WhlCh are worth ampllfying be~ause of the 

.' nature of the PAM mach1ne. 

9.2 The Test MachInes 

The machInes have frames nbrmaUy ùsed for 10 HP l!lotors. 

Each stator has 54 slots and the only d1fference between the wl.odings is the 

coll spani one IS 6 slots, the other 10 slots., Wl th standard 1.otegnlll-slot 

w1nd1ngs the y can be consl.dered as normal 8-pole and 6-'pole rnotors, rated at 
, 

220 volts, 3 phases, 60 Hz. The same rotor IS used ln each mach1.ne.', with 

thesè coil spans the flrst machlne can be connected for 6/8 pales, serles 

delta/paraI leI star dnd the second mach10e f.or 6/4 poles" ser1es deI ta/para-

llel star. Connect10ns from aU stator ç011s were brought ouf ta a terullnai 

board 50 that the wlndl.ng connectl.ons could 'readl.ly be changed. ThIS pane~ 
" 

15 shawn ln 'F1gure 9.1. 

S1nce both Tach1nes have S1X pole~ When unmodula~ed, the wind-

1.ogs 10eVl tably requl.re asymmetncal modulation.' TQ1.S Ch01Cè was deliberate 

1n order to present the, most complex forro of the problem of mod~ll1ng a: PAM 

machine. 
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Deta~ls'of the w1nding'for the 6/8-pole machine may be, found ~n 
d' 

Reference [5). The w1nd1ng'for the,6j4-pole machine is s~11ar, the sequence 

of the modulatlng waves being reversed. The 6/S-pole machine has average 

w1nding factors greater than 0.1 for pole-paIr numbers 1,3,5,7,11,13,15 and 

21, wIth numbers 5 and 15 beIng essential1y zero phase sequence, for the un-

modulated connection. For the modulated connection the corresponding pole-

paIr numbers are 2,4,6,14,24, wIth nuclber 2 belng essentlally.zero sequence 

. 
as 1t ought to be. The 6/4-pole machIne has average wlnd1ng factors greater 

" th an 0.1 for pOle-palr numbers 1,3,7,9,13 and 19, with numbers 1,7,9,13 and 

19 beIng essentIa11y zero sequence, for the unmodu1ated connectlon,' ahd num-

bers 2,4,8,14 and 18, wIth number 4 belng essentlally zero phase s~quence as 

l t 'ought to be, 'for the modulated connectlon. If thlS informatlon 15 obtaln-

ed separate1y, the nqmbèr or harmonlcs Included ln the model can be reduced, 

thus eco~mlzlng on computer space and t~mè to solve the equatlons. 

9.3 Parameter Determlnatlon 

. Parameter values for the Investlgatlor. were determlned experlm.n-

tally by operatlng the mach1nes wlth a standard Integral-slot, 6-pole wInd-

Ing and, where necessary, modlfylng them to take account of the dIfferent 

wlndlng facto~s of the PAM wIndlng. 

The voltages used were approx~ate1y 10% of the rated value. 

This was due pr~ar11y to the maxImum avallable current being 50A. However, 

it should he noted that harmonlc torques are ré1ativel~ 1argest when the core 

[39] 
IS unsaturated , and It is desirable from thlS ~lnt of Vlew to use rel-

atively low voltage levels. As a result, use of additlonâl parameters mode1-

ling second order effects, as ln Chapter V, lS unwarranted and the only re-

'. 
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1 

finement to the proposed model for a PAM machine is ,the use' bf the equivalent 

rotor slot depth to adju~t the rotor bar resistance and leakage lnductance to 

account for skln effect based on Equatlons 5.1 and 5.3. 

~.4 Experimental Res~lts 

The characterlstlcs were obtalned by means of the dlgital data 

acqulsitlon system. However, ln thlS case the data was acquired pOlnt by 

• pOlnt to ensure that the harmonlC torques were deflned wlthout exceSSlve rnern-

ory requlrements. 

