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This thesis examines the dynamics and ?tability of two coaxial·~ , .,. , .. 
flexible cylindrical shells of circular cross-section conveying fl~id " .... 
inside the inner cylindèr and in the annulus between the two cylinders. . . 

Shell motlons are described by Flügge ' s thin-shell equations ~nd 
." , 

in the 1olution of these equa'tiof1s. The two Galerkin's method is used 

shells of the system are clamped at both ends. Calculations have been 
\ 

conducted with two flexible shells or with one replaced by an identical 

rigid cyl inder. 

. ' 

In the first part of the thesi~, the fluid is assumed to be inviscid 
." 

• and eit~er com~rëssible or incompressible. The analysis of the inviscid 

aerodynamic forces is based on!inearized potential flow theory, and 

Fourier~transfo~m technique 1S employed to evaluate these forces. It 1S 

ffound that increasing ei~er the internal or the annular flow can induce 

buckling instability, followed by coupled-mode flutter. For the systems 

studied, ann~lar flow renders the system unstable at lower flow velocities 

than in~ternal flow. I,t is al(o found that,' with i~ternal flowalone,'the 

insta'bility threshold is nott sensitive to whether one or both shells are 

flexible, whereas with annular flow the system is less stable if both 

she]ls are fle~ibla.. The effect of compressibil-ity is found to be smalL 

ln the second part of the thesis, flu~d viscous effects are 

partially accounted for by taking into consideration fluid pressurization 

necessary to overcome pressure drop as well as the surface frictional 
• co 

force associated with viscous mean flow in the inner shell and in the 

annular region. It is found that with viscous internal flow t~e system 

becomes more stable, while with viscous annular flow. the instability 
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threshold ;s 1 owered , as compared to ;nv;scid flows. Stud;es on systems 
< 

subjected, ~o addit:;onal unifonn pressur;zation s~o,~ that the internal , 
fluid pressu,re has a stabil izing ejfect on the system~ the annular fluid , 
pressure, on the other hand, exped;tes the precipitation of instability. 
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~OMMAIRE 

compos~ 

Cotto thèse trait~ de ~a dyn~miQuo ot do la stabilit~ d'un système 

de deux coques cylindriques soumises ~ deux écoulements, l'un! 

l'int~rieur de la coque int;erne et l'autre dans l'espace annulaire entr~ . ........ 
'" ' l es deux Icaques. ..--

Les déplacements des deux coques, qui sont encastr!es aux 

exlr~ml tés, sont dêcrï ts par les équat lOns de coques mïnces de Fl ügge et 

leur solution est obtenue par la méthode de Galerkin. Des calçuls ont 

,été faits pour les cas de deux coques flexibles ainsi que p'~ur les cas -- , 
'" 1 

dans lesquels une coque était remplac~e par un cylindre rigide de 

dimensions identiq~es. . ~ . 
Dans la première partie de la thèse, le fluide est considéré co~e 

non-visqueux, soit compressible, soit incompressibl~. 

L'analyse des forces a~rodynamiques non-visqueuses, e~t;hasée sur 

la théorie liriêarisée d'écoulements potentiels, et ces forces s~nt 
évaluées,a l'aide de~ techniques de transformatioQ de Fourier. On . 
constate que l'augmentation de la vitesse d'écoulement 1 qu'elle soit interne 

ou annulaire, peut causer l 'i~tabilité en flambage,' suivie par des 

instabilitiés oscillatoires (flottement) en modes conJugés. 'Pour les 

sys~s en question, l "eoulement annulaire provoque l'instabilité A une 

vitesse moindre que l'écoulement interne. On a aussi découvert que, 
d 

avec un écoulement interne seulement, la limite de stabilité n'est pas 

très sensible au fait que l lune ou les deux coques soit flexible, tandis 
J 

qu'avec un écoulement annulaire, le système est moins stable lorsque 

les deux coques sont flexibles. De plus, l'effet de la compressibilité 

a été déterminé comme étant négligeable. 
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Dans la deuxième partie de la thèse, on a tenu pa~tiellement compte 

des'effets de la viscosit~ du fluide en considérant les fact~urs de 

pressurisation du flu~pe n~cessaire pour compenser les pertes de charge 
. . . 
alnSl Rue la force de friction murale, associés a un écoulement visqueux 

" 

1 \ 

mb~eu a l'int~rieur de la coque interne et dans l'espace annulaire. Par 
., 1 

, ' .. ra.pport a des écoulements non-vlsqueux, les écoulements vrsqueux/rendent 

le système plus stable lorsque l'écoulement est interne, et moins stable 

lorsq~e celui-ci est annulaire. Les études sur des systèmes soumis a une 

p~surisati0n uniforme additionnelle révèlent que cette dernière a un 

eff~t stabilisant dans le cas du fluide interne et, qu'au contraire, la 

. pressurisation du fluide an~ulaire accélère l 'instabilit~. 
'" 
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NOMENCLATURE 

Roman Letters 

( 

a Radius of the inner shell 
. . 

b Radius of the outer shell 

c Speed of sound 

Dh Hydraulic diameter 

E. Youngls modulus of the inner-shell material 
l 

Eo Youngls modulus of the outer-shell material 

Friction factor for the viscous internal flow 

Friction factor for the viscous annular flow 

h. Thickness of the inner shell 
l \ 

Thickness of th,e outer shell 

Modified Bessel functions of order n 

h~/l2a2 
l 

h2/l2b2 
o 

Length of th~ flexible portion of the shells 

m 

n 

r 

Axial mode nu~r 

Mach number of the internal flow 

Mach number of the annular~w 
. 
Circumferential mode number 

Internal lluid pressure 

Annular fluid pressure 

Radial coordinate 

Re Reynolds number 

t Time 

U; Steady internal flow velocity 

\ 

• 

,', 

xi 
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-Uo 
~ Steady annul~r flow velocity 

u. ,v· ,w. l , l Axial, ci rcumferenti a l and radial displacements of 

uo' 'ta ,wo Axial, circumferential and radial displacements of 

x Axial coordinate 

Greek letters 

Cl 

C • 
l 

Four~ transform variable 

Kronecker de 1 ta 

ail 
" 

Co b/l 

c a/b r 

ni' Kinematic viscosity of the internal fluid 

n~ Kinematic viscosity of the annular fluid 

e Polar coordinate 

v. 
1 

v 
o 

E.h.f(l-v~') l 1 , 

Eoh/(l-v~ ) 
Poisson's' ratio of the inner-shell material 

Poisson's ratio of the outer-shell material 

x/l 

Density of the internal fluid 

Density of the annular. fluid 

Density of the inner-sheli material 
1 

Density of the outer-shell materidl 

Velocity potential of flow perturbation 

Total'velocity potential 
, 

Circular frequency of motion 

-, x.i i 

the inner shell 

the outer shell 
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CHAPT,ER 1 
r 

1 NTRODUCTION 

1. l 'LITERATURE REVIEW 

The study of the dyna~ics of cylindrical struct~res conveying fl~id 

has received the growing attention of engineer~ and scientists over th.e·· 
, _ 0 ' 

p~s,t thirly year's or so. Interest was first aroused by the investigation 

~f the wibration of the Trans-Ara~ian PiPel~ne, by Ashley ànd Havilanç [1]. 
. 

Since then, numerous studies have been undertaken, contributing~o a 
j 

remarkab1e development of the subject. 

It'was found that the effect of internal flow is to reduce the 

natural ..' ' frequencies of o~ciilation at sm:ll and mod~~te flow velociti~ 
the :case of ca~tVile~ered' t~b~S" to damp the free oscinationst . and, in 

./ 

Hawever. at sufficiently high flow ve1ocities, the system can be subjected 

ta fluidelastic instabilities. For simply-supported and clamped-clamped 

tubes [2.3]. buckling (divergence) is ob.erved, in ~hich the tubes buckle, 
l " , 

essentially like a column subj~cted to axial loa~ing. On the other hand, 
o 

i 
cantilevered tubes develop scillatory instability (.flutter), firstly 

• 
reported ~y Benjamin [4,5] and later confirmed both theoretically and 

experimentally by Gregory' d Paidoussis [6,?]. 

However, the f~uidelastic instabilities referred to above rarely 

materlalize in practice~ mainly because in most common engineerin'g systems 

l . 

the rigidity of the piping is reasonebly large sa that the critical flow '( 

tClamped-clamped and pinried-pinned tubes, being gyrascopic conservative 
systems-, do not suffer damping \f the flow is inviscid. 

\ 

, , 

... 



f 

2 .. 
velocities at which the systems become unstab1e are extremely high a~d 

se1dom encountered [81. As a result, most of the stability studies dea1 

with fundamental, rather than appl ied, aspects of the problem. The impe,tus 
, ' 

fpr ~onducting such ~esearch c'orres from a desir:e to understand the intri~uing,,, 

phenomena involved or to investigate a dynamical system of aca,c!emic 

importance. Dn the other hand, one should be aware that there are, indeed, 

s.tudies with a p.ractical orienté\tion such as those deal ing with the commonly, 

encountered problems associated with sub-critical~ibrations and vibrations 

induced by near- and far-field noise conveyed by the mean flow. 

In the res~irch described so f~r, the cy1inder was considered as 

a beam, and ~nly the oscillation in the flexural beam modes was studied. 

1n'1969, Paidoossis and Denise [9] discovered a 'new' flutter phenomeno~ 

whi1e experimenting with thin cantilevered tubes canveying low pressur2 air. 

}' They found tbat, whereas for thick-walled cantilevers, th~ ~nly instabilhj' 

observèd was that in one of the 'bearn-type' modes, if the cantilevered tube 

~as short and fairly thin-walled, it cou1d a1so lose stability by vibrating 

in the so-cal1ed second circumferential 'she1l-type' mode. 
, 

• Subsequent 

. experiments showed that this she11-type of f1utter instability could also 

occur in c1amped-clamped she11s. In a 1ater paper [10], Paidoussis and 

Denise extend,fi!d their investigation into the oscillation of thin, circu1ar 

cyl indri cal shells conveying f1ui-&, both experimentally"and theoretically. 

Their thèory confirmed the possibi1ity of shel1-type f1utter for,canti-

" levered shèlls. In tpe case of c1amped-clamped. shells, buckling instabi1ity 

followed' by coup1ed-mode flutter\was predicted. Their experimenta1 

observations are consider,ed ta be in good agreement,with theory. Similar q 

thearetical results were obtained by Weaver and Unny [11] who examined the 

case of simply-supported shells. .\ 

\ .. 

\. 
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In parallel to this work with internal fl~Wt there exists a rich 

li~eraFre on the effect Of' external axial flow on th;~ynamkS and ' , 

stabi}'ity of cylindrical shells. This research finds application in the, 

aeronautical field and, accordingly, most of the studies are concerned with - . 
flutter in supersonic flow, e.g. [12]. Among the numerous outstand)ng 

published papers, the work bj Dowell and Widnall on the for.rnulation of the 

genera1ized aerodynamic forces is particular1y worth reviewing [13,14], 

as their method can easily be adapted for our pr.oblem at hand, especially 
" when the fluid is càmPressible. To deal with the case of subsonic and 

. * 
supersopic flows, Dowell and Widnal1 .deve1oped a method to compute the 

generalized aerod~namic)forces on harmonically osci11ating cylindrical 

shel1s. By making a Fourier integral transformation of the veloçity 
1 ,... , 

potential with~respect to the streamwise variable, he was able to solve the 

governfng wave equation derived from classical linearized potential flow· . .' 

theory for both subsonic and supersonic flow speeds. In order to make the 

problem mathematically tractable, the finite flexible ~ylinder wis extended . " 

3 

. '\ 

at either end with rigid infinitely long cylinders. This technique enables 

bath the radial an~ axial boundary conditions to be defined along the 

complete boundary of thé fluid Iregion, 50 as to make the solution unique. 
1 1 . 

Similar integral approrches were then ~tilized by a number of 
, 

investigators in their ~tudies of flow-induced vibration ()f cylinders. ,. 

Shayo and Ellen [16] using theiintegral transf~rm theory, obtained an 
r 

expression for the fl~id pressure acting on cylindrical pipes containing' 

flowing tluid. From the asymptotic form of the expression for pressure 

in pipes of large and~small length-to-radius ratjo, they were able to 

obtain explicitly the critical flow velocity.at divergence in terms of 

" 

•• 
1 

.. 

• 

l . , 
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. 
parameters such as the radius-to-thickness ratio, the longitudinal and 

circumferential mode numbers. the Mach.number, etc. In comparison with 

previously published results, they found that their a1ymptotic 'expressions 

applied within a broad range of the stability param~ers and they were 

, able to yield the stability boundaries that would 'have atherwise required 

considerable numerical computation to generate. 

Kornecki (17), employing almethod due ta Leipholz and Galerkin's 
1 

discretization techniq~e, was able to ~rove the existence of divergence and 
1 

flutter instabil ity in panels and,' cyl il)drical shells in subsonic potential 

flow. Without reso~ting to detailed éalculation, the proof was done on 

the basis of a qualitative analysis of the,governing equation of mOJion, 
(, 

in tonjunction with the expressions fôr generalized aerodynamic forces 
\ 

derived by Dowell .and Widnall, in references [13,14,15]. Paidoussis and 

4 

Ostoja-Starzewski [181 ûtilized the integral-ttansform approach and compared 

it to other methods in formu1ating the aerodynamic forces acting on a 

flexi"b1e cylinder with pinned ends, inmersed in axial subsonic flow. 

In the present study, the inviscid aeradyanmic forces are a1so 

derived using the integral transform method. A featu~e of this integral 

transform theory, superior to other methods for detenmining the aerodynamic 

forces, is that the. transform technique, together with Bernoulli 's equation .... 
for the pressure and the flow boundary conditions, could furnish us with 

ion of the aerodynamic forces resulting from continuous interaction 

'eld and the arbitrary spatial deformation field of the 

However, a difficult1y, frequently encountere~ (and here a1so), 

this the strong imp1icit frequehcy dependence of 
, . 

he inverse transfonn integral the resuÙant expressions' of th-e 

genera1ized aerodynamic forces. possible simplification is to invoke 
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• 
the assumption of incompressible flow, in which case the frequency term 

may be isolated explicitly from the integral expressions. This ;s, i" 
fact, the procedure taken in most of the calculations in this study. 

Another line of work was initiated by attempts to model those 

5 

- internal structures of gas- and water-cooled nuclear reactors where the 

"coolant fl'ows in narrow annuli between coaxial cylinders, one or both o"f. 

which may "be 'fr.ee to vibrate. In most of these studies, the fluid in the 

~ 

annulus is taken to be stationary. The primary interest in these studies 

;s (i) the calculatio~ of the large added (or Ivirtual 1) mass effect 
... 

resultlng from the tremendous accelerations suffered by the fluiâ in the 
d 

narrow annular region in the course of vibration, ànd (ii) thé hydro-

dynamica1 coup1 ing ;n the"' motions of the cùaxia1 cyl inders g,iving rise to 
. 

sets of in'-phase and out-of-phase modes. In what follows, on1y a few of the . 

pa pers in the «ow ,extensive literature in the field will be discussed. 
'4 

Krajcinovic [19] examined the free vibration of two infinitely long, 

coaxial cy1inders containing fluide The added mass was derived from the 

exact 1inearized potentia1 f10w theory. An approximate formula for the 

added mass was also derived under the assumption that the fluid is incompres-
li..... ' ~ 

sible and its motion confinecl to the transverse plan~: The latter is not 

only very simpl~ in form b~t, more importantly. it produces numerical results 

that are negligibly different from those of the exact formula. 

Au-Yang [20] estimated the virtual mass and coupling coefficients 

of two finite coaxial cylinders of different lengths immersed in a restricted 

invi~cid fluid medium. He found thàt the axial modes of pinned~ned 

cylinders are 'coupled only if the rptio of tneir axial mode numbers equals 

their length ratio. For the uncoupled modes, the cylinders vibrate independ-

ently and their frequenc,ies are governed by the virtual mass term only. 

\_J 1 
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Brown and Lieb [21] employed the finite element method to analyze 
1 

the dynamic behayiour of fl~id-coupled coaxial cylinders. The effect of . 

parameter va'('iatio~s on sy~tem behaviour, such as cylinder wall thickness, 

gap width, and boundary conditions was investigated. -Moreover, it should 

be mentioned that the use of the finite element meth,?ds [22,23] has become 

popular nowadays due to its generality and relative ease in incorporating 

the physical boundary conditions ?np special·geometries of the cylinders. 

6 

~ In the above studies 'of coaxial cylinders, the fluid is assumed to 

be inyiscid. Although some studies have taken fluid,viscosity into account, 
l ' 

the rple of viscous fluid on structural response has not been extensive1y 
1 

investigated. In a paper by,Chen, Wambsganss and Jendrzejczyk [24], a 

clos,kd-form solution for the added mass and damping coefficient is obtained 

and a series of experiments is perf~ed for a cylindrical rod vibrating 

~in a viscous fluid contained by a rigid, cylindrical shell. Their results 

show that both the added mtss and damping coefficients approach infinity 

asymptotica]ly as the annular gap width tends to zero. 

In another paper by Yeh and Chen [25], the qoupled vibrations of two 
, 

concentric shE;!lls s~arated by a viscous fluid are studied. Employing 

Flügge's shei,l equations of motion and, the linearized Na~ier-Stokesl equiti~'ns 
for the fluid, the natural frequencies, mode 'shapes and modal damping 

. 
ratios of the coupled modes-are calculated. The modal damping of out-of-

~ 

phase modes is "found to be considsrably larger than that of the in-phase modes. 
, 

Although fluid viscosity contributes significantly to modal damping, its 

effect on the system natural frequencies is neglig}bly small in most 

practical applications. 

.J' 

In yet anoth,er paper by Chen 126] , a surrmary is presented' of fluîd 

v;scous damping for c;rcular cylinders vibrating in stationary fluid, cross 

, 
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~ 
flow and parallel flow. For srnall amplitude vibrations. the viscous damping 

terms can be linearized and easily derived; however. if the cylinder motion 

is large. as is the case in most cross-f"ow vibrations,'complicated flow 
, 

phenomena, such as boundary layer separation. reverse flow, and vortex 
\ 

formation, render analytical formulation extremely difficult. if not 

impossible. 

In a stationarY'iviscous. fluid. the drag force acting on the'.vibrating 

cylinden causes viscous damping. However, when'the fluid in the annulus is 

flowing, the drag force will be enhanced and it will become a function of . . 
th~ flow velocity. Due to the diffic4,.lty in the anaolytical formulati.on ~f 

, -

this fl'ow-velocity dependent damping. empirical expressions derived from 

experimental data are often employed [27.28], Besides the flot-induced 

damping, other force components are also brought into play by the flowing 

fluid, The formation of a boundary layer associated with the mean flow sets , . 
up viscous stresse's within the fluid which, in turn, impose an axial force 

on the cylinder surface. The'pressr.r gradient which is required to drive 
, Il 

the fluid down the annulus results n a radial force acting ori the cyl~nders. 
> • 

These additional surface loadings would likely influence the stability 

boundary of the system, since it iswell known that cylinders could buckle 

, under the action of lateral pressure or axial compression [29,30]t, 

The above brief and selective review'of literature is intended to 

give the reader sorne idea of the developments in the study of the dynamics 

of cylindrical structure subjected to external and internal axial flow; no 

attempt has been made to given an exhaustive 1 ist of all the pa pers 'in this 

area, Moreover, vigorous research is being pursued in many other aspects 

tin the l"ater part of this thesis, the effects ~f these external loads, 
namely the fluid pressurizatiQn and the a~ial frictional force, will be 

• l,:;' 

i nvestiga ted. 

\ 
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of the prob1em that has not been mentioned and is o~t of the limited scope 

of the present work. 1 

1.2 OBJECTIVE AND ORGANIZATION OF/THE THESIS 

The objective of this thesis is ta study the dynamics of two thin 

concentric cy1indrical shells with fluid f10wing in the inner shel1 and in 

~ the annular regi"?'o. The surrounding, fTuid medium is stationary and ·its. 

density relative1y small. The ef~êct of varyfhg the f10w velocity in both 
0' 

inner and an,nular regions on the stability boundary of,the system will be ' 

'examined. In the first part of the study, the f1uid is assumed to be , , 

inviscid and t~e aerodynamic forces are formu1ated using an integral transform 

• 
1 
technique based on Dowe11's work [l3J. The two.cy1inders have the same 

, . 
1ength of flexible portion 'c1amped~to ~dentica1 but rigid cylinders of 

ihfinite length at both ends. Pressurization and axial surface force caused 

by a flowing'viscous f1uid are later incorporated in the analysis. Although 

this viscous f10w model may represent a better approximation of the total 

hydrodynamical effect of a real fluid flow on the shells, the effort made 

in the earlier part of the work to obtain inviscid flow results can still 
v 

be justified: sinc~ the effect of fluid viscosity, as approximately taken 

into accQunt in this thesis, induces a certain set of stress resultants on 

the she11s, the effect of which is to m~fy but not alter the basic 

character of the dynamica1 behaviour of the shells as predicted by inviscid 
-

flow theory. This will become obvious in the work presented in Chapter YI. 

The structure of this thesis is as follows. In Chapter Il, the 

problem is formulated with Flügge's shell equations and potential flow 

theo~y ;5 employed for derivation of the inviscid fluid pressure perturbations. 
1 

• .. / 
1 
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In Chapter III are presented the"methods of solution using Galerkin's .. , 
technique, and the integral transform apprmach for obtaining ihe generalized 

aerody~amic forces" "Attempts to simplify the evaluation of the general ized 

aerodynamic forces are presented in Chapter IV. Firstly, the method of 

contour integration is employed but, unfortunately, the scheme is shown to 

be impracticable. Subsequently, sets of numerically calculated aerodynamic 
, ~ 

force terms are curve-fitted and represented with much simpler equations 

for the purpose of interpolation. Reasonably good results are obtained 

1 with this method. 
1 
1 

In Chapter V are discussed the theoretical results obtainkd for the 

case of clamped-clamped shells in annular or internal invis.cid flow. _ 
~. 

Extensive calculations are presented for different geometric configuration 

(wide and narrow an'nul;), and with different fluid (air and water) and 

cylinder materials (r~bber and steel). 

Chapter VI deals with the effect of fluid viscosity on the dynamics 

" of the system; in particular, th~ time-averaged (méan) fluid pressurization 

and the surface frictional force associated with viscous flow are taken 

into account. Finally, in Chapter VII, general conclusions and sorne 

suggestions for future work are presented . . 

• 

1 

\ 
f 
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,CHAPTER II 

. FORMULATION OF THE PROBLEM 

.... 
2. l THE EQUATIONS OF MOTION 

The configuration of the system under consideration is shown in 
, ' 

l 

,F'i gure 1. It c~nsists of two infinite coaxial rigid cylindrical shells with 

a flexible portion of length L. The radius of the inner shell is a and 
, 

its wall thickness hi' whilst the corresponding quantities of' the outer 

shell are b and ho' The material.properties of.the.two shells/are]ensities 

Psl and Pso ' Young's moduli Ei and Eo' and Poisson's ratlos v(~nd vo~~ 
where subscripts i and 0 refer to the inner and outer shell, respectively, 

throughout this thesis. ' 1 
The system contains two fl ows:: . one ln the ;'nner shell and another .. 

in the ann~lar space. The two flow velôcities are denoted by Ui ~nd Uo ana 

the fluid densities by' Pi and Po' 
," 

Cylindrica1 coordinates (x~e,r) are used, with the x-axis co;nciding 

with the cOmmOn axis of the two shells. The displacements of the middle 

surface of the shell from the equilibrium position are u(x,e,t}, v(x,e,t) 

and w(x,e,t) in the axial, circumferential and radial direetions, 

respect;v~y. The fundamenta1 ~quations of motion are taken to be those 

developed by Flügge [32], as given below: 

(2.1.1) 

.. 



( 

o 

1+\1. 1-\1. . 1 
--'u"+ "+ ' 11+' 2 ; v; -2- v; w; 

1-\1. 
1 +. . k { 1 , .. 'V.u. V. +w· + . -,,-U, 

1'. ,. 1 1 Co 1 

2 
{

a wi q.} 
= - y. - _1-

. 1 ~t p .h. ' 
(J • S1 1 

. (;;>2 

{ 
3-\l.} Cl v. 

+ k. lt1-\l.)v'! - __ 1 W'!' = y. 1 
1 2' 1 1., 2", 1 at"2 ' 

- U'!' 
1 

j 

'3-\1 . 
- __ 1 V", + fA + 2 .. + } 2 ; v;w; w; w; 

! 

11 

(2.1.2) 

(2.1.3) 

( 2 1-'V 1+\1 1-\1 1-'V" Cl U 
u"+ o..u"+ 0V"+\lW'+k{--OU"-W'''+ 0W'''}=-;o( 0, 

o ~ 0 ~ 0 0 0 .0 2 o. 0 ,-r 0 0 --at2 

(2.1.4) 

. 2 
1+v 
__ 0 u,. 

2 0 
+ v" + __ 0 v" '+ w' +' k {lt 1-\I )v" _ 0 W"·} = y __ 0 

o 2 0 0': 0 2 ~ 0 0 ~ 0 0 at2 ~ 
1-\1 3-'V l' d v 

. . - (2.1.5) 
l' 

{ 
1-'V 3-\1 4 

'V U' + V· + W + k -"Q-u'" -'U'" - ~'v'" + 'il w + 2w" + w } 
o 0 0 0 0 Co 0 0 2 0 , 0 0 :0 0 

\ 

where 

\. 

( )' ~ lIa( )/~ ( )' = ba: )/ax, ( ). = a( )/ae 

(2.1.6) 

(2.1. 6a) 
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{f. 

Here qi is the radial force component per unit a'Y'ea of the midd1e'surface 

of the inner shell; it is, therefDre, given by the differënce between the 

fluid pressure inside the inner cylinder, Pi' and the pressure in the 

12 

annulus whith we may cal1 the 'annular' pressure Po' Thus, qi = Pi\r=â - ~ 

Po 1 r=a' 

Similarly, qo = Polr=b - Pe is the )oading 6n the' outer shel1. 

Pe is the pressure in the region externa1 to the o~er cylinder which 

is a~sumed to cons;st of still' flu;d of neg1ig;b1y small density'. 

2.2 DERiVATION OF THE FLUID PRESSURÉt 

Flui ds in both Ithe annu1ar region and the inner cyl inder ilre assumed 

to be inviscid and ·compresSib1e-: Therefore, by virtue of the inviscid 

assumption, the rnean pressure in the shel1s does not vary with x; moreover, ... 
it is assumed that this pressure is the same in the ~wo flow regions and 

in the sûrrounding fluid medium. Although the flow ;s unsteady, it is 

assumed to be irrotationa1 and isentropic. The effects of f1uid 

pressurization to overcome pressure drop arising from viscous f10w will be 

discussed in Chapter VI. 

The irrotationa1 property of the f10w is the sufficient com:lition 

for the existence of a scalar potentia1 ~(x,e,r,t) by which the flow 

ve10city œn. defined: 

v = ~, 

! 
1 

(2.2.1)/ 

where V is the gradient operator. 

~Since the ana1ysis applies to the f10w in both the.intJrna1 and the annu1ar 
region, the suffi ces i and 0 are omitted for the time being. 

o 

1 

1 

l 
r: 

1 
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The potential, ~, consists of two components: a steady part which 

gives the undistùrbed velocity U in the x-direction and an unsteady 

component ~(x,e,r,t) which defines the disturbed state. Thus, ~ can be 

written as 

1jI = Ux + ~ , 

't 
and the velocity field of the disturbed flow is given by 

v = U + ~ V 1 o~, V = a~ 
x oX 9 - ras' r or 

Similarly, the pressure is defined by 

p = p + P o 

(2.2.2) 

(2.2.3) 

(2.2.4~< 

where Po is the steady flow pressure, and P is the perturbation pressure 

that gives rise to the dynamic loadings on the shells. 
ç, 

J 
The fluid pressure and the velocity potential are related by 

Bernoulli's equation for unsteady f1ow, 

o~ + V
2 + P ::;. P s 

at "2 P p' (.: 

where V2 
= V~ + v~ + v~ and Psi s the stagnation· pressure; in vi ew of 

equation (2.2.3), V2 may be written as 

(2.2.5) 

(2.2.6) 

\ , 
'\ 

/ 

1 

( . 
\ 
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Assuming a su~ficirntly smal1 disturbance, the above expression 

~e linearized by drop~'i~9 the second order terms. Thus, 

14 

(2.2.7) 

Also, assuming the validity o~ Bernoulli's eqU,àt;on for the 

steady flow, 

(2 .. 2.8) 

one may obtain the following expression by substituting equations (2.2.7) 

and (2.2.8) into equation (2.2.5). 

- d~ d~ 
P = -p (dt + U dX) • (2.2.9) 

By virtue of equation--(2.2.9), the inviscid fluid pressure may 

readily be determined once the velocity potential is found. 

2.3 

- , . \ 
-\-J 

EQUATION GOVERNING THE VELOCITY p~rENTIAL 
\ -let us consider the three-dimensi,onal flçw equ'ation for an 

irrotational inviscid unsteady compressible flow 

, , 

(2.3.1) 

1 • 

where '1' is the vel'oéity potential, V is the fluid particle veloci,ty, and 

c is the speed of sound in the fluide 



\ 

( 

1 

A br,ief aerivation of the abov.e equation is given in' Appendix N. 

From equation (2.2.2), ~hel"t(_locity potential has the' form 

'Y = Ux + cf! , 

. , 

, and from equation (2.2.1), the particle velocity is then given by 

15 

v = ...-
ut + '1$ , (2.3.2) 

with its components in cylindrical coordinates as given in equation '(2.2.3), 

f being the unit vector in the x-direction. 

Substituting e~uations (2.J.2) and (2.2.2) into equation (2.3.1> 

and retaining only the linear terms, one ob~, after sorne manipulation, 

the l inearized wave equation for the perturbdticih:, velocity potential, ~, 

(2.3.3) 

. 
Consider now the boundary conditions. The condit·ion of il1J.permea-

bility of the surface of the shell requires that the radial velocity of 

the fluid particles on the shell surface ~hould match'with the instantaneous 
1 • 

rate of change of the she11 disPla~ement i.n th~ radial direction, or, 

mathematically, 
l " 

V - a~\, = ôw + u ôw 
r - ar at shel1 surface ôt dX • '(2.3.4) 

In our problem, two regions of fluid will be considered. For 

the internal region, in view of the above analysis, we have 

... ---- ", 
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2 l d a2· 
'V 4>; - -1-< at + U; dX) 4> i '= 0 , (2.3.5) 

< • 

C. 
1 

where 4>; and U; are, respectively, the velocity potential and the steady 

flow veloc;ty ;nsid~ the inner snell. E~uation (2.3.5) is subjected to 

the boundary condition 

'd4> '1 aw . dW • 1 1 1 

• for 0 ~ x ~ L , 

c
r .r=a = ~ + Ui ~ 

" = q for x < 0 ~nd x > L • (2.3.6) 

. • f 1 
~imilarly. the equation governing tj" velocity pot~ntial. ,~o in 

the annular region is 

(2.3.7) 

J 

with Ua as the steady annular flow ve~d~ity; the boundary conditions in 
,l' 

this case are 
.f' 

dW. aw .. 
= 1 '+ U 1 Tt""" a ax for 0 < x < L 

=- = 

= 0 for x < 0 and x > L (2.3 .. 8) 

and 

a~ 1 
ar

o 
r=b for 0 < x < L 

= = 

for x < 0 and x > L : (2.3.9) 

Finally, the ~Oundary conditions at the axial extremities of the 

cylindrical shells should be s·pecified. If the edges of the shells are 
" .... 

\ . 

1 
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. ' 

clamped. which is the conditiori ap~licable to all calculations in this J 

thesis. there is no Jis~lacement or rotat{on, so that 

dW. 
u. = v. =. wi = 0 and -' = 0 at x = O....and L , , dX , 

ans:! 
dW 

Uo = v = W = 0 and ~= 0 at x = 0 ~ l {2.3.1O} o 0 élx 

The problem is ~ow completely formu1ated by the equations of motion 

of th~ shells (2.,t,,-.6) and the wave equatfons of the velocity pàtentials 

, in the internal and' annular fluid'règions (?'.3.5) and (2.3.7), supplemented 
.. 

by the boundary conditions (2:3.6), (2.3.8), (2.3.9) and,{2.3.l0) • 

" , 

. .. 

. ; 
" l 

. . 

\, 

-
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CHAPTER III 

METHOD OF SOLUTION 

Gal~rkinls method is employed in thi solution of the equations of 
. 

motion (2.1.1-.6). Acèdrding1y, the di"splacements u, v and w of the two 

cyHndrica1 shells are expressed as infinite series of the fol10wing formt : 

'~ CIO 

E iot 
~~,e,tî = A cos ne [aq,~(x)] e 

m=l mn 
\ 

• (3.0.1) 

~ 

CIO 
1 

vi(x,e,t) E . ( )' iot :;:: B Sln ne q, x e 
m=l mn ID 

(3. a .2') 

co 

eiot wi{x,e,t) = E C cos n6 ~m(x) 
m=l mn ' (3.0.3) 

~, 

CD 

uo(x,e,t) = L' 0 'co~ ne [bCP~(x)] eiot - . m=l mn 
(3.0.4) 

.. 
" 

CIO' 

eiot 
Vo (x,e, t) = E E sin ne ~m(x) 

m=l mn (3.0.5) 

CIO 

eint 
"{ 

wo(x,6,t) = E Fmn cos ne ~ (x) (3.0'.6) 
m=l m , 

JI!.., 

here ( )1 stands for d( )/dx, and Amn' Bnm' Cmn • 0mn' Emn and Fmn are 

constant coefficients; furthennore, 

\ } 
tStrictly'speaking, the disp1acements shou1d 'be expressed as a double series 
in ~m(x) and cos ne (or ~in n6). However, due to the orthogonality of the 
cosine and sine functions, the motions in different circumferential modes 
will eventuall~ be decoupled. Thus, it would ~e sufficient to use a single 
series· in ~m(x) and a specified circumferential mode. . 

" , 

1 
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ar.e the ~igenfunctions of a beam having the same bou~dary conditions as 

the she11s - in this case, a c1amped-c1amped beam. The eigenvalues À ' , m 

and the Ch~rac~eristi_c const~nts ~m are gi ven, ~ Appendix A., 

The solutions fGr the perturbed ve10city potentia1s of the-two 

f1uid regions are a;su~ed to have the form , . 

. 
, , 

j 

'~i ,; 

~i(x,r,e,t) 
1 • ;nt 
;: I/J. (x, r) cos ne e , 

1 n ' (3.0.l) 

lat = I/Jon(x,r) cos ne e , (3 . .0.8) 

where the terms I/Jin(x,r) and I/Jon(x,r) wou1d eventua11y ,be represented by 
, 

th~ inverse Fourier transforms 

00 

= 1 f 1/1~ (a r)e- iax da 2TI ln' , 
JXJ 

OC) 

= ~ f 1/1* (a,r)e- iax da 
~1T ..JJO on 

( 

'. 

. 
J 

... 
(3.0.9) 

(3.0.10) 

Q where a is the transfôrmed variable, and the transformed:function itself 

is defjned as 

!' -
I/Jinla,r) = 

lP~n{a,r) = 

,\ 

\ 

/' 

"'. 00 • f 1/J'n'(x,r)e 1ax dx 
.AO 

/ 

00 • f ( laX 
..J» 

lPon x,r)e dx 

" Q 

' . (3.0.11) 
1 

, , . (3.0.12) 



• 0 

'. 

20 

3. l SOLUTION TO tHE VELOCITY POTENTIALS OF COMPRESslsLE FLOW J 

~et us first consider t~e fluid region inside the inner cy1inder. 

It may be r~called from Cha~ter. II 
\ 

that the wave equation to be solved ;s 

J 
0 2",. JJ a ~ U a )2", = 
v 'i'. - 2' "'t T • or-- 'i' • 

1 cal aX 1 
i 

o , (2.3.5) 

.. 
whith, in terms of cyl indri cal coordinates, may be written as 

:L 

222 . 
a ~ i 1 a~ i l a ~ i a . ~ i 1 a a 2 
-2 + - ar + .., --;r + -2- - ...!,;(2 at + U1• -a) ~i = 0 
ar r r rl: ael: ax ci x 

(3.1.1) 

subject to the boundary condition . . ' 

.. 
(2.3.6) 

Upon substituting the assumed solution of ~i ~ equation (3.0.7) 

into (3.1.1), one obtains 

2' 2. 2 
a 1Ji,'n 1 é)w,'n n2 aljJ,'n l 2 atp. 2 a 1Ji. 
-- + ----ar - ..,w· + - .2-J-n 1Ji. + 2inU. ~n + U. ln) = 0 

ar2 - r r rL ln ai c~\ 'In 1 ax 1 7 , . .... 

(3.1.2) 

Taking the Fourier transform of equàtion (3.1.2), ~ields 

(3.1.3) 

\ 

! 

1 
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.The above two conditions are justifiable, since both ends of the fle~;ble 

cylinders ar~ connec~ed to rigid extensions of ;nfin;~e length; ~he flow 

perturbations will become dimini~hingly small at great distance away from 
L \. ' 

the flexible portion.; , -

Equation (3.l.3) can be written more compactly as 

a21/1~ aIjJ~ 2 ~ 
--J.!!- + .! --!!l _ n 1/1* - jJ~~ = a 
dr~ r dr ~ in l ln' 

where 
(O-aU.) 2 1 

[ 1] 
Ci 

or in non-dimensional form 
co 

2 2 '-2 2(- ')2 ll.l = a' - M. a-K. 
, l l 

with ~ = al, a dimensionless Fourier transform variable, 

Ki = ~~, a so-called reduced frequency, and , 
U. 

Mi - ~~, me familiar Mach number. 

Equation (3.1.4) is, in fact, in the form of a modified Bessel 

1 

, 
(;3.1.4) 

(3. 1.4a) 

(3.1. 4b) 
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equation of arder n which has a complete solution of 
1 . l 

(3.1.5) 

where In(~ir) and ~(~ir) are the nth order modified Be~sèl f~nctions of 

the first and second kind, ~espect;vely .. 

Since Kn(~ir) becomes infinitely large as r + 0, we must have 

Cn2 (a) = 0 in orde~ that ~in' and hence ~in' remain finite at r = O. Thus, 
",. 

Cnl (a) i s then determined .from the boundary condition (2.3.6). 

Substjtuting equations (3.0.3) and (3.0.7) into the boundary 

condition (2.3.6), and taking the Fourier transform, one obtains 

a~~ (a,r) 1 ln 
00 

= L: (in - iaU i )cp~(a)Cmn ' 
m=l 

where cp~(a) is the Fovrier transform of ~m(x), i.e., 

cp*{a) = m 

. 

(3.1.6) 

(3.1.7) 

( 3.1.8) 

The integration is only carried out from x = 0 ta x = l because the shell 

displacements, being expressed as infinite series in CPm(~}' vanish beyond 

the range 0 ~ x ~ l. 

Substituting equation (3.1.6) into (3.1.7), and introducing the 

non-dimensional terms 'of (3.1.4b), we can then solve for Cn1 (a), op:taining 
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(3.1.9) 

Putting (3.1.9) into (3.1.6), yields 

(3.1.10) 

We shall now proceed in the same manner to determine thé velocity 
" 

potential in the annular region. Realizing that the governing equation 

(2.3.5) and the a:;sumed form of so.1ution (3.0.7) of the velocity potent~a1 

have their counterparts for the annu1ar region, one could easily establi~h~ 

the fo11owing eq~tion without going !hrough ali the detailed derivations: 

a 21jJ * âIiJ* 2 
on + 1 on . n ,"* 21jJ* = a ~" 7 r ---ar- - ~ 't'on - llo on (3.1.'11 ) .. 

where 

-2 ~(- )2 = a. - a.-K o 0 
(3.1.lla) 

with 
. rll Uo 5. = al. KO = - M = - • 

Uo ' 0 'co 
(3.1.11b) 

Similarly to (3.1.4), the solution of equation (3.1.11) is 

(3.1.12). 

where Cn3 (a) and Cn4 (a.) are determined from boundary conditions (2.3.8) 

and (2.3.9). 

Sub~ituting equations (3.0.6) and (3.0.8) into boundary conditions 

. ------=----------- ---- ~ 

J 
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-. , 

(2.3.8) and (2:3.9), one ob~ains, after Fourier transformation, 

àIjJ*- (a,r) 1 00 iU (K -Ci) on = L o 0 ~*(a) C ar r=a m=l L m , I1}n (3.1.13) 

and 

d1P~n(a,r)1 00 i U (K -Ci) / 
= L: o 0 ~*(a) F n j. âr r=b m=l L m ml 

(3.1.14) 

''-..-...1 

Applying the solution of ~~n (3.1.12) to the transformed boundary 

conditions (3.1.13) and (3.1.14), two simple linear a1gebraic equations 

are obtained from which Cn3 (a) and'Cn4 (a) can easi1y be determined. The 

501 ution5 are 

Final1y, the rather complicated expression of ~* (a,r) may be~ on , 

(3.1.15) 

(3.1.16) 

obtained by putting equations (3.1.15) and (3.1.16) back into (3.1.12); 

yie1ding 

D Since the transformed functions (7.3.1.10) and (3.) .17) are 

\/ ' 

" 
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ess~ntially what is needed later in this chapter to determine the aero­

dynamic forces, complete explicit expressions for the velocity potenlials, 

~i and ~o' will not be given ~ere for condseness. 

3.2 DETERMINATION OF THE INVISCID PERTURBATION PRESSURES 

It may be recalleQ from Chapter II that the inviscid ~ehturbation 

pressure may be deriv'ed from the velocity potential. by m'ean~ the 

following equation: 

(2.2.9) 

let us first consider th~ internal region. ~quation (3.0.7) is 

substituted into (2.2.9) and, to be consistent with the form_of the other 

solûtions, the perturbation pressure is Dlso assumed to have an oscillatory 

time-dependence '. 50- that 

- ( int Pi x,r,e)e 

It is desirable ta define the Fourier transform in terms of the 

dimensionless variables a = al and ~ = x/l; thus, 

IX) _ • - (- ) . f - ia~ p* a,r,e =L p(ç;,r,e)e dÇ; 
...!Xl . 

and the i nverset' trans form 

'l) 
IX) ._ 

-( ) = l f -*(- ) -1~ -P ~,r t 6 ,_ 2111 P Cl, r ,6 e 00' • 
...!Xl 

(3.2.3) 

'\ 

• 

-' 

, 
o 
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..; 

Equation (3.2.1) after trans~ation becQmes 

- i p . U • (1< • -Ci ) 
l ~ l ,J.lit (a,r) cos n8 

ln (3.2.4') 

. -
Similarly, the transformed pertu~bation pres~ure in the annular 

~ - ~ 

region is given by 

, - i p U (K -a) 
po*(a,r. 8 ) =. 0 0 0 J.Ii* (Ci r) cos n8 .. . L on' 

J 

p.2.5) 

~ 

Invoking the assumption that the steady-state pressures in the 

internal and annular fluids are equal, the net loading on the inner shell 

arises from the pe~turbation terms only and is equal to 

. (- 1 - 1 );nt J qi = Pi rra - Po r=a e : (3.2.6) 

, 
Taking the inverse Four~r transform pf (3.2.4) and (~~2.5l and 

utilizing the expressions of J.liin(a,r) an~ J.Ii~n(a,r) found in the ~revious, 
. . 

~ect;on (equations (3.1.10) and (3.1.17», equation (3.2.6) can bè put 

in the form 

where 

q. = 
l 

CIO 

" )' iot LJ Qmn(~ cos n8,e 
m=l 

(3.2.n 

- 2 ' . 
CIO (K -a) .-' 

f 0 F (-) t( - ) -1 ~ d-~ [ n Cl $m Cl e Cl 
-00 0-

Continuedl . 

J 
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2 (K ' -Ci) 2 . -PoUoF mn 00 

J.= o G (Ci)4>*(Ci)e -10.t; da (3.2.7a) 
21TL 2 ~oL n m ' 

and 

En (ci) = 
In(via) 

(3.2.-7b) l'(~.a) , n 1 

f 

F (Ci) = 
I~(~ob)~(\loa) - In(~oa)K~(\lob) 

(3.2.7c) n I~(\lob)K~{\loa) I~(\loa)~(\lob) 
, 

1 

, Gn(ci) = 
In(lloa)K~(\loa) - I~(\loa)~(\loa) 

(3.2.7d) 
I~{\lob)K~{\loa) I~{\loa)K~(\lob) • 

Equations (3.2.7) and~ (3.2.7a-d) give explicitly the aercdynamic , 

loadings on the inner shell. Nevertheless, in connection with Galerkinls 

method used later in the solution of the equations of motion, a more 

appropriate fluid force term, the so-called ~e~eral;zed aerodynamic force, 

is requ;red. Accordingly, the amplitudes of the se generalited forces, 

Qkmn will be defined here: 

(3.2.8) 

or non-dimensionally --
(3.2.9) 

l ' 

1'> 
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Before proceedi~, it i5 useful tO,define the following dimension-

1 ess quantities: 

where 

u - {E j[p (1 V2)]}~ u - {Eoj[Pso(1-Vo2)]}~. i - i si - i ' 0 ., .. 
(3.2.10) 

(3.2.1 Oa) 

Then, substituting equations (3.2.7a) into (3.2.9) and utilizing (3.2.10), 

Qkmn ean be written as 

where 

and 

Qkmn = Q.' P ë + QU F 
l<f1Il'1 mn kmn mn ' 

-2 U.f3.E. 1 , , 

Zn 

-2 U tLE:.p o , , r 

21TU
2 
r 

':'2 
U a E P G:) ".K _Ci}2 
oP; i r J V 0 

• Qkmn = - 2 'L G (ii)Hkm(~) dii 
21TU .JD 110 n 

r 

(3.2.11) 

(3.2.l1a) 

(3.2.11b) 

(3.2.11e)' , 



( 

1 

En(â}, Fn(â) and Gn(ëi) are as defined iA (3.2.7b), (3.2.7c) and (3.2.7d), 

respectively. 

Consider next the pressure acting on the outer cy1inder. By 

assuming the steady-state annular pressure to bl! equal to the externa1 

pressure, the dynamic 10ading pn the outer cylinder is the perturbation 

pressure in the annular region. Hence, 

q = (-p 1 )e int 
o 0 r=b e 

With the inverse Fourier transform of (3.2.4) and the expression 

of1jJ~n(a,r) given by equation (3.1.17), qo is found to be 

29 

.(3.2.12) 

where 

R (~). :: mn f~ 

(3.2. 12a) 

and 

L (Ci) 
n (3.2.12b) 

(3.2 .12c) 

The corresponding generalized aerodynamic forces are then 

given by 

L 



~ 
';: 

r --

, 

.. 

.. 

, 

) '~ 
, ,. 

1 
Rkmn L f 4Jk(~)Rmn(~) d~ (3.2.13) = 

0 
, 

...r' 

A" 
and 

(3.2.14) 

M~king use C}f equation '(3.2:12a) and the dimensionless te s in 

(3.2.10), Rkmn can be written as 

Rkmn = Rkmnëmn + RI F kmn mn 

where "028 E 00 (K _ëi~2 
Rn = ,0 0 0 J ~ L • ,Ln (Ci)Hkm(a) kmn - , 2n 

_00 0 

028 E: 00 (K -Ci) 2 

Rkmn 
000 f ~ L Mn (ëi)Hkm { ci) = Zn 

_00 0 

da , 
. 

D 

-

\ 
( 

(3.2.15) 

(3.2. 15a) 

(3.2. , 5b) 

'with Hkm~Ci), Ln{Ci) and Mn{Ci) as given in equ 

and (3.2.12c), respectively. 

(3,.2. 12b) 

. -
The integration in equation (3.2.11c) can bé performed ana1ytically 

1 

and the resultant expression in terms of Ci is given in Appendix B. However, 

the complexity of the vario~s integrals i~ the aerodynamic force terms 

(3.2.11a,b) and (3.2.15a~b) precludes analytical solution. Two methods 

have been devised to evaluate the~e integrals, namely, contour integration 
,. ~ 

using the theory of comp1ex variables, ancl direct numerical integration 

usin~ the Gaussian quadrature technique. Details on these methods and 

thei\easibility will be discusse,d in Chapter IV • 

• 

• , 
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3.3 SOLUTIONS TO THE VELOCITY POTENTIALS AND PERTURBATION PRESSURES 

OF INCOMPRESSIBLE FLOW 

. 
Theoretically, the solutions for incompressible fJow can be 

deduced as the limiting cases of the compressible flow'results as c, 

the speed of sound, approaches infinity or, equivalentl~, as the Mach 

number, M, tends to zero. 

31 

In the text of the previous sections, ~; and ~o as defined in 

(3.1.4a) and (3.1. lla) are the only parameters with Machlnumber depend~nce. 
In the limit as Mi' Mo ~ 0, ~i' ~o will both approach a. Thus, without 

-, 
goihg through detailed derivations, the solutions for incompressible 

flow could be obtained by putting a in place of ~. and ~o in the appropriate 
l . 

results derived for compressible flow. 

For the sake of conciseness, the complete expressions of the 

veloc~ty potentials ,and generalized aerodynamic forces for incompressible 

flow will not be given here because of their sim~.larity to the compressib1e 

flow results. The interested reader is referred to Appendix C for details. 

An important consequence of the l reduction of ~; and ~o to a, in 

the case of incompressible flow, is that the frequency terms involved in .' 

the integrals of the generalized aerodynamic forces can now be removed 
, 

through sorne simple algebraic manipulations (see Appendix C). This has 

great advantages in tenns of obtaining numerical solutions. This will be 

elaborated upon in the next section, when solution to the equations of motion 

is discussed. In the meantime, the resultant expressions will be given 

of the generalized aerodynamic forces after the integrals are rendered 

frequency-independent. 



(i) For the inner shell~ we have 

\ 

• + fi ( C2 ë + F2 t ) + ( C3 ~ ~ ( F3 t ) 
, 0 qkmn mn ~kmn mn qkmn mn qkmn mn 

where. 

is another dimensionless form of the rrequency, and 

.. 
-

Cl .. 
qkmn = 

Fl . 
-qkmn = 

a·e: . 
1 1 

21fE 2u2 
o r 

-

-

6.E
i P 

1 r 
21Te:2i o r 

a·E.p 
l 1 r 

, 21Te:2u2 
o r 

Ü.6.e: 
l 1 r 
tru . 

r 

" 
ai E (Ci) f ~ Hkm(a) dCi 

..1» Cl 

" 
ex) F (a) f ~ Hkm(ëi) da ~ , 

..1» Ct 

·r 
A 

• ex) G
n 

( Ci ) , 
f --- Hkm{.Ci) da , 

..00 Ct • 

00 

f Ên(a)Hkm(a) da 
..00 

--- - -- "q."" 
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(3.3. n ( 

p.3.1a) 

(3.3.lb) 

(3.3.1e) 

(3.3.1d) , 
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( 

,V'J 
, .' 

• t l' ~ 

J ~ ~ '~~J{ \ 
. '. ',' 
~ . 

F2 Üo13;c rPr 00 " • 

= f G (a}Hk (a) da , qkmn 1Tu2 _00 n m ;. 

.\ r 

-2 
0 

'. • C3 U.13·c. co 
'11 J aÊn(a)Hkm(a) da qkmn = 2n _co 

-2 . 
U013;€;Pr OC) 

f aFn(a)Hkm(a) da 

r 2mi .-
r 

-2 
UoB;E:;Pr 00 

F3 = f aG (a)Hkm(a) dèi qkmn ' -
2nu2 .DJ n 

r .. 
and " .-

" In{aa) 
En(a) = I~ ( ua) 

" l'(ab)K (aa) - 1 ( aa ) K' (ab) j 
F (a) = n n n n 
n J~ ( ~b) K~ ( ua) l ' ( aa ) K ' ( ab ) , 

n n 

A ,In ( aa ) 1); ( ua ) - 1 ~ ( aa ) ~ ( aa ) 
G (a) :: 

J'(ab)K'(aa} - l'(aa}K'(ab) n n n n. n 

(ii) Simi1ar1y, for the outer shel1, we have 

where 

, 

R
kmn 

= fl ( Cl c + Fl ~ ) + fi ( C2 e + F2 ~ . ) o r kmn mn r kmn mn 0 r kmn mn r kmn ~n 

+ ( C2 ë + F3 F ) r kmn mn r kmn mn 

33 

(3.3.1e) 

1 . 

(3.3.1f) 

(3.3.19) 

. 
(3.3.1h) 

(3.3.1i) 

(3.3.1j) 

. ,. 
1 

(3.3.2) . 
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A 

,130 ffPL(â)" )-

Cl = ~ Hkm(â) dii , .\ (3.3. 2a) r kmn 2trc 
1 0 _fP (l . 

. " 
~ 13

0 
fP M (a) , Fl ::: f ~ Hkm(a) da (3.3 .2b) r kmn 21ft t> 

, 0 _00 (l 

_ Üol3o 
00 

r C2 :: f Ln(a)Hkm(~) da (3.3.2e) kmn 1f" t 
• -OC) '" 

F2 °060 00 '" 

r kmn = --- f Mn (ii)Hkm<,ci) dii , (3.3. 2d) 1f 
_00 

0213 E 

:>; 
~ 

00 , C3 o 0 0 'f ciLn{ii)Hkm(ci) dii (3.3.2e) r = kmn 21f 
-00 

-2 .. 
r F3 UOSOEO r iiM (ii)Hk (ii) da (3.3.2f)--

21f 
, kmn n . m 

_CIO 

and , 

I~(ab)~{ab) - In(ab)K~{ab) 
~ { 

A 

Ln{éi) = (3.3.2g) I~(ab )K~ ( aa) 1 1 ( aa ) K 1 ( ab ) , 
n n". .. 

-~ 

In{(Xb)K~ (<;ta) Il (aa)K (ab) l , 

'" 
Mn{a) = ' n n n (3.3.2h) I~ (ab) ~ (aa) l 1 ( aa ) K 1 ( ab ) . 

n n .p 

Sepprate formulations have also been done for a 'system with a 

flexible ivrier cylinder and a rigid outer cylinder. The corresponding 

aerodynamic forces for the case of compressible or incompressible flows 

are given in Appendix D. ) 

D 

1 

/ 1 
• 



( 

3.4 SOLUTION TO THE EQUATIONS OF MOTIO~ 

" 

We shall now return to Flügge's she11 equations (2.1.1-.6), and 
• 

express the fluid" lnads in terms of the disp1acements. "For discu'ssion 

purposes, let us denote tne resultant equations as follows: 

k=1,2, .... 6. 

i 
corresponding to equations (2.1.1-.6). 

1 The series expressions for the displacements (3.0.1-.6) being 

approximate solutions, would not necessarily satisfy the shell equations 
. . 
(2.1.1-.6) upon substitution; "th'at is, if Ui' vi' wi ' uo' Vo' Wo are the 

assumed solutions, then we would have, in generaT 

for k = 1, 2, ... ,6 . 

However, according to Ga1erkin ' s method, we cou1d impose a 

requirement that the integration over an arbitrarily chosen range of 

the expressions Lk(u i , vi' wi ' uo' vo. wo)' k = 1,2, ... 6, weighted wit~ 

the same set of comparison functions employed in the series solutions of 

the disp1acements, can be put identica11y equa1 to zero, i.e., 

35 

(3.4.1) 

k=1,2, ... ,6, m'= 1 ~ 2~ 3, ... 

.' . 
where fm(x) ~e the weighting functions. 

The above procedure will 1ead to a set of 1inear algebraic 
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equations, which can be put into matrix-equation form: [A]{X} = {Dl. 
, , 

t • 

The eigenfunctions of a beam, ~k(x) will be the weighting function 

for'the shell equations (2.1.2-.3) and (2.1.5-.6), whereas their 

" der<\vatives, CPk'(x), will be used to weight equation's (2.1.1) and (2.1.4). 
, \., 1 

Follow\t'fl9.,the procedures described ear1ier, w~ first substitute equ~tions 
(3.0.1-.6) i~to (2.1.1-.6). After mu1tip1ying with the weighting functions, 

the equations are integrated with respect to x between the limits x = 0 

and x = L. The shel1 equations ar~ now identica11y satisfied. The next 

step is to non-dimensiGna1ize the resu1ting equations by making use of • 

the fo11owing dimension1ess terms·as we11 as sorne of those from (3.2.10) 

(n.4.2) 
where 

Fina11y, one obtains the following sets of 1 in'ear homo'geneous 

a1gebraic equations:' 

CIO 

E Akni1 , A + A2 S "+ A3 C + QxO + QxË + QxË = Q , n mn kmn mn kmn mn mn mn mn m=l 

CIO 

" A 4 A + AS B + A6 ë· + Qx -D + Ox -E + Qx -f = Q '~l kmn mn kmn mn kmn mn c mn mn mn 
~ 

ID 

L A7 'ft. + AB S + Ag C + QxO + Ox~ + Qkll F = Q m= 1 kmn mn kmn mn kmn mn mn mn mn rm 

CD 

m~=l Ox~ + QxS + Qxë + A10 D + Al1 r + A12 F = 0 "-,(, t 'tIIn mn mn kmn mn kmn mn kmn mn ' 
~ . 

. ~ 

(3.4.3) 
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ID 

L axA + axs + axé + A 13 0 + A 14 Ë + A 15 F = 0 
m= 1 mn mn mn kmn mn kmn mn kmn mn. ' 

ID. 

L a.:~ n + axs + R'k' ë + A 'k6 n + A 'k7 Ë + A 'k8 r = 0 , k = l, 2, 3, ... 
m= l m mn mn mn mn mn mn mn mn mn . 

where 

, . 
l 2 . 2 -2 2 

AkY = E.bk + (v.-))(k.+1)n ak 12 + ak g ln mn 1 m , 1 m mo r 
(3.4 . .4) 

2 Ak = (l+v.)na km/2 , mn l' 
(3.4.5) 

3 _ 2 2 Ak - [~. + (v.-l}k.n 12]ak - k.E.b km mn , l' m, 1 
(3.4.6) 

(3.4.7) 

1 

A~n = (1+3ki)(1-Vi)E~dkm/2 + (n~/n; ~ n
2

)Ô km (3.4.8) 

(3.4.9) 

7 ):. 2 2 4 4 
Akm ;: I2v. -d<.(1-\l.)n )e:.dkm/2 - À E.k,ôk ' n "1 1. . m , 1 m 

(3.4 .. 10) 

(3.4.11) 

9 4 4 2 2 2 2· -2 2 1 Akmn = k.{[À E. + (n -1) JÔ km - 2n E.dk } + (l-n ln )ôk + Qkm ' 1 ml 1 m 0 r m n 
(3.4.12) 

(3.4.13 ) 

(3.4.14) 

(3.4.15) 



A16 
= kmn 

w;th 
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-(3.4.16) 

{3.4.17) 

(3.4.18) 

(3.4.'19) 

(3.4.20) 

.. (3.4.21) 

(3.4.22 ) 

L !. 

b ::; L 3 J <pl (X)<p IIi (x) 'dx 
km, 0 km 

(3.4.23) 

" L ~ 

d = l J ' <p (x)~"(x) dx , and 
km' ok m .. (3.4.24 ) 

1 L 
ôkm = r J <Pk(x)</>m(x) dx is the Kronecker delta (3.4.25) 

o , . 

Thê:eonstants of (3.4.22-.24) are given ;n Appendix A. Qkmn' 

Qkmn' Rkmn' Rkmn are terms associated with the generalized aerodynamic 

forces and'are given bj equations (3.2.lla-b), (3.2.l5a-b) for compressible 

flow and by equations (C.l-.4) of Appendix C for incompressible flow .. 

'" ... "" 

o 



( 

, 

( 

Since a solution to the infinite sets of equations (3.4.3) is 

impossible to obtain, tne series solutions (3.0.1-.6) could be truncated, 

so as to have a finite number of terms. Consequently, only the first 
~ 

three terms of each series are retained (i.e. k,m = 1,2,3), assuming that 

satisfactory convergence would be achieved with the truncated series, at 
o 

39 

least for the first two modes of the system, and that the results would be" 
t' reasonable approximations ta the exact solutions . 

The set of equations (3.4.3) ar~ put into matrix form, 

[A] {X} = {Ol, (3.4.26) 
1 

( 

where 

{X} = (3.4.27) 

" ... 
.. 

is an 18-element column vector, and [A] is an 18x18 matrix the eleménts of 

which .are the corresponding coefficients of Amn' Smn' Cmn , Dmn' Emn and Fmn 

in (3.4.3). The structure of matrix [A] is shown in Appendix E. 

The frequency equation of the system is obtained by setting the 

determinant of the 'coefficient matrix [A] in equation (3.4.26) equal te 

zero; that i s, 

. 'det [A(n, Di" 00" fluid, material and geemetrical properties)]---= 0 

(3.4.28) 

t 

For a given set of fluid and shell parameters and with the flow velocities, 

Di and 00 specified, det[A] would be a function of n only. . 

:It has been verified in reference [37] that sati~factorily convergent 
results can be ebtained with a truncated ~term series. 

, , 
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( 

It shou1d be noted"that, in the case of compressible f10w the 
. 

aerodynamic forces are complicated functions of the frequency n. Therefore, 

in order to determine the naturpl frequencies of the system, an iteration 

procedure is required in that case. An economical method of·obtaining the 

numerica1 resu1ts will be discussed in Chapter IV. 

For incompressible f1ow, on the other hand, the generalized 

aerodynamic forces can be rearranged as quadratic functions of the 

• 

frequency parameter no (see equations (3.3.1) and (3.3.2)). The matrix 
/ 

1 

/ \ 
'-..r' 

equation (3.4.26) can, therefore, be written in the form 

.,,' 

(3.4.2~) 

where {X} is as defined in (3.4.27) and the structure of the matrices e 

[M], [Cl and [K] is given in Appendix E. . 

Defining now 

{y} == J {X} } 

l no {X} 

we can reduc'e the second-order equation (3'.4.29) to a first-order 

equation, i.e., 

or 

[ 

[0] 

[K] 
[1] 1 
[Cl 

+ n o 

. \. 

([P] + no [Q] ){Y} = {O} 

[ 

[-1] 

[0] 

[0] ] 

[M] 
{Y} = {O} , 

(3.4.30) 

(3.4.31 ) 



where [1] is the identity matrix. 

Thus, the problem for incompressible flow is now reduced to one 

of solving the eigenvalue equation (3.4.31) which can easily be done using 

computer library subroutines. In addition to the fact jbat no iter~tion 

procedure is required, the integrals associated with the generalized 

41 

• r 

aerodynamic forces in equations (3.3.7a-g) and (3.3.8a-f) haye to be ,/ 

evaluated only once for a particular set of geometric parameters. All 

these simplifications resulf in considerable saving in computer time. 

1 

1 

c 
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CHAPTER IV 

METHODS OF EVALUATING THE GENERALIZED AERODYNAMIC FORCES 

It has been shawn in Chapter III that the genera1ized ae'rodynamic > 

force terms involve complicated integ~ations in the transformed varifble 
, 

,a that cannot be evaluated analytically. In this Chapter will be presented 

two methods of calcu,lating the in'tegrals. 

The contour integration technique is attempted first. In principle, 

this method represents an elegant and efficient way of evaluating an 

integral by making use of the Residue Theorem" but, unfortunately,' it ,has 

proven impossible to apply it successfully to the problem at hand. 

Nevertheless, it is considered worthwhile higfllighting the progress 

achieved so far with fuis method and the difficuHies enc~untered, in the 

hope that these latter will ev~tually be overcome. This work is presented 

in Section 4.1 ... 

The second methQd ;s by direct ~umerical integration- and fnter­

polation. The in'tegral is compute-d ntJ1eriCaliy using the two-point . 

Gaussian quadrature. , Bein~, functions of the reduced freql,lency, the 

integrals are calculated with a num~~r of values chosen within the 

frequency rang~ over which the integration is to be car~ied out. The 

results are tren curve-fitted an~ rèpresented by simple interpolat)on 

equations. Although this method is rather straightforward and simple 

in concept, it h.as certain 1 imitations in terms of i t-s .appl ibabil ity and , ' 

computational expense, as discussed later in Section 4.2. 

.. . ~, 

" 
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4.1 CONTOUR INTEGRATION USING THÈ 1HEORY OF ·COMPLEX VARIABLESt 

As an example, we consider the second integral. as given in 

equation' (3.2.lla), which is 

f
oo (K _ii}2 

, 0 F (ii) Hk (ii) da , 
..00 {JooL n m 

(4. 1) 

wher'e 

, 

F (a) 
n 

(3.2.7c) 

('3.2.11 c) --

:( 3.1. 4a) 

For simplicity and for the purposes of this discussion. we shall 

assume that KO ~ O. The integra1 May then be written as 

where 

, fCl) ~ F (1 (il )Hkm,(ii) da = 
'" ~ (l-M)'"2 n . 

o 

l im 
K-+O o 

co 

f .' I(a) da , 
-CO 

(4.2) 

, . 

tBasiç concepts in .the method of evaluating integrals by mE!â~s of contour . 
i~tegration and 'the Residue Theorem can be found in references 133,34]. 

