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CHAPTER I 

IHTRODUCTIOH 

In (1], Birkhoff and Pierce introduced the 

concept of f-ring. In (7], [9J, and (10] it was 

shown that certain Archimedian f-rings can be 

represented as rings of continuous extended real 

valued functions on various topological spaces. 

It was noted that the m-topology on rings of 

continuous real valued functions (see problem 2H of 

C6]) could be generalized to arbitrary !-rings pro

vided they were convex in the sense of C)]. It was 

also shown that every f-ring can be embedded in a 

smallest convex !-ring. For this p-unit topology on 

a convex f-ring the ring becômes a topological ring. 

The concept of a C-ring was then introduced since 

thet:~e were the convex f-rings for which the p-unit 

topology is Hausdorff. By a slight generalization 

of the. methode of topological ring theory it was 

established that the completion of a C-ring ia a 
\ 

topological f-ring.. The question then arose whether 

this completion is a C-ring and if its topology is 

the p-unit topology. It was then shown that a 0-ring, 

R, oould be representedas a subring of the ring of 



all continuous "sections, from the maximal ideal 

space of R (with the Stone topology) into the 

''bundle ~ a pace of R and that this ring of continuous 

sections with the P-unit topology is the completion 

2. 

of R. This anewered the above question in the 

affirmative. It was then proved, as an application, 

that a bounded Archimedian f-ring can be represented 

as a eubring of the ring of all continuous real valued 

functione on its maximal 1-ideal space, which is a 

·special case of the resulte of ClOJ. By then using 

the methode of '[5J it can be shown that an Archimedian 

f-ring with identity can be represented as a subring 

of the ring of continuous extended real valued func

tions on its maximal l~ideal space. 

The material in Ohapter II is from tlJ and (Sj • 

The material in Ohapter V is from DJ and (4J. The 

concept of oonvex f-ring· in Ohapter III is from C5J. 

The material in Ohapter VI from 6-19 to 6-29 is a 

slight modification of the 1Construotion of the reale 

in C,4). 



OHAPTER II 

PRELIMIHARY RESUL!S OH f-RIHGS 

Throughout by ring will be understood a com

mutative ring with identity, 1. 

Definition 2-1 

A partially ordered ring, <R,.~) , is a system 

auch that R is a ring and ~ is a partial order on R 

auch that for all a,b&R 

1 ) a =' b :::::=> a+c ~ b+e 

2) a,b)O ~ ab>O 

Definition 2-2 

An 1-ring is a partially ordered ring which is 

also a làttice. A .totally ordered ring (t•o• ring) is 

a· partially ordered ring auch that~ is a total order 

on R. 

Definition 2-3 

An f-ring, R, is an 1.-ring auch that for all 

a,b,c&R 

a/\ b = 0 and. c)O ==;.(ca) 1\b • 0 

Proposition 2-4 

Any t•o• ring is an f-ring. 

In a ring R for A,Bs;R define A+B • fa+bla&A,b&BJ 

and similarly define A•B and -A. 



In a partiallJ ordered ring an element, r, ia 

positive if r "> 0 and negative if r "o. 
Proposition 2-5 

If R is a partiallJ ordered ring and P the sub

set of positive elements then PtP~P, P·P~P, and 

P f\-P • {0). If R is a ring and Q a subset of R auch 

that Q+Qs;;Q, Q•Q ~Q, and QI\-Q • {o) then the relation 

, ~, defined by a*'= b itf b-aEQ makes < R, ~) a 

partially ordered ring with Q • P. R is a t•o• ring 

iff P V-P = R. 

Definition 2-6 

A mapping from an ,l-ring, R, into an .l-ring, S, 

is an ~-homomorphism if it is both a ring and lattice 

homomorphism. Similarly define _i-monomorphism, 

1. -epimorphism and 1-isomor:Phism. 

Definition 2-7 

In any 1-ring define 

1) a+· aVo 2). a- • (-a)Vo , 3) lai • a V-.. 

Definition 2-8 

In an J. -ring, R, an 1-ideal, · I, is a ring ideal 

auch that 



s. 

Proposition 2-9 

If I is an ..l-ideal of the 1-ring, R, let r 1 

be the residus olass of ~I containing r. !hen ~I 

is an Jf-ring under the definitions r%+e~ • (r+s)1 , 

-(r't) • (-r)'I , r1 sx • (rs>;.: , r 1 V •z • (rV s)1 , and 

r:t 1\ •-r • ( r-1\ a )1 • It tollows that \r:r 1 • \ r 11 , 

(r1 )+ • (r+)I , and (ri)- • (r-)I • Write RI. tor the 

1 -ring B/I. Aleo rel 1ft r 1 • 01 • The natural map, 

r ~ rl. , is an J. -epimorphism of R onto R 1 • 

Definition 2-10 

The cardinal produot, O(Ra), of the partially 

ordered rings {RulaeA) is the cartesian productlnr Ru 

with operation& defined as follows; (a+b)u • au+bu, 

(ab)a = auDut (-a)u • -au, (l)a • 1, and (O)a • 0 and 

also the relation, =' , defiJiêd by a "-b iff for all ueA, 

, Proposition 2-ll 

The cardinal product of f-rings, Ra• is an t-ring. 

Also (a Vb)a • •a V ba' (a/\b)a • au'A ba, Jal a • laa 1, 
ca•)u- (aa)+, and (a-)u. <•a>-. 
Proposition 2-12 

l'or any t-ring, R, there exista a set of ~-ideals, 

, ~Ialu&Aj, auch that Riu is a t•o• ring and the mapping, 

x, defined b7 (x(r))u • rlU ia an Jt-aonomorphism of R 

into O(Rlu). 



6. 

' 

The above proposi~ion ia ~he principal charac

terization of !~rings and is used to prove that m&D7 

proper~iea of t•o• rings extend to !-rings. 

Defini ti on 2-1' · · 

A sub- ,R. -ring of an 1-ring is a se~ whioh is 

both a subring and a sublattice. 

Proposition 2-14 

A sub-1.-ring of an t-ring is an t-ring. 

Proposition 2-15 

An !-field is totally ordered. 

Proposition 2-16 

Commutative !-rings with iden~ity can be equa

tionally detined in ~erms of a set, R, fixed elements 

O,l&R, ~he unar7 operation, -, and ~he binary operations 

+, ·, A, V • 
A regular element in a ring is one which is not 

a zero divisor. Thus all unite are regular. 

The tollowing two proposi~ions lis~ the algebraic 

identities needed later. 

Proposition 2-11 

In aDJ t-ring 

1) a'b and c)O _., ac'-bo 

2) a 4b and o '-d .-+a+c,b+d 

3) a "b _, -b 6-a 

4) a)O and -a)O ~a • 0 

i 

1 

1 

i 
i 

1 
1 

.1 



5) a~ 0 ====> a(b 1\o) • abAao and a(b Vo) • ab Vao 

6) a'b# a/\b • a 

7) a~o <:::+a • \a' 

8) + a)O<F=t a • a 

9) \al). 0 

10) a2 )0 

11) a• = lal 8 

12) \b-el '-a~ c-a' b'o+a 

13) lai • 0 ..-a • 0 

14) (a+bl ~la\+ \bi 

15) \\al - lbl \ ~ \a-'b 1 
16) ) ab 1 • 1 a 1 1 b 1 

17} la•-b+l-' \a-b~ 

18) lal b lb1 ~ a•'= b2 

19) a•a- • 0 

20) a• 1\a- • 0 

21) 1+ • 1 and (-1)- • 1 

22) a Vb = a+(b-a)+ 

23) a 1\ b = - (-a V -b) 

24) o regular and o ~0-+- o')O 

25) o regular, c ;:,o and a<.b _.. ac <.be 

26) a,b)l ~ ab~l 

27) + -a • a -a 

28) a ~l ~a regular 

29) 1">0 

30) · \-al • 1 a J 



A p-unit in a part1a117 ordered rtnc ia a 

positive unit. 

Proposition 2-18 

In any f-ring 

· 1) v a unit ~ l-$- 1 • 1.;1 
2) 2 a unit and a.(b ==!J a<a~b<b 

3) u,v p-uni te and u ~v =::l!t 0 4,~ 
4) u,v p-uni te ...., u /\v a p-unit 

5) u, v p-unite ~ uv a p-unit 

6) u a P-unit ~ta p-unit 

7) 2 a unit ~ aVb • t (a+b+ fa-bi.) 

Definition 2-19 

In an ..l-ring, R, 

s. 

1) If A~R then <A> ie the emalleat .l-idea1 

containing A, in particular, if a&R then (a) ia the 

smallest 1-ideal containing a. 

2) If A,B J.-idea1s of R then <AB> is the 

smalleat 1-ideal containing the ideal AB. 
') l!'or a set of ~-ideals fAi \ici) of R, !: Ai 

i&I 
ia the sma11est 1-ideal containing evert Ai. Por two 

ideals A,B it ia written as A+B. 

4) A prime J. -ideal is an .1.-ideal which is 

prime aa a ring ideal. 

Proposition 2-20 

l) If R ia a aub- J.-ring of the 1-ring, s, and 



I an 1.-ideal in S then I 1'\R ià an .1-ideal in :a. 
2) For l-ideals {Ai)iei) of an 1.-ring, R, 

~ Ai is the ordinary sum as ring ideals in R. 

3) An J. -ideal P is prime if! tor aD.7 two 

J. -ideals I and J, 

I1aP' and J~P ~ <IJ) çf. P. 

4) For every . proper 1-ideal I there is a 

aaxiaal 1-idea1 M auch that ISD M. A1so R M is a 

tota11y ordered ring. 

5) If R is an f-ring and a,beR then 

<<a) < b)> • <ab) • 

6) A maximal J.-ideal is prime. 

Definition 2-21 

The J-radica1 of an 1. -ring R, J(R), is the 

intersection of all the maximal 1-idea1s in R. 

Definition 2-22 

In a partia11y ordered set, P, define for a,beP; 

l) {a,b) • (xeP(a (:x:(b) 

2) Ca,b] • ~xeP\a~x~b) 

3) (a, oo) =· fxeP la <x) 

4) {- oo, a) • {xeP 1 x < a) 

5) [a,c0) = {xePia~xJ · 

6) (-oo,a] = [xeP\x'-al 

The interva1s of types 1), 3), and 4) are called 

open intervals and the interva1s of types 2), 5), and 

6) are cal1ed c1osed interva1s. 

g. 



Proposition 2-23 

If R is an J. -ring and a ').0 then 

:x:& [-a, a] # )xl"' a. 

Proposition 2-24 

10. 

If I, J are .!-ideals of an f-ring, R, and 

I ~ J then the mapping '":i:t..,.R;r defined by 7t(rr) • rJ 

is an L-epimorphism. 

Definition 2-25 

An f-ring, R, is 

l) bounded if for all •&R there exista a 

positive integer, n, auch that lai ~nl, 

2) Archimedian if r,t&R and tor all positive 

integers, n, nr ~ t then r '-0. 

Proposition 2-26 

1) The 1-homorphic image of a bounded f-ring 

is a bounded f-ring. 

2) A bounded totally ordered field is 

1-isQmorphic to a sub-f-field of the reale. 
~ 

3) If Ris an Archimedian t-ring then J(R) = (oJ. 

) 



OHAPTER III 

THE OOIVEX OLOSURE Ol AB f-RIBG 

Definition 3-l 

A convex f-ring ia an t-ring R auch that 

r&R and r~l ~ r a unit 

Proposition 3-2 

In a convex t-riDg all maximal ideale are 1-ideals. 

Pro of' 

Let M be a maximal ideal in the convex .t-ri~ R. 

Let a,b&R be auch that lal~lbl and atM. Since M maximal 

there existe r&R and m&M auch that ar+m • l so 1-ar&M. 

Thus (l-ar)(l+ar) • l-a1 r 1 &M so there exista n&M auch that 
•~ •~ a . n+a r- • l. By 2-17(18), a~ b and so by 2-17(10,1,2), 

l • n+a1 r1~ n+b2 r 1 • Since R convex,n+b1 r 1 is a unit and 

n+b1 r 1 tM thus bt'M a ince otherwiae n+b1 r' eX. Thus if M a 

maximal ideal, b&M, and · lah' \bl then a&M. !heref'ore b;y 

2-8, M is an 1-ideal. 

Oorollary 3-:, 

In a convex t-ring all maximal l-ideals are also 

maximal ideals. 

Pro of 

Let M be a maximal 1-ideal. Since M a proper ideal 

it ia contained in a maximal ideal ,x. By 3-2, B is an 

1-ideal ao X • ,. 
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Lemma 3-4 In an f-ring 

b~ O, b regu1ar, and be~O ::::> e) 0 

Pro of 

By 2-17(27), b(e+-e-) • be?;O and ao by 2-17(2), 

be+) be- and bel'\be- • be- by 2~17(6). Jrow 

be+Abe- • b(e+Ae-) • b(O) • O.by 2-17(5,20). · !hua 

be- • 0 and aince b regular then .- • o. By 2-17(27), 

e • e+ and by 2-17(8), e ~o. 

If R ia a ring let Qo(R) be its clasaical ring 

of quotienta. LetùQ be the equiTalence olass of Qc(R) 

containing the traction W . 
Lemma 3-5 

It R is an t-ring the set P • tls] &.Qc(R)lab~ o} 
is wel1 defined. 

