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Abstract 

Ilw, lh"~I~ '()II~id"I~ Il)(' Il .. 11..,\1'1' .... 1' \'illlllliullcli ('0111101 of cl ~illgl(' IlP:xihl<' I)('alll IIl1d('I

/!,uillg Idl,!!,l' pl'tmll' l'otatioll,'' !fIolioll. 'l'II!' Iw,H11 i~ lI1o(kllf'<I IIsillg a cllhic splillC' \ ('chni<\1I<'. 

",hlf Il "pploxilJlct/(·.., Il)(' lill('''ll~ ('Iast ie, (,Ollt ill"OIlS h('alll \Vil h a Hnite' 11111111><.'1' (Jf 1I0dai 

poilll:-.. Il i~ ... 110\\'11 that "ill(,ti(' houlldal'y cOllditions sllch as thost' a:-.soC'!at<,<I with t.ip loads 

1"" 1)(' ill( 11It!(·d ill t 1)(' ('lIhic ~plill(' lIlode'/. This ~pat ial disClf't izat iOll Illf't.hod prO\'ide'~ a 

lI~dllllill!'al 1f·lot.iolls"ip l)('t\\'('('11 displan'llH'nt éllI<1 (lII'VatuH', \\'hich allows tlJ(' lISC' of stl'ai" 

/!,a/!,('~ 10 Il)(,cI~ll1'(' elll'\'élt.lln' alollg the h("lIn. Ail optilllal cOl1tl'ol st.rat('gy is n~('d to Sllp

pJ('S~ tll(' IrcllJ~\'C'IS(' vihlatioll~ whilC' forclIIg the C'l1d tip t.o [0110\\' a pn'scl'il)('d trajectory. 

A I\:,dlllilli Irlt,·1' is ('111/>10)'<'<1 to optilllally ('stillléltp st.ate variahlps which al'f' Ilot ohtaill<'d 

l.hl'01\gh di. ('I·t IlII'élSl\l'l'lIlellt. 1'll<'s" state v<\l'iabl('s can he c1é\~sified illt.o two groups: 1) 

st ,t! (' \,11 iahl<'s COIT<'spolldillg t.o t Il<' tillw rat.t' of change' of curva(.ure, which connot Iw 1l1('a

SII1(·d IIsillg allv ('xist.ing S('II~OI' and '2) st.atC' val'iélble's élssociat.('d with clll'vat.Ul'e al. certain 

IIoclal poillts \\'hich, hy ha\'illg tll<'il' valtH's C'st.imatcd l'ather t.han dirC'ctly llH.'asured, results 

ill a ~llIalll'l 11111111)('1' of SC'IIS0IS nC'C'd"d io cOlltlO1 tllf' f'lItil'f' beallJ, t,)wreby reducing t.he rf'

qllin'd data 1 Illougirput <·apabilit~· and cost of tJlf' collt \01 hétl'dwar<'. AIt l'ollgh, ill prillcipl<', 

t.1J<' ('lit il(, s\'st<'1IJ h,ls bc'c'II pl'O\'(,II t.o 1)(' slal<' ('()JJtl'ollahlf' and oh~C'lvabk lIsÎng as Itttie as 

011(' S('IIS01, 1I1111l('l'ieal ill eOlldil iOllillg 0\ t Ilf' COllt rollabilit.y and obsC'rvability lllat ri(C's can 

1)J('\'('lIt the' I\:allllélll filtc'I' flolll IC'COlIstlllcllllg Il)(' statC' f'<;IJmalps to é\ l'C'fJl\irf'd accuracy. 

'l'bus. 1I11I1H'I'i('al vié,bilit~ of 1 his COllt roi sclJ('IIJ(' i" <le'lIIollsl l'éltC'd t hrougl! "xLC'lIsive simula

t iOIl sI lIdips rllld gui<l('lillf>s for t Iw 11111111)('1 alld locatioll of s('nsol'S to achieve good lIumerical 

(,olldit,iollillg dl'(' gi\'('IJ. Th('~c' l'l'sult.s show t hclt t 1)(' proposed appl'oé\ch is very suit.able for 

1'(·,,1 t illl<' <"Ollt roI of t rall~\'('I'SC' "ihl'élt 10li~ of t 1)(' flexiblC' I)('alll lIndc'l'going large l'ot.at.ional 

Illot iOIl al high spc'('d. 
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RéSU111é 

l)éllI:-' «(' Il)(~IIIUill' LlIII('lIr, (~I IIdi(' l,' (0111111.11)(1<' dl' 1 .. \ ihl.11 iOIl Il.111''' 1'1 ".d.' d'lIl1t' 11t1111 l"~ 

flPxihl(', ('II P«~:-'('IH (' dl' grallds 11101\\'('111<'111:-. dl' loI dl iOIl d.m, 1111 pl.lll L.l pOlIl It' 1',,1 11111" 

t.ruite, :-.(·1011 1\1)(' te'l ""iql\(, ch, sl'Iille:-. Cllhi(l'w:-" 1;\(1'11'111' :-'1'11 ;1 ohkllll IIW' "PPIO'IIII.II 11111 

d'III)(' poul 1'<' (l)JII illll(', 1i1l(~ail'('IlI('1I1 (~Ié'"t iql\(', .1,\'.1111 1111 1101111.1'1' IIl1i dl' poillt-, 1IC11\.1I" 011 

dhllolll J'(' qll(' I('s cOlldiliollS Cillé'liqu('s de' fl'OlIlil'lI'. 1t'1I(':- qlll' tI'III'" Idil··('!-> "II 1'.111 d'.l\oll 

1111<' lIIas:-.(' a III\(' cxl ri'lllil~, 1)('11\'('111 :-." lJOII\'('\ dall'" Il' IllOdi·!t· dl' "plllll' (1III1qll" ('('11(' 

1II{,\.lIo<l(' dl' di:-'C1I~1 isatioll spéll ialp pro<ï\\'(' 1111(' 11'1.11 iOIl lilll·· .. III· III dl' 1'111 Il' Il' IIc'·pl.\I ('11 \C'II 1 

cOllrhllJ'(' le IOllg dl' la pOlltre. 011 lItili~(' UIIC' stral(~,l!,i(' dl' ('0111111 .. 11111' opl illl,d(· 1'0111 l'''I'IIIIII'\' 

les \'ibréltioH~ trélll~\·('J'sal{'s. 1)('lIdant qllc 1'011 !orcl' 1'<''\II{'lIlil(~:1 :-'lli\'ll' 111\1'11"11'110111' illl 

POSP('. OH C'lllploi(' lin nit J'(' dl' Kall1lan pour 1II)(, l'sI illlélt iOIl opl illl.dl· dl':-' \"II.d,I(·s d',··1.11. 

laqlH'llp Il'('sl pm' oblel\lu' par l1l('surag(' dir('ct, ('(':-' \<llwl,I('s 1)('11\('111 ['1 Il' (1 .. "..,1"1'''' 1'11 dl'I" 

group('~: 1) variahks COIT('spondant fI la \'it('sSI' dl' ('11(\lI,l!,('III1'111 II<- 1 .. ('\1111111111'. 1.1(1'1<'111' III' 

p<,ut ('1.1'(' Ill<'SUt~(' acltH'Il(,Jl1ellt. par élUCUII capf<>lIr 2) \'cllictble:-, as:-,oll/'I':-' il 1.1 (OlIll,,"(, :1 

c(>rtaill1i poillb lIodaux, dOllt la vélleUI (~të\lll ('sI ill](~1' <III lie'lI d'pl 1'1' Il \('Sll 1 1"1' cl Il ('1 1<'1111'111, Idll 

Cf' l'élit a pour cOlIs~qll('llCe de réduir(' la quallt it(~ dïnful'llIc\1 1011 Il'(PII:-'(' 1,/ 1 .. 1 UIII dll 111.111"1 il·i 

d(' COI11I11é1l1d('. QuoiqlJ(', ('Il principf', tout If' ~~'Sj{'II\(, él d(~1Il0Ilt 1<" qllïl !l('111 ['1)1' 10111 )l',I,d'!,' 

et observable ('Il Il'ut.ilisallt qU'Ull s('1\1 capte'lIl. la .lJclll\'<lisl' ('olldi/iull 111111\(:1\(1111' des IIlit!li 

(,P:-' de contrôlabilit~ f't d'ohservabilité> 1)('l\\'('lIt ('llIpi'cI\('1 le fill Il' dl' I\,dllltlll dl' 1<"I,d,lil l,· .... 

estimat.iolls d'ptat au degJ(~ de précision l'('<llIi~(', l\ill~i, Ici \ i(lbilit<', 111111)("1 iqlll' dl' 1 l' "Iilll 

de cOllllllande ('st di'llIolltJ'(~(' par <Ie:-. 1l0111ht('11:-'('S ("llId(':-, de' :-,illlld,tlioll, ('1 d(·~ IlIlhc,tlIOII'" 

condiliollH 1I1111l('l'Îqll('S. ('(':-> J'(~~mltats d("1lI01l11'l'lIt <Jllt' l'ctppl'Ol III' pIUpl/:->I"(' {I/II\ jl'II1 1 Il'''' III{'" 

pOlir la cOIlllllalldC' ('Il ll'llIpS J'(~(,I dl'~ \'ihrctlioll:-' 11'<11I~\I'I~.d(,~ d'llIll' pOIlIIl' fll',II,II' "0111111"" 

1\ 



( 

1( 

Acknow ledgenlents 

1'\ Iioli. fOI 1111'11 "'ul'l'011 <lIld p,lIidClII<'l'. 1 \\'0111<1 ,d~() likl' 10 ("\1'11' ...... 111\ <lPI'[('( ialioll 10 édl 

"" (()1"'(Ip,III'~ éllfd rril'IId~ ill 11\1' J)('pallllH'1I1 of l\1('dldlli(,tll':IIp,ilH'('lillg ,,"<1 ill 1 If(' ~k<:ill 

1 k ... 1'.,Il Il ('('III H' rOI '''!l'llip,I',,1 :\Ia( hiJl('s. PSJH'( iallv .JOIIII 1)"11 onl" ,,"d HolH'11 1.11('\ ~Ir.\ Il. 

l'or ... Ir,lIlllp, \\'itlr III(' 111I·il \,tlllabl(' tilll<'. III additioll. tll<llIk ... al(' <1111 to ) n'JI(' ('",tiPI l'or 

Il,III~I,tlillp, 1 If(' al)~II.t( 1 11110 F['('llch. Fillall~'. 1 alll lIIo~t !!,I ,II dlll lu \ll\' \\if(' l'or ,dl 111'1 

1'[('( io" ... ~lIpporl a"d l'II('UIlIi t!.(·IlH'lIt. 

Tlri~ 11'~(',II(h \\'01''' J'('porll'd 1)('[(, \\'a~ ma<l(' p()s~ihh' IIlId('1 N'SEBC (~CI\U1'éd S('i('IlU'S <lllfi 

EII!!,illl'('IIIlP, Hf's('éllch ('ollllcil) of ('élllada Grallts #A-I;),l:!. alld #.\ Il ;.-)0. a~ \\('11 éI~ 'H IS 

(illstitlllc fol' Hol)()ti(~ éllld IlIt('lligellt SystPIII~. a 11<'1\\'01''' 01 <'.lllddiall ('('111<'\,,> of (':\('(,11('11«') 

Proj('('t # (' ~. 

III 



Contents 

ï Introduction 

1.1 ~loli\dll011 

1.2.1 'l'Ill' ~ol'llléll-i\lod(· .\Ilclh :-'I~ 

1.2.:~ The' ('11 bic -Splill(' 'I(·clllliqll(· 

I.:~ Ohject in':-' ............. . -, 

; .:l.1 EXlI'lId('d ('Ilhi< -Splill(' '1'('( IlIIiql\(' -, 

1.:l.2 ('Ollt roI ('cll>c\hilit:-

I, 

1.1 Ollt lilw of 111(' H('IlHlillill,!!, ('''dpl<'l~ 

2 Problem Formulation 

:!.\ D('ri"dl iOIl of IIJ(' l,ilWI ie <llld Pot('111 i.1i EII(·lgi(· ....... ') 

Splill('~ ...... . 12 

1 \ 



1 IIC' 1',111"1 L,I!!,I "'It!", "''III'" iOIl'" (JI \111111111 li 

( 
:\ Opf.inwl COIlt.rol System Design 21 

:!I 

:\..! Op' IllIrd 01, .... ·, " •. , . 

. \,:\ Opl Illlrd ('01111011.'1 

:!I 

4 Silllulnt.ioli of Flexible Beams Vnder Large Rigid-Body Motion 26 

1.1 :\IIIIIIH'I rlII" Lo. ,IIioli of S('II~ors . .,-
~I 

L:! S.·I.·. 11011 or 1 lit' Salllpl"l!; Hat.· . 

1.:\ 

( 1.1 tTlllOlillOllt-d Vihralill!; B('ôlll 

('OIIlI)('IIsalol SimulaI iOll ... 10 

5 Conclusions and Suggestions for Further Work 47 

R('fel"<~nces 49 

Appendix A Derivat.ion of Noise Covariance Matrice 52 



r 
i 

List of Tables 

1.1 1111' (J( (1IIIel!( (' 01 I!ltl=-'111l111l1 ( III \i11 111(' [11l-1]ltll ('cll Il 01 Il)(' ICI\\ \ dll dl IUII 1111'.1(· :!ï 

I.:! ï hl' 1111111111'1' <llld lo( cil jOli of "('11"01:-. 

1.. J Il Il' (' ét 1 ('1 ri il Il''' Il éI t 11 ra 1 \ 1" 1 ri 1 III Il Il ('( pli' III 1 ( .... .111 

1.1 1'11(' (III \ét! III<' <tlld a:-...,O( Irlfc>d 111:-.1 1111)(' dPI j\dl j\(' lOI .111 IlIjll.1! ('11.1 plllill 

dl ... plan·Il\(·111 or 1 hl' \1('<1111 I! 

III 

\ 1 



( 

( 

{ 

List of Figures 

.) SdH'1I1dl Il or lUt.d Ill).!, f1,'\il,l" IW,II11 ............ . 

:1.1 ('011111111,11 \l'" 01 111''''''1 \('1 ,llId ('0 Il 1 l'Olh'l •....... .) ~ 
_.) 

Il EsIllllilliOlll'll'01 orllH':-tau'\,élliahl('!->,lt tlJ('lil!->t lJodal poillt ",itllolll tlJ)lIIél:-:- :J:J 

1 ~ 1'\1 iJlli1t iOIl "1101 or 1 IH' ..,1 rift' \'éllÎ"hlC's al Il)(' first lIod," poilll \\ il Il 1 ip 1l1d~'o :ll 

I.:~ Oplilll,d tOlqlll' illpllt alld lin l (' rf'spoll!->(':-' of thl' nUII-f1I''\ihk IH'rllll ",il IIulII IiI> 

Il )(hS . . . . . . . . • . . .lh 

1.1 Tillll' J('Sl'0Il:--I':- \)1' t II(' Il,'xi},I., h,'alll 1'01 clll opl illl<tl torqlll' inpllt of t Ill' ril!,id 

IWélll1 \rit IIollt 1 ip lIla:-:- ........ . 

1. ... ) Oplilllill IOlqlJ(' illpllt alld tilll<' l'I'SIH)JlM'!-> of tll(' 1I01l-f1,':-..d,l<' 1)('''"1 willl IiI' 

Illrl:-S . . ............................. . 

