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Abstract

The gauge/gravity duality is extensively studied in recent years, as well as its
applications to large N QCD and condensed matter physics. In this thesis, we study
the gravity duals of three different gauge theories. The first gauge theory has N =1
supersymmetry and is conformal, we study the spectrum on its gravity dual solution,
i.e., the supergravity modes in anti de Sitter (AdS) space on a 5D Sasaki-Einstein
manifold Y4, The second gauge theory has running couplings and is not conformal.
We study the geometric transition as it happens at the far infrared region, which
is at the bottom of the cascading RG flow, between resolved conifold with wrapped
D5 branes and deformed conifold with only fluxes but no branes. Lastly, we try to
find the gravity dual of a certain finite temperature gauge theory which is neither

conformal nor supersymmetric.
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Résumé

Depuis ces dernieres années, la dualité entre les théories de jauge et les théories
gravitationnelles ainsi que ses applications dans la mécanique quantique chromody-
namique et le domaine de la matiére condensée ont été explorées en profondeur. Dans
ce mémoire, nous étudions 'homologue gravitationnel de trois différentes théories de
jauge. La premiere théorie possede une supersymétrie de type N = 1 ainsi qu’une
symétrie conforme. Nous étudions son spectre a 1’aide de son homologue gravitation-
nelle, i.e., en analysant les modes supersymétriques d’un espace anti de Sitter (AdS)
sur une 5-variété de Sasaki-Einstein YP?. La seconde théorie n’est pas conforme a
cause de la variation des constantes de couplage. Nous étudions alors la transition
géométrique qui parvient dans la région infrarouge qui se situe au bas du flot de renor-
malisation cascadant. La géométrie évolue d’une variété conique résolue enveloppée
de D5-branes a une variété conique déformée en présence de flux, mais sans aucune
membrane enveloppée. Finalement, nous tentons de trouver ’homologue gravitation-
nel d’une certaine théorie de jauge a température finie qui n’est pas conforme ni

supersymétrique.
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Chapter 1

Introduction

Much of what is known about the phases of Quantum chromodynamics (QCD)
comes from a variety of techniques, each of which has its own limitations. Perturbative
computations can probe a large part of the parameter space of the theory, allowing
one to deal with varying numbers of colors IV, and flavors Ny. However, these results
are valid only at temperatures well above the deconfinement temperature 7., and at
large values of the baryon number chemical potential p, when the QCD coupling is
small. Lattice gauge theory, which provides a rigorous non-perturbative starting point
for QCD, has its limitations too. It is difficult to incorporate realistic quark masses,

and results are limited to certain regions of 7', and p very small.

In recent years, there has been a considerable studies of using gauge/gravity dual-
ity to understand the behavior of U(N) gauge theories at finite temperature. In this

chapter we will briefly introduce this duality for three different gauge theories.

1.1 N = 4 conformal field theory and AdS corre-
spondence

In 1997, Juan Maldacena first brought up the idea of large N duality between N =
4 super conformal field theory and supergravity on AdSx S® [1]. Tt was then developed

further in [2] and [3] where the states mapping was done. The mass spectrum of type



[IB supergravity on AdSs x S® was found in [4]. In the following we will briefly
describe this duality.

Let us consider a stack of N coincident D-branes. D-branes are sub-spaces where
open strings can end. When there are N D-branes, the two end points of each open
string can lie on different branes or the same brane, which means there are N? extra
degrees of freedom. This information is encoded in the Chan-Paton factors. In an
oriented string theory, such as type IIA and IIB, the excitations of the open strings
on the branes form an SU(N) gauge group, while in an unoriented string theory, such
as type I, they form an SO(N) gauge group. D-branes are also BPS states in string

theory, meaning they break half of the original supersymmetry.

Now let us look at type IIB theory on 10D flat space-time which has 32 super
charges. A stack of N coincident D3 branes will break half of the supersymmetry and
leave N' = 4 SUSY on the brane world volume. It also turns out that the SU(N)
gauge group living on these branes is conformal. When ¢g,/N < 1, these D3 branes can
be considered as perturbations on the flat background. From the world sheet point of
view, this is because the effective loop expansion parameter for the open strings is gV
due to the Chan-Paton factors, not g;. Thus, under the assumption that g, N < 1,

the system can be described by the following action,

S = Sbrane + Sbulk + Sinteraction- (11)

Where Sprane is the action of the SU(N) gauge theory living on the brane plus some
higher order corrections, Sy is the 10D supergravity action plus some higher order
corrections and S;,teraction 1S the action of the interaction between the bulk modes and
brane modes. Now if we take low energy limit, i.e. below energy 1/l,, where [, is the
string length, only massless modes are generated and the interactions between these
two modes can be neglected. Thus there are only two simplified terms in the effective
action: Sgupergravity describes the closed string modes forming a gravity multiplet
living in the flat 10D space-time and Sgqyg. describes the open string modes forming

an N =4 SU(N) vector multiplet living on the 3 4+ 1-dimension brane volume.



Now we consider the back reaction of the D3 branes on the 10D space-time. In

the supergravity limit it is described by the well known black brane solution
ds* = HY*(r)da"dx, + H'*(r)dz™dx,, (1.2)

with the self-dual five form flux Fy = (1 + *19)dH (r)"'dz' A dz* Adx® Adx* and other
fields vanishing. H is called the warp factor and H = 1 + f—:, where L* ~ g,N. The
curvature singularity and horizon of the above solution turn out to be at the same
place where r = 0. These solutions are called extremal solutions while others having
different locations of singularity and horizons as non-extremal solutions. When L > 1,
i.e. gsIN > 1, perturbative classical gravity solution is a good approximation, but it
breaks down when L < 1, or gsN < 1. When we take the low energy limit, the closed
string excitations decouple from the near horizon geometry, leaving supergravity in
the large r flat region and the near horizon geometry in the small r region. The near

horizon metric can be obtained by taking the r — 0 limit, which is

2
2_’/‘
dS—ﬁ

L2
dz* + —2d7"2 + L*d*Ss. (1.3)
T
The first two terms are the AdSs metric, and the last term is the S° metric. The
curvature radius is L for both of them. In fact AdSs; x S° is also a solution of the
type IIB supergravity theory with Fy = —4(1 + *10)%617“ Adzt A dz? A da® A dx* and

other fields zero. When we integrate this Fy over S° we get

/55 Fy=N (1.4)

which is exactly the same as the number of D3 branes. However, this does not mean
there is delta-function singularity in Fj, in other words there is no branes in this
solution, since this S® has constant radius and does not vanish anywhere. So we
again get two non-interacting parts from this point of view: the supergravity in 10D

flat space-time and the type IIB AdS x S® solution.

We see that the same system has two different descriptions at different limits of

the coupling strength g;N. Varying g, switches from one region to the other. We



can further argue that N must be much greater than 1 to get both limits. This is
because to keep g;/N > 1 either g, or N must be greater than 1, if it is the former,
we can do an S-duality to make g, < 1, thus it must be that N > 1. Now, we can
make an assumption that the two descriptions are dual to each other in the limit
N > 1. Neglecting the 10D supergravity which appears in both descriptions, we have
a weakly /strongly coupled gauge theory on the branes, and a strongly /weakly coupled
type IIB supergravity on AdSs x S5 geometry with fluxes but no branes. The duality
means the excitations of the strings on the branes can be mapped to the excitations

of the metric and flux.

This is the simplest case of gauge/gravity duality since the gauge theory here is
conformal and has N/ = 4 SUSY. In the real world we have not observed SUSY in

any experiment, so we would prefer to study a gauge theory with less or no SUSY.

1.2 N =1 conformal gauge theories and their grav-
ity dual

Instead of flat space-time, we can put D3 branes in a My x K¢ manifold, where M,
is the 4D Minkovski space and Kjg is a 6D Ricci flat internal manifold. By the same
argument as in the previous section we can get dualities between type IIB string theory
on different geometries AdS X ks, where k5 is the base of Kj, and different conformal
gauge theories. For example, k5 can be a Sasaki-Einstein manifold of which S°, S°/Z,
and T are the simplest and most widely studied cases. For S°/Z, the gauge group
is SU(N) and has N' = 2 SUSY, for T"! the gauge group is SU(N) x SU(N) and
has N' =1 SUSY.

Now let us look at the T! case more closely. The cone over T is called conifold,

it is a complex manifold. The conifold can be embedded in C*, via

2B+ +2=0, (1.5)



where 21, 29, z3 and z; are the complex coordinates of C*. It is easy to see that there

is a singularity at z; = 0. The embedding equation (1.5) can also be written as

Z1 + iZQ —2z3 + iZ4 > . (1 6)

detZU = det(
23 +124 21 — 129

such that Z;; = %Zn 0i52n, and o™ are Pauli matrices for n = 1,..,3 and ot = 1.

With a different parametrization we see that the determinant equation is automati-

cally satisfied, i.e.:

21+ iZQ —2Z3 + iZ4 AlBl AlBQ
) et< ) =0

detZij = det(
AgBl AQBQ

(1.7)
23+ 124 21 — 129

where A; and Bj, ¢,j = 1,2 are complex numbers. We only need six real degrees of
freedom to describe the conifold, but there are eight degrees of freedom in A; and B;.
To eliminate the extra two degrees of freedom we notice that the combination A;B;

is invariant under the following transformation:

1

where A is a complex number. To fix this gauge we first fix the magnitude by de-

manding
[A1]* + [Ao]? = [Bi]* — | Bof* = 0 (1.9)
and then fix the phase by the identification:
A, ~ eA;, B; ~ e “DB; (1.10)

With these two conditions A; and B; parametrize the conifold correctly. On the other

hand, (1.5) can be rewritten in terms of real coordinates z; = z; + iy;, i = 1, ..,4 as,

Swa =0, 34} =0, (1.11)



The coordinates z; describe an S® for any value of y;, and y; are orthogonally fibered

to them.

The base of the conifold 7! can be found by intersecting the conifold with an S7

of radius 7,

4
D fal =17 (1.12)

From (1.11) and (1.12) we find that the base has an S® parametrized by z; and an
S? fibered over it parametrized by 7;. Since the fibration is trivial, the base 7! has
a topology of S% x S2.

Now we put IV coincident D3 branes at the tip of the conifold. The gauge theory
on the branes is a N/ = 1 supersymmetric gauge theory with a gauge group SU(N) x
SU(N). An easy way to see this is to do a T-duality to type ITA theory. With a
properly chosen T-dual direction, the conifold becomes two orthogonal NS5 branes,
and the D3 branes becomes two stacks of D4 branes suspended between them on each
sides. On each stack of D4 branes these is an SU(N) gauge group, so in total we get
SU(N) x SU(N) gauge group. The field contents are A; and B; which are promoted

from coordinates to chiral super fields. The superpotential for this theory is
W = /\tI'<A1B1AQBQ - AlBQAQBl) (113)
and the D-term condition for supersymmetry is

1 * *
D= —5 Z[QAz’Ai Az + C]BijBj] +€ (114)

where g4, = 1 and gp, = —1 are the charges of A; and B; under the U(1) symmetry.
When ¢ = 0, the D-term condition is exactly the same as the defining equation of the

conifold.



The back reaction of the branes on the geometry is encoded in the supergravity

solution:
ds® = I{_”Qﬁﬁdx“dxu—%}{VQOﬁ[drz4—r2<%(d¢-+c0591d¢1—%c0592d¢2f
+é@ﬁf%—$n&d¢@—%é&%§+shuﬁd¢@>] (1.15)
with
Fy = (14 *19)dH (r) tdat A d2® A da® A da? (1.16)

and other fields vanishing. H(r) is the same as in (1.2). The metric in the square

brackets is that of a conifold and can be written as
1 1<

d 2 — d 2 2 ~ (92 - 7\2 117

s T-+T(9@)-+6§:@) (1.17)

where ¢,i = 1, ..,5 are the one forms given by

, el —é , et—¢t
g V2 g NG
g_e+e i_cete 5_ .5

el = —sinb, doy, €*=db;

e3 = cost) sinfy depy — sini dbs,

e = sing sinfy deo + cosy) dbs,

e® = dip + coshy dpy + cosby des. (1.18)

Taking the 'near horizon’ limit the metric becomes AdSs x T!, which the same as
AdSs x S? is also a supergravity solution with only Fy fluxes but no branes. The

integration of F5 over TH! again matches the number of D3 branes N,

L“&:N (1.19)

Thus we find that the A' = 1 conformal SU(N) x SU(N) gauge theory is dual to the
string theory on AdSs x T1! in the large N limit.



1.3 N =1 non-conformal gauge theories and their
gravity dual

Although till now we only considered D3 branes in the type IIB theory, we can
also put other kinds of branes. In fact if we put additional M coincident D5 branes in
the conifold case, making them wrap the vanishing S? cycle of the conifold, the gauge
theory becomes SU(N + M) x SU(N) and it is no longer conformal. In this section

we will discuss this case in detail because it is most closely related to large N QC'D.

D5 branes wrapping the vanishing two cycle contribute to the D3 charges so they
are also called fractional D3 branes. The gauge group SU(N + M) x SU(N) can be
seen by the same T-duality in the previous section. After T-dualizing to type ITA
theory, the D5 branes become only one segment of D4 branes suspending between
the two NS5 branes, thus only one of the gauge group is enhanced. The SU(M + N)
sector has 2N effective flavor while the SU(NV) sector has 2(M + N) effective flavors.
Thus it is dual to the SU(N) x SU(N — M) gauge theory under Seiberg duality.
Under a series of such dualities which is called cascading, at the far IR region the
gauge theory can be described by SU(M) x SU(K) group, where N = [M + K, and [,
k (0 < K < M) are positive integers. Now the number of ’actual’ D3 branes N does
not make much sense any more, it just describes the effective number of D3 branes at
some energy scale. So when one says there are N D3 branes and M D5 branes, one
really refers to a certain energy scale where the effective D3 branes is N. If we take
K =0, at the bottom of the cascade, we are left with N' =1 SU(M) strongly coupled
gauge theory which looks very much like strongly coupled supersymmetric QCD.

Due to the strong coupling at the IR, the superpotential of the gauge theory

receives non-perturbative corrections [5] and becomes

o QAZM+L 4L
W = AN;; Nige®el + (M — 1 [—] 1.20
7 klE € +( ) NiijlGZkGﬂ ( )
where N;; = A;B;. The solution for a supersymmetric vacuum is
1 o A3M+1 1
§Niijl€Zk€jl = detNy; = [W} N (1.21)



Comparing to the defining equation of the conifold (1.7) we find that it is no longer
a regular conifold, but it is deformed in such a way that its S® is finite at r = 0. This

is called a deformed conifold.

One of the supergravity solution with D3 branes and D5 branes is the following

1
ds® = H™V2(r)dadz, + H'? [dﬂ 42 (§(d¢ + cos 0ydy + cos Oady)?

1 1
+2 (A0} + sin 01d6}) + = (d6 + sin 92d¢§))] (1.22)

with the self-dual five form flux in the same form as before and

3Mo! Mo
B2 = 204 10g(7”> w9, F3 = 204 W3 (123)
where
1 3 9 r 3 9
H(T) = 1+_4(95N+_(98M) log_+_(gsM) ) (1'24)
r 2w ro 87

with rg a constant of integration and
1
Wy = D) ( sin 01dfd¢p; — sin 92d92d¢2>, ws = (dip — cos O1dpy — cos Oadpa) A we(1.25)

Asindicated in the gauge theory side, the internal manifold of the dual gravity solution
must not be the regular conifold. So we can not simply take the 'near horizon’ limit
to get the gravity dual. It was proposed in [6] that the gravity dual of this brane

configuration is given by the deformed conifold.

The base of the deformed conifold has the same topology S? x S3 as that of
the regular conifold. The unique Kahler metric on the deformed conifold that has

vanishing Ricci curvature is

dsg = %a“/ K (p) [SK—?’(p) (4" + (5")?) + cosh® (£) [(9")* + (4")?]

+sinh? (3) [(g")2 + (¢2)?] } (1.26)



where a is a constant, ¢*,i = 1,..,5 are given in (1.18) and

(sinh(2p) — 2p)'"*

Klp) = 21/3sinhp

(1.27)

When a = 0, (1.26) recovers the metric of the regular conifold (1.17), so a characterizes
the deformation of the cone. In fact in terms of complex coordinates, the deformed

conifold equation can be written in a way similar to (1.5) as
2o+t =a (1.28)

The difference between the deformed cone and the regular cone is that the regular
cone has a U(1) symmetry under which all z; in (1.5) are rotated by the same phase,
while the deformed cone only has a Z5 symmetry under which z; in (1.28) flip signs.
This Z, symmetry corresponds exactly to the Zy symmetry on the gauge theory side,

thus it strongly indicates that the correct gravity dual should be the deformed conifold.

Furthermore, observe that with a change of coordinates
rd = a’e’, (1.29)

for large p, the deformed cone metric becomes that of a regular cone (1.17). This
implies that at large p, the gravity dual is approximately the near horizon geometry
of (1.22). This approximation is very useful when we come to the finite temperature

fields theory calculations.

Aside from Kéahler metrics one can put lots of other metrics on the deformed

conifold, in the following chapters we will mainly deal with non-Kéhler metric on it.

1.4 Organization of the thesis

In chapter 2, we study the spectra of supergravity modes in AdSs on a 5D space
with Sasaki-Einstein metrics on S? x S2, given by the Y74 class. We analyze the full
scalar spectrum on these spaces and get both lower and upper bounds on the eigen-
values. We also briefly discuss various other new avenues such as non-commutative

and dipole deformations as well as possible non-conformal extensions of these models.

10



In chapter 3, we first obtain a globally defined supergravity solution of the wrapped
D5-branes on the two-cycle of the resolved conifold. And then we use it as a start-
ing point for the geometric transition cycle. We show that the geometric transition is
effectively a simple series of mirror transformations followed in between by a flop tran-

sition between two intermediate M-theory configurations with different G-structures.

In chapter 4, we try to find a non-extremal solution with warped resolved-deformed
conifold background which is important to study the infrared limit of large N thermal
QCD. We explicitly solve the supergravity equations of motion in the presence of
the backreaction from the black-hole, branes and fluxes. The backreactions from the
branes and the fluxes are comparatively suppressed to the order that we study. We
also study the effect of switching on a chemical potential in the background and, in
a particularly simplified scenario, compute the actual value of the chemical potential

for our case.

Chapter 5 is summary and discussions.

11



Chapter 2

Scalar spectrum of the Y4
manifolds

2.1 Introduction

The gravity dual of N/ = 1 CFT has been studied earlier from many different per-
spectives starting with [7] where the associated CFT, endowed with a simple product
gauge group and a simple quartic superpotential, appeared from N D3-branes placed
at the tip of a conifold geometry. One way to change the gauge group and the super-
potential structure is to change the underlying conifold geometry itself by either an
orbifolding or an orientifolding action. A subsequent T-duality, mapping these actions
to either the interval [8, 9] or the brane-box models [10, 11], then gives us simple ways

to analyse the underlying N'=1 CFTs.

An alternative way to change the gauge group and the superpotential structure is
to change the Calabi-Yau condition of the conifold itself, namely, change the Kahler
class and the complex structures so as to put different Ricci flat metrics on the conifold.
Since there are infinite ways of doing it, there would exist infinite variations of the
conifold that are all Calabi-Yau manifolds. All of these would lead to gravity duals of
the form AdS5 x YP? where YP? are the so-called Sasaki-Einstein manifolds. These
ideas, including the underlying gauge/gravity duality, were developed few years ago

in [12, 13, 14, 15].
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In this chapter we study spectrum of Sasaki-Einstein manifold Y79, using spectral-
theoretic methods, continuing the work of [16]. More precisely, we study the Laplacian
operator of a YP¢ manifold, associated to its scalar spectrum, using the framework
laid out in [16]. The authors of [16] analyzed the Cauchy problem, and presented a
Fourier-type decomposition for the eigenfunction. In order to use spectral-theoretic
methods, they used the Friedrichs extension of the Laplacian operator to rule out
logarithmic singularities. This way a self-adjoint extension of unbounded symmetric
operator could be determined. Our starting point, in this chapter, is to use this

operator to study its eigenmodes.

The lowest eigenmodes of the Laplacian were first studied in [17] for Y74, wherein
they also tried to construct an AdS/CFT dictionary. This work was followed by
[18] where they studied the lowest eigenmodes for more generic manifolds like the
L*%¢ examples. An important progress in [17] was the realization that the Laplacian
operator could be expressed in terms of a Heun type operator, whose lowest modes
are easily computable. However, for higher modes not much progress has been made
in the literature. Even numerical studies do not look simple. In [19], the spectrum is
studied numerically for S® case, which is the simplest Sasaki-Einstein manifold in 5d,

but an equivalent work for the Y7 case is still lacking.

2.2 YP1 geometry

The YP? metrics are Sasaki-Einstein and therefore a cone over them is Calabi-Yau.

We start with the local metric

l—cy . I—cy f()
ds® = T(dﬁz + sin® 0d¢?) + 2700) dy? + 9a—o?) (dp — cos Bde)?
2(a — y?) ac — 2y + y*c 2
ey L9 sy~ cost) =0

where f(y) = 2cy® — 3y* + a. As in [13] one can show that Ric = 4¢ for all values
of a and c¢ therefore satisfying Einstein condition. For ¢ = 0 and a = 3 the metric

is exactly the local form of the standard metric on T%'. For ¢ # 0 one can always
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rescale y (y — y/c, and also a — a/c?, f — f/c?, etc) to set ¢ = 1 which we will take

in the following.

It is obvious that the first two terms give the metric of an S? for a fixed y, if the
periodicity of # and ¢ are m and 27 respectively. To study the (y, 1) space one first

requires

1—y>0 a—y*>0
f=a—-3°+2>0. (2.2)

In order for y to have solutions a must satisfy 0 < a < 1. The negative solution of
f = 0 and the smallest positive solution are denoted by y_ and y, respectively. Then
y needs to take values between y_ < y < y, , (so that all the terms in the metric
come with positive sign). When a = 1 the metric (2.1) is the local round metric of

S5. If ¢ has the period of 27 then (y, v) is topologically a 2-sphere’ .

In order to have a compact manifold one takes the period of o to be 27l. Then
[7*A, where A is the last term in the second line of (2.1), becomes a connection
on a U(1) bundle over S? x S? which puts constraints on A. In general such U(1)
bundles are completely specified topologically by the gluing on the equator of the two
S? cycles, C} and Cy. These are measured by the corresponding Chern numbers in

H?(S?,Z) = Z which will be labeled as p and ¢. The Chern numbers are given by

! The range of y is taken to be [y_,yy]. This ensures that w (defined in (2.18))
is strictly positive in this interval and r > 0, vanishing only at the endpoints y.. If
we identify ¢ periodically, the part of gg (gp is only defined in [16] but not in this
chapter) given by

l—cy 4 f)

2/p) T Aa—v)
describes a circle fibered over the interval (y_,y, ), the size of the circle shrinking to
zero at the endpoints. Remarkably, the (y, 1) fibers are free of conical singularities if
the period of 4 is 2, in which case the circles collapse smoothly and the (y, 1) fibers
are diffeomorphic to a 2-sphere.

o)
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the integrals of [7'A/27 over C; and Cy, namely:

1 _ - 1 _— 2
P I St TR B R St 0 (2.3)
2rl Je, 6y-y+ 2rl e, Y-y
From their ratio # = 5 3 it follows
q (y+—y-)
1 p’ =3¢ q
o = -2 Jpp 32 | = 2.4
2 4p3 3q2 — 2p% + p/4p? — 342 (2.4)

Metric (2.1) can be written in a canonical way if one makes the coordinate change

a=—B/6—cvf6, w=1 (2.5)

to (2.1). This converts (2.1) to the following metric:

l—cy . 1—cy f(y)
ds* = df? + sin® §d¢?) + dy? + ———(dB + ccos 0dp)?
—i—%(dw' — cos 0dp + y(dB + ccos 0de))*. (2.6)
The Killing vector
0 o 10

is globally well defined. For a generic value of a its orbit is not closed, in which case
the Sasaki-Einstein metric is irregular. It is quasi-regular, if and only if 4p* — 3¢ =

m?,m € Z.

2.3 The spectrum of the Y?? manifolds

After the brief discussion of the geometry of the Y7 manifolds, let us come to the
main analysis of this chapter: the study of scalar spectrum of these manifolds. We
will start by analysing the solution of the Laplacian operator arising from the Fourier
decomposition of functions as discussed earlier in [16]. However, as it will turn out,
finding the exact solution of the eigenvalue problem in closed form does not seem
feasible since the computation of the eigenvalues of the Laplacian boils down to the

analysis of a one-dimensional differential operator (which we call S) of Heun type,
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which has four regular singular points. What we will do, therefore, is to find bounds
for the eigenvalues of .S, which will allow us to approximate the conformal dimensions
of the theory. In subsection (2.4), we will study some examples of these modes and

discuss cases that may take us beyond the scalar spectra.

2.3.1 Harmonic expansion on Y74

We will follow the argument in [20] which gives the spectrum of Type IIB on
AdSs x TH!. The background solution in Type IIB is
2

2
45" = To(—dad 4 do?) + ~5dr® + Rodsi (28)

with the self-dual 5-form flux Fy = (1 + #)dwo A dzy A das A das A d(;—i).

When Kaluza—Klein reducing this solution to AdSs, we first have to compute the
fluctuations of the 10-dimensional fields. The fluctuation of the gravitational fields

are parametrized as

i 1 )
uv = Guv + h,uu - gg,uuhaa Gua = h,ua; Gab = YGab + hab (29)

where u, v denote the AdSs space time while a, b denote the internal space, and g

denotes the background metric while A is the fluctuation.

Now we expand the fields R, hya, hey and hj into a complete set of harmonic

functions on Y. With the de Donder and Lorentz-type gauge conditions D*h 4 = 0
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and Dh,,, = 0 we have the following expansions? :

ha(a,y) = Y HD @)Y (), hi(z,y) = 7M@)y (y)

{7} 5y
ho(z,y) = Y BM@YM ), hay(@y) = M@y )
{A} oy
(2.10)
where [A] = [A1, -+, A5/9] denotes the SO(5) representation. Similarly with the gauge

condition D*A,, = 0 and D*A,, = 0 we can expand the type IIB complex zero and

the two-forms, B and A,,, respectively, as

Au(zy) = Y al (@Y ™y), Agley) =) oM @)Y M(y)

{} {}
Ap(y) = > dM@v W), By => BMa)yM@) (211
{A} {A}

For the four-form flux we can do the same thing by imposing the conditions D%aqpeq =

0, D%gpep = 0, D%agpy = 0 and D%agpy = 0,

Qabed — Zb{k} }/a{bi(}; Qabey = Zb{k} }/a{bi}

{A} A
A
Qo = Y D@V W), g =D b)Y (W)
A} {\}
ap,z/fyp - Z bl{‘j\’}}’P Y{)\} ) (212)
{A\}

2 (z,y) denote coordinates of the AdSs and YP spaces respectively and therefore

should not be confused with the y coordinates that we will be using to write the
metric etc of the Y74 spaces .
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Notice that Y7 is topologically S? x S, the same as 71!, so we can argue similarly
as in [20] to simplify the expansion,
tabed = Y _ WM (2)€5, DY M (y) (2.13)
{A}
The full linearlized equation of motion can be found in [4]. In this chapter we are only

interested in scalar harmonics which means that we are only looking at the following

modes in AdSj, coming from first line of (2.10), (2.11), and the last line of (2.12):

hw(,y) = S HN @Y (), ho(ey) = 3 w0y )

{A} )
A y) =D e @Y W(y),  BY(xy) =Y BM @)YV (y)

{\i} !
Qparyp = Z b/{ﬁ\/}w Y{)\} () (2.14)

{A}

where A\ (z,y) would be the NS and RR two-forms respectively and B9 (z, 1), where
1,7 = 1,2, would be the axion and the dilaton respectively. The other two quantities
7 and b that appear respectively from the expansion of h? in (2.10) and from the
expansion of agpeq in (2.13), are related to the metric and the four-form respectively.