Pro of 

Assume [s) • [a] and ab~ O. !hen ad • ob and so 

ad1 b • cb1 d. !hus by 2-17(10,1), cdb1
) o. How b regular 

so that b1 is a1so and b1
) 0. !heretore by 3-4, cd') o. 

Lemma 3-6 

!he set P satisfiea the conditions of 2-5 and so 

~ defines a partial order_of Qc(R), R an :r-ring, which 

makes Qc(R) a partia11y ordered ring. 

Pro of 

Assume [5], fa] &P eo that ab) 0 and cd') 0. !hen 

by 2-17(1), acbd ~o and :theretore tsJ [!] • (HJ &P, that 

ie P•P s;p. By 2-17(10,1,2), 0 ~abd1 +cdb1 
• (ad+cb)bd so 



-that [ ;J + [ ~] • [ 8tacb] e:P, that ia P+P s;; P. 

Assume(i] e:Pfl-P then there existe [~] &P auch 

that [5] • - [a] • [=!] . !rhus cd )0 and -cd> 0 

so by 2-17(4), cd • 0 but d ie regu1ar ao c ··o. 
~eretore(i] • 0 and Pf\-P • {o) • 

Lemma 3-7 

· It(l] , (5] e:Qe(ll) and h,b~O then [IJ>[B] itf 

gb ')ah. 

Pro of 

If gb)ah then by 2-17(1,2), (gb-ah)hb)O 

·ccfberefore[f] - (i] •(1bfisah] &P ~ 3-5 and by 2-5, 

fJJ ~TiJ · 
It[f] '(i] then [1] - [t) • [ gbibh] &P by 2-5 

and by 3-5, ( gb-ah) hb ~ 0. Binee h and b ·are regular 

ao ie hb and hb )0 by 2-17(1). !herefore by 3-4, 

gb-ah)O so b;y 2-17(2), g'b)âh. 

Lemma 3-B 

lor aDJ [i] &Qe(R) there exista c,de:R auch that 

d ~ 0 and [i] - [ i] . 
Pro of 

If b regu1ar then b1 ia reau1ar and b1 
) 0 b;y 

2-17(10). llow [fi] • ( ~] • 
Lemma 3-9 

If b,cl ~ 0 then [ i]V(aJ • [ adb~cb J and 

(i]A[aJ • (•4fa ch J · 

' 13,. 



Pro of 

Since b and d regu1ar ao bd ia regu1ar and 

[adtXtcbJ E Qc(R). Br 2-17(5), b(ad Vcb) • abdVcb2 ~abd 
ao that by 3-7Lad*cb])[!] • Simi1ar1y [adb~cbJ)[!J • 

It[IJ~[5J , [!] then b;y 3-8 it can be aasumed 

h ').o. By 3-7,' gb) ah and gd)ch so by 2-17(1,5), 

g bd~ahdVohb • h(ad Vob). '!hus by 3-7,[1J~tad{aob] 
and therefore 

[5] V[a] • [•4ti~obJ and simi1ar1y(s]A(a] • ( adj.ollj 

!heorem 3-10 

If B. an t-ring then Qc(R) is an t-rins containing 

a sub-f-ring f 1-isomorphio to R. 

Pro of 

Qo(R) is a partia1ly ordered ring by 3-6. If 

(!]) [!] eQc(R) then by 3-8 i t may be aaaumed b, d) 0 so 

by 3-9, rSJ A[!] and (5] v[!] exist. !herefore Qc(R) 

is an 1-ring. 

It[i] ).o and by 3-8 it is assumed h)O then by 

3-5, gh~O ~d by 3-4, g)O. If [sJ /\[a] • 0 and by 

3-8 i t is assWDed b 11 d) 0 then by 3-9 ad Âcb • 0 and by 

2-3, gad/\cbh • o. By 2-17(1), hb;a.o so by 3-9, 

[g] [5] 1\ [a] ·[G] 1\ [a] • [ gaâ;Q,abh] • o. !heretore 

by ?-3 Qc(R) is an t-ring. 

Oonsider the subset !l • f [ Î] J aeR) of Qc(R). 

As is we11 known T ia iaomorphic to R as a ring under 

the mapping: a-+(Î] • By 2-17(10), 1)0 so by 3-9, 

(Î]V(~] • [a rbJ and simi1arlJ [r] /\(}) • [atbJ • 



œhus T is 1-isomorphio to R. 

Proposition 3-11 

The subset l' • t[w] \ b ).1) of Qc(R) is a convex 

f-ring containing a sub-t-ring ,!, 1-isomorphic to R. 

Pro of 

By 2-17(26) if b,d)l then bd>l ao 1r ia a aub

ring ~f Qo(R). Binee 1~0 then bd) 0 and by 3-9,1.' is 
Ill!!!!'\ 

a sub-1-ring of Qc(R). By 2~14, Ris anf-ring. Bow 

the set ! of 3-10 is contained in T and 1 t 1-iaomorphic 

to R. 

If [;] ci and [6] )1 then b >1 and by 3-7, a). b 

ao a ~1 and bJ 2-17(28), a ia replar. !hua [~] e:'R ao 

"ir convex. 

Lemma 3-12 

If s ia a convex !-ring containins a aub-f-ring 

! 1-isomorphio to .an f-ring R then S containa a aub-f

ring 1-iaomorphic to 1r. · 

Pro of 

Let ~ be the 1-isomorphism of R onto T so if beR 

and b ~l then ~b';l:l. If c,de:! and d )1 then a cS since 

S convex. Define a map 1) of Tinto 8 bJ 11[,6] • ~ • 

It is easily verified by the techniques of 3-7, 3-8, 

and 3-9 tha t 1) ia an 1-monomorphism. 
. 1 

Definition 3-13 
~ The convex oloaure of an t-ring R.is the R of 3-11. 

~ As usual R oan be considered as a aub-t-ring of R 
~ . 

and for aDJ element geR there exista a,be:R auch that 
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b ~ 1 and s • ~ . Aleo by 2-17(28) if a, beR and b) 1 

then ~ ei'. 

The relation between the 1-ideala of Rand of1r 

is now inveatigated. 

Lemma 3-14 

If R is an ~-ring and I an 1-ideal in R then 

T • fie'i J aci] i8 an l-idea1 in R. 

Pro of 

If ;, a cT then Î+a • adbdb and ad+cbci so i+ac~. 
Similarly if s&Î and §ci then i ae"?. Therefore T is an 

ideal in 1t. 

If ;cr and lai~ Iii then by 2-17(16) and 2-18(1), 

~: ( ~s: . l'ow by 2-17(9,1,16) 1 bel • lb li cl 'lai tdl • \adl 

and adei 80 by 2-B be ci. Since b ~ l then b). 0 and by 

2-17(7) \b\ • b) l. Bow by 2-~7(9,1,16), )bel • lbl loi )loi 
c ~ ~ 

· 80 by 2-8, cel and a: ~I. Thus I ie an l-idea1. 

Lemma 3-15 

If R ia an f-ring, I an l-idea1 in R, and J an 

1-ideal in 1i" then 'Tf\ R • I and 1i\it • J. 

Pro of 

Since I • a, Is;'f and so 1!:1'1'\R. If ce"fnR then 

there exista ieî auch that c • ~ and aei. Thus a • be 

80 boel and b ~ 1. As in the proof of 3-14, cel so 

'Ï'f\RS:I. Thu8 "fi'\R • I. 
. ~ 

By 2-20(1), J()R ia an l-1dea1 in R 80 that JI'\R 

18 an 1-idea1 of 'i' by 3-14. If ieJ' f'\ :â then acJ (\ R 'by 
1- (1 a ~,.... 3-14 80 aeJ. l'ow 6eR 80 1i )a • 6eJ. Thu8 J Il R~J. If 



S&J then b(s) • a&J so a&J" R and b;r 3-14, ~&ji) R. ~hua 
. ~ 

J ~m. ~here.fore J • JI\ :a. 
If R an !-ring and c&B let .(c'}1 be the 1-ideal 

generated by o in 1l and let <o)R be the 1-ideal generated 

by c in R (aee 2-19(1)). · 

Lemma 3-16 

If R an t-ring and c&R ~hen <o>'RilR • ·(c) R 

Pro of' 

B;y 2-20(1), (o)1' f\R ie an 1-ideal in R oontaining 

c. Bow .b;y 2-19(1), <o>R s;; (c )~ Il R. Since "<c~ 
ie an 1-ideal in "i b;r 3-14 then by 2-19(1), <.c>"ii ~.(:;)R .. ~ 
~heref'ore <o) 1 f"\ R ~ (c) R 1'"\ B and b;r 3-15, (c > R ,_....__ 
• (c)A r')B ao (c')R -:2 <c>t 1'\ B. !here.fore (c > R 
• (c)~ 1\ R • . 
Lemma 3-17 

~ 
If M ie a maximal 1-ideal in R then M ie a maximal 

~ 
1-ideal in R. 

Pro of' 

If ~ t 'i' then a ~ M b;r 3-14 and M+<a) R • R since 

M maximal 1-ideal in R. By 2-20(2) there exista m&M and 

x& (a)R such that m+x • 1. Since b(w) • a then 

·<~>-t Si<s)"Jf b;y 2-19(1). B;r 3-15, MS'i' and b;r 3-16 

(a)R s;.(a')'Jt ao l•(a+x)di+(s)~ • ~hue 'ir ia a - " maximal 1-ideal in·R. 

Lemma 3-18 
~ ' 

It B a maximal 1-ideal in R then B f"\ B ie a maximal 

1-ideal in R. 

• 
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Pro of 

B7 2-20(1), Bf'\B is an 1-ideal in B. If c&R and 

etH r. B then ctlf so ~hat li+ < c )'jt • 'T. !rhus there existe 

a e · J > a e (a) · t)&H and a& ,c ~ auch that ;+a: • 1. Since l:l 0 • a and 

d(J) • e then adff\B and et: <c>tAB • (c) R b7 3-16. 

Bow bd • (ad+eb)&(I()B)+ (c") R and bd).1 b7 2-17(26). B7 

2-8 and 2-17(7), 1&(1/lR)+ <c>R eo R • (ll/\R)+ <c>R • 

Therefore ll ()B. is a maximal 1-ideal in B.. 

Proposition 3-19 

If ?n the set of maximal 1-ideals of the f-riq B 

and 'h. the set of maximal 1-ideala of B' and x. ie the 

mappins of ?n into 'n defined bJ. x(M) .1( then " is a 

one-to-one and onto aapping. 

Pro of 

"""" By 3-17 if M a maximal 1-ideal in B. then M ie a 

maximal 1-ideal in 1i' SO that X i8 a mapping of m into 1l. • 
Define a mappi~ 11 of ?1 into ?n_ b7 11(ll) • H (\R. B7 3-18, 

li(\ R is a maximal 1-ideal in R so 11 is a mapping of 1t 
into m. How 11X(M) • 11(i) • 'i()R • M by 3-15 80 11K is 

'the iden'tity JD&p on m. Alao 1111(1') • '&(B (\li) •'fi (}Îi' • li 

bj 3-15 so 1111 is the identity map on?l. !herefore '& ie a 

one-to-one aappins of 'lnonto n. 
LeDlJD& 3-20 

:Por &D7 t-rins R, J(i) • 'J'(iil. 
Pro of 

By 3-19 for 8ll7 lf&7l.there existe M& 1neuch that 

li • M 80 J(i) -A (Be ?1J • n {i 1 Mt: m.]. :tiow . 
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J{'i') r\ R • fl fx f'. :aJMe rtl.} • (l fM/Mc rtlj • J(R) bJ 3-15. 

So J(R) • ~ • J(i) bJ 3-15. 

Lemma 3-21 

J'or 8.D7 t-rine R, J(R) • ( 0} itt J(R) • ( oj • ·. 

Proo:t · 

It J{i) • tol then J(R) ~J(i) ao J(ll) • ( oJ • It 

J(R) • {o) iihen {ol • J(:a) • J (i). 



OHAHER IV 

MAXIMAL 1-IDEAL SPACE OP Ali f-RIBG 

!l!hroughout let 1Tlbe the set of all •aximal 

1-ideals of an t-ring R. 

Definition 4-1 

For any set A Sï;R, let S(A) • f.Mein.{A ~ M]. 

In particular if aeR .then S(a) • tMeml atM 3 • 
Proposition 4-2 

!!!he collection of sets, {S(A)\ AS: R}, fora a top

ology on 11}. A basie for this topology ia given by the 

sets {S(r)JreRj. 
v' 

Pro of 

If <A) is the 1-ideal generated by A~R (see 

2-19(1)) then S( (A) ) • S(A) aince A~M iff (A)~ M 

tor any Mem. Now 

MeU{S(Ai)Jiei} ~ 3iei, Ai<;/: M-# 

Me$Q:!{<Ai) \ ieij). · Theref'ore V fs(Ai) lier) 

•S(~\(Ai) 11er}). 

By 2-20(6,:5), Me S(A)(\S(B)~ (A) çfo M and 

(B) <$: M <#;. <(A) (B)) <;fr. M # M& S( ((A) ·(B;))) • 

S( (.A.) (B> ). !herefore S(A)(\S(B) • S( ~) (B)). 

low S(l) • 7nand S(O) • ; so the sete f:s(A) )As;Rj 
for a topology on m . 

