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Abstract

In this thesis, we discuss some novel and hidden structures and constraints of Anti
de-Sitter space (AdS) and holographic conformal field theories (CFT). First, we re-
view different frameworks for taking the flat-space limit of holographic CFT corre-
lators in the literature. Using the saddle point analysis, we point out that different
descriptions of the flat-space limit share the same origin from the holographic re-
construction as saddle points of smearing the boundary dynamics. Second, we focus
on CFTs in three dimensions and describe the construction of the helicity basis for
orthogonally organizing spinning conformal correlators. Using this basis, we apply
the harmonic analysis and the Lorentzian inversion formula to study holographic
four-point correlators of conserved currents. We also explore the bulk-point limit for
the anomalous dimensions of double-twist operators and prove they coincide with
the flat-space phase shift. Third, we provide group theoretical methods to construct
the partial waves of flat-space graviton scattering amplitudes in dimensions higher
than four. Combining the unitarity and causality, we provide sharp bounds on the
size of higher-derivative curvature corrections in terms of the mass of new higher-spin
states. In five dimensions, we describe the uplift of our sharp bounds to central charge
bound in four-dimensional holographic CFTs. Finally, we find the differential repre-
sentation of gluon and graviton amplitude in AdS, allowing us to uplift the flat-space
amplitudes to AdS. The differential representation is powerful in revealing the hid-

den structures of AdS and holographic CF'Ts, as we manifestly prove the three-point

v



doubly copy relation. Using the conformal generators, we also prove the differential

Bern-Carrasco-Johansson (BCJ) for four-point Yang-Mills amplitudes in AdS.



Abrégé

Dans cette thése, nous discutons de certaines structures et contraintes nouvelles et
cachées de 'espace Anti-de Sitter (AdS) et des théories de champs conformes holo-
graphiques (CFT). Tout d’abord, nous passons en revue différents cadres pour prendre
la limite d’espace plat des corrélateurs CFT holographiques dans la littérature. En
utilisant I’analyse du point de selle, nous soulignons que différentes descriptions de la
limite d’espace plat partagent la méme origine que la reconstruction holographique
en tant que points de selle de lissage de la dynamique de la frontiére. Deuxiémement,
nous nous concentrons sur les CFT en trois dimensions et décrivons la construction
de la base d’hélicité pour organiser orthogonalement les corrélateurs conformes tour-
nants. En utilisant cette base, nous appliquons l’analyse harmonique et la formule
d’inversion lorentzienne pour étudier les corrélateurs holographiques a quatre points
de courants conservés. Nous explorons également la limite du point de volume pour
les dimensions anormales des opérateurs a double torsion et prouvons qu’elles coinci-
dent avec le déphasage d’espace plat. Troisiemement, nous proposons des méthodes
de groupe théorique pour construire les ondes partielles des amplitudes de diffusion
de graviton d’espace plat dans des dimensions supérieures a quatre. En combinant
I'unitarité et la causalité, nous fournissons des limites précises sur la taille des cor-
rections de courbure & dérivées supérieures en termes de la masse de nouveaux états
de spin supérieurs. En cinq dimensions, nous décrivons 1’élévation de nos limites

précises a la limite de charge centrale dans les CF'T holographiques en quatre dimen-
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sions. Enfin, nous trouvons la représentation différentielle de 'amplitude de gluon et
de graviton dans AdS, ce qui nous permet de hisser les amplitudes d’espace plat a
AdS. La représentation différentielle est puissante pour révéler les structures cachées
d’AdS et des CF'T holographiques, car nous prouvons manifestement la relation de
double copie a trois points. En utilisant les générateurs conformes, nous prouvons
également le BCJ différentiel pour les amplitudes de Yang-Mills a quatre points dans
AdS.
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Chapter 1

Introduction

Local quantum field theories (QFT) are essential in understanding fundamental parti-
cles. In the framework of QFTs, the building blocks are fields spreading over the whole
space, and the particles are created once the fields are excited. In this framework,
particles can be created, annihilated, and interact with each other by exchanging
particular types of particles, as governed by the dynamics of fields. Since last cen-
tury, tremendous progress has been made on QFT in the flat Minkowski space. The
flat Minkowski space is a uniform and flat spacetime not shaped by the gravity field.
Throughout this thesis, we refer to this spacetime as the flat-space. These profound
developments drove the establishment of the standard model (SM) of particles in the
flat-space, which successfully predicts and explains exciting phenomena with high
precision regarding particles’ existence and behavior discovered and verified by the
large colliders [8].

However, General Relativity, an extraordinary and successful theory of gravity,
states that any matter and energy can bend spacetime away from the flat-space.
Heavier matters come with more curved space. Therefore, the actual situation is
that fundamental particles are propagating and interacting in a curved space. For
example, the broadest picture of this kind is our Universe. Our Universe is not flat;
it behaves like an expanding balloon that can be approximated by a de Sitter (dS)
space. This fact leads to one crucial question: why and how can the SM, a model

that is built upon the flat-space QFT, accurately predict the colliding experiments



CHAPTER 1. INTRODUCTION 2

performed in a generally curved space? Our ordinary life provides an intuitive answer:
the surface of the Earth is a sphere, but we walk as in a flat plane because the scale of
our activities and horizon is extremely short compared to the radius of the Earth. A
similar logic applies to the colliding particles: when the colliding happens in a region
small enough compared to the “radius” of the curved space (that is the inverse of the
curvature), the curvature effects can be neglected, and the particles” behavior can be
locally described by the flat-space QFT.

Nonetheless, it is hard to quantitatively prove the aforementioned intuitive picture
from the general frameworks of QFTs in curved space. The colliding experiments
involve initially preparing particles and finally detecting the final particles. From
the fundamental principle of quantum mechanics, this process can be mathematically
packaged by a matrix between initial and final states. This matrix is phrased as the
S-matrix, where the word “S” refers to the “scattering” because particles are deflected
from their original path via colliding with other particles. S-matrix is a broad and
complete description of a scattering process, and its individual coefficients, known
as the scattering amplitudes, are already sufficient to represent specific scattering
events detected in the experiments. Therefore, a sharp proof of the intuitive picture
mentioned above requires deducing the flat-space S-matrix or scattering amplitudes
from the scattering process in a curved space by localizing the process into a small
and local region, which is tremendously difficult to come by.

A less ambitious step is restricting the scattering process to a maximally symmetric
space. Sphere and hyperbolic space are maximally symmetric spaces in the Euclidean
signature (i.e., no real-time direction). As Wick rotates to the Lorentzian signature,
i.e., including the time direction, they are called the dS and Anti de-Sitter (AdS)
space. This space contains a large number of isometry that may help improve the
understanding of the scattering on it. Although our Universe is approximately a dS
space, we consider AdS throughout this thesis for the reason we shall explain shortly.

Therefore, the essential question to ask is

Q1: Can the scattering process in AdS define S-matrix or scattering am-

plitudes in the flat Minkowski spacetime at the limit of large AdS
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radius?

Why AdS? Generally speaking, it is not straightforward to have well-defined in
and out states in the curved space for the scattering events, as the notions for creating
and annihilating particles are ambiguously defined. Therefore, finding an appropriate
definition of unitary “S-matrix” or “amplitudes” parallel to flat-space is generally hard.
For our purpose in this thesis, fortunately, “scattering amplitudes” can be naturally
defined in AdS because of the AdS/CFT correspondence [9, 10, 11].

In 1997, Juan Maldacena first came up with AdS/CFT correspondence [9]. This
profound conjecture remarkably establishes a bridge to connect the quantum gravity
in D = d + 1 dimensional AdS and d-dimensional conformal field theories (CFT) on
the boundary of AdS without gravity, where CF'Ts are special QFTs that embrace
more symmetry such as the scale invariance. The conjecture of AdS/CFT correspon-
dence states that all physics behind the quantum gravity in AdS and the CFTs on its
boundary is essentially equivalent. The mathematical description of this correspon-
dence can be formulated by equating the partition function Z on both sides because
the partition function is defined by summing over all possible states of the system

and therefore encodes the complete information of the underlying theory

Zgrav = ZCFT- (11)

The significance of AdS/CFT correspondence must be emphasized. The quantum
description of gravity is still far from being reached as reflected by, e.g., the irrecon-
cilability of Ultra-Violet (UV) divergence (a catastrophe of quantum gravity at the
very short distance), and the mysterious physics of black holes. Surprisingly, CFTs,
theories with enhanced symmetry but no gravity, provide a complete and nonpertur-
bative description of underlying quantum gravity, in principle, through the AdS/CFT
correspondence.

Essential building blocks of CFTs are the correlation functions. According to the
picture of AdS/CFT correspondence, the scattering process in AdS should be equiv-

alently described by certain correlation functions on the CFT side. These correlation
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scattering

Figure 1.1: An illustration of AdS scattering in terms of AdS/CFT. The hyperboloid
refers to the AdS, and the red circle refers to the boundary of the AdS space where
the holographic CF'Ts live. The operators O, on the boundary reconstruct the fields
¢ in AdS that are shot from the boundary to scatter in the blue region.

functions enjoy strong constraints from the conformal symmetry and crossing symme-
try (see, e.g., [12, 13] for quick reviews), which help understand the AdS scattering.
To be more precise, the weakly coupled AdS amplitudes constructed from bulk field
¢, where the quantum effects of gravitational fluctuation are highly suppressed, can
be naturally defined by correlation functions of the operator O, in the CFT with
large degrees of freedom (that is known as the large-N limit). Such CFTs are usu-
ally phrased as holographic CF'Ts because they are the hologram of the AdS space.
Their correlation functions can be computed in AdS using the holographic dictionary
[10, 11|, a mathematical framework to identify the AdS quantities with the CFT
quantities in one-to-one correspondence. According to the dictionary, CF'Ts’ opera-
tors on the boundary somehow induce the ripples near the boundary that play roles
like in and out states to be scattered in the AdS. See Fig 1.1.

How to set the local scattering experiments in AdS that are effectively described
by flat-space physics? Wave packets with high enough frequencies will focus on a local
region around the middle of AdS [14, 15, 16, 17, 18]. Such set-ups restrict holographic
CFTs to specialized kinematic configurations, where techniques of CFT efficiently
allow the reconstruction of flat-space scattering data [19, 20, 21, 22, 23, 24, 3, 25, 26],

as shown in Fig 1.2. These exciting findings strongly suggest a novel route to define



CHAPTER 1. INTRODUCTION )

~ flat-space

local region well approximated
by the flat-sapce

Figure 1.2: As the AdS scattering happens in the small region (blue) compared to
the AdS radius, it can be well described by the flat-space scattering.

the axiomatic S-matrix from holographic CFTs [27], where the axioms of CFT might
benefit more rigorous understandings of analytic aspects of S-matrix that are hard to
prove nonperturbatively using the asymptotic creation and annihilation of particles
(see, e.g., [28] for a review).

It may not be surprising that the flat-space limit of AdS amplitudes gives rise to
amplitudes in flat Minkowski space. However, the relevant studies seem to suggest a

positive answer to another crucial question

Q2: Can the locally flat scattering experiments make predictions for ob-

servers at the asymptotic infinity in a curved spacetime such as AdS?

The answer is positive, at least for perturbative low-energy effective field theories
(EFTs), where the heavy modes are integrated out. One example is what we will
show in Chapter 4 (i.e., [2]); we can follow the intuition about the helicity of mass-
less spinning particles in flat-space, a local quantity that describes the component of
particles’ spin along the direction of motion, to define the concept of helicity that
allows to satisfactorily describe the spinning amplitudes in AdS beyond the flat-space
limit. More surprisingly, [29, 30, 31, 7, 32, 6, 7| pointed out that there exists a re-
markable representation of AdS amplitudes, known as the differential representation,

which manifests the flat-space limit of tree-level correlators, and surprisingly allows



CHAPTER 1. INTRODUCTION 6

Figure 1.3: The differential representation allows the uplift of flat-space scattering to
the scattering in AdS (the blue region) that is beyond the local orange region.

the direct uplift of flat-space amplitudes to AdS, as demonstrated in Fig 1.3. The
uplift can also be extended to other observables that encode the UV information,
such as the Wilson coefficients of infra-red (IR) EFTs, provided that observables are
measured in the small region [33].

This thesis is devoted to gaining a deeper understanding and providing the appli-
cation of local scattering in holographic CFTs.

In Chapter 2 of this thesis, we will provide a comprehensive review of subjects
and tools that are relevant and needed to understand this thesis.

In Chapter 3 of this thesis, we will review different frameworks for taking and ob-
serving the flat-space limit of holographic CFTs (for scalar operators). Those frame-
works all work nicely for reproducing flat-space data in different representations from
AdS/CFT, which are not manifestly related to each other. We will explain how the
connections between different frameworks of flat-space limit can be established by
localizing the AdS amplitudes into the saddle points of the transform between the
representations in the large AdS radius limit.

In Chapter 4 of this thesis, we will describe new constructions of spinning cor-
relators. The new basis corresponds to the helicity basis of the flat-space S-matrix.
This helicity basis allows us to cleanly extract the generalized free operator expansion
(OPE) coefficients for conserved currents and the tree-level anomalous dimensions of

double-twist operators constructed from the conserved current. We will verify that
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the large-twist limit of anomalous dimensions precisely predicts the flat-space phase
shift of gluon scattering amplitudes at tree-level. Our results first verify the flat-space
limit for four-point spinning correlators.

In Chapter 5 of this thesis, we will study higher dimension gravitational EFT
in flat-space. We will describe our methods for constructing the graviton partial
waves in higher dimensions and explain how to establish the dispersion relations that
connect low-energy EFT to UV data of graviton scattering. We will build rigorous
bounds on low-lying Wilson coefficients and describe the uplift of our sharp bounds
to constraints on central charges of holographic CFTs.

In Chapter 6 of this thesis, we will study the three-point and four-point AdS scat-
tering amplitudes of gluon and graviton from Yang-Mills theory and Einstein gravity.
We construct the differential representation of gluon and graviton amplitudes by
proposing new differential operators using the weight-shifting operators. The differ-
ential representation allows us to uplift the flat-space gluon and graviton amplitudes
to AdS. Using the differential representation, we also prove the three-point double
copy relation in AdS, as well as the BCJ relation of gluon amplitudes in AdS.

In Chapter 7 of this thesis, we discuss all our findings relevant to this thesis by
making broad outlooks. We conclude the thesis in Chapter 8.



Chapter 2

Preliminaries

This Chapter reviews the basic aspects of conformal field theory (CFT), AdS ge-
ometry, AdS/CFT correspondence, and the S-matrix dispersion relation. The first
three parts will be helpful for understanding Chapter 3, 4 and 6, and the last part is

essential for understanding Chapter 5.

2.1 CFT and the bootstrap program

As the views go from the microscopic to the macroscopic world, tiny and heavy
excitations are coarse-grained. This intuitive picture can be physically described by
the renormalization group (RG) flow from Ultra-Violet (UV) to Infra-Red (IR) energy
scales. The reason is that the high energy of UV excitations have short wave length,
which allows for probing the short distance physics. Along the RG flow, the effective
descriptions of physical systems alter. CFTs can be thought of as starting point to
understand the RG flow because CFTs describe the physical systems at the fixed
point where the RG flow ends. The picture of RG flow is depicted in Fig 2.1.

CFTs are invariant under the enhanced conformal group, which is powerfully con-
straining for organizing and understanding the dynamics of a theory. Their dynam-
ics can build QFTs away from the fixed point and thus potentially provides a UV-
completed definition of QFTs.

Microscopic systems can flow to their critical points, for example, the critical point
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uv CFT

RG flow

IR CFT
Figure 2.1: The RG flow from UV CFT to IR CFT, where the red dots represent the
fixed points where CFTs emerge. Away from the fixed points, there are QFTs.

of the phase transition between liquid and gas. These critical points are RG fixed
points described above because the correlation length at the critical points extends
to infinity, and the systems’ behavior remains invariant under scaling. Therefore,
physical systems at critical points can be described by CFTs. Saliently, different
microscopic systems can flow to the same IR CFT. This fact is known as the critical
universality [34]. For example, the critical point of liquid-gas phase transition and
the uniaxial ferromagnetic around the Currie temperature is universally described by
the 3d Ising model at long distances, which give rise to the same IR CF'T arising from
¢* bosonic QFT [35]. For this reason, CFTs are well-studied with broad interests
from different areas of physics, e.g., statistical physics, condensed matter physics,
high-energy physics, and string theory.

Perhaps the most interesting class of CFTs is the strongly coupled systems, for
which the standard perturbation theory does not work well. An intriguing proposal,
phrased as “bootstrap”, was initiated by Ferrara, Grillo, Gatto [36] and Polyakov [37]
independently in the last century. The bootstrap program aims to use symmetry
and other consistency conditions, such as unitarity, to constrain and even solve a
theory like CFTs and S-matrix. In recent decades, this bootstrap program applying
to CF'Ts, known as the conformal bootstrap, has revived and is currently booming for
both numerical [38, 39] and analytic [40, 41, 42, 43| developments due to the enhanced

power of computer and the more profound understanding of analytic structures.
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conformal

Figure 2.2: A rectangular grid (left) and its image under the conformal transformation
(right). The conformal transformation stretches the shape and size of the grid but
preserving the angles of intersecting lines to be 90°.

2.1.1 Conformal group

We consider CFTs in d dimensional Euclidean space R?. The conformal symmetry is
the coordinate transformation that lead to the conformal transformation of the metric

Guv, 1.e., consider x — 7, then we shall have

G (@) = €7 g (). (2.1)

This is a map that preserves the angles between two curves through x, therefore it is
also usually called the angle-preserving transformation, as depicted in Fig 2.2.

We can consider the infinitesimal transformations x* — x* + £* to understand
generators of the conformal group, where o is correspondingly small. The infinitesimal

transformation varies the flat metric 9, of R
(5!“, — 5/“, + 28(#6,,) . (2.2)

To ensure this infinitesimal change induces the conformal transformation (2.1) with

infinitesimal o, £ has to obey the following equation
1o
a(us) = Eapg O - (2.3)

The solutions of (2.3) can classify the conformal transformation as follows

(1) Poincare transformations: Translation {# = a* and rotation {* = RFx”
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scale

Figure 2.3: The scale transformation zooms out the rectangular grid.

(2) Scale (dilatation) transformations: {# = Azt
(3) Special conformal transformations: ¢ = b*z* — 2z#b - x

Unsurprisingly, the Poincare transformation exists as a part of the conformal trans-
formation, as the standard QF'T is invariant under the Poincare transformation. The
scale invariance is a new symmetry. The term “scale transformation” refers to the
action of zooming in and out of a view, as shown in Fig 2.3. The invariance under
the transformation is reminiscent of the RG fixed point of QFTs, or the critical point
of statistical and condensed matter systems. This is why physics at RG fixed point
and the critical point is described by CF'Ts, as people are usually convinced that scale
invariance implies the conformal invariance. Nevertheless, it is worth noting that the
special conformal transformation is the most nontrivial symmetry, and its emergence
from the scale invariance is not a well-established strong statement (except for CFTs
in two-dimensions, where there is rigorous proof under well-accepted assumptions
[44, 45]). For the relevant discussions regarding “scale invariance vs. conformal in-
variance”, see [46] for an excellent review. The special conformal transformation can
be intuitively understood as the inversion that takes a point to its inversion x — 1/x,
because it can be operationally obtained by “inversion— translation — inversion”.
Mathematically, simple algebra allows one to obtain the finite version of the con-

formal symmetry as follows
(1) Poincare transformations: Translation ## = x# + a* and rotation 7# = R{z”

(2) Scale (dilatation) transformations: Z# = Az#

Tt 4 b2
14+ 2b- 2+ b222

(3) Special conformal transformations: z# =
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The generators of the conformal group are as follows

(Translation) P, =—i0,,
(Rotation) L, =i(x,0, —x,0,),
(Scale) D = —iz"0,,
(Special Conformal Transformation) K, = —i(2x,2"9, — 2%9,). (2.4)
which satisfy

D, P, =P, D, K,| =—iK,, (K, P, =2i(6,,D — L),

[Km LW] = i(fspuKV - 5pVKu) ) [va LW] = i(‘;pupv - 5pVPu) )

[Luw Lpo] = i((SVpL;w + 5VULVP - 5#/)[/1/0 — Oyg Lup) : (2'5)

The conformal group is isomorphic to SO(d + 1,1), which is the Lorentz group of

Minkowski space R, This fact can be made manifest by redefining
1 1
Jw =Ly, Jo1p = E(Pu - Ku) , Jae=D, Jo = E(Pu + Ku) . (2-6)
As a result, the algebra can be rewritten by

[Jaba ch] = i(nadjbc + nchad - nachd - ndeac) ) (27)

where 7y, is the Minkowski metric of R4, The Lorentzian CFT is the CFT in
Minkowski spacetime R?1! which can be obtained from the Euclidean CFT by
Wick rotating one direction to be the time direction. The conformal group of the
Lorentzian CFT is SO(d, 2).

Under the conformal transformation, the operators in CFTs also transform corre-

spondingly

o) — e’A"R[JW]O(x) , (2.8)
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where A is called the scaling dimension (it is usually the synonym of the conformal
dimension) of the operator O, and R[J,,] is a representation matrix acting on the
indices of the spinning operator O. This imposes strong constraints on the correlation
functions of operators. For example, the two-point function of the scalar operator is

fixed up to a multiplicative constant

(O(21)O(2)) = — 2 (2.9)

o \361 _ x2|2A ’

where the constant c;5 can be normalized to be 1. Nevertheless, at this stage, the
conformal group is highly nonlinear and requires attention to work with more non-
trivial spinning operators. In the following subsection, we will briefly introduce the
embedding formalism that linearizes the conformal symmetry and largely simplifies

many indications.

2.1.2 The embedding formalism

Since the conformal group in d dimensions is isomorphic to the Lorentz group in d+ 2
dimensions, all the implications from the conformal symmetry in R? shall be linearly
represented by more comprehensive Lorentz invariance in two higher dimensional
Minkowski space. This idea is phrased as the embedding formalism [47], since it
embeds CFTs in the lightcone of two higher dimensional Minkowski space and uses
the Lorentz symmetry to organize the conformal correlators powerfully. We review
the construction of the embedding formalism in [47].

To illustrate the idea of embedding formalism, we consider the lightcone coordi-

nates in R4+L1

d
ds’ = —dXTdX~+) (dX')?,  X*=X"T'£X° (2.10)

i=1
The construction is restricted on the lightcone X? = (0. Define the conformal section
X1 = X where A is an arbitrary constant, and we set it to 1 for simplicity. Conse-

quently, we have X~ = 22, where x denotes the coordinates of R? that Euclidean
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Figure 2.4: The lightcone in the embedding space. Blue lines denote light-rays for X
and X’. They are in one-to-one correspondence with the physical space points x and
x/ by intersecting with the conformal section marked as the red curve.

CFT lives in. The induced metric in the conformal section of the lightcone gives
rise to the Euclidean space where CFTs are defined. The section can be generally

parametrized by
X*=(1,2%2"). (2.11)

Any points z* on the section would define a light-ray. The Lorentz action rotates the
embedding coordinates X’® = A?X? which might drive the light-ray to go outside
the conformal section, and a scaling factor is required to pull it back. As a result, the
action of the Lorentz group on a light-ray moves z* to another light-ray z/#. From
the perspective of the conformal section, this procedure is precisely the conformal

transformation

ds" |section = Nab A(QUX) X d(QUX)dX®)|section = (dQ(X)2X2 + 2Q(X) N X *d X d

+Q(X)2d32> |section - Q(X)2d32|section ) (212)

See Fig 2.4 see a visualize picture of the embedding space that is described above.

To describe a CFT, we should also consider how to embed the operators. For
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example, consider symmetric and traceless primary operators Og,qy...q,(X) as spin-¢

tensors of SO(d + 1, 1), the construction is as follows:

e The operators are assumed to be homogeneous function on R411
Ourasae(AX) = A 20410500, (X) (2.13)

where A is the homogeneous degree in the embedding space and should be
identified with the scaling dimension of CF'T operators. The motivation of this

property is to ensure the correct scaling behavior of CFT operators.

e The operators with ¢ > 1 are assumed to be symmetric and traceless, as they

should be consistent with the symmetric and traceless primary operators in

CFT.

e The operators are assumed to be transverse to the conformal section

X"Ouyaga,(X)=0. (2.14)
Projecting the operator Og,4,..q, Onto the section defines the symmetric operator of
the CFT on R?

oxXu
Oxht

— Aa1 AG2 A Gp a1 _
Ou1u2~~-ue - A,ulA;LQ A/J,[Oala?“aé ) Am -

(2.15)

The traceless property of projective operators O, ,,,...., are guaranteed by the traceless
and transverse properties of Qg qy...q,. It is worth noting that the projection map is
not one-to-one. Many seemingly different operators on R4T!! can have the same
projected operator. In principle, two different operators O,,...,, and @a1-~~ae are giving
rise to the same CF'T operator O,,.,, if O and O is different up to pure gauges that
are vanishing under the projection onto the conformal section, e.g., a factor X,,.

To well organize the spinning operators, it is insightful to introduce the auxiliary

embedding polarizations Z,, which are vanishing by contract with the embedding
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coordinates on the conformal section
X*=7=X-Z=0. (2.16)
The simplification is made by defining
O(X,Z) = Oy, (X) 2 - - Z% (2.17)
Now O(X, Z) has homogeneous degree ¢ for Z. Restricting Z, onto the section gives
O(x,€) = Opypy () - € = Oy, (X)AG - At et (2.18)

where € is the auxiliary polarization in R?. Therefore, restricting onto the conformal

section gives the parameterization
Z%=(0,2x - €, €"). (2.19)

It is worth noting there are many polynomials O(X, Z) we can use to construct the
spinning operators in the CF'T; they are allowed to be different up to pure gauges
X2, Z% and X - Z. For simplicity, we shut down all X?, 7% and X - Z.

This formalism allows us to organize two and three-point functions by writing
down the Lorentz invariant structures in the embedding space with the identified

homogeneous degree. Trivial examples are scalar correlation functions

1
(—2X; - X5)2 7

(O(X1)O(X2)0(Xs)) = Az .

A1+As—A3 Ao+Az—Ay A1+A3—Ao
(22X, Xo) 3 (—2Xy - Xy)  (=2Xy - Xy) 2

(2.20)

<O(X1)O(X2)> =

where the coefficient of the three-point function encodes the dynamic information and

is called the three-point OPE coefficient for the reason we will discuss soon.
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Figure 2.5: A picture for the OPE: two operators fuse to be represented by the third
operator.

2.1.3 OPE and conformal blocks

The completeness of the Hilbert space implies that any state can be represented by
linear combinations of primaries and descendants. This fact can be formulated as the

OPE after using the state-operator correspondence
O (21) 04 () Z Cebe (219, 0y) O (w2) (2.21)

where a, b, ¢ are the spin indices. To illustrate the basic idea, we consider the scalar
operators. The simplest exercise is to consider a three-point function (the second line
of (2.20)) and evaluate it by performing the OPE for the first two operators. This
exercise shows that the OPE kernel Cjj; can be determined by conformal symmetry
up to overall coefficient \;j, that also appears in the three-point function

Aijk

Ari»Aj*Ak

Cijk = z

where P is the translation operator (2.4). The coefficients a,,, are

G = gl (A s on (B — b+ 1),

(2.23)

We use the shorthand notation A, = A; + A; — Ay, and h = d/2 in the above. For
this reason, \;jj is called the three-point OPE coefficient. We depict the picture of
OPE in Fig 2.5

As performed for studying the four-point function, the OPE ensures conformal
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block decomposition. Typically, the four-point function can be written by

g(u,v) T3, =n i, =R
O1(21)O2(22)O3(x3)O4(24)) = ——= e\ s — , (2.24
(Oue)Oa(a2)Osla) s} = ity ()7 (&) e

where g(u, v) is an unknown function of (u, v) that are known as conformally invariant

cross ratios

o f%ﬂ%zx o $%4$§3 9.95
— 2 2 -2 2 (2.25)
T13%24 L1324
Performing the OPE for O;0y and O30, simultaneously gives rise to
g(u,v) = Z J1204,, [3104 Gag(u,v), (2.26)

AJ
where Ga j(u,v) is called the conformal block. The conformal block is the kinematic
object that can be, in principle, solved by the Casimir equation

C12Ga g =CanyGary, Casj=AA—-d)+J(J+d-2), (2.27)

where the Casimir operator Cis is

1 L 0 , 0

In terms of the cross-ratio, it is

o, 0 0 0
0 0 0 0
—2(1+u—v)(u%+v%+a)(u%+v%+b), (229)

where a = Agy /2, b= Agy/2.
On the other hand, the coefficients fi120f310 = ca,s is usually called the OPE
coefficient in the modern bootstrap language, which is theory dependent and thus

encodes dynamics.
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Figure 2.6: Graphic illustration of the crossing symmetry.

2.1.4 Short review on conformal bootstrap

So far, we have only exploited the conformal symmetry itself. What determines
a CFT without referring to the microscopic picture? As the conformal symmetry
already settles down the kinematic structures such as conformal bocks, the complete
knowledge of a CFT then only spans the conformal spectrum (A, .J) and the three-
point OPE coefficients A;;;, which are known as the conformal data. The goal of
conformal bootstrap is to use other consistency conditions to solve for those conformal
data.

A strongly constraining consistency condition is the crossing symmetry for a
four-point function, which states the equivalence of conformal block expansion for
s-channel (OPE for 12 and 34) and ¢-channel (OPE for 23 and 14), as shown in Fig
2.6.

It is usual to consider a conformal frame, where the conformal symmetry can be
used to put the first operator at the origin, the third operator at 1 and the fourth
operator at infinity, while keeping the second operator lying on a two-dimensional

plane

(01(0)04(z,2)03(1)O(0)) , (2.30)

where (z, Z) is another parameterization of the cross ratios u = 2z, v = (1 —2)(1 — 2),
as shown in Fig 2.7.

For an identical scalar four-point function, the crossing symmetry gives the fol-
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[

21 = (0,0) z3 = (1,1)

z

Figure 2.7: The configuration shaped using the conformal symmetry. The four-point
function is a function of (z, z).

lowing equation

Ay

u
Z CA’JGAJ(U, U) == T¢ Z CA’,J’GA’,J’(Uu U) . (231)

v
A,J AL

The essence of the conformal bootstrap is to solve the crossing equation with the help
of unitarity (that ensures ca y > 0 and other unitary bounds of spectrum (A, J) [48])
either numerically or analytically.

The numerical methods for solving the crossing equation were pioneered in [38] us-
ing linear programming and were later optimized using the semi-definite-programming
[49]. We will not cover numerics in this thesis. However, we would like to highlight
how powerful the crossing symmetry is in Fig 2.8 and 2.9, as the numerical bootstrap
based on it allowed [50] to locate the kink for 3D Ising model and [51] to precisely
pinpoint the island of 3D Ising model

On the other hand, the analytic method was initiated in [40, 41] by understanding
the consistency of singularities appearing in the crossing equation at the lightcone
limit v < 1, which is now known as the lightcone bootstrap. The simplest example

to illustrate this idea is to consider the identity exchange in the ¢-channel and ask
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Figure 2.8: The exclusion plot made in [50] using the numerical conformal bootstrap.
The shaded region is the allowed space for the scaling dimensions as constrained by
the crossing symmetry. 3D Ising model lives on the kink.

what operators have to exist to ensure the crossing equation (2.31)

U

ZCAJGA,J(u,U) =& (2.32)

A,J
At the lightcone limit v < 1, the RHS develops the singularity v~2¢ while each term
of LHS does not have such a singularity. This implies that there must be an infinite
number of terms in the LHS that sum over to produce the singularity, where the large-
spin limit dominates the sum. By taking the lightcone limit v < 1 of the conformal
block, [40, 41| shows that (2.32) can only be valid if there is an accumulating tower
of double-twist operators with A = 2A, + J + 2n for integer n > 0 at large J, e.g.,

[¢¢]n,J = qbaul T aﬂ,Jaznqb? (233)

and the OPE coefficients ca ; at the large J limit are bootstrapped by solving (2.32)
order by order in the expansion of u < 1. For example, for leading order of u — 0

but v < u, the conformal block can be approximated by

%U%J%@Jﬁ) , (2.34)

Ga.(u,v) ~
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Ising: Scaling Dimensions
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Figure 2.9: The island for the leading scaling dimensions in 3D Ising model from
[51] using the numerical conformal bootstrap, with the comparison to the best Monte
Carlo results (the dashed rectangle) [52| prior to [51].

where K is the modified Bessel function, and the OPE coefficient is

3
ﬁ2—2A¢—2J+2 J2A¢.*§
CA=2A4+J,0 = )
’ ['(Ag)?

(2.35)

which is consistent with the OPE coefficient for mean field theory [53]. This is a limit
that can be well described by Fig 2.10.

The existence of the double-twist family (2.33) can be intuitively understood as
the analog of a two-particle bound state formed by two individual particles, as shown
in Fig 2.11. This is indeed the correct understanding in the holographic theories that
we will review shortly.

A more nontrivial application is to consider a single twist 7 conformal block at
t-channel, and the lightcone bootstrap allows one to extract the large spin anomalous
dimensions. These anomalous dimensions can correspondingly be understood as the
internal energy of a two-particle bound state in Fig 2.11 perturbatively corrected

by interactions. Essentially, the lightcone bootstrap relies on the double lightcone
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[

lightcone limit

T = (0, O)

z

Figure 2.10: The blue arrow denotes the lightcone limit v < u < 1, whichis 1 — 2z <
z < 1 in this picture.

Figure 2.11: An intuitive picture to think of the double-twist operators [p¢], ; as a
two-particle bound state formed by two particles circling each other.

limit v < u < 1: one has to play this game for a higher order of u to obtain OPE
coefficients at higher twist n and for a higher order of v to obtain OPE coefficients
with 1/J corrections [54, 55, 56, 57|. The rigorous setting of this lightcone bootstrap
is still actively under exploration [58]. Much progress has been made in understanding
the large spin asymptotes in recent years. In particular, the large spin perturbation
theory [42] first provided a systematic way for resummation of large spin data in the
analytic bootstrap, which is surprisingly valid up to finite low spin [59, 60]. This
validity was then explained as the analyticity in spin by Lorentzian inversion formula
[43, 61, 62] as long as unitarity is preserved, which is the analog of Froissart-Gribov
formula for extracting partial wave coefficients of an S-matrix. The highest spin that

the lightcone bootstrap does not work well is then understood as the Regge intercept
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using the Lorentzian inversion formula, which is still out of reach systematically.

It is worth noting, in contrast with the numerical bootstrap, where the crossing
equation is solved as a whole, the analytic bootstrap usually can only address the cross
channel by a single conformal block and ask what this conformal block contributes
to other channels. This procedure may need to be clarified for any CF'Ts, since the
infinite summation of all conformal blocks may behave very differently, e.g., the new
singularity may arise. For this reason, the analytic bootstrap is more suitable for
those CF'Ts with a hierarchy that leads to clear factorization, for which the conformal
block expansion can be well organized by the hierarchy, e.g., the identity dominates
other conformal blocks. Importantly for this thesis, as we will explain later, holo-
graphic CF'Ts fall into this class, where the relevant hierarchy is the large-/N degrees

of freedom.

2.2 AdS geometry

Even beyond the scope of AdS/CFT, AdS space is still attractive since it is a max-
imal symmetric space other than the Minkowski space. For a better description of
AdS/CFT in the next section, we give a brief introduction to AdS geometry in this
small section.

To make contact with the Euclidean CFT, we consider the Euclidean AdS, which
is the hyperbolic space. The AdSp can be defined by embedding in the R%?

D
dsh = —dX5 + Y _dX7, (2.36)
where
D—-1
—Xo 4> X] =07 (2.37)

The curvature of this space is negative ~ —1/¢?. The symmetry of this space consists

of D boosts and D(D—1)/2 rotations, isomorphic to SO(1, D) symmetry. It is already
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worth noting that this symmetry is the same as CF'Tp_;; this is perhaps the first hint
for AdAS/CFT. To arrive at the Lorentzian AdS, we should Wick rotate X, and the

resulting embedding space is R4, where the isometry group is SO(2, D — 1).

There are different parameterizations for AdS local coordinates, and they have

different purposes in the context of AdS/CFT.

(1)

Global coordinates

A simple way to parametrize the coordinates is
Xo =V +r?cosh(}), X; =V +r?sinh(}), = ZXZQ (2.38)
We end up with

d 2
20, (2.39)

_ 2p—-2 2
nglobal - (1 +r 14 )dt + W

where 7 € (0,00). This coordinate is called global because it covers the whole
AdS space. The AdS boundary is located at r — oo. It is usually common to

redefine r and define the following global coordinate
dSglobal = EQ(COSh2 pdt* + dp* + sinh? p dQ%_Q) , (2.40)

where AdS boundary is located at p — co. For the Lorentz signature, we can

simply Wick rotate 7. See Fig 3.3 for an illustration of this coordinate.

Poincare coordinates

We can also parametrize the coordinates as follows

1 2 2 1 — 2 2 i
Xy= it 4T @ HE) i (2.41)
2z 2z z
The Poincare coordinate is then given by
2 . .
A8 ineare = ;(dt2 +dz* + 6 da'da?) (2.42)
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where z € (0,00) and t € (—o0,00), and AdS boundary is located at z — 0,
while z — oo refers as the Poincare horizon. It is evident that this coordinate
does not cover the whole AdS space; it only covers a patch Xy + Xp > 0. For
this reason, the Poincare coordinate is usually called the Poincare patch. For
an intuitive picture of the Poincare patch, see Fig 3.4. There is another way to

write the Poincare patch by simply redefining 2% = ¢?p

where p — 0 is the AdS boundary. This coordinate (2.43) is also known as
Fefferman-Graham (FG) coordinate, which helps evaluate the holographic coun-
terterms, holographic anomalies, and deriving holographic energy-momentum

tensor, and so on, see, e.g., [63, 64, 65, 66].

2.3 Holography and AdS/CFT

The holographic principle is a hypothesized property of quantum gravity that states
that all information of a dynamical system involving gravity is encoded by a lower
dimensional boundary of the system. This principle was first hypothesized by ’t Hooft
[67] and was further elaborated in terms of string interpretation by Susskind [68]. The
most famous example of the holographic principle is perhaps the entropy of a black
hole: the black hole entropy is proportional to the black hole horizon area but counts
all microscopic degrees of freedom inside [69, 70].

The prime realization of the holographic principle was constructed by Maldacena
in 1997 [9] from Type IIB string theory. This construction relates Type IIB string
theory in AdS; x S; and N' = 4 super Yang-Mills theory (SYM) in d = 4 (which
is a CFT with supersymmetry), for this reason, it is phrased as AdS;/CFT, corre-
spondence. Later on, Gubser, etc. and Witten, etc. provided the mathematically
quantitative descriptions for AdS/CFT [10, 11|, namely the holographic dictionary,

which made it possible for more solid tests of this correspondence by computing
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physical observables. More explicit examples can be constructed from string, and
M theory, e.g., AdS;/CFTs and AdS,/CFTj3 |9, 71|. These examples have clear UV
origin as the string and M theory and thus are referred to as top-down holographic
models. Nevertheless, people are convinced that AdS/CFT is more broadly applicable
without referring to a specific UV completion, such as string theory. A more general
statement of AdS/CFT, also known as holography or gauge/gravity duality, claims
that quantum gravity in AdS can be equivalently described by a certain CFT on the
boundary. There are active studies to investigate the conditions a CFT has to have

so that it becomes holographic CFT with a gravity dual, see, e.g., [18|].

2.3.1 Maldacena’s AdS;/CFT,

The basic idea of Maldacena’s construction of AdS;/CFTy is to consider a stack of N
nearly coincidental D3-branes in Type IIB string theory in ten-dimensional Minkowski
space and think about the low energy effective descriptions of this system from open
string and closed string perspective respectively.

From an open string perspective, the interactions between D3-branes and closed
strings can be formulated as open strings ending up on the D3-branes. The coinci-
dental limit of open string modes whose endpoints are attached to D3-branes induces
a SU(N) gauge group. These modes organized by SU(N) symmetry are dynamical
on the branes which is effectively four-dimensional flat Minkowski spacetime, giving
rise to a gauged QFT in d = 4. More specifically, in the low energy limit where the
string length tends to zero, i.e., £, = v/a/ — 0, such configuration can be effectively
described by d = 4, N = 4 SYM with gauge group SU(XN).

From a closed string perspective, N stack of D3-branes bends the space and results

in the following geometry

AN o ¢4
ds* = (1+ E) Pmijdatda’ + (1+ E)

N

(dy® + y2d22) (2.44)
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where 7;; is the Minkowski metric on D3-branes
0t = 4mg,NIL. (2.45)

The interaction is mostly dominated by near horizon regime y — 0. The low energy
limit around y = 0 can be achieved by redefining z = ¢2/y that is kept fixed at the

limit of y — 0,45, — 0
R 2 1002
ds® = ;(dz + nm,dx“dx”) + 14 dQ5 . (246)

This space is the Lorentzian AdS with internal space as S°, namely AdSs x S® with
the same radius. The number of D3-branes N can be described by the integer flux
of the 5-form flow F(5). It is also worth noting that, as we already emphasized in
previous sections, the isometry group of AdSs; matches the conformal group in four
dimensions. The isometry SO(6) of S° in this case, can be mapped to the global
R-symmetry group in super Yang-Mills theory SU(4) ~ SO(6) in the bosonic sector.
Therefore, the isometry of AdSs x S® realizes the maximal bosonic subgroup of the
superconformal group SU(2,2|4), and the completion into the full superconformal
group is supplemented by Poincare supersymmetry of N coincidental D3-branes.
These two perspectives should be equivalent (as depicted in Fig 2.12), because they
describe the same system: NN coincidental D3-branes interacting with closed strings
in Type IIB string theory. This duality led Maldacena to conjecture AdS;/CFTy

correspondence, for which the original version was

e Type IIB superstring theory with string length ¢, and string coupling g, on
AdSs x S° where the AdS radius and sphere radius are both £ is physically
equivalent to N' = 4,d = 4 SYM with gauge group SU(4) and coupling gyu-

The parameters are identified correspondingly

Gom = 2mgs, ' = dmg NI (2.47)

However, it is hard to generally prove or simply test this correspondence in a complete
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set because this requires computations of the same observables on both sides. To
acquire further understanding, a certain parametric limit is necessary. One natural
limit is to take the large- N expansion of SYM but keep the 't Hoott coupling A = g,V
fixed. At this limit, the AdS side should be described by semi-classical Type 1B
string theory on AdSs x S® with underlying string loops expansions in terms of g,.
The correspondence has passed many checks for different regimes of A at the large-
N limit. In particular, agreement of results at different limits of A for the scaling
dimensions of 1/2BPS single-trace operators and their two and three-point functions
suggest that these results do not depend on the 't Hooft coupling A, as protected by
supersymmetry [72]. Some observables that preserve enough supersymmetry, such as
the sphere partition function |73| and the Wilson loops [74], can also be computed at
any A using the localization. Non-protected single-trace operators can also be probed
using the integrability techniques in the planar limit; see, e.g., [75] for an overview.
These are all special examples that rely on supersymmetry and integrability.
Perhaps the simplest and well-studied situation is to further take large 't Hooft
limit A > 1, and the dual description would be semi-classical Type IIB supergravity
with o/ expansions. This regime is often called the strong/weak duality since the
SYM is strongly coupled while supergravity is weakly coupled. The broad sense of
AdS/CFT is built upon the assumption of strong/weak duality, where the bulk theory

is guaranteed to be local, as we will review soon.

2.3.2 Holographic dictionary

The holographic dictionary establishes a quantitative bridge to compare physical
quantities on both sides of AdS/CFT [10, 11|. Its essence is the equivalence of par-
tition functions (1.1), from which all the dictionaries could be built in principle. For
this thesis, we only introduce the dictionary relevant to the energy scale and the corre-
lation functions. Other dictionaries are developed later for other physical quantities,
such as Wilson loops and entanglement entropy, which is, however, irrelevant to this
thesis.

The most important dictionary relevant to this thesis is the field-operator duality,
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— ]

(a)

Figure 2.12: (a) Open strings ended on the stacked D3-branes. (b) D3-branes result
in a curved background (depicted by a gradient red rectangle) where closed strings
propagate.

which states that for any quantum fields ¢ with mass m in AdS, there are correspond-
ing gauge invariant primary operators O, in CFT, and the boundary values ¢(*) of ¢

correspond to the source coupled to the operator O,. More explicitly, we have

Zgeav] o0 = /¢ [Ddlexp [~ 5[] = <eXp [- /8 iz ¢<0><9¢]>CFT, (2.48)

where the subscript 0 refers to the asymptotic AdS boundary, and the expectation
value is over CF'T path integral. This readily leads to the definition of AdS amplitudes

in terms of conformal correlation functions

d
(0)) (Zgra"|¢<0)> : (2.49)

Mapas = (Oy - O,) =
AdS ¢ ¢ (11:[1(%

To better understand this dictionary, it helps to consider the asymptotic solution of

free fields in AdS around the AdS boundary z — 0, which admits universal structure
¢~ Z2a(¢(0) + P24 (¢(2n) + 6 1og 2)22 ). (2.50)
where log z is a possible anomalous term. « and « + n are two solutions for A in

A(A —d) = m? (2.51)
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Evaluating the AdS action followed by using (2.49) derives that the corresponding

operator is actually encoded by ¢
(Op) ~ . (2.52)

The rescaling of z — Az that fixes AdS induces a boundary scaling x — Az, as a
result, (2.50) then shows precisely Oy — A*0,. Thus, for field-operator duality,
the mass of the bulk field determines the scaling dimension of the CF'T operator via
(2.51). This dictionary has salient implications for important fields and operators:
gauge field in AdS, such as Yang-Mills, corresponds to conserved spin-1 operator in
CFT; graviton in AdS corresponds to the stress-tensor in CFT. This dictionary is
served as the stone for Chapter 3, 4 and 6.

There is another important dictionary that is essential for the review in the next
subsection: radius-energy duality. This is a duality to answer a simple question: what
is the role of the radial direction of AdS in CFT? The answer is z ~ 1/u where p is
the energy scale in CFT. For pure AdS, the geometry does not change along z. This
then indicates that CFTs do not run along the RG flow. This dictionary plays an

important role in understanding the holographic c-theorem [76].

2.3.3 The condition for holographic CFTs

Aside from the explicit AdS/CFT model from string and M theory, it is profound to
ask how general AdS/CFT can be without referring to specific CF'T models where
the holographic dictionary applies. This question can be recast into a simpler one:
what condition a CFT has to have so that it is a holographic CFT with a local AdS
gravity dual?

This question was addressed by an outstanding work known as HPPS [18]. The
basic intuition is to start with the notion of locality by using the radius-energy duality.
In particular, the approximate locality in energy on the CFT side implies dpu/p ~
O(1), which then indicates the resolution of the locality of AdS is down to ds ~ /.

The holography at this scale is phrased as the AdS scale holography. The holography
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is not sharp at this scale because it probes only the spectrum and one-point, two-
point and three-point functions, for which the structures are only sensitive to the
AdS isometry. In order to build a sharp statement of holography, it is necessary to
consider four-point functions, for which the locality of AdS ensures that the scattering
of four wave packets can focus on the string scale that is much smaller than the AdS
scale. At the scale ds < ¢, the holography is sharply sensitive to bootstrap constraints
of conformal correlators and is phrased as the sub-AdS holography. Based on this
discussion, [18] made a conjecture for the condition that a holographic CFT has to

satisfy, which, to my knowledge, updates the understanding of bottom-up AdS/CFT

e Any CFT with a large-N expansion and a large gap Ag,, > 1 of higher spin

J > 2 single-trace operator has a local dual of weakly coupled AdS gravity.

Here the large- N limit refers to the large central charge limit N? ~ Cr < 1 where Cr
is the coefficient of stress-tensor two-point function, and the holographic dictionary
relates it to the Newton constant or Plank scale Cr ~ 1/Gy. The existence of a
large gap for single-trace operator Ag,, > 1 can be translated to the existence of
heavy higher spin states with mass M > 1/¢ that are integrated out to give bulk
gravitational EFT. Typically, being consistent with the EFT validity, bulk higher-
derivative corrections are suppressed by 1/M, thus giving rise to conformal data at
the order of 1/Ag.p, €.g., see |18, 77, 78, 79, 33]. For string theory, M would be
the string length M ~ 1/¢,. Thus for the correspondence between AdS; x S® and
N =4,d = 4 SYM with SU(N), A,.p is actually A3,

We should emphasize that the limit ¢ > 1/M contains more information than the
flat-space limit. For flat-space limit, the particles are excited with large frequency
within the EFT regime w < M to be scattered around the impact parameter b ~ 1/w
so that the scattering happens at local scale £ > b > 1/M. This regime is the bulk-
point limit [24, 33]. The AdS locality more broadly covers the regime £ ~ b > 1/M,
which is the AdS Regge limit [33] and does not produce the flat-space S-matrix.
Nevertheless, as we will review in the next section, this regime allows the uplift

of rigorous bounds on Wilson coefficients of flat-space to AdS, where the error is
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suppressed by 1/A.,, [33] .