§See foot"ote on following page. ' 
\ 

. 1 , 
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4.1.1 The Poles and The;r Res;dues 

Before choosing a contour in the.compfèx-a plane, we first locate 

the singularities of the integran-d ;n (4.2). Since a11 the terms, other 

than ~'(a), in the irite'grand l(il) behave analytically in the entire 
. 

complex plane of u, the only singular points are at the zeros of 
(' ' 1> 

I~(P~)K~(poa) - I~(poa)K~(~ob) in the denominator of F~(a). Let us then 

examTne the behaviour of F (a) when the magnitude of a is l~rge. 
1) , 

For large '1lxll t and 0.;;, (phase of x) ~ n, the modified Bessel 

functions may be approximated as [35] 

eX (n+~)ni ~-x 
::: (2nx)~ + e . (2nx)~' (4.3) 

. -

(4.5) 

(4.6) 

,t ll li denotes the magnitude of thè complex quantity. 
§As KO ~ 0,' the 1imit is equival~nt to squari,ng u and then taking the.~quare 
root. ,In the contour integration, a is genera1~y complex; if a = Rel, 

• 
_/~ 

lai can take on t~o values: Re ie or Reit e+n) Note that lai is different 
from the norm lia" which ii equal to R. To make the function lai single­
valued, we dictate that lai =.Bel8 if a i~.in the first quadrant of the 
comp1ex a-plane, and lai =, Re 1(87n) or _Re le for a be10nging to the second 
quadrant. This notation yields the absolute value of nt if a ;5 real . 

, 
• 
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Using ~oa = (l-M~)~ a a/L and ~ob = (l-M~)~ a b/L as the ar~uments 
Jn (4.3:.6) and substituting into the expression for Fn(a}, equation 

(3.2.7c), it can be shown that for large â, Fn(èi) can be approximated by 

= - coth[~o(b-a)] coth(cèi) (4.7) 

where 

(4.8) 

From equation (4.7), we can see that fn(a)t'and therefore I(a), 
• 

has singula~ities at 

rni Cl :: ~ 
C 

(4.9) 

.. 
where r is a large enough ;nte'ger, since at' thése points F ::< -coth(rni) 

n , 

'= icot(r1f} is not a'nalytical. These singularities "Pe"'Simple po'les and 

the res;dues cah easily be evaluated. 

"Let R(~r) be the residue at a = ar = r1fi/c. It can be shown that 

(4.10) 

\ 

whare 

f(a) = -

Applying "H6pital's Rule, one obtains 

, . 

, l 
j 

1 
j 
1 . 

1 - , 
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f(ü) + f'(à)(à-à ) f(à ) 
R( à ) = l;m 1 r - r 

r c cosh {ca) - c cosh (Céir ) u-ta
r 

. 

(4.11) 

The approximations of the modified Bessel functions (4.3-.6) are 

valid when the magnitude of th~ ~rgument is greater than 10. Accordingly, 

equation (4.7) holds for /lcàll > 10. Considering a set of typical 

parameters, b/l = 0.06, aIL = 0.04, Mo = 0.001, it ;5 fouryd from (4.8) 

that c = 0.02. Thus, lIàll has to be, at least, of the order of hundreds 

for (4.7) to hold and, hence, for the foregoing analysis to be applicable. 

In addition to the poles, the locations of which are as defined 

in equation (4:9), Fn(à) has other singularities situated closer to the 

origin of the complex à-plane, where the approximations (4.3-.6) do not 

hold good. These poles and their residues cannot be determined'analytical~y 

since the full series expressions have to be used to' represent the modified 

Bessel functions in F (à). Consequently, a computer root-finding subroutine n , . 
t 

is used to determine the zeros of I~(~ob)~Üloa) - I~(~oa).~(~ob) which 

are, as mentioned before, the singular points of I{Ci). To find the je si dues 

at these points close to the origin, a 'brute-force' method is utilized. 
" 

~ssuming, initially, the singularities to be simple poles, the residues 
1 

are g;ven by equation (4.10). After locating the singular point, Cir • the 

limiting procedure is carr~ed out numericàlly; the term Fn(à)(à-Cir ) is 

calculated w;th sorne values of à ;n the close vicinity of âr . The 

converging result, if it exists, is the residue. Otherwise, the power 

of (ii-àr ) is raised and the same procedure lried again. In general, the 

limiting procedure should be applied to the term Fn(a)(a-ür)k, where k ;5 

." 

....... ) !.bf ... ~r"" 



, \ 

( 

j 

-

• 

47 

the lowest power required to obtain a finite convergin'g resu1t. The 
.. 

values of sorne of the po1es and residues found in this way are shown in 

Table 4.1. Si1nilarly to their 'far away' counterparts, a11 the numerical1y 

found singularities are s~~oles and th;Y lie on the imaginary a-axis. 

Fina11y, a~ possible candidate as' a singular point is the 

origin of the a-plane. When a = 0, the Bessel functions Kn(~oa), Kn(~ob) 

and their derivatives K~(~oa), K~(~ob), in the term Fn(5) as given in 

Poles Residues 
v 1 

< 

31.0261 -25.140 

n=l ~ 629.9551 -59.526 

4398.2321 . -66.669t 

\ 
\ 

n=2 61.905i -23.676 

n;;;;3 92.500i -21.378 

Table 4.1: The poles and residues of the function Fn(à) (defined in 
équation (3.2.7c» in the complex à-plane; K 

. 0 
= 0, Mo ;;;; 0.001, 

ail = 1/40, b/l = 1/25. 

tIt has been shown th~t Fn(ü) ~ -coth(cü) when !laI! » l and.that FO{Ü) 
has,sirnp1e poles at a = rni/c where r ;s a large lnteger. The res1dues 
at these poles are 

1 i m F (a)( ü - r1Ti)' = 1 i m - 'co th ( ca )( ü - r1Ti) = - 1/ c 
a-+r1Ti 1 cne • n' C 

after app1y1ng 1 'H6pita1 '5 ru1e. For Mo = 0.001, aIL = 1/40, b/l = 1/25, 
-lIe = -66.67. Hence, as one can 5ee, the numerical1y-determ1ned residue 
at the 'far away' pole (ü ;;;; 43981) indeed agrees with the theoretical result. 

, ' 

j 

" 
1 

l 
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\ 

(}.2.7c) are indefinite, since ~oa and ~ob, which are proportional to 

a, also vanish. Although an analytical proof is not available, it has 

been shawn numerically that in the limit, as ~pproaches zero, Fn,(a) 

does indeed converge to a single finite value. Thus, the point a = 0 may 

be treated as a singular point with zero residue • 

4.1.2. The Contour lntegration 

We shall ehoose the contour shown in the diagram below in,.the 

eomplex a-plane, where X, Y are large real numbers, Mis· a large lnteger, 1 

and x, y are real variables. 

.., (i i) -

• 1 

'.' (ii1) ,~ 

Im(a), iy 

.~ 

(M+l)ni/c 

i Y = (~'l+lz )'ni le 

f'1nj le . 

(v) 

.1" (i) 

. . 

(vi) 
'--____ ....;;;,.~_---""---... ~ Re( Ci) ,x 

-x ':e; e; X 

o 

1 
1 

1· 



'. 

( 

Obvious1y, the integration a10ng paths (iv)-(vi) is the re~u1t we 

are after. Path (v) is used to avoid the singu1arity at the origin. By 

taking X and Y to be large, we can approximate F (a) by - coth(ca) a10ng 
n 

paths (i), (i;) and 'ii;). It is shown in Appendix B that Hk' (a) qm be 
m' 

\ 

expressed 

H 

\ 

Saeia + Ceia + ~a2é-ia 
, . 
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+ Eae - i a + Fe -i a + Ga 2 +: Ha + L) (B.10) ~ 

wh~~ A, B, C, ..• ete. are given in terms of the bearn constants. 
1 

Let us carry out the integration a-long path (i). Along this path, 

a = x + iy, da = idy, lai = a. Thus, 

'\.. .. \ 
We sha11 make the following approximation to simp1ify the integrand further: 

coth (ca) ;: l (4.12) 

since Re(a) = X » l, and 

(-4 ,4)(-4 ,4) = 0-8 a -I\m a -I\k ~'\ (4.13) (, 

(1 
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Thus, the above integral can be written as, î 
" 

-ia 
+ Fe + G + Ji.. + ~) idy -----:r- -::5" -6 _ - 7 

Cl Cl Cl Cl 

Ee- i X Y F - i X Y . G H + e + e e + + __ -, 
(X+iy)6 (X+iy)7 (X+iy)5 (X+iy)6 

) 

+ L 7] i dy • 
(X+iy) 

(~.14) 

In equation (4.14), terms 1ike J
Y 

AeiXe-Y/(X+iy)5dy or J
Y 

G/(X+iy)5dy 
a 0 

wauld be negligibly small if bath X and.Y are very large. This~ay be 

seen as follows: 

y iX-y J e e dy 
o (X+iy}5 

f 

( 



( 

, . 

( 

! wh; ch approaehes zero if X and Y are large. 

equation (4.14) can be approximated as 

Hence, the integra1 in 
fil 

-iX y. -iX y ~ -iX y 

51 

[De e, + Ee e + Fee ] i dy 
(X+iy)5 (X+iy)6 (X+iy)7 

(4.15) 

) '" ~ # 

_ .let ~s n~w ~on~ider ~he integr~ .10ng Path (iii), whoreon 

a = -X+ly, da = ldy, lai = -t'l. Thus, 

Invoking the assumptions (4.12), (4.13) and ignoring terms ~eading 

to sma11 contributions, it can be shown that 

Combining equations (4.15) and (4.16), and choosing X = '2Nn where .- ~ 
~ "fI'-' _. -iX;X 

N is a large integer so that e = ~ = J, one obta;ns 

eY y. , 
+ E[ + e J 

(X+iy)6 (_X+iy)6 

+ F[ eY eY 
(4,.17) + l]); dy • 

(X+iy)l (-X+iy) 

,1 



\ 

Proceeding simi1ar1y for path (ii), we have 

Ct = x+iY, da =: dx, ICtI = â .110ng path in the first quadrant 
'0: 

ICtI = -a a10ng path in the second quadrant. 

If Y is chosen to be (M+,)n/c, wher~ M is a large but finite integer, 

then. along path (ii), Fn(a) .can be approximated as follows: 

Fn{Ct) ~ - coth [cx + (M+!)ni] = - tanh (ex) 

Assumption (4.13) still applies, and 50 the integra1 ean be 

written as 

+ G + H + L ]d 
,(x+iy)5 (X+iY)~ (x+iy)7 x. 

In equation (4.19), terms 1ike JX tanh(cx)Ae-Yeix/(x+iy)5dx or 
x -X , 5 

J tanh(cx}G/(x+iY) dx would be insignificant if X and Y are large.' 
-x 
For example, 

f x tanh(cx)e ix dx < 

-X (x+iY)5 ' -
JX Itanh(cx)1 ~eixl dx 
-X 1 (x+iY) 1 

continued/ 
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., , 

( 4.18) 
,1 

(4.19) 
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. ' , 
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( 

\ 

.. 

< 
fX d ' 

= -X 1 (x+~Y)51 

< JX dx 
= (/+y2)5/2 -x 

. x 
.~ 2 f dx 

(x+y2)5!2 0 
"-
~/) ~ .... , X 

= - 3(X+y\)3!2Io 
.. 

,tends to vanish if X and Y are large. 
.,; 

Hence, an approximation of 

equation (4.19) would be 
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,. ' 

f~ X Y - i x '~' D E F J ' lëilFn(lëil )Hkm(ëi) d& ;; e e tanh(cx) [ 5 + '6 + (X+iy)7 JdX 
(ii) , -X (x+iY) (x+iY), 

.. 
Finally, for path (v). 'we have 

- ie d- . i e d 
Cl = e:e , Cl = 1 Ee e • 

. Thus, . 

It has been mentioned in Section 4.1.1 that Fn(o) remaîns finite 

âs il -+',0. Hence,t 0'le may write . 

, ( 

1 
! ' 



'\ 

·' 

where L is a finite number, for a~bitrari1~ ~all E, and so 

J ICiIFn( ICiI)~km(Ci) da ~ Li 
(v) 

1 4.1.3 

Therefore the integration al~ng path (v) tends to zero as Ë + O. 

The Residue Theorem 

If the function f(Z) is single-valued and analytie insi4e and on 

a simple closed eurve C in the comp1e~ Z-p1ane, except at the singularities 

a, b, c, •.. inside C, which have residues given by Ra' Rb. Re' : .• , 

then tbe Residue ]heorem states that 

'\ 

h.f( i) dZ = 21Ti( R + Rb + R + ••• ) • J' ,la c 
C ,,-

, (4.21)' 

" In the ,case at hand, paths (i)-(vi}. form a ~imple ,cl Gsed path 

enc10sing a number of singularities of the integrand givên_by equation 

(4.2). Then, aceording to the Residue Theorem, one has 

", 

where R1, R2' etc. are the residues at the singularities of the 
"\ 

integrand. (A di scus,s ion on ~eva 1 uatiofJ, of these reSi?ues iS- ~iven 
'in s~Zdo,n 4.1.1 of this Chapter). 

\ 

Ndw, the integral of equation (4.2) can 'equivarently be 

. t' i wn t en as) 

, 
'. 

'\ 

.~ 
! 

i· 
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(4.23) , 

Rearranging equation (4~22) and substituting into equation (4.23) yields 

(4.24) 

Substituting (4.1J) and (4.20) into (4.24), one obtains, 

( 

J
y eY' eY y y 

+ 1 {D [ 5 +, 5] + E [ e 6 + e 6] 
(1_M2)1 0 (X+iy) C-X+iy) (X+iy) . (-X+iy) o 

y ,y 
+ F [ e 7 + e 7]} i dy 

(X+iy) (-X+iy) . .. 
~ 

'1 fX Yi' 0 E F } 
C1_M2)1 e e- xtanh(cx)[ 5 + 6 + 7] dx . -x (x+iY) (x+iY) 1 (x+iY) o 

(4.25) 

Since y is only a finite number, in the, .limit as X approaches infinity, 
, 

the 'first integral on the right-hand side of equation (4.25) will eventually 

vani sh. Thus, 



\ 
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1 J 
x y _.- 'D E F' } 

e e lXtanh (cx)[ 5 + +] dx . 
-x (x+iY) , (x+iY)6 (x+iy)7 

(4.26) 

4.1.4. Summary 

By means of equation (4.26), the laborious integration of (4.2) , 

is reduced to the eva1uatian of a number of'residues-and a mueh simpler 

integra,t. However, in practice, we would· still have trouble in getting 

the result. For one thing, ~ is a large value, of the order of hundreds, , 

for the approximation F (a) - - coth(ca) to'be valid along the integration n . 

conto~r. The term eY associated with t~e integral on the right-hand side 

of (4.26) would be formidablY large. Terms of equally-large magnitude 

would also appear in the 'far-away' residues (see equation (4.11) and the .. 
expression of Hkm(ü) in Appendj~ B}. As one can anticipate, these large 

terms would more or less cancel ea~h other out in the end and give a 

finite result of the order of tens or hundreds. However, since we are 

subtracting very large numbers, the error would be as large as the desired 

answer itse1f. Besides, the computer may not carry enough significant 

figures to give any meaningful answers at all. 

Moreover, one has to be skeptical about the assumptions and 

fIn reference [l~], Dowell derived the Fourier transform solution for sub­
sonie rlow in a cylindrical duct. The intègral he evaluated by contour 
integration was very similar ta the first teDm of equation (3.2.10a)~ 
The integration contour was taken ta be t~""real a-axis and a semi-circle 
at infinity, enclosing the upper half~ane. By assuming that the contri­
bution along the semi-circJe vanisnéd in the limit, he was able to expréss 
t~e integral in terms of the sum of the residues only. However, no numerical 
results were given and the convergence of the expression was not demonstrated 
- at least not in the published work [14]. • .. 

( 
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simp,lifications made in arriving at équation (4.26). The enormous factors 
D -

involved may make a difference if the complete rather than the simplified 

expressions of certain terms are employed . 
• 

4.2 METHOD OF DIRECT NUMERICAL INTEGRATION AND INTERPOLATION 

The integrals in the generalized aerodynamic force terms (3.2.11a-b), 

(3.2.12~) can be evaluated numerically. However, care must be exercised 

in performing the integration over a not to overlook any singularities 

of the integrand that may lie in the range of in,tegration which, in this 

case, is along the real a-axis. Assuming that the numerators of the , 
integrands behave ana1ytically in the entire comp1ex plane of u, the on1y 

t' 
singu1arities are the zeros of the denominators. Thus, the terms to be 

examined are ~iL, ~oL, I~(~ia) and I~(~ob)K~(~oa) - I~(l1oa)K~(l1ob); and 

it shou1d be noted that the simpl if~cation K" ::: Ka = 0 is no longer 
, l 

imposed. 

It has been mentioned in Section 4.1.1 that a computer subroutine 

is used to determine the zeros of I~(~ob)K~(l1oa) - I~(~oa)K~(~ob). The 

arguments, ~ a and ~ b de pend on the Mach number Mo' the shell dimensions o 0 

(a,b,L) and t,he reduced frequencies KO through (3.l.11a). It is impossible 

to investigate every case within the range of these parameters. Never­

thele~st it is found th~, for a set of typical values of the parameters l
, 

the zeros lie close to the imaginary a-axis. Thus, it is assumed that 

the tenn I~(~ob')K~hJoa) - I~(lloa)K~(l1ob) presents' no complications to 

the integration along the real a-axis. There are, of course, the. 

singu)arities at llob = l10a = 0, but they co~ncide with the zeros of ~oL 

which will be discussed in the fol1owing paragraph. 
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From equations (3.1.4a) and (3.1.l1a), one can easily find the 

zeros of lliL. 1l0L as follows: 

K .M: K .M. 
_,11 d 11 

0.1,2 - T+M:'" an ... ~ , for ll;L = a , (4.27) 

and 

1 1 

K M 
- ,- 0 0 and 
0.1,2 - l+M

o 

K M o 0 
- r:f.r" • o 

for II L = 0 o '-4.28) 

The roats accarding ta equations (4.27) and (4.28) are located 

away fram the real a-axis, provided that the reduced frequencies, K. and 
" \ 1 t " 

KO' have non-zero imaginary parts. However, we are dealing here with 

clamped-clamped shells which are conservative systems, and the frequencies 

prtor to the onset of instability ar~ indeed real quantities. Thus, it, 
• 

appears that the presence of singularities on the real a-axis is 

inevitable. The twa singularities are)n fact branch points. To deal 

with this'situation, the path of integration should be modified ta by-pass 

the singular points. Accordingly, the appropriate path of tntegration 

is as shawn in the diagram below. 

Finally, the pales of the integrand witb the term [n(a} = In(llia)/ 

I~(llia) are the roots of I~(Z), where Z = Pia, and it is known that all· 

these roots, Zj' are either imaginary or zero. 

th~ poles as 

222 
K .M. "1 Z.(L/a) __ ' , +,' . -,J:..---..-_ 

(lj - :-::z - - - 2 
l-M. l-M. 

, . 1 

l' 

In terms of a. we have 

(4.213) .' 
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o 

) 59 

Im(ëi) 

• ~---+---+---7--..,J _ '---.,-.--~ Re (Ci) 
0.2 Cl

l 

branch lines 

Since Z. is purely imaginary, then for 
: J 

aj will 'be co~plex conjugates. On the other hand, for 

(4.30) 

/ . 

(4.31) 

aj will be rea~numbers. Thus, again we may have singular points along 

the real a-axis. Assuming these singularities to be simple poles, the 

integration can still be performed by adopting a modified path of integration 
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as shown in the diagram below. 

Im(li) 

~-----+---
" 

? 

Let us now see how the integration can be accomplished. In the 

limit, as the small semi-circles ',shrink' to a point, we shall recaver the 

pat~ of integration desired. Thus, we can perform an ordinary numerical 

int~gration.along the real a-axis, then 'add to the result any contribution 

fram the vanishingly small semi-circles. It can be shown that the limit 

of integrals along the semi-circular arc around the simple poles is 

given by -inR, where R is the residue at the corresponding pole (see (34)). 

For the branch points associated with ~iL = a or ~oL = 0, we have to 

examine them with each individual integrai. Let us take the integral in 

(4.1) as an example. On the semi-circle around the branch point, al (see 

) - - ie - ie Figure on page 59 , we have a-al = Ee , da = iEe de, and, 

(- - )('- - ) ; ie(- -); ~oL = [a-al a-a2 ] ~ [Ee al -a2 ] as € + O. 

Re{ Ci) 

The integral around the semi-circle is then given by, \ 

It has been shown numerically that 



( 

-"-~ 

. . 

" 

where N is a finite numQer. Hence, the above integral is proportional to 

(E)! and vanishes as E + O. Similarly, the integration along the se~i­

circle round the other singular point a2 makes no contribution. Similar 

analysis can be applied to the other integrals in the generalized force 

tenns. 

The direct numer;cal integration method has been used to calculate 

the generalized aer~dynam;c forces for a system consisting of a flexible 

inner cylindrical shelf enclosed by an outer rigid cylinder. The complete 
, 

expressions for the generafized forces are given 'in Appendix D. The 

integrals involved are 

00 (K. _<i)2 
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J1 = J ~.L En(a)Hkm{a) da • (4.32) 
-co 1 

~ 

00 (K _a)2' 
J
2 

. = ,J ~ L Fn{a}Hkm{a) da (4.33) 
_00 0 -

For the second integral, ~2' it has been shown that the integration 

al~ng the semi-circula~ excursion round the branch points vanishes as its 

radius approaches zero. Therefore. the numerical integration alone will 

constitute the complete solution. The first i~tegral, J l , ca~ have, 

besides the branch points, a number of simple poles if condltion (4.31) 

l, 

\ 

J 
\ 

1s satisfied. However, it turns out that within the range of the reduced 

frequency Ki oJ the systems concerned. it is the condition (4.30) rather . .' 

"',7, 

,", 
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thon (4.31) thot is opp1icab1et . The r~ a"aXr,; is, therefore, free of 
, 1 

simple po1es. Furthermore, it can a1so be shown that the presence of the 

branch points makes no contribution. As a result of a11 the foregoing, 

the integra1s J1, J2 can be eva1uated by a straightforward numerical 

integr~tion a10ng the real a-a~is. The two-point Gaussian quadrature is 

employed to accomp1ish this integration. Examination of the integrands 

has shown tha.t their values decrease asymptotically as lia Il becomes large. 

Thus, the quadrature is app1ied for a in the range (-50,50) using 100 points.' 

Comput~tion of'these integra1s on the computer is very expensive. 

It is reca11ed rrom Section 3.4 that for a system with compressible fluid, 

the frequencies are obtained as the roots of det[A] = 0, using an 
'" 
iteration procedure. Being functions of the reduced frequencies Ki and Ka, 

the integrals have to be calcu1ated for each trial value of the solution. 

The treme'ndous amount of computer time required re.nders the scheme 

impracticab1e§. To overcome this problem, it was decided that the values of 

the integrals would be approximated by interpolation. The integra1s are 

calculated exactly for a number of values of the reduced frequencies, chosen 

even1y within their expected ranges. Interpolation equations are then 

t The sma1lest non-zero root of l'(Z.) = 0 is Zl = 3.045i for n = 2. 
n J expected range 

For the two systems that will be consi~ered, ail Mi of K' 

0.03861 

1/15 

0.001 0 < K. <·3000 
- l 

0.025 0 < K. < 240 
- l 

Hence, one can easily check that even with the sma1lest Z" condition (4.31) 
cannot be satisfied for any Kt within the above ranges. J 

§For one set 'of values of Ki and KQ' the computation of the integrals given 
in (4.32, 4.33) for n=2, k,m=1,2,3 requires about 150 execute units 
(30 sec) in the AMDAHl V7 computer. Supposing that on the average four 
iterations are required to determine one root, and that to generate one 

. frequency diagram, frequencies of the three axial modes are calculated at 10 
different flow ve1ocities, this means that 120 iterations wou1d have ta be 
performed and the computer execute units required can easily exceed the 
18,000 mark (i.e. ,'3,600 sec, or 1 hour). 
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derived from this data and are used later to ap~roximate the integrals in 

obtaining the solution of the frequencies. In Figures 3-6, the values of 

the integrals J1 and J2 (equations (4:32, 4.33)) are p10tted versus the 

reduced frequencies, and the corresponding interpolation Equations are given 

in Table 1. Surprt>inqly, the integrals vary 'nicely' w;th frequency, 

and the ~qUations(~ave ~~y s;~~e fo~s. Th~ough the use of these inter­

polation equat~' ns, the computer ~e required· to solve for the frequencies 
~ 't of the system s reduced d~matica11y. However, one shou1d note that 

although a vast ~mount of ~Vi~9 is achieved in the iteration pha~e of 

the a1gorithm, con~iderable computer time has to be spent in the derivation 

of the interpolation Equations. So, desp;te the defini~e savings, this 

method of solution ;s fairly expensive after a11. 
. 

,~ ___ In princip1e, this method can become applicable in the post-

b~ng or the flutter instability regime in which the frequencies are 

complex. What would he needed then is a two-~imensional .interpolation. 

However, the initial cost of obtaining the data for interpolation i5 

expected to be 50 il1lTlense that util i zati on of thi 5 method would no longer 

b~fied. 

\ 

'\ 
1 

tA~out la data points are required to gen~rate the interpolat4on Equations 
for one case of dynamic ana1ysis and, therefore, the integra1s have to be 
calculated on1y 10 times, as ,compared to more than 100 time5 if the inter­
polation 5cheme i5 not adopted. 

1 
! 
l 
, 
t 
1 

1 
1 

1 
l 

1 
1 
1 

1 



".' 

\ 

( 

CHAPTER V 

THEORETICAl RESUlTS,FOR SYSTEMS SUBJECTEDITO INVISCID FLOWS 

This Chapter presents the results of an investigation of the free 

dynamical behaviour. as characterize4 by the natural frequencies and , 

- associated modal shapes, of systems under the effect'of inviscid axial 

flows in the inner shell and the annulus. The behaviour of the system 

can be influenced by numerous parameters such as the shell thickness/ 

radius ratio, length/radius ratio, the gap width. boundary conditions of 

the s~l1s. various physical properties of the fluid and shell materials, 

etc. It would be a formidable task to investigate every one of these 

parameter.variations. Hence, this thesis will only deal"with the effect 

of changing what are considered ta be the principal parameters: the flow 

velocities, the gap width, the fluid (air pnd water). and shell material 

(rubber and steel). As far as the boundary conditions of the shells are 
) 

concerned, as mentioned earlier, ,only the case of clamped-clamped'shells 

will be considered. The fluid is inviscid and it can be compressible 

or incompressible. 'The results for incompressible flow will be presented 

in Section 5.1, followed by the compressible flow results in Section 5.2. 

, 5. l INCOMPRESSIBLE FLOW RESULTS 

This Section presents the results obtained for- systems of rubber 

or steel cyl indri cal shells subjected to inviscid incompressible flow. 
1 

The availability of a relatively economical method of solution in this . 
case of incompressible flow (see Section 3.4) enables us to perform 

'extensive calfulations and to examine easily the effect of several 

64 
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parameters on the dynamics of the system. With regard to the shell 

geometries, two classes'of systems are under consideration: the so-called 
\ 

Q!-gap system", in which the annular gap width is equal to half the 

radius of the inner she11 (a/b = 2/3), and the "lj10-gap system", in 

which the gap is one-tenth of the inner radius (a/b =,10/11). The shell 

and f1uid parameter$ for the two systems are given in Table 5.1. 
o 

. 
, Steel Shell Rubber Shell 

, !-gap 1/1 O-gap !-gap 

, 
a (cm) 6.667 9.091 0.787 

b (cm) , 10 10 li 1.180 

l (cm) 100 100 20.373 

h (1TITl) ~ 0.50 0.50 0.179 
:-

0.03861 t 
E.: i = ail 1/15 1/11 

, 

E.:o = b/l 1/10 1/10 0.05792 

Er = a/b 2/3 10/11 2/3 "-

(h/a) x 10,3 7.50 5.50 22.7 

(h/b) x 103 5.0 : 5.0 15. 1 
~ é 

Si =,(Pia)/(psh}, 
. 

17.09 23.30 0.06 
(water) (water) (air) 

. 2 ; 
5308 5308 36.73 ui={Ei/[Psi(l-vi ) ]}~{m/s) , 

" .., 
0:30 v. " , 0.30 0.47 , 

Pr = piPi 1.0 1.0 1.0 

Table 5.1: The she 11 and fluid parameters for the !~gap and 1/10-gap 
systems. 

t For comparison purposes, these rubber shel1 parameters are the same as 
,those considered by Paidoussis and Denise in [10]. 

l,· ..... 
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In Section 3.4, it is sho~nat the assumption of' fluid incompres­

sibility results in the reduction of the governing matrix equation into . 
the. typical eigenva1ue prob1em of equation (3.4.31). ' The integra1s in 

the generalized aerodynamic forces are evaluated numerically, but no 

interp01ation is"required, since these integrals are independent of the 

vibrati~n frequency. Equation (3.4.31) is solved using IMSL subroutine 

EIGZC which gives us the eigenva1ues as wel1 as the associated eigenvectors. 

Oetailed information on the computer program is given in Appendix F. The 

solutions are obtained in the form of a dimensionless eigenfrequency 

which., for systems with a rigid outer shell, is ~. = n/n., where n is the 
\ l 1 

dimensional frequency, n. is as defined in {3.4.2a}, and in the case of 
1 

systems with both shel1s flexible, it is given by no as defined in 
-

(3.3.1a). The numerica1 resu1ts are presented as frequency diagrams and 

Ar'gand diagrams (Figures 7-15, 18, 21-24). The modal,shapes of a typical 
" system at various fiow velocities are shown in Appendix Di a few selected . 

ones from the set are displayed in Figures 16, 17, 19 and 20. 

5 •. 1. l System with a Ri gi dOuter Shell . .. 
5.1.1(a) Effect of the internal f10w ve10city 

Figure 7 shows the frequency diagram for-a !-gap system with a 

rigid outer shell and a flexible inner one made of rubber. Air is 

conveyed in the inner shell and the annulus is filled with stagnant air . 
(00 = 0). The dimensionless frequencies 

(n = 2) and first three axial (m = 1, 2, 

of the second circumferential 
'ri 

3) modes 'Of th~ i nner sileJJ are 

plotted against the dimensionless internal flow velocity, Üi . The more 

intricate and dynamically interesting portion of the frequency dfagram is 
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shown enlarged in Figure 8. 

It can be seen (Figure 7) that increasing O. has the effect of, 
1 , 

diminishing the frequencies associated with al' three modes. Being a 

conservativ'e system {if material dissipative forces are neglected), the 

frequencies are real quantities, except in the destabilized state. 

Referring'to Figure 8, it is seen that the frequency of the first axial 

mode vani5hes at point A (Ü i = 0.635), indicating the 105s of stability 

by buckling. Beyond this point, the frequency of this mode becomes 

purely imaginary (see Argand diagram in Figure 9), but at very sl;ghtly 

higher flow velocity (point B, Di = 0.638), it reappears a~a real 

quantity; this corresponds to the point of restabilization of the system. 

Then at point C (Di = 0.641), the loci of the first and second axial 

67 

modes coalesce. After coalescence, the frequencies become complex conjugate 

'pairst , as shown in the Argand diagram of Figure 9, which ;s the character­

istic of coupled-mode flutter. The m = 3 mode frequency remains real 

and decreases with increasing flow until it vanishes at point 0 (Di = 0.985). 

It should,be pointed but that coupled-mode flutter in the first-second-

mode combination has reverted to divergence, at Di = 0.827 (see Argand 

diagram of Figure 9), prior ta the onset of divergence in the third mode 

(point D). 

Also shown in Figure 7 are the results obtained by Paidoussis and 

Denise in reference [10] in which,a single rubber she11 of the same 

dimensions as the inner shell considered here subjected to an internal flow 

of air and immersed in an unbounded air medium, was studied. Th~re are 

certain discrepancies between the two results that are worth mentioning. 

tIn Figures 7, 8 and all subsequent simi1ar figures, the rea1 part of eigen­
frequencies when they are complex is omitted .to avoid crowding the figures. 

" 
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According to the results of reference [la], ~oupled-mode flutter occurs 
1 

after the buckling of the second axial mode, and the regi~~ief 
\ 
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restap;lizatio~ that follows the loss of stability of the first axial mode 

is not predicted. Furthennore, the critical buckling velocity of the 

third axial mode is much lower than that predicted in the present result. 

These differences in the prediction of the dynamical behaviour of the 

system may be d~e ta the different types of solutions used (travelling-wave 

type solutions were employed in reference, [10], wherea-s the solutions \ 

assumed in the present analysis a~ series of beam eigenfunctians) and the 

enhanced coupling (hydrodynamic mass) of the fluid in the annulus (althou~~ 

stationary and of smal1 density) of.the system under consideration. It 

is interesting to note that the m = 3 mqde frequency locus generated here, 

which deviates much from that of reference [10] especially at high flow . . 
'\ 

velocity, are in very good agreement with the corresponding results obtain~d 

by Pham in reference [37] (also shown in Figure 7). The physical system 

considered by Pham is identical to the one in refer~nce [10] but, ~imilar 

to the present study, Pham has also assumed series solutions of beam 

eigenfunctions t . Despite the similarity in the m = 3 mode behaviour, 

Pham's results on the dynamics of the m = 1 and m = 2 modes (not shown in 

Fi gure 7), on the other hand, agree quaUtatively with Dem se' s predi cti ons' 
-in reference (10] and., thus, have the same discrepancies with the present 

results as described ear1ier. On the other hand, the critica1 f10w 

velocity in Pham's work agrees better with the,results of this analysis; 

Table 5.2 displays the lowest critica1 flow ve10city for 10ss of stabi1ity 

t 

tIn [37] and in the present study, calculations were conducted with sèries 
of three beam .ei genfunctions, the accuracy of thi rd-mode (m=3) ei gen­
frequencies is 1ikely to be lower than for the first and second modes; 
this may contribute ta the discrepancies with D~ise's resu1ts in 
predicting the behaviour of the system in the m = J mode. 

tJ,-
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Paidoussis & Deni se [10] Pham [37] Present Work 

~ 

1+k. = 1 
l 

l+k. 
l 

'f 1 

, 
, O. , 0.580 0.594 0.625 0.635 

100 
l" 

Table 5.2: The lowest critica1 f10w ve10cities for 10ss of stabi1ity 
of a c1amped-c1amped rubb~r she 11 subjected to an internal f10w of 
air (ail ="0.03861, n=2); , 

of th~ system as determined in references [10], [37] and by the present 

analysis. Note~that in Paidoussis and Denise's ca1culations, when k. 
~, , 

(defined in (2.1.6a)) is not neglected as compared to unit y in the she11 

equations (l+ki f 1), the (~ti€il f10w ve10city becomes larger. a 

Numerical results are also obtained for a 1/l0-gap system with 
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a rigid outer shell but, in this case, the flexible inner shel1 is made of 
{ , . 

steel, and water is u~ed ~s both the internal and annular fluid (Üo = 0, 

O. variable). (In all cal.culations involving steel shells, the n = 3 
1 ' 

J-
circumferential modés are shown, whilst for rubber shells calculations with 

"'" n = 2 are presented. The reasons for this will be disèussed in Section 

5.1.4). The frequency di~gram of the system is shown in Figure 10. 
v • 

Comparing with Figure 7, it can be seen that the behaviour of the system 
, 

"is.qua1itatively simi1~r to that of the<rubber shell conveying air 
~ ! Q • ~ 

discussed earlier in ~his Sectiçm. Phenomena such as the buokling of 

the m = 1 mode, its restabilizatjon and coupled-mode flutter in conjunction 

~ with the m \ 2 mode are observed. However, unlike the case of the rubber 
l ' 

O. sheli with air'f1ow, in which,the critical flow velocities for divergence 
• ,\ • l ' 

" , 
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and restabilization of the m = 1 mode are practically coincident, in this 

case there is a much larger intervening ve1oci.ty raoge between the 

occurrence of these two phenomena. Furthermore, the critical flow 

ve10cities (dimensionally'and non-dimensionally) of the steel-water 

system are much lower. This is reasonab1e, since the 'system is subjected 
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to a f1uid f10w of much higher density (water V8 ~ir) and the fluid forces 

are al1 proportional to f1uid density. In addJtion, the steel-shell 
, 

system has a narrower annular gap (a/b ::: 1/10); ,the effect of gap-width 

will be discussed in Section 5.1.3. 
,/ 

5.1.1(b) Effect of the annu1ar flow velocity 

A typical form of the frequency diagram for this case is shown in 

Figure 11, for a 1/10-gap system of water-fi1led cy1inders, on1y the inner 

one,of which is a flexible steel shell. The internal fluid is stationary 

(Di = 0) while the annular flow ve10city is varied as shown. The dynamica1 

behavieur of the system at low and medium annular flow velocities is 

similar to that of the system subjected to an interna1 f10w (Figure 10). 

The system buckles in the first axial mode at point At is restabi1ized 

at point Band then coalescence of the first and second axial modes leads 

to coup1ed-mode f:lutter at point C. At higher annu1ar f1ow, the system 

behaves differen11Y. Point 0 marks the occurrence of yet ~noÎher 
restabilization in which the first an~(second axial-mode frequencies 

reappear as two distinct real values (see Argand diagram of Figure 12). 

Following the restabilization, the ~irst mode frequency drops sharply and 

vanishes again at point E. Meanwhile, the second mode locus makes a 

steep c1imb and coalesces with the third mode locus at F giving rise, 
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, 
once more, to coupled-mode flutter. All the three axial modes pf the -V ' 
~tem have thus been destabiliied, ànd no restabilization is observed at 

higher flow velocity. Numerically, the correspon~ing critical velocities 

for loss of stability are lower than those in the case of the internal 

flow (see Table 5.3), showing that.the destabi1izing effect of the annular 

flow is more severe th an that ~f the internal flow. However, this 

, 

Critica l Flow Ve10citie~ 
, 

• 
Ob Of 

Internal flow k 0.02546 Q.03136 . 
Annular flow .. 

0.0136 0.01852 

Table 5.3: The lowest buck'ing and coupled-mode flutter velocities 
for a steel shel1 conveying water (b/L = 1/10, a/b = 10/11, n = 3). 
The subscripts b, f specify, respectively, the critical flow 
velocities at which the buckling and the coup1ed-mode flutter in-
staM1ities occur. 

J 

-

conclusion is not necessarily true in general, since the magnitude of the 

destabilizing force (the centrifugal force) depends not only on the flow 

velocity but also on th~ dimensions of the cylinders. For systems with a 

narrow annu1us, such as the one under consideration, the annular flow can 

exert a greater force on the cy1inder than the internal f1uid flowing at 

the same velocity does. On the other hand, the reverse may be true if 

the annulus is relatively wide as compared to the radius of the inner 

cyHnder. 

, 

1 
! 
1 
1 

! 
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Calculations were also performed for systems subjec~ed to, internal 

and annular flows concurrently. The results are shown in Figure 13, for 

a 1/10-gap system with a flexible steel inner shell and a rigid outer one. 

Water f10ws in both the inner shell and the annulus. The annular flow 
- -2 velocity is kept constant at Uo = 10 , while the internal velocity js 

varied as shown. Table 5.4 compares the critica1 f10w velocities with 

those obtained for an ident~cal system but with 00 = 0 (Figure 10). It 

can be seen .that the. presence, of the constant annular flow has lowered the 

Critical interna1 f10w ve 1 oei t i es 

Constant annular f10w of 
0 

Ob Of 

0 = 0 0 0.02546 0.03136 

\ o • 

0 = 0.010 0.01726 0.02883 
0 

Table 5.4: Comparison of the lowest flow velocities for buck1ing 

r and coupled-mode f1utter for steel ~hells subjected to a constant 
annular water flow of 00 = a or 00 = 0.010 and increasing interna1 
f10w (b/L = 1/10. a/b = 10/11, n = 3). 

1 

~ 

critical interna1 flow ve1ocities, rendering ~he system less stable. The 

constant annu1ar flow has a1so caused a secon restabi1ization ofl the 
1 

system followed by coupled-mode flutter of the second and third'axial 

modes - phenomena which have been observed before in systems subjected ta 

annu1ar flow alone (Di = 0), but not in the case of varying internal 

flow (00 = 0). 

+ Shawn in Figure 14 are the resu1ts obtained with ln annular velocity 
, 
'l 
1 
t 
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(Ü
O 

= 2x10-2) so high that the first two axial modes are destabilized even 

when there is no internal flow (the third axial mode is still stable). 

As the interna1 velocity increases, a restabililatio~occurs at point A, 

which is short-lived, the system huckling again in the m = 1 mode at 

point B; the m = 2 mode eventually coalesces with the m = 3 mode (point C) 

inducing couped-mode flutter. This pattern of behaviour is similar to the 

later part of the frequency diagram in Figure'13 (00 = 10-2, 0i variable). 

The above results demonstrate that the destabilizing effects of the internal 

and annular flow are additive (althoug~ not li~early additive). 

5.1.2 Systems with Both the Inner and Outer Shel1s Flexible 

5.1.2(a) Effect of the internal flow velocity 

Numerical results for a l/lO-gap system of two coaxial flexible 

shel1s are shawn in Figure 15. The shel1s are assumed to be made of 

steel and filled with water. The variation of the frequencies of the 

lowest six modes with increasing internal flow (00 = 0) has been examined. 

Three of them (open symbo1s) are associated with azimuthally antisymmetric 

motions in which the radial displacements of the inner and outer shells 

are out of phase, while the others (closed symbols) corresp'ond to symmetric 

motions of the two shells. The members of each' of these two,groups of 

modes correspond to the third circumferential (n = 3) and the first three 

axial modes (m = 1, 2, 3) of the shells. Considering the vibration in 

stagnant fluids (Oi = 00 = 0), the frequencies of the symmetric modes are 

about four times greater than those of the corresponding antisymmetric modes. 

The behaviour of the antisymmetric modes at low flow velocity ;s 

si.ilar ta that of the systel with a rigid outer shell (cf. Figure 10). 
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Moreover, the corresponding critical flow velocities of the two systems 

are" remarkably close (with the buckling velocities ~eing in fact identical). 

Probable explanations for this quantitative agreement are the identical 

shell geometry (both of them are l/lO-gap systems) and the stagnant annulàr 

fluid which reduces the dynamical effect of the flexibility of the outer 
, ' 

shell to a minimum. [An examination of the modal shapes will c1early 

demonstrate this latter point (see discussion later in this Section).] 

In the low flow ~gime, all the symmetric mode~ are relatively 
~ 

stable, except for the symmetric m = T mode. The loci of the symmetric 

m = l and the antisymmetric m = 3 modes approach
r 
each other but remain 

1 

Just short of coalescence. Then they start to ~iVerge, with the result 

that the symmetric m = 1 mode frequency fina11Yivanishes. 

At higher internal flow velocity, the behaviour of the system is 

quite unexpected and interesting. The frequencies of the three 'surviving' 

modes (the other three have lost their stabi1ity through buckling or 

coup1ed-mode f1utter) are initia11y decreasing functions of the interna1 

f10w ve1ocity. However, the frequencies asymptotically 1evel out to 

sorne constant values and stay unchanged, despite further increase in the 

internal velocity. An appropriate explanation for this peculiar behaviour 

of the system cannot readi1y be advanced. However, examination of the 

modal s~apes will provide us with a clue, as discussed below. 

Figures 0.1-0.13 of Appendix 0 and Figures 16 and 17 show the 

modal shapes at various internal flow ve1ocity. At very low f1ow, the 

axial mode shapes of the system resemble the class;cal beam mode shapes, 

and the azimutha1 symmetry and antis~try of the circumferential mode 

shapes are illustrated. Figures 16(b).(c) show that the vibration of the 

outer shell abates substantially and practically stops as the system 
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becomes unstable by divèrgence (Figure l6(d)). Because of the absence 

of a steady ann~}âr flow, the only excitation of the annular fluid and, 
~ , 

consequently, of the outer shel1 is caused by the accelerations of the 

inner shell. As divergence is approached, the vibration frequency of the 

system is diminished; therefore, the accelerations of the inner shell in 

, that mode and, hence, the fluid accelerations in the annulus tend to zero. 

As a result~ the outer shell becomes decoupled from the inner one and is 

~ left undisturbed as' the inner shell ceases vibrating at divergence. This 

explains why divergence in Figures 10 and 15 occurs at the same value of 

ai' 'whether the outer shell is rigid or flexible, since the outer shell 

is motionless in both cases. 

As the internal flow velocity increases, the three antisymmetric 

modes are gradually transformed and the system finally ends up with all 
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six symmetric modes (i.~. the two shells in all the six modes are vibrating 

in phase). In the three destabilized modes, the radial displacements of 

the inner and oute~ shells are of the same order, whilst the radial 

displacement of the inner shell in the three stable modes is much smaller 

than that of the outer one (as an example, see Figure l7(b)). From these 

observ~tions, one may understand why the frequencies of the stable modes 

remain sensibly constant: the motions of the inner and outer shells are 

c9upled through the annular fluid, which is st~tionary in this case. 
, 

Now if the displacement of the inner shell is small, its influence on the , 
outer shell, transmitted through the annular fluid, will be minimal 

and, thus, the outer shell will, more or less, vibrate independently at a 

definite frequ~ncy. While this brief survey of the modal shapes. here and. 

in Appendix 0, has provided sorne insight into the dynaœical behaviour of 

the syste.. the actual cause for the suppression of vibration of the inner 
/\ 

~/ ' 

, 
!~ 
i 
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shell' (in the stable modes) at high internal flow velocity, resulting in 

the decoupling of motions of the two shells, is still not known. 

5.1.2(b) Effect of the annular flow velocity 
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A set of typical results is shown in Figure 18, where both 

cylinders are flexible steel shells filled with water, the gap-width~ 

inner-radius ratio being 1/10. The internal fluid is stationary, ànd the 

annular flow velocity is varied as shown. The loci of the lowest six modes 

(n : 3) of the system will now be discussed. As in the case with varying 

interna~ flow, here also three of these modes are antisymmetric modes, 

while the others are symmetric modes. 

The behaviour of the antisymmetric mode loci at low flow velocities 

resembles that of the system with a rigid outer shel1 (see Figure 11). ~ 

Unl~ke the internal flow results (Figures la and 15) in which the lowest 

buckling velocities of systems with a rigid or flexible outer shell are 

essential1y the same. the instability threshold in this case of annular 

flow is lowered by the flexibility of the outer shel1 (see Table 5.5). This 

is probably due to the fact that the annular flow comes into direct contact, 

and excites directly, both shells - whereas in the previous case of 

internal flow, the outer shell could become excited only through indirect 

inertial coupling with the stagnant annular fluide The antisymmetric 

m = ~mode is the first one to lose stability by buckling at point A. It 

is restabilized at P9tnt Band then coalesces with the antisymmetric m = 2 

mode at C, fol10wed by coupled-mode flutter. The system is restabilized 

again at point 0 but, before long, the antisymmetric m = 1 mode buckles 

for the second time at E. 
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Flexible shells 

1nner 80th 

Critical internal 
(00 = 0) 

f10w velocity 0.02546 0.02546 

Crit;cal annu1ar flow velocity 0.0136 0.00958 
(üi = 0) 

Table 5.5: The lowest critical f10w velocities for 'loss of \. 
stabi1ity of steel shells conveying water, when the inner or both 
she1ls are flexible (b/L = 1/10, a/b = 10/11, n = 3). 

While the antisymmetric modes suffer all kinds of instabilities, 

~ne symmetric modes remain relatively stable with their frequencies 

declining gradually with increasing flow. One exception is the symmetric 
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m = , mode (as in the case of interna1 flow (Figure 15» which is 

'intercepted' by the antisymmetric m = 2 mode at point F. inducing coupled­

mode flutter. However, at higher 00 (point G). the involvement of the 

symmetric m = 1 mode in the flutter instability is terminated when it is 

replaced by the antisymmetric m = 3 mode. Beyond point Gt the gentle-

slope locus of the symmetric mode is once again evident. Instabilities 

associated with the symmetric modes occur at much higher flows. The 

symmetric m = 1 mode buckles at point Ht and is then restabilized at It 

but only briefly, before it unites with the symmetric m = 2 mode in 

coupled-mode flutter (point J). The symmetric m = 3 mode is not involved 

in Any flutter instability; buckling in thi,s mode occurs at point K. 

The modal shapes of the systeM were calculated for various flow 

l' 
1 
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·veTocities. The results are shown in Appendix 0 (Figures 0.14-0.26) as . 
well as in Figures 19 and 20. It is evidept that the fuodal shapes change 

dramatically with increasing flow. At zero or low flow velocities, the 

system possesses classical normal modes with well-defined stationary nodes, ' 
J 

which can easily be recognized ta correspond ta those of the three lowest 

beam modes. As the velocity is increased, the nodes are no longer 
(1 

stationary, indicating the presence of a travelling wave component (for , 
example, see Figures 19{a}-(c)). Moreover, with increasing flow, and 

especially prior to or during the occurrence of the instabilit, phenomena, 

the modal shapes contain components of various axial modes. Different 

shapes can be displayed depending on wnich component is dominant. For 

instance, at (or close to) the buckling flow velocity associated with 

the a~tisymmetric m = l mode (Figures 20(c),(d)), the modal shape resembles 

that of a m = 3 mode. Although we designate the frequency curves as the 

~oci of different longitudinal modes (according to the classical mode 

shapes exhibited at low flow velocities), the development of the curves, 

in fact, follows the variation of the frequencies rather than the modal 

shapes which, as mentioned earlier, become combinations of various axial 

modes as the f10w velocity increases, and can no longer be distinctively 

identified. It should be noted that the'above discussion on the modal 

shapes a1so app1ies to the internal flow results presented ear1ier. 

Before ending this section, another set of results worth mentioning 

is thàt obtained for a 1/10-gap system of rubber shells which have the 

same dimensions, as a corresponding system of steel shells. The frequency 

diagram is~shown in Figure 21 (Di = 0, 00 variable). Qualitatively, the 

~ynamics of the system i5 not affected by the difference in the strength 

of the snell material {cf. Figure 22, pre5enting results for a 1/10-g~p 

'" 
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'~ 
system of steel shells and n ;: 2, the same circumferential mo~ as the 

rubber-shell system of Figure 21). The same types of phenomena are 

observed in both systems of steel and rubber shells. However, as expected, 

,the corresponding critical velocities in the case of the rubber shells are 

much lower (5ee Table 5.6) due to the 5mall rigidity of the rubber shells 

\ 
Critical annular f10w ve10cities 

, 
'. -

Antisymmetric modes Symmetric modes 
, ' 

°bl Ufl ,2 Üb1 Üf1 ,2 °b3 

Steel shel1s 0.0122 0.0181 0.1234 0.1621 0.1976 

Rubber shells 0.00399 0.00592 0.0405 0.05305 0.06382, 

Table 5.6: Comparison of the critical flow velocities of systems of 
steel or rubber shells conveying water in the annulus (Di;: 0, 
b/L ;: 1/10, a/b ;: 10/11, n ;: 2). The subscripts b, f, as before, 
den ote the critical flow velocities at which buckling and coup1ed-
mode flutter instabi1ity occurs, respectively. The numerica1 sub-
scripts refer to the axial modes in which the instabilities occur. 

as compared to the ones made of steel. 

5 . .1.3 Effect of Gap-Width Variation 

As mentioned at the beginning of Section 5.1, all the systems of 

coaxial shells under consideration fal1 into two geometric categories, 

viz, the ~-gap system and the l/lO-gap system. Table 5.7 shows the values 

of the lowest critical flow velocity for some typical systems in these two 

l ' 

.' 1 
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Flexible steel shells. 

1nner Both 

1/2-gap system 0.0289 0.02057 

l/lO-gap system 0.0136 0.00958 
. 

Table 5.7: The lowest critica1 flow ~ocity for 10s5 of stability of 
sbstems of steel shells conveying water in annulus of different widths 
( i = o. bl L :: 1/10 , n = 3). 0 ' 

~ 

groups subjected to varying annular flow (0; = 0). Comparison of the 

results reveals that the cr;tical flow velocities are lower in the case of 

80 

the narrow-gap system leading to the conclusion that this system (l/lO-gap) 

is less stable. This outcome i5 not surprising since, from the physical 

point of v;ew, the fluid within the highly confined space of the narrow 
\ 

annulus suffers 1arger accelerations during vibratio'n than in the wider 

annulus, resulting in greater aerodynamic loadings on the shells. Another 

factor is the smaller h/a ratio for the l/lO-gap system (see Table 5.1). 

5.1.4 Effect of the Circumferential Mode Number n 

Due to the decoupling of the c;rcumferentia1 modes in the motion of 

the cy1inders, the vibration of the systems under investigation is confined 

to one specified circumferentia1 mode at a time. However, the 'vibration .... 
frequencies as well as the critica1 flow velocities associated with other 

circumferential modes can be different. In a real situation, a system will 
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lose its stabi1ity at the lowest critica1 flow velocity, in whatever 
"-

circumferential mode this velocity correspon~ to. Thus, it is,of practical , , 

interest to conduct our studies of stability on systems vibrating in the 

circumferential mode for whiçh the critical flow velocity is the minimum. 

As to which is the 'right ' circumferential mode, the answer depends on the 

type of shell material and the dimens~ons of the shells. 

Presented in Figures 23 and 24 are the vibration frequencies of the 

first thre,~ axial and dyferent circumferential modes of a system in still 

water (Üi = Üo = 0); the outer shell is rigid. In Figure 23, the results 

are obtaine'd with an inner shell made of rubber while those of Figure 24 

are for a steel inner shell (the two are of different dimensions). It can 

be seen that the vibration frequency of the first axial mode reaches a 

minimum in the second circumferential mode for the rubber shel1 and in the 

third circumferential mode in the case of the steel shell. Assuming that 

the mode with the minimum vibration frequency under zero flow c~ndition 

wi1l also be associ~ted with the first instability (presumably buck1ing) to 

be encounte~d with increasing flow ve1ocity, the appropriate circumferential 

mode to be considered is the n = 2 mode for the rubber shell and the n = 3 
, 

mode for the steel shell, respectively. 

As a matter of fact, in most of the calculations performed with the 

rubber or steel shells, the appropriate circumferential mode number has 

been employed. Apart from differences in the values of the vibration 

frequencies and the corresponding critical velocities, the genera1 behaviour 

of the shells in different circumferential modes is essentially the same. 

This is evident from comparison between Figures 18 and 22 which are the 
'd 

frequency diagrams for two coaxial flexible steel she1ls vibrating in the 

n = 3 and n = 2 modes, respectively. Qualitatively, the frequency loci 

l ",,... 
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display similar,patterns in both cases. 

5.2 COMPRESSIBLE FLOW RESULTS 

This Sectio~ considers the dynamic response of clamped-clamped 

shells in the presence of inviscid compressible flow. The shell material 
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;s chosen to be either rubber or steel. Air is taken as the flowing internal 

and annular fluide B~cause of the costly computation of the integrals 

associated witQ the generalized aerodynamic forces, the outer cylinder is , , 

assumed to be rigid, in which case the generalized forcesocontain only 

two integral terms ta be evaluated (see Appendix D). For the same reason 

of containing cost, numerical results were obtained only for a limited 

number of cases. The shell and fluid parameters are tHé same as those 

listed in Table 5.1. 

Tt has been shown in Seçtion 3.4 that the natural frequencies of 
) 

the system are obtained as the'roots of equation (3.4.28). The generalized 

aerodynamic forces are evaluated by the direct numerical integration and 

interpolation method described in Chapter IV. An TMSL computer subroutine 

(called ZANLYT) is utilized to determine the roots of equatioh (3.4.28) for 

each set of input flow velocities. Oetailed information on the computer 

~ program are given in Appendix G. 

5.2.1 Effect of the Annular Flow Velocity 

The results discussed in this Section ~e obtained for systems 

subjected to increasing annular flow. Due to certain mathematical 

complications, the internal fluid is given a small flow velocity of 0"005, 

1 ~ 

l , 
! 

1 
! 
1 
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instead of being stationaryt. The Mach numbers of both the internal and 

annular flow are assumed to be constant at Mi Mo 0.001, even though 

the annular flow is being varied. 

Presented in Figure 25 are the results obtained with a ~-gap 

rubber-shell system (outer she~l rigid, Di = 0.005, Üo variable). The 

frequencies of all three axial modes of the inner shell decrease wit~ 

increasing annular flow velocity. The first instability encountered ;s 
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buckling in the m = l mode (at 00 = 0.528). but the system is restabilized 

as the flow is ;ncreased slightly (at 00 = 0.529). Stability is then 

maintained for a very narrow interval of flow velocity, before the first 

two axial modes coalesce (at Üo = 0.535). The m = 3 mode eventually 

buckles at a relatively higher flow velocity. It is assumed that coupled­

mode flutter occurs after the coalescence of the two axial modes (m = l, 2), 

as is usually the case (for similar gyroscopic conservative systems). 

However, due to the limitations in the method of evaluating the generalized 

aerodynamic forces (see Section 4.2), imaginary and complex eigenfrequencies 

of the system cannot be predicted and, therefore, the existence of 

coupled-mode flutter instability (and of buckling, for that matter) cannot 

be positively confirmed. 

It is interesting t~ note that the close proximity of the critical 

velocities for the first buckling instability (in the m = l mode) and its 

-restabilization, as well as that for the coalescence of two modes, is also 

observed in the same rubber-shell system when it is subjected to an 

incompressible internal flow of air (see Figure 7). Comparing the lowest 

tIf Di = 0, the reduced frequency, Ki = nL/Ui involved ln the formulation 
of the generalized aerodynamic forces (see equation (D.la») will become 
infinite. 
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critical velocities of the two cases (Tablfi! 5.8), it can be seen that the 

annular flow destabilizes the system at 10wer flow velocity than the 

.: Ct.-jtical flow velocities 

• Ob Of 

Interna 1 flow (Mi = M '= 0) 
0 

0.635 0.641 

Annular flow (Mi = M = 0 061 ) a . 0.528 0-.535 

Table 5.8: The lowest buckling and coupled-mode flutter velocities 
for rubber shell conveying air (b/L = 0.05792, a/b = 2/3, n = 2). 

internal flow. Since the compressible flow results are obtained with a 

1 low Mach number of 0.001, the effect of fluid compressibility on the 

stability of the system, if there is any, will be minimal and thus, this 

shift of stability threshold should mainly be attributed to the difference 

in flow conditions (annular flow vs internal flow). The comparison, 

therefore, provides us with yet another evidence that the annular flow may 

indeed be a stronger destabilizing factor than the internal flow. (This 

ha~ been shown to be true for a l/lO-gap system with a steel shell and 
, . 

incompressible water flow (see Section 5.1.lfb)).) 

Also shown in Figure 25 are the results obtained in reference [31] 

in which, for computational ease, the frequency dependence of the 

generalized aerodynamic forces was' eliminated by equating the frequencies 
, 

to zero in their evaluatior'l. Obviously, the present results look more 

reasonable and are probably more accurate, an assessment based on the fact 

~ , , 
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that here the frequency dependence of the generalized forces has been . . 
retai~ed throughout the calculations. 

Figure 26 displays the results of a ~-gap system of steel shell 

subjected to an increasing annular flow of air. Again, the Mach numbers 

are assumed to be M. = M = 0.001 and there is a small internal flow of 
10' 

Q 

0; = 0.005. The frequencie.s of all three axial modes of the inner shell 

'decrease with increasing annular flow velocity. These frequencies remain 

real until they vanish in turn, indicating the onset of buckling 

(divergencef at sufficiently high flow velocities. Restabilization of the 

system as well as the coalescence of two axial modes, which invariably 

occur in all steel-shell systems subjected ta water flow (incompressible . ,. 
flow results in Section 5.1), are not observed in this case when the fluid 

is air. It should be emphasized that although the axial modes are not 

seen to coalesce wh en they are stable, the! may have done 50 in tjheir 

post-buckling state. However, this spe~ulation cannot be verifi~d since, 

as mentioned earlier, the present methôd of solution for compressible 

flow is incapable of accounting Ifor the behaviour of the system in the 

unstable modes when the eigenfrequencies are either imaginary or complex. 

5.2.2 Effect of Fluid Compressibility 

85 

Calculat;ons have been performed.for the steel shell (the one 

discussed' in the previous section) with different Mach numbers (Mi = 0.025, 

Mo '" O'l~O as compàred to Mi = Mo = 0.001 in earlier calculations). 

The results are presented in Tables 5.9 and 5.10, together with 

ihose obtained with the small Mach numbers (Mi = Mo = 0.001). As one can 

Isee, the ~esults are very close, the sub-critical vibration frequencies 

J 

, . 
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Dimensionless' frequency, n· x 1 
102 

• n=2, m=l n=2, m=2 n=2, m:=3 

, 

O. 
1 00 

Mi =O.OOl Mi=0.025 M. =0. OPl 
1 ' .. 

Mi =0.025 Mi=O.OOl Mi =0.02? 

Mo=O.OOl Mo=0.500 Mo =0.001 Mo=0.500 Mo=O.OOl Mo=0.500 

0.005 0.2 2.039 .- 2.038 5.263 5.258 9.496 9.482 

Il 0.4 1.831 1.827 4.984 4.973 9.197 9.173 

'. 
Il 0.6 1.409 1.399 4.483 4.459 8.674 8.632 . 
Il 0.8 0.151 0 3.670 3.624 7.885 7.813 

, 
Il 1.0 6.743 6.618 

Il 1.2 Buckling Buckling 5.047 4.817 

. 
110 ' 1.4 2.281 1.766 

Tabl eS. 9: The vibration frequencies of a steel shell conveying air 
at different Mach numbers (b/L = 1110, a/b = 2/3, n = 2). • 

f 

'3 _ , 

(Table' 5.9) and the buck1ing ve10cities (Table 5.10) of the higher Mach u 

number case being about 1-2% lower. Thus, one may conc1ude that the 
" 

compressibi1ity of the fluid has a definite but sma11 destabi1izing effect 

on the system. Weak dependence of the stabi1ity of the system on the 

86 

fluid compressibi1ity has also been observed in reference [l~. In view of 

the minute effect of compressibility of the fluid, the dynamic analysis with 

compressible flow is not carried on any further. 
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Criti ca 1 annu1ar f10w ve1oci~ 

a 

'. ' 

< 

~2 Ob~ 
" 

°bl 

\ 
Mi = 0.001 0.802 1.095 1 .471 

"- '\ 
Mo = 0.001 

. 
", M -i - 0.025 0.797 1.084 1 .445 f 

Mo = 0.500 

% difference -0.62 -1.00 -1.77 

. 
Table 5.10: Comparison of the critica1 f10w ve10cities for loss 
of stabil ity of a steel shell conveying air at different Mach 
numbers (b/L = 1/10, a/b = 2/3, n = 2). . - -
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CHAPTER VI 

DYNAMICS OF SYSTEMS SUBJECTED TO VISCOUS AXIAL FLOW 

The theories and formulations presented in Chapter II apply to 
1 

• 1 
systems' of two coaxial cylindrical shells coupled by inviscid axial flows 

'~ 

in the inner cylinder and the annulus. However, since any real fluid has 

Isome viscosity, it would be highly desirable to refine the formula)ions 

1 by incorporating the viscous!effect of the fluid. While no ambitious 

attempt is made to solve th~ complete three-dimensional equations of motion , 
for the flowing vi,scous fluid with moving'shell boundaries, a modified 

. 
analysis is adopted to account for certain aspects of the effect of fluid 

viscosity that are pertinent ta the present work; i.e. , aspects which are 
~ 

most likely to influence strongly the, general dynamics and stability of 

the system .• Accordingly, attention is focused on the influence of fluid 

pressurization (to overcome pressure drop) and surface frictional force 
l ' • 
associated with viscous flow. 

\ 

In this Chapter, the equations of motion of the cylindrical shells 

are revised'to take into consideration the additional mean ~al and 

axial loadings resulting from fluid pressurization and surface frictiùnal 
~ 

forc~s. The aerodynamic forces arising from the disturbed fluid flow, 

associated with shell motions, are 

inviscid fluid. Thus, the effects 

t~en to be the same as those of an 

Of\the mean flow and of the perturbation 

flow field are de-co~pled from the outset, rather than through rigorous 
~ 

linearization of t~e shell and Navier-Stokes equations fogether. This is 

deemed to be a sufficiently valid first attempt of taking these effect~ '. 
• into account, for the purposes of this study. 

, , 
, 

f 
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Galerkin's méthod is again employed to solve the resulting equations 

of motion, and the numerical resul ts are then compared wi~n the case of . 

inviscid flow. 

