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Abstract

We revisit Lucas’ (1968) counter example for the existence of von
Neumann and Morgenstern (1944) stable set (solution) for coalitional
games. We show that when we endow the agents with foresight, par-
ticularly, when we replace von Neumann and Morgenstern’s (1944)
dominance relation with the indirect dominance relations introduced
by Harsanyi (1974), Lucas’ example admits a stable set.

1 Introduction

Most solution concepts for coalitional games typically assign to every game
a subset of payoff allocations (for the grand coalition). Consider for example
the core. It is the set of payoff allocations that no coalition can improve upon
or has a feasible and beneficial objection to. von Neumann and Morgenstern
(1944) solution or stable set requires that an objection made by any coalition
be credible in that the objection itself must be in the solution. A stable set
is a set of efficient and individually rational payoff allocations (imputations)
with the properties that no coalition has a credible objection to any sta-
ble imputation (internal stability) and for every unstable imputation, some
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coalition has a credible objection (external stability). Put differently, no im-
putation in a stable set dominates another imputation in the same stable set
via any coalition and every imputation outside of the stable set is dominated
by some imputation in the stable set via some coalition. The introduction of
stable set sparked the quest for results concerning its general existence. The
long-standing question was answered in the negative by Lucas who provided
a ten-person game without a stable set (Lucas, 1968) and a formal proof of
the negative result (Lucas, 1969).

Harsanyi (1974) criticizes von Neumann and Morgenstern stable set for
not taking foresight into consideration: Consider an imputation x in the sta-
ble set. It is possible that a coalition S has a feasible and beneficial objection
to it. Say that this objection is y. By internal stability, y cannot be stable.
Then by external stability, some coalition 7" has a credible objection to y us-
ing some z that is stable. However, it may well be the case that members of
S prefer z to z. If members of S are forward looking, the (internal) stability
of x is no longer warranted. Put differently, while z does not dominate x
“directly” according to von Neumann and Morgenstern’s (1944) original def-
inition, z dominates x “indirectly” and a stable set may be susceptible to the
destabilizing effect of such indirect dominance. Harsanyi (1974) also consid-
ers another version of indirect dominance, whereby each deviating coalition
compares only the final payoff allocation to the one it replaces, ignoring the
immediate impact of its deviation.

In this paper, we consider the stable set with Harsanyi’s (1974) indirect
dominance relations. We reexamine the counter example of Lucas (1968) and
show that his example in fact admits a stable set. In particular, if the first
dominance relation is employed the stable set is unique, while the second
dominance relation gives rise to multiple stable sets. This leads to a new
open question whether a stable set with indirect dominance always exists.

2 Main Result

We will adopt the notations introduced in Lucas (1969). Consider a coali-
tional game with transferable utility (TU), (N,v), where N = {1,...,n} is
the finite set of players, a coalition S is a non-empty subset of N, and v
is the characteristic function which assigns to every coalition S a nonnega-
tive scalar. For the empty set we have v(&) = 0. Let x = (x4, ...z,,) denote
the payoff allocation of the n players and z(S) = ) ,.¢ ;. Moreover, we



will use z(ijk) as a shorthand for z({3, j,k}), where ¢, j,k € N. The set of
imputations is

A:{:BER”

in =v(N) and z; > v({i}) for all i € N} :

1EN

The following dominance relation was introduced by von Neumann and Mor-
genstern (1944):

Direct dominance Let z,y € A. y (directly) dominates = via coalition
S C N, written y =g x, if .oy, <v(S) and y; > x; for alli € S. y
(directly) dominates x, written y > x, if y =g = for some S C N.

von Neumann and Morgenstern (vN-M) stable set or solution for a TU
game (N, v) is defined as follows:

Definition 1 K C A is a vN-M stable set for (N,v) if

o forallz,y € K, y % x (internal stability), and

o forallx € A\K, there existsy € K such thaty = x (external stability).
The core of (N, v) is the set of undominated elements in A.
Definition 2 The core of (N,v) is

C(N,v) = {v€ A|Pyc A such thaty = z}
{r e A z(S)>v(S) forall S C N}.

Alternatively, vN-M stable set can be defined as an abstract stable set for
the abstract system (A, ). Recall that an abstract system is (X, >), where
X is the set of alternatives and > is a dominance relation on X with the
interpretation that for =,y € X, x > y implies x dominates y. Given B C X,
the dominion of B, denoted dom(B,>), is the set of alternatives dominated
by elements of B. Formally,

dom(B,>) ={x € X |Jy € Bsuchthat y > x}.

Now we are ready to introduce the notion of abstract stable set.



