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'rhe verr interesti138 probl_ of tbe eYaluatioD of 

; , 

the pl'oba'bili t7 of error of digital cOIIIIIlunication ITlt.S in the 
, 1 

praaeœll ai nois •. ucL. interapbol. intuterence ia cODliderecl here. 

Knovn methods or solution (the ~ha~tive ;'ethod, the power së­

ries method. thë Gauslian Quadrature rule method ••• ) are presen-

ted aad ~propertie. ccaapared and discu.sed. , 

The Cheb1shev expansion method (COI) ia next intro-
.' . 

duced. We thinlt.that the CDI ia the one which ahould 10giea11T 
, 

t'olloy the pover seriel expana:ion (PSE) me~d. Thuà it wUl be 

leen that in the CEM the lame information, i.e. the moments of' 
, ~ 

the random variable which representa the inters1Jllbçl interterence '. 

proces., are used to compUte the probab$.].it7 of error, as 'in the 

PSE aethod. Furthel'llore, the veat point ~ of the PSi .e~hod i..e., " 
... , 

ita slov convergenc. ia eorrected in the C!24. 

Specitlé reault. are tinall.y ahow and discuased • 
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Le tra. intvellt&Dt problae de 1 "Yaluation 4e la 

probabil! té d' erreur deI .;y.tillel de cCllllUnication disit-.1e en 
\. 

Fé.eDCe du bruit et de l'intertereDCe entre le. .,abol.. elt 

11 

.' ' 

conlid&r. ici. ·Lel . méthodel de I~lution cODlNe. (La .&thode . 
• • 

ubau.tive. la méthode cl' expan.ion ell shi •• '48 Ta,lor, la .&th~ 
l ,,,. 

• v 

cle 4e. r~el de quadrature Gaulaieue ••• L. lont prê.entée. et 

leur. p&rticularit'I dilcut' ••• 

'x. .fthode de l' exp&nl!ôn en po~. de ChebJabeY 
.. .' ,.) ~ 

(IPC) qui est en.uite introduite, DOua paraIt !tre la auite·lo-· 

lique • ceU~ de l' exp&Dsiori en" shi e. de '1'q1or {. (EST) • AlDI! 

o~ 'Y~ voir que claDS la méthode EPC, 1ea aille clou,é. que clau l, 

"'~~!~J.étbocle !S't, .ont utiliséel pour rdùire la probabUité'd'elTeUr •. 

. \~. De pl~., la principale taiblel.' de la ,.ahode lS'1' 1 clt la 1 __ . 
\ 0' 
\ 
~eur de la CODTergeœe. le treNTe conis'. dUI la .fthocle' EPe. 

1 ~ 

L~ .. """ Dea ;,.JI.tatl apKitiqu'l lont ti~_eDt prf.'Atéa. 
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CHAP'RR 1 

IITRODUC'l'IOI 

1.1 IntrOductiop to the Probl .. 
• 

'!'he "oat JIleaniastul Y&:1 to meuure the pertormance ot 

~ digital cOIlllllUDicat:l.oD l;rat.1 il to evaluate tbeir pro'ba'bi1:l.-
.... • .. w 

. to ot disit (or lymb01) errer, P (e). Siace the ettieienC7 al vell 

&1 the aceurae,r required trOll ditterent communication l;rlt~. ~ 

vary conaiderably dependiag on the desil'l4 application, CIle JI&7 

point out the importance ot wch an apprdprlate lIealure ot ettleien~ 

cy. Furthermore, ditterent aysteu cu be compared 'by tbis crite .;;. 

c 

rion ot aymbol error. 

The prC?babi1:l.tr ot 11JIlbol error aq 'be detinN al the 

probabilit7 ot an erl'Oneoua deciaioo about the nature ot the 11JIlbol 
, 1 

Ybicb hal been sent. Thua, one eut ot llUIT pOllible 1,.'bo11 il 

tranlllitted àt a time 'by lIeanl ot vavetoru vbich .bould be 10IIe-

bov distinct trœ one ano'ther. At tlie receivins end, trOll the re­

ceivN v&vetol'Jll;the memor.r1.slodeci.ion d.vice .hould ~ecide Ybich 

.,.bol has ben lent. ~re i. I.D averq. probabillt7 ot error con­

nected vith thi. deci.ioD proe •••• 

The proba'bilit;r ot 8Jllbol errer P Ce) CUl be .ully 

evaluated it one alaume. tut a44i tive DOise repr •• ent. the onlT ' 

eau.e ot detect. In tact, lI&Dl co_uDicatioD I7It- have 'beën de-

.t,Deel vith the above alaumptioD. vhieh il Dot true at all in c!iai-

tal ayat ••• 
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thaqll DOia. ia &Il iaportut Jel"turbatOl'. unall7 it , . 

\ 
lll7 ODe. AIlotller cau. ot 4t.lltvHDce vbicll ab0uJ.4 be 

l 

Dai4erecl ia tlle ln\.a~\al iDt.rter .... 

Ve Jmov tbat iD 41,ital 878~ a traDlaitte4 D&ITOV­

i 
p&l.e vaT.tora (wlllcil repr •• eDta a cvtaiD .,.bo1) ia actual.l1' N-

i, , ' ' , ' l 
C.iT~d '&a/ a (taéé.red waTetara ot 10Dl8r 4uratioD. OutP:'t vay.to,.. 

are COlm~ detecte4 'b7 periotic ...,lilll attel' filtvias. lnter-... 
QIlbOl. iDtertereDca (lSI), aa ita Dalle .bava. re8Ul.t. frca the OYV­

,laPPik ot the receiT,a vaTet01'll ot a 41ait iDto the t~e-alota re­

.enecl tor other tilit.. Thia .ix-up aq preYeDt the 4eci.ion 4e--. 
rice tJooa correct17 'deci41ac which tiltt bu beeD .eat •. 

Pro. tlle deaisJier TievpoiDt, intera,.bol i~t.rtereDCe 

reault. fraa aaD7 titterent cau ••• : di8tOrtioD due to a 41aperaiT. 

truaiaaioD mediua, DODoptÛl&l cboice ot aapl.ias iDatallt., taper-
~ -/ . 

/ 

teet d,.18D ot tru_itte4 .igD&1. UJ4 l'or receiyilll tilter •• 
, 

ISI cu be r~uced 'b7' caref'ull.7 Y&Teallap1as tlle trau- 1 

;t,t' vaTetom. andl ~r aeai&DiDa .le~ate tiltera., or bJ e,qu&-

'lil tioD,Ot the 'Jlt... . ' 
~ l , 

Iquali~ioD CU be coaicler'" ~ tllQ poiDta ot Yi .. : 
, . 

/' ainiaisation of peak diatOl'tioD. &D4 a-.n aquare cU.tortiOD aiD1a1-

latio... The _in ,0&1' ot equal.isatioD co881.\. in acbimlll lliai­

•• .. errer ID the tru_i .. ioa ac~,; 'but 1IIItU r~eDtl7. DO COllY ... 

alet Y&7" of cCÇQtias the probt.bilit7 ot er!Or due tG iat ... ,.bol 
1 
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ODe ~ tG bI-=-__ witla U. *'" cri~ r_ ..,.u .. uo.e 
B~ •• aa ..,. acIa .. for ..al.1atilll u.. ~_ ~ _101 la 

1 

. . 
kIIml euctq. AIl _carat. estmate waa14 .... ..mclet. )II'Ori4e4 

that' the est:laate c1Oea.DOt cJUt .. ~ tlle a.ae\ n.q1t ..., .an 

tball.~. ]J. 

III t_ rol.lariJll. ft aIIal1 tirR Rate ~ ,JI'Olalea iD 

lt. eolltext. i .• ~. ~ ft oc~ •. iD a cUcltal ~ tIII4 tMa ft 

.baU ~ae kDovD aetboc1a tG cœpcrte P ( • ). 

v. ùall coad .. ~ a 2L-knl ticital. pal.8e -.u­
tua. II04ulatioD (PAIl) .,.. 1 ia tlrb t .... l.. ~ __ to otIIIr 

• • 
8J8t- auch .. parUal rnpoae cocle4 (PIC) or pIIue ùift k.,..t 

(PK) .,. •• i. pouru •• bat· N4l'Iira _ .... wan. 
~ 

A z..lnel P • .,.. i ...... iD Pic. 1.1 ..... tbe 
'\ 

I~l ~ tOl'll the .. .c. of fIIpat .... 18 ....... of ta. ~ 

tU .. œ ftlDea fr'ca U. __ 1 ( .... + 1 )4. (4 + 3 ·)4 ........... ~. 
(2L - 1 )41. vitla JII"01ùWQ ~ • PI' { ... • Jal} far MIr la. .. 

_te t_t the 4l8taDCe ..... ~ ~ ... ~ i. Il. !' ( et ). 
, 

C ( If ) l'eJll"--'. r .... i._. "- trud' .. ~ or UIII u..-

ait.tillll tUt .... tIIe e_.al al \Ile neef.~ lUte ..... ' 

, , 
~:: 1 , 

.. 
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• 1 (w) • If ( .. ) "'c (w) 
\ 

, (w) 
(1.1.1) 

l' (ti'.t,r l- eiatt 1 (.) cbIf (1.1.2) 
. Jr -00 ~ ~ 

\' '. l' " , 

- J '1 î' , 
ft ... r (t) ~ be calle4 tbe DOi.el ••• oVlraU' :lIIpul •• r.apoD.e, of 

the tille-lnv';iaDt ~banDel. hrthemorl, D(t) il the aWtlve Doi .. , . 
If)~ ,tbe .lpal1as l.nterval, uel th. elecidon tbreaholct.. al" •• 10 at 

le.el. [2] 

" . 
Tb. recej,ved .ignal. beiDg uaple4 "'fIr1 T .ICOD41, i •••• ato t:lJn. 

r " . 
t +' kT. the 1Ulp]Acl dsnal at iia. t CUl theD be repre •• ~te4 al: o .' 0 _-. . 

, • G CiIO 

7 (t ) • a l' (t ) + ~' a l' (10 - D'l') + D (10 ) 
o 0 0 L.J D 0 0 .-00 

, . 
Tbe priae 111 the w.atiOD elono~e. th. exc1uaioD of th. term vith 

1 
o ' 

D • o. t l 

• J 

n(t ). Il : for DOtatloD&l cOllYeDience. I~ (1.2.1) •. the el •• ired 
o 0 Q • 

liaDll ,1a .01'0' DO 1. the DOla. &Dl the ~tl0D repre.eDt. the 
. \ 

/~ . 
1nter.,.~ol tnterterence t.l'II. Inclee4, a_nr_'4 iD (1.2.1) re.ul.t. 

trClll the .Y.bol a Vhich bu been .ent fil un'it. ot tue. prior 100 
-Il , 

the tran.a1ttlng of a,mbol .0 •. 110 11&7 be .een tbeD' tbat. a. pre- . . 
riou.q .. lel, lSI relUlt. trca the apre&clias Of l' (t) oftr lION 

.. . l ' " 

"thul one .ignallDg 1nt...,al. lote al.o tbat IBI are cautecl b7 tbe 
~ 

'0 

-f". 
o 

, \ , . " 
Ip ',,, 

: \ 
d \~ 

~P'~ .' _ oU ;' • ..'114:.,. ~- "",,:;"'" "~-. ~ ~... , .. ,~ ... -
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lI&et tr~_ittecl .,.bole, ae vell ae the "futur." tranmtte4 

.,abol.. due to the' tise del~ ill the e7lte. 
L 

aD" 
It W DOV cOlllider t' ara. a rude. Yarlable 

, "aD Il Il 

(r.T.) X. the cOI14itioll&l. probabUit7 ot error ,ivel1 tut the 

tth lwel i. trulIDlittecl ie: 
• . ' 

p{ el.o • tel}.P { IX + 1101 > ~o} tor t ~.±. (2L - 1) 
. , 

p{ el.o • (-aL + 1. )d} • p{(X + DO) )dro} 

P { etao • (+~ - l )d} • p{(X + DO) <-dro} 

. ID (1.2.2)," the coDditioD IX + Il 1 >clr lIle&IUI that the 
o . 0 J 

....,led received signal talls ill a ditterellt Iliee thaD. iD the one 
è , 

it ilS IlUPpoSed to be. Thi. c&Us~. the decieioD deric~ to drav &Il 

errol11OUI conclusion. For the outel'lDOS~ ,lwel •• ae in (1.2.3) 1 

error ~Cur8 OD~ î>t the receivecl .igul talla il1 &Ji iuer .lice. 

lie ht.ve thell: 

2L-l 

P (e). L ~{ao· td} pte I~~,~ kd } 

k-2L+1.2 

21.-3 

· L· PtP {il +' 11
0 1 >dro }+ P2L-l p{X+Do<-dro} 

~-2L+3.2, . 
(1.2.»') 

lIè can .... ilJ .ee then :tbat X 1. an ftell re.n401l variable 

it ve alSUIle equiproliabilit)' ot aU the lwels. Tb!. la a ueual 

l, ~ ,~ t ~ 

... ~'f '.. w \" ~, I.~, f ... ',' 
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.. ~loD. 'rheD. pl X + DO>clrol- pl x + DO<- clrol • aÎ>d (1.2.~> 
. 

can ,. witten ae; 

P (e) • (1 - P&-l)1 pll X + IlJ >drol 

-.2(1 - i > pl ~ X ; DO»clrol 

• ik:l pl X + Il > dr 1 Loo 
\" 1 ~ 

The .'boYe equation i. tRe tor biD&l'1 a. vell al tor 2L-&J'1 .yetell'. 

'l'he ·~obl .. ot evaluatiuc P (e) in the presence ot both 

not.e &Dr:l interl,mbol interrereDCe il intiaatel7 li*ed vith the 

US or (1.2. 5) • In thie RIS, dr 0 beil28 & conetant. ft have thul . 

. 
to conlider the distribution ot a IWI ot tvo randCllll v~iablel. the 

,-' 

probability diltribution tunction 

(pU) ot the Iloie. r.'Y. ia allumed movn and evell, but the pdt ot . , . 

the Isf r.v. canaot be deacribed explicitly. 

If ve 4enot. ~ F( • ) , the dietribution tunction ot 

the DOi.e r.v., (1.2.5)'becam.1 then; 

p (e> - ~ Bh{ X + D>clro}IJ9- x r . ' 

• ~l E { 1 .. , (dr
o 

- x) , 
(1.2.6) 

'l'he expectatioll 1 f • l .~Oul4 be talten' oT,er all T.lue. ot x. 
. l'roa (1.2.6) one...,. DOte tiat theo~eticall1 the ISI 

.~ "help" the deciaioil-de'Yice. Thi. cu be leen mo.t •• il1 in a 

biDal'7 ~t_, vhell the ISI ia a4ded to the .• ig~t reaultiag ,in 
.. 

• 1 

, .. 
< tST' . 'r " ' • t t \ • ";'\y;t;';:~q. ;, ' .. : ;. >1 ~r < 

- '. 
. ' ... "' ~ \ , "~ 

• : .. , l', ~.' : •• \~i!:t~; 
~.,,, .. J. .. l·\..:i.! ;.r-~'.1'~ 
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.. 81aD&l vith aore power. a&t. practical.l7 ISI almat alnp bu 

&Il ,UDdes1rable ettect. .. 
V1thoot ÙlterQllbol illterterence, the aJat. ia opti-

• - J 

_al7-des:lgDed toi cape vith DDis.; the preeeœe of 1S1 dest!'OJ'a tbis , 

opt:lmality_ 

EquatioD (1.2.6) vouid be Yer,' eaq to cCDpJ.te it the , . 
pdt ot X, the IS1 r. T. ~ Dow. Unt'ortunateq. tbe probl_ 
, .' 

_ ot ewaluating the pit ot X ia & p1"9bl.a ot long ataDdill8, ad a 

• 1 

Vf!r7 ditficult one '[10]. ID fact, iD IIOs~ practical c .. e~, the 
. . 

liaitiag. probabilit7 d~ait7, obtained vhen one coneiders aD arbi-

traru,. large IlUJIlber of ~DterferiDg eaaplea, ia aiDfJUlar. ~ia 

ia dUe to the tact that the &lJ1IIlPtotic decq ot ·iapul.ae reaponaes . . . 
in ~ical chauela ia expoDential [2] . 

, ,J.", ~.. ' 

In order to be able ta cClap.lte (1.2.6) llUIl~ical.l7, one ... 
'f 

then Dst sUJ?pose that the i:apulse. reaponee r (t) ha8 oD17 & finite 

IlUaber ot iDterteriag auplea ~ M. Tbat ia, va ahal.l suppose:. 

This tZ'UIICation is COIIIIOn to al], nuaer4.c&1. Ilethoda eTen . , . 
tbouah it iDtroc1ucea .. cer.tain error. Thia ia a Yer'7 retLaonable 

çprœimatioll tor. &D1 real cb&lme1 •. 

Moreot, ... ft cu ft.I'7 the DUllber M vith the. cbaDDel, 
" ,.. , " '. ? . 

e.g., in ac::ae cases a large Yalue or M ia uaed, iD oreler to acco-

aod&te aU the iDt~teri. -"ples ot respectable .i~e •. : Actuall7 ...... ' 
the Yalue ot M depeDda on tbe aceuraq' required for the ccaput&tiOD 
of Pte). ~ . , . 

, 
1~~."(\:1 
, ~ {t; 
, ," ~ 

" • 
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ADoth .. ver tG ott •• t tlle error 11l~"C" ~ tu .. ~ 
tNDOatloa e •• l.t. ta an4~ .... tl ... tbe ftlue Or .. (thll 

coneap0D41 to tlkiDI iato .cout ...uer ua4 ...u.r l-.pl •• ot 
, , . . , 

l' (t)., ut!l th. eOlllPà~ P (e) .tOp. elauliDi. 
\, 

.. ~ 
\ 

, u.er'~ ~~ .bDOt .... l.~ 'tbe ~ l(~) ;t X al""l 

exi.tl, U X tü •• OD' a tlaite lNabv or mue. IfIdcla Re 41.-

eme. 1 (») cua be repre .. t. '" .. ".~te4 •• of 011"&0 4.1t. 

LfuActioDl : 
, , 

a (x - d)-

vbe.N Cll _ i. the ~1'OlY.b:lUV that' 1 ~. xi •• 

v. cu tbell vrite (1..2.5) u: , 

pee) • 2L - 1 f Il-P(4..' -~) l l(x) 4x 
l' L DO" r . , 

, • ".,.- l, 'rH, IIt\ ,l' ~ r(4ro - d)1 
:l-J. -

B .... altboup ft coui4er oaq .. -tildt. ~ ot inter-
.... ' . 

t .. :lDl .~ •• :lt n-.:t .. ,.,. cUtticnalt to:' coi.pat. lbd. ~la. pclt 

ot X. !beretare. MiDi uab1e'to' expn .. 1 (x) 4lrectli _ ahwlcl ' 

np*=e tbe·Wœ.t:loa tat i bd COIWeJa " .... altftte 111t .... 
• -' • 1 { " '. ". 

_tloa tbat .11 'rèl .. tecl tG l, (~). hRIa.-.on tla:i. alte .... t. brOI'- '. 
• ' J , 

iaatloa ~4 baft .. ton auitable for ~~wf.t~'t~· ~,~ la'" 
1 ~' • ~ -

(1:2.8). V. ahaU ... ·t.t tth. r .. ldncI :lld'''t* il. proriW 'J" . ' . 
, ,. 
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to the tolloviDl reasoill. 

1) rrat the mOlHnts ot X • oDe ~8Il tona &Il idea ot the 

shape o~ita diatribution. 
. . 

U,) In thia c.ae the .CIIlent. are amlable ... the7 

C&D'~ computed iterativ~. 
Il 

Tbat ii· v~ an t~ recent mèthods ot cCDpUtillg P (e) use the Jlo-

ments or i (x). In the tOllaviog vhen one reters to the JII01Ients, l' 

the •• are ~he u:a.ents ot the lS'! r.T • 

.. 
1.3 ReY!" ot known JIlethods 

. 
The tirst attem.pt ta aolve the problea vu to deriTe 

bounda on the probabilit,. ot error. More er..'borate eomputational 
~ ~ . 

method. fOlloved, vhen it vu obaerved that thea. b~cls Wére Dot 
l ' , .... 

auttici~tl1 accurate tor ,ractical ~osea • 

. 1) hhauetive method: , <, 

B7 tnmcatias r (t) to M aaples", ve aq ~ a!,li\o 

compute the probabili t7 ot errer b.r the direct enlaeratfOil ct all 
, ." 

po.aible cases. But', as the nuaber or" cues &rova expoDential.l7 
" u 

vith M, thi. method i. too tille ,conlWl1Dc aDIl CUl 'be "applle4 01117 

to a tfIV .iDlpl, .:rat... POl' a 4 -level, U- pulae truIloation 
) 

approximation, tor exapl., ve vould nee4 more tball &Il hOU!' ot 
le" 

ecaputer tiJ!le to deri .... the prob.~lit7 of error. 

