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Abstract 

A new finite element has. been developed satisfying the required 
continujty of the stress ,:,ector at bimaterial interface poin~s in order 
to a1leviate the problem of high stress discontinuity predictions by the 

o 

convootional displacement finite element method. The formulation of 
the elem'ent has been ça:r:ried out within the framework of the displace-

, ment method assuming perfect bond conditions at the interface and 
isotropie, linear elastic materials. Two general finite element programs 
have been developed incorporatiIig the interface element, one for two
dimension al plane-stress/plan-e-strain and axisymmetric analyses and 
one for three-dirriensional anm'Yses. A series of validation tests have 
beoen carried out to assess the correctness of the stress distribution 
obtained by the new eJemènt at interfaces of highly dissimilar mate
rials._ The results of ·the tests are compared to analytical solutions 
an-d to results from analyses performed by,the conventional displace
m~nt fIethod. Overall, the proposed ele~ent has been demonstrated 
to have a very satisfactory degree of reliabiIity, especially in view of the 
observed inability of'the convéntional mêthod to yield interpretable in
terfaçe stress ,values for most cases analysod. Finally, the new element 
has been applied to the analysis of an-axisymmetri~ model of '~he knee 
tibial implant, The superiority of the interface element over the con-.. , 
ventional method has been demonstrated in 'this ~ase by a convergence 
study . 
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Résumé 

1. 

Uni nouvel élément fini a été développé satisfaisant la cd'Ptinuité 
requise <J.u v6~teur cdntrainte pour des points -donnés sur une i~terface 
bimatérielle .afin d'éliminer le problèI{le -de la Jis~ontin~ité des con
traintes calculées'par la méthode conventionnelle des déplacements. La-, 
formulation de l'élément a été pasée sur la méthode des déplacef!1ents 
et suppose des matériaux isotropes, linéaires et élastiques et des con
ditions d'adhésion parfaite à l'interface. Deux programmes généraux 
d'éléments finis' ont été développés incorporant l'élément d'interface: 
l'un p01}r des analyses de problèmes bidimensionnels jcpntrainte p~ane, 
déformation plane et symétrie 'axiale); l'autre pou/r des analyses de 
prohièmes tridimensionnels. Plus je urs problèmes de validation ont été 
analysés pour évaluer la performance de l'élément nouveau.à des.inter
faces de matériaux très différents. Les résultats des essais sont com
parés avec des soluti0{ls théoriques et avec des résultats .provenant-!üe 
la méthode conventionnelle des déplacements. L'élément proposé a été 
d~montré très satisfaisànt, surtout en comparaison -avec l'impuïssance 
observée de la méth.ode conventionnelle de produire des contraintes 
d'interface interprétables pour la plupart des c~analysés. Fip.alement, 
le nouvel élément a été utilisé pour l'analyse d'un modèle axisymétrique 
de la prothèse tibiale du genou. La superiorité de l'élé~ent d'interface. 
vis-à-vis de la méthode conventionnelle a été demontrée dans ce cas 
par une étude de convergen,ce. 
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Chapter 1 
o 

INTRO DUCTIONo6 

: 1.1 'rhe problem of the interface between two highly 
dissimilar materials -

Materials with different properties are often combined in the design of 
engineering structures (e.g. reinforèed con crete ). The analysis of such 
struétures is usually carried out by transfo~ming theÎn into 'equivalent' 
unimaterial models or by using numerical techniques like the finite el
erftent -method. In general, the approach towards structures composed 
of different materials Ras been similar to that towards homogeneous 
structures, because high variations in material properties are not ex
pectedj for'example, approximate values of elastic moduli for concrete 

1 ~ • 

and reinforcing steel are 30000 MPa and 200000 MPa respectively. 
Furthermore, the interface stress distribution is not usually of ,primary 
ip.terest to the analyst. 

, 'However, xecent adv~nGè~ i~ àreas such as composite materials anod 
biomechanies have-created ~.~eed for ,a different approach in the anal-

b ' 

ysis of bifnaterial strucùlf~~! ..In these cases,' reliable stress c,alculations 
" 1, 

at interfaces of typically highly dissimilar materials are am@ng the main 
objectives of the analysis. In fibre-reinforced composite 1l1aterials, for 

. L 

1 

" 
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-
example, the ratio of elastic moduli is approximately 25 (for a matrix 
of Araldite CT200 and fibres of duralumin) (Soh [32]), while in biorne-

~ 1 

chanical applications the ratio of elastic mod uli is usually as high as 
100 (for steel prosthesis and Polymethylmethylàcrylate bone cement) 
(S~rivastava et al. [31]). In both cases, failure of the bimate'rial inter- <-, 

face constitutes one of the main failure modes of the structure.(fi bre 
pull-out or dëlamination failure in composite materiâls and prosthesis , 
loosening in biomechanics). 

A stress analysis of such structures should be able to account for 
the interface boundary conditions which are critical to the behaviour 
'of the whole structure. 

1.2 Finite element method for solving the problem 
~ , 

The finite element method constitutes one of the most powerful nu-, . 
merical procedures currently available to stress analysts. Although 
there are many differe'nt forms of the method, the ~isplacement-baseG 
method has emerged as the most popular in the field of structural me
cha~s (Cook [7]). A significant amount of research and' numerous 
computer programs have been devoted to this method. As a matter 
of fact, most commercially available finite element computer packages 
are implementations of the displacement method. 

In the displacement method, however," interelement nodal stress 
compatibility is not enforced. This means that elements sharing a 
node usually predict different' stress values at that node. In the cases of 
homogeneous st'ructures, these stre~s discontinuities, which are usually . 
small, can be 'corrected' by several propo~ed averaging and 'smoothen-
ing' techniques (for example Herrmann [12J, Hinton and Ca,mpbell [13], 
1oubignac<>et al. [18]). 

'As it has been pointed out (Cook [7], Loubignac et al. [18]), how-
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ever, these procedures cannot be applied to ~uch stress fields as the 
ones encountered at bimaterial interfaces or across sudden thickness 
changes. Generally, wh en a structure consisting of different materials 
is analysed by the conventional finite element method, severe viola
tion of force equilibrium may take place at the intermaterial boundary 
ppints when the stresses are computed on the basis of dis placement 
compatibility and constitutive relations alone (Salama and Dtku [29]) . 
Any attempÇ., __ therefore, to 'smoothen' the discontinuity by averaging 
methods would be inappropriate and erroneous. The usual procedure 
in these cases has been to repeat the analysis of the problem using a 
finer m~sh (Co~k [7]). However, this procedure can be very time con
suming, since the convergence rate will likely be very slow, especially 
for cases that involve large differences in the properties of the adjacent 
materials. \, 

A different approach would be to use a formulation having stresses 
as primary unknowns such as the mixed element or the hybrid element. 
methods (e.g. Gallagher [9J i ZienkiewÎcz (38]). In this way stresses can 
be continuous across element boundaries. L 

1.3 Previous displacement-based etudies of the in
terface problem 

With reference to the stress discontinuity obtained by the displace
ment method at bimaterial interfaces, few alternatives to the costly 
mesh refinement have been proposed so far. Salama and Dtku [291 
have suggested the application of the method of bes,t fit strain ten
sors to the stress c?mputation at intermaterial boundary points. In 
this method, the dis placements. are first computed in the usual way, 
and then, the strains and stresses are obtained through a procedure 

• 



1 
that acccounts for th~ interface st,ress boundary conditions. Compat
ibility, constitutive, and equilibrium' conditions ~re satisfie~ and the 
proposed m~thod seems quite successful. No conditions are imposed, 
however, on the .podai displacements at the interface so that. they may 
not necessarily be consistent with the stress field satisfying the inter
face boundary conditions. Furthermore, significant computer memory 
is required due to the fàct that a nodal set (list of nodes coinciding 
with the vertices of all elements meeting at that node) and a set of 
nodal Hnes (Hst of Hnes join~ng the node with the other nodes in the 
nodal set) for each node all<~ element, respectively, must be retained 
in m~mory. That is, in addition to the usual information necegsar~ for 
~ conv:entional displacement method analysis. Finally, the examples 
chosen are not representative of the poten~ial severity of the problem 
of bimaterial interfaces; the stress discontinuity obtained by standard 
finite element techniques was found to be small in these cases, and 
therefore, the value of the pfoposed method could not he fully appreti
,ated. In the example of the vertical wedge, in particular, the analytical 
solution developed for a unimaterial cas~ was assumed to apply to the 
bimaterial case as weIl, and, as such, was ~ompared to the re~ylts of 
the proposed method. 

More recently, Soh [32] proposed a modification to the conventional 
dis placement method in order to achieve interface stress continuity. 
His techni,que i~ based on the nine-node rectangular element which is 
used to obtain the nodal dis placements in the traditional way. The cal
culation of the stresses at an interface is then achieved after imposing 
the necessary ane! sufficient equilibrium and compatihility equations 
at that boundary. This process involves the fitting of the original dis- ~ 

placement functions for hoth"adjacent elements onto a nine node region, 
centered at the interface, and finally, reduces to the solution of a sys
tem of 36 equations. In addition to the computationat disadvantages of 

~ 
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1 

> c , 

\ 



--

, 

c 

this method (use of nine-node elements, complex procedure for str~ss 
calculation), its superiority over the conventional method was not ap
parent in the application presented. This application consists of the 
analysis orthe fibre-matrix interface of a fibre-reinforced medium. Re
sults from the .proposed mcthod were compared to conventronal finite 
element analysis results and to results obtained from a photoelastic 
test performed on the same structure. The only ~ase where there was 
clear evidence fof superiority of the proposed technique over the con
ventional method was in the prediction of the location and magnitude 
of the stress peak occurting at the fibr~ tip. - " 

1.4 Present ~fudy; objectiv~s and orgaI!ization of 
report \. 1 

1.4.1 Objectives 

The growing demand for more reliable stress analyses in problems in
volving interfaces of highly dissimilar mate rials renders the inefficiency 
of the displacement based finite element ~ethod unacceptable. Bi
material interfaces are becoming increasingly cornmon, especially in 
composite materials and in biomechanical applications. In the field of 
Orthopaedic Biomechanics, in particular, the lack of reliability of the 
dis placement rnethod concerning thè calculation of stresses at prosthe
sis/cement and prosthesis/bone i~terfaces has been repeated'ly pointed 
out (e.g. Huiskes and Chao [15], ftohlmann et al. [28]). The present 
study was initiated by the realization of the need for a modified tech
niqje to determinoe interface stress distributions. 

he main objective of this study is to formulate a finite element 
cap ble of representing the correct stress and dis placement boundary 
conditions at a bimaterial interface. It was decided to carry out the 
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formul~tio~ of the element withib. the framework of the displacement 
method. The main reason for this was that it i.s intended, at a later 
stage, to incorporate the developed element into a large èom mercial 
finite element package (these programs are almost exclusively based 
on the displaq~ment method). Renee, a widespread use of the element 
can be facilitated, since such programs are readily available. It was 
~o decided to address tpe interface problern directly at the formula
tion stage, that is, before the dis placements are computed. In thi-s way, 
the calculated displacement, strain, and stress fields will be consistent 
and will satisfy the required interface bou,ndary conditions, unlike tiJe 
prQposed m~thods of Salarna and Utku [29] and Soh' [32], where t~e 
4isplacements wer,e computed before imposing- the interface conditions. 
For the purposes of this study, a condition- of perfect bond (ho sepa
ration and no slip) will be assurned at the interface between the two 
materials. These'materials will be considered isotropie, linear elastic. . . 

After the developrnent and validation of the element, a first appli-
cation will he carried out. It consists of the calculation of the prosthe
sis/ cernept interface stress distribution- at a prosthetic knee joint. 

1.4.2 Organization of repQrt 

A general introduction to the prohlem of the birnaterial interface, previ
ous displacement-based studies, and the ~ain objectives of the present 
study have. heen included in this chapter. ' 

The formulation of the interface element f~r the two-dirnensional 
case is presented in Chapter 2, as weIl as a di§'cussion on the boundary 
conditions at a birnaterial interface. Finally, sorne notes on the finite 
elernent program developed for the purpose of testing and applying the 
tw~-dirnensional interface element are also included in Chapter 2. 

The validation tests carried out to assess the performance of the' 
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proposed element are presented in Chapter 3, while Chaptér 4 deals 
wittt an,application of the element tA> a real-case interface problem from 
the field of Biomechanics. .,. . . 

A three-dimensional interface element has also been developed to-
gether with a three-dimensional finite element program. These are 
presented in Chapter 5 together with a validation test. 

Chapter 6 provides a summary of the conclusions and observations 
made irl the course of this study, as weIl as recommend«:tion~ for futu~e 
research. 
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C.hapter 2 

TWO-DIMENSIONAL 

F'ORMULATION 

2.1 Perfect-bond continuity and discontinuity 
conditions 

'-
2.1.1 Theoretical considerations 

The modelling of perfect bondirig between two eIas.tic media in con
tact is achieved through certain conditions on stress, strain, and dis- -
placements which must be satisfied at the bimaterial interface. These 
conditions w,ill be presented in this section first for the general three
dimensional case, and then specialized for the two-dimensional case. 

In order to simplify the _form of the equations, tensor, notation wiU 
he used throughout this section; the basic rules are briefly presented 
here, while a more detailed treatment is available in the literature (e.g. 

\ ' 
Sokolnikoff [33]).;>, , . 

Let the reference axes x, y, z be right handed rectangular Cartesian, 
and let the~ he named also as XI, X2, X3. Lower case subscripts (i, j, k) 
are 'indices rangingrrom 1 to 3 in three'dimensions and from 1 to 2 in, 
two dimensions. A single subscript v~riahle, for example Ui, denotes 

--
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{~. the components of a first' order tensor (Le. a vector) while a doubl~ 
substript variable, for example ê~j, denotes the components of a second 
order tensor: A subsGript preceded by,_'a comma\denotes partial dif
fereptiation with respect to the coordinates; for example, Ui,] dertotes 
partial differentiation o(u, with respect to ;J»j. Finally, rèpeated indices 
indica~e summation over the coordinate range of thesC<' indices, sq that"' 
Ui,t stands for UI,1 + U2,2 + U3,3 (The summation rule will howev~r be 
suspended at sorne placesjn the following presentation). 

The terrn perfect bond is employed to express the condition that 
n6 separation or slip Ï-s allowed at the~interface. In' other words, per
fect bond rneans 'that the displaceÎnent vector .u, is contlnuous "at ·the 
interface points. -

Figure 2.1 shows a typical bimaterial interface with its local coordi-
• 0 ,.' naté system (axes X2 and X3 lie in the plane of the interface, while axis 

Xl is' in the direction of the normal to the interface). With reference to 
this figure and in view of the continuity, of u" the following terms are 
also seen to be continuous at the interface: UI,2 and Ur3.~"On the other 
hand, the U"l term's are not required to be continuo us at the interface. 

From the strain-displacement relations: 
o 

(2.1 ) 

and taking into account the above mentioned continuitly and discon-
J 

• I!l tinuity of displacementgradients, it follows that in the straJn tensor 
representati'on at an interface point: .. 

the components" without an asterisk are those which must be con-, 

9 

, 



; 

r 
"- X2 \' 

\ 
~ 

,.\ ® 

.-
'---INTERFACE .. -
-

- Figure 2.1: Schematic representation of a bimaterial jnterface. 

;l 

a .. ~ 
.. ' • 

'" 
rr 

1 , 
<" 

" 



, 1 

\ 
--~---- ----- -' -'- -- ------------"'----- -

.. 

" 1 1 

tinuous, whÙe' those with an ast'erisk are permitted to be discontinu-
ous. Thus, the condition of pe{fect bond im'plies not only the iIJterface 

, displacement continuity but also the continuity of f~e' in"\plane axial 
and shear strains. On the other hand, the out-of-plane strains can be 

- discontinuous, depending on.. the materia) properties of the adjacent-
... 0 

media. 
The stress boundary conditIons at the interface are determined from 

the required continuity of the stress' (traction) vector~. Referting 
again to. Fig. 2.1, the following equation relates the stress vectors of 
media a and b at the interface fprinciple of action-reaction): 

,'?-' . 
r."a = -Tl, (~.3) 

where the superscripts a and b identify the two materials on the two 
sides of the interface. 

Now it may be recalled (S~kolnikoff [33]) that the stress vector on 
a surface with outward normal n, is expressible in terms of the stress 

.. . l' 
components by the following formula: . . 

(2.4) 

Hence, since nj =, -~~. at the ir:tterface, Eq.(2.3) becomes 

a a _. b a (2 ) 
"' UiiT),j - U,jn, • .5 -

The unit norma~ to the -,interface is tâken here parallel to the x" axis ~ 
so that ' 

, 
ni =< J,D,D > . (2.6) 

- Equations ~2.5) an,d (2.6) yield the conditionjthat "at tlte interface 
one mu~t have . .' / . ' . 

~. 

/ 
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(T a b (Ta - '(Jb (Ja - (Jb (2 7) 
11 = (Tu, 12 - 12' 13 - 13' • 

Thus, in the matrix representation of the stress tensor at an fnterface 
point: 1 

[ ::~ :~: :~: 1 ,v-, (2.8) 
(J13 (T 23 cr 33 

the out-of-plane components identified by absence of asterisks are the 
ones which are required to be continuousj the in-plane comp.onent~ 
marked by asterisks are allowed to be discontinuous. It is ïntere~ting 

Jj' 

'to compare the forms of Eqs. (2.2) and (2.8) and conclude that, re-
gardle~s of the materials involved, if a stress component is required 
to be' continuous, the corresponding strain component is allowed to 
be discontinuousj similarly, if a strain component is required to be 
continuous, the 'corresponding stress com-ponent is permitted to be 
discon tinuous. 

2.1.2 ~~inite element considerations 

The con~ntional finit~ element displacement method Dy definition ac
counts for the nodal dis placement compatibility. Moreover, the dis-

, placement functions ~re uS1fa~ly chosep. to be such as to also satisfy 
the inter-element displacement compatibility. This inter-element com
patibility therefore means that in so far as the strain compatibility is 
concerned it .is satisfied fully in the sense that the strain components 
which must be continuous are indeed -required by the formulation to 
be continuous , whereas those which can be discontinuous are allowed , 
to assume different values at the inter-element. boundary. 

On the other hand, as is weIl known, as far as"the stresses are con
c'erned generally no account is taken of the local stress equilibrium con-
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ditions either within the bulk of the material or at, the interfaces. The , 

, equilibrium is satisfied in the gross sens~ by minimizing the total po-

• 

tential energy. of the structure-with respect to its nodal 4isplacements. 
This minimization process results in a set of algeq,raic 'equilibrium' 
equations with the nodal displacements as unkno~ns. Solution of tIris . ~ 

system of equations furnishes the nodal displacements (and unknown 
reaction forces-) corresponding to the loading applied to the structure. 
Know~ng the nodal displacements, thè displacement and the strain field 
withill each indi-vidual element can be determined. Then knowing the 
strain field, the, stress field within an element can be determined by 
invoking the constituti~e law of the material of the element. For lin
ear, isotropi~, el~sÜc material behaviour, stresses are given in terrns of 
strains by the followipg expressions: 

0'11 À(ê~l + en -t é33) + 2JLé~1' 
0'22 À(é~l + en + é33) + 2JLê22 , (2.~ 0'33 À(ê~l + e22 + é33) + 2JLê33, 

0'12 ZJLê~2' 
c 

0'13 2J.Lê~3' " 

() 
0'23 2JLé23 , . 

in which ,\ and
v 

p, are Lamé's constants. Since at an inter-element 
boundary, the strains ê~~, êi21 and éh are allowed to be discontinuous 
for t~e two elements on the two sides of the interface, aIl stress corn-

\. po~ents, with the exception of 0"23, are,in general discontinuous even 
if the material of the two elements is the same. So that when the 

. material properties for the two elements are in fact different, which is '" 
, . ~ 

the case for a bimaterial interface, then without exception aU stress 
components are Ipade discontinuous across the interface. 

If the !nterface stress continuity is to be enforced, then Eqs. (2.7) - , 

13 o , 
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must be satisfied. In view of the strain compatibility this implies that 
the strain cornponents ~ust be related to satisfy the following condi
tions: 

" (,\aê~l - ,\bê~l) + (,\a - ,\b)(ê22 + ê33) + 2(JLaê~1 - JLbê~l) = 0, 

o 2(JLaê~2 - JLbê~2) = 0, (2.10) 

2(JLaê~3 :- JLbê~3) = 0, 

where the superscripts a and b identify the quantities related to the a 
and b sides of the interface. 

N ow, ideally, the displacement fun,ctions should be chosen so as té) 
satisfy the above conditio~s at every point of the inter-element interface 
boundary. However, this appears to be a rather difficult requirement to 
meet, and in the present .work the satisfaction of the above conditions., 
is restricted to just one point of the interface bou~dary common to two 
elements. 

Q 

In two-dimensional plane stress or plane strain cases in the Xl - X2 

~plane, the interface surface is assumed to be a cylindrical surface with 
norm~l perpendicular to the X3 axis (i.e. lying in the Xl - X2 ·plane). 
The stress and strain tenS6lrS are expressible respectively as 

[::: :;:], (2.11 ) 

and 

[ 
ê~n ê~t 1 (2.12) 

if ,ê~t êtt ' 

wh~re n is the normal direction and t is the tangential direction de
termined from the right-hand rule n x t = k, k being the unit vector 
in the +X3 directioij and n and t. being the unit vectors respectively 
perpendiculàr .and parallél to the interface (Fig. 2.2). 
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The two-dimensional stress-strain relations can be expressed as: 

o Unn - '\l(e~n + êtt) + 2J.Le~n, 
Utt '\l(ê~n + êtt) + 2J.L~~n' 
Unt 2JLênt, 

w here ,\ 1 is defined to he: 

2p,À ' 
\ - for the plane stress case (u.,,,, ~ 0), 
A l - 2Jl + ,\ "',. 

and 
for the plane strain case (êzz ..:. 0). 

It also follows that: 

-À 
ê zz = 2J.t -+ .x (ênn + êtt) in plane stress , 

and 

in pline strain. 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

(2.17) 

o The interface continuity conditions on the sfress vector, Eq. (2'.7), can 
now be expressed as: 

(.xiê~n - )..te~n) + (.xî - Àt)êtt +~2(Jlae~n - JLbê~n) ...: 0, 
(2.18) 

Note that in the finite element formulation of the interface element 
_ 0 

to ~ be presented, imposition of the intèrface stress compatihility con-
ditions, Eqs. (2.10) or Eqs. (2.18), is effected in an alternative way 
using the matrix notation and material constants E and v rather than 

, .~ and JL. 
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Figure 2.2: Two-dimensional interface problem. . 
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2.2 Present plane-stressjplane-strain interface 
, element 

oTh~ proposed interface element is an element consisting of two adjoin
in"g quadrilateral elements, one on each side of the interface with 

o the interface as their cornmon boundary. The stress continuity con
ditions art imposed at the midpoint of the interface side of th~ ele
ments. A midside node on the interface is a reaso-nable choice since 
stress computations at boundaries are considered to be most accurate 
at midside points (Cook' [7]). 1 

Considered individually, this interface node is the fifth node for each , 
of the two elernt1lts of the combined "interface element:, Thus,,~ each of 
the two elements lis a five-node element, and its stiffness matrix can 
he determined in the usual fashion as shown belo,w. The difference is, 

" however, that instead of keeping the two degrees of freedom associateg. 
with the fiftn node as free, they are selected so as to satisfy the two 
stress compatibility conditions, Eq. (2.18) or equivalently Eq. (2.7). 
This last step is the essence of the proposed formulation. 

One of the five-nocle elements is shown in FiJg. 2.3a together with 
its "natural" coordinate system. The derivation of a potential energy 
expression for the element follows the standard procedure pres-ented in 
any finite element text (e.g. Cook [71). Only a brier account is given 
here. 

In this section, as well as in aIl subsequent ones, the formula~ion 
will he carried out in matrix notation, as it is very convenient for 
computer implementation. Square hrackets, [], will represent matrices, 
while curly brackets, {l, will represent column vectors. No summa~ion 
over repeated indices will be assumed unless explicitly st!tted. 

An_ isoparametric quadrilateral element in the x-y glane is a square 
eleme~t in th~ - 'fi plane. The term isoparametric means that the 
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transformation linking the ç - T] coordinates with x-y coordinates is 
the same as the one expressing the connection between the nodal dis
placements and the displacement fiéld within the element. Thus, one 
has for the five-node element: 

X NIXI + N2 X 2 + N 3 X3 + N 4 X 4 + Nsxs, 
y NIYI + N2Y2 + N 3Y3 + N 4Y4 + Nsys, -(2.19) 

and 

u NIUI + N 2U 2 + N 3U3 + N 4U 4 + Nsus, 
V NIVI + N2V2 + N 3V3 + N 4V4 + Nsvs, (2.20) 

. 
where (XJ,oYI) ... (X5' Ys) are the nodal coordinates and (Ut, vt) ... (U5' vs) 
are the nodal displacements of the element. The shape functions Nt 
for the five-node element are: " 

NI -ç(e - 1)(T] - 1)/4, 
N 2 - ç (ç + 1)( T] ",- 1) / 4; , 
N3 (ç + 1)(T] + 1)/4, (2.21 ) 
N4 -(ç - 1)(7] + 1)/4, 
Ns (~2 - 1)(7] - 1)/2. 

It can be verified that these shape functions have the property: 
o 

(2.22) 

which together with Eqs. (2)9) and (2.20) restated: 

LN,xi = x and LNiYi = y , 
, i 1, 

(2.23) 
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Figure 2.3: a) Five no de quadrilateral isoparametric element; 
b) Typical pair of five-node elements sharing an interface. 
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ensure that the displaéement functions chosen are capable of modelling 
, '1 _ 

tlie- rigid body dis placement and rotation of the element. Moreover, 
since the displacements along an element side depend only on the dis
placements of the nodes belonging to that side, the inter-element dis
placement (and strain) compatibility is satisfied regardless of the par
ticular values of the nodàl displacements and regardless of the material 
properties of t~e elements. _ 

Cons ide ring now the element a, belonging to the material a, the 
strains are expressible as: 

(2.24) 

a 
ï xy 

i 

~r, symbolically in the matrix notation as: 

(2.25) 

where {Â a} is the vector of nodal displacements: 

(2.26) 

, and 
~2.27) 

[Ba] is the matrix (of size 3xl0) whose elements are the derivatives of 0 
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the shape funçtions Ni (i = 1 to 5) with respect to x and y: 

aN! 0 aNz 0 ax ax 

[Ba] = 0 aNt 0 a Nil (2.28) ay ay 

aN! aN! aN?, aN?, 
ay ax ay ax 

However, since Ni are functions of ç and TI, the above differentiation 
with respect to x and y cannot be c~rried out explicitly, but by using 
the relations of the type: 

(2.29) 

Thus, the pJoblem of determining [Ba] is reduced to first computing 
~,~ and ~,~. However, again since x and y are assumed to be 

functions of ç and TI, we may easily compute ~ê etc. but computing ~ 
etc. requires (numerical) inversion of the so called Jacobian ~atrix [J] 
given by: 0 

Now since: 

we have: 

• 

[J) = [~ê, ~]. 
ax ~ 
a." 'a" 

r
12

.] = [ ~ 
r 22 !!S.. ay 
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The potential energy functional for th.e element is given by the Côl
lowing expression: 

n; = ~ fv{ea}T{cra}dV - P.E. of loads, 

where {qa} is the vector of the stress components: 

(2.36) 

For a linear elastic material, the stress vector {<r} is related ta the 
strain vector {ê} through Hooke's law: 

, 
'{<ra} = rEa]{ea}, 

22 



) 

c 

c 

o o 1-211° 
-2-

f , .. 
Using Eq. (2.38), the potential energy expression in Eq. (2.36)"i-s 

rewritten as: 
, " 

n; = i Iv {éa}T{Ea]{éa}dV - P.E: of loads, (2.41) 
, 

and by substituting in the above equation the strain-displaeement re-
lation of Eq. (2.25) as: " \ 

Il; = i{L\a}T(fv[Ba]T[Ea][Ba]dv){~a} - P.E. of loads. (2.42) 

This functional is now"defined in terms of {6a}, sinee [Ba] is given by 
Eq.(2.33) and [Ea] is given by Eq. (2.39) or (2.~O). The equilibrium 
equations are found by making the potential energy functi<fnal station
ary with respect to the nodal displacements {~a}. This results in the 
following formula for the stiffness matrix of the element: 

1 

[Ka] = IvrBa]T[EaJ[Ba]dV = t f_l?l !_\[Ba]T[Ea][Ba]det [J] dÇ'd", ' 
- -'--- (2.43) 

" 
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where, since the coefficients of [Ba] are functions of e and 11, the integra-
tioll<.must be carried out with respect to these variables by substit.uting 
dV = tdet[J]d e d 11 and where the thickness t of the element is taken 

L 

~ to be constant. The integration is usually carried out 'numerically by 
~ ~ 

evaluating the integrand at a selected number of Gafss points within 
the elements, weighti!1g the quantities so obtaine;LAppropriately and 
then sumr:ning them. 

A typical pair of ele,melits sharing a common interface is shown in - .. 
Fig. 2.3b. Node 7 is the interface fifth no de of each èlement, where the 
~tress boundary conditions will be imposed. From Hooke's law, Eq. 
(2.38), the stresses at the two sides of no de 7 ~re: . 

(2.44) ;1 

and 
(2.45) 

o Substitu~ing the strain-displacement equations- (2.25) into Eqs:-(2.44) 
and (2.45) one obtains: 

(2.46)t 

and 
(2.47) 

The boùndary conditions derived in Section 2.1 require the continu-
ity of the normal and shear stress components at nodé 7. The local n-t 
coordinate system shown in Fig. 2.3b has its origin on node 7 and the 
I1:-axis is tlJ.e normal ft> the interface side, while the t-axis is tangential 
to the interface in the nodal qitection 1-2. With reference to this n-t 
system, the stress boundary conditions at node 7 are: 

., 

(2.48) 
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In order ta ~tain these local stress components in the n-t-z. sys
tem, from the global components in the ~-y-z system, the following 
transformation must be carried out: ~ 

f 
(2.49) 

where • 

~ [T] == [-":8 :: )0'.2 ] , (2.50) 

wit'h c and s as the direction cosines of the n axis with respect to the 
; . 

global }Ç-y~axes. 
By· c~mbining Eqs. (2.46), (2.47), (2.48), and (2.49), the equality of 

the interface stress v~ctor is then expressible as: . 

. [T][EaJ[Ba]~a} = .. [T][Eb][Bb]{~b}, 

which by introducing the notation: ~- . ' 

(2.51 ) 

[Qa] = [T][Ea][Ba] and 1Qb] = [T][Eb][Bb1, (2.52) 

càn be rewritten as: 

(2.~) 

A pair of five1node elements, such. as the one~ shown in Fig. 2.3b, 
form a new 7-node in~rface element~ The local numbering of this 

~ composite' element 18 ~rso shawn in this Fig. 2.3b. The objective now 
· is ta select the degrees of freedom ~of the seventh. node of this element 

<> 

sa as th satisfy the interface stress equality conditions, Eqs. (2.53). 
Equations (2.53) are now rewritten in such a way as ta isolate the 

degrees of freedom of the int~rface node 7: . 

IQal{ c, a} == IQl al{ d'} + 1 ~2·1 { :; } ; , (2.54) 
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and 

(2.55) 

where 
" 

(2.56) 

, . is the vector of un~straiu.ed nodal displacements of the composite ele
ment,. and [QI al etc,. are the matrices resulting frQm the decomposition 
of [Qa] and [Qh] as follows: -

'[QI a] = [ Q!,7 
Q2,7 

Q1,8 Q1,l Q1,2 0 0 0 0 Qt3 Q1,4 Q1,5 Qi,6J 
Qï,8 Qï,l Q2,2 0 0 0 0 Q2,3 Q2,4 Q2,5 Qi,6 " 

(2.57) 

, . [0 0 Qb Qb Qb Qb Qb Qb ;"b • Qb 0 00 J [QI b] =, 0 0 1,'3 (,4 1,5 1,6 1,7. 1,8 '~l,l 1,2 

Qt3 Qt4 Q~,5 Q~,6 Qt7 Q~,8 Qt1 Qt2 0 

[Q2b] = [Q!,9 Q!,10 J. (2.58) 
. ' Q2,9 Q2,10 

Equations (2.54) and (2.55) can now be used to express the connec
tion between -< U7,V7 >"and .. {dC

} which must exist by virtue of the 
equality. of the stress vector at the interface node. This connection is (' ) 
expressible as: 

where . 
[L] = [[Q2bt - [Q2a]]..!1[[Ql al - [QI b]] • (2.60) 
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) Comb; 'ing Eqs. (Z.54), (2.55) and (2.59), -the degrees of freedam 
• 'of each of the two e1emer ts a, and b can be expr~ssed in terms of the 

global de rees of freedom ,of the interface_ e~ement,c {de}: , 

where' 

[Ra
]{ aC

} , 

[Rb]{ dC} (), ~ 

IRa] = J Qar1[[ql aJ t [Q2aHL]J 
[Rb] = [Qbr 1[[Qlb] + [Q2b][LJJ 

7 
(2.61 ) 

(2.62) 

The potential energy of ~he interfaçe element is formed by adding the 
- potential ener~y expressions for elements a and b. Thus, using Eq. 

(2.42) 

ir~ = ~{~a}T[Ka]{8a} + ~{~b}T[Kb]{~;} - P.E. of nôdalloads. 

w (2,.63) 
Substitution for {~a_} and {~b} in terms of {dC}, Eqs. (2.61), then 
yields:' <> 

o 

Il' = !{ dc}T[[Ra}T[Ka][Ra]+[Rb]T[Kb][Rb]] { de} - P.E. of nodalloads. -
p 2 ' 

(2.64) 
From Eq. (2.64) it then Iollows that 'the stiffness matrix of the 

composite interface ~lement is: 

(2.65) 

The assembly of the global stiffness matrix and the cakulation of the- " 
nodal disj:>lacements are done in the same way as in the conventional 

'", ... 
method. The interface nodal displaçements are not part of the global ,0 

displacement vector, since they we{e replaced by the stress compati
bility con4itions, Eqs. (2.59). However, o~ce the globaldtsplacements 
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have been obtained, Eqs. t2.59), (2.25), (2.46) and (2.47) can be used 
to obtain respectively the displacements, strains {êa

} and {êb}, and 
stresses {(Ta} and {(Tb} at ~e interface· node. By virtue of the formu
lation these values are in accbrdance with the required con,tinuity, and 
~ermissible discontinuity conditions of Prrfect bond. 

From a computational point of view, the proposed procedure is not 
very different from the standard technique. The global degrees of free
dom of the structure,' which constitute the most important factor in 
cost çonsiderations, remain exactly the -same as if regular quadrilat
eral elements had been used instead of interface elements. Additional 
cotnpùtational effort is required only for the calculation of the [L] ma
trices, ~hich is, however, a simple procedure involving multiplication 
of low order matrices. Thus, it. is to be appreciated that the inter
face element enforces the stress and displacement compatibility at a 
bimaterial boundary point at a minimal additional computational cost 
without significantly affecting the usual displacement method proce-

o 

dure. For this reason, it is especially suited for insertion into a general-
~ ~ 

purpose commercial finite element program that allows for user-defined 
elements. 

The fundamentals of tJ-te "Iiew element formulation have been pre
sented in this sectio~ for the two-dimensional plane stress/plane straifL 

o . -

case. The following section deals witno the modifications and special 
considerations for th.e case ofaxisymmetric analysis. 

2.3 Axisymmetric case 

For the purposes of this study, an axisymm.etric mode! is assu,me~ to 
consist of a structure ofaxisymmetric geometry subjected to axisym
metric loadingj the mateI"ials continue to be assumed as linear, isotropie 
elastic. The case ofaxisymmetric structures subjeet~d to nonaxisym-
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metric loading cO,nditions will not be considered in this work. 
Although an axisymmetric analysis deals physically with a three

dimensional problem, the fact that aIl variables are independent of tpe ' 
circumferential coordinate allows for a mathematically correct twQo. 
dimensional treatment. With reference to the cylindrical coordinate 
system shown in Fig. 2.4, the axisymmetric condition implies that: 

u() 0, 

êr () ê()z =.0, (2.66) 
(J'r() (J'()z = O. 