2.4 EFT bootstrap

Effective Field Theories (EFTs) are powerful tools for describing physical systems
over a specific range of energy scales, especially when the complete underlying theory
is highly intricate or unknown. The basic idea behind EFTs is to separate the physics
at different scales and simplify the models by retaining only the most relevant degrees
of freedom, while treating less important ones as parameters of the EFTs, known as
Wilson coefficients.

A commonly used type of EFTs is the weakly coupled low-energy EFTs, where
the traditional perturbative description of QFTs works well. The UV effects enter
as higher-dimensional operators in the effective action, suppressed by a UV scale M.
One of the most profound questions in theoretical physics is what is the space of EFTs
that ensures a consistent UV completion, e.g., the quantum gravity.

Using the causality to constrain the space of EFTs enjoys a long history, qualitative
constraints or simple positive conditions of EFT Wilson coefficients are explored by
experimenting with scattering processes, e.g., [77, 80, 81|. Recently a series of papers
[82, 83, 84, 85, 86, 87, 88| developed a systematic bootstrap algorithm that is able to
carve out rigorous allowed space of EFTs. The crucial idea of this algorithm is that the
causality relates the low-energy and high-energy physics by establishing the dispersion
relation, which allows to systematically express EFT parameters in terms of positive
UV data by considering the forward 2 — 2 scattering. For example, for identical

massless scalar scattering, as long as the Regge boundedness | M (s, t)|/|s|? ‘ sl soo 0

is assumed, the fixed-t = —p? dispersion relations can be constructed for s
ds M(s, —p?
B, (p?) :7{ _(—p)ﬁ —0, (2.53)
oo § [s(s —p?)]2

where k > 2 takes even integers. The causality implies that the amplitudes M are

analytic in the upper-half plane Im s > 0 for fixed real ¢ < 0 and there are only low
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Figure 2.13: The illustration of the contour deformation for the dispersion relations
that relates low energy EFT and the UV positivity.

energy poles and the branch cuts starting with the scale M. This condition allows

the contour deformation to give (see Fig 2.13)

—Bk(p?)\IR = Bk(p2)|Uv. (2.54)

The IR part can be evaluated by taking the Residue of pole structures of weakly
coupled EFT, while the UV part is a positive sum over the partial wave coefficient.
By expanding around the forward limit p — 0, the dispersive sum rule (2.54) allows
us to find an optimal positive combination of UV data that bounds the ratio of low

energy Wilson coefficients from two-sides. It can give, for example

#1 <i< #2’
Ma 90 Mea

9o =0, (2.55)

where a counts the dimension of the ratio.

However, this procedure has suffered from a long-standing issue in the presence
of gravity because the low-energy graviton pole completely diverges in the forward
limit. This problem has been addressed in [33] by measuring the EFT parameters at
impact parameter b ~ 1/M rather than the forward limit p — 0. Namely, [33] smears

the sum rule (2.54) by wave function ¥ (p) so that the sum rule radically decays at
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large b > 1/M

- / dp () Be(1?)] . = / dp () By(1?) v - (2.56)

0

This measurement allows them to find optimal such function v (p) that bounds Wilson
coefficients in terms of Newton constant G, for example

#1GN #2GN

M dim—D+-2 9 W ) (257)

where the dimension of ¢ is dim.

This type of bounds was considered in [33] for holographic CFTs with local AdS
EFT dual, which sharpens the notion of AdS locality with numerics. The basic idea
is to construct the CFT dispersive sum rule along the line of [89] where the IR and
UV sectors are separated by Ag,,. It should be emphasized that the AdS locality
at the Regge limit b > 1/M is guaranteed by flat-space functional as ¢ (p) creates
functionals localized in impact parameter space. This led [89] to show that the positive
flat-space functional can be uplifted to give a positive CF'T functional with, at most
small corrections. On the other hand, the functional also measures the same Wilson
coefficient as in flat-space within the EFT regime up to 1/Ag,, corrections. The

whole analysis then suggests that the flat-space bound can give rise to the constraint

of holographic CF'T

1

#1G N 1 gAdS #2G N
Adim—D+2 (1 + O(AZ )) < gdim—D+2 < Mdim—D+2 (1 + O(A2 >) ’ (258>

gap gap gap

where gaqs/(4™P+2 is associated with some OPE coefficients in CFT.



Chapter 3

Flat-space limit of AdS/CFT

3.1 Introduction

Including negative cosmological constant, gravity theory coupled to other local fields
can be formulated as weakly coupled quantum field theory (QFT) by perturbatively
expanding the curvatures around the Anti-de Sitter (AdS) background. Although the
resulting QFT lives on AdS, we are still able to apply the standard techniques, which
utilize the propagators in AdS to calculate the “AdS amplitudes” for local quantum
fields. As interpreted by the AdS/CFT correspondence, these AdS amplitudes are
corresponding to correlation functions of large-N expanded conformal field theory
(CFT) on the AdS boundary [9, 10, 11].

Naively, at the level of effective Lagrangian, we can take the large AdS radius
limit ¢ — oo, QFTs on AdS then make no difference from flat-space. We can also
easily observe the limit / — oo reduces AdS background to a flat-space. It is, however,
rather nontrivial to incorporate the AdS amplitudes into this flat-space limit, where we
expect that AdS amplitudes degrade and give rise to S-matrix or scattering amplitudes
of QFT in flat-space. Employing AdS/CFT, the flat-space limit of AdS then suggests

that boundary CFT correlation function shall encode the flat-space S-matrix .

Tt is worth noting that the flat-space limit of AdS/CFT is different from flat holography proposal,
e.g., [90]. In the flat-space limit of AdS/CFT, we expect CFT encodes one higher dimensional S-
matrix, but the S-matrix can not fully encode CFT. While by flat holography, flat-space physics and
CFT should be able to be transformed back and forth between each other

36
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Massless €——» Massive
. coordinate

partial-wave

momentum space
(only massless)

Figure 3.1: The existed frameworks describing the flat-space limit of AdS/CFT, where
the question mark denotes the undiscovered relation.

The idea on the flat-space limit of AdS/CFT enjoys a long history [14, 15, 16, 17,
18, 19, 20|, and more quantitative and precise maps were established in the recent
decade (21, 22, 23, 24, 3, 25, 26]. However, in the literature, there exist several
frameworks which work in different representations of CFT: momentum space [26],
Mellin space [22, 23, 25|, coordinate space |21, 24, 3|, and partial-wave expansion
(conformal block expansion) [24, 25|, as summarised in Figure 3.1. The latter three
representations are natural to consider conformal bootstrap [89], so our focus will be
mostly on the latter three frameworks, for which the formulas describing massless
scattering and massive scattering (defined for external legs) are sharply different.
The massless particles are described by operators with finite conformal dimension,
while massive particles are described by operators with infinite conformal dimension
A ~ [ — oo 2. The details shall be reviewed in subsection 3.3.1 and here we simply
provide a chronological history: the massless formula in coordinate space for four-
point case was first proposed in [21] and was reformulated by the proposal of Mellin
space [22], which is later known as the bulk-point limit [24], and a contact example
of the partial-wave coefficients was provided in [24]; the massive Mellin space formula
and the phase-shift formula (which is basically the coefficient of the partial-wave) was
later proposed in [25|, and the massive formula in the coordinate space was recently
conjectured in [3].

Two natural questions that we aim to answer in this paper are:

e What is the origin of these seemingly different frameworks of the flat-space

2For the framework in momentum space, as far as we know, only the massless formula was
proposed [26]
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limit?

e Why do the formulas describing massless scattering and massive scattering look

different and how do we unify them?

Considering the Mellin space, coordinate space and partial-wave expansion can be
translated to each other, we expect they share the same origin. The origin follows
the spirit of the HKLL formula [91, 92|, which represents the flat-space S-matrix in
terms of boundary correlation function via smearing over the boundary against a
scattering smearing kernel. Such scattering smearing kernel for massless scattering
was constructed in [20] and was applied to rigorously derive the massless Mellin for-
mula later [23]. A scattering smearing kernel that is generally valid for both massless
and massive cases was proposed in 93], which slightly overlaps with this paper. We
find, crucially, only the scattering smearing kernel constructed from global AdS can
be served as the origin of the flat-space limit in Mellin space, coordinate space, and
partial-wave expansion; on the other hand, when we construct the scattering smear-
ing kernel from Poincare AdS, we find it simply performs the Fourier-transform and
thus gives rise to the framework of flat-space limit in momentum space. According
to subregion duality [94, 95, 96] which states subregion of CFT is encoded in the
corresponding subregion of AdS (usually the causal wedge [94| or more generally en-
tanglement wedge [97]), we expect that the Poincare scattering smearing kernel can
be transformed to the global smearing kernel, simply because the Poincare patch is a
part of the global AdS. We indeed find that the global scattering can be obtained from
Poincare scattering, which also suggests a momentum-coordinate duality for CFT at
large momentum and conformal dimensions.

Notably, scattering smearing kernels never treat massless and massive scattering
distinguishingly, we should be able to unify the massless flat-space limit and massive
flat-space limit. In this paper, we find a Mellin formula applying to all masses,
which can be easily translated to other frameworks for both massless and massive
cases. Typically, in terms of CFT language, the massive scattering is more like a

“limit” of massless one, because nonzero masses provide additional large parameters



CHAPTER 3. FLAT-SPACE LIMIT OF ADS/CFT 39

subregion duality
Poincare AdS  <«—> Global AdS

l sec. 4 i

Mellin space
eq. (3.36)

momentum spacy
eq. (2.45)

Dartial-wave
eq. (3.70, 3.81,

coordinate

Figure 3.2: Massless and massive unified frameworks of the flat-space limit, where
the origins are clarified.

A ~ { — oo that further dominate the scattering smearing kernel.

The outline of our finding is illustrated in Figure 3.2. This paper is organized
as follows. In section 3.2, we take the flat-space limit for bulk reconstruction in
both global AdS and Poincare AdS to construct scattering smearing kernels that
represent flat-space S-matrix in terms of CFT correlator. The Poincare scattering
smearing kernel automatically Fourier-transforms the CFT correlator and gives rise
to flat-space limit in momentum space. In section 3.3, we review the existed flat-
space limit, include Mellin space, coordinate space, and partial-wave expansion. We
start with the global scattering smearing kernel and find saddle-points that dominate
the smearing integral. Using the saddle-points, we find a Mellin formula that ap-
plies to both massless scattering and massive scattering. We then show this Mellin
formula gives rise to the flat-space limit in coordinate space, and then to the partial-
wave /phase-shift formula. In section 3.4, use the notion of subregion duality, we
propose a momentum-coordinate duality, which relates the flat-space limit in mo-
mentum space to global scattering smearing kernel. In section 3.5, we propose a
flat-space parameterization of embedding coordinate for spinning operators. We ap-
ply our proposal to (VVO) three-point function where V' is conserved current, we
verify the momentum-coordinate duality as well as a map to flat-space amplitude.

In appendix A.1, we analytically continue the flat-space limit in momentum space
to Euclidean CF'T, which effectively turns AdS into dS. In appendix A.2, we show how

to fix the normalization of scattering smearing kernel. In appendix A.3, we provide
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Figure 3.3: Cylinder diagram of global AdS.

more details on derivation of Mellin flat-space limit. In appendix A.4, we compute
four-point scalar contact Witten diagram (no derivative) and verify it is equivalent to
momentum conservation delta function in the flat-space limit. In appendix A.5, we
introduce a new conformal frame, which helps us solve the conformal block at limit

A, A; — oo. We double-check our conformal block by working explicitly in d = 2, 4.

3.2 Quantization and scattering smearing kernel

3.2.1 Global quantization and the flat-space limit

We first consider global Euclidean AdS coordinate

2

ds* = (d7? + dp* + sin p?d3_,), (3.1)

cos p?

where its boundary is located at p = 7/2. The advantage of global AdS is that it
provides a R x Sy_1 background for boundary CFT, i.e.,

which is natural for radial quantization in CFT. This global coordinate is depicted
in Fig 3.3. Moreover, to make contact with flat Minkowski space where physical

scattering processes happen, we may start with Lorentzian AdS. To do this, we simply
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wick rotate 7

2

ds® =

= 7 (—d7?* 4 dp* + sin p?d23_,), (3.3)

for which the AdS and CFT embedding coordinate X and P are parameterized by

14

cos p

X =

(cosT,—isinT,sinp7), P = (cosT,—isin7,7), (3.4)

respectively.

Let us consider a free scalar with mass m in global AdS, which can be quantized

by [19]

¢ - Z eiEnJTRmJ(IO)YJmi (ﬁ)a‘nJmi +c.c,

n7J»m'L

B 1
Nay

d
siancosAngl(—n,A+J—|—n,J+—,sinp2), (3.5)

Rn,J(p) 5

where the energy eigenvalues are discretized as E,; = A + J + 2n, and
m?? = A(A —d). (3.6)

This spectra correspond to a primary operator O and all its descendent family
9*d,,, - -+ 9,,0. The normalization factor Nas can be found by usual quantization

procedure

= S 0(Z—y
[Qb(l’, T)a 7T-(y7 7—)] = Z(— /—gy) ’ [an']m“ a;rl’J’m;] - (5nn’5JJ’5mim; ’ (37)

which yields [19]

ID(J + 9)2T(A +n — 452)¢d-1
NAJ:\/n SRS ARy (3.8)

F(n+J+HT(A+n+J)

Since we are starting with global AdS, we may call this quantization “global quanti-
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zation”.
Now with this preliminary of global quantization, we can move to discuss the flat-
space limit. At first, we shall discuss how to take the flat-space limit for coordinates.

Our notation of flat-space is
ds® = —dt* + dr* +r?d3_, . (3.9)

We can see now taking the flat-space limit for coordinates is quite trivial, we can take

the coordinate transformation

ltanp=71, TlL=1t, (3.10)

and then send ¢ — oo. It immediately follows that to make the Fourier factor e**”

in (3.5) valid with flat-space limit, the energy must scale as ¢, i.e., F = wl, where
we denote w as the energy in flat-space. This fact also indicates that n ~ /¢ for
massless particles, more specifically we have w = 2n/¢. Note also in the context of
AdS/CFT, we should be aware of m ~ A/¢. Thus any primary scalar operators with
finite conformal dimensions A corresponds to massless particles in the flat-space limit
[21], and it is necessary to consider scalar operators with large conformal dimensions
scaling linear in ¢ to probe massive particles in flat-space [25].

Before we discuss the flat-space limit of quantization, we shall briefly review the
quantization of scalar fields in flat-space in spherical coordinates. To avoid confusion,

we denote ¢ as scalars in flat-space. We have

o=3 / At sy @ Ry s (1) Y (7) + ) | (3.11)
Jm;
where Yj,,, is the spherical harmonics on S%! (in which m; denotes all “magnetic”

angular momenta), and the radial function Rz ;(r) is given by

R, (r) = %T”JJTH(W). (3.12)
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The quantization condition is also straightforward

[@(fa t)7 7T<p(y_)> t)] = ZW ; [anm“ a’L’J’mﬂ - 5<W - W,)aJJ’émimg . (313)

Now we can easily take the flat-space limit for radial function and we can observe

that

Rns(0)|, = \/%Rm,J(T) : (3.14)

It is also not hard to probe the flat-space limit for creation and annihilation operators

by comparing the canonical quantization condition for those operators, i.e.,

= 5(n = 1011 O = 5((“’_7(”)6

2
= _6(w - w/)(SJJ’(Smimg = _[awjmiy a:[u’J’m’.] . (315)

14 14

[@njims al’j’m;] |1Hoo )77 Oy,

It thus immediately follows

2 1
fsoo \/;6 7]CLmei ) (316)

with an arbitrary phase factor n that is to be fixed by convenience later. Trivially, the

Qpjm;

Fourier factor is simply e*7 = ¢!, and the flat-space limit of measure in summation

over all energy spectra is also consistent

l
> - /dw§. (3.17)
By including above factors, we are led to
gb‘é_m ~ . (3.18)

In other words, the flat-limit of the quantized scalars in global AdS is equivalent to

the quantized scalars in flat-space.
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Using the quantization in global AdS, the corresponding primary operator O that

is dual to ¢ can be quantized via

O =3 (@Y (Ptugn + N, ;. (3.19)

n,J,m;

where the normalization can be fixed by normalizing the two-point function [19]

F1+A—-24+n(A+J+n 1
NS, = ( 2 d) ( ) — . (3.20)
L(1+n)I(5+J+n) F1+A-3%)
It then follows that we can represent creation operator by O via
T ) — %77-0 d_TdQ ’iEan Y]mz (ﬁ) O N 3 21
an]mi /;_TO T d—1€ Ngﬂj (T7 p)v ( : )

where 7y is the (finite) reference time which can be chosen for convenience and doesn’t
affect the integral. This reflects the 7 translation symmetry. Take the flat-space limit

on both sides of above formula, we obtain

2670 qtdQ) g g d .
T — d—1 zwt 3 2A—§ 5—A (1 A _ = —in ~
anmi xem \/— Jjm; (p) (W@ £WA ( + 2) X € O<Ta p)a
(3.22)
where we define
wl—Ayet o wl wl — A
§un = (w€+A) e —eXp[7log(w€+A) + AJ, (3.23)

which, as an exponent factor, is well-defined for both massive and massless cases. We
can readily verify that £, is simply 1 at £ — oo limit for massless particles.
Using this formula, we can construct the smearing kernel K,(¢,7) that represents

scattering states |p) in terms of primary operator in CFT [20]

p) = / dtd Oy (1 F)O(r,7)[0) (3.24)
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To find the smearing kernel, we can decompose the momentum eigenstate |p) into

angular momentum eigenstate

p) =D (Lmilp)| T mi),  (Jomalp) = 725 w3 B Yy, (B) (3.25)

Jm;

from which we can derive the smearing kernel

_ d=2 d
(6,7 —ethZe 2 Al A X 227 Y, ()Y, (P PLA+A-7)
o - d ~
= T RGP X 28T T T A = ) 7). (3.26)
in which we choose n = —J7/2 to cancel the funny i/ factor. Note this smearing

kernel is obtained for a free scalar theory. Nevertheless, we assume it also works
whenever the plane-wave state is asymptotically free, which is exactly the scattering
states defined at infinite past or future. We can then apply this smearing kernel to
establish a formula relating flat-space (n-particle) S-matrix to CFT n-point function

(or AdS amplitudes)

S = toolD1D2 " PrlPkt1 - Pn)—oo =1+ i5(d+1)(ptot)T(pz‘)

, 4 d
= lim [ (J]dtie 05 2galml 22575 (1 + A, — SN(O1-+-0u),

{—00

(3.27)

where I denotes the disconnected part of S-matrix and T the scattering amplitudes,
and in the second line we analytically continue the momenta such that all momenta are
in-states before employing the smearing kernel (3.26). The interpretation of eq. (3.27)
shall be briefly discussed before we move on. A pure CFT does know nothing about ¢
without the notion of AdS/CFT. One job that AdS/CFT (with large ¢ limit of AdS)
does is to provide a specific kernel K in eq. (3.27). Then we can study a particular
CFT correlator in a single CFT and notice that the smeared version (smear over 7) of
the CF'T correlator with a large ¢ limit of the kernel will approximate the flat-space

S-matrix, where A /¢ estimates the masses. However, from the dynamics, to define a
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flat-space QFT with gravity, we have to take a family of AdS and follow the sequence
that ¢ grows. The estimation of flat-space S-matrix by using eq. (3.27) becomes more
and more accurate if we have a family of CFTs supported with large N limit and
sparse gap Ag,p. Thus to extract S-matrix accurately by using eq. (3.27), one should
consider a family of CFTs. We shall call

Ko = (L0 S en bl > w104 A - D), (329
the global scattering smearing kernel. This global scattering smearing kernel gener-
alizes the massless smearing written down in [23], and was also recently obtained by
requiring the consistency with HKLL formula [93] (where they take A ~ ml¢ — oo
to simplify the prefactor). Note that the integration range in ¢ is different from
[23] for massless case. In [23], the scattering smearing kernel integrates time within
t € (—mw/20—6t, —m/20+5t), because it was argued that the flat-space physics emerges
from the wave packets starting around 7 = —m /2 [17], and dt exists to make sure the
in and out wave packets don’t overlap. Here we construct the scattering smearing
kernel from the exact free theory and thus the integration range runs over the reason-
able range of 7, i.e., (—7/2 — 79, 7/2 — 7p). In the next section, we prove that there
is indeed 7 = —7/2 (for reference point 75 > 0) dominates the scattering smearing

kernel and thus effectively gives t € (—m /20 — 6t, —m /20 + 6t).

3.2.2 Poincare quantization and the momentum space

We can also consider quantization in Poincare coordinates
2 d—1
ds? = ;(dﬁ —dT* +) dY?), (3.29)

i=1

which can be depicted as Fig 3.4. It is straightforward to work with the quantization
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Figure 3.4: Poincare AdS only covers a wedge of global AdS. On LHS, the lines
marked B meet the global AdS boundary. B is the boundary of Poincare AdS where
CFT lives. On the RHS, we depict a local figure near B.

in this coordinate, which gives

1 dEdT K BT iR

O = m/E " W(aEKe—zET+zK-ngJA_g(Z|K|) +c.c), (3.30)
> T

where we denote K| = vVE? — K? > 0, and the overall factor is determined by

canonical quantization condition

607V = 120D ] = 6 — DK — ). (331)
V=g

Note this quantization is only valid for £ > K where the momentum is time-like,
which is the necessary condition for the field to have its CFT dual. For the space-like
spectrum F < K, it is equivalent to consider Euclidean AdS, and this quantization
crashes because of the divergence at Poincare horizon z — 0. Instead of the Bessel
function of the first kind, the quantization for spatial momentum should be expanded
by the modified Bessel function of the second kind K, which does, however, not
have the appropriate fall-off to admit operator dual. We shall emphasize it does
not contradict the Euclidean AdS/CFT, it only indicates that in Euclidean space
the quantization of CFT operators is not compatible with the bulk quantization
described above if we persist AdS. Nevertheless, [26] established a flat-space limit in
the momentum space for spatial momentum, and the price is to have an imaginary
momentum in the bulk. We show in appendix A.1 their limit is equivalent to ours

but wick rotates z — iz, which in effect analytically continues AdS to dS.
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The scalar field in flat-space is standardly quantized via
o= / d'k (a etk o 6iwt—iE~;r) (3.32)
(2m)d2w " k ’ '
where
[o(z), mp(z)] = i6D(x — 2'), [ax,al,] = (27)?2w6 D (k — K. (3.33)

Our first goal is thus to understand that how the flat-space limit brings (3.30) to
(3.32). For this purpose, we change the variables

Td
[4

z=et (3.34)

such that the limit £ — oo would nicely give rise to Minkowski space

d

ds’ = —dt’ + Y da}, t=IT, xiq=1Y;. (3.35)
i=1

To fully understand the flat-space limit of quantization, we have to clarify ¢ — oo

limit of mode functions. As before, the Fourier phase factor is trivial, we just need

to take the energy and the momenta in AdS scaling as ¢, ie., £ = wl, K = k(.

Probing the large ¢ limit of Bessel functions is more technically difficult. We shall

first explicitly write down the series representation of Bessel function

(52%)"
(v+n+1DC(n+1)’ (3:36)

J(x) = (o) S (-1

n=0

and we should be interested in its limit at v, x — oo with v/z fixed. The strategy is

to rewrite this series in terms of a complex integral

) = [ 5 (32)"" .
v = C27T7;F(V+Z+1)F(Z—|—1)62i27"_1' .

When we deform the contour to pick up poles located at z € Z™, the series repre-
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£
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3

Figure 3.5: The original integral contour of z, as depicted as dotted line, picks up poles
denoted as cross at positive integers, which sums to Bessel function. The contour is
deformed to pass through the saddle-points in the desired limit.

sentation (3.36) is produced. The trick to find its limit is to notice that the limit
exponentiates the integrand, and thus we can deform the integral contour to pick up

the saddle-points, which gives

B e—%—ixx*ix(y — ix)%(ix—”)(u + ix)%(i"”)
1

= + c.c, 3.38
v,x—oo,v/x fixed V 27-[-(61'7“/—71')( — 1)X2 ( )

J,(x)

where vy = v/22 — 2. The process is depicted in Fig 3.5. This trick is actually the
main tool of this paper, and we will use it to derive the flat-space limit formula in

following sections. After simple algebra, we find
Ta-a([K2)|esee = ag, e + af e ke, (3.39)

where kg = /|k|? — m? and

ilky—iZ & _A ik A
o = S ) S k) a0
2mlk?
Then it is readily to evaluate
05 [ dkgd® kb it iE
Blr—yoo = 7 / (; )% Zd(aEKozkde witike 4 ), (3.41)
T
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where the covariant momentum now is
p(d+1) = (W, k) = (w7 ki<d7 kd) - (p(d)7 kd)7 (342)

which satisfies the on-shell condition trivially. We have used on-shell condition to
replace dw by dk,; with a Jacobian factor kq/w, it is then easy to observe that oy, =
(27T€kd)_%ei6"“d_i§, where a4, is purely real in the Lorentzian signature and denotes

the nontrivial phase. We thus obtain the limit for annihilation (or creation) operator

1 o
_ T in+%)
aEK|Z—>oo = 2€d—1(277-)d—1 Oékde 4 ag , (343)

which suggests the same formula (3.18). We can then readily obtain the smearing
kernel in Poincare coordinate (we simply choose 7 = —m /4 to cancel the pure number

in the phase)

p) = 212 tApA _ ik / 2V TO(T, YV)0).  (3.44)

We can thus conclude

'+ A; — 2 o
S = lim (H ddxi21§+A¢€Ai\/ ( + 2) kld efmkdengd).m) <(f)1 . On>L ,

{—00

(3.45)

where the subscript L denotes the Lorentzian correlator. In other words, written in
Poincare patch, the flat-space S-matrix is simply the Fourier-transform of correlators,
up to prefactors with robust dependence on the momentum. This formula reminds us
the flat-space limit in momentum space of AdS proposed in [26] for massless particles,
which is actually related to ours by wick rotations to Euclidean CFT and is also shared

by dS flat-space limit. We explain the details in appendix A.1, and here we simply
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Figure 3.6: The red strip of boundary can reconstruct the bulk fields living in the
region enclosed by the red strip.

quote the formula

= pol=

F1+A;—¢ o
S = lim (H ddxi21_3+Ai€_Ai\/ ( + 2) w e—zawelpimi) <(/)1 . On)E 7

(3.46)

where p is spatial and satisfies —w? 4 p? = —m?.

3.2.3 HKLL + LSZ = scattering smearing kernel

In preceding sections, we constructed the scattering smearing kernel for both global
AdS and Poincare AdS by quantization procedures. The quantization and mode sum
approach is also used to construct the HKLL formula which reconstructs the bulk

fields from boundary CFT operators [91, 92|
O(X) = / d'PK(X;P)O(P), (3.47)

where X is bulk coordinate and P boundary coordinate. An illustrative example is
depicted in Fig 3.6. Eq. (3.47) is the HKLL formula encoding only the free theory. In
order to reconstruct bulk fields with interactions, the HKLL formula should include
more terms perturbatively in couplings. Nevertheless, the free theory version above is
enough for our purpose as we consider perturbative QFT: the Feynman rules consist

of only the free fields supplemented by the form of interaction vertices, while the exact
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propagator is not necessary. We can expect that the flat-space limit of HKLL formula
simply represents flat-space fields in terms of CFT operators. In flat-space, S-matrix
can be constructed from correlator of fields through LSZ reduction. For scalars, it

reads

S = / ([T a" we™ = (vF +m3))(Te(x1) - d(wn)) , (3.48)

i=1
where T refers to time ordering. Thus it is natural that scattering smearing kernel
could be constructed by simply combining HKLL formula and LSZ reduction, in a

way that we have

= lim Hdd“m d'wie™ " (pf + mi) K (v5;.27)) (O()) -+ O(ay,)) . (3.49)
In this subsection, we provide strong evidence that this procedure indeed works for
both global smearing and Poincare smearing. For simplicity, we consider HKLL
formula in even bulk dimensions, which is then free of logarithmic term. In odd
bulk dimensions, although HKLL formula contains a further logarithmic term, we
can argue that such a logarithmic term just gives an factor that is naturally absorbed
in the normalization.

In both global and Poincare AdS, the smearing function K in HKLL formula
eq. (3.47) is written as [92]

(—1)7 2211 (A — 4 4 1)

o(x, a2’ A_d, 3.50
= TTTNSP RN (350

K(z,p;a') =

where o(z, ') is the geodesic length connecting bulk points x and boundary points

2’, which reads, respectively for global and Poincare AdS
Oglobal = COS(T — 7') —sinpT - 7, Opoincare = 22+ |Y = Y'2 =T —T')>. (3.51)

To derive the scattering smearing kernel, we rewrite o2~¢ as exp[(A — d) log o], then

we can first integrate over x; in eq. (3.49) by picking up the saddle-points of time at
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large ¢ limit.
Let’s first discuss the global smearing, where we have integrands for each x; as

follows
/dtidda:i exp[—iw;t; + i|pi|pi - i + (A — d) log Tgiobal) - (3.52)

We simply slip off the normalization factor in HKLL formula (3.50). We can use
eq. (3.10) and find that there is a saddle-point for time ¢;

tr = (arctan(—i—2) + /)¢ (3.53)

Expanding the exponents around this saddle-point and integrating ¢; yields

~

w

/ddxie_iwiﬂ%_i(pim'“_‘/wzz_m?a'xi) X \/zi—Aﬁ-wi“‘dmiArdJr%M(w? — m?) 5
(wil +Ay)F

Note that we should not take the on-shell condition w? — m? = |p|? at this moment,

since there is literally not such constraint in AdS, rather we expect
Ip| ~ Vw? —m? + % : (3.55)

On the other hand, keeping p* + m? # 0 is helpful for keeping track of how one-
particle factor p? +m? in eq. (3.49) get canceled. In fact, we can observe that there
is a Dirac delta function of the on-shell condition coming from the remaining Fourier
factor when we integrate over x;, which can cancel one-particle factor. More precisely,

we have

~ 2 2
/ddxieiﬂpiﬁi-xi\/mr;-m) ~ 6(d71)(/\ " 5(’17@‘ Y wil - mz) . (3.56)

T

Now we see the delta function mapping directions appear as in eq. (3.26), and we can

directly integrated it out. If we take the on-shell condition, we then have §(0), giving
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the length of radius of our effective flat-space which is of the order ¢. On the other
hand, the one-particle factor gives p?+m? oc 2|p;|¢, we can then argue that one-particle
factor and delta function of on-shell condition get canceled, leaving us kinematic factor
2|p;| with some other things to be fixed by normalization. Including additional |p;| and

1/T(A —d+ 1) in HKLL formula eq. (3.50), the kinematic factor e®ii¢, A, |p;|'~> in

scattering smearing kernel eq. (3.28) is precisely produced! HKLL formula eq. (3.50)
also provides the Gamma function I'(A—d/2+1), but we still miss some normalization
factors, for example, correct scaling in £. The loss of correct normalization factors is
resulted from our rough estimate of the integral where the delta function of on-shell
condition arises. The on-shell condition is the saddle-point for |p| at large ¢ limit,
and a more careful analysis around this saddle-point may give rise to a function that
cancels one-particle factor and includes the correct normalization. Nevertheless, we
can fix the normalization by requiring tow-point S-matrix is canonically normalized,

as we will show in appendix A.2
Siz = (p1lp2) = (2m)2w8' (p1 — p2). (3.57)
The Poincare smearing follows similarly. Except now we have
/ AT, Y;daq exp|—iw Tl + ik; - Yil + i(kq)i(za)i + (A — d) 10g Opoincare] -(3.58)

The saddle-points of T; and Y; are

L il

i (3.59)
ki

Let’s only look into the important exponent. We find, after integrating out 7; and Y;

[ et SR ), (3.60)

where (- -+ ) represents those not-so-essential factors that could be fixed by eq. (3.57).

Note the Fourier-transform factor of Poincare smearing kernel (3.45) already appears,
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while the further integration over x, gives, as in global case, the on-shell condition
that is about to get canceled by one-particle factor.

In odd dimensions, the smearing function is modified by additional factor of logo.
However, such logarithmic factor doesn’t affect the exponent and the saddle-points.
Thus it simply gives a constant log o* specified to saddle-points and can be absorbed
in the normalization factor.

Now we understand the scattering smearing kernel as the flat-space limit of HKLL
bulk reconstruction, the AdS subregion duality [94, 95, 96| then suggests that a local
point (where the interactions happen) belongs to the overlap region of global and
Poincare AdS can be reconstructed either from global smearing or Poincare smearing.
It is thus not surprising that we can transform the Poincare scattering smearing to

global scattering smearing, as we will show in section 3.4.

3.3 The flat-space limit from global smearing

3.3.1 Known frameworks of the flat-space limit

We begin with briefly reviewing the existed frameworks of flat-space limit, include
Mellin space, coordinate space and partial-wave expansion, from historical point of
view without providing very technical details. We will then show these frameworks
are originated from global smearing kernel eq. (3.28) in the following subsections and
dig in more physical details there. Our focus is always the flat-space limit ¢ — oo,

thus we may keep ¢ — oo implicit in the rest of this paper when there is no confusion.
Mellin space

e Massless

The Mellin formula (Mellin space will be reviewed shortly in the next subsection)

describing the massless scattering in the flat-space limit was first proposed in
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[22], it gives

na Ag—d. [ d - &
T(si;) =1 “ 1>—d—ll“(—z2 )/ 29 o M(6;j = _Esij)a (3.61)

271

—100

where we use the shorthand notation Ay, = >""" | A;. This formula was proved
in |23] by using the massless scattering smearing kernel (global AdS). We will
actually follow the proof [23| in appendix A.3. It also passes verification to work

for supersymmetric theories, see e.g., [98, 99, 100, 101, 102, 103, 104].

e Massive

The Mellin formula describing the massive scattering in the flat-space limit
was conjectured in [25], and was recently rederived from massive formula in

coordinate space [3|. In our conventions, it reads

n(d=1) 4 4 n(d-1) 4 4

my ? T(Sij) =A ° M(éij =

i1 4 PPy 3.62
) LS

Coordinate space

o Massless

The massless scattering written in the coordinate space only has the version for
four-point function, which first came out in [21] and was rederived from Mellin
descriptions in [22]. Analysis of contact terms of Witten diagram also suggests

the same expression [24], which also phrases the name “bulk-point limit”.

Ca, AE?T ﬁAE d \/E 4T 3=d ( (7)
0=Tlriag~ s [ Cg e ke 2l

(3.63)

where

KQthP . P13P24

2 = 1 9 0 = Y
5 deth]HO 4P12P34\/P13P24P14P23 P14P23

(3.64)
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X3

Xy

Figure 3.7: Bulk-point kinematics in Lorentzian cylinder of AdS. X; and X, are at
Lorentzian time —7/2, X3 and X, are at Lorentzian time 7/2, where particles are
focused on the bulk-point P.

where detP;; ~ (z — z)* ~ 0 is called the bulk-point limit in [24]. One example
of the development of this bulk-point is to start with boundary configuration
where the Lorentzian time of Oy is —m/2 and the Lorentzian time of Os4 is

/2 [24], see Fig 3.7 (figure directly copied from [2])

e Massive

The flat-space limit for massive scattering was recently conjectured in [3| (the
same parameterization was also obtained in [93]), rather straightforward by

relating kinematics of flat-space scattering to embedding coordinate of CF'T
P= (1,——,@—), T(Sij) = D<010n> > (365)
m

where D denotes the contact diagram in AdS, and it can represent the mo-
mentum conserving delta function being absorbed into T to give the S-matrix

conjecture [3|

S=(0,---0,). (3.66)

Partial-wave expansion/phase-shift formula
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The description of flat-space limit in terms of partial-wave expansion only refers
to four-point case (where Ay = Az, Ay = A;). The four-point function is ex-
panded in terms of conformal blocks, and the flat-space amplitude is expanded
in terms of the partial-waves (where the coefficients are usually named as scat-

tering phase-shift), then one has a map for coefficients of expansions.

e Massless

Expand eq. (3.63) in terms of conformal blocks and partial-waves for LHS and

RHS respectively, one can have access to the formula [24]

=i, Et =¥ 4n? = (2. (3.67)
C(O) n—o0

n,J

One example of contact diagram at leading order was verified in [24], see [105]
for examples of scalar and graviton tree-level exchange. It even passes checks
at loop level [106|. Surprisingly, this formula is recently verified to work for
gluon scattering, without referring to explicit expression of conformal blocks

and partial-waves [2].

e Massive

The phase-shift formula for massive scattering was proposed in [25]

L Z e—iﬂ'(A—Al—AQ—J) CA_’J = eQiéJ , (368)
J C(O) A—00
|A—\/50|<6E AJ

where N is the normalization factor to make sure €%/ = 1 for free theory.
Recently, by doing conformal blcok/partial-wave expansion for their flat-space
limit in the coordinate space eq. (3.65), [3] managed to derive the same phase-

shift formula for identical particles.

It is not hard to see for each framework, the formulas for flat-space limit of mass-
less scattering and massive scattering are quite different. For example, the massless

Mellin formula is represented as integral over Mellin amplitudes, but massive Mellin
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formula doesn’t have any integral to perform. We expect that massless scattering
and massive scattering should be combined into one formula, as suggested by scatter-
ing smearing kernel. Meanwhile, as far as we know, some frameworks, for example,
the coordinate framework for massive scattering, still remain as a conjecture with
supportive examples [3]. In the following subsection, we will start with the global
smearing eq. (3.28) and present how all those existed descriptions of flat-space limit

naturally arise around the saddle-points of the scattering smearing kernel.

3.3.2 Mellin space and saddle-points

For our purpose, we factorize out the time dependence of the scattering smearing

kernel K (3.28) and denote the remaining factor as kinematic factor

He* N

0| 222 T (14 Ay — g) = KI. (3.69)

Such a factor play its role when deriving the final formulae, but it is not relevant for
saddle-points analysis.

The n-point function in CFT and thus the corresponding AdS amplitudes can be
nicely and naturally represented in Mellin space [107, 108, 109, 22| (which is argued
to be well-defined non-perturvatively [110])

N Z
(O10,) = ——— [ doy; [ D) (By) "M (5y5), Y 6y = A ,(3.70)
(27TZ) 2 1<j J#i

where the normalization factor is

t Ay —d iy Ca, (A)
N="Tp(EE A Oy = — . 371
715 )HF(Ai) ST orir(a—2+41) (&-71)

i=1

In Mellin space eq. (3.70), d,; is called the Mellin variables, and their integral contours

run parallel to the imaginary axis. Note in our coordinate (3.4), we have

—Z.PZ : Pj = -Pij = 2(COS Tij —]/)\Z : ]/Q\j) > (372)
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where we have already used the fact that 7 — p due to the presence of delta function
in smearing kernel (3.26). To play with the flat-space limit of Mellin amplitudes, we
can redefine 0;; = 820'17. This redefinition should not be understood as that Mellin
variables in CFT depend on /¢, because a pure CFT correlator does not know about
¢; rather, as we will show shortly, this redefinition is taken for convenience, because
the smearing kernel pushes d;; to regions that can be parameterized in terms of /.
Moreover, to make order counting more obvious and straightforward, we make the

following convention

5 pil|p;] P..

P. = .
] 2 Zk Ak 17 (3 73)

such that ]5,-]- is well-defined with no subtlety for taking massless limit, and from now
on we would shortly write |p] as |p|. Such an redefinition is arbitrary and ambiguous
as soon as the prefactor is factorized into sum of pair 7, j, provided the constraints of

5ij7 i.e.,

> (b + b)) Zb A . (3.74)
i<j
Such a redefinition does nothing but provide additional prefactors that are not rel-
evant to saddle-points analysis. We make our choice for latter convenience. In the
flat-space limit, we can call Stirling approximation for I'(d;;) and rewrite PZ-;(S” as an
exponent. Then, we can further add the Lagrange multiplier, which is responsible for

constraining d;;, and we will have following exponent

exp[(? Z( 0ij + 0i;log oy — 035 log Pyj) + il Z wiT; + 1 Z i Z Coy — N)].

1<j i j#

(3.75)

It is instructive to make variable change for \;

i = B, (3.76)
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which rewrites the exponent as

1<j 1<j

(3.77)

We can actually immediately solve the saddle-points of above exponent for o;;
Oi5 = ﬁiﬁjﬁ)ij . (3~78)

Substitute this saddle-point into above exponent, we obtain

expll® (- iﬂ;

1<j

(cos i51pillpj| — Pi 273)) + Z A;log B; + Mzwm] . (3.79)

we can start from this exponent and go further to solve saddle-points for 7; and g;.
We assume the momentum conservation, and we can then find a very simple solution
to saddle-points equations. We can already notice the difference between massless
formula and massive formula comes from the last two terms: they do not contribute

for massless case but play their roles for massive case.

e All massless partiales

For the scattering where all particles are massless, A; is order 1, and thus we
could neglect the last two terms to consider the saddle-point analysis. The

equation gives below

vary 7; — — g Bil sin Tk |psi||lpe] = 0,
— Ay,
i#k

vary B — S 2L (— cos Tur|pil|[pk| + P - Br) = 0. (3.80)
Ay
ik

It is not hard to find a very simple solution to above equation

SiHTZ'j = 0, COS T = :l:l, ﬁz = 5, (381)
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where [ is arbitrary. There is £ sign, because we analytically continue the
momentum such that all particles are in-going, which implies that energy w of
some particles are negative, i.e., w = —|p|, to guarantee the energy conservation.
The saddle-points obtained above produce the known bulk-point configurations

Fig 3.7 where massless scalars start around 7; = +7/2 [24].

e All massive particles

For scattering with all massive particles, we should scale A; = m;¢, and all

terms in the exponent become the same order and participate in the saddle

equations
vary 7 = = ) A sin 7ip |pi|[p| 4 iwr = 0,
. my
1#£k
Bi L L..m
vary [ — Z — (= cos T |pillp;| + Pi - D) + = =0. (3.82)
ik my Br
The simple solution is
sin;; = zw, COST;j = Ty Wity , Bi=1. (3.83)

il [pj] il [p;]

We can easily verify that above solution for sin7;; and cos7;; is consistent on-

shell, and there is a simple solution which we can take for convenience

7, = £ arcsin ‘wl’ . (3.84)
Di

It is obvious that trivially shifting every 7; above by the same constant still
satisfies eq. (3.83). Choosing a convenient reference point can be understood as
a sort of gauge choice or frame choice associated with 7 translation symmetry
(which is the constant scaling symmetry of a CFT) subject to saddle constraints
eq. (3.83) and the presumed range 7 € (—7/2—40,7/2—7). Amazing part is that
the solution of 7; is continuous without subtlety for massless limit, except that

B; cannot be fully determined for massless case. We can easily show that the
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solution eq. (3.84) is exactly what [3| suggests for writing the flat-space limit in

coordinate space. We only need to scale P by cosT

~

T

P — (1, —itanT, ). (3.85)

COST

This scaling is allowed, because in embedding space, correlators are homoge-
neous in scaling P weighted by conformal dimensions [47|. Compare with [3],

we can easily find

?

(3.86)

ng = —ttant, n; = .
COS T

Taking the saddle-points (3.84) (we choose the minus sign, i.e., sinT = —w/|p|

and cosT = —im/|p|), it is easy to find

—

ng = i . n; = iL , (3.87)
m m
which is exactly eq. (2.9) in [3]! The scaling introduces 1/m, making their

parameterization [3| not suitable for addressing massless particles.

e Mixing massless and massive particles

When external particles have both massless and massive particles, the situation
makes no difference from scattering with all massive particles, thanks to analytic
property at massless limit of saddle-points 7;. This fact is quite obvious but
surprising: as soon as there is one massive particle, its contribution will make

[; determined!

Some more comments come in order. First, we have to note that above saddle-
points analysis assume the energy and momentum conservation, which is, however,
not guaranteed in AdS. When taking the flat-space limit, the dominant part of the
spacetime is translational symmetric, giving rise to the conservation of the momen-
tum. This fact can be made manifest when we are deriving the flat-space formula

of Mellin amplitudes by using global scattering smearing kernel. The original scat-
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tering smearing kernel is constructed for the whole S-matrix eq. (3.27), and we can
easily subtract the identity I (which represents the free field theory) to leave only
scattering amplitudes T'. It is obvious that the free QFT I corresponds to mean field
theory (MFT) of CFT, because MFT factorizes CFT correlators into several pieces

of two-point functions multiplied together
(O1---0y) = (010){030,) - -- (0, _10,,) + perm , (3.88)
which gives rise to a bunch of conserving factors 6(p; + p;)
[= 512834 Sno1,n + perm = §(p1 + p2)d(ps + pa) -+~ + perm, (3.89)

where S;; is defined in eq. (A.4). Writing in terms of scattering amplitudes, we have

T=—3 / dd“ptot / H dTiKs<Ol <. On>c , (390)
=1

where the subscript “c” denotes the connected part of CFT correlator and we utilize
an integral over py to eliminate the momentum conservation delta function (without
causing confusion, we will ignore the subscript for simplicity). In other words, the
momentum conservation can be understood as saddle-points of integration over pyo.
More precisely, we can define (we follow [23])

2n? 9
— Dt (3.91

, , 2n
Pi=p;t4q, Sijzsij"i_m(.Z'(pi_"pj)_(

where p; and s; are the saddle-points of p; and s;;, satisfying

> _#i=0, ZSéjI(n—ﬁl)m?Jrim?. (3.92)
j=1

J#
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Then we could expand f;, 0;; and 7; around their saddle-points

* D 1 52
Bi=F"+0B, Py= E(Sz‘j = (mi+my)* +dsy), oy = 2ay i — (mit m;)® + €)
(3.93)
where
dsi5 = (—2sin 7507 — cos T;;(ST% + - )|pillps] (3.94)

and perform the integral over the fluctuations ¢ ~ 03; ~ 07, ~ €;; < 1. For latter

purpose of presenting the flat-space limit in coordinate space, we may do those integral

separately. First, we integrate out ¢;; and /3;, which is expected to take the form
N _ 62 52

10835, » 7 (e . )
(O 0,) = m /dﬁD(sij,ﬁ)esm B)M(% = A (sij — (my +mg)2)> .

(3.95)

We can then expand S(g, ds;5, 8) up to O(q?) ~ O(677), and complete the Gaussian
integral for d7; and pio;. The details are recorded in appendix A.3, and in the end we
obtain a Mellin formula in flat-space limit that applies to arbitrary external scalar

particles

1 ioo do d-As 62
T(Si]’) = ./\—[T/ —€aO{ 2 M(él] = _E(Sij — (ml + mj)2)> s (396)

—1300
where

gn(12—d) Fd+1
(=5
Let us comment briefly on why this formula governs massless formula eq. (3.61) pro-
posed in [22] and massive formula eq. (3.61) proposed in [25]. For massless scatter-

ing, due to A; < ¢, we can ignore m; in Mellin amplitudes and then the formula

comes back to eq. (3.61). On the other hand, if there exist one massive parti-
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100 * o

—100
Figure 3.8: We deform the contour of a to pass through along the steepest descent
contour.

As—d
cle, then Ay, become parametrically large, together with e®, « 5 exponentiates

as ozAEz_d = eA%_d loge £ Jocate the saddle-point of o
A

Thus we can deform the contour of a to pass through a*, as shown in Fig 3.8. Around

this saddle-point o, we have

A Lig—
%2%(*d+Azf2)A§(d As+l)

/T

100
/ e R (O
2

fla"), (3.99)

where the overall coefficient is precisely the large Ay limit of 1/I'((Ag — d)/2)! Thus
we are led to eq. (3.61).

The inverse formula of eq. (3.96) is straightforward and would be useful for going

to formula in coordinate space

_n bxp—d 470,
M (i) :NT/dve Ty TR 1T<sij =— ’22] +(mi+mj)2)‘ (3.100)

The second subtlety is about the effects of Mellin poles on saddle-points, which
were posed recently in [3]. For some analytic regions of Maldastam variables, it turns
out the deformation of integral contour to go through saddle-points along steepest
descent contour would inevitably pick up poles of Mellin amplitudes, as result, the

Mellin formula of the flat-space limit might have additional and isolated contribution
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from those Mellin poles. In terms of perturbative Witten diagram, this subtle phe-
nomenon is corresponding to the existence of Landau pole [3|. A similar phenomenon
is also observed in [33] where there exist saddle-points of AdS giving something dif-
ferent from flat-space S-matrix. We do not consider this subtlety in this paper, by
appropriately assuming a nice analytic region of Maldastam variables and restrict-
ing the Maldastam variables to physical region. Nevertheless, we expect the global
smearing kernel eq. (3.27) always works since its construction does not have any sub-
tlety. Thus we would like to think of eq. (3.27) as a definition of a certain S-matrix
in terms of a specific CF'T correlator, where the underlying CFT theory should be
supported with large N limit and large gap Ag,,. The details of the CFT correlator
encode the interactions of the corresponding S-matrix, and universal properties of the
CF'T correlators would also have their landing point in S-matrices. Then we might be
able to investigate the novel analytic region by directly studying analytic aspects of
eq. (3.27), provided with axioms of CFT e.g., [111]. We leave this interesting question

to future research.