The. oDl7-· ut:Uit7 ot"'weh & aetbocl is that it prorida 

ua accurate reault tor sea. bint.r1 qat .. · that c~ be aene4 1;0 . 

• .' 

" 

.\ 
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check relultl ach1w.a 'b7 otbe!" _tb •• 
... 

il) Varn cu. bcnlldl 

.. 
.. 

, • f ,U · 

, _ AI it ..... iapl1.à, th1. bowI4 il c~t.ecl bJ ,:I..,b. 
the IBI 1ta vorat 'f&lue, :1. ••• the larae.t' o.. 'ftlua 1a (1.2.5), 

'i' ~ - . 

1ut).d ot Pr 1 X + DO > 41'0 l ' va voul4 • .,. hl (au ~: + D »dr 0 1 . 
,II aQ) 0 

1· 0 '4 - • • • 

1 In b:l.DAr1 ~at .. , the probabUi t7 tbat th1. vor.t-
\ -

1 

cu. ~ccur. i. Ver'7 mU, aDl- 1 t 1. aelliai'bl. 111 11-.,. (JI> 2) 

Thu., tbit(~e~bocl lM4a t~ .,eq pe •• iJlilti~ re~tl. 

Thi. bou~ 1. rel&.ted to tlie ao-clllecl ~qe-patt.erDtJ , . 
vbich b the auperpoBit1oD ot aU po.Bible aipal. preleated to 

the lapler. The qe-p"ttern cu prorid. .œe iDtereatias 
.l -" 

lDt01'll&tion about the perfol'llance chaneterlatic. of clata trau-

ai •• ion ay.t~a. but 1t. ua. 1. DOt adequate to elt:faate P (e). 

An open-e;re patt"l1 aeul that 181 &Del DOi.e are aull. 

,.'-.., A lJat. vith clo.ed .,-e pattera ...,. -autter ba4 pertol'U.llce reaUl-­

'tins fraa luse 181. 

!ut, the qe patterD aethod 1. too iDtuit1.,e, ta 'be 

accurate u4 de_1Iner. CUDot attorcl ta bue tbeir ct •• tau 011 .ucb 
~ • - 1 

, 1 

. 111) Chernotf bound.: 

Upoa not1ciDè tbat our pro bl_ JIq' be re4uced to the 

•• t:laatloa ot the probabilit,. cUatri'butiœ tuDct~OD (pctt) of tvo 

iDdepenc1eDt ruclCII yariabl •• , a seneral!ze4, Cheb7.h~ iDequaUt,. 

,A ~ < , 

~" , , 
l''~ .~J.. .. ,.; ~' 'l{~ ,~~.,\ ... " .~ ,,,,",~ 
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lt i. ".\111 \00 100 •• 1;0 ,. u.M', III practical appllcatloll'. . lut. 

. " 
" , , 

. ~ ... 

Oll. of tb. r •• ult. 'achl..-1Cl \7 8altlber. bu be-. to 'opell ta.. VIllY ~ /"' h~ 

aD4 .1 •• a directioD ta .; •• r"e&I'ch iD t~ ~ù of 4viriDC' 

tiahtèr bOWl4. Oll P (e). 

An upper boUD4. vbich al.o iJrlÔlv •• u-optfai •• tlOD of 
,.... '. i 

a Chen.ott inequal1 tJ t.D4 thua" i. relate4 :to· Bal t •• 1'1 boUDCl... r 
, , ' , \ 1 

4erive4 b,. LUC&DD&Di [~] Who' cla:lae4 th.t hi.' bO~ ia aiapl.r tG 1 
~, '>, 1 

Ue. fiecent17. 'al,co~eJ' &DA O:f.tliD [Jl.9]· &D4 MeLa_' [20] baye alao \ 
. \ "'\ .. 

'.VaUle4 th. Salt l'ber, boun4 tor 'Ude -nor to Ci,.. patt ... 
, '\:. , 

- . " 
ot 40uble or aol" 81'1'01". \ '\ 

tv) 
< • , 

'eme-Serie ..... 109 .et~ocbI& [5-1 • 11] 
'\ 

\. 

" - - - ---- - \ ~ ?, , 

. III onler to cOÇ1lte P (.). v. ha". to 4ea1 vith th. \,:' 

~ '. 

" . 

.... 

. " . ',,-
... of tw rudoa "ari!-bl~~~ .' rua' ~th04 exp&a4a {..ta pov.r a~.. "" , _ 

" • ~", g. "\, 

~h. Doiae 'proce •• , (iD the prO\&bill\7, 4~1l~ or the cu.:r.cteri.ic . ~ 
• J 

t\lDcttoll of the 181 r. Y. (iD tbe' tnutOl'lle4 bai.). ua 1 ... ta 
., ( 

, 

" 
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ru. _.1104' pn •• nt. thua & sreat iaprOY ... nt onr 
, , 

, ' .... 

DOt MY .... 1t Sb' •••• t1.tac/t0J7 reault.. But, 'vhfteYer thé chaD-

Del autt'er •• eY~ cU..tort1ona, i.e., vhen the inter.,.bo~ inter­

terenc. (or co-charmel intertereDC.) ia lIIportut thia aetboc1 gives , 
o.el~atiag reault •• ' '.rhe ... ill draYback a.aoc1atecl vith thi. methocl 

ta that the power series do •• DOt converge tast eDOush to the ra-

ault. 

v) 9QR aetbod [ai 18J 
-

This JIlethod il bued upon DOuc1al.ical Gausaian 

quac1re.tur~ rule (GQR)'. OQR sive. an approximâ.tion to detinite 

. iIltecrals or tbe tolloviDg torm: 

'\, b 
l • f. t-(x) ",(x) dx 

The approxiDation conaists of a 1iaear cambiD&tion o~ value. ot 
, ---

1'1 

1= L 6Ii t(xi ) (1.13.2) 
i-1 . 

_\ The.et -{ 011' 'Si} :.1 ta a q_ture ruleoo~ 
" reçondiag tO ,the veiaht ru:n'ètion fIf (x). RecalU .. -tbat in our 

.. prob1. ve bave 'an intecral ot the ... e tora .. the one 1a (1.3.1), 
, . . 

1 ~ r(dr - x) o and i(x) in (1.2.8). re.-

pectivel7, vith tex) aD4 .. (x) in (1.3.1), ve cu ~oduc:. & eet 

1 J . : ~ 

.... -, -, ,\ 
l,tIiI,'''.'.': ... ' "'.' Mti_t.""I'" _Silîîlooo. ............. ' .... ' • ..... Sf_' """"' ...... .....,' .~-"'" \ "'-""->-- ' 
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pee) _ 21-1 
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!'Ile xi'., calle4 tbe DOde. or, abRi.... ot the Qft 

(1.3.3) 

{ . l" 
are seaera1l7 cœplte4 trca th!! bovledse ot i(x), the IS, r..... . 

Bere, i(x) -bis UD1movD, BeDecletto et al. (8] tRe 
1 

cppurtuJdq- of a _tIIa&tieal Rheae to deri'f'e the. xi • a, b7 uaiag 

.iIIpq the aœeat. or the ISl. ~. schelle èloe. Ilot al".,.. auc-
. 

eeeil to proc1Dee the abaci._ aDJl vefahta, clue to rouDCl-ott errora. 

ri) Otber aetbocla: 
4 

Olle .., aeatioll her'e the aetbocl suaeateel b7 BiU[ 111 
1Ibo .. lIPPliecl the id. UDI1er~ÙII the coracept of tast-Pourier 

ù 

truaatona, to tbe probl. of ccapatiDc PCe). Bi. aetbocl imolTe. 

the dec;capoaitioll o~ iDtertwiac' uapl •• illto blocb of fewer ... -. . 
pIea; the pclt of each blocJt ia ·tbell tCJaDll (thi. CUl be dcae .. 117) 

, . 
ua tbe7 are eomo1wcl _ether to li ... e thé J?df of ~ 181 r. v. 

!'lu. tlda aetbad. eGMU'uCtB aD approx:iaa~1oD to tbe pclt of the 

I8I r..... ODe..,. alao prcmt that GQR aethocl &1..0 ~outruet. aucb 

&Il a.pprozDatiOD. 

In aU the aboY. eue., iDdepeadeDee of .uccessive 
~ . 

..-bol. haa beeIl iap1.ieit~ .. 81IIecl. GlaTe [ 16] bu cleYeloppec1 
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l' 
&Il upper bouDCl tor correlate4 .iluJ.a, called the variance conar 

traine! bound. SUrpri.iDlly eD0U8h, the varianc. con.trained boUM 

ap~. to ,ive' tight r.ault •• althoush it ha. been conceive4 in 

a "vor.t - ca.e" idea. The p-.t and RMS values ot the IBI are th. 

oDl1 tvo el_enta required tor thi. boUDd • . 
In the toUoviDl, in Chapt ers 11 &I1d 111, ve aha:l.l 

tiret present and diseuss in detaU the pover .erie. expandoD 

&Dd the GQR methoda, trom &11 explanator,y point ot viev, vith me-

rit. &Del dravbacks bela, Dl.entioamed. The ditterences betveen Ho 

aDll Yeh method, Shimbo and Celebiler method, and Pràbhu method 

are stresle4. A pb7aical interpretation ot'the GQR meth~d i. 

,iven. 

In Chapter 1V~, the nev aethod introduced in thi. 

tbeai. called the Che'bJsbev serie. expandon .etbod,&I1 mproved 

'Yer.ion ot the pover aerie. expanaion methoc1, ia deri'Yed. 'iD&l.17 

reaul.ta achieved 'b7 power aerie. expanaion, ~ and Cheb7ahn 

aerie. expansion Iletboda are presentee! and ~a.pared. 
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"... ~ \ . .. . ... . ~ ... 
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'!'BI POWER saIlS DPAISIOII MI'l'HOD 
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" 
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.la lbon iD (1.2.8) one i. pri.arU.~ eODeU'llec1 vith 

&Il iDtegral ot the tora 

fDeex) 1(x) dx 

vhere i(x) ia aD UDkDovIl pit &Dd tbe c!cu.f.D D, i. bo\m4e4. 

The ditfieult7 here 1;ie. in the taet tut tex) eu­

DOt be cl&aaitied in au.y categor,- ot tuDctiona. !he cliat2'ibU'tioD 
• 

ot X the ISI r. v., JDa7 theorical.l7 be unitora or i t ..,. deereue 

expoDentiall3. In tact, up to the prelat tiae DO-aethOd h .. 

been derived to cœpute i(x). exeept iD 'Peei&! e..... ThUI &ll 

the aetbod. to compute thé aboft illtesral uae iD a ~ or uotber. 

aD approx~tion,tor i(x). ~ 

2.1. 8hiabo and Ce1.biler Metbod [T] 
Shia'bo. and Celebiler probab17 1t~e4 fra. the ",tlCt 

tut the 181 rel\Ù.t. trca the ecabiDatiOil ot a l&1'1e Gaber or 
, 

indepeDC1eDt lOUreel, thu it aboIll4 pnHllt a DOnIAl-like tiltri­

œtioD. But, tbe,- _ft al.o .bovD that the I8I r.Y. tl cletiDit ... ... 
q ~t noraal. Theretore the7 baye th_ aPiru. the Gna aaarller 

lerie. expaDlioD [1~ to th~eharacteriltie nuacttoa ot tbe 181 r.T • 
. 

la the probùWV cJa.dn. 1(x) i, ~hu .,.._ 

into tbe tOlloving: 

• 
"~L ~_' ~"'>~~'-

.,. 
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1(1)- _. (Z) + E ~ _(It) (z) (2.1.1) 

k'll if • 

...... _.(z) la ~ ladv'1'uIctfaa or a sero _.---.11" ••• 

... n.r1uce .2, wldell la to ... ~ ........ _~k) 
,~ 

- .. eut. tale ktb 4 .. 1..ati •• of •• la het. la (2.1.1) .2 re---.- . . 
1 

11"_"1 tbe "1IDftIal" or -ou..iaa" pan of the iDt....,.abol illter-
1 t..... !bu iD ODe f4 tbeir tint ,.,.r. oa tbe .abJect, BIWIbo 

2 ' 
... Cel.bU .. ' IDe. • ft11Ie re1aW to tbe ~" of tIae IBI. 

fte cteriyatl_ of 10 ... ~ 1. la (2.1.1) fol.lcNa. It 
" . 

1. kDCMl that: 

(2 ... 2) 

with 

(2.1.3) 

.. ' (k) k!t (k 2 
•• bd • ~~~~ exp ( - ~ ) 

... e' ~ (.) 1. the Bâite JIQlpam.&;l of 4 .... L 

It~. ~ tIIat tM _ .. u JIOlpaa1al.a ~ 0I"tlI0-

~ wltla reapct tG U. _ •• ~ i:e. , . ~ 

r:..,_ z" ) .. t JO ) 1 (--L.J ... vr. ~ Il! '. 1. 2112 . ~ âVI .-.yr, 
(2.1.S) 

'~:,'~ 
~ , 

'if \ 
, "..~ 
.,~ 

· 
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III the toll~ lt t • .....a tllat f(.x) 1 • • -i fticla 

ia u ... llJ' tbe c.... na upoa -.lt:l~ 'botla' 814 •• ' ot (2.1.1). . , 

~tIa 1(!'(lI) replKe4 117 \IIIj"" of Ca.i.a.), 1I71a,(;;}rJ- ... -

. kiDI the :late.n.tioa, ft baY. 
1 

t;(X)B~( ~ )4z ~Fa:( lI:) 1 •• (x)+Ë Ca .(2tlz):}. 6, ~r 
10/1"". 8V2, ~I) 1:·~ pl "Ra)! · J' 

1 

-.fa( li ,/1.(lI,.r.,ca !jk~~Ba('" 'LILa~(_lI2~ i\i!\" P1(a)! . 8\ldl ~ 2.27 

-Îa
a

( t) ca "1 (1 ')2t+l.a(~_(-z2)~c1Jt' ' 
J': â\J2 t2iT1'lW" Ï\A ,~2.2 .' 

Beœe, 

:' Ca .vfi' 22t(2k)l 1 t 1 )2k+l p 

raT! . ...flj ;.; 2 

. ~ -

;a. ca 

'flle C2t+i. are al; 4u. tG the & • ..,tloD of n ..... tor i(x). 

la (2!1:T) Ba( x. ) 1aebc &'pOl7aaa:lal of 4ect-
~2 .' ~ . 

Yalue for •• 

',-

o 

• 
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In 't'act, ShÛlbo and.Cele'biler uae the t'ollovina 

~ Cbarlier ~DaioD tor leu). the cbaracteriatic tunction 

cOlTeepoDdiag to i(x) • 
. ' 22 co 2k 

leu) • exp{-!, 8 u)(l + t b2k u ) 
.~ 2 lIP1 

19 

~ (2.1.8) 

Equation ~2·.1.8) i8 in tact the direct d~l ot (2.1.1). the tran8-
. 

tora ot vhich is 

(2.1.10) 

, One boys tut the: Hermite po1)"D011lials are rel-.ted via the tollo-

Yins recurrenee relation 
\ 

BI1+1°{X) • ~~ (x) - 2nHn_ix). 
j 

t, • 
~e above thus provides ~YaJ tor camJUti~ recur~y.the b2k 

coett'icienta. T~e deriv.tio~ vU1 Dot be siven her~bo and 

CelebUf j\.atso gave a schEllle- to compt.lte recur,ively the_ b2k coe­

tticients. 

, . 
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2.2. Ho and reb method: 

It vU1 be aeen b .. e hov Do aM !eh' a Jlethod clitt .. a 

trœ Sh:lmbo aDd Ce1ebUer~a metbod. an4 hoy ther. rea.ble each 

other ln numer!cal éoœputation. 

Sh~bo and Celebiler ua. a Cram-Cbarller expanaion . ... 
to approx:lmate the ISI r.v. b7 a normal di.tribution tuDction· 

tolloved br an intinite series Of veighted derivati·vea •• note 
~ .... 

that" this infinite series bas destro7ed the Gauea:lan-l:l.ke proper-
, . 

t1 or tbe distribUtion vhicb cannat be •• Uy idelltitled. 
v 

Ve alao note tbat the value ot a2 has beell deterai-

ned aClllevbat arb1traril7. Then, vhat abould the optimum valu~ tor 
-2 v . 2 
a bet B7 optimum one meaDa tbe ,value ot. vh;[ch allova one to 

5 . ,truDcate tbe intinit,e aeries (tor ODe 1. Dot loing to ua. the 
J 

vbole-'.aeriea but Ju.t the tirat tn terma) arter the minimua llUlll- <"j Q , () 

ber ot terma. 

It èaù be seen thell tbat one la' BolDS aV&7 trca the .r , . 
pbya~cal aapect ot the problem aD4 ia conaidering tbe cOllputatio­

D&l aapect. 'O. 

It ia. e .. r to ,aee vh1 one ia led to Bive more im-
~ 

po'rt&nce ;to the cOlDPutatlonal aapec:;t. P1rat ot aU, ït. m~ be ,. 
J10ted that vbat one ultilDatel7 vanta to kD9Y ia t~e probabUity 

ot error, vb1ch 1a a number. 'lbe knovledse of the distribution 

ot the ISI ia not ot primary importance, '&lthough it can give 

mucb more insigbt into the problem. 
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llio at preaent t:lme. it aeess tut DO conyenient 

~ exista vhich 'cu be ,ùaed to 4eteJ'llline the shape of the dis­

tribution tunction of the lSl r.Y • 

fterefore l~ ia necess8l')' to abandon the idea ot 
. . 

cGapltiDg iex) and to fiDd a ~ of cœputins thè Integral with-

out full lmovledge ot l(x). This la a numerical proce ••• , . 
On the other~ baD4, lt lt 1. aotiÇ.ecl tb&t the de-

~ . " , 

teraiDation or ihd is desirable but DO~ ipdiàpensable tor the 
'. c 

piOblea, becauae .. ccaputed p( e) that diftera b7 no more tball l~ 

frQll the exa~t value ia Yeq aati.tacto17, one m81' nov t1'7 rto 

appl'oximate tbe lSI ~. v. in wcb a vq a. to be able to compu~e 

our intesral adequatel7. 

!bDs one of the main merits ot the paver .~iea 
-, , 

~iOD aetb9d. bas been 100 illtroduce the use of the. moments of 

the 181 .J..n. It is ill fact vell kDovn tliat under c~aill coDdi­, 
tio .... the .alents or • ranclœ variable cOIIlpletel7 4eacrlbe its, 

4iatr.ibutioD tuaction. 
l , 1 

, 
More precl'elT. let· lt 'be GppOsed tut ttbe 'rqlor 

, . 

, . 

a.n.. ezpuuIiOD. ot the cbu-acteriatic tunction ot a r&DClcaa varia-

bl. aieta tbroqhout ... intenal. in 'u vb{ch cOD~aiDS t~e 
il • 

, 

o 

.-

. .. 

, 
, " 
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,0 , 

.. '. ;" . 
A . " 

" -
.... a~illS pI-ojJert7 ot the cbar~t ... i.tic tuactioa, ODe ... : 

# 1.. .. 

B t:xkl • (_Uk .~k) (0) 
, 

. 
" \J. 

" 
ao tUt (2.2.1) becca •• : ,. 

" 
or ili Athe eue or an ften raadœ. " .. table . " \ 

• (u) 
x • 

- " ' 

... . , 

, 

Umar the aboYe coDl1itio~. the cbaracteri.tic 'fwlctiOD (ad beDCe 

the correaPoDdiag pcU') i. UDiqueq determ.necl 'b7 the .. eia\. of 

\ 

- , .. 
the 8iyen r&Ddœ variable." • 0 /" • " • , 

Beceasariq ..... iD all other, ~~;~~ •• ~t i. ~~:-
.. • ... ~ -i ~... ~""'. .. 

tbat the exp&DlliOD in (2.2.2) .b'es a w.l.id a~1doD arter ."'~ "' 
,-

i • 

, 
.- ~, 
, "tt:-

~ " 

the ~ir.t ~ev tenaa. -~ '. ."- .. ~ 

-t 

1 

ID tbeir 4eriYatioD. Ho ,...a leh baye uaT (at 1eaat 
- " 

Ûl plici't17) (2.2.2).' nu the cbaracteriatic 1'uDctigQ I(u~. 

ot the 1;81 r~Y. i. exp&DI1!d illtc?: 

" • 

• 1 + Ë ' 1.:J2k" (oo:1)k' u2t ' 
Ital (a): 

, 

.. 
' .. , , 

," 

..... ' . 
, 'I,''''~ • , ~,&'», ~ 

,;. 