The displacement components u and v now cOFrespond to the radial 
and axial, Le. rand z, directions. The non-zero stress and strain 
components m~y be written in the vector form as: 

{ (J' } T = < (J' r , (J' (), (J" z, T zr > 

{ ê } T = < ê n ê() , ê z, ï zr > (2.67) 

where the stra}n components are related to the displacement field as 
follows: 

au 
êrr ar 

o , 0 u 
ê()() (2.68) 

r { 
av 

êzz - 8z 
au av 

ïrz - -+'-az Br 

The stress-strain relationship (Hooke's law) is: 

{ (J'} = [El{ ê} (2.69) 
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Figure 2.4: Cylindrical coordinate system and typical axisymmetric element. 
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where now:' 

1- v v li' 0 
0 

[E] _ E v 1- v V .p 
(2.70) 

- (1+v)(1-2v) v v 1- v 0 
0 0' 0 1-211 

2 

In the finite element implementation, the independence with respect 
to the O-coordinate means that it is sufficient to consider the quantities 
within any one radial, r-z, plane. We again consider isoparametric 
quadrilateral elements (which are in fact ring elements of quadrilateral 
cross-sections) and assume dis placement functions and isoparametric 
'coordinaté transformations as: 

u = L:Niu" V = EN,Vi , i 

o 
.;(2.71 ) 

and 

r = L:N'l.ri' Z = L:N,zi (2.72) , '1. 

where the summation extends to four terms for regular quadrilateral 
elements and to five in cases of five-node quadrilateral elements used 
for constructing the composite interface element. The shape functiQn~ 
Ni are exactly the same functions of e and TI as chosen b~fore for the 
twQ.- dimensional cases. The development below assumes a five no de 
quadrilateral element. 

The strain field corresponding to the assumed displacement field, 
Eqs. (2.71), can be obtained by using EClJS. (2.68) and can be expressed 
as: 

{e} = [B]{Â} (2.73) 
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placements of the element, and the [B] matrix is given by: 

aN! 0 aN') 0 ar ar 

&. 0 !:b 0 r r 
[B] = (2.74) 

0 aN! 0 aN') 
az _ az 

aN! aN! aN') aN') 
az ar az ar 

Again, since Ni are functidns ,of e and fJ, the above differentiation 
cannot be carried out exp licit ly, and one needs analoguous to the two
dimensional cases the inverse of the Jacobian matrix: 

Denoting the inverse a~: 

o 

[ 

ar 
ae 

[J] = '. 
ar 
a'7 

the [H) matrix of Eq. (2.74) can be expressed as: 

where 
ru r 12 0 0 0 
o 0 0 0 : 
o 0 r21 r22 0 

r 21 r 22 rH r 12 0 
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and aN, aN2 0 0 ae ae 

aNl 0 aN2 0 a'l a1] 

[B2] = 0 aNl 0 aN2 (2.79) ae ae • 
O., aN, 0 aN2 

a" a" 

NI 0 N 2 0- , .. 
The potential ener~ of t~e element can then be expressed as: 

211" JI fI T IIp = _{.~}T[ [E] [EH"]rdet(JJdçd17{Â} - P.E. of loads. 
2 -1 -1 ï 

(2.80) 
from which it follows that [K], the stiffness matrix per radian of the 
cirCumferential angle is: -

(2.81) 

As before, Gaussian intègration is necessary to evaluate the terms of . ' 

this stiffness matrix. 
The formulation of the interface element, proceeds along the same 

Hnes as for the two-dimensional elements. This ,element consists of a 
composite of two adjacent 5-node quadrilateral elements, one oil. each 
side of the bimaterial interface with the firth node at the rniddle of the J) 

interface side corn mon to the two quadrilateral elements. The stress . 
continuity conditions still remain the same, requiring continuity of the 
normal stress and the shear stre.ss at an interface point. The two 
degrees of freedom pertaining to the· fifth node (node nO. 7) are again 
so chosen as to satisfy the required continuity of the above two stress 
componénts at this node. ~ 
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The [Q] matrices lin the stress continuity condition: 

(2.82) 

are given by: 

(2.83) 

, where the [E] and [BJ matrices for materials a and b are those given 
respectiyely by Eqs. (2.70) and (2.77), and [T] is the transformati~n. 
matrix given by: 

(2.84) 

with c and s as the direction cosines of the normal with respect to r 
and z axes. 

Isolating the degrees of freedom of the common node no. 7, the 
above equation may be written as: 

(2.85) Cil! 

and 

o (2.86) 

where {dc}T =< U1, VI, UZ, V2,' • " U6, V6 > (2.87) 

is the vector of nodal displacements of the composite element. Tne 
matrices [Ql a

] etc. are expressible as: ' 

[QI a] = [0!'7 Q!,8 Q1,l Q1,2 0 0 0 0 Qt3 
O2,7 Q2,8 Qi,! Qi,2 0 0 0 0 Qi,3 

[Q2a] = [0!,9 
O2,9 

Qî,tO 1 
Qi,lo 
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91,4 Q1,5 Q~i} 
Qa Qa Qa , 

2,4 2,5 2,6 

(2.88) 
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" 
Qt1 Qt,2 0 001 
Qb- Qb 0 

2,1 2,2 

(2.89) 

The stress continuity conditions, Eq. (2.82), then lead to: 

{ ~ } = [LI{ d'} , (2.90) 
o 

where , 

[L] = [[Q2b
] - [Q2a}]-1[[Qlar - [Qlb

]] • (2.91) 

Suhstituting Eqs. (2.90) into Eqs.. (2.85), the nodal dis placement 
vectors of the two individual eleruents may he written as: 

(2.92) 

and 
(2.93) 

where: 
(2.94) 

and 
(2.95) 

Hence, by virtue of Eq. (2.81) and Eqs. (2.94) and (2.95) the 
stiffness matrix of the composite element can now be written as: 

(2.96) 
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We thus see that the formulation of the axisymmetric interface com
posite element is very similar to that for the corresJ5onding two- dimen
sional element except that the matrix sizes in the intermediate steps 
are different because of the circumferential strain and stress terms. 
It is also of interest to note that while the cÏrcumferential strain, ê08, 

must be continuous, the circumferential stress, D'OB, is permitted to vary 
dis con tinuously. 

2.4 Notes on the development of the program 

A two-dimensional finite element program with plane-stress/plane-strain 
and axisymmetric analysis capabilities has been developed for the pur
pose of testing and validating the new element. The compl~te listing is 
presented in Appendix B.l. This section consists of a brief description 
of the elements and thé subroutines incorporated into the prograrri. 

2.4.1 Library of elements 

1. Spring element (BAR) : This is a one-dimension al linear element ' 
resisting only axial forces. The formulation may be found in any 
tex~, e.g. Cook [7]. 

2. Constant strain triangular element (CST) : The formulation for 
fhis well-knowJ) element is base'd on Cook [7] for the plane-str,s/plane

Jstrain case, and on Wilson [36] for the axisymmetric case. 

3. Linear quadrilateral isoparametric element (QUAD4) : This el
ement is based on the standard isoparamet·ric formulation, e.g. 
Cook [7]. The user has a choice of a 2x~' or "a 3x3 Gauss inte
gration scheme. There is also an option to "lnclude incompatible 
bending modes in order to improve- the bending performance of 
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the element. The implementation of the incompatible mode~ is 
based on the work of Wilso:p et al. ,[37] and Taylor et al. [34], 
although caution must be exercised for distorted, non-rectangular 
elements (Cook [7]). The QU AD4 element may be used for ei
ther plane-stress / plane-strain or axisymmetric analyses. In the 
axisymmetric case, the problem of the indeterminacy (l/r factor 
at r=O) encountered at 'core' elements (i.e. elements with nodes 
on the axis of symmetry) is resolved by setting the radius of the 
nod~l circle to a very small nnite value (1:0xl0-S

) (Wilson [36J).-

4. QuadrlIateral isoparametric interface element (QUAD5) : 

This element is based on !the formulation presented in this chap
ter. It is a five no de quadrilateral, its fifth node being at the 

, midpOoint of the interface side. Normal and shear stress conti..:
nuit y are enforced across the interface at this node. The user 
has again the option to choose between two Gauss quadrature 
scheme:;! (2x2 or 3x3). The QUAD5 element may be used in ei
ther plane-stress/plane-strain or axisymmetric analyses. Pairs of 
QU AD5 elements sharing an interface are automatically combined 
to form six-node composite elements satisfying continuity '?of the 
stress vector at the interface node. 

1 o 

2.4.2 Library of subroutines 

A schematic flowchart is shown in Fig. 2.5 outlining the Main Program 
functions. The functions of the subroutines will be brieHy presented in 
this subsection. AlI su!broutines were developed by the author except 
where an explicit reference is given. 

GENER : Generation of nodes and elements. The user must specify 
" the first and last card in the sequence and the node or' element 
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.... 
YES 
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Figure 2.5: Schematic flowchart of the main functions of the developed finite element 
_ 'Program. 
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numher increment'. The"Încremented nodal coordinates or element 
nodes are automatically computed. Th~_ elements need not he in 
element numher sequence, as is the case with other programs (e.g. 
SAP IV).·~ " .---: 

DATA : Printi~g of'the input data in sorted or&r. ~ 
STIFF: Assembly of the global 'stiffness matrix. This sul>routine 

request~. the stiffness matrix of each element and assembles it into 
the global matrix in symmetric banded format: 

û ~ 

BAR : ·Calculation of the stiffness matrix for the BAR element. 

eST : Calculation of the stiffness matrix' for the CST element. 

QUA.D4: Calculation of the stiffness matrix ~r the QUAD4 and 
QUAD5 elements. The Gaussian integration scheme was adaPhtd 
from CO,ok [7]. 

, SHAPEF: CalculaÈion of the strain-displacement matrix for the 
QUAD4 and QUAD5 elements; adapted from Cook [7]. 

. 
REL : Calculation of the inter!~ce stress compatibility conditions. It 

computes the matrix' [L] according to the formulation of section 
2.2. 

YOUNG: Calctilation of the elasticity matrices for the cases of plane- ' 
. stress/plane-strain 'and axisymmetry. Q 

GREDUe : Reduction of the stiffness equat~on to upper triangular 
form using the Gauss procedure. The symmetric banded format 
fs usedj adapted from Hinton and Owen [14]. 
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BAKSUB: ~alculation of the reacti( and displacement vectors 

f through back substitution. The symmetric banded format is used; 
adapted from'Hinton and Owen [14]. 

DISPL : Calculation of the interface nodal dis placements and output 
of the résults for displacements and reactions. 

FORCE : Calculation of the axial force and the elongation for the 
BAR ele-ment. 

STR : Calculatfon of the stresses for the CST element. 
. . 

STRES: Calculation of the -stres~or the QUAD4 ~~d QUAD5 
elements. ( ) 

PRINC : Calculatio~ of the principal stresses and their directions. 

TRANSF : Transformatio_n of the stresses into the Jocal n ... t interface 
coordinate system (Fig. -2.2). 

MATMAT : Caltulation of the prod uct of two matrices. 

MATVEC Calculation of the product between a matrix and a vec
taro 

DOT: Caloulation of the dot product between two vectors. 

~ 

Subroutines TRIAX, QUADAX, SHAPAX, RELAX, STRAX, STRIAX 
are the axisymme~c counterparts of th.e plane subroutines eST, QUAI?4, 
SHAPEF, REL, pTR, STRES, respectively. 

Further modifiations to the program are possible in ~rder, to im
prove its efficiency, since the primary concern during the present devel

: opment was the correct implementation of .the proposed method rather • 
. (" 
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\ 
than the cost efficiency. The listing presented in Appendjx B.1- corre
sponds to the version adapted tQ! the FUJITSU FORTRAN compiler 

.... 

at the Computing Oenter of McGill University. ' 

------------ -~----
----

'-' o 
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V.A:LIDA,TION TES'TS" FOR 
T O~-DIM ENSIO N AL 

ELEMENT 

3.1 Introduction 

The evaluation of a new element' usually follows a long proced ure of 
tests to assess its performance in r~f~rence to such criteria as accuracy 
of results', convergence characteristics-, ntimericaÏ stability, etc. In the 
'pre'sènt study, priority was given to the assessment of the correctness of 
the computed results, especially at bimaterial interfaces, since this was 
essentially the motivation for the development of the interface clement. --
Moreover, a series of pat't:h tests that were successfully carried out using 
the new' element gùarantee convergence to exact solutions. A typical 

. arrangedlent used in a patch test is shown in Fig. 3.1. In the remainder 
of this chap~er, the evaluation of the iIJ'terface element will be m~de in 
reference to the quality of the computèà)results only . . 

, . 
The formulaÜon of the interface element presented in the previ

ous chapter ensures continuity of the stress vector at the intermaterial 
b~undary. The purpose of the validation tests described in this chapte~ 
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Figure 3.1: Typical arrangemen_ for a patch test. 
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is to establish the degree of accuracy of the interfacial stress values as 
computed' by the new element. A comparisdn is also made betwccn 
the performance of the proposed element and that of the conventional 
linear method. 

The determination of the correct s"tress distribution at a bimate
rial interface by theoretical procedures is not always possible. In sorne 
simple problems, however, ~xisting or easily derivable closed-form so
lutions allowed for a direct 'Comparison with the results of the interface 
element. 

Four validation tests are presented in this chapter. T~)irst one 
(section 3.2) involves a bimaterial vertical wedge under tip loading. 
Although a closed-form solution is not directly available for this case, 
in a similar analysis, Salam~ and Utku [29] have used the theoretical 
solution developed for a homogeneous structure to estirnate the cor
rect stress distribution at the bimaterial interface. This assumption is 
further investigated -in section 3.2. The remaining validation tests in
volve a composite cantilever beam under vertical end load, an infinite 
plate with a circular inclusion under uniaxial tension, and an annu
lar composite disk under internaI pressure, presented in sections 3.3, 
3.4, and 3.5, respectively. In the three latter cases, theoretical c1osed
form solutions are used to validate the results obtained from the new 
element . 
. -- -Furthermore, in order to compare between 'the performance of the 
proposed element and that of the conventionallinear quadrilateral, the 
validation test problems were also analysed by the SAP-IV (Bathe et al. 
[4]) finiterelement program using linear quadrila~eral elements (element 
type 4 in SAP-IV). Although the developed program also includes that 
element type, as was mentioned in the previous section, preference 
was given to the SAP-IV program due to its superior cost-efficiency, 
III view of the planned successive refinements. Furthermore, SAP-
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IV was chosen over the other major finite element program availabie 
at McGill, MSC/NASTRAN [20], because NASTRAN's ,quadrilateral 
element (th'e QUAD4) is not a dtrect implementation of the standard 
isoparametric procedure; reduced order integration is used for the shear 
terms in order to improve perfotII1ance in bending problems (MacNeal 
[19]) . 

Since the validation tests do not reflect real cases, the units of dis-
\. 

placement and loading are arbitrary. The unit,s of stress, however, 
are consistent. à'nd are defined as: units of loadj(square of units or' 

o displacement). 0 

In aIl the problems, the elastic moduli between adjacent materials 
are assigned in a ratio of 100. This value i,s comparable to the one 
encountered in biomechanical applications (modulus of steel prosthesis 
== 200,0000Mpa, modulus of bone cement == 2000 Mpa). Furthermore, 
wherever mesh refinements have been carried out, the following con
vention has been adopted in order to achieve'consistency : the sides of 

" . 
aIl elements along the interface are reduced by half, while the aspect 
ratios are maintained constant. 

3.2 Composite wedge under vertical lo~p. 
). , 

This example is, in the unimaterial case, an app1ic~tion of the clas
sic problem of a force acting on the end of a wedge (Timoshenko and 
Goodier [35]). Salama and Utku [29] have used the wedge problem (for 
horizontal loading) to demonstrate the capabilities of their proposed 
generalized best fit strain tensors method and they assumed the the
?retical solution (developed for a one-material case) to apply in the 
bimaterial case as weIl, in o'rder to validate their results. ' 

In this example, mesh refinement is used in an attempt to es~ablish 
a more reliable stress distribution and the theoretical one-material so-
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lut ion is included in the comparison in order to inves~igate the validity 
of assumptions such as the one made .by Salama and utku. 

The meshes used for the analysis are shown in Fig. 3.2. They were 
analysed by both SAP-IV and the program using the interface element. 
The bimaterial interface is horizoptal,and the mate rial at the bottom 
is 100 times stiffer (hard) than the material at the top (soft)." The 
Poisson's ratios of both materials are 0.3 while the wedge thickness is 
of unity. Only the symmetric half of the wedge is analysed. The load 
is a vertical concentrated downwards unit force acting at the tip of" the 
wedge. 

The results at the interface are shown in Fig.3.3 and 3.4, for the 
normal and shear stresses respectively. In these plots, the unique in
terface stressses obtained by the new element are seen to be identical to 
the stresses obtained by SAP-IV -on the soft side of the interface. Fur
thermore, the stress discontinuityO obtained by SAP-IV was very small 
in this case, so that a single mesh refinement yielded very reasonable 
values. 

For both normal and shear stresses, the performance of the new 
element was very satisfactory as its results followed the convergence 

-\. trend. The analytical one-materiaI solution could be considered as an 
acceptable first estimate of the interface stress distribution in this case, 
although its use for validation of interface elements is questionable. 

Generally, in this case, the new element yielded a contin uous normal 
and shear interface stress distribution that can be considered reason-. . 
able, in view of the convergence pattern. Nevertheless, no distinct 
superiority to SAP-IV can be claimed here, mainly because of the lack 
of pronouced discontinuity in the SAP-IV values. 

Interestingly, if the relative stiffnesses of the mate rials are reversed, 
that

u 
is, if the bottom material becomes the soft medium and the top 

materiaI becomes the hard medium, then the unimaterial analytical so-
r 
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Figure 3.2: Composite wedge problemj lo~ding and meshes used. 
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a. 
lution. can no longer be considered an acceptable approximation of the ~ 
true interface stress distribution, as shown in Fig. 3.5. This demon-
strates the fact that, in the absence of exact solutions to problems ~ 

involving bimat~rial interfaces, extreme care must be taken before de-
o 

ciding to consider the unimaterial solution, especially when the region 
of interest is bimaterial interface itself. 

3.3 Bending of a composite cantHever beam 

The second test case is shown in Fig. 3.6 along with the three different 
meshes used. It is a cantilever beam of two materials loaded at its 
tip by a concentrated vertical unit force. The length of the span is L 
distance units, the depth is L/4 units, and the thickness is one unit. 
The bimaterial interface is along the length of the beam, the stiffer 
material (E = 30000 stress units) being at the bottom. Both materials 
have a Poisson's ratio of 0.3. Mesh 2 was analysed by both SAP-IV 
and the developed program, while meshes 1 and 3, coarser and flner 
respectively than mesh 2, were analysed by SAP-IV only in order to 
observe convergence. 

A general solution to th,e problem of bending of composite prismatic 
~ bars has been developed by Muskhelishvili [23]. Based on that solu

-tion, a plane stress solution for the case of cantilever bimaterial beams 
of rectangular cross-sections has been obtained and is included in Ap
pendix A.2. According to this solution, in the problem at hand, the 
transverse stress should be zero throughout the beam, while the shear 

. stress should have a constant value of -5.5 X 10-2 stress units. , 

In the finite element analysis of the problem the load was applied at 
the tip rather than being parabolically distributed along the eqge rand 
aIl the nodes on the fixed end were.constrained,rather than fixing only 
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the end of the neutral axis, as was assumed in the theoretical solution. 
It is expected that these simplifications will result in local deviations 
from the anticipated results at the two ends of the beam, so that the re
sults in these regions will not be considered in the comparison between 
theoretical and finite element sQlutions. 

Fi~. 3.7 and 3.8 show the tranflverse stress distributions ohtained 
ât the bimaterial interface. Because of the very high discontinuity in 
the SAP-IV values across the interface (over two orders' of magnitude 
in difference), separa0, plots using different scales were necessary for 
the hard side, Fig. 3.7, and the soft side, "Fig. 3.8. In view of the ~ 
fact that the theoretical normal stress has a 0 constant value of zero 
units, it appears that mesh refinement doesJittle to improve the high 
values obtained by SAP-IV on the hard side of the interface. The soft 
side stresses, however, are more reasonable. The new,interface element 
predicted unique values on both sides of the interface, although shown 
on different scales in Fig. 3.7 and 3.8. These unique values are almost 
exact,and the superiority of the dew clement is thereforé evideni. 

The interface shear stress distribution is shown in Figs. 3.9 and 3.10. 
In this case too, different se ales had to be used for the A -IV results 
on the hard side, Fig. 3.9 and on the soft side of the. int face, ig. 
3.10. The discontinuity obtained by SAP-IV is significant, although not 
as pronouced as in the, case of the normal stresses. Still, the stresses 
predicted by SAP-IV on the hard side fail to show an indication of 
convergence: they remain approxirnately three times higher than the 
correct distribution ev en after the last refinement. O~ thé other ~and, 
the soft side results of SAP-IV are again very reasonabJe. The new 
element predicted .Jniqu,e shear stress value_s whibh are al~ost identical 
to the ones computed by SAP-IV on the s6ft side of the interfAce, for 
the same mesh size. These values 'are very clos~ to the correct str.ess,. 
distribution. " 
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...... .\fhe new element enforces continuity of the stress vector at a bima
t~l interface, but it does not affect the stress component which is 
not required to be continuous. In this problem, the bending stress, (J xx, 

must be discontinuous at the interface. Fig. 3.11 shows the variation 
of the bending stress along the depth of the beam at three locations 
along the cantilever span. Both SAP-IV and the interface element pre
dicted identical values for the same mesh size. Furthermore, the use 
of the n~w element along the bimaterial interface did not affect th~ 
bending stresses above and below the interface, which are accurately 
determined and are identical to the ones obtained~ by SAP-IV. 

The maximum vertical displacement of the structure (14.3 X 10-2 

unit~) was computed satisfactorily by both SAP-IV (14.9 X 10-2 units) 
and by the program using the new element (14.6 X 10-2 units) for mcsh 
2. Small differences between the analytical and the finite element meth-

" ods are probably attributable to the different assumptions made in the 
1 

two methods concerning load application and boundary conditions. IL 
must be noted here that if interface stresses are the important variables 
in an analysis by the conventional finite element method, convergence 
sh<:mld not be judged on the basiS' of dîsplacements alone, sinee it has 
been seen in this examplrthat although ,displacements are accurately 
determined by SAP-IV, the interface stresses are highly discontinuous. 

- Finally, if the order of the materials is reversed, that is if the hard 
material is at the top and the soft material is at the bottom, thep. the 
interface stress discontinuity obt~in~d by SAP-IV was reduced, but still 
oremaine~ relatively unaffe~ted tly m~sh rennement. The new element, 

r again, yielded, v~lues very close to the theoretical ones and comparable 
to those obtain~d by SAP-IV on the soft side of the interface. 
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3.4 Plate with circular inclusion 

The problem of an infinite plate with a circular inclusion under uniaxial 
tension, Fig. 3.12a, has been solved in Muskhelishvili's classic work 
[23]. Tlle example used for this third validation test is based on that ., -

problem and is shown in Fig. 3.12b. Only one quarter of the plate was 
modelled, since the structure and the loading have two perpendicular 
axes of symmetry.' The inclusion was assigned a modulus of elasticity 
of 300 stress units and a Poisson's ~atio of 0.25. The surrounding 
plate was taken to be 100 stiffer than the inclusion and was assigned a 
Poisson's ratio of 0.333. The structure was subjected to uniform unit 
tension. 

The model was analysed by both SAP-IV and the program using . 
the new element. The resulting interface normal and s~ear stress dis
tributions, are plotted in Fig. 3.13 and 3.14 respectively, together with 
~the theoretical distributions. The discontinuity obtained by SAP-IV 
f.or both normal and shear stress components is evident. It is not as 
pronoûced, however, a~ ~~ the previous ex~mple of the cantilever beam. 

The normal and sheà\ stresses calculated by SAP-IV on the soft 
side of the interface are ve\ close to the theoretical distribution. One 
the other hand, the §tresses o~tained on the hard side are significantly 
JlÏgher.in magnitude. The uniqùe, interface values obtained by the new 
element ar~, very simila t0 the theoretical values and to the values' 
computed by SAP-IV 0 the soft side. '-r-

An important observatio that can be made in this example is that 
iIrtlle case of the shear stresses, the theoretical distribution lies outside 

)/ the range defined by the distributions obtained by SAP-iV on the soft 
and hard sides of the interface. The same observation was made in a 
subsequent ànalysis of the same model with reversed relative stiffnesses, 
that is, with hard inclusion and soft plate. The distribution of the 
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int~rface normal stresses in that analysis is shuwn in, Fig. 3.15. It can 
be seen, in Fig .. 3.15 that the stess discontinuity obtained by SAP-IV ~ 

was signifi~antIy reduced (ap~roximately 20 per ce.nt difference ?etwee~ 
the hard sIde and the soft sIde values). Interestlllgly, the stresses on 
the hard side of the interface were closer to the theoreti.cal solution 
than those on the soft side. 

3.5 Composite annular disk with internaI pressure 

This fourth validation test was used to assess the performance of the ax
isymmetric interface element, formulated in Section 2.3. The problem 
consists of an annular disk of unit thrckness composed of two materials 
(Fig. 3.16a). The inner annulus was assigned an elastic ,modul~s- of 
30000 stress units and a Poisson's ratio of 0.2. The outer annulus was 
100 times softer than the inner annulus and had a Poisson's ratio of 
0.0. The load applied was a uniform< internaI unit pressure. 

An exact plane stress solution may be obtained for this problem, 
based on Lamé's WOfk on th'e unimaterial case (e.g. Timoshenko and 
Goodier [35]). The developed solution is outlined in Appenclix A.1. Ac
cording to th,at solution, the exact interface radial stress in the problem 
at hand has a value of 0.004 pre'ssure units. , 

The problem was analysed by both SAP-IV and the deve'loped pro
gram using the new element. The finite ~lement mesh is shown in F!g.' 
3.16b. Table 3.1 surnmarizes the resu'lt from these analys~s as well as 
the theoretically expected results. It is evident from Table 3.1 that 
SAP-IV fails to approximate the correct interfacè radial stress (0.004 
units) by computing 0.14 units on the hard side and 0.0028 units on 
the soft side. On the other hand, the. new element yield'S a unique 
radial stress value (0.0038 units) that is very close to the exact value., 
Although the mesh used in this analysis is very coarse, the point thi}t 
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is made is that, nevertheless, the new element computed an almost 
exact radial stress value. 

The other interface stress and strain components that are in<;luded 
in Tabl~3.1 indicate that the use of the new element does not 'affect 
tho~e stess and strain components that can be discontinuou~ (cree, ê rr ) 

while it p~rmits the ê(J(J component to be continuous at the interface. 
If the order of the materials is reversed, that is if the inner annulus is 

softer, then the discontinuity obtained by SAP-IV is reducedj howèver, 
the new element still predicts an interface radial stress .value that is 
closer to the theoretical one. 

3.6 Conclu ding remarks 

In view of the foregoing, several conclusions may be drawn concerning . . 
the perfomance of the new element and that of the conventionallinear 

.j 

one. Enforcing interface normal and shear stress continuity- in the 
formulation of the element yields very reliable stress distributions at 
interfaces where the adjacent materials differ by as much as 100 times in 

~ 

elastic moduli. These distributions satisfy interelement equilibrium (at 
an interface point) and have·been validated by comparison to existing 
theoretical solutions. 

Despite the fact that it eannot be claimed that the interface element 
is always superior to the linear quadrilateral element, it was found that 
its performance is very consistant, thus aJways assuring the user of a 
reliable s,t~ess anaJys~. On the other hand, the stress discontinuity: 

.obtained by the conventional finite element method is. highly dependent 
on material properties of adjacent media and on structure geometry, 
loading, and size of mesh used. 

The importance of the interface element is further .enhanced in view 
of the observed fact that the exact solution is not necessarily bounded 
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Quantity Theoretical < - Numerical Value 
SAP-IV Nèw Element 

a 
(J' rr 0.0040 , 0.1400 0.00a8 

b 
(J' rr 0'.0040 0.0028 0.0038 
(J'a 0.6601 0.6224 

. ° l6.$ 70 
--

()() , 
'- b 0.0066 0.0065 0.0068 - (J' 00 

- a -4.27 x.10-6 5.17 X 10-7 -4.45 X 1Q-6 €rr 
b 

€rr 8.87 X 10-6 4.92 X 10-6 8.28 X 10-6 
1 

, €a 2.20 X 10-5 1.98 X 10-5 2.29 X 10-5 
00 
b 

€OO 
• I!\ 2.20 >< 10-? 2.17 X 10-5 2.26 X 10-5 . 

\ '0 

• 0 1 

Table 3 .. 1: Composite annular disk probleÎn; results at the bimateriaUnterface . 

. " , . 
) 

<1 

68 

. ' 
; 

.' 

\ 

.. 



1 

• 

-
by the distributions obtained hy the conventjonal methQ~ on either 
side of the interface. An improvement over thé performance of the 
conventional linear element can, therefore, he claimed in cases where 
the interface stcess discontinuity"obtâined hy' programs such as SAP
IV, is high, thus rendering impossible the prediction of the l'ange of 
the correct stress distribution. In such cases, the traditiona~ practices -
of averaging or even using weighting techniques across bimaterial in
terefaces are likely to have unpredictahle resu1ts. 

More tests are certainly needed before this proposed clement can 
be unconditionally guaranteed. Early indications are, however, that it 

'can be very useful in analyses requiring'the calculation of the stress 
distribution at a bimaterial interface. A suggested procedure at this 
stage would be an initial analysis by the conventional method' on a 
relatively toarse mesh and, if significant discontinuities are detected, a 
subsequent analysis by the proposed element on a locally refined mesh. 
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Chapter 4 

BIOMECHANIC 
APPLICATION: STRESSI 
ANALYSIS OF A PROSTHETIC ;~ 

TIBIA "MODEL 

4.1 Introduction. . ... . . ( c 

Fixation of a deformed or fractured human joint by -the insertion of an 
\ 

artificial prosthesis ~s an important' and frequent orthopaedic surgical 
procedure. It consists of s\lrgically removing the darnaged joint, and 
then fixing in its place aIt artificial prosthesis. The procedure is called 
total joint replacement. ldeally, the prosthesis should be designed 80 

as to transmit the load in a manner simulati~g the physiologicalstress 
distribution in the intact joint. Fulfillment of this objective is desirable 
in order to avoid the possible adverse reaction of the host bone receiving 
the prosthesis. 

Another important design concern is that of the rriechanical, fixa
tion of the prosthesis into the bone, ~s it directly effects the functional 
longevity of the prosthetic im-plant. These desi~ consider~tions be-

~ 
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come very important iIV'éases of joints transmitting significant loads, 
for ex ample the knee and hip joints. J'he objective of the present 
chapter ls to demonstrate the applicability of the newly developed 
stress-compatible finite elements in determining the prosthesis inter-

<il 

face stresses in an axisymmetric model of the tibial part of the knee 
~I 

joint. 
A resurfaced knee joint is shown schematically in rig. 4.1.-. Several . 

types of .fixation systems and prosthesis designs have been proppsed 
and are being presently used in knee resurfacing operations. The tibial 
component of the prosthesis, which is relevant to the present analysis, 
typically consists of a metal plate with one or mort.stems protruding 
from it. Although the single stem design has been favoured by several 
researchers (Lewis et al. [17], ReIlly et al. [27], Bartel et al. [3]), it 
has thé disadvantage of 'tilting' under unsymmetric,loadings (Lewis et 
·àl. [17]). More recent studies seem to favour the multiple stem-design 
(Eftekhar [8], Cheal et al. [6}). 

N ow, as regards fixin,g the prosthesis to the bone, there are two tech
niq.ues of li:chieving i~. The first consists in interposing a thin layer of 
PM MA (Polymethylmethylacrylate) bone cement betwe'en the sterri(s) 

t;' and the bone and thus providing t, necessary bond. Precoating is 
~ applied to the met al surface to improve the bond strength (Ahmed et 

al. [11). In the second and more recent technique, the bone is allowed 
to grow in a 'weaving' fashion on and around the surface of the stem 
(or stems) possessing s'}Jecial porous coating. The disad vari'tage of the 
cemen ted fixation lies mainly with the fact th~t it is susceptible to early 
loosening of the prosthesis. There is an oft~ reported link between 
clinical failure of the'system and loosening of the prosthesis because of 
the cement fixation failure (e.g. Lewis et al. [17]). Th~ bone ingrowth 
method offers a stronger fixation but requires a longer immobilisation 1 

period for the patient and complicates revis ion surgery (subsequent 
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Figure 4.1: Schematic repr~entation of a knee joint after total lênee arthr?pl~ty. 
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operation for replacement of the prosthesis) by, making the removal of 
the implant from the bone more difficult. , 

Thus, in order to improve the performance of the cemented fixation, 
it appears imperative to achieve a strong bond between the cement 

" and the prosthesis, and also between the cement and the bone, and to 
ensure that the stresses at these interfaces are below the bond strengths 
of the joined materials. Therefore, th~ determination of the correct 
prosthesisl cement interface stress distribution is an imp.ort~nt initial 
step in the design evaluation of an artificial joint. 

The objective of the present work is to estabIish the general validity 
of previous analyses~in view of the uncertainty of stress computation by 
t~e dis placement finite el~ent method at interfaces between dissimilar 
materials {as is the case at the bone! cement ànd metalj cement inter
fates). Futthermore, the effect of mesh refineinent on the interfacial 
stress disconiiIluity ob-tained by conventional finite element programs 
(such as the SAP-IV program) is also investigated. With reference 
to the above-mentioned objectives, it will be possible to assess the 
applicability of the developed interface element to real-case problems 
and its potential cohtribution to the quality of the stress analyses in 
bio~echanical applications. l' 

( " 

4.2 Present finite element analysis mod~l 

The specific ob1ective of the present analysis is to evaluate the per
formance of the displacème~t ba~ed finite' element method and that 
of the new element with respect to the stress distribution at the im
plant/cement inter.faces of a prosthetic ,tibia model. In view of this 
objective two types of finite element analyses were performed on an 
axisymm,etric model of a prosthetic tibia: one, using the SAP-IV pro
gram and refined meshes, and two, by using the developed program 
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incorporating the new element. ',\ 
The model chosen for the analysis is an axisymmetric representation 

of a prosthetic~lly resurfaced proximal tibia. This choice was dictated 
by the geometric and loading characteristics <?f the upper tibia, which 
can be q'ualitatively approximated by an axisymmetric formulation. 
Also at ,,~he time when this biomechanical application was carried out, 
the program incorporating the three-dimensional version of ~~e inter
face element had not yet been completed. Therefore the analysis had ~ 

to be limi~ed to an axisymmetric case. 

4.2.1 Geometry 

The geometry used in the finite element model Îs the same as that used 
by Shirazi-Adl and Ahmed [30], obtained from in-vitro measurements, 

Fig. 4.2. . cf 
Only the proximal 40 mm of the tibia is ~ncluded in!\; the model, since 1 

the effects of the insertion of the prosthesis on the stress distribution 
are localised proximally. The choit~of a prosthesis model was obvious, 
in, view of the axisymmetric requi~~mts : a cjrcular horizontal plate 
with a central cylindrical stem. The thickness of the plate js taken to 
be 2 mm and its radius is equal to 32 mm. The pl*;{les entirely on the 
cancellous bone and no load is directly transferred~\().,t~ cortical shell. 
This is a 'safe~ design assumption in view of the fact that in surgery it 
1 • 

is very difficult to achieve and guarantee the contact of the prosthesis 
with the cortical shel!. The length of the stem has been fOlJnd to be 
critical in the load transfer mechanism and in thè minimization pf the 
proximal bone and cement stresses; longer stems are reported to be 
more desirable (Murase et al.. [21]). For this reason, a 25 mm long 
stem is usecl. The thickness of the cement layer is taken to be 3 mm aIl • 
around the prosthe.sts for the purpose of this analyais (this thickness 
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Figure 4.2: Geometrieal dimensions of the ~iSYmmetric prost~ic tibia mod,el in a 
.i 

radial plane, and the distribution of different material regions. The numbers in the 
materÎal regions refe~ to properties listed in-Table 4.1. 
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Material E-modulus Poisson's Reference 
number* type (MPa) ratio 

1 cancellous bone 50 0.2 Goldstein et al. [10] 
2 cancellous bone 100 0.2 Goldstein et al. [10] , 
3 cancellous bone 150 0.2 Goldstein et al. [10) 
4 cancellous boÏle 300 0.2 Goldstein et al. _ [10] 
5 .cortical bone l4000 0.3 M_urray et al. [22] 
6 cortical 'bone 7000 . 0.3 Murray et al. [22] 
7 UHMWP 1000 0.35 Parker [24] 
8 stainless steel 200000 0.3 ;Bopov [25] , 
9 PMMA bone cement .2000 0.3 Haa.s et al. [11] . * numbers refer to FIg. 4.2 

s. 

a 

\J 

Table 4.1": Material properties used in the tibia mode!: The numbers rerer to mat.erial 
regions shown in Fig. 4.2. 
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conforms to the value used by Lewis et al. [17)}. 

