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A8STRACT 
ta . 

. . 

~ 

~ 

Mu)ti-linear~and analyticity of two different operator-valued 
./ .. 

',. 

• J ' .. 

composition maps. (f,g) ... fog' imply respettively basic rèsults in linear 
( , 

perturbation theory for pair$ of·linear operators' (F,G) and the existenc~ 

of stable and urlstable manifolds passfng through hyperbolic fixed points of 
t.r ~ .. 

analytic functions. 
J 

• 1 

In a study of the branching of solutions to equations E(x
i 

..... xn) = 0 

involving n B~nach space variables ~jt n-dimensional Newton-Pujseux indicial 

~et$ are introduced in an exten~~n of concepts ~oor least the t~rminOl~gy) 

associated with Newton-PJAiseux. diagrams. These indicial sets are employ.ed , 
C> • 

• to select a priori representations of solution branches. Su~stitutfon of 

• 

• " c' i' " 
these a priori representat10ns intc(E{x) ~ E(x

i
, ... IXn leads to factorizat10ns. 

itie .vanishing of l'non-tr.iVia'l, î~act.to~V in these factorhation i"Ucitly ", 

determines the unkn~ variablés in the a priori representa{ion and thus , 
'yields actual solution brançhes of E(x) -= O. ' 

- p - : / 

"·A generalization Of"Tay101- i s formula lustifies-the aboye fact~r1zltions , -
for ~ome d'ffferentiable functions E(x). One suéh f~ctorizat1on 1s 'utiHzed 

ifl es~abl1shing the existence of t~e afore-mentionned stable and,unstable 

~nifolds: , 
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, 1 Analyse de Quelques Problemes Non-Linlares 

par 
J " 
~ 

Î,' .- . 
. Alen M. Selby 

,0 

RtSÙMf , , 

" 

Les'!propr1ft'sdemul~~lin~arité1et d',nalycitê p~r'deux operations d.e.- ;. 
, '" r, lt l, 1 

tanposition sur des functions linéaires et des fond1on~ analytiques entr~Tnent 
", 1 

r.espect1vement des rêsults êl'lmentaires sur la theorie des perturbations " ~ ~ ~ . .. , ..., , ... 

linêà1res pOUl' une paire de f~nctions linêair,es {F,G} et l'éx1st~ce -de. 
" '(. 

passant par une point fixé hyperbolique d'une variêtês s'tables et instables 

fonction analytique. ' r 

~ ... '. ' 

Se trouve !galement expos&t u~e Uude sur les. br«nches de soluti~n 
• 'II 

d'equatio~sode,: la forme E(x1 ••••• Xn) :: 0 oO,X1 •• o'i,Xn prennent des valeurs 
( . ~ 

dans des espa~~7. de Banach." 'Des en~emb1es d'.indices n-dimen~fonnels sont 

introduits COI1IIIe une .exténsf~ n-dimensfonelle -des .. diagrànmes de Newton-Puiseux, 

'a fin de choisir des représentations ,a priori de 'branches de' solutions de 
" " 

l'êquation. E(x) = O. le replacement de ces solutions' represent~es, dans 

~(\ l'equation initiàle e~tratne des factorisations. :l'ann~latil~· d'un facteu~ 1. . , . fi • , 

-non-trivial dans une telle factorisation. decrit implicitement les inconnues' 
7 . 

de la rèp~sentation,. et d!tennine de vdritables solution de 1 '!quation E(x) = o.' 
Le$'factorisàtiOns dont 11 a êtf question plus haut. ~ont Justifiee par une 

extênsf~n de la fOrRIte de Taylor. Un telle factorisati"on fut uti11s!e pour 

êstablfr "êxistence de v~riêtes stabl~s et instables mentionnêe au premier 

paragraphe. 
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The three chapters in thfs dissertation have artsen from ~'attempts 
'9 ... ' \ .. <:. \ 

to undersi~nd bifurcation the~,. ~hey hàve ~vol~ed f~ a s,tudy Of, three 

" pàpers ( -1). (4) and (5) \~,!4. G. CRANDAl,L and P .H. rWnN~ITZ on HoPf' 0 

, , 
" ,,1 01 

,bifurcation. bifurcation due ta simple etgenvalues afld .11near pertprba- : 
'ZI> . ', / " 

t 1 on theory. ''for myse l f. "~ut riol' necessarlly for the authors. the \' notab l e ~ , . ... ~.. , 

'f 
~ 
r .. 
t . 
1 0 ~ 

. feature Clf these papers 15 their employment 'of the 1mplictt funétion . 
• '\r, ~ 

theorem in Banach spaces. somet1mes in conjunction with a sl1,Iall ampÙtutfe 
- . \ ~, , 

or perturbation parameter-s ànd an assoc1.ted factorization •. to' derive 
} f " .. 1 ~ ~ • .. , "' . , , 

.' 

l1near and 1I0nlinear pefturbatfon results., The1r factorfzation in-
.' \ 

vo~v. the division of ân 1'ul:,t1on (o~ a function) by a p,*er of thé 
q~ • 1 

perturbatiôn par,ameter, S to obt~in a, new equat~ . (or function) ta' which-

the applicàtfon of the implicit functton theo.4m 15 feasible a~1 s = 'O. 
, 1 • 

A var.iation of th1s flctorizltion method of Crandall and Rab1ndw1tz 1s . . 
- employed in' chapter 3. Other factorizat1on methods hfve been- prèV10usly , 

" . 
ut111zed in, the work of J. DIEUDONNE (8). -R.G. BARTLEI ( 2) t L. M. . " \''/ 
GRAVES (12) and-O. SATHER ('22) in their studi~s of th,'~ brançhing of 

1 l ' '.. ~ .... / [ __ 

solutions to equations. Pla Inalysis d of such "factoribt1 on' methods 15 . .' 

-, -, 
, 

The linear perturbation theory in chapter.l depends on the frlchet 
... 1 _ .... 

'" _Il" ~ 

- differentiation of the multi-linear. composition maps 1n~a (npnlinear) .' ~ 
'!. ' 

1dentity Foh 1: Gohoc. Here F. 6, h Ind c.tre ~oul'!ded 11ftear operators. 

• ô 
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. LIi~elr perturbation J~Ul~S then fOll~r f.~ 't~e iitpUcit 1~nctton .'thè~~ ( 
• 1\ \ r ..... ~ l. ~ ~ 

The ,~erturbat10n of Fl\lt'uet exponents ant Fl oq~et .,r~presen~at10ns 01 di -
, ~ CI' ç ,J " ... 

, turbed lineer period.1I: lsy~tems "of oraft'ary dffferent'ial equat10ns 15 

presented as'!n eX~1IQ) ~ and p~ss 1 b le _ IIIOt lYat.l On for thl $ theor,y'l St ndard 

, ,igenvaJue pe~turb~t1, ~: f()~la~ f~l1ow for single an~ multiple e gen-
~ \.. 1. • 

values from d1fferent1ation of the'1d~ntity Foh = Gohoc when (h.t) are 
~, Jo 1 1. 

, - l , \ 

ana lytf c operator-va lue(l functi ons of (F .G). In' chap~er 3 a s1mi Ir 
__ ."", 0 

. ' 
1dent1ty appears in which F.G.h and c are analyt1c rather than 1 near maps .. 

" . 

, 1 : '-J . In: ch~~fact1r1~atfons\and ~-di~nSional Newt~n-pu1~e x ~ndttial . 

, ~ets are 1~~ t~' 5eek S~rflclent condltiqns for famille or curves , 

o~~ solutfQns ~·(.s) parfmeterized by a s~'1 parameter S ,(and O:S1l>lY o(he~" 

~ variables) to issue ~t s =,Q fram a branch-po1nt of an ecwat10n E(x) • O. 

The'~p~rator E' i~ th1~ equation fs a 'Frêchet d1fferent1able funct10n of 

, n ~ 2 Banach spac:e tar1ables 'x = (x:.~ •• Xn)' w'hén ~ = 2 and ~ 1s a " 
, j l, 

2-dimensional variable with real or comple)( components (XI. XI). the 
, ! 

/, ';l ., 

cla$sic41 Newton~P~iseux diagrais or polygons are the'boundaries of the 
.. convex 'hul1s of ~'a~ove Newton-Pu1seux-ind1cial sets. For analyijc map 

, .,. . 
E(x). f,ctorizat'1~n of t'he equation E(x) -: 0 after the substitution of; an , . 

. ,l, f" P .' 
à priori representatfo" x·aI. (s jZj) imposes a sù.t:t1c1enl geomet 1e 

\ 1 lq~ , , 
compa~1~"l1ty co~d1t~on on 'the ve~tor p = (Pl •••• Pn) ,fo~d frQm t e 

. \ ' 

exponent$ Pj' This cond1tion f.s t~e· requ1resne,nt that the vecto~ p be 

a normal vector in Rn t~' a support1ng hYPerpla~e 01 the Newton-Pui eux-
• ' 0 , 

ind1ct,1 setofE at x· O. This permits 1 factor1zatton 
(t~lt'<" 

... 4 .. ,r~I~ .. !T 

) i, , . ' ,< 1 

\ 
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, (.) . " -r (PI ' ,Pn ) 

] 

. F P r S ~z = 5 eE S' Z. , • •• s Zn 

1 wh;ctI"'the fonC;10n F P. r( S .z) fs not ldfjntlca Il&, zero for s .. O. Is 
,. . 

Inaly~1.c, and has the p~operty that a""ly~ic eX~!nSf~nS Z = (Zj (s) ) Tsj:sn "'j . ~ 

of roots 'zO == z~O) ~f 1f p,r(O',z°) = 0,' b~t~ined with the .1mpl1,c1,t. function 
. '. 

theorem, yie,l d vi 1 the 1. prio,ri representati on ana lyti c branches 

, P Pn 
x ( s ) = (s 1 z. f S ). ... S zn ( 5 ) ) . ' 

/' 0 

of solutions to E(x) = O. ,Thes~ issue at a branch-~oint'at the origin x ~ 0 

when ~1.1 .the exponen;s ~I"" PQ a~~ Ifositiv~ • 

For.differentiable and not nécessar1ly analyti~funGt10ns. s1milar , . , . ~ 

results follow fram 1 flctorizltion technique based on. an extension of 

Taylor's Formula •. In th1s extensi~n. there.is a remafnder term contain1ng 
~ ,- ~ 

an ~ntegrand involving a sum (1n multi~index notation) ofjFrêchet der1v~a-
. Il Il IJ" • ' 

t1ves nIJE(X) -::. Dx'Dx', ". DxnE(x) of E.-~nh different ~rders IIJI·~j=1.lIj' . 
• a n 1 1 

1 

The possible novel feature ~f'çhapter 2. in a4d1t1on, to this e~tension of 
, , 

] 

Tayl()r's formula. 15 the intro~~ti~n of the terminology\Newton-Puiseux 

indiciel-set to f,c11itate the description ~f factorizatiOn argu~nts 
, 1 ... \ • 

], invo lving n-Banach space ~rgument$ (In, M. M. VAINBERG and r. ,A. TRENOGIN 

. (21) thf!{e a~ siml1af arguments 1nvolv1.ng hyperplanes and ~variables . .. 
x· (x •• , ••• ~), in n-dimens1onal Eucl1d.ean spaclt.) 

\ . 
,0" In chapter ~., a var1a~,on of the afore-ment1~nned facto~1zatioh meth~ 

of CRANDAll aAd~~~ITZ.~ ~ complex-an_lyticpertufbation theory show 

the existence of- stable and unsuble analyt~c man1fol'ds passing through 
.; 01 • .. , ... ,.' • ~ l' 

l , 

\ 
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hYperbo11c f1~ed pOiftts of real a~d.comple~ analytfc 
o ~.1 /l. II> 

,The 

existence follows, from an application of·the imp11c1 function theorem 1 , 
and from the joint ana1yt1city of certain compositi ~ ma~s (f,g) ~ fog 

, appe~r1~g 'in a éonjugacy rela~1en Fosh - Goshoc. Ïr·t~1s conjugacy;~etltion 
s ts a small pertJ,trbation, parameter and the operatort F ,G,h and c are"':' " 

r 'elements of Banach s'aces, of analytic fURetions. The analyt1c1ty of th~. )' 
( . 1 0 • 

C~Posit10n maps in t~e conjugacy relation permit th, ,prQced1ng' aPPlication, ' ' 

of the implieit function the~re~ to a f~ctorization 10f the eonj~gacy ;.1 . 
_. relation to yi,eld the exiS't~,"e~ of solutions (h,c) 1 (~,O) '10 this relation 

for sorne s ~ O. This in turn for ~pecial "choiees ~f th~ funetions (F,G) 0 

~ields the existenc~ of stable ,and unstable ~~nifolds for'lhalytfc funetions 

w1th'hyperbolic fixed points. The complex analyt1eity of the composition .. . " 

maps in the above .existence argu,ment foll,ows fram uni form estimates provided ,~ 

by Cauchy's formula for analyt1~ funetions. ".Furt~er details ~n be lound 

in chapter 3. 
o . 

Despite the links fnd1eated above, eaen chapter is independent of'the 
'" 1 -

others. Each chapter has -its own introduet.ion whieh conta1.ns a chapter. sum-' .:' 
. " 

mary and beekgr9uncllnfonnation. The latter 15 .i"tended,'to supplement the 
, ~ 

l '- e. , 

results stated in the rest o(\ttt chapter. Each -thl)iter a150 has 1ts Own 
. \ 

bibliography·. ,F1naÙ! all the ochaptèrs are exerc~ses in Calculus f~r "nlch 
• 0 

'spaces and 'chaptel" 3 in particular employs analyt1c operators def1ned on 
.J " . \. ' ~o 

Banach, (function) spaces', ." j~ 
\ 
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r. • 

. Chapter 1 . 

, , 

Sorne linear Perturbation THeory 

/ . ' 1 

based on the Persi stene. of Certai,n Invariant 5ubspaces 

of pairs of l1near operators (F ,a), the Impl1eit Funct10n 

Theorem and the, Identity Foh = GDhoe. 

1. Introduction. Let X and Y be Banach spaces over a eOOl11on field 

)( 7 R or -t., ,Basic results in linear perturbation thedry for pairs of 

bounded linear operators f ,G : X .. Y are derived from the analytic 
• 0 ~ .L 

dependence OR (F.G) of so~ solutions. bounded linear maps (h,e) of 

the conjllgacy relat1on. 'Foh = Gohoc~ .In this identity thfltmall circle 0 

, , 

(and in the foll owingJjuxtapositio" )j.ndicates the eompQsition or mul tipl1: 
",' \ • , -r 

cation of operatlir-s. Here h : N -+ X and c : N -+ N are linear maps whose ; 

cOIIII1on domain N is a' fixed Banach, space over J<. A subspace S of X is an 

invarfant subspace of the ordered pair of opérators (F ,G) if F(5) c G(5). 1 

f. 

Hence with this definition of invariant subspace, the,range S of h ;s an 1. 
, . . 

invaria.nt subspace as F(S),$ Gc)h(c(.NH C G(S). 'Moreover by definition. thi~ 

invariant subspace ~-='oh(N) i"s IIpersistent" ifhdependsanalyticallyon (F:G)~ 

Eigenvalues r of (F,G) are characterized by the presence of non-zero 

solution~ x ~f ~eigenvalue problem Fx = rGx. 'Eigenvalu~s r of (c,IdN) 

Simila~ defined, a~~ affiliated with eigenvalues ~,of (F,G) since by 

linearitt;.èn =:/rn (n € N) implies Fx = rGx when x III h(n). Kence if N = J( 
........ "" 1 ' • 

then • (r,x) ... (c(1),h(1)} implies by 'Hnearity .thlt{X ·°rGx s:.ince 

. c(l} c r1.. Aria1y~ic d~pen~ence of (h,c) on (F.G) i'n th1 ~nei'di~nsio,..' 

• 
o , f 

~ 
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cl é: 

o -h', , 

, case red~çes to an eigenvalue-eigenvector -Perturbation result in 
", 

M. ~'f CRANDAll and P. H. RABINOWITZ'U~l). In general. dimension CN) ~J;.LJ 

and standa~'ffr;t-àrder single and multi-eigenvalué perturbation formulas 
1 II ~ 

, follow frœ Fr~chet d1ffere~tia~10n of ~'CI,h = Gohoc when (h,c) ar~ oper~tor-
f' 0 

valued functions of,(F,G). Such ~ifferent1ation 1s feas1ble because 

composition of 1 inear maps i s a bounded mul ti'-Hnear operatton on operato~-
, " '" _\, 1 

normed veé(or spaces of bounded linear maps. 

The discussion of Floquet representations, exponents and multipliers 

f~ line~r periodic systems of ordinary differential equations in sectiçn 2 

provided the initial motivation for this chapter. 
C> 

In T. KATO (5). Fx,= rGx is described as' a generalized eigenval 

problem in which usually G : X .. Y is a bijective operator,. Thi 
~ , 

condition permits Fx = rGx ta be rewritten as G-~F.x =' rx. 0 In t 

below, G is req~ired to ~e invertible only on the invariant subspace S. 

The continuity of the total eigenval'ue projections in T. KATO (5) corresponds 

here ta the persistence of some invariant subspaces S under perturbâtions 

of (F,G). 
, 

Additional motivation and a model for thfS chapter and chapter' 3 1s 

'suppHed by th~ non-di fferentiabl~ 'th'ory for 'the persi~tence of i,nvarian~ 
manifplds irBC. HIRSCH, C. PUGH and M. SHUB (4). This tlnon-differentiable" 

l , 

theory based d1rectly on certain ,linear1zations and Lipsch,itz c~stants 

';ontrasts with ttl'e "d'fif;renti~ble" theories in this ch~Pter, in chaPter 3 
, , 

and in J. MATHER (6), whi'éh,depend on the Frt!chet differentiation of compo-; 
" , . " 

sition maps, the implicit function theorem and ,the inYer~ion of linearfzed 
, -

" 

1 

. 1 

1 \, 

! , 
, 

" " 

/ 



" e ...... ""_,_ .... _ 

, ' 

) . 

..... 
.. 

" 

/ ' p • , , 
_. _____ ~~ .... 'III:O:IO'S~ ..... 1"t\\;'*IUI'I:l/ .... J$C ... St ,il'!! l' ''''4 lliU J 

.. 

, ' 

, 1· 

• 1 • 

operators of the fOml CI ."M) -in which the spectral radius of M is less th an l. 
.. 1 _ - .. 

• The rest 0lf thi~ chapter 1s composed as~fOllOW5. Properties~ofFloquet 
, -,\ '~ ,1 _ 

exponents are indica'teciin section 2. In section 3 after the defi,nition in 

sub'-section 3.A. of simple and semi-simple eigenvalues of (F.G)' and after 

th~ 1n~roduction in sub-section 3.B. of notation for spectral ~~di1 and for 

.Banach spaces of bounded 1inear operators, two preliminary ,1ellll1as 1 and 2 
~ . . 

are given. The second of these lemmas requires one of six alternative, but 
a 6 • 0" 

not equi va l~nt·, h~potheses Hl to H6. The one and --Only invariant-subspace 

J)!rs 1 stence-perturbatf on:reSlll t of th i s chapter i s gi ven iln theorem lin 
,1 

, section 4. Lemmas land 2 are required in lemmas 3 and 4 to indicate 
1 ff 

sufficfent conditions for the hypotheses of-theorem l to hold, but for 
, ' rl 

the proof of theorem l an~ the 'perturbation of semi-simple and simple eigen-

values in theorem 2 of section 5 these'4 lemmas 1,2,3 and 4 are not needed. 
• 1 • 

ln section 6 1these lemmas are employed to show the persistence under per-
" 1 !J 

turbations of Floquet representations. In the last section, s~ct1on 7, 
, , . 

standard first-order perturbation formulas fol10w fram the Fr~chet d1fferen~ 
, 

tiation of the identity Foh,= Gohoc with respect to variations in (F,G) when 

C the Hnear maps ,(h,c') depend analytically on (F ,G). 

l> 
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1 2. Properties of Floquet ExÎfOnents. ___ .... 1 

1. 

The p~perties of Floquet exponents and mult1pliers descr1b~d below 

are intended to partially motivate the derivation of linear perturbation 
1 1 

:results ~~ this chapter. ~,he question of' continu~usly var~ing Floquet 
. ./ 

representations for continuously disturbed. perio~1c systems of lin~ar 
_.. ~ / "f, 

ordinary different;al ~quations is an$wered in section S. A referenc~ ~or 

the Floquet the ory described in this section is J. K. HALEiS textbook (3). 

