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Abstract

We study holomorphic vector bundles over Riemann surfaces. After recalling the basic
concepts of the theory, we prove that every holomorphic vector bundle over a non-compact
Riemann surface is trivial using methods from functional analysis. We then turn over to
the case of a compact Riemann surface X, where we study an infinite-dimensional universal
space parametrizing the holomorphic vector bundles over X of the same rank and degree,
although with a lot of redundancies. Following the pioneering work of Atiyah and Bott, we
use ideas from Morse theory to exhibit a stratification of that space that eventually gives
us an inductive procedure to compute the equivariant cohomology of the minimal stratum,
which consists of the “semi-stable” holomorphic vector bundles.



Abrégé

On étudie les fibrés vectoriels holomorphes sur des surfaces de Riemann. Aprés une révision
des concepts de base de la théorie, on prouve que tout fibré vectoriel holomorphe sur une
surface de Riemann non compacte est trivial a 'aide d’outils provenant de ’analyse fonc-
tionnelle. On se tourne ensuite vers le cas d’'une surface de Riemann compacte X, ou 'on
étudie un espace universel de dimension infinie paramétrisant les fibrés vectoriels holomor-
phes sur X de méme rang et degré, quoiqu’avec beaucoup de redondance. Suivant les travaux
d’Atiyah et Bott, on s’inspire d’idées provenant de la théorie de Morse afin d’exhiber une
stratification de cet espace qui nous conduira finalement vers une méthode inductive pour
calculer la cohomologie équivariante de la strate minimale, celle-ci étant composée des fibrés
vectoriels holomorphes dits “semi-stables”.
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Chapter 1

Introduction

Holomorphic vector bundles have been around for a long time. They have been studied
with tools coming from many different disciplines, ranging from differential geometry to
algebraic geometry and not forgetting symplectic geometry. In this thesis, we undertake the
study of these objects in the simplest case where the base manifold is a Riemann surface.
When this Riemann surface is non-compact, there is not much to say: the non-compactness
gives enough space to allow the existence of global holomorphic sections, so much that the
holomorphic vector bundle has no choice but to be trivial. However, the story gets more
complicated when the Riemann surface is compact.

One of the reasons for the interest towards holomorphic vector bundles over compact Rie-
mann surfaces is that they are one of the first examples where the geometric invariant theory
of Mumford was successful, i.e. to find an appropriate subclass of these objects (the stables
ones) for which the classifying space is a nice geometric one. The first tool that was key to
the future developments of the theory was the Narasimhan-Seshadri criterion (cf. [8]), which
established a link between stable holomorphic (unitary) bundles and representations of a cen-
tral extension of the fundamental group of the Riemann surface. Donaldson then linked the
Narasimhan—Seshadri criterion to the existence of a connection whose curvature is subject
to specific restrictions. Atiyah and Bott, on their side, recast the study of such bundles (of
fixed rank and degree) into differential-geometric terms by considering an infinite-dimensional
universal space parametrizing these objects (although with a lot of redundancies) and ex-
hibiting a stratification of this space reminiscent to the ones encountered in Morse theory.
In fact, they found that the stratification behaved as if it was the Morse stratification of the
Yang—Mills functional, and their intuition was proven correct by Daskalopoulos in [2]. Using
this analogy, they were able to give an inductive procedure for computing the equivariant
cohomology of the minimal stratum, which consists of the semi-stable holomorphic vector
bundles. They were finally able to use this information to compute the ordinary cohomology
of the moduli space associated to the semi-stable holomorphic bundles in the cases where
the rank is either equal to 2 or coprime to the degree. These results were finally extended
to higher ranks by Zagier.



The layout of this thesis is as follows. First, since holomorphic vector bundles are going to
be the main characters of the story, we collect various basic results concerning holomorphic
vector bundles in chapter 2. In chapter 3, we deal with the case of a non-compact Riemann
surface, where we show that the triviality of holomorphic vector bundles over them follows
from their particular topological and functional-analytic (cohomological) properties. Finally,
in chapter 4, we work out in more detail the case of a compact Riemann surface that was
highlighted above. Throughout the thesis, no originality is claimed, and due references are
given where appropriate.



Chapter 2

Holomorphic Vector Bundles

Definition 2.1. Let F and X be two topological spaces together with a continuous surjection
p: E — X between them. The map p: F — X, or simply F, is said to be a complex vector
bundle of rank n if for every point z € X:

i) the fiber £, := p~!(z) has the structure of a complex vector space of dimension n;

ii) there exists a neighborhood U of x and a fiber-preserving homeomorphism h of Ey =
p }(U) onto U x C" such that the restriction h|g, is a vector space isomorphism of
the fiber E, onto {x} x C" = C". Recall that in this case, that h preserves the fibers

means that the diagram

h
g s U x C"

x pry

U

Ey

commutes, where pry; is the canonical projection on U.

The map h : Ey — U x C" is called a local trivialization of E over U. If 3 = {U;};c; is an
open cover of X and we have local trivializations h; : E|y, — U; x C" for all ¢ € I, then the
family {h;}ies is called an atlas of E.

Definition 2.2. Let p: E — X be a complex vector bundle of rank n, where ¥ and X are
complex manifolds. An atlas > = {h; : Ey, — U; x C"} of E is said to be holomorphic if
the local trivializations h; are biholomorphic. Two atlases 2l = {h; : Ey, — U; x C"};cr and
A = {h} : Eyy — Uj x C"}je; are said to be compatible if the maps

are biholomorphic for all : € I, j € J.



Notice that compatibility of atlases is an equivalence relation. Moreover, given two compat-
ible atlases 21 and 2U’, one is holomorphic if and only if the other is. Thus, either all the
atlases inside the same equivalence class are holomorphic or none of them are. This is the
motivation behind the following definition.

Definition 2.3. A holomorphic vector bundle is a complex vector bundle p : E — X, where
E and X are complex manifolds and p is holomorphic, together with an equivalence class of
holomorphic atlases.

In the future, when speaking of an atlas of a holomorphic vector bundle E, we will al-
ways assume that it belongs to the underlying equivalence class of holomorphic atlases. In
particular, it will always be holomorphic.

Theorem 2.4. Let E — X be a holomorphic vector bundle and let {h; : Ey, — U; x C"} be
an atlas of EI. On the intersections U; N U;, consider the maps

Yij = hl Ohji1 : (Ul N U]) x C" — (UZ N U]) x C".

There exist holomorphic maps gi; : Uy NU; — GL(n C) (as usual, GL(n,C) is equipped
with the topology it inherits as a subspace of C™) such that ij(z,t) = (x,gi;(x)t) for all
(x,t) € (U;NU;) x C". Moreover, on triple intersections U; NU; N Uy, these maps satisfy the
cocycle condition g;;9;k = Gik-

Proof. Since h; and h; are fiber-preserving biholomorphisms, then so is ¢;;. Moreover, the
restriction of ¢;; to a fiber gives an isomorphism of vector spaces ¢;;|(z3xcr : C* — C".
Thus, for x € U; N Uj, the assignment g;(2) = @ij|{z)}xcr defines an element of GL(n,C).
In other words, g;; is defined exactly so that the equality ¢;; (x t) = (x, gij(x)t) holds for all
(z,t) € (U;NU;) x C*. Considering g;; as a function into C*’, it is holomorphic if and only
if the functlons

Jijk - UﬂU — C"
z — gij(z)(ex)

are holomorphic for £ = 1,...,n. But the functions g;;; are holomorphic, each being the
composition of the holomorphic maps

UNU; x {ex} 25 U;NU; x C* 25 ¢n,

where pre. denotes the projection onto C". Finally, the cocycle condition g;;g;x = gix follows
from the corresponding relation for the maps ¢;;. O]

Definition 2.5. Let £ — X be a holomorphic vector bundle and {h; : Ey, — U; x C"}
be an atlas of £/. The maps g;; constructed in the last theorem are called the transition
functions, and the family (g;;) is called the cocycle associated to the atlas {h;}.



Of course, there is a reason behind the use of the word “cocycle” for the family of transition
functions (g;;). For an open set U of a complex manifold X, let GL(n,0/(U)) denote the set
of n x n matrices with coefficients in &' (U), the holomorphic functions on U. If V' C U is
an open subset, we have a natural restriction map from GL(n,0(U)) to GL(n,0(V)) that
restricts each entry to the subset V. This data defines a sheaf, which we denote by GL(n,0).

Given the sheaf GL(n,0) and an atlas $f = {U;}ic; of a complex manifold X, one can talk
of (Cech) cocycles with values in GL(n,0) with respect to 4l: these are merely elements of
the set Z'(U, GL(n,0)), which consists of families

(fi)e J[ GLm.oW:NUy)

(4,9)€I?

satisfying the cocycle condition f;; = fijfjr on triple intersections for all 4,5,k € I. As
Theorem shows, to any holomorphic vector bundle £ — X with atlas 2 we can associate
its cocycle of transition functions. Conversely, given a complex vector bundle of complex
manifolds £ — X with an atlas 2 = {h;} such that the associated transition functions
gi; are holomorphic, then the atlas 2( is holomorphic and £ becomes a holomorphic vector
bundle. In fact, the proof of this last statement generalizes to a construction from which a
lot of examples of holomorphic vector bundles naturally arise.

Theorem 2.6. Let p: E — X be a surjective map between a set E and a complex manifold
X and let U = {2 : Uy — C9} be an atlas of X. Suppose that each fiber E, = p~'(x)
has the structure of a complex vector space of dimension n. Further suppose that there are
fiber-preserving maps

hi : EUi = erUi Ex > Uz x C"

that restricts to linear isomorphisms on fibers and whose family of associated transition
functions (gi;) is a cocycle in Z*(U,GL(n,0)). Then p : E — X can be made into a
holomorphic vector bundle with atlas A = {h;}.

Proof. We begin by putting a topology on E. Over U;, we can use the bijection h; to pull
back the topology on U; x C™": we define a subset V' C Ey, to be open if and only if its
image h;(V') is open in U; x C". We declare a subset V' C E to be open if and only if its
intersection with every Ey, is open. With this topology, the sets Ey;, are open, the functions
h; are automatically homeomorphisms and the surjection p becomes continuous. This turns
E into a complex vector bundle of rank n.

The homeomorphisms h; together with the existing charts on X now induce a complex
structure on E. Indeed, {Ey,} is an open cover of E and we have complex charts

©; = (Zz X ld) Ohi : EUi —>(Cd x C" :Cd+n.
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The only thing we need to verify is that these charts are pairwise compatible. But since the
transition functions g;; are assumed to be holomorphic, the map

©; O goj_l = (z; xid) o (h; o hj_l) o (zj_l xid) : (z,t) — ((zi 0 zj_l)(a:),gij(x)t)

also is. The space F is thus equipped with the structure of a complex manifold for which
the maps h; are biholomorphic and the projection p is holomorphic. In other words, FE is a
holomorphic vector bundle over X and {h;} is a holomorphic atlas of E. O

Remark 2.7. There is an alternative way to define holomorphic vector bundles, this time
in terms of transition functions instead of local trivializations. Namely, we could define
an atlas of a complex vector bundle E over a complex manifold X to be holomorphic if
the associated transition functions are holomorphic. Two holomorphic atlases would then
be declared compatible if their union is again holomorphic. Finally, we would define a
holomorphic vector bundle to be a complex vector bundle over a complex manifold together
with an equivalence class of holomorphic atlases. Theorem shows how to reconcile this
definition with ours.

Example 2.8 (Holomorphic tangent bundle). The method highlighted in Theorem is
typically used to show that the family of tangent spaces of a complex manifold X forms
a holomorphic vector bundle. Indeed, let £ = ]_[pe + 1,X be the disjoint union of all the
tangent spaces of X together with the natural projection p : F — X that maps a tangent
vector to its basepoint. If z : U — C" is a complex chart on X, then for every point p € U
there is a natural basis for 7, X given by

0 0

= ,..., 0, | ==
PoOm|,) 2y Ozn |,

0z |

Therefore, the map h, : T,X — C" which sends a tangent vector to its coefficients with
respect to the basis {0z1]p,...,0z,],} is a linear isomorphism. Put together, the maps h,
give rise to a map hy : Ey — U x C". After doing so for every complex chart of an atlas of
X, the only thing left to verify is that the associated transition functions are holomorphic.
Butif z : U — C" and w : V — C" are two charts in the atlas of X, then the associated
transition function is given by the Jacobian of the holomorphic function zow ™!, whose entries
are all holomorphic. Therefore, we can apply Theorem to turn E into a holomorphic
vector bundle over X.

