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AB ST RlI,. CT , 

Methods of analysis for beams with circular ho1e~,_ 

both mid-d~pth and eccentric, are investigated for bath 

unrcinforced and circular1y reinfo~ced holes. An approximate 

m(~thad -of analysis is developcd in w~ich regi..ons of a ,bearn 

around a 'hale are anal~Cd\as curved beam sections and the 

stresses are calcu1ated ac~ordinglY. In applying this 

approximZl.t lon to ctrcular1y reinforced holes 1 rnodified cross-

sections arc used in calculating the stresses because of 

secondary bending of the curved reinforcernent flanges. The 

application of the theory of elasticity method is discussed 

for the case of unreinforced holes. Rxperiments are described 
• 

and i t is shown thZl.t in the ca~e of 1.lnreinforced holes, the 

curvcd beam approximation is more accurate than the theory af 

elasticity solution in predic~ing hole edge stresses for large 

holes and un(Jr.:r high shea.r-·to-rnornent ratios. This method is 

also found to be suitable for use in design of circular 

i 



• 

• 

; . 

reinforceJTiën ts for the type of holes considered. 

Design aids ln the forro of moment~shear interaction 

curves for unreinforced holes, and a cpmputer prograro for 

reinforced holes are' presented. 
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( Peter \'J.K. Chan 

Département c1et~énie civil Thèse 

et de m6caniq~e appliquée, Hars, 1975. 

Uni ve rsi té HcGi Il, 

Montréal, Cpnada. 
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RES ur~F 

J Les méthodes ana]yti~ues pour des poutres aux trous 
(f 

circulaires', à cîemi-profondeuy et excentriques, sont étudj (cs 

pour des trous non-renforcés et circulairement renforcés. 
f 

Un~ méthode approxlmative d'analyse est développée dans laquelle , 
les régions d'une poutre autour d'un trou· son t analysées ç:orrme 

des sectlons de poui res courb08s et les contraintes' sont .. 
calculées en conséquence. En appliquant cette approxtmatioll 

aux trous circulairement renforcés,~es sections transversales 

modifiées sont utilisées dans le calcul des contraintes à cause 

de flexions secondaires des collets de renforcement courbés. 

L'application de la théorie des méthodes d'élasticité est 

discutés pour le cas des trous nùn-renforcés. Les essais sont 

~éGrits et il est montré que dans le cas des trous non-renforcés 

l'approXlmatiun pour les pout1C courbées est plus précise que la 

s~tion de la théorie d'élastid té pour la prédiction des 

contraintes aux bords des trous pour des gros trous avec des 

rapports élevés de cisaillement au moment . Cette méthode peut 
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être aussi appliquée dans la conception de renforcements 

circulaires pour les types de trous ~onsidérés. 

Des supports à la conception sous la forme de courbes 

d'interaction de moment-cisaillement pour des trous non

renforcés et un programme d'ordinateur pobr léS trous renforcés 

sont attachés. , , 
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.' FORBNORD 
) 

Thr~e of the chapters presented in this thesis are 

writton in the form of papers, two of which were published 

in journals and the third will be submitted for publication 
, , 

on a lat.cr date. Other materials not includcd in these papers 

are describcd and discussed in other chapters. 

Chapter l prowidcs a full introduction on the subject. 

Chapter 2 wi tlf Appendix l "lhi ch deals wi th unreinforced 

holes was publlshed as a paper in the proceedings of the 

American Society of Civil Engineers under the title of 
~ , 

in Beams with Circular Eccentric \\Teb lIoles". (Ref. 6) 

~ 

"Stresses 

Chapter 3 which deals with circular reinforced hales 

lS written in the for~ of a paper to be submitted for 

publicatj'on in a journal. 

Chapter 4 describes the experimental set up and 

testing procedure. 1 .' 

Chapter 5 which provides desigo aids for the design 

of unreinforccd hales was published as a paper in the "F:roceeélings 

of the American Society of Civil Engineers under the ti tle of 

"Design l\ids for Beams with Circular Eccentric Web Holes". 1IJ 

(Ref'.16) 

Chapter 6 is the Summary and Conclusions. 

xi 
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Appendfx Vlil,I contains addi tional experirneptal results 

, \olhich supplement those given in' Chapter 2. The results given 

in this ~ppendix were not included in the paper reproduced 

as Chapter 2 for reason of conciséness. 
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NOTl',TlON 

A - area of gross b-eam section; 

~ - area of vertical top sections; 

Af - area of one flahgei 

A w 

Acp 

b Ci 

- area of unperforateo web (~dW)i 

- area of inclined~ns defined by angle cp; 

- width of flange; ~ 
- actual projecting width of reinforcem~nt flange; 

b' - effective proj ecb nq width of reinforcement flange; 
n 

( 

Ccp - distance f~orn the hole edge. ta the centroid of the 

vertical top sections; 
~ 

c --- *-- - distance from the hole edge to the centroid of inclined 
-- ---------

sections; 
..., 

d - overall depth of beam; 

E - Young' s 11ôdulus; 
l' 

e - eccentricity with respect ta the mid-dcpth of beami 

F 
b 

- allowable bending stressi 

F - aIloVlable shear stress; 
v .' 

F 
y - yield stress of stee l; 

G - shear modùlus; 
- , 

1 ... , - moment of inertia of gros.~ beam section; 

lB - moment of inertia of the vertical bottom sections; 

IT - moment of inertia of the vertical top sections; 

lep - moment of inertia of the inclined sections; 

K stress concentration factor; 

xv 
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-. , 

- shear stress pararneter for vertical bottom sections; 

- shear stress parameter for vertical top sections; 
/ 

- moment at hole centreline; 

allowable bending moment based on F~ and the gross 

section of the beam; 

M~ - rcsulting moment at in~~ned sections; 

M~ - bending moment at bottom sections (h'igh moment edge of 

hole) i 
,1; 

~ - bending moment at bottomrsections (10\'1 moment edge of 

hale) ; 

M~ - bending moment at top sections (high moment edge of hole); 

~ - bending moment at top sections (low moment edge of hale); 

N - normal force at hole centrelinc; 

N~ - resulting normal force at inclined sections; 

OB - fir~t moment of area about the centroid of bot tom 

vertical sections; 

Q - first moment of area about the centroi~ of top 
-T 

vertical sectlons; 

R haie radi us; 

r - distance from hole centre to the centre of reinforcement 

flange; 

t - flange thickness; 
" 

t ----thickness of reinforcement flange; 
r 

" 
distance of flange from the neutral axis of inclined 

tee-sections (Figure 2.2); 

-----r), 
~~----------------------------------------------------

(

'l" 
.( , 

c , 
, 

, / 
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• Uz - distance of the web-fI ange interface from the neutral 

axi s of inclined tee- sections (Figure 2.2); 

v - shear force dt hole centreline; 

- shear force at the bottom section; 

- shear for~ at the tûp sectj 011; 

- allovlable shear force uG.sed on F and the gross section v 

of the web; 

w - web thickness; 

Z - property of area; 

Ct. - a ratio (obtained from Ble i ch' s solution) i 

B - angle measurcd from the" horizontal through the hale centre" 

r - ratio of -rnaximum norrina1 shear stress ta Ti 

<p,e - angle measurcd from the vertical through the hale centre; 

° - nominal bending stress at 0J,+p'side fibre of the beam 
, . " 

based on gross sect jan; 

-OJ; ------------ben din g-----s-t-re-s-s -at- -BGle edge;-

0t - tangential stress at hale edgc; 

T - nominal average shear stress based on gross web area; 

TB ,max - maximum shear stress of vertical bottol1\ sections; 

T - maximwn shear stress of vertical top sections; T,max . Q 

~T - 1ength of \'leb of any vertid~~;t~- top tee- se cti on (fIgure l • 2) ; 
. , , 

;0 - 1ength of web of vertical tOll se ction at hale ends {Figure T 

I.2} " 

- --~-- ----------
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CHAPr:I:ER l 

INTRODUCTIO~ 

1.1 General 

~Distribution of mechanical services such as 

air-condi tioning, heating and v:ater supplies becomes an 

integral part in the planning of present day buildings. These 

mechanical systems are usually distributed vertically, from 

floor to floor through openings on the floor slabs provided by 

" 
the architects, and thon distributed horizontally on each 

floor. For floor syste~s supported by open web steel joists, 

-. . 

these systems pass through the open web of the joists. 
\ 

However, 

in the past, when beam-girder floor systems were required to 

support heavy live loads and wh en no information was available 

regarding web holes in beams, these systems were usually 

located beneath the structural floor, that is, belo~ the beams 

and gi rders. This ;r-esul ts in the in~rease of floor to floor 

height and c~nsequen~ly ~he ove raIl height of the building. 

With the high cost of construction matcrial, and the extra 

costs in heating and air-conditio~ing due to the increased 

volume of H·(.> bui Iding, this becomes an expensi ve practice. 

TÎlcrefore more frequ0'!nt.ly, archi tects and engineers are 

specifying that access openlngs be providcd in beams and 

girders for the passage of service ducts . 

- ] -
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However, 

, , 
--

-

-." 

Castellated beams provide one pos~ible solution. 

since only a few openings are usually required along 

the ·length of. the beam and many di fferen t beam sections may be 

involved, the- high cast of fabricating these beams generally 

re~cts their uses at least in North America. The other 

solution is to cut:holes in the webs of st'ructural beam 

section~ in locations where access openings are required. They 

may be rectangular or circular in shape depending on their 
/ 

usage. 

At present, a des{gner is permitted, according to CSA 

Standard 816-1969, to'locate opcnings in the webs of beams 

without performing any analysis based on the net seçtion of the 

bearn provided that these openings satisfy a certain nwnJ."J-:r of 

requirements. These are:'(l) the beam is simply supported and' 

is designed to carry uniform loading, (2 ) the beam section is 

symmetrical, (3 ) the openings are Iocated within the middle , 
third of the depth and middle half of the span of the beam, and 

(4) the spacing between the centres of hm adjacent holes 

shouid be a minimum of two and a half ti~es the diameter of the 

larger opening. However, the above requirements are very 

restricti ve. Therefore, in the past fevl years, a n umber of 

methods of analysis and design have been suggested for beams 
, 

containing circular or rectangular holes. These are reviewed 

in the next section . 

r -:-.. 

- 2 -
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1. 2 Previous vlork 

HelIer et al~l 1 ,12 first attempted to investigate the 

stresses around a rectangular hole ,wi th round corners in a 

plate subjected to bending, shear and axial load using methods 

based upon the theory of elasticity. This work is based on 

the assumptlon that the size of: hale is srnall compared to the . . ' 
plate, i tself, and that the edge of the üpening is remote from 

the applied load. Sol utions were obtained using the complex 

variable metl'od of Huskheli-shvili. Expli ci t expressions were 

given for the hole edge stres~cs as a fLmction ff mapping 

1\1 t110Ugh the \analysis are 

based on 'a rcctangular hole \'71. th round corners, \he solution 

coefficients and applied loading. 
1 

is also valld for circular holes provided the appropriate 

mapping coe [ficients are used. Sol ution~; for holes which are 

eccentric vHth the ceni...rE:.line of the plate 'are also given' in 

the appendi x of Re f. 12. 

V (/ 
Bower 1 also used the theory of elasticity method to 

dev~~op an analytical method to oredict the elastic stresses 

around circular holes for wid~-flange bCël,1S subjected to 

uni form 1 oads. StresS0S were considered not just at the hale 

edge but throughout the web. The applicability of this 

analysis depends on the shear-tD-moment ratio as well as the 
, 

/ 

hole diameter-to-beam depth rat:'io'- The author concluded that 

the analysis Vlould be deficient for hol~s wi th diaPleter-to-depth 

• 
- 3 -
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ratio bigger than 0.5, and for high sheâr-to-moment ratios. 

A series of tests on W16x36 bearns were carried out to' 

substantiate the above theory. 

A method of analysis using the Vierendeel truss 

analogy was proposed by Bower 2 for rectangular holes located 

at the mid-depth of the beam. This method assumes that a point 

of counter-flexure exists at the mid-length of the tee~section 
, 

of the beam above and below the hale. At this point, the 

'1 

tee-section is subJected to a shear force VT or Vs which is 

equal ta half of the applied shear at the hole centreline 

(Figure 1.1). The stresS0S at the hole centreline are 

calculated usin~ t~e [lexural formula based on the moment of 
1 ',,-

"-
in~rtia of the net section of the beam. stresses at other 

points of the \ee-section can then be obtained by superimposing 

these stresses WDth that due to local 'bending caused by the 

~hear forc~ at the hole centreline. This analysis has been 

found ta be satisfactory Ln analysing ~ectangular holes. 

The Vierendeel method has been extended by Cooper 

and Snel1 9 to analyse mid-depth rectangular hales reinforced 

by horizontal bars. Satisfactory results were obtained for 

behding stresses for both one sided and two sided rein forcement 

cases. 

Elastic analysis using the fini te element metho'd has 

- 4 -
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been investigated extensi vely at ttcGill Uni versi ty by~ R~dwood 

et al,1, 15. This ap~lies only to circular holes since local 

yielding at corners of rectq.ngurai- "hales makes fully elastic 

analysis unrealistic. Adjçcent circular'holes with different 

spacing betm~en them, and single large holes with different 

types of reinforcements weye analysed by plane stress analysis 

uSlng constant strain triang~lar elements. The results 

obtained were compared wi th experimental and theory of 
.:' 

elastici ty res~11s. 

Analysis of rectangular holes using plastic design 
------.--

method ~as investlgiltcà independently by BOvler and nedwood 4 , 8, l 3,14. 

Although hm diverent a:proaches were followed, they led t6 

similar resuJts. Th~ -~heories are primatily based on a failure 

mechanism consisting of four plastic hinges at the corners of , ' 

the hole. The results are given in the form of moment-shèar 

interaction dlagrams. Each beam and each hole configuration , 

require~ a curve and any combination of moment and shear 

represented by a point on the concave s'ide of this curve i'~ a , . 
safe loadlng. Because of the lengthy numerical co~putation 

, 
involved in obtaining these curves, an approximate solution 

has been suggested by Redwood 13
• By assuming the flange 

,thicJmess of beam is small compared wi th the beam and hale 

depth, the result can be sirnplified and expressed 

non-dimensionally~ Thus one interaction diagram is required 

- 5 -
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for geometri~a11y siMi1ar beams instead of the series of 

diagrams origina11y required. 

The plastic design method can also be used to analyse 

circular holes 13 • In this case, the locations of plastic 

hinges are not clearly known, and therefore many locations must 

be tried. The solutions obtained for these locatlons are then 

plotted on the same interaction diagram and the minimum 

envelope produced represents the appropriate curve to be used 

in design. RE!Ù"lood in Ref. 14 suggested that, for practical 
$ 

purposes~ a circular hole can be represented and analysed as a 

rectangular ho1e of length and height equal to 0.9 and 1.80 of 

the radius respectively (Figure 1.2). This simplified 

procedure proves to be satisfactory provided that a vertical 

'\_and horizontal eut-off are used to account for the under-

estimation of bending and shear capacities at the centreJine 

of the hole. 

It was, Frost 10 who first attempted to analyse 

rectangul~r holes located eccentrical1y with respect to the mid-

.', ~pth ot the beam. Un1ike mid-depth holes, the shear force at, 

the hole centre1ine is not divided equally between the top and 

bottom tee-se~tions (F~~ur€ l.l)~ By assuming that the slopes 

, l' 

and deflections at t~e ends of the top and bottom sections are 

equa1, a re1ationship eXlsts between the shear forces carricd 

by the top and bottom sections. After these forces are 

- 6 -
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\, 
identified, the Vieren'd~el method can then be used to obtain 

the normàl stresses. Four wl6x40 beams containing circular 

eccentric hales were also tested by Frost 10
, however, hole 

edge stresses were measured at only a few locations. Sorne of 

these results dre used for comparison in this thesis. 

1.3 Scope 

The objective of the work described in this thesis 

was: 

(1) ta investigate the ~ehaviour of circular web ho]es, bath 

mid-depth and eccentric, in wide flange beamsi 
" 

(2) ta devolop an approximate method of analysis based on 

simpliflec1 theories such that elastic stresses can be 

obtained easily and efficientJYi 

(3) ta carry out experimental work ta verify the theories; 

(4) ta provide design aids for designers and engineers. 

Although the plastic desi~n method may be preferred as 

a method in éll'éllysing bcams vii th web hales 1 analysis based on 

allowable stress design method (elastic design method) may be 

nec.essnry in sorne' cases, such as for nqn-cornpact beam sections 

and for repeated loading cases-Because 6f fatigue consideration. 

For rectangular holes, local yielding occurs at the corners of 

the hales due ta· stress concentrations even under working loads. ~-'_ 
/ ) 

hinges and ( 1, Because of this weIl defined locations of plastic 

\ \ 
'- ) 
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failure mechanism, the plastic design method is a more rational 

method to use in the design of rectangular holes. Such is not 

the case for circular holes. The stress concentration produced ' 

by circular holes are much lower than those produced at the 

corners of rectangular holes. The stresses in aIl regions of 

the beam may weIl remain elastic under working loads, hence, 

elastic analysis is appropriate. 

The theory of elasticity method has proven to be a 

satisfactory method of analysis for circular holes providing 

they are of small diameters. Although the finite element method 

may be applied to analyse holes of larger diameters, the amount 

of computer time 1 the cost and the involvement in the prepé,lration 

of data generally makes its use not feasible under normal design 

situations. Therefore it is the intent of this thesis to 

formulate methods of analysis for both large and small holes 

based on sorne simplified theories. 

Much of the research done to d~te has been concerned 

with mid-depth' holes. However, situations may arise in which 

holes need be located eccentric ~ith respect to the mid-depth 

of the bea,I'1i theref.2re, analysis of eccentric ,holes is of 

considerable importance. Althoug~ ~ome research Das_be~n done 

for eccentric rectangular holes, information concerning eccentric 

circular holes is still lacking, and special attention is 1 

therefore paid to these • 

• 
- 8 -
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-, CHAPTER 2 

UNREINFORCED HOLES 

2.1 Introduction 
? 

• The stress analysis of beams containing web hales 

has received considerable attention because of the frequert~y 

of occurrence of such holes in building construction. While 

plastic design methods JT\ay be pq:-eferred because of their 

rationality, and because their application to rectangular 

holes has been explored extensively, the allowable stress 

approach to design may be necessary in sorne cases. In 

particular, holes in noncornpact sE'ctions require elastic 

analysis, and the treatment of circular holgs by plastic 

design methods is currently less satisfactory than rectangular 

holes. 2o The stress concentrations produced by circular 

holes are much lower than those produced near the corners 

of rectangular holes, and whereas the latter will normally 

produce local yieldin1 under working loads, the former rnay 

be low enough that stresses under working loads can be kept 

within permissiblè limits. 

Mueh of ..I-he previous work directèd to the analysis 

-- -----------~f ~~bs -~-i ti-~;:-{j~- holes has been--~-;tricted to rnid-depth 

holes. It is probable that designers are more frequently 

concerned with the case of eccentric holes than with mid-depth 

• - Il -
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holes, since'service ducts or piping may weIl ba_~ocated at 
r-

different levels between floors to facilitate any crossing 

which mù.y be necessary. Analysis of eccentric holes is 

therefore of considerable importance. 

The avoidance of fabricating reinforcement is 

desirable on the Î5asJ.s of cost:, and 1 t lS, therefore ;:--. of 

sorne importù.nce to determlne the stress levels around 

unreinforced holes. While sorne specifications 19 permit 

unreinforccd circular holes subject to certain size and 

location limitations, without the need for analysis these 

are, of necessi ty, qui te restri,cti ve. In this paper, more 

general conditions are considcred, so that any practieal 

sized circular vJeb hole can be investigated in terms of 

the maxi~um stresses it produccs. Attention is restricted 

to stress analysis and it is assumed that buckling does 

not occur. The buckling of web and flanges near holes is 

the subject of a current investigation. 

r~uch previous analytj..cal work concerning sueh 

holes has wade use of the theory of elasticity in analysing 

the web as a large plate containing a small hole 1
,12 and in 

although an outline of an analytical procedure for eceentric 

holes has been gi ven in Ref. 12. The ~ccuracy of the theory 

of elasticity solution has been investigated by Bower 1 ,2 and 

- 12 -
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it is clear that the meth~d is seriously deficient under sorne 

circumstances, in particular for large holes and under high 

shear-to-moment ratios, both of which frequently arise in 

practice. Alternative approache's, for mi~-dePth hales, have 

~ been proposed in which parts of the beam,around the hole have 

___ been tre~ted-as_ fraIlle J~1embe:r-s and analysed by eleJ11entary beam 

theory 17 with the inclusiQn of stress concentration factors 

to account for the curved edge. 

The 'b..t\'lO approacbes: (1) Theory of elasticitYi and 

(2) curved beam analysis, are comparcd herein for mid-depth 

holes, and the conditions under which each is most appropriate 

are determined. The approximate approach is then extended to 

deal with eccentric hales by considering the division of 

shear betwcen the parts of the beam abovc and below the hole. 