I.(i Tillll' Il'SpOIl:-I':- 01 Il)(' f1,'xihl(' h"éllll for ail opt illlal torqlll' illput of t 1)(' Iigid 

IH',III1 ",it Il t ip 111":-:-

1 ï B"'11ll Il!''-I'd ill :-illllll,tI iOIl Il 

IS SIII()ollll'<I skp illput u'oing c.\ (Ioidal 1II0t iOIl 

1 q Jlllh IOl.lIlollid dll).!,I(' ,11111 if.., fil:-t tilll<' 1 cil l' of 01'1 i III," " ('ollllOlll'd 101,11 ill).!, 

Il 

1:' 

\II 



zeus 

1 Il ('01111'''' l''ull III upl tllI," (01111111 1111'"1 .... lit 

\ III 



Chapter 1 

Introduction 

1.1 Motivation 

1)111111/1, t 1)(' past <!"c"d<" 1 IH'I(' :1(1\ {' IH'I'II ,·~t(·II:-.i\(· :-.llIdi{·:-, 011 1 Il(' IlH)(klli",!?, alld cOIII loi 01 

lil',lIt-\\'{'i/-',ht lollotl{ Illcllliplllalol's. 10 \\'111l h 'OIl\('lIliollal l'igi(J-hod,\' mode\:-. dl<' 110 IOllg"1' 

"l'pli, .d,I,·, Li,!!hl-\\'{'I,!!,hl lIIalli(>lIlatol:-' orr{'l <Hhalllag{':-' slIch as high('I'-~I)('('d P('I'flllllltlll<'(·. 

hl,!!,lwl prl\lotld-lo-\\'l'i/-',hl ralio capa('il~. cllHI 10\\'('1' ('IH'l'g,\' (,OIlSllIlIplioll (Book ,lIld ~lél.i(,\I(· 

lm.;)), Li,!!hl-\\C'ig,ht lolH)lic lIIillllplllal()l'~ IlIél~ 1)(· I('qllil'('d 10 1)('1 fol' III suclt ~Il('('i(diz('d tél~k~ 

,1:-' "lM' ('-<.;11 lIet III',· nm" t lïl( 1 iOIl c\ll d :-.a 1 ('II i 1 {' III cil\{ '11\ ('ri III-'" Il 0\\,('\('1'. sud 1 1 ig,h 1 - \\'{ 'I,!!,h 1 1'01 Hlt s 

Itd\(' \1'1 \' lighl Il,,1111.'' d,II Il pi III-', .lIld lIoll-llt'J!,ligihl(' lillk f1(·xibilily. I('stdt ill/-', ill \ ihl',ll iOIl <llld 

1 wlld i Il/-', ('fl'{·{ h 1 h.t! Illlls1 IJ(' cOIII roll('<1 1 {) {'IIS111 {' iul('q Uél k IwtlOrJ Il a IIC<>, TI w d('\ ('101'111('11 ( 

of ,1 PIOP"I (0111 roi ~I l'al{'g~ Il'quil('" a :-'lIit clbl{' fillit(·-dill]{,lI~iollcll lllo<!(·1 \\'hidl Iclk('s into 

,II (011111 t 1)(' d,\ lIallll('~ of lillk rlt'xihilit \ illld, at t hl' :-'cllIH' 1 illH', mak('s on-lill(' cOIII roi prad i ('il 1. 

,\lthUII).!.h tl Il!111l1H'1 of <tppl'o.ulw:-. {·,j:-.I lu (olltl'OI lighl\\"('ighl roholic \l1alliplll(t!or~. IIH'\ 

('1111'10\ (,Olllp!t'\ d,\'I1""1\( lllodl'lIillg plII("'dIlIt'S ",h i..! 1 lIJa~' 1101 hl' ('(OIlOllli(cti III illlpl('lIwlIl 

lu "'''ppl(':-':-' \ r1llcllioll ;1IId IlI'lIdill).!. "fl'{'( t~ ill l't·éd-Iilllt'. 

l,II).!." Il,!!,ld-hod\ !lloliull" 1 ... ill,!!. 11\1' (Jplllll,,1 '0111101:-.( 11('1111'.1111' I\(dlll<lll rilt('1 i:-. "llIplo\{'d 
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1.2 Previous Work 

IJI IlwoI\. 11lt' ..,1111,1111<11 1l1('1111)('1~ 01 IJ/!,ltl-\\'I'I/!,lrl whol11 Jllcllill'II!.""I" .11t· .11,,1111,1111''' 

P"lcllIl<'ll'l or <ulltiIlIlOIl~ ~\'~I<'I11~ \\"llIclt Il'qllill' dll 1111111111' JllllltlH'1 III !.',1·IIC'I.rll/I·" 1 11\,·t!lIldl'''-' 

1 0 1 0 1111' Il'1<' " dl '~('I i 1)(' 1 Ir ('II \ il JI cil 10 Il il 1 1)(' Ir" \ 1 () 1. Il 1" III<' II' 1 (JI \ . d 1111 ( 1 rll 1 () dl" 1 l' Il 01 , 11111 l ,,11"1 

lOI t 1,,:-. 1lillIlllp-dilll<'lISiollcll s\:-.I<'Ill. \',11 ÎOII:-' dPIIIU,lI 111'·,1,,1\\' j)('I'1l 1'10l'u",'" lu il'oIlll"'"o11 

i(,rI" lIlodel cllld <1pPI'OXilllcllC' lltis di:-.lliIHIlt-d-p<ll'dlll<'ll'l :-.\:-.11'111 \\111, d 111111,' dlllll'll"iltllcri 

Illodpl. 1'11<':-'1' ,1pplOclclH'S ('(1111)(' ('ld~:-.ill<'d illlo 1\\0 I\IJ('~: III<' I"..,t I~ 1111' 1I111111.rI 1II\J1II',,",,1 

.\:-'1:-'. ",hl< It I\I'g,krt:-.lrigll<'l \'ihléltioll Illod(':, ,III<IIIM'" ollh III<' 111:-.1 Il'\\' dOIIlIIl,,"1 111\lcll·· .. 1 III' 

~e«()lId i:-.III<' IIIrit('-cl<'lIl1'lIt IIwthod. \\"hi<1t di,,< !<·tiz<'", III<' IlIlItill1l01l'" ,,' .... 11·1111111\1 d IIIIJI,· :-.\'1 

uf (·I(·IlH'lIh (JlI \\"Ilieir tll<' displa«'Il\('lIt fwld 1:-' <I:-':-'lIlIlI'd tu lil"(' OJl " ~lIl1pll·I(JIIII. Il,,".111\ "" 1 

1IiIIItl\.-lli,II(' j>OI,\1I01lIi,r1 01 clio\\' (1t'g,I('(' (llp 10 tlll('(') III ,lddltlulI, Il'(('Ir! .... ll1dll·" (l)dlll"...,I· 

.\Ilg,I'I('~ illHI lIoli 1(j.'N) ('lllpl()~pd III<' (lIbi(-~plilH' ~p,rtldl dl"l Il'll/dIIOIi 1I1<'1lrlld 1':.1( 1101 

f 11<'111 cil'<' d('~('I'il)('d Iwlo\\' in SOIlW d('lai!. 

1.2.1 The Nonnal-Mode Analysis 

;\Iodellillg, of tl\(' l)(,élll1 is Oftt'II aclli('\,l'd by 1 II(' 1101 1Il,r1-IlI<HI<· <III"" "I~ \\ III,(C·I,\ 1 II<' ,ri" .dlOIi 

of 1 II<' 1)(',1111 i:-. ('XPI'I':-.:-.('<I as él [jllit(, SUIIl of 1 II(' pl illeip,r11l10dl'" 01,1 <lilll'd l" :-'0" Il If.!, l'1,!!,"1I111111 

1 jOli sol' t Il<' :-. ,·s t ('Ill. \\' Ir i 1 (' t a k i Il g, i Il 10 COIl:-' i d ('1' dt io Il 1111' 1101111 cl dl \ 1 () Il d Il 11111'" (' (J Il 1 1 ul ,.., ! 1:, 'II 

dccoillpli:-.Il<'d lISillg, slal('-spclC(' c1ppl'oadw:-. illclildill,!!, 1 II<' III~I 1(,\\, dOlJlilldllt \ 1!.I,rI iOIl /l1()d,", 

('HIIIIOII <lIHI Sclrlllilz 19KI: SéI k(\\\,<1 , l\lclhllllO cllid Fllkll..,hillld l')KI. Bu,," dllcl \1.ljl·1\I· l')," 1. 

(;oldoll: B('llélti <llId ;\1011'0 I!JXX). Tllis Illethod i:- (oltlplll,dIOIl.d" 1·111/ Il'111 1'111 1,<1" cl Il'\\ 

IlIllil"lioll'" l'or 1lJ()(!<·lIillg éllld (0111101. Fi""t. tll<' IIOlllldl-1l10d,' cllI"""I" Il'qllill'''' dll dlllll.tI" 

Illal 1II'IIIélI i{dl IllOdcl 10 ('IIS1lI'(' SII('('(':-.:-.IIII 11011-( 01101 cllI'd 10111101. \\ 111'11' 111(' 1'''''111011 01 11111' 

t'Ild i.., 10 IH' "'('IlS('" cllld 1"'('('is(·I,\ po:-.il iOlll'd h~ III<' élppli,.rI iUIi ,,1 1111' 1{JIII"I' dl 1 1 If' IlIrI, ,,1 

Il](' lH'élllI. 110\\('\1'1. III(' ('"I(I IlIo(h' "h'lf)(' 01 .rll\ pll\'oIl.r! ","1"11' 1'-. dllll' Iril 1" dl'l"IIIIIIII' 
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III pl<l( 1 i, (' S,·, ,,"dh. 1)1(' IIDIIII,t/-IIl(")" c111,lh·:-.is dl'll'llIIiIH':-' III<' mllllrrd Il)(tcJ,·:-. 01" <1 Illiifollll 

1)(,,11111,,· filldill,!!, 1111' ('i,!!,"ldllll' lioll'" of tl\(' g,O\('l'lIill,!!, prllliai dill'('J('lIlial (·qUé-dIOIl. \\'hi)(·lhi:-. 

1I'l'h"irjlll' i:-. appll< ,d,l,· 10 11111101111 I)('allls. il 1:-' "01 :-'Ililéll>k 1'01 lIollllllil'orlll IH'élllls :-'11('11 dS 

IIHI:-.I· 1)1(':-'1'111 in 101,01 Il 1lIt1"IPlIlitl{J1 li"k:-.. l\lol(·o\'C'I. t))(' IIIPélSIII'('IIWIII 01 ("('11 dill sI .tl(' \'.tl'i

,,1,1(,:-, 01'1('11 J('qllill'S Il,,· Il:-'(' 01 il \ I ... ioll w:-.I('11I whieh. ait hOllp,h :-.uil cl 1>1(· 101 (,Ild point-I l'élckillg 

(,,"1101. i:-. 100 slow id 1)I'(':-'l'lIt 101 tréllls\,prs(' \'iblatioll conlrol of tll<' E'ntil<' bC'illlI. )·'lIIélll.\. 

Ihi:-. "lId-poillt S"II:-'III1-!, !!,I\(':' IIOll-lllillillllllll phas(' 1>1'01>11'1I1s. )C':-'lIltillg ill ulI:-.télh](· z(')"o:-.. <111(' 

lu IIJ(' 11011-( ollo(',tf('d :-.(·IN)J· ... élll<1 ad lIalors, makillg il 1l1l:-'lIilablc- fol' S~'SI(,lllS 1II1d('rgoillg 

lill,!!," ri/!,HI hody l''oIIOIIS (SIl<'hllka alld C:old('III)(,l'g 1989; ToI l'l-<, S\\'('\('I:-' clJld D" Schlllf<ol' 

I!)')I) III félcl, il1 Il)(' \\'01''' 1'('I)(HI"d h~' Call1loll alld Schlllilz (198-1), tlw flpxihl(' Iwalll is 

lilllitl'd 10 rof.al(· hOl izollialh- !rOlll 00 to oJ]I~' GO ahollt its fix(·d (,l1d, 

1.2.2 The Finite-Elemel1t Method 

'l'Ill' 01 II<'I (Ollllll(miv Ils(·d approél( Il is the fillit.p-(·]elllent lIlC'thod. which discretizC's t 1](' COII

linllOIlS 1)I',HlI I>~ dl\'idil1g 1 lit' 1"II!!,th of I]l(' ht'alll into a fiuilp set of smallf'r h(·allls. l1sÎng 

Ihis I1l<'lhod, gO\"'lIlillg ('qlldlloIlS 01 Il)(' f1('xihl" I)('am al'(' derivpd as a sd of s"colld-onl(') 

oJ'l)illal'\' difl'('I('lllidl ('<jllaliolls. I"lh('1 Ihem dS il sd of partial differ('ntial (·qualioHs. This 

111<'1110" allo\\':-. III<' 1I10d(·lIill,!!. 01 lH'alll:-' whidl hcne 1I011-holl1og,PIlf'01l:-' matPliaIIHol)(,l'ti(·:-,. 

IlUII-lIl1ifollll ('10:-.:-. :-.t·( liulI:-', etlll! ,1 \<llIdr of bOlllld<lI,\ cOllditioll:-' :-'u<" clS Iltlb alld tip loads 

(B".\'o 19~~: l\h'lIq alld ('111'11 II)K~; (;IO\'élgI10Ili and Ro~si 198!)), I1owC'\'('I'. III<' USC' of fi-

lIik ('1('11)('111 1IJ<'lllO(!l-o g('n('lal'" 1))0<111("(':-' cl Icll',!!.1' syslelll of ordillal'~' diff('J('ntial t'quatiolls 10 

IlIo<lc'l 1))(' s.\·st(,1lI \rit" sldhei(,llt 11<1,'lily, t.lwl'('by requirÎlIg 1ll01'(' ('xpellsivp comput.atiollal 

<llIti ('()lItlO! hmd\\'dl't'. l\lolI'(l\'(·I. 1 II<' lIS(' of il 1é1lgC' 1I111111)('! of ('quatiolls i1l the clssociat.('d 

slal"-spilct' lllod"lIillp, ill('\"ltahly illl IOrllI("('S lIolI-IWgligibl" III 1 III f'I'Î ca 1 (,IIOI'S alld PI'('\·(·1I1:-. (1)(' 

frolll 1ISill!!, il hig" :-..\II1plillg I.llt· 101 ,ltgllal c01I1 101. :\ IlIgh s<llllplillg l'atei:-. If'qlliu'd 10 ('11:-'1lI(' 

IIt.tI Il)(' S,llllplillg "(''1"('11' \ i ... 1,1Igel Ihdll al ""lsI I\\'Î«' III<' hi!!,ll<'st I<':-.<)Ilalll fn·q1J(·IlC.\ of 

1111' s.\'sklll. ill 01<1('110 (1\01<1 1111.1( ("('ptabl(' :-'('II:-.ili\·ih· to plalll dislurl>al)(·(3:-'. This I('c!tlliqllt' 

i:-. "'lIil.I"I,'. 1 h(·I'(·fort'. 0111.\ fOI olwlI-loop :-.illlllial iOIl alld Illd.\· Ilot 1)(' adt'quale' fol' closc>d 

l(Jull WIIIIOI (It·sigl!. This 1111'1110.1 aJ:...o off Pli Il:-.<·S ('lId-point :-'('II:-.illp" \\'hich is 1I11Suitdbk loI' 

:~ 



cOlllrol of fl('xi"ll' 1)(,"111" IIl1d('rp,uill!!, 1.1I!!.(' lip,id-IH)(h 1I11l11111l" .11\(' 10 lllI'il 111111111111111111111 

pha!'>1' ch.1l actl'I i:-.I i(!'>, It i!'>. lllI'll'rtJl'(" \\UI 1 Im'hill' (",Illllllillg ,III .dlt'llIcll i\ l' ''l'IIIO,",,,,IIUII 

1f'c1l1liqll(,~. hkl' tllC' OIH' h.l!'>l'd 011 ('\l''ic :-;plilll'!'>. wlll( h 111.1"1':-' 011-1 lite' (0111 loi Il'''!'>lhl,' 

1.2.3 The Cubic-Spline Technique 

A IJ('\\' approclch to Il)(' IIlo(h-lllIlg or a f1('xihh' Iwalll h.l!'> 1)(",,, illt rodll('('d 1,,\ 1>""10"" .11111 