Example 2.9. Similarly, one can apply Theorem to show that the cotangent bundle of
a complex manifold, its kth exterior power or even its exterior algebra are all holomorphic
vector bundles.

Definition 2.10. Let p : £ — X be a complex vector bundle and U C X be an open subset.
A section of E over U is a continuous function f : U — E such that po f =idy. f F — X
is a holomorphic vector bundle, we say that a section of E over U is holomorphic if it is
holomorphic as a map between complex manifolds.

Let E — X be a complex vector bundle of rank n, and let f be a section of E over U.
The condition p o f = idy states that for all x € U, f(x) lives in E,, the fiber over z. If
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hi : Ey, — U; x C" is a local trivialization, then over U; N U the section f can be seen as a
family of continuous functions f; : U; N U — C" in the following way: we simply define f;(x)
by the relation h;(f(x)) = (x,fi(z)). In this case, we call the function f; a representation of
f with respect to the local trivialization h;. It turns out that these representations are also
useful to describe holomorphic sections.

Theorem 2.11. Let E — X be a holomorphic vector bundle of rank n and {h; : Ey, —
U; x C"}icr be an atlas of E. A section f over an open set U is holomorphic if and only if
all its representations f; : U;NU — C™ are holomorphic.

Proof. =) Suppose that the section f is holomorphic. Recall that the local trivializations
h; of a holomorphic vector bundle are holomorphic. Then, for any ¢ € I, the representation
fi is a composition of holomorphic functions

fi:UinU 5 Byop 25 (U;0U) x C* 25 7,
hence it is holomorphic as well.

<) Suppose that the representations f; are all holomorphic. Without loss of generality, we
can assume that {z; : U; N U — C?} is an atlas of U. Then the maps ¢; = (2; x id) o h;
form an atlas of Ey, so to show that f is holomorphic, we only need to show that ¢; o f is.
Writing down ¢; o f explicitly, we get

(i o f)@) = (2 x id)(z,fi(z)) = (2(2), fi(2)),

which is seen to be holomorphic. O]

The space .Z (U) of holomorphic sections over U has the natural structure of a vector space.
Using the natural restriction maps, this gives a sheaf .# of vector spaces over X, called the
sheaf of holomorphic sections of E. Elements in .%(X) are often called global sections.

Suppose that (g;;) € Z*(4, GL(n,0)) is the cocycle of transition functions associated to the
atlas {h; : Ey, — U; x C"} of E. Looking at two representations f;, f; of a section f over an
open set U, we have that

(z,fi()) = hi(f(2)) = (hi o h7" o b)) (f(2)) = wii(x.f;(w)) = (2.95(f())) (2.12)

for all z € U; N U; N U, which implies that f; and f; satisfy the relation f; = g;;f; on
UinU; NU. In particular, this implies that over a complex chart U;, the space of sections
Z (U;) is isomorphic to €/(U;)™.

A consequence of Theorem is that we could have defined holomorphic sections strictly in
terms of their representations. This is the approach we take to define meromorphic sections,
which will come in handy in the next chapter.



Definition 2.13. Let E be a holomorphic vector bundle of rank n over a Riemann surface X
and let h : Ey — U xC" be a local trivialization around a point p € U. A holomorphic section
f e Z(U\{p}) can be seen as n-tuple of holomorphic functions (fi,...,f,) € OU \ {p})".
The point p is called a pole of order m of f if

(i) all the functions f have a pole of order < m at p or a removable singularity at p;

(ii) at least one of the f; has a pole of order m at p.

A meromorphic section of E over an open set U is a holomorphic section f € Z (U \ A),
where A is a discrete subset of U and every point p € A is a pole of f.

We conclude this chapter by giving equivalent conditions under which a holomorphic vector
bundle is trivial.

Theorem 2.14. Let E — X be a holomorphic vector bundle of rank n, {h; : Ey, —
Ui x C'}ier an atlas of E and (g;5) the associated cocycle of transition functions. The
following statements are equivalent:

(i) E is trivial, i.e. there exists a global trivialization E — X x C";

(i1) There exist n global holomorphic sections fi,...,f, € F(X) that are linearly indepen-
dent on each fiber, i.e. the vectors fi(x),...,fn(x) € E, = C" are linearly independent
for every point x € X ;

(11t) The cocycle of transition functions (gi;) is a coboundary, i.e. there exists a family of
functions (g;) € [1;c; GL(n,0(U;)) such that gi; = gig;' on Uy N U; for allij € 1.

Proof. (i) = (i1): Let h: E — X x C" be a global trivialization of E. On X x C", there
already exist n global holomorphic sections, namely the sections

e : X — X X Cn,
x— (x,ex)
where {e1, ... e, } denotes the canonical basis of C". Using the biholomorphism h : E — X x

C", we can pull back these sections to get global holomorphic sections f; == h~toé, : X — E.
By construction, the sections f,...,f, are linearly independent on each fiber.

(1) = (uii): Recall that every global holomorphic section fi can be represented by an n-tuple
of holomorphic funtions (f};,)1<i<, With respect to the local trivialization h;. We can combine
these representations into the matrix g; == (f},)1<i.k<n, which really sits inside GL(n,&(U;))
since the sections fi,...,f, are assumed to be linearly independent on each fiber. It follows

from Equation (2.12)) that
Yk, fi=gifi = 9i=9i9) = 9ij = gig; ' on U; N Uj.

8



(73i) = (i): We use the cochain (g;) to build a global trivialization h : £ — X x C" from
the local trivializations h;. For v € Ey,, define h(v) = (x,g; 't), where h;(v) = (z,t). This
assignment is well-defined because if v also lies in Ey, and h;(v) = (,t'), then

¢ &2 giit' = gig; 't = gt =g; 't
By construction, the map A is biholomorphic and is compatible with the local trivializations
h;, thus providing the holomorphic vector bundle £ with a global trivialization. O



Chapter 3

Non-Compact Riemann Surfaces

The goal of this chapter is to show that holomorphic vector bundles over non-compact
Riemann surfaces are always trivial. We will first exhibit some topological properties enjoyed
by non-compact Riemann surfaces, eventually leading to Runge’s approximation theorem.
We will then spend some time studying the functional analysis of such surfaces, culminating
with various theorems on the existence of some specific sections. Finally, we will be able to
prove the triviality of line bundles, and an induction on the rank of the bundle will extend
the result to general holomorphic vector bundles. All the results in this chapter are taken
from [4], although they have been reordered and edited in the hope of conveying even more
clarity.

3.1 Runge’s approximation theorem

One of the theorems that we will use time and again in this chapter is the Runge approxima-
tion theorem. Its classical version for the complex plane asserts that on a simply connected
domain Y C C, every holomorphic function on Y can be approximated uniformly on com-
pact sets by entire functions. Its statement for non-compact Riemann surfaces is almost
identical:

Theorem 3.1 (Runge’s approximation theorem, cf. [4, Theorem 25.5]). Let X be a non-
compact Riemann surface and Y C X be an open subset whose complement contains no
compact connected components. Then every holomorphic function on'Y can be approximated
uniformly on compact subsets of Y by holomorphic functions on X.

In functional analysis, we often encounter the following strategy to construct global functions
with desired properties: starting with a sequence of functions (themselves having certain key
properties) defined on increasingly bigger domains, we modify them using approximation
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theorems to get functions that are closer together (and that retain the key properties) and
then take the limit of these new functions. In order to use this kind of argument with
Runge’s approximation theorem, we need to know that non-compact Riemann surfaces X
can be exhausted by open subsets Y satisfying the hypothesis of Theorem 3.1 The remainder
of this section will be devoted to prove the existence of such an exhaustion. At this point,
it is convenient to introduce some terminology.

Definition 3.2. Let X be a Riemann surface. For any subset Y C X, let A(Y) denote the
union of Y with all connected components of X \ Y that are relatively compact in X. An
open subset Y C X is called Runge if Y = h(Y), i.e. X \ Y has no compact connected
components.

Remark 3.3. We can already see from the definition that the hull operator h satisfies the
two following properties:

(i) h(h(Y)) =Y for every subset Y C X;
(ii)) Y1 CYa = h(Y1) C h(Y3) for every pair of subsets Y;,Ys C X.

Before moving on to a closer study of h, we point out a fact that will be used without mention
in the subsequent theorems.

Lemma 3.4. Let Y be a relatively compact subset of a manifold X. Then there exists a
relatively compact open neighbourhood U of Y. Moreover, U can be taken to be connected.

Proof. By assumption, Y is compact. Since X is locally Euclidean, every point of Y has
a neighbourhood which is a relatively compact domain. By compactness, finitely many of
these relatively compact domains, say Uy, . .., U, cover Y. It follows that U = U; U---UUj,
is a relatively compact open neighbourhood of Y. Finally, we can further join the U, with
paths to get a compact connected set K and then repeat the construction (with K instead
of Y) to obtain a relatively compact open neighbourhood U’ of Y that is connected. O

Theorem 3.5. Let Y be a subset of a Riemann surface X. Then the following hold:

(i) If Y s closed, then h(Y) is closed;

(i1) If Y is compact, then h(Y') is compact.

Proof. (i) Let C;, i € I denote the connected components of X \ Y. Being a manifold,
X is locally connected. Since Y is closed, X \ Y is an open subset of X, so it inherits
the local connectedness of X. It follows that the connected components C; are open. Let
Iy = {i € I : C; is relatively compact in X}. Then

X\wy)=J G

1€\l
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is also an open set, i.e. h(Y) is closed.

(i) Clearly, the result holds if Y = (). Assume from now on that Y is non-empty. Let Cj,
i € I denote the connected components of X \ Y (recall from (i) that the C; are open in
X) and let U be a relatively compact open neighbourhood of Y. We first claim that all the
connected components C; meet U. Otherwise, there would be some component C; such that
C; € X \ U, hence we would have C; C X \ U C X \ 'Y (here C; denotes the closure of C;
in X). But the maximality of C; as a connected component of X \ Y implies that C; = C;
and therefore that C; would be both open and closed in X, which is impossible since X is
connected.

Next, we claim that only finitely many of the components C; meet OU. Indeed, since U is
relatively compact, then U is compact. Since OU C X \ 'Y = |J;, it follows that finitely
many of the C; cover OU. The C; being disjoint, the claim follows. Now, let Iy = {i € I :
C; is relatively compact in X'}. Then

Let C;,,...,C;, denote the relatively compact connected components who intersect OU. Since
all the other such components meet U but not QU, they must be contained in U. Therefore,
hY) Cc UUC;, U---UC,, is relatively compact. By (i), h(Y) is closed, therefore it is
compact. ]

Theorem 3.6. Let X be a non-compact Riemann surface. Then there exists a sequence of
compact subsets K;, 1 € N with the following properties:

(i) K; = h(K;) for alli € N;
(i) K; C Io(iﬂ for all i € N, where f(iﬂ denotes the interior of K;y1;

(iii) 2, Ki = X.

Proof. Since X is Hausdorff, locally compact and second countable, it admits a countable
basis of relatively compact sets, say {U,}ien. Letting K. = U;.:()[Tj, we get a sequence
of compact sets Kj C K| C ... that cover X. Let Ky = h(K{). By Theorem [3.5 Kj
is compact. Moreover, K satisfies property (i) since h(Ky) = h(h(K()) = h(K]) = K.
We now construct the other compact sets K; by induction. Suppose that we have already
constructed compact sets Ky, ..., K, satisfying properties (i) and (ii) and such that K! C K;
forallt=0,...,n. Now, let M be a relatively compact open neighbourhood of the compact
set K, UK/, and define K, ;1 = h(M). By Theorem and Remark K, ;1 is compact
and h(K,) = K,. Moreover, we have K,,, K/, ., C M C nﬂ, which completes the inductive
step. Property (iii) now follows since K| C K; and the sets K already cover X. O

Theorem 3.7. Let K1, Ky be compact subsets of a Riemann surface X such that K; C _f(g
and h(Ky) = K. Then there exists an open subset Y of X that is Runge and satisfies
K, CY C K,.

12



Proof. Since K; C lo(g, every point z € JK5 has a coordinate neighbourhood U, not inter-
secting Ki. For every point © € 0K,, we pick a compact disk D, C U, containing z in its
interior. By compactness, finitely many of these disks cover 0Ks, say Dy, ...,Dy. Let

Y =K, \ (DyU---UDy) = Ky \ (D1 U---UDy),

which is open and satisfies K1 C Y C Ky. Let C;, ¢ € I, denote the connected components
of X \ Ks. Since h(K3) = Ks, none of the C; is relatively compact. But the disks D; are
connected and intersect some Cj, so every connected component of X \ Y contains at least
one of the C; and hence cannot be relatively compact. In other words, Y is Runge. O]

Theorem 3.8. Let Y be a Runge open subset of a Riemann surface X. Then every connected
component of Y is Runge.

