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(n.) 

INTRODUCTION 

A useful collection of thermodynamical formulas 

for a single phase one component system of constant 

mass was given by Bridgman in 1914 (X) . A revised 

version was published in 1925 (3), with the addition 

of a table for a two phase one component system. In 

1930, Goranson (<\) published tables for multi-component 

systems, employing Bridgman»s method in amplified form. 

These tables include the following cases: 

(a) all component masses but one constant; 

(b) all component masses but too constant; 

(c) all component masses but three constant; 

In 1935 > a general method for the derivation of 

thermodynamical relations in simple systems, making 

use of elementary properties of Jacobians, was ^iven 

by Shaw (/&) . In 19^0, Tobolsky (/<?) , apparently unaware 

of this work, gave another, more cumbersome, method of 

deriving relations. (A comparison of the two methods, 

by means of examples,, is given in Appendix 1.) 

In the present paper, the methods of Jacobian 

analysis are extended to systems determined by more 

than two independent variables. A detailed analysis 

is given for systems of type (a) treated by Goranson, 

consideration of which was begun previously by the 
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(iii) 

author in his Master's thesis (/j) . Brief treatments 

are given of cases (b) and (c). 

Following the line of approach given in Table la 

of Shaw's paper for dealing with a particular equation 

of state, a large number of proposed equations are 

grouped under some general headings, with information 

provided for the ready evaluation of derivatives 

associated with any given equation. 

A systematic treatment is given for the derivation 

of relations on the assumption of an equation of state 

and the first law of thermodynamics. 

Further simplification in the transformation of 

second derivatives for two variable systems is achieved 

by the use of second order differentials. A number of 

simple second derivative relations are also obtained by 

the methods used for first derivatives. 

Some miscellaneous topics are considered in the 

appendices: Tobolsky's method, a proof of the restricted 

Le Chatelier-Braun Principle using Jacobians, too phase 

two component systems, and applications of matrix notation. 



(iv) 

smaiARY 

The following resume indicates the material covered 

in the various chapters and appendices: 

Chapter 1: The methods of Jacobian analysis are extended 

to systems determined by three independent variables, a 

detailed treatment being given for the case of a system 

in which all component masses but one are constant. Tables 

are provided which simplify considerably the problem of 

deriving relations between first partial derivatives for 

systems of this type. 

Chapter 2: The same methods are applied to systems deter

mined by (a) four, and (b) five, independent variables, 

brief treatments being given for systems in which (a) all 

component masses but two are constant, (b) all component 

masses but three are constant. 

Chapter 3: To illustrate the use of Jacobians in other 

thermodynamical systems, a brief review is given of the 

thermodynamics of magnetization. Part (A) is a summary 

of Stoner's analysis (/7) , with indications of the use of 

the methods developed in Chapter 1. In Part (3) , methods 

previously given for simple systems (/£) are directly 

applied to Guggenheim's analysis (lo) for a system at 

constant configuration. 
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Chapter h: Following the method used in Table la of Shaw's 

paper (/6) for particular equations of state, a large number 

of proposed equations are grouped under some general head-

ings, with information provided for the ready evaluation 

of derivatives, or determination of relations associated 

with any particular equation. The Tables also simplify 

the problem of comparing the values of a given derivative 

obtained from different equations of state. 

Chapter 5* A systematic treatment is given for deriving 

relations requiring only the assumption of an equation 

of state and the first lav/ of thermodynamics. 

Chapter 6: Second order differentials, combined with the 

methods of Jacobian analysis, are used to achieve further 

simplification in the transformation of second derivatives 

for two variable systems. 

In addition, an adaptation of the methods developed 

for first derivatives is employed in deriving a large 

number of simple second derivative relations. 

Appendix 1: 3y means of examples, a comparison is given 

of Tobolsky's method for deriving relations, and the 

methods of Jacobian analysis. 

Appendix 2: An alternative proof, employing Jacobians, 

is given for the restricted Le Chatelier-3raun Principle 

as enunciated by Epstein (7). 
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Appendix 3: The use of Jacobians is indicated for 

summarizing information pertaining to too phase too 

component systems. 