Therefore taking all these into account, we are left with the following equations:

(O, + R, H =0
(O, +®,)B™ =0

(Max + le)a/{j’l} + EZEW 7o, a%l} =
0 ( s ) < X, — 32R? 80R'X, )( e )
b Y , py /o

(2.15)

where Max denotes the Maxwell operator and [, X, are the kinetic operators in
the AdSs5 space time and YP? spaces respectively. In our case the latter is exactly

given by the action of the covariant Laplacian operator on the corresponding SO(5)
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3

representation® , which can be formally written as
O,y
X, = VU (2.16)

Our next step then is to analyze the eigenvalues of the Laplacian operator in order to

find the mass spectrum for these fields.

2.3.2 Scalar modes in Y71

As we discussed in detail in the above subsection, our goal is to compute the
eigenvalues )\, of the Laplacian in the manifold Y?9. These eigenvalues enter the
scalar wave equation on AdSs x YP? as masses, so that the conformal dimensions of
the associated fields at infinity (i.e for the CFT dual) are given by Witten’s formula
[3]:

Ap =2+ 4+ X\

It is well known that the Laplacian on Y74, which we denote by U,, defines a non-
negative, self-adjoint operator whose domain is the Sobolev space H?(Y??) of square-
integrable functions with square-integrable second derivatives. The Laplacian is given

in local coordinates as [16]*

B . 1 9 o 1 02 9 (0 a1\’

= O = ) 5 e (590 )
6 Lo .0 1 [0 o\’

+—1 — sm08_ 98— + sin20 (a¢ + COS@@) ] (217)

3 For more details on the Maxwell and the Laplacian operator see [4, 20].

1 Note that y denotes different things on LHS and RHS of (2.17). See footnote 2.
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where the various coeflicients appearing above can be identified from (2.1) after rescal-

ing to set c =1, i.e.,

2(a — y?) 28 =3y +a
o, W=
) a—-y

Yy —2y+a

_1-y
6a ) =

18
(2.18)

w(y) = , h(y) =

The scalar mode ®(y, 0, ¢$,1, ) in the internal space now takes the following wave-

functional form that was derived in [16]:
d = u(y)v(h)enotimvtioalr) (2.19)

which means that the Laplacian satisfies:
0,8 = [Sunguly)] o(0)eins2mvsioes (2:20)

where we saw in [16] that the analysis of the eigenvalues of the Laplacian on Y71 is

reduced to that of (the Friedrichs extension of) the one-dimensional operators

1 0 0 1 ol\?
Snm j = — A w r —_— 4 — (—)
lj (0 By (y) w(y) r(y) o o\
9 cl\>  6Anm;
+—|2m—-h —) +
r(y) ( e R g
2 — .

1—ydy oy  4a—-y?) 1-y (2:21)

Na—y) (o Ma=2y+y°) ’
a — 3y? + 2y 6(a —y?) ’

densely defined on L?((y_,y. ), pdy). We refer to the aforementioned paper for more

detailed discussions on the derivation of the above formula® . We have set v = ol/7,

5 The approach taken in [16] exploits the separability of the AdS® x Y9 metrics
to compute the eigenfunctions of the Laplace operator in Y79 in quasi closed form,
by expressing them in terms of the eigenfunctions of the Friedrichs extension of a
single second-order ordinary differential operator with four regular singular points.
The subtle geometry of the spaces YP? introduces additional complications in the
analysis, since the ‘angular’ variables in which the metric of Y?? separates are not
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and the function v(6) defined in (2.19) satisfies the eigenvalue equation that comes
from the angular direction 6 as:

1 0 . 0 n -+ 2m cos 6\ >
[Sin 9%81n 0% o (T) ] Unmj - _Anmjvnmj . (222)

The eigenvalues A,,,; are given by the explicit formula:
Apmj = 2[2j(j—|—1)+(|n+2m|+|n—2m|)(2j+1)+|n+2m||n—2m|+2m2+n2 . (2.23)

In what follows we will drop the indices when there is no risk of confusion.

Before going on, it is worth recalling that the integers n, m,[ that label the op-
erators S arise from the (quite subtle) Fourier decomposition of functions that were
discussed in [16] and given above in (2.19), while the label j (also an integer) was
obtained by explicitly solving an auxiliary eigenvalue problem associated with the
geometry of the sphere bundles (which had three regular singular points). However,
as we have already mentioned, there is little hope of solving the eigenvalue problem
for S in closed form, since the spectral problem for the operator S is governed by a
Heun differential equation. What we will do, therefore, is to obtain some estimates
for the eigenvalues of S that will allow us to approximate the conformal dimensions

of the corresponding CF'T.

defined globally. In order to circumvent this problem the steps taken in [16] is to
start by constructing a Fourier-type decomposition of the space of square-integrable
functions on Y77 adapted to the global structure of the manifold and to the action of
the Laplacian. Once the eigenfunctions of the Laplacian in Y79 have been computed,
the analysis of the Klein-Gordon equation in AdS® x Y?4 can be reduced to that
of a family of linear hyperbolic equations in anti-de Sitter space. In [16] a detailed
discussion of the existence and uniqueness of causal propagators for these equations
using Ishibashi and Wald’s spectral-theoretic approach to wave equations on static
space-times based on [21, 22, 23] were presented. Note that for our purpose, this
presents several advantages over the classical method of Riesz transforms, since the
latter method only yields local solutions to the Cauchy problem in the case in which
the underlying space-time is not globally hyperbolic [24].
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2.3.3 Behaviour of large eigenvalues (highly excited modes)

In this subsection, we give an asymptotically exact result for large energies (highly
excited modes) of the operator S = S,,;;. The basic idea is that, if we label the
eigenfunctions of this operator by an integer £ = 1,2, ..., the kth eigenvalue is very
close to a constant multiple of k% for large k. To put it in a different way, the
eigenvalues tend to those of an infinite well, the width of the well determined by the
functions P, @, W that define the Sturm-Liouville operator S. Very informally, the
justification would be that at high energies the leading terms are the derivatives; this

kind of asymptotic results are usually proved using pseudo-differential operators.

The first observation is that, without any further assumptions, we have an asymp-
totic formula (for large k, for highly excited modes) for the eigenvalues of S namely:
the eigenvalues A\, = A\i(n,m,l,j) of S are asymptotically given by following expan-

: 6
sion

M = Cok? + o(k?), (2.24)

, vi 1—y 1/2 —2
2r l/y <—a T 2y3) dy} (2.25)

where the constant

Co

6 A word of caution about the notation: The error term is o(k?), and not O(k?).
The respective notations mean different things, and o(k?) < O(k?) for large k. The
notation f(k) = o(g(k)) means that limy_, % = 0. On the other hand the notation
f(k) = O(g(k)) means that that there exists a positive constant C' such that for k
sufficiently large |f(k)| < C|g(k)|. Simply, O(k") means that a term scaling like k™
in the proper limit of k, as familiar to physicists. Here k — oo is appropriate, and
later in (2.48) a — 0 is so. The two notions are different and in particular the o(k?)
notation above indicates that the error term grows slower than quadratically in k. If
it had a power-law behaviour, it would be o(k?) = O(k*~¢) with € > 0. In some sense
O is used when we know the power scaling of a term, and o is when we know only
the upper bound of the scaling.
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depends on the geometry of the manifold (that is, on p and ¢) through y. but not on

the Fourier modes n,m, [, j. (So that only the error term knows about these indices.)

The above statement is a consequence of general results in the theory of singular
Sturm—Liouville operators. Indeed, it suffices to note that S is a lower-bounded one-
dimensional self-adjoint operator, so it follows from [25, Sec. 10.8] that (2.24) holds

true with
1

o Y+ ~1/2

Co= ([ (wly)rly) Tdy). (2.26)
Yy

An easy computation shows that this integral takes the above form, which can in turn

be expressed in terms of elliptic functions.

Before ending this subsection, let us make the following remark. Weyl’s law’
ensures that, when the eigenvalues of all the one-dimensional operators corresponding
to the various Fourier modes are taken into account, the eigenvalues of the Laplace
operator on Y74 (let’s call them Xk) obey the asymptotic law

~ 2/5
A = (2m)? (W) + o(k*®) (2.27)

where |S*| denotes the volume of the unit 4-sphere and the volume of the manifold

being given by [13]

2,2[9 4n? — 3g2)1/2
Vol(yra) = — 4 2p+ Uy =3¢) ] (2.28)
3p?[3¢® — 2p? + p(4p? — 3¢%)1/?]

" The Weyl law states that the first term in the asymptotic expansion for the k-th
eigenvalue )\, of the Laplacian on an n-dimensional compact Riemannian manifold is:

e = Cuk¥™/(Vol M)*™ + o(k*/™)

as k — oo. This was proved by Weyl in [26]. The second term was conjectured by
Weyl in 1913 [27] and proved only in 1980 by Ivrii [28].
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Eq. (2.24) provides a somewhat more tangible way of presenting this asymptotic
result in the sense that the asymptotics is separated into families labeled by addi-
tional “quantum numbers”. A straightforward but tedious computation shows that,
of course, when degeneracies are taken into account, the asymptotics (2.24) can be

summed with respect to the additional “quantum numbers” to obtain (2.27).

Let us elaborate this a little bit more. We have seen that the analysis of the eigen-
values of the Laplacian in Y?¢ can be reduced to that of the eigenvalues of a family of
one-dimensional operators S = Sy,,;;. These operators are labeled by three integers
n,m,l and a nonnegative integer j. Notice that if any of the quantum numbers n, m
or [ is nonzero (“higher Fourier modes”), all the eigenvalues of the Laplacian corre-
sponding to these quantum numbers are necessarily degenerate, as mapping (n, m, ()
to (—n, —m, —[) leaves the eigenvalue equation invariant. A convenient way of un-
derstanding the behavior of the eigenvalues if the Laplacian in geometric terms is the
Weyl’s law. For this, let’s denote by X the k-th lowest eigenvalue of the Laplacian
in Y?4 where each eigenvalue is repeated according to its multiplicity. Obviously, for
each k there are “quantum numbers” (n,m, [, j) such that e = A (n,m,l, j) for some
k'8 Weyl’s law then ensures that the asymptotic distribution of the eigenvalues Xk

of the Laplacian is related to the volume of the manifold through the relation (2.27).

2.3.4 Bounds for the eigenvalues for small a

In the previous subsection we obtained an asymptotic formula for the eigenvalues,
which is asymptotically exact for large energies. It does not provide any information
on low-lying eigenvalues, however. So our goal in this subsection is to provide some

estimates for the whole spectrum in an appropriate regime. This regime will be the

8 It is worth emphasizing that one cannot explicitly compute the degeneracy of
the eigenvalues, as there could be non-geometric degeneracies in the sense that
Ako(no,mordosjo) = Nki(nismaliji) for some pair of indices not related by a symmetry
of the equation.
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case when the parameter a is small; as we will see, then we can obtain two-sided

bounds for the eigenvalues that provide an adequate control of the energies.

The technique we apply here is that, using the fact that a is small 0 < a < 1, we
can Taylor expand the Laplacian operator in terms of small a and drop higher orders
of a (as in (2.32)). Obviously this works the best if a is very small, or equivalently
when ¢ < p, but even moderately small a, it is a valid Taylor expansion. Instead
of trying to obtain the spectrum of the original Laplacian operator, we use another
operator (2.37) whose spectrum is exactly known as in (2.38). With an appropriate
constant C' which does not depend on the parameters of the equation, we can compute
the upper and lower bounds of the eigenvalues of Laplacian. (But we need to know
how small C' can be, if C' has to be large, the bound is very loose. By comparing with

the known low-lying scalar spectrum, can we learn something useful about C?)

Before passing to the actual derivation of the bounds, let us discuss the meaning of
the smallness of a. It should be noticed that this is in fact a geometric hypothesis on
the manifold. In order to see this, let us recall the connection between the parameter
a and the integers p, ¢ that controlled the geometry of the bundle. In [13, Sec. 3] it is
explained that the relationship between p, ¢ and the endpoints y4 is that

_3q

=5 (2.29)

Y+ — Y-

The idea now is that it can be easily seen that for any value of the latter quotient we

can find an a for which (2.29) is satisfied; indeed, a can be chosen as

3 3 1 3 2 1/22 1 3 1 3 2 1/23
a=201-24 _(1-2(H S R (I (i (2.30)
4 2p 3\ 2p 4 2p 3\ 2p

Hence it is not hard to see that a < 1 is equivalent to ¢ < p, so this condition
translates immediately as a condition on the geometry of the bundles. It this case,

27¢>
a =
16p?

+O(¢*/p°) (2.31)
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A closer look at the subsection on rational roots in [13] reveals that there is also an
infinite number of solutions with rational roots and arbitrarily small values of a (recall

that in this case the Sasaki-Einstein structure is quasi-regular.)

The idea now is that, for very small a, the operator —S should be very similar to
the one we obtain by dropping higher powers of a (e.g. in the Taylor expansion of the
coefficients), namely

7 18(a — y?)

0 5 O Yy 2
—2—(a—3yH)=—+ ——— + A+ ——=~ — 7 .
23y(a 3y)ay+2(a_y2)+6 + P (m+6<a_y2)> (2.32)

This expression defines a self-adjoint operator on L?(—(a/3)'/2, (a/3)"/?) via its Friedrich-
s extension (notice we still have too many singular points to solve the eigenvalue e-
quation for §). It is convenient to make things independent of a by rescaling. For

future convenience, we introduce the variable t = a~'/?y and, noticing that
v = olg(3a)? (1 4+ O(a)) (2.33)

we set ¥ = a~'/?y (observe that 7 still depends on a, although it tends to a well-
defined nonzero limit as a — 0). Here and in what follows, by O(a) we will denote
quantities bounded by a constant (independent of any labels and of the geometry)
times a, and whose derivatives satisfy analogous bounds (i.e., behave like symbols
with respect to these bounds). We are thus led to consider (the Friedrichs extension

of) the operator

- P S+ o (2.34)

T
ot

in L2(I), with I = (=37'/2,37/2) and

e
—
~
N—"
Il

2(1 — 3t?),

_9 2 _ 2

o 18(1 —¢7) ~t

S Sy S L
si—p) Tt T s\ s o e

O
~~

~~
~—

In order to relate the spectral properties of S (as an unbounded self-adjoint operator

on L2((y_,y.),pdy) to those of T (on the space L*(I) with the standard Lebesgue
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measure dt), it is convenient to start by relating these two L? spaces. An obvious way

to do so is through the following a-dependent change of variables:

1,2 I o) dy
V3 VBT ply)dy

This induces a unitary transformation L*((y_,yy),pdy) — L*(I,dt), which trans-

t = = T.(y). (2.35)

forms S into the Sturm—Liouville operator of the form:

D 500 | A
— 5 Pt 5, + Q). (2:36)

S

To derive the bounds, we start with the following observation: the spectrum of

the auxiliary operator

0 0 i

o= —5PO5+ T3

I

(2.37)

on L*(I), as a function of the parameter y, is given by

t(p) = ;(1 4 \/%+ 2k>2 -2 (2.38)

The proof of the above statement can be argued using a straightforward computation.
To start, observe that it suffices to see that the exponents of the equation 7, f = —(f

are

1 1 2A
/= — | 1E£4/1+ — 2.
24’ 2 ( * 3> (2:39)

at (0 and at 1) and at oo respectively. The eigenvalues then arise as the necessary

condition for

1/2

(1 —3t2)~ w2977 £ (1) (2.40)

to be a polynomial in ¢, thus proving the required statement.
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After developing the necessary mathematical preliminaries, we are now ready to
compute bounds for the eigenvalues of S (which coincide with those of S, by defini-
tion). Notice that we cannot obtain bounds using a relative compactness argument,
as any perturbation of the function P will lead to corrections that are not relatively
compact with respect to the original operator (because they have the same number of
derivatives as the initial operator). What we can do is to exploit monotonicity using
the following two observations. The first observation is that there is a constant C|
which does not depend on the parameters of the equation, such that the following

bounds for P(t) hold for all ¢ € I:
(1—Ca)P(t) < P(t) < (1+ Ca)P(t). (2.41)

This inequality is obvious in view of the formula (2.35) for the map y — ¢, and simply

asserts (roughly speaking) that the map does not alter the singularities too much.

Our second observation is somewhat similar to the first one in the sense that we
again claim that there is a constant C', which does not depend on the parameters of

the equation, such that the following bounds for Q(t) hold for all t € I:

Q(t)>(1—ca)( P +1”2+6A—0a),

1 — 3t2 2
5 =2
Q(t) < (1—|—Ca)(1 fgtz + 3(117 ) +6A+C’a), (2.42)

where p, and p_ are defined in the following way:

5

N2 N
8

_ = 12max<{0,m — ——= , = 18 (m+—| . 2.43

8 { 4\/3} " ( 4\/§> (243

The proof of the above two inequalities are a straightforward consequence of the fact

that

(1 - Ca)(Q(t) - Ca) < Q1) < (1+ Ca)(Q(t) + Ca) (2.44)
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(One might wonder why we included an additive error C'a here and not in the estimate
for P. The reason is that P does not vanish in the interval I, and this is enough for

us to control the error via a multiplicative constant.)

It is standard that if we take nicely behaved functions P;(t) and Q;(¢) on I,
with j = 1,2 and P;(¢) > 0, and suppose that Pi(t) > P(t) and Q1(t) > Q2(t)
(resp. Pi(t) < Py(t) and Q1(t) < Q2(t)), then the k-th eigenvalue of (the Friedrichs
extension of) the operator —4 Py (t)4 4, (t) is larger or equal (resp. smaller or equal)

than those of —<%P,(t)4 + Qy(t). Hence it is elementary to derive the bounds

AT < < A (2.45)
where
AT = (1= ca) (ek(u) LT A Ca) |
A = (14 Ca) (mw + 3(le +6A + C’a) , (2.46)

from the inequalities (2.41) and (2.42), the formula for the eigenvalues ¢4 (p) of the

auxiliary operator 7}, derived in (2.38) and elementary inequalities in I such as
1< (1-#3)71<3/2. (2.47)

The bounds (2.45), in which C stands for an a-independent constant and fj(u) is

given by (2.38), constitute the main result of this subsection? .

9 One might worry about the strength of our bound. For example a question would
be whether the bound could be loose if constant such as C' is large. To answer this we
first note that the constants do not arise exactly from a power series expansion, but
rather as the Taylor formula with estimates for the remainder (which is essentially the
mean value theorem). Therefore, the constant C' can be explicitly computed as the
(sum of the) supremum (for ¢t and a between certain values) of the derivative of some
functions appearing in P or () with respect to the parameter a. For this reason, the
behavior of this constant is controlled, and can be computed explicitly. For example,
a preliminary computation reveals that the constant C' can be chosen to be of order
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As a remark, notice that the above bounds also ensure that the eigenvalues have

the asymptotic behavior
M = 6(1+O(a))k* + O(k). (2.48)

This is precisely the growth rate computed in (2.24), since it is easy to see that the

) Yt 1— y 1/2 -2

entering Weyl’s law (2.25) tends to 6 as the constant a tends to 0.

constant

2.4 Examples of scalar and other modes

Now that we have discussed the spectrum of scalar modes in the internal Y79 space,
it is time to study some examples of these modes. However before moving ahead we
should point out that in this section (and also the next) we will not address the spectra
of theory. To analyse the spectra (for example along the lines of [29, 30, 20]) we not
only need to go beyond the scalar fields, but would also require exact eigenvalues
of the KK modes for all spin-states of the theory. The advances that we made in
the previous section do not help us in getting these details, and therefore we will
suffice ourselves by studying some basics aspects of scalar and other modes from
supergravity perspective in this section. In the next section we will discuss possible
non-conformal extensions of our model. Again the emphasis therein would be to study

the supergravity background and not the matching of spectra.

The simplest examples of scalar and other modes that appear for our case are
from the decomposition of the 2-forms in (2.11). These decompositions lead to two

possible theories on the boundary where we define the CFTs.

10 when a is smaller than 0.1, so the relative error is at most of order 10~ when
p/q < 107"~ 1. (These estimates can be refined easily.)
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e Non-commutative geometry: Let us consider the NS B field with both components
along the boundary, i.e we can switch on B;;(z) where 4,j = 1,2,3 and z,, specify
coordinates in AdSs space, leading to non-commutative geometry in the dual gauge
theory. For example, a B-field component of the form B;;(r), with r being the radial
direction in the AdS; space, would be able to generate non-commutative theory on

the boundary. Clearly this mode is a scalar mode in the internal Y?? space.

e Dipole theory: This time we consider the NS B-field which has one component
along the boundary and the other component either along the radial r direction or
along the internal Y7 directions. Consider first a component of the NS B field of the
form B;.. However if this component is only a function of x*, then we can make a
gauge transformation to rotate the NS B field components along the boundary which
in turn will convert the boundary theory to a non-commutative theory. The other
alternative is to make it gauge equivalent to zero for the B field component of the
form B;.(r). Thus the only non-trivial cases appear to be of the form B;,(y), Bia(x,y)
and they both lead to the dipole theories. However none of these are scalar modes in
the internal Y%, The special case where the NS B field is of the form By, (x,y) fits
in with our decomposition (2.11), and leads to a simple vector decomposition of the
boundary theory.

Thus the simplest scalar mode leading to noncommutativity can be specified by
a 2-form 6% such that the commutator of the coordinates on the boundary theory is
[z', 27] = i#”. The parameter #“ has dimensions —2. At low-energies, noncommuta-
tive super Yang-Mills theory (NCSYM) can be described by augmenting the action
with:

where O;; is an operator of dimension 6 in the superconformal SYM on a commutative

space. In the conventions such that the SYM Lagrangian is:

Lsym = [ Z@ dlo'e! + F F 2g2 Z [(bl ¢‘]} + fermions, (2.51)

1<J
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the bosonic part of the operator O;; can be written as:

6 6
tr | S Fub B = 5 Py P B+ 2 Fa Y 0;0'0°0" = 15 F5 ) 060" |
g g g — g <
(2.52)

Here, g is the SYM coupling constant, Fj; is the U(N) field-strength, and ¢’ (I =

1...6) are the scalars.

For the second case we expect the boundary theory to be deformed by an operator
of the form O;. The deformation by L‘O; (where L’ is a constant vector) is the low-
energy expansion of a nonlocal field-theory, the so-called dipole-theory, described in
31, 32, 33].

Furthermore, as discussed in [31] (see also [32, 33, 34]), the bosonic part of the
SYM operator O; can be calculated by changing to local variables (see [31] for more

details). We can write it in A/ = 1 superfield notation as [31]:

O = — / d*0e”tr [o8 W, Dy ®y + PP, D; Py | + c.c. (2.53)

2
9y M

Here, we denote the A/ = 1 chiral field as ® and the N' = 1 vector-multiplet with
the field-strength W,,. The original N' = 2 hypermultiplet is now written in terms of
the two N = 1 chiral multiplets ®, (¢ = 1,2). Finally, 0¢% are Pauli matrices. As

expected, the operator O; has conformal dimension 5.

2.4.1 Possible type ITA brane realisation

In the following we will discuss these backgrounds in somewhat more details by
switching on appropriate B fields. This is slightly different from allowing the B field
as a fluctuation. A non-trivial background B field will change the geometry in some
particular way which would reflect the corresponding backreactions. To analyse the
corresponding backreactions we have to study the scenario directly from N D3-branes
probing the geometry given by a cone over the YP? spaces. This starting point in
fact has many intriguing possibilities in addition to the ones related to generating

non-local field theories. One of the possibilities is to see whether a brane realisation

32



of the form [9] in type IIA can also be made for our case. We will therefore start by

analysing this interesting possibility first and then go for the non-local theories.

To study D3-branes at the tip of a cone over the Y79 manifolds, we will assume
the usual ansatz for the D3-brane metric given in terms of a harmonic function H
which is typically a function of r and the Y coordinates. Let us therefore take the

following metric ansatz:
dsty = H Y2dsk ps + HY?(dr? + r2dM32), (2.54)

where dM?2 is the same in eq. (2.1) and Fy = (1 + *)dBy A dzg A dxy A dzg A dzs with
H=1+ Z—é = fy. We also assume the dilaton is zero. As in [9], the internal metric
has three isometries along the «, ¥ and ¢ directions. We first do a T-duality along «

direction. The metric becomes

1-— 1 —
dsfy = H_%dsglzzz +H? {dTQ +r? [—6 = (d6* + sin’ Odp?) + i dy?

2f(y)
+%(d¢2 — cos0dg)? + %doﬂ]
— H {dl«gm + %doﬁ] +H: {dﬁ + 72 [“Tcy(cw? + sin® gdg)’
+ﬁdy2 + %(d@@ — cos 0dg)?| } (2.55)

with the following two components of the B-fields:

_ac—2y+y20 _ac—2y+y2c
-~ Gla—y?) 6(a — y?)

and the original D3 branes become D4 branes. The existence of the two B-fields

ij; Ba¢ = (O3] 9, (256)

might indicate the possibility of two NS5 branes, provided Hys = dB is a source term
and the integral of Hyg over a three-cycle is an integer. The first one is harder to
determine because the knowledge of the global behavior of the two B-field components
is lacking, although the metric that we are dealing with is global. This is because

we delocalized along the a direction to make the harmonic function H independent
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of that direction so that T-duality rules of [35] could be implemented. This is of
course a slight oversimplification as this works well for some purposes, but not others.
The harmonic function should be taken to be a function of o as well, and then one
may T-dualise the background using the technique illustrated in [36]. Under such a
T-duality both the B-field components will pick up dependences on H as well. We

will discuss more on this a little later.

For the second case, one may do better by converting the three-forms to two-forms
and integrating over two-cycles. This can be easily achieved by making a U-duality
transformation of the form 7,575 where S denotes a S-duality transformation and 75,
denotes a T-duality along x™ direction. Thus making a T-duality along x3 direction

we get the following metric in type IIB theory:

1-— 1—
ds* = H™%dal,+ H? {daz§ dr? 07| = (A0 + sin® 0d0”) + Zf(Cg)Jdgf
y

f(y) 2 _ cos 2 M o
—I——9(a — ) (dyp 0do)” + i (a y2)d } } (2.57)

Under this T-duality the D4 branes become D3 branes but extending along 2°, 1,
2? and « directions. However the B-fields remain unchanged. If these B-fields are
coming from some source NS5-branes, then the NS5-branes would not change under

the T-duality.

Let us now do the S-duality under which the NS B-fields become RR B-fields and
the metric gets an overall factor from the dilaton field 4/ %;yyz) while the D3 branes

1
remain the same. When we T-dualize this background along « direction, the metric

becomes
1— 1 —
ds* = H_%dx?)u + HH 2 dx3 + dr® 4 r? [_cy (d6* + sin’ Od¢?) + cydy2
6 2f(y)
f(y) 2 2 2
+—9(a ) (dp® — cos 0dep)” + do ] , (2.58)
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and the RR three-form fields become the type ITA gauge fields. We have also defined

H = %ij;% as our modified harmonic function. If these gauge fields are sourced by
D6 branes then they are the ones that come from the type IIB D5 branes. The D3
branes on the other hand become D2 branes. Lifting this configuration to M-theory
the eleventh direction has the required local ALE fibration with M2 branes at a point

on the four-fold.

The above set of manipulation is suggestive of NS5 branes in the original type ITA
configuration provided the gauge field EOM has a source term. Thus if we write the
local type ITA gauge field over a patch as:

ac — 2y + y*c

A= Ayl + Agdo = =

Fi(H)dy — Fo(H)cos 0 do|, (2.59)

where we have inserted the correction from the harmonic function as Fi o(H), then
there exists a global field strength ' = dA. Now if it satisfies the two conditions

mentioned earlier, namely
d * F' = sources, / F = integer, (2.60)
S2

then this would not only help us to identify the NS5 branes in the original type ITA
set-up, but also help us to count the number of the NS5 branes. Such a source term in
(2.60) may not be too difficult to see from our analysis if we take (2.59) seriously. The
LHS of (2.60) will involve terms like d* dF,(H) and d*dFy(H). Since OH = xd*dH
lead to source terms in the supergravity solution, it should be no surprise if the above

two terms in (2.60) coming from Fj 5(H) lead to D6 brane source terms in our model.

