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. - Lo The very interesting problem of the ev:h\ation of
the pro‘t;;bility of error of digit;a.l communication systems in the
presence of noise and intersymbol intemference is considered here‘.
Known meth;:ds of solution (the exhaustive method, the pover sé-
b ries method, the Gaussian Quadrature rule method...) are presen-

[ ] [ 4

ted and M\propertieu compared and discussed.
. The Chebyshev expansion method (CEM) is next intro-

duced. We think.that the CEM is the one which should logically
.' - follow the poverl series expansion (PSE) method. Thus it will be

seen that in the CEM the same information, i.e. the moments of

the random variable which represents the intersymbol interference

process, are used to compute the probability of error, as in the

PSE method. Furthermore, the veak point ‘of the PSE method i.e., -

. .- ¢
its slov convergence is corrected in the CEM.

4

. Specific results are finally shown and discussed.
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Le tris intéressant problime de 1'évaluation de la
probvabilité d'erreur des gystémes de\ communication digitale en

présence du bruit et de l'interférence entre les symboles est

!

considéré ici. .Les méthodes de solution conmues (La méthode -
Qxhsustive. la méthode d'expansion en S&riu ‘'de Taylor, la métho-
de des rigles de quadrature Geussienne.. .) sont présentées et
leurs particularités aiscutfes.

La méthode de 1'expansion en po].ynﬂ* de Chebyshev
(EPC) qui est ensuite introduite, nous paraft 3tre la mite lo-
gique & cellé de 1'expansion en ‘Séries de Taylor/(EST). Ainsi
on va voir que dans la méthod; EPC, les mime données que dans lg
.éthode EST, sont utilisées pour ?roduire ls probabilite d'erreur. -
De plus. ls principale faiblesse de 1a m&thode EST, cid la len-.

ﬁ;eur de la convergence, se trouve corrigée dans la méthods’ EPC.

e,

Y

-~ Des résultats spécifiques sont finalement présentés.
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CHAPTER 1
£ INTRODUCTION J
1.1 Introduction to the Problem ) ’ /

The Host neuningf{xl vay to measure the performance of
mnq‘di.gital communication lj‘stul is to evaluate their grobnbi.li-
to of digit (or symbol) error, P (e). Since the efficiency as well
as the acecuracy required from different communication systems may
vary considerably depeniiing on the desireq application, one may
point out the importance of such-a.n appropriate measure of efficien-
cy. Furthermore, different systems can be compared by this crite =

. | rion of symbol error.

, :
'i'he probability of symbol error msy be defined as the
prodability of an erroneous def:is:lon about the nature of the symbol
vhich has been sent. Thus, one out of many possible symbols is
transmitted at a time by means of waveforms vhich should be some-
hov distinct from one another., At the receiving end, from the re-
ceived wavefo;'m,' the nan;:ryleu Adecision device should decide vhich -
symbol has been sent. There is an average probadbility of error con-

. nected with this decision process.

t

The probability of symbol error P (e) can be easily
evaluated if one assumes that ld‘ditin noise represents the only
ocwle of defect. In fact, many comsunicstion systems bave been de-
. signed vith the above fccmption. wvhich is not true lt' all in aigi-

tal systems. "L ) ¢
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[ though noise is an hpmnnt: pcrturbator. umnny it ' ,
\ is not the only one. Another c:uu of disturbance vhich should de
carefully considered is the me.y,m interference.

| We knov that in digital systems a transmitted narrowv-
pulse nvefon (vhich represents a certain m‘bol) i- actually re-
ceived as / neared vaveform of longer duration. Output vaveforms
are éomca}x detected by periodic sampling after filtering. Inter-
symbol :lnterference (1ISI), as its name shows, results from the over-
,hppilzg of the received vaveform of a digit into the time-slots re-
served fOr other dig:lto. This Iix-up may preveant the deci_,ion de-

vice from correctly deciding vhich digit bas been sent.

From the designer viewpoint, intersymbol interference
results from many different causes: distortion due to a dispersive
transmission medium, nonopt'i‘ln choice of sampling instants, imper-

, .
fect design of transmitted signals end /'or receiving filters.

- ISI can be reduced ‘by‘ carefully wvaveshaping the trans- ‘
nist‘ vaveforns and/ or designing eleborate filters, or by eque~
-1lization of the system.

A

. Bqudit/tion can be considered ﬁ-c twvo points of view:
~ minimization’of pesk distortion, and mesn square distortion minimi-
tation. The main goal of equalization comia\.o in achieving mini-
mum error in éh tranmission scheme; btut until recently, no eon:o-
.~ nient way of computing the provadility of error due to inﬁrsnbol
interference (even in the absence of no‘iu) vas provided, so that !
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' - ouhn\toblcmmdththmm for equalization?
Hence, an easy schame for evaluating the ty of error in ' N

the presence of noise and intersyubol interferemce is most desirable.

Ve note here that the probability of error meed not be
kmnuutfy. An sccurate mmmaumieim.m
that the estimate ddes not differ from the exsct resylt by more

than, say, 1%.

-

hthrom,nmmmm'mu.h
its context, i.e., as it occurs in a digital system and then we
ahn:\.-nizekmnuthodltoequtcl’(c). |

1.2 Ststement of the Problem )

Ve shall consider ouly a 2I-level digital pulse smpli-
tude modulation (PAN) system'in this thesis. Extensioa to other
q:t-s.mh as partial response coded (PRC) or phase shift keyed
(PSK) systems is poesible, but: requires same more work.

A Z~level PMM system is shomm inm Fig. 1.1, vhere the
h ] . .
{8} pucw fOT™ the sequence of imput sysbols, and each of the &

) takes on values from the set {( 2L + 1 )a, (-2 ¢ 3 )4,..,-4,3,., ”
3 (a-l)a‘.ﬂummmvpk-u{-h-u} for any b. Ve
mzetutmnmommmmwina.r(-).
C ( @ ) represent, respectively, the trassfer fusctions of the trans- , i
-ittiu filter, the channel and tlnmiviq filter. Ve have: e
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- the tho—innriant chmol.

" the tranmitting of qmbol 8.

«

b ‘ ) e P
. R(w) =0 (us ¢ (w) ¥ (w) (1.1.1)
- ® et R |
(t) = eIt p (w) aw - (1.1.2)
r ‘ E%r'[_ o

-

i [4 %

® R
. e 3!

I

~ " .\
vhere r (t) m be called tho noiulcn ovon.n hpulu response of

Nrthcmoro. n(t) is tho additive no:l.u.

T i. the -:lgnuling 1ntcru1. and the decision thresholds are set at

levels [2]

o

© 0, t2a(t), £har(e), L...t(zn-a) ar (t))

o

NS4

'rhe received oignal being unplod every T uconda. i.e., at times

t, + kT, the mpled signal at ‘tiue t, can then bc_rnprennf.od as:

’ . “Q £ -
y (to) =ar (to) + Z' ar (to -nT) +n (to)

nm-00 ¢

(1.2.1)

The prime in the summation denotes the exclusion of the term with
. | .

.
! coL

n-o._‘ i

One may den‘oyo y(to) =Yy 4r(to) =, r(to- oT)= T

n(t )m n, , for notational convenience. In (1.2.1),.the dhired g

aignal :lu & Tor B, is tha noise and the lumution represents the
P

intersymbhol interference term.

Indeed, s ,in (1.2.1) results

from the symbol . vhich has been sent nT units of times prior to

. It may be seen then that, as pre-
viously said, ISI relultn from the spreeding of r (t) over more

‘than one -ignal:lng interval. l!ote n};o that ISI are caused b‘y the

-

Ty,
N -
e L
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past transmitted symbols, as well as the "future" transmitted

symbols, due to the time delay in the [syltu.

N “ “ .
k If we nov consider ' & r_ as a random variable
‘ peecc D B

(r.v.) X, the conditional probability of error given that the ;

°
L]

kth level is transmitted is:
P{ ela, = xa} =P { IX +n | >dr°} for k ¢ & (2L ~ 1) (1.2.2)

P{ ela.o = (-2L + 1.)d} - P{(x + no) >dr°} |
(1.2.3)
P{ eja_ = (+gL -1 )d} = P{(x + n°)<-dr°}
* In (1.2.2), the comdition IX + n|>dr_ means that the
3 )
. sampled received signal falls in a different slice then in the one
it is auppoa;d to be. This causes the decision device to drav an
erroneous conclusion. For the t;uternosg levels, as in (1.2.3),

error occurs only $¥ the received signal falls in an inner slice.

We have then:
’ 21-1 ' !

ros 3 rfoap s}

k=.2L+1,2
2Ll-3 o
- Z ka {IX * no' >dr°}+ Pop-1 P{xn°<-dr°}
k=-2[43.2 : ( "
= 1-2.
. B +p_2m1P{x+n°>dr°}

We can easily see then that X is an even random variable P

°

if we assume equiprobability of all the levels. This is a \mu'l'

. u /
,
‘
) .
a
.
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supption. Then, = P

X+n<- droz , and (}.2.b)
can be written as: . f

Ple)w (1 - pzb_l)’P ] x “o'>d’o‘

w202 -1) P: (x+ n°)>dr°£ (1.2.5)
2L

[}

"Eelel xen,> )

The ibovo cquleion is true for binlu'y as vell as for 2L-ary lyate;nu.
The problem of evaluating P (e) in the presence of both

mwise mz intersymbol interference is intimately linked with the

o RABS of (1.2.5). In this RHS, dr_ being a constant, we have thus

to consider the distribution of a sum of two random vogriablga, the
woise r.v. and the (ISI r.v.; the probability distribution function
(pdf) of the noise r:v_. is assumed known and even, but the pdf of
the ISI r.v. canmot be described explicitly.

If ve dencte by F( ° ) , the distribution function of

the poise r.v., (1.2.5) bvecomes then: ’

P(e) = 21

L

{P?{ X+ no‘?dro}l Y= x }

- ( (1.2.6)
£L efr-r(ar -n} ’ \

The expectation B { -} should be taken.ovner all values of X.
From (1.2.6) one may note that theoretically the ISI
nay "helf;" the decision-device. This can be seen most easily in a

. ’ bimary systemr, vhen the ISI ispadded to the signal, resulting .in

1
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a signal vith more power. But, practically ISI almost alvays has (
an undes:lra'ble. effect.

Without intersymbol interference, the mtu is opti-
maly-designed to cope with mise; the presence of I§I destroys this '
optimality. , ; ~

, Equetion (1.2.6) would be very easy to compute if the

pdf of X, the ISI r.v. was known. Unfortumteiy. the problem

) of evaluating the pdf of x is a prpblu of long standing, and a
very ~difricu1t one .[10]. In feet, in most practical cases, the
limiting probability densi:.ty, obtained vhen one considers an arbi-
trarily large number of interfering samples, is singular. This
is due to the fact that the asymptotic decay of -impulse responses
in physical channels is exponential [2] \

i In order to be able to coupute (1 2.6) mmerically, one

then must suppose that the impulse. response r (t) has only a finite -
mmber of mterfer:.ng samples say M. That is, ve shall suppose: -

% 0, h<-p , h<q, p+ g N

. Thi:s’ truncation is common to allk numerical methods even

. tlnuéh it introduces a certain error. This is a very. reagonable

spproximation for any resl channel.

-

‘ noreov‘gt. ve can vary the nuaber M vith the. channel,
. . .
’ e. g€+» in same ceses a large value of x is used, in order to acco- ‘
modate all the interfering mples of respectable size. .. Actue.‘uy

‘; the value of M depenis on the accuracy required for the computation °
* @ of Ble)e %
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Another vay to offset the error introduced by the above o
truncation consists in gredually augmenting the value of N (this 1
corresponds to taking inmto account mmaller and smaller samples of S
r (t), until the computed P (e) stops changing. e o

\
Under tbﬂ abon hypothesis, ‘the pdf 1(:) of X alvays
exists; as X takes on'a ﬂnitc aumdber of values 'hich are dis-

crete, 1 (x) can be represented by & weighted sum of Dirac delta L
‘functions: , ' N
ax.)" , | |
1. q 8(x-x) . en
) 1-1 . ) . . K . -

vhere 9y is the probadility ihnt' X equals xi,. - -

Ve can then vrite (12. 5) as: , ’ .
P(c) - r.. 1 f )1-1'(4: -x)tr i(x) ax (1.2.8)

. ooy YN . S L

eam-a & o) ) par - x) .29 .

< - 4} - o i .

. {i=] - . .

Here, although ve consider onl; u:t;nitc mmber of inter-
fering ailpln it remsins very difficult to.“ea'puto ilx), the paf %
of X. Therefore, being unsble'to express i (x) directly we should *  °; .,
. replace the inrorut:lon that 1 (x) conveys W ncn ntemu :lafor- ‘ N ':jiﬁ‘

mation that 1- related to §. (a;). Furthermore tua altcmtc :lnron-
astion ahould bave a form suitable for uc vttQ the utocul in .
(1.2.8). We shall see- tm ‘the required 1nrenntion n provim by

the moments of X.. The use or the noments is mxi&h herg. due



Al

\

to the folloving ressons.
i) Prom the moments of X,one Em form an idea of the
lhnpe ofy its distribution.

i) In this case the moments are evailable.ss they

Al

can be computed iteratively. .

That is vhy all the recent méthods of computing P (e) use the mo-

ments of 1 (x). In the following when one refers to the moments,

‘ these are 'tﬁe moments of the IS\I T.¥,

]

~

1.3 Review of kno\n; methods . “ p

The first attempt to solve thé problea was to derive

bounds on the probabilit;y of error. More e]faborate_hcomputat:iom
. ¥

methods followed, when it was observed that these bc;unds were not

RN

m‘rricieqtly accurate for Prl.ctica.l p}ai'poae;.

. 1) Exhsustive method: . a :

By truncating r (i) to N samples, ve may be aple”vto
compute the pro'tlabil:lty of error by the direct enmeratfon of all
possible cases. But, as the number of cases grows exponentially
vitl; M, this mef:hod is too t;ne ,conlulfx.ig and can be spplied ;n:l.y
to & fev simple systems. PFor nii-lcvel, 11~ pulse truncation
tpproxim.tieon, for example, ve would need mre}thnn an hour of

eclputer time to deriu the probqbility of error.

The only utility of*Such a method is that 1t provides

an sccurate result for same binary systems- that can be served to.

-

y T
T o
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check resulta achieved by other methods.

uy
11) Worst case bounds
© As its psine implies, this bound is computed by giving

-

the ISI its worst value, i.e. the largest one. Thus in (1.2.5), -
e ) e v K
L hllt?ld of Pr{ X ¢ B, > dr | , ve vould have Pr{(l; X+ par .} .

]
. &
A

&\ A I_on binary syatm; the probability that tia:ln vorst- °
ease bccurs is very ssall, and it is negligidle in N-ary (H>2)
systesis. Thus, thi nelthod leads to very pessimistic results. . '
_ This bo:% is related to the so-called ?éye—pn'ttern”
vhich is the :upu.-ponition of all possible signals presented to
. » the ssmpler. The eye-pattern can provide scme interesting ’
) iﬁrormtion about the perfoma;nce thuinics of data 'trm-
mission systers, but its use is mot .udequcte to estimate P (e).~
~ An open-qe'p‘uttan means that ISI and noise are small.
+ A system with closed eye Vpattern uay - suffer bad performance resul-
t.ing from large ISI. )
- But, th; eye pattern method is too intuitive to be
.r o accurate and designers cannot afford to base their designs on pn;:h
_ " results. '
o "111) Chernoff bounds:

Upon noticing that our problem may be reduced to the
estimation of the probability distribution function (pdf) of two

;,' f independent random variabdles, a gcnertliud,Cheiyshgv inequality
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' sum of two randoa vu'iqblu. m- uthod expands into power series \ s

‘muetion ot the ISI .V, (in the tmtorlad domain), and :I.ads to
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hn been inithua uud w Bntlbou [3] to obts:ln sn wprer vound A
- v

on P (o). uuo. the aoin {s nmnd %o be vhite Gaussisn, Derie ‘

~r

vation of But:b.rc bwnd 1m1vu s probhn of opthintia:. o
does not require too much colpuuttom vork. , -
Althodgh this bound is better then the vorst ‘case bound,
But,
one of the results achieved by Saltsberg has bu'n to ‘open the mﬁ '

it 1s still too 1601. to be useful in pruticn tnpucationo.