/ Let A(t) bf! a T-periodic mxm. continuous matr1x-valued 'function oft f:n~. 
, 

Then every fundamental mx'm fuatrix solution 2(t) of the matrix differential 

equati,on 

(1 ) ~t) ... A(t)Z(t) 
o 

, 
has a non-unique Floquet representation 

(2) Z{t) = H{t)e-Ct 

in which C 1s an m"x m matrix and H(t) dis a'x m matrix-valued T -perio~tic 
~ . 

differentiable function. Substitution of the Floquet repr~sentation (2) 

in the diff~rential equaiiQn (1 y yields 

(3) . ~t) - A(t)H(t) .. H(t)e 
• 1 

after ~anc 1at1on of the exponential tenn e -Ct. '\ 

From ( ) ob~erve whenever n in cm 1s an eigenvector or pseudo-e1genvector 
• 

of- th~ m x m matr1x C that M(t)n H an eigenfunction or pseudo-eigenfunction 

of th~ operator Ir -A(t~ acting on the space of T-per1odh: differentiable 

"function~ valued in cm. Thus the eigen~alues of the matr1x C are e1genvalues, 
~~. ... 

o~ by definition negative F1dq~et expon~nts. of t"he o~rator . Ir .. Mt). 

with respett. to the. 1dènt1ty~inclus1on operator 1 embedding'thè vector space 

~ 

: \1 

f' 
( 
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-' 'Of T -period1c differehtlablé functions valued in f.' lnto the vector . , . 

space ~f T:.period1c' ,continuou~ fun~tions valued in en. The columns H(t}e
j 

~ l , " 

of H(t) span an m-dimensional vect9r' space ,which. becauS'e of (3h is mapped 

by the ''Cflffere~tial operator ,F =:::~':t ~ A(t) l~to itse~f. In the language 

of the introduction, G .,ç'I the identity inclusion-rnap, hn, = H(t)n, cn = Cn 

al)d 'N =1<'" == Rm or t"'. 
Frbm the Floquet representation'(2), Z{O) = liCOl and hence 

e -CT == Z ( 0 ) ..; 1Z (T) 

since Z(T) =H(T)exp(-CT) = Z(O)exp(-CT). Thus (-CT) is the log of an 

lnvertible matri~. But the im~ginar~ part of this log function is multi-
, 

valued. Consequently, the real parts of -CT and hence of C are uniquely ~ 

determined, whi1e the im~ginary parts'of the eigenvalues'of C associated'wtth . 
-the invariant subspaces of Z(Of

1 
Z(T) are detenn1~ed modulo ~. The eigen-

vall,les of exp( -CT) are, caped Floquet multipliers. The importance of the 
~ '\ vI' ~ 1 .. • 

Floquet representation .is0·~hat the signs of the real parts of the eiglen-

vàlues of -C (i.e. the Floquet exponents) govern the 'asymptoti c behaviour of , 

the solutions x(t) of the equation 

d li ft - ~(t)x '= f 0 
• 1 

as t+ -. There is exponential dècay il the se ryal parts are al1 negative. 

In the above discusston one may have tacitly assumed that' T was the 

least period of the' function A(t), or' that this matrix-valued function was 

not constant'~ but neither assumption 1s necessa,ry. The Floquet exponents 

of ft,1 + A(t) dwhen A(t) is constant are justlhe eig~n~alues of-MO}. modulo 

2'11'1. For instance, suppose B(t,u) 1s an x m con\inuous matrix function 
T 

o v 

of t wh,ich cQnverges uniformly as u + 0 to A{O), and which has period T 

" , 

/, " " 
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, 1 
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in t. Then 

d) the Floquet exponents of t.he diff~rential operator ft + B(t.u)' 

shou 1 d approach tho~e of ft, -If- A( t) as u .. 0; 

tfi) there should be a faml1y Zu(t) of fundamenUl solutions et 
the âffferential equations 

~t) - B(t.u)Z(tJ III 0 

with Floquet representatlons 

~ Z (t) ... H (t)e-C{u)t 
u u 

\ 
. 

in whtch the mxm matrix C(u) and the m.xmmatrix-valued differentiable 
l , 

T~periodjc functlon Hu{t) sa~isfy 

and 

lim C{u) ... A(O) 
u"O 

1 

lim Hu(t) = Imxm 
. u"O 

. Here~~_limiti~~' Floquet representation 

Z (t) = 1 . e-A(O)t 
o mxm 

(uniformly in t.) 

is.,a fundamental matrix for"the limit differential equation 

~ - A(t)x III O. 1 

Ih~_conti~uity· propérties (i) and (ii) of the Floqu~t exponents and 

Fl~uet representat10ns ~ll follow fram the more general considerations 
( 

of section 6. . 1 
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le and G-semi-si' 

Let F,G :_X ~ Y be a pair of linear opera tors w1th domain 
~ ~ ",.,- ., ~ 

\ Th~ follow!ng defin~tion appears in M~ G. CRANDALL and Po,H. BINOWITZ (1) .• 

Definition 3.1. G-Eigenvalues o~F. A.çomplex number r is a G-eigen­

value of F if there is a non-zero'element, x in X with Fx • rGx. The 

elements of the nullspace of F ,- rG are the G-eigenvectors of F associated 

~ith T. A G-eigenvalue r of Fis G-semi-simple if the dimension of this' 

nullspace 15 finite and, if FX:fII rGx implies (F - r'G)x 4 G(Jcerne1(F - rG». 

A G-semi-s1mple eigenvalue. r of F is G-simple if the nullity of F -rG 1s 1 • 

. Note below G-eigenva1ues of ~will a1so be called eigenvalues of (F,G) 
.;'\ , ,. 

or eigenvalues of F with respect to G. 

3'.B. Notation for S aces of 80unded Linear 0 

For any pair X and Y of Banach spaces over J(,' et B( X, Y) den ote the 

Banach space of linear operators L·: X ~ Y with ounded operator-norm 

ft L ft ," sup n LX R 
S(X,Y) .. x € XJlxllX =1 Y 

If X = Y , let B(X} ~ B(X.Y). For L in B(X) define the spectral radùis of t 

by 
1. 

,rCl) z; i im sup ( DL j 1 ) j 
j~.. . B(X)' 

1 

Note if r(L) < 1 then by the root test 

(1 - l)-1 • tj-o lJ 

15:1" element of the Banach space B(X). • " v. 

. ' 
, " 

1 

l') 
1 

1 

) 
1 
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3.C. 1Wo Prel1m1nary lenmas. 

-a_JI f_ "~ 
, '. 

. 
" " . , , 

, 

l,. . " " 
.~ , 
" 

, 
,/ ,. 

t' 

"'~ ! \ 

Remark. Lemma~ 1 and 2'1n this sub-section and lemmas 3 and 4 in "section 4 
" 

are not employed until section 6. 

~ let N and V be Banach'spaces over~. Let a' B(V) and b € B{N). 

lenma 1. For d : N'" Y. put.Md .... adb. Then M: B{N,V) ... B(N,Y) is linea,:, 

bounded and has spectrà, 'radu1s r(M) < r(a)r(b}. 50 that r(a)r(b) < 1 

im\ll1es (I - M)-1; B(N,V) ... B(N,V) 15 a bounded linear operatQr: Further 

(I - M ld =- d - adb. 

Proof. For j> 1, M j d "" ajdbj • Therefore for "d Il = 1, Il Mj d Il < Il ajll-llbJII and 1 

henee 

Q.E.o. 

Lemma 2. If any of the six hypotheses listed beloW hold then the linelr map-
'" L : B(N,V)'" B(N,Y), defin~d by 

Ld ... ad' - db . " 

for d in B(N,V), ha~ an inverse r1 in B(B(H. Y». i .e. ~ is surjective 

and bounded bel ow. 

th{ six hypotheses Hl ,H2 .H~.H4.H5 and H6 occur in dual ila1rs (H1.H2). 
". . 

(H3.H4) and (H~,H~) (see proof for the effects of this dualf\y!) The hypo-

theses Hl and H3 are special instances of H5, and H2 and H4 ~re special 

instances of H6. 

\ 

/ 

.. 
", 

éJ , 

[-: , " 

. 

1 , 



'1 ." 

, . 

/ 
Hl. 

H2. 

H3'. 

H4. 

... 

, -9- \ . 

\ 
a-1 ( B(V), b ( B(N) ,and r(a,"1)rrb) <-1. 

b -1 t BCN), a '( B(Y) and r(b-1)r(a) < '1. 
.' -

N 15 f1nfte dime'nsional and it has a Jordan Cànonical basis el' •.. en 
. , , 

for b : " .. N. There are n scalars rj in J< sud, that b e .. r e , 
1 1 1. 

bej E {~ej''jej +-!j_1}for
o

2<j<n, and,(a - rjIv)'"1 E B(V) for', 

1 < j < n. Cn ;> 1.) . Q 

, 
V fs finite dimensional and it has a Jordan Canonical basis"e 'à •• e . 

/ . l' n 
for a : V .. V. There,are n scalars rj in 1< ~Ch 'that anen =rnen, 

aej E {rj~rjèj + ej +1} for 2 <j <nI and (b .. ', r j IN) -1 (B(N) for 
l' 

1 <j <no (n;> 1.) 

H5 V is à direct sum of closed subspaces W , •.. Wn (n ;> 1.) There are 
1 u 

n scala'rs ,tj in J(. h' E (O~'1) CR" and n continuous projectifs 
2, , 

Pj : V" Wj w~th (Pj) = Pj and PjaPm = ~jmaPm for 1 <; j,m <: n 

S~Ch 1lI1,at for 1 < j < n at leost one of §tfoJI1JWlng holds: 

. (i) (a' - rjIy}Pj E: B(Wj }, b-1 
E: B(Y) and ~ - r j Iv}Pj )r(b-;<h<l 

, '. . 1 

. (H·) [(a - rjly)f)l-1 E B(Wj ), b ( BCY) and r«(~a" ~jIv)ljfir(b) < h < 1. 
\ 

( 

H6. N 15 a direct 'sum of clos~d subspaces Z ...... Zn <.n ;> J.) There 8'1' _ . 
- " . il 

-n-sc~lars r~ in J<,: f:' (0,.1) C. ~~ J and n cont~~u~us ",ptyject1ons .,. ~ 

~ Qj ~: N" Zj wi~h (Qj>. - Qj and QjbQj - bQj for" 1_ < j < .n. ~ 
sJ.'ch that. for 1 < j < n 'at least one of the fol1owing holds: 

(1) a:1 
E B(V~. (b - rjIN}Qj E: B(Zj) and r(a-1 )r«b - rjIN)Qj) ,~ h 1(' 1 

\ 

," ) \ 

(U) a E. B{V), {(b-rjlN)Qj]-l€B~Zj)ana -r{a)r(r.(b-rjIN)Qj]-~l(~h< 1. 

• L 

" 
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Proof of lemna 2. 

For (Hl). write Ld '~a{d ~ a·· l db') !'tÎ.d where. by'lenma l, Ld ~d - a~ldb 
-1 ... -1 -1 '1 

has ,an inverse. Th~refore L d 1: (L) a d, is a bounded linear operator on 
• '~F 

B(N,V)'. 
. , 1" \ ... 1 

For (H2)" write. Ld"" -Cd - adb - )b = ~·Ldlb here by lenma 1 ,Ld -d -adb-
\, , 

1 .. 1 l' . ... 
has an inverse. Therefare L- d = -{L}- (db- ) 1s a bounded l1near map on 

,; 
B(N,V). 

For (H3), ad - ab =' Ld = c ~ B(N,V) 1ff . , 

ce .... (ad - db}e "" (a - r IV}de 
, 1 1. 1 1 

and \ 

\ 

By inauct1on, start~ng with j = l, the express1onsi~'(1) recurs1vely ~~ 
/ 

~eterm~ne ~ach dejl and hence d : N ~ V, ~s·bounded linear funct~ons'of ~ , 

for which Ld = ad .. db .. c. 
1 , i FQr (H4). let et, •.• en in the dual. space V· .of, V be Jhe dual bas1s of v* . 

, 
ta the buis el"~' e".Of V. Then ad .. db .. Ld "'" c ~ B(N,V),iff for l<j<n' . . 

ejc = ej(ad - db) .. ej(a(E~l ~emd) - eJdb . 

since IV .... };~~ emem(.). 'Ther'efore ld -.c ifi for 1 < f< n 

ejd .. { eJd(fj IN ~ ~) ". 1~ J -1 ,or if bej _t - rj_~j-t' 
~jd(rjIN' - br + éJ-1d " if .bej -:1- rj"1ej_l + ej . 

, . . 

i 1 

. / 

1 
1 

1 
l -
j 

l'. 
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Hence, by ·hlduction on j ,s,arting with j - 1, the formulas 

j • { ejd(rjIN ~ bl"'1 • if j. 1 or if ~ej~1 - ~j_1ej_1'r, 
ed j ji ' 1 . '- ' 

(e c - e - dHrjIN - br , ff l<j<n and ~ej_1· rj_1ej_1+<ftj' 

re<ursiv.l~ d~tenl1fneS e~ eJd. a~d hence d-J.j:'l "m<eJ!I). as ~ed . 

linear 'funetions of c € B(N,V) such that d 1s the on1y solution in 8(N,V) of 
, .. 

Ld ç ad - db. • e • 

'For (~). Ld lit ad - db = Ce: B(N,V)'iff for 1 <; j <; n 

r • n 
Pjc .. Pj(ad • db) =Pj(a~l Pmd) .,\Pjdb 

- (~~l_Pj(p~aPmd)J - Pjdb = aPjd - Pjdb 

... (a - rjIv}p jd - P jd(b'. rtrl . 
o sinee IX.t~, Pj and ,PjaPm = <5jmaPm.' ; But ~y the pr:ev1ous arguments \ 

for (Hl) and {H2}, th~last equality in the above expression uniquely deter-
, . 

~ine's 'e:ach !jd, and henee d .... ~j=l (Pjd), as bo~nd~{1inearfunct1onS'of c, 

-fdt which ad - db =' chas d as itsÀ only sol.utio~ in, B(N,V). 

r, 
! 

1 . 
1 

1 
~ , FinallYt for~H6), ad' - db .. C .: B(N",V) 1ff, :for 1.< j < n----

'< 

CQj - (ad :- db)Qj adQj".' dQjbQj 0. 

j\ 
-r~ l, 
.i J' • 10 

.... (a .:. rjlyldQj - ~QJ1b - r j 1N)Qj '0 

sinee·' (Qj)2 .... Q~ and QjbQj. bQj_ So ag~in by the argu.mentso 

(H2). L : '. B(N.,V)'" B(N,Y) i5 surjective and it has 1 bounded inverse. 

- '-Q .) 

for (Hl) and D 

} 
'\ 

-1 Q.E.D. 

/ 

'. 
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4. On The,Pers ence of Invariant Subs aces. The Identit Foh:: GohlOc. , . 

Let: x and y" be vector spaces over i. Let F ,G ,be a pair of linear 

operlltors mapping X into Y. \ 

Definition 4.1. Invariant Subspace of (F ,G). A subsRlce ~ of X ·:is an 

invariant subspace of (F .G) if . 
F(N) Ç. G(N).o 

, (hserve if the restrict10'1. GN : ~ ... y of G to N 1s injective and ft 
~ 1 

Il N denotes the restri ct 1 on of F, ~o N, then 

1 ~ .. ~ c= GN
1FN' : N'" N and h ;;: IdN : N -+ X 

• 

/ 

5atisfy the identlty _,' 
" 

(1) . \ , 
. \ 

Conversely.Jf c : N .... ft and h : N'" X {.(~.c) arb1trary)satisfy'(1) and if 
~ 1 /:J. '.,; .. 

S =: range (h) =: h(N) then F(S) = G(h(c(N) C G(S) and S 15 an invariant 

5ubspace of fi:' ,G). ,.. . 
Now let X Ile Il normed vector spac&> with nonn Ixl. / , 

... 
, Defin1tio"\ 4.2. A Gap bE!tween Subspaces. Let S ,and S'be subspaces of X 

... - . 
and let dH(~,,'S) = sup '1nf _ 1 s ... sl;l; 1 ~asure the gap between the 

S s'S s.:S . ... 
.' " 

Is 1 ~ l Is-1 ~.1 
" .. 

unit balls of Sand S. - . ... 
~O~: .... dH{S,S) ;:; 0 if, the closures ._of Sand S in X are equal., Furthèr 

... \, \', 

if P : S ~ S 15 a projection WhiCi~ 15 su"{ective and bounded below 
" 

(with 1 PI $ 1) then for all s "in, S 

/ 
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~ . 

... 
inf Is - si sols - P'sl s·{I-I - PI)lsl. _1 ... ... ... 

S fi S, 1 si s 1 
... 

and 'hence dH-(S,S) :s:'~ 1 - PI. 

1. '9l\r:m l and le~a 4 and 5 ,be1OW cO{lta.in:suff1cient conditf~ns for 

th~pers~stence of invariant subspacès S'of. a pair of- operators (F,G). 

Theorem 1. On the Persi stence of Invariant Subspaces. ' let X and, Y be the 
, 

Banach spaces over 1<. let X be a direct sum of c10sed complementary sub- , , . . , , 

-
spac& N and V. let Y be a direct sum of closed complementary subspaces . 

y, and Y2". Let P : Y '"" Y2 be the continuous projection of Y ontoY, 
. / 

given by, p(y,+'Y,) =r Y'l. when y, fi Y", Y2 ~ yi' Let.F,G be a pair of 
<J 

boundea 1ine~~'maps of X into Y. Suppose N is an invariant subspace of 

(F,G) Ji~h F(N) ~G(N) = Yt. ~t G~ : "N ... Y1, have a bounded inverse. 

Assu~e FN : ~'""'\ 1~ bounded .. Set b= G'tlFN: N~,""N. Finally assume tne 

·1inear map l : B(N,V) ... B(N,v,),defined for v N" V in B(N,V) by 

(l ) \ l v = P (Fv - Gvb) , 
'" p 

J l () 1 

aSI_ 3 and 4 bel ow, and theorem 2 is surjective and has a bounded inverse. 

and its corol1ary in', the hext section indicat sufficfent condi tions fOl:'-this.) 
, . 2 

Then there is a neighbou~hood W of (F,G j'n B(X,Y) and operator-valued 
..... , ' • • 0 

i functions h(f,g) and cff ,g) 'v,alu~d i~ B(N )-'and BOn respective1y, which 
• . ' .. c. 

, depend analytical1Y on (f~~ injl,'jnd wh, c satisfy Ci) th& identity , . , 
Th(f,g) = gh(f,g)c(f,g) ", 

1rt which, juxtaposition' ind(cates the multiplication of linear operators; 

and (i1) the lIiniti'ëil conditjons" 
l ,\ i 
1\ 1 \ 

, 

::C hCF,G) = IN .: N .... X-, . \ 

cCF ,G) 4 -GN1FN ,;. N ... l. 

.. ...-'t 1 



\ 

Proof of Theo'lm 1. For (f ,9,t,v) in B(X.Y)' x B(N) x B(N,V), 

set. 

A(f,g,c!v) = f(lN + v} .. g(lN + v)c 

\ 

( Then A 1s a B(N,Y) valued analytic function of its arguments 1 be~ause' 1t 
, , 

is the diffe,rence of multf -l1near bounded operator .. valued functions on 

~ 
" 

4 (' .a 
1 B(X,Y) x 8(N}'x B(N,V): Further _ . "-

1 '-', ~~ ~ 

" ':, ___ " ~ A(F ,G,b,O) = ~IN • GINb ... 0 

, 1 

SînOe-b-~N:FN = (GIN)-l(FIN). The.partial (c.v~Frf~het derivative of 

A at (F,G,bJt) i~ the B(N,Y,) valued l1near map 
\ 

• ~( C \~v) = (Fv • Gvb),.. .Ge 
" b 0 

''-;t,~!~ - P)(Fv - Gvb) .. GNe 1 

since Lv = P(Fv - Gvb). Thus Q~~€ B(N,V) impl1es 
l ' ~'\ ~ 

(2) v = L-1Py _--,) 

c =:=.G;l(I ,. P)[(Fv - ,GVb) '~y! : ~ 
=These formulas sh~w, Q: B(~) x B(N,V) -+ B(N,Y) to' be sÔrjective and bounded . . 
below. Henee by ttie fmplicit function theorem there 15 a product neigbourhood 

W'x U ()f (F, G ,.b,O) in B(X,Y)2 x (~(N) ,x. B(N,V», in which the solutions 
-~ . . 

o 'II ' ' .1) 

Ot.A{ f ,g ,e ,v) = 0 fom the graph of ana1yt1 C operator-va l ued functions _ 
.. " ~ 

(c(f t9},V( f ,g» mapplng the tteig'hbourhood W of (F ,G) iota thë neighbOur~ 
.hood U of (b,O)' in B(N) x B(N,V) with "1 ' 'e 

(C(F-,G)o,V(F,G») :'b~O) = (G;/F~,()J •. 