Comparlsons of rneasured and computed characteristics are shawn 

for each machlne wlth 

(a) the PAM windlng when unrnodulated (Flgures 9.2 and 9.4) 

(b) the PAM wlndlng when rnodulated (Flgures 9.3 and 9.5) 

Also shown lS a cornparlsan of measured and computed characteristics of one 

of the rnachlnes wlth a standard lntegral s19t wlnding (Flgure 9.6). As mlght 

be expected, the best agreement has been obtained wlth the lntegral-slot 

wlndlng. However, the shapes of the PAM characteristlcs have been correctly 

cornputed, the etfects of the hatrnonlc rnrnfs belng clearly seen. In partlcular, 

,the camputed harmonlc torques ar~ correctly proportioned and the overall dif-

ference between measured 'and cornputed characterlstlcs is typical of stray-
" 

1056 effects WhlCh are sornewhat larger than those attalnable with an lnte-
+t 

gral-slot windlng. 
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CHAPTER X 

CONCLUSIONS 

10.1 Standard Machlnes 

The feaslbllity ~ condltlons requlred for the use of optlmlZ

lng technlques as an a1d to 1nductloh machlne parameter ldentlflcatl0n have ,.. 
been establ~shed for 51tuatlons where the harmonlC content ~s low. The same 

baslc Clrcult model can be used for both wound and squlrrel cage rotors. No 

knowledge ai the geometry of the bars' is necessary since 1t is the depth of 

~ , 
an equlvalent rectangular bar WhlCh 15 used as the addit10rlal parameter ta 

model skln effect. In cho~lng an lnltlal value lt 1S advlsable to choose a 
o 

depth WhlCh lS appropr1ate to the Slze of machlne, and after the flrst set of 

data has been processed a better value lS then avallable to 1nltlate the pro-
1 

cesslng of subsequent data. The lnltlal values of the maln parameter~ shown 

\) 

ln Flgure 4.9 are obtained from a standard analys1s of data at zero and syn-

chronous speedsi those rnodelllng second order effects, R
2a 

and X
3

, are glven 

arbltràrl small values. 

The condltlons necessary f~r the successful applicatlon of an 

optlmlz1ng ~echnlque to the determlnatlon of parameter values are the same 

for both the wound rotor and squlrrel cage machlnes. The thermal model must 

be obtalned and used to estlmate the temperature varlatlons during tests, 
~ \ 

th1s requlring only two short-terrn ~Ollng curves. It lS advisable to repeat 

a set of rneasurements at the same vOl\age wlth a view to averaging the re-

sultlng parameter values. The optim1zing process should not be continued to 

dr1ve the error functlon below a value cornpatlble with the accuracy of the 
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1nstrumentat10n. This is the main reason for the ch01ce of error,function 

to correspond to the normal form of express1ng the error of the instruments 

used. Nevertheless, 1f the opt1ID1zation 1S stopped after the sarne number of 

searches, the parameter values are vlrtually 1ndependent of the func'tlon used. 

There 1S no need to measure the stalled torque nor to lnclu,de 1 t 1n the error 

funct10n prov1ded the C1rcu1t model 1ncludes the reslstive parameter, R
2a

, 

whlch 15 capable of matchlng the calculated and measured values . 

• 

The use of an autornat1c data acqu1s1 t10n system 1n add1 ti'6n to 
lo 

dlg1tal computat10n facl11ties enables the pararneter values to be obta1ned 

relatively, qU1ckly, especlally lf a rarnp velocity source lS ava1lable. how-

"',,\ ever, 1 t lS necessary to acknowledge the 1mposslb111 ty of repeating a meas-

urement at an 1nd1v1dual pOlnt Wh1ch lS apparently 1n error. Repet1t10n of 

a set of measurements for the purpose of averag1ng the result1ng parameter 

values 1S not dlff1cult as the tlme requlred to acqulre four sets of data for 

the wound rotor mach1ne 15 less than one hour. For measurements at full vol-

tage the maln 11mltat1on lS the t1me requ1red for the mach1ne to cool between 

sets of measurements. Unfortunately, such repeated meas~rements lncrease 

the cost of computat10n. An alternat1ve approach 1S to arrange the prograrn-

mlng to 19nore such pOlnts in the computation of the error functlon, thlS 

~'edure bel~g requ1red ln any case for the pOlnts close to synchronous spe'ed 

at WhlCh the ramp may have an appreclable effect on the- current. 

