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ABSTRACT

This thesis deals with the flow mechanics of hydraulic and high density mine

backfill slurries in pipelines. Various empiricaI. rheological and mechanistic

approaches are presented and analysed along with sorne aspects pertinent to

experimental testing of backfill slurries.

The main contribution of this work is, particularly, in the development of an

analyùcaI model to describe the flow and predict the pressure gradient of a c1ass of

high density backfill whose moùon in pipelines follows the Plug Flow Model

(PFM). The development of the model called for investigating the conditions

required for establishing Plug Flow. It was found that mix proportioning

procedures, similar to those found in the concrete industry, are key factors in

obtaining Plug Flow.

Pressure drop was found to be a function of the thickness of the Bingham plastic

annular layer surrounding the cylindrical core of aggregates. Analytical equations

were proposed to solve for the thickness of this layer by considering the rheology

of the mixture. Alternaùvely, the thickness of the annular layer may be estimated

by considering the relaùve proporùons of the mixture with respect to aggregates

void content. The model off::red pressure drop predicùons in good agreement with

published data. The proposed model may aIso serve as an alternative to Mooney's

method, when deaIing with the annular lubricaùng layer effect characterising

mixtures in Plug Flow.
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RÉSUMÉ

Cette thèse traite des mécanismes d'écoulement, hydrauliques et à haute densité.

des boues de remblais miniers dans les pipelines. Diverses approches empiriques.

rhéologiques et mécaniques sont présentées et analysées ainsi que certains aspects

pertinents à l'étude expérimentale des boues de remblais minier.

L'apport principal de cet ouvrage réside particulièrement dans l'élaboration d'un

modèle analytique pour décrire l'écoulement et calculer la perte de charge d'une

catégorie de remblais minier à haute densité dont le flux, dans les pipelines, suit le

modèle d'écoulement-bouchon. Le développement de ce modèle a appelé à

l'examen des conditions nécessaires à l'établissement de ce type d'écoulement. On

a trouvé que des procédures de dosage. comparables à celles de l'industrie du

béton. sont des facteurs clefs à l'obtention de ce genre d'écoulement.

On a ainsi démontré que la perte de charge est fonction de l'épaisseur de la couche

annulaire. du type Bingham plastique. entourant le noyau cylindrique d'agrégats.

Des équations analytiques, basées sur des données rhéologiques du mélange. sont

proposées pour calculer l'épaisseur de cette couche. Alternativement, cette

épaisseur pourrait être éstimée en considérant le dosage des composantes du

mélange par rapport à l'indice de vide des agrégats. Les résultats de perte de

charge obtenues par ce modèle sont en accord avec des données expérimentales

publiées. On a enfin démontré que le modèle d'écoulement-bouchon proposé,

pourrait être substitué à la méthode de Mooney pour l'analyse de l'effet de la

couche annulaire lubrifiante. typique à ce genre de boues de remblais.
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• CHAPTER ONE

INTRODUCTION

The large scale mining operations underway nowadays generate large amounts of
ore which. after processing. becomes the source of a waste by-product for
disposal. The Most common form ofwaste products are flotation tailings; which
are the residue from ground ore after washing and milling. Tailing ponds have
been used as disposal sites but this option has been the target of increasing
criticism because of its negative environmental impact and the lisks of
contamination of land and ground water by acid and other industrial pollutants.

The need to dispose of the waste material is usually coupled with the necessity to
fill the void formed by mining. These two objectives are met by using a
combination oftailings, aggregates and binders as backfill material. In addition to
being a means ofwaste disposai, backfilling is also intended to ensure safety and
continuity of the mining operation by providing adequate ground support and
control.

Backfill systems usually include facilities for classifying. comminution,
dewatering. mixing. transportation and storage as shown in Figure 1.1 (Chen and
Hassani, 1992) . After preparation, the fi11 is distributed through pipelines having
horizontal and vertical sections. The flow is maintained either under the action of
gravity or with the aid ofa pump. A typical backfill system is shown in Figure 1.2.
The seven stages that describe the process are (Barret, et al. 1988) :

1. Transport of total tailing from the mineral processing plant
2. Backfill plant where total tailings are c1assified by hydrocyc10nes
3. Pipe transport ofc1assified tailings to storage tanks or silos at each shaft
4. Storage and supp1y ofclassified tailings (sluny is agitated in the process)
5. Boreholelpipe range transpo.rt
6. Underground pipe transport (gravity-fed using the potential energy in the
boreholelpipe range)
7. Stope filling (3 stages: deposition ofsluny, movement ofsolids, and movement
and removal ofexcess water)

1.1



•
Figure 1.1 Flow chart of a typical backfill system
(adapted from Chen and Bassani, 1992)
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•
Figure 1.2 Schematic layout of a typical backïill system
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• Four out ofseven stages making up a backfill system involve pipeline transport.
The contribution of the transport related costs to the overall costs for a typical
50,000 tons/mohth classified tailing system is in the order of 50 pe~ cent (Kramers
et al. ,1989). Therefore improvement in the operating efficiency of hydraulic
transport systems, in terms ofhigher solids flow rate and lower energy
consumption, will result in a substantial economy for the mining industry.

The compositioll of the mixture in the pipeline, its concentration, and its flow
mechanics vary from one stage to another. Designing such conveying systems
requires full understanding of the parameters influencing it at each stage. Whereas,
the mixture may be transported with relatively low concentration and high velocity
in the first stage, it is usually placed in the stopes at a high solids concentration
and relatively low flow velocity.

The design of a backfill system must adequately meet requirements for fill with
sufficient strength properties and minimum liquefaction potential. Coarse grained ,
weil graded backfill for example is known (Clark, 1988) to yield better placement
characteristics in terms ofminimum porosity and optimum waterlsolids ratio.
Hydraulic fill with fine-grained solids is also common, although the current
tendency is toward pumpable highly concentrated mixtures, known as high density
stabilized backfill.

In addition to tailings, other components may be added to form backfill mixtures
which are designed to flow in pipelines with reasonable pressure losses under the
action of gravity or pumps. These additional components are:

• Coarse and fine aggregates
• Binding agents, usua\ly cement and/or pozzolanic materials, such as fly ash or

smelter slag.
• Water and possibly other additives to improve flow characteristics or drainage

after placement.

Typica\ size distributions offull and classified plant tailings representative of
practice in severa! countries and a broad range ofore types (Thomas et al., 1979)
are shown in Figure 1.3a and 1.3b. Grading limits for pumpable highly
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concentrated mixtures, and mix proportioning procedures are presented in Chapter
Five in connection with the Plug Flow Mechanism. The physical, chemical and
hydraulic characteristics of sorne backfill slurries common to mines in Canada is
given in Scoble and Piciaccha (1991).

The flow of backfill slurries in pipelines belongs to the generai class of flow of
solid-liquid mixtures. This is a physically complex phenl'menon involving multi­
phase flow and interactions. Many monographs such as Bain & Bonnington
(1970), Wasp et al. (1977), Govier & Aziz (1987), and Wilson et al. (1992), and
Conference proceedings such as the Hydrotransport series sponsored by the British
Hydrodynamic Research Association (EHRA) in Europe and the Coal and Sluny
Technology Association in North America, just to name a few, have been in the
forefront of developing this science since the middle of this century.

Although initial hydrotransport applications were in the field of long distance coal
pipelining, the technology quickly gained grounds in other areas such as the
pipelining of ore material to processing plants and that ofplant tailings and other
aggregates back to the mines as backfill. The latter went through two stages. The
first involved the transport oflow concentration hydraulic 00 underground and the
second and more recent stage dealt with the transport ofhigh density 00.

1.1 Hydraulic Fill

Hydraulic fill is characterlzed by relatively low solids concentration (less than
49"10 by volume, (Stewart, 1959)). It is prepared from plant tailings by
classification in hydrocyclones followed by filtration or thickening. It is usually
transported in the turbulent flow regime (as described in Chapter Three) by gravity
or centrifugai pumps . Hydraulic 00 produces excess water after placement due to
its low solids concentration and high permeability. For cemented fill, the particle
size distribution ofhydraulic 00 may not be optimum for strength and cement
economy. Furthermore, this type of00 requires bu1kheads which add to the
inconvenience and cost ofthis backfill procedure. However, one of the advantages
ofhydraulic fill is its capacity to tightly 00 the voids due to its high flowability.
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Figure 1.3a Cumulative particle size distributions offull plant tailings

(adapted from Thomas et al•• 1979)
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•
Figure 1.3b Particle size distributions of c1assified plant tailings (adapted

from Thomas et al., 1979)
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• 1.2 High Density Fill

High density fills have a higher solids concentration compared to hydraulic fill.
They require thickening in silos or by using filters. They are usually transported in
the turbulent flow regime by gravity, centrifugai or positive displacement pumps.
Sorne excess water is produced after placement but this is not as critical as for
hydraulic fill. The size distribution ofhigh density fills contains a larger fines
fraction than that of conventional fil!. This explains the better strength properties
and cement economy associated with high density fill. However, bulkheads may
still be required, and the risk of liquefaction may be present.

Another type ofhigh density backfill may be obtained by adjusting the size
distribution and concentration ofthe material by means ofproper mix design (as
shown in Chapter Five). The velocity of the flow at which solids fall out of
suspension may be greatly reduced to the point that it is no longer a limiting factor
in the hydraulic design. The carrying medium made up of the base liquid and the
fine fraction may be regarded for design purposes as pseudo-homogeneous with
non-Newtonian rheology. Whether this carrying medium (,vhich may be referred
to as paste) acts as a vehicle for coarser particles (Chapter Three, Wasp's method)
or as an annular layer (Chapter Five, Plug Flow), the outcome is beneficial due to
higher flow rates ofsolids at lower water content, and to substantial saving in
pumping energy. Positive displacement pumps are usually used in addition ta any
potential energy available in the system. This type ofhigh density fill offers high
strength properties with minimum cement requirements and no excess water.
Bulkheads are not required as there is no risk ofliquefaction.

The technology ofhigh density backfill has been the focus ofa great deal of
attention by the mining industry worldwide due ta its advantages. Sorne of the
main contributors and/or users ofthis technology are :

1. Preussag-Bad Gmnd mine, Gennany
2. Chamber ofMines and the University ofWitwatersrand, South Afiica
3. Lucky Friday mine, Hecla Mining Co., and the U.S. Bureau ofMines, USA
4. Elura Mine, Australia
5. Dome Mine, Canada
6. INCa - Mines Research Department, Canada
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Details about fil1 preparation facilities and the delivery methods of sorne of the
above mines are found in Hartman et al. (1992).

1.3 THESIS OBJECTIVES AND CONTRIBUTIONS

The objective ofthis thesis is to select, evaluate and contribute to sorne of the
methods of analysing pipe flow of solid-liquid mixtures in the context ofmine
backfil1 pipeline transportation. Tlùs task is required to enable those involved in
the design and implementation ofpipeline transportation systems in the mining
industry to make more informed decisions regarding the flow conditions required
to establish reliable and cost effective backfill operations. Incidence ofblockages,
burst pipes, and operational difficulties are still common in many mines, although,
progress has been reported in the technicalliterature (Bouzaiene and Hassani,
1992) on methods that may he useful in solving such problems. However, the
details of these methods are often scattered over a number of sources, which do
not always address slurry flow problems in the particuiar context of the mine
backfil1 industry.

Thus, this research sets out to investigate the flow mechanics ofmine backfill
slurries in pipelines with particuiar attention to high density 00, which has become
the preferred material for stope filling, due to its advantages over hydraulic 00.
Various empirical, rheological and mechanistic approaches are identified and
analysed along with sorne aspects pertinent to experimental testing ofbackfill
slurries. Figure 1.4 shows typical distributions ofsolid particles in a pipe cross­
section for each flow condition investigated and the corresponding method of
analysis.

The original contribution ofthis work is, particuiarly, in the development of an
analytical model for high density backfill wherein Plug Flow with a Bingham
plastic annuiar layer is assumed to be the flow mechanism. Tlùs model offered
pressure 1055 predictions in good agreement with published data. It may also be
used as an analytical alternative to MO')n"y'~ method for analyzing the annuiar
layer effect in pipelines for mixtures in Plug Flow.

Although the Plug Flow Mechanism has been known qualitatively for many years
to describe the flow ofmany types ofhighly concentrated mixtures (such as fresh
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•

concrete), the proposed approach may be the first attempt at formulating a

comprehensive predictive model for describing it within the framework of the

mining industry. The contribution of this model is also in finding the link between

mix-proportioning, aggregates void content, and the resulting pressure gradient via

the introduction of a parameter k (equal to RlIR2, the ratio of the core to pipe

diameter) for which two predictive methods are proposed:

1) Using a rheological approach

2) Using a volume balance of the Plug Flow Model components

In conttast to the CUITent trial-and-error practice, this approach may be considered

a more systematic basis for designing mixtures capable of Plug Flow (as defined in

Chapter Five), and predicting their behaviour.

Since not all backfill mixtures can be transported in Plug Flow, other flow models

are considered: empirical for settling slurries, rheological for non-settling

suspensions, and mechanistic for mixed regimes flows. The most relevant of these

methods are selected and analysed.

The remainder of the thesis is laid out as follows:

Chapter Two dea1s with the fundamental concepts common to the study of solid­

liquid mixtures in pipes. Reference to these concepts is made throughout this

study.

In Chapter Three, selected empirical approaches used for analysing the flow

characteristics and predicting the pressure drop and critical velocity of settling

slurries are presented. Special attention is given to Wasp's method, which is unique

among semi-empirical approaches in its ability to handle slurries with wide

partic1e size distributions similar to that of sorne hydraulic backfill mixtures.

Chapter Four focuses on non-settling slurries and the rheological approaches for

the ana1ysis of their flow behavior. A numerica1 method is proposed for calculating

parameters associated with the Metzner & Reed (1955) approach to obviate the

need for graphica1 methods for estimating rheologica11?arameters K' and n' for the

case of a Power Law mode\.
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Chapter Five deals with mixtures at relatively high concentration moving in Plug

Flow with a Bingham plastic annular lubricating layer. An original approach for

designing such mixtures, and explaining their flow behaviour in terms of the

annular layer effect is presented.

ln Chapter Six, a detailed analysis of an updated version of the two-layer model is

presentecl, where the holdup effect in the lower layer is taken into account, and the

concentration distribution in the upper layer is described by a second order

diffusion equation. A fast converging root finding algorithm is implemented to

solve the model equations .

Chapter Seven gives a description of the miscellaneous aspects of experimental

testing of backfill slurries. A special section on a new device for meas:ning the

concentration distribution in a settling column is presented.

This study is concluded in Chapter Eight by summarizing the results and making

recommendations for future investigations.
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Figure 1.4 Schematic slurry flow models and
corresponding methods of analysis
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CHAPTERTWO

FUNDAMENTAL CONCEPTS

In developing and discussing flow models ofbackfill slurries and solid-liquid
mixtures in general, the definition ofa number ofkey concepts and their
underlying assumptions is required. A basic understanding ofthese concepts is a
prerequisite to using them in any modeling procedure. It is proposed in this chapter
to present the most relevant parameters used in the modeling ofbackfill slurry
flow and to discuss the scope oftheir usefulness and their limitations.

2.1 Characteristics ofBackfill Distribution Systems

There are fundamental differences between hydraulic fill distribution and
conventional slurry transportation. In addition to lateral fill movement, backfill
systems are characterized by extensive vertical or near vertical downward flow at
relatively high solids concentrations. Making use ofthis available potential energy
in the system for fill placement may obviate the need for any additional pumping
equipment and its associated cost. However, gravity-flow backfill systems are
subjected to unsteady flow conditions resulting from free fall in the vertical drops.

According to Thomas et al. (1979), the emphasis with fill distribution systems
should be on engineering for reliability rather than the conventional minimum
friction loss approach. This is due to the fact that casts incurred from interrupting
the miningfbackfill cycle far exceed potential cost savings in a tightly designed fill
distribution system. With a we11 designed fill distribution system; blockages, pipe
bursts and accelerated wear must be prevented even at some extra costs resuiting
from higher safety factors.

Another important difference between hydraulic fill transportation and
conventionai slurry conveying is the fact that the particle size distribution of solids
is usually determined by the milling process (for maximizing minerai recovery)
and mine specifications (for highest strength and stability properties) rather than
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• by the transportation requirements (for flowability and minimum pressure loss).
The task of the backfill system designer is to modify the nm-of-the min particle
size distribution to give the fill material acceptable flow characteristics in the
pipelines and adequate support properties in the stopes.

Backfill practice requires the fill to be placed in the stopes at the higilest possible
solids concentration. It was determined experimentally that the maximum flowable
solids concentration for classified min tailings fin slurry is about 49.s per cent. by
volume (Stewart, 1959).

2.1.1 Basic Configurations For Fill Distribution

There are three possible configurations for moving the fill material from a point
on the surface to the stope underground as shown in Figure 2.1.

Configuration A has the advantage ofbeing totally contained underground, thus
causing no disruption to surface activities. Furthermore, the ratio ofthe vertical to
horizontal distance is usually so favorable that little or no pumping energy is
required ; in fact, measures to restrict the flow velocity are sometimes taken to
control the wear rate ofthe pipeline system.

The disadvantages ofsuch a circuit become apparent when the ratio of the vertical
to horizontal distance is relatively large or small. The first case is encountered in
deep mines where the stope to be filled is close to the vertical drop section of the
pipeline. This results in very high pressure at take-off point, and a burst line may
disrupt the shaft level or main level operations. In the second case, a pump may be
needed to convey the fill in the horizontal section of the pipeline with the incurred
additional energy and maintenance costs.

Configuration B bas the advantage ofmaking the conversion from vertical head to
horizontal pressure progressive, thus shorter and lighter pipes can be used. The
pressure at take-offpoints are moderate and line failures, ifany, do not disrupt the
main shaft or main level of operation. The circuit can be developed progressively
as the mine expands. The disadvantages of this configuration are in tenns

increased maintenance costs resulting from the stepwise pipeline paths.
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• Configuration C has the advantage of easy installation, inspection and
maintenance, with no special underground level and no disruption of the main
shaft. However, such a system make'l the filling operation dependent upon a
pumping operation and requires a long borehole to place fill underground which
results in high pressure take-offpoint. Furthermore sorne disruption to surface
activities is possible, and in very cold weather, freezing may be a problem.

2,2 Energy Equation For a Backfill System

The hydraulic design ofmining backfill transportation systems is based on head
loss analysis, line velocities and fiow regimes. Analysis usually starts by the
Bernoulli equation for the conservation of energy. As applied to continuous
incompressible fill fiow in pipeline, this equation may be stated as fol1ows:

(2.1)

The terms of this equation are ail expressed in energy per unit mass of fiuid. They
represent from left to right : pressure differential, kinetic energy change, potential
energy change, and the difference between pump e'lergy input and energy lost to
friction. lX is a kinetic energy correction factor that depends on the velocity profile.
lX ranges between 0.5 for a parabolic velocity profile to 1.0 for a fiat one.

The hydraulic (or piezometric) head is defined as :

P
HH=h+­

pg

and total (or stagnation) head is defined as:

P V2
HT=h+-+­

pg 2g

(2.2)

(2.3)

The hydraulic grade is the slope of the straight line drawn through the hydraulic
heads along the pipe and represent the rate at which the hydraulic head deereases
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Figure 2.2 Def"mition of the terms in the BemouUi equation
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• as a result of the pipe friction along the pipeline. The hyclraulic grade line and the
energy line (representing the total head) are shown in Figure 2.2.

The hyclraulic grade line is a very useful graphical design tool for checking the
pressure magnitude in the pipeline. For example, if the hyclraulic grade line falls
below ground level, a negative pressure is indicated. This would result in
cavitation, a wear- accelerating phenomenon manifested by periodic vaporization
and recondensation ofthe fluid, and with the solid particles present, this could
cause a sand-blasting effect capable of eroding the pipe wall.

Slackflow is also a phenomenon associated with a negative hyclraulic grade line. lt
is manifested by the pipe operating partially full with the open portion above the
fluid filleci with vapor as a result ofthe negative pressure. This uneven load can
cause an accelerated wear rate which shortens the life span of the pipeline.

Thus to avoid slack flow and cavitation, it is required to design the pipeline system
such that the hydraulic grade line never intersect or fall below the ground profile.
It is also recommended that at the pipeline outlet, the hydraulic grade line encis
with a positive (non-zero) magnitude as a safety factor. These principles are
illustrated in Figure 2.3.

In the case ofa gravity-fed bacIdill pipeline system, the energy balance occurs
between the driving hydrostatic head on one side, and the kinetic energy and the
energy losses due to friction on the other. It is assumed that the system is under
full flow and steady state conditions, that inIet and outlet pressures are
atmospheric, and that the rate of change of level in the storage tank is negligible.

The energy balance is thus expressed by the following equation:

(2.4)
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• where:

.MI = total hydrostatic head (potential energy available)
Hf:. = energy loss caused by friction in a pipe segment

1

Ui = velocity through a bend, fitting or valve
Ud = velocity at the discharge end of the pipeline
Ki = flow resistance coefficient

The assumption of the incompressibility ofthe fluid is usually valid; however, the
continuity condition may not always be satisfied, especially in the free fall
sections of the vertical pipes or boreholes. Free fall should be avoided as it can
cause inlet static pressure below atmospheric and hence drawing air into the fill
line. Furthermore, pipe hammer resulting from impact, as the flow joins the full
flow section of the pipe, may cause accelerated wear of the pipeline.

In practice, it is important to know the location and the magnitude of the points of
maximum pressure developed in the system in order to select pipe materials and
fittings capable ofaccommodating such operating conditions. Knowledge of
whether the system is operating under full flow or free fall conditions is also
required.

Maximum pressure is developed at the lowest point ofthe vertical section of a
pipe or borehole. In such analysis, It is common to assume that kinetic energy is
negligible compared to other terms in the Bernoulli equation. Furthermore, ifthe
energy equation is written between two points in the system at atmospheric
pressure such as the inlet and exit points for example, then titis energy equation
becomes merely a balance between the potential energy available in the system
and the frictional energy losses.

The potential energy ofthe system is that ofthe equivaient verticallength ofslurry
between the inlet and the outlet ofthe pipe system. Frictional energy losses, on the
other hand, depend on the flow velocity, specific gravity, particle size distribution
and concentration ofthe fill slurries.
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Figure 2.3 Hydraulic grade Iines
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• The Darcy-Weisbach equation has been a standard method for estimating such
frictional pressure losses. This equation requires knowledge of the friction factor.
If no previous data are available about a particuIar slurry, flow tests over a wide
range of Reynolds numbers may be required to determine such friction factors. If
the slurry is designed to flow in the laminar regime, rheological experiments have
to be conducted to determine the rheological parameters. Depending on each case,
appropriate methods as described in the following chapters shouId be applied to
predict frictional energy losses.

2.3 Backtill Distribution System Design Principles

When designing an hydrauIic fill system, it is recommended to use as high a solids
concentration as possible in order to minimize the volume ofwater for fill
transportation. The operating flow velocity shouId be as low as possible to
minimize pipe wear, but high enough to keep coarser particles in suspension.

Critical velocity is usually introduced as a lower bound for the operating velocity
below which deposition ofsolid particles forms a stationary bed in.dicating
imminent plugging ofthe pipeline. As solids concentration increases, critical
velocity becomes less relevant due to the hindered settling tendency of the
particles.