,' .... 
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~' If Olle coçar •• (2.1,.8) ua_ b7 8!dabo u4 CelebU .. 
) 

vith tbe AboYe equatlon, OM ~ .... the "a11101''' cU.ttVHCe lHtt .. ell 
\< ";~ 

" 

the tvo aetbocla •. 
. l" 

8hiabo &Del CelebUer uae a CharUer .,..l,~,1t ~a, 

. the cbaracterlatlc fwactloll ot the ml r.v., vhleh 1!1Ù8 te, the', 
• i 

pro4uet ot aD exponentiai G&ua.i~ teN (vith n.riuce .2, to be 

deteralned) and • power '.vie. exP_lon.o '!'hil 11vei 'the 181 a : 

Oau •• ian-like tera~ corrected b7 IUceellive veiahtecl derin.tiv.a. 
l ' f 

Aa to 110 aDCl Teh, u ahow,_ relationl (2.2.2) ad 

.' .:·;~:2.3), the, reatrlc~ th~.elVe~ to .. ~traiaht ''Ii,0r lerie • 

expan.1Qil itround the or18in, 10 tut 110 Cau •• i; Uke tera appearl .. 
herè C. • 0) • • . . 

Tbe cU~ep:. caa •• about proba'b17 traD. the tact '. 

t~· Sh~~<l.Ild Ceie~hT~re il1itiall7 tJias to attach a Ph7-
1 8~} , 1 

.lc&1 Interpl-etation to the~ derin.tion. vhich VU Ilot Ho aa4 
a r 

teh'l concerne ' 

" 

&Del thi. ca be ... ... in the tÔllcnrlils'. ~ " 
.. ' ....... ,"" 

Con,14er . the c. t. ot,' t_ cca'biDè ru4cIa variable 
,;. ~ ... 

'.~~ 1 

"t 'sauaaian nol .. + DI) ... UH4 ~tlftl.7 b7 Shfabo and Ce1ebi-
... , .• 'it"':':;~;~f' . .. . "'. 

1er &Del Ho aD4 teh. l'rea (2.1&9) &DI (2.2.3) -o • • .,. vrit.~ 
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., 
,The a~ and da, are both. çCllpute4 trOll the .CIlent •• ' 

J\arthel'lllore bt revritill8 .1 (u) al . 
, 

2 2 2 ' 
vith fi =r= a n + .• , it lIlay be .eeD tbat ~l(u) ... ~2(u) have 

the .ame tom. Al though ~k ~ da. &Dd • 2 ~ .: +.2, thi. . 

doel not aftect the DUIIlerical proc ••• , AI the iDclepeDdent vari~ 
, 

ble here :b u.· 'l'he rate. ot conversence ot '-the tvo .etho4a are, 

of h~ft'er, . dU·!er,ent. 
. 

ID' tact. iD the Bhmbo aM Celebiler derivat10ll,' it 

~he value siven to 1 i. lero,~one derive. the Bo"and Yeh relult. 

" Thua revritilll (2.1.10) . 

. \ . , -

aa4 ~POD lNllif7ins "tbo ..lue ot 1. vbich "'...;. tbat Ia..ac.~_ 

. i. red.uce4 to i1~., tir.t' , .... 
o "'. 

. ' ..... \ ~ 

".1, .. ~ .~. ,','., .. ,! .~"'l 

• 

, " 
c " 
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ftia ia uact17 th. coettici.Dt ot U'A iD (2.2.3), 

the equatlon uaecl 'b7 Ho Ul4 Yeh. 

nua theorical..l7 ODe . 11&7 aq tbat the Sldabo' and 
• 

Ce1e'biler metbocl i.. auperior in the ca.e of' the vIlite ,Gau.aian 

• • zi)iae, b~&u.!iot the exi.tence ot one d'lree ot, treedOlil (tl1e 
, ,,-' ,'~ ~ ~' v 

valuê',ot al. But ill the ca •• ' ~ nOllvhite Gauaaiu DOiae, the Ho 
", 

&ad Yeh lIletho4 i •• iapler, 'unle.a ,.. ua. the value PO> tor the 

ShiBbo and Celebiler aeth04. 
, . 

t', 
• 2.3. error 

The characteriatic t\lDctioD (cot.) or' tl). ccabine4 

l'aDda. variable (.441101"1. O&ual1&1) Doia. + 181) can be expreaaecl 
l , 

u the pl'o4uct ot i ta CQllponent. 
, 1 • 

- \ 

A. va. ment10ne4 earlier, the ba·• cu be c~pu.te4 lt .. at1.e17 

&D4 ,are veightecl lIlCIlenta ot the ISI r. Y. 
- • ... ,~ 22 
B1 ~ettiD8 • fT n + • , 

'1 
' .. 



'~r \N',~' ... Y 'h~1fr1 l'" t;;', \ ' 11' :: ,: ,,";~{ •• ~.... \;\ \ " 

,,~, \1 \ j 1 \ ,r' ,,~ 1 " t. ,f < t~. , 

r\., ~" \ ~,.J • , a 
.' \ .1, 

dDe obtaiD8 

Taking the .. 

'!'beretore 

1 
1 

inverse ot the abaVe. 

«1) 

0c(X)-(l + L.b2k<-1)t 
pt 

.' 

o 

da 
dJt2k 

36, 

li •• , 

~ exp(- '%.2 1] 
2.,.2 

'1 

Oc (x)· 1 ~(- x2) '+ ~ b
2lt

(_;;ke 1 )2ku2Jt( x )exp( ... x<2 ) 
. Mil' 2(T2 ~ i;j2 fiV2 2fr2 

The above represents the combined random. variable. Ap'JÙ7ilig it 

to (1.2.5) one obtain8 

• a.-1 
L 

. . 

" 

," 

Equati:oDa (12) ot' reter ..... [ T] IIDII. (8) ot ref' ......... 

[6] bave ~actJ.y the ume torm. ID the tormer ,~2 (binary). 

vhUe in the latter a2• tl
2 (i.e. vith .2.0 ). 
Il '. cO' 

2 . ' 
Vith ,S • 0 ODe IRq c1erive trClll C2'.2.]) the value 

ot b2k vbich i8 ~t {DtO (2.3.3) to give: 

o 
G .~ 

~ 

f. 

, ' 
''.. ~ :; l' 

", \11, .. 
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.~ vhere 

The ~bO'l'e deriyatioll .e •• .o.evbat cœaplex. bec&U8e 

it vas tir.t œcesear;y to trana1'orm the randOil yariablea. muitipl.J' 

th.. &Dd then return to the probabilitr domain~ 

A aore atraight torvard lIlethod vhich 7ielda the 
, } 

.... e reault consista ot expandiD6 into Taylor aerie. (iD the pro-

babilit7 doma~n) the tunction l-P(dro - x) around dr . , 0 

In the case ot the vbi~è Gauaaian Ilo~aet , 

[

00 ~ 2 
l-F(dr -X) • l exp(~ dx 

o dr -x y&" ~ 
. 0 

• 1. erte ( dr - x) 
0, 

1. 'è erf'C(U)\ 
k! duk 

DittereDtiation ot ~tc (u) givea riae to Hermite po~al.: 

~.f ~ -

i~~.~·~::~ ·~~,i,;:. ,." .. ,,;.,._, L,' •... ,.;_ . :. .' \.', , 
. " " ' 'l' • 

....... ~ ~ '." 

" 

',' 

. , 
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J 

As_fag the ef'eness or the DOise aDd ot the ISI r.v., It tollon \..... 

~t 
dr -x' In ! ert~(M i(:,;} dx 

1 dr 0 • 1 à l ' clr 0 d2r~ 
-,-2 ertc~ +~~ (M)2k l2kf! H2k_1 <.~exp(-2 (12)(2.3.4) 

~ 

. ID the _boYe tOl'lllll.atiou, the tirst ter. reprèsents 

the pee) due to vbite DOise alone. Tbe tol1ovi.lls terms describe 

tbe etrect of the ISI iD &Il _cJltive GawsaiaD DOiae envlromaent. 
~ - J 

ID aDDther enrirolIIeDt the etteet or the "S8IIle" ISI will be dit-

f'ereot. I10 eu al., be' BeeD 1'rca (2.].3) tha10 the ISI e~t be 

deaeribed .~el7 as w.hi1oe Gau8Sl.an Doise. 

"'-, -
ID eue ot DOIlVhit.e Gausaiaa DOise •• c (u). the c.. t. 

given b.J' (2.3.1) contaiDs _ part vh1Ch ia tOnle4 1»7 t.he COllYOl.u:' 

t.ioD of' ~be IIIODGaus~iaD DOise aDd t.be "equivalent" Causaian part 

or 10be m. Ve 'DOte that. iD t.he è .... vlaere s is dittereDt troia 

zero, t.be reault. of' tUa eolft'OlIlt.ioll c&DDOt al~ be expresaecl 
'. 01 "' 

iD • eloaed tcma &DIl ~ia 'will add. ... diaeuiOD ot 4itticult.7 , 

1;.0 tbe 'p-oblea. ~ 1;.0 _wU thia dlttieUlt.7 t.be use ot PO, 

1Ih1cJa currapolllla .fIAl:i. t.o • ~lor serie. expuaaloD ot tbe lIOi •• 

proeea iD ,the pro'babilit7 dœ.fn. ia aclrised. it ft want to uae 

tbe power seriea expuad.OIl _tbod, UDl .. a the. collYOlu1oioD i. aiapl.e . 

1;.0 perora. 

.... _ '" ~ 1 

~ .. ,'" • .# - 1.~:"~ ~~~- ~ 

, ' 

.! 
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On_ ot th. dil&4vat .... 01 t_. a'boY. tOl'llulation 

:li tbat it precludu -Dt Phrlic,al intel'pl'~at:loii .ot th. iDter.~ 

bol. iat .. tereDO •• 

ltuat:lou (2.3.3) aDei (2.3.16) can be ahoft to b. 

, 1 

, \ abaolutel7 cODVergent. lUt, thia convergence 11 u.uaJJ.7 alov, 80 
, 

that quite • tev t.... ba~. to b. u.ed iD or der to set a a.tii-

tactol'1 r.ault. The coÎlYerleace ot the power a~1e. ia directl,. 

liDke4 to the relative U8Ditude ot the maxÛllum dniatioD cautecl 

117 the IBI, vith respect to the • .pitude ot the 1:lg11&1. For 
. . . 
_all IBI, the ratio S/la' Yb ... 1. ia the III&X devi.tion cauae4 

bJ the 181, ia l&l'8er .Di tbe coll'tergence i,1 tast. roI' ~l 

Yaluel ot S/Im the .eri~. cOllVerse Ye%7. alovlJ'. 
( 

It il probable that tor value. ot S/I. larger than 
• 1 "', 

3 or 16, the pover aeria. expanaion lIetbod ;'ould. diverse due to 
. 

th. round-ott error. in th. cCIIlpiter. ThUl, ~ t ca hardl,. be 
1 • 

applied to M-&lT PAN 178:t-, Vith N luser thàn 8 or 10. 

Sh:lllbo &Del CelebU.. baye naelteel a .etbod to 

iaprove the convergence of th.' a .. 1... 'rher ermaerate 41recu" 

aU poldbl. intertceDC. that 11&7 be causee! 117 .., 1 t.... (the 

.lva .. t teru) and'.u. th.ir foraul& tqr each ca.e .eparatel,.. 

Thia bu .. lia1 te4 applica'ili t7 dua to the UlOUDt ot coapu~ .. 
t 

, , . 
, tia. illYOlvecl. III tact, thia ICh._ cCllllbin •• the pover •• ri •• 

~:lOD aeth04 Vith tla ....... t:ly. aetbod • 

,.' 
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Aa 'VU _atioDecl euli ... there are two Uad. ot 

CTar. a.aoci.tecJ:ntll the aeriea exp&D8ion ech_e: 
" ~. 

i) 'flle truac:atioD ot the oY.ra:u: .iap.ll.ae l'eaponee. 

• '!'bi. 1. cc.aon to &ll DUIIeriéal _bods. 'l'bi. ti~ 
, 

" 
of error ia DOt conaidered here toI' it i.·theorical rather th&D 

practical. Tbat ia. the DUIIl'ber of interterilt8 8Ulpl.es cu alIIoat 
, 

al1l&78 be iDer.sect UDtU the cœputecl Pee} stops ebalJ8ilJl. Fur-

theraore thia pro'bla i. "17 c1ittlcult &Dd cu itaelt 'be a tapic 

of theorical reae&rch. 
,1 ..... 

The interesteel reader 11&1 look at Ret'. 7 • A par­

tial solution is alaQ given in 2.6. There an upper boUDd on 

P(e). ccapu.tecl vith aU of the' illterteru.s .aaplea take~ into 

accOUIlt. i. deriTecl. The oditterence betveen thi. upper bo~ 
. 

u4 the P(e) cCIIPlted vith a certain D1Il'ber, Bq M. of iuterte:--

l'iD! ... ples, 111&7 siTe an i4 .. or tbe I188DitlJde of the erraI' 

in4uc:ed b7 tbe tnmcation ot tbe oYeraU iapul.e rapoue. 

ii) 'flle tl'UDCation ot the aeriea exp&Il.ioll. 
, 1 

Th. toll.oYilll reter. then to the tnDc.tioli erl'Ol' 

lntroducec1 b7 the trunc.tioll ot the .. rie. expuaioll. wh. on. 

cODl14er •• lI-tera tl'UDCation' of th. chUae1 iapul. •• reapoue. 

n. tr\UlCatioll of the RBB ~ (2.3.~) arter nt ... 

:batJtoduèea the tolloviJ18 tl"UDCatlOil error BD~ 

1. 
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It 18 lmovn that [ 13] 
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. l' ... 

1 j • ~ 

b 1
2 "2D l c1J [ aD aa k 1 ] EIl~("2 ) .,e. 211+2.-;2 1+ l' (;2) (:t2D+21{2Il+3) 

. _" pl '/' 
• 0 ) \ r 

. d2 \ . 
, AsSUllias DOW. \ < l, tbe , ... tric ... ie. ill . 

, C12 ( ..j(2rl+2) (211+3) ~ 
the REIS converge. to & liait vhich i. aub~i tutec1 iuto the &boYe 

to ,ive 

1 

This la exact17 ("0) ot ret. 11 • . . -
Praa the aboYe derlvatlon It cu be aeen tb&t (2.3~3) , 

&Dl (2.3.4) theorlcal~ can be detera1ned. vith aa great an accu­

r8,C7 as deaired it 4 i. tinite. !hua the aerie8 expauion aetmd • 
, couyersea in caae ot Vtaite Gauaaiall DOiae. 

2.5. Determl_tion ot ta ncaent.: 

o 

iteratiTely cQllpute.the .caeata needed tor the ft'aluation ot P(e},~ 

, the simpl.eat scheme-i. probabl7. Pr&bhu'. one (1l] • vbich ~ ~­
be sb'en bere. _ . 

Ve are !at .... tel ln the, enl.uatioll ot the- mœent. 
"0 

ot & BUll of di .cret. :l.1I4epeD4ent randœ r. Y. ' • m.lI\bered .&7 
, 

trœ l to M. '. 

" 

" . . , . . 
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Por a 2L-level PAM .y.tlJll,· a' tûe. on valuei trOll the .et 
.' D' 

, , 

+ -- •••• :!:. (2L-l)do 
" .... tJ 

• It ODe let.~ . 
< , 

...... 

the~. 7 

" 

, ~ . 
'!'hUI :l.t ,ia delired to evaluete,<yM

ft
), tOI' di1'tex"'en~ value. ôt D • 

[ 
ln tacot, al the X '1 are even randO:n variab~e8 (Pl' Ca .t,y 'II ~ ." 

,ft ft 

the7 are al1 positive. 
-, 

lfov 

Vhich Ileans 

tOI' al1 values ot N. In tormula 

• l' tor a11 valuea ot If 
" 

< ~ > ~ < ~ > .tor &1;1 valuél, ot m, 

and the <~) cu be cOIlnuted enumerat,iv~ly for ,ali values or N 

&Del Ill. 
J, 

, '. 

- , 

1{ 

'~ .' , 
,~ 

~.' 

"\~\ 
" , ; 

.. 

, 
,-- .-..--

" 

'Q 

. ~, 

.' .. ~:~ . ~~- .; 

.' 
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..ia &-1' 2a <, >- X :, PrC'.-:l.) (11'.) 
t-.(2L-l),.2 " 

~l,o , b 
• t -2 h( .. -i) (:l.r' ) 

'1-1.2 ' -1 0 

.. 

bec~uae ,,~ have ••• uàed Pr~~.1) - Pl'(au-·U • 
• 

If &ll ttie ~evel. are .q~prob&bl. 

2L-l 
X U.rlf)2Ia 
1-1.2 

Thua (2.5.1) prov~d.a & r.c~rence ro~ul. to compute 

the moment a or X. To do th~t. ve r~rat ~~e (2.5.2) 0; (2.5:3) to 
- , .: :t ~ .. 

2m' -, 
eompute the ~ Xi > toz: all valu.. of lf ~rôal l to M, and tOI' Il up 

n ~ .. - - ~!1 '.. '" 

to the higheat der 01 the deaired momenta. ~hen one ~ ~ea~~-

17 uae (2.5.1>-', r'aucceaaively increa.iag valuea ot R untilM' ia 
a <0 Il 0 

r"ched. 
1 

1 

01 

'. l' • , 

_ In the lollovlac Pr!bhu',; .ethod w1ll bè oonsldered" 
_ "" ~11< 

1 0 

vhi~ in tact, ce be deacribe4 .a a !DOre cOIIlp1e\.e (but ~t ~ece~-
• o.J' 

" 0 , " 

, " 
'\ z'" . , 
-' , 

" 

.' 
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., 
vbich is ~posed theoric~ ot an inrinitlt series ot r.v. Not 

beiDg a~e to deal. direct17 vith this infinite .series (the central. 

liait.,theorell does not apply here), but knoviDg tbat the ettect 
, -

ot the lSl is usual17, aQd ~~tical.ly, limit~ to its .tev largest 
. ' 

teras, one is led to~coDàidér tolloving,tvo randam variables •. ' , 

il Tbe r.v. tormed b7 the 8WIl ot tbe noise r.v. n and 
t 0 

the r.v. as~àeiated vith the B largest intertering :semples; This 

is called X • 
n 

-1 

, 

ii) The r.v. ~8sOciated vith" tbe rémaining (theorica.ll;y 

iDtinite) . intert~ing semples, ~. 

Thus 6ne vish~s to campute: 

. 

. p (a) • Pr{ x<a}. Pr {x +x < a} x -. Il 'r- (2.6.1) 

Since PXn(a) • Pr {.XD ~', a} c~ th.eoric~17 he' c~PUted via the, 

, pover series expansion metbod, it ma,. be possible to get, both, 
r , p .. 

in terms ot PInea) a~d some k.D~WD 

paremeters ass~i&ted vith X • . One bas thus, avoided dealing . r 1 

vith the ia.tini.t~ series directly ... Bo", if the dittereDce, bet-' 

veen thè tvo bounds (upper and lover). 'decreases -1IlODotomciùl.7 vi th 

l, ~x(a) ~an be COIIlpUteci ,dth arbitrai-i17 suJ.l ~rors. 
.' . 

, 
'.' 

" 

DeDOtiqg tbe pdt by t and the distribution 'tunctioD 
... " . -,' . 

p (a) 
x. , . 

J ' 

.ï..J:.. ~ .•. ,,- ... h. .... ,_~~. ~ ..• ~ ~ .... >.-~,~~ -fi' .. ~~ 
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As lAIeb (2.6.2) CUIlot take opportuait7 ot \he power 

series expaU.iOD aethod. -Theretore Prabbu bas use« the toUovias 

4eriyatioll to transtora (2.6. 2) ill~ a JM)I'e sui table. 'Ol'llUlat:iOD. 

BJ selectÙlg &Il i~enal. (':'10.v;p). 10 &Del up bei 1l8 .. 
positive, trc:a the raDIe ot XI' ft CUl vrite 

. ...: -. 