" 
Although dlg1tal data acqulslt10n 1S very helpful ln that lt 

already has the measured data ln a form SUl table for processing by d1g1tal 

computer, it 15 not essentlal for the applicatlon of an optLmizing technlque~ 

The success of the squirrel cage machine lnvestlgatlon shows that a standard 

multlchannel optlcal recorder has sufficlent fesolution to be used for the 
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baSIC data acqu1'>1t10n ln t111~, approach to 'parameter IdentIfIcatIon, althouqh 

sorne of the measured chilracteT1stlcc." after transcrIptIon to dIgItal fonn, 
• 

would be smoother with botter re~olutlon. The mdIn effect of lhe lowl'r rcs-

olutlon lS 'that the value of error functlon WhlCh lS compat1hle'w1th the In-

strumentatlon error 15 hlgher, and therefore the resu1tlng mode1 may not ap-

pear to be a~ good. l t seems reasonable to conclude, therefore, that prov 1d-

ed the capablil tles of the 1nstrumentat1on, whether d1g1 tal or analog, are 

assessed reallstlcal1y, the process of parameter optlm qUlck-

ly and economlcally a model Wh1Ch lS appreclab1y 

model shown ln FIgure 4.1. 

The ~,}Jeed of dataacquiqition makes 1t feaslb1e to obtaln n'Il -

ble mode1s at normal voltage lcvels- Although the voltage w1th the wou',d 

, rotor machIne was l iml ted to lpss than half of the rated value, therp W('U~ 

IndIcations of magnet1c saturat10n. However, WI th the smaller squlrre] caqp 

machIne, WhlLh was operated at voltage levels up to Its rated value, lh-

effects were qU1te pronounced, and consIstent WIth ~e onset of magnetIc sat-

uratlon. The leakage reactances, XIa and X
2l1

, decrease as the voltacH' 1n-

creases, the effect ~eIng perhaps greater than lS normally supposed. rerta1n-

Iy, rellable f1gurc..s for stalled currents at full voltage demand that the 

values used for these reactances correspond ta saturated candIt~ons. The 

magnet1z~ng reactance, Xo ' decrease5 as expected. Slnce the error functIon 

15 Insens~tlve to changes ~n thlS parametei~ the change 15 derIved maJnly 

from the measurement of Input admIttance at synchronous speed as the voltage . 
lS varled. The value of'X

3
, modelllng the reduct~on ln leakage reactance due 

to saturatIon of the teeth whether or not the maIn core 15 saturated, shows 

the reductlon ant1sipated. 
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The most notable trend among ths res~stive parameters ~s that 

" 
of R

2
, the rotor res~stance. The reduct~on ~n value as the voltage is in-

creased lS greater than éxpecte~A sl~ght lncrease ~s lndlcated in the 

value of the stator reslstance~~Rla' the difference between low voltage 

and rated voltage belng approximately 1%. 

The trend ~n the equlvalent depth of rotor bar shows that sk~n 

effect becomes less pronounced at h~gher voltages. Blocked rotor measure-

ments, lf taken at full voltage, provlde an adequate model ~f data over a 

range of speeds cannot be obta~ned. However, s~nce there ~s also a conslder-

able change ~n the value of the rotor res~stance with voltage, parameter 

values based on stalled condltl0ns at low voltage may be cons~derably ln 

error. 

Perhaps the most surprislng concluslon relates to the setond 

order effects\ '" Initlally lt was ant~cipated that experlmental determinatlon 

of appropriate parameter values to modei these effects would be the resuit 

-
of uSlng better data acquls1t~on methods. The results have demonstrated that, 

not only can they be modelled successfuIly, but they are ~n fact necessary 

for satlsfactory parameter optlmlzatlon and therefore the~ must be lncluded 

ln the model. 

10.2 Poir Amplltude Modulated Machlnes 

The study of pole ampiltude modulated machines has dernonstrated 
\, 

that, wheteas adynamie circult model has no partlcular advantage over a con-

ventlonai model in Sltuations such as those considered above where the phase 

windings are identical wlth low hatmonic content and the system voltages are 
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balanced, the model developed ln Chapter VII lS capable of predlcting, wlth 

reasonable accuracy and slmpllclty, the characterlstics of ~hese machln7s ln 

~ 

WhlCh the harmonlc content lS hlgh and the wlndlngs are asymmetrical. If 

the torques assoclated wlth stray lasses are kept ln m~nd, there should b~ no 
(, , 

difflculty ln 1nterpretlng~the computed torque-speed characteristlc to estl
.( 

mate the actual characterlstlc. In the case of the 6/4-pole machlne such a 

procedure would Indlcate that It lS unllkely hp develop sufflclent torque to 

accelerate to ItS Intended operatlng speed ln the modulated condItion, a Slt-

uatlon WhlCh can be conflrmed by Inspect10n of the measured characterlstIc. 