Proof. Let Y;, i € I, denote the connected components of Y. Since Y is open and locally
connected, all the components Y; are open. Let A = X \ Y and let Ay, k € K, be the
connected components of A. The open set Y being Runge, it follows that the components
Ay, are closed (in X)) but not compact. Fix a connected component Y; of Y and let C' be a
connected component of X \ Y;. Suppose for a moment that C intersects some Ay. Since
C' is maximal upon the connected subsets of X \ Y;, we must have A, C C. But Ay is not
compact, so the same goes for C'. Therefore, the only thing left to prove is that C N A # 0
for some k € K.

First, we claim that Y; intersects A for every i € I (here Y; denotes the closure of Y; in X ).
Otherwise we would have the inclusion Y; C Y. But then by the maximality of Y; we would
have that Y; = Y; and hence that X is disconnected (unless Y; = X, but that case is trivially
true), a contradiction. Now, suppose that C N A = (). Then C C Y and hence C intersects
Y; for some i # ¢. Thus Y; C C since Y; is connected and C' is closed. But Y intersects A,
and therefore so does C'. O

Theorem 3.9. Let X be a non-compact Riemann surface. Then there exists a nested se-
quence of relatively compact Runge domains Yy €Yy € Yy € ... such that |J;-,Y; = X.

Proof. We claim that the result follows if we can prove that for every compact set K C X,
there exists a Runge domain Y such that K C Y € X. Indeed, consider an exhaustion of
X by compact subsets Ky C K; C ... given by Theorem We construct the sequence
Yo @ Y] € ... by induction. Start with a Runge domain Y; such that Ky C Yy € X. Now,
suppose that relatively compact Runge domains Yy, ...,Y,, have been constructed so that
YoeYie---eY,and K; C Y, foralli=1,...,n. Since K, 1; UY, is relatively compact,
there exists a relatively compact open neighbourhood Y,,;1 of K,, ;U Y,. Clearly, Y, € Y1
and K,,1 C Y,41. This completes the induction. To show that the domains Y; cover X,
it suffices to notice that the compact sets K; themselves cover X and that K; C Y; for all
1€ N.

Therefore, the only thing left to show is that every compact set K is contained in a relatively
compact Runge domain Y. Let K be a compact set, and take a compact connected set K
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that contains K. Now let K5 be a compact set such that K; C _[0(2. Then h(K3) is compact
by Theorem . By Theorem , there exists a Runge open Y’ such that K; C Y’ C h(K).
We finally let Y be the connected component of Y’ that contains K;. By Theorem [3.8], Y is
still Runge, and it is obviously relatively compact. O]

3.2 Two vanishing theorems

It is a well-known fact that the cohomology group H'(X,0) of a compact Riemann surface
X is finite-dimensional. As done in [4], the machinery (of functional analysis) used to prove
this result can be adapted to say something about relatively compact open subsets of general
Riemann surfaces.

Theorem 3.10 (cf. [4, Theorem 14.9]). Let X be a Riemann surface and let Y be a relatively
compact open subset of X. Then the natural restriction homomorphism

HY(X,0) — H'\(Y,0)

has finite-dimensional image.

There is also a quite similar theorem for the sheaf .% of holomorphic sections of a holomorphic
vector bundle:

Theorem 3.11 (cf. |4, Theorem 29.13|). Let X be a Riemann surface, Y be a relatively
compact open subset of X and E be a holomorphic vector bundle over X. Then H*(Y,.F) is
finite-dimensional.

But as far as Theorem is concerned, this is not the end of the story for non-compact
Riemann surfaces. In fact, this section is devoted to prove a much stronger statement,
namely that the cohomology group H!(X,0) vanishes when X is a non-compact Riemann
surface.

The first step towards proving this result is to reduce the problem to one of functional
analysis. To do this, first recall that if we have an exact sequence of sheaves

0— 2 59D —o,
where H'(X,%) = 0, then the long exact sequence in cohomology shows that
HY(X, ) = H(X)/BY(X).

The sheaves on X that will be of importance for us are the following:

(1) the sheaf & of holomorphic functions;
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2) the sheaf & of real-differentiable functions;

4) the sheaf .# of meromorphic functions;

(
(
(
(

)

3) the sheaf &' of differentiable forms locally of the form Zdz;
)
)

5

the sheaf .# of holomorphic sections of a holomorphic vector bundle.

In our case, we have the exact sequence of sheaves

0—>ﬁ—>£i>50’1—>0,

where 0 is the usual Cauchy-Riemann operator. Moreover, a classical computation in Cech
cohomology yields H*(X,&) = 0 (cf. [4, Theorem 12.6]). Therefore,

HY(X,0) = £"(X)/ 0 &(X),

so now the problem of showing that H'(X,&) = 0 is reduced to the problem of showing that
&0 X) = 0&(X). In other words, we want to show that for every (0,1)-form w € &%1(X),
there exists a smooth function f € &(X) such that 0 f = w. Note that this problem always
has a solution locally: this is the celebrated Dolbeault lemma.

Lemma 3.12 (Dolbeault’s lemma, cf. |4, Theorem 13.2|). Let U = {z € C : |z| < R},
0 < R < oo be an open disk in the complex plane and let g € &(U). Then there exists a
function f € &U) such that

af

0z Y

We now spend some time to show that the problem has a solution on relatively compact
open sets, provided that we restrict ourselves to a suitable subset of (0,1)-forms (see the
statement of Theorem for details).

Theorem 3.13. Let X be a Riemann surface and 'Y be a relatively compact open set of X.
Then, for all a € Y, there exists a meromorphic function f € .#(Y') that has a pole at a
and is holomorphic on Y \ {a}.

Proof. By Theorem [3.10] we know that

k= dimIm(H'(X,0) — H'(Y,0)) < .

Let a € Y and consider a coordinate neighbourhood (U,z) centered at a. Let V = X\
{a}, so that we have an open covering U = {U,V} of X. On the intersection U NV,
the functions z~* are holomorphic for all i > 1, hence they define cocycles ¢; € ZY(U,0).
Since dimIm(H'(U,0) — H' U NY,0)) < k + 1, it follows that the restricted cocycles
Cly- o Cer1 € ZYUNY,0) are linearly dependent modulo coboundaries, i.e. there exist
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constants ¢; € C not all zero and a cochain i = (f,g) € CO(UNY,O) such that S5 ¢;¢; = on,

which implies that
k+1

Zciz_i:g—fonUﬁVﬂY.
i=1

Therefore, the holomorphic functions f+ Ef:ll c;z7", defined on (UNY)\ {a}, and g, defined
on VNY =Y\ {a}, glue together to give a meromorphic function h over Y that has a pole
at a and is holomorphic everywhere else. O]

Theorem 3.14. Let X be a non-compact Riemann surface and Y be a relatively compact
open set of X. Then there exists a holomorphic function f € O(Y') that is not constant on
any connected component of Y.

Proof. Let Y’ be a relatively compact domain that contains Y. Since X is non-compact
and connected, there exists a point @ € Y'\ Y. Applying Theorem to Y, we get a
meromorphic function f € .Z(Y’) with a single pole at a. Since a ¢ Y, the function f
restricts to a holomorphic function on Y. Finally, it cannot be constant on a connected
component of Y, or otherwise it would be constant on all of Y’ by the identity theorem. [J

Theorem 3.15. Let X be a non-compact Riemann surface and Y be a relatively compact
open subset of X. Then Im(H'(X,0) — H'(Y,0)) = 0.

Proof. Let Y’ be a relatively compact open neighbourhood of Y. Applying Theorem to
Y and Y’', we get that
dim Im(H'(Y',0) — H'(Y,0)) < <.

Choose cohomology classes &1, ...,&, € HY(Y',0) whose restriction to Y span the vector
space Im(H'(Y’,0) — H*(Y,0)). By Theorem [3.14] there exists a holomorphic function
f € HY(Y',0) that is not constant on any connected component of Y”. Since H*(Y’,0) is an
O (Y")-module, it follows from the choice of the classes &1, .. .,§, that there exist constants
¢ij € C such that

ffl = Z Cijéj on Y. (316)
j=1

Consider the function F' = det(fI — C), where I denotes the identity matrix and C' = (¢;;).
Apart from being holomorphic, F' is also non-zero on any connected component of Y. Indeed,
if F" were identically zero on some connected component of Y’  then f, being a root of the
characteristic polynomial of C, would be locally constant, hence constant on said connected
component. Moreover, Equation (3.16|) can be rewritten as (fI —C)&|y = 0, where £ denotes
the column vector (&1, ...,&,)T. Multiplying by the adjugate matrix of fI —C on both sides,
it follows that F'§;|y =0 foralli=1,... n.

Now, let ¢ € HY(Y’,0) be an arbitrary cohomology class. Then ( is represented by some

cocycle (fi;) € ZY(U,0). Since F is not identically zero, we can further assume (possibly
after passing to a refinement of /) that each zero of F' is contained in at most one member
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of the open covering U = (U;). It follows that F|y,ny, € 0*(U; NUj). Thus there exists a
cocycle (gi;) € Z'(U,0) such that (fi;) = F(g;;). Letting n denote the cohomology class of
(gi7), we get ¢ = F'n, which further implies that (|y = Fn|y = 0. The result now follows
since the morphism H'(X,0) — H'(Y,0) is the composition of the two morphisms

H'\(X,0) — H\Y',0) — H'\(Y,0).
O

Theorem 3.17. Let X be a non-compact Riemann surface and 'Y be a relatively compact
open subset of X. Then for every differential form w € EY(X), there exists a smooth
function f € &(Y) such that 0 f = wly.

Proof. Let w be a (0,1)-form on X. Recall from the Dolbeault lemma (Lemma[3.12) that the
problem has a solution locally. Therefore, there exists an open covering U = (U;) of X and
functions f; € &(U;) such that d f; = wl|y,. The functions f; — f; are holomorphic because
If; — f;) = wly, — wly, = 0, thus they define a cocycle (f; — fi) € Z'(U,0). By Theorem
[3.15] the restriction of that cocycle to Y is zero, i.e. there exists a cochain (g;) € C°(U,0)
such that f; — f; = g; —gion U; NU; NY. But since & is a sheaf, there exists a function
f € &) such that f|y,ny = fi — ¢;- This smooth function f is the desired solution because
on U; NY, we have

5f:5(fz'—gi) :5fizw|y-

We are finally ready to attack the global problem.

Theorem 3.18. Let X be a non-compact Riemann surface. Then &%(X) = 0&(X), i.e.
for every differential form w € &%1(X), there exists a smooth function f € &(X) such that
Of =w.

Proof. Let w € &%1(X) be a global differential (0,1)-form. We know from Theorem [3.17] that
for every relatively compact open subset Y of X, there exists a smooth function g € &(Y')
such that dg = w|y. We now use an exhaustion process to build a global solution to
the equation O f = w. Let Yy € Y7 € Y, © ... be an exhaustion of X by relatively
compact Runge domains. We know that for every n € N, there exists a smooth function
gn € &(Y,) such that g, = wl|y,. Using Runge’s approximation theorem, we modify the
smooth functions g, to get a sequence of smooth functions f,, such that

(i) gfn = W|Yn;

(i) || fosr = fallv,_, <27
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We proceed by induction. First, let fy = go. Suppose now that the functions fy,...,f, have
been constructed. Since fi, and g, are both solutions to 0 f = w on Y, it follows that
O(fn—Ggns1) = 0o0nY,, ie. f,—gny1 is holomorphic on Y,. Thus by Runge’s approximation
theorem, there exists a holomorphic function h € &(X) such that ||(f, — gns1) — h|| <277
on the compact subset Y,,_1. Letting f,11 = gni1 + h, we see that O foi1 = 0 gni1 = Wy,
and || fne1 — fully,_, < 27", which completes the induction.

Since the Runge domains Y,, exhaust X, every point x € X is contained in almost all Y,,, so
it makes sense to define f(z) = lim, , fn(z). On Y,, we can write

f=farr + Z (frr1 = fu)-

k=n+1

The functions fyi1 — fr are holomorphic on Y, for all £ > n + 1 and the series S =
> trens1(fre1 — fi) converges uniformly on Yy, hence the series S is holomorphic on Yj,.
Therefore, f = f,11 + S is a smooth function on Y,, and

5f = 5(fn+1 +S) - 5fn+1 =won Yn

But this is true for all n € N, so it follows that f is a smooth function on all of X and
0f=won X as well. O

Corollary 3.19. Let X be a non-compact Riemann surface. Then

HY(X,0)=0.