Experimcnts on large mid-depth hales and eccentric hales are 
1 

described and resul ts compared wi th the analytical solutions. 

Previous e>..-perimcntal results, obtained elsewhere 10 are also 

used for comparison, and it is shO\'1n that the analytical 

methods can be useç ta predict the stress levels in the web 

and ,fI anges \vi th adequate accuracy for design purposes. 

-- ----------+.-2--Ana-lysis- . 

The two approaches are outlined in the following 

for mid-depth tlOles and eccentric holes. The relevant method 

• - 13 -
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to use is considcrcd in a subsequent section, in the light of 

• experimenta1 results. 

2.2.1 Bi d- Depth Holes 

2.2.1.1 Theory of E1asticity Solution 

This theory is outlined in Refs. 1 and 12. A useful 

exp1icit rc1ationship for the tangentia1 normal stress on the 

edge of a hole is given by Eq. 6 in Ref. 12. For the specifie 

case of a circu1ar hole, this reduces to 

+ 4 (-~) (I) r sin 28 
jI all ° 

sin 3S) 

(2-1 ) 

in which 0t= the tangentia1 normal stress on the hole edge; 

Fb= the a110wable bending stress; 1-1 = the applied moment at 

the hole centreline; MalI = the, allovwble bending moment based 

on Fb and the gross section of the beam; R = the hole radius; 

-d ~ the overall beam depth; B = the angle measured from the 

horizontal through the hole centre; T = the nominal average 

bending stress at the outside fibre of the beam, again based 

on gross section; and r = the ratio of the maximurn,nornina1 

• shear stress to T. Exp1icit-re1ationships for stresses in 

- 14 -
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ocatl0ns are not available. Equation 2-1 is valid 

for srnall value of hole diarneter to beam depth ratio, except 

that if the shear-to-rnoment ratio is low, holes with diameter 

equal to or somewhat larger than one-half the hole depth 

may be analysed \-Jith satisfactory results. For larger holes, 

especially if the shear-to-rnornent ratio is not low, the 

followlng analysis is proposed. 

2.2.1. 2 Curved Bearn Analysis 

~ 

In this analysis parts of the beam near the hole 

are treated as individual structural members, and analysed 

accordingly by wcll-established rnethods. The resultant 

forces acting on a cross-section of the bearn through the centre 

of the hole, as shown in Figure 2.1, are ~irst estimated. 

Symmetry reqlures that half of the total shear force be 

carried above the hole, and the rnagnit,ude and line of action 
\ 

of the normal force, N, can be approxirltated by application 

of the simple flexure formula. This can be based on the 

moment applied at the centreline of the hole, and the 

properties of the net section at that location. Stresses 

are then calculatcd for several sections :radiating frbm the 

hole centre, as indicated. 

the centroid of such a section and the~rnents, N~ and M$ , 

are then used ta calculaté the stresses. 

The stresses due to bending may be calculated on 

- 15 -
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the assumption that the section defined by the angle, ~, is 

