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Abstract 

:\Iolecllim D~'lHUllics sinlll!atiolls of tell ill\"o!n' the lllUllCrical illtcgrntion of pair-wise 

part ide internet ions ,vit 11 H constHut st ep size lllet hod" Of primHry ('oncern in t lwse 

simulations is the introdllct iou of ('Hm iu wlocity st atistics. \Ve cOllsider t he simple 

example of the symplcctic Eul(lr nwthod applicd to two-pHrticle collisions iu one di­

mension governccl by linear rcstoriug force and use IJm'kward t'Hm analysis to pnxlict 

these (,lTors. For ueml)' aU choices of system and method parameters. t he post­

collision en('rg~' is not Couscl'ved aud dq)cnds upon the initial conditions of the parti­

cles aud the step si/j(' of the methocl. The aualysis of individual collisions is cxteudcd 

to prcdict energ~' growth in systellls of part ides in one dimensioll. 
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Résumé 

Les simulatiolls de dyllamiquC's lllo16culnire implique souvent l'intégration mUllérique 

d:intéractions clltre ries paires de particul(~s avec ulle méthode Ft pas de temps COllsta11t. 

Une cOllsidàa tiOll impurt allte de ces sinl1l1a tio11s est l "introduction cl' errem dans les 

sta t istiquC's de vitesse. .\" ous COllSiclh'OllS r exelllple simple de la méthode d'Euler 

symplectique appliquée aux collisiolls cie dcux particules C11 U11e dimension gouvernées 

par un force de restauratioll linblÎrc. ct llOUS utilisons l'allal~rsc cl"eHeur implicite 

(backward crror anal~'sis) pour pd'dire ces ('Heurs. Pom la plupart des choix de 

paramètres de systhllc et de lll(~t hode, l'{'llergie post -collisioll n'cst pas préselT6e et 

dépend des cOllditiolls initiales des particules ct du pas de telllps de la méthode. Oll 

étend l'analyse des collisio11s individ udles à ln prédict ion dc la croissancE' d'énergie 

dans les systômes de particules l'Il U11e dinlCnsio11. 
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Introduction 

In the fidd of lllolecular dYUHlllics. lllllllericai sinmlations are cOllllllonly usee! to oh­

tain approximatc solutious to the systems of ordiuary differeutial equatious defiuing 

the dynamÏcs of iuteracting pnrtidcs. III lllHlly situations. the clifferential equations 

arc integratcd ovcr WT~' 10llg periods of tinH' \\'Ïth rclati\'el~' large fixccl timc-stops. 

Though the trajeetorics of the C'olllputed solutiolls ill thes(' cases llla~' cliverge from 

those of the tnlC solution, it is bdicwcl tlH\t the simulatiollS C<1n well approxinwte 

many important systcm st atistics. Yet it has 1 )('en shown [53] t lwt cert ain met hods. 

su ch as step-and-pro.icct ll1cthocls. while ('xactl~' cOllselying encrg~'. eall yidcl illcorrect 

statistics. Tlwrc is evidencc that s~'mpl('ctic lllethods tend to provide relatin~l~' unhi­

asee! statistics. Howevcr. the illtrocluct iOll of unboullclecl cn('rg~' growt h or "intrinsic" 

(auti )damping in SOUle cOllservcüive s~'stellls by s~'lllplpctic nlC't hocls mises questions 

regarding the interpreta tion of t l}(,Sl' COll! pu t cd S~!stclllS. 

The goal of this work is to iuwstigHtc the illtroductioll of errors by fixcd tilllt'­

step illtegrators applied to systems of locally illtcracting partides. The approach 

shown hcrc also provicles a fralllcwork for iUlprm'ing or eOllstrncting methods which 

will provide lllore depc~lldablE' alld nlorc~ dcsirahlc rcsults. Though the prescntation 

revolves arOlllld a specifie prohlclll. the mcthoc!s arc in lwm~' cases relevant to ot 11('1' 

problems in cOlllputational lllolcclllar or gas cl~'llalllics. 

l 



2 



Chapter 1 

Symplectic Integration 

S~'lllple('ticity, as it applics to llunHTical Illet hock to a large cxtcnt stems from COIl-

sidering the qualities of generatillg fUllctiolls for Hamiltc)lliall s~'stellls, The rcae!er is 

referrecl to [2c.!] for a brief overview of gC'llcrating fUllctiolls for HHmiltonian systellls. 

Sillce Hamiltollian fio\\' is charactcri/'cd b~' H gCllcratillg functioll of a certain t'onll 

(and vice versa), it is rCHsonahlc to cOllsidcr ll11111Crical mcthocls l Jasecl on sueh ma1>-

pings. Looscly spcaking, lllctl!oc1s which conserve Hamiltonian structure are callee! 

symplcctic. Given an autonomous Hmniltonian system 

the fim\' is givcn by 

(

q(t + T)) 
= YT(q(t).!J(t)) 

p(t + T) 
(l.1 ) 

\\'hore the fio\\" opcrator, ..pT' must satisfy 

( l.2) 



\\Te sa~' that Cl one st~)P nwthod 

( 1.3) 

is sYlllplectic if tlle' Illlmericai Ho\\' map. <I> il. sat iSTICS (1. 2). This st a telllcnt of sYlllplec­

ticit~· is very simi1aI' to t hat cOnCel1lillg the ort hogonality of the matrix \7<I>h (consider 

(1.2) \Vith J replaced by the idcntity). whcrc illsteHd of cOllservatioll of lengths of vec-

tors in the phase spacc. wc now have conservation of the magllitude of oriented meas. 

It is important to note that in cOlltrast to the gCllerating fUllctiolls frolll \\"hich the~' 

are derivecl. symplcctic met hods C0l1S('lTC Hmlli1tolliall structure lmt do not. C'xccpt 

for trivial cases. conserve the valuc of the Ol'iginal Hmuiltollian. 

The notion of symplecticity was first put fOl'th lJ)' \Ve.yl in 1939 [59], The ",orcl is 

taken from the greek adjective and loost'ly nH'HllS "p1aitccl together" as it is usee! in 

anatom~' to describe certain honc structurcs, The COllllt'ction IwtwcC'll Hallliltcmian 

systems and sYlllplccticity lllotivated thc devdoj)nlCllt of s)'lllplcctic illtcgrators fOl' 

Hamiltollian s~'stellls. De Vogclacrc [H)] initiated this cleYelopClllcllt arouncl 1956 but 

it was not llntil the 1980's that the arCH of s)'lllp1cctic intcgration \Vas to expericllce 

substantial growth under Cl t hCOl'eticall~' rigOl'OUS fl'i:\lllC\vork. Throllgh the eighties 

and early nineties, the f01Uldations of the sllhjcct \\'('rc dC'wloped in the \York of Ruth 

[42], Channell [6]. ~ICn)'llk [36]. :\cishtaclt [:38]. FCllg [13], Lasagni [32], Suris [Sl], 

Channell alld Scovel [7]. alld SallZ-SCl'lla H--1] nlnollg otlll'rs. lllêUl)' of ",hom ",ere C011-

currelltly devclopillg complimClltèu')T iclcas in lllodifec! cqllatiolls and back\varcl error 

analysis, During this period there was also lllllCh activity ill the allalysis and llllcler­

standing of sYlllplectic methocls ill applicatiolls. Fast cxplicit symplectic aigorithllls 

for separable Hallliitollians (C'.g. illlllolcclliar dYllè\lllics) [5]. lllcthocls for rigid nllllti­

body systellls [2] alld sYlllp!cctic \'éuinb!(' st('P sizc illtc~mtors [2--1] [GO] \\'('l'{' ck\'('!oped. 

The explosion of reseè\l'ch ill s)'lllp1('ctic illtcgmtioll has 1eft lllcUl)' open alld fairl~' ac­

cessible problems. J\IcLachlall aml Scovcl's Slln'e~' of opell pl'OblelllS [3--1]. \'ulid as of 



1998, provides <ln excellent ovcrvie\\' of SOUl(' of t hcsc unanswcrecl qucstions. 

Sanz-Sema describes two kincls of s)'lllplectic methods. cliffcrcntiatiug 1wtween 

t hose mcthods which have a histOl')' ill ot her fields and "just happe n" to be s)'mplce­

tic and thosc whieh me derivccl froll! gCIlt'ratiug functiolls. constructed espcciall~' fOl' 

Hamiltonian S)'stCllls [44]. This distinctiou. howcn'r. is pmel)' historie al. The struc­

ture preservillg natme of thes(' llldhods cxplains the snrprisillgl)' good 1whewiom 

of lllHny simple, low-Ol'der s~ï11plectic Ilwthods as compared with higher Ol'der 1l01l­

symplectic mcthods sueh as IllUltisU'p ll!ct hods. which Call1lot 1)(' s~'lllpleetic [52]. [21]. 

A l'igorous explallH tioll of t his phl'll0llH'nOu lies in haC'kward error analysis. S0111C of 

the main results of this awtl)'sis for sYlllplectic illtcgrators art' prescntcd hel'(' whill' 

an introduction to 1mckward C1'1'01' Hllal~'sis will be givC'n in the Chapt el' 2. 

Prolmbly the most illlportant rcsult cOllC'cnlillg the bchewiour of symplectic meth­

ods applied to HamiltoniHu problcms is t ha t of thcir IOl1g- time 11car encrg~' preser­

vation. One of the cmliest rt'sults COllleS frolll :\ eishtac!t [:38] who shows t hat if the 

perturbation to the Hmlliltolliall duc to the intcgrator is of size E. then the encrg)' will 

be 0(1') clos(~ to the true ('nC'l'gy O\'(~r tillle intervals of order O(er'/'). Later. unc!cr the 

structure of bHckward ClTOl' anal~'sis. 1ll0l'C clctailed rcsults Ïll\'olvi11g the trajectorics 

of numerical solutions were presented b~' Sam-Serna [44]. Dcncuin ane! Giorgilli [3]. 

Hairer [20]. HètÏrc'l' and Lnhich [22], and Reich [41]. It was shown that fOl' s)'ll1plcc­

tic lllethocls appliccl to HHllliltoniall syst.ellls. the lllllllericai solution is ver~T ll(~ar t lw 

exact solution of a ll('al'b~' Hm11iltoniau OH'l' tiUlC intervals 0(1/ h). Skecl [49] notes 

t hat. t hough the tillle' 0 (1/ Il) is t heOl'et icnlly large. iu pl'Hctice it call 1)(' 11l1lch shOlter 

thelll the interval of illtcgra t iou. The faet t lwt t h('rc is litt le ('\'idcllce of pOOl' ('ll('rgy 

conservation aft cr sneh a time lellgt h snggcst s tha t i t llla,\' he possi bIc t 0 cxtcncl the 

baC'kward ClTor aual)'sis t.o llluch longer tinie scalcs. 

This exC'clIellt bdwvionr is often lilllitcc! to ste]) sizes hclow è\ criticai IlUm1H'1'. 

above which the belwviour of solutiolls suc!dcnl~' worsellS. sOllletillles CVCll Ieacling to 



energy blowing up in finite t inle (i.c. O\'cr-Ho", in Hctual comj)11t ations) [-18]. Further-

more, s,vlllplecticity in SOlne sensc is an indication of CHOL For Hallliltonian s~'stellls 

with no other first integrals. Cc and ~Iarsdcu [60] shO\\' that the l'nergy calluot 1)(' 

conserved hy a si'lnplcctic integrator exccpt in tri\'inl cases \\'h0rc the ll11111erical and 

analytic trajectories ag1'ce up to il reparallletcrization of time. So the excellent long­

tenn behaviour of sYlllplectic lllcthods is SOlllC\\·hat smprising. This does. howc\'er. 

l'aise the Cl uestion of w hct her the long- tentl or infini te t ime bchavio1ll' in floa ting point 

arithrnetic is the salllC as, or at least rcsemblcs. the belwvio1ll' in infinite-precision 

calculations. The effect of rouncling errors on s~'lllplectic lllethods has bccn consid­

erecl by [11]. H9] and [40]. among others. lmt the t'ffeet of s11ch ClTors 011 infinite-time 

behaviour rcmaius, to a large extent. au opcn pl'Ohleul. 

There are several ot her side' hcncfit s of using Sylll plectic SC'llClllcS in 101lg-time 

integration. KA?\ l t heory implics tllH t s~'lllplcct ic integnltors llla~' have enhauced 

nou-linenr stabilit~, [43]. Volume p1'csel'\,üiou iu phase' space is a trivial consequC'nce 

of syrnplecticity. :\Icthods \vhich arc hoth \"011ll11C prcs(T\'ing nud 1'c\'ersihle. consc1'w 

detailed balance [35] - tlmt is thcy conserve cquilih1'illlll couditious. 

The s~'mplectic lllethocl of iutercst 11('1'(' is s~'lllplccti(' Euln 1. as it is tCl'lllcd III 

[25]: 

S)'lllpkd.ic Elller 1 { 

\\'hen composccl \\'ith its adjoint. 

S)'lllplectiC' Ellier Il { 

= (}/1 + ~\lJi7-{(j)/I+~' (}n) 

= Pli - ~\l(j7-{(jJ/I+l" (}n) 

=!J/I + ~\1Jl7-{(l)/I.q/l+j) 
=j)/1 - ~\1(17-{(lJII·(jn+4) 

and appliecl to El separable Hmlliltollian s~'stCln (i.e, 7-{(jJ.(}) = T(jJ) + V((j)). the 

G 



famous Stollncr-Verlet or leapfl'Og ntethoc! is obtailled: 

S " \' 1 {(j//+ 1 tOl1uer- er d 

])//+& 

= (jn + hT'(p//+&) 

= ]J1I_1 - hl/'(qn) 
~ 

(1.-1) 

If the s~'lllplcctic: Euler mcthoc! (1 or II) is npplicrl to Cl S~'stclll \Vith a separable 

Hamiltonian, an explicit represclltatioll CHll casil~' be obtaincd 

- + ~ T' ( ) - + ~ T' (. _ ~ li' ( ) ) - ql/ "2 ])n+& - (Jn "2 j)1I "2 1 (j" 
(1.5) 

h 1 T/( ) = ])" - :2 \' (111 

The method. as \\Tittell ill (1.5) but \Vith tilll('-Stf'pS of IC'llgth h. applicd to a pnrtie­

lllarly simple but illustrati\'(~ problclll ,,"il! be the sllbjcct of the allal~'sis ill the l'est 

of this work. 