3.3.3 Conformal frame subject to saddle-points

Before we move to other space, we would like to comment on the conformal frame
subject to the saddle constraints eq. (3.83), which will benefit following subsections.

The saddle-points only constrain cos 7;; by eq. (3.83). We can shift 7; by the same
constant or shift 7;; by 27 without changing the saddle-points and the physics. This
reminds us the concept of frame choice. Nevertheless, it is quite trivial to shift a
constant, which is nothing but choosing a specific starting time. Much more non-
trivially, we notice that eq. (3.83) only establishes a dictionary relating the conformal
configurations to scattering kinematics. From point view of scattering process, we are
allowed to choose different scattering frames which then have different (w;, p;) subject
to on-shell condition and the momentum conservation. Constrained by saddle-points
eq. (3.83), a choice of scattering frame then corresponds to a choice of conformal

frame.



CHAPTER 3. FLAT-SPACE LIMIT OF ADS/CFT 68

Figure 3.9: Without restriction set by saddle-points, any four points of CFT can
be brought to above conformal frame. Constrained by saddle-points of points in
CFT, only massless or identical massive four-point function can have access to above
conformal frame. Figure comes from [112].

In our choice, we have explicitly

P= —‘Z—’(m,w,iﬁ). (3.101)
p

The i factor in front of spatial momentum p" somehow wick rotates the spatial mo-
mentum to make (w,ip) map precisely to momentum of scattering. Then straight-
forwardly, the frame choice of p leads to the corresponding conformal frame P. For
instance, we are allowed to take the rest frame where p'= 0 for massive particles, even
though P seems to divergent, it can be scaled to give P ~ (1, —1,0), representing the
conformal position at oo! Let’s consider four-point case with As = Ay, Ay = Ay to
gain more insights about conformal frame constrained by eq. (3.83) and prepare for
discussions on the partial-wave expansion in subsection 3.3.5.

Consider four-point function in a CFT, it is especially useful to use the radial
frame (r,0) (or to write w = re®), which makes Caimir easy to keep track of series

expansion of conformal block [112] (see Fig 3.9 for illustration)

_ P12P34 167’2 _ P14P23 (1 + 7"2 + 2r cos 9)2
2Z = = , (I—=-2)(1-2)= = :
P3Py (14 72+ 2rcosf)? P3Py (14712 —2rcosf)?

(3.102)

Constrained by eq. (3.101), only massless scattering and identical massive scattering
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can have their CFT descriptions within the radial frame. Non-identical particles do
not admit the radial frame! It would be very clear to observe these facts by using the

center-of-mass frame for scattering amplitudes.
e Identical particles

The center-of-mass frame for identical particles is especially simple

b1 = (va/ﬁ>7 P2 = (wa _p/ﬁ>7 P3s = (_va/ﬁ/)a Ps = (_w7 _pﬁ/) . (3103)

These kinematic variables (w, 6) can be related to Maldastam variables

2t
=1+ ——. 3.104
,  COS R ( )

[

Correspondingly we have

Am? + s
4m?2 — s

Am? + s

Py =Py =4, Py=Py=2( e s

+COS€), P14:P23:2( —COSQ).

(3.105)

It is not hard to see this configuration allows the radial frame eq. (3.102) by identifying

6 to scattering angle and

_AmP(r — 1)

S= (3.106)

where r here can be defined by r = ei™3. For special case where m = 0, it is obvious

r=—1=e",
e Non-identical particles

If my # mo, it is then not possible to use the radial frame eq. (3.102). We can still
consider the center-of-mass frame, but now it is a bit more complicated in a sense

that there must be different kinematic variables

b1 = (wlvpﬁ) y P2 = (wQ, _p/ﬁ> , D3 = (_w27pﬁ,) y Pa= (_wh _pﬁ/) . (3107)
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Useful kinematic variables now take the form

s+ migmay 8§ — MM B 1\/(8 —miy)(s — miy)
W), = ———F—, Wy = ——""F——, pP== )
22 22 2 §
2st
cosf =1+ i : (3.108)

(s — m%2)(s - m%2)

where mqo = m; —msy and mqo = my +mso. There is no way to appropriately define r
in terms of above variables to reach eq. (3.102). Nevertheless, we still have access to
convenient conformal frame, which is particularly useful for solving conformal block
at large conformal dimensions A, A; (appendix A.5) and then analyzing the partial-
wave expansion for non-identical particles (subsection 3.3.5). We only need to identify

0 with scattering angle and then slightly generalize eq. (3.106)

2, (r —1)? 2st
s:m, cosf =1+ 5 ° —5 - (3.109)
(r+1)2 (s —miy)(s — miy)

For my = ma, eq. (3.109) reduces to eq. (3.106). In this case we have

4s 4s(s +t —mi,)
Pop=Py=——+, Pi3=PFPu= — o
§ —mi, (miy — s)(s —mi,)
4s(4m32 —t 4s(4m? —t

P =75 L, )_2 v Pu=1— (4, )_2 (3.110)

(miy — s)(s —mi,) (miy — s)(s —mi,)

The frame now reads (in terms of (s, 1))
o5 — (s —miy)” (1—2)(1—%) = miy + (Miy —1)* = 2miy (1, + 1)
(s+t—1mi,)?’ (s +t—mi,)? '

(3.111)

We can use eq. (3.108) and eq. (3.109) to explicitly write eq. (3.111) in terms of r and
cos 0, the final expression cannot be simplified to the radial frame eq. (3.102) unless

myi = Mao.
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3.3.4 From Mellin space to coordinate space

Recently, [3] proposed two conjectures for the (massive) flat-space limit in coordinate
space, as we reviewed in subsection 3.3.1, see eqgs. (3.65) and (3.66). The key point
is the kinematic identification (3.87) that we derived. We could now find a way to
derive the flat-space limit in coordinate space by using the inverse Mellin formula
(3.100). The idea is to start from Mellin representation of n-point function in CFT
(3.70) subject to kinematic identification (3.84) and 7 = p, and work out the integral
by picking up the saddle-points o;; = ; ﬂjpij, which can establish a formula relating
CFT n-point function to Mellin amplitudes specified to those saddle-points. Next,
we use the inverse Mellin formula (3.100) to produce the formula directly relating
n-point function in coordinate space to flat-space scattering amplitudes or S-matrix.
Let us start with (3.95) and specify to saddle-points, we now have
(O, 0,) = —.NM dBD(s;;, 5)65(0753”’5)]\/[(5@” = %ﬁz(si]’ — (m; + mj)2)> :

(2mi) 2

(3.112)

where we keep d5s;; nonzero up to sub-leading order to regulate the integral. We will
see later that this regulation is exactly corresponding to bulk-point singularity [24].

Using (3.100) yields

(O1---0y,) = %/dﬁD(sw,ﬁ)eS(O’és”’m/dve”vA%d1
(2mi) =2
2 2
><T< Zi (= sij + (my; +my)?) + (m; + mj)2> : (3.113)

We shall explain in details on this formula for massive case and massless case sepa-

rately.
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3.3.4.1 All massless particles: bulk-point singularity

For all external particles are massless, we have

NN L ., Ax—d
<Ol Tt On> = (2 )n(n 3) d/B D(S'Lj) ﬁ) s 68””8) /‘d’.}/e ’YF)/ 2 !
T 2
2vp3?
><T<— . sw>. (3.114)

We can redefine v by

_ 2v?
5= Zi s12, (3.115)

which gives

As—d
2

0 6sij,6 AE:Y A
<Ol te On> 271-2 n(n N /d’y/dﬁp S’Ljy )+2ﬁ2812 ( — —E)

232512
»—d_

%35 (5, 2y (3.116)

812

Now 7 in the amplitudes play exactly the role as scattering energy s. From appendix

A.3, we have
1 2 1 271' n+tl
D(s: —(—1 sn(n+1) 5Ax 9 n(n—1) pAx—n
(o0 0) = (D s oo L (G,
£2ﬁ2
S(0, 65, 8) = ~5As ;wm : (3.117)

where Az can be found in eq. (A.24). We can integrate out § to have a Bessel function.

We obtain
<(’)1...(’)n> = %/d’?D(Sij,wi)(sén d— 1)(Z£f) (1+d-n)+Ax—d-2
(2mi) "z V512
XKLH(M\&S (3, 22) (3.118)

77 )
2 vV S12 S12
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where
)i (0240t 2) 9 (2 —8n-2)+d—Ax) A 2 gntl b (n?—3n-2) 1
D (s, w) _ (=D 2 s’ LA [ 2m)
199 W S19 i [ detA/g :
(3.119)

Note we use a shorthand notation 6 = ) . w;07;. Taking n = 4, above formula reduces
to known massless flat-space limit formula first proposed in [21|. More specifically,

we can neaten up eq. (3.118)

4

CAi iT(HSEAE_* (d-1) Z\/g Az—ﬂ 37 (8 9)
100 =I5z gmm / as("0) ssitV50) [

(3.120)

where € = 0/,/512. We use the standard notation for scattering energy i.e., s = 7,
and 0 is the scattering angle cosf = 1 + 2t/s. We can see eq. (3.120) precisely
give eq. (3.63) that is proposed in [21], provided with ie = £ and eq. (3.105) (where
m = 0). The same formula was also understood as bulk-point singularity in CFT [24],
because integrating over v leads to divergence in 6 = 0, and this is also the reason
we keep d # 0 to regulate the answer. In terms of cross-ratio (z, Z), the singularity
e — 0 is actually 2z — 2° — 0 where O represents the analytic continuation which is

automatically done in our discussion.

3.3.4.2 Include massive particles

As we explain in the previous subsection, if at least one external particle is massive,

[ and ~ pick their saddle-points up

Br=i, y=—x. (3.121)
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Figure 3.10: The contact Witten diagram. The dots represents other legs.

So the formula (3.113) simply becomes

N€n<12_d) +d+1
(O1++ On) = = F (si;) T (s35) (3.122)

(2mi) 2

where F(s;;) is the determinant factor and the rest exponents from picking up saddle-
points of § and ~

Lnn 62 L L(n2—-3n—
F = () (i ami et T,

2

(27)"
det(A;))

AijAx—n,—3Ax

Y

B=i
(3.123)

Let us explain this factor F(s;;) together with the normalization. Assume we consider

the simplest contact interaction with no any derivatives

Ling = ¢102- - dn - (3.124)

This contact interaction is illustrated using Witten diagram in Fig 3.10. In flat-space,
this kind of contact interaction simply gives T'(s;;) = 1, which indicates that the factor
F(s;;) is nothing more than contact Witten diagram at large AdS radius limit £ — oo.
This fact was verified for n = 4 identical particles in [3| and for non-identical particles
in appendix A.4. Now we can see that the formula (3.122) is exactly the amplitudes
conjecture of the flat-space limit in coordinate space [3]. Moreover, [3] shows that
the contact Witten diagram can actually give rise to momentum conservation delta
function, see also appendix A.4 for a more general case. Since the contact Witten

diagram can be understood as delta function of momentum conservation, multiplying
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it with amplitudes will then be interpreted as S-matrix which equates CF'T correlator.

3.3.5 From coordinate space to partial-waves

To consider partial-waves, we focus on four-point amplitudes. It is natural to start
with the flat-space limit in the coordinate space and then expand CFT and amplitudes
in terms of conformal blocks and partial-waves respectively. As consequence, a dic-
tionary map between phase-shift and the OPE coefficients (together with anomalous
dimensions) can be established. At tree-level, such a dictionary relates the partial-
wave amplitudes to the anomalous-dimensions at leading order.

Represented by partial-waves, the massless scattering and massive scattering is
sharply distinguished. The origin of this sharp difference results from the spectra
of exchanged operators in four-point function of a CET (O;020,0;), which can be
approximately represented as the double-twist family [53]

[(’)1(’)2]”,] = (9182"8#1 cee 8HJ02 , A= Al + Ag + J4+2n+ Tn,J 5 (3125)

where 7, ; is the anomalous dimension. For external massless particles where Ay ~
Ay ~ O(1), the four-point function is dominated by massive exchanged particles
A ~ 2n — oo, effectively making n continuous. On the other hand, for massive O; or
O,, double-twist dimension A is already large, and thus we should include all integer
n.

We will need the conformal block in a limit that the exchanged operator is heavy,

i.e., large A limit [113]

J! (4T)ACJ%_1(COS )
(d—=2)s (1 —r2)2 /(1 +72)2 —4r2cos26

Ga,u(r,0)|ase = (3.126)

Nonetheless, we should not take eq. (3.126) for granted. This conformal block eq. (3.126)
assumes A; < A and thus is only applicable for massless scattering in principle. For
massive scattering, we have additional large parameters A; ~ A, which may modify

eq. (3.126). Fortunately, as we will see in appendix A.5, only A5 can appear in the
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Casimir equation eq. (A.63). Thus eq. (3.126) is still valid for identical masses. [3]
considers identical particles and apply eq. (3.126) to study partial-wave/phase-shift
formula. A worse situation is the scattering with non-identical massive particles,
where a standard (r,0) frame breaks down, thus we have to be careful about the
conformal block eq. (3.126). In appendix A.5, we focus on non-identical operators
and adopt a new conformal frame (see eq. (A.65)) which reduces to eq. (3.109) and
(3.111) when A = /sf. We solve the conformal block, and surprisingly, the expression
eq. (3.126) is still valid, but with slightly modified normalization and (r, ) defined
differently!

The dictionary are nicely presented in the literature for both massless amplitudes

and massive amplitudes, here we will derive them in a hopefully original way.

3.3.5.1 Massless phase-shift

For massless case, the conformal block eq. (3.126) can be further modified. Notice
there is bulk-point singularity € — 0 (according to eq. (3.105), we should then have
r = e ") which could be served as UV cut-off of spectrum A. Thus a more
physical limit is taking A — oco,r — 1 but keeping Ae fixed. The conformal block

with this limit (analytically continued to Lorentzian signature) is [24]

149N 7y —inA - 51
2 S T A5 Kaa (i) CL (0050

Vr(d—2)y T | sin 6|

w

Gay(e™ ™™ 0) = (3.127)

The four-point function can be expanded in terms of this conformal block, namely

(01 O) =4 B8N g, ,Ga (e, 0). (3.128)

n,J

On the other hand, the amplitudes T can take the partial-wave expansion

241(2] 4+ d — 2)r T [(d —2) 1 4 .
(27 + )™ ( ) —a;C; 1(0089), ay=i(1—e*7),

r=2 T(l(d-1)) =

J

(3.129)
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where a; is called the partial-wave amplitudes and d; is the scattering phase-shift.
Comparing eq. (3.120) with the conformal block expansion eq. (3.128), it is not hard
to find perfect match with the following dictionary, which is expected to be valid to

any loop order and even nonperturbatively [106]
=¥ 4n? = (%5, (3.130)

where cflo?] is the OPE coefficients in MFT that can sum to disconnected contribution

[53]

0 \/7_T(d +2J — 2)F(d +J - 2)2_d+3
Cng = P (d _ 1 d X
F(¢-HTJ+ 1)+ (2+J+n)

(_g + AL+ 1>n (_g + Qo + 1)n(A1)J+n (A2)s4n
(—d+n+A1+204+1), (J+2n+ A1+ 8y — 1), (S +T+n+ A1+ Ay)

(3.131)

At tree-level (i.e, 1/N? order), it reduces to a more familiar formula v, |, 00 =

—1/may [24], which is verified to be valid even for gluons [2].

3.3.5.2 Massive phase-shift

We work with n =4 for eq. (3.122)

<Ol - O4>C _ NQ%—4A12€1—d+512ﬂ—%+1e—A12+i7r512m%27512 (S _ m%2)512 (S _ m%Z)Alg y
V(s —mb) (dmimy — t)(s +t — m?2,)
iT(s,t). (3.132)

Similar to massless scattering, we should then do conformal block and partial-wave ex-
pansion. The partial-wave expansion of amplitudes is rather straightforward, slightly

generalizing eq. (3.129) to account for massive phase-space volume (see appendix
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A4)

T_EZWH@J+d—mﬂ?rm—2) sz a_y
J F(%(d —1)) (s =miy) 2 (s —miy) =

(3.133)

On the other hand, expanding the conformal correlator in terms of conformal block
is a bit technically subtle. We use the conformal block eq. (A.70) we solve in appendix

A.5. Carefully include all relevant factor, we have conformal block expansion

(5 — m)22(s + — mi,y) A2
4812 gAr2 (4m% — t)Am
Z ¢ (mfz(l + 1A + 2rana) £ mA(L+ 1R — 2rana) + 2maem(1 - 7“2A)>A2129 (r )

<Ol"'04>:

A,J
(3.134)

where (ra,na) is defined by (w,w) in eq. (A.65). We emphasize here that (ra,na) is
not (r,n = cosf) defined via (s,t) in eq. (3.109). They only match when A = /s/.
More general, when A deviates from /s¢, we find

A = 2~ Vs 2miy Mz (s — /5)
Mz + /s (Vs + M) (miy(mi, — s) + st)
s(Miy — 5 = 21) +miy(s —miy) | dmiy/st(miy(s — miy) — s(=miy + 5 +1))
(miy — s)(s —mi,) (miy — 8)%(s — miy)(s(t — miy) +miymiy)
(3.135)

O+,

na = 5+

where 6 = m — 4/s. On the other hand, we can factorize MFT OPE C(AO? ; out, which

exponentiates

© 29205 (d 42T = 2T(d+J —2) sa_ga
CAg = ) m2
! VIT(ELT(J + 1)

(m — m12)22 7275 (myy + m)

A+Ap—4 %

JA-Aus(

(m — mqs m + mys)

Bt ATE (015 — ma) P78 (g + man) AL (3.136)

We assume ca s/ C(AO? ; does not have further exponentially large factor, then we can
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use this MFT OPE and single out A dependence of (ra,na) (i.e, use eq. (3.135)) to

estimate the weighted sum of eq. (3.134). ultimately, we find an exponential factor

062 smas (—miy + miy + t) ]

= O L (s = ) (i + V) (s (2, — 1) — )

(3.137)

The appearance of this exponential factor extends the finding in [3] to non-identical
particles. This exponential factor decays if A — /sf is large enough to go beyond
O(V/€), which then effectively creates a spectra window together with additional factor

that measures the width of the Gaussian distribution

Z(...)& ~ ;NL] Z () x (Wﬁ(mu — V/5) (M2 + /5) (s (mi, — 1) —7711277_”&12))27

— —2 2
SMig (—miy +m7, + 1t
AJ |A—/50|<5E 12 (=i, 12 +1)

(3.138)

where 0 F < (’)(\/Z) Usually, include the exponential Gaussian factor, we could ignore
the sum or integral and evaluate everything at the origin of Gaussian distribution
multiplied by Gaussian width factor. However, we will see (- - - ) contains phase factor
e~ which is then sensitive to finite change of A. Thus we keep the sum here but
now the sum runs over a small window. 1/N; appears to compensate for the remained

sum and keep the normalization. The form of this window sum is exactly the one in

[25]. Gather all factors, we find

0,---0 1 ‘ 219 4 d—Nn T T(d -2
L T ST VN ALY S s (TS
J

_ = =
|A— /50| <6E C(A,)J L(3(d—1)

(), (3.139)

where

3 A A d A A A A
,,4A12 1—d+A12 5+1 —A12 ~ 1—A12 _ 2 A12 oy 2 A12
22 4 m2e My~ 2 (s — miy) ™2 (s — M)

D, =iN
Z /G = ) (Amamy — D) (s 1 £ — 112y)

(3.140)
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Use eq. (3.132) (subtract the MFT part) and compare to eq. (3.133), we conclude

. 1 . c
’Lé —T — — A,J
e207 — _J E e~ im(A—A A2)—(0) ) (3.141)
|A—/35¢|<6E CA,J

For MFT, we can estimate N
N;~20F, (3.142)

which is also consistent with what found in [3]. It is pointed out that there are some

bound states below A = A} + Ay, we refer 3] for more discussions.

3.4 Momentum-coordinate duality

The last section is devoted to discussions of variants stemming from the global scat-
tering smearing. In addition to those flat-space limits discussed in the last section,
we can also construct the flat-space amplitudes from momentum space of a CFT,
as originally suggested by [26]. The origin of this momentum space prescription is
Poincare AdS reconstruction. Naturally, we should ask, can we also establish connec-
tions between global scattering smearing and Poincare scattering smearing?

The answer is positive. Intuitively, when the AdS radius is large enough, the wave
packets propagate freely in the bulk until they scatter through each other around
a bulk region which is extremely local compared to the AdS radius. This region is
where the flat-space S-matrix can be defined and we may call it the scattering region
[114]. Physically, the scattering smearing kernel describes the bulk reconstruction of
scattering region. The scattering region we are going to reconstruct must fall in one
subregion A of AdS, then according to the subregion duality, this scattering region
can be reconstructed from smearing over the subregion of boundary A, spanned by
A. For example, applying to one Poincare patch, we can reconstruct any scattering
region inside the patch by the full M? plane (which can be wick rotated to R?),

which is exactly what we find in eq. (3.45): reconstruct the scattering in terms of
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4 Wick rotation R conformal R x Sd_yvick rotation
> > _—

M Lorentzian R x S%!

map

Figure 3.11: The analytic operations taking CFT on M? to CFT on Lorentzian
R x §4-1,

the CFT correlator in the momentum space. Meanwhile, it is also possible to find
another AdS subregion B which has overlap with A, and the overlap includes the
same scattering region. If B’s spanned boundary region B, is different from A, then
we can reconstruct the same S-matrix by two different CFT prescriptions. In a very
robust way, since the S-matrix is the same one defined in the same scattering region,
the two prescriptions of CFT correlators should be identified.

A bit trivial use of the idea suggested by subregion duality described above is to
take A a certain Poincare patch and B the global AdS, as we study in this paper. Then
we should be able to equate the global scattering smearing and Poincare scattering

smearing, giving

Ai_ge_idkid)<01 (wlg, klg) tee On(wnfa k'ﬂ«g))L

(H Vkialk;

= / (T dre™ % con il 225 72 ) (O1(r1,51) - Oul B, (3.143)

where we eliminate Gamma functions by assuming large A;. For those finite A;, the
normalization depending on only Gamma functions can be easily restored. This equa-
tion (3.143) establishes a relation representing the Lorentzian CFT in the momentum
space (with large momentum) by the CFT on Lorentzian R x S¢~1. We call this rela-
tion the momentum-coordinate duality of a CFT. Such a duality is highly nontrivial,
it connects two very different space of CF'T, which can not be simply transformed via
conformal map but via tricky operations as shown in Fig 3.11.

However, the momentum space in the Lorentzian signature is quite hard to keep
track of, thus we may use a mild version of momentum-coordinate duality, start-

ing with the middle of Fig 3.11 where the momentum space is already analytically
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continued to Euclidean space

_a1 8 s 4y
(O1(p1f) -+ - On(pnl)) B / Hdn wiTily Swilillil b, 9 )><
N
(O1(71,01) - On(Ta, Pn)) - (3.144)

How is this momentum-coordinate duality possible? Note that the momentum of
CF'T is parametrically large, scaling as ¢. This fact implies that the Fourier-transform
can be approximately evaluated by some saddle-points. Let’s play with single Fourier

transform of one operator
/ d* X eP X0, (X). (3.145)

To make contact with LHS of eq, (3.144), we make a conformal transformation, map-

ping Ogat to Ocpr (see [115] eq. (93) for this map)
/ X e X Og(X) — / drdQq_ e~ W =BT (7.7) (3.146)
where we have used
r=vVX2=¢. (3.147)
Then we just wick rotate 7 — i7 and play with
/ drdQg_ e A=DTO (7 7Y | (3.148)

Since it is not possible for CFT correlators to develop exponentially growing factors
of m, we can then approximate the integral of Q;_; by the saddle-points of 7 in the
Fourier factor. The saddle-points are precisely those directions along the momentum,
ie,n=p !

27r d—1

/deQd—lGwpeiTQp'Q_i(A_d)To(7', n) = /dT(_g)Qewpe
p

iT_,L‘

A= O(r,p). (3.149)
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It comes close to the LHS of eq. (3.144), but we still have to figure out how Fourier fac-
tor depending on 7 can be identical. Note the extremum of the remaining exponents
in eq. (3.149) is not giving the correct saddle-points of 7, because CFT correlators
develop further exponential growing terms involving 7. As we show in the last section
3.3, the global smearing kernel is not the end of the story, the 7 integral can actually
be dominated by saddle-points eq. (3.84). We can see, if we use eq. (3.149) rather
than the global smearing kernel eq. (3.28), we only need to slightly change the first
line of eq. (3.82)

g —mr) =0, (3.150)

Bibr . :
_Z = sin 7ok pil[px] + e
PP

which gives rise to the exactly same saddle-points eq. (3.84)! Thus we can simply
estimate e~'" around these saddle-points just for showing eq. (3.149) can be identified

to global smearing,
T~ e (1+i(r — 7). (3.151)
Picking up the linear 7 term, it explicitly gives
explilpe’™ — iAT*] = ™7 . (3.152)
Other terms with 7% simply gives
I (3.153)
both giving rise to & factor and cancelling e~ . Till now we basically show
/ddXeip'XZOﬂat(X) ~ /dTeiWTO(T, D) - (3.154)

However, we have to note that using the described trick is not possible to exactly

determine the correct normalization, because we partially use the saddle-points ap-
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proximation, which completely ruin the information of normalization 2. Nevertheless,
as the form ™7 is established, we can easily normalize it as shown in Appendix A.2.

As summary, we use the notation of subregion duality to relate the global scat-
tering smearing and Poincare scattering smearing, which indicates the momentum-
coordinate duality. Although the examples of global AdS and Poincare AdS are a
bit trivial, this notion of duality has its potential to be more general. The scattering
region, as shown in [114] recently, must lie in the connected entanglement wedge of
boundary subregion where CF'T correlators are defined. We may find different entan-
glement wedges contain the same scattering region, and then it is possible to connect

different CFT prescriptions by saddle-points approximation. We leave this idea for

future work.

3.5 Fun with spinning flat-space limit

In this section, we aim to gain some insights about the flat-space limit for spinning
operators/particles. We do not have a much rigorous way to present a convincing
formula for flat-space limit of spinning operators, but it is quite natural to state
that the saddle-points of embedding coordinate should not change even for spinning
particles. A new building block for spinning operators is the embedding polarization

7, which is subject to null conditions
7*=0, Z-P=0, (3.155)

and the redundancy Z ~ Z + #P. Constrained by these conditions, we conjecture

the following parameterization

Ty
@)

=3
™M

j = —‘Z—l(m,w,iﬁ), 7=
p

30ne can convince himself about this fact by a simple example [ daeta” logz—1/3ta" ¢ (x) where
f(z) has no large exponential terms. If we directly evaluate it by saddle-point approach, we obtain
\/277/(36)(1“34’1/26*“34/3‘1"((1). However, if we first linearize log z around x = a, and then evaluate
the integral using saddle-point, we find \/maase_l/ 2p—a’t/3 f(a), which is basically the same answer
but losing a numerical factor of normalization /2/3.

i), (3.156)

w—m w—m
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where € represents the spatial polarization and is null €- € = 0. Since we have no
way to fix appropriate overall factor for Z, we will not give ourselves a hard time
on normalization throughout this section. Not exactly similar to P where (w,ip) in
P is the wick rotated momentum p, (p'- €/(w — m),i€) in Z is not the wick rotated
polarization € except for massless case.

We will play with photon-photon-massive three-point function (VV Q) using eq. (3.156).
We will verify that the flat-space limit indeed gives rise to correct three-point ampli-
tudes in QFT.

In [2], the authors construct the helicity basis for d = 3 CFT. The helicity basis
resembles the helicity states in QFT and is found to diagonalize three-point pairing,
shadow matrix, OPE matrix and parity-conserving anomalous dimensions of gluon
scattering at tree level, where the partial-wave expansion is also found to satisfy bulk-
point phase-shift formula eq. (3.130) compared to flat-space gluon amplitudes [2]. It
is then of interest to ask: does three-point function in helicity basis already match
with three-point amplitude?

The construction of helicity basis starts with working in the conformal frame
(0, z, 00) and then Fourier-transform x to p, though the concept of helicity is naturally
conformal invariant [2]. The trick is to use SO(2) which stablize p to label the helicity,
separating the indices that are perpendicular or along p. The constructed structure is
then automatically orthogonal with respect to contracting p. As discussed in [2], this
trick is easily to extend to higher dimensions, where one organize the structures by
SO(d — 1) subgroup that fixes p. One can perform the dimension reduction of SO(d)
group to SO(d — 1), which lists perpendicular indices J' < J for spin J operator. The

following differential operator help single out the perpendicular indices

'p(k) _ Qk(p . E)k

1 ppe)pk—1) ©) —1q 3.157
; ( ka(d_Q_k_2+2n)kp )7)6 9 7)5 ) ( )

I

where the differential operator Dy, is used to restore the indices from € [116]

. d o.0 1 o
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The parity-even three-point structures can then be constructed *

Ty352" (p) o< (p- €))7 (p - €2) 2 (p - €3)" 7 p™ x

PEIPEIPI) (e - e9) ™ (€1 €3) 2 (e2 - €5) 2", (3.159)

where Qg = iq + ip — i and o = Ajoz — (J1 — 11) — (Jo — i2) — (J3 — i3) (we also
denote Ajs3 = Ay + Ay — A3). By taking different integers from 0 to J;, Jy for iy,
i respectively followed by taking i3 among |i; — ds|, |i; — ia| + 2, - - iy + 1o, different
structures that are orthogonal in p can thus be produced. The overall normalization is
not relevant to our purpose. This construction follows the same spirit of construction
of scattering amplitudes using center-of-mass frame, ensuring a counting map to flat-
space [117].

We will be focusing on conserved spin-1 operator, which is dual to photon or more
general gluon (the difference is the color structure encoded in OPE). There are two

parity-even structures [2]

T, = {[P2(€1 63) — (P e))(p-e3)] [P°(e2- €3) — (P~ €2) (P - €3))] _ Per-e2) — (p-e)(p-e)
P (p . 63)2 d —1
Pe-e)—(p-a)lp- 62)}(]9 -e3)oplTiT RS (3.160)

We can Fourier-transform these structures back to coordinate space and rewrite in

terms of embedding formalism

T, = My.By , (3.161)

4We constructed these structures with Simon Caron-Huot during the preparation of [2]. [2] only
presents d = 3 case, where these structures reduce to parity-even helicity basis.
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where By is the basis constructed in embedding space

1

{ = His(=Va)" , Ha Hag (V)72 ViVa(= Vi)™ Hyy Va(—=Va) ™, Hag VA (~Va) '}
(3.162)

in which we follow [47| to define

_PPRPZi— P PP 7

Hij:_Q(Pi'PjZi'Zj_Pi'ijj'Zi)7 Vii=Vijk

Pj - Py
(3.163)
The 2 x 5 matrix My is given below
2np —T3+(d—1)(2—A3)2 2n(4—2d(n+1)—4J3) 2n(Js—(d—1)(A3—2)) 2n(J3—(d—1)(A3—2))
1—d d—1 1—d 1—d 1-d
(3.164)

where we have defined J3 = J3(J3+d—2), A3 —J3 = 2(d—2+n) and As =d—Aj to
simplify the expression. We use our parameterization eq. (3.156) with center-of-mass

frame

p=(w,p), p2=(w,—p), p3=(—2w,0), (3.165)

where we set |ps| = 0 by scaling Ps. Since O3 is massive, we should scale it Ag ~ mg/
and only keep the leading term that dominates at £ — oco. In the end, by identifying
€ = €,p = |p|] we find

T, oc AT, (3.166)

This is a spinning version of momentum-coordinate duality we discuss in the previous

section!



CHAPTER 3. FLAT-SPACE LIMIT OF ADS/CFT 88

They are also equal to three-point amplitudes in flat-space, where the correspond-

ing vertex is [118| (for simplicity, we consider photon, while gluon follows similarly)
{am o '6MJ3—2FMJ3—1VFM3 N ,8,“ T 8MJ3<FWFW)QOMMM3} : (3~167)

By Feynman rule, we can easily read off the three-point amplitudes. We still adopt
the center-of-mass frame eq. (3.165). After making orthogonal combination of these

vertices, we indeed verify
Tomp o / e (V (0)V (2)O(00)) o (V(0)V (2)O(00)) . (3.168)

We verify that the structures eq. (4.7) are indeed corresponding to nicely orthog-
onal structures of amplitude, however, there is a puzzle. Using eq. (4.7), [2]| find
a messily non-diagonal shadow and OPE matrices except for d = 3 even for MFT,
which is counterintuitive comparing to amplitude. The resolution is simple. We have
to notice that the OPE matrix contains ratio of rational function of A where A is
the conformal dimension of exchanged operator that is massive. To match with flat-
space, we should really take A — oo and keep the leading term. The leading term is

perfectly diagonal (the OPE matrix remains diagonal up to O(1/A?))

1 1 0

d—2)2(d—1)3 (J-1)J
( ) P \o (d=2)(d+J—2)(d+J—1)

, (3.169)

CMFT(A,J> — 5

which readily generalizes d = 3 diagonal OPE matrix obtained in [2].

3.6 Conclusion

In this paper, we constructed the scattering smearing kernels for both global AdS
(eq. (3.27)) and Poincare AdS (eq. (3.45)), which represent flat-space S-matrix in d+1
in terms of CF'T correlator in d. We found that the scattering smearing kernel from

Poincare AdS is a simple Fourier factor that brings the CFT correlator to momentum
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space. The scattering smearing kernel from global AdS is more nontrivial, and we
found that it is served as the unified origin of other known frameworks of flat-space
limit: Mellin space, coordinate space, and partial-waves.

We focused on global AdS and employed the Mellin representation of CFT cor-
relators. We found that the scattering smearing kernel is dominated by specific con-
figurations of CFT embedding coordinate, which is the coordinate parameterization
conjectured in [3]. These kinematic saddle-points are valid regardless of mass, but
we found that one more saddle-point regarding Mellin constraints is developed for
massive scattering. According to this crucial observation, we found a Mellin formula
that unifies massless formula and massive formula, see eq. (3.96). We used the unified
Mellin formula to readily derive a unified formula describing the flat-space limit in
coordinate space eq. (3.113), which reduces to the bulk-point limit [24] for massless
scattering and also gives rise to both amplitude and S-matrix conjecture proposed
in [3]. We readily derived the phase-shift formula for massless scattering by doing
the partial-wave expansion. As the positions of CFT operators are restricted by
kinematic saddle-points, we introduced a new conformal frame, which solves the con-
formal block at the heavy limit of both internal and external conformal dimensions.
This conformal block was then used to derive a phase-shift formula for non-identical
massive scattering, proving the proposal of [25].

The notion of subregion duality suggests that the Poincare scattering smearing ker-
nel eq. (3.45) should be transformed to the global scattering smearing kernel eq. (3.45).
We thus came up with a momentum-coordinate duality, which establishes a bridge
for the large momentum limit of CFT correlator and smeared CFT correlator in the
coordinate space eq. (3.143). By analyzing the saddle-points of Fourier-transform, we
verified this duality and thus connected the flat-space limit in momentum space with
other frameworks of flat-space limit. As this final gap was filled, the main result of
this paper is to show that all existed frameworks of the flat-space limit of AdS/CFT
are equivalent.

The final part of this paper is to play with the flat-space limit for spinning op-

erators. We proposed a reasonable parameterization of embedding polarizations and



CHAPTER 3. FLAT-SPACE LIMIT OF ADS/CFT 90

then verified that the coordinate space and the momentum space of three-point func-
tion (VVO) in the flat-space limit are indeed equivalent to each other, and they
are equivalent to photon-photon-massive three-point amplitudes. We also quoted the
MFT OPE matrix of conserved current four-point function, which becomes diagonal
by taking the flat-space limit of intermediate operators A — oc.

There are some interesting questions that we do not explore in this paper. Since
OPE and anomalous dimensions in CFT can be identified to the phase-shift in QFT,
it is then natural to ask, does taking the flat-space limit of Lorentzian inversion
formula [43, 61| yield the Froissart-Gribov formula (see [119] for a review)? A related
question is that does the flat-space limit of CFT dispersive sum rule [120, 89| give
rise to dispersion relation in QFT? These questions are all relevant to analytic and
unitary properties of AdS/CFT [121, 122, 123, 124| under the flat-space limit and
the investigations of them are in active progress [33, 125|. Regarding the analytic
analysis, the AdS impact parameter space [126] can serve as an important tool (e.g.,
probe the conformal Regge limit [127]), and its flat-space limit (see, e.g., [128]) could
potentially cover large spin regime where s ~ A? — J? [33]. These aspects could shed
light on constraining AdS EFT (e.g., [77, 129]) by recently developed techniques of
numerically obtaining EFT bounds [82, 130].

It is also of great importance to derive complete formulas of flat-space limit for
spinning correlators, or at least do more examples at four-point level in terms of Mellin
space, coordinate space or partial-wave expansion, see e.g., [131, 132] for recent nice
trying. This could shed light on color-kinematic duality and double-copy relation (see
[133, 134]) in CFT (see [135, 136, 137, 138] for insightful studies in momentum space
of AdS/CFT).

Another interesting topic is to investigate the relation to celestial amplitude. Flat-
space massless four-point amplitudes, as projected to celestial sphere, develop two
lower-dimensional CFT structures with bulk-point delta function 6(z — z) [139], it
is then interesting to clarify its relation to bulk-point limit, as was done in four

dimensions [140].
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Chapter 4

Helicity basis for three-dimensional

conformal field theory

4.0 Bridging section

Chronologically, the manuscript that this Chapter reproduces [2| was published pre-
vious to the manuscript that Chapter 3 reproduces [1|. We arranged the order of
Chapters by following the logic “from scalar case to spinning case™ we focused on
studying the flat-space limit of scalar correlators in Chapter 3, while in this Chapter,
we explore the spinning correlators in details.

In the last Chapter, we studied the scalar amplitudes in AdS using the holographic
reconstruction of scalar fields in terms of boundary operators. The reconstruction
kernel in the flat-space limit is dominated by saddle points, which enables us to unify
different formulas for extracting scalar S-matrix in flat-space from scalar conformal
correlation functions. Those different frameworks we unify in the last Chapter have
been established and studied well in the literature for scalars [21, 22, 23, 24, 3, 25, 26].

Nevertheless, explorations based on scalar scattering are not rich enough to answer
whether local AdS scattering can reproduce and define scattering amplitudes and S-
matrix in Minkowski spacetime. Massless particles with spin, such as gluon and
graviton, play essential roles in the universe, and stringent self-consistency conditions

constrain their perturbative S-matrix. Although the spinning amplitudes are more

92



CHAPTER 4. HELICITY BASIS FOR THREE-DIMENSIONAL CONFORMAL FIELD THEORY93

involved than scalar amplitudes due to the spinning tensor structures, the scattering of
free particles is still trivial. One can easily diagonalize this S-matrix S = 1. However,
previous to the manuscript that this Chapter reproduces [2], it was hard to verify that
the flat-space limit of massless spinning amplitudes indeed reconstructs the S-matrix,
even for the free scattering. The reason is that the OPE matrices of mean field theory
were not diagonal in the previous basis of tensor structures [141]. We propose the
helicity basis in AdS,;/CFT3. This helicity basis naturally diagonalizes the OPE of
mean field theory [2]. We also consider the tree-level scattering in AdS and explicitly
verify that the description of flat-space limit in terms of the phase shift, i.e., (3.130)
in the last Chapter, can be generalized to massless spinning particles.

Both manuscripts [1] (the last Chapter) and [2] (this Chapter) contribute to a
better understanding of the flat-space limit of AdS scattering/conformal correlators.
The last Chapter is devoted to profoundly understanding the origin and connections of
the existing formulas of flat-space limit. In contrast, this Chapter provides nontrivial
verifications of the flat-space limit for massless spinning scattering. It paves the way
to generalize the last Chapter’s analysis to spinning cases.

During the research project from which this manuscript was born, we came up
with a general construction of orthogonal three-point structures in any dimension.
Nevertheless, we only write the results of three dimensional CF'T in this manuscript
[2], where the orthogonal basis can be naturally and easily interpreted as the helicity
basis. On the other hand, although the three-point structures are orthogonal in any
dimensions, we did not find that it diagonalizes OPE matrix in dimensions higher
than three. In (3.5) of the last manuscript, I found an opportunity to present the
general dimensional basis and provide evidence that the basis diagonalizes the OPE

matrix of mean field theory in the flat-space limit.

4.1 Introduction

It is an old proposition to use self-consistency conditions, such as unitarity, analyt-

icity and crossing symmetry, to “bootstrap” physical observables like the S-matrix
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of Lorentz invariant quantum field theories. Nonperturbatively, this philosophy has
been successfully applied in recent years to conformal field theories (CFT). This has
allowed to nonperturbatively explore the space of conformal theories, and to extract
precision spectra for a number of specific theories (for a review see [39)]).

A surprising feature of the bootstrap is that a small number of correlators often
suffice to obtain interesting constraints. Many studies therefore focus on four-point
correlators of scalar operators. Spinning correlators are technically more complicated
but much progress has been made and numerical studies involving them are now
possible [142, 143, 144, 145, 146|. As nontrivial representations of rotation groups,
spinning operators are bound to involve fancier structures. Three-point functions,
for example, can be constructed using the embedding formalism [47, 147|, and four-
point conformal blocks, key ingredient to the bootstrap, may then be obtained by
acting with corresponding spinning-up or weight-shifting operators on scalar seeds
[147, 148]. This heavy machinery comes at a cost. This is especially visible in analytic
work, which has so far specialized to limits such as free theories, the Regge limit, or
conformal collider kinematics (see for example [79, 149, 141, 150, 151, 152, 153]).

There are several motivations to pursue analytic work with spinning correlators.
A main one is the analogy with perturbative S-matrices, where massless spinning par-
ticles obey stringent self-consistency conditions. These include Weinberg’s derivation
of perturbative general relativity from soft limits [154], or to give just one more mod-
ern example, on-shell recursion relations for gluon amplitudes [155, 156]. For strongly
coupled conformal theories with a holographic AdS dual that includes weakly cou-
pled gravity, stress-tensor correlators are thus expected to strongly constrain not only
gravity, but its coupling to matter. Indeed any CFT has a stress tensor, which, like
gravity, couples to every degree of freedom.

A useful starting point for analytic approaches is good control of mean-field theory,
around which one can start various approximations, be these in large spins, large NV,
small €, or other quantities [41, 40, 54, 55, 56, 57, 42]. When the mentioned technology
is applied to spinning correlators, the OPE data become matrices in the space of tensor

structures. But even making seemingly natural choices, one finds dense, non-diagonal
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matrices already in mean field theory (MFT) [141]! Tt is difficult to bring oneself to
study corrections to such a zeroth approximation.

A possible way forward is the fascinating observation that the number of spinning
structures in CF'T is identical to the number of structures for scattering amplitudes
in QF T4y [117]. While physically natural from the viewpoint of the bulk-point or
flat space limits of correlators, it is still unclear whether this counting extends to a
useful map beyond that limit. Indeed, the non-diagonal nature of MFT correlators
stands in sharp contrast with the QFT side, where diagonalizing trivial scattering
S =1 was never a big challenge! We should then ask: can one find a basis of CFT
three-point structures in which MFT correlators are diagonal?

In this paper we address this question in the special case of CFTj3, exploiting the
fact that in QFT, massless particles come with two helicity states +. We point out
that the “helicity” of a conserved current is a meaningful (crossing-symmetric) concept
also in CF'Tj3, which formally implies that a helicity basis of three-point structures
will automatically diagonalize crossing symmetry. We will confirm this by computing
explicit OPE data in MF'T, as well as the first correction to CFT3 current correlators
dual to tree-level gluon scattering in AdS,.

This paper is organized as follows. In section 4.2, we construct the helicity ba-
sis for three-point functions and explain that it diagonalizes a well-defined operator
h. We also introduce the group-theoretic concepts to be used in later sections, in-
cluding three-point pairings, shadow transforms, Euclidean and Lorentzian inversion
formula. In section 4.3, we use both inversion formulas to independently obtain
mean-field OPE data for conserved currents of various spins. In section 4.4, we apply
our scheme to study YM,/CFTj, using the Lorentzian inversion formula to extract
the analytic-in-spin part of the leading-order double-twist anomalous dimensions of
currents. In section 4.5, we explicitly check that the anomalous dimensions of the
double-twist states [V'V],, ; at large-n agree with flat-space partial waves for tree-level
gluon scattering.

This paper contains a number of technical appendices. In appendix B.1, we re-

late CF'T3 three-point functions conserved currents to the bulk YM, couplings, using
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the AdS embedding formalism. In appendix B.2, we explain how to simplify cer-
tain calculations by representing polarization vectors as spinors and give formulas
for Fourier transforms. In appendix B.3, we review the series expansion of scalar
conformal blocks. Moreover, we show how to compute OPE data for correlators that
are powers of cross-ratios multiplied with Gegenbauer polynomials, which may have
applications to other problems; we also record simplified expansions for certain scalar,
currents and stress-tensors exchanges. Finally, flat-space gluon amplitudes, including

Yang-Mills and higher-derivative couplings, are reviewed in appendix B.4.

4.2 Generalities

The structure of conformal correlators for spinning external operators is by now well
understood. Here we aim to concisely summarize key results so as to state our new
three-point structures as early as possible (eq. (4.10) below). We eschew the use
of embedding space and cross-ratios. Rather, we use conformal symmetry to place
local operators at standard locations such as (0,x,00) as shown in figure 4.1, or
0,2,y !, 00) for four-points.

In this frame, three point functions for scalar operators are determined by dimen-

sional analysis up to a normalization:

1
T123(II?) = <01(0)02<.§C)03(OO)> = m, |x| = \/"L’WT“. (41)
We define O;(c0) by taking the limit 7! — 0 in an inverted frame (with an inversion
tensor inserted for spinning operators), so it behaves as an operator of dimension —A;

(see eq. (114) of [115]). We will often Fourier transform with respect to the second

position x:

Ti23(p) = {O1(0)O2(p)Os(0)) = / d'ze™ " (01(0)0y(2)Os(00)).  (4.2)

This was used in [141] to simplify calculations of shadow transforms and to compute

conformal pairings, which all become simple algebraic operations.
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Figure 4.1: Conformal frame used for three-point functions: (O;(0)Os(z)O3(c0)).

It is important to note that we do not Fourier transform all operators, as is some-
times considered in the literature, e.g. in [157]. The only Fourier integrals we will
compute involve powers of a single variable as in (4.1) which are rather straightfor-
ward. Physically, singling out one operator is natural in conformal bootstrap appli-
cations, as we typically treat external and internal states asymmetrically. We think
of the third operator as the exchanged one O in the conformal block decomposition

of a four-point correlator, as shown in figure 4.2.

4.2.1 Three-point functions: helicity basis

Multiple index contractions generally exist between spinning operators, and three-
point structures are correspondingly no longer unique. They are straightforward to
classify in the above frame [158]. For pedagogical reasons, let us focus on the case
where all operators are symmetric traceless tensors, O#1#7 where J is the spin of the
operator. In d = 3, this covers all bosonic operators. We work in index-free notation
[47] and dot into the J’th power of a null polarization vector €. Our two-point

functions follow the standard normalization:
(0(0)0(c0)) = (e1-€2)” . (4.3)

Any index contraction between the €/ and 2 defines an allowed three-point func-

tion. For example, for two operators of spin-1 and a third of spin J3 (V11503), a basis
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Figure 4.2: Four-point function factorized into three-point functions.

of five independent (parity-even) monomials is easily enumerated:

J3

By = {61'627

€1°T €2°T €1 €9°€3 €1°€3 €2°T €1°€3 €2°€3 o (Eg'x)
ZBZ ’ 63‘1‘ ’ 63'3: ’ (63'1')2 |x|A1+A2*A3+JB )

(4.4)

Each monomial has homogeneity (1,1, .J;) with respect to the three ¢;. It will be
useful to treat structures analytically in the third spin J3. The fact that 1/(es-2)
appears in the denominator implies that certain structures cease to exist at low spin.
It will be possible to use a common labelling scheme for all values of J3, but we will
have to remember that certain structures do not contribute at low Js.

