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Abstract

ln this thesis, the problem of fast identification is formulated in the framework of

the theory of mdl'jc complexity. Several complexity issues of fast identification arc

investigated.

Experiment design and modcl selection, two important components for achiev

ing f;L~t identification, arc separated by splitting the estimation error into inherent

and representation errors, which arc functions of the experiment and the modcl sets

respect.iVcly. The optimal inherent error, a measure of the time complexity of identi

fication, is introdnced as a notion of n-width (Ume n-width) related 1.0 the Gel'fand

n-width. The optimal rep,'eseIltation en'or is rclated 1.0 the Kolmogorov n-width. Es

timates of the varions n-widths arc obtained systematically for a class of data sets

covering many cases encountered in practical control problems.

The input design problem is further explored in cases where the input can be

designed only 1.0 the extent of modifying its ensemble properties. The identifying

capabilit.y of an inpnt ensemble is characterized in general in terms of the gap metric.

This general characterization is reduccd 1.0 a certain spectrum flatness property of

t,he input in the case of finite impulse response models. Bounds on the inherent error

arc given in terms of the n-width and spectrum flatness. Several robust identification

algorit,hms arc proposed as weil.

ft, is.shown that in the continuons-time case, although il. is possible 1.0 identify a

system ;,rbitrarily accnrately on an arbitrarily short time interval by increasing the
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sampling rate and signal-to-noiSl' rat io, th" i,kntiiication sp",'d is limii<'d l'Ill' a lixed

signal-to-noise ratio. An asymptoti, ally accmat" IO\\'t'r hound on Ill<' opl in",1 id,'n

tification speed is given, again in tel'lllS of Gd'fand n-lI'idth. A logaritlnnic inl,'gral

characterization for the optimal iuputs is ohtained via th" tht'ory Ill' 'ptasianalyt.ic

fundions. The representat.ion aud estimation prohkllls for coutinuons-tinH' systt'IllS

arc reduccd 1,0 a discrct.e-time case. A causal reconstl'llction pro('(',I1I1'<' is gi\','n, tll

gcther with an et'!'or estimate.

Finally, the results on fast identificat.ion arc appli<'d t.o syst"llls in II'hich the law

governing the evolution of the unccrtain c\elllcut.s is not. t.inl<' invariant.. Snch syst.enls

can not he identified accmatc\y. The inherent. error is honnd,'d in t.1l<' caSl' of slow

time-variat.ion and shown t.o inCl'ease wit.h t.he variat.ion rak.

iv
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Résumé

Dans celte thèse, le problème d'idendification rapide est formulé dans le cadre de la

théorie de complexité métrique. Quelques problèmes de complexité reliés à l'identification

rap;(le sont étudiés.

La c.onception d'expériences et la sélection de modèles, deux composantes impor

tantes pour arriver à une identification rapide, sont séparées en décomposant l'erreur

d'estimation en l'erreur inhérente et celle de représentation qui sont respectivement

des fonction de l'expérience et du modèle. L'erreur inhérente optimale, une mesure de

la complexité en temps d'identification, est introduite comme une notion de n-ième

épaisseur (n-ièmeépaisseur temporelle) relié au n-ièmeépaisseur de Gel'fand. L'erreur

de représentation optimale est reliée au n-ième épaisseur de Kolmogorov. Les estima

tions de divers n-ièmes épaisseurs sont obtenues systématiquement pour une classe

d'ensemble de données qui couvrent plusieurs problèmes pratiques de commande.

Le problème de conception d'entrée est étudié pour les cas où la conception est

limitée à la modification des propriétés des ensembles. La capacité d'identification

d'un ensemble d'entrées est en général caractérisée par la mesure de distance. Lorsque

le modèle à réponse impulsionnelle finie est utilise, cette caractérisation générale est

réduîte à la propriété d'aplatissement spectral de l'entrée. Les bornes de l'erreur

inhérente sont données en termes du n-ième épaisseur et de l'aplatissement spectral.

En ontre, quelques algorithmes stables sont proposés pour l'identification.

Il est démontré dans ce travail que la vitesse d'identification est limitée pour un
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rapport signal sur bruit donné, bi"n qu'il soit. possihl,' d'id<'nt.ili.'r lin syst."III" <1\','('

n'importe quelle précision en un temps arbit.rairt'IIIl'11t <'ollrt. "II auglll,'nt.ant. la vill'ssl'

d'échantuonnage ct le rapport. sigllal sur bruit.. En t.l'rnll' .In n-ii'III" ,;paiss,'1lI' d,'

Gel'fand, une borne inférieure, qui est précise asymptot.iquenll'nt, pOIll' la vit..,ss,' opt.i

male d'ident.ification, est. obt.enue. Via la théorie des fonctions qlla$i-analyt.iqo.'s, 1I01lS

avons obtenu une caractérisation en intégral logarithmique pour les "IIt.rées opt.inHlI.,s.

Les problèmes de représentation et d'est.imatioll pour les syst.èmes l'II t.elllps l'llllt.inll

sont réduits à ceux des systèms en temps discret. Une procédure de re<'onst,rllction

causale est donnée avec une estimation d'erreur.

Finalement, les résultats obtenus sur l'identification rapide sont appliqllés aux

systèmes dans lesquels les lois réagissant l'évolution des élélllents incertains varient.

avec le temps. De tels systèmes ne peuvent pas être identifiés d'Ilne façon précise.

L'erreur inhérente est limitt~ dans le cas ou la vari:üion temporelle est lente et. elle

est démontrée de s'accroitre avec la vitesse de variation.
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Claim of Originality

• The fast identification prohlelll is POSl't!. Il link \",t.Wl'l'1I idl'lIt.ilic.ltioll and 11\l'

Illclric complexity t.heOl'y is est.ahlished. Two not.ions of t.in\l' II-widt.h. l'<'Iat.,'d

to the GeI'fand n-width, arc introdnced t.o charad<'ri"l' 1.I1l' t.illl<' cOIllI'Il'xit.,I' or

identification. The opt.imal est.iumt.ion crror is reiat.l'd t.o t.1\l' ulaxiulllui or t.1\l'

time and Kolmogorov n-widt.hs.

• The varions n-widths are estimated for a chL'5 of dat.a sds alld showlI t.o \'"

derivable from a common principle. For t.hese c1at.a sets, t.hl' n-widt.hs coillcid<"

and the optimal estimation error eqnals t.he Illaxillllllll of t.hl' n-widt.hs ill t.11t'

sense of Gel 'l'and and Kolmogorov.

• Ensemble input design is investigated for f,L~t ideut.ificat.ion. Il gl'lIl'ral char

acteri~<ation of the identifying capability of the inp"t. is obtailled. L l'I'l'r 'IIld

lower bounds on the inherent error arc given in terllls of a certaill s1"'<:1. 1'1 1III

f1atness property of the inpuè in the case where a finite impulse resl'0IlSl' Illoriei

is used.

• Two robust identification algorithms arc proposed on t.he Il1L~is of I.he allalytic

center.

• It is shawn that, in the noise-free ca~e, it is possihle t.o icl,mtify a stahle 1:1'1

system exactly on an arbitrarily short eontinllolls-time intcrva!. Il logaril.lllnic
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int.egral charaderi~at.ion of t.he opt.imal input.s IS oht.ained Via t.he t.heory of

quasianalyt.ic fundions.

• In t.he Ci~'" where only corrnpt.ed output samples are available, an arbitrarily

accu rate ident.ification for a system in a compact set can be achieved on an

arbit.rarily short inter val by increasing 1he sampling rate and signal-to-noise

rat.io. This compactness condition is not dispensable. For a fixed sampling

rat.e and signal to noise ratio, an asymptotical1y accurate 10wer bound on the

inherent error is given in terms of the Gel'fand n-width.

• The representation and estimation problems for continuous-time systems are

reduccd to a discrete-time case. A causal reconstruction procedure is given

with error estimation.

• Unccrtainty principles for time varying system identification are obtained by

using the results on fast identification.
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Notation

C, m, 7Z and 7Z+ denote the complexes, reals, integel's and 1I0n-negative integel's.

(P[a, b], 1 :::; p ~ 00, -00 < a :::; b < 00, denotes the spacc of sequences of

real numbers I(t), t being an integer in the interval a :::; t :::; il, satisfyillg IIJII1, :=

[I:~=a IJ(tWP/p < 00 for 1 :::; p < 00, and IIJII"" := sUPIE[a,bIIJ(t)l < 00.

LP[a, b], 1 :::; p :::; 00, -00 < a :::; b < 00, denotes the space of the l'cal Lebesgue

measurable functions on [a, b], J(t), for which II/l1p := u: IJ(tll"ph' < 00 fol' 1 :::; /1 <
00, and 11/11"" := ess sUPIE[a,b]l/(t)1 < 00•

(P[a, b] and LP[a, b] are extended in the usual way 1.0 the cases where the int.el'val

has one (or both) end points missing, such as [a, b), or is (semi) infinite, such as

[a, 00).

HP (Dr) denotes the Hardy space on Dr := {z E C: Izl < r}, r > O. Il [(11"",r :=

sUP=EDr IK(z)j is the norm defined on H"" (Dr).

H"" (D) := H"" (Dr) Ir=l'
HP(fl) denotes the Hardy space on the right half complex plane fl. 1I[(IIHoo:=

sUP=En IK(z)1 is the norm defined on H""(fl).
P[n,ml is the truncation operator on (P, defined by (P[n,mIJ) (t) := J(l) fol' t E

[n, ml, and 0 otherwise.

IIslIL is the norm of the largest function in the subset S of a normed spacc L, i.e.,

IISIIL := sup {lIkIlL: k ES}.

SI[tlot,) is the subset of functions of S mapping 7Z 1.0 m with support in the interval

[tl, t 2) of 7Z, i.e., SI[tlot,) := Sn P[tlot,)S

Int(·) : m -+ 7Z is defined as the smallest integer strictly greater than an argu

ment.

~(.) and 0'(.) denote the minimum and the maximum singular values of a matrix .
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Nul/(·) denotes the null space of an operator, i.e., Nul/ (4)) := {k EX: 4>(k) = O} .

U· is the dual space of U.

fl(') denotes the variation rate of a tirne-varying system.
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Chapter 1

Introduction

The essential property of an adaptive system is t.hat. il. selr-adjllst.s it.s l"'I'1IIIII't.l'rs

and structure 1.0 adapt 1.0 a changing environlllent. and t.o impl'Ovl' it.s pl'r1'>l'IlIilIlCl"

using the information collected while il. is evo\ving. How weil lIll' sYSt.1'11I C1l11 adapt.

1.0 the changing environment is Iimited by how quickly it. can idl'nt.ify t.lll·sl' chanp}'s..
Therefore, fast identification is of crucial importance 1.0 ail adapt.ivl' sYSt.I'IIlS.

Despite the long history of research on adapt.ive collt.1'01 and ident.ificat.ioll, alld

various adaptive control and identification t.heories ami a.1goril.1l1l1s il.ssociat.ed wit.h

the names of Astrom [2], Caines [.5], Goodwin [IIJ, Ljllng [2fi], Morse [:1:1, :"'1, et.c,

fast identification has received Iittle attention in the past. It. is the objed.ive of t.his

thesis 1.0 formulate and solve the fast identification problelll lIsillg lIlet.ric colliplexit.y

theory introduced into control by Zames [51, 52J.

1.1 What Is Involved in Fast Identification?

An identification procedure can be divided into two st.ages consist.ing of informat.ioll

acquisition and information processing. In the first st.age, ail illpllt.-Ollt.pllt cxpcrirnlml.

is carried out and input-output data is collected. Afte. the expcrimcnl., Ill1cerl.aint.y
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Figtin· 1.1: A priori information locales k between two exponential envclopes

about. t.he syst.em is reduccd. In the second stage, a representation of the available in

fOl"lnat.ion is obtained. For robust controller design, the information is represented by

a nominal syst.em with a surrounding bail in a suitable normed space, e.g., H"" or el.
'Ih achieve fast. identification, an identification procedure should acquire informat.ion

qnickly in t.he first. stage and process information promptly in the second stage.

ln t.he following we will use a typical example to illust.rate how an experiment

should be designed to maximize the amount of information contained in each obser

vat.ion, and how a nominal mode! should be chosen to reducc the complexity of an

algorit.hm.

Consider t.he identification of a discrete-time stable LTI system. The system is

considered as an operator on eOO
( -00,00). Its impulse response k is in el [0, 00). The

ohjective of identification is to obtain an estimate kc3t of k, and a bound on the

estimation error in the el norm.

Assume that. the a priori information locates the impulse response k in a given

subset S,,,;o, of el,
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as showu iu Figure 1.1. Au idl'utilicatiou l'xp('riul<'ut as showu iu Figul'l' 1.2 is 1'('1'

formed. A kuowu iuput 11 is applied ta t.!l<' sysl.t'III aud thl' output o!lsl'rvatious slarl al,

time to. For simplicity, assUllle there is uo additivl' uoisl' ou I.\H' output o!lsl'l"I'atious,

I.c.,
00

y(l) = L: ~'(T)U(/ - T).
r=O

After T - 1 sampliug periods, ail we kuow is that thl' 1, 1'1 Il' systl'Ill ~'"'''' Illust 1",

in the set

• ST(u) := {k E Sp,;o,: Ek(T)U(l- T) = y(l), VI E [10 ,1 0 +Tl}'
Since ail the systems in ST(u) arc consisteut with the a priori iufol'lllation a.ll<l tll<'

input-output observations, they are not distiuguishable fmlll eaeh ot.!Il,!'. TIIl,rdol'l',

ST(u) represents the Il posleriori ltnccrlain/y abont l/u: systt:'" al 1;111f: 10 +T - l, "',,'

fast identification, the input shonld bc dcsigrlCll so l/wt S'J'(u) shrinks rfll.iekly (f.S liw.r:

pragr·csscs.

The most accurate nominal-bail type l'l'presentation of the infol'lnal.iou al. I.iull'
.~._---.--

to+T -1 (i.e., kt,u, E S'I'(u)) is given by the smallest bail iu el coveriug S'I'(n), wil.h

its center as the nominal and its radius a~ the estimation error. lJuforl.nnal.dy, in

general this most accurate l'l'presentation is impossible ta reali~e in pmc:l.i"", i"~ the

nominal model can be any fundion in el which is an infinite dimensional spa"". and

therefore an infinite number of parametcrs might have ta be ident.ified 1.0 d""el'lnine

the nominal or ta l'l'present il,.
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This rais('s tlI<' '1"('sl.ioll: how shollid a 1I0millai h(' chos('11 1.0 halallc(, the tra,!P-olf

h('tw""11 il.s aeellraey alld tll(, dfiei(,lIcy of th" algorithm? Il,,re. the complexity of

ail aiAoril.hll1 is lI1<'aslll'"d hy 1,11" IIl1mh"r of paramders il, has 1,0 idelltify. For fast

idfll1ijil'lll irm , an al!Jorithm slwuld idralify Ilu: lcasl aumber of ]Jamme/crs possible

whii<' ktTIJin!1 1/,,: represfnta/ion wi/hin a !JillCII error lolel'rlncc.

1f 1, h(' 1I0miliai is 1,0 b" choseIl iIl a givell 11- parameter modcl set X" c el [0, 00 ),

tlI<' mosl. accllr;üe 1I0millal-hall represelltatioll of S'l'(u) is given by the smallest bail

c"llt('r('d ill X" cowrillg S'I'(n). For slleh a 1I0millal, an algorithm ollly needs ta

id'·lIl.ify Il paramd('rs alld the estimation error is

Note that since S'I'(u) also depends on the true system, this minimum error is also

a flllldion of the truc system kt""" which is unknown before the identification. Ta

study the erfects of the input and model set on the estimation erraI', we consider the

worst-ca."iC erraI"

c'l' (u, X,,) := sup inf
k eS · kcltEXnIruc prlor

sup IIk - k••dl/I.
keST(u)

•

GivCII an input u and a model set X n , eT (Il, X n ) is the optimal worst-case

estimatioll error an algorithm can achieve al. time to + T - 1. II. is a measure of

identification spccd. For fast identification, the input and the mode! set should be

designed ta millimize the estimati~'1 l'l'l'oreT. In this thesis, we will devise a general

theory of design for the input and the model set 50 as ta minimize e'l' for bath

the discret.e-time and continuous-time cases. The system is assumed ta be stable

thl'Oughout the thesis.
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Chapter 1. Introduction

1.2 Thesis Organization and Outline of Results

1.2.1 Thesis Organization

In the lirst half of t.he thesis, Chapter 2 1.0 Chapter 5, t.he fast. id.'nt.ilicat.ion prohl.'m

is studied f(Ji" the discrete-time case. In Chapter 2, the pl'Oblem is fOl'lllnlat,'d ,l.' an

input and model design problem, with the worst-case estimation "''l'or ,:1' ,1.' the d<'sip;n

criterion. This design problem is reduccd 1.0 two standard optimizat.ion prohlcms

in the metric complexity theory, and the estimation l'l'roI' c')', optimized over ail

bounded inputs and ail n-parameter affine models, is related 1.0 the n-widths in t,he

sense of Gel'fand and Kolmogorov, two standard notions in mctric complcxity theory.

In Chapter 3, the optimal estimation error and several related notions of n-widths

are computed for a class of data sets, and shown 1.0 be derivable from a colllmon

principle. For these data sets, the optimal estimation error is shown 1.0 he eqnal

1.0 the maximum of the Gel'fand and Kolmogorov n-widths of the data sets. The

input design problem is further explored in Chapter 4 for the case where the input

properties that are allowed 1.0 vary are constrained 1.0 be certain ensemble properties.

A spectral characterization of the identifying capability of an input is obtained. In

Chapter 5, several robust identification algorithms arc proposed on the basis of convex

optimization.

In Chapter 6 and 7, the fast identification problem is studied for the continuons

time case. II. is shown that although il. is possible 1.0 identify a continuons-timc

system arbitrarily accurately on an arbitrarily short time interval by increa~ing the

sampling rate and the signal-to-noise ratio, identification speed is limited in practical

control problems. The optimal estimation error is again related 1.0 the Gel'fand and

Kolmogorov n-widths. This shows that, in both the discrete and continuous time

cases, the time needed 1.0 identify an LTI system 1.0 certain accuracy increa~es with
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the rnetric cornplexity of the a priori data set. In other words, the identification speed

is lirnited hy the metric complexity of the a priori data set.

ln the case where the system is not known to be time-invariant bdorehand, it is

shown in Chapter 8 that there is an irreducible unccrtainty in identification if the

system changes quickly in comparison with the optimal identification speed.

These resnlts provide tools for input design and model selection for fast identifi

cation in practical control problems. More importantly, the establishment of the link

between identification and metric complexity theory paves the way for unified the

ories of identification and feedback and of information-based adaptive control. (See

the overview by Zames [57]lor details.) The results on time-varying system identi

fication (uncertainty principles) indicate the necessity of robust adaptive control for

time-varying systems.

1.2.2 A More Detailed Outline of the Results

As shown in Section l.1, the fast identification problem can be formulated as an input

design and model seledion problem, with the worst-case estimation error eT(u, X n )

as the design criterion. With such a formulation in hand, the first question one

may ask is: how should this rather complicated input and model design problem

be solved? ln Chapter 2, we answer this question by reducing the design problem

to one of several standard optimization problems in the metric complexity theory.

First, the input design and model selection are decoupled by splitti!'g the worst-case

estimation error eT(u,Xn ) into two parts, the inherent and representation errors,

which depend on the input and the model set respectively. Next, the optimal inherent

error over ail bounded inputs is introduc::d as a notion of n-width, called the time

n-width, which is similar to the Gel'fand n-widthj and the optimal representation

error over ail n-parameter affine models is related to the Kolmogorov n-width. Then,
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Chaptt'r 1. Inlrodlh"lillll

tlw OptÎllHtI WOl'st.-C(lS<.' ('~tilllat.ioll ('lTOI' is l'l'lat.l'd to t.ht' 1l\i\Xilllltlll or t lu' 1illlt, alld

Kolmogorov n-widths of thl' 11 priori dl1t 11 sl'l. 'l'h" l'stahlishnll'nl of 11lt' link hd 1'.·.·\1

thl' optiml1l worst-rl1Sl' l'stinl1ltion l'ITOr and th., n-widths nllt only l'l,dll.·.·s tilt' fasl

identiOration problenl to th" l'stiml1tion of tlll' n-widths. hllt alsll shllws I.hal il is 1h.·

mdric cpmpll'xity of thl' datl1 sds t,hat limits tlll' Ilptinll1l id.'nlilical illn SI"·'·'1. TI,,'S1'

results are illustrated hy sl'vl'rl1l l'xampil's, in which th., Ilptimal worst-caSl' "stilll,llioll

l'ITal' l'quais the maximum of t.he two n-widt.hs.

Since, t.he resolution of the fl1st. identiOrat.ion prllhl,'nl invlllv.,s th.· ,'stinliltillll Ill'

the various n-widths of t.he a priori dat.a sd. t.11t' prohl,'m would 1", sllhst.antiall~'

simpliOed if t.hese n-widt.hs rould be obtl1incd l'rom a ronlmlln principit'. In Chapt..r

3, wc estimate these n-widths and the optimal worst.-ras.. estimation "1'1'01' for a c1l1~s

of data sets, and show that they can he ohtainl'd from a rOlnmon principl.. which

captures a monotone decreasing property of these dat.a sds. For snch dat.a s..t.s. tilt·

optimal worst-case estimation elTor l'quais the maximum of t.he n-widt.hs in (;..l'fand

and Kolmogorov senses; the optimal input, is an impulse at t.he start of tilt' ohs..rvat.ioll

intervalj and the optimal affine model is an FIR model. If the ohservatioll locat.ion

cannat be positioned advantageously, there is a loss of optimal ident.ificat.ion sp....d,

but the loss never exceeds a factor of 7r.

In practical on-line identification, the input is seidOln free t.o he optimi~ed; it. cali

only be modified to the extent of having certain desirable ensemhle propert.ies, e.II-.

fiat spectrum, by introduction of a a.ther signal. In Chapter~, we will stlldy how the

input should be modified to be suitable for fa~t identification. First, a c111l1'il(:t.eri~ation

of the identifying capability of an input is given in the gap rnetric. Then it. is shown

that this characterization is related to certain "spectrurn natness" properties of the

input, in the case where an FIR (finite impulse l'Csponse) rnodcl is used. In this

case, the worst-case inherent erl'Or is bounded both above and helow hy fun<:t.ions

of the spectrum flatness. The hounds hecome large when the specl.rurn is far from
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('hapll'r 1. IlIl.rodurl iOIl

liai. II'liicli illlpli,'s ii", 1I('('('ssity of a 1I01-fal'-from- liaI Slll'C1nllll III 1I0llpal'illlll'1l'il'

id, 'II t ifica tÎOII.

S,'v"l'al id"lItilicatioli algol'itlims al'l' PI'0poSl'd ill <'liapt('1' 0, Il is sho\\'l1 1Iiat

tlll' choic,' of lill' allalytie C('lItl'l' of tlll' a postl'I'iol'i IIl1cel'taility s..t as a 1I0mina!

IlilS a ('('l'taill l'ohnstlll'ss prop"l'ty lI'ith l'l'sp..c\ to th .. inacclll'acÎ..s in th.. a priori

i Il rOl'ltla tiOIl.

III (:I",pt..1' fi, 11'1' st.ndy the fast. ident.ificat.ion l'l'oh lem in th.. cont.innons-timl' case,

II'hich is dilfere'nt from it.s discl'c\...-timl' countel'pal't. Ou a cont.inuous-t.il1le intl'l'vaL il

is possihll' t.o colled. an unlil1lit.ed al1l0UIÜ of samp!cd dat.a. pl'ovided t.he sampling can

h.. millie al'hit.ml'ily fast.. Il, l'emains uneleal', howevel', II'hcthel' al'bitl'1ll'ily accurate

id,,"t.ilieat.ion l'an 1)(' achieved on the basis of t.his large amount of dat.a, ln Section

li,:I, it. i~ shown, that in the noise fl'ee case, one l'an identify a stable continuolls

t.illll' LTI syst.em el'act!y on an al'bitl'ari!y short t.ime interva!, provided the entire

s..glllelit of t.hl' OIlt.pUt. 011 t.he int.erva! is available and the input. is chosen properly.

Il,'re', t.h.. only a priori informat.ion is t.hat. t.he system is BIBO st.able. No structura!

infol'mat.ion 01' quantit.at.ive informat.ion about. t.he syst.em is required, A logarithmic

int...gm! condit.ion on t.he input.s involved is obt.ained via quasiana!yt.icit.y t.heory,

ln sllch a C1Lse, however, accurat.e ident.ificat.ion becomes impossible II'hen lhe

nll'aslll'..ment.s arc even s!ightly corrupt.ed by noise. Simi!ar!y, t.he inherent l'l'l'or can

Ill' !arg.. if on!y samp!es of the output on a interva! are availab!e. An el'amp!e is given

where t.he inherent error is t.he same as the a priori uneertainty no malter hall' fast

t.h .. sampling, Nevertheless, it is shawn in Section 6.4 that, if the system is knoll'n ta

he in a compact. sct, (in either the Hoo norm or L' norm,) then the inherent. l'l'l'or can

he mad~, arbitrari!y small provided there are enough samp!ing point.s in an int.erva!

in II'hich t.he noise-to-signa! rat.io is small enough,

With the above resu!ts in mind, one can ask: is identification speed still restricled?

Is t.he metric complel'ity still a faclor limiting identification speed? The ansll'er
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to these questions is amrmati\"l'. It is shown in ~;el"l ion (i.;, that for a lix('d n\lIS<'

levcl, even if the sampling rate is infinit<'1y high, th,,\'(' is an irn'dnl"Î1>I" nnn'rtainty

whenever the a priori uncertainty set contains a smootÏ1 ,'n1>sl'!. «'.g. ,t sl'!. of low-p.\.'S

functions,) of positive Gcl'fand n-width. The higher the nu,tdc l"Ompll'xity, tl\(' slowl'r

the identification. Finally, the irreducihle identilication ('l'l'or is o1>tain('d fm' a sl'l, of

approximately band-limited and time·limited systems in an l'l'amplI'.

In Chapter 7, we study the prob1cm of representation and l'stimationof continnons

time systems by sampling. One of the key questions wc considl'r thl'rl' is: OIIC{' a

mode! set and estimate are obtained for the sampled data systems, how shonld t.heir

continuous-time counterparts he constructed? A causal procednre is given for t.he

construction of a continuous-time model set and estimate from t.he discretl' ones.

Representation and estimation errors arc given in the LI norm which is iUl UPPI'I'

bound on the Ho:> norm.

In Chapter 8, the results on fast identification arc extended to o1>t.ain uncert.aint.y

principles for the identification of slowly varying systems. Slowly varying linear sys

tem are of interest in adaptive control because from a certain point. of view t.hcy arc

the most general ones for which an input-output theory is uscful. In particular, iden

tification of uncertain elements has predictive value only if their future bchavior is like

their past or, at worst, approximately like their pasto However, if a "black-box" sys

tem changes substantially in relation ta the length of lime needed ta identify it., t.ben

accurate identification is inherently impossible. This fact is expressed tbrough un

certainty principles, which relate the inherent uncertainty to the n-widtbs ment.ioned

above.
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System identification is a well established area of research. Indeed, there is a large

body of literature on system identification. Many impressive results have been ob

tained and elf(~clive identification algorithms have been developed. There are several

excellent books on this subjecl which describe the accomplishments during the last

decades. Sec, for example, the books by Caines [5] and Ljung [26].

System identification has been traditionally formulated as a parameter estimation

problem in a stochastic setting. The quality of an estimated model is given in terms

of estimated standard deviations for the parameters or alternatively, confidence inter

vals for them. These parametric error estimations can be obtained even in the case

where the true system model is not inc1uded in the identification model set by using

techniques such as prediction error ( see Chapter 5, 6, and 8 of Cainse [5J for details).

In the robust control theory developed in the past fifteen years, however, the

starting point for control system analysis and design is a nominal plant model and an

operator norm bound on the modeluncertainty, which is different from what is given

by c1assical identification. This has fueled an renewed interest in identification in the

control community, aiming at developing a theory of identification that is compatible

with robust contro!. Its objective is to find system identification techniques which

provide guaranteed error bounds in the operator norm in addition to a nominal system

mode!. Such identification schemes have been labeled as worst-case deterministic

approaches.

Several early papers on this subject appeared in the late 80's and early 90's.

Inspired by a plenary lecture by Zames [56], Helmicki et al [17, 18, 19] derived robustly

convergent algorithms which give estimates of the system with error bounds in the Hoo

norm from a set of corrupted frequency response measurements. These algorithms are

related the work of Parker and Bitmead [37]. A study of asymptotic identification in
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the el norm was given by 'l'sc ct al in [45]. GII ct al [15] and Makila [:!SI app\'Oadll'd

this problem from the system approximation point of view. SinCl' th"n, tl\(' p\'Obl"1ll

has attracted a lot of attention, e.g., [22, 4ï, 14, a8] and the referen"es tl\('\'(·in. Som,'

of these results arc c10scly rclated 1.0 those on set Illembership identification, a wt'II

studied subject, where identification is forllllllated as a paranwtt'r t'stinmtion problt'Ill

under the assumption that the observations arc corrnpled by IInknown bill. bOllnt!t't!

noise. Several survey papers arc avaHable on this slIbject., e.g., [:12, :16, 8].

Other efforts in developing an identification theory fol' robllst control also appearet!

in the last few years, notably, the model validation approach by Smith and Doyle [4'\]

and Poolla et al [40], the stochastic embedding approach by Goodwin ct al [12J, and

the iterative estimation and control approach by Zang ct al [61] and Schntllla and

Van den Hof [43] .

The complexity issue of worst-case identification, the main topic of this I.hesis, was

first posed by Zames using metric complexity theory [5:1, 54, 55, 561. 13ased on the

observation that both feedback and identification l'an be used as agents in lInccrtainty

reduction, he pointed out that a unified theory for feedback and identification and a

theory of information based adaptive control l'an be developed on the hasis of Illcl.ric

complexity theory. It is this point of view led 1.0 the reccnt work of Zames and Wang

[60,51], and their joint work with the author [58,24,25,2:1,48,50, 4H]. The mctric

complexity of sorne data sets are also studied in [5H, 2H] in the context of contro\.

The books by Vitushkin [46] and Pinkus [39J are good references on mctric cornplexity

theory.

The time complexity of worst-case identification was also studied by Poolla and

Tikku [41] and Kacewicz and Milanese [20]. They showed that in the ca.~e where

the observations are subject 1.0 unknown but bounded noise, the number of samples

needed 1.0 identify a system of impulse response of length n is of the order 2n. Tse et

al [45] studied the limitation of worst-case identification in the a.~ymptoticcase.
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The mode! selection prohlem in the stochastic seUing have been studied by many

people. References can he round in the book hy Rissanen [42].
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Chapter 2

Fast Identification and Metric

Complexity

As shown in Section 1.1, the fast identification prohlell1 CilU he fOl'lllUlal.ed ilS ail iupul.

design and model selection problem, with the worst-cilse esl.iulill.ioll <'1'1'01' ,:r( IL, X,,)

as the design criterion. In this Chapter the problem is fOl'lllulal.ed ill a SiUlilitl' way ill

a generâl setting. With such a formulation in hand, the firsl. «lIesl.iou oue lllilY 'L,k

is: how should this rather complicated input and modc1 desigu prohlem he sol v,,,!,!

Right after the formulation, wc answer the question hy reduciug 1.11" desigu pl'OhlelU

to one of several standard optimization problems in the mel.rie: C:Olllplexil.y I.1l"ory.

First, wc decouple the input design and model sc1ectiou by splitl.iug the worsl.-e:'L'"

estimation error cT(u, X n ) Înto two parts, the inftcrcnl and 1'I:p,'r:sr:nllllion el'J'ors,

which depend on the input and the model set respeetively. Nexl., the opl.imal iuhereul.

error over ail bounded inputs is introduccd as a notiou of u-widt.h, ,:al1ed t.he t.ime

n-width, which is similar to the Gel'fand n-widthj and t.he opt.imal represent.at.ie)J)

error over ail n-parameter affine models is related t.o t.he Kolmogorov n-widt.h. Them,

the optimal worst-case estimation error is related to the maximum of t.he l.ime and

Kolmogorov n-widths of the a priori dat.a set. The est.ablishment. of the link bel.ween
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the optimal worst-case estimation error and the n-widths not only reduces the fast

identification problem to the estimation of the n-widths, but also shows that it is the

metric complexity of the data sets that limits the optimal identification speed. These

rl'sults are illustrated by several examples, in which the optimal worst-case estimation

error equals the maximum of the GeI'fand and Kolmogorov n-widths.

The material in this chapter has been published in [24, 58, 23].

2.1 Fast Identification in Operator-Normed Spaces

We will consider discrete-time systems represented by convolution operators of

the form K: U -t Y,

•
00

y(t) = L k(T)U(t - T), tE7/;,
T=O

where k(·) E L, under the assumptions that:

(2.1)

•

(i) U, y are normed linear spaces of functions 7/; -t IR. representing inputs and

outputs respectively. We assume that the sets U and Y are contained in

[00 ( -00,00). Inputs start at -00 to allow situations in which the system is

running before observations begin.

(ii) L is a normed linear space consisting of causal weighting functions 7/;+ -t IR.

acting on input pasts. The set L is contained in [1[0,00), ensuring that (2.1)

is weil defined. The norm Il . ilL can be the [1 norm of the weighting functions,

or the HO<> norm of their Fourier transform~. Since [1 [0,00) is a subspace of

[2[0,00), the [2 norm is also weil defined for this class of systems.

For fixed u EU, the map

«>u : L -t Y, «>u(k) := Ku = y



• Chapter 2. Fast Identification and Mctric Complcxity

is a linear map from kernels to outputs.