The Stonner-Vcrlct lllet hoc! is \'l'l'Y silllilar to t he s~"mplectk Euler nwthod nboVE'. 

~Iany of the results presclltec! h('rc for the sylllpl('ctic Euler met hoc! will also holcl truc 

for the Stôrmer-Verlct luethocl. To illustrate the similarity of the two ll1cthocls for 

certain problems. \\'e consider the Olle-step formulation of the Stol1ner-Verlct. met hoc! 

(1.,J). If we appl~' the sYlllplcctic Euler l lllct hoc! (1.5) \\"ith tillle-stcp 211 Rnd the 

Stonner-Vcrlet lllct hocl (1.-1) \Vith tinH'-stcp h to Cl separable Hamiltonian problelll 

with T(p) = 11])1"2 and initial conditiolls i!-j = l)n = jP. q() = (JI) = (l then we ha\'(' 

Stômwr-Vedel (II) SE l (211) 

(JI = r[! + II[5j (Jj = (/' + hjJl 
~ 

1) l 
2 

= [;0 - II 1/' Ul) ]JI 
2 

= jP- hV'(qO) 

(j2 = (li + hf5l+j (JI = (jj + hpj 

I) 1+ & = [5& - hV'((ll) ]JI = 1) j - hV' (Cf &) 

\\'here the bars lllerd~' indientc' the differC'llce bct\\'cf'n t 11(' solutiollS from the t\\"o 

methoos. V/(' can sec thnt, for the finit two stcps, the lllct ho os prodncc the SaIlle 

iterates if \ve consiclcr the transformation qi -----7 (h. tJi- l -----7 ]h. ; = 1. 2 ..... lllap-
:z ':2 2 

ping the sequellce of steps gi wn b~" the Stéirlllcr-Vcrlet met hod to t hat given b~" the 

7 



s~'lllplectic Euler nwthod. It is cvideut that the TIrst two steps Hrc equival(~nt umlcr 

this transformatiou and it is possible 1,0 show !Jy incluctiou that this is trne for aU 

steps. For this particular problelll. with C'oustHnt vdocit~, iuitial conditious. the two 

l1lethocls give rise to the SéHlle iteratC's aud the rcsllits for the s)'lllpl('ctic Euler lllC'thoe! 

presentee! in the proceedillg chaptC'rs also hold for the Stônncr-Verlet lllethod. 



Chapter 2 

Modified Equations & Backward 

Error Analysis 

"Divergent series are the invention of the deviJ, and it is shamcful to hase on them 

any demollstration whatsocvcL" - Abc!. 1828 

The iclca of lllodificcl ('<juMions is to cll'SCTijH' a ll\llllcrÏcal solutioll as points along 

the exact soluticJll of Cl lllodified pro1>lc111 which is in SOllle sellse llcm' the origimd 

problclll. That is. the e:w.ct solutions of the modificc! pl'01>lem "intcrpolate" the 1l1l­

lUcrically approximatccl solutioll. The wonl illtcrpolatc is usce! looscly. and should 

be t hought of HS nWHlling mcrcly t hat fOl' a giVC'll fixed time step. h. the 1110clified 

solution passes through the points of the ll\1ll1erical solution. FOl' large li. the lllod­

ified solutions llla~' vary wildl)' jwtwccn poillts of the llUlllerical solution and do not 

necessarily pl'Ovide Cl good or natmal illtcrpolaut to the llllllwricai solutiou ill the 

traditional scuse. 

Though notiolls of had\:\\'cml allal~'sis ClllcllJackwHrcl stalJility of problems has been 

arolllld fOl' SOlllC time'. the lllcthod of lllodificd l'qua tiOllS as a meaus of (backward) 

anal~'zillg 1111ll1Crical solutious of diff('l'('lltial c<juatious is a 11l1lch more reccllt de\'e]­

opmcllt, The gellcral concept of 1 )(\{'kwan 1 ClTor allal~'sis \Vas d('\'{Jopl'd and usee! 



extensivel,\' hy 'Wilkinson in his work cllll'ill~ the 1950s and 1960s, primarily in the 

field of mUllerical linear algcbra [62], [61]. ~. Higllalll [28] notes that von :\emnann 

and Goldstinc [58] as \vell as Tmill~ [GG] lllèH!C illlplicit use of lmekward eHm iclcas 

se\'eral years earlicr. The lllet hoc! of lllodihed <'qua t ions has existcd under various 

names such as equivalcnt cquatiolls, tnlllcatioll ('l'roI' lllethocls. augmE.'nted systems 

and differcntial approximatiolls. Eal'l~' ideas of modihcd equations can he tracf'd lmck 

to the 1960's in the \\"()l'ks of Dally [9]. :\011 alld Protte'!' [39] . .'doser [37], Hirt [29] and 

Yanenko and Shokin [G3]. thou~h in !ltan~' cases tlw lllodified equations or lllodified 

solutions were 110t cxplicitly ticd to ll11111Crical nlet hods. Dcspitc thcse relatively earl~' 

bcginnings. it was not until around 1990 thnt a rigOl'ous formulation of the subject 

\vas pennccl. in lllany cases as a result of im'('st i~ations of the long- tenll bell<wiour 

of s~rlllplectic intcgrators. The papers by Griffiths Hllc! Sallz-SC'l1lH [19]. Feng [lcJ]. 

Sanz-Scrna [cJ4], :\IcLaehlHll and Atda [33]. Yoshida [GcJ] alld Eiroln [12] set clown the 

theoretical foundations of the subjcct and startccl (\ Hmry of (\ctivity ill the fields of 

modified equations and geOllletl'ic llulllcricai intcgratioll. Intcrcstingly. the problclll of 

intcrpolating clisCTctc dynHmÎC'al systems using formaI series rccciwc! a mu eh earlier 

treatment in the C'ontcxt of cOlllbillHtorics hy G. LnlH'llc' [30] in 1980, Tt SC'C'lllS that 

the development of the thcory of hackward ('Hor allal~'sis fOl' numericéd illtegration 

occurrecl inclepelldently with the only l'('f('r('llc(' to Lnhellc cOlllillg from Corless [8]1ll 

1994. 

The prllllary motinltion for sœking sueh lllodifi0d proh10llls is t ha t frcqucntl~' 

the~' arc easier to undcrstand thall the di S('l'C't< , clYllHlllical s~'steltls (i.e, diffcl'pnce 

equations) which definc the llI111l<TieHI illtegrator. In essence. th('~r are us('ful hpcHuse 

lllodeis are uSlln.ll~' clt'vdoped and cxpl'ess(~d in tCl111S of cOlltinuous S~'st(,lllS which 

are difficult to compare \\'ith clisCTctc maps. Howcycl'. lllodificd cqllCltiollS C(ln abo 

prove usefnl in ohtaining long-tenn estilllates of quantitics definecl strictl~' by disCTetc 

l1l0dels with lllaps sufficientl~' close to the idcntity. 
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FmtherlllOl'C, tllC' practical coustructioll of thesc lllodified problcllls allows for 

ne\\' COllsidcratioll of conditionillg and st ifhlC'sS of prohlclllS. Corless points to the 

idea of a llleaslll'able statistic hcing "wcll-cnough conditioncd" - "if the relevant 

statistic is iusensitive to pert1ll'hations of the prohlelll" [8] - aud (:Olltrasts this to 

the traclitional idea of "w('ll COlHiitiollCc!" which is associatcd \vit h stabilit~, unc!('r 

perturbations of the iuitial data. Corlcss aIso C(Hltclllplates au alternativc dcfinition 

of stiff and chaotic problclllS. He r!cfincs Cl dwotic prohlem as "one where a solution 

with good hHckwarcl eHm may bo casily computer! with oxplicit methocls while a 

solution with good fOI'\nud ('lTOl' is too cxp('usiw" and "a stiff p1'Ohl(,111 is one whow 

a solution with good forward error is easil)' cOlllputcd using illlplicit methocls. while èl 

solutiou \Vith gooc! lmckward cnor is too cxpousiYC" [8]. HE' fmthcr notes that thcsc 

iclcas arc qualitatiw'. that tlwl'(' exists a s]H'ctnull of pl'Oblcllls with aspects of hot h 

propcrtics. 

I3ackwarcl en or nual~'sis has a histo]'y of succcecling \\'here forward anal~'sis fails. 

\Vilkinson' s classical result regardiug t he st a hili ty of Ga ussiau eliminêl tiou [ GO] coule! 

not be explained through the trnditioual forward aual~·sis npproach. ~IoclifiE'd equn­

tions have been usecl to explaiu the succcss of l111111el'Îcal mcthods appliccl to c:haotÎC' 

systems [8] and perhaps most uot abl)' t hc~' ha\'{' beeu used to provc Cl series of t h('­

orems regardillg the stl'Uctmc ]H'CS('l'\'<\t iou of cert ain types of methods (e.g. energ~' 

consen'atioll of S~'lll plcct ic met ho<ls). Bri('fly. thesc t hcmellls are of the fmm. "if the 

systelll is Hallliltouiall and t hc nwt hod is sym pied ie. thcu the ll10clified s)'stem is abo 

Hamiltoniau·'. A sinlÎlar statcnH'ut holds \\'ith Hamiltonian ane! s)'mplcctie rcplaced 

by reversible Hud s~'nll1wtric r('spccti\'('I~'. The proof of tlH'se statemcuts is b)' induc­

tion anel CHn hl' fOlllld ill [25], [2G]. [23] Hnd [20]. lmt \Vas first givpu b~' I3enettin aud 

Giorgilli [3]. Thcsc l'csults arc closcl~' l'datce! tu the structural propert ics of certain 

subspaccs of the infinitc-climcnsioual Lie algebrn of Sllloot h V(~ctor fields on IR]!. Ho\\'­

ever. structural propcrties slwred b~' the Illlmcricèll methods and the original system 
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are not in geneml inheritecl by the modified ('quation. A simple counter-exalllple of 

Cl system and method which sharc~ a structural propcrty but give risc to lllodified 

equations which do not possess the same prop('l"t~' call be found in [18]. 

There are two othcr approaches which faU ullc!er t Ile scopc of bad\:\vanl error 

analysis of nlllncric:al integrators ancl should lH' bridi~T mcntiollcd: shado\\'illg and 

as)'mptotic expansioll. In shadowing. Olle <1oes llot scck a modified problem but keeps 

the equation fixe cl and changes the initial conditiolls. III lmckward cnor analysis both 

are aUowed to challge [8]. The met hocl of Hs~'mptotic expansion is quite silllilar to t hat 

of lllodified eqnations. Illst eael of expanding t he Jlloelifi(~d cqnatioll in powers of 11. 

one expands the lllodificc! solution V. This approach. tenued aSylllptotic expallsion in 

[23]. leads to distinctly differcnt and lcss desirnbl(' results. In particular. aS)'lllptotic 

expansions arc more sensitive to tnlllcation than backwHrd anal~'sis. The tnUlcation 

error grows linearly in time for bacl{\van l l'Hm aWll)'sis (llloclificd cquations) and 

polynomial in time for aS)'lllptotic: expallsions [23]. Furt hermore there are llléUl)' 

other good propcrties of the llloclificd eqllations \\'hich the Hs:vmptotic: expansions do 

not possess: the sCllligroup property (V.v(t + s . .l}1I) = V;v(t, V(s . ./Jo))). the structure 

propert.\· (e.g. s)'mplcctic met hod + Hélllliitonian S)'stClll giws Hnmiltonian moclificcl 

cquation) and errm f'stilllatcs with CXpollC'lltially SlllaU ('rror [23]. 

2.1 Construction of the modified equation 

Consider the system of ordinHr)' diffcrcntial equations 

.iJ = f(y) (2.1) 

and appl:v the lllllllcrical lllet hod <Ph to (2.1) to obtaÏll a lllUlwrical approximation 

(2.2) 
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\Ve scek a pertnrbecl Ol' ll10dificd function ,h such that the solution, y. of 

fJ = .hUi) (2.3) 

matches the solution of (2.2) at the points t = O. h. 211., , " 

In generaL it is not possible to obtain au expression fOl' .h explicitl~', Instead.f" 

can be \vritten as a formaI s('ries in pO\n~rs of 11, with the te1'1ns defined rccllrsively. 

This series docs llot cOll\'erge ill gCllcral but suit able tnmcations of the series Gill 

approximate h, welL Tlwrt' arc s('\'eral approaches 1.0 calculatiug the tenus in the 

lI-expallsioll of ,ft" Hcrc \ve dos('I~' follO\\' the appro(-1('h of Hairer ct HL [24], The idca 

is to take expansions of fJ and <I> il aud IlHlt('h tenns of equal powers of 11. \Ve start by 

writing fil as a series in h. 

(2.4) 

The 1l10dificd solution can uow 1)(' \\Tittell as 

~ ~ ~ 1I'2~.) ,,:l~. 
l')(t + h) =1') + hl') + -l')(~) + -l')(·l) + ' , , 
, "2!' 3!' 

'2 :l 

~ 1 j' "f" f' h (f'" ( f' f) f" f" f ) = lJ + 7 il + 2!' ". il + 3! ,il ,"', il +, il, il, il 

= Ti + h(f + h,h + ,,'2Il + ' , , ) 

+ 1~~ (f' + 11 f~ + 17'2 f:~ + ' , , ) (f + h,h + h 2 Il + ' , , ) 
'l 

h' (( fil l 'II l ,) 'II ) ( , , l ,) , 'l'? f ) + :3! . + 7j'2 + cfl +'" j + llj'2 + /-.l:l +." . j + 1.12 + h-,:3 +.,' 

+ (f' + hf~ + 1/'f:~ +.,. )(f' + "f~ + hLI:; + .. ')(f + h,h + h'l f:, +.,,)) 

+ ... 

