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PREDICTION OF MOVING RIGID WHEEL PERFORMANCE-AND
ASSOC;ATED SUBSOIL RESPONSE BEHAVIOUR
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. ABSTRACT

The purpose of this study is to provide a rational analytical
means for predicting the performance of a moving rigid wheel and
'%H; associated subsoil response behaviour.

_ The study : .

o <
. K

(a) considers the effect of surface condition on whéel Re%formance

[}

©

and its associated subsoil response behaviour,:

(b) develops a finite element solution technique for the_ problen , </\J

considered,

(c)'evgiuates the actual performance of test wheels through the

use oj the visioplasticity technique, and

(d) seeks verification of the validity of the application of-the
finite element technique developed for analysis of the nnyiﬁg

A rigid wheel on cohesive soils under plane-strain conditions

through comparisons with actual test results.

The solution obtained provides. detailed information on stres§q
and deformat1on f1e]ds developed in the loaded soils as well as contact
stresses at the wheel-soil intetrface for var1ous whee] degrees of slip.

Thlsspermwts successfu] prediction of wheel performance (1n energy - terms)@

at any degree of slip. g ¥\“,A\:
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PREDICTION DU RENDEMENT D'UNE ROUE MOBILE ET RIGIDE ET
COMPORTEMENT DU SOL EN DESSOUS DE LA RQUE

par )
Fzzat Abdel Fattah

RESUME

L

! 8

L'objet de cette étude est de fournir une méthode analytique

(’?\f
i1t

et rationelle pour prédire le rendement d'une roue mobile et rigide,
ainsi que le comportement du sol en dessous de la roue.

Cette étude (a) considére 1'effet des conditiops de la
s&rface sur le rendement de la roue et sur le comportement du sol
en dessous de la ;oué; {b) développe une salution au probléme considére,
par la méthéde des é1éments finis; (c) évalue 1g rendement réel des
roues d'épreuve par la méthode de visioplasticité; (d) tenfe de valider
1'app1icatioﬁ de 1a méthode des éléments finis & 1'analyse du mouvement
d'une roue mobile et rigide sur un sol cohésif, sous des conditions de -
déformation plane, et ce, én comparant 1a_théorie avec les régzltats
expérimentaux. f

La solution fournit des rgnseignehents détaillés sur les champg
d'eff?rt et de déformation daps les sols chargés; ainsi que sur 1'effo}t
de contact 3 1a'surface so]—ggue, et ce pour des roues différentes et
des degrés de g]i%sage différents. Ceci pér%et la p;édiction du
*rendemeﬁt d'une roue (en tgrmés q'éné;gie) a n'importe quel degré de

glissage.
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: ' Cot PREDICTION OF MOVING RIGID WHEEL PERFORMANCE AND" .
) , ASSOCIATED SUBSOIL RESPONSE BEHAVIOUR

PBSTRACT S

<

The purpose of this study is to provide a rational analytical

means for predicting the performance of.a moving rigid wheel and

assoc?atsd subsoil response behaviour.

The- study:

(a) considers the effect of surface condition on wheel performance

and its associated subsoil response behayiétr,

(b) de?eiops a finite element solution technique for the problem

consideved,

(c) evaluates the actual performance of test wheels through the
= )

. use of the visioplasticity technique, and

1

(d) seeks verification of the validity of'%he application of the
finite element technique developed for analysis of the mdving
rigid wheel on cohesive soils under plane-strain conditions

through comparisons with actual test results.

o

" The solution obtained provides detailed info;mation on stress

and deformation fields developed in the loaded soils as well as contact

f=l 4

stresses at the wheel-soil interface for various wheek degrees of slip.

This permits successful predigtion of whee1'p§rformance (in energy terms)

A
i

P

"
-
I
?;‘t‘
z.
g

4 . at any degrec of slip. ) \
2. ) ' : |
- ?
# > 4 -

L

71 ’

i3 ‘1.3




Py

U:(a\

N

«

#REDICTION DU RENDEMENT D'UNE ROUE MOBILE ET RIGIDE ET
COMPORTEMENT DU SOL EN DESSOUS DE LA ROUE

RESUME / L
S . . ‘ ‘ . ' ’ '
L(obje% de cette 'étude est de fournir une méthode analytique :
| !

et rationelle pour prédire le rendemént d'une roue mobile et rigide, 4

ainsi que le comportement du so1 en dessous ‘de la roue.

2

Cette étude (a) considére T'effet des conditions .de Ta

L

surface sur ‘le rendement de la ‘roue et sur le comportement du sol
. . .

en dessous de la roue; (b)udéveloppe une solution au probl&me considére,

‘par la méthode des é]éments finis; (c) évalue le rendement réel des

roues d'épreuve par la méthode de v1s1op1ast1c1té (d) tente de vafider

1'application de, l1a méthode des éléments finis a 1'analyse du mouvement

y ;
d'une roue mobile et rigide sur un sol cohésif,.sous des' conditions de '

LY

déformation plane, et ce, en comparant la théorie avec les résu]ta%s

S

expérimentaux. o
t F? solution fournit,des renseignements détaillés syr les champs

d'effort et de déformation dans ]gsisois chargés; ainst que sur 1'effort

de contact & la surface sol-roue, et ce pour des roues différentes et

des degrés de glissage différents. .Ceci permet 1a prédiction du'

_ . ]
rendement diune roue (en termes d'énergie) a n'importe quel degré de

'glissage. : . a

)
e
o



i1

]

o
K
{
v
3
iy

ACKNOWLEDGEMENTS v

-

. The puthor wishes to express his -most sincere and deegesé
~ , .
appreciation\zb his research director, Dr. R.N. Yong, WilTiam Scott

Professor of Sjvil Engineering and Applied Mechanics, for his guidénce,

inspiration, m%ﬁgghggpfu] suggestions and comments throughout tiis

kYT

520

'investigatipﬁ. f?ﬁ
‘ }hjs st‘dy was performed undﬁr contract arrangement with the ,
Department of SL%ply and Services and McGill University/Dr. R.N. Yong,
and was admin{ eréd by the Earth SpiencenDivis%on of ﬁﬁé Defence
Resgarch Establlishment, Ottawa, with' Mr. I1.S. Lindsay as Project Officer. °
Apﬁreciatiéﬁ i expres§gd for the Résearch Assistantship provfded by |

the contract %rrangeméﬂi. } ' B : ’ %

The Yriter also wishes to thahk his colleagues, Dr. A. Hanna K
for stimulating discussions, Messrs. A.F. Youssef and R. Lyange for

assistance in Expériﬁent§ﬁioh, and Dr. F. Ajami for assistanc& in the

L3

preparation afflthe fina]\manuécript.

@

Jpang;yqre also due to Mr. B. Cockayne and his staff for
Y

technical ‘help, anﬁ?Mﬁss J.M. Richards for tygipg this dissertation.
'3 L Sk

A ..‘l‘;,;‘ . , .
Sy M
*] )
w7
J




b

F) ) J f
LIST OF FIGURES

Figure No. L ’ ~ ’ ~ " - Page
11 Tractive element-soil parameters, 3 ’
1-2 Different techniques for tractive element performance .
: prediction ; . - 4 L
1-3°  Idealization of the -physical model for limit : )
equilibrium solution ' 7
1-9a  Types of input and output energy ‘ n
1-8b Energy dissipat?on in substrate N
1-5 “~_ Schematic representation.of machine interaction study
urpose - v ‘ LA
_1-6 Organization of the‘main body of the thesis 18 o
. 2-1 . Block diagram for semi-inverse approach.(]imit analysis) 23 = i
! A
c2-2 - Block diagram for predicting subsoil behav1our ?
using finite difference technique 25 \
2-3 Definition of Lagrangian and Eulerian coord1nates ’ ;
and strains - 28 %
2-4 An element of contihuum in plane strain . 30 )
. &
2-5 Techniques for nonlinear analysis 38 °
2-6 Schematic representation for iteration process 40
2-7 Block diagram for predicting wheel performance and goil
behaviour ﬁeneath the wheel using FEM 42
4 .
3-1 Required input and output information for wheel soil
interaction study . , ' 45.
N , .
3-2 Idealized stress-strain curves - b . 50 v
) :
3-3 Finite element idealization o ) 54

L)
e
-




S

LIST OF FIGURES (cont'd) ' . “
’ ' Figur’e NO. ) ' ' Page
, ,
354 An attempt to organize the different approaches of .
‘ assessing the stress distribution in soil-wheel interface - 57 T
3-5a 'Schemat%c diagram for stress-strain Béﬁaviour of clay :
during loading and unloading ) 59
3-5b Soil deformation beneath a rigid wheel ‘ 59
’ 3-6a  Cycloid ‘ N 63
. 3-6b * Prolate cycloid 25 percent slip (S) 63
3-6¢  Geometrical determination of theoretical particle path 63
v 3-7 Determination of loading boundary condition using | .
displacement approach - 65
3-8 Block diagram for the different methods of application 67 ‘
of the loading boundary at wheel-soil interface . .
; 3-9 Incremental-iterative method with prediction 70 - .
4-1 Schematic representation of the method of presentation k
of experimental results, related discussions and applications 74 ‘ ;
4-2 Tread configuration‘ g T \ 76 X 3
o - . ::%
4-3 Trace motion of each' marker 78 !
4-4 Flow of soil due to moving wheel load , 79
" 4-5 Method ‘of data reduction ' ‘\;» 80
P . b LN .7
4-6 Violation of constant volume condition . 82
o 4-7 . Violation of compréssibility condition " 83
4-8 °  Calculation of the stress distribution by the method C T,
. of characteristics o . ' 86
) ;o
4-9 Stress characteristics and state of stress ' 87

> 2
o IS
o ¢

4-10 { Idealization of'the physical model for Timit equilibrium
solution - . o 91

2

A
.

' .

(. ‘ 4 '
~ ‘{ ° *

D R D o !
o e

L4 4 i

s '




¢

Figure No.

@

4-1
4-12
4-13
4-14
4-15

- 4-16

5-1

5-2

5-3

5-10

5-11

5-12

5-13
5-14

vi
LIST OF FIGURES (Eont'd)

vy L _P—a_g-e_
Deformation energy contours (34 1bs and s1i{’ 15%) 97
Deformation energy contours (34 1bs and slip 50%) 98
Physical model of interfacial soil zone 100
Deformation energy versus depth \ 103
Effect of slip velocity on frictional stresses 104
Schematic diagram of the parameters required for interfacial
energy prediction at high degree of slip 108
Characteristics of soil- particle path hue to moving
wheel load 119
Soil particle paths at .5 inch depth beneath soil surface m;
(34 1bs) 120
Soil particle paths at .5 inch dehth beneath soil surfaced
(54 1bs) . ‘ 121
Soil particle paths at .5 inch depth beneath soil surface.
(74 1bs) 122
Dynamic sinkage slip re]at%onsﬁ%p for different wheel
loads and surface conditions ' 125
Vertical ye]ocity contours (54 1bs, slip 20%) 126
Horizontal velocity contours (54 1bs, slip 20%) iZ?
Interfacial energy slip relationship (34 1bs) 129
Interfacial energy slip relationship (54 1bs) - 130
Interfacial energy slip relationship (74 1bs) n \' 131
‘Deformation energy versus slip rate 133
Deformation eneréy contours.(54 1bs, slip 15%) . 135
Deformatiqn energy contours (54 1bs, slip 50%) B 136
Deformation energy contours (74 1bs, slip 50%) - 137

T

TN st



W

\ i
| LIST OF FIGURES (cont'd)
| .
Figure No. ’ Page
5-15 Useful output energy slip curves * 138
5-16 Schematic diagram for the characteristics of the

energy slip curves 141
5-17 Energy balance (34 1bs) 142
5-18 Energy balance (54 1bs) ' " 143
5-19 Energy balance (74 1bs) . 144
6-1 Geometrical particle paths for different degrees of stip 149
0 6-2 Typical stress-strain curves. for standard triaxial tests ° 150
6-3 Typical stress-strain curves for plane strain triaxial tésts 151

6-4 Schematic for input and output information for whee] soil
interaction study using FEM 156
6-5 Streamlige flow béneaéh a moving rigid wheel 158
6-6 Vertical velocity contours, stip 0% 160
6-7 Horizontal velocity contours, slip 0% 161
6-8 Vertical velocity contours, slip 154 - 162
6;9 Horizonta] velocity contours, slip 15% »o 163
6-10 Direéffon of principal strain rate 166
6-1 Direction of principal shear strain rate . 166
) 6-12  Hovizontal stress contours (54 1bs, slip 0%) 167
6-13 Vertical stre¢$ contours (54 1bs, slip 0%) . 168
6—&4 Shear stress contours (54 1bs, slip 0%) ) 169
6-15 Horizontal stress contours (54 1bs, slip 30%) 172
6-16 Vertical g*ress contours (54 1bs, slip 30%) 173

6-17 Shear stress contours (54 1bs, slip 30%) 174




viii

] " "™W|IST OF FIGURES (cont'd)
b . Figure No. ‘ ) , ' Page
6-18 Major principal stress contours (54 Tbs, slip 30%) 175
6-19 Horizontal stress contours (statisnary whee]) 177 =
6-20 Vertical stress contours (stationary whee])\ ) 177’
6-21 Shear stress contours (stationary wheel) | ) 1770
6-22 Development of vertical stress distribution beneath
stationary wheel 178
6-23  Interfacial stress distribution, slip 0%~ - 180
6-24 Interfacial stress distribution, slip 30% - 181
) 6-25 Schematic diagram for comparison between computed and )
" +measured interfacial stresses 184
6-26 Deformation energy contours,.s1ip 0% : 185
6-27 Deformation energy contours, slip 15% ) : 186
" 6-28 Deformation energy contours, slip 59% ' 187
6-29 Energy balance (whee]‘load 34 1bs) . 189
A-1  Soil vehicle test facility ‘ 198
A-2 Flexure frame and test wheel - 200
A-3 Wheel-pulser marker-film geometry 20?
“A-4a sample’holder ' 203
sA-4b The mgving cassette holder | / ' 203
A-5 Electronic circuitry : 205
A-6° Skid test apparatus ' ‘ 207
A-7 Grain‘;ize distribution for $-187 clay 211
, A-8 X-ray diffractogram of oriented slide of kaolinite clay 2T3‘
A-9 Variation of shear strength with effective strain rate 214

"




- ix

bLIST OF FIGURES (cont'd)
’ _Figure No. ' ’ _ - Page
B-1 Trace motjon of each marker . 217
B-2 . Measuring circuit for coordinate location 218
B-3.  Grid adjustment . ‘ 22
B-4 Calculation of volume éhange 226
4

D-1 Behaviour of cohesive soil ﬁndéf undrained quick-test -

conditions . o’ 247
D-2a Hyperbolic stress-strain curve 250
Q-ZbQ Transformed hyperbolic stress—strain'curve 250
D-3 Variations of initial tangent ﬁodu]us with confining pressuré

under drained triaxial test conditjons 253
E-1 Mohr circle for stresses and coordinate systems 262
E;Z Variation of o and © aloﬁg a slip Tine in a failure zone 265
E-3 . Characteristic directions through a point in failure zone 265
E-4 State of stress f&r a soil element in the failure zone 268
E-5 Calculation of the stress distributioé by the method

of characteristics’ ’ 270
F-1  Subroutinelinkage Lo ‘ 272

L

v




-

Y

Table No.

4.1
4.2
4.3

AN

s
\
' .
¢ .
\ o o
] .

/ | LIST OF TABLES
, - , ’ Page
ot B . * < . %;:ﬁ‘,
Summary of test results (alupinum wheel) m
%ummary }of test results (rubber strap mounted wheel) 113 ‘
Summary of test results (fread wheel) ’ 115
¢
%
o Ay
/‘]1

& LTy
e g My b e




first

C and
u,

a,

s

NOTATIONS

. The symbols adopted in this study are defined where they

appear and the principal ones are listed below.

W wheel load

iﬁ input torque

P drawbar pull

) translational wheel velocity

w angular velocity pf the_wheef

Y dynamic sinkage

¢ so0il strength. parameters

v displacement or velocity components
K - element stiffness matrix

E elastic modulus

E. initial elastic modulus

ET slope of the deviétor stress (o; - 03), versus principal

strain, e;, curve o
o normal stress on failure plane
b hesignate families of characteristics
W plastic work rate !
I, strain rate invariant
€ normal strain components

shear strain

k  Von Mises yield function

&
N

5

Xi
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' P -
s
g O)s Opy O3 principal stresses
'”ux. oy normal stress componénts ' /
| ) T tghgential stress
‘ n . viscosity parameter
Ja. second invariant of deviatoric stress tensor \
e F rate of interfacial energy loss . &
VS elemental s1ip velocity ¢
r wheel radius
_ b wheel width
' RT' tangential reactiqﬁ at whee]—so%1 jnterface

XI, YI: X, Y -coordinates

€ effective strain
. specific mass - )
S normal wheel slip.rate
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CHAPTER 1 , .
INTRODUCTION

' s

1.1 General

The mechanics of off-road transportation or 1and\10comotion
is concerned with the complex problems of interaction befweén wheeled
or tracked vehicles and various typgs and conditions of.natural terrain
s;rfacés. Th; need for basic research on the ground properties which
affect vehicle performﬁnd@ is evident from experience of land Jocomotion
in the areas of m51itary\and civilian mobility, agricu]t%re mechanization,

. L . . ) !
timber transportation and earth-moving equipment. ‘

H . . »
The recent past has seen an increase in research efforts in the LW
Vd

field o?’iqnd tTocomotion mechanics to obtain a better understanding of
the action of soil vehicle systehs. These studies afe generally directed
toward the probiems most frequeni]y encountered in the field by land
vehiglég operating over natural ground surfaces that fall in the categories
of ]oosegﬁr soft soil. The basic problems in these soil types are
é%cessive Qhee1 or track sinkage due to pﬁysica] characteristics of both
the soil and the vehicle, and excessive wheel or track slippage caused by
insufficient traction (Goodman,_ 1966).

The’objec%ﬁve of the study of~track or wheel mechanics in soft

or loose soil is to predict what will happen to a vehicle tractive '~

element in given conditions. Assuming all the necessary characteristics

of the tractive element (track or wheel) and the soil are knoawn, the



, :
J A
A

~probTem\ds to determine the relations among the load on the vehicle
- tractive element, the torque, the pull that the tractive element can
develop (hence s1ip and sinkage), and the soil conditions. ~

Stip is important with respect to efficiency because, for a

éiven tractive element speed, the vehicle reduces the distance over which

the pull does work. Sinkage should be controlled, for it must remain

v

smaller than the clearance of the vehicle. The tractive-soil parameters .

| L
which control the vehicle performance are shown in Figure 1.1.

¢
4

1.2 Statement of the’Problem

:The abfiity ofka vehicle to move over soft or quse soil is
dependent on the interaction between the vehicle running gear (wheel or
track) and the supporting ground. For this study, the ground in
question is soft soil. The mechanism of wheel-soil interaétion consists
of fwo parts: (a) Flotation, which deals with the ability of the ground
to support the vehicle without excessive.sinkage, and (b) Traction, which
involves forces developed between the vehicle running gear and soil in
the development of continuous vehic]e’motion. The characteristics 6f
the vehicle tractive element (running gear) control its performance with -
respect to any specific type of so%]. '

Within the broad definit%5h of the broblem, there are numerous
paths t@at can be followed for predicting tfactive element performance

according to emphasis and gﬁiumptions made, as shown in Figure 1.2.

-

s
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W Ge;; load

T Input torqué

P Drawbar pull t

V Translation veiocity

w Angular velocity '

Vp Track speed “

Z Dynamic sinkage

Y Depth of 'rut

Yo Bow wave
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Soil Parameters
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.Cone: Cone index
Vane-eone: Interfacial and
deformation energies-C and ¢
Triaxial Test: Stress-strain relations
C and ¢
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Fig. 1.1 Tractive Element-Soil Parameters
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A first approach is to attempt to predict wheel performance
by qetermining the drawbar pull, to;que, and possib]y the s]jp and the
‘sinkage from analyses‘using the relations between stresse;?and strain‘
in the soil and b;th equilibrium conditions and the boundary conditions.

A complete theoretical solution of the wheel performance ;

prediction problem is extremely complex because of the difficulties

arisiné from the interdependepce of such factors as:

Q

(i) Physical conditions: &hee] load, wheel surface condition,’
wheel diameter, tiré shape, tire

flexibility, treads, etc.

~

(ii) Soil parameters: Strength, type, density, moisture,

. ) content, etc. \

(iii) Interaction parameters: Translational velocity, slip, wheel \

type (towed or d?%ven), etc.

Previous wheel-soil interaction theoretical considerations
' have utilized limit equilibrium assumptions to predict wheel-soil interfacial
stresses and sinkage (Yong & Windisch, 1970; Karafiath, 1971). The

assumptions adopted in the limit equilibrium analyses are described as

follows: ’

!
1. The soil is an ideal rigid plastic material in a state of limit

<1

IS

equilibrium, and is considered to obey the Mohr-Coulomb failure

criteria.

2. The soil has well-defined slip surfaces at the wheel front and

rear positions. ’
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3. The angles described by the forward and rear failure zones are
functions of the degree of slip and total angle‘of wheel-soil

contact surface. )

Figure 1.3 shows an idealization of the whee1-soi1‘1nteraction
physical model required for the limit equilibrium solution.

It s observed that in using the method of characteristics for.
solving limit equi]ibhium problems, exact.solutioné for the assumptions

invoked are obtained. However, in’the case of wheel-soil interaction

\ problems, the assumptions utilized tend to be too restrictive and in actual

fact do not realistically mirror actual physical observations.

Exist1ng semi-empirical formu]ae for the prediction of wheel
performance such as drawbar pull, sinkage and bu]ldoiﬁng resistance depend,
in essence, on a prediction of the stress distribution aTong the so11v
wheel 1nterface from data obtained from static tests on flat p1ates The
plate approach previously adopted by many research wohiers used the idea
of flotation (Bernstein, 1913, M1ck1ethwa1te, 1944; Bekker, 1956) to predict
the wheel-so0il vnterfac1él stresses and sinkage from a correlation between
the pressure urider plate penetration test and that under the wheel. - The
wheel-sofl tangential stresses predicted from the establitshed re1atiogships
correlate the tangential‘stresses benedth skid plate (Bekker, 1969) or
shear ring (Reece, 1964) to that under the wheel for the same slip velocity

and radial pressure. Since (a) these relationships are based on curve-

fitting pFocedures and (b)the flow of soil beneath a wheel and a plate are

—different, there i; no a priori reason to believe ;hat relationships based

on such an approach would be completely successful.
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The cone penetrometer, as a tool for evaluating the performance
of off-road vehicles, uses graphical relationships between independent
(mobility inde}v vehjc1e cone index, clay loading number, etc.) and
dependent (pull Qymber,ﬂtorque number, sinkage number) dimensionless -
parameters, (Freitage, 1965; Rush & Temple, 1967; Kennedy & Rush, 1968)..

This technigue lacks accuracy for the following reasons:

(a) Difference in soil behaviour under the penetrating cone and

a

the moving wheel. >
(b) Interdependence of many of the wheel-soil parameters.