W o~
~TR Ty

*

and give a direction to more research in the domain of deriving :
tighter bounds on P (e). '

| An upper bound, vhich also iMIVol uropti-iution of -
o ' ™
& Charnoff inequality sod thus.is related to Saltsberg bound, ves | '
|

derived by Lusmni [h] vho claimed that his bound is simpler to 1 .
use. Recently, Falconer and Oitlin [;19] and Nelane [20) have adso \ ~

generalized the Saltzberg bound tor linm error to ¢1von pnttcm ! ' “
of double or more errors. \ .. . ,s
iv) Pover-Series ion methods: [5-7 , 1] \ o

. In order to ccnputs P (9), ve have to deal v:lth tho - \,;’- Ay

e
tho noise proeou (in the probnbn.ny dmin) or the chnnctorhtic

successive ditrerontiqtion of the diltﬂ.bution funotion of the noise
randos process, In the case of dmuhn no:lu. ve then obtain s

lnc-hln. ‘l'ho tbnoluto convergence of tht-
uriu has been thooricnly pronn. N
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This method presents thus s great improvement over
\ preceding methods. In the case whers the channel distortion:is

ing

not severe, it gives ut‘isfac,tory results. But, vhenever the chan- V v

nel suffers severe digtortions, i.e., vhen the intersymbol inter-
ference (or co-channel int;rrereme) is important this method gives
\ . oscillating results. The uik’n‘ drawback associated with this method
ia that the pover series does nojt'. converge fast enouéh to the re-
sult. . . | )
) v) GQR method [8-, 18|
- ‘i’h:‘.s method is based upon nonclassical Geussian

‘ quadrature rule (GQR). GQR gives an spproximition to definite g

' integrals of the follovwing form:

t

.
I=f f(x)olx)ax (1.3.1)
a

’

-

The approximation consists of a linear combination of values of

the function f (x).
~ . n )
, 1=y w flx) _ . (s2)
e il o o
\ m
) The get {w., X is a quadrature rule cor-
175 i

w

responding t:: the weight function w (x). Recalling that ix; our
. problem we have-an integral of the same for? as the one ;I.l; (1.3.1),
and upon ident\if‘yiu 1-Fdr, -x) and i(x) in (1.2.8), res-
pectively, with _f(x) and @ (x) in (1.3.1), wve can produce a set
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N vhich iy,used in conjunction with forsula (1.3.2) : Co
i=1’

| {1 x5}

to give an spproximation to P(q):

I P(G): 2}:—1 1; 11 (l-rkdro-xi)) (1-303)
. =}

The xi':. called the nodes or abscissas of the QR

are gﬁmera.ny computed n'c- the knowledge of i(x), the ISI r.v.
Here, i(x) being unknown, Benedetto et al. [8] take

. {
opportunity of a mathematical scheme to derive the xi's. by using

simply the -men;s of the ISI. This scheme does not alwvays suc-
| ceed to produce the abscissas and veights, due to round-off errors.
- : vi) Other methods: .
. ’ ’ One may mention here the method suggested by Bill[l’(]
vl:o his applied the idea underlying the concept of fast-Fourier ‘
transform, to the problem of computing P(e). His method in;olves
ﬁthe decomposition of interfering ssmples into blocks of fewer sam-
ples; the pdf of each block is then found (this can be done easily)
and they are comvolved together to give the pdf of the ISI r.v.
Tus this method eonhu:uéts an mprodﬁpion to the pdf of the
I8I r.v. Oue may also prove that GQR method also constructs such
l;l approximation.
In t].} the sbove cases, indepeu"lgee of lucceu—ive

. symbols has been implicitly assumed. Glave [16] has developped
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an upper bound for correlated signals, called the variance con+
trained bound. Surprisingly enough, the variance constrained bound [
appears to give tight results, ;lthouh it has been conceived in

a "worst - case" idea. The peak and RMS values of the ISI are the
o_n].y two elements required for this dound. ~

In the following, in Chapters 11 and 111, we shall
first present and discuss in detail the power series expansion
and the GQR methods, from an explanatory point of view, with me-
rits and dravbacks being mentionned. The differences between Ho
and Yeh method, Shimbo and Celebiler method, and Prabhu method
are stressed. A physical :lnte;'pretation of the GQR method is
given.

In Chapter 1V, the new method introduced in this
theuil. called the Chebyshev series ex;;uu:lon method ,an improved
version of the power series expansion method, is derived. Finally
results achieved by power se;ies expansion, and Chebyshiv

series expansion methods are presented and dompared.

Y
AN

ok Y

|4
.
¢ N et ‘ v,
R IR ST B TR AP Tt S U ot e, ¢
SIS N S oy & C L A
oo ‘\"«ﬂ\“"‘ﬁi .hf,\ B \L&.lx“/‘t“q\‘.ﬂ)i.{f RO AR R ORI 4 X



. CHAPTER 11 '

THE POWER SERTES EXPANSION METHOD

As shown in (1.2.8) one is primarily concerned with
an integral of the form

-

foeto 1) ax | '

vhere i(x) is an unknown pdf and the domain D is bounded.

The difficulty here lies in the fact that i(x) can- -
not ~be classified in any 'cstegory of functions. The distribution
of X the ISI r.v.., may theorically dbe uniform or it may decrease
exponentially. In fact, up to the present time no method has
been derived to compute i(x), except in special cases. Thus all
the methods to compute the above integral use in a wvay or another,

an spproximation:for i(x). h

2.1, Shimbo and Celebiler Method [7]

Shimbo and Celebiler probably started from the fact
that the ISI results from the combination of a large mmber ‘ot
independent sources, thus it Mid present & normal-like distri-
but)ion. But, they have also shovn that the IBI r.v. is definite-
1y not normal. Therefore they bave then aMd tl!e Graa Charlier
series expansion [15] to the characteristic function of the ISI r.v.

~ In the probebility domain, i(x) is thus expanded |

into the} folloving: ‘ ’ ' | ’ ‘
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(-] =
i(zt)= LR (x) » 12-:1 % l?) (x) o (2.1.1)

-lnnl(x) htb&mitimnetionotnmmmmlr.v.
baving variance s>, which is to be determined, mmn“"

represents the kﬂ' derivative of l.. In fact, in (2.1.1) o re-

presents the "normal” or "Gaussian® part of the intm)-hol inter-

ference. m-inomofthcirﬁntmd'-onthe nbaect,shi-bou

and Celediler gave s2 o value related to the "power” of the ISI.

[

. The derivation of the C, ‘s in (2.1.1) follows. It

is kpown that:

lf:) (x) = 765' i ﬁ!"‘) (24.2)
with |

(o) map (D)  (22.3)
One then bas

'\ (k) = (- k x k - 2 |
. v, (x)' ! 1! ‘k‘w( 1 )" exp( %.-2 ) (2.1.8)
vhere B (.) is the Hermite polynomisl of degree k.

It is known that the lcﬁumuim are ortho-

gonal with respect to the Geussian functiom, i.e. k
[-zp(- ) Bl x )n (_ﬁ_)u-.\/é" Pats,
: (2.1.5)
vhere 8 an is The Kromecker delta,
; y S Tt e gl . e uf.:a :f‘L b x\ :"rf;-r‘ \A-"':;-‘-a :Zﬂ"’-.k’;:(' s <
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&, In the folloving it is assumed that 1(x) is even, which
is umuy the case. Then upon mltiplyiu both sides of (2.2.1),
| vith l(k)(x) replaced by the’ RES of (2.1.\) by la( ) and ma-
| king the integration, we have
{ . /
‘ L4
- ’ (x)l! (_x )dx ‘[; (x)(x ‘*)’Z Cop x(2ty). & =
| S8 B .

-E x )‘l (x)+z 21: E-J-! .‘,k( X )( 1) oxp(-x)
- - x/) 2 "1 (1) g ( (=x)'ax
| T u)—‘ s

qa‘vr @ W

o “c 2 2
=2k s\Vew?2 (2:) 1( 1)
. &t Vea i;?!‘
-2t N
X X . T (2.1.6)
Hence, _ . ) '
2
Co® 8 i) B, (x ) ax (2.1.7)
- 2! /o . 21 | CoL

The C,, '8 are mn due to the umptton of eveness for i(x).
In (221.1) ( _x. ) being a polynomial of degree
En v o :
Zk, the °2k" can be evaluated from the above if the maments of
' Q%A

i(x) cen be computed. As expected , the C,.'s depend on the chosen

value for s. %
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In fact, Shimbo and.Celebiler use the followving
4o,
Gram Charlier expansion for I(u), the characteristic function
corresponding to i(x). i ’
) ‘ 2 2 ® 2x
I(u) = exp(-1 s“u)(1+Z v, u) y (2.1.8) ,
2 xsr 2K
P ', .
. : o . N
Equation (2.1.8) is in fact the direct dual of (2.1.1), the trans-
form of which is v . )
I(u) = exp(-1 &2 w)(1 +% ¢ k %
, T g ey 25 (-1)"u) (2.1.9)
o N (2kj! .
) ' . .
vhich means that upon identification: )
: ‘ 3 , |
- bZk. ("1) c2k
1 o) : .
] ¢ : k a .
= (-1)" s i(x) B, ( x ) ax © (2.1.10)
‘szk}:, o LYY . .

<

’ On€ knows that the: Hermite polynomials are related via the follo-

wing recurrence relation
- \

B nﬂ”(x) - ?xﬂn(x) - 28 (x).

The above thus provides a?‘, way for computing recuriively the bzk .
coefficients. The derivation will not be given here; Shilbo and

. Celebil#r/\also gave a scheme to compute recurgively the bak coe~

fticients.
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2,2, Ho snd Yeh method:

Tt vill be seen here hov Bo and Yen's method differs
from Shimbo and Celeb:ller"s method, and how they, resemble ;ch
‘ofher in numerical computation.

Shimbo and Celebiler use s Grm-Chzrlier expansion
to app}oximute the ISI r.v. by a normal distribution function’

folloved by an infinite series 6f weighted derivatives, We note

that this infinite series has destroyed the Gaussian-like prol;;r-

G

ty of the distribution which cannot be easily identified.
We also note that the value of 32 has been determi-

ned somevhat arbitrarily. Then, what should the optimum value for

-

82 bet By optimum’one means the value of 8" vhich allows one to

. truncate the infinite series (for one is not going to use the

.
vholeseries but just the first few terms) after the minimum num-
ber of terms.

It can be seen then that one is going away from the

"

) pm;csl aspect of the problem and is conaidér:lng the computatio-

nal aspect. .

- It ;la.eny to see vhy one is led to give more fme
portance to the cmﬁutat)igml aspect. First of aiJ.. ‘it may be
noted that vhat one ultimately wants to know is the probability
\of error, vhich is a mumber. The knowledge o;: the distribution
of the ISI is not of primary importance, 'dthouéh it can give

much more insight into the problem.
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ble exists throughout some interval in 'u vhich conpains the

02 )

Allo at present time, it seems that no eonven:lent
wvay exists vhich ‘can be used to determine the shape of the dis-
trib}ltion function of the ISI r.v.

‘ Therefore it is necessary to abandon the :ldea. of
comput ing i(x) and to find a vay of camputing the intesral with- ‘
out full knowledge of i(x“). This is & numerical process. = ° L

On the other hand, i; it is noticed th.atathe, de-
termination of i(x) is desirable but not ipdispensable for the
problem, because a computed P(e) that aiffers by no more tho‘.n 1%
from the exact value is very sa.tisfa.;ory, one may now trysto " S0
qyroiimte the ISI r.v. in such a way as to be able to compute ’
our integral adequately. ) - )

Thus one of the mein merits of the pover series '

expansion ;nethpd,ha.s“been to introduce the use of the_moments of L
the ISI sz. ’It is in fact vell knovn that under certain condi- .
tions, the maments of a random variable completely describe its

- -

cllilttibution tunction.. 1

’ N . R ~
’ »

More precisely’, let it be supposed that the Taylor

series expansion. o!; the characterﬁtié function of s random varis-

°
]

a
I
origin-and thet one may write : .
) ' B
| A -
Al - -
}:" (
k) | S
¢t(“) = ¢x\ (9_)_ u' LY (2.2!1)
kmo ki -
-
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« “ao, “y v
N e ' . [N " e, I ."‘- SN ...a"l‘t‘": \';Y:QT.‘:L BRI Y
- d : v .’:;"\":(V!* A'Y: & ;. 'j ‘“’1“;'2:1.‘:[,:\" ft::\:l\,‘f“;,:_ﬂ“\'}"\15“'2,_):{4 E;ml 4' }‘”"‘s Y év,:,:l\»p. = \“ o :"v':‘:c"" K ¥




* y ot B A S TRAY 1 TR AR O L S e
Wt B T e A P IR0
- ‘ L. ER S 43-':'.- i ' -

' SR 4 AR "
hd ’ \. ,‘\"-" ,
, AP AT ;
' . S .- . !
[ TN "‘.\' I
H Yo, .
'\\\‘ v
7 - - I - -: ) . ' -~ . ’ ¥ .
®_ dencting the characteristié function. ,Then by the moment- :
¥ - I
generating property of the chlrlcttr:l-tie function, one has:
. . 5 ]
E{x} = 0F o™ (o) . |
so that (2.2.1) becomes: .
¥ ‘_ -”»
) ® x - : \
d’x(u) - B {!k} (iu) . . A
: k! ) ‘ .
. 8 b ~ N ‘

1 -

or in ‘the case or an even random variable s . ‘ . -a:.

® (u) oz- n{xa}i ; . (2.2.5.1%‘-
x‘ k=0

% N

~ i

Under the above cénditioqs, the characteristic function (and hence
the corresponding pdf) is uniquely determined by the moments of ..

the given raniom variable. - o ° 7 i ;" A
Necessarily, as in all other expm-‘;bhn :ltf is hope& - '
that the expansion in (2.2.2) gives s valid tppmxhatic‘a'n after . :q Lo
the first fev terms. R -_’ E ‘ e :
In theizi derivation, Ho and Yeh have used {at least v ;Az,
im plicitly) (2.2.2). Thns the c‘htmteriatic function I(u) - ‘ ‘

of the ISI r.v. is expanded into: . '
. o o N ) 3 7 - .- . ‘ . ‘ o .
I (u) = Z [ (-1)* o™ . ‘ )

=0 (2x)} _ - .

=) 4+ E . ;}a (.-]jk'u

: x=1 (2x)! “s i ,
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vhere (b, is the 2k momenit. . . . ‘

. ¢ - If one compares (2.1.8) used by Shimbo and Celebiler

)
vith the above equation, one may ‘see the "linpr" difference between
» the two methods. - , : ' - )

\

- . Bhinbo and Celediler use a Chu'ner oxTuulon' for
: thg chnucter:latic function of the ISI r.v. . vhitl:h leads to thc, ld

- - product of an exponentisl Geussisn term (with variance 52, to be

detern:lned) and a pover series expmiou. This gives the ISI a
) Gauuian—like tern. corrected by successive veighted derivatives.
| . As to Bo and Yeh, as shown ty relations (2.2.2) and
; . ' ’ :;(’2_:,;2.3) » they restrict themselves to a s.tnight Taylor series

'exfmmiqi; &round the c;rig\in, so that no Gt'uuilte term sppears

_ here (s = o).