In order to reduce the effeet offree fall on the flow behavior ofthe slurry, pipe
diameter in the free falI region may be reduced or sorne method of restrieting the
flow shouId be provided. Reducing pipe diameter may offer a suitable and
economical solution. However, restricting flow velocity at the slurry inlet and/or
exit, in order to reduce pressure losses, may resuIt in a free falI situation if the
entry velocity becomes less than the natural flow velocity of the system. Practical
examples to illustrate this point are found in Thomas et al (1979).

The basic data required for the design ofa backfill transportation systems are
defined as follows:

~

1) The volume ofthe void to be filled per day V, (m.)/day):
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• It can be estimated from the average production output M (Tons/day) and the unit

weight of ore 'Y (T1m3) as given ::'y:

(2.5)

2) The fill delivery rate Qp (m31hr) is given by:

(2.6)

where T, (br/day) is the fill delivery time per day of operation.

3) The slurry discharge rate Qs(m31hr) is given by:

(2.7)

where:

K is a coefficient that accounts for a percentage loss of solids during placement
(e.g. K=1.05), and Cv is the solids concentration by volume.

4) The slurry operating flow velocity Vop (m1s~c) is given by:

•

9001tD2

where D is the pipe diameter in meter.

2.10
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2.4 Particle Size Distribution

Particle size distribution is one of the primary properties used to characterize a
mixture ofsolid particles. Along with the specific gravity of solids and their
concentration, it has a strong influence on the flow behavior ofthe mixture. There
are many ways of presenting a particle size distribution. The Most common in the
field ofhydrotransport is the cumulative distribution by weight (oversize or
undersize) often obtained by sieve analysis using the Tyler mesh scale. To detect
the presence ofmore than one mode in the distribution, a "unit-interval"
distribution curve or a histogram May be used, which is made up of the various
bars corresponding to different screen sizes and having heights equal to the
individual percent retained values.

For mono-modal finely powdered materials Many empirical models are available
in the literature that could be used for curve fitting. More than one distribution
May fit weil a set ofmeasurements. The Gates-Gaudin-Schumann has the
advantage ofbeing the simplest. Table 2.1 lists the Most common two-parameter
models of these distributions. Ps(d) is the cumulative fraction finer than screen

size d. The parameter are dSO (median size) and m (dimensionless parameter) or

the standard deviation CI •

2.4.1 The Black Mesa Particle Size Distribution

The success ofthe Black Mesa pipeline project was in part due to the extensive
laboratory investigation on the optimal size distribution for minimal pumping
energy required for transporting coal in pipelines over a long distance. This
particle size distribution became an industry standard often used for comparison
(Hanks et al., 1982). The cumulative particle size distribution and the
corresponding histogram are shown in Figure 2.4 and 2.S respectively.
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• Table 2.1

Two-parameter Particle Size Distribution Functions
(after Shook and Roco 1991)

Distribution

Gates-Gaudin-Schwnann

Gaudin-Meloy

Log normal

2.12

x

(~) fexp(-~) dt

-co

In(dldSO)
wherex= InO"
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• 2.5 Particle Size Classification

When the particle size distribution is made up of several size fractions ranging
from fine to coarse, it is necessary for the purpose ofsorne hydraulic design
methods to delineate the fine fraction from the coarse one. An important criterion
for such delineation is the terminal settling velocity of solid particles. For a
spherical particle, the terminal settling velocity in still water is expressed by:

v =o (2.9)

The fine fraction ofa suspension which remains symmetrically suspended during
flow, may be defined by an upper limit on the particle size whose maximum
terminal settling velocity lies in the laminar zone. According to Stoke's law, the
drag coefficient for a sphere in the laminar zone is given by :

(2.10)

where the Reynolds number is given by:

(2.11)

Substituting Equation (2.10) in (2.9) reduces the terminal settling velocity to:

(2.12)

The limiting Reynolds number in the larnjnar zone may be taken as Re·=1.
Substituting Equation (2.10) in (2.9), and solving forthe maximum particle size
dmax in water, falling in the Jarninar zone:
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• 18 v2 Re*
g (Sçl) (2.13)

If the terminal settling velocity is in the turbulent zone. i.e. for Re = Vodp >800.
Il

then Newton's law gives (Govier and Aziz. 1987):

(2.14)

from which the minimum diameter falling in the turbulent zone is given by:

((VRe**Î2 1 11
dmin = ll1.7408) . g(Ss-l) (2.15)

with Re** = 800
2

If water is the suspending fluid with v =10-6 ;;:c • then the ratio of coarse to fine

particle diameter is given by::

;::; = 22.72 (2.16)

•

For given specific gravity of solids. a partic\e is defined as coarse if its diameter

equals or exceeds dmin. Similarly a particle is defined as fine if its diameter is

smaller than dmax. This classification is shown in Figure 2.6

2.6 Hanks's Method for Particle Size Classification (Banks et aI.1982)

According to this method. the key concept in classifying a particle as coarse or fine

depends on its rheologica1 behavior.
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2.6.1 Fine Fraction Definition

The fine fraction of the sluny making up the suspending medium, or vehicle, is
that portion of total solids present in a sluny which, when combined with all the
free liquid carrier fluid, creates a new homogeneous carrier medium in which the
remainder of the solid particles (and any absorbed fluid) are heterogeneously or
pseudo-homcgeneously suspended.

2.6.2 Coarse Fraction Definition

A coarse fraction is defined as one which does not contribute to the rheology of
the vehicle, although it does contribute to total sluny hydraulic resistance.

2.6.3 Method for Detennining the Rheologically Active Fines

1. The particle size distribution is divid~d in size fractions as obtained from sieve
analysis.

2. Startïng with the finest fraction, one determines its shear stress versus shear rate
dependence as a function of solids concentration over a wide range. Yield stress (if
present) should be determined.

3. A new set of slurries consisting of the original fraction plus the next one in
order are prepared in the proportions called for by the particle size distribution;
and the rheological measurements are repeated as a function oftotal solids
concentration.

4. Plot the parameters of the rheological model used to describe the behavior of the
above suspensions as a function ofthe "equivalent" total solids concentration
(defined below) for each of the slurries.

5. If the addition of the next higher fraction does not effect the magnitude of the
rheological parameters detennined for the previous size fraction alone, then the
limit ofparticle size influence on rheology is determined.
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• The equivalenr total solids concentration (i.e. the saturated solid volume fraction in
the slurry) is given by:

(2.17)

whcre:

Wss= weight fraction of dry solid in the saturated solid material
Wts = dry weight fraction of total solids in the slurry

Ps = density of dry solids

PL = density of the liquid

ln such a slurry, the vehicle portion consists of the fraction (~) ofrheologically
active fines plus the water which is absorbed in these solids plus all the free water.
By a volume balance, the volume fraction ofsaturated solids in the vehicle portion
is related to the volume fraction of saturated solids in the total slurry by the
relation:

'sv = 1 • (l-~) 'ss

where:

(2.18)

~= fraction of the particle size distribution determined to be rheologically active

Thus given 'sV' the corresponding equivalent total slurry concentration is given

by:

(2.19)

ln Hanks et al. (1982) experiments with coal having a Black Mesa distribution,
only particles finer than 44 microns were found to be rheologically active. The
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• remaining particles were considered coarse , i.e. they contribute to the overall
hydraulic resistance of the slurry through heterogeneous flow phenomenon only
(not rheological phenomena).

2.7 Mean Particle Diameter

The best way to represent particle size characteristics of a mixture ofsolid
particles is to display its particle size distribution. If it is required to have a single
measure of central tendency ofthe distribution, then various mean particle
diameters are available depending on the intended application.

Among the common ways of describing a representative size ofbackfill material of
graded particles is the dSO size, Le. the size corresponding to 50 percent passed of

the total sample by mass. Other sizes such as d8S have been used to characterize

the average particle size of the coarse fraction of the slurry. Other mean diameters
sometimes used to represent the distribution are: the volume mean dvrn, specific

surface mean dssm, and mass mean diameter dmm, as given by (Hanks 1981):

(2.20)

(2.21)

~'w'd'J JJ
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where ~Yj =Yj - Yj_1 is the j-th increment in percent undersize and Wj is the

weight fraction of the j-th increment.

2.8 Solids Concentration

Solids concentration is defined either on a volume or weight basis. Most equations
include the solids concentration by volume:

(2.23)

The solids concentration by weight is given by:

The relation between the two concentrations is expressed by:

CvSs
C =-S­w m

(2.24)

(2.25)

The expressions relating the specifie gravity ofthe mixture to the concentration by
volume and by weight are respectively given by:

(2.26)

(2.27)

The mass flow rate of solids-a parameter of practical interest, is given by:

(2.28)

Where the volumetrie flow rate Qis expressed as:
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• (2.29)

2.9 Holdup Phenomena

The holdup etIect is measured by the holdup ratio H, defined as the ratio of
average in-situ concentration to the mean discharge concentration. When solid
particles are suspended and transported by a moving fluid, the fluid phase tends to
have a higher in-situ average velocity than the soUd one. This may explain the so­
called "slip" of one phase past another or "holdup" of one phase relative to
another. This slip velocity may be predicted by the Ergun's equation as shown in
Chapter Six on the two layer model.

Holdup is a significant pararneter when dealing with saltation or moving bed flow
regirnes, for which transport is by asyrnrnetric suspension. This may account for
the error in many empirical correlations corresponding to such regirnes in
predicting pressure losses. For syrnrnetric flow regirnes, such as homogeneous or
pseudo-homogeneous, it is common to assume that holdup is negligible.

2.10 Terminal Settling Velocity

The terminal settling velocity is defined as the velocity reached by a particle (with
density pp) falling in a still fluid (with density p) when the gravitational force Fg

just balances the drag force Fd. respectively given by:

(2.30)

(2.31)

Which yields the terminal settling velocity:
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• v =o (2.32)

The drag coefficient Cd is a function of the Reynolds number. By substituting the

values of Cd corresponding to laminar, interrnediate and turbulent flow, the

terminal settling velocity may be calculated as follows (Govier and Aziz, 1977):

dVop
Laminar region , m < 1

dVop
Transition region, 1 < < 1000

J.1

rd Va R)-0.625
Cd=l m

( (p -p)ÎO.72 045
Vo =0.2lg ~) d1.18 (~f .

dVop
Turbulent region, > 800

l.l

2.23
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(2.34)

(2.35)

(2.36)

(2.37)
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• For irregularly shaped particles common in practice, the terminal settiing velocity
is lower than that of spherical particles of comparable size due to the higher drag
co.::fficient of irregular particles. lt is common to correct for this error in settiing
velocity by multiplying the terminal settiing velocity fCl ci spherical particle by a
shape factor 1<, which is a function of the sphericity defined as:

dav
1jI=­

nds

where:

(2.39)

dav= average screen size ofthe particle

ds= diameter ofa sphere having the same volume as the particle

n = ratio ofthe surface area per unit mass of the particles to that of spheres of
diameter dav

2.11 Drag Coefficient

The drag coefficient Co is defined by:

(2.40)

where FO is the drag force in the direction ofthe velocity vr of the fluid relative of

a particle with projected cross sectional area Ap. The drag coefficient Co depends

d IV~PL
on the shape ofthe particle and its charaeteristic Reynolds number Rep = ,

Il
where d is the characteristic dimension of the particle, and PL is the density of the

liquid. Cl) also depends on the particle surface roughness, the degree of turbulence

in the fluid, and the acceleration ofthe fluid relative to the particle.

The drag force on a solid immersed in a moving fluid consists oftwo components:
the viscous drag force (skin friction) and the fOIm drag. For steady Newtonian
flows past spherical particles, Co may be given by the following relations:
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• • Stoke's law where drag force is entirely due to skin friction:

24
Co = Rep' for Rep < 0.2

• lntennediate law where both viscous and fonn drag are present:

24 0.687
Co= Rep·(1+0.15Rep ),forO.2<Rep<1000

• Newton's law where only fonn drag is present:

CD = 0.44, for 1000 < Rep < 2'105

Altematively CD may be expressed by the single equation:

24 3.5 (Rep~ 4
CD =Rep + R0.3 + 0.23 k loglO 1500)' for Rep < 7·10

ep

where k = 0 for Rep < 7,104, and 1 otherwise.

(2.41)

(2.42)

(2.43)

(2.44)

For particles with broad size distribution, an estimate for a mean drag coefficient
may be obtained from:

(2.45)

where Xi is the fraction ofparticles in sereen interva1 i with median diameter~.

ln practice it is preferable to measure drag coefficient ofparticles, thus taking their
actual shape and surface characteristics into account. This is achieved by
measuring the terminal settling velocity Vs ofa single particle falling unhindered

in a settling column of diameter O. A force balance between the drag and
buoyancy forces gives an estimate of the drag coefficient as given by:
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_ 4gd(S - 1)
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00

where Voo is given approximately by :

_ ((l -O.475d1D)"')4
Yoo-Ys (l-dlD») for Rep < 1

(2.46)

(2.47)

For hindered settling, Equations (2.41) to (2.43) may be used with a modified
Reynolds number for multi-particle systems at volumetric concentration (c), as
given by (Shook, 1991):

d(l- c) IVL -vsl PL
Res = ----=---:::...-=.

ilL
(2.48)

Figure 2.7 illustrates qualitatively the influence ofparticle size on concentration
distribution, drag coefficient and settling velocity.

2.12 Transition Velocity

ln homogeneous fluids, it is the velocity at which transition from laminar to
turbulent flow occurs. This velocity is important because a significant increase in
flow resistance is observed once the flow becomes turbulent. The transition

.lcity depends on the Reynolds number, which is defined as the ratio of inertial
es to viscous forces, expressed by :

Re=DV p DV
Il v

where:
D = diameter ofpipe
y =mean flow velocity
p= density of fluid
Il = absolute (dynamic) viscosity
v = kinematic viscosity
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Figure 2.7 Effect of particle size on concentration distribution, drag
coefficient and senIing velocity (adapted from Lazarus, 1989)
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• For Newtonian fluids, the absolute viscosity is a constant parameter readily
obtained from the slope of a shear stress-shear rate curve. However. when the fluid
is non-Newtonian, an effective viscosiry equivalent to the absolute viscosity in the
Newtonian case has to be defined.

2.13 Critical Flow Velocity

Turian et al. (1977) defined the critical velocity as the minimum ve/ocity

demarcatingf/ows in which the so/ids form a bed at the bottom ofthe pipe from

fully suspendedf/ow. This velocity is also referred to as the minimum carrying or
the limiting deposit velocity, and it is one of the most important design parameters
in slurry transport. It is the transition velocity between heterogeneous flow and
moving bed flow.

Other authors defined the critical velocity as the transition velocity between
moving bed flow and station81'Y bed. A more systematically defined Cfttical
velocity that usually falls between the aforementioned velocities is the one
corresponding to the minimum in the pressure-velocity curve.

2.14 Velocity Distribution

For a homogeneous fluid in turbulent flow, an expression for the velocity profile
may be obtained by making use ofthe mixing length theory developed by Prandtl.
This velocity is given by:

U 1 v
- = -ln( ...l-:)
U· 1C yo

where:

u= instantaneous velocity in x-direction

U· =~ =friction velocity

1C = Von Karman constant ( = 0.4)
Y= distance from the bottom ofthe pipe
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y0 = constant

The above equation is based on the assumption that the mixing length is
proportional to the distance away from the pipe wal~ Le.:

(2.51)

The mixing length is defined as the mean distance traveled by the fluid element
over which it retained its original properties (such as velocity); at greater distances
than the mixing length, the fluid element mixes with its SUITOundings.

It is found experimentally (Wasp et al., 1977) that the above equation is valid only
near the pipe wall. An approximate solution for the velocity profile is obtained by
assuming that Equation (2.5]) is va1id over the whole boundary layer, and is given
by:

Umax - U r
U. 5.75 log10 (y) (2.52)

which is va1id only in the region away from the wall. A general fonn for the
expression of the velocity profile that covers the whole boundary layer may be
expressed by:

Umax-U
U· (2.53)

where r is the radial distance from the pipe axis. The exact fonn of this functional
relationship is not known.

For the asymmetric suspension mode ofsolid liquid mixtures, Newitts et al. (1962)

have developed an empirical expression for predieting the velocity in the case of
water mixture ofcoarse and sand gravel. They correlated the displacement ofthe
maximum velocity with the equation:
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• D (_ ~J1.81
y' - 2 = 15.2 c-\j~ (2.54)

where y' is the distance from the bottom of the pipe to the point of the maximum
fluid velocity. The velocity profile below the maximum point is given by:

(I_R*)"t
wSc

= (0.1176 - 0.0538 log C) ( 1-1;)
Pw Y

(2.55)

where R* is the ratio of the velocity at a point to the maximum velocity in the
presence of solids, divided by the corresponding ratio for water alone at the same
hydraulic gradient, and y is the distance from the bottom of the pipe. Above the
point ofmaximum velocity, they found the velocity profile to be described by the
simple 1/7 power law (Govier and Aziz, 1987).

Experimental investigations of solid-liquid flow have shown that there may he
significant asymmetry of the velocity curves, especially in the case of large
particle suspensions.

2.15 Viscosity

By definition viscosity is a property for continuous media having homogeneous
and isotropic properties. It applies to fluids and to colloidal (non-settling)
suspensions with fluid-like behavior. It is a rheological property defined as the
ratio of shear stress to the rate of shear , Le. :

"t
J.l = _dVldy (2.56)

The above equation describes the absolute viscosity. The kinematic viscosity is the
ratio of absolute (dynamic) viscosity to density ofthe fluid, i.e.:

o=!!
P
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(2.58)

Newtonian fluids are those for which the shear stress is directly proportional to the
rate of shear. Fluids which do not satisfy this condition are called non-Newtonian.
For such class of fluids. there are severa! models each describing a specific shear
stress-shear rate relationship. which will be discussed further in Chapter Four.

For solid-liquid suspensions, the concept ofviscosity is a rather "sticky" subject.
The difficulty arises from the fact that a suspension is inherently a discontinuous
medium; whereas the attribution of rheological properties to a material assumes it
to be a continuum. For non-colloidal suspensions made up oflarge fraction of
settling coarse particles, the concept ofviscosity becomes inapplicable. On the
other hand, when the solid fraction is sufficiently fine and forros a colloidal
suspension capable of meaningful rheological characterization, the rheological
approach acquires great practical significance.

ln practice, when dealing with a slurry with a wide particle size distribution, the
concept ofapparent viscosity is introduced to characterize the rheology ofthe
suspension. It is defined as the ratio ofwall shear stress to the rate of shearing
strain as given by:

'tw
~= (-:1)

Apparent viscosity is very sensitive to solids concentration. Severa! analytical and
empirical models are found in the literature describing this dependence. Sellgren
(1989) proposed a semi-empirical expression given by:

~ =(1- C)-13
110 ex

(2.59)

where ex and 13 are coefficients determined from rheological measurements. In case
ofnon-Newtonian fluids. it is common to define an effective viscosity as the ratio
ofshear stress to average shear rate at the boundary. For pipes. the effective
viscosity is given by:
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• (2.60)

where D is the pipe diameter and Y is the mean flow velocity.

For Bingham plastics and pseudo-plastics, the effective viscosities are respectively
given by:

l1e(Bingham) = "(1+~). for~ < 0.4

(3n+1~(8Y.1n-1Ile (Pseudo-plastic) = K """4n) D)

2.16 Pressure Gradient

(2.61)

(2.62)

Once the pipe diameter and the operating velocity are selected, the pressure drop
down the pipeline has to be estimated so that pumping power requirement can be
determined, and the proper pump capacity selected. For water flow in pipes, the
Darcy-Weisbach equation is usually used to compute the head loss due to friction,
asgiven by:

ÔP 2fL y2
hf= pg=Dg

where:

hr= head loss due to friction

f = friction factor
L = length ofpipe
y = flow velocity
g = acceleration ofgravity
p= density offluid
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Sometimes, the head loss equation is given by:
À.L V2

hf= D 2g (2.64)

In this case, it should be understood that the corresponding friction factor
(À) (somelimes designated by fin the literature) is 4 limes the friction factor f
defined by equation (2.63). For consistency, only the friction factor f as defmed
by equation (2.63) will be used henceforth.

Most ofthe empirical equations used to predict the pressure loss in the transport of
solid-liquid suspension are of the form:

(2.65)

where K and n are empirical constants determined from data collected by loop
tests. Jw is the pressure loss incurred from the fluid phase, and is usually

computed using Equation (2.63). In this equation, the effects of solids
concentration C, specific gravity Ss, and drag coefficient Cd are taken into

account. Various correlations based on this model are presented and discussed in
Chapter Three. Figure 2.8 summarizes the various parameters influencing the
pressure gradient.
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Figure 2.8 Main variables affecting pressure gradient in pipeline slurry Dow
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• CHAPTER THREE

TRANSPORT OF SETTLING SLURRIES

EMPDUCALAPPROACH

The objective ofthis chapter is to present and compare some selected empirical
approaches used for analysing the flow characteristics and predicting the pressure
drop and critical velocity of settling slurries. Special attention will be given to
Wasp's methoe!, which is wùque among semi-empirical approaches in its ability to
handIe slurries with wide particle size distributions similar to that of some
hydraulic backfill mixtures.

3.1 Flow Regime Classification

To characterize the slurry and the flow conditions, and to match them with an
adequate pressure loss prediction methoe!, three fundamental parameters will be
usee!, namely: flow velocity, solids concentration and particle size (for solid
particles with a given density). For each combination offlow velocity, solids
concentration and particle size, a description of the most likely prevalent flow
conditions and some known methods of dealing with them will be presented.
Qualitative defuùtions ofhigh and low magnitudes ofthe aforementioned
parameters will be given as a general guide to this classification scheme.

Slurries are usually classified as settling or non-settling. Settling slurries can be
transported in one ofthe following flow regimes:

• Pseudo-homogeneous
• Heterogeneous
• Saltation
• Movingbed

3.1
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Figure 3.1. Schematic plot of pressure drop vs. Dow
velocity (adapted from Govier and Am, 1987)
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• Such slurries have a characteristic pressure drop-velocity curve as shown in

Figure 3.1. Except for sliding bed flow; turbulence and buoyancy are the main

suspension mechanisms for these regimes. Flow velo~ity is usually controlled by

the pressure available upstream of the flow. The main factor that controls the

settiing behavior are the specifie gravity of solid particles, their size and shape, the

volun;etric concentration of the sluny and the degree of turbulence in the flow.

Atte:'lpts to classify flow regimes as a function of particle size have been made.

For example Durdnd and Condolios (1952) concluded that for the hydraulic

transport of sand with a specific gravity of2.65, ~~ch classification is given by:

• d < 40 J.UIl . (non-settiing) homogeneous suspension

.40 J.UIl < d < .015 mm heterogeneous flow

.0.015 < d < 1.5 mm Saltation flow

• d > 1.5 mm moving bed flow

Wilson (1982) found that the boundary between fine particle and coarse particle

behavior can be shown graphically as the locus on a plot of pipe and particle

diameter based on water as a carrier fluid. He pointed out that a particle may shift

from fine particle to coarse particle behaviour and vice versa depending on pipe

diameter and to a lesser extent on the specifie gravity ofthe solid particles.

3.2 Definition of Coarse and Fme Particles

As shown in Chapter Two, the maximum particle size in water falling in the

laminar zone for non-interacting spherical particles, as found from Stokes law, is

given by:

_ ( 18 y2 Re·V13
dmax - g (S-l) )

with Re· = 1 as an upper limit criterion for laminar flow.
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• Similarly. the minimum diameter falling in the turbulent zone is given by:

(I(VRe** Î2 1 )1/3
dmin = ~ 1.7408) . g(Ss-I)

with Re** = 800

(3.2)

•

Since settling velocity is hindered in most slurries due to particie interaction.

dmax may be considered as an approximate upper limit for the top size of what

would be defined as afine panicle. Similarly dmin may be considered an

approximate lower limit of what would be defined as a coarse particle.