the cross-section of a curved beam with centre of curvature 

at the centre of the hole. Then using the Winkler-Bach 
, 

cûrved beam formula 18 the bending stress flt the edge of the 

~~~_hDle is 

in which z _ 

c 
~) 
ZR 

l Y 
• A ~ f are a ( R + ccp) + y dA ~ 

(2-2 ) 

(2-3) 

in which A~ = the area of the inclined tee-section defined 

__ by the angle, cp; CcP = the distance f±om ~-he--he-±e-ed~e to-~-

the centroid of the inclined tee; and y = a coordinate 

measured from the centroid of the inclined tee-section. 

The integration of Equation 2-3 may be performed . . 
numerically, or alternatively explicit formulùe are given 

for a number of different section shapes in Ref. 18. In 

particular, for a tee-section as shown in Figure 2.2 

(1 

R + c<p 
Z = -1 + {~~n(R + c~ + Ul) + (w - b) 

A~, '!' 

(2- 4)~ 
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lt is convenient to calculate a stress èoncentration 

factor, 'K, for the hole edge stress based on Equation 2-2. 

Thus 

K = 
A (R + 

ef> 

c 
(1 - l) 

ZR 
(2-5 ) 

in which lef> = the moment of inertia of the,inclined tee-section 

about its centroid. {; 

The str~s c~psed by Nef> must be adde9 to the 

e -,-- -15ending component and i t- na-s been found sufficlently accurate 

to apply the sam~ stress concentration factor, K, to the 

• 

normal axial stress valye as derived by consideration of the 
5 

bending stresses. Thus the tangential stress at the hole 

edge becomes 

This calculation is ~epeated for various values of ef> until 

a maximum value of 0t is reached. This process can be -carried 

out to a maximum, ef>, of about 45 0
, and it has been found 

that for practical hole and beam geometries, the maximum 
p 

". 
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2.2.2 Eccentric Holes 

2.2.2.1 Theory of Elasticity Solution 

The theory is outlined in Ref. 124 and the following 

~xp1icit relationship for the hole edge stress for'circul~r 

holes may be derlved: 

, {cosS - 3cos36 + 4 (~) (~) sin2B} ." d 2R 

.r 
(2-7) 

... ..,lo 

.~ 0 

in which e = the eccentricity measur~~ as the distance ~rorn 
11., ------- ~ , 

the centre of the hole to the bearn centreline; V. = the total 

sheari, Val,l = the allowable sheari F v = .the allowable shj/'ear 

" 

-------SEYessi Aw = the gross---web--area (- dwi+-Af - the ,area ,oL~ ____ -

" flangei and-I = the moment of inertia of gross beam section. 



.. 

• 
• 

\ 
\ 
\ 

2.2.2.2 Curved,Beam Solution 
, 

" 0 This method follùws the identical procedure as for 

the mid-dep±h hole; the only difference is that the shear 

force is no 10ngeD distributed equally abdve ·'and. beIo", the 

h01e. In order to calculate the division of shear, the sections 

of bearn above and below the hole are treqted sêparately, and 

conditions of siope and deflection co~patibility between 

~eir ends are ernployed. 
-~---~~,---~~~--.~~=_.~---_.' --..... '.- ,---.. =--~-~---~-- '""""I~--

• 

Equilibri urn requires that the sum of shea[ forces 

in the top and bottom sec~ions must be equal to the total 

shear force at ho1e centreline, V, i.e. 

(2- 8) 

in which VT and VB = tl}e shear forces in the top and bottom 

sections, respectlvely. From slote a!ld def1ection compatibility, 

i.e., equality of the changes in slope and deflection of the 

top and bottom sections over the length of the ho1e, the 

fo110wing shear force ratio is obtained: 

.'. 

R2

J 7f/ 2 sin 2 8 cos8d8 + l /rr/ 2 kBcos8d8 VT 
E 0 lB G 0 

-' 
VB !f.J 7f / 2 sin 2 8 cos8dS + l fr/2 kTcos8d8 E 0 IT G 

-el-------' '-------- .. --.-- (2-9) 
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in which E = Young's M.odulusi I T , In - the moment of inertia 
--- , 

of top and bottom sections, respectively, about thei~ centroidsi 

e = an angle measured from the centre' of the hole from i ts 

vertical centreline; G = shcar modulus; and kT' k B = shear 

stress parameters for the top and bottom sections, respectively, 

as definec1 inl full in Appcmdix l, Ylhich aIse gives a detaileil 

analysis of the derlvation of Equation ~/ ... 

In arder ta verify _the~cvious theo.ries, and 1-o __ -___ _ 

determine whiGh is the more appropriate to use in a given case, 

some expcriments wcre perforITled, and are described in the next 

secti'on. 

2.3 Test program and Pesults 

Two beams each eontëlining two holes vlère tested to 

determine elastic stress distributions and deflections. Details 

of the beams, holes, and test arranCJements are shown in Figure 

2.3. The two holes in beam A were ehosen to be large enough 

that the theory of elasticlty soloution would almost eertainly 

be inadeqnate fOT their analysis, and the results, therefore, 

represent a test of the curvcd beam ITlethod of analysis. The 

smaller holes of beam B were chosen in an attempt to eÀ~lo~e 
j 

the limitations in applieatlon of the two analytical approaches. 

AlI holes were tested under b/o diffeTRnt shear-to-rooment 

ratios, sinee the adequacy of the analytical approaches is 

--- ---- - -XnOW1Y to--nc--very-ndiT-e:rrpTIeT nn-rdtr-errl"TI1 tr---roITIIr--I-Lhl!-+j-.::s:r--rr;-ra+L-ij-roT-:-. ------------------.- - --- -- -- -~ ----~ - -- --...-...------
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• The holes were machined with a fly cutter, and thus, 

had clean, notchjfree edges. While in practice most holes 

would be flame-cut, the resulting stress raisers wou1d in fact 
'" 

be ignored by the designer, unless fatigue was a consideration. , 

It was, therefore, preferred to eliminate the effects of a 
" rough edge and 50 provide a clearer picture of the relevance 

of the analyses. The webs and f1anges bf the beams in the 

v;c;nity of each hole were str~~n-~uged, and qa~ge locati 
='='==~~~ 

are shown in Figure 2.4. 

The beams l'/ere simp1y supported at each end, and 

because of the 10w magnitudes of load, no lateral support was 

provided. Load was applied by means of an Amsler hydraulic 

jack and readings of gauges and deflections recorded at a 

minimum of five increments of load. A maximum load of 13 kips 

(5Z.9 kN) was applied to beam A, and 21 kips (93.5 kN) to beam 

B, and no nonlinearity was observed in any of the readings. The 

beams were tested with the holes in the positions shown in 

Figure 2.3, and then with the reversed position with the holes 
't- , 

eccentric below the mid-depth. Much of the data was automatically 

recorded and stored on disk for later analysis. 
1 

Tangentia1 normal stre~es around the ho1e edge are 

.: 

shown in Figures 2.5 to 2.8. For ease of comparison, al1 results are 

presented for a shear force of 10 kips. A1so plotted are solutions 

given by the theory of elasticity and by the curved beam method; for 

-.~ ----~-_ ... ---the-la_tte.r_,_stresses are plotted on11 for sectar' T 45° from 

- 21 -
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• the vertical centreline of the hole, because of the limitation 

of the method. ' Stresses around the large holes of beam A are 

shown in Figures 2.5 and 2.6 for H/V = 24 in. (0.588 Jl1). In 

both cases, the theory of elasticity solution is quite 

inadequate and the curved beam solution accurately predicts 

the measured stresses. Similar r0sults were also ohtained for 

these holes under a lli/V ratio of 48 in. (1.176 m). Resul ts 
-

________ {Qr hQl.e l o,f boam B -aJ:::&- 'shown--i-R--Fi-gtlr-e- r-~ 7---fo,r the twü M7V 

ratios .. Under the lower M/~ r~tio, the two analyses give very 

close results and both predict the measured stresses weIl. At 

the hiqher I\1/V ratio, the theory of elasticity solution ~ 
provides a g~od estimate of the measured stresses while the 

______ ---..dccuracy -of tho Gurvec1---Be-am---r-es-u-l b:>---rs diIld Ilishe'd. -Si ml :lar 

conclusions can be drawn from the results for hole 4, shown in 

Figure 2.8. These results are consistent with the known 

dependence of both methocls on the M/V ,ratio. 

Shear stresses were measured by rosette gaugcs placed 

on the hole centreline. Expedncntal results élre shown for 

one case in F.i gurc 2.9 élnd dre compared wi th the theoreti cùl 

stress distributlons bélsed on the sheélr force values given by 

Equatiohs 2-8 nnd 2-9, with the distrlbution according to 

standùrd elastic theory. Satisfùctory agreement wùs also 

found in aIl other cases. 

Longitudinal normal stresses we eLmeasured on the 
---~------~------
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centreline of the flanges at various positions over the length 

of the hole. Typical values are shown in Figures 2.10 and 

2.11, and are compared with values obtained in the following 

two ways: (1) Flexural stresses calculated from the applied 

bending moment and based on the gross (i.e., unperforated) 

beam sectjon modulus~ and (2) values of flange stresses 

obtained from the cùrvEd bca~ analysis. The latter were 
-----~-----------------------------------------~----

o ' calculated on planes ±45 from the hale centreline, and it can , 

be expected that the accuracy will diminish as the angle 

increases.. The results generally do not show great deviations 

from the nominal stress values, except in cases where the hole 

is very large or the ecsentricity i~ large. In either case, 

it can be expected that the maximum hole edge stress will be 

large, and might in any case govern. The curved beam estimates 

/ of the longltudlnal fla~ge stresses generally indicate the 

stress dlstributions and prec1ict the maximum values quite weIl 

although the location is generally not predicted accurately. 

Four Wl6 x 40 bea~s of A36 steel containing eccentric 

circular holes were tested by Frost 10
• The holes were of 

6.4-in. (162.6 mm) diameter, and eccentricities were 1.0 in. 
\ 

(25.4 mm) and 2.0 in. (50.8 mm). Stresses were measured on 

three cross-sections of the beam corresponding to the centreline 

and the two ends of the hole. However, strai~ were not 
~ 

recorded at the edges of the holes other than at these sections. 

,'--------
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• Thus, only the stresses at the hole centreline can b~' compared 
" 

with the theories herein. The stresses were p10tted similarly 

to those shown in Figure 2.9, and showed equa11y good 

agreement. 

2.4 Conclusions 

1 ~ ______ .. __ ._. __ 1._" .. EOJ;. the ....e~(! x::j~é.Dt(:Jl ~ase5~~r.e..se)JUlq. her~illt..J.J;., haê.. __ --
" ... 

been shown that, dependlng upon the noTe 51 ze and -the MjV rat] 0, 

either the curved beam method or the theory of elasticity 

method gives a satjsfactory solutlon for t.he maximum hole edge 
\ 

stress. The appropriate solution is always the one predicting 

the greater stress magnitude. 
. ,. 

Tt lS, therefore, apparent that 

-

for a given case, if both solutiollS <:lre obtaincd, the larger 

str~ss predlcted may b8 taken as the more accurate; however, 

it héls not been demon~ra:teà------tJ:!a-t such a result will be 

sufficiently accurélte for. all practical véllues of M/V élnd 2R/d. 

A study of the accurélcy of the two methods predicting 

the maximum hole edge stras.3 for r,üd-dapth ho1es hélS been 

presented in Ref. 5. For a number of reported results of 

experiments and fini te element analyses of I)1id-depth holes, 

the maximum stresses predicted by the two élna1yses have been 

~ompared, and nondimensionali sed stresses plot ted ag ainst a 

ribndimens:onal parameter, M/Vd, representing the moment-to-~hear 
ratio. Results for the f,;mallest hole (2R/d = 0.434) and the 

~ ________ ~1.a;r-9~st_9ne (2R/d = 0.758) are shown in Figu:lre 2.12. These -.--------
- ? 4 -



• and other resul ts shmved that taking the largest of the two 

stresses could resu1t in unsafe prediction of the actua1 stress, 

with a maximum underestimate of about 14%. This however 

applies only over a limited range of M/Vd ratios, and only ta 

smali holes, for which stress leve1s else\vhere in the beam 

~ay weIl be critical. Thus, for most purposes, the largest 
, 
value of stress gi ven by the two methods may be considered 

.' 

fi" l su f1c1enty acc 

hales are available ta carry out a similar extensive test of 

the theories, it is reasonable, on the basis of the results 

presented hercin, ta asstune that the conclusions arrived at for 

rrcid-depth holes hold equally for eccentric holes. 

The results reported herein provide a basis for the 

estimation of stress levels around unreinforced eccentric 

circular holes, on the assurnption that local buckling does not 

occur. The appropriate methods for given hJle and beam sizes 

and loadings have been identified. Design aids based on these 

results will be,presented in a subsequent paper. 

- ---~---------------------------------------------------
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" 
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+-----0fe _____ ---'!)~e ___ t-BEAM B 

Hole 3 Hole 4 --Wf4*38 -._- - -. 

l-L J. 28
1
-
1 -.01-1 -28" .1 L-1 

\ 
Dia. L (in.) , 

2R el Beam d b t Hole (2R) e Test l Test 2 w (in. ) d (in. ) d 

1 10.5 0 .750 0 48 ;:: J.. 14.0 6.75 .38 .27 
2 8.0 1.25 .571 .089 48 

3 S.O l.qo .352 .070 48 24 
B 14.2 6.7S .51 .32 .. 5.0 2.50 .352 .176 48 24 

.' 

•• 
Figure 2.3 Details Of Test Beams 
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HEINFORCED HOLES 

3.1 Introduction 

The need for web holes in beams and girders for the , 

passage of utility ducts and pipes has been discussed widely 

in the li teratur!?, and various 'methods of analysis and design 

--- ----Rave been--s-tlggested. Unreinforce-d--fio-±es in general a:r-e--------~------~-

preferred in order to minimise fabrication costs, however, in 

man y casés, the-stresses in the beam caused by the presence of 

the hole will be so high that reinforcement is required. For 

circular holes, the reinforcernent can be in the form of plates 

--welded horizdfitallY to the web near the hole or circular ri9gs 

weld~d to the edge of the hale. It has been shawn elsewhere 7 

that horizontal plates are not effective in reducing the hole 

edge stresses around_ circular ho~es~xcept~_de.r_pure _bendinÇJ-__ 

conditions, and it is concluded that the circular type of 

reinf~rcement is definitely superior if the design is based on 

allowable stresses. 

In previously reported work 6
, satisfactory methods 

of -ai1alysls o!sFresses for i 15eams wI th W1reiliforced CircUlar 

'holes Viere proposed. Two theories 'were suggested as being 

appropriate: (1) theory of elasticity solution and (2) curved 

beam analysis. The first theory is based on the analysis of 
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the web as a large plate containing a small hole. The second 

the ory assumes that a portion of the web and flange can b2_ 

treated as a,section of a curved beam and th~s is then analysed 

using the Winkler-Bach curved beam formula. The appropriate 

relative magnitudes of moment and shear, and the larger the 

hole diameter (measured as a fraction of the beam depth, for 

example) and the smaller the moment-to-shear ratio, the more 

appropriate it is to use the curved beam analysis. 

In this paper, the èurved beam analysis is applied to 
'Il 

the case of a circular web hole reinforced by ~eans of a 
-- . '" ----------

' .. ' 
circumferential plate as i llustra"tec1 in Figure '3.1. A solution 

of the equations of the theory of ~lasticity has net been 

attempted because of the limited range of practical sizcs for 

which it is applicable in the unreinferced case, and the 

expectation that the range Vlould be as limi ted for reinforced 

holes. However 1 holes which might be\ expectecl te lie \-li thi'h 

this range of sizes are investigated experimentally. 

3.2 Analysis 

3.2.1 Mid-Depth Hales 

The analysis is basically identical to tha~ discussed 

in Ref. 6. The normal force N~ and moment M~ for a section 

defined by angle ~, as shown in Figure 3.1, is first determined 
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and then used ta ca1cu1ate the bending stresses at the edge of 

the ho1e using the Wink1er-Bach curved beam formula; 

= 
M~ 

) (1 
Ccp 

ab A (R + c~ 
ZR) 

cf> 

(3-1) 

in which Z 1 f 'i 
+ y dAcp = A cf> area (R + ccp) 

(3-2) 

• -; 
ThWli:ich A~ = ared.----,.,o~f~t.~h.,.e.----.iihn"'c...-T-l+i-n .... en__ -- - --sect±on---defined-by--the--- ~~~~-

angle, ~; Ccp = the distance from the hale edge ta the centroid 
. , -- ") 

of the inclined section: and y = a_coordinate measured from th~ 

- - --~ centr-eid--e-f the inclined se ction. 

This is repeated for various values of the angle ~ 

from 0° ta ±4So. It is generally not possible to obtain 

meaningful solution for ~ > 45°, but iri aIl cases computed, 

maximum normal stresses in the reinforcement were found ta 

occur when cp < 45°. 

For unreinforced ho1es, the tangential stresses at 

the edg~ of-the hole is assurned ta be uniform1y distributed 

across the thickness of the web. However, for curved 

reinforcement at this location, the assumption of uniform 

stresses is not correct. The primary bending causes the outer 

portion of the reinforcement to deflect radially, inward or 

outward depending upon whether it is tensile or compressive. 

Referring ta FigUr1 3.2 and considering clement strips AB and 
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CD, axial forces due to the primary bending are applied at the 

ends of the strip AB. In the case of tensile -forces, ~ince. 

the forces are nonconcurrent anô the fact that the strip AB is 

curved, a resultant force will act towards the centre of thé 

hole, thus causing the deflection of strip CD which is 

perpendiculùr to AB. This deflection increases from a zero 

value at the junction of the reinforcement with the web to a 

maximum value at the free edges (Figure 3.2). AIso, this-

deflection \vill resul t in a change in the clrcunlferentiaI 

strain resulting from the primary bending. Thus the 

circumferential stress at the free edges will be lower than 
, 1\ 

that at the junction wi th the web. P.Il approximate solution 

gtven by Bleich 1B for the case of a curved beam section can be 

utilised here. The projecting width on each side of the 

reinforcement flange is assumed ta be reduced such that the 

stresses may be assumed to be uniform across the width 'of the 

flange. If the magnitude of this uniform stress distribution 

is taken to he_equal to the maxjmum stress at the junction of 

the web, the effective projecting width of the reinforcement 

flange is given by, 

b l = ab n n 
(3- 3) 

in which b l = the effective (reduced) projecting width of the 
n 

reinforcement flange; b = the actual projecting width of the 
n 

reinforcement flange; and a ~ a ratio obtained from Bleichls 
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solution. The ratio ex is a .function of h 2 jrt where t is the n r r 

thickness of rei nforcement flange and r is the radius of 

''\. 

curvature to the centre of the reirtforcemen t flange. Tabulated 
1 

values of ex for different values of b 2jrt are presented in 
n r , 

Ref. 18. These values may be represented by a fitted polynomial, 

and a'suitable relatio~ship was found tO,be, 

ex - 1.093 
b 2 

0.12B(r~ )2 

b 2 

O. 0112 (~) 3 
-- rt 

r r 

(3- 4) 

It is usually more convenient to express Equations 

3-3 ~md 3-4 in terms of the actual total width of re~nforcement, 

br' and not the projecting width, bn' in which case, 

b 
n 

3.2.2 Eccentric Holes 

(3-5 ) 

As in the case of unreinforced holes, the only 
- ---- -- --------

difference in the analysis from that of mid--depth holes is the 

fact that the shear force across the hole centreline' will no 

longer be distributed evcnly between the top and bottom sections. 

The shear forces VT and V
B

, carried by the beam above and belmv 
D 

the hole respectively, can be obtained by solving simultaneously 

Equations 8 and 9 in Ref. 10 (Equations 2-8 'and 2-9 in Chapter 2). 

j 



p 
" 

, 

• 1hese equations are reproduced herein, 

(3-6) 

~J1T/2 sin 2 8 cos edO + 1 J1T /2 kBcos8d8 V
T 

E 0 lB : G 0 

= ' .- ( 3-7) 

" 
VB R

2 J1T/ 2 sin 2 e cosOdO + 1 J 1T / '}. kTcoS8dO E 0 lT G 0 

, 
However, the _ mO,men ts of inerti a IT an~' and the shear 

~-------~----- ---~--------------------

.. 

parameters kT and k B are calcu1ated based on the reduced 

section. 

3.3 Test Program and Results 

A beam containing two eccentric ho1es of equa1 

diameters was tested to verify the above theory. Reinforcemen t 

in the form of clrcular rings was welded to the web of the beam 

at the edge of the holes. The circular rings were of the ~ame 

"thickness, 1/4 lnch (6.4 ~n), but of different width, and were 

cut from 5 inch (127 ~m) outside diameter pipe. The wider 

reinforceI'1ent was used for the hale Hi th larger eccentrici ty 

where higher ho1e edge stresses were expected, and the narrower 

width was used for the hole with a 1esser eccentricity. 

Details of beam, holes and reinforcement are shown in Figure 

3.3. 

The fla!1ge and web in the vicini ty of the hole werE!~ . 
. ' 

e------------) ---------
- 42 -



• instrumented with strain gauges, and the locations of these are 

shawn in Figure 3. 4. The beam was siI~ply supported and y,7as 

loaded bY,a single concentrated load applied by an Amsler 

hydraulic jack. No lateral support \Vas providcd be canse of the 

low magni tude of applied loads. Strain readings and 

"-deflections were recorded for loadings from 2 kips (8.9 kUr to 

30 kips {133.5 kH) in seven increments of 4 kips (17.8 kN), and 

readings were automatically recorded and stored on tape for 

lat.er analysJ.s. T\'Jo tests correspondîng ta two mom~Ilt to/ shear 
.' • c 

ratios of 24 inches (0.588 m) and 48 inches 
i ' 

(1.]76~tfJ v;ere 
" J , . 

f---------t __ performed. 'The beélm was tesled v1i th the holes in :the posi ti9n 

• 

shown in Figure 3.3, and then in the reversed pq~ition with , 
---- ,Y 

hale centres below the mid-depth of the beam. Thi s leac1s to 

two sets of corresponding readings for each strain gêluge,' one 

set being of opposite sign to the other. The averaged stresses 

for these two positions (obtained with the appropriate sign 

change) are given herein, and the values gJven correspond to 

the poslLJon of the holes above the mid-depth of the beam, as 

-----!'g~lfl-10,..,.",WH'I"t-1 ~J::~. r.n-j----fI;!...'l~· gt"'M'1lM'I:"'t'e"--~3c-:-.---'3~. ----------------- ---~---------- ----

(' 

The experimental tangential normal stresses around 

the hole edges are shown in Figures 3.5 to 3.8. These stresses 
" 

were calculated from strain gauges 10cated at the centre of the 

reinforcement, i.e. in the plane of the web, and ~hus 

correspond to the stresses assurred to be uniform over the . 
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• effectïve width of the reinforcement. Also plotted are the 

stresses obtained by the curved beam analysis. Stresses for 

the hale with a large eccentricity are shOvln in Figures 3.5 

and 3.6 for M/V ratios of 24 inches (0.588 m) and 48 inches 

(1.176 m). Good agreement between,the st~csses are observed 

in -l:)oth- cases, ln -the -iones -where high stresses are pieQ~cte-<I, 

i.e. in the 10\1 moment side of the hale for the upper part of 

the beam ana in the high moment siae of the hale for the lower 

part of the be-ar;-.. Results for the hole wi---idr-a smalle-r-----------

ecc~~tricity are shawn in Figures 3.7 and 3.8. They show 

.~----:>r"'-----.;:ls-1-j~m.wj-l'-'acw...-r-agreemAnt to re5u~ for the case of ~he hale wi th a 

• 

larger eccentricity~ 

Longitudinal normal stresses were measured over the 

length of the hole on both flanges along the centreline of the 

beam and results are plottcd in Figures 3.9 to 3.12 for both 

holès and bath M/V ratios. 1üso plotted are flange stresses 

obtained from t~e f1exural formula applied ta the gross beam 

section, that is, ignoring the presence of hale and 

reinforcement. For:the smal1er eccentricity c6nsidered, 

Figures 3.9 and 3.10, it is clear that f1ange- stresses are not 
, 
~ , 

significantly affected by the presence of ~he.~einforced hale. 

For the 1arger eccentricity, Figures 3.11 and 3.12, the 

stresses in the flange c10sest ta the hale are influenced by 

-the l}ole ta the extènt that the flexurèl~l formula underestimatcs 

the measured flange stress at the high moment end by 23%, and 
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• overestimates it at the low moment end by about 30't. It:i,s 

relevant to note that the highest flange stresses measurE'd, are 

Imver théln the predicted mélximum ho](' edge st~esses. This is 

so fer both mo~cnt-to-shear ratios tested. 

----bScflht€e~aHr'3_-stresse_B___e_fi_the--rc""'e>1"lT"ltf-l'rt''>c41'1-rJ'''le::r----con--ff'---tt--l}nle:r-hhno>l1c:eHs".'vr.Jl~eyr«:e,---------- -

• 

measured by rosette gauges and are shown in Figures 3.13 and 

3.14.~ . I.lso plottecJ arè the spear stresses calculated 

_____ ~_c_c:?rdl~9 _ to the standard_dshear _~r.mula using the- shear forces-

VT and VB obtained from Equations 8 and 9 in Ref. 10. For the 

bol e 'vith a srr:ù-ller eecentrici ty, qui te close agreement '-las 
~ 

found for both the top ana bottom sections; for the' other hole r 

agreement is not as close. From these results it appears that 

the shear force pTcdicted for the larger section (in this case 

,'" 
be~ow the ho1e) is overestimated when the eccentricity is large, 

and in the smaller section it would be corrcsponctingly 

underestimated. However, the error is not unacceptably large 

since- this she~r is also used to calculate the normal stresses 

in the reinfot '::epiènt, and :!r'he agreement between theory and 

experimcntal mGùsurement of these stresses is satisfactory;' 

\ ~ 
3.4 Concluf'jcms 

~, 

The pl ""'P03û, of thi s study was to formulate an 

analysis to precllcl the maximwn hole edge stresses for 

eccentric circular web ho]es reinforced by circular rings. The 

.. 
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• curved beam analysis which was used in analysing unreinforced 

holes as ftescribed in Ref Ibis modiœied and erop10yed here. 

Due to secondary bending oi the curved reinforcement flange, a 
\ - --~-~---

modified cross-sectiC:;~~~ used in ca1cu1atJng the stresses. 

Based on the resu1ts obtaincd from th~ experimenta1 

- program and tl'le agreement between the measured stresses and the 

theoretical~predicte-d stresses, i t can be con~l-uded- -that the 
• 

curved beam ana1ysis is a suitab1e method for use in design of 
, 

circular
è 
r~inforcemen t for the type of ho1es considered. 

l, 

\ . 

o 

-~---~- --- -~ ----~-------"-....--.......-- ~ --------- ----------------------------- ------.. 
' . 

• 
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CHJl.PTER 4 
I~ - .. 

EXPERIMENTAL PROGRJl.N 

While analytical methods are proposed for the analysis 

of circular hol~s in the previous chapters, it is essential 

,that sorne experimen tal data be obtained t~ check thei r 

applicability. In this chapter, the test procedures used 

are described. 

4.1 Test Specimens 

Two wide-f.lange beams \'li th vleb holes were tested. 

Bearn A, a W14x30 beam was 12 feet 2 inches (3.71 m) long and 
,-

contained two large circular holes of diameters 10~ inches 

(266.7 mm) and 8 inches (203.2 mm). These two holes were chosen 

large enough that the theory of elasticity method would not be 
, 

adequate for their ana'lysis and the resul ts,' therefore, represent 
, 

a test of the curved beam method. The larger'qole wap ~entred 

at the mid-depth of the bea~ whereas the smaller hole was l inch 

-(25.4 mm) ~ccentric to the mid-depth.', These twb holes were 

centred 48 inches· (1.219 m) apart which was more than sufficient 

to ensure that the presence' of on,e hole would not affect the 

stress distribution around the other (Figure 2.3)., Bearn B, a 

W14x'38 beam was 15 feet (4.572 m) ~n length ann---eontairrt:::!P"rld-l-LülWrOr-----

eccentric c~rcui~r ~oles of equal diameters, 5 inches (127 mm). 
1 

This hole diameter was chosen ta efPlore the limitation in 

application of the two theories'. Tney were centred 56 inches 

-~--- ------ --'----
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inches (1.422 m) apart< (Figure 2.3). After Bearn B was ,teste'd, 

circular reinforcements in the form of circular rings cut from' \ 

a 5 inch outside diameter pipe were fitted into the holes of 

Bearn Band \'Telded to both sides of the web wi th 3/16 continuous 

fillet welds. 'F~r identification purpose, Bearn B afte~ the 

addition of circular reinforcement is denoted as Bearn C. Due 

to the low magnitude of loads .applied during the testing, no 

stiffeners were welded to either beam. The surface of the 

beams was slightly polished with an electric sander to get rid 

of the rust and mill scale in locations \'lhere strain gauges 

were to be attached. The hole diameters, locations of holes 

and si zes of reinforcement are summari zed in Figure 4.'1. 

AlI of the holes were machine-cut with a fly cutter 

moun~ed on a drilling machine. The radius of the fly cutter 

could be extended to account for different hole sizes . 
. ' 

During the process of cutting, a srnall crack near 

the lO! inch diameter hole on Bearn A was discovered. This was 

later filled with weld materiaf. EO\'lever, it was apparent' 
; 

that the crack was a fabricating'defeét and _Was not caused by 

the cutting process. 

4.2 Instrumentation 
~----~~=~:=--=====-----------------_ .. _---

" 

The webs, flanges and reinforcements of both beams 

were instrumented with electric resistance strain gauges 
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• rnanufactured by Tokyo Sokki K~nkyujo Co., Japan. Two types of 

these "gauges were used, PL-S, uniaxial gauges and PR-S, 45 

degree rosette gauges. Adhesi ve ~ype CN, a qui ck setting 

adhesi ve made by the same manufacturer ,vas used to rnount the 

gauges on the surface of the beam. A waterproofing coating 

was applied to aIl gauges after they have been rnounted on the 

beam to protect t'hem froM atmospheric hurnidity. The gauge 

locations for both beams are shown in Figure 2.4 and Figure 

3.2 in Chapters 2 and.3 _respectively. Loadings for all tests 

were supplied by a 220 kip capacity ~~sler hydraulic jack. 
() 

The beams were tested simply supported wi th- Cl concentrated 

" 
load at rnid-span and no lateral support was provided because 

). 

of the lowmagni~uae-6f applied loads. 

T\-..'o posi tions of the beam 'vIere tested, first. \'li th 

the holes in the position shown in Figures 2.3 and 3.3 and 

then in the reversed position with the hole centres below the 

mid-depth. 

4.3 Testinq Procedure 

Two different roethods of recording strains were 