Although our frame choice breaks permutation symmetry it is trivial to restore it.
For example to exchange 1 and 2, we simply take translation by an amount —z and
substitute z# — —a*.! Less trivially, to interchange operators 1 and 3, we use the

inversion z# + z# /2% = 271, acting with the inversion tensor on ey:

[T,
Tizs(00,7,0) = 22 T(0, 5, o0) () = o 9T
egi—ﬂ“”(x)eg T

(4.5)

There is no need to include inversions acting on €1, €3 because inversion is included in

the definition of O(o0). The structures in eq. (4.4) become

J3

. €1°T €3 €1°T €9-€3 €1°€3 €9°X €1°€3 €2°€3 o (€3-x)
1-€9, — _
! x2 ’ 63'1' ! 63'I ’ (63.x)2 |I|A3+A2_A1+J3

(4.6)

P A Mo, 2
where € = ey — 2xt ey /2.

I This is really a substitution, not a symmetry transformation. It can be done whether or not the
theory is parity symmetric.
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Let us now improve this in steps. Instead of just “listing all monomials”, a good
idea is to use the SO(d—1) symmetry which preserve the point z. An SO(d) traceless
symmetric tensor of rank J can be written as a direct sum of multiple SO(d—1)
tensors, with rank 0 < J’ < J indices, roughly, how many indices are perpendicular
to x. Three-point structures are then in one-to-one correspondence with SO(d—1)
singlets in the tensor products of the three representations from the three legs. Such
a scheme was used for example in ref. [158|. While effective for generic operators,
this is not the scheme we shall use, since we are interested in conserved currents. In
x-space, conservation is a cumbersome differential constraint.

The next improvement is to use instead SO(d—1) tensors in momentum space,
separating indices that are parallel or perpendicular to p in the frame in eq. (4.2).
For conserved currents one simply has to drop all the structures that are not fully
perpendicular to p. For example, for two conserved currents in d dimensions (which
have scaling dimension A; = Ay = d — 1) there are just two allowed structures,

proportional to:

(p ' 63)2 d—1 ’ (47)
pP(e1-€2) — (p'€1)(p-62)} X (p-€3)|p| AR5

{[p2(€1-63) — (p-er)(p-e3)] [P*(ea-e3) — (p-e2)(pes)]  p*(er-ea) — (p-ar)(p-ea)

These two structures are transverse with respect to €; and ey and are respectively
SO(d — 1) traceless symmetric tensors of rank 2 and 0 with respect to e3. The first
structure is analytic for spin J > 2, and the second for J > 0. In this example
“transverse” simply means invariant under €; — €; + p;. For higher-rank conserved
currents, the correct statement will involve an operator D designed to preserve the
constraint € = 0 [116]:

d 8) 0 €, 0 0

PDIT = p'DRT =0, D= (5 e o ) o o a5 B : (4.8)

Such a scheme could be used to label three-point structures in any dimension d,

including operators Oy in mixed representations of SO(d).? We now specialize to

2There are momentum-space constructions for spinning operators in the literature, where all
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d = 3, where further simplifications occur.

In d = 3, SO(d—1) irreps (transverse to p) are one-dimensional and labelled by
helicity +.J. For two conserved currents of any spin there are thus only four structures.
A projector onto the positive-helicity component of €5 can be written by combining

parity-even and odd structures:

v 1 (pe2)(pes) | i
e, 111 €3, = = (62-63 — =+ —(e9,p,€3) | - (4.9)
HUEE T g P’ p]
Here (a,b,c) = €,,,a"b"c” denotes contraction with €53 = +1 the antisymmetric

tensor in Euclidean signature. The projector satisfies Hip = 114, and p-II1, = 0. For
p along the z axis, it can be written as %(1, i,0)*(1,—1,0)".
Given two conserved currents of spin J; and J; in d = 3, we thus define a complete

basis of four possible three-point couplings, including a convenient factor, as:

(47)2 (—in/2) 1+ 72+
OT1+T2—A3

Tli233i = X (€1H¢p63)J1(62Hip63)J2 X (p . 63)J37J17J2‘p’512;3*37

(4.10)

where fio3 = (A1 + J1) + (Ag + Jo) — (As + J5) and 7, = A; — J; is the twist.
The two superscripts represent the helicity of each operator. Note the reversal of
the momentum in the first projector, since the first operator has momentum —p, so
that helicity retains its physical interpretation as spin along momentum axis. The
transversality condition (4.8) is readily verified for any J;.

Eq. (4.10) defines the helicity basis we will use throughout. The opposite-helicity
structures Tjh; and Tj,4 are only allowed for local operators (polynomial in €3) when
J3 > Ji + Jo. On the other hand, since SO(2) representations are one-dimensional,

the projectors satisfy the identity:

<€1H_€3)(€2H+63) = (€1H_€2)(€3H_€3) = —%(EIH_(EQ), (411)

three positions are Fourier transformed, see, e.g., [157, 159, 160, 137] and references therein, which
enjoy potential applications to inflationary cosmology [161, 162].
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which extends the range of same-helicity structures Tjha and Tiy3 to: Jz > |J; — Jof .
These ranges coincide with the usual selection rules for the total angular momentum
of two massless particles in flat four-dimensional space.

Although eq. (4.10) is primarily meant to be used for conserved currents, where
A; =1+ J; fori = 1,2, we kept A, free since the structures make sense for any A;. In
particular, we will use the same expressions below for shadow-transformed operators.
For spin-0 states, we keep the same formula but drop superscripts.

Once the helicity basis is defined in momentum space, it is often necessary to
transform it to coordinate space. The Fourier-transform of a power-law is straight-

forward

dip . 4k T

/ e { (4.12)
3

Our strategy is to perform Fourier-transform for pure power-laws at first, and then

replace
p-e— —ie-0. (4.13)

Doing so, one finds that the parity-even and odd components produce disparate
gamma-functions that don’t nicely combine. Many calculations are thus simplified
by switching to an Even/Odd basis of parity eigenstates. Each parity sector contains

two elements, representing states with opposite or same helicity:

3—11—To+A3+J: — — —

{TE,opp TE,same} - F( st *) {T1J53 + Tiog Thog + Tiag
123 y 4123 T (7—1+7—227-,—3 ) \/5 ) \/§ )
—11—T2+A3+4J. — — ——

{TO,opp TO,same} = F(%) % {TI-SB — T12§— Tl—gg_ — T123 }
123 » +123 T ( 1471 -57-2_7—3 ) \/§ ) \/5 )

(4.14)

where we introduced gamma-factor normalizations for future convenience. These
ensure that the transform produces polynomials in Az and J3 of the lowest possi-
ble degree, as the denominator cancels spurious double-twist poles from the Fourier

transform.
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Fourier transforms may now be straightforwardly computed, by expanding the
even/odd structures into dot products of p with polarizations, up to a possible single
odd factor (p, €, €;).

As a trivial example, in the scalar case J; = Jy = 0, there is just a single structure
J:
Thoo =22 || 89758782 (ge5) s (4.15)

As a more illustrative example, for two spin-1 currents (V3V50) the two even struc-
tures turn out to be proportional to eq. (4.7) (in the same order). As it should, the

transform takes the form of a matrix acting on the basic structures By in eq. (4.4):

Tho™ S [ 2n=Ty) 2(n=1) BTs—dn+1) (3s-dn-+1) Ti=EnilJston® .,
= 2 n ) v
Tg,(soame 2(—n—J3) 2(n—1) J3 Js (JSEJ)A
(4.16)

where n is defined through 5 = 7 + » + 2n, and J denotes the “spin shadow”:
J=—1—Jind=3[62]. The parity-odd structures can be similarly represented in

terms of four odd monomials:

B’ _ (617'17763)62'3: (61,%’,63)62'63 (62,33,63)61‘.T (62,.%',63)61'63 (63'x)J3_1
V= 72 ) T-€3 ’ 12 ) 763 |$|A1+A2_A3+J3_1 )
(4.17)
in which
TO:oPp 1-2n) (1+J542n) (1—-2n) (1+J3+2n
110 _ 2% ( ) ( 3 ) ( ) ( 3 ) ~B(/. (4.18)
TG 5me (1—-2n) (—14+J542n) (—1+42n) (1—J3—2n)

Notice that so far n is simply a notation for the twist, but when n takes on (half-
)integer values it will represent so-called double-twist operators. Parity-even double
twists have integer n while parity-odd ones have half-integer n.

A technical complication when dealing with higher-rank tensors and odd struc-

tures is the presence of Gram determinant relations (antisymmetrizing any four vec-
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tors gives zero). In our calculations below, we circumvent this either by evaluating
expressions on a symbolic three-dimensional parametrization, or by using the spinor
formulation in appendix B.2.

The opposite-helicity structure in eq. (4.16) is physically allowed for J3 > 2, but
there is an important discrete exception: when Oj is a conserved current (J; = 1 and
Az = 2). Then the complicated polynomial in the fifth column vanishes, shielding the
problematic denominator in eq. (4.4). The three structures: TFpp TFsame O same
then define valid (and independent) couplings between three currents. We verify in
appendix B.1 that these map, respectively, to bulk Yang-Mills couplings TrF?, and
to parity even/odd parts of TrF3!

4.2.2 Helicity is conformally invariant

The reader may worry that our definition of helicity structures in eq. (4.10) is tied to
the specific frame (0, x, c0). However, it turns out to be independent of this! Here we
construct a conformal integral transform, whose eigenvalue is helicity. Its existence
will automatically imply that crossing is diagonal in the helicity basis.

It is intuitively clear from holography that helicity should be frame-independent,
since momentum-space currents with definite helicity source AdS, gauge fields that
are either self-dual or anti-self-dual near the boundary [161, 163]. Helicity structures
for correlators of three higher-spin currents in momentum space, and their relation
with bulk AdS couplings, were discussed in [164]. (For a spinor-helicity formalism in
AdSy, see also [165].) Since the self-dual decomposition is invariant under conformal
isometries, we expect it to be independent of frame and agree between all channels.

In momentum space, the operation which measures helicity is simply

D,
hJ*(p) = —i m J"(p) . (4.19)
p
Fourier transforming this defines an integral transform:
hJ*(z) = /d3yH‘“’(:c — ) (y) H" (z —y) = e 9 ! . (4.20)
o 212 Oy (x — y)?
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We now show that A commutes with conformal transformations. Normally, this would
require the kernel H to transform like a two-point function between a current and its
shadow, (J*(z)J"(y)). For a generic operator, this is impossible: conformal two-point
functions between operators of different dimension must vanish! (This follows easily
from scale invariance in the frame (z,y) = (0,00).) The loophole here is that since
J"(y) is conserved, the shadow J¥ is defined modulo a derivative: the kernel H only
needs to be conformally invariant modulo a total derivative 9y X*(z,y).

Let’s thus check invariance under inversion z* — z* /2% Applying the standard

transformation laws, a short calculation gives:

qu’ _'z'm/ 1 uvo - uvo 2 \V upo
<x2 : (y) HMV(I_l . y—l) _ _2 € (Z/ ‘j)o € x;— _ 4 2(1: 23/) € Zipxa

aty | (z—y) (z —y)?x w(x —y)
(4.21)

We have used the Schouten identity to eliminate terms with x* or y*. With a bit of

inspection, we find that the sum of H and its transform is indeed a total derivative:

TH ()1 (y)

0 Py,
Oy (z —y)?

H" (x —y) + H" (2™ =y (4.22)

xty

This shows formally that A is invariant under inversion (up to an overall sign change):
(hJ)™t = —h(Jh (4.23)

where (J71)¥(x) = 7 J¥ (z71) /2" denotes the inversion map. The sign change was
expected since h is parity-odd. One could equivalently say that h is invariant under
the combination of inversion and parity.

To illustrate the action of h, let us briefly consider two-point functions. A special
feature of d = 3 CFTs is that two structures are allowed by conformal invariance
[166]:

T 1K

m + %ewpay(;?’(x) R (424)

(Ju(2)1,(0)) = (0,,0° — 0,0,)
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where the coefficient k of the contact term is defined modulo an integer. It is easy to
see (for example using momentum space expressions from ref. [166]) that acting with
h on J,(x) yields the same with 7 and 8« /7 interchanged. This confirms that h takes
conformal two-point functions to conformal two-point functions. Of course, just like
the shadow transform, h.J is generally not a local operator.

For higher-spin conserved currents, a similar transform can be defined

W () = /d3y (HMY (z — y) T (y) + (J — 1) permutations of p)

(4.25)

Generally, h? = J?, and one can easily verify that the structures in eq. (4.10) are

eigenstates:
TS0 = (1) THy ™ hoT5h ™ = (d0J5) Tob™ (4.26)

Although we did not construct a total derivative akin to eq. (4.22) in the higher-spin
case, we believe h to be conformal as well, given the fact that all data computed in
the next sections will turn out diagonal.

In Lorentzian signature, there is a subtlety: h depends on operator ordering
through the branch choice |p| = 1/p? 0 in eq. (4.19). While eqs. (4.26) remain
valid as long as the same branch is used for h and T, this means that taking dis-
continuities or commutators do not preserve h eigenstates; one can explicitly see in
egs. (4.16)-(4.18) that even and odd structures acquire different phases. This will be

important below in our discussion of Lorentzian inversion.

4.2.3 Simple operations: three-point pairings and shadow map

Since h is a conformal operation, three-point structures with definite helicity will be
orthogonal under all natural operations. Here we review two simple operations, which
will form useful building blocks later.

The simplest may be the conformal pairing between three-point structures and
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shadow structures:

ab a b
P123 - (T1237 T123

d d d o
)—/ P dTadTs 0 0,0090,0,0,)0  (4.27)

~ J vol(SO(d +1,1))

~ 2dvol( so Z Tiys(er, €2,€3)(1) Tigz (el €5, 65)(1), (4.28)

51762763

where we have used the symmetry to put = 1. The denominator is the volume form
of the “little group” that keeps the frame (0,1, 00) fixed [141].

A good way to compute index contraction is to use the differential operator (4.8)

S F(e)g(e) = ——F(D)gle). (4.29)

(),

For example, for vector-vector-general (V1V,0) case, the pairings between Even or

Odd structures (4.16) and (4.18) is readily evaluated:

(Js+D)(Js+2) (J3+1)(J3+2)
Pflo = 16P,N{j0 (i) s ) P{lo = 16P,Njjo ot s ,
0 1 0 1
(4.30)
where P, is just the pairing of two scalars and one spinning operator [141]?
1 d—2
[d=2)s, (4.31)

B = Sivelgo@ = 1)) (%2,

2

and for latter convenience we introduce the N factor, which is precisely the product

of the gamma-functions in eq. (4.14) and its shadow:

E _ — 3+B3—B1—B
NJ1J2(9 - (T1+22 Tg)JH_JQ( : 2 - 2)J1+J2 ’
_ (1 - 4+83—B1-P
NJlJQO ( +T1_;T2 T3)J1+J2_1( 3 9 ! 2)J1+J2—1 . (432)

Many other examples can be straightforwardly worked out and it turns out that

30ur scalar structures are larger by a factor 273/2 than those of [141]: Phere = 275 pthere,
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the three-point pairing is always orthogonal. In fact there is a rather mechanical
explanation: the z-space pairing is also proportional to the momentum-space one
[141]*:
1/(2m)?
ab a b * k%
P123 - 2dV01(SO)(d _ 1) Z T123<€17 €2, €3>(p> Tﬁi(eh €2, 63)(—]9) . (434>

€1,€2,€3

Due to this, the diagonal pairing would be rather trivially diagonal in any d, using
the momentum space basis discussed above eq. (4.7). Without derivation, we thus

quote the diagonal 4 x 4 matrix of pairings in the d = 3 helicity basis (4.10):

(J3 + 1)jhy o

(h1,h2),(hf ,hb) Ry ch! _
Py ") = 5165, x Py x AlilFhal (1)l —hol AT
1—n2

(4.35)

Taking Even/Odd combinations (4.14) simply adds the N¥/© factors, reproducing
the J; = Jy = 1 example quoted in eq. (4.30). The fact that the pairing is diagonal
(with h = —h) is a first hint that the structures are well chosen.

A second natural and useful operation is the shadow transform

S[0y(x)] = / 2'y(01(2)01 (1)) Os(y) (4.36)

which maps operators to their shadow operators nonlocally. Operating on three-point

structures this generally produces a shadow matrix S([O1]0203)% p:
(S[01]0203)* = S([01]0205)" 1,{O10,05)" . (4.37)

The shadow transform for conserved currents in d = 3 is simple: the two-point

function in momentum space can be diagonalized by helicity, which is always maximal

4This can be proven formally by moving gauge-fixing factors in the frame (0, z, 00):

d%r ddp ddp/ eim~(p+p’)

| wrso@ ot @I = [ ¢ | Gpnage@ xsom TP (45

The x integral simply gives a delta-function setting p’ = —p.
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for conserved currents. Using QA*AAj from eq. (E.11) of [141], we get simply

J ’A:J-i—l

) . . 146
S([O]0:00) "M (1, 1y = 5182 (~4) "7 x €y Cr = 2(2J§!0 ‘

(4.38)

This holds when acting on the shadow of a conserved current O, or a scalar with
the same twist A; = 1. (We note that S is not invertible and S[O;] = 0 acting on a
conserved current.) The transform in the Even/Odd basis is of course also diagonal,
but displays additional scalar factors due to the gamma-functions in (4.14).

The shadow transform with respect to O3 will be technically more difficult to

compute; we will find below (see (4.81)) that it is also diagonal.

4.2.4 Spinning conformal blocks

A more interesting and nontrivial object is the correlator of four operators. The
Operator Product Expansion distills those in terms of a given theory’s spectrum and
OPE coefficients. Using conformal symmetry we can assume the four points are at

1

0,2,y !, 00) (where y~! is the point y*/y?). Factoring out a conventional prefactor

to trivialize the x — 0 and y — 0 limits

’A3+A4

(01(0)0s(2) 05y~ )04 (00)) = 12

Our notation O3(y~!) implies that we apply inversion tensors to the indices on the
third (and fourth) operator. The complex variable z (which is complex conjugate to

Z in Euclidean signature) encodes the sizes and angles of the vectors x# and y*:

2z = 1%, z24+Z=2xy. (4.40)

Inserting a complete basis of states between O, Oy gives the operator product ex-

pansion

G(2,2) = > M2ocdisonGRy (2 %) (4.41)
A, Ja,b
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where the sum runs over the spectrum of the theory, and the \’s are OPE coefficients.
When the external operators have spin, there are generally multiple index contractions
a, b to sum over representing the different three-point structures, each of which has an
independent coefficient. The special functions GZ?J(Z,f) are the so-called conformal
blocks, which we normalize so they approach as x — 0 a simple product of three-point
structures (summing over the polarizations of the intermediate operator O):
pAIHA:
hm GA ’(z,2) = yBaras Z o () Tiso(y) = Px., " (x,y) (4.42)
€o

For example, for scalar external operators in our normalization (4.15) one finds

ald=2),

(%),

where C;(€) = C7(€)/C5(1) = o Fy(=J, J+d—2, % 41 1-8) is a Gegenbauer normalized

Pas(@9) = (|lolly)>

L0 (Fh) —eazca (22)22(2/2)7° (4.43)

. . . x.y . Z+Z
to unity at £ = 1. In terms of cross-ratios, Tyl = 2/

The conformal block GG contains an infinite tower of terms suppressed by powers
of x (or z,7%), arising from exchange of descendants 9*O,. Series expansions for these
terms are available from refs [112, 167, 168|, as well as an efficient Zamolodchikov
recursion algorithm, see [169, 146]. In practice we will use the spinning up/spinning

down method. We write the spinning block as a derivative of a scalar one,

a?IB 718
GXYy = P Py DI GRY) (4.44)
Let us explain our notation here. The indices «, (3, - - - span the space of spinning-up

operators (see eq. (4.91) below), so that the ]P”(’ﬁ) are constant matrices, that depend
only on A, .J but not on spacetime coordinates; G(@h) ig a scalar conformal blocks,
where the superscripts denote the specific shift of conformal dimensions associated
with the particular spinning-up operator («, ). Explicit operators will be written
in section 4.3.3 below; a simple recursion for scalar conformal blocks is reviewed in

appendix B.3.1.
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4.2.5 FEuclidean inversion formula

The OPE sum runs over the spectrum of the theory, which we generally don’t know
exactly. For analytics it is often better to replace the sum by an integral, the “har-

monic analysis™:

B 1 d/2+ico dA . 3
G(z,%z) = %5 /d/2z'oo Q_MC‘%’?(A’ J) (GA’?J(Z,Z) + shadow) . (4.45)

The “shadow term” is the same block with A — A = d — A and with a specific
coefficient, see [170, 127]. This shadow term ensures that the parenthesis is Euclidean

1

single-valued (i.e. does not have a branch cut) in the limits + — y~" and * — oc.

Explicitly, this term is

S(O10,[0])% . (S(O5040]) 1) 4 G2 . (4.46)

AJ

To obtain the OPE (4.41) from the integral (4.45) one simply closes the contour

to the right in the G term, and the formulas will match provided
— Res Ca’b<A, J) = /\120a)\43(9b- (447)
A'SA

The function ¢, (A, J) will be useful below since it simultaneously encodes the spec-
trum (through the location of its poles) and OPE coefficients (through the residues);
this enables one to speak about OPE coefficients without having to first know the
spectrum.

As single-valued eigenfunctions of a Casimir differential operator, the harmonic

functions satisfy an orthogonality relation

ddxy - dx ab R G B
/ e 5 s 41)) (1239)%7, (123057, = W(A, J)ap), )" [206(v — /) + shadow],

(4.48)

where A = g—l—iy and the tildes denote shadow operators; tensor indices are meant to
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be contracted between each operator and its shadow. Note that we abbreviate (Ga j+
shadow) as (1234)a ;. The symmetry can be used to fix the points to (0,x,1,00) so
the integral is really just over x. The normalization N (A, J) can be expressed in
terms of the pairing P? of eq. (4.35), since the J-function originates from the
x — 0 limit, where the blocks can be approximated by their limit (4.42). Explicitly,
the normalization reads [141]

N (A, I apea) = 1A, J) (Pisg) ™ (PLA)71 S(34[0])", SGAON 4, (4.49)

where the “Plancherel measure” is

(d+2J =2+ J -QTA - DI -A DA+ -1)(d-A+J 1)

u(J, A) = 247dvol(SO(d))T(d — DT(J + DT(4 — A)D(A - )

(4.50)

Evaluated in terms of cross-ratios, this gives an integral over the complex-z plane®

d—2

S (éZ’fA7J(z,Z) + non—shadow) G(z,2)

Cab(A J)

ZZ

N(A J)ab)(cd) / dQZ
22d-1y0l(SO(d — 2)) | 227*

(4.52)

where index contractions with G(z, Z) is again implied. To extract the spectrum using
this formula one would have to know the exact correlator G(z, %), which of course is
impractical unless one already has solved the theory. The usefulness of this formula
is that it provides analytic estimates for the OPE data in certain limits. Specifically,
following [141] we will use this formula to extract OPE data in mean field theory in

section 4.3.

“We used eq. (4.28) and the relation %M = volS,_» to write, for any conformal function
(--):
d—2

(). (4.51)

2=z

/ diry---dizy (o) 1 / d*z
vol(SO(d + 1,1)) 224229 ~ 224 Tyol(SO(d — 2)) | 222° | 2z



CHAPTER 4. HELICITY BASIS FOR THREE-DIMENSIONAL CONFORMAL FIELD THEORY112

4.2.6 Spinning Lorentzian inversion formula

An effective method to go beyond MFT is to analytically continue the Euclidean
inversion formula to Lorentzian signature, which gives the Lorentzian inversion for-
mula [43, 61, 62]. It expresses OPE data as a sum of so-called ¢- and wu-channel
double-discontinuities.

A practical advantage relevant for the present paper is that at tree-level in the-
ories with a large-N expansion, the double-discontinuity is saturated by single-trace
exchanges [106, 171], effectively giving AdS cutting rules (see also [121, 124]).

The formula was generalized to the spinning case in ref. [62]. The ¢-channel

contribution is given as:

1 — —|d—2
dzdZ |z — Z ~ e _ ) _
(A J) = (ﬁ,b)(c,d)A 7 | Gjid—l,A—d+1(Z>Z)dDISC[G(Za2)]7 (4.53)

2Z

where the tilde denotes that the external operators are shadow operators, and the
tensor indexes are contracted between G and dDisc[G]. A key result of ref. [62] is an
elegant way to calculate the normalization factor N'*, which is generally a matrix, in

terms of “light-transforms”. The light-transform of a spinning operator is defined as

o0

L[O}(a@e):/ da(—a) 270z —

—0Q0

€
—,€). 4.54

£ (154
(Despite appearance, the integral has no branch point at a = 0 due to the behavior
of O. We refer to [62] for further details on the precise branch choices, which we will
ignore in this presentation.) When the light-transform acts on the third operator of
a three-point function, it simply induces a Weyl reflection for that operator (A +—

1—J,J — 1—A) with an overall light-transform matrix, i.e.
<0102L[0A7J]>a = Lg(0102 [O])<010201,A’1,J>b . (455)

We found that the integrand can be computed directly in our frame (0, z, 00), using

a special conformal transformation along the direction €3 to keep 3 = oo and move
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T9 instead. This reduces to a simple substitution:

332 .2?262 + €3 263 262 * €3
T T+ —e, €€ —|—<x-e——)———x 4.56
a® 2 2 2 a+2x -6/ a a—+ 27 - €3 ( )
and we have to multiply three-point functions by (1 + 2x-e3/a)A1_A3. Using this rule,

and integrating over « following ref. [62], we find that the light-transform matrix in

the Even/Odd basis is actually independent of J; and Js:

01 01
LE(J1J2[OA,J]> = Lgo) 10 ) LO<J1J2[OA,J]) = Lgl) 10 ) (4.57)

where L{**? denotes the scalar light transform [62]

2% (B — 1)
A .
SR DRED) o

We note that the light transform is not diagonal. Attempting to transform from the
Even/Odd basis to the helicity basis (via eq. (4.14)) would produce a matrix that
is not only non-diagonal, but also dense. The reason the light transform does not
commute with helicity is that its calculation requires taking a discontinuity, which
does not commute with h, as found at the end of subsection 4.2.2. We will therefore
work in the Even/Odd basis, where the simple form of eq. (4.57) will enable us to
write the Lorentzian inversion formula very explicitly below.
The remaining ingredient is the inverse of a “Lorentzian” pairing between three-
point structures [62], which reads in the x = 1 gauge:
d—2
Pfél[?O],L — 22d(2;c2)1€(38.01()d =) Z Tis(€1, €2, 63)T{’é3s(e}‘, €5, €3)(1). (4.59)

€1,€2

The tilde denotes the shadow, and the superscript S denotes the full shadow where
both the scaling dimension and the spin are reflected (A — d—A,J — 2—d—J).

Similarly to the Euclidean pairing discussed above, we find that it is nicely diagonal
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in the even/odd basis:

E o J1+J2 E O . Ji1+J2 O
Py o = (—4) PsiNj 00 X1, Pilpop = —(—4) Po LNy o, X1,

(4.60)

where the factor N/ is defined in eq. (4.32) and the subscript L denotes Weyl
reflection associated with the light-transform (A—1—J, J—1—A). P, is simply the
Lorentzian pairing of two scalars and one spinning operator [62]

(—1)d21—%
P, = .
L7 L0l(SO(d — 2))

(4.61)
The normalization /\/'(fl b),(c.d) 11 the Lorentzian inversion formula (4.53) is then given
as

1
28+I(A+ J —1)

N py ey = Loo(0105[054]) Lya(0304]01,4]) (4.62)

where L is a sort of inverse of the light transform with respect to the pairing:
za,c((’)lOg[OJA])Lg(OlOg[OJ,A])Pz’e(OlOg[Ol,A,l,J]) = —id'P, . (4.63)

For scalars, it is straightforward to verify that the above expression reduces to

—_A A —A A
NE — EK(AU*AM) K(A127A34) _ F(ﬁ . 12)F(5+2 12)1‘*(5 . 34)F(5+2 34) | (4.64>
4P ’ p 2m2T(3 — 1)I(B)

More generally, we can write explicitly the normalization factor in the spinning

Lorentzian inversion formula (4.53) in the Even/Odd basis:

(A12,A34) -3
A R i . (4.65)
a,b),(ed) E/O E/O .
4 NJ1J2OLNJ3J4OL 10 e 10 b

where a and ¢ must have the same parity, as well as b and d. We set A3 =0 if a,b

are even and Ay = 1 if they are both odd, and similarly for Ag,. (If operator 1 or 2



CHAPTER 4. HELICITY BASIS FOR THREE-DIMENSIONAL CONFORMAL FIELD THEORY115

is a scalar, there is only one structure a and we drop the corresponding matrix.)
Performing (4.53) is a bit challenging because generally evaluating the spinning

conformal blocks is a hard task. A nice idea, following ref. [148], is to “integrate-by-

parts” the spin-up from eq. (4.44) acting on the block to get instead spinning-down

operators acting on the correlator:

dzdz =

(A ) = (Icl,b),(c,d)/—

2272

—d—2
z2—Z ~ (o, o . o -
Gf]+g)_17A_d+1(z, Z)lesC[]P)an,Di ﬁ)G(Za z)],

2z

(4.66)

which will effectively reduce us to the scalar Lorentzian inversion formula. Eq. (4.97)

below gives a concrete expression in a specific basis of spin-down operators.

4.3 OPE data for spinning Generalized Free Fields

4.3.1 From Euclidean inversion and shadow representation

Using the shadow transform, the OPE data in MFT can be efficiently evaluated by the
Euclidean inversion formula [141]. It is especially effective for three-point functions
in momentum-space. To use this, it is best to write the Euclidean inversion formula
(4.52) in a covariant way

ddxl tee dde‘4

vol(SO(d +1),1)

Ca,b(A, J) = ﬁ(A, J)(a,b),(c,d) / <1234>(\I}§f(}>6,d ’ (4.67)

where the tildes denote shadow operators. The factor N is the same as A in eq. (4.49)
but with the factor S(34[0]) dropped (ie. replaced by identity). The harmonic func-
tion \Ifﬁf ; is a combination of block and shadow, which, importantly, can be written

as integral of two three-point functions (this is called the shadow representation):

(URi))*" = S(34[0])" . (G54 + shadow) (4.68)

_ / d'z (120(2))(O(x)34)" (4.69)
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We now consider a Mean Field Theory four-point function:
(1234) = (12)(34) + (13)(24) + (14)(23) . (4.70)

We focus on the ¢-channel contribution (23)(14) to illustrate the algorithm for com-
puting the OPE data of MFT. The u-channel contributions (13)(24) can be evaluated
in the same way, while the s-channel (12)(34) is trivial to evaluate: it contributes to
the identity exchange. Considering the term (23)(14), the integrals over z3,z4 in
(4.67) boil down to the shadow-transform for 3 and 4, and the remaining integrals

are all removed by the gauge-fixing, leaving a simple pairing [141]:

oy (A T) = (A, ) (Pyis) " S([1120)74S (12]0)7.S(12[0))% (4.71)
This formula breaks the calculation of MFE'T coefficients into simple algebraic opera-
tions: three shadows and a pairing.

The pairing and first two shadows were presented earlier in subsection 4.2.3. Be-
fore we calculate the third shadow, let us revisit the shadow transform, defined in

eq. (4.36). It can be computed algebraically as multiplication in momentum space:
> Kiu(p)Tvas(p)* = S(101]0:05)" y Tias ()" (4.72)

where Ky is the Fourier transform of the two-point function of Oy [172]:

J

Kiv(p) =Y Ki(A, J)(er-p)f(p- €)F(er - €))7 Fp* 22,
k=0

mPT(J + 1)207280 T (44 k — A)D(J —k+ A —1)
T(A-1D)I(k+D)I(J+ A —k+1)

Ki(A, J) = (4.73)

Applying this map to the helicity structures normalized as in eq. (4.10), we find the
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simple result

3
m2T(5 — Ay) £+
T )
(Al—l-Jl—l)F(Al—l) X 12(9(p)a

Kiv(p)Tsp5(p) =

1’2(’)

(4.74)

which reproduces as Ay — J; + 1 the formula for conserved current in eq. (4.38).
The third shadow transform is technically more difficult to evaluate since we de-
fined our structures in a frame where z3 = co. The trick is to use the rule eq. (4.5)
to interchange x; and x3 in position space, then Fourier transform back to the mo-
mentum space, where we can apply eq. (4.72). These steps are somewhat lengthy (we
found the Fourier transform (B.19) helpful), but thankfully the last step turns out to
simply multiply each structure by an overall factor. This had to be the case since the
shadow transform commutes with h; and hy. Trying a few cases we observe a simple

pattern:

42A737T%F(2 +J - A)F(A B §) (2 B A)\h1+h2|

2

T(A— DI(A + J) A= Dian

S(12[0]) 2wy = 6,18, (4.75)
Combining the shadows (4.74) and (4.75) with the pairing (4.35) thus gives MFT

coefficients (4.71):

T(A = 1) 3
NA-3)T(J-A+2)T(J+1)
( )lhl —ha| (A )|h1+h2|

(J_I_ 1)|h1 ha| (2 A)|hl+hQ| 7

t, MFT _ sha shs ob—4A
ch17h27E37E4(A, J) = 6,16, 2 T

where the constant C; is defined in eq. (4.38). The u-channel identity (if operators 1
and 3 are identical) gives the same result times (—1)7 and with h3 and hy swapped.

Eq. (4.76) can be used in the harmonic decomposition (4.45). Where are the poles
and corresponding OPE data? To read off the local OPE data, we have to keep in
mind that tensor structures in the helicity basis have poles at double-twist locations.
To find OPE data from residues, it is best to convert to the Even/Odd basis defined
in eq. (4.14), in which the position-space structures do not have poles. Performing

the rotation, we get extra gamma-functions which nicely combine to give scalar MF'T
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coefficients, times the same matrix in the even and odd cases:

(=) +05(A=1) 11, gy 0
t,MFT,E/O _ E/O s | U+D)o+0,C=D) 11— gy
¢ (8, 7) = (A T) 0 Dy =10l (A=) gy 4y CnCor
(J+1)15y — a9 (2= D) sy 4
(4.77)

where we normalized it by the OPE data for scalars of twist 1 or 2 in the even and

odd cases, more precisely:
FA T =c(L, AT, Q(A) =Le(1,2,A,7)°. (4.78)

The scalar MFT data ¢(Aq, Ag; A, J)® can be found from earlier literature [53] and is
recorded in eq. (B.31) (with p = Ay + Ay, a = b= 82581,
For future reference, let us summarize all the ingredients in the Even/Odd basis.

The products of “easy” shadows, S([1]20)S5(1[2]O), are given as

S¥ =SENT  5(=4)""2 x CpCpl, SO =1SON/

Ji+J2+1
11720 156~ 4) x C;,Cpl,

(4.79)

where SE/© are just the scalar factor for (A1, A2) = (1,1) and (1,2) respectively [62]

4yt
SF = , SO =—2xt. 4.80
1-B)—2) 50
The third shadow (4.75) yields
(2=A)1gy -y 0
E/O _ (A=1)17; —1y|

SHP(12[0]) = S5(12][0)) . oAy s | (4.81)

(A=1)gy 4

1 2

with the same matrix for both even and odd, and where S is just the shadow coefhi-
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cients of scalars [173, 141]

TPT(A = DD+ A - DI AT+ A+ Ap))D(A(J+A = Ap)
TA-DTGET+A+Ap)T(E(T+A—AR)D(J+A)
(4.82)

5:(12[0]) =

with Ay = 0 for parity-even and A, = 1 for parity-odd cases. Finally, the pairing
(4.35):

|h1—ha| <J3 + 1)|h1_h2‘

EJO _ <h, oh B/O
Py = Opy Opy X P % Nizo 4" H1I(=1) (=J3) 01 —ho|
1—n2

(4.83)

Multiplying these ingredients again according to (4.71) gives eq. (4.77).

4.3.2 OPE data and remarks on the leading trajectory

Let us now describe the OPE data which stems from eq. (4.77). When computing
the integral (4.45) as a sum of poles, one finds two sorts of terms: double-twist poles
at A — J = 2+ 2n from the gamma-function in eq. (4.77), and spurious poles from
the block, at A — J = 3,4,.... The position of the latter is set by their kinematical
origin as zero-norm descendants (“null states”) of the exchanged primary.

We are in the unfortunate situation that the physical and spurious poles overlap.
In principle, we should subtract the spurious poles using the results from ref. [169]
for the poles of spinning 3d blocks. We pursue a simpler, heuristic method, to be
justified in the next subsection. For scalar mean-field-theory with A; = Ay = 1, the
poles are simpler and have been discussed in ref. [43|. Using eq. (3.9) there, we find
that the spurious poles effectively double the OPE coefficient. On the other hand, the

leading trajectory m = 0 has no corresponding spurious pole and so does not double.

1

Such a relative factor 5

was also found in the spinning case [141], and so our

tentative guess is that the same happens in our basis and the spurious poles just
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double the non-leading trajectories, that is:

NENE =—-2 Res EMTA T
120730 |,y 7 A (A, J)

2n+J+1i)

9 J+1
- Cs,Ca, ( ) SM2+2n+J,J) (n=1,2,3,...),

1
2

(4.84a)
O O _ O,MFT
Ala0 A 30 nJd 2A:§%%+JC (A, J)
- 2C,,Cy, (J+1)1@2n+J+ )

2M242n+J,J) (n=43,32.),

2R (1) _i(n+ T+ 3) s

1
2

(4.84b)
where M (A, J) is the 2 x 2 matrix
(=) gy +05(A=1) 7, _ 19 0
_ (J+1) gy 405 (2=A) 5y = 1o
M(A,J) = . 1=J2 SN (4.85)

(J+1)1y =091 2=D) gy 479

Some comments are in order. We recall that the first structure (opposite-helicity)
exists only for J > J; + Jo. This is reflected in an overall zero from (—J), 1, in the
first entry. Even below this range, the denominator always have fewer zeros than the
numerator, so the vanishing is never ambiguous. The range of the J-sums is built-in!

The second structure (same-helicity) is more subtle. It generically exists only for
J > |J1 — Jo|. But since 2 — A = —2n — J, it may look like the second entry of
the matrix M diverges for the lowest few trajectories. However, inspection of the
structures T}5,, reveals that these have corresponding zero for precisely those cases
(a special case is visible in eq. (4.18) with n = £,.J = 1). The conformal blocks thus
have a double zero, which shields the singularity from the denominator. This means
that mean-field-theory doesn’t have operators at these places. For n = 0, we will find
below that there is a single leading trajectory.

The set of operators appearing in MF'T can thus be characterized as:

e Opposite-helicity: One operator for each n > 0 and J > J; + J5
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e Same-helicity: One operator for each n > 1 and J > max(|J; — Jo|, J1 + Jo — n)

This spectrum is depicted in fig. 4.3. (The helicity of the n = 0 double-twists is really
undefined.)

Let us discuss more the leading trajectory, n = 0. Since there are no spurious
poles, one might think that we should take half the above formula. This is correct but
misleading. The reason is that when n = 0 the same- and opposite- helicity structures
become degenerate, as visible from eq. (4.16). Helicity is simply not defined for n = 0.
One can verify that this happens whenever Oy, O, are spinning operators, of any spin.

The resolution is to rotate to a new basis near n = 0:

FE.reg E,opp
153 1 0 Tios
)= . (4.86)
TE,smg o (*J)J1+J2(J+1)\J1—J2\ 1 1 TE,same
123 (TH0) sy tao (D —sy 7 7 123

As the two structures degenerate, both combinations are smooth around n = 0. Since

the second structure 7755 has a non-vanishing double-discontinuity (in fact it has

poles 1/x3,), its coefficient is guaranteed to vanish in MFT. The fact that the two
structures become 77 effectively doubles the real n = 0 coefficient. In the rotated

basis (T)53%, T55™), the leading-trajectory data is thus given by

)\E,rotated)\E,rotated _ QF(‘] + ]-)2 « CJ CJ (_J)J1+J2(‘]+ ]')|J1—J2| L0
20 Twe e P2 +1) I+ Darn(=Dn-n \ oo

(4.87)

The above fully describes the OPE decomposition of ¢-channel exchange. To be
fully explicit, let us write out the s-channel OPE decomposition of the full MFT

correlator including identity in all three-channels, without any matrix, and including
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7 . ® ® ® ® ® c 7 . . ® ® ® ® c

68 . ® ® ® ® ® c 6 . . ® ® ® ® c

56 . ® ® ® ® ® c 5 . . ® ® ® ® c

48 . ® ® ® ® ® c 4 . . ® ® ® ® c

3r . ®©® ® ® ® ® «¢ 3 . ®©® ® ® ©® «¢

2 e e e e .« 2 e e e e

0 ) 5 5 . s . ; J o ) 5 5 . s . ; J
(a) two currents (J; = Jy = 1) (b) one current and one stress tensor

Figure 4.3: Spectrum of double-twist operators of the form [J.J],, ; and [JT),, ;. Dou-
ble circles indicate multiplicity: there is a single trajectory for n = 0 and two for each
n>1.

color indices in the case we have several currents:

gabcd,MFT — 6ab50d +

+ Z Z >\1E'2?9ame 4E32;1me|n’J (6bc5ad + (_1)J6a05bd) Gif]am& E,same

n>0 J>J1+Jo

+ Z Z )\1152(091)13 fg(onp (5b05ad + (_1)J6a05bd) Gif}pp, E.opp

n,J

+ Z Z /\102?;me)\%?;me|n7j (5bc6ad + (_1)J5ac5bd) GO same, O,same
nzl J>J1+J2

FE S A 0 () G O 4
n>1 J>Jo(n

where Jo(n) = max(|J; — Ja|, J1 + Jo — n) and the N’s refer to elements of (4.84a).

The last two sums run over half-integer n.

Typically, one would further decompose the global symmetry indices into s-channel
irreps, and symmetrical versus antisymmetrical combinations. The ¢ and u channels
contributions then effectively remove half the spins (the double-twist operators with
the wrong symmetry), and otherwise effectively double the coefficient.

Let us cross-check the above MFT spectrum. MFT operators can be written as
products of two operators and their derivatives: 9% 0,07O,; the game is to enumer-

ate linear combinations that are primaries. An equivalent exercise is to enumerate
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three-point structures of the form eq. (4.10) whose Fourier transform are polynomi-
als in . Although finding such explicit polynomials is somewhat cumbersome, it is
straightforward to count them by making a generating function. We now summarize
this exercise.

We make a generating function where a power ¢®2” represents an SO(3) multiplet
of dimension A and spin J (that is, 2J + 1 states). Starting from a scalar opera-
tor ¢ of dimension A, we could characterize its descendants in terms of symmetric-
traceless tensors, times Laplacian: (9" - -- 9"/ — traces)(9?)"¢, which contributes a

term ¢22"+/ 2/ Summing over n and J gives a generating function % which

7*)(1—2q
enumerates descendants of a scalar. Omitting steps, we find similar generating func-

tions for the descendants of conserved currents and generic primaries:

J J_,J
- generic __ Az + q(l + Z)qq—z

T 09— 7 T A=A -2

J+1ZJ

Z;onserved q (489)
For conserved currents, the dimension-one generator responsible for ﬁ is simply the
curl V x e, that is, the numerator of eq. (4.25). To find the primaries that enter the

OPE product of two conserved currents, we have to match the generating functions:

Zf};)nserved < Z;(;nserved — Z Cn,JZng-I;e-T;,J (490)

n,J
where the ¢’s are multiplicities of the various representations appearing. Putting in
the multiplicities from fig. 4.3 and comparing the series for various values of Ji, Js,

we find perfect agreement.

4.3.3 From Lorentzian inversion formula

Beyond MFT, the Euclidean inversion formula is less efficient as double-twist opera-
tors contaminate the cross-channel OPE. We should thus seek another way to extract
the relevant OPE data: using the Lorentzian inversion formula. As a warm-up, we
demonstrate that we can reproduce the above OPE data from the Lorentzian inversion

formula, using spinning-down technology. As we will explain, within this framework
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it is straightforward to disentangle physical and spurious poles, so this calculation
will also confirm the decomposition (4.88). In this subsection, we restrict attention
to parity-even four currents (“VVVV”) as a concrete example.

In d = 3, all bosonic conformal blocks can be written as spin-ups of scalar confor-

mal blocks. In embedding space, a convenient set of spinning-up differential operators

is [147]

. o 0 0 0
DY =74 (X, X:)— + (X, - Z XAX, —) — 24X, —
i 3 (( 7 J)aXA +( % J)asz ]( ? aXJ) J( ¢ aZj>> ’
- o ) o
ij _ A LX) A7, _ XA(X..
Dy =Z; ((Xz Xj)aXZA+X] (Z; 8Zi) XX ax))’
. 0 0 0
iy Ay B D p_Y
D,y = €apcpre Z; X| X o <Xj 0X,5 + Z; 8ZjE) . (4.91)

DY increases the spin and decreases the conformal dimension of ith operator by one
unit simultaneously. On the other hand, DZ increases the spin of ith operator by
one unit and decreases the conformal dimension of jth operator by one unit simulta-
neously, while the odd operator D;o only changes the first spin but not the dimen-
sions. Using these operators, (for example) our two parity-even three-point structures
(V1V50) can be constructed by acting on scalar three-point functions (O, 0,0) with

five spin-up operators

(K120)" = P, DI (010,00, DI = (DIiD3, Hyo, DIFDY, DEDI, DEDE )
(4.92)

where Hiy is
Hy, = 2((X1 <o) (21 - Xg) — (X1 - Xo) (41 - Zg)) . (4.93)

As mentioned previously, it is important to note that the operators act on differ-
ent three-point functions («) as the dimensions A; and A, are shifted differently

for different operators. For example, the first and the third structures are actually
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(D12D33, D13D31)(OA,+10a,+104 ), and the fourth structure is Di3D33(Oa, On, 1204 ).
Each of these can be written as a combination of the five basis monomials in eq. (4.4)
and ultimately we are interested only in the linear combinations which produce the
two conserved structures in our basis (4.16). We find that these combinations, when

acting on the “funny block” Gfﬁz LA—d+1, With external shadow operators are:

(A-3)(A-2) V2(A—3) +D(A-3)(A-2) (J+D)(A-3)(A—2) (JHD(A=3)(A-2)
V2(B+1)(d-1)  J(B+1)(4-7) V2(B+1)(4-7) V2(B+1)(4-7) V2(AA-J(J+1))
(D)7 +2) V2(I+2) J+D(J+2) D7 +2) (THD([T+2)

(4.94)

a __
w=

( f(ﬁ+1)(4 7) BEDA-1)(A-7) V2(J+3)(B+1)(4=7) V2(J+3)(8+1)(4-7) \/ﬁ(AA(J+5)(J+1)2(J+4)))

where 5 = A+ J and 7 = A — J. (The coefficients are different if we want to get
the currents instead of their shadows.)

After integrating by parts, the spinning-up operators D ) become spinning-down
operators, in our case Di *) = <D§;Dg, Dy,,, DADI2 DI2D3 D%%D}g) The spinning-
down operators can be constructed from weight-shifting operators in [148|, and we
find convenient to define them so they are adjoints to the above. This is readily done

using the operator Dz from eq. (4.8)°:

o 9 o d 0
ij 1A X X; - .__XA)(.__ Ay,
i =Pz, ((X >8XA+( Z)aZA i an) Z azj))’
0 0 0
_— A . — .. e e—
DU = D} ((X X)aXA Xia (d 1+ (X; aX,-)HZZ az))) ,
Dy, =2((X; - Dz,)(Dz, - X;) — (X; - X;)(Dz, - Dz,)),
o B, o 0
vy B D D
DiO — —€ABCDE DZ Xl 8XZC (X] 8X e + Z 8Z]E) (495)

These are adjoint to the D’s up to a spin-dependent factor which can be traced to

eq. (4.29), namely:

1
(J1 + 92) (S +1)

(DiTh g Trstm..) = (Trs D Tr41,0..) - (4.96)

6While D, now acts on an embedding-space 5-vector Z, the dimension-dependent factor 4=2

p
remains the same as in eq. (4.8). See ref. [47].



CHAPTER 4. HELICITY BASIS FOR THREE-DIMENSIONAL CONFORMAL FIELD THEORY 126

This identity makes it trivial to integrate-by-parts.” For DH”. there is an extra

1
(Jo+452)(J2+1)

pairing, because the integration variables are ultimately all gauge-fixed to a point.

since both spins change. Boundary terms cannot arise in the above

Interestingly, we find that Dg vanishes identically on conserved currents, so the
last three spin-down operators in our list vanish identically, reducing us to a two-
dimensional basis. It would be interesting to understand these simplifications from
the perspective of the bispinor formalism for AdS,/CFT;5 [174].