~ If' 1'2(f' 1 /"1') 1:1(/' 1 /"f' 1 /"f' 1f'''f'f) = lJ + l, + 7 ,2 + 2!' , + l ,:l + 2!' '2, + 2!' ,'2 + 3!' " +"'. (2,5) 

Here f. f'. f" rl'prescnt f Cu)· f' CfJ), f" Uf) respectively. AIso note thnt f' is the .J H(,O-

bian of f and f". f(:l). , " are biuH(\'. tCl1lar~· .. ,. opcratOl's taking 2.3 .. " arguments. 
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Tenu by tenu C'olllparison of (2.G) to the t~XpHllSioll of <1>". 

gives the functions fHI in tenus of thC' f'2· fI .. .... h 

. f'f 
j ') =d,) --. 

- - 2! 

f' 1 1 (t"f' t"f') l(t'//(t'j')) . :1 =C:l - 2! . . 2 + . '2. - 3!' " . etc. 

:\Iethods for illlplementing this recnrsion mc giwn hy Hairer [24] ami hy Alulled and 

Corless [1]: among others. For lllOSt fnnctiolls f. the symholic cOlllpntatiolls lwcollle 

very costly for highcr order tenus. All cll'gèmt rl'presentat ion of the rCCUlTCllCC relat ion 

can by achieved thl'Ongh the use of trccs and ordered trces [27]. [24]. [31] hnt will not 

he prescnted herc as it is ont sicle t'he scopc of t his work. 

In general, the series (2.4) diwTgt's Hml t h(' infinite order moclifiecl equation does 

not exist. \V . .J.Be~·n [4] proYiclcs a simple ~'et illnstratiw examplc showiug thHt it 

is in general not possible to cllllwd an mlJitrary discrcte d)'llalllÏcal s\'stem into a 

continuous onc. 1\ ouethclcss. t aking a finitc llluul)('1' of tenus of the series (2.4) yidds 

a tnmcated l1lodified cquation t lwt can still pl'O\'ide Cl good approximatiou to the 

behavionr of the dÏ:-:icretc d~'namical systelll. 

A very silllilar approach is takell lJy Reich Hl] to cl('wlop an exprC'ssion for the 

11l0dified equa tion. the maill cliffcrcllc(' t her(' lwing tlw t a rccmsiw E~xpression is 

\\Titten to define the tenus I2. fI .... of thC' modified ('(juatioll (ü,. fi+l is defined in 

tenns of fi). The approach is ('xactl~' tll(' SHnH' othcrwisc lmt llla~' he advHutagcons in 

the practical constrnction of moclifiC'cl equa t ions. \ \ït h the clevelopmcnt of s)'l1lholic 

cOl1lputing packages snch as idnple. the oftell ('\llUhCrSOlllc task of cOlllputing tenus 

of the moclifiecl eqllatioll can he fully (\ ut olllated. Therc ,U'C' sever al Pllblished codes 

for symbolically cOlllpnting lIlodificc! f'<jnntiow; in .\Iaplc [24]. [1]. 

There exist several statclllcnts conc('1'uiug the uenrllCSS of SOllltiollS of the trlln-

cated llloclified equatioll to t Ill' lllllllericHI solution. The following st atclllcllt is t akcll 



directl.\' from [23]. 

Proposition 2.1. E:rponentially snwll estirnates. ft the 'l'eetoT field f(y)is n;al ono­

lytie and if the tTun(ation àulf:r N is dlOsen as N ;::::;; COr/st / li with a suitablf constant. 

then it holrls (wdh som( Î > 0) 

Proof~ of this and other rclHtecl cstinmtes C(\11 he fouud iu [3]. [22]. [25] and [40]. 

Corles~ [8] provicles a Coltlpldd~' cliffcrcut approach for ~('alar prohlellls which 

expre~~e~ the moclified cquntiou as au infiuitc forltlal pl'Ocluct iu~tead of an iufinite 

formai ~cl'ie~. The approach UlH~' proyiclc lllore inforltlation about wherc (iu phase 

spa ce ) the iufiuitc order ltloclified CCjUH t ion ('xists aud cau he detennined. It also sceltls 

that while the aunl~'sis of higher diltlcnsiowd pl'Ohlellls ma.\' 1)(' mon' cOlllplicéttcd t hem 

in the scalar case. cveu a partial clCSCTiptioll via thi~ pwcess l11a)' provide yaluahle 

inforlllation. Corless. howcver. iudicatcs t hat iu thesc lllore complicatcd s~'stellls his 

approach woulel prohHhl~' not he hclpful. 

Instcael of expauding (2.3) and (2.2) nud llla.tclliug ten1ls. Corless cC)llsiders clif­

ferentiatillg (2.2) with respect tu tiul(' nud usillg (2.3) to express derivatives of the 

lHullerical solution iu tenIlS of the LIt.S. of the ltlodified cCjuation: 

:1;//+1 = <I>;,(:I}//)Ù// =?fdY//+I) = <I>;/I}//)./'h(:lJ//) 

=?fd<I>dulI)) = <I>;JurJfd!JII)" 

If <I>;/ (y) is invertihl(~ in son1(' ueiglthOl'hood of U ami the discrete clynalllicai s~'stcm 

(2.2) sim pie enough. t h(' pl'Ohlclll of fiudiug the lllodifier! ('quat iou (in this lilllitcc! 

region) can 1)(' tramiforllled iuto the problclll of filldillg Cl ~mit able collection of infillitc 

products. In the example prcscuted b~' Corless. the lllappillg Yn -+ <I>h (:lJn) i~ invertcd 

(so that it is a coutractiou) aue! the iteratiou is l'lm 1mckwarcls. 
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2.2 Modified equations of linear systems 

For systems of lincar ordinary cliffcrential cqllHtions with constant coefficients. the 

task of determining the lllodified eqllatioll is greatl~' Silllplifiecl and a closed forlll 

expression of the modified cqnation call oftcll 1)(' obtailled. If the lllodificd eqllatioll 

of a linear one-step method appliecl to a lillcar ordinmy diffcrential equation exists. 

then it is necessarily linear. This is illnstratcd by cousiclcriug a linear system 

ù = Ay. (2.6) 

and applying a onc-step liucm lllethod which ~'iclds Oh(U) = R(hA).IJ. "'c thpn ha\'c 

that y(nh) = Yn = R(hA)II:IJ(). Tll1ls 

y(t) = R(hA)h.1J(J = exp (~lU (R(liA)) ).lJ() 

=> :t = tIn (R(hA))Y. (2.7) 

For a consistpnt one-step liuear lllethocl. R(hA) = (1 + Ah) for SOlllC lllatrix Ah with 

Ah ----+ 0 as h ----+ O. In this case the existence' of the llloclified eqllation corresponds 

ta the matrix ln series heing clefiucd [2~l. If Ah is diagonalizable, wc are gllanmtccd 

t hat In( R(h A)) is \vell dcfincd for sllfficicnt ly sUlHll li. takiug the principal 1>ranch of 

the complex fllnction in the case that R(hA) has negative eigcuntllles. The problem 

of findiug the lllodifiecl eqllation rCdlle(~S to that of fincling au eigeuvaille-eigenvect.or 

dccomposition of the lllatrix Ah, 

2.2.1 Damped oscillator with symplectic Euler 

\ Ve now considcr the clèllllped oscilla tor \Vith lineHl" restoriug force Hnd the syltl pIed ie 

Euler lllcthocl aud seck the fonu of the llloc!ifi('c! cquatiou. In the future. \\T will 

use the modificd solution to obt aiu au allêll~,t ie expression of the error ind uccd when 

llluncrically integratillg collisions betwccll partides wit 11 lincar rcstoring force. The 
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dalllped harmouie (liuear) oscillator is givcu b~' 

:;. + Î'?' + /.':1' = 0 (2.8) 

and can be writtcn in first-orcler fonn. 

(.~,) ( 0 1) (.1') 
l' -l,' -~/ l' 

(2.9) 

vvhere l' and?! are the positiou aud wlocity of the point lllHSS. /.' > () and Î are YOllng's 

mod ul us and viscosity per llni t UlaSS respect i vely. The dissipa tiou d 1ll'ing t he collision 

is givcn by Î idwre Î > 0 and Î < 0 correspond to dampecl aud anti-damped collisions 

respectively. The cigenvalacs of the lllatrix H ppcnring in (2.9) are 

X±·l'Uc{ = _l ± J~.2 - cJk. 
2 1 

(2.10) 

The arguments of the radical dl'tc1111ille whcther t he s~'stelll is undcr-dmnped (~/2 < 

4k), critically dampccl h 2 = cJk) or O\'er-dHmped h 2 > cJk). Fig. 2.1 illllstrates the 

three regiolls. In the applicatioll cOllsidC'red in Chapter 3. wc wish to stady problellls 

where the mass ret1ll'ns to its l'est positiou in fiuite time. t lms wc might considcr 

restrict ing omsel ves to the l111der-damped casl' wlwre À is eOlllplcx (sec Fig. 2.2). In 

more concrete te11US. wc waut to lilllit Ollr stady to the cases idlCre the oscillator 

does in fClet oscilla te. This is part iC'lllarl~' illlport HUt if the rest oriug force go\'crniug H 

collision betiveen two bodies is lllodded as a liuear force with liuear clamping aud if 

vve wish to ensme that the collisiou is not COlllplctcl)' inelastic. Care Illllst he takcu in 

doing t his as the uncler-dHmpecl rl'gious in t he exact S)'stclll and the modifiecl svstem 

are not the SalnE'. To pl'OC'ced. \H' lllust first determiue the l1l0clificcl cqllation auc! 

thcn detcrluÎlH' the ]whavionr of the lllodified cigenvHIllC's throllgh variolls regions 

of (kil 2. Îh) panullctCl' SP(\cc. l t will he' S('('ll that t hcsc dimcllsionlcss pnrametel's 

cletel'lllille the bduwio1ll' of the e!iscretc aud the llloe!ifiee! s~'stelll up to Cl rcscalillg of 

time. \Ve begin b~, applyiug s)'lllplectic Euler to the problelll i'1t hane! (2.9). 

17 



12,------.------,------.------,-------.------r------.------,----~ 

10 

8 
over-damped 

6 

4 

>- 2 

under-damped 

-2 

-4 modified system (h=0.2) critical/y damped 

-6 
over-damped 

_8~-----L------~----~------~----~------~------L------L----~ 

o 2 4 6 8 10 12 14 16 18 
k 

Fignre 2.1: Rcgions of uudcr- aud ()\"Cr-dcullping for t h(' origillal systelll (2.9) aud the 

modified system (2.12) plottecl in (h:. ; )-pnramd.er spac('. Hcrc k <lml ~i are the spring 

stiffness and damping panulleters respcctivd~". Thc behaviom of the origiual systelll 

and lllodificd systelll is detcrmined hom t he ,"aIne of the cÏgcuvalues /\± (2.10) and 
-
ÀII± (2.20) r('s])ccti\'('l~". 

A ppb"iug the S)"lll plectic Euler nwt ho<l (1..5) to (2.9) wc obt ain the cxplicit oue-

stcp ma]) 

1 (;17 - h'17
2 h) 

:tJn+l = 1 (1 + Ah).lJn' Ah = 
1+~;). -kli 0 

(2.11) 

where ,h i- -1 and (.c n. ",JI" has 1)('('u rcplac('d ,,"ith .lJn for case of uotation . .'\oticc 

18 



12 

10 

8 

6 

4 

.r:. 
>-

2 

0 

-2 

-4 

-6 
0 

modified system 
"over-damped" 

B 

2 4 6 

modified system 
Il "under-damped" 

modified system 
III "under-antidamped" 

IV modified system 
over-antidamped 

8 10 12 14 16 18 

Figure 2.2: The dinj('llsiolllcss pmHlnctcrs 1,''''2 nnd '1" are very import.ant in chan\('-

terizing the bdwviom of the lllllllCricê11 solutions and the modificd S~'stClll. Though 

the time step " does not appcar in t he expression for the eigcnval ues of the exact s~'s­

tem. we can \\Tite CUI expressiou in tenllS of kh'2 and '1" b~' nlllltiplying and clivicling 

by h accordingly (sec (2.1..1)). The liucs clivicl(' the pHl'Hllleter spacc into regions \\'IH'l'e 

the various modificcl solutions clisplay uucln-dalllpecl or ovcr-damped behaviolU'. The 

dottcd line corrcsponds to the exact S~'st(,lll and the solicl lines correspond ta the 

moclifiecl S~'stclll alld lllUllel'icHI sollltiolls. 

that for 'Il! -1 (sec C'lllTC C III Fig. 2.2). Hll explicit formulatioll can still he 
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obtaincd. though the mcthod in t his case is uot ;'cousistcut" - nt Icast in the sense 

of the limit h ---) 0 kcepiug Î li = -1 and 1\· coust ant: 

For t his reRson, wc \vill l't'strict om fO('lls tu the case wh{'rc the mcthoc! is consistent 

and the reprcscntRtion (2.11) is obtained. 

Looking to (2.7) WE' ha\'(' the fmm of the modified cquation and modified operator 

which wc will her{' write as 

~ 1 ( 1 ) Y = Ah.y. Ah = -lu (1 + Ah) . 
li 1+ Îli 

(2.12) 

The ln series expansion iu powcrs of Ah is weIl defiued if Ah is diagonalizable and 

eigenvalues given by 

(2.13) 

Thus for aIl points (kh'2. ~I 11) Iyiug off the ('myes A and C. Ah is diagoualiza ble. and 

the ln series is weIl dcfined, FmthermOl'e. if Ah hns cigcuvalucs Àh±' the eigcnndues 

of the lllodified mat rix Ah arc gi yeu by ~h ± = * lu (1 + /\h±) - * lu (1 + Î h ). 