B . - The ‘dig.ftrepe; comes about probably from the fact °
thqt Shimbo md Celebil{ were initially tryt:lng to ut.tueh a phy-
sical interpretation to the;lr derivation, which vas not Ho and

Yeh's concern.

S Mmerically speaking, the tvo metbods sre sinilar,
and this can be seen u in the tonm

v -

Consider the c. f. or t.ho combined nulo- variable

P

' (cluuhn noiu + ISI) as used ﬁchtivdy by Shinbo and Celebi- .
ler and Ho und Yeh. From (2.1.9) and (2 2.3) one Iq write:
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o (u) = oip(-%_ o® u?) (1 *‘3:’ . “2:) -xp(-% o, 2u®) -

s n
k=)
5:;,4}.?\’.’ . ¢
N n e a 2 2
o \ ba(u) = (142 ayu Cxp( : *n“u®)
k=1 ' .
- The lzﬁ and d,, are both, computed from the moments.'
. Furthermore by rewriting °1(u) as
® .
P, (u)= -xp(-é_ %) ( 1+Z “a)
‘ , K=l |
. vith 02-,- can ., 32. it may be seen that 01(\:) and 02(11) have
‘ the same form. Although ¥ 4, and o2 ;;2 PR this -
- i . ueh fox 2k n ’ .
does not_‘st‘fect the numerical prociu. as the independent varia- .
) ' ble here is u.- The rates of eonvergcnco of ‘the twvo methods are,
T ', " hovever, diﬂ’e'rent.
In fact, in the Shimbo and Celebiler derivation,’ if
. the value given to s is gero, one derives the Ho'and Yeh result.
‘ Thus rewriting (2.1.10) - ' :
| L vyt e . Li(x)n (x) e
"”‘n z
lad upon nullifying the valuo of s, vwhich num that (
r . - 18 reduced to 1tu‘; first term,
?:v y * »
%.:\217' ooy N N ’ P 9 ‘ -“i
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‘ ~ e 25. } v
] \ '
-
' o “ vyw (=1)F (% (%) e 5o o 2.2.8) -
@ : 2k * % 2k 2k k - p
\ B 1 ‘
- v ) “ v ;/
o ‘ s (=) k Li(x)xa dx o
) 3 : ) 2k): ° N
-l k ® 3
2k)!. i °
L ’ This is axactly the coefficient of u2k in (2.2.3),
the equation used by Ho and Yeh. - . |
) Thus theorically one . may say that the Shimbo and
' . Celebiler method is superior in the case of the vhite Gaussian
o
wile, becaun, or the existence of ope degree of. freedan (the
“v;lue .of 8). But in the eue\gt— nonvhite Gaussian no:lu, the Ho
and Yeh method is simpler, unless ve use the value s=o’ for the
Shimbo and Celebiler method.
LR ' .
*
2.3. Du-iva.tion of thamprobability of error
' The charscteristic function (c.f.) of the conbined '
' random varisble (a}ditive Gaussian noise + ISI) can be expreued » '
as the product of its conpouents ) J
2 2 e C ‘
O = ep (4 of o) em(-L o "“? ibz W) (2.3.2) °
:i;f.’ . As vag mentioned earlier, the Bz\‘k'l can be computed iteratively
i , ) oPaa?s §2
S and are wveighted moments of the ISI r.v. By 1ett:lng =0 at %
T ‘ ! )
A‘:A A I . . ]'
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n dne obtains ‘ ’ :

? ! ]
4

®_(u)mexp(-c® u? ) (1 +Z by uo) o (2.3.2)0% ¢

’:\\ ¥ ’ 2 ° k.’ / - |
r ' Taking the inverse of the above, ¢ 6 .
LR . A ‘ ¢
0 (x)=1 4 by (0F % f 2 exp(-_x2 )] |
1 ax>® ° 2 a2 -
Therefore ° ' ' 1

Q (x)=1 e‘xp(- 2+ b (151 )% (x )exp(- %2 )
‘ o\ew 2a2 =4 o : akm— 20°

The above rerresents the combined random variable. Applying it

to (1.2.5) one obtains

¢
o Ple) = 21 [ @ (x) ax |
L dro e
» I "
) A
. = ’22-1 (z erfe(dro )+E 5 Z b?.k kel - s
k.l 3t
o . “ {are)(_1.)%* exp(-a®r ))(2 3.3)-
. .
Equations (12) of reference['r] and (8) of reference .
e [6] bhave exactly the same form. In the former 2L»2 (binary),
o vhile in the latter o dﬁ (i.e. with,tzto).
L - Vith,ca = 0 one may derive fram (2.2.3) the value | .
:. | , of b, which is put into (2.3.3) to give: -
. . o o
. o . : ) ,‘." '.& . .
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. s ' | 1 oo ' B VR . ’:«;,,j.'
) 2 '
| .
.: - N | , O ' k
: - f) (% ertolar, ) + 3 (" expl-tar) i, (ar ) )
( L CV 20° w2  eVe-:
1 = wvhere |
l .
, , @
: 1 erfe(a) =_1 [ “exp(-t)at
' 2 VT Ja
The above derivation seems somevhat complex, because )
. it vas first necessary to transform the‘ random variables, muitiply
/ them and then return to the probability domain.
A more atraight tomrd method vhich yields the
same result consists or expanding into Taylor series (in the pro-

: ‘ bability domain) the function 1-F(dr, - x) eround dr .

In the case of the vhite Gaussian noise,
@ ¢ 2 ‘
, ; 1-F(dr _-X) = f 1 __ exp(=x) ax
dr -x ;!ﬂ 00
=1 erfe ( dr_- x) ‘ S :
2 vl | N
L =1 erte(dr)d-z -x)k X ;'d_k_ erfc(u) ’
[}
- 2 k! k
'{7«?‘ k=1 du u=dr
A . . Differentiation of erfc (u) gives rise to Hermite polynomials: -
° X ‘ x ,
d_ errc(u) = ()" B (ar) exp(-a ) 2 :
° d\xk u=dr 2
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»  Asmming the eveness of the noise and of the ISI r.v., it follows  \.

)

‘tlnt

1 . ‘dro.x( .
fnierfc(;vg) i(x) ax

2 2
= L erfc(‘w- 17- (J\/{a I—T By _ I(Wexp(-'-z—oi)(ad.h)

-In the above formulations, the first tern represents
the P(e) due to white noise alone. The following terms describe
the effect of the ISI in an additive Go.ussia.;: moise enviromment.
In another enviroment the effect of the "same" 1SI vili be dif-
ferept. It can also be seen from w(2.3,3) that the ISI cannot be
described merely as vhite Gaussian noise.

In case of nonvwhite Gaussian noise, OC(u), the c.f.
N -

given by (2.3.1) contains a pert vhich is formed by the convolu-
tion of the nonGaussian noise and the "equivalent” Gaussian part

1

; : of the ISI. Ve note that in the case where s is different from
zero, the result of this convohﬂtion cannot alvays be expressed

' 4
in & closed form and this will add a nev dimension of difficulty

to the problem. Thus to avoid this difficulty the use of s=o,
‘which corresponds merely to s Taylor series expansion of the moise
process in the probebility domsin, is advised, if wve wvant to use
the power series expduion method, unle;s the convolution :ia simple °

, . to perform.
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One of the disadvantages of the above formulation

wmuu‘\ W

is that it precltidu any phmiep :lnterpr;tatioh" of the intersym-

bol interference. _
Equations (2.3.3) and (2.3.4) can be shown to be
absolutely convergent. But, this convergenc; is ulunll'y slov, 80
that quite s fev terms have to be used in order to get a satis-
factory result. The convergence of the pover series is directly
linked to the relative magnitude of the m.xi‘nmn dev'ittion caused
by the ISI, with respect to the magnitude of the signal. For

-.n.n ISI, the ratio S/Ih, vhere In is the max deviation caused

by the ISI, is larger and the convergence is fast. For small
values of S/Iln the serigo converge very slovly.

It is provable that for velues of S/I. larger than
3 or 4, the pover series expsnaic;n method ivoula diverge due to
t’he round-off errors in the conput&. Thus, it can hardly be
applied to M-ary PAM systems, vith N larger th&n 8 or 10.

Shimbo and Celebiler have susgested a netbod to
improve the convergence of the-series. They enumerate directly
all possible interference that may be ceused by gpy ¥ terms (the
K largest terms) and use their formula for each case separately.

This has & limited applicability due to the amount of computer

' tiio involved. In fact, this scheme combines the pover series

expansion method with the emmerative method.
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e 2.h. Convergence property .
‘;vv ) L] N
As wves mentioned earlier, there are two kinds of
! arors associated with the series expansion scheme:
. e
1) The truncation of the overall -impulse response.
1 - .
14
. This is common to all mmerical methods. This kind
’ 3 o
‘ \ of error is not conaidered here for it is. theorical rather than

practical. That is, the number of intaraing samples can almost
alvays be increased until the computed P(e) stops changing. Fur-
thermore this problem is very difficult and can itself be a topic
of theorical r";seareh. y
. . The interested reader may look at Ref. 7 . A par-
tial solution is alsq given in 2.6. There an upper bound on
P(e), computed with all of the interfering samples taken into
account, is derived. The difference betveen this upper bound
and the P(e) ccnput’ed vith a certain mmber, ssy M, of interfe-
ring samples, may give an idea of the magnitude of the error
induced by the truncation of the overall impulse response.

ii) The truncation of the series expﬁsion.

The folloving refers then to the truncation error -
introduced by the truncation of the series expension, vhen one
considers a l-ter;t\runcntion'of thc channel impulse response.

The truncation of the RES of (2.3.k) after n tems

N
s . .
. introduces the following truncation error E W
4
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| &%l n
X 2! y
) ¢ ) _ (2.5.1)
\7,',‘"‘1’ 20? ket 1 U 1&'7?&7!)
Por notational convenience, let 1= "o « The range of X, the ISI1
TV, being rinitc. define
! ! d - : 1r , ,‘ .
hw] .
Then;
! - dz- >
Poreps = "2 %a k and 820
) Box * Py
' It is known that[13]
-1
| () < b2 2 '\ka-x)' ‘exp(£2), b=1.086435 (2.k.2)
R k-1 -— ‘ s €Xp 2 7 U Rl
;‘ . o ‘ ~
Upon substituting (2.&.2) into (2.h.1), .

. .
] b 2 A g; a:-x Px
- ) = <‘; v (-217)e ( )kfnﬂ. 0’2k

- <b ...!'.g “2:: u d2(k-n) 1 B )
; a2 I~ ,lvzlx-n) F3 7("‘-1)‘
. Upon changing the mm of the mtiou. ’
¢ ox | -
i ~ (___2 dl 1. 1
§ “\5‘75‘“ 25 a2k Aoex) Jl2n+dk-1]1
I N .
b Replacing nov the cmmation hy s larger term,
@ : kg
-’ 2 ) ¥ ‘
] Y ] ~ ¢ t . 4
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& " , ‘ Auunins nov dg 3\( 1, the gmtric series in - .
R 02( \(20+42) (2043) N
’3 \ the RHS converges to a limit vhich is substituted into the above

\ ‘ .

\\ to give vl

2 : ‘ .
by, 80 1 My 2 1 : (2.5.3)

This is exactly (’60) of ref. 1l .
!ran the above derivation it can be seen that (2.3.3)
‘ and (2.3.4) theorically can be detern:lned vith as great an accu-
recy as desired if d- is finite. Thus the series expansion method
- converges in case of white Gaussian noise. ‘

2.5. Determination of the noments:

Although msry schenes [5,8] nave been devised to

iteratively compute’ the moments needed for the evaluation of P(e) .

.
" the simplest scheme is probadly, Pnbhu'n one [1)] vhich vill —
be given here. . '
' " We are interested in the. evaluation of the moments
of a sum of discrete independent random ;.v.'. nunbered say
, \\ _ from 1 to M. - ’
: r = N X
§ Tl *'n -3
) g - : - ' . o

; .o . NN e 6w kg Y mv . & i ‘3 W i, P - SR abj‘x‘_‘ i
LT Cxe Ly ae 3BT P e RO ke ta S G0 A v NP A SRR R ey (PRI T P TR Y. Ve
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For a 2L-level PAM systen,: an_tuku on values from the set i,
1 » ; \(
o .+ a4, +3d, .00, % (2=1)d . If one lets'. ‘ B
) . =T =" 0 -, ..09 i | -y
CARI . e R ' ."~
oL N ., . T

. o J then.p : P ? 1 e g L
3 o - Y,,-'x o - . o . -."—.i
T Thus it is des:l.refl to ‘evaluuto;kY;;nx for different val;x’eaiét n. . |
| | - »’ \ In fact, as the X 's are even random variab;e[s (Pr (a wi) &> | .
‘ . ) Pr(a =-1) ), only the even moments of Y, ar: nonze;'o. Necesga.r:’fly. .

. - " . they sre all positive. . -

- * k - - - v . .

:., ’ s . ° Now . " . v

N N a? . . an * ‘
. : : <Yy > =<l +X)7 > u o
»

[T . i\,‘w

. vhich means _t

| ] . n ; v
‘ . . . on an-'zzk 2
:j‘_ - | > < Ya > \ = iz.o (21),‘Y“-1> (XN> (2.501) )

ety

-
P
7
7
9\
ol

-
© ~. i .

S . Yl-l and xi 'being independent for all values or N. In formula - ,

f - [N .
- - ' 2

;._" - . (205.1)0 N ' " ‘ . (f' P ,—

. v

<x;> = 1 for all valuesof N - . ' L

- <Y,«?‘> -<§f~n> for all values of m, ' - .
and the < X?') can be commuted enumeratively for \aJ.]f values of N Cd

.
[ - .

and n, - In fact,
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' ‘ :\.\ V) ] . ,‘} v‘ ! ! 1 R ':A' ‘
. o o . [’“o‘l Y : l":'»*.
. ‘ C U
o < :f» ) P (g™ B
1--(210-1) ’ ' ‘ _-l;’
211 om e
' . - 3 2 Pr(.“-’-)(’:r ) . (20502)
s . ’ 1-1.2 - ‘ N ' ,
4 . because we have sssumed Pr{a,=i) = Pra,=-i). . N
. ’ . If all the levels are aquiprobable . ‘
. . ' ; 2L-1 _ " o
. o<x®al 3 ()™ | (2.5.3) .
4‘ ! N ° < ’ 1-1 .2 s v e ° 1
. T - Thus (2.5.1) provides a recurrence formula to compute -

the mcmenta of X. To do tha.t, ve rirst use (2.5.2) or (2.5 3) to

/

eompute the <x“ > tor Ill valun of N from 1 to M. o.nd for m up ,

’ " to the highest ofder of the delired.‘nonentl. Then one may rgpeated— L
R . © 1y use (2.5.1) fpr ‘successively increasing values of N until M' is ‘
. ) r . reached. ' o g '
I . . “i
oo < 2.6.’B o \ SR A ' _—
: J In the folloving Prabhu's method will be considered ’
- ca vhicg(, in fact, can 'be described ru a pore complete (but not neces-
L a r' sarily more efricient) pover series expansion nethod, for ve shall o
k . " see that he also (useu the Taylor leriel expanaion or thle noiu ’
o p;'oceu to compute the px'obabil:lty of error.l ao ' 1 ?.-:.‘ - e
3 6 : 1 )7.‘ ~ In the problu tf. hmd.nost of Ithe ditticnlty arius .