Definition 3 K C X is an abstract stable set for (X,>) if

o v ¢ dom(K) for all x € K (internal stability), and

e € dom(K) for allx € X \ K (external stability).

A vN-M stable set for (IV,v) is an abstract stable set for (A, >). Lucas
(1969) proved that the counter example he described in Lucas (1968) admits
no vN-M stable set. The 10-person counter example is as follows.

Example 1 Consider the game (N, v) such that N = {1,2,3,4,5,6,7,8,9,10}
and
v(N) =

v 3579})_4

{1,

{1,2}) =v({3,4}) = v({5,6}) = v({7,8}) = v({9,10}) = 1
{3,5,7,9}) = v({1,5,7,9}) = v({1,3,7,9}) = 3
(3,
(3,
{1,

<

5 7}) =v({1,5, 7}) =v({1,3,7}) =2
v({3,5,9}) = v({1,5,9}) = v({1,3,9}) =2
v({1,4,7,9}) =v({3,6,7,9}) = v({5,2,7,9}) = 2
v {S}) =0 for all other S C N.

Note that the set of all the imputations is

<

(v
(
(
o
(
(
(
(

A:{xERlo

in:5 andmiEOforallieN}.
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Following Lucas (1969), we first define set B.

B={xe A|x(12) = 2(34) = 2(56) = x(78) = (9 10) = 1}.
The core is given by
C ={z € B|z(13579) > 4} .

Lucas (1969) proves that the game given above does not have a vN-M stable
set. We shall show that if we replace the direct dominance with each of the
indirect dominance relations introduced by Harsanyi (1974), then existence
of a stable set is restored. Recall the following indirect dominance relation:



Indirect Dominance o Let x,y € A. y indirectly dominates z, written
y > z, if there exist 2%, 2!, ..., 2*, where 2° = z and 2% = y, and
S1.82 ...,8% C N such that for all j = 1,2,...,k, 27 =g 277! and
x{fl < y; for all i € S7.

Thus, given imputation 277!, deviating coalition S7 does not only compare
the current imputation with the one it brings about but also looks forward
and compares the current imputation with the final imputation y induced by
a sequence of coalitional deviations. Note that y > = implies y > x.

We shall show that Lucas’ (1968) example admits a unique stable set with
respect to indirect dominance > .

Proposition 1 For Example 1, (A,>%) admits a unique abstract stable set.

Proof. We first partition A into subsets as in Lucas (1969). We start with
the following variable indices following Lucas (1969):

(i,j.m, k) = (1,3,4,5),(3,5,6,1),0r (5,1,2,3),
(p,g) = (7,9) or (9,7).

Using these indices, define the following twelve subsets of B :
E,={zxeB|x;=ux, x; <1, 2(79) <1},
E=F UE3UEs,
Fp={reB|z=x,=1, 1 <x(79)} - C,
F,={xeBlxz,=1, z, <1, x(35¢) > 2, z(51q) > 2, x(13q) > 2}—C,
F79:{IL’EB|(L'7:$9:1}—C,
F135:{$€B|$1:$3:$5:1}—C,
F = F35 U F51 U F13 U F7 U F79 U F135.
Then A can be partitioned into A\ B,B\ (CUEUF),C,E, and F.
We shall prove by construction that the unique abstract stable set for
(A, >%) is
K:CUF7UF9UF79UF135.

Lucas (1969) shows that
dom(C,>) D [A\ BJU[B\ (CUEUF)].
Since y > z implies y >* x, we have

dom(C,>*) > [A\ BJU[B\ (CUEUF)].
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Moreover, it is easy to see that dom(A,>%) N C = @. Thus, an abstract
stable set K for (A,>>%) necessarily contains C. We shall further show that

dom(C,>*) D EU F}, for all j, k defined

earlier, thereby establishing that

A\ K cannot be part of any abstract stable set and that K is externally

stable. To this end, first consider

Ei={xeBlazs=ua5=1,21 <1,2(79) < 1}.

Let z € E;. Then, £(13579) < 4 and 24 = 24 = 0. Consider y € A such that

I > y1>$1> y7>x77 y9>$97 y(79><17
Ys = 2—(h+yr+yo) >w4=0,

1

Y2 = Ys=Ys =Y =Yg = Y10 = 3-

2

Obviously, y(1479) = 2 = v({1,4,7,9}) and y 1,479y ©. Now let z be such

that

z1 > Y,
Z3 > Y3,
Z5 > Ys,
7 > Y1,
Z9 > Yo,

vV V. V V V

1
1
1
1
1
)

(13579

22:1—21,
Zy =1 — 23,
26:1—2’5,
zg =1 —yr,
210:1—1/97

4=0({1,3,5,7,9}).