In general, the observations will be contaminated hy noise, i.e.,
00

y(t) = L k(T)ll(t - r) + vtt), tE:';,
T=O

(2.2)

where v E Y is the measurement noise. Sometimes relation (2.2) will hl' writ,j,pn in a

more compact form as

y = ~u(k) +v. (2.:1)

•

We are given the a priori information that the true kernelli{$ in a set Sn C Land

the noise lies in a set V C Y. Sa and V will he assumed to satisfy the following:

Assumption 1 Sa and V are eonvex symmetl'ie (i.e., k E Sn => -k E Sn IInd

V EV=> -v E V) subsets ofL and Y respective/y.

Unlike in the case of parametric system identification, we do not assume auy a

priori knowledge on the system structure. Sa is in general a set containiug infinite

dimensional systems. Since the structure of the true system is uot known, the accu

racy of an estimate will be measured by its distance from the true system in the L

norm. In fact, this is exactly the right measure to use if the estimate is to he used

for robust controller design. (Sel' comments in Section 1.3.)

The objective of identific9.tion is to estimate a system in Sa from the

noise corrupted output observations on a finite length interval.

Given an input u E U, on the basis of the observations, y(to), y(to+1), ... , y(to+
T - 1), the location of the true kernel ktru• is narrowed down from the a priori data

set Sa to a smaller set,

S(y) := {k E Sa : L:~=o k(T)U(t - T) = y(t) +vtt)

Vt E [ta, ta +T) fOT sorne v E V}, (2.4)

•
(which depends on y, V and Sa,) or in a more compact form

S(y) = {k E Sa: p[ta,to+T) (~u(k) - y) = P[lo.to+T)(V) fOT some v E V} (2.5)
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when' P['u""+1ï ,kllotes the trllllcatioll operator 011 C'x" defilled by (Plu,ml!) (1) :=

.rU) fol' 1 E [11,111], alld 0 otherwise. 5(11) l'l'presents the a posteriori illformatioll

abolit the tl'lIe system.

FOI' ro1>lIst cOlltroller desigll, il. is desirahle 1.0 l'l'present the truc system hy a 1I0m

illal systelll (i.e., ail estimate) and descrihe the unccrtainty hy t.he distance hctween

t.11<' 1I01llillai allli t.he t.l'lte system, Sill"l' ail the syst.ems in 5(11) are consistent \Vith

th,' a priori informatioll and the ohservations, allY system ill 5(11) could he the truc

systelll, 111'11"" the worst-case error hetwccn an estimate and the truc system in the

L 1101'111 is

Cy,k,,, (Il) := sul' Il.{: - k.,dIL' (2.6)
keS(y)

Th,' trlle system can he represented hy the estimate k." and a hall ccntered at k."

with radius Cy,k",(Il). We call this a nominal-baIl type l·epl'esentation.

'1'0 ohtaill the most accurate nominal-ball type representation of the system wit.h

the availahle illformation, it has been suggested (e.g. in [43,6]) that the nominal sys

telll shonld he chosen to minimize the above worst-case error. For such an optimally

chosen estilllat.ed kernel, k." E L, the minimum error is

cy(u):= inf suI' IIk - k.,dIL' (2.7)
k",eL keS(y)

Althongh an algorithm hased on choice would give the most accurate nominal-ball

type representation of the availahle information, il. is in general impossible 1.0 imple

lIIenl., as the set of possible nominals is infinite dimensiona!. An infinite number of

parameters might have to be identified 1.0 determine the nominal system or 1.0 rep

resent il.. ln some special cases as shown in [6], il. might be possible 1.0 implement

snch ail algorithm by exploiting certain special properties of the a priori data set, but

the computational complexity of these algorithms increases combinatorically with the

amount of data, and the representation complexity also increases with the amount of
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'1'0 achieve fasl idenl,ificalion, \1'<' minimiz<' t.11l' id<'nlilicali"n <'1'1'''1' (:!.ti) !>y ch""s

ing an eslimale in a finilC' paranll'I<'r mod<'\ s<,l, snch as a Iinill' <\iml'nsi"nal sll!>span'

of L, an ARMA mode! or a st,aIP spac<' mo<\e\. TIIl'Il , ail alg"rilhm ollly II('I'<\S 10

idelllify alld ston' or prilll out a fillit<' IIl1mber of param<'l.<'rs.

Definition 2.1 JI subscl X" of L is caller! Il lI-plll'llmrlf'1' lI/1ulrl ",,1 if il /.' III Iht

range of Il Inllpping from IR" 10 Ihe sri of l'ml Sf'ql/f'I/Cf'S.

Ir a n-paramder ,;et X" is chosell to bl' th<, mode! set., th<, 1I1illimlllli i'!<'lIlilif'atioll

error becomes
l' .

cy (u,X,,):= mf sup 1I~' - ke.•dIL. (:!.S)
k'o:/tEX II ke5(y)

This minimum el'l'or depends 011 the actua! meaSllrelllCl1I y, whif'h ill 1111'11 <\1'1"'II<\s

on the truc system and the truc disturballcc, as y = K,,,u'u + 'l',,,,, which, hOWI'Vl'I',

arc not known bcforehand. To study the er[ects of the inp"t, alld Ihe lIlod,'1 sPI. "II

the identification, wc consider thc 'lVors/,-CIIse iticn/,ijicll/io/l. 1'1'1'01'

cl'(u,X,,):= sup
klr~eESI1

sup inf
VCruo: eV keill eXil

sup lIk - k,.•dIL,
keS(YI

(2.!l)

•

as a function of the input and the mode! set.

Several algorithms for worst-case identification under an operator noml have 1,,,,,1'

developed in the past few years [19, 43, 14, 28J. It is re!ated t.o t.he IIsllal set.

membership identification [32, 36, 8] in the sense that unccrt.aillty is descrihe<\ hy

sets. What is new and important. in our formulat.ion is that. t.he finit.e paraltlet.el' set.

in which the nominal is chosen is itse!f a design variable.

For a fixed input, the worst.-case ident.ificat.ion error c'I'(u, X,,) also depends olt

the location of the observation interval ta. Ir the prohing capahility of t.he in[lllt is

not persistent, one may ohtain more information on one interval than another of t.he

same length. In the ca~e where the identified model is to he cont.inllollsly lIpdat.ed on
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t.he hasis of data from t.he reccnt. past., as in adaptive control [60,51], we consider the

worst-case of the identification error over ail shifts of the observation interval relative

tn the input:

i?(u, Xn ) := suI' eT(u, Xn ), (2.10)
loeZ

which is a shift-invariant quantity. We cali it the shift-invariant worst-case identifi-

cation er7'Or. Obviously, c7 ~ e·/'.

c'/'(u,Xn ) and ë1'(u,Xn ) are the two key quantities we will study in this thesis.

They are the identification errors given by the input and model set pair (u,Xn ), when

the observations are constrained on a interval of length T. They represent the speed

of an identification procedure. Clearly, to achieve fast identification, the model set

and input have to be designed properly to minimize these errors.

• 2.2 Separation of Input Design and Model Selec

tion

To separate input design from model selection, we split the worst-case identification

error eT(u,Xn ) into two parts. One part depends on the input. For this we introduce

the notion of inherent error (which depends on u, S. and V)

6T (u) .- sUI' {lIkIIL: k E SOl Cl'u(k)(t) = v(t) Vt E [to, to+T), v E V} ,(2.11)

= IIS(O)IIL. (2.12)

The second part will be called the representation error, which is defined as

•
dist(SOl X n ) := suI' inf IIk - gilL'

keS. seXn

It depends on the model set only.

(2.13)
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TI\(' Ill'Xt proposil.ion I\I\"('S npp,'r and lowl'r !>onnds 011 "r(I/,X,,) in 1"l'Ins uf

inhl'l"ent and rl'p\"('sl'ntation <'rrors, with tht' low,'1' !>oullll Ilt'inl\ I\l'l'all'r than olll'

thinl of the upper hO\llllL

Proposition 2.1 Unde/' AsslIIII/llion l,

{ '/'. } l' { l' }max 6 (IL),disl(S",X,,) ::;" (IL,X,,)::; :1 max ,\ (1/),di,sl(S",X,,) (:,!.II)

•

•

Remark The \Vorst-case identification t'rl'OI' (' l'an hl' d,','onlpusl'd in!.o !.wo t,'I'IUS,

i.e" inherent el'l'or and l'l'presentation t'I'I'OI', Th<' inh"I'<'nt <'lTol' is I\"nl'I';ül'd in th"

information collecting stage of identification, ,lut' 1.0 lack of data mll\ itlal'l'uraü' nl<'a

surements; it is irreducible no mat.t.er \Vhal, ideutificat.iou algorit.hm is ust'd ill t11l'

second stage. The represent.ation error is dlle 1.0 itHtCCllt'al,e repl'l'sellt.at.ion of t.11<' a

priori uncertainty set; il. l'l'presents the loss of illfol'lnat.ioll in tht' illfol'mat.ioll pro('('ss-

ing stage,

If a model set X",o and an illput. ILo are choseIl t.o millilniy.e t.ht' l'l'lll't'Sl'IIt.at.ioll

l'l'l'or and the inherent l'l'l'or respective\y, t.hen the \Vorst.-CiLse idellt.ificat.ioll <'1'1'01'

eT (uo,X",o) :, within a factor of three of the optimal Olle, lt. will he showll lat.,,1'

that in many cases such a model set and input pail' are also optimal fOI' millinliy.illl\

the \Vorst-case identification l'l'l'or p, This implies t.hat. model selectiOIl alld illpllt.

design l'an be done independently, Moreovel', the model selectioll is ilOt. affeded by

the experiment conditions, e.g" noise, obsel'vatioll int.erval, el.c. Also illpnt. design is

independent of the model set, Neverthe\ess, the optimal model set alld t.he opt.itnal

input, or the minimum l'l'presentation and Inherent el't'Ors obtaill",1 fronl t.1!"se t.wo

independent procedures, are related as they arc determined by the a priori sd. This

will be shown in Section 2.6 and Chapter 3. When an optimal model sel. is chosell,

the input design can be done for the optimal mode! set with the Ilrllnodeled dYlJamies

in consideration. This will be discussed in detail in Chaptr~r 4.
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'1'0 PI'OV(, tlll' propositioll w,' will tll'('d thl' followillg Il'mma which cali hl' showlI

IIsillg similal' ch'vic('s as ill [,1:1] (s('(' Appl'Ildix A).

Lemma 2.1 /fllde/' 1/,,: ;!-'-'/lm]!l;o/! /,

illf snp II~' - ~'e,dIL > IIS(O)IIL
k... eL keS(lJ)

snp snp snp IIkl - ~'2I1L < 2I1S(01iIL.
klr"ll"eS'1 IIlrlll:eV kl ,k2eS(y)

(2.15)

(2.16)

Proof of Proposition 2.1 Sillcc 0 E S" illld 0 E V, hy selting k'rue = 0 and

>

'1'c (u,X,,) >

•
inf sup IIk - ke,dIL'

k•.•• eX" keS(O)

inf sup II~, - ke,dlL
k."eL keS(O)

~ ,s'l'(u). (by Lemma 2.1)

On t.he ot.lter !taIHI, since k'rue E S(y), by (2.9),

(2.17)

(2.18)

(2.19)

(2.20)

Comhining (2.1!J) and (2.20), we gel the lower bound in (2.14).

To s.how t.he upper bonnd, assume k E S(y). Since k E Sa, by definition of

di.,I(S",X,,), "le > 0, 3ke" E X,., such that

[1. follows that.

IIk - ke"IIL ~ dist(S", X,,) + f. (2.21)

•
snp 11~,-ke"IIL ~

keS(y)
sup IIk - k.,dIL,

keS(y)

sup (lik - kil L +IIk - ke,dIL),
keS(y)

sup IIk - kllL +dist(Sa, X n) + f.
k,keS(y)
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Sinn' tilt' abm',' ine'lnaliti,'s hol<l for al\ , > O. \\,(' ha\"('

inf snp Il.(' - k•.,t1IL:5 snp Il.(' - X'IIL + '/i.,'(S". X,,).
k•.• , eX" keS(,,) k,keS(,,)

Therefort', by (:Ul),

'21

snp Slip Il.(' - X'IIL + '/i.-I(S". X" l.
11/I'llrEV ,1.. ,keS(u)

By Lelllllla 2.[,

snp snp snp Il.(. - X'IIL :5 :U;'i'(lIl.
ktrtu.·eSIi IIlrllrEV k,keS(y}

It is easy to verify that

(2.2·[ )

• o

Similarly, the shi ft-invariant \Vorst-case identificat.ion ('1'1'01' /1'(1/., X,,) l'an 1,,' ,'x

pressed in terms of shifl-invarianl inhel'lml "''1'01'

,F(u) := snp 6'I'(1/.).
loeZ

and the representation error.

Corollary 2.1 Under Assllmplion l,

max {8'f(Il),disl(S,,,Xn )} :5 ,,'l'(Il,X,,):5 :llllax{P·(u),di.'I(S",X,,)}

ProofTake the snpremnm of the qnantities in (2.[~) over ail III E 1/,.

( 'J 'J(')_.... )

o

•
.

Between the two sources of the inherent error, namely, lack of data and IIl"a-

snrement noise, it is the former t.hat. nsnally pnts the more severe const.rltint. (JI 1 fiL~1.
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id('1l1 ilica1.ioll. 'l'II(' IIU'aSlIf'{'IIH'lIt t10!SP cali 1)(' O\"('tTOIlH' hy ill('r<'asill~ t Jl<' pOWl'r of

III<' illplli. a IIl<'aSIlr" f..asibl,' 011 a shorl -tilll" illt..r\'al. 011 1h.. 01 h,'r halld coll,'cl iOIl

of 11101'<' d;lIa cali ollly b,· dOIl" hy pro!ollgillg th.. ohS<'I'\'al iOIl illl<'r\'id. i..... slowillg

d01l'1I th" id"lItilicatioll. '1" isolat.. th .. ",r..ds of la('k of data, 11''' will ('011('..111 ra\<'

011 1h,' optimal illpllt d,'sigll pl'Obl"111 ill th.. lIois<'·fl'<'" ('as<'. III th.. ('as<' whel'<' 1h,'

obs<'rvatiolls al'<' cOl'l'lIp!.<'d by bOllllded bill. lIukuowu uois<" bouuds 011 1hl' lIIiuimum

illlll'r,'ut "''1'01' hav.. I",eu r,'('('utly obtaiul'd for Cl'rtaiu data spts by l'oolla aud Tikkll

[,Ill] aud'l\a('('lVic~ aud Milauese [20J. Th"sc bOlluds arc uot a('('umtc iu thl' IlOis<' fl'<'"

cas... Ther..fore, l'''tter bouuds ('au hl' derived for the uoisy caSl' by combiuing the

bonnds in [,10. 201 aud thl' results in the thl'sis.

ln the noise frel' ('ase, the iuherent l'l'l'or and the shift-invariant inherent error will

Il<' d,'uoted by <Il and 6J' respectivl'!y. i.e.,

• '1'<Ill (n) ,- sup {IIkllL: k E S" (lml ~u(k)(t) = 0 'VI E [ta, ta + Tl}

= snp {II~'IIL: ~. E S" nNlLll (p[to,to+1')~u)}.

(2.28)

(2.29)

Thl'Y arc "quivalent ta the lirniting case inherent errors when the signal ta noise ratio

tl'nds to infinity.

2.3 Gel'fand n-Width and Time n-Width

ln the noise-frec case. the inherent erraI' optirnized over ail inputs depends on the

Il'ngth of the interval. and corresponds ta a notion of n-width which we introduce

hl're as follows.

Definition 2.2 Fol' (l ny 71 E ~+ (lnri (ll'bitml'y to E ~, the time n-wirlth is riefineri

•
lJ.':;

" . {infueU 08(U)o (S", L) .=
IIS"IIL.

71>0

11=0
(2.30)
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.-\11 ol'Iillla{ ill'"1 i" I{" 011' fo,. /l'hi,.h 1/" iOjilllll1ll ill (.l.,III) i" a/loio,,{. i,l .. ,1;;(11"",)
0" (S",L).

(Sinn' t.1\<' input i, optillliz,', ()\'pr a ,,11,,1"\('1', il, nla!\nilu<1,' Ill"." \'" unil"nllll,',\.

0" i, eqni,'aknt. 10 t.1\<' opt iilia1 inh,'n'nl "rl'<lr wi1il \'on n<1"<1 noi,,',)

ln t.he ddinit.ion o[ lilIIf II-midlh 0", Ihp ont.pnl ol"pl'\'al ion inl<'rl',,1 [1",/" + 1/) j,

l'iewed as being fixed, and Ihe inpul a, \win!\ opt.illlizp<1 fol' 1hal inl<'rl'a\. 'l'II<' inpnt

i, allowed t.o ,t.arl prior t.o t.he ob"'I'\'"t.ion int.pl'\',,1 fol' Ihp followin!\ t.hn'p n',,'''n'

(i) ln on-line ident.ificat.ion o[ a t.inH'-illl·"ri'lnt. 'Y''''ln, t.11<' inpnl pa"1 pri"r 1" 1h,'

st.art. of the ident.ification i, n,ually unknown, ln t.hi, ca,p, \.Ill' ,nlipui l'an 1",

split into two parts. The fir,t part i, tl\<' l'l'el' n"pon,,' of t.11<' ,y,I,'nl 1""1,,'<1

by the initial condit.ion at lu, The ""'ond i, t.he ont.put. PI"'''IIl·p<1 ily 1\1<' inpnt

al'tel' lu. Since the initial condition is not. known, Ih,' [l"'" n"p'>lI''' alf,'('\, III<'

observation as a disturbancc, which l'an be qnit.e lal'ge at. t.1l<' Il<'ginnin!\ o[ \.It<'

idèntification. However. if t.he impulse l'es l'onse o[ t.he 'yst.eln <1pcay, \Vit.h t.int<',

this disturbancc eventually becomes slllail. ln t.his case, t.hen' i, t.1l<' [rl'l'<1Oln t.o

design the input prior to the start. of the observat.ions of (t.he "'f'Ond part. of)

the output.

(ii) In adaptive control, there is frequen\.ly t.he opt.ion of adding ddenninist.ic f'Olll

ponents, such as almost periodic functions, t.o t.he inpnt. t.o ['tc.ilitate idenlifica

tion. Observations of such components on a lime int.erval [tu, lu +'l') wlllplddy

determine their past prior to lu, which l'an be considered as "known" [or t.lte

purpose of the experiment. The question arises as to wl",t.her an appml"'iat.e

choiee of such a prior excitation can irnprove identification speed, '1'0 l'l'solve

this question, wc allow the inputs to start prior t.o the observat.ion int.'~rva\.
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(iii) Inl'"t, which ,tarI. l'rior 1.0 tlll' ohs"r\'ations will pla)' a roll' ill "mo\'ing window"

;H1al'ti\'" control of tinll' \'al'ying syst"m, (sel' Chapt"r 8 fOI' details),

Actllally, in 011 li,1l' id"ntiHcation the inpnt is s"'dom complet"'y free 1.0 be opti

,niz"d. Th" point of Hnding opt.imal inpnts for fast. ident.ification is, l'at.her, 1.0 pro\'ide

low"r hOllnds and an id"al against. which act.nal input. ensembles can be compared,

and towards which t.hey can event.ually he modified, e.g., by the introduction of a

dit.lll'r signal.

The time n-width chamcterizes the time complexit.y of the data acquisition pro

cess. It. is t.he best achievable inhelenl. error with n consecutive output observations.

Th" inv"rse of the Ume n-widt.h function gives the least time needed 1.0 reduce the

inh"r"nt l'l'roI' t.o any specified level.

Th" opt.imal input. for 0" t.ypically loses it.s opt.imality when shifted in relation

t.o t.11l' ohservat.ion int.erval. When the observation interva! is not fixed in relation 1.0

t.h" inp"t., 0" gives a lower bound which may be unattainable. In particular, in the

adapt.ive cont.rol of slowly t.ime-v:.rying systems, the identified model is periodically

IIpdat.ed on t.he basis of measur.mlCnt.s from the recent past, and ,the model is then

nsed t.o update t.he feedback law as in [58]. The observation intervallies in a "moving

window" of constant lengt.h which advances in relation 1.0 the input, and a single

input. must. t.herefore be effective for many intervals. For such cases, we introduce the

second n-widt.h, 0", which is the opt.imized shi ft-invariant inherent error. It provides

a henchlnark for t.he comparison of suboptimal input ensembles, whether free or fixed.

Definition 2.3 The shift in/Jal'iant time n-width is defined as

•
- { inf eU li"(u)0" (S., L) := U a

IIS.IIL,

Ohviously, 0" (S., L) ::; Ô" (S., L).

n>O

n=O
(2.31 )



• Chaplt'r 2. Fa.... l. Idt'nt.ilirat ion and Md rie' COlllp1t'xity

0" is th" b<'st arhi"\'abl" inh"l""nt "!TOI" on 1In in!<'I"\"1I1 of knp;th Il I\"h,'n 1h,' loca·

t.ion of tll<' int.erval is not. fix"d. lt. d"scrilll's tlll' p;loh1l! tilll",colnl''''xity of tlll' d1l11l

acqnisit.ion l'roc<'ss.

The tinw n·l\"idt.h is bounded helol\" hy t.1l<' G,,!'f1lnd u-widt.h und,'r llIild l"lluditions

(see Chapter a for details). In llIan)' ca,,'s th,'s" two u-widt.hs l"ll1l"'sn·.

Definition 2.4 Lei L be a nOl'mrd /illnll' "I)(Ire "nd S" 1/ .,,,bsri of L. Th (,' .. l'fil/"I

n-widlh of S" in L is gilJrn by

(:Ll~)

•

•

where Ihe infimmn is II/ken ove,' al/ snbsJl"ccs L" of L of c()(limr:nsion Il. ,\ .,ut"'I""·"
is SI/id 10 be of codimension n if Ihrl'c exisl n indqlcndenl bOllndcd lin"Ill' f"u ri ion ai.,

fI, ... ,fn such Ihat Ln = {k EL: fi( k) = 0, i = 1, ... ,7/.}. If Ln i., a .,,,b"I"II'l' of

codimension at mosl n fol' which d" (Sa' L) = sup {Il kllL : /,; E S" nLn}, Ih,," Ln is

cal/ed an optimal subspaee fOI' the Ge/'Jan.tl n·widlh d" (S", L).

The-Gel'fand n-width can be seen as the optimized inherent elTor wheu ident.ifica

tion is based on n arbitrary linear measurements, wherea., in the Ci"'" of t.he n-widt.h

on these measurements are restrict.ed to be n consecut.ive out.put. values. The Gd'fand

n-width characterizes the experimental complexity of an ident.ification prohlern. The

inverse of the Gel'fand n-width gives the Jea~t. number of rnea'lIrCll\ent.s neeclecl t.o

reduce the. uncertainty ta a predetermined value.

The properties of the t.ime and Gel'fand n-widths and the relation hd.weell the

two will be delineated in Chapter 3. Estimates of thesc n-widths for a da.~s of a priol"i

data sets will be given there.
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2.4 Optimal Affine Representation and Kolmogorov

n-Width

(:"Il<'l'1llly sp..aking, Inodel sp{, opt.imi~ation over ail n-parameter 1lI0dels is a difficnlt.

prohl"llI. In t.his t.hesis, we l'l'strict. omselves to affine models, i.e., finite dimensional

.",hspaœs of L. Affine llIodels, particular!y Laguerre models, have hccn uscd in both

id..nt.ificat.ion and adaptive control. Sec, for exmnple the papers by Belanger et al [60]

and Gnllnarsson and Wahlberg [16].

Ily th.. ddinition of l'l'presentation el'l'or (2.1:3), the minimum representation cl'roI'

of S" by a n-dimensional snbspace is

•
d" (S", L):= inf dist(Sa,X,,),

XncL

This is ..xact.ly t.he Kolmogorov n-width of the a priori uncertainty set Sa'

(2.33)

Definition 2.5 The n-width, in the sense of Kolmogorov, of Sa in L is given by

d"(S,,, L) := inf SUI' inf IIk - gllL,
X n keSa gEXn

where Ihe injimllTn is laken over ail n-dimensional subspaces ofL. If

d,,(Sa, L) := SUI' inf IIk - gllL
keSa gEXn

(2.34)

•

for sOllle SllbSJlllce X" of dimension al most n, then X" is said la be an optimal

SllbSJlIlCC for d"(S,,, L).

The optimal subspace gives the optimal n-dimensional affine model fol' the uncer

taint.y set Sa'

The Kolmogorov n-width characteri~es the l'l'presentation complexity of an identi

fication prohlem. The inverse fuuction of d" was called the melric dimension function
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•

by Zi:\Il1<'S [n2} and vit'wpd a:-; an appl'opriatt· l11<'aS\1\'(' of llH't rie nJlllplt'xit.y ur \lllft'r·

tainty sets in fe,'dhack syst<'ms. II, is th" dinH'nsiun uf Ih<' smallPst sllhsl"H'(' whlls,'

c1emellt.s IU'e ('al'ah1<' of al'proximating arhitrary l'"inls uf tlu' a l'rillri data sl'! S" III

a sp<'cified toleranCt'.

Each one of the tlnee notions of n-width, 1."., I\ulmugurm·. C"l'fand, allli !.illl<'

n-widths, describes the romplt'xity of a distin('\. as l',.('\. of '"I id"ntili('atiun l'I'llhl,·nl.

None of them describes the ('ompl<'xity of '"I id<'ntili('atiun pl'Ohl<'nl 1'011l1'\,·l.<'ly. \lllW-

ever, il, will he shown in Chapter :l that in many sp<'('ia! '·a't·s. th,'y t'Oillt'id,· alld

thercl'ore can used interchangeahly.

2.5 The Optimal Worst-Case Identification Error

Using Proposition 2.1, wc l'an gel, upper and lower hOlllHls of tilt' ol't.imal worst.

case identification error in terms of time n-width anel KolnlOgorov n-wielt.h. wit.h tilt'

bounds different l'rom each other only hy a factor of thr"".

Propmùtion 2.2 Unrler AssumpUon l, Ihe opl.ima[ noi,w:-fl'{;f 'IIIm'"I-c(I,,,; ùlt-nlijim

lion e/TOI' has Ihe fol/owiny [owel' anrluppel' bounrls,

max {OT(Sa,L),rln(S",L)} ::; inf
ueU

inf eT (u, X,,) ::; :1 max {OT(S,,, L), tl"(S,,, L)}
XncL

( '1 'l')~.' ,)

•

Proof Take the infimum of the quantities in (2.14) over allu E U anel X" in L.

o

If riF (Sa, L) ::; 0'1' (Sa, L), then the optimal worst-case idcmt.ifical,ion l'l'roI' is

bounded below by max {cf1'(Sa, L), rl,,(Sa, L)}. It will be shown in Chapt.er :l t.hat.

if the a priori identification l'l'roI' set. ha~ a certain propert.y of monot.one e1ecrea.~e,



• (~hap1.l·r ~. Fast. Idf~lIl.ifiralioll and Metric Complexity

1.111'11 1.111' IlIilXilllllll1 of the two II-widths is illso illl IIpper bound, Le.,

(2.:16)

•

Silllililrly, t.he Opt.illlili shift.-invilriilut worst.-case ideut.ificat.ion eITor Ciln be ex

pressed iu t.enus of t.he shift-invariilnt. t.ime u-width and Kolmogorov n-widt.h as fol-

I"ws

nHlx{01'(S",L),d"(S,,,L)}:S inf inf e1'(lt,X,,):S 3max{iV(S",L),d"(S,,,L)}
uEU XIIcL

(2.37)

l'l'Oposition 2.2 est.ablishes the relation betwecn identification speed and metric

cOlllplexit.y of the a priori dat.a set measured in the Gel'fand, Kolmogorov, and time

n-widt,h~. It. implies t.hat. t.he lengt.h of time needed to identify a system to a given

t.olerance is pl'Oport.ional t.o t.he met.ric complexity of t.he a priori data set. These

n-widths hilve becu comput.ed by the author and others [57, 48, 29, 38] for certain

special cases of t.he a priori dat.a set. using various ad hoc met.hods. These results

arc summarized in the following examples. In Chapter 3 they will be derived from a

single monotonicity priuciple, which will lead to exact estimates for sorne new data

set.s.

2.6 Several Examples

ExampIe 2.1 Let U = y =eoo
, n > 0, C > 0, and 0 < r < 1. It can be shown that

(i) if

(2.38)

•
t.heu

(2.39)



• Chapter 2. Fast Identificat.ion and ~It'l.rir Compll'xit.y

(i i) if

(:l.·IIl)

then

(:l.·11 )

•

ln (L) and (ii) L = (1[0,00). In the next two caHl'S L is \.Il<' \vit'n<'l' al~l'1>ra, i.<'"

the HOO-normed algebra of funet.ions in H'" (/J) with FOlll'it'r <'o"'lit'it'nts (l'l'stl'i<'t<'d)

in (1 [0, 00)0

(iii) if

5", = {I/(=) E H'" (/),-1): 1I1111"'r' ::; C},

then

dn (S""L) = d" (S""L) = 0" (S""L) = Cr";

(iv) if

5", = {/l(=) E H'" (D): 111/'11",::; Cl,

where /l'(=) denotes the derivative of Il, then

dn (S." L) =dn (5"" L) = 0" (5"" L) = Cln.

In each of these examples, the optimal affine model is t.he FIR mode! L" :=

sp{l, Z,. 00' zn-I}, t.he l opt.imal subspace of codimension n for t.he GeI'fand n-widt.hs

is Ln = {k EL: k(r) = 0 "Ir E [O,n)}, and t.he opt.imal input. is a unit. impulse

applied at the start of the observation interval. Moreover, t.hi. FIR model and t.he

impulse input form an optimal model-set.-input. pair for minimizing t.he WOl'St.-CiL~(:

identification error cT (u, X n ), and for each Sa;, i = 1, 0•0,40

•
inf inf CT (U,Xn ) = maX{d'r(Sa;,L),dn(Sa"L)}.
.EU XnEL

1By the usual abuse of notation, i denotes the i-th power function in H"".

(2.46)
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Example 2.2 1J,,,11'" t.11l' ilSSlIllIpt.ions of EXil1llp11' 2.1,

'1' '1' . '1'IJ (S"" L) ::; IJ (S"" L) ::; 0;0 (S"" L),

whpl'(' ni = 0'2 = ll':1 = 2 and 0"1 = 7r. For each SUI' i = 1, ... ,'1,

{ 'l' } l'llIax il (S""L),il"(S",,L) < inf inf c (u,X,,)
ItEU XIIEL

< :3 max {o;([1'(S"" L), d"(S",, L)},

:10

(Vii)

(2.'18)

(2.'19)

•

•

ln t.hl's(· l'xiUlIples, t.here is a loss of accuracy whenever t.here is no freedom t.o

posit.ion t.he observat.ion int.erval advant.ageously, but. t.he loss never excccds a faetor

of 7r.
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Chapter 3

Estimation of Time, Gel'fand, and

Kolmogorov n-Widths

As shown in Chapter 2, the resolution of the fast identification problem involves the

estimation of the various n-widths of the a priori data set. Ali of the cases in Exal1lple

2.1 have certain properties in common, e.g., that the optimal input is an impnlse al.

the start of the observation interval, that the n-widths equal the norm of a truncated

impulse response, and that the impulse responses in the a priori data set drop off

with time. It seems natural, therefore, to seek a common principle from which these

n-widths could be derived, which is what we propose to do next. We will obtain a

principle based on a property of monotone decrease of these data sets. For such data

sets, the optimal worst-case estimation error equals the maximum of the n-widths in

Gel'fand and Kolmogorov senses, the optimal input is an impulse at the start of the

observation interval, and the optimal affine model is an FIR mode!. The daims as to

the shift-invariant time n-width in Example 2.2 will also he proved.

The material in this chapter have been published in [24, .58, 23] .
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3.1 Generalization of Time n-Width

'1'1 ... II-wi<lt.h 0" cali 1,,' "Xt.,,"<1,,<1 t.o 11101''' gell"ral c1ass"s or op"rat.ol's as ro\lows, Let.

El,,· a 1101'111,,<1 liI ...al' spac" or t.h,· rUlldiolls J: 1J, -> lR which is iuval'iaut. uudel'

t.h" hilatel',d shirt. T : E -> E, (Tf) (1) := .r(l - 1), and invariant undel' t.he t.ime

reversai involut.ion 1"(1) := J( -1.). Let L be ail)' subspace or (E)", t.h,· dual space

or E, i.e., L cOllsist.s or hOUllded lilleal' rUlldiollals 011 E. Suppose furt.hel'mol'e t.hat.

L is a lIol'lIIed spac" or rUlldiolls l'rom 1J,+ t.o lR. Ir U is a suhspace or E, theu l'or

S" C L 0111' pl'evious dcfillit.ions or t.he n-widths 0" (S,,, L) and 0" (S,,, L) l'l'main valid.

It shollid b" not"d that the nol'm on L ma)' be diffel'ent l'rom the nOl'm on the dual

of E, and U cali be an)' subspace of E, e.g., E = f2( -00,00), Il . ilL = Il . IIH~' and

U = 8p{lLhIL2""'Il,,} C (2(-00,00).

'l'hl' lIext proposition gives a shift invariant property of 0".

Prop09ition 3.1 [JU is ilwU1'ianl uncie1' lhe bilaleml shiJI ancilime-1'eve1'sal involu

!ion. (i,e., IL EU=> T(u) E U lL1uL (u)" E U) lhen 0" is inciepencienl oJ lhe Localion

oJ lhe obsenm/.ion inlerval, la. '

Proof To express the dependency of 0" and 08 on la explicitly, wc denote them by

O"(lu) and 08(u, la) respectivel)'. It wi\l be shawn that 0"(10 ) = 9"(0) Vto E 1J,.

B)' definition of O"(lu), "If > 0, 3u E U such that

(3.1 )

•

Since 6"(u, lu) = IlS" nNulL (p['o"o+"l!f!u) ilL, and

NlllL(P['o .•o+,,)!f!,,) = {kEL: Ek(T)U(t-T)=OVtE[tu,to+n)},

= {kEL: Ek(T)U(tO+t-T)=OVtE[O,n)},

= NulL (p[O.,,)!f!T-'O("l) ,
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we have

o"(u, tu) = o"(T-10 (11),0). (:I.:!)