Alternatively. a fine particle may be defined as one which is rheologically active.

otherwise it is considered coarse. Chap!er Two outlined a method for determining

this property. Figure 3.2 illustrates the combined effect of particle size and specific

gravity on the flow regime. and Figure 3.3 shows the combined effect of particle

size and flow velocity.

3.3 Definition of High and Low Solids Concentration

Low solids concentration is dt:fined as one in which particle interaction is not

significant and may not change the Newtonian character of the carrying fluid.

Conversely, High solids concentration may be defined when the aforementioned

conditions are not met.

3.4 Definition of High and Low Flow Velocity

High flow velocity is defined as the velocity range inducing a degree of turbulence

sufficient to suspend a coarse particle in the flow. Lowflow velocity is assumed to

be large enough to induce laminar flow of the slurry or to sustain a stable laminar

annular layer around a core of solid particles in plug flow (as described in Chaptcr

Five). Figure 3.4 illustrate the combined effect of solids concentration and velocity

on the flow regime.
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•
Figure 3.2 Combined effect of particle sae and specifie gravity on
tbe tlow regimes (adaptee:! from Chem. Eng., June, 1971)
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Figure 3.3 Combined efJect of partide and fiow velocity
on fiow regime (adapted from Raudkivi, 1990)
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•

Figure 3.4 Flow regimes as a function of concentration and
flow velocity (adapted from Raudkivi, 1990)
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• 3.5 Case #1: Low Dow velocity - Low solids concentration - Coarse particles

This combination would most likely result in a sliding bed along the bottom of the

pipe or saltation flow condition where particles are altematively picked up by the

liquid and deposited further along the pipe.

Saltation flow is an unsteady f10w condition which occurs at lower 110w velocity

compared to turbulent heterogeneous suspension. and at higher flow velocity

compared to sliding bed flow. Zandi and Govatos (1967) proposed a 110w regime

delineation criterion given by:

y2-J§
Ni= C D g (5-1) < 40 (3.4)

If satistied, this criterion indicates that the flow regime is either saltation or sliding

bed but not heterogeneous. Turian anc! Yuan (1977) used an empirical method for

flow regime delineation. where they curve-fitted 2848 data points belonging to

various flow regimes. They defined regime number configurations giving a more

systematic way of delineating flow regimes. They also defined the friction factor
for slurry (f) and for water (fw) flowing at the same velocity as given by:

(3.5)

By curve fitting 1230 data points belonging to saltation regime, they found that :

•

f - fw = 0.9857 Çl

where:

_ 1.018 1.046 -0.4213( y2 r1.354
Çl- C fw Cd lOg(S-l))

3.8
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Once the sluny friction factor is deterrnined., the pressure 1055 can be readily
obtained. For sliding bed flow, a simple equation was derived by Newitt et al.
(1955), which related the flow resistance to the friction between the solid particles
and the bottom of the pipe wall. They assumed that the magnitude of the flow
resistance is proportional to the coefficient of friction and the apparent weight of
solids in unit length ofpipes. The pressure 1055 equation they proposed is given
by:

I-IW pD
-.= K(S- 1)<>=
Clw V2

(3.8)

Where K is an empirical constant proportional to the coefficient of friction. An

Upper lirnit for the incremental head 1055 in the case ofa sliding bed flow may be
obtained with K=60.

3.6 Case #2: Low f10w velocity - High solids concentration - Coarse particles

This combination would most likely lead to a stationllJ)' bed condition which
would eventually result in a plugged lïne. Therefore this situation is to be avoided.
Preventive measures to avoid pipe blockage are discussed by Takaoka et al.(1980).

3.7 Case #3: High tlow velocity - Low solids concentration - Coarse particles

This situation is common in practice. The flow in this case would most likely be
heterogeneous, where solid particles are held in suspensions by turbulent eddies.
The best known empirical approach to predicting pressure 1055 in such condition is
that ofDurand and Condolios (1952). Their work dealt with the hydraulic
transport of sand in water with particles size up to 1 inch in diameter and
volumetric concentration up to 22 percent for pipe diameters ranging from 1.5 to
22 inches. Their empirical equation is given by:

(3.9)

where " the dimensionless excess headloss function is given by:
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• (3.10)

im = sluny mixture frictional headloss (meters offluid per meter ofpipe)
iL = fluid frictional headloss in the same pipe at the same flow velocity

_y2-v§
Il' - g D(S-I) (3.11)

A value ofm = 1.5 was originally used by Durand and Condolios( 1952). A value
ofK=150 has been used to fit a wide range cfexperimental data (Hanks, 1981).
Yariations of the Durand equation abound in the literature; which confirms the
credibility of the form of the basic original equation without precluding the
possibility of some parameter adjustments required to fit particular data.

After analyzing a large number of data, Zandi and Govatos (1967) concluded that
the Durand equation would be valid only ifbi.e criterion for heterogeneous flow is
satisfied, as given by:

._ y2-J§
N1 - CDg (S-I) >40 {3.12)

3.8 Case #4: High flow velocity - High solids concentration - Coarse particles

Most empirical equations in connection with coarse-particle hydraulic transport
deal with relatively low concentrations. Therefore, extending such equations to
cases where concentration is high may lead to unreliable results. Instead, Wilson's
model for dense- phase flow (Wilson, 1982) could be used as a method of
analysis.

It is expected that with high concentration ofcoarse particles and high flow
velocity; mechanical friction between solid particles and pipe wall will be
excessively high, leading to accelerated pipe wear. Dewatering (or desaturation) of
the mixture due to the slip of the fluid phase past solid particles may lead to a
plugged pipe.Therefore this mode ofsolid particles transport is not recommended.
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• 3.9 Case # 5: Mixed Flow Systems

Some of the main contributions to the analysis ofmixed flow systems May be
attributed to two sources. The first source is Wasp et al. (1977), who introduced
the concept of two- phase vehic/e, which was subsequently extended by Hanks
(1981) to coyer the effect of a non-Newtonian carrier fluid medium. The second
source is Wilson (1976) who introduced a mechanistic stratified flow model made
up ofa sliding bed portion and a suspended portion (described in Chapter Five) .
This method was later extended and applied by Lazarus (1989) to include wide
particle size distribution systems.

The Most nl'~ceable difference between the two approaches is that the Wasp­
Hanks method still relies on Durand's empirical equation for the prediction ofthe
pressure loss of the suspended coarse particles. Furthermore, Hanks makes use of
rheological techniques to predict the effect of the non-Newtonian behaviour ofthe
cader fluid on the overall pressure loss; whereas the Wilson-Lazarus approach
develops its predictions ofthe pressure gradient from mechanistic fust principles.

Both approaches have their merits and their limitations. The Wasp-Hanks method
seems to be suitable for relatively high flow velocity and low solids concentration
in the presence ofa sufficient amount offines to act as a vehicle for transporting
the coarser particles. Lazarus (1989) concluded, after experimentally evaluating
his method, that his correlations predict better at low and intermediate
concentration than at high concentration. Wilson's dense-phase approach could be
suitable for high concentration, although a systematic evaluation of this method for
the case ofa wide particle size distribution remains to be done.

3.10 Critical Deposit Velocity

Most suspensions exhibit some degree of settling which depends on the relative
density of the suspended solid particles with respect to the carrying fluid as weil as
on their size and shape. Critical deposit velocity May be defined as the velocity at
or below which the solids start to form a sliding bed. This velocity usually falls

close to the minimum point in the pressure - velocity curve for single sized
particles. For multi-sized particles, this minimum point is much less pronounced.
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• In practice, this flow regirne is usually detected by visual inspection of a
transparent section of the pipeline.

Although no single fonnula claims to predict the critical velocity for ail slurries.
the equation developed by Durand (1957) is usually used as a first approximation
for slurries at low solids concentration. This equation is given by:

(3.16)

Where:
D = pipe diameter
Ss = specific gravity of solids

FL = coefficient depending on the pa.'1icle size and volumetric concentration

For uniformly sized particles, the factor FL may be read from Figure 3.5 for

concentration up to 15 per cent. by volume.

Durand's equation has been modified by Wasp et al. (1977) and later by Hanks
(1981) to include the effect ofrelative particle size with respect to pipe diameter.
The modified equation, referred to as the Durand-Wasp-Hanks or DWH
correlation is given by :

(3.17)

where particle diameter dp is usually taken to be d85'

Newitt et al. (1955) proposed a relation which is based on the assumption that
Newton's law apply for the calculation of the terminal settling velocity of the
particle ; i.e. that CD=O.44, and is given by:

Vc =19.63~gD2~1)

3.12
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•
Figure 3.5 FL value vs. particle diameter, for the evaluation of
critical transport velocity (adapted from Durand, 1952)
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• For unifonnly sized spherical particles of diameter (d) flowing in smooth pipes.

critical velocity is usually asswned to be a function of three dimensionless

parameters as given by:

. ((dJ Dpo~gd(s-l) J
Vc = functlonllD)' I!o • Cv (3.19)

Other correlations in graphical form (Wilson, 1979) or in algebraic form with

various degrees ofcomplexity have been proposed (Oroskar and Turian (1980).

Wani (1986), Turian et al. (1987), Gillies and Shook (1991), Shah and Lord's

(1991), Etc. Sorne ofthese are presented below.

3.11 Oroskar and Turian's (1980) correlation

This correlation is best used for particle diameters less than 0.5 mm. It is given by:

vc ŒJ0.378 °09r=:==== 1.85CO.1536(1_C)o.3564 - Re' XO.30
,Jgcl(s-I). d P

where:

DprJgd(s-l)
Rep = I!L

00

X= J;J;rexp(-4fJ+ fexp(_4f}r ,5=~ andr=~:
r

(3.20)

Vs is the hindered settling velocity ofthe particles as given by the expression:
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Vs = Voc; (1 - C)2 (3.21)

V
Iterations are required to determine Vc. For the case where y = / < 0.5, X is

c

between 0.9 and 1.0. Thus the factor XO.3 approaches unity, and may be
neglected, hence giving an exp1icit formula for the critical deposit velocity Vc'

According to Shook and Roco (1980), this correlation is less reliable for large
partic1es in large pipes for which Gillies's (1991) correlation is more suitable.

3.12 Gillies and Shook's (1991) correlation

The critical deposit velocity is given by:

V =F~gDPs-Pf
C Pf

(3.22)

which is similar in form to Durand's equation except th:>t the equivalent fluid
density Pfand a factor F are computed by:

Ps Cf+PL (l-Cr)
Pf= 1-Cr+Cf (3.23)

where Cris the concentration of the -74J.1IIl fraction ofsolid particles, and Cr is the

. . tal l'ds . (r' ~ r' volume of -74J.1IIl solids ) d
mean rn-situ to so 1 concentratlon '-'I = "'T Total volume ofsolids ' an

F = exp(O.s1- 0.0073CD -12.5K2)

where:

~[
2 JII3 )2K2 = I!L

3
-0.14

gPLd50

3.15
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• d50 is the median diameter of the +74J.lm fraction. sL'tt!ing in a fluid of density Pf

and viscosity J.lf made up of the -74J.lm fraction of solid particles al concentration

Cr- This correlation is derived from data obtained with pipes up to 0.5 m in

diameter and slurries with viscosities between 0.5 and 5 centipoisc. It covers

coarser particles and larger pipe diameters than that of Oroskar and Turian (1980).

It is not applicable. however. to slurries with high viscosities. a case which may he

better handled by the Shah and Lord's (1991) method.

3.13 Shah and Lord's (1991) Correlation

Most of the methods outlined above assume the carrier fluid to be Newtonian. For

mixtures with a particle size distribution containing a large fines fraction capable

offorrning a new suspending non-Newtonian medium. no information was

available for estimating the critical deposit velocity before the work of Shah and

Lord (1991). In their laboratory investigation. they attempted to quantify the solids

transport capabilities of various non-Newtonian fluids by estimating the critieal
deposition (Vc) or resuspension (Vs) velocities in horizontal pipes. In their

analysis, they modified the equation of Oroskar and Turian (1980), and

generalized it to the case of non-Newtonian fluids as given by:

[Vcl or [Vs] _ y CO.1536 ( I_C)0.3564(,dJW (DPrVgd(S-I)J
;jgd(s-I) \D l J.la

(3.25)

•

Where coefficient y, and exponents w and z are adjustable constants that can be

evaluated by regression analysis for particular critical velocity data set".The non­

Newtonian character of the fluid is taken into account by the inclusion of apparent
viscosity (Ila) in the equation above.

Predictions from these correlations often do not agree with each other. According

to Hanks (1981), this is expected, as most of these correlations are developed for a

particular set of experimental data, and are based primarily on dimensional

arguments or on overall macroscopic pressure loss flow rate data. The fundamental

problem is that none of these methods considers in their analysis the dynamic

behaviour of a particle suspended in a turbulent shear field.This dynamic

behaviour was analyzed by Hanks and Sioan (1981) who proposed a rheology-
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• based model for criticai deposition velocities. It is claimed that their method was

successful in correlating aIl types of criticaI velocity data where other correlations

disagree. However, this model uses four adjustable empirical pararneters obtained

from two sets of sand data for its predictions of other solid-liquid mixtures.

3.14 Computer Program For Comparing Various Methods ofPredicting

Pressure Loss aed Critical Flow Velocity in Horizontal Flow of Siurries in

Pipelines.

The equations and correlations used in this program are Iisted below. Comparison

of pressure drop predictions from Turian & Yuan, Durand, Zandi, Worster, and

Newitt are given in Figure 3.6, which shows th~~ most ofthese correlations tend

to give fairly close results in the pseudo-homogeneous and heterogeneous fIow

regimes, but as flow velocity decreases, sorne discrepancies become apparent.

3.14.1 Pressure Loss Correlations

• Durand and Condolios (1957)

J - Jw T,( y2 CdO.5 în
C Jw ~g D (Ss-l»)

with K=150, and n=-1.5

(3.26)

For coal"se particles (greater than hnm) , the drag coefficient may be ignored, and

the Durand and Condolios correlation may be expressed by:

J-Jw
CJw

( y2 ")-1.35
135lii)(s_1 j) (3.27)

• zandi :md Govatos (1967)

Heterogeneous flow if :
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• _y2..jCD
'P - gD(s-l) > 10

J - Jw 6.3 'P-0.354
CJw

Saltation flow if :

'P < 10

J - Jw 6.3 'P-O.354
CJw

• Worster and Denny (1955)

(3.28)

(3.29)

Correlation derived from experimental data of large coal particles in water:

J-Jw
CJw

( y2 Î-1.5
12°lg0 (S_ljj (3.30)

• Newitt et al. (1953)

For coarse particles in heterogeneous flow:

J-Jw
CJw

IlOO(s-1)gdYs

y3 (3.31)

For coarse particles in sliding bed or saltation flow:

J - Jw 66(s-l)gd
CJw y2

3.18
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•
Figure 3.6 Pressure gradient vs flaw vdocity -Empirical correlations
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• 3.14.2 Critical Velocity Correlations

• Bain and Bonnington (1970)

Vc=3.43 CO.33 (gD(S_I)/Cogys (3.33)

This equation was derived for a pipeline operating at constant concentration of
solids by differentiating Durand's equation (with K=8S) relating velocity and
pressure drop and equating it to zero. This approach assume~ the critical velocity
to be the minimum in the pressure drop-velocity curve. It is considered
conservative as its predictions exceed in sorne cases the observed critical deposit
velocity.

• Durand and Condolios (1952) for Coarse Particles

For coarse particles exceeding Imm in diameter, the parameter FL in Durand's

correlation described above for predicting critical velocity is no longer dependent
on solids concentration and may be assigned the approximate value of 1.34, thus
this correlation may be condensed to the following equation:

VL = 5.935 -VD(s-l)

• Newitt et al. (1953)

• Z8ndi and Govatos (1967)

• Scale-up for Critical Velocity

3.20

(3.34)

(3.35)
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• If data for critical velocity Yexp is available for a given pipe diameter Dexp, and

provided sluny properties (concentration, solids density, particle size ) remain

constant, it is possible to estimate the critical velocity for another pipe of diameter

D, as given by:

(3.37)

3.14.3 Turian and Yuan's Method (1977) for Estimating the Pressure

Gradients and Type of Flow Regimes

Turian and Yuan (1977) used correlations based on cwve-fitting 2848 data points

belongmg to various f10w regimes for a range ofpipe diameters up to D=O.160m.

They defined regime number configurations which enables f10w regime
delineation. They expressed pressure drop in terrns of the carrier liquid density PL

and a friction factor f as given by:

. 2fy2pL
1 PL g = D (3.38)

Flow regimt.s were coded as shown in Table 3.1

Table 3.1

Flow regimes and their codes

Rel!ime Stationary bed Saltation Heterogeneous Homogeneous

Code 0 1 2 3

The friction factor f is related to the carrier f1uid friction factor for the same pipe

diameter and at the same velocity by the correlation:

(3.39)

Where the coefficients are given in Table 3.2
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• Table 3.2

Coefficients for computing Turian and Yuan's correlation

Code K a B y ô

0 0.4036 0.7389 0.7717 -0.4054 -1.096

1 0.9857 1.018 1.046 -0.4213 -1.354

2 0.5513 0.8687 1.200 -0.1677 -0.6938
~ 0.8444 0.5024 1.428 -0.1516 -0.3531.)

Flow regim~ selection stans by computing a set ofregùne numbers defined by:

V2
R" =-----:.----

1J KI Cal f!31 Cyl D (S -1)
v L Dg s

(3.40)

where regùne number coefficients are given in Table 3.3. The drag coefficients

are computed from correlations given in terms C~5Re, but if available, measured

ones are preferred.

Table 3.3

Coefficient for computing Regime Numbers

Regùne KI al 131 yI

Number

ROI ~1.93 1.083 1.064 -0.0616

RI2 2.411 0.2263 -0.2334 -0.3840

R23 0.2859 1.075 -0.67 -0.9375

RI3 1.167 0.5153 -0.382 -0.5724

R02 0.4608 -0.3225 -1.065 -0.5906

R03 0.3703 0.3183 -0.8837 -0.7496
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The flow rt-gime is then detennined by computing (Rol-l), (RI2-1), (R23-1), and
inspecting Table 3.4. Uncertainty is removed by computing (Rl3-I), (Ro2-1),

(Ro3-1).

T&ble 3.4
Criteria for flow regime selection

ROI - 1 R12 - 1 R23 - 1 R02 - 1 R03 - 1 Rl3 - 1 Regime
Code

nel! nel! nel! 0
DOS nel! nel! 1
nos nos ilel! 2
nos nos nos ~

.)

nel! nel! DOS nel!: 0
nel! nel!: DOS DOS

~

.)

nel! DOS DOS nel! 0
nel!: nos nos nos ~

.)

nel!: DOS nel!: nel!: 0
nel! nos neg DOS 2
DOS nel! nos nel! 1
DOS nel! DOS DOS 3

Uncertainty in the results ofTurian and "iuan's correlation increases for flow in
larger pipes ( D> O.16Om ) and for mixtures witt;. :. significant fines fraction
(Shook, 1991).

3.14.4 The Method ofWasp et al. (1977) -The Two-Phase Vehicle Concept

This method applies to compound flow systems where the sluny is made up ofa
wide size distribution of solid particles in a liquid. The coarse fraction of this
distribution, is assumed to be suspended in a homogeneous medium called the
vehicle made up of the fine fraction ofthe distribution, and assumed to be
Newtonian. The total friction loss is considere::! to be the sum ofthat due to the
homogeneous vehicle alone, plus that ofthe heterogeneous fraction.

3.23



• To detennine this homogeneous fraction, Wasp et al. (1977) used the

concentration distribution equation ofIsmail (1952) to identify the fraction of

solids which were symmetrically distributeà. This equation was derived from the

equation of continuity for the solids in slurry form. It gives the relative local

fraction of solidst as a function of 1; =..Y.-; with Ybeing a radial distance and Ym
'l'r Ym

the location of maximum fluid velocity in the channel:

(3.41)

with ~ = ~r for 1; = 1;r

Vt
and, Z = 11: ~ V* ' where:

Vt = tenninal settling velocity

V*=V~
~ = constant ofproporrionality (=1 for a conservative estimate)

11: = Von Karman constant (= 0.4)

Equation (3.41) gives only the relative value of~ with respect to ~r; the latter

must be known frcm another source. It also predicts a value of ~=O for 1;=1, a

value which is n,)t correct. Thus Ismail (1952) observed that in the vicinity ofÇ=I,

*one should assume the mass transfer coefficient Es equal to sorne constant Es,

for which case the continuity equation may be directly integrated to give the

concentration distribution equation:

(3.42)

• • • •
with a.' = 1;s (l-?;s); Ss is the location at which Es=Es
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• Thus ifit is assumed that Equation (3.41) and Equation (3.42) give the same value
• •

for ~ at point 1;s' then,1;s =1;r' Equation (3.42) was used by Wasp to describe the

D
concentration distribution in the vertical plane of the pipe with Ym = 2' Using the

concentration profile data ofIsmail (1952), Wasp determined that at the location
1;=0.08, Equation (3.42) could be reduced to the empirical concentration
distribution equation :

r~O 08J
10gI0,~ =-1.8Z (3.43)

The choice of the value 1;=0.08, was dictated by equipment considerations in the
experimental work ofWasp. According to Hanks (1981), in the light of the new
research fmdings, the simple equation ofIsmail (1952) on which Wasp's method is
based may not be fully correct, however it is a reasonable approximation and
works weIl in Wasp's method for computing the pressure loss. Wasp's method bas
a two-part procedure:

1) The vehicle and its properties must be determined by a trial and error method.
2) Durand's equation is applied to each asymmetrically suspended segment ofthe
particle size distribution independendy and the result is added up to obtain an
integrated average of the entire mixture.

3.14.4.1 Vehicle Determination

The particle size distribution is divided into size fractions as determined for
example by sieve analysis. AU particles on an individual screen are assurned to
have a uniform diameter equal to the geometrie mean ofthe screen and the next
larger screen size. The mean diameter ofthe jth eut ofthe partiele size distribution
is given by:

(3.44)
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• For each fraction of the particle size distribution. the corresponding input volume
fraction cPsj is deterrnined from:

(3.45)

where:

Wj =the weight fraction of the jth cut in the particle size distribution

wm = the weight fraction of solids in the total mixture

Pm =the density of the total mixture

Ps =the density of solids

Calculation is started by assuming an initia! value for cPO.08' for example ail

material with dd< 0.074 microns (200 mesh), and then computing the density and

the viscosity of the vehicle as given by:

Pv =cPO.08Ps - (1- cPO.08)PL

and

(3.46)

J.lv = IJ.L(1 + 2.5cPO.08 + 10.05cP~.08 + 0.00273 eXP(16.6cPo.08») (3.47)

The Reynolds number is then computed:

and the fanning fraction factor fv is determined from standard Newtonian fraction

factor correlation such as Churchill's equation (Churchill, 1977) :

_ ~(.!..îI2,(--.Lî1.5)0.0833
f=2~ Re) \,A+B)
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• where:

-[" J 1 J~16A - _.4571.. / 7 ~0.9 k
llRe) + 0.27 D

This value is then used in Equation (3.43) :

(~008·J y.. .1 ~ tl
loglO ~sj = -5.14.> _ ffv

Vm-\j"2
(3.49)

The terminal settling velocity of the particles ofsize dpj is expressed in terms of

the drag c,,~fficient CDj by :

4g( Ps- Pv) dpj

3PvCDj
(3.50)

Drag coefficients can be computed from the following set of empirical curve-fit

equations (Hanks, 1981). By rearranging Equation (3.50), and defining

Yi=CDjtÇj' one obtains:

CDj is then computed from one of the following equations:

a) if 0 < Yj ~ 2.4,

3.27
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• C . - 576
OJ- y.