To find the spinned-down Lorentzian inversion formula, we now have two options.
The first, as described so far, is to insert the matrix in eq. (4.94) inside eq. (4.65)
and integrate-by-parts. Since the last three spin-down operators vanish, we can write

eq. (4.66) in terms of two-by-two matrices. Generally, we have®

(e,8) d—2
K dzdz |z —Z o N S S a -
Z £t / = Gfﬂrfl 1,A— d+l(z7 Z>dDISC[]P)a,a]P)b,ﬂDi 7/B)C:(Za Z)] )
(4.97)
where, from eq. (4.65),
R 41tz 1 01
— J'S'(i) (1) 570 P . (4.98)
1:J2:\5 J1 NJ1J2(9 1 O e
Explicitly, for J; = Jy = 1, the parity-even matrix evaluates to:
— J
PE — 2v2 « | 1 )(J+2) (J+2) (4.99)
(B =1)(r—2) 2 (a-1y |7’

(A=3)(A—2) ~ (A=3)

where only A1, = 0 appears in k and the block. For odd structures, in the spin-down

"For the odd operators, we only verified that D;o is the adjoint of D;o when acting on scalar
operators, sufficient for our purposes.

8There are no possible boundary terms because the potential limits z,Z = 0,1 are not really
“boundaries”. The limit z — 0 is regulated, on the Euclidean and Regge sheets, by the fact that A
is continuous and J > J,, respectively. Furthermore, as discussed in [43], the integral over dDisc
near z — 1 is defined most precisely as a boundary-free “keyhole” type contour integral.
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basis DY = (D13, D3;, D35 D1?),

1 —1
o _ _\/5 (J+2)(A-1) (J+2)(A-1) . (4100)
1 1

P
e D(A -2
(7+1)( ) J(A—3) J(A—3)

~

These matrices tell us how to convert the scalar inversion of the spinned-down corre-
lators (given below in eq. (4.102)) to OPE data in opposite/same-helicity structures.

There is a simple check: acting with the spin-down operators @Mﬂ?f on the
three-point spinning structure 77, we must get 67 times a canonically normalized
scalar three-point structure Tyoo. In fact this gives a second method to directly
find the matrix @a,aa by-passing the spinning Lorentzian inversion formula. We find
precise agreement between the two methods. (The second one being admittedly more
straightforward.)

These operators can be applied to any correlator. We now consider t-channel

identity exchange:

H23Hl4

G =
(—2X2 . X3)A2+1<—2X1 . X4)A1+1 ’

(4.101)
which gives for example the even spinned-down correlator DG

DG = = Zy(y + 1)(24y" +3y°(5 — 49) + 3y (547 + 3) + 1) — y(y + D(3y(45 + 3) + 1)
+3(H+ 1) Gy +7) +1)),
DPIG =y +1) (v —y@+ D)+ G+1)?)
1
DG =DG = —2y(g+1) (9 + 5 (1= 59) +y(7 + D57+ 1) =37 + 1* By + 1)) |

(4.102)

where we reparameterized the cross-ratios by (z = ﬁ, zZ= ﬁg)
Inserting in eq. (4.99) it remains to do the scalar inversion integrals of eqs. (4.102).
A good strategy is to expand in y — 0 to work out the integral over z twist-by-

twist. This also requires the lightcone expansion z — 0 for G J+d—1,A—d+1(%, Z) in the
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inversion formula (4.66), which can be done by noting (see, eq. (A.24) in [43])

K(B) b Zy\d—2 I—4 - -
—— (1= 2)"""(1 = )" *Gria-1.a- ~ B et d s om
/{(5—{—2}9)( 2)" 2) J+d—1,A d+1‘q7p ap~ ? g2m(Z)

(4.103)

where B, , can be recursively solved by the quadratic Casimir equation [43]. Moreover,

we can take use of the following integral formula to do the integral over z [43|

1) = [ G- gt e) avisd ()

32

(4.104)

With this strategy we can calculate the result analytically for any n > 0, and find a
simple common formula given below.

The case n = 0 is subtle as we discussed previously in subsection 4.3.2: the
structures become degenerate. In fact the whole matrix (4.99) blows up as 7 — 2.
The solution, as above, is to apply a further rotation to the basis in eq. (4.86). In the

(T3¢, TS5 basis, the matrix (4.99) becomes:

2J-1 J
@ggotated -9 _(J—l)J(J+1)(J+2)(2J+1) (J—1)(J+1)§i2)(2J+1) ’ (4.105)
2(J—1)J(2J+1) T a(J-D)(2T+1)

which is now nicely finite. The same rotation will also work in the computation of
anomalous dimensions in the next section.

For MFT correlators discussed here where D, G is actually a finite sum of powers
of cross-ratios times Gegenbauer polynomials, a more compact and comprehensive

trick is available to extract the OPE data, see appendix B.3.2. Our result, for n > 1,
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the coefficients of even (opposite/same) helicity structures are then:

1 J(J-1)

E \E _
Moo, = 2404273 (1 4 1)1 (n 4 J 4+ 1)1 0 (2n+J+1)(2n+J+2)
2 2 (2n+J)(2n+J—-1)

)

(4.106)

which is precisely eq. (4.84a) with J; = Jy = 1. For the leading trajectory, in the

rotated basis we find

)\E,rotated)\E,rotated _ 2F(J + 1)2 % J(J - 1) 10
1200 2430 s T PRI +1) T 16(J+2)(J+1) \ g0/

(4.107)

which again agrees with eq. (4.87) with J; = Jo = 1. This confirms that spurious

poles simply double the n > 0 trajectories.

4.4 Application to AdS,;/CFT;

The simplicity and diagonal nature of the mean field OPE encourages us to look at the
leading corrections. In this section, we study CFT3 current correlators that are dual
to bulk YM, gluon amplitudes at tree-level. The Lorentzian inversion formula will
give us the corresponding anomalous dimensions in terms ¢- and u- channel exchanges
of conserved currents.

These correlation functions have been previously discussed in momentum space.
Results are remarkably tractable thanks to the fact that YM, is conformally invariant
(at tree-level) and AdS, is conformally flat [161, 163, 135, 136, 175, 176]. Our goal is
to obtain the corresponding OPE anomalous dimension, which we will then compare
with the flat space limit in the next section. The flat space limit of AdS/CFT [16, 18,
21] (Rags — o0) has not been much studied for spinning operators (with a notable
exception [26]) and we feel it is important to clarify it. Similarly to the scalar case,
one may expect (massless) amplitudes to be encoded in the z — z° “bulk-point” limit
[23, 24|, or equivalently the large-twist limit of OPE data. This will be confirmed in

the next section.
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Figure 4.4: Witten diagram for (VVVV) with on-shell ¢-channel gluon exchange.
Two even and one odd coupling can be used in each vertex; u-channel is similar with
1 and 2 swapped.

4.4.1 Setup for current correlators

Our strategy is to use spin-up/spin-down operators to reduce the calculation to scalar
Lorentzian inversion formulas. The spin-down operators were described and validated
in section 4.3.3, acting on identity exchange in the ¢- and u-channel. The exchanged
operator is now a current, as shown in fig. 4.4. (Double-trace exchanges do not
contribute to tree-level accuracy, thanks to the double-discontinuity.)

From the CFT perspective, each current exchange involves two parity-even and
one odd coupling, described below eq. (4.108), which maps one-to-one with bulk on-
shell three-gluon couplings. These can be obtained from a bulk Lagrangian including

higher-derivative corrections:

a va 0 a Tpva abe va b c I 17 vagr pbr ouc
Fu ™ 4 o Y VN (gHF“ B E + gn B F”pF”M>+"'

£:

B 493{1\4
(4.108)

where F w = %EWUPF ?7. We show that in appendix B.1 that the couplings satisfy:

(el) _ 9gym (e2) gu (02)

9dun
— ) -5 /A A - =
VT v YT eve Y T e

(4.109)

where the structures refer to the even/odd basis in eq. (4.14). (We recall that the

first structure is the “opposite helicity” one which generically exists for spin J > 2.)
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Having stated this dictionary, in this section we shall present results in terms of the
CFT couplings /\g)vv-
We consider only the parity-even couplings. There are then four ways to dress the

the graph in fig. 4.4:

G111, Yang-Mills vertex to Yang-Mills vertex,
GGy, higher-derivative vertex to higher-derivative vertex,
G12, Yang-Mills vertex to higher-derivative vertex,

Ga1, higher-derivative vertex to Yang-Mills vertex. (4.110)

In each case the t-channel block can be written as the spin-up of a scalar block, so
after spinning down Dic’d)G(z, Z) in eq. (4.66) gives a 8th order differential equation
acting on scalar blocks. The cross-channel scalar blocks themselves are not known in
closed form; in appendix B.3.3 we provide the series expansion of the log z term to
any order in z, which is sufficient to calculate anomalous dimensions exactly, in terms
of (y==z2/(1—2),y=(1—2%2)/%2), i.e., eq. (B.38). For example, at the leading order

in the lightcone expansion y — 0, we find

9y(g+1) (7°+2752+6755+1225) 3y (3% —2952—1235—75)

logy [ — 327972 47772 2
DGn = T 3y(3g3729g2y7123g775) 2y(9§y2+2617+9) +0(y"), (4111)
457/2 - 7572

where we parameterize y = z/(1 —2),y = (1 — 2)/Z. At the leading order, DG4, has
the same expression as D G, but differs at the second and higher orders. Up to the
leading order, D ;G2 = D Gy is

By(5+5) (72— 952 +1715+245)  3y(7°+52—95-25)

SIOgy - 3279/2 Aq7/2 2
DyGha = o7 99-2) (o agrs) | TOW). (4112)
457/2 - §5/2

The above expansions eq. (4.111) and eq. (4.112) would then be used in principle
to obtain the leading-twist anomalous dimensions by simply integrating over ¢ using

the formula (4.104). As discussed in subsection 4.3.2, the leading-twist analysis is a
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bit subtle due to a degeneracy in three-point structures, and is discussed below. As
the rotation in eq. (4.86) removes all divergences, the anomalous dimension can be

computed using just the logarithmic term in eq. (4.111). Nontrivially, we find a result

10
proportional to the leading order matrix , as required by the fact that there

00

is a single leading-twist family (the number of operators can’t change under small

perturbations). The anomalous dimension is then’

4__ 1133 2_ e e e e
Milpeo = — <(§_ﬁfﬁf§i‘;_fﬁf§f§) (W) + (WA)?) + ﬁ)\\/l\/v)‘vzvv> (T +(-1)'0).

(4.113)

At subleading twists, the calculation uses analogous expressions together with the

s-channel expansion (4.103) and (4.104).

4.4.2 Anomalous dimensions: Yang-Mills case

This yields the anomalous dimensions as analytic functions of 3 for fixed n > 1.
Including the P matrix in eq. (4.99), we obtain (c¢v) s, which we then divide by the
generalized free OPE data (4.77) (with J; = J; = 1), to arrive at anomalous dimen-
sions. It is important to include both ¢- and w-channel identity in the denominator,
which effectively doubles it as discussed below (4.88). In the pure Yang-Mills case we
find:

4 4
128\ )2 . Vo_p o=V~ Goaanis T “on+p—2
NE = o (T + (-1)’U) diag 2 2 ® )(64 ) )

¢§—n_ 1/’§+n+2 + (B+2n—4)(8+2n-2) 3B
(4.114)

Y

9Since the second structure T}; 5" has a nonvanishing discontinuity, its ~ (A%f%)vy OPE coeffi-

cient will be required to predict the one-loop dDisc, in addition to the given anomalous dimension.
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where diag represents the diagonal matrix, and we have factored out 7- and U-channel

color structures
T — fbcefade7 U = facefbde ) (4115)

These should be viewed as operators acting on the initial pair, for example both have
the eigenvalue T, U + C4 when acting on a color-singlet state §?°.

Eq. (4.114) (for n > 1) gives the CFTj5 analog of the four-point Parke-Taylor
amplitude. We note that to all orders in the 1/, the two entries are related by the
reciprocity relation  — 2— 3, which could have been anticipated from the off-diagonal
nature of the light transform in eq. (4.57). The fact that it is diagonal will match
with the vanishing of non-helicity-conserving flat space amplitudes at tree-level.

The Yang-Mills self-interaction also gives diagonal anomalous dimension the odd

double-twists (which have half-integer n):

(wg_n— Von — m) (T - (=1)"0)
<¢ﬁ_n— Vo, t m> (T +(-1)’0)

2

o _ 128001 )2
=z

diag

4.4.3 Higher-derivative corrections

Let us now record the pure higher-derivative corrections, which involve purely alge-

braic expressions:

(n(B—1)+2)(4n2+8(B—1)n+(8—2)B+4)

J
VB = 120G 4100 [ Er-B-2)Cn-B)n-Br2@n—ATD (=T - (=1)'V) (4.117)
22 w2 (n(B—1)-2)(4(n+1)2+52—2(4n+1)B) A N ’ :
(2n+p—4)(2n+5—2)(2n+p8)(2n+5+2) (_ - (-1 )
(n(B—1)+2) (4n2+8(B—1)n+(8—2)B+4) J
10— 20 oo e e e (- (C1)) (4.118)
22 w2 (n(B—1)—2)(4(n+1)2+82—-2(4n+1)8) T NU :
(2n+B—4)(2n+B—-2)(2n+B)(2n+5+2) ( + (_ ) )

The even and odd matrices are identical up to some signs, and again reciprocity
B — 2 — 3 swaps the trajectories up to a minus sign.
The G2 contributions (one Yang-Mills and one higher-derivative vertex) violate

helicity conservation and give purely off-diagonal anomalous dimensions. Since the
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Lorentzian inversion formula gives us (¢y)a, we divide the off-diagonal terms by the

geometric mean of MFT coefficients to define a symmetrical anomalous dimension

matrix y75" = y57:
VE = 1282l A —4n(B—1)4/(B—2n)(B—2n+2)(B(6—2)+4n>~4)(T+(-1)'U) 01
12 2 (B—2n+2)(B—2n)\/ (B—2n—4)(B—2n—2)(B+2n—4)(B+2n—2)(5+2n)(B+2n+2) 10

(4.119)

The odd 7y is the same and 79 is also identical up to an overall minus sign (such
that the sum vanishes: 7% + 8 = 0, which will be in agreement with symmetries of
the scattering amplitude).

We end this section by giving the large-n limit of above anomalous dimensions,

which will be compared in the next section with flat-space 2-to-2 gluon scattering

amplitudes:
(=) 1 —log(2n) + 2 —
Y o = O (T 4 (1)U ding Yomr = log(2n) + 5 = gy |
Y41 — log(2n)

2O = 28OV (1 = log(2n) = 5735) (T = (=1)’0)

llnsoo = — 52— ’

(541 — log(2n))(T + (-1)'U)
12n (FT+(-1)70)

E/O _ 1808 | eI+ D(+2)

Ya2 |n—>oo - 2 ,
0 0

~E/O| _ G —n(TH(-1)7U) 01

12 n—o00 2 \/(J—l)J(J+1)(J+2) 1 0 )

E/O 1280 DA 22 ry (—1)) 01
S R : (4.120)

V(T=1)J(J+1)(J+2) 10

We note that each higher-derivative correction )\5/6‘2/)‘, comes accompanied with a power
of n? ~ s, as expected from bulk dimensional analysis. Furthermore, we see that the

difference between even- and odd- same-helicity anomalous dimensions vanishes at



CHAPTER 4. HELICITY BASIS FOR THREE-DIMENSIONAL CONFORMAL FIELD THEORY135

X3

Xy

Figure 4.5: Bulk-point kinematics in Lorentzian cylinder of AdS. X; and X, are at
Lorentzian time —7/2, X3 and X, are at Lorentzian time 7/2, where particles are
focused on the bulk-point P.

large-n:

same same 128 >\(e1) 2 6 T + _1 JU 1
e __owme _ 18O 6+ (C1'V) 1 -

2 (g —|—n—2)4 n4

This indicates that the same-helicity amplitude M, ,, vanishes in the flat-space
limit (as expected). However, we find it remarkable that it is not identically zero
in AdS space. This suggests that, in a more precise treatment where the flat-space
limit is defined as R — oo as opposed to s — oo, a distributional term near s = 0
may survive; such terms could potentially give a new perspective on four-dimensional

unitarity and the rational one-loop amplitude M$2L++. We leave this to future work.

4.5 Large-n limit from gluon scattering amplitudes

There is a close relation between the anomalous dimensions at large dimension in
a CFT,; and the scattering amplitude of a dual QFTy,; in the flat space limit of
AdS. This can be seen for example by considering kinematic configurations which

focus particles — such as the analytically continued z — Z “bulk-point” limit, see
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for example [16, 18, 21, 22, 23, 24|'°. For massless external particles (dual to our
currents), since the past and future states are connected by time 7 on the cylinder, the

scattering phase is related to CFT anomalous dimensions by the simple dictionnary

1
Tndlnsoo = —=ay, sR*=4n®, (4.122)
m

where a; is the partial-wave amplitudes with angular momentum .J, s is the Man-
delstam invariant of the bulk scattering process, and R is the AdS radius. We often
take R = 1 below for simplicity and take s # 0, so the limit is equivalent to n — oo.
(In general the amplitude maps to a weighted average of anomalous dimensions. A
one-loop example is provided in [106].) We expect this relation to work for spinning

operators as well, for suitably defined partial waves.

4.5.1 Partial waves in massless QFT},

Two-particle scattering states in QFT, can be organized according to their SO(3) spin
in the rest frame of their total momentum, P = p; + po. Since rotations commute
with helicity, we can choose a basis of states with definite helicity. For definiteness,
we focus here on the case of two massless spin 1 particles.

We use the spinor-helicity formalism where each null momentum is factorized into
a product of spinors, p; = |i](i|, see [178]. Under little-group rotations of spinors |i]
and |i) by opposite phases, a state of helicity h transforms like |i]*". We treat two-
particle states like a massive particle of momentum P and spin J, which in index-free
notation is a polynomial ~ |e)?/ in a left-handed spinor |¢). (There is no need to
use right-handed spinors, since P can be used to convert one into the other, see

[179].) Lorentz and little-group symmetries then uniquely fix the matrix elements of

0This kinematic configuration is, however, modified if external particles are massive |25, 93, 3,
177).
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: J.
two-particle states W+ :

<2_1_’\PJ >: <€1>J<62>J <2+1_|\IJJ >: <€1>J+2<€2>J 2
— = {2 Ty
(e1)”(e2)” (1) (e2) ™ 12
EIHwl) = L 27 1Hw] ) =
T (12)a2) - (12)7
More precisely, symmetries fix the states up to a power of s = —P?, which we chose

so that all states have the same dimension. We further define the state |¥j , ) to be
orthogonal to gluons of other helicity.

In the above kinematic factors we treat the two particles as distinguishable. These
are related to actual gluon states by adding color labels and accounting for Bose

symmetry: fully decorated states can be defined as
(3hacqhad|\pihab y — godgbegnigs (3hsqhs |y, Y 4 gaegtiopa s (haaha|wyl L YL (4.124)

Since interactions can change helicities, the action of the S-matrix on these states

takes the form of a 4 x 4 matrix:

SIT) wnn) = > Sy N pa) + multi-particles . (4.125)

h3,ha,c,d
As is customary, we subtract the identity part: S = 14174, where A is the scattering
amplitude. In the 2 — 2 sector, S7,** = $(8103 +0763) +iafy*, where we use collective
indices in §f = 62;‘53. The partial wave a is then simply the amplitude in the |¥)

basis:
o’ = A |V7), (4.126)

which can be computed as a phase-space integral. To be fully explicit with indices
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(see also eq. (2.16) of [180]):

o) hadhse _ Z dq (3"eahd| ALy 27, ) (12 W )
hia,hab 647T2 <3h34h4 ’\If >
h’ Jhal b h3,hq
1 dQ) <1h1 hQ\\Ilhl h2>

—— (3hacqhad| A|10 20 ) (4.127)

" 167 ) 4r (3haaha| W]

The second form will be particularly useful for calculations. Notice that the two terms
in eq. (4.124) simply canceled the symmetry factor % In this integral, ps and p, are
held fixed and df) represents the solid angle of p; in the rest frame of P.

The angular integral can be conveniently parametrized in terms of spinors via

[181]
1) = cos f|4) —sin#e'®|3), |2) = sinfe ?|4) 4 cos|3), (4.128)

with analogous expressions for the conjugate spinors |1] and |2] with the phase re-
versed ¢ — —¢. In the rest frame of P, the variables 6 and ¢ represent physically

(half) the azimuthal and polar angle with respect to p;. The measure is then

/ i /zﬂ d¢ " sin (20)do . (4.129)

It is important to note that both the numerator and denominator in eq. (4.127)
depend on |€), p3 and py, in addition to the integration variables 6, ¢. However, since
the result of the integral is determined by symmetry, the ratio after doing the integral
is guaranteed to be a pure number independent of these variables.

This method allows us to define partial waves without having to worry about
the normalization of the states. The idea is that the eigenvalues of the matrix 57,43

map to weighted averages of CFT anomalous dimensions e~*™. To leading order in

perturbation theory, this relation gives simply, as quoted:

1
LA _;a{;ﬁ. (4.130)
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Surprisingly, the exact same relation has an interpretation purely in the context
of QFT: the phase of the S-matrix acting on form factors of local operators gives
the dilatation operator of the QFT: SF* = e~ F* [180]. This was used there to

compute anomalous dimensions of local operators of a QF T}, as labelled by their two-

2 +-—

particle form factors. (For example, the infrared-safe combination 4}, "+ — 3 _

acting on a color-singlet state computes the QCD B-function.) Here 77,** instead

gives holographically a CFT3 anomalous dimension (n) where 4n? = sR? is large. It
is amusing that anomalous dimensions in the bulk QFT;,; and boundary CFT, are

computed by literally the same formula.

4.5.2 Anomalous dimensions in Yang-Mills theory

On-shell amplitudes in YM, are recorded in appendix B.4. We use these on-shell
amplitudes together with eq. (4.127) to extract the corresponding partial-wave am-
plitudes, from which we will find perfect agreement with CFT eq. (4.120).

We begin with the pure Yang-Mills theory, then add higher-derivative corrections.

4.5.2.1 Pure Yang-Mills

Using Yang-Mills amplitudes eq. (B.45), we can readily evaluate (4.127). For example,

we obtain

2m 3 .
(aYM2)_+ = M%/ dqf)/ df({e4) cos O — (€3) sin fe'®)’ T2 x
0 0

((e3) cos @ + (e4) sin e ) 2 cos* § x (T cot § + U tanf) ,

27 5 ' ‘
(aYM2)_Jr = M#)"“/ d(b/ dfe*™® ((e4) cos @ — (€3) sin e'?) 2 x
0 0

((e3) cos O + (e4) sin fe~"?)" T2 sin* @ x (T'cot @ + U tan ), (4.131)
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and (aYM*),_ ~+ = (a"™")__ *~ when the integral is evaluated. Same-helicity partial-

wave amplitudes give

2w z
(@™~ = (M), = Wg(%/ d¢/2 df((e4) cos @ — (€3) sin He'?)’
0 0
((€3) cos 6 + (e4) sinfe*?)’ x (T cot @ + U tan®) , (4.132)
and other helicity-violation terms identically vanish, e.g., a_y =~ =a__ "7 =0. It

is worth noting that above integrals fail to converge due to IR divergence. In the
context of computing UV anomalous dimensions in QF T, these could be subtracted
using that the stress-tensor is protected [180]. However, in our context these reflect
physical divergences of bulk anomalous dimensions as Rpqs — co. We thus regularize
the above equations by introducing a small-angle cut-off € < 6 < 7 — ¢ which we will
then compare with the bulk cutoff n — oco. The azimuthal integral can be readily

evaluated, which gives

YM? - 2 1 3 342 J
(@) 7" = =T (e Hloge + b 4§~ Gaigry + o) T+ wmonh (CDU
YM? -_ % 1 3 J 3¢3
(@) 77 = =B (g loge + ¥y 1 + 2 — iy + o) (CDU + 5024 T
(@™ = (@) = _ S (ve +log e + ¥y (T + (—1)7U). (4.133)

dr

As a simple check, acting on color-singlet states (7, U — C4) and taking large spin,
we reproduce the famous logarithmic scaling of gauge theories, v = =2 — —i—gYM log J.
To compare with anomalous dimensions evaluated in CFT, we should rotate to

parity basis

(a"™M)F = ldiag (@™) T+ (@) T (+ e )
2R @) (@)
1 a™)_ = (@)t 4 (e -
(aYM2)O = Ediag ( YM2> " ( YM2) ! ( ) , o (4.134)
(@)= 77+ (@) T
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where (+ <> —) denotes flipping all helicity. Imposing following simple identification

(4.135)

and using )\gf‘l/)v = gym/(16V/2) from eq. (4.109), we then find a perfect match with
the CFT anomalous dimension in eq. (4.120):
E/0 _ 1 YM*)E/O (4.136)

N1 Inseo = —=(a
T

4.5.2.2 Higher-derivative corrections

Let us start with the pure higher-derivative interaction (e.g. at both vertices). Using
the amplitudes recorded in eq. (B.46), we can immediately conclude that (a"*)__ —~ =
(a™*) .+t =0, because MI{{QLM 4, only have s-channel pole and thus is evaluated
to be identically zero, which nicely agrees with predictions from CFT. On the other

hand, (a"*)_, ~* and (a™")_, *~ contributes with T and U factors separately, giving

27 3 ;
(@)™ = s [ do [ do((et) cont — (e3) sin) 2
0 0
((€3) cos O + (e4) sin 06_i¢)‘]_2(008 9)3 sin 0(cos(20) — 3) x U,
2T z
(™) 4 = g O / dg / " d0e" ((ed) cos 0 — (e3) sin 0c™®)’ 7 x
0 0

((e3) cos O + (e4) sin fe@)7 2 (sin §)* cos O(cos(20) 4+ 3) x T'. (4.137)

We can readily evaluate the integrals and find

3 2 .2
(@)s ™t = o

— M7 (1)U, (@)t = 305" T (4.138)
A2 (] - 1), ’ - '

CA4m2(J - 1)
and simultaneously flipping helicity + <> — gives the same answer. Rotating to the

Even/Odd parity basis readily gives

(aHQ)E/o _ 3ggs? (FT+(-1)U) 0

— M 4.139
47T2(J — 1)4 O O ( )
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Using A%, = gx/(8v/2) from eq. (4.109) and s = 4n? from eq. (4.122), we achieve a

perfect agreement with CFT anomalous dimensions from eq. (4.120).

1
VO oo = —;(aHz)E/O. (4.140)

The contact ambiguity that has the same scaling dimension as the a?% interaction
(see eq. (B.46)) affects the J = 2 OPE data, making the preceding partial wave valid
only for J > 2. We believe that all other results are valid for J > 1 (with similar
comments applying to the Lorentzian inversion formula results from the preceding
section).

Finally, let us look at the product of Yang-Mills and higher-derivative couplings.
Here, there are two kinds of amplitudes, for example M__,  and M_, ., which is
not symmetric and thus give slightly different partial-wave amplitudes that form a
non-symmetric and anti-diagonal matrix; eigenvalues of the resulting matrix should
agree with CFT eigenvalues from eq. (4.120) (that is, we only compare up to similarity
transformation).

mix for M____ type mixing reads

For example, we find some of (a™*) = a|

9gYMIH

2T 5 ‘ 4
(a™)_, " = _—sng\){?(}ii)" / dqb/ dfe™?"((e4) cos @ — (€3) sin fe'®) T2 x
((e3) cos O + (e4) sin e ")’ "% sin(26) x (T cot § + U tan6),
3
7T<€3>J 2<€4>J—0—2

2
(a™X)__ T = —___ovugns__ / d(b/ dfe? ((e4) cos 0 — (€3) sin fe'®) x

((e3) cos O + (e4) sin fe @)’ sin® § cos® @ x (T cot § 4 U tan6) . (4.141)

(a™x)_, T+ gives the same as (a™*)_, =, and (a™*)__ ~* is similar to (a™*)__

but flipping €% — e~2®. Though the integrand looks a bit different when we flipping
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+ <> —, we find they give the same result

(@) 77 = (@) =~ (T4 ((1)'D),
(amix),, —+ _ (amix),, +- _ gymgus (T + (_1>JU) : (4.142>

8r(J+1)(J+2)

and the same for flipping £+ — F. Now we can rotate to the parity basis. To
compare with CF'T calculation where we record 715 and 79, separately, we should be
mix mix.

careful about clarifying af3* and afi*: ;5 corresponds to a™* with different helicity

in (ha, h3) , and ~y9; corresponds to a™* with same helicity in (hg, h3). We find

. 1 0 amix LT+ amix _ ++
(ar11121x)E/O _ . . ( ) + ( )—i— ’
2 (amlx)__ “+— + (amlx)++ —+ O
. 1 0 amix B ++ + amix -
(@) E/0 = 4= . _ (@) @™+ . (4.143)
2 (amlx)__ —4 _|_ (amlx)++ +— 0

The signs work out so that, when we add the contributions from the two vertices, the
parity-even part doubles and the odd part cancels out (a$, +a$;, = 0), as found in the
preceding section. Using the dictionary A%, = gu/(8v/2) and X%, = gu/(161/2)
from eq. (4.109) and s = 4n?, we find that the eigenvalues of a™> precisely coincide
with v12 and 791 in eq. (4.120) up to —1/m, i.e.,

1 .
/yE/O‘ ~ __(amlx)E'/O’ (4144)

n—oo T

and ~ denotes the equivalence up to similarity transformation.

4.6 Conclusion

In this paper, we introduced a helicity basis for conformal blocks of conserved currents
of any spins in three-dimensional CFTs. We observed that the concept of helicity is
conformally invariant (see subsection 4.2.2) and can be defined without reference to

any particular formalism such as momentum space. This ensures that the helicity
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basis plays nicely with crossing symmetry. We found evidence of this in the OPE de-
composition of mean-field correlators, which turns out nicely diagonal (see eq. (4.76),
and we further computed the CFT3 OPE data dual to tree-level gluon scattering of
Yang-Mills theory in AdSy, including higher-derivative corrections.

The YMy calculation was done using the spinning Lorentzian inversion formula
(see eq. (4.114), (4.116) and following), which gives the OPE data for sufficiently large
spin J > J,, where we expect J, = 1 without including higher-derivative corrections
and J, = 2 with them. The anomalous dimensions follow a simple diagonal / off-
diagonal pattern and precisely match, in the large-twist limit, with the partial waves in
the flat space limit of the bulk theory, shown in eq. (4.120). We found a simple one-to-
one dictionary between on-shell three-point interactions in bulk AdS; and three-point
helicity structures (see eq. (B.14)).

We expect that a calculation of the 65 symbol (also known as crossing kernel) in
the helicity basis could thus greatly help bootstrap calculations involving conserved
currents and stress tensors in 3d CFTs. We expect the 65 symbols to be diagonal in
helicity basis. It is also worth exploring if the helicity basis could also help numerical
work by diagonalizing certain steps.

In higher spacetime dimensions, whether a basis exists which would diagonalize
mean-field correlators remains an open question. Better understanding the flat-space
limit of massless-massless-massive three-point functions could shed light on this ques-
tion.

In perturbation theory, our findings pave the way for a study of loop corrections
in YM, with a four-dimensional treatment of infrared effects. Compared with flat
space, AdS physics comes with a built-in infrared regulator, and an interesting fact is
that leading double-twist states (the n = 0 trajectory) do not have a definite helicity
(see eq. (4.87)). The notion that zero-energy gluons do not have helicity resonates
with findings from the asymptotic symmetry context (see for example [182]), and it
would be interesting to make this connection closer. Eq. (4.121) suggests that the
tree-level amplitude for four same-helicity gluons is not identically zero even in flat

space, but retains a sort of distributional component around zero energy, which could
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be important for unitarity calculations in flat space.
Nonperturbatively, we expect the helicity basis to be particularly convenient for
uncovering the implications of crossing symmetry on stress tensor correlators in CFT

and the dual gravitational physics.
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Chapter 5

Graviton partial waves and causality

in higher dimensions

5.0 Bridging section

In the last two manuscripts (Chapter 3 and 4), we discuss the flat-space limit of AdS
scattering amplitudes. The precise definition of the flat-space limit is to take the AdS
radius large compared to any other length scales such as the impact parameter b, the
string length /,, and the Planck length ¢,;. The precise hierarchy is Raqs > b > {5 >
(p1. For massless particles, such limit is also phrased as the bulk point limit because
it ensures particles almost shot into a single point in the AdS bulk.

In Chapter 3, we show that all existing frameworks for achieving the flat-space
limit can be related to each other. The origin of those formulas is the holographic
reconstruction of wave packets in the AdS bulk in terms of conformal operators on the
boundary. However, our starting point is the low-energy perturbative constructions
of the smearing kernel. We know nothing about any UV and non-perturbative aspects
of this formalism.

A similar situation happens in Chapter 4. We have to restrict our explorations
of four-point gluon amplitudes to the perturbative AdS EFT regime. The reason is
that we do not know any details of the underlying UV theory.

Although we do not assume any underlying UV theory, the Wilson coefficients of

146
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low-energy EFT encode some information about the UV theory. One can build the
dispersion relations of amplitudes to relate the EFTs and UV theories. One can make
use of the dispersion relations to carve out the allowed space of Wilson coefficients
by only assuming the causality and the unitarity in the UV, see, e.g.,[77, 80, 81, 82,
83, 84, 85, 86, 87, 88| in flat space. The compatibility between AdS and flat-space for
the allowed space of Wilson coefficients is the first step to making sense of defining
the UV S-matrix from AdS in the flat-space limit. [33] proves this compatibility for
scalar correlators. The authors of [33] show that the constraints of flat-space Wilson
coefficients can be uplifted to AdS space up to small errors under the Regge limit
Raas ~ b > ly > (. This finding suggests that scalar EFTs in AdS can define
scalar EFTs in the flat-space at the large AdS radius by predicting the correct Wilson
coefficients and vice versa.

In this manuscript, we study the constraints of Wilson coefficients for gravitational
S-matrix. Although there is no definitive proof of uplifting spinning EFTs, we uplift
our rigorous bounds to give central charge bounds of holographic CFTy, see (5.30).
In the future, if any researchers successfully establish the dispersion relations for
stress-tensor correlation functions, they can use that dispersion relation to precisely
bound the central charge ratios. Our uplifted bound will then provide a comparison.
Therefore, our findings pave the way to understanding how stress-tensor correlation
functions can predict gravitational S-matrix and vice versa.

In summary, we directly deal with the perturbative relations between AdS ampli-
tudes and flat-space S-matrices in the last two Chapters, which is the efforts to answer
Q1 in the introduction. On the other hand, this Chapter provides the necessary in-
gredients for the future to bridge AdS amplitudes and S-matrices as gravitational
EFTs controlled by an unknown UV origin, paving the way to understanding Q2 in

the introduction.
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5.1 Introduction

Relativity and quantum mechanics lie at the heart of particle physics. Notions such
as relativistic causality (“signals cannot move faster than light”) naturally lead to
the concepts of waves, fields, and particles as force carriers [8|. Gravity challenges
this unification; for example the precise meaning of causality in a fluctuating space-
time remains unclear. In this Letter we study a situation where causality can be
unambiguously stated, and is in principle experimentally testable.

Our setup is 2 — 2 scattering between initially well-separated objects in a flat
Minkowski-like region of spacetime. A notion of causality is inherited from the flat
background, and encoded in the mathematically precise axioms of scattering (S-
matrix) theory. It can be used to constrain gravity itself. Consider higher-derivative

corrections to Einstein’s gravity at long distances:

S= [ LR+ 50+ 40T+ GO0+ ), (5.1)

where C?,C3,C" are higher-curvature terms defined below. Weinberg famously ar-
gued that any theory of a massless spin-two boson must reduce to GR at long distances
[183]. This was significantly extended in [77], who argued that the parameters c; must
be parametrically suppressed by the mass M of new higher-spin states. In parallel,
S-matrix dispersion relations have been used to constrain signs and sizes of certain
corrections [81, 80, 184].

Recently, by combining these methods we showed how to bound dimensionless
ratios of the form |o; M| in any scenario where M < M, such that corrections are
larger than Planck-suppressed. However, these bounds featured the infrared loga-
rithms that are well known to plague massless S-matrices in four dimensions.

In this Letter we present rigorous bounds in higher-dimensional gravity, where
infrared issues are absent. We overcome significant technical hurdles regarding the
partial wave decompositions of higher-dimensional amplitudes. The resulting bounds

have interesting applications to holographic conformal field theories.
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5.2 Four-point gravity amplitudes

5.2.1 Four-point S-matrices and local module

We treat the graviton as a massless particle of spin 2. The amplitude for 2 — 2
graviton scattering depends on the energy-momentum pg and polarization 59‘ of each.
It can be written generally as a sum over Lorentz-invariant polynomials times scalar

functions:

M = ZPOly(i)({pj, ;1) % MO (s,t). (5.2)
(i)
We use conventions in which all momenta are outgoing and Mandelstam invariants,

satisfying s +¢ 4+ u = 0, are

s=—(pi+p2)?, t=—(potp3)®, u=—(p1+ps)> (5.3)

In kinematics where pq, ps are incoming, s and —t are respectively the squares of the
center-of-mass energy and momentum transfer.
The allowed polynomials in (5.2) are restricted by the fact that graviton polariza-

tions are transverse traceless and subject to gauge redundancies [178|:
pip = Pie; = €56, =0, & >¢ej+#p;. (5-4)

Depending on the choice of spanning polynomials, the functions M (s,t) may de-
velop spurious singularities which would complicate their use. As explained in [185],
there exist special generators of the “local module” such that any amplitude that is
polynomial in polarizations and momenta leads to M®’s that are polynomial in s

and t. These can be simply presented using gauge- and Lorentz- invariant building
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blocks:
Hiy = Fl’“ijf#, Hios = Fl’ijQ”UFg“,
Higzq = Ff,,FzygFg?prw Vi = pa Y, ps (5.5)

where F! = pl'e;, — el'p;, is proportional to the field strength. We define H’s with
other indices by permutation, and V; by cyclic permutations.

In this notation, any S-matrix involving four photons (thus homogeneous of degree
1 in each of the vectors €/) can be written as a sum of seven terms, involving three

basic functions [185]:

My, = H14H23M$y)(3, u) + X1243M£127)<57 u) + cyclic

+ SMP (s, 1). (5.6)
Here, we introduced the shorthands X and S:

1 1 1
X934 = Hiogy — 7Hi9H3zq — 7 Hi3Hoy — {H1aHog,

S =ViHosy + VoHsg1 + VsHyro + ViHyos . (5.7)

Thanks to Bose symmetry, all basic functions Mf@(a, b) are symmetrical in their two
arguments, while the third one is further invariant under all permutations of s, ¢, u,
since S is fully permutation symmetric. The combination X enjoys improved Regge
behavior (discussed below).

The general four-graviton amplitude M can now be written using all products of
the photon structures, supplemented by the element G equal to the determinant of all

dot products between (pi, pa, p3,€1,€2,€3,€4). The resulting 29 generators organize
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under permutations as two singlets, seven cyclic triplets, and one sextuplet [185]:

singlets: GMW (s,u), S2MI (s, u),

triplets: Hi, HaaM P (s, 1), HiaHiz Hag Has M) (s, 1),
H14H23(X1243—X1234—X1324)M(4) (s,u), X12243M(6)(3, u), X1234X1324M(7)(3, u),
Hi4Hos SM® (s5,1u), X1243S MO (s, 1),

sextuplet : H12H34X1243M(5)(5, u). (5.8)

These constitute a basis in generic spacetime dimension (D > 8); lower dimensions

are reviewed in appendix C.1.

5.2.2 Regge limit and dispersive sum rules

At low energies, the effect of quartic self-interactions in the effective theory (5.1) is to
add polynomials in Mandelstam invariants to the amplitudes M®: this is a defining
property of the local module !. We would like to use the assumption that graviton
scattering remains sensible at all energies to constrain the size of these interactions.

Our axioms are best stated using smeared amplitudes:

Ma(s) = / dpb(p)M(s, —?). (5.9)

As argued in [130, 33, 5, 186], for suitable wavefunctions W, causality is interpreted as
analyticity for s large in the upper-half plane, while unitarity further implies bound-

edness along any complex direction:

|IMy(s)| < s X constant . (5.10)

§—00

The essential conditions on W(p) are: finite support in p (required for analyticity of

My ), and normalizability at large impact parameters (ensuring boundedness).

'We omit terms with Riemann scalar and Ricci tensors from the action, since they are proportional
to Einstein’s equation of motion hence removable order-by-order in the low-energy expansion. The
structure which multiplies C? in (5.1) is thus equivalent to the Gauss-Bonnet coupling.
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H12 H13 H14 X1234 X1324 X1243 X1234_X1324 S g

Sl 81 80 82 82 81 Sl 82 82

Table 5.1: Behavior in the fixed-¢t Regge limit of polarization structures, omitting
some simple permutations, i.e. Hgy~H1s.

The bound (5.10) is assumed for polarizations that do not grow with energy.
The behavior of the scalar functions M® can be deduced from the Regge scaling
of the polarization structures they multiply; leading growth rates are recorded in
table 5.1. An important observation is that the leading terms are not all linearly
independent, for example while both X934, X304 ~ 52, their difference grows more
slowly. The coefficients of these structures inherit the opposite behavior. For example,
the (smeared) photon amplitudes M%)(s,t) + Mg)(u, t) are bounded by constants

Land s, respectively.

times s~

We say that a dispersive sum rule has Regge spin k£ if it converges assuming that
M /s¥ — 0; our axioms above state that sum rules with & > 1 converge. As can be
seen from (5.8) and table 5.1, M ~ s* implies M®) ~ s~ ensuring convergence of

the following integral at fixed t = —p? (with u = p? — s):

d
B () zf = [M] =0 (k> 2 even). (5.11)

471 (—su) 2~

This identity yields a Kramers-Kronig type relation between scattering at low and
high energies, by a standard contour deformation argument. Namely, one finds a low-
energy contribution at the scale M < M, which is EF'T-computable by assumption,
plus a discontinuity at high energies s > M? (see [5] for more detail). See appendix C.4
for the low-energy amplitudes.

A salient feature of graviton scattering is that many sum rules, like Bgl] above,
have no denominator: only the poles of M contribute at low energies. Acting on the
low-energy amplitude (see (C.40)), it yields:

1 a2y 2}
——z P

— — Pls ®3)
81G [2])2 + 16 / (s — u)ImMW¥) (s, u). (5.12)

M2 T
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The dependence on p is exact up to EFT-computable contributions from other light
poles (such as light Kaluza-Klein modes), which we account for in our analysis below,
and Planck-suppressed loop corrections, which we neglect since M < M. Thus
(5.12) constitutes an infinite number of sum rules involving two EFT parameters
«;. This “superconvergence” phenomenon is related to the graviton’s spin and gauge
invariance, which led to the energy growth of structures in (5.8). For other sum rules
we construct improved combinations B,Zmp (p?) which are designed to probe finite sets

of EFT couplings. Our complete set of sum rules is detailed in appendix C.1.1.

5.3 Construction of partial waves

Our assumptions about the right-hand-side of (5.12) and similar relations are min-
imal: Lorentz symmetry and unitarity with respect to the asymptotic states. The
intermediate states that can appear in a scattering process in D = d + 1 dimensions
form representations p under SO(d) rotations in the center-of-mass frame. Thus, the
S-matrix can be written as a sum over projectors onto each representation. As far as
the 2 — 2 S-matrix is concerned, unitarity is simply the statement that |S,| <1 for
the coefficient of each projector.

The main technical complication in D > 4 is that many intermediate represen-
tations can appear. Furthermore, multiple index contractions can exist for a given
representation. Listing them is equivalent to enumerating on-shell three-point ver-
tices between two massless and one massive particle. We introduce here an efficient

method to construct structures and projectors in arbitrary D.

5.3.1 Partial wave expansion

Concretely, the partial wave expansion for a 2 — 2 graviton scattering amplitude

takes the form

v

M =573 0PN (a,(s)) 7, (5.13)
P
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where p runs over finite-dimensional irreps of SO(d), and the normalization nf;D) is in

(C.28). For completeness, a derivation of this formula is presented in appendix C.3.

The partial waves 7rf)j are functions of polarizations and momenta that transform
in the representation p under the little group SO(d) preserving P* = pi{+ph. We
build them by gluing vertices v>%(n, €1, e3), where a is an SO(d)-index for p, i labels

linearly-independent vertices, and

I w
Py — D1 o
(3

T el = (5.14)

nt

are natural vectors orthogonal to P. Note that n? = 1, and the e; are gauge-invariant,

null, and orthogonal to n:

=0. (5.15)

In the center of mass frame, n and e; are simply the orientation and polarizations
of incoming particles. Defining an outgoing orientation similarly, n* o« (ps — p3)*,

partial waves are defined by summing over intermediate indices:

7 = (v, 07) = ve(n, es, €4) g’ (n, €1, €2), (5.16)

where g, is an SO(d)-invariant metric on p, and f denotes Schwarz reflection f(x) =
(f (@)

Unitarity of S implies that the matrix S,(s) = 1+ia,(s) satisfies |S,(s)| < 1, which
implies 0 < Ima, < 2 (where an inequality of matrices is interpreted as positive-
semidefiniteness of the difference). We illustrate these concepts in some examples in

appendix C.3.

5.3.2 Review of orthogonal representations

A finite-dimensional irrep of SO(d) is specified by a highest weight p = (my, ..., m,),

where n = |d/2], see e.g. [187, 188]. The m’s are integers for bosonic representations
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and half-integers for fermionic representations, satisfying
my > > Myq > |my. (5.17)

For tensor representations, |m;| are the row lengths of the Young diagram for p. Note
that m,, must be positive in odd-d, but can be negative in even-d — the sign of m,,
indicates the chirality of the representation. We omit vanishing m’s from the end of
the list, for instance denoting a spin-J traceless symmetric tensor by (J).

To manipulate tensors, we represent them as index-free polynomials in polarization
vectors wy, ..., w, € C? one for each row. The traceless and symmetry properties
of a given irrep are captured by taking these to be orthogonal and defined modulo

gauge redundancies [189):
w? = wpw; =0,  wj ~w; + Hw,; for j >i. (5.18)

The latter means that allowed functions of w must be annihilated by w;-0,,, etc..
Three-point vertices are then simply SO(d)-invariant polynomials v*(wy, . . ., w,; 0, €1, €3)
where the w’s play the same role for a massive particle that the €’s play for gravitons.
Polynomials satisfying the gauge condition can be easily constructed by inscribing
vectors in the boxes of a Young tableau, where each column represents an antisym-
metrized product with w’s. For example, given vectors a”, ..., e* € C%, we can define

a tensor in the (3,2) representation via

¢} = [wy-a wy-b — (as+b)] [wy-c wy-d — (c+>d)] wy-e. (5.19)

Any tableau defines a valid tensor. Tableaux are not unique, since we can permute
columns. Also, antisymmetrizing all the boxes in one column with another box (of

not higher height) yields a vanishing polynomial, e.g.:

ale] 4 [8la] | [e[5) _ (5.20)
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Table 5.2: The 20 graviton-graviton-massive couplings in generic dimension (D > 8).
Cells collect structures that can be in the same representation. [e]e] stands for an
arbitrary (possibly zero) even number of n boxes; S flips n and swaps e; and es.

5.3.3 Vertices with two massless and one heavy state

With this technology, we can straightforwardly write all three-point vertices between
two gravitons and an arbitrary massive state. Here we focus on generic dimensions
D > 8, relegating special cases in lower dimensions to appendix C.2. All we can write
are the dot product e;-e5 and Young tableaux in which each box contains either n,
ey or es. Evidently, no tableau can have more than three rows, by antisymmetry.

As a warm-up, consider two non-identical massless scalars. Two-particle states
form traceless symmetric tensors of rank J, i.e. single-row tableaux. The only possible

SO(d)-invariant vertex involving n is then

(n-w;)” = (J boxes). (5.21)

Denoting by [¢] an arbitrary (possibly zero) number of boxes containing n, the most
general coupling between two scalars and a heavy particle is thus simply [e].
Moving on to two spin-1 particles, one must add one power of each of e, e5. These

can appear either as e;-e; or inside a tableau, giving the exhaustive list:

€1
(lever, fleals], (o), fredlel o™ jedese] (5.22)
— — n

ejel"‘ was removed since it is redundant thanks to (5.20). Thus,

A potential tableau

there are six possible vertices. If the two particles are identical, e.g. photons, we get
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additional restrictions on the parity in n — for example the number of boxes in the
first two structures must be even.

The analogous basis of couplings for gravitons in generic dimension D > 8 are
shown in table 5.2. This basis agrees with [118]. Changes in lower dimensions are

listed in appendix C.2.

5.3.4 Gluing vertices using weight-shifting operators

To glue vertices into partial waves we need to sum over intermediate spin states. This
can be achieved efficiently using weight-shifting operators [148]. A general weight-
shifting operator D” is an SO(d)-covariant differential operator that carries an index
a for some finite-dimensional representation of SO(d), such that acting on a tensor
in the representation p it gives a tensor in the representation with shifted weights
p + 6. We will be particularly interested in the operator D" that removes one box

at height h from a Young diagram with height h:
DML p = (my,...,mp) = (mq,...,mu—1) = p. (5.23)

Conceptually, DM* is a Clebsch-Gordon coefficient for p' C [] ® p: this ensures its

existence and uniqueness up to normalization. Explicitly, D"* is given by 2

1 Wh—
DMuo — [ gro _ w}lm 9 oM wg 9 co | gHn—1 whh ' 9 9
MNP owt )\ NP ows? e NP 10w ) dwny,”

(5.24)

where Ni(h) =d— 1+ m; +my — i — h. Notice the shift by 1 in the last parenthesis:
1/(N, ,(Lh) —1). The h =1 case of (5.24) is the familiar Todorov/Thomas operator that
acts on traceless symmetric tensors [116].