Sincc U is invariant umler shifting and time reversai, Il E U '* T-10(II) E U.

Therefore,

0"(0) ::; o"(T-10 (u), 0),

= 0"( Il, ta)

< 0"(10) +{ (by (3.1 )).

This implies that 0"(0) ::; 0"(10) as ( is arbitrary. The proof is cOlllpleted hy showin~

(1"(0) ~ 0"(10 ), using a similar argument.

o

It should be noted that, although 0" is shift invariant under the conditions of the

Proposition 3.1, it can not replace 0" as a measure of the time cOlllplexity wh'm the

time location of the observation is not fixed. The invariance of 0" only means that

if an input is optimal for one fixed interval, then when the interval is shifted, the

optimal input for the shifted interval is the shifted input, which will stay in the set

U of admissible inputs if U is invariant under shifting and time reversaI.

3.2 Relation Between Time n-Width and Gel'fand

n-Width

The n-width (1" is related to the Gel'fand n-width, a standard notion in metric com

plexity theory, and with sorne restrictions 0" is bounded below by the Gel'fand n-width

as follows.
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Proposition 3.2 IJ Il,,n ,.ri"I".\ > Il ""I"h Ihal IlkilL ;::: ,\IIÂ'IIE' JOl" ail k E S". Il,, a.

J"I" 011 U CE,

d" (S", L) :::; 0" (S", L)

l'roof Fol' allY a E D, wl'it." IL; = '['-'Il", which is in E undl'I' our assumpt.iou t.hat.

U C E and E is cios"d nnd,,1' '[' aud t.imc'I'evel'sal (.)', lt. will b" sbowu latel' t.hat.

und.,1' t.1\l' hypot.h,'s"s of t.h" pl'oposit.ion, t.hel'e exist.s a sllbspace SeL cont.aining

t.h., a pl'iol'i unCl'I't.aint.y sPI. S" alld wit.h th" propel't.y that., fol' each IL E D. thl' SUIll

}-:i::;1l Â:(I)IL;(I) ddiu"s a lin"al' fundional bounded in the L nOrlTI on S. Now, let. L"(Il)

\)(' I.\\l' spal'<' consist.ing of those 1" E S which lie in t.he intersedion of the null spaces

of t.h" funct.ionals det."rlnined by the Ili, i = 0, ... ,11, - 1. L"(Il) is a subspace of

codiu\l'nsion Il in S, As d" is by definit.ion an infimum over ail spaces of codimension

11,

(:lA)

Since (:lA) holds for allu E D, the infimum 0" of the left side of (:3.4) over u, satisfies

0" (S",L) ;::: d"(Sa,S), (:3.5 )

Now, using t.he fad that every bounded linear fundional on Scan be extended t.o

a bounded linear fundional on L with preservation of norm, (by the Hahn-Banach

Th"orem,) it is not hard to show that d" (Sa' S) = dn (Sa' L) [:38J, The proposi tion

follows,

It. remains to show the existence of such a subspace S, Put

S := {k EL: cl" E Sa, fOI' some cE m}. (:l.6)

As S" is a convex set which contains the origin, S is a subspace. Because SeL c E",

1/; E E defines a linear fundional on S bounded in the E" norm. Since IIkllL ;::: .\lIkIlE'
for ail Â: E S by hypothesis,

• 11l;(k)l 11l;(k)1
sul' < sul' .
keS IIkllL - keS .\lIkIlE·

(:3.7)



•
'l'h'·I·,.[on·. III<' fllllctiollaioll S ddill<'d hy Il is also hOlllld"d ill III<' L 1101'111. alld ~ Iii"

th,' Pl'Op'·l'ti.·s dailll<'d.

II

'l'hl' folloll'illg "x,lI11ples illdicat.· that III<' ('ulldit.ioll ill Propositioll :I.:! is Illild.

Example 3.1 (i) If E = (·...·(-00.00) alld L = ('I[ll.oo). 111<'1I t.11<' ('ollditioll

•

•

ill Proposit.ioll :1.1 is sat.islil'd fol' ail ('Oll"t'X allcl s,l'mlll<'t.l·i(' sllh,;l'Is of L. as

(ii).lf Su is cOIlt.aill<'d ill a fillit.e dimt'lIsiollal sll1>spa('(' of L. t.hell III<' ('oll<lit.ioll

in Proposit.ion :1.1 is sat.isfied fol' ail E and L. as ,dl tll<' 1I01'1I1S are e(l'li",d(·IIt.

on a finit.l' diml'nsional space. 011<' t.ypi('al exalllple of t.his is t.h<' ('as<, 1l'11<'n

U = E = f"'(-oo.oo).Il·IIL = Il'IlHw, allli Su = ,,l'{I.=..... =''}.

3.3 A Set of Monotone Decreasing Systems

Ali the data sets introduced in Example 1.1 are monot.one d<'CI'easing in a ('(·l't.aill

sense which will now be made more precise.

By the nanTI IlSIlL of any sebset S of L we mean IlSIIL:= snp{lll:IlL: l: ES}.

A subset S of L will be called monolone dec7'erLsing if given any lixed illt.el·val [1", l,),

the norm of S intersected with any sllbspacc of fnnctions of L Imving sllpporl. 011

a (variable) subinterval [l~, l~ + i) of [la, II) is monotone decre'L,illg ,L' l~, illtT"'L,es.

A somewhat more gcneral property than monol.onicil.y of S reqllires Il,,, pn:violls

statement ta be truc only fol' subintervals of lellgl.h i ::; '1, ill which (:;L'" S will 1",

called '1-monotone decreasing. We will now deline these 1I0l.ions of rrtollol.ollicil.y Illore

formally al'tel' introducing sorne notation.

For sets SeL, we shall wish ta considcr suhset.s of flllldions wil.h sllpporl.

restricted ta an interval, and introducc the
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Not.at.ion /'(11' 1I11!J."lb."1 5 IIfL. 51(1,.1,) d, 1111/'.' /1" "lb."llIff"I,,·/illl., IIfS Il'ilh

.' "f1llOrI ill /1" illl, l'l,"I [t ,. /,) IIf'O.. i.'" 5 1111,t,) := 5 nPIII.I,)S' /'(1/' Il "t/ IIf Ih, flll'/II

Silo"Il)' (1 p.,'HP/ioll i.... il.-; i"/fl'.'i((,/iOll !l'ilh fllIY 1'.,lilIIt 1ISiOl1UI /lb ... /Ul('( of LI[o'IIl)' ..t

/Ili/ /J-."i,diOIl ojShll,m) i... tlH illlf,...Hdioll of S Il'i/Ii !hrl spa" p {:fIl- p
•.... :III-I}.

Definition 3.1 Su wili ,,, l'alird '1-1111111111111" d"'I'IIISill!!. 1 ::; '1 ::; x. if "" l'!J fI-

,..;tdiOll X,) ill S"Iio.fII) ...alisJit:s

"'/""1""'1' 1 ::; fi < 111 < 00. l'::; '1 ::; 00. (lia, 'SI is slIIa/",,' /hall S," III III liS Iha/

III ot.h('\' words, in any sllbset of the fOl'ln Su lIo.m)o the smallest l'-sectioll is the lail

l'-SeCt.iOIl and this is t.l'1Ie for ail /1 III' to some q.

3.4 .Estimation of Gel'fand n-Width

ln t.his sect.Îon, wc estimate the Gel'fand n-width of a q-monotone decreasing dat.a set.

and give severai corollaries which cover the results given in Example 2.1.

Theorem 3.1 /f Ih, Il l'l'iol'i .5e! Su is q-moll%ne decl'easiag, (1 ::; '1 ::; 00.) Ihell

Ih, Gd,!aad 1I-lIIidlh du has bOlLllds

:\lOl't:tJl-'t'1'. if

Ihrll d" (5", L) = IIS"II".oo)IIL, alld the slLbsl'ace L~p, = {k: k(i) = 0, i = 0, l,. _., il

I} is 0l'Iillla/ ford".

1By t.lle u8unl ahuse of notation, :i denotcs the ;-lh power fUllction in HN
.



•
Proof 'Il) show th" 1011'1'1' I>olllld ill (:L~). lix /':S II. /' "- ,"", Ily ddillitioll ,,1' d'O.

,/" (5".L) = il\!'I15" n1." ilL

> il.lf 11 5 ,,1I0'''+l'l ni." l[o'''+l'lIlL

(:L III)

F\.I 1)

•

lt will 1", shawn t hat fol' any 1" 1." IIU'''+I') is a SIll>Sp,\(·" of Lllu'''''l'l with di"H'n

sion gf'('atl'I' or <'quai ta l'. 'l'hl'I'l'rof'('. hy ddinition or l',sl'cl ion, II/(' IH"lndal'Y or

5" lIu'''+l'l n/)' l[o."+I'l is eitlwl' a l'·section DI' ('onl.ains a l'-sl'('tion. It will folio\\'. 1>,1' II/('

monotonicil.y of 5", thal the last 1,{'rll1 in (:LII) is not ll'sS than 115,,1["'''+l'llll,' gil'ing

the lower bound of (:1.8) for ail finite l', l' :5 q.

Ta sho\\' lhal dim (1,"110.,,+1')) ;::: l', Wl' Iloticl' that

where Ji 's al'e the funct.ionals defining /)'. l'ut

F=

f.,(O) J,,(n+p-I)

(:\.1 :1)

By (:3.12), we hal'e

1." [[o.,,+p) = {k EL:
,,+p-l }t 1',

k= ~ k{l)z, (k(O), ... ,k(n+l'-I)) E NlIl/(l') .

(:1.I·1)

•

Il follows thal dim (L"I[o.,,+p)) = dim(Nlll/(F));::: T'.

The upper bound is achieved by laking 1," = L~I'" Wh"n th" UPP"I' IJOnnrl '''I"als

lhe lower bound in (:3.8), lhe optimalily of L~p, 1'011011'5 frolll 1,1", rI.,finition of If".

o

The eslimates of Gel'fand n-widlh described in Exarnple 2.1 al''' "st.aillisl",,1 ily

the following corol!aries.
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Corollary 3.1 (,,1 J E ("[o. oc) b, 1/ /IIollolmlr riu'I'II/.'ill!J po"ilh', JIII/dioll. IJ

(:1.15 )

•

•

I/Ir' Il

ILl/ri '",. "ub"/)(U,( (,;;", = {k: I.:(i) =0, i =0, l, ... ,II - I} i" oplim,t/ JOl' d".

Proof It. will h" showlI t.hat. S" is oo-mollotone decreasing. For t.his it. is enough

t.o show t.hat. fol' any posit.ive integers ]l < III < 00, which will be held f1xed in

t.h" pl'Oof, if M is 11. ]l-dimensional subspace of 8]l {l, z, . .. , zm-' }, then the ]l-section

A := Mn S" I[o,ml of the set S" ho,ml is not smaller than the tail IJ-section S" [[m-p,m):

i."., t.h"r" is a fllnct.ion I.: E A sllch t.hat

(:1.17)

wher" II, [l,. denot.es t.he C' nmm, and the last identity holds because S" is c10sed under

l,rllnnttion p[m-,>,m)' It will be shown that in fact there exists k E A which touches.
t.he houlldary of A at ]l points at. least, i.e., there exist Tl: T2,"" Tp in the interval

[0, J1I) al, which II.. (Ti) 1= IJ (Ti) l, and Ik(T)I ::; IJ(T)I elsewhere in the interva! [0, m}.

Such a I.. clearly has the requisit.e propert.y (3.17) because J is monotone decreasing.

It.s exist.ence will he established by induction on the number of points touching the

boundary.

Let. k, he a non-zero vector in M. Since J is positive, there exists a constant

IL E IR. such t.hat. llk! E A and llk, t.ouches t.he bounùary of A al. 1 point al. least, say

at. T, E [0, ml. Suppose, next., that for some integer i, 1 ::; i < p, there exists ki E A

which t.ouches that boundary of A at (Ieast al.) i points, Tl: T2,"" Ti in [0, ml. Let us

show that. there exist k'+1 E A which touches the boundary al. (least al.) i +1 points,
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Illation \\'ho~(' Inatrix n'pn'~('llt,{\t,ioll l't'latin' t.ll this basis is

1'1 (Td

1'1 (T;)

l'" (TI)

1'" (Ti)

•

For i < /" Null (V;) =1 o. Let :l~'i =1 0 \)(' allY rllllct.ÎolI ill N 1111 (V;). 'l'hl'II J.~', E M

alld ki + aè>~'i E M roI' ail a E IR. Silice by t.his l"OlIst.rllct.ioll J.ki (T,) = li. .i =

1,2, ... , i, ki + aè>ki will stay 011 the bOlllld,u'y or A al, TI, T~, • ••• T, ror ail Il E Ill.

Silice è>ki =1 0, ki + aè>ki =: ~'i+1 mllst tOllch the bOlllldary or A at SOIlI<' poillt Ti.,. 1

in [O,m) roI' some value a E IR, i.e., Ik(Ti+tll = IJ(Ti+tll, alld Ti+1 =1 TI.T~ ••.• ,Ti.

Thus ki+1 touches the boundary or A at (Ieast al.) i + 1 poilltS, and has t.lI<' I"<"plisit(,

properties.

Sincc

lim IIS.lln n+,,) Il,. = lim l!Pln n+I,)UlIl,. = l!Pln ",)U)II,.,p-oo' p-oo' .

the identity (:3.9) applies. Thererore, the Ifteorcm illlplies that ri" = Il p(",,,,JC{)Il " ,
and the subspace L~Pt = {k: k(i) = 0, i = 0, l, ... , n - l} is optimal.

o

Corollary 3.2 Let J E (1 [0, 00) be fl monotone deaeflsing Jlosilille J1l1u:lio7/.. IJ

•

then

dn (S.,(I[O,OO)) = J(n),

flnd the SUbSJlflCC L~Pt = {k: k( i) = 0, i = 0, l, ... , n - l} is oJilinUlI J01' dn
•

(:I.I!))

(:1.20)
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Proof WI' wil1)lI'ov(·l.hal. 5" is )-lIlollol.olle d'·<Teasillg. Fol' I.his il. is ellough 10 show

I.IIi1I. ('VI",' houudal'y fuucl.iou ill 5" IIO.m) is Ilot less than the I.ail funclion A'm delined

hy

km(i) = { 0
J( 111)

i i' 111

1 =111

(:1.21)

•

•

Ld A' E S"lIo.ml he a honndary funct.ioll, i.e., L:~oIA:(i)IJ-l(i) = 1. Then, as J is

1iIOIlOI.00U' (Iec)'('ël.sillg,

m

IIA:II'I ~ f(lII) L: Ik(i)WI(i) = J(m) = IIA:mll·
i=o

Thus 5" sat.islies the lIlonotonicity hypothesis ill Theorem 3.1.

'1'0 show that the idelltity (3.9) holds, i.e., IlS, Il'''''+1)1111 = 115" 1[".00)1111, it is enough

1.0 show that 115" Il,,,,,+1) Il,1 ;::: IlS" Il...00) 1111 • Let k E 5" 1[",00)' As J is decreasing and

Li,;.. IA:(illJ-I(i) ~ l, wc gel

00
IIkll l l ~ J(n) L: Ik(i)W t (i) ~ J(n).

i=n

Helice, 115,,11...00)1111 ~ J(n) = IIk.. lk ~ IlS" IIn...+1) 1111, as kn E S"I[n.n+I)'

Thercfore, d" = 115,,11"'''+1)1111 = J(n) and the subspace L~Pt = {k : k(i) = 0, 1 =

0, l, ... ,11 - )} is optimal.

o

A slightly dilferellt version of the next proposition is a standard theorem in [38,

Thcorcm 2.1, p.250] which can be deduced from our common principle.

Corollary 3.3 [,eI L be the Wiener algebm, i.e., the Hoo-normed algebm oJJunetions

in Hoo (D) with Fourier coefficients in el [0, 00). Let 0 < l' ~ 1, 1 ;::: 0 and 1 i' 0 iJ

l' = 1. IJ

(3.22)
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tI" (5(1',1), L) = { IIS(I',I)IIL
(u-1)1(',.II_1

fi!

Il < 1,

Il;::1.

Ill/d lite S/lbspIlC( L~", = {A,: k(i) = 0, i = 0, 1, ... ,11-1) i., oplil//11l.

Proof The proof is t.rivialwhpl1 /1 < 1. Wc pl'O\,{, t.his cOl'OlIary for Il ;:: 1. 5(1',1) is

l-monot.one decreasing, i.e., every bonndary vedor in 5(1" 11I11I,"1 is not. 1.,,, t.lliIll t.h.,

t.ait vedor k.. defi ned by

This fa~t. follows fl'Om a t.hl'orem in Pinkus [:18, Tlworelll :1.1, p.:1!ill] which inlpli.,s

t.hat S(I', 1) ho,..) contains an + l-dimensional Hoo bail of mdins (":?CI·"". That.

radius l'quais the Hoo norm of k,,, which in tUI'll eqnals IIS(,·,I)h",oxoIIlL. SiliCe A:"

as defined in (3.24) is in S(I',I)h","+I)' IIS(,·,I)h..,ooIIlL = IIA:.. IIL = IIS(r,I)I,,,,"+IIIlL'
•

{

0
k.. (i) =

(n-I)! (' .71-1
1 ·1... 1.=11

It follows that. idl'ntity (:3.9) holds. Thercfore, cl" =

L~PI = {k: k(i) = 0, i = 0, l, ... , II. - l} is optimal.

(n-/)!c.,·n-I ilnd t.lw slll)SI)iU'(~...

o

•

3.5 Estimation of the Time n-Width

Invoking Proposition 3.2 and Theorl'm 3.1, wc obtain an estimate of t.ime n-widl.h of

a q-monotone dl'crea~ingdata set.

Theorem 3.2 Let E = U = foo( -00,00). If lite a ln'iori sd 5" i.~ q-mOlw/on"

clecreasing, /hcn the n-width 0" Iws bounds



• (~halll.l'r :1. Est ililatioll of 'l'jllll', ( ;f'! 'rand, and KollllOgorov 11- \Vidt.hs

(:3.2(i)

•

1/",,, /1" (S,,, L) = d" (S,,, L) = IIS"I[n.,-,,)IIL, and It/I impulse al Ihe .<la1'l of Ihe o'bsel'

",tlio"i"lr'1'lJIL! i.< optimal fol' /1".

Proof 'l'II<' I.h""relll l'an he proved by invoking Theorem :3.1 and Proposil.ion :3.2.

The npl"'" honnd in (:1.25) is achieved by taking IL 1.0 he an impulse al. t.he stal·t

of t.he ohs,,,·val.ion int.erval. '1'0 show the lower bonnd in (:3.25), wc notice that. fol'

ail l' ::; 'l, l' < 00, /1" (S,,,L) :::: on (S"ilo,n+I,),L). Since S"ilo,n+p) is contained in a

finit.e dimensional suhspace, and in such a case the hypotheses of Proposition :3.2 arc

anl.olllatically fllifilled, on (S,,,L);::: dn (Sailo,n+p»L), by that proposition. Sincc S" is

1Il0notone decreasing hy hypothesis, S"ilo,n+p) is al50 monotone decreasing. Hence by

Theorelll :1.1 0" (S,,,L) ;::: IISal[n,n+I,)IIL' Noticing that the above inequality holds fol'

ail finit.e l' ::; 'l, we gel. the lower bound in (3.25). When the upper bound coincides

with lower bOllnd, by Theorem 3.1 on = d" = IIS"iln,oo)IIL, and the optimality of the

ill1pnlse follows from definition of 0".

o

The CHt.ill1ates of time n-width described in Example 2.1 are established by the

following coro!laries t.o Theorem 3.2, which fo!low immediately from the coro!larics

1.0 Theorem :1.1.

Corollary 3.4 Lcl E = U = (00(-00,00). If Sa is as defined in Coml/ary 3.1, then

(3.27)

•
1Ind the optimal input is an impulse at the start of the observation intervai.

Corollary 3.5 Le/. E = U = (00(-00,00). IfS" is as defined in Corol/ar1l3.2, then

(3.28)



• Chaplt'r;\' Estilliation of TillH', Gl,('fand. l\1hll\olmllgllrm' II-\\'idths

alllllhl'oplilllai illplll i" 1111 illlplIl",. III Ih .,la,.1 of Ih, "b."I"·lIlioll illl"'·I'III.

Corollary 3.6 Lri E = U = (''''(-00,00) alld Lb,. Ih Il'i'II1''' ah'I'bl'a. IfS" /" a.'

dcfillld ill Coml/al'y 3.:/, Ih,.11

0" (S(7', Il, L) = d" (S(r, 1), L) = { IIS(,../)IIL
i!!.=lli( 1 rll-1

ri!

Il < 1.

Il :::: l,

•

alld Ihe oplilllni illplll i" 1111 impltls,. al Ih,. "Iarl of Ihl' ob""1'/lalioll illlrl','ai.

3.6 Estimation of Kolmogorov n-Width

For estimation of the Kolmogorov n·width of \ q-llIonotone d"lT""Hinp; d"ta Hl't, \VI'

will need an additional assumption.

Assunlption 2 Sa is closed llnder Ihe I.runeu/.ions PI","")' or IIWI'I' !J"IIfTIIII!I~, II/I'/'''

is a cUllsal Cesa1'O o]Jem/.ion C" which nUlps S" inlo C" (S,,) alld .'t,.t.iSjil'"

Berc a "Cesaro operation" is any map satiHfying (:1.:10), and iH HO cali ,..11"'muH"

it will typically be obtained via a Cesal'O Hnmlllation; i.e., the first n sanlpll's of ,,,,ch

impulse response in S will be multiplied by a weighting fllnct.ion which de""".~es with

time.

Theorem 3.3 Under /.he Assllmption 2, if the a /J1'ùn'i st/. S" is q-lIw1Io/.onl: dl:I:1'(;a.••

ing, /.hen the Kolmogorov n-wùlth d" has b01l1lds

(:1.:11)

•
Moreovçl', if

'If S. is closcd undcr truncations thcn (3.30) is satisficd with Cn '''Iual to the id'mtiLy



• (:hal'1.l'f :~. Estilllal iOIl of 'l'illlf', (:d 'rand, and l\ollIIogoro\' 11- \Vidths

1/,,/1 d" (S", L) = Il'' (S,,, L) = d" (S", L) = IIS"lln.<x<lIIL, wh,,1''' U = f''''( -00,00) 1/1

{)'l, (lUllI/if: ,<;pllll Ln := .,;p{ 1,::, ... 1zU-l} i... an optilllai ,..mb....pllcf.

III 1.\11' l'l'Oor or 1.\11' I.hel'Oelll, w" will liS" I.he rollowing sl.andard resll\1. ill dllality

1.11l·ory [271.

Lemma 3.1 l,ri L b" a/wl'lIl"d SP"CC, X b" a subspacc and X.l. be I/u: annihilalol' of

X. 'l'h,'n fol' fIlch (" E L

(3.33)

wh,'1''' "lIIa;r" indicalr:s Ihc sn]J1'Clllum is al/.ainr:d.

Proof of Theorem 3.3 '1'0 show the \ower bounel in (:3.31), fix p::; ", JI < 00. By

• c1dillil.iOll or ri",

= inf sup inf IIk - xlIL
X n keSal[O,n+p) xEXn

Ily Lennlla:l.l, !.he las!. infimum can be replaccd by a maximum as fol1owing:

inr Ilk - xilL = max !f;(k).
xeX" ..eXk,Il"Il:S1

Thercfore, wc have

d" (Sa, L) ~ inf sup max !f;(k).
x" keSal(o,n+p) ..eXk,Il"1l9

(3.34 )

(3.35)

(3.36)

(3.37)

Assume X\,.1'2, ... ,.1,,, form a basis of X n , i.e., X n = Sp{XI,X2""'Xn}. Each Xi

is a sequellce, ;ri = {Xj(O),xi(I), ... }. Put

•
x=

x,,(O) x,,(n+p-1)

(3.38)



•
"Vl' hav..

x;;hu....,.) = {I.: EL:
...,,-1 }

1.:= L: /"(1)='. (1.:(0) ..... 1.:(11+1'-1))1' E .\'III/(.\') .
t=lI

(:I.:\!) )

Obviously, X;; hu....,.) is a subsl'a('(' or X;;, aud

(:1.·10)

By the defiuitiou of lI-sectiou, the bouudal'Y or s.. hu."."l nX;; hU''''H') is ..il.h.·1' il l'

section 01' contains a II-section. Thl'I'dol'e th" Illouotonicity or tilt' al'l'iOl'i un""I'l.aillty

set implies that

[t will be shown that

•
Therefore,

(:1.,Il )

dn(Sa,L) > infx.. sup
keSlIllo,lI+p) nX* ho,n+,,)

,/,(1.:) (by (:1.:17)),

> ~,~ IISaho,n.,,) nX;; hu,n."l ilL (by (:lA2)),

> IISahn,n.p)IIL, (by (:lAI)),

which is the desired lowcr bound in (:l.31).

1'0 show (3.42), wc notice that fol' cach k E S"hu,n.,,) nX;;, '1fJk := II~:I~ .k is

a functional defincd on sp{Xl>x2, ... ,k}, and its nonn equals one. By the Hahll

Banach Them'cm, it l'an he cxtcndcd to L and the extended fundional also lliL~ ullit

norm. If wc denote thc cxtcnded functional still by 'h, then "h E X;; ami Il',hll = 1.

Thcrcforc,

• sup max lp(k) >
keS Il nXLl1 "eX;\',II"II~1• 0,.. +1') .. 0,..+1')

1

sup 'Mk), (:lA:l)
kESal(o.n+I') nXkl(o,Il+11)



• ('!lapin :L Est illlai iOIl of Tillll', (:l'I'ralld, aud I\ohllogoro\' 11- \\'idths

= SUI' Il'''IIL' (:1.-1-1)
kES,dlo,u+'J) nXithO,llt,l)

Ily ddiuit.iou, d" has t.h" followiug UPP"I' houud

d" (S,,, L) :5 SUI' iuf Il''' - "·IIL.
keS" ;l'ELu

S"t. ". = p[t1."IC,,(k), wh"l''' C" is a C"SiU'O op"l'at.iou sat.isfyiug (:1.:10) iu Assulllpt.iou

:1. W.. gd.

d" (S", L) :5 SUI' Il''' - p[u.,,)C,,(kllIL.
keS"

:5 IlS"1[u.oo) Il L· (by Assumption 2)

(3,47)

(3,48)

•

•

Wh..n th.. IIppel' bOllnd coiucides wit.h t.he lowel' bouml, by Theol'el11 3.1 and

Tlwol'('lll :1.2, d" (S". L) = 0" (S", L) = d" (S", L) = IIS"ito.oo)IIL, t.he optimalit.y of the

subspace L" follows fl'ol11 t.he defiuit.ion.

o

Th.. estilllat.es of Kolmogorov n-width described in Example 2.1 arc established

by the fol!owing corollarics to Theorcm 3.3

Corollary 3.7 If S" is as defined in COl'Ollary .'3.1, then

whert E = U = Coo( -00,00) in 0", and the span L" := sp{ l, z, ... ,z"-I} is an

optimlll snbspace.

Proof '1'0 apply Theorel11 :3.3, it. is enough 1.0 show that S" satisfies Assumption

2, aud t.he l'est will follow from t.he l'roof of Corollary 3.1. Since Sa is closed under

t.l'nncal.ion, Assllmption 2 is satisfied.

o
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•

Corollary 3.8 If 8" i" fl8 d,}iflnl ifl ('(I/'(I/lfI/'1I ;l,:J. flllfl

",h, ...1' E = U = (""(-00.00) ill/l", ,,,"111118/11'" L,,:= 81'!I.: ..... :"-'l i" fIfI

Oplill/flI811b8pll"l'.

Proof Sillt'<· 8" is e1os"d ulldl'r 1.I'III11'alioll. :\ssulliplioll :! is satisliPd. 'l'Ill' \'l'sl ,,1'

Ih" proof follows l'I'OIll Ih,' pl'Oof of Coro!!ary :I.:!.

Exalll pie 2.1, parts (i) alld (i i) fo!low frolll Ihl' prl'l'l'd i 111\ <'ol'OlI.u'i,·s \\' hl'II .r(1) =

C,".

Corollary 3.9 Lei L be Ihe Wieller Iligebl'll. If 8" i., 118 '''Jillnl ill (.·O/'(J/lfI'·Y :1.:1,

then

d" (~(1', 1), L) = 0" (8(1',/), L) = d" (S(I', 1), L) = { 118(7',I)IIL n < l,
(u-l)!(l ..n_l U >_ l,

n! .,

whel'e E = U = (00 ( -00,00) in 0", llIul the 8pllll L"

optimlll SUbSpfLCC.

SI'! l' .... -I},-. l-'" .,- IS an

•

Proof Theorem 2.1 in [38, p.2.501 implies that there exis!.s a Ill1lPl'ill!\ C" 01' L sll"h

that Vk E 8(7',1),

Hence, Assumption 2 is satisfied. The l'est of the pl'Oof l'ollows l'roll' 1.1", l'roof of

Corollary 3.3.

o

Example 2.1, parts (iii) and (iv) are special cases of Corolliu'y :1.(; for !.he sds

8(1',0) and 8(1,1).



• ('hal'ilor :~, E!'>l illl:ll iOIl of Tillll', (:,,1 'falld, and I\o!lllogorov 11- \Vid, ils

l'lId''1 Il,,, cOlldiliolls of '1'1 ",ol<'n1 :\.:\. Il,,· FIl{ nlod<'1 is oplilnal 1'01 re'dncÎlIg

n""I,'lillg <'ITol'. iVlore' lliall tlial, 1IlC' FIl{ nlOd<,1 ta!;"11 togdilC'1 willi ail impnisc'

illpnt al, tllC' stail, of tllC' ohs<'lvatioll int<'lval, rOl'lll ail optimal (mod<'1 sd and inpnt.)

pail 1'01 re'dllcill/!; th,' WOlst·cas<' id<'lItificalioll <'1'1'01".

3.7 The Optimal Worst-Case Identification Error

'l'hcorem 3.4 l,'" U = 1""( -00,00). {/lIdcl' Ih" 11-'-'IIIII]llioll 1 nndl1s-'lllllplion 2. if

Ih,' 11 pl'iol'i dala -'", i-, '1-III,onolon" dC''I'('a-,ing llIul idclI/ily

•
Iwlds, Ihw 1/", opl:inw/ noise fl'cc !Vol'sl-ensc ù/cnlificnlion CI'I'OI'

'1' {'l' }i'lr illr" (u,X,,) = max d (S."L),d" (S,,,L)
IIELJ XllcL

(:l.52)

(:3.5:3)

(a ..54)

W/WI'" 111, = min{lI,T}. Thc oplimn/ inpul is 'In impulsc nllhe sind oflhe obscl'valion

inlt'l'lJIt/ 'Illd Ihc oplill/n/ nJJillc modcl set is Ihc FIR modcl L" = sp {l, z, ... , zn-I }.

Proof Tlieolem :3.a implics (a.54). By Proposition 2.2 and Theorem a.2, we have

inr inr c'l' (u,X.,) 2: max {dl' (S."L) ,d" (Sn,L)}.
uEU XllcL

II, is Idt 1,0 show tha\.

(a.55)

(a.56)

Let. Il he an impulse at. 1o, t.he st.art. of t.he observat.ion interval and X" = Ln. By

definit.ion of ,,'1' (tI, X.,),

• inf inf e'l' (u, X.,) ~ sup inf
liEU XIICL k,rlleESlI kUIELn

sup llk - k"t1IL.
keS(y)

(3.57)



•

•

Sinn' Hl<' input. is ail il11J>ul:w at tht' start or tlu' ohserviltion jllll'n'ilL llu' Cl )hlSll'ri\lI'j

Ilnc<'rtainly ,<'15(11) ha, th,' l'01'1 li

L('t Cm h{· a C('SH.I'O OIH'l'Ht.ioll sat.isfyillg (:I.:W) in ASstllllplioll ~. and "·,.d ~-=P[tl,"dCIIt

(!.'".,,,,), which i, in Lu. Ily tht' call,ality of C"" 1.-,.." i, "'Illai to p(Il."')C", l'Ill .•,,) (!.'" ..,).

Tht'refort', fol' ail !.. E 5 (II).

("t'l'alise p{o.",)(k) = 1'(11."') (k".",.) fol' k E 5 (y))

- Il!.. - l' [0,,,, )e", (k ) Il L (hy 1.1 Il' call,al i ty of C",. )

< 115"h... ,oo)IIL (by (:1.:10) in i\sslllllption 2).

Since the above inequaliLies hold fol' ail !.""'" E 5" and ail !.. E S(!J), not.icin)l; (:Uiï),

we get t.'he desired upper bOllnd.

o

The opt.imal worst-case ident.ificat.ion el'l'ors fol' t.he riat.a sd, in Exalnpk 2.1 1I1'l'

derived l'rom Lhe l'ollowing Corollaries Lo Theol'f'lll :IA. The racl. I.ha.t. ail 1.11<' ,,,,"s in

these corollaries saLisl'y Lhe condiLions in Theort'Ill :IA l'ollows l'l'on 1 tht' col'OlIari", t.o

Theorem 3.1 and Theorem 3.3.

Corollary 3,10 Let U = {oo (-00,00). If 5" i.~ dr:Jinr:d ILS in C'''l'II11I1."y :1./. thr:n

(:J.;'!! )

•
whe.,'e m = min{n, T}. Thr: optiml1/ inpnt is I1n impn/sr: nt li", stnd of li/.(; olisr:nmtion

intel'vll! I1nd the optiml1/ nJJine mode! set is the FIl/. modr:l Lu = .~p ( 1, Z, ••• l zU- J ).