6.1 ' 

6. 1 . 1 

FORMULATION OF THE PROBLEM 

f 
\ 

The Equations of Motion 

fi / 
1 

The equations of motion presented in Section 2.1 were derived for 

ailn'itJallY stress-free cylindrical shell sub·jected to ~oti.n-rel.ted 
radial loads. 1[1 v;scous flow, the f1uid loadings, as an' approximation,-

are assumed to cons i st of two parts. The first part consists of1t~e static 

fluid pressure required ta drive the V1SCOUS fluid ~hrough the.cylinders, 

and the surface fri ct lOna l force in the axial direction. The second .part 

consists of the inviscid aerodynamic forces WhlCh '(because they are 

proportiona1 to the shell defonnations, which may be considered to be 

arbitrarily small) are cO,mparatlVely smaller than the former components; 

1 

" ' 

as a result of this difference in magmtudes, equations (2.1.1-.6) can no -,' 

longer be utilized. 

The reason for this can easily be seen if on~ considers the two 

kînds of components as separate loadings. Let us call the large forces, 

namely the static pressure and the axial frictional ~orce, the ~2si~ Zoads. 

They will induce the ùasie stressee in the shell and produce a configuration 

of the easie sheH dispZa.eel':ents. Now, the invlscid aerodynamic forces 
. 

are viewed as a.1ditionaZ lomis. They'produce the additional stresses and 

the additional disrlacement~ which are small as compared to their basic 

counterparts ,t What we are look i ng for af the differenti al equa ~ ions 

tA further distinctlon between basic and ~dditional loads is that the 
latter are time-dependent, while the former are not. 

: 
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t5C l' 

g0rr"lng the additional displacements. l'n the. derivation of these equa..tions, 

~ have to take into account all terms of the same order of magnitude. 
"' 

. Obviou~l'y, ,s~e of the"se t~rms are the ad9itional loads and stresses. 
, . " 

There is anot1her group ?f such terrns resul ting from the fact that the basic . ~., 

loads and str~sses are acting on a slightTy deformed shell. These terms 

consist of products of a basic load or stress with an additional displacement 

or its derivative. Equations (2.1 .1-.6) must be modified to include this 

second group of terms. ) . 
4. , .. 

To derive the proper equations of motion, we proceed in the following 
• 

manner. Consider a clamped-clamped cylindrical shell 'pre-stressed' by 

the,following basic loads: 

(i) a oonstant axial force per unit surface area, 

Pxl = B (6. 1) 

(i 1) ~ normal;,orce per unit surface area (i.e., pressure) of the form 

1 

PrI = -(Cx+D)t , (6.2) 

where x is the streamwise variable; B, C and D are constants; the subscript 

1 denotes quantjties pertaining to the basic system. 

The stress resultants~ produced by these loads form the basic 

stress system. They are found to he: 

tReasons fo.r assuming such functional forms for ,the basic loads will he made 
clear in the next section. 

§ A stress resultant i s the stress foroe transmitted by a ~Wljy 1 ength of section 
on the cut surface of a shell element. r / 

! 
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Ne I = -a(Cx+D) (6.3) 
- .-

NxI = -Bx - {vaC-B} L - vaD , (6.4) , 2 

, where NeI is the ,basic hoop stress resultant, and NxI is the basic axial 

stress resultant; a and L are the radius and length of the'CYli1der, 

resp~ctively. Detailed derivations of these stress resultants ~nd basic 
.' 

\ shell displacements are given in Appendix I. 

Now, suppose that the shell is acted upon by additiOnal lbads Px' 

Pe' Pr' causing additional displacements u, v and w. The additional stress 

resultants, moments and shear forces are denoted by N , Ne' N e' Ne ' M , " x x x x 

.... -

t / Me' Mxa ' Max' Qx and Qe.· The normal stresses Nx and Ne are supplemeAtary 

to the basic stresses of the same kind, so that the total stress resultants 

are 

(6.5) 

(6.6) 

, The next step is to write the six conditions of equilibrium of,a 

defoted shell el ement - three for the forc'es and three for the moments. 

The analysis essentially follows that of Flügge [32]. Details are given 

in Appendix J. H9wever, to g;ve the reader an idea of how this is 

accompljshed, let us consider the contribution of the stress resultant R 
x / 

to the equilibrium condition of forces in the x-direction. ! 
. Diagram 6.1 shows a shell element under the action of the stress 

t For definition of these terms, see reference [32]. 

/ 
/ 
/ 
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) 

R x 
• 

N + N' dx 
x x a dx 

/ 

DiagrL 6.1 

( )' = ad ( )1 dX 

resultants Nx. The element 'is shown undeformed for the purpose of 
1 

illustration. It is, indeed, slightly deformed, so that the force in thi 

x-direction acting on one side of the element is N (l+~ )ade instead of x x 

~xade, where EX is the longitudinal strain of the middle surface. Reasons 

for using Ex·rather than Ee' the hoop strain are explained in Flügge's book 
\ 

[32], in which he has gtven a thorough discussion on the issue of how the 

stress resultants should be multiplied by the deformed length of the shell 

~lement in which it is transmitted. On the opposite' side of the shell 

element, the force is larger by a differential, namely, 

[N' (H·g ) + N ~'] dxd8 , x x x x 

where ( )' denotes aa( )/ax, which makes a cont~ibution to the condition of 

equilibrium. Putting Nx = NxI + Nx' E: x = u'/a, and noting that N~I = -aPxI J 

in this case (from equations (6.1) and (6.4)), the contribution becomes • 

, 
1 

1 --

1 
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• u" [-a p (.1 + ~) + N' + N ] dxde • xl a x xi T 

after neglecting second order terms. 

In th~,~bDve expression, terms belonging tD the two different 

groups mentioned at the beginning of this section can be identified. Nt \ x 
is the derivative of an additional stress resultant while Px1u' la, Nxlu"/a 

are products of a basic load or a basic stress resultant with the 
, 

derivative of an additional dis~acement, which illustrates the point made 

earl ier. 

Contributions from other stres$ resultants are determined in a 

similar manner. After obtaining the six conditions of equilibrium, two of . 
, 

them are used to eliminate the transverse shear forces 0x and Os from the 

other conditions, yielding a set of four independent equations. Utilizing 

the constitutive and kinematic relations, the additional stress resultants 

and moments in the equations can be expressed in terms of the additional 
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displacements and their derivatives. At first sight, it appears that there ... 
is one equation too many: four equdtions for three unknown displacements. 

However, the redundancy is removed when one of the equations is shown to 

be an identity, after the stress resultants are expressed in terms of the 
~ 

displacements. In fact, this should come as no surprise. since ths-condition 

of equilibrium from which this equation is derived is an immediate 

consequence of the relation T
x8 

= Tsx
t The other three equations then 

become the three governing differential equations for the additional 

displacements u, v~ ,pnd w. The final form of these equations can be found 

• in Appendix J. Two sets of such equations for the two coaxial cylinders 

tTxe and Tex are the shear stresses defqned in the usual sense. 

• 
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·in our system are given below: 

1-\1 . 1 +\1. \ 1 -v . 
U'.' +' 1 •• + ' v'.' + \l w' + k [ , .. 1 -2 - U i .---r-, vii i. -2 - U i 

1 +\1 . 1 - \1 . 3 - \1 • 
, ,. -J.. .,'. + --' ,," + . k [ li 1 ) " --1 w"'] + Il -2- ur--'--v; 2 """, - w1 +- i 2\ -vi vi - 2 i Qi1 vi 

2 a v. , 
= Yi at2 ' 
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(6.7) 

(6.8) 

.. 
1-\1. 3-v. 4 

1 + . k [ " .. '" 1 Il' + n + 2 .. ] Il 
\l i ui vi + wi + i -2- uî - ui - -2- vi viwi' wi + wi - qilwi ..., 

2 a w. q. 
- Q'3 (u! - vi + w·~) =( -y. [--..J- - -'h-] 

, , ~, 1 at~ Psi i 
(6.9) 

• 
1-\1 1+v 1-\1 1-\1 

u" + 0 u·· + 0 v'· + \1 w' + ko [ -2 0 u
o
" - w'" + 0 w'''] + q u " o --z- 0 ---r- 0 0 0 0 . -2- 0 01 0 

i 
(6.10) 

~+\I 1-\1 3-~ 
ou" + v" + -...Q. v" + :. + k [ 3(1_\1 )v" - __ 0 w"'] + q v" --z- 0 0 2 0' 0 0 l 0 0 2 0 01 ,0 

(6.11) 
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l-v .: 3-v 0 

+ vA • 
v ,u' + y' + W + k ,[ 0 ,.' - ~'" 

___ 0 y'" + 2"';" +'w ) o 0 o 0 o -r Uo 0 2 a oWo o 0 

~ . 2 . 
.... ;, w q 

_ q 'w" - qo3 (u' v~ + w~) -= -.Yo 
[0 0 0] (6.12) ~--- , 01 0 a at Psoho 

• 

where.the suffix i denotes the variables and parameters of,the inner shel1, 

whi1e those of the outer one are label1ed witn the suffix 0; th,e opera tors ,.) 

.~ _( )'~(_)·,!~-,_17~. and the-constants:,ki"ko ' yp Yo are as defined 

in equation (2.1.6a); ; . 

/' 

\ , 

NI' ap l' x 1 _ X 1 
qi1 = ~ , qi2 -~ 

1 l 

E.h. 

ap l' = _r_l 
qi3 11.. 

l 

'Eoho 
Ai = _1_' A are the extensional 

1-v~' 0 =17 -, 0 of the two shell 5 , 
. ,., 

..... 
(\> . a C. -B. ) L 

Nx1t 
= - B.x 

l l , 
- v.aO· 

l 2 l 1 

PrI; = -(C.x+D.) 
1. l 

'~ 

px!; = B. , , 
1 

NxIo 
;:; - B x -

(vobCo-Bo)L 
- v bD 

0 2 o 0 

(6.13) 

:> 

(6.14) 

rigidities (6:14a) 

(6.15) 

~ 
(6.16) 0 

1> 

t 

-(6.17) 

'"' 
(6.18) 

(6.19) 

• 
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(6.20 ) 

Th the above, PxI;' Px10 and PrI;' PrIo are the axial and radial 

basic loids acting on the two shells, respective1y. ,N-x1i ' Nx10 are the 

nonna1 axial basic stress r.e-su1tants. qi is the f1uid loading on the 

inner shell due to the perturbation pressure of an inviscid f1ow. It is, 

therefore, gi ven by qi = Pi 1 r=a - ~ 01 r=a' where Pi and fi 0 are the 

perturbation pressures of an inviscid internal and annular flow, respective1y. 

,Detai1ed derivations of these terms have been presented ln Chapter III. 

The corresponding general ized aerodynamic forces are as given in equation 1 • 

(3.3.1) for incompressible fiow. Similarly, qo is the inviscid perturbation 

pressure on' the outer shell. Thus, one has qo = Polr=b which 'again has been 

derived in Chapter III. Equation (3.3.2) defines the corresponding 

genera1ized aerodynamic forces for incompressible f10w. 

6.1.2 Derivation of the Static Fluid Pressure, the Surface Frictional 
\ , 

Force and the Bas i c Loads 

From the i nvi sci d f10w resglts, it can 

instabi1ity of steel-shell systems conveying w a t such 

a high flow velocity that if the f1uid'were v;scous, :be flow wou1d have 

been turbulentt . Although the cr;t;ca1 ve10cities·may be lowered when the 

fluid v;scous effec~ ;s taken into account, it is supposed (and 1at~r 
Il 

t The lowest cr;tical velocity of a ~-gap system of steel shells conveying 
water (inviscid) in the annulus is approximately 00 = 0.02, or dimensionally, 
Uo = 106 rn/s. This flow ve10city corresponds to a Reynolds number of 
Re = 6.30xl06 based on the hydraulic diameter. 

Its counterpart in the case of a l/lO-gap system is 00 = 0.01; the 
corresponding Reynolds number is Re = 8.59x105. 

Viscous flow in a circu1ar pipe becomes turbulent when the Reynolds 
number exceeds 2300. . 

(1 

, 

i 
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confi~ed) that they would still be high enough to be in the turbulent 

flow regime. Thus, the problem will be formulated under the assumption 

of a turbulent flow. Of course, the flow is laminar when the velocity is 

small enough, but since we are more interested in the stability boundary of 

the system, the errar introduced in applying turbulent flow analysis to the 

sub-critical laminar ~low regia~ is tolerable. 

In this section, the fluid pressure and the surface frictional 

fdrce due to a turbulent fully-develaped incompressible viscous flow inside 

a circular cylinder and in the annulus between two coaxial cylinders are 

derived. The cylinders are assumed ta be rigid in this derivation. By 

means of this static analysis, the basic laads defined in equattans (6.16, 

6.17) and (6.19,6.20) will b~ determined. 

The schematics of the system is shown in Figure K.l. The flaw 

velocity components in the cylindrical coordinates x, a. r ~re U + ~x' ,ua 

and ur' r~,SpectivelY,t; U is the mean velocity in the axial direction while 

• ux' ua' ur are the fluctuating velocity components of the turbulent flow. 

Applying the Navier-Stokes equations in ,the cyl indrical coordinates. it 

may be shown that the time-mean equations may be written as§: 

1 élP l d (- n d ( dU) (6.21) = - - - ru u ) + - - r-P élx r dr x r r dr dr 
f . 

'-:2" 
1 ap l d 2 ua 

(6.22) p ar = - - - (ru) +-r dr r r 

t The analysis applies ta bath the internal and annu1ar region. Thus, no 
subscripts are used here to distinguish the variables of one fluid region 
from the ather. ~ 

\ 

§A derivation of these equations can be found in reference [38] • 

. , . 

(,1 
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LI U 

A d (--) 2'~ = -d u Ue + r r, r ( 6.23) 

where (-) = time mean of ( ); p and TI are the density and the kinematic 

viscosit~ of the f1~id, respective1y; P is the time-mean pressure. 

In the derivation of equations (6.21-.23), the assumption has been 

made that the f10w is ful1y-developed 50 that all time-mean quantit{es, 

with the exception of the fluid pressure, are independent of the axial 

coordinate, x. From equations (6.21-.23), one could obtain an expression 

for the fluid pressure term. Details of the solution of the equations for 

the internal and annular fluid regions are given in Appendix K. The 

results are quoted below: 

(i) For the interna1 fluid: 

TT 
Pi 2 -2- fr ue·-u . 

2 - U x - p.u . + p. ' r' dr + P,.(o,a), (6.24) 
aL' r1 , a r 

where UT' the so-called stress velocity, is given by 

and 

Ui i s the mean axial velocity of the internal f1 uid, 

'[ is the fluid frictional force per unit area on the interior • W 

surface of the inner shel1, 

V 

1 r 

(6.24a) 

(6.24b) 
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Pi(o,a) is the internal fluid pressure at the position x=O, r=a, 

and the subscript ; denotes term5 associated with the internal fluid. 

(ii) For the annular fluid: 

( 2b) 2 
--'-------;;-2 PoU.,. b X 
bL _R L 

l 

m 

(6.25) 

where 

U ( 0 ' )~ dU 1 
rb = - no dr r=b (6. 25a). 

(6.25b) 

Uo ;5 the mean axial veloc;ty of the annular flu;d • 

lb is the fluid frictional force per unit area on the interior 

surface of the outer shell ., 

Po(o,a) is the annular fluid pressure a~ the position x=O, r=a • 

Rm is the radius at which the mean velocity Uo ,is a maximum. 

, 
and the subscript 0 dénotes quantities associated with the annular fluid. 

In equation (6.25), R cannat be determined analytically. nor i$ m . 

any experimental measurement available. Thus. it will be approximated 

by its counterpart in the case of lami nar flow, which can be found 

analytically to ne 

~ = (6.25c) 

f 
\' 



• 

For fully-developed turbulent flows, the frictional forces L , Lb are w , 
constant values and, according to equations (6.24,6.25), the internal 

100 

and annular pressures are, t4erefore, .linear functions of the x coordinate. 

Having determined the fluid pressures, the basic loads on the 

shells can now be de~ived. . ' 

(i) Basic loads on the inper shell: 

The radial basic load is given by 

1 
(6.26) 

Substit~ting into equations (6.24,6.25), one obtains 

{6.27} 

where use has been made of the condition that ~rl'\r=a ~ ~I = 0, rq r=a 

justification of which lies in the fact that urilr=a ; uro\r=a = 0 at all 

times. 

The axial basic load is 

(6.28) 

w~ere La is the fluid frictional force per unit area on the outer surface 

of the inner shell. Using equation (6.24b) and defining U1a = (La/Po)~' 

equation (6.28) can'be written as 

(6.29 ) 
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(ii) Bùsic loads on the outer shel1: 

The radial basic load is 

(6.30) 

, . 
where Pe is the pressure in the region external ta the outer cylinder and 

is assume~ to be equal ta the atmospheric pressure, Patm . 

Making use of equation (6.25) an~~aliZing that U;a\r=b = 0 

since urolr=b = 0 at al1 times, one obtains 

PrIa 

The axial basic load is 

and, from equation (6.25b), one has 

(6.31 ) 

(6.32) 

(6.33) 

The functiona1 forms of equations (6.27), (6.29), (6.31) and (6.33) 

are consistent with those of equations (6.16,6.11) and (6.19,6.20), 

res~ective1y. A one-to-one correspondence 1eads to the definition of . 
the following terms in equations (6.16,6.17) and (6.19,6.20): , . ' 

B - U2 + U2 
; - Pi 1: Po Ta ' (6.34) 



-
• 

( 
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C. , 2p. 2 
= -' U a --r (6.35) 

(6.36) 

(6.37) 

Co = ( 2b ) PO~b 't • n ; m 
(6.38), 

.. 22 

Do 
Jb uSo-uro ' 

- Po(o,a) + Patm-· " = - p r dr 0 a 
(6.39) 

':J. 
Equations (6.24,6.25) do not represent a closed form solution of 

the Navier-Stokes "equations. They merely relate the fluid pressures to 

the frictional forces and the time-mean fluctuating flow velocity components. 

The equations are of little practical use, unless we know the fluid friction 

and the time-mean quantities. To this end. 'we could on1y rely on 
, 'l~ • 

exp'erimental data. Differentiating equation (6.24) with respect to x, 

the internal fluid pressure gradient in the axialv·direction is given by 

ap .. 
1 

ax 
2Pi 2 

= --u a t' 
(6.40) 

which is constant for a fu11y-developed turbulent flow. Experiments 

carried out for circu1ar pipes have, shown that the pressure gradient of 

a ful1y-deve1oped flow is indeed a constant value. The following f~rmula 

was sug§ested [~O], 

Il 

~ 

J. 

J 
~ 
1 

l 
'! j 

~ 
J , 
~ : , 
-1 
~ 
1 

1 
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where 

.,.. , 
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• 

p is the density of the fluid, 

U is the mean axial v~locity, 

Oh is the hydraulic diameter, defined as four times the ratio 

of the cross-sectional area of the flow to'the perimeter in 

contact with the fluid, ( 

f is a coefficient known as the friction factor. 

(6.41) 

By dimensional analysis, it may be shown that the friction factor, f is 

a function of the Reynolds number, Ret, and of the relative r~ughness, k/d' 

of the pipe, where k is the average height of the surface prolrusions and 

d is the pipe diameter. The friction factor may be found graphr~ally from 

a Maody diagram which is a plot of f vs Re for different values of k/d. 

Alternatively, it may be determined with a number of empirical formulae. 

(. 

, 

A common practice is to use the Colebrook equation [401, which is <iV 

1 
(f)~ 

= _ 2 10910 [k/d + 2.51 ] 
3.7 Re( f)!z 

To avoid solving the imp1icit Colebrook,equation, it may be modified as 

fo" ows [40]: 

= _ 2 10910 [k/d + 2.51] 
3.7 Re( f )~ 

a 

t The Reynolds number is defined as Re = Ud/n. 

1 

(6.43) 

1 

j 



(" 
1 
J 

where fa ;s g;ven by the following equation d~rived by Moody an4 matches 

equation (6.42) ~ithin ± 5%: 
! 

! 
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1 

fa = 0.0055 {1 + [20,000 (~). + lROe
6
] 1/3} 

r' 
1 

(6.44) 

.. , 

The stress velocities will now be related to the friction factor 

by comparing the theoretical and empirical formulati~ of the pressure . ~ 

gradient. For a circular pipe of radius a, the hydraulic diameter is 

simply Oh = 2a and, comparing equations (6.40) and (6.41), one obtains 
,) 

l 2 
-8 f.U. , 

1 1 
(6.45 ) 

where the subscrlpt i is supplemented to îndicate that the friction factor 

and mean velocity correspond to the interna1 f1ow. 

Experiments show that the empirica1 relations dev~loped for 

turbulent flow in a pi~ of circular cross-section may be app1ied to non-

cir~ular ones and annuli between concentric cylinders if, in place of the 

diameter of the circle, the hydraulic diameter, Dh, is used whenever 
". 
ipplicab1e [39]. Thus,'equation (6.41) ho1ds for the annular flow and one 

may writ'e 

1 a:xol (6.46) 

Where the subscript 0 is introduced ta identify tenns aS,saciated with the 

annu1ar flow, and Dh = 2(b-a) is the hydraulic diameter of the annulus. 

Another expression for the pressure gradient ~f·the annu1ar f1q~ is, 

. 

1 
'1 ,! 
t 

f 

1 , 



by differentiating equation (6.25) with respect to x. 

~p 
o 

ax ( 2b) U2 
~ Po "-b bC_~ , 

Comparing equations (6.46) and (6.47), one obtains 
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1 
(6.47) 

(6.48) 

It is shown in Appendix K that the stress velocity Ula can be related to " 

. U1b by the following equation, 

Substituting equati9n (6.48) into equation (K.23), U~a is found to be 

1" 

1 
By means of equations (6.45), (6.48) and {6.49), most of the terms in 

the expressions of the basic 10ads (equations (6.27), (6.29), (6.31) 

and (6.33)) can be put 'in terms of the friction factors, the var;ous 

geometric parameters and the mean flow velocities. 

We now turn our attention to the integra1 term in~olving the 

f1uctuating ve10city compoDents in equation (6.31), 

. 
TT 

J
b uSo-uro 

r dr '. 
a 

(K.23) 

(6.49) 

, ~. 

.. 
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To the best of the author's knowledge, experimental data on the fluçtuating 

velocity components of turbulent flow in the annulus between two concentric 

cylinders are not available. Therefore, the terms u~o and ~ will be 

deriv~d from the experimental results of turbulent flow in a èircular 

pipe, which have been.obtained by Laufer [38]. Figure 27 displays his 

measurements of the distributions of ~ and ~ across a circular pipe of 

radius a. Details in the derivation of the integral making use of 

Laufer's measurements are g;ven in Appendix L. The final result is as 

fo11ows: 

[- 0.7864 
0.56R 0.5064R 

m + m n 
-r:( R"---a-T-) (R _ a ) }\, n 

m m 

R O. 56R2 

( .J!!) + . m R.n 
a (R _a)2 , 

m 

O.56R O. 5064~ b 
x U~a + [0.7864 - (b-f\,5 - (b-~) R.n (R

m
) + 

R 
(-'!!)] 
a 

(6.50) 

~quation (6.50) is a gross approximation of the rea1 s,ituation and its 

degree of accuracy is not readily assessible; however. fortunate1y. this 

integral turns out to be rather insignificant as compared to other terms. 

In equation (6.31), the integral is accompanied by, among others. 

the term Po~o,a) which is the annul~r pressure at the upstream end (x=O) 

of the she1ls. Assuming that the exit annular pressure at the x=: L end 

is atmospherict , Po(o,a) must be large enough to overco~e the total pressure 

drop over the length of the annulus from x = a ta x F L. Putting x = L, 

t This .assumption is not as severe as may be thought. If a11 pressures at 
exit~ in the inner, annu1ar and outer regions are equal, this is 
dynamically equivalent to the assumption made here . 

. '~ 

1 
! 
; 
! 

'1 
~ 
; 

j 
, 
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r = a and Po(L,a) = Patml'in equation (6.25), one has 

= ( 2b) U2 L P 
b2 _R2 Po Tb + atm (6.51) 

m 

; Po(o,a} and the integral "as given by equation (6.50) have been 

evaluated for a ljlO-gap system with a set of typical values of mean f10w 

veloc;ty and friction factor. The result shows that the. part of Po(o,a) 

due t~ the pres~ure drop, viz, [2bPoU~bL/(b2_~)1 ;s much 1arger th:n the 

integra1 tenn, their ratio being more than 1000:1. Therefore, any error 

introduced in the approximation of the integral is easily overwhe1med 

by the prominent Po(o,a) term. 
. 

~ Finally, to recapitulate, the internal and annular fluid pressures 

are as given in equations (6.24,6:25). The basic loads on the inner and 

outer shells are expres~ed in equations (6.27), (6.29), (6.31) and (6.33), 

with the various stress velocities define'd in equations (6.45), (6.48) Il 

..... 
and (6.49). These loadings depend on the mean flow ve10cities through the 

use of the friction factor which can be found a1gebraically by the modified 

Colebrook equation (6.43). 

6.2 SOLUTION TO THE EQUATIONS OF MOTION 

, 

Having determined the basic loads irr the previous section~ the 

governing equations of motion (6.7-.12) are now completely formulated. 
\ . , 

Galerkin's method is again employed to solve these equations. The dispjace-

ments of the two aylindrica1 shells are assumed to have the same fonn of 

series' solutions as given in equations (3.0.1-.6), which will be 

substituted along with equations (3.2.7) and (3.2.12Y for qi and qo' the 

,. 



• 

( 

inviscid aerodynamic forces due to flow perturbations, into the governing 
;' 

equations (6.7-.W). In accordance with Ga1erkln ' s method, the reslllting 

equations will be multiplied by the appropriate weighting functions 

(~k'x) for equations (6.7) and (6. 10), ~k(x) for :quations (6.8,6.9) and 

(6.11,6.12)) and integrated with respect to x from x ~ 0 ta x = L. To 

make these equations dimensionless, the following additional dimensionless 

parameters, as well as sorne of those 'trom equatlOns (3.2.10) and (3.4.2), 

are introduced 
( 
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r ~ - f: r l ' r 04 = 
blCo 

roS = 
bOo 

03 o 0 --ç , -r- (6.52) 
o ".( 

\ 

where Ai' Ao are defined in equation (6.14a), and the terms Bi' Ci' Di' 

Ba, Co and Do are given in equations (6.34-.39). 

Finally, one obtains, after sorne manipulation, the following set .. 
of dimensionless algebraic equations: 

• 
B 1 'A + B2 B + B3 ~ + 0 x 0 + 0 x ~ + 0 x F 0 kmn mn kmn mn kmn mn mn mn mn = , 

CXI 

~ 4 - 5 - 6 ~ - +Ox-E -F 0 
mL;] BkmnAmn + BkmnBmn + Bkmnl..mn + a x Dmn mn + 0 x mn = , (6.53) 

CXI 

~ 7 "fi. + B8 B + B9 ê + 0 x 5 + 0 x Ë + QII r = ~ Bkmn mn kmn mn kmn mn mn mn kmn mn 0, 
m=l-



CIO 

L:ox,l\ +oXS fOxé +B1P O +811 'Ë +B12 r =0 
m=l mn mn mn kmn mn kmn mn kmn mn " ' 

CIO 

~ 0 x,l\ + 0 x Smn + 0 x C- + 8 1 3 0 + B l 4 t + B lS ~ . = 0 
6 mn mn kmn mn kmn mn kmn mn 
m=l 

CIO 

L 0 x,l\ + 0 x B R" ë + B16 f> + 817 Ë + B18 F = 0 , m=l mn mn + kmn mn kmn mn kmn mn kmn mn 

k=1,2.3 •... \ 

where 

" '" 

5 = As..., 2 2 2. 2 
Bkmn t r.,E.hk + r· 2E.dk - r' 4 n Jkm - fiSn (\m ' kmn 11m 11 ml 
" 

( 
~ = A6 - r· 4nj k - r' Sn6k ' Bkmn kmn l m .1 m 
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(6.S3) 

J 

(6.54) 

(6.55) 

(6.56) 

(6.57) 

(6.58) 

(6.59) 

(6.60)' 

(6.61 ) 

l 



\ 

" 
r 

( 

------ -~---

9 9 
Bkmn = Akmn 

2 
f.,E:.h k , , m 

811 = A11 f / kmn kmn + f03n km Co ' 

812 ::: A12 + r f 1 co r r 
kmn kmn 03 km' <"0 - o49 km - o5akm' 

13 13 
Bkmn = Akmn ' 

B 16 = A 16 - f c2h - f05 c0
2 dkm ,. kmn kmn 04 0 km ~ 

B 18 = A18 _ f' c2h r 2 d f 2 . r 2 6 
kmn kmn 01 0 km - 02co km + 04n Jkm + q oSn km' 

-R, 
A

kmn
, i = 1, 2, ••• , 18 defined in equations (3.4.4-.21), 

akm , hkm , dkm , 0km defined in equations (3.4.22-.25), 
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(6.62) 

(6.63) 

(6.64) 

(6.65) 

(6.66) 

(6.67) 

/ 

(6.68) 
,f 

(6.69) 

(6.70) 

(6.-71 ) 



The constants defined in equations (6.72-.76) are given in 

Appe'hdix A. The series solutions of the s~l displacements given by 

(3.0.1-.6) are truncated at the third term in each case, on the assumption 

that satisfactory convergence __ is thereby attained; equations (6.53) will 

then bècome a finite set of equations with k,m = 1,2,9" Since the g~neralized 

aerodynamic forces of an incompressible flow are 'q~~ratic functions of the 

dimensionless frequency Qo (see Section 3.3), the ~et of equations in (6.53) 

can be rearranged as a secohd-order matrix equation of the fonm 

(6.77) 

/" , 

where {X} is as defined in (3.4.27). The structure of thè.matrices [M] 
-il) , ! 

and [Cl is shown in Appendix E; the matrix ,[Ksl is obtaine'd by replacing 

the A9..
k mn 

ing i9..
k mn 

elements Qf the matrix [K] defined in Appendix E by'the correspond­

terms. As discussed in Section 3.4, equation (~ can be 
) , 
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reduced to a standard eigenvalue equation of the form 

where {Y} is given by (3.4.30), [Q] is as defined in (3.4.31), 

= 

[ 

[0] 

['13] 

[ 
1

] 1 ' 
[C] 

(6.78a) 

and [1] is the identity matrix. 

Note that equation (6.78) is the same as the eigenvalue equation 

(3.4.31) derived for the system with inviscid incompressible f1ow, except 

that some'e1ements in one of the matrices (in [PB]) are different. Thus, 

the computer program developed for the case of inviscid. incompressible 

flow can easily be adapted for use here, with some modifications. Details 

of the computer program are given in Appendix M. 

6.3 THEORETICAL RESULTS 

Numerical results were obtained for systems of steel shells with 

water as the internal and annular fluids. All the shells under consideration. 

have clamped-clamped boundary conditions. For the purpose of comparison, 

the same geometric configurations as in the case of inviscid flow were 

studied, namely, the ~-gap system and the ljlO-gap system. The various 

shell and fluid parameters are as given in Table 5.1. 

The effect of varying the internal and annular flow velocities 'on 

the dynamics of the system are investigated. The axial frictional force 

and the static pressure gradient are adjusted at different flow velocities 

/ 

------------------- --- ---- -

,) 

• 
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by making use of the friction factor and the approprjate empirical equations 

described in Section 6.2. In addition to the basic loads associated'with 
~ 

viscous flow, the shells can be subjected to other flow-independent basic 

loads in the radial and axial directions. Numerical results are obtained 

for systems in which the fluid is pressuri,zed (in exc~ss of the pressure 

required to sustain the viscous flow), imposing thereby constant additional 

radial loads on the shells. 

6.3.1 Systems with a Rigid Outer Shell 

6.3.1 (a) Effect of the viscous annular flow 

Figure 28 shows the variation of the dimensionless frequencies of 

the third circumferential (n=3) and the first three axial (m=1,2,3) modes 

with increasing annular flow veloéity Ü for a l/lO-gap system. The o 
internal fluid is stationary and has a constant static pressure of one' 

atmosphere, whilst the flowing annular fluid lèaves the x=L end of the 

annulus at this same pressure of one atmosphere. The annular pressure at 

other pOSitions along the annulus upstream of the x=L end are higher since, 

according to equation (6.25), the annular pressure decreases linearly 

towards the x=L end at a gradient depending on the magnitude of the annular 

velocityt. In the following discussions, fluid flows under sucb conditions . ; 

of pressurization (i.e. PiL = PoL = 0 where PiL , PoL are, respectively, the 
.-

tIt should also be noted that, in this model, the shells are assumed to be' 
clamped to semi-infinite rigid cylinders at both ends. To maintain a 
v;scous flow through the infinitely long channel (from x = -00 to x = œ in 
the inner cylinder or the annulus), ;t is assumed that there exist infinitely 
high pressure at the upstream end (x = ~) and infinitely large suction at 
the downstream end (x = œ). Strictly speaking, these assumptions a(e 
unrealistic. However, in practice, the rigid portion of the cylinders only 
has to be sufficiently long, so that the flow perturbation will die down to 
a negligibly small level at the two ends (which is the main purpose of having 
these rigid end extensions in the first place). 
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interna1 and annular gauge pressures at the x=L end (r=a)) are referred to 

as 'norma1ly' pressurized. 

The frequen~es associated with al1 three modes decrease with 

increasing ü~ (Figure 28). They remain real until, at sufficiently high 

flow velocities (points A, Band C), they vanish in turn, indicating the 

onset of buckling instabi1ities. The frequencies become imaglnary numbers 

as the ve10city increases further. Although it cannat be shown in the 

frequency diagram (Figure 28), the b~ckled m=2 mode coalesces with the 

buckled m~l modet at a flow velocity Of' higher than its buck1~ng velocity, 

to produce coupled-mode f1utter§. The behaviour described above is 

different from that of the same system with inviscid iocompressible flow 

(see Figure 11). The phenomenon of restabilization is not observed here 
( 

and, quantitatively, the critical velocities associated with viscous flow 

are lower (see Tatle 6.1), showing that the stability of the system is 

weakened. In order to overcome the pressure drop in the viscous annular 

flow, the annular pressure is greater than the inner one and, therefore, 

the inner cylinder is peing compressed externally. Furthermore, due to 

the surface frictional force, the inner cylinder is also compressed axially 
! , 

6y the reactions from the two clampèd ends. Since a radially inward 

pressure and an axial compressive load are capable of causing buckling of 

cylinders. the deêrease in the critical flow velocities is as anticipated. 

Table 6.2 shows the net external pressure and the axial stati~ 

loads acting on the two ends of the flexible portion of the inner cylinder 

t This coalesc~nce occurs while the two modes lie on the imaginary axis in 
a comPlex-f1eQuency Argand diagram. 

§The frequenties of the combined m=l and m=2 modes have become complex 
conjugate pairs but the real part of the complex frequency is not shown 
in Figure 28, as is the case in all other frequency diagrams. ~ 

1 

f 
f 

1 

l , 
~ 
1 

1 
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Cr;tical annular flow velocities 
l 1 

.' 
Üb1 Üb2 Ü

b3 Üf1 ,2 'Üf2 ,3 

Invisci d flow 0.0136 - - 0.01852 0.02616 

Viscous flow 0.00361 0.00832 0.01399 0.01035 -

Table 6.1: Comparison of the critica1 f10w ve10cities of a 1/10-
gap system with a rigid outer she1l subjected ta inviscid and 
v;scous annu1ar f1ow. The subscripts b, f specify, respective1y, 
the critica1 flow ve10cities at which buck1ing and coup1ed-mode 
flutter instabi1ities occur. The numera1 subscripts refer to the 
axial modes in which the instabi1ities occur. 

x::;O end x=L end 

Net externa 1 pressure, KN/m2 1.464x102 0.0 
9 

(3.63x101) ,(3.63x101 ) 

Axial load, KN/m -1 J558 -2.234 , . 
2 (-2.97x10 ) 2 (-2.97x10) 

Table 6.2: The net external pressure and the axial 10ads at the 
x=O 'and x=L ends of the ;nner s.hell at the lowest critical velocity. 
( ), critical. axially constant, external pressure and critica1 
axial compression for a shell of the same dimensions without any 
flow (b/L = 1/10, a/b = 10/11). 

when the annular f1uid is flowing at' the lowest critical ve10city (Obl = 

0.00361). The net pressure is maximum at the~x=q end and decreases linearly 

with the downstream distance ta zero at the other end. The two ax~al loads 
, 
• 

.. 



are the reactions of the supports at the ends of the flexible portion. 

Also shown in Table 6.2 are the critical values of a constant externa1 

pressure and of an axial compressive end 10adt , the action of either of 
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which wou1d induce buckling of a cy1inder with the same dimensions and 

physica1 properties as the lnner she1l in our system but, of course, free 

of the other aerodynamic loadings§. Comparison of these values shows that 

the average external pressure on the inner shell is of the same order of 

magnitude as the critical value. Thus, the fluid pressure is probably 

more important a factor than the axial frictional force in affecting the 

stability of the system. 

Finally, it shou1d be noted that due to the presence of the basic 

loads, the system is no longer ·purely· conservative. This is ref1ected 

in the eigenfrequencies of the system ~n that they are no longer purely 

real numbers (as in stable oscillation), imaginary numbers or comp1ex 

conjugate pairs (as in the post-buckling state or coupled-rnode flutter). 
1 

Instead, one would have, in the stable regime, a c6mplex eigenfrequency 

wit.h a small/but not quite negligible imaginary parttt . 

t The values âre taken from reference [32]. 
§Furthermore, the ends of this reference cyl inde; are supported in the 
tangential and radial directions but are neither restricted in the axial 
direction nor clamped. 

ttFor certain modes, this imaginary part is indeed negative indicating a 
weak-oscillatory instability. However, it should be noted that this is 

strictlya direct interpretation'of the numerical results. With the 
present scheme of approxinldting the fluid viscous effects, the system 
shou1d remain conservative. at least theoretica11y. Only if a more 
exact viscous theory had been adopted in which the viscous damping forces 
are taken into account, then a positive imaginary component wou1d have 
resu1ted (representing damping of free oscillation). Thus, there is no 
physical reason for the eigenfrequencies of the present reswlts (in the 
stable regime) ta have an imaginary part, let alone a negative one. How­
ever, the very existence of the small inldginary part here probably resulJs 
from inaccuracies introduced in the mathematical manipulations (in 
iocorporating the basic loads), and they should not be treated in the same 
footing as th7 ·true~ buc~'in~ or flutter instability in which the imaginary 
part of the elgenfrequenCles lS very much 1arger and grows with flow 
velocity. 

\ 



The existence of coupled-mode flutter is indicated by pairs of 
~ 

complex eigenfrequencies that resemble complex conjugate pairs but they 
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may, at worst, match ooly up to ~~e first significant figure.- Furthermore, 

as the frequencies of the two modes that are eventually involved in 

coupved-mode flutter approach each other, one of them may become complex 

before the real parts of their eigenfrequencies coincide. Thus, the 

occurrence of coupled-mode flutter cannat be pin-pairrted precisely at a 

particular f10w ve10city at which the two modes coa1esce, but rather it 

invo1ves a transition over a sma1) interval of flow ve1ocity, during which 
'­

the eigenfrequencies of the two modes become comp1ex one aftèr the other. 

(Hence, the critical f1utter velocities, Of of the viscous flow resu1ts 

disp1ayed in the various Tables are approximate values.) 

Al1 these abnormalities should be viewed as due to the accumulative 

inaccuracies in the process of obtaining the numerical results; they should 

not be interpreted as new phenomena of the physical system that this 

mathematical model is intended to represent. 

6.3.1 (b) Effect of the viscous internal flow 

1 

Figure 29 i5 the frequency diagram for a ljlO-gap system w;th an 

internal flow and a quiescent annular f1uid; bath fluids are normally 

pressurizedt . A~ the internal ve10city increases, the frequency of the 

m=l mode goes up slightly before it fol1ows a downward trend to vanish 

at a velocity (point A) that ;s much higher than its counterpart in the 

system with an inviscid internal flow (see Table 6.3). The m=l mode is 

restabilized at point Band goes on, at higher flow. ta produce coupled-mode 

t That is, it is assumed that P'iL = PoL = O. 
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flow veloc{fti;~:'~--' Critical ; nterna l 
,=~ 

°bl Üb2 °f1,2 . 
Invis'cid flow 0.02546 0.04062 0.03136 

Viscous flow , 0.04136 - 0.0486 
\ 

Table 6.3: Comparison of the critical velocities of a 1/10-gap 
system with a rigid outer shell subjected ta i nvi sci d and viscous 
interna 1 flow. Th,e subscri pted symbols are similarly i n te~p reted as 
those in Table 6.1. 1 

-

• 
~ -

flutter with the rn=2 mode after their coalescence at C. Both the m=2 and 

rn=3 mode loci start off with a gentle slope. However, unli"ke the m=2 mode 

in which the sysie~ is eventually destabilized, thrdugh coupled-mode 

flutter, the m=3 mode frequency starts to ascend steadily beyond a certain 

flow velocity. No instabil ity of any kind is induced in the m=3 mode, up 

to very high f1uid flows. 

This unpre'cedented behaviour of the system may be explained by 

realizing that the static internal pressure is greater than the annular one 
, 

because of the visc,ous' internal flow. The net ,pressure acting on the inner 
.of 

shell is, therefore, in the radially outward direction. It;s well 

established that a cylindrical shell can buckle under the action of an 

external pressure (radially inward). However, an internal pressure cannot 

col1apse a cylindrical shell, unless it is deformed in the first circum­

ferential mode (n=l, i.e. the beam mOde) ~nd the length ta radius ratio 

is such that lia> TI (see [32]). 

The tensile hoop stress induced by the internal pressure wou1d, 

" 

. ' 

1 

1 



through the Poisson's effect, tend to 'shorten the shell. The shrinking 

process is, of course, restrained by the clamped ends, creating a tensile 

a~ial stress within the shell. This is evident from Table 6.4 which shows 

that the axial load on the x=O end of the inner cylinder is a tensile 

force t (indicated by the positive sign) when the internal flow is at a 

moderate velocity of 0; = 0.06. It is speculated that this axial stress 

would increase the effective stiffneS5, 50 the natural frequencies of the 

shel1 would be raised in the same manner as a rope is stiffened when it is 

~ - x=O end x=L end 
~ 

Net internal pressure, kN/m2 1.791x103 0.0 

Axial load, kN/m 6.S14x101 -1.628xlOl 

" Table 6.4: The net internal press~re and the axial loads at the 
x=O and x=L ends of the inner shell when Ü; = 0.06 (b/L = 1110, 
a/b = 10/11). 

f . 

pulled taut§. In th;s respect, the internal pressure can, indeed, be 

considered as a stabilizing element since the increased stiffness of the 

shell would enhance its f1exura1 restoring force and, thus, its abi1ity to 

counteract the destabilizing aerodynamic forces exerted by the fluid flow. 

The magnitudes of both the internal pressure and the aerodynamic forces 

increase with the internal velocity, and if it happens that the latter 

119 

t The surface frictional force produces compressive axial stress over a 
certain length extending back from the x=L end, masking the tensile stress 
associated with the'interna1 pressure on that portion of the shell. 

,§The increase in natural frequenc;es of cylindrical shells with internal 
pressure ;s"a1so found in the study of Fung 9 Sechler and Kaplan [41] on the 
vibration of thin cylindrical shells under internal pressure. 
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"J 
increases more slowly than the former, then the shell will remain stable 

with its frequency going up with the flow velocity .. This may well explain . 
~ the strange behaviour of the m=3 mode in this case, as well as the general 

stabi1izing effect of the viscoûs flow shawn in Table 6.3, as compared to 

inviscid flow. 

6.3.2 Systems with Both the Inner and Outer Shells Flexible 

6.3.2(a) Effect of the viscous annular flow 

Figure 30 shows the results obtained for a ljlO-gap 0Ystem with 
~ 1 

normally pressurized fluids. The internal fluid is stationary while the 

annular flow velocity is varied as shown. The frequency loci of the lowest 
..". 

six modes consisting of three antisymmetric and three symmetric modes are 

recorded. The behaviour of three of these modes (m=l ,2, antisymmetric 

and m=l, symmetric)/ are similar to those in the system with a rigid outer 

shell.{ef. Figure ~8). 'Their frequencies vanish in turn as the annular 

velocity increases. However, in this case, coupled-mode flutter occurs 

after the coalescence of the m=2, antisymmetric and m=l, symmetric modes 

at a velocity slightly higher than the buckling velocity of the m=l, 

synmetric mode. 

It is interesting ta note that the lowest critical velocity is . 
equal to its counterpart in the rigid-outer-shell system (see Table 6.5). 

With the same annular velocity. the annular pressure and the .fluid frictional 

force acting on the two systems are identical. Therefore, the above 

result may be interpreted as that the basic loads (fluid pressure and 

frictional force) are mor~ prominent factors than the flexibility of the J 

outer shell in determining the' stability threshold. Moreover, as will be 

1 
1 
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F1 ex i b 1 e shell 5 
Critical annular 1 

f1 ow vel oc iti es 
, 1nner Both 

• 
Üb 0.00361 0.00361 

0 

Of 0.01035 0.01307 

Table 6.5: Comparison of the lowest buckling and coupled-mode 
flutter velocit'ies of the systems with a rigid outer shell or bath 
flexible shells subjected to annular flow (b/L = 1/10, a/b = 10/11). 

explained later that the annu1ar pressure will ~at jeopardize the stability 
1 

of the outer shell (in fact, the outer shell will be strengthened), the 

failure of/the system is mainly due to the collapse of the inner shell 
! 

under the radial compression. Therefore, the rigidity or flexibility of 

the outer shell has little effect in this situation. 

Frequencies of the other three modes (Figure 30), after being more 

or less constant in low annular flaw, start to increase as the flow becomes 

moderate. 'The m=3, antisymmetric-mode frequency, aftêr reaching'a maximum 

level, drops gradually and vanishes at a relatively high flow velocity. 

On the other hand, the m=2,3 symmetric-made frequencies continue ta 

1ncrease steadily with the an~ular flow and remain real Quantities, 
;. 

indicating the absence of any instability in these modes. The pattern of 

behaviour of these two modes has,. been observed before in the m;:;;3 mode of 
, 

the system with a rigid outer shell ?ubjected to internal flaw (see 

Figure 29). 

The cause of this extraordinarily stable behaviour of the m~3. 

antisymmetric and m=2,3, symmetric modes cannot be definitely identified. 

1 l. 
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The following discussion looks at the situation from the physical point of 

view, whereby a probable explanation is proposed. Let us exàmine the 

annular pressure in more detail. The role of the annular pressure i5 

two-fold; it is an external pressure acting on the inner shell but, on the 

other hand, it is also an internal pressure as far as the outer shell is 

concerned. Thus, the ~nnular pressure may encourage the destabilization 

of the inner shell an,d, in view of the discussion in Section 6.3.l(b), S· 

strengthen the outer shell against instability. However, as the motions 

of the shells are coupled by the annular fluid, ~e cannat, of course, have 

one shell destabilized while the other one remains stable. One should 

address thé question of how the annular pressure would affect the stabilitr 
"'-of the system as a whole. The dynamics of the two_shells are interdependent 

and the ability of each to resist the various destabil izing elements may 

affect the overall stabi1ity of the system. Moreover, in the presence of 

considerable annular pressure and axial surface force; the modal shapes 

of the system may become, a crucial factor. Although these large loadings 

can be the primary cause of buckling of the shells, they become critical 

on<ly if the shells are deformed into a specifie mode characteristic of the 

particular loading (see [30]). Shells with different configurations of 

deformation may be less (or more) vulnerable under the action of such loads. 

In the light of the above discussion, the strange behaviour of 

the system may be explained. For the modes that'remain stable in high 

annular flow, their modal shapes may be in such a Ifavourable l configuration 

that the inner shell is able to withstand the crushing annular pressure and, 

through interaction with the stiffened outer shell, the whole system may, 

indeed, be stabilized or have an exceptionally high critical velocity. 

The other modes, presumably associated with 'unravourable' modal shapes 

'1 
1 
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are, therefore, destabi1ized at much smaller f10w. Of course, the validity 
1 

of the above reasoning has yet fo be verified. This may be done with a 

more thorough examination of the modal shapes or sorne additional studies 

focusing on the effect of static radial loads on the'stability of the , 

system. However, due 'to the limited scope of the present work, this will 

be left as a future task. 

Finally, lt should be emphasized that, as in the case of inviscid 

flow, th,e modal shapes of the system at a high flow velocity are combinations 
, , 

of various axial modes and contain travelling wave components. They can be 

quite different from tve classical normal modes displayed in low fluid ~ 

flow. Hence, one should not regard the dynamical response in the moderate 

and high flow regime as the characteristics of the distinctive axial modes 

of the system, but rather they should be looked upon as the behaviour of 

certain normat modes of the eigensystem for which the solution is sought. 

1 

6.3.2(,b) Effect of the,viscous interna1 flow 
/ 

Calculations are pérformed for a ljlO-gap system with an internal 

flow and a quiescent annular fluid. 80th fluids are under normally 

pressurized condition. Figure 31 il'lustrates the var'iation of the~ 
frequencies of the lowest six modes (three symmetric and three antisymmetric) 

with increasing internal flow velocity. The m=l, antisymmetric mode is 

the first one in which the system buckles; then, at highèr flow, the s'ystem 

is restabilized and this mode locus coalesces with that of the m=2, 

antisymmetric mode ta produce coupled-mode flutter. The behaviour of these 

two modes resembles th~t of the first two axial modes associated with the 

system of the same geometry and flow condition b~t with a rigid outer 
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shell (see Figure 29). Moreover, the values of the critical f10w velocities 

are not altered by the flexibil ity of the outer shell, for the same reason 

as in the case with inviscid interna1 flow (see Section 5.1.2(a)). 

No instabil ity of any type ;s observed in the other four modes. 

The frequencies of the m=l,2, symmetric and m=~, antisynrnetric modes become 

more or less constant at high internal flow. This lack of sensitivity 

ta increasing flow was previously observed in systems subjected to inviscid 

interna1 flow (see Section 5.l.2(a)). An examination of the modal shapes 

at'high flow velocity has revealed the same kind of dominance of the outer 

shell vibration (as compared with that of the inner shel1) as has been 

observed in the inviscid flow system. The m=3, symmetric-mode frequency, 

on the other hand, increases monotonously with the internal velocity. This 

phenomenon is again not new; it occurs in the m=3 mode of the aforementioned 

rigid-outer-shel1 system with viscous internal flow (see Figure 29). 

Indeed, the same explanation for this dynamical behavîour as proposed in 

Section 6.3.1(b) can also be applied here. 

6.3.3 Effect of Fluid Pressurization 

In all the results presented 50 far, the internal and annular 

fluids are normally pressurized; that is, they either have a constant 

static pressure of one atmosphere if the fluid is stagnant or, in the 

presence of a flow, the fluid is sufficiently pressurized so that the 

pressure at th~ downstream end (x=L) of the flexible portion of the shells --.... 
is maintained at one atmosphere. It would be interesting to examine the 

effect of changing this condition of fluid press~rization. Theoretical 

results have been obtained for a 1/10-gap system with an annu1ar flow 

,-
1 

~l 

t 
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(Oi = 0). The internal ~essure ;s kept at one atmosphere, whi1e the 

annular f1uid is excessively pressurized, to the extent that the exit 

pressure (pressure at the x=L end) ;s 50 kN/m2 in excess of one atmospheret . 
-~ 

The frEquency diagram for this system is shown in Figure 32. 
~ 

Cvmparing to the system with normally pressurized fluids (Figur~ 30), one 

can observe a similar pattern of behaviour, except that the values of the 

corresponding critical flow velocities are different. Table 6.6 illustrates 

the differences between the-critical f10w velocities of the two systems. 

The increase in the annu1ar pressure has lowered the lowest .critical 

velocity (Üb1 ' antisYJlTTletric) by more than 40%. 

This result provides us with yet another proof that annular 

-pre$sllrization ~ strong1y detrimental to the stabil ity of the system. 

However, one should note that the highest critical velocity (Ob3' anti­

symmetric) of the excessively pressurized system is higher. This may be 

viewed as the manifestation of the other facet of the dual action of the 
/ annular pressure, namely, the reinforcement of the outer shell against 

instabiliti (see Section 6.3.2(a)). 

To ascertain the dynamical significance of the internal pressure, 

additional calculations have been performed for the 1/10-gap system with 

annular f10w --(Ü; = 0), but this time the internal fluid a1so pressurized 

at 50 kN/m2 above atmospheric pressure. Since the internal fluid is 

stationary, this pressure is constant over the entire length of the shel1. 

The flowing annu1ar fluid is pressurized as before so that the exit gauge 

tane atmospheric pressure = 101.3 kN/m2. 
§On the other hand, since calculations were cnnducted with on1y three 
comparison functions, the accuracy of the third-mode (or higher mode) 
results is lower, this may have caused the difference between the two 
Db3'S. 
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Flu;d flow and Buck1ing ve1acities 

, Coupled-mode pressurization flutter velo{-ity conditions Antisymmetric'modes Symmetric 
mode . 

, 
Interna 1 Annular Üb1 °b2 °b3 °b1 ' Üf 

stationary r10wing 0.00361 0.00806 0.10995 0.01282 0.01307 
Pil=O.O P -=0 0 

). al . ... 1 

stationary f10wing -1 
Pil=O.O Pal=50kN/m2 0.'00211 0.00753 O.1l{)91 0.01263 0.01296 

. 
Table 6.6: Comparison of the critica1 flow ve10cities of systems wlth norma11y pressurized f1uids and 
with excessively pressurized annular fluid (b/L = 1/10, a/b = 10/11). 
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pressure is maintained at 50 kN/m2. Figure 33 is the frequency diagram 

for this system. Table 6.7 compares' the critica1 ve10cities ta those of 

the system with bath fluids normally pressurized. The results show that the 
i· 

presence of the pressurized internal fluid has restored the four 10west 

critical velocities ta almost their original values, i.e. the values 

associated with the case when the fluids have normal pressures. This 

result may be explained, by considering the fact that the net fluid loadings 

on the inner she11 are the same in bath cases. The internal pressure 
, 1 

cancels out the constant part of the annular pressure, leaving behind the 

.1inearly varying 'and velocity-dependent portion as the on1y static fluid' 

10ading on the inner shell. In ~J~ of its counteraction against the 
;l "\ 

r" -

annu1ar pressure, the i~ïJressure may thus be regarded as a 

s tabi li z..:i.n.g. ~gent./ 
"---

6~3.4 Effect of Gap-Width Variation 

, , 

Ta invésti~te the effect of changing the annu1ar·gap width, results 

are obtained for à ~-gap system of bath, flexible shellS and with an 

annular flow (Üi = 0); both the internal and annular fluids are normally 

pressurized -,to be compared with tnose for the l/lO-gap system discussed 
1 

in Settion 6.3.2(a)~ The frequency diagram of the system is displayed 

in Figure 34, and the critical flow velocities are compared with those of 

'the l/lO-gap system under the same fluid'flow and pressurization conditions 
" .. 

(frequency diagram shawn in Figure 30) in Table 6.8. The buckling 

veloctties of the two systems are arranged in increasing order; they do not. 

necess~rily correspond ta the same mode of vibration. It is evident fram 

the ,SUTt.5 th.t the critic.T" fTow veTodties of the T/TO-gap system are 
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Fluid flow and Buckling velocities 
pressurization Coupled-mode 

conditions . SY1l1Tletr;c flutter velocity 
Antisymmetric modes mode 

Internal Annular Ob 1 Üb2 °b3 Ob l Of 
. 

stat;onary __ f10wing 0.00361 0.00806 0.10995 0.01282 0.01307 
PiL=O.O PoL=O.O 

-
" 

, 
stationary f10wing . 
P'L=50kN/m2 POL =5QkN/m2 0.00361 0.00805 0.11133 0.01288 0.01307 

l • 
Q 

Table 6.7: Comparison of the critical flow velocities of systems with narmally pressurized f1uid and 
with excessively:pressurized fluld in bath the internal,and annu1ar regions (b/L = 1/10, a/b = 10/11). 
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, 
-', . Buckling veloéities Coup1ed-mode 

flutter velocity 
Ü1 Ü2 '0 

3 °4 
" 

l/lO-gap system 0.00361 0.00806 0.01282 0.10995 0.01307 
, 

1/2-gap system 0.00851 0.01381 0.02162 0.04974 0.02388 

Table 6.8: Compari son of the criti ca l flow velocities of a ~-gap 
system and a 1/10-gap system subjected to v;scous annular flow. 

lower, indicating that systems with a narrow annulus are more apt tb lose 

stabili~y in increasing annular flow. A similar conclusion was drawn from 

results ·obtained with inviscid flow (see Section 5.2.3). 

An explanation has already been proposed-in Section 5.2.3 that the 

inviscid aerodynamic loadings due to the perturbed annular flow are 

relat.;vely larger. in narrow-gap systems. In the presence of a V!SCOUS flow, 

the situation is evidently made even worse by the fluid frictional force 
Ilr 

and fluid pressurization. Table 6.9 shows, that, with visçous flow, t'he' 

.l.owest critical floW' ve10city of the- l/lO-ga~ system is 58% lower t~an that 
, " 

of the Yz-gap system, whereas the difference is 53% if the flow is inviscid. 
J ,. 

The small hydr?-ul ic diameter of a narrow annulus reduces the Reynolds 

number of the annular flow making it Il ess turbulent l but, on the other 

'hand, raises the friction factor (according to the Coleprook equation or, 

from the Moody diagram). The surface frictional force and the annular 

pressure gradient, being proportional to the friction factor and inversely 

proportional to the hydraulic diameter (see equations (6.48), (6.49), 

(6.46)) will, therefore, increase accordingly, rende~ing the system less stable • 

... 

i 
4 
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. . 
Lowest criti.cal flow velocity 

Annular flow % di fference 
~-'gap system l/lO-gap system 

• Inviscid 0.à2057 0.00958 . -53% 
.,. 

Viscous 0.00851 0.00361 -58% 

% difference -59% -62% -

Table 6.9: Difference in the lowest critica1 flow vêlocity of a 
!.--~ap sys tem and a l/lO-gap sys tem subjected to inviscid or viscous 
annular flow. - . ~ 

Interesting1y, the percentage difference in the lowest critical 

flow velocity between inviscid and viscous flow results remains sensiD1y 
J . constant with varying gap (see Table 6.9). Hence, it cannot be argued 

J~at non-diménsionally wide annuli make the system less sensitive to 

~lSCOUS effects and hence the use of inviscid flow theory more acceptable. 
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CHAPTER VII 

CONCLUSION 

The aim of this thesis has been to study the dynamics and stability 

of a system o'f two coaxial cyl indrical shells subjected to an internal flow 

and an annular flow. The t~o shells under investigation have uniform 

physical properti~s and the same length of flexible portions, clamped ta 

rigid extensions at both ends. f 
In the first part of the thesis (Chapters II-V), the fluid is 

) 

o assumed to be inviscid and either incompressible or compressible. Flügge's 

shell equations and the linearized potential flow theory were used in 

formulating the problem. An integral transform technique due to Dowell and 

Widnall was employed in the derivation of the invisçid aerodynamiç forces; 

subsequently, Galerkin's method was applied to solve for the frequencies 

of motion qf the system. 

The case of incompressible flow proved ta be"computationally fairly 

easy to~analyze. The case of compressible flow, however, posed sorne 

difficulties. Two methods were proposed to evaluate the generalized aero-

dynamic forces due tD compressible flow. The first. the method of contour 

integration. although not very successful, offered scope for sorne 

.interesti~g mathematical manipulations and it could serve as an incentive 

or refere~ce f~~ further investigations into the problem. The second 

method, the interpolation method, proved to be feasible, but a limitation 
r 

of the scheme is the considerable amount of computer time required. 

In the second part of the thesis (Chapter VI), an attempt was made 

ta account for fluid viscous effects. F1ügge'cs shell equations were 
o 

\ ~ 
\ 
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modified to describe a system under the action of Jateral press~res and 
<l 
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surface axial forces associated with flowing viscous fluid in the internal 
. . 

and annular-regions. Due ta difficulties ;n analytical, formulation, the 

viscous damping effect was not considered, and the aerodynamic forces arising 

fram flow perturbation were assumed ta be the same as those of an inviscid 

flow. However, it is well known that conservative systems subjected to • v;scaus damping are stabilized by it, 50 that the results obtained here are 

'conservative' - in the sense that they give the lower bounp of instability 

for real systems. 

Three different cases of dynamic analysis were treated, namely, 
) 

the dynamic stability of the system in (i) inviscid compressible or (ii) 

inviscid incompressible flow and in (iii) viscous incompressible flow. The 

effects of paramet~rs such as the internal and annular flow velo~ities, the 

gap-width, t~e fluid and shell material properties and, in the case of 

v;scous flow, the fluid pressurization were studied. The following is a 

brief summary of thé results. 

(i) Systems with inviscid compressible or incompressible flows 

Let us first discuss the case where the outer shell is rigide From 

the incompressible flow results, we have seen that increasing internal or 

annular flow ve10city initially results in reducing the natural frequencies , 

of the system; at sufficiently high flowvelocity, the system loses 

stability by buckling. At higher flow, r~stabilization takes place, on1y 
" 

to be followed by the coalescence of two axial modes, resulting in coupled­

mode flutter. It is noteworthy thqt annular flow (by itself) renders the 
.. 

,system unstab1e at lower flow velocity than internal flow (by itself), even 

.. 
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in the case of a system with large gap-to-radius ratio, indicating that 
.. 

annu_lar flow rnay have a greater destabilizing effect than interna1 flow in 

the inner shell. 

Comparing results obta~ned with different Mach number~, it has been 

shown that the effect of compressibility on the dynamics of the system is 

ratner insignificant. By virtue of this observation and due to the , 

computational difficulties in the evaluation of the aerodynamic forces 

associated with compressible flow, most of the dynamic analysis was 

subsequently carried out with incompressible flow. 

Theoretical results obtained for sy.stems wi.th both shells flexible 

have shown that with internal flow alone, the instability threshold is not 

sensitive to whether one (the inner shell) or both shells are flexible; 

this contrasts to the case of annular flow, where the flexibility of the 

outer shell makes the system less stable. Furthermore, in systems subjected 

to internal flow, of the six lowest modes investigated, three were found 

to rema~stable witn constant frequencies at high flow velocity. On the 

other hand, with increasing annular flow, all six modes, sooner or later, 

bec orne unstable through buckling or coupled-mode flutter. Antisymmetric , 

modes were found to be 1 ess s tab 1 e than' symmetri c modes. 

To investigate the effect of the width of the annular region on 

the stability boundary, systems of two different geometries, namely the 
.. 

so-called ~-gap system (in which the gap ~idth is equal to half the radius 

of the inner shell) and the similarly defined ljlO-gap system were 

considered. In the presence of annular flow. the narrow-gap system was 

found to be less stable. This phenomenon may be attributed to the greater 

aerodynamio loadings resulting from the pressure perturbations in the 

'6~nfi nement of t~,narrow annu 1 us. 
" 
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The dynamics of systems made up oT rubber or steel shells of the 

same dimensions have been studied to ,investigate the effect of differences 

in the ~trength of the shell material. The general behaviour of the two 

systems is essentially the same, except that the rubber-shell system is 

much less stable. Fluids of different densities, namely, air and water 

have been employed in the dynamic analysis. It was found that systems with 

the more massive fluid (water) lose stability at lower flow velücity, as 

expected. 

(ii) Systems w;th viscous incompressible flow 

A mathematical model was developed to account for the effect of fluid 

pressurization and t.he axial surface frictional force associ~ted wH~ 

viscous flow. It was found that the dynamical behaviour of systems subjected 

to viscous flows is markedly different from that with inviscid flow in 

certain respects. 

Quantitatively, the instabil ity threshold of systems subjected to 

viscous internal flow are elevated, whereas systems with viscous annular 

flo~ are destabil ized at much lower, flow velocity, as compared to inviscid 

flows. Qualitatively, systems in low internal and annular viscous flow 

exhibit typical patterns of behaviour as observed in the case of inviscid 

flow. Divergence is always the type of instability encountered first, 

and flutter occurs by coincidence of two frequencies of the system. 

Nevertheless. certain variations are observed in the case of annular flow; 
. ~ 

for example, the onset of coupled-mode flutter is not preceded by a region 

of brief restabilization as happens in most inviscid flow cases. 

The dynamical behaviour of the .systems in moderate and high viscous 



flow, is quite different from that in inviscid flow and is 

The frequencies of certain modes rema;n real and increase 
~ 

flow velocity. This result indicates' that these particular modes a 

engaged in any type of instabil ity and, in fact, become more and more 

stable with increasing flo\'i. This new phenomenon is found to occur in 

systems with either internal or annular flow. 
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It is speculated that these q~antitative and qualitative differences 

between inviscid and V1SCOUS flow results are primarily caused by the-~luid 

pressurization associated with the viscous flow. The surface frictional 

force may also play a part, but to a lesser extent. A pr'oposed explanation 

suggests that the internal pressure required to sustain the viscous internal 

flow would increase the stiffness of the inner shell, thus, strengthening 

it against instability. This may explain the increase in the critical 

velocity of the in'Hial instabil ity 'and the presence of exceptionally stable 

modes in systems subjected to viscous internal flow. ... 

o 

The dynamical 'significance of the annular pressure is more intricate ... 