(c) Difficulty in realization of dimensionless soil parameters,

A more rigorous mathematical approach for using the cone as a -
“trafficability sampler has been adopted by Yong et al. (1971). Since
- the behayiour of the soil beneath the cone and the wheel is different,
the approach should.be dependent on scalar quaﬁtities (Yong et al., 1971). ~
The specific deformation energy under the wheel at the self-propelled
point is egrre]ated to thét under the penetrating cone. With a knowledge
;of the parasitic deformation energy beneath the moving wheel and of the
wheel brake horsepower, a "GO/NQ GO" criterion can be decided, assuming
that the wheel-soil interfagia] energy at the self-propelled paint is
negligible. :
“ The existing prob1em‘is one which requires accurate field
per#ormance evaluation of the vehicle with respect to a specific type of 5'

e ' i B
~ ground surface. Alternatively, the design criteria for vehicle tractive



{ elements for productioh of specific optimum performance needs to be
rationally déve]oped.

It is worth mentioning that the performance can be evaluated
in many terms such as drawbar pull, input torque, sinkage, interfacial
stresses, translational velocity, slip, soil compaction, ecological
damage, subsoil beh;viour or, in energy termé, as input, useful output
and parasitic energies. The relative importance of the different per-
formance terms is dependent on the type of vehicle job and the ground
useful function.

This @heéis is concerned with (a) the development of an analytical

method for the prediction of the field performance of a moving wheel over®
séft soil, and (b) the application of the method to the study of the
effect of simple wheel surface ponfigurations on performance.

While much‘effqrt has éeen spent in evaluating wheel performance
from both surficial measurements of the stress Qi;tribution at the wheel-
~coil interface and from rut depth measurements, very 1ittle corroboration
js available relative to stress distribution and soil deformation due to
a moving whee] prior to the work reported by Yong & Osler (1966), Yong\&

Webb (1969), and Yong & Windisch (1970). + This is because consistency
between surficial measurements and ground response is generally demanded.
- ’ . In essence, compatibility must be maintained between forcing (vehicle) and
response (soil) functions.
o . In this study, an analytical method and a computer program are
developed for evaluating and predicting whee] performance through prediction

of subsoil response behaviour. The program permits\:&}x




R S\

- - 1. Specification of a physical model which satisfies compatibdlity,

equilibrium,boundary conditions and a stress-strain law.
2. Specification of realistic stress-strain soil relations.

3. Generation of a unique and complete solution. I

\

4. Generation of the information necessary for the mechanics of

the soil-wheel dnteraction problem.

L]

»
%

1.3 Rationale for Problem Solutjon °

3

which combined the vane shear apparatus with the cone penetrometer for use
not only as a trafficability sampler but also as a tool for evaluating

4
wheel performance. The retionale for the device was based on previous

R
research (Yong et al., 1972; 1975) which established a correlation between

<

the parasiticyenergy components of the wheel»soi]ﬁinterac%ion and the
degree of slip. Figure 1.4a shows the wheel energy components and
figure 1-4b shows the distribution of parasitic energy components.

The development of the understanding of the instantaﬁeous soil
‘response below the moving wheel and its performaﬁce required investigation
of the meéianism of wheel-soil interactioﬁ and the subsoil deformation |
pattern. " Yong & Webb (1969) used the.visioplasticity technique for
determining the wheel parasiéic énergy components and the useful output

energy at any degree of slip, while Yong & Windisch (1970) used it for

Q“
determining the interfacial and subsoil stresses. In this method the

Yong et a].'(197 ) introduced a soil sﬁrength measurement device -

YN
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AL
displacement field is recorded experimentally, from which a stress field

is ‘determined using a constitutive relationship. ghe ﬁeve]opment of

w1

this method is presently applicable to small scale testing in the
laboratory {assuming steady state conditions) and cannot be readily used
to predict field conditions.

It needs to be noted that research conducted to date on the

El

problems of design or evaluation of wheel performance have adopted three

basic approaches:

(a) the empirical approach - using the results of large amounts of
experimentafﬁﬁafé obtained to develop methods of analysis and
design. -

While such approaches may have been necessary in the past, the
advent of digital computers and modern methods of numerical
analysis now provide the necessary tools to develop analytical
solutions which can replace much of the empirical testing

carried out in the past.

_(b) the theoreticaf app}oach - using the 1imit equilibrium technique
with its unrealistic idea1‘assumptions which do not fully satisfy
the actual physical sityation. {//)‘

(c) a laboratory approach - which is limited to studying or |
evaluating the wheel performance in the laboratory.

\

As there is no available rational approach for evaluating both
tractive element performance and.'soil behaviour beneath it, and since the

visjoplasticity method is presently restricted to. 1aboratory application,

g
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. it is apparent that a numerical method (such as the finite element method)
which can predict‘both tractive element performance and soil response
behaviour in the field would be a useful tool in soil-machine interaction

N
v

studies.

1.4 Objective of the Study

‘The general objective of this research is to provide‘a rational

.analytical means for predicting the performance of off-road vehicle

tractive elements moving on loose or soft soil, using parameters that

describe the soil response due to interaction with the vehicle tractive

P

element. It is to be appreciated that an accurate prediction of | IR
machine-soil response behaviour would provide a sound basis for the |
'evaluat1on of the eff1c1ency and economy of mobility (vehicle f]otatqon
and travel).  In addition, the developed computer solution t?chnigge ﬂ%
can beﬂused to aid in the design of'the interacting units sinéé the\
various machine and soil parametric inputs to the computer code can be
varied, and the resultant oazﬁyt evaluated. This philosophy is demon-
strated in schematié form in Figure 1.5.. The thrust of the argument is
seen to lie in the need for a tool which would readily evaluate and assess
performance of machine-soil interaction.

This study includes an analytical and an experimenta1 approach.
Ana]yt1ca]1y, a computer program based on the finite element mgthod will be

obtained. This program will provide an analytical tool that can be used

by the désigner, in field investigations, to evaluate automat1ca11y the

;
" ‘
“ .
( 1
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performance of the tractive elements of the vehiJ}e and soil deformation
behaviour beneath it, provided thqt a technique for measuring.the inter-
faciaflbtresses or partic]g‘path at wheel-soil interface is available.
Expérimental]y, the vi;ioplasticity technique is used to study
:the effect of wheel-surface condition on its performance and subsoil
behaviouf beneath it and to verify the validity of the analytical model.
The meaéurement of the surficial, abovejground paramaters ,namely load;
torque, drawbar pu]l, carriage Velogity, sinkage, ﬁngular velocity as well
as measurement of subsoil deformation, are also ingluded in this pavt.
/ It is also worthy tq~mention that throughout this study the
Qegard to towed and

N
above aspects and considerations are presented in

driven rigid wheels. - The items of specific note(are:

1. The dissipation of energy in the soil at t egfiterface and in
‘the subsoil as a result of soil response during the-movement

of the rigid wheel.

oA .
2. Prediction of wheel performance in terms of drawbar pull,

-

sinfage, deformation energy and interfacial ené}gy.

o

3.?“5tugy of the effect of controlled wheel s1ip on the magn{tude

of the, interfacial and deformation energy deveypped;

4. Study of the effect of wheel surface condition on its performance.
* 5. Accountability of the effect of soil recovery at the rear of

the wheel on prediction of wheel performance.

\
[
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) Adopting the fimite eJement method/(FEM) in the field of
"7, whegl-soil interaction studies will account for the following aspects:

of o

%i) the non-uniform geometrical boundaries at wheel-soil

1. interface and soil surface,

A
[

* (ii) the soil nonlinear stress-strain relations,

L]

: (iii) the effect of loading and unloading of soil due to wheel travel,

o (iv) any constitutive relations covering the effect of confining
RS >

.f <;‘ ‘pressure, volume change or’'strain rate can be used with the

method,

¥
1

ot (v) the loading path can be followed throughout,using the particle

path at wheel-soil interface as a loading boundary,

" (vi) ‘the effect of change of material coordinates due to wheel

travel can be considered. \
- ‘\“

It is worthy to note that in the FEM, subsoil behaviour in
T . . L) ,
terms: Of stresses, strains, deformations, deformation energy and inter-

-

facial energy can be predicted.
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1.5 Organizat{on of the Thesis

This'thesis is presented in eight chapters- and six appendices.
The organization of the'main body of the thesis is shown in Figure 1.6,

and the outlines oﬁ each chapter and appendix are as fol Tows.

. | : v
. Chapter 1 gives a definition of the problem of wheel-soil interaction

together with a short review of theéﬁrevious methods for evaluating

G

the' performance of off-road wheels..

< v

Chapter 2 describes the general formulation of the governing“equations

of the finite element method, and the different approaches for their

non-linear solutions.

v

Chagter 3 descr1bes the general 1dea112at10n of the non-linear behayn?ur
L

of 5011, the ffnlte e]ement 1dea11zat1on of the soil beneath the wﬁee], B

the boundary ?énd1tlons and the 1ncrementa1 approach .for solying the -

non-linear problems.

Chapter 4 -describes the experimental proqram, the visioplasticity

technique, and presents a summary.of the results. P

Q} -
Chapter 5 discusses the resu]ts of the exper1menta] analysis and the effect

_of slip on wheel performance ' ' . ) s

Pl

" Chapter 6 discusses the validity of the FEM as a technique for eva]uating

wheel performance. 'ihe FE results are.compared with surficial and
J . ’

subsoj] measurements. Also, the performance predic%ion using both
visioplasticity and FEM are compared in this chapter, N

‘;i/// ) e

’

'
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Theoretical Considerations

Applicatton of the Finite
Element Method to Wheel-
Soil Interaction Studies

. Discussion of the Predicted

N
CHAPTER 1
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1
; 1
Y CHAPTER 2
¢
4
CHAPTER 4 ,, " CHAPTER 3
Experimental Analysis
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Chapter 7 contains the summary and conclusions.

Chapter 8 contains the recommendations for further study.

Appendices

Appendix A - Experimental Considerations. Describes the soil-vehicle

mobility test facilities, the soil preparation and the testing procedures,

and the physical, chemical and mechanical properties of the soil.

/

Appendix B - Data Reduction Techniques. Describes the techniques for

reducing the data concerning the subsoil deformation behaviour.

Appendix C - Visioplasticity. Describes the computer program used for

analysing the data concerning the subsoil deformation behaviour.

i

Appendix D - Constitutive Relations. Describes the different approaches

used in soil-mechanics for idealizing soil stress-strain curves and

constitutive relations.

Appendix E - Method of Characteristics. -Describes the method of

-characteristics which was adopted for determining the subsoil and wheel-

" s0il interfacial stresses.

Appendix F - Finite Element Computer Programs. Describes the different

sub-routines used in the Finite Element Programme.

[

ot

I R A
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' . . ﬂ Q 'CHAPTER 2

THEORETICAL CONSIDERATIONS

3

c 2.1 Intr@duction

As stated in Chapter 1, there are different techniques for
predicting (a) the performance of a moving off-road wheel, (b) the

behavjouﬁ of the soil beneath the whkel, or (c) both. In this analysis

ﬁhe problem of a moving wheel over soft seil is studied by considering
the soil as a continuum with its entire boundary being a mixed boundary
on thch 1oad§ and displacements take.on bfégcribed values.

Hav{ng establighed a physical model for whég1-soi1 interaction
study, an analytical model can be construéted and an exact or numerical
_solution for predicting the wheel performance and subsoil behaviour
benéaph it can be obtained. The accuracy of the pre&icted results

is dependent on:

(a) the accuracy of the physical model in representing the prablem,
(b) the accuragj of the analytical model in‘representing the
physical model parameters, ‘ 4

(c) the accuracy of the mathematical solution.

The adopted mathematical solution is mainly dependent an:

{a) the assumptions made in constructing the'governing equatioqs
of the analytical model,

(b) the type of the available input data,




finite element method.
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(c) the required output results,
(d) the accuracy of the predicted :%sults.

(e) the economy of the solution.

Many ‘humerical techniques can be attempted in developing
a solution for a particular wheel-soil interaction problem; among

them are the semi-inverse approach, the finite difference, and the’

3

2.]1). Semi-Inverse Approach \

If certain wheel parameters (load, input torque) and soil

parameters (C and ¢) are known and certain assumptions concerning the

v

‘'state of the soil, ghe soi] surface, and the physical boundaries at the

wheel-so0il surface are made, a‘semi-inverse approach can be adopted for .
bredicting the wheel-soil interfacial stresses (Sokolovski, 19é5;
Karafiatﬁ, 1971). In this apbroach, it is assumed that certain
propertics for the so]utioﬁ are outright and that the problems, in which
field equations and boundary conditions are obtainable, can be satisfied
by assumed forms o% ;olution.

Tﬁis type of analysis has been adopted in wheel-soil interaction

studies (Karafiath, 1975; Elsamny & Ghobarah, 1972)with the following

restrictive assumptions: ’

LY

(a) the soil beneath the wheel is in a state of limit equilibr%um.

(b) the soil has straight surfaces in front of and to the rear of

the wheel, ?
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~{c) the soil outside the failure zones s rigid,

(d) the angle of separation betqggn front and backward failure

e

N zones 1s a functdon of sTip.

As noted, these conditions are too restrictive and do not
, represent the physical situation of the problem. In thié type of\
. ~ solution the discontinuity in the stress and velocity fields betweén

the failure zone and the rigid zone is neglected. The predicted -

results indicate a discontinuiiy'atuthe peak of the stress distribution

at the wheel-soil interface (Karafiath,‘1971, 75). Since no constitutive

57 relations are used with this type of analysis no spbsoil behaviour can be'.

predicted. Figure 2-1 shows the block diagram for the solution using a

Timit equilibrium approach. ]

»

Y

2.1..2 Finite Difference Technique & } %

| Since the equiiibrium and cohpaiibi]ity'equations are independent
of the material-constitutive relations, it is poﬁ%ib]e to solve many non-
Tinear mater%a] problems whose elastic solution can be obtained, by
numerical method using an itérative technique based on successive elastic } b
approach (Mende]so&, 1969). .gn the case of plane strain or stress elasto
p]astiq problems, it is necessary to so1ve,an inhomogeneous biharmonic
equétion subjectedlto éﬂ;pecial type of boundary conditions and to the
apgropriate plasticity relations. There is a variety of methods that
can be used for solving the bihérmonic'equation, gncluding the energy

e . . . , ®
collocation, eigenfunction and finite difference methods. _ In all cases

the solution is actually only approximate, although in theory the exact
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INPUT DATA #
s ’ A ' .
. Y Y L
Assumptions Soil Wheel
1 Angle of attack [ C, ¢ and 1 Load
2 Angle of separation ' 2 Input torque
3 Idealized boundary Y diameter
4 Soil is rigid plastic
i}
Eg Equilibrium Egs.
Ele Failure criterion
S
f} % T
e “l o
2172 Y
SR D Differential Egs.
o100 O
1 mqtg_g "
Sl S
o Slge Y
e © Method of
e 8 characteristics
he [ Y} -
EEE ‘
W4 5
O
—lawn L Y
' OUTPUT DATA S
Hheel-soil
Interfacial Stresses|~
sinkage

<

Fig. 2-1 Block diagram for semi-inverse approach
(Limit Analysis) .
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solution can be abproached‘as closely as desired. The siﬁb]est and
mostlstraightforward approach is to use finite differences. Details of
the method are explained in many reférencés (Mendelson, 1969).

The application of the finite-difference technique to wheel-

soil interaction studies to predict subsoil behaviour requires:

fa) a knowledge of the stress distribution at wheel-soil interface,
(b) uniform geometrical boundary conditions,
(c) idealizing the stress-strain relations of the soil to elastic,

X
elastic-plastic or strain hardening behaviour, \\\

N
S
-~

(d) the soil is incompressible in the elastic and plastic zones

and obeys Prandtl-Reussrelations and Von Mises yield criteria.

Using uniform grid for the formulation of the finite difference
equatipns Timits its application to proﬁlems of simple geometric boun§§7§<fj
conditions. Using the same size grjd in zones of high and low stress
concentrations will result jn large approximations if a coarse grid is used.
A block diagram of the application of the finite difference technique to
wheel-soil interaction problem is shown in Figure 2-2.

Cl

2.1.3 Finite Element Method .

I
The use of the finite element method as an approximate numerical

1
solution procedure for solving many kinds of linear and non-linear
AN
continuum mechanics problems may be found in several references (Zienkiewicz,
1971; Oden, 1972; Desai & Abel, 1972).  Its physically motivated base and

its compatability with various kinds of boundary conditions and constitutive

QO
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INPUT DATA
1
I 1
Assumptions . Soil
1 Idealized boundary - Stress-strain ~ Wheeﬁ—soil contact
; / relations s area
- Yield criteria

- Wheel-soil interfacial
stress distribution

-~

non linear solution

successive iteration for

j

Differential Equation

“{biharmonic}

/

Finite difference
solution for
stress function

Y

QUTP
- Sinkage
- Subsoil stresses
- Deformations

Fig. 2-2 Block diagram’ for predicting subsoil behaviour
using Finite Difference Technique
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relationships, render it a useful téchnique,for the sotution of'initia1
houndary value problems. The technique basically adopts the Rayleigh-
Ritz method by means of a variational approach,whereby formulation of the
@qu%valent of the governing relationship in iﬁtegra] form, aver the region
of interest, allows for appiicapion of apprbximate ﬁethodé\of solution.

It is noted that the tru§/§olution of the problgg under consideration will
always render the integral a minimum. -
The basic concept of the finite element methodmis the idealtzation

of an actual continuum as an assemblage of discrete elements %nterconnected

at their nodal points. Oftén in soil mechanics, load deformatian

. problems are of the plane strain variety such that triangular or higher

order p]éte finite elements are useful in analyzing the two-dimensional
strain field. Since the FEM is u;ed in this study for evaluating wheel
performance and soil behaviour beneath it, a brief development of the
governing re]ationships isqpresented. Since this study is concerned
with a transient phenomenon of a moving rigid wheel on 'soft soil, the FEM
solution deals with a non-Tlinear proS]em involving largé deformations and
associated non-]inear material properties. Due to the yesu1tant large
deformations of the soil beneath the moving wheel, the FEM governing
re]a?ionships can be formulated with respect to either the original or the

updated soil coordinates; both formu]ations‘are‘presented herein in

general form.

&
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2.2 General Formulation of FEM quflibr1um Equations

o

In the body occupying a space S in Figure 2-3/kreferred to as
a rectangular frame of reference). every particlte has a set off coordinates.

| The location of a point P in the body, before deformation is |defined by:*

00 = (X Xpo X331 AN CER)

where

Xy, X; and X3 refer to the Euclidian coordinates X, Y and Z.

2

After the deformation one obtains

1

Xy = (K Kas Ka) - : (2.2)
where ? l
TSRS R {T) LR (2.3)

and

{u} 1is the displacement.

A T
L Wy = {Up Uy, Ug)

Using the finite element approximation

Wy = [NJ{s)

0 B Co

* Superscript T denotes a .transposed matrix.
{ } denotes a column vector.
[ } denotes a matrix form.

>

-
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Fig. 2.3 Definition of Lagrangian and Eulerian Coordinates
and Strains (Zienkiewicz, 1971).
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, where ‘

{ {U} relates specifica{ly to the displacement at any point

within a Tinite element.
{6} s the displacement at the nodal points.
[N] is the shape function which defines the displacement atﬂény

point within the element with resgect to the displacements
‘> at the nodal points. ' i K

o S i ’ /

For constant strain triangular element formulation, Eq.(2.5) //

takes the following form in matrix notation (Fig. 2-4).

f : / {J
- . o K0 N® - rU 1 i
-~ 1 = i j m 0 i -
C v o wmoo om0 Vs ( “)”
2.5
' UJ‘ '
Y3
/ > U 1
s m
vm
.
\ 7/
where
[
K (a; + byX + Cyy)/28 .
A e
& = area of triangle ijm ;
b] = Y,i - Ym .
? g.
G = XX
P ’ 4 ¢
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. ) . - Using the principf& of virtual work and equating the extérnal
ag@ internal work, we may obtain the [approximate] equilibrium equations
in Lagrangian (driéina]) or Eulerian (updated) coordinate form,
(Zienkiewicz, 1971). ’
/ E The external work done in terms of Eulerian and Lagrangian
coordinates can be written as: s
]_ P{q} {du}dV + [_ {(PHdu}A °  (Eulerian) " (2.6)
A
T A o Treaeian ,
p{q} {du}dV + A EK'{P} J{dv1dA (Lagrangian) ‘(2.7)
n ’v > . l_ - )
and the internal work done m&y be written as ‘
T o ,'7 -
™, [ _ G deeNav - | (Eulerian) (2.8)
v . - .

I d

% | ' |
IV {o}Td{e}dV L (Lagrangian) (2?;}\\\\

The relation befweeﬁ/:;;;:;\;:z displacement can be written

N '
in terms of Eulerian and Lagrangian coordinates. respectively, as .

d{&) = [B] d (5} . (Eulerian) (2.10)

3 o

S &

- P S A

LN STy
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/ 1
The matrix [B] defines the strain displacement relation. e

]

( der=[pIdewr " (Lagrangian) (2.11)

Using the prev1ou§ relations and equat1ng (2.6) and (2.8), the

equilibrium equations in terms of the Eulerian system are obtained as

<

(3} = {R} - IQ 8] (o} &V = 0 : (2.12)

v ’ .o .
Similarly, in terms of the Lagrangian system, by equating (2.7) and

(2.9) * N
= ® - [ Blowy = 0 ’ (2.13)
where

{R} = {R} = I_QLNJT{q}dG + !R[N]Tiﬁ}dﬂ
v

= J(D[N]T{q}dv + [ [N] {p}dA dA \ (2.14)

where

1.3;'
{R} represents the equivalent external nodal forces, while the
second term in‘equation'(2,12) or (2.13), the internal

force reaction.
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, J

{y} _repreéents the nodal forces required to bring the assumed
displacement pattern 1nto nodal equ111br1um.

{P} represents surface forces per unit area of t?e deformed body.

{a} represents the body forces per unit mass. /

Vand A are the volumes-and areas of the deformed body respect1ve1y
p is the Hens1ty in the deformed state.
* {3} and are vector forms of the Eulerian (real) stress and strain
ey increment in the distorted coordinates (X3,
{o} and a}e vector forms of the Lagrangian stress and strain’

d{e} increment in the original coordinates {X}.

In general both {R} and {B} depend on the displacement

'parameters {5} and as the stress ‘may be a non-linear function of strain,

special solution methods will have to be used.

.

The explicit formulation of the strain-disp]acement matrix [B]

can be easily cbtained with respect to the original or the contlnuously
&‘A

updated soil coordinates if the shape function [N].is known

If an incremental solution is used for solving the wheel-soil
interaction problem and the siee of each load or disp]acemene increment
is small, the strains within eaeh increment can Pe considered infinitesimal °
and products of strains (the quadratic term of the strain~d1§p1acement

! re]at1onsh1p) may be neg}ected Then both expressions for the strains

to
(Lagrangian and Eu]er1an) reduce, the classical 1nf1n1te51mal express1on

which can then be USEdm

A
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i 2.3 Solution Outline of the NonTinear Equations

In view of nonlinearity the solution of Eqs. (2.12) and (2.13)
wii] have to be approached iterétive]y. If the Newton process
is to be adopted the relation between d{&} and d{y} has to be found.
Thus, taking\appr&briate variations of Eqs. (2.12) or (2.13) with

respect to d{8}, one obtains:
- aT =.T ' .
d{y} = }V d[B] {o}dV + f [B] d{c}dV (2.15)

and from the stress-strain relations,

dic} = [D]d{e} = [n][éjd{a} \ (2.16)

* [D] is the stress-strain relation matrix and is a function of the
mechanical properties of the soil. Its derivation with respect to.’
different idealized soil stress-gtrain relations is shown in Apﬁendix D.
If displacements are large, the gtrains'are related in a nonlinear
fashién to displacement, and the matrix [B] is now dependent on {5}.