'" 

'. 

.?,. 

(2.6.31 

ODe theD hu 

......... -_. 

• 

1 

l­
/ 

IJ " 

o :S 13:S."xal-) f:4PJr) :S "';"(a+10) (l-P,...(UP) ) 
\) Q ..... 

. •. 'f 
"')1 !".~ 

... ~~ .,\": 1 

1 

,ft;1 ,., 
~ j. 1 

•• 
, '\\:il 

• -r 

,'0 

.. ./~ .. .... I-:,~ 
.~.. . . .... 1'. -, . 

\ . 
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t, 
~. 

12:S p Z'A (ai..upf:o ~ ,... b-)' • p ,.,;i .... up( p xr (upi- "".. (~10) ) 

~ 
", 

1
2 
~ ~ . (a+10f,"P . -4l (7)·" (&+10)( p- (uP)-P (~101') 

- XIl' '-10 XI' %Jl. _, Xl".' XI" . 
• 1) ... ~:; '" ~, , 
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'lt(a)l FD~.:.r,) (FuI.) ~ FUI-lo) ) 
. . , 

- 'X~a) s:' 'xrl-lo) +' Fa:,Ii.+10) (l-F .... '~O) ) 

" 

ODe. ~ben bas: 
" 

",. (.lb) + , _ (&+10) XI'. _ 

-O.il 

l~rxr(up) -iFZD(-lO).~ {-lO,iXri UP }_ 
. . ~ 

If wch bouDCls can 'be fcuncl. it lIaJ 'be .. en that 

FlIII'....p) (l-Lt-lo) :.u'1Ip~ 9 x'a') 

P (al' , , ( .... 10) + L(-lo) 
le ' XIl 

, , 

Deriftti~1l8 of L(-lol aDd U(up): 

" -"', 
t. ~ '." .. , 

" 

~abhu aùg.ltecl the Ch_raoft boÜDdias teclm1qlle ~ 
, Q 

cClllpute the..-'aboYe bou4a. ,!bàt 1a 

Prl~-io(~~ 
.. 

~-A.J,~) •• (-A ) .. 'A ~O.~ 
, ~ 

'1 ~~ ..... ~ 

'1~j 
' ....... 

.. 
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.... 
. 

O.14»xr("!'A) .i "'XZ'(-A) 
~ 

It. 1. th,n po.~ibl. ,ta OP~imi,~. t> ~'(. _~ ~O) "'Jr(-A) 
, ..... 

and exp(- A ~p) ~r(A). 
• 

the .. bov. t. eal)' to optiabe '-

Tbat il, 

L {-lo) 

U(up) 

pZ.~tlcall.1, 111 .. Il''.11 1Ulvical IltuatlOIl, 'PI'abbùt • 
\ 

. . , . " 

1 [." ... 

J' 

:. 

'1 
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are also choseo valu" 

. , ... , ' 

,Ii 

ii) The use or the optiDium value tor'~ tO\èxpresa 

39 

• t • ' 

the ditterence D. betveen the upper ~ lover bounds as a fUnction 

ot B, -10, up. 

Iii) 'l'he gradual incre_se ot 0 the vAlue used . tor If, 
1 

vhUe choosing tor ~ch value ot H satiaf'acto1'1 values tor -10 

and up, until, DIf becOll1es sutt:'iciently' small. 

This ,procedure, it !t cao be ~Plemented ad~uatelit 

has the merit to give the exact p(e) as accuntely as 'vanted. But 
, . 

it cannot be eaaily implemented and in gener&! the value ot H that 
• 

should be \laed is .quite large. 

Thus Prabhu 8eSls to give moral: impOrtance to the 
. il, t • 

e'l&luation ot, the ettect o~ the residUal pulse traiD, t'ban other 

authors do. It can be said that he ~B explored more t'ully the 

problem ot the re~idcial 'pulse train. and ~ show that ft is 

possible to deriye 'boUDds OD the etteets ot thè reaidual. pulse' 
- , 

train, at least in the vhite Gaussian Doise case, vhich ifs DOt 

• ot miner importance. 
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l' ..... 

~ \ ~ 
_"t" 

'_.1 "i 
~ ... \, ., 

" 

,. 

, -. 

• 
\ 
1 

:.1 



" ' 
" 

, 
" , , 

" 

l' 

, , 

" 

• 1 

l' 

,,1 

. , , . 
CHAPTER 111 
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o Il 
o 

Altho\lgh originally dev:l.led in the ~orth AIIleric~, 
- - , 

continent, the pover lerielaexpanà~on~method~. allO receivèd 
~ . 

attention trClll many relearcherl in Europe vho are interelte4 in 
o 

1 Il ~ 

" 

the problem ot interl)'Zllbol interterence. AmOll8lt these research-
a c ' ... 

era are Benedetto Cet al. [ 8] wo have appli~ ,the lerie~ expan-
, 

, 

sion Rthod to the ~ISI pro"blem. But, they tound that the leries 

expansion, althougb it :la adequate. at",lealt theorically,0 presenta 
Q ~ ~ 

the disadvantage ot slow convergence to the relult. Ta, overcome , . , 

thia ditticulty. Ben~etto et al. have auggelted ~he use ot 
~ ~ 

o 

Gauaaian quadrature rule. (CQR) to the 18I probl~. 
<9 , . 

GQR :la the IlGlt widel7. inveatigatecl Ilethocl tor 
ô 

approximatiag detin:lte intearal. ot, the tom 

" 
, 1 

{) 

A. val .. iel earl:ler. the above intearal :la :lntill&te-" ' . 

1,. 11nked to our probl., wher. t(x) • -l-r(dro~x). ucÏ,vhere ,(.) 
. ~ 

.'~ J 
, i. the 'diatri'bUt:loD tuDct:lon ot the no:he proce... l(x) 'he 181 

r.Y. 
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Vith OQR tb. aboT. detinite :lntesr.l 1 •• pproxi-
l ' 

... tell _ • lilieal" caabiaatioD or value. of the t\mctioll t(x) 

.1 

( , 

a 
0'rbe •• t {~.~J i. ca11ed a quaclrature l'Ule (QIl). 

pl 1 

ot orcler 211-1. correapoadias to the wight tunct:lon' :l(z). Tbe 
-

\:'. are caUed the DOd •• (or .b.cl .... ) &Ild tb~ ik~. the veicht. 

(or ~ciellta). 

A. Q1l ha. desree of preci.ion a it it 1. exact wh.n-
1 

eftI' tex) i. a po~lal of decre. 1 ••• than. 01' ~ual to Il. or 
, ' 2 • 

iD other vordâ it it i. exact tOI' tex) .·l,x,x , ••• x. III the 

c .. e ot a DODDesa~Ye i(x). Il ~odè. aIld Il veJehta can be t0':rd 

to llÙe the GQR exact tOI' àu pol7DCllllial. ot desree ~·2Il-l. Thi. 

i. the hicheR degree ot preci.ion that cau be achie'ted bJ aD 

o 

n-point QR. 
• b 

OQR 'i. clo.el7 related to- orthogonal po17ucaials 

1Iho.e propertie. are an-arised in the tolloviog. 

Of 

~uider ~ aequellce ot .ollic po17Dadal. P n (x) 

tor a-o.l.2 •••• Vbich aatiat.J th. tollowias relation 

J
b 'v li 

i(x) k P (x) k P (x) dx. 3 , • nn •• - JIll • • J' 

vbere a JIll ia the Irollecker delta, and the k i •• the DOmalisi .. 

(J 

" 1 

. . 

: , 
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Q , 

t.:tora. fte the aequeaee ta ... id to b4t ~bClOul ~i tb rel-

pect to the veiaht tunction i(z). If 1(z) ia' DO~ ... t"'e OD 
~\ . 

(a, b). aa iD thia ~".. the lequence CUl be 8&lllJ Ihown to be .. , 

UDique. trca the tollovins coDllder .. tioD ' 
" 

, ", 

b • J 1(x) xn p (x) 4X • 0, tor n<a 
a • 

• 
Obri~. then / , f: ilx) ,.21Z)clx ~ 0 

. 2 
In tact, the aboye integr&l eq,UÙI 1/_ • 

, AD7 three cODlecutiye' polJnœiala iD, the lequence 

" e ... be related Yi.&- the tolloviag expre •• ion 

x p l(x).' l p 2(x)+. Pft-l(x)+ , P (x) \ 
Il- Il- 11-' D..- I1D 

vith 

!'Idl il aD i:IIportaDt propert7 ot o~bopD&l fOl.7Dc:aiall. The 

eoetticimtl • • I,' 'I, vill plq aD iaportant l'Ole iD Benedetto 
, Il Il 

et al.' 1 4erifttioa. 

Prca (3.1.3) ODe CQ 4eriye the a.riatottel-Darbo~ 

14eat!t7 1 _bicla II •• eN! tor clerinas tlae c;oetticieat. or the 

• 

,"1 

, .... " , . 
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One cu nov atate (vitbcfut proot) the tolloviaa 
, 1,.\ 

theora. 
ft; ~~ 

Aeeume m ditterent valuea of x in the interval 

(a,b), xl'x2' ••• xm and let n > 1. then m coefficient. cu be 

fouDd euch th&t the C!QR 8~veoe an exact reault for all polfllCDiala 
mil 

of 4!l8ree the pol)'llClllial Pm (x) - n (x-xi) ia 
1-1 

o~tho8onal to a11 po~iala of desre 

'l'he aboYe theorem relatee the 

miale vith the GQR. It e.,. that the rocta of the 

vhich are" orthogonal vith respect to i(x), tora the nodea ot 'the 

'~ '!'he veigbta_ c~n "~Den be deduced to be interpo1&l7 and are 

computed frœ 

b P (X) 

~ -fa lx:~) p~ (~) Ux} 4x 

dP (x) 1 
P~(~)-:x ~ 

'!'he aboye cu be tranatorae4 b7 the Christoffel Darboux 1dentit7 

or 

(
_.1 

~·X 
1-0 

" " 

• 

, ' 

, 
, ' 

: .. , ..... ~ 
" 

\: ï"":· :t>, 1 
• ï f" , ~ ., ... ..: '" .~ l.y\ '~ .• '.: 
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lia % ~ t(~)' ~ 1 l(x) , l(x) ta 
a~.Pl' • 

Altho\llb ,Ida pa ... _ i ... ".sm_ to \bt 
v ~ 

."lOlut. cOaY __ 'eDe. Iro,.'" of ". poftr. ,er!., ~f.o. _1104, . 
, .' l ' 

iD ,. cu. of ftitt huI,i~ D01M. t, l~at, Ol~tb. •• ..,.,' 

0Il' ,vOIII[ ad ..... " l' appli •• to .. et. _ t(x) .. _ 
~ " 

!la. UI\I~ FoceclU'. for t:lDlUIi tilt ooettlc:lrit. 

~" cC?ui,ta ot , ..... t.:l1ll t:be Mt of ortbopMl polpcIaia1a 
- . ~ 

.. lOCiat'" vith tlat veillat twactloD ib:) " tint calcul. tilla 

th. tbr .... t.-- HCUI'I'''' tonula. b DOcle. of ~. QJt Re '\hn 
J( • 

4et.a:lDe4 b, cGllJNt~ .. tlae roota lof tIl.,. pOlpoaiall. U tb •• 
" 

'IXKI.-...are rtal &DI .fa»!_ •• eno ..... ptiaoa :lteratloa i, &4ri,e4 •. 
, -, " 

.......... lD4.a of tbI QI of Flet.ioa oN .. 111-1 

OnJIO&O:~ ~ ot .... a. !be 
. \" ...",...... 

"!pt, are thID ~.e.. trca .... l .. t" tomat". !Id •.•• ' 

., . 
• ,> 

.; 

• • 
,. < J, 

" 
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DOt 1{a) itaelf. ''''--'', .. ,-'''-~_~~~~_~~~'> 

" . , \ -"'1r .ethod ilm)l.~., tlle tolloriDlI\, 

il lYaluat.io .. of tI;W HCurr.ace, te~ ,.~J~l aD4 

, î "Dt:'l ot (3.1.3) bJ ...... of the ~ü-at ~ ... !Ilt.a ot x, tbe 

'I~I -r... !hl. 1..,01 ••• thl Cbol.itt. 4ecaapo.lt.lo .. of t. _triz 

ot IIOMDta M (vhieb in OUI' cu. 1. the llaùel _trh ID the __ 
i ~ 

•• Dta) int'o R-:r.J. ft ~iDl , .. upper ·tri ..... _viz. !be GD'. 

&DC1 'D', are the .. ' aiapl,7 4 .. wecl ho. ~~. R _tris. 
: ~ 

. ·U.) Oeneratloa ot ,a tri4iapDAl _triz iatoly!as 

the , • 'a Ul4 t. ,. •• EisellY&lu.. &D4 .icellYectoJ'l of: tilla __ 
r 

tris ar. ~heD ccqutecl''''ia ~he Q-I aJ.corit... IbU. tlle DOde. 

are ,1.en 'b7 the aboY. eic .... a1~.a. the tirat caaponeata ot tbe 

eiceDYector. t91'1l the ve1cbta. , 
k 

3.2. Bened.tto ~ al.' a 4 .. 1vat.lon -
; , 

rlr~ DOt. tllat" u Oolula u4 Vel.HIl' a lICha. 

illYol ••• tll. kllOVlqe ot .. et. ot iCi) 'vblela cu 'be cc.p&tecl 
~ • J 

.aCCNllt i. tiait., tH OQI' .et.b04 _tœ&tlc~ applJ •• ~ to-; 

tb. cu. ot a tr\1Dcate4 OYera1l obaBDttl lapal. •• n ...... 
.. ~ ...... 

!brauCb Oe ... ot Golula U4 Vdacll'. acIIae to 
• .-4erl .. tM ~ let. 1 ~. s., '.1 ..... nto ~ al. ~ ~ CIQI 

te» (1.2.8) to .-, 

1 1 

, 
.... : \ 

• _ ..... ,-( .......... 

1 • 

<, 
;, 
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.. ' . 

.... 2L-J.' P(a)· L ' 

" . 

, 2 
'rhu.,ln th. caBe' ot Cau •• lan white DOis. vith n.rianca fi , va ba.,e 

1 

l-F(ctr -x. ). 1. ertc, (dro-X. ) aM (3. ~.~,) beccma. then 
o & 2 & v . 

t 2A «() 
The error cCIIIIIitted in tbtt above tqmula ia ot the tora 

Jt2 . (2a): 
• 0d%' 

i t 2m ( 0 -f)'. l () i .e., l el' C • Jj 2 ' vhere lE a,b and Jt. • the 
2 v- k (211)' • • 
" 

leading coetticieqt in\8 (x) • k P (x). 
. . III III a 

Thua, DUIIericiLl.17 apea1tins, ln the GQR aetbod the 

DUIlber ot interteri_ AIlplu i. tirst deterained •• Depeac1illl"tbeu , \ 

. , 
on the orclel" ot .ccurac7 vaDted tor the GQR, the INllber oi' .. ent. 

, 
are cœputed; tollovil1& tbat, Oolub aM Vélaeh' •• ch.a i. applie4 

tG produce the DOde. and veisbt. requir'"ect. .-
. . 

o • 

Fomulu (3.2.1) or (3.2.2) th.1i Ici.,. aD approx ..... 
. " 

tloa to pee). 
. \ . , 

lote that ri th W. aeth04 the 1Iho1e proceclure iD 
- . 

. the abQv. ha, to be repeatecl if one riah.. to cha... tb. auaber , 

ot :lIlt .. t .. :1111 8IIIple. tÙeQ into accoullt, f# if it 1. 4 •• lre4 
.~ .,. 

to iDer ..... ~h. oHer" ot pree'i.ioa of the U. , . 

'. 

-
1 • 

( 

". 

. \ 

• 
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~ . cbmputatlonal error. .', 

• 

.' 

o 

- II . , 

In thi. part the en'9r introduced ,b)r the t'runes.-
b 

o . , . 
tion of the channel impulse responle, wUl be ignoreu, al it is 

exactly the same in'other methods. 

l)Error comitted'by the QR 

In the ca~e or white Gaussian noise, Benedetto et 

al. la ] havé deI'!ivecÏ an upper bound, on this 'error. . ' 

vhére J:m is . 
, ., 

.. 

f' E <Aexp . . n 

E' '< A n 
1 

(d - ro - lm}' 
Im<d 

4~2 • 
.Q 

n 

, Im~d 
w:' 

the largest .deviation, caused> by 181 .• 
• fI • ", - ~ 

". .' 1 

,r' 
0 

r 
~ Q. 

A. B(2L-l) 2n [(2n-1H] 2' 
ft • 2 2'" , B- 1. oa6435 , 

(2n)! (2 tr )n k ~ -
. n . n 

'..&nd: En cox:~esponds to laD n-point GQR. This bOUM ia ,not alvqa 

tight. 

ii) BouM-ott err'ors 

Round-ott 1 errora, vhiph o~eUr due to t~è limi ted 
c ~ ... '" 

1 

: 

accurscy ot t-be digital computer, 
4 

grOY vi th -the increase ot the 
i 

" 

'!'hua vheii ~i,h order 
. 

o~der ot precilion of' the quadrature rUle. 

preei,ion is neecled~ (this happena vhe~ the 181 11 large). ft 
1 • 

,. , 

r ~ 1 1 I,~ ~ () '\ 

ahould give more attention to roUnd-oN errora • 
, " 

Do~b~e precision , 

c~putation la adviaed. 

ne aecura!=7 ot the values c~t~ f'or the set 

... ' t 
'. ' .... ,~ , 

., 
.. 

r' 

o 
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1 "1 

, " 

~8 , 
.~ 

'" " ' 

t~i •• et i. derived traa the Jmovl,dae ot the moment •• vhich 
, ", 

thU', .ùould be COIIlplted vi th tHe sr-.te.t accuracl pollibl •• 

A. the .... eDt. are ccaputec1 i t ... atiYel7 ."l'Orl 
n n 

are uDtortUD&te~ c_ulative. Due to thi., tact. the ICh •• de-
" . 

G . • 

y:l.ed to cOllplte th. recun,eDce coettic.1eDt.~ an ~d fJD ~ tail. 
" 

Benédetto et al. [8 J have propolecl th,_ tolio~iDlI aetbo411 ~ re-

duce the ettect or round' ott error •• . " 

1 

1. The u •• ~t DUIIlerical ditterentiatioD ot ual7-

tic tunctlonl. u.iac the tact that the, t th '.caent ot 'the r. Y. eu 0 ~ 
, ' 

be deriYed direct17 fraa the' COlTelpOndins der:lyatioll ot the cha-, , 

racteri.t~c tunctloD ot the r~dom Yaria~le x. 
2. The u.e ot .. re.ceDt17 "'.Yi aed Belleme to ccapute 

,i' , 
, . .., ~ 

the OQR .tart~tis tram "moditied momenta" ot the tora 

~. h .pt(X) U,X) 4x .' 

" vh .. e :'t(x) ia a member. of Il set ot o~tbogonaJ. polyDOlllial.1 nita-
o 

b~ocboaen. 
.... • 4 , 

~;-. Al though the GQIt metbod appeara to be lui table in 
, _ -/' • c 

of 

• -117 cà.ea, ~ .. impl_~n~at.1oa"'ot the aboYe auge.tionl aq.pI'OYe . -
ta be nece'l&l7 vbén the lSI' il large. 
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, 
A p!q!ical lliterp!'et&tlo,a 

~ 
• la the toUovins, i 10 vil~ be leea tut OQR aetbocl 

a. appll~ 100 10h11 probl. coalilt., 'ot liyins t.o the Jl.y, 1 &Il 

appradaat.ioD, HJ 'l(X)' ot t,. clbtributtoD tuDct.ioD 4.DOtecl 

la ... bJ ,(x).: 

tbat. t.beJO~ exiata a ~iq\l. a.atep ti"t.~ibltioD '1 (x) Vbia~ ,baa 
t d • 1_ 

the _. tirat. 2Il .caenta .. V (x)., (vblch iD thia caa. ia th. 

cllatrlbltloD tuact.IOD of th.' IBI r.T.) 

. 
Reterrias DOV to l16. 3.1, ft caD a •• that. , 

, 
Yalue. ot t.h. ab.cl •• _, ai' and a Yalu •• ot the aqDitud •• , . . 

. . 
Al' are Dee4ecl t.o 4.tel'lliD.'~h. step-vi •• fuDCt.tOIl·'l(Z)' 

!'IN. 

,(x) are relatecl Yia 

, \. 