Apparently, its effects on the stabil ity of the two shells are opposite to 

each other; the outer shell; is reinforced while the inner one is weakened. 

The resultant behaviour of the system is a' compromise of these two opposing 

effects through the interaction of the shells coupled by the annular fluid. 

the outcome of which may not be readily predicted. Nevertheless, the 

theoretical results obtained did provide us with evidence of these counter-

acting effects of the annular pressure. We have seen, on the one hand, 

the reduction in the critical velocities of the system when s~ected to 

viscous annular flow and, on the other, the enhancement in t~ stability of 
<-

certain modes in such systems with increasing flow. All in all, the 

annular pressure would be regarded as a destabilizing element, in view of 
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its effect on the instability thresho1d. Besides, in all the foregoing it 

must be borne in mind that, so far, the study has been theoretical and it 

is still not known ~hether the dynamical behaviour predicted beyond the 

first instability could occur in practice. Thus, it is possible that the 

existènce of the increasingly stable modes (or indeed any instabilities 

after the first one) may be a purely theoretical result. 

J 

To investigate further the effect of fluid pressurization, results 

were obtalned for systems in which the aJ1nular flui,d or both the internal 

and annular fluids are glven a constant static pressure above the minimum 

pressure level required to overcome the fluid frictional force. The 

fiQdings are consistent with the observations made earlier that the annular 

pre?s~re has a destabilizing effect, while the internal pressure 

contributes positive1y to the stibility of the system. 

(.iii) General cQQclusions-" 

In this thesis, a theoretical study has been made of the dynamics 

of a system of two coaxial cyl indrical shells with clamped ends and subjected 

ta internal and annular flows, whereby the existence of buckling and 

coupled-mode flutter instabilities in such systems is predicted. It has 
" 

also demonstrated the feasibi1ity of the, integ~al transform technique in 

formulating the fnviscid aerodynamic forces. The analysis has been modified 

to account for the radial and axiâl loads due to fluid viscosity; in 

general, however, this type of loadi~g may arise from other sources, such 

as physical constraints, thenmal expansion or gravitational effects, ~hich, 

therefore, may easily be incorporated in the present formulation. 
, 

It is beyond any doubt that this prob1em needs supplementary studies 
, 
\ 

) 

( 
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and there is plenty of room"for modifications and refinements. In view of 

the sighificant difference between the inviscid and viscous flow results, 

1 it would be nighly desirable andrilluminating to verify their correctness 

/ "-1 ...... , 

p 

, exper~mentally. If the severity of fluid viscous effects is ~roved to be 

real, then more refined modelling of the viscous flow should be given high 

priority in future stl-Jdies. 

In addition to some of the viscous effects, namely the fluid 

pressurization and the frictional force in the mean flow direction, that 

have been accounted for in the present work, though in a rudimentary 

fashion, a more adequate model of the fluid,mechanics should also include , ,-

the effect of the boundary layer for the case of short shells, especially-

in the annulus, and the viscous damping forces. However, consideririg the 
1 

three-dimensional motion of the shells and the complicated flow pattern, 
, 

the formulation o'L~ rigorous fluid model 'is not likely to. be a simple task. 
, . -

Finally, one may suggest further investigation-into the case of clamped-

f~ee shells, such as might be used in certain types of sleeve valves and 

jet (ejec tor) pumps. 

• 
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n=l n=2 

.) 
n=3 (a) , n=4 

n=2, antisymmetric n=2', syrrrnetric 

fig. 2: Various circumferential mode shapes of {a} a single shel1, (b) two 
coaxial she11s. 
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Fig. 5: The integral J, of equation (4.32) for the generalized aerodynamic 
forces versus the reduced frequency Ki. Curve E: Jl for, (n,k,m) = 
(2,2,3); curve F: Jl for (n,k,m) = (2,1,2): 
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Fig. 6: ~he integral J2 of ~quation (4.33) for the generalized aerodynamic 
forces v~r8u8 the.reduced :re9uency KQ' Curv: G: iJZ for 
(n,k,m) - (2.,2,3), curve H. ,J2 for ln,k,m) - (2,1,2). 
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J, = C,K~ + C2 

k 1 m p Cl C2 

J 2 = 0lK~ + O2 
-J-

Range of K. q Dl O2 Range of KO 
l 

1 1 1 1 _ 2.006 0.204 2.541 (0, 240) 2.001 -0.315 - 3.709 (0, 8) 

2 2 2.006 0.202 9.378 (0,240) 2.011 -0.320 -13.398 (0, 8) 

3 3 2.006 0.198 19.713 (0, 240) 2.012 ta.326 -27.298 (0, 8) 

1 1 2 1.000 1 .391 i a 
1. 000 1.447; - 6.765; 

(0, 120) 1.000 -2.074i 0 (0, 5 ~ 
(120, 240) 1.000 ·2.224i 0.752; {5, 8 

1 3 2.016 7.063xl0-4 - 2.025 (0, 240) 2.046 l . 837xl à- 3 2.956 (O, 8) 

-. 2 3 1.000 2.254; 0 (0, 120) 1. 000- -3.311i a (0, 5) 
1.000 2.343i -10.621; 1.000 -3.544i 1 .163i 

. l 
(120, 240) (0, 8) 

r 

Table 1: Interpolation equations for the integrals J 1 and J 2 of equations (4.32,4.33) for the 

genera1ized aerodynamlc forces; n = 2, b/L = 1/10, a/b = 2/3, Mi = 0.025, Mo = 0.500. ~' 

~ 

Remark: It is assumed that the dimensionless natural frequencies O. of he system (steel shell subjected to . l 

air-flow, b/L = 1/10, a/b = 2/3) lie in the range of 9.5xlO-2 to z , as the dimensionless annular flow 

ve1oc;ty Üo ;ncreases from 0.20, whilst the internal flow is ke consta~t at Üi = 0.005. The range of the 
reduced frequencies may thus be expected to be 0 ~ Ki ~ 240 and a ~ KO ~ 8. The Mach numbers are taken to be 

constant at Mi = 0.025 and Mo = 0.500. 
.. 

t The upper 1imit of ni corresponds to the (n=2, m=3)-mode frequency at low.annular flow, as given by 
incompressible f10w ana1ysis; ni = a corresponds ta the threshold of divergence. ~ 

co 
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Figures 7-24: Inviscid incompressible flow results. 
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1.2 

Fi g. 7: Thé real di.mension1ess eigenfrequencies n; (n=2; m=l,2,3) of the 
~-gap rubber-air system as functions of the dimension1ess internal 
flow velocity Di; the anrtu1ar fluid is stagnant and the outer snell 

·rigid. \ 

J u , 



'\ 

. 

151 

3.0 

<, 2. 5 Shel1: rubber, aiL: 0.03861, 

N 
a 
r-
X 
'r-

Ie:: 
~ 

~ u 
c 
Q) 
:::J 
0" 
Q) 
s... 

'+-

III 
III 
Q) 

C 
0 

III 
C 

~ 
'r-
0 

U_" -

2.0 

1. 5 ; 

1.0 

., 

O. 5 

0.0 
0.50 

\. 

. -2 
a/b = 2/3, h/a ~ 2.27x10 , 

1 n == 2 

Fl ui d: air, inviscid, incompressible 

0.55 0.60 0.65 0, 70 

Dimensionless internal flow ve1ocity, O. 1 ,- , 

, 
Fig. 8~' Enlarged portion of Fig. 7: the real dimension1ess eigenfrequencies 

ni (n=2; m=l,2,3) of the \-gap rubber~air system as functions of 
the dimensionless internal flow velocity 0;; the aFlnular flu;d i5 

, stagnant and the outer shell rigid. 

'\ 



~ 

2 

1 

N 
0 .-
x 

0 -,,... 
le: -E ...... 

-1 

-2 

-3 

, 

t'! 0.925 
~~.8273 

,,-. 

Shell : 

. , ---

rubber, ail = 0.03861, a/b = 2/3, 
-2 hfa = 2.27xl0 ,n = 2 JI" ~.8a 

/
' '\ Fluid: air, inviscid, incompressible 
l, 0 = a 1 · \ 0.70 0 

, 1" c 

\ 0.9851 ra.66 0 

, 0.637 (" 0.6411{C) 0.875 G,70 __ _ _ ~ ___ ---0 __ 0.50_ 
-.:..-- - -- - - - - ~0.62 - - -- - ~ --
-~.6 ---.--~0.60 -----.-----~0.50-- ------~O.G 

0.6376(8) \ ~ 

- - -:7-- -- --- --- ~ --- --- -.------.----0-----.- --~- .. 

. 

\ ~ ) 
\ ! 1 
.~~ 

.,~ " 

values of Oi=102 

------- m=l 
m=2 

m=3 

m=l and 2 èombined 

-1. 0 -0.5 0.0 0.5 1.0 1.5 2.0 

Fi g. 9: 

/ 

\ - 2 
Re(~i)xlO 

Argand diagram of the dimensionless eigenfrequencies 0; (n=2; m=l ,2,3) ~f the ~-ga~ rubber-air system 
as functions of the dimens;onless internal flow velocity Di; the annular fluid is stagnant and the 
outer shell r;gid. The loci on the Im(ni) = 0 and Re(O;) = 0 axes have been drawn off the axes but 
paral1el ta them, for clarit~. The letters in parentheses correspond ta the points shown in the 
frequency diagram of Fig. 8 .. , 

~ 

-' 
<..T1 
N 



2~ 00 

1. 75 

1. 50 

N 
0 ,.... 
X 
'r- 1. 25 le: 
~ 

?'I 
u 
c: 
III 
:3 
0-
III 1. 00 s-.... 
\Il 
\Il 
III ,.... 
C 
0 
'r-

O~ 75 \Il 
c: 
III 
E 

Cl 

0.50 

0.25 

0.00 

Fig. 10: 

) 

, l 

0; iI:::::::] 
She 11 : steel, b/L = 1/10, 

m=3 a/b = 10/11, h/a 
-3 5.5x10 "n -= 3 

Fl ui d: water, inviscid, 
incompressible 

m=2 

a l 2 3 4 

Dimensionless internal flow velocity, O;X102 

~he real dimensionless eigenfrequencies ni (n=3; m=1,2 s 3) of the 
l/lO-gap steel-water syst~m as functions of the dimension1ess 
internal fTow velocity Di; the annular fluid is stagnant and the 
outer shel1 rigid .. 

153 

5 



( 

'\. 
'V 

( 

N 
Cl ..-
)( 

'r-
le; .. 
~ 
c:: 
cu 
:l 
0" 
cu 
~ 
VI 
VI 
cu 
r-
c:: 
0 .,.. 

• VI 
c:: 
~ . 

• r-
0 

2.od 

1. 75 

1. 50 

1. 2:5 

1. 00 
, 
i 
:\ 

O. 75 

0.50 

0.25 

0.00 
,0.0 

m=3 

0.5 1.0 

154 

She11: steeJ. b/L = 1/10, a/b = 10/n 
h/a = 5.5xlO-3, n = 3 

F1u;d: water, ;nv;sc;d, 
incompressible 

Ü. = 0 
l 

1.5 . 2.0 2.5 

F 

3.0 

~ Oimension1ess ann.u1ar f10w ve1ocity. Üoxl02 

Fig. 11: The real dimensionless ei~enfrequencies ni (n=3; m=l,2,3) of the 
1/10-gap steel-water s~stem as functions of the dimension1ess . 
annu1ar f10w velocity 00; the fluid in the inner shell ;s stagnant 
and the outer she11 rigide 

fi 



N 
0 ,.... 
)( -'r-

le! -E ..... 

/ 

0.50 

0.25 

0.00 

-0.25 

-0.50 

" 

• 1 

,.. 

Shell : 

~ 2.40 
1 l ' Fluid' 

" 
steel, b/L = 1/10. a/b = 
h/a = 5.5xlO-3, n = 3 

~ 

10/11 , 

1 ' • ~ater, inviscid 
b 2.30 - ,ncompressible ' / 

u. = a 1 ' 

",' .' :\ 1 2D j'V l~' 1 2.197(0) r' ' alues of Ü xl0

2 

0- 1 1. 50 1" " • 0 

_ ~ __ p. ____ ---_ .w.=:2.233~EYaf "tz·
65 

--\ ~--r~/---~:':;'/m\.-__ ï :::~~.:- -~-..:;- 2.JQ 1.50 _ ~ Z:616lFt-' \ 

t l 

.25-.. - 0 0- --0- - - - ~ . 

l 
.1 ,-0 • ---0- --_ ct, 1 \ . - --0 0.0 - - 2.50 

1. 360(A) l 1.667(B) .J '1.852(C) ,~ 
: \ t . 
: ----- m-l \ 
1--- m-2 ' r' \ 

........ ,. 
m=3 

coupled-mode f1utter 
.. 

-0.5 0.0 0.5 
"Re(ni )xl02 

1.0 1.5 

Fig~ 12: Argand diagram of the d;mens;onless e;genfrequencies ni (n=3; m=l ,2,3) of the l/lO-gap steel-water 
system as functions of the dimens;onless annular flow velocity 00; the fluid in the inner shell ;s 
stagnant and the outer shel1 rigid. The loci on the Im(ni) = 0 and Re{ni) = a axes have been drawn 
off the axes but para11el to them, for clarity. The 1etters in parentheses correspond ta the points ~ 
shawn in the frequency diagram of Fig. 11. ~ 

..' -;, 



0.0 

Fig. 13: 

o 1 2 3 4 5 

Dimensionless internal flow velocity, 0iX102 

The real dimensionless eigenfrequencies,Oi (n=3; ~~,2,3) of the 
l/lO-gap steel-water system as functions of the dimensionless 
internal flow velocity Di; the outer ?hell is rigtd and the annular 
f10w is constant at 00 = lxlO-2. 



, 
1.5 

C\J 
a 
r-
X 
'r-

Ie: 

~ 
t: 
QI 
::s 
0-
QI 
s- 1.0 l+-

V) 
V) 

QI 
r-
t: 
0 

'r-
V) 

t: 
QI 
E 

'r-
e 

0.5 
• 

0.0 

Fig. 14: 

o 

m=3 
_---LI-_ 

A 

steel, b/L=l/lO, 
ajb ::: 10/11, 
h/a = 5.5xlO-3• 
n;:;;3 

Flu;d; water, inviscid 
incompressible 

o = 2xlO-2 
o 

3 4 

Dimensionless lnternal flow velocity, 0iX102 

, 

157 

5 

The real dirnensionless eigenfrequencies ni (n=3. m=1,2,3) of the 
1/10-gap steel-water system as Tunctions of the'dimensionless 
internal flow velocity Di; the outer shell ts rigid and ,the"annular 
flow is constant at 00 = 2xlO-2. ~ 



\ 

5 

1 
m=3 

t-
4 

N 
0 ,.... 
x 

0 le 

>. 3 u 
s::: 
Q) 
~ 
CT b,J m=2 Q) 
s-
~ 

V) 
II) , 

Q) 2 ...-
s::: 
0 

or-
V) 

m"'3 c 
Q) 

E 
or-
Cl 

~ m=l 
1 • 

m=2 
-ô--

m=l 

i ~ 

0 
0 

". 

. , 

.. 

1 2 

,-.... 

~-----

---

0; -@ .] 
Shell: steel, b/L '" 1/10, a/b = 10/11, 

h/a'" 5.5x10- 3 , n = 3 
water, inviscid, 
incompressible 

0=0 o • 

3 4 5 6 7 8 9 10 
Dimensionles~ internal flow velocity, Oixl02 

i 

/, 

- ~ 

Fig. 15: The real dimensionless eigenfrequencies no ~f the l/lO-gap stee1-water system as functions of the 
dimensionless internal flow velocity Di (n=3; m=l ,2,3; open symbols: antisymmetric modes; cioseé 
symbols: symmetric modes). Both shells are flexible and the annular fluid is stagnant. 

~ . 
co 

~ 

i 
t ..... n __ 

~ ~~_" \r ...... ~ ,._ .. ,",, __ ~ ...... ~, , 



10 r 

Figures 16, 17: Axial modal shapes of the inner and outer she11s of the 

1/10-gap stee1-water system over"half a period. 
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Figures 25, 26: Inviscid,compressible flow results. 
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O. 50. ,0.75 1'.06 
Oimensionless annu1ar f10w velocity, 00 

Fig. 25: The rea1 dimension1ess eigenfreqùencies ~i (n=2; m=1,2,3) of the . 
~-gap rubber-air system conveying compressible j1uids (Mi=Mo=O.OOl), 
as functions of the dimen'sion1ess annular f10w ve1ocit~ Uoi the 
interna1 flow is smal1 and constant at 0; = 0.005, 4nd the outer 
she11 is rigid. 
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Fjg. 26: The real' c#meQsi.ooless ejgenfrequencies ni (n=2; ~=1 ;2,3) of the 

~-gap st~eJ-air. system conveying compressibLe f1uids (M;=Mo=O.OOl), 
as functions of the dimensionless annular flow velocity 00; the 
internal flow is small and constant:at ni :; 0.005, aMd the ,outer 
shell is rigid. 
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Figures 28-34: Viscous incompressible flow results. 

Remarks: Of i's the flow velocity at,which coupled-mode flutter occurs; 

Pil' PoL are, respectively, the internal and annu1ar gauge pressures at the 

x=L end. 
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Fig. 28: The real dimensionless eigenfrequencies ni (n=3; m=l ,2,3) of th~ 
1/10-gap steel-water system conveying incompressible viscou8 j1uid, 
as functions of the dimensionless annular flow velocity 00 ; the 
fluid in the inner shell is stagnant and the outer shell rigid. 
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Shell: steel, b/L = 1/10, a/b = 10/11, 

3 

h/a = 5.5xlO-3, n = 3 
water, viscous, incompressible 

, PiL = PoL = 0 

4 5 6 

Dimensionless internal flow veloclty, 0ix102 

The real dimensionless eigenfrequencies ni (n=3; m=1,2,3) of the 
l/lO-gap steel-water system conveying incompressible viSCOU8 f1uid, 
as functions of the dimensionless internal flow velocity Di; the 
annular fluid is stagnant and the outer shell rigid. 
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10 11 12 

Oimensionless annular flow velocity, ÜoX102 

..... 
Fig. 30: The real dimensionless eigenfrequencies fia of the 1/10-~ap steel-water 

system conveying incompre88ibl.e Vi8COUS fl,uid, as functlons of the 
dimensionless annular flow velocity 00 (n=3; m=1,2,3i open symbols: 
antisymmetric modes; closed symbols: symmetric modes). Both shells 
are flexible and the fluid in the inner shell is stagnant. 
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Shell: steel, b/L = 1/10, a/b = 10/11, 

h/a = 5.5xl0-3 : n = 3 

Fluid: water, viscous, incompressible 
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The re"al dimensionless eigenfrequen'cies ?io of the l/lO-gap steel-water 
system tonveying incompressible~ viscous~ excessiveLy pressurized 
fZuid~ as functions of the dimensionless annular flow velocity 00 
(n=3; m=1~2,3; open symbols: antisymmetric mode; closed symbols: 
symmetric modes). Bath she11s are flexible, the internal fluid i5 
stagnant and bath the internar and annuler fluids are excessively 
pressurized. 
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APPENDIX A 

INTEGRALS INVOLVING CHARACTERISrIC BEAM FUNCTION 

The constants atm' bkl!!' dkll1 , ekll'1' f krn , 9km ., h"l11 and jt<m defi n~~d in 

Chapt~s III and VI can be written in terms of the dimensionlesss variable 

~ = x/L as follows: 

1 

,. Qkm = J d'h d fm d ~ 
od~ dl ' 

btm = f 1t d' ~. H , 
odj d~3 

dkll\ ::: (1 ~I< r:J~r", d ~ , 
Jo d I·l. 

e ~III ~ f 1" d c?l< , cl
3 

cp", d J , 
, o5d~ d~3 

) 
j 

/ 

.. 



/ 
/ 

o 

.. 

where ~k and tm are charaŒteri stic funct;ons of a beam. 'According ta the 

scheme develaped by Sharma in reference [42], these integrals can be 

evaluat~d using the fallowing general equations. For any functians '~k . 

and +tn satisfYing the equations CP:v ;:: ~k and ~~v ;;;~JI where the 

di~ferentiation i5 with respect ta À" ~ and dm ~, respectively, it can be 

shawn thatt 

A.2 

(A. 1) 

(A.3) 

+ 4- CP: <1>: ] 1 o , 
(A.4) 

tEquations (A.l ,.2) are obta'ined by Sharma in [42], and equatians (A.3,.~)' 
Pare derived using the same approach. 

, ' 

• 0 

f 



1 
1 

1 
i , 

f 

where primes represent differentiation with respect to the arguments Àk~ 

and o<",f, respectively. By means of equat;ons (A.l-.J), a" the above 

constants (Qktn _<. 31cll1) can be determined by. rePla.cinj 4>k andAfrn, ~ith, the 
~ 

4·3 
1 
1 
1 
1 

ap-propr'iate beam functïon or its derivatives. Their values for the case of 

clamped-clamped beam are listed below: 

4,z l. km 
,'1 

.(1) aJcIll = 1] ( Àm Cf", - À k (J/() for klm ~t ~m [(-0 1" + , ' i\: -Â! / 

1 
a~k = -Àk l)k (2. - ,h Ok) , 

., 

(2) b ... m·= 0 -Jo 1'" k;m , 

bklc = 
+ -,71k '-

l' 

( 

(3 ). ,d'km = - atm , 

4 ~ 3' 3 [k+h'I - lJ (4) ekln = - 4-( 3Â In + Îlt) Il,, Âm Ok On, (- 1) for Kr.rn , 
( 7L! - À~):L 

" 
, • .of. ekk : ... -'i\k" ~ 

, 02.' " ~ 
" 

. fkll1 = 
z ~ [ k+1I\ 1J (5) 4 Àk ltm (- t) - for' k "1=' m 

À~ À,4 
~ - 111 

.f ~ " 
t .... "' ... " 

t~~ =. 

' " . '. 
0 , .' 

" 

" 

• 

• 



-~--- ---'--_. --_ ... --~-------

/J' 

.' 

, , 

(, 

(7) 

3kJc = Ât Ok ( Àk 0; .;. 2.) , 
2 

and the eigenvalues ÀIII are the roots of the' transcendental equation, 

. , 

, ' 

"cos h. Àm ios À", - 1 ;: 0 • 
/ 

' . 

.. 
"". 

in reference [43], 
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APPENDIX B 

THE EXPRESSION OF Hkm(~) 

Hkm (6() is defined in equations- (3.2.llc) r~ follows: 

where 

genera 1, has the .,fonn 
.... i 

. , 

~"J~)::;t.o~h À/I1~ -..cosi\~~-~(s[tlh Àtn~ -St~ÀII1~), (B.l) 

and satisfies the equation' • • " -; " . " " 

; 
1 

_ (B.2) 

the eigenvalues Àmand the_ consta~ts 0; for the clamped-clamped' beam are 
,- ' 

de"fined in Appendix A, flnd ~he differentfatiQn jn (B.2) and in all that . , " 

fo 11 ows i s wi th respect to ~ • 

let us consider the integral 
0, , '.' 

,-

Using equation (B.?), the integral can be written a~ 

. . 
~( 
, ) 

, . ! 
1 

. ' 
. , 

.} : 
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~, " 

, 

" , 

( 

( , 

1 1 

8,2 .. 

.(B.3) , 

il. . 

By succ~ssive ;ntetat;~n by par,ts,. one, obta;n~ . . 
l, ' 

p,: - ii{1,.) ni CP,.c~) e 't~ d ~ ~ [ </>:' e i~~ - .ù( ct>:' e ,E( f ,.'. 
0

1 l ' ", , { 
'; 1 C' _,:1.",' eUxf_ (' _)3 Â.. ~iO( fJ 

,~ + l. ... 0{, 't'II"I L 01. 't'1I1 0 • "-

(B.4) 

From equations' ('B.1), (A.5,.6), the boundary values for a'clamped-cla~ped 
, ' 

beam can be shawn ta be ' 
. . -

'<Pm(O~::; ~~(.1-)::: 0, ~' ,> cp~(o):; q>~'(i~;& 0 ~ 

Il ' ,2,' 

~ (0):: 2 Àm , ' 
III ' 

o '" • 2. .'. ,'" . ""i' i 3 . 

1 $111(0)= -:2 ÀIn ~ " CPm'fl= (-1) 2,Ârn~ 
su;stHuting equ.tinn (B.5) jnta· e /tian (8.4), yields " 

1 / • . f L, , i Dl r ' { 3 1 r . hlt- {, té( 
, 0 cp .. ( ~ ) ~ 5 d ~ = ! 2. Àm. a; L ( -1) e f 

( A! - 'tl ) l, ' , ' , 

l' 
,t 

. .2.r 'mt1 iD< .l']rl-
,- 2 L D( i\m 'L (-1 ~ ~ - l 'J' . 

. .. 

-r • 

' . 

(B.6) 

Replacing' m a~d« by. k and -:~t respecti ve,'y , in, .. eruation (8.6), one obtains 

, "fi cP. ~'~) e-ioT ~ d ~ ,; 1 { Ù~ 0; [( - it~ te >'\' 1] . 
,o,·k ,'. _ " C\.! - 0(""') '. ' , 

iJ} . (B.7) 

., 
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f 
J, l 

\ ~ J f 



/ 

< , 

i . 

. l ' 8.3 . , 

Combining equations (8.6) and (B.7), Hkm(~) can be expressed as 

H IcJn(<<) = ',. 1 .{ Alli [(- i)m+1 e iëf of {J '- B",o< [( - dn+Je i~_ 1 J} 
(O(+-À:) " . . 

1 

t { [ K.tl -i~ J B [ Je ... ! -l~ J} 
x( 4 ")' A le ( ... 1) e -t 1 . + k 0( ( -l, ) e ... 1 ' " ~ 

i)( - Âk • . . ' (B. 8) 

B
· . 2-

m = 2 l. i\:", , 

• , dl 

For the purposes of.analysis in Chapter IV; equation (S.8) can be 

rearranged as follo~S:.:,~. ,<' , 

~ \ .... " 1 

'. " 

1 . .;- / 

\ 

(B.9) 

." - tEiXe-{iX + Fe-l~ + G-I?<" + !Hô< f.l] , CS,. 10) 

~: ' 

wheré 
• 

-. , 1 

C ;; Ain At (_1),"+J , j) = Bill Bk (_,1)hl, E·= (A~ Bk + Aj('B"J(- j)+1 , 

F = Am Ak (_1)~+f. f Q "',-::- 8tr1 Bit [(_Dk
+

l1I+ 1]" ' 

',,' H~(À .. ·8k -A. BIO )Ü- d:·~ d /~:L ~ A .. A.[(-d·M 
+ t1: 

, ,~. r" • • " ... 

1 - ~. 

" 

. J . 

1 
1 

1 .' '. 

, , . 

.. ' " . . 

, ' 
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" 
1 
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\ 

) 
B.4 

i n equa tian (B. 9 ) • / 

( ) - 4 4 4-Equation B.8 holds for a11 values of Cl( except, wh en ,0( ;: Àm or ÀIt 

( 

and Ain' AI< , Bm ~ Bk ,are défined 

i.e. when' 

(B.11) 

" At these points, the denominator of the integral defined in either equation 
/, J -, • 

4B.6) or (B.7) vanishes and 50, apparently, the integral will blow up. 
1. f} 

However, from,the 'physical p01rit of view, as the in~egrals in (B.6) 

:'and (B. T) i ova l ve the we ll-beha've~ beam e; geFl'funct i ons and the exponenti a 1 

function integrated over a finite range of. the variable; they shouid not 

bécome,infinite for any finite v'alue of5{. "Henc1' thé numerator of the 

expressions in '(~.6hJr (B.n '~~st also b~ equal ta zero w~en Oc equals ta 

one of 'the values"given';n'equ'ât,ion (B.11)\ 50 that the expre~sions have 

a fo~ of 9/0 and, the; r ya 1 u'es in thé li mi ~" can be determi ~ed by us; ng 

l'Hôpitall·~'ru'e •. Ac~ordingly, on,apply;'ng\"HÔPita1 I
S ru.1e to, equat;on 

\ 
\ 

(B.6), one may write, , 

/ ~,,(~)e li;(f d ~ b' ',,::. ~ 'U", [2i i\! ~ (-1 t' e tOi 
o . 0{ =-±-Âm, ± t.À", ëi( ~ :(À lft1 ± L ÀIII 

l ",..1' iô1 ~ ~ .. i iD<. 
+ 2 0( ~ (-{ ) ~ - 2. 'i'i\/n ( ... 1) e 

1 

(B'12) , 
, 

or. explicitly, , , 

,. 

(8.13 ) 
, i ' ' . 

J" ~1I\(~)eiÀ" f d ~ 7[(J.1)+ie l~ (i. À", 0;, -t Àm'- l Y+ ~J 1(- 2. "Am) '"' 
0", "' , .' 

.. 

". 
, 1 

. j 
,/ 
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1 

j 

(B.14) 

, 
II' (P .. ~ fl)e-;>'" ~ d ~ = [(-l)'e -~O\", ~ t i\ .. - 0' + Il j( 271. .. ). . 1"B.15) 

o . 

\. 

i~ <k, (~)e:\" ~ cl ~ ... [c_ontTie ÀIII (Àm 0; - Î\m -' 1) + 1] /(-2 Àm) • {B.16)· 
o 0 • 

For the i ntegra 1 in equa.t ion (B. 7), when 0{ = ± Âk , ! i. Àk' the correct 
. 

expressions can be obtained by ~p1acing the subscript m by k in equations 

(B.13-.16). 

Therefore, Hkm(tX} is either given' by équation (B.8) or, when.O<. 

15 one o~ the values,~n (B.11), by thè appropriate ~roduct of (B.6) or 
. 

(B.7), with one of the equations (B.13-.16) (using subscript m or k ~hichever 

is suitable). 
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APPENDIX C 

THE VELOCITY POTENT)ALS AND GENERALIZED AERODYNA~IC FORCES DUE TO 

.- INCOMPRESSIBLE FLOWS IN SYSTEMS OF TWO FLEXIBLE SHELL~ 

o 

Solutions,to the velocity potentials have the following forms: 

(i) for the internal fluid region, ---
,t. A. h Ln t 
'f'i(X t r,6,t)=Tin(x,r).toShB e t , 

. ) where 

j( 
and 

, 

. ' 
*" * tin (0(,;'):: r LUi. (Kl-Ol) 1n (O(r) cp", (5() Chin; 

: . mat IX' I~ (0< a.) 

.\ (i i ) 
, ; 

fot.the annular fluid region, 

where 

J,. . 1 t.Jl. t 
't'. (x, r, 5, t) l 'f •• (x, r) .eos ,ne e • 

:~ 
.dl ( ') i JCIO AU f -iO(x 
"01) x,~ = î1f :To~(Oi,r)e do( 

-110 •. • 

and ) , 

" 
,.', . ' 

. . 

l' , 

1 J' 
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C.2 
.tl 

.' 

The generalized aerodynamic forces, are given as follows: 
1 

for the inner shell, 

" = , - Q"? 
Qtmll = Qkmn Cml') + kmn rln'" • 

" 

where 

1 - 2. '''''' 

Q lb. (3i E{ f 
kmn :; 

2.11" _00 

o 

>- 0: fi, e'/r( 0:-...: iX t F. ( O() H k .. (ôn d ex j 

2 'J( Ur -00 (X ." .' . 

(C.l) 

" 

0", = - 0: f3~ E", fr J co if<:. -".1 G. (~) H'M (<X) diX , 
kmn 2 "lrV~ , OZ -. 

, JI r _ OC) • ' . . 

. 
(C.2) 

and Ên(~)., Fn(~), G-n(ë() :and H/C/Il(ti') are as defined in equations (3.3.1h), 

(3:3.li); (3.3.1j) and (3.2.11c), respectively;~' t , 

(ii) for the outer sheTl, 

\" , 

, Q • ...:-

. ' , : 

1 

• 

1 

\::" 
, . 

u 

l 
l 
'< 
~ 

\-,' .d 
,'~ 

J , 
. 1 

~ 
J' , 
,; "1 



) 

( 

where 

! ' 
i , 

C.3 

(C.3 ) 

(C.4 ) 

and Ln(~)' Mn(~) are given in equation~_ (3.3.2.g), (3.3.2h), respectively. 

Note that tn(é(), f. (O(), Z'G (~), L (0('), M (Oc) a~d Hic (&) are 
n n n n ~ 

independent of the vibration frequency; hence, the integrals in eqùatiotls . - . 

(C.l-.4) can bè made frequency-independent, if the terms, (k"i-D()2,(Ko-~)2 

in the integrands are expan~edr"nJ the reduced frequencies taken 'out of' 

the integrals. 
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( 
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APPENDIX D 

EXP.RESSIONS OF THE GENERALIZED AERODYNAMIC FORCES FO~ 'SYSTEMS WITH 

A RIGID OUTER 'SHELL 

( The non-dimensional generaalizéd aerOdyna;tc forces acting on 

i~hell are as Tollows: 

(i) for compressible flow, ", 

- '-
Qklnn = Qkmn Cmt! ' (D.l) 

... 
where 

, - \ 

_,0: J3~e~ Prf C1J Cko '- éX)~ Fn (ct) Hjcm(()() d cx, , 
. 2'1r _CIO floL • ~ . (O.la) 

where En{Qr), F. (oc) andH (~) are as defined in equatjons (3.2.7b), (3.2.7c) • 
n' km -

and (3.2.11c), respectively; all the dimensionless parameters._are as 

given in (3.2.10), except Üo whi 1h 1S defined here as 

, 

where 

. , 

,", 
; 

(0.2) 

1 , 
, / 

1 



( 

• 

(i i ) for i ;comp~ess ib TeT' 

Qte"''' = (nt 'J,:/II1t + ~~ ~ :/1111 
3 -

+ ~"",n ) C'"" 

where 

._ [ () ;z. / ] 1/2. 
-J1.i.: Jl.xQ: )sL(1-V~) Et , 

" 

\ )0-' .... '" + Uo,J3t ft. foo rn(50Hk," (of) dÔ( 
. 1r , - co 

• 1 

2. .1"" ; 

, '!t: .. : D~..B~ Ei f Ci En (0( ) ,H.~ «;0 ~ ii/" / 

, r 

_ Üo' J3J·,fr J" Ci Fn(ôD .H.~ ëI)' do< . ; 
2.7f -CD' . 

- "" .' and En(&), Fn(o{), are as defined in equations (3.3.1h) and (3.3.1{), 
" c 

respecti-vely .. 

1 
1 
1 

j. ,. , 

0.2 

.) 

(0.3) 

(D.3a) 

(D.3e) 
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APPENDIX E 

'''-.... 
STRUCTURE OF"MATRICES [A], [K], [M], [Cl 

In this Appendix are described in detafl the structures of matrix 
• 

[A] as defined in the matrix equation (3.4.26), and of matrices u~r; [Ml, 
e , 

[Cl in the matrix equation C3J,4.29). A1so given are the structures of· 

'~heir caunterparts, denoted by [Ai]' [Ki]' [Mi] and [,Ci]/' _fo: systems _with 

a rigid outer shell.' All the matricG!s are for"t'he case/Of k,m=1,2,3i 
'1 

n = 2 (other va 1 ues of n may be used). 
1 
f 
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" 

.' 

" 

'" 

/ 
1 

! 

\ 
\ 

/ 
E,2 

E.l Ma tri x [Al 

The structure of this matrix is shown below. 

o 1 4- 7 • 10 .13 16 

o 

" '/ Q" Q 112 Q'~l '~2. , ' , 

, 
f; 

[A] = Q" Q" Q" 
3'1 ,SU JJ2 

10 o AIO A 1
0

, A 10 Ali Ali Ali A'i Ail Ait 
0, 112. lU /32 112 ln' "2. 112. lU' /32-

Ail A's A's A'''' A'+ A't AI5 A's Art 
111. Ill. 13.1 H1 ,U ,~~ /12 ,22 ,~l 

Il " "A" Ali A'- A'T A'7 A'7 AIS A'8 AIS R"1 R'21, R,u, 1/2 lU "2 111 lU '32 112. III /31 

A'O A'o A'o Ali Al' Ali AIl. Ail A'l 
l , 1.,2. :/.12. 1.31 il2. .ut 1.51 2'1 lU l~~ 

r A'S A'~ AI) A'4- A'+ A'+ A'~ A'S i's 
2.,,1, ll;t .lU ~'1 .lU .1~ ,ut 111 1.Ja 1 

R" "," A" A'6 A'i AI
7 AI7 A'7 A" A'S 'AIS - • 

.2.12. RUil Rl31 .1.11. ~2l .132 2.11 122. Ù2. 212 J21 l1zu 1 
'- AIO A'O A'O Ali Ali Ali. Ail A'1 A'i -,.:l, "'l. ~u "1. .m, 3.22 .H2 ,JI1 32.2 JU j 

AI' A/~ A'l A'4 A'+ A'T A'S A'S A'S 
3'1. 321 sn J/2 lU 332 3/.1 322 UZ 

13 

. 16 

o RI, Rif 1/ A'" A" A" A'T A'7 A'7 A'i A'& Al' _ ".1 312 R332. .I.l. 522 nt 5'1 321 '3.2. ~,l. 322. Hl 

J 



\:.1' , Of 
E.3 

t" Il 
AI: , Q and R' (k,!!):;:1,2,3; n==?;! ==1,2, .•• ,18) are given 

"lnI' km" - Kl"n " 

in equations (3.4.4~.21),'(3.2.11b) and (3.2.15a), respectively. 

Ll.1 When the outer shell is rigid, the equivalent of matrix [A], denoted 

by [Ai] has the form ,,' 

1 7 . . . 
1 

1 

AiH 

f 1 

Ai,13- . A il3 A~I'2 A:22 A~3~ A: ll A:u A:32 
'-

A~n A~2Z A~3Z ,A~J2~ JA'j 
lU A~31. A6 "'A6 

H2. J22 A:~ 
A:n A:a ~;'2 A: .. A;Z2 A:3~ A;11 2.' A2.· Ai.n,' lB 

A:l, Ai lAI Al 
la i2.3, ZI2. A~2 A;:z A:f2 A:zz A;32 

A;11 A:z; A~u A:t1 A:u A:'3a A;12 A:u A:~2 
~ , . 

A:I'~ A;u A7 
- A& A;u A:52 A~;I Ai~l A;u 2.,2. 2.f2-

AI. A { AL~J A;u A~2 A':l A:u A3: 2 A~~ ~'1 '~2 Q-

'4- +' A:u Ain A:51 A: 12 A:21 A;u A312. A:2? A'52 

7 1 
A:J1 ' A;21 A;n AB 

312. A:21 ~:3Z A~1 A~32 A~53 
t ' . A (k,m :: 1,2,2; n = 2; t == 2,3, •.. ,8) are given in equations' 
kmn ., • 

(3.4.5-.11); A~k," (k,m = 1,2,.3) are obtained when ,the term akln,..n:/.n~in 
Ai,' as defined in equati~n (3.4.4) is replaced by o. .. ,,/i:; similar1y, 

kl1ln n _". 

replacing$L. 1i2Zn:by8L,"ii~ in A9 
(equation-(3;4.12) yieldsA~L. and, 

"III 0/-. 1< L tlnn - LI' m 

f.i nall.}!, the termQ' inA~ is gjven by equatiàn (D.la). 
, '. kmn (klll 

, ~ 
, . 

. \ 

. '-, , 

'-, 
, . 
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E.4 

E.2 Matrix [K] 
" 

J 

Elements of [K] are equal to ~he corrsspondîng elements of [A], 

.except those specified in the following matrix ..• 

1 7 10 13 16 

i 'k' Kr. 1 

JI ~ 11 kt, r 

1 

k~ I<~ k'~ ~F5 F3 FJ 
112. ~22 ~13Z 

1 
K!1 k!3 K21 

. 
'. 

. 
K:, k:l I<~ F3 ~F~ F5 

~212 zn ~32' 
7 k;, K;l k~5 . 

. 
, 

\~, -, 
Je:, 1<:1 KJ~ 

r5 ~F3 H· " "3,i 522 ~53Z ~ [K] = 

to k~ k,~ k,~ , 
" 

1 

- 1 
'3 C3 C5 'R+ k~ + 

r,1.1 r.2.2- r,3a K,s Il 12 

KlK3'K~ 0 ç. 2.1 21 2! \ 

1 ; 

13 

~ ,,~/ .. e, c, c' k+:' ...... + 
t;,~ r;u t;'52. 2i K~2. Kl' , 

3 '5' .. J 
, , .. 

k3\ k'32. 1<53' , 
.- , 

16 

" .. 
.' f 

" Cl c,' Cl k+ K4 ... '. Ti,l. t;11 r;u . ~ 
31' 31 KSi , 

F3 C3 
. 'Q, "rL are given in equatiQns' (3.3~ 19), (3.3.2,e)', respe. c'tively, and .. 
. Vktrln "mn . , , .. 

l' 1 

KJcm ~ AkMn ( E.n 
. \ 

'. 

" . 
. . . .. 

,,~ 

- --_.- ----,---



" 
, r 

t.S 

~, 

, "3 ' Afo 
/( 

_2-
kif! = Iclnn - a km.no , 

C' 

", 

, ' (E.4 ) 

QC3 ,1="3:;'" ' 
,'where k,m ::: 1,2,2; n = 2.; and li" ' rk are giveY,l in eql,lations'(3.3.1f), 

Il''., ',lnll 
, . 

(3.3.2f),,- respectively. 
" 

, ' 

" 

E.2.1 When the outer shell ;s' rigid, the equivalent of matrix [K] is 

f' ," denated by [Ki]· Elements nf [Ki] are eqüal ta',the correspond1,ng , 

Jl ëment~-' of h , [Ai ~ , ex,!! t o~e specified in t e a lowlng matrlX. 

: , 

1 4 7 
, ;; 

t 1 

K:f3 Kut KiI'- 1 . 
, " 

1 

1 : 1 

J 

. 
(, , 

, . 2. '2:' 2 . 
; . H- - Ki.~1 Küz ,Kl13" 

1 
l' + 
I[Ka =~ 

1 ~L t ' 

K'~i K(l1 Kin" ; 

. . " " , " .. , 
---- , , . . " 

, 
, ! 

. . / . 
k~ Kl~2 

1, 
1 -

Ki?3 . i~f 
. ' 

f i ' 1 

ki3J, K'32. Ki. 53 ,(. . 7 
, , -- . 

, , . 
, . 

2 2. K~' . 
~ " :---\ 

'Kt!{ Ki~2 ' i.33· . 
~ , 

, 

",dl, 
, 

1 . 

r. 

", 

,0 



! ~ ... 

,,j 

r 
. ~.' 

( 
, " 

" l 
, " 

'. ' 

E.6 

k
t. 1 . 

. l km = 'KkJn (.equati on 
1-

(L1).;> Kt~1II c.an be obtained by replacing the 
C3 .3, . 

term ,~khln by <J,klllA (defined in equation <.D.~c» 
2 

in k~m (equation (E.2». 

" 
l ' 

,i 

/' 

. , 

. ' 

~. . 

.' '- . 

,­. -

, 

" 

'. 

. '. 

, . , 

. ' 

1 

1 

1 

A 1 

1 
l 

,1 

1 

, 1 

/1 
1 

1 

,1 

, 1 

1 
,1 , 

1 
1 
1 
1 

1 , 
'1 
1 

. ' 

• 1 . 
'\ 
'l 

'1 
1 

l 
,j 

1 
u 
r, 
~ 

~ ! 
, 
il 
1 

1 

,f ' .' 
.' , ~/. 

,.} , 

.\ .. 
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E.3 
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Matrix [Ml 

The structure' of this matrix is shown below. 

i 4.: 7 ' to t3 16' 

1 
1 1 • l' . 

-l-
, 

Ml, M,? M,s 0 - -' - - - - - - - - - d-

O M" " Il M,2. 

2. 

M'3 
,( 

1 i 

~,~ 3 l FI FI f, 
MIl. M'3 ~'Il <t'.u ~31 

" . , ; 

Mol\. Mn Ml3 " 1 
1 

:; 
2. Ml. M,l 1 1 M~, 

, 
11 25 , . 

1 ~ 

M.u 
3 Mn 3 

MolS ~'FI t:, ~f' 
.1Jl ~21- .1'2 

, ~ M' 
. ----- , 

M~I ~~ . 33 r - 1 

M!, M:1 M:3 
1 1 \ , 

l, M:. ~~ M:3 

- ~F' ~FI ~Fr 
III 3lZ 531 

, . . . , 
.QII ,a'2 ar; 1 

1 J ,l, .. 
, . . 

- . S,'. ~~ S'3 1 
J , . ' r.4 .. 

7 

\ 

J 
lb 

1 C. Cf CI M~ M~ M~ - ~~ r,h '732 , 

all · On aZ3 
, 

1 . < . " 1 .. 
, ' • S21. SZ2 823 

;' 1 , -, . 

'," 
-t!tl te, CJ + +- + 
212 221 t;J2, Mz• Mn Md " 

. 
aSI ~2. {lsl 1 . 1 

. 
'16 , " " li" 6S2 bjJ '0 "' . . 

'0 
ci CI CI 0 f '4- 4-- - - . -- - ' G,2. fiZ2 t;32 

, - - - - M3l MJZ Mu ,- . 

1 • 

q,J: 1 rel '. ". . t: (3 3 1) (3 3 2) . ,\ . 1 
, L. .' are glVel)',.;J n equa lons .• c,.. •. a , respectlVe y, and 

kmn r-tnll • . i: ' 

·1 --' l , (E.5 ) '\t,. " 

" 

, (E.6) ( " 

, " 

, \ 



" ' 

.. E.8 

M 5' 2 D,CI 
lem =, Mlclll -t -Vlcmn 

(.E. 7) , 

( E.8) , 
ct F f 

~here k,m = 1,2,3; n = ~; ~kmn' r
kmn 

and -UkM are given in equations 

(3.3.1b), (3.3.2b) and (3.4.22), respectively; 8km is the familiar Kronecker 

delta • 

• 1 

E.3.1 Wh~n the outer'shell ;s 'rigid, the equivalent of matrix [M], 

d~noted by [Mi] has the form 

1 4-' 7 , 

( 

'. 

1 
. 

aJl °L2 °t3 
- .-- - - - 0 

. 
'- . 

Su 812 -6'3-
, 

-1 ï 
l .. 

i , ..... 

r 
. \ 

Mw Mü~ Mnl . . 
. .. . , ; 

OZl az~ Q25 
. 

1 , 

: 

~ 

- . blL 822 ' 82.3 • - 1 1 ~ 

'-. 
, . 

J 'M(21 Mi'l~' MC2' . - , 

.. 
, . 

; 

7 a31 0.31 a 3,3 
. 

1 " -. " 
.' 

<. • "-

1 831 ~2. Su 1 
. , 

q 

" 

)( - , 

1 
. ' .: 

4 

Mi3i- Mi31 Mt3! 0 - - - - '. 
Î. . 
: 



" ' 

. 

, 
-' 

" 

~ 

1 
l 

in which 

, 

1 
where ~kmn is given in equatlon (O:3a). 

/ 

/ 

> 1 

1 

:1 

i 
1 

1 
1 

\;; 
1 
i: 

'/1 

'f 
/ 

.. ~ 

, 

j 

' ' 

;; 
1 

~ 

~ 

" 
.. 

---

, ' 

. E.9' 
, . 

(E.9) 

j 
J , 

/ ! O", 1 1 

( : 
" - -,-~ / 

.. 
", ! 

.0 

.' 

.. 

, 

.. 

" 
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E.10 

E.4 Matric [Cl 
1 

'1 co 

T 1 hr structure of this matrix is shown below. ! • 

1 4 7 10 13 16 

1 
• - I-D - - -" - - - - - - - - - - - 0 . ' {~~ . 1 1. V--

------ C2 ~el 't-C1 
~ 

~F'2 F1 ~r:2 1 ~,,'1.... lU 132 1/2 ~,n .32 

1 , 1 . 4-
1 (" 1 

1 C2 ~cz ~C2 CVF"2. ~~1 ~r:2 ~l.ll. 122 2'5~ 
, 

~ 1 2. 122. 2.32 
, 1 1 1 1 ! . 

< 
7 

, , , 1 0 J 
" 

l,' . 
~C2 ~C2 C2 

. 
~n ~n F2 1 

' .. 311 ln CJ,352 
. r~ 12 522. Chu. ,-" ~ "-

[C]': 

( 10 1 1 
\J 

1 \',. 1 
1 . ';';" 

P. 

1 C2 Ci C2 • , 
~: n ~F2 r,.2. r,u tï31 .. r.;2 tiSa. , "'-

0 .. 1 1 ,., 
. i J , -==-

1 Ct Ct r;:: ' J:2. F2 Fa 
ti,t' r;U, .. ,t;n r;u t;" 

""" 13 

! 
.. 

1 
1 

" 16 
. 
) 0 1 . 

0 
.. r,Cl C2. ca 0 ~: F2 F2 - - , - r,Z2. tin - - - ~ - tlu f;sz L JI2. 

) " 

~C~ f2 . Cl d F2 ( ) ... , a ,. r an r . k ,m = 1,2,3; n = 2. are gi v~n in 
klnh Vlémn 'klnt\ k.JIIFl 

equ"~tions (3.,3.1dL (3.3.le)" (3.~.2c) a'nd (3.3.2d~" respectivel". 

( 

,,-"~. 

o 
" . . . 



( 

" 

'. 

- , 

E.4.1 >When the outer she11 is rigid, the equi~alent of matrix [Cl, 

denoted by [C.] has the form 
l 

1 7 
, 

1 0 - - - - - - - 0 
0 

1 , 
1 

\ 
~~L ~;l 1 ~112. . 

4- 1 
, 

1 . 
~ 

, 

Cc t1= 
1 1 

-
" 

~:~2,. 
2-

~:1 1 
. - t22 , , 

" ~ 

7 l ./ 
, l , 

" 

~ 
, ./ ' . 
~ 

O' . . 

0 r 0 ~2 2-
0 - - - - ~332. , . 311'. 311-. 

Il), Q1. (k,mcf' 1~2,3; n = 2) is given in equation (D.3b). 
Vl:mn 

\ 

a 

1 

1 " . 

/ 
o' 

, t 

. E. 11 

., 
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APPENDIX. F 

COMPUTER PROGRAMS FOR THE CASE OF INCOMPRESSIBLE INVISCID FLOW 

F.1 PROGRAM FOR SYSTEM WITH A RIG1D OUTER SHELL 

F. 1 .1 Funct i on of the Progr~m 

The program calcu1ates the dimension1ess ~i'gènfrequencies.ii(. and 

the associate& eigenvectors of a system with ~'rigid o~ter shell subjected , ' 
- l" ' , 1 

to interna1 and annular incompressible,;nviscid fiows. For each set of 
3;f" _ '.{~ 
input data of flowvelocities~ U/, Uo ' the program constructs matrices 

''';;;~ . . ( 
#, .r' 

~similar to [Pl and [q]r'ln equ.ation (3.4.31); (the order of the matrices .. . ( 
'~ ... : is r~duced by.hai'f:;'b~cause of the rigidity of the o'uter shell). The 

,l' 
l' 

1.' 

frequencies are th en determined as the solutions of a typica1 eigenvalue .,1 ~: 
'( ~ *' 1 

;. J r , equati on. 

) 

~ 

F .1.2 Program Structure 

~ 

The program i s written in Fortran IV language and it has the 

fo1lowing structure: 

MAIN PROGRAM 

SUBROUTINE MKMAT 

SUBROUTINE CMAT 

SUBROUTINE REDUCE 

SUBROUTINE EIGZC. 

(: 

/ 

, ; 
1 



(1 

F.2 

., 

, F.l.3 
Q 

D~scription of'tha Program , 

The function of each subprogram ;s summarized as fOl1~:-
(-1) Subroutine MKMAT constructs the matrices [.Md and [Kt] as defined 

in Appendix E. To accomplish this task, the' subrout;ne computes the 

va~ ues of the constants 0. 1(/11' bkhl and d"m using the f0rnttllae given ,in 

- -
Appendix A. With the flow velocities, Ul and UQ as input parameters and 

the computed integrals t which are stored in common block memories, the 
l' 2 

appropriate generalized aerodynamic force terms ('hm"' 'l-kmn in equa~ions 

(0.3a) and (0.3c), respectively) are evaluated. 1 
(2) Subroutine CMAT constructs the matrix [Cd a~ defined ~ 

·Appendix E. Ess~ntially~ the subroutine calculates the non-zero elements 

"'of the matrix, whi~h ~en by the generalized aerodynamie force tenu: 
~ 

q,!:mn kequation (D.3b»,.with the input flow velocities and the stored 

valu~s of the integrals involved. 

(3) $ubroutine REDUCE constructs the matrices [Pd and [Qt] which 

"have the following form: 
1 

[R] .. [oJ [I] 

[Ki] [Ct] 

where [1] is' the identity matri.?<. 

, [QJ= ~~ 
[0] [Ma 

1 

/ , (F .1) -

(F.2) 

t The computer program ~or calculating the integrals 1S described in AP .. ~dix H. 

• 'b 

o 



'''' 
\ .. - ... 

f . 

. ( 

( 

1/ 

• F.3 

where l 
, 

0' 

{'(} =fXJ } " , 
n.ie {XJ 

(F • 2a) 

and 

12 

(F.2b) 

Equa,tion (F.2)."is obtained from the governing second-order matrix equation 

(F.3) 
• 

(4)'Subroutine EIGZe is the IMSL subroutine employed to solve . ' , ' 
t~e eigenvalue equation (F.2). 

" 

All calculations are carried oot with double precision. The 

ne~essary par~ét~rs are defined in the main'program. The computed v~lues .. 
of the integral terms and the flnw vèlocities are read'from the data deck. 

~ . 
The outp'ut resul ts cons i st of ~ 11 ei ~hteen ei genva lues t a,nd the upper ha 1 f 

se~mè~t ~f the associated eigenvectors {:f:J.1:(in columns) which contains 

the shell d1splacement vector iXJ. Thes e;genvertors are normalized 

by the largest element (i.e. the largest element has a magnitude 'of one). 
, . , 

For' ins'tance/ if ~in = 1 (and thé other elements ar.e small), then this 

t When three compatison functirtns are' util ized, t'he governing 
" 

'matrix eqvation (F.3) is of order nine; however, when this equation is 
reduced to the\~igenvalue equation (f.2), the arder is increased to 
eighteen. The êïghteen eigenvalues in the solution consist of n;ne pairs 
of dO,uble roots Uotresponding to nine 'distinctive eigeF1,frequencies. 

( 
" 



f~ 

,. 

\ 
\ 

F.4 

eigenvector represents axi~l displa~ement in the first axial mode (m=l) ~nd 

the n th circumferential mode. T,his same mode of vibration (i. e'. m=l) can 

accur in the circumferential direction (when Sin = 1) or in 'the radial 

direction (when Cln = 1). Similarly, the second and third axial modes 
f \,,- ____________ -~ - <.. ~ 

(m :;: 2,3) can be associated with sheTl ~displacements in any one of the 

three direction,s (together, thèy acco~nt for the nine normal modes' of the 

system t). 
" 

Iii the eigenvectors associated with the three (or six if both 

shells are flexible) lowest ~igenfrequenciès (the loci of which are being 

studied here); the Cllln (m :;: 1,2,3) e1ements [as' well as the Filin element~ 

(coefficients associated w'ith ,~he_ radial displacement of the outer shell) 

in systems with both she11s flexible] are comparat;vely larger; thus~-the 

vibration of the shell in these modes i,g'.,mainl.y i~ the radial, direction. 
\~ 

For this reason, the modal shapes displayed in Appendix 0 and in Figures 

16,17,19 and 20 ar~ the radial' disp1ac~inents of the shells and they are 
, f 

plotted using the C~. and ~n element?/in the eigenvectors. 
~ t 

Notation,used in the com~uter :rogra~, the computer 'program itself 

and a sample of the output a>e given in the fol1owing pages.' ' 

tin systems w~th both shells flexible, the symmetry a~d antisymmetry of the 
vibratlon of thê two shells double the 'riumber of eigen'frequenCies and 
narma l modes to ei ght~en. ' ' , , 



/ 

" j 
" 

, 

) 

... t ... 

( 

li . ' . ," 

Notation used in the 
computer program , . 

" 

C(3)* 

P(3)* 

EI* 
, 

NU 

SK 

ZI* 

UI* 

UO* 

,N* 

-
. f4M( 9 ,9) 

KK(9,9) 

CC (,9 ,9) 

AA(18.18) 

88(18,18) 
, . 

" 

Ql(3,3), Q2(3,3). 
Q3(3,3), Q4(3,3), 
Q5(3,3}, Q6(3,3) 

OMEGA* 
. 

A(3~3)*, 8(3,3)*. 
0(3,3)*, DEL(3.3)* .. 

'<.. • 

F.5 

NOTATION-USED IN THE PROGRAM 

Corresponding notation 
used in the thesis 

L~ • ,k=1,:2,3 
. 
1 

• 1 

! 

Ui.' 

00 

,n. 

[Mt] 

[~\J 

[C~J 

[p~ ] 

[Ga 

..!l.i. 

a IrI", biC/ft, d ~1II, 
61t1ll ; k , m II" 1,2,3 

Definition 

Constants in the 
characterjsti~ beam 
functions. defin~d in 
equation (A.5) for a 
clamped-clamped beam. 

Eigenv~lues of the 
characteristic beam 
e:quati on.1 

See NOMENCLATDRE 

See NOMENCLATURE 

See NOMENCLATURE 

Defined in equatiori 
(3.2.1.0) " 

Dimensionless.internal 
1 • 

flow veloclty 

Dimensioh1ess annu1ar 
flow velocity 

Circumferential -moge 
nulilber 

See Appendix E 

S~e Append iX E 

S~e Appendix E 

Defined in equation ~.l) 

Defined'in equation'1F.l) 

Integral terms in the 
generalized aerodynamic 
forces 

Dimension1ess frequency 

Cons tarhs def; ned i' n 
equatidns (3.4.22-.25)~ 
resp,ectively) i . " 

Notation,with the samè definition as in other,computer programs. 
" 

.\ 



. , ... 

'II 

, -
·/INFO MVS TI(20} PA(100} ~(CENTRAL) CL(20) F(0415) N(STEVE SIp'PUI CHAN) 
//STEPl EXEC FORTRAN 
//FORT.SYSIN DD * 
C*******************************************************************~*** 
C COMPUTER PROGRAM FO~ THE CASg OF INCOMPRESSIBLE INVISCID FLOW * 
C ONLY THE lNNER SHELL FLEXIBLE '* 
C BOUNDARY CONDITIONS: CL-AMPED-CLAMPED * 
c*********************************************************************** , 
C 
c*********************************************************************** 
C " MAIN PROGRAM * 
C***********************************~*********************************** 

\ 

3 

IMPLICIT REAL*S(A-H,O-Z) 
,COMPLEX*16 MM(9,9),KK(9,9),CC(9,9),AA(}B,1~)/324*(O.DO,O.DO)/f 
# BB ( 1 B , 1 8') /3 24* ( 0 • 00,0. DO) / , El GA ( 18) , El GB ( 18) , Z ( 18, 1 8 ) , WK ( 1 8 , 36) , 
#OMEGA, Q 1 (3,3) , Q2 ( 3 , 3) , (23 ( 3",3) i Q4 ( 3 , 3) , Q5 ( 3 , 3) , Q6 (3,3) 

REAL*8 NO" ~ 
COMMON/DATA1/NU,SK,EI,C(3),P(3),N 
COMMON/DATA2/ZI,DR,PI 
COMMON/DATA3/Q1,Q2,Q3,Q4 
COMMON/DATA4!Q5,Q6 " 
DATA lA/lB!, 1 BI' B/ ,NN/1 al ,'IJOB!2/, IZ/18/ 
PI =DARCOS { - 1 • DO } , . , 
C(1)=0.9825022145762379DO 
C(2)=1.0007773119Q727DO 
C(3)=O.99996645012540S6DO 
P(1)=4.130040ï44a627DO 
P( 2} =7.8532046-2:"40958,400 
p(aj=10.9956078380016700 
El =11 /15 .DO 
NU=0.30DO 
SK=(1.50D-3)**2/12 
ZI = 1.. 709Dl 
DR=1.DO 
N=2 
DO 3 K= 1,3 

'. ' 

, " 

DO)3 M= 1 3 . . 
REfAD ( 5 , *) Q 1 (K, M ~ , Q2 ( K , M) i Q 3 ( K , M) , Q4 (K, M) J Q 5 ( K , M) , Q6 <' K , M) : 
CONTINUE , ," -
UI=O.ODO 
DO 1 L= 1,2 
REAO(S,*) UO , 
CALL MKMAT(UI,UO,MM;KK) 
CALL CMAT(UI,UO)CC) 

"CALL REDUCE(MM,KK,CC,AA,BB) 
CALL EIGZC (AA, rA, BB, r'B, NN, IJOB, EIGA, EIGB, Z, 1 Z, WK, INFER i 1ER) 
PRINT10,UI,u6 " " . 

10 FORMAT ( '1' , 'FLOW VELOCITY INSlDE ~HE ,INNER CYLINDER=' ,FS.5/'O'-"fFL 
" #OW VELOCITY IN THE ANNULAR REÇ.;rON=' ,FS.S) 

PRINT11 
11 ~FORMAT{'-' ,'~HE FREQUENC1ES ARE:') 

20 
12 

00 20 1=1,18 
OMEGA=-EIGA(I)/EIGB(I) 
PRINT12/0MEGA 
FORMA'I:'( 'O~..,' (: ,2024.16, 1~,')') 
DO 2 K=1,11,S ' 
M=K+4 
PRINT21,K,M 

1 ., 
, " 

, , 

.' 

) 

.' 



, ' 

1 

c' 

'1 

2 

21 
22 
21 

, 1 

100 

PRINT22,«Z(I,J},J=K,M},I=1,9) 
K=16 

,M= 1 B 
PRINT21,K ,M 
PRINT23 t «Z(I,J),J=16,lB),I=1,9) 
FORMAT('1' ,'THE' ,12,'-' ,12,' EIGENVECTORS') 
FORMAT(//S(2X,'(' ,2010.3,')')/) 
FORMAT(//3(?X,'(' ,2Dl0.3,')')/) 
CONTINUE 
PRINT100 
FORMAT ( , l' ) 
STOP 
END 

1 
1 

'1 , 
'F-.7 

-le ~ ~ , . 
C**************************************************~******************** 
C SUBROUTINE,MKMAT * 

,.C***~ * ***** * ***** * ** **** * * **** ***** ** *** ** *******~*.******** ******* ****** 
SUBROUTINE MKMAT(UI,UO,MM,KK) 

9 

IMPLICIT REAL*S(A-H,O-Z) 
DIMENSION A(3,3),B(3,3),D(3,3),DEL(3,3) 
COMPLEX*16 MM(9,9),KK(9,9),COE(9,3,3),~OEK(3,3,3)rQ'(3,3),Q2(3,3), 

#Q3 <3-,3) , Q4 (3,3) 
REAL*8 NU 

. INTEGER.-BEQ9*O/, W, V,li 
COMMON/DATA1/NU,SK,EI ,C(3),P(3),N 
COMMON/DATA2/ZI,DR,PI 
COMMON/DATA'3/Ql ,Q2 ,Q3 ,Q4 
DO 9 1J= 1 ,9 
DO 9 ,J=l ,9' 
MM(I,J)=(O.DO,O.DO) 
KK(I,J)=(O.DO,O.DO) 
C1=ZI/2/PI/EI 
C2=Cl*DR 
DO 3 K=1,3 _ 
DO 3 M::; 1 , 3 _ , t 

l F ( K • EQ • M) GO TO 1 _ ' . _ - - - '-
D(K,M)=4*P(K)**2*P(M)~*2*«-l)**(K+M)+1)*(C(M)*P(M)-C(K)*P(K» 

C/(P(M)**4-P(K)**4) 
A ( K , M) = - D ( K', M) . 
B(K,M)=O.D~ 
GO TO 2 
D (K , K) = P (K) *'C (K) * ('2-P (K) *ç (K) ) 
DEL(K,K)=l _~ 
A(K,K)=-D(K,K) 

! ' 

B(K,K)=-P(K)**4 
2 . 'COEK( 1 ,K,M)=A(K,M) 

, . 