\ \'c now C'onsidcr the IwllH\'iuUl' uf tll(' modifi('d SyStClll (and the ll11111crical soln­

tious) in the foUl' rcgious l, II, III aud IV of (I,Ii'2'ÎIi) pmHlllf'tcr spacc showu iu 

Fig, 2.2. In the figme. lines di\'idc the p<1n\111('t('1' spa('(~ iuto rcgious wherc t'he vRrious 

1l10dified solntions displ,W llIHlcr-daullwd or o\'cr-dampE'cl bchaviom. The dotted line 

corresponds to the exact system and the solid lincs correspond to the lllodified s~'stelll 

and nUlllcrical solutious, Thollgh the tim(' ste!) li docs not appcar iu t.he exact solll­

tion. \VC ('(Hl ;vrite an cxprcssiou in tenus of kli 2 aud Îli lly llmltiplying aud dh'idiug 

b)' 11 acC'ordingly: 

(2.14) 
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Setting (2.14) to 0 giws the regioll of critical dalllpillg (cmve B ill Fig. 2.2) and shows 

the under and over-dalllped rcgiolls of the exart solutioll. 

Region 1. If 1 + À'd E IR+ tlH'n /\h± E IR+ and the lllodified systelll is "over-

damped" with positive' clmllping. Sin('(~ wc mc cxdusively consiclering the case ,,'here 

the cigenvalues of tll(' exact S)'stelll (2.9) are rom plex (undcr-dmnped). it makes sense 

to consider onl)' the C'as(~s \\'hel'(' th!' cigcll\'alu('s. /\'d. of the lllodifiecl system (2.12) are 

also complex. This cnsUl'(:S flwt whcr(' t hc backward ClTOi' éUlal~'sis applies. when wc 

consicler collisions \\'ith linear rC'storing forc!' Hlld dHlllping in ChaptE~r 3. the modified 

solutioll and the nUlllcl'ical solutioll will Ilot cxhibit completely inelastir bchavionr 

("sticking" ). FOl' this rcason. W(' igllore choiccs of parcuncters I~'ing within region 1. 

Region II. If wc aSSUlllC hh - !'-1I'2)'2 - 4!.-h'.!. < O. the eigcnvalucs Àh± are complex 
~ 

and hence À'd arc also complC'x. Here. the l!lodified s~'stelll exhibits "lll1cler-dmnpecl" 

belwvio1ll' \Vith the sign of the: effective clHlnping clctenllill!:'cl by the clamping pa­

l'ameter Î. SolutiollS frolll rq>;ioll II qualitati\'('I~' capt1ll'C' the d~'llalllics of the exact 

solution. In this regioll the eigcll\'allles of Ah arc given by 

(2.15) 

with cOlTesponding cigcn\'('ctors (two cOllvclliC'nt rcprcscntations are: included) 

( /\Id) (-Ir) v ± = . or v ± = . 
-l, li ÀhCf 

(2.16) 

\Vith V = (v+v_) \n' haYe 
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and 

ln C +\h (1 + Ah)) = ln (1 - Ah) -ln(l + ,h)l 

= VIn (1 - V-1AhV)V- 1 -ln(l + ,h)l 

= V (ln(l + Àh+) () ) V- 1 -ln(1 + ,h)l 
(J In(l + /\h-) 

~oting that Il + Àh± 1 2 = 1 + ,h aHd lctting.· 1 + /\'I± = . /1 + ,hc±ifJ. cos f} = 2-r~h-kh2 V 21T+:7ï 

we have 

Grinding through the matrix nlllltiplicHtion givcs 

- _ 1 (~ ln (1 + ,h) + if} 
Ah - -, V 

1 (J 
(J )V-l-~ln(l+Th)l 

j In(1 + ,II) - if} h 

= __ 1 In(l + "h)l + --;:::==f}=I=h======= ('h - kh'2 2h ) 
2h 1 vi .Jkh'2 - hh - I.-h'2)2 -2/"h -Th + /"h 2 

(2.17) 

\Vith (rh - kh 2 )'2 - 4kll'2 < O. Chccking the limit as h --) (J. holding 1.- nnd , constant. 

we see that 

f)( h) 1 
lilll -
h-O vi 4kh'2 - (r h - I.-h'2)2 2 

(2.18) 

1
. In(l+,h) 
nu = T 

h-O h 
(2.19) 

and so Ah --) A as Il --) O. Finall~·. in rcgion II. the eigcnvalllcs of the lllodified linenr 

operator Ah are givcn lJy 

- l f} 
/\,± = --lu(l + "h) ± i-. 

1 211 1 Il (2.20) 

Furthermorc. the llloclifiecl solution has a pcriod of T = 27r/Illl~h± = 27r~. In Fig. 

2.3 the dalllping cffccts in modified and ll1UllcrÏC'al solutions from rcgion II are at 
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least qualitativel~' silllilar to t hose of the 0xact solntiolls - positive clamping lcacb to 

clccH)'ing amplitudes aud ucgntin' dalllping to gl'Owiug amplitudes. 
~ 

Region III. Ass1Uning hh - kll'2)'2 - -1kh'2 > 0 and 1 + /\iI± < -1, ÀiI± will be 

given by the logarit hm of a uegati"c real lllunber and will thcl'cfore he complex. 

The modified muncrÏC'al system will again he "unclcr-damped" though the eff0ctive 

damping will be negative. The calculatic)lls involved in finding the moclified equation 

are similar to thosC' shown above. It tUl'llS out thnt the modified solmions in region 

III can be ohtained simpl)' by t aking the l'cal pmt of the solutiou from regiou II. 

Solutions for two choiccs of panîlllde'rs (k1l'2. Î1I) l)'iug in regiou III are shmnl in 

Fig. 2.4. Unlike iu rcgion II. positive dalllpiug (Î > 0) does llot result in solutiolls 

,,,ith cleeaying èlluplitudcs. For am' choic(' of parHuwtcrs (kh'2. ~/h) iu regioll III. the 

modifiecl solutions grow cxpouE'ntiall)·. 

Region IV. HC'rc the modihecl solutious are o\'('r-clalllped with ncgative damping. 

Solutions diverge to iuhuity (in hoth :r and l') without oscillations. Siuee this case 

falls out sicle the l'calm of lllost applicatious. the' ] melnl"an! errol' èlllèdysis will not ])(' 

developed here. t hough the llloclih(~d cquation in region IV is well clefinccl. 

Knowiug the lllodihed equation 0\'('1' the regious of (kh'2. Îh) spacc. lllodificd solu­

tions cau he C'Hkulatcd and used tu predict th(~ ]whaviour of the lllllllCTical solutions. 

It is worth uoting that the lllodihed ('quatiolls approach presented here holds for h 

of any magnitude. The problclll of the liuenr l1lethod applied to a linear equation 

(s)"mplcctic Ellier with lincar-spriug) is im!cC'c! a special case. as for lllost problerus 

the exact moclifiecI equatiou exists olll.\' as Cl divergent formai series. 

2.2.2 Undamped oscillator with symplectic Euler 

\Vc llOW tllrn to the lllldampccl simple harmollic oscillator whcre wc appl~' the lmck­

,nlrd error Hnalysis to charactcriz(' the behaviour of the nUlllerical sollltioll. The 

spring-lllClss S)'st Clll wi th Olle eud hxecl (i.f'. to Cl wall of iuhlli t (' lllass) cIoes uot C'OIl-
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Figure 2.3: Solutions from reglOn II. Position Hud wlocity of lllllllcrical solutions 

(points). modified solutiollS (solid). aud eXHct sol \ltiOllS (dEtshed) plottce! in time Etnel 

in phase spacc. III t his rcgion, the lllodificc! Hnd ll\llllerical sol\ltiollS capture the 

qualitative dynEtlnics of the exact sol\ltioll. The sigl! of the dalllping il! thE' CXEtct 

system corresponds to the sigu of dcuupiug ill the lllodificd and llllluerical system. 

serve lllOlllcnt1.Ull but docs ('onsen'(' cucqsy. III Chaptcr 3. wc \vill consider pain\'Ïse-

interacting partide systellls ill which hot h lllomclltl1111 and encrgy arc couserved. 

IdeEtlly. wc wO\lld like a lllllllCrical lllcthod tu couserve all first integrals exactl)'. Since 
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kh2=10,yh=2 kh2=4, yh=-0.1 
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Figure 2A: Solutions frolll region III. Position ~lllcl W'locity of lllllllrricai solutions 

(points). llloclifiC'd solutions (solid). and exact solut ions (clashccl) plottecl in t ime èlnd 

in phase spacc. Solutions in this rcgion arc anti-c!alllpcc! and uncler-clmnpecl regardless 

of the c:hoicc of Î . 

lllolllcntulll. and all lincHr first intC'iSnds in iS('ll('l'al. arc triviall~r cClllservcc! b~' l1lost 

lllethocls [25], wc will turn our attention to the ("clllscrvation (or lack thcrt'of) of total 

ellerg)'. 

Perhaps more illlportant t.hall the conscrvation of enC'rgy of the Ullclmnpecl S~'S­

tem is its Hmlliltonian structure. Sanz-S{,l1w [44] notes that ",hile thcrc exist enC'rg~' 



cOllscrvillg s~'stems which arC' not Hamiltollian. all HHluiltoniall s~'stellls are s~'lllplcc-

tic. Symplecticity is fl property whkh charH('terizes Hnmiltoniau systellls. Either 

directly or illdircctly, it is probably for t his rCHSOll that sYlllplcctic illtcgrators arc 

often favomed over higher orcler lllcthocls \vhich clcstroy this stl'1lctnre. lu fflet the 

lllodified equatioll (or tnlllcatecl modifi(~d cquatioll) of a symplectic method applied 

to a Hamiltonian s~'stelll is ngain Hculliltolliall [20]. [3]. Fmthcl'lnore. the lllodifcd 

Hallliltoniall and the origillal Hallliltollimi arc cOllserved to a high clegrce o\,('r expo­

ueutially loug time illtervals [3]. 

For geueral systems. deterlllilliug tll(' (tnlllcntecl) lllodifiecl Hallliltolliall to higher 

orders oftcn invo!w;s !cllgthy cak:nlntiolls. III the simple !ilwar s~'stcm presellted herc. 

t he full modifiecl HamiltolliHll is easi!~' obt aillecJ frolll the llloclified eqna tion givcll 

ahove. Settillg Î = 0 ill (2.17), gi\'cs 

(2.21) 

where l'OSe = &(2 - I.-li'2). An cqui\'a!ellt l'onu of the lllodified Hallliltouian is derin'd 

in [8]' using the forma! series f'xpallsioll of the modifiec! Hflmiltoniall. Givf'u the 

Hamiltonian formulation of the modificd l111dmllpcd s~'stcm 

(2.22) 

where fi = (J. 'i'r' aud J = (0 1) . the lllOclifiec! Hamiltolliall, Hh. can be cal­
-1 () 

eulated USillg (2.21) b~' scttillg Ji = A/Ji = J-'\lHh(TJ). SOlue simple mallipnlatioll 

~'ields 

For small h, the proximity of Hh to 'H cl('pcmls 011 the panullcter /,-li SillCC frolll (2.18) 
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we have tllat as klz'2 ---) O. 0 ('1 ;:::::; 1 and 
8/11 J 

7th ;:::::; 7t + O(kh) (2.24) 

where 7t = k;,2 + 1; is the Hmlliltouiau of the original system. Figures 2.,5 and 2.6 shmy 

exact, nlllllerical and moclificcl solntions with Î = () for several values of kh 2 E (O. cl). 

It should be notecl t hat the syllllu<'try of the poiuts of the uumerical solutions in 

Fig. 2.6 is uot coiucidcntal aud lcac!s to intcrC'stiug illlplicatious for collisions betwccn 

particles governecl by t his same liue(îr rC'storiug for('(~. This will be dcscrihed and 

explorecl furtlwr in Chapter 3. 
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Figure 2.5: Undmnpccl solutiolls frolll nogioll II. Positioll Hlld yclocity of nl1luerical 

sol u tions (point s). llloclifiecl soIn tiOllS (solid). alld exact soIn tiOllS (dashcd) plottecl in 

time ami iù phase spacc. 
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Fignre 2.6: Undalllped solutions frOll! l'<'gion II. Positiou and velocitv of lllllllerical 

solutions (points), lllodificd sollltious (solid). aud exact solllt ions (dashed) plottect 

in tilllC and in phase space. The S)ïllllH'tl')' of the lHullcl'ical points is dlle to the 

particlllar choice of the panîlllctel' kll:2 (or cqlü"aleut ly (1). 
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Chapter 3 

N umerical Approximation of a 

Simple Collision 

In lllolecular dynèlmics sin11l1a t ions. ()] 1(' oftcll considers llloclels in \\. hich partides 

interact (solcl~·) hy a painvisc putent inl. If this potcnt ial is Hon-local. an artihcial 

olt-off can be introcluccd in illlplcnH'lltatious to ayoic! hnite hox-size effects such 

as particle self-interactiou iu p<'l'iodic c!olllains. For cut-offs basee! ou interparticle 

distances \vllich arc, sufficieut ly slllall. auc! for sufficientl)' low particle densities. we 

may speak of inter-partide iuteractious in tenus of collisions and say thnt lllultiple 

particle collisions arc rare. 

Effects of interaction force eut -offs. tha t is cnt-offs bHscd on the maguitude of the 

interaet ion force ra ther t helll the iutcrpart ide distance. arc considcrecl b~r Skeel [49] 

and analyzed ill the contcxt of rouwliug CHar and 111lmcrical (iu)stability. The sitna­

t ion of highcr dcnsit ics or larger dist auee cut -offs wherc u11l1ti pl('-partide iuterRct ions 

(collisions) are signiheant might lw at le(1st part ially cxplaincd h)' a similar trca tment . 

lu this dmpt<'l' wC' im'cstigHtC' n collisiou lH't.\\'('('u H partidc nuel a \\'è111 go\'crucc! 

by the liuem restOl'iug aud dalllping fOl'cCS (2.9) givcu in Clmptcr 2. In Chapter J. 

the t\\'o-particlc collisiou is shmvu to he C'qui\'(·llcut to the partide-\yall collisiou 1111-
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der an appropriate change of variahles. The strictly local intcl'è\ction of the particle 

and wall involves El eut-off of the potelltial \vhm the distance of separation between 

the particle and the wall is positiw. Appl~'ing the s)'lllplcctic Euler lllcthod to this 

collision problcm yields orror in the post-collisiou wlocit~' of the partidc. This CHor 

can be vie\\'ed HS a cOlllbination of ClTor illtrocluc('cl b~' the lllethod ",hile integrating 

the collision forces ancl e!Tor cl He to the cut-off. Here. t he post -collision CllCTgy is pre­

dicted using backwarcl e!Tor <\llHl)'sis ancl is Shm\ïl to ])(' in agrcclllcllt with lllllllerical 

computatiolls. 