, 

ernployed during the experimental prograrns. Strains obta1ned 

fro~ tests performed on Bearn A were recorded by a rnulti-channel 
~ , ---... ~--. -------

automatic Budd Strain Recorder wi th the results pr1n~ëfiJE"-mr---'--

a printer. A more refined, computerized procedure was used in 

• - 63 -



-

1 ) 

recording the strain readings for tests performed on Bea~s B 

and C. A multi-channel strain recorder manufactured by B & F 

Instrument Inc. and a computer system were used in recordidg 

the strains. The computer system used was the GEPAC System 

(rnanufactured by General Electric) of the DATi"l,C Centre, , 

operated by the Department of I~echanical Engineering 1 I~cGill 

University. A conversational program was designed and stored 

in the computer which would give a step by step instruction to 

the operator during the performance of the tests. The strain 

recorder was linkcd to the computer through a connecting 

terminal mounted in the laboratory. A tele-typewriter 

connected to the Bell Telephone system was used to send 

instructions and input data to the computer. A schemetic 

diagram showing the essential -parts in the test set up is 
" 

given in Figure 4.2. \ 

Before the start of each test, the strain recorder - , 
with ~he gauges connected to it was first calibrated according 

to the gauge factors specified by the manufacturer. The 

computer was then activated for testing by dialing an on-line 

nuw~er through the Bell Telephone system. The computer would 

first scan -tnrougn aIl the channels of the strain recQrner and 

.:. ________ print out the number of those channels that were not properly 
- --------------~- -... ~-

• 
connected, e.g. 1005e connections and void channels. This 

woul--d-bè fixed and a recheck done by the computer. Nhen this 
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was completed, a load of 2 kips was gradually applied to the 

beam to get the initial reading on the gauges. The Amsler " 

~oading machine was then switched to constant-loading mode 

which would keep the applied load constant at the prescribed 

level. Under an instruction given by a type-in message, the 

computer would again scan through aIl the channels, record the 

readings and store them bn the disk. A set of the record~d 

readings was also printed out by the teletype as a precaution 

measure in case the records on disk were destroyed. After aIl 

these readings had been recorded, the beam was loaded by the 

next increment and the above procedure was repeated. 

An account of the details of test beams, strain gauge 

locations and load increments is discussed in detail in 

" 
Chapters 2 and 3. The conversational progr~m and sorne of the 

computer printouts are given in Appendix V . 

. " 
4.4 Analvsis of Data .. 

p" 

Atter each individual test, the data stored on disk .. 
was transferred onto a magnetic tape. When al~ the tests were 

finished, the data stored on the tape were analysed using two 

computer programs; the first program, Program l, calculated 

the differences in strain between each load increment and the 

'---' second progr an" Progr am 2, allaly sed Lhe s LI ain readings using 

linear regression techniques. Before fitting the regression 

l, \ 
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line on any set of readings, the confidence intervals of each 

individual reading was first established. If any point was 
1 

outside this interval, it would be discarded when fitting the 

regression line. ~ confidence limit of 90% was used bn aIl of . 
the readings. The computer would print out the slopes, i.e. 

strain per uni,t load and the intercepts of the regression line 

of aIl the gauges and the number of points used in the fitting 
, 

of the lines. It was observed that only a few poïnts were. 

discardeq in the entire experiment. 

For linear gauges, the stresses were obtained by 

multiplying the slopes by the modulus of elasticity, E, which 

i$ equal to 29,600,000 psi! As for the rosettes, the principle 

strains were first calculated based on the strain readings from 

the three gauges and the stresses were obtained using the 
, 

biaxial stress-strain relationship. A shear modulus value of 

11~400,OOO psi and Poisson's ratio of O.~ were used in the 

analysis. 

The two computer programs mentioned above are given 
" 

in Appendix V. 

4.5 Experimental Results 
/ 

/ 

_.- ----------.. ~ ~ 
Exp.exiroenta1 .s-tresses around the hol~ edges an9. the ______ _ 

~ 
',.) 

beam flanges are plotted and compared with theoretical stresses, 

and in most cases, they show good agreement. Also plotted are 

• 1 
1 
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the shear stresses at hole centrelines for eccentric holes, so 

as to compare the shear stre~.s distributions based on unequal 

shear forces in the top and bottorn sections çeterminêd by the 

method shown in Chapters 2 and 3. Cbrnparisons of results for 

unreinforced hales and reinforced holes are given in Chapters 1 

. 
2 and 3,respecti vely. Supplementary resul ts for the 

, 

unreinforced hole are given in Appendix VIII. 
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CHAPTER 5 

DESIGN OF UNREINFORCED HOLES 

5.1 Derivation of Design ~~ 
. '" 

Previous work has been concerned with the 

, 
f 

identification of suitable methods of analysis for stresses 

r. 
in beams in the region of circular unreinforced holes 

A satisfactory solution for design purposes can be obtained 

ei ther by a solutiOD--bas-ed on the theory of elastici ty or by 
, 

,one based on simplifying assumptions in which parts of the 

__ -heam -a-round hole are treated by curved beam theory. The 

appropria~e wethod depends upon the eccentricity of the hole 
• c , 

centre frdm the mid-depth of the beam, the momfnt-t-o-shear 

ratio, and the diameter of the hole relativ~ to the beam 

depth. These two methods have been outilned in -Ref. 6, and 

• 
the purpose herein is to provide design aids, bas~9 on thése 

methods, which can be used in allowable stress design. The 

aids relate to I-beams symmetric about the neutral ax).s. ! 

The design aids take the' form of interaction curves 

relating the shear force, V, and moment H whic.h, acting 

together, will just cause the maximum normal stress in the 

region of the hole to reach the allowable value. Thus, values 

of M and V which just cause the maximum stre~s t~ reach Fb , 

the allowable normal stress in bending('are represe~ted by 

- 70 -
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points on the curve, and points on the concave side of the 

boundary represent lower values of the maximum stress. Points 

outside the curve represent unsafe load combinations. Shear 

and moment have been nondimensionalised by dividing by Vall 

apd MalI' respectively, these being the allowable values of 

shear and moment, based on the nominal gross beam section. It 

has been assumed that Fv - 2Fb/3, in which Fv = the allowable 

shear stress. In addi tion, i t has been assurned that;_ t/d = 0.0'5 

and Aw/Af = 2.0, in which t = the flange thickness; d = the 

ov~rall beam depthi" A = the area of the unperforated web; and w 

Af = the area of one flange. The results are not sensitive to 
> 

these ratios, and the assumed values both lead to slightly 

conservative results. It has been ass urned throughout that·, 

parts of the beam around the hole remain stable, and therefore 

are not subject to local buckling at stress levels lower than 
" 

those predicted. 

" An interaction diagram consisting of four regions is 
.. 

snoWh rn Tigure 5 ~l; -one p'lIT'r af"'the- cur ve corresponds -1t::tor--tthhee------
, > 

~ case when flange stresses govern, and the other three tb-hole 

edgé stresses, and a typical interaction diagram wil~ contain 

wo or more of these regions. Of the latter three/·the~theory . 
of elastici~y ~olution may govern at the higher moment-to-shear 

ratios 1 an,d /he .other ~ é'lre deri ved from the simplified 

curved beam analysis. Flange stresses aré based on th~ curved 

beam an'alysis, which has been shown to adequately predict th~ , 
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.maximum stress in the flange' over the lepgth of the hole.J 

These flange stresses govern in only a few cases; these 

correspond to small holes with small or zerp eccentricity under 

low shear forces. 

• 0 Figures 5.2 to 5.13 provide design aids for most 

pra~ti cal sjtuatio,~)S' and account" for the effec;!rs o-f the hole 

on normal~tresses in both fla,nge and web. The interaction 

diagrams~ay be used if the hole is centred either above the 

neutral axis. or belO'i.v i t. They also apply to both posi ti ve 

and negative values of the shear force and bending moment. 

In aIl cases therefore, the diagrams shouid be entered vii \h t~ 

absolute ~alues of e, V and M. If a situation arlses in which 

FV is not 2/3 of Fb' then the same interaction diagrams may be 

-used, but the abcissa is taken as a-measure of 1.5 (V/V.llL 

, (Fv/Fb)' In the case of compact sections in whiph Pb is 

normally taken as 0.66 F (based uP9n the abiLity of the beam y 

to attain its plastic moment) it wo~' not be app~opriate to 

use the value 0.66 F Y in the elastic ~ign procedure prop~sed, 

herein. It would be satisfactory to tak~ F.b = 0.60 Fy when 

consid"ring stresses around the hole, and if the web slenderness 

was sueh that F - 0.40 F, the d~agrams could then l;>e used v - .y 

directly. 

~Another'check which 
J 

a designer must make coneerns 

.""'-the maximum shear stress. As an ald";to this, Figure 5.lt\ gives 
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the di vision of 'shear force above and belm'l the hole. Because 

these values are dependent upon Aw/Af' althoug~ not very 

sensitive~y, results are given for Aw/Af = ~.75 and 2.~ and 

intermediate values may b~ obtained by interpol'ation. "This 
1 

may bJ' used to calculate the shear stresses in the top and , -

,bottom "tee-sections on the lf.ole centreline. 

5.2 Exam'Jle .. 
, , , 

Given the beam dimensions and loading shown in Figure 5. 
, 

15, i t is. required to check the adequacy of the beam if a hole 

with a 9-in. (230-mm) diameter and eccentricity 2 in. (51 mm) 

is placed 6 feet (1.8 m) from the left-hand support. The beam 

is laterally supported along the span and has a yield stress 

~f 50 ksi (340 MN/m2). 

~ 
Taking the alloYlable stresses as, 

Fb - 0.60 F 30 ksi (210 MN/m 2 
) and - = y 

F = v 0.40 F y • 20 ksi (140 MN/m2) , 

'" the maximum bending moment at mid-span = 40x20x12 
4 = 2400 kip-i~. 

(271 kN-m); 

the max~mum bending stress -

" < Fb' the~efore, O.K. 

2400 x18 
2x802 = 26.93 ksi (185.7MN/m2 ) 

the hole diameter to beam-depth ratio (2R/d) = 9/18 = O.5iand 

the eccentricity to beam-depth ratio (e/d) = 2/18 = 0.11. 

The moment at the hole centreline, M = 20x6x12 = 1440 kip-in. 

(163 kN-m) • 
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The shear at the hole centreline, -v := 20 kips (89 kN). 

30x2 x802 ' 
The allowable mom~ntL MalI = 18 = 2673.3 kip-in. (302.2 kN-j)' 

î 
The allowable ,shear,~ Vall = -20x18 xO.358 = 128.8 kips (573 kN). 

f 

Th us 

M 1440 0.54 
M = 2673.3 = 
aIl .. 

V 20 0.16 Vall 
= 12B.B = 

This point is plotted in Figure 5.15 and is found to be ~? 

the ,sqfe region. 

5.2.1 Shear Stress at Hole Centre1ine 

(' 

, , 

Inte~olating from Figure 5.14, V
T 

= O.26V = 5.2 kip~ . 

(23 kN) and V
B 

= 0.74V = 14-.8 kips (65.9 kN). The locations 

or the peutr?l axis for the top and bottom tee-sections are 

given in Figure 5.15. ~ 

The moment ôf inertia of the top tee-section, IT -

1.26 in~ (52.5 cm~) and the moment of inertia of the bottorn 

tee-section, I B = 21.32 in~ (888 cm~). Maximum shear stress 

in top tee is 

= 5. 2 xl. 9 3 (2 • 04 1 - 1. ~ 3/2 ) , 
1.26 , \ 

= 8.57 ksi (59.1 MN/m2) < F Therefore' O.K. v 

• &. 
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Maximum shear stress in bottom tee is 

7 
_ l4.8x(5.l37)2 

21. 32 ~2 

= 9.16 ksi (63.2 MN/m2)< F v Therefore 0 .. K. 

Thus, 'l!he stresses at the hole are \-li th,in allowable limi ts. 

5.3 Conclusions 

/ 

The design aids pre,sented herein can be .used in 

allowable stress design of bea~s with eccentric or mid-depth 

circular holes, without reinforcernent. They are based upon , 

normal and shear stresses, and do nqt include consideration of 
1 

local buckling. The curves are given for hale diameter-to-

beam depth ratios of 0.20 to 0.75, and for eccentricities 

of the hole centre from mid-depth of up to 0.25 of the bearn 

depth. In aIl cases where the hole diarneter ts larger than 0.3 

of the beam depth, e,ccentric.ity is limited to less than 0.25 

of the beam depth because of the proximity of the hale edge 

to the flange . 

. ' 

/ 

.---., 

" 
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CHAPTER 6 

Sm1MARY AND CONCLUSIONS 
CI 

.. 

This thesis provides an analytical method to determine 

the stresses at the edge of the circular hole on the web of a . 

beam. Both eccentric À mid-depth holes are considered. 

Sections of the beam around the hole \-lere analysed as curved 

beam sections using the l",inkler-Bach curved bearn formula. 

Stresses were calculated only for a region of ±4S o with the 

vertical centreline of the hole. Any ~tresses obtained for 

sections outside this region were deemed to be inaccurate 
• -..... 

" 
because of the severè inclination of the sections. 

Experimental work waS c~rried.?out to verify the above 

theory, and the experilT',ental stresses and those calculated using 

the curved beam method were compared wi th the theory of , 
\ 

elasticity method. It was obseryed that for large holes and for 

low M/V ratios, the theory of elastici ty method was inadequate 

and gave stresses much lm/er than that of the experiment, 

whereas the curved beam method accurately pr~di ctéd the stresses . 

.t For smaller holes, both methods, gave close rE'~l ts and predi cted 

the measured stresses weIl for small M/V ratios, however, for 

• 
higher M/V ratios, the accuracy of the curved beam method 

dimini shed. 

,The curved be aPl method was extended to analyse 
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, 
circularly reinforced holes. Due to .secondary bending of the 

"~ 

reinforcernent flange, rnodified curved beam sections were used. 
'J 

Experimen ts were aiso perforrned. Good agreement between the 

caiculatep and the experimental stress_es.were observèd. 
t 

Interaction curves were produced as aids for the 

design of unreinforced holes. Any Ioading represented by a 

point on. the concave side of these curves is a safe Ioading and 

a point on the curve itself ind~cates that the stresses at 

ei ther the hole edge or the flange, is equai to the aiiowable 

bending stress. A design exarnple is also provided. 

f, ~ - - --.-

An atternpt to produce design aids for reinforced holes 

was not successful. In plaçe .of this, a short computer 2:J:"e>cgram 

is provided in Ap~ndix VII which can be used for the rapid 

analysis of such holes . 

. Conclusions are presented at the end of each ch~er . .. 
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, APPENDIX l 

SHEAR FORCE DIVISION 
r 

The division of shear force, V, be~weeD' the unequal 

top and bottom sections across the.-- \<7eb hole can be de·termined 

by assuming that the defleétions and slopes of the top and , . 
, . ~ 

bottom sections are equal IO •• Using the Moment Area Method, 
. 

the deflections and c~ange in slopes of the high moment end of 

the hole \-li th respect to the low moment end, or vice versa, can 

be calculated. The free-body diagram, the bending moment 

diagram, and the MIEl diagram for a typical top section are 

given in Figure 1.1. 

r.1 Def1~ctions and Slopes 

1 \ 
With the coordinat~ system indicated in Figure l.l, 

~ 

the def1ections and s10pes due to bending and shear for the top 
, 

and bottorn sections are given as fo11ows: 

Def1ection Slope 

Bending (top section) 
Ml x 

r2R T dx 
b ElT 

Shear (top section) 
T .. 

_r2R T,max d 
Cl (G x 

- 93 - ,'" 
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2R ~ x 6~R ~ dx ~dx EIB B 

V x~ 2R VBX B dx EIB 
-6 EI

B 
dx 

, 
-2R TB,max -62~ 

dT 
dx 

B,rnax -6 G G Shear (bottom section) , 

1.2 Sectional Properties 
1 ...,. 

It is convenient to expre~s the sectional properties, 
" " . 

area and moment of inertia, in polar coordinates (r,~) rather 

than the cartesian coordinates (x,y). with reference to FIgure 

1.2, thé transformation equati9ns are: 
, .... . 

.. x = R(sine + Il .. (I~l) 

and y = ~ case , (1 - 2) 

From Fjgure I.2, it can"be shawn that for any section 

n-n, 

(0 = d/2 - t - e, T 
,4 

(T = ~o - R case, 
T 

',\ 

J 
AT = bt + W~T' 

and 

._---~-------~ 
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• 

• in whïch t = flange thicknessi AT = s~ctîonal, areai b -.: flange 

wLdth; w - w~b thicknessi CT 
4 

::: the dis tance of the \neutra~ ax.l"s 
~ 

from the hole edgei and IT = the moment of inertia of (the section. 
.r 

For the location of the maximum shear. stress,.qnd its 

magni tude, TT ,two cases need to be considered,' i. e ., when 
,max ~ 

the neutral ~xis lies in the web and in the flange: 

When the neutral axis lies on the, web, 

(1-3) 

, and when the neutral axis lies on the flange, 

VT (ëT - ç:T/2 ) 

TT,max = IT (1-4) 

f> 

In general, T can be expressed as, T,max 

T = k'l'VT T,max 
(1-5) 

in which k; can be obtained from either Equations I-3 or 1-4. 

1.3' Equating Deflections and Slopes 

By equating the deflections and slopes of the top and 
p 

bottom sections, the followrng equations are obtained: 

V x 2 
T 2R T 2R T,wax 

ax - 6' EIT dx - 10 G dx 

• 
-' 95 -
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) 
l 

• 

. 
"-

/ 

• 

; . . 

'0 
11 

) 
'C' 

,. 
'1 

2R VBx2 2R TB 
( __ d:;f - ( 1 é;max dx 

Cl EIB " C> 

• • ,. . 
(1-6) 

, • 1 

2R ME 2R VBX 62RJ dT B ,max. = 6 - dx· - 6 -- dx - . E1
B 

E1
B 

. G 

.. 

.. ,(I-7) 

The above equations, 1-6 and 1-7," can he rewritten 
Q 

in polar cpordinates using Equations 1-~, 1-2 and 1-5 as: 

------- ------ --

1T Ml 1T V 
~2 ~~ R(siQ8 + l)R cos0d8 - ~2 Ei R2 (sine + 1)2ft cos9d8 

- 2 T, -2 T 
, . , 

\ 

• 1T ~ t \.. 1T V
B 

. . 
=' (2 ---R(sin8+ l)R cos8d8 - (2 ___ R 2 (sin8 + 1)2R cosed8 

fT El-"i' , , fT EIB -2 .0 -2 " ' 

(1-8) 

J • 

11" M~ 1F V
T
R(sin8 + 1) \" 'n VT *~ ~~ R cos8d8 - t 2 

El ~ èosSd8 - ~2 G; dk T 
-2. T -2 T -2 

, 
1T
2 

M...! 1T VBR (sinS + ,1) 1T VB . 
=;; ~~ R cos8d8 - ~2 R cos~da - r 2 ~ dk 

_ 2 B - 2 ~ l::I~ __ ~ . G B 

(I,-9) 
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On expansion, many of the integra1s are found to be 

odd functions, and t~erefore vanish. Rearrangement of these 

equations then 1eads to the fo11owing: 

I~R TI V R 2 TI 2 V R 2 
1T 

~E (2 cosSdS ___ T __ (2 sin ScosSdS ___ T __ 12 cosSdS 
b IT E Ob IT E 0 IT 

~R 1T 1 V R2 TI ~2ScosSdS 
V R2 1T 

1 2 cosSdS B 1 2 ~,B {/ cosSdS 
= -E- - -- -E-

0 lB E 0 lB lB 

.. 
VB 1T 

cr {/ kTcosSd8 (1-10 ) 

, ' 

and 
V R2 TI T (2 cosSdS 

E b IT 

(1-11 ) 

Eqùations 1-10 ènd 1-11 can'thus be so1ved si~u1taneous1~ 

to yie1d Equation 2-9, which ca~ be integrated numerica11y to 

__ ~oyi~E}_ va1ues_ of . ~T(YB· 
Ir 
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APPENDIX II 

THEORY OF ELASTICITY SOLUTION 

In Ref. 6, the solution for stresses around a 

rectangular éccentric hole with round corners was given for the 

following cases, namely, pure bending, pure shear, eccentricity 
"\ 

effect on pure bending and eccentricity effect on shear. If 

the radius of the round corner is taken as half the width of 

the ~ole and the height of the hole is taken a~ equal to its 

width, the solution for a circular hole can be obtainea for thé 

fQ~r _cases mentioned above. Any co~ination of bending and 

shear can be solved by addition of the stresses given by the 

fOlr separate solutions. 

II.l Pure t3ending 

For rectangular holes with round corners, the 

tangential stress on the edge of the hole is given as; 

In thè case of circular holes, A = ! , 
I:l s - 6. 7 

- 6. 9 Q, J 2 - i, R and - = = - H = '. 0 

Equation II-1 is simplified'to: 

- 100 -
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l, 1:l 3 = -i, 

L therefore 

(II-l) 



J 

• 

(I1'-2 ) 

Furthermore, if Pb 

rewritten as: 

= Mall d 
21 .,.. then Equation 11-2 can be 

;: = (M:
ll

) (~R) (sin~ - sin38) 

II. 2 Pure Shear' 

/ 

( \ 

cr 
J 2 (~) = 

o MH 
l 

" ' 

4A 2 (.I) (~) r a y 
____ .::..0_' {(l + 3Ks + 6CE 

1 + Ks A
2 

(II- 3) 

D2 
15-) sin2S 

A2 

. (11-4) 

For circular holes, A = " B = C = D = E = 0, KI = K3 C Ks - 0, 

J 2 = ), y =, H. R and hl • (d/2)/2R, then Equation 11-4 
o 0' ,-

reduces to: 

(II-5 ) 

., 
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, , 
. 

or: 
" 

3 
r = 

2 (1 _ 2t) 
d 

V 
'T = -A , w 

/ 
(II-6 ) 

---- ------- ---_.- -----

r4 
cr = J 

l 

II.3 Eccentricity Effect on Pure Bending 

For rectangular holes with.round corners, 

2 °t Jo (Me) = 6
0 

+ 62cos2S + 6~cos48 + 66cos6 8 

l 

(11-7) 

'In the case of circular holes, 6
0 

= l, 62 = -!, 6~ = 6 6 = 0 

and J
0

2 = l, then Equation 1I-7 is simplified to: 

CI 
(-1) = 1 - 2cos2B 
Me 

l 

(11-8) 

- 102 -

, 



• 

) 

•• 

or: 

.. 

2 (~) (e) (1 - 2cos2S) 
MalI d 

II.4 Eccentricity Effect on Shear 

For rectangular holes ~d th round corners, 

cr 

(II-9) 

J 2 (.....!....) -
o VLH 

A e 1 1 1 y- L {nlcosS + n3cos 3 S + 6scos58 
o 

l 

1 1 1 

+ 2e ' (N 2 sin28 + N4sin4S + Nssin6S)} 

(II-lO) 

1 1 1 , 1 

In the case of circular holes, 61 = i, n3 = -L 6 s = n7 = 69 

1 1 , III, 

N2.. = ! , N4 - N6 = 0, el = e/2R, A = ! , Yo = ! and J 2 = i, - 0 

then Equation 11-10 is simplified ta: 

(II-Il) 

or: 

- 103 -
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j 
{cosS - 3cos3S + 4(~) 1~)sin2S} 

d '2R 

(1I-12) 

For mid-depth holes, the tangential st~ss on the 

hole edge is the sum of stresses due to bending and shear, i.e., 
Gr, 

0-

Ft F (----'1
M 

) (2d
R

) (sin~ ~,g1n3&) + 4(----MM ) (~)fsin28 
b aIl aIl cr 

(I1-13) 

For eccentric holes, the tangential stress is the sum of 
_ ---' ____ ~6-.---~ _____ ~ 

stresses due to the four loading cases described previously, i.e., 

(-1_1 _) (2R) (sin a - sin3S) + 4 (_M_) (~) fsin28 
1-1all d MalI cr 

Mel V F A 
+ 2 (-,-) (-) (1- - 2cos28~) - -(--) (....Y) (~) (2!) 

«l'~all d 2 Vall Fb d Af 

(II-14) 

• 

I~ 
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APPENDIX III Î 

CURVED BEAM MBTHOD 

111.1 Unreinforced Holes 

This Appendix describes how the axial force N4> and 

moment M</> of any inclined se.ction at an angl.~ <f> trom the 

vertical are obtained. The stresses are then calculatep by 

substituting these into Equation 2-6. 

IrI.l.l Sectional Properties 

- - - ----------- ,----- ~,---------

With reference to Figure 111.1, the area, location 

of centroid and moment of inertia of an~inclined section'at an 

angle </> from the vertical can be deterrnined as follows: 

A4> = Afsec</> + s </>w ~(III-l) 

Afsec</>(s<f> + 5 tsec</» + !ws 2 

C4> - <f> - ,A4> 
(111-2)' 

, 14> 

+ ws 4> (! s 4> - c </» 2 (l11-3) 

'I 

in which, 

s4> = (~ - e - t)sec</> - R (111-4 ) 
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111.1.2 Bending and Shear Forces on Hole Centreline 

• 

The distance of the neutral axis from the top Tlange of 

the beam,yn,and the'moment of inertia, In' for a section through 

the hole centreline are given as: 

A t/2 + A (d - t/2) + w(d - 2t)d/2 - w(2R) (d/2 - e) 
f· f 

Yn - 2Af + (d - 2t - 2R)Vl 

.' (111-5) 

\ 
(III-6 ) 

in which, 

hT = d/2 - t - e - R (III-.7) 

and hB = d/2 - t + e - R (111-8) 

. If a linear distribution of bending stress is assurned, 
.' , 

the normal force NT and its line of action can be determined as: 

when. y < li ,+ t + 2R , 
n = T 

- 106 -
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y.= 

or when 

y = 

'ln Mu = / b (y-'-) dy 
Y -t n n 

y 2 
f n, b(~)dy 

l 
Y. -t n n 0 

y -t . 2 

+ f n ~(~y )dy 
y -h -t n n T 

(III-9al" 

." , 

- R - e '- d (y - -) 
n 2 

'~ 
(III-IOa) 

(111- 9b) 

r 

(III-lOb) 

After integrating and rearranging terrns, Equations, 1II-9.a, 1II-9b, 

III-I0a and III-lOb take the for~ respectively as: 

(III-lIa) 

- 107 -
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J 

..... 

/ 

.. . ~ ... 

" 

... 

. , 

. ' 

·ft 

" # 

" ft 

" . 
NT = 2~~{b[Y~ - (Yn- t )2] +' w[(Yn-t~.2 - (yn -hT-t)2] 

-.,.. w (y -h -t , n T 
2R) 2 P (III-lIb) 

."" " . 
bey 3 - (y -t) 3] . +[ w (y -t) 3 - '(y -h -t) ~ ,- 2{ ___ ~n~ __ ~n~ ____ ~, ____ ~n ___ ~ ______ ~p~~T~ ____ } 

y = - " 
, 3 b[y.n2 ... (y -t) 2J "+[w (y -t) 2 - (y' -h -t)-~ n n nT. 

. 1 

,y = 

R - e - y n 
d 

+ -
2 , 

-
(y -t) 3J +['(07 _ (y -t~ ~3 
n? n. 

f 

_, (y~-t) 2.]"' +[w (y~-t) 2 -

(III-12a) 
.-

(y -h -t) 3] 
n T 

(y -h -t) 2J 
.n T 

(#+ W (y -h -t ... 2R) 3 l' 
nT}, - R - e -'Yn + ~ 

+ w(y -h -t - 2R) 3 

, (III-12b) 

n, rr:.~ 

. , 
111.1_3 Moment, and Shear on an Inélin~d Section 

Summihg forces and taking rnoT'1ents l
' about the centroid 

. , 

" 

of thé inclined section, the fo11owing equations, arepobtained: 
• • 1 

N4> - V Tsil} <P + NTcos<p -. (III-13~ 
() 

'\ . ~ 

\,. 0 • 
qnd ,---1:.14> - VT(R + c~)sin<p -"'~T{y + R - (-R + -

,) 

0(' 
".~ • 

(111-14 ) 

c . -", 

'" IIcl.1.4 Value of ~ , . 
1 .. 

From Equation 2-4, .. 
'" ,Al 

" 
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• 
but 

and R + c~ + U2 = (~-. e - t)seè~ 
, 

therefo;re, 

. 
R+c 

Z = -1 +" A~ {btn [{~--- e} sec~J + (w - b) t'n [(~ - e - t) sec~] 
~ , 

- wR.n(R}} 

.' 
d '2 - e - t 

cl 
..2 - e (d _ e - t) sec~ 

+ wR.n __ 2 ____ ~~ __ --~-} 
R 

, (I11-15) 

111.2 Reinforced Holes 
. r----=- ~ 

'- .. ~,t 

The procedures in o.btaining N~ and M~ are idenfical 

to that of unreinforaed holes,except the section will be an 

1-section instead of a tee-section. This is taken into account .' ' 

in calculating the sectional properties . 

• - .. - -'- -_.'-'.-,-------- -
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APPENDIX IV 

1 

EQUATIONS OF CURVED BEAM METHOD IN NON-DI~~NSIONAL FORM 
i 

Appendix III can be non-dimensiona1ised as fol1ows: 

A' = se c cp + s'A' cp cp wf 

_ seccp(sl + !t'seccp) + !S'2A' 
c' ~ cp wf 

cp AI cp 

- C')2 + A' s'J!s' - C')2 cp wf cp cp cp 

s' = (5 - e' - t')seccp - !R' cp 

y' = n 

1 + 1.A' (1 - 2t') - A' R' (l - el) 
~ wf wf ~ 

------~2~+~A~f(1 - 2t ' - RI) 

(IV-1) 

(IV-2) 

) 
(IV- 3) 

(IV-4 ) 

(IV-5 ) 

l' = 1 t 1 2 + (y' ,_ ! t 1 ) 2 + ~A' h' 3 + A' h' (y 1 - t' - ! h TI ) 2 
n 6 n 12 wf T wf T n 

+ ( 1 + y' - 1. t ' ) 2 + ~A ' h' 3 + A' h 1 (1 - Y 1 - t' - ! h ' ) ; 
n"2 12 wf B wf B n B 

hl = ! - t' - e' - !R' T 
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h' = ! - t' + e' - !R ' 
B 

-Il (y') 2 

NI H,J{ n 
T = Il 

(y 1 

n 
t l 

_ t l )2 

+ A 1 [(y 1 _ t 1 ) 2 
wf n n 

- (y 1 - h.j. - t 1) 2J } 
n 

l 1 (y 1 ) 2 (y 1 t 1) 2 ' 

NI - M,J{ n n + AI [Cy' T- l' t' wf n n 

(y 1 - hl _ 
n T 

t 1) 2J + AI (Y!r-
"Tf 

hl -
T 

(y 1 l 3 _ (y 1 _ t 1 ) 3 
__ n __ ...-.,.-,..n _____ , + A 1 [(y 1 _ 

2 \>-Tf n 
y.I = "j'{ (y') 

n + A 1 [(y 1 
wf n 

(y 1 ) 3 - (y 1 - t 1) 3 
n n A 1 [(y 1 + 

yi 2 t' wf n = 3 { ly i ) 2 (y' t l )2 -n n + A 1 [(y' -t' wf n 

- (y' - h' - t 1) 3J + A • (y' - h r -n T wf n T 
(y t • h' t f ) "] + A,,;i (y ~ hl - n T T 

------ --- ------
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(IV-lla) 

t r) 2 

t l - RI) 2 } 

(IV-lIb) 

(IV-l2a) 

. -
t 1) 3 

, "'~~ ..... 1~ 

t 1) 2 

t' - R') ~ 

t' R i) 2} 

,.. 

~ 
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in 

... 

,\ 

• 

- ~RI - el - yi + , 
n 

N = ~V'AI FI sin~ + NICOS~ 
~ wf vb T 

(Iv-12b) 

(IV-13) 

-- -- - 14 4> - ; - ~V T~\~;fF ;b i;R-f"T=c ;) s ffiq> ~- ~_' %'--~-
<-

(IV-14) 

which AI 
4> = A~/Af , 

< , . s~ s q;/d ;~'''' 

AI 
wf = Aw/Af 

Cl 
4> = c~/d , 

t l = t/d 

el = e/d 

RI 2R/d 
., 

= , 

y' - Y /d - , 
n n 

hl 
T = h~d , 

h' B = hB/d , 

NI - NT/AfFb T - • 
Il - Ig/Af d 2 

g -
Il = In/Afd 2 

n 
~ 
yi = y/d , 

V'"l = V/Va11 , 
-- - -- - - -- - ---- -------- - ----- ------- ---- - - ----'---

~ 
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as: 

Similarly 1 Equations 2-4 , 2-5, 2-6 can be rewri tten 

(! - e' - t') se c cp 
+ A' R-n li A' wf !R' cp 

(IV-15 ) '':.:~ 

l l' .----=---c-i 

K' = - (IV-16) 
-t...... ~ -

. cp (1 - !. j~ 
A'lR ' + ').c! ,Z'R

I 

-~- 2 c 4)'--q,.--:"" '----;:.;.--:--+------- .---:-:-----~~ ...... -:.. 

NI 
= KI (.-p. + AI 

cp 

, 

H'c' . 
--L!) 
Il 

cf> 

(IV-17) 

•• 

- ----------- - --
• 
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APP:çt1DIX V 
• 

COMPUTJ~R PROGPAMS - EXPERH:ENTS 
-\ 

V.l Conversational prograrn for Auto~atic Recording of strain 

Gauge Reaclings 

Host of this program is wri tten in Fortran· language 
/-' 

except the subroutincs which are written in Assembler. This 

prograrn wjll record st~ain .~uqe readin.~g~s~a~u~t~o~m~a~t~i~c~a~l~l4-~~~~a~n~ ______ ~ 

instruction fed into the computer by an operator through a 

tele-type~rjter. Aftcr each set of gauge readings for a 

·particula~ loading is read, the program will be stopped to allow 

time for the operator. to load the specimen to the- next ~oading. 

Boy pressing the BRl-::AK but ton , t:.he program \ViII be reacti vated 

again and start recording the next set of gauge reaàings. AIl 

these readings will 118 stored on the disk for later analysis. 

The channel numbers aWl their l.é::G.dings will also be printed out 

on the telc-typewri ter. 

-

The program li sb ng and sorne typi cal printouts are 
( 

shown on Pù.ges 117 to 122. 

l 

. 'J'!-:is progranl computes the differences in strain 

bctween each load incrernent using the r~adings already stored on 
~------------------------

disk. 

- J 15 -
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The program listing is shown on Page 123. 

V.3 Pro<;ram 2 

strain readings obtaineà by the conversational program during 

the experiroent and'pri~ts out the intcrcepts and slopes of these 

lines. Also calculated and printed out are the confide~çe 
~ 

interval of each reading. If any reading i5 outside this 

fitting the regression line. A confidence limit of 90% is being 

used: 

The'program listing is shown on Page 124 to 127 . 

.. 

" 
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c 
c 

--- ----------- -- --- ---- -r---
CONVERSATIONAL PROGRAM FOR AUT01-iATIC RECORDING OF STRAINS 

[d'·HrJ~,}')r~ ~r'~ .. l,d-J J,.<) ,!< fl"'~( .... lJl.IC:I:.)IJ) .VAL (~\.J) .~:t::)(é) ,l.,k.·(c') 

1r-=]>./" 
l--<=-P" 1\ 

_C,_'Lt __ "C 1 _________________ _ 

.... rlll~ (p-d) 