4.2.2 Material regions and properties 

With reference to Fig. 4.2, the material regions indicated by numbers' 
correspond to the properties listed in Table 4.1. The distribution of the 
material properties within the cancellous bone is in accordance with 
the results of Goldstein et al. [10]. AlI the materials are assumed to 
be linear elastic and isotropie. 

4.2.3 Finite element meshes 

The model 9f the res.urfaced tibia is analysed by SAP-IV and by the 
developed program. For a consistent c'omparison, the same fiHite e~e
ment mesh is used in both cases and is shown in Fig. 4.3. The elements 
used are isoparametric axisymmetric 'ring' elements with quadrilateral 
and triangular radial cross-sections. The 'quadrilateral' elements have 
a linear displacement variation along their edges, while the 'triangular' 
elements are based on a constant strain formu~ation. In the analysis 
~ the developed program, interface ring elements are used. The inter-

\ 
face elements were used to model the cement/implant interface. These 
elements have a quadrilateral cross-section and their formulation -has 
been described in Section 2.3. As was mentioned in Chapter 2, the use 
of interface elements does not require additional degre~s of freedom, so 
that the mesh involved in the analysis by the developed program was 
identical to the one used for the SAP-IV analysis. 

In all, the model consists of 854 nodes and 887 aXqisymmetric ele
ments, of which 162 have triangular cross-sections and 725 have quadri
lateral cross-sectiO,ns. In the analysis by the developed program, 55 
pairs,of quadrilateral elements combining to form 55 interface elements 
were used. The use of triangular elements was limited to areas of mesh ~ 
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gradation a.nd sharp geoinetrical changes, since their performance is 
considered tb be inferior to that or the quadrilateral elements. Care 
was taken to maintain an aspect ratio (defined as the' ratio of the 
longest element ·dimension to the. short est one) of approximately one 
and a rectangular shape for most quadrilateral elements; exceptions 

;-

were unavoidable in the regions in and near the cortical shell, where, 
for the present purposes accuracy in stress computations is not consid-. 
ered to be of prime importance. The mesh is more refined around the 
prosthesis/ cement interface; this is the region of present interest and 
the elements used here are smaU squares of 1 min side. 

~. 

4.2.4 Boundary conditions 

The boundary conditions imposed consisted in- fixing the distal end 
of the tibia against longitudinal (vertical) movement. Sinee only the 
proximal 40 mm of the bone (corresponding to the interest area of the 
joint) have been rnodelled, the above-mentioned boundary condition l' 

implies that the load is expected to be transferred along the longitu
dinal (axial) direction of the shaft in the diaphyseal (midshaft) region 
of the tibia. This is, indeed, the observed load bearing mechanism in 
the tibia. In aecordance with the axisymmetric condition, nodes on 
the axis of symmetry were fixed against radial movement. ~ 

4.2.5 Loading 

The model was analysed for a referenee vertical compressive load of 1.0 
N uniforI'f\,ly distributed over an annular .ring of inner and outer radia 
eneompassing an area approximately equal to 900 mm2 . Although a 
more realistic loading condition wou Id involve a symmé~trieal loadi~g 
(simulating' the contact of the femoral condyles) or even a non- sym
metrical one (in the case o( single condyle contact), th~ formulation 

~ -

79 

, 

( 



1 

1 

of the SAP-IV program, as weIl as that of the developed progtam, 
could not accommodate a non-axisymmetric loading. The choice of a 
total load of 1 N allows for easy interpretation of t4e results in real 
cases ~by a single multiplication of the obtained stress values by the 
realload value in Newtons. The load is applied through a 7 mm thick· 
Ultra-High Molecular Weight Polyethylene (UHMWP) articular sur- . 
face that lies on top of the horizontal plate of the prosthesis (Eftekhar 
[8], Shirazi-Adl and Ahmed [30])-. 

4.3 SAP-IV analyses with ~esh refinernent 

Despite the ~fact that mesh refinement is a powerful and usually the 
only tool for validating finite element results, it has rarely been used 
in biomechanical applications (Huiskes and Chao [15]). In the presen t 
study, the results of mesh refinement by the conventional displacement 
method (SAP-IV) are used to establish reliable interface stress distri
butions in order to compare the results obtained on one hand by using 
the SAP-IV program and on the other by using the developed program. 

Two new meshes were created, one coarser and th~ other finer than 
the one shawn in Fig. 4.3 and considered as the 'optimum' one. The 

.. convergence study was limited to the computation of stresses at or 
around the horizontal interface region, as it was considered the most 
critical region because of the pr~sence of stress discontinuities. There
fore, only this area was chosen for the mesh refinement. 

The three different meshes used are shawn in Fig. 4.4. The inter.:. 
mediate mesh (mesh 2) has been described in section 4.2. The coarse 
mesh (mesh 1) ~consists of ~96 nodes and 606 axisymmetric elements. 
Bath tl~e metal plate and the cement layer are modelled by only one 
element across their respect~ve thicknesses, keeping the aspect ratio 1.0 
for the prosthesis elements and 1.5 for the cement elements. 
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The fine m~sh (mesh 3) ,consists of 1316 no~es and 1348 axisym~et
ric elements. There are 4 layers of elements cicross the plate, thickness 
and 6 layers of elements across the cement thickness. The aspect ratios 
in the refined area are of unit y (the element cross-sections are -sq uares 
of 0.5 mm sides).. 

The 'results from the convergence tests are sh9wn in Figs. 4.5 
through 4.8. These figures also include the results of the analysis of 
mesh 2 by the new element, which will-be discussed in the next Bcc1.ion. - , 

Figures 4.5 and 4.6 show tlie- distribution of normal stresses on the 
cement and on on the prosthesis side of the interface respectively, while 
Figures 4 .. 7 and 4.8 show the distribution of-shear stress on the cement. 
and prosthesis sides of thé interface. In actual fa:çt, both the normal 
and shear stresses mUflt be continuous. However, the SAP-IV analysis 
yielded such highly discontinuous results, that the ,stresses computed 
on t'he two sides of the interface could not be included in the same 
graph and separate plots with il. different scale for each interface sid(~ 
were necessary. '"', 

" 

In the normal stress case, Figs. 4.5 and 4.6, in particular, this 
discontinuity is so severe that the metal side of the interface i,g corn
puted to be mostly in tension, while the c((ment one is pr~dicted to 
be qlostly in compression. This illogical discrepancy is not alleviated, 
even after"employing the finest mesh (mesh 3). 'The metal side tensil~ 
stresses along the horizontal interface are clearly improbable in view of· 
the applied vertical compressive load, and this fact accounts for their 
dramatic reduction from a maximum value of approximately 1.6 X 10-2 

MPa/N for mesh 1 to a maxi~um value of approximately 0.3 X 10-2 

MPa/N for mesh 3. The cement side stresses., however, are not sig~ifi
cantly affected by changes in mesh size; in fact, the second ref!nement 
hardly produces any changes, thus indicating a more stable and prob
abl~ more accurate stress disi.ribution Exduding the high s~resses in 
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the edge region of the prosthesis , mesh 1 yielded a maximum comprcs
siye stress of approximately 0.41 X 10-3 MPa/N, mesh 2 approximat.ely 
0.37 x 10-3 MPa/N, and mesh 3 approximately -0.36 X 10--3 MPa/N. 

The discontinuity is not as pronounced in rpe case of the slw!tr 
stresses, 'Figs. 4.7 and 4.8. Qualitatively similar stress distributÎ<HlH 
are obtained on both sides of the interfac~. The nurnerical valucs a.rc, 
however, very different, so that different plots had again tü be uscd for 
the cement, Fig. 4.7, and the prosthesis, Fig. 4.8, sides of the interfac<'. 
The shea)(stresses at the horizontal interface alternate hctwcen positive 
values i'ri the fir,st third of the 'cantilever span' and negativc value!'i 
in the remaining part. The ma~imum negative stress values on the 
metal side range from approximately -1.7 x 10-3 MPa/N in rncsh 1, 
to -0.9 X 10-3 Mpa/N in me;h 2; to finally -0.6 X 10-3 MPa/N in mesh 
3. The corresponding values on the cement;side a're almost ident.ical 
for aIl three meshes (approximately -0.15 x 10-3 MPa/N). 

... A general conclusion that can he drawn frorn the rnesh rennement 
studies carried out hi the SAP-IV p-rogram 'is that despite the three 

, different mesh sizes used, the stress discontinuily obtained at the ce-
''> 

ment/metal interface remains significantly high (approximately 900%). 
An interesting observation, however, was that the convergence on the 
metal side was very slow compared to that on the cement side. AH 
a matter of fact, the cement side stresses obtained by the analysis of 
mesh 2 can be considered relatively stable, since they only changed by 
approxi.{Ilately 3% after the analysis of mesh 3. The consideration of . \ 

mesh 2 as th~'optimum' dne is, therefore, justified and the cement side 
. stresses obtained by SAP-IV can be used as a relative standard for the 

assessment of thè resuits ohtained by the pew'"element. 
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4.4 Analysis with the new elemel\lt and compari- ~ 
son with SAP-IV analyses \ 

4.4.1 Comparison with SAP:IV results at the horizoll;tal in-
'" terface 

The unique interface normal and shear stress values obtained from the 
analysis of mesh 2 using 'the new intérface element are also shown in 
F'igs., 4.5 through 4.8. ~ : 

From Fig. 4.6 it is evident th,at the normal stresses prédicted by the 
interfacé' element are very close to those obtained by SAP-IV on the 
cement side of the interface for the finest mesh, mesh 3. The normal 
stress distribution'" bs almost identical to' the one predicted by SAP
IV (cement side, mesh 3 : 2%,. difference) for the last two thirds, of i 
the horizontal interface. III 'the first third, howeve~, tht lnterface was i 
found to be in tension, an obser"\'ation in agreement wit'h that made 'by 
Lewis et al. [17] (where experimental evidence from in~vitro studies is 

.' also presented). 
The shear stress distribution obtained by the new e.lement at th 

horïzontat interface is, again~ quite close to the one obtained by SAP 
IV on.the cement side, using the refined mesh. There is a 3% differen 
bet\yeen the maximum negative shear \~alues oota:ined by th~ new el -
ment and by SAP-IV. The. positive shear values predicted by the n 
element are, however, significantly lower than the respective SAP- V 
ones (approximately 65% ~ifferencé). 

Thus, in the present case of the tibial analysis, the new elem nt 
results (mesh 2) compare favourably with those obtained by SAP IV 
on the cement side of the interface provided a more refined mesh (rriesh 
3) is used. ! 

The unique interface normal and shear stresses obtained by dsing 
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the interface element are isolated from the previôus figures al cl é~r{' 

shown in Figs. 4.9 and 4.10. 

4.4.2 Results1 at the vertical interface 
"-

In the ~cal interface (along the stem), both the normal a.d th" 
s'hear stress distributions are of great importance bccause of t cir di
rect impact on fixation efficiency. In this problem it is gener lly ex
pected that normal stresses at the stem/cement region woulçl b small. 
The results obtained in this analysis, Figs. 4.11 and 4.12, s ow the 
vertical interface to be in radial compression over the distal h If of the 
stem, while in the proximal half the radial stresse~ vary rro tensile 
to cqPlpressive and, finally; reach hign tensile values 'near the ·unction 
with the horizontal plate, Fig. 4.11. The stress peak at the j nction is 
probably caused by the sharp corner assumed in the model nd could 
possibly be alleviated by a smoother design. This high te sile stresH 
at the tip and the fact that the stress changes from tensile t compres
sive over the proximal third of the stem su~gests that th tip rcg!on 
might be a site for separation (loosening) of the prosthesi dcperiding 
on the tensile strength of the metal/cement bond. Genera y, the q ual
ity of interfacial bond developed between metal and ce nt de pends 
on different factors including metal type, prosthesis surf ce (precoat
ing, etc.), and insertion procedure (cement curing, etc.) Although a 
quantitative interpretation of the results is not within he objectives 
of this study, a comparison of the peak tensile stress 0 tained undcr 
a load of 1 kN (0.36 MPa) with values reported for th tensile bond 
strength (between 41tnd 13 Mpa) (Keller et al. [16]) in icates that the' 
stresses are low. 

The shear stress distribution at the vertical interfce , Fig. 4.12, , -
tends to increase distally starting Drom minimal valu 's at the top of 
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. '''.the sterp. Again, for ({·b.6dy weight of 1 kN, the maximum shear stréss, 
. approximately 0.4'8 MPa, occurring at the stem tip is much lower than 

reported values for shear bond strength (between 2 and 12 MPa) (Raab 
et al. [26]). 0 (_. ~ , 

4.5 Conclusions 

This-.analysis is not specifically aimed towards determining the actual 
inte'rface stress distributiôn of a prosthetic tibia. Such "an objective 
would req uire an anatomically correct three-dimensional model and 
would involve a series of parametric tests to est!1blish the contribution 
of each variable (cem~nt thickness, prosthesis c;lesign, material prop
erties) to the stres~ field. _The purpose of this study was mainly tu 
demonstrate the capabilities of the new element in a sample appli
cation, and as such the discussion of the results will be lirriited to a, 
qualitative interpretation and comparison of those obtained by using 
the new clement, SAP-IV, and others available in the literature. 

The app}ication of the S,AP-IV program to the ~nalysis of the ax
isymmetric model of a resurfaced tibia rèsulted in a severe discontinu
ity of the stress vector at the implant/cement interface (in violation 
of the required continuity of this vector). This discontinuity.remained 

,significant even after two successive me~h refiri~ments. However, the 
~tI~esses obtained at the 'softer' cement side of the interface di<Lappear 

" 

to approach convergen~e after the second refinement and also com
pared very weIl with those obtained by using the developed interface 
element. From this point of view, the performance of the :rtew·element 
may be.co~sid'ered satisfactory, especially since it alleviates the neecl \'<, 

for mesh refinement; the latter becomes indispensable in analyses by 
-the conventional finite element method in attempting to overcome the 
ambiguity of the str_ess discontinuity. 
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A s,imilar analysis of a res~rfaced tibia (for axisyrnmétric geometry 
but non-axisymmetric loading) has been carried out by Shrivastava <,t 

al. [311 u'5ing an in-house developed program. Theiu res'ults (for a 
iliametrkally symmetric loa(Ùng) comp~re well with those obtained by 

the new elem(;ont. How~ver, because O"f the _~ifferences in the manner of 
loa,ding and tbe model used, the co~p_arison can only be qualitative. 
- Despite the fact that there are numer~:)Us analyses of resurfaced kne(~ 

joints in the literature, very Tew, directly addre~s the problem of the 
implant/cement ~tress distribution. Tue 'high stress disco.ntinuity ob
tained at the i~terfacc by the conventional fin'He element method has 
led' researchers to estimate ~m interface stress values .by either extra.:p
olating from the èement element centroiq,al streS::les (Ask~w et al. [2]) 
or by accepting the cement element bourrdary stresses (Shrivastava et 
al. [31]). The latter asstimption"is now substantiated in view of thé 
observation made in the course of this study that the 'soft' side stresses 

- ~ 

are more accurate than the 'hard' sicle ones. However, there can be 
no general gua~antee as to the accuracy of the res"ults obtained by a 
conventional displacement method if a convergence study or other vé\li-

. " 

dation procedure is not c?-rried out. Hence, the uSClof the new interface 
element is strongly recomniended for such biomechanical applications 
or other analyses involving bimaterial interfaces. 
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Chapter 5 

THREE-DIMENSION AL 
~ 

INTERFACE ELEMENT 

5.1 Formulation <t 

1 

The formulation of the two dimensional interface element has been' , 
presented in Chapter 2. This formulation" is extended here to three 
dimensions and a solid interface element is developed. The present 
section deals with the three dimensional formulation, while in Section 
5.2 sorne notes on· the d~velopment of the 3-D finite element program 
are discussed. Finally, Sec\ion 5.3 involves a validation analysis carried 
out to test the -selid interface element. 

Let u, v, w be the displa;ceme~t components corresp0nding to the x," 
y, z directions of a Cartesian coordinate system. The stress and strain 
cOIl}'ponents can be written as: 

{O"}T < ux,O"y,Uz',T~y,ryz,rzx:> 
(5.1) 

{ê}T ." < êx,êy,êz,ixy"yz,izx > 

The strain components are related to the dis placement field as fol
lows: 
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âx 
av 
ây 
âw 
az 

\ - ~ 

au âv, 
IXY = -;- + n - uy uX 

av âw 
lyz = az + ây 

8w au 
IZ'X = -() +!l!y 

• X u_ 

(5.2) 

and the stresses are related to the strains ,through Hooke's' law: . , 

{ O'} = [El{ ê } 

where 

1- v v v '0 

v 1- v v 0 

[E) _ E 
- (1-v)(1-2v) 

v v I-v o 

-0 o o 

- 0 o o o 

o o o o 

o 

o 

o 

o 

1-2v 
2 

o 

(5.3) 

o 

o 

o 
(5.4 ) 

o 

o 

It has again been assumed that the materials involved are isotropie 
c 

linear elastic. 
The proposed solid, interface element is composed of two adjoining 

hexahedral elements, one on each side of the interface with the inter
face as their COffiIQ.()fi boundary (simi.1arly to the 2-D case). In order for 
the interelement interface to be unique for each couple of adjoining ele
ments, that in'terface must be an'element face in the t.hree dimensional 
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case. The centroid of that face is chosen as the location where stress 
compatibility is to be enforced {similar to the midside of the interface 
edge in ?-D). TherefGre, the interface element in 3-D consists of a pair 
of nine-node hexahedral elements. A typical nine-node hexahedron is 

. shown in fig. 5.1. 

Assuming coordinate transformations and isoparametric displace
ment 'functions as: 

(5.5) 

and 

(U)) 
w here the summation extends to ,eight terms for regular hexahedTal 
elements and to nine in cases oLnine-node hexahed.rons used to con
struct the interface element. The shape functions N, for the nine-node 
hexahedrons are selecte,d such that the dis placement fields along aIl 
edges areJlinear, in order not to violate displacement compatibÙity 
with oth-ér neighbouring linear elements. This is achieved through the 
following 'pr~ ure: . . 

Fi.r.st, the shape functions of a standard 13-node hexahedron (extra 
nodes at midsides and at centroid o(face 1-2-3-4) are obtain,ed. These 
are (e.g. Cook [6n: 

1 
g1Jd1 - e)(1 -1J)(1- ~), 

NP 2 
1 
g1Jd1 - e)(1 -1J)(1 + ~), 
1 0 

g1J~(1 - e)(~-1J)(1 + ~), 
1 . 

-=-g1]~(1- e)(1 + 1])(1 ~ ~), 
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Figure 5.1: Typical 9-node ~exahedral element and its natural coordinate system. 
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.. 

NP 1 
- 8(1 + Ç-)(1-17)(1- ~), 5 

NP 
1 . 

(5.7) - 8(1 + Ç-)(1 -17)(1 + ~), 6 

NP 1 
- 8(1- e)(1 + 17)(1 + ~), 7 ( 

N 13 1 
- \8(1- Ç-)(1 + 17)(1 + ~), 8 

N,13 1 
- 2(1 - e)(1 - 17 2)(1 + ~2), 9 

-l17(1- e)(1 -17)(1 - ~2), _ 
;:. 

/ N 13 -10 

N 13 1 
- 4~(1- e)(1 - 17 2)(1 + ~), 11 

N 13 ·1 
12 - -17(1- e)(1 + 17)(1- ~2), 4 - _ 

N 13 - -!~(1 - eH1 - 172)(1 - ~). 13 4 _. , 

The m,idsideonodes (10, Il, 12, 13) are deleted thrbugh the use of 
the follo\\,ing assumed linear ~elationships between the displacements 
of the nôdes involved: 

_ . U2 + U3 

Ull = 2 

U3 +U4 
U12 = 

- 2 
U4 + U1 

U13 = 2 

Substituting the àbove values into the formula U -= EN,u,: 
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(5.9) -

N I3 NI3 N I3 
5 U5 + 6 U6 + ... + 9 Ug. 

The final shape functions of the nine-node hexahedral e,~emeiIts arc, 
" 

therefore: ' 

Ni = NI 3 + N,rJ;Ntg = ~(l - e)(l - 11)(1 - ç)( -11Ç - 7] - ç), 

Ni = Ni3 + N13;Ntr = ~(l - e)(l' - 11)(1 + ç)(T}ç - 11 +. ç), 

~= NJ3 + Nl?;Nti = ~(1 - eHl - 11~(1 + ç)( -11Ç + 7] + ç), 

Nl = Nl3 = l(1 t-ç)(l- 7])(1 - ç), 
\ 

Ni = NJ3 = Hl + err~ - 1])(1, + ç),. 

Ni = N13 = l(1 + e)(1 + 7])(1 + ç), 

Ni = Ni3 = ~(1 + e)(l + 1/)(1 - ç), 

(5.10) 
• 

N~ = NJ3 = Hl - e)(1 - 7]2)(1 -= ~2). . 

Tt can be easily verifie; that these shape functions satisfy rigid b~dy 
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motion and constant strain states, sinee: 

(5.11) 
The strain field corresponding to the assumed displac ent field 

, can be obtained through Eq,s. (5.2) and c(;1n be expressed a ': 
f 

{E} = [B·]{~}, . (5.12) 
~ è 

whcre {~}T =< UI, U2, ... Ug, VI, V2, ... Vg, WI, W2,' .. Wg > is the vector 
of nodal displaeements \of the element, and the strain-di placement 

( , . 
matrix [B] is given by: ' 

[B) = 

a:.: 0 w 0 aa~2 0 0 " aa~9 0 0 

o 

o 

o 

o aN. 
az 

o 

o 

aN. aN. 0 
az av 

aN2 • 0 ay 

o -aN2 

az 

aN2 aNz 
az av 

o 

o 

aNg 0 
ay 

o 

aNa aNg 0 
av ax 

o aNg aNa 
az ay 
, aNl 0 \ aN. aN2 0 aN2 aNg 0 aNa 

az ax az ax az ax 

.. 

(5.13) 
\ 

As was mentioned in the two-dimensional case, the above differen
tiations eann.ot be earried out explicitly, N, being funetions of and Ç', 'rJ 
and ç. Therefore, use i~ made again of the inverse of the Jaco bian 
matrix: 

ax §JL az 
ae ae ae 

[J) = ax §JL az 
(5.14) a", a'1 a", 

ax §JL az 
a~ a~ a~ 
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Denoting the inverse with -t~t! same symbols as (in Chapter 2: 

{

,Tl! f12 r13] . 1; 

[f] = . ru !t22 r 23 = [Jr 1 l" 
f31 ,f32 . r 33 (, 

\ 

(5.15) 

the [BJ matrix of Eq. (5.1.13) can 'be expressed a~: 

(5.16) 

where 

(/ fu' f 12 f13 0 0 0 0 . O· 0 
0 0 o . f 21 f22 r 23 0 0 0 , 

[BI] = 
0 0 0 0 0 0 -F31 f32 r 33 (5.17) .r21 f 22 f 23" .r l1 - f 12 r 13 0 0 0 
0 0 0 r 31 r 3i r 33 r 21 r 22 r 23 

f 31 f32 f33 0 0 0 fIt f 12 f 13 

., 
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and 

o 

o 

o 

o 

o 

o 

aNl 0 ae 

o 

o 

BNz 0 ae 

o 

o 

o 

o o 

o o 

o BN9 O· 0 ae 

o o 

o o 

o o o 

o o o 

o o 

o o 

o o 

o 0 aN! 0 0 8Nz 0'0 ,aN9 , 
aÇ aÇ aÇ 

The strain energy of the element can then be expr.éssed as: 

I1s = ~{~}T[I:1 /_\ 1:11B]T[E][B] clet [J] dEcl1Jd~]{~}, 
c 

front which it follows that the stiffness matrix is: 

(5.18) 

(5.19), 

[K] = 1:11:1/-\ [B]T[E][B] det [Jl dE d1Jd ~. (5.20) 

As was the case in the. t~o-dip1ensional formulati?n, Gaussian~integra- \ 
tion is necessary to evaluate the terms of this stiffness matrix. 

A typical solid interface element is shown in Fig. 5.2. It consü;ts 
of two adjacent' nine-node hexahedral elements sharing the interface 
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(face 1-2-3-4). Let n, t l , t 2 be a local c~ordinate system such that n 
is ~he outward normal to the interface (face 1-2-3-4), t l is tangent ta 
the interface in the{ direction 1-2, and t 2 is tangent to the interfac~ 
in the direction 1-4. Let tne origin of the system be at the ninth 
node of the element. With reference to this system and in view"of 
the stress continuity condJtions developed in Section 2.1, the requircd 
stress boundary conditions at the iriterface are continuity of the cr,in 

normal stress component and of thé two shear stress comp'onents, Tntl 

and Tnt2' The three degrees of freedom pertaining to the ninth nodc 
of each hexahedron (node 13) are again so chosen as to satisfy the 
required continuity of the above three stress component,s at this node. 

The [Q] matrices in the stress continuity condition: 

(5.21) 
A 

are given by: \ 

(5.22) 

where the [EJ and [BJ matrices for materials a and b are those given 
respectively by Eqs. (5.4) and (5.13), and [TJ is the transformation 
matrix given by: 

( 2e1m l 

(elmt+ e2md 
(e3m l + et m 3) 

2mlm2 2n1e1 

(mI n 2 + m2 n t) (n I i 2 + n2eJ) 
(m3 n l + mln3) (n3 eI + nte3) 

1 (5.23) 
with lt ~ m t, nt the direction cosines between th~ axés of the local n, t l , t2 

system and those of the global x, y, z systerb. _ 
Isolating the degrees of freedom.Of the cdmmon,node (node i3), the 
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Figure 5.2: Typical pair of 9-node hexahedral elements sharing an interface. 

,. 106 



,1 

. 

-... 

above equations may be written as: 

(5.24) 

and 

[Q%~~b} == [Qlb]{ d'} + [Q2b] J ~::} _ l w l3 

(~.25 ) 

where {de} =< U1, Vl, Wl, UZ, VZ, W2,' .. ,U12, VIZ, W12 > , Îs the vcctor of
nodal displacements of the c~mposite interface clement. 

The matrices [QI a] etc. are expressible as: 
[Q1 a

] = 

[ Q~,13 Q1,14 Q1,15 ~1,1 Q1,2 Q1,3 0 0 0 0 0 0 QtlO Qt,ll Q~,12 
Q2,13 Q2,14 Q2,15 Q2,1 Q2,2 Q2,3 0 0 0 0 0 0 Q2,lO Q2,11 Q212 • 

\ Q~,13 Q~,14 ~ Q3,15 .Q~,1 Q3,2 Q3,3 0 0 0 0 0 0 Q3,10 Q3,11 ~a 3,12 

Q1.22 Q1,23 Qa- Q1,16 Q1,17 Qï,18 Qï,4 Q1,5 Ql,O 0 0 0 0 0- 0 ,1,24 

Q2,22 Q2,23 -Q2,24 Q2,16 Q2.17 Q2,18 ,Q2,4 Q2,5 Q2,6 0 0 0 0 0 0 
Q3,22 Q3,23 Q3,24 Q3,I6 Q3,17 Q3,18 Q3,4 Q3,5 Q3,6 0 0 0 0 0 0 

Q1,7 Qî,a Qî,9 Qî,19 ~î,20 Qï.;; 1 
Q2,7 Q2,8 Q2,9 Q2,19 Q2,20 Q2,21 
Q3,7 Q3,8 ,Q3,9 Q3,19 Q3,20 Q~,21 

1 
\ 

1 \ 

[ Qï125 Qï,26 Qï.Z7J 
'[Q2 a

] == Q2,;5 Q2,26 Q2,27 (5.26) 
- Q3,25 Q3,26 Q3,2~,.p~~ 
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[QI b] :::: 

[000 Q\,. Qt5 
000 Q~ 4 Q~,5 , 
000 Qg 4 Q~,5 , 

0 0 
~~ 

0 0 0 
0 0 0 0 0 

0 0 0 0 0 0 

Qt6 Qt16 Qt17 Qt18 Qt19 Qt20 Qt21 Qt7 

Q~,6 Qt16 Qt17 Q~,18 Q~,19 Qt20 Q~,21 Q~,7 
Q~,6 Q~,16 Q~,17 Q~,18 Qg,19 Q~,20 Q~,21 Q~,7 

Qtl Qt2 Qt3 Qt13 Qt14 Qt15 Qt22 Qt23 

Q~,1 Qt2 Qt3 Qt13 Qt14 QtI5 Qt22 QtZ3 

Q~,I Q~,2 _Q~,3 Q~,13 Q~,14 b Q~,22 Q~,23 3,15 

Ql,lO Ql,l1 Ql,12' 0 0 ~o b ~ b -li 1 
Qtl0 Qt11 Qt12 0 0 
Q~,10 Q~,l1 Q~,12 0 0 

Ql,25 Ql,26 Ql,27 

Qts 
Q~,s 
Qg,8 

6 
Ql,24 
QtZ4 
Q~,24 

. [b -b b 1 
[Q2b] = Qt25 Qt26 Q~,27 

Q~,25 Q~,26 Q~,27 
(5.27) 

The stréss continuity condition, Eq. (5.21), then lead to 

(5.28) 

wherc 

,) 

Substituting Eq. (5.28) into Egs. (5.24) 'and (5.25), the nodal dis-
placement vectors of the two indiv·idual elements may· be written as: 

/' -, 

{Li a} , [Ra]{ de}, (5.30) --and 
(5.31 ) 

-
, 
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where 

and 
[Rb] =:; ['Ob)'71[Q1b] + [Qbt 1[Q2b][L]. (5.:3:~) 

Hence, by :v..irtue of Eq. (5.20) and Eqs. (5.31) and (5.32), t.he 
'.stiffness matrix of the composite interface eleIJlent can be written as: 

(5.34) 

It is clear from the above that the formulation of the three dimen
sional interface element is essentially an extension of t~at of the two 
dimensional one. The only difference lies in the order of the matrices 
involved and in the fact that three stress components are required to 
be continuous across the interface (calling for the appropriate selection -c, 

of three degrees of freedotn to satisfy that condition). 

5.'2 Notes on the 3-D program 

A three-dimensional finite element program has been developed in or
der to test the new'solid interface element. This program is similar 
to the two-dimen,sional program desàibed in Section 2.4 and listed in -
Appendix B.l. The subroutines dealing with the stiffness matrix as
sembly, decom'position and back-substitution are essentially identical 
to the two dimensional ones, except for the size. of the matrices in- -
volved. The only significant modifications that need to be' addressed 
in this section pertain to the library of elements. The1ulllisting of the 

" three dimensiônal program is included in Appendix B.2. 
The three-dimensional, elements included -in the program are the 

isoparametric linear hexahedron, the isoparametric linear pentahedron, 
'b 
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Figure 5.3: Linear hexahedral element. 
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the constant strain tetrahedron, and the solid interface clement.. The 
formulation of the last one been described in the previous section. 

The linear hexahedral element (Fig. 5.3) is based on. the standard 
isoparametric formulation (e.g. Cook [7]). 

In the development of the linear pentahedral element (Fig. 5.4) tll(' 
isoparametric assumption has also been made. The shape fundions 
are tho~e given by Brebbia and Connors [5]. \ 

The development 'of the pentahedral element stiffness matrix follows 
the same procedure as that described in Section 5.1 for the nine-node 
hexahedral element. However, in the n u~erical integration of the stiff
ness matrix, a cubic integration order has been used (llrebbia and 
Connprs [5]). 

The development of the tetr:ahedral element (Fig. 5.5) is bascd on 
an isoparametric constant strain formulation (Brebbia and Connors 
[5]). Therefore, the integration of ~he stiffness matrix could be carried 
out explicitly so that no numerical integration is necessary. 

The pentahedral and tërahedral elements have been tcsted individ
ually by comparing them to equivalent ones in the MSC/NASTRAN 
[20J finite element program (PENTA and TETRA respectively). 

5.3 Validation test for the solid interface element 

The new three.dimensional interface element has been tested in a satn-- , 

pIe analysis the results of which are presented in this section.- As was 
the case in the two-dimensional validation tests (Chapter 3) and in the 
sample biomechanical analysis (Chapter 4), the three-dimensional test 
involves analyses of the same mesh by both the developed program and 
the SAP-IV program and comparison of the results with the theoretical 
solutions. 
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The problem chosen for this test has, already been presented in 
Chapter 3r It consists of an annular composite disk under internaI 
pressure (Fig. 3.16a). The relative scarcity of three dimensional exact 
solutions involving bimaterfal interfaces has led to the choice of this 
essentially two dimensional problem. 

The fini~e, element mesh used in both analyses (by the devloped 
program and by SAP-IV) is shown in Fig. 5.6. Because of symmetry 
in geometry and iri loading, only ône quarter of the disk has been 
modelled. The inner third of the annulus has again been assumed to 
be 100 times stiffer than the outer part. In aIl, 24 solid elements have 
been used; they are aIl hexahedrals except in the analysis by the new 
element where four pairs of hexahedrals (nine-node element) have been 
combined to form four interface elements. The boundary conditions 
involved fixation of the nodcs on the two axes of symmetry (x,y) against 
motion normal to the respective axes, and fixation of aIl nodes against 
motion in the vertical (z) direction to simulate axisymmetric plane 
stress conditions. The applied load was again an interIlal unit pressure. 

The theoretical solution to. this problem is presented in Appendix 
r ' 

A.1 According to ~hat solutidti~,~;the exact value of the interface radial ' 
stress is 0.004 pressure units. r'lî~ analysis by the developed -solid inter
face elemen4ielded ~ unique interface radial stré~s of approximately 
0.0039 pressure units. The analysis by SAP-IV yielded an interface 
radial stress of 0.080 pr~ssure units on the 'hard' side of the interface 
and 0.0032 pressure units on the 'soft' side of the interface (Table 5.1). 
The superiority of the new element is obvious from these re?ults. It can 
also be ndted that, again, the 'soft' side stresses obtained by SAP-IV 
are much more accurate than the 'hard' side values. 

Unfortunately, because of time limitations, further three dimen
sional validationysts could not be carried out. It appears, however, 
that t4.e prop-oSed interface element is as successful in three dimènsions 

,Ii 
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Figure 5.6: Composite annular dîsk under internaI pressure; 3-d finite clement mesh. 
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Theoretical 3-D SAJ;>-IV 3-D New Element 
-

hard side soft side 
0.0040 0.0080 0.0032 0.0039 

Table 5.1: Composite annular disk problemj Radial stresses at the bimaterial inter
face (results from the 3-d analysis). 
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as it was found to be in ,two dimensional cases. 
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1hapter 6 

SUMMA-RY' AND 

CONCLUSIONS 

6.1 Summary 

An interface finite element has b,~en formulated satisfying the required 
contJinuity of the stress vector across a bimaterial interface. The stress 
vector continuity is enforced at a point on the interface. ThIs is 
achieved by selecting the degrees of freedQ'm corresponding to that 
point so as to' satisfy the required stress boundary conditions. Since 
the clement is based. on the dis placement method, displacement com
patibility is satisfied at aIl points along the interface. Two teneral 

. finite element programs have been developed incorporating the" new 
interface element: one Jor plane-stress/pIa~e-strain and axisymmetric 
problems and one for three dimension al problems. A series of validation . ~ 

tests have been performed that 'c,ompare the results obtained by the 
new element to those obtained by a convention al displacement based 
prog~am (SAP-IV) add to the exact theoretical results. The interface 
element was found t~' be very reliable in predicting stress distributions 
at two-material interfaces. Furthermore, in view of the fact that the t' 

conventional method was seen to yield unpredictable results when used . 
1\; 

,.,t;.k 

118 

. " 



1 

! 

G 

at bimanerial interfaces, the use of the new clement can be proposed 
in ca~es inyolving interfaces of high'ly dissimilar materials. Finally, Cl 

stress analysis of an axisymmetric resurfaced' tipia model ~as carri('d 
out using the develo'pe~ element along the' cementjrnetal interfac<" 

6.2 Conclusions 

'" The conclusions of this study are presented here in two parts. First., 
sorne observations are made eoncerning the use of the convent.ional dis
placement method in bimaterial Ïnterface problems. The conclusions 
pertaining to the performance of the ne~ element then follow. 