The matrix [é] can be written as:

B] = [B,]+(8] ‘ (2.17)
where- |

[BO] is the same matrjx as that for linear infinitesimal straiﬁ

anaiysis, §

( ) ) and [BL]\,\depends on the displacement. In general it ggy;ound to be

a linear function of such' displacements.
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From tq. (2.17)
d[] = d[B ] o (2.18)
e ,
Therefore
d{y} = J d[BL]T{c}dV + [Kld(s) - (2.19)
v
G - | B - Ik (22)
V .

in which

, A
!

[KOJ represents the usual small displacement stiffness matrix,

and [KL] is due to large displacements.

The first term in Eq; (é.19) can be written as:
J a8, 1oy = [K_Idte} (2.21)
v P a ‘

where

3

[Ko]“is a symmetric matrix which depends on the stress level.

, Eq. (2.16) can fgég be written in the\forﬁ:

Tdgey = (IK,]+ [K, D+ [K D)d(s) = [Kpldis) (2.22)

% . ’
where [KT]‘is defined as the tangential stiffness matrix.

e
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It can be noticed that Eq. (2,22) is applicable for a general
problem of nonlinearity in both material and geometry. If an
incremental solution is used, the strains may be considered to be
infinitesimal and in such a case the quadratic term in the strain-
displacement relationship can be neglected and Eq. (2.22) reduces to:
d{y} = [Ko]d{a} (2.23)

i s
>

\
A Newton-type iteration can be applied S& solve £q. (2.22)
or Eq. (2.23).

&

|

2.4 Techniques for Nonlinear Ana]ysis\

As indjcated in the previous\section, the aﬁalysis of ponlinear
problems where the nohlinearity is due \to either nonlinear material
properties or large deformations, or bo&h, is much more cohp]icated
than the 1inea§ analysis becayse the governing set of simultaneous Tinear
algebraic equations becomes non]inearS In all the studies published
on nonlinear behayiour, only a handful pf exact sotutions to specifig
problems can be found. These deal, itﬁout exception, with Epdies of
‘ the most simple geometric shapes and‘Soundary conditions. More often,
a "semi-inverse method" is employed, in which the shape of the deformed

body is assumed to be known in advance |(a situation which is not often

!
encountered in practice), and. even in|these cases numerical techniques

Be
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[

must often be introduced in the final steps of the solution in order

ey

to obtain quantitative results. .  In short, closed-form solutions
to the governing equations of most nonlinear problems are either rare
or do not exist (Oden, 1972). .

) Generally, the nonlinear problems in the FEM can be classified

. as follows (Zienkiewicz, 1971):

(1) ‘geometrically large deformations,associated with small
elastic strains, |
| (ii) geometrically large deformations associated with
finite strains,

(ii1) nonlinear material properties.

The case of a movwng rigid wheel on soft soil can be classified
as a nonlinpear problem of the second and third types.
" Another classification, based on methods of formulation and of

the solution of the nonlinear system, has been introduced as follows:

,f(a) the incremental m2thod where a "marching" type of approach -

1
-

is used and the equilibrium path is only approximately

followed, with equilibrium checks occasibnai?y introduced,

(b) _the iterative procedures in which equilibrium is approached

© . . at all stages of the computation,

(c) the step-iterative or mixed method which is a combination of

R ° the previous two methods .

a

{ The three techniques are shown schematically in Figure 2-5.

“
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{(a) Incremental Procedure

(b) Iterative Procedure
{(variable [K]})

Modified

Newton-—
ey

S TR

(c) Iterative Procedure

(d) Step-Itexative or Mixed
(Constant [K]=[K,])

Fig. 2.5 Techniques for Nonlineaxr Analysis Comparison
of Three Methods (Desai, 1972).
({\

£
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i | . ¥
| ’ 2.5 Summary of the Nonlinear Solution

The solution of any nonlinear.finite element problem by
_iterative procedures or by the mixed method can be summarized in the

following steps:

(a) The -elastic linear solution is obtained as a first

approximation {s}.
n

(b) {y}, is found, using Eqs. {2.12) or (2.13) with the

appropriate definitipn of [B] and of the stresses as

given by any linear /or nonlinear stress-strain law [D].
(c) Matrix [KT] is established, and

(d) Correction is estabfished using Eq.- {2.22) as
siedy = - G n

th

and if the n~ iteration gives a non zero residual force ‘“QD

{w}n, the next iteration becomes

4
and the prbceif is repeated until A{é} becomes sufficiently 'small.

' Thjs process is shown chematically in Figure 2-6. A conftant matrix
.cou]d be ysed, thqs.ianeasing the numee% of iferatiﬁg steps.‘ Using a
semi-inverted technique Feso]veé the procegs at smaller computer time,
provided 'that, at each,step, {w}é‘is calculated by the correct expressions;
, however, convergence is some£iﬁe; slow u§1ng this procedure. To expedite
‘the convergence w1th 1ess comgytﬂng time, the tangent stiffness matrix may
(: be updated once on1y,”#o110w1ng which it 1s kept constant during the

_ jteration process.
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Fig. 2.6 Schematic Representation for Iteration Process
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Figure 2-7 shows a block diagram of the FEM adopted to the

solution of the wheel-soil interaction problem.

2.6’ Summary

In conclusion, some of the différent techniques of continuum
mechanics applied to solve the wheel-soil interaction problem are
discussed in this chapter. To lay the gréuﬁa for thé\applicqtion of
the fEM to the pfob1ém, a general formulation of the FEM governing equations

together with the different techniques for solving them have been presented.
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INPUT DATA

Y

‘Boundary Conditions

- Wheel-soil interfacialy’

stresses
- Particle path at

{

Soil

- Subsoil deformations

- Stresses-strains
- Velocity and
energy fields

Soil Wheel Parameters
- Stress-strain 1 .~ Load y
relation 2 - Input torque
, - Yield criteria 3 - Slip
wheel-soil interface
o .
5 Y
« -Formulation of
g|s the FEM governing
gis equations
< =3
o, — -
(8] (=] P *
Q|
s 5
5|8 !
5| E Solution of set of
ol linear or nonlinear s
319 equalions ]
- 1
’ ¥
OUTPUT W i
i 4 . 1
" UHheel
) - Drawbar pull
- Sinkage
- Rolling resistance
- Efficiency

F1g, 2-7 Block diagram for predicting wheel performance
. ‘and 5011 behav1our beneath the wheel using FEM




43 ' 4

CHAPTER 3

P53

APPLICATION OF THE FINITE ELEMENT METHOD
TO WHEEL-SOIL INTERACTION STUDIES

\

This chapter~is concerned with a description of the different
requirements for application of the FEM to the problem of predicting
both the performance of a moving rig{d wheel ;n soft soil and the soil
behaviour beneath it. The q(fgerent types of stress-strain
jdealizations are described and the adopted constitutive relation in
the}present solution technique is exp]aineq. The other con;titutive
relations which may be adopféd in soil mechanics in general, and in

wheel-soil interaction studies in particular, are presented in Appendix D.
' &

. The incremental iterative technique which is adopted for a FE nonlinear

solution is presented. The FE idealization and methods of application -

of the boundary conditions at the wheel-soil interface are alsb presented.

3.1 Introduction

As seen in Chapter 2, the complete solution of any continuum
mechanics problem in general, and wheel-soil interaction in particular,
rgquires, besides the equations of equilibrium and continuity, a knowledge
of: . ’

(a) the boundary conditions,

J

(b) the constitutive relations.
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The degree of accuracy to which the choicg of (a) and (b) represents

the conditions of the real problem greatly affects the validity of the
predicted results. In general, the requirements for the solution of
the wheel~soil interaction prohlST “and the preddcted results which defi?e
wheel performance and soil beb@ﬁ1our beneath it are shown in Figure 3-1.

In this study, the FEM employed for predicting the wheel

’ performancé and subsoil (clay) behaviour beneath it will be limited to —

the following considerations:

(a) rigid wheel moving on, homogeneous soft soil with constant
Tow «translational velocity,

¢

(b) the wheel is moving with low degree of slip.

In or@er to circumvent the mathematical difficulty of establishing

the mechanic§ and the boundary conditions for a moving -nonlinear eiéstic
wheel (e.g., pneumatic tire) on a nonlinear gdi] continuum, the case bf a
rigid wheel is considered (é.9., a highly inflated tire moving on soft soil).
This idealization in essence models the translational @elocity and
performance of mosﬁ'garthmoving and off-road equipment. The effect of
mass inertia forcess of the soil continuum can be neglected at low trans-

- " lational velocities. The wheel-soil 1nteract10n problem can be treated

as a steady state case, provided the soil is homogeneous and the wheel

moves at a constant low §peqd.
As will be shown in Chapter 4,‘aﬁ a h;gh degree of s]ip\the

soil-wheel interfacial zone is subjectqd to a high degreg)of distortion

%nd the soil in ihiSUZOne behaves differently from the rest of.the continuum,

S\ # , % «
This is due to the high strain rate effect and the nature of the 1'nteract1’griW
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ke

between the.wheel material and the soil. ... The i

6% )
nterfacial zone Was a

5 relatively small undefined thickness and its soil properties chanée

rapidly with depth.
<«

Due to the difficulty in determining(the,méchanjca]

properties 6f the’'soil in this zone and its rate of thange with depth,

| ~a case of low degree of s1ip is considered.
¥

-

The present.analysis for performance prédiction of a moving

R

; 1
rigid wheel and of the soi]_behaviour beneath it, treats the soil as a
nonlinear elastic material, subject to boundary conditions of an incre-

mental nature, which will permit the growth of thecstresses from @heir

4

R 1
initial to their final states and also permit the soil loading pagh to be
followed. _ Furthermore, most off-road vehicles have relatively wide

tives so that a plané-strain type of analysis can be applied.

The solution to the soil-wheel 3nteraction probiem using‘?EM"

(a) the solution will be complete,

will be obtained with the following characteristics:

(b) it will be consistent with the equilibrium and

éompatibi]ity equations,

(c) it will be in accord with the problem of nonlinear elastic

or strain hardening cohcepts for constitutive performance,"

(d) it wil provide the displacements, strains, stresses,

deformation energy in the soil continuum, interfacial energy,

useful output'energy and wheel-soil interfacial stresses

(which are not possible with other methods of solution except .-

4
v

for the visioplasticity method previously used by Yong & Webb

(1969) and which to date is applicable for small scale tests

in the laboratory).

-
N %u’\

¢

a

~
Pxe,
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It is noteé Fhat none of the approaches previously qescribed .
in Chapter 1 safisfies.a]l thgse requifgments. In addition, none of
them can predict both wheel perforhaﬁce and soil behavibur beneath the
wheel in the field. |

’Thé FEM has the advantage of predicting the whee]~soj]
performance in terms of energies (inputfioutput, deformation and inter-
facial energy) as a function of slip (Yong et al., 1975). This
(gdvantage wili allow a complete speétrum of wheel performance td be
shown for low degrees of s]%ﬁ. Thus the point of maxijm dfawpar pull,
the self-prope]led poiﬁt;'the towed point, and the point of critical slip
can all be determined for an; specific wheel. © Theé details will be

shown in the results presented in Chapters 5 and 6.

3.2 Const%tutive Relationships

. The problem is directed fowards the study of the performance
y i

of a movipg rigid wheel over soft soil (clay). The major aspect$ of

the behaviouf of clays are discussed in Appendix D. - l
\

"Trﬁa triaxial" tests were performed under plane strain

conditions in order to reproduce as closely as poééib]e the assumed"
v . ’ ‘
conditions during the soil-wheel tests. JQ%? the purposes of this

study and for the development of the soil criterion which is to follow,

s

the following idealized éssumptions\app}y:
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= o (alﬂ}hé‘soi1 is essentially completely satyraﬁed, subjected
‘to a situation which is analogous to quick, undrained test
! conditions. The effects of mineralogical composition,
) 61sturbance, so{l structure and prior stress history can be

.accounted for through triaxial testing.-

(b) The soil behaves as an elastic material during unloading or -

any similar situation.

.

3.3 Idealization of Nonlinear Behaviour of Soil

. The theory of stress-strainlre?ationéhibs for nonlinear.
materials is perhaps one of the most compliex areaseof continuum mechanics.
Mathematical expressions have been formed for stres§~strain relationships
either by using simplified assumptions (material jiwg}astic plastic,
perfectly plastic, bilinear elastic) or by empé?icala;;a&tional relation-

~  ships(Kondner, 1963; Duncan & Chang, 1970). For soils, the empiricaf
relationships have been obtained from curve fitting of the experimental
results (Duncan & Chang, 1970). A

"It is known that the amount and type of structural or material

idealization.will affect the formulation of the problem ugder consideration.
f ™, ~

-

- In general, theg%ore complex the modé] chosen to simulate ;oil behaviour,
the larger the number of variables to be taken into aécount and thé more
involved the nonlinear analysis. Moreover, for a realistip analysis
it must be possible to obtain values for%the constants "involved" in the

v

constitutive law from laboratory experiments. . ' .
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The choice of a particu]ar idealization of nonlinear behaviour
depends on the accuracy des1red the number -of elastic or pseudoe]ast1c
constants which must be determ1ned the computational effort requwrﬁf
for the idealization, and the generality of the\method.

In general, there are four types of material idea]izatioh and
two types of constitutfve relations which canlbe used in soils. The

material idealization can be classified as: (Fig. 3-2)
<.;: :

(1) Elastic-linear strain hardening

(2) Elastic-perfectly p]astic‘

— .
Bl b

(3) Nonlinear

(4) Bilinear behaviour.

In the nonlinear method, the stress-strain relations may be
obtained either as a direct output of triaxial test results (Chapter 6)

or as a hyﬁérbélic representation of these results (Appendix b).

t

The ty<' approaches for developing constitutive relations in

soils are the nonlinear elastic approach and.fhe.elastic-plastic or strain

hardening approach. ®

4

- 3.3.1 Nonlinear Elastic Approach

A "

This approach does not idealize the stress- stra1n curve but’
uses the equations of elasticity to solve zgp the stress state even after
yielding has occurreqlwn the soil; any degree of n9n11ne§r1ty can be
accounted for in this apprpach. Inasmuch as the nonlinear elastic

analysis represents the actual stress-strain relation obtained from tests,

it is expected that good results can pe attained from this type of analysis:
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‘and a plastic (strain hardening) portjon.

‘may not work well.

3.4 Adopted Constitutive Relations

51

3.3.2 Elastic-Plastic or Strain Hardening Approaéh
Y

Consideration is given here ‘to the p0851b111ty of mode11ng the
so11 as an elastic-plastic or elastic- stra1n harden1ng mater1a1 Marcel
& King (1967) and Z1nkew1c;-(]971) have successful]y applied this method
of analysis to two dimensional stress $ystems. \

The elasto-plastic mdﬂe] would be ideal in cases where the soil
stress—strain‘curve can be approximated with fair accuracy to an e1astic’
’ Most soils, however, exhibit
continuous nonj}neaﬁity, and in such cases the elastic-plastic jdealizatidyn

Details of derivation of the elasto-plastic matri

can be found in Appendix D.

o

In this thesis the nonlinear elastic approacﬁ is used for

formulatwng the constitutive relations for the soil continuum. The

‘ stress-strain reTat1onsh1p for soils in the three d1menswona1 case can

be best represented using stresses and strains in the octahedral plane.

_Newma?k (1960) states ‘that the general constitutive law for cohesive soils i

can be expressed in terms of three parameters as follows:-

-

y oct - T (Uoct{ Toct® 4)
270 = f (Ooct’ Toct? 4) (3'])*?
6 = fs {ogee> Toct® ¢

&
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where

fy oy f; are arbitrary functions

€] is the octahedral normal strain
Yocf - is the octahedral shearing strain
. 9oct is the octahedral normal stress
TOC£ is" the octahedral shearing stress
¢ = J3/73et
Vo)
0 = ¢} b e3/(3vyi)?
Jy is the third invariant of the deviatoric stress, and

0 n

€1s €3, €3 . are the first, second, and third deviatoric strain

~

' ' components.

Equations 3:i cou]d’account for Qo]ume chanée, distortion aﬁd the inter-
médiate principal stress ip contrast with the two parameters Mohr-Coulomb -
relations (Yong et al., 1975). Déte}miﬁétion of the third parameter is
passible by usingvprue triaxial test (Yong & McKyes, ]971).

Assuming that the extended Von HMises jie]d criterion can be

, &
adopted for.saturated clays, the third parameter has no significant effect,
and the formulation of Eq. 3.1 is reduced to: . - “o e o
oct fl.(cpct’ Toct) - ] .
1 . (3.2)
2Yoct f2 (Goct’ Toct) oo -

N

&
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. "'-: ' e Saturated clay doés not.change its volume during shear, and
. hence it can be consideréd that the change in volume due to immediate
application of hydrostatic compoﬁent of stress is elastic and of small

magnitude. Thus, Eq. 3.2 may be reduced to

B 4 . %Yoct = f2 (oger Toct) - (3.3)
This fdﬁctign can be determined from the results of the
triaxial test at-different cohfining pressures. The octahedral shear

X ' : ! - ) ° . . ] .
stress and strdin Toct-a"d Yoct Yare defined respect1v71y as

A | | )
' /
1 ¢/ i | ]
" Toct © 3 [(o1m02)% 4. (0p-03)2 + (03-01)2]2 (3.4)
\ 2 = 3 [ler-ep)? + )2 + | ZJ% (3.5) "
2%5ct ~ 3 [(e1-e5) (ez-c3 (e3~€q) .5)
. : : The octahedral stress-strain relations plotted from the

results of conventional and plane, strain triaxial tests are shown in

o,

Chapter 6.

Al

""'3.5 Problem Idealization T B

The soil'continuuhfbenaath ﬁhe wheel is idealized with respect
to the undeformed, unloaded soil surface using plane strain triangular

N ‘
elements, Figuw§‘3~3. In order to reduce both the time needed for

o

- idealization of the soil continuum and the amount of. input data required

{

for performance prediction of a wheel with different paramétevs. all the

geometrical dimensions are made a function of whee]'ﬁkameter.
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3.6 Boundary Conditions

The analytical solution required for predicting the
performance of a moving wheel and gubéoi] behaviour beneath it is generally
faced hith Ehe difficulty of specification of the _initial boundary “
cond%tioﬁs at-the wheel-soil interface. Perumbral et al. (1971) and
Chung et al. (1975) used the wheel-soil interfacial stresses measured by
Onafeko & Reece (1967) as a loading boun@ary in adapting the FEM to the
problem. They also implicitly éssumea that the soil is in a state of
zero enerdgy, i.e., not subjected to any kind of stress history, anﬁ-that
the interfacial sEresseé are applied statically -~ which contradifts
tﬁe physical situation. \

Any soil element beneath the wheel is subjected to annyansient
type of loading due to the nature of the wheel motion. The state of
stfess at any soil element is a fTunction of the wheel and loading parameters,
the 5011 stress-strain relations and the wheel position with respect to
thé e1ement; In order to obtain a complete and unique sdlution, a
total spectrum from the initié1 (static wheel position) state to the,stafe
of constant speed wheel travel must be studied.

In general, it is assumed {hat at a 5011 depth and at a distance
equal to wheel diameter from each side of the wheel instantaneous centerline,
the soil movements are negligible. b

At the soil-wheel inpgrface the loading boundary conditions can

be in the form of loads or disp]acementsf . : -
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® 1

3.6.1 Load Approach ' ") .

In this approach, the soil-wheel interfacial stress distvibution
i is assumed to be known, and thus the wheel performance and the subsoil
é behaviour beneath the wheel are predicted. In fact, this approach is
? , good for predicting the subsoil behaviour and possibfy the dynamic sinkage

and rut depth.

Figure 3-4 (Schuring, 1969) shows the di fferent approaches for

. W™
assessing the stress-distribution at the soil-wheg} interface.

~

The measured interfacial stresses are nof\expected to be :fairly

accurate for the following reasons:

(1) the difficulty in mounting the force transducers on {he vheel rim,
(2} the relative stiffness betucen wheel material and soil,

(3) the velative size between s0il grains and transducer diameter,

(4} in the case of softosoi1s, the failure or the slip suriace may

occur between soil end soil and not batween wheel surface and

50i1. Thus' the tangential stresses cannoi be maasured
' accurately.
;. The wheel-soil interfacial stress~-distribution can also be
4 determined from empirical equations based on plate tests, which make no
g
% - cla'im of interpreting the real process. Most of these cquations can
%ﬁ be reduced from the following basic idea (Schuring, 1969); the wheel
5
}:“':", N - . . . * 0
%m contact area is divided into a series of seomants small cnough' to represent
) ‘ o ’
2 even plates. Fach of, these small plates has a double funciion. By
i
A%
N ’

. AR g

I
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| ?ﬁ disélac{ng the soil radially, it is exposed to a radial s%ress and by

s1iding tangeniialiy over the soil it is subject to a tangential stress.

§ . AT ﬁ1ate approaches are distipgujsheé by the deliberate

; 2 upwiﬂ]ingness to explain what,{s/rea11jjbappening in ﬁhetéﬁiil The
mathématica] models developed by Bekkér‘(1969), Janozi (1963), Andreev

] ' - . (1956), Sela (1964) and Reecc (1965) do not claim to reflect an under- .

. standing of the dynamit soil-deforming process; they are heuristic

attempts to predict wheel Qhrformance‘with the help of the well-established

“ plate tests. How successfully these attempts match real stress distiri-
. butions can be checked by comparing computed stress with measured values.
In the loading boundary approach, the nonlincar solution for

the wheé4~soil interaction prob}em.is obtained in oneaload ingrcﬁ%nt by an
riteraiive approach and thug ‘the stress path caqnot he fo]ibwed (Mendelson,
1§69). The equi Tibrium fn 1argé will be:sgﬁgﬁf{qd but not in small and
any subsoil rate behﬁyiouv (velocities, stiain vates, rate of duformatign
enerqgy...ctc.) cgnnot‘be prediéted, if the problem is ircated as a static

casc, T£ is also worthy to note that the soil continuum is colisidercd

2

in a state of loading and no effect for soil recovery is cons idered beyond

" the wheel rearg This does not corvespond tq the actual physical behaviour

e ES

(Figure 3-5). ’ o

’ a o

3.6.2 Displacement  Boundary Gonditions

.«

Ar approach’using the displacement boundary  condition can be
gdog&eﬁ in,the finite element analysis for evaluating wheel periormance
L } ) :

S fo. eapl s . ' N » . \
: and "5ybsoil behaviour. o This provides for a complete and unique solution
L) . M . §
5 . ( . % . ‘ {
which can satisfy ihe following vcauivemants:
N o // v . e

‘ e
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o

(1) stability in the small and in the large

-3

,(g) kinematically admissible bohpdaﬁy conditions
(3) actua17§trcss'pa§h.

(4) effect of soi1~cénf1ning pressure

(5) soil recovery - »
kﬁ) rate of enefgy dissip;téd in dé%orming the soil and at

wheel-soil interface

(7) veloc%ty fields. ,

The displacemzni boundary approach is maﬁn]y depéndent on the
.s0i1 particle path at the wheel interface. A description of the method

is given in the following section. ‘ Y

cuy

3.6.3 Particle Path

The path of a point on the soil ané_subsoi] surface due‘to a
moving wheel is reproduced by p}ottiné the measured subsoi{;disp]acement
pattern as a function of éime, using an x-ray photographic technique
(Yong et al., 1968), Appendix A.