The above analysis is definitely suggestive of this scenario, although the precise
orientations of the NS5 branes are not clear to us at this stage. Furthermore there is
the subtlety pointed out in [37] which we might have to consider too. Note also that
from (2.55) the D4 branes are wrapped along a non-trivial S cycle. More details on

this will be relegated to future works.

Before we end this subsection, we would like to point out another scenario related

to the type IIB metric (2.6). As has been described earlier, (2.6) is related to (2.1) by
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a series of coordinate transformations. Interestingly the metric (2.6) is closely related

to the conifold metric if one makes the following substitutions in (2.6):
c =0, a =3, y = —cos by, B = ¢a, 0 =6, o=¢1 (2.61)

where  was defined in (2.5). So a natural question to ask would be what happens
if one makes a T-duality along the ¢ direction. It is of course well known that, in
the limit (2.61), a T-duality along 1 direction leads to an orthogonal (not necessarily
intersecting) NS5 branes configuration [9]. If we now make a T-duality along 1

direction, the metric that we get in type IIA side is the following:

18(1 — 1-—
ds? = H'/? d:);(zmg—l—wde + H'? dr2+r2<—cy(d92—l—sin29d¢2)
r2W 6
l—cy o 4f 5
— — 2.62
+2f dy+Wda>, (2.62)

where W = 3c®y? — 6cy + 2 + ac®. Interestingly, we find the metric has the simpler
form without cross-terms at all. This is again reminiscent of [9]. We also find two NS

B fields whose components are given as:

6(ac — 2 2
B¢a = (CLC I/I% + oy ), B1/1¢ = —cosé. (263)

The absence of a cross-term is not a big surprise because we can rewrite (2.6) in a
suggestive way using the coordinates (2.61) and taking (¢, a) away from the conifold

value (0, 3). The metric (2.6) becomes:
ds® = ay(d? +sin? 0,d¢?) + |:Cl2 sin? 0,df3 + as (dpy + c cos «91d¢1)2]
1 2
+ 3 [dw + (1 + ¢ cos 0s)cos O1dp, — cos «92dgb2} , (2.64)

where a1, as and as are given by the following expressions:

_ 1+ccos by

1+ ¢ cos 0y 1  a— 3cos?0y — 2ccos®0s

a; = ) Qg =

6

1
24— 3c0s20, — 2¢ cosPy’ AT 1+ ¢ cos O,
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A T-duality along v direction will give us the configuration that we discussed above
(using non-canonical coordinates)!® . To see what (2.62) and (2.63) imply, let us again
go to the limit where ¢ = 0 and @ = 3. In this limit!! we recover the exact brane
picture of type IIA discussed in [9]. This may mean that we have some NS5 branes
along the (0, ¢) directions and some NS5 branes along («, y) directions (or in a more
canonical language, we have a set of NS5 branes along (0, ¢;) directions and another
set of NS5 branes along (6, ¢2) directions). These two set of NS5 branes are locally
orthogonal to each other, so as to preserve N' = 1 supersymmetry. The d¢ fibration
structure in (2.64) also tells us that there are two local B-fields in type IIA side that
would T-dualise to give us the required background (2.64). The N type IIB D3-branes

become N of D4 branes along 1 direction suspended between these NS5 branes.

Unfortunately the ¢ # 0 scenario is not quite the same as the simpler (¢,a) =
(0,3) scenario. In particular'® at y = y; and y = y, the metric (2.62) develops
conical singularities, in other words now y and « no longer form a sphere. This can
be easily seen by taking the limit y — y; where ¢ = 1,2. In this limit we can write
the metric along the y and « directions as:

i) W, (2.66)

10 Note however that (2.62) and the T-dual of (2.64) may look different because in
(2.62) one cannot substitute the coordinate transformation directly as the coordinates
of (2.62) are the T-dual coordinates of (2.1). Thus a simple substitution of o =
—5(¢2 + ct) in (2.62) cannot be done.

" For all other purposes we set ¢ = 1.

12 We will henceforth use only the non-canonical coordinates by choice. An equiva-
lent construction could be easily done with the canonical coordinates (2.61).
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This is not quite the metric of a 2-sphere. To see this more clearly, let us define a

quantity R in the following way:

R = 2\/<1 - y}ﬁx — ) (2.67)

Using this defination we can rewrite the metric (2.66) in a bit more suggestive way:

eme

dR?> + S —
(1 —y)W;

do?. (2.68)

Clearly the above metric becomes the metric of a 2-sphere only when « is periodic
with a period of L = 27+/(1 — x;)W,;/ fI. However recall that instead a has a period

of [ # L. This means we will always have two conical singularities at y = v;.
Let us now prove that there are no other singularities in this metric. Notice that
other singularities can happen only at W = 0, which has two roots:

1—a

yr = 1=+ 5

(2.69)

Since y, > 1, it is clear that y, is already out of the range of y, while it is not so

obvious for 0 < y_ < 1. To see the range of y_, we substitute y_ into f to get:

2
flyo) = —ﬁ(l—a)\/l—a < 0, (2.70)

which means y_ > y, and therefore it is also out of the range. Therefore there are no

other singularities in this metric.

The above picture gives us an indication how the brane dual could be constructed
although the actual details are much harder to present than our previous construction.
It is also true that the delocalization effects are again present in the harmonic function
but this time, thanks to the canonical representation of the metric (2.64), a direct
mapping to the intersecting brane configuration for ¢ = 0,a = 3 gives us a hope that
similar brane dual description does exist for generic cases (although at this stage one
may need to consider the subtleties pointed out in [37]). The interesting thing however

is that a T-duality along « also seems to lead to a similar configuration provided of
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course (2.60) holds. This shouldn’t be a surprise because o and 1 are related by a

linear coordinate transformation for ¢ # 0.

2.4.2 Non-commutative and dipole deformations

The above T-duality arguments give us a way to study the underlying N' = 1
gauge theory from two different point of views: one directly from N D3 branes at the
tip of the cone in type IIB theory, and other from N D4 branes in a configuration of
two orthogonal set of NS5 branes in type IIA theory; although for the latter case the

precise orientations of the two NS5 branes still need to be determined.

The non-commutative and the dipole deformations could also be studied from
these two viewpoints. However in this chapter we will not consider the type ITA
brane interpretations of these deformations. Here we will suffice with only the type

IIB description and a fuller picture will be elaborated in a forthcoming work.

Our starting point is the well known observation that once we have a solution
we can use T'sT to deform it into various different solutions, where T is a T-duality

transformation and s is a shift.

Given the background metric (2.54) with D3 branes we have three kinds of defor-

mations which is studied in Chapter 3.

In this chapter we are only interested in the first kind of deformation which is
shown in detail in Chapter 3, whose advantage is that the internal metric remains
unchanged so our scalar modes analysis in Y77 is still valid. Of course this still
doesn’t help us to get the exact matching of spectra as we pointed out earlier. For
the rest two kinds of deformations our analysis generally cannot be applied as the

internal metric will change quite a bit.

In the following section we will discuss the non-conformal extensions of the above
models. We will specifically concentrate on the possibility of geometric transitions in

these models.
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M-theory without branes > M-theory without brane
on G2-structure manifold Flop on G2 -structure manifold

Reduction to

Lift to 11 dimensions 10 dimensions

type 1A with D&-branes —_— type 1A without branes

on MNon-Kaehler Geometric | ©n Mon-Kaehler

Deformed Conifold Transition Resolved Conifold
mirror interpolation mirror interpolation
on large cycles on large cycles

type IIB with D5-branes —» type |IB without branes
on Non-Kaehler Geometric | on Non-Kaehler
Resolved Conifold Transition Deformed Conifold

Figure 2.1: The duality map to generate the full geometric transitions in the super-
symmetric global set-up of type ITA and type IIB theories.

2.5 Non-conformal duals and geometric transition-
S

The non-conformal duals to the Y77 spaces, along the lines of the cascading model
of [6], have already been addressed in the literature (see for example [38, 39] etc). The
UV gauge groups for Y?! and YP?~1 are respectively given in equations (75) and (87)
of [38]. For both the cases the IR gauge group is:

SU(M) x SU(2M) x ... x SU(2pM) (2.71)

where M denotes the number of D5 branes wrapping the two-cycles of Y7 and YPP~1
spaces. Such a gauge group is more complicated than the simple picture that we had
for [6] and therefore the far IR picture could be more involved: there could be non-

trivial baryonic branches. This story has not yet been fully clarified, and therefore it
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gives hope that the brane picture that we developed here may help us to study the
far IR picture in more details'® . We will however not pursue the cascading story
anymore here. Instead we go to a slightly different direction that may provide us with

an alternative way to study the far IR physics of these models [41, 42].

Our starting point would be to ask whether the far IR physics of the non-conformal
set-up could be likened to the geometric transtion story [43] that we developed in the
series of papers starting with [44] and culminating with [42] (Chapter 2). For the

geometric transition picture to hold, we need few essential ingredients:

e Resolution and deformation for the cone over Y??. These resolved and deformed
spaces are not required to be Calabi-Yau spaces, but they should have at least SU(3)
structures (in the presence of branes and fluxes) so that supersymmetric models could

be constructed.

e Supersymmetric configurations with D5 branes wrapped on two-cyles of the resolved
YP4 and D6 branes wrapped on three-cycles of the deformed Y?¢ including super-
symmetric configurations without branes but with fluxes. Again the overall pictures

for both cases should preserve SU(3) structures.

e Two kinds of G5 structure manifolds should exist in M-theory. One, the lift of the
deformed YP? space with wrapped D6 branes in type IIA, and two, the lift of the
resolved YP4 space with fluxes but no branes also in type ITA. Additionally these
two G structure manifolds should be related by a flop transition, similar to the one

constructed for the T case in [45].

If all the three ingredients discussed above are present then one would be able to

describe geometric transition using the resolved and the deformed Y?¢ manifolds

13 For example the brane picture developed for the ! case in [40] clearly showed
how the far IR physics for cascading theory could be understood. We expect similar
story to unfold here too.

41



via the duality map given in figure 2.5. In the following we will describe possible
realisation of these scenarios. Our starting point would be the resolution and the

deformation of the cones over Y?¢ manifolds, that lie in the heart of these scenarios.

2.5.1 Resolution and deformation of the cones over Y74

A natural question is whether there can be resolutions for the cone over Y79 as
the resolved conifold. The answer is in the affirmative and the metric on the resolved

cone over Y7 was obtained explicitly in [46], [47] and [48]. The metric is,

ds%s _ (1_y)(l_x)(d02+sin29dgb2)+ (y_zzg_y)dijL (m_%i})_wdﬁ

f(z) 2
- 9(1 — 2)(z — y) [d?ﬁ — cos 0d¢ + y(dj3 + cos quﬁ)}
h(y)  cos - cos 2
Sy [dw Ode + z(df + 9d¢)] (2.72)

where f(z) = 223 —32?+a and h(y) = 2y —3y*+b. We will also take the sechsbein e®
to be the ones given in eq (2.8) of [41] with appropriate redefinations of the variables

therein.

As explained in the earlier subsection, ;1 < r < x. One can take y to be non-
compact and denote two consecutive roots of h(y) by y; and ys. We focus on the case
where the resolution is obtained by blowing up a CP!, referred to as small partial
resolutions in [48]. For this type of resolution we have z; = y; which requires a = b.

Thus,
—o<y<xTy, T1<rTr<xT9, =0 (2.73)

If one take y = —r?/2 and expand the metric (2.72) in the large r it becomes ds%q —

dr? 4+ r?ds* where ds? is exactly (2.6), so it is a cone over Y.

Having got the resolution of the cone over Y79 we now want to study the de-
formation of the cone over Y4 which should be a mirror of the resolved cone over
YP4. Strominger, Yau and Zaslow conjectured in [80] that the mirror manifold can

be obtained by three T-dualities. There are three isometric directions ¢, g and ¢,
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so we will first do T-dualities along these directions. The metric we get after three

T-dualities is:

dngZ _ (1- y)g(l — ) (d92 1 sin2 9d¢>2) i (y — zzg — y>dy2 n (z _?zil) — ) do?
f(@)h(y)(z —y) cosb f@)y*(1 —y) — h(y)z*(1 — =)
* S = )~ (1 2T (5% a3y =) ~ Ryl — )05
9h(y (1-=) 2
* cos 0 d¢ * f(z)h(y)(x —y) cos? b [(1 @) cosfdf + :Edgb]
9f(z)(1 —y) ) cos 2
) — 2 o8 [(1 y) cos 0d + yd¢] (2.74)

The above metric however cannot be the full answer as T-dualities a la [80] require
us to take the base to be very large. In [42] (or Chapter 2) (see also [44]) we saw that
making the base large actually mizes the isometry directions, leading eventually to
the generation of additional cross-terms missing from the metric obtained by making
naive T-dualities. Thus the actual mirror metric will have cross-terms in addition to

what we already have in (2.74).

The complete picture is rather involved as the recipe for making the base bigger
using coordinate transformations a la [42] is not readily available now. However
despite this obstacle, one thing is clear from the analysis of [42]: the resultant metric
will not be a Kahler manifold, in fact, it may not even be a complex manifold. This
is consistent with the result of [50, 51] (see also [52] where certain obstructions to
the existence of Sasaki-Einstein metrics on this manifold is shown). It will also be

interesting to compare our result with the one got in [53].

2.5.2 D5 branes on the resolved Y?¢ manifold

The technical obstacle that we encountered in the previous subsection doesn’t
prohibit us to write the metric of N D5 branes wrapped on the two-cycle of the
resolved cone over YP? manifold. Recently the NS5 brane picture has been studied
in [41]. The analysis of [41] is similar in spirit to the one discussed in [42], both the
analyses being motivated by the work of [54]. The complete background for N D5
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branes wrapped on the resolution two-cycle is given by:

Fy=hcosh B e 2 xd (€2¢J) , H; = —thsinh B e 2%d (e%J)
1
Fy = _Z<1 + %)dAg A d2° A dzt A da? A do? (2.75)

6
“ 1
ds® = Fydsd ps + z; f.e*, ¢ =log Fy+ §log h,

where e® are the sechsbein defined in [41] and J is the fundamental form associated
with the internal metric. The above background is supersymmetric by construction
and since the RR three-form Fj is not closed, it represents precisely the IR configu-
ration of wrapped D5-branes on warped non-Kéhler resolved Y74 manifold. The two
warp factors (h, Fy) as well as the coefficients f, in the internal metric are all functions
of (r,y,x) which, in turn, preserve the three isometries of the internal space. Notice
also that the background has a non-trivial dilaton, with the internal space being a
non-Kéhler resolved cone over Y?4. The form of the background (3.15) is similar
to the one that we had in [42] except now the internal space is different. This is of
course expected if one had to preserve N' = 1 supersymmetry. The five-form, which
is switched on to preserve the susy, has the form Fj in (3.15) with:

cosh (3 sinh B(1 — e 2?h~2F;*)
e2?h=2 [ *cosh?3 — sinh®B

1 F? 1- 2\’
1+ ( — ) sech?3 + ( 5 0) sech‘%] .(2.76)
Iy g

Let us now make a few observations. The parameter § that we have in the background

Ao

= (F? —1)tanh 8

is in general constant and could take any value. This means that there is a class of
allowed backgrounds satisfying the supersymmetry condition. Imagine also that we

define a six-dimensional internal space in the following way:

N Fycosh™3
ds? E €2, 2.77
% (1 + FQSmhzﬁ) J (277)
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then one could easily argue that there are a series of dualities'* that would convert

the following background
ds® = dsjios + Ndsg,  Hxs =€ **xd(e**]), @=—¢ (2.78)

to the one given earlier in (3.15). The above background (2.78) is of course the one
studied in [41]. Although this is no big surprise, but it is satisfying to see that our

picture can be made consistent with both [41] as well as [42].

2.5.3 Toward geometric transitions for Y”¢ manifolds

Once we have the background (3.15) and (3.16) we should be able to use directly
the duality cycle shown in figure 2.5. This however will turn out to be more subtle

than the story that we developed in [42]. But before we go about elucidating the

14 Starting with the background (2.78), we perform a S-duality that transforms the
NS three-form to RR three-form Fj and converts the dilaton ® to ¢ without changing
the metric in the Einstein frame. We now make three T-dualities along the spacetime
directions x?3 that takes us to type IIA theory. Observe that this is not the mirror
construction. We then lift the type ITA configuration to M-theory and perform a boost
(with a parameter ) along the eleventh direction. This boost is crucial in generating
DO-brane gauge charges in M-theory. A dimensional reduction back to ITA theory does
exactly what we wanted: it generates the necessary number of DO-brane charges from
the boost, without breaking the underlying supersymmetry of the system. Finally,
once we have the ITA configuration, we go back to type IIB by performing the three
T-dualities along 2523 directions. From the DO-brane charges, we get back our three-
brane charges namely the five-form. The duality cycle also gives us NS three-form Hj
as well as the expected RR three-form F3. Therefore the final configuration is exactly
what we required for IR geometric transition: wrapped Dbs with necessary sources
on a non-Kéhler globally defined resolved Y77 background (3.15). Also as expected,
the background preserves supersymmetry and therefore should be our starting point.
One may also note that the thee-forms that we get in (3.15) satisfy

coshg Hs + FO2 sinhfx Fy = 0
which is the modified ISD (imaginary self-duality) condition. For more details, see

(54, 42)].
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issues, let us clarify certain things about generalized SYZ. The original work of SYZ
[80] is based on two facts: (a) all Calabi-Yau manifolds can be written in terms of
a T3 fibration over a base B, and (b) in the limit where B is much larger than the
T3 fiber, mirror of the given CY manifold is given by three simultaneous T-dualities

along the T? fiber directions.

For our case, the starting manifold (3.15) is not a CY manifold but instead is a
six-dimensional manifold with an SU(3) structure and torsion Hj. For this case there
does exist a generalisation of the SYZ technique: it is again given by three T-dualities
along the T2 fiber [55, 56, 57]. The difference now is that we cannot claim that all
SU(3) structure manifolds can be expressed in terms of T fibrations over some base
manifolds (although [58, 56, 57] has discussed more generic cases by applying local
T-dualities). This generalization of the SYZ technique is called the generalized mirror

rulel® .

Our method now would be to use the generalized SYZ technique to go to the
type ITA mirror manifold with wrapped D6-branes. Unfortunately now there are
two subtleties that make the analysis much more non-trivial than the one that we
had in [42]. The first one is already been discussed earlier: we don’t know exactly
what kind of coordinate transformations we should do to make the base bigger than
the T3 fiber. Recall that in [42], out of infinite possible coordinate transformations
available, we could find a class of transformations that can not only make the base
bigger but also lead us to the right mirror manifold. The main reason why we could
find that particular class of transformations earlier was solely based on the fact that
we knew the existence of a deformed conifold solution. This privileged information,

unfortunately, is not available to us now.

15 For more details as to why the generalized mirror rule would lead to another
SU(3) structure manifold that is the mirror of the original manifold is discussed in
(56, 57).
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The second issue is even more non-trivial. Looking at the background (3.15) and
from H3 = dBys, we see that the Byg fields will have components that are parallel
to the directions of the T° fiber. T-dualities with Byg fields along the directions
of duality lead to non-geometric manifolds! Therefore the type IIA dual manifold
will most likely be a non-geometric space which in turn means that the duality cycle

depicted in figure 2.5 cannot be very straightforward!® .

Existence of non-geometric space, however, does not mean that there is no underly-
ing gauge/gravity duality. In fact in the geometric transition set-up there were already
indications, even for the simplest resolved conifold case, that the full gauge/gravity d-
uality will involve non-geometric manifolds [60], although we argued in [42] that there
is small configuration space of fluxes where we expect the duality to be captured by
purely geometric manifolds. The question now is whether such a scenario, with only
geometric spaces, could be realised for the present case also. We will leave this for

future work.

16 There is a third subtlety that has to do with the size of the T° fiber in the mirror
manifold. If the size of the fiber is small i.e of O(a/), then supergravity description may
not be possible, and one might have to go to a Gepner type sigma model description.
For the model studied in [44, 42] this was not an issue because we could study a
class of manifolds parametrised by choice of warp factors that not only satisfy EOMs
but also lie in subspaces, where sugra descriptions are valid, on both sides of figure
3 in [59]. These subspaces are related by geometric transitions. For generic choices
of the warp factors in [42, 59], it would be interesting to see if the subspaces could
incorporate the Y?? manifolds.
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Chapter 3

Geometric transitions at the
bottom of cascading RG flow

3.1 Introduction

The original gauge/gravity duality [1], [3] deals exclusively with theories that
have no running of the coupling constants, or with theories that have some running
of the coupling constants but eventually fall into fixed point surfaces, for example [7].
The first kind of dualities that consider the actual running of the coupling constants
leading to, say, confining theories were discussed some time back in [6], [43], [61] and
its extension to include fundamental flavors in [62]. The type ITA brane constructions
for theories like [7] were first discussed in [8], and for theories with running couplings
were discussed in [69]. In fact in the fourth reference of [69] the precise distinctions

between [6] and [43] were pointed out in details.

In recent times we have seen many new advantages of studying theories like [6]
and [43] that deal with running couplings. The confining behavior of these theories in
the far IR is of course very powerful in extending them to more realistic scenarios like
high temperature QCD [70, 71]. The cascading nature of these theories allow them
to remain strongly coupled throughout the RG flow from UV to IR, and therefore
supergravity duals can describe the full dynamics of the corresponding gauge theories.

For the Klebanov-Strassler (KS) theory [6] even the full UV completion, that allow
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no Landau poles or UV divergences of the Wilson loops, can be achieved by attaching
an UV cap to the KS geometry[70]. An example of the full UV completion of the KS
geometry both at zero and non-zero temperatures has been recently accomplished in
[71]. The UV cap therein is given by an asympototic AdS space that, in the dual
gauge theory, will allow for an asymptotic conformal behavior in the UV and linear

confinement in the far IR.

For the model studied by Vafa [43] the full UV completion would be more non-
trivial. We expect the UV to be a six-dimensional theory instead of a four-dimensional
one. A six-dimensional UV completion that allows no Landau poles in the presence
of fundamental flavors has not been constructed so far. In fact a proper study of
fundamental flavors a-la [62] is yet to be done for this case. The F-theory [106, 74, 75]
embedding of this model would be crucial in analysing the full UV completion. How-
ever some aspects of an intemediate UV behavior, for example cascading dynamics,
have been discussed in the past [72] where the cascade is likened to an infinite sequence
of flop transitions. The IR dynamics of the theory where we expect geometric tran-
sition to happen is actually the last stage in this sequence of transformations where
the flop is immediately followed by a conifold transition. At this point we should
expect the wrapped D5-branes to be completely replaced by fluxes (at least in the
absence of fundamental flavors) [72]. What happens in the presence of fundamental
flavors is rather subtle, and we will not discuss this here anymore. In fact we will
only concentrate on the last stage of the transition, namely, the geometric transition
in this chapter. The intermediate cascading dynamics or the UV completion will be

discussed elsewhere [76].

Since the geometric transition leads to a confining theory, the corresponding gauge
dynamics is strongly coupled. Therefore the physics of this transition can be captured
exclusively by supergravity backgrounds. In some of our earlier works [44, 112] we
managed to study this purely using the supergravity backgrounds in the local limit,
meaning that the sugra background was studied around a specific chosen point in

the internal six-dimensional space. The reason for this was the absence of a known
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globally defined supergravity solution of the wrapped D5-branes on the two-cycle of
the resolved conifold. The only known global solution i.e [77] was unfortunately not
supersymmetric (see [78, 79] for details) although it satisfied the type IIB EOMs. In
this chapter, among other things, we will be able to solve this problem and provide a
fully supersymmetric globally defined solution for the wrapped D5-branes on a certain
resolved conifold. What we will argue soon is that the resolved conifold should have a
non-Kahler metric to allow for supersymmetric solutions. This non-Kahlerity appears

exactly from the back-reactions of the wrapped Db5-branes.

Despite the absence of supersymetric solutions, in [44, 112] we managed to show,
at least locally, the full geometric transitons in type II theories. The gravity duals for
the IR confining gauge theories on the wrapped D6-branes in type ITA and wrapped
D5-branes in type IIB were completely captured by non-Kahler deformations of the
resolved and the deformed conifolds respectively. In this chapter we will show that
globally under some simplifying assumptions this conclusion remains unchanged, but
generically these manifolds would become non-geometric (see [60] for a recent discus-
sion on this). In the following sub-section we will briefly review the state of geometric
transition using local supergravity analysis before we proceed to compute the full

global picture.

3.1.1 Geometric transition and supersymmetric solution

Let us begin with a bit of historical notes. The original study of open-closed
string duality in type II theory starts with D6 branes wrapping a three cycle of a non-
compact deformed conifold. Naively one might expect the deformed conifold to be a
complex Kahler manifold with a non-zero three cycle. However as discussed earlier
in [44, 112] this is not quite correct, and the manifold that actually would solve the
string equations of motion is a non-Kéhler deformation of the deformed conifold. It
also turns out that the manifold has no integrable complex structure, but only has an

almost complex structure. This is consistent with the prediction of [106].

However, as one may recall, in all our earlier papers we managed to study only

the local behavior of the manifolds. This is because the full global picture was hard
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to construct, and any naive procedure always tend to lead to non-supersymmetric
solutions. In deriving the local metric, we took a simpler model where all the spheres
were replaced by tori with periodic coordinates (z,6;) and (y,62). The coordinate
z formed a non-trivial U(1) fibration over the T2 base. The replacement of spheres
by two tori was directly motivated from the corresponding brane constructions of [8],
where non-compact NS5 branes required the existence of tori instead of spheres in the

T-dual picture.

Locally the non-Kéhlerity of the underlying metric can be easily seen from its

explicit form:

dsiia = o1 [(dz —b., dzt) + Ay cot 0y (dz — by, db;)

+Ay cot Oy (dy — bye, dO;) + .. i

+go [d07 + (dx — byp, d6;)?] + g3 [d6; + (dy — bye, d6;)?]

+g4 sin ¢ [(dx — byp, db;) dby 4 (dy — by, db;) db]

+ g4 cos Y [dOy dOy — (dx — by, dO;)(dy — bye, db;)] (3.1)

where the coefficients g; and the coordinates 6;, él etc. are defined in [44, 112]. The
background has non-trivial gauge fields (that form the sources of the wrapped D6

branes) and a non-zero string coupling (which could in principle be small).

Existence of such an exact supergravity background helps us to obtain the cor-
responding mirror type IIB background. One would expect that this can be easily
achieved using the mirror rules of [80]. It turns out however that the mirror rules
of [80], as discussed in [44, 112], do not quite suffice. A detailed analysis of this is
presented in [44, 112]. As discussed therein, we have to be careful about various subtle

issues while doing the mirror transformations:

(a) The mirror rules of [80] tells us that any Calabi-Yau manifold with a mirror
admits, at least locally, a T fibration over a three dimensional base. This seems to
fail for the deformed conifold as it does not possess enough isometries to represent

it as a T° fibration. On the other hand, a resolved conifold does have a well defined
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T3 torus over a three-dimensional base, which can be exploited to get the mirror (see
also [81]). It also turns out that the T torus is a lagrangian submanifold, so a mirror

transformations will not break any supersymmetry.

(b) Viewing the mirror transformation naively as three T-dualities along the T° torus
does not give the right mirror metric. There are various issues here. The rules of [80]
tell us that the mirror transformation would only work when the three dimensional
base is very large. The configuration that we have is exactly opposite of the case [80].
Recall that our configuration lies at the end of a much larger cascading theory. By
UV/IR correspondences, this means that the base manifold is very small. Furthermore
we are at the tip of the geometric transition and therefore we have to be in a situation
with very small base (in fact very small fiber too). In [44, 112] we showed that we
could still apply the rules of [80] if we impose a non-trivial large complex structure on
the underlying 7° torus. The complex structure can be integrable or non-integrable.
Using an integrable complex structure, we showed in [44, 112] that we can come
remarkably close to getting the right mirror metric. Our conjecture there was that if

we use a non-integrable complex structure we can get the right mirror manifold.