('1 al. (1989). Thi:-. IIwl hoc! ('Illplo\'~ a (,lIbi('-~plill(' 1 l'ch Il i(!1l1' Illéll "1'1'10'"11.11(':-. Il)(' ('1.1:-.11(" 

of tltt' contillllOIlS l)(,ellIl wilh a (Ilhic :-;plil)(, p,,!'>~illp, throllp," ,'.111011:-' lIud.t! 1',,1111:-; .t!01lp, 1111' 

bC'alll. ft, has 1)('('11 :-.hO\\l1 1 hat 1 his :-;l',,t ial discJ'('! iZcll iOIl pro( ,'(hllt, a!lu\\':-' '''H' ICI 1110.1,,1 

nOIlUllifOllll and 11011 s,\' Il Il Il cl rie Iwalw; \Vilh high m'(,\IIa('\', ,\1:-'0. Ilris 1111'1110.1 plo\'id,'!'>" \('1'\ 

usefllilincar lelatiollship 1)('1\\'('<'11 displéH'I'IIH'lIt éllld ('Unatlll'('. IIH'lI'hr a!lo\\'illp, 1 Ill' Il~(' (II 

aCCl\I'é\te and fast st raill P,élP,('S 10 illrl'l' t l'cl Il S\'I'I'St' displé\( ('1111'111 lIH'é1:-.III('IIH'lIls. Thi!'> i:-. III 

cOIIl.l'a:,1. 1.0 011)('1' t.('clllliquc:-; I\~illg il COIllI>1ltctliollall~' ('XIH'IISi\l' \ Isioll !'>rstc-1I1 lu Il I('ct:-'II Il' 

elld-t.ip cl isplacc'lIH'llt i Il 1 h 1'1,<,-<1 i 1Il('lIsiolla 1 :-.pa('(', 

HOWC'V('I" t.his 111<'1 hot! do('s Ilot c()J\sid('1 a val'i('tv of 1'01111<1.11 \' (,(Hldil iOIl:-' whi, Il .11" 

cOl11lllonly 1>I'('S('lIt ill IObols. snch as \Vit.h tip loads, l\lol'('()\('I. 1 III' (uIII roi 01 1 III' III'xll,11' 

bcam Îs obtaill('d u:-.illg élll optimal l'C'gulatOl. wl)('l'I' il cOIlt.rollél\\' i!'> IIs('d 10.111\(' 1111' stéll" 10 

zero roI' tlw g,i \'('11 1l01l-Z<') 0 i Il j t ial cOlldi t jOli, YPI)' l'éI pi d dl'CélY ( ,III 1 II' 01. ' a j) \l'cl .d 1 1\1' l', 1 )(')1 SI' 

of léll'g,(' COllt 101 <')((,l'g,\', illcrl'asillg c1osl'd-loop héllldwidl Ir éllld. h.'111 (" Il)( )'t',l.,illp, SI'Il:-.11 i\'il \' 

to lIoist> (I\ailalh 19KO). Thus, it ilia)' Ilot hl' applicahll' 10 IIi(' 11',i1-till)l' cOlltlol or 1111' 

flpxibIP heélm. ",hiclr )l'quin's g,ood tl'allf>il'Ilt J'<'SI)()IlS(' to Il)('11'1''')('11('1' IIlpll!. 1"1111111'1'111011', 

t.he Kélllllall nit l') is d('sigllcd 10 \('(,ollstl'Ucl III<' ('lIli\(' st al!- Il:-.illp, cdl po:-...,i"II' 1IH'.ISlIll'lIlt'lIls. 

1.('" (,1II\'attlt'(~s al ('adl 01 III<' l10dal poillt:-. alollg tl)(' 1 Will Il étlld hlll, l'Olciliollal.IIlp,II', 110\\('\'('1. 

it is IlOt ('collolllkai 1 () lI!'>I' ail étC( ('ssihk lII('a:-'lI)('lIH'llt:-.lol "'11 ""1 l':':-'III,!!, \'iI" ,ri 1011 of 1 1\1' Ii(',ill'" 

IWéllll, silice tbis )l'quil'cs a Iriglr della tillollglrpllt l'apélhilil.\, 
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1.3 Objectives 

III t Ilis t III'~i:-, t II(' ("1I"ic-~pli/1(' t('('ltniqll«' i., (,'\It-/lllt'd to illd"d(' t 1)(' n1S(' \\'il" a t il' IlI(l~:-, 

",hil(, ill(O/POl'éllillp, Il)(' éI~~o(i(II('d bOllll<l(lI,\' cOlldition:-, ,\11 optilllai cOllt/oll(·I', /ell"<'1 Ih(1I1 
, 

il /('p,III,tfo/, is 1I~(·d t,o slIppn'ss Ill<' Il'rlll:-'\'('IS(' \'Ih/elliOIl or III<' l'Ill ire' b(,éllll whil<, foniug Il)(' 

l'nd 1 /P 10 lollo\\' él p/'('snilwd l/'ai(·dOl,\'. FIll'III('IIIIOI(', tills sch(\IlI(\ élllows tlH' 1<,1'<'1('1)('(' 11111> 

mlp,I(\ "i' \\,('11 dS ils '('Iocily p/'ofik 10 b(· sp('ciliC'd rOl'a slIIool" 1 l'él IIsi(,1l 1 /'(,~pOIlS(\, {l:-illp, 

Il)(' I\(dlllilll filt(·I'. <111 inv('sl igalioll is also colld1/( I(·d to él~SI'~S Ill<' j'('asil>ilily of a n'du('('d 

//llllIlu'/' of llJ('asu/'('IlH'llls al a s('kctpd III Il 111)('/ 01 Ilodal POillb, 1\101'<'0\'(')'. t,)1(' p/'ol>klll of 

s('/Isi/lp" ",hich i/lclud('s t.h(' 1II1IlIh('/' alld local iOl/ of t.h(' ~;(,IIS0I'S élnd 1 1 If' ~('I<,( 1 iOIl of tilt' 

Sillllplillp, l'a!'(', ell'(' ('ollsid('I'(,(1. Fillall,~, 111<' flexible, IWillll, ca1T~'illg a tip lIlélflS alld rolat.illg 

hOl'i:wlllally fIOIlI no 10 ISOC élhout it.s fixed ('J)d, is si/llulat.(·d 10 illustratf' 1,1)(' (,rf('ct,iv('l]('ss 01 

III(' pIOI)(N'd cOlllrol s(IH'llIp, This i~ compéll('d wilh a simulalion of an lIIJ('olllrolled Iwall1 

10 d('lIIollsl l'éI 1 (' 1 II<' ca pa hi li t Y of t.lw cont roi ~ysf<>lIl ill suppn'ssi IIg 1 ra IlS\'('/,S(, \'Ï hl a 1 iOIlS, 

1.3.1 Extended Cubic-Spline Technique 

III ord<,I' 10 oblaill IIH' 1)['01)('1 dyllalllic Jllo(I<'1 of a sillgl(' link flexible I)(,éllll IH'l'fOl'llIillg 1('

ellisli( lilsks. II\(' cardul cOlIsid('rcltioll of clssocial('d bOlllldaly conditions lIlust 1)(' CéllTi('d 

0111. OJl(' \('1',\ illlpoltélllt t'xél/llpl(' i:-- 111êIt. ur cl IIlcl:-S lot'clkd al tll(' (,tHI of III<' bealll, wltidl 

is ('ollsid('J'(·d ill d(·1 ail in 1 his j Itpsis, Typical OC('UI n'lI('es of (,Ilcl Illas~ws are Illélllipuléllor 

payloélds éllld acÎ Hellor:- 10nd('c1 al lhe ('lId of ('élC!t lillk, {Tsing l1éllllillon's prillcipk, 1.11<' 

~()\'(·J'IIillJ.!, palliai diff('I'('lIliaJ ('qmdioll of III(' (léIllIJ)('d-rn'(' !>eéllll. aJoIIg \Vilh Iwo g('ol1]('l.ric 

,,(JlIlld<l1'~ ('OlIdiliollS e\lld 1\\'0 kill<'lic "otllld(ll'~' cOlldit.ioIlS, ell<' ol>lailwd, 'l'II<' killdic bOIlIl<l

<11',\ «Hldi 1 iOlls ('Ol'\'('spolul 10 Il)(' s\t('a l' 1'01'('(' a IId helld illg 1l101lH'llt ca usee! hy 1 h(' 1 i p Illass, 

'l'II<' IU'lulillg lIlollH'1I1 ('(III lI"lIall\' IH' I)('gl('('kd d1\(, to t II(' Jo\\' llIolllPnl of ill('1 1 iél of (1)(' 1 ip 

III<\:--~, 'l'II(' Sll<'e\l' 1'01'('(' call 1)(' compul('d usillg tll<' IiI' (\('cp!<'ralioll. obtaill<,d Il.'' suhslillllillg 

the (1\hi<' splill(' é\pplOxillléltioll illlo Ill<' gO\('l'IIinp, pal'tial diff('I(,lllial <,«ualion, Th('I('fol'<', 

t II<' :-\t('cll 1'01'('(' hotllHI(lry cOlldit iOIl elllcl 1 II<' 1\\'0 ,l!,(·olll<'ll'ic bOtllldéll'\' cOlldit iOIl~ cali t 1)('11 1)(· 

illl 11Idt·d ill III<' forlllulalioll of Ill<' lil)('e11' )'(·Icltioll~hip 1)('1\\'('('11 displa('('IlH'llt and Clll\'clllll'(', 



1.3.2 Control Capability 

The cl nIa III ie Illodel obt ai lJ('d h,\' él ppl,\'illg t Ill' 1':1111'1- Llgl <t Ilgl' IIl1't IJOd i ... 1 .t:-1 III 1 Il .. 1 1111 1 111111111'" 

t i 1I1f', ( Ollst élll t -codh( i('llt. st il t ('-:-PiJ('I' d(':-n i pt iOIl t 0 d('"igll "II opt i IlI,d ( 1111 1 1111 .., \ ... 11'111 Î III' 

COI'I'(':-polldillg sll'p-im'arielllt. diseJ'('t(,-tillH' IIlOlh'l i:- t 11<'11 Ol)télilll'" IllIdl'l t 1If' ""''''111 Il l't 1011 

that t,II<' cOlltlol sigllal i:-. appli('d to tll<' plallt thl'Ougll a !'('IU-old('1 hold 'l'III' h.tllIl.t1l 11111'1, 

wlticll i,~ opt illlai ill t II(' S('IIS!' t IIclt t III' \ariall( (' of t 1)(' ('st illl(lt iOIl 1'1101 i:- 11111111111/1'" (FI clllkhll, 

PO\\'('I\ e\lHI \Vorklllclll 19!)O: Astli)lll alld Wittl'lIl1l(H'k 1!)~1). i:, dl" .. i)!,llI'd tll (Ild,lI11 1 Ill' ,..,tl 

!\lclt<' of t Il(' stal<' \ ,li iahlc's t hat (' .. lIl1ot 1)(' direct 1,\' ohtaill<'d t IllIIIIgh IIII'cI:"III('II\1'1I1 s III 

additioll 1.0 t"stilJliÜillg tllc' time' l'att" of ('helll,!?,C' of CIII\'éltUrc'. it Ilia\' 1)(' 1 11'1 11'11 ( I,d '\1 I,,,t 1IIl,tI(, 

thl' cUI'Vatul'C' alsu at n'rtaill 1I0détl poillts, rat 1\('1' tl)(\11 IlIC'ilsttrillg it dill'( th. till'II,I,\' ('\t'll' 

lIatillg tll(' ll(,{,d to 11:'(' (,olltrol Itard\\'an' witlt \'C'r~' hig" dat,l tlllOIl)),hpllt (,ll'allllll\ Thil.." 

it. is of plad inti illlpOl'tall(,(' to hlld tl)(' sllIall('st possihk 11111111)('1'01' 1I11'I\:'IIII'III1'IIt... ",Iii, Il 

allows the stal<' to be' ('stilllat('d ill J'('al-t illH' ",ith il <!<'sin'd a('('lmJ(',\', 'l'hi:... Il'('Oll ... t IIld:OIl 

proc('duH' J'<'qui!'!'s that tll(' s~'st('111 hl' (,olllpl('t('l~ :-télt('-ohs('/,\,clhl(' ,,"d ('Ollt loll.tltlf· tll "IISIII(' 

thl' ulJiqu('lI(':':' of a f<'e'dhack gaill \'<'clOl" Although stat('-oh:'(,1 vahilit,\' ,III.! (Ollt loll,t1,t1it" 

ha\'e all't"ôdy 1)('('11 tlH'ol'<,tically pron'II in t.hi:, sitllatioll (Bal<ls 1 !)TH; 111l.l',lw ... ,1I1c1 Sk(·ltoll 

1~)80). 1.11<' K.tllllali filt(· .. CciII fclil to élllo(,élt" tlJ(' :,kad,\ -~t.t1(' 01':'1'1\1'1 )),""1 III.dll\ dlll' 10 

t.\l<' IIlI111el'ical ill-con<litiollillg of t.lU' (olJtl'ollabilit~ alld Ob:'('I\, .. hilit,\ IlI,tlllI ,':" '1'11('11'1011', to 

asscss tilt' Ilumeri('al \'iélbility of the stal<' (,:-,tilllatp:, obtailJ('d b,\' tll<' ",tllIl<l11 Irltl'I. ,'\h'lI:-i\(' 

simulat.ioll studil's <H'P pf, .. fol'Illf'd, 

1.3.3 Sensing Considerations 

TitI' 11111111)('1' of ~('IIM)r" alld t 11<'11 po:-it iOIl" ('(\11 ~i.!!,lIifi(,i1l1t ly ;dll'( t t II<' (h Il,11111' 1H"llolllI'llIl f' 

of tll(' :-.~'st<'1IJ ellHI IlIlIst 1)(' t el 1-;('11 illto (OIl:,id('J'at i011 ill bot I, plHl1I IIIOd(·III1Ii!, ,llIcI d'· ... ,)!,11 

alld illlpl(,IlJ('lIt rit iOIl of t II<' ('01111'01 :,\ :,t ('II 1. 'l'II(' 11111111)('1' 01 :-('11:"01:". \\'''if " 1 (JI 1 ""'PllllcI ... lu 1 III' 

III Il Il h<'1' of Iloda 1 poi Il 1 ~. i~ cho~('11 cl:' a ('0111 pl 0'11 i:,C' I)('t ,,'( '( 'II t III' ,II ( III il( \ III t 1 II" d l'pl 0\ 1I11,dlOll 

Il 
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( 

if 
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(lIldllll ,,( 11f'1I1I'. 