3.3 Triviality of holomorphic vector bundles

With the results of the last sections in hand, we are now ready to tackle holomorphic vector
bundles over non-compact Riemann surfaces. The first item on our agenda is to general-
ize Theorem to this setting, namely to show that holomorphic vector bundles (over
non-compact Riemann surfaces) admit non-vanishing meromorphic sections over relatively
compact open subsets.

Theorem 3.20. Let Y € X be a relatively compact open subset of a non-compact Riemann
surface X and E — X be a holomorphic vector bundle. Then, for any a € Y, there exists a
meromorphic section of E over Y which has a pole at a and is holomorphic on Y \ {a}.

Proof. Denote by n the rank of E and by k the dimension of H'(Y,%#) (which is finite
from Theorem [3.11). Let a € Y and h : Ey, — U; x C" be a local trivialization over a
chart U; C Y centered at a. Let Uy := Y \ {a}. Then Y = (U,Us) is an open cover of
Y. Recall that a holomorphic section s over U \ {a} can be represented by an n-tuple of
holomorphic functions (si,...,s,) € O(U; \ {a})". Using this representation, we can now

18



repeat the argument of Theorem (with the cocycles ¢; = (27%,...,27") € Z'(U,F)) to
get a meromorphic section f over Y that has a pole at ¢ and is holomorphic everywhere
else. 0

Before moving on to the next theorem, we first recall two classical theorems on the complex
plane.

Theorem 3.21 (Weierstrass’ factorization theorem). Let A C C be a closed discrete subset.
Then there exists an entire function with zeros of chosen multiplicity at every point of A,
and only there.

Theorem 3.22 (Mittag-Leffler’s theorem). Let A C C be a closed discrete subset. For every
point a € A, let p.(z) be a polynomial in ﬁ Then there exists a meromorphic function
f € #(C) such that for every a € A, the function f(z) — p.(z) has only a removable

singularity at a. In particular, the principal part of f at a is exactly p,(z).

Simply put, these two theorems respectively assert the existence of a function with prescribed
zeros (of prescribed multiplicities) or with prescribed poles (of prescribed order). As it turns
out, there is a common generalization of both these theorems to the setting of non-compact
Riemann surfaces. To state it in a natural way, we recall the notion of a divisor on a Riemann
surface.

Definition 3.23. Let X be a Riemann surface. A divisor D on X is a function D : X — Z
such that for every compact subset K C X, the set {z € K : D(z) # 0} is finite.

To any nonzero meromorphic function f € .Z*(X) we can associate the divisor (f) which
sends a point x € X to the order of f at z. Divisors arising this way are called principal
divisors. In this language, Weierstrass’ theorem and Mittag-Leffler’s theorem asserts that on
the complex plane, certain divisors are in fact principal divisors. This is no coincidence: as
it turns out, every divisor on a non-compact Riemann is principal.

Theorem 3.24 (cf. [4, Theorem 26.5]). Let D be a divisor on a non-compact Riemann
surface X. Then there exists a meromorphic function f € .#*(X) such that D = (f).

Given a meromorphic section on a holomorphic vector bundle, Theorem enables us to
construct a holomorphic section out of it.

Theorem 3.25. Let E — X be a holomorphic vector bundle of rank n over a non-compact
Riemann surface X. If E has a non-trivial global meromorphic section, then it also has a
global holomorphic section with no zeros.

Proof. Let f be a non-zero global meromorphic section of F and let A be the closed discrete
set on which f has poles. Consider a point a € A. Let h, : Ey — U x C" be a local
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trivialization of E over a and let (f1,....,f,) € #(U)" be the representation of f with
respect to h,. Define D(a) to be the minimum of the order of the functions f; at a. Doing
this for every a € A, we get a divisor D on X. By Theorem there exists a meromorphic
function ¢ € .Z*(X) such that (¢) = —D. It follows that ¢ f is a global holomorphic section
of F that has no zeros. O

Remark 3.26. In particular, Theorem |3.25( can be used to construct a nowhere vanishing
holomorphic section from a non-trivial holomorphic section of E over X.

We are finally ready to prove that holomorphic vector bundles over non-compact Riemann
surfaces are trivial. We begin with line bundles. We give two proofs: one based on Runge’s
approximation theorem (cf. [4, Theorem 30.3|) and a more succint one based on sheaf coho-
mology.

Theorem 3.27. Every holomorphic line bundle E over a non-compact Riemann surface X
15 trivial.

First proof. Recall from Theorem [2.14] that £ — X is trivial if and only if we can find a
global holomorphic section over X that doesn’t vanish anywhere. We will thus put all our
efforts towards constructing such a section. By Theorem [3.9) let ) # Y, € Y1 € Y2 € ... be
an exhaustion of X by relatively compact Runge domains. Over any of the Runge domains Y},
there exists a (non-trivial) meromorphic section by Theorem and thus a non-vanishing
holomorphic section by Theorem [3.25] It follows from Theorem [2.14] that E is trivial over
each Y. In particular, our discussion on sections and their representations implies that
F(Yy) = O(Yy), i.e. there is a one-to-one correspondence between holomorphic sections of
E over Y and their representations, which are holomorphic functions on Y} in this case.

Using this identification, Runge’s approximation theorem (Theorem tells us that every
holomorphic section of E over Y; can be approximated uniformly by a holomorphic section
over Yjy1. Let fo € Z#(Y)) be a holomorphic section with no zeros and fix a point a € Yy. Let
0<e< %ﬂ and let K C Y} be a compact set containing a. Using induction and Runge’s
approximation theorem, we can construct a sequence of holomorphic sections (fx)r>1, where
fr € F (Y1), such that || fi — follx < 5 and [|fx — fe1lly,_, < ¢ for all kK > 2. Since the
sequences (fi|y, )i>k converge uniformly in % (Y}) for every k and the Runge domains Y}
exhaust X, the limit of the sequence (f;) gives a global holomorphic section f € 7 (X).
Moreover, this section does not vanish identically because

|fo(a)| < [fi(a) = fola)| + -+ |fe(a) = fa—1(a)] + | fr(a)]
<\fi = follx + -+l fe = feally,_, + | fu(a)

9 9
<G o o)

2
<t fula)
which implies that
(@) = lim > |fola)] — e > Ho@D o
k—o00 2
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Therefore, one last application of Theorem [3.25| gives the existence of a global holomorphic
section that doesn’t vanish anywhere. ]

Second proof. Let Z denote the constant sheaf on X associated to Z and let * denote the
sheaf of non-vanishing holomorphic functions on X. These two are related to the sheaf &
through the exponential sequence

0—2-%02 0" —0,

where «a is the inclusion map of Z into ¢ and ( is given by exp(27mif). The long exact
sequence in cohomology gives the exact sequence

HY(X,0) — H'(X,0%) — H*(X,Z).

Since H'(X,0) = 0 (cf. Corollary [3.19) and H*(X,Z) = 0 (because X is non-compact), it
follows that H'(X,0*) = 0. But this cohomology group is exactly the Picard group of X.
The result follows. O

We can finally extend Theorem to holomorphic vector bundles of higher rank.

Theorem 3.28. Every holomorphic vector bundle E over a non-compact Riemann surface
X is triwial.

Proof. The theorem will be proved using induction on the rank n of the holomorphic vector
bundle E. The case n = 1 is exactly Theorem[3.27] Let’s now assume that every holomorphic
vector bundle of rank n — 1 is trivial, and let E be a holomorphic vector bundle of rank n.
The proof essentially goes in two steps.

Step 1: Suppose for a moment that there exists a nowhere vanishing global holomor-
phic section f, € Z(X). Since E is locally trivial, then by Theorem there is an
open cover 4 = (U;)ier of X and holomorphic sections f{,....f: | € Z(U;) such that
fi(x),....fi_(x),fn(x) are linearly independent at every point x € U;. For every i € I, let
f* denote the column vector with entries fi,...,f! ;. The goal now is to modify the local
"frames" of n — 1 sections f? so that they agree on the intersections U; N U;. The first thing
to observe is that on U; N Uy, the local frames f* and f7 are related by

(};) N (g;j a;j) (ﬁ) ) (3.29)

where ¢” € GL(n — 1,0(U; N U;)) and a” is a column vector whose entries are elements of
O(U; N Uj). Since Equation also holds on triple intersections U; N U; N Uy, a direct
calculation shows that ¢** = ¢¥¢’* and a’* = ¢Ya’* + a”. Let I be the subbundle of F
locally spanned by the local frames f. Then F is a holomorphic vector bundle of rank n — 1
and (g*) is its associated cocycle of transition functions. By our induction hypothesis, F' is
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trivial. It follows from Theorem that (¢*) is a coboundary, i.e. there exists a family of
matrices (¢') € [],c; GL(n — 1,0(U;)) such that ¢ = ¢'(¢?)~" on U; N U;.

We are now ready for our first modification of the local frames f. Let f':= (¢°)~*f*. Then
it follows from Equation (3.29)) that

(i) B ((]) bf) (j:) ) (3.30)

where b is the column vector (¢*)'a” € O(U;NU;)"*. On triple intersections U; NU; N Uy,
another calculation shows that b%* = b¥ + b’*. In other words, each entry of b¥ is a cocycle
in Z'(4,0). But H(X,0) = 0 by Corollary [3.19} Thus we can find holomorphic column
vectors b’ € O(U;)" ! such that b = 0" — ¥ on U;NU;. We now apply a second modification
to the local frames fi: let fi:= fi — bi f,. Equation (3.30) now implies that

Therefore, the modified local frames fi glue together to give an (n — 1)-tuple (f1, ... fa_1)
of global holomorphic sections. By construction, the sections fi,...,f,_1,f, are linearly
independent on each fiber. The holomorphic vector bundle F is thus trivial.

Step 2: It only remains to prove the existence of a nowhere vanishing global holomorphic
section of E. By Theorem [3.20] and Theorem [3.25] there always exists such a section over a
relatively compact open set Y € X. Appealing to the argument of Step 1, we conclude that
E is trivial over Y. We can then use an exhaustion of X by Runge domains combined with
Runge’s approximation theorem to construct a non-trivial holomorphic section of E over X,
just as we did in the proof of Theorem [3.27 An application of Theorem [3.25] finally yields
the desired section. O

Remark 3.31. The induction step of Theorem [3.28| can be synthesized using the language
of extensions. Once we know that E has a nowhere vanishing global holomorphic section,
we deduce that it has the form of an extension

0— 0 —FE—FE —0,

where E’ is some holomorphic bundle of rank k& — 1. By induction, E’ is trivial and the
extension becomes
0— 0 — F— 0% 0. (3.32)

But the space of extensions of £’ is classified by Ext'(E',&), and the latter is isomorphic to
Ext!(E',0) ~ HY(X, Hom(E',0)) ~ HY(X,6°*% ) = 0.

In other words, the extension ([3.32)) splits and E ~ &®* is trivial.
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Chapter 4

Compact Riemann Surfaces

Looking back at the previous chapter, we notice that most of the tools used relied in some way
or the other on the non-compactness of the Riemann surface. This tells us that completely
different ideas are going to be needed for the compact case. Roughly speaking, we will
study a universal space of holomorphic vector bundles over a fixed compact Riemann surface
X, i.e. the space parametrizing the holomorphic vector bundles over X. Constantly using
inspiration from Morse theory, we will then exhibit a stratification on this space and see that
it closely resembles the ones usually encountered in Morse theory. In the end, this will enable
us to get some results concerning the equivariant cohomology of the minimal stratum. All
the results here are taken from [1], and the reader wishing to know more is kindly invited to
read the article for a deeper dive in the subject.

4.1 Review of Morse theory

Since a lot of our intuition will rely on ideas from Morse theory, we devote this section to
skim through the basics of the theory. More details can be found in |1, §1].

4.1.1 Elementary Morse theory

Let M be a compact differentiable manifold and let f : M — R be a smooth function. A
critical point of f is a point at which df vanishes and a critical value of f is a value of f whose
preimage contains a critical point. At a critical point p, the Hessian H, f is a well-defined
quadratic form on T,M. If we have local coordinates z centered at p, then the matrix of
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the quadratic form H,f is given by

(P
= <3xiaxﬂ') '

A critical point p is called non-degenerate if det H,f # 0. The smooth function f is called
a Morse function if all its critical points are non-degenerate. At a non-degenerate critical
point p, the number of negative eigenvalues in a diagonalization of H,f is called the index
of p and is denoted by A,(f). The Morse lemma asserts that for a non-degenerate critical
point p of index A, there exists local coordinates z', ... 2" centered at p such that

f=F0) = (@)= = @)+ @) 4 (27

A Morse function f can be used to understand the topology of the underlying manifold M
via the fundamental structural theorem of non-degenerate Morse theory. Letting M, (a € R)
denote the set of points {m € M : f(m) < a}, this theorem essentially says that M, ~ M, if
there are no critical values between a and b, while M, ~ M, U e, if there is a single critical
point of index A in M, \ M,. Here, the relation ~ is that of homeomorphism and M, Ue, is
the manifold obtained from M, by attaching a cell e, of dimension A to it.