Appendix 4: Matrix notation is used for writing compactly: 

(a) the conditions of equilibrium in a heterogeneous 

system; (b) the differential expressions for the character

istic functions; and (c) a derivation of the Gibbs-Duhem 

relations for the system. 

Appendix 9: This deals with an alternative, but less 

comprehensive, treatment of the systems described in 

Chapter 1. The method consists in replacing a three 

variable system by a set of simple systems, to which are 

applied previously developed methods of Jacobian analysis. 
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Chapter 1. 

Variable Mass Systems: All masses but one constant. 

The purpose of this chapter is to extend the methods 

of Jacobian analysis previously developed for simple systems 

(/£) , to the case of a system determined by three independent 

variables; in particular, to a variable mass system in which 

all masses but one are constant. Tables for such a system 

have been published by Goranson (<j) ; by their use, a given 

first derivative is expressed in terms of derivatives in 

which pressure, temperature, and the variable mass component 

are the independent variables. Derivatives involving the 

chemical potential are not included in these tables; however, 

a number of such relations is given in his table of second 

derivatives. 

We shall find that, by the methods of Jacobian analysis, 

the relations given by Goranson are readily verified; deriv

atives involving the chemical potential are as easily handled; 

and a given derivative can be transformed quite simply into 

a set of derivatives containing any specified set of indep

endent variables (not necessarily pressure, temperature, and 

the variable mass component). Further, the investigation 

of relations among given sets of derivatives is considerably 

simplified. 
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The mathematical relations between derivatives and 

Jacobians, and the properties of Jacobians, will not be 

developed here. A brief account of the properties most 

useful in the present work will be found in (/i). 

Consider a homogeneous system consisting of n chemical 

species S. , S^;... S^, having masses m, , mt, ... mn; and 

let all masses be kept constant with the exception of mK, 

the mass of component 3H. The differential expression for 

the energy of the system is: 

dE = TdS - pdv + )iKdm̂  (1) 

where p,Kis the chemical potential of component SK. 

The definitions of the other characteristic functions lead 

to the differential expressions: 

dH = TdS + vdp + P'/cdmK (2) 

dF = -SdT -pdv + ̂ KdmK (3) 

dG = -SdT + vdp +p.KdmK (*+) 

where H is the enthalpy, F the Helmholtz free energy, and 

G the Gibbs function. 

Four additional characteristic functions can be 

defined as follows: 

E* = E - p̂ in* 

H z = H - iiKmK 

Fi = F - j^mK 

G* = G - \LKmK9 
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with corresponding differential expressions: 

dE* = TdS - pdv - m ^ K (5) 

dH^ = TdS + vdp - mKdp,K (6) 

dFr = -SdT - pdv - mKdp.K (7) 

dG^ = -SdT + vdp - mKdp.K (6) 

It will be noted that iiKis an independent variable for these 

functions, analogous to the role played by mKin equations 

(1) - (4). There does not appear to be any immediate practical 

application of these functions; however, in the case of other 

systems determined by three independent variables, functions 

analogous to the above are found to be of use (e.g. in the 

thermodynamics of magnetization as treated by Stoner (/7)). 

For the present purpose, we shall find shortly that one of 

the reciprocity relations obtained from any one of the 

equations (5) to (£>) yields a simple equality between Jacobians 

not easily obtained from equations (1) to (k) . 

In Jacobian notation, the above equations become: 

J(S,x,y)=TJ(3,x,y)-pJ(v,x,y)+)iKJ(mK,x,y) (9) 

J(H,x,y)=TJ(S,x,y)+vJ(p,x,y)+;iKJ(mK,x,y) (10) 

J(F,x,y)=-SJ(T,x,y)-pJ(v,x,y)+P-KJ(mK,x,y) (11) 

J(G,x,y)=-SJ(T,x,y)+vJ(p,x,y)+^J(m^x,y) (12) 

J(Ei,x,y)=TJ(S,x,y)-pJ(v,x,y)-mKJ(i.K,x,y) (13) 

J(Hz,x,y)=TJ(S,x,y)+vJ(p,x,y)-mKJ(iiK,x,y) (lh) 
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K 

Hx-K 

expressions (/) to (:&) are exact differentials. 