~ COBK(2,K,M)=DEL(K,M) 
3 COEK(3,K,M)=DEL(K,M)'+Cl*Ql (K,'M)-C2*Q2(K,M) 

C3=UI**,2*ZI*EI/2/PI ! ' -.. il . 
C4=UO**2*ZI*E~*DR/2/PI . r 

.fI 

DO 4 1\=1,3 
D~ 4 M=1,3 , 
CO~(l ,K,M)=EI**2*B(K,M}+(NU-l)*(SK+l)*N**2*A(K,M1/2 
COE(2,K,M)=-(1+NU)*N*EI**2*D(K,M)/2 .' . 
COE(3,K,M)=(P(M)*EI)**4*SK*DEL(K,M)-(2*NU-SK*(1-NU)*N**2)' 

C*.EI ** 2*D (K,M) /2 
COE(4,R,M)=(1+NU)*N*A(K,M)/2 ' , 
COE (5, R, M) =-N**2*DEL (K ,M) + ( 1 + 3*'5K) * ( l-!NU) *El ** 2*D(K,MJ,/2 

" 1 



. i 

6 
5 

~COE(6rK,M}=SK*(3~NU)*N*EI**2*D~K,M)/2-N*DEL(K,M) 
COE( 1, K', M) = (NU+ (.Nq-l ) *SK*N** 2}2) *A (R, M) -SK*EI **2*B (K,M) 
COE(8,K,M)=-N*DEL(K,M)+(3-NU)~~K*N*EI**2*D(K,M)/2 ' 

F .8 

COE(9 K M)~-SK*«(P(M)*EI)**4+(N**2-1)**2}*DEL(K M)-2*(N*EI) , , ., 
'*~2*D(K,M»-DE~{K,M)+C3*Q3(K,M}-C4*Q4(K,M} 

K=O .. , ' 
DO 5 l = 1 , 7 , 3 ............. 
R=K+l 
DO 5 M= l ,3 , 
W=-l . 
DO 6 V= 1 ,7,3 
W=W+l 
PO 6 L= 1 ,3 
H=L-l" , 
KK{I+HjM+V-l}=COE1L+3*W,K,M) 
MM(f+H ,M+3*H)=COEK(L,K,M) 
,CONTINUE _ 
RETURN . 
END ~ 

C 
C****************~**************~********~******~****~*************~**** 
C, 'SUBROUTINE CMAT .. * 
C*********************************************************************** 

2 

1 

SUBROUTINE CMAT(UI,UO,CC) 
1MPL1C1T REAL*8 (A-H,O-Z) 
COMPLEX*16 CC(~,9},Q5,Q6 
COMMON/DATA2/ZI., DR, PI 
COMMON/DATA4/Q5(3,3),Q6(3,3) 
DO 2I=f,9 
DO 2 J= 1 ,9 
CC(I,J)=(O.DO,O.DO) 
C5=Ur*ZI/PI . 
C6=UO*ZI*~R/PI.' . ,_ 
DO 1 K= 1· ~ . • '. ' . ' 
DO 1 M= 1 ' 3 1; '; !,', , 

CC(~*K,6~*'=-~5*Q5(K,M)+C6*Q6(K~M) 
CONTINUE 1,:"/! /1 
RETURN ; " 
END ,/ 

", . 
\ 

G 
C****i*********************************~*********~~*****~************~** 
C y SUBROUTINE REDUCE . ~ 
c** ****** ****** * ***** * **** ** ***** * ********** ****** ***** * *,***** 'ft********* 

1 

2 

SUBROUTINE REDUCE(MM,KK,CC,AA,BB) 
COMPLEX* 16 AA ( 18, 18) , BB (1 B , 1,8)- ,'MM( 9" 9.}Î-, KK (9,9) , CC (g', 9) 
DO 1 1=1,9 
AA ( l , l + 9 ) = ( 1 • DO , 0 • DO) . 
BB(I,I)=(-l.DO,O.DO) 
CONTINUE 
DO '2 1=1,9 
DO 2 J=1,9 
AA(9+I,J)=KK(I,J) 
AA(9+I,9+J)=CC(I,J) 
BB(9+I,9+J)=MM(I,J) 
CONTINUE 
RETURN 

", 

.. 

END 
//GO.SYSIN DD * 



) 
- 1 

(O.208511'7629_4837680+00,0.Ç» 
(-0.30762120475931200+00,-0.37294688292169170-15) 
(0.25411.254691704040+01,0.0) 
(-0.36692991168679050+01" -0.22970248 156268650-13) 
(-0.3480685867526582p-06,~.0) 
(0.3059165749887050D-06,0.21967075683538060-14Y 
,(-0.52440460858342170-17,0.24918099474426780-07) 
(O.43689947797~45350-15,-0.21886549795518530-07) 
(0.17706203843318340-16,0.59218178.929210480-04 ) 

, (-0.18943318838282500-13,-0;52011993019665230-04) 
(-0.11314309528931270-16,-0.69075416143485040+00) 
(-0.17266616a9145~10-1 ,0~9968359~716347380+00) 
(0.7474 266~6024 552060-0 ,0. 2608'1t.? 7019'296111 0-18) 
(-.0.3950014412793546D- 2, -0.13450985452208670-16) 
(-0.20249818918769560+01,0.272749728B~6B1900-17) 
(0.29173068917767170+01 -0.9093274360890136D-1j) 
(-0.16190977286229220-0 ,0.89379238473866900-17) 
( 0 • 1423 1 921 3852723 10-0 5 ~ 0 • 27 Li 9637-6677101 1 40- 1 4') 
(-0.5244046~~58342170-11,-0.2491~699474~2678D-07) 
( - 0 • 42 1 2 3 1 1 5 1 5 3 592250- 1 5,'0 • 2 1 88 6 549795 5 1 8 5 3 D - 0 7) -, 
(0.17706203843318340-16,~0.5921817892927048D-04) 
(0.18911099706362350-13,0. 5201199301966523D-04) . 
( -0.1131430952'8931270-16,0.69075476143485040+00) 
(0.17592434939585340-14,-0.99683597116347380+00) 
'(-0.20599875314973050+00,0.0) . 
(-0.295033625278545300,-0'.11926899708807650-14) 
(0.93779666704352860+01,0.0).. 0' 

(-0.131 1 966862058699Ïrf.02, -0.175391,3 379993 51 4D-12)· 
(-0.61991146046507420-05,0.0) , 
(O.5438827219427047D-05,0.12091083492721580-13) 
(-0.71~44228567178770-171-ci.l062358P4149751 lD-06) 
(0.13911 798718553650-14,~. 9334121168240787D-07!) 
(-0.40731024585232080-15,-0.25130886884054030-03) 
(0.3705009008740817D-12,0.22080043460553180-03) 
(0.35623990089511J9D-16,-0.11200416066562050+01) 
(-0.1865'7659881244350-13,0.15499241097973070+01 ) 
(0.74742666024552060-03,-0.26081370192961110-18) 
(-O.395001~412793546D-02,-O.1268216389232833D-16) 
(-0.20249818918769560+01,-0.27274972885681900-17) 
(0.2917306891776717D+01,~0.9092376338417914D-13) 
(-0.161909772862 29220-'05t, -0.89379238473866900-17) 
(0.14231921385272310-05,0.27758097457178700-14) 
(-0.71344228567178770-17,0.10623580414975110-06) 
(-O.1370912770145155D-14,-O.93341211682407870-07) 
(-0.4073102458523208D-15,0.25130886884054030-03) 
(-0.36935581687677620-12,-0.22080043460553180-03) 
(0.35623990089511190-16,0.1120041606656205D+01·) , 
(0.185587532325ff460D-13,-0.15499241097973070+01) 
(0.20223284513753740+00,0.0) 
(-0.27795379981820400+00;-0.4013363659387922D-14) 
(0.19712164850415560+02,0.0) 
(-O.26362203213149620+02,-0.105~8051527827540-11) 
(-0.76507423298948460-05,0.0) 
(0.67255252195092940-05,0.58867799522011720-13) 
0.010000 
0.020000 
Il. 
'/* 

1 . 

F.9 

1--.;1 



! 
1 

" 

FLOW "VELOCITY INSIDE THE INNER CYLINDER~ 0.0 

FLOW VELDCITY IN THE ANNULAR REGION= 0.01000 

l"E FREOUENCIES ARE: 

1 -0.2123376205340491D+Ol O.1134'07!;250191070D~15 

2 ( -0.2024J70~4E56e84eo+0~ -0.lQ36a956305~22710-15 

3 (-0.,1:312é055270394791:+01 0 .. 172388135718931::90-16) 
~ . 

4' (-0.12184707!:443S5230+01 0.10039458007092300-16 J 

5 (-0.20630895778132610+01 0.23310337425176570-16) 

6 (' -O. 127626961 SBS20ÇOO+ 01 0.26244468837441750-16 J 

7 ( 0.12184707t44168700+01 -0.40996394106339J60-17 ) 

8 ( 0.1372605~269861620+0l -0.12034643007967240-16 J 

9 , 

10 { 

11 ( 

0.21233762051499020+ 0 1 -0.439"6439781570 1530- 1 6 ) 

0.20241:]0348556970D:l-01 -0.1l7364E825501419'0-15 ) 

0.127626961aa20544C+Ol 0.30049976111081150-16) 

12 ( 0.20630895776521580+01 -o. 168593315055009ap-16 » 

13 ( 0.23900983215132370-01 -O.16632317773Z53S30-15 ) 

14 (-0.~390100e759072520-01 0.36956a45143aI2t~0-16) 

15 , 

16 ( 

0.1263536460444057P-Ol -0.46459147754266440-16 ) 

0.4640238712805C36D-02 -0.3395094438655985D-16 ) 

17 ( ~O.4640241055484637D-02 0.6661B757~693945eO-16) 

18 (-0.126353711é80758aD-Ol 0.6346935396731792D-17) 

, , 
. i 

>, .. 

. , 
," 

F.lO 

,,. 

J 
1 

> , 



, 
- i 

--

THE 1- 5 E1G~N~E(TORS 

('0.3000-01 0.9930-161 

0.1090-15 0.75S0-04) 

0.2570+00 0.3360-16) 

~ 0.4390-01-0.1530-151 

(-O.222D~15-0~1600-031 
(-0.4710+00-0.1040-171 

f 0.1010-02-0.4690-111 

(-~.3410~lô~O.~qso-O') 

(-0.1060-01 0.8390-16) 

THE 6-10 EIGENVECTOPS 

(-O.2~OO-15-0.1~60-03) 

(-0.7b4D+OO O.1010~16J 

(~O.1976-16-0.7~30-05J 

(-0.165U-17 0.1740-05' 

(-0.6250-01-0.1170-171 

.. 

,-. 

.. 
~ 

O. 265u +0 0 o. Ij30-1 51 (':"0.72<,;0+00 0.17jO-J 61 

0.4140-16 0.7970-04) (-O.2540-16-~.2~90-041 

0.3150-01 0.353D-15) (-0.4040+00 O.I,dD-l~J 

(-0.4940+00-0.3790-16) (-0.137D-Ol Q.~15Q-lÔI 

(-O.752{)-I'b-O.1450-031 '( 0.4110-17 O.4190-{lS) 
~ 

(-0.439ù-Ol-O.6250-1SI (-0.8110-01-0.6420-16) 

(-0.1110-01' 0.6a30-17) (-0.4840-03 0.1890-17) 

(0.4580-17',0.671\0-0:'1 (-O.7~6D-11-0.!:iOlD-05) 

'-,0.9570-03- C. 6370- 1 n (-0.3130-02 O. 221ù -16) 

(-0.8210+00 O.943D-Î6) O.7630-1~ O.846D-O~) 

(-0.7070- 1 6-0. 364D-04) 0.2540+ 00-0. 726,D-161 . ' 

(0.1060+000.149D-161' (0.1680-150.10600-03) 

(-O.243b-Ol 0.1230-15) (~0.79qD-16-0.124D-03) 

'-0.155D-lb~O.9b9D-O~1 (-0.4850+00-0.9600-17) 

(0.3840-01-0,.1150-15) r-O.283U-1S-0.1770-031 

(-0.1080-02 0.3620-J7) (-O.14Z0-16~O.1600-04) 

0.5090- 1 1 0.7680- OS) (- 0.1090-01 0.2190-161 . , 

Oel71:10-02-0.1110-16j' (O.37JP'-J6 0.17&D-04'. 

0.82100+00 0.1000~151 

0 .. 2680-16-0. :';b40:"'04) 

(-~.10bO+Oo-O.3520-1b) 

0.2430-01 0.1020-15) 

0.1,290+00 Q..3SSu-llil (-0.8000-0I,O.888U-:16') 

O~2410-16-11.2~~O-04J (-0.1100-150.7BSO-04) 

0.4040+00 O~543Q-16) (-~.2570+00-~.326b-lb) 

0.137D-Ol,O.6630-16) (-0.4390-01-0.1140-151 

(-0.2650+00 0.1200-151 

'-O.417·O-~6 O.797[)-04) 

(-0.3150-010.3360-151 

0~8910-17-0.969D-05' O. 2 230- J 5 -. o. J 6{).9'- 0 J J 

(-0.1 a40-1 ô-O. 7360-05) . ','C -0.3840-01-0. 1090-151 

(-0.1090-16 0.4160-051 

(, 0.8110-01-0.2690-lb 1 
/ ' 

O~710+00 0.2290-16) 

O.494D+00-O.274D-L6) 

0.7J6D-I~.145D-03) 

0.4390-01-0.6060-15) 

0.1110-01-0.8200-1') , (-0.4120~17-0.6170-051, (0.10aO-02 0.lb80-171 10.4840-03 0.1330-171 (-O.10lD-02-0.2t130-17) 

(-U.3450-02 0.78BO-17' (-O.~340-17 0.7680-05) 0.7710-17-0.00)0-051 O • .j41D-16-0.2450-04" 

( 0.236D-lb 0.110,0-04) '-0.171:10-02 0.1160-16) O.3130-02-0.25bU-16L 0.1060-01-0.8470-16) 

.... 
fi' ; , F " hi' b " • • -,_.~-;----' ~ .. 

,.~-_ ... ~ .~_ ..... _--- '._---...,-- .. -

(-0.4590-17 0.8740-05) 

0.9570-0J-o.216U-1GI 

.." . 
-' ' 

\ 

\ 

'\ 

'" 



. .,.) , 

THE 11-1S El,eNVECTORS 
b 

(-O.lIOU-J6-0.1J~U-O~~ 
• 

( 0.7640+60 0.3130-16) 

,r (-0.3340-17-0.7530-05) 
1 

(-0.2100-l7 O.I~C5) 

( O.B250-01 0.2340-16) 

(-O.9970-17-~.7360-05) 

(-O.9840-lb 0.S4bO-Q4), 
\ 

(-0.2540+00-0.1000-151 

(-0.2ioD-15 O. 1 O"~O-O~ 
0.9660-16-0.1240-03) . 

.( 0.4850+0 C-0.l190-171 

0.3760-15-0.1770-03) 

." ~.~ 

( 0.6950-01 o. J050-15 t 
(-0.1730-140.4b50-01) 

(- O. 1700 + 0 0 o.? 160 - 1 0) 

( 0.2020-01 0.0440-15) 

(-0.4510-14 0.1160+00) 

r~0.5060+0Q 0.1030-15) 

t!, 

~ _ .. 
O.6950-01-0.1160-J5) 

(- 0.31 00-15-0.4650- 0 1 ,. 

(-0.1700+00 O.137D-l~) 

( 0.2020-0J-0.8830-16) 

(-O.1150-14-0.1160~OO) 

(-0.5060+00 0.5920-16) 

0.1430-17-,°.6170705, ,. 0.1530-16-0.1600-04) - (-0.3720-01-0'.180D-141 (-0.872D-Ol 0.2490-15) 

" . 

O.3450-02~0.7470-17l 0.1090-01-0.2020-161. 0.8840-14-0.2310+001, 0.1480- 1 4 0.2310+ 00) 

0.4690-17 0.1100-04) (-O.4280-1f 0.1780-,04) , 0.1000+01.0.0 - ) . ( O.IQOP+O) 0.0 

THE 16-18 EIGENve~lORS 

: 
(-0.2220+00 U.22BO-15J (-0.2220+00-11.1420-15) (-0.1040-16-.0.4,o7D-01) 

.:1.4450-15 0.1690-01) (-0.155D-IS-C.16.,J0-01l (-0.2010+00 O .• S76D-lu) , 

u.2b10-02-0-.1320-14) "0.2670-02 O.1550-1b,j (-0.b130-15-0.Z20D-Oq 

(-U.50i!O+00-0.2J60-15) "(-U.5020+00 0.2230-181 "..!0.74~O-15-0.iIOD+-OO) 
1 .;'.1170-14 0.42.30-01l (-0.'!:32D-15-0 .. 1f23D-Ol"Î (-0.5040-+00 0.5610-16) 

O.L140-0J-O.3850-14) 

IJ.' 000+01 0.0 ,-O. 1 ~70-14- CO. 839D~O 1) 

O.I~20-02·Q.8120-1~) 

. " 

a.614o-0j O.1270~15) 

0.1000 +01 0.0 

(-O.}geO-l~·O.671D-OjJ 

( o:Tsao 14 0.2200+001 

0.144U-14 O.~390-01) ,( 0.1000+01 0.0 - J 
, 

O.1920-02-0.9420-1n) . ( 0.3810-14 O.13JO+01l) 

~. 

" 

... 

~ 

" 

• 
J-== 

/" 

f, 
\. 

(-0.4290-17 )).4-070-01) \ 

(- 0.201 D+ é 0 10 • 2 d30-1 6 ri 
(-0.1140-14 0.2200-01 . , \ 

(uo-.1890-1 ~ 0.1 100+<;0) '-----(-o.Sü4-D.f- oJ> __ o • 1540-161 

(-0.3440-14 0.0710-01) 

0.1650-14-0.2200+001 

O., 0.00+01 0.0 

0.6970-14-0.JJ3D~OOI 

.. 

---

, 
\ 
\ 

." 

-' 
N 
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.j PROGRAM FOR SYSTEM WITH BOTH SHELLS FLEXIBLE 

F.2.1 Function of the Pr ram 

TM program calculates the dimensionless eigenfrequencies,:ti.o , 

and the associated eigenvecto'rs of a system of two coaxial cylindfica1 ' 
, 

shells subjected to internal and annular incomprèssibl'e invi.sc\id flows. 

F.13 

fD}:' each set of inp\Jt data of flow velocities Vi" Üo " the program_ 

constructs the matrices [pJand rQ] in equQtion- (3.4.31). The frequencies , 

are then determined as the solutions of this eigenvalue equation (3.4.31). 

F. 2. 2 ~ Program Structure " 

The program is written in Fortran IV langJage and it has the 

fol10wing structure: , -'!!f 
. , 

MA I N P ROGRAM 

SUBROutINE PREMAT 

SUBROUTINE M~T 

SUBROUTINE CMAT 

SUBROUt-rNE REOUCE 

SUBROUTINE EIGZC. 

o 

Descriptton of the Program 

i • 

" 

The function of each subprog~am is' summarized as follows: 

(i) SUbrouti'ne .PREMAT fil1s the 'matrices'[MJ and [K] as definéd 

in equation (3.,4.29) (the structure of which is shown in Appèndix E) with 
, ., 1 ... ~ '" 

'elements th~t are not d'ependent on the flow velocities, Ü~ and Uo .' Hence, 

( , 

o 



! 

- ( .. 

, 
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1 

this subroutine is called only once in the main program, and the complete 

constructlon of the matrices !li11 be ach~eved by the other subroutine 

(MKMAT) after each set of flow velocities is read fro~ the data deck. 
\ 

1 • • 

(2) Subreutine MKMAT Fompletes th~ c~nstruction of the matrices 
'" • 0 

[M] and [Je] by supplementing the appropriate elements with the general ized 
~D Cl Ft c' 

aerodynamic force terms. Tt ca~culates the tèrms ~/C,"n '~Ic,"11 ,<J..k,"~ 
f"5 ct Ft C5 F' ' 

CVIt'/Wn' rkmn ', rJdllll ,·YIcIllI\ ,rkmll (defined i-nSection3.3)witl:J 

the input flow velocities and the values of the integrals t that have be~n , . 
. 

read and stored in the program. 
" 0- '!! 

(3) Subroutine'CMAT constructs the matrix CC] as defined in ---

equation (3.4.29) (see Appendix E for the structure of the matrix) by 

fill.ing in t'he non-zéro e1e'ments 

in Section 3.3). 

Cl. F2 C2 

~"mn • 'J!kmn ' tic,"n 
r Ft. 

r.c"," (defined 
t 

(4) Subrout,ine REDUCE constructs the matrices [PJ and [Q] in the 
} • • 9 

eigenvalue equation (3.4.31) which is reduced frôm the second-or~r 

matrix equation (3.4.29). / 
d • 

(5) Subroutine EIGZC i5 the IMSL subroutine employed to solve th~ 

eigenva.lue equati.on (3.4.31). ,a 
All the necés!ary parameters' are defined ·in tAe main progr~. 

~()~ . 
The"output re,sults.conslst of ali thirty-six eigenva1ues (when three 

compari~orr functions are utilized) and the upper half segment of the 

associated eigenvector~ which contains the she11 displacement vector {X} 

(defined in équation (3.4.27)). .' . 
Notat1ion used in. the computer program, the computer p-rogram itself 

and a samp1e of <the, output are givefl in the fo11owing pages. 

tTh~ computer program for calculating the integra)s is descrii);;: 
Appendix H. '\ 

) 

/ 

,. 
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Notation used in the 
computer program , 

EI* 

EO* 

ER* 

NI* 

NO* 

SKI* 

SKO* 

MM(18,18) 

KK(18,18) 

CC(18,18) 

AA( 36,36) 

BB(36,36) 

" 

, . 

F .15 

NOTATION USED IN THE PROGRAM 

Correspondi.ng notati on 
used in the thesis 

_ ..n,.. 

[M] 
[K] , 

[C] 
[p] 

[Q] 

Defi ni ti on 

See NOMENCLATURE 

See NOMENCLA,TURE 

See NOMENCLATUR~ 

See NO~NCLATURE 

See NOMENCLATURE 

See NOMENCLATURE 

See NOMENCLATU~E 

Defined in equation (3.2.10) 

Defined ln equation (3.4.2") 

Defined in equation (3.2.10), 

Defined in equation (3.2.10) ---In~ral terms in the 
génera 1 i zed aerodynami c 
forces 

Se!;!, Appenai x E 

See Appendi x E 

See Appendi x E 

D,efined by equation (3.4.31) 

Defined by equation (3.4.31) 

*Notation with t~1me definition as in othertomputer programs. 

li 
\ ' 

J' 
f, 

~ 
1 

f 
~ 
/, 
r 
v 
l, 
ft 
li 
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/INFO MVS TI(30) PA(100) &(CENTRAL) CL(30) F(0415) N(STEVE SIU PUI CHAN) 
/ /STEP 1 EXEC FORTRAN 1 ~ 

'" //FORT.SYSIN DD 'le -'-, 

C*********************************'Ie'le*~*~******************************** 
C, COMPUTER PROGRAM FOR THE CASE OF INCOMPRESSIB~E INVISëID FLOW 'le 

C BOTH SHELLS FLEXI BLE . . * 
C . BOUNDARY CONDI TI ONS: CLAMPED-CLAMPED * 
C~**********************************************************************; 
C 
C*********************************************************************** 
C MAIN PROGRAM -. 'le 

C***************************************************************~******* 

3 

IMPLICIT REAL*a(A-H,O-Z) 
COMPLEX*16 MM(lB, lB),KK(18,18 , 

#AA(36,36)/1296*(O.DO,0.DO)/,BB 
# El G B ( 36 ) , Z ( 3 P , 36) ,WK '( 3,6 , 72) , OME 

INTEGER DEL(@,3} 
REAL* 8 NI, NO 

C(18~lB)/32~(O:DO,O.DO)/, 
6,36)/1296*(O.DO,O.DO)/,E1GA(3q), 

Q ( 9, 3 , 3 ) , R ( 6 , 3 , 3) ,CK ( 2 , 3 , 3 ) 

COMMON/DATAI/NI ,NO,SK'I ,SKO,C(3) ,P(3),N 
COMMON/DATA2/EI,EO,ER,0MR 
Ç6MMON/DATA3/ZI,ZO,USR,DSR,PI 
COMMON/DATA4/Q,R 
DATA IA/36/,IB/36/,NN/36/,IJOB/2/,IZ/36/ 
PI=DARCOS(-l~DO) 
C(1)=O.9825022145762379DO 
C(2)=1.00077~31190727DO 
C\3}=O.99996645012540B6DO 
p( 1) =4.7 300407448.627DO . 
P(2)=7.85320462409584DO 
P(3)=10.99560783800167DO 
El = 1 / 15.00 
EO=O.1DO 
ER='2/3.DO 
NI=0.30DO 
NO=O.30DO 
SKI=(7.50D-3)**2/12 
SKQ=SKI *4/.9 
OMR=3/2.DO 
ZI =, .709D', 
ZO=ZI/ER 
DSR= 1 • DO 
USR=1.DO 
N=3 ' 
DO 3 ~= 1,3 
DO 3 M=l, 3 
READ ( 5 , * ) { Q (I , K , M) , 1 ::: l ,9) , (R CI , K , M) , 1 = 1 , 6 ) 
CONTINUE . 
CALL PREMA T (MM, KK ; CK ,.DEL ) 
UI=O.ODO 
DO 1 L=1,3 ,//'-' 
READ ( 5 , *) UO 
CALL MKMAT{UI,UO,MM,KK,CK,DEL) 
CALL CMAT(UI,UO,CC) 
CALL REDUCE(MM,KK,CC,AA,BB) 
CALL EIG'ZC (AA, lA, BB, lB, NN 1 IJOB, EIGA, EIGB, Z, l Z;WK, INFER, 1ER) 
PRINT10,UI,UO . 

10 FORMAT ( , l' , ' FLOW' VELOCI TY INSIDE THE INNER CYLINDER=' ,Fa. ,5/' 0 l , 'FL 
,#OW-VELOCITY -IN' THE ANNULAR REGION=' ,FB.5)' ' , 

o , 



.? . , 
. \, 

( 

PR1NT11 .' ~ 

11 ,FORMAT ( '-' ,'THE FREQUENCIES ARE:') 
DO 20 1 c: 1 , 36 
OMEGA=-EIGA(1)/E1GB(1) 

20 PR1NT12,OMEGA 
12 FORMAT{'O',' (' ,2D24.16, lx,'1') 

2 

.. DO 2 K= 1 , 3 1 , 5 
M=K+4 
PRINT 21,K,M 
PRINT 22, «z(I ,J) ,J=K,M) ,1=1,18) 
PR1NT 24 
PR1 NT 23, ( Z ( l , 36) , 1 = 1 , 1 8 ) 

21 
22 

/) 23 
24 
1 

FORMAT('l' ,'THE' ,12,'-' ,12,' EIGENVECTORS') 
FORMA T ( 1/5 ( 2X, , ( , , 201 o. 3, , ) , ) / ) . 
FORMAT(I/(2X,'(' ,2010.3,')')/) 
FORMAT ( , l' , 'THE ',' 36' " EIGENVECTOR') 
CONTINUE 

c 

PRINT 100 
100 FORMAT(' 1 ' ) 

~ STOP 
END 

, , .. 
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C**********~******************'***************************************** 
C SUBROUTINE PREMAT . , * 
C* ** * * ** ***,* * *** * * * *** * *,* ** * * * * ** * * * * ** * *-* * * ** ** ** * * ~ * * *~ * * * * * * * *.*'* * * * * * 

'9 

2 

3 

SUBROUTINE PREMAT(MM,KK,CK,DEL) 
IMPLICIT REAL*S(A-H,O-Z) '- \ . 
DIMENSION A(3,3),B(3,3) ,0(3,3) ,DEL(3,3} l " " ' , 
COMPLEX* 16 MM ( 1 8 , 1 8) , KK ( 1 8, 1 8 ) , COE ( 9 , 3 t 3) , COEK ( 3 t 3 , 3 ) , CK ( 2 ,.3 , 3 ) 
REAL*8 'NI,NO,NU . , ," '\"," 
1NTEGER DEL,R,Q,W,V,H 
CÇ)MMON/DATA 1 IN1 ,NO, SKI, SKO, C <, 3) , p{ 3) ,N 
COMMON/DATA2/EI,EO,ER,OMR. ' . ~ 
DO 9 1=1,18 ~ 
DO 9 J= 1,18 
MM(I,~)=(O.DO,O.DO) 
KK(1,J)~(O.DO,O.DO) 
DO 3 K= 1,3 ' 
DO 3 M=1,3 ~ " 
IF (K. EQ.M) GO TO 1 -J • 

" 

" 

D (K, M) =4 *p (K) **2*P (M) ** 2* U -1 ) ** (K +M)+ 1 ) * (C (M) *P'(M) -C (K) *p (K) ) 
'c/( P(M) **4-P ('K) **4) - . '. " . 

A(K,M)=-D(K;M) , 
B (K,M) ='0.00 
DEL (.l{ , M) ::i0 
GO 'l'O 2 ' 
D(K,K)=P(K)*C(K)*(2-P(K)*C{K»" 
DEL ( K , K ) = 1 . ' ' • 
A(K,K):;:::-D(K,K} 
B(K K)=-P(K)**4 , . 

COEK(l,K,M)=A(K,M} 
COEK(2,K,M}=DEt(K,M) 
COEK{3,K,M)=DEL(K,M) 
J=O 
E=E1 
NU=NI 
SK=SKI 

12 OC 4 K= 1,3 

: -. 
, . - • , 

' .. 



. , 

1 

. " 

1 " 

6 
5 

B 

DO 4 M= 1 ,3 ,. 
COE(1 ,K,M}=E**2*B{K,M)+(NU-1 )_* {SK+1 )*N**2*A(K,M)/2 
COE(2,K,M)."- (1+NU)*N*È**~*D(~,M)/2 _ 
COE( 3, K ,M) ='( P CM) *E) **4*SK*DEt (K, M) - (2*NU-SK* (1-NU) *N** 2) 

C*E**2*D(K,M) /2 -,-------' 
COE(4,K,M)=(1+NU)*N*A(K,M)!2 
COE(S,K,M)=-N**2*DEL(K,M)+(1+3*SK)*(1-NU)*E**2*D(K,M)/2 
COE(6,K,M)=SK~(3-NU)*N*E**2*D(K,M)!2-N*DEL(K,M) 
COE(7,K,M)=(Nij+(NU-l)*SK*N**2!2)*A(K,M)-SK*E**2*B(K,M) . 
COE{B,K,M}=~N*~L(K,M)+(3-NU)*SK*N*E**2*D(K,~)!~~ 
COE (9, K ,M>:=-SKf\( (p (M) *E) **4+ (N** 2-1 ) **2) *DEL(K, M) -2* (N*E) . 

#**2*D(K ,Mfj)-DEL(K,M) . _' - _ ' , 
CK(J+1,K,M)=COE(9;K,M) 
K=O 
DO 5 1=1,.7;3 
K=K+l 
DO S M= l ,3 
R=I +J*9. 
Q=M+J*9 
W=-l 

. DO 6 V:= 1 ,7 t 3, 
W=W+l 
DO 6 L= l ,3 
H=L-l" 

. ." 
,0 

KK(R+H,Q+V-l)=COE(L+3*W,K,M) "l' . 
MM(R+H, Q+3*H) =COEK (L, K ,M) / (J- (J-l ) *9JMR**Z). 
CONTINUE l ' . , 

, l F ( J • EQ. 1) GO TO B . 
. J=.l ' 

'E=EO 
NU=NO 
'SK=SKO 
GO TO 12 
CONTINUE 
RETURN 
END • 

I-
I 

"C 

. " 

c*********************************************************************** r , • ~ 1 

C SUBROUTI NE. MKMAT « -* 
C**************************************~**~***************************** 

SUBROUTINE MKMAT(UI,UO,MM,KK,CK,DEL) 
IMPLICIT REAL*'S'(A-H',O-Z') 
COMPLEX* 1 6 MM ( 18,18) , KR ( 1 8, 1 B) , CR (2,3,3) ,Q (9,3,3) , R (6,3,3,) 
IN'l'EGER DEL(3.,,3) ,.',. -'_ ' 
COMMON!DATA2/EI ,EO,ER,OMR . 
COMMON!DATA3jzr , Zlb, USR,DSR, PI 
COMMON!DATA4/Q,R 1 - " 

Q 1 =ZI *Er /2/P~/",EO** 2/USR** 2 
Q2=Q1 *DSR • 
Q3=Ur ** 2* ZI *EI/2/PI 
Q4=UO**2*ZI*EI*DSR/2/PI/USR**2 
R 1 =ZÔ!2,/PI/EO, . ' 
,R2~UO**2*ZO*EO/2!pr , 
K=ot ~ 
DO • 1 = 3 , '9 , ,3 . 
K=J<+l . :. 
N=I+9 
DO -1 M=:=.l, 3 

.. . , 

,'" ~ 



C 

L=M+6 
J";'L+9 
KK{I ,L)=C~( 1 ,K,M)+Q3*Q(3 ,K,M)-Q4*Q(6,K,M} 
~K(I,J)=-Q4*Q(9,K,M) , 
MM(I,L)=DEL{K,M}/OMR**2+Q1*Q(2,K,M)-Q2*Q(S,K,M) 
MM(I,J)='-Q2*Q(B,K,M) 
KK(N,J)=CK(2,K,M}+R2*R(6,K,M) 
RK(N,L)=R2*R(3,K,M) ) 
MM(~,J)=DEL(K,M)+Rl*R(5,K,M) 
MM(N J L)=Rl*R(2,K,M) 
CONTINUE 

1 

RETURN 
END ' 

F.19 

C*~********************************************************************* 
C SUBROUTINE CHAT j' ',* 
C***********~***************** 1***************************************** 

SUBROUTINE ~HAT(UI,UO,C~)' , 

, 1 

C 

IMPLIC1T REAL*a(A-H,O-Z)/ 
COMPLEX*16 CC(18,18),Q(9,3,3},R(6,3,3) 
COMMON/DATA2/E1,EO,ER,OMR 1 

COMMON/DATA3/Z1,ZO,USR,DSR;PI 
,COMMON/DATA4/Q,R 1 
Q5=UI*Z1*ER/PI/USR ; 
Q6~UO*ZI*ER*DSR/PI/USR**2 1 

R3 =UO* ZO/PI 
DO 1 R=: l ,3 
I=3*K 
1I=1+9 
DO l' M= 1 ,3 
J=M+6 
JJ=J+9' , 

• l 

, CCCl ,J)=-QS*Q( 1 ,K,M)+Q6*Q(4,K,M) 
C;C(I,JJ)=Q6*Q(7,K,M) <Y, 

CC(I1,J)=~R3*R(1,K,M) 
CC(I1,JJ)=-R3*~(4,K,M) 
CONTINUE 
RETURN 

,-
1 

f 
1 

Cf: * *** * f** * * * * ** * * * * * * * * * * * ** * * * *** *** ** ** * * ***'* * * * * ** * ****** *** '* * ****** 
C SpBROUTINE REDUCE . " . * 
C'#: '** * **;* * ** ** * * * ** * * * *** * * * ** * * * * **~ * * * *** * *,* * * * * * * *** * ***** * * *** * ****** 
, SUBROUTI NE REDUCE (MM, KK, CC, AA, BB.> " ' 

COMPLEX* 1 6 AA (-36,36) , BB ( 36,36) , MM( 1 8 , .t 8) , KI< (1 B ,lB) , CC( 1 B , '18). 
D01I=1,18 l ' ' 

AA (I , 1 + 1 B ) = ( 1'. DO , 0 • DO ) '\ 

2 

BB(I,I)=(-l.DO,O.DO) 
CONTINUE / 
DO 2 1=1,18 
00 2 J= 1 ,18 .• 
AA(18+I,J)=KK(I,J) 
AA(18+1,18+J)=CC(I,J) 
BB(18~1,18+J}=MM(I,J) 
CONTINUE 
RETURN 
END 

IIGO.5YSIN ,DD '* 
" 

- ,'r 

" .' 

, " 

" 

/ , 0, 
• 

'.' 

, " , , 
'-, . / . " 

" ' 
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1-0:28901894872395030-0G,0.bo) 
.(0.13931 1 06909193~1D+OO"O.DO) 
{O. 1705368B00527476D+Ol,O.DO} 
(0.2660289319962818D-06,-0.1868688691154308D-15) 
(-O. 16550698326043560+00,0.2553490443000322D-16) 
(-0.20113347539798940+01,0.7037229509394624D-15)' 
(-0.9638445477451997Dl 07,0.B504345526911056D-16) 
(0:1 345369117109292D+OO ,-'-0. l090626859724626D- \6) 
(O.1617B22735B5~261D+01,-0.6992446Q68493798D-~5) 
(0.6425630324137880D-07,-0.3188811674447007D-15) 
(-0.89691314513919690-01,0.1319368907332701D~16) 
(-0.10785484905718520+01,0.1065609Ù02297195D-13) 
(-O,34862060401419130.06,O.84754B06501B0876D-16) 
(O.2479776423190240D+00,-0.4258588140151997D-l1) 
(O.3006692439684595~+01,-0.2582502009977317D-14) 
(-0.75955450433027500-17:-0.4635193666396506D+00) 
(-0.34939855613083990-17,0.2071083591670780D-07) 
(0.1280325901621~25D-16,0.4922197501411912D-04) 
(0.5210091996945850D-15,0.546711~674964745D+00) 
(-0.5615031471458955D-16,-0.1905137052050897D-07) 
(-O.4856623623462007D-14,-0.4527659901670027D-04) 
(-O.2252352362098623D-15,-O.4398371058593326D+00) 
(0.2220811692905043D-16,0.6861123644586984D-08) ~, 
(0.2057632409073206D-14,0.1630086329031229D-04) ) 
(0.1032870B02265429D-14,0.29322473723947B9D+00) \ 
(-0.366454B376597598D-16,~0.4574082436428917D-08) 
('-0.3485457623269350D-13,-(j.'08672421931659~-04) 
(-0.28499820996496560-15,-0.8173033283886056 +00) 
(0.5874640554172223D-17,0.2494759283287686D- 7) 
(0.8303797447904569D-14,0.5928706632459122D- 4) 
'( - O. 1 344 1 7 1 25 1 2 5 1 6 5 GD - 05 , 0 . 598 22 7 8 24 3 355 58 2 - 1 il] ) 

(0.250253020663B508D-03,0.1742202535041026D-18) 
(-0.13564518B5410314D+01,0.1766665033111523D-17} 
(0.1237397299804226D-05,O.3473654502034835D-15) 
(-0.7935232932433042D-03,-0.4605728693621104D-16) 
(0.1602751337687827D+01,-0.70123453537Q8176D-14) 
(-0.4488287222369220D-06,-0.1194086173060520D-15) 
(0.1213610613484465D-02,0.1993221837259288D-;6) 
(-0.1294065917592288D+Ol,0.8421263593472302D-15) 
(0.2992191481303737D-06,-0.1208065036565199D-14) 
(-0.8090737423177347D-03,0.2574232636227161D-16) 
(0.8627,1.061 17 28251 2D+OO, 0.46801611 05943991 D-l 3 ) 
(-O.1621789093104325D-05,O.2883057296116006D-15) 
(O. 14163258146463 16D-02 ,--0.43453923487748010-11). 
(~0.2397943421026591D+01,-O.1093022614720827D-13~ 
(-0.7595545043302750D-17,0.4635193666396506D+OO) 
(-0'.34939855613083 99D- 1 7, -0.20710835916707 80D-07) 
(0.!t280325901621925D-16,-O.4922197501411912D-04) 
(-d.5091037977393918D-15,-0.5467118674964745D+00) 
(0.6448962380635904D-16,O.1905137052050897D-07) \~ 
(0.482996034688B875D-14,0.4527659901670027D-04) 
(0.2108446751248950D-15,0.4398371058593326D+00) 
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COMPUTER PROGRAM FOR THE CASE or' COMPRESSIBLE INVISCID FLOW 
_--:: .... 1 ~ 

4 

~ 

Gol FUNCTION OF THE PROGRAM 9 

'" 
.The, 'program ca'lculâtes the dimensionless eigenfrequencies;'4t, ilnd .'. 

, - ,: 

the associated éjgenvectors ofa system with a.rigM ot.:ter shèl1 subj~ctéd 
..... ,'" 

tp internal and annular tompressi51e inviscid flows .• For each s'et of, 

input data of fl~w velocities, Gi ' Üo" the, program constructs the matrix, 

[AJ, as ~iven in Âppendj~ E. rh~·.f;eqUenèies are then determined as 't~e', 
. . 

zeros 'pf' the' d~terminant of the ~atrix' [Aa. ~ 

G.2 PROGRAM STRUCTUR~ 
~, 

., 

The program is written,'in F"Qrtra~,:IV lan'gU({'ge and, Ü.'hàs'the-. 

fo}lowing structure: 

M~IN P,ROGRAM" 

sUBROUriNE MATRfX 

SUBROUTINE AERO 

. $UBROUTINE MATI 
'. -

COMP1EX FUNCTION DET 

CQMPlEX FtlNCTION F 
0\ . 
SUBROUTINE ZANLYT 

SUBROUTINE fÉQTIC. 

, " 

'i. " 

" , 

- , 

" 

~ 

... . 
.,(J 

,;', ' 

" 

;. 

,,-

" ,\ 

" 
, . - ," 

" ' 

\ 

, " 

, " 

:Il • 
~ r o.... ~ 

, 1. . .! . . " , 

1 

1 

. j 
t 
: 

t 
l 

" 
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G.3" OESCRIP-TION of THE PROGRAM 

'. - .. 
The function of èach ~ubprogram is. summari'zêd as follows:' 

(~~ '~ubroutine MATRIX fi1ls in the el~ment~'of matrix"CA i ] t~at " 
)' . ~ ~ 

are not dependent on the flow velocities and the vibration f~eq~ency~ 
.', J" " '. • 

He~cé, this subroutine ;5 called only once ;n the main program, and 'th~. 

'l' ,c.om~lète cons'tructi'on of the matrix will'be 1eft, to the 'other subrotJtines, 

" . 

, " 
fo~ ~ach set of input f1ow' velocities cind fat each trial valu~ of the 

, • • ' ~ ~ #, 

frequency ; n the itera ti ve procedure of the sol uUo'n. 

(2) S~broutine AERO calcuiates the gener~lized aeradynamic forces) 

a;trlt,,' as defi~ed'in.eqUation (D.la"), with the 'input; flo\,! veloc;~ies ~nd 

the -integral'tenns approximatetl with the'aid of int:érpolation equatiqns 

'(a'S functi ons, of frequency). 
, 1 

. " 

, (3) Sùbroutin"e MATI 'compl-etes the construction of',matr-i~ [At}b~, 

putting in the generalïzed aerod}tnamic 'forçes,,"calculatedin,subroutine 
". - ~ . , ~ 

,AERO, . ~nd the other ,frequency-d.ependent ~e~ms. 

~, .. , (la) CO~Pl.e~ func~ion ,DE.r,ev.àl~dt-eS th~ ~e~~rm;nant of a matrix 

by means of the Gauss~Jordan'reduction metnod:. ~. 
" , 

(5)- Complex function F, defines the function for which the' z'eros 

~re ·sought. The'refore, in this case it ;s the, d'etennina~t of matrix [At1. 
. ), \ \' .. "- . " . 

For each trial value of the frequency, the subroutines AERO and MATI are 

" 

c~l1~ 'upon to ~Qmp'lete th~' éonstructio'ry of matr;x [Air-.' The detJrmi'na~t,~. 
of the\matrix is then calculated by the function subprogram DET and its 

" value is,assigned ... :to F. 

, 
,1 t 

} 

, (6) Subrout'ine ZANLYT l'S the IMSl subrou~irie use~ to find the zeros' 
. ' \-

of the cOJTlplex function F which, of:course, has..beè~.qefined as th~ 
- , ' 

tFor detai-l S of :the' ~ethoèl, see r,eference [44] • 

. ' 
. ' 

,. 
, - \ 

. , 
1 

, , ' 

. "1 

, .' 
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f 

" }" " 

determinant 6f matrix [At). 

.G.3 ' . 
1 .. , ~ 

The computer method used by ZANL YT i s based ..-
" 

on th,e' .q~ac;lra~; é fit of.-!ie.f.latü>n'it'. - ,--'" 

" (7) Sub~outine' LEQTle ~~;i~'nother IMSL, subrou't;~e. Its function is 
.', , .' 'l , 

to solve a seto~'lïnear g1gebraic equa~;oDs which can be put' into the 

matr)x forin~ , 

, . ' 
(G.1)'" 

'\ .. 
where EL] is a consta~~ matrix, {B) is a constant column vestor and' [X} i's 

'~the unknown v~ctor t~ be determined. 

" . LEQTle is emp10yed to find the correspond~ng eigenvector'of,the' 
• ! 
, \ " ! 

'system after each fr~quency' i:_~/eva'luated. To do s~, mafrix [AtJ is~ 
, ~'onstru'cted 'with the dete~ined 'va'lue of"'the frequéncy. [À'lis the 

, '" ,.' l , ' i j ,L ~ 

coeff1ci'ent 'matrix.'in ~he following.matrix equation 

" , . (G,.2) 

. 
wnere {xJ is defined in equation (G.lb); it is'this {X).that we like to 

l ' "'.. 

'detennine. One of the elemè'nts of {XJ, ~h-element, say,. îs assigned 

'~he val~e of un;t~.' The ord~r ~f [~'t~en reduçed '~y one,by'del~ting' 
, , 0 

-.--/-----the last row and·taking out the ;th cOlumn which 'becom~~ t'he negative of , -

, '. 

!~, the column vector {~} appearing in e,~uat;on (~.l). The 'redùced ' [Atl is 

l ,~"the ~atr;x [L], and {xJ w;~h the absence of t~e i th element becomes' 

,-' 
'the unkt')own vector {X}.' Subt'outine.'LEQTlS is then used to solv!! 'equation' 

~(G.l),~nd the ~ige~vectqr'is 'ob~ained by substit~ting"back the"un~t 

t For details of the method, See reference [45]. 

l, 
~ t~,' " , 

1 
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~ '( , - l ' 

'-1 , ' 

" 

, 
. . 

i th, el ement i nt~ ~he now determi ned 'vector {X}. 
" " 

All ca·lculations are carried out with double prec'is':jon. The 
, f 

n~~e'ssary parameters are define(i~ the 'in,aïn pr~gra~. ~fte~ specifyi~g 
the ini~ial guesses and the number of zeros to be determined, the main', 

, 

progral·~allS UPOn'sub~outin~ ZANL~T ta find .the eigenfrequen'cies as the" 

zeros f the determinant ,of [Aa. On completion of the task; control is ' 
\. . .. 

~ . 
trans~ rred back to the main program which in turn calls subroutine LEQTIC 

to solve for the corre?pondi ng' ei genvectors .. 

, Notation used in the computer program, the computer program 

itself and a samïY1e of .th~ output are given in the following pages. 

A modified version of the computer progràm has been developed to 

determine t~e critical buckling velocities of the system; T~ë program 

stru'cture and the computation procedUreS"âre b~sica-liy the same as those 
, • 1 , 

of ,the progr.am:described above. The essential difference is that, in t-he, 

'~'6dified version: one of the flow velocities (D~ or Üo') becomes the,' . 
• ' _ ','J. -

, unknown, variable (the ot:her flow velocity has to be a known constant') ; 
.' . .' 

.i.nstead of the vibration freq~ency which 15 ,assigned to be zero, its value 

at the onset"of the buckling instability. The.computer pro gram and a. 

sample of the ùutp~t are giv.en at,the ~nd pf'this Appendix. 

: ,. 

, ' 

" 

-, . '. 
, .' 
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Notation uied in the 
computer program 

E 

NU 

SK 

DR 1 ) 

'AA(9,9) 

. QB( 3,3)' 

Ml* 

\ MO* 

KI*, 

K'O* 

MAX 9 ,9') , 
1 
1 

AP(S"S) 

X(M), M l:: '1 ~2, .••• 

'0 

, ' 

, . 
J 

'; 

.. G.5' 

NOTATION 'USE'O IN,THE PROGRAM 

Corresponding notati on 
used in the thesls . 

, Et 

• 1 

Qlcml1 7 Jc.III",I~'2,! 

Mt 
.. 

Mo 

k~ 

'~tI 
., 

1 

{B} 

, " '[L] 

• 

,Defi'niti on 

. See NOMENÇLATURE 

Sëe NOMENCLATURE 
, 

See NOMENCLATURE 

oef';h~d in eq~ation (3.2.10) 

Se'e Appendix E ~4 

Generalited aerodynamic 
forces de fi ned in 
equation (o. la) 

See NOMENCLATURE 

See NOMENCLATURE , 

Reduced frequency defined 
in equation q.l.4b) 

Reduced frequency defined 
in equation (3.1.l1b} 

Dumny matrix used in 
place of AA(9,9} in 
a 19orithms in whi ch the 
matrix is eventually 
destroyed (e.g. in complex 
function oET) 

On return from subroutine . 
LEQTle, B(8) contains the 
solution of {X} . 

Oefined by equation (G.l) 

On entry ta subroutine 
ZANLYT, X(M) contains the' 

,initial guesses; on 
return, X (M) contai ns the 
the determ i ned e i gen­
frequenc i es 

iNota.tion w.ith,the sa~e de~i'ni~i,on as in other ~omputer progr.ams. 

t • 
, . 

1 '. ~ 
1 ~ ~.... 
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'j1NFO M\T.S T!(20) PA(SO) R(CENTRAL) CL(20) F(0415) 
/ /ST,EP 1 'EXEC FORTRAN 
//FORT.SYSIN DD * ' , , 
c**********************************************************************~ 
C ,'COMPUTER PROGRAM FOR 'THE CASE OF COMPRESSIBLE INVISCID FLOW .* 
C VERSION FOR DETERMINING THE ElGENFREQUENClES AS A FUNCTION OF * 
C THE FLOW VELOCITlES" , * 
C ONLY THE INNER SHELL FLEXIBLE *( 

'> t BOUN~ARY CONDITIONS: CLAMPED-CLAMPED *. 
c*********************************************************************** , " 1 

C 
c*********************************************************************** 
C MAIN PROGRAM * 
C*********************************~**********************~************** 

IMPLICI T REAL*8 (A-H,O-Z) , ' , 
COMPLEX * 1 6 F, X f 3 ) , AAA ( 9 , 9 ) , AP ( 8 , 8 ) , B ( 8 ) , WA ( 8 ) , UN l T', QB ( 3 , 3 ) 
REAL*8 NO 
1 NTEGER l NFER ( 3 ) 
E~TERNAL F 
COMMON/DATA1/NUjSK'~I,C(3),P(3),N 
COMMON/DATA2/ZI,DR l ' 
COMMON/DATA3/UI , UO (. 

, COMMON/AREA 1 /AAA 
DATA EPS/l .D- 1 21, NSlG/5/, NÇ;UESS/l'(, l 'PMAX/20/, I 1/1 /, NN/a/, lA/ 

#a/,MM/1/,1B/8/,IJOB/o/,UNlT/(1.DO,O.DO)! ' , 
c(li=0.9825022145762379DO 
C(2)=1.00077731190727DO 
C(3)=0:9999664501254086DO 
P(1}=4.7300407448627DO 
P(2)=7.85320462409584DO 
P(3)=10.99560783800167DO 

'3E=O. 0666 7DO 
NU::.0,30DO 
SK=(7.50D-3)**2/12 
ZI=b 212D-2 
DR= 1 .DO 
N=2 
UI =0".00500 

j CALL MATRlX 
DO 14 L= 1 ,2 
READ(S,*) UO / 
PRINT10,UI,UO , 

10 FORMAT(' l' ,'FLOW VELOC1TY INSIDE THE 1NNER CY~INDER=' ,F7.41 
#'0', 'FLOW VELOCITY IN THE ANNULAR' ~EG10N=" ,F"7 •. 4) 

DO 14 M= 2,2 
NK=M-2 
READ(S,*) X(l) 
CALL ZANLYT (F , EPS, NSIG "NK, ~GUESS, II ,X, l TMAX, 1NFER, 1ER) 
CALL AERO{UI,UO,X(1),QB) 
CALL MAT 1 (X ( 1 ) , QB , .AAA ) 
DO 4 J= 1 ,8 
B{J)=-AAA(J,6+M} 
DO 51=1,8 
DO 5 J= 1 ,6 , 

5 'AP(I,J)=AAA(I,J} 
K=7 
DO 61=1,3 
l F (I • EQ • M) GO TO' 6 

• < 

, " 

" 

" 

, .' 

" 

'. 

.:: 

,. 



x 8 

" 
" 

6 

20 

1 1 

1 2 

1 3 

15 
14 

30 

. , , 

DO 8 J= 1 , a 
AP(j,K)=AAA(J,6+I) 

. K=K.+ 1 
CONTINUE \ . 
CALL LEQT1C(AP,NN,IA~B,MM,IB,IJOB,WA,IER) 
PRINT20,X(1)·.' .' 
FORMAT('-' ,'THE MODAL SHApE' CORRESPONDING·TO 

#2D24.16, lX,')' 1) 
IF(M,EQ.3) GO TO 12 
K=5+M 
J=6+M , 
PRINT11,(B(I),I=1,K~ 
FORMAT{' ','C',2D24.16;lX,')") 
PIÜ NT 1 1 , UN l 'l' 
PRI NT 1 l , (B CI) , l =J, B ) ~ 
GO TO 13 
P:RINT1',(B.(I),I=1,B) . 
PRINTll',UNJT 
'CONTINUE 
PRINIJ'15~ INFER( 1 ) 
FORMAT ( '0' , 'NO. OF .1 TERATI ONS REQUI RED~' , l 3/~ 
CONTINUE 
PRINT30 
FORMAT ( , 1 (0) 
STOP 
END 

., G.7 

THE' FREQUBNCY, ",' C, , 

, c, . . "i 

, C*****************************************************~**************~** 
. C.' SUBROUTINE MATRIX , * 

/ 

C** * ****** * * ***** *** **** * * ******** * ****** **** * ***** ***** ** ** * ******* **** . 0 

SUBROUTINE MATRIX 
IMPLICIT REAL*S(A-Z) 
COMPLEX* 16 AA ( 9 ,9) , COE ( 9 ',3,3) , , 
l NTEG ER DEL ( 3 , 3 ) , K , M , J , N , R , Q , l , W , v , L , H , 

o 1 

3 

DIMENSION A(3,3),B(3,3);D(3,3) 
COMMON /DAT A 1/ NU, SK , E , C ( 3 ) , P ( 3 ) " N 
COMMON/AREA/AA,A,DEL ~ 
DO 3 K= 1 ,3 
DO '3 M= 1 ,3 

. ' 

l F ( K • EQ . M ) GO TO 1 . .. 
D(K,M)=4*P(K)**2*P(M)**2*«-1 )**(K+M)+l)*(C(M)*P(M)-C(K)*P(K}} 

C/(P(M)**4-P(K)**4) 
A(K,M)=-D(K,M) 
B(K,M)=O.DO 
I?]JJ.K, M) =0 

,,~PGO TO 3 . 
D(K,K)=P(K)*C{K)*(2~P(K)*C(K» 
DEL ( K , K ) = 1 . \' 
A CK , K ) = - D ( K , K) 
B(K,K)=-P{K)**4 
CONTINUE . ) 

DO 4 K=l ~ 
DO 4 M= 1,3 , , 

1 
f 
1 

COE{1,K,M}=E**2*B(K,M)+(NU-l)*(SK+l)*N**2*A(K,M)/2 
COE(2,K,M)::;-( 1+NU}*N*E:**2*D(K,M)/2 '... 
CO~(3,K,M)::;{P(M)*E)**4*SK*DEL(K,M)-(2*NU-SK*(1~ 

;,C*E~*2*D(K,M)/2 " , 
CO~'4,K,~)=(1+NU)*N*A(K,M)/2 

" 

~.~ " 

.. 

r 
1 , 

01 
~ 

f , .... 



( 

• 

4 

5, 

COE(S,K,M)=-N**2*DEL(K,M)+ll+3*SK)*(1-NU)*E**2*D(K,Mj/2 
COE(6,K,M)=SK*(3-NU)*N*E**)*D(R,M)/2-N*DELJK,M), . 
'COE(7,K,M)=(NU+(NU-l)*SK*N**2/2}*A(K,M)-S~~E**2*B(K,M) 
COE(B,K,M)=-N*DEL(K,M)+(3-NU}*SK*N*E**2*D(K,M)/2 

tOE ( 9 , K, M) = -S!, * ( ( (p (M) * E} *.* 4 + (N* * 2 -1 ) * * 2) *DEL (K ,M) - 2 * (N*EJ 
C *'2*D{K,M) )-DEL(R,M) , 

R=O ,. ~ . 
DO 5 I = 1,7 , 3 
K=K+l 
DO 5' M=l, 3 
R=I ' '" , 
Q=M 
W=-l 
DO 5 V=l, 7 , 3 
W=W+l 
DO 5 L= 1,3 
H=L-l . 
AA(R+H,Q+V-1)=COE{L+3*W,K,M) 
CONTINUE ' 
RETURN 
END 

"C . 

G.a 

C*************************************************~***** *************** 
C COMPLEX FUNCTION F * 
C******************************~**************************************** 

C, 

COMPLEX FUNCTION F* 16 (OMI) . 
IMPLICIT REAL*a(A-Z) 
COMPLEX*16 OMI,R~S,QB(3,3},AAA(~,9);DET 
INTEGER 11(9) ,M{9) .. 
COMMON/DATA3/Ur~UO 
COMMON/AREA 1 /AAA ~' , 
CALL AERO(UI ,UO,OMI ,QB) 
CALL MATl (OMI ,QB,AAA) '~ 
F=DET (AAA, L,M, 9) 
RETURN 
END 

C*********~**~************~********~************************************ 

;. . , 

C SUBROUTINE MAT 1 . - *' 

; 

C**~****~***********************************~*****~************~******** 

" 2 

1 
1 

SUBROUTINE MAT 1 (OMI,QB,AAA) , 
IMPLICIT REAL*a(A-Z) 
COMPLEX* 1 6 AA (9, 9) ,AAA ( 9 , 9) " OMI , QB ( 3,3) , COEK ( 3 , 3, 3) , CMI S 
INTEGER I,J;R,M,H,L,DEL(3,3) , 
COMMON /AREA/AA, A ( 3 , 3 ) , DEL 
DO 11=1,9 
DO 1 J= 1 ,9 
AAA ( l ,J) "'AA (I ,'J) 
OMI S=OMI ** 2 
DO 2 K=l, 3 ~ 
DO 2 M= 1,3 "-
COEK( 1 ,K,M) =A(K,M)*OMIS > 
COEK(2,R,M)=DEL(K,M)*OMIS. _ 
COEK ( 3, R ,M) =DEL (K,M.) *OMI sitQa <,K, M) 
K=O . 
DO 31=1,7.,3 
R=K+l 
DO 3 M= 1,3 , ' 

. , 

) , ' ,'. 

, , 

. , 

" 



; 
, \ 

3 

DO 3 L= 1 , '3 
H=L-1 
AAA (1 +H ,M+3*H) =AAA (1 +H,M+ 3*H) +COEK,( L;K ,M)_ 
CONTINUE 
RETURN 
END 

, G.9' 

.. 

c ~ ~ " ~ ; 
C*** ** ** * ** * * * ***.* * * *** * * *** *.* * * *** * * ********** * * *** * * '/c** *'* Â *.**** * ***1r * 
C SUBROUTl NE AERO..' , * 
t~*********i***************~**************~*******~********************* 

SUBROUT1NE AERO(UI,UO,OMI,QB) 
·IMPLICtT. REAL*'S(ïZ) 
COMPLEX* 16 OMI',QB ( 3,3) , l , DCONJG 
INTE~ER K,RK,M,N J ,1ER 
DIMENSION U( 1 ) ,S( 1 ) 
COMMON/DATA2/zI, R -
l ;:: ( 0 • DO , 1 • DO ) 
PI;::3.14159265358979DO 
EI=0.06667DO 
EO=O. 1000 
KI =OMI lUI lEI 
KO=KI *U1 /UO 
Cl=OI**2*ZI*EI/2/PI 
C2:UO**2*ZI*EI*DR/2/PI 
IF(KO.LT.O.DO) KO=-KO 

',-

" '~ 

IF(KI.LT.O.DO) KI=-KI 
QB(l,l}=C1*(0.204113*KI**2.0063334+2.5411463j-CZ*{-O.3150215*KO**2 

#.0108154-3.7093031) , ',. ' 
QB (2,2') =C 1 * (O. 201741 *,KI ** 2.00621 8,.4-9.3781204 )-C2* (-.S). 320331 *KO**2. 0 

#113876-13.397501) :' 
QB (3,3.) =C 1 * (O. 1981 79*KI * * 2.0060497+ 1,9.112729) -C2* (-O. '32 5959*KO** 2. 

#0119743-27.297'784) . 
IF(KI .GT.120.DO) GO TO 1'0 
QB( 1 ,2)=C1*1.·3906222*KI*I 
QB(2,3}=C1*2.25449B*KI*i 
GO TO 20 

1 , 
1 

10 QB(l,2)=C1*(166.87467+1.4465174*(KI-120»*I 
QB(2,3)=C1*(270.53976+2.3426566*(KI-120»*I .' 

20 IF{KO.GT.5.DO) GO. TO 30 , ' 
QB( l,2}=QB(.1 ,-2)-C2*f-2.0736718*KO*I) 
QB(2,3)=QB(2,3)-C2*(-~.3r13042*KO*I) 
GO TO 40 .', 

30 QB ( 1 ,2) =QB ( 1 ,2) -C2 * (-10.3683 S9- 2.2241 16* (KO-S') ) * l 
QB(2,3)=QB(2~3)-C2*(-16.~56521-~.S440903~(~0-5»*1 . 

40 QB(1,3)=C1*(7.06283D-4*KI**2.0157489~2.02499S3)-C2*(1.8~67D-3*KO** 
#2.046171+2.9557921) 

2 

• 1 DO 2; K= 1 , 2 
KK=K+ 1 
DO 2' M';'KK, 3 
QB(M;K)=DCONJG{QB(~,M» 
RETURN 
END' 

ç , " , ' 
C*********************************~************************************* 
C, COMPLEX FONCT ION DET :: . ' * 
C********************~************.***~******i~******* ****************~* 

, COMPLEX . FUNCT ION DET* 1 6 ( A ,Ï. , M, N ) ',:, , ' , 
DIMENSION A(N ,N) ,L(N) ,M(N} , i . 

, , 
" 

, .... 

>~, 

o 



-

( 

( 

" 

"" 

""\" ., 

COMPL'EX*16 A,PIVOT,HOLD 1 : 
INTEGER END1ROW,COL,PIVROW,PIVCOL 
END=N-1 
DET=(1.DO r O.00} 
DO 10 1=l,N 
L(I)=1 , 

10 MO);=1., 
DO 100 LMNT=l,ENO 
?IVOT=(O.DO;O.DO) 
DO 20 l''';LMNT, N ' 
ROW=L(I) . 
00'20 -J=LMNT.lN 
COL",M(J) 
IF(CDABS(PIVOT).GE.CDABS(~(ROW,COL») GO TO 20 
PIVijOW=I . ( 
PIVCOL=J ~ 
~IVOT~A(ROW,COL} 

. 20 CONTINUE' ,. 
IF(PIVROW.EQ.LMNT) GO 
DET=-DET 
KEEP=L(PIVROW) 

.L(PIVROW)=L(LMNT) 
L(LMNT}=KEEP 

,22 IF(PIVCOL.EQ.~MNT} GO 
DET=-OET 

.KEEP=M( PIVCOL} 
M(PIVÇOL)=M(LMNT) 
M(LMNT)=KEEP 

26 DE!=D,ET*PIVOT 

TO' 22 ~ 

J26 

IF(CDABS(PIVOT).EQ.O.OO} GO TO 333 
, JAUG=LMNT+l ' 

, .. PIVCOL=M(L T)' 
, DO 100 l=JA ,N . 

PIVROW~L(L$T) , 

HOLD=A(ROW,P1VCOL)/p ~OT '. ROW=L(1) ~' 
DO 100, J=JAUG,N ' 
COL=M(J) , . . 

100' A (ROW', COL)";A (ROW, COL) -HO D*A (PIVROW, COL) 
DET=DET*A(ROW,COL} .' <, ! 

333 RETURN 
END . 

IIGO.SYSIN DO * " 
O. BOO " ' , 

, ( 3 • 60D'- 2,0,. DO) 
, 1,000' " 

.( 6.6 3D- 2,,0. DO) 
-Il ' ' , 
'1* ' , , 

" 

, 
\ 
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" ' 
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" 

~LO~ VELOCITY INSI0E THE INNER CYLINdER~ 0.0050 

FLOW \lE~OCI~V IN ,THE ANNULAR REGIO,N= '0.8000 
, 

" 
.. ~~_.tJ4eDAL 

( 0.0 

SHAPE~CORRESPpNOJNG TO THE FREQUENCY, ( 

( -0.20155150026670890+00 
. ( '. Q. 0 
(. 0.0 . 
{ -O.5045J71560~545910+00 
( '0.0

0 

~ . g:~ooàooooO{)aO'6oo00"Ol 
( 0.0 

0.27468442137955350-0'1 ) 
o. 0 ) 
0.769~469574644208D-02 ) 
0.6863262;3021439660-01 ) 
0.0 ' . Z J 
O.23909503584.B37~2D-Ol ) 

-O:13693593Pl18~6630+00 ) 
0.0 .;) ~ 

-0.'4 76967 07V.f341~-01 ) 

NO. OF ITERATIONS REOUIRED= 5 

o =-... 

l" 

Il 

.fL..OW .. 'Vt;LOCI1Y INSIOE THE INNER iYLINOER= O.'QOSC1 
" > 

F~O~ VELOCITY IN THE.ANNUlAR REGION~ 1.0000 
l,' 

" 

", " 

l' 

«).J624286479477561D-Ol . OiO 

,ft ........ 
o '. '. 