6.2:1 · Analysis of bimateriGlI interface problems by the con-
" ventional displacement lllethod 

ç, 

In a conve?tional displacement based finite element analysis, two dis- ~ 
tinct stress distributions are obtained on the two sides of a bimaterial 
interface. The differences between the components of these dis tribu
tions·that are required to be continuo us are gradll,ally decreascd, as the 
mesh. is refined. At the limit, these stress components are expected to 
become identical, as coïncidence with the exact st~ess distribution il'3 
achieved. This exact solution, however, is not necess~rily bounded by 

1 • 

any pair of discontinuous interface distributions obtain~9 in the course 
of mesh refinement. This fact is demonstrated in Fig. 3.5 (rectangular 
plate with circular inclusion). It is therefore evident that in cases of 
high stress diseontinuity, it is virtually impossible to predict a reliable 
range for the exact solution without extenl:lÏve mesh refinement. Small 
discontinuities, however, indicate reasonable results, sinee the degrcc 
of discontinuity is generally associated with the degree of convergence. 

The ratio of the elastic moduli of the adjacent matcrials is not the 
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only factor affecting stress discontinuity: It has been seen that the 
type of structure and loading involved and the type of mesh used, as 
weIl as the relative location of the material règions have a significant 
bearing on die reliability of the stresses obtained. The cantilever beam 
case, Section 3.3, is a ~ical example of a structure yielding highly 
discontinuous interface stresses des pite successf?e refinem nts. On the 
other hand, the vertical wedge problem, Section 3.2, is a examp~e of 
a structure where neither the mesh size nor the mate ial properties 
significantly affect the very small interface discontinuit 

The intuitive assumpiion of many researchers to accept the stresses 
on the softer side as representative of the)nterface distribution is sup
portcd by most of the validation tests a-nd by the convergence tests 
for the axisymmetric analysis of the resurfaced tibia. This assumption 
cannot be guaranteed to always apply, however, as was seen in Section , " 

3.4. 
The conventional displacement based finite element method, there

fore, cannot be generally relied upon to accurately detetm~ne the stress 
distribution at bimaterial interfaces. 

fi 

6.2.2 Conclusit>ns concerning the new stress ~ompatible fi-
nite" element 

The new element enforces the continuity of the stress vector at a I?oint 
on the bimaterial interface. Consequently, interelement force equilib
rium is satisfied at tnat point. Unique values are therefore obtained for 
those interface stress components_that are required to be continuous. 

The· interface ..... stresses calcl.\lated by the new element were found 
to be very reasonable and usually very accurate. The stress compo
nents which are not requ~red to be continuous at the interface are not 
affected by the new element. Similarly, the stres,s distribution away 
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from the interface is not affected either by the interface clements along 
the intermaterial boundary. Therefore, the new element can be rclied 
upon to accurately determine the stress distribution at the intcrfac('s 
of highly dissimilar mate rials without affecting' the stresses .in,th~·('st 
of the structure. > \ 

. "-
No additional modelling effort is involved in the case of the inU'rfan' 

('elements, since the same mesh can be used as that for an an-alysis, using 
~ conventional linear quadrila.teral elements. Moreover, the use of the 

• r 

new element does not incur significant additional computational cost.s, 
s 

since the global degrees of freedom of the problem reJnain tne same as 
( 

those for lfïiear quadrilateral etements. 
. ' 

Ip view of the foregoing, a proposed procedure for t.he analysis of 
problems involving. bimaterial interfaces would be to first carry out aIl 

initial analysis by the conve.ntional displacment method on.a relativcly 
coarse' mesh, and in the th-e event of det~cted high interface stress 
discontinui~ies, ta perform a subsequent analysis using the intcrfac(' 
element on 'a locally more refined mesh. 

\, 

< 1- • 

6.3 SlÎggestion~ 'tor further research 
J <> • / 

Further vaIidatioI\ tests aciH=teces~ary, especially in the three dirncn- ~ 

'1' . , 

sional case, for a bftter assessment of the performancé of th~ in~erf~ce 
element. J., . . -

As a second step towards developing a general interface clement, 
boundary conditions other than those of perfect bond should he con
sidered. That is, the formulation should be extended to allow for sep-

1 

.; aration and/or slip at the interface. 

\ 

\ 
\ 

Finally, only static casês have been consid~red in this study. ,Dy
namic effects are very important, howeve~erial in~erfaces, 80 

that is envisaged to include such effects at a later stage. ; 
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DERIVATION OF 
., 

CLOSED-FORM SOLUTIONS 
USED IN THE VALIDATION 
TESTS' 

A.1 
~~ 

Interface radial stre~ distribution of a com
posite disk 

The problem of a circular cylinder under internaI and-ex_t.errlal prCHsure 
is a weIl known one (Lamé problem) and analytical solutions arc avai)- -
able" for the unimaterial case in elasticity textbooks (Timoshenko and 
Gooçlier [34]). The example presented in the section on t.he validat.ion 
tests (Chapter 2) involves a two-material cylindcr of unit hcight. (Fig.! , 
A.l). The solution for the interface radial stress distribution for UliH ' 
case is briefly outlined here. 

Stress-strain relations for plane stress state: 
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( 

Tr(} 

where, '" 

o (because ofaxisymmetry ), 

E/(l - v 2
). 

Strain-displacement relations: 
c...... 

ô du 
é rr - ,u = u (r ) , 

dr 
(r + u)dO - rdO 'l! ù . ~ l~= _ .. 

rdO r 
, . 

Equilibrium equation: 
" au rr 1 Brr8 U rr - U 88 R 0 -+--+ + = . Br r aB r 

Since, body force R = 0 and Tr{J = 0, ... 

f}u rr (J rr - UO() _ 0 -+ -. 
Br r 

(A.2) 

- (A.3) 

(A.4) 

Substitution of equations (A.1) and (A.2) and (A.4) yields, after rear
rangement, the displacement differentiai equation: 

... -

d2tt 1 du u 
-+---~=O . 

. dr 2 r dr r 2 (A.5) 

The solution to equation (A.5) is achieved through the transforma-
tion r = é: - :7 

B 
u = Ar + - (A.6) 

r 
w here- A,B are constants depending on the boundary conditions. Fi-
nally, use of equations (A.l), (A.2) and (A.6) yields the stress distri
bution: 

• (Jrr 

- B 
"'[(1 + v)A - 2{1 - v)], 

r ~ 

B , 
1\:[(1 + v)A + 2(1 - v)]. 

r 
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Figure A.1: Composite annular disk ~nder externaI and internaI pressure. -
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The boundary conditions imposed in this ca~e are: 

1 
arr 
II 

arr 
u I 

aIl 
rr 

. 
= -Pa at r = a, 

= -Pc at r = c, 

= _ u lI at r == b (interfaçe condition), 

= a;r - . -Pb at r = b (interface condition), 

whcr"e the ~uperscripts refe; to mate/ial regions. 
, .,. 

(A.8) 

The implcmentation of these boundary conditions iuto equations 
(A.7) lcads to the determination of constants A,B for both material . ~ . " 
rcglOlls: 

{b2 - a2) KI'(1 + vI) , 

-a2b2(Pa - Pb) 
(bi - a2)KI(vI - 1)' 

2 b2 , C Pc - Pb 
(b2 - C2)KII (1 + vIl)' 

b2c2 (Pb - Pc) 

(A:9) 

Finally, the condition of displacement compatibility, uI = uII at the - , 
interface (r = b) leads through the use of equations (A.6) and (A.9) to 
the derivation of a closed-form solution for the interface radial stress, 
Pb: 

(~10) 
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A.2 Plane stress solution for a bimaterial can
tilèver beam 

The solution to th~ problem of the bending ota composite cantilever 
beam ha~ been presented in Musk~elishvili's work [22] for the case or a 
circular cross-section. For the case of a rectangular cross-section (Fig. 
A.2), as was the case of the examplepresented in Chapter 2, a sirnilar 
procedure can be followed, and it is briefty outlined herc. 

A.2.1 Exact solution for zero Poisson's ratio 

At first, an exact 'solution)s sought to the case of zero Poisson '8 ratio 
(1/ = 0). The exact stress distribution will then be used to obtai Tl a 
plane stress solution for the cases of non-zero values of Poisson's ratio. 
Assuming a displacement"'field of the form: 

ez2 , z3 

u A(T-i)' 
v 0, (A.l1) 

z2 
-A[x(ez - -) + X + xy2], 

2 , 
w 

'--

where A is a constant to be determined, a corresponding stress field 
can be found: 

u xx U yy = u xy = 0, 

u xz (8 x 2) -Bj 8x + y , (A.12) 

U yz 
8X 

-BJ( 8y + 2xy), 

u zz -KJ(e - z)x. 

X is a function which must be harmonie for equilibrium and BJ' KJ 
a 
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Figure A.2: Composite cantilever beam. 
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are constants gi:ven by: 

\ 

AEi 
-2-' 

AEz 
~2 -2-'-

Ki AEi ,' 
-

K 2 '= AE2 • 

Letting (J'yz = 0, then, ~ = -2xy , and 

X = _xy2 + f(x). 

Since X is harmonie: . 
82X 8 2X 
-8 2+-8 2 =0. x. Y 

Substituting Eq. (A.14) into (A.15) yields: 

f"(x) - 2x = O. 

The functi,on f (x) is therefore given by: 

x3 

f3(x) = 3 + C\jX + Cz), 

(A.1.~~) 

. 
(A.11) 

(A.15) 

(A.16) 

( A.17) 

where CiJ and 0 23 are constants to be determined. Substituting Eq. 
(A.17) int~(A.14), the fu~ction X is described by: 

(A.l8) 

The stress field (Eqs. (A.12) can now be rewritten using Eqs. (A.l8) 
and (A.13): 

AE) ( 2 ) --2- x + c'} , 
(J' yz 0, , (A·t9). 

-AEJ(e - z)x. 
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NO'W; 17zz must be zero at the\top and bottom surfaces, and also 17xx 

must be continuous at the int~ce. These stress boundary conditions 
" can be written as: 

r 
lÛ at x = -(dl - a), ~ (J' xz 

2 0 X = (d2 + a), 
<; 

(1\.20) (J' xz at 
1 2 at (J' xz (J' xz X = a. 

Substituting Eqs. (A.19) into Eqs. '(A.20), the constants Ct]l and the 
, , 

location a, of the neutral axis can be determined: 

Cu -(dl - a)2, 

Cl2 -:(d2 + a)2, (A.21) 

a 
Eldi - E2d~ 

tI; 2(Eldl + E2d2) 
The applied load, W, can be expressed as: 

f a' 1 1(d2+a) "2 W = (J' xz t dx + (J' xz t dx, -(dl-a) a (A.22) 

and by substitutjng Eqs. (A.19) into Eq. (A.~2), and making use of 
Eqs. (A.21), the constant A can be determined: 

A= 3 3

W ~ ~ 
t(Eld J + E2d2 _ El la + E2 2a) 

.. 3 3 2 2 

The stress field is, therefore, completely defined: '\ 

l AEl [ 2 2] 
(J'xz --2- x - (dl - a , 

2 AE2[ 2 )2] 
(J'xz --2- x - (d2 + a , 

u;z -ÂE1(e - z)x, 
(J';z -AE2 (e - z)x, 

where a is defined in Eqs (A.21) and A is given by Eq .. (A.23). 
i 1 
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A.~.2 Plane stress solution for non-zero values of Poisson's 
(' ratio 

In this plane stress solution, "the ·stress· field is assumed to have the 
same form as in the case for zero Poisson's ratio, and a displacerncnt. 
field is sought satisfying the boundary conditions of the problcm. 

Renee, let the stress distribution be: 

) -AE1 (' 2 ) 
(J" xz , 2 ", ,x + Cl) , 

(J"~z - AEj{ e - ;), (A.25) 
• (J" xx 0, 

where C.,,) and A are given by Eqs. (A.21) and (A.23) respect.ively. 
~he ~rains are therefore, given by: ' 

( J (]' xx vJ ' - ( ) cxx E - }fuzz = v}A e - z x, 
~ J J 

(]' zz vJ (' 
C) ---u =-A e-z)x zz E E xx , 

} } 

eJ = (]'~Z(1 + v ) = -(1 + vJ) A(x2 + C ). 
xz E "- J 2' Il 

J 

lnvoking the strain-displacement conditions: 
8u 

Czz - -, 
,~z 

Cxz = !(8u + 8w). 
2 8z 8x 

(A.26) 

(A.27) 

The first two of Eqs. 
the displacements: 

(A.2t?) then yield the following expressions for 

u 
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(A.28) 
Z2 

W = -A(fz ,- 2)x + g(x). 

SUbstitutin"EQs. (A.28) into the third of Eqs. 
f(z),-g(x) can be expressed as: 

(A.26), the functions 

, fz2 Z3 

f(z) = ,A(T-"6)+M!z+NJ , 

\ , (A.29} 
x 3 

g(x) -A(2 + v?)6 + BJx + QJ' 

where MJ' IvJ , BJ' and Qi are constants to be determined. The dis
placement field is now written as: 

x2 fz2_ z3 
AvJ(f - z)2 +.A\ 2 - "6) + MJz + NJ~ 

(A.30) 
Z2 x 3 

w~ -A(fz - 2)x - A(2 :YJ)6 + BJx + QJ', 

The boundary conditions that must be satisfied by the displace
,ment~ are prevention ag~inst rigid body translatio~ and rotation at 
the fixed end and continuity at thè interface. Thesè can be expressed 
as: 

uJ w J == 0 at x;:;:::: a and 
0 

z= 0, 
u 1 u2 at x = a, " (A.311 

- ..... 
w 1 w2 at x = a, 

BUJ 
, 

0 at x=a and z = O. 1 
Bz, 
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Substituting Eqs. (A.3D) into Eq. (A.31) the constants NJ, MJ' SJ' and 
QJ can be deterrnined: \." . 
. . 

-AlJ1la2 

2 
-Av2la2 

2 
a2 

Ml =. AVI 2 , 
• 2 

a 

". 

AV2-
2 ' ~ 

a2 

S11- -A[(1+vt}Cl1 +V12 ], 
a2 

-A[(l + VZ)CI2 + lJ22 ], 
J 

aS . a 2 

A(2 + ~d6 + Aa[(l + Vl)Cll + V12], 
a3' ~2 

Q2 = A(2 + V2)6 + ~a[(1-t'VZ)C12 + V22]· 

(A.32) 

Tl!e displacement field is naw fully defined and satisfies the bound
ary conditions for the problern. The stre_ss field represent~d in Eqs. 
(A.25) therefore c6nstitutes a plane ,stress solution ta the problem. 

, 

.. 
o 

137 

o 

( 



, 

,App.endix B 

() 

l 

LISTING OF SOURCE CODE OF 
DEVELOPED FINITE 
ELEMEN'r PROGRAMS 

\ 
./ 

- '0 

B.I Two-dimensional program 

C TWO-DIMENSIONAL FINITE ELEMENT PRO GRAM 
C FOR THE AN~LYSIS OF PLANE STRESS, .... 
C PLANE STRAIN, AND AXISYMMETRIC PROBLEMS 
C, 

C BY MICHAEL ANGEL IDES 
C 

C MCGILL UNIVERSITY, 
C ,DEPART.~ENT OF CIVIL ENGINEERING 
C AND APPLIED MECHANICS 

\ 

C \ 

C MARCH 1986 
C 

o 

C LIBRARY eOF ELEMEN~S: 
C - BAR ELEMENT 

Cl - CONSTANT STRAIN TRIANGLE 
C - LINEAR QUADRILATERAL (.ISOPARAMETaIC) 
C - INTERFACE EL~NT 
C 
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IMPLICIT REÀL*8 (A-H, O-Z) 

I~TEGER N,NEL,NDOF,NLOAD,DOF,NGEN,INTER,MEQNS,KEQNS,REDOF.NCOUNT 
INTEGER NID( 1000) ,BCX(1000) ,BCYOOOO) ,ELID( 1000) ,NTYPE(1000) 
INTEGER N1(1000) ,N2(1000) ,N3(1000) ,N4(1000) ,N6(1000) ,NODRED(1000) 
INTEGER ELIDB, li ,N22, N33 ,N44, N65 ,NELA(1000) ,NELB(1000) 

INTEGER NODFO (10) ,KK1,KK2, IFPRE(2000) ,MM,NGAUS1,NGAUS2, INCOMP 
DOUBLE PRECr ION X(lOOO) ,Y(1000) ,XDEF(1000) , YDEF(1000) 

,\ 

DOUBLE PRECI ION A(lOOO) ,E(1000) ,NU(lOOO), T(1000),FX(10),FY(10) 
DOUBLE PREZISION KGLOB(300000) ,ASLOO(2000) ~ 

/ 
DOUBLE fR,ECISION LOAD(2000) ,FIXED(2000) ,REACT(2000) ,XDISP(2000) 
DOUBLE îJ5'RECISION KEL (29,20) 
CHARACTER*80 TITLE 
COMMON/GLOB/X,Y,A,E,NU,T 

DATA MSTIF/300000/ 
READ *, TITLE , 
READ *, NCASE, N, NEL, NDOF ,NLOAD ,NGEN , INTER, NGAUSl ,N<iA US2, INCOMP 
MEQNS=1000 
KEQNS=1000 
DOF~'n*NOOF 

IF (!lGEN f' EQ. 1) THEN ~ 

CALL GENER(N,NDOF,BCX,BCY,NEL,NID,X,Y.XDEF,YDEF,ELID, 

" 

+ , N'{YPE,Nl,N2_,N3,N4,N5,A',E,NU,T,KEQNS,MEQNS)-

'. 
ELSE 

RE AD *, (NID(I) ,X{I) , y(I) ,BCX(H,BCY(l) ,XDEF(I):YDEF(I), 
~ 

+ I=l,N) 
RE AD 

+ 
*, (ELID (-1) ,NTYPE (1) ,N1(I) ,N2( 1) • N3 (I) ,N4(!) ,NG (1) ,A( 1) , 
E(1) ,NU(!) , T(I,) ,1"1, NEL) 

"END IF 
IF(INTER .NE. 0) THEN 

READ *, (NELA(!) ,HELB(I). 1 .. 1 ,INTER) 
END IF 
IF(NLOAD .NE. 0) THEN 

REAC *, (NODFORC!) ,FXCI) ,FY(I) , 1-1 ,NLOAD) 
END J,F 
DOF-N*NDOF 
NCOUNT=O\ 
DO 40 Ial,N 

NOORED(NID(I»·NIO(I)-NCOUN~ 
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IF(INTER .NE. 0) THEN 

DO 30 J-l, INTER ~~ 

IF(NID(I) .EQ. N'f)(NELA(J») !HEN 

NODRED(NID(I»-O 

NCOUNT-NCOUNT+l 
END IF 

30 CONTINUE 
END IF 

40 CONTINUE 
REDOF-DOF-NDOF*INTER 

CALL DATA(N ,N~OF ,DOF ,BCX ,BCY ,NEL, NID,X. y ,XDEF, YDEF ,ELID ,NTYPE. Nl, 

+ N2.N3.N4,N6,A.E.NU,T.NODFOR,FX.FY,KEQNS,MEQNS.NLOAD. 
+ INTER.~GAUS1,NGAUS2,TITLE.INCOMP,NCASE) 

NBANDW-O 
"-

DO 900 I-l.MSTIF 

KGLOB~I).O. ODO 
900 CONTINUE , 

" 

DO l006,r-l,NEL ' 

MM-2*NTYPE(I) 
NCOND-l 

IF(NTYPE(I) . EQ. (,6) THEN 
NCOND-O 

DO 1000 J-l,INTER 

IF(ELIl?(I) .EQ. NELA(J» THEN 
ELIDB-NELB(J) 

N11-N1(ELIDB) 

N22-N2 (ELIDB) 
N33-N3 (ELIDB) 

N44-N4 (ELIDB) 

N66-N6 (ELIDB) 

MM-l2 

CALL STIFF(ELID(I) jELIDB,NTYPE(I) ,N1(I) ,'N2(I) ,N3(I), , 
+ N4(I) ,N6(!) ,Nll,N22.N33,N44.N66,KGLOB,KEL, 

+ MEQNS, NEL.MM. NGAUSl • NGAUS2, NODRED • INCO~, 
+ NCASE • NBAND • ~STIF ,REDOF) 

IF(~BAnD .GT. NBANDW) NBAmlW-NBAND 
END IF 

1000 CONTQNUE • 

END IF 
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IF(NCONO .EQ. 1) THEN 

. 
a 

+ 
+ 

CA~L STIFF(ELID(I) ,ELIDB,NTYPE(I) ,N1 (1) ,N2(I) ,N3(!) ,N4(I) ,No(I) 

,N11,N22,N33,N44.N65.KGLOB,KEL,MEQNS.NEL,MM.NGAUS1, 
NGAUS2. NODRED. INCOMP • NCASE. NBAND • MSTIF • REOOF) 

IF(NBANO .GT. NBANDW) NBANDW-NBANO 

END IF 

1006 CONTINUE 
NHALF"INBANOW+ 1 
DO 1020 I=1.REDOF 

ASLOO (I) =0.000 

1020 CONTINUE 
IF(NLOAD .NE. 0) THEN 

DO 1030 1=1.NLOAD 
KK1 a 2*NOORED(NODFOR(I»-1 

'KK2=KK1+1 
ASLOD (KK 1) =FX (I) 

ASLOO (KK2) =FY (1) 

1030 CONTINUE 
END IF 

00 ,1035 I=1,REDOF 
LOAD(I)=ASLOD(I) 

1035 CONTINUE 
DO 1040 I=1,N 

K=NOOREO(NID(I) ) 

IF(K .NE. 0) THEN 

IFPRE(2*K-1)=BCX(NID (1) 

IFPRE (2*K) -BCY(NIIH 1) 
FIXED (2*K-1)"XUEF(Nt'D (1» 

FIXED(2*K) ~YDEF(NID(1) 

END IF 

1040 CONTINUE 
PRINT 1041 

1041 FOB1(ATC'-') 

1 

PRINT 1042, NHALF 

1042 FOB1(AT(' - SEMI BANDWIDTH FOR STRUCTURE MODEL ; '. I6V 
CALL GREOUC(MEQNS.ASLOD,KGLOB,IFPRE.FIXED.NEQNS,MSTIF.REDOF. 

+ NBANDW) 
CALL BAKSUB(MEQNS.ASLOD.KGLOB.IFPRE.FIXED.XOISP.REACT.NEQNS.MSTIF, 

+ REDOF • NBANDW) ( 

, 
" \ 
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CALL DISPL(N,DOF,NID,NODRED,Nl,N2,N3,~4,N6,NELA,NELB,INTER, 
+ XDISP,REACT,MEQNS, NCASE) 

PRINT 1100 
1100 FORMAT ( , 1 .ELEMENT STRESSES') 

DO 1200 I-l,NEL 
IF(NTYPE(I) .EQ 2)THEN 

CALL FORCE(ELID(I),Nl(I),N2(I),X(Nl(I»,Y(Nl(I»,X(N2(l», 
+ Y(N2(I»,A(I) ,E(I) ,MEQNS,XDISP) 

ELSE 
lF(NTYPE(I) .EQ. 3) THEN 

IF(NCASE EQ. 4) THEN 
CALL STRIAX(ELID(l),Nl(I),N2(I),N3(I),X(Nl(l»,Y(Nl(I», 

+ X(N2(I» ,Y(N2(I» ,X(N3 (I», Y(N3(I» ,E(l), 
+ NU(!) ,XDlSP ,MEQNS) 

ELSE ,~ 

CALL STR(ELID(I),Nl(I),N2(I),N3(l),X(Nl(l» ,Y(Nl(l», 
+ X(N2(I», Y(N2(I)-) ,X(N3(!» ,Y(N3(I» ,EH) ,NU(!) , 
+ T(I) ,XDISP ,MEQNS) 

+ 
+ 
+ 

+ 

~ 

END IF 
ELSE 

lF(NTYPE(I) EQ. 4) THEN 
. - X6-0.DO (" 

Y6-0.DO 
. ELSE~ 

X6-X(N6(r» 
Y6-Y(N6(r) ) 

END IF 
IF(NCASE .EQ. 4) THEN 

CALL STRAX(ELID(r) ,Ni ('I) ,N2(I) ,N3(I) ,N4(I) ,N6(!) , 
X(Nl(I»,Y(Nl(I»,X(N2(l»,Y(N2(l»,X(N3(I», 
Y(N3(I»,X(N4(l»,Y(N4(l»,X6,Y6,E(I),NU(l), 

• 
XDlSP,MEQNS,NTYPE(I» 

ELSE 

. ~ + 

CALL STRES(ELID(I),N1(I),N2(I~3(l),N4(I),N6(I), 
X(N1(I),Y(Nl(I»,X(N2(I»,Y(N2(l»),X(N3(I», _ . 
Y(N3(I»,X(N4(l»,Y(N4(I»,X6,Y6,E(I),NU(I), 
T(l),XDISP,MEQNS,NTYPE(l),INCOMP) + 

END IF 
'END IF 

, 
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END IF 
1200 CONTINUE 

PRINT 9000 
9000 FORMAT ( '1') 

STOP 
END 

c . 
SUBROUTINE DATA(N,NDOF,DOF,BCX.BCY,NEL,NID,~,Y,XDEF,YDEF, 

~ + ELID,NTYPE,Nl,N2,N3,N4,N6,A,E,NU,T,NODFOR,FX,FY, 
+ KEQNS,MEQNS,NLOAD;INTER,NGAUS1,NGAUS2,TITLE, 
+ INCOMP,NCASE) 

IMPLICIT REAL*8 (A-H,O-Z) 
DOUBLE PRECISION NU 
DIMENSION BCX(KEQNS) ,BCY(KEQNS) ,NID (KEQNS) ,X(KEQNS) ,Y(KEQNS) 
DIMENSION XDEF(KEQNS) ,YDEF(KEQNS) ,ELID(MEQNS) ,Nl(MEQNS) ,FY(KEQNS ) 
DIM~NSION N2(MEQN~),A(MEQNS);E(MEQNS),NODFOR(KEQNS).FX(KEQNS) 

DIMENSION N3(MEQNS) ,N4(MEQNS) ,N6(MEQNS),NU(MEQNS),T(MEQNS) 
DIMENSION NTYPE(MEQNS) 
CHARACTER*6 TYPE(1000) 
CHARACTER*80 TITLE 
CHARACTER*3 MODES 
INTEGER DOF,BCX;BCY,ELID,INCOMP 
PRINT} 110, TITLE 

100 FORMAT ( '- PLANE STRESS ANALYSIS 
102 FORMAT ( '- PLANE STRAIN ANALYSIS -
105 FORMAT('- AXISYMMETRIC ANALYSIS -

IF(NCASE .EQ. 2) THEN 
PRINT 100 

ELSE 
IF(NCASE .EQ~ 3) *HEN 

PRINT 102 
EL SE . 

IF(NCASE .EQ. 4) THEN. 
PRINT 106 

END IF 
END IF <.----

END IF 
l 110 FORMAT('l',ABO) 
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PRINT 120,N 
120 FORMATC'- NUMBER OF JOINTS' ,T32,':' ,16) 

PRINT 130,NDOF 
130 FORMAT('- NUMBER pF D.O.F. PER JOINT' ,T32, ':' ,~3) 

PRINT 140,DOF 
140 FORMATC'- TOTAL NUMBER OF D.O.F.' ,T32, '.' ,16) 

NRES-O 
DO 160 I-l,N 

NRES-NRES+BCX(I)+BCY(I) 
160 CONTINÙE 

PRINT 170, NRES 
170 FORMAT('- NUMBER OF RESTRA1NED O.O.F.' ,T32,': ',16) 

PRINT 180,OOF-NRES 
180 FORMAT(' - NUMBER OF UNRESTRA1NED 0.0. F. ' , T32, ' : ' ,16)" ( 

NEL1-0 
NEL2-0 
NEL3-P 
NEL4-0 
DO ;é6 I-l,NEL 

IF(NTYPE(I) .EQ. 2) THEN 
NEL1-NEL1+1 
TYPE(I)-' BAR' 

ELSE 
~F(NTYPEJ1) .EQ. 3) THEN 

NEL2-dÉr.2+1 
1F(NCASE .EQ. 4) THEN 

TYPE(1)- 'TRIAX' 
ELSE 

TYPE CI)- 'C ST' 
END IF 

ELSE 
1F(NTYPE(I) .EQ. 4) THEN 

NEL3-NEL3+1 
TYPECI)·' QUAD4' 

ELSE 
NEL4-NEL4+1 
TYPE (I) • ' QUAD6 ' 

END IF 
END IF 
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END IF 
185 CONTINUE 

PRINT 190,NEL1 
190 FORMAT('- -NUMBER OF BAR ELEMENTS' ,T32, '.' ,15) 

PRINT 195, NEL2 
195 FORMAT('- NUMBE~ OF TRIANG ELEMENTS',T32, ': ',16) 

PRINT 196, NEL3 
196 FORMAT('· NUMBER OF QUAD4 ELEMENTS' ,T32,'.' ,16) 

PRINT 197, NEL4 
197 FORMATC'- NUMBER· OF INTERFACE ELEMENTS',T32,':' ,16) 

PRINT 198,NGAUS1,NGAUSt' 
198 FORMAT ( '- QUAD4 INTEGRATION aRDER' ,T32, ' . ' ,12,' BY', 12) 

PRINT 199,NGAUS2,NGAUS2 
199 FORMAT ( '- QUAD6 INTEGRATIONI.ORDER', T32, ' . , ,12,' BY', 12) 

IF(INCOMP .EQ. 1) THEN 
MODES" 'YES' 

ELSE' 

MODES" 'NO' 
END IF 
PRINT 200, MODES 

200 FORMAT ( '- INCOMPATIBLE BENDING MODES', T32,': ',A3) 

PRINT 209 
209 FORMAT('1 NODE COORDINATES') 

PRINT 210 
210 FORMAT ( '- NODE', T16, 'X '-, T26, 'Y' ,T32, 'X-BC' ,T42, 'Y-BC' ,T66, 'X-DEF' , 

+ T66, 'Y-DEF') 
PRINT 220,(NID(I):X(I),Y(I) ,BCX(I) ,BCY(I) ,XDEF(I) ,YDEF(I) ,I-l,N) 

220 FORMAT('-' ,I3,T10,F7.3,T20,F7.3,T32.13,T42.13,T62,F7 l,T62.F7 1) 

PRINT ~30 
230 FORMAT('1 ELEMENT INCIDENCES') 

PRINT 240 
240 FORMAT ( , - ELEMENT'. Tll, , TYPIir!T17 , • NODE-1 ' , T24, 'NODE-2' , T31, 

1". J 
+ 'NODE-3' ,T38, 'NODE-4' ,T46, 'NODE-6' ,T66,' AREA' ,T68, 'E' • 
+ T77. 'NU' ,T87. 'T') .. 

PRINT 260, (ELID(I),TYPE(I),N1(I),N2(I).N3(I).N4(I),N6(I) ,A(I). 
+ E(I).NU(I),T(l) ,l-t.NEL) 

250 FORMAT('-' .T4,l3,T11.A6,T19.13.T26,l3,T33,I3.T40,I3.T47,I3.T63. 
+ E9.2.T63.EI0.3.T76.F6.2,T83.EI0.3) 
PRINT 260 

i .. 
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260 FORMAT ('1 APPLIED LOADS') 

IF(NLOAD .NE. 0) THEN 
PRINT 270 

270 FORMAT ( '- NODE', T13, 'X-FORCE' ,T28 •• Y-FORCE') 
PRINT 280. (NODFOR(I) ,FX(I) .FY(I),I=l,NLOAD) 

280 FORMAT('-' ,I4,Tl1.E10.3,T26,El0.3) 
ELSE 

PRINT 290 

290 FORMAT ( '- NO CONCENTRATED LOADS APPLlED') 
,END IF 
RETImN 
END 

o 

SUBROUTINE STIFF(ELID,ELIDB.NTYPE,Nl.N2,N3,N4,N5.Nll.N22.N33.N44. 
+ N56.KGLOB.KEL,MEQNS.NEL.MM,NGAUS1.NGAUS2,NODRED. 
+ l'NCOMP ,NCASE ,NBAND • MS TIF ,REDOF) 
IMPLICIT REAL*8 (A-H, O-Z) 

DOUBLE PRECISION KPRIM(4,4).KEL(MM,MM) ,NU 

DOUBLE PRECISION KELA(10,10) .KELB(10.10),KELARA(10.12) , 

DOUBLE PRECISION KELBRB(10,12) 'fELH12 .1~) .KEL2(12 ,12) 
DOUBLE PRECISION KGLOB(MSTIF) f 

DIMENSION TR(4.4),B(3.10) 

DIMENSION Q(2 ,12) ,RA(10,12) .RB(10,12) • RAT (12 .10) 
~ DIMENSION RBT(12,10) 

INTEGER Nl,N2,N3,N4,N6,Nll,N22,N33,N44,N55.ELID,ELIDB,NGLOB(12) 
, INTEGER NOD (6) ,NODRED (ME_QNS) • INCOMP, RED OF 

CoMMON/GLOB/X(1000),Y(1000),A(1000),E{1000),NU(1000),T(1000) 
NFUNC(I,J)-(J-I)*(2*REDoF + 1 - J + 1)/2 + l f 
NNTYPE-N'l)'PE 

NDIM-NTYPE*2 
NoD(l)-Nl 

NoD(2)-N2 
NoD(3)-N3 
NOD(4) -N4 

IF(NTYPE .EQ. 2) THEN 

CALL BAR(ELID,Nl,N2,X(Nl).Y(Nl).X(N2),Y(N2).A(ELID),E(ELID). 
+ KEL.TR,KPRIM) 

ELSE 
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If(NTYPE .EQ. 3) THEN 
IF(NCASE .EQ. 4) THEN 
_ CALL·TRIAX{ELID,Nl,N2,N3,X{Nl),Y(Nl).X(N2).Y(N2),X(N3). 

+ Y(N3),E(ELID).NU(ELID),KEL) 1 
ELSE 

CALL CST(ELID,Nl.N2.N3.X(Nl).Y(Nl).X(N2).Y(N2),X(N3) .Y{N3), 
1 

+ E(ELID),Nu(ELID).T(ELID).B,KEL) 
END IF 

ELSE 
IF(NTYPE .EQ. 4) THEN 

IF(NCASE .EQ. 4) THEN 

" 

CALL QUADAX(NGAUS1.ELID.NTYPE.Nl.N2.N3.N4.N6.KEL.NDIM) 
ELSE 

CALL QUAD4(NGAUS1,ELID,NTYPE,Nl,N2,N3.N4.N5.KEL,NDIM. 
+ INCOMP) 

+ 

+ 

+ 

+ 

END IF 
ELSE 

IF(NCASE .EQ. 4) THEN 
'CALL RELAX{ELID,ELIDB.Nl,N2,N3.N4,N5.Nll.N22,N33.N44.N~6, 

~ Q) 

CALL QUADAX(NGAUS2.ELID.NTYPE.Nl.N2.N3.N4.N6,KELA.NDIM) 
CALL ~QUADAX(NGAUS2 :ELIDB. NTYPE .Nll . N22 ,N33. N44 .M55 ,KELB, 

ND lM) 

ELSE 
CALL REL(ELID.ELIDB.Nl,N2.N3.N4.N5.Nll.N2~.N33,N44.N65,Q) 
CALL QUAD4(NGAUS2,ELID,NTYPE.Nl.N2,N3,N4,N6,KELA.NDIM. 

