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Abstract

The propagation of non-ideal detonations arising from friction, heat transfer and
reactions steps involving a competition between exothermic and endothermic
reactions (pathological detonations) has been studied theoretically by including
source terms in the 1-D conservation equations of momentum and energy. To
predict the steady-state non-ideal detonation velocity, the detailed structure of the
detonation has been considered. The Generalized C-I criterion has been used to
seek a singularity-free solution from the whole spectrum of possible solutions to the
differential equations for the structure.

For pathological detonations, the steady-state analysis predicts a detonation
velocity in excess of the ideal C-J value in the H, - Cl, mixture, in agreement with
experimental observations. Unsteady pathological detonation calculations with a
simplified two-rate law model have also been carried out. The resulting
asymptotically stable detonations are found to be in agreement with the steady-state
predictions.

For non-ideal detonations due to friction, the Generalized C-J criterion is
found to break down for very low detonation velocities. An alternative criterion
based on matching the detonation wave with the back boundary condition is used
instead. A continuous spectrum of steady-state solutions has been found for
detonation velocities ranging from the ideal C-J value down to that of a sonic wave.
For activation energies above some critical value, multiple steady-state solutions
have been found for a given friction factor, and various detonation regimes have
been defined.

An unsteady analysis of the transient development of non-ideal detonations
due to friction has been carried out to determine whether the solutions from the
steady-state analysis can be approached asymptotically. Friction and heat transfer
are found to increase the instability of the detonation wave. Oscillatory and even
chaotic detonations were observed for values of the activation energies
corresponding to stable detonations in absence of source terms (ideal detonation).
Moreover, the transient analysis has revealed that in the case of multiple steady-state
solutions, only that with the highest detonation velocity could be approached
asymptotically. The transient results of detonation with friction and heat transfer
have been found to be in qualitative agreement with the experimental gaseous
detonations propagating in porous media and in obstacle fields.
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Résumé

La propagation de détonations non-idéales résultant de la présence de friction, de
transfert de chaleur et d’une compétition entre des réactions exothermiques et
endothermiques (détonations pathologiques) a été étudi€e théoriquement en incluant
des termes-source dans les équations de conservation de la quantité de mouvement
et de I’énergie. Afin de prédire les célérités de détonations stationnaires, la structure
détaillée de la détonation a été considérée. Le critére généralisé de Chapman-Jouguet
(C-J) a été utilisé pour trouver une solution non-singuliére parmi les solutions
possibles aux équations de conservation pour la structure.

Dans le cas des détonations pathologiques, I’analyse stationnaire prévoit une
célérité de détonation excédant la valeur idéale C-J dans le mélange H, - CL, en
accord avec les observations expérimentales. Des calculs de détonations
instationnaires avec un modele de réaction simplifié a deux étapes ont aussi été
réalisés. Les détonations asymptotiquement stables résultant de ces calculs sont en
accord avec les prédictions de la théorie des détonations stationnaires.

Le critére généralisé de C-J n’est pas valide pour les célérités de détonation
trés basses résultant d’un niveau élevé de friction. Un autre critére, basé sur le
raccordement entre la zone de réaction stationnaire et I’écoulement instationnaire en
aval, doit étre utilisé. Des solutions stationnaires sont obtenues pour les célérités de
détonation allant de la valeur C-J idéale jusqu’a celle d’une onde sonore. Pour les
énergies d’activation au-dessus d’une valeur critique, il existe des solutions
stationnaires multiples pour une valeur donnée du coefficient de friction, et
plusieurs régimes de propagation ont été définis.

Une analyse instationnaire du développement des détonations non-idéales a
été menée afin de déterminer si les solutions stationnaires peuvent étre approchées
asymptotiquement. La friction et le transfert de chaleur rendent les détonations plus
instables. Des détonations oscillatoires et méme chaotiques ont ét€ observées pour
des valeurs de I'énergie d’activation correspondant a des détonations stables en
I’absence de termes-source (détonation idéale). De plus, I’analyse instatfonnaire
révele que dans le cas de solutions stationnaires multiples, seule celle correspondant
a la plus grande célérité de détonation peut étre approchée asymptotiquement. Ces
résultats instationnaires sont en accord avec les observations expérimentales de
détonations gaseuses se propageant dans des milieux poreux et dans des champs

d’obstacles.
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Chapter 1

Introduction

It has been known from the pioneering studies of Mallard and Le Chatelier [51]
and Berthelot and Vieille [4] at the end of the 19" century that detonation waves,
once initiated, will propagate with a well-defined constant velocity in a given
explosive mixture. Based on this experimental observation, Chapman [10], in his
original paper, pointed out that the only unique solution to the conservation laws
is the one that corresponds to the minimum detonation velocity when the Rayleigh
line is tangent to the Hugoniot curve. He adopted this as the criterion for selecting
the steady detonation solution. Later, Jouguet [37] demonstrated that this
tangency solution also corresponds to one where the detonation products flow at
sonic velocity relative to the shock front. Thus, one can alternatively use the sonic
condition as a criterion to determine a steady detonation solution. Following
Chapman and Jouguet, the ideal steady-state detonation solution based on the
minimum velocity (the tangency solution) or the sonic condition is now referred
to as the Chapman-Jouguet (C-J) solution. This ideal C-J solution can be obtained
on the basis of the conservation laws and equilibrium thermodynamics without
considering the details of the non-equilibrium detonation structure. Hence, the
detonation solution depends only on the energetics of the explosive.
Consideration of the detailed structure of the reaction zone, which depends on
chemical kinetic rate information, is not required in determining the C-J solution.
The C-J theory also predicts a detonation velocity independent of initial and

boundary conditions since it is based solely on the conservation laws for steady-



state, planar, one-dimensional flow and the thermodynamic properties of the
reactant and product species (e.g. heat of formation, heat capacity, equilibrium
constant) across the wave front. Complete thermal and chemical equilibrium are
assumed to occur at the C-J plane (i.e. the sonic condition).

The C-J theory can be considered very successful in combustion theory
since, in general, it predicts a detonation velocity within a few percent of the
experimental value, especially in smooth tubes when the explosive mixture
composition and boundary condition (charge diameter) are far from the limiting
values. However, in many situations, the measured experimental detonation
velocities can be considerably lower than the equilibrium C-J values and in some
chemical systems, the experimental values can even exceed the C-J values
significantly. Such large departure from the ideal C-J predictions suggests that
different propagation mechanisms are responsible. It is generally accepted that
“non-ideal detonations” refer to detonations with propagation velocities that
deviate significantly from the ideal C-J solution. In the present work however,
non-ideal detonations are defined as detonations that are not governed by the
classical C-J theory.

Since the 1940’s, various theories have been developed to account for the
deviation between the experimentally observed detonation velocities and the
theoretically computed values using the ideal C-J theory. Various mechanisms
have been proposed to explain these deviations. All these mechanisms involve
consideration of the detailed detonation structure in order to arrive at the solution
for the steady detonation velocity. A criterion has to be imposed to select the
desired steady detonation solution from a spectrum of possible solutions of the
conservation equations. In fact, for non-ideal detonation, no general discussion of

the criterion for determining a unique (or an “eigenvalue”) solution to the



conservation laws has been given as yet. Furthermore, it is also not clear that
these steady “eigenvalue” detonations, determined from the criterion used, can be
realized asymptotically from arbitrary initial condition. Hence, the objective of
this thesis is to carry out a general study of non-ideal detonations, bringing
together some of the more important mechanisms that can lead to a deviation
from the ideal equilibrium C-J theory. The competition and the relative
importance of the different mechanisms will be studied and the criterion used for
determining the steady eigenvalue detonation solution will be examined. The
verification of the existence of these steady solutions necessitates the use of a
transient analysis of non-ideal detonations. In a transient computation, no criterion
is needed to select the final steady-state solution. The complete flow field is
solved from the non-steady conservation equations and the final steady state
solution, if it exists, will be approached asymptotically. Comparisons with the
steady-state analysis will thus allow a critical examination of the validity of the
steady-state criteria used. Emphasis will also be placed on non-ideal detonations
that exceed C-J velocities (pathological detonations) since it involves a chemical
mechanism for the non-ideal behavior, whereas sub-C-J, non-ideal detonations
usually involve loss mechanisms such as friction and heat transfer. The effect of
curvature will not be considered in the present study since the steady-state
solution has aiready received significant attention in connection with condensed
explosives. A transient study would involve the two-dimensional time-dependent
reactive Euler equations which is outside the scope of the present quasi one-
dimensional study. Nevertheless, it is appropriate to also consider all
investigations where the detonation deviates from the ideal behavior, since the

mathematical models used to account for the departure from ideality are



mathematically similar to the description for non-ideal detonations. It is just a
question of the degree of the deviation itself for non-ideal detonations.

Even in the early investigations of Berthelot and Vieille [4] on gaseous
detonations in tubes, it was already observed that the detonation velocity
decreases as the tube diameter is reduced, in contrast to the ideal C-J theory where
the detonation solution is independent on initial and boundary conditions. For
finite size tubes, the detonation velocity is usually below the theoretically
predicted value based on equilibrium thermodynamics. Wall effects were thought
to be responsible for this dependence of detonation velocity on tube size.
Kistiakowsky et al. [38] carried out experiments using various tube sizes, and
extrapolated the results to infinite diameter in an attempt to determine a velocity
independent of wall effects which could be compared with C-J predictions. Later,
Manson and Guénoche [53] found that the detonation limits in gaseous mixtures
were also dependent on tube size. They proposed a functional form for the
detonation velocity in gases as a function of both the mixture composition and the
tube size.

Similar to the results for gaseous explosives, deviations between the
experimental observations and the C-J predictions are also observed in condensed
explosives (Campbell et al. [8], Nahmani and Manheimer [54]). As the size of the
explosive charge is reduced, the detonation velocity is found to drop, and failure
occurs at some critical diameter. The relationship between the detonation velocity
D and the charge diameter 4 can be conveniently represented on a D versus 1/d
diagram, also called the diameter effect curve. Extrapolation tox = 1/d =0 gives a
detonation velocity for infinite charge diameter. As the detonation velocity
decreases, the post-shock temperature is reduced. This increases the induction

time of the chemical reactions and, hence, the loss due to the divergence of the



curved detonation front. Due to the strong exponential dependence of the
induction time on the temperature, failure occurs abruptly at the critical diameter
when the velocity deficit is of the order of about 10% for most ideal explosives.
For most homogeneous explosives, the diameter-effect curve is thus typically
linear, and terminates abruptly at the critical diameter for relatively small velocity
deficits.

For gaseous detonations in smooth tubes, detonation velocity deficits are
also observed. However, significant deviations from the ideal C-J predictions are
observed in very rough tubes (e.g. in obstacle-filled detonation tubes). Using
spirals as a way to generate wall roughness, Shchelkin [59] observed steady
detonation velocities much less than the C-J values (deficits in excess of 20% in
some cases). Such large velocity deficits cause a drop in post-shock temperature
that would normally lead to detonation failure. Hence, different mechanisms must
be responsible for the self-sustained propagation of the steady detonation with
such large velocity deficits. Shchelkin suggested that for low detonation velocities
wiiere the temperature downstream of the shock may not be sufficient for
autoignition, the leading shock can reflect off the wall protrusions and thus create
local hot spots where the chemical reactions can then be triggered. Subsequent to
ignition at the hot spots, the chemical reactions then spread from the wall towards
the tube axis. This increases the reaction zone length, and thus increases the heat
and momentum losses, leading to the low detonation velocities observed.
Experiments similar to those of Shchelkin were also carried out by Guénoche and
Manson [32], Lee et al. [43], Peraldi et al. [55] and Teodorczyk et al. [63]. Lee et
al. [43] inserted spiral coils as well as orifice plates in tubes and observed
detonations propagating with velocities as low as 30% of the C-J value in H,-Air

mixtures. They suggested that the ignition of the mixture at such low detonation



velocities is possibly due to the reflections of the leading shock from the
obstacles, generating temperatures of the order of the auto-ignition limit, a
mechanism first suggested by Shchelkin. Peraldi et al. [55] also carried out
experiments in tubes with orifice plates as obstacles and observed different
combustion regimes including the so-called “choking” regime. The supersonic
combustion velocity for this regime is of the order of the sound speed in the
burned products, corresponding to large (= 50%) velocity deficits, as compared to
the ideal C-J value. For such low velocity waves, even the reflection of the shock
wave at the wall protrusions may not be sufficient to cause autoignition and this
suggests the need to propose new mechanisms to explain the propagation of such
waves. In tubes obstructed with thin orifice plates, Teodorczyk et al. also
observed high velocity deficits. Moreover, they demonstrated that by eliminating
the transverse shocks (damping them out with an acoustic-absorbing liner on the
tube wall), such high velocity waves are not possible, thus confirming the
importance of the transverse shocks on the propagation of the low-velocity
detonations.

Steady-state detonations propagating at velocities significantly below the
ideal Chapman-Jouguet predictions were similarly observed in porous media [52],
[48], [S0]. Mamontov et al. [5S2] measured very low detonation velocities of the
order of 500 m/s in tubes filled with river sand or stainless steel fillings as the
porous material. Lyamin et al. [48] observed a continuous spectrum of detonation
velocities down to 500 m/s in planar channels, representing a two-dimensional
porous medium. In tubes filled with a packed bed of spherical beads, Makris [50]
also observed a continuous spectrum of propagation velocities ranging from the
C-J value down to nearly sonic velocities (30% C-J) by varying the bead size and

the sensitivity of the explosive mixture. In the experiments of Makris [50], the



global wave propagation mechanism was found to consist of periodic phases of
detonation failure by diffraction around the obstacles.

Recently, a heterogeneous condensed phase explosive analogous to that of
Makris [50] was investigated by J.J. Lee [46]. He studied a heterogeneous mixture
consisting of a condensed explosive (nitromethane) in a packed-bed of inert
spherical glass beads. He measured detonation velocities significantly in excess
(= 50%) of the ideal equilibrium C-J predictions (pathological detonations) in this
porous medium for C-J calculations based on full thermal, mechanical as well as
chemical equilibrium. This excess velocity can be attributed to the fact that the
breaking up and heating up of the solid beads (mechanical and thermal
equilibration) is very slow as compared to the chemical energy release. As a
result, a higher than equilibrium energy overshoot is observed to drive the
detonation front as the subsequent endothermic heating up and breaking up of the
beads is delayed beyond the sonic plane. In the experiments of Makris [50] in the
gas phase, the inert material does not participate actively in the process, and hence
was not considered in the calculations of the C-J states, even though they could be
included as source terms for momentum and heat losses in the detonation zone.

Lee [46] also observed two distinct propagation mechanisms in the
nitromethane-inert beads, non-ideal explosive. For sufficiently large bead sizes,
the detonation wavelets can successfully propagate in the liquid explosive
between the beads. The global detonation front thus consists of a series of these
wavelets that propagate in winding paths through the geometric irregularities of
the pores. For too small a bead size, such detonation wavelets can no longer
propagate in between the beads, since the chemical length scale of the liquid
explosive becomes comparable to the characteristic dimension of the pores. Thus,

the liquid nitromethane is effectively isolated in individual pockets separated by



inert solid material. A global detonation propagation is obtained in this case due
to the transmission of shock waves through the inert material. When the shock is
transmitted to other explosive pockets, the shocks trigger the chemical reactions
and ignite the liquid explosive. In turn, the explosions in the liquid pockets
generate more shocks in the neighboring inert beads ahead. This results in a
sustained detonation propagation through the heterogeneous explosive medium.
Thus, there are cases of non-ideal detonations where the observed detonation
velocity can be in excess or below the equilibrium C-J value due to different
propagation mechanisms operating in the detonation zone.

The experimental observations of Lee [46] are in agreement with the
qualitative hot spot model of Rybanin [56]. According to Rybanin,
inhomogeneities, referred to as hot spots, are the centers of reaction behind the
detonation front. He describes two types of hot spots. The natural hot spots arise
from the inherent instability of the detonation front, whereas the inert solid
particles play the role of artificial hot spots. After some chemical induction time,
the chemical reactions spread from the hot spots to the rest of the explosive. Thus,
this reaction rate does not depend on the post-shock temperature, but rather on the
very high local hot spot temperature. As a result, the diameter-effect curve of
heterogeneous explosives differs significantly from that of ideal explosives. Much
higher velocity deficits are allowed, owing to the weak dependence of the
decomposition rate of the explosive on the post-shock temperature. Based on this
hot spot model, Rybanin investigated the effect of particle size and density on the
critical diameter of heterogeneous explosives. Johnson et al. {35], and Son et al.
[60] among many others, later suggested mathematical formulations for the hot
spot-based reaction rate modeling, taking parameters such as the mass fraction,

average temperature, and degree of reaction of the hot spots into account.
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Although highly empirical, these hot spots models give good qualitative
agreement with experimental data.

Although the physical mechanisms responsible for the non-ideal behavior
are quite complex (shock reflection, diffraction, and transmission, turbulent
mixing, shock-vortex interactions, hot spots, etc.), it is perhaps possible to model
them by suitable source terms for momentum and heat losses within the
framework of a one-dimensional model. In the case of the heterogeneous
explosives of Lee [46], a fraction of the velocity deficit can also be attributed to
the divergence of the detonation products, since the curvature of the shock front
plays a role in addition to the loss mechanisms. Although these mechanisms are
multi-dimensional and very complex, their effect can be averaged out across the
cross section of the explosive. More realistic modeling would require the use of
two or three-dimensional geometry. In this case, the computer simulations
become lengthy, and it is difficult to extract any physics from them. Accurately
modeling the non-ideal effects by appropriate friction and heat transfer functions
may also represent a considerable task. However, when investigating the
existence of solutions to non-ideal detonations, simple arbitrary loss functions can
be used. The qualitative features of the flow field should not be too dependent on
the model used to get the non-ideal behavior. Thus, the effect of external friction
and heat transfer shall be investigated, as well as flow divergence, in the
propagation of non-ideal detonations.

From elementary compressible gas dynamics [14], it is well known that
area increase or heat removal reduces the Mach number in a subsonic flow,
whereas heat addition and friction will accelerate subsonic flow towards Mach 1.
Similarly, within the reaction zone of an explosive, flow divergence and

endothermic chemical reactions both tend to reduce the subsonic Mach number,



whereas exothermic reactions increase the flow Mach number towards unity. The
effect of friction, however, is not that obvious, since the relevant Mach number is
that of the flow relative to the walls, and not to the shock front. Nevertheless, in
the later part of the reaction zone, friction is found to increase the Mach number
of the flow. These non-ideal effects can be taken into account by introducing
source terms in the conservation equations. Area change (expansion of the
products) requires a source term in the conservation of mass, friction requires a
source term in the momentum equation, and heat transfer is taken into account by
a source term in the conservation of energy. The three conservation equations
with source terms can then be integrated to obtain the detonation structure of the
non-ideal detonations.

Due to the presence of source terms in the conservation equations, the
flow may become sonic prior to the complete equilibration of the flow. Hence, the
ideal C-J criterion is no longer valid. An alternative criterion that relaxes the
equilibrium requirement of the ideal C-J theory has to be used. Eyring et al. [24]
were among the first to propose a criterion to determine a unique detonation
solution when a source term is present in the conservation of mass due to the
effect of the divergence of the flow behind a curved detonation front. However,
they erroneously assumed complete reaction of the reactants at the sonic plane. A
few years later, inspired by the work of Eyring et al. {24] and Devonshire [16],
Wood and Kirkwood [66] correctly suggested the use of what is now referred to
as the “Generalized C-J criterion” to determine a steady detonation solution. This
Generalized C-J criterion states that the effective heat release rate must vanish as
the flow becomes sonic relative to the shock front. This is equivalent to stating
that the numerator and the denominator of the differential equation for the particle

velocity must vanish simultaneously for a regular solution. For such a regular
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solution, the subsonic flow (relative to the shock front) becomes supersonic and
eventually reaches the supersonic or the weak detonation branch of the Hugoniot.
This is physically analogous to a converging-diverging nozzle in which the flow
can undergo a transition from the subsonic to supersonic regimes at the throat.
The particular solution is found by iterating for the detonation velocity that
satisfies the aforementioned criterion while integrating the conservation equations
for the detonation structure.

In the model of Wood and Kirkwood [66], the exothermic energy release
competes with an effective “energy loss™ in the direction of propagation, due to
the lateral expansion of the flow behind a curved front. The energy associated
with the diverging flow in the radial direction is considered not to contribute to
driving the shock front. Therefore, only a fraction of the total energy release is
available to support the detonation front. This apparent loss will cause a reduction
in the detonation velocity for finite diameter charges. If the curvature is too
severe, the detonation can even be quenched and fail. Jones [36] referred to this as
a “lateral loss” effect. By modeling appropriately the shock curvature, Wood and
Kirkwood [66] were able to reproduce qualitatively the so-called diameter-effect
curve, and could thus provide a physical explanation for the existence of a critical
failure diameter.

As early as 1940, Zel’dovich [71] investigated wall effects such as
frictional drag and heat loss, assumed to be uniformly distributed (or averaged)
across each plane normal to the shock front, in accordance with a quasi 1-D
model. The Generalized C-J criterion was also used to determine the solution.
Zel’dovich obtained velocity deficits proportional to the thickness of the reaction
zone and inversely proportional to the tube diameter, in agreement with basic

physical considerations. From the one-dimensional model of Zel’dovich, it is



found that there is a maximum amount of friction above which no solution to the
conservation equations can be found (as in the case of curvature in condensed
explosives). This maximum friction solution is referred to as the *“extinction
limit”, and is related to the critical tube diameter for a detonation propagation.
Gelfand et al. [31] carried out an extensive review of friction effects in tubes.
They suggested various expressions for the appropriate friction model to be used,
which depend on the tube material and roughness, to predict the extinction limits.