Thus from equation (/): 

(<>T/UK)S)tf = {Hjb-)Vi 

- Qp/dmK)s^ = {Hk/h)Si 

whence J(p,v,nK) = J(T,3,mK); 

J(v,T,3) = -J(v,VLK,m(f); 

J(p,v,3) = J{3,]xK,mK) ; 

i.e. A^. = c ^; 

•"•I - x a > 

The equality A3 = Z4is most easily obtained from any one of 

equations (5) - ($). 

Table 2 has been constructed for the following purpose: 

For a particular choice of independent variables q,r,t, the 

corresponding Jacobian J(q,r,t) = 1. The evaluation of 

J(x,y,z), when x,y,z are none of q,r,t, is then somewhat 

complicated. By expressing J(x,y,z) in terms of other 

Jacobians, this difficulty is removed. For example, if 

J(p,v,T) = 1, the occurrence of J( S,;̂ ,!̂ ) ; i.e., K^, is 

avoided by use of the relation K̂ . = Ai# All cases that may 

be encountered are summarized in Table 2. The lengthier 

entries are deduced from relations among the reference 
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quantities to be derived subsequently. The table is used 

as follows: if any symbol in column 1 is equal to 1, the 

corresponding symbol in column 2 is avoided by use of the 

equivalent expression in column 3. 

Construction of Tables 3 and 5a. 

We now turn to Tables 3 and 3a, the construction of 

which is based on the direct application of equations (9) 

to (l6). Jacobians involving only one of the characteristic 

functions are expressed in terms of the reference Jacobians 

by substituting for x and y any two of p,v,T,S,v^, mK . 

Those involving too or more of the characteristic functions 

are similarly resolved by making use of the portions of the 

tables already completed. 

Ex. 1 J(H,v,T)=TJ(S,v,T)+vJ(p,v?^ 

Ex. 2 J(G,E,T)--SJ(T,S,T)+vJ(p,E,T)+iiKJ(mK,E,T) 

= -v( TB, +pA, +^B>) -v-K (TẐ +pv;, ) . 

Table 3 involves the functions E,E,F,G; Table 3a 

provides a similar summary for the less frequently encountered 

functions E^H^F^ ,Gt. The value of J(x,y,z), for any x 

given in the left-hand column and any y,z given in the 

top row, is found at the intersection of the specified row 

and column. 

Relations among Reference Jacobians. 

Before discussing applications of Table 3, we shall 
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consider briefly the relations that exist among the various 

reference Jacobians. If x0 ,x, 9xL,xs,z/ ,z^, are a set of 

admissible variables, eight Jacobians corresponding to this 

particular selection are related by the equation: 

JU0,xr,xJ J(x^,z,,zJ - J(x,,xi,x^) J(x0,z,,zJ 

+ J(xz,x,,x0) J(x, ,z,,zj- J(x?,x0,xt) J(xz,z,,zaL) = 0 .... CO 

However, it will be found more useful to have a relation 

involving, in general, only six Jacobians. This can be 

obtained from (A) by setting, for example, x0 = zt. We 

then have (with a slight change of notation) ; 

J(x,y,u) .J(z,t,u)+J(y,z,u)•J(x,t,u)+J(z,x,u). J(y,t,u) = 0 ...(B) 

Example. Setting x = p;y = v, z = T;t = S;u=m^, we 

obtain: 

J(p,v,mft) J(T,3,mK)+J(v,T,m,<) J(p, S,mK ) + J( T,p,mK ) J( v,3,mK) =0 ; 

i.e. Aj + :^Ga- B/Y^ 0. 

This equation is, in fact, the one to be used, in the derivation 

of relations for a simple (constant mass) system (compare 

with the equation in Shaw's paper, br +ac- ̂ n=0, to which 

it corresponds) . 

3y assigning different sets of values to x,y,z,t,u a 

large number of relations is obtained. Several of these 

are summarized in Table h. With u equal to one of o,v,T, 

S.u • EI*S "the number of sets of values of x,y,z,t, is equal 

to 5 \ i.e. to a definite value of u correspond five equations. 
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Thus thirty equations are obtained in groups of five. 