INCOMP) 
CALL QUAD4{NGAUS2.ELIDB.NTYPE.Nll.N22.N33.N44.N66.KELB, 

NDIM.INéOMP) 
END IF 
DO 50 LI=1, 8" 

oa 50 LJ-l.12 
RA(LI".LJ) -0 .DO 
RB(LI.LJ)"'O.DO 

'\ t 

50 CONTINUE 
RA(7.0-1.00 
RA(8.2)"1.00 
RAO.3)-1.00 1 

RA(2.4)-1.00 
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DO 66 LK-3,6 

LM-LK+6 
RA(LK,LM)-1.DO 

66 CONTINUE 
DO 68 KK-3,8 

RB (KK, KK) '"1. DO 

68 CONTiNUE 
RB(1,9)-1.DO 
RB (2 ,10)-1 .DO 
DO 60 K-g:I0 

DO 60 L"t. 12 
MMM-K-8 
RA(K,L)aQ(MMM,L) 
RB(K,L)-Q(MMM,L) 

BO CONTINUE 
DO 80 M-l,10 

-",- DO 80 N-l,12 
RAT(N,M)-RA(M,N) 
RBT(N,~)-RB(M,N) 

80 CONTINUE 
CALL MATMAT(10,lO,12,KELA,RA,K ARA) 
CALL MATMAT(12,10,12,RAT,KELARA,~~1) 
CALL MATMAT(10,lO,12,KELB,RB,KELBRB) 
CALL MATMAT(12 ,10 ,12 ,RBT, KELBRB, KEr.2) 

DO gO Kl-l,12 
DO gO K2-1,12 ~' 

KELCKl.K2) -KEL1(Kl :K2)+KEL2(Kl. K2) 

gO CONTINUE 

END IF 
END IF 

END IF 
IF(NTYPE .EQ. 6) THEN 

NOD(1)-N4 
NOD(2)-N22 
NOD(S) -NS~ 

" NOD(4) -N44 
NOD(6) -N2 
NOD(6)-US 
NNTYPE-6 

j 

/ 
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END IF 
DO 160 I=1,NNTYPE 

J=2*1 - 1 

K=2*I 
NGLOB(J)-2*NODRED(NOD(I»-1 
NGLOB(K)=2*NOORED(NOD(I» 

150 CONTINUE 
NBAND=O 
NNODE:o:MM/2 
00 200 INODE-l.NNODE 

DO 200 IDOFN=1.2 
NROWS-(NODRED{NOD(INODE»-l)*~ + IDOFN 
NROWE~(INODE-l)*2 + IOOFN 
DO 200 JNODE-l.NNODE 

- \) 

DO 200 JDOFN"l,2 
NCOLSa(NODRED(NOD(JNODE»-1)*2 + JDOFN 
NCOLE-(JNODE-l)*2 + JDOFN 
IF{NCOLS .LT. NROWS) GO TO 200 
NDIIFf-N,COLS-N,ROWS / 
IF(NDIFF .Gr. NBAND) NBAND-NDIFF 
NPOS=NFUNè(NROWS,NCOLS) . 
KGLOB(NPOS)=KGLOB(NPOS) + KEL(NROWE,NCOLE) 

200 CÙNTINUE 
RETURN" 
END 

SUBROUTINE BAR (ELID ,Nl,N2 ,Xl. 1-1,X2, Y2,A, E,KEL;TR,KPRIM) 
IMPLICIT REAL*8 (A-H,O-Z) 
INTEGER Nl.N2.ELID,NGLOB(4) \ 

REAL*8 L.L2,COS,SIN,C2,S2,XDIF.YDIF.CS,KEL(4.4),K,LSMALL.TR(4.4) 
REAL*8 KPRIM(4,~) 
XDIF-X2-X,1 
lDIF-Y2-Yl 
L2-XDIF*XDIF + YDIF*YDIF 
L"DSQRT(L2) 
COS=XDIF/L 
SIN=YD1F/L 
C2=COS*COS 

q 

/ 

o ;) 
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C 
~ - C 

o 

~-
S2-SIN*SIN " 
CS-COS*SIN 

K - A*E/L 
KEL(1,1)-C2*K
KEL(1,2)-CS*K 
KEL(1 ,3)--KEL(1, 1) 

KEL(1 ,4)--KEL(1 ,2) 

~EL(2,2).S2*K 
KEL (2,3) --KEL(l ,2) 
KEL(2 ,4)--KEL(2, 2) 
KEL(3 ,3)-KEL(1, 1) 
KEL(3 ,4)-IèEL(1, 2) 

KEL(4,4)-KEL{2,2) 
KEL(2, O-KEL(1. 2) 
KEL(3.0-KEL(1.'3) 

DO 1100 J-l. 4 
DO 1100 1-1.4 

KEL(I ,J)-KEL(J ,1) 
1100 CONTINUE 

DO 1200 1-1,4 
DO 1200, J-1.4 

TR (1 , J J-O-.~O 

KPRIM( 1. J)-O. 0 
1200 ÇONTINUE 

TR(1,1)-COs 

TR(1,2)-SIN 
TR(2,O--SIN 
TR(2,2)-COS 

TR ( 3 , 3) -COS 

TR(4.3)--SIN 

TR(4.4)-COS 
KPRIM(l.n-K 
KPRIM(1.3)~-K 

KPRIM(3.t>--K 
~PRIM(3.3)-K 
RErtntN -~ 

END 

, 
• 

ç; 

1 

, 

" 

( h 

i 

" -1 1 

1 

} 
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~ROUTINE CST(ELID, Nl,~Z, N3 ,Xl, Yl, X2, Y2, X3, Y3 ,E, NU, T ,B, KEL) 
IMPL1CIT REAL*8 (A - H, Q-Z) 
INTÈGER ELID-

REAL*~ Xl, Y1,X2, Y2, X3, Y3,NU, T ,EM(3, 3) ,B(3, 6) ,IŒL(6 ,"6) 

REAL*8 BT-(6, 3),BTE(6, 3) ,K1(6 ,6) ,A 

BS1,1)"'Y2-Y3 
B(1,2)=0.0 
B(l,3)"'Y3-Yl 
B(1,4)=0.0 
B(l,6)=YI-Y2 

B(1-,6)"0.0 
B (2 , 1) =6 .0 

B(2,2)=X3-X2 
B(2,3)=0.0· 
B(2, 4) ';XI-X3 
B(2,5)mO.0 
B(2,6)-X2-X1 
B(3,l)=B(2,2) 
B(3,2)=B(l,l) 
B(3,3)"B(2,4) 
B(3,4)"B(l,3) 
B(3, 5)"'B(2, 6) 
B(3,6)=B(l,5) 

A=(X2*Y~-Y2*X3-Xl*Y3+Y1*X3+Xl*Y2-Yl*X2)/2. 
DOo 20- r"1,3 

DO 20 J~1 ,6 

BCI, J) ""B(l ,J) / (2. *A) 
j. 20 CONTINUE • 

DO 60 1=1,6 
DO 60 J-l, 3 

BT(I, J) -B(J, 1) 
60 CONTINUE 

, CALt. YOUNG(EM,E,NU,~!O) 

CALL MATMAT(6,3,3',BT ,EM,BTE)' 

CALL MATMAT(6.3,6,BTE,B,Kl) 
DO 100 1·1,6 

DO 100 J a 1.6 

KEL(I,J)·K1(1,J)*T*A 
100 CONTINUE 

" 
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RETURN 
END 

. \ 

.. 

. " 

. 
SUBRnUTINE QUAD4(NGAUSS,NELEM,NORDER,N1,N2,N3,N4,N6,STIfEL,NDIM, 

+ . INCOMP) , 
IMPLICIT REAL*8 (A-H,O-Z) (:, 
DOUBLE PRECISION JACOB,NU"KEL(14,14) 
DIMENSION XX(6), YY(6}', PLACE(3, 3) ,WGT(3 ,3)" B (3,14) ,BT~(14, 3) 
DIMENSION EM(3,3),STIFEL(NDIM,NDIM) . 
COMMON/Q4/EN(6),JACOB(2,2) 
COMMON!GLOB!X (1000) ,Y(1000) ,A (1000) • E(1000) ,NU(1000) ,T(1000) . 
DATA PLACE(1, 1) ,PLACE(2, 1) ,PLACE(2, 3) ,PLACÈ(3, 1),PLA'CJi;(3, 2) / 

+ 6'*0.000000,OOOOOOOOODO/ 
DATA PLACE(1,2)/-0.677350269189626DO/ ~ 

DATA PLACE(2,2)! 0.677350269189626DO/ 
DATA PLACE(1,3)/-0.774596669241483DO! 
DATA PLACE(3,3)! O.774696669241483DO/ . 
DATA WGT(1,1)!2.00000000qOOOOOODO/,WGT(2,3)/O,88888888888888ODO/ 
DATA WGT(1 ,2), WOT(2', 2)!2*1. OOOOOOOOOOOOOOODO/ 

. DATA WGT(2,1),WGT(3,1),WGT(3,2)/8*O.000000000OOOOQOnQ! 
" ~ - 0 

DATA WGT(1,3),WGT(3,3)!2*O.66666666666i666DO/ 
CALL YOUNG(EM,E(NELEM),NU(NELEM) ,3,0) 
MORDER-2*NORDER 

r 
1 

NSIZE ·-NDIM + 2*INCOMP 
XX(1)-X(Nl) 
XX (2)-X (N2) 
~X(3)·X(N3) . 
XX(4).X(N4) 
·YY(1)·Y(Nl) 
YY(2)-Y(N2) 
Y"( on·y (N3) 
YY(4)-Y(N4) 
IF (NORDER . NE . 

XX(6)-X(N6) 
YY(6)-Y(N6) 

END IF . 

4) THEN 

00 40 K-'t ,NSIZE 
DO, 40 L-j(,NSIZE 

. ' 

• 

.. ', 
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KEL(K, s:-o .DO 
40 CONTINUE 

DO 180 NA=l. NGA SS. 
XI=PLACE(NA,NGAUSS) 
DO 160 NB=l,NGAUSS 

ET-PLACE(NB,NGAQSS) 

t, 

CALL SHAPEF(X~,ET,XX,YY,DETJAC,B,NORDER,INCOMP) 
DV=WGT(NA,NGAUSS)*WGT(NB,NGAUSS)*T(NELEM)*DETJAC 
KOlIDER ". NSIZE/2 • 
Dj}-80 J=l,KORDER 
\ L=2*J 

K-L-1 
DO 60 N"'l,3 

) 

-' 

BTE(K,N)-B(l,K)*EM(1,N) + B(3,K)*Df(3,N) 
BTE(L,U)-B(2,L)*EM(2,N) + B(3,L)*EM(3,N) 

,60 CONTINUE 
80 CONTINUE ' 

100 

120 
140 

, DO 140 NROWa l,NSIZE 
< DO 120 NCat:-NROW 1 NSIZE 

DUM=O.DO 
DO 100 J"1,3 

DUMmDUM + BTE(NROW,J)*B(J,NCOL) 
CONTINUE 
KEL(NROW,NCO~)=KEL(NROW,NCOL) + DUM*DV 

CONTINUE 
CONTINUE' 

CONTINUE 
.4 

180 CONTINUE 

200 

, . 

DO 200 K-l,NSIZE 
'DO 200 L-K,NSIZE 

KEL(L,K)-KEL(K,L) 
CONTINUE 
IF(INCOMP .EQ. 1) THEN 

DO 340 K-l,4 

LL - NSIZE - K· " 
KK';LL+l· n 

DO 320 L-l, LL 
IF (KEL(I(K,L) .EQ. O.) GO !0320 

DUM - KEL(KK,L)/KEL(KK,KK) '''''i, 
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C 

C 

DO 300 M-1.L 

300 
KEL(L,M) a KEL(L,M) - KEL(KK,M)*DUM 

CONtINUE 
320 CONTINUE 
340 CONTINUE 

LL-NSIZE-4 
DO 360 K"1,LL 

DO 36OfL-1, K 
KEL(L,K) = KEL(K,L) 

360 CONTINUE 
END IF 
DO ,.400 1 - 1. MORD ER 

Qg 400 J - 1,MORDER 
STIFEL(I,J)-KEL(I,J) 

400 CONTINUE 
RETURN ~ 
END 

J 
SUBROU~lNE SHAPEF(XI.ET,XX,YY.DETJAC,B,NORDER.INCOMP) 
IMPLICIT REAL*8 (A-H.O-Z) ~ 
DOUBLE PRECISION JACOB,NU 
DIMENSION RXI(6) ,RET(6) ,RK(6) ,RL(6) 

o 

DIMENSION XX(6),YY(6).B(3:14),EM(3,3),ENXI(7),ENET(7) 
COMMON/Q4/EN(6),JACOB(2,2) ~ 

COMMON/GLOB/X(1000),Y(1000) ,A(1000) ,E(1000) ,NU(1000),T(10 00) 
DA TA RX 1 / - 1. ,1. ,1. ,-1. , 1. / ,RET / - 1. • -1. , 1. , 1. , 1. / 
DATA RK/1. ,1. ,1. ,1. ,0./ 
RL (1)-1. 

RL(2)-1. 
RL(3)-0. ->"' 

RL(4).0. 
RL(6)--2. 
IF(NORDER .EQ. 4) THEN 

RL(1)·O. 

RL(2)-0. 
END IF 
DO 20 L-1, NORDER ---. 

Fl-(1. + RXI(L)*XI) 

" . 

'. , 

" 
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F2- (1,. + RET (L) *ET) 
F3=C1. - XI*XI) 

1 

F4=(1 - ET) 
Eli(L)-RK(L)*F1*F2/4. - RL(L)*F3*F4/4. 
ENXI(L)aRK(L)*RXI(L)*F2/4. + RL(L)*XI*F4/2. 
ENET(L)=RK(L)*RET(L)*F1/4. + RC(L)*F3/4. 

20 CONTINUE J 

MORnER • NORDER 
IF(INCOMP .EQ. 1) THEM 

LMIN • NORDER-+ ..1 
LMAX • NORDER + 2 
ENXI(LMIN) • -2.DO*XI 
ENET(LM1N) • O.DO 
ENXI(LMAX) ,. O.DO 

,ENET(LMAX) .. -2.DO*ET 
MORDER • LMAX 

END. IF 
NSIZE .. 2*MORDER 
DO 40 1=1,3 

DO 40 J-l,NSIZE 
B(1,J)=O.DO 

40 CONTINUE 
JACOB(1,1)=0 .DO 
JACOB 0,2) -O. DO 
JACOB(2,1)=0. DO 
~jACOB(2,2)·0.DO 

DO 60 La1,NORDER 

c 

JACOB(1,l)-JACOB(l,1)+ENXI(L)*XX(L~ 

JACOB(1,2)-JACOB(l,2)+ENXI(L)*YY(L) 
JACOB(2,l)-JACOB(2,1)+ENET(L)*XX(L) 
JACOB(2,2)-JACOB(2,2)+ENET(L)*YY(L) 

60 CONTINUE ~ 

DETJAC-JACOB(l,1)*JACOB(2,2)-JACOB(l,2)*JkCOB(2,1) 
F6-JACOB(l,l)/DETJAC 
JACOB(l,l)-JACOB(2.2)/DETJAC 
JACOB Cl,2)--JACOB(1,. 2) /DETJAC 
JACOB(2,1)--JACOB(2.1)/DETJAC 
JACOB"C2,2)-F6 
DO 80 .J"l,MORDER 
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c 

L-2*J/ 
K-L-l 
B(l,K)-JACOB(l,l)*ENXI(J) 
B(2,L)-JACOB(2,l)*ENXI(J) 
Bq ,K)-B(2 ,L) 
B.(3, L) -B (1, K) 

80 CONTINUE 
- RETURN

END 

\ 
+ JACOB<l,~)*ENET(J) 
+ JACOB(2,2)*ENET(J) • 

SUBROUTINE REL(NELEM1,NELEM2,Nl,N2,N3,N4,N6,Nll,N22,N3~,N44,N65,Q) 
IMPLICIT REAL*8 (A-H.O-Z) 
DOUBLE PRECISION NUA,NUB,NU 
DIMENSION XA(6),YA(6) ,XB(5),YB(6),TRAN1(2,3) ,BA(3,14),BB(3,14) 
DIMENSION EA(3,3),EB(3,3),PROD1(3,10),TRAN2(2,3),QA(2,10),QB(2,10) 

o 
DIMENSION Ql(2,2),Q2(2,12),Q(2,12),XX1(5),XX2(6),YY1(5),YYZ(6) 
COMMON/GLOB/X(1000) ,Y(1-oo0) ,A (1000) ,E(1000) ,NUOOOO) ,T(1000) 
PI-DACOS(-l.DO) 
OETJAC-O.DO , . 
XX1(1)-X(Nl) 
XX1(2) -x (N2) 
XXl (3) -X'(N3) 
XX1,(4) -X(N4) 
XX1(6)-X(N6) 
YY1(1)-Y(NO 
YY1(2)-Y(N2) 
YY1(3) -y (N3) 
YYJ(4)-Y(N4) 
YYl (6) -y (N6) 
XX:Z (1) -X (N11) 
XX:Z(2)-X(N22) 
XX2(3)-X(N33) 
XX2(4)-X(N44) 
XX2(6)-X(N66) 

- YY2(1)-Y(N11) 
YY~(2)-Y(N22) 

YY2(3)-Y(N33) 
YY2(4)-Y(N44) 
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c 
C 

YY2(5)=Y(N55) , 
CALL TRANSF(NELEM1.XX1(1).XX1(2).YY1(l).YY1(2).TRAN1.2,3) 
CALL TRA~SF(NELEM2.XX2(1).XX2(2),YY2(1) ,YY2(2).TRAN2.2.3) 
XI=O.DO 
ET"-l DO 
CALL SHAPEF(XI.ET.XX1.YY1.DETJAC.BA.5.0) 
CALL YOUNG(EA.E(NELEM1),NU(NELEM1),3,O) 
CALL SHAPEF(XI.ET,XX2.YY2.DETJAC.BB.5.0) 
CALL YOUNG(EB.E(NELEM2).NU(NELEM2).3.0) 
CALL MATMAT(3.3.10.EA.BA.PROD1) 
CALL MATMAT(2.3.10.TRAN1.PROD1.QA) .f 
CALL MATMAT(3.3,10.EB,BB,PROD1) 
CALL MATMAT(2,3,10.TRAN2,PROD1.QB) 
Fl=(QB(1.9)-QA(l,9»*~QB(2.10)-QA(2,10» 

F2=(QB(1.10)-QA(1.10»*(QB(2,9)-QA(2,9» 
DETQlIl(Fl-F2) 
Ql(1.1)s(QB(2.10)-~A(2~10»/DETQ 
Q1(l. 2) --(QB(l ,10) -QA(t ,10» IDETQ 
Ql(2.1)·~(QB(2.9)-QA(2,9»/DETQ 

Ql(2,2)-(QB(1.9)-QA(1.9»/DETQ 
DO 80 L"l,2 

Q2(L.OaQA(L.7) 
Q2(L,2)"QA(L,8) 
Q2(L.3)-QA(L.l)-QB(L.3) 
Q2(L.4)"QA(L,2)-QB(L.4) 
Q2(L,5)--QB(L,5) 

.Q2(L.6)--QB(L,6) 
Q2(L,7)--QB(L.7) 
Q2(L. 8)--QB (L,8) 
Q2(L,9)-QA(L,3)-QBjt,i) 
Q2(L.l0)-QA(L.4)-QB(L.2) 
ij2(L.l1)mQA(L,5) 
Q2(L,12)-QA(L,6) 

80 CONTINUE 
CALL MATMAT(2.2,12,Ql.Q2.Q) 
RETURN J -', 

END 
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SUBROUTlNE YOUNG(EM,E,NU,NDIM,NPLANE) 
REAL*8 E,NU,EM(NDIM,NDIM),COEF1,COEF2 
DO 20 r-1, NDIM 

DO 20 J~l,NDIM 
EM(I, J)-O. DO 

20 CONTINUE 
IF(NDI~ .EQ. 3) THEN 

IF(NPLANE .E~ 0) THEN 
COEF1-E/(1.DO-WU*NU) 
EM(t ,1) "COEF1 
EM(l,2)-COEF1*NU 
EM(2,1)-EM(t ,2) 
EM(2,2)-COEF1 
EM(3,3)-COEF1*(1.DO-NU)/2.DO 

ELSE 
COEF2mE/«1.DO+~U)*(1.DO-2~DO*NU» 
EM(l,l)-COEF2*(1.DO-NU) 
EM(l,2)-COEF2*NU 
EM(2,1)-EM(l,2) ( 
EM(2,2)-EM(l,l) 
EM(3, 3) -COEF2* 0 . DO-2 .. DO*NU) /2. DO 

END IF 
ELSE 

COEF2-E/ «(t . DO+NU) * Cid. DO-2. DO*NU» 
EM(l,l)-COEF2*(1.DO-NU) 
EM(l,2)-COEF2*NU 
EM(t,3)-EM(l,2) \0 

EM(2,1)-EM(l,2) 
EM(2,2)-EM(l,1) 
EM(2,3)-EM(l,2) 
EM(3,O-EM(l,2) 
EM(3,2)-EM(l,2) 
EM(3,3)-EM(t ,1) 

"-

EM(4,4)-COEF2*(1.DO-2.DO*NU)!2.DO 
IF(NDIM .EQ. 6) THEN 

EM(6,6)-EM(1.1) 
EM(6, 6) -EMCl,1) 

END IF 
END IF 
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e 
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RETURN 
END 

SUBROUTlNE MATVEC(N,M,A,Z,V,NEQNS,MEQNS) 
DlMENSI9N A(NEQNS,MEQNS),Z(MEQNS) 
REAL*8 SUM,A,V(N),Z 
DO 40 r-l,N 

SOM"O.O 
DO 20 J-l,M 

SUM=SOM+A(I,J)*Z(J) 
20 CONTINUE 

V(I)=SUM 
40 CONTINUE 

RETURN 
END 

SUBROUTINE DOT(N,!, ,PROOUe,MEQNS) 
QlMENSION A (MEQNS), (MEQNSJ 
REAL*8 A ,'B , PROOUe, _ 
SUM"O:O 
DO 20 I-l,N 

SOM-SOM + A(I)*B(I) 
20 CONTINUE 

PRODUC=SUM 
RETURN 
END 

SUBROUTlNE MATMAT(M,N,K.A,B,C) 
INTEGER ,M,N ,K,-R,S, l 
DOUBLE PREC<ISION ! (1-\. N) ,B (N, K) ,C (M, K) ,SOM 
R-1 
DO 80 WHILE (R .LE. M) ~ 

S-l ' ~ 
DO 60 WHILE(S .LE. K) 

SUN-O. 0 
1-1 
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C 

C 

40 

DO 40 WHILE(I ,LE. N) 
SUM-SUM+A(R,I)*B(I,S) 
I-I+1 

CONTINUE 
C(R,S)-SUM 
S-S+1'''' 

60 CONTINUE 
R-R+1 

80 CONTINUE 
RETtmN 
END 

\ 

\ 

\ 
\ 
fi 

SUBROUTINE GREDUC(MEQNS,ASL6D,~TIF,IFPRE,FIXED,NEQNS,MSTIF, 
+ REDOF,NBAND) 

IMPLICIT REAL*8 (A-H,O-Z) 
DIMENSION ASLOD(2000),ASTIF(MSTIF),FIXED(2000) 
DIMENSION IFPRE(2000) 
INTEGER. IEQNS,IEQN1,ICOLS,REDOF 
REAL*8 PIVOT.FACTOR 
NFUNC(I,J)-(J-I)*(2*REDOF + 1 - J + 1I)/2 + l . 
lŒQNS-REDOF () 
DO 60 IEQNS-l,NEQNS 

NLOCA-IEQNS+NBAND 
IF(NLOCA .GT. NEQNS) NLOCA-NEQNS 

-IF (IFPRE (IEQNS) . EQ . 1) THEN 
DO 40 IROWS-IEQNS,NLOCA 

NPOS-NFUNC(IEQNS,IROWS) 
ASLOD(IRdwS)-ASLOD(IROWS)-ASTIF(NPOS)*FIXED(ŒQNS) 

40 CONTINUE 

100 

NPOSS-NFUNC(IEQNS,IEQNS) 
ASTIF(NPOS~)-O.DO 

GO TO 60 
END IF 

, QI 

NPOS-NFUNC(IEQNS,IEQNS) 
PIVOr-ASTIF(NPOS) 
IF(DABS(PIVOT) .LE.,O.lE-8)THEN 

PRINT 100, I~~ . , 
FORMAT('l' ,6X, INCORRECT PIVOT' ,6X, 'EQUATION HUMBER ',16) 
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o 

STOP 
END IF 
IF(IEQNS .~Q. NEQNS)THEN 

GO TO 60 
END IF" 
IEQNI-IEQNS-+l 
DO ~O IROWS = IEQN1.NLOCA 

NPOS-NFUNC(IEQNS.IROWS) 
FACTR=ASTIF(NPOS)/PIVOT 
IF(FACTR .EQ. 0.0) GO TO 20 
00'10 ICOLS-IEQN1.NLOCA 

l 

IF(IROWS .GT. ICOLS) GO TO 10 
NPOS2-NFUNC(IROWS.ICOLS) . 
NPOS3~NFUNC(IEQNS.ICOLS) 

ASTIF(NPOS2)-ASTIF(NPOS2)-FACTR*ASTIF(NPOS3) 
lb CONTINUE 

ASLOD(IROWS}.ASLOD(IROWS)-FACTR*A~LOD(IEQNS) 

20 CONTINUE " 
50 CONTINUE 

RETURN 
END 

, 

o 

SUBROUTlNE BAKSÙB(MEQNS.ASLOD.ASTIF.IFPRE.FIXED.XDISP.REACT. 
-+ NEQNS.MSTIF.REDOF.NBAND) 

IMPLICIT REAL*8 (A-H.O-Z) 
DIMENSION ASLOD(2000).ASTIF(MSTI~).IFPRE(2000) 

". DIMENSION FIXED(2000)'. XDISP(2000) .REACT(2000) 
INTEGER NEQN1.NBACK.NBAC1.REDOF 

..J REAL*8 PIVOT • RES ID 
NFUNC(~,J)·(J-I)*(2*REDOF -+ 
NEQNS=REDOF 
DO 6 IEQNSal.NEQNS 

REACT(IEQNS)=O.O 
6 CONTINUE 

NEQNI-NEQNS-+l 
DO 30 IEQNS-l.NEQNS 

NBACK-NEQNI-IEQNS 
NROS-NFUNC (NBACK "NBACK) 

~ 

1 - J + 1)/2 -+ I 
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C 
C 

10 
20 

PIVOT-ASTIF(NPOS) 
RESID-ASLOD(NBACK) 
IF(NBACK .EQ. NEQNS)GO TO 20 
NBACI-NBACK+l ' 
NLOCA-NBACK+NBAND 
IF(NLOCA .GT. NEQNS) NLOCA=NEQNS 
DO 10 I~OLS-NBAC1,NLOCA 

NPOS2-NFUNC(NBACK,ICOLS) 
RESIO-RESID-ASTIF(NPOS2)*XDISP(ICOLS) 

CONTINUE 
IF (IFPRE(NBACK) EQ. 0) THEN 

XDISP(NBACK)-RESID/PIVOT 
EL SE 

XDISP(NBACK)-FIXED(NBACK) 
REACT(NBACK)--RESID ~ 

END IF 
30 CONTINUE 

RETURN 
END 

SUBROUTINE DISPL(N,DOF,NID,NPDRED,Nl,N2,N3,N4,N6,NELA,NELB,INTER, 
+ XDISP,REACT,MEQNS,NCASE) ~, 

IMPLICIT REAL*B (A-H,O-Z) 
INTEGER N,DOF,NID(MEQNS) ,NODRED(MEQNS),Nl(MEQNS) ,N2(MEQNS) 
INTEGER N3(MEQNS),N4(MEQNS),N6(~QNS),NELA(MEQNS),NELB(MEQNS) 
INTEGER INTER,ELID,ELIDB,NOD1,NOD2,NOD3,NOD4,NOD6 
!NTEGER NODll,NOD22,NOD33,NOD44,NOD55,NN(6) 
DOUBLE PRECISION NU 
DIMENSION XDISP(2000),REACT(2000),Q(2,12),XR(12),XX(2) 
DIMENSION XRDISP(2000),RREACT(2000) 
COMMON/GLOB/X(1000) ,Y(1000) ,A(1000);E(1000) ,NU(1000) ,T(10 00) 
IF(INTER .NE. 0) THEN 

DO 60 I-l,INTER 
ELID-NELA(I) 

o ELIDB-NELB (1) 

NOD1-Nl (ELID) 
NOD2-N2'(ELID) 
NOQ3-N3(ELID) 
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40 

60 

\ 

s 

+ 

NOD4"'~4 (ELID) 
NOD5=N5 (ELID) 
NODll=N1(ELIDB) 
NOD22=N2 (EL IDB) 
NOD33-N3 (ELIDB) 
NOD44=N4 (ELIDB) 

~ 

NOD56=N6 (ELIDB) 
IF(NCASÉ .EQ. 4) THEN -

) 

'. 
CALL RELAX(ELID.ELIDB.NOD1.NOD2.NOD3.NOD4.NOD6.NODll.NOD22 

Q ~NOD33.NOD44.NOD55.Q) 

ELSE 
CALL REL(ELID,ELIDB,NOD1.NOD2,NOD3,NOD4,NOD6,NODll,NOD22 

+ ,NOD33.NOD44.NOD66.Q) 
END IF 
NN(1)'iNOD4 

, NN(2)"NOD22 
NN(3)-NOD33 

" NN(4)=NOD44 
NN(6)-NOD2 
NN(6)-NOD3 
DO 40.L-1,6 

LK-2*L-l 
LL-2*L . 
XR(LK)-XDISP{2*NODRED{NN(L»-1) 
XR (LL) =XDISP (2*NODRED (NN (L») ,,., 

CONTINUE 
CALL MATVEC(2,12,Q,XR~XX.2.l2) 
XRDlSP(2*N6(ELID)-1)-XX(1) 
XRDlSP(2*N6(ELID»-XX(2) 

CONTINUE 
DO 80 lal.N 

lF(NODRED(NID(l» .NE. 0) THEN 
XRDISP(2*NID(I)-1)mXDISP(2*NODRED(NID(I»-l) 
XRDISP(2*NID(I»-XDISP(2*NODRED(NID(I») 
RREACT(2*NID(I)-1)-REACT(2*NODRED(NID(I»-1) 
RREACT(2*NID(I»-REACT{~*NODRED(NID(I») 

ELSE ' 
RREACT(2*NID(I)-1)-0. 
RREACT(2*NID(I»-O. 
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.' 

c. 

END IF 
80 CONTINUE 

1 

DO 100 ~-l,DOF 
XDISP(I)-XRDISP(I) 

100 CONTINUE 
ELSE 

DO 200 I-l,DOF 
RREAC'f (1) -REACT (1), 

200 CONTINUE 
END IF ~ 

PRINT 160 
160 FORMAT ( , 1 REACTIO~S ANIr'DISPLACtMENT-S AT NODES') 

PRINT 160 . , 
160 FORMAT ( , - NODE', T8, , X-REACTION' , T22. ' Y-REACTION' , T50, ' X-DISPL' i 

+ T62", , Y-DISPL') 
c' 

PRINT 170,(K,RREACT(2*K-l),RREACT(2*K),XDISP(2*K-l) ,XDISP(2*K) , 
+ K-1,N) 

110 FORMAT('-' ,13,T8,E10.3,122,E10.3,T49,E10.3,T61,E10.3) 
RETURN ' <.., 

END 
. .. 

SUBROU~INE FORCE(EL1D,Nl,N2,Xl,Y1,X2,Y2,A,E,MEQNS,XDISP) 
IMPLICIT REAL*B' (A-H,O-Z) . 
DIMENSION XDISP(2000) 
INTEGER ELID ./ . 
REAL*B DELTA(4) ,XDIF. YDIF .L,-C,S.K,'TR(4,4) . KPRIM(4 ,4) ,UPRIM(4) • 
REAL*B FPRIM(4),KEL(4,4) 
CALL BAR(ELID,Nl,N2,Xl,Yl.X2,Y2,A,E,KEL,TR,~PRIM) 
DELTA~1)-XD1SP(2*Nl-1) 

DELTA(2)-XDISP(2*N1) 
DELTA(3)-XD1SP(2*N2-1) 
DELTA(4)-XDISP(2*N2) 
PRIN!' 60, ELlO, N1,N2 

50 FORMAT(',· ELEMENT NO. ' ,13,21, 'BAR',' 
DX-X2-X1 
DY-Y2-Yl 

~ J 

RL-DSQRT(DX*DX + DY*DY). 
COSB-DX/RL 
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SlNB=DY/RL 
EL=(DÉLTA~-DELTA(l»*COSB + (DELTA(4)-DELTA(2»*SINB 
FL= (EL/RL) *E*A 
PRINT 200,RL ~ 

200 FORMATC'- MEMBER LENGTH ',T22,': ',EI0.3) 
PRINT 220, EL 0 

220 FORMAT ( '- MEMB~R ELONGATION ',T22,': ',Ela. 3) 
PRINT 240,FL JO 

240 FORMAT('- MEMBER FORCE' ,T22,': ',Ela 3) 
RETURN ~ 

END 

SUBROUTINE STR (ELID . Nl ,N2 ,N3 ,Xl. Y1 • X2, Y2, X3 ~ Y3 ,E, NU ,.T, xn lSP ,MEQNS) 
JMPLICIT REAL*8 (A-H.a-Z) 
DIMENSION XDISP(2000) 
INTEGER ELID 
REAL*8 KEL(6,6) ,U(6) ,D1(6) .ENERGY,S,rRESS(3) ,STRAIN(3) ,B.(3,6) 
REAL*8 EM(3,3),SMAX,SMIN,Sl~S2,S3,S4,ANGLE.NU,XDlsP 
REAL*~ El,E2.E3,EMAX~EMIN,PI 

PI=DAcaSC-l.ODO) 
'(1; 

CALL YOUNG(EM,E,NU,3,O) 
CALL CST(ELID,Nl.N2,N3,Xl,Yl,X2.Y2.X3.Y3,E,NU,T,B,KEL) 
U(1)=XDISP(2*Nl-1) .. 
U(2)=XDISP(2*Nl) 
U(3)=XDISP(2*N2-1) 

. U(4)=XDISP(2*N2) 
U(6)-XDISP(2*N3-1) 

'U(6)"XDISP(2*N3) " 
CALL MATVEC(3.6.B,U,STRAIN,3,6} 
CALL MATVEC(3.3.EM,STRAIN.STRESS,3.3) 
Sl·(STRESS(l~+SlRESS(2»/2 . • 
El·(STRAIN(1)+S~AIN(2»/2. 

S2.(STRES~(1)-STRESS(2»/2. 
E2-(STRAIN(1)-STRA1N(2»/2. 
S3-DSQRT(S2*S2 + STRESS(3)*STRESS(3» 
E3-DSQRT(E2*E2 + STRAIN(3)*STRAIN(3» 
SMAX-Sl+S3 
EMAX-El+E3 ~ 

k 0 
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SMIN"Sl-S3 
Er.fnl-E1- E3 
IE(S2 .EQ. 0.0) THEN 

ANGLE-PI/2. 
ÈLSE \ ' 

ANGLE~(DATAN(STRESS(3)/S2»/2. 
END ~F" 
CAt.L '!-fATVEC(6,6,KEL,U,D1 ,6,6) 
ENERGY-O.O 
DO 20.1-1,6_ 

.' 
, , ENERGY - ENERGY+D1(I)*U(I) 
20 CONTINUE 

ENERGY-ENERGY /2. . 
; -PRIN'!' 60, ELID 

,.J') J . ' ( , 

. 60, FORMAT ( , -. ELEMENT NO. ;',13,' C. S. T. '), 
PRINT 60, STRESS (1) ,STRAIN(1) 

. 60 FORMAT-('- S'l',TI0,':',EI0.3,T30,'E l',T37,':',EI0.3) 
'PRniT'70,STIŒSS(2).STRA:j:N(2) , ~ 

70 FORMAT('- S 2',TI0,':', ... EI0.3,T30,'E 2',T37,';',EI0.3) 
. PRINT eO,STRESS(3) ,STRAIN(3) 

80' FORMAT ( , - T XY l , T10, , : ~ , E 10.3 , T30, , E XY' , T3'7 , , : ' , EI0. 3) 
PRINT 90, SM4,x, EMAX 

'gO E:0RMAT('- S ~AX'.TI01':',El0.3,T30,'EMAX'.T37,';',E10.3) 
• PRINT 100, SMIN ,EMIN 

• , Jl t 

- rl00,FORMAT('- S MIN'. 110,';' ,'E10.S,T30,'E MIN' ,T37,':' ,EI0.3) 
~ , 

PRI.NT 110, ANGLE, ENERGY 
J, • 

C 

C ' 

110 FORMA.'I'('- ANGLE',l'10,':',EI0.3,T30','STRAIN ENERGY ',' . ',ElO.3) 
RETURN 
END ~ t-. 

SUBRbUTrNE ,STRES(ELin ,N1, N2 ,N3, N4, N5 ,Xl, Yl ,X2, Y2, X3, Y3, X4, Y4 ,X5, 
+ Y5, K, NU , T , XDISP , MEQNS, NTYPE: INCOMP) 

IMPLrC.IT REAL~8 (A-H,O-Z) . 
INTEGER ELID . . 

l' DOUBLE PRECISIOW NU _ 

DIMENSION XDISP<~OOO),XI(6),ET(6),EM(3,3),NOD(6) ,XX(6),YY(6) 
DIMENSION 'XLOC(1O) ,B(3,14) • PROD(3, 10) ,S(3) , TRAN(3, 3) ,SLOC(3) 
CHARACTER*6 TYP& 

" . 