• ('hal'll'r :~. E~l illial iOIl of 'lïllll', (;,,l'fallll, and I\.olrnov;oro\' II· \\ïdths

Corollary 3.11 l.rI U = ("(-':lO.x). IfS" i" d'Fil fil "" ill ('orol/lll'!! .J..!. /11111

... , l' {1'( ') ( ')}1111 Il Ji , (II,X,,) = lIlax d S;"I .d" S",i = f(III).
liEU X"C rl

".1111" 111 = IlIill{II.T}. 'l''''' 0IJ/ill/al iIlIJl// i" 1111 illIlJltI", IIllh .. "/lIrI oflh .. ob"r/'/'"/;o"

ill/ (/,/,"1 Il 1111 1hr 01'1 iII/III "lli III' II/ orlrl "ri i" 1hr: FI/I IIlOd, 1L" = "1' { 1. : ..... :" -1 } .

Exalllph' :U. parts (i) Itlld (ii) follow frolll the pren'ding corollaries when f(l) =
('r' .

Corollary 3.12 1.<:1 U = (""(-00,00) ,li/ri L be Ihe Hleillel' algebl'll. L<:I 0 < l' ~ 1

Il Il ri l' ln if l' = l. IfS" is defilled as ill COrol/lll'Y 8.8. Ihell

•
.

. . l' {T } {CInf Inf .. (IL, X,,) = IIlItX d (Sn. L). d" (S", L) =
liEU XllcL (m-1J)!Cr'<I-l)

m!

11/ < l'.

11/ ~ l',
(:3.61)

",111/'(' 111 = lIlin{II,T}. The 0l'Iill/al illl'ui is ail impulse al/he slarl oflhe obsel'valioll

illl,'I'/'''' alll/lh .. ol"illIJI! allille modcl sc/ is Ihe FIR mOllcl L" = SI' {l,:, ... , :"-I}.

Exalllple 2.1, parts (iii) and (iv) are special cases of Corollitry :3.12 for the sets

S(I',O) Itnd S(I,I).

3.8 Estimation of Shift Invariant Time n-Width

Propos.ition 3.3 Ulldel' Ihe hYI'0lheses of Example 2.2.

0" (Sn" L) ~ 0" (Sn" L) ~ 00" (Sn, , L) . (3.62)

•
",hUf Ihc IlppCI' bOUIII/ is valid for Ihe followillg o. For Sn,. Sa, and Sa" 0 = 2; for



•

•

•

('haptt'r :t Estimation of Tilllt', (;t'I'falld. and l\oll1h1p;nnl\' n-\\ïdths

Proof Th" 10\\'('1' houud folloll's fmul th" fael 1hat tl\(, supn'ultlllt <idiuiu1'. on is OVl'\"

Cl largC'1' spt. titan for 0".

Fol' t.1lf' li PP{'I' houHd. \\'<' cOllsid(·1' a St '(1' tt'Ill'(' of bu pu hws as t.l1t' iIl pu t. i.t' .. l. \ 1) .

for / = 11111, III E Z, and 1/(/) = 0 l'isl'lI'h"I"'. Sinn' III<' input is a I,,'rio<iic funelioll

of pl'riod Il. I.he olll.pltl. is similarly a pl'I'iodic fllUrlion aud is Zl'ro lin an iu"'rvaillf

\ength Il if aIII1only if it is Z,'I'O ,'v,'rYII'h"I"'. In 1his eaSl' I.h,' loeal.illn of III<' llhsl'\"val.illn

inl.l'rval does nol. alf"rI bJ'( 1/) and 11'<' ean arbil.rarily sl'! 'll = 0, Wll<'rl'lIplln

i) ln I.he cases of S"I and S"" (1\'1/) (1) = 0, 0::; / < Il. implil's I.hal.

'"L k(l + r)IL(-r) = 0,0::; / < Il

r=-t

Since 1/ is a sequence of impulses, we have

""L k(l + I1In) = 0, 0 ::; / < Il,

m=O

I.e. k(l) = - L~=I ~.(l + Inn), 0 ::; 1 < 11. It follows I.hal.

7l-1 f)O

Ilkll(· = L Ik(l)1 +L Ik(l)l,
t=O t=n

7l-1 'XI

::; L L Ik(l + 11111)1 + II P [".'Y»(.i·)li("
1=0 m=1

= 21I P[..",,)(k)lI'I.

By (3.63), we have

ii) In the case of Sa" considering I.he discrete Fourier I.rallsforrlls of I,ol.h 1.1", illplll.

and the output, we have



•

•

( 'lia!,' "r :S. Esl iIllalioll of Tillll', ( ;1'1 'fand, and l\ol!lIogoro\' Il· \Vidths

will'I'<' Il ("'J j = Z=~lJ k( T je i"'" ilUel "'J = ~, J = 0, 1, , .. , Il - 1. 'l'!l('rdOrl' by (:1.(;:\ j,

O"(S""H'j < ,up{II/\'Ik: 1\' ES"", !,(ro''''')lr("",,) =0, J=0, ... ,1I-1},

"II' {11/\'Ik : 1\' ES"" 1\' (ci"',) = 0, J = 0, 1, ... ,/I-l},

= "II' {III\'II",: 1'; E !J"S".,} ,

wh..I'<' /1" j, il Illi,"chk.. pl'OeIud iu H'" (1),-1 ),

u-I 1':: _ ,,(;iwJ "n (=" - 1)
!J,,(=) = II " = 2'1 _I,2e,lw}.. 1 -l' lI~nj=O .... ...

'l'hi, illlpli.., t.h"t. 0" (S":,, H"') ~ CIIB"II",. Ta comput.e IIB"II"" wc not.ice th"t.

1

1''' (è'''' _1)12
1B" (ci"') 1

2 = 1 - r2ncinw '

2" 1 - cas (n",)= ?l'
- 1 + 1,,1 - 2/,2 COS (II"')'

< '11'2n.

'1'Iwrefon',

0" (Sa" H"') ~ 2CI'" = 20" (Sa" H OO
) •

iii) ln the Cilse of S"" if K E Sa., then 1\ has bounded derivative in D and Hardy's

inequality un plies that K(=) = Z=~O k(T)ZT and Z=~O Ik(T)I < 00. Hence 1\ (ci"') is

defin..r1 fol' ail w and 1\ (ci"') = limr_1 1\ (l'Ci",), It follows that

0" (S".,HOO
) ~ sul' {II 1\Il,,, : 111\'11 ~ c, 1\ (ci"',) = 0, j = 0,1"" ,n-I}.

Now we l'l'ove th"t K (ci"') is Lipschitz continuous with Lipschitz constant. 111\'11.".
Since 1\'(=) E H(IJ), integration on the arc {l'ci"': W1 ~ w ~ W2} gives us

1K (l'ci"") - K (l'Ci"") 1 = 1[' .!!:.../\ (l'Ci"') dW\, (3.64)
"" dw

Il'''' d/\ (l'ei"') d (l,ci"') (3.65)= "" d (l'ci"') dw dw,

< [' 1'1/\' (l'ci"') Idw, (3.66)
""• :5 1'1I1<'11oolwI - w21· (3.67)
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'l'Il('l'pl'ol'(,',

1/\' (c''''') -/\. (fi"") 1 = !~lli/\' (I"f''''') -/\. ('·t i
.") 1.

:5 iillll"lI/\·'II",I...'\ - "",1.
,-\

(:I.ti~)

(:\.li!l)

(:1. ïO)

•

•

Hence. roI' 1\' ES", satisrying lite int.erpolat.ions /\. (fi"',) = 0 ror j = 0, 1.· ..• " - l,

wc have

and

o



•

•

•

Chapter 4

Ensemble Input Design for Fast

Identification

Assllmillg that. an optimal modcl set has bccn chosen to represent. the a priori data

t.o a cCl·t.ain t.olel"ance, a major contribution to the worst-case estimat.ion error is t.he

component. we have called "inherent. error", 8T (lt). In practical on-line identification,

t.he input is seldom free t.o be opt.imized so as to reducc t.he t.he inherent error to

it.s minimal value 0'1'; t.he input can only be modified to the extent of having certain

desimble ensemble properties, e.g., fiat. spectrum, by int.roduction of a dither signal.

In t.his Chapt.er, we will st.udy h0w the input. should be so modified.

The unmodcled dynamics affect ident.ificat.ion as a multiplicative noise, which can

not. be c!iminat.ed by increasing the input. power or by averaging. A characterization

of t,he identifying capability of an input will be given in the gap metric, in the presence

of t.his multiplicative noise. The characterization makes use of certain "spectrum flat

ness" IlI'operties of the input, when the model set is an FIR (finite impulse response)

mode!. ln t.his case, t.he worst-case inherent error is bounded both above and below

hy fnnct.ions of the spectl'llm flatness. These bounds become large when the spec

trulli is far from fiat, which implies the necessity of a not-far-from- fiat spectrum in
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Figure 4.1: Unmodeled dynamics affects identification as Illultiplicative noise

nonparametric identification. (Portions of the paper are in [231.)

Input design problems have been considered in [Il, 12].

• 4.1 Unmodeled Dynamics and the Multiplicative

Noise

Let X n be an optimal affine model set for Sa, with the representation error di.~I(X.. ,S,,)

= €. Then each system k E Sa can be decomposed into two parts, i.e., k = k, + k2 ,

where kl E X n and k2 E B(€), the €-ball in L. Wc cali k, madel/cd dY1Ulmics and k2

unmadel/ed dynamics. If kl,o.1 E X n is an estimate for k, and chosen as a nominal

model of the true system, the error between the nominal k, ,0.1 and the true systelll k

is bounded as following

(4.1 )

•
Therefore, an accurate identification can be achieved by representing the unccrtainty

set accurately by a model set, and then estimating the modelled dynamics k, accu

rately.

Given an input Il E U and the output observations on [ta, to+T), the modeled



•

•

dY"illl'iC's Â', 11111'1, silt.isfy t\... followillg "'1l1ilt.ioIlS:

!I(I.) = iI>,,(Â', )(1.) + (,,(1.) + iI>"(~'2)(1)) 'VI E [l1J, ln +T)

wl...r<' k., r")"''''''IIt.s t.11l: ulII'lOd"'"d dyualllics. Since k2 is uukuowu, t.he output of the

uUlllod"l"d dyualll ics il>"(k2 ) n'lIIaius uu kuown eveu if the inpu 1. Il is gi ven, There·

fOr<', t\ ... output of the unlnodel"d dynamics aITeds the identification of the lIlodded

dynalllics as a noise, a.' shown in Figure '1.1. The magnitude of this noise depends

on th" lIIagnitud" of the ~'2 aud the input. Hence, an accu rate representation of the

a priori (lI,certainty set Ilot only "educes the representation err01" but also reduces

tlll: distlll'i>ance caused by the unmodcled dynamics in identification of the modelled

olles.

C:"nel'1llly speakillg, the lIoise genel'1lted by the unmodcled dynamics behaves dif·

f"rently fmm the additive noise v in two aspects. First, the magnitude of this noise

inn"ih"," with the magnitude of the input. Therefore, il. can not be overcome by

inCluh,ing tll<' input power. We cali this m:ll/li]Jlicalive noise. Second, unlike addi·

tiv" stochih,tic noise, the multiplicative noise can not be eliminated by averaging,

Th" effl'ds of multiplicative noise can only be reduced by representing the data set

acclll'ittely and designing the input suitably.

'1'0 isolate the eITects of multiplicative noise, we first assume that there is no

additive noise in the measurements and the a priori uncertainty set is of the form:

s. = X" +B(c), (4.3)

•

where X" is a n·dimensional subspace of Land B(c) is the c·ball of L centered al. the

OI·igin. X" and B(c) represent the modcled and unmodeled dynamics respectively.

Latl"', Ive will study the cases where measurements are corl'llpted by additive noise

and the a pl'Ïari uncertainty set is a subset of X" +B(c) as in Example 2.1.

The eITects of the lIlultiplicative noise can be characterized by a map mapping
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1I111l10d<'l<'d dynalllics 10 Illod<'I"d dynalllics, If th,' Il 01'1 Il of 1his llWP is lill'!,>'" 111<'11

smallllllmod<,led dYllalllics llIay cali",' lal'I\" jnh"I"'111 "1'1"01',

As IVe l'<'ca.l\. t.11!' 1I0iSl'·fl"l'<' inh"I'<'IIt. <'1'1'01' is

8J'(u) = sllp{II"'IIL: 1.- ES", P{I",I"H)<J>,,(I.-) = U}

= sllp{II"'IIL: ". ES" nNIIII(P[t",I,,+T)<J>,,)} ,

(1.1 )

(,1.:1)

Fol' 1.- eS" nNIlIl(P{lo.lo+T)<J>,,), ". = 1.-1 + "'1, IVh<'l"l' "'1 EX", 1.-1 E H(,). IV" hilV<'

(,I.H)

•
Set

F = P{lo,lo+T)<J>,,(X,,),

S = {I.: EL: p{lo,loH)<J>,,(":) E F},

S is a !inear subspace of L. Let p{to, Io+'I')<J>"lx" and p{t",to+T)<J>"ls d"II()t." t.11<' l'"sl.l'i ..·

tions of p{to.lo+T)<J>" on X n and S respcctivc\y, Since: il. "'1 sitl.isfyinl\ ('Ui) is in t.Il<'

subspacc S, the l'elation (4,6) is cqllivc\ent 1.0

(<1.7)

•

Equation (4,7) defines a mapping from S 1.0 X"' We ci"no1.e il. hy M.

Proposition 4.1

e(1 + IIMII) 2: 8J'(n) 2: e(IIMII- 1),

where Il . Il is the L indnced nm'm,

Proof Set
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Ily d"'inition of h;~'(Il) and ('1.7), h;f(ll) = 115,IIL' Sine<' e""ry k E 51 has the fonu

~, = (1 +M)(~:~) for Sollle k~ E 5 \l'ith IIk~IIL ::; <., \l'Iwre 1 is t.he identit.y nlilpping,

\l'e have 115dlL ::; () + IIMII)"
On t.h,' ot.lwr hand, hy definit.ion of IIMII, '<III > 0, 3k~ E 5 sllch t.hat.

(4.l0)

•

•

ô;f(ll) > IlkllL

> IllIk:IILM(k2)IIL - f
2: f(IIMIl-I/) - f (by (4.9)).

SinC<' t.h)s ineqnalit.ies hold for ail 'I > 0, wc have ô6'(u) 2: f(lIMII- 1).

o

The l'mposit.ion 'l.l shows t.hat. it. is the norm of the operatrlr M characterizes the

"'fects of the lInmodeied dynamics in idcntifying the modeled dYI;amics. It will be

shown that when Il . IlL = Il . II~, IIMII is related to the gap between X n and the null

spacc Nul/(P[to,to+"J")'l',,). Especially, when X n equals the FIR. modei, the optimal

mode) for ail the a priori ~ets in Example 2.1, this gap is related 1.0 some spectral

pmperty of the input. For simplicity, wc denote the null space Nul/(p[to.to+T)'l',,) by

N ,o '

4.2 A Characterization by Gap

The next theorcm shows the relation bctwcen the inherent error ôJ'(u) and the gap

\",t \l'œn X" and N 10'



• ChaptN .1. En:-it'lIlhlt' Input Dt'siAn for Fast Idt'Iltilh-alinll

1\11

-----i

- \ '. Il

•
Figure '1.2: Characteri;.:at.ioll of Illlllt.iplicat.ive 1I0i~1' hy t.1", )!;iI.J>

Definition 4.1 Let A Ilnd B be Ilny tll)O e/o",:d subspllCl:s of 1/ lIillwl'l SIU"T, '1'/".

cosine of the Ilngle belwccn th"111 is defined by

cos(A,B):= sup{i(a,b)i: !Iall = IIbll = l,a E A,b E B}, ('I.I 1)

whcI'c (".) denotes the inne!' pmduc/. on the lIilbel't slmee, 'l'/u: di,.,:<:/.. fllll' l",tll)('(:1/ A

and B is dcfined by

i(A, B) = SUf> inf lia - bll,
i1"lI=I,,,eA ben

The 'cosine of t.he angle and t.he gap are rclat.cd as showlI ill t.he II<'Xt. )ll'o)losiI.iOll,

which is cxt.raded from [35].

Proposition 4.2

•
whc!'e PA denotes the ]l1'Ojec/.ion opel'tL/ol' on A.

(1.1:1 )
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'l'heOl'l'1ll 4,1 /,1'1 Il, IlL = Il, Il,. If N ,o i., Il chm:d ""b"pl/cI of (' IIlId S" '" Il'' III

(1 ..1). 1/1'11

.,. { CXl
ho (IL) = .., X N ))-1/'f(l-(mi( ft, tll

Proof SI't.

i.r ('os (X". N10) = 1.

olherwi ...t.

•

.' B) '- ..' B))I/'sln(A. .- (1 - (Os (A, .

TIH'1l wC' havp

sin'(X",N,o ) = 1 - Slip IlPx"PN'o(f)II',
11/11=1

= 1 - Slip Il Px" (f)l12.
1I/11=I.fEN,o

= inf (1 -IIPx,,(f)II'),
1I/11=I.fEN,o

= inf IIPx~(f)1I2,
IIfll=I./EN.o

= inf inf IIf _ 911 2.
IIfll=I./EN,. 9EX"

(4.15)

•

Sin"" sin(X,,, N,.) = 0 if and only ifX"nN,• # 0, ol(tt) = CXl if eos(S,N,.) = 1.

Assnme sin(X",N,.) # O. Sincc asin(X,,, Nt.) = infllkll=".kEN•• IIPx;.-(k)ll, Vk E

N,., Il,('11 sin(X,,, N,.) ~ IIPx~(k)lI. Also, by the structure of Sa, k E Sa if and only

if IIPx;.-(k)1I ~ Co II. follows that Vk EN,. n Sa, Ilkll sin(X", Nt.) ~ f. Therefore,

On t.he aLiter hand, VI/ > 0, 3k E Nt. sueh that Ilkll sin(S,Nt,.) > IlPx~(k)II-.".

Sincc k ean be ehosen so that IIPx~(k)l1 = f, V." > 0, 3k E Nt. n Sa sueh that

Ilkll sin(X", N,.) > f -1/. This implies that

l' 2 1/2°0 (tt) ~ f(l- COS (X"' N ,.))- .

o
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By Proposition 4.2, cos(X", N to ) = IIPx"PNco Il. Exploit.ing t.ltl' fad. t.hat. X"

and Nt are finite dimensional subspaces, wc can writl' t.hl'st' pro.i<'d.ion opt'rators in

matrix forms, which can be used iu computing IIPx"PNco Il. In tht' spt·cia.! t'ilSl' wht'n'

X" = L", these matrices are related to the cOl'l'e1ation mat.rix of t,Ill' input., and it.s

norm is related to the spectrunl property of IL.

Let X" = sp{ft, h," . ,i,,}, where {ft,"', f,,} is an orthonormal basis in t.ht'

(2[0,00) sense. Let {f;}~1 be an orthonormal basis of (2[0,00) oht,ainl'd hy l'xt,l'n<!ing

{ft, ... ,i,,}, A system k E L will be represented by k = L~t t'if;.

Set Qi(t) := t>u(Ji)(t). Then the operator P[lo,lo+T)t>" has the fo\lowing matrix

l'l'presentation with respect 1.0 the basis {fi},

• (4.Hi)

We denote the first n columns of Alo by BIOl i.e.,

(4.17)

(4.l8)

•

and the l'est of Alo by CIo' Then Alo = [BIOl CI, J.

Proposition 4.3 Let Il'IIL = IHt2 and Sa = X n+B(c). If u E (2( -00,00) and Alo

is full rank, then al(u) = 00 when BIo (n) is not full rank, othe7'1nisc,

cu(A lo ) < aJ'(u) < cq(A lo ),
Il.(Blo ) - - Il.(Blo )

where Il. and q denote the largest and the smallest singular values respective/y.



• (")).

pmor Fil'st., 11'1' s1Iow 1.I1i1t. 1.11<' III Il 1spac(' N,o is c1osc'" ill (2[0,00). SlIppOSI' {A';} is

il C'OIIV«'I'W'llt S('qtU'IlCt' in N to . ASSlIl1U' l· Î:: its liluit, Î.C'., Iillli_oo llh. -l~ll'.! = O. Ail

illpllt. Il E ('2[ll, 00) ''l'filll's a cOIlt.illllolls lill("u· fUllctiollal 011 ('2 t1l1'Oug1l 1.1Ie SUIIIUUtt.ioll

L'~1l k(r'jll( 1- T) fol' ail ,. 'l'1I1'1'I'fol'e,

'Xi <Xi

L l,( T)u{l - T) = ,Iim L A'h )u{l - T) = 0 Vi E [lll, "Il + 'l'),
l-lX'

r=lJ r=l)

w1lic1l illlplil's t.1Ial. l'E N,o.

Ily Proposit.ioll '1.1,

(,LU))

(,1.20)

•
Nl'xt., 11'1' est.illlate IlPx"PN,o Il. The projectioll operator Px" has matrix l'Cpre

sl'lIt.at.ioll

Px" ~ (~"X" ~),
wit.1I respect. t.o t.1Ie basis {I;}. Since u E (2, t.he sequences {ai(i) }~1 arc in (2. I-Ience,

t.1Ic projcct.ioll opcl'ator PN '0 has matrix representation

).
Il l'IIcc

•
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and

(PX"PN.J (PX.YN",)"

_(~l"," -li;~ (.1" A{,r' li..)' + Il;~ C'" AiY' ""C,; (.",,, .li.:) , Il,,

Sincc

Il l.
Il

•

•

(/"x" - /J;~ (/lloA;;( /Jlor + /J;~; (Alo:I;,:( ('I,,(';~; (:110 :1:':( III"

= I"x" - 2B;~ (A lo'« /J,o + /J;~; (AloA;,r' 1I10/J;~; (:1 1,,:1/,:( Il,,,

'1' ( '1')-' '1' ( '1')-'+13'0 AloAlo CIO CIo A'oAlo lit,,,

,;" I"x" + Bi; (AloA;;( (-2 (AloA;;) + /J1.,n;~:+ C'o(';~;) (AloA/,r' 1110 ,
'1' ( '1')-'= I"x" - 13'0 A'oA lo 1310'

(note that (A'oA;l;) = B'OB~,; + CloC~;J

we have

Therefore,

1-IIPx"PN'01l2 = 1-IIPX,,PN.o (PX"PN.J Il,

= 1 - t7 (/"x" -13;~ (A'oA;;( /JI,,),

= !! (Bi; (AloA;;( /J,,,) .

Since IIPx"PN•.II2 = 1when!! (B;~ (AloA:;( /J,o) = (J, h;('(II) = 00 if /JI" is ilOt.

full rank. IL is trivial to check tbat



•
This colIll'ld"s III<' l'l'lJoL

li-!

•

•

o

\\'11<'11 X" = L" = "/,{I.o.,,,.o"-'} alld {fi} = lOi}. tll<'op..ralor Pjt""o+T)eJ>"

has tilt' "ollowiIlA llla1.rix J'{'PI'('I·;(,IIt.at.iotl.

11(/0) 11(10 - 1)

M,,, =
/l(/0+1) /l( /'0)

(oUI)

11(/0 + T - 1) II(/U + T - 2)

\N.. d,,"ol.. Ih.. firslu COllllllllS of M"". hy U'o(u). i.e..

/l(lu) /l(lu - 1) u(lo -Il + 1)

/',,,(11)=
u(/u+ l ) Il (lu) /l(/o - Il +2)

(4.22)

/I(lo + T - 1) 1I(lu +T - 2) II(/U + T -Il)

SPI, W""o = M""oM;~:,o alld <1>".'0(11) = U'o(nfU'o(II). Theil wc have Ihe following

cOl'lJllary 10 Proposition 4.:3

Corollary 4.1 Ulldc/' lltc cOl/di/iol/s of Proposiliol/ 4.3, if X n = Ln, l/zcl/

( )
1/2 ( _ )1 /2t7(W".to) < <1'( ) < a(W".t.)

( UO"li (
Œ(<I>".to(II)) - - Œ(<I>".lo(1I))

WI,,'n ail inp"t is not ill C2, the null space Nt. may not he closed in C2. Hence, the

charactel'izatioll in tel'Il1S of projection operators may not hold. However, a similar

r..lation betweell the inherent CiTaI' and the ratio of the largest and the smallest

singlliar values of <1>" still holds. For this, wc introduce the notion of
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4.3 Spectrum Flatness and Mixing Rate

Definition 4.2 1.11 f(I/), !I(I/) E ("(-00,00), n" '('-fT"",,, '" ITI III 1;" Il "ff Il,,,11/ i"

a fllllrl;OIl qf!l(T. 1) : [1 - l'. l' - 1] x 'fi, -> IR ,IIF"III b!l

1'-1

Ô/i/( T, 1) := L .1'(1 + i)!I(1 + T +il·
;;ll

Thr T-III/loco/'l'rlal;oll of fis drJilln/lls \~//(T,I).

Fol' a given input. we rorm t.he T-aut.ocol'l'elat.ioll IlIat.rix

Definition 4.3 JflL E C"'(-oc,co) alld illr'o!2:(Q'''''o(II)) cf 0, "" dl}illl Il,, II-Ih

degree spec/l'llm jIallless of li bg
•

=

qI",,(O,lo)

qI",,(-I,lo)

qI",,( -n + l,lu)

qI,,,, (-l, lu)

\,",,,(0. lu - 1)

\~,,,,(-I/ + l,lu)

\~",,(-I/ +2,1,,- 1)

,/\",,(0, lu - Il + 1)

. (-1.2(i)

Il,,(n, 'l') =

•

olherwiBC, II" (n, 'l') = 00.

We call1l,,(n, 'l') specll'llm flat.ness roI' two reasolls. a) Fol' l'''''iodic sip;lIals Il,,('1', 'l')

equals the ratio or the largest and smallest specl.ral vahws or t.he sip;nal. \,) 1'(11'

"stationary" signaIs, II" (n, T) also equals the ratio or the larp;est and slnall"st sl'''dral

values when T and n tends v> i.,finity. These are show Il ill App,,"dix Il. Th" shol·t·

time spectrum and local correlation are wellunderstood sllbjeds in sip;nal pro""ssinp;

and spectrum estimation.

Fol' stochastic proccsses, speclrllrn flatness reflecl.s I.III,ir "rep;lIlari!.y", w\'idl is

related to the concept "mixing" [.1, BJ. lIere, we are going 1.0 introdnt:ing i' '1nantity

which measures the reglliarity or a deterrninistic signal and cali it 1.It" mixing mir;.



•
Definit.ion 4.4 l,rI.r E ('~( -00, oc). If

illf (rPJf(O, 1) - lIIi!::' t. 1<PJf (i, 1.)1) > O.
lEZ °Sr$l-l i;;;r.-'J'+I.;#()

Ihll III( ""!J f i" T-lIIixill!J. TI" '/IHlII/i/!J
1

"(I(n, T) := illf (<PJf(O, 1) - lIIax l' i<PJf(i, 1)1) 'i
lEZ U<r<u-I . J • ...J.

- - l=r-n+I,lrO

",h'T' 0 < n :S T, i., tllllt:tl Ih, n-Ih t!tgrec T-lIIixing ,·alc.

(ln

(4.20)

•

Example 4.1 A "equence of impulses wit.h period T is T-mixing. Let u(l) =

l:i%-<x. f>(l- kT). Obviou"ly <p",,(T) = f>(T)/T. It. follows t.hat. "(,,(n,T) -= I/T > 0

for ail n:S T.

Example 4.2 A p"eudo-random binary sequence u(l) with period T is T-mixing.

It. hi~' b"en "hown t.hat. <p",,(0) = 1 and rP",,(T) = 1/1' if T # O. It follows that

"(,,(n, T) = (T + 1-- n)/T. This implies that the pRBS has a larger mixing rate than

t.h" ""quenee of impulses if n < 1'.

The lIIixing rate is related to the spectrum f1atness as follows.

•

Proposition 4.4 If II is a T-mixing fUllclion, Ihen

,2( . 'f) < 2sup, rP",,(O, t) _ 1
1,,11,. - 2( 1') .ru n,

Proof Consider the mat.rix <I>".,(n). By Gershgorin's t.heorem, wc have

and
T

supü(<fJ".I(n)) < sup(rP",,(O, t)+ max L: IrP",,(i,I)IJ,
t t O<r<n-l . '.J.- - l=r-n+ l ,lrO

= 2suprP",,(0,1) -"(~(n,1').,
The relation in (4.30) follows.

(4.:30)

o
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4.4 Spectrum Flatness and the Inherent Errol'

(ii

•

•

Input. dl'sign iu t.<'l"IllS or t.hl' usua\ sp"dl'al p\"llp"I't.il'S has !J,','n sludi,'d in II\(' pasl ".)!;..

[:11, 10]. 'l'hl' input. is usually <!l'sigl\('<! t.o achi<'v,' c"I·t.ain aS.l'llIpt.olie i<!,'nl.iliealion

crit.el'ia. Hel'e, t.he obj"ct.iv,' or input. <!,'sign is 10 ar!li,'v<' rasl i<!,'nlilieat.ion and I.I\('

elllphasis is on t.he t'lfl'ct.s of unnHllll'\"<! <!ynillnies.

ln t.his sect.ion, IVe show t.hat. SpC'ct.I·unl l1at.I"'ss can 1", USl'<! as a <Tit."l'ioll 1'0"

input. design. Spect.l'ulll f1at.ness is ail l'nsl'Illble pl'Opl'I't.y or t.h,' illPUt.S. 'l'! "'l"<' is a

set. of input.s ail having t.he saille spect.l'nln f1at.nl'ss. '1'0 chal'a.c\,"I'i7." t.hl' i<!,'nt.ifyinp;

capability of t.he input.s by spect.I'UIll f1at.ness, we consid,'1' t.h,' worst.-casl' of input.s in

that set.

4.4.1 The e2 Case

Theorem 4.2 Lei Il . ilL = Il . 1Ir" If S" = L" +B( [), 111/":1'<: B( [) i., Ih,' "/0,,,,,/ (-Imll

in el, Ihen

SUp "J'(u) = sup 8J'(11) = ,JI + 11 2 •
vu(n,1')=v vl,l(n,'I')=v

Remark This theol'em indicat.es t.hat. if we can modify the input. so t.hat. it.s specl.l'lI111

f1atness is close ta 1, then the inhel'ent errol' is approximately .,fi t.ilnes of t.he l'l'p

resentation erraI'. On t.he otller hand, if the spectl'um f1at.ness of t.1", inpnt. is larg(',

we may not be able ta identify the system weil. In t.he worst.-case, t.he illher('.nt. ('l'roI'

is JI + /12 times of the l'l'presentation l'l'roI'. Since Il . Il,, ;::: Il . IIH~- ;::: Il . 11(" t.his

theOl'em also gives a lowel' bound on the inherent el'ror in t.he He,,- and el nOI·IIIS.

Proof of Theorem 4.2 Fix la. Let k E N,o. Then

0<-

Uto{n)(P[O,n_tj(k)) + L:U'o-i"{n)(P(i,,,(i+I),,]{k)) = (J.
i=1

This implies t.hat



•
""

1I{f,,,(II)(p[Il,,,_I](~'))II, < I: 11/i,,,_;,,(II)(P[i",Utl)"J(~'))II,,
i=l

,----""
< Slip Ja(<I>".,(II)) I: IIP[;".(i+')"I(~')lb

/ i=1
,."

< Slip Ja(q)".'(II)) I: 11P[i",(;+')"I(~')II"
! i=l

= Slip J0'( <1>".,(n)) IIPr",oo) (k) Il,.,

(4.:l3)

•
II. follows t,hal. IIkll, = (1IP(o,..-I](~')II~ + 1IP(..,,.,,)(k)II~)'/2 :S eJ1 + Il,, (n, T)2. Nol.icing

I.hal. I.h" ahove fOl'mllla is indcpendent of 10 , wc gel. the upper bouml in (4.:31).

Fol' I.he lower bOllnd, consider the inpul.

•

1 1= 10 + iT, i E ~/{O},

n(t) = 1/11 1 = 10,

o olhel'wise.

II. is e,L~>' 1.0 check t.hat Il,,(n, T) = v. Put

Ile T = 0,

~'(T) = -( T = T,

o othel'wise.

The fad. that kEN,. nSa implies that

This complel.es the l'roof.

(4.34)

(4.35)

(4.36)

o
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4.4.2 . The H"" and ri cases

No\\' \\,e Htudy the lIIherellt elTor for HOIII" mOI',' l'<'aliHlic a priori lllln'rlaillly HI"IH ill

the H'" alld fI 1I0rms. For this \\'e \\'illll,'ed thl' follo\\'illp; t\\'o 1<'lIl1l1aH l'<'Ialill/\ tilt'

H'" and (1 nOrmH 1.0 thl' (2 nol'lll. '1'11<'.1' indicate I,hat if thl' 1'1'<'1(111'1\(".1' rl'HpOIlHl' of

a system is smooth or itH impnlse l'<'SpOnHe dl'caYH l'xIHlIlI'lltially, 1.ll<'n itH H'" 01' ('1

1I0rllls are not 1.00 mnch hu'ger than its f2 1I0rm.

Lemma 4.1 /f /\"(::) E H"'(D), 1/1"11 1\'(::) E H"(IJ) VI'E [1.001 IlIlIl

11 /\(::)11 < (11/\"1100 )"~I Il 1\'11 Ph + (_1)f.II/\·1100 - 2(1' + 1) " :111' ".
(-I.:\i)

•

•

Proof By Hardy's ineq1lality, /1'(::) E Hoo(l)) impiiŒ that 1\'(::) = I:',;:;"o Il,,::'' and

I:;;'=o la,,1 < 00. It followH that /\(z) E H"(IJ) VI' E [1,00] and th" Ilontallp;t'ntial

!imit /\(e iO ) of /\(::) exist,; for ail °E [-11',11'] and 11("iO) = lilllc _ 1 /\'(l'I,iO).