The concluslo~s'(f) and (i1) are satisffed by sett1ng, 

(h{f.g).c(f,g» '= (IN + v(f,g),e(f,g», 

Q.E.D,. 

"-,,.I!. ___________________ ~_~~ 

1 l 
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( ... 
Corol1ary 1.1. (Change of Parameters.) Let N be ,a Banach space over IC 

D 6 ... 
". 1 

Suppose there is an isomorphism t:N ~ N. Then for' (f,g) in W the operators 
b 

i 
'1 

... ... 
h(f.g) = h(f,g)t : N ~ X 

1 

~(f.9) = t-1c(f,9)t : N ~ N 
" satisfy (i) the identity 

... _ ... 
fh(f,g) = gh(f,g)c(f,g) 

and (11) the ".initial conditions" 
... ... 
h(f ,g) = t : N ~ X' 

"'{ ). -t -1 -1 c f ,g ::;: t GN FNt = t bt 
'" ... 
N" N' . 

Proof:. ~ This is obvious by substitution. 

/ Q.E.D. 

" 

. \ 

" 

.-

, " 

'. 

, c . " 

1 
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~} Lenma 3. SUppos~, PF y : Y -+ Y. f s boundecj bel ow and 

r«PFJ -lPGy}r(b), < 1 (b = GN
1FN : N -+ N) " 

1 1 • 

1 

then lv = P(Fv - Gvb) 1s surjecti"ve and bounded below. , 

~. • By lemna r" Lv = (~v - _ (PFy) -l'(PGy)Vb] 1s a product ld.2 of 

surjective and bounded be10w operators defined by 
l " 

, li 
V € B(N,Y) -+ tPFy)v 

. l2 1 
'v € _.B(N,y}", v - (PFVr (PGy)vb .. 

Thus l is surjeètive and bounded below sinc~ L-1 = L;ll;l. 
'. Q.E.-O 

• p' . /. 
Lemma 4. Suppose PGy : Y -+ V2 is bounded below and the map of-v-in 

B(N,V) to ~ 

av - vb =,.( PGV) -l(PFy}v - VGN
1FN 

J 

.~ 4' " 

in B(N,Y) is surjective and bounded below (see the sufficient conditions 

i 
in Hypotheses ~l to H6 of lemm~ 2) then Lv = P(Fv - Gvb) is surjective , 

l' 

1 
and bounded be 1 ow • 

! 
Proof. Again Lv = (PGV){av, - Yb) is a product of ;nvertib1e maps, 
which are bounded below. Q.E.D 

Note,PGV : V,-+ V2 i5 boanded below iff G X -+ Y is bounde~ below 
- -JI' ' 

1 , 

since G can be ide~tified with the triangular matrix in 

(-'~N. :: , 0 ) (n} = (GN'; )' e: Y X Y2 
- (I - P)GN, PGy v '(I ... P~Gn + PGv 1 " 

and s1nce 2 x 2 triangular matriçes are surjective and bounded be10w ift" 
, '" 1 .. 

,~ ·their diagonal elèments are surjective and bounded below and their off-
, J 

\ ~n~l elements are bounded, 
~- \~ ~ ~ ~ 

'. "~" . -

r' 
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5". Perturbation of Simple and Semi-Simple Eigenvalues,. 

, ' 

In theorem 1, if b = (GN)~1FN = rlN then r 1s an eigenvalue of 

(F,G) and kernel(F - rG) = N. Fur~her r 1s a simple or semi-simple eigen- " 

.;:, _~~ val~e if the dimension of N is finite. The general case dimension{N) > 1 ' 

and the special case dimension(N) = l a're treated in the,orem 2 and corollary , 

2.1. below. ,~ 

Theorem 2. Pertur.bation of, Semi-Simple Eigenvalues. Let F,G: X -+ Y 

, ,he bounded linear operators. Let rO be a simple Dr semi-simple G-eigenvalue 
, .) (' 

of F. Suppose No = k~r~el(F - rOG) has a ~\l~,d complement V in X. F'Urt~e~ 
assume .GN : 'N ... Y i~ bounded below, and Y2 l = range(f,- reG) 1s a closed -
, 

complement of YI = G(N) in Y. Then there i s a neighbourhood--W-of (F ,G) in 

B(X t y)2 and ana lyti C operator-va lue 

and valued in B(N,X) x B(N) such that 
, / ? 

f~(f,g} = gh(f,g)c(f,g) 

and 
h(F ,G) ~ iN : N ... X 

c(~,G) = rOIN : N ... N 

'Proof: 1he operator Lv = (Fv - rOG)v = 

15 surjective and bounded below. 

o 

,c(f,g» defiQed on W 

(for (f,g) in W) 

Fv - Gvb Cv cE B{N, V» 1n theorem 1 

Q.E.D. 
" ,< 

, \ 

Corollary 2.1. P"erturbation of Simple Eigenvalues.< ln theorem 2 if 

dimension(N) = 1 then there are analytic funetions (x(f,g),r(f,g» defined· 

'. on a: neigbourhood W of (F ,G) .in B(X, Y)& and valued in X x lK such that 

and 

fx(f,g) = r(f,g)gx(f,g) 

x(F,G) + 0 

1 r( F ,G) ... rO. 

(for (f,g) in W), 

• 1 

" 

: 1 

1 , 

1 
'f 
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" . 
,d 

'. 

. Proof. 'Let (h(f,g),c(f~g)) be as in thè conclusion of theorem 2. Now -
Q 

identify N with )( and put x(f,g) == h(f.g)(l) and r(f,g) = c(f,g)(l). 

Q.E.D. 

6. Perturbation 'of Floquet Exponents and Floquet Representations. 

6.A. Floquet Theory. Fix T > O~ Let K(t~ be a contfnuously'differentiable, 
, 

m x m matrix-va1ued function with period T in the réal-varia~le t and ,co-
" ' 

• 1 .: 

efficients in )(. Let A(t)' be a continuous, T':'periodic, m x m matrix function 

of t. again with coefficients in )(. Let· 

(l) Fx =, K(t)dx - A(t)x, 
dt . 

Gx = K(t)x 
1'--

when x = x(t) is a continuously differentiab1e function va1ued in K"1ril;> 1.) 

Let Z(t) bé an m x m fundamenta1 matrix for the differentia1 equation Fx = n. . , 
i.e. 'Z(t) satisfies the differential equation /. 

(2) FI(t) = K(t)dl(t)' - A(t)Z{t) = 0 
Of. " , 

with a non-singular initial valije I{O). Then let) has a (first) Floquet 

'representati on 

let) = H(t)e-Ct (H(t) m x m, C m x m.) 

in which·C is def~ned by exp(~T} = Z(O}-iZ(!). Necessarily H{O) = H(T) 

since I(T)': H(T)Z(0)-1Z{T) and since ZCO) = H(O). By induction, it fol1ows 
l , , , 

that H(t) 1s a T periodic continuously d1fferentiable function. . 

, Su~stitut1o~ of the ~t F1oqU~t repres~ntat1~n into equatio~ (2) yields 
1 

(3) FH(t) = K(t)dH(t) - ACt)H(t) = K(t)H{t)C = G( HCt)C >. 
dt ' 

... 
t 

" 

- 'V' 

• 1 

1 

: ' 

J 

, 1 

" > 
\< -

" 

, ' 
'1 

1 
j 
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Similarly let) has a 'second Floquet representation 
1\ 

(4) let) = ~-RtQ(t) (Q(t) m x m, R m x m) 

in which exp( -RT) =r Z(T'Z(O)""1 • Hence Q(T) = Q(O) and consequently 

Q(t)'is a T-periodic continuously differentiable function since by the 

definition,of R, Z(T) ='e-RTQ(T) = l(T)Z(O)-l Q(T) aAd Z(O) = Q(O). 

, - ~ ~ . 

Here Y(t)'= ~(t}..1Q*(trlexp(-(-R*t» -will be the Floqu~t ~epresentation 

of a fundamental matrix of an adjoint differential .operator F* to F. 
, , 

6.B Periodic Function Spaces, Adjoint Opera,tors and Fredholm's Alternative. 
d 

let Y be the Banach space of continuous T -periodfc functions ... y(t) with 

bounded sup-nonns flYlly = max{ 1 y(t), J<'.fIl : 0 < t .; n. 'Let X c Y be 
- " 

, the, Banach space of continuously.differentiable functions x,(t) valued in )(m 

dx with a finite nonn Ixlx :0:1 xl Y + .ldt1y. Define ·an inner product on Y 

and on X C Y by 

(f,9)T = J: "<f{"b),9èt»i" dt = { f(t) g(t) dt. (f,g e X or Y.) 

Note the restrictions of F and G to X are continuous linear operators 

valued in the Banach spaçe Y. 
~~. . 

For the T-periodic ,differentiable functions x(t) ,y(t) 1 in X , integration 

by parts and the periodicity imply ______ 

(y,Fx)T =. (Y,.K(t)~ - A(tlX)T = (EK*{t)~ 

= (F*y,x)T ' 

if the adjoint operator F* is, defined by. 

F*y = -K*(t)~ - (dK*(t) t A*(t»y •. 
àf dRr ' 

" 
The same computation indicates (F*)*x = Fx. 

_ .. '----

'r 

/ 

( 

1 

r-
I 
1 

1 J, 

1 , ' 
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Let Y(t) bè a m x m fundamental matrix solution of the adjoint,equation , 

F*y = 0 which satisfies the init,ial' condition Y(O) = Z*(O}-lK*(O)-l. Then 

for all t in Jt 

ft<V11(t)K(t)Z(t» = (~~*y + K*~i)*z + Y*K ft = t 
but Y*~O)K(O)Z(O) = lm x m' Ther-efore' 

(5~ 

1s a fundamenta 1 solution of the 'adjoint equation F*y = (Y. From the second 

Floquet representatian (4) of Z(t), a first Floquet representation of Y(t) 1S 

Y(t) = K(t)*-l(e-RtQ(t»*-l = (K(t)*-~Q(t)*-l) eR*t. 
/ 

Fredholm's Alternative.. Variation of Parameters. 

For the inhomogeneous differential equation 

.Fx = K( t}dx - A( t)x ; g( t) 
dt . 

in which g(t) is a' continuous function of t, variation of pararnet,'fs yields - -

x(t) = Z(t)(c
o 

+ f
o
t Z(s)-lK(s),"lg(S)dS) 

as the general solution which satisfies the initial condition x(O) = Z(O)co' i 
! 1 

Observe frOl!! (5) that the c~llection of/functions {K(T)'AI-1Z (T}*-""lyo': YOE:a(l'} is 1 

-the solution space of the adjoint equation F*y = O. For simplicity, sup~ose 

Z(O) = Imxm the identity matrix. Then for T-periodic funetions g(t) in Y 

the periodic differential equation Fx ::: 9 has a periodic solution x(t) in X • .1 
"-

iff 
x(O) = Z(T){x(O) + fTZ(s)-lK{s)~l g(s)ds) 

o . 

iff (1 - Z{T»x(O) = fTZ{s)-lK(s)-l g(s)ds 
• 0 

iff for a11 yo _in- kerne1«(I-Z(T) )*) = ,ker nel(K(T)*-l{Z(T)*-l_I) ... 

" kerne1(Y{T) - Y(O», - , v 
, , 

, 'O· IT ~ Z(s)-lK(s)-2 g~) Js = l<y(s)yo,9(S» m ds - (Y(t)yo.9(t»T 
• ',_- 0 Je. 

) 
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, 

_ 1ff for all y = Y(t)yo ,in _kernelx(~*) 0 

- 1 

(y(t) .9(t»T = p 

Therefore 1 n Y 

(6) ran~e(Fx) = {kernel(Fx*)}l = {y ~ y X E kernelX(FX) impl1es(y.x) CI Dl 

Li kewi se tin Y 

(7) Il' 

Final1y 

, 1 
range(FX*) = {kernel(Fx)} 

null itYX(F) :' null ity(Z(T) - -lm x m' 

= null1ty(Y(T) - Y(O» 

J=-Jco-dimens1 ony(FX), 

(ff) dim kernelX(F) = co-dimensiony(range{FX» 

and F has Fredholm index zero. Simjlarly ~ 

(9) dim kernelX(F*) = co-dimension(range(FX» 
~ \ 

S.C. Generalized Eigenvalue Problems. Floquet Exponents. 

~enceforth restri.ct the opera tors F and G so that \ 

X = doma1~(F) ~ domain(G). 
• l - ~ 

8y the preceding a"9l.D1lent ~ach of t~e operators F,. - /rG (r in J<) has 

~Fredholm index, ~ero. Put G = K(t)*y. Then the adjoint of the 
, , 

dtfferential operator (F - r )* (computed ~s aboya) is F* - r*G*. 

Further the Fredholm index of these operators on X 15 zero. Hence for each 

1 

l 

,-
r '. 

l , 
i, 
f: .. 

1" 
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r 

\ 
e1genvalue r of (F,G) there" is an ~igenvalue r* of(F*.G*) with the same 

/' 

geometric multiplicity given as (or defined by) 
, 

. nullity(F - rG) = nulli.ty(F* - r*G*). 
'J::J 1 1 -

, The. "negativ\es -r of the eigenvalues r of (F,G) are cane~ Floquet~ponents. 
- . . 

From the Jordan canonical forro of the matrix C in the first Floquet 

representation Z(t) = H(t)e ..LCt, there are q orthogonal projections (P.) . 
. J 

of ,m'onto ~ubspacesEj of Cm such that 

C ;0: Ij=l {AjI + Mj}Pj 

for some q nilpotent or ~ero operators Mj on Ej and sorne q ~ m. distinct 
. 

eigenvalues ~j' of C. Here each Ej is spanned by the eige~vectors and 
, 

pseudo-eiqenvectors of C associated with th~ eigenvalue ÀJ' The dimension 

of Ej is ~he algeb:a;c multiplicity of the eigenvalue -\j of C •. 

Note each inv~i_ant ~ubspace Ej of (C, lm x m) is a direct .sum of 

n = nullity (F - AjG) invariant subspaces which contain, modulo the complex 
1 \ 1 

numbers, only one eigenvector of (F,G). Let '!l ...... «>w. w = t1=1 rj , be 
• ,1, 

projections onto these invariant subspaces. (ether Floquet representations 

of Z~~1 are given by , 

. (10) Z(t) = (H(t)exP(lIét»e-~c + 6C)t ' a-

whenever lIC = I~=l 21r aj i~j Jar some integers uj ' There cannot be any more 
, T ' 

Floquet ~presentations (or Floquet exponents) other than those given in 

(la) 'since the' ~qUatidh 

K(t)dx - A(t)x = 0 dt « 

-1 
< 1 

! 



l , ~I 
( 
l, 
t' 

'i 

~' 

, ' 

has at most m linearly independent solutions. In part1cular modulo 

2-1 , each'eigenvalue r of (F,G) 1s equal to one of ,the eigenvalues 
T ' 

1 

Aj of the operator C. 
2 - 0 

Note sorne bounded linear perturbations of (F,G) in B(X,Y) are given . -
by bounded perturbations in Xm and ym respecti~ely of the columns of the 

, 

matrices K(t) and'A(t). Here the elements of the product Banach spaces 

xm and ym are being identified with m x m matrlx-valued T-periodic 

funetions of t. 

Fix j (lsjsq.) Suppose r :;: "j 1s 

of the matrix~. Put N = Nj = H(t)Ej 

V :;: tf = {x f X : (x'Y)T = 0 for a11 y in N}. 

Then V'is a closed complement of N and for x = n + v in X, with n in N, 

v in Y 

Q{ (F -' rG)v~ G(ker~e1(F - rG» = G(N) 

as otherwise ,there ifould be an n in'N = Nj,and ~ v in V such that . 
... 

K{t)dv - A(t)v - rK{t)v =, K(t)H(t)n. 
idt 

The latter contradicts the sj~plicity or semi-simplicity of the Floquet 

exponent r of {F,G).as it implies the existence of a Floquet representation 

not of the form given in (10). 

/ 
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Let 

Y2 ~ range(F - ,rG) = kern,el (~F .. rG>*)~ 

be a closed subspace of Y. From nullity«F - rG*) = nullity(F-rG);; 

dimensionG{N) and G(N) n Y2 :; {Ol.' it follows that YI = G(N) ;s a closed 

complement of Y2 in Y. Thus the hypotheses of theorem 2 are satisfied 
\ 

if _dimension N ~ 1 and those of its corollary 2.1. if dimension(N) :; '1 •. 

6.D.2. General Case. Perturbation 'of a non-semi-simple'Eigenvalue. \ 

Again fix j (l~j~q) and let ~\= ~j be' an eigenva},ue of C. 

N = Nj = H_(t)Ej and. 1>9:'~ . 

Put 

y = ~(in'X) = {x € X . (x,y)T = 0 for al1 y in H}. 

N and Y are then closed complementary subspaces of X. Put Y2= (F - rG)(Y) - " ~ , 

and YI = G(N). Then r is not an eigenvalue of (Fy.Gy> ;nd \nYa.~{O}as other- " 

wise the dime~sion of N = Nj wouùi increase. Put 

N'o = {x € N : 4x,y)T = 0 for y .in kernel (F .. rG)}. 

Then 
, "l 

No + V ={kernel«F - rG})} " (.1. in X > 

and 

(F - rG) (No If- .y) = range<,F - rG) = {kernel «F, - rG)*lf ("'-in Y.) 

-
Thus ('f - rG)No is a f1nite dimen~ional co~plement Of" Ya = (F - rG)(V) in 

, 1 
the clos~d subspace ternel«F - rG)*) 'of Y. Therefore Y2 1s closed. 

Hence'(F' t rG)y : V ~ Ya is surjective and ~punded below since 

kernel(F - rG)y = {Ole Further Ya has,éo-dimension 

'. 
" 

1 l, 

\ . 
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, * 
'd1mension(No) + null1ty(F • rG)X}-;1: dimension(G(N». 

But 

Y, /\ ~ ~ ro}. 

Hence y .... G(N) 1s a closed complement of V2 with dimension (YI) = ço-
, t 

dimensionyCY2 ). Therefore YI and~'t2 are, c10sed complementary sUbspaces 

of Y. 

Let P De a continuous projection of ",Y. = G(~) onto Y2 == (F .. rG)V. 
~ 

In theorem 1 for map,s v : N" V in B(N,V'), 

., Lv = P(Fv - "Gvb}, b = GN: FN == rI
Nj 

+ Mj 

, ' --.. t 
whère Mj is a nilpotent or zero' Itnear operator. Hence hypothesis (H3) 

of 11ellllla 2 is satisfied with r~ =' r for lsjsn :: dimension(Ej .> and with 

a = (PG1v)-t (PFV) : V" Y. ~ote r is not an eigenvalue of a V .. Y 
. ~ 

stnce av = AV CV E: V) impl tes . 
, " ~ 

o :: P(F ... AG)V = P(F '. rG)v + (r - À}PGv 

::' (F -rG)v + (r - A)PGv 

and this impl ies À .,: r because r is not an eigenvalue of (Fy,Gy). Hente 

by lemma 4, the persistence theorem l is'apPlicàble. , .. 
By corol1ary 1.1 with Nd Ej and the change of paralJ!eters ~=H(t)PfEj .... N, 

there are operator-valued funetions 
.. 
hj(f,9)(') : Ej .. X 

, ~ 

which "(i) depend analytically in B(E) ',~) and B{Ej ), respectivel~, on pertur ... 
• . , t 

battons (f,g) 1n a ne1gbOurhood Wj of (F,G) in B(X,Y-) • and '(11) satisfy 

(11) h(F,G) = H(t)Pj ': Ej'" NeX, ~(F,G) = Ajlj + ".J : Ej ... EJ C J<'" 

and 
(12) -

'-

... ' lit ..... 

fhj{f .g) = ghj(f ,9)Cj (f ,9). 

\ . 

1 

j 
1 
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~ ,~ 
" ' ~",~:.W 

.' 



( 

t 

! . 

. ' 

\ 

- < 

( 

.. 
; \ 

'---..... _~_~~ __ ~'t'I .... ~J4A •• _~~,.,.,.I1t!JIIf1.' ." .. ~_"'_. , .... ~ _ 
\ ' 

-26-

6~0.3. Perturbation of Floquet Representations. 