It seems therefore natural to start with the manifold that exhibits three isometry
directions — the resolved conifold. We can, however, not use the metric for D5
branes wrapping the S? of a resolved conifold as derived in [77], because it breaks all
supersymmetry [78]. The metric that we proposed in [44, 112] (where we kept the
harmonic functions undetermined) is very close to the metric of [77] but differs in

some subtle way:

(a) The type IIB resolved conifold metric that we proposed in [44, 112] is a D5
wrapping a two cycle that preserves supersymmetry. We will discuss this issue in
more detail below.

(b) As explained in [44, 112], our IIB manifold also has seven branes (and possibly
orientifold planes) along with the type IIB three-form fluxes. The metric constructed

in [77] doesn’t have seven branes but allows three-form fluxes.
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The local behavior of the type IIB metric is expressed in terms of non-trivial complex
structures 7, and 75 as dz; = dx — 1df; and dzy = dy — 1odf>. The local metric then

reads
ds® = (dz + Ay cot 0; dx + Ay cot Oy dy)? + |dz1 | + |dz|? (3.2)

where all the warp factors can locally be absorbed in to the coordinate differentials.
In this formalism the metric may naively look similar to the one studied in [77] but
the global picture is completely different from the one proposed by [77]. Our aim in
this chapter is therefore two-fold: to determine the full global picture (at least without
the inclusion of UV caps), and to follow the duality cycle that will lead us to analyse

geometric transitions in type II theories.

3.2 Analysis of the global picture and the cycle of
geometric transitions

With all the mathematical construction at hand, it is time now to discuss the
geometrical aspect of the problem i.e the supergravity metric and the fluxes in type
IT theories. Our starting point would be the issue of supersymmetry in the usual
resolved conifold background with fluxes and branes in type IIB background. Once
we obtain this, it will prepare us for all the subsequent stages of the duality cycle for

the geometric transition [44, 112].

3.2.1 Analysis of the global picture in type IIB

From our earlier works we know that there are two ways of extending our local

configuration of [44, 112] to study supersymmetric cases in the full global picture:

(a) The full global geometry is a six-dimensional Kéahler manifold with F-theory seven-
branes distributed in some particular way. These seven-branes contribute to massive
fundamental flavors in the gauge theory. Orientation of these seven-branes are the

generalised version of the Ouyang [62] (or the Kuperstein [84]) embeddings.

(b) The full global geometry is non-Kéahler with or without F-theory seven-branes.

The seven-branes could be embedded in this picture via Ouyang or the Kuperstein
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embedding, which in turn would provide fundamental matters in the gauge theory.
In fact the possibility of such a global completion was already hinted in the second
paper of [44, 112].

Let us see how from our local picture studied in [44, 112] these two possibilities
can be realised. In the first paper of [44, 112], the local metric was argued to be of

the following form:

2
/ /
ds® = dr? + (dz + 4 /% ro cot (6q) dx + m ro cot (Og) dy) +

2
Wh gy W

1 + dos +dy*| +....  (3.3)

where all the coefficients are measured at a fixed chosen point (rg, (), (¢;), (6;)). For

more details see [44, 112]. The local Byg field was taken to be:
Bng = by, dx A dB; + byg,dy A db; (3.4)
where ¢ = 1, 2. The above background is invariant under the orbifold operation:
Tpyy: ¢ = —zx, Yy = —y (3.5)

and therefore can support D7/07 states at the following orientifold points:

T2

7., 0 ()P (3.6)

It is interesting to note that, at the orientifold point, a component like b,,, is projected
out. However the orientifold projection may allow components like b,, b,. which could
in principle make our mirror manifold non-geometric. In the local picture advocated

in [44, 112] we only see components like (3.4) so the local mirror is non-Kéhler and

geometric.

More interestingly, the orientifolding operation (3.6) allows, along with the wrapped
D5-branes, the D7-branes and O7-planes along the internal directions (r, z, 01, 62) lo-

cated at the four fixed points of the torus T? along (z,y) directions. Therefore, in
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the local picture, a possible susy preserving Ouyang-type configuration would be D5-
branes wrapped on the two-torus (s, ¢2) and the seven branes wrapping (61, 65, 1) and
stretched along the radial direction 7. On the other hand, globally in a resolved coni-
fold background the seven-branes are in a configuration that is the union of branch 1
and branch 2 (see [62, 89, 70, 71] for details). Recall that in branch 1 the seven-branes
wrap the P! parametrised by (63, ¢2) and are embedded along (r, 1) directions at a
point on the other P! parametrised by (61, ¢;); whereas in branch 2 the seven-branes
are at a point on the P! parametrised by (62, ¢2). Thus globally a susy configuration
of seven-branes is a two-dimensional surface in P! x P! and stretched along (r,%))
directions determined by the appropriate embedding equation. Therefore in the local
limit the two-dimensional susy preserving surface in T2 x T2 should be the two-cycle

parametrised by (6, 0,) as prescribed in [44, 112].

Away from the orientifold point, the local metric takes the following fibration

form:
ds> = h7'2ds?,05 + 7'V dr? + (dz + Ay cot 0; dx + Ay cot 6y dy)? +
h +4a*)Vh
+ (—Vj{def +d:v2> + <—(7 4a )\/_deg +dy2)
Fs=  K(r) (1+x)deNdyANdzAdby A dby (3.7)
Fs= ¢ (dzNdby Ndy — dz N\ df; N\ dx)

with additional axio-dilaton that appear from the seven-brane sources. The above
form of orientifold projection only allows a non-trivial fibration structure away from
the orientifold point. However there exist another orientifold operation that may be

more well suited at the orientifold point. This can be applied locally via:

Tog,: x* — —ux, 0 - m—0; (3.8)
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The above action gives rise to the following orientifold action:

T2

LaQ(-1" 39

that will keep the wrapped D5 branes and the Byg field with the following components
at the orientifold point:

Bng = byg, dx A dOy + byg, dy A\ dby + by dx A dy + by, do A dz +
by dr A dx + by, dr A dby + bg,e, dOy A dOy + b, dz A db; (3.10)

which means that at the orientifold point not only is the IIB metric non-trivial,
the mirror can also be non-Kéhler and non-geometric. The seven-branes and the
orientifold-planes are parallel to the wrapped D5 branes. In the following we will argue
how susy is preserved in the global set-up when the seven-branes are moved away from
the wrapped D5 branes. This is the case where the fundamental hypermultiplets are

infinitely massive.

The naive global extension of the above configuration along the lines of [77] will
lead to a non-susy configuration. This is because we have assumed that the global
extension of a configuration like (3.7) is Kéhler in the presence of a Byg field like (3.4)
away from the orientifold point. The simplest global extension that we will study here
as the starting point for the IIB geometric transition is a non-Kéhler manifold with
D5-branes wrapping two cycles of this manifold. Of course it may be possible to add
other branes and fluxes to make the ambient space conformally Kahler, but we will
not do so here. We will use the following set of duality transformations, recently
proposed by [54], to get our type IIB intial configuration.

e Our starting point would be a non-Kéhler type IIB metric with a background dilaton
¢ and NS three-form Hj that satisfies the standard relation Hy = €2 x d(e=2¢.J) with
J being the fundamental (1,1) form.

e On this background we perform a S-duality that transforms the NS three-form to

RR three-form F3, and in the process converts the dilaton to —¢ without changing

the metric in the Einstein frame.
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e We now make three T-dualities along the spacetime directions 21?3 that takes us

to type ITA theory. Observe that this is not the mirror construction.

e We lift the type IIA configuration to M-theory and perform a boost along the
eleventh direction. This boost is crucial in generating DO-brane gauge charges in

M-theory.

e A dimensional reduction back to ITA theory does exactly what we wanted: it gener-
ates the necessary number of DO-brane charges from the boost, without breaking the

underlying supersymmetry of the system.

e Once we have the ITA configuration, we go back to type IIB by performing the three

123 directions. From the DO-branes, we get back our three-brane

T-dualities along x
charges namely the five-form. The duality cycle also gives us NS three-form Hj as
well as the expected RR three-form Fj. Therefore the final configuration is exactly
what we required for IR geometric transition: wrapped D5s with necessary sources on
a non-Kahler globally defined “resolved” conifold background. Also as expected, the
background preserves supersymmetry and therefore should be our starting point. This
background should also be compared with the one given in [77] that solves EOM but
do not preserve supersymmetry. To start off, we switch on a non-trivial background

dilaton ¢(r) and a NS three-form Hyg on a background outlined by the following

metric:
ds? = h'2e?d32 05 + h ™2 ds? (3.11)

where we have defined the variables in the following way:

e R ! ~ 2
h = 6_2¢h_2F_4cosh26 ~ sinh?B’ dspra3 = Fodsgas (3.12)
0

2
dsg = Fy dr® + Fy(di + cos 01dgy + cos Oaddo)” + Y - Fopi(dB? + sin’6;dg?)

i=1
with 5 being an arbitrary constant and F; = F;(r) are functions of the radial coor-

dinate for simplicity. Observe that in the first equation of (3.12), h appears on both

sides, and so we need to solve a cubic equation whose real root will give us the actual
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warp factor h. In general we expect F; to be functions of all the internal coordinates.
We will give an example of this soon when we derive a more precise initial metric.
For the time being we will consider (3.11) to be our starting point. Also to preserve

supersymmetry! | we expect:
Hys = €**xd (e7*)) (3.13)

where J is the fundamental form associated with the metric, and we can choose to

impose one of the following two conditions on the NS three-form:

dHns = d*dJ —dx*(dp N J) = sources
dHxs = dxdJ —d*(dpNJ) = &/ (tr RAR—Tr FAF) (3.14)

The first condition is what we require here. This will give rise to the IR wrapped
D5 branes theory on non-Kéhler resolved conifold set-up (after the chain of dualities
mentioned above). The latter case will be for the heterotic theory. We can use the
non-closure of Hyg to study not only the vector bundles F' on the heterotic side, but
also the possibility of geometric transition in the heterotic theory! We have alluded
to this possibility in our earlier papers [44, 112]. We will try to complete that side of
the story in our follow-up paper [76].

Now following the chain of dualities mentioned above, we can get the following

type IIB background:
F3y = h cosh 8 €2? xd (eiZd)J) , H3 = —hFjsinh 3 e*d (e*%J)
1
Fy = _Z<1 +#)dAg A dx® A dat AdaP AdaP, Guow = —0 (3.15)
ds® = Fydsg g + 1 dr? + Fy(dv + cos 01dpy + cos Oadehy)?

2
+) " Fopi(d6} + sin®6;de7)

=1

1 Or, equivalently, preserving SU(3) structure.
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which is, by construction, supersymmetric and since F3 is not closed it represents
precisely the IR configuration of wrapped D5-branes on warped non-Kéahler resolved
conifold. The five-form is switched on to satify the equation of motion with

cosh § sinh B(1 — e**h=2F;*)
e~20h=2 [ *cosh?B — sinh?g

Ay = (3.16)

Therefore this is starting metric, whose local forms we studied in details in [44, 112],
should be taken instead of the metric derived in [77]. The ISD condition for our case

gets modified to the following condition on the fluxes:
coshB Hz + Fg sinhfBxF3 = 0 (3.17)

which may be compared to [54]. Our derivation could also solve the long stand-
ing problem of finding the supersymmetric configuration of wrapped D5-branes on a

resolved conifold set-up.

3.2.2 DMore explicit type IIB background before geometric
transition

In the above section we saw how one could derive the precise intial metric that
not only serves as starting point for geometric transition, but is also supersymmetric.
One may make this more specific by solving the SU(3) structure condition specified
in section 2.4. This is worked out in Appendix A of [42]. The metric derived this
way has many non-trivial components compared to our initial ansatze (3.15). This is
not a problem in itself, because we can always do some coordinate transformations
to bring the metric that doesn’t have components like g,, where u = 0;,¢;,14. But
the metric will have other non-trivial cross-terms. It may be possible to make further
coordinate transformations to bring the above metric in a form that closely resembles
(3.15), but we will not pursue this here as this doesn’t change the underlying physics.
Instead we will continue using the background (3.15) and assume that the values
of the coefficients F; are to be fixed using our above metric configuration. Other
possible cross-terms, not considered in (3.15), will only make the ITA background

more non-trivial without revealing new physics. Henceforth our starting point would
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be (3.15) with the assumption that the coefficients are to be derived from the metric
discussed in the above subsection. Once we know the metric, we can follow up the
steps described earlier to compute the three-forms. The NS three-form Hs has the

form:

Hj

T + (Zgbgl\/ F1F2 COS 81 + vV Fng sin@l + 2¢TF3 sin 81
hFg sinh 3

—  Fy.sinfy)dr A dOy A doy

+  (2¢4, \/ﬁCOS 0y + \/ﬁsin Oy + 2¢,. Iy sin 0y

—  Fy.sinfy)dr A dfs A dops

— 29,/ FLFadr A dib A dby — 2g,\/Fi Fadr A dip A dby

+ 209, \/ﬁCOS Oodr N\ dby N dps + 2y, @cos Ordr N dfy N\ do,
— 209, F3sin61dfy A dbs A doy + 2¢g, Fysin O2df; A dby A dps (3.18)

where we have defined ¢, = 9,¢ with a = 0;,7 as ¢ = ¢(r, 61, 02) for simplicity. A
constant ¢ is not good for us, and also leads to certain issues detailed in [90]. Once

we have Hj, we can get dHj3 as:

dH
- 5 = [(hF§)92(2¢91\/F1F2 cos Oy + /FiFysin ) + 26, Fysin 61 — Fy, sin 6,)
S11

CO(RE2), b6,/ FLFs cos 0y — 2(hF2), b, Fy sin 91} dr A d6y A doy A do,

| = (hFR)o, (2600,\/FiFy c0s 5 + v/ FiFysin 0 + 26, Fysin 0, — Fiy sin )
F2(RE2)g, b9,/ FLFy c0s 05 + 2(hF2), g, Fy sin 02] dr A df; A dfs A di

+2 [(hFé)aml VEF, = (hF)o, 05, Jﬁ} dr A dfy A dfy A dy)

120 F2 ¢y, sin0y(/F Fy — Fy,)dr A dfy A dfy A dey

+2hF2pg, sinOy(Fyy — /FLFy)dr A dfy A dfy A deps (3.19)

with Fj. = 0,F; and (hEF}); = 0;(hF?). From (3.19) it means that if we make
(VEF=Fy), (Fiu—vEE), ((RF)0, 00— (hF)as0, ) and ((hFR)o,6,— (RFE)e0, )
identically zero then Hj will be closed. One however may worry that making Hj

closed implies too much constraints on the F;’s. For the present case this may still
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be okay because the initial choice of the background (3.12) forms a class of solutions
parametrised by our choice of F; and the dilaton ¢. A specific choice of the background
with a specified complex structure and Kahler class is exemplified in Appendix A of
[42]. For this case we can define a closed three-form with appropriate choice of the
dilaton, so that our choice remains generic enough. Thus the Byg field can be gauge

transformed to have only the following components:

bM[J == /-2hF02 Sil’lhﬁ ¢91\/ FlFQ d@l, b91¢1 = /QhFOQ sinhﬂ ¢92F3 Sin91 d@g,

brg, = / —2hF§sinh B ¢p,\/ F1Fycos 0y da, bg,y, = [ 2hFy sinh 8 ¢, Fysin by db,

brg, = /—QhFO2 sinh 8 ¢g, \/ F1 F5 cos 05 dby (3.20)

where we see that there are three new components of the form b,., compared to the
local case [44, 112]. This is expected because we are no longer fixed to r = ¢, but have
global access. However before moving ahead we will pause to comment on switching

on other possible components of the Byg field of the form:

2
Doy ddr Addo + D by ddi A dip (3.21)

i=1
Such choices of Byg fields would make the type ITA background non-geometric. So
far locally we saw that the type IIA backgrounds remains geometric but does become
non-Kéahler. Is there a possibility that the ITA background globally is non-geometric
also? We will reflect on this point later, but for the time being we will assume that
the Byg field is only of the form (3.20) and doesn’t have additional components like
(3.21).

61



Next comes the RR three-form F5. From our previous set of duality arguments,

this is given by:

hF@fﬁhﬁ = 2KF\F,F3F, sin 0y sin 6, (¢g, sin 6y cos 0y — ¢g, sin Oy cos 01 )dr A doy A deps
JrKF32 sin? 0, sin 05 (2, @Fll sin 0y — FQ\/ECOS 0y

—2¢,FyFy cos Oy + FyFy, cos63)df; A doy A dos

+ K F? sin® 6 sin 0 (—2¢s, @sin 0, + FQ\/ﬁCOS 0,

+2¢,. FyF3 cos 0y — FyF3,. cos6)dfs N\ dopr A dgpo

— K FyF2sin® 0,(2¢, Fy sin 0 4 \/F Fysin 6, — Fy, sin6)dy A déy A dy
— K FyF2sin? 05(2¢, Fy sin 0y + /F1 Fysin 6y — Fy, sin0)d A dfy A deps
—2¢9, K F1 Fy FyFy sin 6 sin? Oodr A dip A des

—2¢9, K Iy Fy F3Fy sin 0, sin? ydr A dap A depy (3.22)
where as before ¢, should be understood as derivatives on ¢ i.e J,¢, and we have
defined K as:

- cosec B cosec 04
VI FyF3Fy

Note that dF3 is no longer closed, and will be related to delta function sources coming

(3.23)

from the wrapped D5-branes.

Once we have the explicit forms for the three-forms, to satisy the type 1IB EOMs

we will now require RR five-form. This is easy to work out, and is given by:

1
jo- Z[—AOTdr/\dt/\dx/\dy/\dz—Aogldel/\dt/\dx/\dy/\dz
—A092d02 Adt A\ dx A dy ANdz — PF2F3F4 SiIl2 81 Sil’l2 92
(Ao FyFydtp A dfy A dfy A dy A debs + Agg, i Fadr A dip A dBs A depy A dep

+A092F1F3d7“ N d’l?b VAN d91 VAN d¢1 A dqbg) (324)
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where Ag, = 0, A and Ay is given in (3.16). We have also defined P as:

_ cosec cosec O,
VR F,F2F5F,

Thus with (3.18), (3.22), (4.44) and (3.15) we have the complete susy background in

(3.25)

type 1IB before geometric transition. In the following subsection, we will use this to

compute the type IIA mirror configuration.

3.2.3 The type IIA mirror configuration

As it stands, the metric in (3.15) has three obvious isometries associated with
translation along the three angular directions ¢, ¢ and 1. So there is a natural T?
embedded in our configuration, and one might naively think that the mirror would be
three T-dualities along T?. Such a simple transformation doesn’t work for our case
because our configuration represents the IR limit of a cascading gauge theory where
the base of the three torus is small. Mirror transformation a la SYZ [80] works exactly
in the opposite limit! So naive T-dualities will not give us the mirror metric, and we
need to first make the base, paramerised by 6,0, and r, very large? . The simplest
way to do this would be to make the following transformation on the background

(3.15):

dyp — dip + f1cos Oy dfy + fy cos Oy dbsy
dpy — d¢y — fi dby, dpo — dpa — fr dby (3.26)

with the assumption that f; = fi(6;) so that the transformations (3.26) would be
integrable. Note that these transformations are similar in form as in the first reference

of [44, 112] and would change the complex structure of the base accordingly.

2 This effectively means that the distances along the 6; directions have to be made
very large, as r is non-compact. See also our earlier works [44, 112] where this has
been explained in more details.
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Under these transformations the Byg field generates extra components b,g,, byg,.

It is however interesting to note that they vanish as follows:
br91 = fl(brw COS 01 - br¢1) = O, br92 = fg(br¢ COS 92 — br¢2) =0 (327)

implying that the Byg field do not change under the transformation (3.26). This is

similar to the local case also [44, 112].

On the other hand the RR three-form does change under the coordinate transfor-

mation (3.26). The extra components of the three-form are the following:

Fro,0, = fifo(Frgig, — €801 Fryg, +cos0aFyg,),  Frgpo, = — filpe,

Frovgy = = f1(Frgip, — 0801 Fryg,),  Foio,e, = fo(Foygi0, — €08 02Fyg,4,),
Froyg, = fo(Frgrg, +c0800F 00, ),  For,6, = f1(Foagig, + €801 Fyayg, ),
Froy00 = f200800F 00, Frpg, = —foFrpsss  Frovgy = f1cos01Frps,  (3.28)

A physical reason for this change can be easily understood: under the coordinate
transformation (3.26) the base parametrised by (6;,62) become large. This means
that the associated RR three-form field strengths increase simultaneously, which is of
course what we see in (3.28). Note that the component F}g,p, dominates over all other
extra components in (3.28) because this lies exclusively on the base parametrised by
the coordinates (r,6;,6,) which is made much bigger than the T? fibre parametrised

by the coordinates (¢, ¢1, ¢2).

Once the three-form F3 changes, the RR five-form also has to change. Its is easy

to show that the extra components of the five-form are:

Frg,600160 = f1€0801Fryoy016, — f2cO802F 9,616,

Frp,10060 = J1Frgaintns  Froonooer = fol 0,61 (3.29)

satisfying the background EOMs. All these extra components will give rise to RR
four-form in Type ITA after mirror transformation, as we will show soon. But before

that let us infer how the metric changes. Under the transformation (3.26) the metric
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(3.15) takes the following form:

2
ds* = Fydsh s + Fy dr? + Fy(di + cos 01dpy + cos Oadgs)® + Z Fyy; sin?0;d¢?
i=1
2

+§:Fﬁdl+ﬁ$ﬁ&ﬁ@tﬂﬁﬁﬁﬂﬁ@d@W4 (3.30)

i=1
which in fact does exactly what we wanted: it enlarges the 6;-cycles, but doesn’t
change the Byg field. For SYZ to work properly, we require the base size to be very
large, and therefore we will require f; also to be large. This conclusion fits well with
the local picture that we had in [44, 112]. Note that we have also generated cross

terms. These cross terms will be useful soon. The eleven metric components are:

Jr = F1y  Jowey = —iFsin®01,  jaye, = — foFusin®0y
Jup = Fo(1 =€), Jgp = Focos 01, g,y = Frcos Oy
Jir = Fycos®0, + F3sin6;, Joods = Fycos%0 + Fysin?6s (3.31)

j¢1¢2 = FZCOS 91625 j9191 = FS(l + f1251n291)7 j9292 = F4(1 + f2281n292)

where € is a very small number. Let us also define another quantity « in the following

way:
a ! = FyFusin®0,sin%0, + FyFycos?0,sin%0y + Fy F3sin60;cos0, (3.32)

away from the point (61,6,) = 0. Now assuming that fi, fo are very large, we can
perform the mirror transformation along (v, ¢1, ¢2) directions. The mirror metric in

type IIA takes the following form:

ds?

mirror

= Fydsgyygs + ds (3.33)
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where the six-dimensional internal space is a non-Kéahler deformation of the deformed
conifold in the following way:

OéFQ

2 _ F 2

[dw — by,dr + Ajcos 0; (d¢1 — by,g,d0; — b¢1,dr>
2
+Agcos s <d¢>2 — by, 02 — b¢2rdr>]
. 2 . 2
T AJgagy (d¢1 — bg,0,db1 — by, rdr > + Qi1 (d¢2 — bg,0,d0> — %rd?”)
— 205,05 (461 — b0, 01 — bgyylr ) (A2 = b,y — by (3.34)

— 20,0, (%) d61d0; + (F3 Ry ffcos%)def v <F4 R fgcos292)d9§

and we have defined A; in the following way:
A1 = aFyFsin®fy, Ay = aF,Fssinf, (3.35)

At this stage we can extract the consequence of the fact that both f; and f5 are very
large. This fits perfectly well with the mirror metric because f? as well as fi fo come

with the coefficient €. This means that if we impose the following constraint:

Jife = —«a (3.36)

i.e both f; proportional to ¢ /2, it will bring the cross-terms in the metric to the

following suggestive form:

210, [d@lcw? . (d¢1 — by, d0; — b¢1rdr) (d@ — by, d0s — b@,,dr)] (3.37)

In the limit by,o = bppa = 0 with a = 7,0;, (3.37) is in fact a term of the deformed
conifold! The above conclusion seems rather encouraging, provided of course (3.36)
is satisfied. In the local limit, similar condition also arose (see the first reference of
[44, 112]) and we argued therein that as long as we can define

(=1)"a)s

fi o« \/E

(3.38)
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where (a); depend only on 6; the constraint (3.36) is satisfied. Therefore a condition
like (3.36) works perfectly well in the local case. Question is, can we satisfy (3.36)

also for the global case?

The answer is now tricky. We demanded that f; = f;(6;), otherwise global coor-
dinate transformation like (3.26) cannot be defined. This means that F; appearing in
the definition of « in (3.36) will have to be highly constrained. Generically this is not

possible? | but in special case this may happen.
The special case arises if we allow F3 to depend on the angular coordiate 6; also
in such a way that

(B1B2) "t + F3Fysin®6,sin6,

Fy(r,0,,05) = —
Q(Tu 1, 2) F4(308291Sin292+FBSin201COSQG2

(3.39)

where f; = % This tells us that the radial dependence of F, is fixed by F3(r)
and Fy(r), but the angular dependences are pretty much unfixed because f3;(6;) are
arbitrary functions of 0; respectively. However the above relation (3.39) already looks
tight, but let us move on and see how far we can go with these kind of arguments.
Our next question would therefore be: is there a way to fix the angular dependences

also?

To see how to fix the angular dependences, we can go back to the equivalent local
limit of (3.37) where the particular way of writing the metric allows us to make a
coordinate rotation to bring the term (3.37) into the more familar deformed conifold
form [91]. This, as we know from [91, 44, 112], is only possible iff other terms in

the metric remain invariant under the coordinate transformation. If this condition is

3 For the local case « was defined at r = 7 so this subtlety did not arise and, as we
discussed above, we used (a); to define f; so things were perfectly consistent there.
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imposed globally, then it would imply the following two relations:
[ F3 — 0o,
= 42 TI0202
b Fycos?6,
Fy—aj P11
= () 3.40
& + Fycos?6, ( )

In the local case, studied in the first reference of [44, 112], relations like (3.40) are
consistent in the sense that (3.36) is satisfied. Unfortunately, this is no longer true
for the global case generically because the above relation along with (3.36) would lead
to inconsistent set of equations. Therefore in general the mirror metric will take the
following form:

OéFQ
A1Ay

ds? = Fydr? + [dw — byrdr + Ajcos 0, (d¢1 — by,0,d01 — bqslrd?“)

2
+Agcos b5 (d@ — by, d0s — b¢2rdr)]
. 2 . 2
o @sson (61— boso, @0 = boyrdr) + g, (A2 = byl — by
= 2055105 (401 = boro @81 — b,y ) (A2 — bsouds — byyear)

— 2j¢1¢26152 d91d92 + <F3 — FQB%C08291>619% + <F4 — F2522C08292> deg
(3.41)

Only in very special cases, where (3.40) and (3.36) are both simultaneously satisfied,
we expect the mirror to take the following symmetric form:

OéFQ

dst =  Fydr® + AA,

[dw — by,dr + Ajcos 6; <d¢1 — by, d0; — b¢1rdr>
+Agcos Oy <d¢2 — by, d0s — bwdr)] i

U gaga [0 + (A — oy, b — bm,,drﬂ

gnn |03 + (2 — ooty — b¢2rdr>2}

20514, [d91d92 . (d¢1 by, — bwdr) (d@ — by,o,d02 — b¢2Tdr>

[ —
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which is strongly reminiscent of the deformed conifold! Observe that both the forms
of the metrics are finite and well defined. This tells us that our procedure of making

the base large before performing SYZ [80] is logical and correct.