3.1 Error due to particle-wall collisions 

\Ve noV\' consider simple collisions in onc dinwllsioll illvolving a single partiel!:' and a 

wall governed b~' a lirwar r('storing force alld use the results of Chapter 2 to mlHl~'/';c 

the CHor in energy introchwcc! l>v t he s~'mpl('cti(' Euler lllcthod (1.5) and by the 

discretization of time. The analysis for the pmt idc-wall collisioll presentee! her(' call 

be extcnded ill Cl silllilar manller for the l'clat ive \'dority of collidillg part ides in Olle 

dimension. In Chaptcr cl. a simple extellsion of the anal~'sis allows a full description 

of the two- partidc collision, 

For d~'lwllli('al systems of the f01111 (2.1) \\,11<'1"(' f is Hnalytic aud t he formaI series 

(2.5) COll\'ergcs. the moclifiec! equntioll approach presentee! in Chapter 2 can ])(' applicd 

to exact l~' detcrlllillC (up to machillc precisioll) the ('lTm illclucce! lJ~' the lllllllcrical 

approximation. In lll<lll~' cases f is uot mlHl~,tic 01". as ill lllost cases. the fmlllal 

series (2,5) is divergellt. III tlH'sC' fOl1lH'r ("(1S('S the llloc!ified equatioll can onl)' ]w 

defined up to SOlllC finite power in ", If f is piecewisc anHl~,t ic. ho\\,('\'('1". \\'C' call 

calcula t c solutions of the t 1'1 lllcatcd lllodificd <'C[ ua t iOll ill <'(1ch of th(' 1'cgiolls \\' hc1'c 

f is sll100th and attcmpt to match the solntiolls Ht the cclg('s. obtainillg a pi(,ct'wise 

lllodified sol u t ion. In the si t na tion present ecl her('. the S)TStClll is piecc",isc liucal' and 
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Fig1ll'e 3.1: Positiou versus ti11H' for il silllpl<' ('ollisio11 1)('t"'\,(,11 H pmticle auc! a wall of 

infiuitc lllHSS. The ll11111('rical solutioll is plot tec! as poiuts aud the llloclifiecl solutioll. 

y, frolll the rcgioll R('{)!I is the solid liuc. \" ot <' t llèl t .7 is cxt<,w!cc! illto the rcgio11 R I !(( 

for illnstra t i \'(' plll'pOSCS - T is t he soIn t iOl! of the llloclified <'Cj na tion il! Rro!l wi t 11 

initial conditions gi\'cl! b~' the ll1111H'rÏcHI solutio11 Ht tillle to. 

a piecc\YÏsc linen1' eXHct (llot tl'llu('atcd) !llodifiec! ('Cjnatioll CHU he ohtained. 

For pH1'ticle-wall collisious wll('l'(, pmticl('s me ('i t lH'1' ill [1'('(' !llotiOll or al'e su hjcct 

to a local illte1'è\ctio11 with a fiat wall. the d\'lmmiC's (,Ul he 1'ec!uccc! to Olle-dimension 



nonmll to the wall. The s~'st('m is then giwn h~' 

(
.i') {f(./'. l'). ./' < 0 

l' n. .1' ~ 0 
(3.1) 

\\'h('re J' + ~ is the clist all('e bet\\'(,C11 t 11<' ('C'llt rc t hc' part id(' of clinmctcr ri and the 

\Yall and /1 is t he \'elocit~! of t Il(' pmt ide ill the direct iOll p('rpcndicular to the \\'all. 

COllsicler (3.1) \\'ith initial conditiolls ./'(0) = .1'0. i'(O) = 1'0 allcl the mcthod <Ph with 

numerical solutioll {.I/n} ~=o' Let 

RI !'(( = {(.l'. 1')1·1' ~ O}. 

R"o/l = {(.l'. 1')1.1' < O} 

and let Ti he the l1loclified solut iOll t'rom Chapt ('1' 2 \Yit h illitinl cOllclitions 

(3.2) 

(3.3) 

\\'here 11 is the st cp size alld 1/(:1'0' 710) E [O. 1) is a fumtion of t he initial conclit ions as 

explainecl belO\\'. Fig. 3.1 illustrates this set up. For tll(' case of the [rc(' pal'ticle in 

R In'''' the l'ight hancl side of (:3.1) is () Hnd h('llC(' th(' modified ('qua tion i11 this regio11 

will be cqual to the exact sol ut i011 fOl' cUl)' l'C'HSOl)(\ hIe llH'thod. Sincc the lllllllC'l'ical 

solution is definccl cml~' at discrC'te points ill tillle. wc Ulll l10t giw initial conditiolls 

at the bounclary of Rff'c, alld R"o/l. lmt lllust d('fillc the conditions at the first point 

in the time cliscl'etizatioll wlwrc the 111ll1l('l'icHl solutioll cnters Rco/l' In pffect. the 

lHllnericnlly integratcd solutioll "fc~cls" t Il(' illt<'l'Hction forcc slightl)' too late. \\'hen 

the partides arc alrcad~' o\'cr!a ppi11g. This o\'cr!a p is C'ompletdy dctel1llÏllcd by t Il<' 

initial conditio11s and the time ste!> 1,. SillC:C' ill R Iree t h(' llU11lC'rical solutioll is the 

exact constant \'clocity solutio11. this m'c'rlap is l1ol1-l1cgatin' a11d can l){' 110 grcater 

than l'oh alld in gcnel'al \\'ill be gi\'ell h~' 1/(.1'0' /'o)l'oh. \"otic(' thnt WhCll the cluratic)ll 

of the collision is several tillles the st.ep size. h. the lllodifiC'd cquation is H ph~'si('all~' 

reHsonable interpolant of the pOi11ts at to - li allcl to. 



The pl'inlHl'~' intercst in this iuwstigntiou is the statisticHll)('haviolll' of the em'rg~' 

of the ll11111Cl'ically integrn tee! s~'steill. U sing the picc('\\'ise-ma tdwd solutions of the 

lllodified equation for the pHl'tidc-wall collision wc can clctermine the post -collision 

energ,v as a hmction of the parHlll<'tel'S kh'2. l' Hnd l'o. To calculate the energ,\' change 

of tlle' nlllncricai solution e!lle to a collision wc s('ek the valuC' Ofl'n nt the first point of 

re-entry into region Rf/'«( (inlllH'dintel)' af'tcr the collision). Tlmt is wc are intcrested 

in 'f(to+nh) ",hcr(' ri is the 111l1111)('r of tillle stcps bct\\'(~en the first point in and the first 

point Ollt of Rmll' Fimling Hn exprC'ssioll for 71 mUollllts to TInding the lcngt h of the 

intcrval ])(;twcen t\\'o Sllcc('ssiw roots of .T( t). Once an exprcssion fol' the post -collision 

energ~' is obt nincc!. if t hl' vnrin bIc l' is clSS11111('e! to be ail appropria td)' e!istrilmt cd 

nmdom variable. vnrious stntistics of t h(' 111l111('l'ical solutioll can he calcnlatcd. The 

clet ails of the cakulatiollS fol' the daJllped c\llcl llll<lalllpcc! lincHr spring collisioll (-m~ 

present cd bdow. 

3.1.1 Damped linear-spring collision with the symplectic Eu­

ler method 

Here wc consider the C(1se of the dmllpecl lim'Hr-spriug collisiou with the s,\'lllplectic 

Euler lllcthocl and Hppl,\' the rC'sults of Subscctioll 2.2.1 to the collisioll problem as 

dcscribed nbo\'e. To compute the 1ll()diTIccl solution \\'C ne cd oul~' soln~ (2.12) \\'i th 

the appropria te ini t inl concli tions. \ \ '(' sol\'(' 

(3.5 ) 

\\'hc1'e 

- 1 ( 1 ) Ah = - III (1 + Ah) . 
h 1 + Îh ( ') Îh - kh-

-kli 
h) 
o 



The solution is gi\'C'll b~' 

-(' ) lA :y t = C l, 

-
It happens that Ah is just ct lillcar cOlllbillatioll of pO\\'Cl'S of Ah and hencc has the 

-
samc eigellvectors \Vi th corrcspolldillg cigCllYid llCS /\II± (2.20). RCllsillg thc mat l'ix Il 

clefinecl in Subscction 2.2.1. wc ha\'(' 

~) ) y_1 (ltll/lO) 
('À_I l'o 

o ) l y-
(-~ 11I(1+,.},)-iQ)1 C 211 ' J, (

/i/n,o) 
/'0 

(3.7) 

(
/lh co) ( 1 ) Y, 

1'0 1 + ~/" 

l e 2+' .. 11 -kh 2 ( ) l l 1 l f' w lere cos = 2~ sec Subscction 2.2.1 . :\lllitipl~'illg t mmg l alle simp i ying. 

we 0 btaill expressions of -;; (f) alld .1: (t ): 

(3.8) 

(3.9) 

Ta find t he ell('rg~' of t he part ide nftcr t h<' collision \H' look for the \'al \le of the 

modificcl velocity, Z;. Ht the t illlC fI/ = fil + li li wlwl'c fI/ is the t iUlC at \\'hich the 

lllllllericai solllt ion re-enters l'cgiOll Rf/Tc' This llleallS that 1/ is the ll11iqllc illt cgcr 



sllch that x() :; O. :fl :; O .... : Tn-'J. :; O. :/:11-1 < 0 and .f n 2': 0 (i.e. ri is the nUlllber of 

points in the collision). Let t() = 0 andl t' E [lL 1) sllch tha t :7( - p' Il) = 0 as in Fig. 3.2. 

Then sinee t hc ll10dificd solution ill RIO/I oscillat cs \Vith periocl T. the t illlC betm'cll 

collision entr~r and t'xit (total t illlc ill Rm/l) is Iwlf t his period. ~ (see Fig. 3.2). Since 

It' solves i( -It'h) = O. and :7(t) clCP(~llds O!l kh'J.. 1 Hlld Il. wc will in general ha\'(' 

the dependenc(' ft' = 1'.'(1.:11'2.111'1/). We also sec that e = e(kh 2
. 1h) a!ld the integer 

n = n(kh 2
, ÎII.II) is givcn b~' 

r Il 'l H -II . (3.10) 

COlllbining (3.10) and (3.8) \W olJtain cm expressio!l for the rdatiw dwnge in en('rg~': 

(3.11) 

(3.12) 

It should he notcd that Il and (1 me fU!lctions of the parcullctcrs 1.'11 2 . ~lh and IL lmt are 

writtcn without nrgmllcnts for ease of notntion. Fig. 3.3 sho\\"s the rdative change 

in en('rg~'. ~~:;). HS a fmlct ion of Il for I,H.!. = 2 nnd st'wral vaines of 1 li. n esnlts from 

bot h lHullerÏcnl cxperilllcnts (poillts) alld lJack\\"md enm culalysis (solicl) me plottccl 

to shO\\' tllat rounding error is not signifinmt. For 1 i= O. t IH're is a discontinllous 

jUlllp in ~ as l' varies. ",hile \\"hm 1 = () as in Fig. 3.5 nnd 3.G. the dcpendcllcC' is 

continllous. For certain valllcs of (1. t he ell('rg~' change is COllstant \vith respect to 

II. This is illustrntecl b.\' Fig. 3.-4 alld h.\· the horizontal lines in Fig. :3.5 and 3.6. In 

the undampcd s.\'stelll. thcsc lines correspond to perfcct cnerg.\' COllsel'\'ation and arc 

descrilJccl in dctail ill Proposition 3.1. 



3.1.2 Undamped linear-spring collision with the symplectic 

Euler n1ethod 

For the undamped C'ollisiou. th(' change in ('u('rg~' is givcn h~' (3.11) with Î = 0: 

(3.13) 

This expression UHl he Silllplified b~' noticillg tllilt iu the lllldmllpcd case. cos(8) = 

(2 - 1.'112)/2 ~ kh 2 = 2 - 2cos(8). alld rcplaC'Îug kh 2 iu (3.11) accorclingly. This giws 

.) 

Er ( (1-C'osfJ)(1- 2/1) )--' (JI. e) = cos(ne) + . sin(ne) 
E() sm e (3.14) 

"'here e E [0.71) and Il is llOW a flluctiou of Il (\ud fJ. 

A remarkahle illlplicatiou follo\\'s fl'Olll t his t'xpr('ssioll: for certain choices of 8 (or 

equiYalentl~'. certaill choiccs of h·/i2). thc <jll(\utit~, Er/ E() = 1 for all/i E [0.1). Tlmt 

is. for thesc choiccs of pnnullctcrs. the ll111llC'ricnl iutegmtion exact l~' COll serves cllcrg~' 

across the collision. 

Proposition 3.1. Let TIl ;::: 2. III E N'and choose h'h 2 su cl!, that (j = cos- 1 ('2-;'h
ê

) = 

1/1 
Then 17(".8) = rn. V Il E [0.1) (lnd. fm' ('Oll/sim!.s hctween (J !H/.Tticle and Cl 

wall interactiflgui(/. (1 linJ~(/'/·-sj!1'in.q J!oklltùil in orle dimension. the symplectic Euler 

method CO/lSC7'I'CCS CT/{'HJ.IJ c:J:(u;t!y, 

Before pro\'ing Propositioll :3.1 wc llccd to cOllsider (:3.7) in the ulldalllpcd case 

and solve ;(-l''h) = () ohtaiuing aIl cxprcssioll for IJ'. Lcaviug out the details we S(,C' 

that 

, 1 1 
~ Il (/1.e) = (jtau- ( 

Il Sill e ) 
1 - Il (1 - cos e) . 