Liu [47] suggested an alternative criterion to determine the unique
detonation velocity. He suggested that a criterion based on maximum entropy
along the Rayleigh line should be used, instead of a criterion based on the sonic
flow condition. For ideal detonations without losses, Liu’s criterion is exactly
equivalent to the ideal C-J criterion. Liu verified his model for the analysis of
quasi 1-D gaseous detonation waves, with a well-defined flow divergence term.
He found that by using the maximum entropy condition, the Rayleigh line on a
pVs. v/(§+ 1) plane just tangent to the equilibrium Hugoniot gives the correct
solution (& represents the small fractional change in area). This solution differs
only slightly from the generally accepted solutions based on sonic outflow.
However, it is not obvious how to extend Liu’s criterion to non-ideal detonations
subject to momentum and heat transfer losses. Moreover, Liu did not perform
transient detonation simulations to verify the validity of the maximum entropy
criterion and only considered small deviations from ideal behavior.

In the studies of Wood and Kirkwood [66], Zel’dovich [71], Gelfand [31],
and others, the steady ZND equations for the detonation structure are integrated
and the Generalized C-J criterion is used to iterate for the unique detonation
soluticn. However, they did not extend their studies to investigate the non-ideal

detonation regime with very high velocity deficits. Recently, Stewart and Yao
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[61] carried out a further study of curved detonation fronts and obtained a
continuous range of solutions for increasing curvature down to shock Mach
numbers equal to unity. However, no similar studies have been made for non-
ideal detonations in porous media and obstacle-filled tubes. In this thesis, the
aforementioned non-ideal, low-velocity detonations will be studied by including
source terms in the momentum and energy equations to model the propagation
mechanism due to friction and heat transfer.

The large deviations from the ideal C-J predictions discussed above are
credited to the presence of different loss mechanisms. However, on the other
hand, there exists a class of non-ideal explosives whose deviations from the ideal
C-J predictions can be thought of as due to a chemical mechanism. These gaseous
explosive mixtures, where the detonation velocities are found to be in excess of
the C-J value, are generally referred to as “pathological” mixtures. Pathological
detonations were first experimentally observed in hydrogen-chlorine mixtures by
Zel’dovich and Ratner [72], and later by Lee et al. [41], [42], Knystautas et al.
[39] and Akyurtlu [1]. Pathological detonations were also observed in HN, by
Dupré [21]. In this mixture, an excess in detonation velocity of 7.5% was
observed at an initial pressure as low as 5 Torr, and nearly constant detonation
velocities were measured irrespective of the initial pressure. In the H, — Cl, case,
Zel’dovich and Ratner also found that the detonation velocities were independent
of the initial pressure. In other explosive mixtures, the detonation velocity is
found to decrease as the initial pressure is lowered, due to an inciease in
dissociation of the molecules at low pressure. Since they did not observe such a
reduction in detonation velocity in the H, —Cl, mixture with decreasing pressure,
Zel’dovich and Ratner concluded that the dissociation of A, and CL, into H and

Cl radicals must be delayed after an equilibrium amount of HC! is formed. This
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delayed dissociation probably occurs far from the shock front and does not
influence its propagation velocity. The formation of H and C! radicals from the
Nernst chain would thus be responsible for the exothermic reaction to form the
product HCI, rather than the endothermic dissociation reaction to form the H
and Cl radical. Thus the exothermic reaction overshoot gives rise to a detonation

velocity in excess of the C-J predictions. In the HN; mixture, among the

hypotheses to account for the detonation velocity in excess of the ideal
equilibrium value, Dupré [21] also pointed out the possible delay in the
endothermic formation of radicals.

Von Neumann [64] first pointed out the existence of a possible
thermodynamic path that can lead to the weak detonation branch of the
equilibrium Hugoniot. He showed that detonation velocities in excess of C-J
values could be observed in a system that exhibits a large mole decrement from
reactant to product. In such a case, the energy release function includes a volume
term that gives rise to a negative contribution to the overall energy release rate
when the number of moles is reduced. A vanishing heat release rate can thus be
obtained prior to complete chemical equilibration, as a result of the competition
between the positive chemical energy release rate and this negative volume
change rate. In the case of ideal detonations, the vanishing heat release rate occurs
at the sonic plane where the flow is in chemical equilibrium. For pathological
detonations, on the other hand, the vanishing heat release also occurs at the sonic
plane, but prior to the complete chemical equilibrium of the detonation products.
As a result, the ideal C-J criterion cannot be used to determine a unique

detonation velocity for “pathological” mixtures. The Generalized C-J criterion

must be used instead.
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A maximum in the integrated heat release function is observed at the sonic
point. This overshoot in chemical energy release is responsible for the detonation
velocity being in excess of the ideal C-J value. Von Neumann used a single
irreversible chemical reaction with mole decrement to obtain a pathological
detonation. Wood and Kirkwood [65] also pointed out the possibility of
pathological detonations in multiple reaction systems where the energy release
rate vanishes within the reaction zone before complete chemical equilibrium is
achieved, a consequence due to the competition between exothermic and
endothermic chemical reactions. Unaware of the existence of actual mixtures
exhibiting this behavior, Wood and Salsburg [70] even questioned the physical
significance of pathological detonations. Long after pathological detonations were
first observed experimentally by Zel’dovich and Ratner [72], Guénoche et al. [33]
performed a detailed chemical kinetics study of the H, —CL mixture. They
indeed showed that the heat release function in this mixture exhibits an overshoot
prior to chemical equilibrium. Thus this overshoot in energy release caused by the
highly exothermic reaction of HC! formation in the Nernst chain is subsequently
absorbed only downstream of the sonic plane, when dissociative equilibration is
effected. The detonation velocity is thus governed by this maximum heat release,
and not by the equilibrium value, and the final state lies on the supersonic branch
of the Hugoniot curve. Using the Generalized C-J criterion, Guénoche et al. [33]
iterated for the detonation velocity (eigenvalue) and obtained a value 15% above
the equilibrium predictions based on the ideal C-J condition. As a result, unlike
ideal detonations, pathological detonations are found to be dependent on the rate
of the competing exothermic and endothermic reactions.

The above pathological detonations are examples of non-ideal detonations

where no source terms are needed in the conservation equations, since it is a
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chemical mechanism, appearing implicitly in the chemical kinetic rates, which
may be responsible for significant deviations from the C-J predictions. Despite the
absence of source terms, the Generalized C-J criterion is still needed to solve for
the unique detonation solution. The detonation velocities in excess of the C-J
predictions observed in the heterogeneous condensed phase explosives studied by
Lee [46] were due to loss mechanisms. The detonation mechanism in this
explosive can nevertheless be viewed as a competition between the exothermic
decomposition of nitromethane, and the endothermic mechanical and thermal
relaxation of the solid beads. Pathological detonations thus generally occur as a
result of a competition between exothermic and endothermic processes.

The Generalized C-J criterion has been used extensively to determine the
eigenvalue detonation solution of explosive systems including the presence of any
source term or combination of source terms. The effective heat release rate
incorporates the effect of all source terms. This criterion has been used, for
instance, to calculate the detonation properties of pathological detonations
(Guénoche et al. [33]), condensed explosives detonations (Bdzil [2], Chan [9],
Braithwaite [7], Huerta [34]) and two-phase detonations (Fedorov and Khmel’
[27], Dionne [17]).

The use of the Generalized C-J criterion in the above studies involved the
consideration of the steady flow from the von Neumann state down to the sonic
plane. For these non-ideal detonations, the flow is in a non-equilibrium state at the
sonic plane. As a result, chemical reactions and other types of mass, energy and
momentum transfers are still occurring downstream of the sonic plane, while the
flow proceeds towards complete equilibrium in a non-steady manner. According
to the Generalized C-J criterion (steady-state ZND analysis), these events behind

the sonic plane cannot have any influence on the propagation of the detonation
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wave, since the sonic plane acts somewhat as a physical barrier, isolating the front
from the transient flow in the products. The physical barrier analogy was also
used in the work of Jouguet as an additional justification for the minimum
(tangency) solution, chosen by Chapman solely on account of its uniqueness.
However, Jouguet did not consider the flow downstream of the sonic plane.
Taylor [62], however, was the first to point out the necessity of verifying whether
the steady boundary condition at the sonic plane can be matched with the
unsteady flow downstream of the detonation wave. Following Taylor, an
alternative criterion for determining the detonation solution can also be
formulated based on whether a detonation solution can allow the steady reaction
zone to be matched to the unsteady flow downstream. It turns out that the sonic
plane corresponds to a characteristic line, so that the centered expansion fan for
the products can be connected to the sonic plane of an ideal detonation. In this
sense, Taylor’s criterion is equivalent to the ideal C-J condition in the case of
ideal detonations. In the presence of source terms (or delayed endothermic
reactions), the steady-state solution no longer corresponds to the tangency
(minimum) solution. The Generalized C-J criterion has to be used. Similar to the
ideal C-J condition, this criterion does not take the flow downstream of the sonic
plane into account. However, it is worth investigating if the unsteady flow can
still be matched with the steady boundary condition at the sonic plane, in cases
where the sonic state is a non-equilibrium state, since this matching is necessary
for a stable solution to exist.

The most convenient approach to verify the validity of a steady-state
criterion is to carry out a transient analysis of the development of a detonation
from initial conditions. In transient calculations, the unsteady Euler reactive

equations are used. In a transient analysis, no criterion is necessary to determine a
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detonation solution, thus an independent check of the validity of a steady-state
criterion can be made by comparing the results from the transient calculations and
the steady-state analysis of the ZND structure. Transient calculations for ideal
detonations have already been performed [28]. Even for one-dimensional
detonations without losses, the Generalized C-J criterion (sonic matching) may
not be satisfied. For high activation energy, the detonation wave can execute an
oscillatory or even chaotic behavior. For low enough activation energies, on the
other hand, the asymptotically stable solutions are found to agree with the steady-
state results based on the ideal C-J criterion. The existence of a steady wave
solution when source terms are included is not guaranteed. It must be examined
whether the addition of losses leads to compatibility of the rear transient flow
with the sonic condition of the Generalized C-J criterion. If the flow field of the
detonation products is not compatible with the steady Generalized C-J criterion,
oscillatory solutions may result. Moreover, it must be verified whether the
asymptotically stable detonation solution indeed corresponds to the steady-state
non-ideal detonation predictions. One of the main objectives of this thesis is
therefore to investigate the validity of the Generalized C-J criterion by carrying
out steady-state as well as transient numerical simulations of non-ideal
detonations and compare their results.

The use of the ZND conservation equations for the ideal detonation case
shall first be introduced, where the sound speed problem is discussed and the
failure of the Generalized C-J criterion to determine the ideal detonation solution
is pointed out (Chapter 2). The Generalized C-J criterion is then applied to seek a
steady-state pathological detonation solution for a real explosive system known to
exhibit excess in detonation velocity (Chapter 3). It is then verify whether the

excess in detonation velocity can indeed be attributed to the overshoot in energy
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release typical of pathological detonations. The numerical experiments of
Guénoche et al. [33] are thus extended to various stoichiometries and initial
pressures for the H, —Cl, system, with emphasis on the chemical processes
within the reaction zone. The hypothesis of Zel’dovich and Ratrer [72] (delayed
dissociation of Cl,) can thus be verified by these numerical experiments.

An analysis of the transient development of pathological detonations shall
then be carried out to verify both the existence and the stability of such systems
exhibiting detonation velocities in excess of the C-J value. It is not clear that
when the steady-state assumption is relaxed (i.e. the sonic condition from the
Generalized C-J criterion is removed by doing a transient calculation) a
detonation will eventually asymptotically reach the stable solution predicted by
the steady-state analysis. Moreover, if an oscillatory solution is obtained, similar
to the ideal detonation case with high activation energy, it is obvious that there
cannot be any stationary sonic plane (relative to the shock) imbedded in the
reaction zone where the effective energy release vanishes. It is thus worthwhile to
verify whether the averaged properties of oscillatory pathological detonations can
nevertheless be correlated with the steady-state predictions obtained assuming the
existence of such a sonic plane.

The role of source terms in the conservation equations is then investigated
for the modeling of non-ideal detonations (Chapter 4). A source term is
introduced in the momentum equation to account for the effect of friction, and a
source term in the energy equation accounts for heat transfer to the wa'Jls. It is
again interesting to compare the results from the steady state analysis to the
transient calculations where the detonation is initiated from arbitrary initiation
conditions. Lee and Zhang [44] performed such a comparison and have shown

that friction induces instability in the flow, and that the averaged properties of
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oscillatory detonations with friction correspond to the steady state predictions.
Unlike the pathological detonation case, where there exists a well-defined range
of possible solutions above the C-J value, the detonation velocities when friction
and heat transfer are introduced are below the C-J predictions, and defining a
lower bound for the possible solutions is not obvious. Lee and Zhang [44] did not
investigate the case of low-velocity detonations, below the validity range of the
Generalized C-J criterion. These low-velocity solutions could possibly simulate
the effect of very high friction caused by large arrays of obstacles (porous
medium). In this thesis, the low-velocity regime is investigated and a new
criterion to determine the steady state solutions will be sought. A qualitative
comparison will be made with the experimental results of Lyamin [48] and
Makris [50] to verify if the present model successfully reproduces the main
qualitative features observed experimentally.

Based on the above discussions, the validity of the Generalized C-J
criterion in the steady-state analysis of non-ideal detonations shall be critically
examined (Chapter 5). The limitations of this criterion will be discussed, and an

alternative criterion will be suggested.
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Chapter 2

The Detonation Structure Equations

A model for the structure of detonation waves was first introduced in the 1940’s
independently by Zel’dovich [71], von Neumann [64] and Doéring [19], now
generally referred to as the ZND model. When applied to non-ideal detonations,
the ZND model requires not only knowledge of the rates of the chemical
reactions, but also the mechanisms responsible for the non-ideal behavior. These
mechanisms can be modeled as source terms in the conservation equations.
Although the ZND model is well established for ideal detonations, it has not been
discussed in a unified way for non-ideal detonations. Thus, a general formulation
of the basic equations for the structure of non-ideal detonations shall be presented
with emphasis on the important concepts regarding the criterion for determining a
steady-state solution to these equations. The present chapter serves to introduce
the ZND equations for the detonation structure and discuss the issue of choosing
an appropriate criterion to determine the steady-state solution, thus paving the

way for the analysis given in the subsequent chapters of the thesis.

2.1 - CONSERVATION EQUATIONS FOR THE STRUCTURE
OF NON-IDEAL DETONATIONS

The ZND equations for non-ideal detonations can be derived starting from the

unsteady Euler equations with source terms (fixed laboratory frame):

21



ap  9pw) _
at' &l
M*-i,(pu" +p)=f
or
Hpe) |
x o

’ P l 2
e =———-A0+—-u 2.1
plr-1) 2

[ “(pe’+p)]=q

where m, f and g account respectively for the source terms in the mass,
momentum and energy equations. The variables p, u, p, x ¢, O 7, and e
respectively stand for the density, particle velocity, pressure, distance, time,
chemical heat release, ratio of specific heats, and the sum of the internal and
kinetic energies. The primes indicate values relative to the fixed laboratory frame.
In the present study, a polytropic equation of state (EOS) is assumed for
simplicity. The parameter 4 denotes the degree of reaction (A = 0 corresponds to
unreacted explosive, A =1 corresponds to fully reacted products). Equations 2.1
can be rewritten in terms of a reference frame attached to the moving shock, and
when the time derivatives are equated to zero for a steadily propagating wave, one

obtains:
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This coupled set of ordinary differential equations (ODE) can be reduced to a

single differential equation with the particle velocity « as the dependent variable

22



by performing a series of algebraic manipulations (Appendix I). The resultant

equation is:

du _ (v =1 A0 +q]+ m[-p(D~ )+ ]+ f[me— Dy - 1]

— =) (2.3)

where A =dA/dt is the chemical heat release rate. For a given shock strength, the
state behind the shock can be determined from the Rankine-Hugoniot
relationships which serve as initial conditions for the integration of Eqn. 2.3 for

the thermodynamic profiles within the detonation structure.

2.1.1 - The Source Terms

In this section, examples of functional forms of source terms used to model non-
ideal detonation within the framework of a 1-D (or quasi 1-D) model are

presented. Frictional losses in tubes are modeled by introducing a source term f
in the momentum equation. For instance, Zel’dovich et al. [73] suggested the
following form:

=k, pug, i (2.4)
where u,, is the particle velocity in the laboratory frame, and &, is a friction
factor given by Schlichting’s formula, i.e.:

k, =2[2log(R/k,) +1.74]"

where k, is the equivalent sand roughness and R is the tube radius. This friction

factor is valid for flow regimes with full exposure of roughness, and for Reynolds
numbers based on the height of the roughness elements above 530. The absolute

value in Eqn. 2.4 accounts for the fact that friction always tends to oppose the
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motion of the flow. Lee and Zhang [44] used a very similar function where they

included the effect of the tube diameter independently from &/, i.e.:

2
f= (Fh)kf P Uy qubsl

where &, is assumed to obey the Blasius formula, i.e.:

0.3164
k = ReOB

The Reynolds number Re is based on the hydraulic diameter of the tube D,. In
the present study, only the qualitative behavior of non-ideal detonation is

investigated. Therefore, Eqn. 2.4 with a constant value of k, will be used to

model frictional losses.

External heat losses are modeled by introducing a source term g in the
conservation of energy equation. For example, Zel’dovich et al. [73] used the
following form to account for heat losses to the tube walls, i.e.:

q=vC"pu, C,(T"-T,)
where C™ is the coefficient of heat transfer for a smooth tube, «,,, is the particle
velocity relative to the shock, T~ is the stagnation temperature and T, is the wall
temperature. An alternative approach to model heat losses in tubes with friction is
to use Reynolds analogy. This analogy relates the heat losses to the frictional

losses:
h

C

p urel Cp

f
2

where h_ is the heat transfer coefficient, and f is the source term for friction, as
given in Eqn. 2.4, for example. This relation is then used to obtain a functional

form for the source term ¢, i.e.:

Y fr
9=27,-(T-1) 2.5)

urel
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where 7 is the local temperature of the detonation products. In the present study,
Eqgn. 2.5 will be used to account for heat losses in the presence of friction. The
advantage of using this formulation in the context of a qualitative parametric
study is that no additional coefficient is necessary to account for heat losses.

A source term m in the conservation of mass equation is present when
there is an area change due to the curvature of the shock front. Even if friction and
heat losses are assumed to be negligible, source terms due to area change must be
included in the three conservation equations. This can be explained by the fact
that in a quasi 1-D model, the momentum and energy carried by the gas flowing
in the radial direction are considered as effective losses in the axial direction. As a
result, the conservation equations in the laboratory frame (Eqn. 2.1) where the

stream tube area is given by A = A(x’} become [45]:

dp dpw) _1da

o o Adel
d(pe’ d .., ldA , ,
——(éte-f—)+?[u (pe +p)]=—~zdx,u (pe’ + p)

In the present study, area change is not considered, since it has already received
significant attention in the literature in considering failure diameter in condensed
explosives [66], [7], [61], [2], [9], [34]. Therefore, only the source terms f and q

accounting for frictional and heat loss rates will be considered.

2.1.2 — The Criterion to Determine the Detonation Solution

With the presence of source terms in Eqns. 2.2, the classical C-J criterion can no

longer be used to select the unique detonation solution. Chapman’s minimum



velocity solution does not apply, since the integral curve is no longer a straight
line (Rayleigh line) to permit a solution tangent to the equilibrium Hugoniot to be
found directly. Jouguet’s criterion is also invalid, since the detonation products
are no longer in equilibrium within the reaction zone when the sonic plane is
reached. Hence, an alternative criterion has to be defined to seek a unique solution
to the conservation equations for the detonation structure. When the particle
velocity becomes sonic (i.e. M =u/c=1) in Eqn. 2.3, the denominator vanishes.
Hence, for an arbitrary value of the numerator, the solution becomes singular at
the sonic plane. The derivatives of the thermodynamic variables then become
infinite. This singularity can be removed if one seeks a particular integral curve in
which the numerator also vanishes simultaneously with the denominator. This
results in an indeterminate value for the derivative du/dx and permits a smooth
transition through the sonic point. The condition of requiring that the numerator
vanishes when the sonic condition is reached is often referred to as the
“Generalized C-J criterion” in the literature, even though both of the classical
Chapman and Jouguet’s criteria do not involve the analysis of the non-equilibrium
detonation structure. This criterion provides a means of seeking a particular
integral curve to the conservation law for the detonation structure that is regular.
This particular solution is sometimes also referred to as an “eigenvalue” solution.