It has been shown in the l'roof of Proposition :\.:1 part (iii) that /\'("iO) iH LipHchit~

continuous with Lipschitz constant 11/\'1100' 'l'hereforc, I\'(c io ) achievt'H itH Hllpl'<'llIlIllI

and infimum. Without loss of generality, wc iL~sllme 1/{(c;o)l = 111(1)1 = II/{II,,,, allli

I/\(eiol)l = info1/\(eiO)I, where 10d :=; 11'. l'Ill. t:>.O = (I11(1)1-Jf\'(" iOi )\)/11/1'11,,,,
Since 1/\(eiO) -/\(eiOi)1 :=; 11/\'11",,1°11, by Lipschit~ cOlltillllity, 6.0 :=; I{)d :=; 11'. fdso,

Lipschitz continuity of /\(e iO ) impliesthat. VO E [-11',11'1, 1/\("iO)I ~ II/\ïlch-II/\"II~.[I)I.

Therefore,
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This ill,pli<'s Ihal
,

ïü

•

Il fol1ows Ihal

Nolicill~ Ihal (Il +b)llI' ~ Il '11' +bill', "Ill> 0, b> 0, l' > l, we complete the proof.

o

Lemma 4.2 l,'" l' 2': l, 0< l' < l. If~' E ("[O,oc) Ilnd I~'(T)I ~ Cl,T VT E [O,oc).

1//./:11

(4,44)

Proof Sin('(> II~'II" ~ (I::';"=,,(CI'')1')l/p < C/() - l'), thel'e exists an integel' N snch

Ihal

(4,45)

•

H"n('(>,

N-I 00

11~'1I1 = L Ik(T)I + L Ik(T)I,
T=O r=N

.< (N)I-I/p ('}; Ik(TW) IIp +CI'N /(1-1'),

< NI-'II'lIkll" + Ilkllp, (by (4.45),)

~ (N - 1)I-I IP llkll p+ 2I1kll,,,

= ((N - I)II~'II,,)'-I/p IIkll~/p +2l1kllp,

< ((N - 1)l'N-1 ) ~ l.)'-I/P IIkll~/p + 2l1kllp, (by (4.45),)

(
C )I-I/P

< IlkI11/P+?llkll ((N -1)I'N-I ~ (elnl'-I)-I).C(I-l')hl1,-1 P ~ p,

o
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Proposition 4.5 /.f'! 5" = 5".1 Ils 111 l'"l'! li) of /'.:1'111111'/1' J.I I/·ilh (' = 1. lIl1d

Il . ilL = Il . IIr'. Th l' Il

Illill {(I + ll)r[l', (\~,.;:.)} < Hill' 8;~'(1l):S: Hill' c\;~'(ll)
l'll(n,'l'}=,, j'u(II,'I')=1'

(I.Ui)

1 1/2 l' _ l' '1 _ :l' . _ '1 __where p = ("(\ >') III r- I ) • ri - ri (5".1.1 ) - 1 /(1 - 1).1111.1 .1" - .1" (5".1.1 ) .c

,."/(1-1').

Proof Fix 10 • Il has hccn showll ill COl'ol\"I'Y :I.i t.hat 5".1 C L" + B(d,,). Il.1'

Thcol'cm 4.2, Vk E 5".1 nN lo '

Sincc 1., E 5".1, by Lcmma 4.2,

•
(I.IX)

Sincc the above incquality holds fol' ail k E S".I nN,o and 10 , w" gd 1.1". Ill'P"I' bOIlI,,1

(4,47).

Ta show the lowel' bound, wc eonsidcl' the SiUnc inpllt iL' in (4.:1-1) whos" spec\.1'I111l

flatness is v. Fol' sueh an input, k E N lo if and only if

00

kil) = -/1 L k(l +TT) "Il E [0, '1' - 1].
r=1

We will construct a syslem which is in 5",1 nN to in c.leh of the fol\owing two ca."".

(i) If 1 - v C::'l') ;::: 0, lhen put

( ./' )-1J1,r r
l-r'l'

In this case we have

kiT) = {
I,T

T~'/'-I,

1'>'/'-1,

•
IIkll l = V C:l~1') ('r ~'::') + l'~' r'

= d1'(l +v)
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(ii) If 1 - Il C~~I ) < (J, l'"I

~'(T) = {l" l'
I-r rT
-~

T:s;'I'-I,

T > '1'-1.

III Ihis rasl' IVI' havI' 11~'1I1 <': (II-::} Il is easy t.o check t.h,,\' ill bot.h cases ~, E

S",I nNIlI/ (p[I""ll+'I'I<I>,,). (:olllbilling (i) all<l (ii), IVe gel. t.he 10IVer bouml (4.46).

o

Proposition 4.6 Ld Il, ilL = Il . 11H00 llnd

(4 ..50)

•
"'/UTI' /{' i" Ihe l!t:rilllllille of Ihe z-Irl/.nsform of k. 'l'hen

(4.51)

Proof Fix 1". It. has been shawn in COl'Ollary 3.9 that S" C Ln + B(l/n). By

(4.52)

Since ~, ES", by Lemma 'l.l,

(4.53)

•

Since t.he above inequality holds for ail k E S" nN ta and ta, we gel. the upper bound

in ('1.51).

Tl) show the 10IVer bouml, wc consider the same input as in (4.34) whose spectrum

f1atnl'ss is Il. Put

-" T = 0,"+1'
~'(T) = 1 T=T,"+1'

0 othel·wise.
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It is ,'asy 10 check 1hat A' E S" nN,,, alld IIA'llu' = ::::.. 'l'his ~i\','s 1hl' 10\1'1'1' I>olllld

in (,1.51).

Il

ln Pl'oposit.ion ,Ui and Proposit.ion ,I.G, t.I\I' inhl'\'('nt. elTol's hill'" nl'I"'I' and 10\l'el'

bOllnds inl'I'easing \l'it.h t.he sl'ect.1'I111l lIat.ness of t.he inl'nt.

4.4.3 The Case of Finite Power Disturballces

ln t.his sel't.ion, wc l'onsidel' t.he inhel'ent. el'l'Ol' wl\l'n t.he dist.nd,al\l'e has lin;,le (; nol'nl

on an int.el'val of fixed lengt.h. Fol' this, 11'(' assllllll' t.hat.

(1.;',1 )

The next. proposit.ion shows the l'dation het.w""n t.I\I' SI,,'ct.l'llnl lIal.lles> of t.he

input. and .51'(u) in the case when L = f~ and S" = X" +B(,), wlw\'(' B(,) is th.,

c10sed c:ball in fi, The ot.hel' cases can be ddt silllilady,

Proposition 4.7 Vnder Ihe cond'i/:ioll.s oJ Theorr:1I/ 4,2, !li",;n 1/,,: l'ns''1I/'''1' nJ ;nl'u/s

U(II,I) = {u E fOO(-oo,oo): 11,,(n,T) = 11,1"(11.,'1') = Il. Ihr: '//Iol'sl·('n,,,' ;11.1"'/'('11.1

error acll'Ïevable lOilh U(V'I) is

'1' ( ~ ~)1/~sUI' .5 (n) = (71h + IIC) +, ,
"EU(v,~)

Proof Fix la, By definition of .s'l'(u),

whel'e
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For le ES" nS"/,,, l,y il silllilar ;11'1\11111<'111. 1.0 I.hal. in 1.1ll' proor or '1'1ll'O\'('II 1 .I.:!. il. can

1", shown I.hal.

(4 ..'i(i)

l'or SOlIl<' " E V. II. rollows I.hal.

('1.5ï)

II<,n('/"

(4.58)

as JŒ(/II",,(II)) ~ 1..(11, 'l'). This yiclds the upper bouud.

For th<, 100v<,r houml, c"nsider the inpllt.

1/1 1=iT, i E Zl.:/{O},

• n(l) = 1 1= 0, (4 ..59)

0 olhe7'loise.

II. is easy 1.0 check that '1,,(11., T) = '1 and 1,,(n, T) = 1. Put

"Ii + IIC T = 0,

k(T) = -c

o
'l'Ill' raet. that k E S" nS<:r_1 implies that

T=T,

olhe,·wise.

(4.60)

'l' ( 2 2) 1/2li (n) ~ Ilkll2 = ('Iii + IIC) +C •

This cOlllpletes the l'roof.

(4.61)

o

•
Remark The uucertaiuty caused by the additive noise can be reduccd by increasing

the lIIagnitude or the iuput, l'hile the one caused by multiplicative unccrtainty can

uot,
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lt shou\d Il(' noll'd Ihal 1h,' nlllSl' l'nl'I'I\Y ln I\l'nl'I'a\ illl'!'l"ISl'S \l'il h 111l' Il'n).'.1 h

of tht' (}h~.;('r\"atiol1 intt'1'\'al '/'. 110\\,('\'('1'. il" t.lu' 1l0ÎSf' cali 1)(' an'l'ap;t'd Ollt.. <l IUllg

ohsl'I'\'a~ion in!l'r\'id l'an h,' d"l'OnlpOS,'d inlo Sl'\'l'I'a\ sll\)l'll'I' inll'I'\'als, Th,'n \l'ol'sl

C(lS(' id<"'lltificatioti can lu' p('l'forllH'd 011 tilt' hasis or ('l1s('ll\hlt' a\'(·t'agt·d uh:-i('l'\'at,jt)lIS.

Although il, is ilOt. t'(.'alistic t.o HSSllllH' tlOist' can IH' \'i\llliltish"d hy H\'t'I'agillp; un il

shol't. int.el'\'"I, addit.i\'l' noisl' dm's ha\'l' t.his propl'I'ly on a \111l1\ inll'I'\'a\ in pl'ill'Iiril\

prob\l'Ills [26],
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Chapter 5

Several Identification Aigorithms

ln Lhis ChapLer, we propose several algorithms for estimaLion of the modeled dynam

ics. These esLimaLes will be used as nominal approximations to the true system. The

esLimaLion problem is first formulated as a convex optimization problem. Then two

robusL algoriLhms based on the analytic center are given. Another result involves an

algoriLhm for impulse response estimation, for which an el error bound is given.

5.1 From Worst-Case Identification to Convex Op

timization

As in Lhe previous chapLer, we first assume the a priori uncertainty set has the form

of a finite dimensional subspace plus an €-ball in L, Le., S. = X n +B(€), with X n

and B(€) representing the modeled and ummodeled dynamics respectively. Then,

the Lrlle system '~;TUC E S. has a decomposition k = kl + k2 , where kl E X n and

k2 E B(€). The objective of identification is to estimate the modeled dynamics kl

from the output observations on a finite time interval, [ta, ta +T). Given an input u,

on the basis of these observations, the location of kl is narrowed down from X n to a
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slllalltll' St'!

"

for ,<,JIll<' " EV (/1Ic1 k, E B(,)), (!U)

Tilt' \Vorst.-cast' ('l'l'Or iu (Ill ('st.illlatt' "·,.d IS

:T(/"",tl:= Slip 11/""" - /"IIL'
!-ES!!y)

( ' '»).l.-

•

•

:7(k""tl giVl's il rrit.l'I'ioll for 1I0011illill syst.l'm sl'Ic'l't.ioll. If t.11l' l'st.illwt.l' is t.o IllÎllillliz<'

t.hl' worst.-l'ase i"l'Ill,ifil'iltioll 1'1'1'01', t.hl' i""Ilt.ilil'ilt.ioll 1'1'01>11'111 is ,'qllil'lh'lll t.o t.1,,'

opt.imizat.ioll pl'Oblem

The opt.imal est.imat." wit.h respect. t.o .1 is ralll''' t.h,' (.'",.h""""I' (.'('/11"1'1 of SI (.'1), 10'01'

a fixcd À~, Il'';,...~t - À;IIL is iL cotlvex rUlictioll in ";r..~t. As il, is tilt, SIIP)'('IIII1I11 of it claSH

of convex fllllet.ioIlS, .1 is it.self a collvex fllllet.ioll ill k, ..". 'l'hl'rl'fon', t.11l' Opt.illlizat.ioll

pl'Oblem (5.:1) is a pl'Oblem of Illillimizillg a convl'X fnnet.ioll IJlI a lilll'a!' snl>spal'l'.

Inst.ead of t.he Chebechev cent.er of SI(Y), onl' l'OIII" l'hoosl' ol.ll<'1' Idnd of ('('Ilt.(·rs

as nominals, e.g., t.he analytic center (which will bl' "efÎll<'d lat.l'r), which Illay have'

some advant.ages over the Chebechev Cl'nt.el'. Moreovl'r, it. is t.I'ivial t.o slu"v t.hal, if

the nominal is chosen in SI(Y), then the \Vorst-cilse esl.illliltion ('1'1'01' .1(/",.,,) is wit.hill

a factor of I.\VO of the optimal one.

Propo8ition 5.1 If /':"" E SI(U), lftcn

Althollgh, pl'Oblem (.5.3) is a convex optimizal.ion pl'ObleJII whic:h is ell.sy 1.0 solvl:

ln theOl'y, the computation rnight be qllite corJlplical.ed 1",,;ll.lIse the ,:ollsl.rlld.j,J/l of

1'l'he Chcbcchcv center of a cOllvex set in il. lIormed spaCl: is tilt: center of I.Jw Hmall':HI. l'ILII (~{JVf:riJI~

the set.
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t.h" COI\\,(')\ fUllctioll :7 ran 1)(' COlllptltatiollillly h\\'()!n·d. Illl\\'l·\'('I'. ill S~)\Ilt' SPt'('j.\1

cas('s whirh art' or itlt<'l'l'st. in cOlIll'ol. tilt' COPlplltatiol\ cali ht' dOllt' t'llsily.

5.2 Two Algorithms Based on Convex Optimiza-

tion

First, we ex"mill" two l'as"s wh"rt, t1l<' a post.('riori UIH·l'I'\.aillty sl'l. SI(U) is il pol.1'topl'.

Example 5.1 Let. Il'IIL = Il,1111, X" = L" = -'l'{I,:, ... ,:''-I}, aud B(.) 1"'11,,,

c-ball it~ Cl. The 1I0ise" has C"" boulI<1 'l, i,l'" V = {Il E ('''': Il''11,,,,:::: 'il. TI", illput

is given on the interval [/0 - 11 + 1,10 +'l'), alld t1l<' oUtPllt, is o1>Sl'I'v,'d '>II th,' illtl'I'\'al

[/0 ,/0 +1'). The inpllt past is IIl1kllowlI eXl'ept \willg 1>olllld,,<1 1>.1' (.'" := Il"lk. \11 this

case, il, cali be shawn that the a posteriori ullct'rtaillty sd

'1'0 show Sd1l) is containe<1 ill the set 011 the right sidl' or (lUi), we 1I0til'l' that, l'or

k l E SI(Y), 3" E V and k2 E B(c) sU ch that

n-I 00

L k(T)U(t - T) -1I(t) = vtt) +L k2(T)u(l- T) 1:/1 E [/o'!" + 'l'). (;'.li)
r=O r=O

•

This implies that

IË k(T)U(1. - T) -1I(t)l:::: Il + cG" 1:/1 E [/",1 0 + 'l').

On tJle other hand, if a system k E L" satisfies (;'.7), them

,,-1
L k(T)U(t - T) -1I(t) = v(t) +y(t) I:/t E [to,l" + 'l').
r=O

for sorne vtt) E V and 1I2(t) such that 1111211"" :::: cC". l'ut

T=T+n-l,

othel'wise,

U·,·7)

(;'.Il)

(fi.!) )



•
illld t.Ilf' inpl1t pasI

{

.'/(1+'1'+11-1)/,
Il.(/.) =

o
1 E [1,,-"1' -11 + 1,1" - II],

1 < 1" - '1' - 11 + 1.

iH

(5,! 0)

'l'h,," .'/~(/.) = L·~" ~'2(T)II(/. - T) VI E [1",1" + '1'), i.e., 1/2 is the olltpllt of il systc'm

ill B(c) drivell hy i111 illpllt whose t cv 1101'111 is less thilll C". 'l'herefore, ~, is in 5,(.'/).

'l'his l'o,npldc's thc' l'roof fol' (5.5).

l'III.

Ll'l, /1,,,(11) he defined 'L' in ('1.22). Theil, S,(y) can he wriUen as•

k '1'= [~'(G), ... ,~'(n -1)1

li
'1'= [y(/.,,), . .. ,y(lo +T - I)J

"v '1'= [v(lo), ... ,v(/.o +T - 1)]

l'Y2 = [Y2(lo), ... ,Y2(1o+T-l)]

(5.11 )

(.5.12)

(.5.1:3)

(5.14)

•

S,(y) = {kEIR": U'o(n)k=li+v+ih

v, li2 E IR1', Ilvll",:::; II. IIli211", :::; fC,,} .

= {k E IR": U'o(n)k - li:::; [1] + fC", ... , Il + fC"F' and

-U,.(n)k + li:::; [11 + fC", ... , 1] + fC"F'} ,

which is il polytop.

Example 5.2 Let Il'IIL = Il'11(1, X" = L" = sp{l,z, ... ,z"-l}, and V = {v E

t oo
: Il,,1100:::; Il}· Wc assume that the entire input is given. The output observations

i1re made 011 the interval [lo, lo + l'). The unmodeled dynamics are assumed 1.0 be in

the (-hall of the set of causal BIBü stable systems which includes the time varying

systems,(see Chapter S fol' details on time-varying systems,) which is still denoted hy

B(), i.e.,

(5.15)
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We are going to show that, in this case, SI(Y) is also a pol)'t.opt·. i.t'..

SI(Y) = {kl E Ln: I~ kl(T)U(l - T) -Y(I)\:5 '1 + 'lIP<-.",.I](II)IIc", VI E Iln,ln+n}.
(Ii. Hi)

By definition of SI (y) in (5.l), for k l E SI (y), t.hert' exist il syst.l'nl ~', E B(,) and

a disturbance v E V such that

n-l 00

L kl(T)U(t - T) - y(t) = vtt) +L k2(t, T)ll(l - T) VI E [/",1" + 'l'), (rd ï)
T=O T=O

which implies that

Conversely, if a system in Ln satisfies (5.18), then there exist 1) E V and y"

• n-I

L kl(T)U(1 - T) - y(l) = v(l) +Y2(1).
T=O

(Ii.l!))

Ta show k1 E SI (y), it is enough ta show that there is a system k2 E B() snch

that Y2(t) = K 2(u)(t) on [to, to +T). Next, we will construct a tirne-varying systenl

k E B(f) satisfying this condition. Assume that the supremum of the input p1L~t.S

P(-oo.tl(u) is achieved at time mt, i.e., lu(mtll = lIP(-oo,t](uliIOO' Put

T = l-ml>

olherwise.
('1,20)

•

k E B(f) as lIkll = SUPtIY2(1)/u(mtll :5 f. Also, L~ok2(I,T)1L(I- T) = !lAt). This

proves our daim.

In general, SI(y) may not be a polytope, but often it is possible ta find a polytope

covering SI (y) tightly. In these cases, an algorithm based on polytope can be uHed t.o

construct a slightly inaccurate estimate of the nominal and rclated bounds.



•
5.2.1 An Algorithm Based on the Analytic Center

III 1.1", followill/\, l''' will d..fill" 1.1Il' illialyl.ic c,,"l.er of a polyl.op" alld "l'ri\'(' ail algo

l'il.h," whi<'h choo"" I.he allalyl.i<' ('('111.1'1' as I.he esl.imat... The allalytic cellter is al ways

ill 1.1", polyl.ol"" Tlll'r..for<', as showlI ill Propositioll ii.!, I.h<' worsl.-case "lTor fol' I.his

..sl.illlill." is wil.hill a farl.OI" of 1.1'0 of I.h" opl.imal. !'vIoreov<'l", t.he allitlyt.ic cellt.er is

l'ollllst. wit.h r"spI'rI. t.o t.h" illacclIl'aci"s ill t.he a priori informat.ioll.

(:iVl'1I a polyt.op" in IR" "di,,,," by a set. of linear inequalities,

It. CiUI 1", showlI t.hat ..;, is analytic an" st.rictly convex on 8dll). The analyt.ic center

of 8,(y) is "efine" as the unique minimizer ofljJ, which is denoted by k., i.e.,
•

8dy) = {k E IR": ;,Tk:5 hi, i = 1, ... , 2'l'},

it.s ba'Ti..1' fundioll is "l'fine" as

k E 8,(11),

k f/. 8,(11)·

(5.21 )

(5.22)

(.5.23)

Eqnivalently, k. is t.he maximizer of nr';-,(b j - aTk), i.e.,

(5.24 )

•

There are several efficient. algorit.hms fol' finding t.he analyt.ic center of a convex

sel.. Details of t.he general definit.ion of the analytic center and algorithms to find it

l'an 1", found in ['1] and the references therein.

The analyt.ic center 8,(11) is the point in the polytope furthest away from the

honndary, as it. maximizes t.he product of the distances to the constraint planes âTk =

hi. This implics 1.ha1. the nominal given by the analytic center is the system in the a

post.eriori uncertainty set which is the least sensitive to inaccuracies in the a priori



•

•

Chaptt'r ~. St'Vl'ral Idt'lllilicatÎoll AI,!-!;orithlll:'

aSSlllllpt.iOtlS. Sille<' tlt<' bj's in 5 1(,1/) an' p;ÎY<'1l hy tltt' IlH'aStlrt'IlH'llls alld tlll' <l pl'l\))'1

informatioll on tlu' noiSt' and 11 III 110<It'kd dYlIalllics. i\1l." illiUTlll'acy in tilt' il pl'lOl'l

iufontwtiou \l'ill caus<' t hl' houuliary platll's 10 Ulm'l'. SOU1l' poiuts \l'hich a\'l' iu tl ...

polYlojH' \l'ill 1)(' l'limilHül'c\ \l'11l'u Ihl' houuliary UlO\'('S, TI1l' ilualyt.ic Cl'ul.<'r is 111l'

poiul iu the polytope Il'asl likl'Iy 1,0 Ill' l'Iimiuall'l\.

Ou('(' t\l<' analYlic ceuter is chos,'u 10 1)(' thl' uomiua\. Ih,' \l'Ol'st-casl' l'sliulill iou

l'l'roI' is gi l'eu by

SUI' Il.(' - .(·,·,.t1IL'
kESdY)

(5.25) is a problem of maximi?iug a cou l'l'X fuuct.iou ou a poiytopl', Il. is \l'l'II kllo\l'u

that the maximum is achievec\ al, the vertices of th" poiytopl'. ASSUIIIl' that kl , .. ".('",

arc the .verticcs of Sdy). The worst-case estimatioll elTllI' cali Ill' coulputl'd via th"

followiug formula:

( "- ')(')d .... 1

Siucc SI (y) is a polyt.ope ill IR", the uumber of its vert.ices will ilOt. ,'xc(,,'d ('2'1')".

lu fact, in most pract.ical cases, the uumher of vel·tices is uuwh sillitll,'r thau this

upper bound. Statistica! results ou the uumber of vertices cali be roulld ill [:lO] , Th"

upper bound will have a polYllomial order iucrelL'" with the IIl1mber or IIll'aSlll'('IIl<'lItS.

The polynomial property is an advautage or choosiug a 1I0millai ill a prl'c\"t''1'lIlill,'d

finite parameter model seL. Otherwise, as shown ill [G], t.he cOluput.at.ioll Clllupl!'xit.y

for the worst-case estimation error increases cornbill1ltorically with th!' 11I11111",1' or

measurements. Standard algorithms fol' fjndillg the vertic,," of a polytofJ!' nUI Ill,

found in a survey paper by Matheiss and Rubin [:10].

In fact, once the vertices of SI(Y) arc found, the prohlem (:i.:I) of luillillli?illg th!'

worst-case uncertainty is readily solved. In this case,

•
(5.27)
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Sinn' .1(k",,) is th .. Illaxilllnll' or 111 conv..x rlllldions in "'",,, th" probl ..tll (ii.:I) can

1", solv('d (,asily by allY O'U' or th.. conv"x optitlli~atioll aigoritillns, e.g., in th" book

by 1I0yd and lIarl'iltt.

ln Sllnlillary, w.. propos" th" rollowing ident.ificat.ion algorit.hm:

(i) F,!rn, t.h.. polytope 5,(11);

(ii) Find t.he iUlillyt.ic cent.er "'." or 5,(11);

(iii) Find t.he vertices {"';J't or 5,(11);

(iv) COlllpllt." tbe worst.-case estimat.ion error, max':!>;:!>m Il'''; - "'.sdIL'

5.2.2 A Minimum Description-Length Algorithm

Inst.ead or t.he analyt.ic cent.er, wc can choose a syst.em in 51(11) which needs t.he rewest

pamme\.ers t.o describe, i.e., the lowest order FIR system in 5, (11).

Let. Li be the ith order FIR model set, i.e., L; := spi 1, ... ,.~;}. To find the lowest

order FIR system which is consistent with the a posteriori information, wc check

whet.her the set 5,(11) nL; is empty, starting from i = O. If 5,(11) nL; is empty, we

increase'the order or t.he model set by 1 and check whether 51 (11) nLi+1 is empty. This

procedllre ends within n steps. There arc several algorithms available for checking

whet,her a convex set is empty. One of them is the ellipsoid algorithm (sec [3] for

details). Once a non-cmpty intersection 5,(11) nLi is found, its analytic center can

be chosen as a notllinal. This nominal is one of the lowest order FIR systems in 51 (y).

Since each step is a convex optimization problem, to find the estimate wc only need

t.o solve at. most. n convex optirnizat.ion problems.

ln summary, wc give the rollowing algorithm:

(i) FOl'ln t.he polytope 5 1(y) and set i = Oi
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(ii) Fortll tlll' ""t Sdy) n Li hy ilddill~ 011 !Ill' cOlIsl rilillt s k(i) ~ ... ~ k( 1/ - 1) ~. Il:

(iii) Check \l'heth,'r SI(I,)nL i is "1I11'Iy. If il is. SI'l i = i + 1 iIllll ~o 10 sl<'l' (ii):

ot.!t{'rwise, cont.iIllH.';

(iv) Filld the illlalytic cellt"r k".<1 of SI(y)nL;:

(vi) Compute the worst-case esl,imilt.ioll "!Tor maxlS;=,,,, IIk.. - k,." ilL-

5.3 An Aigorithm for an Input with Flat Spec-

trum

A~' ",OWH in Chapter :3, t.he modcl se\. L" = SI'{ l, _.. , =,,-1 } is t.lll' opt.imalll-p'lI·illlll't.l'r

aflille model set for a class of a priori dat.a set.s. This sllggest.s t.hat. fOi' systl'Ills ill

these data sets, estimation of the first li. coefficiellts of t.ll<'ir illlplllsl' rl'spollsl'S is t.11<'

most efficient way of ident.ifying and represent.ing the syst.ems. 1\ wPlI known Illdhod

[26] for estimating the coefficients of ail impllise respOllse is t.o COlllpllt.1' t.ht' illllt'r

products of the out.put and dclayed inputs on t.he observatioll int.erval, i.e.,

_ l '0+'1'-1

k(i) = ( ) L lI{l)n{l- il·
<PUll 0, lo t=to

( " 'JU)·) .....0

•

When t.he input. is a white noise and t.he dist.urbancc is IIncorreiat..,,1 wit.ll t.11<' iIlPIlt.,

k(i) converges t.o t.he k(i) as T -> 00. In faet., it. l'an he shown t.hat. t'Vetl (Hl a fillit.e

interval, these estimates will be quit.e accllrat.e when t.he inpllt. is highly mixing. III

the next proposition, wc give a bard bound on the worst.-case est.inllLt.ion l'l'roI' in t.he

e' norm for a special a priori data set which ha~ been considered in Exarnplc 2.1.

Similar results l'an be obtained for the other ca~es.
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Proposition 5.2 1,,/

(5.20)

nud

•

If u is '['-mi.riuf', 'h"u 'hl' Il)()/'sl-ca8C cs/.lmnliou C'.,.01·

.:J(k".•tl:= sup II~' - ~'" .•dll
keS,(u)

of
n-l

k".• , := L k(i):/
i=o

IHls 1I/1/1'T bOtllHl

(' ( 1,,(n,'I')) vn ('W,,(n,T)) 1/2 (T)(,·n vn).:J "'".•tl ~ 1 - -- + '1 + Il,, n, --.
eP",,(O, lu) 1 - /' eP",,(O, lu) 1 - /'

Proof By defillit.ioll,

(5.30)

(5.:11 )

(.5.:32)

(.5.33)

SI (!/) = {~'I E Plu•n ) (S,,): Pllo,loH) (<p,,( kt} - !/) = P[lo.to+T) (-<p,,( k2 ) +Il)

fOI' some k2 E p[n,oo) (So) and Il E V}. (5.34)

Fix ~'I E SI (:II), t.hel'e cxist. ~'2 E Pln,oo) (So) and Il E V, such t.hat

71-1 00

L kl(T)U(I- T) -11(1) = v(l) - L k2(T)U(I- T) Vt E [lu,lu +T). (5.35)
r=() T=n

Set. !/2(1) := - L:':'=n k2(T)U(t - T) and kh!ï,vJh as in (5.11)-(5.14). Then (5.35) is

cquivalent. 1.0

(5.36)

•
Muil.ip!y U'o(nf 011 bot.h sides of (5.36), we geL

(5.37)
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It is tri"iai 10 ch<'ck 1hal

~ • • 'l" 'l'~

k",,:= [k(OJ, .... A·(II-i)] = 1',,,(11) !I/~,,,,,(ll.lul.

Therefol'e,

liA" - A', ,dl , = 11(1 - q'".lo(1I )jqi",,(O. tu)) l'I + fi'o (1I )'l'(i~ + !I~')/(i\""(O. tu)IL \".:l!l)

< 11(1- '1'''./0(11)/</>",,(0, tu)) l',II, + 111I'o(IIj'I'P/<I>,,,,(O,lulll l

+Il U,o (1I)'I'!l2/</>"" (0, tu)IL . (:,.10)

. Noticing that Œ( q'",lo (11)) > "(,,(11, 'l') and i7( '~",Io (II) )/</>"" (0, lu) :::: /1" (II, 'l'), W<' )!,'" th<,

desired upper bouml l'rom (5.40),

[1

It wHi be shown in Chapter 8 that this algoril.hm is <'asy 1.0 impi<'nu'nl. fur l.il1u·,

varying system identification.
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Chapter 6

Fast Identification of

Continuous-Time Systems

ln t.his chitpter, we first formulitt.e the fast identification problem for continuous-time

systems in it WitY similar 1,0 thitt in Chapter 2. Then we introducc two measures of

identification speed similitr 1,0 the time n-widths. Theil' properties and relation 1,0

Gd'fitnd n-width itre studied.

The fa,;t. identification problem III the continuous-time case is different from its

disl'rde-time counterpart. On a continu()us-time interval, it is possible to collect an

unlimit~d amount of sitmpled data provided the sampling can be made arbitrarily

fiL~t. II. l'l'mains undeitr, however, whether arbitrarily accu rate identification can be

itl'hieved on the basis of this large amount of data. In Section 6.3, il. is shown, that in

the noise free case, one l'an identify a stable continuous-time LTI system exactly on

an arbitrarily sbort time interval, provided the entire segment of the output on the

int.el·val is itvailable and the input is chosen properly. Berl', the only a priori infor

mation is t.hat. the system is BIBO stable. No structural information or quantitative

information about the system is required. A logarithmic integral condition on the

inputs involved is obtaincd via quasianalyticity theory.
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ln snch a cast', hO\\'t'\"('l" acclIn\l.(\ idt'nt.ilicalioll Ill'CUllH'S illlJhlssihlt' wltt'Il tilt,

IllcaSUn'llH'uts an' .'\'CU slightly cOl'rtlplt'd hy uoisl', Silllilarly, 1111' illhl'n'ut l'l'l'Ill' l'ail

hl' lal'gc if ollly salllph's of thc olltpUt 011 a illl<'l'val an' aV<lilahl.. , ,\11 .'xaillph' is ,~i\'''11

where tllP inlH~r('tlt PITOt' is I.lu' salll<' aS t.1lt.' a priori tllln·l't.ain!." 1\0 milt h'r bu\\' ras!

the salllpling, Neverthe!ess, il. is showlI in Scction (i,.! that, if 1111' sysl"ln is kllown 1,11

he in a compact set, (in either the H'''' nol'lll or LI nOI'lIl,) Ih'lI Ih., illh.'n'nl .'lTor l'an

h" made arbitmrily small provided tlll're an' l'nllligh salllpling poillts in an illt"I'\'al

in which the noise-to-signal r<ltio is small <'nough,

With the ahove results in l1Iiud, one l'an ask: is idl'ntilicatioll sp",'d still n'stl'Ï<'t<'d'!

ls the metric cOlllplexity still a factor limitiug idelltific,.t.ioll sl'<'<'d'! 'l'h., aIlSW"I'

1.0 these questions is affirmative. Il. is showu ill Section (U') that fol' a Iix,'d 1I0isc

levcl, even if the sampling rate is infinite!y high, tlH'l'e is au ilT<'du<'Îhl .. Il 1Il'<'l'tili Ill.Y

whenever the a priori uncertainty set contains il smooth sllhsei, (e.g. il s<'l. of low

pass l'mictions,) of positive Gel'fand n-width. The higher the nH'trÏ<' conlplcxity, l,Ill'

slower the identification. Pinally, the ineducihle ullcertainty is ohtailled for a s<'l, of

approximate!y band-limited alld time-lirnited systel1ls iu ail exalllpie.

This chapter is based on [2.51.

6.1 Formulation

We will consider continuous-time l;rl systems with integrahle impulse l'espOllses. We

denote the space of such systems, equipped with either the V nOl'm of tlll' impllise

responses or the H"" norm of the transfer functions, by L. 'l'he admissible inpllt

signaIs are thosc in the unit bail of L""(-oo, 00), dellotecl hy Bu. The syst"'l1 with

impulse response k acts on an input 11 in the following convolution fot'ln:

•
lI(t) = fa"" k(r)l1(t- r)dr +v(t). «;'1 )
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wll('l'(' dl) is t1u' IIU'C1SlIl'f'IIH'lIt IIOIS{'. SOIlH'tiIlH'S W(' (knot,c this l'platioll III ê\ Illon'

mlllpac·1. \Vay, as y(l) '-' (k. /1)(1) + ,,(1).