(:3.15) 
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Pmof. (Propositioll 3.1) Suppose f} = 7f; for son1(' III ?: 2. For f} :::; !f. It' is Et strietl~' 

inercasing hmetion of Il E [O. 1) Sill("C tall- I is illcrcasing over all of IR. Tlnts 

1 1 111 1 (Sill E. ) 111 _1 " Il (fi. f}) < Il (1. f}) = - tall- ~ = - tan tan - = 1. 
Il ("os - Il ni 

III 

(:3.16) 

So with f) = -"-. 1" < 1 alld \H' have t lla t 
111 

11(11. f}) = r~ -I/l = rfll - I/l = 7/1. (3.17) 

Since TI is a constèîllt with l'(~spe("t to Il wc CHll plug f} = 7f;. II(JI.f}) = III into (3.le!) 

to verif~' the propositioll: 

- . ? 
E f ( Il (l - ("os -"- )( 1 - 21 1) Il )-
-' (fi. f}) = ("os( fll- ) + .111 Sill( {/I- ) = 1. 
E III Slll -"- fil o III 

(:3.18 ) 

Thercfore t he (~lleli~~' is COllSCl"\'cd cXHctl~·. D 

In gcncral. the s~Tmpl('ct ic Eulcr mcthocl docs llot conserve energ~' Heross the colli-

sions. To estilllatc' the effc("! of t he se lloll-conscrvntiw collisions in a s~'stelll of Ulauy 

partides, Il is ass1ll1wd to bc H llllifonlll~' distrilmtccl l"émdOlll variable and statis­

tics takcn O\'cr the initial ("olldit.iollS of C'ollisiolls are cakulatcd. For cxample. the 

IH:î\'Craged cncrgy Chem!?;!' owr uwlHlllj>ed collisions is gin'll by 

1 (Sill(1I1 + l)f) - siul/lf})(; - siu(; f} 

G (cosf) -l)silllllf}siu(m + 1)f}sÏl12 f}(siu(m + 1)f} - silllllf})2 
(3.19) 

where ln is the lllliquc illtcgcr sHtisf~'iug 

Il " Il -- < < -. \j Il E [0.1) 
711+1- 1I(jI.H) fil 

(3.20) 

(Tn is simpl)' thc minimUlll llllllll)('r of tiul(' steps iu the ("ollision oY(~r the rallge of 

iuit ial (,ollcliti()lls). The qualltit~· ('2) Il is w'\'C'r less t hall ouc. The 1 Hl\wagcd C'llergy 

change \Vith Î = 0 is S11O\\"ll il! Fig. :3.7. The regiolls II nud III C'OlTcspond to thos(' 

ill Fig. 2.2. III Fig. 3.8. the ('hallge is plott.ccl clS n fUllCtion of () over part of l'egiou 

II where 0 :::; () :::; ; (0 :::; kli:!. :::; 2). Awrages for the gcncralundê:llllpec! collisions 
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are shown in Fig. 3.10. The "troughs" COl'l'(,spollcl to f} = f7. /1 = 2.3. . .. as ill the 

undamped case. Lincs of COlistant f} arc shown in Fig. 3.0 for cOlllparison. 

For simulations, it will he usdul to kno\\' the ntnXinl1Ull penetration depth 01' 

on~rlap d ming a collision given the panllucters (-) anell'n . l t is impOl't ant to ('hoose 

t he se pnrmlleters so t ha t the nl<1Xim1ll11 owrla p of pmtides do cs not excced t heir 

diameter. This enslll'CS that the (,Clltres of t hc pnrtidcs do not cross and the parti des 

do not pass through cach other dming heael-on collisions. Siner: the moclificcl solution, 

r. is zero a t t = -It' Ir mic1 oscilla tes "'it h ê\ period of T = 271" 1 f), we expect Y. to 

attain a maXinl1l111 amplitude at t = T 14 - Il'h. Looking to (:3.0) wc set Î = 0 and 

plug in t = TI4 -'l'h. 

( ~ ) _ T , 
.r 4 - Il il = ( ( 71 ,) 1-1/(1- cos(-)) (71 ')) Il cos ~-I'(-) + . sin --I,e heo 

2 sm (-) 2 

( 
,1 - l' (1 - cos f}) ,) 

-l' sin (l' f}) + . cos (II f}) 111'0 
sm ft 

( ( ( 
IISill(-) )) -l' sin tan- 1 

1- 1,(1 - ('os(-)) 

+ cos tan hl'o 1-/,(1- cos()) ( -1 ( fi.sin (-) ))) 
sinf} 1 - 1'(1 - cosf}) 

Letting 0= l_/;(~~I::)S()) and using the idelltitics C'os(tall- I (f) = II VI + 0'2 and sill(tan- 1 a) = 

ni fil + a'2) wc haw 

( - Sill ( t Hn - 1 (f) + ~ cos ( t (\li - 1 (f)) l' hl '0 

( (/ 1) ( l -(/'- ) -. + Itl/l'Il = 1'''1'11 VI + (/:2 (fV1 + (1:2 (lVl + 0'2 

It can be shO\\'11 t ha t for a gi VCll (). t his quallt i t~· is IllHxillli~ccl ",l1('n l' --'t (). Takillg 

t his limi t yiclcls 

( 

1-(1:2 ) lil'o 
li lU . . I,li"n = -.-. 
/1-0 oVl+02 sm() 

(3.21) 



If twicE' the partiele radius 2,. > (.'0/(1). it is Œuaranteecl tlwt the centres of the })artides 
SIII U 

(in Olle dimcllsion) will llot Cl'OSS. 
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Position vs. time for a simple collision (ktf close to 4) 

• symplectic Euler 
- modified solution 

• 

• 

,C n = .r(to + IIh) 

Or-----~~--~--------_+------------~------------_+----------~ 

).l'h 

o 

:J:() = .r(t()) = Ilhl'll 
1'() = ~(t()) 

Figure 3.2: Positioll versus rillle for a simple particle-wall collisioll ill one dilllensioll. 

Again, the numcrical solutioll is plottccl as points and the lllodificd solutioll .r is 

extended and plotted as a solicl lille. Here t Ill' collisioll is st iffer thall ill Fig. 3.1 

in the sense tha t the climcnsionlcss para Illet cr k h '2 is larger. \Yhcn t he collision is 

stiffer. only one or two points salllple tlw collision alld the lllodificcl equation offers 

an interpolation to the lllllll<:'rical solution which is llot as ph~'sically reasonable. The 

time to - Il' h is \\'hen r, extenn.cd lmckwards in t illlC. crosses the or-axis. The timc 

to - I/h is wlwll the intcrpolatcd lincm trajectory of the particle crosses the :r-axis. 

As kil '2 incrcases. the lllodificd period dC(TCils('s. and the cliffcrence III - 1"1 grows. 
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OA 0.5 

~ 
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y h - 0.90264 
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y h = 2.6812 

Y h - 3.5595 

Y h = 4.0066 

Y h - 4.2574 

yh=4A102 

Y h = 4.5096 

Y h - 4.5777 

Y h = 4.6262 

0.7 0.8 0.9 

Figure 3.3: Rclntiw change in clH'rg~T fl'Olll IHllllcrical cxpcrimcnt:-i (pOilltS) and the 

backwarcl error Hllnlysis (solid) plottcd as n fllllctioll of l' for I,F2 = 2 and several 

vaIlles of ~ih. 



0= rr/2 y h = 1.2246e-16 

8 = rr/3 y h = 1.618 

o = rr/4 y h = 2.7321 

8 = rr/5 y h = 3.3903 

o = rr/6 yh=3.7913 

8 = rr/7 y h = 4.0489 

8 = rr/8 y h = 4.2227 

o = rr/9 y h = 4.345 

••• 1 

o = rr/1 0 y h = 4.434 

10-8 '--_---.J. __ ---'--__ -'--__ -'---_----' 

0.2 0.4 0.6 0.8 o 0.1 0.2 0.3 0.4 0.5 
~l O/rr 

Figure 3..J: Left: Relative ch auge iu E'Jl('!i;Y plott('d as a flluctiou of JI for H = ~. Il = 

2.3 ..... 10. Thcoretical ch auge frolll backmml ('l'l'Ol' nual~'sis (solid) and ulllllcrical 

experimeuts (points) ar(' sho\\'u fOl' COlll parisou. n ight: Rda tiVC' change in energy 

plotted as a hmctiou of H. For HUV H = ~. /1 ;:::: 2. t h(' clwrgy changes b~' H const aut 

factor depcndent ou H for aIl iuitial couditious ("Il JI) nud if ~r = O. the Clll'rgy IS 

exactly consel'\'C(l. lu t his plot th(' j)êll'è\llH't('rs k aut! li m'(' hdd ('onst aut aud H IS 

varied by dwngillg Î. 
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Figlll'C' 3.5: Rclatiw dwugc iu ('U('l'g~' plottcd as è\ flluction of l' for sevcral "nlllcs of 

kh'2 and Î = O. The horizolltallillc COlTcspollcls to () = ~ (klt'2 = 1). 
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E/Eo VS. ~l for kh =2 .. 4 
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• symplectic Euler 

7 
- backward error analysis 
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Figure 3.6: Relativc clwng(' in energ~' plottcd è\S (î function of IL for several vaIncs of 

kh 2 Rnd Î" = O. The horizontal lilH' corrcsponds to f) = ~ (kli'2 = 2). 
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Figme 3.7: Il-Rvcragcd c!u\llge ill elH'li.?;~' n'l'SUS kil:! for ulldHlllped lineHr-spring colli-

sions. Poillts rl'present llUl1l<)!'ical cxperilllt'llts and the solicllinc the tlH'Ol'ctical change 

from backward ClTm HllHI~·sis. TIH'n~ is no challge in energy for kh 2 = 2 - 2 cos( 1l) Il) 

for Il = 2. 3. , ... 1 Hlt fOl' all ot her values the ('llergy illC'l'0aSeS on average. The back-

ward ('rror êlllal\'sis is restricted to regioll II solcly fOl' reasons of convelliencc. 
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• symplectic Euler 
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Figure 3.8: Relati\'c change ill ell(~rg\' W'l"SllS f1. The range corresponds to 0 ::::: kh'2 ::::: 2. 

which is the salllC as that of thc ('m\'(' lying in rcgion II of Fig. :3.7. 
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Fig1ll'e 3.9: Lines of COllstaut e plottcd owr the diagrnm showu ill Fig. 2.2. The !iues 

strollgly charactcrize' t h(' illtcrcstillg bduwiom of the awrngc chnngc ill (,llcrg~· alld 

correspond to the' trollghs aud (Tests iu Fig. 3.10. 
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Figme 3.10: Log of the m'cragc change ill CIWl'g~' ill l'cgion II. The tl'Ollghs auel Cl'csts 

correspond to lines of constant e (sec Fig. :3.~)). The (\Wl'ag(~ bdwviom ill l'cgion III 

is l'clativcl~' llmellwl'kablc and 11HS llccll exclllc!ed. 
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Chapter 4 

Systems of Particles: Energy 

Growth in One-Dimensional 

Systems 

vVe no\\' tUnl 01ll' nttention to the llllllHTical integration of d~'llnlllical s~'stellls \\'it hin 

the context of lllolcculnr d\'wlmics lllod<'ling. Spccificall~', wc considcr the prohlelll of 

the sYlllplcctic Euler lllethod (l.G) applied to a S~'stClll of :.V part ides ",11OS(, interac­

tions me governcd by the pain\'Ïse intcr-pmticlc potentinl: 

{ 

l/,·(/"_d)"2. /"-r/<O 
\1(/") =1 

O. /" - ri ~ () 
(·tl) 

whcre.,. is the distance of separation of the centres of the t\\'o pmtides cach of radius d. 

and k is Young's lllodulus. In Section ·tl. wc apply the rcslllts of Chaptcr 3 rcgarding 

energy change dlle to partide-\\'all collisiollS to t\yo-pmtidc collisions. determining 

the post-collisioll cncrgy of H t\Vo- pmt ide systelll as a funct ion of the initial (prc-

collision) conditiolls. III ScctiOll ·1.2. the modcl s~'stclll of N intcracting particlcs in 

one dimension is dcscribed. \V(~ makc a lllllulwr of assumptions which are appropriatc 

for l1lodels of low dCllsity s~'stcms aud d<'l"i\'!' an !'stinwtc of the (,llerg)' as a hlllction 
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of time ",hcl'e time is llH'aSlll'cd ill ll111111wl' of collisiolls. Ellerg.\' growth precl.ictiollS 

are compared with the results of cOlllputel' simulntions. 