The basIc parame ter values used are essentlally the standard 

ones obtau,able from measurements at synchronous and zero speeds. The only 

addItIons are the cb0Ice of equlvalent slot def.'th from operatlon w1.th the In-

tegral slot windl.ng, and the dIstrIbutIon of rotor reslstance and leakage 
1'" 

reactance between the endrlngs and bars from 'the dlmenslons of the machlne. 

, 
It can therefore be seen that thlS model requlres very 11.ttle informatl'Ün -in 

, 0 

add~~lon to that Wh1Ch 15 normally ava1lable. Although the maIn emphaslS 

has been on the measurernent of baSIC parameter values It may be noted that 

, the procedure lS apf.'llcable, with only minor mOdlf1.cation, at ~e qes1gn 

stage Slnce the addItIons noted above are ba~ed on the Internal dlffienslons of 

a mach1ne. \ 

To reduce the cast of camputatIcn it is ad~l.sable, flrst, to 

obtaln the wlndlng factors 50 that ln the maIn ~rogram only those harmonics 

11kely to have a slgnIfl.cant. effect are 1ncluded in the model. If the .,sym-

metrlcal components of the wlndl:ng factors are obtained at the same time, it 

1.S possible ta de termine the synchronous speeds of the harmonies and ta 

/ 
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arrange the programmQng ta use smaller incrernents of speed in these regions. 

W1th such precaut1àns, the central memory field length~required for the ma1n 

program used 1n th1s study is less than 21,000 words when d1mens1oned to in-

clude ten harmonie rotor w1ndings 1n thE mode!. 

The app1icat10n of dynamic C1rcu1t theory to PAM induction 

motors has therefore been shown to be a powerful tool for their ana1ys1s. As 

a result, 1t 1S now poss1ble to obta1n accurate quant1tative 1nformat1on 

about the torqu~-speed character1stlcs of alternatlve designs. The program-

m1ng is not excèss1vely long and characterist1cs may be obtained simp1y and 

econoffil.cally. 

10.3 Suggest10n~ for Fur ther Deve1oprr.ent 

Although deve10ped spec1flca1ly for PAM lnductl0n motors be-

cause of 'the1r h1gh harmonic content, thlS dynaml.ç circuit model is applic

abl~ to other s1m1lar s1tuat10ns. It may reasonab1y be expected to provlde 

the basl.s of an 1nvest1gat1on 1nto sorne of the paras1t1c torques observed 1n 

1nduct10n motors wh1ch may be operated at d1f~erent voltages by serl.es or 

f 
'4.. f ( ,[40,41} para11e1 connectlons 0 sect10n~ 0 the phase wlnd1ngs . S1nce 51ng1e 

phase PAM ~nduct~on motors also have been devéloped and thejr character1st1cs 

~[42} 
reported ,furth~ development of the model-for th1S s1tuat1on shou1d 

prove usefu1. In general,.the ma1n value of the model probably~Lies 1n the 
~ , 

. [43] 
model11ng of mach1~'nav1ng 1rregular w1nd1ngs, whether 1ntent10nally , 

or ln error. 

.. 
For simp~er s1tuations where the phase w1ndings are balanced 

and regular, parameter optimization'has proved to be a valuable improvement 

on starydard methods for the measurement of parameter values. In describing 

o 
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the instrumentation, reference was made to the>possibility of autornatic de-

termination of parameter vafues. As a result of the experience gained W1th 

the automatic data acquisition system, this seems theoret1cally feasible pro-

v1de~ the exp~~imental procedure 1S almost entirely controlled by the digital 

processor. Nevertheless, it wou!d seem wise to provide for sorne inspection . 
of key character1st1cs to he sure that irrelevant perturbations are min~al 

and may safely be disregarded. Unfortunately, it is doubtful if the costs 

~ such measurernents could reasonably be considered econ0rn1cal. 
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APPENDIX A 

" Determina tion 0 arameter Values b Curve Fittln 

The use of a curve flt~ing technlque to obtain parame ter values 

is a process havlng two dlstlnct pdrts. Flrst, lt 15 neces5ary to intér-
. . ~ 

pret the experimental data in terms of the modlfled Morris model of,Flgure 

4.4. However, ln order to obtain a SUl table polynomial it lS necessary to 

) 

neglect the rot~r core 1055 parameters RCl and R
C2 

formed to the more conventlonal form of Flgure 4.9. 