Expressions for the source terms m, f, and g in the numerator of the
du/dx equation depend on the models used to describe the physical processes.
The different source terms also compete with the chemical energy release’to drive
the flow towards Mach 1. At the sonic plane, all these effects are balanced out, so
that the effective heat release rate is zero there. The Generalized C-J criterion can
therefore be written as:

(v = D)[pAQ +q]+ m[-wu(D~w) + c*] + flm- D(y - 1)] =0
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when u=c

The differential equation for du/dx (Eqn. 2.3) will be used in the
subsequent chapters to model non-ideal detonations due to different mechanisms.
Generally, non-ideal detonations have velocities /ess than the ideal C-J values.
However, detonations with velocities in excess of the ideal equilibrium C-J values
are also possible when there is an overshoot in the energy release function. These
detonations are referred to as “pathological detonations” and will be investigated.
The overshoot is due to a rapid exothermic process and a slower endothermic one.
The endothermic process can be accounted for by adding a source term ¢ in the
energy equation (Chapter 3). In order to study non-ideal detonations with
velocities below the equilibrium C-J value (e.g. gaseous detonations propagating
with very low velocities in porous medium or in obstacle-filled tubes) the source
terms f and g will be introduced in the momentum and energy equations
(Chapter 4). Note that the Generalized C-J criterion for non-ideal detonations
reduces to the classical C-J criterion for ideal detonations when all the source
terms m, f, and ¢ vanish. The equivalence of the Generalized C-J criterion to
the classical C-J criterion for ideal explosives will be discussed in more detail in

the next section.

2.2 - THE CLASSICAL CHAPMAN-JOUGUET CRITERION
FOR IDEAL DETONATIONS

In view of the existence of separate criteria that can be used to determine a
detonation solution, it is worthwhile to discuss their equivalence or similarity.

Based on the experimental observation that the detonation velocity for a given
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mixture is unique, Chapman [10] proposed that the appropriate detonation
solution to the conservation equations should correspond to the minimum velocity
solution when the Rayleigh line is just tangent to the equilibrium Hugoniot curve.
This tangency requirement then leads to a unique solution of the conservation
equations across the detonation wave. Jouguet later demonstrated [37] that
Chapman’s tangency solution corresponds to a sonic particle velocity of the
detonation products (relative to the shock front) at the equilibrium plane. Thus, it
is possible to define an alternate criterion based on Jouguet stating that the desired
detonation solution should be one where the velocity at the end of the reaction
zone is sonic. Jouguet also presented the physical argument that on account of this
sonic condition, the detonation wave is not affected by the perturbations
downstream, and is thus independent of the initial conditions. Chapman’s
tangency criterion and Jouguet’s sonic condition are equivalent in that they both
give the same result. They can be used independently to determine the ideal
detonation solution (i.e. without source terms). However, the actual procedure of
iteration for the detonation solution is different using Chapman’s criterion of
minimum velocity or Jouguet's criterion of sonic condition at the end of the
reaction zone. To solve for the detonation solution using Jouguet’s criterion, one
must find the point along the equilibrium Hugoniot where the particle velocity is
equal to the sound speed. When using Chapman’s criterion, one must find the
point along the equilibrium Hugoniot that is tangent to the Rayleigh line. In both
cases, one does not need to consider the actual path of the chemical reaction with
the detonation structure. The solution can be obtained by considering only the
global conservation laws for a control volume across the entire detonation zone.
In Jouguet’s original work, the model used was idealized and the

possibility of two sound speeds did not arise until more detailed chemical reaction
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processes were later considered. When considering mixtures of gases in which
reversible chemical reactions can occur, Jouguet’s criterion posed a problem,
since two sound speeds could be defined. The frozen sound speed corresponds to
one where the composition of the mixture across the sound wave is constant. This
occurs when the characteristic chemical reaction time is long with respect to the
characteristic time for the variation of the thermodynamic variables across the
sound wave (high frequency sound waves). The equilibrium sound speed is the
other limit of very fast chemical reactions (low frequency sound waves) where the
composition varies across the sound wave. In reality, the sound waves may
propagate at a velocity somewhere between these two limits. If one uses the sonic
criterion of Jouguet, then the existence of two sound speeds can lead to two
distinct detonation solutions and thus creates a problem regarding the correct
sound speed to use in solving for the detonation solution.

Wood and Kirkwood [65] were among the first to address this difficulty of
the two sound speeds. They first argued that the appropriate sound speed to use in
the detonation calculations should be the frozen one, since the frozen sound speed
naturally appears in the formulation of the ZND structure equations. This would
then lead to a weak detonation solution on the equilibrium Hugoniot. Although it
appears that weak detonations seem to explain the experimental observations of
Fay and Opel [25] who measured supersonic Mach numbers behind the
detonation front (40% C,H, — 60% O,) from the Mach angle, there is a problem
as to how the weak detonation point on the equilibriurn Hugoniot can be reached.
Wood and Kirkwood [67] later reversed their view. They found that the weak
detonation solution based on the sonic point using the frozen sound speed could
not be reached if the integral curves start from the von Neumann state behind the

shock (at least in the case of using a single irreversible reaction). This is due to
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the fact that the flow proceeding down the Rayleigh line must first intersect the
strong detonation solution on the subsonic branch of the Hugoniot and stop there,
since further changes along the Rayleigh line from the strong to the weak solution
correspond to an expansion shock and thus violates the 2°¢ law of
thermodynamics. Wood and Kirkwood [67] could not generalize their result to
more than one reaction, but this argument was sufficient to raise some serious
doubts about the existence of a weak detonation solution based on the frozen
sonic condition. Duff {20] later performed a detailed numerical calculation of the
ZND detonation structure of the H, — O, system by integrating the ZND structure
equations with detailed chemistry. He used the detonation velocity based on the
frozen sonic condition. Similar to the single-irreversible reaction case discussed
by Wood and Kirkwood, the results from Duff’s calculations also indicate that the
final point must correspond to the strong solution on the subsonic branch of the
equilibrium Hugoniot. Hence, the C-J solution cannot be reached if the frozen
sound speed is used to determine the solution using Jouguet’s criterion. Analytical
studies with multiple reactions were later carried out by Wood and Kirkwood
[68], Wood and Parker [69], and Wood and Salsburg [70]. Eventually, the
conclusion was that the correct solution should be the one based on the
equilibrium sound speed. Chapman’s tangency solution is thus equivalent to
Jouguet’s sonic criterion, only when the equilibrium sound speed is considered.
For an ideal detonation calculation, one does not have to resolve the structure, so
one can freely choose to use the equilibrium sound speed for the Jouguet criterion.

For a non-ideal detonation, one can no longer obtain the detonation state
based on the conservation laws for a control volume encompassing the entire
detonation zone. Due to the presence of source terms, the conservation equations

in differential form have to be integrated, and the Generalized C-J criterion is then
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used to determine the particular integral curve that is regular when the flow is
sonic. One can think of an ideal detonation as the limiting case of non-ideal
detonation where all source terms are zero. It should therefore be possible to
apply the Generalized C-J criterion to determine a unique solution for ideal
detonations also by considering the structure rather than just the global

conservation laws. When equating m, f, and g to zero, Eqn. 2.3 reduces to:

du_ (r-1ig
dx c;-u’ (2.6)

When chemical equilibrium occurs, the overall chemical reaction rate vanishes
(forward and backward rates cancel each other out) so that the numerator of
Eqn. 2.6 vanishes as in the Generalized C-J criterion. Hence, chemical
equilibrium at the sonic plane is equivalent to the vanishing numerator
requirement. The denominator of the du/dx equation (Eqn. 2.6) vanishes when
the particle velocity is equal to the frozen sound speed. This is a consequence of
the conservation equations (not based on any particular assumption). Thus, for an
ideal detonation, the use of the Generalized C-J criterion will lead to a solution if
at chemical equilibrium, the sonic condition is based on the frozen sound speed.
As discussed previously, the conclusions of Wood and Salzburg [70] were that the
particle velocity at the end of the reaction zone should be equal to the equilibrium
sound speed. Thus, the Generalized C-J criterion does not lead to the classical
Chapman-Jouguet solution for the case of ideal detonations. However, when there
is no distinction between the frozen and equilibrium sound speeds, the
Generalized C-J criterion then becomes equivalent to the classical Chapman and
Jouguet’s criteria.

To compute the detailed structure of an ideal detonation, one must select a

detonation velocity corresponding to the equilibrium sound speed solution first
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using either Chapman or Jouguet’s criterion. Then, the thermodynamic profiles
within the structure are obtained through the integration of Eqn. 2.6. When the
flow reaches chemical equilibrium, the particle velocity is now equal to the
equilibrium sound speed, since the detonation velocity is determined from the
Chapman or the Jouguet criterion using the equilibrium sound speed. Since the
equilibrium sound speed is always less than the frozen one, the denominator of
the du/dx equation never vanishes (no singularity) within the reaction zone. Thus,
the derivative du/dx is equal to zero at the sonic plane since chemical equilibrium
ensures that the numerator vanishes.

On the other hand, the sound speed problem does not arise when
considering non-ideal detonations. This is due to the fact that the detonation
products at the sonic plane are not in equilibrium. Hence the equilibrium sound
speed cannot be defined. The Generalized C-J criterion will therefore be used for
the study of pathological detonations (Chapter 3), where an overshoot in the
chemical energy release is observed, and also for detonations in rough tubes
(Chapter 4). In the latter case, it will be shown that the Generalized C-J criterion
is not applicable for very low detonation velocity solutions, because the flow

becomes entirely subsonic relative to the shock.
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Chapter 3

Pathological Detonations

Although the possibility of pathological detonations was first suggested by von
Neumann [64], it was Guénoche et al. [33] who first integrated the steady ZND
structure equations with detailed chemical kinetics and obtained detonation
velocities in excess of the C-J predictions for the H,—Cl, system. Their
computations were restricted to the stoichiometric case at one atmosphere and
hence their work is extended in the present study over a wider range of conditions
to investigate the effect of equivalence ratio and initial pressure on the
pathological behavior more thoroughly. More extensive experimental data is also
obtained to compare with the numerical results. The present experiments in the
H, — CL, mixture have been carried out in a much longer tube than those used in
previous studies in order to ensure that truly steady detonations were
observed [18].

In steady-state analysis, only the structure has to be considered and one
does not have to worry about the back boundary conditions past the sonic plane
(u=0 at x=0, or u=u, at the piston surface x = x,). Hence, it is not obvious
that the solution is valid in the case of pathological detonations, since chemical
reactions are still going on downstream of the sonic plane. Therefore, to verify the
existence of the steady-state pathological detonation solutions, one must ;:xamine
the non-steady development of the detonation and solve for the entire flow field
from the back boundary to the leading shock front to determine if a steady-state

solution can be approached asymptotically. An unsteady one-dimensional
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numerical computation of the transient development of a pathological detonation
is thus carried out to verify if the steady pathological detonation can be realized

under arbitrary initial conditions of the initiation process.

3.1 - STEADY-STATE DETONATION STRUCTURE OF H,-Cl,

In the H, —ClL, system, Zel’dovich and Ratner [72] pointed out that on the basis
of the Nernst chain for the H, — Cl, reaction, two molecules of HC! can be
produced from H, and CL without a change in radical concentration of H and
Cl, ie.

a) , +M & 2H+M

b) CL+M & 2Cl+M

c) H,+Cle HCI+H

d) H+Cl, & HCl+Cl
The vibrationally-excited molecules are not considered in the above simplified
model, since they do not affect the qualitative behavior of the mixture. The
reactions a) and b), referred to as the chain initiation, are responsibie for the
formation of the H and Cl radicals (H, goes into 2H, and CL, goes into 2Cl).
These two equations are endothermic. The reactions ¢) and d), referred to as the
chain reaction, are responsible for the formation of the main product, HCI.
Globally, these two reactions are exothermic. A closer look at the chain reactions
shows that the Cl radical required by reaction c) is provided by reaction d).

Similarly, the H radical required by the reaction d) is provided by the

reaction c). As a result, the chain reaction can be rewritten as an overall reaction

H, + CL, = 2HCI. Thus the global reaction can proceed at any concentration of
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the radicals H and Cl, since the concentrations of H and C! remain unaffected
by the chain reaction. Moreover, the activation energy of the chain reaction is
relatively small as compared to the activation energy of the dissociation of the CL,
molecules. As a result, the dissociation of Cl is delayed after an equilibrium
amount of HCI has already been produced. And since the dissociation of CL, is
endothermic, this means that the heat release for this mixture will proceed in two
steps: first the exothermic step (formation of the HC! product), followed by an
endothermic step of CL dissociation afterwards. Thus the highly exothermic
reaction of HC! formation from H, + Cl — HCI+ H can lead to an overshoot in
the energy release in the reaction zone which is subsequently absorbed in the
endothermic dissociation reaction of CL. As a result, the detonation velocity in
this mixture is governed by the overshoot in the energy release occurring before
the complete endothermic formation of ClI radicals from the dissociation of CL,.
The H, — Cl, mixture is convenient to use in a numerical study, since its
detailed chemical kinetics are relatively simple and the rate constants are fairly
well known. In the present section, the numerical simulations of Guénoche et al.
are thus extended to different initial compositions and initial pressures, to verify
the hypothesis of Zel’dovich and Ratner regarding the delayed dissociation of the

Cl, molecule downstream of the sonic plane. The ZND structure equations with

detailed chemistry shall first be derived.

3.1.1 - The ZND Equations with Detailed Chemistry

The detailed chemical kinetics of the H, — CL mixture is now used in the analysis
of the ZND detonation structure. The ZND structure equations, derived previously

in Chapter 2, shall now be used. No source terms are necessary, since the reasons
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for pathological behavior are implicit in the particular chemical kinetics scheme
used. Instead of using a polytropic gas equation of state with constant specific
heats, the ideal gas equation of state, coupled with a caloric equation of state shall
now be used. After algebraic manipulations, one obtains the following expression
for the du/dx derivative:

ﬂzﬂ P R T db

m<idt | om RS 7dT
- dh,

l 13
puz'f";ks— : n,.—d?[P—puZ]

du

3.1

The complete derivation is shown in Appendix IV. Kinetic rate equations have to
be provided for each elementary reaction to get the molar change rates dn,/dr.
Through these rates, the conservation of atoms is automatically taken care of. In
the present study, the same chemical kinetics scheme as suggested by Guénoche

is used (Table 3.1).
Although Eqn. 3.1 is very convenient for computational purposes, it is

easier to interpret when written in a different form. By substituting expressions

for the specific heat at constant pressure c,, the ratio of the specific heats y, and
the frozen sound speed c, for the mixture, one can write the du/dx derivative as:

du__ 0

dx (ci - uz)
This simplified expression is also derived in Appendix IV. The denominator of
the du/dx derivative vanishes when the particle velocity becomes sonic (1« =c,)

during the course of the integration. To avoid a singular point, the numerator has
to go to zero simultaneously (Generalized C-J criterion). For the numerator to

vanish, the heat release rate Q has to go to zero when the flow becomes sonic

relative to the shock front.
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The equation du/dx used for pathological detonation is the same as that
for ideal detonations. For ideal detonations, the heat release rate vanishes when
the flow reaches chemical equilibrium. However, in the case of pathological
detonations, the heat release rate (0 becomes zero at the transition from
exothermic to endothermic reactions. As a result, the value of the heat release
function Q at the sonic plane reaches a maximum (overshoot value) above the
equilibrium C-J value. This will result in an excess in the detonation velocity over
the equilibrium C-J value. It is the parameters in the chemical kinetics equations

that determine whether the detonation is pathological or not.

3.1.2 - Steady-State H,-Cl, Numerical Results

The eigenvalue solution (i.e. the particular solution where the numerator and
denominator vanish simultaneously) is found by iterating for the detonation
velocity that satisfies the Generalized C-J criterion. An initial detonation velocity
is assumed. The du/dx equation (Eqn. 3.1) is integrated from the von Neumann
point until either the numerator (effective energy release rate) or the denominator
vanishes (at the sonic plane). If the numerator vanishes prior to the sonic plane, a
lower shock velocity is then assumed. If the sonic plane is reached prior to a net
vanishing heat release rate, a higher shock velocity is assumed instead. The
iterations are repeated until the shock velocity is determined within six decimal
places. The profiles of the thermodynamic variables can be obtained for the whole
reaction zone, even beyond the sonic plane. When the derivative du/dx is

indeterminate (i.e. when u=c,), L’Hospital’s rule is used to obtain the slope of

the thermodynamic functions there.
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The eigenvalue detonation propagates with a velocity above the
equilibrium C-J value, corresponding to a steeper Rayleigh line on the p—v
diagram. As the flow proceeds down this steeper Rayleigh line (Fig. 3.1), it
appears to intersect the equilibrium Hugoniot above the C-J value in the p—v
plane. However, this intersection point does not correspond to the equilibrium
strong detonation state. This is due to the fact that the flow is not at equilibrium
yet, so the temperature and composition of the mixture are not the same as the
equilibrium strong detonation state (even though the pressure and specific
volumes are the same). The flow can keep proceeding down the Rayleigh line as
the chemical reactions continue. Eventually, the particle velocity becomes sonic
(relative to the shock front) and the chemical energy release rate in Eqn. 3.1
simultaneously vanishes, if the particular solution as dictated by the Generalized
C-J criterion is chosen. Since the flow is not yet at equilibrium when the sonic
condition is reached, chemical reactions continue further downstream of the sonic
plane. For an unsupported detonation, when the chemical reactions are completed
(equilibrium) along the Rayleigh line, the state corresponds to the weak
detonation state on the equilibrium Hugoniot. The competition between
exothermic and endothermic reactions thus provides a path to the weak detonation
branch of the equilibrium Hugoniot without violating the 2" law of
thermodynamics. Hence, pathological detonations are weak detonations if one
considers the final state being on the weak branch of the equilibrium Hugoniot.
However, the detonation velocity is determined by the non-equilibrium energy
release at the sonic plane.

The ZND structure calculations permit us to plot the chemical species
profile downstream of the shock front. For a detonation wave moving towards the

right, Fig.3.2 indicates the number of moles of various species with respect to the
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local Mach number of the flow, for the H,—Cl mixture, ¢=0.667and
P, =6 kPa. Immediately downstream of the shock front, the flow is subsonic.
The flow Mach number then increases to a value of 1, corresponding to the sonic
plane, and eventually reaches supersonic values, which is typical behavior of
weak detonations that have a sonic plane embedded within the reaction zone. The
amount of HCI molecules produced at the sonic plane (dotted line) is found to be
very close to the equilibrium value HC!° corresponding to the final equilibrium
state on the equilibrium Hugoniot. The concentrations of C/, and C! at the sonic
plane are still far from their respective equilibrium values C[ and CI°. Fig. 3.2
therefore clearly demonstrates that the dissociation of Cl, molecules is not yet
complete at the sonic plane, even though an equilibrium amount of HCI has
already been produced. This confirms the suggestion of Zeldovich and Ratner
[72], i.e. the delayed dissociation of CL, beyond the sonic plane.

The heat release as a function of the local Mach number for the same case
is shown on Fig. 3.3. The increasing part of the curve corresponds to the
exothermic formation of HCI molecules. The second part corresponds to the
endothermic dissociation of Cl,. The overshoot in heat release observed at the
sonic plane is in agreement with the Generalized C-J criterion that states that the
net heat release rate has to vanish there (a zero rate corresponds to a maximum in
the function). As a result, the detonation state is governed by this overshoot value,
rather than by the equilibrium C-J prediction. This overshoot, which is the main
characteristic of pathological detonations, is responsible for the detonation
velocities being in excess of the C-J predictions. In the ideal detonation case, the
heat release function would monotonically increase to the C-J value. No

overshoot would be observed.
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The theoretical values for the detonation velocity for pathological
detonations are now computed for various compositions and initial pressures. The
predicted detonation velocities are found to be independent of the initial pressure
for all 3 equivalence ratios (Fig. 3.4). This is in agreement with Zeldovich and
Ratner’s hypothesis that the Cl, dissociation occurs beyond the sonic plane, and
hence does not influence the detonation velocity. The present theoretical ZND
calculation also confirms the existence of pathological detonations in H, — CL,
mixtures, as can be readily observed in Fig. 3.5, where the detonation velocities
are found to be greater than the equilibrium C-J values. The velocities have been
normalized with the C-J values and the largest pathological behaviors are
observed at low initial pressures, in mixtures with a low equivalence ratio, where
dissociation of CL, molecules is important.

The present analysis using a detailed chemical kinetics scheme thus
succeeds in demonstrating qualitatively the existence of pathological detonations
in H, —CL mixtures. The independence of the detonation velocity on the initial
pressure as first suggested by Zel’dovich and Ratner is also confirmed. These
numerical results will now be compared with new accurate experimental data on

H, — CL, detonations.

3.2 - EXPERIMENTAL INVESTIGATION OF H,-Cl,
DETONATIONS

Although previous experimental studies have appeared to indicate the existence of
pathological detonations in H, — CL, mixtures (Fig. 3.6), the results are not

conclusive. Hence, it is of value to carry out more precise measurements of
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detonation velocities in H, —CL mixtures to confirm experimentally the

existence of pathological detonations.

3.2.1 - Experimental Details

Measurements of the detonation velocity were carried out in a 12 m long
cylindrical tube, with a diameter of 50.8 mm. The long length of the tube used
(200 diameters) is sufficient to ensure that steady-state detonation can be
achieved. Detonations were initiated via a high-energy electric spark from a
0.9 uF - 40 kV discharge. Four pressure transducers (PCB-113A24 and PCB-
401A25) were used to measure the detonation pressure and the time of arrival of
the detonation front at different locations in the final 8 meters of the tube. The
detonation velocities were found to be stable within 1% according to the x—¢
diagrams (Fig. 3.7). Explosive mixtures of H, — CL, of desired composition are
prepared by a partial pressure technique and allowed to mix by diffusion for at
least 3 days prior to use. The error in the mixture composition is found to be less
than 0.1% and this limitation is due to the accuracy in reading the pressure
gauges. The initial pressure of the mixtures studied is in the range of 3 kPa to

25 kPa.