Genera11y, a tire shape is defined as the path of a point on a
deforming pneumatic tire relative to a moving refefence framé, i.e., the
axle centerline. If the tire does not deform, ils shape i; merely a

circle. If the tive does deform but the surface oyer which the tire

moves does not deform, the tire shape within the zone of contact must

s

conform to the contour of the surface. If both the tire and the surface

over which it moves are deformable, as in the case of a pneumatic tire

- moving over a yielding soil, the tire shape represents the balance between

[

e e



A o A SRR e e

61 | '

the rcsistance to the deuormataon of the tire and that‘of the surface.

! Y

In such a case9 thereaore, thr ,hap is indicative of the rasultant
' force of the 501} on the moving tire, insofar as the vesistance to
doformation is uniform along the major circumference of the tire

(Frelxag & Smith, 1966) . : \ U(

i\
In order to estab]wqh ihe mathematxca] Tormuiae for the parﬁ1c1e
path, a case of moving undeformed tive over y1e1d1ng 5011 is cons1dered

In this case, knowing the dynamic sinkage, degree of s11p and wheel

> \
1 diameter,the particle path can be geometrically determined, .using the x
: . [ ' J
._ . ' =
i following two formulae (Figure 3-6¢)[Onafeko & Reece, 1967]. 0
i X = (05-0) - v (singy-sino) (3.6)
z s
R & :
a i .
§ Y = v (cos8-cos6;) : (3.7)
A ‘ T
; . vhere
i X,Y arc the particle path coordinates,
7 ' b
£ _ v, s the rolling radius of the wheel,
3 '
) ‘ ( r; is the distance, froin the wheel centre to ihe
] instantancous centre of rotation,
% 0; is the coordinate oF the point where +im and
; . . . ]
. soil surface meet,
% 7 >
; o s the angular coordinate of position on the wheel rim
3 measured from B.D.C. oo oo
‘ ’
% The cycloid in Figure 3-6a and b may be consideved a case of
£ . . { ‘ .
% undeforimed rolling without slip, which coniacts: the soil at A in one case
”’f 7 R L '
!
s
%
i .
> ¢ ¥
& J -
do Y o .

-
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. and at B in another, but in both cases loses contact with-the soil at t'

.

ésting portion of the path lies between A and C or B and C,

A

The most inte

the soil.

Figure 3-6a shows the p;th for the case of zero §lip.
Eprthermore; these portions of the path’are of differeﬁt lengths. © It will
be noted in Figuré 3-6 that the Z component of the path is simply the
sinkage of the wheel. The path is)considered pusitige when the point of

- s0il1~wheel separation, C,_is~forward of the ﬁoint of initial contact, A or B.
The curve in Figure 3-6b represents a path of undeformed tire moving wWith
s1ip, contacting the soii at either A or B, and Toses contact with the
soil at C. From Figdre 3-6b it éanlbe seen that the path can be ejthgr

, positive (Xa) or negative (xb)ﬁ even though the s1ip may be the same in

" both instances. In a yielding soil, the pa%% of a point on the centé}1%ne B

of the tire will always be positive when the wheel slip is zero or'negative.

It may be either positive o% regative when the wheel slip is ﬁositive

"(Freitag & Smith, 1966).

Siuce ghé theoretical particle path is only a function of wheeI
parameters, and in view of the complex behaviour of the soil at the wheel
interface, the wheel-soil slip surface and the goi? recovery beyond wheel
‘bottom dead center, the theovetical particle path cannot accuraﬁé1y represent
the actual path. A detailed description of the actual particle path at

wheel-soil interface :s given in Chapter 5.

BT 110 -
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3.6.4 Application of Disp1apement Boundary App}oach

The boundary conditions are app11ed in a uay to study the whoie
specﬁrum of wheel travel over softisoil, From the sta¢1onary wheel position -
to the state of constant speed'tna el. The complete so1ution is attained
using the 1ncrementa1 displacement approach in two major steps.

In the first step, the case of a stat1onary wheel pos1t10n is
considered.”  The subsoil stressej, strains, displacements and the whee]-‘
soiT in%erfacia] reactions are calculated for the stationary position.
D}Sp]acement boundary cond1t1ons are adopted by knowing the dynam1c sanage
value. The dynamic s1nkage is applied in the form of vert1ca1 d1sp1ace—
mant increménts, the stresses are a?éu?ated at the end of each increment
using the ncnllnear stress strain relat1on° then augmﬂnta’ o ‘uﬁeir
prev:ous values, and the-process 1is continued tw?],the augmented vertical :f
,disélaéements reach the value of dynamic sinkage. l
), At the eﬁd of each vertical displacement increment the possibility
.0f contact -occurrence of a new node with the wheel is checked as follows
(f1g 3-7):

| R Hi z 7.

.'yhere .

W, s thc vertical displacemenﬁ bf the soil surface at noﬁe is
Z. is: nhe initial gap between the vheel and s6il surface

at node i, ‘ - /

<

i M, s tﬁg vertical displacement increment of the wheel.

1
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. Iﬁcremgntal Solution

. Step 1

‘ ' Calculating sinkage and siresses
under stationary wheel-load.
Variable vertical displacement
increment.

“

original soil surface

¥ incremental vertical
displacemant

Step 2

Caléulating stresses under the
, moving wvhetel leoad at equal

horizontal movement of the.

wheecl. )

A  incremental travel
. distance

"Zo ;inkage

)

original soil surface

o

Fig., 3.7 Determination of Loading Boundary Condition

using Displacement Approach
{

i -

) : ' ‘ ‘

Py . . . ‘ B .
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The‘sepbnd step in the solution is to assume that the whee1 is
.moving with constant speed. ) Becausé of the“steady nature'of the wheel
load1ng and the homogeneity of the 5011 medium any tracer ‘object will
descr1be the same particle path as any other placed at the same initial
depth. Hence the dlsplacements of any noda] p01nt on the soil surface
can be- determ1ned by knowing the equatlon of the part1c1e path and the
original position-of the nodal point with respect to the intersection of

. the wheel centertine with the original soil surface

Using equal increments of time or wheel travel &istances as

‘shown in Figure 3-7, the ﬁodal displacements at the wheel-soil interfaée

can be'determined,‘provided tﬁe shape of the bartic]e path is known.

These boundary disp]acementg are used as the loading boundary required:
#for calcy1ating wheel-soil interfaciél streéses, subsoil stresses, strains,
velocities, défbrmation ehergy.and interfacial energy. - This progcess is
continued and the results are auémentedato previous va1ue§’unti1 the
sumnation 0% the vertical reactions at wheel-soil interface remain
constant with any incremental wheel travel distance.

’ .A sﬂmmary of the requirements far wheel-soil performaﬁce prediction

us ing tﬁettwo previpusly discus§edlloading boundary conditions, is shown in

Figure 3-8.

.
Y

<\
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FEM

Loading Boundary‘

r

Siresses

Interfacial

1

7 ]

Measured

Calculated

1

o

Requiremen’s.
- thheel-soil Foﬁhact area
- Soil surface gebmetrica

f
3] 1

c -
D%sp]acement at
wheel soil interface

{

I 1

Meas

ured Calculated

i

Strain rate
Stress rate

Dynamic sinkage

configuration *
~ Soil stress-strain.
relations
Analysis
] ot
I 1
Dynamic Static
Incrementall : Direﬁt
“ iteration
n “\ :
- Subsoil stresses ~ Subsoil stresses
- Strains - Strains
- Rut depth - Rut depth

Dynamic sinkage,
Subsoil deformations

Fig.

|

1

|

* Requirements

Degree of slip

Dynamic sinkage

theel load

Soil stress-sirain
relations

Analysis

|
Steady State

~]

Incremental
solution

i

Subsoil stresses
Strains

Strain rate

Subsoil deformations
Wheel-spil intlerfacial
. stresses

Prawbar pull

Input torque

3-8 Block Diagram for the Different Methods of Application
of the Loading Boundary at Wheel-Soil Interface
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o 3.7 Nonlinear'Solution (Incremental Method)-

As stated in the previous chapter, there are various techniques
‘ ‘ “”or 1ncovporat1ng the effect of either mater|a1 non11near1by or geometrical )

.nonlinearity or both in solving continuum mechanics problems by ihe
< ' . .
finite element method.

1 I

In ihis study, the incre&enﬁa] 501utidn is adopted, in which the

1.

]
h
“

load or displacemeﬁt is congidered to be applied in incremental form. If
the state of siress and strain at the start of a load (displacement)
jnterval is known, ihe state at the end of the increment can be found by an
add1t1on of 1ncrementa1 changes, The constitutive relations to be used
for each element may be determined at the beg1nn1ng of each 1nterva1

In this study plane stress-strain curves at different confining

L

pressures are directly used to compute the value of E during each increment.

Bt

el S

L

The value of Poisson's ratio is kept constant in the analysis. The

, is taken as the initial slope of the

1

plane stress-strain cupve at zero confining pressure. The'stresses or

starting value of the modulus, EO

strains in each element due 1o the first increment of load or displacement,

are computed using the elastic analysis. A ncw value vovr the modulus to

N etk Tag i at ALY SRR AR AR Hac i VNS O g

be used in the second increment of load is computed by using the nonlinear

lrut My bo

curves to obtain the E values: The modified constitutive relations are
H 3 )

used in the next increméat o7 lead.

- ok Sy
LRCE RS

- it

Since for cvery incroment of Toad the elastic constants used

are those obtained from tné previous increment, it is necessary that
increments be quite small. Further, if there are abrupt sfope gﬁéng@s
in the stress=strain dlagram,fthe method is likely to give un§aﬁisfactory
¢ resuits. A few iterations after each displacement increment are sufficient
t6: bring the assumed E ué]ues close to the aciual values.

o -
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The number of iterations at each load increment may be reduced
by predicting the value of E Tor a Toad increment based on the siresses
rov strains attained in the previous increment, gnd by using this value of
£ as & first trial in the computations. Linear prediction was
programmed in this study and gave satisfactory performance. Figure 3-9
17

diagrammatically illusirates the working of the linear method. 1

AW

'3.7.1 Advantages of the Incremental Solution

1

' The %ncremenﬁa]isolution for nonlinear finite element method
gives a picture of the behaviour of the continuum over a whole range of
loads during a single pass al less compu@gr time. Furthermore, in
iany practical problems 5n soil mechanics such as the construction of'

earth dams, the excavation of slopes or moving wheel on soil, the load

is applied in an incremental Tashion.

In the case of a wheel wmoving with constant low speed over soft

s0il, the soil is subjected to a transient type of loa&ing éhenomenon.

Due to this type of loading, the state of stress in any soil clement is a
Function of ils coordinates %itﬁ:respeé% t; vheel position and so it
cﬁntinua11y changes as the wheel travé?s. ' In this type of Toading

éhe incremen§a1 solution is very import?nt and represents the physical
nature of the problem..  The incrémenté} method is also more general and

k3

can apply to both the loading and the unioading portiohs of the stress-

_strain curves.

-~



. e - - - a b ek e b b e b bt o e o
B i stne s RS N AW S SR Y i ot bt o

| 70
| .
% A
.7 b
| .
; X { .
;l;
] ;
: | . .
| , ) ,
; ea" .
l)‘sl - ™ i
;% ’ ' /! e T ‘
/ C\ el - )
S 2 M’fw"
-

S e e e

H‘,.,v\.‘
A e B

Y

f

‘
‘u
f o - ‘
v

3
¥ . ,
e . -
8
5

of OA - First trial value for E without prediction
for second incremecnt

GLELAY
n

&
Be!
]

Sl

Slopz of AB - First trial value for I with linecar prediction
Q for sccond incremont |
Slope of AC - Retual E value for sccond ineroment after iterations

\
'
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3.8 Inclusion of "Ldrge" Strains ‘ )

i s . e . . Lt
In addition ©o material non~Tincarity, gcometric non-linearity

may occur, and it is/possible to assess the influenge of this ,effect
f

" through proper modification of the stifiness method (Zinkewicz er al.,

1970). Because the incremental solution fs used nd ‘the load iﬁgfements ‘
renain "small", it is assumed that the strain increments may Se regarded :
as infinitesimal in the usual sense. It is recognized, however, that e
the same may not be true of the accumulated values kFung,’]Qﬁﬁ).

Following each load increment, thcvéfﬂres the incremants of dispidcement
at cach node are added to the coordinates of the npde. In this ﬁénn@r

2

subsequent computation is wade for the deformad body.

In the Timit of infi~itesimal increments of load, this procedure 7
aives the so-called iﬁgarithmic strains; rather than simple éigp]adement
aoradients. thile this is admittedly an approximatioﬁ to the maﬁe“
formal definition of "large" strains (Fung, 1965; Gregﬁg 1970), the degéee

of approximation appears to be censistent with that of the overall wethod.

¢

. 3.9 LoadingtUnloading Logic é

NN e

9

Due to the nature of the wheel motion, the soil benealh the
whoel is subjected to Toading at the front and unloading at its reav

(Figures 3-5). Thus in the finite elemont solution it is quite possible

3

i

. :
or some elemants to load witile the others are unloading. It is also N
. , -

conceivable Tor the stresses in an cloment within an incrament to change

»
' il

NG
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R

! ¥
P
S in such' a way that increases (ov decreases) in mean pressure are
) - ' ‘
H ' ) .
z ~accompanicd by corresponding decreases (or increases) in octahedral sheav
1. stresses. Thus, fTor the loading/untoading element, the code must be : .0
1 able to choose the appropriate modulus for ihe stifiness computatlions. .
F I . The possibility of unloading a new clament at cvery incremental distance
" .. was checked as Tollows: , _ ‘ J ,
: .
. ) N .
4
= J.de. =0 , 3.
g 9”‘ Y55%%a > ’ (3.8)
5 vhere ,
: 93 i5 the siate of total stress in the elament,
; ‘ dcii is the state of incremental stirain element.
; - n R . .
4 . : »
% ; It is advantageous to use Eq. 3.8 in the Tinite element method;
¢ _ A :
%3 as soon as the sirain increments dfij are computed at any element, using R
§ Jthe stress components 943 at the beginning of the incrasent, al can he
gf’; \ &
; 1 2 . P , .
g,‘ computed and used to decide uhether il is Toading or unloading.
: o ~ . P’ “ ’ ’ 2
% In a forward intcgration procedure, the modulus valug used ot P

the beginning of any incroment is thgﬂva?u@ computed at°the end of the

é&a )

oy
f% previous increment, " Thus,, T the previous step had been a virgin ’ .
7% - *
5% ! Toading, 105ding parameters would Le nsed: and s0 on, ‘A a load/unload
gi- , 1nier;ace this, procedure r@sy]ts‘in an error since the succeeding steyp is ]
different from the p}ev{oua sieD, vequiring‘usg‘ef a diT{erent modulus.
i , . a :
In the computer progremme (Appendix F) the first iteration in any incremant
islused ta check vhother the correct wodulus is ugcd and i{ not, the y
gf incremental step is recomputed with the appropriate sodulus. This check
-
%é g R is to ET done for cach element and the praceﬂseé.shdbld be wagsaied until
v% ' , all the moduli used are correct for.the réspectiée elements. ,
. \
, ¢ — /




- .CHAPTER 4 * : ]

EXPERIMENTAL ANALYSIS : ~ ”

- , )
. .

/ 4.1 General

-~

One of the main objectives of this thesis is to- develop an
analytical model, based on the finite element method, that can be used
for evaluating both the performance of a moving wheel and the behaviour

!
of the subsoil beneath it. The experimental program has three main

objectives: . \

(a) To provide the analytical model with the soil stress-strain

y O relations and the 105ding boundary’ at whéel-soil interface; \
(b) To check the validity of the proposed analytical model;

s (c) To evaluate the effect of wheel surface con@ix%ons on wheel

performance. e

In this chapter the experimental program, the test results,
and the techniques used for analysis of the experimental results are : 5
lpresented and &isﬁg%sed. The sequence adopted in the presgﬁfﬂgignde
the test results and related discussions in this and the ﬁol1owiﬁ§

chapter is shown in Figure 4.1. ‘ ) ] ?
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4.2 Experimental Program

The experimental program is designed to be a continuation
of the McGill Soil Laboratory ré;earch'prograﬁ. This, pdyt of the
" program is concerned with studying the effect of wheel surface co;iifions
on its performance and.su§5011 behaviour beneath it. The system of
parameters which can be varied in the whge]-soi] interaction éxperiments
are:
(@) Parameters concerning the wheel: load, radius, width, surface.

condition, translational velocity, and angular velgcity;

.

(b) Parametlrs concerning the spi]: shear strength, moisture

content, unit weight, load deformation behaviour ... etc.

To allow for a rational approach in the analysis of the test

results, the experiment was limited to the following:

a - Three different wheel loads, » |
N\ b - Rigid wheel with three d{fferent surface conditions: |
1. smooth surface, .
2. %ﬁ rubber strap mounted on wheel periphery;
3. Jugs of 3" thickness and 2" width mounted on the pgriphery
of the wheel. - The lugs make 45° with the center line

of the wheel periphery as shown in Figure 4.2.

(o]
]

Constant trans]ationa] velocity, while varying angular velocity,

Torque to cover a slip range from O to 80 percent,

[~ 8
'

' One type of soil with cons®Tant moisture content.

s
1]
1

o
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4.3 Experimental Analysis

The method.of analysis of data on the seil deformation
patterns beneath the moving wheel has been presented previously. -The
technique for recording the soil defdfmation beneath the wheel has been
_explained by Yong et al. (1967), Yong & Webb (1968), and Yong & Windisch
(1970), and thus will not be fully repeated here. The McGill Soil

Laboratory. test fac111ty and the test procedures are given in Append1x A.
)

The following is a summary'of the techniques used for preparing and

=

analyzing the test resu}ts~

/ K
i

"4.3.1 Data Reduct1qn .

-

BN

‘A flash x-ray éechn1due was used for record1ng the positions
of embedded lead markers at &ar1ous times corresponding to various
instantaneous positions of thh mov1ng wheel; it provided the information
necessary to trace the "d1stoﬁtg?n" motion of each marker, Figure 4.3.

A single continuous grid can belgbtégged by’ a]1gn1ng the images side by
side, Figure 4.4, as the horizonta]ﬁ§$stances between their optical
centers for consecutive exposures and the distance bef&gen the x-ray
source and the x-ray slides are both determined (Yong et al., 1969, 1970,
1971). The velocity and displacement computations can then be made,
following adjustment of the undeformed and deformed grid coordinates
(Windisch, 1970).; Details of the calculations are shown ip-Appendix B,

and a schematic of the procedure used in the calculations is shown as

Figure 4.5. N

%J:ﬁﬁ PR
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DIRECTION OF TRAVEL

Slip

Figure 4.3 Trace Motion of Each Marker - Wheel Load 34.0 Ib

20 percent
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Measured lead markers positions on x-ray slides

&

Y

Plotting of successive node locations to provide distortdd grids of
original and displaced node positions

o

]

¢Specification of coordinate locations of node points
using x-y recorder and process gontrol computer
[PROGRAMME "25"]

\

Transferééf coordinate pairs
to pinched cards
“ PROGRAMME "TAPE 25"

ES 1. Grid adjustments for distortions caused
by placement errors '

2. Calculation of incremental displacements
and velocities from particle paths

3. Calculation of instantaneous strain rates
N

4. Estimation of volume changes

5. Calculation of effective strain by
integration of strain rates ’

6. Calculation of power of defdrmation'energy

F{gure 4.5 Method of Data Reduction .
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'}( .' 4.4 Volume Change

Analysis of the experimental #esu]ts for the subsoil
measuréments using plasticity theOﬁies implies ze(o,voluﬁé change
during ﬁ]astic deformati?n'in order ;o satisfy Saint Venant's postulape
and normality condition (Hill, 1950} Mendelson, 1969). Since the
nacfha] test of ﬁoving wheel over soft soil takes only a few seconds,
the rate of load app]ica%ion is relatively rapid, involving little time

for'drainage‘and hence insignificant pore pressure dissigation (Yong &

Fitzpatrick-Nash, 1968).  Under such condition, the soil can be

assumed to be incompressible and amenable to a total stress (¢ = 0)
énalysis. Howevér, as it was impgssible tq‘obtain the désired full
saturation, it ﬁas expected that no volume change condition could be
violated. ‘ ‘

The volume ch;iges computed directly from the displaced
marker positions indicated local volume changes of up to 5% (Figure 4.6).
Tﬁe violation of the zero volume change condition also appeared in the
deviation of the principal strain rates, e'¥, €'ss from the plane strain
analysis condition fér an ideal plastic material {namely, ¢'; = -€';) asy
shown in Figure 4.7. However, thé positive ;nd negative values of
volume Ehanges may tend to compensate each other along ady subsoil level
béneath the wheel (Figure 4.6). The average values of volume changes
are of the order of two percent, imply the validity of the compressibility

assumption, hence it is'possib1e to use the ideal plasticity theories for

analysis of the subsoil measured deformation.

y
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Details of vo1ume change ca1cu1at1ons are shoun in Appendix B,
and machine computatlons perforned by the.program (VISIOPLS) are giyén

in Appendix C.

4.5 Subsoil and Soil-Wheel Interfacial Stresses

A

N
Y

4.5.1 General

In order t@.checé the valid{ty of the finite e]ement.mode] as
a tool for predicting the performance of a moving wheel and the behaviour
of the soft soil beneath it, comparisons are made between the FEM
predictions and the results of the experimental analysis.

Comparisons are made for direct measurements such as drawbar- g
pull, input torque, dynamic sinkage, and subsoil di;p]acement fields,
and for indiﬁect measurements using the visioplasticity technique .for

velocity fie]dg, stress fields, deformation energy fields and wheel-

soil interfacial stresses.

4.5.2 Theoretical Assumptions

!In this work only plane strain conditions are cénsidered.
The material is assumed to be an ideal homogeneous and isotropic clay,
ih‘an undrained state, with a constant shear strength, zZero volume change,
and no internal friction, A1l stresses are considered as total stresses,

and the material is assumed to obey Saint Venant's postulate or the



1  principal stress and strain directions coincide. The subsoil stresses
and whee1-§oil interfacial stresses are determined from the experimentally
measured subsoil déformations and the application of the method of
characteristics. A flow chart of the procedure used in the calculation
| _.is shown in.Figure’4.8. A dis;ussion of the ana;ytica1 technique§ ’
used in some steps of the calculations is given below.
5

LEd

4.5.3 Principal Strain Rate Directions_and Characteristics

Using the experimenté11y obtained strain rate components

(details of the calculations are shown in Appendix B) the Mohr circle
of strain rates can be construéted, and with the concept of the pole,
the directions of the principal strain rates (Figure 4.9) can be defined
(Abbott, 1966). Mohr circles are constructed at regular inte?vals
along the Tines of the subsoil embedded lead mafkers and the direction
of the principal strain rate components is obtained. This a]16ﬁs for
a network of mutually orthogonal curves, tangent§é1 to these directions,
to be graphically constructed_(Figqre 4.9). This ﬁetwork is:a1so the
network of directions of the principal directions of stress, in view of
‘Saint Venant's postulate. i
‘5 It f&]]ows’from the Riemann invariant sclution that;avnev .

network of mutually ortﬂagonal curves.can be obtained graphica]lxlfrdm

the network of the principal strain rate directions by joimning the C L

diagonally opposite corners. These new curves are séen ?p b? two X
. Ffamilies of characteristics. This method has been used ;uéceggfully,
( by Windisch (1970) and reported by Windisch & Yong (1970), and b;\/' Yong
& Windisch (1970). . - N
9
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Measuréyexperimentally the deformation patterns

in the distorted subsoil

ks

Y

Calculate the instantaneous velocily vectors and

the strain.components ¢, , €y » Eyy

<

\ 1 M ]

Obtain the directions of the principal and maximum shear
strain rates from a Mohr Circle construction using

¢, ¢ and e_ to locate the pole

X y Xy
-, a - Y -
Specific Obtain the stress characteristics. from Determine the
a yield the directions of the maximum Shear Riemann invariants
criterion strain rate by 1nvok§ng St Venaqt‘i ! along the sfress
" postulate, . ° characteristics
I Y. ]

Calculate the.stress distribution within the soil mass
-t with a

knowledgeé of the boundary -conditions. . .