" Q 

-

.. 
THE MODAL SHAPE COR~ESP~ND'1 NG TO THE FRJ;:OUENCY ~ ( 0.661a4e128~207645D-01 O.ù 

., e , 
# • l ' J 

.( 0.0 ~ "0.28886004.096682470+00 ) 
( -0.20221'*7342575'4880+00 '00.0' " ) 
( 0.0 .' '-0.11902426631673680+,01 ) 
(0.0 ' ··-0.309}~76270.:U 196CI0+0.0 ) 
( -O. 504961 f;89~02'35J60~+ 00 0.0 ) 
( 0.0 . -O.35~9·4492,214';)2b70D+-Ol ) 

,( - 0.0 ,O.6~8176S778136536D+OO ) 
( 0.1 OOOOOOOOOO·OOOO.OD+cJll 0 .. 0, 1 J 

<oC 0.0 0 .699285,3998832567D +0 1 ) 

NO. OF J~ERATION~ REQUJRED= 5 

" 

v 

~ 

) 

) .. 

"" 

~ 

Ci) . .... ..... 

" 
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/IN~O MVS TI(20) PA(50) 
//STÈP1 EXEC FORTRAN 

Go " R(CENTRAL) CL(20) ,F(0415) N(STEVE SIU PUI CHAN) 

//FORT.SYSIN DD * . 
C**************************************************~******************** 
C C9MPUTER PROGRAM FOR THE CASE OF COMPRESSI BLE INVI SCÏD FLOW' * • C VERSION FOR DETERMINING THE BUCKLING FLOW VELOCITY * ? 

C ONLY.THE tNNER SHELL- FLEXIB~E 
C BOUNDARY CONDITIONS:oCLAMPÉD-CLAMPED 

* 
* '" 

C*******************~*************************************************** 
C ~ 

C*********************************************************************** 
C MAI N PROGRAM * 
C*********************************************************************** 

IMPLICIT R~AL*8 (A-H,O-Z) . . 

" 
• J 

COMPLEX* 1 6 F, X,( 3 ) ) QB ( 3 , 3) ,OMI , AAA ( 9 ,9) , AP ( B , 8) , B ( 8 ) , WA ( B ) , UNI T 
REAL*e NU . . . 
INTEGER I,J,N,K,M,INFER(3),NSIG,NK,NGUESS,ITMAX,IER 
EXTERNAL F . 
COMMON/DATA1/NU,SK,E,C(3),P(3);N 
COMMON/DATA2/ZI,.DR 

'COMMON/DATA3/UI 0 ~ 
DATA EPS 1.D-12/,NSIG/5/,NGUESS/l/,II/1/,ITMAX/15/,OMI/(o.DO,O.DO) 

#/, UNIT/( .DO,O .DO),I, I,I~/B/, lA/B/ ,MM/1/, l B/B/, l JOB/O/ 
C(1)=0.9 50221457623 DO 
C(2)=~.OOO 731190727. 0 

, . C(3}=0.999966 25 86DO " P(1)=4.73004074 7DO 
P(2)=7.85320462 095 4DO 
P(3)=10.9956078 167DO 
E;::O.06667DO 
NU=O. 3000, 
SK=(7.50D-3)**2/12' 
ZI=2.212D-2 
DR;"'.l .. DO 
N:2 
UI=à.o05DO 
X(1)=(0.76DO,0.DO) 
X(2)=(1.10DO,0.DO) 
X(3)=(1.44DO,0.DO) 
CALL MATR1X ' 

) 

cl 

PRINT10,UI 
.10 FORMAT ( '1' ,.'FLOW WLOCITY INSIDE TJjE INNE~ CYLINDER=' ,Fi.4) 

00' 1 M= 1 ',3 
NK=M-1 . " . , il ~t 

CALL ZANLYT(F,EPS,NSIG,NK,NGUESS,II,X,ITMAX,INFER,IER) 
PRI NT 1 2 , X (M) . ' -,.: -, 

12 FORMAT('-' ,'ANNULAR FLOW VELOCITY-AT 'THE ONSET OF ~H~ BUCKLING INS 

4 

5 

#TAB1L1TY=(',2D24.16,lX,')') (' 
CALL AERO(UI,X{M),QB} 

,CALL MAT 1 (QB,AAA) 
DO 4 J=1,8 
B(J)=-AAA(J,6+M) , 
D051=1,8 
DO 5 J= 1 ,6 
AP(I ,J)=AAA(I ,J) 

K-' " DO '6 1= 1 ,3 
1F{l.EQ.~) GO TO 6 

,> 
J 



8 

6 

15 

17 

16 

18 

30 
, 1 

20 

DO,8 J= 1 ,8 
AP(J,K)=AAA(J,6+I) 
K=K+l ~ _ 
CONTIN\]E ' " . _ . 

- CALL LEQT1C(AP,~N,IA,B,~,lB,IJOB(WA,IER} 
PRINT15 
FORMAT('O' ,'THE CORRESPON,pING MÔOAL SHAPE') 

;..1 F ( M • EQ. 3) GO TO 1 6 
R=S+M 
U=6+M 
PRI NT 17, (B (I ) , 1=,1 , K) 
FORMAT ( , ',' (' ,2024.16" lX,' ) , ) 
PRINT17 ,UNIT 1 
PRI,NT17, (B(I)I,I=J,B) 
GO TO 18 1 

PRI NT 17, (B (I ) " 1=1 ,8) 
PRINT17 ,UNIT 
CONTINUE 
PRINT30,INFER(M) 
,FoRMAT ( ~ 0' , 'NO. OF l TERATI ONS REQUI ReD=' 1 l 3//) 
-CONTINUE 
PRINT20 
FORMAT ( , 1 ' ) 
STOP 
END 

,.j 

G.13 

C, _ - ,. 
C*** * **.*** *** * ** *** *** * **** * * *** * * ****'R *'1r ** * ** * * ***_* *-* ** * * * * **** * **'!'* * ** 
C SUBROUTINE MATRIX " ~ - - * 
C*********************************************************************** 

SUBROUTINE MATRIX r, -

IM~LicIT REAL*8(A-Z) J . ' 
COMPLEX*16 AA(9,9),COE(9,3,3) . 
INTEGER DEL(3~3)~K,M,J,N,R,Q,I,W,V,L,H 
DIMeNSION A(3,3),B(3,3),D(3,J) 
COMMON/DATA1/ NU,SK,E,C(3),P(3),N, 

.CqMMON/AREA/AA,A,DEL 
DO 3 KI: 1,3 
DO 3 M:;: 1,3 
IF(K.EQ.M) GO TO 1 

, , 

'D(K,M)=4*P(K}**2*P(M)**2*«-1)**(K+M)+1)*(C(M}*P(M)~C(X)*P(K» 
C/(P(M) **4-P (x) **4J " ',- " , '. , 

\ 

A{K,M')=--"'D(K,M) . 
B ( K,M) = 0 • DO ( 
DEL(K,M}=O 
GO TO '3 " 
D(K,K)=P(X)*C(K)*(2-P(K)*C(K» 
DEL ( K ,'K) = 1 ., 
A(K,K}=-D(K,K) 
B(K,K);::-P(K)**4 -

". 

3 .. CONTINUE 
DO 4 K= 1,3 
DO 4 M= 1 , 3 .. . ,'. .. , - '. 
COE(1,K,M)=E**~*B(K,M)+(NU-l~*(SK+l)~N**2*A(K,M)/2 

·COE(2,K,M}=.-(1+NU)*N*E**2*D(K,M)/.2. " . 
. COE(,3, K,M) = (P(M) *E) **,4*SK*DEL (K,M) - (2*NU-~K* ( l-NU) *N**2) 
C*E'*2.*D(K,M}/2 , '" " 

COE(4,K,M)=( 1+NU)*N*A(K,M}/2 .' . , 
COE( 5 .K.MI.=-N"2'DELOt.M)+(.1 +3'SK) "( 1-~)tE"2,*D(K.M) /2., 

. ' 

. . , \~ 



{ 

( 

. ( . , 

c 

. ~, 

COE(6,K,M)=SK*(3-NU)*N*E**2*D(K M)/2~N*DEL(K,M) 
COE(1,K,M)=(NU+(NU-l)*SK*N**2/2~*A(K,M)-SK*E**2~B(K,M) 
COE(8,K,M)=-N*DEL(K,M)+(3-NU)*SK~N*E**2*D(K,M)/2 , 

4 COE(9,K,M)=-SK*«(P(M}*E)**4+(N**2-1)**2)*DEL(K,M)-2*(N*EJ 
C**2*D(K,M»-DEL(K,M) 

K=O 
DO 5 1=1,7,3 
K=K+l : 
DO 5 M=l, 3 
R=l ' 
Q=M 
W=-l 
n'a 5 V= 1 , 7 , 3 
W=W+l 
DO 5 L=l,3 
H=t-l , 
AA(R+H,Q+V-l)=COE(L+3*W,K,M) 

5 CONTINUE ' 
RETURN 
END 

G,14 

C** ,'" ****** ************ **-*** * * ***** * **** ************* **** *** *** * ***** 'le *** - t " 

C COMPLEX FUNCTION F '. ' * 
C'I. -:. " .; 'k*\~* * ** *** **** ** *.*** ** * * * ** * '/j * * * ** * * ~** * ****** * * **** * * * * * * * * ** * * * '* * 

C MPLEX FUNCT+ON F~16(UO) '. . 
1 PLICIT REAL'*S(A-Z) 

C 

COMPLEX* 1 6 QB ( 3 , 3 ) , AAA ( 9,9) 1 DET , UO ,. 
- 1 NTEGER L ( 9) , M ( 9 ) 

COMMON/DATA3/UI 
CALL AEROJU.I ,'UO,QB). 

'OALL MAT 1 (QB, AAA ) -
F=DET(AAA,L,M,9) 

. RE TORN 
END 

'C***************************************************~*****~************* 
. C SUBROUT1NE MAT1 ' ", _ 'Ir 

C**********~*********!***~****'******************************************* 
$UBROUTÜtE MATt (QB"AAA) - , 
'IMPLICtT REAL*8 (A-Z) 
COMPLEX*16 AA(9,9),AAA(9,9),QB(3,3),COEK(3,3,3);OMIS 
INTEGER I,J,K,M,H,L,DEL(3,3) , 
COMMON/AREA/AA,A(3,3),DEL _ 
IX> '. ~=1,9 
DO· 1 Jo:::',9 

1"., AAACI ,J)=A-A(I ,J) ~ 

',' 3 

K=O . 
" DO 3 '1.= 1 ; 7 , 3 

K=K+l 
DO 3 M=t, ~ " 
AAA (1 +2 ,M+6) =AAA (1 +2 ,M+6) +QB (K ,M), 
CONTI"NUE . , , 
RETURN 
"END 

c .--
./".-' -é;Îr******* ***** * ******* ** * ** * **** * * *"'* '* * * *,*-* * *.* * * *** * '" * ** * *** ** * * "'*~** VI' ** 

. .-/...... C SUBROOTI NE AERO' . * 
/ C************************************~*************!********************. 

" 
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C 

. ~ , 
': 

, . 
SUBROUTINE ABRO(Ul ,UO,QB)' ., 
IMPLrCI~ REAL*S(A-Z) 

' . 

COMPLEX* 16 QB (3,3) ,1, OCONJG 1 UO, Cl, C2 
INTEGER K,KK,M,N,J,IER 
COMMON/DATA2/ZI,OR 
1';'(O.OO,l.DO) 
PI =3. 141592653 5S9}19DO' 
EI=0.0666700 
EO=0.100 ' 
Cl=UI~*2*ZI*EI/2/PI 

..... OJ 

C2=UO**2*ZI *EI *DR/2/PI ' 
QB{l,l}=Cl*2.S411463+C2*3.1093031 
QB(2,2}=Cl*9.3781204+C2*13.397501 
QB(3)3)=C1*19.712729+C2*27.297784 
QB(1,2)=C1~0.5923156D-4+C2*0.5889203D~4 
QB{ 2 ,'g) =-C 1 *0.251 36556D- 3-:C2*O "25000~52:O-3 
QB(1t3}=-C1*2.0249953~C2*2.9557921 
00 2 K= 1,2 ' , 
RK=K+1 
00 2 M=KK,3 
QB(M,K)=OCONJG(QB(K,M) 
RETURN 
END 

, 

G.lS .-

C***********************************************************************' 
C - COMPLEX F'tJNCTION nET " 0 , ' .. 

C***************************~********************~**********************_ 
COMPLEX FUNCTION DET* 1 6 (A, L 1 M, N.)·' ' - , 
DIMENSION A(N,N),L(N),MfN) 

-.COMPLEX*16 A,PIVOT,HOLD 
INTEGE~ END,ROW,COL,PIV~OW,PIVCOL 
,ENÙ=N- 1 
nET= ( 1 • DO , O. PO ) 
DO 10 ,1 = l' , N 
L(:I )=I 

'10 M(I }=I 
DO 100 LMNT=1,END 
PIVOT=(O.DO,O.DO) 
DO 20 I=LMNT,N 
ROW=L(I) 
DO 20 J=LMNT;N 

r, , . 

" 
J. 

COL=M(J) .'.'" '. ' 

,'- ~ ... ' 

, 
" -'1 

.' , 

IF(CDABS(PIVOT).GE.CDABS~A(ROW,COL») GO,TO 20 
PIVROW=I 
PIVCOL=J 
PIVOT=A(ROW,COL) 

20 CONTINUE- ' 
IF(PIVROW.EQ.LMNT) GO TO 22 
DET=-DET 
KEEP=L(PIVROW) 
L(PIVROW)=L(LMNT) 
L(LMNT)=KBEP 

22 IF(PIVCOL.EQ.LMNT) GO TO. 26 . 
DET=-DET · 
KEEP=M(PIVCOL) 
M( PIVCOL)=M'{LMNT) 
M ( LMNT ) =KEEP . 

26 DET=DET*PIVOT, 

, , 

. " ~ ~ 

, -, 

,\ ~. '. 

", , 

. .' " 
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( 

( 

;' 
, l 

, ' 

IF(CDABS{PIVOT).EQ.O.DQ) GO TO 333 .' 
JAUG=LMNT+1 

, PIVROW=L(LMNT) , 
, plvCOL=M('LMNT) 

DO 100 I=JAUG,N 
ROW=L(I) , 
.HOLD=A (ROW , PI VCOL) JPI VO~" 
DO,100,J=JAUG,N ' 
COL=M(J) 

100 A {ROW, COL) =A (RQW "COL) -HOLD*A (PIVROW, COL), 
DET"'DET*A(ROW,COL) " ,., ~. 

333 RETURN. 
END' 

/ jG,O ~ SYSIN DD * 
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FLOW VELOC~TY l~SIOE THE INNER CYLlNDER= 0.0050 

ANNULAR FLO~ VEL,OCIIY AT THE ONSE.T OF THE 'eUCkI..ING )NSTABILITY=( 0.79747470.565375340+00 0.0 ) 

THE CORRESPONDING MODAL SHAPE -
(-O.224264071J28f3700+00 0.0 
(-O.1234853322683816C-05 0.0 
( 0.103147~4eO~ee€63D-01 b.o 
(-O.5016420é48667892C+OO 0.0 
(-0.30944077661753~lD-05 0.0 
( 0.2337724B7JJJ66SeO-01 0.0 
( 0.10000000000000000+01 0.0 
( O.613535a377~976710-05 0.0 
( -O.4309725440C012370-01. 0.0 

NO. OF ITERATIONS RECUIREO: 5 

) . 
) 
) 
) 

1 
) 
J 
) 
) 

ANNULAR FLOW VELOCITY A~ THE ONSET.OF THE BUCkLING INSTABILITY=C 

[HE CORR~~PO~D~~G MgDAL ~HAPE 
). 0 .. 10 1 64 6 755"1 10- 0 O. a 

( -0.2012683280~27782D.OO 0.0 . -) 
( O.1194699~044~16E80-05 0.0 ~"" ) 1 
( O.2410223736Sé44S00-04 0.0 

'\ 
) " 

( -O.5043564818354629C+OO 0.0· l 
( 0.3912660~47540el007c5 0.,0 f 

) 
( -0.48017504514357J9C-04 0.0 ) 
( O.lOOOOOOCOOOOOOOOD~Ol 0.0 j 
( -0.18884993053429220-05 ·0.0 ) 

NO. OF ITERATIONS REQUIREQ=; 5 

\ 

\ . 

~ 1 ~3~71' 15187~3931>+O 1 0.0 ) 

, 

~NNULAR FLOW VELOCJTY AT THE ONSET OF THE BUC.KLING -INSTAt:llLITY=( 0.14448259472139530+0.1, '0.0 ) , ' 

I ~E CORRESPONDI~G ~ODAL SHAFE-
, -0.1775175é161305CUO+OO 0.0 
(-0.b4119757Z4~é4302C-05 0.0 
(-0.16650003f2~8Ç2~4D+OO 0.0 
(-0.5J866220179627S~D+OO 0.0 
(-0.16067711941282780-04 0.0 
(~O.503947S54996é40JO+00 0.0 
( a.10770358S52592é60+01 0.0 
, 0.JI857é47~IJ6737~C-04 0.0 
( O.1000000000COOOCOD+Ol 0.0 

NO. OF JTERATIONS REaUI«EO= 5 ,. 

) 
) 
) 

l' 
L 
l 
) 
.) 
) 
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" APPENDIX H 

, COMPUTER PROGRAM' FOR THE EVALUATION OF THE' IN:rtGRALS 

, OF THE GENERALIZED AERODYNAMIC FORCES' 

H.l FUNCTION 'OF THE PROGRAM ' 

. H. 1 

l' 

The program evaluates the int.egra[ls in the, expressions of the 

generalized aerodynamic fOX'ces Py numerical intègration~ The forms.of the 

. integrals in 'the cases of compressible and' incompressible flow:fare , .. 

. ' 

.. 
~omewhat d1fferent. Henc~, the program is slîghtly modified accor~ingïy 

as the fluid is compressible or note Nevertheiess, the 'pr'ogram struc"ture'-:', 
, , 

and the computation pro~edures in .the different versions of the prbgram are' 

e~sential1y the same., 

H.2 PROGRAM STRUCTURE " , 
\ " 

The' program', ; s ,'wfi tten in ,Fortran IV,' anguage and it has the ' 

following str.ucture: 

-.MAl N P ROGRAM 
~ 

,COMPLEX FUNCTION H ... 
" ,COM?LEX'F~NCTION IN - .' 

.COMPLEX FUNCTION KN 

DOUBLE PRE~ISION FUNCTION R 

'DOUBLE PRECISION FUNCTION F 
-

DOUBLE PRECISION FUNCTION FA. 

-.. 
'. 

, '. 
• 1 

i.. .0 

, . , , 

-
" 

" 

l-

. ' , 

. . 
4 • 

.: \ 

, . 

" . 

, . 
1 

1 
< , . ~ . 

- .' 

, , 

" , 

\li'" 
,> 

.' 
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, Î 

1 • 

" , 

,k, 

" C 

H.3 • 'DESCRIPTION OF THE PRbGR~M" ' , . 

" 
The function:s of the subprograms are summari zed as foll ows: 

(1) Complex function H evaluates t~e term Hk~{~) ~ which appears . 

: ,:in the, integra[lds; according to the ~xpres~ions glv~,n in Âppendi'~ 'B.' . 

, \ 

, , 

(2)- C,omp]ex functions IN and KN are used to calculate the modified 

'Bessel functions of the first and second-kind~ In and Kn, accordïng"to 

the expressions given' in Section H.A-. Functions R, F 'and FA,are 
," ~ '" \ 

function subprograms cal)ed,upon ~y IN ana,KN. 

H.3, l Version for the .. Case of ,IncOmpressible Flow> 

After defining the necessary parameters, the nunierical ,integratio'ns 
, , 

are performed in the main 'program using the·two-point Gaussian schemet \','ith 
• 1 

, ' 

,100 points in the r.ange (-50.0~ ~O;O) of the varia.ble«. The comp1ex , 1 

function H and the subprograms for Bessel fùnctions are ca1led u~6n in the 

evaluation of the:Jnt'egrands at these 100 chosen val~es of~. The integra·ls 
, " 

" , 

to be evalu,ated are given in equati.ons (3.3.1b":.lg), (3.3.2a-.2f) for . ~ , , .. 

sys-telT1S with both -shells flexible, and in equations (D.3a-.3c) for 
l ' ' 

systems,with a rigid outer shel1.~ Separate programs are written for the 
. 

two types of systems.' They are shown' in pages H.7-H.23 wi.th a samp1e of 

the output. 

H.3.2 Version for:,thè ~ase of Compr~s~ible Flow 

After defining.the nece~sary parameters including the Mach numbers, 

. Mi and Mo', t~e numerical integr.ations are performed in the main prog~am . 
~ 

:-tFor detai i s ai- the scheme, see reference [44]. " . 

" 

,.- , " 

-, ' - .:1' 
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.-, 
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, , 

, . 

, , 
'; 
\ 

, H.3 

using the tWO-P9i'rlt Gaussian scheme'with 100'pQints i,n the r~~ge (':'50.0,50.0) 

,of the variable 0<. The,integrals tÇ) be' evaluated are given in-,equations 
, 
(D.la). Since these integrals 'are frequency-dependent, tté values of the , ' , 

réduced' frequencies, Ki, and 'k'o , have to be specified. By,means of a: 
, J 

DO-loop, the ifltegrals can be ca,l~ulated for the desired number o,f times, 
, , 

with the reduced frequencies incremented after each repetition of the.loop . . '. . 
~ , . ' .. ' 

This feature allbws us ta generate the data ,required 'to ,derive the inter"-

pol~t,}f)n equations which will then 'be used ta approx~niate 'the integra.ls' as 

a functi o,n of the reduced frequenci es" The cOl11puter: program and, a sampl e 

of the output are given in pages H.24-H.29. 
, , . 

All calculations are carried, out with double preci's,ion., 

" 

'H.4 EXPRESSIONS UTILIZED FOR' THE BESSEl FUNCTIONS 

, 
The' eValuation of the Bessel functions is based on the following 

, .' . ," 

," 

(i) :',Mosiified Bessel fun,ction of :th'e first kind 
':: . 

In th1s case, wa,have 

,. 

. .. 

"' . ' 
.. ' . \ 

. ' . . 

J~.)} ... 

" 
. . 

, 

For Il xII ~ 2.0 ,'and: Q ~ (phase of x )'~'1f t In t5 'appr',~x,;mated by . 

: 
, . 

.- tQuoted from, referEmce [35]'.. 
" , .' \ '. 

' .. 
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l' • 

'c , ,'! 
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'<l • H.4 

Il'', "' 

For Il X 1/ ? 20' and - 1r < (phase of x ) ~ 0 

,. .. . 
In_ ;'s' approximated by' '. 

:t !n(X)~' e. x [L _ (4-n2._1~Y 1- C4nl
- e')(4hZ-3~) + ..• ] 

, ( 2. 1f X) Î/2 1 r 8 x , '2! (8 X )2. ' 

e- cn +{(2)'1ft e-X [ '(4.n2._12)' (4 n:l.-1Z)(4nl_32,) 'J + 1+. + . 4"· 
(2.1rxy/2 • 1f 8x 2! (SX)Z '. 

" (H.3) 
, ...... . . ~' 

The rleri"vativ.e of 1 (x)· with respect' t~ ifs argument is evaluated , n . ',' 

by ÎJsing " 
" 

, ' -
. ' x In (~) ~ n I,,()() -1- X Ihot! (>C?" • 

" 

, J 

(ii) Modified Bess~l 'funct';on of the, second kind 

In th's case, we ha~~ 
, t· 

, ' 
" 

. n- t Je • ,j t] - 2 k 

k ,ex):: .1 '" '<,-0 (n~k~ t)! (~) ' . 
n. 2. L , 'k' 'x "". 

k=o' •. , ... -

, . , 

where ' 

, . 
, '~I 

"': •• '1 -, '. ' 

l' • 1 ~.. • 

i , , 

" ' ~ 

" . 

, " (HA) 

, .' 

" ' 

, " 

, " 

l'. 
'. . ',' 

-, ' 
, ' 

-', 
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A. 11("" - ) (' , 1 1 . ' '.", 1 ) ~ 
T n + k t 1 ::: 1 t - 'T - -t' ~ ,. t - - 1 , 

2 3, h+k, 

=0,5772 ..• • 
-~ " 

For /1 xu ~ 15 , 

/'rr 1/2 -x (4 :l. 11.) (4 il 2)( 4 il '~)' K (X) ~ (--1.L) e. C' 1 + n - . .1 + n - 1 n - 3 + ... ] 
, n 2 ~ 8 ~ . 2 J ( 8 X)2. . • ~ 

Th~ derivative ~f Kn(~) with respect to its argument is, eyaluated 

by using 

, , ' 

, ' , 

" X kn (x):: n' kn (x) -:-- x kn+l 00 ~ 

l '. -, , 

, ' , 
: , 

'. .' 
l' 

, , 

. 
," ~ 

.ou.' ~ . .,' 

1 , , 
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Notati9n used in the 
computer programs 

6 

IN(·'X,N) 

KN(X,N) 

INP( X) 

KNP( X) 

, EN ( V,, 1. F • ) 

EN (V. C; F. ) 

FN(V. L F.) 
. 

FN(V.C.'F. ) 
" 

GN 

LN 

MN 

HKM 

,Q(9~3,3), RCfj,3,3)t 

,~ . 

. 
Ql, Q2, Q3, 
Q4, Q5, Q6 

j . 
Il,. 12 

H.6 

NOTATION USED IN tHE, PROGRAMS" 

Corresponding notation 
1 used ,i n the thes i s 

"" 'Gn(éi) ,.. 
Ln(ë() " 
...... 

"M {ciU II . 

, , 

Definition 

Motlified Bessel function 
of the first kind 

MOdifiep Bessel function 
of the second kind 

Derivative' of l , n 

Deri~at;ve ,of Kn 

Defined in equa~ion (3.3.1h) 

Defined in equation (3.2.7b) 

Defined in equation (3.3.1i) 

Defined in equation (3.2.7e) 

Defined in equation (3.3.1j) 

Defined ,~ ~qu~tion (3.3.2g) 
. . 

Defined in'equation (3.3.2h) 

Defined in equati,on (3.2 :llc) 
, Q 

Integrals in th~ genera~ized 
aerodynamic forces for 

~ sys tem 'wi th bôth she 11 s 
flexible subjected ta 
incompressible flow 

, , .. ' 

'Ihtegrals in the' g~n'era1ized' 
aerodynamic forces for 
sy~tem with a rigîd outer 
shell sUbjectéd to , 
incompressible f1ow: 

~ ~.... . 
~Inte~rals in the generalized 
aerodynamie forces for 
system with' a rigi douter 
shell sUbjected' to 

.~.~ _________ ~ ____ .~~ ______ -.~ _______________ c_o_m_p~r_es_s_i_b_le __ ,f_l_ow_. ____ ~~_ .. 

.. . 
(V.I.F.) r In versions for incompressible flow 

, , : {V.,C.F.} In version for com,iressible flow " 

" ',. ttn' èutpu~, ',they are denoted by Ql s 02, ..... , Q9' ,and R) ,. R2> • ;., R6~ 

r· . - " 

, . . . . 

j 

j 
• j 

.1 
.. .t 

!'" 

l . ' . 
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/INFO MVS TI (4d> PA( 100) R(MUSI'C)' CL(20) '-N(STEVE SIU PUl CHAN) 

/ C;>RT .'SYSIN DD * . , 
,~TEP 1 E2ŒC FORTRAN . 

C**s *********~********************************************************** 
C COMPUTER PROGRAM pOR CALCULATING THE INTEGRALS IN TBE GENERALIZED* 
C AERODYNAMIC FORGES . '" 
C VERSION FOR INCOMPRESSIBLE FLUID '" 
C O~LY THE INNER SHE~L FLEXIBLE '" 
t********************************'*~*******************i****~*********** 
C . 
c*********************************************************************** 
C MAIN PROGRAM . * 
C***************~******************************************************* 
, IMPLICIT COMPLEX*16(A-Z) 

REAL*8 C(~),P(3},PlrGAMA,EIrEO/XlrX2,D 

. ' 

, INTEGER N ,K,M, 1 
COMMON PI r GAMA 
COMMQN/DATA1/C,P 
INP(Y)=N*IN(Y,N)/Y+IN{Y,N+f) 
KNP(Y)=N*KN(Y,N)/Y-KN{Y,N+l) 
PI=3.14159265358979DO 
GAMA=O.5772156649011618DO 
C(1)=O.9825022145762379DO 
C(2)=1.000'1731190127nO 
C(3)=O.9999664501254086DO 
P(1)=4.7300407448627DO 
,P(2)=7.85320462409584DO 
~(3)=10.995607B3B0016iDO 
El = 1 /15. DO 
EO=O.10DO 
N=3 
D.=2.DO 
DO 2 K= 1 ,3 
DO 2 M= 1 ,3 . .; 
X1=-50.DO+D/2*(1-DSQRT(1!3.00» 
X2=-50.DO+D!2~(1+DSQRT(1/3.DO»: 
Q 1 = ( 0 • DO , 0 • DO) , . 
Q2=Q1 .. 
Q3=Q2 
Q4=Q3 
Q5=Q4 
Qf)=Q5 
DO 1 1=1,98 
EIX=Xl*EI 
EOX=Xl*EO . 
INIX=IN(EIX,N) 
INOX=IN(EOX,N) 
KNix=KN(EIX,N)' . 
KNOX=KN(EOX,N) 
INPIX=INP (EIX) 
INPOX=INP(EOX) 
KNPIX=KNP(EIX) 
KNPOX=KNP(EOX} . 
DEM=INPOX*KNPIX-INPIX*KNPOX 

,EN=INIX/INPIX ' " 
FN=(INPOX~KNIX-INIX*KN~OX)/DEM 
HK.M=,H (X 1 ,K',M) 
QGl =EN*HKM 

. , 

, , 

\ 

1 

:: 

, ' 

, 
0' 
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" 

( 

10 

2 

1 1 
12 
13 
14 
15 
16 
40 

QG2=FN*HK1-f ' 
Q'=9'+QG'~X1 

~ Q2=Q2'+-QG2/X 1 
Q3=Q3+QGl *X1 
Q4=Q4+QG2*X1 
Q5=Q5+QGl 
Q6=Q6+QG2 
X1=X1+D 
-IF{I .EQ.49f Xl=X2 
CONTINUE 

. 
o 

PRINTI0,N,K,M- 0 , _ 

FORMAT('--' ,,'~=' ,Il,' K=':It,,' M'=' ,1'1), 
piu NT 1 1 , Q 1 ' 
PRINT12,Q2, 
PRINT13,Q3 
PRINT14,Q4 
PRINT15,Q5 
PRINT16,Q6 
CONTINUE 
PRINT40 
FORMAT ( , 0' , 'Q 1 = ( , , 2D2 Q. • 1-6, 1 X, , ) , ) 
FORMAT ( , 0' , 'Q2= ( , , 2D2Ll.- 16, 1 X, , ) , ) 
FORMAT ( '0' , J Q3= ( , , 2D-24 • t6, 1 X, , ) , ), 
FORMAT ( ',0' , 'Q4 = ( '-, 2D 2 Q. • " 6 ,lX, , ) , ) 
FORMAT ( '0' , t Q5= ( , , 2D24 • 16, 1 X, , ) ,,) 
FORMAT('O', 'Q6=(' ,2D24.16,lX,' )') 
FORMAT ( , l' ) 
STOP 

"":.,END ;; 

li 

C - ' 

H.a 

c* ** 'le *~'t**.!: ** *~ ** ****1:'* * ~*** ~ *.~*** **~ ****?c***** ****'k'lc ******-** ** *'*'* * *** 'le * 
C tOMPt.EX FONCTION H ,: . . . IS - , A * 

.., 

C****~********~********~******~*~*****'~****~*****~********************* 
, . COMPLEX FONCTION H*16(AB,K,M) '_' -- ", .. 

IMPLICIT ÇOMPLEX* 16{A-~) . " ~,' , 
REAL * 8 AB, C ( 3) , P C3 ) , AB,' 
INTEGER K,M, JI ,Ml 
COMMONjDATA1jC,P 
H= ~ 1 • DO , 0 • DO } 

. 1 = ( 0 • DO, 1 • DO ) 
ABl =AB 
Ml=M 
DO 1 J=1,2 
IF(DABS(AB) .EQ.Ml) GO TO 10 r_ 

A=2*C(Ml)*P(Ml)**3 
B=I*2*P(Ml ) **2 
El=: ( .. 1 ) '* * (M 1 + 1 ) * CDEXP ( 1 * AB 1 ) + 1 
E2=El-2 
IM=(A*E1-B*AB1*E2)j(AB1**4-P(Ml}**4) 
GO TO 11 ' 

1 0 1 F ( J • BQ. 2) GO TO 2 a . ' '". • 
IM=«(J*C(Ml )*P(Ml )**3-r*p(Ml )**2+,AB*P(Ml )**~)*(-1 )**(Ml+1)* 

_ #CDEXP(I *AB) +1 *p (Ml ):IUf ~).j (-2*AB** 3) 
GO TQ 11 .1:-

20· IM=«-I*C(Ml)*P(Ml)**3+I~P(Ml)**2+AB*P(Ml)*~2)*(-1)'*(Ml+l)* 
#CDExp(-r*AB)-I*2*P(Ml )**2)/(-2*AB**3) ~ -" 0

6
, 

11 H=H*IM .. ,. , • 
Ml=K . 



" 

( 

• 

C 

AB1=-~D 
CONTINUE 
RETURN 
END ~ 

J • 

H.9 

" ,"0 

, . 
C*~*****************~********************************************~****** 
C SUBPROGRAMSi ~R ~ALCULATING THE BESSEL FONCTIONS * 

" C* **~********* ****** ****** ********** ******* * *'**** * ********** ** ******* *** 

. ' 

l ' 

1 1 

12 

10 

COMPLEX FVNCTION I~*16(X,N) , 
1 MPL.I°C 1 TREAL *.,8 (A - Z ) .. 
CdMPLE~*16 W,X,Y,Z,T,Tl,T2,T3,T4,I,DCMPLX,DCONJG 
INTEGER K,'N . . , 
COMMON PI, GAMA 
1 = (0 • DO, 1 • DO ) 
IF(CDABS(X).qE.20.DO) GO ~O 10 
IN=(O.DO,O.DO) 
K=O 
T=(X/2)**(2*K)/FA{K)/FA(N+K) 
IF(CDABS(T).LT.1.D-12) GO TO 12 
IN=IN+T 0 

K=K'+l' 0 

GOTO'l 0" 
IN= (X/2) **N*IN 
RETURN 
Tl=(4*N**2-1)/a/X 
T2=Tl * (4 *N*~2,-9) /16/X 
T3=CDEXP(X)!CDSQRT(2*P~*X) 
T4=CDEXP(~X)/CDSQRT(2*PI*X) 
Y=X~DCONJG(X) 
'Z=DCMPLX (0 .DO ~ CDABS (y») 
\W=Y+Z ' ." , o' 

IF (CDABS (y) .EQ.a.nO) GO TO 14' 

. 14 
1 F (CDÀBS .( w). EQ. 0 • DO) GO" TO ,13 
IN=T3*(1-Tl+T2)+(-1)**N*f*T4*(1+T1+T2) 
RETURN . ,'. 
IN=~3*(1-Tl+T2)+(-1)**(N+l)'I*T4*(1+Tl+T2)' 13' 

C' 

RETURN'. ' " 
END " ' 

COMPLEX, FUNCTI ON KN* 1'6 (X, N) 
IMP~ICIT REA~*a(A-Z) 
COMPLEX*16 X,KNl ,T,Tl ,T2,T3 

. cINTÈGER' N ,M,K, 1 ~ 
., COMMON ~I ,GAMA } 

··IF(CDABS(X~.GE.15.DOr GO TO 40. 
",;IF'(N·.EQ .. OJ GO TO 46 \ 
• "KN=FA(N-1 J * (2/X) **N 

~. 1 F ( N • EQ. 1) GO TO 45 
M=N-1 ~ 

( 

DO 41 l-=l,M ", 
41 0 KN=RN+(-1)* 1I l*FA.(N-I-1}J'FA(I}*(2/X)1r*(N-2*-I) .\ 
45 ' KN=:K.N/2 '". '. • ' ,[, , , 

"00 1'0 47' • • , ~ 

46 KN={O.DO.O.Dn) " J 

4" RN 11; (0 ; 00 , ()' • DO r ,f',g 
• 1.~ 0\ ~. 

l , ' 

K-O ~I .' " • b7 ~ ~ 'l , ..' ~ 

43 ~ T~ (lt/2.L*~ (N.+2~K~ IFA (-1( )/FA.,(N+K) 11 (ÇDLOG(X';2) - (F (K+ n +F (N+K+l » /2) 
-lF(CDABS(T).LT .. f·~P"f.2) GO 'TCl 42' . " " , 

~.' • - 1" -", ~ • p 

"'- b J '" ~ 

• 1 

.~' , \ , \ 

1 

1 

i 
! " 

, l 
1 

, l , 



! 
/ H.10 

''. 

'RNl =KN 1 +T 
K=K+l 
GO 'TO 43 

42 KN=KN+KN1*(-l)**(N+1) 
RETT:JRN 

4,0, Tl=(4*N**2-1)/S/X 
T2=Tl*(4*N**2-9)/16/X 
T3=CDEXP(-X)*CDSQRT(PI/2/X) 
KN=T3*(1+Tl+T2) 
RETURN 
END 

C 
DOUBLE PRECISION FUNCTION R(K) 
IMPLICIT REAL*S(A-Z) 
I~TEGER K,! 
R=O.DO l' 1 
D040I=1,K 

40 R=R+ 1 .00/1 
RETURN 
END 

C 
DOUBLE PRECISION FUNCTION F(K) 
IMPLICIT REAL*S(A-Z) 

'f 
INTEGER K 
COMMON PI,GAMA 
IF ( K • EQ:' n GO TO 

0
50 

F=R(K-l)~GAMA 
RETURN , 

50 F=-GAMA 
RETU~ 
END 

C 
DOUBLE PRECISION FUN€TION ~A(K) 
IMPL!CIT REAL*a(A-Z) 
INTEGER K,L . 
FA=l.DO 
L=l 

21 FA=FA*L 
, IF(L.GE.K) GO TO 22 '> 

L=L+1 
GO TO 21 ). 22 GONTINUE 
RETURN 
END 

I/GO.SYSIN DD * 
-, 

// ' 1 ~ . /* 

, 

,( '. J 
f , 
! 
1 
l . 
1 . ~ , 

------
~~k_ J .' ., , , 

'-



,j'" 
H.ll 

" 
N=3 K=1 M=1 

\ Q 1, =( 0.13931106909193610+00 0.0 , 
Q2=( -0.16550698326043560+00 0.25534904430003220-16 ) 

~ 

Q3=( 0.170536!8005274760+01 0.0 ) ) 

" Q4=( -0.20113347539798940+01 0.70372295093946240-15 ) 
( 

05=( -0.28901894872395030-06 ,0.0'--'" . ) 

06=( 0.26~02B93199628180-06 '-0.186~688691154306D-15 ) 

N=3 K=t M=2 - \, 

" 01 = ( -0.34939855613083990-17 0.20710835916707800-07 ) 
, 1 

Q2=( -0.5615031~7145e955D-16 -0.19051370520508970-07 ) 

Q3=( 0.128032590162~9~50-16 0.492219/5014119120-04 ) 

IJ 
04=( -0.48566236234620070-14 -0;45276599016700270-0~,) 

Q5=( -0.75955450433027500-17 -0.46351936663965060+00 ) 
( ','-, Q6={ 0.52700919969458500-15 0.54671186749647450+00 ) 

N=3 K=l- M=3 

01=( 0.25025302066385080~03 0.17422025350410260-18 , ) 

02=( -0.79352329324330420-03 -0.46057286936211040-16·) 

~ Q3=( -0.13564518854103140+01 ,0.17666650331115230-17 ) 1:) 

Q4"( 0.16027513376878270+01 -0.70123453537581760-14 ) 
, 

, 05=( -0.13441712512516560-05 '0.59822712433555820-17 ) 

Q6=( 0.12373972998042260-05 0.34736545020348350-15 ) 

N=) K=2 M=l 
'-

Ql=.( -0.34939855613083990-17 -0.20710835916707800-07 ) 

02=( 0.64489623806359040-16 0.19051370520508970-07 ) 

(. 03 e ( 0.12803259016219250-16 -0.49221975014119120-04 ) 

041:( 0.452765~9016700270-04 
.. 

0.48299603468888750-14 ) 

05=( -t·759~5450433027500-17 0.46351936663965060+00 ) 

" 





t ' 

~ 

J, ,. 

" 'r 

• 

i' 
Q5=( .,0.24.09414771298159D-16 

Q6=( -0~4699412319131075D-14 

N=3 K=3 M=3 

Ql.( 

Q2=( 

Q3=( 

Q4=( 

,Q5=( 

Q6=( 

0.137149~215948725D+OO 

-O. 1590275057634876D+00 

0.T345434890848073D+02 

-O. 1544550853220029D+02 

-0.6350909698057574D-05 

O.5B46857252439295D~o5 

\ 
\ 
\ 

", 

Q .., 

. 0.758162951 5661440D+O{)' ) 

-O.8816097069169224D+OO ) 

~ 

" 
0.0 . 

0.8854564896880767D-15 -, 
0 •. 0 

0.9570184411235733D-13 

0.0 

~0.100311174B921954D-13 

1 
1 
l' , 

\ 
\ 

- .. ~ ,-

. -

) 

,) 

) 

) 

) 

) 

. , . 

H.13 

1 " 
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H. 14 ' 
liME 15INTE JOB (ME15, 1 Olf, 040, Ô200 1 0000; 20', , 1 ) ,', STEVE SIU PU·! CHAN' 
IisTEP1 EXEC FORTRAN 
r/FORT.SYSIN DD * ' 
C* ***** * * * * * * ** * ** * * * * * ** * * * * * * * ** **** * ** ** * ** '!t*** ** ** ** ****** * *.******** 
'C ÇOMPUTtR PROGRAM'FOR'CALCULATING THE INTEGRALS IN THE GENERALIZ~D* 

, - C AERODYNAMI C, FORCES * 
C, VERSION FOR INCOMPRESSIBLE FLUID * 
C BOTH SHELLS FLEXIBLE, * 
C**************~***********************«**************!*************~*** 
C , . . 
C* * * ** * * * ** '* ** * f: ** * * * * ***** * .. * .. * '* * * *' "'* * * *** * * * **** ** ** ** ****** * *******}c* 
C "MAIN PROGRAM * 
C**************~**************************~***************************** 

IMPLICIT COMPLEX*16(A-Z) . - '. ' if' 

REAL*8 C(3},P{3),PI,GAMA,EI,EO,Xl,X2,D 
INTEGER N, K,M, 1 
DIMENSiON Q(9,3,3),R(6,3,3) 
COMMON PI, GAMA . 
COMMON/DATA1/c,p 
DATA Q/~1*(0.DO,0.DO}/,R/54*(0.DO,0.DO)/ 
INP(Y)=N*IN(Y,N)/Y+IN(Y,N+l) 
KNP(Y)=N*KN(Y,N)/Y-KN(Y,N+l) 
PI=3.1415926535897900 
GAMA=0.5772156649011618DO 
C(1)=0.9825022145762379DO 
'C(2):::1.00077731190727DO 

1 
C(3)=O.99996645012540B60à 
'p( 1 J=4. 730040744862700 
P(2)~7.853204624095B400 
P(3)=10.99560783B00161DO 
El = 1 III • DO 

/ 

EO:O. 100DO 
N=3 
0=2.00 
00 2 K=1,3 
DO 2 M=1,3 - . 
Xl=-50.00+0/2*(1-0SQRT(1/3.DO» 
X2=-50.00+0/2*(1+0SQRT(1/3.DO») 
DO 1 1=1,98 
EIX=Xl*EI 
EOX=Xl*EO 
INIX=IN(EIX,N) 
INOX=IN(EOX,N) 
KNIX=K.N(EIX,N) 
KNOX=KN(EOX,N) 
INPIX=INP(EIX) 
INPOX=INP(EOX) 
KNPIX=KNP(EIX) 
KNPOX=KNP(EOX) 
OEM=INPOX*KNPIX-INPIX*KNPOX 
EN=INIX/INPIX 

1 
1 

1 

FN= (INPOX*KNIX-INIX*KNPOX) /DEM i' 
GN=(INIX*KNPIX-INPIX*KNIX)/DEM 
LN=(INPOX*KNOX-INOX*KNPOX)/DEM 
MN=(INOX*KNPIX-INPIX*KNOX}/DEM 
HKM==H(Xl,K,M) 
Ql=EN*HKM 
Q2=FN*HKM 

,< 

.. 

," 

,''1> 



. .. 

( 

Q3=GN*HKM 
Rl=LN*HKM 
R2=MN*HKM 
Q ( 1 , K, M) =Q ( 1 , K, M) +Q 1 
Q(2,K,M)=Q(2~K,M)+Ql/Xl 
Q(3,R,M)~Q(3,R,M)+Q1*X1 
Q(4,R,M)=Q(4,K,M)+Q2 

.Q(5,K,M)=Q(5,K,M)+Q2/Xl 
_ Q(6,K,M)=Q(6,K,M)+Q2*Xl 

Q(7,K,M)=Q(7,K,M)+Q3 
Q(S,K,M)=Q(8,K,M)+Q3/Xl 
Q(9,K,M)=Q(9,K,M}+Q3*Xl 
R(l ,R,M)=R( 1 ,K,M)+Rl 
R(2,K,M}=R(2,K,M)+Rl/X1 
R(3,K,M)=R(3,K,M)+Rl*Xl 
R(4,~,M)=R(4,K,M)+R2 
R(5,K,M)=R(5,K,M)+R2/Xl 
R(6,K,M)=R(6,K,M)+R2*X1 
Xl=Xl+D 
IF(I.EQ.49} Xl=X2 
CONTINUE 
PRINT10,N,K,M 

.. 

10 FORMAT ( , - i , 'N=' ,1 1 " K=', 1 1 " MOI ~ , 1 1 ) 
DO 31=1,9 

3 PRINT1', 1 ,Q( 1 ,K,M) , 
11 FORMAT ( '0' , 'Q' , Il , , = ( , , 2D24. 16, lX, 1 ) 1 ) 

4 
12 
2 

DO 4 '1=1,6 . 
PRINT12,I,R(I,K,M) 
FORMAT ( , 0' , , R' , r 1., , = ( , , 2D24. 1'6, 1 X, , ) , ) 
CONTINUE . , 
PRINT40 

40 FORMAT ( '1' ) 
STOP ~ 

H.15 

-, 

END . 

.' 

C***************~*****~******************~*~*********************** **** C ' j. 
C COMPLEX FONCTION H" - * 
C*********************~****************************************** ****** 

COMPLEX FUNCTION H*16(AB,K,M) é 

IMPLICIT COMP~EX*16(A-Z) 
REAL*8 AB,C(3),P(3),ABl 
INTEGER K,M,J,Ml 
COMMON/DATA1/C,P 
H= ( 1 ~O , (). DO) 
I=(O.DO,l.DO) 
ABl =AB 
M1=M 
DO 1 J= 1,2 
IF(DABS(AB).EQ.Ml} GO TO 10 
A=2*C(M1)*P(Ml)*~3 
B=I*2*P(Ml )**2 
E1=(-1)**(Mt+i)*CDEXP(I*AB1)+1 
E2=El-2 
IM=(A*El-B*AB1*E2)/(AB1**4-P(Ml)**4) 
GO' TC 11 

1 0 IF (J • EQ • 2) GO TO 20 , .. 
IM=«I*C(M1)*P(Ml)**3-I*P(Ml)**2+AB*P(M1)**2)*(-1)**(M1+1)* 

#CDEXP(I*AB)+I*P(M1)**2)/(-2*AB**j) 



, . 

( 

\ ~ , -
" , . 

H.16 ' 

Gb" 'rC 11 ".. _ ' 
,,20 1M= « -1 *C (Ml) *P(Ml ) **.3+I.*P(Ml ) **2+AB*P(Ml ) **2) * (-1) ** (Mt + 1) *. 

#CDEXP(-I*AB)-1*2*P{Ml)**2)J(-2*AB*~3t 
11 H=H*IM . '. " .' 

Ml=.K, .' 
ABt-=-AB 
CONTINUE 
RETURN 
END 

" 

c, '. . 
C*********************************************************************** 
C· SUBPROGRAMS FOR CALCULATING THE BES'SEL FUNCTIONS • ... 
C************************************************-******~***********~*** 

C 

COMPLEX F.UNCTION IN~16(X,N) • 
IMPLICIT REAL*S(A-Z) . . 
COMPLEX* 16 W, X, Y, Z 1 T, T" , T2, T3, T4', l, DCMPLX, DC,ONJG 
INTEGER K,N" . 
COMMON PI, GAMA 
1=(0.DO,1.DO). 
IF (CDABS (X) . GE. 20. DO) GO TO 10' 
IN=(O~DO,O.DO) 
K-=O 

11 T=(X/2)**(2*K)/FA(K)!FA{N+K) 
IF(CDABS(T).LT.1.D-12} GO TO 12 
IN=IN+T ' 
K=K+1 
GO TO 11 

12 IN=(X/2)**N*IN 
RETURN 

10 Tl=(4*N*~2~1)'la/x' 
T2=Tl*(4*N**2-9)/16/X 
T3=CDEXP(X)/CDSQRT(2*PI*X) 
T4=CDEXP(-X)/CDSQRT(2*PI*X~ 
Y=X-DÇONJG(X) 
Z=DCMPLX(O.DO,CDABS(~» 
W=Y+Z 
IF(CDABS(Y).EQ.O.DO) GO TO 14 
IF(CDABS(W).EQ.O.DO) GO Ta 13 

1~ IN=T3*(1-Tl+T2)+(-'}**N*I*T4*{1+Tl+T2) 
RETURN 

13 1N=T3*(1-Tl+T2)+(-')**(N+l)*I*T4*(1+Tl+T2) 
. RETURN 

41 
45 

. END 

COMPLEX FUNCTION KN*16(X,N) 
'1 MPL 1 CI TREAL * 8 ( A - Z ) 
COMPLEX*16 X,KNl NI""; TI ,T2,T3 
INTEGER N,M,K,I . 
COMMON PI, GAMA 
IF(CDABS(X).GE.15.DO) GO TO 40 
IF(N.EQ.O) GO TO 46 
KN=FA(N-l)*(2/X)**N 
IF(N.EQ.l) GO TO 45 
M=N-l 
DO 41 I=l,M 
KN=KN+(-1)**I*FA(N-I-t)/FA(I)*(2/X)**(N-2*I) 
KN=KN/2 
GO TO 47 

-/ 

" 

'. 



(" .. 

<-

1. 

'46 KN= (0.00,0.00) 
47 ' KN 1 = ( 0 • DO , 0 • DO ) 

u H".17 

K=O ' . 
. 43 ,T= (X/2) ** (N+2*K) /FA (K) /PA (N+K);q CDLOG(x/i) - (F (1<+ 1) +F (N+K+ 1'» /2) 

'C 

C 

C 

'IF(CDABS(T).LT.l.D-12) GO TO 42 
KN1=KN1+T 
K=K+l 
GO TO 43 " 

42· KN=KN+KN1*(-1)**(N+l), 
RETURN 

40 Tl=(4*N**2-1)/S/X ~ 

40 

• T2=T1*(4*N**2-9)/~6/X 
T3=CDEXP(-X)*CDSQRT(PI/2/X) 
KN=T3*(1+T1+T2) 
RETURN 
END 

DOUBLE PREC1SION FUNCTION' ROt)' 
$IMPLICIT REAL*S (A-Z) 
INTEGER K,I 
R=O.DO 
DO 40 1 = 1 , K 
R=R+l.DO/I 

, RETURN 
END 

DOUBLE PR~c'I SION FUNCT ION F ( K) 
IMPLICIT EAL*S (A-Z) . 
INTEGER K . 
COMMON Pli, GAMA . 
IF(K.EQ.1) GO TO 50 
F=R(K-1 ) -GAMA 

1 RETURN 
50 F=-GAMA 

RETURN 
·END 

DOUBLE PRECISION FUNCTION FA(K) , 

21 

22 

IMPLICIT REAL*S(A-Z) 
INTEGER K,L 
FA= 1 .00 
L=l 
FA=FA*L 
IF(L.GE.K) GO TO 22 
L=L+l 
GO TO 21 
CONTINUE 
RETURN 
END 

. , . 

/IGO.SYSIN DO je 

Il 
1* 

... 

, , 

.. 

, ", /' 

",' i " . 

~ , , 

) 
," , r 

r li. 

l 

.. .. 

~' 
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H.18 

" -" 

N=-3 K=J M=l 

01:( -0.32802061648302020-06 0.0 ) 

Q2={ O.18960621325376500~09 0.0 ~. ) 
" '''j 

03=( 0~2,3121849164637800+01 0.0 ) 

04=( 0.61906633297333190-06 0.91149649943832280-15 ) '. 

Q5=( -0.67595923158147790+00 0.60404957086464550-15 ) 

Q6;::o( -0.81229434954417420+01 -O. 17-8366,57"738.80160-12 
., T ) . -. , 

07=( 
. ' \ 

) -0.59491734659830900~06 0.273046402272890~P-17 

08={ 0.7'3806'018~3016'0+00 -0.51477288706683690-15 ) .. 1 .. ,If' , 

Q9=( 0.85691457640913340+01 0.1145911243714064D-12 ) 

Rl=( 0.5408339515794209D-06 0.42520136780160800-15 ). . , 
" j 

R2=( ~6.6489146l800262650+00 0.46494815889989840-15 ) 

. R3. -0.77901325128121170+01 -0.13429914150529410-12 ) 

'R4=( -0.61719140517148010-06 O.2336123106~232470-15 ) 

, ' 
R5=( 0.74353246066222640+00 -0.39535898803193060-15 ) 

R6=( 0.89344'168068830380+01 0.8421966111077975D-13 >. 

N=3 K=l M=2 

~Q1 = ( -0.10295411592276970-16' -0.62851111'596523110+00 ) 

02=( '-0.47667135176816130-17 0.2~487387593647980-07 ) 

03=( 0.16288171434845480-16 0.55818616208065920-04 ) 
\ l ' . , 

04'=( -d.81619946471545420-15 0.22079594059049530+01 ) 
'î· 

Q5=( -0.96334763968560250-15 -0.44206318i15244040-07 ) 

Q6=( 0.32486171600532250-12 -0.10504337567036680-03 ) 

Q7=( -0.78968149129513670-15 -0.23292774432212730+01 ~ 

Q8=( 0.81663256031699270-15 0.42446610304383710-07 ) 

( ." 
Q9=( -0.19474426688836810-12 0.10085769800230680-03 ) 

'R1::: ( 0.82896642816833510-14 0.21175249483835880+01 ) 

R2:::( -0.97921917313884150-15 -0~38587827595590400-07 ) 



,l'li 
l' 
~ 

H./9 
j', 

. 
R3=( -0.7733679049467813D-13 -0.9168881635822351D-04 ) 

( R4=( '-0.6766979859523874D-14 -0.24285342531545420+01 ) 

R5=( 0.79034541158275260-15 0.48354~5234972159D-07 ) " 

J . , 
.' . 

~ . R6=( 0.72849158501595650-13 0.11490040511138560-03") . 

N=3 K=l M=3 
i" 

Ql=( -0.15257856826871790-05 0.81295882194954670~17 ) ,. .. 
Q2='( Q.~3185293346349960-03 0.23715902765744190-18 ) 

Q3=( -0.18420352253326080+01 0.24694566929316690-17 ) 
J 

Q4=( 0.28810733600384010-05 0.31465436473281960-13 ) 

Q5=( -0.63725979421426520-02 -0.1397338347729216D-14 ) 

Q6=( 0.64858643273869880+01 -0.1082'6023788164200-11 ) 

Q7=( -0.27691211592079470-05 ~0.21965905519755070-13 ) 
, , 

Q8=~ '0.70110788769J85940-02 0.10497686233919130-14 ) 

(' , , , ' Q9;::( -0.68442520097588270+01 0.7285050198337377D-12 ) , 

Rl=( ~·~.25173828717671130-05 
~ 4 • ' 

0.25024348991824780~13 ) 

R2=( -0.63791626152433310-02 -0.1052366471568723D~14 ) 

R3=( 0.62~20472816033710+b1 -0.91639292898363580-12 ) 

R4=( ~0.31516095867444560-05 -0.17179968370280400-13 ) 

• 
~ R5=( 0.70279825937857030-02 0.7838016151482439D~15 ) 

R6 .. ( ~0~71339302439910750+01 0.606862540Q795199D-12 )', 

N=3 K=2 M=l 
I,-r' 

Ql=( -0:10295~11592276970-16 0.62851111&96523110+00 ) 

Q2=( (004766113517681613D-11 -0~23487387593647980-07 ) .,. 

Q3=( 0.16288171434845480-16 -0.5581861620806592D-04 ) . 

Q4=( 0.88843795664005430-15 -0.22079594059049530+01 ) 

( Q5=( 0.99763752299759890,'5 0.442063181152440AO-07 

, Q6=( -0.32494726770890200-12 0.10504337567036680-03 ) 

Q7"'( '0.71348107189361000-15 0.23292774432212730+01 ) . " 



,. 
,; 

1 
~~ V 

" 

H.eO . , 

Q8=( 
-

-O~85286406513835550-15 -0.42446610304383710-07 ) 

Q9={ 0.19483241139801020-12 -0.10085769800230680-03 ) 

R1={ -0.82203911731365910-14 ~0.21175249483e35880+0r ) , , 

R2=( 0.10121569.047946550-14 . . 0.385818~7595590400-Q7 ) 

R3={. 0.7725665912227731D~'3 0.9168881635822351D-Q4 ) 

R4=:;:( 0.~687525215108392ti-14 0.242853425315454~D+Ot ) 

R5={ -0.8280645177715693D-15 -0.4835465234972159D-07 ) 
r-' , 

R6={ -0.7275519458967751D~13 -6~G49004051113856D-03 ) 

N=3 K=2 M=2 

Q1={ -ci.584Sis3463897832D-05 0.0 ) ;,. 

"\. Q2={ 0.1874795661657285D+OO 0.0 ) 

Q3=(· O. 85~ 1245969912,s96D+0.l 0'.0 .> 
Q4={ 0.1094831275117628D-04 

, . 
-0.94d3806651928478D-13 ) , . 

Q5={ -0.6551227020549533D+00 0:36296352731432100-14 ) 

Q6={ -0.2934937066445356D+02 ~.34099197842294030-11 ) 

Q7={ -0.1049698053587602D-04 0.64884103559477420-13 ) 

• 
Q~= (- 0.6908633621273766D+00, -0.26632486191346600-14 ) 

, 

- " 
'Q9=( O.3091333379178624D+02 -0.23197048102481900-11 ) 

R1- ( 0.9542709579259302D-05 -0.11568752773833430-12 ) 

R2-( -0.6280576019341661D+00 0.38258419997131410-14 ) . ," , 

,,; R3=( -0.2910303071981653D+02 0.44656226723238310-11 ) 
.. 

R4=( -0.1197471004215592D-04 0.7849958137573403D-13 ) .. 
RS-"( 0.72055307763224180+00 -0.27343176526356070-14 ) 

R6= ( 0.32278266067651660+02 -0.29912848082342410-11 ) 
~ 

N=3 K=2 M=3 
',' 

( Q1=( 0.3245031071165'05'5D-16 -0.1020380446668096D+Ol ) 
1 

~ 
Q2=( -0.64949897353918200-17 ~0.1001263295044486D-Oe ) . 1 , 
Q3=( -0.37084578151268250~15 -0.23685816141730080-03 ) J 

'------------
.'.J 

f 

1 
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(\ 

.} 
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JI 04=( 0.5827035508300584D-13 0.·1481847626998819D+01 ) 

( '" 05=( -0.1049759241826247D-14 0.1887126541802776D~06 ) 
"? 
"'" 

06={ 
) 

-0.2935986399221754D-11 0.446371~13884~OD-03 ) 

Q7={ -0.3608184921736982D-13 -0.3665667574609826D+01 ) 

Q8=( 0.6106639506~47822D-15 -O.181277225046047~D-06 ) .. 
Q9=( 0.1863968377723573D- 1 -0.42877047966e8965D~03 ) 

R1=( O.57889514072l~072D- 4 0.3332425067828181D+01 ) 

. R2=( 
. 
0.4249815393813545D- 5 0.1647974772513057D-06 ) 

R3= ( ·-0.924369442334 "4240-12 0.3897913450954734D-03 ) 
~ 

R4=( 
• t", 

-0.3007502803462137D-15 -0.3&29206018116956D+Ol ) 
-

R5=( -O.4151863472895973D-15 
. . 

) -0.20642642017050Q2D-06 

R6= ( _ 0.51160576ii682966D-12 -0.48826969592830450-03 ) 

N==3 K=3 M=l 

(. 01=( -0~1525785682687179D-05 -0.81295882194954670-17 ) 
\ 

Q2=( O.6318529334634996D-03 -0.23715902765744190-18 ) 

Q3=( -O. 1842035225332608D+01 -O.246945669~931669D-17\ ) 

Q4=( 0.2881073360038401D-05 0.3152308191943916D-13 ) 

Q5=( -0.6372697942142652D-02 -0.13956472850948020-14 ) 

Q6 .. ( 0.6485864327386988D+01 -0.1082583167229549D-lt )-

H' Q7=( -0.27691211592079470-05 -0.2202675498652739D-13 ) 

Q8=( 0.7017078876918594D-02 0.10479828346210400-14 ) 

Q9"( 
. . 