3.2.2 - Experimental Results

Detonation velocities are first determined in a mixture that has the normal ideal
behavior in accord with equilibrium C-J theory. Stoichiometric C,H, -0,
mixtures at initial pressures p, ranging from 3 kPa to 25 kPa are used. These

experimental results are shown in Fig. 3.8 together with the theoretical C-J values
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for comparison. One notes that the experimental values are typically 1% to 3%
below the theoretical C-J predictions, and this velocity deficit is due to the fact
that the velocities have not been corrected for the boundary layer effects.

Three compositions of H, —Cl, with equivalence ratios of ¢ =0.667,
¢=1.0, and ¢ =1.5, representing lean, stoichiometric and rich mixtures, are
investigated. The experimental detonation velocities have been corrected for
boundary layer effects using the Fay-Dabora theory [25], [15] to offer a better
comparison with theory. The complete experimental results are shown in Table
3.2, together with the theoretical predictions. According to these experimental
results, one first notes that, for the three mixtures investigated, the detonation
velocities are practically independent of the initial pressure in accord with the
theoretical steady-state analysis and this confirms the explanation given by
Zel’dovich and Ratner, i.e. HCl production independent of CI, dissociation
(Fig. 3.9). These results are also found to differ from the equilibrium C-J theory,
based on complete chemical equilibrium at the sonic plane. The experimental and
ideal C-J detonation velocities are compared for the stoichiometric mixture in
Fig. 3.10. The equilibrium C-J detonation velocity in H, — CL, decreases with
decreasing initial pressure of the mixture, due to increased endothermic
dissociation and also due to the internal energy being partitioned among a larger
number of species molecules in the detonation products. However, the
experimental results do not show the same trend as the equilibrium C-J theory,
due to the fact that the dissociation occurs mostly beyond the sonic plane where it
no longer affects the propagation of the detonation front. From Fig. 3.10, one can
conclude that the detonations in the H, —Cl mixture are pathological. The
experimental detonation velocities for the three mixtures normalized with respect

to the ideal C-J values are shown in Fig. 3.11. The greatest pathological effects
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are observed at low initial pressures, where CL, dissociation becomes more
important, thus lowering the equilibrium C-J velocity. Below initial pressures of
6 kPa, the experimental detonation velocities are at least 2% above the ideal C-J
predictions for all mixtures. The pathological effect is enhanced for mixtures with
equivalence ratio below unity (excess CL). For ¢ =0.667 and p, =3.33 kPa, the
experimental detonation velocity exceeds the C-J value by as high as 10%. This is
an additional indication of the important role of Cl, dissociation, as the
concentration of this molecule is larger for mixtures with low equivalence ratios
where the C/, concentration is higher.

Although the steady-state analysis with detailed chemistry successfully
reproduced the essential features observed experimentally (i.e. detonation velocity
independent of the initial pressure, higher pathological effect for lean mixtures),
large deviations are observed between the theoretical pathological detonation
velocities and the experimental values. For instance, for the ¢ = 0.667 mixture,
the theoretical and experimental detonation velocities are shown in Fig. 3.12.
Unlike ideal detonations, pathological detonations are rate dependent, and thus are
more sensitive to temperature variations due to the boundary layer or multi-
dimensional shock front. This could account for the deviations observed between
the numerical and experimental results.

The present study confirms both experimentally and theoretically the
existence of pathological detonations in A, — C/, mixtures and that the effects are
more pronounced at low initial pressures and low equivalence ratios where the
dissociation of Cl, becomes important. The kinetic mechanism as proposed by
Zel’dovich and Ratner [72] responsible for pathological detonations is confirmed

by the present experimental results. The current kinetic scheme used in the ZND
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structure leads to predictions that are in reasonable agreement with the

experimental results.

3.3 - SIMPLIFIED MODEL FOR PATHOLOGICAL
DETONATIONS

In the previous section, the steady ZND structure of H, — Cl, detonations was
solved to obtain the steady-state pathological detonation solution. However, it is
not clear that this steady-state solution can be realized asymptotically from
arbitrary initiation conditions. A transient study is thus carried out to verify if
steady pathological detonations can be achieved from a transient development.
Performing a non-steady analysis of pathological detonations with detailed
chemistry would require enormous computer time. Hence, a simplified two-rate
chemical reaction model (suggested by Fickett and Davis [29]) will be used
instead. A parametric study can also be easily performed with this simple model,
by varying the activation energies and the magnitude of the chemical heat release
associated with each of the two reactions. Prior to the transient computation of
pathological detonations, the steady-state structure of pathological detonations
shall first be investigated based on this simpler two-rate model of Fickett and

Davis [29] to provide a basis of comparison for the transient computations.

3.3.1 - Steady-State Structure with a Two-Rate Law

The simple two-step chemical rate law suggested by Fickett and Davis [29]

consists of two consecutive irreversible reactions. An irreversible exothermic



reaction changes molecule A into molecule B. It is followed by an irreversible
endothermic reaction that changes the molecule B into molecule C:

A — B (exothermic)

B — C (endothermic)

For both reactions, an Arrhenius rate law is used, i.e.:

N e RV AR Gy

RT
The parameters E, and E,, denote the activation energies of the exothermic and

endothermic reactions respectively, and &, and k, are the pre-exponential factors,
assumed to be equal throughout this study. The progress variables can be related
to the mass fractions of molecules A and C by the following equations:
A=l-x,  h=x
With the above reaction scheme, the net chemical energy release Q is given by:
Q=40 +40,

where @ and Q, represent the heat release by the exothermic and the
endothermic reactions respectively. If the first reaction is much faster than the
second one, in other words, if the heat release rate by the exothermic reaction is
fast as compared to the heat absorbed by the endothermic reaction, an overshoot is
observed in the chemical heat release profile for Q. The differential equation for

du/dx involving the two chemical energy release terms is given by:

du _ (¥ - l)[lle + lez]

2 2
dx cc—u

where the distance x is normalized with respect to the half reaction distance, i.e.

the value of x when:

A'IQI + AQQZ = 05
Q+0,
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The detailed derivation is given in Appendix II. To obtain a solution, the above
differential equation is integrated from the von Neumann (V-N) state just
downstream of the shock front, together with the chemical rate law equations. The
Generalized C-J criterion is then used to select the desired regular solution for the
detonation structure. This criterion can be represented in the present case by the
following conditions:
u=c=.pv and i,Q, +1'.2Q2 =0

Through this sonic plane, the flow can now smoothly transit from subsonic to
supersonic velocities (relative to the shock). It is then possible to continue the
integration of the ZND equations further downstream, until the flow has reached
complete equilibrium where both A4, =1 and A, = 1. The same solving method as
for the detailed chemistry case is used.

For given values of the other mixture parameters (i.e. Q,, O, k. k,), the
pathological solution is found to depend on the difference in the activation

energies E, —E, , or alternatively on the ratio of their exponentials
exp(Eul ) / exp(Eu‘ ) . For example, exothermic and endothermic activation energies

of 25 and 22 respectively, lead to the same detonation state as activation energies
of 28 and 25. Only the time and length scales are different. In the limiting case of
a very low endothermic activation energy ( £,, — 0), the endothermic reactions
are so fast that complete equilibrium is reached at the sonic point, leading to the
ideal C-J solution (Q = Q, + Q,) and no pathological behavior is obtained. In the
limiting case of very high endothermic activation energy (E, — ;o), the
endothermic reactions are now so slow that the detonation is solely governed by
the exothermic heat release (Q=Q,). This corresponds to the maximum

achievable pathological detonation velocity. Thus, there is a limited range of
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pathological detonation velocities corresponding to a heat release ranging from

Q, +Q, (with Q, negative) up to Q,. Fig. 3.13 shows the normalized detonation
velocity M as a function of the endothermic activation energy E, for the case
Q9 =50, Q,=-10, y=12, k, =k, =100 and E, =22. One can clearly see the
two asymptotes for the high and low values of E, respectively, between which

lies the range of possible pathological solutions.

The main characteristics of pathological detonations are the sonic plane
embedded within the reaction zone and the overshoot in chemical energy release.
For an unsupported pathological detonation, the steady particle velocity relative to
the shock, together with the local sound speed with respect to the distance behind
the shock is shown on Fig. 3.14a. It is clear from Fig. 3.14a that the flow transits
from subsonic to supersonic velocity within the reaction zone and a maximum in
the sound speed is observed in the reaction zone, corresponding to a temperature
maximum. The values of the degree of reaction variables A, and A, within the
reaction zone are shown in Fig. 3.14b. This figure clearly indicates that chemical
equilibrium is not reached at the sonic plane. The heat release function
(@ =40 +4,0,) is shown on Fig. 3.14c for the same mixture. The overshoot in
heat release is clearly visible and the maximum is reached exactly at the sonic
point, as dictated by the Generalized C-J criterion. At the end of the reaction zone,
where tﬁc flow reaches the weak state, the value of Q is now equal to the
equilibrium C-J value (@=Q, +@Q,), but all the energy release occurring
downstream of the sonic plane does not affect the propagation of the de'tonation
front. Fig. 3.14d shows again the heat release function Q, but this time with

respect to the local Mach number M, _, = u/c. Immediately downstream of the

shock, the value of M, _, is subsonic and reaches unity when Q is maximum, as
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dictated by the Generalized C-J criterion. The terminal state on the equilibrium
Hugoniot corresponds to a weak detonation with a local Mach number
M, A6 =12302.

Hence, the two-rate law model of Fickett and Davis [29] is shown to be
successful in reproducing the essential features of the pathological detonations in
a real system like the H,—CL. The transient development of pathological
detonations in a mixture with the chemical reaction governed by this simplified

two-rate law model shall now be investigated.

3.3.2 — Unsteady Solution

For the present numerical calculations, the detonations are initiated by the motion
of a piston. Two types of initiation processes by the piston are considered in the
present study. In the first type of initiation, a piston is driven at a high velocity for
only a short period of time sufficient to initiate the detonation (i.e. approximately
two reaction zone lengths), and is then abruptly stopped thereafter. The impulsive
motion of the piston generates a strong shock wave that eventually develops into a
detonation, but the abrupt stopping of the piston generates an expansion flow. In
the limit when the piston velocity approaches infinity but the duration tends to
zero, this impulsive motion generates a shock process approaching that of an ideal
blast wave. The work done by the piston can then be correlated to the amount of
energy deposited into the reactive mixture by the blast wave. In the present study,
the piston velocity is chosen so as to generate a shock wave of the same strength
as the von Neumann shock of the detonation front (as predicted by the steady-

state analysis). This initially results in a highly overdriven detonation, until the
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piston is eventually stopped and the overdriven detonation decays. This method of
initiation is referred to subsequently as the “impulsive piston initiation.”

In the second type of initiation, the detonation is assumed to be initiated
by a piston moving at constant velocity throughout. The detonation is thus
supported by the motion of the piston and the rear boundary condition in the
detonation products is governed by the boundary condition at the piston interface,
i.e. particle velocity equal to the piston velocity. This method of initiation is
referred to as the “constant velocity piston initiation.”

In the transient analysis, the one-dimensional unsteady reactive Euler
equations are solved numerically. An unsteady 1-D Lagrangian code is used for
the computation. One of the advantages of the present Lagrangian coordinate
system are that it is more convenient to handle piston-driven detonations since the
distance is defined with respect to the piston location. Also, it provides a natural
adaptative grid refinement around shock waves and regions of high-pressure
gradient, since each cell contains the same amount of mass, rather than being
equally spaced. The reactive Euler equations are solved by a combination of a 2™
order two-step predictor-corrector MacCormack scheme [49] and the Fluid
Corrected Transport (FCT) scheme of Boris and Book [5] which is appiied to the
conservation equations to improve the accuracy of the solution near the shock.
The grid size is chosen such that there are S0 numerical cells in the half reaction
zone for the steady ZND detonation profile. This resolution is found to be
adequate and the results are grid independent. Numerical calculations made with
more than 50 numerical cells are found to yield the same results. For example, the
results obtained for an oscillatory pathological detonation (Q, =50, Q, =-10,

vy=12, E, =26, E, =32 and k, =k,) with respectively 50 and 100 numerical

cells in the half reaction zone length are compared in Figs. 3.15a and 3.15b. The
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two curves are found to be in almost perfect agreement. This code was initially
developed by Chue [12] and extended to a two-rate mechanism for the present

study.

3.3.3 — Impulsive Piston Initiation

The first set of calculations simulates closely the blast wave initiation. The
initiation energy is varied by changing the duration of the piston motion. For a
sufficiently long piston duration (high initiation energy), the detonation is said to
be supercritical. For low enough activation energy of the exothermic reaction, the
detonation is initially highly overdriven, and asymptotically decays towards a
steady pathological detonation when the piston stops (Fig. 3.16). The pressure
profiles for the transient development of the steady detonation are shown on
Fig. 3.17. After the initial transient development, a stable structure is observed.
Near the critical initiation energy (shorter piston duration, decrease in the
initiation energy), the initially overdriven detonation first decays to a value below
the final steady-state solution. Similar to blast initiation of ideal detonations, a
quasi-steady period is observed prior to the onset of the detonation. At the end of
this quasi-steady period, the shock abruptly re-accelerates to an overdriven state
and then decays subsequently towards a final steady value (Fig. 3.18). The
pressure profiles for the transient development of a near-critical steady detonation
are shown in Fig. 3.19. The re-acceleration of the shock that causes the increase in
the pressure at the shock front is clearly visible on this figure. The asymptotically
stable supercritical and critical detonations obtained above are both in agreement
with the steady-state analysis based on the Generalized C-J criterion, despite the

fact that no criterion is used in the transient analysis.
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The profiles of the thermodynamic variables for the asymptotically stable
solution shall now be investigated (Q =50, Q,=-10, y=12, E, =22,
E, =32 and k, =k,). The heat release function curve (Q = 4,0, +4,0,) is first
shown on Figs. 3.20a and 3.20b. As predicted by the steady-state theory, an
overshoot is observed in the heat release function, before Q eventually drops
down to the Chapman-Jouguet value further downstream. Moreover, this
maximum value of Q is found to be in agreement with the steady-state
predictions based on the Generalized C-J criterion. The particle velocity relative
to the shock can only be approximated at that point, since the present Lagrangian
code does not keep track of the detonation velocity. Using the value of the shock
Mach number corresponding to the steady pressure value (through the Rankine-
Hugoniot equations) and the absolute particle velocity obtained at the point where
dQ/dr =0, it is found that the local Mach number there is equal to M, _, =1.005.
This value is indeed very close to unity in accord with the Generalized C-J
criterion used in the steady calculations which requires the flow to be sonic when
the maximum Q is reached. Moreover, the profiles of the degree of reaction
variables 4, and A, (Fig. 3.20b) also indicate that chemical equilibrium is not
achieved at the point where dQ/dr =0, in agreement with the Generalized C-J
criterion. The pressure profile (Fig. 3.20c) for the complete flow field indicates
that the steady reaction zone is matched to the unsteady flow downstream through
an expansion wave, in agreement with Taylor’s criterion for a stable detonation.

For low activation energy of the exothermic equation, asympiotically
stable pathological solutions are thus possible from an impulsive piston initiation,
and the results are found to be in agreement with the steady-state analysis based

on the Generalized C-J criterion. Even though no criterion is necessary in the
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transient calculations, the same pathological features (overshoot in heat release at
the sonic plane and excess in detonation velocity) are observed in the asymptotic

steady-state wave.
3.3.4 - Constant Velocity Piston Initiation

The profiles in the previous section were obtained for an impulsive piston
initiation, where the piston is brought back to rest after a short duration. In the
present section, the piston is allowed to continue to move with constant velocity
u, throughout. This permits us to investigate the effect of having to match the
solution to a back boundary condition. Fickett and Davis [29] have discussed
previously piston-driven pathological detonations, but did not carry out a non-

steady analysis.

The variables u, and u,, correspond respectively to the absolute particle
velocities at the strong and weak states on the equilibrium Hugoniot for the

pathological detonation. For piston velocities above the strong value (u, > u, ), the

detonation is overdriven, and the flow is subsonic throughout. As a result, the
detonation is no longer pathological and the solution is governed by the piston

velocity, i.e. the particle velocity becomes equal to the piston velocity u, at the
piston face x=x, (Fig. 3.21). For piston velocities below the strong value
(u, <u,), the detonation velocity is the same as in the unsupported case, since the

thermodynamic profiles are not modified in the region between the shock front
and the sonic plane. However, the complete flow field is now affected.

For the unsupported case «, =0, the process is equivalent to the impulsive

piston initiation case already shown in Figs. 3.20. Pressure profiles for the
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O<u, <u, case are shown in Figs. 3.22a and 3.22b, corresponding to two

different times. The flow first proceeds towards the weak detonation state, and a
receding expansion wave then connects an ever-widening region of constant weak

detonation state to the piston state. For the u, =u, case, there is no expansion

wave, and the weak state expands all the way back to the piston, as shown in

Fig. 3.23. For intermediate values of u, between u, and u,, the steady-state

analysis predicts that the flow first reaches the weak detonation state, followed by
an ever-widening region of constant state (weak detonation state). A receding
secondary shock wave then connects the weak detonation state to the piston
(Figs. 3.24a and 3.24b). The strength of this secondary shock must be such that
the pressure increase across it corresponds to the transition from the weak
detonation state to the state at the piston interface. The existence of a secondary
shock in the products is similar to the case considered by Lee [40] for piston-
driven diverging detonations. The detailed method to predict the secondary shock
velocity from steady-state considerations is shown in Appendix V. The shock

velocity measured in the transient calculation (M, =5.96) is found to be in

agreement with the steady-state calculations based on a control volume analysis

(M, =5.99). In the case u, =u,, a secondary shock wave is coupled to the end

of the reaction zone, connecting the weak and the strong detonation states
(Figs. 3.25). The velocity of this secondary shock wave is equal to that of the
detonation front, since it joins the weak and strong points, which both lie on the
detonation Rayleigh line. ‘

There is a very good agreement between the profiles for the

asymptotically stable transient solution and the steady-state predictions of Fickett

and Davis [29] based on the Generalized C-J criterion. Hence the present transient
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study confirms the validity of the steady-state analysis based on the Generalized
C-J criterion for piston-supported pathological detonations. These results also
demonstrate the importance of Taylor’s criterion of matching the steady reaction

zone to the unsteady flow downstream.

3.3.5 — High Activation Energy (Unstable Pathological Detonations)

The existence of asymptotically stable pathological detonations has been
demonstrated in the previous section for low activation energy values of the
exothermic reaction. Even for ideal detonations, asymptotically stable solutions
can not always be achieved and this depends on the activation energy. High
activation energies increase the temperature sensitivity of the explosive mixture to
perturbations. From both linear stability analysis [22] and transient numerical
simulations [28], it was shown that above some [imiting value of the activation
energy, the detonation is unstable and an oscillatory behavior is observed.
However, even for unstable detonations, the velocity is found to oscillate around a
mean value corresponding to the ideal detonation solution. The influence of the
activation energy on the stability of pathological detonations will now be
investigated.

Recently, Sharpe [57] performed a one-dimensional stability analysis of
pathological detonations and found that the linear response of these detonations to
perturbations is very similar to the ideal C-J detonation case. However, in the
linear stability analysis, the complete flow field downstream of the reaction zone
need not be considered. Moreover, only small perturbations can be considered in a
linear stability analysis. Since chemical reactions are still proceeding downstream

of the sonic plane for the case of pathological detonations, it is worthwhile to

54



carry out a non-steady numerical simulation of a pathological detonation to see if
the energy release downstream of the sonic plane can influence the stability.
Sharpe et al. [58] have also performed a numerical simulation of pathological
detonations recently to study the non-linear stability of the structure of
pathological detonations. However, they assumed a stable ZND structure first
based on the steady-state solution using the Generalized C-J criterion, and then
subjected this stable solution to a perturbation. They found that the non-linear
response of pathological detonations can be very different in the supported and
unsupported cases. They investigated the periods and amplitudes of the
oscillations and observed both oscillatory and irregular detonation propagations. It
is not obvious that the stable ZND profile imposed by Sharpe et al. as a starting
condition in their simulations can in fact be reached during the transient
development of the pathological wave from an arbitrary initiation condition. In
the present study, the detonation wave is initiated by a strong blast wave
(impulsive piston initiation). It is therefore posgfble to investigate the stability of
pathological detonations from the complete history of the transient development
of the detonation. The next paragraphs therefore focus on the existence and the
stability of a pathological detonation wave initiated from a strong blast wave.

For the present pathological system studied, the exothermic activation

energy is first varied, keeping everything else constant (Q, =50, O, =-10,

v =12, E, =32, and k, =k,). For a low exothermic activation energy E, =22,
the shock pressure profile is very stable. As E, is increased, the oscillations are

found to shift from regular periodic to quasi-periodic and eventually to highly
irregular or even chaotic structures (Figs. 3.26a to 3.26d). This effect is similar to
what had been observed for ideal C-J detonations. The unstable oscillatory and

chaotic solutions cannot be predicted from the steady-state analysis based on the
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Generalized C-J criterion. In this unstable case, there is no stable sonic point in
the flow where a steady-state boundary at the detonation front can be matched to
the unsteady flow downstream. Nevertheless, it is found that the time-averaged
value around which the shock pressure oscillates corresponds to the steady-state
solution obtained with the Generalized C-J criterion. The average pressures
measured over a few cycles are compared with the steady-state predictions and
the ideal C-J solution in Table 3.3. Deviations of no more than 1.4% are obtained
between the unsteady results and the steady-state predictions, even when the
departure from stability is large.