. S

.

from the eatination ot “the dj.stributioﬁ* mncticn /tho 181 r.v.

"__ v




terms, one is led to* considér folloving two random variables. .- - ‘ .

"W F,

. “s 3 . ‘{ ._ ]
. ; ’ C ] a—y et *
. P:c(‘) = L Ln - “u'f;("” dx.i” L -

,

vhich is composed theorically of an infinite series of r.v. Not )
being.ab.}e to deal directly with this infinite series (the central

limit theorem does not apply here), but knowing that the effect ‘

of the ISI is usually, and _y_a.ctically, linited to its few largest

i) The T.v. formed by the sum of the noise r.v. n  end

the r.v. associated vith the N largest :.nterrenng ‘samples; This

1

.

is called xn.
ii) The r.v. assdciated with the remaining (theorically
infinite) - interfering seamples, X_.

Thus éne wishes to compute: .

B (s) = Pr{ XSa} = Pr {xnﬂ;rs a} | (2.6.1)
Since Ph(a) = Pr {-*n < a} can theorically be computed via the

pover series expans:on method, it may be posuble to get. both

upper and lower bounds to Bx(") in terms of Pyn (a) and some known

parameters assogiated with X - Gpe has thus avoided dealing !
vith the infinite series directly. Now, if the difference bet- .
ween the two bounds (upper and lower) decreases monotonicauy vith

X, P (a) can be computed v1th arbitrerily small errors.

_Denoting ‘the pdr by £ and the distribution runcf.xon
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, . = !xn(a-y) ar (y) . N Cag
- - "' 1 :‘;‘
o - <Fxlay) > | (2.6.2) ¥
< un Y12 2 e
. ‘,gn' ,':'x.yv
W ' ( As such (2.6.2) cannot take opportunity ot the pover o
N . Lo
' gseries expansion method. Therefore Prabhu has used the folloving ' Ty
\)\ v e
bt L
‘ . derivation to transforn (2.6.2) into a more suitable. formulation. PR
- : By selecti.ng an iuterval (-lo,up) 1o and up being Coe
» .ﬂ:::':'.-u
L positive, from the range of Xr we can vrite - ‘ T
5 . e ! .:. :1:‘-:» B W " "_ i
: -10 up ' .
: - + .
‘ ’ | Py(s) = F ,(a-y) aF_(y) ) Fxn(e-y) aF_(y) : o
3 \ ? N v, . ‘ [ - O - \"o .
. : , R -
. o + - \ . B
| , “Prm(a y) dr;r(y)
. )" A P ) » - , .
B . | ) , . . . o
e & ~
o =L+, ¢ ]:3 - _ (2.6.3) ;
L] - q A * - J-‘
B ' One then has . - . -
' . ) . 0< 11 < ’u-(‘1°) : ‘ Y,
’;n Iy ! - ’ ‘\\“ ,:
~ i a . . K 5
. / 3 _ :
- <I.< a- ar x&y <F + -
“ L 0<I,< ¥ (a-up) ) < F_ (atlo) {1-F_ (up) “ e
_ ) . - Jup = ]
2y . N u::
) 1,< F_(a-up) ar_(y)=F (&-up(? (up)- T, (-1o) o
: 2% “xn N
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. Combining (2.6.3) with the above, one obtains
L s
R _
»?J . 4 N R ) . \ , ‘
o » ) ( ;e .
R P()2rF (a-up) (P (ip) « F (-10)
AT x xm 2P | TP T T
P RO A , .
O . g o T ‘ o
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are also chosen valueth | ‘
ii) The use of the optimum value for- A toﬂ‘expren SO ’
i , .., the dirrerence D!t between the upper and lover bounds as a function L *
| of R, —10, up. , ] . i
' ) - iii,) The gré.dual in‘creasue of.the value used for N, z
- vhile choosing for each value of N satisfactory values for -lo "‘!
. | and up, until: D“ ‘becomes sufficiently small. ) :
i ‘ This procedure, if it can be ix;xple!nented ade;;natelj, -l e
. has the merit to give the exact P(e) as accurately as wanted. But ‘ 1
it cannot be easily implemented and in ;enefal the value of N that
"y . | should be used is quite large. ) ;
) Thus Pr;bhu seents to give ;norét §mp6nance to the
- : mlnaﬁon or’tl'ze effect of tte residual pulse train, than other ';
: f , authors do. It can be said that he has explored m;re tully the
N problem of the residual ‘pulse train, and has shown that it is
- - possible to derive bounds on the effects of the residual pulse | \
v train, ‘at least in the white Gaussiu; noi;e case, vhi/ch is not —
) . - of minor imp;:rtance. ‘ )
. | -
« - ) '
' \ . r B
- * H
: 4. S R

. ¢
Vel -:"é*"".iw-ul ¢ Slass

'

Zm' -s“-\‘v

. A -
L ot ey Bende N
3 '. : DT vl Silamed e b \v_‘!,sm_““{ gty
W RRETN u,\»ﬂ N m&?.\& *\E'ﬂrb ,'}L,“z,ﬂu_\,g;\ ok o LR A
RN



o

Tk )
'

2z

"a‘&‘-%‘»i
wt
P

nr o o
Pt R
S,

PR ALl
[P
.

;"ﬁﬁ

SN L

TEER

.2
*3

!
5
&

ANy
SFlES

3
.

PRS-t

PEECE
L A
;

Y
%,

v

-

ar

IR
PN B
& )

W

R AN "*:";‘. ISR 'ﬂﬁ'g ?«mex
o ) :

" this dirriculty. Benedetto et al. have suggested fhe use of

3.1. GQR: - : .. - :
~ ' ‘

" is the aistritution function of the noise process, i(x) the ISI
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GAUSSIAN QUADRATURE RULE METHOD 0 Ly -
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Although originally dev:lned in the North American
continent, the pover series expanaion method has also reeeivad

attention from many researchers in Europe vho are interested in

the problem of intersymbol interference. Amongst these reaenrch—

3

ers are Benedetto ‘et al.[ 8]who have applied the neries expa.n-

sion method to the JISI problenm. But, they round that the series

expansion, although it is adequate, at.least theorica.ily,wpr'e:enta ’

. o b N
the disadvantege of slw convergence to the resul,t. To. overcome

e W,

Gaussian quadrature rules (GQR) to the ISI problem.

a 4) . o f‘bc v

Y

GQR is the most videly inventigated method for 8

approx:lmting definite integrals of the form . '
' LS y

b- b .o d : R
f £(x) ilx) ax O Baa
- ,
As wvas said earlier, thc nbovo integul is int:l-ate-
1y linked to our prob].u. where £(x) = l-r(dr -x). and where F(.)

r.v. pdf, and the interval (a,b) is the domain of definition of X. -
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w . 1'\ ' N With ?QR the above definite integrul is epproxi-
PO , mated by & linear combination of velues of the function £{x) .

}f\ ) - ‘-
b . ‘ - - e '
e e T I £(x) i(x) ax = § i, £(x) L (3.1.2).
' ' a ’;”’ . C 1 M 2, } ™

<

‘“
L7

: n :
' , \ \ . ‘The set ‘11.:&‘} -1 is called a quadrature rule (QR)

| ~
» \\ of order 2m-1, corresponding to the weight function i{x). The

2, 's are called the nodes (or abscissas) and the i1,'s the veights
(or coefticienta)

, - ’ , A QR has degree or precision m if it is exact vhen-
, ever f(x) is a polymnig of degree less than.or egua.l to m, or
. | in o'ther' words if it is exact for f(x) = l.x,xa, vee X% In the
case of a nonnegagive i(x), n nodes and n weights can be rotgnd L
to make the GQR exact for all polynomials of degreé < 2n-1. ﬂ This '
is the highest degree of precision that can be achieved by an

n-point QR. GQR is closely related to orthogonal polynomials

: vhose properties are summarized in the following.

. - nal ials {

- .‘
Consider a sequence of monic polyncmials Pn(x)

for m=0,1,2,... vhich satisfy the following relstion -
. : . ! b o
o I i(x) knPn(x) kP (x) dx = 5‘h'

a . [ L
. .

3

vhere § =0 is the Kronecker delta, and the ki'l the normalizing
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factors. Then the sequence is said to be orthogonal with res-

pect to the veight function i(x). If i(x) 1w nonnesltiéio on
(’l, b), as in this case, the sequence can de easily shown to be

unique, from the followving eon:idex:&tion -

~
4
.

b ¢ .
f i(x) x" P (x) dx = 0, for n<m . ) :
a n , .
Obviously, then /
b 4 N N
i(x)h(x)dxfo \ S
a ) - S~
In fact, the above integral equals 1/ knz.
Any three ct;mecntive’polynonidu in the sequence
can be related vis- the "rolloviug expreuiog ‘ .
x P‘_l(x) =8 Pn_a(xh @P n_lfx)i» lnPu(x) ‘ (3.2.3)"
vith | ' -
Paxd =0, R)=1 I
This is an important property of orthogonal polynomials. The
coefficients 'n"’ ‘n"’ vill play an important role in Benedetto
‘et al.'s derivation. " . p

N

From (3.1.3) one can derive the Christoffel-Darboux
jdentity, vhich is usefil for deriving the coefficients of the

"1 P (z)r = o (®) P(y) - B(x) Py () (3.04)

X-y .
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One can now state (without proof) the folloving . r
theorem, ' o .o
Assume m different values of x in the interval :
4
(a,b), XysXyy +oo X and let n>1, then m coefficients can be S

found such that the GQR gives an exaet result for all polynomials
. 3 ‘ N
(x-x;) is

/

m
iff the polynomial P (x) = JT

of degree <
. i=)

orthogonal to all polynomials' of degre

The above theorem relates the ortho
mials with the GQR. It says that the roots of the polynom
vhich are  orthogonal with respect to i(x), form the nodes of ‘the

N

GQR- The weights can '=t"hen be deduced to be interpolary and are

computed from . ’ » .
b P (x) ‘
ik I m i(x) dx (3.1.5)
& (x) _ | -
»’ (xk)

. Xy

The above can be transformed by the Christoffel Darboux identity

L 'n”’x) P (n)

‘-1
2.2 -1
L=l£ n )
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Co mwmmwmumm |
. mmuum; in me. tcr t(:) contimous and 1(x) nou-pegative o

»

o

° bon(t.b).liteuﬁommt T . "‘i

' m . ‘
:1:. “i_l ‘k f(tk) . ] (x) 1(x) d! E o
nthmh th!s mpmy 1s not qunlm t the SR

b sbsolute convergence ropcty ‘of the pover series cxpuuon uf.m, ‘ %
§ : fn the case of vhite Gaussian noise, it !eont on ﬂn OQR method'

one strong sdvantage: it applies to almost wﬂt(ﬁ. ) N

2
-
&€
5

R
.
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3, -

& The usual px:oeeduro for £inding the coefficients
. ik'a éqmiuto of generating t,ﬁc set of orthogonal polyncmials ":':;_
M L associated vith the veight function i(x’ by first calculating o i

the three-tera recurrence formula, The nodes of the QR are then -

- deternined by computing the roots of these polynciials. As these e
z&..‘ ' . K - 1 "'“‘
P o
5
i A
W veights are then deduced frea suochtd tormlu m- schame H
. o
‘. cannot be applied directly in cur case, for i(x) is untmi.

o e ’ortuutdn Oolub ul deh[9]hvo dc'dnd SR |
' thod to ecnputc the n nodn uﬂ n veights, vhich mu ﬂn umm

of i(x) neu. nu cnn h deu‘bcemo mwiey nmxm
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gheir method {mvolves the followings, . e

1) Evalustion of the recurrence terns {a;‘:-l. and
"“’:-1 of (3.1.3) by mesns of tﬁo ﬂ’ut 2- nqgnts of x, the

'151 r.v. This iavolves the Choleski dcco-polition of the matrix |

of no-;utl M (vhich in our case iy the Hankel matrix in the wo-

ments) into R"ER.: R being an upper ‘tritnmm matrix. The on's

apd Pn's are then simply derived from the R matrix.

- ‘ ‘ﬁ) Generstion of a tridi'q::nll matrix involving '
) the .'a 's and the #'s. Eigenvalues und eiéeunetora of this ma- ' 4

' trix are then computed‘via the Q;B algoritim: Wnile the nodes

\u-e given by the above eigcgvdpos; the first components c_»f the

7'k

eigenvectors form the veights.

3.2. Benedetto et al.'s derivation -

t

.\

Pirst note that, as Oofub uﬂ Velsch's schame
involves the knovledge of moments of i(x) vhich can be computed
fteratively only if the mmber of interfering sssples taken isto
sccount is finite, the OQR method mtaét:lcdly spplies only to..
the case of a truncated overall chanhel ':l-‘iti_.u response.

Through the use o{ Goludb and ‘"dlch'l scheme to
derive the QR ut.{!t. xk’:-l » Benedetto et al. apply the OQR

: to (1.2.8) to get ‘ A i
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“the above has to be repeated if one wishes to change t.ho" number

-

{ . .

° ,’ . . "{
’ f
:

o
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Thus,in the case of Gaussian vhitc noise w:lth variance 02. ve have

1-Flar -xk)- 1 erfc (ar -xk) and (3. 2. 3) ‘becomes then

A

' n
Ple) ¥&2L £ 1 erte (3.2.2)
k=1 -
|
The error committed in the above formula is of the form I-é—-(ﬂ : "
] k' (2a)!
o ° Q .
e, 1 ertc™ (Tdro ) 1 vhere {E€(a,b) and k_ is th;
. ] _é_ B 3 o k: (a)! ] L4 n
, .
A
leading coefficient in'H (x) ® kP (x).
Thus, mmer:lc'a.m speaking, in the GQR method 'the g -

number of intertex;ing samples is first determined. "DW /
on the order of sccuracy wanted for the GQR, the mmber of moments

are computed; following that, Golub a.nd: Welsch's scheme is applied

to produce tht: nodes and yrei;htu required. =

Formulaes (3.2.1) or (3.2.2) the{l ’g:lvenu spproxima- - -

tion to P(e).