~~~=f.~~ } , r CJ', t. T -6 l " u, l 1 r" T' ') r '.U',)I· ... ) 
H't<.;l (I,"',~) ·,r .. :,T 

t' 1-'.1'" (1 (1,-) 

t: l,' 1 r:" ,J~) L 
______ Jlll_· ~)" 1 f ___ ~ ______ _ 

I)~' 1 J fI. 1 1 

LU/.I)"ft-+C 
,:>T/' j,·,.1 .. ! 
r_p\l ~ .. 'L 

1),) 11' Il 1::: l • ",v 
l~l2.. 1~'" _ J.=-J __ '_'_ _ _______________________________________ ~ __ _ 

-----~-I____cl_4{t_ .., f H 1 J, (J .-.+)~~Ir..:-----

--. 

~-)9 IH) 11:1 j::.l."U 

IC~'I,·,(r)=u 

lUI IC(l).:..u 

r ) ',) l (. r' 1::. 1 , ':, il 
___ C_4LI_ "r ~?('<i ':~ _________ _ 

" ,\ L ( r ) ::.. ~ t J ( J ) .' l ) [1 d • 

IUé (\l"fT,,)' 
t' 'C:: l' 
Dt) If'j 1=1.-,0 
1;: (t. ' \ S ( V !, L ( l ) ) .' - l • -:: ') ~J f' • ) 

___ 1 L ( L' =--_ J _____________________ ~ 

(,(J Il) 1'_1 

l ll4 ~~C=t. ( ... 1 
J C,' t r, ( "c ) -- 1 - 1 

10.1 Lv~ Il J'.JI 

" ~ l 1 1 (i " • .1 ) 

• _ R.. ____ _____ •• _________ ..... _ 

J __ U!~!·_( 1 __ 1_ ~'-'-tL~..?_~~J _'-' ___ f-.'.21 J~ l!-".1 )" l, f-i_~_'_~:\F-J > __ I,--~_ç_~,-UI 
of, r< l 1 1 (i t· • 't ) (Il 1 - ,,( 1 ) • 1.: 1. ) ( ) 

,~ f- u ,<' f. 1 (i " ':' 1 1 ) 
v, r-( 1 1 r (i t' • 'J ) 

f- U'H T lll' - - -- -- -

~ F IJ 1-' .. t 

~ --< 1 l 1 

(!M\,."-,t"{rr:C- tU'i),cCltlJ .,,'Ju~"'" TI1.\T ~t<t fdlT r<L(u'<:)l,~l) 

( l ~J • h ) 

h 

<-

f- '.1 ~ .. r 
-. -- -

C /..Ill 

( l~' (J • " \ J ' ,1 T, ~J 

l ! ri 1 li ,_ l, 1 J . u '_ ) 
... C " 

C J~LL ... ,/Ill (j" 

e IlL l ,l '\ 
"r<jlr (It-,"{) 

.' l ,- t) l, ) , ' r' L 1- 1 L') r J
,.( L ., '-> t-' I-d- .H' 

-0- -- - 1 ---
HU 1 T (J" 

-'- f-'I'. t,1 (Ir'1I.4J.,JI:"'\'':.~IJ .·1/:., lt-~l :; l HtCt1t.L·, 1-<1-1.") = Il. ----_ - _____ ----.0---._--_ ........ ______________________________ ._ __ _ __ _ _ . ____________ _ 
( t'Ir' f," dr.,'ft"_ lr:.::-.T -" c,l'é)'1 "I~""LI\Y '-\LL Lr4 ",\j,'il-t'):; J) 

h' t '-' 1 (1 1< • ~) • 1 <.\ 

k ,.: \j,... l, r 1 (J J ) 

Ir (T,., ,.).u) ,,1) ,.), ',';II 

l t- (! J, ... (,). 1) 't, t, l 1) UV 

____ LL_J Tl._."_}~~' ~~_: _1_,;"'] 1 ___ _ 
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CI' '. 1 1\ ( .. 
- -- - -- - - - - - - - --

( Il Ll ~", ~d 1 ( 1" ) 

C':'L L ""e:< 
\', ,,; J '1 ( l 1-' 4 J J ) 

1] F ' ) ,.( r "r (1 ~ Il .... J ' 1 r-' 1 1 \ ) ( f, ri) 

( , r. 1 ,~ r r_ 1 -, l r" f-I 1 1. 

T ~_ ~ r 
= () 

-, ritcPu = li. 

.-1<="1 (l''4r-r) Iv - ---~--- -------- --------- - ----~- ------- ------------ ---- ----
~ t! t- \) '" , f' r (1 j ) 

If (Iv., v.li) .,11 1'1 'j'-l-j 

1 F (r 1/ • ~ t... 1) -" 1 1 ) l lJ 1 J U 
l t= (J V • 1 l~ • è) 'J 1 1 1 ) 1 u ,} 1 

l (; (; Cl \ 1 r~ r i r (1 r> .. 1 :1 ) \) • 

1.3 FU""" fT (l'HI.,.., t~r"IIf-,~ 'HJ 1t>' Ur L".'l1'lJb --..rt-~) -_. --- - - -- ------ - - -- - ---- - _.- - -------- - - ... '- -- --- - - -- -- - - --- -- ---------
ri L /.J l' (1 I~ • j '-) "1 '.1" , 

14 FU" fI (Ic) 
IIJ rllU ,1=1"'1",') 
l, ,~] 1 t ([ f-' • r 1 ) 

è j • F ~) 1--' " I, 1 (l~' (1 • 1 \} ... '~f J f-' L y l. L' 
_____ 'tA t-< J J ~ __ ( 1 ~.J • h) ______________ ~ ________ ~ ______________ " _________ _ 

Lul 1 I4C'T 

C"Lt qV'p]l (l') 
1 

C /, '- 1 U' 1 

~, ~' Ile (1 • • l '1 ) 

l '-J FI). 1 fi r ( l H" • l . r '. TI ..J l (J t, ll.J r, 1 t-' ::. ) 
! 1 '1.1 Il ___ , __ ,:~f: .. I, __ ( L~ ~ .~,) .-----~------- ------ --- --------

l 'J t c J r-' ,\, (,- '::J • r' ) 

III r~ll ,)=1 •• " 
C /, L l ,~t" --.. ( ,,~ 'J 

--"-STRrT'C ' 1 • J ) - < r 

C(I l (1)' 1 T "JU' 

'-", (l') ':;'1 UlitJ. 

( l f- • ) .' ) ,. ! '1 \ 1 \ 
, - -

r li 1 < 1 r. r (1 li 1) • r r' 1 

'l) cr'c .. '::: 1. '),) 
t<t<=-t'-1 

1 = , ; "~. 4 "1. lr-',) 

~. t-< l 'r 1- (1 t-' • l ,) k r< , ) T ~ l f\ 1 r • 1 ) 
1 7 HI'-' I~ r (1 '1 

CI) C. ( V' , r l ' tC).t-, __ 

cU U l:UI'.l l ,.!Jt-

~ 1 .. 1 r h f-J 1 L 
~ ~~ - 1) TH l 'J é 
L" ~ ~ f- ,J 

',~ - < [) f 1 r HI 

lf 1\ .'r ~;HL 
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1 u 1) 1 \. ri l 1 f ( 1 ,) • l " ) 
l H ru!""" A' (1 t1 u • c:. VHr' }I;l- ...... \f, ,-11:. 

I\} Il .., 1 
1') ,. l 

x f- f' 

CAL l 1\ c.-
~ Tut-' D 

Er'ill l.> j.1 L 
,,~_~ L ______ _ 
~. ::, ..., 

~ .., ": l (Jo, 

(J r 1 l ~ / j., '.) :- 1.' (lI J 

f-\Jt-' Il • / '1 ,) l, J 

o 

l ,~ t l' • Ir " r 
____ 1_- _____________ - - - .-- ~-----

---- --- - -

fH-LC.'$11 L 1 ~ 
L 1- .... \. f ,-' ~ 1. 

t III 

-~r'\ ... .(),' r 1 ~J'" ·'Ir·r"> (..., 1 _"d 
[dl. Lr,· ,] IJ'~ l.n-\, (c') H,L ':,( C) 

C il L LIli v (j J Cl • 1 ) 
CI. LI" CI, )-j ( l ,1 r" 1,. -< '""_ c., ) 

f- 1'< Tri tJ" 1 
itd 
U't, 1 lI-..,r'Jl 
~ ,.,..,. 1 l 

___ ~_l) __ ",u', t'.J_ -
\J u f / . 1 l li ,J 

,.J f. 1 

::-1--,. ln_' C']1 

litt 101 
Il.l 1 

_Ll...L ' 
r~ l, t' 

::, l " 
('U l 
fJ /1 1 

"_11', LJL ___ . 
11 
'u,1(!l 

/ .. J \1 ,\ 

LtAVr IJ,il 

" --~- ~ - - - ----. -- ------

- -_.--- - -- ---~---- - -- ~ - - - --

; 

__ ~it ] 1_ '< 
____ ~ ________________________________ ~ __ • ____________ _ ~ .... ...J. __ _ 

t I~ r t h t-''' L 
t.10~1(Jl b.I.!. /111'+'i4 

CUi (1o IJ(/jjr j/,.: 

C LI l' 1 J • - 1 
I.t t ,/ r f' .' L 

Q 

____ . __ . __ .. ___ ',' __ 1- ~ __ . -- ._- . _.~-- ._- -
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*4: 4"/ 
l 'Jl r 
li ~ , ')r. .... Jo • .J ) 

P,iO:.;,,, ")) 3f) 

1 ... .3I 
17 

flf 

r~J~1.Jr:l 

fjl..LY rr '~(i 

44 
i(J 

/' 

~ 
f 

Q 

.~ 

~1 ~ '! '~~LS A RE :~1T FU~::TIO~I~G 

46 47 

l- qL,~ ~T.:.r' .:;o;1?!..ë.T::L> ?~ESS 8:{EAK BUTTO\) TO CONT1 NUE , 

i)~tX;Ei;) IH 'P{ '!"EST ::: 1 ~EGH ECK qEQ' D : 0 TERMI/.JAlE TEST : 2 

, , 

. \ 
JI PI."., I"LL J{,:..'~tl::LS': ,~ ~ 
1 

~~lE>; \JU"'~r::':) 0:: ~"tDtr'G STr:P 
GO \ 

.. JI)1 .'/ Ir t _ 

,.~ 

. :\.. ' 

, 

. , 

---------

- 120 -

\ 

< 

, 

,.J' 

. , 

• 
, , 



~; Œ..i lit J.}'l?ü.1Ei1 PRESS B ~l::iI!( BUTTO:'l 10 œ:HINUE '. "-.. 
..... 1 ;--' \., * 

1'.1 KIP") cr 
c,~r..:.n .... C·,J 
2.,0 > 

• ~ 

Ld: J = - 2.00 ~IP3 
. 0 - tS.l00 
, 1. -1.300 t, 

!. -25.400 
~ -7.900 . 
A ').400 • 5 ' 'O.SC'O 
c -23.700 " ., -3Q. ~r, 
3 -;\4."00 
!) -C.SOO 

, f, 

l • .,,~r,f'\ . , 
J 

JI -15. -CO 
Cl 

l~ - ,~'1 • '-:0(' .. ~ 

1 

J,) -~3.0GO ~ ~. 

14 -)7.0CO 

J 15 -)5.4CO ~ 

1 S J ~ l' (lQ '" 
1 7 ~~. :,00 ,-

" 
l~ ?).~(lO 

, !\) !4.C)(10 
, . 

'20 -2: • .cOO 
.. ~I -~.2GQ .' ~~ - ~~.I 00 

~3 -CJ.~OO 

~4 5.')00' 
..., 

)' -12.3~0 
~ 

~-, 

~t) -35.199 
) 7 -3~.200 -4 1 

0 
2~ -S.700 

, -~(~ 3.~OO 
30 ~2.:00 
31 -7 • ~OO 

J? '?4.4DO \. ,~ - ~ \. DOO 
34 -)<; .noo 0' 

y; -"?'O.3CO 
)) - 4~. 2~'~ ... ~ 

-3~.7?9 ) , 
Y' Ir .30·) 
1~ 
,J,' 20 .. 000 

If> 

40 2.7.\ 00 
Ii\ 2'3.~OO 

4~ -7.900 
4) -O.SOC 
44 !"14~~!.375 

45 -14~Ql.·~50 " 
4(, -! 1.J'.l91 .000 .' 
4"1 -14::~O.~?5 

4~ -14 .... ~r .°75 

• 4~ -} ~~~o. r.;~5 
-" 

,'F:?Lv Ln.'J 

1.' - 121 -



, 

Tt.P ·.L!'lr-LET~ü PRE3S B~EAK BUTfO~ TC CO:HINUE 

E.·nL·~ LJAD r ~~ lUi':; 
o1().O 

L0",ù = G.OO KIPS 
0 -107.30G 
J -12.300 .' ,? 
<. -47 .()':l~ 
.) 11.~O 
4 39.799 
5 ~O.~OO 
r- -!Ji.5'·Cl 

-. 
f -70.Q 9C< 
1) 7.000 

10 44.100 
1 t -1".'-'00 
l~ -1~1.(-;?C) 

l~ -1 JO. ',)?9 
14 _\'?~ C':l'"''''' . ~ ..... ., ." 

15 _a,~. ~9 , .. 
l ( t;J1.~9? 