‘

-

Calculate the horizontal and vertica]‘forces and the
applied @orque acting at the wheel soil interface

]

Fig.4.8
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.Calculation of thelgtress distribution by
the method of characteristics (Williams 1973)
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4.5.4 Subsoil Stress Components

The material is assumed to obey the Mohr-Coulomb yield
condition:

b

1f=03‘)ctan¢

(4.1)
; and for S

[
o

Tf=C

“If it is also assumed that éhe c]aylbehaves as a rigid plastic
material, and the shear strength is constaﬁt for a given clay soil, (i.e.,
7ﬁﬁe strength is independent of loading rate and confining pressure),'then
Equation 4.1 is equivalent to Tresca's yield criterion, provided that C

is taken as the shear strength at yield.

From the network of the characteristics and the previous two
assumptions, the stress components are calculated along the stress

‘characteristics using the following two formulae, Appendix E:

et M = constant along a characteristics
c : , ]
- M = constant along b characteristics
where ’
¢ g, + QO
o s the mean stress —5—5——31 >
c

the limiting shear stress,

m the_slope of the characteristics w.r.t. horizontal,
3

~ g
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To determine the stresses along the lines of characteristics, (ﬁ B
calcﬁlation must start at a point where either & normal stress component
or the mean normal stress is known. The:stress conputations can be
initiated at an intersection of the characteristics with the line of
compression tension divide. This is the line along which the méan
normal stress is zero. Ahead of this dividing line, the state of stress
is compression, and behind it, it is tension (Yong & Windisch, 1970).

°

4.5.5 Wheel-Soil Interfacial Stresses

Using the experimentally determined subsoil deformation beneath
the moving wheel, the wheel-soil interfacial stresses can be prediéted'

by using one of the following two approaches:

a - From the stress contours throughout the deformed region,
it is possible to determine the contacting stresses at

the wheel-soil interface. . .

b - Adopting a limit equilibrium app}oach and utilising the
method of characteristics for proB]em solution, with

the following information requirement: i

1. wheel load and geometrical dimensions,

2. wheel dynamic sinkage, measured by a displacement
transducer or using an x-ray photographic téchnjque,

3. wheel-soil contact area, using an x-ray photographic

. technique,
\\

bty

D T
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14

4. angle of separation (tgg angle which separates the
forward and backward failure zones) (Karafiath, 1971).
This can be determined by using the trace motion of

the subsoil-embedded lead markers, Figure 4.10.

As the second approach requires idealized flat soil surfaces

at the forward and backward failure zones, the first approach is adopted
for predicting the wheel-soil interfacial stresses, utilizing the

experimentally determined subsoil deformation patterns.

4.6 Evaluation of Wheel Performance Using Enerqy Approach
- L

' The principle of conservation of energy can be used for
evaluating wheel performance, provided the different wheel energy
components can be measured or calculated. Energy applied te the wheel
to keep it in constant uniforﬁ‘motion éonsists mainly of two components,
the useful output énergy and the energy losses dissipated in the wheel-
soil system. Using the definition of specific energy, which is the
energy per ynit wheel width and unit wheel travel distance, and the
energy ba1anée equation, the perférnmnce of a moving wheel and its
efficiency can be evaluated.

The energy approach was first introduced by Yong i Webb (1969}
to evaluate the performance of a moving wheel on soft soil in the

laboratory. In this app%oach the performance is,expréssed in terms
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Legend:
C) and ¢; Soil strength parameters at Forward Failure Zone
C, and ¢, Soil strength parameters at Backward Failure Zone

fm Angle of separation’
0y Rear angle

e Entry angle

D Wheel ‘diameter

Fig.4-10 1Idealization of the Physical Model for
Limit Equilibxium Solution
{Method of Characteristics)
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L4

of wheel energy components as a function of‘s1ip. These components

are input energy, parasitic energy and useful ovtput energy. The input
energy is applied at the wheel axle to keep it in constant motion.  The
parasitic energy consists of thé defor&ation energy (lost in deforming
the wheel and the soil beneath it in horizontal and vertical directjons)
and the interfacial energy (lost at wheéi-soi] interface due to ylip).
The uséfu] output energy is the energy required to produce the drawbar
pull. The graphical representa;jén of the wheel energy components, as
a function of normal slip, gives'a c&ear picture of the whole spectrum of

‘wheel performance from the towed point to 100 percent slip. -

4.6.1 Deformation Energy

There are two methods for computing the de%ormation energy
from the experimental test results. Both methods use the visioplasticity
technique. The previous assumptions used for idealizing the soil
properties to obtain subsoil and wheel-soil contact stresses are implied

herein for calculating the deformation energy.

For a material which follows Von Mises yield criterjon,‘the
rate of doing work under plane strain conditions can be expressed as

(Yong & Fattah, 1975):

ﬂ = 2 k v Iz N (4.2)
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where k = yield stress in shear

I, = strain rate invariant

_ By computing (/ I, ), the strain rate invariant af)every node

_ of the soil grid beneath the wheel (Appendix B), using:

Io = [ (% e§2)/2 + ?iy/4 ] (4.3)

L

—

! 'Qorma1 strain rate components

-
(¢
¢
(4]
-
[o]

&
i

Y shear strain rate components

il

then the deformation energy for unit width per element for the subsoil

grid can be expressed as:

d = 2 kel rdxdy - (4.4)
and the total deformation eneigy can be expressed as:
NN . .
D= 2kiz 1,¥ dxdy (4.5)
3“
where M = Number of nodes in X-direction

N = Number of nodes in Y-direction

dxdy = dimension of the element.
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b. Second Method

" <\{ ]
‘The deformation energy during a time interval can be evaluated

@

by the following formula:
E=/ff S 5 dt dx dy : (4.6)

The effective stress can be,determined by ana]y?ing the
experimental results of triaxial tes;s for the same clay. If the clay
is assumed to be acting as a rigid plastic material the value of the

" effective stress will be constant. |
“Jhe rate of deformation energy in the soil, on a unit time

<

basis for each element of the grid, is:
d* = €5 dx dy _ (4.7)

The total deformation energy per unit width can be evaluated

by using Simpson's rule:

’ | D = Trdy +2d; + 203+ eeen ] (4.8)
where

] - — - - - - ‘

d J = 3 (Glj Clj + 4 OZj 623 + 2 03j E3j+ cena ) (4.9)



95
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Iﬁ the first method of analysis, k, the yield stress in
shear, is detérmined from the results of plane strain triaxial tests
(Appendix A}. The second strain rate invariant, I,, is determined at
each of the subsoil grid nodes, provided the subsoil deformation fields
as a function of time are known. Details of the calculation are shown

in Appendix B.

3

The staggered orthogonal subsoil grid nodes are one inch aparéﬁ
in the vertical and horizontal directions, i.e. dx = dy = one inch. It
should also be noticed that all the calculations are made with'respgﬁt to
original gffd coordinates. ’

In the first method of analysis it is implicitly assumed that
the second strain rate invariant is constant in,the square element
surrounding each node. Thus, summation has to be done for all subsoil
elements in order to obtain the total deformation enérgy Toss. '

| In the second method of analysis the deformation energy at
each node is calculated by khowing the power of deformation energy, then
integrating with respect to the time using Simpson's rule, formula (4.9).
The power of deformation eneréy is calculated by knowing the ‘ef fective
stress and the cqrrespondingkeffectiVe,stFain at each node, then integrating’
using Simpson's rule with respect to distances. In this analysis the

" clay is assumed to behave as a rigid plastic material, so that the value

of the effective stresses remains constant.
3
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Both methods were used for calculating the total deformation
energy, resulting in good agreement. The deformation energy contours
are piotted>for each whégg test using the first method. Figures 4.11

.and 4.12 show the energy contours for two different degrees of slip.

/ RS
"

_____________________ ' -

In the finite element solution, stress-strain relations plotted
from the results of plane strain triaxial tests are used for developing
the constitutive relationships. The power of deformation energy is

calculated at each'jncrementa1 wheel travel distance 1in each finite

element using the following formula:

a

\ - :
» T .
W= 1 o [ogtoye)dey + (oyrtoyp)dey + (Tyyrttyypdeyy 1°dA (4.10)

Since a constant strain triangular element is used in the

an31ysis, the power of deformation ené%gy per element is:

-
L]

_ T \ ‘
W= SAX [(le'*dxz)dex"’f (°y1+°_y2)d5y,+ (Txyl+rxy2)d€xy 1A (4.11)

The total power of deformat}on energy can be calculated
by:

] N . )
D = § W - 14.12)
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where
Tyy? °y1’ Tyyl are the states of stress at the start of the anrewent{
| Oyn® qyzp TxyZ are the states of stress at the end of the increment,
. o &
dey» dey, dﬁxy are the incremental, states of strains, .
AX is the incremental wheel travel distance,
. T is the time of the incremental travel distance,

f N is the number of elements.

‘/

4.6.2 'Interfacial Energy

The interfacial energy is the energy dissipated in the thin
clay layer at the wheelssoil interface due to the differential velocity
between the clay and wheel surfaces. The x-ray photographs of the
whée]—soil interface during wheel ﬁr§ve] indicate that the thickneéé of
the interfacial layer varies from %ﬁ to %ﬁ dgpending on the degree of
slip and wheel surface roughness. The visudl inspection of the x-ray
photographs indicates that the interfacial clay 1aygr is subjected to a
high degree of distortion and strain rate effect. The physical model,
Figu;e 4.13, simulates the behaviour of the interfacial zone, which is
a thin layer between two jnterfacﬁal plates, one of which simulates the

~wheel surface and the other simulates the surface of the clay at the -

-end of the interfacial zéne.
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b

Yong (1968) indicated that the mechanism for the interfacial

energy loss is primarily a viscous type of phenomenon in which the

I S

energy is dissipated by the frictional shear stresses at the interface.
These high shear stresses arise out of the stress transfer mechanism

-
<4 LS

acting at or near the interface. \ !
In the case of a s;turated cohesive soil deforming_ynder

undrained conditjons, it is possible to assume the existence of a maximum

shearing stress which must be exceeded in order forvslippage to occur. i

The onset of slippage is accompanied by the deve]opmeﬁt of a s1ip zone in

the'interfaciaT region which is characterized by large shear distortion

apd consequent high shear stresses. The result o% this is that energy. N

is dissipated in this region by means of a viscous mechanism, analogous

to a non-coulombic frictional dissipation process.

B N L P

Work by Leitch (1964, 1967) and“Japp (1967) suggests that at.

high strain rates, e.g., 100% per second, the increase in deviatoric

[ SO T

stress is proportional to the logarithm of the strain rate. -
K
TQE following law is therefore préposed

%, u

L4

() = nlg 1+ (11 s .13 .

v

where n is a viscosity parameter.
In this relationship, it is assumed that n is independent qfr

both confining pressure and shear strain. Japp (1967) indicated that

this'is a reasonable assumption for strains aone 4%, As strains of 70%

are observed under the wheel, variations in n at low ;%;ain cap be neglected.

. . b oaee e P T IUS TV YW TP . Jr ey »4 Frttnds o v iR sep d aa
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‘The existence of a threshold value of interfacial stress at ’ M

failure, as indicsted from Equation (4.13), suggests that the rate of S

14 .~ L]

// . // energy dissipation at the interface is a function of the velocity gradient

across the slip interface, i.e., a function of the wheel-soil slip

velocity, and hence, of /the normal slip rate. In addition, it also
suggests that the interfacial gergy loss-s1lip rate characteristics will

ev1dence a thresho]d va]ue of s11p rate below which the energy is sensibly

close to zero, %he value of the f1m1t%ng shear stress of the soil is a
constitutive property, and hence,)independent'of the wheel weight. The
experimental test results indjcate thet the energy dissipafionﬂprocess
in soils can generally be described with the aid of an exponential hest
fit curve, Figure 4.14 (Yong &'Fitzpatrick-Nash 1968)".

It was found experimentally that the surface roughness of the

wheel can:influence the magnitude of the 11m1t1ng shear stress, in view of

the fact that a slip surface can develop either at the whee]-soij contact %
surface, or at Qome small distance below this surface. The effects of

slip velociﬁy and surface roughness on the magnitude of the limiting shear

stress are shown in Figure 4.15. The data in this figure are p{otted .

from results of skid tests mtwo types of surface conditions used in _the

test wheel. betai]s of the test and the apparatus are shown in

Appendix A. The shear stress at fdi]qre is thus dictated either by the ;
adhesive Qfoperties of the contact surface, or by the Eoﬁesive properties

of the soilééngggfing upon which of the two is the lesser.-  Once the

threshold s 5 stress has been exceeded, however, the energy dissipation

£
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" process is then'soiely a function of the magnitude of the aFtua1 shear
étress acting at the interfac§ of the wheel slip velocity. As a
consequence, the wheel weight and geométry do not directly affect the
.specific interfacial energy (energy per unit contactnarea). The wheel
radius is implicitly accounted for in terms of the slip velocity for any
given wheel angular ve]ocity. ]

The rate of dissipation of-interfacial energy can be ca]cu]ated

from the experimental results using different approaches:-

(a) By determining the second strain rate invariant and consequently .
the corresponding second stress invariant at the_interfatdal zone using

Equation (4.13), the interfacial energy is

. . ,&
F =2 J : .
£ g (92 I3)° dA | (4 Fﬁl
g
where J, = second invariant of the deviatoric stress tensor
- = o504
iz = second invariant of the strain rate
S = thickness of the interfacial zone
A = wheel-soil area ¢f contact.

}

Since the thickness of the interfacial zone is relatively
small, a difficulty arises in determining its displacement pattern using

the existing facility of the x-ray photographic technique.
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(b) Assuming that the interfacial energy is dissipated along the
surface of the scil-wheel interface, the rate of dissipation of energy

can be obtained as

F o= [V dA , (4.15)
' A
where P elemental shear stress
, = elemenéal slib ve]ogity
VS = W - (;ar;iage velocity + instﬁntaneous soil ve1oc%ty)
r = wheel radius
W = angular velocity
A = 1ipterfacial wheel-soil contact'area.

In order to evaluate the interfacial energy, a knowledge of

both the shear stress v, and the velocity V of the soil at the

soil
interface is needed over the entire area of contact. -The interfacial

" tangential stress corresponding to the s1ip velocity i§~fefingd along
each segment of the interface. - The tangential stress, multiplied by
the slip velocity, is then summed up over the entire area of contaét to
obtain the interfacial energy. From the experiﬁenta]ly determined -

- t N
subso1l displacement field, the subsoil velocity contours and the slip

velocity a]bnﬁlthe wheel-soil interface can be determined.
The wheel-s0i1 tangential stresses can be determined by
applying the method of characteristics or by adopting the following
EoY ° .

( approach.

P AT NP
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It is assumed that the wheel-soil contact area consists of
small plates of. infinitesimat lengths of the same width as the wheel.
The tangential stress at each plate can be determined from skid tests
on a plate with the same surface condition and wheel width. Knowing
the rélationship between the tangential stress and slip velocity from
the skid test, the tangential stresses at the wheel-soil interface can
" be determined, provided the s1ip velocity is known along thé wheel-soil ‘

?

contact area. .

(¢) Third Approach

Fér high slip rates it can be assumed that the wheel-soil
tangential stresses and slip velocity are fairly uniform. In\this
case the interfacial energy can be calculated by meéSuring the, input.
torque and the translational and angular velocity, as follows:
&Figure 4.16).

The input torque can be expressed as:

0,
M= br I rtde ( (4.16)
9, ’
®
k4 62 3
- ) .'.:Q: b I rtdobs
03
i M ' .
- . F= T X A (4.17)
89 ‘
where A=b ] rd e is the area of contact surface,
{ CH

" 1A = Average shear force over the area of contact.




108

-

Figure 4.16 Schematic diagram of the parameters requiied
for iﬁterfacial'energy prediction at high

deéree of slip

Ql‘
»y
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N The interfacial energy can then be expressed as:

E=Arv=§v 2 (a08)

where

L]

r "= wheel radius

e
wheel width

o
il

~
]

average tangential stress
- 3

-
f#

s1ip soil velocity =(rw - V)

(d) Finite Element Method

In the finite element solution the tangential reactions and
velocities of the nodal points at the wheel-soil interface can be

determined. The interfacial energy loss can be expressed as
. .

where

number of nodes at wheel-soil contact surface,

nodal point tangential reaction,

i}

tangential wheel velocity,

J
< 2 5 g

n

nodal point tangential velocity.

It is implicitly assumed in the finite element solution that
there is no strain rate effect on the mechanical properties of clay. The
results, together with a corresponding comparison with the finite element

°

solution, are presented in Chapter 6.

4
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5.7 Test Results
e

The experimental program consisted of two types of tests, ”
the first concerned a moving rigid wheel over sé%t soil and the second
involved the determination of the physical and mechanical properties
of the soil used in the tests. The test facilities and the procedure
for doing a test are described in Appendix A.

A summary of the analysis of the experimental test results
for the mov{ng wheel over the soil for the surﬁicigl, above-grotind
parameters, and information éoncerning the energy balance, are shown in

Tables 4.1, 4.2 and 4.3.The data concerning the physical and mechanical

properties of the soil is given in Appendix A.



Carr. Ang. Normal| Torguel Pull }jDynamic| Rut Energy per inch width
Test veloc. | veloc. slip M ¥ sinkage | Depth Torgque Pull Inter- befor~-
No. vs . in. lbs lbs ins. ins, input facial | mation
in/sec —
Wheel Load = 34 lbs, D = 13.75 ins., b = 3.75 ins.
1 5.1 . 825 ~7.5 30.5 -15.8 .45 .23 1.1 -4.,2 -1 5.5
2 6.15 .972 8 94.9 ~8.7 .52 .3 4. -2.3 .2 6.
3 6.1 1.138¢ 2C 120.6 .8 55 .35 6. 0.2 .8 5.5
4 6.1 1.305 32 148.7 5.6 .6 .3 8.5 1.5 1.8 5.5
5 T 6.15 1.72 48 - 181. 15, 6 <37 13.5 4.0 4.3 5.0
6 6.15 2.236| &0 206.3 | 16.1 .65 .37 20. 4.3 11. 5.0
7 5.15 2.755 &8 231 18.8 .65 .32 28. 5:0 - 19. 4.12
{
Wheel 1oad = 54 lbs, D.= 13.75 ins., b = 3.75 ins.
8 6.1 .821} -8 7| 27.7 | -25.3 .8 .45 1.0 -6.5 .1 7.5
’ 9 6.15 972| 8 123.4 ['-10.1 | .85 .4 5.2 [-2.7 .5 7.5
10. 6.15 1.118 20 165. ~,3.8 .9 .5 8.0 -1.0 .5 8.4
1l 6.15 1.315 32 189.,4 5.6 .97 .52 10.8 1.5 l.é 8.0 )
12 6.1 1.584 | 44 216.6 9.4 | 1.02 .53 | 15. 2.5 | 5. 7.5
13 6.1 2.016 56 229.2 15. 1.1 .45 20.2 4.0 < 10. 6.4
14 6.1 3.16%9 72 234.6 16.9 1.12 .5 32.5 4.5 '} 21.5 6.75

TABLE 4.1 Summary of Test Results [Aluminum-Wheel]

-
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. Carr. Ang. Normal | Torque| Pull | Dynamic| Rut " Energy per inch width
Test |veloc. |veloc. slip M F sinkage | Depth | Torque | Pull | Inter- Defor-
No. | "vs oW s3 in.lbs| 1bs ins. ins. input facial | mation
in/sec | rad/sec
Wheel Load = 34 lbs, D= 14,0 ins., b = 3.75 ins.
22 6.1 .773 ~15 0 -20.25 .58 + | .30 0 -5.4 .1 5.5
23 6.1 .847 -5 8.1 |-16.88 .6 .35 .3 | -4.5 - .12 | s,
24 | 6.15 .995 5 23, |-13.9 62 .32 1. | -3.7 .15 | 4.75
©25 | 6.15 1.1 18 51.2 | 7.5 .63 .33 2,45 | -2.0 .3 |a.2s
26 | 6.15 |1.31 3l 79.2 | -3.75 7| .32 4.5 |-1.0 .7 | s.0
27 | 6.15 |1.68 47 1126, | 13.9 .68 .35 9.2 | 2.0 | 3.5 |a.25
28 | 6.15 |1.88 52 | 160. 7.9 .68 | .35 13. | 2.1 |.6.7 |4.25
29 6.15 [2.72 64 | 251. 7.9 .78 .38" 29.7 2.0 [¢22.5 5.0
ttheel load = 54.0 lbs, = 14.00 ins., b = 3.75 inst
p
30 6,15 |-. 9 -14 2.9 | -23.25 .87 .45 0.1 |-6.2 .1 6.5
31 6.15 .945 5 24.4 | -18.75 .92 .4 1.0 |-5.0 .2 6.0
32 6.15 |1.06 15 34.8 | -16.9 1.0 .42 1.6 | -4.5 .3 6.12
33 | 6.15 1.12 20 41.2 | -13.5 1.02 .45 2.0 |-3.6 .6 5.3
34 | 6.15 |l.28 30 81.1 | -9.4 | L.02 .5 3.5 |=2.5 1. 6.0
35 1 6.15 |1.8 50 |170.4 1.0 | 115 | s2 | 13.3 | 0.5 6.5 | 6.3
36 6.15 |3. i 70 234.5 7.5 1.2 .5 30.5 2.0 22.5 6.

¢/

TABLE 4.2 Summary of Test Results - Rubber Strap‘Mounted

e,

ELL
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T s .} carx. | Ang. Normal] Torque | Pull -{ Dynamic | Rut N Energy per inch width
Test < | veloc. | veloc. slip M F sinkage | Depth | Forque | Pull [Inter- | Defor-
No. vs w s% in.lbs 1bs ins. ins. input | facial { matffon
i in/sec | rad/sec .
wheel Load = 74.0 lbs, D = 14,00 ins.,> b = 3.75 ins.
Jd 37 |e.15 .74 -20° o -5, | 1.06 .5 [0 -12.0 .2 | 12.5
- 38 |e6.15 .85 | -5 103.1 |-26.3 1.1 .52 3.8 -7.0 .2 | 10.75
) 39 6.15 ".95 . | 5 |133.5 |-20.6 | 1.18 .55 | 5.5 -5.5 ! 10.5
. 40 |6.15 | 1.0 10 |138.4 |-17.7 | 1.2 .5 6. 4.7 .5 | 10.3
ar [e6.15 | 1.12 20 | 148.3 |-11.3 ! '1.25 .45 7.2 ] -3. .7 | 108
42 |6.1 1.27 30 | 174. -7.1 1.27 .5 9.6 -1.9.] 1.5 9.5
5 . N . . R . ! )
, 1 43 6.15 1.62 45 | 213.5 | -1.9 1.35 .52 15. - .5 5.3 9,25
44 . .| 6.1 1.78 50 - | 212. -1.9 1.32 .5 16.5 - .5 7. 9.
.} 45. }6.15 3.0 "} 70 | 7219.8 2.6 | 1.45 .55 | 32.5 0.7 | 23. 8.5
; " . ‘ %
.i' -
N B .
H . .
1 R TABLE 4.2 Summary of Test Results ~ Rubber Strap Mounted (cont'd)
. ) L4 . -
~ ¢ )
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Carf. | Ang. Normal | Torque | Pull | Dynamic | Rut Energy per inch width
Test | veloc.| veloc. slip . F sinkage | Depth | Torque Pull Inter~"| Defor-
No. vs w 5% in,lbs 1bs ins, ins. input facial | mation
in/sec| rad/sec

Wheel Load = 34 1lbs, D = 14.00 ins., B, = 3.75 ins.