The effect of the endothermic activation energy shall now be investigated
by varying E, keeping all other parameters the same, and using £, =24 as a
reference. For this value of the exothermic activation energy, the ideal C-J
detonation is found to oscillate regularly (Fig. 3.27a). For a low value of the

endothermic activation energy E, , the detonation velocity is close to the ideal

C-J value. Once again, the mean value of the pressure oscillations corresponds to

the steady-state predicted value. As E, is increased, the endothermic reactions

are further delayed, and the pathological effect is increased. The amplitude of the
oscillations is found to decay, but this decay is almost not perceptible (Figs. 3.27b
and 3.27c), indicating that the stability of the pathological detonations is
practically independent of the endothermic activation energy.

The activation energy can also be varied in such a way that the steady
detonation velocity remains the same. By keeping the difference between the

activation energies constant (E, —E, ), the steady-state solution is always the

same. The transient solution, on the other hand, will become increasingly unstable

as the values of the activation energies are increased. The shock pressure profiles
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for increasing values of the activation energies keeping their difference constant
are shown on Fig. 3.28a to 3.28¢. The average shock pressure is indeed found to
be the same in all cases.

The pathological effect can also be investigated by varying the
endothermic chemical heat release Q,. When Q, =0, an ideal C-J detonation is
obtained. For finite negative values of Q,, a pathological effect is introduced. The
pathological detonation solution always lies in the range O, <Q,,, <@, as was
shown on Fig. 3.13. By introducing a finite negative value of Q,, the detonation
velocity is thus lowered, since Q.. is less than O, (or exactly equal in the
limiting case E, — o). A decrease in the detonation velocity causes a reduction
in the post-shock temperature (von Neumann temperature), thereby causing an
increase in the (E,/T) term. This results in a higher effective exothermic
activation energy (E, /T) and thus a less stable solution. It is expected that the
shock pressure profile grows unstable as |Q,| is increased, based on the above
consideration of the shock temperature. Indeed, Figs. 3.29a to 3.29¢, where Q, is
varied form O to —30, indicate the destabilizing effect of the endothermic heat
release Q,. This effect was also observed by Sharpe et al. [58] in their simulations
where they imposed a steady ZND profile to initiate the calculations. Once again,
the mean value around which unstable solutions are found to oscillate corresponds
to the steady-state predictions based on the Generalized C-J criterion.

Another parameter that can be varied is the supporting piston velocity, in
the case of constant velocity piston initiation. In the linear stability analysis, only
the state at the sonic plane is considered, and the entire flow need not be
considered. This implies that according to the linear stability analysis, a

supporting piston should not have an effect on the stability of the detonation
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wave. This has been verified in the present study by investigating the case of an
oscillatory pathological detonation (@, =50, Q,=-10, y=12, E, =26,
E, =32 and k =k,) supported by constant velocity pistons with velocities
u,=0, u,=u,, and u, =u, (the u, =0 case corresponds to the impulsive piston
initiation). The shock pressure profiles for the three cases are shown in Figs. 3.30a
to 3.30c. The three curves match almost exactly, thus confirming that in
accordance with the linear stability analysis, the supporting piston does not
influence the stability of pathological detonation waves. This indicates that the
source of instability does not originate from the far field, but rather from the near
shock flow conditions.

In summary, it is the ratio E, /T that determines the stability of
pathological detonations. This ratio depends on the activation energy of the
exothermic reaction itself, as well as the detonation velocity, since higher
detonation velocities imply higher temperatures. Parameters such as the chemical

heat releases O, and Q, or the activation energy of the endothermic reaction E,

can thus indirectly affect the stability of the detonation through their effect on the
detonation velocity. On the other hand, supporting constant velocity pistons do
not affect the stability of pathological detonation waves, provided that the piston

velocity remains below the strong value u_ .

3.4 - CONCLUSION

The classical criteria of Chapman and Jouguet fails to predict the steady
detonation solution for cases where there is an overshoot in the energy release

function (e.g. H, — CL, mixtures and mixtures governed by the simplified two-rate
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law model of Fickett and Davis [29]). In both cases, if one integrates along the
Rayleigh line that corresponds to the equilibrium C-J value, a singular point is
eventually encountered, i.e. infinite value of the derivative du/dx. This occurs
since the heat release rate does not vanish at the sonic plane along this Rayleigh
line. Hence the solution based on the equilibrium C-J velocity is singular.

A regular solution can be found by the Generalized Chapman-Jouguet
criterion, and corresponds to a steeper Rayleigh line (higher detonation velocity).
Along this Rayleigh line the flow goes through a sonic transition when the
exothermic and endothermic energy release rates balance each other out. Further
integration along the Rayleigh line leads to the weak detonation state on the
equilibriurn Hugoniot, where the flow is supersonic relative to the shock front.
The presence of endothermic processes thus provides a path to the weak
detonation branch, otherwise inaccessible for an ideal detonation (monotonic heat
release).

The steady-state assumption can be relaxed when carrying out non-steady
computations of the transient development of pathological detonations. In that
case, no criterion is necessary to obtain the asymptotic steady detonation solution
if it exists.

For activation energies of the exothermic reaction below a critical value,
asymptotically stable solutions could be obtained. For these stable solutions, a
steady reaction zone is matched with the unsteady flow downstream, in agreement
with Taylor’s criterion for the existence of a stable detonation. By adjusting the
back boundary condition (changing the piston velocity), the flow field
downstream of the steady zone was found to adjust itself, still in agreement with
Taylor’s criterion of matching a non-steady flow region to a steady-state

boundary. Even though no criterion is used to determine the detonation solution in
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the case of non-steady computations, the asymptotically stable solutions were
found to be in agreement with the steady-state solution based on the Generalized
C-J criterion. In the unsteady calculations, the heat release rate was indeed found
to vanish when the particle velocity was sonic relative to the shock front.

For activation energies of the exothermic reaction above a critical value,
no asymptotically stable solution is found. Oscillatory or even chaotic structures
are observed instead. In this case, it is not possible to satisfy Taylor’s criterion of
matching the steady reaction zone with the unsteady flow downstream. This is
why unstable detonations are observed. Nevertheless, the time-averaged
properties of these unstable pathological detonations appear to be in agreement
with the steady-state analysis based on the Generalized C-J criterion.

Although the steady-state analysis has some limitations (it cannot predict
the stability of the detonation wave), it is nevertheless very powerful in
determining the pathological detonation solution, at least on the average. The use
of the Generalized C-J criterion to determine the steady-state solution of

pathological detonations is thus validated in the present study.
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Chapter 4
Detonations with Large Momentum

Losses

Although the turbulent flow field in very rough-walled or in obstacle-filled tubes
is very difficult to describe theoretically, an attempt is made in the present chapter
to model the propagation of a detonation in such an environment via a quasi one-
dimensional approach. Large momentum losses are thought to be responsible for
the velocity deficits of detonation waves (down to sonic velocity) observed
experimentally. Heat losses alone could not account for such a large departure
from ideal C-J behavior. The exact physical processes in the reaction zone of a
detonation in an obstacle field are extremely complex to model theoretically. In
the present study, a simple source term is introduced in the momentum equation
for the ZND structure of the detonation to account for the frictional losses, to at
least investigate the possibility of low velocity detonation solutions as a
consequence of friction.

In previous studies of detonation with friction by Zel’dovich [71], Gelfand
et al. [30], Zel’dovich et al. [74], and others, the detailed investigation of the
existence and stability of detonation solutions was only carried out for shock
velocities down to a certain critical value. Recently, Brailovsky and Sivashinsky
[6] numerically modeled low-velocity detonation-like phenomena in porous
media. Due to the very strong resistance of the porous medium to the gas flow,

they assumed that inertial effects can be neglected and used Darcy’s law for the
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momentum equation. Hence, shock waves were not brought up in their study, and
they considered the possibility of fast combustion waves driven by the diffusion
of pressure only. In this chapter, the possible steady-state detonation solutions
based on the Euler equations will be explored more extensively, with friction
represented by a source term in the momentum equation. It will be determined
whether solutions exist for the entire range of shock velocities ranging from the
ideal C-J value down to that of a sonic wave. Similar to pathological detonations,
the so-called Generalized C-J criterion has to be applied to seek these steady-state
solutions with momentum losses. It will also be verified if steady-state
detonations can be realized asymptotically in a transient calculation where a

criterion to determine the steady-state detonation solution is not required.

4. 1 - THE EFFECT OF FRICTION ON DETONATION
PROPAGATION

The effect of friction on the propagation of a detonation can be analyzed by
drawing the analogy to steady one-dimensional compressible fluid flow subjected
to heat transfer and friction. Heat addition to the flow and friction both tend to
bring the flow towards M = 1. In subsonic flow, friction and heat addition tend to
accelerate the flow and for supersonic flow, the effect is reversed. A decrease in
Mach number causes an increase in pressure, whereas an increase in Mach
number causes a decrease in pressure. Thus, heat addition and friction cause the
density and pressure to decrease for subsonic flow, and vice-versa for supersonic
flow.

In the presence of sufficiently large amounts of heat addition and friction,

the flow may become choked (M =1), so that a maximum possible mass flow
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rate is obtained. When the choking condition is achieved, there are in general only
two possible inlet conditions compatible with the choked state: a subsonic
solution, and a supersonic one. One must therefore adjust the inlet conditions to
match with the choked flow downstream.

A detonation propagating in a rough tube also involves heat addition
(through chemical reactions) and friction downstream of the shock front. To
compute the detonation state, one must solve for the eigenvalue detonation
velocity compatible with the back boundary condition (e.g. sonic plane). This is
analogous to the steady compressible 1-D flow problem with heat addition and
friction, where only one supersonic inlet condition is found to be compatible with
the choked flow downstream.

Since detonations propagate at a constant velocity, the detonation process
is a steady one only when viewed in a reference frame attached to the shock front.
Although physical processes such as friction and heat release do not depend on
the reference frame chosen, it is more convenient to investigate their effect in this
moving frame, rather than in the laboratory frame in which the detonation process
is an unsteady one. The transformation from the fixed laboratory frame (Fig. 4.1a)
to the shock-attached frame (Fig. 4.1b) requires a simple Galilean transformation
in which only the particle velocities are affected, through the relation:

u, =D—-u_,
where u,,_is the particle velocity in the fixed laboratory frame, u,,, is the particle
velocity in the shock-attached frame, and D is the detonation velocity. The
chemical heat release takes place within the moving flow, in the shock-attached
frame (Fig. 4.1b). Since the flow downstream of the shock front and throughout
the reaction zone is subsonic relative to the shock, a positive chemical energy

release results in an increase of the particle velocity «,,. The flow pressure is
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found to decrease due to the chemical reactions (and this is irrespective of the
chosen reference frame). On the other hand, the friction acts in the fixed
laboratory reference (attached to the tube walls, Fig. 4.1a), so that the friction
effect in the laboratory frame must be converted to the shock-attached frame to
investigate its effect on the detonation propagation.

For the range of Mach numbers usually involved in detonation
calculations, the shocked gas at the V-N state propagates at a supersonic velocity
relative to the laboratory frame. Immediately downstream of the shock wave, the
friction therefore tends to increase the pressure and reduce the Mach number of
the flow in the laboratory frame. In the shock-attached frame, this corresponds to
an increase in both the flow Mach number and pressure (the pressure does not
depend on the reference frame). Hence, chemical energy release and friction both
initially contribute to the increase of the Mach number in the shock-attached
frame, but have opposite effects on the pressure.

According to the Generalized C-J criterion, the positive chemical heat
release rate must be balanced by a negative rate of frictional loss at the sonic
plane (relative to the shock). In order for such a balance to occur, the friction
effect must become negative prior to the sonic plane (i.e. the friction must tend to
reduce the Mach number in the shock-attached frame). This implies that the
transition from supersonic to subsonic flow relative to the walls must occur within
the reaction zone of the explosive mixture, prior to the sonic plane. With the flow
being then subsonic relative to the walls, the friction tends to accelerate it with
respect to the laboratory frame, which translates in a negative effect in the shock-
attached frame. The effects of chemical energy release and friction on the flow

Mach number thus oppose each other in the later part of the reaction zone.



Keeping in mind the roles played by friction and chemical heat release in
one-dimensional compressible fluid flow, the detailed structure of detonations

with friction shall now be investigated.
4.2 - STEADY-STATE DETONATIONS WITH FRICTION

The general form of the du/dx equation for the detonation structure (derived in
Appendix I) is now specialized to describe detonations with friction by equating

m and g to zero, i.e.:

e o dirg] e

where the friction function f is given by Eqn. 2.5:
f=—k;p(M—u)lM - 23)
Without loss of generality, the friction factor k, is assumed to be constant for

simplicity in the present study. Due to the presence of a source term in the
momentum equation, the pressure can no longer be obtained algebraically from
the particle velocity. It is now necessary to simultaneously integrate an additional
differential equation for the pressure as well. This differential equation is derived
from the conservation of momentum equation with a source term, in the shock-

attached frame, i.e.:

1 dp du
—— + — T —
Y dx pu dx f
Isolating the pressure derivative yields
dp du
M —- 4.2
- M———Y 4.2)
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where M = pu from the conservation of mass. For the chemical reactions, a

simple irreversible Arrhenius rate law is used, i.e.:

. _dA -EM
=—=k(l-A £
dt ( )exp( pu )

where the pre-exponential factor k is arbitrarily set to a value of 100 throughout
the present study. This set of coupled ordinary differential equations can now be
integrated to obtain the detailed structure of the detonation.

The eigenvalue detonation velocity M can be solved for a given value of
the friction factor k.. The function M vs k, for high activation energies is found
to be multi-valued for some range of the friction factor. In other words, the
steady-state analysis provides more than one detonation solution for a given k. It
is therefore more convenient to iterate for the friction factor that satisfies the
Generalized C-J criterion for a given shock velocity. The resulting M vs k, curve
has a Z-shape (Fig. 4.2a). In the limit of low and high values of k,, there is a
unique detonation solution for a given k.. However, in between, there is a range
of friction factors for which there are three possible steady-state solutions. Stewart
and Yao [61], in their study of detonations with curvature (no friction) also
observed a Z-shaped curve for M vsx (where x is the curvature of the

detonation front). They associated the lower branch of the M vs k¥ curve with a

low velocity detonation mode for condensed explosives.

For low values of the activation energy, the M vs k curve is single-valued

throughout (Fig. 4.2b). The shock velocity decreases monotonically towards

M =1 as the friction factor is increased. A few M vs k, curves are shown for

various values of the activation energies in Fig. 4.2c. It can be seen that for a

given friction factor, higher detonation velocities are obtained for lower activation
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energies. This is due to the fact that the detonation solution is governed by a
competition between the rate of heat release and the rate of frictional losses.
Lower values of the activation energy yield higher rates of chemical heat release,
due to the minus sign in the Arrhenius rate law equation, i.e.

A= k(1—- A)exp(—E,/RT). Hence, for a given detonation velocity, a higher value

of the friction factor is necessary for the two rates to balance one another. This is
why the M vs k, curves for low activation energies are located above those for
higher E,.

One can define various detonation regimes to clarify the multiplicity of
solutions. Four different regimes, labeled with roman numerals, can be identified
in Fig. 4.3 for the high activation energy case. Regime I starts from the C-J

solution M =M, in the limit of k, =0 and ends at the first turning point,
referred to as the first extinction limit (M =M, ). Regime II is defined to start

from the first extinction limit, and terminates at a critical value of the shock

velocity, referred to as M = M__, which is found to be equal to the sound speed of

the burned products. Regime III starts from this critical shock velocity M_ and
proceeds down to the second turning point, referred to as the second extinction
limit (M =M__,,). Regime IV starts from this second turning point and continues
until M =1. Detonations propagating according to regimes III and IV are referred
to as léw-velocity detonations (LVD), since the detonation velocity is
significantly below the C-J value.

The critical shock velocity M, that defines regimes II and III can be
determined analytically. Since M, is equal to the sound speed in the burned

products, the state at the sonic plane (#,, =c,) corresponds to the detonation

rel

products being completely at rest in the fixed laboratory frame
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(U =M—u,,=M—c,=0). When the flow is at rest (u,, = M), the friction
function f goes to zero. Hence for the numerator of the du/dx equation to go to
zero (as required by the Generalized C-J criterion), the rate of chemical energy
release A therefore has to go to zero as well, and this can occur only when A =1.
Thus, this is the limiting case where the sonic plane coincides with the end of the
reaction zone ( A = 1) and the shock front velocity is then equal to the sound speed

of the burned products. By setting the condition u_, = M and A =1, an analytical

expression for M_ can be found (the detailed derivation is shown in

Appendix VI), i.e.:
M, =[y(y-1no+1]"
This critical shock velocity is found to be independent of the activation energy.
Since the flow is at rest (u,,, = M), the normalized specific volume becomes equal
to unity from the conservation of mass. Moreover, since the state ahead of the
shock and the detonation products are both at rest relative to the laboratory, the
state at the end of the reaction zone for a shock velocity M, corresponds to that
of a constant volume explosion, i.e.:
P =Y(y-1)Q+1
v, =1

This implies that the induced motion of the detonation products within the
reaction zone is negligible, so that the detonation process for M = M_ can be
thought of as a constant volume explosion boundary that propagates steadily
through the fresh mixture. Even though globally there is no expansion of the
detonation products (v, = 1), the friction-generated pressure peak allows a local
expansion of the products that drives the shock front (the detailed pressure profile

for a critical detonation M = M, is discussed in the next section).
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Since the flow is at rest (in the laboratory frame) at the end of the reaction
zone, the boundary condition at the wall is already satisfied. As a result, a region
of uniform state must connect the end of the reaction zone to the wall. The
thermodynamic profiles are therefore similar to those for an overdriven detonation
supported by a constant velocity piston, where a region of uniform state also
connects the reaction zone to the piston surface. However, there is no external
momentum input in the present case. Whereas the ideal overdriven detonation
solution depends on the piston velocity, the detonation propagating at M =M_, in
the present case would not be affected by a reduction in the piston velocity (a
backward moving piston) since the sonic plane effectively isolates the reaction
zone from the flow downstream.

There exists no such analytical formula to obtain the detonation solutions
at the two extinction limits. One must integrate the structure equations. A
thorough discussion of the detonation structure for each of the aforementioned

regimes shall now be presented.

4.2.1 - Steady-State Results — Regimes I and II

In regimes I and II, the flow must go through a sonic plane, where the rate of
chemical energy release is exactly balanced by the rate of frictional loss. This
corresponds to the numerator and denominator of the du/dx equation
simultaneously vanishing (Generalized C-J criterion). It is then possible to
integrate Eqns. 4.1 and 4.2 further to get the profiles past the sonic plane, until the
end of the reaction zone. This is done by obtaining the indeterminate slope du/dx
at the sonic plane using I’Hospital’s rule (using the method of Appendix III with a

source term in the momentum equation). At the end of the reaction zone (4 =1),
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the flow is brought to rest. For an Arrhenius rate law, this is found to happen
asymptotically at infinity, even though the sonic plane is located at a finite
distance from the shock front.

Steady-state particle velocity profiles are shown for regimes I and II
(M >M_) in Fig. 4.4a for a high value of the activation energy (E, =32). It is
more convenient to plot the velocity profiles in the fixed laboratory frame since
this allows us to check if the flow is brought to rest. Moreover, this facilitates the
comparison with the transient results obtained in the laboratory frame in section
4.3. From this graph, it is clearly seen that as M is reduced (by changing the
friction factor), the value of «,_at the sonic plane also goes down, and eventually
reaches zero when M =M_, in agreement with the previous discussion of the
properties of the flow when M =M_. For M > M_, the thermodynamic variables
asymptotically approach the constant volume explosion state beyond the sonic

plane.

Steady-state pressure profiles for regimes I and II are shown in Fig. 4.4b,
for the high activation energy case. Initially, an increase in pressure above the
V-N state value can be observed due to friction, as discussed in section 4.1.1. As
the chemical reaction rate becomes more important, the pressure eventually drops.
The pressure tends to the constant volume explosion state value
(p=7(y —1)Q +1) asymptotically for all cases.

For a lower activation energy ( E, =22) the M vs k, curve monotonically
decreases with increasing friction factor. As a result, there is no regime II
observed, since the slope dM/dk, is negative throughout. The absolute velocity
and pressure profiles for E, =22 are shown in Fig. 4.5a and 4.5b respectively.

The main qualitative difference observed between the particle velocity and
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pressure profiles for E, =22 and E, =32 is the larger reaction zone length for

the E, =22 case, especially for low shock velocities. This is due to the fact that

the E, =22 case involves larger friction factors.

The value of A (the degree of reaction) at the sonic plane is found to be
equal to 1 for an ideal detonation (k, = 0) and also for the critical case M =M.
For regimes I and I (M, < M < M_,), the value of A at the sonic plane is slightly
below, but very close to unity (Fig. 4.6), indicating that chemical equilibrium has
not been attained. The detonation velocity deficits therefore cannot be attributed
to incomplete energy release at the sonic plane, but rather to large momentum
losses within the reaction zone. Similar results are obtained for the two activation
energies (E, =22 and E, = 32), and the detonation solution corresponding to the
minimum value of A does not have any particular physical meaning (for example,
it is not associated with an inflection point or the extinction point on the M vs k,
curve).