1 ï ?). ~Q<') 
,l~ 7~.300 

l~ '70. f!sq 

2C - SS .000 
~1 15. ~üo 
'~2 - ~9;. '-)Q9 

23 -3.')00 1 
~,~ 4!"' ,..~~ ....... )., 

~5 -';. C)uU 
?-
'J J - -;' 4. i)f'"' ~ 

f!. : --S~. 7SQ 
23 _t:' .WO 
2.9 .3S.2CG 
.::,:) 44.3'j~ 

':'1 -1.lOû 
,)2 -~7.399 

3"> ~57.5Q9 

.:>4 ' -~9 .2CO 
,5') -E3. )S9 

, .~6 -1 Cfl • ?:;lCl 
)7 - \(lC? ~ Y;8 
3a 74.4~S 
')0 79.5Q9 
40 aO.IS9 
41 80.7g9 
4'(. -40.fS~ 

) 
4~ -).300 
·14 -14~92.q,~ 

4':' -14C"'~~.OOO 

~--_ . ...-

...-------~ 
4G"b -14';C12.0CQ 
47 -14r>91 ~73 , . 
4~ -)4r'Q l '. r::'25 --
49 -1!~1 ~ ";?5 

• ,·,PPLv L~';~) 

- 122 -



• 

, 

• 

--\------
C 
L 

- ---0 J--!J [ ('h 1 f) ~'~ ~ 1 ~ '\ r " ( ") li • j) , j 1) '\ 1 (..;) • ,\) Ut"' t l'. ( c li) ,t,~ lJ t-i r ( , ) 
t.1'i Tt f.. 1-' .. L 

S ~ , IJ 1 l' C " r 
" LII M ,1- -

- -- --- --- - -- -
-1 '-,1-'" l ,t : l jl) 

~, ,~ J T r-- ( (. • 1) '1 l 1- " r , (1 ) ù 1 ( l ) • j ..:! j , ..; ) 

'1 J·OH (,1 (lt-1 11.11'ÎI,.'1 'lU • .:. ,lc .. -.)'./'1b)~1t::;. ,3/)..;) 

.... ~ ri' (" ~ ,) hl l • 1 ~ • ) 1 • l , L '". 1 / ' 

c' f- I}I ' : 1 ( q ") 
~ - - - - - -- - -- -

It- (r 1.~" .1,lt>l) '-,1 lu l11UI, 

PE:î,[' (').j) (h)""~' <T)d=-1. J(I() 

:; f- l. 1< l/'I { ! (:1 l ~ ) 
L=l 
lOt-' ~ /~ 1 W t- [\. ( l ) 

__ . ____ "'-~..,~Jf (,?~ ':+J_______ ___ __ ---.---- - ---------.---- ----------- -.--.--.. -
'+ fUt> Il 1 {lti" (HLdl' ~ ,rL .1l,,,;. Ho1{)jrrt. <~'\l'c:. l,v ~)ll<od'~ rlt.Ti'd:I-.11j I:ACt, LllI\}) 

':'" /) 

Ill) 1011 j=}.,,) 

11=-1-1 
lr(Il.I".Iü.-'t I,(j lU l,d 

_(HL) 1 \J __ ,L=-J_'._.:l~lj ~~ _______ _ 
Jl=d-j 

l lu v, 0 r' 1\ ( ,J l ) = ') 1 t-< Il J (t hJ ) -.' 1 ~ 1 l dl. ,j l ) 
I\jU)=-I'11 U,..I)-} 

v.Hllf("',',j fl,(,,"\"'(r)H l.,LI') 
~ t=Uh"/,I(lri .j,.{I'l',.j) 

_ '._ . __ I..èCl Il) J,\,.12__ _ _ _ _____ . __________ .. _ 
lu} It--(l."t:.",('\.) hl.l,lu l"J 

L =L ~ 1 
IfJ~'t I<-or,'h-'r-I,(I 

100 CU!' 1 T "11)1 

(,1/ Il) lilul 
1 (1 uy_ f r<'J 1 ~_ ( f-; ~ h J ______ _ 

\ 

10.. F(H-<\ ,~1 (1,111. ('JIO 1'1~' h· ::,1 IJU ,'_t'I' 1"1 l '~r-E. LJUr_ ..... ;~f)T AIH't.t. ,1 f", TI-1~ f 1.: 

~'. 1 \j t-' lJ 1. 1-' K ()() tl~, -'1 1/ ~'1 rJ ~ l 1 J • 1 t I! ) 

1 li u l ~) T \ 1 t J 

[ '>.J T t~' ~,.~ __ 

"t-., 1 i~'--Î iL-J,">') li III/ 

_----·-~Îll', \,,1)00 ') 

1\1 Tf ~ T 
1 I)(l T 

litl \1. Ifl:,l 

~ T r rI 1 '" H :, ~ ... li Il • 
H'-,':> 10" 

Dt: L. C 39 __ L ) .'::' __ . __________ .. _____ _ 
l f- () "f-' t J LI L 

t '"U 

- 123 -

.. 

-



• 

• 

PROGRAM 2 

DIMENSION STRAIN(50, 8), IDAT(3),NOPEN(20),ALOAD(8),APSC8),NCHAN(50) 
*, LS (::::) , T( 6, 4), CLOAD (::;), ,:::LOPE (50), LC HAN( ,:~tlE (8) 

DATA T/(:. 31l!,:2 '·'20,2 3'::;-;:, ~ 1:::2,2 015,1 C/i!:::, 12 706,4.303,:::. lE:2, 
* 2 776,2 571,2 l!~7,63 657,Q Q25, 5 841,4.604,4.032,3 707, 
*6 :;:6 61 'j'J, ::: 1. 59:::, 12 941. E: 61 i), 6. E:'::;':", '5 t:J';/";J l 'Q 

ENTER PAL 
-:;,PE: ClTRe 02 
Lm' XFR 
~ PE: DE"! r -=:0 

LEAVE F'?~L 

~JRITE(6,l) 

1 FORMAT ( 1 Hl), 1 qHF'EC,F\'E-::.':. 1 ON ANAL Y':, l ':. ) 
WRITE(f:.,2) NTE·:·T, (HIATC!), 1:.-1, 3) 

/ 
( 

2 FORMATC1HO, llHTEST NO ~,I2,5X,7HDATE =-
REAtl (5, :;:) ~lT, NOC, NLOAD 

3 FOm1A T ( :::1 5 ) 
NC,='::;I)-NOC 
RE AD (5, ;:) MODE 
IF(NT NE NTEST\ GO TO 1000 
IF(NOC EO 0) GO TO 00 
READ (5, LI ) ( NOF'EN ( 1 ), 1::::: 1, l'lOC) 

4 FORi'1A T ( 1"':.15 ) 
GO TO 0:'2 

90 NOF'EN ( 1 ) ::--1 
92 READ(':Î,S)(ALOAD(I), I=-l,NLOAD) 

5 FORnAT (:::F 1 (1 :;:) 

READ ( '5, 1;.) N·:.C 
/:.. fORMAT (15) 

IF(NSC EO 0) GO TO ql 
READ ( 5. Li ) (t,.fC HAN ( I ) , 1 =- l, N'!:.C ) 
!~O TO ,-:,;: 

, 
r 

q 1 NC HAN ( 1 ) ::' - 1 

'7':: L- 1 -------------------------------------------------
M"-l 
LL=-l 
IOPEN=-=N,)PEN ( 1 ) 
1 C HAN--NC HAN ( 1 ) 
DO 100 1=-1,50 . , 
11=1-1 
IFeI1 EO IOPEN) GO TO 101 
IF(Il EO ICHAN) GO TO 102 
S,UMX==(J 
-:;·UMX2=O 
-:;,U~1Y:-:O 

/ 
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-. -----+Erf-i'-'H"~1HXt-Ty~..,OH---
DCI 21)0 .J-=- l, NLOAD 
SUMX~SUMX+ALOAD(J) 

SUMX2~SUMX2:~ALOAD(J)**2: 

r 

,1 

• 

204 
102 

SUM~~S0MY+STRAIN(I,J) 
SUMXY=SUMXY+STRAINCI,J)*ALOAD(J) 
CLOAD(J)~ALOAD(J) 

VALUE(J)=STRAINCI,J) 

S'-'~l y X=: .::. U 1"1 X * * 2: 
N.:NLOAD 

, 

) 

Cf\LL RU::'RN(,::.UtlX,"=.U~1Y, ·:.U~,Y.V'fS'-'l'lX2, -:;.U~lXX, N, A, E:) 
LCHP:N ( LL ) ~ 1 1 
SLOPE ( LL ) ~ E: 
LL=- LL+ 1 
WRITEO«:,,7) IL f\, 

- ---

C f\LL = C ~ (t~: ,;:.I~lm:,- ë LClAD:- A, r::, I. ~10DE, .;,::;J.UE) 
GO TO 100 
READ(5,Ll) 
SUI'D:=- 0 
::.UMX2:: ,) 
-:;.Ul'lY=-O 

DO 202 . -=l,NL00.D 

) , • :: l, NP'; ) 

IF(J ~Q 203 
9J1'1Y=- '::.U~l ~ 
9Ji'lY=- ':.1 .11'1 'r + - TRP. HI ( l, ,-') 

(,0 TO- 202: 
203 IF(LI GE NPS) TO 202 

Ll=Ll+1 
IL=-L·;:.( 

SUI'1XX ':·UNX**2 
N--NLO ~D-"JP':, 
CALL 'EI:'RN (·;:.UI'1 , .::. U 1'1 Y , -:;.Ut'l X y, -=·U~l X 2:, ';:·UM X X, N, A, E:) 
Le HAN ( L):- 1 1 
-:.LClF'E ( L'-...........:~ 
LL=LL+1 

7 FORMAT(lHO, 12,5X, 12HINTERCEPT = ,F8 2,5X,8HSLOPE = ,F8 2,5X, 16HNO 
* OF POINTS ~ ,12) 
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c 

,-

c 

1 F (~10[lE ECI 0) (,0 TC! 20'3 ~ __ ~ __ 
~ C ALL -.: c.( N~, S,U/'-1 y, CLOA-rI;A, Po; -1. MODE J T, VALUE) 

205 IF(M GE NS() GO TO 100 
M-=~1+ 1 
1 CHAN·-NC HAN ( /'-1 ) 
GO TC) 100 

101 IF(L GE NOC) GO TO 100 
L::.'L+l 
1 OF'EN...:.NOF'EN ( L ) 

C STRESS ~NnLYSIS 
c 

REAÇI(S, :::) ~'P.NLY':, 

IF(~ANLYS EO 0) GO TO 1001 
. IF(fANLYS NE 1) GO TD 1001 

WR 1 TE (I~., 1 

11 FORMAl (lHO, 25HANALYSIS OF LINEAR GAUGES) 
READ(:;, S) E, V 
WRITE(6, 0:'/) E, V 

9 FORMAT(lHO,~HE ~ ,E12 ~,2X,4HV = ,FS 2/) 
WR 1 TE «:', 12) , 

12 FORMAT ( If~O,7HCHANNEL,3X,5HSLOPE, 6X, 6HSTRAIN,oX, bHSTRESS/) 
DO :::00 1 ::-1, NG 
-::,= -::,LOPE (f ) *V-r·l OE-6 

~JR 1 TE (6, 10) Le HP.N (f ), ': LOPE 0 " ':" '::,TRE'::S 
10 FORMAT(lH ,IS,F10 3,2E15 5) 

:::::00 C ONT 1 t lUE 
GO TO 1001 

1000 t-JR 1 TE ((:" :::) 
:3 FORr1P.l (lHO, 7 0 HTHE TE'::,T NUrlE:ER IN TAPE DOE':, NOT AGREE WITH TH0.T IN 
--~T, PRCI(,RAMME--'fERMINATEn) 

1001 STOP, 
ENTER PAL 

XFR DEL 0, /3355000 
F:I~IR 0, ,. 1000 
DEL 0, NTE-:,T 

NTE':.T D'::,'::, 1 
1 DA T [: '::s ::: 
STRAIN B':"::' 4(10" 

DELC:::O LIB 
LEAVE PAL 
END 
SUBROUTIN~ REGRN(SX,SY,SYY,SX2,SXX,NDF,A,B) 
ADF=-NDF 
A~(SX2*SY-SX*~XY)"(ADF.SY2-SXX) 
B~(ADF.SXY-SX*SY)/(ADF*SX2-SXX) 
RETUF:N 
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':,UE:RCIUTINE CL(NP, S'X, CLOAD, (:':, B, l, rCL. T, V(:':LUE) 
INTEGER U 
D HIEN'::, rm~ '::,[tYI un • YI'lIY'< (:3). YI'lI N (:;:n. CLOAD (E:) , T (6, 4), VALUE (8) 
DOF::NF' 
X B(lR-='::, x fDOF 
IJ-=NP-2 
AU-U 
RL.::> 0 

DO 1 c) ,J--1, NF' 
Y=-0.+E:4~CLOP.D (,J) 

RL=- \.,I(~LUE (.J )-y 
RL~::. h:L2+RL *i:' .; 

XMXD0.R..::XMX8~R+(CLOAD(J)-XBAR)**'; 

10 CONTINUE 

DO 21) ,J-= 1, NP 
V-(CLOAD(.J)-X8~R)**~ 

SDYI(J)~SQRT(SDY2*(1 41 fDOF+V/XMXBAR» 
y 1 =-r,+ B*C LOAD .: ,j) 
YI'1~X (,J);: Y 1 +T (!J, IeL) *':·[tYI (,J) 

vrH N ( ,J ) :: y 1-T (U, 1 CL) *':,Lt'r' 1 ( .J) 
20 CONTINUE 

HRITl::<I.:",l) '-VT(U, ICL), (Y~1PIX(,J),·J-=1,NF') 
1 For:i'1(~T(1I'IO, I!)" I:~, 2X, "'"'ï--/ 1) 

l.JR I n-: (6, 2) (Yrl l 1'1 (,-') l ,J.-1, ~,1F') 

2 F('F~r1~T(lf~ J lr:ï,*::':F7 1) 
RE1Ur"N 
END 
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APPENDIX VI 

COMPUTER PROGRAJvl - THEORY OF ELASTICITY METHOD \ 

VI.l prograrn Abstract 

This prograrn computes the stresses at the edge of a 

hole in the web of a flanqed bearn using the theory of elastici ty 
1 

rnethod describec1 in Chapter 2. The stresses are calculated at 

whole circurnference of the hole. 

VI.2 Input Data Requirernent 

(a) First card: (FORt1A'J' 15) 

Read in the number of bearns to be analysed. 

NB ~ Nurnber of beam sections. 

(b) Second card: (FORtftAT 8F10.2) 

Read in the dimenslons of beilm sectlon 1 radl us of hole and 

Il •• 
eccentrlcl ty. 

D ::: Bearn dep-Lh; 

B = Bearn flilnge width; 

T Beaffl flangc thielcncss; 

W = Bearn --lAreb thi ckness; 

R_= Radius of hole; 

EC~ =.Eccentrjcity of hole centre with respect to the beam's 

mid-dcr~h; equal t6 0 for mid-de~th holes • 
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• (c) Third card: (FORt1AT 15) 

Read in the nurnber of moment and shear combinations that 

stresses are to be compute9. 

NMSR = Number of moment-sheùr combinations. . , , 
.' 

----,-.--------------------------------~----------------~----------------------------------~ 

(d) Read in different sets of moment and shear (M,V) (FORMAT 8FlO.2) 

One card for each set, - thùt is, there ,.,ill be NMSR number 

of cards. 

(e) Repeat procedures (b), (c) and (d) for NB number of times. 

VI.3 Output Data 

ANGLE = The angle at whic;;h the stress is calculatedi 

X,Y = The location in Cùrtesian coordinates in which the 

stress is .calculated; 
• 

SIGA, SIGB, SIGC, SIGD ~ Represent the stresses calculatcd 

by e a ch te rm 0 f Eq ua t :i::-eft--',I,2---,7f-!:~-----------

SIGMA = Stresses nt the edge of the hale. 

VI.4 program Listing and Sample Output 

A Qrogram listlnq ,:md ù sample output are shown on . ' 

Pages l~Q to 132 . 

• 
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l<r/lL "Il 
l' j r:; 3 , lit l C, 1) 2 7 , 
1: F f, l' " ~ ~, 

-1 F ~:lAT(1f:,l \. 
l·· ')0 J:;l;::f~ 

RI 1\1) ?/1","\,l,".,R .. lCC 
2 F ,l, Il fi T ( !' r 1:) • 2 ) 

J;:(h* '*·:<J-(B-:'l*(f',-?*T»)'(*l'/l?-. 
JI l, Till 3., ,1 

3 F' f"'/\r( 1 11)P,llpLRllf 5 Cil 1,( ,\M t~llt .. I3,) 

P Ji; T 4., 1) , rI J r , '1.' J ! J R, r (, ( 
4 F .h",Al (")'J:: ',F-t).? .. ' p.::;; I,Fo.?,' T:: I/F6.2,1 \'/;:0 I,F6.2, 

* • ' 0 1= 'de,? .. ' r.: '/r5.';" EC- ',15.2) 
l' r IJ·::? * l ':- r 
h T r T::: \ F l G·, ([1 -7 * 1 ).;. ~ 

h ) \: Il F-I G / A T (11 

II::"!? 
(" r'! '1 J\ r: 1 • '5 1 ( 1 • -1 / t 1 ) - ( (11 -?. * T ph )f Il'~ * 2 li lU ) 1 ( 2 • * l * ( 1 • - R l ) ) 

i---_. _______ "_t_/\~.II 11' 'J'" 
1)', 50-R;11'fT15~-------- ----

~ - -- ~-- ,- -~-

• 

f{f f\fi ?/~"V 
l', JllT 9,1',V 

9 F' fJ t' fI T ( t • \ , \ :: 1 J F- U • ?, 1 V = 1 1 F 7 • 2 ) 
J r 1 ,·,.t--Q.....llJ-W-l TO ~ l 
f ( :. T r û r:: ? ,:<\1 .:' 1 / ( ; * r"Ï * ! ) * *? ) 
Pt,I:IT 1;> 

l 2 F" 1-- l ' fi T ( ; ,) 1 , 1 7 J 1 A >: r, L r 1 1 , l H ,'X ' ., T ? '8 1 1 Y , , T 3 7 , 1 5 l GA' J T 5 0, , SIr; f~ l , T li 3 , 
* 'SrGc.'JT7b11';!f,r)tJ10f1")I(,~'A'n ' 

11,)0 
11 

i \ ) () (1 l l :: l J :~ f) l J 11.' 
1T1.,11-1 
Il ,_ r 1\ :; T Tt"" P l Il "0 • 
!- ~ 'T fI 2 ~ ?. );-;' l Til 
~\, ,. fl3 ;:: 3 ~- '" [ T 1\ 

fi' Ti\6..,b·:'flf Tf. 
S l 1 X:- S l t (1 [ T .\ ) 
5 J " ? X - '> 1 . , ( ~<f- T ',:.\ ) 
STi ?X:::Sl '(fIT'.Z) 
( ;Sx=r Ils ("1:. 1 fI) 

C' S? X :: r r 1 <) ( il l 1 \ 2 ) 
( 'S·~ x ~ Cl) S, ( fi l:. 1 ,\ 3 ) 
( S fi X :: cr!:> ( f-l F T ,\ 6 ) 
~,(.I\:'.., J ',x-S 11- j" 
r- { ~ ~. , J 1 ' ,Jo,. r. , ,,1 "." T' " • 1 l' 
.J ' r .. 
~ 1 (, r ::: 1 - ? ~'( ,1 ~ ( ... 

~ 1 r. Il :: _ f. r c . \' / l' ; ( C II S X .- -~ : ( ri' S ,1 X + 4 ':' f C r.~( S H J 2 X / ( ? * R ) ) 
SIG r' /1 ~ ( " 1 !J il + S J G B + ~ l G 1) ) ;, ~ 1 * ,1 Il + SIC C ::< ~11,'< E CCI l 
Xl:: , r) ):' r [ 1 S '( 
V 1. ;: • ~) l' ~ l : ' X 
x .. ?~'tp~cXl 
Y·'2.*1 *Yl 
Il (; :: 1\ T 1\ 1 ! (y l / Xl) * l r 0 • / \' 1 ' 

p" 1 ' !T l 1 , ,,\': (, , x, y 1 SIG fi .• S ! r. n , S l Li C 1 SIG [), SIG i1/\ 
1 RI' fi T " 1 ) :. F l 0 • 2 , 5 E 1 ~ , 't ) . 

C, 1 Tf1 "r . 
l" TIlT ~2 
F l·li/\T( 1(11:·11$ ;\cT'I[J[1,! I\TI.S r[Jf~ PURE SHFAP,I) 
C, . TI' tIF 

Sir p 
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w 
f-' 

( .. 