, 
Jow S(A) • S( (A) ) • S( ~ f <i.> 1 a&A} ) 



.. 

• \.){S(a) l aeAl ao the sets {S(a)} aeR} .torm a basie for 

this topolOQ• 

Lemma 4-3 

!rhe apaoe m ia compact. 

Proot 

Sup.pose {S(A1 )Jiel} is an open cover of 1n then 

in= l) {S(Ai)l i&Ij • S( ~ [(Ai)\ i&I J ) as in proof. 

· ot 4-2 so for all Mem, 't (<Ai) 1 i&I) rJ.M. Ther~fore 
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by 2-20(4), B. • ~ f(Ai) 1 i&I J , and so 1& t {(Ai) l i&I j • 
By 2-20(2) there exista a !inite subaet F of I auch that 

1& !. {<Ai) \ i&J) • !rhus for all M& "m, ~ f (Ai> 1 i&F jr;#M 

so that ~- S( t. ((Ai) lie:P) ) • U fs(Ai) 1 i&F J • There

fore { S(A1) 1 i&_~j ia a fini te aubcover. fhus 1nia compact. 

Lemma 4-4 

The a pace Î'l1, ia Hausdorff. 

Pro of 

Oonsider any M, Na~auch that M ~ N. fhen M+N = R 

. ao by 2-20(2) there exista reM and a&N auch that r+a = 1. 

Let a = r-a. Xow a = r-s • r-{1-r) • r+r-1 ao by 2-6, 

.-x = ( r.+r-1 )M • rM+rx-llf • OM+Ox-lx • -lM. fhen by 2-6 

~d 2-17(21), (a-)M - -x- • (-lx)- • lM~ Ox ao that 

à-t.M or MeS(a-). · Similarly NeS(a+). Now as in proof 

o't 4-2 and b;y 2-20(5), s(a+) Asca-) • s( <<a+) <•-> )> 
• S( <a+a-)) • S(a+a-)· • S(O) • j by 2-17(19). !hua 



Hausdorff'. 

Theorem 4-5 

The maximal 1-ideal epaoe ~ of' &DT t-ring is 

compact ~d Hausdorff. 

Theorem 4-6 

If În ie the maximal 1-ideal epace ot an f'-ring R 

. and rt. the maximal 1-ideal epace of' 'i then m is homeo

morphic to Ît. • 

Pro of 

If AC:R let S?n(A) • { Me'i'nlAiMJ and if' BSfi' 

let s'n.(B) • [xeniB4.xl • 
Ooneider the mapping s of' /n into 'n def'ined by 

. ~(M) • M. By 3-19, ~ is a one-to-one onto aapping. 

Let I be any 1-ideal of' R. If' I s; Me 7n. then 'Ï s;i{ and if' 

"îs;R then I = "îf'\Rs;'f.t(\R = M by 3-15. Thue I$Me: Î11 
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if'f' îtj:R. Now if Me:Bm(I) then ~(M) ='ilesn<Y> eo 

-.;(S?n(I)) s=-sn (Î). If' Ne:S1l. (Î) then b;y 3-19 there existe 

Me: in auch that N • Ji' and so 1',4.1'. Then I~M so Me:S'm(I) 

and 'KM=. 'i = :Re:1t(Sm.(I)). T~us S?l..(Î)~1l(S?n(I)) so 

s(S'm.(I)) • S'I\.(Î). 

:Row all open sets ·of 'YYl are of' the f'orm S"'m.(A) for 

some A ER and S 7n.(A) • S'i'>t ( (A) ) as in the pro of of 4-2. 

·thus all open sets of 'nt are of' the torm S?n(I) tor some 



l-i4eal I of R. !herefore b7 aboYe • is a one-~o-one 

onto opèn mapping of a Hausdo~ff space onto.a compact 

apace and ao • ia a homeoaorphiam. 



CHAPTER V 

PRELIMINARY RESULTS FROM THE 

THEORY OF TOPOLOGICAL RINGS 

Definition 5-l 

A family of subsets, d3 , of a topological space, 

s, is a local base at p&S if every B& f8 is a neighbor

hood of p and if V a neighborhood of p then there existe 

W& cS auch that W~V. 

Definition 5-2 

In a topological space, S, a point x&S is an 

adherence point of the subset As;s if all neighborhoods 

of x intersect A in a nonnull set. 

Definition 5-3 

A filter, ~ , on· a set, s, is a family of subsets 

of S auch that 

1) F& ~and li'•xç;s ~X&~ 

2) F1 ,F2& 1t::a+F1 tlP2& ~ 

3) S& ~ 

4) ~ t "JJ-

Definition 5-4 

If ~ is a family of subsets of S auch that the 

set~= fxc»sJ.:3B&lS, BSiàX) is a filter on·s then /8 is 

a filter base onS of ~and~ is the filter generated 

by tB. 
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Definition 5-5 

If (8 a :Cil ter base on S then a point p&S is a 

limi t point o:C fB i:C tor every neighborhood V o~ p the re 

existe B& cS auch that. BSàV. A fil ter base is convergent 

i:C it has a limit point. · 

Definition 5-6 

If 49 a filter base on S then a ·point p&S is an 

adherence point of ~ if p adherent to every B& ~. 

Proposition 5-7 

If :r and g are two oontinuous mappings from a 

topological space, s, into a Hausdorff topological space, 

T, A~S is dense in S and tiA a gJA then t • g. 

Proposition 5-8 

If Ai~Si dense in the topological space, s1 , tor 

each i then A1XA2x •••• XAn is dense in s1xs21••••xsn. 

Proposition 5-9 

s i:tf 

A set of subsets CS ot a set S is a til ter base on 

l) B1 ,B2& ~·~ 3C& f2, C S:B11\B2 

2) e ~ fJ and ft t tB. 

Proposition 5-10 

If s is a 1imit point of a fi1ter, ~. in a topo-

1ogica1 space then 8 i8 an adherence point of ~ 

Proposition 5-11 

If S and T are topologica1 spaces, t and g mappings 

1 ., 
1 



from S into T, W open in S, g(x) • !(x) for a11 x&W, 

and g continuous at s&W, ~hen t is continuous at a. 

Proposition 5-12 

26. 

If s, f and V are topo1ogical spaces and the map

ping, f, of SX! into V is continuous ~hen a11 of the 

maps g8 :T~V and ht:S_.V def'ined by g
8
(t) • f(e,t) and 

ht(e) • f(s,t) are continuous. 

Definition 5-13 

A uniform structt1re rm a set S ie a fami1y of eub-

ee~e, U, of SXS auch that 

1) U ia a fi1ter on SXS 

2) U& U~e. S:U where A • { (x,x) J xesj 

3) V& U~v-1e U. where v-1 • f <x,y) f <y,x> &V)-

4) V& u. ~ 3WeU, w 0 ws;v where 

A oB • ·{ <:x:,z) 1 '37&8, <x,y) &A and (y,z) &B). 

A uniform sp~ce, <s, U>, is a set S with uniform 

structure,~ , on s. the sete of' tl are cal1ed entourages. 

Definition 5-14 

A base, <S , tor a uniform structure, U, on S is a 

tam117 of subseta, œ , of sxs auch ~hat d3 s; Uand 

U& U :::i> 'SB& B, B~U. 

Definition 5~15 

A mapping, f, from a unif'orm epace, <s, U), into a 

uniform &pace, <t, w>. is uniform17 continuous if ~or all 

W&t<fthere existe U& U auch that 

<x,y') &U ~ <:r(x) ,t(y)> &W. 



Definition ~-16 

A uniform space, s, is (uniformly) isomorphic 

to a uniform space, T, if there existe a one-to-one 

. onto mapping, f, of S onto T auch that f and r-1 are 

both unif'ormly continuous. 

Definition 5-17 
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If s1 and s 2 are uniform spaces then the uniform 

structure on S = s1xs2 is the smallest auch that each 

of the maps pi: S-.. Si is uniformly continuous where 

Pi ( <s1 ,s2 ")) • si for i • 1,2. 

Definition 5-18 

If (S, U.) is a uniform space and ASS then the 

unif'orm structure, W, induced on A by the unif'orm struc

ture on S is the trace on AXA of' the sets of the uniformity, 

t(. (A, "'W>is called a unif'orm subapace of <s, U.> . . 
Proposition 5-19 

Let f, g1 be maps as follows; 

g1 :sixs~···XS;.~ !fi and f:!f1X!f~•·•X!n4V 
. " 

and also let h be the map 

h:s1
1X• • •XS1 xs1

2X• • •XS2 X• • •XSn1X• • •XSn ~V 
a 1 m,_ m" 

where h(s1
1 , • • • ,sn ) • f(g1(a1

1 , • • •s1 ) , • • • ,Il __ (an1 ,· • • • ,sn ) ) mn m1 ~ ~ 

th en 

1) if f and all gi are continuous then h is 

continuoua, 

2) if f and all gi are uniformly continuoua then 
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h is uniformly continuous. 

Proposition 5-20 

. If S and T are uniform spacea, f a mapping from 

S into T, 8 a base for the uniformity of S, and C a 

base for the uniformity ot !f then:t is unitorml;y con

tinuoua iff 

'/ 0& <:, 3 B& iS, <x,y) & (8 ~ <t(x) ,f(y)) &0. 

Proposition 5-21 

If <s, U) is a uniform space and liJ(x) • {V(x)/V& U) 
then there existe a unique topology on S auch that for 

all x&S,da(x) is the filter of neighborhoods of x. The 

topology induced on S by the uniform structure tl ia 

called the uniform topology for U • 

Proposition 5-22 

If S and T are uniform apacea and f:S ~ T ia a 

uniformly continuous mapping then f ia continuoua for 

the uniform topologies on S and T. 

Definition 5-23 

If <s, U..) is a uniform epaoe then a set A SiS ie 

of order U& U. if' .AXA ~U. 

Definition 5-2! 

If <s, U> ia a unif'orm apace then a Cauchy fil ter, 
. . 

~ ia a· filter onS auch that for all ur.tl, there exista 

J& '(/reuch that J ia of order u~' 



A Cauchy filter base is a tilter base whose gen

erated filter ie Cauchy. 

Proposition 5-25 

If da is a Cauchy filter base in a subspace, T, 

of a unitorm space, s, then ~ ie a CauobJ filter base 

in s. 

Proposition 5-26 

If S and f are uniform spaces, f:S ~f, a 

unif'ormly continuous mapping, and 18 a Cauchy filter 

base on S then the image of tB ie a ·Cauchy fil ter bas·e 

on T. 

Proposition 5-27 

A complete space ie a unitorm space in which all 

Cauchy filters are convergent. 

Proposition 5-28 

29 •. 

In a complete Hausdorff uniform epace every Caucbf 

filter base hae a unique limit point. 

Proposition 5~22 

If S is a unifora epace and ! a denee eubepace auch 

that all Cauchy filter bases on ! are convergent in S 

then S is complete. 

Proposition 5-30 

If S and T are uniform spaces, T Hausdorff and 

complete, A a dense eubapace of S, and f :A-+ f is a 

unitormly oontinuous mapping, then there exista a 



unique mapping, ?:S-+ T auch that 7 is uni:tormly 

continuous and tiA ~ :t. 

Definition 5-31 

A topologi.cal ring, < R, /1) , is a ring, R, 

together with a topology,~, on R such that 

1) the mapping x-+ -x of R into R is continuous, 

2) the mapping (x,y) ~ x+y of BXR into R is 

continuous, 

3) the mapping (x,y)-+ xy of BXR into R is 

continuous. 

Proposition 5-32 

If A is a closed set in the topological ring, R, 

then -A and Îrl+A are closed sets for any r&R. 

Proposition 5-33 

If R, a commutative ring and tS , a filter base on 

R auch that 

1) U& f8~ 3V& B, V+Vs; u· 

2) u& e ==> 3v& œ, -vs;u 

3) u& e ~3v& e, V•V~U 
4) U& œ and r&R ::+ 3V& B, {rj •VSU 

then there existe a unique topologylr on R which makes 

( R, J:J >, a topological ring and .for which fB is a local 

base at O&R in the topology,Jt. For the topology,olr, the 

set ~+a = {V+ t'al/V& e) is a local base at a&R. 

Proposition 5-34 

A topological·ring is Hausdorff iff the intersection 
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of all neighborhoode of 0 ie {o) • 

Propoeition-5-35 

Let ~ be the collection of all subsets of RXR 

of the form U = {(x,y) \ x,y&R and x-y&V) where V is a 

neighborhood of 0 in the topological ring, R. Then tL 
is the base of a uniform structure on R and the uniform 

structure generated by tt is called the ring uniformity 

of R. The uniform topology for U is the original · 

topology on R. 

Proposition 5-36 

If ~, a local base at 0 in the topological ring_ 

R then tL, the collection of all subsets of RXR of the 

form u = ~{ (x,y) l x,y&R and x-y&B& 18) is a base for the 

ring uniformity of R. 

Proposition 5-37 

For a topological ring, R, the mapping (x, y) -+:x+y 

of BXR into R and the mapping x--. -x of R into R are 

uniformly continuous in the ring uniformity of R. 

Definition 5-38 

An isomorphism 1t ~f a topological ring, R, into 

a topological ring, S, is a mapping, ~, of R onto S 

suc~ that 1t is both a ring isomorphism and a homeomorphism 

of the topological spaces. 