Equation (B) was also used in the derivation of the 

lengthy entries of Table 2. 

Applications 

A direct and particularly useful application of Tables 

3 and 3a consists in expressing a given partial derivative 

in terms of other derivatives containing any chosen set 

of independent variables. For example, if p,T,m,< are chosen 

as independent variables, a given derivative can be readily 

transformed into a group of derivatives for which the 

independent variables are p,T,mK. 

Tables giving information of this particular type have 

been published by Goranson (<?) ; these are restricted by not 

including derivatives involving ^K. Table 3 yields, without 

any difficulty, all the results given in Goranson's Groups 

9 to 36, and provides data for the evaluation of derivatives 

involving p.K . Further any other choice of independent 

variables can be made, by setting the appropriate Jacobian 

equal to 1. Hence a given derivative is readily expressible 

in terms of partial derivatives for which the independent 

variables are any chosen set x,y,z. Except for the case 

where the independent variables are p,T,mK, such results 

are not, in general, directly obtainable from tables of 

partial derivatives hitherto published. 
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The above remarks apply also to Table 3a, which is 

used in transforming derivatives of E^H^F^ ,G2. 

Sx*. 1 Fxpress (^F/3p)T^ in terms of derivatives for which 

the independent variables are: 

(a) p,T,mK ; (b) v,S,mK. 

(a) (Goranson, Group 12, p. 177) Here 3 ^ = 1 . 

(jF/ap)^ = (-pZ,+UKZj/Br 

_ -p[(3v/jp)(35/>iDK)-(3v/Jm><)(JS/^p)]-t-p.K(K/3T) 

Since (̂ S/̂ p) . is not one of the standard derivatives 

employed by Goranson, we may substitute for it the equivalent 

- ( ^ V / B T L ^ obtained from the equality Aa = Z, . 

(b) Here Y^ = J(v,3,raJ =1. 

($v/h)T)S = (-pSr n^Zj/B, 

-_ p(^T/3mk) - i^Op/ds) 

~ -(ap/av)(3T/^nJ + (^p/^mJ(JT/^v) 

on dividing numerator and denominator by Y2, and evaluating 

the resulting ratios of Jacobians. 

In the above answers, subscripts indicating the quantities 

held constant in the several derivatives have been dropped, 

since they are sufficiently clear from the context. 

Ex. 2 Express ($T/c)p)H>r in terms of derivatives for which 

v,T,mK are the independent variables. 
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(Wh)np =J(H,T,v)/j(H,P,v)= -(TX)+vA(^K^)/(TA^^KA^. 

Dividing numerator and denominator by ~~3 = J(v,T,mK) 

and evaluating the resulting ratios of Jacobians, we obtain: 

(*T/3p) = - T^3/2mJ+v(c)p/3mK) +^K ; 
H?V" T [( *p/K) ( is/JT)-( to/iT) ( as/?nK)J -HK( &/JT} 

Ex. 5 Express (^P^/dp)H ̂  in terms of derivatives for which 

p,T,mK are the independent variables. (Goranson, Group 7, 

p. 270) . 

This example illustrates how derivatives involving v-K 

are as easily handled as derivatives involving other quantities. 

Goranson treats this as a second derivative problem. 

(3HK/3P)HJ)KK = (TK^+vK^/f-TCjJ 

= (TA,.-vB,)/(-TCj 

:- T[(3v/^T)(as/^)-(av/3mK)(as/^T)]-v(as/<)m<e) 

-T(dS/dT) 
= (dv/dmK) + (bs/dnK) [v-T(dv/*T)j/(<?S/dT) . 

Ex. 4 ExDress {d E/^T) „ in terms of derivatives containing 

v,T,mK as independent variables. 

(d3/dT)/>/<K =(-TC, +pA,+pKK, )/(-3j . 

= [-T(3iYi+B,Z, -AiAy)/X>?+ pA^-^sJ /(-Bj 

where C, has been replaced by its equivalent in Table 2. 