46 6.1 .81 -13.4 -19.5 .4 .25 .3 | -5.2 .1

47 6.15 .85 -7.4 | 54.3 | -12.8 .42 .22 2. -3.4 .12

48 6.2 .95 3. 122.4 | -6.4 .44 .3 5. ~1.7

49 6.15 | 1.035 18. 160.9 4.1 .48 .32 7.7 1.1 1.2 5.65

50 6.1 | 1.43 37. 216. 14.1 .52 .3 13.5 3.75 .

s1 | .15 | 2.02 55. |251.2 | 1. 54 (.35 |22, | a8 ]32.°

52 .| 6.15 | 2.28 60. |257.9 | 21.6 .5 .32 25.5 5.75 | 13.5

. ”"\__ )

Wheel Load = 54 1bs, D= 14,00 ins., b = 3.75 ims. N

53 6.1 .84 -9 49.. |- 0.6 .74 .45 1.8 | -5.5 .1

54 6.1 .86 -5.5 | 79.8 | -16.9 .78 | .4 3. -4.5 %4 8.70

55 6.15 | 1, 10. 150. -7.5 .85 .43 6.5 | =2.0 .5 8.70

56 6.15 | 1.088 15.6 | 170. -2.6 .87 .4 8.0 | -0.7 .5

57 6.15 | 1.17 22, .|189.2 | -1.9 .9 .5 9.6 0.5 | 1. ]

58 62 | 1.5 39.2 | 234, 10.2 .95 .45 15.1 2.7 4.5

59 6.1 | 1.705 [ 47. 261.6 15. 1.02 .5 19.5 4.0 9. 675

60 6.15 | 2.07 56.4 |261.8 | 1s. 1.05 .5 23.5 4.8 12.

61 6.1 | 2.46 64. 203. | 21.4 | 1.1 {.52 3. 5.7 | 19. -
TABLE 4.3 Summary of Test Results . [Tread W_heel}

exy

Fon o i &

et vl han

5l



Carr. Ang. Normal | Torque | Pull | Dynamic | Rut Enerqgy per inch width
Test veloc. | veloc. |. slip M F sinkage | Depth Torque | Pull Inter- | Defor-
No. vs w- Ss in.ibs 1lbs ins. ins. input facial | mation
in/sec ] rad/sec
Wheel Load = 74.0 1bs, D = 14.00 ins. b = 3,75 ins.

62 6.1 .78 -15.6 58.6 -43.1 .95 .45 2.0 -11.5 .1 12.0
63 €6.15 .93 2.4 |1s51.2 | ~-1B.9 1.03 .47 6.1 }-5.0 .3 11.25
64 6.15 | 1.02 | 11. {183.1 [-11.3 | 1.08 .5 8.1 |-3.0 .3 |1
65 6.1 1.14 21.6 208.7 -4.9 1.12 .52 10.4 -1.3 1.7, 10.75
66 6.1 1.29 30.6 | 223.4 1.1 1.15 .53 12.6 0.3 2.1 10,3

) 67 6,15 1.54 40.8 232.1 4.5 1.2 .47 15.5 1.2 3.6 10.1
68 6.15 | 1.94 53. 249.6 | 13.1 | 1.23 .52 21. 3.5 8,2 9.5

/ 69 §.1 " 2.32 6l. 261.3 13.5 1.3 .53 26.5 3.6 13.2 9.4

70 6.1 2.92 69. 274.2 13.1 1.85 .55 35. . 3.5 22, 9.70

: TABLE 4.3 Summary of Test Results [Tread Wheel}< (cont'd)
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CHAPTER 5

DISCUSSION OF RESULTS OF EXPERIMENTAL ANALYSIS

General

In this‘chapter the results of the experimental aﬁalysis of
a moVing rlgid wheel on soft soil are discussed. | The effect of wheel
surface condit1ons on wheel performance and the effect of the degree of
s]ip on the loading boundary (particle path) at the wheel-soil interface
are also discussed in this chapter. ihe effect of s1ip on the different
parameters yhich express'wheeI performance (sinkage, deformation energy,

interfacial energy and useful output energy) is discussed.’ Adopting

the principle of energy conservation in the form of an energy balance
equgtion to the wheel-soil energy components in order to express wheel

performance is presented.

Al

5.1 Slip-Soil Particle Path

) §
In order to obtain the loading boundary at wheel-soil interface

(displacement) for the finite element solution, and to obtain a better
appreciation of contact and interface relationships, representative soil
particles or elements at some subsoil depth may be examined vis 3 vis

soil motion under load. The soil particle paths express the .motion of

CTR . < D

e d e, T T



118

soil particles due to th%xsurface motion of the wheel. These reflect
the resultant soil mass deformation and distortion. If the experi-
@entalnwheel noveslwith a consfant translational velocity and constant
degree of slip, and the soil is homogeneous, it is expected that all the
soil particle paths should be similar for the same soil depth. The
tangent, at any point on the soil particle path, indicates the displacement
direction and also the velocity direction. The geometrical shape of

the soil particle path, Figure 5.1, can be characterized by height of the

bow wave, dynamic sinkage ;nd rut depth. "
In Figures 5.2, 5.3 and 5.4 the resultant particle paths, ~
developed under ‘2 moving rigid wheel for rubber coﬁtact surface'conditions,
are given. Analysis for other conditions of loading and contact surfaces.
reveals that the shape of the particle path can take'var{ous'forms -
depending on load, degree of slip, and transfer characteristics.
Test résults indicate fhat there is always soil recovery beneath
the area of the wheel and that its value increases with increasing wheel
load. This is in actual fact a phenomenon of high initial dynamic
sinkage. The results also indicaterthat the height o% the bow wa&é
increases witﬁ increasing wheel load and decreasing degree of slip, j.e. the height
of the bow wave for driven wheel (+ve slip) is less than for towéd wheel
(-ve slip). The dynamic sinkage value increases with increasing wheel
load, and the horizontal components of the soil deformation decrease with
increasing degree of slip and increase with iﬁcreasing wheel load, i.e.;
the fo]ling resistance incréasg§ with increas%ng’Wheel load%and dynamic

( sinkagei In general, the amohpt“of soil distortion increases with

increasing wheel load.
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g

5.2 Slip Sinkage

_The available semi-empirical and theoretical approaches for .
predicting the wheel-soil interfacial stresses require a knowledge of
the dynamic sinkage and degree of slip, in addition to soil and wheel
parameters. Slip is important with respect to efficiency because,
for a given wheel speed, the vehicle reduces the distance over which the
pull does work. Sinkage should be controlled, for it must remain
smaller than the clearance of the vehicle (Goodman, 1966). Sinkage is
a function of the interdependent wheel-soil parameters (P, T, D, b, V, w,
surface condition, C, ¢).

Some of the factors which affect the results of the sélution
of any continuum mechanics problem are the shape of the loading boundary
and the mechanical properties of the gontindum material. In wheel- )

s0il interaction problem, the wheel-soil fnterfaciallstress distribution.
(Onafeko, 1964) and the meéhénical properties of the sojl layer at the
wheel-soil interface, are functions of slip, hence the dynamic sinkage
which 1s‘one of the results if the continuum mechanics so]ufion'is adopteq,
s%ou]d be a function of slip. |

Bekker (1969) indicates that the sinkage (Zo) consists of two
components, one due to the static wheel load (is) and the other (Zj) due

~

to stip:

w

,=2lgv 1y . (5.1)

i ,iﬁ‘ o
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Bekker also indicates that if the wheel load is smaller than
the soil bearing capacity no soil déformationlzj due to s1ip should be
,expectéd. This is not entirely correct for:loose soils, though practically
- correct for cohesive soils. The dynamic sinkage vefsus degree of slip
for different wheel Toads and surface conditions is shown in Figure 5.5.
The test results show an increase in sinkage with slip for higher wheel
loads while, for small whge] loads, sinkage is nearly constant or increases
slightly with increasing degree of slip.

The test results also indicate that dynamic sinkage ﬁncqgases
with increasing wheel surface smoothness, Figure 5.5.© This conc]u;ion
conforms well with expectatipns from continuum mechanics theories déaiing
with complex boundafy stresses (Fung, 1965; Jaunzemis, 1967).

The slip-sinkage characteristics was studied by Yong & Webb
© (1968) Sy studying the soil behaviour under the wheel. Figure 5.6
shows the veloéity distribution interpreted from resultant soil particle
motion {e.g., Fig. 5.1) under the moving wheel.

Sinkage is increased slightly with the s1ip because the
horjzonta] velocity contours, Figure 5.7, do not become excessively large
at high slips. This 1is due to the soil sheaﬁ'discontinuity at the
wheel-soil interface‘due fo the provoking slip condition and hence to the
fact that the soil work hardens in the shear boundary layer. The results

also indicate that dynamic sinkage increases as a function of both

increasing degree of slip and smoothness of wheel contact surface.
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h 5.5 Slip-Interfacial Energy
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The pdrasitic energy due to a.moving wheel over soft soil

~

tons}sts of two components, the”intgrfacial energy which is dissipated

. in a thindayer of soil at the wheel-soil interface, and the deformation .

energy which is dissipated %n distorting fhe soil beneaéh the wheel.
The interfacial-energy can be eva1uatéd by knowing the distribution of

_ the slip velocity and tangential stresses at the whge] soil interface
(Chapter 4). .

The test results demonstrate the expgéted dependencies between

wheel load and developed interfacial energj‘as conditioned by wheel contact
surface, soil type and degree of slip. It is intéresting to note that,
after a well-defined dégre% of slip, the interfaciél‘energy appears to- be
only a function of slip and wheel ‘load, i.e., independent of contact
surface characteristics, as shown in Figure 5.3. ﬁ As shown in the same
figure, the rubber-surfaced wheel does 5ndeed have an apparent smoother
surface - due primarily to the propertsies of the clay-rubber interaction.
Simj]ar curves and relationships can be obtained for othef whee]jﬁaads
and contact surface characteristips,AFigures 5.9 and 5.10. -The
characterlst1cs singular -point of s1ip which estab!xshes the single valued
re]atlonsh1p between slip rate and interfacial energy is seen to be ‘
independent of the factors and parameters associated with Toading surface
and sgbs&%l.' . ' . )

o ‘At the s1ngu1ar point-a thin layer of the~clay coats the wheel
sﬁrfage;u thus the s]1p occurs between the interfacial soil layer on: the

wheel and-the subsoil surfaces. o T
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* 2

Test results indicate, Figures 5.8 to 5.10, that the degree
of s1ip at the singular point decreases with increasing wheel load; at
wE
higher contact stresses the interfacial soil layer coats the wheel surface

at low degrees of slip. .

5.4 Slip-Deformation Energy

3
i

As stated above, deformation energy is one of the two parasitic
wheel-soil energy components and is a function of wheel and so0il parameters,
Test results 1ndica£e that at a lower degree of slip, the deformation
energy increases with inﬁreasing wheel surface roughness, Figure 5.11.

Also, the deformation energy dependency on slip increases with increasing

wheel load due to the fact that the effect of slip on dynamic sinkage is

: greater for higher wheel loads than for smaller loads, as indicated by
Equation 5.1 and as shown in Figure 5.5. While it may appear strange
that with increasing degree of slip, sinkage increases and deformation
energy decreases and asymptotes to a constént value, it should pe recalled
that the soil is .@ nonlinear material and that the work dissipated in deforming
it is a function of the .stress path or the displacement path leﬁgth. The
so11}part1c]e paths plotted from the results of x-ray photographs, Figures

. 5.2¢ 5.3 and 5.4, show that the length of the part1cle path increases with
decreasing degree of siip. At higher degrees of slip or at a degree of
s1ip beyond the critical slip point there is no effect of wheel surfaée
‘condition on the deformat n energy value, since beyond this point s]ip

occurs between the c]ay codted whee1 and the clay soil.

¢ \

;
!
i




/\‘
j 133 /
14
& o ‘ o —_ RUBBER
A o o — ALUMINUM
.- - TREAD

IB.IN/IN/SEC

} 54.0 LB

“”c’:"mwévw:} 34.0 LB

DEFORMATION ENERGY

) EE__ /
L o 1 L 1 i
20 0 20 40 60 80 100
) SLIP  PER CENT

S 7/

Figure 5,11 Deformation cnergy versus slip rate

- (compaction resistance)

-



. ,\1{
T
T

T
\

{‘ ‘ Figures 5.12 to 5.14 show the deformation energy contéurs
for rubber strap moun{ed wheels at various degree§ of slip aﬁd wheel
loads. It is worthy to note that the zone of high deformation,energy
loés is located in the direction of wheel travel.
Since the deformation energy, is a direct function of subsoil

stresses and strains, and the state of stress in the nonlinear material

depends on the loading path, the deformation energy should be a function

of the soil particle path at the wheel-soil interface.

5.5 Slip-Useful Output Energy -

The useful output energy is the energy that can produce
drawbar pull; it is defined as thé:whéei input energy minus the parasitic
(interfacial and deformation) eneray. This energy can be calculated
from the energy balance equation as stated above, or by measuring the
drawbar pull and translational velocity of the wheel, Appendix A. The
s1ip-pull encruy relationships can be characterized by three points,
namely, the towed, self-propelled and maximum drawbar pull points, ‘
Figure 5.15. Characteristic details of these po%nts will be explained
later. Test results indié§te that pull energy increases with increasing
degree of sl1ip, up to a certain v51ue, then remains constant or decreases
according to the stress-strain behaviour of the supporting soil. éood ’
agreement is obtained between the predicted results using visioplasticity
technique and energy balance equation, and calculated from measured

( drawbar pull and translational wheel velocity.

>

B

iy



ORIGINAL SOIL

IR L R Worgc P S L A B . el B A e e IR L1 R k= s 5 4 R
it i P L i s = o

SURFACE

i

Figure 5.12 Deformation energy contours

i
2

1
3

&

i
5

{INCHES)

Wheel Ioad 54.0 lbs
15 pércent

Slip

Rubber ccated wheel



R aton s S S e X I AN A SN L S L SRR AR S

DIRECTIO
TRAY

N OF
e

(INCHES)
)

o
T

DEPTH

~-§ &
T

! 2 H 1 [} i

Qo
g b
o
W
oL
M
v
O

2 3 4
[INCHES]

Figure 5.13 ©Dzformation energy contours Wheel Load 54,0 lbs
Slip ) 50 percent
Rubber coated wheel

9€1L



e

- 0

o

[INcHES)
L)

DEPTH
i

' .

SURFACE

/

RN N

bAE AR AR P S M At S e R

llll’ill!llli»‘v
8. 7 & 53 4 3 2 | ©0 | 2 3 & 5 8
[INCHE S)
Figure 5.14 Deformation energy contours Wheel Load 74.0 lbs

Slip 50 percent
Rubber coated wheel

LEL



- RUBBER

Max Drawbar Pull

Point "
: 9{\ b - ‘ 1] Rk
d ~=Q &0 80 100
: SLIP PER CENT
Self Propelled
Paint
Alurminum Wheél
0 Wheel Load 340 Ibs
'z
Towed
Point
{ . o ‘ ‘Plgure 5.15 Useful output cnergy - slip curves

(viploplasticity techniguo)




139

e

Since the draﬁban.pu}l is a direcé function of the horizontal
components %f the wheel—soi]?interfacia1 stresses, 1.e¢., a fupnction of
the wheel=50i1 traction forces, it should be,dépendent on wheel-soil
surface roughness. Drawbar pull incréases Wwith increasing vheel
-surface roughness for the same degree of slip,as the mobi]ized’shear

' forces can be higher. I the adheé%on between the wheel periphery
surface and the soil is st}onger than that between soil and soil, a coat
of clay-will stick on the wheel surface. In this case, shear failure
will occur between soil and soil and the effect of wheel roughness will

-be negligible.

5

o ‘ ) g“

RS

5.6 gggggy Balance

v

Yong & ebb (1969) firs{ introduced the energy approach for
”eva1uating'thc performance of a moving wheel over soft soil. They used
the energf balance equation and the re?étiqq} between the different
components of energies and dag;ee of 5lip:as the basis foy wheel performance
evaluation. | | |

The enevrqy balancg equation can be written as

.r w v ’ . ' /' s V
+ Ma=PVc+D+F . (5.2)
“where
M o= inpht torque !
w = -arngular velocity
{ Mo = input energy per unit time ° ’



" “increases with increasing wheél load, and can be envisaged as being
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e

P = dﬁawbar.puil, S g , oL o
Ve = translational wheel Qélpgity, «
PVc: = useful output energy per unit<§ime,
D' = deformation energy, pei’ unit time,

F = interfacial energy per unit Ejme.

In order to provide abasis for-comparisons between d%fferent )
wheel energy components, theé energy terms should be evaluated 'per inch
width and per inch of wheel trhve]jand the enerqy ba]ance'equatioq_can "

be written as

o

M o - . -
Ve~ P+ D'"/Ne + F/Ve ‘ \ (5.3)

In Figures 5.17, 5.18, and 5.19, theZéngrgy stip carves under
three wheel ‘Toads for the three specifﬁchontact surfaces, are given.
The differences in each fidure relate tg‘change in sugface qondftions‘ E
It is pertinent to observe that’the‘charécteﬁﬁstic perforhance éf any
wheel can be identified by three Eoints on the energy slip curve, These

are the towed, self-propelled and maximum drawpar pull points, Figufe,S.]S.

The negative value of the drawbar pull at the towed point is a measure

» of the rolling resistance of the wheet. Tests show that this V§1ue

directly related to the reéu]tant increasing value of dyﬁamic‘sinkagek
The negative drawbar pull results at the towed po{nt (Figs. 5.17 to 5.19)
appear to demonstrate insensitivity toﬂyhee] contact surface; ‘test

E2%

. . ~
results indicate that this is fortuitous.

“
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Taking the self-propelied paint as .the point on the energy
slip djagram where the drawbar pull is equal te zero, it is seen thgt
this point is a characteristic of the powered wheel. It is apparent
fhat9 in order to develop sufficient traction to maintain the wheel in
motion at this point, the circumferential wheel velocity should be larger
than its translational velocity, i.e., the slip at tﬁis point always has
a positive vailue. As seen from Figures 5.17, 5.18 and 5.19, this is
obviously & function of wheel load and contact surface characteristic.
The justification for characterizing the rubber surface as smoother than

the aluminum surface may be due to:

{i) the supporting results shown in Figures 5.17, 5.18 and 5.19;

°

(i1) the clay-vubber interface adhesion is smaller - probably due
to the less than smooth nature of the rubber and the smaller

clay-rubber cohesion valye.

The maximum drawbar pull for all the tests appear éo occur at
a high degree of slip, generally around 65 to 75 peﬁéent. The test
results indicate that the drawbar pull increases by increasing the rough-
ness of the wheel surface ~ with a correséondjng increase in required
iﬁiﬁt energy. 1t is interesting to note that at high s1lips a thin clay
%ayer appears to coat the surface of Lhe wheel, apd thus it is cxpectod
that the tangential stresses developed would be between soil and soil.
Hgnce at high slips the effect of wheel contact surface characteristics

~

on the draubar pull appears to be insignificant.

¥
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A useful point for examining(the effectiveness of the surface
transfer of energy is the establishment of the critical slip point. The
critical slip point is defined as the point of maximum (optiﬁum) s1ip,
at which the interfacial energy remains sensibly zero. The s1ip at
this point appears to be consistently positive and genérally occurs
before the se]f-prope]]ed point. As seen from Figures 5.17, 5.18 and
5.19, the criﬁica] s1ip points for the three types of wheel contact
surface are sufficiently different, both in terms of slip and in terms of
input energy, whenever interfacial energy 1955 becomes‘signifiﬁant. The

«, usefulness of such a critical point; as a measure of contact surface

‘effectnveness for developmﬂnt of drawbar pull and interface cnergy

. {surface disturbance) can be scen. Howaver, it is obvious that in view
of the limited amount of data available, much remains to bevdone before:
a pioper characterization of this critica} s1ip point can bé‘obtained.
Tﬁé'facﬁors and parameters necded for characterization would include -
carcass stiffness, tread configﬁ?ation, subsoil properties, contact area
and pressure, etc. " The advantages to be gained in establishing the

eritical stip point are (Yong & Fattah, 1é75):

A

(a) development of drawbar pull in view of wheel and tire

constraints, and .
L4

(b)s present awareness and conscious nced for minimization of
surface disturbance in off-road mobility; the reduction
of 1nterface energy loss is seen to be d1rect1y 11nked to

the reduction in surface disturbance.

/1
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CHAPTER 6

o

DISCUSSION OF THE PREDICTED RESULTS

6.1 Introtyction

This chapter is coﬁcerned wiéh a discussion of the predicted
wheel performance using FEM, as comparéd with experimental values
ana]ysed‘by the visioplasticity techniqug.a The main concern is to check
the validity of the FEM as a technique for ﬁredicting moving wheel per-
formance and associated subsoil behaviour.

Two types of measurements arve used in the laboratory to check

'the validity of the predicted results§ these are (a) surficial :
measurehenté such as @ynamic sinkage, drawbar pull and 1ﬁput torque,
and (b) subsoil measurements guch as diép]acement field.
The predicted wheel performance in terms of ugefu1 output,
deformation and interfacial energies are présented. In a&dition,
‘ the subsoil contours of velocities, stresses and energies are predicted
using the FEM and visioplasticity method. ‘
Three main characteristics identify the application of the
adopted finite element technique to a wheel-soil interaction problef;

these are: ‘ ,

A

(a) Boundary Conditions

The soil-wheel particle path based on geometrical relations

between wheel diameter, dynamic sinkage and degree of slip (theoretical

.k
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particle path, Chapter 3),Xand the soi1‘part1c1e path determined from
the results of x-ray photographs (experimental particle path, Chapter 4),
were both used as a loading boundary at the wheel-soil interface.

Figure 6.1 shows typical theoretical paréicle paths for a 13.5 inch
diameter wheel having .7&2n. dynamic sinkage; the experimental particle
paths were previously shown in Chapter 5. .The technique for the appli-

cation of the boundary conditions to the solution is presented in Chaptef 3.