Proposition 5-39 

If s1 and 82 are complete, Hausdorff topological 

rings and R1 ,R2 dense subrings-of s1 and 82 respectively, 



and ~, an isomorphism of Hi onto R2 then there exista a 

unique isomorphiam, T, of s1 onto s2 auch that "i'IR • 11: •. 

Proposition 5-40 

For any commutative Hausdorff topological ring, 

. R, with identity there existe a commutative Hausdorff 

topologioal ring, R c , with identity auch that 

1) R is isomorphic to a dense aubring ot R~ 

2) R c ia complete in i ts ring uniformi ty 

3) if S ia another commutative Hausdorff topolo

gical ring with identity satiafying (l) and (2) then S 

is iaomorphic to Re • 

Re ie called the completion of R. 

Proposition 5-41 

If R ia a Hausdorff topological ring with d3 as a 

local base at 0 then the collection i li !Be .S j ia a local 

base at 0 for the topology of Re • 

Definition 5-42 

A topological field (F, J:J) is a field F with a 

topology,~, on F euch that 

l) < F, rll> is a topological ring 

32. 

2) the mapping x 4x-1 of F* illto P* ia continuous 

where F'* ia the aubapace, F- (ol, ot l'. 

Proposition 5-43 

~he completion of a topological field, F, as a 



topological ring, is a topological field iff under the 

mapping x ~x-1 of F*into F *any Cauchy .til ter in F * 
which as the base of a Cauchy .tilter in F does not have 

0 as an adherence point ia mapped onto a Oauchy .tilter 

in P*. 



OHAPTER VI 

0-RINGS AID THEIR !OPOLOGY 

Definition 6-1 

In an )-ring, R, for u a p-unit in R define 

I(u) = fx&R / lx/~ u J • 
Note that although I(u) could be defined for 

elements other than p-units, in the following it will 

be used for p-units only. 

Theorem 6-2 

If R is a convex f-ring there is a unique topology 

on R that makes R a topological ring and which has as a 

local base .at 0 tbe collection ~ • fi(u) Ju a p-unit in Rj. 

The collection X0 + e • fx0 +I(u)f I(u)& e} is a local base 

at X0 &R in this topology. 

Pro of 

By 2-18(4) if u,T p-units.then uAv is a p-unit. 

Thus 

x&I(u)lli(v) # lxl~u and lxi ~v# lxi-' uA v 

·<:=::> x&I(u/\v), 

so I(u)ni(v) • I(uAv). Now I(l)& ~so ~ # 1 and 

O&I(u) for all p-units so -t4S. There~ore by 5-9,~ is 

a fi1ter base on R. 

Since 2~1 and R convex.then by 3-1, 2-17(29), 

2-18( 5, 6), t is a p-unit if u a p-unit. Thus 

IŒ')& d3 and by 2-17(14,2), I(~) +I(~) ~ I(u). By 



2-17(30), -I(u) • I(u). 

If rf;R let v = 1 ri Vl so v ~1 and since R convex 

then by 3-1 and 2-17(29), v is a p-unit. liowlrl ~v so 

by 2-18(6) and 2-17{1), li!,1. B;y 2-18(5.,6) I (-i')e cS 
for any p-unit u. Now 

xei(~)~ \xl"~~ jrxl • lrllxl~lrtu-'u ~rxei(u) 
by 2-17(16,9,1). 

Thus fz3-.I ('i) ~ I(u). 

If u a p-unit then by 2-18{4), v • u Al is a 

p-unit. and v~l so ,a~v~u by 2-17(1). Thus I(v)e fB 

and by 2-l7(16,9,l),I(v)•I(v) s; I(u). 

Therefore by 5-33, there exista a unique topology 

IJ on R auch that R is a topological ring and /B is a 

local base at 0 in this topology. Also xll> + ~ is a 

local base a~ x 0 in this topology. 

lrom now on this topology J' will be referred to 

as the p-unit topology on the convex f~ring R. 

Definition 6-~ 

A 0-ring, R, is a convex f-ring with J(R) • {oj • 

A 0-ring could be characterized as a sub-f-ring 

of a cardinal product of totall;y ordered fields. 

PropositioDL 6-4 

If R is an f-ring .then J(R) • [Q) itt the convex 
---. 

closure, R, is a 0-ring. 

Proot 

B;y 3-21, the proposition holds. 



Lemma 6-5 

If B a convex f-ring then ueR is a p-unit if~ 

UN >O ~or all Me m. 
Pro of' 

If u a P-unit then uj'M for all Me ?n so u M ,1. 0 

for all Mc 1n. B;y 2-9, u,., ~ .0 for all Mc ?n, so u..,) 0 

tor all Mcrfl. 
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If' uM > 0 for all Mc in then for any 1.-ideal I of 

R auch that Ry is totall;y ordered let M be a maximal 

· 1-ideal auch tha t I s; M by 2-20 ( 4) • For any reR if 

rt '0 then rM~O by 2-24 and a ince Rr and RM are totall;y 

ordered then if rM )0 then r 1> o. Therefore ur )0 for 

· all I auch that R:t is totall.y ordered and b;y 2-12, u ):0. 

Now u M # 0 for all Mc tn.. so u,iM for all Me 'in by 2-9. 

Therefore by 3-3, u is a unit and so u is a p-unit. 

Lemm.a 6-6 

If R a convex f-ring and reR, Mc ln are such that 

rM>o then there exista a p-unit ueR such that rM • uM. 

Proo:f' 

For any Ne 'in auch that N ._ M there exista a cR auch 

that s&S(B) and stS(M) by 4-4· For each N F M choose 

auch an sN and let C • {S(sN) IN # M} US(r). Since 

r M F 0 then r/.M or MeS( r) so C is an open cover of 1n • 
. Since by 4-3, irL is compact then there exista 'd+ ~. C 
auch that "JJ- ~s a fini te cover of )n. Sinoe MIS(sN) for 

all B # M then S(r)c (). Let VJ+ be determined by the 



elements s1 ,s2,•••,sn ·and rand let u •/s1 JV•••VIsn1Vr. 

~hen !or any Ncirleither there exista si auch that 
1 

. :tr&S(st) or lf&S(r) since "dris a oover o:t1nso that 

either (s~)N # 0 or rNI o. By 2-9 and 2-17(9) 

l s~ 1 N • 1 {si)N 1) 0 or rN) o. there!ore by 2-9, 

uN~Is~IN>o or uN)rN>o so uN>o !or all Ne'm.. By 

6-5, u ia a p-unit in 11. lfow all at €M so (a[.) H • 0 

and œ,y 2-17(13), ls;.IH • o. ~here!ore u 11 = r 11 by 

2-9 and 2-17(9}. 

Lemma 6-7 

I! R a .. oonvex !-ring then J(R) • (\ {I(u) 1 u a 

P-unit in 11) .• 

Proo.:t 

If r&J(ll) then r 11 = 0 for all Mc1'rt by 2-9 so 

)rMI • ~riM • 0 by 2-17(13}. !hus by 6-5, l'riM<uM 

!or a11 M& 1n. and a11 p-units Uo By 2-9, (u- tri )M) 0 

for a11 M& 'in so by 6-5, u-1 ri > 0 and by 2-17 ( 2) , 

u) lrJ o !rherefore r&I(u) !or all p-units u. !hus 

J(R)s;n(I(u)/ u a p-unit in R1 • 

If v a p-unit then by 2-18(5,6), fis a p-unit 

and by 2-18(3), o<t<JL so by 2-17(25), o<; <.v. I! 

for some M&Î1l, (~) M • vM then 0 • vM-(~)M• (v-~)M= <f>M 
so by 2-9, feM. this is a oontradictio& since fa 

unit ao <]'>,.. # "'M for a11 Me 'm. By 2-9, (~)M 'vM so 



<f>M <v 11 tor all Me.1n • . 
If re/) ti(u)\u a p-unit) then \r\ ~ u for all 

p-unita u ao bJ 2-9 lriM(.uM for all Me:1nand all 

p-unita u. If rtJ(R) then there exista Me.7?1such 

that r;.M or by 2-9, rM ,C 0 ao by 2-9 and 2-17(13,9), 

lrMI = lriM >o. By 6-6 there exista a p-unit v auch 

that vH • lrl M • !hen bJ above <i>M -<.lrJ M • !his is 

a contradiction so re.J(R). !rheretore () {I(u)j S: J(R) 

and so J{R) = {) fi(U)J• 

lroposition 6-8 

A convex !-ring, R, is Rausdorf':C in the p-unit 

topology iff R is a C-ring. 

Pro of 

Since the collection, (I(u)lu a p-unit) , f'orms 
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a local base at 0 the intersec~ion of all neighborhoods 

of' 0 by 5-lia (){I(u) 1 ua p-unitj • J(R) bJ 6-7. By 

5-34, R is Hausdorff iff J(R) • (OJ • !hus R ia Haus

dorff' iff R is a a-ring, bJ 6-3. 

~e uniformitJ of the topological ring, a, where 

R is a oonvex !-ring with the p-unit topology will be 

reterred to as the p-unit uniformitJ on R. 

Lemma 6-9 •, 

If' R a convex t-ring and u a p-unit let 

Vu • {(x,y) &RXR flx-11 ~u} • !hen the collection 

{.V a.a 1 u a p..uni t} ia ~ base tor the p-unit unitormi t7 

on R. 



Pro of 

Binee x-yei(u) iff lx-yl~u then 

t<x,;r> eBXRix-yci(u)) • Vu • B;y 6-2 and 5-'6 the 

collection, {Vu 1 u a p-unit], 1a a base for the 

p-unit un1form1t;y on a. 
· Lemma 6-10 

A function f:R_.R on' a convex f-ring, R, 1s 

uniforml;y con~iauoua in. the P-unit unif'ormit;y 1ff 

for al~ P-units u there exista a p-unit T-auch that 

\x-;yl ~T illplies Jt(x)-f(y)f ~ Uo 

Pro of 

!he result tollows froa 6-9 and 5-20. 

Lemma 6-1~ 

If R a convex f-ring then the aappings 

(x,;y>-+xV;y and <x,y)-+x/\y of BX.R into Rare 

uniforml;y oontinuoua in the p-unit uniformit7 on R. 

Pro of' 

If u a p-unit in R and if lx-yf~ u then 

Jx+-J+I 'u b;r 2-17(17) so b;y 6-10 the aapping x4x+ 

of R into R is uniformly continuous in the p-unit 

uniformit;y. B;y 2-17(22), 5-,7 1 .and 5-19 the mapping 

<x,7) 4 xV7 is uniforal7 continuoua. Br 2-17(2,), 

5-'7, and 5•19 the mapping <x,J') -+xl\ ;y ia uniforml;y 

continuoua. 



Definition 6-12 

A topolosioal t-rine (B., .U) is an t-rins;, R, 

with a topolo1J,JY, on R·auch that 

1) (R, J1 > is a topolosioal rins, · 

40. 

2) the mappins;a ot (x,7) -+ x V7 and (x,7) -.x /\7 

ot RXR into R are conttnuous. · 

Definition 6-13 

An ,t-iaomorphiaa, x, ot a topolosical t-ring, R, 

ont.o a topolosical t-rins;, s, ia a mapping, x, ot R onto 

8 auch that • ia an Jf-iaomorphiam ot R onto S and • ia 

a homeomorphiem ot R onto s. 
Proposition 6-14 

. 
A convex t-rins;, R, ie a topolosical t-rins in 

the p-unit topolOI7o 

Proot 

By 6-2, R ie a topological rins. B7 6-11, 5·35, 

and 5-22, R ie a topological t-ring. 

Lemma 6-15 

If s1 and s2 are complete Bauedor.tt topological 

t-ringa and R1 , R2 are denee aub-t-ringa of s1 ,s2 and 

if • ia ~ ~-iaomorphiea ot ~ onto R2 then there ia 

a unique J-iaomorphiam 'i' ot s1 onto s2 auch that 

. 'il~ ••• 

Proot 

B7 5-'9 there ie a unique iaomorphiaa, ii', of S 



.· 

/ 
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onto S as topo1ogioa1 rings auch that "i/R1 • K. How 

the .. ppiDga (x,;y)-+ 'i'(x.A;y) and(x,;y)-+ i(x)l\ i(;y) 

ot s1xs1 tnto s2 are oontinuoua b;y 5-19, 6-12 and 6-13 •. 

. A1ao "f (xA;y) •"i(x)/\'i(7) tor al1 x,7e~ sinoe 

"'IR1 • •· So 'bJ 5-8 ancl5-7,"i(xÂ;y) •"i(x)l\'i(J) 

tor a11 x,7es1• !lieretore 'i ia an ,.1-iaoaorphiaa ot 

s1 onto s2• 

!heorea 6-16 

It R 1a a 0-ring with the p-unit topo1og;y then 

. there exista a ooaœutative Bauadortt topo1ogical 

t-riait llc , vith ident1t;y auch that 

Pro of 

1) R ia · J. -iaoaorph1c to a denee au'bring of Re, 

2) Re1a eoap1ete in 1ta ring un1torm1tJ, 

3) if S ia another commutative Bauadortt topo1-

ogioa1 t-r1ag w1th 1dentit;y aat1sf;ying 1) 

and 2) then s ia ~-1aoaorphio to a: 

R e ia oalled the ooaplet1on of B. 