For J(v,T,m<)=X,= 1, the numerator of the expression on the 

right is: 
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-T[(*p/H(i^/kj-(dp/JmK)(^/3v)] [ds/fa) 

-(T(2s/dmK)+)iJ [(^v)(Js/^)-(.Jp/MJ(Mv)] 

+ (p-T(ap/aT))[(Jp/Jin(c)(aiifc/)T) - (^T)(^/2m K)] (a) 

The denominator is: 

(h/^^K)(HK/}v) - [h/)v)[bv.K/)mK) (b) 

The equivalent expression for (̂ E/̂ T) is then given by 

the ratio of (a) to (b). 
an 

Derivatives of this type (in which p^is/independent 

variable) are not given in Goranson's Tables. 

Applications of Table ]4. 

Ex. 5 By analogy with the formula for the difference of 

the specific heats in a simple system, we wish to investigate 

the difference between (ds/dT)-„ and (̂ s/*?T) „ . We note 

that yiK is held constant in both derivatives, and that the 

remaining variables are p,v,T,3. Referring to Table k. 

we find the appropriate equation to be: 

A? + -̂fcC/ - B^Y, = 0 

We then have: 

{}3/dT)u - (*3/*T) = (C./BJ - (Y./XJ 

= (X^C,- Bjr.J/B,.^ 

= -(5v/^T)ftA- Op/JT),^. 

Further, by the methods developed in this chapter, the above 

result can be transformed into other derivatives containing 

any specified set of independent variables. 
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o i i nd a r e l a t i o n amonp- ( D v ^ W (d Q^ 

( 3 z ^ ^ > ( ^ ^ / ^ ) v , 0 ^ / 3 v ^ , and, if necessary, 

other derivatives. 

( 3 v ' ° ^ , = A^/- (1) 
^ /^K , , = A>/C, (2) 

( 3 E / ^ J ^ = (TA^ — , ) A , (3) 

0 ™ / * , ) v = Cf / C t (>+) 

t 3 ^ / 3 v ^ = r , / A ¥ = - 3 ( / A V (3) 

Inspec t ion of the above equations shows that the 

only reference Jacobians involved are Az,A^, ^ , 3 , ,C, , 0 ^ . 

From Table ^, the approj-riate r e l a t i o n i s : 

Az3f - ^G, + A^O^ = 0 (j) 

The reference Jacobians are readily eliminated from 

equations (1) to (6) and a relation among the five derivative 

obtained, no additional derivatives being required. 

Thus: A, = Ov/a^. • C* 

c, = o^/a^v^-nx 

•3, = -{^-WJv^-Ov/Js^.C 

AZ = (i/T) [m/r K)^f -^J (iv/Js^ • Ct • 

Substituting in (6): 
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Summary: In view of the variety of topics mentioned, we 

present a summary of the main points: 

(1) The Tables of First Derivatives given by Goranson (Groups 

9 to 36) transform a given derivative into other derivatives 

containing p,T,mK as independent variables. Derivatives 

involving v-K are not treated in these groups; they can be 

divided into two types: 

(a) those expressible in terms of the reference Jacobians 

""I 9 *\2. 9 K / 9 -K-<f > 

(b) those expressible in terms of -^,3^,0, jX^Y, , Z r 

Some relations of type (a) are given in Goranson's 

Table of Second Derivatives (Table II, Groups 1 to £>, last 

expression in each group). Relations of type (b) are not 

treated by Goranson. 

(2) (a) The methods of Jacobian analysis, together with 

Table 3, provide a simple means of verifying or independently 

deriving the relations given by Goranson. 

(b) A given derivative is readily expressed in terms of 

other derivatives containing any chosen set of independent 

variables. 

(c) Derivatives involving p.̂  are as easily handled as 

the others. 

(d) The use of Table h simplifies the problem of invest

igating relations among derivatives for which the independent 

variables are not too dissimilar. 
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(3) Characteristic functions are defined, in addition to 

those commonly used. Although they do not seem to have 

any practical significance for variable mass S3rstems, 

functions analogous to them are of importance in other 

three variable systems. 
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