. ," 

• J \ 

... ' 

l ' 

... 
" , -

. ' 
" . 
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11~ :, .. ~ _ .' 
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~ ~il 

.... i .. ~:-=1! 
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" " 

, . 

" 

'\ 

1 
1 

1 • ..~' 1-,50" ':. '" 
'd 

( ~ 

'. 

" 

tor k.O,l,2,~ •• 2œ-l. 

That la, 

EquatioDS (3.2.5) tor c1ittere~ yilLlues ot k eu be IIlUltiplieèf b7 

arbitraI7 constants aD4 upoD the __ tion ve get 

. ' 
1 Q2Il-l Cx)dV1 (x) • E lQ2Il-l Ca".> AD • f ~-l (~)dV'x) 

• D' 
vbere Q2Il-l (.) demtea 8D,J ... po~ai of orc1er DOt bigher t~' 

b.-l. 

Consider ~ov 'the PQl7DC11i&1 whose roots are the 

absciasae ft are lookins tor, I.e., 

, . , 

'. :;-'\ 
<00

1 

;,\;' 

• 1 , 
, ' 

• • 
• - .... 1 ..3. 

D (x) • n '(x-&I) - z +.1: Ci r· " 
• 1-1 - 1-0' ,\ 

CoDaiAer then the aet It ia c1ear 
o , 

/. 

tbat z~.(z) 1 pa - 0lo~·~ .. l,J. l~ ... l, J.s •• 
• ,0 " • r'" 

,'f" 

- , 



1 l, 

.. 

, ' 
< 

'. , 

, -' 
~ 1 ) l' _, " 

, ' 

. . 
, 1 

", -J Xl Da(X) clf(x) • for ~l 
D 

" ... 1 
o -l. x). D (x) clV(x) • 'JXa+'A + ~E C x1+A 

D • . taO i 

a-1 '. "-+). + fao C'i ICi +A 
., 

• 

•••••••••• + C l M l~-M . a- II- -li-

, 

(A) " 

....................................... ~ .. , ~ 

• 

Olle c~ tba aolye tld. liDear 87-- ~or ~he coettlcieat. Ci'~ 

, a-l. 
&DIl thua D. (x,) • z·. E 

, lao 

. > 
.b t.0l' t_ .li' •• OIli.Ce t_ ai '\8 .... bowD tbetllCaD 

o 

.' 

' . 
• 1 
\ , 

", 

l f.' , 

J 

, . 

" 

" , 
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\' 

Il 
be COilputeci trOll tht • equ.tiolllr 

(1) 
Ill, i 
t • A • ai' tOI' i- 1.2 •••••• -1 
na1 n n 

Th. determiM.nt ot the a'bov. ,qutiou i. titteront rro. '''0 it , 
'1 

aU the ai Il are unique. vhich il the eue hert., CoufKlV:e,Jlt17. 

th. abov. -qatem cu be solveel tOI' 'J.. A2• • •• ~. vhieh Iz'e au 
poaitiT •• 

.... One ean nov proceecl to' .bov that th. Ai '. &Del &1" 

JU8t round are the RlIle al the li" aM %1 '. u.ecl ill tbe GQB • 
• <' a-1 

The monie polyncmial D (x) • XII. t C~xl i. INch 
" .• i-o 4 

tbat the Ci' a are uniquel,. deteJ'lllineel ~,. tbe' .,..t. ot lill~ 

" 

equatlona (A).' vhlch rel~t8 frai the re1atlo11 J xi D.(X)clY(x) 
• D " ~ 

- 0 tOI' 1-0.1,2 ••••• 11-1. 
• On th. other haDd. B (x) - k JI (x.:.x1 ). the 

a .Ll'i_l' 
1 

xi" bere -Ming ,the 1lO4e. ot the ,QI UI. b7 leDe4etto .t al •• 

a180 .. ti,ties the abave relatioll al cu be leu trœ 
-vi 

1 x~ ClddV(z) -1 1 ... x!- B (x. ) - 0' 
.D ~ t-l' • & • & 

ot clegree~2D-l), 1.e •• tOI' i~o,i~2, ••• ~1. 
[ [ 

" r 

", 

~ J , 
>. 

, -, 

~ ,oZ' 

." ." ,.~ , ' ... " , " ;" " ' .. ::;\~. ::; ,,' .' ~,' \," '. ;,;~i; 
~.:~~; t',.! .... );~t{~1p;a-.,;'" l'!;-\.'·'~~~''~'~) 1!'",,}t.). ~·<f .. f.jk :",~ . .f~kt. '\ ...... '" .. T~~A~, ... .,...l~.;...t; +.~ ~ ' .... ~t.~ .... ~ ~1:-..dt.:i..~' , 1;'" ~ ... l '" \ .. 'L ..... 
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~'t 0 
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'u 
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~ 
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, 
i 

". 
Çt< ~ 

~>f.. 

~ Il ' 

~ ~ 
\ 
l,. , . 
--. , . , , 

. 
.. 

) t 

• • • 

il~X) • l ' lk a (x~L 
pl ,'. 

IDdeld, UPOD l'eP1acins iex) iD (1.~;8) b7 il (x). " .. I~ , 

p(.) ~ ~l J. . 1-'(4r~ .. ;) , il he)· 4x 
•• . J) . 

1.r(" -x) o 

, ; 

th. a-.t.., 41.~riwtioà. Vhiqh i. _el to appl'oxi-
j 

ut. th. üatributioD ot th. III, po ••••• ' the ... tirat Il 
. c ...t. ai tbt 41atfiwtioll of t!te ISI. H!aher-o" ...... 

4~tt.r, 'but are not ~1l. iD both, c .. e •• , 

o 

3.3 Cg!Pàrilon. o~ the tvg ~!th04. , , 

4. 'ellll4et~ et al. baye alreadJ ua" 1 t;be powr; 
" 

, 

r 

" . , 

.' . 

, ;, 

, ' 
1 
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ï:' ~, 

, .' f J 

'~\.' -' .) 

, ' 
>, ' 

1 ... :;'-;",::',\\, ,.;l .. ::!}. ~ ..... ' "\1~\,'"" ~\ Ir ',t ,I~,'; .')~" 

• ! ... ' ; . 

• 

.' > • 

,y 1 

1 \h. OQR •• tho4 ott... iaproy.aDt ovet tie poWel" .eriel expueiqa \ t, -
" '" 

(P.8 •• ) .at~. IThi. (i. the cu. ill the euaplaa ,l ... n bJ Belle-

«etto et al. ~n [II-

!he _aln iap~v .. eDt conai.t. or laorealias tba' 

rat. ot coaversenoe ot the OQR; tbat .:l •• the oonverseru:. ot the_ 

IUcce •• i .. e ... &lu •• ccçute4 b1 the OQft l(Ol" b7 the P.8. 1.) tG tht 
-, 

exact r.ault a. the order ot preoléioD (or the auaber ot teraa 

1 - ill th. expuaio~) i. {Ilor •• ecl. -
& 

o , J'rm the ex .. ple. 8iven ", Benedetto et al. in [el. 
1 

it appearl that the ~ converse. ta.t enOUlIl to the reault to 

'\e ot practicâl u •• i~ .ituation. vhere the etrect or 181 i.11-
~ " 

aitell. Ve CallDOt J.r&t~ 'trCJlll the.e ex_ple. tbat th. OQR .etbocl 

< vUl be adequate ill ca.e ot larse ISI. Ve are -a'lUred \bat b7 ... 

iDereuins the orel .. ot preciaioD ,f. vUl cet the eXact' re.ult 

, 
" ' 

(unaias tbat rowad-ott errer. are not 1aportut). but DOth1111 ". 

't'A 
~~ . ., 

cu be, .. id. ot bov ta.t thi. CODY"CeDoe i.. III ,ractic.. the 
a , 

GQR i. t~t.er tball the P.S.~ •• bu' DO ·criterioll 'ba. beell civeD 

to Ju.tit)' thia atat_ent. ---

, 'fbe crit.rioD iD tavOUl' ot the OQR .ethod. i. tbat 
" 

it ott ... the hicheat 4esr .. ot precialoD ill the are. ot 4etinite 

iatecratioD ual111 a pretiud IlUIlber ot point.. BQt, ,thia i. IlOt 
, 

" 1 tJ ~ 

a crlt ... loD or co_erCeac.. lt· i. thell illte.reatÙII to applJ th.'. 

0QJt a.thod ID Qat •• vit~'l&l'l. ISI, tor ~_Pl.,. iD &Il '8-az7 or 

t. \, 

" 
':1 

" 

~, 

<. 
" , '. '-1 ., 

"'( ~<: 
,,~ • "ii. 

\,.. .. '! "I\, ~ 

fJ .. ;..~"~ ft.:r· ~'~j~~ 
' .. ..:"'~.u~·1< ~""~ 
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, -L" 
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:.; • 
;~. ~ 
llr t 

" " .... 
\- , , 

\ 
,\ 
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, , ,\ " 
1~ PAM 878t •• toi'" the .rtect of ~D4-ott ftl'OI'8 Oll the 

cO ... Sellee or tbe llIetbod. ODe cannot be certaill that iD th~.e 
1) 

c~e. the GQR aetb04 co~"se. r.pi~ to the l'el\l1.t • . 
Alt ... tlye1J. ve Iœov tbat the P.8.B ••• th04 olCf~ 

latea lIOI'e vbea the ~ttude ot the "isMl t. 1ars' tban lib_il 

lt 1..aU.. TIlt. 1. due ta the tact tbat an increue in the 

ruse fit th. III. ... t ... are tlJ,en Ileedecl tor &Il adequate 

app-oda&tiOll. ru, cbaracter1atic 1. Ca.llOll to aU aerie. 

expauioa. 
, 

Olle ..,. DOW 1&7 tbat the cCIIlpltational. cUtticult1 
,1 ' 

.. .Gci.ted' vith tlle 0Qà -.etb04 ll'OW .. re tball. liuarq vi~ 

the incr ... ot ,the o~d .. ot preei.101l. due to all tbe cCliplex 

-ebud .. neected to c:œpat. tM DOd •• &Dd veiaht., wb .. .,.. DU-
• 1 

app11c~e tG otW tria ot c ........ 1. tobe P.8.1 •• .t'boa. 
:D ~ 

!Id. prGpeR7 .. ." beeD accl'e41te4.t.o th. J.8.&. aet)M)4 b7 
~ <J ' l , 

• 1 • 

.... etto et. al.f81. ~. ft lu Mea Meil ~ tG .p,q \la. 
. \ .. \ /' 

P.8.1 •• et~ tG other \J'peI or c __ la &D4 Doi .. atatiatic.. 

fte GQIl appUea ~ vell to -.altipl .. tDtw~; 

tbl. prGpeR7.1.nltl .. lu •• toi' ôtber tnta, of 4iat.bue ... 

( ........... .11" .. , la tIA4ltioa to ~ .... 1 8 1 

'. 

, "' 

, . 

'. 

, ' 



~. ~ 

,.'{' • 
- .r 

~, , 
~; -

" , .. 
" 

. 
- '\,1"-

~\ ... 

}: ;' 
~. , 
< • 

, 1 
~. 
~ ~: . 
, ~. 

o 

tb.lIOIIenta of orel .. ldP .. ~ 28, altbouP ft Uov tlat tlai.< 

i. DOt tN'. ni. iDcorreot iaplici~:~~OQ l •. ~ ia 
- 1 ~ • 

tb. aetb04 •. Ca t.be otber baDII, tlÙa OQJI .~ 40 •• DOt uae tiae 

... t.. "cru4eq4t. It. ccabi!'.. th'; bet~. ".1111 ~b_~ OD. 

~rtant r.lUl.t. whlcb tolloV. 1. t.bat. tbe ... at' of 01'4 .. bi,la .. " . , 
tMD. h( iD. cu. of aD a JOi~ oQa) VI DO 10 ... lçl.lcitlT •• n-

a.a to b. DUll. N. cu M ... fJ'oa tbe tact tllat tbe .ID ~./ 

a.t.. ot ,t.b. ap~tlla ~ (nt .. tG '1 (x) ID 8.. 3~2) U'~ 
polltl'Y". !1Il. OQR .eibD4. lIiat..,olat .. " t.be 1l!P- 01'4 ... tatl 

tI',.~ t.h. lov or4. __ .t.. MIl ..... t.be _ire GJII' •• ioIa t.o cœ­

Plt. p(.). !hl. _ 'be will l".a--" 'ka co ..... tut..· t.IaD 
.. 

tb. P.~.I. aet.llo4. llat., thl .... DOt ... "bat. tilt "l8\..,ola.-
o • • 

tloD" t.II&. l~04iac .. ~a1~. aiT .. aD tapw __ , ....... :1.' 
.. ~, ~ 

.,..loD a.tbocl. It. will 'be .... li.. '~bl CIa._ .. .,' ... ~" ) 
app-.r. tG COllY", ... ,... .. ~ li DOt t&et.r tu., tbe aqa ~. 

J . ' . 
, . , 

'ô 

. .' 

". 
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"" '­~.,. , 

" 
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, 

. ' -

la Cbapt.~ U, lt liai ,.... .... ua, "- JOnI' ... 

l'le. GJ*Ulora a~b04 CO.IR. -iD17 id .' '!Ql.Or 
• 

: .... 1I1'Oe4 ..... ~ is 
1-

t.~. apprad_ted b.J a~. !Ida _batit/ 

aent. of the iDt .. QIIbol illtert .. _e (III) tG be ua. 1;0 ccapat. 

pfe). '1'heretor. it~o_ ft .... tG ua. a • .n •• expul.10D aetJMMl. 

it Ibould. 'be able to ai .... ara a'CClD'&te a~"tllc JIO~"al. 
.' . 

atter a ....u lUIber ot t..... ru. i. r.qulrel to ..... tlIat. 

the ailÛllUa DUIIber ot .. _a ia -,e4e4, wldch ira ~, IdsWd­

-se. t1'\1DCatioll errer.. ne Cbe~ .aiea .,....t0ll JOI ..... 

-
t.he quali'tJ Juat. aeatioMrl. 

ID the. tollotriDa. the"'t. ot COllY ..... ot ... 1 .. 

eEplUlOD :lIlto Che'bJlIwY polpIaiala VÙl al.ao be at1l41e4 betore ' 

th., are .pplie4 to the probl.. Realta -abi.eI 'IIIr tlda aeu.04 

are th. poeaeDtec1 &D4 _ cœp&I'e4 vith otbel' •• tbo4I. sa. ec.et. 

tollDv. 

. / 

Bi.e tbe prolIl-. ... - lie ....... ,..Z IJlibC~ ••. 
xiaat1Gu ot ._ c.-taia p-obabU1t7, 4t1Vf.tMt.~. ioa, ' •• -

toUori .. vlt.ion.., be applle4 to 'en ~.~ ~:tIIe 

" 

, , 

" . ~ 
, , 

, '. 

~ l.t 1 .. 

.i, ! w , 

1 \ JI",I.,_ " ,. 

, , 

, , 

/' 
. 
" 

, , 

>, 



v , ' 

. , ... 

". \ 

• ! l 

.. 
, , .r J .;' 

" , , . 
. ,'. "." 

appœ_tiDl mc-.. : fte .. xi .. 4m.tloll pI'Ori4e4 b7 t_ 

appooxiutloD aboul4 be aiD __ u4 DOt GC" a certaiIl1i11it. 

ftia crit .. ioD t01'lU tllf tOUldatioll of t~.w.x tbear7. 
1 

Cou14 .. tbe ~iaa iaterpolatiOll tOnulA tœ' 
~ 

t&mctiou t(x)' vith balm4e4. clerifttl.-.a or order D+1 iD -~d1. 
~ 

tex) ia tha exp-.. aed .. A polJ'DCllial of depo_ • plu a r 'hd .. 

t .... tbe ~al barilll the __ Yalu.a .. t(x) At D+1 poiilta. 
, 1 

tex) • p (x) + n (x) tC .. 1)C€) < ~< 
Il , (D + lH • -~,..s.l 

. 
ft. pol.Jllf:ai&l p. (x) ia thea aiy .. br 

.- p.(,,1 • L ~(,,'t("k" ~("'. ~:f~l (".1.2) 

1 

" 
.f 
: 

) 
1 , 

~ , 
" ,~ .. ";) 

, :j 
"<,I 
:~ 

. ': ~J 
, l 
1 , 
• • 

, 1 i • 
t 
• 
• ; 

o • 

r 

vbere iD the aecoD4 or the ûcw_. the'pria .. 4enote tbat tbe t .... ' -' 

! i(X-~) &Dl (~-~) are adtted, reapectiYel7. rra. the prodœta 

n(xl, &D4 n (~). It. ia' -117 aeeD tbat ~(xi)~ I Xi , ,80 ' ... t 

ettectty~ p~(~) • f(~) for aU k. Moreote'l". n (x). a JIOl7-

nœial. vith uDiV 1eadias coetticient YaDiahes at the.aboYe poiDta 
• 1 

~. 
o 

.. 1-

1hè quatiOD .,.. 18 bov ta chao •• th. polllta ot 

a&J"-.t. ~·a. ao that tbe .. n .. ~ of th. 81'Or _.(x) •. 

_ ~ (' i t 

'''';''~~':'' .... ' '" ,.,,' , 



'. 

. . 
, 
, ' 

'. 

li ) 

, , 

__ .., ..n. tbit l~. en" • ..., .. t1Io4I to tb4 •• aiafau 
, . 

" 
preS.tel b.... ':;:'-

,-

In, if a Md .. a)lOlllt. mu. 'Or t(,..l) (f). 

.., Il. i. ul\lMCl. °ODe cu t~. af.Jdai't tlae "'it7. 

~I·:(x) /. ~ Il!!~Ji l ' 
... \ba au" ti."tll&t JOlpâdlJ.O(z) of 'III'" "'1, YltJa .tr . 
leûlac coetfid.eat.Jor wlaich au " n (s) 1 la a 1Ii"' __ 1 •. 

, , 

.. l~x.s.l. It' éaa " ... tilla *t n (s) .ut alt •• _ vdu t 

uA Ida .. , +1 ...... '* a+a auee."'yt polaW -1<71,<7. .. . 

t..i~ 1.. iDClll4i .. tM ... JOlat.. It ,(x) i. aotb .. PollaClÛll of 
~ ..' , 

..... Il+l"ritll uùt7 1ead1D1 oo.ttW.' 'tIbl~ Jau nen .. ' 
av~. ftlu. la -11x.$..l, , .. 41ft ..... D(x) 1(s) will . . /~ 

1 c. ' 

tan, .Y. 1l+1 ,.ro.. an, Ols) .. (x)~l •• ~ or ''''-
\ .. leu, Il_~ tlaie t.Dot tne .1IIIl n (a) • ~(a) • 

.,.. .n, _1_ taotlou dt1&. nec ••• l •• , ..,.al 
, . 

.... OJPOIlte ____ ..... an t. Vfp .... io taoU .. · 'lia 
o ., ' 

. . 

" '" - : 

'- . 

'. -"" 
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. 
~ 

'h 

.. . . 
f':~ \ .... 
't> ~ ~'" 
,C< '\ 1\ 

, . 

• 
\ 

.. . 
• J' 

'" 

..... , 
\ , 

l .,"''' 

, ... .! ~ \ l , 

, .. ,/ ...... ,,,, " Il ," " .. 

" , .. 
1 

l " 

a_ 00'. alao. COI (n+1)' i. , pol7aaatal ot' clllr •• a+l in ao.' 1 

vit~ .,ua1, aDel 0PIO.it. valu •• ot ! 1 at a+2 point. in 0 S Q S" • 
, . 

1· 

'..... , /' ,', ',inc1ucltftl tb • • DIl, point., ft cleclua. tb&~ tb. r.quir.cl uah.u, 0, 

l ' 

. " 

1 • 

po~DOIIia1 n he) il .CIle ·.ult~l~ ot th. Chlb)'.blv pol)'aomial' 

'n(x) • co. a8 • 

vtth.To(~) .~. T1Cx) • x. 
• 

, 

1 • 

00.8. x 

'Pral ,th. trisoaClletrlc lclentit1 
o • • "n, 

co.(n+l); ~ CO~ (D-l)O • 2 co. 0 COI a O. 

v. tlDd the t.portaat,relatioa . 

Ta~l (x) • 2x' Ta(x) - Ta-1 (~)_ 

" Bov traa th. relation 
< .. - . 