BJ 6-8 ancl 6·14, R 1a a coiiJRUtatiTe Hausdorff 

topo1ogica1 t-r1ng with identit;y 1n the p-unit 

topolog;y. B;y 5-40 there exista a comautative Hausdor~~ 

topo1ogioal t-ring Re with ident1ty auch that R is 

· · ·iaoaorphio to a 4e~ae eultrins, !: , ot R c and R c ia 

.ooaplete. in ita UDifor.it;y. ~efine lattice operations 



on ! bf aeans of the iaomorphic mapping of R onto ! 

and ! is a 0-ring for theae operations. Since the 

aapping is a homeomorphism the topolOif induced on 

" ! bf R c., must be the p-unit topolOif on ! • Br 6-11, 

5-8 and 5-'0 the binar,r operations \1 and 1\ on ~ 

can be extended to R c: • B7 5-'5 and 5-22, V and 1\ 
are continuoua operations from ReX Re into Re • !hen 

b7 5-19, 5-12 and 5-7 aD7 equation in terme of 

O,l, .. ,+, •, V, and A holding in R alao hold in R c : 

!herefore bJ 2-16, Re ia a commutative f-ring with 

14entitJ. J.lao by 6-12, Re ia a topologioa1 f-ring. 
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If S ia another commutative Hausdorff topo1ogical 

f-ring with identit;r aatiafying 1) and 2) then bJ 

6-15, S ia J.. -isoaorphic to Re • 

!he question iiiJilediatelJ occurs, "Is Re a 
. ,, 

, 0-ring and ia ita topology the p-unit topoloQ• 

In the following an affirmative anawer is giTan by 

repreaenting R c aa a ring of functiona. 

Definition 6-17 

J. topological f-fie1d ia an f-tield which ie 

· both a topological t-ring and a topological field 

<••• 5-42). 

Le- 6-18 

If :a ia a oonvex t-rinc.with the p-unit topology 

·' 

\ 



then ~or u a p-unit the set {xcRI lx-al ' u 3 ia a 

neighborhood ot acR. 

Proo~ 

B7 6-2, a+I(u) ia a neighborhood ot aeR. !lo.w 

J'Ca+I(u) ._. (J-a)ei(u) 4+ \7-al<: u 

80 a+I(u) • {;yeR 1 \7-a \ '- u} • 

Leu& 6-19 

If P i8 an ~-field then Pia a.topologioal 

f-field in the p-unit topo1ogy. 

Pro of 

!low P ia automatica117 a 0-ring 80 P i8 a 

topo1ogica1 t-ring in the p-unit topo1og b;r 6-14. 

I~ aeP* then bJ.2-17(13 1 9), lai >o so if ua p-unit 

then b;r 2-18(5,6,2) f /\,~ i8 a p-unit. By 6-18, 

W = {xelPI lx-al' lt1 A~)i8 a neighborhood ot 

·. a in 1. Bow 'o-ai ~ 1Jl by 2-18(3) and 2-17(25) 80 

0 t W and W ia a neighborhood of a in JP*. If 

\x-al ~ ~ then \\xl- \a\\' 'b7 2-17(15) 80 by 2-17 

(12) \xl ~ lai -f= ~. !heretore it xeW then 

IJd ~ ~8o b7 2-18(1) and 2-17(9,1) ïir ~far. If' 

xeW then \{-l- \• ,:a.t lal·\x-a \ ~ \~ll~l ~ u by 2-18(1) 

and 2-17(16,1,9). !hua if t 1a the •pping x -+f ot 

. 1 * into P then f(W) S {y eR ll7-al ~ u) • !heretore bJ. 

6-18, t 1a oontinuoua tor all ae:r*. l'ow the range 



of t ia l * ao the aapping x__. tot 1* into J * 
ia continuoua. B7 :5 -42, J ia a topological field 

ao by 6-17, J i• a topological t-tield in the P-unit 

topology. 

LeiiDD& ·6-20 

If P ia an t-tield with the p-unit topology 

·then every OauohJ fil ter in P * , which as the base 

of a CauchJ filter in P doea not have 0 as an adherence 

point, under the aapping x 4 f ot P * into P * is 

mapped onto a OauohJ filter in 1*. 
Pro of 

Let C be a CauchJ fil ter in P * suoh as that 

the base of a CauchJ filter in J does not have 0 as 

an adherence point. Let e be the image of l: und er 

the aapping x _,. t of p * into J * 80 e is a fil ter 

· on P *. Binee 0 is not an adherence point of C: 
then there exista a p-unit, v, auch that I(v) ia 

disjoint from aome Vc ~. !hus for all xtV, lxi~ T 

ao by 2-15, tor all xcV, lx l > v. 

If ua p-unit then by 2-18(5), uya ia a pMunit 

so by 6-9 and 5-24 there exista weG: auch that for 

all x,yeW, lx-yl~u.,.t. Bow W/'\Vt C and for all 

x,ycwnv it holds that 

l t -f \ • JxfJ 11 1 x-r.l '- $-.ur• u 



by 2-17(16,1) and 2-18(1,3). ~hua the image of wnv 
under the mapping x _,"Î ie a set of order v., (eee 

6-9. and 5-23). and 80 e con taine a set ot order vu 
for any p-unit, u, and by 5-24, e ia a Cauchy filter. 

Proposition 6-21 

If P ie an f-field vith the p-unit topologJ 

then Pc: ie a topologioal f-field. 

Pro of 

Bow P ia a c-ring eo by 6-16, P c. exista and ia 

a topological f-ring. By 5•43, 6-1.9, and 6-20, li' c i8 

a topological field so bJ 6-17, J c is a topological 

f-field. 

As usual Pia hencetorth.conaidered as a 8ub

field of i ta completion P c. • 

LeJIIIIB. 6-22 

If~ is an :t-field with the p-unit topology and 

:Pc. its completion let P be the po ai ti ve elements of 

li' and Pc. the positive elements of Pc.. then T· P~ • 

. Proot 

Binee the mapping x ~ -x of le into l c ia 

continuoua then -(P)~ (-P). By 5-32 -(P') is closed in 

Pc: and -P ~ -(P) ao ( -P) ç;; -(P) • ~herefore -('P) • ( -P) • 

Sinoe x+ • x :tor all xcP bJ 2-lj(B) then by 5-7, 6-8, 

and 6-11, x+ • x fo~ all x&P. ~hus by 2-17(8) x>O 

for all x&P 80 P ~ Pc • 

lfow 'JU-(J) • "IV C-P) • P U-P •l • Je. lwJ 6-16, 2.;.15 

.and 2-5. 

----....,.......-~ 
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Also -(P) {\ P e s;; -Pefi Pc • { oJ bJ 2..;.5 so 

-(P) 1'\ Pc •. {0) • If xePc: and xti then xe-(P) ao 

xe-(P}/\Pc , that ia x • o. !hie ie a contradiction -since OeP. - c !here:tore P • P • 

In the followillg let ( J, ( ), etc. indicate 

intervala in J' and. ( J ~ ( ) c , etc. indioate 

intervala in ·J' c ( 8ee 2-22) • 

LeDlllla 6-23 

.l11 o1o8e4 (open) interva1a in. :r c · are cloaecl 

(open) a ete ·.in the topoloQ of Pc • 

Pro of 

B1 6-22, [o, oc) • (o, oo) e 8o [o, oc{· is 

c1osed in J'c • B1 2-11(2), a+ [o, oe )c • (a, o.o )c. 

eo that bJ 5-32, [a, oo)c ie closed in. J' c • B7 2-17(:5), 
c c: ' c 

- [-a, o0) • (- oo ,aj . so 'br 5-32, (-oc ,a] is 

. closed in J' c • B7 2-15, 6-21 the complement ot .(a,. oe ) c. 
c. e c: 

ia (- oo,a) and that of (- o.o,a] 18 (a, oD) 80 

(a, oe )c and (- oo ,a)e are open in Pc • low (a, b )c. 

• (a, co)c:('\ (-co,b)c. and [a,b) • [a, ..o)c.(\ (-oo,b]c 

so (a,b)c is open in Pc and [a,b]c is closed in :r'. 
Leuuna 6-24 

If J' an f-fie1d with the P-unit topo1oiJ and 
'C 

a, bel' then (a,-~J • [a, bJ • 

Pro of 
c. c: 

lbw [a,b] C (a,b] . and b7 6-23, (.a,b] ia 



closed in Fe: so [a,b] s;; Ca,b]~ • If x&(a,b)c and 

V any neighborhood of x in Fe: then W • Vf\(a,b)c: 

is a neighborhood of x in F 4 since (a,b)c. open by 
) 

6-23. - 6-16, F is dense in F c so there existe 

s&F such that s&W. How s&(a,b)c and s&F so s&(a,b), 

that is every neighborhood of x contains a point of 

(a,b). Thus x is an adherence point of (a,b) and so 

x is an adherence point of [a,b] • Therefore 

(a,b)c. b [a,b] and so [a,b)(! • (a,b)c.V(a,b)s;[jl.,'GJ. 
c. 

Thus (a, li) • [a, b] • 

Lemma 6-25 
c If F is an f-field then for any x,y&F such 

that x<y there existe r&l' such that x <r <y, tha't is 
c 

Fis order dense inF • 

Pro of 

By 2-18(2) and since F c. a field, x <x~y <Y so 

(x,y)c. -F ;. By 6-23, .(x,y) c. is open in F c. and by 

6-16, F is dense in l' c so there existe r&l' such 'that 

r&(x,y)c. , that. is x<.r<.y. 

Proposi'tion 6-26 

If Fis anf-field then the topology of Fe is 

the p~unit topology. 

Pro of 

By 5-41 the collection { I(v} lv a p-unit in F J 
is a local base at 0 for the topology ofF~. For v 

47. 



a p-unit in P let I(v) • fxel 1 Jxl -' vl and for u 

a p-unit in :re. let I c (u) • {xe:rc. l lxi ~ u) • By 
· c Je 2-23, I(v) • (-v,vJ and I (u) • (-u,u , ao by 6-24, 

l(v) • I e (v). !hua the collection {I c (v) lv a p-unit 

in -,J ia a local base at 0 tor the topolog ot pc • 

· By 6-25 tor all p-uni ta u in J c there exista a 

p-unit v in J auch that o<v<u and 80 le (v)~lc (u). 

Thus for all p-units u in Pc , le (u) ia a neighbor

hood of 0 and for ever,y neishborhood, V, of· 0 there 

exista a p-unit v in P and 80 in Pc auch that I c: (v)~ V. 

!hua the collection {Ic. (u)lu a _p-unit in :re:) i8 a 

local base at 0 for the topology of Pc • B7 6-2 the 

topoloQ of l c ia the p-unit topoloQ·· 

!hua the question asked at~er theorem 6-16 has 

been answered in the affirmative tor f-fields. 

!heorem 6-27 

Por ever,y f-field, P, there exista an f-field, 

:re , auch that if Pc has the p-unit topolog7 then 

1) :r ia a dense aub-f-field of pC 

2) :r c. inducea the p-unit topology on :r 

3) "B' ia order denee in :r c. 

4) l c ia complete in the p-ui t uiformi ty 

5) l'cie unique up'to ~-iaomorphiam. 

/ 
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Proo:r 

~he theorem tollowa trom 6-16, 6-21, 6-25 and 

6-26. 

Definition 6-28 

!he interval topoloiJ on a totall7 ordered set 

ie the topology with the open intervala as a base. 

(Bee 2-22}. 

Bote that by 2-15 the t-fields are the aame as 

the totallJ ordered fields. 

Proposition 6-29 

!he interval topoloSY on an t-field, ~. 1a the 

p-unit topology. 

Pro of 

Let P have the interval topoloSY• If V ie a 

neighborhood ot 0 then there exista an open interval, 

I, •uoh that Oci~V. If I • (a,b) let u • fat/\1~1, 

if I • ( o, oe ) or I • (- oo , o} let u • f cr o By 2-17 

{13,9), lai, lbl, lof )0 so theJ are a11 p-units since 

Pa field and bJ 2-18(4), u is a p-unit in all cases. 

By 2-17(25} and 2-18(3) ]'<u so [ -t• ~J~I sinoe P 

i~ tot ally ordered DJ 2-15. :ror any v> 0, 

0&(-v,v) s; (-v,v] so ~v,vJ is a neighborhood of o. 
B7 2-23, I(v) • [-v,vJ so·that the ool1eot1on 

{I(v)\v a p-unit in :rJ is a local base at 0 for the 

interval topoloiJ of ~. !herefore bJ 6-2, the inter

val topolOBJ is the p-unit topolOBJ• 



OHAP!ER VII 

!BE !OPOLOGY OJ !HE BUliDLE SPAOE 

In this chapter l~t R be a 0-ring and m the 

maximal ~-ideal space of R with the topology of 4-2. 
1 

Lemma 7-l 

Jor any M&m, RM~ ia an f-tield and R~ is an 

f-f'ield containinc R M • 

Pro of' 
e By :5-:5, RMis an f'-f'·ield. By· 6-21, RM.ia an 

f-tield. 

Definition 7-2 

Jor a 0-ring, R, the.bundle space ia 
10 • e ~ = U {Rt1 \M&m], that is the disjoint union. 