14

>

. Note that with this method the vhole procedure in

of interfering samples taoken into account, or if it is desired <
“u > v .
to increase the order of precision of the QR.
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' ' In this part the error introduced.by the trunca- Ay
o " ]
' - tion of the channel impulse responae. wiil be ignored, as it is ' . o
) - 1\ . i
N ‘. exactly the same in other methods. .
i o S . . " 1)Error committed‘ by the QR . ‘ _
v { TR it . ‘ [ In the cage of vhlte Gauss:.an noise, Benedetto et .
4 Ce ‘, [8]ha.ve devived an upper bound. on th:.s error. S L
S - i ® : (dr - I Ca
, ‘, ) g ) '.~En < A exp -—-————-l Im<d .ro ©o-l . )
v - ’ % n ' v ‘ ) '
w o < ! . b : .
. Lo y » S r
\ JEn ‘<A o » 24 r ) x
. ' ' vhere Jm is the 1a.rgest deviation, ca.used by ISI o L
© . M " - 4" s ? ‘ “.
- . .’ < _ ' . ) @ B
» L . B(ZIF].) 2_Lz§ 1)2 L“ ., B= 1.086’%35, [ ‘
S, .- () (20 ) Kk Vr .
"' “ ( - ’ A © “ . - ’
¥ LT \ ‘and En coijresponds to an n-point GQR. This bound is not always .
' tight. SR . T e .
R - ii) Rouhd-bﬁ‘ errors - N L '
. e ~ Round-orf errors, vhich oécur due to the limited
‘ 0. dcct}racy of the digital computer, grow vith *the increase of the
¢ order of precision of the quadrature rule. Thus whEi hiéh order
preciuon is needed (this happens vhen the ISI is la.rge). Y .
thould give more attention to round-off errors. Doubie precision '
cc-putation is a.dviaed. o i
r o ) . ;
B 'l'he accuracy of the values canputed for the set
\ ’ H N -
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v ) {ik.xk} el is ¥f primary inpoétanco" in GQR. In the OQR method, - -
. : , * | - -~
o am aw . , ‘this set is derived from the knowledge of the moments, vhich CL }
v thus, should be computed with tde greatest accuracy possible. ‘

p As these moments are computed iteratively,errors i
“ ' 5 o T I
are unfortunately cumulative. Due to this fact, the scheme de- o i
’ vised to compute the recurrence coerfiei%nti\ a and ﬂn nay ru:li.
?:' s Beneédetto et al. [8] have proposed the rolioi’ving' pethods to re-
- duce the effect of round off errors. ’
\ . 1. The use of mmerical differentiation of analy- -
. tic functions, using the fact that the kth moment of the r.v. can--
be derived directly from the eorrnponding derivation of the elu- o S
o ‘ ﬂ\, ‘ racteristic runetion of the random varieble X, ° i
] . o , 2. The use of a recently c\evised schuae to compute B
L " the OGR starting from "modified moments" of the fonl ) ' -
‘. : . = | P (x) i(x) dx T I i = ’
¢ 7 y s -k D- y 1 ’ ‘ 5 V i
. 4 . ) ' . -
. . where !fk(x) is a member of a set of orthogonal polynomials suita- ,
, b bly -chosen. ‘ L . . ‘ ’ 5
) » Although the GQR method appears to be suitable in . 4
3 : . ,
O . *many cases, the. inplunqntatioa of the above suggeat:lona nay - prove -
; v : 7 - . @
P e to be necessary vhen the Isi is la.rge. ® PN
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kS | physical idterlggoution .
' * In the folloving, it vill be seen that GQR method .
" as applied to this prodlem consists of giving to the r.v. X an
* . {
C approximation, say Vl(x). of its distribution function denoted
here by V(x).
7 It is known from Chebyshev's work in provability -
] that there exists a unique m-step dﬁtyi\ntion v, (x) vhich bas *
the same first 2un moments as V(x), (vhich in this case is the ,
distridution function of the ISI r.v.) , I
- mRo;tarriug nov to Fig. 3.1, ve can see that m
values of the abscissae, 8 and m ni.un of the magnitudes, . .
) A‘. are needed to deternine: tlﬁ step- vise function. ¥, (x) .
» . i
. X I c ]
. : Thas i (
T . N { » N .
ot h J i ° .
. , dvl(x) = . A 5(:—51) | (3.2.%) )
¢ ax ' N C o . . *
One can proceed to determine the a,'s and A, 's.. /.
I ’ ! 7 A% N - i
- Given m ,m ,..m, ,, the moments, \n know that V. (x) .nd .
e o ‘ ) T v -
V(x) are related via L - o o
oot o * ' . ’ - -
a % ‘ y . ( ' -~
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.‘« boe | That is, ) ‘
: jx av(x) = ); Anat' o (3.2.5) o

| =l

- . - o .

Equations (3.2.5) for different values of k can be multiplied by )

arbitrary constants a.nd upon the sm-mtion ve get .

N . N LY :"
o ’:?, ’ a ( 6

& : ) ;Qa l(x)d (x) = 2 Q& l(l )An" q,al_l(;)dV(x) 3.2.6) \

S L . L

o ' vhere Qa-1(') denotes any polynomial of order not higher than’ ‘ o

> ' . Consider nov -the polynmial vhose roots are the

" ' abscissae ve are looking for, i.e., - . A

t‘ ‘. | . o . - - ]

o ] D(x)sl] ) =a™E c 2. T

v - i=ml . ) : ' ‘

Consider then the set : { xin (x) .'1 It is clear .. .

;
- . k., .
AR that xID (x) = 0 for &ny 1,3, i1<m-1, J<m.
w ) = X=g - - .
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Thus by using (3.2.6)
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a jx" D, (x)av, (x) = }‘;_ . AR D GN o, =0
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e Da(x) a¥(x) , for A<m-1

So that L : :
G . T =l N '
o=f A (x) avix) » [* ¢ T ¢ 2t avin)

p * ' §m0 -4,
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Upon writing the above explicitly for AsQO=en-l, one has
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The detersinant of system (A) can be shovn to be positives™ - . *
6ne can then solve this linear system for the coefficients ci'g )

. W=} ) - 3
and thus D (x) sz j'cix" is known. The roots of D _(x) give / K
L i=o , v . ’

-
.
v . 3 -
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ot e A . . v ~
T . thea,'s (absissae for V, (x)). ‘ , -
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5 ' be computed from the m equations:
i ” A .
S : » :
: - \ Z A =1 ’ ‘ ‘
‘i'.l . . (n) n ’ ' T
‘;.x . B g.l L) nAn \' ‘1l for i= 1,2,0.0."‘1
The determinant of the above squations is different from szero if
! all the & 1'. are ;'znique, vhich is the case here. Consequently,
the above aysten can be solved for A, Ay, -..A, Vhich are all
_ positive. ’ .
~+ One can nov proceed to show that the l"'l and ‘:l"
‘- Just found are the same as the 11'3 and !i'l used in the GQR.
: : u . n-1
The monic polynomial D.(x) P Cgx; 1is such
’ ; imo
‘ that the ci's are uniquely determined by the “lyst?- of linear
equations (A), vhich results from the relation ; x" D'(x)dv(x) ‘ T
1 ’ ‘ , n u M
- = 0 for 110,1.2. csey M=), ¢
4 ‘ f
On the other hand, E_(x) = k 'i[il-l (;—xi). the
]
R x,'s bere being the noles of the QR used by Benedetto et al., T
also satisfies the above relation as tan be seen from .
v o ‘
.. . J R , , .
, }D xin!(x)dv(x) "3 4% B (x) =0 \\
. Q N ~ . ! .
for i such that imS<2n-1 (the GQR being exact for all polynomials
of dm'esa‘l), 1-3.. for 1;0’1:;2’.00’.-1. ‘?‘\1
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The lnmroucninc cln bo thcn uppnod to lyltu R

(B) to show that th! 1"0 m the. At'u aro umuy tﬁo same, Co
: Thus w uvc show that the OQR lothod. . nppnod o

L
'

_ to the ISI probleas, eonlhn ‘ ;htn; to ﬂx). f.hc pdr of the

181 r.v. X, an npprdxiution 11(:) vhich is of the: tom . e -

' Y ’ N ’

i, (x) = 18() .
. L f-x“ “x S

© Indeed, upon replacing i(x) in (1.2.8) vy 11“)' ve gt :

4 ~2L-1 oo ' - ot : o
‘p(..) =5 ’n.l-!(dro-x)xil(,x)'dx ‘ g

, , -%:-l ’n 1-!;(«0-:) i- 11 8(:—:) &
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D (e SRS
5 1l ¢ e = b oy - °‘x“ - P

: vhich {s eiastly (3.2.1), | Sl
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o mate the diatribution of the ISI, possess the same first 2u .‘1
C ..+ wments a the distritution of the T8I, Higher-order mosents v
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AN 'the OQR method otror- inprwucut ovox' the povar series cxpmion
£, '
. (P. E) method. 'l'hh is the case in the examples given by Bene-
- ' . detto et al. in [!ﬂ. ‘
" The main improvement consists of increasing the'
. rate of convergence of the OQR; that -is, the convergence of the.

successive values computed by the OQR {or by the P.8B. E.) to the

4

‘J : exact result as the order of precision (or the number of terms

a 3
¢ {

-in the expuuiou) is increased.
From the examples given by Benodetto et al. in [8] .
it appears that the GQR converges fast enough to the result. to
’“‘ ' "be of prlct.ic_tl use in situations vhere the effect of ISI is 1i-
nited. He‘ cannot infer from these examples that the OQR method
“will be adequate in case of large ISI. We are -assured lhatvby
increasing the order of precision ve will get the exact result _
(assuming that round-off errors are n.ot important), but nothing L
: can be said of hov fast this convergence is. Im practice, thg
OQR is faster than the P.S.L;., but no 'critcrionw'hu. been given
to Justify this autuent. ‘ ” +
l'hc criterion in favour of the OQR method is that
it offers the highest degree of precision in the area of definite
. iutccratiou -uaing a prefixed mmber of points. But, ,thil‘il not ,
‘ 'y criterioa of convergence. It is then 1uternth¢ to lpply the-.

OQR method in systems ‘d“\,.m‘ 18I, for example, inan O-ury or
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16-ary PAN systems to see the effect of round-off errors on the o
convergence of t,:he nethod. One cannot be certain that in those
cases the GQR method converges rapidly to bthc result.
Alternatively, we knov that the P.S.E. method osci-
lates more vhen the amplitude of the.signal is large than vhen
it is ssall. This is due to the fact that an increase in the
signal smplitude is followed by a eoﬁcmﬁm increase in the.
nngo.ét the ISI; more terms are then needed for an adequate
sprroximation. This characteristic is common to all series

expansion.

One nay nmr sy tlat the ccnwutioul difficulty
associated viu: the cqh lethod grovs more than linearly with
the increase of the og-der of precision, due to all the complex
mechanisms needed to compute the nodes and véighfa, vheress nu-
merical implementation of the P.s;!. method ias much ;orp straight-
forwvard. \

[

B l‘imny nlmion tuttthanthod:ls directly -
npplicmc to othc typn of ehnmh as is the r.s E. method.

msmymmtucnmmwtonoxs.x. lcthodby )
Benedetto et n.[el. But, it has been soen hov to apply the

s 0

P.S.E. method to other types of chbamnels and noise statistics.

The GQR q:pne; equally well to multiple integrals;
this mty Justifies its ;u for other types of disturbances
(e.g., phase jitter) in addition to noise and I 8 I
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v In cﬁumdon. “uu uy mo . oubth m rundum- . ‘J?\j:;ﬁ
tal utnmm W thn pcpm,' urtqfupsuioh and the 0GR - o
umaﬁ . .m;,oa t m 181 protiem, 'm m.n. Rethod uses
a Tul:r series expansion of the noiu procou. Thus in oolputlu .
‘ the value given by an expansion truncated’ pftcr .2 t-'u. ve only L
use the first 2n moments and implicitly inuo the mnity of all
the moments of order higher than 2n, uthouch ve knov that this = .
is not true. This incorrect ilpneit umption {is inherent in L

the method. On the other hand, the OQR ntuod am not use the "
noments "crudely®. It combines th% before using _th-& One \
L"‘ important result which fo}lmil i{s that the icn_cuti of order higher
L than 2n(in case of an n poiut 0QR) are mo longer implicitly assu- '
:_ ) med to be pull. This can be seen from the fact that the even mo=’ s |
- ' ments of the approximating pdf [n'r&- to v,‘(:) in Bee. 3,2] are ' ] ‘:
t ) | p&nitiu; Thus GQR nt"hoc""intcrpohtu" the higher order moments
| from the lw order muts and uses the entire uprulion to com~ c ’*
:_ | pute P(o). ‘l'hil uy be vhy it appears to converge mtcr thn J
S the P.8.E. method. But, this does zot mean that the "interpols- .
. : * tion™ tus um-odued nwo gives s hprw-m onr . u'!u |
' ' expansion method. It will de seen tht ‘the Chebyshe? lu‘,iu o "rf:
; , appears to converge as fast as, I.t not faster than, the GQR W. ’%
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THE CHEBYSHEV EXPARSION METHOD - . ol

% * M ﬂ “i‘

. \ ( . - " . - “ . ﬂ:,;,
In Chapter 11, it has been seen that the pover se- T

ries expansion method consists mainly in a Taylor segies expap-

. which is 3
o thus approximated by a polynmial. This substitution allovs mo- K

o _ments of the intersynbol interference (ISI) to be used to compute

sion of the distridbution function of the

| "P(e). Therefore if one wishes to use a series expansion method,

' . " 1t should bo able to give an t-tcmtc approﬁxil.'atiu golnol:ln

‘[ after & smgll mmber of terms. 7This is rc:piud t0 ensure that
the ninimum number of moments is n’oded, vhich in m. ninini- .

‘ses truncation ufeu. The Chebyshev series upnsiou poucu
the quality just mentioned. ‘
expansion into Chebyshev polynomials will also be studied before g
they are applied to the problem. Results i“hicnd bty this method

are then presénted and compared with otber methods. Some comments L .
A .
. follow. .t g , _

N In the following, the¥ate of convergence of series s

b.1 The Chebyshev polynotais |
. “ 8ince the problem;can .nov be reduced t0 the appro- . L
, ximation of & certain probability alstributien function, the- L

. folloving criterion may be spplied to test the socurucy of the

. ) AR
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sppoxmting rocess: ‘rhc mim— deviation provided by tln
approxintion should be minimm and not exceed a certain 1init.
This criterion forms the foundation of eMm theory.

] Consider the hgrunghn ;.nter;:olation fox-‘na for

U q
functions £(x) vith bounded derivatives of order n+l in -1$x<1;
%

£(x) is then exgressed as s polynomial of degree n plus a remainder
tera, the polynomial having the same values as rgx) at n+l points,

Xgs Xys eoes Xpe

' (n01) , ~
fle) = px) + ML | g (k.1.1)

v N
N Mix) = (x-xo) (x-xl) ...(x—xn)
The polync;id pn(x) is then given by
. n ’
(x) = £ L(x)f(x), 1 (x) = —3X b1.2
Pyl f_o L(x)e(x ), 2,(x —“{—xb ( )

vhere in the second of the above, the primes denote that the terms
:i(x—xk) and (:.k-xk) are anitted, respectively, from the products
M(x) and ﬂ(x.‘). It is easily seen that 1(x)=5 ., so toat

effectively pn.(‘k) - f(xk) for all k. Moreoter, [l1(x), a poly-

nomial vith unity leading acoetrieient vanishes at the.adbove points |
'S . -
The question now is hov to choose the points of

agreement, X 's, %0 that the maximm modulus of the error on(x)- .
' &
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Oncmmtothitiwcuhtumummﬁutmdm '
P ’o];m-m in the literature, 80 these techniques vill not be -

prountd here. 7 ' ) F
ov, if a maximum absolute value of r‘””" (€),
say N, is assuned, ‘one can then minimise the quantity.
e x| ' °
n fi{x) . Son o
. .ulu-ﬁ-l-}-;l | | (8.1.3)
o . One then must find-that polyncmialMi(x) of degree n+l, with unity
leading coefficient, for which max |I1(x)} 13 o minimm in. L

-

.1113.11. It can be u& then that [1(x) must alternate naxima,

A ond ninima, ¥ and ¥, st n¢2 successive points -1<i1,<y2 .
+s%, < 1, including the o poimts. If gy(x) is snother polynain of
R _degres n¥1 vith unity lesding coefficient which has mmaller
-' extrese values in -1<x<1, the difference M({x) qf2) vidd
altermate politlfo snd negative values at o2 poiutl and,
\ fore, have n#l sercs. But, [I(x) -q(x)"is & polynmial of degree

| j,0r less, besce this {snot true end M(x) = q(x).