To any Morse function f we associate its Morse polynomial
My(f) =) ™,
p
where the sum runs over the necessarily finite number of critical points p of f. There are
topological bounds for M,(f). Indeed, if we let
P(M;K) =)t dim H'(M; K)

be the Poincaré polynomial of M relative to a coefficient field K, then a Morse function f
always satisfies
M(f) — P(M; K) = (1 +t)R(1), (4.1)

where R(t) is a polynomial with non-negative coefficients. In particular, the coefficients
of My(f) dominate those of P,(M), hence the name Morse inequalities for Equation (4.1)).
The function f is called a K-perfect Morse functions if the Morse inequalities are in fact
equalities, i.e. M(f) = P,(M; K), and is called perfect if the latter equality holds for all
fields K.

There are criteria for establishing perfection. First, there is the lacunary principle: if {\,(f)}
contains no consecutive integers, then f is perfect. There is also the completion principle: if
all the critical points of f are completable, then f is perfect. Let’s describe what we mean
for a critical point p to be completable. Near p, f is of the form

f=F) = @) = = (@) (@) e+ @)
where k is the index of p. The set

v, ={z: @)+ + (@) < = =0 =0}
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is a disc near p whose boundary dv, is a (k — 1)-sphere in the space M... = {m € M :
f(m) < c—e}. The point p is called completable if the sphere dv,” bounds a singular chain
in M._..

The Morse inequalities as well as the completion principle are both consequences of the
fundamental structural theorem (more precisely the exact sequences relating the cohomology
of M, and M,), while the lacunary principle is a consequence of the completion principle.

4.1.2 Extension of Morse theory

We now move on beyond the realm of elementary Morse theory and adapt our definitions so
that they become better suited for more general purposes.

Let N C M be a (regular) submanifold. Equip the tangent bundle of M with a Riemannian
metric. This allows to speak of the normal bundle v(/N) of N (where v stands for vertical).
Then N is said to be a non-degenerate critical manifold for f if

df =0 along N and

Hy f is non-degenerate on the normal bunde v(N) of N.

Here again the fact that df = 0 along N ensures that the Hessian of f is well-defined on
v(N). In this extended context, a function f on X is said to be a Morse function if its critical
set is a union of non-degenerate critical manifolds.

Since critical sets may now contain submanifolds of different dimensions, we need to adapt
our way of counting these critical submanifolds in order to form the Morse polynomial. To
do so, begin by equipping M with a Riemannian metric, so that v(/N) also inherits such a
metric. Then the Hessian Hy f defines a canonical self-adjoint endomorphism

Ay :v(N) — v(N) via the formula (Ayz,y) = Hy f(x,y).

Since Hy f is non-degenerate, the eigenvalues of Ay are all non-zero and hence decomposes
v(N) into an orthogonal direct sum v(N) = v*(N) & v~ (N) spanned by the positive and
negative eigenvalues of Ay respectively. The index Ay of N is then simply the fibre dimension
of v7(N). Choosing a coefficient field K, we count a non-degenrate critical manifold N of
f with the polynomial M;(f,N) = > t'dim H:(v=(N)), where H' denotes the compactly
supported cohomology. We can now define the Morse polynomial of a Morse function f by
the natural formula

My(f) =Y My(f.N).

A convincing reason to adopt this way of counting critical manifolds is that the Morse
inequalities persist, enabling us to talk about K-perfect Morse functions in this extended
sense as well. Another nice property is the functorial nature of this approach under pullbacks.
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More precisely, if E — M is a smooth fibration, then f is non-degenerate on M iff 7*f is
non-degenerate on F, and in that case the index of N equals the index of 77(V).

The last thing to cover is the completion principle. The picture used earlier naturally gen-
eralizes to our actual setting. Put into the form of a diagram, we have

H, (v (N)) —— H.(vz (N).0v; (N)) —"= H(dv (N))

€

where v_ (N) denotes the set in the exponential image of v=(N) for f > ¢ —e. The latter
is a Ay-disk-bundle over N if ¢ > 0 is small enough, so that 7=! is the so-called Thom
isomorphism. We then say that N is K-completable if the dashed arrow in the diagram is
zero. This definition reduces to the previous one for a non-degenerate critical point and we
still have the completion principle.

Theorem 4.2. If all the critical manifolds of f are K-completable then f is a K-perfect
Morse function on M.

Now, the interesting fact is that in this setting, a critical manifold can be self-completing.
Indeed, since the top row in the diagram is exact, a class o € H,_,, (N) will certainly go
to zero under the dashed arrow if 77!(«) is in the image of H,(v-(N)). This phenomenon
can only occur if the bundle v~ (N) is non-trivial over N. Later, we will work in an infinite-
dimensional setting, and we will be so lucky that all critical manifolds will be self-completing,
a feature that is impossible to realize in compact finite-dimensional settings.

4.1.3 Equivariant cohomology

When a space X is acted on by a Lie Group GG, we would like to compute the cohomology
of X/G, but that space often lacks nice topological properties as soon as the action is not
free. A remedy to that problem is to replace X by a larger but homotopy equivalent space
on which the action will be free. One way to proceed is to consider the universal bundle
EG — BG for G. Since EG admits a free G-action, we can equip the space EG x X with the
diagonal action (e,r)-g = (e-g,g ' -x), which is also free. The product space EG x X is then
homotopy equivalent to X since FG is contractible, and its orbit space Xq = (EG x X)/G
under the free G-action is then a nice topological space, called the homotopy quotient of
X. This construction allows us to define to the equivariant cohomology Hg(X) of X as the
cohomology of its homotopy quotient H(Xg).
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4.1.4 Stratifications

For now we focussed on the homological aspects of Morse theory, but these actually come
from a more detailed picture offered by the Morse function. Consider the vector field grad f
which is dual to the differential df. The gradient flow of f is given by the paths of steepest
descent, that is the trajectories of —grad f. In the classical theory, if every critical point is
non-degenerate, then every trajectory converges to some critical point. Taking all trajectories
converging to a given critical point p, we get a cell M*(p) of M called the stable manifold
of p. There is also the analogous unstable manifold M~ (p) obtained using — f instead of f.
It is now clear (or at least plausible) from the Morse Lemma that the dimension of M~ (p)
(which is the codimension of M*(p)) is equal to the Morse index of p. Thus, f gives a cell
decomposition M = Up M™(p) and the Morse inequalities follow at once using these cells to
compute the homology of M.

More generally, in our extended Morse theory, given a non-degenerate critical manifold N
we have a stable manifold M*(N) that is a cell-bundle over N, and if all critical manifolds
are non-degenerate we get a corresponding stratification M = |, Mt (N), called the Morse
stratification. For the equivariant case, given a G-invariant f, we can always pick a G-
invariant metric and the gradient flow is then G-invariant so that the Morse stratification is
also G-invariant.

There is a natural preorder < on the critical manifolds N of a Morse function f given by
N1 < Ny if the boundary of M™(N;) intersects M (N,). In particular, if Ny < Nj, then
f(N1) < f(Ny). Taking the transitive relation < associated to <, we get a partial order with
the property that
M¥(N)c |J M*(N)c | mMr(v).
N'=N N'>N

Using the Morse stratification, we can get valuable information about the homology of M.
The way we will proceed actually doesn’t care that the stratification comes from a Morse
function, only that it satisfies the above property along with some other minor restrictions.

Start with an explicit finite stratification of M

M =My,
A

where each M) is a locally closed submanifold of M and the index set of A is partially ordered
so that
M, c | M, (4.3)
H>A
holds for all A\. To compute the homology of M we can start with the open strata (given by
minimal A) and add inductively the other strata using the exact cohomology sequence for a

pair (U,U \ V) where V is a closed submanifold of U. Here are the details. We say that a
subset I of indices is open if A € [ and g < X implies that © € I and closed if A € I and
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1 > X\ implies that p € I. Of course, the choice of words open and closed is no coincidence:
I is closed iff its complement I¢ is open. Moreover, the subspace M; = |J,, is open (resp.
closed) if I is open (resp. closed): this is a consequence of the stratification property. If I
is open and \ € [€ is minimal, then J = I U A is open and the inductive step goes from M;
to M;. Again from (4.3) we have that M, = M, \ M; is a closed submanifold of M; along

with the corresponding exact sequence
oo HTR(MY) — HY (M) — HY(M;) — ...

where we have used the Thom isomorphism H9™% = H(M;,M;) with k = ky = codim M.
Given a field K of coefficients, we say that the stratification is perfect over K if P,(M) =
ST P Py(M,), which happens if the long exact sequence above breaks up into short exact
sequences for all ¢ and all A\. As for G-invariant stratifications, we simply say that it is
equivariantly perfect (or G-perfect) if the corresponding equivariant cohomology sequences
break up.

However, we will be interested in applying this argument to infinite-dimensional spaces,
although the strata will still have finite codimension. In that context, the indexing set will
be countably infinite, so to ensure that our inductive process still apply we will require
the following finiteness property (called condition A): for every finite subset I there are a
finite number of minimal elements of the complement 7¢. Although the induction will never
end, only finitely many steps will be needed to compute H?(M) if we require the additional
condition (called condition B): for each integer ¢ there are only finitely many indices A € I
for which codim M), < q.

4.2 Defining the stratification

4.2.1 The space of holomorphic structures

Our goal is the following: to classify the holomorphic vector bundles over X. More precisely,
we would like to construct a space parametrizing all such bundles (up to isomorphism),
the so-called moduli space, and then describe its geometric properties. We first reduce the
problem to the one of classifying the holomorphic vector bundles of the same topological
type, i.e. of the same rank and degree (first Chern class). To do this, it is enough to
study the space € of holomorphic structures on a fixed smooth complex vector bundle F
over X of rank n and degree k. Indeed, smooth complex vector bundles over surfaces are
determined (up to isomorphism) by their rank and their degree. Therefore, once we fix
the smooth complex vector bundle E, all holomorphic vector bundles of rank n and degree
k are smoothly isomorphic to F and their holomorphic structure can be transported to a
holomorphic structure on E.

The next step is to identify holomorphic structures on E with Dolbeault operators on £. In
the following, let 0 denote the usual Dolbeault operator on X.
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Definition 4.4. A Dolbeault operator on a smooth complex vector bundle £ — X is a
C-linear operator O : ['(F) — Q%! (X,E) satisfying the Leibniz condition

Op(fs) = 0(f) @ s+ f d(s)

for every section s € I'(E') and every smooth function f € &(X).

Remark 4.5. In general, for smooth complex vector bundles over complex manifolds of
higher dimension, a Dolbeault operator is an operator dz : QP¢(X,E) — QP9tY(X,E) as
above that is also required to satisfy 52E = 0. In our case, that condition is already satisfied
since X has complex dimension 1.

Given a holomorphic vector bundle £ — X, there is a natural Dolbeault operator Jg
associated to it, which is defined as follows. For a local holomorphic frame eq,...,e, of F

over U, we have
Op (Zse,) Z@ ) ® e;.

(2

That O is well-defined is a consequence of the transition functions being holomorphic.
Indeed, if f1,...,f, is another local holomorphic frame of E over U, then f; = Z?Zl 9ij€;,
where g € GL,(0(U)), hence

= ZZé(tl)gz] ®Ke;+ Zztl 5(9@']') ® €

Jj=1 =1 j=1 i=1

Z < (t) ® Zgwea> = Z%") ® fi

Conversely, the Koszul-Malgrange theorem asserts that given a Dolbeault operator dg on a
smooth complex vector bundle £ — X, there exists a unique holomorphic structure on F
such that its associated Dolbeault operator is 9. More precisely, one can show that given a
Dolbeault operator 0, there exist local frames of “holomorphic” sections everywhere. Here,
a section s is said to be holomorphic if d5(s) = 0 (note that dx can be restricted to any
open subset U C X since it is a local operator). This implies the existence of a smooth
trivialization {¢; : 771(U;) — U; x C"}, where ¢;'(—,e;) is a holomorphic section for all
1€l and kK = 1,...,n. But this trivialization is in fact holomorphic since given the local
holomorphic frames s, = ¢; '(—,e) and t;, = qb;l(—,ek) (k =1,...,n) over U; and U;
respectively, the transition function g;; : U; N U; — GL,(C) satisfies

n

ty = Z(gij)kesk Vi=1,...,n

k=1
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and applying g to both sides yield

n

O—@E tg Za g” ke ®8k+z gw e O Sk 225((9¢j)kg)®8k Vi=1,...,n

=1

14
- 8((gij)k4) =0 Vkl=1,...n

This establishes the one-to-one correspondence between holomorphic structures on E and
Dolbeault operators on E. Now, consider two Dolbeault operators dr and GIE on E. It
follows from the Leibniz condition that dp — 9 is C°°(X)-linear:

(O = 0g)(fs) = O(f) @5+ [ Oi(s) = (O(f) @ 5+ F O(s) ) = F(O — Tg)(s).