For 1 <j<q, the argument fn subsection 6.D.2 yfelds operators 
, " , " 

~ ~ . 
(h/,g),cj(f.9» in B(Ej,X) x 8(Ej ), whic~ depend analytically on (f,g) 1n a 

" a ' 
neighbol,lrhood

1 
w=ni$s~q Ws ~f (F,G) i~ B(X,Y) . and which satisfy the last 

twO' equatfoB of subsection 6.0.2. Now recal1 that ~~=1 Pj = 1 : J<"I .... J<'D i . 

that Ej=l( Ij+~j)Pj = C : k", .... ,J<"lj and that B(x"':X) is isomorphic to Xm• 

The'refore.... def 1 n q ~,t~ -. -~.nt 
H{f,g) __ ~j=l hj(f,9)Pi -= H(f,g){t) :" .... X 

satisfies .... 
H(F,IG) - Ej=,'H(t)Pj .. H{t) : Jë" .... x:lIl. 

li kewi se 

Therefore ... .. .. 
fH{f ,g) "" gH(f ,g)C(f ,g) 

because ~j(f"g) : Ej .... Ej = range(Pj )\ C ker,.el(ps ) if S"" j. 
,"'1 .-'-~ 

Naw if (k(t),a(t» in v"'x ym are m-m periodic matrices such that 

9= k(t1 : X .... Y and the d1fferential operator f = k(t)~ + a(t) : X .... Y 
~ ~ 

satisfy (f ,g) cr W then 

<) (k(t)~ + -a{t» H(f,g)(t),= k(t) H(f',g)(t)i(f ,g)._ 

Thus a Floquet representation of a fundamental matrix of the <:fifferential 

equation k(t)1x(t) + a(t)x(t) = 0 4 

is given, by .. '...' _'" 
Z(f,g)(t) \"" H(f,g)(t) exp( -tC(f,g)1.. 

, ~ 

Th1 s represents ân ana lyti c conU nuat; on of the Floquet represéntati on 

te .... '. Z(t) = H(t)e- = Z(F,G)(t) of the f~damental ~matrfx-solutfon ·zet) of 

Fx =l K(t~ x{t) + A(:t)X{t) = 0 - - ( Ga K(t) : X -. Y) 

S1n~e-the operat~rs. f =. k(t)l + a(~) and g,~ k(tl
) il) B{X,Y) depend .~ 

11.nearly. and hence analytically on bounde(perturbations (k(t) ,1('» of 

(K(t) .A(t» in f'x ym.-
, "'" 

J 
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Derivation o'f Standard Perturbation FOrmUlas'-
'b j 

-
~, 

Assume the hypotheses of th~or~!." 1. Lèt ; h = l'N + v fi v .. ~~B (N, V) and 
, . 

, , J A(f,g,c,v) == fh • ghç 

be as i~n ~hl pr,oof of theorem 1. let, hl f ,g) = IN + V( f ,g) : N'" X and 

c(f~g) : N ... N be th~ analytic oper~tor-valued maps appearing in the proof 

and conclusion of theorem 1. linear perturbation formu1a~wfll be obtained 
r 

for the first-order changes' in (h(f,g),c(ffg» from Frtfchet differentiation 
, , 

J 

ot' the equatiotl 'A(f,g,c,v) == a with r,espect to variations in (f,g) in B(X!vt •. 

1.et '(df ,dg) denotELelements of B(X, Y) • -,By the, chain-rule 

o =-DA(F,G,b,O)(df,dg),' " .. 
,.. 1 • ~ ~ 

= A(~,g)(F,G,~,~)(df.dg),+ A(c,v)(F;G~b.O)(Oh(F,G)~Dc(~,G»(df,dg) 
r ' 'f."'I'1 Q " " " 

= (df)IN - (4g)o ',+ Q(Dh(F;G)(df,dg) ,Dc(F .. C,)(df,dg» , 

o where Q : B(N,V) x B(N)'", B(N,V) is the Cc,v -partial Fréchet derivative of 
, \ 

A'<f'9,C,V),eValUa'd ato(F,G;b,O). Put', "d, ," 

, ' Q 1 y =' -«df)IN ~ ('dg)b).." , 
">:) 1 " 4 ,- , 

From the in~erse qf Q calculated in' the 'proof 0: t"~orem 1 ;i~ ~0 ~ ,py ~~en 
~ \... _. --~ 

Dh(F ,G)(df ,dg) = _(':1py~ ~ v 

Dc(~,G)(df,d9r=., ~~ioj:(I - P)(Fv" ~ Gvb • y) t' 

• ~ f.l 

Therefore (i) if b = D"or if G(V)uF(V) C Y2~ range{P) thé!, 
, , 

, " IOc(F ,G)(df ,dg) = -GN
1(l - P)(df IN '. ,dg b) : N -t ft 

. , 

and (ii) if b = 0 then' lY = P(Fv - Gvb') 1mplies 
, 

, (Dh(F ~G)~df ,dg)" = (PFY),·1p{df IN) ,: N ... ~ 00' 

The remainder of the cal~ulat,on~, in thts section con cern the 'mat~1x 
~ . 
representatiorr"of Dc(F,~)(df.dg) When ft 1s finite ~1mens1onal. 
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\ 

Assume N has a bas1s ", ••• ,nm Then ~(N) C Y has a bas1s Gn •••• ,Gft 
,1 ',- lf m 

s1nce GN is one-to-one on N. 8y assumption (I - P) : Y ~ Y is a continuous - . { 
projection. Therefore there are m linear functionals Zj Y ~ X such that 

m 
(I - Ply = :tj=l <Zj ,,Y>Gnj . 

Hence <zj,Gnk> = 6jk • Further 

GN
1
(I - P)(df IN - dg b)l1k = Gr/tJ=l <Zj ,(qf ,- dg b) nk>Gnj 

= zjel <zj,(df - dg b) nk>nj 
-

/ 

'Thereful.e 'if b = 0 or if -G(V) + F(V) = range(P} then a matrix representation 
, ' 1 

. of Dc(F ,G}{df ,dg) : N ~ N with. respect to the above bas; s of N i s given by 

Dc{F,G){d~,dg) = -«Zj,(dL- dgb) nk»lSj,ksm ~ 

(An lœedlate consequr,flce of this matrix _ rep~è(I!_~tion 1s the fonnula.:, 

ttace(Dc(F,G)(df,dg)) = J:1Sj~m <Zj,{df - dgb)n j > 

for the trace'of the first-order change in c(Ftdf,G+'dg). This trace equals 

the f1rst-order change in the me~n-value of~ the eigerivalues of c{f"g) af 

(F,G). When m = l'and b = rO the ~trix ~~d trace fonnulas redu~e to "the 

coimlon expreSSitn' and sta~dard perturbation formula 

Or( F IG)(df ,d~ = "-<z ,(df _ rOdg)n> e • 

f~r fi simple eigenvaf~e. rO ff (F ,G). N~te the special case rOdg = O. 

, The perturbation formulas deriv:d in th1s section for perturbations of 

c(~.G), its trace or a simple e1genvalue rO gi~the lfnear tenns in the 
~ _ ~;:o. 

Taylor expansions of their extensions c(F +.<If ,(f+ ~g) .. tr~ce(c(F +df,G +dg)} 
, 

and reF +df,G +èl9) in the ~resence of perturbations (df.dg) of (F,G). This 

information can sometfmes be useful in the indication of the linearized 

stabilityof certain non11neaf problems when Lyapunov's Stability cr1terion 
- '1 

. holds. 
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Chapter 2, 
) , 

Newton-Puiseux diagrams and polygons, and 

Multi-dimensional Newton-Puiseux Indicial sets. 

. 
1. Introduction. Tr~ditional1y, two dimensional Newton-Puiseu~ diagrams 

and polygons have been employed to de!ermine rational exponents ~ = P/q 
. / 

-ln fràctional pOwer serié"s ~xpansions, valid as x ~ 0 or as x -+ 00, of 

solutions 
, j}J 

~ y(x) =:EJ~ al 
'\ . 

(1) 

• , i 

to analy,tic ,or algebraic equations 
1 1 • 

(2) 
• k . -1 k • k 

o = E (x ,y) = l;J"- ..1:'1'-1'1 EJ" LX~ y = l;J:-ntL''''/\ 1 • D"xDyE (0,0) xJ y 
, ~-.....-v 1\, l'V ~ (j!)(k!} . 

,f 

an~ to.analytic or algebraic differential equations of t~e fonm 
q 

(3) 

~" 
. ~-

~, Q(x'Y)dx = P(x,y). b 
, 4 

See for instance the books B.A. FUCHS and V.l. lEVINQO) (Russian.1949, 

" English'translation 1961), E.L. INCE{15) {1925}, R.J. WAlKER(28) (1949). 
" 

ln the pow~r series -expansioh (1) the substitution x = sq yields a 

parametric representation 

1 

of a curye of solutions of equation (2) or (3) which issues at s = 0 from a • 

branch poin.t a1: the origin (0.0) or at infinity depend,ing on the signs of -
, J' 

p and q with say q. > 0 iff "x .. o . ., \ 

In O. PERRON(~) (1961) another application 'of Newton-Puiseux diagrams 
..J -

i . 

1 

1 
, \ 

l 

\ 1 

) 
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'. 

1 , 

15 given f~r rnth order~ analytic, scalar, orQ1nary differentia1 equ~tions 
1 

not of the form in equation (3). The role of Newton':Puiseux diagrams in , , 

the analysis of asymptotic behaviour and of branching of solutions to 

equations E(x,y) ~ 0 has been, investigated by many, recént1y including 

J. DIEUDONNE(8) (1949), R.G. BARTlE(l) (1953), L.M. GRAVES~ (1955), 
1 ..-

D. SATHER(22) (1970} and (23) (1973), and M.M. VAINBERG and V.A. TRENOGIN 

in (27) (1960). In J. OIEUDONNE(8), E(x,y) is permitted to possess an '" 

exponential-1ogarithmfc expansion at (x,y) = (O,O) E: ~ of a type 

defined in G.H. HAROY~3). In R.G. BARTlE(1), l.M. GRAVES02) and 

D. SATHER(22,),and (23) the variable y in E(x,y) = 0 is allowed to be an 
. . 

rn-dimensional element of Ji" or ~m. In thi s multi -dimensional case, (m;>l) 

the coe,fficients EjkX j of yk in the Taylor expansion in equation (2) of 

E(lÇ,y) at the 'origin (0,0) of R2 or C2 are k-linear functionals on ~m 

or C~, respectiv~ly. The artiéle (23) i~ a survey which compares these 

real and complex~ases for the equation E(x,y) = O. The textbook,review 
;' , 

rnonograph (27) biM.M~ VAINBERG and V.A. TRENOGIN is oriented towards the 

branch1ng of solutions of nonlinear integral equations depending on one " 

para~ter, and it eonsi~ers after treating Newton-Puiseux dia9rams, related 

tapies in divisibility theory. " 

In brief for the Taylor series expansion of E(x,y) in expression (2) 

above, the Newton-Puiseux diagram is the boundar,y of the convex hul1 in ~ 
,0 

of the jodica 1 set lE = { (j ,k) : Ejk * 0 }. This boundary 1s a Newton-

Puiseux polygon when E 1s a polynomiaJ. The rational slopes of the 5ides 

~port lines to the Newton-Puiseux diagram or polyg9n provide 

admissible/values of,the negative reciprocal (-l/p) of the.exponent p 

). 

. \ 
......... 

, 
1 

! ,: 
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in the fractional power series expansion (1). For vàriables (x,y) in Rl , 
'" eac.h continuous curve of solutions (x,y(x)) of E(x,y)= 0 with y(O) =' 0 

is shown in J.DIEUDONNE(8/) to satisfy 

O· = ,lfmx-+O y(x)x-}l 

fo~ sorne exponent ~ >0 whose.negative reciprocal (-l/p) is·the rational 

slope to a support line of the Newton-P~iseux.diagram, containing at least 
, 

two points of the indic1al set lE' 

In this chapter for equations 

o = E{x) ~ E(x. t.·· xn) 

linvolving a Frêchet differentiable function E(x " •• xn) of n-Banach 
1 • 

space variables x = (x , ... xn) in a product Banach space x=nj
n 1 X., 

- 1 == J 

/ the n -dimens1ona 1 Nèwton-Pui seux indicial set of the Taylor expansion of E 

at x = O. is defined a.s the set lE of multi-indices la =(a ~ ... a ) wit"h 
, 1 n 

non-negative integer comp,onents, for Whic~,e c0'iispondin9;jl 

derivative ~ 

Frêchet 

a. . a·« a 
OaE(O) ,= (nnJ'=l Dx ~)E (0) = 0x'~i •.. ~)I. l'lE (0) 

J ' n 
~/ 

il .-

. at x = P 'exists independe~tly of the order,~f differentiation, and 

d6es not van i sh. ' In bri ef 

lE' == (' ci->.6 : OaE(O) '+ 0 }. 

This set 1s' finite if E(x) is a polynomhl. in x = Jx ",_. xn). Normal 
. , , 

, vectors .p = (PI t •. :. Pn> to supporting hyperplànes ,in Rn of -the i~d1cial 

~et lE' for whtch p' a E lE t~1ies <at~n;;' r for somé r in R, l>ro~ide admis­

sible values of, exponents Pj in a 'pl.!l~i represen~ation~ -

PI 1 Pn -PJ' 
xp(s,z) = (s Il , .. ~.~ S. Zn) 11:; (S ZJ)1<;J<n (s">~~z co (zl,--,zn) €,X~ 

. 7 

------' 

~! 

i 

1 • 

. cr 
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Of solutions to . E(x) = O. The variable s in the a priori representati0r:' 

Xp(s,z.) is a110wed to assume non-positive values in :R (Ol" t) if a11 the 

exponents Pj are integers and X 1s a real (respectively, complex) Banach 

'space. For functions Eix) ana,lytic at the origin 0 of X, the ~dmissible 

values of p F (PI 'M·t Pn) permit a factorizat1on 

E(Xp(S,z» = srFp,r(S'z) 

in which ~Fp,r(S,z) 1s a continoQs or d1fferentiable function with 

.. 

F (O,z) = 1:a D~E,~)Za (a! =(a.~)(a!)···(a !) J. 
p,r < a,.p>~O a. 1 2 n 

.. t 

This factorization is justified by the local absolute convérgence of the 

Taylor expan~ion Ea~~lDaE~O)Xa, and a subsequent re-arrangement when 
, a. 

.., . 
x = x·'(s.z) be10ngs to domain(E). The most obv1ous property of this - p , 

factori~ation is that Fp,r(s,z) = 0 imp1ies .E{xp(S,z» = 0 whenever 

r ~ 01 or . s :\= O. Hence for a fixed rand p, the satisfaction- of the 
•• \-J -

hypothesis of'an implicit iunction theorem at a root (O,zo) Of'Fp (O,z) = 0 ,. ,r 
supplies suff1cient conditions for an s-dependent curve of solutions 

z(O} = zo 

to issue at s = 0 from a branch point of E(x) ::: O. This branch .point 

is at the origi~ if all the Pj are ~on-ne9ative with. zj = 0 if 'Pj ~, 

and it is at "infinity" if for sorne 'Pj < 0 , zj :/: 0 or 

1im~ H SPjZj(s)n X :::-
.j. 

Further detal1s and justifications in, this analytic situation will be 

given in section 2 below~ 

-! , 
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\ 

For differentiable and nOt necessar11y analytic functions similiar 

results follow in'~ection 3 from a generalization of Taylor's formula 

(4) E(x) = (1: OOE(O)X
Q

). + R aI(x} 
o€l\aI a! 

in which ,the remainder has an integral representation 

R aI (x) = E Jo· c~. P -t) I~I-l OOe(tx)xOdt \ ta! = t~ =1 a
J
") 1 

a &aI ( al,,1). J 

i~volving partia:l Fr~het deri~atives of different orde~sft~al and constants 
'" 

c~ with combinatorial significiance. ~In particular factorization is 
-', ' ° possible if for some p= {p , ••• 'Pn} and sorne r > 0, D E(O) = 0 

1 • ' 

when a El\ aI and <a,p> > r when ° e: 'i. In this case, the first sunmation 

in {4} vanishes and the remaindfèr term is O(sr} when x = x (s,z) 
J P 

since ae:aI ;mp~ies OOE(tl»(S,z})(xp{s,z»~.= s<a,p>oaf{txJs,z)}fl:o O(sr) •. 

Dèrivation of the extension {4} of Taylor's formula is given in section 4. 
1 

Here 1 is a set of multi-indices with certain properties to be specified. 
, 

In section 5 an attempt is made to indicate the optimal or desirable 

properties of factorizations corresponding to different admissible selections 

of the exponents Pj' 

Finally in section 6 some subjects related to Newton--Puiseux diagrams 

1and their associated factorizations are mentioned. 

1 

, . 

i , 
i 
\. 

,t' 
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2. Factorization of Analxtic Functions. 

let, den ote either one of the fields of real or c,omplex numbers • 
• 

le~ X = nj=l Xj he 'il product of Banach spaces Xj over Î<. Let Y be an-

other Banach space over J(. 

1 ~ 

Suppose E: X ... Y h"as -a Taylor series expansion' 

(1 ) , E{x) = E(x •••• ,x ) =~...rt E ~Cl::;: E ~O OClE(O)Xa 
1 n UGV a a a! 

:f= 0 

which converges absolutely on an,o~en ,convex neighbourhood Xo of the origin 

. O· in X. Put domairi(E) = Xo' 

Definition 2.1. The n-dimensional Newton-Puiseux Indical Set of~he 

analytic map, E : Xo .... y at the, origin 0 in X i s the set of lattice points 

(multi-indices) with non-negative integer components in ~n given by 

lE = { IX = (al' •• qan), : DQE(O} :f= 0 }. . 

Observe lE: is finite or countable •. It has finite ~ardinality 1ff E 

1s a Y-valued polynomial in x = (XI"" IXn). 

(2) 

( ' )'Rn, F~ __ ~_= Pt ..... t Pn ln " et 

, J( if a11 th~ Pj are non-negative integers, 
\ " , 

~ ~ l\(\{O} if . the_ Pj are integers with tSOIDf being nega~iVe, 

p ~+ ir-the Pj are non-negative, but not al1 integers, 

~+\{O} if none of the above ; .e. otherwise,o 

Then for Z = (zi , .• ~. zn) in X and s in Sp set 
P Pn Pj 

. xp(s,z) = (s 1 ZI 1". ,5 Zn) = {S Zj)l$jg"l E: X. 

(Note the notation Sp will be emp.1oyed in the the~rems. below.) _ 

i. ' lF; . > 

. \ 

\ . 

i 
i 

l' 
, 
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• n ' Choose a nonnal vector p = (p. , ... ,Pn) ln R ta a hyperplane <a.p> ; r 

su ch that a ~ lE implies <a,p> ~ r. If equality holds for s~e a in lE 

then <asp> = r is a support1ng hyperplane ·to lE' Further, if equality 

holds 1n <a,p> ~.rfor some a 1n lE and lE is not contained 1n the supporting 
"J '. 1 

hyperplane <a,p> = r then, by definition, p is an inward pointing normal 
1 

ta lE - or rather its ~onvex hull 
, , 

n 
{E 1 t a' : E 1 t = 1 and t ~ 0 for al1 a in lE } C R+. 

al E a ae E, a a 

l , 

~ As was previously.~oted wh en n = 2, the boundary of this convex hull 1s 

the Newtsn-Puiseux diagram or polygon of the Taylor expansion of E at O • 
• r For the above choice of p = (p ••••• , Pn" 'the fndicial set lE is a union 

of disjoint subsets 

lj = {adE :,<a,p> = rj } 

corresponding to a finite or countable sequence of real number.s r. F: r. 
p J 

Hence, for s in Sp and xp(s,z} = (s 3Zj)1~jSn'ln the r~9ion Xo of absolute 

convergence of the Taylor expansion in (1) of E at x = 0, 

where 

(3) 

_ Pl Pn 
E(Xp(S,z» - E(s l. , ..• ,5 'Zn) 

= E E zas <a,p> 
ad E a , 

= E. (E E zas <Q,p» 
Ji!:1 adj a ~ 

... 
r. 

= Ej~1 (tad EaZa) s J 
j 

--' 
since (1( Ij implies <a,p>" rj" The re-arrangement of the series "n ~~ 

~ ! 

1 

! 

~ 
1 
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preçeeding calculation 1s ~t1fied by the absolute convergence of 

t 1 E zas<a,p>. The ~ion in (3) for Fp r(s,z) also converges 
a~ En, . 

, -- .. 
• 

absolutely for z = (~1 ' ••• ,zn) in Xo and s in Sp U {~} with, 1 s 1 <; 1 t by 

cornparison w1th E 'oiE zal as t E za converges absolutely for z 1n Xo' a"", n an 

The above argumen~ and sorne of its tmmed1ate consequenée~ are 

summarized in the next two theorem~. . 