\\Îll'II 11f'<l11.\ (OIl(JCrll('" ~('II~OI~ (111<1 <lctllnlOIS an' 1I~('d. Ihclt is. wlH'1l tll<' rldualors alld 

,>('11""1" d)(' locat!'d cloM' to ('éH Il ollwr. tlll' colllrollC'r will Întrodll<'C' additiollal dalllping to 

1 III' '" ~1('1l1. IlwlI'by ill( J('rlsillg ~('II~il i\·it v 10 t 1)(' Iligll<'r I<'SOllél/l1 fr('<jI1('lIc.\ great('r t han III<' 

(Io,>('d-Ioop S.r~t('111 billld\\'idt h. I1wJ('fol('. t III' higlJ('~t 0IH'11 loop s.nt<'1lI \'('~Ollé\ltt f\'('qllf'llc~' 

tf) 1)(' (oll1lOlI!'d i~ lIS,,<I éI~ III(' plilllélr.\ nit('riOlI for s('I('ding tll<' Iwst sal1lplillg ral(' élh 

1.4 Outline of the Remaining Chapters 

III ('llrl pt!'1 ~. t II<' prohl<'1II formula! iOIl ami 1 he spa t.ial discret i:7.at ion of the' continuous beé\,m 

IIsill).!, 1 II<' ('llhic-splin<' Ilwt.hod dl<' dpsCI ibt'd. including t hl' applicat iOll of a variet.y of bOIlIl<I

"1 \ (olldit iOlls. TI\(' fillil<'-dilll<'llsÎolléll C'qlléltions of mot.ioll of t1H' rotating flexible beam arC' 

1'01'111111,,1(,(1 usillg th" Eul<'r-Laglélllg(' <'qllrltions. III Chapl<,r :J, t.Il<' step-invélriant dis(TC'I<>

tillll' IlIod('1 of HI<' (olllinllOll~-tÎIlI<'. lilwal. COlIstallt-codfici('lIt lIIodf'1 of 1,11<' sySt.C'1ll ill statC'

r'tri,,!.I(' spaf(, i:i dl'rir('(1. 'l'II<' dpsigll of rlll op! illléli (olIt 1'01 syslf'm llsing t hl' l\élllIlélll filtC'l' 

i~ 111<'11 disfllssC'd. III (,lIapt.cr 1. t II<' dpI ('Imillat iOIl of t II(' lllllllJwr alld locat.ioll of s<'\Jsors is 

di-:(,II~N'd hasC'd 011 Ill!' stat<'-ohs('l'\ahilit)· of III<' s~stc'lll. alld tlH' s('I(,ctioll of Ill<' salllpling 

lat(' is d"snihp(1. Silllulatioll r(,~lIlts clIP prf'sf'lIt('(1 alld disctl~s('d. FillaJJy. ill Chapt.<,r.1, tlH~ 

l'I's!dls ,1\(' slIllIllIariz('d alld ~tlgg('st,iolls for further work are PH'S('II!.{'d. 
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Chapter 2 

Problem Formulation 

Thf' ellf'rgy-based dynaIllics modelill).', (If" :-.iIlgl,' Il,'xil,I,, I)('(llll \\'11 h " 1 II' IlIa:-." i:-. dl hil'\I'" 1,\ 

disCl('jiziIlg the lilwally ('Iastic. cOlllillllOllS 1)('.1111 lIsill).', il l'llhil :-.plilll·. \\'1111 h ,IPPIO\III1"II':-' 

tll<' ('lastÏ<'a of t,J((' contillllou:-, 1)('<1111 ",itII éI IllIitl' IIIIIIIIH'I 01 lIod,I1 p()illt.... Tills :-.p,di,d 

disCl'et.izatioll Ilwt.IIod is appli< ahl!' 1'01 t 1)(' cktnIllillat iOll of t II(' po:-."Ibk 1H)lIl1dal~ 1 IIl11lil iOII" 

and provid('s a \,('IY us('ful lilH'éll' J'(·ldtioll:-.hip 1",tw("'11 di:-.pldCI'II)(·I1t ::11«1 (111\',.1111('. '1'111:-' 

rc'Iationship ('nables t l\(, II~(' 01 fcl:-.t clIId (II < malt' st raill p,agl':-' fOI Il)(''':-.111 III).', t 1)(' ( III \"t 111(' 

along t h(' b('éllll. t.hel'('by a\'oidilIg t II<' 11:-'(' 01 rOlllpl<'x alld COIlIf>lIt cltioll,"'" (':>'IH'IISi\'I' \'iSIIlIl 

s,ystems for mcasurillg tll(' tif> displél('('IIH'lIt ill tlJ(' thl(·('-dillJ('IISioll,d :-,pcl('. TIJ(' (1('1,111(,«1 

('lIergy (>quatiolls of tlw lI('xibl(' l)('dIII. whirlt éll(' O),tcliIlnl 1)\ (·lIlplo\llI).!, tlll' tlllll·-\dl\ill).!, 

CUI'Yahln' vt-'clOI' and the cuhic-splilJ(' clpploxiIllatioll. al(' Il'''(''\ tl) d(·li\'(· tlll' ('(l'I,dIOJI'' III 

motion using t11(' Eult'r- Lagl clllg(' fOI III ilia t iOIl:-' . 



( 

{ 

- -- ------- -----------------------------------------, 

Figll/'(' :Ll: Schf'11Iatic of wtating f1('xibl(' b<'alll 

2.1 Derivation of the Kinetic and Potential Energies 

'1'1)(' lH'éllII. rot.atillg horizolltally abolit its fixed clld with a cOIIC<'lltral,<'d tip Il1é1SS, is lllod(>J<.d 

oS cl (,Ollt illllOUS élUt! c1amp('d-fre(' IWnm of }cngth 1. as :-;ho\\'11 in Fig. 2.1. Tht> kill('tie and 

pot ('lit ial C'1I('l'gi('s of t II<' hCéllll. d('lIot ('<1 h,\' T alld ", l('~pt>ct i\,(')y. art> gi\'('11 1)('lo\\': 

1 [1 ) 1· 1 1 . 
'/' = "2 Jo fI( or ) ... ( or) Il r II~ dJ' + -:/,,()2 + "2 0 \1 Il r ";=1 +"2'"1 62 (2.1 ) 

~ [l':'I(ol'.t)[II''(or.tWdol' 
2 0 

(2.2 ) 



·---------------------------~----------..... 

p(.r ) 

... (.r ) 

H 1(.1') 

1/ (.1'. 1 ) 

1/"(./'./) 

1", 

M 

() 

kllgl il of t 1)(' he'alll [III] 

ddketioll ol'tlr(' !>CilIlI frolll if:., 111'1111,11 d'h [III] 

('111'\ al lIJ'(' of 1 II(' I)('dll 1 [111- 1] 

JII01lH'lIt of il((,1'1 ia 01 111(' Irul> [kg 1112] 

1ll01l}(>nt or illl'I'lia of Ilrp lip Illcl!'>!'> [kl!, 1112] 

t i pillas" [kg] 

lotal ion allgk of t II(' llllb [l'cllliall] 

rotat ion étllgh' of t lu' 1 ip lIléIS.', [I,,,li,,"] 

No\\' w(' intl'odltl'<' t h(' H!'>S\llllpt iOIl ... IlI'low: 

• 'l'Ill' dl'f1t'dioll //(./'./) is :-'llIal! ('01111)1111'" \\ il Il t II<' 11'1I,!!,t Il IIf t III' 111'''"1 (:.: Il Il) dlld dll\ 

IOllgitudinal ('x(f'llsiOlI of 1 Il<' lwalll is IH'g,ligihh'. 

• TI\(' f1oss-st'rt iOllal dinlf'll~iol\s an' "'1ll,,1! ('Oll1l>cl\l'<I \\'il Ir 1 Ill' IplI,!!,1 h of t lU' 111',1111 ,. - IL Il) 

élll(l. t htls. t IH' roI al'~' illC')'t jél ('(l'pcts cllul ... \r('éll d,'f(Jl'IlI.tlICJII 1 <III 1", Ilf'gll'l t I·d ('1 111111 

~1l('lIko 1 ~).!)!)). 

• 'l'Il(' ('('lltrifugal 101'('(' of 1 Ill' ),('êllll êlnd tlp 11Ii1 ...... ',III III' 1"'gll'lll'iI 1011111' IIIII'dll/I'" 

fOl'lllUlélt iOIl of ('qllélt iOIli'> of 11101 iOll . 

• 'l'III' hub i!'oo 1 igid. 

FIOIll IIH'!'>I' cI ...... Ulllptioll!'l. ('xplp"'!'Iioll!'l fol' tllC' pO"'llillll \1',ltH r!J1' ,'11 ,lll,illdl\ jllllld 1111 1111' 

III 



( 

( 

111',1111 ,dollg \\llh Il,, \(·l'JI 11\ .' ,1\111 if<., \"Io( il\ IIldgllilllfl,' Il j. Il dlf' .1"1 1\ (,ci 1'\11111 

r = ,,j + /lj 

\\ l\I'fI' 11\1' IIIIil \«'( 1111" i .11111 j. flxc'c1 10 11((' 111111. <11(' 1 illH'-\cll \ ill.!!,. \\'1I('l'l'as iu "11.1 jll. ,,11lm'1I 

III Vil!" '2.1. <I('C' Il',('d lu Il ... ilH'11 ial fl'étllH'. TIII'J'(.foJ'('. 1 III' posll iOIl \('CI01 l' ('<III 1)(' c!f'l'i\('c! 

\\'illl 1 «'!'>I)('( 1 10 Il,,· Il:-\(·d-II<lII)(' \ ('cl o l'!'> iCI <1IIc! j(/ ét!'> ..,110\\'11 1H'lo\\': 

l' = (,/ (0" () - 1/ ..,ill O)iu + (,1' :-.ill 0 + Il <'0:-' O)jo (2,1) 

i' = [( ,i' - 1/ () ) ( Il!'> () - (,l'Ô + ,i ) si Il 0] iu + [( ,1 â + li) (l}!'> () + ( ;, - /1 â) si Il O]ju (2); ) 

TIH' linH' lalC' of <Ilall,!!,(' li) of thl' IIC'ull'cll axis of Il)(' be'am <II Il)(' c'nd cal'I'yillg 11((' llIass i!'> 

étlsoohl<lilH'd fl'ollJ Il)(' Pill'Iial d('l'i\'ati\'('oftlH'positioll \'('clol' r. i.('" 

i JI' 1 r)' l '0 . 'r) , l ,) . -, - = (<os (, - /1 ( ,/) Slll )10 + (Slll (, + Il ( ,/) ('os {, )Ju 
(J,I' 1-=1 

(2,7) 

(J (Jr O· '0 ., 1 . ,) , 1 r) • -, (-,) = (- Slll - /1 ( .l)slII6 -II ( ./)CQS(,)lo 
rJ/ (J,I 1 =1 

+(0 ('os 0 + 1;'(1.1) cos 0 - /1'( 1./)â sill O)ju 

~ 2 (( l' '., 2 '2 • 2 

Il 

') '') 1 11

2 

(,) :::: m(iJ,r) J'=I = (0+11(1./)) +/1 (1./)0. (:U» 

'1'0 Il(' clbk 10 IIM' t II(' cllbi('-spliIW spatial dis<Tetizat iOIl t('chniqu(" tl)(' kim'tic ami pofell

t iéll ('I«,lgi('s ilJ'(' l'('forllllllil1<'d in {('l'IIlS of tilllc-\'al'ying displan'II)('II1. funet iOIl at th(' llodal 

poillts <"ollg t 1«' 1)('.1111 éllid t lu' élngulal' \'docity of t 1)(' huh, IWl1lcly, 

1 11-1 f'~+ :) L 1 J~'h [II"( /'.IWd,/' -~=. 1 ~ 

\\'111'1(' 

/'1 
1 .) 11-1 f'~+1 ) 
-:;0- L p( r),~( ,r) II~ ( /'.1 )d,/' 
- ~=I ' 1 ~ 

Il 

(2.10) 

(2.11 ) 

(2.12) 

( '2. 1 :1) 



-' 

1 " -1 l' kt 1 • 

/'2 -,L 1'(I~~(I)lIi(I./I,J1 (2 1 Il 
- 1. =: 1 1 k 

/"1 rii: {1t1/1(i)~(I)lIdl./)ldl (2 1-,) 
1.=1 'I 

1 •• "-1 l'kt 1 • 

/"1 ~()~ L l'( 1 HI') 1 -,j 1 (:! 1 Il) 
- 1.= l " 

/", ~ \Ir 1I~(I./)()2 + 12ti~ + ,j2(/./) + :!'/OII(/./) 1 (2 1 ïl 

1;. = 
1 [. 2 " ,. ,. • 
~ III/ () + :!.()/1 (1.1) t t', -(/.1) + Il"( 1./ )0- 1 (:! 1;-; l 

"1,/ l '. - h()~ (:..' 1 ~ 1 ) .) 

2.2 Spatial Discretization and Consideration of Bound~ 

ary Conditions Using Cubic Splines 

'l'II(' di~plil( ('11)('111 l'li Il et iOIl 11(,1',1) III 1 II!' 1111<'1 \',d ,II. < ,. < qtl 1'" ''l'I'IU\lllldkd 1,\ .. ( 1II'iC 

~pli IIC' fllll! 1 iOIl cIl' 

\\Iu')"(' 1'1. i~ III(' ab~cissa of Il)(' ~tlt lIodnl poilll oflll!' ~pllll!' (Sp:ilh ICJiN), ,,"d 

1 Il Ih = -II, 
2 ' 

Ih = III. 

di~pléln'III('IJI alld III!' <"111'\'11111)(' cil Il)(' /.'1 Il lIudéd l'Oilll, 

12 

(:..' :!.O) 

(:..' :..'1) 

(:..' :..'.1) 

(2.:..'1 ) 



( 

( 

\\ 111'11 1111' 111411111'111 cIl "II'llld CIl IIIC' fil' 111.1 ...... 1'" 1101 cOII ... id('II,d. 1111' ,!!.O\C'I""I!!, prll'li.i1 

1,\ 'Ipplic d11Ci11 Cli Il.IIIlrlIClII· ... pl 1111 ipll'. II<lIIlI'h. 

(., ., ~ ) _._ 1 

\\ Il'' flIC' IHIII"d .. 1 \ (o"ditl()11~ 

,,' , = Il. { 
11(.1'.1) = 0 

(., .)( ) _._ 1 

:..!..!i = 0 
'" 

.tllcl 

rll l' = 1. 
{ 

F/(,/')~ = 0 
IIJ -

, , 
/.'/( .),1 II = \/~ 

J .1 -:ï;'f • ,1/2 

(.) .,-) -._1 

\\'111'1«' 1//(,1') i~ 1 lit' lIlass 01 t 1)(' l)I'am PC'I Hllil Il'lIgt h al ail arbil l'al'.' point ctlld .\1 i~ IIH' 1 il' 

Il 1 ilS"'. '1'1)(' !!,c'ollH'1 1 i( hOllll<lal \ ('olldil ion du / j) l' = 0 al Il)(' !Oot of t IJ(' I)('alll 1 11<'11 I('()d~ 10 

rJlll 1 1 1"" -) == 11 1(1) = () = ~(1I2 - IIJJ- -:~·I'dll.! + 211 1) 
(.1" ,=Il ...l·/'I 6 

wlril<' Il)(' 011r('1 gc'ollH'll'ic bOlllldal'." cOlldilion. i.p. 11(0./) = 0 a~ gin'Il hy c'q. (2.26). gi\'('~ 

.) " + " (' J _°1111 (lI Il.! = )1'111./ (2.2!) ) 

FmI 1)('11110)'('. 1 Irc' pre'S('II('(' of fi kilJ('1 ie hOllll<laly colldit iOIl al t 1)(' t ip. ",hiclr i~ C'XI))'('~s('d 

III 1 ('IIIIS of t Il(' sl)('<II' 101('('. cali IJ(' (ollsicl(,l'cd b.\' filldillg t hc' (,IHI-poillt. é!('cc'I(,I'é!tioll of 1 Il(-' 

lH'illlI lI~ill!!, 1/\1' gmc'l'llill/!, parlial dilr('lc'lIlial c'quc\tioll (Davis alld lIil's('!tol'll I<)~~), TllIs 

.\ i('le I~ 

_ /0.'/(.1').\/ (~ (d'III)) 1 . 

11/ ( .1') n./' iJr i J =1 
(2.:Ul) 

III 1 J (" ") 1/" = 11_1 = 11_1 Il,, - Il,,_1 • U.H) 

1 l 



111'1111'. l'q. (~ .. \\l) 11('1 \l1111''' 

, iJ \ If 1 1:/(1')-\ 
(),,. ,=1 

\\ il Il \/., éllld .\/,. ddlll!'d a~ 

,. ï 1 1) " 1" _ 1 (J /1 
- .--- --- ( 1/ 
III ( /) (J,I " 

/1 
1/" ,) 

,.., (1 ) . \1 J,~ _ l " '1 1/ 1/ 

----------(1/ - _/l" _1 t /1,,_ ,l 
11/(1) " 

"" r; / (1) \1 J,: _ 1 1/ ,.,. 1 (1 ) ( 1/" - 1/ ) - - - (1/ -
" - 1 - III ( 1) " 

1 1/ 
_II" 

1/ 

/1" 

\/" 

\/" 

1 + :l(.\/ J/~_I /1//(1)) 

1 + (. \! J/~ _ 1 / /1/ (/ ) ) 

(.\1 j~_I/III(1)) 

1 + ( \1 j/~_1 /111(1)) 

\ -' t -' ) 

\ -' \ Il 

1 t " " 1) li \ ! \ t ) 

(~ lïl 

1-'111'1,1)('11110\('. II\(, (,olllillllil\' éllld ~IJlIJUI"III% ('(JllditilJlI~ ,II 1111' 1/ \I()d,1! 1'"1111" \1,'ld 1 1 If' 

(,1l\'\allll'c·di"plac(,Ill('111 Il'Ialioll. illdlld1l1/-!, II\(' 11()lInd(!I~ ((JIHillion" /-!,I\I'II 1.\ 1'<\", (~~q) .11101 

(') ')1':) _,.).) • él:-. 