1. COI a ca co •• ca cl ca • ,a ., . &Del ft ~ 0, 
," . ~a .' 

~.e. the pol.JnCllial. 'l'a (x) &Del '1'. (x) are ,ort~on&l vith reepèct 
. . 2 1 .. . .' 
to (l-x )~ ~,iD the r&l!'le -l~x~l. " . 0 

(4.1.5) 

(4.1.6) 

• > f' \. \ 

'fhÙ., aceorjinÏ to the,above; n'ex) i. cboueft to b~ 
. ., 

n(x} • 2-1\rD+1 (~) • > " · . . . , 

the co.tticient 2-~ betas aIC'e • ..:r, to 'set an unit1,leadina coet-

... J 

, -
0' 

. 
v;> ,'~"lf ~l . , 

, ',1 ~ 

, > 

.. 

\ , 

f 

1 
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,-
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,. " .... 
';. 
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, ' 

.. 

• l, • 

. " 

. 
/l'be Pointa '~O.xl!'.' ,zn at, vbich Pn(~) t. equa! to 

tex) ~ê the Zér~. ot 'l'n+1 ('x). namely. 

It'ia tben en8ured that 
" > , , 

l , 

e (x) 
1 n 
, , ~ 

vbidh me&ns that it M la tinite,tor all n. increa8ing ~allov. 
" ~ 

one to achieve an arbitraril;y smal1 errer. 

ODe m8.1 conclude. theretore. tbat anal1tic tunctiona. 
.. l ' , 

\ .~ 

such as erfc(x). ëan be approximated as c10sely as' ,4elired at all 
'61 - ~ • 

1 • 

points in a certain interval b;y cbooaing pol.ynomiala 01' auccelliv ... · . . 
lihillher degree. 1Ihiob '''1Ii'I)W 100 f(~) ".al; 1:~~ ·zero,. ot the' :,' ',~. 
relevant Chebyahev po17D011lial." - , . ' 

What baa been obtained fl'ClIIl the. above' coneideratioj. . , " 
~ "'l n .. '~.. ~ • 

ot the minimax theoq ia ver, baportant. .tn:,~ aennt' onè "'1 . .. 
1 l f Cl .. 

atate tbat. the uae o~, Chebyahev pol.1'Daùala' ~ova one to âp-. 1 

. ~. ~ :.,," ~ ./ ' , . 

prox:lmatè tUnctiona in .: certain inter.,al vith .• '.èrror vhich : .~. ~ . , ...,. . , 
nevet. exce~a 'a certain'E in, al1. tbe inteJ'ftl.~ I!, ~tbe prob1_ iD, " 

tbia thea~a. o~e can 'repl~e the ainmax criteri()D':~ ,.000e le •• 
'" l ,JI, 1 Jo. ~ • .. ..J • 

... ..... , 

.tri ll8eDt condition. For that purpoae. consi4er the"8erie. .. " . ;.. 

.. expansion .,or tex) lnto Cheb7ahev pol.7n~i&l.s. .' , 
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... ." • ~I. 

'-' .. "1 " 

• 1 1 

" 

. .'~ 
!' 
" 

" 



\1' 
~ ."~ 1 1_ 

. ' 

" . . . 
::.i 

• 

.e 

• ' 

" 

.,. 

\.~ ", 

~ 

,1 J 

(".1~8) , 

J 

. , . 
, 'J 

(11.1.9) la obtainéd trall the orth06oqalit1 ot Chebyahev pol)'-
l 0 

.. tala ~th re.pact to (1_X2)2 in -1 ~~l. - ,,~ / ,. 
",' r If the aboya a.riea .,is truncated artel' the tem 

, a '1' (x), the r~alJMlel' vill otten \ be dOlllinated by. itl tirlt 
n ni' 
t~i thu~we expect the truncatèd aerie. to be close to the mi. . . , 

, j " • 1", • • _ 1 

nimax P9l.ynomial, though not identieal to ft. 1;t hal been show 
~ ~. . 
(1q lt~t. in al1 pr~tlcal cates the truncated Chebylhev leries 

is~ a!most as good aa thè minim.x polynomial. - . ' 
, . 

One more vert important ~operty ot the Cheby.hev . -
expansion b' its y~ t'a.t rate ot convergence.,-

. , 
!.,lor ~eries expanaion aa uaed by t~e pover aerie. 

>expan.i~n aethod has been seen to sive oscillating resulta 'due 
<:s> ~... 

<1 " f • 

to the rather Ilov rate ot convergence. In tbe 'caae vhere quite , , 
\ , . -

a tev tenta are needed in- the expansion - tOI' exemple when 'the 
\ . . . \ ' -

> • • 

181 il large- truncation errora. vhich oceur in the digital eam-

pu.ter, .q prevent ua trCll obta.ining the exact P(e) .. 

f. 

~eb7ahey aeriea expansion, .a ft ia related' to the 

Fourier theory yia the co~ine rUnetiob. elimiD&te~ that alov COD-

~ 

yvSence. 'oevel' teraa vill be neecled tOI' an accurate approx1u.-

~iDD') ~.ettec\. ot·\ruDca\ioa errôr. 
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'l'hu.. betor. appl:rlna the Ch-bllilev u:pan.~on to 

th. probl... U. conversem. "vill be ItUdte4. 

ln the follovlnc. 'the cOllversenee ot,the expanlioll in; 

• 

l'" 

1 .4' ~ ;---... 

ter.. ot Cheb:r1liev pol:rnClllla1 • ., vU1 b. .tueliecl. tirat by r.latins 1 
the ~hèb1.h.., exp,naion to 'the Fourier thool'lr. then' b7 .hovins 

. ' 

that _panalon in tena. ot Cheb7.hev poQDQlli&1. ha. th. tut.lt 

rate of conversenee in a certain cla •• · ot OI'thosoDal. :Pbl:rnaliial.. 
, Mr 

vhi~h incluel. the Lesenclre anel T.,lor "~lJnoIIia1a Il • • 

lt i. vell kDOVll th~t the .xpM~f.on lnto l'ourier 

.erie. i. a yer:r Y&luab~e too1 tOI' the approxtmatlOD ot tunction. 
~ , . , 

ot p~l~ 211. Inel.ed. tOI' certain cla •••• 'of luch tunction' 

t(x), the Fourler 1'1'1 •• vl11 converse tOI' ao.t Y~uea.~t x ln 
, 1 

. th. complete rqe-<lO < x<oo. Such cla •••• inp1uele tunctionl vitb 

the tollovins propertie.: 

1) ~(x) 1 ... 4etl~ed U:bitr.ri~ in -"<,x<" anel tOI' 

,1,11 other valu •• of x. b.r the perio4iclt7:coa4it{an t(x+~.).t(x). 

exi.t.~ 

, , 

li)' tex) 'i. ) àb.o1\Jtù7 lntecrab1. , tbat la. 1" It(x)1 dx 
-ft ' 

, 
1 

, Then at &Dt 1.8I"ior point ot aDJ lnt ..... l. in vb1cb 
, 

, :" t(~) le' bouDde4 and bu a tinite auaber ot .. ri.a ancl ainiaa. u4 : f 
.. . , ... 

a tinit, ma'ber ot noa-coiaeielent 4ilCOntimaiti .... the Pourier 
r 0 ~ 0 • 

•• i •• c~~erl •• : ~ t , { t(~ +) .+ tCz -)} vhlcla.recluc •• to tex} at 

't 
• 
..' ~P~\ : ~ :~: ~.\~~ J~'~ , , 

" 

" .-
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" • polat ot oODtlll&1 •• : 

!bl. ~1M. 11101"4 .. __ ,ot '- tUni .. ••• -
. - ....... 

.,..1011 aN -.4414 la ,...'1011 ~ •• 
- 1-

lMt, Our -.t. co ..... fOr, tbe ~ ID ..... ~. 

apuaiou ft1i4 OY" • f'Wt.' l_tnal. wlaicb oua lie tata, 
l ' 

-dtbeNt 10 •• otll.nenlltJ"to __ ' ... ~& •. ft. "uri. ~ .. f. •• . \ ~ '" 
..j ,.., i ~ , 

an c4aplte4 tr,ca ftlu •• of tex) la tht. tntenal ~ .. 4 to tIll. . . \ . 
, ) 

OD t_ oU. buI. la W. c .... ual ••• tbe) ua4 aU 

ita ~ .. lfttiYI' 'laay. tla. ~, ~~ at -1F -:a4 :'. • t~. i. a 
, 

t .. 1Da]. 4i,coDtilldt7 or ... o~ at the •• poiiata. 'lb. rat.' 
'. ,'" bt COIIYlra_CI ot the roun .. • m •• , tbat i~ the rate of' 4ee ....... ' 

or, tt. coettlcient., ~"'1141 OD ,the 4'1ft' of 8IOOtbDt •• ,ot ~ 
# j) ... ~ 

fuœtioa. aeuure4 b7 tlae order of tM « .. i.,.t17. wldclI tir.t H-
.t _ ~ • 

cœ .. 4i.co.at.~l11 at &Ill poiat iD ~ clo • .t latenal "..<&x .. 
- . 

IY_ It tex) 1 1. pel'fec~ .-00\11, lt ur ,.y. tèrld~ 4l.lCOatl-
1 ~ l , 

'. 

" 

ratlof cODYerlellCe of lt. loùrler ... l~ •• 

"CouI4" a twactloD thr) 4etiM4 la ~, Olll CaD 

.r ..... t(z) ail tlal .. or the NapeetlY • . __ &Id 044 twlct'iolll 1 

tl~i. ~ {tb)' + r(-a)} '. r2(x). ~{.t(x) .'(':'x) r. 'fIlea t~ 1. 
co.iDe· .erl ••. tor t1 (x) l.,! ;,' , ..; 

. '.' . 
'1 (à) • ~ à~+ t' ~ C08 Iœ ...... fJ\ (x) ~ 'bdlI 
'1. o. ,- _ \ . ... " , ~ ~ ... 

'. 

~ 1 

i,~ ".;t 
,t,!~ 

1 \ l":i ~ 

/" \ ~~' 

, ,\ 

, " 

1,1.1 
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and the aine aeri.a,tor t 2(x) 1 1 

t2;x" • Ë bk ainluc, V ! 1~f2(x) ain kx4x 
~l, 0, 

At'x-O and x-n, al1~he terme in the ,ine leriel van~~h. vhi~e 

t 2(x) at ~. '! equall i { t(1I') - t(-,,),} • ThUI, unlell th,) • t(.w) 

the line aeriea c~ nev,r sive the correct uaver at 11' and -fr and 
'j,..",' 1 • 

may converse ollly slovly at intemedtate pointa. The co aine le-

riea can converge correctly" to any t(,,1 and t( ... 1r) but ita tir.t [.' . , 

"derivatlvè vaniahe~ at the te~inal pointa and unleaa tl(x),alao 
• 

haa ~hia ~operty. a 'diacontinuity' oin the~tirst derivative at 

the two endpoint. il encountered: . 'l'hia ls,less serious than a 

discontinuity i, :he t~~ction valuè and one vould expect the co­

sine series to converge taster than the .ine aeries tor smOoth 
.' 

" 

tunctionl. 
1 ~-

If one il now intereated in & tunction tex) detined 

ooq in O~x~".. then ita detinition in,-".s., x.S.O. caD lie" cbo­

aen arb1trarily. 
, 

Thua tex) "can be .conlidered al an odd' or even tunctiOD 

~nd ~~c aine or cOline seriea can be tound. Rov unies. t(o).t(,,).~, 
• '"l • 0 

there i. a dilcontinuity"at 0 and " in the aine- a':iea. ~n the 

other case, a diac~ntinuit7 ia probabl)' encountered in the tir.t ". 
o 

derivative. 

" , 

• ,~.." _~)t. ' ~\ 

loy conaider 

,~ , , 
" , J' 111. 

J 
7/ 

.....\ " 
,1 • • 

t 4) • ..,.~t:,,::,l,~\._~~ ... ·{,r 1 _~~~,~:;- ~~~,.f"~_~~"~ ~",,,~'~"" .,' 
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L. J'r tbe) ~o. kx,dx- -2
1 [t' (x) 00. lÛc~ 1. Iw;."(~) oo.kxclx 

At 0 "k .... ]0 ... 2 o· , 

For large values or k. the intqral. 'are likelf to be ... U. and 
; 1 1 \ ~ 

, - .... 

are dominated by the olcillation iD coakx. One ~~ dedué. tbat 
1 

, . -2 
the coaine aarie. converse ulttmate1y a. ~ and, the aine .erie. . . 

l ' 
al k- unleaa tex) hR' special propertiea. 

It haa been leen that vith Fourier expanlion ot a non 

periodlc t(x). probleml ari~e tram terminal discontinuiti-ee. 'rhese . . 

can bè avoided vith the Chebyshev torm ~r the Fourier .~rie •• 
\ . 

Consider the rang .. -l~ x~,l and malte the change ot ~ariablel x-

COI g 80 that ( 

the tunction c(g) ia genuinely periodic aince S(O + ~~) • e(O) •. 
-~ 

Ve sbould then expec~ tbe cosine Fourier 8erie~ 

to converge quite rapidlyo 

Letting p' C08 Q, 0' seta tbe Chebyshev expansion, 

-a. "'ov.. ift (~.1.81 o.nd" (,.l.~ vIlieh thu. ha. the ..... COllY ....... ,. 

gence prCfte!'t1.~Or the ro\.U'ier lerie. for f(x) vith thé &Avantage 
l ~ \ ~ 

tbat the termilal dilcontinuitie. are elbdnated. becaua. SeO) i • 
. 

eYen and genuinely periocUc. 

..(' . . 
" 

l. , , ~'. ~.'" t._ ... ' .~~. ( . ", j. ~I. _';~ .. , _~. 

• 1 

l, 

, " 
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How rtcall that the c081't101tftt 01' zn+l :ln T +l(X) 
, n 

:la 2n• The maximum. ablolute value or' T~+l (x,) beil18 un:ltr. the 

. Ilonic polynœ:'ial 2'7n 'l'n+l (x) hae maxtmwa ab.olute v,lu. 2-n• 

One very important property 01' th!. monie polynomial i. that 
• • J 

" ' 
or all monic polynomiala or "'ecree 1\+1. :l t ha. the amall.,t ,ge-

,viation trOll zero •. This hal been proved alread1. 

It can then be Ihown,trOlIl aU the above con.ider .... . ' ,.' . . 
tions that the c:efricient At i~ (4.1.9). ha. order~nitude 

'1 l \ 
k 1 • whicb ia considerably lIIIlal1er tor large valuel or 

2 - k: . 

-1 -3 k, than the k or k' or the be.t lourier seriel. 'l'hi. should 

eatabliah the Che~lahev· aer~e. eXpansion ail one ot the belt .e:~-
~ ~ 

thodl. 

Con,ider DOW the Clal8 ot ul tra-Ipheric&l. polynaDiala 

which are orthogonal vit~ respect to (1_x2)" tor yarioui value~ 

or a. More specitic~17, compare the rates ot convergence ot 

aeries expansiona into theae polynadala. 

Let {A \ ~ be a .ae\ or ultra 'pherical poqDOllliala 
. . r ~l 

orthogonal vith relpect to lome tunction v(x) havi .. tbe aboya 

torm. 

One bal. tJ1en 

l 1
1 

v(x) Ar(x) Clr-l (x)dx • 0 

. 
vhere «Ir_l(x) -ia aD7 po17nœial ot. deçee r-l or le.,. B7 :lute-

,. , 

," . -". 

" 

1 , 

J 

, ' . 

~ . 

1 • 

, , 

t' 
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&I"&tilll thi. ezpre •• i~~ br parte,' aiDa the tact that the l'th 

derlfttiye or ~-l (x) la :ldentical~ zero, and lettilJl 

v(x) A (x) • drVr(x) • boer) (x) 
r' dxr • 

lt C&Il be 8bovn tbat ODe sets the 'to1.10viCS dirterential 8Y8tem, 

1. 0 

v (+ L) • V' (+ 1) • 1'- r- •••• • y(r-1) (!. 1) .. 0 
l' 

Vb~ one solves the above systt!lll tOI' particular va-
l, , 

luea 01' CI , one set8 1Ilan)' cases or interest. For examp1e the 
• 0 

". . 
LegeDdre polynomial. aie aS80ciated vith v(x) -l', i.e. roI' CI-o. 

In this case ft rind 

Cr ia cliosen to be equal to l/t'(r)! . to gi.,.e the standard tona 

of the Legendre J)Ol11lcaial vith II1&XÙlUlll ,abaolute yalue 'ot unit,. 

69 

( •• 2.2) 

r' The eoett'icient A or x ot A (x) ca'n be ea8i~ dedu-
r r 

, ced h'aa ('.2.2) to 'be f:ClU&l te (2r)1 • 'fbi. coefticient 

o~ (1'0 2 . , 

vill play aD iaportaut l'ole in the tolloving. 
~ 

Iov, the Cbeb,..beY poI.:rDaaiale C&D be produced vitb 
1 ' J~ " 1 

w(x) - (1_x2) 2" ~ Sol.,.i. (~.2.1) tor Q • -i "ive~ tiien .' .. 
, \ 

, 
, . 

'. ' 

" 

, . 
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Artz) • "r(z). 
, . 

"rb ) bd .. the l'th order Clieb7'" pol.pcaial. It. hat been seen 

tbat the 1Mdi~ coefficient. Ar. in thi. C~H la ~-!, Vhich i • ... 
al.wp larIer tha tbe eorreapoD4i~ co.etticient in the Legendre 

_ polJm-fal tor r ~ 2. 

Pi-.ll7. it cu be ehovD tbat the !a71or ... le. vi th , . 

ortbD&O~ ~iab Ar(x) a x~ correspond to the lhaitiag 

ultra apherical ortbosoDtl. po~ala given 'bJ a -;'~G\ ''!'hua 

A iD thi. cue i. al1la78 unit7. vldch i. &1llaJ' le.. than the r , 

70 

ccrrespoadi-W coetticiet. in the tegeDdre &Dd chebjanev expansion •• 
, . \ 

One CUl Ibov that the èoetticienta in the >ditterent 

aer1e. expanaioas are Ù1Yer.el7 proportioD&l..to.A- .. aDd tbat, there-
l'~ ~ 

1 , 

tore, & tut .. rate of cOIIY~geaee correspondâ to ~ larger Àr. 

Fna (".2.1) qne bu 

• , J 

lav the eoettieieDt &r in the ~hacoaal·8XP.&JlIioD 9t tex) i8 

•• rI v{xlr\ (x),t(x)cJX( r1 
v{xlA 2 (x)cbt 

r "l_l r J -1""" . 

. ' 

) t .. ' : 

't 

" 

l,' '~:~. y(~ 
1 \ \ if,' ~k~ 
,~ .~(!I 

, ~) 
, 

, ' 

9 
1 
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vhich can be 
, (' . 

dJlplitie4- iDto 
1 .. 

t(r)(x) V .. (x)ctx 
l'! A a - • 

l' l' ....J:;;~ ________ _ 

r(x) lb 

( ) .' 1 
Sinee VI' x doea DOt cbiLage lisn in -l~x ~l, one cau 1nvoke the 

lecOnd lav ot the DleaD and ni te 

l'! Aa-t(r)(f) ,. -lsfs..l 
l' l' 

(16.2.16) 

. Bov cODaider the nature ot the tunction V (x). Fol' 
1 1 • l' 

o • 

large valuea 01 r ... a. one can "c:onclude tbat the major contribution 

to the integrall in (4.2.3), cames tram the ~egion near x-O 10 

, 
that to a good approximation one caO' vri te tinally 

l'! A a-~ ~·b·)(o) 
r l' 
1 

_ -tb')(o) 
&1'- r!- A 

l' 

Betme draviDS conclulions about the rate ot convel'­

g~ce ot the ChebJlhew- aerie., récaU that ot aU .the po17naai&l. 

, vith. unit1 leading coetticient, 21
-1' T (x) -bal the 8IIlalle.t devia­

l' _ 

tio~ fra. zer~ lb ~lsx·Sl. Correapondi~ the Chebylhev'po17-
.. ' ," ~" 

DQIIl:(a} T (x)" bal the large~ po •• ible 1:_4101 coetticieDt dt &ll 
l' , . 

the polyncaiala vith un:i1-.7 maxiaua abaol~te Y&l,,:e in :'lsx Sl, 

Alao tOI' th~ Tarlor aeriea, the orth~onal polyDCllial Ar vith uni­
. r 

t1 u.xÏIIuJI ablolsute 'Yalue bei~ x , the leadiDi c~etticient ~. 

al.y. one; and thi. il· the -.lleat poadbl. 'Y .. lue t~r .. le&dins 
( 

coetticient. 
, . 