4.1 Two-particle collisions 

Cousidcl' a collision 1)('t\\'8(,U two pnrtid('s i Hnc! j gowl1lcd by linear restOl'ing and 

dampillg forces 

T' = 'l' '.1 .1 

( ~.2) 
.rj = l'i 

Vi = + (~(.rj - .rj - ri) + i(I') - l'j)) \{l',-r,-rl<O}(,l'i.:rj) 

where J'i. :l'j.1Ij andl'j are thc positions and velociti('s of the pal'ticles. ri is tll<' particle 

diallleter. '" aud ~I arE' YO\lng's lllodullls Hlld dmllping coefficiellt respcctivd)' and \,\ 

is the charactcristic funct ion of the set A. Ally tm)- pmt idc ccntral forcc problC'm CHU 

he transformecl iuto a ouc-climcusiollal problelll by a simple chauge of variables. The 

reader is refcrrccl to Chapter :3 of [17] for a more' dctnilcd explHllHticHl. Appropriatel)' 

adding and subtracting the lines of (4,2). \\T ean wl'Îtc the system as 

:Cj - .1.'j = l') -l'i 

l') -l'i = - ("'(.l') - ,1'j - ri) + Î(I') - l'j)) \ {T;--:I',-lkO} (:rj .. cJ 
(~.:3) 

,i'j + j') = l'j + l') 

i'i + l') = 0 

Sllbstitlltillg R = ~(.rj + ,ci)' r = ,r) - ,l'j,l'If = ~(I'j +l'j) Hndl', = l'j - l'j ill (4.3) \\'e 

have 

J' = l', 

1'1' = - (h'(r - ri) + ÎI',) \{l'-d<()}(r) 
(4.4) 

R =('If 

l'f( = 0 
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Appl)'ing the sYlllplcctic Euler lllethod to (J.2) yiclds a disCTetc system which may 

be rewrittrn nsing a sÏluilar dHlngc of vmin bIcs: 

l'n+1 
J 

xn+1 
/ 

1',,+1 
1 

_"n (kh( .. n .,n 1)+':h("n+1 ,n+I)) (.n ''') - 1 j - 2.1 j - ,1 i - ( 2 1 j - 1 i \: {.T'l -.1';' -d<O} .l i . } j 

= .1';/ + hl'r+ 1 

_ ," + (1.:11( . .11 .,,, 1) + lh( ,"+1 ,rI+I)) , ("" "") -Ii 2,Lj-,I;-( 21j -li \:{,T'/-J:;'-(!<O}.1 i ·.l j 

(J.5 ) 

Actcling and sllbtracting lilles of (-1,5) in the smuc \\,1Y as in (J,3). lrttillg R" = 

~ (.r? + .rn, J'II = :rjl - :1';/ . l'?! = ~ ( 1,;1 + l '.n Hile! 1,;1 = l'.? - 1,;1 and rearranging \W' han~ 

J',,+1 

\Vhen the partides arc colliding. \ {1" -(!<o} (J''') 

succinctly as 

(-1.Ci) 

1 alld (J.Ci) ma~' he \\Tittell III 0 l'(' 

("" ) 1,11+1 
= 1+1':11 (1 + Ah) (,,) 

l,II ,. l' 
(-1.7) 

RII+I = RII + lil'r! 
1,"+1 

11 == l'~~ 

U neler the givcll transforlllatiolls. wc sec t hat (-1.5) is cqni\'Hlent to integratioll of the 

J'. l',. variables YiH t IH' lllHppillg (2.11) nud exnct intcgratioll of the R.I'!! yariables. This 

menlls t hat t Il<' p]'cclict iOlls for the post -collisioll n'locit\· prcscllted in Chapter :3 for 

pnrticlc-wall collisiolls llHl~' he H ppli('cl to prcclict t he post -collisioll l'clat ive \'clo('it~· for 

two- pmtidc collisions. G i YCll the ini t ial (pre-collisioll) CO!lC lit iOlls. t he post -collisioll 

relative velocity will be giwll b~' the sCjllare-root of (3.11). l{cvcrting bade to the 
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original variables wc then hcl\'{' t he system 

{ 

,,( -ui 
.1 1 

J + l,f 
.1 1 

( -1.8) 

\\'hcre lJ Rndl'() inclicate post- and pre-collision values respectivel,\'. Solving t his 

s~'stClll for the total encrgy of the pmt ides yiclds 

",here El]l = (l'jl)2 + (1,{)l)2 and E/,. = (IIf + (1',/)2. If ~r = () and (J = ~. 117 = 1. 2 ..... 
. .. 111 

thcn !j;- = 1. alld the cncro'v of e(\('h l)(11't idl' is COlISel'\,(,d acl'OSS t he collision. 
fO() t), 

4.2 Systems of particles 

In 1l101eculal' d)'lmmics. mat IH'lllaticall~' dcterllliuistic syStC'lllS arc oftcll trcatcel (\S 

stochastic. at least ill tel'lllS of certaill lllaCToscopic quantities, such as ('nerg)' or tC111-

pcrature. The detnmiuistic trajcctories arl' supposed tu appl'OXilllHte S0111(' stoclmstic 

pro cess in the distributioll sense, U suall~' t h('se s~'stellls are asslllllcd to upholel SOllle 

fOl'ln of ergodicity \\'ith respect to (\ part icular st c\ t (' (stat ist ical) variable. Illlport ant 

to this asslllllptioll is t lw t the 1l111ll1 H'r of ])<11't ides is large alld tlla t the phase space 

is sampled quickly b~' the S)'ste111. Taking the n1\1111)('r of particlcs 10 be large allO\\'s 

aSSlllllptions regarding the indcpew h~ucc of pmt ides and ensures t hat t hCl'lllod)'llC\mic 

quantities snch as telllpera t ure an' wdl ddiucc! aud lllakc sense. lu sett iug up t hes(' 

1110dels. it is of'te11 uscful to assun)(' the timcs bdwcC'u collisiolls to 1)(' idl'llticall~' 

clistrihutcd ranclolll variables with H particular distribution. It is ShOWll ill H6] that 

assu111ing a particular elistri1l1ltioll is not n('c('ssal'~' as the tillle 1wt\\'een collisiollS 

cOllverges wcak1y \Vith the lllllubcr of part ides to au expollcntiHl nmdom variable, 

If the system is crgodic or ill SOllle S('llS(~ "llcmly crgodic"' ovcr the tilllP intel'vals of 

simulations l'lm on the cOlllputer. the Ul)( I(~rlyillg ralldolll pro cess can ))(' obscl'\'ed 



Hnd the st atist ics of the siumhltiou will \Vell approxillla te t hose of the umlerlving 

stochastic systelll. For discussiou HUc! HUHlysis of stochnstic dYllë1luics approximatecl 

by dcterministic (nnc! ranclOlll) dyn<îlllicai S)'st elllS sec [07]. [47]. [0:3]. [54] and [50]. 

FreidmClnn [16] also hriefiy cOllsidcrs the introductiou of st ochast icit), by 1l11111Crical 

methods. 

Herc wc consider S)'st cms of X part ides ou a pcriodic lincar clomain of leugt h L 

interacting via the local painyis(' lineHl" rcstoring force dE'scribecl in Chapt el' 3. The 

results for two-partide collisio11S me npplied to dcscrihc the cvolntion of the statistics 

of the total cucrg~' of t he s~'steltl aud of t lw partid(' vclocities. 

4.2.1 Consideration of din1ension 

S~'stCl1lS of interHctiug pnrtidcs iu OIH' dillleusiou will uot III gcueral 1)(' chaotic 01' 

ergodic Hnd may ('WU clispla)' nClltrall~' stahle orhits. :'\oucthcless. giwn snitahlc 

initial conditions (Boltzltl<îllll distrilmtiou) aud a lnrge lllllllbcr of partidcs. uon­

ergodic and cspeciall~' perioclic 1 J<'IHl\'iour will 110t 1)(' apparent. In t his case. n~locit\, 

st atistics of the onc-dilllcnsiouai s~'stelll lllay he n'êlSOllH hly lllodclecl h~' H stodwst ic 

pro cess over fiuite time iutcrvals. 

4.2.2 Energy growth for 1-d system 

Ccmsicler a sinl1llatiou of a s)'stcm of "y pmtides iu 011<' climcusiou \\'hich internct pair­

wise via the li ne al' restoriug force (plus dnlllping) with the s)'mplcctic Euler mcthod. 

SinC(~ dwnges in vdocities o('cul' ouly throllgh collisious. it is natmal to mensure time 

in cliscrete iucrClllcuts of collisiolls. tlllls dimillHtiup; the prohh'll1 of cstilllatiug; col­

lision rates. In l'cal S~'stclllS. uH'Hslll'iug tilllc iu tltis wn~' is not nlwa~'s possible auc! 

it will he dcsirable to IlHY(' au uuderstalldiug of the collision rates auc! t !leir rdatiou 

to the total cucrg)' of the system. The problclll of dctermilliug the distrihutiou of 
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collision times in t his context is tl'eH t('d in Cha pter 5 of [46]. 

1. The velocity of the part ide i artel' the 1/ t h collision: 1,;1. 

2. The total energy of the systelll artel' t hc I/th collision: 

.\" 

En = I:(u;lf (4.10) 
i=l 

3. The ellcrgy of particlc k after the I/th collision: 

E n ( ).) /,. = 1'/;-. (4.11 ) 

4. The encrgy of two particles i and j after the I/th collisioll: 

(4.12) 

A uumber of assll111ptiollS Hn' lllacle. 

1. Collisions involying t hrce or lllon' pHrt ides arc rare. 

2. Vdocities of llOll-colliding pmticl('s me const anl iu t illl('. 

3. Velocitics are iirl with Boltzmallll Distrihlltion 

(4.13) 

4. Only Olle collisioll happl'llS at a tillle'. 
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5. Positions of colliding pmtides me' ilHlcpcndcnt of thcir vclocities (i.e. l' lS 

indepelHlent of l';. i = 1. .... N). 

An illlportant illlpli('(ltion of ASSlllllptioll :3 is t hat the collisions challge the \'('­

locities slowl~' so that the systelll is nt nll times llear cqllilihriwn Rnd sRtisfies the 

thennodynamic relation 

This also im plies t ha t ('lwrgy is on (1\'emge dist ri lm ted lllliforml.v ovcr the syst em: 

(En = *' (El!) è\t all lllOllH'nts ill t ime. Cher lOllg tillle illtc'lTals. the random forcillg 

illtroclllcecl hv the met hod Ht ('Hel! collisioll may ill faet shift thc system aWH~' from the 

Boltzmnlm eqllilibrilllll distributioll. This is the killCl of prohlcUl one might <:'ncounter 

in DissipativE:' Particle DynHlllics C\Ioleeulm D~'w\lllics with nUlclom alld cletcrministic 

clmu pillg and forcing tenus). \\' lwre on(' (\ t t e!ll pts t 0 !lli t iga te pro blclllS wi th shift (~d 

eql.lili hri llUl clistri 1)\\ t ions h~' choosiug the dmu ping and nmdo!ll forcing panunct ers 

carefllll~' [15]. In the prohlelll presented her('. howc\'('r. the n\lldOlll forcing is Hn 

artifact of the llUUlerically illtcgrated collisioll alld is llot gi\'cn h~' a oot1111(\I)lp" n\lldOlll 

tenu in the illtcrparticle pot eut inl. ASSlllll pt iOll 0 allO\\'s Ils t 0 illdepcndcllt Iv tHke 

expecta tions 0\'(:1' l', \\'hich parallH'tc1'iï.cs the illitial cOlldi t iOlls of n collisioll (s(,C' 

Section 3.1). alld onT i'i alldi'j. the wlocities of the colliding partidcs. 

:'\OW suppose the (0. + l)tll collision Ïll\'olws pmtides i.j and that no othc1' col-

lisions occur at the samc time. The (,llerg)' of the s~'stcm .iust after t his collisioll is 
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,\, 

~ En+l + E'.I+l L k l] 

",opi.j 

I:
s 

1 (Er ')) 1 (El' .)) = En + - 1 + -' (II kh- ~h) En + - 1- -' (II U/- ~h) l,nl'n 
J. 2 En" 1 '.1 ') En.. 1 '.1 

",opi.) 0 - {) 

1 (El' .))) 1 (Er 2) = En - - 1 - -' (II kh- ~h En + - 1 - -' (II kil ~h) 1,lIl'n (-J 15) ') E n· .. 1 lJ ') E n, " l.l·· 
~ () -() 

llsing (4.9) and the fHe'! t hn t the (,llcrgies of the nOll-collidillg pmticlcs mc HllcllHnged. 

Tlms wc haye a stodmstic lllappillg fOl' the partidc veloC'ities with ralldom panunctcr 

II. Taking averagcs oVC'r lin and 1/ = (1/1 ..... I/\,) Yidds 

(En+l) -(En) +~(l_(Er) )((1'" 1'") _(En) ) 
I/,,·I! - 1/,,·1/ 2 Eo l',, '.i '!"U, ij /J"u , (-J.Hi) 

From herc on, wc will Silllpl~' write (E") = (E")/J,.IJ I a11d (~~::,) = (~~::)II'" 

Thollgh wc have that the lin mc iir! llnif()n11I~' clistri1mtcd 011 [0.1). to \\Tite 

(4.1G) as an expressioll involvi11g state variables alone (i.e. the average cncrgy 01' 

temperaturc) wc neecl to compllte cxpectatio11s mu' the vdocitics of the collidi11g 

particlesl'i.11j. The .ioillt probahilit~, clistri1mtioll fllllCtioll of the \'c!ocÏtics l'i.l'j mllst 

he cleterminec1 ill order tlwt the expcctatiolls i11 (.t1G) can llC \\Titten explicitl~' in 

tenns of (En) and (J2. The a ppro(-[('h followed lwrc is tha t prcsentec! in HG] for hard 

spheres or billiards whcrc a rigowns dcrivn (ion of the .ioint pdf ('(Hl he fmUld. TllCre. 

a conditionsl pdf is deri"cd and llscd to ol>tai11 a11 expressioll for the awrage rate 

of collisions !Jetwccn a giVC'l1 pnrtide of wlocit~, 1/ and all particles wit h \'clocity 

l'. Though billiarcl systellls i11vol Y(' i11stnnt H11C011S collisions and can not he exact l~' 

rcpresented hy a S)'st cm of differe11t ial equa t ions. it is ShOWll i11 [54] t ha t the 11011-

differentia hIe fia,," of the hmd-sphere syst Clll ('(\11 he npproxinlHtcd 1 >y t he soft -splwre 

lllode! in the lilllit as the Spl'illg t'Ollstilllt k go('s to illfillit~,. 

The tirst kev obsl'I'\,ü i011 to 11wke is 10 not i('e t ha t fOl' COllSE'l'\'èÜ.i \'(' billimd s~'st ems. 

where ",hen partides collide the)' Silllpl~' exchallgC' \'c!ocities instcllltml('Ollsly. wc can 
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t hink of the particles as poillt part ides (wit h zero radius) on a reclu('('cl illtcrval of 

length L - rlN. whcl'(, L is the lcngth of the c!omain. dis the cliamctel' of the particles 

and ~V the lllllllbcr of pmtides. Furt herlllOl"c. sincc the collisiollS mc inst alltancOllS. 

the pmtidcs ('an he thollght of as llot collidillg lmt passing through OllC cmothel". 

The pdf f (//) is the ra t(~ of OCC1llTCll('(' 01' likelihood of partidf's ,vit h \'('locit~, l' = 1/. 