Theorem 1. On Factorization of Analytic Maps. ~ 

, let E:x=nj
n:. r::

J
. -+Y be anal y tic at the origin o~ X. let lE be the Newton-

-~ . J ~ 

Puiseux Indical Set for the Taylor expansion E ~ E xa of E at 0 (Here , a,v a ' 

. E = (OnE(O)/a!) ;le 0 iff a € lE') Suppose for p = (p t"" Pn) in Rn and a ,~ 1 

r in R, a in lE implies <a,p> ~ rt Then there. is a function 

(4) . F (SZ}:};I Ezas<a,p>-r; 
p,r' aeIE a " 

defined on a neighbourhood of (O,O) in ({O} U Sp) x X !or which the 

expansion on the right hand side of (4) ,converges absolutely, and such . 

that 
. Pl 1 P 

(s,Xp(s,z» = (s,(s z. , ••• ,5 nzn» € Sp x Xo 
implies a factorization 

(5)' 1..- E(xp(S,z» = srFp,r(S'z). 

The f~nction ~p,r(O\'z) = EafIE'<a,'p>=:=r, Eaza '~s not identically zero if 

j 
there'is an a such that DaE(O)=(a!lE ~ 0 and <a,p>=r. 

" - . n' / 1 . 

. . 

If the.exponents 
-> 

1 

1 

1 1 

1 

• 1 

\1 

"1 
! 

, 

1 

'1 
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Pj are inte~rs, thé map fp,r : Je x K" ~ is analytlc on Hs demain. Qt~ 
wise, ft 15 a continuous function of (s,z) in R x X,/is analytic," z -_ • + ~ , " . 1 
when s is fixed, is continuously different1ible.wi~~ respect to z and is G 

~ , 

infini.tely Frêchet dffferentiable with respect .to (s,z) when s > O. 

~ 

For integer values of the .. ,e~ponents Pj in thè a priori representation 
, ' 

,~p(s,z) the proof of thereom l follows from the discussion preceeding ft. 

For' non-fnteger yalues of these exponents, see the following digression 
, , 

.' 
on"hybrid"Banach spaces, but note on first reading it may be best to 

restrict the exponents Pj to fnteger values only. The statement of \ 

theorem 2 aft~t'- the digressf on is a consequ~nce of the analytic factorizat- ') . 
ion result in theorem' 1 and the ordinary implicit function theorem for 

Banach spaces, in say reference (19) Of the biblography, when the Pj are 

integers. 

} l" 

.. 

, 
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\ 
On Hybri d Banach Spaces. (Di gress i on. ) 

\ 

When J< represents the comp 1 ex numbers and the exponents up j ~re not 

all integers, cotnbin'lttorial problems associated with defining the dom,ains 

\ ' . P '1 1 p. 
of the functions s -+ s J in the a priori representation xp(s,z) = (s lZj) 

and of the maps s "1' sE:a,~>-r) and s -+ s<a,p> in the~xpansions of 

E(Xp(S,z))' and Fp,r(S,z). are a,voided by restricting the variable s 

t-o positive or non-negative real ,values. In this\situation there results 

a Hybrid Banach space R x X ~ ({O} u s~ X, in which the fi rst e factorlJJ' ~ 
" ,. \ < ' 

is a real Ba~ach space and the second factor X is a camplex Banach. space~ 

The partial s-Fréchet derivative o~ Fp,r(s,z). is real-lin~ar in AS €~, 

while the partial z- (or/X-) Frêchet derivative of F p,'r(S'z) is complex .. 
\ 

lJnear in 62 E: X. From cauc~y formUlas, for analytic",functions, Fp,r(s,z) 

is infinitely and continuously Frêchet differen~iable with respect to z in X 

for (s.z) in, the interior of its domain in\~ x X. From these same formulas~ 

Fp,'r(S,z) and its partial derivatives D~Fp,~(S,Z) are infin~tely and 

continuously differentiable with respect to S when s > O. The latter 

,follows frOlll.~he (Jocally) un~form convergence of the defining expressiort (4) 
, -

for F p,r(s ,z). The remarks in this di gression \can be justified by methods 

found in references (2)',(1),(16) and (19). See also Chapter 3. 

\ \ 

The r nonn on the Hybrid Banach space ~x,X is the same as that given to 

the product Banach spaée R x X when X i s treated as a rea 1 Banach spaee 

\.e. when sealar multiplication in X is restriéted to the real numbers R c){: 

1/ 

'\ 

\ 
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Theorem 2. On the Existence."of Branches of Solutions. 
; 

L~t E,X,Y,p,r and Fp,r(S',z) be as in Theorem 1. $lAPpose Zo = (zj\~sn in X 
-""1 , 

is a root of the equation 

-1 o == Fp.r(O,z) = 1: Oa[(O)zo 
~O, <~>=r a! 

Su~pose X == U + V where U an,d V are subspaces of 'X with- V closed and such 
\ ~! , 

that the partial' v-Fréchet derivative (v ~V). denoted by 

DvF p,r(O,z) :::; DzF p,r(O"z)lv : V .... y. --; 
, 

, in the direction of the V-subspace is surjective and bounded below at 
, 1 

A) There are continuous funetions v{s.u), z(s,u)"'u + v(s,u) and 
, , ,p. ~ \ 

x(s;u) ;; xr~'u) ;; (s JZj{s,u)i~sn defined on a neighbourhood, A, of 
, J 

(O,uo) in ({O lx Sp) x U with values i{V,l X and X, respectively, which 

satisfy 

and 

v(O,uo) = 0, z(O,uo) =uo + vo.~= zo, 

~Fp.r(S, u+v(s,u» ... 0 --
E(X(S;U» = srFp,r(s, u+v(s,u» = 0 '(if s :1: 0 or r> 0) 

for an (s,u) ln the common domaln A,. 

B) x(O,uo) = 0 it il,ll the Pj are n~n-negative and Zj (O~uO) = 0 

whèn Pj = O. 

C) If ~ll the Pj'S are integers then v(s,u),z(s,u) and x(s,u) are anal,tic 

funetions of (s ,u) in a neighbourhood 'of (O.uo) 1n J< x U. with x(s ,u) 

possessing a pole of order at'm6st' smln(pj!1~js~) at s = 0 when u is,.fix~~. 

'I,f· the. Pj ,are -not . all 'integers, these ~unctions 'are analytic ·1n u :for 

,e 

1 

, 1 

, 
l 

. i· . 
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s = 0, and inffnite)~ andl~ti uously d1fferentiable with respect to 5 > 0 
? ~ 

. ..,together with al1. the;fr h1ghe~ order partial u-Frêçhet derivatives . 
, D • 

D) .. There 1s a neighbour 
,. Ir ' 

Po of (O.uO,yo) in ({O}.xSp)x~x'V such. ~t 

al1 solutions (s,u,v) in Aœ of F p,.r(.s ,'u + v) = 0 must satisfy y =, v(s"u) 

for sorne (sJu) in A". Moreovef i,t follows (from thi.s) t~t every non-zero 
., , .D 

solution x of E(x) ~O in the set , , . 
" 0 

xp(~) = {xp(s ,u+v~ (s,u,v) E Po} 
, 0 

~ 

must satisfy ~ = x(s,u) for sorne (s,u) in Aj with s "" O. 

Proof: First consider the part of the conclusiQns ~s they apply to 
l " 

the equation Fp.r.(S,u+v~ = o. This pa'rt fol1~s inmediately from implicit 

function theorems and results on the differentiablity of implicitly defined 
, !P " 

functions in ~efere~ces (2),(7),(16) and (19). From (16), differentiabil1ty 

properties df the implicitly defined functjon v(S,U) correspo d at a point 

(s,u~ in its'Bomain'A ~? those of fp;r(S,u+v) in a neighbour ood of 
r ~ ~ ~ 

(s,U,..w(s,u» in its doma'ir}0" QThè rest of the above assertion sh uld be self-

evident. 

" Q.E.D • 
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" ' 

~ 

Example 1. Let (~be two real or two complex' variables. Put 
- ~ . 

"v 
E(x,y) '= xOl + x(i + l) + 'x' (1 + y + y2 +y') - x'y'. 

The Newton-Puiseux po1ygon for E is indicated in Figûre 1. 

~ 

5 
r~) 

4 

3 (5.3) r , ) 

2 

1, 

.. 

[)' 1 2 3 4 5 œ, 
, , 

Figure 1. Newton-Puiseux POlygon for E(xi ,X2) = O.: 

Inward pointing normals ta the sides a,b,c,d an~ e are respecti~ely 

(1,1), (-3,2), (-1,1), (2,'-1) and (l,-l). For side a 

E(sx,sy) = S3 (x' + yi) + s·x'y + S5 (x~:t + xl) + s' (XS yi + l'y') 

Thus 
, . 

F(s,x,y) = E(sx,sy} '*" r/= x' + yS + sx'y + S2(X'y + xl) + S'{~'I +x'f} 

,For j = 0,1,2, (xo:~1)_= {1~ exp (2j + ~l.,f) 1s a r:'oot of 
3 

0= FfO,x,y) .. K' + y'. , ~ ~ 
From Fy{O,l,yj> = 3 (Yj.f* 0, the implicft function,~h~orem 1mpl1es there are 

o ~ ~ ~ .. 

analytic fu~ct1ons >'j(s) such that F(s,l'Yj(S» - 0 and Yj(O) ··Yj for. 1 

~ 1 

.' -

, -

\, 

1 , 
1 
l 

1 1 
, " 

, 1 

~ 
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. . , . 
'. 

the first order expansion of Yj{s) is 
'1 • 

Yj(s) = 'Yj -j$ + 0(52
). 

Thérefore, 

(s,sy.(s» = (s.s exp«2j + 1)11'1) -Ls~ + 0(53 » 
. J . 3 . 3 

is the second order asympto!1_~..expansionof threé complex ,curves of solutions 

corresponding to j = 0, 1 and 2, passing through the origin at S = a in 1. 
'_ -, '1 " , t: 

Note only the branch given by j = 1 is real when s is restricted to real 

values. 
. .. 

Example'2. ' Let f(x) be an analytic function of a variable x in ~ 

with an mth order zero at x = a in ~. Thus f(x) = xmh(x) for sorne analytic 
\ . 

function h with h(O) ~ O. Put E(x,y) = y - xmh(x}. Then 
. / 

1 E = {( ~ ,k) : ~ D~E( O} ::1= 0 } c {( 0,1 )} ù '{ (j t 0) : j ;> m }. 
1 

A superset of lE and a· support l'ine (side a) to both lE and the superset 

are indicateJ in figure 2, below. Generf ca lly for anal~1.c function~ f wi~h, I­

i 

k=<12 "-2P-
: t:!~-;--..... . -. b. 1 • 

o 1 m-2-- m-1 m 111+1 m+2 a:'" j 

Figure 2.' Generfc .Newton':Pufseux diagram for E(x,,~) =~ - X~h(xJ) at· (0.0). 

: 'r 
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mthorder z~roes at O. in a no~d vector space of maps defïned on an open: 

ball B 1n .the cOIIIplex pl~ne w1th Ifi =supOf{x)1 : x t B},' the above superset 

of 1 E equa l sIE' In thi s generi c case the vectors (1 ,m h (0,1) and (1,0) are 

nonna 1 s ta the si des a, band c. res pecti vely, of thè\ Newton - Pu i seux di agram 

in figure 2 which point into the co~vex hul1 of lÉ' For the a pr~ori 

representation (sx,smy) corresponding to the'Yector (l,m)," 
, 

IE(SX.Smy) = smF{s,x,y) 

where 
, 1 

F(s,x,y) = y - xmh(sx). 
, 

'-

Let, xj = exp{tt1j/m), 1 < j < m, represent the m mth roots of ~nity. lhen . 

~(O,xj ,h(Q» = 0 

and 

FX(O,xj,h(O»~;Jm{xj}m-1h(O) = mh~O) =1= O. 
Xj 

Therefore the implicit functioh theorem implies the existence of m curves 

(SXj(s) ,smh(O» satisfying the initial cond'itions xj(O) == xj ,anv 

E(SX~(S),Smh(Q}) =' SmF(S,Xj(s),h(~» = 0 -",-' 

or 
, 

s~(O) = (xj{s»mh(xj(s» = f(xj(S». 

for 1 < j < m. Here in the real case Je = R, at most two of the curves 

correspon~fn9 to j = lm (m even) and j = m (m even or odd) yield real 
1 

solutfon branches (Sxj(s),smh(O». 

• 
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3. Factorization of Oifferentiable Funetions. Extension of Taylorls Formula. 

let X = n~ XJ' and Y be Banach spaces o. ver J<. let E:-X -+ Y be J==l 

a eontinuous map defined on a eonvex neighbourhood Xo bf the origin.ih X. 

Definition 3.1. Newton-Puiseux Indica1 Set for Oifferentiable Funetions. 

'let 1 be a collection of 1attic~ points (multi-indices) 0 in R~.for which 

O<B<a impliesatI when(J~Itandforwhich 
1 

OOE{IX ) = ('nJ=l O;.>E'tx) 
J 

exists indèpendently of the arder of partial Fr~chet differentiation, and 

__ -' is eo~tinuous on the convex neiqhbOurhood Xo of the origin 0 in .x. Then the 

n-dimensional Newton-Puiseux lndical Set';n 1 for E at ~; 0 is , li 

, lE = { 0 E: 1 ': OOE(O) ; 0 }. 
~ --~.' . 

Remark. The collectl()'n; of funetions E : ,X~ -; y which satisfy t~ sfll90thness 

properties indicatedin de(inition 3.1'. fo~ a smoothness e1ass ~osed under 
- -- - - 1 

scalar mUltiplication and point-wise addition~ 

""-1 

..Jl . 
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Theorem 3. An Extension of Taylor's Fonnulà. let X = nj=l Xj and Y 

be Banach spaces over )(n>1.) let p ~('Pl""'Pn) with positive 

components Pj' let r> O. Let, ej be the jth element of a standard 

,basis of Rn with 1 as ~ .... jth ,c~ponent a,nd zeroes elsewhere. Define 

sets of multi-lndic~;' by 

1 = {a > 0 ( <a ,p> C;; r) or 3j (1 :S:j:s:n) such that a-e. > 0 and <a-ej ,p>~ O}, 
'J ' 

"", aI~= {a ( 1 <a,p>;> r}, 

IntO) = I\i)! = {a € 1 :<o,p> < rI. 

Suppose E : X ~ Y is a functlon defined~and continuous together with its 

Fr~chet derivatives OaE(x) when a € l, on a convex neighbourhood Xo of the 

origin 0 in X.' Then ,for x in Xo 

. ' 
where the remainder tenn 

.;~ 1 

~ '/0 ~: ,,~~ 

Note for future convenlence 

1 = {CI + Il : CI € Int(I) and 1"1 = 1 } u {O} 

and 

31,= {CI€I: 3ej with a-ej€ Int(I)}. 

The proof of theorem 3 is'given 1n section 4~ , The fol1owing corollaries 

of the ~bove extension of Taylqr's formula provide diff~rentiable analogues . . 

of the analytic factorization result in theo~ 1. 

1 
1 

• 1 
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1 
1 

j 

/ : 
1 



( 

.. 

, -' o 

-47-

. ! 

<-. 
o 

Corol1ary 3.1. Factorization of Differentiable Functions J. Suppose 

CI! Intel) implies OaE(O) = O. The" 

E(Xp(S,Z» = srFp,r(s,z) 

where for xp(s,z) = (/jZj) , . in Xo and, s in sp U{o} 
l~J~ 

(Note: CI eaI implies <a ,p> ~' r.) 

Proof: In theorem 3, on1y the remainder tenn appears. an.d 

') ~E{Xp(S,z» (xp(s,z»a:=: (oaE(Xp(S,~)S<CI'P~ 
Q.E.D~ 

In the next corollary 3.2. identify Rn with the subspace ~~ x {O} 

of Rnt1 Thus in particular IIp=(p''''',Pn) = (P •.. qPn,Q.)" and the 
1 l' 

elements CI of l,' Int(I) and al are identified with the cor.respond1ng 
1 

e1ements (a,O) in' the subsetsl x-{{)}, Int(I)'x {a} and j}I,x {O} in Rn:t1. 

Corollary 3.2. Factorization of Differentiable Functions II. Let x= nj!~ x.i 
and Y be Banach spaces. Let E : X ~.Y be a functlon defined'and continuous. 

together,with jts Fr~chet derivatives D{CI,O)E(x) when CI el. on a convex . 

neighbourhood Xo of ~he origin in X. Further suppose CI e Int{ Il 1mpl1es· 
1 

O(CI,O)E(0,Xnt1 ) ==' 0 for a11 ~O'Xnf~} in Xo' . Then 

E(x (s,z» = sfF (s,z) 
(p,O) (p,O),r 
,Pj • 

where for X(p,O) (s,z) = «s Zj)1~jsn;Znt1) ln Xo and s ln S (p,O)'=- Sp' 

F (s,z) = 1: 'e;I.l {1_ttl:D(CI~O)E(tx Js.z»z(a'O)dt S<CI.P>-~ 
(p.O),r Clf:''31 (lal ... 1)! .(p;O) 

, 
l' , 
! 

, ' 
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Proof: For ~Xn+l • appTy corol1ary 3.1. 

Q.E.O. 

Note the differentia~ility properties of the funetions F and . . . p,r 

F(p,O),r co~respond at s = 0 to thoseof the Fn!chet derivaÙves lfE{x). 

appearing in their definitions in coro~laries 3.1. and 3.2. , whi1~ for, 

s :F- 0 they correspond to those of E. These differentiability properties 

are i'n part inllerited
L 

by functions implicitly defined by th'e equations 

/ 0 = F P , r (s IZ) , " 

and 

9-= F (s,z). 
(p:O) Ir' -'-

" The statement of branch-point results for· differentiable func,tions, ana10g-

ous to the branch-point resu1t in theorem 2 for analytic funetions, and 
t ' 

based ,on the faetorizations in corollaries 3.1. and 3.2. ,and based Olt 
• ""-' \ '.. c 

lmplicit function theorems will be omitted. . . 
1 

In. section 4 bè1ow, tJle proof: of the extension in theorem 3 of Taylor's 

formula 1s g1ven in the first subsection 4.A. In subsection 4.8 1 there 
~-

" 15 a digression on the ,eva:luation of the constants~ari,ng in theorem 3. 

'The constants c<; depend on p and r. An example in wh1ch Wse -constants are 

determined 1s.given ln subsection 4.~. In subsection 4.D , there is another 

digression. This second digression concerns â further generalizat10n of 

Tayl0r t s. f~nnula. The effect of different ch9ic~s of p and,l' i~_ Xp(s,z) and 

in associated factorizat1ons 1s df~ussed in section 5. 

" " . 
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) 
4. A. Proof of'-Theorem 3. 

First suppose DaE(O) = 0 for all a in I.nt(I) II: 1\al. The general c~se, 
1 

as will be shown below, follows from t.his special one. 

8y induction on m>l, there are i!,tegers Ci such,that 

(m) E(x) = (ta E al + l a E Int(1) Ci/o· (1-t) a -1.DaE(tX)x~dt 
lSa~ laI=m Qal-1)! 

whenever (i) E: X -+ Y i s a map defined and continuous together with a 11 

its Fr~chet derivatives DaE(x) (CH 1) on , convex neighbourhood Xo of the 

origin 0 in X; and (ii) OaE(x) = 0 for a11 a in lnt(l). The inductive 

proof of (m) is as fol1ows. , \ 

For m = l, statement (m) is true with Ci=1 since lal=,1 implies a E:I, 

and since 

, , 

Now as an inductive hypothesis, assume statement (m) holds for some 

m > 1. For y in Int(I) with Iy 1'= m, integration by parts 1mplies .r 

JI n-t)lyl-1. OYE(tx)xYdt::: /1 <1
1
-tl:yt . d (ÔYE(tx)xY)dt 

o h I.1)! 0.. y. dt 

::: t ,l (1-tial-!DaE(tx)Xad~. 
, g=Y+$,leI=l 0 001 _1): ' 

Note 

{ CI + B : a E .Int(l), laJ = m, IBI'" 1 } ... {a E: 1 : lai =m } 

= {a E al : lai = m } U { a E: Int(l) :101 = m'} 

./ 

/ 
1 



t 

t 

1 
1 
\ 
1 

:~ 

1 
1 

(
":i . , 

• 
therefore the second sumation in .(m) is 

l\E Int(I) CI 101 ~litlr:1. OYE(tx)xYdt 
lyl=m y - . ' ,J 

= Ly E Int(I)(Ia =1.+/3 
Iyl = m 1fH = 1 

'1 = (La € aI + ta E: Int(I) 
DI =m+1 .. I~ = nr+l 

C~ fol ~ l-t ~Ial-l. Oo;E( tx)~Qdt""I) 
al- )! . 