Such a z exists as y(13579) < 3. By construction, z > x and z € C.
Similar arguments establish that dom(C,>%) D E3 and dom(C,>%) D

Es.
Now consider

F35:{ZE€B|IL'325L‘5:]_, I‘(79)21}\C

Let = € F35. Then, 4 = ¢ = 0. = ¢ C implies that 2(13579) < 4. In view
of the fact that z3 = x5 = 1, we have z(179) < 2. Since z4 = 0, we have
x(1479) < 2. Also, given that x(79) > 1, z; < 1. Consider y € A such that

1

>
Yo >

Ty, y<179) < 27

Y1 > 1, Yr > T,

ys = 2—(h+yr+yg) > x4 =0,

Y2

1

Ys =Ys =Y = Ys = Y10 = 3-

2



Obviously, y(1479) =2 = v

—

{1,4,7,9}). Now let z be such that

1 > 21>y, 0=1— 24,
1 > 2z3>ys3, 24=1— 23,
1 > 25 >wys, 26 =1— 25,
I > z2¢>y7, s=1—yr,
L > z9>yg, 210 =1—yo,
2(13579) = 4=0v({1,3,5,7,9}).

Such a z exists as y(13579) < 4. By construction, z > z and z € C.
Similarly, dom(C,>%) D F5; and dom(C,>%) D Fis.
Lastly, we establish that K is internally stable by showing that

dOIIl(B, >>) N (F7 U Fg U F79 U F135) = .
First, consider
Fr={ze€B|x;=129 < 1,2(359) > 2,2(519) > 2,2(139) > 2} \ C.

We shall show that dom(B,>%) N F; = @. Let x € F7 and y € B. Assume
in negation that y > z. Let S be the coalition that “deviates” from x. First,
x € Bimplies that S cannot be any of the coalitions {1, 2}, {3,4}, {5, 6}, {7, 8},
and {9,10}. Next, since x7 = 1, player 7 cannot be a member of S. Also,
since x(359) > 2 = v({3,5,9}), z(519) > 2 = v({5,1,9}), and z(139) >
2 =v({1,3,9}), S cannot be any of the coalitions {3, 5,9}, {5,1,9}, {1,3,9}
either. This contradicts that y >* x; hence dom(B,>“)NF; = @. A similar
argument applies to Fy.

Consider
F79:{ZL'€B|I‘7:$9:1}\C.

We shall show that dom(B,>%) N Frg = &. Let € Frg and y € B. Assume
in negation that y >“ z. Let S be the coalition that “deviates” from x. First,
x € Bimplies that S cannot be any of the coalitions {1, 2}, {3,4}, {5, 6}, {7, 8},
and {9,10}. Then 7 ¢ S and 9 ¢ S as x7 = x9 = 1. This contradicts that
y > x; hence dom(B,>*) N F; = &. A similar argument establishes that
dOIIl(B, >>a) N F135 = .

In conclusion, the unique stable set is K = C U F; U Fy U Frg U Fi35. B

In addition to the indirect dominance defined earlier, Harsanyi (1974) also
discussed the following alternative indirect dominance whereby a deviating
coalition only compares the current imputation with the final one.
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Indirect Dominance [ Let =,y € A. y indirectly dominates z, written
y > x. if there exist 2°, 2',... 2%, where 2° = x and 2* = y, and
St S2,..., 5% C N such that for all j =1,2,... k, 27(S7) < v(S7) and
w7t <y forallie S7,

7

Note that y = x also implies y > x.
Proposition 2 For Ezample 1, (A,>>") admits an abstract stable set.

Proof. We shall now show that (A,>>#) admits a stable set. Let K = {y}
where
4141414141
B (5’5’ 5555 5 5 5’5) '

We shall show that y > z for all z € A\ K. Let z € A\ K. Then, there
exists ¢ € N such that z; < y;. Let 2z € A be such that z; = 0 = v ({i}) and
zj = 2 for all j # i. Since z, < y, for all £ € {1,3,5,7,9} and y (13579) =
v({1,3,5,7,9}) = 4. We have y ># . It is easy to construct other abstract
stable sets by changing y appropriately. m

3 Conclusion

We have show that Lucas’ (1968) counter example for the existence of vN-M
(1944) stable set nevertheless admits a stable set when we replace vN-M’s
(1944) direct dominance with any one of Harsanyi’s (1974) indirect domi-
nance relations that capture foresight on the part of the players. The general
existence of stable set with indirect dominance remains an open question.
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