• "/ • 
PRUPERTkES D~ 8[~~ N8 1 

Da 14.l2 1;-

M= 

" 

240.00 : '1= 
1 

A~,r;LE 

°1°0 10 00 
20 00 
3U,CO 
40,00 
~J.UO 

M',OO 
7,O,JO 
8U.~O 
9(1. JO 

-IW,JO 
-7J.CO 
-llO,GO 
-5u.OJ 
-4ü,UO 
-30.ùO 
-ê.U.ù J 
-lU.Ol) 
-! ,Ua 

,00 
z .00 
3 ,00 
" ,00 
5 • 0,0 
6 • (10 
7 ,00 1 

B ,00 
9 ,00 

-8 ,,'JO 
-7 ,00 
-bU,OO 
-50.00 
-40.00 
-30,00 
-20,00 
-10,00 
-o.co 

".7B T-

10.00 

>-

2.50 
1.46 
2.3~ 
2.17 
1.1)2 
1,61 
1.25 
!J,86 

l"" 3 
'l .. (l() 

-(\ • 't 3 
-,),116 

-1.t5 
-1, f, l 
-1,92 
-7.17 
-?3~ 

-2~46 
-l:SO 
-?,46 
-2.35 
-2.17 
-1.'12 
-l.fll 
-1.2~ 
-,). [j~ 

- 1,1.3 
_tl, no 

' •• 43 
tI."é 
1.25 
1.61 
1.<)2 
2. 17 
2.35 
2. 1,6 
2.~O 

0.51 101- n.'n r:o: 380.70 R- l.50 EC-

y 

0.00 
0.43 
0.86 
1. 25 
1. 61 
1. 92 
2.17 
2.35 
2.46 
2.50 
2.46 
2.35 
2.17 
1.92 
1.6 t 
1. 2, 
0.8t'> 
0.43 
O.on 

.0. 1,3 
-0.116 
-1. 25 
-1 • (, 1 
-1.92 
-2~17 
-2.35 
-2.46 
-2.50 
-2.46 
-2.35 
-2.17 
-1.1)2 
-1.61 
'-1.25 
-0.86 
-0.43 
-0.00 

SIGtI 

O.OO()(1F 00 
_0.32Mf- 00 
-0.!>74(lr 00 
-O. !l()(1nl '00 
-(l. nJ;-1 1)0 
". Z"6Pf 0'1 
~). 811rl('f- U(1 
() • t l, ft (" (l l 
11.1.15l F 'Il 
O. LI'('('F \ll 
f). 1 ~\ ~ , t: ) l 
il. 1"',,11 01 
r). fI/Hl.'r no 
(};2"f,1t- ')" 

- 0 • 22 3? L 0 ,) 
-().~)(lMli: 0) 
-c.:) 4nE Or) 
-0.3 bitE on 
-0.5, 7r1--05 

0.3 (0.31: 00 
0.5 4'1r "'ln 
0.5, ,1('[: Ill) 

0.2 3?F 'JI) 
_O.2(bnE 00 
-O.Ht ("I( F on 
-0.144oE 01 
-O.lt''ilF 01 
-O.t',;ooE 01 
-O.lF5tr Cll 
- 0 • 11,,, () r ù 1 
-O.8(,ôOF 0') 
-o.Zh6\E 00 

o.223zF Ct') 
o.5ncoE l10 
o.574nE 00 
O.37.(,t.F. On 
o • l 'J 6 il t' - 0 't 

51GB 

O.OOOOE 00 
o.no)!: 01 
O,"290[ 01 
O.5780l Cll 
0.65721. (Jl 
(l,"5 7':1:: n l 
(1 • 5 7 '1 :; E (\ l 
1l.4L'}ùl; 01 
C' • .: ';:1131: Dl 
1;,l~l2l-04 

-l' • l 2 G:) i: 0 l 
-U.4ZQOE 01 
-C',=,HCE 01 
- (1 • r, 57? [ 0 l 
-('.n57Zr 01 
-1'."7',l)l (ll' 
-l'.I,L'JOL (ll 
-O.22 1 3E 01 
-CoJ3 1 41-04 

0.?2:\3E 01 
C'.4(Î(lF 01 
0.57(1,)l 01 
D.f,572r oi 
O.6572E 01 
l'. '; 7f1CE 0 l 
O,t,Z/OE 01 
O.n83E 01 
0.Z51UE-04 

-0.Z2 iJ3!' 01 
- (1 • 1'7 Il 0 l 0 1 
-0.5730E 01 
-O.'>572E Cl 
-o.~572E 01 
-0.57130l: 01 
-(l."290l; 01 
-0.Z2J3[ 01 
-0.4222[-04 

SIGe 

-o. too,1E 01 
-0.1379/.E 00 
-0.'>321E 00 
-0.19(J7E-05 

0.6"i7IE 00 
0.1347E n 
n. ? ,11' E a t 
U.?537E 01 
(1,237<,[: 01 
O.l(\~"E 01 
0.2P7r;E 01 
0.253?E 01 
O.2rn'"E 01 
0.1347E 01 
0.652"7f: 00' 
0.51? "E-05 

-0.53?'[ 00 
-0.57 Q ,1: 00 
-O.lrl"F 01 
-o. [179 1.1: co 
-O.!"J?H, 00 
-o.B5f1",E-G5 
o.n:.~ 00 
0.l,4-;E 01 
v.7.fln,'E 01 
O.Z5J?E 01 
C1.2'17'"'E 01 
O.lPO E 01 
0.lF,7"E al 
0.253;E Dl 
O.2rf" E' 01 
O.13 .. '7E 01 
O.f-'i27E 00 
0.7"',<) 1 E-OS 

-0.53?1E co 
-0.1<7'J.( 00 
-0'.100, E 01 

-"> 

.50 

<iIGo 

0.20~3! 00 0.9()79 "01 
-0. 7 5<;5 -01 
-10 . z 7 "0 - Cl 0 

~
'J. l'''l? OJ 
0.')4?fl GO 
0.5450 no 

lO.4402~ 00 
-O.?4S6E (10 
-O.lA'1"l[-,\J5 

0.?4"61: 00 
O.44r.ZE ,)0 
O.'i":'nE "0 
O.542ilE 00 
{1.441?t= no 

J
O, ? 7 ('1 n t= t) ,) 

O.7e;"li'r-ul 
o.9h7Qt:~Ol 

o. (n ,13 f (10 
0.2''1-r ()0 
rl.,q~3[ '"'0 
0.C;\I?lE-i>1 
0.30rr,r-ol 
ü.1124E 00 
0.11\1,2F 11ù 
0,.17 nE 00 
O.tO"lE <'0 

11).1 \o.SE-()S' 
~O.\031E no 
'tO.17?3E co 
+a,'H42E 00 
,.0.1324E 00 
tn.l0RAr-Cl 
jo."(lZtE.-nl 
'1.1Q?1F no 
n. 2 "'''[ ro 

10.2nfl3E (;ù 

5 IC;r~ A 

O.124'\E 01 
O.lR'i()E 01 
0.4 Q 77E ai 
0.7~95E 01 
O.ln1l,F 02 
0.1?0'iE ÙZ 
O.l?77F 07 
0.1233E: 02 
0.li~67E 02 
C.7r'iJ('( (Il 
C'.4?45E 01 
0.1<'l?5E 00 

-O.':\7~3E 01 
-O.f."'60r 01 
-O.ilt'lflhE 01 
-(l.C)471E Cl 
-O.f11i)hE 01 
-O.''',.':lof 01 
- 0 • l "n', F () 1 
0.7'4Q[ 01 
(\ • h 1. 4 r; F rH 
O.C;755E 01 
0.',I71)[ O? 
Q.l?27E 02 
O.'ll'H" 02 
O.f\7;4E 01 
O .... lfilE Dl 
O.t'i7hE 01 

-Q.?l3')E U1 
-O.'inlE 01 
-0.7h12E 01 
-(l.Rr.olE 01 
-().Q"27E 01 
-0.R179E 01 
-O.n471E 01 
-O.4,~nE 01 
-0.,174RE 01 

" 



~ 
W 
N 

1 • 

• 
M. 

r 

a 

486.00 v= 

ANbLE x 

10.00 

y 

1 

0[,00 2,50 O.O\) 
l~,OO 2,46 0,43 
20,00 2,35 0,86 
3U.OU 2.17 1.25 
40,~0 1,92 l.bl 
~U.00 l.hl 1.92 
00.00 1,75 2.17 
'Oi'OO 'I,rt 2.35 
,,,'.::>O 0,43 2.46 
~J,GU D,DO l.50 

- t - ------ ------

-aol'OO --1,4) 2.46 
-70,00 -','le> 2,35 
-bU.OO -1.2~ 2.17 
-50,00 -1.61 1.92 
-40,00 -1.92 1.&1 
-3U,00 -J,11 1.25 
-ZOI,JO -l,35 O.ho 
-10,QO -2,46 0.43 
-~,00 -7,5U 0.00 
l~'OO -2,46 -0.43 
20,00 -?,1~ -O.B6 
3 .co -?17 -1.25 
4 ,uU -,.~2 -l.bl 
5~'00 -l.hl -l,Q2 
b ,DO -1.?5 -2.17 
7 .00 -',"6 -l.35 

e~.oo -'.4) -Z.46 
9 .uO - ,nu -2.50 

-d .00 , ,43 -2,46 
-7 ,')0 ',~6 -2.35 
-6 .00 1.25 -2,t7 

1,61· 
1.9 z' 
2.17 
2,35 
Z,46 
2.50 

-1,92 
-1.61 
-1,25 
-O.Bb 
':'0.43 
-0.00 

SIGA 

o.pnooF 00 
-O.3ZMF on 
-O.5;>4r.E 00 
.. o.;(\o(1F on 
-fl.?/3?r 00 

o. ?c·f-ilr 00. 
O.8 /'6,r )n 

u.14 /.,(F 01 
o.lOSI~ 01 
o , 2j1 () (l FOl 
O.l'Slr 01 
O,144"F \l! 
O.flHIPr \ln 
O.2/'1t'>JI f)() 

-o. 2n? r: (lO 

-o. -"lr\(l~ Ilr') 

.. O.~?I"('r no 
- 0 • J ( t- l, F ') ') 
-0.51 7<,1'-0'5 
O.3l61~ OC 
1).'?4r't- 00 
0.51 rd 00 
o.2n?r U'J 

-O.7r.Anf· 00 
-o. n ·ir'F 00 
-(1. 11.4 r FOI 
-.0 • 1 il 5 1 f- 0 1 
-O.?'·U,F- 01 
-J.lf.51r 01 
-O.144(lf 01 
- 0 • ~ 1 é (' Eon 
-O.lt-tlr 00 

o.?73?F On 
0, ~r,r'rF on 
o.5l4rE 00 
O.3l'f,l.F 00 
O.1C:;Ulf-C14 

SIGB 

o.aOOOE 00 
Ot!.,l ltlE 01 
0.2145l 01 
O,211C)OF 01 
C'. 32,10 [ 01 
O.J2il6! 01 
() • " 3 .:; 0 l 0 l 
Il.?14,l 01 
Ool141L 01 
O,(\46()1:~05 

-v.11411 01 
~O,2145t (l1 
-O.28<)0~ -01 
-O,'32f)bE 01 
-0 .J?C6E 0 l 
-0.l'890l: 01 
-ü.2145[ 01 
- G • 1 II, 1 r 01 
-0.1.,':'21:-04 
O.l14ll 01 
t' • 2 1451: 01 
C1.?3'lOE 01 
O.J2~61_ 01 
0,12B6E 01 
O,28')(iE 01 
O.2L45É ot 
Ooll/dE 01 
O,1265f:-04 

-0 tl 1'1 1 E 0 l 
- 0 , ?l', 5 l a l 
-0.29<)0[' 01-
-0.32'l"[ 01 
-O,J2ubE 01 
-o.?89Qf: 01 
-o. Z 11.5 (: 0 l 
-O.1141E O~ 
-0.(11LE-04 

l
,J 

SYGr 

-O.lno'E l 
-0.8794E 0 
-0.53?'E, 0 
-O.lQ(1ïE ... 5, 
O.6~?7E 0 
O.D4~l 1 
O.l'I'('r l 1 
0.1. 'i 1,. L ( 1 
0.21'7',l 1 
1J.-3rOrL l 
O.2R7' E l 
O.?~1?E 1 
0.700: E l 
0.1347E 1 
O."5-2'E f 0 
(l.~12'E-(5 

-O.53(~E Ù 
-0.f17'l« 0 
-O.lpn E l 
-O. R 79 /.1: 
-0.~3?'[ 
-0.65/1 \L-

0.Cl5? 'l (0 
O.1"'I4""r: (1 
0.('(1(. E '1 
(). 2 'ï-1;>[: 1 
0.?87(~ \ 
O. 3r()' [ 1 
li. 2117" E • 1 
O.7'i3;:E 
o.zen( E 

o .1347[: ~l (J.oSi7E 0 
O.BCJ1E- 5 

-O.S~?lE rc 
-o. Ii 7'l/, E 0 
-O. 1(IIV E _1 

;-

srr.n 

:).1()4?C 00 
fi) • l';~ 1. () f ri l 

-O,3777f "1 
-0,1 '<;3~ cl:,) 

- il. ? Z,~ fi [ r, n 
-,),?714ll)ù 
-1.;>7?;.[:- t'O 
-(1.nr 1[- no 
-.l.l??ul: rD 
- u • 'l ? '. H II 6 

O.l7.ZRr IJO 
o.??rlU (lC) 
O.7.775E O() 
O.77tH tlO 
o.??)At: 00 
O.13'i3E (JO 
o.:177RE Ul 

' .. 0 • 4 Il l, () E "1 
-C',~042[ PO 
-O.tl'l7r llQ 

(li 
01 
01 
01 

O.q?IIH[ ol 
O.Ab'7r 01 
o.'i154E Cll 
O.'i'l(,'l il'" 

-O.51'>4E 01 
-o. Rt> \7..f 1) l 
-O.qi'OBF.-Ol 
-O.hAllE-Cll 
-o. l 'it.4E-o 1 

O.4'il0[-Ol 
(1. <) fi 1H -(J l 
O.11 Q 7E (lO 

0.1042E no 

STr.MA 

-O.71\24E 01 
-0.'in5AF .. Ol 
O.'nUE 01 
O.7106F 01 
0.1102f 07 
O.14SQt 02 
O\17?'lr 02 
O.tn~qF OZ 
ColA12E ('2 
0.1'i76! 02 
0.1l71')E 02 
O.,.,I,'i2f 01 
O.7Ryl[ no 

-0.441rJE 01 
- 0 ; Il III 'l le. 0 l 
-o. t<,I.,,[ 02 
-0.9~7tf 0:1 
-0.7'i'ilF ot 
-O. ~I, fl(lf- 01 

O. 1 1.77 FOL 
O.(,',3'~ (J1 
o .l()54E 02 
OdJ17E 02 
O,1 1 9'1E 02 
O.l;>-J7E 02 
O.11l4QE 02 
0.7'l,nE 01 
0.115?E: 01 

-O,'i 1 7flE 00 
-O,'''H9E 01 
-O.<'I\?'3E 01 
-O,71.,<JE 01 
-O.7c l ,6E 01 
-O,7~91E 01 
-(l.('I(.BE 01 
-O.406~E 01 
-0.7'124F Dl 

• 
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• l\..PPENDIX VII 

C0I-1PUTF.R 1?POGRAH - CURVED BEAH METI-TOD 
) 

VII.l program Abstract 

This prograrn computes the stresses at the edge of a 

hole in the WE!b of a flanged beam using the curvec1 beam me"thod 

described in Chapters 2 and 3. 
, . 

This can be used for unreinforcect ~--

and cir~ularly reinforced holes. The stresses are claculated at 
" 

5° intervals for a ~egion of ±4So from the vertical centreline 

of the holè, for both the upper and Im"er portions of the beam. 
1 

" 1 Flange stresses are also computed at the same intervals. 

VI1.2 Input Data Requirement 

(a) First carel: (FORqAT 8FIO.3) 

Read in the dimensions of beam section, radius of hole, 

eccentricity, rainforcem~n~ width and thickness. 
- - --

D = Bearn depth; 

B = Bearn flange width; 

'r = [,C:' éll11 flange thicl<ncss; 

\.! - J382"tl';1 v~(;!h ~hi (]:-nGss; 

ECC = Ecccntd ci ty of ho1..:: centJ~e \'li th respect to the beam s 
~ 

mid-depth; aqual-to 0 for mid-depth holes; 

BR = width 6f reinforcementi 
\ . 

TR = Thickness of reinfo~cement. 

~~---~------------------------------
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(b) Second card: (PORMl\T 2FIO.3) 

Read in the elastic and shear rnoduli. 

E = Elastic modulus; 

G - Shear modulus. 

(c) Third card: (FORMAT 15) / 
/ 

/ 
Read in the number of moment-sh~ar combination that stresses 

are to be computed. 

N = Nurnbcr of moment-shear combinations. 

(d) Read in differcnt sets of mOP1ent ana shear (M,V) (FORMAT 2FlO.3) 

One card for each set, that i s, .there wi Il be N nUP1ber of 

cards. 

(e) Repeat procedures (a) , (b), (c) and 

) 
(d) for other beam 

sections, if any. 

(f) TerlTltnate the program by reading in a card wi th a zero or a 
--

negati ve number. 

VII.3 Output Data 

VT = Shear force for the upper beam section at hole centreline; 
.... . 
" 

VB = Shear force for the 10\'~er beam section at hole centreline; 

-EQU~VALENT BR - Reduced width of relntorcemcnt; -
BETA = The angle of a section rneasured from the vertical; 

AREJl .= Area of a section; 

l ~= Homent of inertia of a section; 

-.------~-- ~----~-~ -----------------
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-J 

P.= Resulting axial force acting at the centroid of a section: 

M = Resulting moment at a section; 
-

CH = Distance of the centroid of a section from the hole edge ;, 

1 

CF = Dj stance of the centroid,of a section from the edge of 

the flange; 
.. 

FIF = stresses at the flanges; 

FIH - Stresses at the hole edge before multiplying by K 
-

factor; 
r-

K = Stress concentration factor; 

FMS = stresses at hole edge aft~r mu1tiplying by K factor. 
Il 

VII.4 program Listing and Sample Output 

A ~rogram listing an~ a samp1e output are shown on 

, 
Pages :136 to 141. 

I================~~-=---=~==~~~-=~~~~ 
------

.-------- -
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.. 

• 

R F 1\ L 1".), 1'1 
L P ~\ ~~ [1 ~ j fi, r , T , \: ,Q. , r ( r: , PI, F ,of, , P. ~ , T R 

1 r nI,l/·\ 1\ T ( EH 1 1). -:1, ) , 

? r Cl R rA fi T ( , 1 [1 = " F 7 • ~j , ') X, ' P, = ',F 7 • 1 , ') X , ' r = 
>;x 'F'= ',F7.3,~)X,'FCC= ',F7.3,5X,' 
* F7.1) 

3 f- ( I\~ H ~ -;- ( l ') ) 
4 f- r Il) ~. 1\ l ( ? f- 1 (' • -, ) 

• , F 7 • , , ') X, ';~ == ',r 7 • ,', ') X , 

~q= ',FT.l,5X,' Tq~ • 

5 F ("HU·' IÎ l ( , uri = ',F 7 • ~ , ') y , ' V = ',F 7 • ~ t 5 X, ' V 1 == ',F 7 • ":\ , yI( , ' V p = ',FT.1) 

6 F n rH' t\ T ( , 0 U ? P l I~ T F F ' / 1 - - - - - - - - -, ) 

7 r r 1 r M Il T ( 1" Il l r, Il M'l 1-1 F r J T C, 1 n F' ) 
H r r; ~(rl '\ T ( • n L r1 ~i ~'r) ',1 U 1 T S 1 Il!: ' ) 
fi rrlP.~I.T('()Lr"]·.H-~ Tf""F'/' _________ t) 

r 1 =: 3. l 41 S 'P 7 
? 1 R r t. [} l, 0 , n, , T • l'J, R , F (, r: , rI Q , T ~ 

!F(u.1 [.n) sr) TO 7'2 
i{ F /\ 1 i I~, r • P, 

r p 1 ~J T ? , 1) 1 (' , T , \~ , P.. , F (; ( , [\ R , T R 

C l' L L r- () 1 J 1 V ( fi ~ , TI{, [) , \--J ) 

r: ", L L SHI' r lT 'f ( " l , V? 1 
r'R HIT 2000,llr~ • 

?OOO FrlR~'t\T('O' ,'EIJIIIV'\1 PIT riO =',lX,F6.1) 
H 1 = ( 1,- 2 • * T ) 1 -;> • - ( q + t r: r: + r ~ ) 
1 lr. = CS :._? • ,,< T ) I? • - ( g - [ C r + F: ) 
fi Y =- f) ':<1 ~,," 7 1 ? • + 1 \ .; T ~: ( [, - T 1 2. ) +- ~~ * H T ~,( r + If l' 1 2 • ) + hl ~ H f1. te ( ï' - r - H n l ';' • ) 

,;. 1 p, [l ~'T <{ i,- ( r + li r ~ ~ I~ 1 ?. ) + ') R ':c r ". ~\ ( T +: 1 T t T ~ t ? ,~'Q. + rr .... " ~ • ) 
:\ =- 2 -;< p,'~ T + '2 ,~ FI I~'" f!~ + ( liT + li 1\ ) J'I: 

y -:c f\ y l '\ 
YI =f'-y 
1 t J -;; P .:: r,' ", -~ / 1 ? • + R ':' T':' ( y - T !? • »~,~? + vi .;. lIT ':< .:' 3 1 1 '2 • + \~ )~ lIT ':' ( y - T - fi T 1 7. ) "c :' '2 +- [l, .;< T 

* >,C * ~ 1 t ? ~ Il * l ':< ( Y l - TI? ) ,~ :' 2 + \~ ':' 11 1) ": _,c ~ 1 l 1 • + \-1 '~ fin ': ( Y 1 -- T - H fi 1 ? • , ~ i' 2 
>:< of ? l,' n, '<. -:c T R :- :c ~ Il '1 • + 1-, r~ .- T ~ ,;< ( y - T -1 IT - TRI '2 • ) "c~, ? + B ,~ * T I{>:< ( Y - T - Il T - fI~ -? ,', ~ - F' / 

* 'l.)'<>"? 
r~ f-: 1\[1 3, "1 
011 l'Il I=l,~1 

t{ E Il f) fT t V 
VT Vl:tV 
\fR = V'" -,'Tl 
l'RINT r).1',·I,Vl,vr~ 

Ff1-=":<Y/1~J 

rT?=-1 Tl"': Y-T) IY 
FT3=-F Tl':«Y-T-flT) IY 
F T l, ::- r T l ':< ( Y - T - Il 1- - T r ) 1 Y 
P Tl:: f) ,T:'< ( r T ] + r- T? ) 1 c' • 
PT? = fil * \.J ~ ( r T '2 -f f T '3 1 / ? • 

------ -------------------------------

. _---lPc.:...-!-] .;,.;';: p \J ':. T" ,', ( ET 3 +E Tl, ) I? , . ____ _ 
7 Tl = 1 1 3 • ,', ( FT) +? ~( FT? l 1 ( F T l + FT? ) 
7:T'1=IIT/ .... ':·(FT?+?H r,) Il F T?H-T 11) 

1 T :. :: T I? Il • ", ( [ T "3 -1 l':' F TI, \ ! 1 f T -~ + FT II ) 

J F ( y ., E. ( r + H T ~- T R + '2 '. p » ,~ n T n g n Q 
Jf-(Y.~T.(T+HT+T~+2"·f1,).(\I~n.Y.LF.(T+HT+J*TR+2*~)1 GO TO 901 
JF(Y.r,I.(T+IIT+2*TfH?)~q» Ge Tn CJO~ 

q 0 0 D T l, = (1 • 

ro T ,) = o. 
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• 
7TL.=(). 
lTJ~(l • 
(,fi H' <)0 l 

'101 rT5=fll* (Y-T-HT-TO-?*ft I/Y 
PT li = P ,~* ( y - T - H T - T r~ - '2 ~~ ~ ) * F T SI? • 
PT~=(\. 