) Ci fol (1_t)laI-l. OQE(tx)xQdt 

(101-1) ! 

where th~ integer. coefficients~Ci are inducUvely defined for lai =m + 1 by 

(1 ) Cï = ~ 1> ( Cl) 
(Y,S), y~Int(I),IBI =1 , a= y + B,lyI = m 

ln terms of coefficients Cl affiliated with lower-order multi-indices y 

with Iyl = m. Substitution of the last expression for the second sunmat10n 

in (m) back into (m) yields- the corresponding formula for m + 111n place \ 

. of m. This substitution completes the inductive step and establishes Cm) 
1 

for m ;> 1. 

For m > maxOa!: a E I} the set {o; E Int(l} bl = m} is void 1 and 

the set {a El: laJ\p m } c al. Thus the Theorem holds in the special . /~ 

case of OaE(O}.= 0 for .an a 'dnt(I) since for sufficiently large m in the 

preceeding inductive arguement, 

(2) Eht) = . ; E al C~ lô· ,~,~~~'~-1.DaE{tX)XQdt. 

For the general case ~et E sat1sfy the pypotheses of the theorem 
1 , 

without the special restrictions imposed above 1n the special case. and set t 

But 

F{x) 1:: E(x) - 1:.Q E Int( 1) oaE, Ql!~ 
Q. 

if Qj < BJ for SOIIIe j i.e. CI' t-o B. 

OQE(O)xQ
- fl if Q > B. 

) 

i 

'1 
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There'fore OaF(O) = 0 for a11 a in Int(l). Further OaF{x) = OaE(x) 

forall ain al becaHse Bllnt(I) implies <a,p>;;;.r>d3,p>, sothat 

for all a in al and a11 B in Int(I) a j > Bj for sorne j: and hence­

Oa(D~E(Olxe) = O. The gener~l case now fo1lows from th~pp~1cation of 

the special case formula (2) to F(x). 

Q.E.D. 

, l , 

4.8. On the Evaluation a! the ci Coefficients in Theorem 3. 

As can be seen fram an induction arguement inyolYing the recursive 

formula, (1) defihing the coefficients C~ in the above proof of theor~ 3, 

each coefficient C~ is equal to the number of 1attice~point se~uences or 

paths (B~ )lsjsla 1 with 0 ~ aj ~ aj +1 ~ a for 1 <; j <i lai, which are 

contained in Int(I) except poSSibl~f~r t~e end-point a=Bla~ For a in 

Int(1), 0 <; B <; a impl iès B e: IntO), 50 that the number of the aboye paths 

(Dj) is the multi-nomial coefficient ' 
p lsjSlal 

(3) lai! • 
a! 

Formula (3) 15 also valid for tho,se a in al for which 0 <; B ~ a implies 

B e Int(l'). 
.', 

This evaluation of the Cl agrees w~th a result g'ven by Taylor ' s formula 
, 

when r ;:: N and a 11 the p j = 1. For then 1 = {a:> 0 : lu 1 = N } 

al = {a> 0 : lal= N} and Int(I) II,: {a;> 0 : lai:: N H and further 
" 

1 
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r, 

by L1ebnitz's rule, Taylor's formula ~ 

j" j N-l N -N 
E(x) - 't~-l D E~O,)X' + fi p-t) . D E(tx)x dt 

J= l . 0 N --1) : ' N: 
_N ci a ') letl-1 a ( 1 a _};':,:,l~ .0 E(0)x +fl'E. \(101 r-t~ .0 E tx)x dt 
j=l laI=j a : 0 la L;=N a lai.) : .' . 

+ R (x) 
al 

co1ncides w;th the formula in Theorem 3, as expected, becau~ of the . 
evaluation formula (3). 

. " 

4.C. An_Example in which the Coefficients Ci are determined. 

-
let p = (2,1) an_d_ r = 4. The elemenls of \~ are indicated by the dots in 

Figure 3: Here al =: {(2,O),(2.1).'{l,2}.,(1,3),(O,4)} and 
, 

,-

Thus when DaE(O) = 0 
, 

for a in Int(l) = naI, 

() J tl_tl2 (l-tl~~ E x,y = f{-~~ Q2E{tx,ty)x2 +3~œE(tx,ty)x2t + 
o 2. x 3. x y , 

~(1-t)3 "\ (l-t)4 . 4- ~~E(tXttY)Xl f +4* ~o;E(txttY)Xl 1'" 

'+1(14!,4~E(t~,ty)x4)dt / • 

at (x,y) in re 
" 

Ga 
4 ~ , , 
s ,'e "Figure 3. Thé set 1 
2 ,.e. 
1 

- , 
in Theorem 3 correspond1~9 ' .. ~'e 

VOo 1 2 3 CIl 
~ 

to p c; (2.1) and. r - 14. 
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, 

The downward sloping 45° 1 ines in' Figure 3 passing through the 

points (O,l),(O,2),(O,3) and (0,4) represent the inductive steps . 

m = 1,2,3 and 4 in the proof of theorem 3. The other l1ne segmen~ ~ 

is contained in the support line <a,p> = r of the Newton-Puiseux, , 
indical set lE in 1 of "the function E. In corollary 3.1. , on1y the 

F~chet derivatives OaE(O) corresporiding to the multi-indfces Cl 

. , 
in thiS, l1ne segment appear in the 'ntegral re~resentation of Fp,r(S'z) 

when s =: Q. " 

it.D. A Further Exten"sloil"-of Taylor ' s tOnll.lla. 

"--------

Let 1 be a collection of mulU-indices Cl in ~n. which is the union o,f 

two disjoint s'ubsets Int(I) and aI with the properties 

(i') 0 E. Int(I), 

(il) a € aI iff o.-ej IntO) ·for some j (1 < j < n) ,and ~ 

(ii;) a E. 1 implies there 15 a p~th "(~)l~:SIClrUCh that ~ ,E Int(I) 

and' 0 ~ ~ ~ ,rJ+1< a for 1 < j < Jal and such that a lai =:= o.. 

In t~is. s\tuation, the conclusions and proofs of theorem 3 and the , \ . 
coro11aries 3.1. and 3.2. rema1n valid aS'wel1 as the comments in 4.8. 

• t '\ \ 
concerning th~ evaluation of the coefficients Ci. Figure 4. fndicates 

, ' 

a simple example of a ,set 1 with the ab ove properties. The l'ines in F g-', .. 
,6 

for. a Newton~Puiseux diagram 
" 

CI2 
4 
2 
1 

, \ for a function E(x'~)( ), in the 

0 .................. 1-­

,012340.1 

Figure 4. Elements of 1 are denoted by ••. 

,i 
\ 

1 , " 

Special'case lE" _. ~ (Sèe , the \ 
'50 

thedêfinftion 3.1 of lE in",! .. ) _'_ 

" \' 

~ 
, " 

1 
1 

~ . 
l ' 

l ' 
1 

j 
1 

.1-
l~ 
1 
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5. Comparison of the a priori representations. 

let _lE be the Newton-pui seûx I~dieal Set of a ·.function E : (nj~l Xj ) -+ Y. 

Suppose <a,p>;> r for a11 a ln lE with equal1ty for 'sorne a 1 ,lE' Assume 
r" ----\ ~ \ 

a factorization .. E{Xp(S ,z) == srF r(S'z) in which . p, 

continuous or different~able function. Observe. 
,-

(A) If the. set { ~ € 1.[ : "<a,p:> = r} spans IRn then the eomponents of 
\ • 'r 0 

p are uniquely determined as rational multiples of r. • r 

.. (8): If e: > 0 then <EQ:e:P>;> ir for a11 Cl, in ~~_ Further 

E(Xe;p(S,z)l = sE:rF p,r{sE: ,z) . 

. .e:Pj' 
sinee Xep(s,z) = (s Zj)l~Q1. = Xp{SE ,~). Henee" 

Fp r{s~,z) = F p r{s,z) 
'1 & ,E 

\ 

whenever both sides, are defined. Therefore Fp,r(s,z} satisfies the • 

hyp?theses of theorem 2 (or an non-anal!ti~~ analogue) oat s = 0 1ff Fe;p,er(s,z) 

\ , sati sfi es these same candi ti ons {Note however that Sp ânCl S e:p need Jlot 

b~equal.} If now the hypotheses of ,theorem 2 are sathfied and i
p
(6,0) 

~nd ze:p(s,u) are the funetions appearing in its conclusibn for {p~r} and 

(~P,&t') respectively, then 

and 

Xe;p(S,Zep(s,u}).= Xp(S~IZp(S&,U»). 
1 \ 1 
( , l " 

whenever both sides of these equations are d~f1ned. From this it follows that 
, 

the (e:p,&r) factorization y1e1ds branches obta1nable with the (p,r) when the . 
l , 

componer:ats of e:p-are not all !ntegers. In particular if the components, Pj 

, 

" . 

" . 
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,.0 

are rational multiples of r :1= 0, then there 15 a unique Il > 0 5uch that 

all the components 'l>. of ll> .and TIr are lntegers wlth greatest cOITIIIon ' 
, 0 J 

divisor 1. For·, thi S Il, Snp V {C} = 1< and every br;;,anch x Eip (s,z Ep (s ,u» 
- 0 

of sol~tions x obtalned from a f~ctorization associated wlth (€p,cr) for 

sane e> O. with the aid of theorem 2, can a1so be produced in the same 

manner t'ran the :(~'p,'P'i) 'factorization °after a change of parameterization . , 

, S -t-Is(e:/TI} 1 e for all s in S z (s u) = z (s(E/.,) u) and • • tp , -ep' 'lP' . , 

xcn{s,z (s,u}) = x (s(e:/n) ,znp(s(E:/I1 ) tU». Moreover in this clrculIlstance " 
..,.. EP op . ' 

where a11 'the Pj are rational multiples of r" (nP,nnr) 15 the only" multiple' 

. of (p,r), sucb.that t,he solution branches Xnp(S,Znp(s,u}) of E{x) = 0 

coming from the e~ation 
o • 

.. "F flP,l1r(s,z) =, 0 

upon the application of an ill,lplicit function theorem ,duplicate for Any e:> 0 

the solution branches Xe:p(S,ZEp(S,U» coming from the. equation. ' 
, ... 

Ftp'. e:r"s ,z) = 0' 
• 

" f h f . ... .-'- 's( e~11 ) • in the same manner. a ter a cange 0 parameter1Zation s 

(C)' If P ~ q' ~ E. ]Rn and <a,q> = r defines a supporting hyperplane 

to lE then the 'existence of a in ~IE with aj > 0 'for sorne j an,d <a.q> = r 
, 

imp11es for such j that , qj = 'Pj (el se the co~tradiction r=<a.q> >:a,p> >r.) 

Further the relation , 

implies 
-r qfPj \ 

F~lr(S"z) = s ~(Xq(s,z)} = Fp',r{S,(s Zj)l~g'I)' 

Therefore solution branches obtainable from t~e (q,r) fictorization witn 

i ) 
'i - 1 
, l 

1 -, i 
• J 
'. ~ l 
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theorem 2 are also obtafnable from the (p,r) factor1zat10n. In particular 

note the case where (p,r) = (0,0) .;; (q,r). " 

6. Related Topies. 

A. A. SESTOKOV ln (26) has investigated ~he role of indical sets and 

their supporting hyperplanes <a,p> = r in the solution of singular first­

arder systems' of autonomous, analytie, ordinary dtffetentia1 equations. 

For further usage of a priori repres,entations iri the analys1s of 

s1ngularities ,of differenti'al equations" see the Frobenius-Fuchs theory 

as described in E. L., INCE (15), E. A. CODDINGTON and N. LEVINSON (3),. and 

B. A. FUCHS and V. I. LEVIN, (10). 

There should be a fonnal analogue of the analytic theory 'for the 

existence of branches' of fonna1 solutions to equations ECx, •• ~)( ) ; 0 in 
,/ -' -- 1 n 

which the function E has a finite or infinite asymptotic expansion. As, 
, , 

Roted in the introduction J. DIEUDONNE Jn (8); has defined Newton-Puiseux 
/ 0 

d~agrams for asymptotic expansions other thah those given by Taylor ,series 

expansions. 

1 J. DIEUDONNE has also shown in the same,article (8) that al1 continuous 
, • 1 

branches of solut1ons ,to E(x,x ) = 0 1ssuing from a branch pOint at the 
1 :1 ' 

origin of a real-va1ued ana1yt1c funct10n E(x ,x) of two real variables can " ,:1 . , 
be obtained from the.negat1vely slbping sides of the Newton-Puiseux diagram 

of E at the origin of R (This remark was alsa noted in the introduction . 
~ 

and in fact J. DIEUDONNE uniqueness result 1s a l1ttle strodger then th-at 

1ndicated here.) In other situations the~question of detenn1n1ng alJ 

/ 

, "" ,.~, t-

.'": ;'.\ 

, -. 
1 

! 
/, ' , 
I~' 
! 
1 

'r;. 
r', 



i 
, 1 

1 '1, 

- ----" , 

o 

-57-

1 
. ! 

solutions in- a nefghbourhood of a given branch point appears to requ,~ re a 

case by case study. In bifurcation due ta simple eigenva1ues and in Hopf , 
bifurcation of pertodic solutions for ordinary differential equations in 

finite d1mens1ons, a11 solutions sufficiently n~ar,the bifurcation point 

in these theories lie on an initially given branch of solutions, or on a 

second b1furcat1ng branch ,of solutions ~se existence ;s demon,strated (~ee 

for examp1e the paper's (4).{5) and (6) o/~. C,RANDALL and P.H. RABINOWITZ.) 

In an extension o'f bifurc,ation due to.simple eigenvalues, a generalized 

Morse 1enma is employed in L. NIRENBERG (19) in a situation where the 

range of a nhearized operat~r has co-dimension 1, to show that a11 solutions 

in a n~ighbourhood of a given bran ch point belong ta one of two bran~hes 

,tound with ,this lelll11a. The use of this Morse 1emna provides a connection 
o • 

with the analysis of singularities and cusps in algebraic geometry and in J 

catas~he theory as tn'~say MO' GOlUBITSKY and V. GUILLEMIN (ll) and 

E. C. ZEEMAN (29). 
,/'\ 

. , 
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Chapter 3. 

A Cqmplex-Analytic Perturbation Theory for the Existence of 

Stable and Unstable Manifolds of Analytic Functions • 

lIntFOduction. Passing through a hyperbolic fixed point of a Ck or analytic -. function, when T<k< cio-, t~ere ar~ stable ,and unstable Ck or analytic manifolds 

respective]y. The- stab~e manifold i5 mapped i nto itself by the function 

while the unstable manifôld i5 mapped onto a superset of itself. The 

tangent spaces of these two manifolds are closed complements of each oth~r 

at the hyperbolic fixed point. In a neighbourhood of the fixed point the 

stable manifold contains, and is characterized as, the set of points whose 
\ 

-' 
images ,approach the fixed point under 'forward Uerates of the f~_ncti.on. If . , 

the function is locally invertible at the fixed point, then in another 

n~ighbourhood of the fixed point, the unst~ble manifold contains and 1s 

characteri~ed-as_the set of points.which approach the fixed point under 

backward iterates of the function. 

The existence of the se just described invariant manifolds and their 
. ' 

characterization in terms of backward and forward iterates of functions 

is well-known. See for insta'nce 5., SMALE(21) and I.C. IRWIN(12') and'(13) 

for generàl and particular cases of the results asserted above. The 

articles (12) and (13) by 1.C. ·IRWIN establish the existence and charac­

terization of the stable manifold for Lipshit~ continuous, ~k ~nd analytic 

.functions by employing sequence spaces,~ graph transform(ll), and the 
y: 

.~. 

, , 



1 , ( 

, 1 
1 • 

1 
! 

Il 
.. __ -1..,.~ ... ~ _...-. ........... ~ ........ ~ .. _._~~ ........ ~~~~~"'t:" .... ~~~-:--~_._~. -~-•• ~-~ .. 

-63-

~ 

Fr~chet differentiability of a composition map. The use of these sequence 

'spaces 1s a discrete analogue of the arguements in J. HALE(9) and in 

.'P. HARTMAN{lO} showing the presence of stable and unstable manifolds pass­

lng through saddle points of autonomous·dlfferential equations. More 

generally, center, center-stable and center-unstable manifolds have been 

shawn to pass through certain non-hyperbolic fixed points of sorne functions 

in O.E. lANFORD(15,appendix A} and M. HIRSCH, C. PUGH and M. SHUB(ll); and 
"""'ï..t 

to pass through generalized saddle-points of differential equations in 

R. ABRAHAM and J. ROBBIN(2, appendi,x C written by AL. KELLEY.) 

A demonstration of the existence of the stable and unstable manifolds 

for real- and complex-analyticlfunctions defined on real and comp;Jex 
\, 

Banach spaces respectively is presented below. Their existence here~ 
, consequence of the,ordinary implicit function thereom for Banach spaces ln 

say l. NIRENBERG(18), the persistence under linearization of a root of a , . . 
linearized conjugacy equation and the complex-analyticity of a composition. , 
map (f,g) ~ fog. The implicit function thereom is utilized to determine 

an operator-valued mapping. The existence of the inva~iant manifolds is 
, , 

proven first for eomp1ex-analytic funetions and then by specialization for 

rea1-analytic maps. ,For convenience, real-analytic funct.ions,~efined on 

real Banach sp~ces will be identified below with local extensions defined 

on complexifications of the ~al Banach spaces. Any originality in this ' 

chapter stems not from the statement of its results, but from their deriv­

ation-with elementar.y calculus in Banach spaces. . . 
~ 1 

The two theorems in section 5 below" i"dicate an analytic dependence 
, '7 

of the above invariant DlInifolds on certa~n per~un"t1~of functions wfth 
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" 

hyperbo\ic fixed points. 

The out1ine of the remainder of'this chapter 1s as foll~s. 
, 

next section . there i~ a definition of hyperbolic fixed point and a sta -

ment of the main results in thereoms 1 and 2. Theorem 1 is g1ven a proo 

assuming the statement of theorem 2 •. Preliminaries for a proof of theo em 

2 are presented in section 3. These preliminaries include A) definition 
\ " 

l 

of notation for certain Banach function spaces; B) definltlon and demon-

stration of complex-analyticity of a composition mapi C) a change of "orm 

lemma; 'and 0) a discussion of real-analy.ticity. In section 4, a proof of 

\theorem 2 is divi~ed lnto two parts: the complex-analytic case and the 

real-analytic case. The complex-analytic part does not require part 0 of .. 
the preliminaries. Section 5' concems the afore .. mentioned ana1lytic 

- . 
dependence of the invariant manifolds on certai~ perturbations. Finally 

in section 6 the technique for/construcfing the invariant manifolds as 
1 

suggested by the use of the ordinary implicit function"theorem in the proof 

of theorem 2 is compared to other techniques. 

1 

. , 

J 

1 
i . 
1 , 
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Definition. Hyper1H>lic Fixed Point. Let W be an open SUbset1~anach . 

space X. A fixed point p of a Cl f~nction f mapping W into x~s hyperbolic 

1f the~are closedcomp1ementary subspaoes Xl and X2 in X with XI0X2 ={O} 

\and X1+X2=X such that (1) 

\ Df(p)X1C Xl ~ and 

~, . 
(2) the restriction Df(p)l x2, o~ the rr~chet deriyatiye Df(p):X~X'of f is 

inyertible, and "'(3} the spectral radi; of the linear maps --'--
\ , 

:Df(p)l Xl :Xl .... Xl -and_, 

are both strict1y 1èss than 1. 