On the other hand, the cross term that we developed in the metric appears as
the Bng field in type IIA theory. Expectedly, this B-field is large and is given by the

following form:

B/ = Oéleg Sil’l2 ‘91 (FQ COS2 92 + F4 SiIl2 62) dQl VAN dqbl
+ afy Fysin® 6, (F2 cos? 0, + Fjsin? 61) dby A dogo

€
1- 0,do 0,d0,) A di (3.43
" ( aF,yFy sin? 6, sin? 92) (f1 cos 61df, + fz cos 0,db,) Y ( )

In the limit € — 0, the last two terms are pure gauge. In the local limit (see the first
paper of [112]) all the F; were constants, and so B became a pure gauge when written
in terms of (a);. This doesn’t seem to be the case globally, unless of course F;'s are

of some specific forms.

The wrapped D6 brane two-form charges now come partly from the type IIB
three-forms and partly from the five-forms. The three-forms contributions to the ITA

two-forms are given by the following components:

Fuo, = Fo60005  Fuoo = Foyg000,  Fyr = Figiors

~ 2J610 2Jpe
Fyyr = Fropp + =" Fop + = Fr,)
Jo1é1 Jb1¢1
Fopr = Fyirp + 20(Jgoudones — Jorndone) Frois
= I
Fy10, = Fyoyg, + 25— Fg,6,0,,
Jé161

~ J J
Fag, = 27222 Fy g0 + 272 Fy 5001,

P11 P11

Fooo, = Fygio, + 20(Jgapdonsy — Jorsadonw) Forsann

F0, = 20(Jgpplondr — Jordodone) F o600, (3.44)
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Similarly, the five-forms contributions to the type IIA two-forms are given in terms

of the following components:

Fo,0, = Fy0,006160 + D205 Fypo, 61 + Do,y Fipose

~ J J
FT91 = FT91¢1¢2¢ + bthetd1¢1 FT’T/J¢2 + <b¢27" + ~¢1¢2 b?”(bl) Fw91¢1 + ‘Wl b91¢1 F?“¢1¢2
Jb1¢1 Jp1¢1

T Jono
" (bw - bwl) Fy 6160 + =09,y Fropg,
P11 Jp1é1

Fro, = Froyg1600 + brgy Fiporgy + by Fosgiin — Dos Frypg (3.45)

All the above components are finite and give rise to the required D6-branes charges.
However since the B-field is large, to compensate this in the EOMs we need large
G-fluxes in type ITA. These fluxes come exactly from the extra three- and five-form
components (3.28) and (3.29) respectively. These three- and five-form components

give rise to twelve components of the four-form fluxes in ITA namely:

ﬁrwelaz, ﬁr'[[u%d)p ﬁwelqsz, ﬁrweml

ﬁrwemg, ﬁr9192¢17 ﬁrelemm ﬁrelmqsz

Frsnsns  Fotinsrs  Fonionss  Forvsonss (3.46)
These components are listed in Appendix B of [42] which the readers may refer to
for details. Combined with (3.43), these fluxes lift to M-theory as G-fluxes with com-
ponents along the spacetime and the eleventh directions respectively. Interestingly,
both the metric (3.41) or (3.42) along with the two-form flux components (3.44) and
(3.45) lift to a geometrical configuration in M-theory, which we expect to have a G3
structure. This is of course expected because both the non-Kéahler deformed conifold
as well as the wrapped D6-branes tend to become geometrical configurations when

the type ITA coupling is made very large. In the following sub-section we will dwell

on this in more details.
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3.2.4 M theory lift, flop transition and type IIA reduction

The lift of our type IIA mirror configuration to M-theory is rather straighforward.
The eleven-directional fibration is given by gauge fluxes derived from the two-form
components (3.44) and (3.45). It is easy to show that we need only Ay,, Ay, and A,
components. Using these, the M-theory lift of our ITA symmetric mirror metric (3.42)
1s:

aky
A1As

2 _ —2¢ 2 2 o

+Ajcos 6, (d¢1 ~ byyoydfy — b¢1rdr> + Aocos s (d@ by, — b¢2rdrﬂ i
IR [def + (dgbl — by g,y — b¢1rdr)2]

. 2 2
g 03+ (A2 — byl — bypdr )|
204,00 [ 01085 — (A1 = by0,081 — byyyr) (A2 — by, 0 — by ) | }
2
te¥ [dxn + Agydy + Ag,dds + Ag, + Ag,dbs + A,,dr] (3.47)

It is easy to see that the non-symmetric mirror metric (3.41) will also lift to M-theory
in an identical way. The local limit of the (3.47) is precisely the one discussed in the
first paper of [44, 112] and, as discussed therein, we expect the manifold (3.47) to
have a G5 structure to preserve supersymmetry. To see this for our case, we have to
express the metric (3.47) in terms of certain one-forms similar to the ones given in
[112] (see also [92]). Following the first paper of [112] we first express the B-fields
appearing in the fibration of (3.47) in terms of periodic angular coordinates A; in the

following way:

tan\; = bgg,, tande = by, tands = by,
tan Ay = by, tandy = by (3.48)
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Using these we can define two set of one-forms. The first set, called o; with ¢ =1, .., 3,

can be expressed in terms of \; as:

o1 = sinyy(dey — tan A\ydr) + sec Ay cos(¢y + Ap)dby,
oy = cosy(do; — tan A\gdr) — sec Ay sin(ey + Ap)db,
1
o3 = d¢1 — 5 tan /\3d7“ + Al COS 81(d¢1 — tan )\1d61 — tan )\4d7’) (349)

and the second set can be expressed in terms of \; as:

21 = —sin @bg(dgﬁg — tan )\5d7“) + sec )\2 COS<¢2 + )\2>d92,
Yo = —costhy(dps — tan Asdr) — sec Ag sin(y + Ag)dbs,
1
Yz = dipy + B tan A\3dr — Ay cos Oz (dpy — tan Aodfy — tan Asdr) (3.50)
At this stage one may compare these two set of one-forms to the ones given by eq.

(6.2) and eq. (6.3) in the first paper of [112]. The definition of ¥, and ) follow

exactly as in [112], i.e
dy = dipy — ds, driy = dipy + dipy (3.51)
Furthermore we can perform the following rotation of the coordinates:

Do, cos Yy —sin Yo | [ Do
%

(3.52)
dbs sin g cos 1y dfs

with Doy = dpg — by,p,d02 — by, dr and 1)y a constant. If we make this transformation
to the symmetric mirror metric of type ITA (3.42), this will lift to M-theory not as
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(3.47), but to a more suggestive configuration:

dsh = e {F0d53123 + Fydr? +

OéFQ
A1Ay

[dzp — byydr — byg,dos

2
+Ajcos 6, (dgbl — by g,y — b¢1rdr> + Agcos fac0s (dgbg — by, d0s — bwdrﬂ

+ 0 pr5 [def + (dd1 — by,0,db1 — b‘z’lrdr) 2]

+2050,6,€08 Yo | dO1dB — (d¢1 — by g, — bwdr) (d@ — by, d0s — bwdrﬂ

(

+jg14, [d@% + <d¢2 — gp0,d0> — deT)Q]
|
|

+20,j4,0,510 Vo | (01— bgy0, 401 — byyydr ) A8 + (A2 — b0,y — by ) 6] }

~ ~ ~ ~ ~ 2
e [dons + Ay, don + A,y + Ay, + Ay, dt + A

where we have introduced a B-field fibration using bys, = A9 sin ycos 02 to modify

the di fibration structure. The eleven-dimensional fibration structure will also change

accordingly because we can always express the Ag,dgs term in dxyy of (3.47) using

D¢o. Thus the overall eleven-dimensional fibration will retain its form but with shifted

A, fields denoted above by the Zu fields. In terms of the fibration components of

(3.47) one can show that th = A¢l,g91 = Ay, and the rest of the components can

be presented in the following matrix form:

‘Z¢2

Ag,

A,

COS wO + b¢292 sin %

= —(1+b3§292)sin¢0

b¢27»(1 — COS @ZJO — b¢292 sin ZZ)())

sin vy 0

cos Py — bg,e, sinyyy 0

—b¢2r sin wo 1

A¢2

Ar
(3.54)

Additionally with the above modification, the above metric is surprisingly close to the

uplift of a non-Kahler deformed conifold metric with wrapped D6-branes to M-theory
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provided we can make an additional substitution in (3.53):

Yo — ¥ (3.55)

Making such a substitution may lead one to think that the 1) isometry that we have in
(3.47) is removed. This is not the case with the non-Kéhler deformed conifold because
the extra B-field component byg, in the di fibration structure of (3.53) as well as the
vector fields ZM in the dxq; fibration structure transform non-trivially under shift in
¥ to restore the isometry! One may also do a somewhat similar rotation like (3.52) to

the non-symmetric type ITA metric (3.41) and bring it in a more suggestive format.

Under the rotation (3.52), the one-forms (3.49) and (3.50) should also change. In
fact only the second set of one-forms (3.50) changes under (3.52). These changes can
be easily worked out and, to avoid cluttering of formulae, we will rename the changed
one-forms (3.50) as 3; also. Thus the one-forms for our purposes will be (o;, ;) with
Y; to be viewed as the rotated one-forms. Using these one-forms we can rewrite the
M-theory metric in two possible ways. The first one is the lift of the non-symmetric

type IIA metric (3.41):

ds: = g dr* + gi(o3 + 23)? + go(03 — X3)?
+ g3(sin 101 4 cos P103)” + gs(cos 1oy — singi02)?
+ ga(sin a1 + cos ¢ 3)* + Ga(cos 123 — sinthr¥s)?
+ g5(sinhyoy + cos09)(sin P Xy + cos edly)
— gs(cos oy — sin109)(cos ¥y — sin by dly) (3.56)

where we have defined the coefficients g;, g; as:

—24/3 aFZ o
A1A27 g3 = ]¢2¢27

gr=e2BR, g =€ g =c
g3 = F3 — Fyf7 cos® 01, g1 = Qfgg,, Ga = Fi — 285 cos® by

gs = 204j¢>1¢2a g5 = 25152%1@ (3-57)
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The second way to rewrite the metric is a little more suggestive of the way to perform
the flop operation on the M-theory manifold and has a nice form for the symmetric
case (3.42). The local form of this has already appeared in the first reference of [112],
and the readers may want to look at that for more details. Here we will simply quote
the result:

2 2
ds3 =01 Y (0a+(Ta)*+ 03 Y (04— (Ta)” + 03(03 + T3)* + aj (05 — Ts)” + adr?
a=1 a=1

(3.58)

The above is a familiar form by which any G5 structure metric could be expressed.
Once we switch off A\; the manifolds has a GG3 holonomy. The coefficients «; and ( are

not arbitrary. They are fixed by the EOM and, for our case, they take the following

: J
\/204 <]¢>2¢2 - %)

20 _o | aFy _9 Jé161
3 = €3 gy =€ 34 —— as = e 34/ F} C: —_
’ AVYACY ’ T2

The operation of flop on the above metric (3.58) has already been discussed in details
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in sec. 7 of the first reference of [112]. Using similar techniques, after the flop we

expect the metric to look like:
ds% = al(af + ag) + ag(Z% + 23) + az(o3 + 23)2 + aq(o3 — 23)2 + azdr® (3.60)

with a;, i = 1, ..., 5 are some coefficients to be determined. Due to the global nature

of our metric, the operation of flop can be performed by a class of transformations
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parametrized by the values of a, b etc. in the following way:

oy aoy + 0¥, X1 eop + fX,
09 — COg + dZQ, 22 — gog + h22,

O'3+23|—>0'3—23, 03 — 23 > 03 + 23 (361)

Now comparing (3.58) and (3.56) one can pretty much fix the coefficients ¢, d etc. in

terms of a, b in the following way:

f—a k*Gy + kG5 + G4 d=b WGy + pGs + Gy
N w2G5 +(.UG6 —|—G47 T2G5 +TG6 +G4

e=ak, g=cw, f=bu, h=dr (3.62)

The other coefficients appearing above, namely, k, w, u, 7 satisfy the following equa-

tions:

2G1 + QkﬂGg + (k + ,U)Gg = O, G7 + k”i‘Gg + TG9 + k’Glo = 0,
2G4 + 2TC¢)G5 + (T + W>G6 = 0, G7 + w,uGg + WGg + ,uGlo = 0. (363)

whose solutions are fixed by the following values of GG; determined from the G5 struc-

ture metric (3.56) or (3.58) using (g;, g;) defined earlier in (3.57):

Gy = ggsin® ¥y + g3 cos® 1y, Gy = gy sin® iy + gy cos® 1o,

G = g5 sin iy sin gy — gs cos Py cos o,

G4 = g3 cos” i1 + gzsin’ 1y, G5 = g4 c08% 1)y + Gy sin? o,

Ge = g5 cos 1 cos by — g5 sin ¢y sin ¢y,

Gr = (g3 — g3)sinypycos ¢y,  Gg = gssiny cos g + g5 cos ¥y sin iy,

Gs = (g4 — g4) siny cos by,  Ghg = g5 cos iy sin iy + g5 sin ¢y cos .
(3.64)

Using all the above relations, the a; coefficients in the M-theory metric after flop

transition (3.61) can be determined in terms of (a,b). The final form of the metric
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therefore is given by:

dS%l = 6_%F0d3(2),1,2,3 + g,dr® + gi(o3 — 23)2 + ga(03 + Z3)2
+a?(K*Gy + kG3 + G1)(0F + 03) + b*(*Gy + uGs + G1)(35 + X3)
(3.65)

We are now one step away from getting the type IIA metric from the above metric.
Reducing along x1; the metric takes the following form in type ITA theory:
ds?y = Fods2, oq + Frdr® + €% [d¢ — byudat + Ajcos 6 (d¢>1 — by g,d0; — b¢1,,dr)
~ 2
+Agcos Oy <d¢2 — by, d0s — b¢2rdr>}

+ a2 (k3G + kG + G) [d? + (6% — bg,0, 0, — byyrr)?]

e TR (20 + uGy + ) [deg + (g2 — byy0,d0s — bwdr)ﬂ (3.66)
which has an amazing similarity with warped resolved conifold! The above metric is
completely global and supersymmetric, and should be viewed as the gravity dual in
the IR for the gauge theory on wrapped D6-branes before geometric transition. In

this background there are no six-branes. The wrapped D6-branes have dissolved in

the geometry, and is replaced by the following one-form flux components:
A= Aycos 6, (dgbl — by, d0; — bwdr) — Ascos b <d¢2 — by, d0s — bwdr) (3.67)

with A, is a slight deformation of A, appearing from the rotation (3.52) before the
flop operation. The type ITA background also supports an effective dilaton, that

measures the ITA coupling, and is given by:

Qe = zlﬂ(m) (3.68)

Before we end this section, there are a few loose ends that need to be tied up. The

first one is related to the M-theory G-fluxes. These G-fluxes stem from (3.46) and
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(3.43) in type ITA, and they are in general large? . In the local picture both (3.43) as
well as (3.46) components were all pure gauges, and therefore they did not contribute
to the background. Here we expect they would, and therefore we need to see how

these fluxes behave under:

e The rotation of coordinates (3.52), and

e The flop transformation (3.61).

Both these effects can be easily worked out if we can express our fluxes (3.46) and
(3.43) completely in terms of the one-forms (3.49) and (3.50). As we noted before,
under the rotation (3.52), the one-forms (3.50) changes accordingly. Therefore to
compensate both the changes, namely rotation (3.52) and the flop (3.61), all we need
is to express the M-theory lift of the fluxes in terms of (3.49) and the transformed
(3.50). The latter can be easily performed by first expressing the G-fluxes in terms of
(3.50) and then change ¥; to the transformed ¥; (recall that we are using the same

notation for ¥; and its transformed version).

To achieve all this, we can express the differential coordinates completely in terms
of o; and ¥;. Since there are seven differential coordinates (dr, dfy, doq, dfy, ds, diby, dibs)

but six one-forms (o;, ¥;), we can assume dr goes to itself, and then the rest of the

* In the limit where € in (3.31) or (3.36) is a small but finite number, the type ITA
flux components (3.43) and (3.46) will be large but finite. In the following analysis
we will allude to this case only.
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differential forms map to the (o, ;) in the following way:

df; = cosio1 — sinyyog,  dby = cos Xl — sin Py,
dp1 — tan A\ydr = sec A\ [sin(wl + A1)oq + cos(g + )\1)02} ,
dps — tan A\sdr = — sec Ag [Sin(@bg — A2)21 + cos(vhg — )\2)22],
dip — tan A\3dr = 03 — X3 — Ajcos 91<Sin Y01 + cos wlcrg)
+Aycos 0, ( sin Y921 4 cos wQEg)
dri1 = o3+ 23 + Aqcos 64 ( sin Y07 + cos ¢102>
—A,cos 92<Sin 921 + cos @Z)ng) (3.69)
Under the rotation and flop the flux components mix in rather non-trivial way. We
therefore expect, after the IIA reduction from M-theory, the three-form and four-form

flux components of type ITA (3.43) and (3.46) respectively before geometric transition

go to new three- and four-form flux components. They can be expressed as:
Buow = bijdz’ A da?, Foow = fijuds' Adz? A dz® A do' (3.70)

where %% = 1 0, ¢;, 1 and b; and fij are functions of (r,6;) and not of (¢, 1))
because of the underlying T-duality symmetry.
3.2.5 Type IIB after mirror transition

With the type ITA picture at hand, we are now at the last chain of the duality
transformation that will give us the supergravity dual of the confining gauge theory

on the wrapped D5-branes. Our starting points are now:

e The type ITA metric (3.66).
e The remnant of the D6-brane charges, i.e the one-form fluxes (3.67).
e The type ITA string coupling, or the dilaton (3.68), and

e The Bys and the Fj fluxes (3.70) from the remnant of the IIB shift transformations.
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Before moving ahead, let us make two observations. The first is that now we do
have components like by, g,, by, in (3.70). This would mean that the mirror type
IIB should become non-geometric! This is what one would have expected generically,
and our analysis does confirm this. Observe that locally, as in [112], this aspect of
non-geometricity was not visible because most of the extra fluxes were pure gauges.
In the global case, the system is rather non-trivial and the dual gravitational descrip-
tion may become non-geometric. Question now is whether we can look for a special
case where we can study the system as a geometric manifold. It turns out at the
orientifold point there might be a situation where we can switch off the extra flux
components and consider only the standard B-field components. Recall that due to
various rotations (3.52) and shifting (3.26) the orientifolding is more involved, as all
the internal coordinates are mixed up in these transformations. However this may not
generically remove all the necessary components. Therefore to simplify the situation,

in the following, we will study the type IIB mirror by first keeping:

B¢1¢2 = bd@i =0 (371)

so that the mirror could be geometric. Switching on (3.71) in the IIA scenario will

then make the system non-geometric.

Secondly, note that except for the Byg and the F) fluxes, rest of the components for
the metric or the one-form fluxes, or even the dilaton are all finite. The Byg and
the F) fluxes are large, and in the limit € in (3.31) is a small but finite integer, these

would also be finite (but large). To proceed further let us define:
D¢y = doy — by p,d0 — by, -dr, D¢y = dpg — by, d02 — by,-dr (3.72)
Using this, the type ITA metric can be rewritten as:

~ 2
ds?, = Fod53,1,2,3 + Fydr® + e* (dw — bydx” + Aqcos 01 Doy + Agcos 0y Dqﬁg)

+F (d@f + Dqﬁ) + F (d0§ + D¢§> (3.73)
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In this form the non-Kahlerity is obvious in terms of the fibrations D¢; and the
resolution parameters of the two two-cycles are determined completely in terms of F;

as:
.Fl = G%CLQ(]%’QGQ -+ ng + G1>, .FQ = 6%1)2(#26712 + IUGg + G1> (374)

It is now clear that to determine the type IIB mirror using SYZ [80] we have to make
the base bigger as before. The manifold (3.73) still retains isometries along (¢;, ), so
after we enlarge the base we can perform SYZ in the usual way. Since these details
are rather straightforward to work out, we will not redo them again now. To put the

type IIB metric in some suggestive format, let us define the following quantities:

- - - T -1 ~
Q= <j¢1¢1]¢2¢>2 — Jrpo T+ b5>1¢2> ) Dy = dy + grwdT

5¢1 = A / M <d¢1 + 910 del + Gro dT), 5(;52 = 1/ M (d¢2 + g¢>292d62 + gT¢2dT>
99191 99292

(3.75)

where j,,, denote the components of the ITA metric (3.73), and g,, are defined in
terms of j,, in Appendix C of [42]. Using these definitions, and taking b,4, = b,y = 0,
the mirror manifold in type IIB theory takes the following form:
~ o~ W~ N2
ds® = F2ds2, o5+ Grrdr® + guy (Dw + A, Dy + A, D@) (3.76)
90,0, (63 + DG ) + g0, (463 + D3) + o0, (46165 + By Doy D)

which looks surprisingly close to the warped resolved-deformed conifold! Clearly the

manifold is non-Kéahler and Az are defined as:

99191912/)(]51 ’ £2 _ gegeggi@’ 33 _ \/991919920293521@ (3.77)
9p161 o2 91619620290, 0,

The type IIB fluxes are rather involved, but they could be worked out exactly as

in Appendix B of [42]. We will not do so here, but discuss their implications in our

follow-up paper [76]. It is interesting that the solutions that we get in type ITA as well

as type 1IB for the gravity duals look very close to what have been advocated in the
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literature so far in the limit where we switch off certain components of the b-fields as
well as by¢,, bry. Once we keep these components then the metric (3.76) cannot be the
global description. The global description will have to be a non-geometric manifold.
In the present chapter we will not discuss the non-geometric aspect anymore, and
details on this will be presented in our upcoming paper [76]. We end this section by
noting that the duality cycle that we advocated here (and also in [44, 112] earlier)

does lead to the correct gauge/gravity dualities for the confining theories.
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Chapter 4

Gravity dual of finite temperature
field theory

4.1 Introduction

Lots of analytic results coming from gauge/gravity duality are derived for con-
formal gauge theories with N' = 4 supersymmetry in the large N limit. One may
thus genuinely be concerned about their applicability to QCD for which all these are
not true. Recent progress in this area, however, has provided us with strong hints to
overcome these limitations, and move towards models of gauge-gravity duality that
are not supersymmetric, and are non-conformal (in a sense that will be made precise

later).

The first set of models that managed to expand the original AdS/CFT construc-
tion to incorporate renormalization group runnings are [66] and [67] that connected
conformal fixed points at IR and UV, and [68] that connected the UV N = 4 con-
formal fixed point to a A/ = 1 confining theory. The next set of models, that we
would be mostly interested in, do not have any fixed points (or fixed surfaces) in the
paths of the RG flows. The key example in this set is the Klebanov-Strassler (KS)
model [6] (with an extension by Ouyang [115] to incorporate fundamental matters)
that provided an IR dual of, although not exactly QCD, but at least its closest cousin:
large N supersymmetric QCD. The UV of the original Klebanov-Strassler model is
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now known to have some issues, like the divergences of the Wilson loops at high en-
ergies, and additional Landau poles once fundamental matters have been introduced.
This means that UV completion is necessary, and to have the full gravity dual of the
corresponding gauge theory that behaves well at high energies, the KS geometry has

to be augmented by a proper asymptotic manifold.

Other extensions to the original KS model quickly followed. For example in [104,
97] the cascading picture of the original KS model was extended to incorporate black-
hole without any fundamental matter, which was then further extended to incorporate
matter in [98]. However none of the above models actually considered the full UV
completion as most of the analysis of these works were directed towards unravelling
the IR physics. Therefore issues like UV divergences of Wilson loops and Landau

poles were not investigated.

In a series of works [70, 71, 107] done over the last couple of years, the authors
tried to address these concerns. The aim therein was to incorporate the backreactions
from the black-hole, fluxes, and branes consistently so as to have a well defined UV
completion that not only allow one to get rid of all the poles etc., but also give one
a model that could come closest to what one might have expected from a large N
thermal QCD. The authors did manage to at least successfully generate such a UV
completed dual picture, but many of the backreactions turned out to be too difficult to

incorporate fully. The main aim of this chapter is to make progress in this direction.

4.2 Analysis of the background

Let us start with the model that was studied in [70]. The IR physics is captured
by the Ouyang-Klebanov-Strassler-black-hole (OKS-BH) geometry, namely, the small
r physics is determined by a warped resolved-deformed conifold with fluxes, seven-
branes and a black hole in the ten-dimensional spacetime. On the other hand the UV
physics is conformal, and is captured by an asymptotically AdS geometry with fluxes

and seven-branes.
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As discussed in [71], these two geometries, namely the asymptotic AdS and OKS,
can be connected by an intermediate configuration with brane sources and fluxes.
These branes sources were elaborated in details in [71], although many coefficients in
the background geometry were left undetermined therein. In the following we will fill

up some of these missing steps.

Let us begin with the basic ansatze for the metric in the three regions. For all the
three regions we assume that the radial coordinate r spans b < r < ry;, for Region
1 where we expect all the confining dynamics to take place; ry;, < r < r, for the
intermediate region called Region 2; and r, < r < oo for Region 3 which captures the
asymptotically conformal region. The minimum radius » = b, which signifies the cut-
off coming from the blown-up S* (as well as S?, although for most of the calculations
in this chapter we will only consider a warped resolved conifold instead of a warped
resolved-deformed conifold), maps to the expectation of the gluino condensates of
the dual gauge theory at zero temperature. Considering all these regions, the non-

extremal metric takes the following form:

1 _
ds* = Vil g1(r)dt? + da® + dy* + sz] + \/E[gg(r) Ydr? 4+ dM?
= —2AP2By? 4 eQA(Sijdxidxj + e 2By de™da" (4.1)

where g;(r) are the black-hole factors and we have taken g; = ¢o, the components go
as 1,7 =1,2,3 and m,n =4, ...,9, the warp factors A, B are defined as:

1 1
A = —Zlog h, B = élog 0 (4.2)

dM?2 is typically the metric of warped resolved-deformed conifold and & is the warp

factor that behaves differently in the three regions as shown in [71].

Observe that in the extremal limit, g; = g2 ~ 1 and the extremal metric is dual
to the low temperature confining phase of the gauge theory. To see this, note that
in the absence of any seven branes, Region 1 of the geometry of [71] in the extremal
limit is identical to the IR geometry of Klebanov-Strassler (KS) model [6]. If seven

branes are placed far away from Region 1, that is ry;, > b, we can neglect their
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back-reactions and consider the axion-dilaton field to be effectively constant as in
[6]. Hence in the extremal limit, Region 1 of [71] is identical to the IR region of KS
which, in turn, is dual to the low temperature confining phase of the SU(M) gauge
theory wherein chiral symmetry is broken. The extremal geometry can incorporate
temperature of the field theory once we analytically continue to Euclidean signature
with ¢t — 7 and impose periodic and anti-periodic boundary conditions for the bosons
and fermions on the closed time circle. Furthermore, in extremal case the entropy will
vanish. This is expected as the entropy from the dual geometry arises from the fluxes
which are at least O(Neg), where N is effective brane charge. As the deformed cone
represents confinement of charge, we expect to get Neg = 0 from the dual geometry.
This is indeed what happens as energy scale for a thermal field theory is set by the
temperature and at low temperature, only the IR degrees of freedom are excited. This
means in the dual geometry, all we need is the region near r ~ b of the deformed cone

— but in this region the five-form flux vanishes [6] and we get Neg = 0.

As the temperature is increased, we expect that the non-extremal solution will
have less free energy than the extremal solution, just as in the case for the AdS-black
holes [96], and Hawking-Page phase transition will take place [101]. The focus of this
work will be to analyze the non-extremal solution which is dual to the deconfined
phase of large N thermal QCD, while a detailed analysis of phase transitions will be
presented in a follow up paper[102].

The non-extremal solutions we present in this chapter are precisely dual to the
high temperature regime of the gauge theory — where chiral symmetry is restored
and the light degrees of freedom are deconfined. However, heavy quarkonium states
arising from the seven branes placed in the UV region can coexist with the chirally
symmetric phase above the deconfinement temperature. But as temperature is raised

even further, the heavy quarkonium states will eventually melt [108, 71].