Therefore, from a steady-state point of view, the only difference between

regimes I and Il is the sign of the slope in the M vs k, curve (negative in regime [,
positive in regime II). The first extinction point, where the slope of the M vs k,

curve is infinite, does not have any other characteristics, as far as steady-state

analysis is concerned.

The characteristics of the steady-state detonation solutions for regimes III

and IV (M < M_ ) shall now be investigated.
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4.2.2 - Steady-State Results — Regimes III and IV

For regimes III and IV, the shock velocities are below the sound speed of the

burned products (M <c, =./p,v, ). Hence, no sonic plane (u,,=c,) can be
observed in the flow, unless the particle velocity u«,, becomes larger than the

shock velocity M (negative velocity relative to the walls). However, this is not
possible, since the friction function f would become positive, and the du/dx
equation would not vanish. Since the flow downstream of the shock is then

subsonic throughout (relative to the shock) for M <M_, the Generalized C-J

criterion can no longer be used as a criterion to seek a particular solution of
interest.

For M =M_, it is found that the flow is at rest (u,, = M) when chemical

cr?

equilibrium is reached. Since the particle velocity cannot become larger than the

shock velocity (u,, < M), the above result suggests that one could perhaps

rel
continue to seek a steady detonation solution below M__ using this condition as a
criterion, i.e. the flow being at rest (in the absolute frame) at the end of the
reaction zone (i, =M and A =1). As the flow is entirely subsonic relative to the
shock front, there is no singular point within the reaction zone. This criterion will
now be referred to as the LVD criterion. Such a criterion has already been
suggested by Ershov [23] as a possible wave structure when studying detonations
in porous media. However, Ershov did not investigate the transition from the
cases where the Generalized C-J criterion applies to these low velocity
detonations.

In the M vs k, graphs shown in Fig. 4.2, the curve is continuous in value

and first derivative at M =M _, i.e. at the transition from the solutions based on

cr?
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the Generalized C-J criterion, to the solutions based on the LVD criterion. This
suggests that, indeed, this criterion may be a valid one.

Absolute particle velocity profiles for different values of the shock
velocity M below M_ are shown in Fig. 4.7a for a high value of the activation
energy ( E, = 32) yielding the presence of both regimes III and IV. As dictated by
the LVD criterion, &, goes to zero at the end of the reaction zone, for all values
of the shock velocity below M_, . The pressure profiles for different values of the
shock velocity M below M_, are shown in Fig. 4.7b. The increase in pressure
beyond the V-N point due to the friction is very high. Such a large pressure rise
brings the mixture to a high enough temperature so that the chemical reaction rate
becomes significant (triggering of the chemical reaction), and generates expansion
waves which drive the shock. For all shock velocities, the value of the pressure
quickly converges to the constant volume explosion value. For shock velocities

below some limiting value, the V-N pressure is found to be lower than the

constant volume explosion pressure.

For a lower activation energy ( E, =22) the M vs k, curve monotonically

decreases with increasing friction factor. As a result, there is no regime III

observed, since the slope 8M/9kf is negative throughout. The absolute velocity
and pressure profiles for M <M_, and E, =22 are shown in Fig. 4.8. Again, the

main qualitative difference observed between the particle velocity and pressure

profiles for E, =22 and E, =32 is the longer reaction zone for the £, =22 case

due to the larger friction factors involved.

The second extinction point, where the slope of the M vsk, curve is

infinite, does not have any other particularities, as far as steady-state analysis is

concerned. Therefore, from a steady-state point of view, the only difference
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between regimes III and IV is the sign of the slope in the M vs k, curve (negative

in regime III, positive in regime IV).
Similar to the case M =M _, the flow is at rest at the end of the reaction

cr?

zone for regimes III and IV. Therefore, a region of uniform state must connect the

end of the reaction zone to the wall. However, for M < M__, the detonation state

would now be affected by a backward-moving piston, since there is no longer a
sonic plane relative to the shock front embedded in the flow to isolate the reaction
zone. As a result, a backward-moving piston or even an open-ended tube would
probably not permit the existence of a detonation moving with velocity M <M__.
This is due to the fact that with a negative velocity (. < 0) satisfying the above

boundary conditions, the numerator of the du/dx equation cannot vanish, due to a

change of sign in the friction and heat loss source terms.
4.2.3 - Summary of Steady-State Results

The absolute particle velocity and pressure profiles for some values of the shock
velocity ranging from M =M, down to M =1 are shown in Fig. 4.9, for a high
value of the activation energy ( £, =32). A smooth transition is observed as the
value of the shock velocity is varied from one regime to the other.

It is also convenient to show the detonation process on a p —v diagram.
Due to the presence of a source term in the momentum equation, the integral
curves are no longer straight lines (Rayleigh lines) on the p—v plane. 'Integra[
curves for various detonation solutions are shown in Fig. 4.10 for shock velocities

ranging from M, down to a value of M below M. In all cases, the final state is

the constant volume explosion state on the equilibrium Hugoniot. Here again, a
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smooth transition is observed as the shock velocity is varied from one regime to
the other. This suggests that the LVD criterion is probably a valid criterion to
solve for the steady-state detonation solution for shock velocities below the sound
speed of the burned products (M < M_,).

As pointed out in section 4.1, friction tends to increase the pressure
downstream of the detonation shock front. This pressure increase becomes larger
as the shock velocity is reduced (larger friction factors). When the chemical heat
release rate becomes dominant, the pressure then drops, and the subsequent
expansion of the products drives the shock front. The flow is then matched to the
rear boundary condition, i.e. choking condition for regimes I and II, and flow at

rest (u,,, = M) at the end of the reaction zone for regimes III and IV.

rel
On the basis of the steady-state analysis, the four propagation regimes
correspond to mathematically acceptable solutions (provided the detonation tube
has a fixed end in the case of regimes III and IV). However, the existence of a
steady-state solution does not guarantee that it may be realized asymptotically
from arbitrary initial conditions. A transient analysis will now be carried out to
verify the validity of the steady-state criterion based on the flow being completely
stopped at the end of the reaction zone (LVD criterion). Also, in the cases where
the steady-state analysis predicts more than one solution for a given value of the

friction factor, the transient analysis will determine which of these steady-state

solutions may be asymptotically achieved.
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4.3 - TRANSIENT DEVELOPMENT OF DETONATIONS
WITH FRICTION

4.3.1 - The Numerical Method

The present transient study of the development of detonations with friction is
investigated through the use of an Eulerian detonation code based on the
piecewise parabolic method (PPM) [13], a high order extension of Godunov’s
method, and a simple conservative shock front tracking algorithm [11]. The
Rankine-Hugoniot equations are used to compute the state across the cell
containing the shock front. An adaptative mesh refinement [3] is also used for a
more effective and economical representation of the small length scales near the
shock front. A coarse grid is used throughout the entire domain, with a fine mesh
refinement superimposed in the vicinity of the shock. The coarse grid of 20
numerical cells with a refinement ratio of 5 provides 100 cells in the half reaction
zone. The code has been successfully validated against the ideal detonation results

of Fickett and Wood [28] by setting the friction factor &, equal to zero.
4.3.2 - Low Activation Energy (Single-Valued M vs k)

The simpler low activation energy case shall first be considered, when the

M vs k; curve is not multi-valued. A very low value of the activation energy
(E, =10) is selected, to ensure that asymptotically stable solutions are obtained at
all friction levels. In the low E, range, only regimes I and IV are possible,

according to the steady-state analysis.
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For a low value of the friction factor corresponding to regime I
(k, =0.9299), an asymptotically stable solution is obtained (Fig. 4.11). The
resulting shock pressure is found to be in agreement with the predictions from the
steady-state analysis using the Generalized C-J criterion. The local Mach number
of the flow is indeed found to be very close to unity (M =1.0076) when the
chemical energy release rate just balances the rate of heat loss to friction. This
result confirms the existence of asymptotically stable detonations in regime I, and
validates the use of the Generalized C-J criterion for this regime.

The value of the friction factor corresponding to M = M__in the steady-

state analysis is now selected (k, =4.578). After the initial blast, the shock

pressure asymptotically decays towards a stable value corresponding to the
steady-state predictions (Fig. 4.13). The particle velocity profile (in the fixed
reference frame) indicates that the flow comes to rest at the end of the reaction
zone (Fig. 4.14a), and the sound speed of the burned products is indeed equal to
the shock front velocity. The pressure peak in the reaction zone (Fig. 4.14b)
permits the expansion of the detonation products towards the constant volume
explosion pressure. This result confirms the validity of the Generalized C-J
criterion down to the critical shock velocity M_, .

A low velocity detonation (LVD) is now investigated (regime IV) by
selecting a larger value of the friction factor (k, =16.51). Once again, an
asymptotically stable solution is obtained (Fig. 4.15). The shock pressure is found
to be in agreement with the steady-state analysis based on the LVD criterion (flow
at rest in the absolute frame at the end of the reaction zone). The particle velocity
profile confirms that the flow comes to rest at the end of the reaction zone, where

the flow is still subsonic relative to the shock front (Fig. 4.16a). The pressure
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profile indicates that the final state is again the constant volume explosion state
(Fig. 4.16b) This result confirms the existence of asymptotically stable low
velocity detonations, and the validity of the LVD criterion to predict the
detonation state in regime IV.

A larger value of the activation energy for which the M vs k, curve is also
single-valued ( E, =22) is now considered. For a low value of the friction factor

(k, =0.1230), the shock pressure is found to oscillate around a mean value after

the initial transient, rather than reaching an asymptotically stable value
(Fig. 4.17). This mean value is found to be in agreement with the steady state
prediction based on the Generalized C-J criterion.

For a larger value of the friction factor corresponding to a LVD
(k, =0.3973), large amplitude oscillations are observed (Fig. 4.18). Although the
shock pressure oscillates around the steady-state prediction based on the LVD
criterion, the time-averaged shock pressure is found to be 16% above the steady-
state value. Nevertheless, the absolute velocity profile indicates that the particle
velocity at the end of the reaction zone fluctuates around zero (Fig. 4.19) in
agreement with steady-state considerations.

The pulsating detonations obtained for £, =22 indicate that the friction
effectively increases the activation energy level (Fig. 4.17 and Fig. 4.18), since
the ideal case k, =0 yields a stable detonation for this value of the activation
energy. This may be due to the fact that friction causes a reduction in detonation
velocity, hence a reduction in the post-shock temperature. This increases ti1e value
of the (E,/T) term at the V-N point in the chemical rate law equation. For a given
value of the activation energy, the instability level is thus increased by increasing

the value of k., as can be seen by comparing Figs. 4.17 and 4.18.

78



In the present section, the existence of asymptotically stable detonations
corresponding to regimes I and IV has been confirmed. The use of the
Generalized C-J and the LVD criteria to determine the asymptotically stable
solutions has been validated. However, when the detonation becomes unstable,
and the shock front oscillates, the average shock pressure may deviate from the

steady-state predictions.

4.3.3 - High Activation Energy (Multi-Valued M vs k.)

The cases where the M vs k, curve is multi-valued shall now be investigated, to

determine which of the possible solutions will be asymptotically achieved for
given initial condition. This also permits the stability of the solutions in regimes II
and III to be investigated.

A value of the activation energy close to the minimum case of multi-

valued M vs k, curves is selected (E, =27). A friction factor for which three
steady-state solutions are possible is chosen (k, =0.07065). The shock pressure

profile is shown in Fig. 4.20. Extremely large and irregular oscillations with
chaotic periods are obtained, so that no steady-state solution is reached. Thus, it is
not possible to compare the unsteady solution with the steady-state predictions.

This is not a surprising result, since even the frictionless ideal case (k, =0) leads

to large oscillations for E, = 27.

Unfortunately, it is therefore not possible to investigate the mulitiple
solution case with the present model, since the values of the activation energies

for which multi-valued M vs k, curves are obtained are above the stability limit

and no steady-state solutions can be achieved.
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A rate-law that would not depend so strongly on the temperature could

perhaps yield more stable solutions and yet, still provide a multi-valued M vs k,

curve. Zel’dovich et al. [73] suggested a rate law which accounts for the ignition
of the mixture at the wall, and the subsequent spreading of the reaction towards
the tube axis. This rate law does not depend strongly on the temperature.
However, it is based on the distance from the shock front, which is not convenient
for a transient unsteady computation. Instead, a source term will be included in
the equation for the conservation of energy, to account for the heat transfer to the
walls and obstacles. An Arrhenius rate law coupled with source terms in the

momentum and energy equations is found to yield multi-valued M vs k, curves in

a range of activation energy values giving stable solutions.

4.4 - DETONATIONS WITH FRICTION AND HEAT
TRANSFER

Momentum losses are always accompanied by heat transfer. Therefore, the
present model can be refined by including the effect of heat transfer in the
previous investigations with friction. Zel’dovich et al. [73] already performed a
steady-state analysis of detonation with heat transfer and friction and found that
the introduction of heat losses yields to a more efficient cooling and deceleration
of the gas and an increase in fuel combustion inefficiency (A <1) in the system.
However, they only considered the detonation solutions based on the Generalized
C-J criterion (they did not investigate the complete spectrum of possible
solutions). In the present section, the combined effect of friction and heat transfer

on low velocity detonations shall be investigated.
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4.4.1 - Steady-State Results for Detonations with Friction and Heat Transfer

In smooth tubes, a relation between the momentum and heat losses can be

obtained through the Reynolds analogy, as discussed in Chapter 2, i.e.:

_if..._—-!:
purtlcp 2

Through this relation, the coefficient of heat transfer is expressed in terms of the

friction function f. A single parameter (here k,) can thus be used to model the

effect of both friction and heat transfer. Even though this relation is only
applicable to smooth tubes, it can still be used here, since only a qualitative
behavior is sought. A more realistic model, such as that used by Zel’dovich et al.
[73], would require an additional parameter in the heat transfer function. A source

term g, derived from the Reynolds analogy, is thus introduced in the conservation
equations, i.e.:

vy f
=t J(r-1

As a result, the du/dx equation now becomes:

du _ (=A@ +a/p|+ fip[m~D(y -1)]
dx (c2 - uz)

This can be integrated within the reaction zone to get the profiles of the
thermodynamic variables. The differential equation for the pressure is not affected
by the introduction of a source term in the energy equation.

As for the case of detonations with friction alone, a critical detonation
velocity M_, is found below which the Generalized C-J criterion no longer
applies. However, due to the presence of a source term in the energy equation, it

is no longer possible to obtain an analytical expression for M_ . Steady-state
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detonation solutions are nevertheless found using the Generalized C-J criterion for

M>M

cr?

and the LVD criterion for M < M_ . The LVD criterion is again found
to be applicable, since the source term g also goes to zero when the flow is
brought to rest ( g is directly related to f, through Reynolds analogy).

For a low activation energy (E, =8), the Mvsk, curve decreases

monotonically as the friction term is increased, so that the function is single-
valued (Fig. 4.21a). The transition to activation energies where multiple solutions
are possible occurs at much lower values than for the case with friction only. For

E, =12, the M vsk, curve is multi-valued with a Z shape (Fig. 4.21b), similar to
the E,Z =32 case with friction only (Fig. 4.2a), so that all four regimes are
possible. For higher values of the activation energy, the shape of the M vsk,
curve changes. For E, =22, the second extinction limit occurs in the vicinity of

M =1 for very low friction factor (Fig. 4.21c). As a result, regime IV is

practically non-existent and the maximum value of k, corresponds to the value at
N

the first extinction limit. Regime III occurs for a very limited range of small

friction factors. Various M vs k, curves are shown in Fig. 4.21d. As in the case

with friction alone, higher detonation velocities are obtained with lower values of
the activation energy for a given friction factor.

The absolute velocity and pressure profiles for £, =12 are shown in
Fig. 4.22. These steady-state profiles are qualitatively similar to those obtained
with friction only, except that the final uniform state no longer correspongs to the
constant volume explosion state. This is due to the fact that the equilibrium
Hugoniot (including the constant volume explosion state) cannot be reached when
the energy is not conserved (presence of heat losses). This is better illustrated on a

p —v diagram (Fig. 4.23). The integral curves are not straight lines due to the
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presence of a source term in the momentum equation and a large increase in
pressure is also observed after the V-N point, similar to the case with friction
only. However, the integral curves no longer all converge to a common point
(constant volume explosion state) as in the case with friction only, due to the
external heat losses.

The transient development of a low velocity detonation with both friction
and heat transfer shall now be investigated. This computation will determine
which solution is preferred, in the case when the steady-state analysis provides

more than one solution.

4.4.2 - Transient Results for Low Activation Energy

For a low activation energy of E, =8, the M vs k, curve monotonically decreases

and it is single valued, such that only regimes I and IV are possible. For a low

value of the friction factor corresponding to regime I (k, =0.2017), the

asymptotically stable detonation is in agreement with the steady-state predictions
based on the Generalized C-J criterion (Fig. 4.24). The pressure profile is also in
excellent agreement with the steady-state predictions (Fig. 4.25). The
thermodynamic variables at the plane where the effective heat release rate
vanishes are within 1% of the steady-state sonic plane values. This result confirms
the validity of the Generalized C-J criterion when source terms are included in
both the momentum and energy equations.

A stable LVD case (regime IV) is now investigated, by selecting a larger

value of the friction factor (k, =1.762). The asymptotically stable solution is in

agreement with the steady-state predictions based on the LVD criterion of flow at

rest at the end of the reaction zone (Fig. 4.26). The particle velocity profile
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indicates that indeed, the flow is completely at rest at the end of the reaction zone

(Fig. 4.27), in agreement with the LVD criterion.

4.4.3 - Transient Results for High Activation Energy

A higher activation energy ( E, =12) is now considered to study the case where

there exists more than one steady-state solution for a given friction factor. A value
of the friction factor for which three steady-state solutions are possible is

investigated (k, =0.2). From a blast wave initiation, only the solution on the

upper branch of the M vs k, curve could be obtained (Fig. 4.28a).

In order to achieve the two other steady-state solutions in the transient
analysis, the computations are initialized with the corresponding steady-state
ZND profiles. For the intermediate solution (regime II), the shock front
propagates at the prescribed velocity for a limited time, but suddenly exhibits a
large overshoot. The shock pressure decay is seen to be similar to that of a blast
wave. The regime I solution is then asymptotically reached (Fig. 4.28b). The
regime II solution is thus unstable.

The low velocity detonation (regime IV) is now investigated by initiating
the computations with the appropriate ZND profile. Once again, the shock front
propagates at the prescribed velocity for a limited time, but suddenly exhibits a
large overshoot. The shock pressure decay is then similar to that of a blast wave,
and the regime I solution is asymptotically reached (Fig. 4.28c). Regime IV
cannot be approached from a blast wave in the case of multiple solutions.

To verify the existence of stable detonations in regime III, a different

value of the friction factor has to be selected (kf =0.16). By initiating the
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detonation with the appropriate steady-state profiles, once again the shock front
accelerates and the regime I solution is asymptotically reached (Fig. 4.28d).

A higher activation energy ( E, =22) is now considered to study the case
where the regime IV is practically non-existent. Only the solutions on the upper

branch of the M vsk, curve (regime I) could be reached from a blast wave
initiation (Fig. 4.29a), irrespective of the strength of the blast wave. When the
computations are initiated with the ZND profile corresponding to the steady-state

solution on the lower branch of the M vs k, curve (regime II), the shock front

accelerates to the regime I solution after some initial transient decay (Fig. 4.29b).
By selecting a value of the friction factor above the extinction limit, the
detonation is found to fail (Fig. 4.30) no matter how strong the blast wave is.

The present unsteady analysis therefore shows that the only stable regimes

are regimes I and IV, but regime IV can only be realized when the M vs k, curve

is single-valued for the given friction factor.

4.5 - CONCLUSION

4.5.1 - Propagation Mechanism

For an ideal detonation, the chemical heat release rate drives the pressure down
from the V-N state to the sonic plane. For detonations with friction, a pressure rise
is observed after the V-N state, instead of a drop, due to friction effects. “-’hen the
chemical reaction rate becomes dominant over the rate of frictional loss, the

pressure eventually decays (Fig. 4.31a). This pressure drop associated with the
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expansion of the products provides the momentum necessary to drive the
detonation shock front.

In the first part of the reaction zone, where the pressure increases above
the V-N value, the rate of chemical heat release is almost negligible, since the
shock temperature is very low. The role of friction is thus to slowly increase the
temperature within the reaction zone up to a level where the chemical reaction
rate accelerates. As compared to ideal detonations, the induction time is thus
longer. Once the peak in pressure is achieved, the remaining section of the
reaction zone is then very similar to that of an ideal detonation, where the
momentum required to drive the shock comes from the pressure drop from the
peak value down to the end of the reaction zone. The pressure and chemical heat
release rate profiles for an ideal detonation are shown in Fig. 4.31b to compare
with Fig. 4.31a. The propagation of such low velocity detonations thus occurs on
account of the friction that initially increases the pressure and temperature to a
high enough level to generate a rapid energy release accompanied with a large
increase in pressure, which then causes an expansion of the detonation products.
The propagation mechanism of LVD is thus characterized by an “induction zone”
where the role of friction is essential. Without this pressure rise due to friction, the
propagation of a steady detonation would not be possible since the pressure at the

end of the reaction zone is above that at the V-N spike.