Definition 7-3 
A section, g, is a mapping from 1n into 43 auch 

.. that g(M)&R~ • 

Lemma 7-4 

The set of all sections, S, under the definitions 

(g+h)(M) • g(M)+h(M), (-g)(M) • -g(M), 
(gh) (M) - g(M)h(M)' (g Vh) (M) = g(M) Vh(M) t 

(g 1\h)(M) = g(M) /\h(M), l(M) • ll'f' O(M) • 0 H , 

f'orm an f -ring. 

Pro of 

S ie the cardinal product of the !-fields, R ~ , 



Mc ?1\ by 2-10. So bJ 2-11, S is an f -ring. 

Defintion 7-5 

Por eaoh reR define a_section, ~. bJ 

~(M) • r 11 eR~ • 

Proposition 7-6 
!he lll&pping, r--+ ~ is an J.. -monoaorphism of R 

into s. 
Pro of 

Bow ~(M) • (r+s)M = r"+sM= ~(M)+i(M) for 

all Mc m by 2-9 so rr:;&j = ~+i~ SimilarlJ, ~ • ~~, 

"(rV';} • ~V~, ~ • ~A~, and 'Î(M) • lM • l(M) so 

1 • 1. !hus by 2-6, the mappiÎJ.g r~Ç is an 1-homo

morphism. If ~ • 0 then ~{M) = r,.. • OM tor all Me 1J1. 
so by 2-9, reM for all Mc7n.. '!hus rcn{MjMc?n}• J(R) 

so by 6-3, r • o. There the kernel of the mapping is 

{0) and ao the mapping is an ~-monomorphism. 
Definition 7-7 

Let R • {~lreR}. !he sub-t-ring, ~. of S is 

called the Gelfand representation of R. 

A topology for ~ is desired auch that dB 'induoea 
c. the p-unit topology on eaoh RM and if ~ach RM is a 

subfield of the reale then a section is continuous 1ft 

it is continuoua as a .real valued funotion on~. 

Definition 7-8 

l'or V open in m and r,'ecR suoh that rl'\<el':l for 
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all MeV detine the eubeet ot da, 
. c. 

<r,e ; V) • {cxeR11 /MeV and r~<cx<eM) • 

Lemma 7-9 

lor r,eeR, the set (M/r11 <eH 1 .ie open 1nm. 
Pro of 

If rM< a,.. then 1 eH -r,., 1 :. s,. -r,., .,. 0 11 eo 

(sM -r11 )+)sM -r,.l • 2(eM -rH)-# OH. !!!hus by 2-9, 

(s-r)+ls-rl tM so by 4-l, MeS [<s-r)+ls-rl] • If 

52. 

rt1 /. e 11 then b;y 7-1 and 2-15, ~-'rH so leM -rM/ • r 11 -eH 

and (sM -r111 )+ ls11 -r,.,l • 0 fi ; !~!hue by 2-9, (e-R)+ le-ri cM 

so by 4-1, Mts [(s-r)+ ls-rl] • !I!herefore fM 1 rM< sMj 

= s [<s-r)+ ls-rr] and by 4-2, it is open in m. 
Lemma 7-10 

lor aDJ r,e,t,ueR and any open sete u,v inin, 

<r,s;U) .n <t,u;V> • (r Vt,s/\u;W) 

where W • U()Vf\{Ml(rVt).., <. (s Au)11J • 
Pro of 

liow, 

cxe (r,s;U) () <t,u;v> 4=::+ 

cx&R~, MeU(\ V, rM <cx<.s,., and tM<cx<uM 

~ M&U f'\V, (r Vt)M <a <(s/\u)M, a&R~ 

<:::=> a&R~ , M&W, and (r V t)M <ex <(sl\u)11 · 

~a& q Vt, sl\uf. w)·. 

By 7-9, W ia open in mao 

<r,a,u) (\<\,uav> • <rVt, al\u,w). 



~eorem 7-ll 

~he collection { <r,s;V)} r,seR, V open in m) 

is a base for a topolog on e . 
Pro of 

~ ~ If œe ~ then for some Me1hl, œeRH and ao by 

6-27(3) there.exista r,seR auch that 

œ-l11 <r11 <œ<st'\<a+l.,. Let V= {Mir"'<.s11 ) so Via 

open in 1n by 7-9 and ae (r,aJV) • Thua by 7-10 the 

collection f <r,s;V) 1 r,seR and V open in 1nl forma 

a base for a topology on e . 
Henoeforth the bundle epace, e , will be assumed 

to have this topology. 

Lemma 7-12 

If ~ an t-field then a base for the interval 

topology on ~c is given by the collection [(r,efJr,ee~). 

Pro of 

If ae~ c. and V a neighborhood of a in the interval 
' . 
topology then there exista an open interval, I, auch 

tha t œei ~V. Whether I is bounded or unbounded there 

existe p,ye~c:. auch that ae(p,y)c:c;;I. By 6-27(3) there 

exista r,s&P auch that p<r<œ<a<y so 

ue(r,s)c~ (p ,y)c: ç;Is;v. Thus ~he collection f (r,s)c 1 r,ae:r) 

is a base for the interval topolog on P c • 

Proposition 7-13 

The topoloq ot 8 indue es the p-unit topo log 



\.,." 

Pro of 

If M&V then <r,s;V) (\ R~ • (rH,sH)c. and if M/:V 
c . c c. 

then (r,81V) AR, • fi. llow oonsider (rM,sM) in R" 

for r,seR. Let V • {Hl rN <sN) 80 by 7-9, V is open 
c c and MeV. Then (r,81V)f1RM • (rM,aM) • !rhus the 

topology on .S indue es a topology on R ~ wi th base the 

collection f<rN,s~)afr,s&R). By 7-12 the induced 

topology on R~ is the interval topology. By 6-29 the 

induced topology on R~ i8 the p-unit topology. 

Proposition 7-14 

If P, Œ are !-fields, F a sub-f-field of G and 

F order dense in G then F c is ·1-1somorphio to G c.. 

Pro of 

If a;, p &G c:. and a;< p then by 2-18 ( 2) and 6-25 

there exista g,h&G auch that cz<g<.œ;"<h<f3• llow 

there exista reJ· auch that œ<s<r<h<p since F order 

dense in G 80 P order dense in Ge. As in 7-12, Fis 

dense in Ge in the interva1 topo1ogy so by 6-29, F is 

dense in Ge in the p-unit topo1ogy. By 6-16{3), Ge is 

1-isomorphio to r c .• 

Ooro11ary 7-15 

If F, G are f-:tie1ds auch that P~G~Fe then 

F c. is 1-isomorphio to G c • 

Proo! 

By 6-27(3), F is order ~ense in Pc 80 F is order 

dense in G 80 b7 7-14, G c. is 1-isomorphio to Fe • 



For the rationals, Q, define Qc to be the reale, 

fR. If F a aub-f-field of fR then since Q 6F by 7-15 t 

Fe is 1-isomorphic to /R. !rhus tor any sub-t-tield, 

:r, of the reale, fR, take Pc to be fR. 

Lemma 7-16 

If for R each RM is a sub-f-field of the reale, 

55. 

IR, then the collection. f <m,n,v> J m,neQ and v open in m1 
is a base for the topology of e . 
Pro of 

Since R convex, Q is a sub-f-ring of R. Also Q 

is order dense in each R~ • Consider any (r,s;V) and 

any cxe (r,s ;V) • Then there exista MeV auch that aeR~ 

and rM <a <sM and alao there exista m,n&Q auch that 

rt'\<m<a<n<sM• Let W = ftrlrN<mJn(x}n:~sNj ()V eo 

by 7-9, W i8 open in in and M&W 80 ac (m,nJW) • If 

pc <m,n;w> then there exista NeW auch that peR~ and 

rN <m<p<n <sN 80 that pc (r,s;V) • Thus 

ac <m,n;W) $;; q,s;V) so the collection 

( <m,n;V)} m,n&Q and V open in 7nJ is a base for the 

topology of Id • 
Definition 7-17 

If for B. each RM is a sub-t-field of the reale, 

fR t then for each section, f: 1n _,. e de:f'ine f lR s rn-+ fR. 
by f' I'R (M) . • :f'(H) where IR has 'he usual topology o:f' the 

reala. 



Proposition 7-18 

If for R each R M is a sub-f-tield of the reale, 

iR, then a section f: 'in ....... e is continuoua iff tIR. i8 

continuoua. 

Pro of 
1 

llow M&:t-1 ( (m,n,v) ) # MeV and m (f(M) <n 
-1 1 

# M&V and M&fiR (m,n)#M&V/)f~ (m,n). ~hus 

t-' ( (m,n;V) ) • fm' (m,n) (\V. 

56. 

If tiR is continuous then consider a basic open 

set (m,n;V) in S . Now V is open in Î1l and since tiR 

is oontinuous, fm· (m,n) is open in m 80 f- 1 
( (m,n,v) ) 

• ti' (m.,n)(\ V is open in ?'n. Thus t is o_ontinuous. 

If t is continuous then t-' ( <m., nf 711)) 
-1 (\ """' -1 ) . ~ • fl'R (m,n) ,.,. flk (m,n i8 open in '''• ~hus tIR is 

oontinuou8. 

. . 



OHAPTER VIII 

THE RIBG Ol COB!IIUOUS SECTIONS 

In ~his ohap~er le~ R be a 0-ring, Î?1 ~he 

maximal ~-ideal spaoe of R wi~h ~he topo~ogy of 

4-2, and ~ ~he bundle space of R wi~h ~he ~opology 

of 7-11. 

Defini~ion 8-1 

Le~ l be the 8et of all oon~inuous 8eo~ions 

from 1n into cS • 

Proposition 8-2 

lor azq reR, '2-: 1'r\-4 S 18 oon~inuoua, that 18 

" R~F. 
Pro of 

Now, Mer-'( <s,t;V>) # r(M)e <.,t;V) .. 

MeV and sM<r,.. <'Ctt#MefNirN<~N<s,.)()v. Thus 

~-· ( <s,t;V) ) • V(\ f)llr.,. <t"' <•ttl • 
V(\fMir11 <t11l (\ fMI~,_(sM) so by 7-9 î:-'( <s,~;V)) 
is open inln. Therefore ~ is oontinuou8. 

Lemma 8-3 

If fel ~hen -tel. 

'-



Pro of 

Now by 7-4, 2-9, and 2-17(3) 

M&(-f)-1 
( <r,s;V)) # (-f)(M)e 4-,s;v> 

# MEV and r,.. ( ( -f)(M) <sM 

#MEV and (-s)H <f'(M) <(-r)H 

#Me:r-' ( (-s,-r,v) ). 

Thus (-f)-1 
( <r,s;V)) • :r-'( <-s,-r;V)) which is 

open in m a ince fEl'. Theref'ore -:t'El'. 

Lemma 8-4 

If f&l' then{Me1i1./f(M)> 0] is open in m. 
Pro of 

Let A :8 f UER~ fa > 0 and ME nt) • If ~ EA th en the re 

exista Me 7n and reR auch that ~ER~ and 0 < ~ (r11 < ~+1 
by 6-27(3). Let V = {NE1nlrN >oJ then by 7-9, V is 

open in /1l and MEV. Therefore ~E <o,r;V) ~A so A is 

open in S. Now {ME rn lt(H))o) • :r-1(A) which is open 

in. 1n since fel'. 

Lemma 8-5 

If fEl' and S(f) ~ (MeJrl\t(M) ~ OJ then S(f) is 

, ·open in ?n. · 
Pro of 

Binee each R is tota11y ordered then 

{Meirtlf(M) ~ 0) • fME'r~tlt(M):>o)U{ME'rn.J(-f)(M))o). 

By 8-3, -feF so by 8-4, S(f) is open in 1n. 
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Lemma 8-6 
A 

If feP and teR then f+teP. 

Pro of 

Now by 2-9 and 7-4 

Me(f+~)- 1 <r,s;v> ++MeV and rM<(f+t)(M)<:sM 

-4=::> MeV and (r-t)to\ <t(M) <.(s-t)M 

<==>Met-' <!r-t), (s-t) ;v> • 

Thus (f+~r' <r,s;V) •. t-' ((r-t), (s-t) ;v> is open 

in 1n since feF. Therefore f+~eF. 

Lemma 8-7 

If f ,geP, W open in 7n, and tor all 

NeW,f(N) <g(N) then <f,g;W). = . 
{aeR~ IMeW and f(M) <a (g(M) J is open in'tè. 

Pro of 

If ae <t ,g;w> then there existe MeW èuch that 

c aeR~ and since R~ dense in R~ by 6-25 there existe 

r,seR such that f(M) <rM <a <sM (g(M). Let 

v, = [N\~(N) <g(N)l, V:t = {Nit(:tl)<~Ol)J, and 

v3 • {NI ~(li) <i(N)). Since v, = rN\(g-~)(N)> o) 
then by 8-5 and 8-4, V1 is open in~ and similarly 

by 8-,,8-5 and 8-4, V~ is open in ln. Now by 7-9, 
•) 

v 3 is open in m 80 v - v, (\ v 2. (\v 3" w is open in 1n • 
Then MeV and cu: (r,s;V) ~(t,g;W') so that <t,g;W) 

is open in tS • 
Lemma 8-8 

If t ,g&F then f+geF •. 
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Pro of' 

Now b;y 7-4 

Me:(f'+gr' (r,sJV> # Me:V and ~(M) <(f+g) (M) <.'tt(M) 

~ Me:V and (~-g) (M) <r(M) <.(~-g) (M) 

<==:>Me: <<~-g), ( è"-g) ;V) • 

!rhus (f'+g)-1 (r,s;V) • r-' <er-g), (B-g) ;v) whioh is 

open in tn b;y 8-3, 8-6 and 8-7. !heref'ore f'+ge:~. 