AI/ Il 

(1 

lJ 

A"lI"::= (iCI/li 

o 

Il 

fi Il - ~ :l(, ~I _ ~ (. " _ .! 

Il 



( 

( 

Il Il Il Il 

l' 1 i ~ Il 

(~fI J ~ -- J~ 1 \ 0 E R(u- 1) «11-1) (:!. IO) 

Il 

Il Il '1/-2 - l' 1/-1 1,,' 

Il, == ~/",. .i, == I/~I'" 101' 1 = 1 •.••• /1 - 1 

III ('(1 (:!.:I~). li 1" Ill(' \('('1111 of lillH'-Yéll'.\"illg displélC('IIH'lIh all(1 u" IS III<' \(,(·tOI' 01 tillw-

\.11 \ ill,!.!, (III \.I( 1))(' .11 IIJ(' lIoded poillts. gi\('11 hy 

u 
r 

[ Ill ••••• 11
11

] E \RI 1/-1) (~.II ) 

l' 

[1I~' ..... 1I~:_1] E~III-I) u" (~.I~) 

u = Nu" 

1 _1 
N = Ge" Ali (~. Il) 

CIl 1"'llIg 11011 SIII.!!,lIlell. 

'l'II(' displ;" ('111('111 fllll( t iOIl IId.l', 1) Célll he' pXI)J('ss('d abo as a fUIlct.ioll 01 li as S!tOWII 

1 H'lo\\'. 

IId·I',/} = [ (.1' - .l'd l (.1' - .l'dl (.1' - .l'd 1 ] 

\)<'IIIIIIIp, sI ( 1 ) cl'" 

:\d/) 

Bd/) 

Cd /} 

Dd/) 

sf(·I'}:::::[ (I-.Id l (.l'-.l'd 2 (l'-.q) 1 J. 

1:) 

(2.1 ~) 

(~.Ih) 



". 

/Id .1'./) s[(.I') (:! 1 ï) 

/II. 

(1 

Il 
+ s/ (1) (:!. 1 S) 

(II~+I - /lI.)/j.,~ 

o J IIh J 
\\'hi( li 1'(,"'lIlt s ill t Il<' l'<'Iat iOllship 

(1) l'V"" 'U III. .1'. = SI. I.U + Sh ~u. (~ I!l) 

wh('I'!' V"ds a 1 x (11-1) llIat.l'ix ",ltOS(' ollh IIOIl-ZC'IO c'Iltlic'!-> <II'PC'dl III It.., (1 .. j-IH dlld I .. th 

('OhllllIlS. lia 1ll('ly. 

0 0 -·h/fi h/(; Il Il 

0 0 1/'2 () Il 0 
v" (~ .... )(J) A = 

a 0 -Ol.n -nl,/!> Il Il 

a 0 0 () 0 () 

",hil<, VI. is a ! x (II - 1) Illatrix whos(' olll., 1I0lHWIO ('lit IWS dpl)('dl III lb 1. t Il dlld (/. 1 ht 

COllllllllS. i.p .. 

o 
(J 

() 

o 

o 
o 

o 

o 
Il Il 

Il tJ Il 

tJ 

(J 

FiJl,dl.\. IIsillg ('C(. ('2.I.~). tl)(' di!->l'ldc'C'IIlC'l!t l'lIl1c tloll Il, (,.1) 1)('( 11111/'" 

/Id "./) = s/ (U",. + VI.N)n" 



, 

\ 

( 

( 

'lu (,XIJlI'~'" 1111' poll'lIli,iI ('III'I'~\' " ... cl IlIlIClioll of 1111' CIII\'dt1ll(' \('clol'. tlJ(' cllhic splill(' 

1IiIIf'IiOll d('fllll'd ill 1''1. (:!.lO) i~ 1I~(·d. Takillp, tlJ(' ~1'lol)(1 d(,l'i\'ati\(' of t!\(' displa('('IlIf'lIt 

1 Il Il ct iOIl //( 1'.1) ",it" 1 1':-'1'1'( t t Il .1'. t Il(' ('I1I'\'cd III'(' fil Il et iOIl 1/"(.1./) is 01,1 ailwd. IIi\JI\('I.\·. 

h ·'d.1' - .l'A) + '2/h (,) ~'») -,.)" 

[ (.1' - .q) ('l,51) 

t l (.1') == [ (.1' - .1'/.) 1 1 

","idl I('ads 10 

\\'111'1'1' 

" _ [0 ... 0 - /h /;1. 0 ... 0 1 F Â - , 

0 ... 0100, .. 0 
(2.57) 

Nol(' t.lral. F"~ is a '2 x (II - 1) lIlallÎx \\'hos(' ollly 1I011-2C1'O t'lltrics dppear in its (~. + 1 )st and 

~ 1 h <01 Il III liS. 

'l'II(' kilu·tÏ<' aJl(I polC'lllial ('Ilergy ('(pléltioIlS of tl)(' flpxible heam call thCll be reformulated 

IIsing <'qs, (2.!>'2) élnd (~,:)G). ",hich allow t.lw lise of t 1)(' cubic-splinc t.cchniqll(', in terms of 

1 II<' ('\ 1 r ni t 111'(' V('dOl, 

2.3 The Euler-Lagrange Equations of Motion 

\\'!t'II III(' tNIIIS (111(' 10 Ih(· C<'lltrifngal 1'01 CI' arC' I)('gleckd. t.1l<' kill<'tÏ<' and potential cm'rg.\' 

( ') r:()) -,.). 

17 



-

\\ IlI'ft, 

<llId tl)(' h i:-i t II(' 1l101l1l'Ilt of illt'I't iil of tlu' 11111\(''\('.1 l'ip,id 1)('(\11\. ~Iol't'o\ l'l, 

11-1 

M"I = L ( N/'V{ + v"t ) PI. ( V"1. + VI.N ) ( :! .1 il) 
1.=1 

M " = ( N'l Vi + U" r ) P (U" + IJ N) l 11_1 11_1 11-1 11-1 /1-1 (:! 1 i:!) 

M " = (N'fVT + V"T ) p' (V" + UN) 1 11-1 11-1 11_1 11-1 /1-1 

\\'1)('1'(' PI.. P lI - 1 alld P:,_lcll(' 1 X IllléltliC<':-i, tilt' fin.;t. 011(' \H'illp, posill\t'-ddlllill" 1 lit' 1I11t1'1:-

pos i 1 i V( '- S('1ll i d('fi Il i t (" lIélll)(, 1 y, 

(:!.h 1 ) 

( :! .Iil i ) 

W)\('l'f' S~'_I (1) d('lIol,ps t hl' df'l'ivéll i\'(' 8:'_1 (.1') (·\'élllléll(·<1 al .r = 1. 'l'III' -yf'. ,. i dlld )'~' dll' .d:--II 

d('riw·d frolll <'qs. (2.10). (2.1 i), (2.1~) éllld ('«. (2.02). which .\'i(')d 

",il It 

"T 
III /1_1 

J' Ill" /1-1 

T 
)'1 

T 
)'l 

/1-1 (/1-1) Lm"r+ Lm{ N 
1.=1 1.=1 

liT l' N 
111 11_1 + 111,,_1 

T " PI. V 1. 

T " Pli_lU 11-1 

IT V" P 11_1 11-1 

IS 

r 1 
1111. = PI. U I. 

/' - 1 
111 11 _ 1 = PII_ILJ/I __ I 

• 1 - Ir U 
111/1 _ 1 = P 1/ - 1 1/ - 1 

(:! (i t )) 

(:! 71)) 

(:!. 71 j 

(:!.7:!) 



( 
(1.7-1 ) 

(1.71) ) 

'l'Il(' po:-.il iw cldillilt':-.I illllt':-':-' III il 1 rix K is cI('llIl('cI a:-. 

,,-1 

K = L F": Q"F"/. ( ,) .... (.) _.1 ) 

1.=1 

wilh 

(') ... _) _./1 

'l'II(' killd,ic alld pole 'II 1 ial ('II('rg,~' f'XI>l'('ssiOlls cali \)(' simplifi('d t1sillg, I})(' Elllf'r-Lagrangt' 

('qllilt.ioll .tS 

( ') .... 0,)) _./0 

w!t('l't' 

( 
M = [1.\1" "'Y 1 ' 

T "'Y I, [ 
K" Onx1 1 K= 

0 1 XIl 0 
(1.79) 

a\'{' 1.1)(' Illass amI st.iffllt'ss lIIatI'Îcf's. wil h 

M" = Mill + Mill + M"3 (2.80) 

(2.81) 

",hilt' t.11t' \'('d01 of g(\llt'raliz(\d coordillates is df'fi1lf'd as 

(') Q.») _.lJ_ 

Fillalh. 1 lit' (\«(liai 1011 of mol iOIl of t 1)(' bt'am is 0'" aill{'(1 as 

Mij + Kq = cp(l) 

\\ IIt'H \ 

(1.8-1) 

I!) 



i1\ ",hic" r(/) i~ tlll' appli('d loltl'IC' .llId 0(11_11 i~ 1 II(' (II - 1 )·dllll(·II .... ioll.d /('Iu \t'( lUI. 

III ol(kl' to 1'('(111<'(' 1 lit· lIIod('1 gi\'('11 b., ('q. (:!.~.n lu 011(' ill \\ Iri( Ir 1 lit· (l)('111I j('111 ur 11\1'11'1111 

cOlltailling tlw S('(,OIHI d('ri\'al i\"(' i~ tilt' id('111 il' 111,,11 i\ .lIltl 1 III' (tH·llit it'Ilt III <t 1'" ..... ' 1I1111d III. 

the ('hokskr d('('OIlIPŒit iOIl (J)ahlql1i~1 alld Bii)1 ck 1 !Iï 1) of M i~ 1>('1101'1111'<1 Sinl (' M 1 .... 

positin' (kfillitc. it Cèllll)(' InctOl('d ilS M = LI L. w\r('J(' L i~ 10\\,('1' 111.lllglll .. 1 1'11'1111111 Iph IIlg 

bollt hidf's of ('q. (:!$J) hy L-T. III(' Ilallspo:-'(' of L-I.I-',i\(.~. 

Lelting v == Lq. tht' llIatl\('lIIé-lticaIIllOd(·1 gir('11 h.\· ('q. (:!.~:~) I(·dll«·<-; to 

v + Wv = l/J (:! X(i) 

wllf'l'e tI\(' 11('\\ lIlélSS st.iffll(,hS lIIall'ix W clIId 1 hl' I\('W gt'II('lélli,w(1 1'01(,(' \('( 101 ~, .1It' <1,,11111'<1 

as 

(., '-'~) 
~.(' 1 

in which W is alho posit i\'(' ddillit ('. 

:,w 



( 

,( 

Chapter 3 

Optimal Control System Design 

'l'Il(' ch'sigll of a colII IOlh'r fOI Il)(' f1('xibl(' IWélll\ IIIllst télk(' illio cOllsid('ration th(' pU'Sf'nce of 

IIIH'('rlain and t.in\('-véII.\illg parallH'tc'IS dl\(' to imIH'rf('c1 lIlod('lIillg of S,\st€'1ll dYllamics. as 

\\'('11 a-; t)w pn'SC'IU'(' of lIoise dl\(' 10 II\(' illl])('rf(,ctioll of stlaill gag('s l!S('d fol' meaSUl'elllclIts, 

TII<'\'('lon', ail optimal COli 1, 101 appl'Oad\ i:-, d\os('11 1,0 Illinilllize tlJ('se dr('c!:-, and to aid in the 

d('I('l'Illill<tllOn of t!\(' d('sin'rI pol(· locéllion. Th€' optimal contlOl stlalegy Îs t,wo-fold: 011<' 

is 1 III' d('sigll of Il)(' I\élllllclll filt ('1. , .. hich minillliJ'.(,:-' the "ariallc(, of stat(' est.imatioll elTors. 

\\'hil(· Ut<' 0111<'1 is Il)(' ddc'I'millatioll of the optimal conllolla\\' to minilllizc> t.he sp<,cifif'd 

p('rfOl'lllêlll( (' crif<>rioll l'rom Il)(' ('still\,ü('d st.atf's. 

3.1 State-Space Model Description 

'l'II<' Lagl'élnp,im\ mo(le'l of Ut(' fh'xi!>I(' l)('al11 CéllI 1)(' descril)('d as a cont.inuous-timc. lineal". 

(ollslalll-('o(·fliri(·nt s'\'stelll ill stat('-\'ariahlc' spa('€'. Il a III el y. 

x 

y 

Ax(/)+bl/(I). x(O)=xu 

Cx(/) 

:!i 

(:U) 

(:t2) 



-, 

.-

-

where 

A = [0 IlE R(2nX2n) 

-w 0 

b = [L-~W 1 E li", W = [ O(nl_'1 ], CE !R(,"'''' (:~ 1) 

in which 0 and 1 denote the n x n zero and idcntity mat.rices, resp('ct iv(·ly, I\tOI\'O\'\'I, () h 

the n-dimensional zero vector, O(n-l) is the (n - 1 )-dinl<'l1sÎolléll l.C\'O V(·('tOI, .\IIt! /1 Il''1\1)\1':-. 

the number of sensors, The state vector and scalar input aIe also dcfill{'d as 

It is impra.ctical to assume that. al! of the stat.c variables are a\'ailahl(· t.hl'o\l)!,h 111(',1:->111('11\\'111 

For instance, the state variables associatcd with the time 1 clt.e of chall)!,(' of ( III vat.UII' \ dllJJlIl 

be measured directly with any existing sensor, FurthellllOl'<', the IIS(' of il 1<ll'11,1' 11111111)('1 lIf 

sensors would require more complicated control hardw,tJ(' havillg a high d.lI.él tlllollgllplll. 

capability. The approach adoptcd hcre is to measurc a SlIbsPL of the st,at,(' variables alld 10 

estimate on-line the remaining ones, Thcrefore, the lIH'ilst\l'('d olltp\lt, t.hl'Ough Jl :-.t'II:-.ms i..., 

expressed as a linear combination of the available state Véll'iahles, i,l', 

where C' = CL E ~(px2nl, 

A digital control signal is assumed to be applicd via a zC'ro-order hold, \.lw <lSS()( iat('d 

discrete-time system being the step-invariant modcl givcll by 

x(k + 1) = «)x(k) + ru(k) + w(k) Ci Î) 

y(k) Hx(k) + v(k) (.U';) 

where 

~ eAA (:J,!)) 

r = (hA eA~dTI) b (:u ()) 

H = C (:UI) 
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( 

( 

dlld III(' Pl()(('~~ 1I01~(' W(~,) <llld 1Il('(t~IIII'IJl('1I1 lIoi:-(· V(~,) éIIl' J'élllllolIl. 111I('oil('lcll(·(1 pl'O(I':-:-(':

\Vil Il Z('lo 111('<111 \allll' ,lIld 1 IJ(' diclp,oll.d \cll iclll( (' IIl,tll in's p,i\('II. Il'sllI'('1 i\'{·I~. h,\ 

III 1 III' f'oJ('1!,oillp, ('qllal ion:-. ~ is t 1)(' :-'cllllplillp, 1 ill){, illll'n cl 1. illld 1 .. J(·pll·~('III:-. t 1)(' 1.'1 h salllplillg 

1 1111(' ~II'p. 