• -<. 

. 
, t 

'",_ , 
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" . 

DATA XII -1 ,1:,1., -1. ,O. ,0./ 
ET(1)"-l. 
ET(2)--1. 
ET(3)=1. 
ET(4)1I1. : 

• ET(5)-"-1. 
ET(6)=O. 

IF(NTYPE .EQ. 4) THEN. 
ET(6)=0. 
TYPE"'QUAD4' 

ELSE 
TYPE- ' QUAD5 " 

END IF 
PRINT 20, ELID • TYPE 

20 FORMAT ( • - ELEMENT NO. :',13 ,2X.A6) 
MSIZE=2*NTYPE 
NSIZE=NTYPE+1 
CALL YOUNGCEM.E,NU,3,0) 
NOD(1)=N1 
NOD(2)=N2 

NOD(3)"N3 
NOD(4)-N4 
NOD(5)=N6 
NOD(6)=O 
XX(1)=X1 
XX(2)~X2 

XX(3)-X3 
XX(4)-X4 
XX(6)-X6 
YY(1)-Y1 
YY(2)-Y2 
YY(3)·Y3 
YY(4)-Y4 

YY(6)-Y6 

DO 40 I-l.NTYPE 
XLOè(2*I -1)-XOISP(2*NOD (1) -1) 

XLOC(2*I)-XDISP(2*NOD(I» 
40 CONTINUE 

PRINT 50 
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.' 

fi 

" " 

c 

C 

'c 

" 

60 FORMAT('-' ,T2, 'NODE' ,T12, 'S 11' ,T24, 'S 22' ,r36, 'T XY' ,T48, 'S MAX', 
+ T60, 'S MIN' ... T72, ' ANGLE ') 

DO 80 I-l,NSIZE . 
J CALL SHAPEF(XI(I),ET(I) ,XX,YY:DETJAC,B,NTYPE,INCOMP) 

CALL MATMAT(3,3,MSIZE,EM,B,PROD) 
CALL MATVEC(3,MSIZE,PROD,XLOC,S,3,MSIZE) 
IF(NTYPE .EQ. 6) THEN 

IF(I .EQ. 6) THEN 
CALL. TRANSF (ELID ,Xl, X?, Yi, Y2, TRAN, 3,3) , 
CALL MA TVEC (3 , 3 , TRAN , S , SLpC , 3 , 3) 
S (!) -SLOC(!) 
S(2)-SLOC(2) 
S(:U-SLOC(3) 

END ?F 
END -IF 
CALL PRIN~(NOD(I) ,S) 

80 CONTINUE 
PRINT 100 

100 FORMAT ( , - ' ) 
RETURN 
END 

SUBROUTINE PRINC(NODE,S' 
IMPLICIT RElL*8 (A·-H,O-Z) 
INTEGER NODE c ~ 

DIMENSION S(3) 
PI-DACOS(-l.DO) 
S1-(S(1)+8(2»/2. 
S2-(S(1),S(2»/2. 
S3-DSQRT(82*S2 + 8(3)*8(3» 
SMAX-Sl +83 ') • 
8MIN-Sl-S3 ( . 
IF(S2 .EQ. D.pO) THEN 
, ANGLE-PI/2. 

ELSE 
ANGLE-(DATAN(S(3)/S2»!2. 

END IF 
ANGLE-(ANGLE*180.DO)/PI 

.-
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.. 

'. 

PRINT 40,NODE t S(1),S(2),S(3) .SMAX,SMIN,ANGLE 
40 'FORMAT(' -' ,13, TQ';É10, 3, T21,El0. 3, T33, E10. 3, T46 ,E10. 3, T57 ,E10. 3, 

.'''' Teg,E10.3) 
o U 

c 
c 

RETURN 
END 

f , . 
SUBROUTlNE . TRANSF (ELID ,Xl, X2 , Yi, Y2, TRAN, NROW ,NCOL) 
1MPLICIT REAL*8(A-H,O-Z) 
INTEGER ELID 
DIMENSION TRAN(NROW,NCOL) 
XA=Xl-X2. 
YA-;Y2-Yl 
RL • DSQRT(XA*XA + YA*YA) 
C .. YA/RL 
S :III XA/RL 
IF(NROW .EQ. 2) THEN 

IF(NCOL .EQ. 3) THEN 
TRAN(1,l) "" C*C 
TRAN(1,2) = S*S 
TRAN(l,3) • 2.DO*C*S 
TRAN(2,l) "" -C*S 

__ ... TRAN(2,2) .. C*S 

TRAN(2,3) • C*C - S*S 
ELSE 

TRANO,1) 
TRAN(1,2) 
TRAN(1-, 3) 
TRAN(1,4) 
TRAN(2,1) 
TRAN(2,2) 
TRAN(2,3) 
TRAN(2.4) 

END IF 
END IF 

= C*C 
.. O.DO 

• S*S " 
• 2.DO*c*i. 

• -c*s 
• O.DO 

IF (NROW . EQ. 3) THEN 

TRAN(1.1) • C*C 
TRAN(1,2) • S*S . 
TRAN(I :3) • 2.DO*C*S 

/ 
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c 
c 

TRAN(2,l) • TRAN(l,2) 
TRAN(2,2),- TRAN(l,l) 
TRAN(2,3) • -TRAN(l,3) 
TRAN(3,l) • ... C*S 
TRAN(3,2) • -TRAN(3,l) 
TRAN(3,3) • C*C - S*S 

END IF 
IF{NROW .EQ. 4) THEN 

TRAN(1,l) • C*C 
TRAN ( 1 , 2) -. O. DO 
TRAN(l,3r • S*S 
TRAN(l,4) • 2.DO*C*S 
TRAN(2,l) • 0.00 
TRAN(2,2) • 1.00" 
TRAN'( 2 , 3) • O. DO 
TRAN(2,4) • 0.00 
TRAN(3,l) • TRAN(l,3) 
TRAN(3,2) • 0.00 
TRAN(3,3) • TRAN(l,l) 
TRAN(3.4) • -TRAN(1.4) 

. TRAN~4,l) • -C*S 
TRAN(4,2) • 0.00 ) , 
TRAN(4,3) • -TRAN(4.i) 
TRAN(4,4) • c*c -5*5 

END IF 
RETURN 
END 

---\ - - - - ------ - '~---, 

L 

SUBROUTINE TRIAX(ELID,Nl.N2,N3,Rl,Zl,R2,Z2,R3,Z3,E,NU,KEL) 
0, 

IMPLICIT REAL*8 (A-H,O-Z) 
INTEGER ,ELID ., 
REAL*S NU, KEL(6 .6) ,EM(4 ,4) ,H(6,6) ,"F(6 ,-6) ,HT(6 ,6) ,PROD(6, 6) 
CKLL YOUNG(EM,E,NU,4,O) 
RL • R2*(Z3-Z1) ... R1*(Z2-Z3) + R3*(Zl-Z2)1 
DO 20 1-1,6 

00,20 J-l.6 
H(I, J)-O.DO 
KEL(I.J)-O.DO 
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1 
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• 

) 
F(I, J)=O. DO 

20 CONTINUE 
H(i~) = (R2*Z3-R3*Z2)!RL 
H(~3) 1: (R3*Zl-Rl*Z3)!RL 
H(1.6) = (Rl*Z2-R2*Zl)!RL 
H(2.2) .. RO.l) 
R(2.4) = RO.3) 
H(2.6) = R(1,6) 
R(3.1) = (Z2-Z3)!RL 
R(3.3) = (Z3-Z1)!RL 
H(3.6) = (Zl-Z2)/RL 

\ R(4.2) .. R(3.1) 
R(4 .4)." R(3.3) 
R(4.6) = R(3.6) 
R(6.1) .. (R3-R2)/RL 
R(6.3) - (RI-R3)/RL 
H(6.6) .. (R2-Rl)/RL 
R(6.2) 1: R(G,l) 
H(6.4) JO H(5.3) 
H(6.6) oz H(5.6) 
DO 40 1=1.6 

DO 40 J=1.6 
" HT(I. J)=R(J. I) 

40 CON'pNUE . _ 
A .. «R2-1i1)*(Z3-Z1) -:: (R3-R1)*(Z2-,Zl»/2.DO 
RC=(Rl+R2+R3)/3.DO 
ZC=(Zl+Z2+Z3)/3.DO 

o FO.l) - EM(2.2)*(1.DO/RC)*A 
~ F(l.3) -(EM(2.1) + EM(2.2»*A 

F(l.6) .. EM(2.2)*(ZC/RC)*A 
F(l.6) - EM(2.3)*A 

. F(3. 3)- - (EM(l.1)+EM«(, 2) +El.!(2 .1) +EM(2 ,2» * (RC)*A 
F(3.6) -(EM(1.2)+EM(2,2»*ZC*A 
F(3.6) -(EM(1.3)+EM(2,3»*RC*A 
F,(4.4) • EM(4.4)*RC*A 
F(4.6) • F(4.4) 
F(5.5) ·-EM(2.2)*ZC*ZC/RC + 

+ EM(4,4)*RC*A 
F(5.6)· EM(2.3)*ZC*A . 
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F(6,6) = EM(3,3)*RC*A 
DO 60 r-l,6, 

'D060J=I,6 
F(J,n-F(I,J) 

60 CONTINUE 

v 
C~LL MATMAT(6,6,6,F,H,PROD) 
CALL MATMAT(6,ê,~,HT,PROD,KEL) 

(~. R,ETURN \' 

'! 

v END 
C 

C 

Cl 

SUBROUTINE QUADAX (NGAUSS, NELEM, NORDER, Nl . N2 , N3, N4 , N6, STIFEL, NDIM) 
IMPLICIT REAL*8 (A -H, O-Z) 
DOUBLE PRECISION JACOB,NU,KEL(10,10) 
DIMENSION XX(6) ,YY(5~'.'PLACE(3,3).WGT(3,3) ,B(4,10) ,BTE(10,4) 

, DIMENSION EM(4,4) ,STIFEL(NDIM,NDIM) 
<» COMMON/Q4/EN(6) ,JACOB(2,2) 

COMMON/GLOB/X(1000) ,Y(1OO0) , A(1000) , E(1000) , NU(1000) ,T(1000) 
DATA PLACE(l,I),PLACE(2~1),PLACE(2,3),PLACE(3,1),PLACE(3,2)/ 

+ 6*0.00000000000000000/ 
DATA PLACE(1,2)/-0.677360269189626DO/ 
DATA PLACE(2,2)/ 0.677360269189626DO/ 
DATA PLACE(I,3)/-0 774696669241483DO/ 
DATA PLACE(S,3)/ 0.774696669241483DO/ 
DATA WGT(I,l)/2.oo000000ÔOOOOOODO!,WGT(2,3)/O.88888888888888900/ 
DATA WGT(I,2),WGT(2,2)!2*1.000000000000000DO/ 
DATA WGT(2,1),WGT(3,l),WGT(3,2)/3*0.OOOOOOOOOooOOOODO/ 
DATA WGT(1,3).WGT(3,3)!2*O.666655566666556DO/ 
PI-DACOS(-1.DO) 
CALL YOUNG(EM,E(NELEM),NU(NELEM),4,O) 
MORDER-2*NORDER 
NSlZE - NDIM 
XX(1) -X(N1) 
XX(2) -X(N2) 
XX(3)-X(N3) 
XX(4) -X(N4) 
YY(1)-Y(NO 
YY(2) -Y(N2) .... 
YY(3) -Y(N3) 
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1 

YY(4) =Y(N4) 

IF(NORDER ."NE. 4) TItEN 

XX(5)=X(N5) 

YY(5)=Y(N5) 

END IF 
DO 40~K=l,NSIZE 

DO 40 L=K, NSIZE 

KEL(K, 4~"0 .DO 

, 

40 CONTINUE 

50 

DO 180 NA:l, NGAUSS 

XI=PLACE(NA,NGAUSS) 

, DO 160 NB=1 , NGAUSS 

Er.=PLACE(NB,NGAUSS) 

CALL SHAPAX(XI,ET,XX,YY,DETJAC,B,NORDER) 

R=O.DO 

DO 60 NR=l,NORDER 
R .. R+EN (NR) *XX (NR) 

CONTINUE 
DVz:WG'T(NA ,NGAUSS) *WGT(NB ,NGAUSS) *DET JAC 

KORDER = NSIZE/2 

<' DO. 80 J"l, KORl?ER 
'1:1'"L=2*J 

K=L-1 

DO 60 N=1,'3 

BTE(K,N)=B(1,K)*RM(1,N) + B(2,K)*EM(2,N) 

BTE(L,N)=B(3,L)*EM(3,N) 

60 CONTINUE 
BTE(L,4)=B(4,L)~fM(4,4) 

BTE(K,4)-B(4,K)*EM(4,4) 
80 CONTINUE 

100 • 

1QO 

140 

DO 140 NROW-l.NSIZE 

DO 120 NCOL=NRDW,NSIZE 

DUM-O.DO 

DO 100 J·l,4 
DUN-DOM + BTE(NROW,J)*B(J,NCOL) 

CONTINUE. 

KEL(NROW,NCOL)-KEL(NnOW,NCOL) + DUM*DV*R 

CONTINUE 

CONTINUE , 
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160' CONTINUE 
180 CONTINUE 

DO 200 K-l, NSIZE 
DO 200 L-K,NSIZE 

KEL(L,K)-KEL(K,L) 
200 CONTINUE 

DO 400 l • 1,MORDER 
DO 400 J • 1, MORDER 

STIFEL(I,J)~KEL(I,J) 

400 CONTINUE 
RETURN 
ENO 

SUBROUTlNE SHAPAX(XI,ET,XX,YY,DETJAC,B,NORDER) 
IMPLICIT REAL*8 (A-H,O-Z) 
DOUBLE PRECISION JACOB, NU 
DIMENSION RXI(6),RET(6),RK(6),RL(6) 
DIMENSION X~(6),YY(6),B(4,10),EM(4,4),ENXI(6),ENET(6) 
COMMON/Q4/EN(6),JACOB(2,2) 
COMMON/GLOB/X(1000) ,Y(1000) ,A(1000),E(1000) ,NU(1000) ,T(100 0) 
DATA RXI/-1. ,1. ,1. ,-1. ,1. / ,RET/-1. ,-1. ,1. ,1. ,1.1 
DATA RK/1. ,1. ,1. ,1 ~ ,0./ 
RL(1)-1. 
RL(2)-1. 
RL(3)"0. 
RL(4)-0. 
RL(6)--2. 
IF(NORDER .ÈQ. 4) THEN 
, RL(1)-0. 

RL(2)-O. 
END IF 
DO 20 L-l, NORD ER _ 

F1-(i. + RXI(L)*XI) 
F2-(1. + RET(L)*ET) 
F3-(1. - XI*XI) 
F4-(1. - ET) 
EN(L)-RK(L)*Fl*F2/4. -- RL(L)*F3*F4/4. 
ENXI(L)-RK(L)*RXI(L)*F2/4. + RL(L)*XI*F4/2. 
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./ 

ENET(L)=RK(L)*RET(L)*Fl/4. + RL(L)*F3/4. 
20 ~NTINUE 

MORDER=NORDER 
NSIZE = 2*MORDER 
DO 40 1"'1,4 

DO 40 J=1,NS1ZE 
B(I,J)"O.OO 

40 CONTINUE 
JACOB(l,l)=O.OO 

..; JACOB(1,2)=0.DO 
JACOB(2, 1)"'0. DO 
JACOB (2,2) -O. DO 
DO 60 L=l,NORDER 

JACOB(l,l)=JACOB(l,l)+ENXI(L)*XX(L) 
JACOB(1,2)-JACOB(l,2)+ENXI(L)*YY(L) 
JACOB(2.1)-JACOB(2,l)+ENET(L)*XX(L) 
JACOB(2.2)mJACOB(2,2)+ENET(L)*YY(L) 

.60 CONTINUE 
OETJAC-JACOB(l,l)*JACOB(2,2)-JACOB(l,2)*JACOB(2.1} 
F6-JACOB(l,l)/DETJAC 
JACOB(l,l)-JACOB(2,2)/DETJAC 
JACOB(l,2)--JACOB(l,2)/DETJAC 
JACOB(2,l)·-J~COB(2,l)/DETJAC 

JACOB (2,2) -F6 
DO 80 'J=l,MORDER ;\ 

Lm 2*J ' 
K=L-l 
B(l.K)-JACOB(l,l)*ENXI(J) + JACOB(1,2)*ENET(J) 
B(3,L)-JACOB(2,l)*ENXI(J) + JACOB(2,2)*ENET(J) 
B(4 ,K)o:B(3 ,L) 
B(4.L)"B(l,K) 

80 CONTINUE , Ii-a. DO 
DO 100 Ial,MORDER 

IF(XX(I) .EQ. 0.00) THEN 
XX(I) = 1.0-6 

END IF 
R=R+EN(I) *XX(1) 

100 CONTINUE / 
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DO 110 Ia l.MORDER 
1:-2*1 - 1 
B(2 ,L) aEN(I)/R 

120 CONTINUE 
RETURN 
END 

SUBROUTlNE RELAX(NELEM1,N~LEM2.Nl,N2,N3,N4,N6,Nll,N22~33,N44,N55, 
+ Q) ~ 
IMPLICIT REAL*8 (A-H,O-Z) 
DOUBLE PRECISION NUA,NUB,NU 
DIMENSION XA(6),YA(6),XB(6),YB(6),TRAN1(2,4),BA(4,10),BB(4,10) 
DIMENSION EA(4,4),EB(4,4) ,PROD1(4,10).TRAN2(2,4).QA(2,10) ,QB(2,10 ) 
DIMENSION Q1(2,2),Q2(2.12),Q(2,12),XX1(6),XX2(6),YY1(6),YY2(5) 
COMMON/GLOB/X(1000),Y(1000),A(1000).E(1000),Nu(1000),T(1000) 
PI-DACOS(-1.DO) 
pETJAC-O.DO 
XX1(O-X(N1) 
XX1 (2)iiX(N2) 
XX1(3)-X(N3) 

1 XX1 (4)aX(N4) 
XXl (6)-X(N6) 
YYl (l)-Y(N!) 
YYl (2)-Y(N2) 
YY1(3)-Y(N3) 
YY1(4)-Y(N4) 
YY1(6)-Y(N6) 
XX2(l)-X(Nll) 
XX2(2)-X(N22) 
XX2(3)-X(N33) 
XX2(4)-X(N44) 
XX2(6)-X(N66) 
YY2(l)-Y(Nll) 
YY2(2)-Y(N22) 
YY2(3)·Y(N33) 
YY2(4)·Y(N44) 
YY2(6)·Y(N66) 

J 

CALL TRANSF(NELEM1,XX1(1).XX1(2).YY1(1),YY1(2),TRAN1,2,4) 
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CALL TRANSF(NELEM2 ,XX2(1)- ,XX2(2) , YY2(1) ,Y.Y2(2). TRAN2, 2,4) 

XI=O.DO 

ET=-l.DO 
CALL SHAPAX(XI ,ET, XX1, YY1,DETJAC, BA, 6) 
~ALL YOUNG(EA,E(NELEM1),NU(NELEM1) ,4,0) 

CALL SHAPAX(XI,ET,XX2,YY2,DETJAC,BB,6) 

CALL YOUNG(~,E(NELEM2),NU(NELEM2),4,0) 
CALL MATMAT(4,4,10,EA,BA,PROD1) 

CALL MATMAT (2,4,10, TRANl ,PROD1,QA) 

CALL MATMAT(4,4,10,EB,BB,PROD1) 

CALL MATMAT(2 ,4, 10, TRAN2,PRODl ,QB) 

Fl" (QB 0,9) -QAO, g» * (QB(2", 10) -QA (2,10» 

F2= (QB (1,10) -QA(1, 10» *(QB (2, g) -QA (2, g» 

DETQ=(Fl-F2) . 
Q1(l,l)=(QB(2,10)-QA(2,10»/DETQ '.-

Qi (1,2) =- (QB (1,10) -QA (1, la» /DETQ-

Ql (2,1) =- (QB (2, g) -QA (2 ,g» IDETQ 

Ql(2,2)=(QB(l,9)-QA(1,9»/DETQ . " 
DO 80 L=l,2 

Q2(L,l)=QA(L,7) 

Q2(L, 2)=QA(L ,8) 

Q2 (L, 3)-QA (L ,1) -QB (L, 3) 
Q2 (L, 4)=QA (L,2) -QB(L, 4) 

Q2(L,6)a-QB(L,5) 

Q2(L,6)=-QB(L,6) 

Q2(L,7)=-9B (L,7) 

Q2 CL. 8)=-QB (L,8) 

Q2(L, 9)"QA(L, 3) -QB (L ,1) 

Q2 (L, 10) -QA (L ,4) -QB (L. 2) 
Q2(L,11)=QA(L,6) 

Q2(L,12)-QA(L,6) 

80 CONTINUE 

CALL MATMAT(2. 2 ,12, Ql • Q2 ,Q) 

RETURN 

END 

SUBROUTlNE STRIAXCELID,Nl,N2,N3,Rl,Zl,R2,Z2,R3,Z3,E,NU,XDISP, 

+ MEQNS) 
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IMPLICIT REAL*8 (A-H,O-Z) 

INTEGER ELID 

REAL*8 NU 

DIMENSION EM(4. 4) ,H(6, 6) ,G(4 ,6) {.S(4) 

-~ 

DIMENSION XDISP(2000) ,XLOC~6) ,PROD1(4 ,6) ,PROD2(4,6) 
DO 20 1-1,6 

DO 20 J-l,6 
HO, J)aO. DO 

20 CONTINUE . , 

DO 40 1-1,4 
, DO 40 JoI:i ,6 

GO, J)mO. DO" 

40 CONTINUE 

RL-R2*(Z3-Z1) + Rl*(Z2-Z3) 
CALL YOUNG(EM,E, NU ,4,0) 

H(l,l)·(R2~Z3-R3*Z2)/RL 

H (l, 3) - (R3*Zl-Rl *Z3) IRL 
H(1,6)-(Rl*Z2-R2*Zl)/RL 
H(2,2)-H(1,l) 
H(2,4)aH(l,3) 
H(2,6)=H(l,6) 
H(3,1).(~3)/RL 
H(3,3)-(~3-Z1)/RL 

H(3,6)-(Zl-Z2)/RL 
H(4,2)-H(3',l) 
H(4,4)-H(3,3) 
H(4,6)-H(3,6) 
H(6,1)-(R3-R2)/RL 
H(6,3)-(RI-R3)/RL 
H(6,6)-(R2-Rl)/RL 
H(6,2)-H(6,l) 
H(6,4)-H(6,3) 
H(6,6)-H(6,6) 
R-(Rl+R2+R3)/3.DO 
Z-(Zl+Z2+Z3)/3.DO 
G(1,3)-1.DO 

G (2 , 1) -1. DO IR 
G(2,3)-1.DO 

G(2,6)-Z!R 
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G(3,6)=1.DO 

G(4 ,4)=1 .DO 

\ G(4,5)=1,.DO 
XLOC(!) =XOISP(2*Nl-1) 

XLOC(2) "'XOISP(2*Nl) 
XLOC(3) =XOISP (2*N2-1) 

XLOP(4) =XOISP(2*N2) 
XLOC(5) =XOISP (2*N3-'1) 

XLOC(6) =XOISP(2*N3) 
CALL MATMA:rCA ,4,6, tM,G>, PROD1) 

CALL MATMAT(4 ,6,6, PROD\" H, PROD2) 
CALL MATVEC(4 ,6, PR002, XLOC ,S ,4 ,6) 

Pl=DACOS (-1. DO) 
Sl= (S(1) + S(3» /2.00 

82=(S(1) - 8(3»/2.00 

83=DSQRT(S2*S2 + S(4)*S(4» 

SMAX=Sl + S3 

SMIN=Sl - S3 
IF(S2 .EQ. 0.0) THEN 

ANGLE=PI/2. DO 
ELSE 

ANGLE=(DATAN(S(4)/S2»/2 DO 

END IF 
PRINT 100, ELIn 

r 

100 FORMAT ( '- ELEMENT NO. : ',13,' TRIAX') 

PRINT 120,S(1) ,SMAX 
120 FORMAT('- S R',TtO,': ',EI0.3,T30,'S MAX',T37,': ',EI0 3) 

\ PRINT 140,S(2).SMIN 
140 FORMAT('- 8 TH',T10,': ',EI0.3,T30,'S MIW',T37,': ',EI0 3) 

PRINT 160,8(3) ,ANGLE 

160 FORMAT('- S Z',T10,': ',EI0.3,T30,'ANGLE',T37,': ',EI0.3) 

PRINT 180, S (4) 

180 FORMAT('.- T RZ',TlO,': ',ElO 3) 

RETURN 

END 

< 
SUBROUTINE STRXX(ELID,Nl, N2 ,N3 ,N4 ,N5 ,Xl, Y1,X2, Y2, X3, Y3, X4, Y4 ,X5, 

+ Y5 ,E,NU ,XDISP ,MEQNS ,NTYPE) 
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IMPLICIT REAL*8 (A-H,O-Z) 
INTEGER ELID 
DOUBLE PRECISION NU 

DIMENSION XDISP(2000) ,XI(6) ,ET(6),EM(4,4) ,NOD(6) ,XX(5) , VY(6) 
DIMENSION XLOC(10) ,8(4,10)', PROD(4 ,10), S(4) ,TRAN (4,4) ,SLOè(4) 
C~RACTER*5 TYPE 
DATA XI!-1. ,1. ,1 .• -1. ,O. ,0./ 
ET(1)--l. 
ET(2)--1. 
ET(3)-1. 
ET(4)-1. 
ET(6)--1. 
ET(6)-0. 
IF(NTYPE .EQ. 4) THEN 

ET(5)-0. 
TYPE- ' QUAD4 ' 

ELSE 

TYPE- ' QUAD5' <' 
END IF 
PRINT 20. EL ID , TYPE 

20 FORMAT ( , - ELEMENT. NO. :', 13,2X,A6) 

NSIZE-NTvPE+l 
CALL YOUNG(EM,E,NU,4,O) 
NOD(1)-Nl 
NOD(2)-N2 
NOD (3):N3 
NOD(4)·N4 .. 
NOD(6)-N6 {J 

NOD(6)-0 .. 
XX(l)-X1 
XX(2)-X2 
XX(3)-X3 
XX(4)-X4 
XX(6)-X6 
YY(1)-Y1 
YY(2)-Y2 
YY(3)-Y3 
YY(4)-Y4 

" 

o 
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c 
C 
" 

YY(6)-Y6 
DO 40 1-1, NTYPE 

--- XLOC(2*I-l)-XOISP(2*NOD (1) -1) 

XLOC(2*I) -XDISP (2*NOD(I» , 
40 CONTINUE 

PRINT 60 

.. 

60 FORMAT{'-',1'2,'NODE',T12,'S R',T24,'S TH',T36,'S Z',T48,'T ZR', 
+ T60, 'S MAX' , T72, 'S MIN', TB4, ' ANGLE' ) 

DO BO r-l,NSrZE 
CALL .SHAPAX(XI(I) ,ET(!) .XX. YY ,DETJAC ,8, NTYPE) 

CALL MATMAT(4,4 ,MSIZE,EM, B,PROD) 
CALL MATVEC{4 ,MSIZE,PROD-, XLOC,S ,4 ,MSIZE) 
IF (Nr:YPÈ---; Eir,fi) THEN 

IF'(I . EQ. 6) THEN 
CALL TRANSF (ELID ,Xl, X2, Yl, Y2, TRAN, 4,4) 

<:ALL MATVEC(4 ,4, TR-AN, S, SLOC~.4) 
S(l)-SLOC(!) 
S(2)-SLOC(2) 

S (3) "SLOC (3) 

S (4) -SLOC (4) 

... END IF 
END IF 
CALL ,PRINAX (NOD(r) ,S) 

80 CONTINUE \ 
PRINT 100. 

100 FORMAT ( , - , ) 

RETURN 

END 

SUBROUTINE PRINAX(NODE, S) 
IMPLICIT REAL*8 (A-H, O-Z) 
INTEGER NODE 
D.IMENSION S{# 

PI-DACOS (-1. DO) • 

S1-(S(1)+S(3»/2. '-_ 
S2-(S(1) -S(3) )/2. "-

S3-DSQRT(S2*S2 + S(4) *S(4» 
SMAX-S1+S3 
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C 

C 

SMIN"Sl-S3 
IF(S2 .EQ. O.DO) THEN 

- ANGLE=PI!2. 

EL SE 
ANGLE-(DATAN(S(4)/S2) )/2. 

END IF 

ANGLE- (ANGLE* 180 . DO) Ip l 'tt'-
PRINT 40 ,NODE, S(1) ,S (2).S(3) ,S (4) ,SMAX, SMIN, ANGLE 

40 FORMAT ( '-' ,13, Tg ,El0. 3, T21,E10. 3, T33 ,E10.S, T46,El0. 3, T67 ,El0. 3, ' 

+ ' '~69,El0"3,T81,El0.3) 
RETURN 

END 

SUBROUTlNE GENER(N ,NDOF ,BCX.BCY ,NEL ,NID,X, Y. XDEF, YDEF .ELID, 
+ NTYPE ,Nl,N2, N3,N4,N6, A,E,NU, T ,KEQNS ,MEQNS) 

IMPLICIT REAL*8 (A-H, O-Z) 

DIMENSION BCX (KEQNS) • DCY(KEQNS) ,NlD(KEQNS) ,X (KEQNS) ,Y(KEQNS) 
DIMENSION XDEF(KEQNS) ,YDEF(KEQNS) ,ELID(MEQNS) ,N1(MEQNS) 
DIMENSION N2(MEQNS) ,N3 (MEQNS) • E(MEQNS) ,NU(MEQNS), T(MEQNS) 

DIMENSION N4(MEQNS) ,N6(MEQNS) ,NTYPE(MEQNS) ,A (MEQNS) 

INTEGER BCX, BCY ,ELID, BCX1, BCYl 

REAL*8 NU ,NUl 
LL-l 
DO 40 WHILE(LL .LE. N) 

/ 

READ *, NID1, Xl, Yl • BCX1, BCYi,XDEFl • YDEFi ,KGEN 
IF (KGEN . NE. 0) THEN 

READ * .NID2,X2, Y2,KK 

KFACT-NID2-NIDl 

KFACTl-KFACT/KK + 1 

DO 20 MM-l,KFACTl 

NIDGEN • NIDl + (MM-l)*KK 
NID (NIDGEN) - NIDGEN 
X(NIDGEN) .. Xl + (X2-Xl)* (MM-l)/(KFACT/KK) 

Y(NIDGEN) - Yi + (Y2-Yl)* (MM-1)/(KFACT/KK) 

BCX (NIDGEN) - BCXl 

BCY(NIDGEN) - BCYl 

XDEF(NIDGEN) - XOEFl 

YDEF (NIDGEN) • YOEFl 
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20 
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" .. 

) 

40 

+ 

() 

c 

CONTINUE 
LM • KFACTl 

:: ( , , 
-

ELSE il 

NID(NID1) • NIDI 
X(NID1) - Xl 
Y(NID1) - YI 

" BCX(NID1) ~ BCXI 
BCY(NIDI) • BCYI 
XDEF(NID1) • XDEFl 

-YDEF(NID1) • YOEFl 
LM • 1 

END IF 
LL • LL + LM 

CONTINUE 
LL • 1 
DO BO WHILE(LL . LE. NEL) "'. " \. ,,' \ 

READ *.NELID1.NNTYPE.NN1.NN2.NN3,NN4.NN6~.El.NU1,Tl. 

LF(KGEN .NE. 0) THEN -KGEN 1 ~ 
REAO *.NELID2.NNTYPE.NNN1,NNN ,NNN3.NNN4.NNN6.KK 
KELFAC • NELID2-NELIDl 
KELl • KELFAC/KK -
KELFl • KELI + 1 
DO 60 MM • 1.KE;LFl 

NELID - NELIO! + (MM-l)*KK 
ELID(NELID) • NELID 
NTYPE(NELID) - NNTYPE 
Nl(NELID) • NNl + (MM-l)*(NNNl-NN1)/KELl 
N2(NELID) • NN2 + (MM-l)*(NNN2-NN2)/KELl 
N3(NELID) • NN3 + (MM-l)*(NNN3-NN3)/KELl 
N4(NELID) • NN4 + (MM-l)*(NNN4-NN4)/KELl 
N6(NELID) • NN6 + (MM-l)*(NNN6-NN6)/KELl 
A(NELID) • Al 
E(NELID) • El ' 
NU(NELID) • NUl 
T(NELID) • Tl 

CONTINUE 
LN - ~ELFl 

ELSE 
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ELIü(NELID1) • NELIDl 
NTYPE(NELID1) • NNTYPE 
N1(NELID1)' • NNl 
N2(NELID1) • NN2 
N3(NELID1) • NN3 
N4(NELID1) • NN4 
N5(NELID1) • NN5 
A(NELID1) • Al 
E(NELID1) • El 
NU(NELIP1~ • NUl 
T(NELID1) • n 
LM • 1 

END IF 
LL .. LL + LM 

80 CONTIlfUE 
RETURN 
END 

l.--

. ri. -

, 

~' .. 
\ 

" 

o 

o 

184 

. . 

, 
',' 

-
l ' 

, 



( 

" , 

" 

1 ) -

'" 

!O 

B.2 ' Three-dimensional program 

C 
C 
C 
C 
C 
C 
C 

C 
C 

C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 

\ 

THREE-DlMENSIONAL FINITE ELEMENT PROGRAM 
, 

FOR THE ANALYSIS OF ELASTIC SOL IDS 

BY MICHAEL ANGELIDES 

MCGILL UNIVERSITY 
DEP AR TMENT OF CIVIL ENGINEERING 
AND APPLIED MECHANICS 

'APRIL 1986 \, 
ELEMENT LIBRARY 

-
-
-
-
-

0 

BAR ELEMENT (BAR) 
1 

CONSTANT STRAIN TETRAHEDRAL (TErRA) 
ISOPARAMETRIC LINEAR PENTAHEDRAL (PENTA) 
ISOPARAMETRIC LINEAR HEXAHEDRAL (HEXA) 
ISOPARAMETRIC LINEAR HEXAHEDRAL WITH ENFORCED INTERELEMENT 
NORMAL AND SHEAR STRESS CONTINUITY AT ONE FACE (INTER) 

IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 NU,KGLOB(300.300),LOAD(300),KEL(36,36) 
INTEGER ELID(200),BCX(200),BCY(200),BCZ(200),DOF,ELIDB 
CHARACTER*80 TITLE 
DIMENSION_NID(2g0),NTYPE(~OO) 

DIMENSION NODFOR(100),FX(100),FY(100) 
DIMENSION FZ(100),ASTIF(300,300),ASLOD(300),IFPRE(300) 
DIMENSION XDISP(300~,REACT(300),PLOAD(300) 

COMMON/GLOB1/X(200) ,Y(200) ,Z(200) ,E(200) ,NU(20P) 
COMMON/GLOB2/Nl(200) ,N2(200),N3(200) ,N4(200),N6(200),N6( 200), 

• + N7(200) ,N8(200) 
COMMON/ELCON/NELA(100).NELB(100) ,INTER 

READ *, TITLE ,. 

<' " -
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l 

REAn *.N,NEL.NLOAD.1NTER,NMAT.NGAUS1.NGAUS2 
LEQNS-300 , v' 

MEQNS=200 
KEQNS=200 
DOF=3*N 
CALL GENER(N,BCX,BCY,BCZ,NEL,NID,X,Y.Z,EL1D.NTYPE,NMAT, 

• +- , Nl,N2 ,N3 ,N4 ,N6 ,N6.N7 ,N8,E. NU,KEQNS ,MEQNS) 
1F(INfER .NE. 0) THEN 

READ *,(NELA(1),NELB(1),I=l.1NTER) 
END IF 
1F(NLOAD .NE; 0) T~EN 

READ *, (NODFOR(!) ,FX(I) ,FY(I) ,FZ(!). 1-l,NLOAD) 
END. IF 
CALL DATA'(N ,DOF ,BCX,BCY ,BCZ.NEL,N~ID.X. y ,Z.,ELID,NTYPE, 

+ Nl,N2 ,N3,N4 .N6,N6,'N7 ,N8,E,NU ,NODFOR,FX,FY ,FZ, 
+ K~QNS,MEQNS.NLOAD,INTER,NGAUS1,NGAUS2,T1TLE) 

DO 1000. 1-l,DOF 
DO 1000 J=l,DOF 

KGLOB(I, J)=O.DO 
1000 CONTINUE 

DO 1100 1-1, NEL 
1F(NTYPE(I) .EQ. 4) THEN 

MM=12 
ELSE 

IF(NTYPE(I) .EQ. 6) THEN 
MM" 18 

EL SE 
1F(NTYPE(I) .EQ. 6) THEN 

MM-24 
ELSE 

MM" 36 
END IF 

END IF 
END IF 
NCOND-l . 
IF(NTYPE(I) .EQ~ g) THEN 

<J 

NCOND-O 
DO 1060 J-l,INTER 

IF(ELID(1) .EQ. NELA(J» THEN 

186 

.. 
'" 

4 ' 

o 

.J __ 



,1 
l' : 

c 

, . .' '1 
\ 

l' 

ELIDB-NELB (J) 

+ 
CALL STIFF(ELID(I) .ELIDB .NTYPE(I) .KGLOB .LEQNcS .MM\' .. 