J

y.
CO' =--.:J...

~ R 2e .
PJ

where:

( ~ 0.575J1.739Repj= 0.139Yj 1+ 1+0.06111Yj

c) if5( 10)5 < Yj ~5( 10)7

COj =0.40

COj =0.44

(3.52)

(3.53)

(3.54)

(3.55)

Once COj is known, Vtj is computed and used in Equation(3.49) to compute

$0.08j' This calculation is repeated for each size fraction in the particle size

distribution. From these results, one then computes:

(3.56)

This value is compared with the value initially assumed. If there is abrreement to
four significant figures, the homogeneous vehicle volumetric concentration is
determined, along with the corresponding density, viscosity, and the individual
size fractions in the particle size distribution which are syrnmetrically suspended.
Ifnot, then the new value of $0.08 is used to start computation for another

iteration. This iterative procedure is repeated until the four significant-figure
convergence criterion is met.
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• • Alternative direct method of computing settling velocity and drag coefficient

For each size fraction of average diameter dpj, the unhindered free terminal

senling velocity in the vehicle can be calculated direcùy from (Oarby, 1986):

v. = llvNRej
t.J d'pJ v

where:

('.1 0.5 ~ )2NRej = 14.42 + 1.827 NAJj - ,).798

and

(3.57)

The drag coefficient required by Ourand's equation for computing the excess

pressure loss of each heterogeneously suspended coarse fraction is obtained frOID

the terminal senling velocity as given by:

4(s-l)gdj
CO'=

~ 3V~
t.J

3.14.4.2 Total Pressure Loss Calculation

(3.58)

Having determined the properties of the vehicle, the next step is to calculate the

excess pressure loss due to the asymmetrically suspended fraction of the particle

size <iistribution. The portion of the jth cut of the particle size distribution which is

asymmetrically suspended is given by:

~aj = ~sj - ~0.08j
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• These values are computed for each eut. The DuraI1d's equation in the fonn:

3

cI>Hj = 150 $a,j [ ~~J2
V Cd'm U

(3.60)

is used to compute the excess pressure 1055 function for each size eut. These are

then surnmed up to obtain the total excess pressure 1055 for the mixture. Le.:

(3.61)

The overall pressure 1055 is calculated from:

(3.62)

where Jv is calculated from the vehicle friction factor detennined in the first part

of the calculation.

Hanks (198 i) points out that Wasp (1977) used Durand's equation with the

erroneous K=82 coefficient rather than the correct one K=150. However, Wasp

also adjusted the constant in Ismail's concentration profile equation to 1.8 in order
to make the combined effect produce accurate values for JT when comparing his

predictit'ns with experimental results for coal sluny data. The above system of

equations with a value of 1.8 in Ismail's equation and K=150 in DunlIld's
correlation will result in a conservatively high estimate of JT-

Results From Program Wasp.m

The flow chart ofWasp's method is shown in Figure 3.7 .

• Input Parameters

Pipe diameter, D = 0.2 m

Mean flow velocity, V = 1.5 rn/sec

Solids volumetric concentration, Cv =0.50
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• Specifie gravity of solids. S = lA

Relative pipe roughness. k!D = 0.00022

Liquid (water) viscosity = 100.2 x la "(-5) Pa.sec at 20 C

Liquid (water) density = 1000 kg/ml\3

Particie size distribution (see Table 3.5)
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•

set vehicle
concentration to
new cIlo.o8

Figure 3.7 Flowchart of Wasp's method

Compute:
* mean particle size of each
fraction
* volumetric concentration of each
fraction

Assume an initial value for total
solids concentration ofvehiclecllo.08

Compute:
* density, viscosity,and Fanning fraction factor
* drag coefficient and terminal settling velocity
* volumetric concentration ofeach size fraction
* total new volumetric concentration of vehicle

NO
new '" = old cIlo 08 ?"0.08 .•

YES

Compute:
* volumetric concentration of each coarse fraction
* excess pressure 1055 for eacb coarse fraction
* total excess pressure 1055 of miJ:ture
total pressure 1055
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• • Results After Convergence in 7 Iterations:

Table 3.5

Sample Results from Program Wasp.m

Size dm. Cw 4>s.j 4>0.08,j CDj 4>a.i 4>H.~
fraction mIcrons

1 841 0.074 0.0317 0.0023 6 0.0295 0.0989

2 594 0.183 0.0784 0.0169 13 0.0615 0.1186
~ 297 0.212 0.0909 0.0578 73 0.0331 0.0172.)

4 148.5 0.160 0.0686 0.0606 490 0.008 0.001

5 68 0.144 0.0489 0.0476 5107 0.0013 0

6 35 0.257 0.1101 0.1094 37454 0.0008 0

Carrier suspension {vehicle} properries:

Density, Pv= 11I7.8kglm"3

Viscosity, J.lv = 0.0034 Pa.sec

Reynolds Number, Rev = 1.32xI0"(5)

4>0.08 = Lj 4>0.08j = 0.2945

Pressure gradient resuIts

Pressure drop contribution ofvehicle, Jv = 0.0187 m water/m
Pressure drop contribution of coarse fraction, Jv <I>Hm = Jv Lj<I>Hj = .0044 m

water/m..
Total pressure drop, JT = Jv( 1+<I>Hm) = 0.0231 m water/m

Critical deposit velocity

Vcd =1.25 rn/sec, with d85=470.6 microns (Equation 3.17)
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•

CHAPTER FOUR

TRANSPORT OF HOMOGENEOUS NON-SETTLING
SLURRIES: RHEOLOGICAL APPROACH

4.1 Introduction

The main characteristic of homogeneous non-settling slurries is that the mixture of

finely divided solid particles and carrying fluid forms a viscous colloidal medium

with new physical properties different from the original fluid phase in the mixture.

The purpose of rheological studies is to determine, from small samples,

representative flow properties of slurries and to exttapolate these propenies to

larger pipe diamc:::rs. Rotary and capillary viscometers are the instruments used

for such studies . Their convenience, however carri(;S with it design and operating

limitations, such as end effects and/or slip, which require that the data obtained be

corrected before any subsequent analysis.

ln the following, basic theory underlying the behavior of Newtonian and non­

Newtonian fluids in fully developed flow will be presented. A survey of

rheological models will be presented with emphasis on the merits and limitations

of each mode\.

4.2 The Shear Stress-Shear Rate Relationship in Pipe Flow:

Figure 4.1 shows the parameters used in analyzing flow in a pipe. The rheology of

most slurries is time-independent and may be expressed by the functional

relationship:
dV-&:"= f(or) (4.1)

where -~ is the shear rate and or is the shear stress in the pipe.
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•

Figure 4.1 Deimition of flow parameters in a circular pipe
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• 4.2.1 Wall Shcar Stress

An expression for the shcar stress in pipe f10w may be found from a balance of
forces on a eylindrical element as expressed by:

- nr2 ÔP = 21tr ôx 't

which is equivalent to:

(4.2)

(4.3)

where ÔP is the static pressure difference between x and x+ôx. At the pipe wall,

r =~ and 't = 'tw• and the above equation beeomes:

(4.4)

(4.5)

•

4.2.2 Wall Shear Rate

Shear rate is the gradient of the velocity profile. It is identical to the nominal shear
rate SVID only in the case of a Newtonian fluid. Thus SVID is also referred to as
the Newtonian wall shear rate.

Assuming non-slip condition at the wall. the relation between the true shear rate
and the nominal one is estimated from the equation (Skel1and, 1967):

'tw
SV 4 f0=3" 't2f('t)d't

'tw 0

which shows that the wall shear stress is a unique function of the nominal shear
rate. hence of the true shear rate.
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• 4.3 Ne~tonian Flow

For flow in a pipe. a fluid is said to be Newtonian when the shear stress is directly

proportional to the rate of shear as expressed by:

where:

t =
Il =
r =
V =

shear stress

dynarnic viscosity

radial distance from the center of the pipe

velocity perpendicular to r

(4.6)

For Newtonian flow. the Reynolds number is defined as:

VDpm
Re= (4.7)

Il
The laminar flow regime is delineated by the critical Reynolds number for the
transition to turbulent flow as given by: Re ( 2300. In this case the friction factor is

given by:

(4.8)

•

Figure 4.2 shows the friction factor design chart for Newtonian fluids (Moody

diagram). Any other shear stIess-shear rate relationship indicates that the fluid is

non-Newtonian. This deviation from the Newtonian behaviour may be attributed to

one or more of the following factors: particle size and shape, flexibility and

tendency to flocculate or disperse in the carrying fluid, surface-chemical

characteristics, concentration, and temperature.
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•
Figure 4.2 Moody diagram (adapted from Govier and Aziz, 1987)
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• 4.4 Non-Newtonian Flow

For non-Newtonian f1uids. viscosity is shear rate dependent. This is true whether

viscosity at a particular shear rate is defined as the tangent to the curve at tha! point

or as the apparent viscosity which would apply if the material were regarded as

Newtonian.

Interpretation of the average measurements of f10w properties require rheological

models capable of predicting the f10w behaviour outside the conditions used for

their initial development such as pipe diameter. f10w velocity. and density and

concentration of the suspension under investigation.

Non-Newtonian f1uids are identified by their non-linear shear stress-shear rate

relationship. The nature of this non-linearity may include sorne time-dependent or

visco-elastic properties. However, such properties are negligible in the context of

pipe flow as the fluid is assumed to be under constant shear rate throughout the

pipeline. It is important, however, to guard against eITors .'llising l'rom such

phenomena in laboratory viscometer or small scale loop tests.

The most common rheological models encountered in the literature are shown in

Figure 4.3 and can he described by the generalized yield power law (Slatter and

Lazarus, 1988):

(4.9)

Depending on the value of ('ty) and (n) the following rheological models arc

obtained:

a) Yield-pseudo-plastic (n<l, 'ty>O)

b) Bingham plastic (n=l, 'ty>O)
c) Yield dilatant (0)1, 'ty>O)

d) Pseudo-plastic (n<1, 'ty=O)
e) Dilatant (0)1, 'ty=O)

• f) Newtonian (n=l, 'ty=O)
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•

Figure 4.3 Rheologiesl models of time-independent fluids
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• The Bingham plastic and the power law (or pseudo-plastic) modds arc of

particular interest because of their simplicity and the wide range of nuids they c;m

describe.The power law model may be simpler to use in the laminar now regime.

since it gives a single correlation when the ge>leralized method of Dodge and

Metzner (i 959) is used as will be shown in the following sections.

Conversely. the Bingham plastic model may have an advantage in the turbulent

flow regime since a single correlation is used in connection with the Hedstrom

method. Furthermore. the Bingham plastic model makes use of phy~.ically

meaningful parameters such as the yield stress ('ty) and the coefficient of rigidity

(11). eompared to the somewhat ambiguous fluid consistency index (n) and the

flow behaviour index (K) of the power law mode!. The Yield pseudo-plastic model

is less used because it requires the determination of three empirical parameters

compared to just two for the previous models.

4. 5 True Shear Rate: The Rabinowitsch-Mooney Relation

The true shear rate may be obtained from the nominal one by applying the

Rabinowitsch-Mooney transformation. This transformation stipulates that the true

shear rate at the wall is related to the nominal one by the relation (Govier and

Aziz. 1987):

(
_dV î _8V 0+3n')

dr ].v - D l 4n'

where:

(4.10)

•

DL\P
d In(4L")

n'= 8V (4.11)
dln(ï)

"d dV 8V h fi N . fI'd'For a Newtoman flui n'=I, and - dr = D' owever or a non- ewtoman UI n

is not constant. In general the true shear rate is a linear function of the nominal rate

f . al' 0+3n')'of shear. At a particular rate of shear, the constant 0 proportion Ityl~ IS
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(4.12)

• determined once n' is obtained as the slope of ln(~~)versus In(8~) curve.

Generating a rheogram involves finding (n') for ail the nominal shear rates used in

the data and computing the corresponding true shear rates. For a continuous

pseudo-shear rate curve. this amounts to evaluation of the derivative of this curve

at each nominal shear rate.

Alternatively. if a iheogram is available and it is desired to find the pseudo-shear

diagram (or the flow rate-pressure drop relationship). then the following equation

may he used (Govier and Aziz. 1987):

"tw
81"\ 2V 1 f3=0=3" "t2f("t)d"t

1tD "t 0
w

The differentiability of a function presumes its continl'ity, and for the case of

experimental data. least square fit continuous curves are usuaIly used. Thus the

accuracy of this procedure depends on the accuracy of the model with which the

data is fitted. Lazarus and Slatter (1988) show that for the case of fitting data

generated from the Buckingham equation for a Bingham plastic model with a third

order polynomial, the error for plastic viscosity is 12.68% and that of yield stress is

0.5%. For lower order polynomials, these errors are much larger.

4.6 Metzner and Reed (1955) Generalized Reynolds Number Technique

When the rheological behaviour of a fluid does not conform to any known

constitutive rheological equation, or when it is preferred to directly scale-up from

data Laken from a small diameter pipe, the generalized Reynolds Number

technique of Metzner and Reed (1955), may be applied. This method is applicable

to aIl time-independent fluids in laminar pipe flow.

Given a flow curve (pseudo shear stress-shear rate diagram), it is possible to find

two parameters K' and n' for each data point such that :

•
DM> _ K' (8VP'
4L - D)

4.9
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• This equation represents the tangent to the plot of lnl~~?J\'crsus Inl~1 nln'c at

a given point. In the general case K' and n'are not constant hut \'ary with thc

nominal shear rate. This method makes it possible to scale up the rcsults without

having to select a rheological model for the suspension. Results. thus ohtaincd.

may be considered as preliminary estimates of the full scale pressurc loss-vclocity

curves. This method should be supported by experimental evidence that the data

used indeed falls in the laminar flow regime. This is achieved hy plotting it 10 the

dimensionless form of friction coefficient and verifying that indeed:

16 Dô?
f = ReMR = 2py2L

with ReMR, the generalized Reynolds number as detined by:

Dn'y2-n'
Re = , 1

MR K'Sn-

(4.14)

Thus knowledge of K' and n' is sufficientto solving for the Fanning friction factor.

hence for the pressure gradient.

4.6.1 Numerical Method for Finding K' and n' From Shear Stress-Nominal
Shear Rate Data For a Power Law Model :

In this case, K' and n'are constant, thus starting l'rom the relation:

•

D.6.P (SYp'
4L = 'tw = K'(O)

For a set of N data points two equations are constructed a.o; follows:

(Sy.)
~ ln 'tw,i = N ln K' + n' ~ ln l DI

(Sy.)
~. y. In't . -In K' ~. y. + n' ~. y. In _1
~ 1 W,I - ~ 1 ~ 1 D

4.10
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• Thcse are two linear equations which may be solved simultaneously for In(K') and

n'.

4.7 The Power Law Model (Pseudo-Plastic Fluids)

This flow model is expressed by a shear stress-shear rate relationship given by:

(
dV)n't=K- dr (4.18)

where K is fluid consistency, and n is flow behaviour index. Ifn<I, the fluid is

known as "shear thinning", otherwise, if n> l, the fluid is known as "shear

thickening" or dilatent.

The wall shear stress is given by:

OP (. 4n )n(8Yln
'tw = 4L = K l3n+1 D) (4.19)

The relation between the true wall shear rate and the nominal one is found from

(
~l/n

substituting f('t) = ~) in Equation (4.5). This give:

(
_dYl = 8V (3n+ 1~

dr)w 0 4n) (4.20)

Figure 4.4 shows the deviation of the nominal shear rate from the true shear rate at
't

the wall as a function ofç = ::t... for a Power law fluid.
'tw

Once the Metzner and Reed parameter K' is obtained as shown in the previous

section, the Power law parameter K may be obtained from:

K'
K=-~-

(3n+1I4n)n

The power law parameter (n) is the same as (n').

4. li
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•

•

Example 1

Table 4.1

Hypothetieal Flow Data for Example 1

Mean flow velocity. V. WaIl shear stress. 'w' Nominal shear rate.

m1see Pa 8V/D. l/see

0.006 1.31 1.51

0.086 2.31 21.75

0.256 2.92 64.76

0.504 3.37 127.49

0.824 3.74 208.44

1.208 4.06 305.58

1.649 4.34 417.14

2.144 4.59 542.35

2.686 4.81 679.46

3.271 5.02 827.45

Actual Estimated

Bingharn Plastic Yield stress (Pa) - 1.79

Viscosity (Pa sec) - 0.0042

Power Law K 1.38 1.38

n 0.213 0.213

Figure 4.5 shows Power law flow data fitted with estimated Power law and

Bingharn plastic models for comparison.
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•
Figure 4.5 Examplel: Power law data fitted with estimated Power law

and Bingham plastic models
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• The Fanning friction factor for a power 1aw fluid is given by;

16
f=-

R'
e

Where the Reynolds number is defined as (Govier and Aziz. 1987):

8 Dn y2-n p, m( n 'fi
Re = K 2(3n+1»)

(4.22)

(4.23)

•

Figure 4.6 is a friction factor design chart for Power law fluids. A possible

cxplanation for the shear thinning behaviour (n <1) characteristic of Power Law

fluids is the possibility of realignment of asymmetric particles in the direction of

the flow, thus offering less resistance to shear.

Shear thickening (dilatant behaviour) (n >1). on the other hand, may be the result

of a change in the void ratio caused by an increase in the shearing action (Bain and

Bonnington, 1977) . The ability of the original amount of fluid to act as a lubricant

to the solid particles is decreased because of inability of the available quantity of

fluid to fill the voids created by the shearing action. This in turn, causes a sharp

inèrease in the shear stress. This situation may be encountered with sorne slurries

or pastes at very high solids concentration. Depending on the particle size

distribution and other physico-chemical factors, the optimum solids concentration

may range between 50 to 70 per cent. by mass (Verkerk, 1988).

Other factors of surface-chemical nature, such as pH or zeta potential, may also

play a significant role in the mode of rheological behavior of the suspension. The

use of chemical additives such as flocculents or dispersents may help in designing

mixtures pumpable over longer distances at high solids concentration and

relatively low energy cv-st.
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• 4.8 The Bingbam Plastic Model

The shear stress-shear strain defining the Bingham plastic model is given by:

t = ty +" (- ~~} for (- ~~» ty (4.24)

(. ~~)= 0, for t::; t y

where ty is the yield stress required to initiate flow, and " is the plastic viscosity

(also known as the coefficient of rigidity) which is identical to that of a Newtonian

fluid. Slurries with narrow particle size distribution or bigb surface-chemical

forces usually behave as Bingham plastics. Drilling mud, sewage sludge and

slurries of limestone are common examples.

Because of the discontinuity in the velocity profile of a Bingham plastic, the wall

DM> . . f
shear stress 4L cannot be dlrectly expressed m terms 0 the shearing rate at the

pipe wall. Instead, It is expressed by the Bucking!lam equation given by:

(4.25)

t
For ::t.. < 0.4, neglecting the fourth power term leads to results of sufficient

t w
accuracy (Jess than 1.8 % error) and allows tlle simplification of the above

equation.Taking this simplillcation into account, the wall shear stress for a

Bingbam plastic material may be expressed by:

(4.26)

•
The relation between the true wall sbear rate and the nominal one is found from

substituting f(t) = ~ (t - 'ty) in Equation (4.5). This gives:
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• (4.27)

whereç=~
"tw

Figure 4.7 shows the deviation of the nominal shear rate from the true shear rate at

the wall as a function of ç =~ for a Bingham plastic fluid. A series of laminar
"tw

flow curves may be obtained from :

f=~61+...!:!L_ Hé J
R 6R ~1 7 (4.28)

eB es 3r--Res

"ty02pm
where the dimensionless Hedstrom number is defined as He = ?, and the

11-

VDPm
Bingham Reynolds number as ReB =

11

Figure 4.8 shows the friction factor design chart for Bingham plastic fluids. For a
fluid with a given yield stress, the position of the laminar flow curve depends on
the pipe diameter. It is reported by Bain and Bonnington(1970) that for ail
concentrations of chalk slurries tested by British Hydrodynamic Research
Association, laminar flow persisted down to a friction factor around f = 0.02, after
which the friction factor remained constant.
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•

Figure 4.8 Friction factor design chart for Bingham plastic Duids
(adapted from Woodcock and Mason, 1987)
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• 4.8.1 Rheological Parameters From Shear Stress-Nominal Shear Rate Data:

Numerical Method

Starting trom the Buckingham equation in the fonn:

Two equations are constructcd as follow (Shook, 1991):

8Vi 2 4 1 4 -2
Il ~i "tw i -D = ~i"t . -::;- 't.. Li "tw i +::;-"t Li"tw l'

• W.I ~ J , ~ y •

where N is the number of data points.

(4.29)

(4.30)

(4.31)

Eliminating Tl between the two equations, one obtains a fourth degree equation in
"ty :

4
(a485 - ala8) "ty + (ala7 - a385)"ty + (a285 - a6al) = 0 (4.32)

where:

8V' 4 31 1 -
al =~_I'-D' ~.,-~."t . ~":l--N a4--~·"t

~ - -) W l' Q""I' -....., - ..... ""1 W l'
, " :> ,

The following example illustrates this procedure.
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•

•

Example 2

Table 4.2

Hypothetical flow data for Examplc 2

Mean flow velocity. V. Wall shear stress. 'W' Nominal shear rate.
1

rn/sec Pa SV/O. I1sec

0.006 136.7 1.51

0.086 181.2 21.75

0.256 275.8 64.76

0.504 413.8 127.49

0.824 591.9 208.44

1.208 805.6 305.58

1.649 1051.0 417.14

2.144 1326.5 542.35

2.686 1628.2 679.46

3.271 1953.7 827.45

Actual Estimated

Bingham Plastic Yield stress (Pa) 100 104.2

Viscositv (Pa sec) 2.2 2.19

Power Law K=K'(4n13n+1r n - 40.88

n - 0.567

Figure 4.9 shows Bingham palstic flow data fitted with estimated Power law and

Bingham plastic models for comparison.
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•
Figure 4.9 Example 2: Bingha!D plastic Data fitted with an estimated

Bingham plastic and Power law models
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• 4.9 The Casson Model

The relation between the shear stress and the shear rate for this model is expres~ed

by:

~=~+~~e(~~} for t>,c

dV
- dr = 0 • for ,:S; 'c

(4.33)

Where 'c is the casson model equivalent to the yield stress.