3.2 Optimal Observer 

L(·t 1111' slalt· obs('l'w'r hl' gi\'Plt by 

x(I.' + 1) = ~x(ld + r/l(I.') + L'À'[Y(I.·) - Hx(I.')] 

wlJ('J'(' L ..... is t.!\(' sIPéldy-st.at.e>, discr('f('-t illH'. Kalmall filt(l\, gain Illatrix. lt is \Vell known 

(l\liddll'loll alld Goodwin 1990) that if t.1J(' pail' (H, «1») is ohs('rvable>, t.he (ligl'Ilvalllcs of 

(<<1» - L ..... H) CéllI 1)(' al'hit \'é1rily assigned by a pplOpl ia 1.1' dl'sign of thf' st.eady-st aÜ' gain ma t\'ix, 

L.,. Il is éll~() kIIowlI (Lll<'nl)('rglll' Wil) that I.h(· o/'S('I'\'('(' do('~ not impail' t.1H' closed loop 

st.ahility. TlwJ'('!or(" tlw d('sign of an opl imal obs('J'\,I'\, l'pduces to optilllizat ion of the st('ady

stal(' O/'S('I'\'(ll' gaill matl'ix L.x. so <lS to minilllizl' the estilllation el'rol' X = x - x gO\'(,I'I}('d 

b~' 

x(l.· + 1) = [~- L""H]x(I.·) + w(I.') - L-x,v(k). (3.H) 

'1'0 find tlJ(' stC'ady-state, discrele-t.illl<', Kalmall filt,er gain L,x, (cmrent. observer gain), 

lit<' palallH'tric opt.illlization problf'llI associakd with the covariance of the (·stimat.ioll er-

1'01 (Astl'(>1l1 and Witt('lllllark H)S·I; Frclllklill. Powell and Workman 1990) is sol\'('<1 in the 

pl ('S('II('{' of lIois!', 

3.3 Optimal Controller 

Th(' \('1'('\'('11('(' st ai<' x, i:-. d('ri\'('d 1'10111 1 II(' 1 d(')'('II(,(' ill pllt /' t hrough t Iw n,lat ion 



( ~ 1 Il) 

'1'1)(' (olltlol illp1lt i:-.IIH'II g('IH'rat('d 1,\, 

I/(k) = -k~ (x(/,') - X, (l')) ( ~ 1 ï) 

\\'111'11' X i:-. tl)(' ('stilllell('c1 :-.I,II('-\'('ctor ,lIul k., i ... III(' st('rld,\-~I,II('. dl"'( Idl'-IIIIl(' 1 11111 lollt-I 

gaill. ",hi( Il Illillillliz('s 1 lit' ('()~t flllH t iOIl .e,i\ (')1 1,\ 

1 .\' 
./ = ~ L:[x/'( l')Qx(l,') + (JI/2(l')1 (,~ 1 S) 

- ~=() 

ullde'r tll<' (,()II~tl .. illl 

-x(l' + 1) + ~x(k) + 1'11(1.-) = (1. k = O. L " ,\" (.~ 1 q) 

B('( <111:-'(, 01 il s III1IlH'rical silllplicil.\' éllld 1('liahilil \'. III!' "ig('II\'cdll('·dl·('OIlIIHl:-'IIIOII Il!I'Ilrod 

associal('d \\'itlr III<' lIalllillolliall Illatrix i:-. 1I~('d 10 filld III!' optilllili ~t('<I(I\' strlte' «(llltlol 

ga i Il k,. i Il~ 1 ('éHI of solvi IIg t.lrt' d is('I'('ü' al,gpbl il ie Hi ( ca t i ('q liaI iOIl, \\' Ir ielr (cl Il Ir ,1\'( • 111111 t i l'II' 

solut i()II~. 'l'III' Il a llIi It 011 ('quai iOlls aH': 

wher(' th(' À is a discrl'tc>-tillJ(' Lagrallg(' IIlllltipliC'r ,111<1 ~ IS i""C'1 1 Ihlc· IIy ddlllil iOIl. ('q, (:l,I)), 

Tlif' opt.irllal cOlltrol gaill k" Célll 1)(' calculatc-d by d('1 ('l'IIlill illp, III<' ('i'!!'('II\"t1,II'~ 01 t 1", IltllIlIl 

toniall lIlat rix. 

3.4 COlnbined Optimal Controller and Observer 

cOlllrolkl alld tll('oplilllai ~téll<'ob:-'(,I'\'('I, '1'1111:-. cllI (· ... tillléll(·oltl\!' ... ",1(' \('( lOI Je i ... ol,t"illf'd 
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( 
""llIg t III' l\,tllll,11l Idtl'l. IItllI ... l\. 

BI'(illl!'-(' 1 1 If' IIM' or x. illst('élfl 01 x. do('!'- Ilot ,tI'('ct tl)(' (,olltrol gaill i\f(ordill!!. 10 !'-('I)(l\"atioll 

pllllH'lly (I\ailath Il)~O). il i!'- lIélllllrll 10 élppl.\' tllf' oplilllcd f('('dbéHk !!.<lill k,- to tll(' ('stilllélt('d 

"l,dl' \('('101 X. Ihat i!'-

I/(l) = -k~ [x(l') - x,(l')J, 

'1'111'1 dOl ('. tlw 1110<1('\ of 1 II(' 0\'('1 ,dl :-.\'sl ('Ill IW«)IIH'S 

x( k + 1 ) = CPx( /.-) - rk'~, [xl l') - x, (/.-) ] 

wlllch is sitoWIl ill Figlln':U ill block-diagl'éllll 101 Ill, 

( 
Controllaw Sensor 

~ _l .;;:. 
;=l 

~ Xr(~~ U (k) x(k) Y(k) + 
Tx -kT Flexible beam H 

+ 

u(k) 

~(k) 
Observer 

Figur(' :J. J: ('olllhillat iOIl of ohs('l'wl' éllld controllf'1' 

( 



." 

Chapter 4 

SiIIlulation of Flexible Beams U nder 

Large Rigid-Body Motion 

S<'llsing consid('ralions élrt' f'ss('lItial to a "lIcr('~~flll l<'éll-lill\(, illlplt'Il)(·Ilt.llioll of III\' PIII!'"..,,·d 

cOlltlOl sche'II\C'. Thf'M' ron~idc'l'élfioll~ illt!ud(' 1 III' :-,(·I(·ct.iOIl or II\(' Séllllplill).!, 1'<111- 0111.1 1 III' 

ddf:'l'l1linatioll of tilt' 11111111>('1 and locéllioll of S('''~OI:-' (\\'hich illC' illllledl,\' III<' 11111111)(,1,111.1 

location of the' nodal poillts of III<' approxilllalill).!, cllhir splilH'). 

The cubic-splillt' t('chllique alld optilllai cOIlI roi Scll('lIl1'd(':-,nil)('d ill ('hapt('rs ~ <llId:t \\'111 

1>(' élpplif'd to t.h(' llIode'Hill).!, and simulaI iOIl of the' fl('xihl<' IWélll1. 'l'Il<' ('0111 1011<·)' i~ dC'sll-',llI'd 

toslIppl'ess tl)(' tl'alls\'c),:-,P \'ihraliolls ",hile' fo)'cillg tll<'c'lI<1 lip 10 folio\\' III<' p)('snilH'd tl.tj.'. 

tory. Sta!e-obs('r\'ahilit.\' alJ(l cont lollahilily prol>l('III:-' associalcd wil Il 1 II<' J('(lu( (·d 1111111111'1 01 

nH'aSlll'f'l1lents an' ill\'P~t igatc'd t.lrrough silllulcll iOIl st IIdi('s ill 1 wo (',IS('S, i.p., \\·il Ir ,I/Id \\'111111111 

tip Illass fol' purposc's of (olllparisoll. III addilion. ail ill\'('sl i).!,al iOll i~ conclu( Ipd lu d.·111011 

strate the' dYllamic ('ffpc!s of link fI('xihilit\' by applyill~ ail optilllili tOI(J!W illpllt.. llllII'III.·t! 

for a c1osC'd-loop :-.ysklll of ail ('(l'lival('llt l'I).!,id \)(',1111. to tl\(' IIc'xil,lc'I)('''"l ill opc·II-loup. 



( 

( 

( 

'1 • .1,11' 1 l' 1111' 1)l111111·1I!1·"f 1I1.t\.illllll11 ('III \rll 111{' [111- 1]101 ('<I('1r ,,1' 1111' lo\\' ,ilJléllioH llIod(· 

- ---

Il'' lOI .11 1011 i Il III 1111' 1,1 1II0d(· Il IC' ~"d 1II0d(' 1 Il(' :~1<1 III Of h' 1 1 ((' l'" n,ode 
----

1 0,0 2.0 2.0 2.0 2.0 

2 ().~2 1,:I!)b(iO -O.028h!i -(U)():r;!) -1.32262 

3 O.:W 1.181ï:) -Il.ld Il Il -1.31485 -O.ï9·lï8 

4 Il . .'iO 0.liï90!) -1.lû:n o.O:m:~ï 1.41424 

5 O,!)2 O.h:l:l:! 1 -1.4:~920 O.:!G 1 O:l 1.:lï8:16 

G Il.ï2 O.:! I():m -0.968:?ï 1.51056 -l.lOfi 16 

7 (U.:O 0.1 :!7ï·1 -(HiO:? 1 1 1.20901 -1.50758 

4.1 Number and Location of Sensors 

NOl'llIaJJ\. Il ... éU·('lIl'éU'.\' of tl)(' approxlIlléltioll of Iht' ~péltial discrdizatioll of tl)(' cOlltinuous 

1)('<1111 iIIlPIO\'I'S \Vil la élll illctC'éUW ill tlrc' IIlllIIl)('r of 1I0dal points: ho\\'(' \'('1' , a large lIumber of 

Hodal poillb CéllI prodllc(,~ a 1,-11 gl' s,\'skm of ('quai iOIl~, t 1lf'l'eby Illaking the on-lillC' COllt roI 

IIl1f(·asihl(· Thlls. 11((' pl'OpPI s(,!<-ctioll of Ill{' JIll 1 lIhel' of scnsol's is a (ompl'omise bdweC'1l the 

(\('('111'(\('.\ of tire' clppl'OXilllal iOIl alld t I\(' f(·a.',ihility 01 on-litt(' implf'lllelltatioll. Fu l't.1 lf'1'1ll0I'(·. 

II\(' po~iliollillg 01 II\('s('IIS01S cali ~tlOngl,\' affC'ct II\(' dYllamic !)('Ifollllallccol t.hC' system alld 

IIIllsl II(' (,()lIsid.·\(·d ill hoth tllC' planl-mod('lIl1lg ,1\1(1 (k~igll of Ill(' cOlltrol systf'lll. Guidelillf>s 

for IIIC' IlIillllllllllllltlllll)('r of sC'lIsors \'(·(JllilC·d for s,tlisfcl<lor,\ 1)('1 1'01 llIallCe have stated that 

III<' III!llllwI 1IIt1~1 1)(' al I('ast as lalg(' as Ille JltlllllH'1 of llIollilOJ('d \'ibratiolllllodes (Barsh and 

('ho(' 1 ()~!)). ",!rich i~ ill l'ad t Il(' 1I111ll1)('r of g('lI('1 aliz('d <oordinates ill t hf' systC'1ll represent.ed 

110\\'('\'('1. a ditf('J('nl approacll for dl()O~illg II\(' 11111111)('1' éllld locatioll of Sf'lIsors is t.akC'lI. 

Filsl. il i:-. 1(1)(' IH>tc-d 1 hal t I\(' ,Ih \'ihléll iOllalmod('!rclS' poinls al ",hich tl)(' Jwndillg Illollwnl 

1(',I('h('s il ilia '\i Il III III. III cldditioll. silllulailoll r(,!-Iults. ~Olll(' of ",hich éI\'(' prC'sPllt(·d later ill 

1 hi~ 1 IlI'si:-.. hm (' ~!rO\\'l1 t h,lt local illg éI :-.l'IIS01' al 1 he posil iOIl of lllaXillll1ll1 hellclillg mOIll('nl 

p\'()\'id('s II\(' 1110:-.1 .H'( IIIdk ('~I illlai iOll, This is J)('call:-'(' 1 hi:-. IO('fltioll yi('lds 1 Il<' higl\('st ~igllal 

·r _1 



110. of ~('1I~01 ~ lotétlioll III III 1l1",ill1l1l1l t III '''lllIt' [III Il 

(JII ~.() 

:! ().~~ -1 ~~~h~ 

:l tL W -1 ~ 1 1 x·, 
() .,:2 -1. nQ20 

!) 0.,:2 1 '-,10-1(, 

fi O.KO -1 '-,O,.·,x 

to noise' ratio, thu:-. allowillg th('llIoS1 <In 1I1é1lt' Il'({)Il~tllll 11011 011111' 1('III,lilllll/1, ~I,l1c'~. 1111h. 

tll<' approélch adoptf'd ill Ihis Il)('..,i~ is 10 10(,l1c' él ~C'II~OI' ,II ('adl pOlld 01 111.1\111111111 1"·lIdlll.l!. 

1ll01l1('Ilt for ail thc' modc's to 1)(' ('Ollllol\t·(!. Tltll~. Olltl'III(' 111111.1)(,101, rlllalioll 11111.11· ... 1" 1,.. 

cOlltrol\pd is spc'cifiC'd, tll(' 1Il1l1l1H'1' 01 ... (·II"or ... .I:-. \\'1'11 ,1:-' tl\l'il lo( idiOlI dIt' Il'dclii\' ddC'lllllllf'd 

]1 :-.IIOllld be l'('élliz('d, hO\w'VI'r, tltal Ill(' lo( <II iOIl of IIIrl:-.illllllll IWlldill/1, 11101111'111 ICII cllllt'II'111 

\'ibl'ational modes may 1)(' ill 1';-11'1 MI (10-';1' tO/1,1'111('1 a~ 10 1)1('\('1111111' III0lllltlll/1,lIlllIcll\lclll,t! 

sc'nsors (no. ,1 and!) in Table' 1.1). III tlll.., (·il~(,. olll\' (JIU' ~C'II~OI will 1)(· \1 ... 1 ,cl 1111 11111 \t 1'01111 ... 

]11 this thesis, t Il(' fou!'th 1II0dc' of \ ihl'<lt iOIl i:-. spc'('ifil'd M. IIIC' 111/1,III':-.t IIHIII(· 10 1)(' (1111 

t l'OlIed, which is (,ollsistc'nt wit" t 1)(' \\'01 k of (1I\1.f.!,IH':-' 1 !)~'). \\ ho ",,~ :-.1 id (,cl 1 \t,II. lOI pl dl 1 Il ,t! 

pu !'p m,e's , ollly the' 100'!e'\' \'ih\'élt.ioll.t1 IllOdl'~ il),(' illll'0ltilllt 1'01 \ ihl,tlioll,d (Ollt 1111. Th,· lo( 01 

tioll of the' points of Illaximlllll J)(,lIdill.t!, 11I01I)('lIt fOI .dllllocl(·:-, 111' to t 1)(' 10111 t h. lOI t 1 If' 1)('01111 

Hilde!' consideration, ha\'(' be('n o),tailwd u:-.ill.t!, d 1I01'l1l.d 1II0dc' "1I.t1.\'~i:-. lOI <1 1 1<lIIII)('d Ir(·(· 

bt'am wit.hollt a tip mass (Bishop I!)()ü), alld élI(' slroWII ill Till,le' 1.1. III .. ddit iOII. t 1 If' ,,(·11'( Ic'd 

IltlIllbc'l'and locatioll of tlte' Se'IIS01':-' aJ'(' :-.ho\\'11 in '1'.1 hl<· I.~. It i" illl(lOl'lclllt 10 1(·,dIZI' t Il,d 

only éI slIbsd of ail the S('IIS01':-' will d(·tllélll~ 1)(' plr\·:-.iutl" J(',dlz('cI ill IIIC' 1011110111.111\\\1111' 

tll<' Kalmall fi!te'l' I}('illg lIsed to ('~tilllat(· tllC' \alw'''' 1'01 tllC' 1 ('III.lllIill/1, "('II"'()I~. ,1'" dl· ... ( Irllf'd 

in gl'e'atf'1' df'tail ilJ Sc'ct iOIl I.:l. 
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4.2 Selection of the Salupling Rate 

Il)(' ,,1·11'( 11011 IIr III!' :-'éllllplillg Iëll(' glltllcllllc'c'illg ,ldl'qll,lIc' lH'rrOI'll:<III((' 01 IIJ(' digil,.! (011-

1 ICI 1 "'1111'1114' i:-. (':-''''('lIli,,1 ill Il)(' iIllPI('1I)(,1I1etlioll of IIIC' (,OllliIlIIOlls-tilllC' ".\:-.1('111 l,y" digiléll 

COIIII))IIfoI. :\ ..,lm\·c·1 :-'éllllplillg latc' 1(';Hb 10 rl 10:-':-' of cOlIll'ol infolllléltioll il:-.:-.o('),I1(·d with 

il!1C'I-:-'dlllplillg Iwhil\'ior. rl'slIlt ill,!.', ill pOOl' (Ollt 101 P(·J'f()J'Jllilll(,(·. .\11 (':o,( (·:-.:-.i\"(·I,\ fast Séllll

plillg 1.l1c· ,1.',1\(':-' 1Il1l1lC'li(,éll difIiclllti(':-' éllld J'('qllill'''' 1I10\(' adv,II)('('c1 cOlIll'ol alld Iligh Pl('cision 

cOIIl(J111,!lIOllrd h,lId\vélJ'(', H('IIU', II\(' tlac!('ofr:-. 1111\:-.1 Ile' Célldull,\' (·Xéllllill('(1. ~,loJ'('o\'"I', high 

rll'qlll'ill \ 1('SOll,IIIC'('S p1<'~(,lIj(od ill t hi~ fl('xihle hl'''11I t IICII <III' félstel t helll dos('c1-loop S.":-.I(·111 

\'dllch\'ldl h Illllst 1)(, (ollsid(·I'(·d fol' tl\(' :-.P!c'ct iOIl 01 appropriatl' :-'c1lllplillg ra!.('. 