. (b) Stress-strain Curves

Unconsolidated, undrained triaxial tests were performed under
plane strain conditions in order to reproduce as closely as possible the

assumed conditions during the soil-wheel tests. . The testing was con-

ducted under three different confining pressures of Q, 2.5 and 5.0 psi,
and «t axial deformation rates of .1, .5 and 1. inch/minute. _ The
test results are shown in Figure 6.2. Aalogous axisymmetric triaxi%] .
tests were performed in order to verify the non-existence of a Qe]l—
defined failure condition, i.e., thevabsence of strain-softening behaviour
is not a result of tﬁe plane-strain "True Triaxial" test restraints
(Figure 6.3). . -
The finite e]emgnt analysis in this investigation is performed
usiqg an incremental procedure, and in such a case it is difficult to
account for material strain-softening behaviour. The stress-strain

curves do not exhibit a definite peak to failure. Instead, the styress

¢

e
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difference (o, - o3) is seen to increase with axial strain. This

observed rise of the stress-strain curves eliminates the need for an

approximation to tne stress-strain curves and avoids the numerical
difficulties arising from strain softening behaviduv: Since no
definite peak was‘in evidence, an axial strain of 20% was chosc.: Lo
define fai}ure. ¥

/There are two common procedures for incorporating a non]ipear
stress-strain law into a finite element fbrmu1at{6n for digital
computations (Hanna, 1975). . in the first procedure the stress-sirain
Taw derived from a 1aborat6ry test can be used directly in a tabular ov
digital form. Several points on that curve are then seiectes and
constitute the input in the form of pairs of numbers each denoting stress
and s$train at those points. The variable material parémeter such as
£ and v are obtained fﬁom such curves by suitable interpolation. It
the behaviour is represented by é‘sing]e stress-strain curve, stresscs
are obtained Ey interpolation for a calculated state of strain. If the
behaviour is represented by several curves, ihterpolation?hust aléo be
done between two curves for different’ﬁbpfining pressures,

In the alternative procedure{ the laboratory stress-strain
relationship is expresscd in the form of g suitable mathematical function.
The material parameters for the nonlinear analysis are again obtained on

the basis of the state of stress or strain.

o
S

%)

— ¥



183

In this study, the tabular or digital procedure was utilized
to represent the coﬁstitutive behaviour of the 3011 modelled by continuum
(triangu}af) elements in the analytical solution. To start the
analysis, initial valuesvof the modulus of elasticity, Eo, and Poisson's

ratio, v, are required. The clays used can be considered to be fairly

incompressible as they were nearly saturated. Therefore, it should be

reasonable to choose the value of the Poisson’s ratio of the soil close

3

"t0'0.50. In the presenti. study v was assumed tq be .48. Furthermore,
; . the value of vwas assumed to remain constant throughout the entire
deformation process. Similar assumptions have been made by Clough &

Hoodward (1967) and by Girijavallabhan & Reese (1968). The nonlinear

(Pl s

analysis was based directly on the plane-strain triaxial cuwves. The

starting value of the modulus, £,> was taken as the initial slope of the

stress-strain curve at zero confining pressure,

In an axisymmetric triaxial stress condition, the intermediatew
and minor principal stresses are the same, and the confining pressure for
the sample fis equal to the minor principal stress, oj. Since most
actual problems in soil mechanics are three dimensional or plane strain,

the magnitudes of the intermediate and minor principal stresses in an

element will be different. In the laboratory wheel-soil interaction
4 , . .
problem, the wheel is wide‘enough that it can be reasonably assumed that

the s0i1 .s in plane strain condition. In this case the intermediate

principal stress is given by:

o2 =vloy + 03) (6.1)

?
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Thus it was found reasonable to express the confining pressurg_in an,
elemant for p]ane'strain condition as the avera. e of the magnitudes of
. { :

the intermediate and minor principal stresses induced at the centroid

of the element.

o, = (o3 + 03)/2 . (6.2)

K

The subroutine "NONLIN" (Appendix F) developed in.this studj uses

formula (6.1) for defining the confining pressure.

In order to compute the state of stress, (o) - 03),

\\corresponding to a state of strain, c, in an element Tvrom a seﬁﬁof non-

&

linear curves, three inte;polations are required. Tho program first

. . o
computes the valuezs of the stresses, strains and ctnfining pressures
in cach element, Intérpo]atiows are then peyformed to compute inter-
mediate values between cu;ves-at different confinjng pressurcs and
vithin a curve between the différenF strains. In éhe subroutine
NONLIN used in this study. stress va!ues were computed Trom strain values

obtained in the analysis. '

{c¢) Sclulion Technique

<

In the finite element solution, the quasi-static approach is
used for simulating the wheel movement on the soil surface, hence inertia
effects can be neglected. A smail incremental {ime step is used in

the solution and the time increment is calculated by

N : ., (6.3)
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where :
I

vV is the translational wheel velocity,

and AX ié the incremental wheel travel distance.

The incremental wheel travel distaqce is taken as .25 inch,
the horizontal and verticad displace%énts at the‘uheé1»soil nodes are
calculated from the geometrical characteristics of the particle path at
the wheel-soil interface: An incremant§1 solution technjque is
adopted in this analysis as explained in Chapter 3. )

A block diagram for the input data utilized fér the FEM

- to prgdict wheel performénce and associated subscil behaviéur is shown
in Figure 6.4. Bascription‘o% the Ejmité Elemant prograp is given /

in Appendix F.

6.2 Stream line Flow ( \

>

o In the experimentation of a woving wheel over soft soil, o
_successive x-ray photographs of the su@soiT lead markers, at different
- vheel positinns,vﬁere taken, The superposition of the photographs
side by side shous the flow of the soil beneath the wheel, i.e., it is
implicitly assumed that the wheel is turning in its position and the soil
is moving with a translational velocity cqual to that of the wheel

1)
(similar to metal sheet drawings). ' '
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ts

-~ Calculation of instantancous strain
[SUBROQUTINE STRESS, STBAIN~DISPLACEMENT MATRIX]

- Calculation of in~tantancous stress
[SUBROUTINE STRESS]

- Calculation of pover of deformation energy at subsoil
grid nodes [SUBEROUTINE STRESS, Eq. 4.12]

~ Ealculation of wheel~30il interfacial rcactions
‘ {SUBROUTINE REAC]

- Calculatién of interfarial dissipated encrgy
[SUﬂROU@INE STRESG, BEg. 4.19])

- CHlculation of wheel useful outpuf cnergy
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i

i
:

>

Figure 6.4 Schematic for Input and OQutput Information for

" theel-Soil Interaction Study Using the FEM
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" flow lines h%ye the same trend.

Figure 6.5 shows the streemline flow ﬁnder the moving wheel,
predicted by the FEM and measured by the x-ray photographic techinique. J
The experimental and predicted resuits are both plotted at one inch depth
intervals, and are staggeved .5 inch apart from each other ta avoid the
confusion between the measured and predicted flow Tines. It should

be noticed that the theoretical model is capable of showing both the rut

ddepth at the rear of the wheel and the bow wave at its front. The soil

3

distoriion decreases vrapidly with the depth, and at a depth equal to the
wheel diamzter, the distortion is negligiblie. The trends of the flow’
lines show clearly that the soil in front of the wheel is subjected to a

state of loading and to a state of unloading (recovéry) at the rear of

the wheel. The FE and the experimental results both indicate ‘that the

a

~

6.3 Subsoil Velocities |

Subsoil velocities can be 6a1cu1ated"q1recﬁly’fr0m the recorded —
subsoil deformations, provided that the incremental time step between the
succes;iva x=ray exposures is knqwn (Appendix é). Since no assumptions
are mad; in caleulating the subsoil velocities, good agreement is expected
between the predicted results using the FEM and the experimen£a11y~

caleulated resilts.
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In the finite element solution, the velocities are calculated
for the nodal points of the idealized subsoil continuum grid. Knowing
the incremental timefstep correspondihg to the incremental wheel iravel

f’\

distance, and the calculated disp]aéements at every nodal point, the

velocities at any incremental wheel travel distance can be calculated as:

Vx = !¥i s :
and - '
AX
T =7y

wiere VX horizontal &§1Qcity component ,
Vy vertical velocity .component, o
, o Dx - nodal point incremental vertical displacemant,

Dy nodal point incremental vertical displacement,

\ A% incremental wheel travel distance,
v translational wheel velocity,
T incremental time step. ,

3
haY

N
Figures 6.6 and 6.7 show the horizontal and vertical velosity
Contours vespectively, using the experimentally determined particle .
path as a displacement boundary conditions at the wheel-soil interface,
uhile the corresponding contours for higher degree of slip are shown in

Figures 6.8 and 6.9. Thé axperimentally calculated and the. FE predicted

-
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yelocity contours ave plotted on the same figures for case of comparison

of results.

é( or vert1ca] valocities, a pos1t?ve s1gn means downward

v

,velocity and a negative sign means upward velocity, while for horizontal

velocity. contours a positive sign means that the velocity is in the,

direction of wheel travel. - A zero magnitude velocity contour indicates

‘thqg the particile disp]aéemeni has veached its maximum position and .is in

the stage of beginning to return on the rebadnd'cyc?e., Tbug, in térms

of vé@pcitieg, no instantancous incremental displacements are registered,

and heghe‘the computalion for velocities provides for a zero value. .
Aé low degree of slip the vertical and horizontal velocities are equal —

’ N
to zorn at wheel bottom dead center. The zero vertical velocity Jife .

_‘starts nearly vertically from wheel bottom dead center, and its bos,tion .

does not change much with increasing degree of sTip. . The zero

horizontal velocity contour starts from wheel BDC at Jow degree o s]%p

but moves ahead in\the direction of wheel travel. With increasing\ degree
of J1ip the zero horizontal cantour starta from a point ahead of BDC
The negative vertical velocity co\taurs ahead of the wheel and to (the bac%
its BDC, co§re3pond to the effect of the bow wave and s0il recovery

4

respectively. )

It should be noticed that the predicted velocity contours,
using the FEM, provided the wheel-soil particle path {loading boundary)
15 determined experimentally, corrvespond well with the exparﬁmentqlly

calculated results, using the x~ray photoéraphic techﬁique.

5
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6.4 Subsoil Stresses

‘Appiication of the mathod of characteristics to predict the
subsoil|stresses from information about the subsoil deformation patter;
was explaingd in Chapter 4. The flow chart for the calculation steps
is exp]éined in Agpendix F. . Figure.6.10 shows the'subsofi'principal
strain direct{ons and Figure 6.11 shows the contours of the Elip Tines,
these being the lines of characteristics. Figureé 6.12, 6.13 and 6.14
show the subsoil s$tress contours detévmined by the method of character-
istics, and predicted by the Finite [lement Method. It should be
noticed that all these contours are plotted for a 13.5-in diameter wheel
moving at a constant speed of 6 in/sec. The computed variables are

made for unit wheel width and the dynamic sinkage is assumed constant

throughout the entire test. Ly

An appavent significant difference is observed in the pattern
- E ‘
of stress distribution obtained by the methods of characteristics and the
Finite Element Method. This difference can be mainly ascribed to the

following factors.”

{a) Difference in Boundary Conditions:

kln the FEM the particle path at the wheel-soil interface is
used as loading boundary and the effect of soil recavery'beneath wheel

BOC is considered.

)

b s M .
In the method of characteristics, the linefof compressxen

-

ten510n divide &L which the mean normal stress is zero, 15 used as a . "

baundany condition (Yong & Windisch, 1970) Thxs 1nd1caﬁes the pas1twan

T

Fr
y
{.:»‘
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and obeys the Tresca yield criterion, and no effect of'the confining

at which rebound begins to occur upon wheel unloading. The use of

the comp;ession tension divide condition which is in actual fac£ a
ioad~unload coﬁdition in the soil, creates fictitious negative-positive
stress Qégimes in view of the sign convention used, i.e. positive for
loading ‘and negative for unloading. The foad—un1dad conditions are
with réspectito-iﬁe soil performance. Hence' the stress contours f
generatéd in regard to this kind of sign convenfion reflect ﬁhe "positive"
and "negative" stres$ regimes. ’

The FEM apﬁroach which uses load-unioad in the positive éﬁgn
convention sense does not.prodhce the artificial negative stFess condition
in the soil. .T Hence it is expected that with the above and the other
consideration discussed in the'f0110wing pages, the stress fields
generated from the FEM anaiysj$"wou1d be a‘moré appropriate reflection of

.

the actual state of stress in the subsoil.

(b) Difference in Constitutive Relations

In the FEM the stress-strain relations determined from the
results of triaxial tests are used in developing a constitutive velation.

]

In the characteristic method, the .soil is assumed rigfd plastig,

pressure is considered.

(c) Difference in Solution Techniques

~

An incrementa].]oading boundary approach is used in the FEM.
The siress-strain %elbtions at different confining pressures détermined

from the results of triaxial tests are used for determining the



congtitutive relations.required for forming the stiffness matrix of
the loading elemets. For the unloading elements, a constant elastic
nodulus equal to the initial tangent modulus of the stress-strain curve -
is used.
In ghe~method of ghavacteristics, the solution is\ attained
in one increment of loading (tota]fstress approach). 1t is‘aSSUméd
,a1§o that the material is rigid plastic, the yield stress in compressién
being equal to that in tension and independent of fheﬂéghfihing pressure.
The subsoil stress contours are plotted for a rigid wheel,
moving at 6 in./sec. iranslationa] velocity and zero degree of slip:
Figures 6.12 to 6 14 show the FEM pr€d1ct1on for subso11 stress contours,
é ’ using the exper1mnnta11y determ1ned wheel-soil particle path as Toading

boundary while Figures 6.15 to 6,18 show the subsoil stress contours for

a case of.high degreé'of's]jp.‘ The differences- between the shapes of

oty < AB MRS eT RS YT

oo WETEE D JE 2w

the contour lines 'can be noticed. . - R

The subsoil contours predicted using?ﬁhe FEM indicate that the
influence of s;resé is ruch greater in the direction.of motion and also
£ that stresses diminish\at a distance equal to the wheel diameter f}om

. both sides of the wheel center. " The state of stress beneath the.wheel

is always in compression and the stress is higher at the ftonf of the
. )

wheel than at its rear, because of $oil recovery beneath the wheel BDC.
This observation corresponds to the fact that at the wheel front the wheel
is acting on the soil, vhile to the rear ¢f the wheel the soil ig écting

on the wheel. °
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In the stress contours b(edjctéd from a knowledge of subsoil

. deformations using the vis%op]astic{ty technique (m;thod of characteristics),

the negative‘sign of the horizontal component of st;ess indicates com-
pression in the dirvection opposite.tﬁ‘whee] tréve]; similarly, the .
negative sign of the v;rtica1 componént o% sfress indicates compression
in thé"hpward direction.

, For comparative puépqges; the subsoil stresses béneath a

s%atidna%j wheel penetrdting in soil to a depth equal to the dynamic

‘sinkage of a moving rigid wheel, are shown in Figures 6.19 to 6.21.°

/
7

6.5 \Interfacia] Stresses

¥

. As stated above, in the FEM the interfacial stressés are
predicted in two major steps. The first step. .consists of appfying

incremental vertiéaY'dispTacements to the wheel until the augmentid

‘vatues of displacements reach the dynamic sinkage; in the second step

a,quasi~static‘prob1em is considered by giving the wheel successive

incremental travel distqﬁces until the calculated values of the interfacial
stresses remain constant (Yong & Fattah, 1976).

The variation of contact pressure distribution as a'fuﬁction
of depth for a stationary wh;e1 is shown in Fiéa;é 6.22. The predicted
results indicate that for a small value of sinkage the contacf pressures
are monotonically increasi;Z~F?bm the initial point at the wheel-soil

contact surface to -the point of maximum sinkage. However, at higher
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. values of sinkage the point of maximum pressure does not coincide with

&

that of maximum sinkage, i.e., the uheo] is acﬁlng as a rigid foundation
en soft soil. | '

It is noticed that the number of time ‘intervals, or incremental
wheel travel distances, at which the-interfacial stresses start to become .
constént is determined by the time réquired for the first loading nodal :
point at the wheel-soil interface at wheel front to leave the intérface -
‘at the rear. Figurés 6.23 and 6.24 show typica]vwheéf-soil interfacial ' .
stress distributions for a driven vrigid wheel with different degfees of .
slip. As the slippage increases. the‘radia{ stresses on the wheel-
sojl interface decrease in the di}ection,opposite to the wheel movement,
The general distribution of the wheel-soil interfacial stresses, predicted
usnng the finite elenant model, is similar to that measured by Onafeko &
Reece (1967). The predicted resulis also indicate that the hor1zcnta1

and vertical components of stresses conform with the measured drawbar pull

and wheel load respectively. .

For comparative purposes, F1gures 6. 23 and @ 24 also show the”’
pattarn of interfacial stress d1str1butxons correspdnding to. those

Ry
deteymined b} the FEM. )These interfacial stresses; are determined by the

method of characterisgics, provided that the subsoil slip line fields,
© and the line of compression-ténsion divide, are both known from the
experimentally determined‘supsoi1 behaviour, as exp15ined in Chapter 4.

.
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It is perhaps significant to observe that a negative (tension)-
radial stress is computed at the tail end of the wheel contact suﬁ%acg
based on the response characteristics of the supporting soil. Recalling
that the inteffacia] stress characteristics are derived from a knowledge
of the soil and deformation behaviour at resultant stress distribution,
it becomes important therefore fo-pay some attention to fbe‘rei%¥ance nf
‘ the negative radial stress. In effect, this is due to.the rebo;nd
behaviour of the soil which occurs during the unloading portioﬁ of fhe
wheel-10¢dd cyc]egf Contactvbetween\% e wheel and soil is maintainea

during this period. The .phenomenon can be caonstrued thus (Yong & /

Fattah, 1971):

¥

(1) the subsoil is reacting passively during and at the forward
portion df the contact%ng rim, This corresponds to the
fon«ard'thrust of the wheel. . The resultant pressure is

largest in this time and space cycle;

(2) ‘the subsoil reacts actively in the after portion of rim
contact since maximum pressure is reduced, and effective un-
loading and rebound occurs. In effect, one might consider
that the soil acts against the rim to provide an upward

thrust because of rebound.

i

The significance of the above lies in the rebound ability of
the soil. ' It becomes obvious therefore that greater rebounds would
provide for a correspondingly larger thrust from the soil onto the wheel,
resulting in a negative radial pressure.

Y
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. The negative radial pressure cannot be adequately determined

from pressure transducers located in the wheel rim since the negativity

is essentially associated with the a ivg nature of the soil. " The

gauge will always sense a positfive pressure, sQ long as soil contact is

maintained. In actual fact, from ajkpowlgdgé of the deformation behaviour
of the soil, active and bassive’}éfppnse characteristics of the soilycan
both be observed as in ﬁjgure 6.25. | '

In spite of the fact that»the interfacial stress distributions
predicted by the FEM and determined by the method of character1st1cs are
d1fferent they both sat1sfy the cond1f\pns of equ111br1um, the differences
can be ascribed to the same”kgfsons used in the description of the
differences between predicted and experimenta]iy determined subsqi]

stresses (Section 6.4).

*

6.6 Deformation Enerqgy Contours

In the visiop]asticitj méthod the power of deformation energy

(enerdy per unit width per unit travel distance) at specific points in

.. the soil beneath the moving wheel is calculated, using information concerning

. the subsoil deformations determined by x-ray photographic technique

(Appendix-A). The methods of calculation are explained in Chapter 4.
\\. v
The resu]ts are presented in the form of deformatlon?energy contours,

Figures 6.26 to 6.28, for different wheel 1oads and degrees of slip.
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In the FEM the power of deformation energy is determined at
every nodal point of the FE idealized subsoil grid by averaging the
values for all elements surrounding that nodal point. The EE energy

" contours and the contours obtained from the visioplasticity method are
both plotted on the same figures for ease of comparison.

Generally, the contours are curvilinear in the direction of

wheel travel, with the concavity towards the direction of motion; also,

-l '/

they are shifted in the direction of>motion with decreasing degrjf of sﬁip.

The deformation emrergy contours can express the degree*of

——

subsoil distortiont and thus the zones of Waximum distortion beneéth the
wheel can be determined. ‘ |

The results indicate that the ene}gy contours determined using
the FéM conform ' well with those determined by the visiop]ésticity.method.
“Both methods‘gjve the same trend, bu£ the visiépTasticity method~gives
higher values than the FEM, esgeciaﬂy at high degrees of slip.

The difference in the resu1tslis due to (a) diff@rencé; in
thé s0i1 stress-strain relations used, and (b) the choice of the soil

shear strength value {n the visioplasticity method.

6.7 Energy Balance : : y

The predicted wheel performance using the visioplasticity
technique tagether with the finite element prediction is shown, Tor the

. 34.0 1bs aluminum_ wheel, in Figure 6.29. The soil pa?ticle path at the

¢
l

TV\‘
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whee]-soii interface, as determined frsm x-ray photographic téchnique,
was usea as a loading bounﬁary for the finige element solution.  The
results indicate that the degree of correlation between the finite element
and visioplasticity predictions is good for low degrees of slip, and
decreases with increasing s]ip._ The discrepancy betweén the FEM-
pﬁgdicted results and measured results at high s]ip is due to neglected \
effect of'strain rate on the mechanical properties of soil in the FEM-
treatment. ' _ . .
It should be aqu noted thatltﬁé(predicfed results using the
visiop]gétidity techniqge correlate well with the measured berformahce,
both af low and high degfee of slip, as the strain rate effect is taken

into account in calculating wheel-soil interfacial energy loss.

N
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CHAPTER 7

SUMMARY AND CONCLUSIONS

7.1 Summary " ’ "

A fundamental prerequisite for off-road vehicle mobility
researgh is the exact specification of the characteristic of the vehicle
tractive element and the response of the soil under vehicular Toading.

The performance of:a moving rigid wheel and the behaviour of
the soil beneath it were predicted through application of the FEM;
the predicted viheel performance was compared to th& experimental surficial
measurements and the subsoil response, through use of the x-ray photo-
graphic technique and application of the visjoplasticity method. The
FEM provideg a ponvenient framework for -field or laboratory investigations
of the n;ture of the s0il response to vehicular loading and of wheel |
performance over a full raﬁge of degrees of slip. The method. provides
a meansvof properly incorporating the subsoil properties and wheel
dimensional parameters into a rational overall theory.

The use of the FEM to predict wheel performance and subsoil
behaviour beneath it by taking into account the effect of soil recovery
beyond wgee] BDC, the effect of large disp1acementsland the nonlinear
behaviour of soil, represenfsthe first application of an analytical method
‘to the soil-vehicie problem. In this analysis use was made of the soi?

particle path (obtginéd from the x-ray photographic data) to determine

boundary conditions at the wheel-soil interface. It was then possible
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) to evaluate the wheel;soii interfacial stresses, drawbar pull, the work

dissipated in deforming the soil vertically and horizontally, and the
energy dissipated at wheel-soil interface.
Consideration of the energy balance of the system, making use

: <:5L0f the computed deformations and interfacial energies, allows reasonable

- predictions of the useful output energies and provides a vivid p%cture

of wheel performance and efficiency at any degree of slip.

N

" 7.2 Contribution

This study shows that theorética] aspects of the wheel-~soil
1nteract16n phenomenon pah be defined. A godd prediction can be obtained
$0 long as the boundary conditions and.constitutive relations 'of the
theoretical model correspond well with the.physica1 model.  Specific

contributions are:

1. The developmant of a theoretical mathad (FEM) and its ability
to predict Fheel performance and subsoil behaviour beneath it,
with specific provisions for the effect of loading and unloading,

due to the nature of the wheel movement (Chapters 3 and 6).

2. The successful application of the theory (FEM) and verification
of the correspondence between measured and computed performance,
and between the predicted and the observed subsoil deformation

patterns (Chapter 6).

3. A study of the effect of wﬁee] surface condition oﬁ its

performanée and of sibsoil behaviour beneath it (Chapter 5).
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4. The establishment of a basis for evaluating wheel performance

at any degree of slip (Chapters 5 and 6).

The above provides a useful contribution to the field of wheel-s0il

interaction analysis.

7.3 Conclusions

s

The pr@senf study may be Jooked upon as a step in the direction
of an improved gethod for wheel-soil interaction analysis and performance
prediction techniques,

In its immediate application, the proposed theory and technique
may contribute to a systematic study of a moving wheel on soil by a
rational scanningrof all pertinent parameters.