For both extremal and non-extremal cases, typically A would have logarithmic
factors in Region 1 whereas it would have inverse r behavior in Region 3. In the

intermediate region, the warp factor will typically have both the logarithmic and
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the inverse r behavior. Therefore to summarise, the background should satisfy the

following properties:

e Fluxes are non imaginary self-dual i.e non-ISD, and become ISD once the black-
hole factors g; in the metric are removed. Therefore the deviation for ISD property is

proportional to the horizon radius 7.

e The gravity dual of the deconfined phase is given by resolved warped-deformed
conifold with a black-hole. In the limit where the deformation parameter is small, the
background can be succinctly captured by a resolved conifold with fluxes and black

hole.

e The resolution parameter is no longer constant because of the various back-reactions.
In fact the resolution parameter becomes function of r;, /r as well as g, N, and g, M 2/N
where g, is the string coupling, M is the number of bi-fundamental matter, N is the

number of colors, and Ny is the number of fundamental flavors.

From the above set of arguments, we can use the following ansatze for the internal

metric:

Gmndz™dz™ = dr® 4 r?e?P [A(dw + cos 01dgy + cos Oadpy)? + O(g,M? /N, 7}t /1)
462
1+¢6
+2f, [cos D(dB1dfy + sin 0, sin Oadrdds) — sin W (sin Oaddaddy — sin 91d¢1d92)]

+ B(d0} + sin®0,d¢7) + é(1 + F)(1+G) ( + sin202d¢§) ] (4.3)

where we will only consider the resolved conifold limit, with F' being related to the

resolution parameter (whose value will be determined later). In other words, we take:

62
fy = 0, FET—CLQ, G — 0

A = é+0(gsM2/N,ri/r4), B = é+0(gsM2/Nﬂ“i/7"4) (44)

where the numerical factor of 6 is inserted to bring certain expressions in a better

format. As we will see, this F' (or equivalently a) determines the squashing factor
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between the two spheres, and we can consistently keep the second squashing factor,

g, to be zero.

The resolution parameter discussed above needs a bit more elaboration. First of
all, as we mentioned earlier, a? is not a constant in our model. As we will show in

(4.54), the resolution parameter takes the following form:
a* = ay+1;0(g.M*/N) +1,0(g;M* Ny /N) (4.5)

where we have switched on a bare resolution parameter a2 to allow for the theory to
have a baryonic branch [99]. However even if we switch off the bare resolution param-
eter, the background EOMs will still generate a resolution parameter proportional to
the horizon radius 7. This not a contradiction with the result of [85] wherein it was
argued that one may not be able to simultaneously resolve and deform a Calabi-Yau
cone. The fact that our metric is non-Kéhler takes us away from the constraints
imposed in [85].

In the following section we will argue for these parameters and their dependences
on the horizon radius by analysing the non-extremal limit of the warped resolved-

deformed conifold background! .

1'We will continue calling this background as the Klebanov-Strassler background
as they all fall in the same class of supergravity solution.
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4.2.1 Derivation of the non-extremal BH solution for the
Klebanov-Strassler model

We first compute the non-extremal metric arising from Type IIB supergravity

action given, in the notations of [103], in the following way? :

1 (9 78“7_' G3 . ég ﬁQ
S - le — R _ a o o 5
B = 92 VT T Slmr2 T 12Imr 4-5)
1 Cyi NG NGy
Stoc 4.6
ik, / ImT7 o (4.6)

where S is the action for all the localized sources in ten dimensional geometry i.e five-
branes and seven-branes mostly from Region 2 onwards. Our aim is to re-analyse the
non-extremal Klebanov-Strassler solution. Recall that for Klebanov-Tseytlin model
the non-extremal solutions were analyzed in [104], while in [70] there have been stud-
ies of gravity duals of finite temperature cascading gauge theory with fundamental
matters® . However in [70] precise background fluxes and the warp factors taking into
the backreactions of the BH geometry were only conjectured. Here we will derive
the non-extremal metric dual to a UV complete gauge theory that mimics features of
large N QCD at the lowest energies, justifying the proposals made in [70, 71]. One
immediate outcome of this would be the verification of the conjectured dependence

of the resolution parameter a? on the horizon radius 7y,.

Our ansatz for the metric is (4.1). We look for solutions with regular Schwarzschild
horizon at r = 7. This is achieved by imposing e?») = 0 and considering solutions
to A such that e(™) =£ 0, which guarantees a non-singular horizon [104]. By solving
the Einstein equations along with the flux equations with these boundary conditions,

we will find the non-extremal solutions with regular horizons.

2 Although in this section we will use the Einstein frame to express the metric,
we will however not distinguish between the two frames in later sections because the
dilaton will be considered constant, unless mentioned otherwise.

3 See also [105] where somewhat similar analyses were also done.
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Observe that we have warped Minkowski four directions, a non-compact radial di-
rection r and a compact five manifold Mj5. The back reactions of the fluxes G5, F 5 and

A+B while Gy, will be altered due to

axion-dilaton field 7 will modify the warp factor e
the presence of a black hole and the various sources. In particular g,,, will be a warped
resolved-deformed conifold with a bare resolution parameter ay. Note however that

A+B will be essential to analyze the confinement /deconfinement

only the warp factor e
mechanism for the boundary field theory [71]. The linear confinement of quarks and
the string breaking mechanism which eventually describes the deconfinement of QQ
pair, is only sensitive to the warp factor. The exact solutions for the internal metric
in the non-extremal limit taking into account the back reaction of the various fluxes is
not essential to study free energy of the QQ pair. Nevertheless we will find the exact

form of the internal metric up to linear order in resolution function F.

We restrict to fluxes and axion-dilaton field 7 which only depend on z™ and not

on the Minkowski coordinates x*. Then the Einstein equations can be written as

Gg . ég ﬁ52 ﬁuabcdﬁ abed 9 1 1 1
L = —qu v Tloc _ — T oc
By 9o | 48 Tmr T 8- 51 1.4 TR\t T gon
R _ G?) . G_S + ﬁ52 ﬁmabcdﬁnab“l G7$Lcénbc amTan%
mn Jmn |\ 48 Tmr 8- 5l 14! ATmr | 2 [Im7]?
1
+ Ko (T},?Z - ggmnTbC> (4.7)

where Fj is given by the following self dual form
Fy = (1 + %10)da A da® A da' A da? A da® (4.8)

with o = e*4 and T'°° being the trace of

o 2 58100
V=g 69

Using the form of the five-form flux (4.8), the first equation in (4.7) becomes

loc __
T, =

a

(4.9)

Gs -Gy e 847289, ad™a
148 Tmr 4

1
R, = —g } + K3, (T;;C — ég,WTbC> (4.10)
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On the other hand, the Ricci tensor in the Minkowski direction takes the following

simple form

1

Ruu = _5 [am(gmn ng/w) + gmnrﬁ/[MamgW - gm”g'/ﬂlamguluﬁngyl,,] (4.11>

where v/, i/ = 0,..,3 and 'Y, is the Christoffel symbol. Now using the ansatz (4.1)

for the metric, (4.11) can be written as

Ry = "B [G2(A+ B) —3§""0,B0,(A+ B)]
Ri; = —nie?MP) [VPA - 3570, B, Al (4.12)

where we have defined the Laplacian as:

- 1 ~
V2 = G000 + Opg™ 0, + iﬁm"ﬁpqﬁngpqam (4.13)

The set of equations can be simplified by taking the trace of the first equation in (4.7)
and using (4.12). Doing this we get

~Ymnp
V*(4A+ B) — 3¢™"0,B0,,(4A+ B) = 6_2A_23% + 71047189 ad™a

12Im7
—l—%%()e_QA_QB(T[g” — Tl (4.14)
On the other hand using (4.10) in (4.12), one gets
Rl —R* =0 (4.15)
which in turn would immediately imply
V:B —3§""0,,B0,B = 0 (4.16)

Minimizing the action (4.6) also gives the Bianchi identity for the five-form flux,

namely

dﬁg, = H3 AN F3 + 2/{3%0T3p3 (417)
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where ps is the D3 charge density from the localized sources [103]. Using (4.8) in
(4.17) and subtracting it from (4.14) one gets the following

€2A—B

TP —a) = TGy — %Gl + e O — ) ?

+3e7 247289, BO™ (P — ) + local source  (4.18)

The Ricci tensor, on the other hand, for the ™, m = 4,..,9 directions takes the

following form

+ 3V0yB + 0, B0, B — 80, A0, A — 20, ADy) B (4.19)

where V,, is the covariant derivative given by
VVe = 0V, — TV (4.20)

for any vector V;,. Here Emn is the Ricci tensor and f;‘nc is the Christoffel symbol for
the metric g,,,. The equation for Ry is given by:
~ Gs3 -Gy G- G® 0,70,
Rmn = —9mn > E + b -
24ImT AlmT 2| Imr |2

Fma . Fabcd F abe F,uabcd

—3V,0n B — 0, B0, B + 20,, A0,y B (4.21)

which means, in general, this could lead to twenty different equations in six-dimensions
(including another one for the trace). On the other hand the equation of motion for
(G5 can be expressed in terms of a seven-form A; = x19G3 — iCy A G3 in the following
way:

dA; + ——dr AReA; = 0 (4.22)
Imr

where typically A; would study the deviations from the ISD behavior. For example,

using our metric ansatz we can express A7 as
A, = [e4A+B xg Gz — iaGg} ANdt Ndx N\Ndy N dz (4.23)
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The above choice of A7 leads us to three different classes of solutions from the Gj

EOM (4.22). These three classes can be tabulated in the following way:

o If a = e**P in (4.23) and A; = dA; = 0 then G3 must be ISD. When B = 0 then

this is the same as GKP solution [103], and in this case 7 is not restricted?® .

o If @ # e*4*8 then we can take A; # 0 but keep dA; = 0 and dr = 0. This means

A7 is closed but not necessarily exact, and 7 is a constant® .

o If o # ¢*4*P then we can again take A; # 0 but now dA; # 0 and dr # 0 such that

(4.22) is satisfied. This means both axion and the dilaton could run in this scenario.

44 50 we have to consider the last two cases.

In this chapter we are taking @ = e
Expressing A7 as Ay = T3 Adt Adx Ady A dz we have eP x4 G5 — iG5 = Ty where Tj is
non-zero as long as B is non-zero. A simple solution then would be to restrict oneself

to the second case, i.e
dT; = 0, T = constant (4.24)

Notice also that at far infinity, i.e 7 — oo, B — 0, therefore T3 — 0 as well® . Using

the above argument, (G5 can then be expressed in terms of T3 as

B T T
azl_—*; (4.25)

4 One can find solutions for a = e**# case when B # 0, but this solution doesn’t

have correct conformal limit, i.e. when we switch off G3, it doesn’t reduce to the KW
solution. In the dual gauge theory the charge obviously varies with the temperature
which is not the case in the ordinary gauge theory.

>Or 7 = d)\_; ie d of a (—1)-form. The functional form for the (—1)-form is
non-trivial, so this option is more cumbersome to use.

6 This is of course without considering the UV completion. With UV completion
the large r behavior is non-trivial as discussed in [70, 71].
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Since 7 = constant, this means the closure of (G3 will involve a non-trivial constraint
connecting the internal metric components with B and T3. However in this chapter
we will not be solving these equations explicitly but approximating G3 by Ouyang-
Klebanov-Strassler flux Ggo) which is ISD in their metric. This approximation suffices

for our case, as we show below.

Let us substitute G5 = Géo) and a = e* into (4.23). This will convert A; to a

simpler seven-form in the following way:

Ay = (P xg GS —iGY) Ndt Ndx A dy A dz

364A<€23 . 1>grr€rabzieG(0)

rde

dz® A dab A dx® A dt Adz A dy A dz

Q

3T% rr de ~(0)
Wg €rabe Grde

Q

dz® A da® N dx A dt A dx A dy A dz (4.26)

At large N the right hand side is small and therefore deviation from OKS flux is of

O(rp, 1/N) so one may consider A = 0. This means G5 = Géo) is a good approxima-
tion. Additionally, since Fjy is self-dual, Emn can be simplified as

Emn = g Gg . G3 Gmab . G?Lb @,J&ﬁ

24ImT AlmT 2| Imr |?

—3V OB — 0,, B0, B + 20, A0\ B (4.27)

+8(1 — e72%)0,,40, A

We see the first two terms are suppressed by g,M?/N and the third term is removed
because 7 is a constant. So we can ignore these contributions for the time being.

Then, assuming A and B only depends on r, (4.27) will lead to

R, = 8(1—¢?")0,40,A - 3Y,0,B — 0,B0,B + 20, A0, B
~ 3

Ry = —3 - JapOr B (4.28)
where (a,b) denote the angular directions. We now see that for r > ry, the éab
contribution is suppressed equivalently as the R,, contribution, therefore we need to
keep both the parts. This conclusion can also be extended to R,,, in (4.19), which
implies that the R,. and R,, contributions are equally suppressed. All this then
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further implies that we need to solve the twenty-one metric equations. This is a

formidable exercise. Is there a way by which we can avoid doing this?

A possible way out would be to study the relative suppressions of various terms in
the system of equations. This criteria was already anticipated in [70]. For example,

as we discussed in [70], we can equivalently take:
<g87N7 MJ Nf) — (66767a7€7b7€7d) (429)

This would clearly show that (gsN, gsM) are very large but (gsNy, gsM?/N, g>M Ny)

as well as M /N are suppressed in the following way:

(9N, g M) — (7% ¢?)
(gs Ny, gsM? /N, G2M Ny, M/N) — (€79, ec720ta e2embmd ca=by (4.30)

provided (a, b, ¢, d) satisfy the following inequalities” :
a>0b>c>d, a+c > 2b, 2¢ > b+d (4.31)

Let the smallest scale in our problem be the ratio M/N. Then if the argument of the
relative suppressions of various terms in R,,, has to make sense, one would require

the precise range of r where our approximations hold water. This gives us:

A A4
r > (M) (4.32)

Thus if we are in this range, we can see that the curvature terms simplify drastically.
This would give us a hint that if we solve the simplest trace equation along with the

flux equations (4.16), (4.17), and (4.18) we would be reasonably close to the correct

" A solution to the inequalities is a = 8,b = 3,c = 5/2,d = 1, as given in [70]. One
can of course allow other values of (a,b, ¢, d) that satisfy the inequalities.
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answer because the other twenty component equations would only change the results®
to O(r}/r*). So once we are in the range (4.32) the only corrections to our simplified
trace equation will be to O(gsM?/N) and O(r};/r*). This is not so bad because if we
choose € in (4.29) to be € = 0.1, then

N = 10%, M = 10°, N; = 10, g, = 0.0032, r > 17.78r,  (4.33)

which means for r» beyond 17.78r;, the contributions coming from the individual com-
ponent equations to the solution generated using only the trace equation will not be

too drastic.

Therefore, once the dust settles, tracing the second equation in (4.7), using (4.14),

(4.16) and (4.19), we get

& T 30" 0 AD,A (e72P —1) + =~ (39,,0,B + 8,,B9, B)
gmn g OO, T
_ OmAd B =2 —2 " 4.34
3 ) 12|Im7|? (4.54)

where R = ﬁmnﬁmn and we have ignored all local sources.

Our goal now is to solve the system of four equations (4.16), (4.17), (4.18) and
(4.34) and find solutions for the warp factors A, B, the internal metric g,,, and the
fluxes. In obtaining the solutions, we will be working in the limit where there is no
local sources, G5 is closed while the explicit form of the fluxes that solve the flux

equations are described in the following subsection® . As we mentioned earlier, if we

8 This in particular means that not only the coefficients of all the terms of the
internal metric will change to O(r}/r*) but also any new component will appear to
O(r}/r*). This is exactly how we choose our initial metric ansatze (4.3) and therefore
the system is self-consistent.

91t is of course possible to consider additional sources to obtain a UV complete
solution as done in [71]. But for the purpose of the current section, which is to analyze
the non-extremal limit for the IR geometry, we will ignore local sources and discuss
their effects briefly towards the end.
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choose o = e*4, (4.18) will imply that G5 is ISD, in the extremal limit i.e e = 1.
On the other hand, G35 is not ISD on a deformed cone in the presence of a black
hole, and the terms in G3 which make it non-ISD are precisely proportional to the
blackhole horizon and the deformation function F' that appears in ¢,,,. With these
considerations and our choice of internal metric g,,, we get

i*6T3+T3‘2

. 2
|iG3 — x6G3| —’ G of

~ O(F?r%/r®) (4.35)

Thus with a choice of a = e*4 + O(F?), (4.18) can be solved exactly. But if FF < 1,

we can ignore O(F?) terms which means up to linear order in F, (4.18) becomes

’v“2<€4A+B _ €4A) _ 676A73B’8(€4A+B _ €4A)|2 + 3672AfQBamBam(e4A+B _ €4A>

(4.36)

Thus ignoring O(F?) in (4.18)!% | we are essentialy solving (4.16), (4.17), (4.34) and
(4.36). In fact we will show that (4.17) dictates F' < 1 and our explicit numerical
solutions will also be consistent with this assumption, justifying our perturbative

analysis.

Now only considering up to linear order terms in F, we get o = e*4 which relates
the warp factor to the five-form field strength which in turn depends on G3 by the
Bianchi identity (4.17). Thus e? depends on the non-ISD G as G3 is modified in the
presence of a black hole. But the choice of v = ¢4 also means that the dependence of
G5 on blackhole horizon 7, appears in the form of a resolution parameter a = a(ry,),
a crucial fact that was first conjectured in [70] and will be further illustrated in the

next subsection.

10 The term in (4.35) appearing in (4.18) contributes as ~ O(F?(g,M?/N)!),1 > 1
which can be easily obtained by using e *4 ~ O(g;N)[l+ O(gsM?/N)]. As
gsM?/N < 1, we can ignore O(F?g,M?/N) terms. See also (4.29), (4.30) and (4.31)
for more details on the various scaling limits.
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As already mentioned, equation (4.17) determining e also depends on the internal
metric ¢,,,. In the absence of any flux and axion-dilaton field, ¢,,, is the metric of
base of the deformed conifold 7! which has the topology of 5% x S3. In the presence
of a black hole horizon and various sources, the internal metric will be modified in

the following way:

where 57[2]71 is the metric of a resolved deformed cone (or more appropriately, here, the

resolved cone) with base 7! and therefore i denotes all the corrections due the
black hole and all other sources. This means that g,% contains all the informations of
the resolution factor and its subsequent dependence on the horizon radius etc. Note
also that, as we have a horizon at r = r, with M units of fluxes! and N; number of
seven branes, ghn, must at least be of O(M, Ny, 7 /). We will evaluate e and G

to lowest order in 22 and gsIN¢ which in turn will drastically simplify our analysis.

N
~[0] ~[1]

Our choice of gmn and gmn will be such that we have (4.3) for the internal metric.

The Bianchi identity for the five-form flux, in the absence of any three-brane

sources, reads
dFs = H3 A Fy (4.38)
where F3 and Hj are the RR and the NS three-form fluxes. They are given as
F,=FY4+0F), Hy = H? +O(F) (4.39)

where Fg(o),H?EO) are the fluxes in the absence of any squashing, that is for F' = 0
(we expressed this earlier as G:(}O) = F?EO) — TH?()O)). For the regular cone, taking into

account the running of the 7 field, Fg(o) and Ggo) are exactly the Ouyang fluxes [115],

' In the intermediate region, i.e Region 2 of the geometry, we will also have (p, q)
five-brane sources.
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while the exact form of the fluxes in a deformed conifold were discussed in [89] [6].

Now from the form of the fluxes on deformed cone one gets that
F; ~ M[1+O(F), H; ~ gM[1+ O(F)] (4.40)
Using this and (4.39) one readily gets that
Hy A Fy = F A HY + O(M2F) (4.41)

An immediate question is: what can be said about the squashing function F'? In the
absence of the three-form fluxes, i.e M = 0, there is no squashing as the Klebanov-
Witten solution [7] with running dilaton [115] needs no squashing. This remains true
even when we introduce temperature. To see this, observe that the non-extremal limit
of Klebanov-Witten(KW) model does not require any modification of the internal
space: which means F = 0 with €2 = 1 —7} /r? and the internal space is exactly T
There could be squashing due to the running of 7 field in the KW blackground, but
squashing would be at O(ggN]%), so we can ignore it as we will only consider up to
linear order in g;Ny. These behaviors indicate that F' must be at least proportional

to M. In the following subsection, we will justify this claim.

4.2.2 Behavior of F' and various scaling limits

Let us go to the case when there is no blackhole but we have non-zero three-form
flux i.e M # 0. For this case we are back to Klebanov-Strassler-Ouyang background
with no squahing and F' = 0. This means, F' must also be proportional to the
blackhole horizon r,. Combining this with the form of the Ouyang fluxes, taking into

account of the back reactions of the seven branes, we expect
F ~ O(ag,rp,9sM* /N’ 11,92 N7) (4.42)

with ap being the bare resolution parameter discussed earlier and (a, ) are some
integers. Notice that we have inserted a suppression factor of N~# assuming 5 > 0 in

anticipation of a possible perturbative expansion. Therefore using our ansatz (4.42)
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in (4.41) gives us
Fy A Hy = F\” A HP + O(ad, r2g2 M2 NP 2 g2 N2) (4.43)

implying that up to quadratic order in M, we only need Ouyang fluxes to solve (4.38).
But to guarantee that we only need to consider up to quadratic order in M, we must
show that higher order i.e O(g?M®*+%/NP+1) terms are small compared to the g,M?/N
terms coming from Féo) A Héo). This will indeed be the case once we solve (4.38) up
to O(M?) 12 . We will see F' ~ M/N where N > M and this justifies ignoring the
second term in (4.43). In fact solving (4.38) with our ansatz for the warp factor shows
that ﬁ(F3 A Hj) is the relevant term that enters into the equaton of motion (see
Appendix A). Hence in solving (4.38) with our choice of warp factor, we are really
ignoring O(g,M?/N?) and keeping terms only up to O(g,M?/N). This truncation is
consistent for N > M which is achievable as we showed in (4.29) and (4.30). However
one might question the suppression terms in (4.42) and in (4.43) if («, ) exponents
are arbitrary compared to the range that (4.29) would impose. That this will not be

the case will become apparent from the following discussions.

To start then we shall continue using the following five-form flux:
Fy = (1+ %0)da A d*z (4.44)

With this form of Fy and a = e** = 1/h, (4.38) becomes an equation involving A,
e*P and F. We already know that in the AdS limit e*# =1 —7}/r*. In our non-AdS

geometry we expect:

eP=1-2L41G (4.45)

12 Tf the solution to (4.38) up to O(M?) tells us that F' > 1, then we cannot ignore
the second term in (4.43) and therefore have to include O(M?) and higher in solving
(4.38). But, as we will argue soon, our solutions show that F' < 1, which justifies our
truncation.
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where G is at least O(M, N;). Using this expansion for e*#, along with the precise
form of the Ouyang three-form fluxes F3(0), Héo) and only considering up to O(M?)
terms '3 | (4.38) reads

1 4 /..4
0,0,h" + 5092. (6% 09, n") + %a& (35%0,h°) |7° + 5r'0,h* = AL'O,F  (4.46)

where g{"™ is proportional to the deformed conifold metric (see Appendix A), h =

h° + h! with h° being the Ouyang warp factor

L4 3g,M? 39sN 1
o _ s siVf +
h® = r4{1+ 5N logr [1—1— . (logr+2>}

3g2M*N 0, . 0
+ % logr log <sinésin52) } (4.47)

and h' is the contribution due to the presence of the black hole.

We can readily see from (4.46) why F' ~ M/N. First note that the non-extremal
limit of Klebanov-Witten model has an exact solution, h = L*/r* with h' = 0. h!
is only non-trivial due to the presence of three form fluxes, the black hole and other
sources. Thus, h' ~ O(M,gsNs,r#/r*). On the other hand L* = g,Na/? and thus
one gets from (4.46) that F ~ O(M/N, g;M?/N). But L*/a’? > 1 and we can choose
it large enough such that N > M which guarantees that F' < 1. This is of course
consistent with (4.29)1 .

13 Again in ignoring higher order terms in M, we are assuming that F,G ~
O(M/N) < 1, which will be consistent with our solution. On the other hand, the
O(M?) term that enters into (4.46) from the Ouyang warp factor should be under-
stood to be of O(g;M?/N). Terms of O(M?) in (4.46) come from products of g,M?/N
with F and since F' ~ O(M/N) < 1, the O(M?) < O(M?) can be ignored. Thus
we have sometimes ignored the 1/N factor or gs/N factor, but they can always be
inserted back in appropriate context.

14 Note that the third term in (4.46), because of the 6; derivative, is suppressed as
g2M?*N;. Using (4.29) and footnote 7 this would go to zero as €'/2. Also comparing

101



The key point in the above argument came from L?/a/? > 1 appearing in the
Ouyang solution, which is on a regular cone while we have a deformed cone. How can
we use the form of hY as given by (4.47) for the case of a deformed cone? The answer
lies in the fact that for large radial distances, the deformed cone coincides with the
regular cone. The Klebanov-Strassler solution in the large r regime behaves as the

Klebanov-Tseytlin solution, i.e the warp factor for KS model becomes

12
s~ % [artos ()]
T Ty

12

= a_4 {g?MQIOg b+ g>M?log (L)]
r br,
L S M?
- = {1 + gN log (TLO)} (4.48)

where b is some scale and L* = g,Na/? with N = g,M?log b,ry = br,. The above
expansion shows that the KS warp factor in the deformed cone can really coincide
with the Klebanov-Tseytlin solution. Once back-reactions of the flavor D7 branes are
taken into account, KS solution in the deformed cone background will take the form
of the Ouyang solution. We can of course choose log b > 1 such that L*/a? > 1,
so our argument that M/N < 1 holds even if we started with KS solution and not
the Ouyang solution'® . Hence it is justified to use the Ouyang solution even for the

deformed cone.

Also note that, although there were no D3 branes in the KS solution, an effective
N = g,M?log b reappears in the warp factor of KS model in the large r region. This
N can be identified with the N appearing in the Ouyang solution which also justifies

using the Ouyang solution on the deformed cone background for large r region. For

this term with gsM, the fall-of is g2 M N; which from (4.30) goes to zero as e. Therefore
from all criteria in (4.46), h* ~ O(M) seems consistent.

15 Tncidentally, using (4.29), we would require b to go to infinity as exp (6_9/ 2).
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small radial distances, we cannot use the h° as given in (4.47) — hence the non-
extremal solutions we consider are only valid for large radial distances. This also
means, we are considering large horizon r, and the geometry is dual to the high
temperature regime of the gauge theory. A conclusion that is consistent with our

earlier works.

4.2.3 Analysis of the full background with backreactions

Once the behavior of F' and the suppression orders for various terms are laid out,
we are ready to tackle the backreactions to order gsN; and gsM?/N. We start from

the equation of motion for 7 given in the following way:
VAT~ G0, T O, T (4.49)

However, the underlying F-theory picture [106] on which we based our solution [71],
dictates that O ~ O(gsNy) and therefore we will ignore terms of O(g2N7). So the
precise form of 7 will not appear in any of the equations (4.46), (4.16), (4.34) and
(4.36).

Thus with our ansatz for the metric (4.1), (4.3) and choice of fluxes, we have four
equations (4.46), (4.16), (4.34) and (4.36) that we need to solve and three unknown
functions h', G and F. However, it is more convenient to write h! ~ A'L*/r* and

then from (4.46) one readily sees that

A' ~ O(M/N)< 1, with F~ O(M/N)+ O(g.M*/N)+ O(g°?M?N;/N) < 1
(4.50)

and so the third term in F' is even more suppressed. Now what can we say about G?
As already pointed out, G ~ O(M, g;N¢). But using the form of F as given above in
(4.50), one readily gets from expanding (4.16), that

G=0O(F)~O(M/N)+O(gsM?*/N) + O(¢2M>N;/N) < 1 (4.51)
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Thus it is reasonable to consider only up to linear order terms in A, G and F. But
(4.36) is a trivial equation up to linear order (see Appendix A) and hence the only
non-trivial equations we are solving are (4.46), (4.16) and (4.34). Thus we have a
system of three equations and three functions A!,G and F' — which can be easily

solved.