/. - . 
" ' 

" , 

'. ~', 
1 

, 
.'~.G 
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he:. all the aboTe cOD.iderations ~e aq conclude 

tbat ot all expaD.ion. iD teraa ot ultra .p('eriCal pO~al. 
the Chebyshev leries vill leneral17~ye the tuteR rate ot 

// 

cOZlYergence and the Ta710r .er!'es the aloveBt. '!he LegeDdre 

series talla in betveen tboae tvo. 

4.3. ApplicatiÔô to our problem 

Rewriting (1.2.8) tor the cue ot ncm-equiprobabUit7' .. 
ot the levels. one bas 

pee) • 2(1-P2L-l) Jr
D
' (dro~~) -i(x)'dx 

JP(dr -x) is tben expanded into a truncated, 8&7 arter n tena., o . . 
series ot Che'b1sheY Po1.YDOlll:lala. -Thi. .eries cu ~hen be ~rana-

tomed into an ordered ~l7Dcaial. Bote tbat thi. tranaformation 
, 

ia not an optillua process aa truDCation errora 11&7 augaent vhen 

DWIlerical cOllpUt ... tion i. done vith thi. ordered ~ial fonl. 
> , 

The tunctioD r{dr 0 -x) ia tbua replac:ed br the orde­

red po1Jnomial vhich ollCe aubstituted iDto (~.3.l) produce. a 

veighted SUll of the .. enta for an approxiaation ot the intesral • 
• 

The tollov1as abcrira the clitt'ereot Rf. vbic:h Oècur 

in the ~UJleriCal proc:e.a in ca~è ot t~ vhlte Gâ~aian noise vith 

2 yarianc:e fi • 

, 

4r -li: 

!he tUDc:tioD î erfc (~ ahoulcl be apu4ecl into 
D 

Cheb1.b~ aeriea. Let. the dœain D ot X. the III ran4ca ftl'ia'ble 

.' 

.. 
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• f} ~ t, ~ ,.t . . ) 

1 - erfe 2 

., 

1 

Vlaer. '1' (,.) ia tbe ChebJalMw po1.7Dœial Id oreler r. aD4 tbe coet­
r 

fiei_t b la ,iTeil 'b7 
. r 

,1 

b • - (1-,. )2 ( 
2 1 

r -1 
( •• 3.3) 

roatine in the JUSi tal eœpat... lot. tbat the rilue or II- ftri .. 

proportiqDall7 'vi th the .,.axillla dedatioD eauaecl 'b7 the lSI. . ~ 

larS" ai •• tbe .ore tera. tbat vill be needecl tor the traDcated 

... ie. to approxiaate erte auita'bl7 iD the iDtern.l of inter,"_ 

Vith tbe aboYe ODe seta 

pee) • 2(1-p2L-l)r ~ erte (?;"vr) 'i(IQ')~ . '-1 . 
tben replacillS the noise preee •• b7 ft. approxiaatfoD. 

. 1« 

. 

. 

• 0{ 
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\ . . .. 

Vith \, a'boY. tol'llUla one i. l'e~ to enl.uat. AD approdatioll 
1 ... , r 

\- tor p(.). III or«er to aJJPl.7 (~ .. 3.~) One 1lH4. to kDov tbe coet- ~. 

,~ 
ticient. c'.. a. vell a. the aoaente "t ... 

, " 

2. 1 

For tbe cœpltation to the .. ent., reter to Cbapt .. 

!vo aetbocls ot co.putinc the coefticienta ot tlae 

Cheb7ah~ exPu.iOD rill be pre •• nted l1ere. a. tonmla (~ .. 3 .. 3) ia 

DOt -.q ta coapute. 'rhe tiret aethod. called tiae aet.bD4 ot euet 
1 

coetticient., 1. YV7 ,enera! aDd can be appliecl vheDeYtII' the de­

tinition ot the noi.e Foce.s allovs the value ot it. U.tribution 

~ tuDctiOD.ta b:e c:~ted point b1 point, in the iDtenal 'Of iate­

re8t. This ia aa iDtereating teature- ot the aetltoc1 al 4latribu­, 
tion tu.netion. ot t'he ooi •• process caDDOt otten be detiDed ana-

I1tic~. Thi. aethod depend. on the orthogo_lit7 ProPerti •• . 
of the Cbeb;yaheY po~ial. •• vhich are eçre .. ed here iD the-~ 

aiiiar coaine tora: 

ft' . . f co. rO co. .0 dO • 1r /2 6 ,r ~ • '1- 0 o . ra 

f " co. ~ coe 7rs.k • 

1 PO • 

vbere the double priae deDOte. thf.t the tirst and laat tera. are 

. .. 

.. 
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... 

• 0 

i " 
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E co~ 
"clk+2} co. ".(k+!> ! 3 d .. 0 

k-O N N • 2· ri' r an 

The cOBine torm ot th~ coettictent'ar ot the.Ch~bYShev expansion 
• v 

'i8 
• 
. ar - ;!"t(CO;'Q) cois rQ dQ, 

o ' 
, 

'" , , 
• . 

- Recall tllat . ' 
CD CD 

tex) - !Q. + L: a T (x) • 2: il T (xf j 

, 2 r-l r r' , r-o r r <1. 

, ' 
Let,us define coeft~cient8 ~r~ ànd urN bl 

'. - . 

\ . 

, . .. 

2 ri [00 'Tt]' '7rrk a - - E" E' as cos - cos-
rI N &-0"0 N , N 

1· l 
2 1-1 [' ~ , - ff(k+2'. ]" -mk+2) 

U - t L'll.. COIS a - 'C: J cos r -." 
rI, N _ s-o' Ji . B .,. 

~o , 

. \ 
p " 

• 1 , . 
Making use DOV or the ort~ogonality relationships (~.3.5) and 

, , 

" (4.3.6), 

" < 

75 J 

(4.3.6) 

r 
1 

(4.3.7) , 

• 

(16.3.10) 

.' 

.. 
.'C­, -

• ~. (4.'3.1i) 
, 

. .. 
" 

,. 

• , . 

, 
~ • ..f 

. , .. 
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III Particular. 

arl + urB • 2arà 

An a1sarithm for finding'the coefficient. ar to Any requi!~ 'desree 
o 

of accurac,- the~ hall tn~ fol1~~ns IItepa:. arR.h tirst camputed 

~DUaerative1y tor some .. a11 value of R._ say 2;throUSh tormula (~.3.8). 
, • , • • • 1, 

il Use formula(a..3.9) to compute " , v \ 

noting that uo-O 

~ ___ ------rl-'~' -------~-:liTl~) l'ur.::.8:::-~Jt~h:-:e-=-llj(rr.4~-.~3 .'1""2) fil- the-fOrll). 

• 

i 
. " 

.. 1 . 
a • - (a + u ) 

r211 2 rH' rH 
, . ~ 

to find a ~N for r-O,l, •••• N. r ._ 

iii) ~8e tben (4.3.13) in the form 

, .' 1 ( . , ) 
a .- a '-u r211 '2 2H-~ ,H .2N-r ,H 

tQ fiDd a1'2N' fO~ r- ~+1, B+2, ••• ,2H., One ia then re.d7 to per-_. 

• tOl'll another\oc1c1e Yi; th H réplaced bl 2B. 

Q ;*Î 'lle abcWe procedw:e misbt be stopped a8 soon as -a 
. -

value of N is reached at vhich the iast t~v coetficients -v.} ~-l' 
, , 

1 r'. 

&0-2 are ~e88 'than, the lIl~iIlUlll '~el'IIlis8~ble ezo:ror, lay 'f, in the . . 
a. Dy 10h18 tille ft expect each Ü B to ditter tram the corre8pon-r . r . . ~ , 

dia8 ar br an amount' l~~,. thall.' f • 

" j 

, , 
J Go 

, .. 
. , 

" 

" .' \ 

" ' O~ 
" 

" . . ...... ' 

\ ., 

" 

, 
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. . 
, Cbe.'h4W ~n,ion 40.' !,lot actu&1~ eY&luate tbe •• coettlcient. 

. 
'"' 

. .. ~\ .. . ~\ ~ 

lNt it approxDat •• tb_. aad tberetoré i. caUecl the .ethocl ot 
; r 

approzial,te coetrieient •• 'Thl, •• th04 18,- tben, 1 ••• ett1~i.nt 

thua the la.t one, but the ~Uttonal approximation th ... introdu-

ce4 i, a1I.o,t al~1 'vaUd, in the .«fn,. that vbenever tbe initial 
\ J _' 

tnmcatec1 .erie. (tbe on. vitb the exact coettiei_t,) i. à latl.· 
, t ~ _ 

tactor,r approximation toI' tbe'DO~,e tunct~on, ~bi •• econd approxi-

... tion doe. DOt introduce turther noticeable error. 
" 0 

, -
Vith tht. aeth04 one usea the interpolatiop tormula 

~'- - - . . . 
PJ(x) • E' dr1r(x) . ~. . 

\ 

, \ ' . 
-' 2': n ~ 

4r- ru t.: ~(~r 'l'r(Xt)' 
A-O • 

.. 

, \ 
Ij 

- 2k+l 'Ir. x.u cos(- -) 
k n+l 2 

Bote that vith this, tol'lllUla~ the error en(x) - r(x)"p'lI~X) Bati.- '. 

ties ~or autt~cientl1 smooth tunctlons. 

• • ". 0 '" l" ; 

'!'he 4 's CUl be'ccapute4 Ver7 e.'117 and are relatedr t'o the ~rue r, _ . 

a " coefticients via r ' 

'. 
" 

- . 

l, 

". 
,L' l' 

.\ 

. ' 

, ., 

, . 
" \, 

" . , 

, 
r 

.. , .. ' 

, 
, " 

f . 

.' 
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:\ P- lift. 

••• ft' If 

J' 

,-. " i . "J\, /"'~ ,. -'" l, .,~;" , 

, ' 

lot1nc tbat 

. Tr(~)' • ~~l)P T2p(n+l)!'r (~k) 

aM, upon uains the ,orthOSoD&lit7 propert,. ot the Cheb,.lhev, P017-

noal1all 

one derivel 
r 
J 

J ,. 

ct -a -(a -+.' ) + (a ~ + a ) )-
r r 2n+2-r 2n+2+r 4n~-r 4n+4~r 

[ 

( 

••• 

One can conclude traza the above that vhenwer the initial. trunca-

tion 11 .ati.tactor1.~ i ••• , ai _ tor i > D 1. nqlisible: clr ditt~., . . 
then tram c br negl1gi~le &mounts. r ~ - , 

• . , ' 

In tact. i t can .'t?e show, b7 'fT1 ting explic:lrt17. the, 
n ~ '~. . .. 

dittere~e tex) - E: dr~r(X)' that it the second Ilethod ,il Uled. 
~o 

tbe/error'pever- Jxceeds tvice the erro~ ot the lDit!&! truncated. 

~er1el. 
" . \ 

Tbe tvo aethocll are D()t eDtlre1l. cUtter.nt and are 
" 

related ODe anotb'er. Ve can cODlider the tint • .,tho4 a. a re­
\ 

tined verdoD ot the .ecC?M ODe. -
~ ,. 

ThUI an evaluatiOD 01\ the p( e) CUl DOV be pertoraed 
1 (fI,JI'1 "'" 

al the Ilamentl' ad the coet(icieDtl ot the ChebllheY 
" . 

-.upanlloD are COliputed. A.· .~'" ot the cœputaticSnal proceclure 
". "'" .. 

tolloVl •.. 
, , . 

, • i 

", '0 

1 
rI t ..... .", "',sr ~ .... _ 

. , --., ... _"J ~", ...... _ ... __ .......... _. ___ .. _ ..... ___ ... ___ .,,_lo. 
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take into account are det~1.necl ~ th. sil ratio ia chaaen &D4 the 
lM- • 1 r , 

maximum deviation caused b1 the ISI is obtained as the 'product' . '.. ~ 
, , 

of the a\lJll of ail the maxaua intertering aamplea b7 the sil " 
.. ,If ~ _ 1 4l 

.. 
~ ratio. An initiai prograa ia then rdn to'produce tbe aoaents, , 

according to the iterative relation (2.5.1). 
• 1 

lote that the maxi-

mUll deviation gro,;a propé>rtionally vith the 'llUIIber ot ~evela. 
)i 

~ second progiàa ia~tbèn run to p~oduc~ the coetti-

.... cienta bf the expanaion. lote thé tOlloving Pointa: 

-i) The cheb7ahev polynOlliala are generated ria 
l , ' 

their Iterative relatlonship. , ' 
." . .. - ~ '\ 

. ir)"1'he sh r~tio as vell aa the maximum devïàtion . , 

, are combined t~ give the' "central" Talue aa vell, a8 the interv.J. 

. in ~h~ch the Doi~e procesa i8 t,o be appro.ximated. 
, 

ii,t')A routine abould bé provid~ or vri tten, ~ CCII-.. "" . - .... . . ~ 

p1te tbe valuea ot tbe DOia" tunction .t ~esired pointa. 

1 iT) The co~tti~ieilts .:re ~re . eaai17, o~ined )f tlïe 
. . ' t -. .. 
~ , . , ) ~ ~ 

Il~thod ot âpproximate eoetticienta, the other aetbod 'gi'Yea 'better.. 
, ,', :l> 

'Url 

. , . 

relU1ta. but ccan be aToifled it approdu.te reaulta are adequat ... 
~ , . 

Hovever. ' ita uae ia aU88ested vhenever the raDSe to be cODaidered 
;. ') ~ • •• ~ ~ Q 

~ , . 

Bote ibat~the v_luea or the coetficients as prorided' ',' 
1 . 

act aetbod d9 DQt cbaDge,appreciabl7, vhen-tbe nuaber ot 

, ". i 

te1""" in the 'seriel expUlaion' ia illCreaaed~ :vIl~ '!ith the le-
, ' 

-coDd. aetbod, ccapQtejt' Taluea tor 'the coerticieata vill cballse 
, , • #' 

r 

" 
, . 

-. 
• • 

" . " 
, .' 

,', ,t, 

, . 
" ~ " , 

'..-,. 

, 'p 
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". 
• ~illttlf win thl,}um'blr ot tiN' ill the .Iril. i. auplntlCl. 

y) Th_ coetticilnt. a:llcl thl 1!I0001nt. are tinalll 
• 

cOll'b~ned to proclUCI an l'tillatl ot p( 1). 

" 
ivi) DOuble ,prlcilion aritbllitic i. r.quiracl t~roU8bout. , / 

B,tor .. prelent.ing the numtrieal relult •• it nov n-
L • J 

.a~n. to eitilllat_ truncation error.,> al va. don. tor other. .. ethodl. 

. AI in 1.117 other .cb._ ~ tVO(ind'. ot tnm~atloll ~rror. 

are to 'b. conddere4 here. , ') 

il' Thé error due to the trUncatioll ot the overall 

-
pl'eceding chapterl in connection vith other mèthodl. ().DI èan 

1\ ., ~ ~ 0 

alvatl aup~nt th. number M ot interf'.ering lamplea until' the COlt-
~, . 

il) The err~r ~ntrod~Ced b,y the che'b1.hev ex lioll. 

puted probè.bilit1 or error atopi cbanslns. :i 
An ~D&lY.l. 01' thil I~c~nd'kind o~ error app.ar~"iD Appe lx 1'01' 

\ , ( 

j th. vhit, Qa~ •• iàu ooi ••• ,There ~n upper bOUDd ~n the deviation 
, ' 
betvee~ t~e Doi.~ t'unct:lon and it'. approxiJll&tiou a. siveu'b1 the 

Cheb11hev leri •• i. 4erivecl. One cao th.n take-' oPPortunit1 ot tbe 
, . 

t'act that 1 i(X)~~l to cOllclude that the maxilllUII po'lible error 
• D , ' 

0' . . 1 

loi certalnly le •• than 2 (l-P2L-l ) tilles the upper boUDd 3uli de-
. . 

'rived. Thil call Ilot be con.idered a. a =tlsht bound and i. actual-
v ~' , 

, 11 mlÙ17 ,timé.' larser than the actual errer .• It ia'8hoVil that 
, " . 2 

'~ , < A [(d Irp". a) ] 
Iual exp.... 2 • , . ·~4c:r .. 
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It cu be yeritiect that tor eutticiently large n, the ri8hthaDd 
( 

àide. ot (4~3_14) go to zero, aracl th!. i. erlvqa the cue for a11 
yaluea ot a/a. 

In ~act, it i. merely repet.itiou8 to "atate that the 

Cheb7ahev series i. 'absolutely -convergent 

Gaussian.DOise, tor ~t has been seen t~t 

in ~he case of white 
J 

it coaverge. aucb ?aster. . --
,-

than the '&7lor series vhich alrea~ possess', thi. prOP,ert7-

, '. (1 
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,1 NUMERlCAL RESULTS 
; 

'Some ot the results obtained'bl the Cheb7-shev éxp4n-
r , \ 

sion method'are pre~ented here. 'l'he ,purpose ia tO.lh~v·that the 
, , . 

method il à valid one vhièh can be'~led c~ntidentll'to evaluate . 
, . ... 

the ettect ot ISI. '1'0 support th!s statement; in the tiret exaœ-
-) 

, pIes .. comparis,?~s are made vitb other methodl: the power series 
P 

\ i .. . 

expansion ~ethod, ~he GQR met~od, our's and alao the 'very recent 

~by' s method ~~ ot Legendre expansion. We- bave thua chosen 

tipopular" cases' i.e" the bandlimited signal and the tourtb-order 
r 

Chebyshev pul~e, bath in vhite qau8sian coise. . ~ 

~ 'lo turt.~er verity the adequacy ot th!s me\hod, it 
.. . ' 

bas been applied in c&ses.vhere ~ther methods mal not suce~ ~er,y 

vell, i.e., the importance ~t tSI has been aubstantial~ increa ... 
. . 

sed by augmenting the number ot levels. In all tbe tOlloving . , 
, ' 

exemples, the second method ot éomputjng coefficients in tbe 
- , 

. Chebyshev: expansion has been ~aed, vhich 1 has a1readl been proven 

adequate. Bote tb&t thëmethod ot exact coetticientë ha~ also 

been used and-' has given better relults, vhich are not presented , . 
• 1 

here. Gausâian noi.e and equ1probabilitl ot all the leve1. are . , . 

'as~ed tor convenience. 

5.1. !inary cases: 

A) 'l'he bandlimi ted tdgnal: . ' 
U" 
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Fig. 5.1 ~ Chebyshev Expansion tor-the ideal baDdlWted .isDal i 
~ • O.05T, SIN • 16 db; B representa the wumber 01' 

IICIIlents used •. 
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IDltial17 CODalet.- a biD&l'7. PAM ~.t_ vUD th. 

1 • . . . . . 
receiyed pw..e ia Meül7 ~iIlitecl md truncatecl artel' thé 

ll:-ilOR iaportant auple •• 
, \.. 

Pis 5.1 shows the' error probabilit, éomputed by 

the CbebysheY polynalial expansion lIf;thod a. a tunction ot the. 
J 

œaber • of teJ'IIB usecl in the ~sion a. vell as the knovn ' , . 
exact re8Ult basect on the exh&ustiye method vhich ,is not tae-

, 

contnaing ben. The _plibg tiJae' deviation fra. the nœinal 
.J !J J _ 

Yalu~ is 0.05'1' Çld. the signal to no~ae ratio ilJ 16 db. 

In 'Fig. 5 .. 2 the HIIle re.rut. as obtained by Murphy' rÏ 

" aethod ( Le&eadre expe.nsi~ll) ia .how •. 'In. his,expansion, 11 

teras are needed ~o obtàin the' restl1t', wUe tbe Chebyahev me-, 
thod required ouly 1. 

o 
, 1 

In Fig. 5.3. cOIIlparison la made betveen the GQR me:-

thod and tbe Cbebysher methocl. Bere, the tvo methoc1a sive aimi-

" lar resulta, but the GQR .e~hod need. a tf!!t1 more .CIIlen~. (9) , 

•. Ve aention here tbat the pover serie. expansion me-

thod .. ua es ÙD7 '.are teras than &!If lot the aboYe Ilethods. 

fte reason vb7, either the IIUIlber of' .. ents 9r tlle 

...-ber ot teras in'Othe expan.ioD ia used aa a basis tOI' cCIIlpari-

lIOn .cu be expl.ained b;r the, tolloviD8 consideration. 