ThlS model 15 then trans~ 

The Modified MorrlS Model Relatlonshlps 

Comparl.son of Fl.gures 4.3 and 4.4 gl.ves 

R + J X = R + RIo + R + . (X + X ) 
m m 0 J 10 0 

ke
j8 

oR + j X 
0 0 

=> 
R + J X m m 

.•.. 'A-l 

R + J X 
"e e 

(R
l 

+ R + j Xl ) (R + j X ) 
R 1 ~ . X cr 0 0 V>-. 

m J m 

The camponents of Z 
cr 

R S + R 
[ cl e2 R = l cr 'k2 ReIS + R + 

e2 

àre: 

R 
2 

- (R S cl 
+ R ) 

CL l X = [R s + R 2 0 k2 + R2 cl c 

where R = R 
s e 

X ... X 
5 e 

R2 
28 + 28) sin cos 28 + (R cos X Sl.n - X 26 

s s s 3 

•••• A-2 
R 

2 
28 + (X 26 - R sin 26) - X Sln cos cos 

5 s :, 3 

•••• A-3 

+ R L~_I 20 
5 

... . A-4 
+ X 

2a 
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flI1 

If R and X are multiplied by a a s, and restritted to positiv~ v~lues of slip 
, t ' • 

at which th~ ef/t of RCI 

\ 
and R is negligible, these equatf;i.on~ become

c2 

wherei 

\. 

. and 

R s=a +as+ 
0' 0 l 

X 
0' 

a 
0 

R' 

b '+ b
2

S S = 
0 

= R' cos ".28 
2 J 

-

R' 
s 

X' 
s 

= 

R' 'sin 28 
2 

cos 28 + 

cos 28 -
X' 

3 
s~n 28 

X' cos 28 
3 

etc" 

+ 
"" ".A-S 

b s2 ." 
2 . 

"--
r-

/ 
é 1 

X' sin 28' 
s 

R' sin 
. 
28 """ .A-6 s ,. 

, 
.Thus, 1f tne measured data ~s processed.to giv~ values of R sand 

~ , cr 

X S over a range of values of'slip, a ~uadrat~c curve fitting.procedure may 
cr 

be used ta determ1ne values for a , b , al ' b
l

, a 
2 ' 

b 
0 0 :.2 

The equat10ns may 
., 

then be solved y1eld1ng: 

tan 28 = h-- 0 

a 
0 . '\ 

R' a = a 
2 

28 cos 
<2 

R' = al cos 28 - b
l 

s~n ~ 
s 

_ •• A-7 

X' = b
l 

cos ,28 + ,al sin 28 
s 

X' = 
b2 ~ 3 cos 28 

To divide R' into its compon~nts R' and R' it iè necessary to consider the 
s e 20' 

stalled torque: 

,-
~ 

1 .. 
." 

• n 

\ 

. 



... 

T 
s 

= 
q 12 

as 
w 

s 

(RI + RI ) 
2 2a 

where q ~s the number of phases 

w is the synchronous speed 
s 

105 

and l is the value of l when stalled. 
as a 

Thus measurement of the stalled to~que gives 

RI T w - RI S s 
2a 2 

q 12 
a!5 

and , RI = RI - RI 
e s 20 

Transforrnat~on to Conventional F~rrn 

• ••• A-8 

• .•• A-9 

•••• A-IO 

Although the model can be used in this forrn, it suffers fram the 

f.act that sorne of' 1ts pararneters cannot be àssoc1ated directly with phys~cal 

concepts such as the resistanc,e of a particular w1nding or with the leakage 

flux. 1t ~s therefor~ des~rable to transforrn this model to the forrn of 

F1gure 4 \9. This can be done by further cons~derat~on of ]he relationships 

between the pararneters'of F~gures 4.3 and. 4.4, g~ven ~n equat~on A-l. 

je l 
[(R R + ) j (R X - R X )] •... A-II k Z2 X X + e om o m m 0 o m m 

where Z2 = R2 + X2 
m m m 

and 1S obtained from measul-ements at synchronou!? spe.ed. 