Note that once the above three equations are solved, the corrections from all the
other Einstein equations are automatically suppressed, as long as we are in the range
(4.32), and the precise functional form of the axion-dilaton field 7 and the non-ISD
three-form flux G5 do not influence the four equations up to linear order in A, G and
F. This is because (4.46) is obtained from (4.17) which is identical to (4.14) (up to
linear order in A', G and F') which in turn is obtained by tracing Einstein equations
in the Minkowski directions. On the other hand, (4.34) is obtained from tracing the
Einstein equations in the internal directions. Hence a solution to (4.46) and (4.34)
along with the background Ouyang warp factor h° and three form fluxes G'3 minimizes
the action (4.6) where only Ricci scalar and the flux strength appear for the radial
range (4.32). Thus solving (4.46) and (4.34) really means putting the action on shell
which guarantees that individual Einstein equations change the metric only to order
ri /rt as depicted in (4.3).

The form of the solutions to the three equations along with the boundary condi-
tions that dictate the behavior of the warp factor A, B near the horizon is discussed

in Appendix A. Here we only quote the functional form of the solutions

L4
A F(AOJrAl log r + A log®r)
2B 77;11 77% 2
e” = g:1—ﬁ+6’51—ﬁ+go+gl10g7’+9210g7“
F = Fy+ F, log r + F, log®r (4.52)

where A;, g;, F; for i = 0,1, 2 are in general functions of r and the internal coordinates

0;,¢;,%, with 7 = 1,2. In Appendix A we have worked out the simplest case where
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A;, gi, F; are assumed to be functions of r only by neglecting O(gsN;) terms'® . This
is a reasonable assumption for small number of flavors. Furthermore, the thermody-
namics of the field theory is dictated by the behaviour of the dual geometry near the
black hole horizon (4.32). If we keep all the seven branes away from the black hole,
we can ignore running of 7 near the black hole. On the other hand, for constant 7 we
expect a Klebanov-Strassler type solution which essentially means the warp factors
A, B and squashing factor F' are only functions of r. Hence, as long as we are dealing
with the light degrees of freedom that arise from the deformed cone ignoring the back
reaction of seven branes, we can neglect the contributions from the seven branes far

away from the black hole and consider the solution in (4.52) to be functions of r only.

To account for the heavy quarks, we have to include O(g;Ny) terms but our ansatz
(4.52) remains the same with the understanding that now A;, ¢;, F; are additionally
funtions of the internal coordinates. Interestingly, however, to analyze the melting
of the heavy quarkonium states, we can consider string world sheets that are fized in
the internal directions which results in evaluating the warp factors A, B only for fixed
values of the angles 6;, ¢;,1. This means our above analysis would suffice. Hence,
even for the study of linear confinement and melting of heavy QQ pairs, it is sufficient
enough to treat the solutions in (4.52) as being functions of the radial coordinate only

(see [118, 119] for related works in this direction).

In Figures 4.1, 4.2 and 4.3 we have plotted g(u), Ag(u) and Fy(u) where u = r/7,
using the numerical solutions to equations (4.46), (4.16) and (4.34). As discussed
in Appendix A, at the lowest order of perturbation, only keeping up to linear order
terms in gsM?/N, equations (4.46), (4.16) and (4.34) drastically simplify. We obtain
a solution with only Ag, go and Fy non trivial while Ay = Ay = g4 = g0 = F} =
F, = 0. For the plots, we have chosen 3g,M? /27N = 1/2 and the following boundary

16 Tt should also be clear that A; ~ O(M/N) from (4.50).
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conditions!”

Ap(c0) =0, Al(cc) =0

go(00) =0, gy(00) =0
Fo(oo) =0, Fl(00) =0 (4.53)

Note that g(1.04) ~ 0, indicating that the horizon has shifted from the AdS black
hole value of 7, and we have obtained a larger black hole with horizon r, ~ 1.04 7.
The fact that the black hole is of larger size than the AdS limit is consistent with
the underlying gauge theory structure!® . The presence of the fractional branes has
increased the effective mass of the black hole. In fact, the black hole entropy is larger
than the corresponding AdS limit since Ag(r,) > 0 and using Walds formula, one
readily gets that s/T° ~ N2 > N? where we have defined g,Nog = rih(ry). However,
we should be careful about these numerical results. Notice that there is an additional
condition eq.(4.32) to satisfy. Suppose we take the same value of N, g, as in eq.(4.33),
then M ~ 1.8 x 10° to get 3g;M?/27 N = 1/2. According to eq.(4.32) we get r = 5ry,,
which means we can only trust our numerical results in the regime r > 5r,. With
different values of N, M and g,, we will find different minimum ratios of r and r,
according to eq.(4.32), nevertheless the ratio must always be greater than 1. To find
geometry near the black hole horizon we need to consider higher order corrections

which is not studied here.

1" Let us assume, for simplicity and for performing the numerical analysis,
39sM?/2rN = 1/2 to be the smallest scale in the theory (instead of M/N that
we took earlier). Then the argument used earlier in (4.32) will imply that we should
trust our result for » > 1.197y,.

18 Also note that the result is consistent with the first law of black hole thermody-
namics which states that the increase in horizon radius is related to the increase in
the mass of the black hole. The addition of five-branes have increased the effective
mass of the black hole compared to the AdS limit.
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Figure 4.1: The blackhole factor g as a function of u = r /. We have plotted g along
the y-axis and u along the x-axis.

Finally, note that the identification of F' with a? in (4.4) implies that the resolution

parameter is given by

59;M?p1ir2 g, M? r?
a> = ad+ 8327TN L SN ﬁ [pi2log r + pi3log®r]

1 /g, M? log r .00
+E (gN >(95Nf) Th (P14 S +%) log (Sm§151n§2> (4.54)

r2

where we show the bare resolution parameter'® in F' and a?. The coefficients p;; are
constant numbers that could be determined from (4.52) and Appendix A. The above
representation of the resolution parameter is perfectly consistent with our conjecture
in [70]: the resolution parameter will pick up dependence on the horizon radius ry.
Interestingly we now have managed to get the leading order %log r corrections to

the result.

19 Tn the limit where the bare resolution parameter vanishes, which is the Klebanov-
Tseytlin solution, we see that the g,M?/N corrections actually make the small r
regions non-singular creating an apparent resolution parameter proportional to the
horizon radius.
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Figure 4.2: Non-extremal contribution to the warp factor given by Ay plotted as a
function of u = r/r,. Ap is plotted along y-axis, and w is still along the x-axis.

However there is one issue that might be confusing the reader. From Figure 4.3
we see that [y is always negative for all values of r in the range r, < r < oo. Our
identification of F with a? would then imply a to be a purely imaginary number.
However surprisingly this does mot create a problem. As we will show in the next
subsection, all the fluxes etc. are completely expressed in terms of a2, so that a does
not appear anywhere. Even terms with logarithms appear as log |a?|, so that a®> < 0 do
not create any inconsistencies. This is of course shouldn’t come as a surprise because
the resolution parameter appear in the metric (4.3) as 1+ Fy and since |Fy| < 1 it

shouldn’t lead to any inconsistencies no matter how we relate Fj to a.

In our opinion the result that we presented above is probably the first time where
the backreaction effects from black hole, including the resolution factor, are taken into
account in a self-consistent way to lowest orders in gsN; and g;M?/N. To this order,
as we showed above, the backreactions from fluxes and branes could be consistently
ignored in the near horizon limit (4.32). One may now take this background and
compute the IR effects for large N thermal QCD. However before we go about studying
these effects we would like to dwell, just for the sake of completeness, on the corrections
to the Klebanov-Strassler three-form fluxes that arise from the backreactions of the

black-hole, local brane sources, and the resolution parameter. Readers wishing to
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Figure 4.3: The squashing factor given by the resolution function Fj as a function
of u = r/r,. Note that Fj is always negative for all distances outside the black hole
horizon. We plot Fj along the y-axis, and u is along x-axis.

know our results may however skip the next sub-section altogether and proceed on

with the calculations of the RG flows and the effects of the chemical potential.

4.2.4 Short detour on dualities and dipole deformations

Our final aim of this section would be to take a short detour and study the effect
of the dipole deformations on the flavor seven-branes in the gravity picture. This
dipole deformation, since it affects the seven-branes, should also have some effect on
the fundamental quarks in the gauge theory. We will make some speculations how

the dipole deformations effect the far IR picture.

Our starting assumption would be that the solutions presented in the earlier sub-
sections have isometries along ¢, ¢ and v directions. This in particular means that
the coefficients appearing in (4.52) i.e (A4;, F}, Gy, ¢;) are all functions of (r,6;) only
and not of (¢;,1). This is not a strong assumption as we saw earlier that even to
O(g>M?N;/N) the (¢;,v) dependences do not show up. It could be that the back-
ground retains its isometry along (¢;, 1) directions to all orders in g;N; and gsM?/N,

but we haven’t shown this here.

Before moving ahead let us clarify a point here. Dipole (or non-commutative)

deformations can be studied in two possible ways. In the conformal case, one takes
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the D3-brane metric written in terms of its harmonic functions, and then use 7's7T" (T-
duality, followed by a shift s, and then another T-duality) to generate new solution.
The new solution is still given in terms of D3-branes and harmonic functions, but now
there is a background Byg field. One then takes the near horizon limit to determine
the gravity dual of this scenario. The gravity dual has no D3-branes, but both Fj
as well as H3 = dBng fluxes are still present. The near horizon geometry do not
change the internal metric too much, and therefore analysis on both sides of the story

is somewhat similar.

The above criteria changes quite a bit once we go to the non-conformal case. The
gravity dual is not simply given by taking the near-horizon limits of the D3 and the
wrapped D5-branes. To avoid naked singularities of the Klebanov-Tseytlin form, one
now has to deform the internal space also. This means making a T's7T" transformation
on the brane side, one may not necessarily get the full gravity dual picture easily.
This is also clear in the geometric transition set-up, whose supergravity solution is
developed in [112, 42]. So we could do T'sT transformations on two sides of the

picture, leading to two possible different interpretations.

Thus, once we have solutions for both sides, namely the gauge-theory and the
gravity sides, we can use T'sT transformations to deform them into various differ-
ent solutions. In this chapter we will not consider the dipole (or non-commutative)
deformations on the gauge-theory side of the story? , but concentrate only on the

gravity side. This means, given the background metric (4.1) with fluxes, five-branes

20 The dipole deformations on the gauge theory side, at least in the far IR and in the
local case, has been discussed earlier in [113]. The readers may refer to those papers
for more details on the multiply allowed dipole deformations.
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and seven-branes, the T'sT transformed backgrounds will be related to some interest-
ing deformations of the four-dimensional thermal gauge theories. These deformations

can be classified to fall into four categories. They are listed as follows?! :

e T-dualize along one space direction say x3 then shift along another space direction

say To mixing (zq,x3) and then T-dualize back along x3 direction.

e T-dualize along x3 and then shift>?> along one of the internal directions that are
isometries of the background, namely along ¢, ¢, or 1 directions®® , and then T-

dualize back along 3 direction.

e T-dualize, shift and then T-dualize along internal directions. The shift will mix two

of the internal directions in some appropriate way.

The first operation will lead to a non-commutative gauge theory on the D7-branes
with [xe, 23] = iBa3 as our algebra. The second one is more interesting. T-dualizing
along z3 but making a shift on the directions along which the D7-branes are oriented
i.e along ¢1, 01 and 1 (recall that the D7-branes wrap the two-sphere parametrised by
(01, ¢1) and are spread along (r,v) directions) will lead again to a non-commutative
gauge theory on the D7-branes. On the other hand, if we make a shift along the
orthogonal direction parametrised by ¢y, then the theory on the D7-branes will be
a dipole gauge theory. For the last case, one is T-dualizing and shifting along the
directions of the D7-branes. This will again lead to non-commutative theory on the
D7-branes. On the other hand if we shift along ¢, but T-dualise along the D7-brane

directions, we will get dipole theory on the D7-branes.

2L We will use (g, 21,79, 73) as a convenient reparametrization of (¢, z,y,2) used
earlier. The former will be more convenient for the next couple of sections.

22 Again mixing x3 with one of the internal directions.

23 For simplicity we will only consider the isometry directions.
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To analyse these in case-by-case basis, let us study the first kind of deformation

first. We choose the shift to be

T2
cos

Ty +sinfxs, w3+ cosbxs (4.55)

After the series of transformations discussed above, i.e T'sT, the metric (4.1), be-
comes® :

1
ds? = 7 [—guda? + da? + J(dz3 + da?)] + Vh(gy ' dr* + dM?) (4.56)

with the Lorentz breaking deformations along (z?, z3) directions specified by .J. There
is also a background Byg field that accounts for the non-commutativity. Both J and

the Bng field are defined as:
J' = sin?0h! + cos? b, Bos = tan6h™'J (4.57)

The metric has the same form as in [64] and the gauge theory on the D7-branes

become non-commutative in the x? and z? directions.

For the second kind of deformation we follow similar procedure as above except
that now we shift along 1 direction and T-dualise along z? direction. The resulting

metric is

1 9
2 2 2 2 2
v/ [7"2(61@0 + cos O1dpy + cos Oadpy)? N }

9cos? 6 + r2sin® 4

where note that the 2% and the ¢ circle is non-trivially warped. The dotted terms are

unchanged from the original metric (4.1). However the Byg field now is non-trivial

24 For this section we will ignore the O(gsM?/N,r}/r*) corrections to the internal
metric (4.3). A more precise result will not change the physics to the order that we
are studying here.
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because of the v fibration structure:

B r?tané
"~ 9cos2f0 + r2sin’é

dxs N (d) + cos 01dpy + cos Oadgpsy) (4.59)

The scenario now is interesting because we have three components of the Byg field,
with two of the components B3y, and Bsg, parallel to the D7-branes and one component
Bs,;, having one leg orthogonal to the D7-branes. Existence of these three components
would lead to a complicated theory on the D7-branes that in some limit may be
considered as a combination of both dipole and non-commutative deformations of the

world-volume theory on the D7-branes.

As an example for the third kind of deformation? we first T-dualize along 1
direction and then shift along ¢, direction. The resulting metric, keeping both the
squashing factors (F,G) in (4.1), will look like

1

ds® — ﬁ(_gldt2 +da? + dy? + d2?) + VA [m(dzp + cos 01 cos 0dy + cos fadesy)?
3

+5r2J (1 + F)(1+G) sin 63de} + } (4.60)

with the dotted terms being the terms unchanged from the original metric (4.1). As
expected, note that both the v fibration structure as well as the ¢, directions get
warped by J. As before there is also a Byg field. Both J and Byg are given by:

1
Byg, = 6tan9 sin?fy (1 + F)(1+G)J

1
J' = 9cos’0 + 6hr2(1+F)(1+g) sin® 0, sin® 0 (4.61)

25 Note that we cannot construct another theory by shifting along 6, direction and
then T-dualing along ¢, direction because 6y is not an isometric direction. A shift
along the non-isometry directions, like the 6, direction, will destroy the existing isom-
etry directions making the T-duality operations highly non-trivial.
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This solution shows that the gauge theory on the D7-branes has become a non-local

dipole theory?® .

All these solutions generated from our T'sT duality operations lead to new gauge
theories on the D7-branes. As mentioned earlier, it is not clear to us whether these
deformations are the corresponding gravity duals of the respective deformations on
the gauge theory side of the picture. One thing however is clear: due to the dipole
deformations on the D7-branes, the KK masses of the fluctuations are different from
the original theory. In fact the dipole deformations (along appropriate directions) tend
to make the KK states heavier [113]. Therefore we would expect operator dimensions

on the field theory side to also change accordingly.

The T'sT duality operation doesn’t change the warp factor nor the BH factor.
Naively applying the criteria from [71] one would think this doesn’t change the thermal
behavior of the theory. However, notice that now there is an extra non-constant Byg
field that cannot be gauged away. This means when we write down the Nambo-Goto
action for the strings, the effect of the Byg field can no longer be ignored and it’ll
definitely change the criteria of the confinement/deconfinement transition studied in
[71]. This shouldn’t be surprising because one would expect the thermal behavior of

the dipole deformed quarks to be different from the un-deformed ones.

26 On the other hand, the shifts and the duality directions that we choose are not the
most generic ones. We can make numerous other shifts. One simple example could
be as follows: we T-dualize along space direction 3, then shift as z — z + A\03/2 and
finally T-dualize back to generate a non-trivial background with the metric

1 J—
ds” = (oot e+ dy” + d2) Vi(gy dr® + dM3 + A? 65 db)

and a Byg field, Bsy, = Af#. This would generate dipole deformation on the D7-
branes.
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Chapter 5

Summary and discussion

In this thesis, we studied the gravity duals of three gauge theories with different

properties that we list below.

In Chapter 2 we studied the scalar spectrum of the Y?¢ manifold and obtained
both upper and lower bounds for all the eigenmodes \; of the scalar Laplacian. We
also tried to extend this gravity dual to that of the non-conformal gauge theories
by resolving and deforming the Y?? manifold. It is clear that there is much that
can be done for this case. First, we would like to find the exact eigenvalues of the
scalar Laplacian, this might be achieved by following numerical methods, and then
matching them with the operators at the gauge theory side; secondly, we would like
to find the deformed Y79 manifold and study the geometric transition between the
resolved and deformed Y?9 as in Chapter 3; thirdly, we would like to find out the

brane constructions on the gauge theory side.

In Chapter 3, we studied the duality between a non-conformal gauge theory and
type IIB supergravity on a deformed conifold at the bottom of the cascade. This is
described by a geometric transition between resolved and deformed conifold in type
IIB theory or a flop transition between two G5 structure manifolds when lifted to M
theory. We find that generally the final gravity duals have non-geometric configu-

rations. One of the issue that we left unstudied is to understand the non-geometric
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aspects of the mirror configurations. Understanding these far IR regions of the grav-
ity solutions can help us understand certain properties of the dual gauge theories at

strong couplings, such as confinement.

In chapter 4, we studied the backreactions from black hole, branes and fluxes on
the background geometry and on the various UV completions. Two challenges still
remain: one, to study the equations at » = r, in Region 1 and two, to study them
in the intermediate buffering region i.e Region 2. In both cases the analysis may get
very involved because for the first case one would now have to solve all the twenty
internal Einstein equations; and for the second case the (p, q) five-brane sources and

fluxes will further complicate the scenario. These details are left for future works.

In summary, our aim is to understand the gauge theories in strongly coupled
regimes. Gauge/gravity duality provides a good tool. However, the gravity duals
can easily get complicated when gauge theories lose some nice properties such as
supersymmetry and conformality, or when the structure of the gauge group becomes
complicated. Nevertheless, as depicted in this thesis, many interesting properties
of the corresponding gauge theories may in fact be extracted in these solutions. The
story, however, is far from being complete and there are many more interesting avenues

to investigate now.

116



Appendices

117



Appendix A

Details on the squashing and the
warp factor computations

In the absence of blackhole that is €*? = 1, the warp factor a = e** = 1/h
only depends on r, #; and 8y even when D7 back reaction is taken into account by
considering the running axion-dilaton field [115]. In this extremal limit r, = 0, we
have ISD three-form fluxes G3 and the internal metric g,,, describes a Ricci flat
deformed cone. For the non-extremal case, we will demand similar behavior for the
warp factor A and will find that such solutions do exist. Using h = h(r, 01, 65) only,

in the non-extremal case we get,

~ (14 F 2
dF5 = d ([@h C + 6_2B (g@ﬂ%@elh ™ +99262892h 772)] r ( +108+ g/ )

dD (A.1)

sinf, sineg)

where we have used our metric ansatz (4.1, 4.3) and definition of the five-form flux
(4.44). We have only kept linear terms in F,G and this is justified as we look for
solutions F,G < 1 and ignore terms higher order term. In the above we have also

defined

Ipg = eingpq (A.2)
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where p, ¢ run over the compact directions and thus (A.2) implies g,, is indepndent

of B. Here (,n; are five-forms given by

¢ = dyANdpy ANdos N\ dOy N dbsy
m = dyp ANdr ANdpy A\dps N db,

Just like the extremal case, we will assume that dp,h ~ O(g2N;M?/N) and we
will find that this choice is consistent with all the Einstein equations and equations

for the fluxes . With this assumption, we readily get up to O(g,M?/N), and ignoring
O(F,G,G)O0(gsM?/N) (since F,G,G < 1)

5% 0, h = g0 0y, (A.4)

where ¢ = 1,2 and gp? is zeroth order in M, Ny. But at zeroth order in M, Ny, the
compact five dimensional internal space Mj is exactly the deformed cone and thus
gh? is precisely the metric of deformed T'. Our ansatz for the black hole factor e*#
is given in (4.45) where G is at least O(M/N, gsM?/N, gsNy). This is a sufficient
condition as in the absence of five-branes and seven branes, we have AdS x T! with
black hole where 28 =1 — 1:—’; and 7, > b. This is because for large r, the deformed
cone becomes the regular cone and considering 7, > a, we are effectively putting a
black hole in a regular cone. In other words, the non-extremal limit of the geometry
only ‘sees’ the regular cone and deformation of the cone is hidden behind the black hole
horizon. This also means our non-extremal solution is valid only for large horizon, that
is the non-extremal solution only captures the large temperature deconfined chirally

symmetric phase of the gauge theory. The extremal solution without any black hole

is dual to the confined phase.
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Now using (4.45) in D reads

5 sin@l SiIlQQ

108

1 9,
D = [aTthr - (ggl"la@ih ’fh)] r (1+ F+G/2)

5sind;sinfs

— aThO —92'91'8 'ho i
[ C+ o' Op, 77} r 108

+ |80t ¢+ 90799, h* n;

4
_ T

rd

+ 0.h° ¢ (A.5)

4 4 . . . .

/T 66 4 10 ssindisinfy o (F + G/2) sinf;sinds
i 0p. 0" My | 17—

o do et ] AT 108

=7t
where we have only considered up to O(gsM?/N) terms. Here h° is the Ouyang
solution and h' is the correction due to the black hole which alters the internal compact
space Mj. But the Ouyang solution satisfies Bianchi identity exactly as:

5 sian sin92

0 ~0:0; 0,,
d |:(arh C+ 90 aﬁlh 771) r 108

1 = HO A FY (A.6)

Using this in (4.38) we get

5 sinf;sinf, N 5 (F'+ G/2) sinf;sinbs

rho -
108 " 108 ¢ =0

1 g, /T g,
d [(a,«h% 590" n i+ —r"; - ggleléeihom) r

which gives us (4.46). The derivations of (4.16), (4.34) and (4.36) have already been

discussed in section 2.2.

We will now solve the four equations (4.46), (4.16), (4.34) and (4.36) by ignoring all
terms of O(g;Ny). In this limit, all angular dependences vanish and all the functions
A, F and G are only functions of the radial coordinate r. This also means we are
ignoring the back reaction of the seven branes and our solution should be considered

as the non-extremal generalization of Klebanov-Strassler theory with modified UV
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behavior. For N; = 0, with e744 = h = h° + hl, we take the following ansatz

4

L
B = 25 (Aolr) + Av(r)log 7 + As(r)log?)

4
)
= g=1- "0t g(r) + gi(r)log 1+ go(r)logr

F = Fy(r)+ Fi(r)log r + Fy(r)log’r
(A.7)

With our ansatz, only taking up to linear order terms in A;, F; and g; one obtains that
the equation derived from (4.36) is trivial. Also up to linear order, A} = Ay = F} =
Fy = g1 = go = 0 is a solution with Ay, Fy, go being the only non-trivial functions.

The equations resulting from (4.46),(4.16) and (4.34) are as follows

(i) rAY — 34, —4F, =0
(i) 5rigy + 47 By +1°g) =0

69, M?
(iii) 2 Ty + 561t go + 167 Fy + 47t Al + 49r° gy + 2475 F) + 127} )
m
+ 7r%g0 + 45 F) — 4r*r} Fy =0 (A.8)

To solve these second order differential equations, all we need to do now is specify
the boundary conditions. As we have second order differential equations, we can
choose two boundary conditions. A priori we do not know where the horizon is, that

is we do not rj, such that e28()=0

, so we cannot specify the boundary condition at the
horizon. Additionally we cannot take r to be smaller than the range (4.32). However,
since we are looking for solution such that asymptotically we recover the extremal

geometry, we can impose the following boundary conditions:

lim, o Ao(r) =0
limr—wo gO(T) =0

lim, o Fo(r) =0 (A.9)
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From the form of the equations in (A.8), we see that inverse power series in r is a
possible candidate for the solutions that obey the boundary conditions (A.9). On
the other hand, as already discussed in section 2.1, we expect A;,g; and F; to be

proportional to the horizon r,. Thus our anstaz is

an=at () R0 =R (7))
ao(r) = (22", (A10)

where @}, fY and () are atleast O(M/N, g;M?/N), and the radial coordinate 7 is
assumed in the range (4.32). The boundary condition (A.9) implies

ay=fo =0 =0 (A.11)

We can further choose three other boundary conditions. Again since (a) we do not
know where the horizon is and (b) the radial coordinate is constrained by (4.32), we

will choose the following boundary conditions: at » = oo and choose

lim, o Ay(r) =0
lim, 00 go(r) =0

lim, o Fy(r) =0 (A.12)

which is automatically solved by our ansatz (A.10). With the set of boundary con-
ditions (A.9) and (A.12), we solve (A.8) numerically. The exact solution (whose
validity should be considered for r > (N/M)Y*r},) is plotted in Figures 4.2.3, 4.2.3,
4.2.3. Observe that the numerical solutions are consistent with the analytic behavior
in (A.10). When M = 0, equations (A.8) imply that we have the trivial solution, i.e.
Ao = go = Fy = 0. But since M # 0, we must have non-trivial solutions to satisfy

(A.8).

122



References

[1] J. M. Maldacena, The Large N limit of superconformal field theories and super-
gravity, Adv. Theor. Math. Phys. 2, 231 (1998) [hep-th/9711200].

2] S. S. Gubser, I. R. Klebanov and A. M. Polyakov, Gauge theory correlators from
noncritical string theory, Phys. Lett. B 428, 105 (1998) [hep-th/9802109].

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor. Math. Phys. 2, 253
(1998) [hep-th/9802150].

[4] H. J. Kim, L. J. Romans and P. van Nieuwenhuizen, The Mass Spectrum of Chiral
N=2 D=10 Supergravity on S, Phys. Rev. D 32, 389 (1985).

[5] I. Affleck, M. Dine and N. Seiberg, Dynamical Supersymmetry Breaking in Su-
persymmetric QCD, Nucl. Phys. B 241, 493 (1984).

(6] I. R. Klebanov and M. J. Strassler, Supergravity and a confining gauge theory:
Duality cascades and chi SB resolution of naked singularities, JHEP 0008, 052
(2000) [hep-th/0007191].

[7] Tgor R. Klebanov and Edward Witten. Superconformal field theory on three-branes
at a Calabi-Yau singularity. Nucl.Phys., B536:199-218, 1998.

(8] Angel M. Uranga. Brane configurations for branes at conifolds. JHEP, 9901:022,
1999.

9] Keshav Dasgupta and Sunil Mukhi. Brane constructions, conifolds and M theory.
Nucl.Phys., B551:204-228, 1999.

[10] Amihay Hanany and Alberto Zaffaroni. On the realization of chiral four-
dimensional gauge theories using branes. JHEP, 9805:001, 1998.

[11] Amihay Hanany and Angel M. Uranga. Brane boxes and branes on singularities.
JHEP, 9805:013, 1998.

[12] Jerome P. Gauntlett, Dario Martelli, James Sparks, and Daniel Waldram. Super-
symmetric AdS; solutions of M theory. Class.Quant.Grav., 21:4335-4366, 2004.

[13] Jerome P. Gauntlett, Dario Martelli, James Sparks, and Daniel Waldram. Sasaki-
Einstein metrics on S? x S3. Adv.Theor.Math.Phys., 8:711-734, 2004.