) -0.6844252009758827D+01 0.728484~121116094D-12 
-~ 

Rl-( 0.25173828711671130-05 G.2507966668889053D-13 ) 1 
\ 

~' 
\ 

R2=( -0.6379162615243331D-Q2 -0.1050743027231568D-14 ) \. 
" 

. R3=( 0.6222047281603371D+01 -0.9163743765089733D-12 ) 

R4=( -0.3151609586744456D-05 -0.1724337492465774D-13 ) 

( ". 
0 R'S=( 0.7027982593785703D-02 0.7819415002230843D-15 ) 

, . 
R6={ -0.7133930243991075D+01 0.6068414002957997D-12 .> 

• 

, , 
" . , . 
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" 

R4=( -o. 34S9682485360B29D-04 -0.120B66145801a139D-12 

R5=( O.6876998626623333D+OO O.53610BB1S261Q521D-14 

.R6=( 0.6573990386110939D+02 0.3671070834977743D-11 

1 

i , 
1 
1 
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/INFO MVS TI(50) PA(150) R(MUSIC) CL(20) N(STEVE SIU PUI CHAN) 
//STEPl EXEC FORTRAN 1 

//FORT.SYSIN DD '* , 
C***'******************************************************************** 
C COMPUTER PROGRÂM FOR CALCULATING THE INTEGRALS IN THE GRNERALIZED* 
C AERODYNAMIC FORCES AS A FUNCTION OF THE REDUCED FREQUENCIES * 
C VERSION FOR COMPRESSIBLE FLUID * 
C ONLY THE 1NNER SHELL FLEXIBLE ' * 
C * * * '* * * '* '* * '* '* * '* * * '* '* '* '* * * * '* * * * * * * *'* '* '* * * * * * * * * * * * * * * * * * * * * * * * * *'* * * * * * * * * * * * * 
C 

~ C********~~************************************************************* 
C MAIN PROGRAM * 

- C***'****************~****************************~********************** 
IMPLICIT COMPLEX*16(A-Z) 
REAL*8 C(3),P(3),PI,GAMA,EI,EO,MI,MO,X1,X2,D 
INTEGER I,N,L,K,M 
COMMON PI ,GAMA 
COMMON/DATA1/C,P -
INP(Y)=N*IN(Y,N)/Y+IN(Y,N+1) 
KNP(Y)=N*KN(Y,N)/Y-KN(Y,N+l) 
PI=3.14159265358979DO 
GAMA=0.5772156649011618DO 
C(1)=0.9825022145762379DO 
C(Z)=1.00071131190727DO 
C(3)=0.99996645012540B6DO 
P(1)=4.7300407448627DO 
P(2)=7.85320462409584DO 
P(3)=10.99560783800161DO 
EI=0.03861DO 
EO=0.05792DO 
MI=0.025DO 
MO=O.500DO 
N=2 
D=2.DO 

,KI=(120.DO,0.DO) 
" KO= ( 4 • DO r 0 • DO ) 
/ DO 3 L= 1 , 1 
1 PRINT30,KI,KO > 

30' FORMAT ( , l' , 'VALUES 'OF THE INTEGRALS' IN TrIE AERODYNAM1 C FORCE TERMS 
# WI TH KI =' , , ( , ,ZD 1 2.4, 1 X, , ) , /' " 60X l 'KO=' l ' ( , 1 2D 12.4, 1 X, , ) , ) 

DO 2 K=1,3 ' 
DO 2 M=1,3 , 
Xl=-50.DO+D/2*(1-DSQRT(1/3.DO» 
X2=-50.DO+D12*(1+DSQRT(1/3.DO» 
Il=(O.DO,O.DO) 
12=11 
DO 1 1 = 1 ,98 
MIL=CDSQRT(Xl**2-MI**2*(Xl-KI)**2) 
MOL=CDSQRT(Xl**Z-MO**~*(Xl-KO)**2) 
MIA=EI*MIL 
MOA=EI*MOL 
MOB=EO*MOL 
INOA=IN(MOA,N) 
KNOA=KN(MOA,N) 
INPOA=INP(MOA) 
INPOB=INP(MOB} 
KNPOA=KNP(MOA) 
KNPOB==KNP(MOB) 

" 



C 

10 

l 1 

1 2 
2 

3 

40 

DEM=INPOB*KNPOA-INPOA*KNPOB 
EN=IN(~IA,N)/INP(MIA) 
FN=(INPOB*KNOA-KNPOB*INOA)/DEM 
HKM=H(Xl,K,M) 
IG1=(KI-Xl)**2*EN*HKM/MIL 
IG2=(KO-Xl}**2*FN*HKM/MOL 
Il=Il+lGl 
12:::I2+lG2 
Xl:::X1+D 
IF(l.EQ.49} X1=X2 
CONTINUE 
PRINT10,N,K,M 

'J 

FORMAT ( , -' , 'N=' , l 1 , P K=', 1 1 " M=' 1 Il) 
PRINT11 , Il 
FORMAT ( , 0' , , l 1 = ( , 1 2D2 4. 16, 1 X,' ) , ) 
PRINT12,I2 
FORMAT ( '0',' l2=={' ,2D24.l6, lX,')') 
CONTINUE 
I\l-KI+30.DO 
KO-KO+ 1 .DO 
CONTINUE 
PRINT40 
FORMAT ( , 1') 
STOP 
END 

, 1 

H.25 

C*********************************************************************** 
C COMPLEX FUNCTION H * 
C******************************~**************************************** 

COMPLEX FUNCTION H* 1 6 (AB, K , M) " ~ . 0 

IMPLICIT COMPLEX*16(A-Z) 
REAL*8 AB,C(3},P(3},ABl 
INTEGER K,M,J,Ml 
COMMON/DATA1/C,P 
H= ( 1 • DO, 0 • DO) 
l = ( a . DO , 1 • DO ) 
AB1=AB 
Ml=M 
DO 1 J=1,2 
lF{DABS(AB}.EQ.Ml) GO TO 10 
A:::2*C (Ml) *p (Ml) ** 3 
B:::I*2*P(Ml )**2 
El:::{-l-)**(Ml+l )*CDEXP(r*ABl )+1 
E2=El-2 
IM=(A*El-B*AB1*E2}/(AB1**4-P(Ml)**4) 
GO TO 11 

10 lF(J.EQ.2} GO TO 20 

'. 

lM=( (I*C(Ml )*P(Ml )**3-l*P(Ml )**2+AB*P(Ml }**2)*(-1 )**(Mr+l)* 
#CDEXP(I*AB}+I*P(Ml)**2)/(-2*AB**3) 

GO TO 11 
20 IM=«-I*C(Ml)*P(Ml}**3+I*P(M1}**2+AB*P(M1}**2)*(-1)**(M1+1)* 

#CDE~P(-I*AB}-I*2*P(Ml)**2)/(-2*AB**3} 
11 H=H*IM : 

Ml =K 
AB1=-AB 
CONTINUE 
RETURN 
END 



H.26 
" ,j 

C ! 
C***i*************~*********************************** ****************** 
C SUBPROGRAMS FOR CALCULATING THE BESSEL FUNCTIONS * 
C*********************************************************************** 

C 

1 

COMPLEX FUNCTION IN*16(X,N) 
IMPLICIT REAL*a(A-Z) 
COMPLEX*16 W,X,Y,Z,T,Tl,T2,T3,T4,I,DCMPLX,DCONJG 
INTEGER K,N 
COMMON PI, GAMA'" 
I = ( 0 . DO , 1 • DO ) 
IF(CDABS(X).GE.20.DO) GO TO 10 
IN=(O.DO,O.DO) 
K=O 

11 T=(X/2)*~(2*K)/FA(K)/FA(N+K) 
IF(CDABS(T).LT.l.D-1

1
2) GO TO 12 

IN=IN+T 
K=K+ 1 ~ 

GO TO 11 
~12 IN=(X/2)**N*IN 

RETURN 
10 Tl=(4*N**2-1)/a/X 

T2=Tl*(4*N**2-9)/16/X 
T3~CDEXP(X)/CDSQRT(2*PI*X) 
T4fCDEXP(-X)/CDSQRT(2*PI*X) 
Y=X-DCONJG{X) 
Z=/bCMPLX (0 .DO, CDABS (y) ) 
W=y+Z 
IF(CDABS(Y).EQ.O.DO) GO TO 14 
IF(CDABS{W).EQ.O.DO) GO TO 13 

14 IN=T3*(l-T1+T2)+(-1)**N*I*T4*(l+Tl+T2) 
RETURN 

13 IN=T3*(1-Tl+T2)+(-1)**~N+l)*I*T4*(1+Tl+T2) 

41 
45 

46 
47 

43 

42 

RETURN 1 0 

END 

COMPLEX FUNCTION KN* 1,6 (X,N) 
IMPLICIT REAL*a(A-Z) 
COMPLEX*16 X,KNl ,T,Tl,T2,T3 
INTEGER N,M,K,1 
COMMON PI, GAMA 
IF(CDABS(X).GE.'15.DO) GO TO 40 
IF(N.~Q.O) GO TO 46 
KN=FA(N-1)*(2/X)**N 
IF{N.EQ.l) GO TO 45 
M=N-1 
DO 41 I=l,M 
KN=KN+(-1)**I*FA(N-I-1)/FA{I)*(2/X)**(N-2*I) 
KN=KN/2 .\ 
GO TO 47 -j 

KN=(O.DO,O.DO) 
KN1=(O.DO,O.DO) 
K~O 
~~(X/2)**(N+2*K}/FA(K)/FA(N+K)*(CDLOG(X/2)-(F(K+1)+F(N+K+1»/2) 
iF(CDABS(T).LT.1.D-12) GO TO 42 
KN1=KN1+T 
K=K+l 
GO TO 43 
KN=KN+KN1*(-1)**(N+1) 



C 

C 

C 

o 

(J ,. 

RETURN 
40 T1=(4*N**2-1)/a/X 

40 

50 

IT2=T1 * (4*N**2-9)!16/X 
T3=CDEXP(-X)*CDSQRT(PI/2/X) 
KN=T3*(1+Tl+T2) 
RETURN 
END 

DOUBLE PRECISION FUNCTION R(K) 
IMPLICIT REAL*a(A-Z) 
INTEGER K, l 
R=O.DO 
DO 40 1=1, K 
R=R+ 1 .DO/I 
RETURN 
END 

DOUBLE PRECISION FUNCTION!F(K) 
IMPLICIT REAL*a(A-Z) 
INTEGER K 
COMMON PI, GAMA 
IF(K.EQ.l) GO TO 50 
F=R(K-l)-GAMA 
RETURN 
F=-GAMA 
RETURN 
END 

DOUBLE PRECISION FUNCTION FA(K) 
IMPLICIT REAL*a(A-Z) 
INTEGER K,L 
fA= 1 .DO 
~=1 

21 jFA=FA*L 
IF(L.GE.K) GO TO 22 
L=L+l 
GO TO 21 

22 CONTINUE 
RETURN 
END 

//GO.SYSIN DD"* 
l/ 0_ 
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H.28 

VALUES OF THE INTEGRALS IN THE AERODYNAMIC FORCE TERMS WITH 
KI~( 0.1200+03 0.0 ), 
KO=( 0.4000+01 0.0 ) 

N-2 R=1 M/ 
11=( 0.1747463702802756D~04 0.0 

12=( -0.5106817927871355D+Ol 0.2499615828904897D-15) 

N=2 K=l M=2 

Il~( -0.4214632248946571D-13 0.97069047783496720+02) 

12=( -0.1270884192684148D-15 -0.48163999998890640+0i 
Il 

N=2 K=l M=3 
'~I 

11=( 0.9197218252565925D+00 0.93304129217760540-15) 

12=( 0.1757419826634989D+Ol 0.14382280709040650-15 

N=2 K=2 M=l 

11=( -0.42146322489465710-13 -0.9706904778349672D+02 ) 

12=( 0.83336014940855400-16 O. 48t 6:999998890640+0l. 

N=2 K=2 M=2 1 
1 

11=( 0.17442899692251940+04 0.0 

12=( -0.11047719806652590+02 0.422303S4377601200-16 

... ~... , 
N=2 K=2 M=3 

11=( -0.6568687782005721D-13 0.15923411193328080+03 ) 

12=( 0.74081341041559850-15 -0.78598387513463690+01 ) 

N=2 K=3 M=1 

" 11=( 0.9197218252565925D+00 -0.9330412921776054D-15 ) 

12=( 0.17574198266349890+01 0.31395125881333280-16)' 

N=2 K=3 M=2 

". 

1 
i 
1 



• 

Il=( -0.6568687782005721D-13 -0:159234111~332B08D+03 ) 

12~( O.66811i95031150,1D-1S D.7859838751346369D+01 ) 
fj 1 

o 

N=2 K~3 M=3 
~ 

11=( O.173940116B305684D+04 0.0 

o 

o 

-~.2004516976835596D+02~ 
! 
1 

1 

0.31033212177190380-16 

) 

H.29 
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APPENDIX 1 

DERIVA1Id~ OF THE BASIC STRESSES AND THE BASIC SHELL DISPLACEMENTS 

1 
\ 
~ ~ 

DUE TO STEADY-STATE LOADING 

In this Appendix will be derived the stresses and the displac~ments 
1 

of a circular cyflindrical shell subjected to the following static loads: 

( i ) a constant axial force per unit surface area, 

1 

( i i ) a radially normal pressure of the form 

A1 =-(Cx +D) rrI , ( 1. 2) 

\ 

wher~ x is the lengthwise variable; B, C and D are constants. 

The results will be used as the ,basic stress system and the basic 

shell displacements (denoted by subscript 1) in the derivation of the 

equations of motion for the same cyl indrical shell 1 pre-stressed 1 by the 

above loadings. The configuration of the shel1 is shown in Figure 1.1.­

. The ends of the shell are assumed fo be clamped. 'Po and t{ are 

the axial reactions per unit circumference at the two supported ends. 

Assuming the bending and "twisting moments to be negligibly small, 

the conditions of equi1ibrium of an infinitesima1 shell element lead to the 
..< , 

following equations t , 

t For detailed derivation of equations (1.3-1.5), see reference [32]. 
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X ,----l 
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, 

1.2 

')/ 

(1. 3) 

(1. 4) 

(1. 5) 

. 1 
where N91 is the hoop-stress resultant, N)(~ is the axial stress resultant, 

and NXS1 is the shear stress resultant. The orientations of the various 

stress resultants are shown in Figure J.l. Since 1b is a function of x 

only (equation (1.2)), N81 as given in equation (1.3) will be independent 

ofa; therefore,' dNeI/dS=-O and equation (I.4) becornes 



d Nxer 
ax = 0 

Integrating equations (1.6) and (1.5), one obtains 

NX9I::: i (e) , 

x 
N r= -f (~ +..!..- d~J(9I) dx + i(e) , 

le XI Ct d 8 
o , 

where fs ((1) and 
o 

t.ce) are functions of'9. 

1.3 

(1. 6) 

(I. 7) 

(1. 8) 

Since the loading is axisymmetric, NX9I and NX1 are independent 

ofe; thus, ~N~()I/deCo and -t,((J)= CI ' a constant; similarly, 

f2 (B): C, ' another constant. Equat~.ons (1.7) and (1.8) can then be 

written as 

(1. 9) 

(1.10) 

l ' 

App1ying the boundary condi7'ions~ at x = 0, NX81 = 0 and' NX1 ~ - fa t, 
to equations (1.9) and (1.19), yields 

C : 0 l , (1.11) 

C=-_Ih 
2 -ra (1.12) 

tIf -Po is positive in the direction shawn in Figure 1.1, the axial stress, 
NXI(X~o) is a compressive stress; this explains the use of the negative 

SigR. 

.. 

. 1 
1 --
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-~~ 

Substituting equations (I.1), (1.2), (1.11) and (1.12) into equations 

(1.3), p.9) and (1.10), the basic stress system of the shell is found 

ta be 

, 

NxeI :' 0 , 

Bx - 'Po 

Let us now determine the displacoments of the shell. From/the 

constitu~ive equations and the kinematic relations of the strains~nd 

displacements, one obtains the following equations t , 

I.4 

(1.13) 

(1.14) 

(1.15) 

(1.16) 

'{ d Vi 1 dUr 
'xeI =- t - -­d X,- a. ~ e 

(1.17) 

(1.18) 

where h is the thickness of the shell; E and V are the familiar elastic 

madulus and Poissonls ratio; En , 'X9I and ê XI are the hoop, shear and 

longitudinal strains, respectively; 1.(r Vr and Wx are the basic shell 

tEquations 111-19 of Flügge [32], p. 130. 



\ 
\ 

1.5 

~ .. ~ ..... :..) ,displacements in the axial, circumferential and radial directions, 
-.~ .. 

respective1y. Due to symmetry. 'Ut ,VI 'Wr are independent of 9 , and 

since NX8I = 0 , equations q.16-.18) can be simp1ified to 
1 

, 

d 111 = _!_ ( NXI - y Nor) , 
d"x Eh 

/ 

(I.19) 

( 1. 20) 

(I.21) 
/ 

Substituting equation~ (Ll3). (L15) into (I.19-,.21) and int,~grating, yie1ds 

/ 

(I.22) 

V[~A - , (1.23) 

(I. 24) 

" 
where A is a constant. 

From the boundary conditions of the disp1acements which are 

and 

at x = a.l for c1amped-ends, A can easily be shawn ta be zero. To 

determine the other unknowns, tLdx .. o and 'Po ' on1y two boundary condit; ons 



\ 

1.6 

.. 
are needed; so it seems that there are too many boundary conditions and 

that they cannat all be satisfied; thùs, we~have to make a choice. Since 
~ ~ 

the axial stresses'at the two ends ( Nxrrt)(=~::: - Po ' Nnlx-L=-'R 

are non-zero, it is prabably more reasonable ta assume that the 'Ul displtace-, . 

ment is restrained there, and ta say that the boundary cQnditions for url 

can be fulfilled by the small bending moments that'we have neglected. 

Thus, putting 'Uz=o for )(=0 and j::.L in equation (1.22), one obtains, . 

0.25) 

'Po =' (.11 0. C - B) L + -Vlb. D " ( I. 26) 

2. 1 
Substituting eq~ations (~.25), (I.26) into (I.22), (I.24), the solution 

o 

of the basic shell displacements is, 

, (I.27) 

., (1. 28) 

Wr ::: ~[(-V B - o.C) X + -V(ya.C - B)L + -V
2o.:D - o.tn . (1.29) 

EK 2" J 
~ 

Substituting equation (I.26) into equation (I~15), the basic'stress system 

can fhen be written as 

No!= (.t(e X t D) (1.l3) 
\ 

o 



N - 0 )(6l - , 

o 

N =-B~ _CynC-B)L_vaD • 
)(1 2 0 -'. 

I.7 

(I.14) 

(1. 30) 

'l 
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APPENDIX J 

DERIVATION OF THE EQUATIONS OF MOTION OF A 

PRE-srRESSED CIRCULAR CYLINDRICAL SHELL 

In this Appendix will be derived the equations of motion of a 

circular c.ylindrical shell pre-stressed by the following static loads: 

(i) a constant axial force per unjt surface area, 

(i;) a radially normal pressure of the form 

where x is the lengthwise variable; B, C and 0 are constants. 

These are the basic loads (as indicated by the subscript 1) which 

produce the basic stress,system (Nxr,Ns1 ), as derived in Appendix 1. 

The configuration of the shell is shown in Figure 1.1 (Appendix 1). The 

ends of the shell are assumed to be clamped. 

J .1 

When the shell is acted upon by the additional loads, 'Px , f8 , f:., 
additional displacements'U , v, w- and additional stress resultants, 

moments and shear forces are i nduced, denoted by N)( , Ne' Nxe , Net ' Mx~ 

Me , M"9' Max' Qx' Qf/' Figure J.l shows an infinitesima l shell el ement 

t Nx ,Ne are the normal stress resultants, 
N N' are the shear stress resul tants, 
M

lf

X
&:M:" are the bending moments (per unit length) 

Mxe,M9rare the twisting moments (per unit lejl]gth) 
Qx ,Qe are the transverse shear forces (per unit length) . 

. , ~? 



-- -- - - ----- ------ .. 
.).2 

, 
under the action of the various external loads and the internal stress 

resultants and moments. The element is shown undeformed for 'the purpose 

,.. 

'" J 

e -E- -- ~ , 
~ 

x 

f -
of illustration, and only the additional loads, stresses and moments are , 

depicted, for the sake of clarity of he figure; the total forces anà 

moments are, indeed, 'made up of b th the basic and the additional 

components. Thus, the total axi l and radial loads are 

, 

, 

(J .l) 

(J.2) 



- --- ----~-, 

J.3 

and the total axial and hoop stress resultants are 

(J.3) 
'-

(J.4) 

, .. 
where NX1 and Nu are given Jin equations (1.30) and (I.13), respectively. 

Other fore'es and moments consist solely of the additiona" c~mponents, sfce 

their basic counterparts are non-existent in this system. L! 
The quantities Nx ,Ne, "'JMe , ... ,Qj(are forces (and moments) 

per unit length of certain line elements. Since we are interestf? in 

products of the basic forces ?xl , Nx! , .... , with such quantities as tx 

or Ee (the longitudinal or hoop strain), we must decide to which length 

the stress resultants should be referred, i.e. whether to the original 

length of the line element or to its length after deformation. The issue 

is not as simple as it might appear; a detailed discussion on the subject 

can be found in reference [32]. The following convention ,(used by Flügge 

in [32]) regarding the multiplication of the stress resultants with the 

deformed lengths of the shell'element is adopted. Accordingly, the stress 

resultant must be multi~lied by the magnitude of the deformed reference 

vector to gi ve the force, per unti 1 ength of the undeformed li ne el ement. 

The undeformed and deformed reference vectors associated with the shell 

element a~ shown in Figures J.2(a) and (b). As an example, let us find 

the total normal force acting on the side a-b of the deformed shell 

element (Figure J.2(b)). The normal stress resultant on side a-b is Nx 

and the magnitude of the reference vector in the same direction as N'x is 



) 
r'-'~X . , 

1 
.J, Q 

T d e 
<b 
"t1 ri, ~E. ~ 

k i + f. e 
1< dx >1 

(a) 
Fij .. J.2 

( p) 

(f + Ex). Thus, according to the above.convention, the normal force per 

un i t l ength of the undeformed l i ne e,l entent ad e 'i s 9 i ven by. N x ( 1 +- Ex) and 

hence, the total nonnal force on sïde a-b is N)((1+fx)ade. The forces 

acting in other directions or along other sides of the she11 element can 

be determined in a similar manner. 

Let us now write the six conditions for the equilibrium of the 

shell element shown in Figure J.l. 

J.l EQUILIBRIUM OF FORCES IN THE x DIRECTION .. 
J.l.1 Contribution from N" 

J.4 

As shown above, the force in the x-direction on one side of the 

element is N)«( 1 +Éx)aâe. On the opposite side, the force is larger by~ 

the differentia1 
i 

1 



------,. 

J.5 

which makes a contribution to the condition of equi1ibrium. Putting 

Nx = NX1 .. Nx El(::; U';o.. t and noting that N:1 = - a, -V)CJ; in this case 

(from equations (I.30) and (I.1)), this contribution becomes, neglecting 

second order terms, 

J.1.2 Contribution from N9X' 

Since Nex ts a 'small' additional stress resultant, the shearing 

force on the side dx of the e1ement is Nstdx; use of the deformed line 

e1ement will ~nly introduce ~econd-orde~. terms. The shearing force o'n the 

other side is larger bya differential, yielding the ~ribution 
. 

È-CNaxdx) de =: Nex dxde • 
~e ' 

J.l.3 Contribution from Ne 

The nonna l force on the si de dx of the el ement i s Ne (1 + Es) dx 

It makes an angH of tt/a.. with the e direction (see Fi~ure J.3) and 
. 

therefore has a component;Ne (1+E"o)dXtl/ain the x direction. On the 

opposite side, the component i? 1arger py a differential. Thus, the 

contributipn ta the condition of equil~brium is 

t For the definition of the strains, see reference [32]. 

------------------- ----- ------ 1 

, '.: ..... ~ 
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Neglecting Es compared to and u~ing equations (J.4) and (1.3), the 

first-order approximation of the contribution is 

J .1. 4 ,') Con tri buti'on from the Externa l Load ?x 

The total surface area of the'deformed shell element is 

(1tfx)dx(1tEs)ad9;therefore, the contribution from the external load is 

J.6 

Putting tx=U'/a., ce"'(V'·+w,)!a. and using equation (J.l), the contribution 

1 

J 



'~ 

can be written as 

[ ~I ( 1 + 'lA' -t \/'" + ur) +. 'Px ] a dx de. 
a. 

J.l.5 . Contribution fram the External Laad t) 
Due to thewdisplacement, the shell element is slightly tilted 

(see Figure J.4). and the ftxternal force has a component 

J.? 

in the x direction. • • b Retalnlng only the first-order terms, the contribution 

becomes 

r 
t 
1 

L'_'-7X 

- PrI W' d X de. 

J.l.6 Contribution from a11 Components Together 

W + (j"dx 
Cl.. 

Collecting all the terms'and rearranging, the first condition of 

1 

1 



l, 

1 j 

J.B 

equilibrium may be written as 

(J.5) 

J.2 EQUILIBRIUM OF FORCES IN THE e DIRECTION, 

J.2.1 Contribution from NX8 

Nxe is a small additional stress and its contribution can easily 

be found to be 

, 
Nxe dx de 

J.2.2 Contribution from (le 

The shearing forces as on the sides dx of the e'lement make an 

angle of de with each other (see Figure J.5) and therefore have a 

r 
t . 

e -E-.~ X 

, 1 

Q9 dXdfJ \\ Il 
Z \ 1 

"\ d81 
'(y 

V 

Flj. J.5 

1 
1 / 

1 
1 
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res ul tant of 

-Qe dxde 

in the 9 direction. 

J.2.3 Contribution from Nx 

The force Nx(1tf1l )a.de ma'k"es aIL angle of If'/a. with 

(see Figure J.6) and therefore has a component N}C(1+fx )o.d 

u ù+u'dK 
r---:)or--------"7:--~ a.. 

V+V-'dk 
a, 

direction. The differential increment of this component 

in the e 

n 

on the opposite side of the element contributes to the condition pf 

equilibrium. Dropping the second-order t~rms. the contribution is 

J.9 
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( 

\J" 

J.2.4 Contribution from Ne 

The contribution from the force NeC1+ Ee)dx is quite straight-

forward; i~ i 5 

after making use of equation (1.3). 

J.2.5 Contribution from the External Load ~ 

The external load ~ makes an angle of v)l~ with the x direction 

(see Figure J.6). Thus, its contribution in the e direction is 

,bx ( 1 + Ex) d X (1 + E",,) a. de_v' -_ h v'd de r~ v rXI x 
a 

." 
to the first order. 

J.2.6 Contribution from the'External Load ~e 

te' i s an 'additional lo~d, and its contribution is 5 imply . 
1'>e a dx de. 

J.10 

The difference in the surface area of the undeformed and deformed shell 

element, when multiplied to ~', will only give rise to second-arder terms. 

, 

/ 
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J.11 

J.2.7 Contribution from all Components Together 

We are now ready ta collect the terms and to write the equation 
-

for the second condition of equilibrium, as follows: 

. N' Q Nif" ,,; ,. • If) Nat xe- .0+ XIO: t frx(V+W')1- Teo..=O (J.6) 

J.3 , EQUILIBRIUM OF FORCES.IN THE r DIRECTION 
,.' 

J.3.1 Contribution fromQsand Q)( 

The transverse s hear forces Q, and Q, a re smfl~-a~it i ona l forces. 

Their contributions are the differential lncrements ~ __ ~ 4 

-Q:dxde Q: dxde 

.. 
J.3.2 Contribution from N" 

Because of the w displa~cement, the force Nx C1tE.-)a.de at one side 

of the element makes an angle of w"~CJ., with the x direction (see ~igure J.?) 

and therefore has.~a component -Nx (1+fx·)o..dewïa. in the r direction. At the 

. , ...... ...... 

_ ...... j 

----, 



, , 

opposite side this compone nt is larger by a differential and the 

" contribution to ~ur equation is 

CN W" 1(1 - -
a. 

J.3.3 Contribution from Ne 
1 

1 

Due to the displacements V- and (.if • the force NeCl+Ep)dx at one 

J.12 

side of the element makes an angle of (deh+V'Ia.+w-ïa.)with the e direction 

(see Figure J.8(a), (b), (0)) and therefore has a component of 

(a:) ch.) 
.. 

dB If w" ---+-/_2.. a. a.. 
r, 

1 
l 
i 

l 
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J.13 

, 
At the opposite'side of the 

, .-
~lement, the angle between'the force ~9(1~Ee)dxt and the x direction becomes 

[de/2+(V'/a.-fVde/~)-(w7o.T~p/~)] (see Figure J.8{a), (b), (ç)). Note that the 

sense of the angle deviations caused by displacements V and ~ has been 

reversed. Thus, the component in the r direction is -N8(1tfo)dx.[de/2+-(V'!Q,~V'·cl9/a.)· 

+(Wïatw'd9/a)]iand the total contribution to the cqndition of equilibrium iSI 
, 0 

which simplifies to 

when terms of second or higher order are negle~ted. 

J.3.4 Contribution from the External Load ~ 

The inclination of the shell element caused by the displacement 

\ w sets the ext~rnal load ~(ttE.x)JX(i+fe)(lde at an angle of w'!a. to the 
~ 

x direction (see Figure J:9). Thus, the contribution from the "load 'Px is 

the component 

~x(ltffx)dX(1+ Ee)~dew' = D 'd d -. lXI W X e 
a 

t The differential change of the force NS(l+fe)JX has been neglected since 
it will only lead to second-arder terms. 

1 
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t' 

t 
1 

J.3.5 Contribution from the External Load ~ 

This last contribution to our equation i~ simply 

~.3>6 Contribution from all Components Together 

We may now write the thirci, condition of equil ibrium as' 

J.14 

(> 

,: 

/ 

(J.7) 

'" J.4 EQUILIERIUM OF MOMENTS IN THE x DIRECTIO~ ,. 

The conditions for the moment equilibrium are mu ch easier to 

obtain'since none of the basic stresses '(NXIand NeI ) produces ~m~nts 
, 

with respect to the axes in the X , e and r directions . 

. . Let us equate the moments about an axis coinciding with the vector 

t shown in Figur.e J.l. 
o 

The contributions include th~jncrements of the 

.. 
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J.15 

bending moment Me and the twisting moment Mxe , and the couple formed 

by the two forces Qa clx . The condition of equilibrium is, therefore, 

(J.8) 

J.5 EQUILIBRIUM OF MOMENTS IN THE e DIRECTION 

The condition for the moments having the vector ~e as an axis is 

quite similar to the case in the x direction. Here the bending moment Mx, 

the twisting moment Mal( and the transverse shear force Qx are invo1ved. 

The equation for the equilibrium of moments can' easily be shown to be 

, . Q 
M)( + M ex - a. x = 0 

(J.9) 

J.6 EQUILIBRIUM OF MOMENTS IN THE r DIRE~I~ON 
l} • 

This last condition of equilibrium contains moments about a radius 

of the shell (or equivalently, vector 'Pr ). The obvious contr.ibutions are 

the two couples formed by the forces Nxeade and' Nex dx , respectively. 

Not ta be omitted is the resultant of the two twisting moments Mexdx 

including the angle de. One has, therefore, the equation 
1 

J.7 THE EQUATIONS OF MOTION 1 
1 

El iminati ng the transverse forces Qx and Qe from equati ons 

(J.5-.10), one obtains a set of four equations: 

(J.10) 

. ) 
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., J .16 

, (J.lü) 

, . 
a.Nx + aNex + NX1 u" + CL'Rn(V'-t-Lù) + o..'Prrlu"-ûjl) 

(J,11) 

, 

(J.l3) 

The additional stress resultants and moments in equations 

(J.lü-.13) may now be expressed in terms of the additional displacements 

U,V-,W" and their derivatives by making use of the constitutive and 

In doing so, one may'~find that equation (J.lü) is 

just an identity and the other three bicome the differential equations 

forti ,~ and kT, They may be written as follows: 

f' .. /., .. 'If ( .. 
U. t {-1/ 'U. + 1+V V- t,1!W..I- k(1-lItL _ W + I-V W ) 

2. 2. . " 2. 2. 

, 
1 

+CYju"+ 'ltz(V'·.,.W) + q,.'(u·'-lJ') + ~ a.z, = 0 
3 A , (J. 14) 

(J.15) 

t See equations (V-9a,h) of reference 132], p. 214. 
l 

, '. 

~j 

• 1 

1 



J.17 

o , (J.16) 

where 

K= 
h.2. 

j 2 a.2 
, Eh, 

A ;; 1- -V' 
, 

~ = NXI , 
1 --

A 
~ ::: afxt , ~ = a f,.I , 

2. - 3 --
A A 

and N)(I, 'PxI ahd 'Prr are given in equ~tions (1.30), (1.1) and (1.2), 

res pecti ve ly. 

If the pre-stressed shell 1s subjected to addition~l radia1 load 
, ' 

only and is free ta vibrate, the forces 'Px and 16 become the inertial 

forces and fr ' consists of bath the inertial force and th~ radial load. 

Thus, one may write 
Î 

, 

, 

(J.17) 

(J.18) 

(J.19) 

wheré fsk i s the material density per unit surface area of the shell and ch~ 

is the external radial forcé. Th~ equations of motion of the cylindrical 



(. 
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~hell can then' be abtained by' substitL\ting the following terms into equation,s 

(J.14-.16) , 

, - , 

'Px 0.
2 ê)

2 u 
= -1. d t~ A 

fe d 
2 r -r a v .:. - - a t~ , 

, A " 1 

1 

fr ·cf a2w _ tte ) = -I(ap :A fsk 
where 

~ 

-, =- fs 0.
2 

( 1": -y ,2 ) (E 

, 

" 

f 

l , 
(J.20) 

(J.21) 

(J.22) 
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APPENDIX K 

DERIVATION OF THE STATle FLUID PRESSURES OF FULLY-DEVELOPED TURBULENT FLOWS IN 

THE INTERNAL AND ANNULAR FLUID REGIONS 

In this Appendix will be derived the time-mean fluid pressure of a , 

fully-developed turbulent incompressibl~ flow inside a circular cylinder 

and in the annulus between two coaxial cylinders . 
. ' 

, The schematics of the system is shown in Figure K.l. The time-mean 

Navier-Stokes equations for the flows in the two fluid regions can be shown 

" 

~ L ~ 
F.:3. k.1 

to be, in cylindrical coordinates [38] : 

_1 d P ::: _l L(~ Uxl.l r } + !iL ( r. dU) 
P a x r d r r dr d r 

, 
(K. l ) 

) 
(K. 2) 

') (K. 3) 



K.2 

where (-,) = time-mean of ( ); f and '1 are the density and the kinematic 

viscbsity of the fluid, respectively; is the time-mean pressure; is 

the time-mean axial flow velodty and 1.L", ue , ur <llre the fluct~ating 

-flow velocity components in the x , e and r di-rections, respectively. 

By virtue of the assumption that the fiow is fully-developed; all 

time-mean quantities, with- the excepJion of the fluid pressure, are 

independent of x. It should be emphasized once again that equations 

(K.l-.3) apply to both the internal and annular fluid regions. 

K.l DERIVATION.OF THE INTERNAL FLUID PRESSURE 

Let us now derive the fluid pressure of the internal flow from 

equations (K.l-.3). For the sake of brevity, the subscript i, generally 

used,to denote terms associated with the fnternal flow, will be suppressed 

for the time being. 

Integrating equation (K.3), one has 

., 

where C is~a constant. At r = a, l1r U e==O since the velocity fluctuations 

'Ur anq u e at the sol id boundary r = a are zero at all times. This implies 

that C' ;'0, and thus 

U .. U e * 0 

everywhere. Since all the time-mean quantities are independent of x, 

equation (K.2) shows that aP/ar is independent of x; therefore, aP/ax is 

-
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il 

K.3 

independent,of r t . Thus, equation (K.l) can be integrated to yield 

r2. a p -- dU A - - :: - r U x U,.. -t ~ r _ + (X), 
2fêY X dr (K. 4) 

where A{x) is a function of'x. Similarly, integrating equation (K.2). 

~­j -
U 2. + ft' 1../' u2.-- B ' r e:- r d r + (X) , 

a. r 

where B{xl is another function of x. 

,(K.5) 

A{x) and B(x) are to' be determined by the b,oundary conditions. 
1 

At r = 0, one has dU/dr"'1 and uxu ... =o The mean flow is assumed ta be 

axisymmetri~, therefore, ~he first condition is justified. The vanishing 

of the corre)ation betwe~n 'Ux and ur needs a little elaboration. Near 
.... \ ~ / 

the wall of the'pipe, the mean flow gradient dU/dr is large. When a fluid 

particle moves away fram the wall with a negative Ut. it will be entering 

a faster-moving part of the stream and will decrease locally the velocity 

in the x direction resulting in a negative '\lx (see Figure K.2)'. 

Conversely, if the fluid particle moves towards the wall (positive ll r ), it 

is transposed frdm a faster-moving part of the stream ta a slower part 

and will, thus, ~ccelerate the latter (positive'lLx ). Hence, u,..uris 

always positive and the correlation is particularly strong near the wall. 

t dP/~r is independent of X; this implies 

0= L (~) =: d2.P = ~(~) 
~X dt' aXë)t' ~r ê)x 

Hence ~P/Q)x i s i ndependerrr-of r. 
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Towards the center, d U/dr is small (the mean velocity profil e for turbul ent 

flow in a pipe is fairly flat as shown in Figure K.2),' the correlation is 

much less pronounced and practically vanishes at the center where dU/dr=o 
./ 

Without a dominant mean velocity gradient, the velocity fluctuations assume 

ra~do~ independent variations at the center of the pipe and their 

corre lat ion wil'l be zero there. / 

At the boundary r = a, one has uxUt =,u: ::: 0 because the velocity 

vanishes at the wall. The quantity Ut ' called the shear velocity will be 

defined as 

ri 

-~dUf 
dr r::Cl 

, (K.6) 

and is related ta ~w ' the fluid viscous'farce per unit area on the inner 

surface of the pipe, by 

(K.7) 

-------- - --~----

1 
,\ 
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Applying the conditions ~t r = 0, equation (K.4) demands that A{x) = 0; 

and from the conditions at r = a and equation (K.6), one may write 

(K.8) 

~ntegrating equation (K.8}, one o~tatns 

(K.9) 

where C(r) is a 'function of ro 

Comparing equations (Ko5) and ,(K.9), one has 

1 
and 

o 

- fr- -C 2. <1. 2 
(n = - Ut" -+ 'Ua - Ut" . d r + C 1 

CL r-
, l' 

e; • 

where Cl is a constant. 

Thus, the pressure distribution is giyen by 

P (x, t") _ _ 1.. U~ x _ u~ + f r ~ - -;;:. d r- -t C 1 
f - a, a. r • (K. la) 

/ 
Putting x = 0, r = a in equation (Kola), yields 

1 J 

(K.11 ) 

1 

--_., 

; 



. . 
Substituting .equat,ion (K. 11) into equation (K.10) and putting in the 

subscript i, the p~essure distribution in the internal fluid region can 
h 

be wri tten as 

K.6 

, (K.12 ) 

where 

, 
-~i. d Ui.l u'! = , 

d r r= a.. 
(K.12a) 

=- rrw -
~ (K.12b) 

K.2 DERIVATION OF THE ANNULAR FLUID PRESSURE 

Simi"lar solution procedures may now be applied to the annular 

fluid region. Again the subscript 0 will ~e omitted while the details ' 

of the derivation are being worked out. 

Integrating equation (K.3) and applying the condition that at 

,r = a,b; u r u 8 "'o will lead to the conclusion 

everywhere. Integrating equations (K.l, K.2) yields equations of the sa]1le 

form as (K.4, K.5), respectively. The 'new' A(x) and B(x) will agàin be 

determined using the boundary conditions. 

Assuming that Rm is" the radius at which the mean annular velocity 



. 
4 
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is a max1mum, one has 

dU:: a o.nd UxUr :'0 Clt r .. Rm ( K. 13) 
dr, -

the correlation UXur vanishes for the same yeason as given in Secti on K.l. 
1 

The other boundary condi ti ons are / 

-- 2 
'\..{x Ur =: Ur = 0 , a.t r == a. ( K. 14 ) , 

a.t ( K. 15) 

where la. and 1"b are the fluid frictional forces per unit area of the pipe 

surface exposed to the annular flow at r = a and r = b"respectively. 

Applying condition (K.13) ta equation (K.4), one obtains, 

A(x) = R~, dP 
;. '. 2 f ax ( K. 16) 

Substitutjng equation (K • .16) into equation (K.4) and applying the condition 

at r = b (equation (K.15)), yields 
• 

_i ~ ( h 2. - R~ J :- ~ U 2. 

2 f à X b 'Lb 
(K.l7)· 

Integrating equation (K.17), 

t The mean f10w velocity gradient dU/dr has different signs at the two 
D boundaries, r=a and r=b, since the mean f10w increases from zero at r=a, 

reàches a maximum and decreases back ta zero at r=b. 

-~-'~ 

l, 
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(K.18) 

where C(r) is a function of r. 

'Comparing equations (K.5) and (K.18), one may deduce 

C 2" + fr Cr) = - Ut , 
0.. 

where Cl is a constant. Thus, equation (K.18) becomes 

P b ~ ~ Jr --r a. C (x, r) :::: _ (_2 __ ) U'tb X _ Ur + 118 - Ur d r -+ L. 
f !{" -R~ 0. r 

(K. 19) 

Putting x = 0, r = a into equation (K.19), Cl is found to be PCo;,aVP . 

Reverting to the use of subscript 0, equation (K.19) may be modified to 
, 

give the pressure distribution in the annular fluid region, 

where 

, 
(K. 20a) 

\ 

, . 



K.9 
0, 

(K.20b) 

Finally, let us find the relation between the fluid frictional 

forces Ta. and lb e~erted by the' .anRular flow on the walls of the inner 
\0. 

" 
and outer cylinders, respectively. Recall that equation (K.17), i.e., 

or, equivalently, 

has been obtained by applying the boundary conditions at r;b (equation 

(K.15)) 'to 'quation (K.4). Oh the otherOhand, it is equally valid ta 

(K.21) 

apply'the conditions at;/=a (equation, (K.14)) to equation (K.4) ta obtain 
, . 

l , 

1 dP (a. ) 2. 
2 f ë} X = aZ - R! U"(Q. 

'. 
For equations (K.2l) and (K.22) to be equivafent, one must} have 

(K., 
, 

or 

U 2. b (~~ - a,z ) U2. 
:ro. = a ( hl. _ R';) 'th • (oK.23) , 

Ci '\ 

Since U:a.:'oTa./f and U~~Tl'/P.' by definition, equatiqn (K.23) may.be . 



( 

rewri tten as 

2. 2) ,...,. _ b (Rm - 0.. G 
l!1 - ël ( b2. _ R~) b' 

The relation between' la. and Tb has also been derived more 

rigorously by considering the equilibrium of axial 'forces acting on a 

control volume in the annular flùid 'region, and making use of equation 

(K.l7). The result is found to be the same as equation (K.24). 

r . , 

--. 

K.10 

(K.24) 



\ L. l 

APPENDIX L 

b --
EVALUATION OF THE INTEGRAL Ja.[(U:o-u:o}/r]dr 

In this Appendix will be given the details in the evaluation of 

the ; n tegra l 

f
b -2. ~ 

u eo - lira ,d r 
a. r 

• < 

" 

appearing in equation (6.31). Due to the lack of experimental data on the , 
, 

fluctuating velocity components of turbulent flow in the annulus between two 

coaxial cylinders, the terms U:o and u~ will be derived 'fr~m experimental 

results of turbulent flow in a oircular pipe obtained by Laufer [38]. 

Figure 27 shows his measurements on the distributions of u: and u; across 

a circular pipé of -radius a. Except for a small portion near the ~ipe, wall 

(r;a),'the distributions may be approximated by the following equations: 

( Ue2. )t/2= 
1.533- o,900(o.-r) , 

U~ ~ 
o~r~a. 

where lJ,; is the shear velocity defined as U~:Tw/P ; Tw is the fluid 

viscous force per unit area on the inner surface of the pipe. Using' 

equations LL.l) .and (L.2), one can easily show that 

\ 

. (L. l') 

(L. 2) 

,- , 



L.2 

l U~ 
U .. :::: 0.4-00 ~ (j.266 + 1.400 ~) 't" o ~ r ~ a. (L.3) 

It is obvious from equations' (L.l) and (L.2) that the distributions of 11; 

l-and Ut depend on the radius as well as the shear velocity. In view of 

the fact that the shear velocities at the two solid boundaries of the annular 
-l--

region are different (UTa.at r=a, Un at r=b), the distributions of 11:0 • 

and '1.1.:
0 

in the annulus wil-l be approximated in the following manner. The 
- 1 

annulus is divided into two parts'at r = Rm' the radius at which the 

mean annular velocity is maximum. The u~o and u:o distributions over 

the region from r=a to r = Rm are taken to be the same as those for a 

circular pipe of radius (Rm-a,) with a shear velocity ofU'ra.at the wall. 

Similarly, the distributions over the other portion (from r = Rm to r = b) 
, .... 

are approximated by their counterparts for a circular pipe of .radius (b-Rm) 

and with a shear velocity of Un,. ' According to"the above scheme and making 

- -- '\ 
use of equation (L.3), the term (1.1;0 - u;:) may b~ expressed as follows: 

(L.4 ) 

Thus, the integral under consideration may be written as' 

b -, -

f
a a. 

Ueo - U ra 
a. r 

L 

---------------------'--------- - -----
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After sorne manipulations, one rnay obtain 

f
b z 2. J 

Ueo - U to d r = [-0.18b4 - 0.5600 Rm + 0.5064- Rm ln (;) 
0.. r (R rn - o.) ( F?m - Q) , ,. f( 

) >. 

2 2-
+ 0.5600 R.." ln ( I?m)J U 

( R/YI _ a.)' Cl 'ra. 

; 

c"' 

+ [ 01864- - 0.56,00 Rm _ 0.5064- R", /1'1 ( ~m) 
( b - RI)!) ( b - f?m) 

2. 2-
+ O. 5500 R", 1 f b )J U 

2. n l..-R lb. (b - Rm) JI1 

(L.S) 

It should be emphasized that the result as giyen in equa~ion (L.S) is 

only an approximation of the integral. Other possible schemes of evaluation 

may be devised; however, until appropriate experimental data for the 
-

annular region become available, one has to be satisfied with the approximate 

result, and hope that it is not.tao far off fr6m the exact solution . 
• 

o 
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APPENDIX M 

COMPUTER PROGRAMS FOR THE CASE OF INCOMPRESSIBLE VISCOUS FLOW 

) 

M.l PROGRAM FOR SYSTEM WITH A RIGID OUTER SHELL 

M.l.l Function of the Program 

The pragram calculates the dimensionless eigenfrequencies, Jl, , and 

the associated eigenvectors of a system with a rigid/outer shel'l subjected 
'0 . 

ta internal and annular incompressible viscous flows. For each .set of 

input data of flow velocities, Ui., Uo ' the program constructs the 

// matrices cPaa and [Qi] involved in the eigenvalue .equation 
./ ' 

(M.l ) 

where,{'~} is defined in equation·'(F.~a); matrices [~J and [Qt] will be 

de fi ned l a ter,. Th e f reQu1nc i es are then de tèrmi n ed a s the sol ut i ons of 

this eigenvalue equation. t.> 

M.l.2 Program Structure 

The program is w'ritten in fortran IV language and it has the 

following structure: 

MAIN PROGRAM \ 
v ) 

SUBROUT INE CONT 

SUBROUTINE PREMAT . 
'-~ -, 

SUBRQUTINE MKMAT! 
( 



{r­
I 

--------..,., 

SUB ROUTINE CMAT 

SUBROUTINE REDUCE 

SUBROUTINE EIGZC. 

M.l.3 Description of the Program 

~The function of each s~bprogram is summarized as follows: 

M .. 2 

(1) Subroutine CONT evaluates the constants a",", bkl7l ' •• '" hlr ", • 

. 
j~m accbrding to the formulae given in Appendix A. 

(2) Subroutine PREMAT calculates the flow-independent terms in the 
" .;..-

elements of the matrices[MJ and [KBtJ involved in the equation 

-
Equation (M.2) is the governing matrix equation for systems with a rigid 

outer shell .subjected to incompressible viscous flows, which can be 

derived similarly ta equation (6.77). The matrices[MtJ and [C(J are shown . 
in Appendix E; {Xi.} is defined i,n equation (F.2b); the structure of matrix 

[Ks,] is the sa,ê as that of matri~ [KJ (se~ APpe~dix E). except that all 
1 t 

the Ak~fI ter-ms are repl aced by the correspond ing Bk,"" terms defined in 

equations (6.54-.62). 

(3) Subroutine MKMAT completes the ,construction of matrices [ML] 
" 

and rKslJ by filling in the floW-depenqent terms ·which include the 
. i ~ 

generallzed aerodynamic forces ('Jtklilll ' q,1C1I1~ i~ equations (D.3a) and (D.3e), 

respectively) and terms associated with the,fluid frictional forces and 

fluid pressurization, due to the viscous flows ( (71 • 172. , ... , 175 defined 

in equation (6.52).).' The former terms are obtained with the input data of 

Il 
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fiow velocities and the computed values of the integrals involved~ while 

the latter quantities are evaluated through tll use of the friction factors, 

which are determined with equations (6.43) ana (6.44) for each set of 

input flow velocities. 

(4) Subroutine CMAT constructs the matrix [C.] by evaluating the 

generalized aerodynamic force, ~:mn (which,gives ~ise to the only non­

zero elements of the matrix) as defined in equation (D.3b). 
, 

(5) Subroutine REDUCE constructs the matrices [Pst] and rQ~Jwhich 

have the following form: 

[ Pal] = [ 0 J [1 ] 

[KsJ [CJ 

, [QJ = -[r 1 [OJ 

[0] [MJ 

, 
( ~1. 3 ) 

where [IJ ir the identity matrix. Matrices [Ps\,J and [Q~] appear in 

the eigenvalue equation (M.l) which is reduced from the governing second­

order matrix equation (M.2). 
t& 

(6) Subroutine EIGZC is the H1SL subroutine employedyo--solve the-

eigenvalue equation (M.l). 

All calculations are carried out with ~ouble precision. The 

necessary parameters are defined in tfle main program. The flow velocities 

and the computed valuesoof the integrals involved in the generalized aero­

dynamic fore,es are read fram the data deck. The output' results consist 

of all eighteen eigenvalufs and the upper half segment of the associated 

eigenvectors which contains the shell displacement veetor {XJ. 
Notation u~ed in the computer pragram, the co~puter pragram iteself 

and a sample of the output are given in the following pages. 

l ' 

J 

, 

i 
J 
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Notation used in the 
computer pro gram 

RMS* 

NU 

SK 

OEN* 

001* 

VIS* 

Ql(3,3), Q2{3,3), 
Q3(3,3), Q4{3,3), 
Q5(3,3), Q6{3,3) 

, MM{9,9) 

KK{9,9) 

CC(9,9) 

AA(9,9) 

BB(9,9) 

PP1* 

PPO* 

PO, Pl 

SE(3,3)*, SF(3,3)*, 
G{3,3*),· H(3,3)*, 
SJ(3,3)* 

SU* 

-

M.4 

NOTATION USED IN THE PROGRAM 

-

Corresponding notation 
used in the thesis 

R;; /{ 

V~ ,. 
kt 

ft (=10) 

ft a/Ai. 

~,/ ~ (= ~"Ifo) 

~M~J 

[ KSi] 

[Ct] 

[PeJ 
[ Ql] 

FtCo,a.) 

PoCo,o.) 

1'0, fL. 

elrm , fic"" 8ktn , 

hklll , 1k"'; 
'-,m: 1,2,3 , 

, 

Definition 

R~ defined in equ~tion 
(6. 25c) 

See NOMENCLATURE 

See NOMENCLATURE 

See NOMENCLATURE 

See NOMENCLATURE 

Dynamical vi scos ity 

Integral terms in the 
generalized aerodynamic 
forces 

See Append i x E 

See equation (M.2) 

See Appendi x E 

Defined in equation (M.3) 

Defined in equation (M.3) 

Static internal flu,id 
pressure at x=O, r=jl . 

Static annular fluid 
pressure at x=O, r=a 

The axial reactions per 
unit circumference at 
the x=O and x=l ends of 
the inner cylinder, 
respectively (see 
Appendix I) 

Cons tants defined in 
equa ti ons (6.72-.76) 

1 

Defined in equation (3.2.lOa) 



/ 
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Notation used in the 
computer program 

tlIM*, UOM* 

RR* 

RI*, RO* 

FI*, FO* 

UTS*, UTAS*, UTBS* 

BB, CC,. DO 

GM1, GM2, GM3, 
GM4, GM5 

Corresponding notation 
used in the thesis 

k/d 

nt , J?~, fis, 
rr+ , fls 

'. 
M.5 

Definitipn 

The dimensional internal 
and annular flow 
velocifies, respectively 

Relative roughness of 
the shell surface (see 
Section 6.1.2) 

Reynolds numbers of the 
internal and annu1ar 
flows, respectively 

Friction factors of the 
internal and annu1ar 
flows" respective1y 

The va ri ous stress 
ve1Qcities (see Section 
6.1 .2) 

Defined in equations 
(6.34-.36), respectively 

Defined in equation (6.52) 

*Notation with the same definition, as in other computer programs. 

/ 

... 



M.6 
" /INFO MVS TI(30) R(MUSIC) CL(20) N(STEVE SIU PUI CHAN) 

//STEPl EXEC FORTRAN 
q //FORT.SYSIN DD * 
C****************************************************~****************** 
C COMPUTER PROGRAM FOR THE CASE OF INCOMPRESSIBLE VISCOUS FLOW * 
C ONLY THE INNER SHELL FLEXIBLE * 
C BOUNDARY CONDITIONS: CLAMPED-CLAMPED * 
C************************************************************~*****~**** 
C 
C*********************************************************************** 
C MAIN PROGRAM * 
C*******************************************************************t*** 

IMPLICIT REAL*8(A-H,0-Z) . 
COMPLEX*16 MM(9,9},KK(9,9},CC(9,9),AA(1~18)/324*(0.DO,O.DO}/, 
#BB(18,18)/324*(0.DO,O.DO)/,EIGA(18),EI~(18),Z(18,18),WK(18,36), 
#OMEGA,Ql(3,3),Q2(3,3),Q3(3,3),Q4(3,3),Q5(3,3),Q6(3,3) 

REAL*8 NU 
COMMON/DATA1/NU,SK,EI,EO,ER,C(3),P(3),N 
COMMON/DATA2/ZI,DR,PI 
COMMON/DATA3/Ql,Q2 
COMMON/DATA4/Q3,Q4 
COMMON/DATA5/Q5,Q6 
COMMON/DATA6/PPI,PPO,PO,PL,RMS,DEN,DDI,VIS 
DATA IA/1B/,IB/1B/,NN/18/,IJOB/2/,IZ/18/ 
PI=DARCOS(-l.DO) 
C(1)=0.9825022145762379DO 
C(2)=1.00077731190727DO 
C(3)=0.9999664501254086DO 

! P(1)=4.7300407448627DO 
P(2)=7.85320462409584DO 
P(3)=10.99560783800l67DO 
EI=1/11.DO 
EO=O.lDO 
ER=10/11.DO 
RMS=(1-ER**2)/2/DLOG(1/ER) 
NU=0.30DO 
SK=(S.50D-3)**2/12 
ZI=2.330Dl 
DR=l.DO 
N=] 
DEN=998.6DO 
DDI=8.261D-1 
VIS=1.1216D-6 
DO 3 R=1,3 
DO 3 M=1,3 
READ(5,*) Ql(K,M),Q2(K,M) ,Q3(R,M),Q4(K,M),Q5(K,M) ,Q6(R,M) 

3 CONTINUE 0 

CALL CONT(C,P) 
CALL PREMAT(MM,RR) 
UO=O.ODO 
DO 1 L=1,3 
READ(S,*) UI 
CALL MKMAT(UI,UO,MM,KK) 
CALL CMAT(UI,UO,CC) 

-CALL REDUCE(MM,RR,CC,AA,BB) . 
CALL EIGZC(AA,IA,BB,IB,NN,IJOB,EIGA,EIGB,Z,IZ,WK~INFER,IER) 
PRINT10,UI,UO 

10 FORMAT(' l' ,'FLOW VELOCITY INSI.DE THE INNER CYLINDER=',F8.5/'O' ,'FL 



0' 

#OW VELOCITY·IN THE ANNULAR REGION=' ,F8.S) 
PRINT13,PPO, 

M.7 

. 13 FORMAT('-', 'GAUGE PRESSURE AT THE UPSTREAM END OF THE CYLINDERS IN 
# THE ANNULAR FLUID REGJ0~' ,D24.16,' N/M**2'} 

C 

, PRINT14, PPI 
14 FORMAT('O' ,52X,'IN THE 1NNER FLUID REGION:' ,D24.16,' N/M**2') . 

BR1NT15,PO,PL > 

15 FORMAT('-' ,'AXIAL'COMPRESSIVE LOAD ACTING ON THE X=O END OF'THE IN 
#NER CYLINDER=' ,D24.16,' N/M'/'O' ,37X,'X=~ E~D' ,22X,'=' ,D24.16,' N/ 

-#M' ) 
PRINT11 

11 FORMAT('-' ,'THE FREQUENCIES ARE:') 
DO 20 1 = 1 , 18 
OMEGA=-EIGA(I)/EIGB(I) 

2·0 PRI NT 1 2 , OMEGA 
1~ FORMAT ( '0',' (',2D24.16, lX,')') 

DO 2 K=1,1',5 

2 

21 
22 
23 
1 

M=K+4 
PRI~T2 1 , K ,M 
PRINT22,«Z(I,J),J=K,M),I=1,9) 
K=16 
M=18 
PRINT21,K,M 
PR1NT23, «z(I ,J) ,J=16, 1 B) ,1=1,9) 
~ORMAT(')' ,'THE' ,12,'-' ,12,' EIGENVECTORS') 
FORMAT(//5(2X,'(' ,2010.3,')')/) 
FORMAT(//3(2X,'(' ,2010.3,')')/) 
CONTINUE 
PRINT100 

1 00 FORMAT ( , l ' ) 
STOP 
END 

C***************************************************** ****************** 
C SUBROUTINE CONT' . * 
C************************************~*******************************t** 

SUBROUTINE CONT(C,P) . 
IMPLICIT REAL*S(A-H,O-Z) , 
DI MENS ION A ( 3 , 3) , B ( 3 , 3) , C (3) , D (3 , 3 ) , 'SE ( 3 , 3 ) , SF ( 3 , 3) , G ( 3 , 3 ) , H ( 3 , 3) , 

#SJ(3,3),SL(3,3),DEL(3,3) ,P(3) 
INTEGER DEL 
COMMON/CON1/A,B,D,DEL 
COMMON/CON2/SE,SF,G,H,SJ,SL 
DO 3 K= 1,3 
DO 3 M= 1 ,3 
IF(K.EQ.M) GO TO 1 
DEM=P(M)**4-P(K)**4 
PC=P(M)*C(M)-P(K)*C(K) 
PWR=(-l )**(K+M) 
PMKS=P(M)**2*P(K)**2 
A(K,M)=-4*PMKS*(PWR+1)*PC/DEM 
B(K,M)=O.DO 
D(K,M)=-A(K,M) , 
SE(K,M)=4*(3*P(M)**4+P(K)**4)*PMKS*P(M)*P(K)*(1~PWR)/DEM**2 
SF(K,M)=4*PMKS*(1-PWR)/DEH g 

G(K,M)=-4*PWR*PMKS*PC/DEM-2*(P(M)**4+P(K)**4)*SF(K,M)/DEH 
SL(K,M)=-SF(K,M) 
H(K,M)=4*PWa*PMKS*PC/DEM-(3*P(M)**4+P(K)**4)*SL(K,M)/DEH 

~ 

1 

j 
1 



C 

,~ 

< 

SJ(R M)=16*PMKS*P(M)*P(K)*C(M)*C(R)*(PWR-l)jDEM**2 , , 

DEL(R,M)=O 
GO TO 3 

1 A{K,K)=P(K)*C(K)*(P(K)*C(K)-2) 
-~B(K,R)=-P(R)**4 

D(K,K)=-A(K,R) 
SE(R,K)=-B(K,K)/2 
SF(R,K)=O.DO 
G(K,K)=:A{R,K}/2 
H(K,K)=-G(K,K) 
SJ (K,K)=O. 5DO 
SL ( R , K) = 0 • DO 
DEL(K,K)=l 

3 CONTINUE 
RETURN . 
~ ~ 

M.8 
D 

C*********************************************************************** 
C SUBROUTINE PREMAT _ * 
C*********************************************************************** 

9 

SUB ROUTI NE PREMA T (MM, KR ) ~ .. 
IMPLICIT REAL*S(A-H,O-Z) 
DI MENS l ON A ( 3 , 3 ) , B ( 3 , 3) , D ( 3 , 3) , DEL ( 3 , 3) , COEM ( 3 , 3, 3 ) i COE ( 9 ,3,3) 
COMPLEX*16 MM(9,9},KK(9,9},Ql(3,3),Q2(3,3) -
REAL*8 NU 
l NTEGER DEL, H 
COM:MONjDATAljNU,SK,EI ,EO,ER,'C(3) ,P(3),N 
COM:MON/DATAZjZI,DR,PI 
COM:MON/DATA3/Ql,Q2 
COM:MONjCONljA,B,D,DEL 
COM:MON/COEFjCOE 
DO 91=1,9 
DO 9 J= 1,9 
MM(I.J}=(O.DO,O.DO) 
KK(I,J)=(O.DO,O.DO) 
Cl=ZIj2/PljEI p 

C2=C1 *DR 
DO 3 K=l, 3 
DO 3 M=l, 3 
COEM( 1 ,K,M)=A(K,M) 
COEM(2,K,M)=DEL(K,M) 

3 ~COEM(3,K,M)=DEL(K,M)+Cl*Ql(K1M)-C2*Q2(K,M) 
DO 4 K=1,3 1 

4 

DO 4 M=l, 3 -
COE(l,K,M)=EI**Z*B(K,M)+(NU-l)*(SK+l)*N**2*A(R,M)/2 
COE(2,K,M)=-(I+NU)*N*EI**2*D(K,M)/2 
COE(3,K,M)=(P(M)*EI)**4*SK*DEL(K,M)-(2*NU-SK*(l-NU)*N**2) 

C*EI **2*D(R,M)j2 / 
COE(4,K,M)=(1+NU)*N*A(R,M)/2 
COE(5,K,M)=-N**2*DEL(K,M)+(1+3*SK)*(t-NU)*EI**2*D(K,M)/2 
COE(6,K,M)=SK*(3-NU)*N*EI**2*D(K,M)/2-N*DEL{K,M) 
COE(7,K,M)=(NU+(NU-l)*SK*N**2j2)*A(K,M}-SK*EI**2*B(K,M) 
COE{S,K,M)=-N*DEL(K,M)+(3-NU)*SK*N*EI**2*D(K,M)/2 1 

COE(9,K,M)=-SK*«(P(M)*EI)**4+(N**2-t)**2)~DEL(K,M)-2~(N*EI) 
#**2*D(K,M»-DEL(R,M) , 

K=O ' 
DO 5 1=1,7,3 
K=K+l 



fI 1 

1 

( 

5 

. C 

DO 5 M= 1 ,3 
DO 5 L= 1 ,3 
H=L-l 
MM(I+H,M+3*H)=COEM(L,K,M) 
CONTINUE 
RETURN 
END 

'. M.9 

C ********************************************************************** 
C SUBROUTI NE MKMAT ' * 
C***********************************************************~*********** 

SUBROUTINE MKMAT(UI,UO,MM,KK) 
IMPLICIT REAL*8(A-H,O-Z) 
€OMPLEX'* 1 6 MM ( 9,9) , KK ( 9 ,.9) , Q3 ( 3 , 3) , Q4 ( 3 ,3) , CCOE (9, 3,3 ) 
INTEGER DEL(3,3),W,V,HH 
REAL*8 NU , 
DI MENSI ON g( 3 , 3 ) ,B ( 3 ,3) , D ( 3 , 3) ,SE (3,3) , SF {3 , 3 } , G ( 3 ,3) , ri { 3,3} , 

#SJ ( 3,3) , SL (3,3) , COE (9,3,3) 
COMMON/DATA1/NU,SK,EI,EO,ER,C(3) ,P(3),N 
COMMON/DATA2/ZI,DR,PI . 
COMMON/DATA4/Q3,Q4 
COMMON/DATA6/PPI,PPO,PO,PL,RMS,DEN r DDI,VIS 
COMMON/CON1/A,B,D,DEL 
COMMON/CON2/SE,SF,G,H,SJ,SL 
COMMON/COEF /COE 
FA(RR,RE)=DSQRT{0.0055*{1+(20000*RR+l.D6/RE)**{J./3.») 
F ( ~R, RE ) = 1 / ( - 4 *DLOG 1 0 (RR! 3 • 1 + 2. 5 1 /RE/F A (RR, RE) ) ) * * 2 
SU=5.3082D3 .. 

, UOM=UO*SU 
UIM=UI*SU 
RR=O.DO 
RO=UOM*2*(EO-EI)/VIS 
RI =UIM*2*EI/VIS 
IF(RI.EQ.O.DO) GO TO 10 
FI=F(RR,RI) 
GO TO 11 ' 

10 FI =O.DO 
1 1 1 F (RO. EQ • 0 • DO) -GO TO 1 2 

FO=F{RR,RO) 
GO TO 13 

12 FO=O .DO 
13 PPI=DEN*FI*UI"M**2/EI 

PPO=DEN*FO*UOM**2/(EO-EI) 
UTBS={t-RMS) /2/ ( l-ER) *FO*UOM**2 
UTAS={RMS-ER**2}/2/ER7(1-ER}*FO*UOM**2 
UTS=F1*UIM**2/2 
BB~UTS+UTAS 
CC=2*UTS/EI -2~UTBS/EO/( l-RMS) 
DD=(PPO-PPI}/DEN 
GM 1 =-BB*DDI /EI 
GM2=- (NU*CC*DDI +GMl ) /2-NU*DD*DDI 

. GM3=BB*DDI 
GM4=-C'C*DDI 
GM5=-PD*DDI 
C3 =U1 **2* ZI *EI /2/PI 
C4=UO**2*ZI*EI*DR/2/PI 
PO-= «NU*EI *CC-BB) /2+NU*EI *DD) *DEN 
PL=({NU*EI*CC+BB)/2+NU*E1*DD}*DEN 

". 