For the definition (5.24) to be consistent, the following properties must hold:

o DMK preserves the gauge constraints: for all i < 7, wi-aij(h)“X =0if X

2This weight-shifting operator was written in a different formalism in [141]. To our knowledge,
the expression (5.24) in embedding coordinates w; for general h is new.
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satisfies the same.

o DMH sends traces to traces. By “traces” we mean index contractions in strictly
gauge-invariant polynomials (not just products wy-ws3) — for example, the fol-

lowing expression where ;o denotes a unit-vector in the p direction:

(S
= |0

(5.25)

p=1

These properties are nontrivial and determine D™* up to an overall constant, which
can be fixed by considering traces on height-A columns. For example, consider adja-

cent gauge transformations w;-0 Commuting across the i’th and (i + 1)’th paren-

Wit1*
theses one finds an unwanted term proportional to (Ni(h) —m;) — (]\TZ-(J}:)1 — Mmiy1 + 1),
whose vanishing recursively determines all N’s in terms of NV ,Eh) as stated below (5.24).

Effectively, D™ recovers indices from index-free polynomials and enables one to

evaluate the pairing (5.16) recursively in terms of simpler pairings, for example

(- ) -2 ( )

+ 2 cyclic rotations of a, b, c. (5.26)

[Slis]

., ¢D®) [

Such a formula holds for any choice of a column of maximal height h on the left factor,
giving 1/my, times a sum with alternating sign over the boxes it contains, see (C.42).
In practice, since D sends tableaux to tableaux, it can be elegantly implemented
as a combinatorial operation, as discussed in appendix C.6.

By repeatedly applying (5.26) and its generalization (C.42), any pairing can be

reduced to a pairing between single-row tableaux of length m; = J:

([alee[n[-In], [e[fTghE-Tn1) . (5.27)

This can be computed by taking derivatives with respect to n and n’ of the scalar
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partial wave (see also [190]):

(d B Q)J /

(LIn], W) = (n* -t — tmces)(nit1 . n:”) =

where P;(z) is a Gegenbauer polynomial (see (C.32)) and (a), is the Pochhammer
symbol. Thus, (5.26) and (5.28) allow us to glue the vertices from table 5.2 into partial
wave expressions which hold for arbitrary J=m;, involving derivatives of P;(x) times
dot products between graviton polarizations e; and directions n,n’. This procedure
can be straightforwardly and efficiently automated on a computer.

To limit the size of final expressions, we use the Gegenbauer equation (z? —
1)0?P;(z) + ... = 0 to remove any monomial of the form x“Pﬁb) (x) with a,b > 2. We
then insert a set of linearly independent polarizations to project onto the generators
(5.8) of the local module and extract M®)’s that are polynomials in . Finally, we use
the Gram-Schmidt method to find orthonormal combinations of vertices according to

(C.33). As a consistency check on our results, we verified that our partial waves are

eigenvectors of the SO(d) quadratic Casimir.

5.4 Results and interpretation

Dispersive sum rules like (5.12) express low-energy EFT parameters as sums of high-
energy partial waves, times unknown positive couplings. The “bootstrap” game con-
sists in finding linear combinations such that all unknowns contribute with the same
sign. Such combinations yield rigorous inequalities that EFT parameters must satisfy
if a causal and unitary UV completion exists.

To obtain optimal inequalities in a gravitational setting, we follow the numerical
search strategy of [130, 5]. Because of the graviton pole, it is not legitimate to expand
around the forward limit; rather our trial basis consists of the improved sum rules
B™ (p?) integrated against wavepackets 1;(p) with |p| < M. We ask for a positive
action on every state of mass m > M and arbitrary SO(d) irrep, as well as on light

exchanges of spin J < 2 and any mass. Full details of our implementation are given
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Figure 5.1:  Allowed region for couplings ay and a4 in D = 5, 7 and 10 spacetime
dimensions, in units of the mass M of higher-spin states.

in appendix C.5.

Figure 5.1 displays our main result: the allowed region for the dimensionless
parameters (o M?, ay M*) which control the leading corrections to the action (5.1),
in terms of the mass M of higher-spin states. For the purposes of illustration, we
show the results for D = 5,7,10; other dimensions D lead to qualitatively similar
plots. The parameters are defined more precisely in (C.37), and enter the on-shell
three-graviton vertex (C.39). It would be interesting to compare these bounds with
the explicit values of Wilson coefficients in “theory islands" arising from known UV
completions [191].

The M-scaling of the bounds is significant: it implies that higher-derivative cor-
rections can never parametrically compete with the Einstein-Hilbert term, within the
regime of validity of a gravitational EFT. As soon as corrections become significant,
new particles must be around the corner. Since we assume M < M, graviton scat-
tering is still weak at the cutoff. In gravity, unlike in other low-energy theories, the
leading (Einstein-Hilbert) interactions cannot be tuned to zero without setting all

other interactions to zero.
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What happens at the scale M7 Since we allowed for exchanges of arbitrary light
states of low spins, M is associated with the mass of J > 3 states. The importance
of higher-spin states was anticipated in [77|. In general, higher-spin states must come
in towers that include all spins [84]. For instance, M could signal the beginning of a
tower of higher-spin particles (as in weakly coupled string theory), that each couple
to two gravitons with strength ~ M?2v/G. Alternatively, M could be the energy at
which loops representing a large number N ~ M?* P /G of two-particle states that
couple with weaker strength M 2@ to two gravitons, become non-negligible [192]
3. Either way, graviton scattering must be profoundly modified at the scale M and
above, while remaining weak.

Our flat-space bounds have implications in curved spacetimes. As explained in
[33], since the scattering processes under consideration take place in a region of small
size ~ 1/M, flat-space dispersive bounds uplift in AdS to rigorous bounds on holo-
graphic CFTs, up to corrections suppressed by 1/(MRaas) = 1/Agap-

Focusing on D = 5 (the AdS;/CFT, correspondence), stress-tensor two- and
three-point functions are characterized by three parameters, including the central
charges a and ¢ that enter the conformal anomaly [193]. Their relation to higher-
derivative couplings is particularly simple when the EFT action is expressed in terms
of Weyl tensors, so that renormalization of the AdS radius is avoided. Using the field

redefinition invariant formulas from [194]| we find:

SR c—a 2

= : 5.29
81G’ a Rids ( )
Fig. 5.1 thus implies a sharp central charge bound:
c—a 23 A
c S Agap + O(l/Agap) (AdSS/CFT4)7 (530)

which could potentially be improved at the ~ 5% level. In holographic theories, this

3In a Kaluza-Klein reduction from a higher dimension, M can coincide with the higher-
dimensional Planck mass. Even though gravity becomes strongly interacting at that scale, the
scattering between D-dimensional gravitons remains weak, consistent with our bounds, since their
wavefunctions are dilute in the extra dimensions.
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result is stronger than the conformal collider bound % <2< :1)’—; [195] and establishes
the parametric scaling anticipated in [18, 77, 79]. We stress that since Ag,, is the
dimension of the lightest higher-spin (non double-trace) operator, the bound holds
even in the presence of light Kaluza-Klein modes (as in AdS5xSs) and is generally
independent of the geometry of the internal manifold. The sign of (a—c) is significant
[196]; our results do not exclude either sign.

The leading contact interaction in D > 7 is the 6-derivative “third Lovelock term”,
which is related to ¢/ in (5.1). Our bounds for this coeflicient depend only weakly

on its sign and on as, oy, and yield the absolute limits in e.g. D = 7, 10:
o, M* <56 (D=17), |ayM* <25 (D =10). (5.31)

In analogy with scalar EFTs [83, 82, 86, 84, 197, 198| and four-dimensional gravitons
and photons [199, 5, 200, 85|, we expect this method to yield two-sided bounds on all
higher-derivative interactions that can be probed by four-graviton scattering, and on

many derivative couplings involving matter fields.
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Chapter 6

Flat-space structure of gluon and

graviton in AdS

6.0 Bridging section

In Chapter 3, we focus on the flat-space limit of AdS scattering amplitudes for ex-
ternal scalars. The scalar amplitudes are well-studied in the AdS using different
representations. In Chapter 3, we aimed to find a universal representation that al-
lows us to unify the flat-space limit in those various representations. The spinning
amplitudes in AdS, corresponding to the spinning correlation functions in CF'T, are
important but less explored because of the complexity arising from the tensor struc-
tures. In Chapter 4, we pave the way for studying spinning correlators in AdS,;/CFTj
by proposing the helicity basis that naturally diagonalizes the OPE data up to the
tree-level scattering in the AdS bulk. Using our results, we explicitly verify that the
flat-space limit of gluon amplitudes in AdS indeed agrees with the flat-space gluon
amplitudes, including the higher derivative corrections.

Although technically hard to prove, the validity of the flat-space limit is intu-
itively natural, as depicted in Fig 1.2. In this picture, the impact parameter b of the
scattering follows the hierarchy Raqs > b > {5 > (. This drives the interest to
ask whether it is possible to simply predict AdS scattering beyond the local region

Raqs > b from the flat-space scattering data. The answer to this question is positive:

163
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slightly beyond the local region as Raqs ~ b, [33] shows that the healthy values of
Wilson coefficients in the flat-space low-energy EFTs can be extended to AdS. Using
this argument, we studied gravitational EFT in D > 5 in Chapter 5 and uplifted our
rigorous bounds on the low-lying Wilson coefficients to predict the allowed space of
the central charges’ ratio in holographic CFTs.

Recent developments show that the tree-level flat-space amplitudes of scalars can
even predict the full scalar AdS amplitudes (that can happen way beyond the local
region). This is realized by the differential representation [21, 22, 23, 24, 26, 25, 3,
93, 93, 1|, which can uplift flat-space amplitudes by replacing kinematic variables by
conformal generators. In this Chapter, as the duplication of 6], we will generalize
the differential representation to three and four-point gluon and graviton amplitudes
in AdS, arising from Yang-Mills theory and Einstein gravity. Our results provide
possibility to uplift the gluon and graviton amplitudes from flat-space to AdS by
using the weight-shifting operators with reordering. The uplift makes the differential
double copy relation [201, 202, 203| at the three-point level straightforward. For
four-point Yang-Mills amplitudes, we managed to uplift the Bern-Carrasco-Johansson
(BCJ) relation [134], which can be useful for proving the differential doubly copy at
the four-point level in the future.

In summary, Chapter 3 and 4 are making progress in answering Q1 that we asked
in the introduction by restricting to the picture Fig 1.2. In contrast, the last Chapter
5 and this Chapter intend to answer Q2 that we asked in the introduction, aiming to

gain a deeper understanding of Fig 1.3.

6.1 Introduction

Scattering theory plays an essential role in understanding the fundamental principles
of particles. For past decades, there has been huge progress in scattering theory in
flat-space, which not only successfully predicts and explains many exciting discoveries
made by collider [8], but also remarkably reveals hidden structures linked to the entity

of local quantum field theories, such as Bern-Carrasco-Johansson (BCJ) relations [134]
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and the double copy structures [201, 202, 203].

However, our universe is not flat. Although our universe is generally curved, the
local scattering of particles in a small regime compared to the curvature can still be
approximated by flat-space physics, as verified by scattering experiments. It is then
natural and crucial to ask, do those beautiful structures of scattering remain for curved
spacetime? How good can the locally flat scattering experiments say about curved
spacetime? A natural starting point to answer these questions would be studying
other maximally symmetric spacetimes, such as Anti de-Sitter (AdS) and de-Sitter
(dS) space.

AdS scattering is studied extensively due to its correspondence with conformal
field theories (CFT) [9]. The unitary AdS physics can be explored by using unitary
large-N CFT ! that is highly constrained by conformal symmetry and crossing sym-
metry (see [12, 13| for quick reviews). As expected, the appropriate limit of conformal
correlators and conformal data corresponds to the flat-space limit of local AdS scat-
tering, giving back the flat-space scattering data (see, e.g., [21, 22, 23, 24, 26, 25, 3,

2. However, previously it is usually not expected

93, 93, 1] and references therein)
to reconstruct full AdS amplitudes/CFT correlators from flat-space. In this sense,
the flat-space limit of AdS/CFT is crucially different from “flat holography” [90]. Re-
cent progress was made in [29, 30, 31, 7, 32, 206, 207|, which surprisingly found the
differential representation of scalar (A)dS amplitudes by writing (A)dS amplitudes
as conformal generators acting on scalar contact Witten diagrams. This differential
representation not only makes flat-space limit manifest but also allows one to uplift
the flat-space amplitudes to (A)dS in a universal way.

In this paper, we aim to progress toward extending the differential representation
to spinning correlators by focusing on massless gluon and graviton in AdS from Yang-

Mills (YM) theory and Einstein gravity. Massless spinning particles in flat-space are

constrained by stringent consistency conditions and encode hidden structures such

IFor dS, although it turns out its essential structures are similar to AdS and analytic continuation
exists to go from one to another [204], the unitarity of dS scattering is not a standard concept from
CFT perspective [205].

2However, there exist exemptions for special analytic regimes that are not well-understood yet,
see [3] for recent explorations.
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as double copy [201, 202, 203]. We report the differential representation for YM and
graviton amplitudes in AdS. We show we can uplift gluon and graviton amplitudes in
AdS from flat-space up to a finite number of additional contact structures. We argue
and expect that the additional contact structures can be bootstrapped by requiring
the conservation of conserved currents and stress-tensors. The same arguments also
apply to hidden structures like BCJ relations and the double copy, which are now in
a differential format. Although we start our exploration in AdS, our results should
be readily translated to dS [208|.

The rest of this paper is organized as follows. In section 6.2, we introduce our
differential operators for representing spinning correlators and comment on power
counting principles in CFT. In section 6.3, we construct the differential representa-
tion for three-point and four-point YM amplitudes and graviton amplitudes; we show
that the double copy is straightforward for three-point amplitudes. In section 6.4,
we propose another differential representation for YM amplitudes, which allows us to
uplift flat-space BCJ numerators and prove the differential BCJ relations. We sum-
marize and point out future directions in section 6.5. We record detailed ingredients
in our derivations in appendix D.2 and D.3.

Note: During the preparation of this work, [209] appeared, which has partial overlap
with the idea of using weight-shifting operators and the discussions on three-point

double copy in section 6.2 and subsection 6.3.1.

6.2 Building blocks for differential representation

This section introduces our notations and building blocks for differentially represent-
ing conserved current and stress-tensor correlators.

For scalars, it is easy to find the differential representation for any contact dia-
grams up to any points by using the coset construction [32|. The spirit is that the
contracted bulk derivatives can be replaced by the contractions of conformal gener-
ators, as guaranteed by the conformal symmetry. For spinning objects, the tensor

structures appear, which can either contract among themselves or with bulk deriva-
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tives. From the perspective of CF'Ts, the spinning indices shall be captured by the
spin-up weight-shifting operator [148| (written in terms of embedding formalism [47])

D)t = (J+A)Z,+ X, Z - Ox (6.1)

where X, Z are coordinates and polarizations in the embedding space of CFTs, they
obey X? = 7?2 = X -Z = 0. A and J are the scaling dimension and spin of the
operators it acts on, On the other hand, we speculate and show that bulk derivatives
can be replaced by dimension-up weight-shifting operator D™ (that raises the scaling

dimensions [148]|) modulo bulk coordinates

D:O = Claxu + CQX,ﬁ?{ + ch,ﬂZ . 8X + C4Z . 8X82u
+ C5XMZ . 8){82 : 8X + CGZMZ : 6)(8%

+ X, (Z - 0x)?07, (6.2)

where the coefficients can be found in [148]. An intuitive way to convince ourselves
that the dimension-up weight-shifting operator plays a role like momentum in flat-
space is that the flat-space momentum is i0/0x which also increases the “scaling
dimensions”. In this paper, we find that it is instructive to define the following

differential operators proportional to weight-shifting operators with state-dependent

normalizations
P (X-8X+Z-8Z) 0+
X 0x(X -0y +1) "
2
P = D (6.3)

(X -Ox + 1)(d+ X -0x —2)(d+2X-0x —2) "’

where — X -0y gives A when it acts on operators with scaling dimension A, and Z -0z
gives J when it acts on spin-J operators.

Before ending this section, we want to comment, in general, on how (6.3) can serve
as fundamental ingredients for large- N CFT with natural power counting rules. We

will show that YM and graviton amplitudes can be uplifted from flat-space to AdS by
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using (6.3). In addition to these examples, we claim that using (6.3) can uplift flat-
space amplitudes of effective field theories (EFT) to AdS as general large- N conformal
correlators, where Wilson coefficients depend on details of the conformal theory. The
reason is that we find bulk derivatives can be replaced by P module additional terms
with fewer numbers of P. This claim implies that CFT correlators at large-N limit
enjoy the same power counting rules as EF'Ts in flat-space, which also makes manifest
of the counting maps between conformal correlators and flat-space amplitudes [117].
Remarkably, in this way, different OPE structures can be easily distinguished. For
example, three-point functions of conserved currents in generic CF'T have two parity-
even structures corresponding to F? and 3 in AdS bulk, respectively. There was
no obvious way to construct three-point structures precisely corresponding to them
using embedding formalism or spin-up operators [47]|. This is the main reason that
spinning bootstrap is so hard to perform since the OPE matrix might be messy in
an inappropriate basis [141]. The helicity basis provides a clean way to organize the
OPE matrix in CFT3 [2|. However, simply staring at them is still challenging to
distinguish between the two structures. Now (6.3) makes the distinction manifest as
for flat-space amplitudes! In this way, the differential representation in terms of (6.3)
with power counting rules encoded could be useful for a clean spinning bootstrap
even beyond holographic CFTs in the future. We elaborate on the discussions here

in appendix D.1.

6.3 Construction of the differential representation

We consider the following action for Yang-Mills theory and Einstein gravity

1 1
— d+1 - . _ a rrapv
s / g Gre (2N FLF ). (6.4)

where A = —(d—1)(d—2)/(2R3,s)- In this paper, we usually set Raqs = 1 unless we
emphasize it. Our goal is to compute the four-point function for conserved currents

and stress-tensors in holographic CFT that is effectively described by (6.4). These
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“amplitudes” can be computed by using the holographic dictionary [10, 11]

M= (0 Op) = (H %) <€_Sbulk>bu1k ’ (6.5)

i

where ji(o) denotes the source as the non-normalizable mode of bulk fields, and we
keep the spinning indices implicit. The variations produce the bulk-to-boundary
propagators, and the remaining fields are Wick contracted by the bulk expectation

value.

6.3.1 Warm-up: three-point amplitudes
6.3.1.1 Yang-Mills

We start by looking into three-point functions as a warm-up. For YM theory, it is

rather straightforward to evaluate the three-point function
Masat = gvu / DY pabey (v ), A° (6.6)

where we are using the embedding AdS coordinate Y [210] and the shorthand notation
DY = 2y §(Y? +1). For latter convenience, we explicitly write the three-point

. b
vertex function VZ“

Vi = (V01 A0, AP — 6, A1V 6, A™)
1
+ 5 (LAY A, — Vo AL AN (6.7)

where §; A denotes the bulk-to-boundary propagator (in terms of the embedding space
formalism [210])

2XI'Y - Zi— Z'Y - X,)
(—2X;-Y)*

(SiA’ua - Cdfl,l . (68)
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We use the standard normalization

7 D(A) A+ J —1)
20 -1 (—4+A+1)

Cay = (6.9)

Usually, it is also instructive to introduce the bulk embedding polarizations W to
contract the bulk indices, where W2 = W -Y = 0. Appropriate differential operators
can recover the bulk indices [210]. It is easy to explicitly evaluate three-point functions
like (6.7). Nevertheless, in this paper, we aim to provide a differential representation
that rewrites (6.7) in terms of differential operators acting on scalar seeds with zero
derivatives. As we claim in the last section, the bulk-to-boundary propagators shall be
represented by weight-shifting operators modulo bulk coordinates. In our conventions,

we find

6@'Au = gi,u6i¢d—l )

d—1
Vubidy = 5 (& Panditoa2 = Vi didu-a) (6.10)

where d¢a denotes the bulk-to-boundary propagator of scalar ¢ whose corresponding
operator has scaling dimension A. Aside of the second part of the second line in
(6.10), we have already observed flat-space structure by identifying & — €, P — p,

and the transverse property also remains

The overall coefficient (d —1)/2 seems to ruin the precise flat-space structure, but we
claim this is the normalization factor that can be absorbed into the plane wave in the
flat-space limit. For AdS,/CFTs, this normalization is precisely unit. We can then

readily show (6.7) can be rewritten by

d—1
5 QYM% <(52 : 53)(51 : PQ)Wd—l,d—Z,d—l

~(1e2)+(2- 1,1%3))]:123, (6.12)

Msym = —
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where W, refers to the scalar contact Witten diagram with no derivatives, and 7 <+ j
also permutes the corresponding legs for the contact Witten diagram. 7o means the
operator ordering, which always place £ on the left hand side of P for the same point.
For simplicity in this letter, we define the amplitudes by pure differential forms with
contact seeds slipped off M. Tt is easy to recover the contact seeds and go from M
to M by power counting P. By dividing appropriate normalization, (6.12) is a trivial
uplift from flat-space by taking ¢ — &£, p — P followed by operator reordering. It is
also straightforward to uplift another three-point vertex corresponding to the cubic

term F3, see appendix D.1.

6.3.1.2 Graviton

For graviton three-point amplitude, we find (see also [163])
M3,gra‘/ =4 v SWG/Dd+1YVh/fly2(Y>53h/u/ ) (613>

where the vertex function V), is lengthy and we leave its explicit expression to
appendix D.2. Similarly, 6,k is the bulk-to-boundary propagator for graviton, given
by (we dot it into bulk embedding polarizations to keep it light)

, AW -X;Y - Zi—W-Z; X;-Y)
6ihm/W“W = Cd,? (—QXZ ] Y)CH‘Q . (614)
As we promise, we find
5ihuu - gi,ugi,V6i¢d )
vuéihl/p = gi,ugi,ppi,uaigbdfl + O(Y) )
vuvuéihpo' = 8i,pgi,a7)iupi1/5i¢d72 + O(Y7 g) ’ (615>

where we drop out the lengthy terms depending on bulk coordinates and metric
Y, and g,,. We record the complete expressions in appendix D.3. As contracted,

these terms O(Y, g) can either be annihilated or give rise to contact terms with fewer
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derivatives. For the three-point function, they are completely canceled, and we arrive

at a precisely flat-space uplift

M\S,grav = 7?9 <M§i§ra\, (616)

e—>€,p—>73> '

6.3.1.3 The differential double copy

Using differential operators (6.3), three-point amplitudes have the same structure as
in flat-space up to universal reordering. Therefore, the double copy structure at the
three-point level should be straightforward. To show this, we find that although P
itself is not conserved as the momentum, effective conservation emerges at the level
of three-point amplitudes for both YM and graviton, e.g., three-point amplitudes are

invariant under the following replacement
53'732—)—53'731, 7)1'732—>0. (617)
Keeping these identities in mind, three-point amplitudes in AdS then make not much

difference from flat-space, and the differential double copy is valid

4 vV 81G

M\& rav —
s (d—1)% g3u

To [(M\S,YM)Q] . (6.18)

6.3.2 Four-point amplitudes
6.3.2.1 Yang-Mills

Let us start by considering only the s-channel exchange diagram in YM theory

M = [ DDV, e

VIS (Y)) (AS(Y1)AY(Ys)), | VA (Ya) (6.19)

g bulk
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where the expectation value of the remaining bulk fields gives rise to the bulk-to-bulk

propagator
(Au(Y1)Au(Yz)) =T 0 (Y1, Y2), (6.20)
which satisfies the following equation in the transverse gauge
Vi g 0 (Y1, Y2) = —6,, 6(Y: — Ya). (6.21)

The trick to finding the differential representation is eliminating the bulk-to-bulk
propagator by the conformal Casimir operator minus its eigenvalue for the propagat-
ing field. This procedure produces effective contact diagrams that include only the

bulk-to-boundary propagators. Indeed, we find
Dy, VY = VRV (6:22)
where
Dy’ =Cio— (AA—d) + J(J +d—2)), (6.23)
The conformal Casimir C;s is
Cpp = —%(L1 +Lo)?, LY = X0 + 219 (6.24)

By integration-by-parts, we can move this bulk Laplacian to act on the bulk-to-
bulk propagator and (6.21) then reduces it to effective contact interactions (note

Dilz_Ll = C12)
oM s = — g / DALY pobe pedeyzab () ey, (6.25)

We can then represent these effective contact terms using (6.10). In addition to the

exchanged diagram, the YM theory also provides a four-point contact diagram A*.



CHAPTER 6. FLAT-SPACE STRUCTURE OF GLUON AND GRAVITON IN ADS 174

This contact diagram can be trivially uplifted from flat-space using (6.10). Combining

with permutations to include all channels, we obtain

(d— 1)

Misi = “——To(Mun , (6.26)

6—)5,p—>73,1/5ij—>1/(2'Didj_1’1))
where we follow [7, 32] to define the operator 1/D;; satisfying 1/D;; D;; = 1, and now
the operator ordering 7o always keeps 1/D;; on the most left.

6.3.2.2 Graviton

We follow the same logic for evaluating graviton amplitudes

4ex,grav

M 16 x 871G / DY, DAY,

Vita (Y1) (P (V) o (Y2) )y Vi34 (V2) (6.27)

To correctly deal with the graviton, we must be careful about the trace part of the
graviton and the vertex. We adopt the de-Donder gauge for bulk-to-bulk propagating
gravitons and a meticulous analysis shows |7, 211] (see also appendix D.4 for more

details)

4ex,grav

DM . =16 x 87CG / DY x

Vieta(Y) P Virga(Y) (628)

where P, ., is the projector precisely the same as the flat-space propagator

2

1
P;w,pa = _5 (.g,upgua + GueGpo — ﬁguung) . (629)

The resulting contact terms can then be represented by using (6.15) (precisely one is
(D.13)). To have well-defined amplitudes, we should also include four graviton con-
tact contributions from the Einstein-Hilbert action ((D.12) in appendix D.2). These

contributions can again be rewritten using (6.15). We can use many identities to
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eliminate all Y dependences (see appendix D.3). This procedure represents the gravi-
ton amplitude in terms of differential operators £ and P. We find that we can write
down the resulting differential amplitude by uplifting the flat-space graviton ampli-
tude plus an extra contact contribution coming from the cosmological constant term

in the action Sy o [ d¥'z\/=gA

M4,grav :7?9 <M4,grav

e—>g,p—>7>,1/sij—>1/(zpff)>

1 —
MBS (6.30)
RAdS

We explicitly write down 1/R3 4 to emphasize that this term is solely contributed by

the AdS term S, and is vanishing in the flat-space limit. This extra term is

—

A 47er<((€1 AL AL

4, grav

A En 6y E3E5 E4E4-E) + perm) . (6.31)

Under the gauge transformation h,, — hu, + V(,§,), the action cannot be gauge

invariant without Sx. For this reason, the term M43

Lgrav in the amplitude has to exist

as the consequence of the gauge invariance in the AdS bulk (which is the conservation
of stress-tensors on the CE'T side). This provides an idea to “bootstrap” stress-tensor
correlators from flat-space amplitudes. To obtain the stress-tensor correlator, we can
directly uplift the flat-space amplitudes and then append the enumerated crossing
symmetric structures with fewer numbers of P. The coefficients of those appended

structures should be fixed by requiring the conservation of stress-tensors.

6.3.3 Comment on gauge invariance and conservation

Before we end this section, we would like to discuss and comment on the relation be-

tween bulk gauge invariance and boundary conservation law using our uplift operators

(6.3).
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From the bulk perspective, the action is invariant under the gauge transformation
Ay = Ay +Vux, hw = hw + V6, (6.32)

where y is arbitrary scalar and £ vector. According to our statement that bulk
derivatives can be replaced by P modulo bulk coordinates, we expect this gauge
invariance, as in flat-space, to be represented by the invariance of boundary correlator

under
En— EL+#HP,. (6.33)

In other words, if we replace £ by P (without changing the scaling dimension of the

building scalar contact), the correlator should be completely vanishing

M =0. (6.34)
Si—YPi
This statement reminds us of the conservation of conserved current and stress-tensor,

as promised by AdS/CFT correspondence [9, 10, 11]. To show this, we should first

recover the boundary tensor indices by using

d—2 1
Dl = Tag +Z - 070 — 52@%, (6.35)

then we contract one index with a boundary derivative. For the same point, we can

show

2
6X 'ngﬂ = —EPM,

2
Ox - Dy E,E, = — d

(d+2)(d—1)(d—2)

Puéy (6.36)

where the first line is the identity for conserved currents and the second line for stress-

tensors 3. These identities confirm that the conservation is equivalent to (6.34) and

3These identities can trivially pass the strange operator 1/ D;;, because the Ward identity always
allows us to change (ij) legs to other legs that dx - Dz does not act.
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is consistent with the expectation from bulk gauge invariance. We then claim we can
even uplift the flat-space gauge invariance condition!

However, it is hard to impose or verify the conservation condition (6.34) for dif-
ferential representation. Because there are several difficulties arise after we do the
replacement £ — P. Firstly, the ordering of differential operators is no longer in the
operator ordering, which makes the organization messy. Secondly, it is not trivial to
move differential operators to remove the poles 1/D;;. In the end, we do not find
conservation of P analogous to flat-space *. We leave these problems to be resolved

in the future works.

6.4 Differential BCJ relation for YM amplitudes

6.4.1 Differential representation using conformal generators

We have already found a differential representation for YM amplitudes in terms of
the weight-shifting operators. However, for the four-point case, we need the simple
analogy of the momentum conservation in flat-space in terms of P. On the other hand,
the conformal generators enjoy the analogy of “momentum conservation” because of

conformal symmetry

n

> LX) =0, (6.37)

=1

where f(X;) is any conformal invariant function. To manifest hidden structures of
YM amplitude, we propose replacing P with the conformal generators. Although it

is not obvious, we indeed find such a replacement

1
€ Pi€i- P — 26/€( Ly Lipy . PPy — —5Li- L. (6.38)

4Since the replacement £ — P makes even YM amplitude not linear in P, the simple represen-
tation using conformal generator proposed in sec 6.4 does not work.



CHAPTER 6. FLAT-SPACE STRUCTURE OF GLUON AND GRAVITON IN ADS 178

simultaneously the scalar contact seeds are now uniform Wy_; 4-14-14-1. We now
arrive at an differential representation that enjoys the “momentum conservation” (that

we can replace Ly by —L; — Ly — L3) and the transversity

EZ“(‘:]ZL,LM lepI/ - O, gz“gllc/LJH kapl/ - 0 (639)

6.4.2 Establishing the differential BCJ

Similar to the flat-space, it is instructive to study the color-ordered amplitudes. We

can easily extract the color-ordered amplitudes by recalling

f126f34e = Tr (T1T2T3T4> —Tr (T1T2T4T3>
— Te(T'T°T*T?) + Te(T'TT°T?) . (6.40)

The colour-ordered amplitude M iy, s, i3,44] is the coefficient of Tr(T"T2TT").
Let us take M[1234] as an example. We find, similar to the flat-space, we can

write the color-slipped amplitude as

M[1234] = d—l,l'/\[s - pi-11
12 23

N, . (6.41)

As in flat-space, the differential numerator NV is also ambiguous. For example, shifting
N, by Ny, = N, + const x D% and similarly for V; doesn’t change the amplitudes.

It is not hard to find such numerators satisfying the following permutation properties

N:S|2<_>4 = _-/\/;57 :Ma (642)

'N’S ‘2—)4,3—>2,4—>3

which could be obtained by uplifting flat-space numerators

/\/S — 76<nﬂat

S

6.43
e—>€,p—>’P> ’ ( )

followed by replacement (6.38). Nevertheless, even though we uplift the flat BCJ
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numerators that satisfy the kinematic Jacobi relation [134]
ne+mn;+n, =0, (6.44)

it still does not guarantee that the differential numerators satisfy these kinematic
Jacobi relations. The culprit is the ordering of differential operators; more specifically,
terms like f(€)L; - L; do not manifestly cancel the denominator D !!. To resolve
this problem, we should move L; - L; to the most left. We can easily do this by noting

& &, & &y Liy - Liy =D1E .8, - &,

1143

—2(&, & &y &y — Eiy - E &y - &) (6.45)

It turns out that additional terms such as the second line above would generally
cancel out in the final expression, and we then trivially move L; - L; to the most
left as ij_l’l. After this operation, we can then use the Ward identity to rewrite
Ly = —1Ly — Ly — L3 followed by the transversity (6.39) to eliminate unwanted terms.

We also have to show
(DL + DG + Dy M) fraa (X)) =0, (6.46)

where f; 41 is any conformal invariant function with spin weights J = 1 and scaling
weights A = d — 1. This statement is equivalent to L?f; 41 = 0, which can be easily

proved by acting L? on shadow representation [170, 141] of any such function f; 41

fran =) / dAI(A, J)x
J

/ DX (ViVaOas (X)) (O ns (X5 VVA) (6.47)

Taking all of these into account, we can then prove the differential kinematic Jacobi



CHAPTER 6. FLAT-SPACE STRUCTURE OF GLUON AND GRAVITON IN ADS 180

identity
Ni+ N+ N, =0. (6.48)

Following the same operations described above, we can readily prove the differen-

tial BCJ relation

DL M[1234] — DI M[1324) = 0. (6.49)

6.4.3 Comment on four-point double copy

The uplift of the BCJ numerators (6.48) strongly suggests that there should be a
differential double copy relation up to contact terms suppressed by the AdS radius,

namely,

M gray %(%J\ﬂ + 112/\/2 + 22/\/3> + M. (6.50)
Dy; Dy Dy,

However, it is hard to find the remaining term M\Ct and prove this proposal. The
most important reason is that the momentum conservation is built into the double
copy relation, but we do not manage to find a clean way to replace P in (6.30) by L.
There are large redundancies to rewrite (6.30) in terms of conformal generators. It is
thus difficult to locate a nice minimum basis that allows us to prove (6.50) by figuring
out what is M. Another way to explore (6.50) might be generalizing the algorithm
in [211] that translates the differential representation to final amplitudes in the Mellin
space. The resulting Mellin amplitudes [107, 22] may help explicitly verify the relation
and fill in the missing corner ﬂct. We can also hope to completely determine M\ct by
enumerating all possible contact structures and requiring the conservation of stress-
tensors in the stress-tensor correlator /T/l\4ygrav. We leave this interesting question for

future studies.
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6.5 Summary

We proposed the differential representation for tree-level gluon and graviton scatter-
ing from YM and Einstein gravity in AdS. The essential differential operators are
proportional to dimension-up and spin-up weight-shifting operators. They provide a
natural scheme for organizing (A)dS amplitudes and large-N conformal correlators
by counting the number of P, where the hierarchy of different structures is made
manifest, as we explain in appendix D.1. Using these differential operators, three-
point and four-point amplitudes in AdS are straightforwardly uplifted from flat-space
cousins. For three-point amplitudes, such an uplift makes the double copy relation
straightforward. At the four-point level, we find a different differential representation
for YM amplitudes by using spin-up weight-shifting operators and the conformal gen-
erators, for which differential BCJ numerators can be uplifted from flat-space ones,
building differential BCJ relations. The differential BCJ numerators follow the kine-
matic Jacobi identity. We could then argue that the double copy structure for the
four-point function should be valid up to the remaining contact terms. It would be
interesting to make connections between our findings and the similar structures in
momentum space [135, 136, 209, 212, 212, 213, 214| or Mellin space [101, 215, 216]
(by generalizing to supersymmetric theories [30]). These connections, as analytically
continued to the dS space [204, 217], could improve the understanding of cosmological
correlators by following the lines of, e.g., [218, 219, 220, 221, 222, 162].

This paper is the first step toward revealing the hidden structures of spinning
correlators. Most importantly, our surprising findings rely on more or less guessing
work. It is thus crucial to develop a more systematic way for uplifting by using (6.3),
and relevant operators, similar to the scalar case |29, 32]. Besides, the ordering of
differential operators and non-conservation of operators P prevent one from proving
or imposing the conservation for current and stress-tensor operators. One possible
way to resolve this problem is to carefully think about algebra that (6.3) may form to-
gether with other differential operators (such as emergent SO(5, 5) algebra for bispinor
representation of AdS,/CFTj [174]). Besides, the uplift from flat-space convinces us
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there should also exist the Parke-Taylor formula, and we believe the bispinor formal-
ism [174] would be the correct tool. As these challenges are overcome, we believe the
four-point double copy in AdS can be precisely established.

It would also be interesting to understand why this differential representation
manifests the flat-space limit by detailed investigation of the Inénii-Wigner contrac-
tion of the conformal group, and its representations [223|. This exploration can help
understand many aspects of S-matrix as the flat-space limit of conformal correlators,
following the lines of |3, 27, 33, 224, 225|.

Ultimately, we want to emphasize that the differential representation might help
bootstrap holographic CFTs beyond the scope of the Lorentzian inversion formula
[43, 61, 62]. The Lorentzian inversion formula does not work well for spin-zero trajec-
tories, while the differential representation precisely captures the contact terms with

complete OPE data built into the numerators.
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Chapter 7

Discussions of all findings

In Chapter 3, we briefly review the different frameworks that have been proposed
for describing the flat-space limit of AdS/CFT. The existing approaches extract the
flat-space S-matrix from conformal correlation functions using a variety of represen-
tations, including momentum space, Mellin space, coordinate space, and partial wave
expansions. In particular, these formulas for describing the massless and massive
amplitudes differ even in the same representation. It is thus essential to understand
these differences.

Our goal in Chapter 3 is to unify these different frameworks and show how they
all arise from the AdS/CFT correspondence. We do this by building the holographic
reconstruction kernels at the perturbative level and exploring their behaviours in the
flat-space limit. Our findings show that the holographic reconstruction kernel is the
key to reconstructing the flat-space amplitudes in the limit of the large AdS radius.

In the momentum space representation, we find that the origin of the flat-space
limit is the smearing kernel in Poincare AdS. On the other hand, the other formulas
for the flat-space limit arise from the smearing kernel in the global AdS. In Mellin
space, our results lead us to propose a Mellin formula that unifies the massless and
massive flat-space limits, which can then be transformed into coordinate space and
partial wave expansions. Furthermore, we show that in the limit of the large AdS
radius, it is possible to transform the formula in the momentum space representation

into the smearing kernel in the global AdS. This finding connects all of the existing
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perturbative frameworks and provides a comprehensive understanding of the flat-
space limit in AdS/CFT.

The smearing integrals are multi-dimensional, and we resort to a rough saddle
point analysis for convenience. The idea behind this method is to identify the saddle
points, expand the smearing kernel in their vicinity, and then simplify the integration
process by performing Gaussian integrals. This technique, however, has its limitations
and might not take into account all the details. In particular, this method bypasses the
AdS Landau singularity that was reported in the study conducted by [3|. The subtlety
arises when one tries to deform the integral contours of the Mellin amplitudes to reach
the saddle points. To do this, one needs to move along the path of deepest descent, but
during this process, the contour could pass through the poles of the Mellin amplitudes,
leading to additional contributions. In some cases, these additional contributions can
be significant and dominate the final result. As a result, the flat-space limit might
not be valid for certain regimes of the kinematic variables.

The breakdown of the flat-space limit remains puzzling to me because, from the
point of view of the Lagrangian, the flat-space limit should always be valid. In order
to resolve the puzzle, it would be essential to understand the underlying mechanisms
for the breakdown of the flat-space limit using the smearing formula (3.27), where
a more rigorous saddle points analysis should come in. Typically, our approach in
Chapter 3 builds the flat-space limit of amplitudes by studying the flat-space limit of
the holographic reconstruction, which involves smearing the correlation functions, as
described in equation (3.27). This is different from the approach used in [3], where
the authors directly study the correlation functions. The additional integrals in our
formula (3.27) offer a new possibility to understand the breakdown of the flat-space
limit. Is it possible that a rigorous saddle points analysis of these additional integrals
can pick up contributions that suppress or even cancel the AdS Landau diagrams?
This is an important project to explore in the future.

Another interesting topic relevant to the AdS Landau diagrams is how to under-
stand the analyticity of the S-matrix from the analyticity of AdS amplitudes by taking

the flat-space limit. For example, the consistency between the dispersive sum rules
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between holographic CFTs and flat-space S-matrix for massless particles was shown
in [33]. This is the primary tool we use to uplift the bounds of flat-space gravitational
EFT to holographic CFTs in Chapter 5. A similar logics applies to massive parti-
cles, where the authors of [27] show that the S-matrix reduced from AdS amplitudes
indeed obeys the dispersion relation, unitarity conditions, and the Froissart-Martin
bound. For example, they show that the Lorentzian inversion formula for obtaining
the anomalous dimensions [43| gives rise to the Froissart-Gribov formula for extract-
ing the phase shift [226], where the contribution of the AdS Landau diagrams is also
present. This provides a profound understanding of the phase-shift formula (3.141)
(that we proved in Chapter 3) from the point of view of the analyticity. As we empha-
size, the authors of [27] directly studied the correlation functions. Thus, it is essential
to see how the smearing procedure (3.27) in our findings can be consistent with the
results of [27]. Our results of the mixed conformal block in the limit of both large
A; and A (e.g., (A.70) also pave the way for generalizing the analysis of [27] to the
mixed correlators.

The exploration of the flat-space limit has been a topic of great interest in the
field of AdS/CFT correspondence, which also drives the interest to study whether the
flat-space amplitudes can be uplifted to AdS ones the flat-space limit can be made
manifest. Aside from the issues relevant to the AdS Landau diagrams where special
kinematic regimes come in, researchers have found that AdS amplitudes and the cor-
responding CFT correlators admit nontrivial representations that make the structures
of flat-space amplitudes manifest. These recent developments can be found in several
papers, including [29, 30, 31, 7, 32, 206, 207|]. These nontrivial representations they
found for scalar AdS amplitudes are phrased as the differential representation, which
can be obtained by writing AdS amplitudes as conformal generators acting on scalar
contact Witten diagrams. A trivial example is the 2-to-2 scalar amplitudes from ¢?

theory in AdS

1
T Cip— A(A =)

W¢3 Wct 9 (71)
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where W is the contact Witten diagram of ¢* theory, and C;5 is the quadratic
conformal Casimir operator. One can obviously see that this formula looks the same
as the flat-space ¢* amplitudes by replacing the Mandelstam variable s with the
quadratic Casimir operator and rewriting the mass in terms of the scaling dimension.
The same principle applies to even more complicated theories where the exchange of
gluons and gravitons are included, and the general dictionary is to relate the conformal

generator in holographic CFTs and the momentum in flat-space QFT

Pipju < LY Ly (7.2)

where L' refers to the conformal generator for the ith point. This has been rigorously
established as a general statement for theories that do not contain higher derivative
terms [7, 32|. Therefore, the differential representation not only highlights the flat-
space limit, but it also provides a universal method for uplifting flat-space amplitudes
to AdS, as shown in Fig 1.3. The results of these studies have opened up new av-
enues of research in the field and have the potential to deepen our understanding of
the relationship between AdS amplitudes and flat-space amplitudes. The results of
these studies have provided a new framework for understanding and analyzing AdS
amplitudes and CFT correlators, and have paved the way for further developments
in this area. For instance, in one of the projects that I am currently working on, we
demonstrate how the differential representation approach can effectively simplify the
calculation of six-point Witten diagrams with gluon exchange, which has proven to
be a challenging task in the past.

In Chapter 4, we study the spinning correlation functions in holographic CFTs.
The spinning operators have obtained much attention in recent years due to their
potential to shed light on more stringent constraints on conformal field theories.
The spinning correlators admit multiple tensor structures that are compatible with
the conformal symmetry. One particularly interesting example of spinning conformal
correlators is the conserved currents in three dimensions. In particular, we have shown

that the helicity of these conserved currents commute with conformal transformations,
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and this has been used to construct three-point structures that diagonalize the helicity.
This is a significant finding, because it allows us to gain more complete understandings
of the OPE data for conserved currents.

Our results highlight the importance and utility of the helicity basis in understand-
ing the correlation functions of conserved currents and stress tensor in holographic
theories. The diagonal OPE data in this basis makes it easier to further extract
meaningful information from these correlators, and the Lorentzian inversion formula
provides a powerful tool for obtaining results for anomalous dimensions. Moreover,
the comparison between the anomalous dimensions obtained using the Lorentzian
inversion formula and the corresponding flat-space gluon scattering amplitudes pro-
vides valuable insights into the flat-space limit of spinning correlators. The perfect
agreement achieved by taking the flat-space limit proves the validity of our results
and the power of the helicity basis used in our calculations.

We emphasize that the helicity basis will be extremely helpful even beyond the
holographic theories because it constructs excellent three-point structures regardless
of the specific details of dynamical theories. The diagonal nature of the MFT OPE
also has wide-ranging applications and makes it possible to understand conserved
currents and the stress tensor beyond just the scope of the holographic theories.
We expect it can simplify and clean up the set-up of numerical conformal bootstrap
involving conserved currents and stress tensor [144].

In order to better understand the relationship between the three-point Witten
diagrams and the bulk three-point vertices VA, A*A¥ and TrF*?, we explicitly com-
puted the former, and we were able to identify them with the corresponding helicity
basis. This identification has provided us with a dictionary that relates three-point
OPEs and bulk coupling constants. This detail has also allowed us to precisely verify
the validity of the bulk point limit in our analysis. However, it is still somewhat
puzzling that there is no obvious way to identify the helicity basis with the bulk
three-point gluon vertices simply by staring at them. In the case of flat-space, one
could easily count the number of momenta in three-point amplitudes to distinguish

between their origins from these two vertices. This principle is what is phrased as
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the power counting procedure in the construction of EFTs. Therefore, it becomes
essential to investigate whether there is a differential representation for gluon and
graviton amplitudes in AdS that can uplift the flat-space amplitudes with the power
counting rule made manifest, as we did in Chapter 6.

In Chapter 5, we focus on flat-space gravitational scattering and present a signifi-
cant result regarding the gravitational EFTs as the corrections to Einstein’s General
Relativity at low energies. Through rigorous analysis, the Chapter 5 shows that any
graviton S-matrix that obey the minimal assumptions of causality and unitarity can-
not differ greatly from Einstein gravity. Moreover, we provide sharp and rigorous
constraints on the size of low-lying possible corrections to Einstein gravity in terms
of the mass M of novel higher-spin states in spacetime dimensions D > 5, in which
the S-matrix does not suffer from the infrared divergence. The key ingredients that
enable us to achieve this is the full set of SO(D — 1) partial waves, and we show the
computation toward them can be performed with efficiency through Young tableau
manipulations. Besides, we also construct all dispersion relations relevant to gravi-
ton scattering, which is general and applicable even when loop effects are included,
as long as the Regge boundedness assumption is satisfied for the smeared version of
amplitudes. We then derive new sharp bounds on the central charges of holographic
conformal theories in four dimensions by uplifting the flat-space bounds to AdS in
five dimensions, see (5.30).

However, one issue that we have already realized in Chapter 5 is that our existing
bounds are not guaranteed to be optimal. This is due to the complexity of finding
positive functionals, which is a significant challenge. Technically speaking, the current
searching algorithm that we are using (follow the routes of [130] and [5]) is not able
to fully cover the space of the UV spectrum in the impact parameter space, especially
for the asymptotes in the large spin limit when J — oo. This would probably
require a more sophisticated algorithm for finding the positive-definite functionals.
By doing this in the future, we can hope to achieve optimal bounds for gravitational
EFTs in higher dimensions and more accurately predict the central charge bounds in

holographic CFTs.
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On the other hand, if we think of the gravitational EFT as the theory obtained
by integrating out the massive modes circling the loops in gravity-matter systems
[199, 227], our rigorous bounds can imply the specious bounds of matter fields, namely
the number of matter particles cannot be too large. Otherwise, the causality and the
unitarity will be violated. Because for this type of model, the Wilson coefficients g are
scaled by the large number of species g ~ GN, and our bounds g < #G /M m+D=2
then suggest

M27D
G

N < # . (7.3)

In my ongoing project with Simon Caron-Huot, we are trying to make this statement
sharp by studying the Einstein gravity coupled to massless O(/N) scalar, fermion and
vector models where G — 0 but GNs 5 kept fixed. By including all loop ingredients,
we can then utilize the dispersive sum rules we obtained in Chapter 5 to search for
the allowed space of the number of species. This species bound (7.3) can also be
uplifted to AdS/CFT, as then it constrains the number of primary operators in the
holographic CFTs in d-dimension

Cr
Ad—1 ’

gap

N <# (7.4)

In Chapter 5, we use the analysis in [33] as the basis for our derivation of (5.30).
We must, however, acknowledge that the adoption of this approach is not entirely
rigorous. This is due to the fact that the authors of [33] focused their analysis solely
on scalar correlators, which suggests that flat-space bounds on scalar EFTs can be
uplifted to AdS up to small errors. Thus, our result serves as a prediction of the
precise bound on central charges in holographic conformal field theory (CFT) in
four dimensions. We recognize that a more rigorous method of verification is still
necessary to confirm the validity of our central charge bound. This is where and why
the dispersion relations of spinning correlators should be constructed.