The wall shear stress is related to the nominal shear rate by (Darby. 1986):

4

(SV) 4 If~ ~ 'c
'w=~cÇi) -3!c+"7\1'w'c+ 3

21,w

The Fanning friction factor is calculated from:

f ~ ~ -Jca S Ca 16 Ca4 ri
= Recll - 7 -{fRec + 3 fRec2 - 21 r4 RecS)

where:

D~cPm
Ca 2

Ilc
DVPm

Rec=-'-=
~c

4.10 Yield pseudo-plastic (Herschel-Bulkley)

(4.34)

(4.35)

(4.36)

(4.37)

•
The relation between the shear stress and the shear rate for this model is expressed

by:
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•
dV

- dr = 0 . for '::;'c

(4.38)

The wall shear stress is related to the nominal shear rate by (Darby, 1986):

(1(8Yî(3n+q"n
'w = 'Y + K~0) ""4r1)) [At

n

The Fanning friction factor is calculated from:

f- 2HeHB+ 16 [A]-n
- ., R

R - eHBeHB

where:

[A] = (1(I-i )J3 + 2(3n+l) (il (l_iI2 + (3n+l) (i12 (l_iJ~U 'w (2n+l) 'w)l 'w) (n+l) ltw) 'w ~

4.25
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• 4.10.1 Numerical Method for Finding Rheological Parameters ('ty,K,n) From

Shear Stress-Nominal Shear Rate Data:

The yield-pseudoplastic shear stress-nominal shear rate relation may be cxprcsscd

by (Paterson, 1991):

(4.41)

The rheological parameters may be obtained using an optimization program

described by Paterson (1991), which for a given yield stress (determined

independently by the vane method or estimated from the pseudo-shear diagram),

values of K and n are selected which minimize the error in the nominal shear rate
SV SV .
D on a 'tw versus D dlagram.

4.11 Laminar-Turbulent Transition Velocity

For Newtonian fluids, transition to turbulent flow is reeognized by a distinct

change of eurvature or slope of the shear stress-shear rate curve or a discontinuity

in the foRe curve. For non-Newtonian fluids, no such discontinuity is observed in

the foRe or head loss versus velocity curves , although the transition is clearly

defined especially with Bingham fluids (Shook and Roco, 1991). This transition

po2-ry
can he expressed in terms of the Hedstrom number He = 2' as:

1'\

(4.42)

•
where:
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• He
16800

with U c being the ratio of the yield stress to the pipe wall shear stress at transition.

D.G. Thomas (1963) proposed the following implicit equation for the transition

velocity of a Bingham fluid:

VDn ("t D)
...:...:;.E:. =21 00 1 +...:r:..

TI 6TJV
(4.43)

•

For other non-Newtonian fluids. the Metzner & Reed Reynolds number Ren' was

defined so that in laminar flow f =R
16

. Experiments indicate that the transition
en'

region occurs for Ren' between 2100 and 3000 (Shook and Roco. 1991) .

4.12 Turbulent Flow

According to Bain & Bonnington (1970). a conservative approach for finding the

friction factor f for non-Newtonian turbulent fluids consists in assuming that the

onset of turbulent flow occurs when the foRe curve for laminar flow intersects the

smooth pipe turbulent flow curve for Newtonian fluids. and then using the fully

developed turbulent flow a friction coefficient for Newtonian flow at the same

Reynolds number.

Lower friction coefficient could be used if better understanding of the effect of

turbulence on the pipeline resistance to flow is achieved. For a Bingham plastic

fluid. there are cases where cach slurry concentration has shown a different curve

in the turbulent regime. A downward trend in the foRe curves is observed in all

cases. For a pseudo-plastic fluid. cach slurry concentration may yield a different

value of the slurry behaviour index n. which gives a separate curve in the friction

coefficient versus generalized Reynolds number graph.

4.12.1 Newtonian Fluids
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• (kID) of the pipe. ln the transition region it is dependent on both the Reynolds

number and the relative roughness. These observations are based on the Moody

Diagrarn from which the Fanning friction factor can be read (Figure 4.2)

Among empirical equations for Newtonian fluids found in the literature giving the

friction factor, four are given below:

1) Iterative method (Colebrook-White formula)

1 (k 1.26~
·-Jf= -4 log l3.7D + Re -Jf)

2) Direct method (Churchill. W., 1977)

(I( 8 JP -15)0.0833f= 2~ Re) -+(A+B) .

where:

A= 2.457 ln ((ke)0.9 + o.:g k)

4) Direct method (Zigrang and Sylvester. 1982)

• For rough pipes:

• For smooth pipes:

f= 0.0791
ReO.25
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• 4) Direct rnethod (Halland, S. E., 1983)

1 (( k )\'\1 6.9~-Jf = -3.6 log 3.71D + Re)

4.12.2 Bingharn Plastic Fluids

(4.48)

Darby (1986) presented ernpirical equations based on graphs proposed by Hanks
and Dadia(1971) of the friction factor f versus Reb for parametric values ofHeb,
giving generalized relations between f, Reb and Heb, For Heb~1000:

(4.49)

where:

ID-'
fT = Rebo.193

a = -1.378( 1+ 0.14exp(-2.9xl0,sReb»

-17 40000
rn- .. + Reb

FL is the larninar friction factor.

4.12.3 Power Law Fluids

Dodge and Metzner (1959) derived an equivalent to the Von Karman equation as
given by:

1 4 1 R' fi nI2 0.4-Jf = nO.7S og( e . ) - n'·z (4.50)

Hanks and Ricks (1975) presented graphical results, approximated by the
following ernpirical equations (Darby, 1986) for all Reynolds numbers (1arninar
through turbulent) up to lOS:
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• 16(1 - CI) ..... -o.l~~

f= Re' +CI(fT+ITR)

where:

4 =0.0682(-{ri R~:·8N.39n)"T
( 0.41••0.7~7n)

fTR = 1.79'10""' exp(-5.24n)Re,

CI = I+~'" with Ô. = Re' - Re·, and Re· = 2100 + 875(I-n)

(4.51 )

4 is the friction factor in turbulent f10w for 4000<Re'<10~, and~ is the friction

factor for the transition region from Re· to 4000, where Re· is the critical
transition number from laminar to turbulent f1ow.

Experimental confinnation of these correlations over a large portion of the
dimensioniess relations remains a subject of investigation because of lack of
sufficient data in the literature.

4.12,4 Bowen's Approach For Non-Newtonian Fluids in Turbulent Flow

Most flow models are valid over a range of shear rates beyond which their
reliability becomes questionable. This is mainly due to the fact that, by definition,
rheological models are based on the assumption of laminar f10w behaviour.
Therefore, such f10w models cannot be expected to give reliable data in the
turbulent flow regime.

When designing hydraulic transport systems operating around the transition to
turbulent f1ow, it is highly recommended to simulate the expeeted flow behaviour
in a small scale loop test or in a capillary viscometer and to extend the flow range
to the turbulent region. Bowen (1961) proposed a simple method for handling
data from turbulent f10w tests. Assuming the viscosity to be constant, the
Blasius law representing the turbulent f10w in smooth pipes given by:

f
- 0.316
- 0.25

R;

4.30

(4.52)



• was interpreted. as:

DUS~ = k yl.7S (4.53)

D1'b M
For a Bingham plastic, a graph of 4L versus y is plotted on a log scale.

Extrapolation to full scale is considered valid only if this graph confonns to a

straight line for all diameters used. The coefficient (b) is detennined from the

straight line on a logarithmic scale of the graph ~f versus S; with a slope

equal to (2-b) .

Similarly, for a pseudo-plastic material, all results should correlate when plotted
D(l+bn) M

as 4L versus Y, where (n), the tlow-behaviour index, is detennined

from the laminar regime and (b) is the slope of the turbulent tlow curve .
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• CHAPTER FIVE

A PLUG FLOW MODEL (PFM)
FOR HIGH DENSITY MINE BACKFILL

5.1 Introduction

Plug Flow is the mechanisrn by which highly concentrated mixtures (such as
concrete and high density mine backfill) are transported. It is established when the
bulk material flows as a core of inter-locked and water-saturated soUd particles
surrounded by a thin annular layer ofa homogeneous mixture made up of water
and very fine particles. The plug-forming ability ofhigh density backfill for
example is a result of a careful mix design govemed by the -325 mesh fines and
the grading of the coarser aggregates. The -325 mesh fines should form a stable
and homogeneous dense fluid medium with a shear yield stress capable of
maintaining the coarse particles in suspension under laminar flow condition.

The apparent slip phenomenon in tube viscometers takes place according to two
possible mechanisms. The fust is when actual slip at the pipe wall occurs; and the
second is when an annular layer is formed around a core of interlocked particles
moving in Plug Flow. This flow mechanism occurs when concrete or highly
concentrated mine backfill are transported in pipelines. A similar phenomenon also
occurs with fibrous materials such as paper pulp . ln such applications the
apparent "slip" or more accurately the annular lubricating layer effect is rather
beneficial as it reduces frictional energy losses and wear rate of the pipeline.

ln this chapter, a general equation for the flow ofa moving core surrounded by a
Bingham plastic annular layer is derived. Based on this equation, an analytical
interpretation of slip effects in tube viscometers for the case ofhighly
concentrated suspensions in Plug Flow is presented. An assessrnent ofthe
suitability ofMooney's method to correct for slip of highiy concentrated
suspensions in Plug Flow is proposed along with new methods of estimating the
annular layer thiclœess. Comparison with experimental results from the literature
(Duckworth et al. (1986)) are made to evaluate theoretical findings.
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• 5.2 The Flow of Highly Concentrated Suspensions in Pipes
-A Literature Review

Laird (1957) presented an analytical solution to the laminar flow of a Bingham
plastic fluid in an annular conduit. This mode offlow is widely observed in
various industries dealing with the pipeline conveying ofwastes , slurries and
suspensions of all kinds. Laird's solution is ofparticular interest to the oil industry
where flow of the cutting fluids takes place in the annulus formed by the drill pipe
and the borehole.

Ede (1957) investigated the basic mechanics ofconcrete pumping and found that
unsaturated materials pass stresses by inter-particle contact. As a result, frictional
pressure losses tend to rise exponentially with distance pumped. For saturated
suspensions, frictional pressure losses are appreciably lower and the resistance to
flow is linear with distance pumped.

Elliot and Gliddon (1970) performed rheological experiments to validate the
concept that optimum flow properties of a solid-water mixture can be obtained by
adjusting the size distribution of the solid to give the greatest packing density.
They found that the ideal mixture for low pumping power is bi-modal with high
proportions of fines mixed with a larger proportion of coarser particles . Such
particle size distribution cannot he obtained by a single stage crushing operation.
They found that with concentrations above 55% by weight, these mixtures behave
like Bingham plastics with laminar flow over a very wide range ofvelocities. Such
mixtures were found to be stable as they can be allowed to remain stationary in
pipelines for long periods without segregation. They showed that the pH of a
mixture had a remarkable but completely reversible effeet on the flow properties.
This was attributed to the presence ofclay in the suspension.

Browne and Bamforth (1977) presented a qualitative model for relating the state of
concrete in the pipeline to the concrete mix components and pumping system.
They described test methods for assessing the pumpability of concrete.
lmpermeability ofconcrete material to the fluid medium in the mixture was found
to play an important role in minimizing pipe blockages. A special device was
designed to test for pumpability by measuring the rate ofbleeding of the mixture
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• under pressure. Pumping trials were perfonned to check the validity of the
bleeding test apparatus and to measure the effect ofvariations in mix proportions
on the pressure versus time traces. The void meter test and its value as a mix
proportioning tool were described in relation to the optimization of the cement
content.

Cheng (1977) presented a review on the rheology of solid-liquid mixtures at very
high solids concentration including unsaturated systems. He explained their
behaviour in terms of the granular and viscous characteristics of the particulate
solids and the fluid medium respectively, which he called the granll/o-viscous
behaviour. This phenomena is manifested by severa! characteristic features
including: stick-slip, changes in flow curves, packing density variation, wall effect.
etc.

In a later publication, Cheng (1984) presented further observations on the
rheological behaviour of dense suspensions. He concluded that the steady shear
properties of a dense suspension may not be characterized by an unique flow
curve, but rather by a wide shear stress versus shear rate flow band with a mean
and a standard deviation which are a function of solids concentration, particle size
distribution and the geometry ofthe viscometer and its dimensions. It was
observed that an increase in data spread (as measured by the standard deviation) is
caused by an increase in the solids concentration and the decrease in viscometer
gap to particulate diameter ratio. This property is attributed to poor sample
reproducibility with respect to solids concentration and particle size distribution.
Furthennore, the inherent two-phase nature of the suspension results in particle
migration and non-unifonn packing density in a sample. Therefore the viscosity
distribution or flow band depends on viscometer geometry and dimensions. It is
concIuded that because ofthe compIex and poorly reproduced behaviour which is
inevitable with dense suspension, it is necessary to resort to full scale testing if
one wishes to have reliable results for industrial applications. Laboratory
viscometers are deemed useful only for providing qualitative results.

Best and Lane (1980) conducted a testing and eva1uation program to determine the
effeet ofsignificant parameters on the pumping charaeteristics ofconcrete. Such
parameters included water-cement ratio, mortar volume, air content, slump, sand
and aggregate proportions, and the addition of fly ash. Two laboratory scale rigs
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• were designed, one for pumping paste and mortar and a larger one for concrete.
Both t~sts are said to have produced good correlation of results between laboratory
and fieiù Lests using full scale concrete pumps.

Tattersall and Banfill (1983) presented three mechanisms that may be used to
describe the flow of concrete in pipes. In the first one, concrete is assumed to flow
as a Bingham plastic material, and analysis yields the standard Buckingham­
Reiner equation relating the flow rate to the pressure gradient. In the second
approach, it is assumed that a Newtonian layer of a given viscosity and thickness
sUITounds the Bingham plastic concrete core. The third approach generalized the
latter concept to a Bingham plastic annular layer.

Manheimer (1985) showed that with many slurries, particularly at stresses near the
yield value, flow is entirely due to slip. A simple model was proposed that defines
slip in terms ofa thin film offluid that lubricates the walls of the viscometer. This
model was reported to predict many of the observed effects of slip and accounts
for the anomalous results that are often observed when rheological measurements
of slurries are correctly analyzed. The fact that the primary mechanism offlow at
low shear stresses is slip rather than shear is taken as an indirect evidence that
these slurries have a yield stress. The author cautions against using data reported
in the literature unless it is known that appropriate measures were taken to correct
for slip effects.

Duffy et al. (1984, 1985, 1987) introduced the concept ofa new suspending
medium for the pipeline transport of coarse, high density and dense phase particles
and capsules. This concept is based on the properties ofa suspension of flexible
elastic fibers to mechanically entangle to form an interlocking structure which
supports solid particles. In this way, particles do not settle or collide while flowing
and remain in suspension when flow is momentarily stopped. Various flow
mechanisms were described and emphasis was placed on the central core flow
with an annular suspension offibers. This mechanism is perceived to be very
favorable, not only because of the resulting stabilization ofthe suspension but also
because of the appreciable reduction in frictional pressure losses, and the
minimization ofthe main causes ofpipe wear i.e. solid particle contact with the
pipe wall and high flow velocities.
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• Assuming plug flow, Gandhi (1987) showed that adding coarse partic1es to a high
density mixture increases the core diarneter hence reducing the annular layer
t1ùckness. This rationale, supported by flow equations, accounted Îor the observed
increlbe in pressu-e gradient and the substantial decreas:: in flow velocity.

Tatsis et al. ( 1988a) described a comprehensive study ofpipe flow prediction for
high concentration slurries containing coarse partic1es. Their goal was to establish
reliable design techniques for using "pump packing" (i.e pumped backfill) in
underground coal mine. A number of stabilized backfill slurries made up of
crushed colliery shaleltailing/water at 60/20/20 per cent concentrati"n by weight
were prepared and pumped. Viscometer methods were also used to predict pipe
pressure gradients. Data were collected using the pseudo-plastic equation and the
slip model correlation. Provided the variations in slurry properties due to batching
were taken into account, laboratory predictions were reported to be in good
agreement with actual full scale pumping test resu1ts.

Tatsis et al. ( 1988b) described the design of a new probe for sensing a pilase
boundary in pipe flow of a solid-liquid suspension. The device was initially used
for detecting the location ofthe dense phase in stratified flow but was modified
subsequently to test its applicability to high concentration colliery waste. Tatsis et
al. ( 1990) used t1ùs modified version of the probe to measure the annu1ar
t1ùckness associated with plug flow ofhigh concentration slurries. They
developed a mathematical model based on a mechanistic approach to describe the
case of eccentric plug flow. Their experimental data was compared with
independent theoretical predictions and "excellent" agreement was reported to
have been obtained. Their study suggests that minimum pressure loss requirements
are satisfied under plug flow conditions. However, to ensure that plug flow occurs,
they suggest further research work to establish the relationship between particle
size distribution, core porosity and coarse and fines ratio with the size of rigid
core. They also suggest making improvements to the design ofthe probe to make it
re-usable.

Soszynski (1991) analyzed published experimental resu1ts concerning the plug
flow ofpaper pu1p suspensions with clear water annu1us. He presented an exact
solution to the Navier-Stokes equation which yielded the annu1us thickness, the
shear stress at the plug surface and the ratio of the plug to bulk velocity.
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• Paterson et al. (J 992, 1993) attributed the pipe diameter dependency on the
rheogram of sorne highly concentrated slurries to their "granulo-viscous"
behaviour (Cheng 1977), which they described as "anomalous". The total shear
stress, in this case, is a combination ofboth viscous shear stress and solid shear
stress due to particle-pipe wall interaction. A method for subtracting out the
viscous shear stress component from the total shear stress using experimental data
for the pseudo-shear diagram was proposed. The remaining shear stress is taken to
be a function of the coefficient of sliding friction between the particles and the
pipe wall and the lateral dispersive stress.

Kalyon et al.(1993) presented a comprehensive study of the rheology ofhiglùy
concentrated suspensions (Cv=76.5 %) using both capillary and torsional
viscometers. Significant slip at the wall was observed in both the Poiseuille
(capillary) and Couette (torsional) flow. A flow visualization technique was
applied for the first rime to determine the slip velocities in torsional flow direcdy
and also to provide the true deformation rate and the feedback on yielding. The
contribution of the slip of the suspension at the wall to the vo1umetric flow rate in
capillary flow was found to increase with decreasing shear stress giving rise to
plug flow at sufficiendy low shear stress values. The observed p1ug flow is re1ated
to the shear thinning behaviour ofthe suspension (over the apparent shear rate
range of 30-300 s-l ), and differs from the behaviour of shear thickening
suspensions, which may exhibit plug flow at high wall shear stress values i.e.
above a critical wall shear stress in capillary flow. Flow instabilities were observed
at concentrations close to the maximum packing fraction, and there was clear
evidence of the slip layer effect manifested by diameter dependence of the shear
suess versus shear rate curve. The study is concluded by pointing out to the need
for more research on the mechanics ofplug flow and its dependence on the shear
rate sensitivity ofthe suspension as well as on the modes of development ofthe
apparent slip layer and its dependence on the geometty and the deformation field.

Among the above methods, some were based on simplifying assumptions reducing
the suspension to a homogeneous medium which could be characterized by a
standard rheologica1 model (Elliot and Gliddon (1970), Sakuta et al.( 1979),
DucI.:worth et al. (1987). Others adopted simplified versions ofthe Plug Flow
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• model (Menheimer (1985), Soszynski (1991») or resorted to semi-empilical

approaches for analyzing such f10w behavior (Ede (\957). Browne and Bamforth

(1977), Paterson et al. (1992, 1993».

Whenever the rheogram of a concentrated suspension showed pipe diameter

dependency, slip effect is often assumed to be the cause and Mooney's method or a

variation thereof is usually used to correct for such "anomalous" behavior. lt is

weB established that rheological data must be corrected for slip effect -whenever

applicable, otherwise they are deemed of questionable validity.

Although severa) authors recognized the peculiar nature of slip in highly

concentrated suspensions as being a result of Plug Flow with a annular layer

(Cheng, (1975), Ferguson and Kemblowski, (1991», no theoretical analysis was

made to date to substantiate such observations. Except for Soszynski (1991), who

analyzed the special case ofPlug Flow with a Newtonian annular layer, no attempt

was made (to the authors' knowledge) to predict analytically the thickness ofthis

layer in the case of a non-Newtonian fluid layer.

5.3 Proposed Model: Plug Flow With a Bingham Plastic Annular Layer

A schematic of the Plug Flow Model (pFM) with its velocity distribution are

shown in Figure 5.1.

Laird (1957) derived an analytical equation for the flow of a Bingham plastic

material in an annulus. Our derivation foBows bis analysis except that we assign a
non-zero velocity boundary conditions at the core interface (i.e. VeR1)= Vc)'

The Bingham plastic equation is given by:

IdV
t=-ry+1l (if 1 (5.1)

To aIlow the two shear stress terms to be additive, this equation may be written

as:

(5.2)
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Figure 5.1 Plug Dow and velocity proïde
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• The shear force acting on the lateral surface of the core is gl"en Ly:

dV
A·t = 2ltfL . ('y - Il "df) (5.3)

Equating differential shear force and differential pressure force as r is increased to
r+dr:

(
dV ~ .,

d 2ltfL· ('y - Il dr)rd (àPm-)

Integration yields the velocity distribution equation:

V(r)=~-~; + B·In(r) +v+ c)

(5.4)

(5.5)

To obtain B and C, Apply the boundary conditions: V(RI)=Vc and V(R2)=O:

ôPR22
C= 4L - Bln(R2) -'yR2

(5.6)

(5.7)

Substituting B and Cinto the velocity distribution equ.."\tion and rearranging, we
obtain:

Which is the velocity distribution for a fully developed laminar shear fiow of a
Bingham plastic fluid in an annulus (i.e. for RI<r<R2) with a non-zero velocity
boundary condition at the core interface.
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This Analytical solution reduces to that of Gandhi (1987) when the core is
assumed to be free flowing and to that of Epstein (1963) and Charles (1963) when
the annulus layer fluid is assumed to be Newtonian. Our model is also consistent
with that of Tattersal and Banfill (1983), wherein shear flow takes place only in
the annular region, while the rest of the material move as a solid plug.

A force balance on a control volume of a core section involving the pressure
gradient acting on its cross-sectional area and the resisting fluid shear stress acting
on its lateral surface yields:

(5.9)

Differentiating Equation (5.8) with respect to (r) and substituting in Equation (5.9)

yields the core velocity:

(5.10)

Substituting Equation (5.10) in Equation (5.8) reduces the latter to the equation
derived by Gandhi (1987) who assumed that the shear stress distribution is linear

within the annular layer, i.e. 't(r) = 'tw ;2' for R1SrSlU

to obtain:

(5.11)

Total flow rate is the sum of annulus and core f10w rates, i.e.:

(5.12)
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• where:

(5.13)

(5.14)

Average f10w velocity and average annular layer velocity are given respcctively

by:

(5.15)

(5.16)

From the above equations. it is found that the pressure gradient increases as the

average f10w velocity increases for a constant k. This result is confirmed by the

experimental findings of Duckworth et al. (1986) as will be discussed later.

The pressure gradient also increases as k increases for a constant f10w velocity.

Figure 5.2 shows a farnily of curves of pressure gradients versus k for different

values of f10w velocity.

5.4 Annular Layer Thickness Estimation
DdP

Considering the relation between the shear stress at the wall 4L with the

apparent shear rate 8;, as described by Equations 5.12 and 5.15, the wall shear

stress-shear rate relation for a Bingham plastic f1uid in the annuJus is given by:

•
(5.17a)
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Figure 5.2 Variation of pressure gradient with k for inereasing values of
average flow velocity

• V-3m1s

3 * V-2.S mis Viseosity = 0.24 Pa sec

• V-2.0 mis

V-I.S mis- Yicd stress = 9 Pa
2.5

-0-- V-I.O mis

~
~v-o.smls Pipe radius, R2 = 0.076m

~ 2-=..
=6....
C
~ 1.5=..
E
=-

1

: ~0.5 0

o

•
0.5 0.55 0.6 0.65 0.7 0.75 0.8

k=RIIR2

5.12

0.85 0.9 0.95 1



• Equation (5.17a) may be related to the data of Ducb:worth et al. (1986) by equating
it with the approximate Buckingham equation :

From which, the apparent to actual viscosity ratio is found as:

/la 1

-;= l_k4

(5. 17b)

(5.18)

If the core radius is taken to be zero, i.e. the flow is entirely made up of the fluid
suspension, then, as expected, the apparent viscosity and the actual one are
identical.