Therefore, 0 — glE correspond to a bundle map E — A”'T*X ® E and can be seen as a
(0,1)-form on X with values in the bundle F*® F = End(FE) of smooth endomorphisms of E.
In particular, this implies that % is a complex affine space whose vector space of translations
is Q" X, End(FE)).

Now, the automorphism group Aut(E) of E acts on € (F) and the orbits are by definition
isomorphism classes of holomorphic vector bundles of fixed rank and degree. We now want to
describe the orbit structure of that action. In order to get a good moduli space (e.g. to avoid
non-Hausdorff phenomena), we will need to consider (semi-)stable holomorphic structures.

Definition 4.6. Let £ — X be a holomorphic vector bundle. The first Chern class of
is the 2-form %traee(F ) on X, where F' is the curvature of any connection on E. The
degree of E, denoted by deg(FE), is defined to be the integral of its first Chern class on the
fundamental cycle of X.

Definition 4.7. The slope of a (non-zero) holomorphic vector bundle E is the ratio

deg(E)
(k) = K(E)

where rk(E) denotes the rank of E. Moreover, E is said to be (semi-)stable if for any

<
(non-zero) proper holomorphic subbundle F' of E, we have pu(F) (Z) w(E).

4.2.2 The Harder-Narasimhan filtration

Following the paper of Harder-Narasimhan (cf. [6]), we exhibit a very useful canonical fil-
tration of holomorphic vector bundles.

Lemma 4.8. If0 - E' — E — E” — 0 is a short exact sequence of holomorphic vector
bundles and E 1s semi-stable, then

u(E') < p(E) < p(E").
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Proof. The inequality u(E’') < pu(E) follows readily from the semi-stability of E. Next, we
know that the degree and the rank of these bundles satisfy

deg(F) = deg(F') + deg(E"), rk(E)=r1k(E") +rk(E").

Keeping in mind the first inequality, it follows that

_ deg(E") + deg(E") rk(E") + rk(E") B  deg(E")
:U’(E) - I“k(E’) + rk(E”) l"k(E’) M(E) = /L(E) -+ W
h(E") . deg(E")

) M) =
— u(E) < p(E").
O

Definition 4.9. A proper subbundle F' of a holomorphic vector bundle E is said to be
maximal if for every subbundle F’ of E strictly containing F', we have u(F) > p(F").

Lemma 4.10. If0 — F — F' — @Q — 0 is an exact sequence of holomorphic vector bundles
and F is maximal, then

p(F) > p(F") > p(Q).
In particular, if F' is a mazximal subbundle of a holomorphic bundle E, then for every proper
subbundle @ of E/F, we have u(F) > p(Q).

Proof. The first inequality readily follows from the maximality of F', while the second can
be proved as follows:

s deg(F) + deg(Q) tk(F) +1k(Q) deg(Q)
ME) =P ) ME) =B s
k(@) ., _ deg(Q)
— rk(F) (F) > rk(F)

Lemma 4.11. Let Fy and F5 be a semi-stable and a maximal subbundle of E, respectively.
If Fy is not contained in Fy, then u(Fy) > u(Fy).

Proof. By assumption, the canonical map p : F; — E/F, is non-zero. Moreover, it factorizes
through an exact diagram

Fy > F|
Ll

E/Fs < F/' < 0

> 0

where f is of maximal rank (cf. [8 §4]|). In particular, p(F}") > wu(F]). It follows from
Lemma [4.8 and Lemma that pu(Fy) < u(F)) and p(Fy) > p(F]). Combining the three
inequalities yields the desired result. O
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Lemma 4.12. Let Fi, Fy be mazimal semi-stable subbundles of a holomorphic vector bundle
E. Then F1 = FQ.

Proof. Suppose that Fj is not contained in Fy. Lemma implies that p(Fy) > p(F).
Appealing to Lemma again, this time with the roles of F; and Fj reversed, we must
have F, C Fj. But the semi-stability of Fy forces u(Fy) < u(Fi), a contradiction. Thus,
Fy C F5. The other inclusion is proved similarly. O]

Lemma 4.13. Let E be a holomorphic vector bundle. Then the values of u(F'), where F is
a subbundle of E, are bounded from above.

Proof. We prove the result by induction on the rank of £. For the case of line bundles, there
is nothing to prove. Now, fix a subbundle F' of E. Then for any other subbundle F’ we have
that the bundles obtained from F' N F and F'/(F N F') C E/F both have bounded slope,
and therefore so does F'. O

Theorem 4.14. If E is a holomorphic vector bundle that is not semi-stable, then there exists
a unique maximal semi-stable subbundle F of E.

Proof. The uniqueness of F'is exactly the content of Lemmal4.12| For the existence, consider
m = sup p(F'), where the supremum is taken over all the subbundles F' of E. Since the values
of u(F) are discrete and bounded from above (Theorem [4.13)), the supremum is attained.

Among those subbundles with p(F) = m, choose one, say Fp, that is of maximal rank.
Note that Fy must be a proper subbundle of E, because otherwise E would be semi-stable.
Moreover, Fj is semi-stable by definition since for every proper subbundle F’ C F we have
w(F") <m = p(Fo). Now, if F' is a subbundle of E that strictly contains F', then rk(F') <
rk(F"). Of course, u(F") < m, but in fact pu(F’) < m because otherwise this would contradict
the maximality of the rank of Fj. Therefore, Fjy is maximal as well. O]

Theorem 4.15 (Harder-Narasimhan filtration). Let E be a holomorphic vector bundle.
There exists a unique filtration

O:F(]CFlC"'CFr:E
such that each quotient D; = F;/F;_q is semi-stable and mazimal in E/F;_y. In particular,

w(D1) > p(Dz) > -+ > p(Dy).

Proof. We simply apply Theorem repeatedly. If F is semi-stable, then we are done. If
not, then we can find a maximal semi-stable subbundle F} of E. If E/F is semi-stable, then
we are done. If not, then we can find a maximal semi-stable subbundle Fj of E/F;. The
preimage I, of F under the projection £ — E/F] is again semi-stable, and the maximality
of Fy implies that u(Fy) > p(Fz) > p(Fo/Fi). Repeating this process yields the desired
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filtration. Finally, the uniqueness can be proved inductively on the rank of E. Indeed, F} is
unique from Theorem while the quotients F;/Fy, i > 2, form a filtration of £/F; and
are therefore also uniquely determined by induction. O

Definition 4.16. Let 0 = F; C I} C --- C F, = E be the Harder-Narasimhan filtration of a
holomorphic vector bundle E of rank n. If we let k; and n; denote respectively the degree and
the rank of the quotients D; = F;/F; 4, then the type of E is the vector pu = (1, ... ),
where the first n; entries are equal to u(D;) = ki/ny, the next ns entries are equal to
w(Dy) = ko /ngy, and so on until the last n, entries which are equal to u(D,) = k,/n,.

Note that the sequence of pairs (n;,k;), ¢ = 1,...,r can be read from the type p of E by
taking the ith different value appearing in p and multiplying it by the number of times it
appears inside .

Definition 4.17. Let 4, denote the subspace of all holomorphic vector bundles of type f.
In particular, if 4 = (k/n,...,k/n), then €, is the space €** of semi-stable holomorphic
bundles of degree k and rank n.

By uniqueness, two isomorphic complex structures on E must lead to the same Harder—
Narasimhan filtration on £. In other words, the subspace €, is preserved by the action of
Aut(E) and is consequently a union of orbits.

4.2.3 The emergence of the stratification

Recall that the infinitesimal variations of a holomorphic vector bundle are classified by
H'(M,End(E)). In our context, this gets interpreted as follows: the orbit in ¢ corresponding
to a given holomorphic bundle F is locally a submanifold of finite codimension and its normal
can be identified with H'(X, End(F)). This is because an infinitesimal gauge transformation
(i.e. a global endomorphism ¢ of E) alters Oz by the addition of Oz ¢ and the cokernel of

QO(End(E)) 25 QOY(End(E)) is just H'(X, End(E)).

Similarly, we can identify the normal to %),, which should be a quotient of H'(X,End(E))
since 6, is a union of orbits. If we let End’(E) denote the bundle of holomorphic endomor-

phisms of E that preserve its canonical filtration, then we get an exact sequence of vector
bundles
0 — End'(FE) — End(F) — End"(E) — 0.

But from the long exact sequence in cohomology we see that H'(X,End”(F)) is indeed
a quotient of H'(X,End(F)) and the fact that H'(X, End’(F)) describes variation inside
%), should convince us that H'(X,End”(E)) is the right candidate for the normal to %),.
Moreover, dim H'(X, End”(E)) depends only on x (and not on the holomorphic structure).
This follows at once from Riemann-Roch

dim H°(X,&) — dim H'(X,&) = deg(&) + (g — 1) rk(&)
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together with the fact that H°(X, End”(F)) = 0, the latter following from: if E,D are both
semi-stable and p(F) > u(D), then every homomorphism E — D is zero.

All of this sketching was to shed light on the Morse theory lurking in the background. Indeed,
the emerging picture is that of a stratification of the space € by the local submanifolds %,,
which are all of finite codimension, giving some sort of cell-structure attached on €**. The
striking feature of that stratification is upon looking at the relative positions of the different
pieces 6. Indeed, we will see that it is possible to order the types p such that

% c |J % (4.18)

AZp

just as we have for Morse stratifications.

The first thing we need in order to get a Morse-like stratification is to order our indexing set,
the possible types A of E. This ordering has a particularly nice geometric flavour. Recall
that from a type A we can read the rank and the degree (n;,k;) of the quotients D; appearing
in a corresponding Harder—Narasimhan filtration of E. Using this sequence of pairs, we can
form the polygon Py with vertices (0,0), (n1,k1), (n1 + nok1 + k2), ..., (n,k), which will sit
in the first quadrant of the plane. Note that the polygon P, is convex since the quotients
k;/n; appearing in \ are arranged in decreasing order.

Definition 4.19. We say that A > p if the polygon P, is above the polygon P,.

We can also describe the partial order > on types in purely numerical terms. Indeed, notice
that the polygon P, is the graph of the function whose value at an integer 7 is ) j<i iy and
that interpolates linearly between integers. Therefore, A > p if and only if > i<iNj 2 > i<i Mg
forall j=1,...n.

We now spend some time to show that our stratification satisifies . To do this, we will
identify the space € of holomorphic structures on E with the space & of unitary connections
on F, which will allow to transport the stratification of ¢ to a stratification of .«#. We will
then define a functional on &7, the so-called Yang—Mills functional, and slowly come to the
conclusion that the stratification on &/ behaves in every aspect as the Morse stratification
of this functional, should it exist.

4.2.4 Notions of convexity

While the definition of the partial order on types is still fresh in our memory, we make a
quick detour to expand on the convexity ideas it leads to. Pretty much all the material
covered here can be found in |7] and is summarized in |1, §12|. The partial order on types
actually comes from a partial order defined on all n-tuples (1, ... ,u,) of real numbers: we
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define p < X if; after rearranging the entries in decreasing order, we have

ZujSZ)\j for 1=1,...,n—1,

J<i J<i
n n
Jj=1 Jj=1

It is shown in |7] that p < X is equivalent to u = P, where P is a doubly stochastic matrix.
But it is a theorem of Birkhoff that the doubly stochastic matrices are the convex hull of the
permutation matrices. Thus pu < A becomes equivalent to S,u C S,A, where S, 11 denotes
the orbit of i € R™ under the symmetric group on n elements S,, and ~ denotes the convex
hull operator.