\V(· al'(' ~iv('1l t.1H' fl priori informa/ion t.hal. Cl systenl ". Iips in Cl subsd, Su of Land

t.IH' IIH'aStl)'('IIH'1I1. tloisp Ims botlll<!(·d LOO nOI'Ill, i.e., Il'01100 :s L Il. is assllined t.ltat Sn

is ("OIlV{'X and sYll1l1let.ric, i.e., ~~ E Sil ::::;. -~~ E SfI'

(:iv,," ail illplli. Il. ill Bu, LI", objective of idellt.ificat.ion is t.o est.iIlJat.e t.be syst.em

from t.he lIois<' mrrllpt.ed ohservatiolls of t.he O\l~.p\lt. y at. sam pie points li = ' 0 +
ij._,i =.0, ... ,( - l, in t.he t.ime int.erval [10 ,10 +'l'J, where s is t.he sampling fl'equency

alld ( is t.h" 11111111",1' of Sillnplillg point.s in t.he int.en·al, ( = Inl(û'), the smallest

in!.<'g<'l' st.rictly great.er t.han sT. On t.he hasis of t.hese observat.ions, y(l;) = (l''truc *
Il.)( 1) +"(1;), i = U, ... , ( - l, the locat.ion of t.he tme kerncl, A'tru" is narrowed down

from t.lll' a pl'Ïol'Ï dat.a set Su t.o a smaller a post.eriori sel., S(y),

S(y):={kESu : I(A:'r",.u-bu)(I;)+v(I;)I::;€ f01·i=O, ... ,(-l}. (6.2)

I\s in t.he discrct.e-t.ime case, wc arc going to represent the a posteriori information

by a nominal and a bail in the normed space L, and the nominal will be chosen from

a fi Il ite pammet.er modcl set.

Definition 6.1 JI snbscl X" of L is caUed a n-parameter model set if it IS in the

l'IlIlYC of IIl1tnppùlg fl'Om IR" to the set of real fnnctions on IR.

If the estimated kerncl, I.e,' is optimally chosen from a n-parameter mode! set X n

for S(y), then the worst-case identification error

c'1'('ll,X J1 ,s,c):= sup
krr1u:ESCI

sup inf
llvlloo5:c ke,rEX"

sup III. - I.e,' ilL
keS(y)

(6.3)

•
is a funetion of the input Il and mode! set XII when the sampling rate and noise level

are fixed. If, inst.ead of ( samples on the interval [to, to+Tl, the entire segment of the

Olltput is available, then the worst-case uncertainty is denoted by eT(u, X n , 00, f).
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WIIl'n 1h<' oh"'I'\'al ion inl<'I'\'al is nol Ii~<,d. 11',' (,ollsid,·1' 1hl' shi!'t illl"l1'ianl Il'< Il'S1

C{\S<' itipilt.ificat,joll ('rror

f
T(lI.X" ..,,<):= snI' ,.'1'(11. X""".),

lIIEZ
lli,\ )

As in 1.11<' discn't.e-t.im<' ca"" 1I1l' ll'Ol'st.-cas<' id,·nt.ili('al ion ''l'1'tl1' ("Ill Il(' splil inl"

t.wo t.el'lllS, t.h" inhen·nt. ('1'1'01'

'1'8 (ll,s.():=snp{i1h'lIL: kES".I(Â'*lI)(/;)I:s' f"I'i=lJ .....(-lj. (li'!',)

and the represent.at.ion l'l'l'or

disl(S".X,,):= snI' inf Ilk - !JilL'
keS" f/EX II

(li,li)

•

•

Using an argument similar to t.hat in Proposit.ion 2,1. 11'<' fan show t.ha!.

max {8T
( 11, .5. l'), disl(S,,, X,,)} ~ cT (IL, X". 8, r.) ~ :l ma~ {8 T (u, ".')' di"/(S,,, X,,)} .

(li, i)

and

max {fiT (11, S. c). disl(S". X,,)} ~ ';1' (u, X,,, 8. c) ~ :\ ma~ {.sT(n. ,5, , ). di,51( S,,, X,,) } ,

(lU~)

where

-'1' '1'8 (u,s,c):= SUI' li (11.,.5.'.). (li,!))
toEnt

In this chapter. we will mainly st.udy the dep,mdeucy or 1.1 Il' irdll"'''"t. "1'1'01' 011

the input. noise, and length or the observation interval. 'l'Ill, r"pr"s,,"t.at.ion ail"

estimation problems will he investigated in Chapt.er 7.

6.2 Two Measures of Identification Speed

In the fellowing we introduce two notions, sirnilar 1.0 the I.irne n-wi"l.hs, as lIi"il""J't<S

of identification speed. The first one is the hest achievable inherent. "l'roI' on a fix"d
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lll,:-il'I'\'alioll illtl'r\'ill.

,'1' ' '1',) (",Il:= Illf h (11",.<).
.,eDv

'1'1 ... SI'l'OlId is 1h.. I)('sl achi ..vahl.. shifl.-illvariallt illll<')'{'1I1. ('l'roI'.

!Il

(fi.IO)

((U 1)

•

•

,'1' . '1',) (".1):= IIIf Slip h (11 ..,.<)
ue8u 10ER

Ohviollsly, ,'1'1'(".1) ::; ,'1'1'(". (l. alld hol.h flllll'I.iolls ar(' mOllotolle deCt'('asillg in " alld

ill('J'('(Jsillg in (.

II. sliollid 1)(' 1I0l.ed I.hat I.h..se two 1I0tiolls a,·(' slightly different from the time 11

widl.hs. III hol.h ,'1 alld ,1. the illfillllllll is taken over ail illputs ill the ullil. hall of (C<'

illsl...ad of th,· whol.. spal'(,. All.hollgh this is not importallt ill the 1I0ise-frcc case. it

do('s lIIak.. a diff..r""l'e ill th.. 1I0isy case, especially when the complete segment of the

0111.1'111. is availahle 011 ail illl.erva\.

III the resl of the chapter, the following questiolls will be answered:

Problel11 1: III the noise free case, what is the best achievable inherent l'l'l'or and

1.11<' besl. al'hievahle shift-invariant inherent l'l'roI' when the complete segm"nt of the

0111.1'111. is availahle on an interval of lellgth T, i.e., what is 111'(00,0) and 1F(00,0)?

What are the optimal inputs?

Problel11 2: Is it possible to approach the best achievable inherent l'l'l'or and the best

al'hievable shift.-invariant inherent l'l'roI' in Problem 1 by increasing the sampling rate

alld signal-noise ratio, i.e., will 111'(s,c) and 1F(s,c) tend to 111'(00,0) and 1F(00,0)

respectivcly as s -; 00 and c -; a?

Problel11 3: 1s the length of the observation int.erval T a limiting factor on the best

achievable worst.-case uncertaint.y, i.e., will 111'(8, c) and ,F(8, c) be large when T is

small?
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6.3 Exact Identification in the Noise-Free Case

ln this sl'clion. l'l'OhIPm 1 is sol\"l'd hy showin)!; t hal if S" is a !>oundl'd sI'! in LI, t hl'II

ther<' l'xists a dass of boull<lPd inputs which makI' ~1'(1I, cc,n) = n for ail l' --. n. This

implil's that ,F(00.0) = ,j'f( 00,0) = 0 1;/1' > O.

'1'0 show tl", l'XistellC(' of such inputs. Wl' lirsl dl'ri\"l' a rtludition ou input si)!;nals

which enabk's ns to identify a system l'xadly if tlll' ('nI irl' output ou ( -00, (0) is klH,wn

exactly. Then wc will ded\'(' anotl\('r condition on tl\(' inputs, usin)!; 'iuasiallillyticity

theOl'Y [21]. which enables ns to recov<'r the l'ntirl' outpnt fl'Onl ils va!>H's on an.\'

interval of posit.ive length. Finally, Wl' ('onstruct. a dass of bonndl'd t.('st. inpnts llilsl'd

on these results which allow exael identification on an.\' int.l'rva!.

•
Lemma 6.1 A: sltme 11(1) E L"'( -00, 00) and Ihe altl{}(,o/T"/alioll fUlIl'lioli

1 j'\.pu(t):= lim :--A n(l +T)IT(T)tfT
A-IX! 2 -1\

(li.I:!)

exisls for almosl ail 1 E IR, and Ihal .pu E L'. If the spr;dru/II of 'L, 1.('., II/(, "UI'IUII'I

of the Fourier tmnsform of .pu, <I>,,(w), is of posil;"u; measltrt: ill IR, Ihnl n ,/t;];.,/(." Ill/

injective mappingU f1'lJm L'[O,oo) 10 L"'(-oo,oo), U: h, -> y, by

(U(k)) (t) := y(l) = f'" k(T)Il(l- T)dT.Jo

Proof Ta show U is injeelive, it is enongh t.o show t.hat. il' U(k) = 0 for so'nl' k E L,

then k = O. Since U(k) = 0 implies that

/\(w)<I>,,(w) = 0, (fi.l1 )

•
where /\(w) is the Fourier transrorm or k, /\(w) = 0 on the support or <I>,,(w). Sinee

by the hypothesis the support or <I>,,(w) is or positive rneasure, I«(w) = 0 on il set. or

positive mea.ure. Since /\ is the bOllndary runelion or 1111 ilnillyti<: runr:t.ion on t.he



•

•
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l'ighl hall' plalll', 1\'(0;) cali Ilot vallish 011 a Sl't or positi\'l' IlIl'asnrl' 1I1111'ss /\' = O. This

illll'Iil's 1.11<' illjl'ctiv""l'ss of U,

o

This \1'11111111 shows t.hat. wh,," t.h" sl'ectrulll of t.he illpllt. is of posit.ive IlIl'asnr",

0'"' cali idl'lIt.ify allY syst.<'1lI ill LI acclll'ilt.dy 011 (-00,00),

(;l'IIl'raily sl'I'aki IIg, it. is iIlI1'0ssi bit, t.o l'l'COver a bOllllded l'Il Il d iOIl l'rom it.s vailles

011 ilIl illt.<'I'val. ((owever, l'ecovery becolllcs possible if we know t.hat. t.he flllldioll is

t.h" l'I'st.rictioll of ail allalytic fUIlct.ioll, III l'ad, it is enough for the funct.ion t.o be

<jIlHsialla!ytic.

Definition 6.2 Gill"l1 1111..'1 inlerval / C IR anrl n sequence of numbers M" > 0, wc

""ylhn/ n fIL Ilcl ion J, illfinilcly rlifJerenlinb/e 011 1, bclonys to Ihe c/nss CI ({M,,}) if

1/,,:1'" IlI'f: Iwo lIulllbcrs l' 1!1It! (1. tiel'ellrliny 011 f. such Ihal

(6.1.5)

•

for ". E / IllLti n = 0, 1,2, , , .

Definition 6.3 il c/nss CI ({ M,,}) is enl/erl qunsinnn/ytic if, yiven any Xo E J, lhe

011/.'1 flLllclion f E CI ({ JH,,}) such thal f(n)(xo) = 0, n = 0, 1, ... , has J(x) == 0, x E J,

A qtli~sianalytic dass is similar to an analytic one in the sense that (a) its mem

hers are infinite!y difrerentiable, and (b) if a fundion in such a class vanishes on a

snhintel'val of l, then the funelion vanishes on J.

6.3.1 A Logarithmic Integral Condition

The next lemma gives a neccssary and sufficient condition fol' a class to be quasi an

alytic in t"I'ms of a logarithmic integral. The l'roof can be found in [21].
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Lemma 6.2 (('al'/rlll<l/l'" n'il,.,.ioa) (,'il'ra 011.'1 illlen'a// of ,,,,,,i'i,'r /rllylh, Ihr da""

CI ({M,,}) i" 'llla"itll/a/ylir ilT

wh r 1'('

1,,'0' (lOg F(I)) (/1 = 00,
Il 1 - l~

1"
F(I) = sup-,

I12;:U i\/u

(li.lli)

(Ii,\T)

•

Using the logarithlllic int.erga\ condit.ion in (G, Ili), W(' cau rharart.('riz(' a c1ass (lI'

inputs which l'an ident.ify any st.a!>ll' syst.l'Ill l'xlIct.ly 011 an '\l'hi!.rllrily snl<lll iU!.l'r"a\.

Theorem 6.1 (.ellt E L"'( -00,00) b,' illfillildy dilTrl'(,lI/.iab/,' alld

(G,IH)

whel'e u(n) denoles lhe n-Ih arder del'illali"e of It, /f Ih,' Sp('(:/l'ltIIl of Il ha" po"ifilll'

measul'e iu Ihe sense of Lemma 6./, and

f'" (log Fu(l)) L _Jo ---"1'-_'-1""2-'- ,1 - 00,

Ihen for aLL T > 0 and Su bounded in Il . IIL"

-7'6 (u, 00, 0) = o.

(G.I !J)

(G.:W)

•

Remarks (i) Sincc 67'(u,00,0) S; ,V(u,oo,O), (G.20) illlplics 1.11 al. P'(u,oo,O) = 0

fol' ail io.

(ii) The boundedness condition on the a priori uncertainty sel. Su only rcquires the

existence of such a bound, not an explicit value of the bound. TherefOl'e, kIIowledp/,

that the system is BIBO stable suffices.

(iii) Theorem 6.1 implies that, under it hypol.heses, the unccrl.ainl.y abonl. a sysl.mn

l'an be reduced l'rom Su to a singleton in an arbitrarily short I.Ïrne.
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proof II. will 1,.. shown that P'( Il,00,0) = 0 for ail /" E IR. For this, first \\'1' sho\\'

that II", sI'!. of olltpllts

U (S,,) := {Y: Y(/.) = 1,"" k(T)II(/. - T)dT, k ES,,}

is fi Sllbs(~l. of Cl «lIasiatlalyt.ie clasH. Since Sn is hounded in LI 1101"111, thel'c cxist.s

MEIR sllch that Slip {1I1.'111 : 1.. E S,,} :::; M. Let.

[''''
Y(/.) = Jo 1.,( T)u(/. - T)dT.

Sinn' (by Lebesglle's Dotllinated Convergence Theorelll,)

for 1.. E S", 11'1' have

(6.21)

This itllplies that the set. of outputs U (Sa) is a subset of Cm. ({lIu1nlll.,,}). By the

asslltllption (6.1!J) and Lelllllla6.2, Cm. ({llulnlll.,,}) is quasianalytic.

Next. wc show t.hat. if an out.put. in U (Sa) equals zero on an interval [ta, to+T], then

it. is zero on (-00,00). '1'0 sel' t.his, let yEU (Sa) and y(t) = 0 t E [ta, ta +Tl. Since y

is infinit.e1y different.iable, y(t) = 0 on [ta, ta +Tl implies that ylnl(to+T /2) = 0, n =

0, 1,2, .... Being a member of quasianalytic c1ass, y1nl(to+T /2) = 0, n = 0,1,2, ...

only when y(t) == 0, by definition of quasianalytic c1ass. Therefore,

•

'J'8 (u,oo,O) .- {lIkIlL: kESa, y(t)=O VtE [to,to+T]},

= {llkIIL: 1" E Sa, (U(k))(t) == 0 Vt E (-00, oo)}.

SinCl~ t.he spec\.l'llln of 11 has positive measUl'e, Lemma 6.1 implies that

{k: 1., ES,,, (U(k))(t) == 0 Vt E (-00,00) } = {O}.

Therefore, 8'1'(11,00,0) = O.

(6.22)

(6.23)

(6.24)

o
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6.3.2 A Class of Quasianalytic Inputs

Jt, will 1", shown in Ihis s"clion lhal. inpnts satisl'yinp; lh" conditions sp,'cili,'d in

'l'ht'o\'('m G,I l'an b" gl'nl'rat"d by smootbinp; rieb sip;nals with a t:anssian lilt ..... 1'1,1'

this Wt' nt'ed the l'ollowing lt'ml1l11.

Lemma 6.3 /,r/.'I(I) = c- I'/2. 'l'hl'II 'fI' E L'x', Ih., ""1I1'ol/llioll 1/:= "Pl' i., illjillildll

dilTcl'cnliablr., u ln ) = .'lIn) * l', I/lld Il,,ln)II,,,, ::; c2n ll! j,JI' ."JlIIC cOlls/"111 (' E IR.

Proof First wc proVt' that " is infinit.dy dirr"\'('nt.iabl,, 111111 "In) = IIln )*l' by indnctioll.

This equation is obviously t.rne 1'01' 11 = O. ASSnI1H' t.his is t.I'II1' 1'01' n - 1. 'l'h,,n t.h"

n-th order derivative

• =

. uln-1)(I +~I) - uln-I)(I)
1\111 ~ ,""-0 l,. 1"" (.'I ln -1)(1 - T+~I) - .'I ln - I )(I, - T))
hm ~"(T )dT.""-0 _"" 1

(by hypothesis)

•

Since .'I ln)(x) = exp( -x2 /2)P(x), where P(,:) is a nth order polynomial, t.h"re exist.s

X > 0, such that 1.'Iln) 1 is monotone decreasing wit.h the l'iIt.e 1exp( _;1:
2 /2);l: n 1 011

[X, 00) and monotone increasing on (-00, -X]with t.he same l'iIt.e. Not.ieing t.hat. t.h"

fol1owing relations hold, (i) fol' ail 1 and T,

\

9
In

-
1
)(1 - T + ~:)I -9

In
-

I
)(1 - T) 1 = Il'-T+'''' 1

'-" /-T ..l') (x )d:l: ,

= k/n)WI, (~E [1, - T, 1, - T + ~I.J )

::; Il ..l') Il,,,,:

(ii) for 1 - T 2: X and I~tl ::; 1,

\

9In-
1)(t - T +~:)t - 9In-

I
)(I - T) 1 <

L> 19In)(ç)i, (~E [t - T, 1, - T +~I.J )

::; 19(n)(t - T - 1)1 (Ig(n)(x)i dec:reasing);



• (~Ij;lfJII'r fi, Fa!-.I Idl'1I1 ilkal ion of (~(JII1.illuolls-'1ïllH'Sys1.l'lIls

(iii) fol' / .- T ::; - X alld ID./I ::; l,

Bi

w.. 1\1'1" fol' ID.II::; l,

[
!ll"-'I(I_ T +D.I) - 9(,,-1)(1- T)I <

D.I -

[5l")(1 - r+ 1)1
Il.ql") 1100

kln)(I - T + 1)1

-00 < 1 - T ::; -X,

-X < 1- T ::; X,

X < 1- T ::; 00.

(6.25 )

•

•

Kllowillg that. t.he fllllct.ioll 011 t.he l'ight. halld side of the above inequality is in Li, by

L.." ..sgl~e's DOIninat.ed Convergence Theorem, we have

J,'" (ql"-I)(I_ T+D.I) - gl"-I)(I - T)) Joo
lilli' D. v(T)dT = 91n)(1 - T)V(T)dT.

At-IJ -t'X, l -00

(6.26)

Since t.his holds for ail 1 E lR, we have our daim.

Next, we show t.hat. lIuln)1100 ::; c2n n! for some const.ant c.

Since 1/1,,) = gIn) * v, 111I(n)1I00 ::; 1191n)lIdlvIl00. Noticing that

gIn) (-"'1" _,,'1") ln)• - c' xe

= te;:' (e-"'/") lm) (C"'I,,)(n-m) ,
m=O

wc have

1191")11, ::; t C;:'II (e-x'/")"") (e-X'I'I)"'-m) Ih,
111=0

< t C;:'II (e-x'I")"") 11211 (e-x'I'I)'"-m) 112 (by Schwarz inequality),
m=O

"= CI I: C;:'lIwme-w
' Ibllwn-me-w

' 112 (by Parseval's identity)
m=O
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wl1{'rc CI is a ("Ollst.i\llt. SiIlCt,

we ha.ve

It. l'ollows t.hat.

IIr/'% < CI t C::'f!;.II!
I/l=O ...

= c'l2
U u.!,

(1 ' .,-)l._ ,

(li.:.!~)

(li. :.!!I)

•

•

where C2 is a constant. Therefore, fol' ail Il EL"', t.11"1·(' <'xist.s a (,OIlst.allt. (' '= 1'.,u"II.~"

such that lIu(u)ll", :S c2U Il! .

o

Proposition 6,1 If thc SpCCtl'lWI of'IJ E L'" hll8 1){).,;t;'IJ(:1II.1'118Url'. aud n '= !I • ".

whcrc 9(t) = c-t'/2, thcn u siltisJiC8 the condition of Tht:ort:1II. (j./.

Proof 'Since <l>,,(w) = G(w)<l>v(w) and G(w) does not. vallish allywh""e, t.he sl",cl.rlllli

of u is the same as the speetrum of 'IJ, which is of positive Il'''iL~III·e. Ily Lelllllm fi.:l,

u is infinite1y differentiable and Ilulu)Il,,, :S c2U Il! fol' sOflle cOlIsl.anl. t:.

Now instead of going through the I.edions procedure of checking I.IliLl. F" sal.isfies

the logarithmic integral condition (G.19), wc will show thal. fUI!el.iolls ill CIIl. ({lln(u)II",.})
are in faet analytic in a region R conl.aining I.he l'cal line, i.e., CIIl. ({lIl1fU)II'X~}) C

H(R), using a device l'l'am [211. This will imply I.ha1. CIIl. ({lIuIU)II",}) is qllasialla

iytic. Fol' an analytic funetion f E H(R), 1 E IR, f(u)(t) = 0, TI. = 0, 1,2, ... illlplies

that f == O. Therefore, by definition, CIIl. ({lIu(u)II",}) c H( Il) is qIliL~ianalyl.ic: .

Since the logarithmic integral condition is also a necessary c:ondition fol' a set. 1.0 1",
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'111i1Siilllillyl.il', '1'l1lsiilllaiyl.ieil.y of Cm. ({llui"III",,}) will illlply tl)(' satisfactioll of I.he

cO)lfli1.ioll.

Ll'!. J E CUt ({lIu!"'I""'}). Theil, by defillitioll ofCUt({llui"lll",,}), the1"(' are two

)lositiv(' Illlllli"'rs ct alld p, slll'h that

< cn(2p)"n!.

TI)('rdore the Taylol' expallsioll

•

"" J(")(l )
J(1) = J{1o) +I: ,0 (1 - 10 )"

n=t n.

('OIlVPrges for Il - 101 < 1/2p alld 10 E IR, This implies that J(l)

restridioll 1.0 IR of a fUlldioll allalytic in R:= {z: Ilm(z)1 < 1/2p}.

(6.30)

is in fad the

o

Example 6.1 Let.'\ E (0,1) be a l'cal number \Vith the binary expansion 0.(11(12 ....

Set.

{

2"2,,+1 - 1
v(1)=

2(12" - 1

n < 1 ::; n + l,

-n < t ::; 1 - n.
(6.31)

Choose ,\ such that, the autocorrelation function of v,

Itl ::; l,

Itl ~ 1.
(6.32)

It is shown ill [50, p.1.51J that almost ail ,\ E (0,1) satisfies this condition. Thercfore,

whose support has l'osit,ive measure. By the above proposition and Theorcm 6.1, if

/1 = 9 *v, t.hen [;'l'(u, 00, 0) = o.•
cI> ( ) = sin

2
(w/2)

v w (w/2)2' (6.33)
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From 1his example. Il',, 1\<'1

Theorem 6.2 If Su i" a boaat/",/ "ri in LI. IlIra fol' '"'!! ï' > o.

,,/,
Ij (00,0)=0.

1(111

(i.:\I)

•

6.4 Arbitrarily Accurate Identification on a Fi-

nite Interval

lu the l'roof of Thcorem 6.1, we cxploit.cd t.he l'ad. t.hat. ill t.!1<' uois<' l'l'l'" "ilS<" if t.h,'

input. is infinitely differeutiable then t.he measured OUt.PIlt. is aiso illfillit.l'Iy dilf"I'<'II

tiable; and if the output l'quais ~ero on ail illt.erVitI 1,11<'11 t.h,' II-t.h d"I·ivat.il'<' of t.hl'

output is ~ero at the cellter of the intel'val, for a\l Il, This will IlOt. Il(' t.l'lIe wl"'11 LII<'

output is l'ven slightly cOlTupted by lIoise. TherefOl'e t.!1<' '1l1pst.iolls l'ais,'d ill l'l'Ohlelll

2 arise: is Problem 1 weil posed, i.e., giveu auy iut.er·val, is it. possible t.o idellt.ify a

system arbitrarily accurat.e\y if t.he sufficieut.ly high sampliug rat.e aud siguai-lloise

ratio arc sufficiently high?

Generally speaking, lim,_oo lim,_o ,F(.5, c) may Ilot be ~ero l'vell whell 'If/'( 00,0) =

O. The next example, derived frolll Proposit.iou (j.:! in t.he lIext. sectiou, shows Lhis

clearly.•

Example 6.2 Let Sa be the unit. bail of LI. 'l'heu

-7' , < 1() (s,c)~d (Sa,L)= 1 J07'"I/,s, cErn..

where d«Sa, LI) is the Gel'fand n-width of Su in L', alld ( = Ini(.sT),

(fi.:!!i )

•
However, as shown in the next section, the lirnit converges to ~cro if S" is <:olllpact

in LI. The above exarnple shows that the cornpactncss condition is not. dispc'IIsablc.
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Proposition 6.2 l.rI 5" C L lu ('()II/J'II('I ill Il . IIL" If IL sali,o;jir,o; Il,, ('()lIdili()lI,o; ill

TII,ol'tll/ (j.l, 111"11 [or ail 10 E IR. '1' > 0,

Sinn' lÎ1'(It, 00, l) is a Illonotonc inct'casing function in l, il. is cnough 1.0 show I.hal.

t.\l<'I"'l.'xisl.sasequ('nC<.' {mi} C 1.l+ such I.hal. ,\1'(u,oo, l/mi) -> ,\1'(u,oo,O) as i -> 00.

Ily "efinil.ion of•

l'roof W,' will show t.\liIl fOI' ail IL sal.isfying the conditions in Theot'elll H.\,

. . l' l'Illn \1111.1 (It, s, <l = .1 (It, 00, 0).
,,-'X! !_o

'l'h(,I'<'fot'(', I>y Th('ot'l'Ill (>'1, w(' have (H.:lH).

Fil·sl. w(' show l.I>al.
. l' l'hm'\ (!t,OO,l) =,\ (u,oo,O).
,-0

.
lÎ1'(It,OO,c):= sup{II.(:IIL: k E Sa, Ik *u(t)1 ~ c Vt E [to,to+T]},

(G.:lG)

(H.3ï)

(6.38)

(6.39)

•

"lm E 1.l+, 3k", E 5" such I.hat Ibu(tll ~ l/m Vt E [to,to+T] and ,\1'(u,oo,l/m) ~

Ilk",IIL + I/m. Since {.(:",} C Sa and Sa is compact in LI, thet'e exists a subsequence

{.(:",,} C {.(:",} such I.hat k"" -> k E Sa in Il . ilL' as i -> 00. It follows that

,1im ,\1'(It,OO, l/m;} ~ ,1im (lIkm.IIL + l/m;} = IIkIIL.
'-00 1-00

H, will be shown t.hat Ik * u(lll = 0 "Il E [la, la +Tl, which implies that IIkllL ~

,\1'(IL,OO,O). This implies (6.38), noticing that ,\T(U, 00, c) is monotone increasing in

(,

'1'0 show 1.(, * lt(lll = 0 "Il E [1 0 ,10 +TI, we notice that fol' ~,Il l, u E U" defines a

I>onndcd lincat' funct.ional on LI via the convolution (k *u)(l). Therefore, km. -> k E

5" in Il . ilL' implics that fol' 1 E [1 0 , la +Tl,

(k * It)(t) = ,lim(km , *u)(l) = O.
'-00
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No\\' wC' sho\\' 1hal «i.:I7) holds. S.'I ( = 1111(.,1'). II~' d<'lillil i"lI,

Ill'~

•

•

il1"(/I,8.<):= sup{lIkIl L : k ES". Ih/l(I;)I::; <l, = I,,+i/.,. i = Il..... (-I}. (li.lll)

Sille<' S" is cOlllpact ill LI alld 111l' ,h'rival.i\'<· .. 1' /1 is !>"ulldl'd. 1'..1' A' '" S", A' , /1

is differC'lIliablC' alld Ihere ('xisls a (,()lIslallt. JI! suc!> t.hal II( A" /1 )'11", < M " ,"X'.

Therefore, l'or k ES", lA' * lL(I;)1 ~ ( l, = 1" + i/." 1 = Il, .... ( - 1 illlpli.,s Ihat.

I(A: * Il)(t)1 :s; ( +M /8011 [to, 1'0 + 'l']. 1\"IIt'<"

1"il (Il,S,c) :s; sup{IIA:IIL: A:ES,,, l(h'lL)(f.}l:S;,+M/., \IlE [I".I,,+'/']}.

= il1"(Il,oo,(+M/s).

Takillg the limits ou bot!> sides or thC' iueqllalit.iC's aud applyilll\ «LaS), Il'C' 1\C't.

(iL'11 )

Since 8T(Il,s,c) ~ 81'(11,00,0) for ail., aud c, (6AI) illlpliC's ((;.:17).

o

Corollary 6.1 If Sa is compact in Li, then f01' 'J' > 0,

Tlim lim 11 (s, c) = O.
S-lXIl_O

In rad a st ronger daim can be made.

Theorem 6.3 If Sa is compact in Li, then fol' 'J' > 0,

Proof We will show t;.at there is a sequence of input funct.ions which will id<mt.ify

t.he system arbitrarily accurately a~ c t.ends to 0 and .• tends t.o infinit.y.



• ('Ililpll'r fi. F:L'>I Idl'lIl.ilkatiflll or ('Ollt inUCll1S-TiIlW Systl'lIlS

"",(1) = { 1
() olhC1'1"i ... (:.

(6.1·1)

TIIC'II "N lias disrl'l't.p SIH'ct.rlllll al. Wm = 21n7r l'lN l 111 = 0, ± l, . .. and it.s Fourier

Il! ( )1_ ') 1"in(III7l"/2) 1N W lll -... •

Wm

Ld, y(l) = "xp(-/~/2) and UN = !I * VN. Sincc G(w)

(,'(W",)I!N(W",) # () fol' III = O,±I,±:1, ...

First., w" show t.hat.

(6.15 )

# 0, Vw E IR, U",(w",) =

•
lim SUP,,'i'(UN, 00,0) = O. (6.'16)

N-oo to

lly L"'lIma 6.:1, t.here exi"t.s a cOllst.aut. c such t.hat. IllI~)II", :::; c2"n! fol' ail N. U"ing

ilIl argument. similar t.o t.he proof of Propo"it.ion 6.1, we can show t.hat. t.he set. UN (S,,)

is qn.\.~ianalyt.ic and fol' ail 10 ,

I/(UN, 00,0) .- sup{lIkIlL: kESa, (k*"N)(t)=OVtE [lo,lo+T])

= "UP {lIkIIL: 1.: E Sa, (b lIN)(t) = °VI E IR}.

(1.:* uN)(/) = °Vt E IR implie" l\(W",)UN(W",) = °fOI' ni. = 0,±1,±3, ..., where l\

is t.he FOlll'ier t.mnsfonn of k. Since UN(W",) ,;, °fol' ni. = 0, ±l, ±3, ..., we have

As P'(ILN,OO,O) is a monot.one decreasing in N, it. is enough 1.0 show thal. there is a

sequence {Nol such t.hat. "'i'(UN,,OO,O) converges 1.0 °as i --t 00.

Now,foreach N, t.hereiskN E Sa, l\N(Wm ) = 0, Wm = 2m1r/2N m = 0,±1,±:3, ... ,

and ,,'i'(UN,OO,O) :::; IIl.wllL + liN. Seing il sequence in the compact set Sa, {kN}

cont.ains a subsequence {kN,} which converges 1.0 il fundion k E S" in Il . ilL" i.e.,

limi_oo IIkN, - I.:IILI = O. Therefore,

•

l' ,
,,(uN,oo,O)=sup{lIkIlL: kESa, /\(W",) =0, m=0,±l,±3, ...}.

,lim ,,'i'( liN" 00, 0) :::; ,lim IIkN,IILI = IlkllLI,
1-00 1-00

(6.47)

(6.'18)
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Il \,('lIwilis to show thal k = O.

1111

As Il'IIR~ :s Il'IILI, lillli_," Â's, = Â' ill H"'. Â' ES" C LI ililplil's 1ha1 1111' \"lIlr;l'r

trallsfol'lll 1\ of Â' is cOlitilillolis. II' k i 0, thl'\'(' l'xisls .11\ ill"'I'I'al 1 alld a (,'lIlSlalll "

larg<' cliolIgh, which is a cOlltradictioll.

Now wc show (GA:!). '1'0 ('xp\'('ss th" d,'pI'lId"lIcy of ,\'/' 011 /" ,'xplicit('I~ .. 11'" dl'lIo'"

fJT by fJT( Il, s, t, /0)' The lilllit, ill ((;'·1:1) ('xists hl'calls<' ,j is 1I101l0tOIl<' d<'l'1'l'asillp' ill "

alld illcl:easing in (, Th"refor<', il is l'nllllgh to show that fOl' illl,'gl'rs "' alld l,

'1'0 show (6.'19) by contradict.ion, wc a55l1l1l" th<' lilllit ill (li,'\9) is ).\1'< 'a1.< '1' I.hall

some constant 20' > O. By (GAG), 3N > 0 slIch I.hal.

• '1'Slip fJ (uN,oc,O,lo):S 0'/2
'oEnt

Since u is a periodic funelion \Vith peri()(1 2N , wc have

Therefore, by definition of JT,

lim lim JT(m,l/I):S lim lim Slip fJT(UN,7lI,1/1,lo)
rn-oo 1-00 m-tXll_oo loE[-'l',2N +'J']

(I;'·I!!)

(fUiO)

(G.;'I)

(( ' "})J."_

•

By the hypothesis, for each m and l, there exists a lli"·I) E [-'1', 2N +'1'1 sudl I.hal.

l' lm 1)fi (UN, m, 1/I, 10 ' ) > 0'. (ri.;':!)