The lolt ovious nmetiou with, successive, mnl
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- end cos. 8ince cos (n+1)0 is s polynamial of degree n+l in cosf |

.~ With equal.and opposite values of * 1 at n¢2 points in 0S0<Sr ,
R ' including the end péintl. ve deduce that the required unique - '
' polynomial M(x) is some multiple of the Chobylix‘cv polynomial -
~ . ’ -

defined by o ‘ - : _ ;
® : . . ‘rn(x) » cos n@, cosfw x y=lgx<gl,. . (’0.1%,%) '
o N ~ $
v . ‘ , \dth.’f gr) - 1. T‘ (x) LE X ’ N , \
! \ - ; ‘ rron the trigonautric identity
. ’ B '
! cos(n+l)o * con (n-1)0 = 7 cos @ cos n O, S
) ve fipd the inportmt.rolation ) o ’ ’
® , M(::) =27 (x) - T, ,(x) | : " (h0.5)
. P b ‘
vith 'l'o(x) =1, T,(x) = x, _ s Y
’ i Fl sz; ~ ) ¢ E 3
- " Nov from the relation
v ; ' " L o‘ A 1"8
,\§ .,’ B - _’g\cou’n eoanOdo-s an  } ®and n ¥ 0,
e get . . 1 S
7 ) . ' ‘ 1 \ v
Lo S : ’ "1‘ (x) L (x)(l-xe)-é- dx = -g‘ 8“. n c'ri o (L1.6)
i.e. the polynomials T (x) and Ty (x) are ortho\gond with reapect
_ Y NS .
to (1-x°)Z in the range —15:51. ST Kl _ .
.o . .. C
‘ v . Thus, sctording to the avove, [1(x) is chosen to be
Lo K M(x) = 2 n'l‘nﬂ(x). p . ' e

the coefficient 2"“ being necessary to get an unit'yb’leading coef-
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., . felemt. ‘As -rnﬂsi. max |1 (x)| = 277,

! . 4

The points XosXyses X, 8% vhich pn(g:) is equal to

T R,

=2

£(x) are the zeros of Tn+1(x)‘ mmely, . . . o
J . i .
S T : 2141 = , ‘
'E‘«', xi- cos [ n+l 2] .‘ i‘o.lge TRy ' 3 '(h!]-!}?)
| a
It-is then ensured that .
. " ¢ . | ln . [

. C L, “e
. - e(x) <. M ,
\ N . ' n —— n' - - -
T - (n1) ! e A -
;’l ‘\

F , vhich means that if M is finite for all n, increuing n a..uo\u

. one to achieve an etbitra.rily small error. o A

Y [
. . One may conclude, therefore, that analytic functions, s

such s erfe(x), can be approximated as closely as desired at all
points in a certain intervu by choosing polynomicla or succeuive-

1y higher degrees vhich ar“qual to f(x) at the zeros of the -

| ‘ ) . .

v relevent Chebyshev polynomials. g
,'f .

' What has been obtained frqn the. cbove coneiderotion '

2 - .

- ~!

, . ’ of the minimax theory is very important. In A lenset oné my A

. r
9

state that the use of - Chebyshev po.lynou,iala tllova one to ep-.

T " proximate functions in . certain iutet*vol vit!\ an error which ' -

never exceeds a certain'€ in all the interval.: In the prodlem in a
this thesis, one can 'reploce the nininu criterion'?&.:g -some less

stringent condition. For that. purpose. consider thel series |

Li

*  «expansion of f(x) into Chebyshev polynani_c]_.c, .
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(4.1.9) is obtaiﬁéd from the orthogonality of Chebyahev jpoly-
. Y .
: . nomials \gith retpect to (1—:: )72 in -1<x4).

9

' It the above series. is truncated a.rter the term -

o‘gw

- an'l‘u(x), the remsinder will orten\ be dominated by\ its first .

term; thus ve expect the truncatéd ‘series to be close to the mie~ R

s v . | o [

piniax polynomial, though not identical to it. It: has been shown -
| . [llt] ‘that. in all practical cases the truncated Chebyshev series |
' . : is. almost as good as the minimax polynomial. C ‘ ’
C o ) One more very }l.mpo;'tant property of the Chebyshev ,
expanaibn is its very fast rate of converggnce. - ) ] y
Tulor seriea exptnaion as used by thc pover aeriel
. S ( ' ’expantiqon nethod hu been seen to give oscillating requlta due
.‘ ‘ to the rather slov rate ot convergence. In .tﬁe 'cue vhere quite ‘ . -
a fe\r terms are needed in t.he expansion - for example vhen the ]
« ISI :la large- trunca.tion errors, vhich occur 'in the digital com- l
. Lo puter, nﬁ px;'ev;ent us tran obtaining the exact P(e). .
Chebyshev series expansion, as it is related to the °
, Pourier theory via the cosine runction, eliminatea that slov con-
. vergence. Fewer tern vill be needed for an o.ceunte a.pproxin&- . ’

tion’wm effects ‘of truncation errors dininiah aceordingly.
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- the complete range-~w < x<®, Such classes include functions with

.11 other values of x, by the periodicity: condition f(x+2w)sf(x).
exists. | )

"*#(%) is bounded and has & finite mumber of maxima and ninima, and . ¢!

- . [ . D el

-
] &

Thus, before applying the cmbyihov expansion to
the problem, its convergence will be studied. .-

k.2 Convergence of the Chebyshev expansion:

In the following, the couvergenee ot ‘the expansion in’
terns or Chebyshev polyncm:lul, will bo studied, first w relating . :1‘
the Chebyshev expansion to the Fourier theory, then by showing
that prmuion in terms of Cl':ebyuahcv\ ﬁolynoniah has the fastest
rate of convergence in a certain class of orthogonal bblymii,ll
vhigh include the Legendre and Taylor "polynomials". d

It is vell known that thc cxpnmi.on into PFourier

&2

‘series is a very valuable tool for the approxinqtion of functions

of period 2w. Ir;deed. for cértain classes of such functions

f(x), the Fourier series will converge rorruult. values of x in
»
the following properties: ’
1) £(x) is'defined arbitrarily in - <x < and for

11) r(x) ‘is absolutely integrable, that is, “'It(x)l ax
J R m
L « Then at any interior point of any interval, in vhich

t»t,'in:lto uy_l‘ber of non-coincident discontinuities, the Fourier

series eqnur&cr t"o % {f(x*) * r(x")} vhich reduces to f(x) at

7
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A . poist of oontimity.« L : y

0

N hia olass includes most ‘of the muuou vhose. RENY

, : expansions are nodﬂ in practiond prou-. . . L
lt. ) ) ,‘ . ) | l ‘ / , {]’
f:‘ ' h “ Dut, our mein concern for the probles in hamd is g o
L expansiony valid over & finite imterval, vhich can be taken, o
S !

‘without loss of generality, to h_'—prS.w. !'ho mu"ior’ series ‘ R
are computed from values of t(:).in this interval on!y and to ﬁio . |
’ extent periodicity gives nogm.ieuiu'adnp't;gu.’
‘ T On'thsothr hand, in this ciu. unless f(x) and all - .
‘ its derivatives have the un values at -w and ® , there is s |
tminﬂ. diascontimity of some ordcr at thon pointl The rtto :
| ’ of convergence of the FPourier uriu. that is the ntc of decrc;u o
; of its coefficients, dqnm on the degree of smoothness of the . 1
function, measured by the order of the dcr:lv@in vhich first be- ' B
comes dincoxiﬁ,mou at any point in the closed }ntma f-wSer.
. ~ Even it f(x),is perfectly _-'odth. it may bave terminal di;cou't:l-
T 'ty in relation to the Fourier theory apd this vill ntroet the N
rate of convergence of its Pourier uriu. | i
c . Consider a function f(x) dctimd :lﬁ‘ xSx$x, ome em . i.‘

v .

.represent £{x) ai the sum of the respective even and 0dd mnceiou 1 .
5 paied {m) setn} L gy = d e -f(-x)} Then the .. °

' ' :\,‘
“ cosine- series for f, (x) is. ; : - o “ L

- . f(x).a“.gt‘eonh.ck!ff(x)coshdx ‘u

iy . . . " ‘
- - P
£Y h LI S e ™y
i * - o NEREEAE LA N v Y
. “ i ' . kN + MR
. | \ = ), £y . .
} - ’ - E ¥ 2 ? I
4 P 2 ~ 5w y R [P 4
' ’ . , AN NN
0 © ' N “ = I ' e DA 3
; r S ' [EL
- » = » . ° - ! PR S C % [RA
- - - . oy g
¢ . N (AN Tt s - ty v :
' b -~ " < e - Wi 3. Foa TN PP TR
[T .,.“_\"’L . & T . - . ‘1‘)‘"— }?n
g N R 3 . \t
X e LY . - { PN (R RV
R LI S B t. o » o AR
M s e o PN “4 P
. . . L, C C i e ~ & a3 Lk RN,
T i LT K SR R




L3 FAA I T R L S T
. N . oo ] EE - L T U B A J i - St ‘\& PRUAUR U . [ y 2 Ty
AT MR B s e MUY - I T 3"‘11"‘]\",‘ 'z\“v'ﬁs LT AR AR TR NS £ §’ y e e vl
Y, t ey A ' v . i A I . W e - e e ‘.4“ N

) ' ’l v - | e, . 66 , ’ Iye
» . 8
o
i I M *
and the sine nriu for £,(x) '
L& s :
r,‘,(x) -3 b, sin kx, bk- ';f ‘fe(x) sin kxdx ‘ -
kw] . 0 , .
. At x=0 and xsf7, all dhn terms in the sine series vani;h. vhile

o (Jr) at x= 7" equals 5 { £(m) - f(-w)} Thus, unless f(w) = £(-w)

w

the sine seriea can never give the correct ansver at u' and -rand
o N . TN \

o ', may converge only slovly at intermediate points. 'l'he cosine se~
| ries can converge correctly to any f(7) and f(-m) but its first ¢
_derivktive vanishes at the, terminal points and unless f‘l(xz, also
has this property, a 'discontinuity'.in the.first derivative at
the two endpoints is encountered. ‘This ia less serious than a
; discontinuity iB the function Value and one would expect the co-

sine series to converge faster than the sine series ror smooth

£

R . . functions.
- u *'If one is nov interested in & function £(x) defined
only in OSxS.'rr. then its definition in.-w< x<0, can bBe cho-

) sen arbitrarily.

- * '
N

- ) fa - ’ K Thus £(x) ‘can be con_aidered as an odd or even function

. and the sine or cosine series can be found. Now unless f{o)=t(m)=o,

“} . 0

there is & discontinuity et o and 77 {n the sine deries. In the

opther case, & discontinuity is probably encountered in the first -

- derivative. -

' ,I\}
. Nov consider ;
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o !

o (" pls ' I 1" 2 Y . ‘
| 8 jo £(x) coa“ kxdxe & [t (:f) cos kx -2 !og (x)_,coukxdz

o : b -’ £(x) ainkxdx- -3 [t(x) coau] * i t'r(x)eouxdxc

k o (]
;‘ W

For large values of k, the integrals ‘are lliklely to be small, and
are dominated by the oscillation in coskx. One may deduce thet
the cosine series converge ultimately as K2 and the sine series

s

as k°} unleasl £(x) has special properties. )
It has been ieen that with Fourier expana;lon of a nt-m
periodic f(x), problems arige from terminal d:laeontinuitiﬁea. These
. can be avoided with the Chebyshev form of the Fourier series.
Consider the range -1s xs 1 and make the change of variablea x=
- _ cos @ 8o that | o
_ £(x) = £{cos®) = g(0), 0soesT V
. \ . the function g(0) is genuinely periodic since glo + 27) = g(o)’.'

We should then expect the cosine Fourier series

!

” 1 ® T2 '
ge) = 3 Bt :-1 acosk0, o= ;fog(o) cosk® do_ :

to converge quit'e rapidly. ]
- . Letting x-‘acoa 9, one gets the Chebyshev expafuion.
' ’ .-ga"nho(m in (4.1.8) and (4.1.9), vhich thus has the same conver- -
' gence progerty-of the Fourier series for f(x) ?rith the advantege

that t:he termifial discontinuities are ;iimimted~, because g(0) is

éven and genuinely perio‘dic.




(x)

. n+l
is 2", fThe maximum absolute value of’ T';*l(x‘) being unity, the

Now recall that the coefficient of x**} in T

3

Tar

ot
Al

A3
e T

15

.monic polynomial 27" Tn+1(x) has maximum absolute value 27,

&

One very important property of this monic polynomial is that

. K T

of all monic polynomials of degree n+l, it iiu the smallést de-
’ viation from zero.. This has been proved already.
- ’ It can then be shown from all the above considers-

i tions that the coefficient 8 in (4.1.9) has order of mignitude

N
Tli-—-—- , which is considerably smaller for large values of
27" k! ‘ ' -

3

k, than the k'l or K ° of the best Fourier series. This should

estaﬁlish the Cheigyshev'ser_iet expansion as one ?t the best me’;—;\Q
, . t;nods. - s
‘ Cons;.dex‘ nov the class of ultra-spherical polyna;lhh

vhich are orthogonal with respect t;a (1-:2)" for various values

of @ . More specificgly, compare the rates of convergence of

series expansions into these polynomials.

wig A

e ¢

%
Let {Ar L be a set of ultra spherical polynomials ‘
¢ 1

’ orthogonal with respect to some function v(x) having the above

€

L
form. - . “
. _\ ’ ~ /\

One has, tlien

1
[ LV AL oy (xdax = 0

<+

. vhere q,r_l'(x).—is any polynomial of degree r-l or less. By inte-

o TS ST AT ) o
" k

4 a

5 - > S
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grating this expression by pms.ﬂ using the fact that the rth

‘ derivative of qr_l(x) is identically zero, and letting

ax

2

wx) A_(), = 23 L () g

it can be shown that one gets the folloving differential system,

il SO W w1 T 0 JN

V(£2) =vi(r1) = .00 = vx(,""l) (¢ 1) = on

ilheu;d one solves ’the above system for particular va-
lues of c; » One ge‘ta many cases of interest.. For example thg
Legendre polynomi:.ls afe associated with \’r(x) =1, i.e. for a =0.
In this case we find |
&

Vr(x) = Cr(xz-l)r ,Ar(x)- or = (::2-1)r . {h.2.2)
ax :

Cr is chosen to be equal to 1/2"(1')!_' to give the standard form

of the Legendre polynmmial vith maximum absolute value of unity L
in (-1,2). T “

The co;fticient A of x* of Ar(x) can be easily dedu-

ced fram (V.2.2) to be equal to (2r)!  '. This coefficient
oF (r!)z"
3 w B

will play an important role in the following.

Nov,the Chebyshev polynomials can be produce& with

1 g :
vlx) = 1-x°) 2 . Solving (k.2.1) for a = -—’g -gives then - -

-
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A’(x) =7 (x). -
T (x) being the r'® order Chebyshev polynomial. It has been seen -
that the le-ding coefficient, Ar, in this case is v '1 » vhich is
always hrger than the corre:ponditg caefficient in the Legendre .
nm-m for r2 2. - )
Fimlly, it can be shown that the Taylor series vith . ]

ortbsoml i;o];nmial: Ar(x) = x* correspond to the limiting

ultra spherical orthogonal pol;ynouim given by @ —»= ‘Thus

Ar in this case is alwvays unity, whichi is alwvays less than the

corresponding coefficients in the Legendre and Cheb'ysh_e; expansions.
One can shov that the doefficients in the »(iifferent

se.riss’ expansions are inversely prt:upz'u't:I.oua.lum,A;g and that, there-

fore, s faster rate of convergence corresponds to a I:argu- A o

From (h.2.1) one has
v, (x)=C_ (1-x2) ,Ar(x)ac (1-x9) "4 ()%
dx

Now the coefficient a_ in the gorthogomal ‘expansion of f(x) is

given by ) .
) 1 2 - i
l.r:./:: v(xnr(x)'f(x)dx[‘/ .1'(“,“. (x)dx‘ - . ‘

L]
vhich can be transformed into

, ] _
- . l; £(x) Vr(r)(x)dx. o :

) .:r' (fl)t

[
Arr.
- -1

T
v (x) ax
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| , t
vhich can be linplified—m-‘—'" ****** ‘ : o
[ ' (!‘)(
' x) V (x)dx .
oA, (4.2.3)
. ‘ L(x) ax :
Since Vr(x) does not change sign in ~1<x<1, one can invoke the
second law ot'the mean and write
1 (r) -
rtAa=t"0(f) ,. 1sf< (b.2.%)
Nov consider the nature of the function V_ (x) For
" large values of r+a, one can conclude that the major contribution
to the integrals in (h.2.3)- comes fran the region near x=0 so
that' to a good approximat'ion one can write finally -
Ar) SR
] -~ s
r! A,rai'—' £ (o) ‘ ‘ ,
.= ) . (k.2.5)
r r! A :

Before draving conclusions about the rate of conver-

gence of the Chebyshev series, recall that of all the polynomials .