The apparent to actual yield stress is given by:

(5.19)

which correctly reduces to the Bingham plastic approximation when k=O. As the
annulus layer thickness decreases (i.e as k approaches unity), the ratio of apparent
to actual viscosity increases, whereas the ratio ofapparent to actual yield stress
decrease as shown in Figure 5.3

Assuming that Plug Flow with an annular layer is the transport mechanism, it is
shown by Equations (5.18) and (5.19) that the measured (i.e. apparent) yield
stress and viscosity of the material are a function ofthe core to pipe radius ratio k.
To determine an estimate ofthe annular layer thickness, it is necessary to solve for
the ratio k and to determine via independent measurements the actual viscosity
and yield stress of the fluid material using methods described by Nguyen and
Boger (1992).
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Figure 5.3 Variation of apparent to actual yield stress and viscosity ratios
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• Hence, the thickness of the annular layer is given by:

Using Equation (5.18), k can be obtained as:

(
")0.25k= 1_..c:..
/la

Similarly, k can also be obtained numerically from Equation (5.19)

(5.20)

(5.21)

5.5 Alternative Approach of Estimating Annular Layer Thickness

For a selected particle size distribution of coarse aggregates, the thickness of the
annular layer is taken to be a function of the void content for loosely packed
aggregates and the amount ofrheologically active fines (-325 mesh). Minimum
saturation state in the mixture is reached when the volume of the paste making up
the annular layer is exactly equal to the void content. Any excess ofpaste volume
(Vpastel beyond the voids volume (Vvoids> is assumed to go toward increasing the

annular layer thickness. This is expressed by :

(5.22)

From which an estimate of the annular layer thickness is obtained as:

From which the ratio k is obtained as:

(5.23)

k= 1- (Vpaste -.Vvoids.1
Vp1pe )

(5.24)

From the volume balance equation:
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• (5.25)

where Vc and Vf are the volumes of dry coarse and fine particles and Vw is the

volume of water added.

Given the volume ratio of coarse to fine fractions as:

VC=a= (WC)(Sf)
Vf Wf lSc

(5.26)

Sc and Sf being the specific gravity of coarse and fine solid particles respectively,

and Wc and Wf the weight fractions of the coarse and fine particles respectively.

One, then obtains:

k= (
1+ a(l - Cv) VVOids)

1 - -
l+a Vpipe

(5.27)

•

The voids to pipe volume ratio can be estimated from a simple measurement by the
voidmeter (described in section 5.8).The container of a representative sample of
aggregates should have the same diameter as the pipe in question. Thus given the
coarse to fine fractions ratio, and the volumetric concentration of solids, it
becomes possible to predict the core to pipe diameter ratio k. This result is
illustrated in Figure 5.4

Plug flow requires that no segregation occurs within the moving core of particles.
To satisfy this condition, the particle size distribution should have the maximum
amount of coarse aggregate possible which should be continuously graded down to
give the minimum void content and fines. This would result in a high internal
friction to the passage of the fluid phase but a low surface area of aggregate
presented to the walls of the pipe. It is known in the literature (German, 1989 ) that
a variety of multi-modal distribution could be designed to answer this requirement.
Section 5.6 elaborates on this subject.
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Figure 5.4 Variation ofk with the voids to pipe volume ratio. VvfVp
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• 5.6 Particle Size Distribution of a Plug Flow Mixture: Case of Fresh Concrete

The concrete industty uses standard grading envelopes for preparing concrete
mixtures known to give good workability and pumping characteristics. Figure 5.5,
5.6, 5.7, 5.8 show the ASTM C33 specification lirnits for the grading offine and
coarse aggregates and the desired combined size distribution. The combined
grading is recommended on the basis ofexperience gained in pumping mixes with
different proportions (Popovics, (1982), ACl Committee 304, (1971-72),
Powers,(1968».

5.7 Mix Proportioning for Pumping: A Graphical Approach to Optimum
Gradation (Wilson, F., 1974)

The pumpability and the workability of a mixture are influenced by variations in
the properties ofmix ingredients. Good gradation is the prime condition for
pumpability. ln general, pumpability is influenced by three factors:

• Gradation in aIl sizes
• Quantity, grind fiaeness, particle shape, and voids in the aggregate
• Sand size by quantity, Fineness Modulus (FM)

To ensure trouble free pumping, constant repeated uniformity of aggregate
production, handling and mixing is required.

Sorne principles of early proportioning methods:

• The Box method: Available ingredients are combined in a variety of trial
proportions until the trial volume (box) attains the heaviest weight

• The maximum density metbod: Maximum density at the least total voids is
sought through different trial mixes.

• Minimum voids metbod: The objective in this case is to seek the particle size
distribution of coarse aggregates which offer the least voids so as to mjnjmjze the
paste volume required to fill these voids. The Voidmeter described in section 5.8 is
usually used for this method.
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Figure S.S Coarse, fine and recommended combined particle size distribution for

dmax=38.lmm(II/2 in)
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e •
Figure 5.6 Grading ofcoarse, fine and combined aggregales for dmax=25.4mm (tin.)
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e •
Figure 5.7 Grllding of cOllrse, fine Ilnd combined Ilggreglltes for dmax=19.lmm (3/4 in.)
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e •
Figure 5.9 GraphitaI method for mil proportioning
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ln addition to good workability, the above methods offer opportunities for

substantiaI cement economy for cemented mine backfilI.

Mostly empirical methods have dominated the field of mix proportioning. The use

of combined grading envelopes for pumpability derived from experience has been

widely used as iIIustrated above.

The folIowing is a graphical method for proportioning coarse and fine aggregates

giving optimum workability. This method aIlows the development of trial blend

that is the most workable combination of given aggregates. This, however, does

not guarantee that the proposed mixture will be suitable for pumping. Additionai

conditions are required as will be discussed further. Provisions are made in this

graphical method to find the deficiencies if any in the aggregates, to indicate

correction that may be desirable and to predict the influence of possible revisions.

The procedure is outlined in the folIowing steps and iIIustrated in Figure 5.9.

Step 1: Plot a histogram of the mixture to detect the presence of modes

(components) of the mixture. If the components of the mixture are known, proceed

to step 2.

Step 2: On a particie size distribution graph featuring percent undersize (passing)

by weight versus particle size, it is recommended to plot the grading band of each

component (mode) of the mixture. Coarse and fine aggregates in a bi-modal

distribution, for example, should be represented by grading limits delineating the

range of each component instead of single grading curves.

Step 3: Through each gradation line or band, draw a straight line in a median

position (Une A and B ). The points of intersections of these lines witll top and

bottom of the graph are noted ( i.e. [PIOO%,At], [PO%,Ab], and [PIOO%,Bt],

[PO%,Bb])

Step 4: Draw a line from the 100 percent passing line at the point [PIOO%, Ab] of

the graph down to the intersection of the bottom (zero percent passing) line and the

maximum aggregate size line at the point [PO%,dmax] , (dmax=38.1 mm in this

example). Note that dmax is the actuai maximum size in the aggregates, not the top
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• the top screen size with a percent retrained. The line drawn in this step is referred
to as the Blend line.

Step 5: Draw cross lines from the 100 percent line intersection of the first
aggregate component of step 2 to the bottom (zero percent line) intersection of the
second aggregate component; then from the top of the second aggregate
component to the bottom of the next component until the number of cross lines
equals the total number of aggregate components min~ one. ln this example there
is one cross line from point [PlOO%, At] to point [PO%,Bb].

Step 6: Intersections ofthe blend line obtained in step 4 with cross lines obtained
in step 5 give the optimum percentages of each component for the mixture most
likely to be the most workable (hence pumpable) combination of the materials
graphed. Blend percentages should be recorded as the vertical percent increments.
from the top down, of each intersection.

Step 7: Once the blend percentages are obtained, a graph of the resulting mixture
should be plotted and compared with pumping/workability envelopes developed
experimentally. Results obtained from this graphical method should come within
close range of those obtained from reliable empirical mix proportioning methods
for pumpability.

Proviso: For good pumpability, the combined blend should display a smooth curve
in the middl,. of the grading curve. Horizontal part of the grading indicate
deficienr :lereas vertical ones denote excesses, both of which can often be
tolerated. 1. combined line shows abrupt discontinuities that waver back and
fortb, then the mixture requires additional adjustments to become suitable for
pumping.

5.8 Void to Pipe Volume Ratio Measurement

In designing pumpable mixtures, careful grading ofaggregates is required to
minimize the void content in order to establish the so-called blockedfilter effect
which a110ws the fluid phase to transmit pressure without escaping from the mix.
The objective ofminimizing the void content is to produce maximum frictional
resistance to the passage of the fluid phase within the mass ofthe mix and a
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• minimum frictional resistance to the walls of the pipe with a low surface area of
aggregates.

ln cemented fill, the cement paste occupies the interparticle voids. Minimizing
these voids results in substantial saving of cement, however, this quantity of
cement shouid be consistent with that required for the desired strength
characteristics of the fill in place underground.

A void measuring apparatus, shown in Figure 5.10 was built similar to the one
designed by Kempster (1969). A sample ofaggregates are placed and compacted
in a cylindrical container having the same diameter as the pipe to be used for
conveying the mixture. The aggregates are compacted using a weight which also
acts as a spacer used to determine when the container becomes filled with the
required level. The air tight lid is then closed with the tap open. With the reservoir
in position (A), the water level in the tube is brought to a predetermined level by
adjusting the water level in the reservoir. The tap is closed and the apparatus is
setup as shown in Figure 5.10. Void content in the sample is measured by
lowering the reservoir to position (B) creating a pressure head in the measuring
tube. After the water level settles to an equilibrium position, the void content of
the sample can be read direct1y from a previously calibrated scale. Sorne typical
values ofvoid content for combined aggregate sand and cement are shown in
Figure 5.11

The relative proportion ofvoid and cement in a given mixture determines the
pumpability as shown qualitatively and quantitatively in Figure 5.12.

According to Rumpf (1990), if samples ofa given volume are taken from the
random packing, then their porosity &sa will vary randomly from sample to

sample. Their expected value is that of the porosity ofthe whole packing, i.e.:

E(&sa) =& (5.28)

The variance of the porosity &sa of the samples can be calcuiated. If the packing

consists of particles of equal size ofvolume '1>' then it follows that:
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Figure 5.10 Voidmeter
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Figure 5.12 Effect ofvoids content in combined
aggregates in relation to cement indicating
pumpability (adapted from Kempster, 1969)
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• 2 = E(I-E)up
crEsa Vsa

(5.29)

where Vsa is the volume of the sample. This analysis is also applicable to packings

of non-unifonn particles.

5.9 Comparison witb Measured data of Duckworth et al. (1986)

The data of Duckworth et al.(1986) does not include the voids fraction values in
the coarse aggregates therefore only the fust method ofpredicting k will be used
for comparison with experimental data.

The data presented by Duckworth et al. (1986) and summarized in Table 5.1
include the actual yield stress and actual viscosity ofan initial suspension with no
coarse particles, (i.e. data set #1, l' =5.3 Pa, 11=0.13 Pa sec). The remaining data

sets # 2,3,4, and 5 represent mixtures with increasing coarse solids content (with
apparent viscosity and yield stress values) . Assuming that the composition of the
annular layer remains uncbanged and that the effect ofadding coarse particles
leads only to an increase in the core diameter; then it becomes possible to predict
the parameter k (bence the annuIar layer thicimess) by considering either the
viscosity or the yield stress data. TheoreticalIy either method shouId yield the
same answer.

For the apparent viscosity data, Equation (5.18) offered values within 7% average
deviation from the values given by Gandhi (1987). For the yield stress data,
Gandhi (1987) observed that the reporttJ increase in the yield stress values due to
the addition ofcoarse particle (bence an increase in k) cannot be theoretically
justified. lndeed our resuIts show that an increase k shouId instead be coupled
with a decrease in the values of apparent yield stresses.

The viscosity data was deemed more reliable than the yield stress data due to the
better Imown techniques for measuring viscosity compared to those ofmeasuring
yield stress. Inference ofyield stress from a rheogram is not recommended,
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• instead, direct detennination as described by Nguyen and Boger (1992) is
preferred.

Since the actual and apparent yield stress are within less than IS % of each other
as k is varied within a wide range (Figure S.3), it is argued that the most likely
valid value for the actual yield stress should be close to the measured ones rather
than to that of the initial suspension (data set #1). This rationale is confumed by
the results obtained in Figure S.13, where it was assumed that the actual yield
stresses of the material at various concentration are those given in Table 1 for
each data set, while the actual viscosity for all data sets is that of the paste
suspension (data set # 1).

If the actual yield stress of the suspension is taken to be that of the original one
(i.e. data set # 1) for all data sets, then the agreement between theoretical results
and experimental data is not as good as in the previous case. Using values ofk
predicted from viscosity data and Equation (S. 18), and taking the yield stress of
data set #1 (i.e. t y = S.3 Pa. sec.) to be the actual yield stress, it was possible to

compute apparent yield stresses from Equation (S. 19) which are consistent with k
values obtained from Equation (S. 18), as shown in Table S.2 These calculated
values however were not consistent with the ones reported by Duckworth et al.
(1986).

From the above, it was found that only viscosity data could yield meaningful
estimates for the annular layer thickness. Good prediction ofpressure gradient as a
function of flow velocity was possible only when apparent yield stresses (instead
of the actual one) were used with the actual viscosity of the suspension.

For accurate results it is recommended to perfonn independent measurements of
the magnitude of the annular layer thickness coupled with careful measurements of
apparent and actual viscosity and yield stresses.
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Table 5.1

Predicted k values based on Dud."Worth's et al (1986) data

Data Wc Cw, 1" Il, k k from
set # Wf % Pa Pa.sec. from Gandhi

EQ. (18) (1987)

1 0 53.25 5.3 .13 - -
2 .205 57.1 6.25 .14 .51 .6
~ ~ 60.65 7.67 .19 .75 .79" ."
4 .4 65.0 9.0 .24 .82 .87

5 .48 67.2 10.74 .32 .88 .93

Table 5.2

CalclÙated and reported (Duckworth et al. (1986»

apparent yield stress for different k values

k .51 .75 .82 .88
't
Ya

(calclÙated) 4.93 4.48 4.34 4.22

1'a (reported) 6.25 7.67 9.0 10.74
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• 5.10 Slip Phenomena-T1le Classical Approach (Mooney (1931), Jastrzebski

(1967), Heywood(1991»

The wall slip effect can be detected by using several pipe diameters to plot the

wall shear stress 'tw versus nominal shear rate S; diagram. If curves for different

pipc diameter do not coincide, not because of turbulent, non-homogeneous or

time dependent flow, then wall slip is the most likely source of discrepancy.

Assuming that slip is detected, it is necessary to correct the expression of the

nominal shear rate used in the shear stress shear rate diagram. This is done by
SV S(V-Vs)

replacing the nominal shear rate 0 by 0 • where Vs is the effective slip

velocity , which can be determined from flow tests. This method indicates that slip

results in a flow rate increase through the pipc compared lO the non-slip condition.

The total flow rate derived from this method is given by :

'tw
n0

2
n (0)3 J 2Q=7 Vs+s 't

w
) O't f('t)d't

And defining the effective slip coefficient by ;

(5.30)

(5.31)

In addition to being a function of 'tw. ~ was foun~ to vary inversely with pipe

diameter. Redefining the slip coefficient to make it depend only on shear stress:

•
Substituting in equation (5.30) and rearranging. one obtains:

'tw
320 ~ 4 J2

3 - q+l +4 't f('t)d't
nO 'tw 0 't wO

5.34
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• For a given value of wall shear stress t w. the slip coefficient Wcan be determined

3?Q 1
as the slope of '3 versus ----:;I for a range of pipe diameters.

1tO t w oq

The slip velocity is then given by:

(5.34)

In many applications a value of q=l resulted in a satisfactory linear fit of
experimental data. It is also suggested that a value q should be selected to give a
good linear fit of experimental data.

5.11 Assessment of the Suitability of the Classical Approach of Slip Analysis
to PlugF10w

Although the empirical method proposed originally by Mooney (1931) to correct

for slip effect may be applicable to a wide c\ass of non-Newtonian f1uids. it may
not be suitable for suspensions for which apparent slip is defined in terms of Plug
Flow with an annular lubricating layer (Oealy. (1994)). In Mooney's approach. slip
is defined as a non-zero velocity boundary condition at the pipe wall, whcreas in

Plug Flow, no actual slip takes place at the pipe wall. Instead f10w resistance is
substantially reduced due to the presence of the annular layer.

Although this fluid layer has zero velocity at the wall. the bulk of the suspension
moves relative to this layer. Regarded as one f10wing medium, the suspension

appears to have an effective slip velocity with respect to the wall.

From the expression of the total volumetrie flow rate, the following expression is

obtained:

•
(5.35)
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This equation clearly shows that no linearity exists between the leff hand side of

Equation (5.35) and ~2 or even V2Y as would be the case for Mooney's method.

This significant result emphasizes t.i}at the annular lubricating layer effect in Plug

Flow is indeed physicaIly clifferent from slip in the sense of Mooney's method.

Thus the shear stress-shear rate dependence on pipe diameter could readily be

explained in temiS of the Plug Flow model by recaIling that the shear stress-shear

rate relationship is a function of k, which is inversely proportionaI to pipe

diameter. Faih,;:e to reaIize this, may lead to using Mooney's method, where it is

not applicable. This misintf'!pretation occurs whenever the dependence of the

shear stress-shear rate cwves on pipe diameter is erroneousl)' understood as slip

along the pipe waIl instead of Plug Flow with an annular lubricating layer, which

is a more likely flow mechanism for highly concentrated suspensions.

5.12 Maximum Pumping Distance

5.12.1 Saturated Flow with Annular Layer

Saturation of the mix is established when the pores ofthe aggregates are

completely filled with a mixture of water and fine particles in the forro of a paste.

A tendency to squeeze out paste or water from the mixture under pressure was

taken by Ede (1957) as an indication of saturation. The pressure loss in the

pipeline for a saturated mixture was found to be linear with the distance pumped,

and the pressure at any point in the line is given by:

(5.36)

where:

P(x) =
Po =
D =
RA =

pressure in the pipeline at a distance x from the pump
pressure at the pump outlet

internaI pipe diameter
flow resistance per unit area of pipe
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• The maximum distance pumpable in the saturated state is the distance where P(x)

becomes zero, and is given by:

(5.37)

The forces to which an element of the plug is subjected, and the variation of

concrete pressure down the pipeline in the case of a saturated mixture are shown in

Figure 5.14 . Assum:ng steady flow conditions, the forces acting on the plug

element are the pressure forces opposed by the friction forces resisting the flow.

Ali shearing action is assumed to take place in the annular layer.
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Figure 5.14 Saturated Mixture
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• 5.12.2 Unsaturated Flow

ln the absence of sufficient paste to fill aggregate voids and to fonn an annular

lubricating layer, the mixture may be in the unsaturated state. ln this case the

pressure drop becomes exponential along the length of the pipeline. This

resistance to flow is caused by the high sliding friction between solid particles and

the pipe wall, which makes the radial pressure under unsaturated condition

significantly less than the axial pressure. Ede (1957) showed that the axial

pressure is given by:

(
-4f,lk ~î

-4f,lk' 1- exp( D -JjA
P(x) = Poexp( D 4- f,lk (5.38)

from which the maximum pumpable distance for unsaturated flow is found as:

(5.39)

Il = coefficient of friction between the concrete and the pipe wall

A = adhesive resistance (similar in concept to the )oield stress)

k = radial pressure-axial pressure ratio in the pipe

The forces to which an element of the plug is subjected, and the variation of

concrete pressure down the pipeline in the case of a unsaturated mixture are shown

in Figure 5.15. The effect ofwater-cement ratio on the axial pressure is

surnmarized in Figure 5.16. It is clear that unsan.rated flow shouId be avoided by

making use of the mix proportioning and design methods described in this chapter.
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Figure 5.15 Unsaturated Mixture
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Figure 5.16 Effect ofwater-cement ratio on the pumping pressure
(adap:ed from Ede. 1957)
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5.13 Conclusion

A generaI equation for the flow of a moving core of solid particles surrounded by a

Bingham plastic annular layer was derived. This Plug Flow model depicts the flow

bchavior of a wide variety of highly concentrated suspensions whose motion

through capillary viscometers or pipelines is made energy efficient owing to the

existence of this annular layer.

Mooney's method for slip effect correction was shown to be inapplicable in case of

Plug Flow where pipe diameter dependency of rheograms and th.: reduction in

flow resistance are due to the existence of an annular lubricating layer.

Analytical predictive equations for estimating the thickness of the annular layer

were proposed. This thickness controls the magnitude of the resulting pressure

gradient measured.

Experimental data of Duckworth et al. (1986) was used to evaluate our theory. It

was found th3t only viscosity data could yield meaningful estimates for the annular

layer thickness. Good prediction of pressure gradient as a function of flow velocity

was possible only when apparent yield stresses (instead of the actual one) were

used along with the actual viscosity of the suspension.
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CHAPTERSIX

TRANSORT OF MIXED REGIME SLURRIES: THE TWO­
LAYER MODEL

6.1 Introduction

Since its publication, the two-Iayer model, proposed by Wilson et aI.( 1972), has

been the focus of a great deal of attention due to its original approach in modeling

the mechanism of solid-liquid transport in pipelines. The origins of th;s model go

back to the work of Newitt et al. (1955) who investigated the flow of low

concentration coarse particle mixtures in saltation or sliding bed, and developcd

pressure loss equations which could be applied for scale-up ca1culations. However,

the derivation of Newitt's equation did not take the highly stratified nature of the

flow into account. Wilson's model is also based on Streat & Bantin's (1972) work,

where experiments were conducted with coarse slurries at high concentration to

determine in-situ concentration and pressure losses.

lnitially Wilson's model was restricted to very coarse partic1es and did not contain

empirical parameters. A constant kinetic coefficient of friction was used, which

could be determined from sliding friction tests using a ring shear cell or by tilting

a section of a pipe and noting the point at which continuous sliding occurs. Later

versions of the model extended the original concept to inc1ude finer partic1es and

mixtures of coarse and fine solids. However, this required the use of flow derived

coefficients to match the model with experimental data. This model is used to

estimate pressure drop and to scale-up experimental data to larger pipe diameters

for settling slurries.

The central feature of the two-Iayer model is the stratification of the flow ,

wherein the lower layer, made up of a contact (or bed) load, moves "en bloc"

along the pipe wall; and an upper layer made up of the fluid medium in which a

portion of solid partic1es may be suspended. The two-Iayer model is shown

graphically in Figure 6.1
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Figure 6.1 Deïmition of the two-Iayer model parameters
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• The sluny flowing in a horizontal pipe is assumed to be divided into two layers
separated by a horizontal surface. Each layer is assumed to have a constant solids
concentration and velocity when computing boundary stresses and the stress at the
interface. The mixture in the upper layer ofvolumetric concentration Clis
assumed to behave as a fluid as far as the stresses are concemed. The lower layer
is assigned a concentration ofloose-packed bed, Clirn • which could be determined

from non-flow measure..'IIents . Head loss predictions for coarse particles is rather
insensitive to the value of Clirn unless particle size distributions is very broad and

the mean concentration is very high (Shook and Roco (1991». Concentration
increment C2 consists ofparticles whose irnmersed weight is transmitted to the
pipe wall by interparticle contact. Coulombic sliding friction is assumed to occur
at the contact between the wall and the lower layer

In the following, a statement of the two-layer model is presented with
developments pertinent to the concentration distribution in the upper layer. The
computational procedure for solving the problem and a discussion of sorne aspects
of the model are also given.