123



124

[14] Dario Martelli and James Sparks. Toric geometry, Sasaki-Einstein manifolds and
a new infinite class of AdS/CFT duals. Commun.Math.Phys., 262:51-89, 2006.

[15] Sergio Benvenuti, Sebastian Franco, Amihay Hanany, Dario Martelli, and James

Sparks. An Infinite family of superconformal quiver gauge theories with Sasaki-
Einstein duals, JHEP, 0506:064, 2005.

[16] Alberto Enciso and Niky Kamran. Global causal propagator for the Klein-Gordon
equation on a class of supersymmetric AdS backgrounds. Adv.Theor.Math.Phys.,
14:1183-1208, 2010.

[17] Hironobu Kihara, Makoto Sakaguchi, and Yukinori Yasui. Scalar Laplacian on
Sasaki-Einstein manifolds Y?4. Phys.Lett., B621:288-294, 2005.

[18] Takeshi Oota and Yukinori Yasui. Toric Sasaki-Einstein manifolds and Heun
equations. Nucl.Phys., B742:275-294, 2006.

[19] Constantin Bachas and John Estes. Spin-2 spectrum of defect theories, JHEP,
1106:005, 2011.

[20] Anna Ceresole, Gianguido Dall’Agata, and Riccardo D’Auria. K K spectroscopy
of type IIB supergravity on AdSs x TVt JHEP, 9911:009, 1999.

[21] Robert M. Wald. Dynamics in nonglobally hyperbolic, static space-times.
J.Math.Phys., 21:2802-2805, 1980.

[22] Akihiro Ishibashi and Robert M. Wald. Dynamics in nonglobally hyperbolic static
space-times. 2. General analysis of prescriptions for dynamics. Class.Quant.Grav.,
20:3815-3826, 2003.

(23] Akihiro Ishibashi and Robert M. Wald. Dynamics in nonglobally hyperbolic
static space-times. 3. Anti-de Sitter space-time. Class.Quant.Grav., 21:2981-3014,
2004.

[24] C. Baer, N. Ginoux, and F. Pfaeffle. Wave Equations on Lorentzian Manifolds
and Quantization, ArXiv e-prints, June 2008.

[25] Anton Zettl. Sturm-Liouville theory, American Mathematical Society (AMS),
Providence, 2005.

[26] Hermann Weyl. Uber die asymptotische Verteilung der Eigenwerte (On the
asymptotic distribution of eigenvalues). Nachrichten der Kéniglichen Gesellschaft
der Wissenschaften zu Gottingen, pages 110-117, 1911.



125

[27] Hermann Weyl. Uber die Randwertaufgabe der Strahlungstheorie und asympto-
tische Spektralgeometrie (On the boundary value problem of radiation theory and
asymptotic spectral geometry), J. Reine Angew. Math., pages 177-202, 1913.

(28] Victor Yakovlevich Ivrii. Second term of the spectral asymptotic expansion of
the Laplace-Beltrami operator on manifolds with boundary. Functional Analysis
and Its Applications, pages 98-106, 1980.

[29] Dileep P. Jatkar and S. Randjbar-Daemi. Type IIB string theory on AdSs x T™" .
Phys.Lett., B460:281-287, 1999.

[30] Anna Ceresole, Gianguido Dall’Agata, Riccardo D’Auria, and Sergio Ferrara.
Spectrum of type IIB supergravity on AdSs x T! Predictions on N=1 SCFT’s,
Phys.Rev., D61:066001, 2000.

[31] Aaron Bergman and Ori J. Ganor. Dipoles, twists and noncommutative gauge
theory, JHEP, 0010:018, 2000.

[32] Keshav Dasgupta, Ori J. Ganor, and Govindan Rajesh. Vector deformations of
N=4 superYang-Mills theory, pinned branes, and arched strings, JHEP, 0104:034,
2001.

[33] Aaron Bergman, Keshav Dasgupta, Ori J. Ganor, Joanna L. Karczmarek, and
Govindan Rajesh. Nonlocal field theories and their gravity duals, Phys.Rev.,
D65:066005, 2002.

[34] K. Dasgupta and M.M. Sheikh-Jabbari. Noncommutative dipole field theories,
JHEP, 0202:002, 2002.

[35] Eric Bergshoeff, Christopher M. Hull, and Tomas Ortin. Duality in the type II
superstring effective action, Nucl.Phys., B451:547-578, 1995.

[36] Ruth Gregory, Jeffrey A. Harvey, and Gregory W. Moore. Unwinding strings
and t duality of Kaluza-Klein and h monopoles. Adv.Theor.Math.Phys., 1:283—
297, 1997.

[37] Jock McOrist and Andrew B. Royston. Relating Conifold Geometries to NS5-
branes. Nucl.Phys., B849:573-609, 2011.

[38] C.P. Herzog, Q.J. Ejaz, and I.R. Klebanov. Cascading RG flows from new Sasaki-
Einstein manifolds. JHEP, 0502:009, 2005.

[39] M. Bertolini, F. Bigazzi, and A.L. Cotrone. Supersymmetry breaking at the end
of a cascade of Seiberg dualities, Phys.Rev., D72:061902, 2005.



126

[40] Keshav Dasgupta, Kyungho Oh, and Radu Tatar. Geometric transition, large N
dualities and MQCD dynamics. Nucl.Phys., B610:331-346, 2001.

[41] Elena Caceres, Manavendra N. Mahato, Leopoldo A. Pando Zayas, and Vincen-
t G.J. Rodgers. Toward NS5 Branes on the Resolved Cone over Y74 Phys.Rev.,
D83:066008, 2011.

[42] Fang Chen, Keshav Dasgupta, Paul Franche, Sheldon Katz, and Radu Tatar.
Supersymmetric Configurations, Geometric Transitions and New Non-Kahler Man-
ifolds, Nucl.Phys., B852:553-591, 2011.

[43] Cumrun Vafa. Superstrings and topological strings at large N. J.Math.Phys.,
42:2798-2817, 2001.

[44] Melanie Becker, Keshav Dasgupta, Anke Knauf, and Radu Tatar. Geometric
transitions, flops and nonKahler manifolds. I, Nucl.Phys., B702:207-268, 2004.

[45] Michael Atiyah, Juan Martin Maldacena, and Cumrun Vafa. An M theory flop
as a large N duality, J.Math.Phys., 42:3209-3220, 2001.

[46] Takeshi Oota and Yukinori Yasui. Explicit toric metric on resolved Calabi-Yau
cone. Phys.Lett., B639:54-56, 2006.

[47] H. Lu and C.N. Pope. Resolutions of cones over Einstein-Sasaki spaces. Nu-
cl.Phys., B782:171-188, 2007.

[48] Dario Martelli and James Sparks. Resolutions of non-regular Ricci-flat Kahler
cones. J.Geom.Phys., 59:1175-1195, 2009.

[49] Andrew Strominger, Shing-Tung Yau, and Eric Zaslow. Mirror symmetry is T
duality. Nucl.Phys., B479:243-259, 1996.

[50] K Altmann. The versal deformation of an isolated toric Gorenstein singularity,
1994.

[51] K Altmann. Infinitesimal deformations and obstructions for toric singularities,
1994.

[52] Jerome P. Gauntlett, Dario Martelli, James Sparks, and Shing-Tung Yau. Ob-
structions to the existence of Sasaki-Einstein metrics. ~ Commun.Math.Phys.,
273:803-827, 2007.

[53] Benjamin A. Burrington, James T. Liu, Manavendra Mahato, and Leopoldo A.
Pando Zayas. Towards supergravity duals of chiral symmetry breaking in Sasaki-
Einstein cascading quiver theories JHEP, 0507:019, 2005.



127

[54] Juan Maldacena and Dario Martelli. The unwarped, resolved, deformed conifold:
Fivebranes and the baryonic branch of the Klebanov-Strassler theory. JHEP,
1001:104, 2010.

[55] Sebastien Gurrieri, Jan Louis, Andrei Micu, and Daniel Waldram. Mirror symme-
try in generalized Calabi-Yau compactifications. Nucl.Phys., B654:61-113, 2003.

[56] Stephane Fidanza, Ruben Minasian, and Alessandro Tomasiello. Mirror symmet-
ric SU(3) structure manifolds with NS fluxes. Commun.Math.Phys., 254:401-423,
2005.

[57] Alessandro Tomasiello. Topological mirror symmetry with fluxes.  JHEP,
0506:067, 2005.

[58] Mark Gross. Topological mirror symmetry. 1999. Revised version.

[59] Fang Chen, Keshav Dasgupta, Paul Franche, and Radu Tatar. Toward the Grav-
ity Dual of Heterotic Small Instantons, Phys.Rev., D83:046006, 2011.

[60] Nick Halmagyi. Missing Mirrors: Type ITA Supergravity on the Resolved Coni-
fold. 2010.

[61] J. M. Maldacena and C. Nunez, Towards the large N limit of pure N = 1 super
Yang Mills, Phys. Rev. Lett. 86, 588 (2001) [arXiv:hep-th/0008001].

[62] P. Ouyang, Holomorphic D7-branes and flavored N = 1 gauge theories, Nu-
cl. Phys. B 699, 207 (2004) [arXiv:hep-th/0311084]; H. Y. Chen, P. Ouyang and
G. Shiu, On Supersymmetric D7-branes in the Warped Deformed Conifold, JHEP
1001, 028 (2010) [arXiv:0807.2428 [hep-th]].

[63] Mirjam Cvetic, H. Lu, Don N. Page, and C.N. Pope. New Einstein-Sasaki spaces
in five and higher dimensions, Phys.Rev.Lett., 95:071101, 2005.

[64] Juan Martin Maldacena and Jorge G. Russo. Large N limit of noncommutative
gauge theories. JHEP, 9909:025, 1999.

[65] 1. R. Klebanov and A. A. Tseytlin, Gravity duals of supersymmetric SU(N) x
SU(N+M) gauge theories, Nucl. Phys. B 578, 123 (2000) [arXiv:hep-th/0002159].

[66] D.Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, Renormalization group
flows from holography supersymmetry and a ¢ theorem, Adv. Theor. Math. Phys.
3, 363 (1999) [hep-th/9904017].

[67) D. Z. Freedman, S. S. Gubser, K. Pilch and N. P. Warner, Continuous dis-
tributions of D3-branes and gauged supergravity, JHEP 0007, 038 (2000) [hep-
th,/9906194].



128

[68] L. Girardello, M. Petrini, M. Porrati and A. Zaffaroni, The Supergravity dual of
N=1 superYang-Mills theory, Nucl. Phys. B 569, 451 (2000) [hep-th/9909047].

K. Dasgupta and S. Mukhi, Brane constructions, fractional branes and anti-de
Sitter domain walls, JHEP 9907, 008 (1999) [arXiv:hep-th/9904131].

[69] J. D. Edelstein, K. Oh and R. Tatar, Orientifold, geometric transition and large N
duality for SO/Sp gauge theories, JHEP 0105, 009 (2001) [arXiv:hep-th/0104037];
Open/closed string dualities and Seiberg duality from geometric transitions in M-
theory, JHEP 0208, 026 (2002) [arXiv:hep-th/0106040]; K. Dasgupta, K. h. Oh,
J. Park and R. Tatar, Geometric transition versus cascading solution, JHEP 0201,
031 (2002) [arXiv:hep-th/0110050]; K. h. Oh and R. Tatar, Duality and confinement
in N = 1 supersymmetric theories from geometric transitions, Adv. Theor. Math.
Phys. 6, 141 (2003) [arXiv:hep-th/0112040].

[70] M. Mia, K. Dasgupta, C. Gale and S. Jeon, Five Easy Pieces: The Dynamic-
s of Quarks in Strongly Coupled Plasmas, Nucl. Phys. B 839, 187 (2010) arX-
1v:0902.1540 [hep-th]; The Double Life of Thermal QCD, arXiv:0902.2216 [hep-th].

[71] M. Mia, K. Dasgupta, C. Gale and S. Jeon, Toward Large N Thermal QCD from
Dual Gravity: The Heavy Quarkonium Potential, Phys. Rev. D 82, 026004 (2010)
[arXiv:1004.0387 [hep-th]]; Heavy Quarkonium Melting in Large N Thermal QCD,
arXiv:1006.0055 [hep-th].

[72] F. Cachazo, B. Fiol, K. A. Intriligator, S. Katz and C. Vafa, A geometric unifi-
cation of dualities, Nucl. Phys. B 628, 3 (2002) [arXiv:hep-th/0110028].

(73] B. R. Greene, A. D. Shapere, C. Vafa and S. T. Yau, Stringy Cosmic Strings
And Noncompact Calabi-Yau Manifolds, Nucl. Phys. B 337, 1 (1990); C. Vafa,
Evidence for F-Theory, Nucl. Phys. B 469, 403 (1996) [arXiv:hep-th/9602022].

[74] K. Dasgupta and S. Mukhi, F-theory at constant coupling, Phys. Lett. B 385,
125 (1996) [arXiv:hep-th/9606044]; K. Dasgupta, D. P. Jatkar and S. Mukhi, Grav-
itational couplings and Z(2) orientifolds, Nucl. Phys. B 523, 465 (1998) [arXiv:hep-
th/9707224]; K. Dasgupta and S. Mukhi, A note on low-dimensional string com-
pactifications, Phys. Lett. B 398, 285 (1997) [arXiv:hep-th/9612188].

[75] A. Sen, F-theory and Orientifolds, Nucl. Phys. B 475, 562 (1996) [arXiv:hep-
th /9605150).

[76] F. Chen, K. Dasgupta, P. Franche, S. Katz and R. Tatar, Geometric transitions,
flops and non-Kahler manifolds: III, To appear.

[77] L. A. Pando Zayas and A. A. Tseytlin, 3-branes on resolved conifold, JHEP
0011, 028 (2000) [arXiv:hep-th/0010088].



129

(78] M. Cvetic, G. W. Gibbons, H. Lu and C. N. Pope, Ricci-flat metrics, harmonic
forms and brane resolutions, Commun. Math. Phys. 232, 457 (2003) [arXiv:hep-
£h,/0012011].

[79] R. Gwyn and A. Knauf, The Geometric Transition Revisited, Rev. Mod. Phys.
8012, 1419 (2008) [arXiv:hep-th/0703289].

[80] A. Strominger, S. T. Yau and E. Zaslow, Mirror symmetry is T-duality, Nucl.
Phys. B 479, 243 (1996) [arXiv:hep-th/9606040].

[81] M. Aganagic and C. Vafa, Mirror symmetry and a G(2) flop, JHEP 0305, 061
(2003) [arXiv:hep-th/0105225].

[82] M. Larfors, D. Liist, and D. Tsimpis, Flux compactification on smooth, compact
three-dimensional toric varieties, [arXiv:hep-th/10052194].

[83] S. Salamon, Riemannian geometry and Holonomy groups, Vol 201 of the Pit-
man Research Notes in Mathematics, Longman, Harlow (1989); S. Chiossi and
S. Salamon, The intrinsic torsion of SU(3) and Gg structures, arXiv:math/0202282;
G. Lopes Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and
G. Zoupanos, Non-Kaehler string backgrounds and their five torsion classes, Nucl.
Phys. B 652, 5 (2003) [arXiv:hep-th/0211118]; J. P. Gauntlett, D. Martelli and
D. Waldram, Superstrings with intrinsic torsion, Phys. Rev. D 69, 086002 (2004)
[arXiv:hep-th/0302158]; K. Dasgupta, G. Rajesh and S. Sethi, M theory, orien-
tifolds and G-flux, JHEP 9908, 023 (1999) [arXiv:hep-th/9908088].

[84] S. Kuperstein, Meson spectroscopy from holomorphic probes on the warped de-
formed conifold, JHEP 0503, 014 (2005) [arXiv:hep-th/0411097].

[85] P. Candelas and X. de la Ossa, Comments on conifolds, Nucl. Phys. B 342 (1990)
246.

[86] P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley-Interscience,
New York 1978.

[87] N. Hitchin, The geometry of three-forms in six dimensions, J. Differential Geom.
55 (2000) 547.

[88] K. Landsteiner, C. I. Lazaroiu and R. Tatar, (Anti)symmetric matter and super-
potentials from IIB orientifolds, JHEP 0311, 044 (2003) [arXiv:hep-th/0306236].

[89] K. Dasgupta, P. Franche, A. Knauf and J. Sully, D-terms on the resolved conifold,
JHEP 0904, 027 (2009) [arXiv:hep-th/0802.0202].



130

[90] S. Ivanov and G. Papadopoulos, A no-go theorem for string warped compactifi-
cations, Phys. Lett. B 497, 309 (2001) [arXiv:hep-th/0008232].

[91] R. Minasian and D. Tsimpis, Hopf reductions, fluxes and branes, Nucl. Phys. B
613, 127 (2001) [arXiv:hep-th/0106266].

[92] A. Brandhuber, J. Gomis, S. S. Gubser and S. Gukov, Gauge theory at large
N and new G(2) holonomy metrics, Nucl. Phys. B 611, 179 (2001) [arXiv:hep-
th /0106034).

93] L. Anguelova, F. Larsen and R. O’Connell, Heterotic Flux Attractors, arX-
1v:1006.4981 [hep-th]; L. Anguelova, C. Quigley and S. Sethi, The Leading Quantum
Corrections to Stringy Kahler Potentials, arXiv:1007.4793 [hep-th]; L. Anguelo-
va and C. Quigley, Quantum Corrections to Heterotic Moduli Potentials, arX-
iv:1007.5047 [hep-th].

[94] J. Kogut and M. Stephanov The Phases of Quantum Chromodynamics, Cam-
bridge University Press, Cambridge, 2004.

[95] S. Kobayashi, D. Mateos, S. Matsuura, R. C. Myers and R. M. Thomson, Holo-
graphic phase transitions at finite baryon density, JHEP 0702, 016 (2007) [hep-
th/0611099]; D. Mateos, S. Matsuura, R. C. Myers, R. M. Thomson, Holograph-
ic phase transitions at finite chemical potential, JHEP 0711, 085 (2007). [arX-
1v:0709.1225 [hep-th]].

[96] E. Witten, Anti-de Sitter space, thermal phase transition, and confinement in
gauge theories, Adv. Theor. Math. Phys. 2, 505-532 (1998). [hep-th/9803131].

[97] O. Aharony, A. Buchel and P. Kerner, The Black hole in the throat: Thermo-
dynamics of strongly coupled cascading gauge theories, Phys. Rev. D 76, 086005
(2007) [arXiv:0706.1768 [hep-th]]; M. Mahato, L. A. Pando Zayas and C. A. Terrero-
Escalante, Black Holes in Cascading Theories: Confinement/Deconfinement Tran-
sition and other Thermal Properties, JHEP 0709, 083 (2007) [arXiv:0707.2737
[hep-th]].

98] F. Bigazzi, A. L. Cotrone, A. Paredes and A. V. Ramallo, The Klebanov-Strassler
model with massive dynamical flavors, JHEP 0903, 153 (2009) [arXiv:0812.3399
[hep-th]]; F. Bigazzi, A. L. Cotrone, J. Mas, A. Paredes, A. V. Ramallo and J. Tar-
rio, D3-D7 Quark-Gluon Plasmas, JHEP 0911, 117 (2009) [arXiv:0909.2865 [hep-
th]]; Holographic Duals of Quark Gluon Plasmas with Unquenched Flavors, arX-
iv:1110.1744 [hep-th]; A. L. Cotrone, A. Dymarsky and S. Kuperstein, On Vector
Meson Masses in a Holographic SQCD, JHEP 1103, 005 (2011) [arXiv:1010.1017
[hep-th]].



131

[99] A. Dymarsky, I. R. Klebanov and N. Seiberg, On the moduli space of the cas-
cading SU(M+p) x SU(p) gauge theory, JHEP 0601, 155 (2006) [hep-th/0511254].

[100] J. C. Collins and M. J. Perry, Superdense Matter: Neutrons Or Asymptotically
Free Quarks?, Phys. Rev. Lett. 34, 1353 (1975).

[101] S. W. Hawking, D. N. Page, Thermodynamics of Black Holes in anti-De Sitter
Space, Commun. Math. Phys. 87, 577 (1983).

[102] M. Mia, F. Chen and M. Gyulassy, Phase transitions in holographic QCD, to
appear.

[103] S. B. Giddings, S. Kachru and J. Polchinski, Hierarchies from fluxes in string
compactifications, Phys. Rev. D 66, 106006 (2002) [arXiv:hep-th/0105097].

[104] S. S. Gubser, C. P. Herzog, I. R. Klebanov and A. A. Tseytlin, Restoration of
chiral symmetry: A Supergravity perspective, JHEP 0105, 028 (2001) [arXiv:hep-
th/0102172]. A. Buchel, C. P. Herzog, I. R. Klebanov, L. A. Pando Zayas and
A. A. Tseytlin, Nonextremal gravity duals for fractional D-3 branes on the conifold,
JHEP 0104, 033 (2001) [arXiv:hep-th/0102105].

[105] R. Casero, C. Nunez and A. Paredes, Towards the string dual of N = 1 SQCD-
like theories, Phys. Rev. D 73, 086005 (2006) [arXiv:hep-th/0602027]; F. Bigazzi,
A. L. Cotrone and A. Paredes, Klebanov-Witten theory with massive dynamical fla-
vors, JHEP 0809, 048 (2008) [arXiv:0807.0298 [hep-th]]; F. Bigazzi, A. L. Cotrone,
A. Paredes and A. Ramallo, Non chiral dynamical flavors and screening on the
conifold, arXiv:0810.5220 [hep-th]; The Klebanov-Strassler model with massive dy-
namical flavors, arXiv:0812.3399 [hep-th]; G. Bertoldi, F. Bigazzi, A. L. Cotrone
and J. D. Edelstein, Holography and Unquenched Quark-Gluon Plasmas, Phys.
Rev. D 76, 065007 (2007) [arXiv:hep-th/0702225]; A. L. Cotrone, J. M. Pons and
P. Talavera, Notes on a SQCD-like plasma dual and holographic renormalization,
JHEP 0711, 034 (2007) [arXiv:0706.2766 [hep-th]].

[106] C. Vafa, Evidence for F theory, Nucl. Phys. B 469, 403 (1996) [hep-th/9602022].

[107] M. Mia, K. Dasgupta, C. Gale and S. Jeon, A holographic model for large N
thermal QCD, arXiv:1108.0684 [hep-th].

[108] S.-J. Rey, S. Theisen and J. -T. Yee, Wilson-Polyakov loop at finite temperature
in large N gauge theory and anti-de Sitter supergravity, Nucl. Phys. B 527, 171
(1998) [hep-th/9803135].

[109] C. M. Hull, B. Julia, Duality and moduli spaces for timelike reductions, Nucl.
Phys. B534, 250-260 (1998). [hep-th/9803239].



132

[110] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Instanton
Effects in Supersymmetric Theories, Nucl. Phys. B 229, 407 (1983); M. A. Shifman
and A. I. Vainshtein, Solution of the Anomaly Puzzle in SUSY Gauge Theories and
the Wilson Operator Expansion, Nucl. Phys. B 277, 456 (1986) [Sov. Phys. JETP
64, 428 (1986)] [Zh. Eksp. Teor. Fiz. 91, 723 (1986)].

[111] M. le Bellac, Thermal Field Theory, Cambridge Monographs on Mathemati-
cal Physics, Cambridge University Press (2000) 272 p; J. I. Kapusta and C. Gale,
Finite-Temperature Field Theory: Principles and Applications, Cambridge Mono-
graphs on Mathematical Physics, Cambridge University Press (2011) 442 p

[112] M. Becker, K. Dasgupta, A. Knauf and R. Tatar, Geometric transitions, flop-
s and nonKahler manifolds. I., Nucl. Phys. B 702, 207 (2004) [hep-th/0403288];
S. Alexander, K. Becker, M. Becker, K. Dasgupta, A. Knauf and R. Tatar, In the
realm of the geometric transitions, Nucl. Phys. B 704, 231 (2005) [hep-th/0408192];
M. Becker, K. Dasgupta, S. H. Katz, A. Knauf and R. Tatar, Geometric transi-
tions, flops and non-Kahler manifolds. II., Nucl. Phys. B 738, 124 (2006) [hep-
th/0511099].

[113] K. Dasgupta, M. Grisaru, R. Gwyn, S. H. Katz, A. Knauf and R. Tatar, Gauge-
Gravity Dualities, Dipoles and New Non-Kahler Manifolds, Nucl. Phys. B 755, 21
(2006) [hep-th/0605201]; K. Dasgupta, J. Guffin, R. Gwyn and S. H. Katz, Dipole-
Deformed Bound States and Heterotic Kodaira Surfaces, Nucl. Phys. B 769, 1
(2007) [hep-th/0610001].

[114] A. W. Peet, TASI lectures on black holes in string theory, [hep-th/0008241].

[115] P. Ouyang, Holomorphic D7 branes and flavored N=1 gauge theories, Nucl.
Phys. B699, 207-225 (2004). [hep-th/0311084].

[116] S. S. Gubser, C. P. Herzog, I. R. Klebanov, A. A. Tseytlin, Restoration of chiral
symmetry: A Supergravity perspective, JHEP 0105, 028 (2001). [hep-th/0102172].

[117] F. Bigazzi, A. L. Cotrone, J. Mas, D. Mayerson and J. Tarrio, D3-D7 Quark-
Gluon Plasmas at Finite Baryon Density, JHEP 1104, 060 (2011) [arXiv:1101.3560
[hep-th]].

[118] N. Brambilla, A. Pineda, J. Soto and A. Vairo, Potential NRQCD: An effec-
tive theory for heavy quarkonium, Nucl. Phys. B 566, 275 (2000) [arXiv:hep-
ph/9907240]; Effective field theories for heavy quarkonium, Rev. Mod. Phys.
77, 1423 (2005) [arXiv:hep-ph/0410047]; N. Brambilla et al. [Quarkonium Work-
ing Group|, Heavy quarkonium physics, arXiv:hep-ph/0412158; N. Brambilla,
J. Ghiglieri, A. Vairo and P. Petreczky, Static quark-antiquark pairs at finite tem-
perature, Phys. Rev. D 78, 014017 (2008) [arXiv:0804.0993 [hep-ph]].



133

[119] H. Boschi-Filho and N. R. F. Braga, Gauge/string duality and scalar glueball
mass ratios, JHEP 0305, 009 (2003) [arXiv:hep-th/0212207]; QCD/String holo-
graphic mapping and glueball mass spectrum, Eur. Phys. J. C 32, 529 (2004)
[arXiv:hep-th/0209080]; H. Boschi-Filho, N. R. F. Braga and C. N. Ferreira,
Static strings in Randall-Sundrum scenarios and the quark anti-quark potential,
Phys. Rev. D 73, 106006 (2006) [Erratum-ibid. D 74, 089903 (2006)] [arXiv:hep-
th/0512295]; Heavy quark potential at finite temperature from gauge/string duali-
ty, Phys. Rev. D 74, 086001 (2006) [arXiv:hep-th/0607038]; C. A. Ballon Bayona,
H. Boschi-Filho, N. R. F. Braga and L. A. Pando Zayas, On a holographic model
for confinement / deconfinement, Phys. Rev. D 77, 046002 (2008) [arXiv:0705.1529
[hep-th]]; M. Panero, Thermodynamics of the QCD plasma and the large-N lim-
it, Phys. Rev. Lett. 103, 232001 (2009) [arXiv:0907.3719 [hep-lat]]; O. Andreev
and V. I. Zakharov, Heavy-quark potentials and AdS/QCD, Phys. Rev. D 74,
025023 (2006) [arXiv:hep-ph/0604204]; The Spatial String Tension, Thermal Phase
Transition, and AdS/QCD, Phys. Lett. B 645, 437 (2007) [arXiv:hep-ph/0607026];
On Heavy-Quark Free Energies, Entropies, Polyakov Loop, and AdS/QCD, JHEP
0704, 100 (2007) [arXiv:hep-ph/0611304]; Gluon Condensate, Wilson Loops and
Gauge/String Duality,” Phys. Rev. D 76, 047705 (2007) [arXiv:hep-ph/0703010].