The rate of OCClllTt'ncc of pairs of particles \Vith \'(~lociticsl'j = //j alld ('j = I/i is 

proportional to thc prodllct f(//i)f(//j)' GiWll a pail' of partidcs with the abo"c 

velocities situatecl ill a peri()(lic dOlllaill. the partic:lcs will cross each other (collide) 

with a frequcllcy proportiomd to t hcir relative wlocity. Il'j -l') l, So it secms pLmsihle 

that the collisioll ratc for pmtides of wlocities l'j = //j and (') = 1/) is proportiOlml to 

f(//Jf(//j)l//j -//jl, As statcd ill HG]. the joillt pdf is gi\'C'n h~' the fractioll of collisiolls 

bet\\'ccn pmticlcs ",it h ve locit ies //j Hlld I/j to collisions bct\\'f'cn all pmtides: 

This conserVH tiw hillinrd s~'st ('Hl dcri\'H t iOll does llot (\CC01111t fol' t hc fnct thnt colli-

sions mc not olliv soft lmt llOll-COnS('l'\'H t i\'('. This simple mode! docs. ho\\'c\'cr, providc 

reasonablc l'esults alld opellS t hc door to flll't her Hllalysis involvillg llOn-COllservat i \TC 

billiard systems, 

Having nmv ohtninccl an cxprcssion for the jOillt pdf of the velocitics of collicling 

particles. we call C'om pu te the expcct a riOllS in (~.1 G), A fl'w lines in an)' symbolic 

computatioll package ~'idd: 

f(l/j.I/)) = ~~(J':J(I/j)f(//))I//j - //)1 

(E;j) = ./ '/(1/; + l/flf(l/j.l/j)d//jd//j = :3(J'~ (~,18) 

(1',111',',.') = /' /. v// j'(I/.//)dvd//' = _ (J'~ , ), , ) ') ') . , -
(~,19) 

Inserting thesc expressions illto (~, 16). substituting (J'~ = (En) j:V llsmg (~.1~) 

and rearnmgillg gin~s H nic(' ('xprcssioll for the gro\\'t h of the eX]lectE'cl ellcrg~' of the 
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system 

( 4.20) 

The expectecl encrg.\' of the system grows expOllC'lltiall)' with the nlllllber of collisions. 

Results from a single l'lm of 1000 partidcs o\'{'r 130 000 collisiolls are sho\\'n in Fig. 

4.l. The vclocity histograms (Top). shO\\' a slight broadC'lling of what looks to he 

a roughl:v Gallssian distrilmtioll. HO\\"('ver. mllch longer nUlS with more partidcs 

are nceclcd to further illYCstigate the chi:\llge ill the distributioll of vclocities. In all 

simulations prcsclltcd herc. the c!alllpillg pnl'êuuC'tc1' '/ is 1.('1'0. \:Vhat is plotted as 

poillts in Fig. 4.2. 4.3. 4.4 and 4.S is t lw ltlC'Hlt HltdlllC'alt ± Olle standard deviatioll of 

the energy relative tu illitial (,llergy calculatecl from a set of 200 computer simulatiolls 

for each of the paralllctcr COlllbinntiolls. Thc solid lincs ill these figures represellt the 

me an encrg)' rclati ve t 0 ini tial encrg~' as preclict ecl b~' t he mode! in (4.20). 

In Fig. 4.2. a compal'Ïsoll of the t hcorctical en('lï~~' predictiolls and ellerg)' st atist ics 

from three series of 200 silll1l1atiolls. c'ac11 is sho\Vn for thrœ diffcrcnt values of the 

number of particles. All other system pnnllllcters arc' the SalUe' for caeh trial. The 

poorer fit bet\\'ecll mode! awl simulatiolls for the slllHller ll1ll11ber of pnrtidcs suggC'sts 

t hat finite system sil.c bccomC's importallt as t he ratio of the llllm!Jer of collisions (t he 

duratiOll of the simulation) to the 111lllllH'r of pnrtides gro\\'s. Howcver. t'VCll if \w 

compare the l'lm of SOO pnrticles at the 500th collision to tll(' l'lm of 1000 pmticlcs 

at the 1000th collision. it sec'ms that the modclmorc accmately captures the energ\' 

growth of the systelll ",it h more particlcs. 

Fig. 4.3 sl!()\\"s ellcrg~' predictiolls of the modcl and ('llC'rgy stntistics t'rom simula-

tions as Cl. hlllctioll of 11111111)('1' of collisiollS fOl' four vnlues of the dC'llSity. (J. whil(' all 

ot her system pmmnetns an' fixcd. It is to 1)(' expcctcc! t lwt as the dt'llSit~, inCl'e(\s('s. 

ASS1ll11ptiollS 1 alld cl will llO lOllgn 1)(' "Hlid alld the tllC'Ol'ctical mode! ",ill lcss (1('cu-
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rately captul'(' cncrg~' growth ill the si1ll1llatioll. III particular. three particlc collisions 

can no longer he cOllsiclerecl t 0 1)(' ncgligi bic espccially in the t ime-cliscretized system 

where particlcs clo not illternet as pcrfect billiarcls but expcrienec collisions wllieh arc 

not instantalleous. 

The effeet of \'è1r~'illg the pnn\lllctcr /,F2 nllcl the variallce of the velocit~, clistrilm­

tion, CJ2. is ShOWll respectively in Figs. clA èlllcl cl.G. Agnill. all otller S~'stclll panulletcrs 

are the same over caeh trial. The quality of the fit 1>e1\\'cen model and Silll1llatioll 

statisties secms largely unaff('ctcd by dmllges ill 1,-11 2 . CIWllgillg CJ2 mnounts to chang­

ing the ini t inl telll pern tm(' of t he s~'st cm allcl illvol n~s lllerel~' var~'ing the clistri bu tiOll 

of initial velocities. III 1>oth t hl' silll1lla tioll st nt istics and in the moclel. vcr~' litt le 

difference is scell over the range of \'èt!ues of (J2 ShO"'ll in Fig. 4.5. 

In the final plot, Fig. cl.u. the ellergies of fom simulations of lOO partides Hl'(' 

shown owr a periocl of 1000()O collisions. The value of /,:11 2 is different for each of the 

fom simulat iOllS and is chosen so t hat the (,llergy is ('xactl~' preservecl ov('r two- particle 

collisions. l t is not able that t h(' ()lll~' silll1llnt iOll wit h llO obvious drift ill energ~' 0\'('1' 

the lOOOOü collisions is the caSt' whel'(' /,F2 = 2 - the simulat ion \Vith the largest t inH' 

step. This is likd~' clue to H higlH'r h('quenc~' of OCClllTl'llCC of nmlt i- pmt ide collisiolls 

in the SilllUla tions with small('r t imc st('ps. In thesc simulatiolls. kli 2 is \Tlriecl hy 

clmllging ft wltilc holdillg Ir COlIstnnt. For kll'2 = 2. collisions last cc.met/y Olle time 

step hut for the ot her cases collisiolls have Cl dma tion of 2 t ime st eps or lllon'. Sinee 

h is the samc for the fom SillllllêltiollS. the llumber of time steps bet\yecn collisiolls 

remains lOughl~' the SHlllC'. 11O\\"('ver the clmHtioll of collisiolls is longer for smaller 

values of k1l'2 Clwl tl[('re is a greatcr "clH\llCe" for nl1l1ti-particle collisions to occm. 

61 



1.5 

j velocity histogramn 
0.5 

o 
-0.03 -0.02 

2 

numerical simulation 
1.8 - theory 

o 1.6 
UJ 
"""'c 
UJ 1.4 

1.2 

2 

(J2= 5e-06, kh2 
= 1.95, Il = 0.2,N = 1000 

une ri 

-0.01 o 0.01 0.02 0.03 

[v] 

4 6 8 10 12 

n = number of collisions 
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Enl'rgy gro\\'th, rdatiw to the illitial ('lH'l'gy of th(' s~·st('m. is plottcd as Cl fUllctic)ll of 

the 1111l1lber of collisiolls. Silllllla hOll ('llcrgy is plott ('d as poillts alld the t ll<:'oret iu,I 
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Conclusion 

Il. !las bCCll ShOWll h(,l'e thM fOl' llll11\cri('nlh' illtegl'atee! S~'stCllls of lo('nll~' illt(,l'èlCtillg 

particles. the llUlll('l'ical met hoc! ('(\11 illt l'Oc!ue(' ('lTors in a systema t ie auc! stat ist icnlly 

predictablc way. COlllputa t ious inyoh'ing pail'wisc interaet ing particl(' systems ,,'it h a 

linear-sprillg Hallliltonian int egra !ed usiug t he S~'lll plectic Euler lllethod cxhi bit such 

a prcdictahlc gw",t h in ('u('rg~', 

Dackware! Cl'ror aual~'sis and the ulCt!tocl of lllodifiecl equations proviclc H lllCèlns 

of obtaining anal\'tic expressions to prcdict ClTm introduC'cd cluring collisious b~' the 

nUlllerical integrator ane! the cliscrctization of time. It is importaut to note. hm\'e\'er. 

that il. is ('(juall\' fcasi1llc to nllètl~'z(' the collisious without ('V('r rcsOlting to haekward 

elTm analysis. Oue lllH~' compute the outgoing ydoeity as a hlllction of the initial 

conditious and use this information to nm[.,:e (app1'OXilllHtC) statistical predictious 

about the clwrg)' gl'Owth of t he s~'st cm. This è\ pp1'Oaeh woule! 1)(' germa ne for neculy all 

other types of collisious \\'here the lllodifiee! S)'stelll is not linear Hwl the c'uu:f lllodificd 

eqnation do cs not exist in the sense of C'Oll\'('rgcuC'(' of t he series (2. G). Fllltherlllorc. 

in man~' cases the cxpeC'tHtions takeu with n'spect to t he rall(loml~' clistri1mtcd initial 

conclition.'i will oftcn ill\'olV(' integrals whicll eall Oltl~' 1JC ('wlhlHted llsing quadrature. 

Thcre arc a nlll111wr of êll'eas into which future '\'Clr].;: lllight »1'O('('ec1. It Sf'f:'lllS 

quitc possible to cxteucl t bis HUHI)'sis t 0 s~'stcms of part ides in ltigll('r dimellsiolls ns 

well as to those involviug ot ber two-lJ()c!~' potentials - sueb as tbe COlllm()lll~' used 

Lellna1'C!-,Jemes potf'lltial. Silll1llations l'lm o"e1' mu ch 10llger perioc!s of time \\'ith 
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nlan~' more part ides 'Nouid pl'Ovidf' llsd'nl informat iOll rcgmc1ing the cyolnt ion of t Ill' 

,'cloci ty pro ha bili t~' distri 1 Hl t iOll fnllct iClll. III co nt mst t 0 the p1ll"cl~' illI'Cstiga tiVE' focns 

of the present ,\'orle new lllcthods lllight 1)(' cOllstructcd wlüch elllbod~' tll(' dynalllics 

of the discrctized collisions nnd more accm<ü cly rl'presellt the dcsircd d)ïlHlllics. III 

particniar. the additiou of a post-collision corrcctioll. cithcr as Cl clctermillistic quantit\' 

or as Cl appropriatcly choscu mndoml~' clistrilmtec! ynriabic (or hot h). mn~' proyide a 

llew method with improvcd bcll<\vio1ll" for the gi,'cn system. This kind of COlTf'ctive 

tlllling wouid he aIoll?; the Iillf's of a Dissipati\'(' Partidc D~ïlHnlics approach [IS] 

thollgh the Hnalysis prcscntcd h('1"(' provicles a lllCêUlS of jnst if~'illg the addit ion of 

llOll-Gaussian nmdolll dissipatioll or forcillg to collision forc('s. 

The aualysis s11o\\'u 111'1'(' will iu UlHll~' c(\ses 1)(' too ill\'()ln'd for S~'St(,lllS im'olvillg 

lllan)' differellt kinds of pmtides or t hosc im'oh'iug HS)'Ulluctric pmt ides. \'" ollet helcsso 

tl!ese simple systellls do oH"cr S0111C qllnlitnti,O(, illsight iuto the nlngc of hchm'io1ll" of 

m1l1l('ricall~' iutcgratcd pnrticlc systellls. 
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Appendix A 

G lossary of symbols 

1. k - Yonll~(S lllodnlns (sprillg coustaut owr mass) 

2. 1 - visC'osi ty over llWSS 

3. 11 - tilllC ste'p of the ll1Ull(']'icHl UH't hod 

J. e - arg1ll11C'llt of the rOlllplcx cigcll\'alucs of the llnlllcricèll lllap (2.ll) 

5. A - lim'èU' o]lcrntor of t hc lillCHl'ized dnmped harmouie oseillntor S~'StClll (2.~)) 

6. Ah - s('c (2.ll) 

7. Ah - llloclinec! lillCnl' opcnüOl' (sl'l' (2.12)) 

8. À± - cigell\,üncs of A 

ll . .IJ = (.r. l')7' - CX()C't solutioll of (2.f)) 

'f' ( ) 12 . .l!u = (.l'n. l'n) - IHlllH'ricnl solntioll giV<'ll b~' 2.11 
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13. !J = Cr. :;-;)'1' - exact lllodifi('d solutiolls (solutiolls of (2.12)) 

1 J. 7t - Hmniltolliall of (ullclmn peel) hanuollÏC' oscillH tor 

15. 7th - llloclificd Hallliltolliall 

16. T - pel'iocl of the lllodificcl systClll 

17. A,B,C,I,II,III,IV - cun'cs Hnc! l'cgiolls c!csC'l'iheel in Fig. 2.2 

18. Il - parameterizes the initial conditiolls of Cl collisioll (sec Fig. 3.1) 

19. 1/ - sec Fig. :3.2 

20. IJ - "cet or of pmticlc \'clocities 

21. (J - linear dCllsity of systelll of particlcs 

22. 0'2 - "Hriallce of tll(' distrilmtion of illitial "clocitics (1ku * telllperatme) 

23. ri - diRlllctcr of particlcs 

24. /' - distèUlC'C l)('twcl'll cClltrcs of t\\'O ('ollidillg partidc)s 

25. R - ccntre of llHlSS of tm) ('ollidillg pHl'ticl('s 
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