Each layer will be represented by its average properties i.e. mean velocities and
concentrations. It is assumed that slip (due to the higher flow velocity of the
fluid phase with respect to the solids phase) does take place in the lower layer,
therefore generating hydrodynamic forces that will be taken into account.

6.2 Model Development

Many versions of the two-layer model are found on the lîterature. The following is
an updated version based on the work ofTelevantos et al. (1979), Doron et al.
(1987), and Shook and Roco, (1991). The model uses momentum equations for
each layer, expressed in terms of the boundary and interfacial stresses. For steady
horizontal pipe flow, the momentum equation for the upper layer and lower layers
are respectively given by:

(6.1)
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The shear stresses 'r l, 'r2f are given by:

.,
fI Vi PI

'rI = 2

(6.2)

(6.3)

'r2fis related to the fluid velocity near the wall of the lower layer. Using the mean

fluid velocity V2f' the friction factor f2 and the density P2:

(6.4)

The friction factors in the above equations should be calculated fpJm the viscosity
and density of the mixtures in the upper and lower layer and the equivalent
hydraulic diameters of the regions (Doron et al. 1987) as given by:

(6.5)

(6.6)

(6.7)

and

6.4
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• The interfacial shear stress is assumed to result from the diffcrcncc in vclocity

between the two layers. It is calculated using the density of the upper layer.

(6.9)

The roughness of the interface depends on the diameter of the partic1es. A

modified version (Shook and Roco, 1991) of the Colebrook friction factor

equation (independent of the equivalent hydraulic diameter of the upper layer)

yields:

f
2(l+Y)

12=
(410gIQ(D/d) + 3.36)2

(6.10)

Where Y=O for dID < 0.0015, and Y= 4+1.4210glO(dID) in the r,mge

0.0015< dID < 0.15
2

4gd3(s-1)Pf
for à<lta taken at Ar 2 < 3xIQ5

3!J.f

The contact load contribute the velocity independent resisting stress 't2sS2 at the

boundary S2 as given by:

0.5 D2 11s g (Ps-PÙ (sin~ - ~cos~) C2 (1- Cl - C2)

't2sS2 1 - C2 (6.11)

Ergun's equation for flow through a packed bed, may be used to relate the
interfacial drag force (fs)f to the relative velocity lN = V2f - V2s. This is

expressed by:

•
CrbPf~V I~VI

(fs)f- d
m

where:
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• D.V = V2f - V2s (6.13)

(6.14)

Eliminating the pressure gradient term between the equations of the lower layer

yields an expression for the hold-up velocity :

(6.15)

Eliminating the interfacial shear stress term between the equations of the upper

and lower layer, the pressure loss equation for the two-Iayer model is obtained as:

(6.16)

which is equivalent to:

6.3 Relations for solving the equations of the model:

s=SI +S2 = 1tD

SI =(1t - ~) D
S2=~D

SI2 = D sin~

1tD2
A=AI+A2= ­

4

02
AI = '4 (1t - ( ~-sin~cos~))

D2
A2 = '4 (~ - sin~cos~)

6.6

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)



• D
Yb =~cos(S) - cos(13»

dP .
-dx=lgPf

6.4 The Regula Falsi Method For Estimating Angle 13

(6.25)

(6.26)

A .oot searching algorithm known as the Regula Falsi method is used to
detennine the angle 13 defining the lower layer. Angle 13 is determined when the
pressure drop in the upper layer (il) equals that of the lower layer (i2) i.e. when
the following condition is established:

F(13) = il - i2 = 0 (6.27)

It is sufficient to find two values 131 and 132, such that F( 131)· F( 132) < 0 , as an

appropriate search interval for which a solution can be found by the proposed
algorithm.

6.S Estimation ofthe Mean Flow Velocities in the Upper VI and Lower V2

Layers

Conservation laws for fluid and particles , assuming steady f10w conditions and an

incompressible f1uid, require that:

where:

Vz = Cz VZs + (l-CZ) VZf

The volumetric f10w rate balance of solids is given by:

6.7

(6.Z8)

(6.Z9)
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• However since V2s cannot be known before ail model equations are solve:!,

another equation is used where a mean volumetric solids concentration in the

lower layer,
Cb' is defined by :

(6.31)

Clis ~stirnatedindependently as will be shown below and C2 may be computed

from:

(6.32)

where Clirn is the concentration cf the 100se-packed bed, taken equa1 to 0.66 in

oW' ilIus::rative exarnple. Solving Equations (6.28) and (6.31) for V 1 and V2

yields:

(6.33)

(6.34)

Cb is initially estirnated as C2. After Solving for the velocity differential from

Equation (6.15):

t:N = V2f- V2s

where:

V2s = V2 - (I-C2) tN

V2f= V2 + C2 6.V

and from the mass balance equation:

6.8
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(6.36)
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• (6.38)

a new mean concentration Cb may oe computed as:

(6.39)

If the new Cb is not equal to the previous one, the equations of the model are
recalculated with the new Cb, and the procedure is repeated until convergence is
reached. The flowchart for the two-Iayer model calculations is shown in Figure 6.2

6.6 Conc~ntration Distribution in the Upper Layer

Improvement in the two-Iayer model requires methods for predicting concentration
distributions in the pipeline. The turbulent diffusion mechanism suggests that large
scale eddies keep particles suspended in the upper layer and cause particle motion
from the interface upward Le. from the high concentration zone (lower layer) to
the low concentration zone (upper layer). This tendency is balanced by the
gravitational force which causes the particles to settle. This is expressed by the
diffusion equation (Doron et al. 1987) :

a2C(y) ac(y) 0
& fJy2 + w fJy

With C(Yb) = C2 as boundary condition.

(6.40)

cry) is the local volumetric concentration in the upper layer, y is the vertical
coordinate (per.oendicular to the pipe axis), & is the local diffusion coefficient, and
w is the particles' local terminal settling velocity. Integrating the above equation
twice yields the concentration distribution in the upper layer:

(6.41)
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• Figure 6.2 Flow chart of the two-Iayer model simulation
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• where Yb is the bed height, and the concentrat.on at the interface is asswned to be

that of lower layer C2'

The mean cross-flow diffusion coefficient E is evaluated according to Taylor
(195"), assuming the mass-transfer coefficient and the momentwn-transfer
coefficient are nearly equal:

E = 0.052 V.r

where V. is the shear velocity given by:

and r is the hydraulic radius of the upper-layer cross section.

(6.42)

(6.43)

Where the terminal hindered setding velocity for a cluster of particles is estimated
from the Richardson and Zaki (1954) correlation:

~=(l_C)m
Wo
where:

-01
m =4.45 Rew ' for 1 < Rew < 500 and 2.39 for Rew > 500

(6.44)

(6.45)

Rew is a particle Reynolds nwnber based on w.

The mean concentration distribution equation in the upper layer is given in terms

of 13 as:
1t

C2
02 f ( D )CI = 2A1 exp - x ï< cose-cosl3) sin2e de

13
'th WWl x=-

E
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• 6.7 Case #1: Flow with a stationary bed

This flow regime is not recommended in practice. It will be used here as a limiting
case to illustrate the applicability of the two-layer mode!.

For flow velocities below the critical deposit velocity, a stationary bed is expected
to form. Flow takes place onIy in the upper layer. The dry frictional term 't2sS2

can no longer be computed from Equation (6.14) since this equation applies onIy
at the verge ofmotion. Since bed velocity V2 = 0, and C = Cl, the velocity in the

upper layer is given by:

A
V=-V

1 Al (6.46)

Since the mean concentration in the upper layer Cl is known, the angle (13) and the

bed height may be estimated from Equation (6.45) and (6.25) respectively. The
shear stresses in the upper layer can be computed from Equation (6.3) and (6.9),
and the pressure 1055 from Equation (6.1).

The static dry friction term 't2sS2 can be computed from Equation (6.2) and

compared to the minimum dry friction ('t2sS2) min (estimated from Equation

(6.11)) required to start the motion of the bed.

The bed is stationary as long as:

(6.47)

6.8 Case #2: Flow with a moving bed

As the mean flow velocity approaches the critical deposit velocity, the shear
stresses increase while the bed height decreases until the condition

(6.48)
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• is reached, which indicates the transition from a stationary bed to a moving bed. In
this case a solution for the pressure loss is obtained by an iterating procedure on

aIl model equations as shown in Figure 6.3. The convergence criterion is satisfied

when the pressure drop in the upper and lower layer are practically equal. This

determines the angle (13), and the rest ofmodel parameters.

6.9 Case #3: Fully suspended tlow

As tlow velocity increases further, bed height continues to diminish until it
approaches zero. This is the onset of the fully suspended regime. In this case. the

pressure drop is estimated from:

dP =2f p y2
dx D m

where:

and (f) is calculated from Equation(6.5) with YI=Y and Deql=D.

(6.49)

(6.50)

The concentration profile is computed from Equation (6.41) with Y2=0 i.e.

C(y) = CBex{ ; Y) (6.51)

where CB is the concentration at the bottom of the pipe, and is computed from:

1t
2" Cv

CB=--------
1t

fex{~~(COSa)}in2a da

o

6.13
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• Similarly, the concentration at the top of the pipe CT is computed using Equation

(6.41) with y=D. As the siun)' fIow velocity increases, the mean cross-flow

diffusion coefficient & increases, and the concentration profile fIattens making the
ratio CT/CB approach unity. At CT/CB:::: 0.95, the concentration distribution is

practicaIly uniform, which indicates the transition from the heterogeneous to the

pseudo-homogeneous flow regime. The pressure drop for pseudo-homogeneous

flow is estimated from Equation (6.49).

6.10 Numerical Example: Flow With Slip Velocity in the Sliding Red

INPUT PARAMETERS

Pipe internaI diameter (m), 0=0.0787

Mean fIow velocity (m/sec), V=1

Mean particle diameter(m), dp=O.004

Mean delivered concentration, C=0.42
Density ofbase liquid (kg/m"3), pr=IOOO

Density of solid particles (kg/m"3), ps=2650

Base liquid viscosity (pa sec)-Water at 20°C, J.l("100.2*10"(-5)

Coefficient of particle-wall friction; 11s=O.40

Concentration ofloose oacked bed, clim=0.66

Mean concentration in the upper layer, CI=O.IO

RESULTS

Mean velocity of the upper layer, (m/sec), VI= 1.850

Mean velocity of the lower layer, (m/sec), V2= 0.850

Mean fIuid velocity in the lower layer, (m/sec),V2f= 0.883

Mean solids velocity in the lower layer, (m/sec),V2s= 0.824

Mean solids concentration in the lower layer, Cb= 0.543

Angle defining the lower layer,(degrees), ~= 125.8

Lower layer (bed) height (m),yb= 0.0624

Ratio ofbed height to pipe diameter, yb/O= 0.792

Concentration profile in the upper layer, C(y)=O.54 exp(-375.705(y-0.0624»

Total pressure drop,(m water/ m ofpipe), i= 0.387
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• Figure 6.3 shows the concentration distribution in the upper layer. Figure 6.4

shows the convergence pattern of Cb. Figure 6.5 shows the convergence pattern of

13 by the Regula Falsi Algorithm. Figure 6.6 illustrates the principle of the Regula­

Falsi root finding algorithm.
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•
Figure 6.3 Concentration distribution in the upper layer
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• CHAPTER SEVEN

ASPECTS OF EXPERIMENTAL
TESTING OF BACKFILL SLURRIES

The objective of this chapter is to describe sorne aspects of experimental testing of
slurries, namely, viscometry and laboratory scale loop tests, a direct method for
yield stress determination, empirical techniques for assessing workability (slump
test), flowability (funnel test), dewatering (pressure bleed test), and stability
(settling test). This chapter also contains a section on a novel sampling device
designed to assess the concentration distribution in a settling column, and is shown
to yield results that question the accuracy of the commonly used lateral ports
sampling technique.

7.1 Viscometry Measurements

Non-settling slurries are usually characterlzed by rheological properties obtained
by testing the slurry with varying shear rates and measuring the corresponding
shear stresses. Such measurements could be done by a rotary viscometer which
are used to cover the lower range of shear rates (up to 200 S-I), or by capillary
viscometer for a higher range.

Viscometry measurements are carried out in order to characterize the slurry by a
selected rheological mode\. If the slurry exhibits non-Newtonian properties , the
most common choice of rheological model is between Bingham plastic or Power
law models ; although a three parameter model (yield pseudo-plastic) may also be
used. Once a model is adopted and the corresponding parameters identified,
standard graphs for friction coefficients may be used for calculating friction head
losses. Scale-up studies oflaboratory results could extend the model to apply to
various pipe diameters and flow conditions.
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• Correc'; rheological characterization provides a sound basis for economic design

in tems of pipe and energy cost. It also prevents under-provision or under-use of

pum!, pressure (the former condition is more serious).

7.2 Laminar Flow Condition

Rheological models are usually determined with experimental data in the laminar

flow regime. A practical method of guarding against "turbulent" data points is to

carry out two sets of tests and to plot the results on the same cUIVe. Data points on

the high side of flow velocity axis for which the two cUIVes do not coincide should

not be used as they are probably in turbulent flow regime.

7.3 Capillary Tube Viscometer: Design Considerations

The basic configuration of a vertical capillary tube viscometer is shown in Figure

7.1 . The variables of interests are:

P = measured air pressure

Q= measured flow rate

D = Capillary diameter

L = capillary length (<: 200 D)

h = fluid level
Pm = slurry density

V = flow rate =~
7tD2

SV . al hD = nomm s ear rate

D
'tw = wall shear stress = (PA+Pm(h+L))4L

In designing capillary tube viscometers, the following guidelines should be

observed (Bain and Bonnington, 1970):

• The capillary viscometer should allow for changes in the length and diameter of

the capillary.

• Driving pressure must be kept constant
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Figure 7.1 Schematic cf a vertical capillary tube viscometer
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• • Fluiù level must be kept constant

• Thermal insulation or temperature control should be provided

For each selected slurry concentration. the primary measurements for a capiIIary

viscometer over a range of f10w rates. are: f10w rate. liquid levcl. driving pressure.

7.4 Entrance Length

To make meaningful mcasurements on a capiIIary viscometer or test pipeline, the

f10w must be fully developed. To reaeh this state. the slurry must f10w for a
minimum distanee ealled the entranee length xe' which eorresponds to 95% axial

stabilization of the veloeity profile. For laminar f10w of a Newtonian f1uid, Govier

and Aziz( 1987) suggest the relation:

xe
ï)=O.026 Re (7.1)

•

where D is the pipe diameter and Re is the Reynolds number based on the mean

f10w velocity. Transition to turbulent f10w is established for most f1uids around
Re==3000 (eonservative estimate) . This suggests an entrance value of at least

xe == 78 D.

7.s Selection of a Flow Model

DdP 8V
A straight plot of shear stress 't = 4L versus nominal shear rate D on log

eoordinates indieates that the suspension may he deseribed by a Power law. The

slope of the line is the flow behaviour index n, and the f1uid consistency index K is

found from the intersection of the straight line on the shear stress axis for the value

8; = 1 or estimated as outlined in Chapter Four.

If the logarithmic shear stfess-shear rate is not a straight line, and more

specifically if il is a concave upward curve, ther. the Bingham plastic model may

be the appropriate one. Data should be ploned in a linear scale, which would give a

straighl line if the suspension was indeed of the Bingham plastic type. The slope of
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• ofthis line is the coefficient ofrigidity. The yield stress for a Bingham plastic

material is diffieult to measure. beeause it is difficult to measure the pressure at the

onset offlow.

7.6 Detection of Time-Dependent Behaviour

Time-dependent behaviour may be detected in a capillary viscometer by measuring

the nominal shear rate at a given shear stress for various length and capillary

diameter. An increase in shear rate as length increases. and a decrease in shear rate

as diameter increases indicates a thixotropic behaviour. The opposite. indicates a

rheopectic behaviour.

7.7 Yield Stress Determination

The yield stress is defined as the minimum shear stress corresponding to the frrst

evidence offlow , Le. the value of shear stress at zero velocity gradient (Nguyen

& Boger (1983». It is considered a material property denoting a transition

between solid like and liquid like behaviour. It usually occurs in flocculated

suspensions having a spatial structure where particle interaction results in mutual

attraction. Yield stress is affected by particle concentration, size and size

distribution, chemical additives, such as flocculents or dispersants, as weil as pH

modifying agents.

7.8 Indirect Method of Estimating Yield Stress

Yield stress can be determined by extrapolating the shear stress-shear rate data

over the lowest measured shear rate range. Various viscoplastic models (i.e.

models with a yield stress) are used to fit the low shear data and to estimate the

yield stress. The constitutive equation ofthe most common models are:

Bingham plastic model "t = "tB + ~ (-~ (7.2)

Herschel-Bulkley model "t="th+ k (-~ (7.3)

Casson model ~=~+~l1c(-~ (7.4)
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• The values ofyield stress derived from this indirect method are model-dependent.
They represent model parameters, not an inoinsic material property as given by the
direct method. The Bingham model for example is known to result in serious
overestimate of the yield stress and in sorne cases prediction of non-zero value
even for materials having no yield stress (Nguyen and Boger, (1983)). The
uncertainty in using this indirect method is due to the lack of data at sufticiently
low shear rates, the possibility of presence of slip effect, and goodness of fit of a
particular rheological model to a given data set.

7.9 Direct Measurement ofYield Stress: The Vane Method

This method was originally described by Nguyen and Boger (1983) and was
shown to be a simple and accurate method of detennining the yield stress as an
inoinsic property associated with the strength of a continuous network found in
flocculated suspensions. A typical vane element used in the experimental set-up
is shown in Figure 7.2a. The vane is made up offour thin rectangular blades at
right angles to each other attached to a thin cylindrical shaft driven by a motor
connected to an instrument console for recording the speed of rotation and torque.

lt is assumed that the material between the blades is unstressed, therefore, for
analysis purposes, the vane can be replaced by a cylinder of the same diameter.

The torque measured is equal to the torque due to shearing on the cylindrical walls
and the two end surfaces. This torque balance is expressed as:

2,. 2,.

J = (tR 2ltRH)R + fj(t(r)r)rdr de + fS(t(r)r)rdr de (7.5)
J~ rs
o 0

where R = ~ is the radius ofthe vane element, TS = ~s is the radius of the central

shaft. and tR is the value of shear stress disoibution along the vertical edge of the

vane (i.e. the cylindrical surface).

The main assumption with this method is that the maximal torsion moment
corresponds to yielding of the material along the cylindrical surface defined by the
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•
Figure 7.2a A typical vane element
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dimensions of the vane. According to Nguyen and Boger (1983), this assumption

was supported by experimentaI evidence. Thus the yield stress can be calculated

from the measured maximum torque at the known surface area of the cylindrical

surface of yielding.

The stress distribution function ~(r) over the ends of the cylinder is unknown. At
the point of yielding, it is assumed that ~(r) = "ty. With thcse assumptions, the

above equation becomes:

_ "tyltD2H 2ltR3'ty ~R3-r:J
Jmax - ., + ~ + 2 ~ (7.6)- ~ ~

where Jmax is the maximum torque measured corresponding to the yield stress of

the material.

The assumption of unifonn yield stress over the end surfaces was shown to be an

acceptable approximation. By comparison with a hypothetical function describing

a possible shear stress distribution function, Nguyen and Boger (1983) showed

that for ~ > 2, the error associated with the uniform stress distribution assumption

does not exceed 8%. The equation, above, can be written so that the tenns inside

the bracket are a function of the vane dimensions, as given by:

From which the yield stress can be obtained as :

Jmax
"t =-Y K

where:

7.8
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• If the depth of immersion beyond the blade height. H. is not zero. the expression
for K must be modified to account for this as given by:

(7.10)

with L being the excess depth immersed beyond the blade height H. From the
above, one obtains:

Jmax(L)

K (7.11 )

J (L)
A plot of m~ versus L yields "ty as the intercept of a sttaight line. Figure 7.2b

shows a typical torque-rime response observed with the vane method.

7.10 Rotational Viscometer

Although useful for routine checks on slurry properties, rotational viscometers
have serious limitations in characterizing the flow properties of suspensions. They
are also less reliable in predicting pipe flow performance compared to capillary
viscometers. This is due to the fact that the mode of shear in rotational instruments
is not similar to that in pipe flow. Furthermore, rotational viscometers suifer from
"end effects" in the sense that the torque on a rotating cylinder results from the
shear stress at lateral cylindrical surface and the two circular end. Experience with
a variety of suspensions shows the difficuIty in maintaining slurries in a
homogeneous state without stirring, which is a source of considerable errors when
characterizing semi-stable slurries.

Rotational viscometers are better suited for studying rime-dependent rheological
behaviour. They provide quantitative measurements of the changes in properties
with rime, however such information May be not very relevant to the design of
slurry flow pipeline systems.
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Figure 7.2 b A typical torque/time plot observed with the
vane method (adapted from Nguyen and Boger, 1983)
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• The widespread use of rotational viscometer. however warrants a brief review of

their common mode of operation and the methods of correcting and using their

data.

Rotational viscometers come in different designs depending on the manufacturer.

Most of the commercial ones are provided with calibration and correction charts.

For a given shear rate, a shear stress is obtained proportional to the resisting

torque. If the fluid is known to be Newtonian, a calibrated chart may be provided

to yield the viscosity in engineering W1Ïts, otherwise, a shear stress-shear rate

rheogram has to be drawn to establish an appropriate rheological mode\.

The principle of a rotational viscometer mode of operation is shown in Figure 7.3.

The shear stress at the wall of th~ container is given by:

2M
LW = D ?L

7t 0-
(7.12)

Do
The shear rate is a function of the ratio S = Di' For small value of S, the shear

rate may be approximated by:

(7.13)

For a very large value of S, i.e. when the bob is assumed to be rotating in an

inflnite container, the shear rate may be approximated by:

(7.14)

where lX is the slope of the logarithrnic plot of torque versus rotational speed.
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•
Figure 7.3 Basic ;:onfiguratic n of a rotational viscometer
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• 7.11 Laboratory Scale Loop-Test

Loop tests are usually conducted to collect data on the effect of the following
parameters on the pressure loss:

• Flow velocity
• Solids concentration
• Particle size and distribution
• Particle density
• Pipe diameter
• Pipeline slope and orientation
• Bends and fittings

Loop tests are also used to visually inspect flow regimes and to detennine critical
flow velocities. For settling slurries, critical deposit velocity is the minimum
transition velocity from moving bed flow to heterogeneous f!ow. It is ;dentified as
a point close to the minimum in the pressure loss-velocity curve and it is usually
associated with minimum energy consumption The effect of the following
parameters on the critical velocity is usually investigated:

• Particle size
• Particle density
• Solids concentration
• Pipe diameter

Laboratory test pipes may be equiped with various instuments to give on-line
monitoring of pressure drop, flow velocity, mixture density, solids concentration,
and temperature. A typica1loop test configuration is shown in Figure 7.4.