Geometric notions of convexity can be transformed into statements about convex functions
using the following duality: x € C if and only if ¢(x) < supy ¢ for every convex function
¢ : R" — R. Thus taking ¢ to be a convex symmetric function (i.e. invariant under S,,), we
have

o(p) < ¢(N) for all convex symmetric functions on R",

which is in fact also equivalent to pu < A.
Now, Schur showed that if p;, 7 = 1,...,n are the diagonal elements of a hermitian matrix

whose eigenvalues are \;, then p < A. Horn proved the converse, so that @ < A is equivalent
to the A\; being eigenvalues of a hermitian matrix with diagonal elements y;. This is further

—_——

equivalent to C(u) C C(\) where C()) denotes the conjugacy class of hermitian matrices
with eigenvalues ;. This last fact implies that W(B) < W(A) for all convex invariant ¥ on
the space of Hermitian matrices, and is in fact equivalent to it.

These results are in no way special to U(n). In general, for G a compact Lie group, the role
of the hermitian matrices is now played by the Lie algebra g of GG, the diagonal matrices are
replaced by the Lie algebra t of a maximal torus 7', S,, becomes the Weyl group of G and
we say that y < z if x — y lies in the dual cone C* of a fixed positive Weyl chamber C'. The
result takes the following form:

Theorem 4.20. The following conditions for x,y € t are equivalent:

i)y<w

i) Wy C Wz
iii) ¢(y) < ¢(x) for all W-invariant convex functions ¢ on t
i) Gy C Gz

v) W(y) < Y(z) for all G-invariant convex functions ¥ on g
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In particular, we list two applications of convexity for later use. First, in Theorem we

will need the inequality
A B a 0
(e p)=(5 3)

. . . A . o
for every convex invariant function ¢ on u(n), where C is skew-hermitian and a, ¢

B
D
are the diagonal components of A,D. This follows from the Schur-Horn theorem since the
second matrix is in the convex hull of the S,-orbit of the diagonal part of the first matrix.

We will also need to know that ¢(y) = ¢(z) for all convex invariant function ¢ if and only

if y = x. This statement follows from Theorem since ﬁ/\y = War implies that extreme
points of these polyhedra must coincide, so Wz and Wy intersect and in fact coincide as
well.

4.3 The Yang-Mills functional

We first recall some general definitions and elementary results concerning smooth vector
bundles. In this section, .# will denote the space C*°(X) of smooth functions on X. For £
a smooth vector bundle over X, a connection A on £ is a map
V:X(M)xT'(F)—-T(E)
(X,s) — Vxs

such that Vs is Z-linear in X, R-linear in s and satisfies the Leibniz rule

VX(fS) = (Xf)S + vaS Vf S

Since .#-linear maps « : ['(E) — I'(F') correspond bundle maps ¢ : E — F, we can also see
a connection as an operator da : Q°(X,E) — QY X,E), where Q*(X,E) denotes the space of
FE-valued k-forms on X, satisfying the Leibniz rule

dA(fS) = (df)S + fdas.

Let eq,...,e, be a frame for E over an open set U. Since any section s € I'(U,F) is a linear
combination s = Y a’ e;, the section dss can be computed from dse; by linearity and the
Leibniz rule. As a section of F over U, de; is a linear combination of the sections ey, ... e,

with coefficients w;; € QY (U):
dA@i = Zwijej.
J

The matrix of 1-forms w = [w;;] is called the connection matrix of the connection d, relative
to the frame eq,...,e, on U.
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Now, let E be a smooth complex vector bundle over X, which we equip with a fixed Hermitian
metric. A connection A on E is said to be unitary if it is compatible with the Hermitian
metric, i.e.

d(s1,82) = (das1,82) + (s1,das2)

Therefore, with respect to a unitary frame over an open subset U, we see that the connection
matrix of d, is skew-hermitian, so we can see it as a 1-form on U with values in the vector

space g = u(n).

The group of unitary automorphisms of E acts on the space of connections via
(u-da)s = uda(u™'s) = uudas +u(du™")s
=das +u(—u " (du)u™t)s = das — (du)u's
where we extended the operator d to matrices. Moreover, if d4 is a unitary connection, then

da + 1, where n € Q(X,g), is also a unitary connection, where 7 acts on Q°(X,FE) simply
by contraction.

The curvature F(A) of a connection A is the operator d4oda : Q°(X,E) — Q*(X,E), where
we have naturally extended d4 to a € QF(X), 8 € Q°(X) using the Leibniz rule

da(a A B) = (dac) A B+ (=1)*a A (daB).
A simple calculation shows that F'(A) is linear over smooth functions:
dA(dA(fS)) = dA(fdAS + df : S) = df . dAS + fdAdAS + ddf - S+ (—1)df : dAS = fdAdAS.

The curvature can thus be seen as a 2-form on X with values in the bundle gg of skew-
adjoint endomorphisms or, equivalently, as a g-valued 2-form on F (note that requiring d 4
to be unitary implies that F'(A) is g-valued instead of merely End(F)-valued). Finally, the
curvature transforms as a tensor under unitary automorphisms, i.e.

F(u-A)=uF(Au".

Let Q%(X,g) denote the space of k-forms on X with values in the vector space g. Given a
bilinear map p: g X g — g, we can use the usual exterior multiplication to extend this to a
pairing g : QF(X,g) ® Q°(X,g) — Q**(X,g) defined by

/’L(aaﬁ)p(ub <. 7U’k+€) = Z (Sgn U)/L(Oép(ua(l)a S 7U’0'(k))7 ﬁp(ucr(k—i-l)’ R 7u0'(k+ﬂ)>>'

O'Gsk+g

Equivalently, if & and § are given by Y a’A; and Y 87A;, where {A;,...,A,} is a set of
vectors in g, then

pla,8) = 3 (0" A B)u(AuA)

Z‘7j

Recall that on g = u(n), we have the bracket operation [X,Y] = XY — Y X and the inner
product (X,Y) = trace(Y*X) which is invariant under conjugation, the adjoint action of
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G = U(n) on its Lie algebra g. Both of these operations are bilinear on g and hence extend
to products on 2*(X,g). The invariance of (- ,-) means that on g we have ([x,y],2) = (z,[y,2]),
and this property extends to Q2%(X,g) as well.

Suppose now that a fixed Riemannian metric and a fixed orientation are chosen on X. We
then have the corresponding Hodge star operator * : QF(X) — Q27%(X) characterized by

n A *n = (n,n)x vol(X),

where (- ,-)x denotes the Riemannian structure on Q¥(X) and vol(X) is the unique form of
length 1 in the orientation of X. We then extend = linearly to Q%(X,g), giving that space a
natural inner product:

(n,¢) = /Xn/\*C.

The L*norm of a form n € QF(X,g) is then given by ||n]|*> = (n,n). This allows to finally
define the Yang-Mills functional as L(A) = ||F(A)||?, the L?*-norm of the curvature. Another
way to interpret the Yang-Mills functional is to see that

L(A) = /X H(+F(A)),

where ¢(X) = trace(X*X) is the sum of the square of the eigenvalues. But L is not the only
functional of this form: taking ¢ to be any smooth function on the Lie algebra g of G that
is invariant under the adjoint action (i.e. conjugation) and convex yields a functional

D(4) = /X H(+F(A)).

4.4 Completion of the Morse picture

This is where the bond with Morse theory becomes much stronger. We begin by showing that
the Yang-Mills functional has a critical point structure that coincides with a lot of other
similar functionals. Once this is done, we prove that our stratification satisfies Equation
([4.3), as if it was the Morse stratification associated to the Yang-Mills functional. But
nowadays this is no surprise: Daskalopoulos showed in |2 that this is really the case. Details
for the material of this section are contained in |1} §8].

Let &7 be the space of unitary connections on our fixed Hermitian vector bundle E. A
unitary connection A defines a holomorphic structure by taking the (0,1)-component d’j of
the covariant derivative dy. We get a map &/ — %, which is an affine linear isomorphism
since there always exists a unique connection compatible with a given Hermitian and a given
Dolbeault operator. A priori & and thus &/ — % depends on the metric, but ultimately it
doesn’t change anything since two metrics differ from a complex gauge transformation (i.e.

38



an element of Aut(£)). Note that Aut(E) may be viewed as the complexification of the
group of unitary gauge transformations ¢4 of E.

We now make a brief digression to quickly explain the link between critical connections of
the Yang-Mills functional and unitary representations. It will be seen below that critical
connections are solutions to the Yang-Mills equation ds * F(A) = 0. Of course, flat con-
nections will always be critical connections, and in fact correspond to the absolute-minimal
of the Yang-Mills functional. Now for our fixed Riemann surface X, flat vector bundles
E over X correspond to representations of m(X,zo) into GL(n,C). Indeed, if F is a vec-
tor bundle with a flat connection d4, then there is a natural surjective homomorphism
m1(X) — Hol(V)/Hol’(V) sending the homotopy class [7] to the coset P, - Hol’(V), where
Hol,, (V) = {P, € GL(E,,)|y is a loop based at z(} is the holonomy group of V based at x
and Hol’(V) is the subgroup coming from contractible loops v, which is in fact a surjective
homomorphism onto GL(n,C) since the flatness of the connection implies that Hol’(V) = 0.
In other words, the parallel displacement along a curve ~ starting at xy depends only the
homotopy class of 7. Conversely, given a representation p : m(X,z9) — GL(n,C), we can
construct a flat vector bundle E by setting ¥ = X x, C", where X is the universal covering
of X and X x » C" denotes the quotient of X x Cn by the action of 7 given by

v () € X x C" = (v(z),p(y)v) € X x C".

Furthermore, restricting ourselves to flat unitary connections simply means that we substi-
tute GL(n,C) for G = U(n) in the above discussion.

Going one step further, we can describe non-zero solutions of the Yang-Mills equation by
using a suitable central extension I'g of 71 (X), although we won’t dive into the details here.
The interested reader may consult |1, §6] for completeness. The important thing to know
is that given a unitary representation p : I'r — G, we get an induced unitary connection
A, that also satisfies the Yang-Mills equations, and this mapping induces a correspondence
between conjugacy classes of unitary central representations p of I'r and equivalence classes
of Yang—Mills connections.

Let 4/ C o be the set of connections giving the minimum for the Yangs-Mills functional,
which as we just said are ¥-equivalent to those given by representations p : I'r — U(n) with
p(R) central. We let A4; C A4 be those given by irreducible representations. The reason
for this choice of notation is given by the Narasimhan—Seshadri criterion for stable bundles:
a holomorphic vector bundle of rank n is stable if and only if it arises from an irreducible
representation p : 'y — U(n). Moreover, isomorphic bundles correspond to equivalent
representations. Going back to our stratifications, this criterion translates as: .4, C %, and
the induced map

N |G = C,)9°

is a homeomorphism. This statement is also equivalent to the following: an indecomposable
holomorphic bundle E over X is stable if and only if there is a unitary connection on F
having constant central curvature xF' = —2miu(F), and such a connection is unique up to
isomorphism. The latter was proved by Donaldson in |3].

39



Since direct sums of stable bundles with same slope are semi-stable we have 4~ C ¥*°. Now
transport the stratification on € to get stratification on &7 by strata «7,. Let .4, denote the
Yang-Mills connections whose curvature is of type p. Since such connections are direct sums
of connections of the form .4; for smaller ranks, it follows that .4, C .27,. Our Morse picture
on &/ is about to get clearer: the .4}, are the critical submanifolds whose stable manifold
should be «7,. But before convincing ourselves of this, we show that this critical picture
holds for a much larger class of functionals than Yang-Mills (maybe here one avenue would
be to explain the picture for Yang-Mills and then carry on with all the others functionals).

We now begin our study of the Morse theory of the functionals ®. Since .7 is an affine space,
we will study the behavior of of our functionals along lines A; = A+ tn, where n € Q'(M,g).
One important formula for the curvature is the following:

1
F(A4+n)=(da+n)(da+n) =dada+dan+nAn=dada+dan+ 5[77,77]-

Applying this to A;, we get

1

and hence for the Yang-Mills functional L we have
L(Ay) = ||F|? = ||F||? + 2t(dan,F) + t*(||dan|]* + (F,[n,n])) + higher terms,  (4.21)

where we used the notation F' = F(A) and F;, = F'(A;) to make the calculations less cluttered
(and similarly for ®). At an extremal connection, this yields

dA*F:O

Indeed, if A is critical and we denote by d* the adjoint of d4 with respect to our norm on
0*(X,g), then 0 = (dan,F) = (n,d*F) for all , hence we must have d% F' = 0. But the
adjoint of d4 is given by — % d 4%, so the result follows.