" with unity lesding coefficient, AT Tr(x)‘hu the smallest devia-

tion from zerc; ijt, ';l‘,Sx‘Sl. Correapondit:gly the Chebyshev poly-
nomial Tr(i)' ha"a the largest poss{ble ’l'eoding coefficient of all
the polyncmials with uni"ty pax iwum absolute value in -lsx<xl,
Also fc;r the Taylor series, the orthogonal polynomial }\r vith uni-
ty xu;inun absolute value being xr. the leading coefficient is
al\ny(- one; and this is'the saallest possible value for a leading

13

coefficient. ‘ ' ' A

’

.
-
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From all the above conlidnst:?uﬁo may conclude .
that of all expansions in terms of ultre ical pohnc-idl

the Chebyshev seriea will genernlly/h“e the fastest rate of

convergence and the Taylor sgrfea the slovest. The Legendre

series falls in between tﬂose twvo.

h.3. Application to our problem

Revriting (1.2.8) for the case of non-equiprobability’
of. the levels, one has

Pe) = 2(1-p, ;) j;)r (drofi) 1(x) ax (8.3.1)

l'(dro-x) is then expanded into a truncated, say efter n terms,
series of Chebyshw f)oi&nanials. This series can then be trans-
formed into an ordered polynomia.l. Hote that this trannfo;'mtion
is not an optinun procen as truncation errora uy sugment vhen
numerical cmwtct}on is done vith this ordered polyncmial form.

- The mnc;tion l‘(dro-x) is thus replaced by the orde-
red polynomial vhich once substituted into (h.3.1) produéec 'y
veightgd sum of the moments for an ;pﬁu'oxi;ntion of the integral.

The folloving shoiu the different steps vhich occur

in the n\merical process in cue of thc vhite anthn noise wvith
variance 02. ‘

ar -

1 o x
The function 3 erfc (m should be expanded into

_Chebysher series. Let the domain D of X, the ISI random variable
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be (a,-a) snd let x=ay vhere y € (-1,1). Then .

— erfc (_015!) ”t (y) . (\‘.3.2)‘

Vhere Tr(y) is the Chebyshev polynomial of order r. and the coef-
ficient br is given by

- N

3 : .
br-i"’-ﬁ Q2 Jeare (ST 10y (33)

The evaluation of the function erfc is provided by a standard

W

routine in the digital computer. Note that the vilue of o v;:les
proportionally with the maximmm deviation caused by tae I1SI. ' The
. . larger a is, the more terms that wvill be needed for tl{e truncated
~ series to approximate erfc suitably in the interval of interest.
With the adbove one gets .

P(e) = 2(1-1’2,‘_1)[1 = erfc (#) i(aw)dv )

then replacing the noise process by its approxiution,

. ) 1l n .
X P(e) ?-'?.ﬁ-p?_b_l) I n(éh' +y b T (y) ) i(ay)dy

-1 r=1 = | \
vith ‘ ' |
// | | !g +§.1 b T (y) = 'Z::.obrrr(y) - :-o ér(-:-)r . |
- /,/; the above becomes
~ / . -, M ?‘2(1"&1)[:5-0 ¢, (&) Alxdax
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With %lg above formula one is ready to evaluate an approximation
| g s

' for P(e). In order to apply (k.3.4) one needs to know the coef- y

A\l

A ’
_ ficients c's, as vell as the moments k's.

LY

o

For the computation to the moments, refer to Ch‘pter
4

Y
2‘ \
s -

Two methods of computing the coefficients of the v
Chebyshev expansion will be presented here, as formula (b.3.3) is

not easy to compute. The first method, called the method of exsct ,

| v . coefficients, is very genersl and can be applied vhenever the de-
. finition of the noise process sllows the value of its distribution
« function to be computed point by point, in the interval of inte- :

rest. This is an interesting feature of the method as distridbu-
”, -4

' tion functions of fhe noise process cannot often be defined ana-
p lytici.uy. This method depends on the orthogonality i:ropertiu

of the Chebyshev polynomials, vhich are expressed here in the fa~
miliar cosine form: /

-

w ) s
-IcotrOcossOdOuwmsn,rqnds#O
0 .

) : ’ " Trk Mk _ N -
‘ ‘%‘o cos - cos - - 3 8“, r lnd s¢40 (h.3.5)
L ‘ - - z

vhere the double prime denotes that the first and last terms are

“

halved.
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N-1

. 3, cos

k=0

~

! :
.1. : .

L

.
» T
-+

- Recall that

f(x) =

El

»

® L
! 3 . -

[ S

s

[

LY
o ! .(h'3'6)' °
. e = a + a
‘ ., rN r
- lvu 4
. . U
. ‘ ¢ 3 - rN
4 ) & *
1 oy
- . N
s .
5 I d

i ) Y

v

) (R | )
Tr{k+2) wa(k+2) N
N co X pees § e

[

a ‘ Z
pv2
2 +

»
. .
31

3 "f . .
a = "fo (cos®) eo‘a ro 40

.
[o2]

arTr('X)\'

r=] r=0

"

Lettm‘:ﬂ define coefficients pr'N and “rN by

3

t

‘

= 8 ton o oNert fuNr T BhNer

) A “ . »
The cosine form of the coefficient e, of the .Chebyshev expansion

N

onzr ¥ %oner * BuNer * Gumar ¢

"eRnee

H

2‘5". r and 8§0

P .
) ' i
Z al'T!'(x) a

- . : o ’“,2. - - mk rk e
. 8 ‘Ni f(cos_ ) cos 5= ‘
- ) : 4-"0 5"
I - tie?) ()
S : Co_ 2 T (k+2 7 r(k+2~
o UrN" N £ (cos —=y—) cos ==
. e _ =0 |
teL ' In (4.3.8) and (hf3 9). replace. respectively, r(cor—-—) and.
.. ) - L7
. T (e BESL"_'E_L ) 'by their -expansion dnd get .
- ¢ N - : : :
C o= 2 E" | ' o con 1K ] cos TEE 2
) ! . . ’ . k=0 L g=o ] .
‘A. . ¢ . 1; ’ \ ) 1 ‘ '
) : > 2 ¥l e 7 em(ks2). V. p MksD)
. ? "W % E' a; cos N cos g
' k=0 | s=o ;

Making use nov of the ortfxogena.lity relationships (%.3.5) and

~
Y

s

s9 000

(bo307) ’ .

" (4,3.11)
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/ In particular, ) , ‘
.o T I B (4.3.12) -
. . N " Yy " e‘gu-r.zn b (8.3.13).
An eléerithn for finding the coefficients L to any required degree
¢ - o
. of accuracy then has the following etepn: L ‘iu first computed
> emmeutively for some :nall value of N, say 2,through formula (’4 3 8).

u R ;Ol' r-o.l'ooe.. ’“.1.

1‘,

® S noting that ug,=0 ‘ S
—— - — =~ {1) Use then (5.3.12) in the fomm
; . L ° l .
® - , Sr2n = 2 (8 * Yy
' "7 to find a_ for r=0,1,....K,

o , r2N

3 (a - )
rall -2 2N-r,ll VoN-r N -

tq find e 2N

. form enothen.cyele vith N replo.ced by 2N.

“

1) Use fopnula(h 3.9) to compute

iii) Use then (4.3.13) in the form

ki

v

)

H

ror r= N+1, N+2,...,2N.. One ia then ready to per-.

- % The ebove procedure might be stopped as soon as a

r

value of N is reached at vhich the last tev coefficients N ﬁm_lg

C - ®xn-2 *TC less than the maximum Pemi"ible error, sey €, in the o

s . @8_+ By this time we expeet‘each urN to dirfer from the correspon-

.

ding a_ by en amount‘l'egp than €.

2

-

N

. The ﬁecon&“'method of computing the coetficients of the

. .
VN

.
- "
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) Chehnhw expansion does not actudly cn.luatc these eootficientn
bnt it spproximates them, and thereton h eancd thc nethod of
. u.pproxiute coefficients. 'l'hls method is, then, less ctticiam

thnn the lut one, but t.he additioml approxim.tién thus 1ntrodu-

K ' ced is ulnost alvays valid, in the aenle that vhenever the :ln:lt.h.'l,
truncated series (the one with the exact coettieient:) is a satis-
ffuctorf app;'oximation for the 'noi:le; funct:}on. this second api;roxi-
‘mation does not introduce further noticeable error.

With this method one uses the interpolatiop formula

‘

e m - . N <
— - - M ] ‘ L. .
o ‘ o mEeE 4 . \
’ oy ‘ ¢ . :
’ 2 " : PN 4.52 R (K .
e e %" f;of(ﬁ&) Tl x= coslSoy ol 2 ° : ‘
Bote that vith thia formula, the error en(x) = f(x)‘p“.n‘(i) satis-
fies for sufficiently smooth functions. oo S
’ . ) ) o ’ ‘ 7 a
. ) nax enlx) lin. 1€) < 1 »
tn’],(e .- . . 7 .
. , The d_ 's can be ccnputed very euily and are related to the irue '
r'a coefficients via _ : . .. e
) 0 a . N i )
w» v - - e
T £, “ﬁ’ : ‘*x’ D o
, “ }!epllCins f(x‘) by its inrinite | series S - o o
o0 . P R
. - dr- — £ T, (&){2 s, To(x) } St
I gl - f ’ :“‘
= : 1 LY . \ . - o
L ) I ) % P -
M » - !
e . : ,
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" then frcm ¢, by negligible anounta. )
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Noting that v :

-
v

- u ""'("u"' g-‘x)" T2p(nel)+ r (x'k) '

4

and upon using the.orthogonality property of the Chebyshev poly-

nonials o ' o
E T, (%) Tr(x) = Bt 5, o ' /"
* ,
. k=o ' ° ko2 ’ !
one derives - : r =
‘ ) ;

d "oy (‘2n+2 .2n+2+r) + (‘l:nfh-r M ‘hn-th-t:r)' see
' . [ 3 . ‘
One can conclude from the adove that vhenever the initial trunce-

tion is satiafactory, i.e., ai_for i>n is negligivle, dr differs.
L4

’
e

In fact. it can be shown, by writing explicitly the

-

aifference r(x) - }:' arT (x). that if the second method 1. uled.
r=o

the error never exceeds tvice the error of the initial truncated.

series.

-

The tvo net.hoda are not entirely ditrcnnt md are

rehted one another. We ctn consider the first nethod as t re-

a

\
fined version of the second one.’ . ‘ ) S

14
Thus an evaluation of the P(e) can nov be 'f)erfomed
. Py
via (L. 3 ll) as the moments and the coettieients ot the Chebyshev

t

"lxpuuion are computed. A-summary’of the conputhOnpl procedure

.
% . .

follows.. ~

. *
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N

.
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: , After all of the interfering -samples one vishbs to .

. take into account aredetermined, tiae S/H ratio is chosen and the .
’ ‘ , " maximum d‘eviation cauéed by the ISI is gbtalined a8 the _'pr'oduet' : toa
| of the sum of all the maximum in}:erfer.ing samples b; the S/N
- '_1\. ratio. A'n initial program is then run to‘ p;'oduce the noments,
accc;x'-ding to the iterative relation (2.5.1).' Note that the maxi-
mum de;riation grovs propbrtienelly with the number of ;wels.
yA second program is:then run to produce fhe coeffi-
. cients bf the expaneibn. Note the following points: o,
p i) The cﬁebyshev polynomials are generated via
. . ‘ their 1terative relationsmp. e ‘
" if)“The S/N ratuio as well as the maximum deviation
. are combined to give the central" value as well as the intervo.l
in vhich the noise process is to be approximated. - '"sﬁ‘; \

K - . iii)A routine should be provideg or written. to com-
. b mte the values of the nong function et desired points. \
"’ iv) The coefficients are more ‘easily, obtgined by the - 2
net.hod of a.pproximte coetricients, the other nethod gives better' -
results, but ‘can be avo;ded :.r approximate resulu are edequate. )
nouever, its use is s\sggested vhenever the range to be comidered e
is 1‘ e. Note that- tke values ot the coerricients as provided

’ -

by the u:t nethod do not ehenge appreciably when -the nulber ot . .

et ter=n in the seriea expausiou is mcreesed, vhereu ‘with the se-

.
-

. v -cond nethod. coupute’ values for ‘the coerticients vi].l chanse ) :

-




g ¢

ll_:l;htly vhen the ‘)Nn'bcr of terms in the series is augmented.
v)tTh; eoeffici.ntolahd the moments are finally ;

con$$ncd to prod&co an estimate of P(e). . . -
~i)Double precision arithmetic is rcqpir;d through;ut.
Botorg priuenting the numerical folu}tl. it nov re- .

nn;nl to estimate truncation errors, as wvas done for other methods.

2

As in any other scheme, two inds of truncttion orrorn

are to be considered here. ' “““';?

_ 1)’ The error due to the truncation of the overall
é&annel impulse ;esponle. Thil snulyail hll been treated in the
ﬁreceding chaptera in connection vith other methodl. One can
ulvayn augment “the number M of 1nterfzring llmplel until the com=
puted probability of error atopl changihg

. 11) The errer 1ntroduced by the Chebylhev expamsion.
‘Aq analysis of this second kind of- error appears in Appendix for
} the vﬁito Gaussidn noise. , There an upper bound on the deviation
betvecn tho noise function and its approximltion as given by the
Chebyshev aeries—%: derived. One g’n then take  opportunity of the
fact that J;i(x)dx;l to conclude tkat the maximum possible error

-

. o , . . |
is certainly less than 2(l-p2L_1) times the upper bound just de-

rived. This can not be considered as s -tight bound and is actual-
ly many times larger than the actual error. It 1a‘nh8vn that

- ’ . , ‘ 2 i -
18 51 < Aexp [-»—(-—'—“‘——-L dlnloe ]. i a<a Ir )~

"“‘h 0‘2.
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n =" "o (k.3.1k)

vhere . .
n+l ,
JBa (l"pal.-l) |

2" 1/2(p1) VR VT ot

It can be verified that for sufficiently large n, the righthand

e * B= 1.086435

sides of (L.3.1k) go to zero, and this is always the case for all
values of afo. ‘ ) y
In fact, it is merely repetitious to state that the

Chebyshev series is absolutely -convergent in the case of white
. i

Gaussian noise, for it has been seen that it converges much faster B

than the Taylor series which already possess ' ‘this property.