1) ne cOIIY«seâce ot· a serie" exPansion ia lIea,ured .. . , 

117 the .. ber of·tena8 tbat abould be uaed to set' &Il accurate ' 
• 1 • 1 _ .. ~ 
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Fig. 5.2 - Legendre exp&Dsion~ for the idea.+ bandlimited eue; A-. 0.05': 
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approxillate. Theretor, ODe 11&7 eœpare L •• Ddre. Tq10r 1 &D4 

Cbeby..ahev leriel Iletbodl pn balil ot thil quaœit1. lote tbat . . 
the IlWIlber ot terml in the .erie. openliou equall the order ot 

the approximatilll po11lladal; it allO equall the DWI}er ot aœentl 
::J 

ot the ISI r. v • needed to get the reaul t • . 
. - ii) Sinee GQR il not a leriel exp&nl{on.aetbod, the . ) 

number ot \taaent. uaed vu cholen al baai,1 tor cCDparison vith 
o • 

the,Chebylhev ~ethod. One aay o~Ject to luch a baai~ ot coapari­

Ion ~~d alk 'vhy the-tvo aethoda vere DOt ea.pared on the nuaber 

ot "pointa': uaed'~ In tact, there ia DO ab~lute baais ot 'cœpa-
, , 

ri.6n betveen the-aqa and the seriea expansion aethod.; but it 

aay be ~ntioned. \h&t the time ~sed to set up the -programa as vél!, 

as the amount ot computation .. aocia~ed vith the derivation ot 

results via the GQR .etbod. vith a certain DUIIlber ~t "points", 

exceeds that ot al1 t~ aeries elCpclnaion '.ethoda using the l8ile 
.. • - Il 

uwaber ot momenta. 

. '" Furthermore, one cu look at al~., t~é dÛ'terent ae -,.. 

thoda ~s' ditterent procease. ot estillating or rep1~cing aissins 
, /.. JI ~ 

information: ~ "the probabilit7 density f'ùnetioD.. ot the ISI r,T. 
~ a· Il 

Thua,' in aU ~tbe metboda one' is BUbstitutins tor t_ aiaai. 
~ 1 ! ~ 

intormatio~,same ~esa descriptive and leas~oncise lDtormat!oD, 
- '. 

81 

'i~e" the m~~Dtl ot the diatribut i9Q_ ~jta il wbJ Jt aoubda 

realonable to .e~aure the ~ticieD~ O~.tbo41 bJ' the. -"'unt " 
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1 
ot intoration the,. neec!. TM 1 ••• 1nt0l'llfot10D the1 ne •• th • 

• ore JIOvertul the)' ar •• 
\ . 

Wov, iD '1«. , ... , ve CMQI. the ... pUIlS till. _~eria-, 

tioD ~ 0.2T. Th. probabilit,. ot error iD tb. oth.1"Vi.~ 'Ülilar 
., , , . ~ 

(}> coDlitioD' .1umpa trCII 10-9 to 10.3• Our •• thocla th.D ProdÙC.~-
1 

the re.ult (a. coaputecl 01lC. aore br the eDUllvati ... aetbocl) vith 
, 

, &Il eicht-tera .eries ex~DlloD. The .... acenario o:cur. her •• 
l " . ~ . , 

a. in Fis.5.1. i •••• the olcl~atloD QêCurl at the tir.t tev te~1 

(u iD &Il7 othet: lerie. expanSion). but the' ·cODY~.DCe il Yf1r1 
~ , 

tast; 4ifterencel betveen ~ the CClllpUted. T&lue and the Uact one . :~ 

decrea.e smi,ibl,. vith I!0re -tenDl. and once the r •• ult i. reachecl, 

the Tâlue. COIIp1ted do Dot cbaDle. 

'!'he ... e relUl't il .obtaiDedo vith the GQR method (Fii\ 
~ ~ ~ .... \ 

1 ~t 
5. 5)~. Again aore terms are needed here • 

. 
kpaDlIoD ip tàa ot Legendre pol7Dœial. proTel to, 

~ 

be Adequate a:rter 5 ter.a. In the a .. e :tille oacillatiac rerota 
1 

are obtained vith the""pover l~ie'l ~panlion .ethod. ,probabl)' " 

due to round ott ~or •• 

B) ~e J6th order èheb)'lhev pul.e 
_. 

? • 

These are results achieved br 'the Cbeb18beT aetbo4. 1 • . ' . . . 
vith am'ther O'ferall impulse -re,pon.e! .... ~ 4t~-orclei Che'bJs~' .": 

, " 
t" ' ~ ~ 

pulse truncated atter 11'te~s vith a I~Ung time deviation ot 
, '. 

0.2T. 
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rig. 5.4 - Cheb.ysbev.~n8ion tor the ideal bandlfmited pulse 

vith 6 • 0.2'1; SIN. 16 db; li re-preaents the number . . 
ot JIlClllents ueed.' 
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Fit. 5.5 - Compariaon betveen GQR and Cheb.Ysh~ expansion methods 

for the ideal bandlimited case. A. 0.2'1'. 
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Once more, the convergence ia very rapid. In Fig. 

5.6, valu.es computed vith tvice the, number 01' terma by the power 

series expan~on metbod oscillate considerably. 

In Flg.5.7. a comparison ls made vith the Legendre 
l , 

expansion. The two methods once more appear equivalent • 
.. 

11' we nov. taIte . into accoun~, the(act ,tha.t in aU . 

these' resul ta. only approxlJJ1ate values are used tor the ooe1'1'i-
• JI 

c.ients 'in the Chebyshev series expansion (i. e., a more accurate 
. 

and taster result canJbe reached it the exact ~oet1'icients are 

comp~ted and used instead ot the approximate ones) one may'de­

duce that thè Chebyshev expansion method ia slightly 8uperior 

~han al1 the othel'8, vlÎenev.er one 80es through the process ot 

computi~'t~e exact values of.the coettic~ents in the efpansion. 

5.2 Multilevel cases: ,; 

Ttte ettect 01' the inter&Y.mbol interfetoence incre~sel 
'. 

as the ·number ot 1evels increases. In tact, the maximum devia-
J • 

tion. caused by the 151 becomes, respective1y, 3 times and 7 times 
. , 

as large in 4-levè1 and 8-level PM syatema as in the correspon-... , 
ding -oin&1'7 system. An idea1 bandlimited pulse vith -the eampling 

tille deviation or O.05T ia uaed in Figa. 5.8, •. 5.9 and 5.10. 

Fig.5.8, shova,. the error probability computed br the, 

Chebyshev, expansion method tor ditterent values ot the Si" ra.ti~J 

tor the 4-level PAN sptem; Dotice the convexit7 ot thia curv. 
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vhich ahould reaukt tram the ~act tbat the error tunctioD 'alao ~ 

dropa ateadily·aa the SIN ratio ia increaaed. Thua ISI in tbia 

c~Be can theoricallY be 'overcome, i.e., any desired value ot . 
J \ \. ---

P(e~. hovever small', can be obtained by increaB~nt the signal 

pover. 
• 1 

This relult is particular to the Gauasien channel and ot, . '. .~ 
(' 

less importa~ce to the ideal bandlimited pulse. We can expect 

existence'ot channel. in vhich the combined noise ISI limita the 

pee) to be larger. t~n a certain value, indepéndently ot the sIN 

ratio. But this is not the case here. 

Th~ err~r 'pr~bability tor ~YPical value ot the SIN 

ratio in the Je example~is plotte4 in Fig. 5.9 as a tunction ot 
> -

the mlmber ot terms in the Chebyahev"'expansion, to Ulustrate the 

etticiency ot the method. 'Notice thereis DO substantiel increase 
i . 

in. the number ot terme of\.the Chebysh~v expa'nsi2n~ to be uaed to t . . 
1 } 

reach the result. Also, aa axpected. a tast convergence to the 
, ~ , 

reault la observed. On the other hand, one should not vorry 
-

about, the negative value obtained vith·8 tenna: th!. aimply Ileana 
1 

that the expansion ia not yet auttlcient~ , 
~ ... \ 

'By lncreasing the number' ot levela to 8, iD ,lg. 5.10, 
l' • 

tvice .a JIl&nl term~ are retred betore converglq to ~h. t:e8u1t. 

The aignal po'~r here la t~en wch that the aquare ot the diitan-
"', . 

ce betveen tvo adJacent signal. levels di:~i~ed b7 the DOiae pcv.- , 

equ~a 2~l;:n.. mioene t~. tol~Ï!8 polat.:' 
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i~ ,.. cane bu th. 'ton of a cJape4 .illUoid&1 

oRiUatioll vith a hich ~illl eoettieiat. '!'he rellUlt i. r_-
1 

ebK art .. about 3 p .. i0d8, -.ch .,.-i04 coui.t.iDI ot about 6 or 
t 

Tt.... iD the apauioll. Bo dou'bt-~ t .... r t ... are Il .... ed 

her. it ~et eoetticieat. ot th. expaùiOll are u ••• 
, 

ii) ODe. the ftl,ue ot 1l(1Ibieh correapollÙ to the m.-

ber ot t .... u.ed ill the. Cheb7ûn ~ioa), uaed iD (1J.3.1J) ila 
. ' 

au.fticieat17 larse to siye &Il'adequat. r.Wlt, iacr.airas D ther .. 
- -

art .. doea DOt produce arJ7 app'.ciabl. chAIlle Ùl the ca.pltect 
• o ' 

ftlue. '!'hi. thua proyide. a Yalid atoppiDs criterioa iD the 

aua'bel" ot tera. to be u.ect iD the Cbe'b,rahn expua.iOD.' 

5.3. Cc.aeata 

Due to the aurpri.iDI eœplexi~ u.oeiate4 vith tbe 
l , 

eatDatioD ot the p'obabUi~ cl1atrillutioll ot the 181 r&DCJaa ft-

l'table, tbe probl_ ot the 181 bu be_ trautoraecl ilrto_ &Il ap-

. - 't 

Al1 the aetba4., tIleretœ:e, either approxlaat .. tM , 

4iatributioD ot tlle 181 it.elt, al' truatona the mi •• twaetiOD 

ill a tom llOl"e auitabl. tG be u •• ill- eollluactioll vith the illhr­

.. tioll ca.p&table he. tlla 181 )!l'OC.... ... .. lcal ~tatioll 

tlllla becca •• iD4iapèDAble. !fat i. *7 t~ ertici.DC1 ot eUt-

t ... at aetbod. i. aeuure4 ill t ... ot at&DIIarcla auoeiated. vi th 
~ ft , 

.... ical JII"OC.... nell .. the, .... or .. erical iapl __ tatiOD, 

-( 
,,­
"~ , 
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th. ccaplt .. tia •• , .. wU aa • 4i .... ltJ' or appUca'loal ••• 

Mor. IJ*ltlca1.~. ot ta. tbr ... Gi ........ loa __ 

tbo4l the po".. .vi •• .,....io. 1. ta. __ 4irect. 1 •••• it. 
-

.... lcal 1apl_~tioll 1 •• traicIR torvar4. Bovn_. \hi. 
.. 

1 

"qualiv" prWeIlt. it trca b.ll11 tbe l _at .tflcl.~. becaua. tbe /1 
/ . 

rate of co ..... ,nc. of neb a atrdPt t~ _tb04 cl.llDOt be 

ta.t aoup b.... It 1. tb.ll- Datval tb&t tb. Ltc.D4re aD4 Ch.,,­
.bw ... 1 •• Vbleb are 'bue4 OB r.aa1t* 4 .. 1._ trca tb. po".. ... 

ri •••• tho4. pro •• ta be .or. eft'icl.at. 

Ifh. Lec.sre aDIl CbebJ'lh"' polpca1ala, a. ftl.l .. 

th. !'a71or p&lJDaIlial. a11 beloac to th. cl ... ot ultra-Ipberieal 

polJDCaiall. Of thl. cla •• tbe Chebph_ pol7Dcaial. po ..... th. 

.oat rap14 rat. of COIIY"leDee. IIip1._tatloll ot the CMbJ.b.., ,/' 
/ 

-JIUIioll 1 •• awbat Il0l'. 41ttlcu1t /t .... tbe otber tvo, vlaicV 
/' 

/ 

are .1tb .. .ore 4irect. or 801". '.tUl"al' . (!be LlceDdl'e ~ - 1 

.ial.~ are orth",ollal Yitb reapect t,o tbe wdtr tUDctloD 'Ill (-1.1». 

Ex.ct c:oetticieDt. or t.be ... i .. 1bcNl.4 ,. tCNDLl i.u.recU7 

throuch & ccapatatloal »rOC_ .. e, wldch. hi. Men .... 1t1e4 tG b. , 
c 

--117 iapl_eate4 ..... lca1l.7 [21] • 

1 AIl ablOlut.. ec.par1801l MtveA • .,t •• ' apM.lou aacl 

OQR •• tbodI cUDOt 'be ..... BcnNnr, lt !Il) po •• lble to QlI ..... 

tbat \hl GQI.ethocl iD W. oolltGt 1. lIOn 4itrlnlt to Satltlt. 

_t. .1 •• tla. 4et. .. iatloa of ~lIt. &Id 1IOCl •• 1. IISc1l1J' 1.­
~ 

41reet &IIIl rather napla. JI lUrtbailON, lt. reault. are collti -
.; 

• 

/ 
/ 

/ 
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tioDM4 b7 tlle acC1lZ'llC7 ot t. ca.patect ~ •• ot th. _Dta, 
1 

WbU. • .. 1.. upauioll .etb04_ 4ep1D4 INCh 1 ••• OD tbat Mcn&I'&C1. 

ft. tittieu1t7 iD cCIaJIU'illi tbe ... i •• apuaiOD 

aetbocl. u4 tlle OQR .etbocl cu 'be ... te» ari •• trca the tact tbat . 
t_.,. apFox:laat. two clitt ... lit 'phpical' ntiti..! rrc. thl. 

Q \ 

poiDt ot Yi_, t_ oQa .etbocl\_a ui I4ftllUC. 'OY" th .... i •• ' 

upaUiOD a. it recoDatruct. ~'\è1_at&17 ell.tribatioll for' th. 
1 

lat .. .,.bGl lator1'~"'~. IIT)soÛl 00, 11; ,1.,. .... ft lD01sIIt lato 

th. p~.ica1 a'Peet ot th. J'x phe ..... 
. . 

100 

Altbouch th.,- .... to 'be tw parallel ....,. of 101yiac 4' 

, ~ 

the 181 probl_. 1 t il' po •• lble to bll14 th. .eri... ~.lOD Del , > .1 
th. aQR aetb04. yi.,,- the _th .. tical coulel .. atioll tbat th.,. al1 

alDmb. .CII. ,,,.~te4 error ot tbe fora 
(~(/ . 1 

J,';~ rhd ... PD(z) ) 2 wez) clz ~ 

VIl ... ter) i. th. DOi •• tuDetioa, PD (z) the &J!Z'odaIatlD1 POlpo--aial~/u4 vez) la: the UDl~ tullictloll, (1_z2) 2 .. &114 lSz) (tlae 

-"Ult7 4_it7 hDctiOD of tlle 181) t~ the lAIadr., Clleb7-
/ - ,. 

,/ÎlIft upauioll aetho4a .ua4 the OQR a4l\1Io4 i'.lJ*:t"~. 'fhu. ~tb. 
! --

j
// '/ WI"CII' i. \UÛto~ ~ildaiaecl vith LIIa4n -:--1oa, Cbeb7ala.,. 

~ apauioll i. 4.'iclM4 to .lIliai •• eràr. ·Ileu' tla .... ot tU 

rue., nU. th. 0Q1t .~ aiDiai ... t. eITOr ia pI'OpOrt10al 
-' -.. 

/ 
re1atiDa ritla t_ cl_i~ of tlIe lU. ne aup.norit7 ot Olle or 
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~tioa t(x). neretor. th. coui4 .. atioll of the aboYa criteria 
~ 

, . 
&10 .. C&llDDt tell u. vbich Oll. i. tbe .oR _italal. for a p1'Ob~. 

ID tact. the i4-.J. appl'OXÛl&tioD ùou14 aildai •• the 
1 

quut:1t r. .. 

.~ (t(x) - Pn(Z») i(z~ 4z 

ID ~. ODe aq coaelu4. tbat acCUl'a't'e -OUIh 
. . 

aetb048 baTe beea 4 ... i.e4 b7 vh1ch oae'llq coDt14ftt17 c;açut. 

the probabilitr of arrOI' iD tbe pre.eDe. or ISI. ~U8. the pro-

bl_ of 181 cân DOW bé exp1ore4:aozoe tul.lT. Tbat i. ODe u;r DOW 

1 

8t~ the desradatioD iDduc_e4 'b7 the 181 iD the .,at_: hIDV .... 

pllDi t:lae cl.Tiatiou attect the -nt-. vhether a barrier ai.t. . . . . 
iD tbe 8rat. pertol'llaDèe wheD .i&D&1 power i. iacr .. 'e4. wbeth .. 

• < -

o • 

tbere exin. an "optiaœ" .1ana1"pover~ .te. Ve CUl &180 uplore 

the coadi t.ioua iD vhich t_ clesradatioll 1.. tbIt wont. ill ara .. . , .,. .. 

ta &'YOid th.. lttici8J1C7 ot equalt.era cu DOW b. rate4 in 

\ t.... ot the probabilit7 of errai' it.el1'. 

) 

\ . 
\ 
1 

• 
~ .,'t. 

... • 
" 

-; 

" . 

. \.\ 

_'" ~ '\. ....... ~.J;;;... 



, . 

• . ' 

I~ 
" 

, \ 

/ 

j 

0. ... 
o ~ . , 

" 

CHAP'l'IR Vl 

• 
OOICWSIOI 

1 

A nev .. ethod ot -aluat1D8 ètis1tal cClllllUllication 
. , 

.Q 

.,.lt.1 performance ill the prelenea ot noil' and interl,.bol iD-
0' ~. ~ • 

terterellce 'hal b,een prelelltecl. The aetbod il baeed on tbe ex-
, 

, il 
})&1l1101l ot the noiee. proceel into Cheb71hev polyDOlÏliall &Del per-

. ~ " 

aitl to UI" the momentl ot the int~17Ilbol interterence raadOlll 
o 1 • 

o • >< . 0 

n.riabl.... AI predicted b1 the theol'1. the Il\lllerieal rellUltl baTe 
~ p , • 

. coDtiraed that the Cheb'8hev expalllion appearl to be olle ot the 

aolt rapidl1 conversent 8Xpanlion ",aethodl. 10 that ite r&IJSe ot 
. . 

applicabilit, e~tends to eues where the intvs7ll'bol interterQCe < 

o . 1 
Il important. 'The proJ)08ed aethod can equal17 be applied to the 

" ... ,.... ~. 

o 'i" 0 

casee ot non G.ussian noile ~d i te extension to partial reaponle 

co4ed data transmillion .,.tem. ie .tra1ght torvar4 [8]. Tbe 
, 

aethod can aleo be extended to phaee shUt kere4 11at.e. 
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APPDDIX 
." 

In thia AppeaUx, ft derive an upper 'bouDd OD the error 

iDtroclueecl by truneating the Chebyshev series. Lèt 

JI , 

Dy the Lagrangian iDterpolatnoD tonaulà, 

r 

• nI) t (n+l) (1) for ~e BE,i[-l,l] 
,Da. (n + lB 

vhere 

Chaoslng the points yo, •••• y· as 
~J n \ 

"Ir (y) • 2-n T-n + 1 (y) 

, 

vhere' '1';"1 (y) is the Chebyshev po~ial ot orcier D+l. Th}l8, 

,,,,(y) 1 S 2-D toJ y E (-l,lJ 

~\ 
1 , 
, 4 

, . .. .., oô- ~ ~ , 
" l 1 -> , ~ ~ ,- ... _ l '\Y-,(:,.";;'" 



.. . .. ~ 

• 

" e 

,'1 ,: :.:. 0..,,' '. ~,' 

, Reace,' .. ia Upp~ boUaaed b1 

l' .. I~. 1 
~ ( .. +1): 

MAX 1 (n+1) 
7e(-l,l) t (7) 

, ' 

, vbere -
drO-47 . 

t(t) • (l-~2L-l) ertc( 0\12 ) (2) 

But [13,p.298] . 
, ertc(D+1)(s) • (_1)1l2(T )-l/2u

a
(z) exp(~z2). 

, ( 
where B .. (·), i8 the 'Beraite ~l7no.ial of order.a, &Del (13'P e 787] 

IB .. (z)I<B exp (&2/2)2 .. /2( .. 1)1/2 , Bal.086435. (~) 

Substitutins (2) -(_) -in (1), ft bave 

l' I~ A 
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