/ 

1. 
, , 

, ' 

1 
j 
i 
i 
1 

i 
J 



p 

( 

4 

5 

C 

M.lO 

DO 4 K= 1,3 
DO 4 M= 1,3 , 
CCOE{l,K,M)=COE(l ,K,M)+GM1*EI**2*SE(K,M)+GM2*EI**2~B{K,M)-GM4*N** 

'#2*G(K,M}-GMS*N**2*A(K,M) 
CCOE(2,K,M)=COE(2,K,M) 
CCOE{3,K,M)=éOE(3,K1M)+GM4*EI**2*H(K,M)+GMS*EI**2*D(K,M) 
CCOE(4,K,M)=COE{4,K,M)+GM3*N/EI*SF(K,M) , 
CCOE(S,K,M)=COE(S,K,M}+GM1*EI**2*H(K,M)+GM2*fuI**2*DfK,M)-GM4*N** 

#2*SJ{K,M)-GM5*N**2*DEL(K,M} , 
CCOB(6,K,M}=COE(6,K,M}-GM4*N*SJ(K,M)-GMS*N*DEL(K,M) 
CCOE(7,K,M)=COE(7,K,M}+GM3/EI*SF(K,M)-GM4*G(K,M}-GMS*A(K,M) 
CCOE(8,K~M}=COE(B,K,M)-GM4*N*SJ(K,M)-GM5*N*DEL(K,M) 
CCOE(9,K,M)=COE(9,K,M)+GM1*EI**2*H(K~M)+GM2*EI**2*D(K,M}-GM4*N**2* 
#SJl~,M)-GMS*N**2*DEL(K,M)+C3*Q3(K,M)-C4*Q4(K,M) 

K=O 
DO 5 1 = 1", 7 , 3 
K=K+ )l 
DO 5 M= 1,3 
W;::-l 
DO. 5 V= 1 ,7, 3 
W=W+l 
DO 5 L=l, 3 
HH=L-l 

c , 

,KK(I+HH,M+V-l)=CCOE(L+3*W,K,M) 
CONTINUE 
RETURN 
END 

C**~****************************************************~*************** 
C SUBROUTINE CMAT * 
C * * * * * * * * * * * * * * ** * * * * * '1( * * * * * t: * * * * * * * '* * * * * * * * * * * • * * * *. *-. * * * * * * * * * * * * * * * * * 

SUBROUTINE CMAT(Ul,UO,CC) 
IMPLICIT REAL*8 (A-H,O-Z) 
COMPLEX*16 Ct(9,9) ,Q5,Q6 
COMMON/DATA2/ZI,DR,PI 
COMMON/DATAS/QS(3,3),Q6(3,3} 
DO 21=1,9 
DO 2 J=1,9 ~ 

2 CC(I,J)={O.DO,O.DO) 
C5=UI * zr/PI 
C6=UO*"ZI *DR/PI 
DO 1 R= 1 ,3 
DO 1 M=1,3 
CC(3*K,6+M)=-C5*QS(K,M)+C6*Q6(K,M) 
CONTINUE 
RETURN 
END 

C 
C*******************************'********'*****'*****~*'**'**'*'*************** 
C SUBROUTINE· REDUCE, * 
C * * * * * '* * * * * * * * * '* '* * * '* * * * *-* *"* * * * * * '* * * * * * * * * * '* * * '* * * * * * * * * * * * * * * * * * * * * * * * * * * 

SUBROUTINE REDUCE(MM,KK,CC,AA,BB) 
COMPLEX*16 AA(18,18),BB(18,18) ,MM(9,9),KK(9,9),CC(9,9) 
DO 1 cl = 1 ,9 
AA{I,·I+9")=(1.DO,O.DO) 
BB(I,I)=(-l.DO,O.PO) 
CONTINUE 
DO 21=1,9 



( 

00 :2 J= 1 ,9 
AA(9+1 ,J)=KK(I ,J) 
AA (9+1 , 9+J) =CC (l, J) 
BB(9+1,9+J)=MM(I,J) 

2 CONTINUE ' 
RETURN 
END 

//GO.SYSIN DO * 
(0.18960621325376500+00,0.DO) , 
(-0.675959231 581477 9D+OO, 0.60404957086464550-15) 
(0.2312184916463780D+Ol.,0.DO) 
(-0.8122943495441742D+Ol, -0.178366571738801 6D-12) 
(-0.3280206164830202D-06,0.DO) 
(0.61906633297333190-06,0.91149649943832280-15) 
(-0.4766713517681613D-17,0.23487387593647980-07) 
(-Q.9633476396856025D-15,-0.4420631811524404D-07) 
(0.16288171434845480-16,0.5581 861620806592))-04) 
(O. 32486171600532250-12, -0.1050433756,7036680-03) 
(-0.1029541159227697D-16, -0.6285111159652311D+OO) 
(-0.8161 99464 7154542D-15, O. 2207959U059b49530+01) 
(0.63185293346349960-03,0.23715902765744190-18 ) 
( -0.637259794 2142652D-02, -0.139733834772921 6D-14) 
(-O. 184203522 5332608D+Ol ,0.24694566929316690-17) 
(O. 64858 64327 386988D+Ol , -0.10826023788164200-11 ) 
(-0.152578568 268717'9D-05, 0.81 295882194'9546iD-'17) 
(0.2881 0733600384010-05,0. 31465436473281960~ 13) 
(-0.4766713517681613D-17, -0.2348738759364798D-07) 
(O.9976375229975989D-15,0.44206318115244040-07) 
(O. 162881714,3 484548D-16, -0.558186,16208065920-04) 
( -0.324947267 7089020D-12, O. 105043 3756703568D-03) 
( -0.10295411592276970-16, 0 ~ 628 51 1115965231 {D+OO) 
(0.888437956640054 3D--15, '-0.220795940590495 3D+0 1) , 
(0.1874795661657285D+00,0.DO) ... ; , 
(-0.655-' 22702054953 3D+00, 0.36296352733#32100-14) 
(0.8541245969912896D+Ol,0.DO) 
( -0.29349370664453 56D+02, 0.34099197842294030-11 ) 
(-0.5845163463897832D-05,0.DOL ,1 

(O. 10948312751 1 7628D-04, -0.940380665'14284780-:; 13)­
( -0.64949897353918 2.oD-17 , -0.1001 2,6329504448 6D-06) 
( - O. 1 04 975924 1 8 2624 7D - 1 4 " 0_. 1 88 7 1 2654 1 8 027760-0 6 ) 
(-0.370845781 5126825D-15, -0.2368581614173008D-(3) 
(-0.2935986399~21754D-ll,0.4463713~388487900-03) 
(0.3245031071 1650550-16', -0.10203804466680960+01 ) 
( 0 • 582103 5508 30058'40- 1 3 , 0 • 348 1 8 4 7626998 8 1 90+ 0 1 ) t , 

(0.63185293346349960-03,-0.23715902765744190-18) 
( -0.637259794 2'142652D-02, -0.13956474.8 5094802D-14) 
(-0 .. 184'20352253 32608D+Ol , -0.246945669 2931669D-17)' 
(O. 6485864327 3869880+0,1 ,-0; 10825831672295490-11') 
(-0.1525785682687179D-05,-0.8129588219495467D-17) 

'( 0.2881 073360038401 0-05,0: 31523081919439160- 1 3) , 
(-0.6~,94989735~91820D-17, 0.10012632950444860-06) 
(0.1094816421191'0280-14,-,0.18871265418027760-06) 
( -0.370845781 512682 5D-15; 0.23685816141 7 30080-0~) 
(0.29385487 (58 857740-11, -0.44637131388481900-03) 
{0.32450310711650550-16,0.1020380'l466680960+01} 0 

(-0.5849237066104017D-13, -0.348184)062699881 9D+Ol). 
(0.18428798108632700+00,0.DO) .. 
(-0.62533302621056980+00,-0.8825999633830738D-14) 

" 

M." 

" 

1 
1 
! 
J 

1 

1 



(0.1797966673170376D+Q2,0.DO) 
(-0.5977549941567312D+02,-0.5833364557~30585D-ll) 
(-0.720965205g832401D-05,0.DO) 1 
(0.1361799752242200D-04,0~196746808841~858D-12) 
0.04100DO (1 

0.05000DO , 
·0.06000DO 
Il 
1* 

" 

-~--~--. ---,""" 
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~LO. V~LOCITY INSIDE THE INNER CYLINDER= 0.04100 

FLO~ VELOCITV IN THE ANNULA~ REGION= 0.0 

GAUGE PRESSUR~ AT THt UP~TREAM ENO OF fHE CYLINOE~S IN THE ANNULAR FLUID REGION= 0.0 N/I-1** 2 

IN THE INNER FLUIO REGION= 0.880878073352561f)0+06 N/M'H2 

AXIAL COMPRESSIVE LOAD ACT.ING ON THl X=O END OF THE INN·E~ CVoL INDER= -0.3203192,.99'10093150+05 N/I~ 

THE FREOUENCII;S ARE: 

-O.o31449198001I1159t.>+01 

X=L END 

0.11217274939242550-08 

/ ( -0.3021194Q71833964U+OI -0.78540601993651400-09 

-C.30691504593790130+01 -0.128403917651809420-08 

-0.~014141227328058D+01 -0.12163272023832800-10 ) 
. ---

-0.1818423609899859{O+OI 

0.JI44919800551J05D+Ol 

0.3946118751BI84500-09 

0.17277263613062850-08 
/ ' 

0.30211940718175640+01 -0.78540746613727110-09 

0.3~697S04592371690.01 -0.12843908812226270-08 

0.20141412272880770+01 -0.1216327b774004~70-10 

0.18~84236C98848070.01 0.3946t1728426~4910-09 

C.l 891 44 9 82 6%' 5 750 i-o 1 0.3'8 722e07454 906 730-09 

-0.1891449~26~é72570+01 0.38722820067851360-09 

-0.1297511990l160460-01 0.28312881376270060-04 

- C. 822784 /)74 213849670-0 2 0.913555726935411<00-05 

0.12974709247575170-01 0.28313399690703510-04 

0.62277724667528000-02 0.91374206645463910-05 

0.72884537665481010-03 -O.3744677454690443D~04 

-0.72847729018040520-03 -0.37453439577217650-04 
./ 

1 

~-----....:- ......... '-.'" -~ -- 1-

= 0.8007982485023292D+04 N/M 
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TI-iE 1- 5 ElGENVECTDRS 

0.9560-02 0.4620-07) 
/\. 

'( 0.2910-03 0.1790-041 

001150"00 9-.2120-08) 

0.3040-01-0.1230-06) 

(-0.7850-03-0.~~OD-041 

(-0.J180"00-0.1750-0Y) 

'~ 

0.1160+00-0.459U-061 

(-0.4260-03 0.1641)-04) 

0.IJ80-01-0.722D-On 

(-0.3310+00' 0.860e-l0) . \ 

( 0.11BO-02ïo.4510-04) 
- \ 

(-0.3070-01 \0.1840-06) 
\ 

(-0.3010-02 0.1910-071 

0.45aD~03 0.1700-04) 

0.1140+00 0.6HOO-08) 

(-0.21 10-03 0.2310~04) 

(-0.1300-02-0.3810-04 ) 

( -:- 0 • 32 60 ~ 00 O. 1 360 - 0 <,1) 

( 0.5950-03-0.5950-0~) 

(-0.1180-.04- 0.5530- 05) 

• 

~ 

(-0.4900+0'00.3000-111 (-0.5500 .. 00-0 •• 1190-09) 

(-0.1410-02-0.7290-05) (0.5430-03-0.1010-041 

( - 0 • 276 D -1- 0 0 O. 252 0- 0 7 ). , 

(-0.11030-01 0.4260-0,8) 

( .... o. 18 5 b- 0:3 O. 1 4 90 - 0 5 l, 

1 - b .687 D- 0 1- 0 .6270- 0·9) 

(-0.1660-03-0.6410-08l 

1 

0.7240-01 0.2200-07 L 

(-0.2060-01-0.2140-08) 

0.5500-04-0. 33B ~o 51 

0.3330-01 0.9350-0BI 

(-O.37000-03 0.3710-061 0.2850-03-:;-0.1330-071 

(-0.7150-05-0.9160-051 

(-0.2930-C2 0.20SO"-07) 

0.1080-04 0\.4180-05) 

(-0.274D-~3-a~~1ID-07) 
(-0.2980-02 0.3650-07) , (-0.3180-05-0.4330-051 

(0.5480-050.8350-05) (-001100-020.145D-07l 

0.1260-05 0.4050-051 

0.621D~OJ-0.6190-0S) 

TI-iE 6-10 EIGENVECTOR~ 

(-0.9560"'020.4820-o-Z,.1 

, , 
\ 

\ 
\ 

( - 0 • 1 180 + 0 0- 0 • 45'80 - 08 1 (-0.4580-03 0.1700-041 

(-C.2'HO-030.1790-04) (0.4260,-03 0.16"0-04) (-001140+000'b80D-08I, 

(-0.1150+00 0.2120-06) (-0.1380-01-0.722~-071 0.ZILD-030.23ID-04) 

(-0.3040-01-0.1230-061 (0.3310"00 0.8600-10) 0.1300-02-0.3810-041 

0.7~50-0J-0.5400-041 [-U.1180-02-0.4510-041 0.326ri+OO O.1360-0~1 

0.3180+00-0.t 75 0-09) 0.3070-01 0.1640-'06) (-0.59 !:O- 03- 0.5"'50- 04) 

(-0.2850-0~-0.1330-071 0.3010-02 0.1910-07) 0.1180-04-0.5530-05) 

0.7150-05-0.9160-05) (-0.1080-04 0.4180-05) ,( 0.2980-020.3650-07) 

0.2930-02 0.2080-07) (0.2740-03-0.3110-07) (-0.5480-05 0.835D-05) 

1 

" 
0.4960+00 0.3000-111 0.5500+00-0.1190-091 ~ 

O. 141D-02-0~ 7290-05) (- O. 5431.)- 03-0: 1010-04) 

0.216D .. OO 0.2520-07f (-0.7240-01 0.2200-01) 

0.1130-010.4260-08) (0.2060-01--0.2140-081 

0.185D-030Y49D-OS) (-0.6500-04-0.338D-051 

D.6870-0\..-0.5270-00;9) (-0.3330-01 0.9350-081 

0.1560-03-0.8410-08) (0.3700-03 0.3710-081 

0.3180-05-0.4330-05) (-0.1260-05 0.4050-05) 

0~110D'-02 0.1'450-07) (-0.6210-03-0.6190-081 

"-

3: 
-J 

-l=::o 

"""" 

r:§ 



-<! 

'/ 
1 

.: 
'1-

--
~ 

THE 11-15 E1GENVEC10RS 

(-0.617ù-03-0.3BOO-041 (0.6170-03-0.3800-94) 

0.5290.-00-0.1080-09) [-0._5290 +0 0- 0.10130-091 

1-0.1350-02-0.2150-05) 0.135D-02-().~150-05) 

0.1660-05 0.5190-06) (-0.1660-05 0.5190-061 

0.6990-01-0.1590-071 (-0.6990;01-0.1590-07) 

I-O.3720-03-0.258o-0~) (0.3720-03-0.2580-051 

0.3310-06-0.3370-05) (-0.3310- 06- 0 .33 70-05) 

C.1190-02 0.2990-07) dl--o.1190-02 0.2990-07) 

1-0.6270-05 0.5750-05) (0.6270-05 0.5750-05) 

THE Ih-18 EIGENVECTORS 

1 -0.94SD-0 1-0.145D-0 1) 

( ,0.236D-OI-0.164D-Ol) 

1 -0.1850-01 0.478 D-O 1 ) 

(-0.3340'-00-0.5210-03) 

C.8630-01-0.668D-,O 1) 

(-C.SI90-0 1 0.2010tOO) 

(0100DtOI0.0 

1-0.257D+OO 001990+00) 

0.2450+~O-0.5Ç6DtOO) 

rieE T' ~ '-,. ........ -.----............... 

(-0.1170..:"02-0.2550-01) 

(-0.9270-010.2780-05t 

0.4790 -01 - 0.2160- 01 ) 

0.4420-01-0.6350-011 

(-0.3360tOO-0.3480-06) 

0.2020+00 0.9030-0Ï) 

(-0.13_D+00, 0.1890+00): 

( 0.1000+.01 0.0 

(-0.5990+00-0.2670+001 

0.5650-01- O. 4S'}0- 011 

(-0.3460-01-0.94eO-OI) 

(-0.a050~01 0.5420-03) 

( 0.1080+,OC-0.153'0+001 

(-0.12éO.00-0.3430+001 

(-0.3380+00 0~~06D-03) 

(-0.3200+00 0.457D~00) 

~.3740tOO 0.1020+01) 

O.lOOO+Ol 0.0 ~ 

(-0.1170-02 0.?S50-01. 

(-0.9270-~1-0.2780~05) 

o • 4 7 'JO - 0 1- 0 • 2 1 (, D'- 0 1 ) 

0.442Cl-01 0.635-0-01) 

(-0.3360+00 0.3480-06) 

( 0.2020+00-0.9030-011 

(-0.1340+00-0.1890+00J 

(0.1000+010.0 -) 

1-0.5990+00 n.2670+00) 

1;- O. 9450 - 1) 1 . 0 • 1 450- a 1 1 

( 0.2380-01 0.J840-01) 

(- 0.1850-01-0.(4760,...01) 
f ~ ~ 

(-0.334D+00 0.5210-03) 

( 0.6630-01 0.6680-011 

(-0.81.90-01-0.2010+00 J 

( 001000+01 0.0 

(-0.2510+00-0.1990+001 

( 0.2450+00 0.5960+00) 
1 

(-0.2180-01 0.6340-:>11 

1-0.9270-01-0.9290-051 

(-0.2500'-0·1-0.6980-01) 

(-0.9760-01 0.1420+001 

(-0.3360+00 0.1080-05) 

[-0.1060+ 00-0.2920+00,) 

0.2930.-00-0.4210+00) 

O. 1 000 + 0 1 O. 0 

0.3160.00 0.8640+001 

3: 
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M.2 PROGRAM FOR SYSTEM WITH BOTH SHELLS FLEXIBLE 

"r!-

M.2.1 Function of the Program , 

The program calculates the dimensionless eigenfrequencies, 110 ~ 

;,.r- and the associated eigenvectors ofa system of two coaxial cylindrica'l 

shells subjected to internal and annular incompressible viscous flows. 

For each set of input dàt~ of flow veloc,ities Ut , Uo , the program ' 

constructs the matrices [Ps ] and [Q]in the eigenvalue equation (6.78). 

The frequencies are then determined as the solutions of this eigenvalue 

equation. 

M.2.2 Program Strucyure 

The program is written in Fortran IV language. Its structure is 

the same as that of the program written for a system with a rigid oute~ 

shell as described in Section (M.l), involving the' sequence MAIN PROGRAM • 
• Q 

SUBROUTINE CONT, SUBROUTINE PREMAT, SUBROUTINE MKMAT. SUBROUTINE CMAT, 

SUBROUTINE REDUCE~ SUBROUTINE EIGZC. 

M.2.3 Description of the Program' 

The function of each subprogram is summarized as follows: 
G_ 

(1) Subroutine CONT evaluates the constants Qkm. bl:lII ; •••• hic"" 
. 
jkm according to the formulae given in Appendix A. 

M.16 

(2)' Subrout~ne PREMAT calculates the flow-independent terms in the 
\; 

elements of the matrices CM] and (K,] 'in the matrix equation (6.77). The 

structure of mâtrix[t-1] is shown in Appendix E and.matrixD<aJ ca,.n be , , 

~ 
obtained by replacing the A~mft terms in the matrix [K] (shown in 

---.---. 



( ~ 

M.17 

1 
Appendix E) by the corresponding Bkmq terms defined in equatlons (6.54-.71). 

(3) Subroutine MKMAT completes the constr.uction of mJtrices' [M] 

and [Kg] by fil1ing in the flow-dependent terms. These include (i) the , 
• . O.Cl aF1 Q:C3 a F3 Cl F' 

genera 11 zed aerodyr:laml c forces (YIIII'I"" Ykmn' Vlcrtrn' Yk,",,' /kmn ~ t'km" 
, , 

rk:,sn' Yk~1\ ' as defined in Section 3.3), which a~e'eva1uatèd with the 
III 

input data of flow velocities and computed values of the integrals involved, 

and (ii) terms associated with the f1uid frictionalforces and fluid 

pressurization ( ri ,0 172 , ... , f?s ,t, ' ... , 1:$ , defined in 

'equation (6.54» which also depend on the flow velocities as well as the 
V 

friction factors found using equations (6.43) and (6.44). 

(4) Subroutine CMAT constructs the matrix rC] in the matrix 

equation (6.77) (The structure of CC] is shown in Appendix E). The terms 

• , 0.C2· a.1=2. to be calculated are the" generalized aerodynamic forçesYkmn " Vkmn ' 

r"C!n' r::Il , as defined in S~ctiO~ 3.3. 

,(5) Subroutine REDÙCE constructs the matrices [Ps] and [Q], as 

defined in equati9ns (6.~8a) and (3.4.31), respectively. 

(6) Subroutine EIGZC is the IMSL subroutine employed to solve 

the eigènvalue equation (6.78). 

Al1 the necessary parameters are defined in the main program. The 

flow velocities and the comp~ted values of the integrals involved in the 

generalized aerodynamic forces are read fram the.data deck. The output 

results consist of all thirty-six eigenvalues and the upper half segment , 

of the associated eigenvectors which contains the shell displacement 

vector {X} (defined in equation (3.4.27)). 

Notation used in the computer program, the computer program ifself . 
and a samgle of the output' are given in the following pages. 

: , , 

1 
j 

1 
1 



Notation used in the 
computer program 

000 

CA, CB 

Q(9,3,3), R(6,3,3) 

MM( 18,18) 

KK(18,18) 

CC( 18,18) 

AA( 36,36) 

BB( 36,36) 

PO(I), PL,(I); 
1 = 1,2 

BI, CI, DI 

BO, CO, DO 

, , 

M.18 
') 

--..... 

NOTATION USEO IN THE PROGRAM 

Corresponding notation 
used in the thesis 

!o b/Ao 

[f! ] 

[Ka] 

[CJ 
[Ps] 
CQ] 

""~ 

, . 

See NOMENCLATURE 

Coefficients associated 
wi th U~a. and U~I> on the 
right-hand side of 
equation (6.50), 
respectively 

Integra 1 terms i,n the 
genera1ized aerodynamic 
forces 

See Appendix E 

See equation (6.77) 

See Append ix E 

Defined in equation (6.78a) 

Defined in equation (3.4.31) 

The axial reactions per 
unit circumference at 
the x=O and x=L ends of 
the inner (1=1) and outer 
(1=2)- cyl inders 

Defined in equations 
(6.34-.36)'fespectivelY 

Oefined in quations 
(6.37-6.39) respectively 



<r>. 
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/rNFO MVS TI (30) R(MUSIC)' CL(30) N(STEVE SIU PUI CHAN) 
//STEPl EXEC FORTRAN 
/!FORT.SYSIN DD * 
cr**************************************************** ***************~** 
C COMPUTER PROGRAM FOR trHE CASE OF INCOMPRESSIBLE VISCOUS FLOW * 
C BOTH SHELLS FLEXIBLE * 
C BOUNDARY CONDITIONS: CLAMPED-CLAMPED * 
C**************************************************~~******************* 
C \ 
C**************************~******************************************** 
C MAIN PROGRAM, * 
c******f1(**************************************************************** 

IMPLICIT REAL*8(A-H,O-Z} . 
COMPLEX*16 MM(18,18),KR(lB,18),CC(18,18)/324*(O.DO,O.DO)/, 

#AA(36,36)/1296*(0.DO,O.DO)/,BB{36,36)/1296*(O.DO,O.DO)/,EIGA(36), 
#EIGB(36),Z(36,36),WK{36,72),OMEGA,Q{9,3,3),R(6,3,3),CK(2,3,3) 

INTEGER DEL (3, 3) 
REAL*8 NI, NO 
COMMON/DATA1/NI,NO,SKI,SKO,C(3),P{3),N 
COMMON/DATA2/EI,EO,ER,OMR 
COMMON/VATA3/ZI,ZO,USR,DSR,PI 
COMMON/DATA4/Q,R 
COMMON/DATA5/P~PPO,PO~2),PL{2),RMS,DEN,DDI,DDO,VIS,CA,CB 
DATA IA/36/,IB/36/,NN/36/,IJOB/2/,IZ/36/ 
PI =DARCOS ( -1 • DO ) .'. 
C(1)=O.9825022145762379DO 
è(2)=1.00077731190727DO 
C(3)=O.9999664501254086DO 
P(l)=4.7300407448627DO 
P(2)=7.85320462409584DO . 
P(3)=10.99560783800167PO 
El = 1 /11 . DO 
EO=O.lDO 
ER=10/11.DO 
RMS={1-ER**2)/2/DLOG(1/ER) 
NI=O.30DO ' 
NO=O.30DO 
SKI=(5.50D-3)**2/12 
SKO=SKI* 1 00/121 
OMR= 11 /10 .DO 
ZI=2.330D1 
ZO=ZI/ER 
DSR= 1 .DO 
USR= 1 .DO 
N=3 
DEN=998.6DO 
DDI=8.261D-7 
DDO=DDI/ER 
VIS=1.1216D-6 
RM=DSQRT (RMS) 
RMA=RM/{RM-ER) 
LRA=DLOG (RM/ER) 
RMB=RM/U -HM) 
LRJ3=DLOG ( 1/RM) 
CA=-0.7864DO-O. 56*RMA+O. 5064*RMA*LRA+O. 56*RMA**2*LRA 
CB=0.7864DO-O.56*RMB-Ô. 5064*RMB*LRB+O. 56*RMB**2*LRB 
DO 3 K=1,3 
DO j M=1,3 

,. 

( 

, 

j 

1 



C 

3 

10 

13 

14 
• 

15 

1 1 

20 
12 

2 

21 
22 
23 
24 
1 

100 

READ ( S 1 *) ( Q ( l , K , M) , l = 1 , 9) , (R ( l , K , M) , l = 1 1 6 ) 
CONTINUE' 
CALL CONT(C,P} 
CALL PREMA T'( MM , KK) 
UI==O.ODO 
DO 1 L=1,3 
READ(S,*) UO 
CALL MKMAT(UI,UO,MM,KK) 
CALL ,CMAT(UI,UO,CC} 
CALL REDUCE{MM,KK,CC,AA,BB} 

-" " 

CALL EIGZC(AA,IA,BB,IB,NN,IJOB,EIGA,EIGB,Z,IZ,WK,INFER,IER) 
PR1NT10 r UI,UO 

---"';fj-

M.20 

FORMAT(' l' ,'FLOW VELOCITY INSIDE THE 1NNER CYLINDER=' ,FB.5/'0','FL 
#OW VELOCITY IN THE ANN~LAR REGION=' ,FB.S) 

PRINT13,PPO '-', 
FORMAT{'-' ,'GAUGE PRESSURE AT THE UPSTREAM END OF THE CYLINDERS IN 

# THE ANNULAR FLUID REGION=' ,D24.16,' N/M**2 i ) 

PRINT14,PPI ~ 
FORMAT('O' ,52X,'IN THE INNER FLUID REGION=' ,D24.16,'N/M**2',} 
PRI NT 1 5 r PO ( 2 ) , PL (2) ,PO { 1 } , PL ( 1 ) \ 
FORMAT('-' ,'AXIAL COMPRESSIVE LOAD ACTING ON THE X=O END OF THE OU 

#TER CYLINDER=' ,D24.l6,' N/M'/'O',37X,'X=L END' ,22X,'=' ,D24.16,' N/ 
#M'/'-' ,'AXIAL COMPRESSIVE LOAD ACTING ON THE X=O END OF THE INNER 
#CYLINDER=' ,D24.16,' N/M'/'O' ,31X,'X=L END' ,22X,'=' ,D24.16,' N/M') 

PRINT11 
FORMAT('-' ,'THE FREQUENCIES ARE:') 
DO 20 1=1,36 
OMEGA=-EIGA(I)/EIGB(I) 
PRINT12,OMEGA 
FORMAT ( 'O~ ,u' (' ,2D24.16, lX,'}') 
DO 2 K = 1 , 3 1 , 5 
M=K+4 
PRI NT 21, K, M 
PRINT 22,«Z(I,J),J=K,M),I=1,18) 
PRINT 24 
PRINT 23, (z(I ,36) ,1=1, 18} 
FORMAT('l', 'THE' ,12,'-' ,12,' EIGENVECTORS') 
FORMAT(//5{2X/' (",2Dl0.3,')' )/) 
FORMAT (/ / (2X, , ( , , 2D 10.3 , , ) , ) /) 
FORMAT('l' ,'THE' ,'36',' EIGENVECTOR'} 
CONTINUE 
PRINT100 
FORMAT ( , 1 ' ) 
STOP 
END 

,C*********************************************************************** 
C SUBROUTINE CONT * 
C*********************************************************************** 

5UBROUTINE CONT{C,P} 
IMPLICIT REAL*a(A-H,O-Z) , _ 
DI 'M.ENS ION A ( 3 , 3 ) , B ( 3 , 3 ) , C ( 3 ) ,D ( 3 ,3) , SE ( 3 , 3 ) , 5F ( 3 , 3 ) , G ( 3 , 3) , H ( 3 , 3) , 

#5J(3,3) ,5L(3,3) ,DEL(3,3) ,P(3) 
INTEGER DEL J 
COMMON/CON1/A,B,D,DEL 
COMMON/CON2/5E,5F,G/H,SJ,5L 
DO 3 K=1,3 
DO.3 M= 1 ,3 ... 



( 

3 

C 

IF(K.EQ~M) GO TO 1 
DEM=P(M)**4-P(K)**4 
PC=P(M)*C(M)-P(K)*C(K) 
PWR; ( - 1 ) * * ( K + M) 
PMKS=P(M)**2*P(K)**2 
A(K,M}=-4*PMKS*(PWR+l}*PC/DEM 
B(K,M)=O.DO 
D(K,M)=-A(K,M) 
SE(K,M)=4*(3*P(M)**4+P(K)**4)*rMKS*p(M)*P(K)*(1-PWR}/DEM**2 
SF(K,M)=4*PMKS*( 1-PWR)/DEM" _ 
G{K,M)=-4*PWR*PMKS**IDEM-2*(P(M)**4+P{K)**4)*SF(K,M)/DEM 
SL(K,M)=-SF(K,M) 

_', H (K,M) =4 *PWR*PMKS*P IDEM- (3 l ,P (M) ** 4+P (K) ** 4) *SL (K ,M) IDEM 
( 'SJ(K,M)=16*PMKS*P(M,*P(K)*C(M)*C(K)*(PWR-l)/DEM**2 

DEL(K,M)=O 
GO TO 3 
A(K,K)=P(K)*C(K)*(P(K)*C(K)-2) 
B(K,K)=-P(K}**4 
D(K,K)=-A(K,K) 
SE(K,K)=-B(K,K)/2 
SF(K,K)=O.DO 
G(K,K)=A(K,K)/2 
H(K,K)=-G(K,K) 
SJ(K,K)=O.5DO 
SL(K,K)=O.DO 
DEL(K,K)=l 
CONTINUE 
RETURN 
END 

M.21 

C*********************************************************************** 
C SUBROUTINE PREMAT * 
C*********************************~*******************************~***** 

SUBROUTINE PREMAT(MM,KK) 
IMPLICIT REAL*B(A-H,O-Z) 
DIMENSION A{3,3),B(3,3),D(3,3),DEL{3,3),COEM(3,3,3),COE{2,9,3,3) 
COMPLEX*16 MM(18,lB),KK(lB,lB) 
REAL*8 NI,NO,NU 
INTEGER DEL,R,Q,W,V,H 
COMMON/DATÂ1/NI,NO,SK1,SKO,C(3),P(3),N 
COMMON/DATA2/EI,EO,ER,OMR 
COMMON/CON1/A,B,D,DEL' 
COMMON/COEF/COE ' 
DO 9 1=1,18 
DO 9 J=1,18 
MM(I,J)=(o.do,O.DO) 

9 KK(I,J)=(O.DO,O.DO) 
DO 3 K=1,3 
DO 3 M=1,3 
COEM(l,K,M)=A(K,M) 
COEM(2,K,M)=DEL(K,M) 

3 COEM(3,K,M)=DEL(K,M) 
J=O 
E=EI 
NU=lU 
SK=SKI 

12 JJ=J+l 
DO 4 K=l, 3 

, , 



C 

DO 4 M= 1 ,3 
COE(JJ,1,K,M)=E**2*B(K,M)+(NU-l)*(SK+l)*N**2*A(K,M)/2 
COE(JJ,2,K,M)=-(1+NU)*N*E**2*D(K,M)/2 _ 
COE(JJ,3,K,M)=(P(M)*E)**4*SK*DEL(K,M)-(2*NU-SK*(1-NU)*N**2) 

C*E**2*D(K,M)/2 . 
COE(JJ,4,K/M)=(1+NU)*N*A(K,M)/~ . 
COE(JJ,5,K,M)=-N**2*DEL(K,M)+(1+3*SK)*(1~NU)*E**2*D(K,M)/2 
COE(JJ,~,K,M)=SK*(3-NU)*N*E**2*D(K,M)/2-N*DEL(K,M) .' 
CO~(JJ,7,K,M)=(NU+(NU-l)*SK*N**2/2)*A(K,M)-SK*E**2*B(K,M) 
COE(JJ,8,K,M}=~N*DEL(KrM)+{3-NU)*SK*N*E**2*D(K,M)/2 

M.22 

4 COE(JJ,9,K,M)=-SK*«(P(M}*E}**4+(N**2-1)**2)*DEL(K,M)-2*(N*E) 
#**2*D(K,M»-DEL(K,M} 

K=O 
DO 51=1,7,3 
K=K+l 
DO 5 M= 1 ,3 
R=I+J*9 
Q=M+J*9 
DO 6 L=I,3 
H;;L-l \ 

6 MM(R+H,Q+3*H)=COEM(L,K,M)/(J-(J-l)*OMR**2) 
5 CONTINUE 

IF(J.EQ.l) GO TO 8 
J=1 
E=EO 
NU=NO 
SK=SKO 
GO TO, 12 

8 CONTINUE 
RETURN 
END 

--... 

C************************************~********************************** 
C SUBROUT1NE MKMAT- * 
C*************************************************************~*****~*** 

SUBROUTINE MKMAT(UI , UO ,MM, KK) , 
IMPLICIT REAL*8(A-H,O-Z) 
COMPLEX*16 MM(18,18),KK(18,18),CK(2,3,3),Q(9,3,3),R(6,3,3} 
INTEGER DEL(3,3),W,V,HH . 
REAL*8 NU "NI, Nq _' . 
DI MENS l ON ;A t 3 , 3) , B ( 3 , 3 ) ,D ( 3 , 3 ) , SE (3, 3) , SF ( 3 , 3 ) , G ( 3 , 3) ,H ( 3 , 3) , 
#SJ(3,§),SL(3,3),COE(2,9,~,3),CCOE(9,3,3) 

COMMON/DATA1/NI,NO,SKI,SKO;C(3),p(3r,N 
COMMON/DATA2/EI,EO,ER,OMR 

'COMMON/DATA3/ZI,ZO,USR,DSR,PI 
COMMON/DATA4/Q,R 0 

COMMON/DATAS/PPI,PPO,PO(2),PL(2),RMS,DEN,DDI,DDO,VIS,CÀ,CB 
COMMON/CON1/A,B,D,DEL 
COMMON/CON2/SE,SF,G,H,SJ,SL 
CPMMON/COEF/COE 
FA{RR,RE)=DSQRT{O.0055*(1+(20000*RR+l.D6/RE)**(1 ./3.») 
F(RR,RE}=I/(-4*DLOG10(RR/3.7+2.51/RE/FA(RR,RE»)**2. 
SU=5. 308 2D3 
UOM=UO.*SU 
UIM=UI*SU 
RR=O.DO 
RO=UOM* 2 * (EO-E'I ) /VI S 
RI =UIM* 2 *EI /VI S 



J 

,( 

IF(RI.EQ.O.DO) GO TO 10 
FI=F(RR,R1) 
GO TO 11 

10 FI=O.DO 
1 1 IF ( RO . EQ . 0 • DO) GO TO 1 2 

FO=F(RR,RO) 
GO TO 13 

12 FO=O.DO 
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13 PPI =DEN*F,1 *UIM** 2/EI +0. 5D5 /~ 
PPO=DEN*FO*UOM* * 2/ ~ EO-EI ) +0. 5D5 /// 
UTBS=(1-RMS)/2/( l-ER)*FO*UOM**2 ~' 
'UTAS=(RMS-ER**2}/2/ER/(1-ER}*FO*UOM**2 
UTS=FI*U1M**2/2 
B1=UTS+UTAS 
CI=2*UTS/E1-2*UTBS/EO/(J-RMS), ... 
D1=(PPO-PP1)/DEN 
BO=UTBS· 
CO=2*UTBS/EO/(1-RMS) 
PO=-(CA*UTAS+CB*UTBS)-PPO/DEN' 
J=O 
E:;:;E1 
NU=NÏ i' 

BB=BI 
CC=C1 
DD=D1 
BD=DDI 

14 GMl =-BB*BD/E 
GM2=-(NU*CC*BD+GM1)j2-NU*DD*BD 
GM3=BB*BD 
GM4=-CC*BD 
GM5=-DD*BD 
JJ=J+l 
PO(JJ)=«NU*E*CC-BB}/2+NU*E*DD)*DEN 
p~(JJ}~«NU*E*CC+BB)/2+NU*E*DD)*DEN 
DO 4 K=1,3 
DO 4 M=1,3 , 
CCOE ( 1 ,K, M) =cbE ( , 1 ,K, M') +GMl *E** 2 *SE (K ,M) +GM2 *E** 2*B (K ,M) -GM4 *N** 

'.#2*G (K ,M) -GM5*N** 2* (K, M) • 
CCOE(2,K,M)=COE(JJ, ,K,M} • 
CCOE(3,K,M)=COE{JJ,3,K,M)+GM4*E**2*H(K,M)+GM5*E**2*D(K,M} 
CCOE(4,K,M)=COE(JJ,4,K,M)+GM3*N/E*SF(K,M) 
CCOE(~,K,M)=COE(JJ,5,K,M}+G~1*E**2*H(K,M}+GM2*E**2*D(K,M)-GM4*N** 

#2*SJ(K,M}-GM5*N**2*DEL(K,M) , 
CCOE(6,K,M)=COE(JJ,6,K,M)-GM4*N*SJ(K,M)-GM5*N*DEt(K,M) 
CCOE(7 t K,M)=COE(JJ,7,K,M)+GM3/E*SF(K,M)-GM4*G(K,M)-GM5*A(K,M) 
CCOE ('8, K ,M) =COE (JJ ,8, K ,·M) -GM4 *N*SJ (K, M) -GM5*N'*DEL (K ,M) 
CCOE(9,K,M)=COE(JJ,9,K,M)+GM1*E**2*H(K,M)+GM2*E**2*D'(K,M}-GM4*N**2 

#*SJ(K,M)-GM5*N**2*DEL(K,M) 
4 CK(JJ,K,M}=CCOE(9,K,M) 

K=O , 
DO 5 1=1,7,3 
K=K+l 
DO 5 M=1,3 
IR=1+J*9 
IQ=M+J*9 
W=-l 
DO 6 V=1,7,3 
W=W+l 

,. 



8 

C 

--~-------

BO 6 L=1,3 
HH=L-1 
KK(IR+HH,IQ+V-l )=CCOE(L+~*W,K,M) 
CONTINUE ~ 
1F(J.EQ.1) GO TO 8 
J=l 
E::.EO 
NU==NO 
BB::;BO 
CC=CO 
DD==DO 
BD==DDO 
GO TO 14 . 

1 

Q1=ZI*EI/2/PI/EO**2/USR**2 
Q2=Q1 *DSR.· 
Q3 ='uI ** 2* zr *E1 /2/PI 
Q4=UO**2*ZI*EI*DSR/2/PI/USR**2 

'"R1=ZO/2/PI/EO 
R2=UO**2*ZO*EO/2/PI 
K=O 
DO 1 I;::; 3,9,3 
K=;K+1 
N=I+9 
~DO 1 M= 1 ~"3 
L=M+6 
J::;L+9. ') 
KK(I,L)=CK(1,K,M)+Q3*Q(3,K,M)-Q4*Q(6,K,M) 
KK(I,J)=-Q4*Q(9,K,M) , 
MM( 1 , L) =DEL (K,M') /OMR**2+Ql *Q( 2, K ,ML-QZ*Q( 5, K ,M) 
MM(I,J)::-Q2*Q(8',K'IM) 
KK(N,J)~CK(2,K,M)+RQ*R(6,K,M) 
KK(~,L)=R2*R(3,K,M) 

~ MM(N,J)=DEL(K,M)+Rl*R(5,K,M) 
MM(N,U)=Rl*R(2,K,M} 
CONTINUE 
RETURN 
END 

M.24 
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C***************************~******************************************* 
C SUBROUTI NE CMAT .. 
c*********************************************************************** 

SUBROUTINE CMAT(UI,UO,CC) 
IMPLICIT REAL*S(A-H,O-Z) 
COMPLEX*16 CC(18,18),Q(9,3,3),R(6,3,3) 
COMMON/DATAZ/EI,EO,ER,OMR 

~ COMMON/DATA3/Z1,ZO,USR,DSR,PI 
COMMON/DATA4/Q,R " 
Q5=UI*ZI*ER/PI/USR 
Q6=OO*ZI*ER*DSR/PI/USR**Z 
R3=UO*ZO!P1 . 
DO 1 K=1;'3 

'I=3*K ' 
11=1+9 
DO 1 M=1,3 
°J=M+6 
JJ=J+9 
CC{I,J)::;-Q5*Qkl,K,M)+Q6*Q(4,K,M} 
CC(I,JJ)=Q6*Q(7,K,M} 

" 



C 

cc (I l , J ) = - R 3 * R ( 1 , K , M ) ~ 
CC(II(JJ)=-R3*R(4,K,M) 
CONTINUE 
RETURN 
END 

M.25 

C*********************************************************************** 
C SUBROUTI NE REDpCE * 
C******************************************************~**************** 

SUBROUTINE REDUCE(MM,~K,CC,AA,BB) , 
COMPLEX * 1 6 AA ( 36 , 36) , B B ( 3 6 , 36 ) , MM ( 1 8 , 1 8 ) , K K ( 1 8 , 1 8 ) , CC ( 1 8 , 1 8 ) 
DO 11=1,18 

2 

AA (I , l + 1 8 ) = ( 1 • DO , 0 • DP ) 
BB(I,I)=(-I.DO,O.DO) 
CONTINUE 
DO 2 1'= 1 , 18 ' 
DO 2 J= 1 , 18 
AA ( 1 8 + l ,.1) =KK ( l , J ) 
AA(18+I,18+J)=CC{I,J) 
BB(18+I, 18+J)=MM{I ,J) 
CONTINUE 
RETURN 
END 

/ /GO. SYSIN DD * 
(-0.3280206164830202D-06,0.DO) 
(0.1896062132537650D+OO,O.DO) 
(0.2312184916463780D+Ol~0.DO) , 
(0.61906633297333î9D-06,O.9114964994383228D-15) 
(-0.6759592319814779D+OO,0.6040495708646455D-15) 
(-0.8122943495441742D+Ol,-0.17836657173~8016D-12) 
(-0.5949173465983090D-06,O.2730464022728906D-17) 
(0.7138061018030161D+OO,-0.5147728870668369D-15) 
(0.8569145764091334D+Ol,0.1145911243714064D-12) 
(0.5408339515794209D-06,O.4252013678016080D-15) 
(-0.6489146380026265D+00,0.4649481588998984D-15) 
(-O.7790132512812177D+Ol,-0.1342991415052941D-l~) 
(-0.6771914051714807D-06,0.2336123706823247D-15) 
(0.7435324606622264D+00,-0.3953589880319306D-15) t 
(O.8934416806883038D~OI,0.8421966111077975D-13) 
(-0.,1029541159227697D-16,-0.62851111596523110+00) 
(-O.4766713517681613D-17,O.2348738759364798D-07) 
(0.1628817143484i48D-16,0.5581861620806592D-04) 
(~0.81619946471545420-15,0.2207959405904953D+Ol) 
(-0.9633476396856025D-15,-0.4420631811524404D-07) 
(0.3248617160053225D-12,-0.1050433756703668D-03) 
(-0.7896&14912951~670-15,-0.2329277443221273D+Ol) 
(0.8166325603169927D-15,0.424466J030438371D-01) 
(-0.1947442668883681D-12,O.1008576980023068D-03) 
(0.8289664281683351D-14,0.2117524948383588D+Ol) 
(-0.97921917313884150-15,-0.38587827595590400-07) 
(-0.7733679049467813D-13,-0.9168a816358223510-04) 
(-0.67669798595238740 7 14, -0.2428'5342531545420+01 ), 
(0.7903454115827526D-15,0.4835465234972159D-07) 
(0.7284915850159565D-13,0.1149004051113856D-03) 
(-0.15257856826871790-05,0.8129588219495467D-17) 
(0.6318529334634996D-03,OA2371590276574419D-18) 
(-0.18420352253326080+01,0.2469456692931669D-17) 
(0.2881073360038401D-05,O.3146543647328196D-13) 

,.> 



~ :J: 
(-0.6372597942142652D-02,-0.1397338347729216D-14) 
(0~64858643273869880+01,-0.1082602378816420D-1 1) 
(-0.2769121159207947D-05,-0.2196590551975507D-13) 
(0.70170788769485940-02,0.10497686233919130-14) ~ 
(-0.6844252009758827D+01,0~728505019à337377D-12) 
(0.25173828717671130-05~0.25024348991824780-13) 
(-0.6379162615243331D-02,-0.105~366471568723D-14) 
(0.62220472816033710+01,-b.9163929289836358D-12) 
(-0.3151609586744456D-05,-0.1717996837028040D-13) 

:( 0.7027982593785703.0-02, 0.7838016,1 51482439D-1 5) 
(-0.71339302439~1075D+01,0.6068625400J95199D-12). 
(-0.1029541159227697D-16,0.6285111159652311D+00) 
(-0.4766713517681613D-17,-0.2348738759364798D-07) 
(0.16288171,434845480-16,-0.55818616208065920-04) 
(0.88843795664005430-15,-0.2207959405904953D+Ol) 
(0.99763752299759890-15,0.4420631S11524404D-07) 
(-0.3249472677089020D-12,0.1050433756703668D-03) 
(O.7134810718936100D-15,0.2329277443221273D+01 ) 
(-0.8528640651383555D-15,-0.4244661030438371D~07) 
(0.1948324113980102D-12,-0.10085769800230680-03) 
(-0.822039117~136591D-14,-0.2117524948383588D+01) 
(0.10121569047946S50-14,0.38587827585590400-07) 
(0.77256659122217310-13,0.9168881635822351D-04) 
(0.6687525215708392D-14~0.2428534253154542D+Ol ) 
(-0.8280645177715693D-15,-0.4835465234972159D-07) 
(-O. 7275519458967751D-13,-0. 114900405111 3856D-03) 
'(-0.5845163463897832D-05,0.DO) 
(o. 16747956616572850+00,0.DO) 
(0.85412459699128960+01,0.DO) 
(0.10948312751176280-04,-0.9403806651428478D-13) 
(-0.6551227020549533D+OO,0.3629635273343210D-14) 
(-0.2Q34937066445356D+02,O.3409919784229403D-l1) 
(-0.104969805?587602D-04,0.6488410355947742D-13) 
(0:69086336212737660+00,-0.26632486191346600-14) 
(0.30913333791786240+02,-0.2319704810248190D-l1) 
(0.9542709579259302D-05,-0.1156875277383343D-12) 
(-0.62805760J9341661D+00,0.3825841999713141D-14) 
(-0.2810303à71981653D+02,0.44656226723238310-11 ) 
(-0.1197471004215592D-04,0~78499581375734030-13) 
(0.7205530776322418D+00,-0.273431J6526356070-14) 
(O. 3227826606765166D+02,-0.29912848082342410-11) 
(0.32450310711650550-16,-0.10203804466680960+01) 
(-0.64949897353918200-17,~0. 1001263295044486Q-06) 
(-0.37084578151268250-15,-0.2368581614173008D~03) 
(0.5B27035508300584D-13,0.3481847626998819D+Ol ) 
(-0.10497592418262470-14,0.18871265418027760-06) 
(-0.29359863992217S4D-11,0.44637131388487900~03) 
(-0.36081849217369820-13,-0.36656675746098260+01) 
(0.6106639506547822D-15,-0.18127722504604740-06) 
(0.18.639683777235730-11,-0.42877047Ç!,668896S0-03) 
(0.57859514072140720-14,0.33324250678281810+01 ) 
(0.4i4981539381354SD-15,0.16479747725130570-06) 
(-0.9243694423341424D-12,0.38979134509547340-03) 
(-0:30075028034621370-1S,-0.3829206018116956D+Ol) 
(~0.4151863472895973D-1S,-0.2064264201705002D-06) 
(0.51160S7671682966D-12,-0.4882696959283045D-03) 
(-O. 1525785682687179D-OS,-0.8129588219495467D-17) 
(0.6318529334634996D-03,-0.2371S9,0276574419D-18) 

\ ' 
) 

lit -
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(-0.184203522533260BD+Ol,-0.2469456692931669D-17) 
(0.288107336003~4D1D-05,O.315230B191943916D-13) 
(-0.6372597942142652D-02,-0.139564~285094802D-14) 
(O.6485B64327386988'D+Ol ,-0.1082583167229549D-t 1) 
(-0.2769121159207947D-05,-0.2202675498652739D-13) 
(0.7017078876918594D-02,O.1047982834621040D-14) 
(-0.6844252009758827D+Ol,0.7284846121116094D-12) 
(0.2517382871767113D-05,O.250~966668889053D-13) 
(-O.6379162615243331D-02,-0.1050743027231568D-14) 
(0.6222047~81603371D+Ol ,-0.9163743765089i33D-12) 
(-O.3151609586744456D-05,-0.1724331492465174D-13) 
(0.7027982593785103D-02,0.7819415002230843D-15) 
(-0.7133930243991075D+Ol,0.6068414002957997D-12) 
(0.3245031 071165055D-l 6, Q.-'f02038044666B096D+0 1 ) 
(-0.6494989135391820D-17,0.1001263295044486D-06) 
(-0.3708457815126825D-15,0.2368581614173008D-03) 
(-0.5849231066104017D-13,-0.3481841626998819D+Ol) 
(O. 1094816'42119102 8D-l 4 , -O. 1 88712654180277 6D-OG ) 
(0.2938548115885714D-l1,-0.4463713138848190D-03) 
(0.3631563021553369D-13,0.3665667514609826D+Ol ) 
(~0.6581554102431736D-15,0.1812}72250460474D-06) 
(-0.1866668515549782D-l1,0.4287704796688965D-03) 
(-0.5998479587362754D-14,-0.333242506782é181D+Ol) 
(-0.381B074852101207D-15,-Or1647914772513057D-06) 
(0.9268241130852384D-12,-0.3897913450954134D-03) 
(0:.544917553825241 BD-l 5,0.382920601811 6956D+O f) 
(0~3656306024357804D-15,0.2064264201705002D-OG) 
(-O.5144238698130142D-12,0.48826969592B3045D-03) 
1-0.7209652058832401D-05,0.DO) 
(0.1842a79810863~10D+OO,0.DO) . 
(O. 1197966673170316D+02,0.DO} 
(Q.1361799752242200D-04,0.196746B088413858D-12), 
(-0.6253330262705698D+OO,-0.8825999633B30738D-14) 
(-0.~977549941567372D+02,-0.58333645575305B5D-l1) 
(-0.;13009009494198 558D-04, -O. 1421976233591 080D- 12) 
(0.6S80636959632403D+OO,0.6694176618350606D-14) 
(0.6280648449464918D+02,0.4027927694837117D-l1 r 
(O. 1 1900086312037 29'D-04, 0", 1697 8 3 208105517 4D-1 2 ) 
(-0.5982397236030192D+OO,-O.7144912928212175D-14) 
(-0.5709680408604452D+02,-O.5400575466090407D-l1) 
(-0.1489682485360829D-04,-0.1208661458018139D-12) 
(0.68:J6998626623333D+OO,0.536708B.152614521D-14) 
(0.6573090386110939D+02,0.3671070834977743D-11 ) 
0.00500DO 
0.01000DO 
0.01500DO 
Il 
1* 
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:: 

FLOW,VELOCI'Y INSIDE THE INNER CYLINOER~ 0.0 

FLOw VELOCITY IN THE ANNUlAR REGION= O.n0300 

."r 

------

'" 

!) 

GAUGE P~ESSURE AT 1HE UPSTREAM ENO OF THE CVlINDERS IN THE ANNULAR FLUI0 REGI0N= 0.154210~57267159D+06 N/~.~2 

IN THE INNER FLUIO REGION~ 0.0 N/ M* * 2 

A.XIAL COMPRESSI~OAO ACTING ON THE X=O END QF THE OUTER CYLINOER= -0.29616302644879"090+04 N/M 

)(=L END -0.249512261869iI55C+04.N/M 

AXIAL CO~P~ESSIVE LOAD ACTING ON THE X=O END OF THE INNE~ CYLINDER=. 0.2543~964059466J7D+04 N/M 

)(;L END 0.30254712047619710+04 HlM 

rt-E FREOUENCIES ARE: -\ . 
-O.3467948ÇEÇ4999840+01 ~~6248044874~2IJ2eO-JI 

-O.~3334650350121100+01 -O.199922~0757i64~50-11 

-0.3386210280707835D+01 -0.18609803328653010-11 

-0.31837807107e31020+01 0.54492857014902290-11 . -

-0.3035324gell~3i360+Dl -0.51508137554049020-11 f 

-O.309353372e4838500+01 -O.110975é6342257440-10 

-0.22155826121993190+01 0.25433093274327540-12 

-0.1~2779J3344~e423D+Ol 0.2632161646J23195D-l0 

-0.J9997848484248820+01 -0.796015e84165285CO-ll 

-O.205891221666480~D+OI -0.54722738742320720-12 

-0.2080269~351C5Ç550+0J -0.81 19307e43492920D-ll 

-0.)9144952257929450+01 

0.3'679489694402250+01 

0.25688928230868320-10 

0.62138120661555570-11 

0.33334650350667700+01 -0.20035812Ç62485400-11 

O.3386210280E534680.01 -O.162947618Ztl91660D-ll 

O.318318C71C6Ç89360+01 0.54467855052884790-11 

0.30353249811465570+01 -0.51624029383468010-11 

0.30935337284086260+01 -O.JJ0722181352532eo-I0 

" 

3: 

N 
CO 

'\ 
.i 



~ 

0.22155626121659130·01 o • 2541 107231 344 <; 590- 12 

C' 0.18277933344688170+01 -0.26309291109370690-10 

O. 1 99 <:il 7 8 4 S 4 8 4,2 a 0(5 7 C + 0 1= - a • 7943 0 B 2 5 4 9 1 933 E 4 0- 1 1 

0.20569122166397 50C:t al -0;'55829'206748640 28D- 12 

0.20802092 J 5 0 9 7 8S 7D+ 0 1, - 0.81 022951 19356 1 ~ 5D-11 

0.1914495225777888C+01 O.258690~Ee5943253D-IO , 
0.4J797457~2645760D-Ol O.105456E407716630D-07 

-O.4J79746E725866500-01 0.105468(1095604720-07 

-0.24490B948J3e76050-01 -0.7291073536027723D-07 

0.21~~~~8881gelOOOD-Ol -0.7290986638977550D-07 

-O.13897~763501IJ640-01 C.220316E212957385D-06 

-O.10954950~1601J94D-01 -0.1677463004376237D-06 

O.13897S6ZEOI445580-01 0.220315857069217eO-06 

0.1095494S726120J50-01 -O.16774632E61915730-06 

-0.66270299997167760-02 0.26245645192622720-06 

-0.4856424fe94ç1307D-09 O.24474715478IS51fD-02 

0.6e2702S322C167020-02 O.262.60~94972157eO-D6 , 
-0.48457909685241260-09 -0.244797~9~33531S6D-02 

,'V 

f 

-" 

~-, 

; 

( 
",", ' 

?;:: 

N 
\0 

~ 

~ 
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TI-E 1- 5', E l GHIVF: CTORS 

( 0.843D-02-0.9460-C91 

(-0.2840-04 0.3250-05) 

0.1030~00-0.43IC-10) 

1 
/ 

"i 

o .1 060 + C 0 C el 68 D - 0 '} 1 

r 0.4560-04 0.3090-0~) 

0.1240-01 0.1650-08) 

.. 

p 

(-O.459D-~4 0.316D-051 

0.102D~OO-0.118D-09) 

C.Z290-04 0.427D-Oo) 

(-0.864D-03-0.548D-091 

(-0.2490~05-0.195D-05) 

(-0.629D-02 0.0190-101 

0.2760-01 0.260D-081 (-0.3000~0~ 0.1780-12) 0.1370-03-0.7180-051 (-0.1330-02 O.176D-Oe) 

0.7970-04-0.9900-05). 1-0.1290-03-0.8570-05) 1-0.2950+00 0.1630-12) 0.6730-0~ 0.4810-05) 

(-0.28~D+OO-0.5J8D-12) (-0.2790-01-0.4250-081 (-0.6500-04-0.1110-041 0.1370-01-0.569D-l0. 

0.7HID-0~ 0.3220-0S1 (-O.e770-02-0.4350-091 (0.3960-05-0.11~0-0~) 0.6920-03-0.2630-09) 

0.2250-05-0.186D-05) (-0.~770-05 0.6180-06) (-0.8510-C2-0.804D-09) '-0.1840-05-0.\090-051 
~ 

(-0.8130-0~-0.4250-091 (-0.813D-03 0.631D-09) (-0.187D-05 0.1330-05) (-0.746D-02 0.2890-09) 

(0.1970-03-0.S360-111 0.3280-02 0.5900-10) (-0.J230-060.2420-061 1 0.134D-01 0.1920-08) 

(-0.3880-06 0.4570-06) 0.2060-05-0.2460-06) (0.J070-02 0.2340-091 (' 0.Z900-04 0.70ZD-05> 

0.2930-02 0.1820-091 (0.3680-03-0.497D-09) (O.1~70-05-0.650D-06) (0.114D+00 0.1010-09) 

0.~530-03 0.17S0-09) (-0.1130-01-0.5310-091 (0.3760~05-0.126D-05) (0.29Z0-01-0.5140-08) 

0.1540-05-0.166C-051 (-0.6940-0~ 0.8360-06) I-O.11070-01-0.8520-0QI (-0.7950-04-0.2140-041 

(-9.967D-02-0.6130-09) (-0.1020-02 0.1530-081 (-0.470D-05 0.2080-051 (-0.314D+00-0.5380-12) 

0.66S0-03 0.2450-09) I-O.753D-02-0.3~~D-091 (0.3380-05-0.9300-06) (0.898D-03-0.7550-C9) 

0.1920-05-0.1450-0S1 (-0.325D-05 0.4690-061 (-0.7290-02-0.6410-09) (-~.2400-05-0.486D-05J 

(-O.6930-02-0.J20D-OY) (-O.6Y9D-03 0.5210-091 (-~.1630-0S 0.1030-051 (-O.96Zù-02 0.1050-0BI 

(- 0 • 741 1)- 0 2. O. 207 D - 09 1 

( O.203D-05 0.1530-06) 

{-O:S96D-03-0.18S0-091 

( O.I~4D-OI-0.610D-09) 

(-0.4090-05-0.3790-06) 

( 0.142.0-02. 0.3460-091 

(-0.8180-0Z 0.306D-09) 

( O.31QU-05 0.Z04D-06) 

(-0.7260-03-0.321D-U9) 

( 0.118C+00-0.3660-09) 

(-0.457D-04 0.703[1-05)" 

( O. 1 40 D- 0 1 - 0 • 3 28 [1- 081 

(-0.3290+0C 0.5598-121 

( 0.1270-03-001920-04) 

(-0.29'20-01 0.8180-08) 

(-00l040-010.]OSO-08) 

( 0.3990-05 0.1780-05) 

(-0.-914C-03-0.152D-08) 

~ 

W 
o 

1 
Il 



THE 6-10 EIGENVEC10~S 
-': 

0.4 19C-09) 

0.4110-0&1 

0.935D-05 0.276C-05) 

0.1530-01-0~9690-0~) 

(-0.89ûO-06-0.a500-061 
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APPENDIX N 

DERIVATION OF THE THREE-DIMENSIONAL UNSTEADY 
'. v 

COMPRESSIBLE FLOW EQUATION 

In this Appendix will be derived the-exact unsteady compressibl~ 

flow equation governing 'an inviscid, irrotational and isentropic flow. 

We shall start with the two basic equations in fluid dyna~ics. 

First, the continuity equation which arises from the conservation of mass is .. 

(N. l ) 

-l. 

where f is the rdensity of the fluid and V is the fluid particle velocity. 
, r 

Second, the equation of conservation of momentum, from which the equations 

of motion of the fluid" may be obtamed, 

(N.2) 

where P is the fluid pressure. 
~ , ~ ~ 

For irrotational flow. otle has 'Ix V =~. Thjs condition ensures 

the existence of a ,scal"ar velocity potential. l' , such that 

(N.3) 

Su~stituting equation (N.3) into (N.2) and using the identityt, 

tA proof of the identity' is giyen at the end of' this Appendix. 

,1 

•• 
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J 

! , 

N.2 

(N. 4) 

~ -for irrotational flow, since V'ltV::: 0 , one may obtain the equation, 

(N. 5) 

Equation (N.5), in fact, represents three different equations, 

(N.6) 

where XL; l=I,l,3 are the Cartesian coordinates of the system 1 

corresponding to x, y and z. 'Multiplying each equation in (N.6) by the 
L1 

corresponding differential, dx~ , and suimling them up~ one obtains 

(~ '~'(d+ dXi) t L(V.V)dXi. ~ _idP dXt , 
dt d XL è}X;. 2. faxe. 

'\ 

where the repeàted index in L indicates summation. Noting that 

~.,. o.p 1 t 

, , , 

,.,rp d Xt = d P , 
~)(ê. • 

c 

\ ) 

" 

(N.7) 
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N.3 

equation (N.l) may be written as 

(N.8) 

Integrating equation (N.S) yields 

(N.9,) 

where f(t) is the result of integration and may be 'absorbed' in the 

velocity potentialt. Indeed, equation (N.9) is the so-called unsteady 

Bernoulli's equation. 

Taking the partial derivative, with respect to time, of equation 

(N.9), one obtains 

(N.10) 

For an isentropic process, the pressure and density are related by 

P - k f'1 - , (N.11) 

where k is a constant. Using equation {N.11}, it can easily be shown that 

(N.12) 

thus 

JC2 af 
s:-_ , 

f dt (N.13) 

1 • 



where 

. , 

is the local sound speed. Substituting equation (N.13) into equation 

(N.10), one obtaJns, 

N.4 

(N. l3a) 

(N.14) 

Applying the gradient operator to equation (N.9), and making use of 

equations (N.12), (N.l1), (N.13a) and (N.3), one can show that 

(N.15) 

~ 

Taking the scalar product with V on both sides of equation (N.15) leads to 

O· V f = _ i [È-'(V,V) + Vo V(VoV)] . 
f 1;2. ~t 2. 2. 

(N.16) 

Fin~lly, substituting equations (N.14) and (N.16) into the 
--" -" -l. ~ 2. 

continuity equation (N.l) and noting that V·V-V·(vi')=V 1', one obtains 

(N.l7) 

which is the three-dimensional unsteady compressible flow equation. 

The proof of the identity (N.4) can be achieved very efficiently 

using Tensor Analysis. In tensor notation, one may write 

1 

1 
l 
J 
1 

1 
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N.5 

( 

where ( ),j is the covariant derivative, and summation is over repeated 

covariant and contravariant indices. Thus, 

j j . 
ft 

2 V~,j Vj 
: 2 Vj' l V . - 2 Vj, l. V + 

jt ('" m n) f = 2 V: l V - 2 &. J. Sj cS~ Vn, ln V JI 1. j 

ln 1\ 
in vectorial form, where Si. ' 6j , etc. are the Kronecker deltas; E~jl 

and E'm n are the covariant and contravariant permutation symbols, 

respectively. 

f 
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APPENDIX 0 .J 

AXIAL MODAL SHAPES OF THE SYSTEM AT DIFFERENT FLOW VELOCIT'IES 

This Appendix pr~sents the axial modal shapes over half a period 

for the six lowest modes (n=3, m=1,2,3, antisymmetric and n=3, m=1,2,3, 

symmetric) of the l/lO-gap steel-water system: 

Shell: steel, b/L = 1/10, a/b = 10/11, h/a 5. 5~1O-3, 

bath shells flexible 

Fluid: water, inviscid, incompressible 

O. l 

Figures 0.1-0.13: Axial modal shapes at different internal f10w ve10cities 

Üi ; ,the annular fluid stagnant (correspanding frequency 

diagram shawn in Figur~ 15). 

Figures 0.14-0.26: Axial modal shapes at different annular flow velacities 

Üo; the inter~al fluid stagnant (corresponding frequency 
p 

diagram shown in Figure 18) . 

• 0 period . 

t:. 1/10 period 

+ 1/5 period 

x 3/10 period 

~ 2/5 period 

ru 1/2 period 

Remark: If the symbols in the graphs of the two shells are in the same 

order, the radial displacements of the shells are in phase; on the other 

hand, if the order of the symbols in one graph is the reverse of the other, 

the shells are vibrating out of phase. The four smaller symbols may be 

indistinct in the Figures because of imperfect duplication. 
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Axial moda,l shapes of the inner and outer shells for the n=3, m=2, 
symmetric mode of the ljlO-gap steel-water system of Figure 18, 
at (a} 00 = 0.0050, Cb) 00 = 0.040, (c) 00 = 0.0824 (prior to 
coupled-mode fluttering withotne m;l, symmetric mode (point J of 
figure l8}), (d) 00 = 0.0850 (whilst fluttering). 
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