NGAUS2 , KEL) 0 \ 

1) 

END IF 
1050 CONTINUE 

END IF 
,IF(NCOND- .EQ. 1) THEN 

CALL STIFF(ELID(I),ELIDB,NTYPE(I),KGLOB,LEQNS,MM, - . 
+ NGAUS1,KEL) 

END IF 
1100 CONTINUE -

DO 1200 I-1,DOF 
DO 1200 J-1,DOF 

ASTIF(I,J)-KGLOB(I,J) 
1200 CONTINUE 

DO 1300 1-1,DOF 
ASLOD(I)"O. DO 

1300 CONTINUE 
IF(NLOAD .NE. 0) THEN 

DO 1400 I-1,NLOAD 
KK1-3*NID(NODFOR(I»-2 
KK2-KK1+1 

;. 

KK3"KK1+2 
ASLOD(KK1)-FX(I) 

J ASLOD (KK2)=FY (1) 
ASLOD(KK3)aFZ(I) 

1400 CONTiNUE 
END IF 
00 1600 I-l,DOF 

PLOAD(I)-ASLPD(I) 
1500 CONTINUE 

DO 1600 I-l,N 
K-NID(I) 
IFPRE(3*K-2)-BCX(K) 
IFPRE{3*K-l)-BCY(K) 
IFPRE(3*K)-BCZ(K) 

1600 CONTINUE 
CALL GREDUC(LEQNS,ASLOD,ASTIF,IFPRE,DOF)· 
CALL BAKSUB(N,LEQNS,ASLOD,ASTIF,IFPRE,XDISP,REACT,DOF) 
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C 

C 

or 
PRINT 2000 

2000 FORMAT('l -ELEMENT STRESSES') 
DO 2500 I=l,NEL 

IF(NTYPE(I) EQ. 4) TH EN 
CALL STETRA(ELID(I),XDISP,LEQNS) 

EL SE ,> 

'IF(NTYPE(I) .GE. 5) THEN 
• C~LL STRES(ELID{I) ,XDISP,LEQNS,NTYPE(I» 

END IF 
END IF 

2500 CONTINUE 
PRINT 9000 

9000 FORMAT{'l') 
STOP 
END 

SÙBROU;INE GENER(N.BCX.BCY.BCZ.NEL.NID.X.Y.Z.ELID.NTYPE,~AT, 
+ ·Nl.N2.N3.N4,N6.N6.N7,N8,E,NU,KEQNS,MEQNS~ 

IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 NU,NUM 
INTEGER BCX.BCY,BCZ,ELID,BCX1,BCY1,BCZl 
DIMENSION ~X(KEQNS),BCY(KEQNS),BCZ(KEQNS) ,NID(KEQNS),X(K~QNS) 
DIMENSION Y(KEQNS) ,Z(KEQNS).ELID(MEQNS),Nl(MEQN&),N2(MEQNS) 
DIMENSION N3(MEQNS) ,N4(MEQNS),N5(MEQNS),N6(MEQNS),N7(~QNS) 
DIMENSION N8(MEQNS) ,E(MEQNS) ,NU(MEQNS),NTYPE(MEQNS) ,MAT(200) 
DIMENSION NIDMAT(10),EM(10),NUM(10) ~ 

LL=l 
DO 30 WHILE(LL .LE. N) 

J 

READ *,NID1,Xl,Yl,Zl,BCX1,BCY1,BCZ1,KGEN 
IF(KGEN '. NE. 0) THEN 

READ *.NID2,X2.Y2,Z2.KK 
KFACT-NID2-NIDl 
KFACT1-KFACT!KK + 1 
DO 20 MM-l,KFACTl 

NIDGEN-NIDl + (MM-l)*KK 
NID(NIDGEN)-NIDGEN 
X(NIDGEN)~Xl + (X2-Xl)*(MM-l)/(KFACT/KK) 
ytNIDGENP=Yl + (Y2-Yl)*(MM-l)/(KFACT/KK) 
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... 

20 

";j 
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Z(NIDGEN)-Zl + (Z2-Zl)*(MM-l)/(KFACT/KK) 
BCX(NIDGEN~-BCXi 
BCY(NIDGEN),-BCYl 
BCZ(NIDGEN)·BCZl 

CONTINUE 7 
LM-KFACTl 

ELBE, 
NID (LL) ~ID 1 
X(LL)aX~ 
Y{LL)"Yl 
Z(LL)·Zl 
BCX (LL) -BCX 1 

BCY (LL)-S:CY 1 
BCZ(LL) .. CZl 
LM-t, 

END IF 

r 

LL-LL+LM 
30 CONTINUE

LL-l 

+ 

DO 60 WHILE(LL .LE. NEL) 
RE AD *, NELIOl ,NNTYPE, NNi, NN2, NN3, NN4 ,NN6, NN6, NN7 ,'NN8 ,MATt, 

KGEN Î 
IF(KGEN .NE. 0) THEN /' ! 

RE AD *,NELID2,NNN1,NNN2,NNN3,NNN4,NNN6,NNN6,NNN7,NNN8,KK 
KELFAC-NELID2~NELIDl 

KELl aKELFAC/KK 
KELFI-KEL1+l 
DO 40 MM-l,KELFl 

NELIO-NELID1 + (MM-1)*KK 
ELIO(~ELIO)aNELID 

NTYPE(NELID)-NNTYPE 
Nl(NELID)-NN1 + ~MM-l)*(NNN1-NN1)/KEL1 
N2(NELID)-NN2 + (MM-1)*(NNN2-NN2)/KEL1 
N3(NELID)-NN3 + (MM-l)*(NNN3-NN3),/KELl 
N4(NELID)-NN4 + (MM-l)*(NNN4-NN4)/tELl 
N6(NELID)-NN6 + (MM-1)*(NNN6-NNG1/KELl 
N6(NELID)-NN6 + (MM-l)*(N~N6-NN6)/KELl 

N7(NELID)-NN7 + (MM-1)*(NNN7-NN7)/KEL1 
N8(NELID)-NN8 + (MM-l)*(NNN8-NN8)!KEL1 
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C 

C > 

1 
MAT (NELIO) aMAT1 

40 CONTINUE 
LM=KELF1 

ELSE 
ELID (LL) ';;NELI01 
NTYPE(LL)=NNTYPE 
Ni(LL)=NN1 
N2(LL)=NN2 
N3(LL)=NN3 
N4(LL)=NN4 
N6(LL)=NN6 '. , 
N6(LL)aNN6 
N7(LL)=NN7 
N8(LL)=NN8 
MAT (LL) =MATl 
LM"'1 

END IF 
LL=LL+LM 

50 CONTINUE 

) . 

~ 

} 

READ *,(NIDMAT(I),EM(I),NUM(I),I·1,NMAT~ 
DO 80 1=1, NEL 

E(I)=EM(MAT(I) ) 
NU(I)aNUM(MAT(I» 

80 CONTINUE 

RETURN 
END 

o 

SUBROUTINE DATA(N.DOF,BCX,BCY,BCZ,NEL~NID,X,Y,Z,ELID,NTYPE, 
+ Nl,N2,N3,N4,N6,N6,N7,N8,E,NU,NODFOR,FX,FY,FZ, 

\ 

+ '. KEQNS ,MEQNS ,NLOAD, INTER,NGAUS1,NGAUS2, TITLE)"--:-' 
IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 NU 
INTEGER DOF,BCX,BCY,BCZ,ELID,GAUS1,GAUS2 
CHARACTER*80 TITLE 
CHA:,ACTER*5 TYPE(200) 
DIMENSION BCX(KEQNS) ,BCY(KEQNS) ,BCZ(KEQNS) ,NID(KEQNS) ,X(KEQNS) 
DIMENSION Y(KEQNS) ,Z(KEQNS),ELID(MEQNS),Nl(MEQNS) ,N2(MEQNS) 
DIMENSION.N3(MEQNS) ,ll4(MEQNS) ,N5(MEQNS) ,N6(MEQNS) ,N7(MEQNS) 
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DIMENSION N8(MEQNS) ,FXClOP) ,FYClOO) ,FZ(100) ,NODFOR(100) 
DIMENSION E(MEQNS) ,NU(MEQNS) ,NTYPE(MEQNS) 
PRINT 100, TITLE 

100 FORMAT ( 'l' ,A80) 
PRINT 110 

110 FORMAT(' - 3-D STRESS ANALYS1S - DATA ECHO') 
. PRINT 120,N ,. 

120 FORMAT ( '- NUMBER OF NODES', T34, ' : ' ,14). 
PRINT 130, DOF 

130 FORMAT(' - TOTAL NUMBER OF D. O. F . ' ,T34, ' : ' ,14) 

NRES"O 
DO 160 l''l,N 

NRES-NRES+BCX(I)+BCY(1)+BCZ(1) 
160 CONTINUE 

PRINT 180, NRES 

180 FORMAT('- NUMBER OF RESTRAINED D.O.F.' ,T34,':' ,14) 
PRINT 200, DOF - NRES 

200 FORMAT('- NUMBER OF UNRESTRA1NED D.O.F.' ,T34, ': '(14) 
NEL4-0 
NEL6-0 
NEL6-0 

NEL12"0 
DO 220 I-l,NEL 

'IF(NTYPE(I) .EQ. 4). THEN 
NEL4-NEL4+1 

TYPE(I).' TETRA: 

ELSE r!J 
1F(NTYPE(I) .ÈQ:' 6) THEN 
./ 

NEL6-NEL6+1 ' .. 

TYPE(!) - • PENTA" -\~ 
ELSE 

IF (NTYPE (I) . EQ. -6) THEN 

NEL6-NEL6+1 
TYPE (1 )'.' HEXA' 

EL SE 0 

NELi2-NEL12+1 
TYPE CI) .. ' INTER • 

END IF 
END IF 
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END IF 
220 CONTINUE 

PRINT 240, NEL4 
240 FORMAT ( '- NUMBER OF TETRA ELEMENTS', T34, ' : ' ,14) 

PRINT 260, NEL5 
260 FORMAT('- NUMBER OF PENTA ELEMENTS',T34.':',I4) , " 

PRINT -280 , NEL6 , 
280 FORMAT ( '- NUMBER OF HEXA ELE~ENTS', T34, ' : ' ,14) 

PRINT 300 ,NEL12 -~-

300 FORMAT ( '- NUMBE~:' OF INTERFACE ELEMENTS' ,T34,' : ' ,14) 
PRINT 320,NGAUS1,NGAUSl 

320 FORMAT ( '- HEXA INTEGRATION ORDER' ,T34, ' : ' ,12,' BY', 12) 
PRINT 340, NGAUS2 ,NGAUS2 

340 FORMATC'- INTER INTEGRATION ORDER' ,T34,': ',12,' BY',I2) 

PRINT 400 0 

'400 FORMATC'l NODE COORDINATES') 
PRINT 420 

420 FORMATC' - NODE' ,T15, 'X' , T25, 'Y' ,T36, 'Z' ,T42, 'X-BC' ,T52, 'Y-BC' , 
+ T62, 'Z-BC') 
PRINT 440, (NIDe!) ,X(!) , y (I),Z(!) ,BCX(!) , BCY(!) ,BCZ(!) ,1"'1, N) 

440 FORMATC'-' ,I3,TI0,F7.1,T20,F7.1,T30,F7.1,T~.I3,T52,I3,T62,I3) 
PR:FNT 460 

460 FORMAT ( '1 ELEMENT I,NCIDENCES') 
PRINT 480 , 

~. 480 FORMATC'- ELEMENT',T12,'TYPE',T17,'NODE-l',T24,'NODE-2',T31, 
+ 'NODE-3' ,T38, 'NODE-4' ,T46, 'NODE-6' ,T52, 'NODE-6' ,T50, 
+ '~ODE-7' ,T66, 'NODE-B' ,T78, 'E' ,T88, 'NU') 

PRINT 500, (ELID(!), TYPE CI) ,N1(!) ,N2(I) ,N3(I) ,N4(I) ,N50) ,N6(!) , 
+ N7(I) ,N8(I) ,E(I) ,NUC!) ,Ia l,NEL) 

500 FORMAT(: -' ,T4, 13, Tll,A5, no, 13, T26,I3, T33, 13, T40, 13, T47, 13. 
+ ' T54.13.T61,I3,T68,I3,T74.EI0.3,T87,F4.2) 

PRINT 520' \ 

520 FORMAT( '1 APPLIED LOADS') \ 
IFCNLlilAD .NE. 0) THEN 

PRINT 640 
640 FORMAT ( '- NODE' , T13, 'X-FORCE' • T28, 'Y-FORCE' ,T43, 'Z-FORCE') . , 

PRl'NT 660, (NODFOR(!) .FX(I) ,FYCI) ,FZ(I) ,I-l.NLOAD) 
660 FORMAT(' -' .14. Tll,El0. 3, T26 ,EI0. 3. T41 ,ElO .3) 

EL SE 
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PRINT 680 
680 FQRMAtC'- NO CONCENTRATED LOADS APPLIED') 

100 

END IF 

RETURN 
END 

SaBROUTlNE STIFF(ELID.ELIDB,NTYPE,KGLOB,LEQNS,MM,NGAUSS,KEL) 
IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 KEL(MM,MM),KELA(27,27),KELB(27,27) 
REAL*8 KELARA(27,36),KELBRB(27,36) ,KEL1(36,36),KEL2(36,36) 
REAL*8 KGLOB(LEQNS,LEQNS),NU 
INTEGER ELID,ELIDB 
DIMENSION Q(3,36) ,RA(27,36) ,RB(27,36),RAT(36,27),RBT(36,27) 
vDIME~SION NOD(12),NGLOB(36),B(6,12) 
. C0ptf0N/GLOB1/X(200). Y(200) . Z(200Y. E(200) .NU(200) 

COMMON/GL082/Nl(200),N2(200),N3(200),N4(200),N6(200).N6(200), , \ 

+ N7(200) ,N8(200) 
IF(NTYPE .EQ., 4) THEN 

CALL TETRA(ELID,B,KEL) 
NNTYPE-4 

ELSE . , 
IF(NTYPE .EQ. 6) THEN 

CALL PENTA (ELID, KEL) 
NNTYPE-6 

ELSE 
IF(NTYPE .EQ. 6) THEN 

CALL HEX~(ELID,NTYPE,KEL.NGAUSS.24) 
NNTYPE-a 

ELSE 
CALL REL(ELID,ELIDB,Q) 

" t 

CALL HEXA(ELID,NTYPE,KELA,NGAUSS,27) 
CALL HEXA(ELIDB,NTYPE.KELB,NGAUSS:~7)' 
0.0 100 LI-l. 24 

DO 100 LJ-l,36 
RAeLI,LJ)·O.DO 
RB (LI • LJ)·O.DO 

CONTINUE 
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RA (1 ,4)-1.00 
RA(2,5)-1.oo 
RA(3,6)-1.oo 
RA(4.22)-1.DO 
RA(6.23)-1.DO 
RA(6.24)-1.DO 
RA(7.3i)-1.DO 
RA(8.32)-1.DO 
RA (g .33) -1 .DO 
RA(10 ,13)-1. DO 
RA(11 ,14)-1.DO 
RA(12, 16) -1. DO 
RA(13,l)-1.DO 
RA(14, 2)-i .DO 
RA(15. 3) -l.DO 
RA(16, 19)-1. DO 
RA (17 ,20)-1. DO 

RA(18. 21)-1. ~O 
RA(lQ, 34)-1. DO

RA(20,36)-1.DO 
RA(21,36)-1.DO 
RA(22,16)-1.DO 

RA(23.17)·1.PO 
RA(24. 18)-1. DO 
.RB(l,22)-1.DO 
RB(2,23)-r:nO 
RB(3,24)-1.DO 
RB(4. 4) -1.00 
RB(6,5)-1.oo 
RB(6,6)-1.00 
RB(7,13)-1.DO 
RB(8.14)-1.DO 
RB(9,15)-1.DO 

RB(JO.31)-1.DO 
RB(11.32)-1.DO or 

RB(12.33)-1.DO 
RB(13,26)-1.DO 
RB(14.26)-1.DO 
RB(16.27)-1.DO 

\ 

\ 

( 

" 
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,,-- ~"-,"i..,JtR(16 7)-1.00 ' 
I~ .... ,J..-.~;r ., .. ", 

120 

140 

160 

RB(11. 8) -1.00 
R8(1~. 9)-1.00 
R8(19,10)-1.00 
R8(20, 11)-1.00 
R8(21,12)-1.00 
R8(22,28)-1.00 
RIH23 •. 29)·1.1>0 
R8(24 ;'30)-1.00 
DOli 120 K-26',21 

DO 120 L-1,36 
MMM-K-24 
RA(K,L)-Q(MMM,L) 
RB(K,L)-Q(MMM,L~ 

CONTINUE 
00 140 Ml-l,21 

DO 140 M2-1, 36 

RAT (M2 ,Ml) -RA (Ml" M2) 
RBT(M2,M1)-RB(M1.M2) 

CONTINUE 
CALL MATMAT(21,21,36,KELA.RA t KELARA) 
CAJA MATMAT(36.21,36,RAT ,KELARA,IŒL1f 
olLL MA TMA T (21 • 21,36, KELB • RB ,KELBRB) 
CALL MATMAT(36,21,36,RBT,~ELBRB,IŒL2) 
DO 160 K1-1,36 

DO 160 K2-1,36 

• 

- 1 

KEL(Kl,K2)-KEL1(K1,K2) +'KEL2(Kl,K2) 
CONTINUE 

END IF 
END IF 

END IF 
I~(NTYPE . EQ., 9) THEN 

NOD(1)-N6(ELID) 
NOD (:n-N1(ELID) 
NOD(3)-N6(EtIO~' 
NOD(4)-N7(EL~OB) , • 
NOD(6)-N3(ELIOB) 
NOD(6)-N8(ELIO) 
NOD (7) -N6 (ELID) 
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NOD(8) -N2(ELID) 
NOD(9) -N5(ELIDB) 

-
1 NOD(10)-N8(ELIDB) 

NOD(11)-N4(ELIDB) 
NOD(12)-N7(ELID) 
NNTYPE-12 

ELSE ;' 

NOD(!) -N1(ELID) 
NOD(2) -N2(ELID) 
NOD(3)-N3(ELID) , / 

NOD(4)-N4(ELID) 
IF(NTYPE .GT. 4)THEN 

NOD (6)-N6(ELID) 
NOD(6)-N6(ELID) ~ 
IF(NTYPE .EQ. 6)THEN 

NOD (7) -N7 (ELIn) 

1 
NOD(8)=N8(ELID) 

END IF 
END IF 

END IF 
DO 200 I-1,NNTYPE 

J-3*I-2 
K-3*I-1 

"" L-3*I 
NGLOB(J)-3*NOD(I)-2 
NGLOB(K)-3*NOD(I)-1 
NGLOB(L)-3*NOD(I) 

200 CONTINUE 
DO 600 I-1,MM 

, DO 600 J-1,MM 

. KGLOB(NGLOB(I),NGLOB(J»-KGLOB(NGLOB(I),NGLOB(J»+KEL(I,J) 
500 CONTINUE 

c 

c 

RETURN 
END 

c " 
SUBROUTlNE TETRA(ELID,B,KEL) 
IMPLICIT REAL*8(A-H,O-Z) 
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31 

INTEGER ELID 
REAL*8 NU,KEL.JACOB 
DIMENSION KEL{12,12),B(6,12),EM(6,6),JACOB(3.3) 
DIMENSION GAMMA (3 ,3) ,BT(12,6) ,BTE(12,6) 
COMMON/GLOB1!X(200) ,-Y (200) ,Z(200) ,E(200) ,NU(200) 
COMMON/GLOB2/N1(200),N2(200),N3(200),N4(200) ,N5(200). 

+ -" N6(200) ,N7(200) ,N8(200) 
JACOB(1.1)-X(Nl(ELID»-X(N4(ELID» '-
JACOB(1,2)=Y(Nl(ELID»-Y(N4(ELID» 
JACOB(1.3)-Z(Nl(ELID»-Z(N4(ELID» 
JACOB(2,l)aX(N2(ELID»-X(N4(ELID» 
JACOB (2.2) aY(N2'(ELID» - Y(N4(ELID» 
JAqOB(2,3)aZ(N2(ELID»-Z(N4(ELID» 
JACOB(3,1)--X(N3(ELID»+X(N4(ELID» 
JACOB(3,2)a-Y(N3(ELID»+Y(N4(ELID» 
JACOB(3.3)--Z(N3(ELIb»+Z(N4(ELID» 
DETJAC-JACOB(1,1)*(JACOB(2,2)*JACOB(3,3)4JACOB(2,3)*JACOB(3,2»-

+ JACOB(2.1)*(J~COB(l,2)~JACOB(3,3)-JACOB(l,3)*JACOB(3,2»+ 

+ JACOB(3,l)*(JACOa(1,2)*JACOB(2,3)-JACOB(l,3)*JACOB(2,2» 

+ 

+ 

IF(DETJAC .EQ. O)THEN 
PaINT 20 
FORMAT('1',2X, '*** FATAL ERROR ***"') 
PRINT 26, ELID 
FORMAT ( '-' ,2X, 'JACOBIAN MATRIX FOR ELEMENT NO. • ,16, 

, 15 ZERO') 

PRINT 30 
o 

FORMAT ( '-' ,2X, 'POSSIBLE CAUSE BAD NODAL NUMBERS', 
, OR BAD NODAL COORDINATES') 

PRINT 31 
FORMA T ( • l ' ) 

STOP 
END IF 
IF(DETJAC .LT. 1.D-6)THEN 

PRINT 36 . 
36 FORMAT('l',2X, '*** FATAL ERROR ***') 

PRINT 40. ELID 
40 FORMAT ( '- ' ,2X, • JACOBIAN MATRIX FOR ELEMENT NO. ' : ' ,I6. 

+ • IS NEGATIVE') 
PRINT 46 
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46 FORMAT(' -' ,2X, '}tOSSIBLE C.4lUSE CLOCKWISE NUMBERING', 
+ ' OF NODES') 

PRINT 60 
60 FORMAT('-' ,2X,'NODES 1-2-3 SHO~LD BE COUNTERCLOCKWISE', 

+ ' WREN VIEWED FROM NODE 4') 
ERINT 61 

61 FORMAT('l') 
STOP 

- END IF 
GAMMA(l,l)=(JACOB(2,2)*JACOB(3,3)-JACOB(2,3)*JACOB(3,2»/DETJAC 
GAMMA (1 ~2) = (JACOB(l, 3) *JACOB(3,2) -)ACOB(l ,2) *JACOB (3,3» /DETJAC 
GAMMA(l,3)-(JA~OB(l,2)*JACOB(2,3)-jACOB(l,3)*JACOB(2,2»/DETiAC 
GAMMA(2,l)=(JACOB(2,3)*JACOB(3,l)-JACOB(2,l)*JACOB(3,2))/DETJAC 

\. GAMMA (2 ,2)", (JACOB (1, l),*JACOBÇ3, 3) -JACOB(1 ,3)*JACOB(3 ,1» /DETJAC 
GAMMA(2,3)=(JACQB(l,3)*JACOB(2,l)-JACOB(l,l)*JACOB(2,3))/DETJAC 
GAMMA(3,l)=(JACOB(2,l)*JACOB(3,2)-JACOB(2,2)*JACOB(3,l))/DETJAC 
GAMMA(3,2)=(JACOB(l,2)*JACOB(3,l)-JACOB(l,l)*JACOB(3,2»/DETJAC 
GAMMA(3,3)=(JACOB(l,l)*JACOB(2,2)-JACOB(l,2)*JACOB(2,l))/DETJAC 
DO 100 I a l,6 D r 

DO 100 -!=l,12 
B CI , J) =0 . DO 

100 CONTINUE 
DO 120 1=1,2 

IJ"3*I-2 
IK=3*I-l 
IL=3*I 
B(l,IJ)=GAMMA(l,I) 
B(2,IK)=GAMMA(2,I) 
B(3,IL)-GAMMA(3,I) 
B (4, IJ) =B (2, IK) 
B(4, IK)-B(l, IJ) 
B(6,IK)=B(3,IL) 
B(6,IL)-B(2,IK) 
B(6,IJ)=B(3,IL) ""~ 
B(6,IL)-B(l,IJ) .Pç 

120 CONTINUE 
B(1.7)--GAMMA(l,3) 
B(2,8)--GAMMA(2,3) 
B(3,9)--GAMMA(3,3) 

/ 
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B(4.7)--GA~A(2,3) 

B(4. 8)--GAMMA(1 ,3) 
B(6,8)--GAMMA(3,3) 

B(6.9)--GAMMA(2,3) 
B(6. 7) --GAMM'A (3', 3) 
B(6.9)--GAMMA(l,3) 
B(1,10)--GAMMA(l,l)-GAMMA(1,2)+GAMMA(1,3) g 

B(2': 11)--GAMMA(2 ,1) -GAMMA (2 • 2) + GAMMA (2 ,3) 
B(3, 12)--GAMMA(3 ,1) -GAMMA (3 ,2)+GAMMA (3,3) 

, B(4,10)-B(2.11) ;/ 

B(4,l1)-B(1,10) 
B(6 ,l1)-B(3 .12) 
B(6,12)IIB(2.11) 
B(6,10)-B(3.12) 
B(6,12)-B(1,10) 

DO 140 1-1, 12 
DO 140 J-1.6 

BT(I, J) -B(J, I) 

140 CONTINUE 
CALL YOUNG(EM.E(ELID) , NU(ELID» 
CALL MATMAT(12,6,6,BT,EM,BTE) 
CALL MATMAT(12,6,12.BTE,B,KEL) 
DO 160 1-1,12 

o 

• DO 160 J-l,12 
KE~(I,J)-KEL(I.J)*DETJAC/6,DO 

160 CONTINut 

Q 

REŒ'URN 
END 

" 
SUBROUTINE SHAPEF(XI, ET ,ZET , B-, EL ID , NTYPE .DET JAC) 
IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 JACOB(3,3),NU 
DIMENSION RXI(9).RET(9),RZET(9),XX(9).YY(9) .ZZ(9) 
DIMENSION RC(9) ,RD(g) ,RE(9) 
DIMENSION B(6. 27) ,EM<6 ,6) ,ENX! (g), ENET(Q) ,ENZET(Q) 
INTEGER ELID 
COMMON/Q8/EN(9) ,GAMMA(3,3) 
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COMMON/GLOB1/X(200).Y(200).Z(20Q) ,E(200) ,NU(200) 
COMMON/GLOB2/Nl(200) ,N2(200) ,N3(200) ,N4(200) ,N6(200),N6(200), 

+ N7(200) ,N8(200) 
DAU RXI/-1.DO, -1.DO, -1. DO, -l.DO,l.DO ,1.DO ,'1. DO,l. DO, -l.DO/ 
DATA RET/-l.DO.-l.DO,l.DO,l.DO,-1.DO,-1.DO,l.DO,1.DO,-1.DO/ 
DAiA RZET / -1 . DO , 1. DO , 1 . DO , -1 . DO, -1 . DO • 1 . DO ,'1 . DO , -1 . DO , -1 . DO / 
DATA RC/1.DO,l.DO~1.DO,l.DO,O.DO.O.DO.0.DO.0.DO,O.DO/ 
DATA RD/O.DO,O.DO,O.DO,0.DO,l.DO,1.DO.1.DO,1.DO,O.DO/ 
DATA RE/O.pO,0.DO,O.DO,O.DQ,O.DO,O.DO.O.DO,0.DO,4.DO/ 
IF(NTYPE .EQ. 6) THEN 

NORDERaS 
ELSE 

NORDERag 
ENI) IF 
IF(NTYPE .EQ. 6)THEN 

N_ORDER=6 
FF1-1."XI-ET 
FF2-1. -ZET 
FF3-1. +ZET 
ENXI(1)--FF2/2. 
ENXI(2)-FF2/2. 
ENXr(3)=0.DO 
ENXI(4)--FF3/2. 
ENXI(6)=FF3/2. ' 
ENXI(6)-0.DO 
ENET('1)--FF2/2. 
ENET(2)-O.DO 
ENET(3)-FF2/2. 
ENET(4)--FF3/2. 
ENET(6)-0.DO 
ENET(6)"FF3/2. 
ENZET(t)--FF1/2. 
ENZET(2)--XI/2. 
ENZ ET (3)--ET/2 . 
EUZET(4)-FF1/2. 
EUZET (6) -XI!2. 
ENZET(6)-ET/2. 

ELSE 
DO 40 I-1,NORDER 
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Fl-l. + RXI(I)*XI 
F2-1. + RET(I)*ET 

IJ 

-F3-1. + RZET(Ü*ZET _ 
F4.RET(I)~ET+RZET(I)*ZET-RET(I)*RZET(I)~ÉT*ZET 
F6-(1.+ET)*(1.+ZET) 
F6-l. + 2.*RET(I)*ET-2.*RET(I)*RZET(I)*ET*ZET 
F7-ET*(1.+ZET) 
Fa-t. + 2.*RZET(I)*ZET-2.*RET(I)*RZET(I)*ET*ZET 
F9-ZET* (1. +ET) 
IF(NTYPE .EQ. 6) THEN 

EN(I)-Fl*F2*F3/8. 
ENXI(I)-RXI(I)*F2*F3/a. 
ENET(I)-RET(I)*Fl*F3/a. 
ENZET(I)-RZET(I)*Fl*F2/a. 

ELSE 
EN(I)-Fl*F2*F3*(RC(I)*F4+RD(I)+RE(I)*F6)/8. 
ENXI(I)-RXt(I)*F2*F3*(RC(I)*F4+RD(I)+RE(I)*F6)/8. 
ENET(I)-RET(I)*Fl*F3*(RC(I)*F6+RD(I)+2.*RE(I)*F7)/8. , 
ENZET(I)aRZET(I)*Fl*F2*(RC(I)*F8+RD(I)+2.*RE(I)*F9)/~. 

END IF . 
40 CONTINUE 

END IF 
NSIZE-3*NORDER 
DO 60 1-1,6 

DO 60 J-l,NSIZE 
B(I,J)-O.DO 

60 CONTINUE 
DO 80 1-1,3 

DO 80 J-l.3 ,/ 
JACOB CI, J) -o. DO 

80 CONTINUE 
XX(l)-X(Nl(ELID» 
XX(2)-X(N2(ELID» 
XX(3)-X(N3(ELID» 
XX(4)~X(N4(ELID» 

XX(6)-X(N6(ELID» 
XX'(6)-X(N6(ELID) ) 
YY(l)-Y(Nl(ELID» 
YY(2)-Y(N2(ELID» 

'\ ' 
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YY(3)-Y(N3(ELID» 
YY(4)-Y(N4(E~ID» 
YY(5)=Y(N6(ELID» 
YY(6)=Y(N6(ELID» 
ZZ(l)-Z(Nl(ELID» 
ZZ(2)=Z(N2(ELID» 
ZZ (3) "Z(N3 (ELID» 
ZZ(4)~Z(N4(ELID» 

~Z(6)=Z(N6(ELID» 

ZZ(6)~Z(N6(ELID» 

IF(NTYPE .GT. 6)THEN 
XX(7)=X(N7(ELID» 
XX(8)=X(N8(ELID» 
YY(7)·Y(N7(ELID» 
YY(8)aY(N8(ELID» ': 
ZZ(7'-Z(N7(ELID» 

) 

ZZ(8)-Z(N8(ELID» 
XX(9)=(XX(1)+XX(2)+XX(3)+XX(4»/4. 
YY(9)-(YY(1)+YY(2)+YY(3)+YY(4»/4. 
ZZ(9)=(ZZ(1)+ZZ(2)+ZZ(3)+ZZ(4»/4. 