Lemma 8-9 

If f'e:F then ltle:~. 

Pro of' 

If f(M)) 0 then Me:W • {N lf(N)> o} and w is open 
c. . 

by 8-4. Sinoe eaoh R 1'1 is tota11y 'ordered the_n 

f(N) = lf(N)I • lf'I(N) for a11 Ne:W. So by 5-11, ltl 
is continuous at M. 

If' f(M) <o then Me:W = {N 1 ( -r) (N) > o) and w is 

O;Pen by 8-3 and 8-4. Now (-f)(N) • lt(N)j = lti(N) 

60. 

for a11 Ne:W so by 8-3 and 5-11, ltl is oontinuous at M. 

If f'(M) = 0 then lf'I(M) • )f(M)\ =o. If' 

1 tl (M)e: (r,e;v> then rM (O <aH. Le~ V1 = r·l <r,s;V>, 

v~ = (-r)-1 < r,s,v> and v3 = V1 f\ v1 so _by 8-3, 'V3 

is open. Sinoe f'(M) = (-f)(M) = 0 then Me:V3 • Now if 

f'(N)~O ~hen ffl(N) • f(N) soif Ne:V1 then 

rN< lfl (N) <aH. Simi1ar1y if f(N) <o then 

ltl (N) = (-f)N so if Ne:V~ then rN ()ff (N)<st~• Thus 

\fl(V3 ) ~<r,e,v) so lrl is èontinuous at M., 

Sinoe eaoh R~ is tota11;y ordered then ltl ie 



continuoue for a11 Me ?rl and ao Jfl eli'. 

Lemma 8-10 

If reR and rM )0 then there exists V open in Î71 

and a p-Unit u in R ~uoh that MeV and rN • uN tor a11 

NeV. 

Pro of' 

Since R convex then feR and 0 < (~) M <rH. B':t 

61. 

6-6 there exista a p-unit v in R auch that vM • (~)M• 

Let u = v Vr and V • {NI v~< rN] so by 7-9, V is open 

in m and MeV • liow UN • VN V rN • rN for a1l.lfeV • 

Since u~v then ut\ )vH )O for a11 lie 1n by 2-9 and 6·5• 

!hus by 6-5, u is a p-unit in R. 

Lemma 8-11 

If teli' and u a p-unit in R then ~eP. 

Proo:f 

Since u a p-unit in R then by 2-18( 6), .fr a 

p-unit in R and (~)M • ~)o. If r 11 <s11 tor a11 MeV 

then by 2-17(25) .and 2-9, (.rr)
11 
<(~)M tor a11 MeV. 

Now by 2-17(25), 2-9 and 7-4 

Me(llff
1 

<r,s;v> #MeV and rM<\l(M)f(M) <sM 

~ MeV and .:E.!1 <t(M) <..!tt ~· 
UH UM 

MeV and Œ)H <f(M)< ~)11 ~Met-' <i•i;v) . 
Thus (Qtf

1 
<r,s;V) • t•1 <~,-s_.·;v) which is open in 

7l1aince teli' s~ ~feli'. 

-' 



Lemma 8-12 

If f,ge.P then {Mei'nlt(M) <g(M)] is open in m. 
Pro of 

Now {Me.ÎYl}t(M) .(g(M)j • {Me.rrt/(g-f)(M)) 0]. B;y 

8-3 and 8-8, g-t&P so by 8-4, {Me.1'rl.l(g-f)(M) )Oj is 

open in 1n. 

Lemma 8-13 

62. 

If f,gcP and g(M) = 0 then fg is continuous at M. 

Pro of 

By 6-25 there exista teR s~ch that 

0 'lt) (M) < t 11 <( ltl +1) (M). By 6-6 there exista a 

p-unit u in R auch that u M = tH • Let V • fNfltf (N) <11(N)) 

then by 8-2, 8-9 and 8-:-12, V is open in 7n • If 

fg(M)e. <r,.s;W) .then MeW and rM<o<sM. Let ............... 
x • {N 1 }gJ (N) < (8 ~-r)OO}then by 8-2, 8-9 and 8-12, 

X is open in m. Now st\)0 and (-r)M)O 80 

' ~ (M) >o since R~ is tota11y ordered and by 2-18( 6) 

and by 2-17(25)·. Now lgi(M) = \g(M)I = 0 80 Me.X. Let 

Z • V(\ W (\X then Z open and M&Z. If' NeZ then 

\:tg\ (N) = \fg(N) l • 1 f(N)I lg(N)J 

• Jt\ (N) tgl (N),!l(N) \gl (N) <~(:ri)f\(~)(N) 
' . 

by 2-17(1,25) 80 that by 2-23 and 2-17(23) 

~(N) <tg(ll)<"(li). ~hus fg(Z) s:; (r,8 ;W) and Mez- 8o 

that fg 18 continuou8 at M. 



Lemma 8-14 

If fEP and rER then ~fEP. 

Pro of 

If ~(M) = 0 then by 8-2 and 8-13, ~t is contin

uous at M. If :t(M) >o then by 8-10 there exista V open 

in in and u a p-unit in R such that MEV and ~(.N) = 9(N) 

for a11 NEV. !nhus (t:lt) (JJT) • (~f) (N.) for a11 NEV so b7 · 

8-11 and 5-11, ~f 18 continuous at M. If ~(M) <o then 

(-;:) (M) > 0 so b7 above and 8-3, (-;:') ( -t) = ~t is 
c 

continuous at M. Since each R" is tota11y ordered 

then ~f i8.continuous for a11 ME tlnao ~fE~. 

Lemma 8-15 

If f 1 gEF then tVg, f/\gEF. 

Pro of 

Since R co~vex ~ERo .Now S is an t~ring by 7-4 

80 tV g = ® (f+g+ lt-gl) by 2-18(7). So bJ 8-3, 8-8, 

8-9 and 8-14, tV gEF. A1so b7 2:_17(23) t/\g ·• -(-tV-g) 

80 by 8-3, .1: 1\gEF. 

Definition 8-16 

If UES "and u(M) ~ 0 for a11 ME m then define 

à(M) • ufM) • 
1 1 . c. 

Note that ÜES 8ince u(iï)ERM • 

Lemma 8-11 

UES is a unit in S iff u(M) # 0 tor all MEin. 



Pro of 

If u(M) F 0 then (u>(ff)CM) = u(M)ufM) = 1 so 

u is a unit in s. If ueS is a unit then there exista 

veS auch that uv = 1. Thus for a11 Meln, u(M)v(M) • 1 

so u(M) 1 0 tor a11 Me1n. · 

Lemma 8-18 

If ueP then u is a p-unit in P iff u(M) > 0 tor 

all Mem. 

Pro of 

If u a p-unit in F then u(M) .)0 for all Me m by 

2-9. By 8-17, u(M) -# 0 a ince u a unit in S so u(M) > 0 

tor a1l Me 7n. 
· If u(M) ) 0 tor a1l Me 'm. then ~eS by 8-16. If 

~(M)E <r,s;V). then r,.,(~{M)<s,., and MeV. Binee 

u(M))O then by 2-18(6), ~(M)>o so by 2-9, 

~(M)') "(rVO) (M) and since R~ is totally ordered. By 

6-25, there exista teR, (rVO)M<tM(~{M). Let 

W = JxJ {rVO)N(t N<sNJ ()V then MeW and W is open by 

· 7-9. Therefore -i<M)e (t,s;W) ~ (r,s;V) • How bJ 8-10 

there exista open sets Ua and Ua and p-units v,w in R 

such that vN • tN for all lieU• and w N = sN tor all 

lieU,_ and al8o MeU1 (\ U 4 ·• Let X = U 1 (\ Ul (\ W 80 MeX 

and~(M)e <v,w;X) <;;<t,s;W). By 2-18(3),(~)N<~)N 

tor al1 lte:X: and X is open 80 let Y • u-' < ~' ~;X) . 



Now (-è) M < u(M) < (!) 1'1 by 2-18{ 3) so M&Y. If N&Y 

then N&:X and(~) <u(N)<~~JN so by 2-18(3), . N 
vN(~(N)<wN • Thus ~(Y) ~<v,w;X) ~<r,s;V) 
and M&Y. Thus ~ is continuous tor .a11 M& m so ~&l. 

· Sinoe u(M)~(M) • 1 for a11 Me m the~ u ~ • .1 ·80 u is 

a p-unit in ~. 

Lemma 8-19 

If' f&F and :f'(M) )0 then there exista V open in 

fn and u a p-unit in F auch that M&V and f(N) • u(N) 

:t'or a11 N&V. 

Pro of 

By 6-25 there existe reR auch that 0 <rM <t(M). 

By 6-6 there ·existe a p-unit v in R auch that 

vM • rM • Let u • 9 Vt so by 8-15, u&l. Bow 

u(N) ~ 9(N)) 0 ·:t'or a11 Ne m by . 6-5 so by 8-18, u is a 

p-unit in l'. Let V • fN I9(N) (t(N)) so by 8-2 and 

8-12, V is open in in and M&V. Since each B.~ .is 

tota11y ordered then for a11 N&V, u(N) • f(N)\f~(N)•:f'(N). 

Lemma 8-20 

If ftF and u a p-unit in F then uf&P. 

Pro of 

)tow u(M))O for a11 Me rnby 8-18 so by 2-18(6) 

and 2-17{25),. ~(M)(i{M) iff ~fii<~f~~ for &n7 r,s&B.. 

~fi' A1so by 8-14, Ü'Ü&P. Now by 8-18, 2-18(6) and 2-17(25) 



Me:{uf)-1 <r,e;v> ~ ~(M)<.(uf){M)<~(M) and 
"' " "' 1\ Me:V ~ ~(M) <t(M)(~(M) and Me:V ~ M&f ""1

( ~,.;;v). 
A ,... 

Therefore {u:tr' <.r,a,v> • :t ... <'i•i;v) whioh is open 

in 1n by 8-7 and thua ufcF. 

Lemma 8-21 

If f,g&F then fg&F. 

Pro of 

Let Mc m and conaider (fg)(M) • f(M)g(M). If 

g(M) • 0 then by 8-13, tg is continuous at M. If 

g(M)) 0 then by 8-19 there existe V open in 7n and a 

p-unit u in F auch that MeV and u(B) • g(B) for a11 

N&V. Thus (fg)(B) • (fu)(B) for a11 N&V so by 5-11, 

tg is oontinuous at M. If g(M) <. 0 then ( -g) (M) > 0 by 

2-17(3) and 7-4 ao tg • (-f)(-g) by 7-4 and by above 

fg is oontinuous at M. fheretore tg is oontinuous tor 

a1l Mc frlso fgdt. 

Pro position 8-22 · 

~ is a convex f-ring. 

Proo:f' 

Now S is an f-ring and by 8-3, 8-8, 8-15 and 8-21, 

P ia a aub-1-ring_ of S ao by 2-14, ".1 is an t -ring. If 

. f&:P and f)1 then by 7-4, f(M))l)O for a11-Mc?nso by 

8-18, f is a unit in ".1. fheretore by 3-l, P ia oonvex. 
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67. 

Lemma 8-23 

If for f&F and u a p-unit in F for each M 1 , M.t & ifl 
there exista s&R auch that lG(M~)-f(Mi)l <(u(M~) for 

i = 1,2 then there exista r&R auch that \~-tl ,u. 

Pro of 

For a given M& 1n let s 11 &R be auch that 

J fH (N)-f(li)J <u(N) and\~ (M)-f(M)( <u(M). Let 

V N = {Qj~ (Q)-f(Q),<.u(Q)) then by 8-3, 8-8 and 8-12, 

V N is open in m and by 2-23, N&V N so fv N/Ne 'Jn) is an 

open cover of m. By 4-3, 'in is compact so a fini te 

suboover of {v11 /Be1nJexists, say for HpH~,··•,Hp. 
,A A 

Let tM • st.J•J\ • • • 1\a'tJP so tM &R and t" (Q)~-.NL (Q) 

for all Qe ln. For any Qe 1n there exista V t.Jl auch that 
A 

QeVN· so sNi (Q)-f(Q) <.u(Q). Therefore 
l'! " /"':. 
t"' (Q)-f(Q)~sNi(Q)-f(Q)(u(Q) by 2-17(2) so by 

À 

2-17(2), tM (Q) (f(Q)+u(Q). for all Q& m. Since each 
c. R Q is totally ordered the re exista N;, auch tbat 

tM (Q) • ~i (Q). Let WM • è\ ÎQ 1 tNl (Q) '>f(Q)-u(Q)) .... , 
then &8 ab ove W M 18 open in m and b7 2-23 and 2-17 ( 2) 1 

r.. A 
M&W11 • , How t"' (Q) = aN& (Q)) f(Q)-u(Q) for all Q&WM • 

Then {wMfMenll is an open cover of Î'Yl so a finite 

subcover exista say for M1 ,M 2, • • • ,M't • Let 

r = tM• V • • • Vt 11t so reR and ~(Q) ~ f'1t(Q) for_ all 

Q& 'tn. Now !or any Q& 1'ft there exista WH. auch that 
l'! c. 