4.5.2 — The Steady-State Criteria

Due to the losses within the reaction zone (friction and heat losses), the classical
criteria of Chapman and Jouguet fail to predict the detonation state for a given

friction factor. Regular solutions are obtained by integrating along an integral
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curve where the flow goes through a sonic transition when the effective heat
release rate vanishes (numerator of du/dx — 0). Such solutions are thus governed
by the Generalized C-J criterion, similar to the pathological detonations in
Chapter 3. For pathological detonations, the Generalized C-J criterion was used to
generate all possible detonation solutions for different mixture parameters.
However, for detonations with friction, the Generalized C-J criterion fails to
predict the steady-state detonation solution for shock velocities below some
critical value M_ . This is due to the fact that the flow within the reaction zone
becomes entirely subsonic relative to the shock, so that no sonic plane can be
embedded within the flow. An alternative criterion, referred to as the LVD
criterion, was proposed to obtain steady-state solutions below M__, down to sonic
values of the shock front. This criterion is based on the flow being at rest (in the
fixed laboratory frame) when equilibrium is reached. The slope of all variables
become zero there, so that a uniform quiescent state extends back to the end wall,
thus satisfying the boundary conditions. The curve of the dependence of the shock

velocity on the friction factor &, is found to be continuous in value and in slope at
M, . A smooth transition between the solutions based on the Generalized C-J

criterion and those based on the LVD criterion is thus observed. This suggests
(but does not confirm) that this criterion may be a valid one.

To confirm the existence of these low velocity detonations (M < M_ ) and
the validity of the LVD criterion, the steady-state assumption is relaxed and the
transient development of a detonation with friction is considered. In unsteady
computations, no criterion is necessary for the back boundary conditions, and the
steady reaction zone has to be matched with the unsteady flow downstream

(Taylor’s criterion). For sufficiently low values of the activation energy of the

87



chemical reactions, asymptotically stable detonation solutions are reached. These
asymptotically stable detonations are indeed found to be in agreement with the
steady-state predictions based on the Generalized C-J criterion for M 2 M_, and
based on the LVD criterion for M < M _, . The transient analysis thus confirms the
validity of the two steady-state criteria to determine the solution of stable
detonations with friction, and with friction and heat transfer (using the Reynolds
analogy). In Chapter 5, an investigation will be carried out to determine how all

the steady-state criteria could be merged into a single universal one.

4.5.3 — The Existence of Stable Solutions

The existence of a steady-state solution (based on one of the two criteria) does not
guarantee that such a solution is stable or can be asymptotically achieved from
arbitrary initial conditions. For high values of the activation energy of the
chemical reactions, oscillatory solutions, rather than stable ones, are obtained,
similar to the pathological and ideal detonation case. This indicates that for some
mixture parameters, the steady reaction zone cannot be matched to the unsteady
flow downstream (Taylor’s criterion not satisfied).

For ideal and pathological detonations, the limiting activation energy
above which oscillatory solutions are obtained is around 25. However, in the case
of detonations with friction, the stability limit is reduced. For instance, an
oscillatory solution is obtained for E, =22 with a relatively low value of the
friction factor (Fig. 4.17). This is due to the fact that the velocity deficit due to
friction causes a reduction in the post-shock temperature, and hence an effectively

higher value of the ratio (E,/T) is obtained. Moreover, when the friction factor is

increased further, an even larger velocity deficit is obtained (low-velocity
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detonation), yielding much larger oscillations for the same value of the activation
energy (Fig. 4.18).

Irrespective of the activation energies, there exist some steady-state
solutions that cannot be reached asymptotically, even as the average of an
oscillatory solution. This happens when the M vs k; curve is multi-valued (2 or 3
possible shock velocities for a given friction factor). The present transient analysis
demonstrates that when there exist multiple steady-state solutions for a given
friction factor, only the regime I solution can be achieved asymptotically. Hence,
the steady-state solutions lying on the portion of the M vs k, curve where the

slope is positive (dM/dk,>0, regimes II and III) are unstable solutions, in

agreement with the work of Stewart and Yao [61] on detonation with curvature.
Based on their Shock Dynamics model of the propagation of the detonation,
stable propagation of the shock is only possible for dM/dx <0 (x is the
curvature). For high values of the activation energy (£, =22 in the case of
detonation with friction and heat transfer), there is a maximum value of k, above
which no steady-state solution is possible. This result has been confirmed by the

transient calculations (Fig. 4.30).

Carrying out transient calculations is therefore essential in determining the
stability of steady-state solutions. Hence, the present study clearly demonstrates
that the existence of a steady-state solution does not guarantee that it can be

observed in nature.
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4.5.4 - Comparison with Experimental Observations

In the present chapter, source terms in the momentum and energy conservation
equations have been added to account for the non-ideal propagation of
detonations in obstacle-filled tubes and in porous medium. Through the use of
simple and arbitrary source terms, the 1-D detonation computations (steady-state
and transient) have exhibited the same qualitative behavior as that observed
experimentally. For instance, a continuous spectrum of detonation solutions
ranging from the ideal C-J detonation down to very low velocity detonations with
Mach number close to unity is obtained numerically. A continuous spectrum of
detonation velocities was also observed in the experiments of Makris [50] and
Lyamin et al. [48] in porous media. For some range of activation energies and

friction factors, the M vs k, curve has been found to be multi-valued, the different

solutions corresponding to different detonation propagation modes. Such a
behavior has also been observed experimentally for gaseous detonations
propagating in obstacle-filled tubes (Lee et al. [43], Peraldi et al. [55]). In
particular, the so-called choking regime observed by Peraldi et al., where the
detonation velocity is close to the sound speed in the burned products seems to
correspond to the low-velocity detonation solutions (LVD) obtained in the present
numerical study. For high values of the activation energy, a maximum value of
the friction factor above which no steady-state solution exists has been found.
This is in qualitative agreement with the experiments in obstacle-filled tubes,
where the detonation is found to fail for some mixture properties and obstacle
arrangement.

Thus, the present study indicates that it is indeed possible to model at least

qualitatively the complex 3-D propagation of detonations in obstacle-filled tubes
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and in porous media within the framework of a 1-D numerical model with simple
and arbitrary source terms. The use of more realistic chemical rate laws and
source terms could possibly permit a direct comparison between the numerical
results and the experimental ones. However, such a comparison is beyond the

scope of the present qualitative study.
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Chapter 5

Conclusions

In this thesis, a detailed investigation of the propagation of non-ideal detonations,
i.e. detonations that are not governed by the classical C-J criterion, was carried
out. Whereas the solution to ideal C-J detonations can be found from the global
conservation laws and equilibrium thermodynamics, without consideration of the
rate processes, the solution for non-ideal detonations requires the consideration of
the structure of the detonation wave. In the present study, the general method for
predicting the non-ideal detonation solution has been examined and the existence
of these steady solutions has been verified via a numerical study of the transient
process of detonation development.

Non-ideal behavior is accounted for by including source terms in the
conservation equations (in differential form) for a quasi 1-D detonation. To get a
steady-state solution for non-ideal detonations, the structure of the detonation in
the non-equilibrium reaction zone must be considered, rather than simply using
the global conservation laws and equilibrium thermodynamics. To seek that
steady-state solution, a criterion to determine the detonation solution is needed in
general, since there exists a whole spectrum of possible solutions to the
differential equations for the structure. A physically meaningful solution must be
regular, so when a singularity is encountered along the integral curve, a particular
solution that is regular at the singularity must be selected. The singularity usually
arises when the denominator of the differential equation for the particle velocity

(du/dx) vanishes, corresponding to the detonation products flowing at a sonic

92



velocity relative to the shock front. To avoid this singularity, a particular solution
must be selected in which the numerator of the du/dx equation simultaneously
vanishes. In the case of non-ideal detonations, the source terms accounting for the
non-ideal behavior appear in the numerator of the du/dx equation, thus affecting
the regular solution.

Even though the steady-state ideal C-J solution can be found from the
global conservation equations, the detonation structure equations can alternatively
be used to determine the solution also. Using the detonation structure equations,
the steady-state solution must be a singularity-free solution. For instance,
solutions with detonation velocities below the C-J value are not regular, since the
sonic plane is achieved prior to complete chemical equilibration. As a result, the
denominator vanishes while the numerator remains finite, yielding an infinite
value of the derivative du/dx. For detonation velocities above the C-J value, there
are two possible solutions, i.e. the strong and the weak detonation solutions on the
equilibrium Hugoniot curve. The weak solution is ruled out since an expansion
shock would be required to connect the strong and the weak detonation states. The
strong solution is a regular one, since the particle velocity always remains
subsonic relative to the shock front. However, a strong detonation must be
supported by a moving piston. It is therefore not sufficient to seek a regular
solution. One must also consider the back boundary conditions.

When source terms are present in the conservation equations, a regular
solution can be found for which the numerator (including the non-ideal effects) is
also found to vanish when the denominator goes to zero. This occurs when the
flow velocity is sonic relative to the shock front. Since the flow is not yet at
equilibrium at that point, chemical reactions and relaxation processes are

occurring in the flow downstream. However, these effects should not influence
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the propagation of the detonation front, since the sonic plane acts as a barrier
effectively isolating the steady reaction zone from the unsteady flow downstream.
It is therefore important, once again, to consider the complete flow field. It is not
sufficient to have a singularity-free solution.

The steady-state analysis based on the detailed detonation structure does
not permit us to determine whether a solution will be stable to perturbations or
not. A solution that exists in nature must be a stable solution. Therefore, the
steady-state analysis alone is not sufficient to determine which steady solutions
can be realized in nature. A linear stability analysis can be carried out by
investigating the response of the steady-state solution to small perturbations.
Alternatively, the stability of a steady-state solution can be studied through an
unsteady calculation, where the transient development of the detonation is
considered. In this case, no criterion is needed to seek a particular solution, and no
a priori assumption regarding the steady-state solution has to be imposed. The

main conclusions from the steady-state and transient calculations are shown in the

following sections.

5.1 - PATHOLOGICAL DETONATIONS

The experimental data gathered in the present study has confirmed the existence
of pathological detonations in H, — CL, mixtures, i.e. detonation velocities in
excess of the equilibrium C-J predictions. Numerical detonation structure
calculations with the detailed chemical kinetics of H, —Cl, have shown the
presence of an overshoot in the energy release function responsible for the excess

in detonation velocity, in agreement with the work of Guénoche et al. [33].
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However, the steady-state analysis does not provide any indication
regarding the stability of the detonation solutions. An unsteady calculation for the
transient development of the detonation can be carried out to determine whether
the steady-state pathological solutions can be approached asymptotically. A
simple model (first suggested by Fickett and Davis [29]) involving two
consecutive irreversible reactions has been considered in the present transient
study to model pathological detonations. The transient analysis reveals that for

exothermic activation energies E, below a critical value, the whole spectrum of

steady-state pathological solutions based on the Generalized C-J criterion can be

obtained asymptotically from a strong blast initiation. For values of E, above the

critical value (around 25), oscillatory and even chaotic behaviors are observed.
Nevertheless, the time-averaged properties of these unstable pathological
detonations are found to correspond to the steady-state predictions.

By adjusting the velocity of a piston moving behind the detonation wave,
various back boundary conditions have been simulated. The resulting
asymptotically stable solutions were always found to satisfy both the regular
solution requirement, and the back boundary condition dictated by the piston
velocity. Hence, the present transient analysis validates the use of the Generalized

C-J criterion to determine the detonation state for pathological detonations.

5.2 - DETONATIONS WITH FRICTION AND HEAT
TRANSFER

When source terms are included in the conservation equations for momentum and

energy, a velocity deficit with respect to the ideal C-J predictions is observed, due
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to frictional and heat losses. Regular solutions are found when the numerator of
the du/dx equation vanishes as the rates of chemical heat release and frictional
and heat losses balance each other out at the sonic plane.

For detonation velocities below the sound speed of the burned products
(M <c,), singularities can no longer be observed, since the flow remains subsonic
throughout relative to the shock front (the denominator never reaches zero). The
back boundary condition of zero particle velocity at the end of the reaction zone
can be considered to determine the steady-state detonation solution, as suggested
by Ershov [23]. Rather than seeking a regular solution, the steady-state solution is
thus found by directly matching the steady reaction zone with the back boundary
condition at the wall.

A whole spectrum of steady-state solutions for detonations with friction
and heat transfer can be found for detonation velocities ranging from the ideal C-J
value down to the velocity of a sonic wave. For sufficiently high values of the
activation energy of the chemical reactions and within some range of the friction
factor, there is more than one possible steady-state solution for a given mixture
and tube roughness, and the M vs k, curve has a Z-shape. The present transient
analysis shows that when the M vs k, curve is multi-valued, only one solution
can be approached asymptotically for a given value of the friction factor. The
regime I solution, when it exists for a given value of the friction factor, is the only
one that can be achieved. The solutions for the regimes II and III must be ruled
out, as they never occur in a transient analysis. This result has already been
pointed out by Stewart and Yao [61] for detonations with curvature. According to

their Detonation Shock Dynamics model, a stable propagation of the shock is only
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possible on the portion of the M vs x curve (where x is the curvature of the
shock) where the slope dM/dx is negative.

The stability limit of E, is found to be significantly below that for ideal
detonations. This indicates that friction and heat transfer increase the level of
instability. This can be explained by the fact that lower detonation velocities are
obtained and hence lower post-shock temperatures. A lower post-shock
temperature implies a higher value of the ratio E,/T in the Arrhenius rate law,
thus a higher effective activation energy. When the activation energy is below the
stability limit, the asymptotically stable solutions are found to be in agreement
with the steady-state predictions based on the Generalized C-J criterion (regime I)
and the LVD criterion (regime IV). In Regime IV, the detonation can steadily
propagate despite the fact that there is no global expansion of the detonation
products (in the case with friction only), since the thermodynamic variables at the
end of the reaction zone correspond to those for the constant volume explosion. A
local expansion of the products occurs within the reaction zone due to the friction-
induced pressure peak. This local expansion is responsible for driving the
detonation front.

The existence of low-velocity detonations (regime IV) increases the range
of known stable steady-state solutions from the earlier works of Zel’dovich et al.
[73] and others. This wider range of possible solutions allows us to draw parallels
between the present theoretical results and experimental observations. For
instance, Makris [50] and Lyamin et al. [48] measured a continuous range of
detonation velocities (as low as 30% of the ideal C-J value) in porous media.

Their results can be associated with the single-valued M vs k, curves obtained in

the present theoretical study, corresponding to a continuous spectrum of stable

solutions for all values of the friction factor.
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In the obstacle-filled tube experiments of Lee et al. [43], Peraldi et al. [55]
and Teodorczyk et al. [63], two distinct high-speed propagation regimes are
observed, i.e. the quasi-detonation and the choking regimes. These two

propagation modes can be associated with regimes I and IV when the M vs k,

curves are found to be multi-valued in the present theoretical study. The sudden
transition of one propagating mode to the other observed experimentally when
changing the initial conditions corresponds to the case when the friction factor is
increased above its value at the first extinction limit. An abrupt transition from
regime [ to regime IV is then observed.

The activation energies used in Chapter 4 may seem unrealistic (very low).
However, one has to keep in mind that the Arrhenius rate law is probably not
suitable in the case of low velocity detonations (L VD) where the bulk temperature
immediately downstream of the shock front would not be high enough to initiate
chemical reactions in a real experiment. In the case of LVD, the triggering of
chemical reactions most likely occurs near the walls due to the reflected shocks,
and the reactions then spread towards the tube axis, as suggested by Zel’dovich et
al. [74]. Moreover, the models used to account for the interaction with the
obstacles in the present study are very crude and simple, since their purpose is
only to illustrate the qualitative behavior of non-ideal detonations subjected to
high levels of friction and heat transfer. More realistic chemical rate laws and
source terms would certainly bring the theoretical results in a closer agreement
with the experimental results, but this is beyond the scope of this work.

Nevertheless, the present study demonstrates that it is possible to simulate
qualitatively the behavior of non-ideal detonations within the framework of a one-

dimensional model where the 3-D effects are averaged out across the cross-
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section of the explosive and appropriate source terms are included in the

momentum and energy equations.

5.3 — CRITERIA FOR STEADY-STATE DETONATIONS

Throughout the present study, different criteria have been discussed for
determining the steady-state detonation properties of ideal and non-ideal
detonations due to different mechanisms. None of these steady-state criteria have
been found to be universally applicable. However, the detailed examination of the
integral curves corresponding to the steady-state solutions has revealed similar
features in all cases of ideal and non-ideal detonations considered in this work.
For instance, the detonation solution was always found at the transition between
two distinct behaviors along the integral curves. In one case, the numerator of the
duj/dx equation vanishes prior to the denominator, and the opposite situation is
observed in the second case. Moreover, the detonation solution is always found to
correspond to the vanishing numerator case, whereas the denominator was not
always equal to zero, such as for ideal detonations with reversible chemistry. The
detonation solution therefore lies on a limiting integral curve where NUM =0
occurs prior to DEN =0, at the transition to the family of integral curves where
DEN =0 occurs prior to NUM =0. Defining a regular solution as one where no
singularity (DEN =0 while NUM #0) occurs in the flow field, a universal
criterion can be defined to determine the steady-state detonation solutious based
on the detonation structure. This criterion can be expressed as:
The detonation solution corresponds to the minimum (local)

detonation velocity yielding a regular solution.
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A local minimum, rather than a global one, is sought, to take the muitiple solution
case into account. The solutions for regimes II and III (chapter 4), known to be
unstable from the transient analysis, are ruled out using the universal criterion.
This is due to the fact that the solutions for these regimes correspond to local
maxima in detonation velocities instead of minima. This is only a consequence of
the present formulation of this universal criterion.

This universal criterion is similar to the original criterion of Chapman,
since it also seeks a minimum detonation velocity solution compatible with the
conservation equations. This steady-state criterion even applies for detonations
with curvature. All the steady-state criteria used in the present work are found to

be special cases of this universal criterion.
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Contributions to Knowledge

For non-ideal detonations, no systematic general discussion of the criterion to
determine a unique solution to the conservation laws had yet been carried out.
This unique solution must be found from the detailed consideration of the
detonation structure where the non-ideal mechanisms manifest themselves. The
contribution of this study is a thorough analysis of the criterion to obtain steady-
state solutions for non-ideal detonations arising from friction, heat transfer and
pathological effects of chemical reactions. The transient development of these
non-ideal detonations and the determination of the asymptotic approach to the

steady-state was also investigated through a numerical study.
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Appendix I
Steady ZND Equations with Source

Terms

The steady ZND equations with source terms can be derived from the time-
dependent conservation equations (mass, momentum and energy) in differential
form (Euler equations) and the equation of state (EOS), where the source terms

(m, f, and gq) account for the non-ideal effects. The following equations are

called the unsteady Euler equations with source terms:

9 Hpw) _

a’ o

a pu’ a 2
A04) . 2 (o +p) =

dpe’) . .,
—gf )+§-x7[u (pe +p)]=q

’ P 1 ”?2
e’ = -AQ+—u
p(r-1) 2

where p, 4, p, x t, Q, v, and e are the density, particle velocity, pressure,
distance, time, chemical heat release, ratio of specific heats, and the sum of the
internal and kinetic energies respectively. The primes indicate values relative to
the fixed reference frame. A polytropic equation of state (EOS) is assumed for
simplicity, where A denotes the degree of reaction (A =0 corresponds to
unreacted explosive, A =1 corresponds to fully reacted explosive). The above
equations are first rewritten in terms of a reference frame attached to the shock.

The following transformations are made:
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x=x,0) - 9 _9,p2
’ a:"a:+Dax

t=1 9 _-i

u=D-u &' ok

where D is the shock velocity and x, refers to the position of the shock. Applying

these transformations, the conservation equations become:

9, 9pu)
x o

3 a3 1 dD
[p+pu]+at[pu]—Dm f+p

I( pe) d

dD
5 ax[ (pe+p)]_—D~m Df+q+pu—

To obtain a steady-state solution, all the time derivatives are set equal to zero.

One is then left with a much simpler system:

d,
~;(pw’ +p)=Dm~ f @)
—[u(pe + p)] -—-—;-Dzm ~Df +¢ 3)

This system of equations can be reduced, by eliminating e from the above

equations. The equation for e shall first be differentiated:

Substituting the expression for e and its derivative in the energy equation

(Eqn. 3), one obtains:

du 2. .dp p } dp[ Y } )
—(pe+p+pu )tu—|e————{+u—— -p Q— Dm Df +q
dr(p ) dx[ plr-1] dxlv-

Substituting the momentum equation (Eqn. 2) in the above yields:
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du z[ 2y D dp[ p uzr] uy :

—| pe+p+pu|l— +u—|e- - + Dm— f|-pAQ =

dx( y—1 de| p(r-1) 7-1 7—1[ ]
%Dzm—Df+q

Substituting now the mass equation (Eqgn. 1) yields:

du z(7+ l) [ p__uy ] [ p__wy|_ .

—| pe+p—-pu’l| —|[-ple—- - +mle— - - pAQ =

dx( y—1) 2 oD 71 pr-1) y-1] P2

1 - XY tpm-—
EDzm Df +q y—l[Dm f]

It is now possible to obtain an ordinary differential equation for the particle
velocity. Isolating du/dx and simplifying the expression yields:

du _ (v =1)[pAQ + 4|+ m[-m(D - u)+ ]+ flm—D(y - 1)]
dx pcn

4)

where 11=1—1u’/c? is the gasdynamic parameter. The above is the differential

equation for the particle velocity « to be integrated across the reaction zone to get
the detcnation structure when all three source terms are present. For the ideal

detonation case, the source terms m, f, and g are set equal to zero, so that Eqn.