The calculation of the variations of ® is only slightly more complicated. Taking again a line
of connections A; = A + tn, we get

Oy = /ch(*F 1k dan + %tg * [n,m])
:/ P(*F) + (¢ (xF), *dsm) mod t?
X
= ®(A) —|—t/ (¢/(xF), *dam) mod 2,
X

where ¢ : g — g is the derivative of ¢ in the sense that ¢(X + tY) = ¢(X) + t{¢/(X),Y)
mod t2. Rewriting the coefficient of ¢ as

(&' (xF), * dan) = (¢'(xF), = diy ¥ n) = (=dad/ (xF), x n) = (= da¢'(+F) n),
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we see that by definition, the gradient of ® at A (with respect to our metric) is given by
grad ® = — x da¢'(xF'). Moreover, writing

P(gXg " +1Y)=0(g(X +tg 'Yg)g ") = (X +tg~'Yg)

and expanding the first and the last term with respect to ¢, we see that ¢’ is an equivariant
map. This further implies that da¢'(s) = ¢”(s)odas, so together with the formula for grad ®
this enables us to conclude that if a connection A is critical for L, then it is critical for ®,
and the converse holds provided ¢” is invertible (which occurs when ¢ is strictly convex for
example).

We now turn our attention towards the Morse indices of our functionals, starting with L.
From Equation (4.21]), we get that the quadratic form Q(n,n) associated to the Hessian of L
at a critical connection A is given by

Q(n.n) = ||dan|? + (F.[nm)).

But ||dan||* = (d%dan,n) and

(F ) = /X ] A +F = /X 0 A [, % F = (~1)™*! / 0 A% [k,

X

so once one uses the formula for *x~!, the quadratic form reduces to

Q(nn) = (dydan + x[xFn)n).

Denote by L = dda + *[xF, | the operator appearing in the Hessian of L. The space of
solutions L4n = 0 for n € Q'(X,g) describe the tangent space to the space of solutions of L.
Notice that L (as well as the functional ®) is gauge-invariant because of the invariance of ¢
under the adjoint action:

‘P(U-A)Z/Xd)(*F(u-A))=/X¢(U(*F(A))u_l)=<I>(A)-

Consequently, a better measure of the tangent space to the space of solutions would be the
quotient of the solutions of Lan = 0 by the directions along the orbits of the action of ¥,
which is precisely the image of Q°%(X,g) in Q!(X,g) under d4. Thus the corrected tangent
space N4 to the space of solutions .J4 fits in the exact sequence

0°(X,g) 2 T4 — Ny — 0.

We call N4 the null space of Q4 and its dimension is the nullity of A. We now show that this
nullity is always finite. With the norm on Q'(X,g), the orthocomplement of the image of d4
is exactly the kernel of d%. Therefore, N4 is the space of solutions n € Q'(X,g) satisfying
Ln =0 and d%n = 0 or, equivalently, d%ds + dad¥ + *[*F,] = 0 and d, = 0. Here we see
the Laplacian A4 of d4 appearing, which is an elliptic operator. The operator on the left
is thus elliptic, so its solutions are finite-dimensional, and as a byproduct the same goes for
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the nullity. This argument also extends to the Morse index of A, which is the dimension
of a maximal subspace in the kernel of % on which the form Q(n) = (An + *[xF,n),n) is
negative definite. Here the ellipticity of A4 + *[*F,] guarantees that its spectrum is discrete
and bounded below so that there are only finitely many negative eigenvalues, showing that
H has finite Morse index. All in all, we conclude that the index and the nullity of a critical
connection A are both finite and equal to the index and nullity of the quadratic form

~

Qn) = (Aan+ Fny), F=x[xF,],

on the kernel of d% in Q'(M.g).

The story for the Hessian of ® is very similar. Indeed, computations show that the Hessian
correspond to the self-adjoint differential operator

Q = ¢"(xF(A))dda + lower order.

Since ¢ is gauge invariant, we can restrict (just as we did for L) to the subclass of 1-
forms n € Q'(X,g) for which d%n = 0. Doing so, we can replace d*d with the Laplacian
Ay = dida + dad?, so that () becomes a second-order elliptic differential operator. The
strong convexity of ¢ ensures that the leading-order terms are positive definite, which is
then again enough to make the spectrum discrete and bounded below so that there are only
finitely many negative eigenvalues. Therefore, we have shown that Hg also has finite index.

The formula for grad ® and grad L together with the strong convexity of ¢ ensures that
(grad @, grad L) > 0 (4.22)

with equality if and only if A is critical. Thus we see that ® is strictly decreasing along the
paths of steepest descent for L. In a finite-dimensional setting this would already imply that
the Morse indices of L and ® coincide, but in our situation we need to make a little adjust-
ment. We go back to Equation and expand the inequality at a critical connection,
discarding the higher-order terms along the way, to get

(Hen,Hrn) >0

with inequality if and only if 5 is in the null-space of Hy (which coincides with that of Hg).
After restricting n to the negative space V' of Hj, the last inequality is reduced to a finite-
dimensional one, which implies that Hg is negative definite on V. Thus the Morse index of
® is at least equal to that of L. Upon reversing the roles of L and ® in the last argument,
we obtain that the Morse indices of ® and L coincide.

Now that we know that the critical point structure is common to every one of our functionals,
our goal shifts to showing that all these functionals lead to the same Morse strata, and that
these strata correspond with the ), defined earlier. The reason why we might expect such
a goal to be attainable is as follows. One can show that grad ® is tangent to the ¢°-orbits,
and hence that it preserves the ¢,,. Since each .7, contains a unique component .4}, of the
critical set of ®, we are lead to believe that .7, could be the stable manifold associated to

42



A,. Of course, a necessary condition for this to hold is that the functionals ® reach their
minimum only on .4;,. Now, for any A € .4}, the conjugacy class of *F" is constant and
represented by the skew-hermitian diagonal matrix A, with entries —2mip;. It follows that
P(A) takes the constant value ¢(A,), which we simply denote by ¢(u).

Theorem 4.23. For every A € 7, and every convexr invariant function ¢ on g, we have

(A) = o(p)-

Proof. We will assume for simplicity that the Harder-Narasimhan filtration only has two
steps. The proof for the general case only involves more serious bookkeeping.

Suppose that the type p is of the form

p1 = o == My > fpy1 = 00 = Up.

We write u! =y = ky /my and =, = ko /my for convenience. This means that for the
holomorphic structure defined by A € 7, we have an exact sequence of vector bundles

0— Dy —FE— Dy — 0,

where D; has rank m; and degree k;. The curvature F' of A can be written in the form

o (Fr—nAn dn
—dn* Fy—n"An)’

where Fj is the curvature of the unitary connection of D;, n € Q%' (M, Hom(Ds,Dy)), n* is
its transposed conjugate and dn is the covariant differential (cf. |5, §5]). Now, let f;, o; be
scalar m; x m; matrices such that

trace(f;) = trace(xF}),
trace(aq) = trace(x(n A n*)) = — trace(x(n* An)) = — trace(as)

Since ¢ is a convex invariant function, recall from the section on convexity that it satisfies

¢<*F<A>>z¢(f150‘1 0 )

f2—0é2

The convexity of ¢ together with the fact that M has normalized volume implies that
Ji—a; 0 )
O(A) = F(A)) > :
(4) /)<¢(* ())_¢/)<< 0 fo—
Since the degree k; of D; is given by

k.

i =5 Xtrace(fj),
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and f; is a scalar matrix, it follows that [ « 3 18 a scalar matrix whose diagonal entries are
—2mik;/m; = —2mip?. Also, since n € Q% it follows that —itrace(ay) is non-negative so

that
/ o] = 27Ti(11,
X

where a; is a non-negative scalar m; x m; matrix. Then

/ Qo = 27ias,
X

where ay is the non-positive scalar my X my matrix such that trace(ay) = — trace(a;). Hence

we have ;
1 — 0 _ .
/X ( 0 fz—a2> = —2mi[u + al,

where [-] denotes the diagonal matrix whose diagonal components are the vector’s entries.
Thus, we obtain
O(A) > o(u + a).

But since a; > 0, as < 0 and trace(a;) = — trace(as), it follows that p + a > p with respect
to the partial order on types. Convexity of ¢ finally yields

D(A) > ¢(p+a) > o).

]

We now know that ®(A) > ¢(u) for any convex invariant function ¢ on g and connection
A € A,. We seek to strenghten this result. Given a holomorphic vector bundle £ over X
and one of the functionals ®, we define

O(E) = inf (4),

where A runs over all unitary connections on E. Combining the Narasimhan—Seshadri cri-
terion with Theorem |4.23 we obtain that ®(E) = ¢(u) for stable bundles E.

This can now be extended to all bundles using the maximal nature of the canonical filtration,
i.e. that the quotients D; are semi-stable. First, arguments from [9] shows that any semi-
stable bundle has a filtration with stable quotients all of which have the same slope. This

together with Theorem and the result for stable bundles yield the equality ®(E) = ¢(u)
for semi-stable bundles as well.

Now one can show that for £/ with filtration of arbitrary length with quotients D;, we have
O(E) < (P D). For simplicity, we give the proof in the case where the filtration of £

only has two steps. Consider the holomorphic exact sequence

0—-Dy—FE— Dy —0.
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The metric on E gives rise to a connection whose curvature is

_(Fi—nAn dn
F(A)( —dn* Fa—=n"An)’

where the element 1 defines a cohomology class in H'(M, Hom(D,,D;)) which classifies
the extension. We then replace n by ¢n, which changes the extension class but not the
isomorphism class of E. Letting t — 0 we finally get that ®(E) < &(D; & D). A final
application of Theorem to the filtration of E yields the equality for general E.

Thus we have proven:

Theorem 4.24. For any convex invariant ¢ we have ®(E) = ¢(u), where

o(B) = inf /M S(xF(A))

and A runs over all unitary connections of E.

Recall from the section on convexity that if ¢(u) = ¢(v) for all convex invariant ¢, then we
must have p = v. This together with Theorem gives another characterization of the
type: E is of type u iff ®(FE) = ¢(u) for all convex invariant ¢. Finally, it follows that if €
is in the closure of é),, we must have ®(%,) < ®(%)\), which implies that ¢(u) < ¢(\) and
hence that u < A\, as desired.

4.5 Equivariant cohomology of %*°

Going back to our stratification on %, we see that Condition A (cf. §4.1.4) is satisfied. One
way to see it is that if we are given a finite set of types I, then we can always create a
big convex polygon P strictly encompassing all the convex polygons associated to I. Then
the minimal elements of I¢ are all contained inside P, which contains only finitely many
convex polygons inside of it. Condition B is more involved, so let’s settle for a sketch of
the equivariant cohomology of %. The reader interested in the technical details is invited to
consult |1, §7,13]. First, we can show that the stratification of ¢ is equivariantly perfect, so
the exact sequence of equivariant cohomology coming from the stratification breaks up and
the equivariant Poincaré series of € is given by

P(€) =) t*"Py(%,), (4.25)

I

where d,, = Z#i>ﬂj (p;—pj+g—1) is the complex codimension of %,. While trying to compute
the equivariant cohomology of a stratum %),, we encounter the following phenomenon. If we
choose a smooth unitary decomposition of £ as D1®- - -® D,., where D; has rank n; and degree
d;, and we let € (n;,d;) and ¢ (n;,d;) denote respectively the space of holomorphic structures
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on D; and the group of unitary automorphisms of D;, then we find that the equivariant
cohomology of &), is isomorphic to the tensor product of the equivariant cohomology of the
semi-stable strata for the quotients D;:

(%,Q) = Q) Hijny ap (€ (n:,d:)™ Q). (4.26)

1<e<r

Therefore, combining (4.25)) and (4.26[), we obtain the formula
Ptg((g) _ Zthu H Ptg(ni7di)(%(ni,di)ss)-
o 1<i<lr

Since % is an infinite-dimensional affine space it is contractible so that its homotopy quotient
is simply BY. Therefore, we obtain an inductive formula

Pl (™) = P(BY) - Y % [ /" (€ (nidi)™)

Lo 1<i<r

for the equivariant Betti numbers of *°. In particular, Atiyah and Bott spelled out the
details of that procedure in the case where the rank n = 2 and the degree k = 1. Here, the
inductive formula becomes

PY(6°) + Y " 9IP!(¢,) = P(BY), (4.27)
r=0

where %, is the stratum corresponding to unstable bundles of type (r + 1, — 7). For the
stable bundles, they find that

P(N(2,1))  (1+t)%P(No(2,1))
11— 1 —¢t2 ’

P (%) =

where N(2,1) denotes the moduli space of stable bundles with rank 2 and degree 1 and
No(2,1) denotes the moduli space for the same bundles but with fixed determinant. For %,

they show that
2
@ _ (A +t)*
P - ()

while for the whole space ¢ we have

(L4 2)(1 +¢3))2%

BB =" e —

We finally substitute these into (4.27) and sum the geometric series to get the formula

(1+¢3)29 — 129(1 + t)29
(1 —2)(1 —t4)
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