Seing a sequence in a closed interval, {1~m.I)} contains a subsequellce {1!;""I,)} wh idl

converges to ta and It~m;"J) - toi :s T/~ for ail i and j. ny definitioll of fJT,
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lilll lilll hT/~(/I.'i.llli.I/lj.I:, + 'III) > (J,
1-'''· )-':'...'

11011'1'1'1'1'.1'1'0111 (Ci.:17) ill th(' l'roof of l'roposit iOIl Ci.:1 an<1 (CUiO). 11'(' gl'l

linl linl hT/~( /1 N. III i. 1/Ij • ':, + '1'/-1) = t,T/~( /1 N. 00. O. 1:, + 'l';.t) ::; (J /:1.
1-':'\:')-':0,.,

II'hich contl'a<1icts 1.0 (G.:;,I),

(CUi 1)

o

•

•

'l'II<' {,{>II<1ition in th(' theol'('m l'an he l'e1axe<1. If Sa is mel'cly compact in the Hoo

nol'lll hnt still IlDnn<1e<1 in the V nOl'm. then the convergence still hol<1s in H"'.

'l'hl' 01'<1<'1'01' thl' limit.s in ail of t.he aboVl' l'esult.s is not. important.. Using simi\al'

l'roofs. 11'1' ('an show that if t.he ol'<1el' of t.he limits is reverse<1 the conclusions still

hol<1.

6.5 Identification Speed and Gel'fand n-Width

ln tif(' noise-fl'(~e ('ase. t.he nncertainty of a system knoll'n in a compact set l'an he

rec!n('e<1 10 ,ut arhit.rarily small neighborhood aronnd the true syslem almost imme

<1iatdy when the sampling mIe is high enough. Howel'er, il will be shown in this

section that in the case where the measurement is corrupted b)' additive noise, there

is an ilTe<1ncible nnccrtainty even when the sampling rate is infinitely high. More

01'('1', the irredncible uncertainty is large when the observation interval is short. This

nncel'I aint)' is gi\'en in t.erms of the GeI'fand n-width. It gives a lower bounel on the

I",st a('hievable inherent l'l'roI'. II'hich will be shown to be as)'mptotical\y accurate.

When t.he salllpling mte is finite, the optimal inherent l'l'l'or is bounded below by

t.he GeI'fand n·width in a way similar 1.0 that in the discrete-time case.
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Proposition 6.3 If //,,1'1 (.,·i8/8.1 > 0 8//rh Ih,,1 IIkllL ::: ·\IIÂ·IIL, ./i,,· ,,1/ Â' t.'. S". 1/""

, l' ........ (
,1 (".0) "'- " (S". Ll.

Remark Th,' hypoth"sis of 1,11<' proposition is alltolnatÏl'ally satisli,·d \l'h,'n II·II .. ~'

Il,111.,. The l'roof which is silllilar to the one for l'roposit ion :l.:! is olnille,\.

This proposition sho\l's that for a fix('<\ salllplin!!: rat,· thl' optintal inhl'l'I'nt l'lTor

is boun<\e<\ bdo\l' by a quant.it.y rdat,,<\ 1,0 t.he nl<'trir rOlnl'!<'xity of S". \\'llI'n S" has

posit.ive GeI'fand n-wi<\t.h. ther" is an ilTe<\lIcihle InlCl'rtainty ewn wh"n till' noisl' is

zero.

•
'1'0 gel. a lower bonn<\ for 11'/'( 00, (), we n",,<\ t.o stll<\Y CI'rtain snhs<'ts of S".

6.5.1 A Notion of Smooth Subsets

Definition 6.4 Lei S,I/ be Il subsel of/he M-/mll of VIO, 00), i.r., snl'{IIÂ'IIL': Â' E

SM} :;; 1H, and W be Il convo/utio" opel'fllol' lIIi/h kCl'lId w E V [0, 00) .'1,,·h Ihll/

IllU(t) - w(t + ~t)llt :;; lil~tl. If WS M := {li! * k: k E SM} CS,,, "'" ('1111 WS M "

smootil Sllbsel of Sa'

Example 6.3 Let Sa he the set considered in [.52], i.e., for C, > 0, ,(:, > 0, 0 > 0,

Sa := {k EL: Ik{l)l:;; C,e-'" Ilnd Iwl\(jw)1 :;; C,} (fUir; )

of Sa with li = 2/1', for ail Q 2: Il and !vi :;; lTlin{C,'I'lc-"r',C;!',/2}.

(fUi7)
1 > 'l',

o:;; t :;; 'l',
Let

{
1/'1',

lU(l) =
o

and SM = {k EL: Ilk(l)eO'11t < M}. It can be shown that WS M is il sllIool.h snlJset.

•
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l'(JI' ~'I E \VS"', till'I'l' exists a f\lndion ~, E SM snch that ~'I = II' • ~', W" notice

that

1("" k)(1.)1

and

l 'l',
< ;-1' r Ik(l- r)ldr,

1 Jo
(-or 1/

= -,-, Ik(r)I,OTdr,
I t /-'/',

CO r
< ,,-"'rAI, (heCilllsc k ES",)

< (' ,-0'.' 1(. ,

•
ThCl'dol'C, ~'I is in Su'

IwW(jw)/\(jw)1 < IwW(jw)llll\lIoo,

::; ll'II sin(wTt /2) 1

w '1' /? 'w. 1 ...

< 2iVl/Tt ,

< C2 '

6.5.2 The Optimal Inherent Error with Finite Signal to

Noise Ratio

"Vith the notion of Sll100th slIbsets, wc can gel il lowel' bound on the optimal inhel'ent

el'I'ol' in the noisy case, whel'e the sampling rate can be infinite.

Proposition 6.4 If conditions in P1"OJlosiiion 6.3 are salisjied, lhen

•
",lIac WS", i8 a ..,noolll sllbsel of Sn and N = Inl( KAo:T) +1.

(6.58)
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Proof Fil'"' \\'(' 1'1'0\'(' 1hal fol' ail II"S.\1 CS".

S,. ,- {h' E II'S.I1: l(k. Il)(1)1:5 ( VI E [1"./" +'l'Il

:l {ho E Il'SM : (h" Il)(1;) = 0 fol' i = o.. ". cV - Il

-, s,,

1.1J(l) - !I(I + ~I)l ,- I(h:' Il)(1) - (h" Il)(1 + ~/li.

= I(kt • (w '"))(1) - (kt' (II' ,"))(1 + ~/)I.

< Ilh:t1ldl(w, /t)(/.) - (111'")(/ + ~I}II,...,.

< MII(III *(1)(/) - (111'11)(1 + ~I}II ....,

Sincc fol' u E Bu,

I(w' u)(l) - (w * u)(l + ~/)I

< Il,,,,(w(l- 7) - w(1 + 6.1 - 7))11(7)<171 + I[+~( w(l + ~I - 7)1I( 7)tl7 1,
::; 211w(/) - w(l +6. /lIldlu ll"",
< 21>16.1[, (by the assurnptions on w)

ItJ~

wc have I!I(I} -1I(l + ~I}I ::; 21>MI~/I, k ES" illlplies lhat yil;) = 0 alld 1",""",
111(1; +6.1} ::; 21>MI6.II, Sincc VI E [lu, lu +'l'], 31; sueh that Il; - II ::; '1'j'2( N - 1), il.

follows Chat 11I(1}1 ::; I>M'J'j(N - 1} ::; (, This irnplies lhat h: ES",

Thel'cfol'e,

sup {llkIlL: k ESp} 2: snp{llkIIL: h: ES,,}

Sincc this holds fol' allu E Bu, we have

(Ii,;'!! )

, l'= IIlf 0 (u,co,e),
ueU

• > inf sup {lIkIlL: k E Sp},
ueBu

(beeansc WSM CS"' )
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•

> illf Slip {IIJ'IIL: h' ES,,},
UEDU

> tiN (WS M , L), (by a simi!ar arg"m,,"t. as III Proposit.ioll G.:!.)

'l'Il<' l'roof is l'OlIlpil'l.,·d by 1I0t.icillg t.llilt. t.h" abov" il"'I"a!it.i"s hold for ail smoot.h

o

This proposit.ioll shows t.hat. fol' a fix"d nois" !evd (, t.he opt.imal inherent. l'l'l'or

is bOlllld"d 1H'low by t.1l<' Gd'fand n-widt.hs of t.he smoolh subsels of Su' Sinet' the

(:"l'I'and n-widl.h dN is large when N is small and N is proporl.ionalto the length of the

obs"rvation inl."l'va!, th" optima.! inherent elTor ean be quite large if the observation

illt"rva! is short, no matter how fast the sampling. This eoincides with the weil known

f.1('1. I.hat. it. is impossible 1.0 esl.imate the low frequeney components of a signal on a

shol·1. tim,' interval.

i\fl.<'r combining Proposition 6.:3 and Proposition 6.4, we get

6.5.3 An Asymptotical1y Accurate Lower Bound on the Op

timal Inherent Error

Theorem 6.4 Under the conditions of ProJlosition 1,

(6.60)

mllfrc Il, WSM <lnd N <ll'e liS in ProJiosition 6.4 IInd 6.3.

Obvions!y, 1F(s, c) is also bounded bclow by the max in (6.60). This lower bound

is asympl.ot.ically accurate in the following sense. For ail T > 0,

•
(6.61 )



• Chapler li. Fal"1 Idl'Iltiliratioll or ('Ollliullons-Tilllt' Syslt'lliS

Fol' ail 0 < " < 00 and t > O.

liml{l'(,<.t) = .I,immax(d((Su.L). 'nI' d"'(II'S,,,,L))
'/'-0 1-0 n'S,\lCS"

= IISuIIL.

wher<' IISuIlL:= {IIA'IIL: A' E Sul j, t.h,· a l'riori inh"I'.'nl "1'1'01'.

6.5.4 An Example

11il

(Ii,(i:!)

Example 6.4 Let S" he as in Example G.:1, wit.h (.'I/('~ = t'/'2, w.. will show t.11ilt.

.. {"-(."1,/' ('~
1~1(.s,() ~ max '1 C '1'/ ' ,:1 ~., +,~ (lt a

(1;,li:1)

•
where M = min{CI/ae, C~/2al,

First., wc find a lower bOllnd roI' t.he Gel'rand n·widt.h dut WS M • LI). wl",n' '" and

SM are as in Exall1ple fi,:l.

By Proposit.ion :1,5 in [:18],

(lUH)

where X n+1 is a n +1 dimensional sllbspace or LI. Fol' 'Ï = 1, ... , JI, + 1 and '/~ > 0,

set.

kilt) = { ~ u- I)('!'I + '12) :::; 1 :::; U- 1)('1'1 + '/~) + '1~,

olhel'w'Ïse,
(Ui:; )

Sinee k E â (WS M nXn+Il ir and only ir t.here exisl.s h E iJ (SM nY..+d sneh I.hal.

k = Wh, we have

• dn(WSM,Ld ~ sup inr IIWkllj,
'1:'>0 kE8(SM nYu+.)

(G.lj(j)

(i.(;7)
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Il ('1111 1,,· showlI that for 1.. E j';.+, IIW"'II, = Il'''11,. To SPI' this, 11'1 ". = Li~i ";!.·i.

II follows that IIW"'II, = IIL:~i "iWkdl,. From (G.!iï) and (li.G!i), w(' gl'l (i) for

T, < 'l'"

•

Il
I-(i-, )(1', +'1, 1

'/'I

(Wki )( 1) = '1:'/'1',
'('/', +'1, )-1

'r,

Il

o
I-(i-I)(T,+'I,)

'l'.

(Hl ki )(/.) =

i('J', +'12)-1
'1'1

o

0$1 $ (i - 1)('1'1 + '1:')

(i - 1)('1', + '/:') < 1 $ (i - 1)('1\ + '1:') + '1:'

(i - 1)('/', + '/:') + '1:' < 1 $ (i - 1)('1'1 + '/:') + '/'1

(i - 1)('1', + '1:') + '1'1 < 1 $ i('1\ +T:')

i('I'1 +'/:') < 1

(G.liS)

0$1 $ (i-l)('/'I +'12)

(i -1)('/'1 +'1'2) < 1 $ (i -1)('1'1 +'1'2) +'1'1

(i - l)('/'I + '12)+TI < t $ (i - 1)('1'1 + '1'2) + '1'2

Ci - 1)('1'1 +'12)+ '1'2 < t $ i(TI + '1'2)

i(TI + '1'2) < t
(G.G9)

(G,70)

•

\n bOUI CiLses, the snpport of Wki is disjoint with the support of Wkj if i =f. j.

Thereforc, IIWkl1t = L:~i ladIIWI.,;11t Also in both cases, IIWkdlt = '1'2 = IIkdb.
lIellce, IIWI.'lb = L:~i ladllkdlt = Ilklb, Il follows that

d"(WSM,Ld ~ sup inf Ilkll l .
1',>0 kE8(SM n l'''tl)

\t, ean be shown that infkE8(sMn y"t,) IIklb ~ T2e-o(n+I)T'e-onT'M. To show this,

it is enough to show that fol' k = L:~i aiki E Yn+1o if IIklb $ T2e-o(n+I)T'e-onT'M,

I.hen 1., is in SM' Sinee fol' k E }';'+I

n+1 1(i-1)(T,+T,)+T,
= L lad eO

' dr,
i=1 (i-I)(1'1+T,)

n+1
< L ladeli-I)(T,+T,)+T"

i=l
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< -.1"("+1)""""""11"11- 'J' ( ( • 1·,
Il''% ~ ,/,,,-,,(,,+1)'/,,,-,,,,'1', JI! illlplips ". E SM.

By ((LiO), wp haVl'

By Proposit.ion 6.'1,

II~

(li. 71 )

•
>

>

>

If Cilea = C2/2a, t.hen by Ict.t.ing M = C2/2a wc gel. a lower bonn<l on ·,fl' (00, ( ), i .P.,

On t.hc other hand, by, Proposit.ion 6.:3,

T < ({) (8, 0) ~ d (S,,, L) ~ li (WS~/,LIl,

(H.7:!)

(li.7:1)

where (= Inl(8T). Applying (6.71) wit.h a = ", TI = lia, and IVI = r;1/1U', we 1\""

•

C' -.1'T le
{) (8,0) ~ (ae)2(sT + 1)

Combining (6.72) and (6.71), wc gct. t.he desired lower boulld for tfl'(." [) .

(1;'71)
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Chapter 7

Representation and Estimation of

Continuous-Time Systems

lu thi" chapter, we "tudy the prablem of representation and estimation of continuons

tim(' "y"tcms by sampliug l . Oue of the key questions is: once a model set and

estimate are obtained for the sampied data system, how should their continuous-time

connterparts he constructed? Here, we give a causal procedure for the construction

o[ a coutinuons-time estimate from a discrete one. Representation and estimation

errars are given in the LI norll1 which is an upper bound on the Hoo norll1. (Parts of

this chapter are in ['161.)

Coutinuous and discrete-time signais and systems will appear in pam. To dis

tinguish them, we nse the carat symbol ~ 1,0 denote the discrete-time quantities,

e.g., fi denotes the sampled version of the continuous-time output y. To guarantee

that a sall1pled version is weil defined, the continuous-time signais are constrained to

Iw piecewise continnons. Loo denotes the set of piecewise continuous bounded real

fnnction on IR.

ISampled data systems have becn extensively studied in the past, e.g., [1]. Recently, they have
heen re-investignted in the rohust control context [7].
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7.1 Sampled Data Systems

A nlappin1\ M: 1""(-00,00) -+ 1""'(-oo,N) is ('//lIs,,1 if

(ï,1 )

11'11<'1''' 1 is th" id<,ntity 0p"I'alor on 1''''; '1I1d 1\1 : 1""( -N, N) -. L"'(-.:x', ,"X') is .." IIs,,1

if

P(-oo,tIM (î - Pl-'''','''I) = 0 VI E IR,

wh"re Î is the id"ntity op"mtor on t'''', and 1/1 = snp{1 E 7l. : 1::; 'l,

(ï,:n

•
A Slllllplcl' is an)' causal houud<,d Illap fl'Olll 1'''' to t"'; alld a "old is an,\' ..ansal

hound"d mal' l'rom (00 to Loo, ln l'articulaI', fol' a fiXl'd sOlllpli,,!! IlI'l'i,"1 '1;, > 0, \\,('

define the (usual) synchl'Oni=cd Slllllplcl' S,/;, h)'

(ï.:l)

and the (usual) =cl'o-ol'dcl' hold H'I;.

(H'I;,û)(l) = û(m), 1 E (m'/;" (m + 1)'/;,j,ÎI E ("~, (7,,1 )

The subscript 7~, in H'I;, and S'Ii, is assulll"d fixed and nsnally snpl>I'<,ss<,d fl'Oin nota·

tion,

H admits a convolution sum represenlation. Lei. h" E L' he the pnlse fnndion

•

{

l, 0 < 1 < 'l'pi
ho(t) = -

0, olhcnvi8c.

Embed 7l. into nt a~ usual. Define h : nt X 7l. -+ nt by

h(l, r) = ho(1 - r'/~), 1 E IR, r E 7l..

Then, H can be expressed a~

OC>

(Hû)(l) = L: h(l,r)û(r), 1 E nt

(7.ii )

(Ui)



1\ "unplel' and hold pail' define a mapping D l'rom the set of continuous-time

systenls 1,0 t.he set. of discret.e-timc systems by

•

•
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for Ît E (""", wlwJ'(' tiH' :-i('rÎ<'s ('ollv('rg<'s a!Jsol11!.('ly.

"<'l, (r \)(' th.. l'ight ,hift op,'nltol' in foo,

(1';;')(1) = ;r(/ - Il, / E 7/;, ,r E f'''';

and T t111' 'I;.-,hift op"l'atol' in L'x"

(1';1')(/) = "'(1 - '/;,), / E IR, '" E L'X',

'l'h''11 Sand H "üi,fies

Hl' = TH, ST = TS.

Mon'ov..l',

SH = 1'.

D(k):= SKH.

11f>

(i.i)

(i.8)

(i.9)

We cali this map discrcii::ll/ioll I1!llp and the discrete-time system k = D(k) the

slllIIpicd SYS/CIII of k.

Proposition 7.1 D is Il con/mciive linell1' opera/or from V /0 el, i.e., IIDII < 1.

Ilnd for ,,1/ ~, EL',

k(t) = D(k)(t) = ll1p
k(T)dT tE7/;.

('-1)1;.
(i.10)

Proof First, we show that if k is shift invariant, then D(k) is also shift invariant,

KT = SKHT by (i.9)

= SKTH by (i.i)

= STKH since K is shift invariant

= TSKH by (i.i)

• = TK by (7.9),



•

•
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II'h('h PI'OI',·S that K is shift illl'arial",

Mon·ol',·r. for il E ('''' i\llli / E Z.

J7(1) = (Kii)(1)

= (SKHi/)(1)

= (KHii)(n;,) hy th" d"linitioll of S

= [K( L iI('.T)ii(T))](I'I;.) hy(i,li)
r=-<X,)

= L [KiI(,. T)iI(T)](I'I;,) hy lin"arity,
r=-oo

Howcvcr,

= [Kilu(' - T'I')](l'I;,)Û(T) ily tlll' d"finition of il

= (Khu]((t - T)'I')ii(T) sin"" K is shift illl'itriallt,

= k(l- T)Û(T),

where

k(t) = (Kho)(l'l;,)

= 1: k(l'l;, - T)ho(T)dT

'1'
= 1u k(t'[~ - T)dT

t'li.
= 1 k(T)dr.

(1-1 )'/;.

Ta show IIDII ::; 1, it is enough ta show that for ail k E LI, Il l'II" :5 IIkIIL" 'l'his

1'011011'5 directly l'rom (7.10), as

""II kllll = L Ik(tJl
L=O

"" 1 1'1' 1= LI" k(T)dT
1=1 (1-1)'/;.
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''X. t'Ii,

< r;. J'_'P;Y'(T)ldT

1"" 1~'(T)I"T
Il

= 11~'IILI.

Th.. followin!,: ;"snnlpt.ions al'" made abont. t.he ident.ifica\iun problem:

Iii

o

•

•

(i) 'l'II<' il. priori infol'lltat.ion ahont. the trne syst.em is given in cont.innons-time, i.e.,

~~trlw E Su C LI;

(ii) The ident.ificat.ion experiment. is performed on the sampled syst.em kt"", I.e.,

t.11<' inpnt. is genemted by a compnter as a sequencc of l'cal numbers and then

applied t.o t.he t.l'lle system through a zero-order hold; the output observations

are collected t.hl'Ongh a sampler.

The objective of t.he ident.ificat.ion is to construct an estimate of ktr", in a selectcd

'!lodel set. in LI and give 1'1'1'01' bounds in the LI nonn.

One way to achieve l,his object.ive is as the follows:

(i) Tmnsform t.he a priori nncc.·t.ainty set S" in continuous-time to an a priori

nllcertainty set S" in discrete-time by using the mal' D, i.e., S" := D (S,,);

(ii) Select an optimal (or suboptimal) mode! set Xn for Sa in el;

(iii) Choose an est.imate k"t of the sampIed system kt".. in X" and compute the

l'l'I'or honnds in t.he el Ilorm by using algorithms for discrete-time system iden

t.ification;

(iv) Const.rnct. an estimate and compnte the l'l'l'or bounds in LI.

The last. step of the above procedure is rdated to the following topic.
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7.2 .Inversion of the Discretization Map

II is Ilot diflicull 10 \·.'rify Ihat D llils a Il<lll-t ri\'ial Iluil SPiI('(' ill L'. [,h.'r'of"..." it

is Ilot im·.'rlible Oll L', N.'\'erlill'iess, if a sllbsp''''e X CLis iu 1h., C<llup!"lu,'ul "f

NIII/(D), i,e.. X nNIII/(D) = O. Ih"11 Il,,, ... 'slricali<lll <lf D <lll X is iU\·"I·lihl.,. Titis

impli.,s thal if bolh S" ,",,1 X" an' iu D(X), Iheu au ,'stilual<' f<lr l't,·", cau II<' la""1l

as l·•..,t = (Dix )-1 (~•.,,). aud t.Ill' ,'slimaliou ('1'1'01' has b<luuds

Il ~•.,t - l't,,,, Il,' ::; Ill'", - l·"·,,.ll LI ::; II( D lx r '1111 ~.,t - l·t.".II,' . (7.11 )

•
OUl' of sllch subspacl's X is Ihe s<'1 of b'"ld-liluil,'d sysl<'U1S. ShilUU<lIl'S saulplill,!',

thl'orl'm states that if I.hl' [rl'qul'IlCY l'l'SPOIlS<' of l, is balld-lilllil<'d iIIlll th,· salliplill,!',

[reqllelley is hU'ger thall I.hl' balld-widl.lt o[ l" tlt"1l l' l'ail 1", ,'x;"'lly l'l"·lI\·"I'..d frllill

k. Alth?lIgh ill l'radical cOlltrol pl'Oblems, sysl<'lllS ar<' Il<,v.'r halld·lill,il.t'd. a sysl.t'Ill

call be approximatcly recovel'l'd if il. is approximal.,'ly balld-lilllil.<',!. ~'llll'l' p','u'·mlly.

we have

Proposition 7.2 LctX C LI, D(X) = (l, /lI/lIXnNIII/(D) = o. IfS" C X-I-H(,),

then fol' k E 5" /lnd k,." := (Dlx)-I(l" ..,,). 1/1(' h"""

(7. 1:!)

Proof The firsl. illeqllalil.y [ollows [1'0111 Propositiou 7.1. 'Il, sltow 1.111' SI','oud 1lIII',

we Ilol.ice that

(7.1 :1)

•
Sillce k E 5", 3kJ EX, k2 E B(e) sueh that k = k l + k2• II. [ollows I.h,,1.



• 1l!l

•

'1'111'1'<'1',,,",',

IIÂ',." - kllLI < II(Dlx)-'(l·", - l')IILI + Ilkl - k +(Dlx)-ID(Â',)IILI (i.lii)

< II(DlxrlllllL, - l'llrl + Ilk,IIL' + II(Dlx)-IIIIID(k,)lIrl (i.IG)

< II(Dlxr111 (IIX"'" - l'llrl + <) +(. (i.li)

'l'hi" ('oll'l,ld('" t II<' l'roof.

o

If D i" "l'l'II il" il mappillg l'rom LOO on the jw axis to Loo on the unit cil'c1e,

t.Il<'lI Shilnllon '" 1'<·('on"t.I'II('t.ion pro('cdlll'e has unit. nOl'm on the space of band-limited

A "l'Vl"'" "hol't.('oming of Shallnon '" reconst.l'uction procedut'e is t.hat it. is not causal.

ln ot.ll<'l' 1V000d". il ('an not. be pel'formed until the complete set of samp!cd data

I)('('onll'" availabl,'.' A Nchari approximation problem l'an be solved to obt.ain a

causal C'stilnate.

IlIst.ead of a subspace of band-Iimited systems, IVe will take the inverse of D on

il ""b"pa('e of "t.ep fllllct.iolls. It cali be shown that, if the system's impulse response

i" smoot.h (similar t.o approximately band-limited), then it l'an be ap\)roximated by

il "t('P fUllclion. Moreover, the inversion procedure on such a subspaœ is causal and

t.h" 1I0l'm of t.he inverse II(Dlx)-111 l'quais one.

Proposition 7.3 Lei

{
1fT"

f;(I) := 0
iTp < t::; (i + I)Tp ,

othe7'tvise,
(7.18)

'It is weil known that the ideal rectangle filter nsed in the Shannon reconstruction is not causal.•

aad X,:= ''l'{fo,JI>''')' Theil Dix,: X, -; el is olle-one and alita, and

00

(Dix. )-1 (k) = L k(i){;.
i=O

il/m'fO"e/', II(Dlx. )-111 = 1.

(7.19)
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•

Proof '1'0 shol\' Dix. is 0111' 100111'. il is l'lIoll!\h 10 shol\' 1hal Dlx,(k) cc Il ill'l,lil's

that ". = O. Ily l'l'llpositioll T.1. if Dlx,("') = O. th"11

j l i+\)1'1'

"1' "'(I)cli = Il Vi E Z+.
, l'

SillC<'''' E X" k = L.j~lIcJ;. (T.:!O) i,"pli.·s lhat c; = Il 1'0)' ail i. i.l'.. k = Il.

Dix., is Ollto as fol' ail,\' ~ E ('. th.,I'1· l'xists k = L.i~lI ~(i).ri E X, sll .. h 1hat

D(k) = k.
II(Dlx,)-111 = 1 I)('<,allsl' fol' allY ". = L.i~lI('J; EX•.

= fi j.I:+111" "'(I)clii (T.:!I)
i=u Il,.

"" 1;+111,.
= ~j.li' Ik(l.)lrlt as ", is cOllstallt 011 (i'/;.. (i + 1)'I;.j.(T.:!:!)

= Il'''IILI, IT.:!:!)

o

The ."bove illversioll pro<'edme will cllablc Ils to rdatl' a rl'pl'l'sl'Iltatioll probl"111

in the continllolls-tillle casc to onc ill thc discrete·t.illll' casl',

Proposition 7.4 If Sa eX, +BIc), thcn

Proof By definitioll of ri" (S,,, L'), '17/ > 0, there exist.s a n-dinll~nsional sllbspa..,'

X" C l' such that

•

Let X" := D(X,,). Theil

d" (Sa,e l
) < di.~t (Sa,X,,)

= sup inf IID(k..,. ft)II,1
keSIi hEX" .......

< di.~t (Sa, X,,) by Proposit.ion 7.2,

(7.2!i)

(7.2(j)

(7.27)

(7.28)

(7.2!J)
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Sill(,(' Ihis is 11'111' fol' ilill/ > 0, Wl' ppt thl' fil'st illl'(plillity ill (i.2·1).

lIy dl'Iillitioll of d" (5", fI), "1,/ > 0, tll<'l'l' l'xisls il lI-dillll'IISiolla\ sllhspilCl' X" C fI

sllch Ihilt

•

,bl (5",X,,) ::; d" (5",(1) + 1/.

Sl't X" = (Dlx.l- I (X,,). Theil

d" (S",L ' ) < ,li81(S",X,,),

= slip illf III.: - (DlxX' D(h)IILI .
keS<I he XII

.
lIy l'l'Opositioll i.2 alld 7.:1, for ail 1.: ES",

')'Iwn·fore,

SUI' inf IIk - h!!II +2(.
keSu lteXn

::; dn (5", (1) +2c +1/.

(i.:l0)

(i.al)

(- '3'))/.'-

(i.:l4 )

(7.:3.5)

Sine<' thl' abov-: ineqnalities hold for allI/ > 0, we get the second inequality in (7.2'1).

o

7.3 An Example

Considel' t.he identificat.ion of a cont.innons-lime syslem in

S,,:= {", E LI: II.:(T)!::; 1'" 1.: i.s abs. conl. and IIklh::; e} (7.:36)

•
'1'0 show thal this pl'Oblem can be rednced to lhe discrele-time case, il is enongh to

show t.hal S" is cont.ained in X .• + B(2Tp c), i.e., for ail 1.: ES", 3k1 E X, snch that

Il''' - "'IIILI ::; 2'1;,c.
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For 1.. ES". s<'l 1.', = (Dlx.)-I D(k). '1'0 pm\"<' Ihill Ill.' - ktilLI :::: '.'./;,1', Il',' lIoli<'..

Ihill

1 - 1 1.",'1;.
1." (1) = ;-[' 1..( III) = ;-[' 1.'( T)dT

1) Il' (11I-1)1;.

As il l'l'suit"

1 E (III'/'. (II' + 1)l'\. (i.:!i)

1I1.,-I.',IIL' = r"lk(l)-k,(I)\d/Jo
<X> 1(11I+1)'/;,

= I:.. 11.'(1) -I.'I(/)Idl
m=U ml,.

= f: 1(",+')'1;'\1.'(1) - ~1"''I;' k(T)dTid/
m=U m'Ii. f'l (1Il-1)'l;,

= f: 1(:':+1)'1;. ,[l, Il''''/;' .. (1.'(1) - k(T))dTld/.
711=0 ml,. '1' (1U-t)/,.

• I-Iowever,

1
(f1l+t)'l',·

m'li.

This implies that

'1;. Il,,,'1;. (k(I) -1.:(T))dTldl
(m-I )'1',.

11"'+')'1'1' 1 11m 'l;. ],' dk(T') , 1= - --dr dT dl.
m'Ji. 7~J (m-I rI;, t dT'

< 1("'+1)'1;. 1 1",'1;. 1(",+1)'1;, Idk(T/)i '
- --- dT dTd/,

m'/i. '/;, (m-Irli, (m-I)'Ji, dT'

"l(",+')'/;'ldk(T
/
) 1 1= 'I p -- dT.

(m-')'I;. dT'

"" " 1(",+1)'1;. Idk(T
I

) 1 1::; I: '11' -- dT
m=O (m-Irli. dT'

< 2'l~lIkIILI

::; 2'l~c.

(ï.:I~ )

(7.:l!J)

•
Therefore, by Proposition 7.2 and Proposition 7.1 1 t.he represe/lt.at.ion and est.ima

tion prablem for k E Sa can be donc via the proœdure proposed in Sec:1.ion 7.1



•

•

•

Chapter 8

The Intrinsic Uncertainty in

Identification of Time-Varying

Systenls

In this chapter, we will apply the results for fast identification derived in the pre

vious chapters to the identification of time-varying systems. The systems will be

represented by their Volterra kernels. It will be shown that there is an irreducible

identification error when a system's present behavior does not determine it future

behavior completely. The faster the system's possible variation, the larger the error.

Later, the identification of slowly time-varying systems will be discussed.

In this chapter, we will only deal with the discrete-time case. The continuous-time

counterpart can be derived easily using the results in Chapter 6 and 7. This chapter

is based on [24, 58].
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• 8.1

Figure S.1: Linear time-varying syst.ellls represent.(·" hy Voit,(·rra. SIlIIlS

Representation of Time-Varying Systems by

Volterra Sums

Timë-varying syst.ems will be represent.ed by Volt.erra Sllnl opeml.ol's, K : U --> Y,

where (as shown in Figure S.l)

00

y(t) = L:k(t,r)u(l-r), t,r E 1l.
T=O

(H.I)

I-ICI'e, as in the time invariant case, U and Y are nOl'llled linear spa"es c:onl.ained in

the set fOO( -00,00). A distinction will be made bet.ween kel'llds k(·,·) : 1l x 1l+ --> m.
and the weighting functions that these kernel indllce, denoted by k.(·), t E 1l, whi"h

satisfy kt(r):= k(t,r), kt(·): 1l+ --> m.. II. will be assllrned thal. kernels k(·,·) hdong

ta a normed algebra B satisfying the conditions,

•
B:={k("'): kt(')EL litE 1l and sllpllkt(·J1I11 <oc},

tEZ
(8.2)
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wb(·f'(· L is éI cOllvolutioll alAphra d<'filU'c1 as in t.I\(. tinle invariant. ('WH', 'l'II<' ilorIn 011

Il~'('" JIlD := supll~'t(')IIL' (lU)
lEZ

'1'1", pl'oduct. iu Bof t.wo keruds iu B is t.he kertld of t.he produet. operllt.or.

Id"ut.ilicllt.iou will he cousidered in t.he L-norl1l for weight.iug funet.ious and/or t.he

B'nol'lll fOI' t.1", 1"'l'Il<'ls. Th.. B-nol'lll is a nat.uml choiœ where it. coincides wit.h t.he

ol,,·rllt.or n01'll1 of t.he t.il1le-varying opemt.ol·, as in t.he case where L = Cl. More geu

('rally, t.he precise opemt.or UOI'IU may he intraet.ahle, hut. the B-norm is neverthcless

suit.llhl<· for t.11<' "fl'Own-time" analysis of syst.ems, as in [58,49]. There, t.he syst.ems

vary slowly wit.h t.ime or "approximat.cly commute wit.h t.he shift,", and the B-norm

is lin nl;per hound on t.he opemtor nOl'ms of t.he local1 operators.