Condition (3) in the aboye definition 15 a spectral separation con-

\ 4 

, , . 
straint on Df(p) since it requires the spectrùm Qf

l 
Df(P)I

Xl 
toJie inside 

a disk of radius k ~ 1 and.the spectrum of Df(p)lv to l1eoutside of a 
• ' "'2 

disk of radius (l/k) in the complex plane for sorne positive real number k. 
\ 

The existence of the stable and unstab1e manifolds passing~hrough 

a hyperbo1ic fixed point of an ~na1ytic function defined on a real or com-
J 

p1ex Banach space is asserted in theorem 1. This theorem is a special.. 

case of theorem 2. 

t 
,~ 

~, ' 
_ f.. " • 

~ .. 1 G; 

t·; ,~ 
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Theorem 1. On' the Existence of Stable and Unstable Analytic Manifolds.. 
, • Il c-

Let W be an open neighbourhood of the origin 0 in a Banach space X. 
, A 

,Suppose (} is a hyperbolic' fixed point of an analytic fu~ct1or\ f mapping 'ft 
into X. Let X ·and X be as in the preceding definition of hyperb'olic 

t :& 

fixed point.with p= O. Then 

A) There is a neighbourhood U of the origin in X , and ana1ytiç mâps ' 
1 1 

h,:· U-+W c X and c: U-+U eX w1th c (O)=O,h(O)=OandDh(O)=Ix 1 J 111 1 1, 1 
, , 1 1 

such that foh'" h oC ,.i .e. the following diagram cOI11Jlutes 
, 1 • 1 

U _---h .... ,---...... , W c X 

IC.!I f! 
- hl ' 

U -~, Wc X. 
1 

Moreover', the range S of h .is an analytic' manifold with f(S ) c Sand 0 

1 1 1 

a one chart atlas provided by (h ,U )i and,possibly after a change of 
t 1 ~ 

norm on X f the map c i,s a strict contraction on lU • 
1 1 0 • 

1 . 
B) Likewise, there'is a neighbourhood U of the origin in X, and analytic 

2 0 2 0 

maps h : U .... W c X and c : U'" U c X wi th c (0 r = 0, h (0) = 0 and Oh (0) = IX 
2:& :& 2:& ,2 :& :& 
\ 2 

such 'that foh oC = h i.e. the fol1owing dlagram cOI1IDUtes 
2' ~ 2 

h' o 
U -------.... W c X 

c, r h fi 
U 2 , ucX 

2 

The range S of h 1s aD analytic manifold w'ith f(S ) :> S and il one 
2 2 , 2 2 ' 

chart atlas supplied by' (h.,U); and, possib'ly aftér a change of nona 
2 Q 2 , ' 

on X. the map c i5 a strict contraction on~. and it5 inverse ts 
2:a 2' 

a strict expansion -on c (U ). 
.:a 2 

r 
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( , 

Note in the above theorem as Cl 15 a strict c~ntraction mapping . 

the range S, of hl 1s a submanifold of the previously described stable ~ , 

ntanifo,ld of f passing through the hyperbo1 i,e fikd point at O. Since 
~ \ 

the tangent space XI of SI 'at 0 i s al so the tangent space of the stable 
\ 

, manifold ât the same point 0, 1t fQllows that SI contains a neighbourhood 

of 0 in the stable ma~ifold.. Hence bythe characteriz~tion ln (12) and (21 ~ 
\ 

the stable manifold is contained in the set 
\ 

{ X 'e W 1 fj(x) "'e S. for s~me integer j ;;.. l }. 

Similarly th set 

{ X E: e ~ for sorne integer j ;;.. 1 } 
\ , 

~ontains tHe utistable manifold pas~ing through the fixed point 0 of 1. 
\ 

1\1so note X induces topol"ogfes on Xl and X2 • Because Xl and ~ -·are 

closed complementary subspaces of X, the open mapping thereom(20) 
) 

allows the topol~gy on X to be identified with th~ product ,topolo~ on 
, \ 

XIX X2• If U X Uj are n~nns on XjtY- 1 ,2) t~n ,'the product top'ology "on 1 

-

XIXX2 i'S i-nduced by the nonn D(xltx~)DJ=~X{BxA ,UX21!2). Therefore 

replacing given nonns on XI and X2 by equivalent nonns does not affect 

their topo,logies nor the product topology on XIX l,. Further, it induces 

a replacement of the original norm on X by'an equivalent norme This is the 
, . 

type of nonn change .. referred to 1ft thmrem l abo~e, and also in theorem 2 

below. 

\ il 

\ . -, --,---,.--

" 
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l 
, Theorem 2: An Extension of Theo~ 1. ,let W be an open neighbourhood, of' 

, \ 

the origin O_An él Banach space, X. l~t F,G: W ex ... Y be' analytic maps 
• 5''' ' " 

valued in another Banach space Y. Suppose there are closed co,npleme.ntary 

" 
" {Ji • 

subspaces N and V of X such ,that 

"fA) 'F(O) =' G(O). 
" .~ 

. , " 

B) DG(O)V c, DF(O)V and DF(O)N C OG{O)N." 
'\ 

C)' DF(~I V ': V'" oDF(O)V = 'YI, and OG(O)I N N ... DG(O)N =; vt",' .... 

'are both bound~d below. 

D), YI and Y2 , are closed complementary .sub~paces·'oi:Y. 

E) the spectral radl1 r{àJ "and r(b) of the li'near màp~ 
" t" 

a =: (DF{O)I v)~~(O)1 V : V" V "0" 

b = (DG(O)I NflOG(q)I'N : ,. ... ~ ~""." , , , 

are both< le < 1.' 
. ,~ 

Then there is a neighbourhood'U of the origin 0 in N, 

h : U'" W c. ~ and c : U ... U C. N which satisfy/ 
o • 

Foh = .Gohoc, h(O) = 0, c(O) = 0 and Dh(O) = IN 

,r- Furthe,r the ra~g~ S of h iStn analyt~c".man1fold, wjth a 

provided by (h,U) which' satisfies F(S) C G(S); and·, a . ~. 

. ,. 
1 

nalytic maps 

c~t atlas . 

r possibly a 

change of nonn on N or X, the function c : U -+ U 1s a stritf tontraction 
" 

mapping. 

1 

\ / 

\ . 

. ' 
.~,--

'\. f. 
• 1 

f: 
1 

~ 
;' 

.. 
, . 
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Proo,f 'of 'Theorem 1 (assuming theorem 2.) 
~ 

tart A of thereom 1 fol1ows from thereom 2 ~y sett1ng , 

y =' X, (F,G>'= (f,IX), N = XI, V = X, and (hlt c.) = (h,c) 

for then Foh -. Gohoc and F($) C G(S) become respectively 

f~hl = hloc. and feSI) C Sa. ( 

SimiliarlY, part B i5 obtained from letting . 
. -

y = X, {F,G} = (IX,f), N = X2, V = XI and (tb,C2) ;:; (h,c) 

41" t,h~n Goho.c ::; Foh and G(S)::> F(s.)~becomè respectively 

and' 

• 

( 

T 

The invertibllity of C2 th -+th on a sUfficiently sman neighbourhood U 
.",!, 

follows from the inverse funetion theorem s1nce • i ~ J • 

Of(O) Ilh2(O~ DC2CO) = Dtb(O) =- IX 

!lUplies Dc,(O) : t, x,' has • !>oun~~d :nverse (Df'O)I,. f. c' 
Q.E.D. 

\. 
Note ,the th racterizàtion 'of the invariant manifolds S. anet'., ~ 

j n 'tenns of y.e asymptotl ~, beh vi our of, sequences getlera ted by t L.rlJes 
of f or it!inv.erse. is not included 1n the statellent Of'tbeor.J;. . -

A proof'of.theo'rem 2 and pra1imin r.ies,toWards this proof are presented 
, ' 

in' the next two sections. 

1 • 
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3. Preliminaries for a proof of Theorgm~. ~ 

A. Definition of Functfo~ Spaces C;U (W hZ,h C;U (W,,~) and Bj(Z.,Z,). 

For' any pa i!" (Zr ,Z J of Banach spaces over R or t . and any subset W. of Zl ' 

which 1s the closure-"of its own interior, let Cf.d(l.,Z,) he the complex 
\ 

Banach space-of functions f :, ~~c ZJ-+ Z2 which are analyti~ in the interior 

of W"continuous on WJ and possess fini-te sup-norms 

1 fi = IfICf.d/7 Z';: sup 1 f.(z'" i . 
\'U V ZI € W. ' 

Subscripts on norms and elements of Banach spaces wi,l1 be omitted whenever 
j 

their affiHations should be self-evident fram their contexte 
r 

For W2 c Z , let CW(~ ;W2} denote the subset of w.a- val~ed maps in CW(Wt ,Z,}. 

Elementary'properties and equivalent definitions of ç9ffiplex-analytic maps 

are given in J. Dr'EUDONNE(B,Chapter IX.) and M.S~ BERSER{3, pp 84-88.) . 

Also, let Bj (l.,Z2) den ote the Banach space of bounded j-linear oper'ators 

L, : z.j -+ Z~ Finally, let D(s ,Z) denote the closed ball of. radu1s S?, 0: 

in a Banach space ~. 
o ,_ 

, 
B.l. The Complex-Analyticity of a Composition Map. 

~ 

Let A be a set. Let X and Y be cOfflplex Banach spaces,. Denote 

by C{A,X) an~ C{A,V) respectively the complex Banach spaces of funct10ns 
.... 

f 0: A -+ X and f : A -+ Y with finite nonns 
,. A 

If .C(A.X) =, SUPa"A'f(a)l x and IfIC(AY) = SUp IfCa)ly 
.. 'a (.A 

, .. 

1 

/ 

L 
, 1 

1 

1 \ 

! . 
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, Lemma 1: Let A be a set. 'Let X and Y be complex Banach spaces: 

For 0 < s < r, the composition map 

, . / (f,g) ~ CW(O(r,X},Y) x ,D{s,C(A,X» .... fog € C{A,Y) , 

~ i s a complex-analytic operator"\fa1ued l.function ,whosf' Frêchet derivative 

at (f,g) is given by the linear map 

" (àf ,I1g) -.. lifog + (Ofog)(I19) , 
c 

1 when (Af.Ag) € CW(O(r,X},Y} x C(A,X). 

(Here (Dfog}~I1g)(x) = Df($I(~»)(àg(X).> € V.) 

Proof: Part '1. Derivation of Cauchy Estimates. 

Let w and z denote, complex numbèrs. For (x,t) ,fn D(s,X) x D(1 ,X~ 
" . 

and -lzl< (r-s)/s, Cauchy's fonnula impli~s 

( \ f(x+tw) dw 
f x+tz., == 1 r-s w-z • 

IW\=-s-

Thus 

L_a~f(X+tZ} ==,1 . r-s f(x+tw) dw. 
(1 !}ar1 IwI."" -s- (w_z)J+l 

Therefore ,1 t'x= land z = ~imp,l~ the CauchY estimate 

I(o-'f)(x) tjl .;; 2.('j!)(r-Srj ':'1Ifl J,,' 

x . y- - s ~(D(r,X)',1 Y) 

oSo .'that for l'xIX<cs in X 

"d" U ~f(X)1I j , 
'B (~Y) 

and hencé' the .restriction of Djf ta the d1S'k D(s,X) 1s a bounded l1near 

~p of ~(D(r,Xi,Y) into' .~(D(s,X},Bj(X,Y». 
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Part 2. Computation of the Frêchét Derivative. 

F~r (f,g) and (f,g) i~ CWCO(s,X),Y) x DCt,C{A,X» 
- ... ... 

fog - fog - {Cf - f)og t (Dfog){g - g)} 

= f9g ~ fog - '(Of09)(9 - g) 
...... ... 

~ 11(Ofo(gtt(g-g) - Of09)(9 - g)dt 
o 

_ A _ . _ 

; 11[O(f - f)o(gtt(g-g» + (Dfd9+t(9-y}) - Ofog}Jd't(y - g) 
o 0 , 

'= O(lf :. fi 2;('1 ! )(_S_)2 t (21T(2! )(...L)31f1lg _ gl }Ig - gl) r-s - r-s 

= O(lf - fl 2 + Ig - gl~) - ... 
as (f,y) + (f,y) becaus~ 9~ Cauchy estimates 'and the Mean Value Thereom. 

Therefore Afogt(Dfog)A9 represents the Frêchet derivat1ve of the above . , " ~ 

composition map. 

Cl.E.D.' 

Lemma 2. Under the hypotheses of lemma l, the map 

- (f.9)--:-~(D(rtX).Y) ~ ~(s,C(A-:~}) .. 040y fZ C(A.Bj(Xt~» '~-8j(-C(A,X),y} 
is complex-analytic for j;> 1. 

Proof: By induction, starting with j - 1 the map of (f,g) to olFog 

is-the jth partial g-Frêchet derivative of the composjtion mapo in 

lenma. 1. 

I-
I 

',-" 

.. 

Q.E.D. ~ , 

.. 

, -\ 

! . ' 
. " 
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• 1 , 

, • 1 
~. ~~ __ ~ ____ w, ___ """",,",,---.r ___ ..........,...~~yp;t(q.: •. * lM!IIa "....,.".,.,.-!-t4 ... ~a;;~i' "<!"$ &46 '14.'~I;"'~~~-"""'--~-~-""'- .-.., ...... ' .-... ~-;~,-,~ 

-.' 

. 
(' 

-73-

B.2. The Complex-Analyticlty of an Evaluation Map. 

lemma 3 below, not needed in the proof of theorem,2, ;5 requ;rèd 

in establ ishing the results in theorem 4., Theorem 4 indicate~ ,a 

continuous dependence of the i~variant manifold S in theorem 2 .on 

perturbations of (F,G). 

lemma 3. Analyticity of an Evaluation Map. For 0 ~ s ~ r, the evaluation " .' map 

e(f,x) = f(x) :'C6l{D{r,X),Y) x D(s,X) ..... Y 

;s'complex-analytic when X and Y are complex 'Banach spaces. 

Proof: In lemma l, take A to be a singleton set. Then there is a nOMm 

preserving correspondence between X and C(A,X), and in particular 

between D(s,X) and D{s ,C'(A;X». Now the points x of D(s,X) are identified 

with functions 9 in D(s,C(A,X», so that lemma 1 applies. 

For an alternate and equivalent>proof, repeat the proof of lemma 1 
,\ 
>! 

~th points x instead of funetions g. E1ther way the proof 1s completed. 

Q.E.D. 

Remark. In R. ABRAHAM and J. ROBBIN (2) a converse to Taylor's fonnula 

is employed to show the Ck smoothness of the evaluat10n map e(f,x) = f{x) 1 

~hen f: X ~ Y is a Ck map between (real) Banach spaces X and Y, which 
~ 

1s defined on an open domaine 

.. 
1 

\ 

. . 

.. -

\ --
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C. A Change of Norm. 

Lemma 4. let N be a normed vector space with an original nOMm Inl. 

Suppose b: N ~ N 1s a bounded ltnear operator wi~h spectral 'radius 

r(b) = limj"'oo cn bjn) l/j < r . 
. ' 

Then there is a new norm 

Inl = SOPm~O 

equivalent to the orfgin~l nonn lInll with the property 
, . \ 

Ibn 1 < r Jnl . 

-,-- , 

lemma 4 and its praof oceur in O.E. LANFORD (15). A generalization 

is given in M. HIRS H, C.PUGH and M. SHUB (11,p13) for the case where 
~ , 

b : N ~ N 1s bound d below. 

Proof. Observe q = sup~O 'lbmÎ is finite because r: > r(b). Therefore 
m' r 

by the triangle ine ua11ty Inl is a norm and Inl < qlnl. Further Inl<lnl 

by definition sinee bOn=n" and rO=1. Thus ~n~ 1s equivale,nt'totl .. 

NOw 
Ibm+1 1 = r.sup n < rln'. 

~ rIO 

Q.E.D. 

D.l. Real-Anal unctions and Their Com lex1fications. 

The prece<Ung enÎnas 1,2 and 4 are sufficient for a praof of theorem 2 

when the Banach spa s X and Y in its statement are over the complex numbers • 

This complex case i treated,fQ p'art 1 of the praof 'below in section 3. The 

~lning prellmîn4rles are'f~the deIonstratlàh of'tbO real case ln ~rt 2 

of the proof. i " . 
'0 

1. 
l' , 

J' 1 

6, 

~ 

. 'l 
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For real Banach" spaces X and Y denote by Xc = X + iX and Y = Y + iY,\ . , c 

the complexifications of these respective spaces (For complex Banach spaces 

X and Y, let X = X and Y = Y.) In the following,let X and~:Y be re-al , c c 
---

Banach spa ces. Then their complexifications can be identified respectively 

with the real product Banach spaces XxX and YxY. These identifications 

induce a complex vector 'space strJ.Icture 011 Xxx and YxY respectively. " 

Definition. Real Analytic Functions. let W be an open subset"of X. 1 
! 

(; 
A function f : W.-+ y l,s real-analytic if there is an open set U in the' . 
complexification Xc of X with W c U,. and a complex-analytic function 

fc : U -+ Yc such that the restriction of fc to W is f. 
) 

"'/ 

Observe the collection of comple~-anal:Ytic functiorts f c : U .. 'y c whose . ., 
restrictions f to W are reaf"analytjc maps of W into Y constitute a real 

.' 
subspace, cl osed under poi ntwi se convergence, in the comp 1 ex vec,tor space 

of Yc-valued c~plex~analytic maps on U c Xc' In particu~ n~ if 

f : W c X -+ Y is real-analytic on an open neighbourhood of the or:igin W 
, 1 

,~), 

in X, then there is an r > 0 and and elemer:at fe of the real Banach 

subspace 

C:(D(r,Xc)'Ye) = { 9 10 1f"(D(r,Xe),vc) : 9ID(r,X) E: é"(D{r,X),Y~ } 

• 'IN 
of the eomple,x-Banaeh space C (D(r,'Xc )' Ye)' such that the restriction of f c 

Q 

to DCr,X) equals f on D(r,X). Here C:(D(r,Xc)'Yc ) )s'a space of 

"real-an~lytic" functions on the disk D(r,X) in~. 

( 

" 

, 0'1 
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0.2,. The Real-Analyticity of a Composition Kap. 
, i 

The above definitio~ of real analyt1c funetions, and lemmas 1 and 2 on 

the eomplex ana1yticity of a composition map imply the real-analyticity of 

the "real-valued" composition operation def1ned in lemna 5, below. ,The _ 0 

notation used here was introduced in the p'receding subsection 0'.1. 

Lenifia 5. Let A, X and Y be real Banach spaces. For r > s > 0 and t>O, 

the composit'i,on map 

(1) (f,g) E: C:(D(r,Xc)'Yc) x C~(D(t,Ac),Ofs,Xc»'" fog E: C:{D(t,A ),Y } c, c 
" ,- ' ;:' 

is a real-analytic operator-valued mapping whose real-1inear Frêche~ 
. . 

derivative at (f,g) in its damain is given by 

(Af,Ag) ~ (Af)og t (Ofog}(Ag) 
f ûJ 1· ûJ' 

when ~Af,f1g) E: C41(O(r,'Xc)'Yc} x c"(O{t,Xc) ,Xc)· Furthermore'the maps 

(f,g)' ... o-Ïfog a,re also real-,nalytic. 
\ 

The complex extension of the ~ps defined in lemna 5 are obtained by '~ 
~';. 

removing the subsèript ~ in (1). This completes the preliminaries. 
. \ 

" 

- 1 

. " 

, : 

l' 
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r 
'; 

4. Proof of Theorem 2. 

Part 11 The C<np lex Case •. 

Choose a nonn 1 QI on N 50< tha t the opera tor norm of 

b:; (DG(O)i ~)-1(D~(0)1 H) : '1'" N 

i5 < le < 1. This is ~easible because of the change' of-nonn lenna 4 and 

the assumption 1n hypothesis (E) that the spectral radius of b is < k < 1. 

Let H'~ yi, X' and yi. he respectively the Banach subspaces of 
# 1 l , 

CCd(D( 1 ,N} ,N), ~(O(1 ,N), V) , CCd(DO ,N} ,X) and C~(D(1 ,N), Y) of functions which 

. vanish at n=O together with their first Fr~chet der1vatives. The linear 

map b : N .... N, or rather its restriction br 0'(1 ,N)' be10ngs to 1ft since 1ts 

operator nontl 15 < le < 1 in the N-no'" chosen above. 

P.ick r> ° 50 that D(r,X);c Il = donain (F) = domain CG) and so that 
. , 

F,Ç are ll)embers of CCIJ(D(r,X) ,Y)-. Let 0 < t <\ r. For (s,u,v)1n R Je N' x V· 

sati sfying , 
t 5 1 < 1, Ib+uII < k. IYI < t 

, C6J(O(1 ,H) ,N) , ~(O{1.N) ,V) 

and ls(IdN,*v)' ~(O(l ,M) ,X) < t 

put 

, .{' '! { Fos( IdN+V) - Gos( IdN+v)o(btU) '} if '0 < 1 SI < 1 
(1) H(s,u,v) = " 

, DF(O)(IdN+v,) - Di<0)(IdN+v)o(btU) if s = O. . 
, 

Observe that y=H(s,u,v) assumes values in C(aJ(O(J ,H) .Y); that y(o.) :; 0 
, p 

because F(Ol = G(O) and by definition DF(O)IdN - DG(O)oIdNob :;, 0; and 

1 -' 
1 u 
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that by the "chain rule y' (0) = 0 when s = 0 or 0 < s < 1. Therefore 

H : R x N' x V' ... 'f--l--.- - -

A secbnd representation of H, 

(2) H(s,u~v) = J: DF(tS(IdN+v»{IdN+v) - DG(O)(ts{IdN+v)o(btU»(IdN+v)(b+u)dt 

valid for al1 151 < 1 f~11ow~ from FeO) = ~(O). The Frêchet differenti­

ability and ana1yticity of H on its open domai~ are now ,imp1ied by lemmas 
o 

1 and 2 and 'the chain rule/when they are applied ta the second representation 

(2) of H. 