END IF 
~ -

DO 100 I=l,NORDER 
JACOB(l,l)-JACOB(l,l) + ENXI(I)*XX(I) 
JACOB(l,2)=JACOB(l,2)6+ ENXI(I)*YY(I) 
JACOBO,3)-JACOB'{1,3) + ENXI(I)*ZZ(I) 
JÂCOB(2,l)-JACOB(2,l) + ENET(I)*XX(I) 
JACOB(2,2)mJACOB(2,2) + ENET(I)*YY(I) 
JACOB(2,3)-JACOB(2,3) + ENET(I}*ZZ(I) 
JACOB(3,l)-JACOB(3,l) + ENZET(I)*XX(I) 
JACOB(3.2)-JACOB(3,2) + ENZET(I)*YY(I) 
JACOB(3,3)-JACOB(3,3) + ENZET(I)*ZZ(I) 

100 CONTINUE 

+ 
+ 

D~TJAC.JACOB(1,1)* (JACOB(2 ,'2) *JACQB(3 ,3) -JACOB(2, 3) *JACOB (3,2»
JA~OB(2,l)*(JACOB(\,2)*JACOB(3.3)-JACOB(1.3)*JACOB(3,2»+ 
JACOB(3,l)*(JACOB(1,2)*JACOB(2,3)-JACOB(l,3)*JACOB(2,2» 

~(l,l).(JACOB(2,2)*JACOB(3,3)-JACOB(2.3)*JACOB(3,2»/DETJAC 
GAMMA(1.2).(JACOB(l,3)*JACOB(3,2)-JACOB(1.2)*JACO~(3.3)lI~ETJAC 
GAMMA(l,3)-(JACOB(l,2)*JACOB(2,3)-JACOB(l,3)*JACOB(2.2»/DETJ~C 
GAMMA (2 ,1) -(JACOB(2, 3) *JACOB(3 ,1) -JACOB(2 ,'1) *JACOB(3 ,3» /DETJA_C 
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GAMMA(2,2)-(JACOB(l,l)*JACOB(3,3)-JACOB(l,3)*JACOB(3,l))/DETJAC 
GAMMA(2,3)-(JACOB(l,3)*JACOB(2,l)-JACOB(l,l)*JACOB(2,3))/DETJAC 
GAMMA(3,l).(JACOB(2,l)*JACOB(3,2)-JACOB(2,2)*JACO~(3,l))/DETJAC 

GAMMA (3 ,2),- (JACOB (1 , 2) *JACOB (3 ,0 --JACOBCl,O *JACQB(3 ,2» /DETJA:C 
GAMMA(3.3)-(JACoB(l,l)*JACOB(2,2)-JACOB(l,2)*JACOB(2,l))/DET~AC 

DO 200 lai,NORDER 
J-3*1 
K-3*1-1 
L-3*1-2 
B(l,L).GAMMA(l,l)*ENXI(~)+GAMMA(l,2)*ENET(I)+ 

+ GAMMA(l,3)*ENZET(I) 
B(l,K)-O,DO 
B(l,J)-O,DO 
B(2,L)-O,DO 
B(2,K)-GAMMA(2,l)*ENXI(I)+GAMMA(2,2)*ENET(I)+ 

+ GAMMA(2,3)*ENZET(I) 
B(2,J)-O,DO 
B(3,L)-O,DO 
B(3,K)-O,DO 
H(3,J)-GAMMA(3,l)*ENXI(I)+GAMMA(3,2)*ENET(I)+ 

+ GAMMA(3,3)*ENZET(I) 
B(4,L)-B(2,K) 
B (4 ,K)-B Cl, L) 
B(4,J)-O,DO 
B(6,L)-O,DO 
B(6,K)-B(3,J) 

.- B(5,J)-B(2,K) 
B(6,L)-B(S,J) 
B(6,K)-O,DO 
B(6,J)-BCl,L) 

200 CONTINUE 

. ' 

RETURN 
END 

SUBROUTlNE PENTA(NELEM,KEL) 
IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 NU,KEL(18,18) 
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DIMENSION PLACE1(4,3),B(6,~8),BTE(18,6) 
DIMENSION EM(6,6),PLACE2(2,2) 
COMMON!GLOB1!X(200) ,Y(200),Z(200),E(200),NU(20Q) 
PLACE1(1.1)=1.DO!3.DO 
PLACE1(1.2)=PLACE1(l,l) 
PLACE1(l,3)=-Q.DO!32.DO 
PLACE1(2.1)=3.DO!5.DO 
PLACE1(2.2)-1.DO!5.DO 
PLACE1(2,3)=25.DO!96.DO 
PLACE1(3.1)-PLACE1(2.2) 
PLACE1(3,2)=PLACE1(2.1) 
PLACE1(3.3)=PLACE1(2,3) 
PLACE1(4.1)=PLACE1(2.2) 
PLACE1(4,2)=PLACE1(2.2) 
PLACE1(4,3)=PLACE1(2.3)· 
PLACE2(l,l)=1.DO!DSQRT(3.DO) 
PLACE2(1.2)=1.DO 
PLACE2(2.1)--PLACE2(l,l) 
PLACE2(2,2)-1.DO 
CALL YOUNG(EM,E(NELEM),NU(NELEM» 

.,' 

NSIZE=18 . 
NORDER=6 
DO 40 III1.NSIZE 

DO 40 J=l,NSIZE 
KEL(I,J)"O.DO 

40 CONTINUE 
DO 200 NA"l,4 

XI-PLACEl (NA ,1) 
ET=PLACEl (NA. 2) 
DO 180 NB-l,2 

ZET=PLACE2(NB,l) 
CALL SHAPEF(XI,ET,ZET,B,NELEM,6,DETJAC) 
DV-PLACE1(NA,3)*PLACE2(NB,2)*DETJAC 
DO 100 J-l,NORDER 

K-3*J-2 
L-3*J-l 
M-3*J 
DO 80 1-1,3 

BTE(K,I)-B(l,K)*EM(l,I) 
- 'tt.~~ 
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100 

'BTE(L,I)-B(2,L)*EM(2,I) 
BTE(M, I) -B (3, M) *U!(3. 1) 

CONTINUE 
BTE(K,6)=0,DO 
BTEeL,a)-O.DO 
BTE(M,4)-0.DO 
BTE(K,4)-B(4,K)*EM(4,4) 
BTE(K,6)-B(6.K)*EM(6.6) 
BTE(L.4)-B(4.L)*EM(4.4) 
BTE(L.6)aB(6.L)*EM(6.6) 
BTE(M.6)aB(6.M)*EM(6,6) , 
BTE(M,6)aB(6,M)*EM(6,6) 

CONTINUE' 
DO 140 NROW=l, ~SIZE ' 

DO 120 NCOL-NROW,NSIZE 
DUM"'O.DO 

a 

DO 110 JR"1,6 
OUMaOUM+BTE(NROW,JR)*B(JR,NCOL) 

110 CONTINUE 
KEL(NROW,NCOL)-KEL(NROW,NCOL)+DUM*DV 

120 CONTINUE 
140' CONTINUE 
180 CONTINUE 
200 CONTINUE 

DO 220 K-l, NSIZE 
DO 2201 L-K. NSIZE 

KEL(L,K)-KEL(K,L) 
220 CONTINUE 

RETURN 
-END 

SUBROUTINE HEXA(NELEM,NTYPE,KEL.NGAUSS,NM) 
IMPLICIT REAL*S(A-H,O-Z) 
REAL*a NU,KEL(NM.NM) 
DIMENSION PLACE(4.4),WGT(4,4) ,B(6.27) ,BTE(27,6) 
DIMENSION EM(6,6),B~~27,6) , 
COMMON/Q8/EN(9).G~A(3,3) 
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COMMON!GLOB1!X(200) ,Y(200) ,Z(200) ,E(200) ,NU(200) 
DATA PLACE(l,1) ,PLACE(2 ,Jl) ,PLACE(3 ,1) ,PLACE(4 ,1) !4*0 .DO/ 
DATA PLACE(3,2),PLACE(4,2) ,PLACE(2,3) ,PLACE(4,3)!4*0.DO/ 
DATA PLACE(l,2)!-0.67736026918Q626DO! 
DATA PLACE(2,2)!0.677360269189626DO! 
DATA PLACE'(1,3)/-0. 774696669241483DO! 
DATA PLACE(3,3)!0.774696669241483DO! 
DATA PLACE(l,4)!-0.86113631~694053DO! 
DATA PLACE(2,4)!-0.339981043584856DO! 
DATA PLACE(3,4)/0.339981043584856DO! 
DATA PLACE(4,4)/0.86113631t594063DO! J 
DATA WGT(l,l)!2.DO/,WGT(l,2),WGT(2,2)!2*1.DO! 
DATA WGT(2,l),WGT(3,:~WGT(4,l),WGT(3,2)!4*0:DO! 
DATA WGT(4,2),WGT(4~~~2*0.DO!,WGT(2,3)/0.888888888888889DO! 
DATA WGT(l,3),WGT(3,3)!2*0.655655665555656DO! 
DATA WGT(l,4),WGT(4,4)!2*0.347854845137464DO!· 
DATA WGT(2,4),WGT(3,4)!2*0.662146164862646DO! 
CALL YOUNG(EM,E(NELEM),NU(NELEM» 
IF (NTYPE . EQ-. 6) THEN 

NSIZE=24 
NORDER=8 

ELSE 
NSIZE=27 
NORDER=9 

END IF 
DO 40 I u l,NSIZE 

DO 40 J"l,NSIZE 
KEL(I, J)-O.DO 

40 CONTINUE 
DO 200 NA-l,NGAUSS 

XI-PLACE(NA.NGAUSS) 
DO 180 NBa l,NGAUSS 

ET-PLACE (NB , NGAUSS) 
DO 160 NC=l.NGAUSS 

ZET=PLACE(NC.NGAUSS) 
CA~L SHAPEF(XI.ET,ZET.B.NELEM,NTYPE,DETJAC) 
DV-WGT(NA.NGAUSS)*WGT(NB,NGAUSS)*WGT(NC.NGAUSS)*PETJAC 
DO 60 I a l.6 

DO 60 J=l,NSIZE 
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BT(J, I)-B(I, J) 

---60 CONTINUE 

80 

o 

100 

Q 

110 (1 

DO 100' J-1 ,NORDER 

K-3*J - 2 
L-3*J - 1 
M-3*J 
pO 80 1-1,3 

BTE(K, n-B(1,K)*EM(1, I) 
,.. BTE(L,I)-B(2.L)*EM(2.I) 

BTE(M. I) -a(3. M) *EM(3. I) 
CONTINUE 
BTE(K,6) -O.DO 
BTE(L,6) -O.DO 
BTE(M,4) -O.DO 

B~E(K,4) -B(4,K) *EM(4,4) 
BTE(K,6) -B(6,K) *EM(6;6) 
BTE(L,4) -B(4,L) *EM(4 14) 
BTE(L, 6) -13(6,L) *EM(6, 6)· 
BTE(M,6)-B(6,M)*EM(6,6) 
BTE(M,6) -B(6,M) *EM(6,6) 

CONTINUE 
DO ~140 NROW-l,NSIZE 

DO 120 NCOL-NROW. NSIZE 
DUM-O .00 

, 

DO 110 J-l,6 

DUM-nUM+BTE(NROW,J)*B(J,NCOL) 

o 

l ' 

J,CONTINUE ' 

- KEL(~OW,NCOL)-KEL(lf.ROW,NCOL) +oDUM*DV 
120 
140 
160 

CONTINUE 
CONTINUE 

.-C ONTI NUE 
18Q CONTINUE 

/ 200 CONTINUE 

c 

DO :220 K-l,NSIZE 

DO :220. L~K, NSIZE 
KEL(L,K)-ZEL(K,L) 

220 CONTINUE 

RETURN 

. '. 

') 
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o END 

SUBROUTINE REL(NELEMl, NELEM2, Q) 
IMPLICIT REAL*8(A-H. O-Z) 
REAL*8 NU 
DIMENSION TRANl (S ,6) • TRAN2 (3. 6). BA (6,27) • BB (6,27) 

~ DIMENSION EA(6,6) ,EB(6,6) .PROD1(6.27) 
DIMENSION QA(3,27) .QB(3,27) ,Ql(3,3) ,Q2(3,36) ,Q(3~36) 1 

COMMON/GLOB1/X(200) • Y(200) ,Z(200) ,E(200) ,NU(200) 
COMMON/GLOB2/N1(200) ,N2(200) ,NS(200) ,N4(200) ,N6(200) ,N6(200), 

+ N7(200) ,N8(200) \' 
CALL TRANSF(NELEM1 ,X (N1(NELEM1» ,X (N2(N'ELEMl» ,X(N3(NEL~l», 

+ 0' X(N4(NELEM1»,Y(N1(NELEM1»,Y(N2(NELEMl», V~-
+ y (NS (NELEM1» , y (N4 (NELEM1» ,Z (Nl (NELEMl) ) , 
+ • Z(N2(NELEM1». Z (N3(NELEMl),Z(N4(NELEMl), TRAN1, 3 ,6) 
XIe-l.DO 
ET-O.DO 
ZET-O.DO 
CALL SHAPEF (XI, ET, ZET ,BA, MELEM1, 12 ,DET JAC) 
PRINT 26 ,BA(2, ~ ,BA(3, 9). BA (4,10), BA(4, 11) ,BA(6, 11) 
CALL YOUNG(EA,t(NELEM1) ,NU(NELEM1» 
CALL SHAPEF(XI ,ET,ZET ,BB,NELEM2, 12 ,DETJAC) 
PRINT 26,BB(2 ,8) ,BB(3 ,9) ,BB (4, la) ,BB (4,17) ,BB(6, 11) 

26 FORMAT('-' ,2X,6(E10.3» 

-

CALL YOUNG(EB ,E(NELEM2f,NÙ(NELEM2» , 
CALL MA TMAT(6 ,6,27 ,EA .BA,PROD1) 
CALL MATMAT(3 .6,27, TRAN1.PROD1.QA) 
CALL MATMAT(6 ,6,27 ,EB .BB,PROD1) 
CALL MATMAT(3 .6,27. TRAN1 ,PROD1,QB) 
Alf-QB(1.26)-QA(1,26) 
-A12-QB (1,26) -QA(1 ,26) 
A13-QB(1 ,27) -QA(l ,27) 
-A21-QB(2 ,26) -QA(2,26) 
A22-QB (2 ,26) -QA'(2, 26) 
A2S-QB(2,27)-QA(2,27) 
A31-QB(3.26)-QA(3,26) 
A32-QB(3,26)-QA(3,26) ) 
A33-QB(3,27)-QA(3,27) 

1 
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PRINT 19 
DETA-All*(A22*A33-A23*A32) -A21* (A12*A33-A13*A32) +A31 * (A12*A23-

+ A13*A22) 
o Ql(l,l)-(A22*A33-A32*A23)/DETA 

, Q1(l, 2) -(A32*A13-A12*A33)/DETA 
Ql(l,3)-(A12*A23-A22*A13)/DETA 
Q1(2,l)~-A33*A21)/DETA 

Ql(2,2)-(A33*All-A13*A31)/DETA 
Q1(2,3)-(A13*A21-A23*Al1)/DETA 
Q1(3.1) -(A21*A32-A31*A22)/DETA 
Q1(3, 2) - (A31 *A12-A11 *A32) /DETA 
Q1(3,3)-(A11*A~2-A21*A12)/DETA 
DO 100 1-1,3 '. 

Q2(I, l)-QA (I, 13) 
Q2(I,2)-QA(I,14) 
Q2(I,3)-QA(I,16) 
Q2(I,4)-QA(I,1)-QB(I,4) 
Q2(I,6)-QA(I,2)-QB(1,6) 
Q2(I,6)-QA(I,3)-QB(I,6) 
Q2(I,7)--QB(I,16) 

" Q2(I,8)--QB(I,17) 
Q2(I,O)--QB(1,18) 
Q2(I .10)--QB(I, 19) 
Q2(I.ll)--QB(I,20) 
Q2(I.12)--QB(I,21) 
Q2 (1. 13)-QA (1,10) -QB (I, 7) 
Q2 (1 .14)-QA (l,11) -QB (I ,8) 
Q2(I .16)-QA(1 ,12)-QB(I,9) 
Q2(I.16)-QA(I,22) 
Q2(I .17)-QA(I ,23) 
Q2(I.18)-QA(I,24) 
Q2(I • 19)-QA(I ,16) 
Q2(I.20)-QA(I,17) 
Q2(I.21)-QA(I,18) 
Q2(I .22)-QA(I ,4) -QB(I ,1) 
Q2(I.23)-QA(I,6)~QB(I.2) 

Q2(I.24)-QA(I,6)-QB(I.3) 
Q~(I.26)--QB(I,13) 

Q2(I.26)--QB(I,14) 

, 0 

\ 
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Q2 (1'.27) --QB CI .16) 

Q2(I. 28)--QB (1.22) 
Q2(I. 29)--QBCI. 23) 
Q2(I. 30)--QB (1.24) 
Q2(I.31)-QA(I.7)-QB(I.10) 
Q2(I.32)-QA(I.8)-QB(I.l1) 
Q2(I. 33)-QA(I .9) -QB(I .12) 
Q2(I.34)-QA(I.19) 
Q2(I. 35)-QA(I .20) 
Q2(I. 36)~QA(I .21) 

100 CONTINUE 
0_. 

CALL MATMAT(3. 3. 36.Ql,Q2. Q) 

RETURN 
END 

o 1 

o ç . 

o 

SUBROUTlNE TRANSF(NELEM,X1~X2,X3,X4,Y1,Y2,Y3.Y4,il,Z2,Z3,Z4, 
+ TRAN, NROW , Neoi:.) '. 

IMPLICIT REAL*8(A-H.O-Z) 
DIMENSION TRAN(NROW.NCOL) 

REAL*8 Ll.L2,L3.M1,M2,M3.Nl.N2.N3 
XA- (X1+X2) /2. 
YA-(Yl+Y2)/2. 
ZA- (ZI +Z2) /2. 

XB"(X2+X3) /2. 
YB- (Y2+Y3) /2. 
ZB- (Z2+Z3) /2. 
XC- (X3+ X4) /2 . 
YC- (Y3+ y 4)-/2. 
ZC- (Z3+Z4) /2. 
XD-(X4+X1)/2. 
YD-(Y4+y1)/~ 

ZD- (Z4+Z1) /2. 

-
.. c, CJ 

(> 

RL2-DSQRT«XB-XD)*(XB-XD) + (YB-YD)*(YB-YD) +(ZB-ZD)*(ZB-ZD» 
L2-(XB-XD)/RL2 
M2-(YB-YD) /RL2 
N2- (ZB-ZD) /RL2 

o RL3-DSQRT( (XC-XA) * (XC-XA) + (YC-YA).(YC-YA) +(ZC-Z~)*(ZC-ZA» 

210 

, ' 

, 
\ 

\ , 



(J 

.,' c 
0 •• 

L3-(XC-XA)!RL3 
M3-(YC-Y~fRL3 
NS- (ZC-ZA) fRL3 
X-(YB-YD)*(ZC-ZA)-(YC-YA)*(ZB-ZD) 
Y-(ZB-ZD)*(XC-XA)-(ZC-ZA)*(XB-XD) 
Z-(XB-XD)*(YC-YA)-(XC-XA)*(YB-YD) 
RL1-DSQRT(X*X + Y*Y + Z*Z) 
Ll-X/RLl ~ 
tU-Y/RU ) 
Nl-Z/RLi 
TRAN(1, l)-Ll*Ll 
TRAN(1,2)-Ml*Ml ' 
TRAN(1,3)-Nl*Nl 
TRAN(1,4i~2.DO*Ll*Ml 

TRAN(1, 6),2. DO*Ml*Nl 
TRAN(1,6)-2.DO*Nl*Ll 
IF(NROW .EQ. 3) THEN 

TRAN(2, 0 -Li*L2 
TRAN (2,2) -Ml *M2 
TRAN(2,3)-Ni*N2 
TRAN(2,4)-Ll*M2 + L2*Ml 
TRAN(2,6)-Mi*N2 + M2*Nl 
TRAN(2,6)-Nl*L2 + N2*Ll 
TRAN(3,O-L3*Ll 
TRAN(3, 2) -M3*Ml 
TRAN(S, 3) -N3*Nl 
TRAN(3,.4)-L3*Ml + LhM3 
TRAN(3,6)-M3*Nl + Mi*N3 
TRAN(3.6)-N3*Ll + Ni*L3 

ELSE 
TRAN(:l.l) -L2*L2 
TRAN(2.2)-M2*M2 
TllAN(2.3)-N2*Ni 
TRAN(2.4)-:Z.DO*L2*M2 
TRAN(2.6)-:Z.DO*M2*N2 
TRAN(2.6)-2.DO*N2*L2 
ptAN(3.0-L3*L3 
mAN (3,2) -M3*M3 
mAN(3,3)-N3*N3 

1) 
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TRAN(3,4)=2.DO*L3*M3 
TRAN(3,6)-2.DO*M3*U3 
TRAN(3,6)-2.DO*N3*L3 
TRAN(4 ,1)-L~*L2 
TRAN(4,2)-Ml*M2 
TRAN(4,3)-Nl*N2 
~N(4,4)·Ll*M2 + L2*Ml 
TRAN(4,6)-Ml*N2 + M2*Nl 
TRAN(4,6)-Nl*L2 + N2*Ll 
TRAN(6,l)-L2*L3 
TRAN(6,2)·M2*~3 

TRAN(6,3)-N2*N3 
TRAN(6,4)-L2*M3 + M2*L3 
TRAN(6,6)-M2*N3 + M3*N2 

o TRAN(6,6)-N2*L3 + N3*L2 
TRAN (6 ,1) -L3*Ll 
TRAN(6,2)-Mg*Ml 
TRAN(6,3)"'N3*Nl 
TRAN(6,4)-L3*Ml + Ll*M3 
TRAN(6,6)=M3*Nl + Ml*N3 
TRAN(6,6)-N3*Ll + Nl*L3 

~ END IF 

ItETURN" /' ') 

END 
" 

SUBROUTlNE STETRA(ELID,XDISP,LEQNS) 
IMPLICIT REAL*8(A-H,O-Z) 
INTEGER ELID 
REAL*8 ~,KEL 
DIMENSION B(6,12),S(6),XDISP(LEQNS),XLOC(12) 
DIMENSION EM(6,6),PROD(6,12),KEL(12,12),NOD(4) 
COMMON/GLOB1/X(200),Y(200),Z(200),E(200),NU(200) 

Q 

/' 
,,,.//COMMON/GLOB2/N1(200) ,N2(200) ,N3(200) ,N4(200) ,N5(200) , 

/ + N6(200) ,N7(200) ,N8(200) c 

NOD(l)-N1(ELID) 
NOD(2)-N2(ELID) 
NOD(3)-N3(ELID) 
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~NOD(4)-N4(ELID) 

DO 20 1-1,4 
XLOC(3*I-2)-XDISP(3*NOD(I)-2) 
XLOC(3*I-l)-XDISP(3*NOD(I)-1) 
XLOC(3*I)-XDISP(3*NOD(I» 

1 20 CONTINUE 

C 

C 

C 

CALL YOUNG(EM,E(ELID) ,NU(ELID» 
CALL TETRA(ELID,B,KEL) 
CALL MATMAT(6,6,12,EM,B,PROD) 
CALL MATVEC(6,12,PROD,XLOC,S,6,12) 
PRINT 40, ELID 

40 FORMAT(' - ELEMENT NO. : ',14, 2X, 'TETRA') 
PRINT 60 

60 FORMAT('-',T2,'NODE',T9,'S 11',T20,'S 22',T31,'S 33',T42,'T XY', 
+ T63, 'T YZ' , T64, '~ ZX' , T16, 'S l', T86, 'S II' , T91 , 'S III') 

CALL PRINC(O,ELID,S) 

RETURN 
END 

o 

SUBROUTlNE STRES(NELEM,XDISP,LEQNS,NTYPE) 
IMPLICIT REAL*B (A-H,O-Z) 
REAL*8 NU 
DIMENSION XDISP(LEQNS) ,XI(8),ET(B),ZET(8),S(6) 
DIMENSION NOD(B),XLOC(27),B(6,27),EM(6,6),XX(3),PROD(6,27) 
CHARACTER*6 TYPE 
COMMON/QLOB1/X(200),Y(200),Z(200),E(200),NU(200) 
COMMON/GLOB2/Nl(200),N2(200) ,N3(200) ,N4(200) ,N5(200) ,N6 (200), 

+ N7(200),N8(200) 
DATA XI/-l.DO,-1.DO,-1.DO,-1.DO,1.DO,1.DO,l.DO.l.DO/ 
DATA ET/-l.DO,-1.DO,l.DO,l.DO,-1.DO,-1.DO,l.QO.l.DO/ 
DATA ZETf-l.DO,1.DO,l.DO,-1.DO,-1.DO,1.DO,l.DO.-l.DO/ 
IF(NTYPE .EQ. 6)THEN 

NT-6
1 

NTIME-6 
TYPE-' PENTA' 

ELSE • 
NT-a 
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IF(NTYPE .EQ. 6) THEN 
NTlME"\8 
TYPE" " HEXA' 

ELSE 
NTIME-9 
TYPE- ' INTER ' 

END IF 
END IF 
PRINT 20, NELEM , TYPE ~, 

20 FORMAT ( '- ELEMENT NO. ' ,13, 2X, AG) 

MSIZE-3*NTlME 
NSIZE"NTIME+l 
CALL YOUNG(EM,E(NELEM),NU(NELEM» 
NOD(1)-N1(NElt,EM) 0 

NOD (2)-N2(NELEM) 
NOD(3)-N3(NELEM? 
NOD(4)-N4(NELEM) 
NOD(6)-N5(NELEM) 
NOD(6)-N6(NELEM) 
IF(NTYPE .GT. 6)THEN 

NOD(7)=N7(NELEM) 
_ NOD(S)-N8(NELEM) 
END IF 
DO 100 I-l,NT' 

XLOC(3*I-2)-XOISP(3*NOD(I)-2) 
XLOC(3*I-l)-XDISP(3*NOD(I)-1) 
XLOC(3*I)-XDISP(3*NOD(I» 

\ 100 CONTINUE 
IF(NTlME .EQ. g) THEN 

CALL DISPL(NELEM,XDISP,XX,LEQNS) 
XLOC(26)-XX(1) 0 

XLOC(26)-XX(2) 
XLOC (27) -XX (3) 

END IF 
PRINT 160 

160 FORMAT('-',T2,'NODE',T9,'8 l1',T20,'8 22',T31,'S 33',T42,'T XV', 
+ T63,'T YZ',T64,'T ZX',T76,'S l',TS6,'S II',T97,'S III') 

IF(NTlME .EQ. g) THEN 
CALL SHAPEF(-l.DO,O.DO,O.DO,B,NELEM,NTYPE,DETJAC) 
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CALL MATMAT(6,6,MSIZE,EM,B,PROD) 
CALL MATVEC(6,MSIZE,PROD,XLOC,S,6,MSIZE) 
CALL PRINC(-l,NELEM,S) 

END IF 
IF-(NTYPE .EQ. 6)THEN 

XU-1.DO/3. DO 
ETl-1.DO/3.00 
CALL SHAPEF(XI1,ET1,O.DO,B,NELEM,6,DETJAC) 

ELSE 
CALL SHAPEF(O.DO,O.DO,O.DO,B,NELEM,NTYPE,DETJAC) 

, END IF 
CALL MATMAT(6,6,MSIZE,EM,B,PROO) 
CALL MATVEC(6,MSIZE,PROD,XLOC,S,6,MSIZE) 
CALL PRINC(O,NELEM,S) 

RETURN 
END 

SUBROUTINE PRINC(NOD,NELEM,S) 
IMPLICIT REAL*8 U~H, O-Z) 
DIMENSION S(6),SP(6),SL(6) 
DIMENSION TRAN(6,6),A(4),ZR(3) 
REAL*8 NU 
CHARACTER*l Al,A2 

/ 

COMMON/GLOB1/X(200) ,Y(200) ,Z(200) ,E(200),NU(200) 
COMMON/GLOB2/Nl(200),N2(200) ,N3(200) ,N4(200) ,N6(200) ,N6(200) , 

+ N7(200),N8(200) 
COMMON/~LCON/NELA(100),NELB(100),INTER 

Al-'I' 
A2-'C' 
IF(NOD .LT. 0) THEN 

NELIO-NELEM " 
1-1 
rro 20 WHILE(NELEM .NE. NELB(I) .AND. 1 .LE. INTER) 

1-1+1 
20 CONTINUE 

IF(NELEM .EQ. NELB(I»THEN 
NELEM-NELA (I) 
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60 
+ 

END IF 0 

CALL TRANSF(NELEM,X(Nl(NELEM»,X(N2(NELEM»,X(N3(NELEM», 
X(N4(NELEM»,Y(Nl(NELEM».Y(N2(~ELEM»,Y(N3(NELEM» , 
Y(N4(NELEM»,Z(Nl(NELEM»,Z(N2(NELEM»,Z(N3(NELEM», 
Z(N4(NELEM».TRAN.6,6) 

MALL MATVEC(6.6.TRAN,S.SL.6,6) 
\I(1)-l.DO 
A(2)--(SL(1)+8L(2)+SL(3» 
A(3)=5L(1)*8L(2)+SL(2)*SL(3)+SL(1)*SL(3)-SL(4)*SL(4)

SL(6)*8L(5)-SL(6)*SL(6) 
A(4)--(SL(1)*SL(2)*SL(3)+2.*SL(4)*SL(6)*SL(6)-SL(1)*SL(6)*SL(5)-

SL(2)*SL(6)*8L(6)-SL(3)*8L(4)*SL(4» 
CALL CUBIC (A, ZR) 
PRINT 60.Al.(SL(I).!-1.6),(ZR(K),K-l.3) 
FORMATC'-' .A3.T6.EI0.3.T17,EI0.3.T28.EI0.3.T39,EI0.3,T60.EI0.3, 

~61,EI0.3,T72.EI0.3,T83,EI0.3.T94.EI0.3) . 
EL8E 

A(1)-1. 
A(2)--(8(1)+S(2)+S(3» 
A(3)-S(1)*5(2)+S(2)*S(3)+S(1)*S(3)-S(4)*5(4)-S(6)*5(6)-8(6)*8(6) 
A(4)--(S(1)*S(2)*S(3)+2.*S(4)*S(6)*S(6)-S(1)*8(6)*S(6)- 1 

+ 8(2)*S(6)*5(6)-8(3)*8(4)*S(4» 
CALL CUBIC(A,ZR) 
PRINT 100 .'A2, (S(I) ,1-1,6) ,(ZR(K) ,K-l,3) 

100 FORMAT('-' ,A3,T6,E10.3,T17.EI0.3,T2B.EI0.3,T39,EI0.3,T60.EI0.3. 
+ T61.EI0.3.T72.EIO.3.T83,E10.3,T94.EI0.3) 

END IF 

RETURN 
END 

8UBROUTlNE DISPL(NELEM,XDISP,XX,LEQNS) 
IMPLICIT REAL*8 (A-H.O-Z) 
DIMENSION XDISP(LEQNS) ,XX(3) ,XR(36) 
DIMENSION Q(3.36),NN(12) 
COMMON/ELCON/NELA(100).NELB(100) ,INTER _ 
COMMON/GLOB2/Nl(200).N2(200),N3(200).N4{200) ,N6(200).N6(200), 

.+ N7(200).N8(200) 

" 
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1 



, 
"-DO 60 1-1, INTER 

IF(NELEM .EQ. NELA(I» THEN 
NELEM1-NELEM 

r NELEM2-NELB (I) 

ELSE 
IF(NELEM .EQ. NELB(I» THEN 

NELEM1-NELA( 1) 
NELEM2-NELEM 

END lF 
/ 

END IF 
60 CONTINUE 

CALL REL(NELEM1,NELEM2,Q) 
NN(1)-N6(NELEM1) 
NN(2)-N1(NELEM1) 
NN(3)-N6(NELEM2) 

f 

NN(4)-N7(NELEM2) .. 
NN(6)-N3(NELEM2) 
NN(6)-N8(NELEM1) ~ 

NN(7)-N6(NELEM1) 
NN(8)-N2(NELEM1) 
NN(Q)-N5(NELEM2) 
NN(10)-N8(NELEM2) 
NN(11)-N4{NELEM2) 
NN(12) -N7'(NELEM1) 
DO 100 1-1,12 

LK-3*I-2 
LL-3*I-1 
LM-3*I 
XR(LK)-XDISP(3*NN(I)-2) 
XR(LL)-XDISP(3*NN(I)-1) 

,XR(LM)JXDISP(3*NN(I» 
• 

100 CONTINUE 
CALL MATVEC(3.36.Q,XR.XX.3.36) 

C 
" RETURN 

END 
C 

c 
C 

SUBROUTlNE YOUNG(EM.E.NU) 
• 

• 217 
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/"1 
~ 

C 

C 

C 

c 

c 

IMPLICIT REAL*8 (A-H,O-Z) 
REAL*8 NU ) "-
DIMENSION EM(6,6) 
DO 20 1-1,6 

DO 20 J-l,6 
EM(I, J)-Ô.DO 

20"CONTINUE 
COEF-E/ «1. DO+NU) l( 1. DO-2. DO*NU» 
EM(l,l)-COEF*(l.DO-NU) 
EM(t,2)sCOEF*NU 
EM(t ,3) -EM(1, 2) 
EM(2,l)-EM(1,2) 

EM(2,2)"EM(1,1) 
EM(2,3)-EM(l,2) 
EM(3 ,1) -EMO, 3) 
EM(3,2)-m(2,3) 
EM(3,3)"EM(1,l) 

EM(4,4)-E/(2.DO*(1.DO+NU» 
EM(6,6)-EM(4,4) 
EM(6,6)-EM(4,4) 

. RETURN 
END 

\ 

SUBROUTlNE MATVEC(N,M,A,Z,V,NEQNS,MEQNS) 
DIMENSION A(NEQNS,MEQNS),Z(MEQNS) 
REAL*8 SUM,A,V(N),Z 
DO 40 r-t,N 

-SUM:aO.DO 

DO 20 J-t,M 
SUM-SUM+A(r,J)*Z(J) 

20 CONTINUE r 

V(I)-SUN 
40 CONTINUE 

RETURN 
END 

218 

\ 

l 



o 

(~ , 'V 

C ~ 

SUBROUTINE MATMAT(M,N,K,A,B,C) {-

INTEGER M,N,K,R,S,I 
REÂL*8 A(M ,N) ,B(N ,K) ,.C(M,K) ,SOM 
R-i 

'. -DO 30 WHILE(R. LE. M) 
S-l" 

~ DO 20 WHILE (S .LE. K) 

\ SUM-O.DO 
~\ 

1-1 
DO la WHILE(I . LE. N) ~ 

SUM-SUM+A(R, I)*B(r ,S) 
1-1+1 

la CONTINUE 
~ C(R.S)-Suf.! 

S-S+l 
20 CONTINUE 

R-R+l 
30 CONTINUE ( 

C 
RETURN 
END 

C 

C 
~UBROUTINE ïREDUC(LEQNS,ASLOD,ASTIF.IFPRE,NEQNS) 
IMPLICIT RE L*8 (A-H,O-Z) , 
DIMENSION ASLOD(LEQNS).ASTIF(LEQNS.LEQNS),IFPRE(LEQNS) 
DO 60 IEQNS-l, NEQNS 

IF (IFPRE (IEQNS) . EQ. 1 ) 'l'HEN 
DO 40 IROWS-IEQNS .NEQNS 

ASTIF(IROWS,IEQNS)-O.DO 
40 CONTINUE 

GO TO 60 
END IF 
PIVOT-ASTIF(IEQNS. n:QNS) 1 

IF (DABS (PIVOT) • LE'. O.lE-S)mEN J 
PRINT -too "-

100 FORMA T ( • J · ,6X. • INCOtmECT PIVOT') t:p 

STOP", 
! 

Q 

co , 219 u 

, . 



" 

C 

END IF 
IF(IEQNS •. EQ. NEQNS) THEN 

GO TO 50 

END IF 
IEQN1-IEQNS+l' 

) 

DO 20 IROWS-IEQN1,NEQNS 
FACTR"'ASTIF(IROWS,IEQNS)/PlVOT' 
IF(FACTR .EQ. 0 .0) THEN 

GO TO 20 
END IF ~ ~ 

DO 10 ICOLS=IEQNS,NEQNS 

.. 

+ 
ASTIF(IROWS , ICOLS)-ASTIF(IROWS, ICOLS)-FACTR*ASTIF(lEQNS , 

lCOLS) 
10 CONTINUE 

ASLOD ( lROWS) .. ASLon (IROWS) w F ACTR* ASLOn( IEQNS) 
20 CONTINUE 
60 CONTINUE 

RETURN 
END <> 

C ~ 

SUBROUTINE BAKSUB (N • LEQNS. ASLOP, ASTIF ,IFPRE, XPISP ,REACT ,NEQNS) 
IMPlICr'r REAL*8 (A-H,O-Z) 
DIMENSION ASLon (LEQNS) ,ASTIF (LEQNS • LEQNS) , IFPRE (LEQNS) 
DIMENSION XDISP{LEQNS) ,REACT(LEQNS) 
no 5 IEQNS~l.NEQNS 

REACT (lEQNS)"O . DO 
6 CONTINUE 

-
NEQNI-NEQNS+l 
DO 30 IEQNS-l.NEQNS 

NBACK-ÜEQNI-IEQNS 
Plvor-ASTIF(NBACK,NBACK) 
RESIn-ASLOD(NBACK) 
IF(NBACK .EQ. NEQNS) THEN 

GO TO 20 
END IF 
NBACI-NBACK+1 
DO 10 lCOLS·NB~Cl.NEQNS 

! 

2-20 



( 

C 

C 

C 

o 

• 
RES ID-RES 10-ASTIF (NBACK , lCOLS) '* ID I SP (1 COLS). 

10. 
20 

CONTINUE 
IF CIFPRE (NBACK) ". EQ. 0) THEN 

XDISP(NBACK)-RESID/PIVOI 
ELSE 

XDISP(NRACK)-O.DO 
REACT(NBACK)--RESID 

END IF 
30 CONTINUE 

L 

'0 

PRINT 200 'i:l • b 

200 FORMAT('1 REACTIONS AND DISPLACEMENTS AT NODES') 
PRINT 220 

Q 

220 FORMAT C '- NODE', Tl 0, 'X-REACTION' , T24 , 'Y ~REACTION' ,138, 'Z - REACTION' 
+ ,T63, 'X-DISPL' ,T77 , 'Y-DISPL' ,T91, 'Z-DISPL') 

PRINT 240, (K,REACT(3*K-2) ,REACT(3*K-1} ,REACT(3*K) ,XDISP(3*K-2}, • 
+ XDISP(3*K-l) ,XDISP(3*K) ,K-l,N) 

240 FORMATC'-' ,I4,T10,El0.3,T24,E10.3,T38,E10.3,T61,E10.3,T76,El0.3, 
+ TSQ,E10;3) 

RETURN 
END 

SUBROUTINE CUBIC(C,ZR) 
. IMPLICIT REAL*8 (A-H,O-Z) 

DIMENSION C(4),ZR(3) 

( 

, COMPLEX~16 OR,R,Zl, Z2,Z3, Y1, Y2, Y3, X1,X2,X3 , RCON
A-C(2)/{S.OO*C(1» 
B-C(3)/(3.DO*C{1» 
G-C (4)/C(1) Q 

P-B-A*A-
- Q-2. OO*A*A*A - 3. DO*A*B + G 

,OR-Q*Q + 4. DO*P*P*P 
R~(-Q + CDSQRT(OR»/2.DO 

c 
RCON-DCONJG (R) , 
RPROO-R*RCON 
IF(RPROD .EQ. 0.0) THEN , 

ZR(1)"A 
u ZR (2)--A 

o 

.. 

() 

() 

. , 

" 



11 
~ 

c 
\ 

C 
C 

o 

ZR(3' --A 
ELSE 

Zl"CDEXP(CDLOG(R) /3 .00) 
Z2- (-Zl + CDSQRT( -3 .DO*Zl*Zl) )/2 .DO 
Z3-(-Zl - CDSQRT(-3.DO*Zl*Zl»/2.DO 
Yi-Zl - P/Z1 

Y2"Z2 - P/Z2 
Y3-Z3 - P/Z3 
Xl-Yl - A 
X2-Y2 - A 
X3=Y3 - A 
ZR(l)-Xl 

ZR(2)"'X2 
ZR(3) -X3 

END IF .. ~-

RETURN 

END 

" 0 o 
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