Q&W Mi so that ~(Q):.?; t M;(Q) )f'(Q)-u(Q). Thus for all 

Qe1n.,, r(Q) )f(Q)-u(Q) so by 7-4, ~)f-u. Since each 



R ~ is tota1ly ordered then there exista M Î. auch· 

that ~(Q) = ~i (Q) and so ~{Q) <'..f(Q)+u(Q) for all 

Qe?n. Thus by 7-4, ~'f+u and so by 2-17(2) and 

2-23 t l~-fl 'u. 
Lemma 8-24 

For any f&P, u a p-unit in F and any M1 ,M2& m 
there exista s&R auch that jf(Ml )-~{Ml)\ <u(Ml) for 

i = 1,2. 

Pro of 
c. 

By 6-27(1), RMi is dense in R 11l for the P-unit 

topo1ogy and by 2-18( 5), ~(Mi ) is a p-unit in R ~l • 

Thua by 6-18, there existe a 1 ,a2 &R auch that 

\~t(M.:}-f(Mi)l "~(Mt.) <.u(Mt) by 2-17(25). If M1 = M2 

let a = s 1 • If M 1 1- M1 then by 4-4 there èxiata 

r 1 ,r2 &R auch that ML&S(ri) for i = 1,2 and 

S(r1 ) f\S(r1 ) • -· !hus ~. (M 1) 1- 0 1- ~1 (M,) and 
A ~ • 
r 1 (M,) = r 1 (M 1 ) = o. Since R Ma is a fJ.e1d by 7-l 

' · then there exista t 1 &R auch that Ç', (M, )t1 (M,) • t (M 1 ) 

and simi1ar1y there exista t 1&R such that 

A. " """ rt(M~)t~(M1 ) = a~(M~)o Lets= r 1 t 1 +r1 t 2 then s&R and 

~(M 1) = ?, (M, }~1 (M1 )+~2 (M 1 )~2 (M 1) • ~~ (M 1 ) and 

similarly ~(M2 ) = ~1 (M2 ). Therefore 

\~(Mt)-f(Mt>l .(u(Mc:) for i = 1,2. 

Note that as F is a convex f-ring the p-unit 

topo1ogy can be detined on it: 

Proposition 8-22 
A 

If F has the p-unit topology then R is dense in F. 

_, . --·-. .. ·-- . if 
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Proo:f 

BW 8-23 and 8-24 for any f&P and any p-unit u 

in F there exista r&R auch that \f-~l (u. Thus by 

6-18 and 6-2 every neighborhood of f contains an 

element of i so ~ is dense in F. 

Lemma 8-26 

If u a p-unit in F then there exista a p-unit 

v&R suoh that 9' "u· 

Pro of 

Sinoe F is convex then 4 and 8 are p-units in 

F so by 2-18( 5, 6) t and t are p-uni ts in F. By 8-25 

there exista veR auch that J9-~~~~ so by 2-23 and 

2-17(2) o<i • (~- :)'~'(1+ 'f) • ~<u. Thus 

0 <. 9 <u and ~(M) ;>!CM)> 0 by 7-4 so by 6-5 v is a 

p-unit in R. 

Proposition 8-27 

The p-unit topology on F induces the p-unit 
6 topology on R. 

Pro of 

Let I~u} = {f&P fltl 'uj for u a p-unit in F 

and I'R(~} = f~&lt \lrl ~ç J for ~a p~unit in ft. By 

. 8-26 for any IF(u) there exista a p-unit v in R suoh 

that IF(~) ~I F(u). Thus by · 6-2 the collection 

{IF(9)19 a p-unit in~) is a l'?cal base at 0 for the 

p-unit topology of F. Now IF(~)(\~ = I~(9) so that 

the collection {I ~(9) \9 a p-unit in R} is a local 



base at 0 in the topology induced on~ by the p-unit 

topology on F. Thus by 6-2, the topology induced on 
A 
R is the p-unit topology. 

Definition 8-28 

A set V in a convex !-ring R is u-small where 

u a p-unit if tor all x,yeV lx-yi ~ u. 

Lemma 8-29 

If R is a convex t-ring with the p-unit uni

formi ty then a til ter, C , on R is Cauchy itt tor 

all p-units, u, in R there existe veC auch that V 

is u-small. 

Pro of 

The result tollows from 5-14, 5-2,, 5-24, 6-9 

and 8-28. 

Lemma 8-,o 
If R is a convex t-ring with the p-unit uni

formity then a Cauchy filter, ~ , on R converges to 

seR iff tor every u-amall set Ve l:, lv-sf (u for all 

V&V. 

Pro of 

Let C be a Cauchy fil ter on R and s eR su ch 

that tor any u-small set VeC:, \v-si 'u for all VeV. 

Let W IJ • f reRI 1 r-s l ' u) th en by 6-2 and 6-18 the 

collection {Wulu a p-unit in R) is a local base at 

s in the p-unit topology. By 8-29 there exista 
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VEC: auch that V is u-smallL so by condition V~Wu • 

By 5-5 and 5-l, C converges to s. 

Let C. be a Cauchy fil ter on R converging to 
' 

sER and let VE C be a u-small set. If there exista 

VEV auch that lv-sl4;u then there exista ME m auch 

that lv-al,.. :/:uH by 7-4, 7-5 and 7-6. Binee each RM 

totally ordered then lv-ar fil > u 11 80 by 2-17 ( 2' 25) and 

2-18(5,6) (lv-sJ -u)"'>o. By 6-6 there exista w, a 

p-unit in R auch that wt'\ = (1v-~' -u)M. Now if Ww 

is as above and if rEVf"\ Ww then \r-a\'- w and lv-rl ~u 

by 8-28 so by 2-17(14, 2) h·-sl'- \v-r\ +Ir-si 'u+w. Then 

by 2-17(2) and 2-18(2) 

lv-s 1 M 'uM+wM '(lv-~l +u) .(\v-s lM • This is a contra-
. " 

diction so Vf\Ww =~·and thus by 5-2 and 5-6 s is not 
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an adherence. point ofC. So by 5-10, sis not a limit 

point of C which is a contradiction. Therefore for 

all vEV, lv-s 1 ~u. 

Lemma 8-31 

If feS auch that for all p-units ueR there, 

exista rER auch that )f-~l~Q then feF. 

Pro of 

If f(M) e <s, t ;V) then MEV and sM <f(M) <tM 
G 

and since R M is tota1ly ordered then 

(f(M)-sM ) AC tM -f(M)) )o by ·2-17(2). Since R..,dense 



' c. in RMthere exista veR auch that 

o<v 11 <(f(M)-sM) /\(tM -f(M)) and by 6-6 there exista 

a p-unit ueR such that uM = vM • Let 

W = fNI(s+~)N<(t-~)Njf\V so by 7-9, w is open in Yrl 
and by 6-5 and 2-17(2) <<s-1),(t-~);w) ~<,,t;V). 

Then by 6-5, 2-17(2) and 2-18(5,6) 

(s~)M < (s+u)M (.f(M) <Ct-u)M <:.(t~)M and MeV so 

MeW. By assumption there exista reR auch that 

lt-?1 ~{t) so let X = ~-1 <Cs+~), (t-1-) ;W). If' N'eX 

then rN< (t-t> ti so by 2-17(12,2) and 6-5, 

f(N) ~(r+~)N <. t N. Similarly f'(N)) sN and NeW so 

f'(X) ~<s,t;V) •· Also by 2-17(12), rM<f'(M)+{~)M 

80 by 6-5 and 2-17(2), r+ffi')tt'\ "- f(M)+uM<t M and 80 

rM(tM -(t)H • Similarly sM +œ:),.. (rM and MeW so 

MtX. Now X is open 1n 1n since 9e~ so f' cont1nuou8 

at M. Thus f' continuous at all Mt 1rt so f'eF. 

Lemma 8-32 
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Under the natural mapping of R onto R 111 let the 

image of V ~R be V H and the image of a fil ter, C , be 

C11• If V is a u-small set in R then V M 3:s a u~ -small 

set in R H • If C is a Cauc~ fil ter 1n R then CM i8 

a Cauchy fil ter 1n R M • 

Pro of 

If' ~,yeV M then there exista r,stV such that 



~ • rM and y = st-1 and since by 8-28, lr-sl ~u then 

by 2-9, \rM -sHI ~uH • 

If a a p-unit in R M then by 6-6 the re exista a 

p-unit v&R auch that vM • a. Thus if \r-ai' v then 

by 2-9, \rM -sM\ 'v" • a so by 6-10 the natural mapping 

is uniformly continuoua. Thus by 5-26, CM is a Cauchy 

fil ter on R lit • 

Lemma 8-33 

If C a Cauchy .fil ter in R then (; M is a Cauchy 

filter base in R~ and has a unique limit point in R~ • 

Let lim (;._ be this unique limit point. 

• Proof 

By 8-32, CH is a Cauchy fil ter on Rtl so by 5-25, 

CM is a Cauchy fil ter base on R~ • Now RH is a C-ring 
c 

so by 6-16, RM is a Hausdorff. and complete space in the 

p-unit uniformity. By 5-28, C'1 has a unique limit 

point in R~. 

Lemma 8-34 

If C a Cauchy f'ilter on ~ def'ine f'&S by , 

f'(M) • lim G M then f&F and C converges in F to t. 

Pro of' 

If V& C is a 0.-amall set, ~ a p-unit in ~. then 

V M is u "'-amall in R ~ by 8-3 2. Since G M converges 

to f(M) then by 8-33 and 8-30·, \~{M)-f(M)l "~(M) for 



all ~&V. Thus by 7-4 and 7-6 1*-.f J 'G: for all ~&V. 

Now by 8-29 there existe V& C such that V is û-small 

"" "" for any p-unit u&R so that for any p-unit u&R there 

existe ~&R such that \~-.f\ ~G.. There.fore by 8-'31, 

.f&P. 

Let ~ be the Cauchy .filter on F generated by C 
and let W& IJ be a v-small set, where v a p-unit in F. 

Let If M be the image of b in R ~ • Now IJ M and CM 
are bases for the same .filter on R~ so ~Hconverges 

in R~ to .f(M). :Now lw, -wa 1 '-v for all w1 , wa &W so by 

7-4, )w, (M)-w1 CM))~v(M). There.fore by 8-'30 

\w(M)-f(M)l~v(M) for all WEW and thus by 7-4, 

lw-tl~ v for all w&W. Since fEF then by 8-'30, JY 
converges in F to f. 

Proposition 8-'35 

P .is complete in the p-unit unif'ormity.' 

Pro of 
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The result f'ollows from 8-25, 8-27, 8-'34 and 5-29. 

Proposition 8-36 

F is a 0-ring. 

Pro of' 

If f&F and f' .,1. 0 then there existe M& ln such that 

f'(M) .,1. 0 so by 7-4 and 2-17(9,13), ltl (M) >o. Now by 

8-19 there existe a p-unit u&F auch that u(M) = \f'I(M) 
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so by 2-18(5,6} and 2-17(25), ~)(M)~Ifl(M). ~hus 

f.ii~) and so (\ (I(v) \v a p-unit in F) • {oJ. Therefore 

by 8-22, 6-7 and 6-3, F ia a 0-ring. 

Theorem 8-37 

F is the completion of R. 

Pro of 

By 8-36 and 6-7, Fis Hausdorff in the p-unit 

topology and by 8-22 F is a topo1ogica1 !-ring in the 

p-unit topology. F is complete in its ring uniformity 

" by 8-35. By 8-25, R is dense in .F and the topo1ogy 

induced on~ is the p-unit topo1ogy by 8-27. By 7-6, 

R is ). -isomorphic to ~ and R is homeomorphic to ft 
since both have the p-unit topo1ogy. ~herefore by 

6-16(3), Fis the comp1etion of R. 

The fo11owing resu1t answers the questions raised 

after 6-16. 

Oorol1ary 8-38 

If R is C-ring with the p-unit topo1ogy then its 

completion, Re , is a 0-ring with the p-unit topology. 

Pro of 

~he resu1t fo1lows from 8-36 and 8-37. 

As an application of this theorem consider 

Archimedian !-rings. 

Proposition 8-39 

A bounded convex Archimedian f-ring, R, is 
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1-isomorphic to a sub-f-ring of C(?n), the ring 

of continuous real valued functions on the maximal 

ideal space of R, and C(fn) is the completio~ of R. 

Pro of 

By 7-1 and 2-26(1,2) for all Me:7n, R M is a 

sub-f-field of the reals. By 2-26(3), R is a C-ring 

so by 7-18, ~ is ~-isomorphic to C(1n). Thus C(7n) 

is the comp1etion of R by 8-37. 

Corol1W 8-40 

A bounded Archimedian f-ring, R, is ~-isomorphio 

to a sub-f-ring of 0(~). 

Pro of 

If. i•!e:"ïr and n(~) .( ~ for a11 positive integers, 

n, then by 2-17(1), n(ad),bo and by 2-25(2), ad~O. 

Thus by 2-17(3), -(ad).)O so by 3-4, -a~O. Then by 

2-18{~) and 2~17(1), :r:~o so that by 2-17(3), -i-'o· -Therefore R is Archimedian. 

Since R a sub-f-ring of 'ir then by 8-39 and 4-6, 

B. 18 ..t -isomorphic to a sub-f-ring of 0( m>. 
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