"The parUal (u,v) Frichet derivative of H(s,u,v) at (0,0,0) is given by J 
\ . 

the 'chain ru1e as 

Q{du,dv) :-DxF(O)dv - DxG(O)(dv)b - DxG(O)du € r 
'I 

for (du.dv) in NI x V'. '~'" 
1 

Since by hypothesis (C) y is the direct sum of the closed complementary 

subspaœs ~I == DF(Q)V and Y2 == DG(Q)N. there is a continuous projection , 

s1nce range(DF(O).Y) ~ DF(O)V = Y. = range(P). range(DG(O)ovob) C DG(Q)V 

C DF(O)Y - range(P) and ran~(D6(Q)ou) C OO(O)N -= YI ,= range(I - Pl. 

Tf!er:etore Q(u.v) = y i~l1e5 

u = -(OG{O) y)-1 (I - PlY., 

To find v note 
, 

'py =(OF(O)lyXv - aoyob), 

. , , < .. 

-----~ ------~----~ ... 
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",' / 

1 

wre a' = (DF(O)~)4 DG(O)lv : V .. y- \ f; as in hypothesis (E). The map 

Lv '= aovob : V, ... Y' ' 
, 

defined fDT v in yi has spectral raduis r(a)< k <11 sinee by induction 

f' ( Ljv = ajovobl 

Hence (1 - L)-l exi~ts, fs bounded, and . -

v = (r - Lr1 (DF(O)ly )-lpy• 

The above two formulas for u and v imply the partial (u,v) Frechet 

deri.vative of HCs ,u,v) at (0,0,0) in RxU' xV' has a bounded .inverse 
~ 

defineét on Y'; Therefore, since H(O,O,O) = 0, the ordinary iflicft 

function theorem for Banach 'spaaes in'L.NIRENBERG(18), implies Jhere is an 

s> 0 and funetions (u,v) in U'x Y' (uniquely detenmined by s) such that 

° = sH(S,u,v) 
l ' . 

~ FOS(l~dM + v) - GoS(ÎdN + v)o(b + u') 

• 
Therefore the funetions 

h = (ldN + sv~IdN) : D(s,N) .. X 

c = ( b + suof~dN) : D(s,N) .. X 

sat1sfy 

Foh = Gohoc 

'''QII D( s ,N) , -ëind 

~ (~{O),Dc(O» = (IdN.b)~ 
This completes the proof in the tOlllplex case. 

- - 1 

\ ' -

o \ 

, 
'~, 

• 

k, ' 
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Part '2. The Real Case. 
'\ --

Here X and Y are'real Banach spaces. The maps F and G have complex­

ana"lytiè extensions defin'ed on" a neighbourhood of the origin in Xc and 

valued in Yc' 8y abuse of notation~ the'se extensions will again be 

denoted by F and" G respectively. For the se complex extensions, the 

COIJ1)lex case in part 1 still holds with (X ,Y ) in' ,place of' (X, Y). Vet . c c 
the same argu~nts still hold if the complex-Banach spac~s in part 1 

are all replaced by their real-subspaces of "real-analytic" functions (see 

the discussion i~ part 0 of the preliminaries in section 3.) This 

mdification , with lenma 5 instead of lenmas 1 and 2, yields the 

real-case since the funetions (h,c) satisfying foh = Gohoe will be 

extensions of real-analytic functions. 

Q.E.D. 
(J 

It is a corol1ary of the preceding arguments that the substitution 
"" of formal power series developements of (h,c) in Foh = Gohoc results in 

" ~ . 
recursively,detennined. locally convergent, power series expansions which 

satisfy th~s identity. 

\ 

.. 

, 
1 

/ 

<, • 
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" 

,s. Analytic Dependence on Peftu~ations. Complex Case. 
1 

Theo~ 3. , Let X, and Y bel c~lex Banach spaces. F~ r > 0, let 
, \ 

Ar = {{FtS} E [Cw{D(r,X),y»)2 : F(O) = G{O)}. \ 

" 
Then Ar is ~ comple~ Banach space. If (F. ,G.) 1n Ar satisfy ~h, 

hypotheses of theorem 2 then there is a neighbourhoOd "r of (F. ,G,) in A 
~ r 

a neighbourhood U of the origin 0 in Nt

4 
and a nonu IHI on N such that for 

each (F,G) in Mr there is a pair of analytic, operator-valued, functions 
\> l \ .... 

(h,c) = (~(F,G)(·),c(F,G)(·» 

valued i~ C(d(U,X) x C61(U,U) which satisfy 
\ , . 

Foh = Gohoc, h(O) ... 0 , c(O) = 0, " 

Dnh(F"Gt)(O) '=:; IdN :' N ,-+ X 

and 
\ 

Dnc(f.,G.)(O) = b , :. H .. N. 

Fqrtber for each (F ,G) in "f' c(f ,G)( -) : 'U .. U 15 a strict contraction mal?" 

with respect to the norm .. ; o~ N and the range S ;=S(F ,G) of h(F ,G}{·) 

1s a sub~nifold of X with a ?"e-chart.~tlas p~ided by (h(F,G)(-),U), 

which sat1sfies , F{S) C G(~),_ \ 

Proof. 
.. 1) < • 

ObserVe 'by the' preljll1nary leaaas 1 and 2. th~t{tlie map H is, 

defined by formul~s (1) and (2) which are analytic functions of 

(s,u ,v ,F ,G), in R x U' x V' x \t- The hypotheses of the ordinary'impl1c,it 

function for Banach spaces are now satisfied at (s,u,v,F,G) = (O,O~O,FhGa)_ 
, \ 

Q.E.D.' 

\, 

., l' 

'J 
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, , 

.. 

" , 

' . 

Theorem 4 extends theorem 3 by ,:placlng, Ar by the larger ~âna:h spacl 

[Cw(D(r,X),y)]2. ~ 

Theorem 4. let X and Y be complex Banach spares_ If (f.,G1) in 

rCW(D(r,X) ,Y)J2 satlsfy the hypothe~es of the~rem 2 then there i~ a 
, 

neighbourhood M of (F.,G1) ln'[C~(D(r"X),Y}J2, a neighbourhood U of the' • 
o \ ~ 

.• il 
origin in N~a and a nonn I~I on ti, S!Jch that for each (F ,G) in M there is~ 

~ .. l' 1 

a pair of analytic, operator-va'lued, fu6cti~ns. 

(h,c) = (h(F,G)(o),c(F,G)(-» 

valued in CW{U,X) x CW(U,U) which satisfy 
a ! , 

foh = Gohoc, c(O} = 0, 

Dnh(F"l,Gl)(O) = IdN N:'" X 

and 

: N .... X, 

further for ea..ch (F,G) in M, c(F,G}(') : U .... U 1S a strict contraction 
" \ 

- 1 w1th respect to the no~ lhn~n'N,;'and the range·.S' = S(F.G) of h(F,G){-) 

1s a sub-manifold "of X with a one-chart atl~s supplied by (h(f ,G) ,U} • 

wh1ch satisfles F(Sj C G(S).: 0 

0'. . \ 
SUll1llary of Proof. The proof, .be1&1 first demonstrates thàt aÙ 
... ,Ir (). , 

. (F ,G) sufficiently near (F.,G,) in [Cw(D(r ,X} t"y . .)12' have ~oints lX = x(F ,G) 
• 1 0 , 

I which satisfy F(x) = G(x), depenq,analyficly on (F,G) 
, '. 

to the ortgin of X. The latter translation pennits an application of 
, . " .. ' .. -- ' 

3 t~ funè'tion~ (f,G)- in ~!r of the' fom (F'UdX+ x(F,G», G (Idi'" x(F,G) 
_ _ "" .. " Il ~ 

the.result that (F,G) uinherit" from CF,G)'the:properties indic"ated fn 

4, above. 'The latter inlTe~itancev . ~giVes::. th~' "st> pa.rt ,of the, pr~f ... 
, , . . , 

\ . , 

" 
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\ 
\~ ) 

() 
. Proof olt-theorem..4. For (F,G.x) in (C'D(r.X),Y)J~X. put ........... "" .. 

1 • ~ 
E(F tG. -F{x) - G(x). ' 

Then E i5 eomplex-an~ytie by lemma 3 and by the cont1nu1ty and linearity 
. , ~ . 

-of addition in Ctll(Dèr,X),y). Moreover E(FI,GI,O) ... F.(O) - GI(O) - O •. 

(1 ) 

iff 

(2) 

when 

The partial' x-Frachet derivatiVe of E at (F s,G.,O) 15 
\ ' / 

Di(Fl.Ga,O) .. DFt(O). - DGa(O.) : X -'Y. 

\ , \ DxE(Il,6},O)x .. y 

~ 

, YI .. (DF1(O) - DG1(O»V :: (DFI(O)lv)(Idv - a)v 

12 =: (DF,(O) - 002(0»n ... (DGaCO)tN)(b - IdN)n 

a .. (OF.(O)lV)~~(DG',(O)IV) : V -+ V 

b .. (OG:a(O)lN)-1(DF:a(O)I
N

) : N -+ N, 
" 

sinee YI = DF1('Q)V :> DG1(O)V and y" .. Ilh(O)N::l Dfi(O)N. ~But by assumption , . . 
a : V -+ V. and b : N -+ N are bounded linear operators with spectral 

radi i k < 1.. From equation (2), equation (1) holds iff '. , 

'. v ... ~(idy - ,a)-1(DF1(O)ly)Yt /, 

.n "" (b - IdN)-1(DG1(O)INlY:a ' 

Henee the partial x-Frtchet derivative of E at (FlaG .. O) is' surjective and 

bou~ded be 1 ow. 

~he fmpl1eft funet~on t~~orem for Bana,eh spaees impl1es there is a 

neighbourhood Mt of (F.,G,) in (-C6J(D(.r.X), y~2 • a t,> 0 "ith t < ir and 
...... ~ 

an analyt1e map . x(F .G) valued in the ball D(t.X) c X su ch thât in this 

, . 

f\ 

. ' 
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" Î 

" If " é} • 

ball for each (F .G)· in Ma 'the one and only solution of F(x) • G(x) i5 

x - x(F.G). In parti'cul~ x(F1.,G1) - o. ' 
Fi (F;G) in Ma,' pot . ', " 

1. ~(F.G) ~ (F.iil 0F'(X(F .• G) + IdX~' G~(X(F.G~ '. '[dxH. , 

Here (F,G) represent the components of J(F\G). rhe restrictions of 
... .. , "1' 

the" fynctions F and G belong t({ the Banach space Air defin~, in theo~ 3, 

since nx(F ,G)II <il' and Da~.X) + D(ir,X) .. D{r,X) n. dOll1ain(F) .. domain(.G). 
1 • 

---- . 
Hence by the chain rule JI is a complex-analytic map of"~' ,C[C~()(r,X), Y)]~ 

into Air wtiich fixes (Fl~GI) ~in'çe x(FuG.) - O,and Air:> Ar" . ' 
Theorem' 3 now appl ies to the element (F .. 6.) of Air" Hence there is a 
'( l neighbourhood Mir ?f F .. G.) in Air in which the conclq~l~ of theorem 3 

are valid. Hence fo~ each (F,G) in the puHed-back neighbourhood M":'J-:.1.(M
ir

) 

in C(d(D(r,X), Y) there is a pair of analytic,.operator-valued, functions ~, 
.... ~ 

(h,c) .. (h(J(F,G»(o),c(J(F.G»(o}) \ 

\ 0 valued in C(d(U,U} x Ct&l(U.X) for which 

*'" .... ... -" 
Fo(x(F ,G} + h} = Go{X(F ,G) + h)oc. c(O) = 00 

and 
... 

Dnh(fi tG,XO) • - IdN : N ... X. " 
~ .~ 

when U. h(F,G)(o} ànd c(F.G)f") ar, as they app~ar in theorem 3 with Ir 
, -

1nstead of r > O. The remainder of theorem 4' follows from an obviou~ 

change of notation and the conclusions of theorem 3. ) ) 

" 

'1 \ .. Q.E.D. 
- ... 

Similar arguments for real Banach spaces"',X and V ~ith:.the rell. Banaèh 

1 ~pace ·~(D(r.iJ. YJ in p,ac~ of the,/colnP1,x' Banach spice C~(D(r.X) ;V). ' 

y1eld real-analytic'analagues of theorems 3 and.~ 

. 
.,tif', . , 
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0, 

6. S_ Brie! Comp~risons wfth other Persistence Arguments (Related ToPlds.) 
b 

~ \ 

The usual proof of the ordinary implic1t function theorem for'Ban~cn '. 

spaces as in say l. NIRENBERG(l8) employs a vàrtation of Newton '5 
": ,~. ' 

algortthm fr~ nufnerical analysis and the strict contraction m~p~ing . . 
p'r1nciple ta construct local represent~~i~s ,of fmpJ1c1tly defined functio~s. 

In the precedi'ng part of th1s chaPtèr 0 invariant manifolds S were obtafned . 
. 

with the aid of this 1mplicit function theorem. , The usual proèf of this -, ' 

theorem gives a constructfàn of sorne invariant manifolds- here'the unstable 
'Oc ;4. _. 

and stable manifolds ~assillig through a hyperbol1c fixed point of an 'analytic . 
. ' 

function-:-' whle.h 15 based on the inversion of approx,imate linearized 
~l '" C> . ~ 

problém~. This con~tructfon has similartties wfth constructive argWQ8Flts 

appea'ri~g hl M. HIRSCH, C. PUG~ and M. SHUB (11) t O.E~ LANFpRD (l,sf and 
q " 

W.T. KYNER (14) in which the'hypoi~eses of the ordinary implicit function 

"~ theoreln for BânrCh' spaces are nQ( satiff.~~, but in which Lip'shi~~ 'conditions. 
• " ' 1 ~ 

th~ strict contraction mapping principle t linearizatiDn and variations of 
, - . 

. -Newt~n' s alg0~;thm can be àpplied - directly.· In.). 1(.. MOSER -(l7) there i sarp 
" " " 

.! ' 
disçussion of rapidly convergent iterative Jneth~s for solving sorne 

o 

conjugacy problems, based on linearizatlon. In J .. MATHER (16) the' 

applfcation of implicit function theorems from ~1) to a conjugacy problem 

15 indicated to s.how the persistenc~ of Anosov-DiffeOmprphisms • 
· . Ir 

., the chord- metho.d .. , . 
. \ .. 

Il. 

3=~h ... .,. __ 4 21 _ J "~, ,M 33.:.&1&\("4& __ 



• , 
f 

~ 

( 
~ . 

o 

7. Btb1109raphy-fo~ Chapter 3. 

1 

2 

3 

4 

5 

6 

. 7 

• l 

Abraham R, Lectures of Smale on Differential Topology. 
• 1 

. 
Lecture Notes, Columbia University, New York 1962. 

.? . 
Abraham R. and J. Robbin. Transversal Mappings and Flows. 

, W.:A. Benjamin INC. t • New York 1967. 

Berger M. S. Nonlinearity and Functional Analysi~: L~ctures on 
• a ! .. 

Nonlinear Problems in Mathemat1cal Analysis. Pure and 
, ---

"Applied Ma_th~màtics Series. Academ,ic f1ress. 

J New York 1977. 
! '\ 1 • 

V ' BirkJ!9jf G. D. ~Surf. Transfonn~tions, and their Dynamiçal Application~f 

Act~ Math, 43 (1920) epl-119. ,< 

Crandall M. G. and P. H. Rabinowitz. 8ifurc~tion from Simple Ejgen-
, . 

values. Journal of Functional" Ana1ysis. 8 {1971) pp '321-40 • . ' 
The Hopf Bifqrcation Thereom. Math~atics Research Center 

Technical R;Port 1604. University of Wisconsin., Madisorl' 1975.' 
~ 

(A pre-print of t~ followtng article; co~tains a clear 

exposition of Hopf Bifurcation in ~n.) 
, 

The Hopf Bifurcation Thereom in Infin1t~ Dimensions. 
-

pp 53-72 Arch •• Rat •• Mech •• 'and Anal •• 67#1.31,XII.1977. 
, . 

(omitts the finite dimensional case includeq, in '{6} above.) 
.. , Il 1 , 

8 Dfeudonnê J~ Foundations of ~ern Analysis. Pure' and Applied' .. , 

Mathematics Series, vol.,·X." Academie Press, New/Yor~ 1960. . ' . 
9 Hale J. K. Ordinary Differential Equations. Pure and Applied 

". 

Mat~tics Series, vol.~ XXI. W11ey In~èrsc1ence. 
New York 196~. 

1 

" 

" 



.. 

1 
1 
1 
1 

1 

\ 

~ ... 
~ 
f 

... ~) ~ 

-87-
o " ' -. - .-

/ " " . .. 
. . 

'Il 10 Hartman P. 'Ordinary Differential Equations. John Wi1ey.lâhd·Son~ Inc.,-, 

New York 1964. ' 

11 Hi,rsch M., C. Pugh, and M!' Sh.ub. Invariant Manifol,Lecture Notes 

in Mathematies, vm. 583: Springe~Ver1a~ ~ew' Yo,rk 1977 • . 
12 Irwin M.é. ()t·the St,able Manifold ThereOll1 •. 'Bull, London Ma-th Soc,.. " 

jlI)Oo 

2~ 1970. pp 196-,198. . , 
, ( 

13 ()t the Smoothness of the Composit10~ Map. Quârterly Journal . 
~f Math •• (2) 23,,1972. pp 113-133. ~ford University 

.. /' 

Press. 

14 Kyner.W.T: Invariant Manifolds, Rend. del Circol0 Matematico Palermo, 
, \ ~ 4 0 

• ·Ser.1.). 'Yol. 9t~1~61t pp'98-11Ô. . ' 

~ i • 

15 Lanford O. E. Bifurcation of-Peri.odic Soluti,ons 1nto Invariant 'Tori: 
1 

the work of Ruelle and Takens·.·· Appendi~ A Nantinear prob-

lems ln the Physical Sciences and 8101091. Sprtnger-Yerlag. 
1 

Lecture Notes in Mathematics. vol. 322. 
, . , 

16 Mather J. A{)pendix to Part J)'of S. Smale (21) on Anosov Diffeomorph-. 
'isms pp 792-5. . 

17 'Moser J. K. A R~pidly Convergent Iter.at~on.Method and N~~li~ear Par-

tial Differentia1 EquatioQs'I, Il pp 265-315 pp 4~-535 
'f Il • 1 • 

Scuola Nonn Sup., Pisa; 1966. . ' , 
• 

t 

\ 
18 N~renbèrg L. Topies in Non11nea~ Function~l Analysis 1973-4 ... Lecture 

.,/ ~ - 1>-

Notes of 'the Courant Institute of Mathematical' Sciences: 

,251 Mercier Street,. New York. New York', 10012. -

19 Poincarê H. Les Mlthodes nouvelles de 1. mêcanique clleste, -Yols. l, Il. 
• • \ ~ !I. 1 • 

,III. Paris 18è2. 1893. 1899; reprint. Dover.,New·York, 1957 • 

. , 
~ ; .. 

.. - ./ / 

.' 



, . 
\, 

~ 

• . ' 
1 

. 
o 

• 0 

) 

"t ,<> 

'" 
» • .. 

., 

1f 

i' 
1-
J 

o 

. . 
" 

" 

~ 

Î 

-88 .. ' 

. , 

Series in Higner. ~themat1Cst '1~7f~ 

OiffereDt'iable Dynami~al Syst~s~ 

Mlth Soc ..• 73 {19~} pp 747-817. 

'. 

" 

.. '. 

. -J 

-, 
1\ 

• 1"--· 

i 
l" 

! , .' 

" 

, ) 

,McGraw-H111 

) , 

.8ul1et1n Amer1càn 

,( 
ilt 

" 

~ 

-
J' 

j ., 

," 
-' 

1 
\ , 

" . 
-- -

... ' :,.,' _",'~' ~. 1 lI. 

, -. 

" . ' 

Cl 

)1 ') 

\ . 

'. 

. 
• 

,-, 
: ;J ~ 