The l'ilt.e of ('hauge (1 of such a syst.em is defined to he

(8.'1)

For any' suhset 5C B, (1 (5) := SUpkES (I(k).

Suppose that. the a priori information concerning a system locates its weighting

funct.ious k,(·) in a set. Sa C Land limits its rate of change, but does not otherwise

const.rain t.he manner iu which it changes with time, i.e.,

5" = {~, E B: k, E S" c LVI E 7l, and (I(k) ~ C < oo}, (8.5)

which implies that (1 (5,,) = c < 00. Here Sa again satisfies Assumption 1 of Chapter

2 and is therefore a c10sed convex symmetric set.

'Th" local operator of K al. time t is the time-invariant operator K, with the impulse rcsponse
k,(· j.

'W" will lise capit.als wit.h tilde, snch as 5, 1.0 denote set of kernels in B, and capitals withollt
1.i1d.. t.o d"nol.e t.h.. sets of corrcsponding weighting fllnctions in L.
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8.2 Uncertainty Principles

1:!t \

First., \\'l' COllsidl'r t.11l' idl'lIt.ilicatioll of t.hl' Il'('ip;ht.illP; fllllciiolls k,(·) ill 1.111' IrIlOI'II1.

'1'0 gd t.hl' most. gl'Ill'rallo\\'l'r houuds t.o \U1Cl'rt.aiuty, assuml' t.llilt III<' t'lIt.in' histori,'s

of t.he input. Il aud out.put. Il 011 (-00,00) al'<' kllo\\'l1 aud 111I'l'<' is 110 11I('aSlll'('III1'1I1

uoise. (Ot.hl'r\\'isp, a grpatt'l' 10\\,,,1' houlld is possihll'.) llasl'd ou t.h"s" ohs('l'I'at.iolls of

11 alld Il t.he locat.ioll of t.he t.nll' kt'rn,,1 k,,,,,. is lIarl'O\\,(,d <10\\'11, as ill 1hl' tilll<'-i111'ariaul

case, l'rom S" t.o a smaller set.

S(k'r",,) := {k E S,,: (K,t - K",,,,.II) (1) = II VI E Ill,}, (S,Ii)

alld the ullccrtainty in thp correspolldillg wl'ight.illg fllllct.ioll at. t.illl<' 1", IS r,,<llIc,,<I

•
l'rom S" ta the subscl

S(k'r",,,lo):= {k,o E Sa: k,o(') = k(lo,·) fol' "m/le k(·,·) E S(.i',,,,,)}, (S.i)

Again, ta get the most gelleral lower bouml, we assllme t.hal. t.h" 1I00llillai sysl."l1l for

k,o can be any system in L. As in the t.ime illvarialli. casp, I.hp worsl.-cas" Illlcl'rl.ailll.y

in identifying the weight.ing fUllclion at 10 , for ail optimally chosell esl.imal." (.i:,·"tl,,,,

is

e(11,10 ) := SUI'
(ktrl.lo::)roESu

(!l,S)

and is a function of the input IL. We would like 1.0 relate I.his IIl1œrl.a.illl.y opl.illti~ed

over ail inputs, i.e.,

il (S",L,lo) := inf e(u,lo), (H.!))
uEU

ta the n-width on (Sa, L), and show thal. if the ral.l~ (1 (S,,) is greal.er I.hall ~el'llthen

there is an irreducible uncertainty in identificatioll /la lIlall.er whal. I.h" illpllt.. For

this 11'1' will need the following lower bound on "(IL,lo) whose derival.ioll is silllilar 1.0

(2.14) for the t.ime-invariant case,

• e(IL, 10 ) ~ SUI' {lIk'olit : k,o (.) = k(lo, .) f or ,~()rrw k E Su
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J"I' whi,.h (Kil) (1) = 0 VI E rn.)

\"-_1

(K.IO)

(:iv"11 0" (5", L), illtl'o<illrl' tlll' i'ullctioll \0 lllappillA thl' positi\'l' illt"A"I'S {l, 2, ... }

illto IR+ U{oo}, (P(II):= ~02"-I. Th"11 q,(II) is 1ll001010Ill' dl'('\'l'asiIlA ill". 1.<'1, q,-I 1,,·

tlll' iuvl'I'''' l'l'Iatioll q,-I : IR+ -> 7Z+,

whirh is also 1ll01lotOIll' dl'CI'l'asiIlA .

wh"",. 0:= O(S",L) IInri p:= p(S,,).

Theorem 8.1 If /lu: Il pI'i"I'i unccl'lllinly sel S" l/Ils Il raIe oJ chlll/ge p (S,,). Ihen

Ih oplil/Hl/ '//Io/'s/-ms,. nnerr/llil/lg in iriel//ificlliiol/ oJ Ihc weighlil/g Jill/clion III lime

"II. ~ (S... L, Ill)' hll,' Ihr /()'IIIC/, boum/

• (8.l1 )

Proof Ily (S. 10), il. is euollgh 1.0 show that for alltt E U and 10 E 7Z, there exists a

IIIIl1kl'l'IIeI, ~: E S" nNul/ (<1>,,) whose frozell-time system k,. is appropriately large.

Choose 11 = r/J-I(p). By defillitioll of 02,.-1, given f > 0, tt EU, and 10 E 7Z, there

is ail illlpllise respollse kt. E 5" for which the (time-illvariant) system operator K,.

satisfil's (K t"lI) (1) = 0 for 10 - 11 < 1 < 10 +n, and

Defille ~: E B,

0(2'1-1) _ f < Ilk Il < 0(2,.-1)._ t. L_ (8.12)

The l'eslllt.ing (time-varying) operator K is nllll, i.e., (Ktt) = 0, and k(I,') E Sa'

Also, the choice 71 = r/J-'(p), together with (8.12) and (8.13) imply that K has an•
{

k (.) (l - l!.!d.l)
k(l,') := D'· " iJ 10 - n < 1 < 10 +n,

clscwhc7·c.
(8.13)
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appropriaI" l'a1.<', LI'" l'(K):S: "":,-' :s: l'(S,.). 11<-11<'<' h' t: S"nSlll/(III,,). Fillilll,\',

«l1,/u) > Ilh',,,IIL (h,\' (~.I11)),

> O~"-I_<, (h,\'(~.I:l))

= ()~,'-'(/')-I - <, (,~-I ((.) = Il),

alld sille\' this holds l'or ail < > II alld Il E D, th" th"Ol'''lIl rollol\'s.

l'2S

•

III rad, the ullcel'taillty is gl'l'a1.<'I' thall ~"ro Ilot 0111,1' ill \.II<' l\'''I'sl''''iI",' hllt 1',,1'

any system whieh is :101, 1,00 close 1,0 the houndal'Y of S". This is sh"l\'lI ill th" II<'xt

eOl'OlIal'Y 1,0 Theol'em 8.1. Denote \.Il<' IIl1cel'tainty 1'01' a w"ighting flllll'tioll (h·".,,, l,,,

by

(~.I·I l

Also, denote the optimalunccl'tainty for (k".""lto hy,

t. (S",L,lo,k,,,,,,) := inf e(u,lu,k,,,,,,).
"eU

CoroIIary 8,1 If (k'ru')t E aS" YI E 7Z, Ilnd fi (k'r",,) ::; I~f' (s,,) for som" ():s:" <

l, 0 ::; {3 < l, lhen fOI' 1ll/10 E 7Z,

A(S- LI k ) > (l-a)O{~,p-'I(I-iJ)"I- 'lUa, ,0, truc _ ,

whel'e 0:= O(S",L), fI:= fi (s,,) Ilnd aS,,:= {ak: k ES,,}.

(H.I(j)

•
Proof It wiII be shown latel' that a c10sed eonvex syrtHnetric set S" C B cali 1",

found sueh that (ktru• +Sb) CS"' It will follow that for ail IL E D

e( 'Il, to, ktru.) 2: sup {likt. IlL: kt. (,) = k(10 , •) fol' .~OT1le k E S" fol' 1IJhich KIL = o} .
(8.17)
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'l'oSl'l·1i1il1 (X.li) \\'ill folio\\', 1101,· Ihal (/"'"'' +S,.) cS" illlplil·sthat tlll'st'I ill (S.i)

sill,blit's

S(/"".", ,10 ) J {/"'u EL: k,,,(,) = k(/o,') fol' ."Jl/te k E (/'.".", +Sb)

JOI' ",hich (Kil - K""•. a) = Ol

'l'h''rl'fol'l', hy (S. 1·1),

(S.IS)

(S.191

SUI' Ilk" - (k, .•.)" ilL,
kro eSb{k1n.",lo)

(S.20)

Sill('l' S" (k"",., /.0) is ('ollvex alld sYl11l11etric aroulld (k"".,)", the optimal chaise fol'

(k, ..• .),,, for th" right halld side of (S.20) is (kt,,,,),,, i.e.,

• c(a, 10 , k"",) ~ Sup Ilk" - (kt,,,,l,, IlL
klO eS"(k,r .. ,, ,t~)

whieh illlplies (S.l i) by defiuitioll of Sb (k,,,,,, 10 ),

Ail appropriate sel. Sb is the subset of Sa,

(8.21 )

•

for thell /" E Sb implies (k +kt,,,,), E ((1 - o)Sa +oSa) C Sa VI E ~, and

,,( k +/'",,,,) :::; (1 - .B)" (S,,) + .B" (Sa) = " (Sa), which implies that k + kt,", ES".
Silice (S.17) holds fol' alla E D, app!ying the method of proof of Theorem 8.1 1.0 Sb,
we gel. the proposition.

o

When fi = /3 = 0, the lower bOllnd for .6. (S", L, 10, kt",,) is the same as the one

l'or the opt.imal IVorst-case lIncertainty .6. (Sa, L, 10) in the theorem.

NolV IVe consider the identification of a time-varying kernel in the normed space

B. Basee! on the observations on the infinite interval (-00,00), lIncertainty as 1.0
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Ih" Irtl<' 1;"rt\('1 is l'<'dllced 10 S(k",,,,) as ill (~,{;), Th" 1l'0I'sl-l'ilS<' 1I11('('l'tililll." fol' th.·

apI illlally ehoS<'1I ,'slilllill" 1..,.", ill Ih" B-lIol'lIl is

1'(11):= Sllp_
kll'urES'1

illf
k•.• ,ED

~"P Ilk - k."dlo,
,l"ES(~'"'''' )

( S "")\ .- ...

•

Sin('(' t.h,' B-nol'III of a t.illl<'-vill'ying 1;"1'11,,1 is Ihe Sllpl'<'nlllnl of Ihe L'lIol'llls of ils

\l'eight.ilig fUlIeliolls, it. is ilOt. di IliCil It, t.o sholl' t.hat. 1'( Il) ~ ('(II, Ill) fol' illl/ lI . 'l'hel'efol'<''

t.he 1011"'1' hOllnd in 'l'heol'elll ~. 1 is also a 10\1'1'1' hOllnd 10 t.h., oplilllill \\'OI'st.·rilSl'

1I11('('I't.aint.y of t.1\(' t.illle-val'ying 1;el'llel è. (S",L) := inf"Eu dll); i.e"

Corollary 8.2 VlldC/' Ihe hypollw.",,, of Throl'f'lII 8./,

A l'esult. similal' t.o COl'OlIal'Y 8.1 is also ,,,"sy t.o oht.ain fol' t.inle-vill'yinl\ 1;ert\('\s,

Example 8.1 ln t.he following wc aSSllnlt' t.hat. 1.11<' set.s S", i = 1,2,:1"1, ill'<' d<'iilled

as in Example 2.1; (1.:,,,,,,), E aS" VI E Z; and (1(1.:,,,,,,) ::; Ji" (S,,). /0(,1' fixed r > 0,

let. 'P be t.he function 'P : [0,00) -> Z+,

.p(,'!;) := illf {n : 7.2"- J }
--- <,c .

n -

•

(i) If Sa = Sa" t.hen it. has beell c1aillled t.hat. f)2"-1 = 1~, 7.2"-1. lly eurollill'Y lU,

fOl' ail 10 E Z,

(ii) If Su = Su, 01' Su = SU" t.hen f)2,,-1 = C7,2"-J. Heliee, fOI' ail lu E Z,
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(iii) If 5" = 5"" IlwlI (1',,-1 = >'~~I' Ily ddillilioll of 9.0(11) = "1/: 1)' Iifolloll's

Ihat I.Iw illv('rs<' fllill'iiOIl

(' }---:-c,---'"'""77 < (1 - d) (1
1I(:!u-l) - .

C }:!II - 1 > ---,.,--
- (1 - i3)P

,ri ( 1 - (1)(1) = illf {II E ZG+ :

< illf {II E ZG+ :

(.'

< :!( 1 - {3)(I +:l/'2.

As Il'' = ~, w.. IJaV<' 1I{,,p-'[(l-{I),'] - I} = C {2r,1>-1 [(1 - P)(I] - I) -1. Corollary S.I

Vlu E ZG.

•

•

IIU\\' gl V('S

(
1 - 0') (r,I>-1 ((1 - p)(I) __1 )-1

2 C 2C

(
1-0') (1 1)-1
---:.2 2( 1- j3)(1 + C

Remarks on prediction uncertainty. 11. might be expeeted that for quickly challg-

illg IIl1certaill plallts, ohservations l'rom the remote past should contribute little 1.0 the

id"lItifimtion of t,he present weighting function; i.e., the useful observation interval

shollid get. shorter as the t,ime variation rate (I(S.) increases. This is borne out by

'l'heorem S.I and the examples, which show that the optimal identification error is

honnded hclow by a monotone increasing function of the time variation rate p (S.).
Th.. l'l'roI' in (lredieting (k',,,c)'o+1 l'rom observations of y on (-00, la] is bounded

below by ~ (S",L,lu,~"'''c) +pat least3
• If that bound exceeds IIS.IIL, then iden

t.ification provides no information about future behavior, and il. becomes impossible

1.0 constrnct. a modcl with any predictive power. This happens whenever the rate p

s;tl.isfies fi :::: (I",,,r, where (1",,,,, is the solution of

wh"r" k""c satisfies the hypotheses of the corollal·Y.

:1 A F:renlcr 100...·cr hound cali he obl.nincd by cxploiting the faeL that observations are available
ollly 011 (-00, (0)'



•

•

Chaplt'r~. Inlrinsic t"1If1'rl:lillty in Idl'Iltilkaliollilf Tilllt,-\'aryilll;. :-iY:-;lI'lllS

8.3 Comments on Identification of Slowly Vary-

ing Systems

'1'0 ('~tilllHt.(' a t.illH'-\'êlryillg ~yst.t·1ll h' ncclln\t.l'\Y in t.llt· B llUl'Ill. il is IIt'rt'sSill',\" 10

<'st.illlat.l' ,'acil l'roz''11 t.illll' syst."1lI '1(·"IIl·'II.<'ly ill t.h<, L 1101'111. 1'~lI' a lix,·til". 1111' 1'1''';'''11

sysll'1l1 h:to is a tillw~it1varial1t syst('tlI. If \\'(' \\'('1'(' ahlt, t.u ("(lIT.\' Ollt. ail ill!Hlt·olll pllt

exp(~l'ill~('Ilt. on t.his [1'0:1,('11 sYSt,('1l1, wl' could I1S(' ail." a\'ail~\hlt' l.iIlH'·ill\,ilritllll. itlt'llt.i

firat.ioll algorit.hlll t.o (,ollst.rllci. a Illod<'1 for ~"n' 1'1l1'0rl.llllai<'ly, t.his is Il''t. l','asiloh',

Ail t'xpl'rillleilt. 011 t.he t.illw-varyillg sYSt.<'111 rail oilly p;iv(' Ils I.h<, "Ilt.plll of ~'t" al t.illll'

10, as sho\l'Il ill Figlll'l' 8.1. N<'V<'rt.h<'i,'ss, if t.h<, sYSt.<'11l is k110\l'1l 1" Ill' slo\l'Iy IÎIIII'

varyillg, \l'l' ralll'st.illlat.e t.he Ollt.pllt. of ~'to' Yto(l), 1'1'0111 t.h,' "1lt.PIlt. y(l) 01' k,

Proposition 8.1 /.eI ~. E B (litt! Il ~'(I •. ) - ~.( 1 + 1. ')111 :::: l' VI E Z. /'('1' 1/ E

("'(-00,00). /cl
'XI

y(l) = L ~,(I., T),,(I - T),
r=U

'"
Yto(l) = L ~,(lu, T)II(1- T).

r=U

Then "11,10 E Z

I!I(I) - Yto(lll < pli. - 1'0111"11""

Proof . For simplicity, IVe proye the lelllilla for 1 :::: lu only.

(1\.:!·1 )

(~ ')')." .... )

(H.:!!; )

'"
1!I(I) - !lto(l)1 = 1 L(k(l, T) - k(tu, T))U(t - T)I, (H.:!7 )

T=O
",

< L I~,(I, T) - k(lo, TlIlI"II"" (H.:!H)
r=O

= IIk(I,.) - k(lu")lIlllnll"" (H.:!!!)
to-I+l

:::: L Ilk(1 +i,') -l:(1 +i + 1,'lIldlllll,"", (8.:111)
i=o

to-t+1

• :::: L pli Il Il,,,, (8.:11)
i=o
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Figurl' 8.2: LTV system identification by smoothing

(8.:32)

o

This Proposition indicates that. if a syst.em is slowly time varying, then the output.

of Ut<' sYst.1'1l\ !J is c1osl' t.o t.he output !lto of the fl'Ozen time system k,o around ta.

Thl'rl'fol"<', a window emphasising the output ;l'·Olllld 'a should be applied in identify

ing thl' frozen tillle system k,o. When a rectangular window is used, the time-varying

syst.em identification pl'Oblem is reduced to a sequence of time-invariant system iden

tification problenls on a sliding finit.e-time interval, and ail the algorithms derived

in Chapt.er 5 can be applied. ln part.icular, the algorithm estimating the impulse

I"<'sponsl' via inner produc\.s of the output and dclayed inputs has the advantage of

easy implement.ation. The impulse responses of the fl'Ozen time systems are obtained

by filt.ering t.he producls of the output and the dclayed inputs with time-varying

rectangnlar windows, as shown in Figlll'e 8.2.
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Chapter 9

Concluding Remarks

9.1 Summary of the Work

Motivated by t.he problems of robust. adapt.ive cOIlt.I'OI, \·..e posed t11<' pl'Ol,lelll of fasl.

identification in this thesis. Time compiexit.y alld aigoritlllllic (,olllplexit.y, 1.1'0 ('0111

plexity issues related t.o fa~t identific~tioll, have beell st.lIdied. 'l'II<' millilllai I.illl"

needed to identify a system to a specified accuracy ill iuput.-oul.pul. l)I'havior has 1"'(,11

studied for both discrete aud contiuuous-t.ime C'h'es. That t.illle 111"' b"ell showu 1.0

depend on the lIletric complexity of the 11 priori data set., as Illeas111'ed by I.he (:<'l'l'alld

n-width. The complexity of an identificatioll algorithm w,"~ !!!~"sllred by t.11<' Illill

imum number of parameters the algol'Îthm Il,,,,ds t.o esl.illlat.e ill ord,'I' 1.0 ol,l.aill "

representation of the a posteriori information 'l'ithill a sp(~cified accuracy. This Illill

imum number depends on the 1\0lmogoI'O' .... ,.:: Il lI' I.he a priori dat.a sdo whell t11l~

model sets are restricted to be affine 1Il0dcls. It. is t.he relationship 1",l.w""lI idelltifica

tion speed and complexity t.hat lIlakes it fl'llit.flll t.o po~e idelltificatioll pl'Ol,I"'lIs ill t1le

cont.ext of complexity theory. In that context, identification and feedback both serI'''

the common purpose of reducing plant unccrtainty and thereby r"duc:ing <:CJllIpl"xity.

ln the discrete-time ca~e, for a c1a~s of monotone decreasing data sds, it has l''~''n
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sll()\\'11 qlêtl. t111' optilllai illput. 1.0 ilchi(,v(' that minimal t.illH' is ail illlJ>lIlsp al. 1.11(\ :-;t.art.

of 1.1", Ol""l'val.ion int"l'val, and th" optimal alline mod<'i 1.0 1Ichiev,' th1lt sinlpkst

r<'I'r<''''ntation is Il,,· FIIl Illodei. In the continnons-time C1l"', 11 c111SS or opt.imal

inpnts has l'''en clial'ad"lüed hy a IOllarithmic intelll';ti condition usinll t.he t.heory

of 'l'wsianalyt.ic rundions. Il snhol't.ilual affine represent.atioll l'or colltinnons-t.iml'

data set.s h1ls l''','n shown t.o 1", obt.aillable l'rom the optimal represent.ation of t.heir

sarnpl"d data syst.elils. 'l'Ill' optimalit.y or such sllboptimal represelltations is rclated

t.o IIll' SIlIOOt.hIIl'SS or t.he impulse responses and t.he sampling period.

The inpnt desigll problem h1l$ also been stndicd in a case wherc only cel·tain

enSl'lllble propert.ies or the input can be designed. Upper ami lower bonnds to the

inlll'r<'nt. el'l'or have bl'en given in terms or t.he gap Illet.ric in genemJ, and in t.enns or

th,' s),,·ct.rnlll flatness in several special cases. 'rwo l'Obust identification algorit.hllls

have also been proposed.

Ir a syst.em changes whi!e il, is being identified, thcn there is an irreducible llllcer

t.aint.y as t.o il,s input.-out.pnt. bchavior, which has been related to its rate or change.

Th" irr<'dncible ident.ificat.ion en'ors derived here cxist l'ven if tbere is no additive

noi,,·. This inl.rinsic property of tillle-varying systems indicates tbat adaptive con

t.rollel·s must. be designed l'or a set. of systems, i.e., must be l'Oousl.

9.2 Directions for Future Research

•

Certain aspects of the research reported in this thesis are worth further investigation.

FIII't.her research is contemplated on the following tapies:

1. The effects of stochastic additive noise on identification speed. In

Chapter 2 and Chapter 3, we concentrated on the effects of Jack of data on

the inherent l'l'rOI'. The optimal inherent l'l'roI' was songht in the limiting case

where the signal ta noise ratio tends ta infinity. When the signal ta noise ratio
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is limil<'d, 1h" n'S1llts prol'id"d 1,)\1',,1' hOUllds 011 t Ill' h,'sl achi,,\'ahl<' illlll'l'l'III

''l'I'OI'S. It. is IIl1d"ar ho\l' 1hl' slochaslil' addit.i\'l' lIois" \l'OU Id all','cl 1hl' I,,'sl

arhi"l'ahl" illhl'r,,"t. l'rrur, alld ho\l' 011" shollid "xpioil 1hl' slochasl il' pl'l>pnly of

t.hl' addit.il'<' 1I0is" ill illpllt. ,IPsigll. 'l'Ill' n'slllts 011 ""St'llhIP illpui. d,'sigll should

shl'd some light. 011 t.h"Sl' qu"sl.iolls.

2. Formulation of the fast identification problem in t.he st.oehast.il' set.

ting. III Chapt."r 2, 11''' fOl'llllllat"d t.h" fast. id"IIt.ilil'at.ioll pruhl""1 ill t.h,' \l'orsl·

case set.t.illg. 1\ similar formulat.ioll cali b" arhi"I'"d ill t.11l' st.ochast.il' s"'.tillg hy

embeddillg bot.h syst.em 1I11Ct'1·t.aillt.y alld dist.llI'hallt'l' ullt'l'rt.aillt.y illt.o a proha·

bilist.ic framework.

3. Estimation of on. III Chapt.er :1, t.he 111'1"'1' 11.\1<1 1011'''1' hOllllds 011 t.h" II-widt.h

on have been given for severaI dat.a set.s. 1\ c1l1tllellgillg t."rhllind prubl"111 is t.o

obt.ain t.he exact n-widt.h on.

4. An information interpretation of the logarithmic integral condition.

In Chapter 6, a cIass of optimal inpllt.s are dl1tracl.eri~·ed hy a 10garil,llIlIÏc' ill

tegral condition. It is often speculated t.hat. logarit.hmic illt.egmls are rPlat"d t.o

information theOl·Y. I\n interprdatioll of t.he reslllt.s ill Chapt.el· fi Illay l'l'veld

certain intrinsic relations bet.wcen idellt.ificat.ioll and infol'lll1tt.ion t.hem'y.

Besides the above direct extensiolls, t.he result.s ill t.his I.hesis shollid 1", rdevalli. 1.0

severallong-tet'm research I.opics, e.g., a unified I.heory of l'eedback alld id"'ll.ifkal.ioll,

an information-based adaptive control t.beory, opt.imal adapt.ive st.ml.egies blc~"d 011

optimal identification and optimal feedback, and il.erat.ive ident.ifical.ioll alld ccml.r,,1

design.
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Appendix A

Bounds on Inherent Error

L"1l11l1il :1.1 ilS"" ill t.h" pl'Oof of Proposit.ion 2.1 cali be shown using devices similar

1.0 t.hose ill 1'1:IJ.

Proof of Lemma 2.1 If wc cali show t.hat. S(O) is symmet.ric around t.he origin,

t.h"l1 fol' ail k"." E L,

sup Ilk -l'",dIL = ~ (sup Ill, -l'"dIL + sup 11- k - k.,'IIL)
keS(u) 2 keS(O) keS(O)

(as S(O) is symmet.ric),

1
> ? sup (llk - k.,dIL +IIk +k.,dIL),

- keS(O)

1
> ? sup IIk - k." + k +k.,dIL,

- keS(O)

sup IIkIlL'
keS(O)

Silice' t.he above illequality holds fol' ail k." E L, wc gel. (2.15).

'1'0 show t.hat. S(O) is syml11etric around the origin, wc notice that

S(O) = Su n {l, EL: p['o"o+1·)cI>"k = p['o.to+T)V fOI' sorne v EV} l

-. Sun S•.
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Sinn' S" i" "YllInH'lrie hy A""Unlplion l, il i" l'nou!':h 10 "1",11' 1hill 1hl' "1'1 S, "ynl

nwl l'il'. Ll'I "'1 1)(' an <,I('n~<'nl in S,.. 'l'h,,n 1IIt,rt, l'xi"1 l', ill V "neh lilili (K III) (1)

1'1(/) VI E [1 0, III + 1'), Thi" illlpli<'" Ihal (-K,II) (1) == -1',(1) Vf (0 \f", fil -11'), Sine"

Vi" sYllInwt.rïe hy A""nlllt.ion l, -l', i" ill V, 'l'hi" inlplil'" Ihill -k, '" S, and hl'nrt'

S,. i" "ynlnlet.rÎc,

For (2.1 (il, we Hhow t.hat. for ail ~'Inll E Su êllld l'I"lu EV,

"Up IIk, - "'JL::; "nI' Il'', - ",111,.
k"k,eS(y) 1" ,,,,eS(ll)

( :\ .1 )

•

•

Let 1.:" 1.:2 E S(y). 'l'hen t.her<'exi"t. Il,, Il, E V "neh t.hal, P[I",I,,+'/') (<l',,(k,) - y) ==

P(lo,lo+'J')(v,) and Pllo.lo+'/·) (<1',,(1.:,) - y) == P[ln,lo+'/')(I")' Il. 1i,lIow" 1'1'0111 t.llt' lilll';lrit.y

of P(lo, lo+7')<I'" t.hat. P[lo, lo+7')<I'" (k' ;k") == P(lo,ln+"') ('" ;,., ). Si'It'" V i" t'OIII't'X ;ultl

symlllet.ric, '" ~"" E V, whid, illlplies t.hat. k,~b E S,.. Sinn' "",1.:, E S", and S" i" ;""0
convex alld sYlllmetic by Assumpt.ion l, k,;k2 is ai"o in S", 1I<-lIe<', k,;k., ES" nS,. ==

Stol. By t.he symmet.ry of Stol, k2~kJ E Stol. (A.I) i" proV<'d by Idl.illl'; ft, == ~., ;k,

and h2 == k2;k, on t.he right. hand side.

Since Stol is convex and symmet.ric, it.s diallle!.<'r eqnal" t.wicp of ib ,'adin", i.l'.,

SUI' I[h l - h211L == 2b(n).
1" ,",eS(o)

This complet.es t.he pl'Oof.

o
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Appendix B

Comments on Spectrum Flatness

II. mn he shown t.hat. t.he spect.rnlll f1atness defined in the Chapter " is closc1y rc1ated

1.0 t.he rat.io of t.he suprelllulll and iufimum of the spectrum of a sigual in the standard

Proposition B.1 If IL is Il T-Jlcriodic siglllli, l/tell

(
''') _ min",IU(w",)1

lllt.l - ,
max",IU(w",)i

w/wrc U(w",) = L.;~ollL(l)c-JWm', m =0,"','1'-1, w'" =2nn/T.

(B.1 )

Proof Sincel' is 1'-periodic, there exists a unitary matrix V such that U'o(n) =

VU"/'_I ('1'). II. is trivial 1.0 check that for 1 E [0, T - 1],

l'u 1.

"/'-1

L IL(T - 1 - 1- T)e-JWm(T-I-T) = U(w",)e-JWm '.
r=O

(B.2)

•
x=

1

139

e-JWT-,(T-I)

e-JWT-' (T-2)

1

(B.3)
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•

f-).4I(l (,-.'..... 1 ('-.1"""'-'

) .. = (Il.l )

(' - .Iwo ('l' - t) "-J,,,,('/'-I) ,.-.1"'1'_,('1'-1)

Notic(' that bOt.!1 X and Y ill'" nnitar)' lnatril'(,s, FI'(lnl (Il.:!) \\'(' ha\'('

Hence •

<\> ('l') = (1'0('1')'1'(1'0('1'),",10 .

= Xdi"f}(!U(wuW,·,·, IU(W1'-1 W)X".

Therefol'e

inf,o ![('!)",lo('I')) = min", IU(w",W,

sUP'o 0-(<\>",10('1')) = max", IU(w",W,

o

•

Proposition B.2 Assnme 11 E e"'" nnd ils nUIOe01'1'dnl.ion fllnclion

l'

if>(t) = )~~ 2~1' T~T'I(T)n(1 +T)

is in el: Lei

"'"<\>(e iO ) = L eiO'if>(l),
t=-oo

!vi = sup <\>(e iO ),
O$O$2r.

IJ Ihel'e exisls (1 Junelion J sueh lhnl

1 '1' l '0+'1'
2'1' L u(T)u(1 +T) - T L U(T)U(t +T) ~ J('I') Vt", tE 7l,

,=-'1' 2 '='0-'1'

( lUi)

(1l.7)

(Il.H)

(Il,!))

(B.IO)
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IIIII/Iimr_., .lfl') = Il, //1111

'l(, 1'1'01'(' Proposilioll Il,:!, 11'(' 11<'1'd a slalldard r('sllil from S~('go [1:1].

Lemma B.1 /,,.,

1·11

(Il.ll)

"'(0) "'( -1)

"'( 1) "'(0)

"'(-II)

"'( 1 - Il)
(B.12)

(//Id À~:~I ::; ... ::; À\") br figrlllllz/,tc8 of Ihe '[()cJllil= forln \~.. Ullder Ihc hYJlolhcses

of 1/11: "/UJlII: f!1'oJlosilioll,

•
"'(II) "'(n - 1) q,(0)

lim À(,,) = !lof
u-oo l ,

II1/. "

1· \ (,,)
UU ....n+1 = nL

7l-00

Proof of Proposition B.2 Il will be shown that

(B,13)

(B.14)

1
'1!~n .)'1' suI' o-(<I>'o(n, 2'1' +1)) =

00 ... to

}~~ 2~' il~f Œ(<I>'o(n, 2'1' +1)) = d")
"n+l'

(B.15)

(B.16)

•

'l'h(,lI, by Ihe above lem ma, Ihe proposition follows from the definition of v,,(n, 'l').

l'ut [;;'0 = )1'<1>'0 (n, 2'1' +1) - K. Siuce <1>'0 (n, 2'1' +1) and V" are both Hermitian

Illalrie!'s, sn is B,o' Silice <1>'0 (n, 2'1' +1) is a Hermitian matrix, its singular values are

thl' same as its eigellvalues. If wc sec 2~1' <l>to (n, 2'1' +1) as V" bcing perturbed by EtOl

Ihell by a stalldard result ill matrix analysis, wc have

(13.17)
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Il follo\\'s Ilwl

II~

-\;(I;,)tinf'\"'i,,(/':,u):S )/,snp'u-\;(I"u(II.:li'tl)) ~\,(I;,)+Sllp\,,,,..,.(/ÇJJ)IS)
to III

'\i( l',,) t inf ',""i" (I\"U):5 )/, inf,U -\; ('l',U (II, :li' -/- 1)) ::; \, (\ ;, ) ·1 Sil P ·\,,,,,.,·(lfIJ)! il)
to l"

If \VI' nlll sho\\' Ihal lilll'l'_.", inf,u '\"'i"( I,',u) = II and li 11\'/'_.." Slip,,, \"".,.( fo.',u) cc. II llll'n

\V" l'an gl'I (B,I:;) and (ll.lli) hy laking 111l'IÎ1l1ili' -. oX' ill IllI' "hol't, in(''i""lili,·s.

Therefore, by (B,IO), IVe havI'

•

C' .',J = } , ('o+i:+'l' U(T)U(T ti - j)) - ')~/' ( t II(T)II(T -1- i - j))
... / T=to+i-l-'1' ... r=-'I'

( '/' )
t :l:l' T~T"(T)II(T -1- i - j) - </l(i - j)

(IUII)

By the hypotheses, lim/'_oo J(1') = 0 and

(
'1' )'l\im '):" L U(T)II(Tt i -j) -1jJ(i-j)

-00 ... .1 T=-'/'
= 0,

•

hencc, lim'l'_oo ICi,il = O. Sincc the eigenvailles of a Illiltrix ilrl' ('olll.illllOIiS rlllldio/lS

of its clements, IVe conclude that

and

This completes the l'roof.

o
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