7.12 Case of Non-Settling Siurries

Non-settling slurries must be prepared prior to conveying by combining and
rnixing the required amount ofwater with that of fine particles to yield a given
concentration. Such mixtures are assumed to be stable and to fonn a homogeneous
slurry. Once prepared, the siurry is injected into a progressive cavity pump and
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Figure 7.4 Typicalloop test configuration
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• pumped through any desired pipeline diameter and profile (hoIizontal. inclincd or

vertical). The !wo main parameters of interest. whik slurry is recirculated. are:

• The friction head 1055

• The corresponding flow velocity

7.13 Pressure Loss Measurement

A survey was done on the possible instn.unents for differential pressure

measurement: and it was concluded that a special purpose pressure sensor/isolator

combination (Moyno RKL products) are best suited for this application. Such

pressure sensors circumvent the shortcomings of the earlier methods of pressure

measurements, which suffered from plugging, contamination etc..

The advantage of the proposed pressure sensor is that it is isolated from the

flowing fluid by a flexible elastomer element which transmits fluid pressure to

either a pressure gauge or a transducer. A pair of such pressure sensors are

required for measuring differential pressures along the pipeline. Figure 7.5

illustrates the design of such pressure sensors.

7.14 Flow Veloeity Measurement

The simplest way ofmeasuring flow velocity is to measure the volumetrie flow

rate and to deduee the mean flow veloeity from knowledge of the pipe cross­

sectional area. If on-line monitoring of the flow veloeity is required, a magnetic

flow meter is reeommended.

7.15 Case ofSettling Suspensions

The pressure loss and flow veloeity measurement techniques used for non-settling

slurries still apply to this case. Viscometry measurements are only needed for

characterizing the suspending medium aeting as a vehicle for the coarse particles.
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Figure 7.5 Recommended pressure sensor/isolator design
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• Pumps used in this case are of the centrifugai or positive displacement type. The

former is usually used in small scale pilot plant and the latter is used for full scale
applications.

When dealing with settling suspensions, it is recommended to experimentally

determine drag coefficient versus a particle Reynolds number curve, and a

representative coefficient of sliding friction between a bed of solid particles and

the pipe wall. These pararneters are needed as input to most equations predicting

pressure losses and critical velocity in slurry flow.

Terminal settling velocity at different solids concentration, and the settling rate of

suspensions are a1so important pararneters characterizing a non-settling

suspensIOn.

7.16 Particle Size Analysis

Particle size distribution is determined using sieve analysis. This operation should

be repeated periodically on the recirculated slurry to check for particle size

degradation, which should be accounted for when predicting pressure losses. A

modest reduction of mean particle size may result in a substantial increase in shear

stress.

7.17 Empirical Methods for Assessing Pumpability

7.17.1 Siump Test

The principle of the slump test is shown in Figure 7.6. This is the most used test

for measuring consistency of a backfill or concrete mix. It is a1so a measure of the

workability which is an important property affecting pumpability. As described by

Popovics (1982), the test consists ofmeasuring the difference between the height

of a specimen of fresh concrete or backfill material in a mold that bas the shape of

a truncated cone and its height after the mold was removed. The larger this

difference called slump, the softer (wetter) is the consistency.
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•

Figure 7.6 Schematic orthe Slump Test
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• Many variations exist of this method differing mainly in the size of the cone.

ASTM C143 has been the standard for carrying out this test in North America. A

12-in (30 cm)-high cone is used with a base diameter of 8-in (20 cm) and a top

diameter of 4-in (1 Ocm). When crumbling or collapsing occurs. which happens

frequently with lean mixtures. it is difficult to relate the slump to the clnsistency

of the mix. Nonetheless, a collapse indicates a low degree of cohesiveness and

little ability for plastic deformation in the mixture.

Slurnp test is a simple and practical method of checking on a regular basis the

consistency of a mixture. It is known to be sensitive to minor irregularities in

testing procedure; thus care must be taken to ensure reliable and repeatable results.

A frequently reported observation about the slump test is that variations of the

results are too large, i.e. slump values obtained with mixtures of the same nominal

composition fluctuate within widè limits. However, Popovics ( 1982) contends that

variations of the slump results are much more a reflection of the sensitivity of the

slump to variation in the composition of samples tested through changes in

consistency of the mixture, than to the lack of reproducibility of the test method.

7.17.2 Funnel test

This is a comparative flow test applicable to stable non-settiing slurries. It consists

in filling a cone or a funnel with water and recording the time it takes for the
water to drain from it. This time (T0) is taken to be a reference. The test is

repeated with various slurries at different concentrations. A flowability index (n) is

then defined as:

_ Ts _ flow lime of sluny
n - T0 - flow lime of water (7.15)

This index makes it possible to classify slurries from most to least flowable. The

lower this index the more flowable the corresponding suspension.
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•

The test is repeated with slurries at increasing solids concentration. The

concentration at which the f10w time begins to increase sharp!y is taken to be the

maximum solids concentration suitable for placement as a dense slurry.

At high solids concentration, a no-f1ow condition could arise. This is because the

gravity heacl in the funnel is not sufficient to produce f1ow. However. such

material may be pumpable with positive displacement pumps. Figure 7.7 shows an

example of such comparative funnel f10w tests.

7.17.3 Pressure Bleed Test

One measure of pumpability is the degree of dewatering to which a given solid­

liquid mixture is susceptible under pressure. Dewatered slurry results in very high

pressure losses leading eventually to pipeline blockage. A modified version of a

pressure bleed test apparatus originally designed by Browne and Bamforth (1977)

was used to simulate the state of fill material under pressure in a pipeline in which

the dewatering characteristics of the fill are measured. A quantity of fill material is

compressed in a cylinder and the quantity of water emitted under pressure and the

corresponding time are measured.

The pressure is applied by a cùmpressed-air driven piston and an electronic scale

and timer are used to measure the quantity of f1uid emitted and time elapsed

respectively. Figure 7.8 shows the experimental set-up of the bleed test apparatus.

Typical bleed test results are shown in Figure 7.9. Tests with Silîca 325 at solids

concentration Cw=67.3% , showed that for this particular suspension, most of the

volume of fluid was emitted within 150 sec. However, the f1uid volume emitted

was different from one test tC' another due to variation in the degree of mixing of

each sample and the time taken to set up each test.

The pressure bleed test for Mobrun tailings at solids concentration Cw=80%

showed roughly the same trend as before except that most of the f1uid was emitted

within 350 sec, at which time a slight instability in the sample was recorded. This

instability may be the result of variation in the solids concentration caused by the

dewatering process.
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Figure 7.8 Bleed test apparatus
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Figure 7.10 Pumpability as a function ofslump and volume ofwater
emitted (adapted from Browne and Bamforth, 1977)
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• The time taken to emit most of the fluid phase may be taken as a measure of
pumpability. The higher this time is. the Icss prone the mixture wil1 be to
dewatering. Browne and Bamforth (1977) applied this technique to concrete. and
found a correlation betweeil the pumpability of the mixture as a function of the
volume ofwater emitted in the 10 sec-140 sec interval and the slump of the
mixture. This is shown in Figure 7.1l;.

7.17.4 Settling Test

Settling tests are useful for assessing the degree of stability of a slurry. and its
suitability to be transported in the laminar flow regime as if it were a single phase.
A measure of the maximum tolerable settling velocity for a slurry to be considered
pseudo-homogeneous may be obtained from the relationship (Govier and Aziz
(1987)):

(7.16)

where:

Vsm = the maximum tolerable settling velocity

V = the average pipe flow velocity
x = the average interpaticle distance
L and D = the pipe length and diameter respectively

This relation is derived on the assumption that a particle within a distance x from
the bottom of the pipe wall finally settles by the rime the fluid carrying it reaches
the end of the pipe. More realistically, a certain amount ofsettling may be
tolerated and the mixture may still be considered pseudo-homogeneous. A
theoretical expression for the average interparticle distance (x) was derived by
Bagnold(1956) for natura! and rounded grains of diameter dp at volumetrie

concentration C in the slurry as:
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Figure 7.11 Variation of maximum settling ve10city ratio, VsmN, with

volumetric concentration C
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X=(-C-}-Idp

Substitution x in the above equation gives:

Vsm _~ ((O.65"\t Î2
V - DL II C) -1)

(7.17)

(7.18)

This equation gives an indications of the validity of treating a suspension as
homogeneous wher. using a tube viscometer. Fig-.rre 7.11 shows the decrease of the
ratio of maximum settling velocity to the average pipe flow velocity as volumetric
concentration increases for different values of pipe lengths, with particle diameter
dp=250IJlll and pipe diameter D=O.lm. It also shows that the maximum tolerable

settling velocity varies inversely with both pipe length and diameter.

7.17.5 A Novel Sampling Deviee for Measuring Concentration Distribution in
a Settling Column

Concentration distribution in a settling column is the criterion for assessing the
degree ofheterogeneity in a suspension. Such criterion is useful in many
applications. For example, it is required that suspensions ofsolid particles in
agitated vessels be completely homogeneous for any further processing to take
place. Rheological measurements of shear stress as a function ofshear rate for a
settling suspension in a rotational viscometer are valid only ifprovision is taken
to maintain a uniformly distributed suspension during measurement. Pipelines,
conveying backfill material, are Imown to become plugged because of inadequate
mixing ofthe backfill in the agitator tanks. In batch settling experiments better
methods ofmeasuring concentration distribution are required. It is reported in
Perry's Chemical Engineers Handbook that virtually no experimental data are
reported on concentration profiles ofmixture ofparticle sizes even though
practicallyall industrial applications have a mixture ofparticle sizes.
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• CUITent prac.tice for measuring concentration distribution makes use of visual or
optical techniques which are not applicable to opaque suspensions. Sampling from
lateral ports along the height of the container is a widely used technique. However
this method suffers from a systematic eITor in the magnitude of the concentration
measured due to non-isokinetic condition in the withdrawal of the suspension and
due to solid particle migration from the high shear stress region near the wall to
the lower shear stress region near the center of the column.

A novel sampling device of simple design was tested and proven to yield reliable
reading for the concentration distribution in a settiing column. This device is
suitable for slowly settiing suspensions at moderate concentrations (15 % to 40%
by volume).

7.17.5.1 Design and Mode of Operation of the Sampler

The sampler is made up of a set of concentric tubes with hole openings that
coincide only when the device is in the open position as shown in Figure 7.12.
After a fixed settiing time for the case ofa settiing experiment or for a given
agitator speed in a mixing tank, the sampler is inserted (in the closed position)
inside the tank to avoid unwanted sampling to take place. The position of the
sampler with respect to a reference line should indicate the location ofthe
sampling holes in the column thus correctly mapping the measurement

Once in position inside the column, and after a predetermined rime interval, the
sampler is switched to the open position thus allowing adjacent layers of the
suspension to seep into the hole openings. Hydrostatic pressure drives out any
trapped air bubbles upward thus freeing the space to the suspended layers. To
increase the rate ofseepage inside hole openings, the sampler may be slowly
rotated in reverse directions prior to being switched to the closed position.
Samples are then collected in special receptacles. Each sample is then weighed
in the wet and dry state and the difference indicates the corresponding amount of
water contained. Thus solids concentrations can be determined. The number of
data points is equal to the number ofholes in the sampler. More data points may
be obtained by using a second sampler in an off-set vertical position relative to the
first one.
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Figure 7.12 Design and mode of operation of the Sampler

1
~"""",,<,~,,,,,,,<

2
-;:""""":"""",,,,,,,,

3
:..,"',""',"""""

4
~""',''''''''''''''''

5
:::'l>.'~""""""':

6
~::",~~~",,<;,~

7
~",~~~

OPEN

7.29

CLOSED



• 7.17.5.2 Results and Discussion

The results of two tests (#2 and #3) for measuring the concentration distribution in
a settling colurnn using the classicallateral ports method and the new sampling
technique are shown in Figure 7.13 and 7.14. A suspension of -325 mesh (-44Ilffi)

silica powder with a specific gravity of 2.64 was used at solids concentration by
weight Cw =32.2 % for test #2 and Cw=32.4 % for test #3. Mixing was done by
shaking and rotating the colurnn-sampler set-up to establish a uniforrn starting
concentration distribution. After about one minute of settling rime , samples were
first withdrawn from lateral port" and then from the sampler. Tlùs sampling order
was reversed in test #3.

Although sampling by the two methods were not perforrned sirnultaneously, in that
one technique had to be used frrst, and even though t.lte sampling order was
changed in test #3, the results invariably showed that solids concentrations from
sampling ports were lower than the corresponding ones measured by the sampler.
This finding confrrrns the long held belief that lateral port sampling underestirnates
the actual solids concentration in the tank.

Error from lateral ports measurements increases linearly with the depth of the
colurnn as shown in Figure 7.15. This result is physically understandable since the
flowability of the suspension at the lower part ofthe colurnn decreases due to
increase in solids concentration as particle settling progresses. Two ernpirical
equations obtained by least square fitting of the linear variation of the difference
between lateral ports and sampler measurements for test #2 and #3 are proposed:

For test #2:

ôCw= 4.13 Nh + 4.60

For test #3:

ôCw = 5.18Nh - 3.01

7.30
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• where Nh is the hole nurnber which is a nonnaiized distance for the depth of the

cylinder (Nh= 1 for the top hole and 7 for the bottom one).

Although equations above may be used to estimate actual concentrations in a

settling column as measured by the cylindricai sampler for a bulk solids

concentration in the vicinity of Cw= 30 % offme silica powder. it is recommended

to adjust the linear fit parameters when measuring concentration distributions for a

suspension with a different specific gravity of solids, bulk concentration and

particle size distribution. Our experimental set-up could easily be used for that

purpose.
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Figure 7.13 Comparison between results from Sampler, Empirical
equation and Lateral ports for test #2
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Figure 7.14 Comparison between Sampler. Empirical equation and

Lateral ports results for test #3
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Figure 7.15 Difference between concentration results ofsampler and

lateral ports along depth of column for test #2 and #3
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• CHAPTER EIGHT

CONCLUSION AND RECOMMENDATIONS

8.1 Conclusion

The main contribution of this thesis is in the development of an analytical model to
describe the fiow and predict the pressure gradient ofa class ofhigh density
backfill whose motion in pipelines follows the Plug Flow Model (PFM) as defined
in Chapter Five. The development of this model called for investigating the
conditions required for establishing this mode offiow. It was fOWld that mix
proportioning procedures, similar to those fOWld in the concrete industry, are key
factors in obtaining Plug Flow. Pressure drop was fOWld to be a fonction of the
thickness of the non-Newtonian annular layer SurrOWlding the core of aggregates
in Plug Flow. Analytical equations were proposed to solve for the magnitude of
this layer by considering the rhcology ofthe mixture. Alternatively, by considering
the volume balance equation of :he components of a Plug Flow mixture, it was
possible to estimate the thickness of the annular layer provided the voids volume
fraction relative to the total pipe volume is determined. This voids fraction could
easily be measured by a making use ofthe voidmeter. The Plug Flow model for
high density backfill was validated using experimental data from Duckworth et al.
(1986).

An analytical interpretation ofslip effects in pipelines is proposed, where the
reduction in fiow resistance and dt.pendence ofrheograms on pipe diameter are
explained in terms of the annular effect. This is a new analytical interpretation of
the annular layer effect, which may replace Mooney's method for slip effect
correction, shown not to be applicable in this case.

Key concepts pertinent to the design and analysis ofbackfill slurry fiow systems
were clearly identified and defined. This served as a guiding reference throughout
the course ofthis study, and could serve as such for further studies on this subject.
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Empirical methods applicable to the flow of hydraulic fill were presented with

emphasis on Wasp's and Turian's methods as the most likely reliable ways of

predicting the flow characteristics of such slurries.

Considerations of the rheological methods of analyzing non-settling slurries

showed the importance of model selection in reaching accurate results. The Power

law model is found to be the simplest of rheological model to use for visco-plastic

materials in the laminar flow regime because it gives a single correlation when the

generalized Reynolds number of Metzner and Reed (1955) is used. However the

Bingham plastic model has the advantage to take yield stress into account and

offers a single correlation in the turbulent flow regime. The method of Metzner

and Reed (1955) was found to be very useful for scaling up data without the need

to assume a particular rheological model as illustrated in the KCM Case Study

(Appendix 1). However, this method is not very accurate in the presence of a yield

stress. Direct numerical methods for calculating rheological parameters in the case

of Bingham plastic and Power law fluids were proposed. This obviates the need

for graphical methods for estimating rheological parameters.

For completeness and ease of reference, friction factors and wall shear stresses as a

function of the nominal shear rate were given for Bingham plastic, Power law,

Yield pseudo-plastic and Casson models, along with available friction factor

design charts. Laminar-turbulent transition and non-Newtonian turbulent friction

factor equations for Newtonian, Bingham plastic and Power law models were also

included. Bowen's method for scaling-up flows in the turbulent regime as we1l as

Mooney's method for correcting for slip effect in viscometers were also described.

An updated version of the two layer model was proposed with the possibility of

taking the hold-up phenomena in the lower layer into account, and computing the

concentration distribution in the upper layer. A computer program using the

Regula-Falsi Algorithm (RFA) was developed to solve the equations of the mode\.

Sorne important aspects of testing slurry flow in pipelines such as capillary and

rotational viscometry were presented with emphasis on the advantage of tube

viscometers over rotational ones. The vane method was recommended as the

preferred method for determining the yield stress of a visco-plastic suspension. A

typicallaboratory scale loop test was described with a recommended state-of-the-
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• art technique for pressure drop measurement. A test program was suggested for
studying the effect of various flow pararneters on the pressure gradient for both
settling and non-settling slurries. Various experirnental techniques for assessing
pumpability were described. This includes slump, funnel, settling. and pressure
bleed tests.

A novel sarnpling device for measuring the concentration distribution in a settling
column was proposed, and experirnents carried out to generate empirical equations
for estimating concentration distribution.

Finally a case study of the Kidd Creek Mine backfill system is given to illustrate
one of the proposed scale-up techniques.

8.2 Recommendation For Future Work

With respect to the Plug Flow Model, future efforts should be directed toward
irnplementing the design methods obtained trom this work. This could help
generate experirnental data to further assess the accuracy of the proposed model
and may suggest ways of irnproving il, by taking the effect ofeccentricity of the
cylindrical core into account. This, however, may require numerical modeling
methods which can handle the added complexity .

Furtherrnore, since the pressure gradient in Plug Flow depends on the thickness of
the annular layer and its rheological properties, sorne efforts need to be focused
on better ways ofpreparing such pastes to increase their lubricating effect (i.e.
lower viscosity) and their ability to maintain coarser particles in suspension (i.e.
higher yield stress). A study on additives serving this purpose may prove to be
very useful.

Stability ofPlug Flow and its capacity to resurne after a down time as well as the
corresponding pressure losses through bends and fittings need also to be
investigated.

Air content in Plug Flow mixtures (such as fresh concrete) is known to irnprove
flowability. The effect ofthis on the purnpability ofhigh density mine backfill,
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especially that the incompressibility assumption on the mixture may no longer be
valid, caUs for sorne analysis.

T0 add to the flexibility of backfiU transportation and placement, safety margins
to ensure Plug Flow in the event ofpossible variation in mix proportions should be
estimated. The preferred approach, however, remains to keep proper control on
mix proportioning to ensure UIÙformity and constancy.

With respect to the other flow models , experimental work via properly designed
loop tests may prove to be the most reliable way ofassessing the pressure drop
and the flow behaviour ofa given mixture. Scale-up equations could then be
developed based on data specifie to each backfiU material.
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• APPENDIX ONE

Case Study: Pipeline Transport of High
Density Fill at Kidd Creek Mine

Large amount of reject fines from rockfill preparation is available in surface at the
Kidd Creek mine. By adding these reject fines to sand, it would be possible to use
the mixture as filling material in addition to the rockfill currently used.

The high density fill is a mixture of sand, reject fines, cement (or fly ash/cement),
and water. The flowability of the mixture is controlled by carefully proportioning
the solids mixture and varying its water content as shown in Figure ALI. Sand­
fine rejects mixtures in ratios of 3:7 and 4:6 by weight blended with at least 20%
by weight cement or (fly-ash/cement), and water were proposed by Hassani et al.
(1992). The sand and reject fines physical characteristic are given in Table A1.1

Table AU
Sand and reject fines physical characteristics

Fill dlO d50 d60 d90 S.G.offill Porosity

material (mm) (mm) (mm) (mm) samDle (0/0)

Sand 0.008 0.05 0.07 0.15 2.63 37

Reiectfines 0.3 6.0 7.0 15.0 2.81 35

Sand:reject fines 0.065 2.1 3.0 9.0 2.76 25

3:7 (bv wei2ht)

Sand:reject fines 0.06 1.9 2.9 9.0 2.70 24

4:6 (bv wei2ht)

Pipeline layout for backfilling at the Kidd Creek mine is shown in Figure A1.2. At
this stage ofmining, ore production originates from levels 1600' and 2000', where
fill is subsequently distnbuted.

Sand-rejeet fines fill is prepared in the form ofslurry with solids concentration of
65-70% by weight, then delivered by gravity. The hydraulic parameters for sand-
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• reject fine sluny flow in 0.150 m diameter pipeline is shown in Table A1.2. This
data show that pipeline geometly is favorable for flow by gravity due to the high
potential energy available.

Table Al.2
Hydraulic parameters for sand-reject fine sluny

in a 0.150 m diameter pipe

Pipeline Solids Specifie Maximum Allowable Safety
segment concentratio gravity of Flow pressure factor

n by weight, sluny velocity drop K=VNc
Cw(%) (T/m"3) (rn/sec) (kPa/m)

A-F 65 1.7 12.97 7.4 4.10

A-F 70 1.83 13.77 8.0 4.10
A-N 65 1.7 9.77 5.1 3.01
A-N 70 1.83 10.13 5.5 3.01
A-O 65 1.7 3.95 2.7 1.03
A-O 70 1.83 3.47 2.9 1.03

Operating flow velocity (V) is selected equal to 1.3 times the critical flow velocity
(Vc taken as 3.36rn/sec).

Pressure drop is computed from the empirical equation (Hassani et al., (1992»
given by:

i = (-16.4 Ys + 58.7) y2 + 2581.6 Ys - 2170.4 [pa/m] (AU)

where Ys is the specific gravity of sand-reject fine sluny in T/m3, and Y is the

operating flow velocity in rn/sec.

This equation was used to generate shear stress data for a range ofshear rates
corresponding to a flow velocity range up to lm Isec. The Scale-up technique of
Metzner and Reed (1955) described in Chapter 4 was used to fit the data with a
Power law model given by:
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• DM = Dpg i = K' (SY.în'
4L 4 ~D)

with:

K' = 1.3612'10"(6)

n' = 0.007764

(A 1.2)

Comparison ofpseudo-shear rate diagrarns from Equations (AU) and (Al.2) is

shown in Figure A1.3. Pressure drop predicted from Equations (A 1.1) and (A 1.2)

is shown in Table A1.3

TableAl.3

Pressure loss predictions for D=0.150 In, V=4.37 rn/sec

Pipeline Cw S.G. of i (kPa/m), i (kPa/m), Total Potential

segment (%) slurry from from pressure energy

(T/m"3) Eq.(A1.1) Eq.(A1.2) drop, (MPa), available (MPa)

Ea. (AU)

A-O 65 1.7 2.S0 2.27 4.49 8.63

A-O 60 1.62 2.62 2.07 4.20 8.23

A-N 65 1.7 2.S0 2.27 3.45 6.91

A-N 70 1.83 3.10 2.60 3.S4 7.44

A-F 65 1.7 2.80 2.27 2.44 6.91

A-F 70 1.83 3.10 2.60 2.70 7.44
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•
Figure Al.1 Higb density ïill system diagram
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Figure Al.2 Fill distribution system at Kidd Creek Mine
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Figure A1.3 Comparison ofPseudo-shear diagrarns from Eq.(Al.1) and
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