7 T " =. ( y - T - li T - T D - ? * p ) / l • 
lT~.=n. 

CU Tn (;y~ 

') 02 F p) ::. r Tl"' ( y - T - I-t T - r P - ? * f1 ) / Y 

r T () =- ~ T l :r ( y - T - 1 i l -? -7 l P - 2 ':' kIl Y 
Il T t. = n, r' .~ T ;~ ':- ( F ( S.. F r h 1 l ') • 
PT~='v" (Y-T-ttl-·)'·r~-2>:·q) :cFT6/? 
l Tif = l l' / 'l, •. :' ( r l f) +? Y,- r l (, ) 1 ( r T'') + F T 6 1 

7TS=(Y-T-HT-?~Tr-7*R)/J. 

f--______ <)-'--'-'-O--'l--'-P-'T-.:O:c...=_P-'-.T-'.l_ -+ PT? -+ fl T -:>, ~- 'Jl If" PT') 
II ~ ( " rI· / T 1 + p r ? ':< ( ? T ? + T 1 -+ P T 3', ( 7 T J -l T .. 1 i T ) 1 () T '1 * ( 7 T " + T -+ H T + r q + ~ ':r R. ) 

$ \+ P r 5~' ( 7 1 5 + ?::, T ~ +? ,;. ft + lIT + T ) ) / P T 0 
PH J ~H (, 
P'\Hlf é< 
CAL L <"", T 1) r ~ S ( fi 1 0 , Il T t 7 r , 1 : T ) 
VT=-vl 
p I~ 1 ' l r -r 
C{lLL C;TP,rSS(PTO,'JT,7T,HTI 
F ~ 1 =- - ri, * '( l / 1 r-.,j 
Ff',?==rPl "(YI-Tl/YI 
r B 1 =!' .', T .', ( f- P. l + F " ? ) / ~ • 
lR 1 -:: T / ':5 • ,~ f f rI l t-? • q f~? ) / ( rI', 1 + FR? ) 
1 !- ( ( y' ) - l - HP) • L f' • ,) ) r, n Hl J 000 
IF«VI-T-I1I.l).'';T.\)'.i\ND.(YI-T-H[)-TR).LE.O) (;d TO 101')1 
1 F ( ( V] - r -1 ~ rI - 1 l' ) • r. T • 0) (J C' T f1 1 0 (' ? 

l 000 P 1 \ ? = r Yl - T) n,')~ f f J, ? / ? • 
7~2:: (VI-T) /,J..' 
PP·J,.,.(). 

Ge ln 1003 
'...,-prr1 _ . -~ T 1 Tl~ \ 

r i ~ ? = l ' 1 \ ':. w.): ( r f1,? + r E " ) 1 ~ • 
-----~~----

7P,?::.fll</ ).':: (rp?~? .>:<rr3) / (t~Z+-TTI'---------

• 

r fi, -1 = ( y l - T - H R ) ',p -{ >:. r r~ l / 2 • 

lin - ( " J - T - \-1 n ) / l • 
'en P' 1003 

1007 Ff\'1..::F'f'l:(YI-I--flp)/'ll 
Fr' " = r ['1 1 ,; (y 1- T - H f' - Tf~ ) / Y 1 
P I{ ? =; i iJ 

':' ,..; .:' ( F f~ ? ,f r P, '\ ) / ? • 
p p, 1-: Il l' * T I~ * ( r p :, -+ r ï\ It ) /? • 
Z fI fi - 1 ~ l' 1 1 •. ~ ( F fJ ;' '1"? ':. F W'I ) l'-fF P, 2 • f R 3)--------------------------
Z r '1 = r ~ / ~ • * ( F n ~ +- ? .:: F fi {~ ) / ( F f \ l + F ~ {, 1 

1 () a 3 p fi 0::.. [' ~ 1 l t P n? + r) " ) .~ 

7[: = ( P fI H' !. BI" f) 1 \ ? ~ ( T -+ 7 1,\ 2 ) + r R ~':< ( T + Il ~ + 1 R l ) ) 1 P fi () 
pl .. TNT CI 

Pf.',I ln 7 
CI\LI ST;->FSSfP':O,Vn.,7fl,lIfl) 
vp=-v n 
r r T l,j f R 

- -------,---~---- ------------
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C"ll ~TR[SS(P~C,VB,lR,HP.} 
2 n cr j 'JT 1 1" U f-

r,r; in n 
~ 2 <., T OP 

r (\!ll 

St J n R 1) \ JT 1 .~ r S T r, F S <; ( l' 0 t VS t 7 , H S ) 
RFf.! T ,M'),K 
( r Ilf \ r : r ,1: D, 1 \ , l , ~, , R. , F: CC, ri, C t (, t P l~ , T R 
P!~T~, 1 .' 

-~~~'--~~ 

1 1- nr. r1 fi 1 ( , ') S fT T r n~' , Ti 3 , ' rn= Tf1' , T? '3 , T î\ n F".-' rT 14, -f Il, -r li 4-,- ,-p ,- ,Ti)4 , f rI: ' , 
," .' T (; It , ' C Il ' t' T 7 Il , ' cr' ,''r ~ '3, ' r- 1 F ' , T 9 '3 , ' F T li l ," l 0 4, 1 K ' , T l 1 1 , ' FM')' ) 

r)~l ]0 J =1 ,l,i . 
~'J -. J. 

X::: .11 ,;, ,) 
[~ [" l f\ -= f) T'" X / l ~; n • 
p =- PO':' C n <) ( :-,. r- l i .. 1 + V ') ~,~ l'~ ( l', F TA) 
~1=- (11<ï+f' +T;'.+l ) leus (t'.F 1 fI)-R, 

lT=-T/rrls(rH~"'. ) 
l t,IL I!, 1 ( (.. rit h , W , p n , T I~ • fi. q , y , T ) 
1: l = Y'.' l- [ l ") t, , ,fI) . 1 
fi ;:"'/1 = ( P + Il ) ~,c; ! '~ ( 1\ E T t\ ) - y.;. s r ~~ ( RET f\ ) 

~'<:,=pr) :.FC-Ij\':- \~~ .. 
[I,--H-Y 
cr ~y 
r I,X T Al =_1' 1 id-: 
" l, "= r J r~ 1 1::: ,A <., • ( ! 1" 1 
r l' C ~~ Il r ::: r,. <;' C' r 1 1 
r- l 1 = r- I, ": r ,i L - r P, [f\) Cl r
F l fi::. F f, X l ,~L .. f" l' r-.., C fi 
Cf. LL f- 1\ r: l (1 r~ ( rH, CFt t\ P" r-'~ , r. r, , TT) 
<-, l (, L r. ;;.: - tiC; >: ,,'-, 1 ( AR -'c H R ) 
1< - - r G..:2lL1Ll . "'-. .. ~ '.' R q l 

... 

T Il .• -1- 1 fi '1\ 

10 _P l' J t,; T ?, J , X. ~ R., l , r ! n S , f. q • Cf, Ell+E-lll+, +'>K ..... , ..... F--'tCL,~ s~-~~~~-------~ ______ -1 

;~ Ft JlU1 /\ T (' ',1 \) dl F 1 0 • 1) 

I~ r Illp l') 
[ ~ J il 
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1:) U P P. n li T f Î'l [ ~ fi ~ fJ 1 V ( \' 1 , V 1) 
crI tA t 1 '1 t- I n, f\ , T , W t R , [C C , ~ T , r , G t R R , T ~ 

nlMP!Srnn 11(lnll,7211011 
H10={l/7.-T-F-rr: 
(/ILL I~T!~R(Hrd,11,l2,1IJ) 
Tl;:; D ,... 1.: ? '!t 7 l ( f'~) / F 
T?=l?(,'\j)/r, 
T/.-=T1+T2 
Hh'1=D/?-T+-ECC 
(!\I.L l'JTr,~{flMtlt71,l?,rJ) 
,n,1 ::: 1{ ,~ ':' ? ':' 7 l (~I) ! E 
H/=l?(~JI/G 
f\ 1.:-;: 81 -4 ~? 

V 1 ~ I~ l, / ( TI, + [V, ) 

V? ;;: T'. / ( r Il + IVI 1 
R.l TUP'" 
FI'f) 

C:;UISHfJUTT'JF M;{SHl,~Tl,Sf)"SW,SR?,ST2,SAREA,Sy,S,(I) 
H=Sf1-STl-ST2 
(ll--sol)~STl 

A?=Il'~SI"" 
Al=sn?*Sl? 
S !lln- fi = fi 1 + fi ? +!I l 
Xl=-i\l'~STlI? 
y 2 -0 t, ') " ( ~1 /;:> • + ~ Tt ) 
X 1- i\ V/. ( <, [)- S T 7 /? • ) 
s y=:( Xl+- X? +- X 3) / S" '{ E I~ 
'( 1 l = ( <; Pl';' S T 1 -'c -~ '3 ) / l 2 • +- fi l ~, ( S y - 5 T ] 1 ? • ) ',c ~ ~ 

XI? = ( r, r. '.' H * >:< 3 1 / l 2 • -+ fi? * ( ( j /? ... S T 1 - S y ) ~ >:< ? 
X~~~(~G?;ST?~*'~/12.+A3~(S[1-ST7/7.-SYl**2 
SXI=Xll+XI?+-X Il 
RF 1 tJrq 
r 'JR 

~ Il f-' R f1 t JT -; n: r: Il J l V ( ~, q , Tf), D , \-/ ) 

AP=( ~~-~n /2. 
R. R R = 1"1. + T ~ / ? • 
X X::: fi '):: ~,? 1 { R i~ " " r ~ , 

------- ----------

1.\ L Il fi f\ ~ J • I)<lllt (, 1,_ • ") lit '2 ï 1 7 -', '< '< ... l ::' fUi' c\ rJ f'\ ," Y, V * l,'t: .., - • '1 Il? l l l 1) * X X * 1< "l, 

~R=? -:<1\1 IJH1 ~~;:>-+ W " ~ , 

~ f T lJ~r~ 
î 
1 
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<; U B'~ ntJT 1 ~ JE 1 ~l Tl; R ( Jl'), 7 ~ ,'?, "'~ ) 
C { 1 t·l ~~ nt J [). P. , T , W , R t t= c: C r ~ l , r: , G , I~ R , T R 
ft f: 1\ '- j t l' l 
n 1 ~\ f . ~ <.. t \1,,1 F ( l 0 1 ) , 1 ( t '1 1 ) , 7. l ( 10 1 ) , 7 ? ( 10 l ) 

l'T2=PI/'?. 
~I= rI;! 1 ()l). -----~~--

f}(l l J=1,101 
K= J-1 
X - K>,~I' 

f\ FT l, == .Î R 5 1 N ( I~ ~( S 1 ~ ( oX II ( n + T Q ) ) 

~ l -= Il fl- ( '~ + 1 ,~ ) ,~ CCl C; ( cH: T lU 
E r /1.:= ( l~ f T 1) )-'-- en') ( p, r n ) - t~ ~ C n S ( X ) 
fi == P. ':q ,+ X J ·c;; + f ~ 1 ;c FT" 
y::. ( I~'" l .".. '~ ? / ? • + 1 l ':- Il ~ ( T + y 1 f ? • ) + R R >: r T ,~ t, ( T ·1 X 1 + [ T f', / ? • ) ) / A 
Ilf 1-= H 0 + T - f'> ~. C () S ( X ) 
Yl=HII-Y 

, 1 = R~' 1 ';c~. 1 1 l ? • + l, * T ':< ('1- T / ? • ) * * ? + \AI * X T .;, ~'<'~ ! 1 ? • + vi ~'X 1 ,;, ( T + li( 1 / ? • - y ) >,'< * t 
-~- - - \ * + fi, .~ ,o.. 1 1 fI, - )~ ) f l ? • ~ P, r' ,'. f f fi ~ ( T + AI" F. T rI / ;> • - y ) *~,? 

F ( J ) == <; J ~ J ( X 1 t,. "': Z * C n s ( x ) / 1 
1 F ( Y • L F. T) KI -:; ( r n. ':' r: T fI,'~ ( X T + r T 1\ /2. ) +;.:'~ x 1 * '1,( ? /2. ) 1 ( 1 * W ) 
1 F ( Y • (, f • 1) '~1 -= ( n.'~ ':' FT '\ H ( Y t - F r t'lll. ) ~ .-J * ( )' 1 - :: T :.. ) * * 2 / 2. ) / ( r * \-" ) 
7(J)-=1<1.cf nS{x) 
cmn 1 tJl)r:: 

C~LL Csr(~TF,Z] ,101) 
Cf\LL f;')f- (Ii ,l, l7, IOl) 
RI=" ItJR '1 
Etjl) 

SU 1\ 0 rJln IlL F ,\ C r 1] ~ ( C I~ , cr, l' r~ R , RR ,'; r, , Tf l 
C fl M f'.1 r)' 1 ["', f1 , T , W , R , [ cr, 1) : , F tG; P r~ , r t) 

lJl=C. Ç 

lJ? ={, Il 
11 3 -=- C J t -- 1 " 

RP,=R+IJ? 
._ 7. l -:: ) , r, 1 + 
7 1 ? .;: ( Il - I~ ) '~fI L Il '; ( i~ Q, + IJ 4 ) 
111= ([11~ - o.J) 't'IL 11G (~,{-lJl) 
~ 1 4 -= fi ~ J,: .. '\ t r l r, ( ~ R - \ J? ) 
li = - l • + R ;~ 1 fi I~ R ):~ ( 7 7 1 .. ? 1 2 + ? l '3 -1 lIt) 

';(,=] .-U? / ( 7 7 ~ (RR-tP) ) 
f"! [- TUf'N 
F '\Jl) 

- 14G- -

1 



le • 
i . l ' 0:: 1' •• po -fi:: 6. r8-0 

'ru'" w= o.3n---I<-=-f>"55---Êël~t)oo R~:--,.:iOl) - ,~ - C.1'50 

1 

EOUIVALENT BR :: 1.4R2 
1 ) ; 

M- 4dù.ÙùO V .. 10.000 VT i'.4i'Q VD. 7.~71! 1 

UPPF~ TEE 
--------- Il 

i 
VJ',4 '1'l'lE'lT st ~E 

i 1 ~ SECT IO~ BErA t.~EI\ P M le" CF , FlF FIH FM') 

~ ~l 
4.1'l l 73 37.35 1.17 1.77 0.54 -8.98 -7.47 1 • l 5 -9.57 
4.35 1 76 37.42 0.3'" .79 0.54 -R.7l -C.24 1.15 -~.'51 

3 la. ') 4.41 1 ~7 37.21 -0.16 1.03 0.55 -8.34 -3.'30 1.16 -10.19 
" 1'5. 0 4.'iO ? ("If, ~ô. 11 -1 . ~,'" '. .,,, 

1'). ',7 -7. ~<1 -9.10 1.16 -10.<;1 

'" 1 1 S 20. ') 4.64 2 16 3'5.~3 -1.62 1..01 0.59 -7, ~4 -9.1~ 11/ -tO.n • 
o 25. ') 4.fl~ 2 dO 3' •• il '3 -2.1g 7..15 0.63 -6.74 -R. C)! 1 A -10.50 
7 30. 1 0 5.07 'l 47 '1'1.56 -7. n 2.~4 n.b7 -6.10 -P.47 1.19 -jO.IO 

fi.-' 3 ".~) S.lA 4 45 '1."'1 -'.11 2.'59 'J. 7 ., - 5. 1• a -7.°7 1. <'1 -9.'51 

r ? 40.') 5.1B 5 96 3(). 1 R -3.15 :;>.qO O.il') -4.69 --r.14 1.23 -n.11 
la 4'5. () 6.30 R 33 2 R. 13 -4.71 3.10 0.70 -1.-}6 -6.33 1.;:/" -1. gr) 

l' Hl r,H MOMPH SI OE 

1 

1 

1 

SECTl8"1 RE f\ A~EA ;> M 
CH 1 

CF FIF FIH If F"'~ 
1 0, 4.33 1 73 31.35 1. 17 1.71 1'1.54 -1\.9-8 -7.47 1.15 -f • Ci 1 

1 

2 5. 4.35 1 76 31.00 2.07 1.79 1).54 -'1.14 .!6 • t. 0 1 .15 -1.39 
3 10. 4.41 1 87 36.36 3.08 1.R3 n.55 -'1.16 -'). ?lt 1 • 11> - { • nf. 
4 1<;. ' •• 50 2 06 ,<;.45 4.21 1.9() 0.57 -9.'14 -3.99 1.16 -4.63 
5 70. 4.1>4 2 11> ,4.2' 5.46 2.01 0.59 i- p .16 -2.13 1.11 -3.1~ 
6 

~~: ~; 
I t .82 2 qf} 3?'l1 6.R6 .:.15 0.63 I-R. H -l.~} l.lH -1. III 

1 ~.O7 3 47 CI ~ ol 3 '1.43 ?1', :J.J7 -7.7A -() ... '> J • 1<1 -o.c" 
A 35. 0 '>.3R 1. /, 'l 2'1.21 1').11 2.51 r).73 1- 7

•
09 (l.4~ 1. ?l ü.<;d 

q 40. a 5. 7 fi 5.qt-, ~7.05 12. 11 2.'?CI 0.'.10 -1-,.31 1.71 1.; '3 1 • S 1 
Iv 45. 0 1'0.10 8 )1 ;J1. ~ 7{) 14.1" 3.10 0.-l0 -5.47 1.17 1.7b l.?4 

r 1 Il 
\ 

'.3 



, 

.'. 

/ APPENDIX VIII 

S UPP LFTiF,NTAL RES ULTS 

---------------------------

, 
-----------

• 



.. 

\ APPENDIX VIII 

SUPPLEMENTAL RESULTS 

This appendix provides additional results which , -

w~re not included in the paper .,reproduced as Charter 2. 

" 

Tangential normal stresses around the large h~les 

--------------~(~lvO~! inch and 8~~h diam~ter~L_of~~am A are shown in ---.....• -

" Figures VIII.l and VIII.2 for M/V ratio of 48 inches. Also 

plotted on the same diagrams are the stresses obtained from 
, 

theory of elasticity solution and the curved beam method. 
----------------------~ 

Similar to the case of M/V = 24 inches, the theory of elasticity 
--------

solution W1derestimates the stresses conside:rab~y, and the 

curved beam method predicts the stresses accurately in most 

locations. This further ~ndicates that the curved beam method 

is the appropriate method to use in analysing large holes. 

Experimental results for shear stresses at the 

I--_______________ c=_e=:n--=-::t:.:r:.e:::.-l_i_n_e __ of the hale was_ ~_~v_e_n_ only for the 8 inch diameter ----- - - ----------

hale in Chapter 2. Similar plots for the other hales are shown -

in Figures VIII.3 to VIII.5. Fajr agreement between the 

'. 
experimental stresses and the predicted stresses is observed 

in aIl cases. 
-------------------._------ - -----------_._----------------

The expe'rimental shear stresses obtained by Frost 10 

for holes of diameters 6.5 inch and 6.4 inch with eccentricity 
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------~-- -._--- ._--- "~----

, _____________ ~L 

• of 1.0 inch and 2.0 inch respectively are shown on Figure VIII.6. 

Plo t te d on: the s ame à j agr"L.UJl.L-I~=---'o.....l"""""'~..LU.~"--2s....!,t~r~e,,--,s~s~~d~i:...!:s~t~r=-=i~b~u:!Ct~1!:.:· o~n~ ____ ...j 

based on the uncqual shear force obtained by J:quations 2-8 and 

2-9. Good agreement is observed in both cases. 

Results for flange stresses not presented in Chapte r. 2 -

are shown in Figures VIII.7 to VIII. Il. 

, " 

- -----" -~-_?~-

" \ 

• 
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