4 reduces to:

du_ (y-1)iQ
dx c’n

In this thesis, Eqn. 4 is also specialized to detonation with friction only
(m =0,qg =0) and detonation with friction and heat transfer (m =0). The source
term m, generally corresponding to area divergence, has already received

considerable attention and is not considered in this work.



Appendix II
Normalization of the ZND Structure

Equations

In Appendix I, a general differential equation for the particie velocity within the
reaction zone was derived. In this Appendix, this expression will be rewritten in
terms of normalized variables, better suited for the study of both steady-state and
transient detonations. The differential equation was given as:

du _ (v =1)[pAQ + g]+ m{-p(D—u)+ ]+ flm - Dy - 1)]
dx pc’n

where n=1-1?/c? is the gasdynamic parameter. Rewriting the gasdynamic
parameter in terms of the particle velocity, and writing the sound speed as

c =+/1/p . the above equation becomes:

du _ (¥ =1)pAQ+q]+ m{-n(D ~u) +1p/p]+ f[1— D(y - 1)]
dx 1w — pu’

As the source term m is not considered in this work (m =0), the above equation

reduces to::

du_ (r=1[pAQ +q|+ f[m~D(y-1)]
dx w - pu*

The above variables will now be normalized according to the following:

’_ i ’r_ ﬂ o — g ’— q r— f
“ [COJ, i (po), e (Cj)' ? [}pnca/xlﬂ), d (wa/xl/z}
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M{g), =(—] p'=[ﬁ]' "=(x,,f/c,]

The differential equation for the particle velocity, in normalized form, becomes:
o) ]
du’ _ pFl o |r-)M

dx’ 1 (p’_u,z)
(r-nle

The denominator can be written in terms of the sound speed. Using normalized

variables, the sound speed is expressed as ¢’ = +/p’/p”:

ir ’ _4_' ’ ’ Y u’_l]

du’_[ Q+p’J+f“[(7—l)M |
2 l r2 ’

“ G- )

The normalized expression for the momentum source term f” is:

fr==pk (M -w)|M-u]

where &, is an arbitrary dimensionless friction factor, and the velocity u” is
defined with respect to the moving shock. The expression for the energy source
term g’ is based on the Reynolds analogy, relating the heat losses to the

corresponding momentum losses in a tube with friction:

= I—[& - Té]
y-Lu'|p

where the normalized adiabatic wall temperature 7, is set equal to one in the
present work. The value of ¢ is thus dependent on the value of the friction source
term f’.

In this thesis, the primes, indicating the normalized variables, are dropped,
since only normalized quantities are considered (except in section 3.1 dealing
with detailed kinetics). Dropping the primes, the normalized equations can thus be

summarized as:
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dx 1 2
0 )

f==pk(M-u)lM -4
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Appendix I
The Saddle Point Condition

The differential equation for the particle velocity, when integrated within the
reaction zone, may lead to a singular point when the denominator vanishes. This
happens when the flow becomes sonic relative to the shock front. To avoid this
singularity, the Generalized C-J criterion states that the numerator of du/dx must
g0 to zero simultaneously, leading to an indeterminate value of the derivative at
the sonic plane. This Appendix provides a method to obtain the value of the
derivative du/dx at the sonic point, using I’Hospital’s rule. The du/dx equation
for a two-rate law system shall first be obtained by setting the source terms m, f,

and g to zero in the result from Appendix II. It is then possible to split the

chemical heat release rate into two expressions:

: @
du _ A0 +A40 _p 0 dx _ K
dx 1 (c-u?) ¥ 0 4dv vy,
(r-1) dx
One therefore has to derive expressions for 1 and y_, where:
u= llQl + ;L.'Q
2
pv~u
w =
(r-1)

The density and the specific volume are related through v =1/p. The chemical

rate laws are expressed as:

il=k.(1-ﬂq)exp(—;‘,"J and ’12="2(A1'A“)exP(-:::]
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An expression for i, is first obtained:

W _duar _ 19;;_1(31, Q,+3'11Q2)

o= X Kok uot u
where:
oA __ A (B L _M]|ou
a (1—1,)”‘( )[M p]ax
and:

x A4 Mv p| o

ox
Substituting these derivatives back into U _ gives:

o b o e P SRR

This expression can be simplified using the conservation of mass

e r

equation M = u/v and the sonic condition «*> = pv (satisfied at the saddle point):

1AL -4) i 1
et e 2t na sl

For convenience, this is rewritten as:

du
M = L+K[5x-)

where:

in{a(a—a)w i Ql}

(4 - 4,) (1-4,)

y—1
K=
( u’
An expression for y_ shall now be obtained:

v, =(_yljl_)[ i-i- vi—Zui]

JiE.0 +iE.0)

P Mo
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The derivatives dv/dx and dp/dx can be expressed in terms of du/dx using the

mass and momentum conservation equations respectively:

d_vou_1du i:-mi
KX udk Mok ox ox

Substituting these in the expression for y, and rearranging yields:

(r+1)
V,=—u——
(r-1)
For convenience, this is rewritten as:
du
=R|—|+S
v.-&(%)
where:
R=-u(”+1) and S=0
y-1

It is now possible to obtain an expression for du/dx by combining u_and y :

ox y,  R(ou/okx)

A quadratic in du/dx is thus obtained:

A3 3o

Solving this using the standard quadratic equation solution yields:

u_ K+x\VK*+4RL

&x 2R

There are two possible solutions. The positive sign yields a positive du/dx,

corresponding to a continuous slope at the sonic plane leading to the weak

detonation state. The negative sign yields a negative du/dx (discontfnuity in
slope). Integration of the conservation equations using this value of du/dx leads

to the strong detonation state.
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Appendix IV
ZND Equations with Detailed Chemistry

In this Appendix, the ZND detonation structure equations for the case of an ideal

gas with detailed chemistry will be derived. The derivation starts from the steady-

state conservation equations from Appendix I:

dp) _
dx

%(pu2 +p)=Dm- f

%[u(pe +p)]=%D2m -Df +q

Note that the above equations are all dimensional. The source terms m, f, and g

shall now be omitted, leading to this simpler form:

dlp) _,
dx

d
Z(pu2 + p) =0

d

—|u(pe + p}|=0

—[u(pe + p)]
Now, instead of using the polytropic gas equation of state with a constant ratio of
specific heats ¥, the ideal gas equation of state shall be used, coupled with a

caloric equation of state:

p=pRT
h=h(T)
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The energy conservation equation is currently written in terms of e, the sum of
the internal and kinetic energies. Since the enthalpy A is tabulated, it is more

convenient to express e in terms of A:

e=h—£+£
p 2

Here, h is the enthalpy per unit mass of the mixture. It is more convenient to
express it in terms of the tabulated molar enthalpies for each chemical species,
and express the result per mass of the mixture. The term AQ disappears, since it is

included in 5‘. (enthalpy of formation). Also, the ideal gas EOS can be used to

equate p/pto RT:

2. _RT+%
m 2

e =

-

where m, is the total mass of the mixture (constant) and n; represents the number
of moles of the chemical specie i. The k; are tabulated in terms of the

temperature. To obtain the ZND equations, the derivative de/dx is first obtained:

Expanding the derivatives using the chain rule, and rearranging yields:

gg_d_TL di_R Zdn, h _TOR| du
7 dt |mu  u om,

The derivative dT/dx can readily be obtained by differentiating the equation of

stateT = p/pR. :
dT 3po+8’I'dp JTdR

dx dpdx dpdx oR

Expanding the derivatives using the chain rule, and rearranging yields:

dlT 1 dp p_dp _ ZaR, dn,

dr  pR dx p°R dx puRz on, dt
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The three conservation equations shall now be combined with the expressions for
def{dx and dT/dx. Upon performing a series of algebraic and simplifying steps,

an expression involving only du/dx is obtained:

Zdn,. Rh.  _JR
~ dt | Y n,dh,JdT = on,

u— R,IT _ muR,
u an dﬁj/dT
i

du_1
dc u

This du/dx equation can readily be integrated, along with the kinetics equations,
within prescribed boundary conditions. The other thermodynamic variables can be
computed algebraically for any value of the independent variables 4 and n,
through the use of the integrated conservation equations and the equation of state.

One then obtains:

where R, is obtained from:
Z n,M,

S

R

This form of the du/dx equation is very convenient for computational purposes,
but does not show clearly the main physical features of the flow. This equation
can be simplified by introducing the expressions below:
dh,

Z"j’z‘

J

GdH_ 1
Prm, dt m,

C, -C, =R,
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P
C,,

¢/ =P =RT

where C, is the heat capacity at constant pressure and fixed composition, C, is
s s

y:

the heat capacity at constant volume and fixed composition, ¥ is the ratio of the
heat capacities at constant composition, and c, is the frozen sound speed (sound
speed assuming a fixed composition). Substituting these expressions in the du/dx

equation gives:
3 h_ T R
du S dtim y—1on
dx 1 2 2
cr—u
—L(;-w)

This differential equation is now in the same form as that given in Appendix I for

the polytropic gas case with source terms. The numerator is thus equivalent to the

chemical energy release rate.
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Appendix V
The Secondary Shock Velocity M,

In this appendix, an expression is derived for the value of the secondary shock

velocity M__ obtained for supported pathological detonations with the piston
velocity u, above the weak value u,,, but below the strong one u, (u, <u, <u,).

The secondary shock wave connects the weak detonation state with a region of
constant state extending to the piston surface. To satisfy the conservation
equations, the velocity of that shock wave has to be below the detonation front
value M. This secondary shock wave thus recedes back from the reaction zone.
The shock and particle velocities can be illustrated for the detonation shock and
the secondary shock both with respect to the laboratory frame, and their

respective shock-attached frames, i.e.:

Detonation shock front

Laboratory frame Fixed Shock
(M-uy, rel) M uo=0 lw, rel M
—— —_— - -
Receding shock
Laboratory frame Fixed Shock
Up, abs Mg (M-uy yel) M s~Up,abs Mg+uy, rel-M
> > — 4
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In the above diagrams, the subscript abs refers to properties measured with
respect to the fixed laboratory frame, and the subscript rel refers to properties
measured with respect to the shock-attached frame. Based on these diagrams, the
conservation equations across the secondary shock (respectively mass,

momentum and energy) can be written as:

l[Mm +it,,,,~M]= l[Ms=c -u

v, v

P-“b‘]
p,* %[ch ‘u, .- M]2 =pt %[Mm s ]2

D.V. + [Msec +uw.r¢l -M]Z - DV + [Msec - u}:!.ab.\']2
y-1 2 y-1 2

Isolating v in the mass equation and substituting it in the momentum and energy
equations yields:
2
Pw + Vl[Msec + uw.rel - M] = p+ vl[Mscc - up.abx][Mscc + uw.rel - M]

PV + [Mse: + U, -Al]2 — [Mscc _up.nbslz - PvY, [Mscc _up.abs] 7
y-1 2 2 y—1[M +u, ., ~M]

The pressure p in the momentum equation can be isolated and substituted into the

energy equation, i.e.:

PV [Mscc tUu, - 1"1]2 —[Mscc - up.ub:]Z _
y—1 2

v"[Msec —up.abs] ] _7_ _ ) .
(r- 1)[1‘/1scc ‘U, = M] [Pw + v (Mscc +u, M)(uw‘”, + U, M)] =0

This equation can be solved numerically for the value of M__. The remaining

variables are found using:
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Appendix VI
The Critical Shock Velocity M

In this appendix, an analytical expression is derived for the value of the shock

velocity M_,, below which the Generalized C-J criterion no longer applies, due to

the fact that the flow becomes entirely subsonic relative to the shock front. For
this limiting value of the shock velocity, the detonation products are in chemical
equilibrium, and completely at rest in the laboratory frame at the sonic plane, i.e.:
u, =0(ru,=M,)
A, =1

u_==c

cr

Moreover, as a consequence of «, =M _, the normalized specific volume at the

sonic plane is unity, from the conservation of mass, i.e.:

v, =1
Due to the presence of a source term in the equation for the conservation of
momentum, it is not possible to integrate the momentum equation analytically to

obtain an algebraic equation. However, it is possible to combine the momentum

and energy equations in a differential form to eliminate the source term f. These

normalized equations are written as:

Ipu® +ply) __ p
ox
du(pe+p/7)]
ox =M
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Multiplying the momentum equation by M and subtracting the energy equation
yields:

I(Mpi* + Mp/y) _ 3[“(178 +p/ 7)]
ox ox

Rewriting everything in a single derivative yields:

%[u(pe +p/7)~(Mpu* + Mp/y)|=0

The above can be simplified, i.e.:

%[f(u —M)+M(e- Mu)J =0

Integrating the above yields:

$(u — M)+ M(e — Mu) = const.

For the case M = M_,, u= M at the sonic plane. Substituting this gives:
M(e — M*) = const.
The value of the constant can be found by evaluating the above equation ahead of

the shock front:
M(e—M?)=M(e, — M?)

Replacing e by its definition, and applying the above result for the critical case,

one obtains:
M(—"""" —aQ -+t _ MZ] = M(J'-""— a0+ sz
y(r-1) 2 y(r —1) 2

where p, and v, are equal to | by definition, v_ =1, 1, =1, u, =M, ,and 4, is
equal to zero, since no reaction has taken place ahead of the shock. The above

equation can thus be simplified as follows:

pcr - __1_=0
2 e oty

Isolating p,. in the above yields:
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P =¥(r-1)Q+1
The critical shock velocity M., can be related to the critical pressure p,, through

the expression for the sound speed, since the particle velocity is equal to the
sound speed:
M,=u,=c=\p,yv, =p.
In summary, one obtains the following critical properties:
M, =r(r-Da+1

p,=y(r-1)Q+1

uC"=MCf
v, =1
A =1
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of M<M_(E, =22, 0=41.667, y=1.2)
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Figure 4.9: The absolute velocity (a) and pressure (b) profiles for different values
of l<M<M_(£,=32,0=41.667, y=1.2)
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Figure 4.10: Pressure-volume ( p ~ v) diagrams for different values of
l<M<M_ (E, =22, Q=41.667, Yy =1.2) The hollow circles
indicate the C-J and the constant volume explosion states
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strong blast wave (E, =10, 9 =41.667, y=1.2, k, =0.9299,

M > M_,) The dotted line represents the shock pressure predicted by
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Figure 4.12: The pressure profile around the reaction zone for a detonation
initiated with a strong blast wave (E, =10, Q =41.667, ¥y =1.2,

k, =0.9299, M >M,)
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M = M_ ) The dotted line represents the shock pressure predicted by
the steady-state analysis
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Figure 4.16: The particle velocity (a) and pressure (b) profiles around the reaction
zone for a LVD initiated with a strong blast wave (E, =10,
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Figure 4.17: The shock pressure vs. distance for a detonation initiated with a
strong blast wave (E, =22, 0=41.667, y=1.2, kf =0.1230,

M > M_ ) The dotted line represents the shock pressure predicted by
the steady-state analysis
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Figure 4.18: The shock pressure vs. distance for a low velocity detonation (LVD)
initiated with a strong blast wave (E, =22, 0=41.667, y=1.2,

k, =0.3973)
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Figure 4.20: The shock pressure vs. distance for a detonation initiated with a
strong blast wave (E, =27, 0=41.667, y=1.2, k, = 0.07065) The

dotted lines indicate the three possible steady-state solutions
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E, =12, (c)E, =22 and (d) various activation energies
(Q=41.667, y=1.2) M_, is shown in dotted line in a) to ¢)
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Figure 4.22: The absolute velocity (a) and pressure (b) profiles for different
valuesof 1<M <M, (E, =12, Q=41.667, y=12)
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Figure 4.23: Pressure-volume ( p — v) diagram for different valuesof 1<M < M__
(E, =12, 0 =41.667, y=1.2) The hollow circles indicate the C-J
and the constant volume explosion states
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Figure 4.24: The shock pressure vs. distance for a detonation initiated with a
strong blast wave (E, =8, 0=41.667, y=1.2, k, =0.2017) The

dotted line indicates the predicted steady-state solution
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Figure 4.28: The shock pressure vs. distance for a detonation initiated (a) by a
blast wave, (b) by a steady ZND profile for regime II, (c) by a steady
ZND profile for regime IV, and (d) by a steady ZND profile for
regime Il (E, =12, 0=41.667, y=1.2, k, =0.2 fora) toc) and

k, =0.16 for d)). The dotted lines indicate the three possible'steady-

state solutions

176



a)

Normalized shock pressure

30 -
10 - -
0 ! ! i I |

0 10 20 30 40 50 60
Normalized distance

b)

90
80

60 -
50

Normalized shock pressure

20 |- -

1 0 | I ! 1
5 10 15 20 25 30
Normalized distance

Figure 4.29: The shock pressure vs. distance for a detonation initiated (a) by a
strong blast wave and (b) by a steady-state ZND profile for regime II
(E, =22, 0=41.667, y=1.2, k, =0.007071). The dotted lines

indicate the two possible steady-state solutions
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Figure 4.30: The shock pressure vs. distance for a detonation initiated with a
strong blast wave (E, =22, 0=41.667, y=1.2, k, =0.025)
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Tables

Table 3.1: Chemical kinetics scheme for H, — CL, used by Guénoche et al. [33]
k= AT exp(-E,/RT) (cm’mol’'s") References given in [33]

Chemical reaction A n E (cal/mol) M
2H+M e H,+M 10" -1 0 HCI, CL, Cl
2 X 10" -1 0 H
9X 10' -0.6 0 H,
CL+M e 2CI+M 6.15X 10* | -2.07 57 040 H, Cl, HClL H
6.15X 10% | -2.07 57 050 Cl
HCl+M e H+Cl+M | 676 X 10% | -2 102 170 H,, Cl,, HCI, H, C!
Cl+H, & HCl+ H 4.80X 10" 0 5260 -
H+ClL « HCl+Cl 661X10" | 0.68 1090 -
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Table 3.2: The theoretical and experimental results in the H, — CL, mixture

Detonation velocities

¢ p, ZND C-J Experimental | Corrected | % Correction
kPa m/s m/s m/s m/s
1.0 6.00 1804 1632 1672 1684 0.70
1.0 6.00 1804 1632 1667 1679 0.70
1.0 7.33 1804 1638 1668 1676 054
1.0 7.33 1804 1638 1666 1675 0.54
1.0 8.67 1804 1644 1679 1686 0.43
1.0 8.67 1804 1644 1677 1684 043
1.0 10.0 1804 1648 1675 1681 0.35
i.0 10.0 1804 1648 1676 1682 0.35
1.0 1.3 1804 1652 1674 1679 0.30
1.0 113 1804 1652 1666 1671 0.30
1.0 127 1804 1655 1672 1676 0.26
1.0 127 1804 1655 1675 1679 0.26
1.0 233 1804 1674 1691 1692 0.12
1.0 233 1804 1674 1688 1690 0.12
15 4.67 1911 1756 1797 1827 1.7
15 4.67 1911 1756 1790 1820 1.7
15 6.00 1910 1763 1789 1811 12
1.5 6.00 1910 1763 1785 1806 1.2
1.5 7.33 1909 1770 1799 1815 0.94
() 7.33 1909 1770 1785 1802 0.94
1.5 8.67 1909 1775 1797 1810 072
15 8.67 1909 1775 1788 1801 0.72
1.5 10.0 1910 1779 1792 1803 0.62
15 10.0 1910 1779 1786 1797 062
1.5 113 1910 1783 1799 1808 0.53
L5 113 1910 1783 1781 1790 0.54
15 233 1910 1805 1823 1827 020
1.5 23.3 1910 1805 1817 1821 0.20
0.67 3.33 1529 1321 1387 1420 24
0.67 3.33 1529 1321 1416 1449 24
0.67 3.33 1529 1321 1372 1405 24
0.67 4.67 1529 1330 1384 1406 1.6
0.67 3.67 1529 1330 1371 1392 1.6
0.67 4.67 1529 1330 1379 1401 1.6
0.67 6.00 1529 1337 1365 1380 1.1
0.67 6.00 1529 1337 1366 1381 11
0.67 6.00 1529 1337 1367 1382 1.1
0.67 7.33 1529 1343 1333 1345 0.90
0.67 7.33 1529 1343 1349 1361 0.90
0.67 7.33 1529 1343 1338 1350 0.90
067 8.67 1529 1348 1339 1349 0.69
0.67 8.67 1529 1348 1348 1357 * 0.69
0.67 8.67 1529 1348 1343 1352 0.69
0.67 10.0 1529 1352 1337 1345 0.59
0.67 10.0 1529 1352 1355 1363 0.59
0.67 10.0 1529 1352 1344 1352 0.59
0.67 2.0 1529 1375 1376 1379 022
0.67 220 1529 1375 1387 1390 0.2
0.67 220 1529 1375 1394 1397 022
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Table 3.3: Average shock pressures measured over a few cycles for oscillatory
pathological detonations (Q, =50, @, =-10, y=1.2, E, =32, and
k, =k,) with various values of the exothermic activation energy E,

The ideal C-J shock pressure value is 40.46.

Activation | Average Shock | Steady-State Pressure | Deviation
Energy E, Pressure Prediction
24 42.39 42.07 +0.76 %
25 41.80 41.82 -0.033 %
26 40.99 41.57 -1.39 %
27 41.21 41.34 -031 %
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