AIso, 
R X - R X 

tan e ". m 0 o m • ••• A-12 
(, 

R R + X X 
om om 

l 
[(RlIRo - Xl X ) R (RII Xo + XlaRol X ] R =Z'2 + e a 0 nt m 

m 
•••• A-13 

X 
l [(Rli X + X R) R - (R R - X X l X ] z::: Z'2 e o la 0 m Il 0 la 0 m m 

, " 
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where 

If the ratio of x~ ta R is defined as a factor F , an expression' for R 
o 0 p 0 

can be abtained by f1rst nating: 

x = X - X 
la m 0 

Rll = R - R m 0 •••. A-14 

l 
[- G R2 Z2R l R Z2 + e o 0 m 0 

m 

where G = 2 F X - (F2 - l)R 
0 a m a m 

and thus G R2 - Z2R + Z2R 0 •••. A-15 
o 0 m 0 m e 

J. 

Hawever it must now be nated that althaugh Z and G can be obtained from m 0 

measurements, It lS R' rather than R Wh1Ch lS known fram equatian A-IO. 
e e 

If equation A-1 15 further rearranged to give 

k2 R2 + X2 R 
(1 + F 2 ) = 0 0 = 0 

a 
R2 + X2 Z2 
m m m 

substitution of R'k2 for R ln equation A-15 yie1ds 
e e 

Z2 

R 
m = •••• A-16 

0 

G + (1 + F 2 ) R' 
0 0 e 

Having determined R , the remaining parameters are readily obtained: 
o 

X R F 
o a 0 

x = X X 
la m 0 

RI = R - R 
m a 

k 2 R2 + X2 
•••• A-17 =0 0 0 

Z2 
m 

R
2 = R' k 2 

l,'" 
2 
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X2a X - X 
s e 

R = R' k 2 
2a 2a 

X3 = X' 3 k 2 

(' 

'J;:his completes .,the derivabon of the model, but sorne consideratron 

should be 9iven to the sens1tivity of the'parameter values to measurement 

érrors. The factor F is likely to be sensit1ve to erro~ 1n the angle 8 
o 

since 1t 1S small. This, however, does not lead to significant error in the 

core 105s parameter, R , which is quite 1nsens1t1ve te errer in the angle e. 
o 

The ma1n problem caused by the d1ff1culty 1n obta1ning a reliable figure for 

this angle 15 that the values of X· and X are extremely sènsi tive. Dunng , 
la 2a 

computation the value ot e is there'fo~e adjusted te produce a specified rat10 

ef X to X 
la 20 

Th~s extreme sens~t~vity is a d~reèt result of the fact that 

the ratio of X to X ha~ l~ttle effect en the external characteristics of 
la 2Cf 

an 1riduct~on machine • 



APPENDIX B 

Details of Machines 

Wound Rotor Machine 

Rating: 7 1/2 HP, 220 V, 60 Hz,~~725 rpm. 

Full load stator current 

Rotor voltage 

Rotor current 

20.4 A 

170 V 

21.3 A 

Rating: 2 HP, 208 V, 60 Hz, 1700 rpm. 

• Full load stator current 

Stator slot dimensions: F1gure B - l 

Rotor slot d1ffiens1ons: Figure B - 2 
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, 

Pole Amplitude Modulated Mach~nes 
f 

, 
Rating tboth mach~nes) : 10 HP, 220 V, 60 Hz 

Stator details: 

Stator No. 1 Stator No. 2 

Stack Length 5 ~nch 5 inch 

Turns per coll 5 5' 

Conductor ;Hze 2 #13 2 U3 

Coil span l - 7 l - 11 

Length of mean turn 22.5 :lnch 27.0 inch 

Number of slots 54 
'< 

Slot dmens~ons F~gure 8-3 B-3 

A:lrgap 0.0175 :lnch 0.0175 inch 

Rotor details: 

Outer diameter 8-.465 inch 

/ 
0.9 rotor slot pitch Skew 

Slot dimens:lons 1 F l.gure 8-4 , 

, Number of slots- 42 

/ 

" 

l , 

,0 ; 
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.220 Dia. 
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Fig. 8-1 Detai~of Stator Slot of 2 HP Machine 
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48,Slots 

1.187 Inside Dia . 

~ Fig. B-2 Detad of Rotor Slot of 2 HP Machine 
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Fig. B-3 Detail of Stator Slot of 10 HP Machine 
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Fig. B-4 Detall of ROtor Slot of la HP Machine 