The task of building spinning dispersive sum rules is difficult, primarily due to
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the intricate tensor structures present in spinning conformal correlators. These ten-
sor structures can be particularly problematic as they may interfere with the analytic
structures of correlation functions, for example see [228]. A similar situation arises
in flat-space, where the construction of dispersion relations can become more chal-
lenging when an inappropriate basis of spinning amplitudes leads to spurious poles.
Nevertheless, it is not hard to overcome this issue in flat-space by constructing the
local modules from four-point contact vertices in the Lagrangian and using them as
the basis of tensor structures. This procedure was described in [185] in details and
we directly use it in Chapter 5. Despite the challenges of constructing the spinning
dispersive sum rules for CFTs, we can still hope to make progress by exploring pos-
sible approaches towards constructing the local modules in CFTs in the future. One
potential strategy to address this question is to consider the use of differential oper-
ators (6.3). By using these operators to uplift the flat-space local modules, we can
explore the analytic structures of spinning correlators under the resulting basis. Such
an approach might prove to be a crucial step towards building spinning dispersive
sum rules in CFTs.

In Chapter 6, we report the differential representation of three-point and four-
point amplitudes for Yang-Mills fields and Einstein gravity in AdS at tree-level. As
we briefly reviewed in the previous discussions, it turns out that it is straightforward
to find the differential representation for any contact diagrams of scalar amplitudes up
to any points using the coset construction. The proof was shown in [32]. For spinning
objects, the tensor structures mess things up. However, we surprisingly found the dif-
ferential operators (6.3) that can realize the differential representation for gluon and
graviton amplitudes. These differential operators provide the nontrivial generalization
of the scalar differential representation to massless spinning amplitudes. As a result,
we can show that the gluon and graviton amplitudes in AdS exhibit the flat-space
structures by using those differential operators (6.3) with reordering. This allows us
to uplift the corresponding amplitudes in flat-space to AdS directly. Such differen-
tial representation makes the differential double copy relation at the three-point level

straightforward, as shown in (6.18). We also observe a different differential repre-
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sentation for four-point Yang-Mills amplitudes, embracing the conformal generators.
This representation establishes the differential BCJ relation, which can be helpful
for proving the differential doubly copy at the four-point level in the future, as we
proposed in (6.50).

It is worth noting that the differential operators (6.3) we found in Chapter 6 are
complementary to our findings in Chapter 4. This is because (6.3) encodes natural
power counting rules for conserved currents and stress tensors in large-N CFTs. As we
show in Chapter 6, any bulk derivatives can be replaced by P up to other terms with
fewer numbers of P. Therefore, it is evident that (6.3) can uplift EFTs from flat-space
to AdS. This observation is powerful. Because it implies that CF'T correlators at large-
N limit share the same power counting rules as EFTs in flat-space. As we emphasized
in Chapter 6, this manifests the agreements of the number of structures between
conformal correlators and flat-space amplitudes [117]. Remarkably, our methods allow
us to easily tell how different AdS vertices, i.e., V,A, A*A” and TrF? in the AdS bulk,
give rise to different OPE structures. Because what we need to do is to start with

flat-space three-point amplitudes and make the following replacement

Pin — Piu ) Cin — giu . (75)

We expect that this principle also applies to graviton three-point structures and four-
point amplitudes in gluon and gravitational EFTs. The power counting rule would
be the same as in flat-space using (7.5). In this way, the differential representation
in terms of (6.3) with power counting rules encoded could be beneficial for a clean
spinning bootstrap in the future.

During the project [2] which Chapter 4 reproduces, we were unable to find a diag-
onal MFT OPE in higher dimensions using the basis that we proposed (see (3.159)).
We did find, however, that the higher dimensional MFT OPE is diagonal only in
the flat-space limit, where the third operator is heavily massive with a fixed ratio
of A/Raqs. This finding was demonstrated in the last section of Chapter 3. The
basis (3.159) may not be the most suitable for finding the diagonal MFT OPE matrix
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in higher dimensions. However, the three-point structures that were uplifted from
flat-space using (6.3) may prove to be different from the basis (3.159) and could allow
for the discovery of a diagonal MFT OPE matrix in higher dimensions without tak-
ing any limits. Thus, we suggest that pursuing this direction could be an important
future project.

In order to gain a deeper understanding of the differential representation and its
relation to the flat-space limit, it is crucial to investigate the Inoénii-Wigner contrac-
tion of the conformal group and its irreducible representations. That is, a group
theoretical understanding of Fig 1.3. The simplest such example is the generators of
the underlying symmetry group. The Poincare generators of the flat-space R*! can

be obtained by the Inonii-Wigner contraction of the conformal generators

P, = lim
Raas—o0 Rags

J—la ) Sab = Jab ) (76>

where the space indices a are indices of R4, going from 0 to d (to be consistent with
the convention in (2.6) and (2.7)). p, and s, denote the translation and the rota-
tion in R4, respectively. Similarly, the Inonii-Wigner contraction of the quadratic

conformal Casimir gives rise to the momentum squared in the flat-space
9 1

= I Cia. 7.7
P RAdlSIgOO RIQAdS 12 ( )

This provides a group theoretical understanding of the scalar differential represen-
tation. However, in order to understand the spinning amplitudes, we will have
to deal with the Inénii-Wigner contraction for different irreducible representations.
This investigation can provide valuable insights into many analytic aspects of the
S-matrix, particularly as it relates to the flat-space limit of conformal correlators
[3, 27, 33, 224, 225]. It is also worth noting that the differential representation may
be particularly helpful when it comes to bootstrapping holographic CF'Ts beyond the
Lorentzian inversion formula. While the Lorentzian inversion formula has proven to
be an effective tool for many purposes, it does not always work well when it comes to

low-spin trajectories. This is where the differential representation can be especially
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useful, as it is able to capture contact terms with complete OPE data built into the
numerators. By using the differential representation to better understand the low-
spin and twist zero trajectory of Yang-Mills scattering, we may be able to gain new
insights into the loop corrections of Yang-Mills in AdS.

Another physical implication of our results in Chapter 6 is that they provide in-
sights on Cosmological correlators as they are analytically continued to dS space.
It was noted very early days that Euclidean AdS correlators could be analytically
continued to the dS wave-function coefficients that compute the spectrum of Cosmo-
logical correlators [208]. This drives booming the recent developments that aim to
more efficiently and powerfully understand and compute the Cosmological correlators
using the techniques from CFT and AdS, see [218] for a comprehensive review. Our
results provide the differential representation of graviton three and four-point ampli-
tudes, which could, as Fourier transformed to the momentum space, help solve the
bispectrum and trispectrum of graviton spectator in the slow roll inflationary scenario.
Besides, our differential representation realizes a direct uplift from flat-space. This
could shed light on understanding the general structures of Cosmological correlators:

flat-space amplitudes enhanced with total energy singularity [161].



Chapter 8

Conclusion

In this thesis, we have investigated aspects of the flat-space structures of AdS/CFT
in-depth. We have partially answered the following four essential questions regarding

the flat-space structures in AdS/CFT.

1. Why are there seemingly different frameworks for taking the flat-space limit

that all work nicely?

2. Does spinning correlation functions in holographic CFT define the correct spin-

ning S-matrix in flat-space?
3. What constraints on holographic CF'Ts can be imposed by flat-space physics?

4. Can we uplift the flat-space gluon and graviton amplitudes to AdS?

In Chapter 3, we start with both global AdS and Poincare AdS and then construct
the scattering smearing kernels to define the flat-space S-matrix by CF'T correlators.
We show that the smearing kernel in global AdS served as a common origin of flat-
space limit in terms of Mellin space, coordinate space, and partial waves. On the other
hand, the smearing kernel in Poincare AdS performs the Fourier transform of CFT
correlators and thus leads to the flat-space limit in the momentum space. We also
observe that the saddle points of Fourier-transform further connect Poincare smearing

and global smearing, indicating that all existing frameworks of the flat-space limit
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of AdS/CFT are equivalent. In the end, we briefly analyze the flat-space limit of
spinning operators more covered by Chapter 4.

In Chapter 4, we construct a helicity basis for conformal correlators of conserved
operators in three-dimensional CFTs. We show that the concept of helicity is confor-
mally invariant. Using this basis, we provide a diagonal representation of conformal
data. Using the helicity basis, we compute the OPE of mean-field correlators. We
further extract the CF'T3 OPE data contributed by tree-level gluon scattering AdSy,
which turns out to be diagonal. Our results at the bulk-point limit achieve perfect
agreement with flat-space gluon scattering phase shift, including higher derivative
corrections.

In Chapter 5, we build the dispersion relations of (flat-space) graviton scattering
in high dimensions representing the low-energy EFT in terms of UV partial waves
with positive coefficients. By constructing graviton partial waves, we utilize the dis-
persion relations to sharply constrain the Wilson coefficients that control the leading
corrections of Einstein-Hilbert action. We uplift our results to AdS and thus provide
numerical bound on central charges in terms of Agyp,.

In Chapter 6, we develop the differential operators built from the weight-shifting
operators. These differential operators enable us to find the differential representation
of gluon and graviton amplitudes in AdS. The differential representation demonstrates
the flat-space structure, which can be obtained by uplifting the flat-space amplitudes.
We show that the three-point doubly copy can be made manifest using our differential
representation. On the other hand, we prove the differential BCJ relation for four-
point YM amplitudes. This motivates us to propose the four-point differential doubly
copy relation yet to be explored and proved.

In Chapter 7, we provide detailed discussions of all our findings in the manuscripts
that Chapter 3, 4, 5 and 6 base on. We point out valuable and intriguing outlooks

for possible future directions.



Appendix A

Appendices for Chapter 2

A.1 Momentum space for Euclidean CFT

In subsection 3.2.2, we construct the scattering smearing kernel from Poincare AdS,
which Fourier transform Lorentzian CF'T correlators, giving rise to the flat-space
limit in the momentum space eq. (3.45). However, Lorentzian CFTs admit more
subtle analytic structures (see [62| for fun), making it not easy to perform Fourier
transform. It is better to represent S-matrix in terms of Euclidean CFT, where the
Fourier transform is much straightforward. This is the flat-space limit proposed in
[26]. In this appendix, we demonstrate how, in a direct way, to rewrite eq. (3.45) in
terms of Euclidean CF'T, which, as the massless condition is turned on, reduces to
[26].

Of course we should wick rotate Lorentzian CFT to Euclidean CF'T, i.e., T" — ¢T.
Correspondingly, we have £ — ¢FE where E now is spatial momentum rather than
energy. However, this procedure causes some troubles for modes expansion eq. (3.30),
as we discussed there. A simple resolution is to wick rotates z — iz, and consequently
the Bessel function of the first kind J, remains valid as mode functions. Importantly,
we should also retain the spacetime in the flat-space limit eq. (3.45) as a Minkowski

space. We can formally do this by taking ¢ — ¢/ and x4, — ix4. To be more clear, we
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do wick rotations as follows
T—iT, z—iz, (—il, xg—irg, t——t, Xicq—iTicq. (A1)

It is easy to see that after doing these analytic continuations, AdS becomes dS and the
flat-space limit remains as Minkowski. It is then readily to find the remanning parts
of analyzing the flat-space limit still follow subsection 3.2.2, but with the momentum

continued correspondingly

w—rw, ki<d — —iki<d, k?d — ’Lk}d = 14/ |k|2 + m?2 , (AQ)

where [k| = /w? + kZ_,. Now it is easy to see that w is no longer the energy but one
component of spatial momentum, and the additional momentum coming from bulk
kq is the actual energy as the proposal in [26]. We may stick to the usual notation
calling energy w, then the scattering smearing kernel eq. (3.45) basically remains the

same but replacing k; — iw since kg now is energy

J N1+A—9) w2 o
S = | | dd i2175+Ai€7A¢ ? 2 0w DT () . . . On ]
/( L LE-a) -t ° o e

(A.3)

A.2 Normalizing scattering smearing kernel

The scattering smearing kernels we construct in section 3.2 are already normalized.
We show in subsection 3.2.3 that using HKLL formula and LSZ can somehow deter-
mine the scattering smearing kernels up to normalization. Here we demonstrate we

can fix the normalization by requiring the canonical condition

Sio = <]01\p2> = (2W)dQW5(d) (p1 - pz) . (A-4)
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A.2.1 Global smearing

For global smearing, we start with a smearing kernel with momentum dependence

unknown for Sy

Sio = /dtldtzei(wm_wltl)z‘lg(pl)Ag(pz)<O1(7'1’ﬁ1)02(72;]32»a (A.5)

where A,(p) is the yet-to-be-determined normalization. We use the following repre-

sentation of two-point function, basically constructed from quantization eq. (3.19)

Ca

22 (cos T2 — p1 - P2)

(O1(71,1)Oa(72, p2)) = < =Y _(NR, )Y (51)Y g, (B2) -

n,J

(A.6)

As we show in subsection 3.2.1, taking ¢ — oo yields

2d72A71£2A7d+1 2A—d

p iw(ti—t2) §(d=1) (5 _ AT
ST(A+1—dp ° Prmp) (A7)

(O1(11,01)O4(72, D2)) Z/dw

Plugging into eq. (A.5), we can perform the integral of ¢; 5 to have (27)26(w—w;)d(w—
wz). Then we can integrate out w, leaving only one delta function (w; — wq). We

have

2d—2A+1€2A—d+1p%A—d,ﬂ_2 ) (d-1)
A O(wy — we)d' "V (p1 — Pa) s
T T(A+1- 27 g(P1)70(wr — wo) (1 — P2)

_ _ 2(A—-1
B 9d—2A+1 p2A d+1p1( ). 2

512 =

™

A 200109 (py — A.8
ilAF(A + 1 — %)2 g(pl) w1 (pl p2) ) ( )

where we have used the on-shell condition to rewrite the delta functions
(wr — w2)8 V(B — Do) = wipi 6D (p1 — po). (A.9)

Equating to eq. (A.4), we obtain correctly

Ay(p) = 2205 2B T AT (A + 1 — g) . (A.10)
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A.2.2 Poincare smearing

Similarly, we consider S, with normalization factor A, to be fixed
512 = /ddl’lddl’gei(pl.mlpQ.IQ)Ap(pl)Ap(pz)<01(T1, Yi)Og(TQ, }/2)> s (All)

where

(O1(T1,Y1)04(T5,Y3)) = —(Th = T2)2C—A|— S (A.12)

It is more convenient to work with Euclidean CFT, and we can also work with vari-

ables x5 and x5

d d ip1-x12+ip12-T2 CAWA
S12 = [ dz12dx9e AP(pl)AP(pQ)xQ—A , (A.13)

12

)

The integral of x5 performs the Fourier transform for pgd , and the integral of x,

simply gives delta function (27)46(p; — p2)

Sy = 24-2A-1)2A—d F(%l —4)
F(1+A-9)

P 02 x Ap(p1)*(2m) 6D (py — pa) . (A.14)

+
N

Compare with eq. (A.4), and then analytically continue back to Lorentzian signature,

we find

PA+A—9) g
F(¢—A) kA5

Ay(p) = 21— a+8p-4 (A.15)

A.3 Derivation of formulas in Mellin space

We break our derivation of Mellin space formula into two steps. First, we approximate
four-point function in terms of Mellin amplitudes at saddle-points of §;; and then we
recall scattering kernel and perform integration over time around its saddle-point for

massless case and massive case separately.
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A.3.1 Limit of Mellin representation and massive formula

Start with Mellin representation of four-point functions eq. (3.70), we scale 6;; = (*0;;

and exponentiate all integrands as we describe in subsection 3.3.2, include the explicit

prefactor we have

dﬁz n(n—1)+Ax 271' n(n=1)
(@1...@n> : n(n > /H w E 1)+A Hﬁ %

2m

Hi:l |pz‘
(2Ay)28%

L) expl1. (A.16)
i<j

where the exponent is exactly eq. (3.77). To be general, we expand the exponent
around saddle-points as recorded in eq. (3.93), which works for both massless and
massive situation. In general, § is not determined unless further saddle-points are
dominated as for massive particles. We may take a gauge choice that sets 5, = [ to

keep track of B, which introduces additional integration

5
/ dzfo explidfod ] (A17)

We can make further simplification by following 23] to redefine €;;

2n
uij = € — 4~ (pi+ ;) =045, (A.18)
and we obtain
N
<01 e On> = n(n—3)
(2mi)~ 2
5ﬁ(l f /8 n(n 1) 27T n(n 1) " 71 AE ;

/dﬁl_[ O G IRl | CART [T el

1<j

(A.19)
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where the exponent here is

. 2B / 2 22,
exp [1560(5/81 — oA ; ((5@ + 5/3])(317. (mi +m;)*) + 553”) oAy q
B pus (08 +65;) q- (pi+p))
il ¢ _ 19 U o' y
+AE ;(4(3/] _(ml+mj)2> 9 ( ij + n_9 +5Sz]))
+ £ Z ((sh; = (m; +m;)*) (68 + 65;)%) + 1 ZA-&B-(l — 5ﬁi) + 152A }
4AE = % 7 J ) J 6 i 1 7 Qﬁ 9 b))
(A.20)
Integrating out w;; gives an overall factor
n(n=1) , 1 2Ay | 2o
@m) " (] sty — (mi +my)?)? (= mﬁ) : (A.21)
i<j
accompanied with an exponent
£ : 2)(08; +68;)* A.22
GXP[—EZ(%—(W@HLWJ) )(08: +08;)°] . (A.22)

1<j

We should then integrate out 05;. The exponent relevant to 03, can be concisely

written in terms of matrices

1
exp[—§5ﬁ.A/j.5ﬁT + 35.55T] , 0B =1(6Bo, - ,0,), (A.23)
where

. 1 62 ! 2

(Agloi = (Ag)io = —10a, (Ap)yy = @Ai@j + E(Si]‘ — (mi +my)7),
A, 2B , 2n
(Bglo=0, (Bg)i= e (si; — (mi +my)* + dsyj + 51 (Pt p)))-
i

(A.24)
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Integrating out 63, thus simply gives

(3;),1;1 eXp[% > (A5 (Ba)i(Bs);] (A.25)

/l:’j

det A is difficult to be evaluated for general n, nevertheless we can find its pattern

follows
detAg = CODdet! (si; — (mi+my)?) | TTis A
(2A2)n71 52(n71)
n—2 n n g?m
+y oty I Ao 1 - (0= (e + ml>2)>m’
m=2 {im}#1  i=2,i#{im} (k,1)>1, (k1) #{im}

(A.26)

where det’ denotes the determinant with discarding the first raw and column. We
should explain more on the notation. {i,,} denotes a length m list of numbers and
{im} denotes the complementary of {i,,} through i > 1. For massless case, all the
followed terms are subdominate compare to the first term, thus the expression reduces

to

62("_1)det’(sij)

detAB ~ (QAE)”*l

(A.27)

Including all pieces, we obtain

N
(27TZ) n(n2—3)

S(a:55i5,) g 2
dBD(sqj, B)e” 1% M<5ij = E(si]‘ — (m; +my) )) )

(A.28)
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where

Lnm EQ
D(sy5,8) = (—1)3™ H)(E

(27)n+1
detAg ’

)%Ag (QW)%(HQ—:STL—Q)BAE—TL H |p¢|Ai

6262 €2ﬁ2n2 ) 1 o 1 )
S(q,0sij, 8) = _QAz Zésij - Eq + ) Z(Ag )ij(Bg)i(Bs); + 55 Ay .

1<j .3

(A.29)

The second step is then integrating time and q. Generally evaluating this two inte-
grals analytically is technically difficult, fortunately we can discuss massive case and
massless case separately, which can largely simplify the problem. For formula involv-
ing massive external particles, the situation is much more trivial and it is actually not
necessary to really do the derivation. In this case, eq. (A.28) can be further simplified
by assigning 8 = ¢ to integrands and dropping integral of 5. Performing integral over
7; and ¢, we simply obtain a formula that equates flat-space amplitudes to Mellin
amplitudes with §;; = —¢28%/(2Ax) (s;j — (m; +m;)* up to an overall normalization,
namely

£2

T(Si]‘) XX M((SZ] = —E

(555 (mi+m5)%) ). (A.30)
The proportional factor is universal, since it is originated from universal kinematic
factor KI in eq. (3.69) and universal factor D(s,;,)e@%%4:) in eq. (A.28). Thus we can
determine the proportional factor by simply considering a contact example eq. (3.124).
Both flat-space amplitude and Mellin amplitude of such contact interaction are simply

coupling constant, thus the proportional factor of above formula is simply 1!

A.3.2 Derivation of massless formula

When all external particles are massless, the derivation becomes highly nontrivial.

The expected form of the formula is

Tsi) ~ [ d55OM (55 = 50 (s~ Gme e mp)) (A3
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however, the existence of integral over [ makes it impossible to simply determine
the proportional function f(5) by contact interaction, unless we know f(/3). A nice
derivation is available in [23], and we review their derivation here but with a different
gauge.

Let’s first describe how our gauge choice can be transformed to the one used in
[23]. The gauge choice in [23| is €5 = 0 rather than §; = § we use. To transform
the gauge to €15 = 0, we only need to redefine 5 by § — [ — 04, with a specific §5;

rendering €15 = 0

Bein

00 ~ ) A.32
Pr=g - (A.32)
Then we have
exp[id Bod B1] — explid o ;132’5] . (A.33)
12
We can then change some variables by
B : 0503

88; =i\, =)o, A34
oAy T g = (A.34)

which provide the following prefactors
_ nZ2212 A.35
R (4.35)

Then trivially changing the variable 5 by 8 = iy/Ax/(2a) (which will also be used

with our gauge anyway) makes the integrand become

0 -3, Sy, 2 nn-1) L1, 2, N
gdéndag)\a[dam_@) (= )<£_2> T H(gij) 2(_5)2 EUwi 7

(0% o
1<)

(A.36)

where the exponent is exactly eq. (107) in [23] by simply noting ¢ |here = R‘ there A1

0Ty ‘here =t;;/ R‘ there 1t 18 also easy to check that the prefactors also match with [23].
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With our gauge, we now should start with eq. (A.28) and integrate both d7; and

q over. The massless limit simplifies the exponent in eq. (A.28)

723, 1 1 .
) Z )ij(Bg)i(Bg); = 2n (2Az> izj(q pi)(q - pi) (A5 )ij — 3 %L:(AT)lm(STﬁTm,
(A.37)
where
1 _
(AT)lm - QAZ (Zq pz zl + (A )zm)wmwl(l - 5lm)
- Z Z q-Di (AE )im + (Ag )ik)wkwm(SZm) : (A.38)
Now let us first take a look at 67;. We follow [23] to introduce an exponent exp[— ) . 5;22]

with cut-off T" — oo, which benefits the derivation. Then we can write the time rele-

vant exponent as
1
exp[—ﬁér.AT.&‘T] , 0T = (07, ,0Tn). (A.39)

The linear term is suppressed by large AdS radius ¢ and the matrix A, can be orga-

nized as
1 22
(Ar)im = (A2 + (A (A = (Ao + (A (D = 0+ st
(A.40)
where
262 262
A? = —ﬁ—nqowlélm, A3 = b W Wy - (A.41)
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The inverse of A, can be evaluated as [23]

0\—1 _ 2 T AE —2
((AD) ™ )im = T 01 + wzwm(—ng + A C%2)2) +O(T7?),
(A) 7" = (A7) (1 = AL(AD " + (AL(AD ). (A.42)

Then performing the integral over d7;, the following prefactor is obtained

Ay 1T 1(27)2
f_ = 2 A.43
pref_ (Z w,%BQ) 7 ; ( )
which comes with the following exponent
1 _
The remaining exponent is recorded below
1A
expl—5 =5 +Q(g,)], (A.45)
20
where (g,) can be organized as
EQnQﬁQ ) 625
Q(q) A n(mz) ,Zj<q pi)(q - pi) (A5 )i
1 AET 2 WeW) q 7q
o _( 2 ) Z(5kl - 2)AkAl ’ (A.46)
22> wil” > w;
where
i 2 1 1 & 2
A‘fn = ZwiA?m = 4(2AZ) nz q pz((AE )zm + (Arg )Z-k)wkwm(wm — Wk) — A—Enqowk_
ik
(A.47)
Finally we are in the right position to integrate over ¢ to get
27r)d+1 o 0
L Qqq = Q, (A.48)

detQqq ~ 0g 0"
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where explicitly we obtain

527’&252 625 . . 3
Qqq = Opw — 2n2(2AZ)2 § (pgpj +P§pz‘ )(q 'pi)(Agl)ij
i?j
1AET2 wkwl8~8~ 0 -, 0 ~
(= Op — —s ) (=— A2 Al Al — A7) . A4
T3S L5 ) Gudigp Al g diguAl) - (A

It is not hard to find that the second and the third term in @4, is only rank-(n — 1)
up to O(q), thus by taking 7" — oo, the whole determinant of @),, can be evaluated
by multiplying the rank-(n — 1) determinant of the last term with the rank-(d —n+2)
determinant of the first term [23]. Using this trick, we can pull out 8 and T, which
is crucial for determining f(3). Pulling out T cancels 7" ! in pref_, leaving the
final answer independent of cut-off 7. On the other hand, it contributes f~(¢"+2),
Together with eq. (A.28) (also note eq. (A.45)), one can readily find the 8 (or «)

dependence f(j3) ~ pA=—4

4

d—Ay

~daa" 2 e”. (A.50)

A
B

[V

dpprste:

The remaining part is technically difficult to evaluate, but nevertheless it is not nec-
essary to evaluate it. The form of f(3) in (A.31) is now fixed, and the remaining
factor serves simply as normalization factor and should be determined by contact

interaction.

A.4 n =4 Contact Witten diagram

We consider Witten diagram given by contact interaction
L =165, (A.51)

The AdS amplitude is simply

4
A— / a2 X [ GrolX, P, (A.52)

i=1
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where Gy is the bulk-to-boundary propagator

Ca, . (A.53)

Gro(X, P) = —=

The contact Witten diagram can be represented by D-function [229]
A= EB_dCilcigDA1A2A2A1 <PZ) ) (A54>

where

DA1A2A2A1(Pi) - EF(A )2F AQ / Hdtt ‘_1 /dXe_QZi—lti 7 . (A55)

Integrate out the bulk coordinate X, one found a simple representation of this Witten

diagram [22]

As—d v1 Car [P T |
A= () [[ =2 / (JJ it ")eZi<stitPs - (A.56)
2 o DA Joo ]

This representation can be straightforwardly transformed into Mellin amplitudes. We

start with this representation, it is then not surprise it gives rise to the same answer

as Mellin space provides. We find saddle-points of ¢; are

iVO(m — my) (m 4 )

4\/m12m ’

m/Z(m + m12)<m -+ T_/l12>
Z51 = - ) t2 = -

4/miam
iVI(m + mya)(m — my») ty — iVI(m — maa) (m — iiz) . (A.57)

4\/T7L12m ’ 4\/T7L12m

t3:

Picking up these saddle-points and including all reasonable normalization, we find it
indeed gives rise to D, in eq. (3.140) for s = m?.
We can also follow the routine of [3| to verify that the contact Witten diagram is

equivalent to momentum conservation delta function. To show this, we evaluate

d|p3|ddp4 de1
— A. A .58
/ 23 2wy P3| ( )
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In flat-space, this evaluates the phase-space volume

dlps| dps, 41 (s —m2,) 2 (s —mi,)
§d+1) _ 12 12 A.59
/ 20 2y P8 (P1+ P2+ ps + pa) = . (A59)

which is the factor appear in partial-wave expansion of amplitudes eq. (3.133). To
show the match, we still use saddle-points of P; eq. (3.101) but setting ps, ps off-shell
in frame eq. (3.107)

p1 = (wi,pn), p2 = (wo,—pn), p3=(—|ws|,|ps|?’), ps= (—|wal|, —|psn”),
(A.60)

where |w;| = \/m? + |p;|?. Then we find the saddle-points of eq. (A.58) are eq. (A.57)
together with

-~/ -~/

lps| = lpal =p, 7" =7 (A.61)

Include all relevant factors, it is equivalent to momentum conservation delta function.

A.5 Conformal blocks with large A and A,

A.5.1 From Casimir equation

We consider four-point function expanded in terms of conformal block

21

(Op---0y) = % <@> % <ﬂ> i Z caGay(2,2). (A.62)
(PraPsy) 2\ Py ~,

Acting with Casimir operator yields the Casimir equation [230]

DGay=(AA—-d)+ J(J+d—2))Ga, (A.63)
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Ty4 = —Q9

To = —OQW

Figure A.1: A convenient conformal frame for solving conformal block at A, A; — oco.
Non-identical operators subject to flat-space saddle-points can also have access to
above conformal frame. In general, oy # «s.

where

22

D=D,+D:+2(d—2)

(1 =2)0: = (1= 2)0z),

zZ—Z

D, =2(2*(1 — 2)0? — (1 + a +b)2*0, — abz). (A.64)

(z,z) is the usual cross-ratios, and note a = b = Ay /2. For A} = Ay or A; < A,
the Casimir equation simplifies and easily gives eq. (3.126). For A; # Ay, the term
with Ay, is very important. Inspired by eq. (3.109) and (3.111), we now adopt the

following conformal frame
4mPw 4m2w

z= (m2 — m%2)<1 + w)2 , 2= (mQ _ m%2)<1 + w>2 ’ <A65)

where w = re', which is depicted in Fig A.1. For mis = 0, the parameterization
eq. (A.65) reduces to the usual radial frame [112]. The Casimir equation eq. (A.63)

now reads

AG(r,n) + B10,G(r,n) + B:9,G(r,n) + C1?G(r,n) + Cg@%G(r, n) + C30,0,G(r,n) =0,
(A.66)
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where

A= =1D* = 2nr +1)*((d — 2)J(m1z — m)(m + myo)(r* 4+ 2nr + 1)?
+A(—d(mig — m)(m 4+ mu)(r* + 2nr + 1) — m3(r? + 2nr + 1)?

+m2, At + (4n? — 6)r® 4+ 1)) 4+ J2(myy — m)(m 4+ my) (12 + 2nr + 1)?)

By = —r(r® +2pr + 1)(—=m?*(r* — 2npr + D*(d(r* + 1)(r* + (2 — 4n*)r* + 1)
2t AP (r* 4+ 3) — Tr? — 9) — 1) +miy(r* + 2nr + 1)(d(r* — 2n(r* + 1)r
—6r% 4+ 1) (r* — 21 + 1) +r(2n + r(r® + 187" + 83 (r* + 3)r — 161 — 4n?(5r*

—4r? 4+ 7) — 217(7“4 +r?+ 15)r +30)) — 1) + 8nm2m12r(r2 — 1)25(7“2 —2nr + 1)2) ,

By = (1= rH)(r? 4+ 2nr + D)(n(—m?)(r® — 2npr + 1)*(dr* — 4(d + 1)n*r? + 2dr?
+d —rt 46 — 1) + miy(r® + 2 + 1)(=8(d + )n*r® + 4(3d + 1)n’r?(r* 4 1)
+20°r((5 — 3d)r* +2(d — 3)r* = 3d +5) + n(r* + 1)((d — 1)r* = 2(7d + 1)r* +d — 1)

+ar((d —2)r* +2(d + 2)r* + d — 2)) — 8(n* — D)m*maar(r® + 1)0(r* — 2ngr + 1)?),

Ci = —r*(r* = 1)(r* — 2nr + 1)(r? + 2nr + 1) (miy(r* 4+ (40* — 6)r? + 1)

_mZ(T2 - 277T + 1>2) )

Co=(n* = 1)(1 = r?)(r* = 2pr + 1)(r* 4+ 2nr + 1)*(m2,(r* + (40> — 6)r* + 1)

_mQ(TQ - 277T + 1)2) )

C3=38 (772 — 1) mi,r? (7’2 — 1)2 (7’2 —2nr + 1) (7"2 + 2nr + 1)2 .

(A.67)
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We denote n = cos 6. The expression looks horrible, but we find it is especially useful

to define

P24>A212<P14 =

9as(z,2) = <P_14 P—B) Gas(2 7). (A.68)

Then the leading order of Casimir equation is trivially satisfied by scaling r f(r,n)

and the sub-leading order of the equation reads

r(d((r? + 1% —49*r?) + 4> = D2+ D)) fF+ (0 = D)+ 2 -4 +1)0,f =0.

(A.69)
Finally, we end up with a simple solution (include reasonable normalization)
49
JIN. 47)2C2 " (cos B
(d—2)5(1—r2)2 V(1 +72)2 —4r2cos?
where
AQA
Np = (A.71)

(A — Alg)A_Alz (A + A12)A+A12 .

The expression looks the same as eq. (3.126) up to additional normalization factor,
but the definition of (7, ) is no longer the same, besides, ga s is defined by including
appropriate prefactors. It is also worth noting that here (r,#) depend on A, so when
we sum over conformal blocks, we should be careful about addressing conformal block
itself. To avoid confusion, we may denote (ra,fa) in the main text. In the next

subsection, we verify our solution by working specifically in d = 2, 4.
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A.5.2 Explicit check in d = 2,4

In d = 2,4, the conformal block can be exactly solved [230, 231]

s}
I

2, Gag = kZiJ(z)kZIiJ(Z) + kZiJ<Z)kZIiJ(Z) )

d=4, GAJ:ﬁ
Z—

z

(K (DREY 5 o(2) = KR ()RR () s (AT2)
where

a B
K%)= 25 oRiat 504 0. 8.2) (A.73)
We can find k:ga(z)| 8.a—00 Dy using the Barnes representation

o Fi(a,b,c,z) = (—2)°. (A.74)

[(c) /ioo ds T'(a+ s)I'(b+ s)I'(—s)
ico 2T I(c+s)

We deform the contour to right and find there is a saddle-point of s

. wB(f + 2a)
o= (1—w)p —2a(l+w) (A.75)

Then by performing the integral dominated by this saddle-point, we obtain

B B(8—2a) Bw(2a+8)
/{Zgﬁa — f—_w(a + §>—2a—5 (w + 1)26”_%11)6/2(5 - 2a) Za(wtD)F+B8(w—1) (2a + 5) 2a(w+D)+Bw—1) X
w (l2— 2 alw— w
(8 — da?) 2ttt ~ it (28(1 — w) — daw + 1))~ (A.76)

This expression looks tough, but it turns out those transcendental factors exactly give

rise to the wanted prefactor. Plug eq. (A.76) in eq. (A.72) and absorb the prefactors,
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we find
(4r)2
vy N x 2cos(J0),
9n.J A V1412 —2r2 cos(26) 0
A 1 1 9
A (4r) ST+ D0) oy o
(=) /It —2rcon(2s)  sind

which precisely match with the general result eq. (A.70).
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Appendices for Chapter 3

B.1 (VVV) from Witten-diagram

In this appendix, we start from AdS Lagrangian in d = 3 to derive (VV'V') three-point
functions. From helicity basis we constructed in the main text, it follows that (VV'V)
has three independent structures, and it is expected the first structure corresponds
to the Yang-Mills vertex and the higher-derivative coupling in AdS is captured by
the second two (the odd and even “same-helicity” ones, which are analytic in spin
for J > 0). Our starting point is the following Lagrangian for Yang-Mills in AdS
(omitting gravity):

1 I _ fabc _ _ _
L= — FaFuVa+ Fe peva _ ( FuaFVpr uc+ /FuaFVpr MC>+"'
dgty 3272 By M b T Ik ’
(B.1)
where a, b, c are SU(N) group indices, f% is the structure constant, F;w = %eWUpF op
and --- is other terms that are not relevant to our purpose. After rescaling the

fields by the coupling to make A canonically normalized, it follows that we have two

three-point gluon vertices

Yang-Mills: — gym fC0, AT AP AVE
(B.2)
Higher-derivative: — %f”bc F,"F, prp H¢ + odd part,

215
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where only the linearized part of F),,, will contribute in the second case.
It is most convenient to work with the AdS embedding formalism [210] where the

bulk-to-boundary propagator with conformal dimension A and spin J is [210]

(=2X - Y)W -2)+2(W - X)(Z-Y))’
(—2X - Y)A+ !

HA,J(K W7X7 Z) = C(A7 J) (B3>

where X and Z are embedding coordinate and auxiliary polarization respectively for
boundary CFT, similarly Y and W are (d + 2)-dimensional embedding coordinate

and polarization for the bulk AdS,,;, which are constrained by
X*=X7=7*=0, Y’=-1, YW=W?=0, (B.4)

and have the further redundancy Z ~ Z + aX. The normalization factor reads

(J+A—1)I(A)

8. J)= i (A~ DI(A+1-9)

(B.5)

Derivatives in AdS can be evaluated using the bulk covariant derivative operator [210]

= %—i—YA(Y-i)—l—WA(Y'i)- (B.6)

Va oYy oW

which commutes with the constraints. It is also convenient to introduce the differential

operator K4 [210]

) 0 d—3 B 1 8> 0
W f— . . — —_—— —_— . — 2
Ki = (aWA Yy 6W>> ( W aW) 2 Wa <8W-aW +g) > ’

(B.7)

which helps do index contractions in AdS:

S HV)g(W) = @ﬂk’wm (B.5)

With these ingredients, we are ready to compute (VV'V) by performing the following
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integrals over (Euclidean) AdS Y? = —1:

3
(V(X)V(Xo)V (X3)) ™ = —QYMfabCCc?m/ dY Y (WY - VI (Y, W55 X1, Z1))
EAdS Wi, W

X Hgo1,5(Y, W13 Xa, Zo) 41,4 (Y, Wa; X3, Z3) + (5 permutations)
VOV V) = 290y Ciyy [ av
EAdS Wi, Wa,Ws
x (Wi - Vg1 1 (Y, Wa; X1, Z1) — Wa - VIg_11(Y, Wi X4, Z1))
x (Wi - Vg1 (Y, Wy; Xo, Zo) — W - Vg1 (Y, Wy'; Xy, Zo))
X (Wy - Vg1 (Y, Wh; X3, Zs) — Wi - Vg1 1 (Y, Wi X3, Z3))
(B.9)

3
where the factor 65_1,1 ensures our V'V two-point function follows the CFT normal-
ization. The integrals can be done in elementary ways, for example using Feyn-

man/Schwinger parameters. We obtain (in d = 3):

(VVV>YM _ 39ym fabe HosVi + Hi3Vo + HipVa + ViVa V3
16v2"  (—2X; - X5)7(—2X; - X3)2(—2X, - X3)2
<VVV>H 9 fabc HysVi + Hy3Vo + HipVs + 5V V5 V3 7 (B.10)

CO8V2T (22X Xo)3(—2X, - X3)2(—2Xs - X3)2

where H;; follows the definition in eq. (D.3) and V] is defined by (see [47] for more
details)

Viie Vi — (X Xp)(Zi - X5) — (X - X5)(Z; - X) . (B.11)
X, X,

To project onto the conformal frame (0, z, 00), we parameterize X;, Z; (in embedding

lightcone coordinates) as

Xl = <1a070)7 Zl - (070761)7 X2 = (]_,[L'Q,LU), ZQ = (07262 . x762)7

X3 = (O, 1, 0) y Zg = (0, 0, 63) . (B12)
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We thus end up with

_ 3gYMfabc
16+/2|z3

vt = S ) o)+ el a) (o) ) s

(VVy)yyM

{“ (e es) + (@ e2)(er - es) — (o eg)en - eg) + LD D 63)} ,

72

(B.13)

Comparing the above results with My By (see eq. (4.4) and eq. (4.16)) for conserved
currents, the agreement can be easily observed and the OPE coefficients can be readily

read off

/
(e1) gym /\(ez) gu )\(02) 9u (B.l 4)

VVV:16\/§’ vvvzﬁv vvv—4\/§7rv

where we strip off color factors by defining (VV'V) three-point functions as
(VVV)® = 2 X Ay Thy (B.15)

in which @ runs through structures in eq. (4.14).

B.2 Simplifying Fourier transforms using spinors

We find that much of the calculations can be streamlined analytically by representing

the polarization vectors as a product of two spinors (see also [141]).

Given a two-component spinor |e), we define (¢| = |e)T-icy, and parametrize the

null polarizations as

i
)

(eilo™|e:) (B.16)

N | —

€

where o#, p = 1,2,3, are Pauli matrices. This vector is automatically null. Other
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useful identities include:

{alg”[b)(clould) = —(ac)(bd) — (ad)(bc), (€1, p,€s) = %(6163)(61 ples) . (B17)

The three-point helicity structures in eq. (4.10) are very simple in terms of spinors:

3 : Jz—J1—J2
1t (4m)z [ —ifes|ples) Y
T123 (p) = T ( \/5 <€163>2J1 <€2€3>2J2 |p|,312,3 3

o 1—&ip3 2 1+&,p3 2
2 2

- — (eilples)
where & p3 = [

(B.18)

is a measure of spin along the p axis.

When we go to Fourier space using eq. (4.12) and its derivatives, we find remark-
able simplifications thanks to the fact that the vector €3 is orthogonal to all other
vectors multiplying p. In fact the Fourier-transform involves only similar-looking

objects and we were able to Fourier-transform the generic term analytically:

dp
/ (2—757)36”’“1?% (—ileslples))” (€1p3)" (Caps)’

22k+J <

eslz|es)”! (2 +b/+3 +k+J) (B.19)
3 2k+2J43 Zf’b’ F a+b —k;)

(51,%,3)[1/ (52,27,3)6/

e a’ b

where the sum runs over o’ < a, i’ < b such that (a+b—a’ —¥') is even, and f is the

following combinatorial factor

o )Y W (atb-a )
/’ , = 7 / . B2
fa b 9a+b a/(a_a/)!b/!(b_ b/)l (%)l ( 0>

Using the integral (B.19) it is straightforward to convert the structures in eq. (B.18)
back and forth between momentum and coordinate space. The other operations also

have simple forms:

e Conformal inversion: this takes (oo, x,0) — (0,2#/2? c0) and |ep) 2x||62|’>

The net effect is simply: &, — 1/, and (ege3) — i{€2€3)E0 4.
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e Shadow transform: two-point functions in position and Fourier space are simply:

(1fal2)
(=277
(i - M),

(01(0)04(p)) = (_2)J4AZF(A+3) p|*”

(01(0)Oy(x)) =

3

2 <5162>2J X 2F1( - J, % - Aa %753,;},2) :

(B.21)

e Index contractions: the sum over a basis of spin-J states (4.29) becomes:

o\
S rea( = 57 @0 (B.22)

B.3 More on conformal blocks

B.3.1 Series expansion of conformal blocks

Here we review how to obtain a series expansion for conformal blocks using the
conformal Casimir operator, following the work of ref. [112] for scalar blocks. The
same recursion will come in handy for doing certain inversion integrals in the next
subsection. The conformal symmetry generators act on a spinning primary O(x, €) of
dimension A as

D = a"0,, + A, JH =20 — x"0L + €07 — €70V,

(B.23)
Pt =0~ K" = 220! — 22" D + 2(x-€d" — 'x-0,),

where D, J, P and K generate respectively dilations, rotations, translations and
special conformal transformations. The Casimir operator is then Cy = D?— %J I+
+{P,, K*}, which has eigenvalue Ca ; = A(A —d) + J(J +d — 2) if O is a rank-J

tensor.

Four-point conformal blocks are (by definition) eigenfunctions of the Casimir act-
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ing on the pair of operators 1, 2:
2 1 nv 1 n
C=Di,— §J12 (JlQ);w + §{P12; (KIQ)M} (B.24)

where the subscripts denote the fields on which the generators act: Dy = Dy + Dy
etc. This form of the Casimir operator however can’t be used for the correlator in the
frame 0, 2,77, 00. The problem is that P, does not preserve the condition z; = 0.
Fortunately, there is a simple solution: we can use conformal invariance of the four-
point correlator to rewrite P — —P34. Accounting for a commutator, the Casimir

is
|
C = |Dia(Dr2 = d) = S5 (o) | + KUKy = cO 4 cW. (B.25)

Notice that C(? is homogenous in z, while C'Y) increases the weight in # and y by one
unit. Furthermore, the former is diagonalized by the three-point structures P 'y in

eq. (4.43). This suggests writing the block as an infinite series in 7327 7t

GYd( Z Z Al OOpt @), (B.26)

m=0 k=—m

such that the Casimir (B.25) gives a recursion relation for the coefficients A. For
example, for scalar operators, applying the Casimir to the Gegenbauer polynomials

(4.43) gives
a,b a,b a,b,
C(O)PA,J = CA,JPA,J? ct PA J ’VA J PA—H J-1 1t A +PA+1 J4+1s (B.27)
with

72’ =(A+J+2a)(A+ J+2b),

ap—  Jd+JT=3)(2a+d-A+J—-2)(-2b+d—-A+J—2) (B.25)
Yag = (d+2J —4)(d+2J - 2) T
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from which one deduces the recursion [112]

(Cas = Cavmain) Amk = Yaym1. 0tk 1 Am—1h1 + VA4t spr Am-1h-1. (B.29)

Note a, b in VZ’bji is not representing the structure index, they are simply a = 1/2(Ay—

Ay),b = 1/2(A3 — Ay). These coefficients eq. (B.28) will also play important role
when we are dealing with MFT, see appendix B.3.2.

This method allows to extend this result straightforwardly to spinning operators
[188]. We can use eq. (4.42) to construct PZ’Z from three-point functions, and in
general Pg’ff, can be organized as Gegenbaur polynomials and their derivatives, which

is consistent with group theoretical analysis for projectors [189].

B.3.2 Inverting powers of cross-ratios times Gegenbauers

In this appendix, we present a more compact approach to deal with the spinning
MFT. To be more precise, there is a surprisingly concise and powerful trick that can
be used perform Lorentzian inversion formula for a scalar MEFT correlator extended

with Gegenbauer polynomial, namely

G =20 (€). (B.30)

where u = 2z, v = (1—2)(1—2) and ¢ = (1—u—v)/(2y/uv). The punchline is that we
find a recursion relation for OPE data associated with above correlator, see eq. (B.33).
This formula enjoys more general applications, since as just shown, conformal blocks
admit series expansion of precisely this form (after interchanging operators 3 and 4
operators). This was used in [232] to estimate Lorentzian inversion integrals at large
dimensions in the 3d-Ising model. In this paper, we apply the formula to G = D|G
for spinning MFT, which is a finite sum of terms (B.30).

The starting point of the recursion is the scalar case, J' = 0. The relevant OPE

data can be found in literatures, at least for equal external operators a = b, e.g.,
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[563, 60]. There is a trivial modification that also works for independent a, b, p:

L —a)T(52+0) T(E + QP> -)

Cab (A) _ )
0.0, 2I' (2 +a)1“(§ b) (&5 — o) (55 1p)
I'(A - (J + %)F d—A+J) F(p_g+J)F(p_d-;A+J) -
X F(J—|— ( —%)F _1_|_J F(_p+d;A+J)F(—p+2dQ—A+J)‘ .

This was tested by checking that the obtained OPE coefficients (obtained from the
residues at A = p+.J+2m) reproduce the series expansion of the bracket in eq. (B.30)
with J" = 0 to high order. To proceed on generalizing above OPE data to those with
J' # 0, we shall slightly modify Pa ; in (B.26) by interchanging operator 3 and 4, for
which eq. (B.27) becomes

€O 20 (&) = Crr 0 (€).
P ptl
€2 Co(€) = g (G Coa(€) +25 Com(€)), (B32)

with vz’bj]i already given in eq. (B.28). Since we can integrate-by-parts the Casimir
operator in the inversion integral, by eliminating C 7741 from this equation, we get a

recursion relation in ¢-channel spin J':

b b b —b,— b
VS 1J+’ 1 CZ/pJ<A> = (CA,J _CP*LJ'*l)C?f’—Lp—l,J(A) 'VZ 1,0—1 5 2pJ(A)

(B.33)

Let’s end by explaining how do we extract OPE data in spinning MFT by using above
formula. We first decompose DG, e.g., eq. (4.102) into a finite sum of (B.30), next
we obtain OPE data for each term by using eq. (B.33) and in the end we can sum

them over to get a final answer.