TIIC' Il,tllll'éd 01' l'('SOllélll(,(' fn'ql\('lIci('s 01 t,II<' 01)('1I-loop sy:-.t(,1II llIoc!,'1 éll'(' 1'01111<1 h,\' Il!->ing 

tllC' ('qllaliol1!-> of lIIotioll giv('fI in Chapt('r 2. 'l'II<' c>quéltioll of 1ll0tiOll ohtaill('c\ frolll tl\(' 

Mij + Kq = 11'(') (-1.1 ) 

M= 
[

M" ,] [K" OIlXI] ,'r 1, . K= OlxlI 0 
(-1.2 ) 

c.p(t)=[OT T(/)f. ( .J.:J) 

\Vhill' T(') II' tl\(' élpplif'd torqll(, and 0 is the (11- 1)-dill)(,llsiolJal zero \·('clor. l'"lol'('O\'{'I" th(' 

IJldtri«(·s M" alul Kil. tll(' \,('do)',. and th(, l'calaI' Jt sl)('cific t.o this ('xal11pl(' m(' gi\,('1J as 

O.O:!202-17 0.0282172 0.02)) 110 1 O.O:J 1 12<)() 0.011128,1 0,0792,1:3 

0.0282172 O.O:lü:J:J72 0.0:J265 1 1 O.O,I088!):~ 0.01912:m 0.10()2:18 

1\1" = 
n.o:!.') 110 1 O.0:J2())) Il O.0298<)()2 O.O:J818!)() 0.0 18 J()~() 0.IO:J08:J 

kg 111
1 

O,o:J 112!)(i 0,0 108~9:J O.0:J818!)O (LO 1!)~2()7 0.02 Il !)O~ O.IIOOG!> 

ll.OI Il:!~ 1 n.o 1912:J!) 0.0181 (iSh 0.0211 ~O2 0.01 1 89:J8 0.070280 

O.UT!':! I:W n.1 O()2:J~O O.10:W8:JO 0.1 IOO(j\)O O.Oï0:28!) 1 O.I:!;)OOT 

:!<) 
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1 171.-) li. ~)K"')ï-d li II Il Il 

O.')~')ïr) 1 I.r)~ 17-) (I.~ 1 l Il Il Il 

Kil = () 02n 1. -)1)71"') O.:-)~:-)7r)1 li Il 
N III 

t 

() Il Il !i~r)7ï 1 ~.~:Hi'-) Il :-).~:!-) 0 

() () 0 ().:):~:!.j 1 l'II (1. ~ 1 :~ 

() (J Il () Il :!I.l U)~I 

n.:!!)!) 1 :!I) 

O. :!()(i() 9 1 

(). :2:H)()!):! 
\ ,= kg III ~ 

O.:!90G:! 1 

O. 1 :1:lSG 1 

O.7~!)~1) 

TI\(' (alculakd )'f'SOllaIlC(' fl'(·qu<,ncjc·s of 111<> op('n-Ioop s.' SI('lll \\'il" <111(1 \\'11 hOllt " t 1\1 

1l1é1~l-o .lI(' giwlI in Table I.:L 

Table' 1.:3: The calculal(·d Il.tlUI (II vil)! (tl iOIl fi ('qll('I1( jl's 

._--
1\lod(' N lIInbel' (1)(' 1,1 t 1)(' :!/I,f t 1)(' :l',f 1.1 )(' IIIr t 1)(' .-) tI, t 1 J(' 

Fn'quetlc,V \Vit.h mass (Hz) O.7:JO!) Il.ïx:JJ IO.!)81:l ~().!)% 1 1 :l~.I:! 1(; :!(JK !) Jlm 

Fn'quellcy without mass (Hz) !J.l !)SI :W.\J,J.J.') 1~.287(; ~7.1~:!2 l:i(I.I~;)7 :!:J 1 .' ;-':'11 ;) 
---

If tilt' s~'sl('1lI hm'illg high J('SOIl(IIICC' fJ('qll('llcjl'S j~ liJ!,hth 1/,IIIII)('d alld tl)(' (Olltloll"1 

illllodl\(,('~ é1ddiliolléll dalllping 10 tho:'l' lIlor/('''' \\'llIch élJ'(' trl~t('1 thelll till' béllidwidth (JI tlll' 

S~l-ol<'lII al hand. l-o('ll~iti\'(' l-oalllplillg l'at(·.., t<'latl'd to tlll' J('!';()\Irilit 11('qlll'll( i(,.., 01 tl ... ~\~I<'III 

('xi~l. TIH' plallt cOlIsidpl'('d in 1 his 1 Il('l-oi~ ('Ollt .lillS high-/J('qlJ('11! \ .... \ ~t('111 (1.\·lIélllli< ~ \Vit la 

.HI 



( 

( 

\('1\ li~lll ...,lllIdlll,d (l'IIllpill.!!, <llId. l!tn...,. III(' old"1 of 1I1,1.!!,lIillldl' nf 1111' dO~I'(I-loop "".\·~11'1I1 

IMud\\'idl" i~ 1I111( Ir 10\\"'1 ''',111 1 1)(· (1)('1I-loop ~\ :-1"1lI rt·...,Ollilll' ( • ..., III Mldil iun, 1 lit' cOIII 1011,· .. 

11~(·d '1'1111...,,1 III' dig,it,d C"olllloll(·1' lI~illg fi ~dlllplillg 1 cd l' ,1r0~('1I cH mldillg 10 tll(' du~(·d-looJ> 

l'dlldwidl'' '1 it,· .. ioll 111.1." illllOdll( (' 1111(1( ("('ptahl(' ~('II~il i\ ilil'~ 10 plalll dist Il) h,III«'S, Illakillg 

il 1I11IHI..,...,ibl<· 10 ohlalll flll"qllal<-, 01111'01 1 ><,1'10 1'1 Il a 11«' (Fl'dllklill l'l,d, 19(0), 'l'Iris is l)('calls(' 

if 1 III' SilllIplillg, l'élt(· '-wlcct('c! ,\1 (01 dillg to 1 II(' cloM'd-loop hillld\\'i<ll" of t Ill' syst('1lI i:-. 1(,:-.:-. 

111(111 Iwi«· éllI illlpoitallt 01'('11 loop sy~t('1l1 1(':-'Ol1alll'(', Il)(' cOlltloll(·rI syst.('1lI lllél\'lw 11101'1' 

:-'l'lIsili\'(· to (·nol'~. '1'111'11'1'011', éI J('lilli\('I.\ /rip,h séllllplrnp, raI,' of r;oo IIz i~ cil 0:-.('11 , clsslllllillg 

tltal 1 II<' 11I.!?,I)('sl (1)('11-1001' \\'st('1II J('sollan("(' to 1)(' cOIII roll('" IS 1 III' IOlll't h liaI mal ,'ihrat.ion 

II!Uc!(' . 

4.3 Observability Considerations 

Il is off "II Ilot l>ld<tICé11 10 as:-,ulll<' thal. th" (·IIt.in· statl' \'('(101 is a"ailable lhrough llle<lSl\J'('-

1111'111 s, III tlris Ih('sÎs, ail il1\'('st.ig,alioll is cOIHhlcl"d j,o <ISS"S~ th(' possihilily of é\ )(>dllced 

IIUIIlIH'1' 0[" IlIl'<lSIII'I'lJIl'lIts trlh"l1 al d :-.(·I(,ct('d 11111111)('1 01 Ilodal points. The IÙllmall filt.('1' is 

lI~,·d t 0 opl i Ilia II~' (':-.1 i III ,II {' tIlt' ( li na t 111'1' (11 111<' 01 1)('1 pO III 1 s as wl'lI a:-. it s 1 i Ille rcd (' of Chélllg('. 

\VII<'IIII'I' \V,' willlH' ahl~· 10 Il:-'(' péllliéllllH'dSlII'('IllC'lIt~ d"(>('I)(I:-. lIpOIl Il)(' :-.tat('-obsC'l\·aIJilit.y 

,,"<1 'Ollt lollé\hilil~ of Il)(' syslt'lIl III prillnpk. om' 111é'" Plo\'(' stclt"-obs(') \'abilit,\ olltl COII

t IOlIabilrl \' h.\ sho\\'illp, 1 h,tI III(' é1ssocic\I('d obsC'1 \élhilil~' élllcI colII lollclbilily llIat ric!'s élI'C' ('ach 

or fllllldllk. '1'1)(' ohWI \é\J,ility é1l1d cOllll'Ollc\hilil\ has élhl'éld." 1)('1'11 st.udi"d h~' Béllos (l9ïR) 

alld 1I111-',I's (111<1 Sk(,ltoll (1980), It hél:-' also 1)('('11 :-.110\\'11 Ihcll a :-.yst(·1Il hél\'illg onl}' Oll!' 

""('11:-'01 IIl,d.;:,':- 1 1)(' ~,\'sl<'lIl hol h sI dl ('-( Olllt ollél hl" .H1d Ob:-'('I\ël hl('. 110\\'('\'('1. t he' Il 1I1llC'l'ica 1 

ill-rolldiliollill.!?, of tlll' a:-.:-.ociakd (oiltrollélbditr (Illd oh~"l\ahilil~ IIlcltl'i«'~ (011 pl'<'\('nl tlH' 

1\;IIII'dll filtcl frolll 1(,(OIlStluctilig tlJ(' :-.tat,· l'sliIlHlt(':-. to cl I{'a~ollc\bl(' é\('(,lIIan', (':-'I)('ciall,\ 

\\'llI'lI t III'J'(' i~ <1 1 ip Il)(I~:-'. lIlélkill.!?, t 1)(' ~~ stem 1I110!>S"I'\'(lbl<' for prdd iCêll pllrp():-."~. 

Il i~ d,':-irahl,' 10 d~""('SS tl){' 1It111H'l'icétl \'iahilil,\' of Il)(' :-.tclt(' ('stillldtioll IIsillg éI H'du('('d 

1I111111H'1 of IlU'èl:-'lII"·Il){'IlI:-.. III a<ldit iOll, il i~ édso bC'lIC'ft( i,ll 10 inn'st igal(' 1 JI<' ,'fr(,ct i\'('I1(>~:-' of 



Tablc' 1.1: TI\(' c\lITal \ll'C' alld a~~o('ial('d Iii ,,1 1 illll' d('1 i\cll 1\1' 1111 .III IlIill.II l'lId plllllt dl~ 

plélCC'llH'llt of t hc' )('am 

lIoda) poinl /' [Ill J /1" [Ill-Il ù" [1I1- 1:-- l l 
1 0.0 :!.O (1 

2 O. :2:2 1.:1!lh(;0 Il 

:~ 0.:111 1.1~lï.r) Il 

1 0.;):2 ll.(iÎ!)O~) 1) 

.r) O.i:! 0.:2 10: Hl (1 

() (I.~O 0.12ïï 1 1) 

-

locating t.he ::l('llsors at t Il(' points ot lIlaXilllllll1 !lC'lIdillg 1I101lU'lIt. 

This shaH he dOIl(' hy analyzillg t II(' l'<'S I)()II sc' of 1 Il<' 1)('élll1 10 ail illil i.t! ('lId-pllilll dl~ 

placC'I11C'llt with tlH' llllb fixC'd alld \\'il Ir 011 1 COlll101 inplll. Bol Ir Cclsl'~, \\'11 Ir alld ",iIIIlHII 

tip lIIaRS, l'hall 1)(' analyzC'(1. TIH' inilic\l wnclilions ,lI'I' lis1l'd in T,Ibh' 1.1. 'l'III' 1('~1I1Is (II 

Iù\,lmall filtC'ring for both e(lsC's arc slrowlI ill Fig. 1.1 alld Fig. 1.:2, II':-'IH'( 1 i,('h', 1"111 IIIC' 

no mass Oll thC' IiI' casC' with two IlWélSlI\'('IIH'nts, i.('" tll(' ('\\l'V,,1111<' ,II III\' 1'00101' 1111' 111',1111 

a.nd the' 1mb l'Olatiollal allgle, tllC' l\idlllélll lilkl solt\\'al(' slI('('(·(·ds ill allo( al illg Ih(· opl illl." 

steady-st.ate gaill Illatrix showlI ill Fig, LI. !I()\\,c'\'('l', with tip IlIélS~, tll<' slIlInlcltion 1(':-'l\lt~ 

show that. the Kalman filtn fails 10 IlIld IIH' st ('(HI,\ -sI a!c' OhM'1 V('I' gaill m,It.l'ix: liraI Îs. 1111' 

syst.('Ill, ait hOllgh Illat Il('ll1ati('all~r ob~('\'\ahl('. is Ilot observablc' ill cl pr"d i< ,al ~('IIS(' dll(' 10 

roundoff f'l'lors. N('\'C'rtlH'lPss. stat(' ('~tilllatioll of 1\1<' Ill'xibl(' I)('alll \\'itll IiI' 1I1;1~~ (clll 1)(' 

accomplihhed jf at !C'dSt t 111('(' 1ll<'éiSIII'<'IIH'lIb art' t "kl'II, t II<'~(, I)('ill~ IIH' ('1" \cll 111(· ... ,il 1 III' 

t.he fil'st and second nodal poillh. a~ \\,(,11 as 1 Il(' hlll> lOt at iOllal allgh-, Fig, I.~ slto\\':-' tl ... 

lilJl(, hislory of il tn)ical estilllcllioll ('1101' 101' Ilti~ (',\:-'('. ft Ira~ 1)('('11 IOlIIIel IIr,d Ih· pltl( ill/.', 

I})(' M'IISOI'S at t II<' maXllllum bC'lldillg, 1110111('111 points. ill( Illdillg 1 II(' 1001 01 t II<' IWilill. wllil " 

(OIT(\spollds to CI llIaXillllllll hf'lIdillg 1II01lH'1I1 rOI ,,1\ \ il)) al iOIl 1110<1" .... gJ\'I':-' ,l!,ood ('~I illJ<d 1011 

l'<'Slllt R. 
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Figlllt' 1.1: Eslillléllioll l'rlol' of III<' :-.Ial(' \'al'iablf':-' élt tll(' fir:-.t Ilodal point witltout lit> llIass 
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0.2 Estimation error with measurements of the ftrst and second nodal ~ints 
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4.4 Uncontrolled Vibrating Bearn 

Il t 1)(' 1,1t!'lal l'III \,ltlllC' (,OlllpOlll'lIt u" i~ (,oll~lr.-tilJ('d 1(1)(' Z('IU in IIU' ,,-,"sl('1II J('I)J"('s('lIll'd h," 

('q (~X 1) ill (·ltapl(·1' ~. 1 Ilf' !'qllal iOIl of 11101 iOIl of lIol1-II('xihl(' l)(,illII i~ ohtc\ill('d as 

l, 0 = T(I) ( l. 1 ) 

T"i~ ('''Il IJI' (h'snilwd as a (Onllllllous-t.illw, lincar, cOIlstant-co('fficipl\f, sys1<'1ll III still('-

\'dl iabl(· spa('('. lia Il It'I y, 

z(t) 

y(t) 

A, 

A,z(l) + b/II(1), z(O) = Zo 

c'l'z(l). 