4
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'Some of the res{xﬂ‘.ta obtained by the Chebyshev expan-

sion method-are preaqented here.‘ The purpose is to show that the

method is a valid one which can bc»(xaed co.nfidentlyeto evaluate‘ '
. the effect of I§I; To support this statement, in the first e;am-

ples,, comparispi:s are made with other methods: the pover series ot
exp;nsion l;eéhod, the GQR method, our's and”also the Very recent
l}iu'\pmlr‘s method [18] of Legendre expansion. We have thus cﬁoaen.
: X '.tpopt-xlar" cases ’i.e., the ba.ndlimitedrsignal and the fourth-order
. Chebyshe\'r pulée, both in white Qa.uésign noise. N

" %o further verify the adequacy of this me‘;thod, it

has been a.i:plied in cases where other methods may not snc‘eet‘i very

vell, i.e., the importance of ISI has been supata’ntinliy increa- “ .

sed by augmenting the number of levels. In all the following
, uample;. the second method of computing coefficients in the | .
v -7 ‘ " Chebyshev expansion has been used, vhich 'has already ‘been proven
adeqtlate. Note that the method of exact coefficients has also ’
been used and' has given b;stter results, vhich are not presen‘i'.ed .

here. Gaussian noipe and equiprobability of all ti:e levels are

., assumed for convenjence.

M b

S.1. Binary cases: = RN i %
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' A) The bandlimited pignal:
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method ( Legendre expansip‘n) is shown. In hisiexpansion, 11

9
4 B

. "
]
L)

Initially cougilcigr a binary. i’m,q-ta vhen the
received pulse is ideally bu%!i;.hfted and tmnc;ted u.tter‘ the
ll-most important semples. : “ R
i Fig 5.1 shows the error probai»ility ¢omput9d by ’
the Chebyshev polyncaial expansion method as a function of t.he,
mmber ¥ of terms used in the eg:punai.cmJ as vell as the known '
exact result based on the exhaustive method V'high .is not time-

conmim here. The sampling time deviation from the nominal

.- value is 0. 05'1' md the slgual. to noise ratio is 16 av.

In Fig 5 2 the same resu].t:e as obtained by Murphy 8

terms are needed to obtain the result, vhile tbeNChebyshev me~

P
thod requ:.red only T.

2]

In Fig. 5.3, conpa.uson 18 na.de betwveen the GQR me-~
thod and the Chebyshew uethod Here, the tvo methods give simi-
lu' results, but qthe GQR ne;hod ;:eedl a fev more moments (9)
than our's to derive the result. - - '

. We ;eution here that the powver series expa;nsion me-
thod uses many more terms than any of the above methods.
, The reason \rhy either the mumber of moments or the
mmber of terms in the expansi'on is used as a basis for compari-
son .can be explaineli by the, folloving consideration.

i) The convergence of a series exptuion is mea;ured

© by the mmber or ‘terms that should be used to get an nccurute '

P
.4

| -

Ly
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approximate.

Therefore one may compare Legendre. Taylor ‘and
Chebyshev series methods on basis of this lquentity.

Note that

the number of terms in the series expansions equals the order of
the eppa'oximating polynomial; it also equals the nml}er of moments

of the ISI r.v. needed to get the result.

the .Chebyshev method.

ii) Since GQR fs_not a series expansion method, the
number of ‘homents used vas chosen as basis for comparison with

One may object to such a basis of compari-
son and ask wvhy the .two methods vere not compared on the number
"

of "points" used? In fact, there is no absolute basis of compa-
rison between the GQR and the series expansion methods; but it
.:"' 0

may be m’i’zntioned that the time used to set up the programs as wéll

as the amount of computation associated with the derivation of

%
exceeds that of all the series expansion methods using the same
number of moments.

A

t e

results via the GQR method, with a certain number of "points",

3

. Ry
Furthermore, one can look at 0.1'1.1 the different me -
thods as' different processes of estimating or replacing missing

1nfometion° “the probebility density function of the 181 r,v.
Q

2

Thus, :ln all ,the methods one is substituting for the missing

L3

infomtioq same less descriptive and lessiconcise infometioa,
i/e., the monénts of the dis'tributien.

< This is why jt sounds
reasonable to measure the e}ff:l‘c;ency of.
P ‘

thods by the amount

Y
~
AR
0‘
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t:lon to 0. a"r. The probability of error in the othcwisc shil&r

“conditions Jumpl from 10~ to 10” 3 Our methods then producea
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of information they need. The less information they need, the ‘ )

/

more poverful they are.

Nov, in Pig. 5.4, we chn‘nge the sampling t:lie devia-

the relult (u computed once more by the euuneuti&e nothod) vith

an eight-tem series expansion. The same lcenl.rio o:curs here, ' ¢

as in Fig.5.1, i.e., the oici}lation otcurs at the first tev‘ terms

(as in any other series expansion), but the convergence is very

fast; differences betveen the computed value and the exact one
oy .
decrease sensibly with more terms, and once the rnult. is reached, v

the values computed do not chlnge. ) %

The same result is obtained-with the GQR(meth‘od (Fig} \ .

\ .
5.5). Again more ternu are needed here.

+

!.‘xptnuion in terms of Legendre polynaninls proves to.

be adequate a.fter S terms. In the same time oacillating relultl
h I

are obtained with the™power series expam:lon nethod, .probably ,

due to round off errors.

- .

B) The Lth order Chebyshev pulse ‘

Iv:‘

These sre results achieved by the Chebyshev lethod Vo

vith another overall i.mpulae response: *, htlg-order Chebynl?ey "

pulse truncated after 11 ‘terms vith a unpling t’ime deviation of
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Onc‘e more, the convergence is very rapid. . In Fig.
5.6, values computed with twice the, numbér of terms by the power
series expansion method oscillate considerably.

In Fig.5.7, 8 corlnpariso;z is made with the Legendre
expansion. The two methods once more appear equivalent.

[N

If ve now. take into account the fact that in all

+

thqse‘results. only approximate values are used for the coeffi- i
cients in the Chebyshev series expansion (i.e., a more accura:tl )
and faster result cen Ji:e reached if the exa::t'goefficients are -
L o ' computed and used instead of the approximate ones) one may de- .
. . duce that the Chebyshev expansion method is slightly superiér_
phan all the othex\e,_v}‘ie-nev.er one goes through the process of . . .

computing the exact values of.the coefficients in the expansion. '

5.2 Mul{:ilevel cases:

>

THe effect of the intersymbol interference increases

as the .number of levelsl increases, In f‘ac.t, the maximum devia-
tion caused by the ISI b;comes, respectively, 3 times and T times
‘as large ix; ll&--ltwél and 8-level PAM sxst‘en;a “as in the correspon-
ding binary system. An ideal bandlimite;l pulse' vith the sampling
- time deviation of 0.05T is used in Figs, 5.8 ,.5.9 and 5.10.
Fig.5.8, shows. the error probability computed by then

. Chebyshev expansion method for different values of the S/K rati.c?

for the h-level PAM system; notice the convexity of this curve .
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drops steadily -as the S/N ratio is increased. 'rhus IsI iu this :

C ' case can theorically be overcome, i.e., any desired value of -

. \ N - .

\ -
P(Je). however small, can be obtained by increasing the signal

' |
power. This result is particular to the Gaussian channel and of"

”
-

)

less importance to the ideal bandlimited pulse. We can expect
existence of channels in which the combined noise ISI limits the
P(e) to be larger than a certain value, indepéndently of the S/N

ratio. But this is not the case here.

oy
Ay

The error probabihty for & typical value of the §/N

k]

. ratio in the salfe example is plotted in Fig. 5.9 as a function of
N ,'. -~ - ,
the nmumber of terms in the Chebyshev expansion, to illustrate the

efficiency of the method. ‘Notice there is no substantial increase ,

© N T I‘ . . i
in.the number of terms of\the Chebyshév -expa.’nsigi to be used to,

! ’
reach the result. Also, as expected, a fast convergence to the )

result is observed: On the other hand, ¢;ne should not vorry - I
a’bout,the negative value obtained with-8 terms: this simply means ‘
- . that the expa.nsion is not yet sufficient. | .
“By :lncreuing the number of levels to 8, in ﬁg. Se 10,\
» , tvice as many terms are rey:red before converging to the xjuult.
. The signal power here is taken such that the square of the diitan-

ce betveen two adjacent signal levels divided by the noise pover

equals 20 db. Observe ghg follovwing points: - . \Eﬁ
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1), The curve has the Yorm of a damped simsoidal
oscillation vith a high damping coefficient. The result is res-
ched after about 3 periods, each period consisting of about 6 or
T tenms in the expansion. ‘llo doubt. far fewer terms are needed
here if exact coefficients of the expansion are used.

ii) Once the value of n(which e&m-pond. to the tum-
ber of terms used in the Chebyshev oxpuuion). used in (k. 3 k) is
sufficiently large to give an- tdeq\nte result, increasing n ‘there-
after does not produce any aprreciable change in the cc-puted

- value. This th:.u provides a valid stopping cr:'lt_er:lon in the

mmber of terms to be used in the Chetyshev expansion.'

5.3. Comments ' K , /

Due to the surprising complexity associated with the
estimation of the probability distribtution of the ISI random va-
riable, the problem of the ISI has been transformed into an ap-

1

proximstion problem. { .

All the methods, therefore, ofihcr approxinate the.
distribution of the ISI itself, or transform the moise r\met:l;n
in a form more suitable to be used in conjunction with the infor-
mation computable from the ISI process. Mumerical computation
thus becomes indispeénsable. That is vhy the efficiency of dif- )

ferent methods is measured in terms of standards associated with

AN , .
mmerical process, such as the Gase of mmerical implementation,

. e

-

C, e
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the computer time, as well as the diversity of nppuu'tion;a..
More specifically; of the three series expansion me~
thods the pover series expansion is the most direct, i.e., its

L}

nmerical implementation is ltrti;ht forvard. -lomcr. this )
"qmnty prevents it from deing the most cff:l.ciout. bccaun the /
rate of convergence of such a straight forward uthod cannot 'bo
fast enough here. It is then patural that the Legendre and Cheby~
shev series vhich are based on results derived from the pover se-
ries method, prove to be more 'o'tfic:leqt. , ' L

¢ Legendre and Chedyshev polynocmials, as well as
the Taylor pblynomials all delong to the class of ultro;iphuicu
polyncmials.

most rapid rate of convergence. Isplementation of the Chebyshev

Of this class the Chedbyshev polynomials possess the

expansion is samevhat more difficult than the other two, vhich”

/
are either more direct or more 'matural’ _(m Legendre po}yno - 1

nials are orthogonal with respect to the unity function ia (-1,1)).
Exact coefficients of the series should be found indirectly
through a computationmal procedure, which, hi. been verified to de .
easily  implemented mmerically [(aa] .

) + An absolute comperison betvedh series expansions and
GQR methods cannot be mede. However, it is) possible to Qbserve

that the OQR method in this context is more difficult to implét

. ment, since the determimation of ydchts and nodes is highly in-

direct and rather complex. ' Furthermore, its results are condi -
) \
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tionned by the accurscy of the computed " es of the moments, : . g

jmilo series upc.uion nethods depend much less on that sccuracy.

The difficulty in comparing the series expansion
methods and the GQR method can be seen to arise from the fact that /
they spproximate two diftu-d‘t ‘physical’ entities ! From this
point of vievw, the OQR ncthod“:_\hn an sdvantage over the series’ '
expansion as it reconatructs u‘p dlementary distribution for' the
intersymdbol interference. By Hoing so, it gives more insight into
the physical aspect of the X8I phencmena.

" Although they seem to be two parallel vays of solving -
. the I8SI problem, it igl'/]blliue to bfnﬂ the series expansion and
the OQR methods vih/tho sathematical consideration that they all

mininize some weighted error of the form )
. / . / .
: : j;/(t(x) - Pn(x)) ? wlx) ax " (5.3.1)

vhere £(x) is the noise funection, P, (x) the ‘pgfcxiutinc polyno-
mjal, and w(x) is: the unity function, (1—: )2, am i(x) (the
wv‘cbﬂ.ity density function of the ISI) for the Legenire, Cheby- |
) ,ihcv expansion methods and the GQR method rnpoctinly. Thus the v,
o // «ror is uniformly minimized vith Legendre expansion, Chebyshev
/ expansion is designed to minimize errors near the ends of the
range, vhile the OQR uethod) ninimizes the error in proportional
relation vith the density of the IS8I. The superiority of one or
‘ m- of the above uinh.tution criteria dm;nl strongly on the >
. y - .
9

A
'

T
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function f(x). Therefore the consideration of the above criterii
alone cennot tell us vhich onme is tho most suitadle for a problem.
‘ In fact, the {deal approximation should minimize the
 quentity ot | !

S (e - p0) 161 &0
D ) v 4

.
3

In .m, one may conclude that accurate enough

AN

-

methods have been devised by vhich one‘may cohrid;ntﬁ compute

— the probability of error in the presence of ISI. Thus, the pro-
blem of ISI cén now be explored more fully. 'rhnt‘is ox;e nay oov
study the degradation induced by the ISI in the system: hov sam-
Pling time deviations affect the system, vhether a barrier exists
in thg. system pcfot:l_uu‘:e ‘vhen signal i:over is incressed, vhether
, there exists an "optimm" cicnul-'p;ver,' etc. Ve can also explore
' the conditions in which the degradatiom ’ig the worst, in order

to avoid them. xrr..icioney of equalizers can now be rated :ln.

tarms ot\the probvability of error itself.
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CONCLUSION

4

) A nev method of cnlunt':lng @igital communication

lynt;cu performance in the‘presenee of noi:o and intersymbol in-
terference has been prenentet-l. The method is based on the ex-
pansion of the noise process into Chebyshev polynondliall and per-

mits to use the moments of the intersymbol intérfererce random

viria'bléwj As predicted by tpé theor"y. the numerical results have

confirmed that the Chebyshev expansion appears to be one of the

¢

most rapidly convergent e:gpansion methods, so that its range of
.pplicabiiity extends to casés vhere th; inte;'s;mbol interference .
is important. ‘The proposed method can equally be spplied "to the
cases of non Gaussian no:l:;e Aand its extensioq to Ba.rtial response
'eoded data t;'anmisaion systems is straight forvard [8]. The

method can also be extended to phase shift keyed systems.

)




APPENDIX

103

In this Appendix, we derive an upper bound on the error

introduced by truncating the Chebysixev series. Let

»

"o

8=t (y) -p,y), ve [-1,]

By the Lagrangian interpolation formuls, l Co.

(n+1) | ‘
8 Ty @ for some ne[-1,1]

n . o .
A (y) =TT (y-y,) i
3=0

(fhoosing the points y.,....y. a8 '
,&3 0 n . o

| .

yi- co8 (21 ad 1 . !2‘ )’ i'O.l,....,n,

on+l

we have [12,p.6] . <

T =2 )

&

vhere T:;*J.(’) is the.Chehyshev polynomial of order n+l. Thus,

iy S2® for y € [-1,1]
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Hence, § n is upp‘gr bounded by _ : ' (
" max ' (n¥l) :
18,0 <. (1) £ (y) (1)
Yel-1,1
a (nﬂ)'
. - where | _dl'o-" . !
o £(y) = (1"‘?2:.-1) erfC('W!- ) (2)
{
. Nt [BOPOM]
\ ""”m - (<1)"(w )" M2 (=) up(-z o (3)
vhere H n(’) is the Herlite polynomial of order n, and [13.1) 787]
f ) ’ - /
Iﬂn(z)l<h exp (:212)2.’“/2(11!)1/2 , B=1.086435, (»)
. Substituting (2) -(b) in (1), we have
! 1 ’ / !
n~ 2
< gt Ml (e
| 2‘-1,2(n+1) ! VT ‘P"l y b 02 f :
/ .
| .
181e
. n A ’u ad>a Irol
vhere ) / "
pa{™0g, ) »
o1/2 ol B= 1,086435 - .
. a (Ml)\/_n.\/ y o .
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