B.3.3 Cross-channel expansion of blocks

In this appendix, we expand (scalar) conformal blocks as Z — 1 as an exact function

of z. To accomplish the computations of the anomalous dimensions in the main-text,
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we would need t-channel conformal blocks with scalar-exchange, conserved-current-
exchange and stress-tensor-exchange. In particular, since we are only concerned about
the anomalous dimensions, the logarithmic part of ¢-channel conformal blocks are
enough for our purpose. Our formulae can be deduced from geodesic Witten-diagram
[233] by doing a bit of guesswork as described in [234], and is consistent with the
most general t-channel conformal blocks in terms of (u,v) rather than (y,y) provided

recently in [235, 236] (see also [237]). Throughout this appendix, we use the variables:

z 1—-72

y=—" (B.34)

In the main text, we use these conformal blocks in the ¢-channel dDisc, where we take

z +— 1 —Z (using y variables, it is y — 7).

e Scalar exchange

For scalar-exchange, we can provide a more general t-channel conformal blocks,

beyond only picking up logarithmic part. The explicit series is given by

FE (A (—a—b—k)(a+5),

N % b —\a (_1)k
Goal(z,2)=y2(1+y)’(1+79) Zk: ( (b + ST (—a—k+ 3) Sapk(Y)
+ (a = —a,b— —b)) (B.35)
where

_ A—2a 2b+A —2a—d+A—2k+2, —d+2A+2 —2a+A—2k
Sa,b,k(y) — 3F2< 9 v 9 2 ) 2 ) 2 7_3/) : (B36)

In practice, what we use in the main text is the logarithmic part log y of above
series from setting a = b = 0. Note the first line of eq. (B.35) does not have

log ¢/, and the second line gives us

A
2

L(A)T(k— 5+ Ly

Gona(z,2) = — " log § s0.06(y) -
%: [(5)T(k+1)2T(—k— 45 +1)

(B.37)
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e Conserved-current exchange

The log i part of t-channel conformal block with conserved-current-exchange is

exhibited as follows:

7 5 log 2d — 2)k

- y+1 d—2k)(d — 2+ 2k) 20
(B.38)
where
20T (ZA) T (% + k)
N(l)__ 2 2 ) U,k,m:2F1(p7_k+m7p+]-_k7_y)‘
CT VRGP T (k)

e Stress-tensor exchange
The log y part of t-channel conformal block with stress-tensor-exchange was also
obtained in [234], it is given by

a—2

P
Gralz,7) = Y NP (A= 2)(3dly +1) + 20hy + k= 29 = D)y ()
k

—2(2d*(y + 1) + d(k(dy +3) — 6y — 5) +2(k — )(ky + k — 2y — 1)) gz, (1)) .

(B.40)
where
N 2 (4P) T (5 +k+1)
Vm(d+2k—2)(d+ 2T (S 4+ 1) T(k+1)2T (§—k+1)
gihk(y) = 2F1 (p; _ka %(d +2 - 2k>7 _y) : (B41)

B.4 Four-dimensional gluon amplitudes in flat space

Here we record the bulk YMy tree-level gluon amplitudes corresponding to the La-

grangian in eq. (B.1) used in the main text. We start with the three-point ones,
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from which the four-point amplitudes are then determined by factorization (see [178],
whose conventions we follow, for a pedagogical introduction), up to contact interac-
tions with the mass dimension of g%. The form of on-shell three-point amplitudes are
fixed by Lorentz and little-group symmetries, up to coupling-dependent prefactors,
which we find to be

(12)°

M 5 = i\/gfabchMm . MY, =iV2f"(gn — igyy) (12)(23)(31) .

(B.42)

For M};l\g& and ./\/l{{+2 .3,» we simply replace angle-bracket by square-bracket and
reverse the odd coupling gg/. Tree-level four-point amplitudes can be cut into a

product of on-shell three-point amplitudes

M1234

Mg Mz (B.43)

- 2
pIA)O p]

We can use this factorization property to construct four-point amplitudes.

Let’s first consider the pure Yang-Mills case. One might try to directly use (B.43)
for all channels and sum them over, however, this overcounts the pole structures, since
the s-channel residue has poles in ¢ or u channel. The standard strategy (see [179]) is
to make an ansatz which correctly counts helicity weight and number of derivatives
without violating locality

A B (C

_ 2 207~ ~
M17273+4+ - <12> [34] (St + s u

). (B.44)

By demanding the factorization (B.43), one can readily obtain the Parke-Taylor form

MO gt (o T Uy

(12)(23)(34)(41)  (12)(24)(43)(31) (B.45)

where i, j are gluons that have negative helicity, 7 = £’ f?¢ is the t-channel color
factor previously defined in eq. (4.115), and U is the same with a and b swapped.

Note that the first term above actually contains s and ¢-channel poles, and the
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second term contains s and u poles.

For pure higher-derivative coupling, the nonvanishing amplitudes again all have
two gluons of each helicity: M¥f2_3+4+, M{I_22+3+4_ and ./\/111{_22Jr3_4+ that arise from
s-channel, ¢-channel and u-channel respectively. Using the factorization (B.43) and

Bose symmetry, we obtain:
Uu— 38
M 5,00 = 2095 + g7 (14)°[23)°T —5 (14?237, (B.46)

and permutations thereof. The contact ambiguity ¢ depends on higher-derivative
terms in the Lagrangian but doesn’t contribute to the analysis in the main text as it
has finite support in spin. (The tree-level all-4+ amplitude, also a pure contact term
but controlled by a different constant, similarly does not contribute.)
Finally, the mixed gynmgn amplitudes (including the higher-derivative correction
on both vertices) are quite similar to pure Yang-Mills amplitudes. For example, for
i“j’§+3+4+ we consider an ansatz suggested by its helicity scaling and derivative

order: (12)(14)[23][34][24]* times two-channel poles like 1/(st). We then obtain:

MM = 2g00i(gn — ighy) % L),
MM = 2 + ig) TR gy (B.AT)

[12][41]

and permutations thereof.



Appendix C

Appendices for Chapter 4

C.1 Local module and sum rules in various dimen-

sions

C.1.1 Sum rulesin D > 8

In D > 8, there are 19 independent sum rules with even spin & > 2 that can be
constructed from applying dispersion relations to coefficients of the local basis with

independent Regge limits (5.8):

Bk(p2) _% ﬁ{(su)/\/t@"m)(s,u) (sfu)./\/l@’svs*g)*(s,t) (sfu)(./\/l<6)+(s,t)+./\/l(7)(s,u)) M(4’6’g)7_(s,t) M<5)’(s,u)

- Ami (*S“)¥ 7 (*SU)% ’ (fsu)kQ;2 ’ (fsu)¥ ’ (*su)kg2 ’
(s—u)MDET8) (5 4)  (s—u)MB)H(st) (s—u)(MO+(t,5)—2M@D (s.u)) MO~ (tw) (s—u)M® (su) } B
& ) A ) A , T o =0 ,
(=ow)2 (—sw)2 (~sw)2 (—swF (e B

(C.1)

where M* = M 4 (s <> u) and t = —p*> = —s — u is held fixed. We use multi-
ple superscripts M%) to indicate a sequence of similar expressions involving the

amplitudes M@ .. M) For odd k > 1, there are 10 independent sum rules:

Bk(p2>:% E{M@’S’S)(s,t) MEBN=(s58) (s—u)MBDT(s5t) (s—u)MO T (5,u) (sfu)/\/l(g)_(s,u)

Ami (73“)@ 7 (*3“)% ’ (—su)5+H ’ (*su)% ’ (*su)% ’
S—U 4) S,U
%} =0 (C.2)

228
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The Regge bound (5.10) implies that these sum rules converge for k > 1.

C.1.2 Sum rules in lower dimensions

In lower dimensions D < 7, there are two novelties for local modules as noted in [185].
First, new identities can reduce the number of parity-even generators of the local
module. This does not occur in D = 7. However, in D = 6 the generator G does not
exist, thus we must remove the parity-even sum rules involving M™ (s, ). Similarly
in D = 5, we simply remove the parity-even sum rules involving M®:67) (s, u).

The second novelty in lower dimensions is that new parity-odd structures appear.
Following [185], we organize them into multiplets under permutations. In D = 7,

there is one parity-odd singlet and two parity-odd triplets:

Singlets i8S E(Ela €2,E3, 547p17p27p4)M(13)(8a U’)7
triplets : Z.H14H23 6(5178% 63764aplaanp4)-/\/l(11)<S7 U), (D - 7)

iX1243€(€1, €2,E3, 84,]71,]?2,]?4)-/\4(12)(37 U) (0-3)

Correspondingly, we can construct more sum rules

ds (- — M2
2\ M (s,t) (s—u)MUI2)(s,u) _ _
By(p”) = f—m{ o et } 0 (even k, D =7),
dS (12)— _ (11,12)+ _ (13)
2\ _ M (s,t) (s—u)M (5t) (s—wMP(su) | _
Bk(p ) n % 47'('2{ (—su) k51 ’ (—su) kgl ’ (—su) k;l } 0 (Odd k’ D 7) '
(C.4)

In D = 6, there are three parity-odd triplets:

HiyHy301234 - (Vi€(eg, €3, 54»]727]73,]74))/\/1(10)(37 u),

U%g ' (0%3 ' (H24H34‘/1€(617527537p17p27p3)))M(11)(87u)v

033+ ((HasaVi — Hi23Va) (= po - pse(er, €2, €3, €4, p1,01) + (p3 < €3) — (p2 > €2)

+ (p273 < 6273)))M(12)(S,U). (05)
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Here, we have introduced permutation operators o to simplify the expressions:

01234 * A1234 = A1234 - A2341 + A3412 - A4123,

Ufjl - Avozs = Argga + (1 < gk < 1) (C.6)

The corresponding parity-odd sum rules in D = 6 are given by

ds _ (10)+ (11)— (12)
2y _ (s—u)MUIOH (5,) MUD=(s,u) M (s,u)} _ _
By (p7) f —47”.{ Co ' o o 0 (even k, D = 6),
ds 1) (g (10,12)— (¢ ¢ (®) (5.1 s—u (10,12)+ (4 ¢
Bk(pZ):f {M gc—’s)aM k_(;)’/\/l (k,_l)”( )M . (L)}:O (Odd k,D:6).
00 471 (—su) 2 (—su) 2 (—su) 2 (—su)" 2
(C.7)

Finally, in D = 5 there is one parity-odd triplet
—ioyy - (014 - (HasHasaVie(er, e, p1, p2, pa)) ) M (s, u), (D=5) (CB8)

which gives rise to three independent sum rules:

d _
Bk(pQ) _ ]{ _3{(s—u)/vt<8>7 (t,5) M(8>(if2)} =0 (even k, D = 5),

. k=2 )
4 (—su) 2 (—su) 2
d _
Byp?) = ¢ {9 —0 (oddk, D=5).  (C.9)
00 4 (—su) 2

C.1.3 Improved sum rules

Egs. (C.1)-(C.9) provide complete sets of dispersive sum rules in the considered di-
mensions. By “complete” we mean that any sum rule with spin-k convergence can be
expressed as finite sum of the B<j up to corrections that vanish faster than spin-£ at
high energies. Generically, the action of By(p?) on the low-energy amplitude (C.40)
yields an infinite series of contact interactions. Following the method in [130], all but
a finite number of contacts can be removed by adding an infinite series of higher-spin
sum rules B(>"k)(0) expanded around the forward limit. As further discussed in [5],

while it is not allowed to expand k = 2 sum rules in the forward limit (due to the

graviton pole), there are no analogous problems for k£ > 2. Explicit formulas for the
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resulting B,ijnp (p?) sum rules are recorded in ancillary files.

C.2 Vertices 1n lower dimensions

In the main text, we described three-point vertices for two gravitons and a massive
state in dimensions D > 8. In lower spacetime dimensions, the counting of three-point
structures is modified, and we must take into account additional ingredients in the
representation theory of the little group SO(d) (where d = D —1). In this section, we
describe these ingredients, and then discuss the individual cases D = 7,6,5 in turn.

Detailed expressions can be found in the ancillary files included with this work.

C.2.1 Representation theory ingredients
C.2.1.1 Self-duality and e-symbols

When d = 2n is even, representations with full-height Young diagrams split into
self-dual or anti-self-dual cases, according to whether m,, is positive or negative.
Let us explain how to account for this in our index-free formalism. Recall that the
polarization vectors w; satisfy the orthogonality conditions and gauge redundancies
(5.18). When d is even, the variety defined by these conditions (called a “flag variety")
splits into two irreducible components V., distinguished by whether w; A --- A w, is

self-dual or anti-self-dual. Specifically, we have

— €y, WYy = j:wg’“ cewflon Vi (C.10)
n!

To see why there are two components V., we can recursively solve the orthogonality
conditions w;-w; = 0. First, we use SO(d)-invariance and rescaling to set w; =
(1,4,0,...,0). Using gauge-redundancies and w;-w; = 0, the remaining w; must have
the form w; = (0,0, w;"), where w;> € C?~2 are null vectors. The w;" satisfy precisely
the conditions and gauge redundancies for the flag variety of SO(d—2). Repeating this
process for the w;-’s, we eventually arrive at the flag variety for SO(2), parametrized

by a single null vector w+ € C2. Up to SO(2) transformations and rescaling, there
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are two possible null vectors w;-+ = (1, &), corresponding to the two components.
The following combinations thus project the polynomial (5.19) associated with a

tableau onto its self-dual (anti-self-dual) part:

.
Gy = j:z”e(wl,...,wn,al,...,an). (C.11)

Furthermore, the product of (C.11) with any polynomial in the w;’s is also self-dual
(anti-self-dual), since it vanishes on V_ (V). In general, we define a tableau with

chirality + by adding an € term to any full-height column, for example:

ald]g] [a] dlg]
ble] 4+ = (:t) le| (012)
clf /]

Note that it doesn’t matter which full-height column we choose — the resulting

polynomial is the same since it agrees on both components V, and V_; this can be

verified explicitly with Gram determinant identities.

C.2.1.2 Counting three-point structures

Using the methods of [117, 118], one can show that possible three-point vertices for

the representation p are classified by the following formula:

S?Mg-1 ®p)*  if |p| is even
odd Dorp g |0 e it

(A2Og_1 ®p)* if |p| is odd

even D : (S [Ta—1 ® p){_yyim @ (A’ [Ta1 @ P)_pyipin- (C.13)

Here, [T14-1 denotes the spin-2 representation of SO(d — 1). When we tensor an
SO(d—1) representation with p, we implicitly dimensionally reduce p to an SO(d—1)
representation. The notation (A)® denotes the SO(d — 1)-singlet subspace of A, and
(A)% denotes the SO(d — 1) singlet subspace with parity . Finally, |p| is the number
of boxes in the Young diagram of p. The formula (C.13) is useful for detecting linear

dependencies between Young tableau in various spacetime dimensions.
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C.2.1.3 Implications of CRT

CRT symmetry relates the SO(d) representation p to the dual reflected representation
(p™)*. When d = 1,2, or 3 mod 4, we have simply (p”)* = p. In this case, we
can choose conventions where three-point couplings for graviton-graviton-p vertices
are real, simply by making the couplings invariant under pé-‘ — —p? ,i— —i. In
particular, when computing positivity bounds, we impose that the contribution of
each type of partial wave to a sum rule is a positive-definite real symmetric matrix.
Meanwhile, when d = 0 mod 4, dual reflection changes the sign of the weight m,,,
and hence exchanges self-dual and anti-self-dual representations p, <> p_. In this
case, CRT implies that three-point coefficients of p, and p_ are complex conjugates

of each other. We discuss the implications of this for positivity bounds in D = 5

below.

C.2.2 Vertices in D =7 (d = 6)

Because d = 6 is even, representations with height-3 Young diagrams split into self-
dual and anti-self-dual cases. The only effect is to double the number of height-3
tableaux in table 5.2 by adding a + chirality to each.

Let us denote a self-dual (anti-self-dual) representation by py (p—). In the absence
of parity symmetry, the three-point amplitudes g,4,, between two gravitons and states
in py or p_ need not be related. Consequently, we must sum over partial waves for
each type of representation p, and p_ independently. In bootstrap calculations, this
requires including separate positivity conditions for p,-exchange and p_-exchange.

However, the contributions of p,-exchange and p_-exchange to parity-even sum
rules are identical. Thus, when computing bounds using parity-even sum rules (such
as our bounds on «ay and ay), positivity conditions associated to p, and p_ are

redundant, and it suffices to include only one of them (say p).
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C.2.3 Vertices in D =6 (d =5)

In spacetime dimension D = 6, SO(5) Young tableaux can have at most two rows.
Since vertices are functions of five vectors (wy, ws, 1, €2,n), there is a unique way to

use the Levi-Civita tensor. It is convenient to write it as a height-3 column:

= e(wy,ws, €1, €2,M) for SO(5). (C.14)

n

At most one column can have height 3, due to a Gram determinant identity. With
this convention, the only change to table 5.2 is to remove the tableau for (.J,2,2), and
to reinterpret the tableaux for (J,1,1), (J,2,1), and (J,3,1) as parity-odd vertices
for (J,1), (J,2), and (J,3) respectively.

C.2.4 Verticesin D =5 (d =4)

In spacetime dimension D = 5, SO(4) tableaux with two rows can have chirality =+.
In addition, we can use the Levi-Civita tensor in the form e(wy, a, b, ¢). Due to Gram
determinant identities, this term can never be used if two-row columns are present,

and it cannot be used twice. It is again convenient to draw it as a 3-row column:

= e(wy, €1, €2,M) for SO(4). (C.15)

FEF]

With this convention, the tableau with row lengths (J,1,1) get reinterpreted as a
parity-odd coupling for the representation p = (J). Note also that the counting
formula (C.13) implies that there are only two linearly-independent vertices for the
representations (J, +2) with even .J. Overall, the possible vertices in D = 5 are given
in table (C.1).

As discussed in section C.2.1.3, when d = 4, CRT implies that three-point coeffi-
cients of p, and p_ are complex conjugates of each other. Given a pair of representa-
tions p,, p— with opposite chirality, let us denote the corresponding partial waves by
7wy, m_. The w1 are Hermitian matrices indexed by vertex labels 7, j. Exploiting fact

that generators of the local module are invariant under the Z, x Z, symmetry which
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) 2 €1 .‘.‘
@(61 62) Z;n‘.‘.‘:l:el'e2 (1+S) enleg‘n‘o‘o‘iel_w % e1-eo 4232 .‘.‘161'62
leafealefe] e1-e2 -
eileiea[nfee] (1+8) eileglerlea[nfe o] eifeileof @] 616261\62\°\°\i
leaferfeoleof e o] e2 n le2] n
n

616162‘.‘.‘ elelegn\o\o\ elelegeg\n\o\o\ eileilealea o\o\
(1+5) ea|n + ealn|n + (1+5) ninn + nininin *

Table C.1: The graviton-graviton-massive couplings in D = 5, as Young tableau for

SO(4). We use the same notation as in table 5.2. The meaning of the height-3 column
is given in (C.15).

includes the interchange between initial and final states, we can choose conventions

where

1. =7 =nl. (C.16)

By choosing generators of the local module to be invariant under p; — —pj;, i — —1,
these relations automatically hold for all the coefficients of the projector on that basis.

A contribution from p-exchange to the discontinuity of the amplitude takes the form

Te(Mr,), (C.17)

where M = g, gi is a Hermitian matrix built from a vector of three-point couplings ¢ .
The three-point couplings for p_ are complex-conjugate to g, and can be grouped
into the matrix g_gi = gigz = M* = M?. Together, p, and p_-exchange thus

contribute
Tr(Mny) + Te(MTr_) = Te(M(7y +71)) = 2Te(Mny). (C.18)

So, summing the two opposite-chirality irreps simply gives a factor of 2. In parity-
even sum rules, only the real-symmetric part of M and 7 contributes, while for parity-
odd sum rules, only the imaginary part of both contributes. Thus, when computing

bounds using parity-even sum rules (as we do in this work), we can essentially pretend
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that the three-point couplings are real and symmetrical. Furthermore, we need only
include positivity conditions for one chirality (say p, ), since the contributions from

p— are redundant.

C.3 Details on the partial wave decomposition

In this appendix, we derive the properly normalized partial wave decomposition (5.13)

and illustrate it for scalars and gravitons.

C.3.1 Normalized partial wave expansion

It is helpful to view the two-particle Hilbert space as a direct integral over total
momentum P = p; + py of Hilbert spaces Hp with fixed P. Because the S-matrix
preserves momentum, it acts within each Hp. When P = (FE, 6), ‘Hp is spanned by
states |n) such that p; = £(1,n) and p» = £(1, —n), where n is a unit vector. Let
us momentarily suppress the spin of the external particles, i.e. consider scalars. The

inner product on Hp is a ratio of the two-particle inner product and a momentum-

conserving d-function:

iy pslpi) (alp2) + (palp2) (palps) — 27(2m)*! - S
) = 2m)PoP(py+p2 —ps —pa) 572 (O, ')+ 6(n, =), (G19)

2

where D = d 4+ 1 and we have used the standard single-particle inner product

(ps|p1) = 2B, (27)P~16P 1 (py — ps). (C.20)

In (C.19), 6(n,n’) is a §-function on the sphere S?~! and s = E%. The inner product

(C.19) yields a corresponding completeness relation in Hp:

D—-4
2

sz 1

where the factor of  reflects Bose symmetry |n) = |—n). Using this relation it will

be straightforward to correctly normalize the partial wave amplitudes.
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For scalar scattering, Hp decomposes into a direct sum of irreducible representa-
tions p of SO(d), where only even-spin traceless symmetric tensors p = (J) appear,
each with multiplicity one. In the case of graviton scattering, the states Hp acquire
extra polarization labels |n, ey, e5), where eq, e5 are defined by (5.14), which adds cor-
responding Kronecker deltas added to the above. More general irreps p can appear
in the decomposition of Hp, and furthermore they can have nontrivial multiplicity.

For each p, we can choose basis vectors |7, a) where a is an SO(d)-index for p and
i is a multiplicity label. The vertices v"%(n, ey, e5) are proportional to the overlap of

|i,a) with |n, e, eq):
1
(i,aln, ey, es) = <s%n§f})> F 0" (n, ey, e3), (C.22)

where the constants out front have been introduced for later convenience. We can
choose the basis to be orthonormal, (i, a|j,b) = 67 ¢ where g? is an SO(d)-invariant

metric. Projectors on p are then
Hzpj = |Z) a’>gab<j7 b| ) (023)

where g, is the inverse to ¢?°. As an operator on Hp, the 2 — 2 S-matrix can be

expanded as a sum of projectors:

Sl = 23U (24

Unitarity of S implies that each S,(s) is separately a unitary matrix S,(s)S,(s)" =
Taking a matrix element of M = —i(S — 1) in the basis states |n, e, e3), we obtain

the partial wave decomposition of the gravity amplitudes (5.13):

M = (n' e}, ex|—i(S — 1)|n, e1, ea) ZZ (a,(s))ji(n', €5, €111 n, e1, e2)

=5 Z ngD) Z(ap(s))ﬂﬂpj, (C.25)

ij
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where 7% = 0"0g,,v7* = (0',07) and S,(s) = 1 + ia,(s).
From this derivation, the normalization can be fixed simply by taking the trace

of (C.23) and using the completeness relation (C.21):

n,()D) _ nE,D) vol 41

59 dim p = W /Sd_1 dn'Tr (@i(n), V7 (n)) = WTT (@i(n), v (n)),

(C.26)

where we have used rotational-invariance to perform the integral over n, and Tr
indicates a sum over polarization states. (We detail the precise meaning of Tr for

gravitons below in (C.33).) We choose to normalize the vertices so that

Tr ('(n), v/ (n)) = 6. (C.27)

The normalization coefficient ngD) is thus fixed to be dim p divided by essentially the

phase space volume:

201 (2m)4= 1 dim p
D
2 ) vol 51 ' (C.28)

The dimension dim p can be computed from standard formulas, see e.g. [188, 141].

For spin-J traceless symmetric tensors, we have simply

: 2J+d—-2)I'(d+ J —2)
dim (J) = Td— 1 1) . (C.29)

C.3.2 Scalar scattering

Let us determine the precise expression for 7, in the case of scalar scattering. Since

each p = (J) appears with multiplicity 1, there is a unique vertex function

v(n) = kyle] = ks(n-w)”, (C.30)
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up to a constant k; that we determine shortly. The partial waves are given by

(d—2),

o) = Ko, -, — races) (P - —twaces) = Koy
2

12

PJ(ZL‘),

J

(C.31)

where © = n-n/ = 1+ 2, (a), is the Pochhammer symbol, and P;(z) is a Gegenbauer

polynomial given by

PJ(CC) :QFl(—J,J—I—d—Z%,I_Tx). (032)

Our normalization condition on vertices is equivalent to m;(n,n) = 1, which fixes
—1/2

ky= (;,‘?;;%;J) since P;(1) = 1. We finally obtain 7;(n/,n) = P;(z), and (C.25)

recovers the familiar partial wave expansion for scalars, see e.g. [119].

C.3.3 Graviton scattering

In the case of graviton scattering, the orthonormality condition used in (C.28) can

be expanded as

67 = Tr (v',07) = Z (v'(n, e1,e2)", 0 (n, e1,€2)) (C.33)

€1,€2
where Zel ., denotes a sum over an orthonormal basis of polarization states, and
(u,v) = u’gyv® as before. Concretely, the sum over polarizations can be performed

by replacing

. 1 . SN 1 N
61H6>{V€ﬁ17€? - E(gupgua + gupgua) _ D — 2guugpa7 g/u/ = &uu - ,’,L,u,nu7 (034)

where pu,v, etc. are SO(d) indices, and making a similar replacement for e;. In
practice, to obtain the vertices in the ancillary files, we began with the basis of
vertices in table 5.2 (and the analogous bases in D < 7), and applied the Gram
Schmidt procedure using the pairing (C.33).

Let us illustrate some examples of graviton partial waves for the representation
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p = (J,1,1) in spacetime dimension D > 8. As shown in Table 5.2, there are two
linearly-independent vertices for (J,1,1). An orthonormal basis with respect to the

pairing (C.33) is given by

iJ
VD(J +2)

i (J)2D 1
2= T2 (D—1)(J+D—2)2<5

Gluing these vertices, we can construct partial waves, which are 2-by-2 matrices

ole]
ei-ez ,

v =

o |0
EINIES

eleleals ]
eves + e ) (C.35)

Bl

indexed by the vertex labels. For brevity, we record here only the top-left corner of

11

,» » obtained by gluing v; to itself. We furthermore write the result in

this matrix 7
terms of contributions W;L(i)(s, u) to each of the 29 scalar amplitudes defined in (5.8)
through the 10 generators M@ (s, u) and their permutations. We find that s-channel
exchange of (J, 1,1) produces

L) () 2(D — 4)P'(z) AL () 8((D — 4)P)(z) + 2P)(z))
GLDY S DT +2)(J + D —5)yms’  ~ULUY T D(J 4 2)(J 4+ D —5)m8
16) (g = B2 — OP(a) + (= + DPY())
T D(J +2)(J + D — 5)m?
8((D — 49P)(x) + (x — 1)Py(x))
D(J+2)(J+ D —5)m?

, (C.36)

11,(5
7T(J,l(,l))(sv t) -

and all other ﬂ(} 1(?) vanish. As before, x = 1 + % For additional expressions for

partial waves, we refer the reader to the ancillary files included with this work.

C.4 Low-energy amplitudes

C.4.1 'Tree-level graviton amplitudes

The higher-derivative interactions entering the action (5.1) are defined as:

C? = Clupe ", C% = 3050 C" 0pCM — AC,0paC7PCo b 57
C® = —ChupoC? agCM 4 2C,,ps O Cot 57 (C.37)
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where C),,,, is the Weyl tensor (traceless part of the curvature tensor R,,,,). The
Weyl tensor is convenient for writing low-energy effective actions since, as mentioned
in the text, the Ricci tensor and scalar can be removed using equations of motion
and do not affect our bounds (see also [238]). Thus C? is equivalent to the Gauss-
Bonnet density (whose coefficient is sometimes called a; = Agg), and C* is effectively
proportional to the third Lovelock density. The normalizations in (5.1) have been

chosen so that the on-shell three-graviton vertex agrees with [77]:
M(123) = V32rG (AT + s A1 Ay + s A3), (C.38)
where

Al =pr-eser-ea+p3-eacr-e3+pr-c1ex-€3, As=p1-€3p2-€1 D3 €.

(C.39)

To illustrate scattering amplitudes in the local module, we now give explicit ex-
pressions for the 10 generating amplitudes M@ entering (5.8) for tree-level gravity
in generic dimension D > 8. We include here higher-derivative couplings as, ay to

linear order, and the unique 6-derivative interaction o/ which yields a contact term:

MW (s u) =8rGal + ..., M (s u) = G + ...,

MO (s,u) = 86 (2 — ﬁ%) +..., MW (s, u) = 81G (4 — 2ty — dsuay) + ...,
MO (s, u) = 81 (8 + 2a0u) + ... MO (s,u) = 81 (4 — dant) + ...,

M (s,u) = 8C(8 + daot) + ... ., MO (s,u) = 8C(—20,) + ...,

M (s, u) = 5% (—day + 8aut) + ..., M1 (s,u) =80 (4ay) +... . (C.40)

All omitted terms are either quadratic in the as, ay or involve higher derivative con-
tacts, which are simply polynomials in Mandelstam invariants subject to the symme-
tries of the corresponding M@ . Complete expressions, including for lower dimensions,

are recorded in ancillary files.



APPENDIX C. APPENDICES FOR CHAPTER 4 242

C.4.2 Kaluza-Klein and other light exchanges

In our bounds, we allow for tree-level exchanges of massive particles that are part of
the low-energy EFT — i.e. whose masses are below the cutoff scale M. We refer to
such particles as light; they could arise, for example, from Kaluza-Klein reduction.
However, we do not actually assume anything about the existence of extra dimensions.
We do however, make a choice about which types of light states to consider, and we
include all representations with J = m; < 2. These include symmetric tensors with
spin < 2, and k-forms of any degree, which are the possible massless string modes in
string theory. It would be interesting to consider other possible EF'T matter content;
we leave this problem for future work.

Given the partial waves, it is straightforward to determine the amplitudes for light
exchanges. We look for meromorphic functions M (s, u) with the appropriate sym-
metry properties under crossing, and possessing simple poles in Mandelstam variables
whose residues match the partial waves. As an example, consider the possible KK-
mode representation p = (1,1,1) (a 3-form). The partial waves expressions (C.36)

predict that only the following amplitudes have s-channel poles:

8
(1) = 3Dm8(m? — s)

2 4 5 5
4MEI?1,1) <t7 U) = Mgl,)l 1) (t7 'LL) = Mgl?l’l) (87 'LL) = Mgl?l,l) “+ no S—poles.

(C.41)

We then fill in the ¢- and u-channel poles using symmetries. Since M@% are sym-
metric in their two arguments, and M®) has no symmetry, there is in fact nothing
to add. That is, 3-form exchanges in all channels are accounted for by setting the

function Mg?l (s, u) 7, ete.

= SDwstnrTern

The light amplitudes constructed via this procedure naturally have polynomial
ambiguities, which represent four-point contact interactions. Following [5], we fix
these ambiguities by demanding that light states contribute to sum rules with the
minimal possible spin k. The contribution of light exchanges to various sum rules is

then obtained by performing the appropriate contour integrals (e.g. (C.1)) on these

amplitudes. Our full expressions for light exchange amplitudes, and their contribu-
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tions to various sum rules, can be found in the ancillary files.
When computing bounds, we demand that the contribution of each possible light
exchange is sign-definite, so that the resulting bounds are true independently of the

light content of the EFT.

C.5 Details of numerical implementation and ancil-
lary files

Figure 5.1 was produced by numerically searching for combinations of the B,icmp (p?)
sum rules whose action on every unknown state is positive, following the strategy
detailed in [5]. The sum rules are integrated against wavepackets that are polynomials
in p over p € [0, M], where we typically use 5 or 6 different exponents of p for each
sum rules and reach up to Regge spin k = 5 or kK = 7. Our search space thus contains
between 200 and 400 trial sum rules.

To test positivity, we sample the action of these sum rules on a large number of
heavy states with m > M (and light states with J < 2), which are distributed in spin
up to J = 400. We typically sample their action on between 10000 and 200000 states
that have spin up to J = 400. We also include constraints from the m — oo scaling
limit with various b = % For the k£ = 2 sum rules, which dominate at m — oo, it is
important that the wavepackets include an overall factor p®(M — p) so the sum rules
decay at large impact parameters (like ~ 1/b* in D = 5). We use the SDPB solver
[49, 239] to search for linear combinations of the trial sum rules which are positive
on all states and establish optimal bounds on the radial distance from the origin
along various rays in the (as, ay) plane. Since the functionals depend quadratically
on the «a;, we converge toward the boundary by optimizing a sequence of linearized
quantities.

In practice, we fix the set of functionals and increase the number of states until the
bounds do not change, keeping only those sets of functionals for which such conver-

gence could be achieved. In going from 5 to 6 exponents, the bounds improved by no
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more than a few percent. We thus expect that the recorded bounds are conservatively
correct, and likely within 5% of being optimal.

We anticipate that the partial waves computed in this work will serve in many
other studies. We have thus prepared “process files” which contain the complete
information used to bootstrap each of the graviton scattering process studied in this
letter: GGGG5.txt, GGGG6.txt, GGGGT.txt, GGGGd.txt, for D = 5,6,7 and D > 8
respectively, as well as a file GGGG4 . txt, which characterizes the D = 4 case studied

in our earlier paper [5]. Each file contains, in a native Mathematica notation:

e The basis localbasis[GGGG[d]] of polarization structures used throughout the
file, i.e. the L elements generated from (5.8) where L = 29 for D > 8, written
in terms of the H, V, X, S and G structures defined in section 5.2 (the latter
two are denoted HS and HGram in the files).

e A list vertices[GG[d]] of three-point couplings v; between two gravitons and
a massive state, written in the Young Tableau notation of sections 5.3 and C.2

and divided by the scalar factor k; of (C.31) (and e; denoted ep[il).

e On-shell three-graviton vertices amplow [GGG[d]], which define higher-derivative

corrections like am, ay.

e Low-energy amplitudes amplow [GGGG[d]], which including tree-level graviton
exchanges keeping the ay, as well as contact interactions g[p,...] that con-
tribute up to relatively high power p in Mandelstam invariants. The coefficient

8mG ) in the main text is given by g[3,0,{GGGG[d],1}] in the process files.

e Partial waves partialwaves[GG[d], GG[d]] which list, for each possible SO(d)
irrep, an entry exchange [irrep,{amplitude, channel,x},normalizations,matrix]
with typically channel=s and x= 1+ % If an irrep allows n independent ver-
tices, normalizations is an n X n matrix and matrix is n X n X L, such that
their entry-wise product express the projector 7% in localbasis [amplitude].
The the a’th derivative PSG) (x) with respect to z of the Gegenbauer polynomial
(C.32) is denoted as pj[J,x,D,al. Irreps are denoted from the row lengths
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of the Young Tableau with a formal integer m > 0; for example {2m + 3,1}
denotes the family of representations (J,1) where J > 3 is odd. Non-generic
irreps with low spin, for which some vertex structures disappear and the matrix

becomes smaller, are explicitly separated.

e Light exchanges ampKK [GG[d] ,GG[d]], similarly written as lists of exchange [irrep,matrix]
for each irrep, where the n xn x L matrix gives explicit functions of Mandelstam

invariants.

e Improved sum rules sumrules [bkimp [GGGG[d] ,k]], which give B,i:[lp derived
from (C.1), in terms of amplitude labels M[. . .1 [s, -t] entering localbasis [GGGG[d]],
with arguments [s, —t] that indicate which Mandelstam invariants get mapped

to the independent variables m?,p? (sum rules are then m? integrals at fixed
p*).
e The actions sumruleslow [bkimp [GGGG [d] ,k]] and sumrulesKK [bkimp [GGGG[d] ,k]]

of sum rules on the amplow and ampKK low-energy data.

This constitutes the full information from which the bootstrap problem can be im-

plemented in an automated way.

C.6 Weight-shifting as a combinatorial operation

In general, the weight-shifting operator D* lets one “integrate-by-parts" inside an
SO(d)-invariant pairing to remove a box from the left factor and replace it with DU»

acting on the right factor. Specifically, we have

1
(g, ) = g DO, (C42

where the Young diagram for f has height h. This is the generalization of (5.26) in
the main text. In practice, this lets us remove a box from any of the tallest columns

in a pairing of Young tableau.
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Given (C.42), we should look for an efficient way to apply D™* to a Young tableau.
This can be accomplished with the help of the following observation:

e When acting on a polynomial defined via a tableau, the derivative in the i’th

parenthesis in (5.24) acts only on columns with height exactly 7.

This leads to a simple formula for applying D"™* to a Young tableau. To state it, we

first define some simple operations on columns of height k:

I
_ (1) . af,;. (C.43)
“ e B

We define S[k| and T'[k| to give zero when acting on columns with height &’ # k. We

EIRNES \-~\.§\S\

furthermore extend them to derivations on the algebra generated by columns, so that

they are linear and satisfy Leibniz rules:
Sk (wy) = (S[E]"™x)y + x(Sk™y), T (xy) = (T[k) 2)y + x(T[k]"y). (C.44)

Finally, given a tableau Y, let Y¥ denote the product of all columns of Y with height
k. In particular, Y can be decomposed as Y = HZ:l Y where h is the height of Y.
We claim that the action of D™ on Y is given by

) o Sl L SRy,
S'h|#h-1 .
((5;;;;1 — %) T[h]“hY[h]> : (C.45)
h)_

The virtue of (C.45) is that it works symbolically within the algebra generated by
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Young tableaux. For example, we have

ald 1 ald

v DO [ble] = | v-T[3] G- SBITE] ) [ble
clf N7 —1 clf
ald ald ale dla dla

=v-flole] —v-elblf] +v-d[bf] +v-clelb] —v-blele
Lc] Lc] Lc] Lf] Lf]
ao] 1 [ ald da

+ v-alelc cf ( ble] + [e]b ) :tpermutations} . (C.46)
g d—4] Lv] Lv]

The first line comes from applying v-T'[3] and simply sums all the ways of erasing

one box, while the second line comes from applying v-S[3]-T'[3]. After including

permutations, it contains 9 pairs of terms similar to the shown pair (with ¢ replaced

by a or b, or f replaced by d or e). If we add boxes with a vector n to the first row,
then (C.45) implies

oD frdmln {U.p@) e ]”"
clf clf
my — 2 ald] |[v]-In]
- nD® e C.47
d—3+m {” : f:| ! (C47)

where each square bracket is given by eq. (C.46).
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Appendices for Chapter 5

D.1 Power counting in conformal correlators

We elaborate on the discussion in section 6.2 in this appendix. We start by considering
the three-point functions of conserved currents. There are, in general, two parity-
even OPE structures. These two three-point structures can be accounted by AdS

YM three-point vertex (6.6) and a higher derivative cubic term arises in AdS EFTs

fabc

L=—"——
39%1\/1

guF,""F, " F, k. (D.1)

Using the bulk-to-boundary propagator of the gluon (6.8), we can explicitly evaluate

the resulting three-point functions by performing the integrals over AdS

(2d — 3) (Ho3Vy + Hy3Va) + Vs ((2d — 3)Hyp + 3(d — 2)V4V5)
(—2X7 - Xo) "2 (=2X, - X3)7? (=2X, - X5)"/*
Vs ((d+2)ViVa + Hyg) + HosVi + Hi3Va
(—2X7 - Xo)Y2 (=2X, - X3)Y? (=2X, - X5)?

Mg}YM X

M3,cub X

where the definitions of H;; and V; are

Hy=2((X;- Z)(Z; - X5) — (Xi- X;)(Zi - Z)))

.f (X X)) (Z - XG) — (X - X5)(Zs - Xi)
V= Vi, = d X, 2y (D.3)

248
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See [47] for more details of this convention. We do not specify the overall coefficients
in (D.2), as they can be absorbed into the OPE coefficients. In holographic CFTs,
the OPE associated with M3 c,1, should be suppressed by a large gap Ag,, > 1 [77].
However, staring at the LHS of (D.2) cannot tell which AdS vertices are their origins,
making the power counting of OPE coeflicients in terms of 1/A,,, vague. This is in
contrast to the flat-space EFT amplitudes, where it is easy to figure out that higher
power of the momentum comes with higher suppression of the UV scale 1/M.

Now as the differential operators P and £ allow to uplift the flat-space amplitudes,
the issue of the power counting in CF'T can be resolved. We can show that Mg .y

can also be uplifted from flat-space three-point amplitudes produced by (D.1)

~

@b x To (ﬁlu ”ﬁzy pﬁgp “) +perm, F,, =&, P — &, P . (D.4)

It is then apparent that more P come with higher orders of 1/A,,, in holographic
CFTs. It is worth noting that this flat-space structure persists even beyond holo-
graphic CFTs because three-point structures (not including the OPE) are general
objects as they are essentially fixed by conformal symmetry. This makes the helicity
structures of CFTj3 [2] (i.e., the orthogonality of three-point structures) manifest by
uplifting flat-space amplitudes.

We expect a similar uplift to work for three-point functions where the third oper-
ator is non-conserved. Such uplifts may diagonalize OPE matrix of mean field theory
(MFT) in general dimensions, as one did for CFTj [2|. Using the bootstrap idea,
the diagonal MFT OPE could pave the way for constraining spinning correlation
functions (beyond holographic CFTs).

The same arguments apply to the power counting in four-point correlators. For
example, the low-lying terms in the four-point function of conserved currents from

contact diagrams follow precisely as flat-space amplitudes (for the sharp power count-
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ing in flat-space where the gravity is dynamical, see [200])

— C ~ ~ V/\ ~ - C -~ l/A ~ 0_/\
o o [To (B Y Fapo F7) + perm| + GAr To (P Fo "By "Fip )] + -+
T=gap

(D.5)

where C7 is the central charge appearing as the coefficient of the stress-tensor two-
point function. For holographic CFTs, we have the hierarchy Cr > Ag;pl > 1.
Although we focus on spin-1 conserved current in this appendix, the same principle

should apply to three and four-point stress tensor correlators.

D.2 Graviton vertices in AdS

In this appendix, we provide three and four-point vertices for Einstein gravity in AdS

1
e / d™x/g(R — 21), (D.6)
where A = —(d — 1)(d — 2)/(2R3,45)- To compute vertices, we expand the metric
around the AdS background
Guw = s> + V321 Ghyy (D.7)

and then expand the action up to the fourth order. For the three-point vertex, we
perform (6.5) for two gravitons to give 0, 2h while leaving the third one “off-shell”.
We vary off the off-shell graviton to give the three-point vertex function; for the four-
point vertex, which gives rise to four-point contact amplitude, we use (6.5) to end
up with the final answer. As in the main text, when it does not confuse, we slip
off the superscript “AdS” and remember g, is the AdS metric. We performed the
calculations using the xAcT Mathematica package [240].
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D.2.1 Three-point vertex

The external on-shell gravitons are computed by the bulk-to-boundary propagators,

which satisfy

2
Siht =V, 8:h =0, (v2 + R2—>5¢hw —0, (D.8)
AdS

Then we find the three-point vertex can be written by
uro Truv I "y
Ve = Viia — EVh,ug ; (D.9)
where ‘7;%12 is the trace of \7h“ 12
Vh‘fll'Q = \/87TG( — VY507V 01 hpe — VRPN 01 hpe — 2010, VIV PG R
+ 2017, VIV 00 4 2010, VIN 0P — 2610, VYNV OoRP7 — 2Ry ,, VIV P61 R

+ 2h9,py VIV 6L + 2o 5y VINEORY — 2h 5y VYV HO I — 2,8, WV 6310
+ 2V, 0 hENPOhYT — 2V Syl N 46 Y + 2Vp62h“"va<51h;) . (D.10)
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D.2.2 Four-point vertex

Four-point vertex can be calculated similarly. We present the four-point vertex with

ordering (1234) below

Vigsan = 47G [(nhup (252h#pvya4movw<53hw — 30,hN 5417 B3
166,05V 84h" 7V 03k, + 12051 80N 03T — AGahue Vo 84OV 53k
126310 V5517 V16,07 — 16850,V ,03hV, 04107 + 24850,y V 555 hHV , 641
160350V 05 hE V547 — 8031,y VP S5hTN 04107 + 16051,V 040N, 05hS
+ 16051531,V oV 0,07 — 32051031, VoV 04177 + 16631855,V 6,17

Sih
— 86,1V, 85hEN 6,0 + 2452h5V763h§V754h”"> + ﬁ( — dS,h"P54h" S3hyy

2
AdS

4 2000 h S4B 3Ty + Adsh S hPO3hT — 326, hE S5RGBT + 1652hg54h””63h§>] .
(D.11)

The corresponding four-point contact diagram is then evaluated by

ngrav = /Dd+ly(‘/v1234,h(y) + pel”m) . (D12)

D.3 On the graviton bulk-to-boundary propagator

In this appendix, we complete the differential representation for bulk-to-boundary
propagators (6.15). We provide detailed identities for contracting bulk-to-boundary
propagators when deriving the differential representation.

The complete version of (6.15) is

Oih = Ei yEidida

V,0ibp = &0 Ei yPinbita— — (YoEipindida + YoEinipdida) »

vuvu(sihpa = gi,pgi,opiupiu5i¢d—2 - Yagiugippiu5i¢d—1 - Yu (5ip5ia73iu5i¢d—1 + Yagz‘ugz‘p5i¢d)
— Y, (£ €ioPinbitda—1 + Y€ Eio0ida) — 0,pEinEivbitda — SopnEinEipdida . (D.13)
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To arrive at differential representation exhibiting flat-space structure, we should
prove identities with the spirit of transverse-traceless and on-shell conditions in flat-

space. We find

gi : 51 Pi,upiuéi(bde = gz . Szél(bd = Pz : ,Pi(sigbde = gz : 7)1 P’iudi(lﬁd*Q = gz : Pi(si(bdfl - 07
(D.14)

For those terms O(Y), O(Y, g), we prove a set of identities that can help us get rid
of Y in the final representation so that the differential representation is well-defined

even from perspective pure CF'T
Y Pibida—1 = (Y - P;)?ipa—o =Y - Ebiba = (Y - £)?0ipa = (Y - &) Pi pbida—1 = 0,

Y - P Pipbitas = —Pipbiva1, (Y& PiuPindidas=2E 004,
Y - &P ubida—1 = =& u0i¢a, Y - EPiyPindida—z = =&y Pi)0idi-1 - (D.15)

D.4 On the graviton bulk-to-bulk propagator

In this appendix, we show in detail how we derive (6.28) by following the lines of
[7, 211]. For simplicity, we take the de-Donder gauge for the propagating graviton.

It is useful to decompose the graviton into the traceless part and the trace part

Il
o

~ 1
h/w = h,uzz + —hg;w ) (D16>

d+1

The basic idea is to treat ;Lw, and h independently. They give rise to three different
bulk-to-bulk propagators by the Wick contractions that satisfy different equations.

To see this, we consider the equation of motion of graviton in the de-Donder gauge

N —

(V3 +2) (T (Vi) o (Y2)) = 200 (h(Y1) 10 (Y2)) = 71

(D.17)

29,0900
(GupGvo + GuoGvp — 222 3(Y1 — Ya).
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It is easy to find that upon the trace decomposition (D.22) we have

7 7 1 29 v9po
(V3 +2) (b (Vo (Y3) ) = 5 (Gt + oo — —02)5(¥; = Vs)

2 d+1
(V3 —2a) (h(v)p(v) = 20 Dy vy,
(V% = 2d) (h(V1) o (V2) ) = (V3 +2) (s (V1)h(Y2)) = 0. (D.18)

Besides, any vertex functions coupled to the stress-tensor are now naturally decom-

posed into traceless and trace part

Vi b =V, h" + TtV h. (D.19)

d+1

With all these ingredients in mind, we can rewrite the graviton exchange ampli-

tudes eq: graviton exchange diagram as

Mﬁ(lz)x,grav =16 X SWG/DCHQYTIDCH_QY’Q (‘751”2 <iLMV(Y'1)iLPU(Y72)> Vhp,g4

L 7 Y424
+ WTI' Vh,lQ <h<}/l)h<}/2)> Tl“ Vh734 —+ mTr Vh,12 <h<}/1)hpo-(}/2)> ‘/251711
-
+d+1Wh<%AEW@@yHWm>- (D.20)

Using the AdS embedding formalism for the bulk-to-boundary propagator (6.14), we

can easily prove the following identities
CVity = (Vi +2(d+ 1))V, CooTr Vi = V3 Tr Vi (D.21)
Therefore, we find

d,2 _ d+2 d+2
D12 M4ex,grav - /D YiD YéX

V404 T 7 (PO 1
<Vh’f12(v2y1 +2) <hw(Y1)hpa(Y2)> Viiaa + WTF Vii2(V3, — 2d) (h(Y1)h(Y2)) Tr Vi 34
1
_l’_

1
d+1 d+1
(D.22)

T Via2(V3, = 2) (h(VD)hpo (V2) ) VS + == Vi4a(V, +2) (B (V)A(Y2)) Tr Vi )
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Plugging (D.18) into (D.22), we prove (6.28).
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