'1'1)(' st ait> ,'('clol' amI Hcalal' inpul, al'(' aIso dc'fined aH 

z = [ ~ ], //(1) = T(I). 

( 1.!») 

( Ui) 

( -1. Î) 

( -J.K) 

( L9) 

III or(kr t,o filld tilt' COIllI>tI1<'d torque illput. of t his nOIl-flexible beam, the élssociated st.ep

ill\'ariall1. discrC'tf'-tiIlH' Illodd iH u~c'd. The' computcd torque of the non-flexible »(,élill fol' a 

skp input of hub IOlatiollal c\lIgl(· i~ leadily obtailwd hy employing the l\allllc\Jl filtc'r alld is 

,Ipplil'd 10 t I\(' (1)('II-loop syst('1lI of t hf> fI!'xiblc' I)('alll. This is \)(,l'fornwd for hot h CcISe'S ,\\'it.h 

alld ",ithoul a lip Illi1S~, TI\(' (,()lIIpuIPd IOHl'WS éllld Ih(·il' tillW l'('~pon~('s of :11<' Iloll-fkxihlc' 

S,\~1c'111 ,III' ~ho'l\'ll ill Figs. I.:l alld l.!). Th" t.illl<' J('SpOIl8(,~ of tll<' fI('xihl!' 1)('c\11l o»lailwd b.'· 

appl.'·ill1!, t I\(' sali\(' (,()lIlpll1<'d 100qu(' i1lpub of t II(' lloll-f1pxihlc' I)('ams al'(' c\bo 8ho\\'11 ill Figs. 

1. l ,1IIe1 l.Ii. TIIC'~I' ~h()\\' t hcl 1 la l'g(' os('i lia t iOlls i Il t I\(' J('SPOIISI'S of t h(· 1111 b lOI él t iOllal élllp,I(' 

.lIltl 110.1(' diHI'I'\('('IlH'nb cl\'(' clttlihlllt'd 10 tht' IIcgl('('1c'd link fkxibility. 
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Table 4.5: The matel'ial spccification of t!\(' b<'am 

Number of nodal points (n) 7 

Material Allllllinlllll 

Mass density [kgjm3] 2712 

Young's modulus [GPa] 7l.0 

Moment of inertia of the hub [kg-m2
] 0.000831 

Moment of inertia of the tip mass [kg-m 2] O.n057 WSG 

Section moment of inertia of the bearn [m'I] 2.2.1 x 10- 10 

Moment of inertia of unflexed rigid bearn [kg-1I12
] 0.2712 

4.5 Compensator Simulation 

A simulation study was performed for the rotating flexible bcam showll in Fi/!,. '1. ï alld 

described in Table 4.5, which exhibits high-frequency vibrat.ions. A reliltiwly bigh SilllI 

pling rate of 500 Hz was chosen, based on the highest natural frcqllellcy of tll<' I)('alll tu 1)(' 

controlled, for both control and measuremcnt loops. 

The initial conditions used were 

q(O) = 0 

q(O) = 0 

(-1 II)) 

(1.11) 

where 0 is the n-dimensional vcctor. Morcovcl', pcrformillg the calclllat.ioll1-. n':-'IIIt.s ill t IJ(' 
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Figure 4.7: Bearn used in simulation 

stcady-statc, discrete-time, Kalman filter gain matrix Loo and controller gain vector k:>o 

0.0095 0.0006 -0.0037 

0.0338 0.0010 -0.0135 

-0.0069 0.0015 -0.0137 

0.0033 0.0007 -0.0087 

-0.0084 0.0003 -0.0022 

-0.0017 0.0009 r f)045 

-0.00~7 -0.0002 0.0716 
Loo = (4.12) 

-35.6900 0.3392 1.0485 

21.3990 -0.4260 -0.4360 

-7.7234 0.2005 -G.3134 

0.4238 -0.0199 -0.4091 

3.6538 -0.0043 -0.2632 

-0.3160 -0.0000 -0.0083 

1.6028 0.0011 0.0800 
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li. lOTi 

-I:! Oi~~ 

I:L:):Hi.\ 

-I.I)()~!) 

1. S:\:\i 

O.Sx li 

k 1 -
0.01 i() 

'x' - ( 1 1:1) 
-O.OO(i:l 

O.OO~ti 

lU)OI i 

-0.(01):3 

-0.0001 

-0.0018 

O.O:J(lG 

III ord('r 10 a'loid rapidl.\ f1t1clualillg S.\'stPIll I(,SPO)).~(\" il)HI. IltllS. 10 PI('\'('lIt IIH' (0111101 

signal l'rom eXC'l'eding its ph~'sil'éd limits, é\ Sllloot Iwd skp illPllt IlSilig il C~'( loid,d Illot i011 

(Fig. -1.8) was emplo~'('d 1.0 gl'lH'l'élte 1'('1'('\'('))('(' illpllts for thp hlll> lolat iOllil1 ,111/-',1('. 0
" 

dlltl 

itH angular vdocity, On nalllf'ly. 

0, 

0, 

OU(T __ 1 :,in(:brT)). 
27f 

Ou( 1 -' cos(:hrT)), 0 S T S 1 

( 1 Il) 

whf>re (Jo is th(, amplitude' of tll<' hub rotatiOilil1 allgl('. ('oll:-.id('lidioll ul tlll' tlllJ(' 'dt:- III 

chélng(' for the giH'1l input 01(,(,)(,<1 tll<' ad\'antag(' of l'Iilllilléltill).!, Ill(' :'1IIé111 sl<·,ld\'-:-.t,II(· 11111 

ttlatiolls of tlt(' l'CSpOIlS(,, at tll(' ('xl>C'IIS(' or a sliglttly IOllgl'l' :-.f'ttlill/-', lillll'. 

TIt(, sinllllatioll of tl((' fll'xi!>I(' !WélllI ",ithollt IiI' 111<1:-.:, \\<1:-' ,d~() !J('I rOI IIl(,d tCI 1 OIIIl).!II· 

tlw 1't':,,,I\:-. with thos(' of IIH' l)(,illll with IiI' 1I1<t!->:-. (Fi~. l.!)) <tilt! (Ft/!,. 1.1(1) I)otl, \\Itll 

Il)(' 1lI<'élSlIl'('II)('1I1 lIoi:,p (SP(' ,\pP('lIdi"\ .\). '11)(' 111,1:-':-' al 1 III' 1 il' Iliid il IlIi''>,> ('IIII,d 10 t Il,If ,,1 

tll<' 1)('é1I11. \\ïthout tilt' lllél'iS ,II IIi(' tip. Ihe oplilllai COIIII'('II""lol ~"()\\f'd tlldt tlJl' ,>cttlilll!, 

tillj(' \\'él:-. é1ppl'Oxi Illélf (,1.\' :\ :-'('( olld ... dllcl l!I'itlH'1 O\('lshool 110) IIl1flc'I~II()ot "PIH'dll·.! ill tl", 
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Figure 4.9: Hub rotational angle and its first time rate of optilllally cOIlt.lollcd lotat.illll, 

flexi ble beam 

response of both the hub rotational angle and the hub angular V<'locit.y (Fig. 11.!»). Wit.h 1.1](' 

mass at the tip, comparatively small overshoot and undershoot with steady-s!'al!' fll1ctllat.j(jll~ 

occurred for the displacements at each nodal point (Figs. lU) and 1.10). lIowever, il, t.ook 

longer for the response to settle due to the inertia of the tip mass, titis !H'llIg apPl'Oxilllat(·ly 

5 seconds. The comparison of control torque inputs for both cases is also shoWIl ill Fig. 1 Il. 
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Chapter 5 

Conclusions and Suggestions for 

Further Work 

A ~pélt ial (Iis( w! Izat ion Hwt hod usillg t 1)(' clIbk-splinC' tC'chniquC' has h('('11 l>Iopo~(·d for tIlt' 

dyni\lIIic III0d('lling 01 ri <OlIt inuom lH'alll with cl ti» Illas~ Illld('r large rigid-"od~ IIIU! ion~, '11)(' 

llléljOI <Id\i11llag('~ of Ihis aplJl'oélch tif' ill tlw capahitity of cOllsid('lillg (l \'al'id,\' or 1/OlIlIdar.\' 

nmdil iOIlS, .. ~ \\'('" a~ P('lllll! 1 illg t lu' II~(' of posit iOIl ~(,Il~OI'S, laI I\('\, 1 hall lISillg \'isioll ~,\'~I ('IllS, 

~lo)('()\('1. IllIs kcllllHIII(' 11I(lk('~ il pos~ihk to d('\'('lop IIH' dYlléllllic 1ll0d(·1I1'Ig of llOllllllifollll 

cllid IlOIl~."lI\lIl1't 1)( Iwallls, whidl wOllld he pxII'('lIwl) difficlllt 1,0 lllod .. 1 lISillg -li 1 él~Sllllled

mod,' Il)('1 \to,\. 

1 T~illg 1 III' opl imal C'OlIt 1'01\('1 wil Il t 1)(' Kallllall fi\t('\,. ('xt<'II~in' silll1\lat iOlls hél\'(' 1)('('11 

illlpl('llu'lIlc-d 10 ass('~~ Ih .. f('(\sibilil~ of \('al-tilll<' conlrollIsillg II\(' l)1opo~('d 1I10r!('lIillg ap

plO.l' Il ill 1 IIC' P\('~"II( (' 01 Il u'aS\II'('1l H'1I 1 lloi~(', FlIrllH'llIJo\,(" tl\(' pos~ihilil\' olusillg a \('<lu('('d 

11111111)('101' (111'\<111111' III1'c\""III('III"III~ i~ ill\('sligatcd, This 1I\('llId('~ III(' (,oll~id('réll iOIl of IIH' 

\\ il h tI "'111,dl"1 1111111111'1' of lIl1'd~l\I "III('III~, ,\ IHé\( 1 i( al ctlld illl lIil i", gllid(·lill(' 101 ~,·I(·( 1 IlIg 1 III' 

1111111111'1 ,llIcI lo( ct! HIll (II 1 III' ~('II~(\I~ \\'d~ gl\('11 Il.'' lillding Illrl'\illllllll lH'lIdillg 11111111('111 poillb 

fOI ('.11 II of IIIC' 1l1Od(· ... lIp III Il,,, (1I1ull \ illl<lIIOIl 1l1Od(·, ... 1I Ihclt III(' ~\"I('111 i ... ""tlft> oll~('I\'itlll(' 
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lIH'élsllrillg (III \.111111'''' <11 1111' pOlllt... ",hich h<l\" 111<1\111111111 1"'lIdlll~ 11101111'111 pI,,,IIIII· ... l!,lIlld 

(':-tillléltiow .. with " Il'a:-ollélbll' dq!,II'(' of (l('( 111<1(,\' III ."Idllioll, " hi~" :-.Illlphll.l!, 1.111' 1'" ... ,. 

h·(f(>d ln <lvoid M'II:-ili\l' pl.ll11 di"IIIr!Jall("('s 11·1,llt·d 10 tltt' hi.l!,lt-hl'qllt'III,\ 11·:'->1111<11111·... \11 

oplil1lal IOJ(fll<' illpllt or 1 II(' ,Io:-,,'d loup S,\:-.11'11I. rI:-':-llIlIill.l!, .1 ri.l!,ld-IH"h 1,1',1111, \\".1:- .Ipl'lll'" 

10 1 Il(' 01)('11-100» :-',\ :-lt'flI or 1 III' 1I('xihh' h('illll ill 01 d"r 10 l'\rllllilll' II\(' d,\ Il,1l1li, 1'111'11:,-> ,,1 

lillk fI('xibilily, TIlt' opl illlai <0111 roi :-.Iral(·p,v :-,('11('111(" IIsill,l!, 1 III' 1\.11111.111 lill('r ,llIcI 1 hl' 1 111111 

splill<' applOxilllal iOIl 1(·chlli(fll('IS \'('rv :-.uil"hl(' 101' 011 lill(' 10111 loi 10 :-'lIl'pl(':-':- 1 Ile' Il.111'''\1'1 'C 

vi hra t iOIl:-' or él flt'xi 1,11' h('dlll Illld('rgoi IIg 1.IlW' rigid I.otly Illot iOIlS, \ Il 1'\ Pl '111111'111.11 :-d Il l' 

is (,1I1l'('lIlly Iwillg huilt 10 II':-.t tlU' IIH'or<'lical \\'ork \('poltl'" ill Ihi:-, II\(':-.is, 

A ft'\\' ('XI('IISiolls 01 1 hi:- work 10 1 Il(' lollo\\'illp,: 

• Exp('riIlH'lllal \'('nfical iOIl uf 1 II(' propos(·d 1111'1 ho(1. 

• (1:-.(' of Il)(' Elllf'r Op('léllor (llori. Nikifortlk ,llId IÙlIli1l lm·\!); ~Iiddlt-toll ,lIHI Coud \\1 Il 

1 mW). 

• Exl('IHI th(' forlllllialioll 10 illcllld(' l\\'o-dilllt'll:-,ioll,IIIH'lldillp, ('If('ds illld ItJlsioll 1·111'( t... 

accolll»ëlllyillg 1I11l1t i-hod,\ 11101 iOIl. 

• Dt'vclop élll adaplin' cOlltrol algOlillllll 10 (())>l' willl dlrlllp,('S 01 III"S:-'. 
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.Lt\.ppendix A 

Derivation of Noise Covariance 

Matrices 

RI' élnd Rf' the' di,,( 1 <'1('-1 illJ(' lII('<lSlIl('IIH'1l1 éllld plO( ('S~ 1I0is(' «()\dl idlll (' 111,,1 l'il I·~. Il'''1)('1 

R" = H{v(~')v(k)l'} 

R, = l~' {e( ho )e(~' fI'} 

(.\ 1) 

( .\.~) 

1\101('0\'('1'. tlJ('~' (élll 1)(, ''l>proxillléll<'d h.,· lI~illp, III{' cOIlIIIl1l01J,,-lilllC' IIJ\,lIldlll(' 111,111111'''' "" 

rollo",:-. (Salg,l(lo. :\Iiddld iOIl nlld Coud\\ ill 19NN): 

R" ~ ~1~'{v(l)v(l)/} == ~R." 

l '{ l} 1 R R, ~ ~ I~ e(l )e(l ) == ~ ,f 

",1)(')'(, ~ is Il)(' Séllllplillp, illl('1 \éd. 

( .\..1) 

( \.1) 

Ld Il:-' dlO(l"{' Il-di Il I<'lIsiollél 1 lIois!' \'('('101' w(l) 10 IIJ(HI.·I 1 III' 1111'.1:-'1111'/11('111 <llId pll/l 1 ....... 

1l0IS(' a:-. 

"1 .r 1 

w(t)= ( . \ .,) 

Il,,,I,, 
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\\'111'1(' ,/, i"" 1101111<111\ di,,1 1 il'lIl .. d Iéllldolli \'ali.lh\!· Il.l\ III,!!. ZC'IO 1111'.111 éllld IIl1il Hl! iéllll'P. alld 

/'1 i" a cOII~I.'1I1 ","i( Il i" Il:-,('d 10 d('fiIIP tll(' éllIlplillHl(,01 1111' lIoi~(', 'l'II(' (OIT('SIHHHlill,!!. lIois(' 

((j\',11 ;.1111 (' 1I1t11 1 ix I~' {ww l } i.., r1('élrl~' giWII as 

I~' {ww/'} 

",1. 0 () 
1 

o ",1. 
1. 

o 0 

() 

• ".-
/1 

TII('I({olC'. lIIat l'in's R,!, alld R" cali 1)(' ('valllakd l'IOIll 1 II<' .d,o\'(' {'o"Hriall(,(' mat 1 ix. 