Eventually, it could be attempted to rationalise the wheel
performance prediction in the field, and subsoil behaviour beneath it,

in terms of the significant soil and wheel parameters and hence establish

a complete and unified theory for a moving off-road wheel on soft soil.’
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CHAPTER 8

RECOMMENDATION FOR FURTHER STUDY

<o 7

= The Finite Element Method represents’ a significant advance

~in the field of soil-machine interactijons. It can be used in thé

laboratory or in field investigations to predict wheel performance and

]

s011 behaviour beneath the wheel. In éddition, several other aspects

of the soi1-£geé1.prob1eﬁ can a]io be studied. These include additional

modifications of the finite element computer model to account for different

types of soil such as sands and soil with both cohesive and frictional
properties and also to account for different characteristicé such as
inflation pressure and carcass stiffness for pneumatic tires.

In this study iglwas observed that the wheel surface configura-
tion had some effect on its performance so that other surface configurations
should be studied. '

Application of the energy balance equation to wheel-soil

interaction studies is reasonably successful for the case of rigid wheels;

7/

-vesearch should thus be extended to the case of pneumatic tires and the

energy dissipated in tire deformation must be considered. Analysis of

the experimental results show specific characteristics for the energy

balance and interfacial energy curves, and investigations should be
directed towards examining the effect of different wheel parameters on

these characteristics (towed point, self-propelled point and singular point).
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A

In addition to the surficial measurements of ‘Wheel | o z
performance (drawgar pull, input forque, trans]ationa] and aﬁgular |
velocities and dynamic sinkage) and subsoil ﬁeasUrement§ {displacemefits), )
special atteﬁtion should be taken to stud& thé mechahisms of wheel-
soil interaction at the interfacial sofil éone;' ‘ L -

The performance preéigtion of off-road vghic]e'traqtive

elements should shift’fromﬁsing1e wheel ‘investigations to multi-wheels

in tandem. ° B ' - .
. b e

r

The Beve]opment of a criterion fon\evaluating the degree of

soil distortion beneath a moving wheel ?nd the development of constitutive
L) ‘\ . .

relations, based on. results of portable apparatus in the field, are | . -
necessary in all vehicle-soil analyses. : ' i
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197 APPENDIX A

EXPERIMENTAL CONSIDEBATIONS.

A.1 Performance of Experiments at Soil Researth Institute
of McGill University

Laboratory experiments were conducted to measure fhe draw-bar
pull, input torque, angular velocity, translational velocity, dynamic
sinkage and the displacement ﬁgtterq within the soilénass beneath a
moving wheel, The facility for doing a.test has been extensively
described by Yong et al. (1967), Yong & Webb (1969), and Yong & Windisch
(1970).

» ”

A.2 Vehicle Test Facility and Equipment

The machine—soi].intéraction test facility consists of nine
|
main units (Figure A-1).
a. Soil Bins
The soil bin of the McGill Soil Research Institute is 32 feet
long, 6 feet wide and 3 feet deep.  The bin is divided longitudinally
ﬁo form two separate bins whose dimensions are 32' x 4' and 32' x 6" |

respectively,  The wide bin is used for model and three-dimensional

| .
: aPalysis. The naryrow bin is used for studying the subsoil behaviour

ih plane strain test condition and for developing mathematical models.

A
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o

b. Dynamemeter Carriage

The ‘dynamometer carriage contains the test wheel, ‘the wheel

drive motor, the wheel Toading system and the dynémometer balance. -

The dynamometer carriage is guided by Z-rails mounted on thé:]Ongitudina]
walls of the soil bin; it is pulled by two continuous chains, one along
each Z-rail. ‘

The function ?f the dynamometer carriage is to provide a
¢

mobile anchor to the f]exurg frame of the test wheel and to support all
equipment travelling along with the Qhéel: the electric drive unit, the
tachometer measuring the angular velocity of the wheel, the L.V.D.T.
measuring the vertical displacements of fhe wheei axis, and ﬁhe required
power supplies. - The dynamometer carriage also has the function of
triggering the X;nay unit by tripping three 1imit switches so located. as

to ensure proper synchronism.

c¢. Flexure Frame and Test theel .

The Flexure Frame is a closed rectangular box on which the
test wheel is mounted through bar rings. The frame is linked to the

dynamometer carriage by two spring steel flexure pivots. Details of

-the connection is shown in Fig. A-2. The strains of these pivots

-measured by electric strain gauges: provide draw-bar pull measurements.

The wheel used vas made of aluminum, 13.5 inches iq,diametef
and 3.75 inches wide, The surface texture was changed by mounting

qifferent types of rubber straps of 1/8" thickness on the wheel vrim.

-

0

oe:_;
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The mobile cassette mechanism allows consecutive exposures

d. Mobile Cassette Mechanism

to be taken on thﬁ?e individual radiographic plates while the wheel
is passing over the sample. |

The cassettes, he]d in the mechanised cassette holder,
travel twice as fast as the wheel, tﬁé instantaneous position of the
center of each cassette on the optical axis of the X-ray beam being
s&nchronized with the triggering of the radiographic unit and the
location of the test wheel EFig& A-3). k . ,

The cassette-holder frame slides in a channel parallel to the -
soil bin.” It advénces under the pulling action of a chain activated
by the same shaft as that of the dynamometer drag chains, through gearing

'imposing a cassette velocity twice that of the dynamometer carriage.

e. Soil Sampie Holder
The soii sample holder is a trapg;oidalwshaped box with .
dimensions 7x3x2 feet and with an interior Q?dth of 4 ins. (Figs.A-4).
The ho]der is‘equipped with removable lucite sides and removable tOQM~
plate; when placed in the 6" wide channel, the sample is jn such a \
position as to allow the optical cénter of an embedded lead marker array

to be coincident with the optical axis of the X-ray tube.

f. .Hydraulic Drive Unit . -

B

The chains pulling the dynamometer carriage and the mobile - )
cassette holder are powered by a hydraulic motor. The velocity and «
divection of chain motion are controlled by flow control valves and

directional valves.
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g. Electrical Wheel Drive . 4

The angular velocity and torque input to the wheel are
provided by a DC electric motor. The rotational speed of the motor,
and hence the torque input and angular velocity of the wheel, is
controlled by power rheostats.

- The connection to the test wheel axis is completed through a
chain drive, telescopic shaft and universal joint mechanism. A
tachometer generator attached to the’gheel—dr{ving system is used to
measure the angular velocity of the wheel, together with a torque cell

to measure the torque applied to the wheel.

h. Electronic Circuitry

The electronic circuitry is designed for measuring six wheel
variables. All me@;uremants are recorded on a strip chart, ultra-viglet
recorder. ‘The 'electric circuit corresponding to every wheel variable is

shown in Figure A-b.

i. Radiographic Unit

3

. S ‘
The X-ray unit is a 300 KV flash X-ray unit which can pulse

series of 10 exposures at a rate of two exposufes per second. The

flash x-ray tubes use a cold cathode-electron source resulting iﬁ high

current densities and very large information rates.

W
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A.3 Skid Test Facility

The apparatus consists of a tool plate rigidly attached to
a carriage which allows it to transiate both horizontally and vertically
but which permits no angular rotation, Figure A-6.

The carriage itself is mouﬁted oﬁ roller bearings which travel

on polished guided rails.  The rails are machined to a tolerance of

0.003 inch, and as a conseq;énce the frictional resistance of the
system was reduced to a minimum, the’>force required to overcome this
re§istance being typically of the order of 2 - 4% of'the total measured
horizontal forcg.

The drive mechanism of the apparatus consists of a threaded
shaft which is, in effect, a worm gear.  This is driven by a 1/3 h.p.
Vanying-speed electric motor and a V-belt pulley assembly through a
system o% gears. ‘ '

The carriage and tool assembly are mounted on a frame in such
a position that it-is situated directly above a soil bin whose dimensions
are 2238 x 4" 4n ptan. form and which usually accdmmbdates a depth of
clay of the order of nine incﬁes. The bin is equipped with removable
lucite side walls and is mounted dn castors to facilitate its removal

from under the carriage. The carriage and bin are shgwn in Figure A-6. y
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A.4 éampTe Preparation

The preparation of the soil test sample can be summavized

in the fTollowing three steps.

a. Soil Preparation

, A
The powdered dry kaolinite is deposited, forming approximately
2-inch deep layers in the batching reservoir. Each layer is sprinkled

with sufficient water to’bring the soil to the desired water-content,

The water is §11owed to soak in and the following 1ift is added, The

moist soil i% left to cure for one week; 'it is then removed i?d placed
in po]yﬁhene bags where it is allowed to equi?ibraﬁp\f@r éﬂotﬁer three

or four days.-  The above procedure vesults in a ﬁ;ﬁ%ure with very

uniform moisture conditions in the range of '53.5% L 1%,

b. Test Sample Préparatimn M
The removable lucite side wall of ihe sample holder is taken

!
placed in small lumps, iamped and vibrated in one~inch Tifts.

off and the inside of the bin is coated with vaseline. The s0il is

After the replacement of.the‘seéond soi1‘}ayer, a tgmp?ate‘
js pushed ‘gently against the smoothed soil surface after being aligned
andtpenteréd along the frame of the sample holder iﬁ such a way thatl the
resuiting grid‘patternQand its optical center are co-linear with the
optical axis of the x-ray tube when the sample is set in the iest bed.

then the template is removed, a network of rhomboids of 1in. side

¢ v

.~ dimension haviné 14 yvows and 7 colums s left imprinted on the soil;

~ ' \ )
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' Vlead markers are then gently pusheﬁ in the fmprints with twgezérsg
' Mo}e,layers are added until the sample thickness is slightly above the \
sample holder rim. The séﬁp]e is then tr%mméd by ‘a stgetched wire
sliding on the edgés of the sample holder, the vaseline-coated removable
front is clamped in place, and finélly the sample. holder is placed in

position in the soil bin and the toéﬁEurface‘ig smoothed and levelled.
\

c. Testing Procedure

>

The following procedure has been followed in order to complete -

one soil-wheel test.

Y

(i) An initial X-ray phothraphjis taken for the undeformed grid .

within the soil. If it appears that the array has been too

N g
A -y

severely distorted during samp1e preparation and subsequent
7 man1pu1at10n the sample is removed and the samp]e preparation

LT .
\\procedure repeated. . =

\ . .
(i) TQé hydraulic pump is then started and the wheel brought to

the starting positioﬁ. At the same time initial measurgmenté
are ‘Qbtained for the height of the soil surface, relative to
- ) the zktfcal center of the grid network, together with setting

. the zero readings for the six measuring circuits.

(iii) The rheostat control of the eléctric'drive mechanism and the

flow control valves are then set to yield approximately the

!

a

desired';]ib rate.

o
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zf ) (iv) The wheel is lowered onto the soil surface and t?e hydraulic

-«
Pe

af

drive started.

w

(v) Three x-ray photographs are obtained automatically by triggering
three successive microj§witches (Fig. A-3) and a final fifth

photograph is obtained of the deformed grid at the end of the test.

o

A.5 Soil Properties ' s . ..

The soil used in the experiments is pure kaolinite clay with

the following engineering properties:

Liquid 1imit 54.5% ,

Plastic Timit 37.5%
Specific gravity 2.62
Particle size d{stribution 74% finer than 2 microns.
The grain size distribution curve for the clay is shown in
Figure A-7. The complete chemical analysis, by weight, as provided
. by thé supplier, is given as: ‘

1

510, ©47.39%

A1,0, 37.94%

k,0 ' 1.17%

Fe,04 - .36%

Cal .32% ‘ ”
Mg0 8%,

Na0 }07%\l

Ti0, .05%. ’

Loss on ignition 13.02% .
100.50
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An x-ray diffraction, Figure A-8, revealed that the clay was primarily

. kaolinite (approximately 93% by weight) with some i11ite (about 7%).

Stress-Strain relation

"True triax1él"'tests were performed under plane strain
conditions in order to reproduce as‘closely as possible the assumed
conditions during the soil-wheel tests. For @his purpose, prismatic -
samples (2" x 13" x 43") of the same clay were prepared, similar to the
clay used for the soil-wheel éxperiménts. Thé tests were performed
at three different cell pressures (0, 2.5, 5 psi) and at axial loading
ve]ocigies of .1, 1.0 and 2.0 ins/min. . The results of the tests have
previously been shown as{figure 6.2.

For comparison, simitar tests were performed on cylindrical
sampies in the conventional manner of axisymmetric triaxial tests.
These samples were of dimensions 1.4" (diameter) x 3 1/8" (iength). The
results of the tests have been included in Figure 6.3, The results
verified the absence of wei]—defined failure conditions, i.e. no §train

softening behaviour; this result is not due to the plane strain
k AN
"true triaxial" test restraints. Figure A-9 shows' the effect of the

Wiy

loading rate on the shear strength values for the kaolinite clay.
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DATA REDUCTION TECHNIQUES

[

There are two types of data that can be collected from soil
tests. The first type concerns the surficial measurements such as
draw-bar pull, input torque, translational velocity, angular velocity
and sinkage. A1l data concerning the surficial measurements are
recorded continuously during the test on an ultra-violet strip chart.
The values corresponding to the recorded signals are calculated using
calibration charts for every surficial measurement. )

The second type of data concerns ithe behaviour pf}the 5011
beneath the moving wheel. The experimentally measured displacement
field together with a knowledge of the constitutive relation of the
soil, allows the subsoil strains, strain rate, velocities and stresses
to be calculated.

For the subsoil behaviour, the methods presented here are
somevhat similar to those previously reported by Yong & Fitzpatrick-Nash

(1968) andngy Yong & Windisch (1969) in that a grid network is used as

4

B.1 Grid Plotting

N
.

As described in Appendix A, radiographic x-ray records are made

of the deforming grid during the moving of the wheel on the soil. By

.

a means of defining the deformation history of a particle in the soil mass.
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superimposing these x-ray plates on to a sheet of paper, the- locations
of the grid nodes are plotted for five successive wheel positions,

representing respectively the undeformed grid plus three ‘subsequent

positions at -6, 0 and 6". From the center of the grid the fifth
‘ jmage is then taken after removing the wheel off the soil. The plotted
field for each image is a grid 6" x 6" in size. The field consists of

191 node points arranged in a staggered net to form a grid of-7 columns
and 14 rows. The superimposed five images provide a complete descrip-
tion of the separate particle trajectories due to the moving of the wheel

on the soil (Fig. B-1).

B.2 Determining the Grid foordinates

The sheet containing the plotted grid points is mounted on an
X-Y recorder which is attached to a General Electric Process Control
Computer, as shown in Figure B-2. The input voltage, Ei, and the
sensitivity of the recorder, in both X and Y directions, are adjusted
such that full-scale deflection is obtained when the pen is allowed to
cover all the grid points. The adjustment of the potentiometers Rx
and Ry permits the operator to place the pen of the recorder at t;e
desired grid point. |

The output voltage of the recorder, Eg, forms the input to an
Integrating Digitd1 Voltmeter and thence to the computer logic circuits.

The voltages thus produced by the X-Y recorder are converted into X and Y
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]

~ coordinates, expressed in inches, relative to a chosen origin by means

of program "25". The coordinates were stored on magnetic taﬁes then
transferred to punched cards by program "TAPE 25".

The punched cards were used by program "VISIOPLAS" as an input

.data for determining tﬁe subsoil behaviour.

vy

B.3 Visioplasticity Technique , ,

This technique is concernad with the ana1ys%s of visual results
using plasticity theories. It was adopted previously by Yoné el al.
(1969, 71). Ib this thesis it is used for the analysis of the x-ray
photography of the displacement pattern of the soil beneath a moving
wheel. '

An x-ray technique is used for recording the positions of
embedded lead markers at various times corresponding to various iﬁstaﬁ-
taneous positions of the moving wheel, and provides ﬁnformation which éan
trace the "distortion" motion of each marker. A single continuous grid
can be obtained by aligning the images side by side, since the horizogta1
distances between their optical center for consecutive exposures and
x-ray slides are determined. ' The velocity and displacement calculation

can then be made following adjustment of the undeformed and deformed

grid coordinates.

3

‘a. Grid Adjustments

The calculation of velocity and strain rate components is

greatly facilitated by a regular interval between adjacent grid nodes.
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Evidently, the method of manually preparing the grid together with soil
heterogeneity, results in deviations of the 1ines from straightness and
orthogonality. In order to ensure an orthogonal grid composed of
straight lines, the initial undéformeq and subsequently deformed grids

are subjecﬁed to approximate geometriéa] adjustments as shown in Figure B-3.

The method of approximate geometrical adjustments, as adopted
by Hindisch (1969), is described in this paragraph.

New undeformed grid cookdigates are arbitrarily defined to '
provide an "adjusted undeformed grid" of regular Horizontal and vertical
grid lines corresponding royghly to the original gridl -The respective
displaced positiog; on the deformed grid are adjusted geometrically.

The following symbols are used in the operations involved in

these adjustments.

/ s

Xi,YI = original undeformed coordinates

“ XIA,YIA = adjusted -undeformed coordinates
. WYY = origiﬁal deformed coordinétes
TXXA,YYA = adjusted deformed coordinates

¥

The adjustment in the abscissa of an undeformed grid point (I,J) is

'
«

DI = XIA(1,d) — XI(1,J)

and constitutes a first adjustment to the corresponding deformed grid

ﬁbint abscissa. ° The rate of adjusting along row J is’

c1 = MIA(I+1,3)-XI(1+1,0)~XIA(1,)+X1(1,d)
XI(1+1,d)=X1(1,d)

resulting in a second adjustment to the abscissa of the deformed grid point:
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w2

L D2 = [XX(I,9)=XI(I,J)]C]
. Similarly, .the rate of X«adjustingialoné rowW J+i is: .

XIACT+T, 041 )=XT(1+1, d#1)—XTA( T, d+1 ) X1 (1, J+1)
'_x1(1+1,d+|)—x1(1,g+1)

C2.=

/ . - . ~
-

© resulting in the adjuatmen%
/ .
1. i p'2 =.{XX(I,J+])~XI(I,dt})]C2

A third correction to the abscissa of the deformed grid point is due
o ) & ’ ‘
to vertical adjustment:

4 f . o

° o YY(1,0)-¥1(1,9)
D3 = (D'2-D) YT FeTyNT(T, 3T

v L

»
B

" The adjusted abscissa of the deformed arid point (I,d) is finally given

by the sum of the above adjustments:

X¥A(1.d) = XX(1,J)+D1+D2+D3

" The ordinates of the deformed grid are similarly adjusted. The calculations

o

are perforﬁed by the computer ‘program "VlSIOP;S".

b. Displacement, Strain and Strain Raté Analysis

1. Displacement

L e SR Lo

CThe disptacements qlong any rows of the grid nodes can be

bl

“calculated from: | o

XD(I,0) = XXA(I,3)—XIA(1,J)
YD(I,d) = YYA(I,d)~YIA(I,J)
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<

gﬁ ‘where’ XD,YD  particle path coordinates
’ XIA,YIA  adjusted undeformed grid coordinates
XXA,YYA  adjusted-deformed grid coordinates

I,J column and row indices respectively

DR DT, S R R D hipup i

The ve1oéity components can be computed along any stream 1line

using the following equations:

. (XD(1,d)-XD(I-1,d) * VX/DX ° " . g
(YD(1,d)-YD(I-1,d)) * vk/DX

41

vhere u(1,d)

/ V(1.,J)

U,V  horizontal and vertical ve]oéity components

!

VX translational yheél velocity

DX distance between the adjusted undeformed grid
. ’ coordinates -

% 3. Strain Rate Components D\\\\\\
S
€x = 3% .

. _ 3U , aV.
Ty (KV+ 5 '

The actual calculation, carried out by the program "VISIOPLS" (Appendix C)

15 as follows:

L : : . T

f
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E§‘ ‘ EDX(1,d) = (U(1,d)-U(I-1,d))/DX
EDY(I,d) = (V(I,d+1)-V(I,J-19)/DX
GDXY(I,J) = (V(I,J)-V(1-1,3))+(U(I,d+1)-U(1,d-1)))/DX
- STRR(1,J) = SQRT((EDX(I,d)%#2+EDY(I,J)%%2)/2.+

"y ’ GDXY(I,d)n%2/4.)

¢

EDX, EDY,‘GDXY Strain rate components

STRR Second strain rate invariant

>

The effective sirain rate § was obtained from the calculated

strain rate components \%ﬁ . 1
\ N )
,G\\% o0
o 2 rpe 22 2 .. .37, 243
&= 5 1(e ) (e ) e 2 430, )7

B L

Strain components are obtained by integrating the strain rate

components with respect to time by using Simpson's rule.

[
194

S,

e(1,d) = 33§ [(1-2,0)+82(1-1,0)+28(1,d)+

E

4§(I+],J)+2é(1+2,d)]

. The "effective strain" ¢ can be obtained from the strain components by

- . using the following formula i
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H13) = § Lo (1) e (1) 2me, (L) (1,9)4dy, (1,0)2F

- . W

The volume change is determined along the marker rows by
calculating the change in each area surrounded by four marker positions

as shown in Figure B-4. Applying the principle of conservation of mass,

P1hy = eohy
Pi1 _ A2
°i2  Aq
where
Pi1 = is the mass density or specific mass of _Lhe ith element
before deformation.
Aﬂ = is the area of the ith element before deformation. S
Pip = is the mass density or specific mass of the ith element
after deformation.
Aiz = is the area of the ith element after deformation.

F

5y




original
so0il surface

Direction of
. -
Wheel Travel

original grid coordinaces

deformed grid coordinates

Fig. B-4 Calculation of Volume Change

f

922
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B-4 LISTING OF PROGRAM "25"
“anng ADE. START=10323
T2 0T REMIDVE, 25
= QO T JOE TOMEILE, IS NOLTST
000 C
| GO0S oy .
5 00A I WHER THE FROGRAM 13 STARTED . THE USER I3 GIVEN THE OFTION
00T o OF STARTING & WEW RN GR CONTINGING &N OLD RUN
NOOE n : :
OO o THE PROGARAM 13 FAIL-SAFE. DATA IS WRITTEN TD DISC AFTER
GOLO C EVERY FOIMT ENTRY .
1o & S
0012 N A BUTTON PUSH WITH SW17 UF MEASIIRES A COORDINATE FAIR
COLE o IF SWie 15 NOT 00K THAT FAIR I3 FRINTED
Ho1L 4 iz
DOLS . SO BUTTON FUSH WITH W17 ool GIVES THE USER 4 GRTIONS
Ploote © ,
ant C NI II?NF:-F'E'E TrHe TN FlisH
o012 [ FINI TRIMGERST THE CALCULATIONS SND REFORT
D01 i STOF STORS THE FRIDGRAM SLLDWINS THE USER TO CiONTINUE
QOO r AT & LATER TIME
0Ozl [ TATE ALLOWE THE JIER T EACHIFACE IT CALLS FOR THE
ooz o NEW INGINES 1.4 FoOR VCI.J)  &ND VW I+1..d)
' QUZ= i I MIST GE AN DU HiMeEER ’
Ll ooza C -
O s Y C
t00z4 o THE FRONDFAM RIMDS THE -0 UEVICE EBELL AFTER EACH 10 POIINTS
i 17 r
NEE [
g 0Oz LonInaL 195
, DO TIIMENTION 1O WO1T5s S VWL Ss S)REST 3)
L0031 GIMENSTON XICE7T L1349, Y07 14,5
1002 TaTa [BELL /70014 ""\1* T '
] O3 IF=IX7X%
Hlooza IR=TX&X
L 003S CALL a1
[ | o026 ML= T XS
0027 C {
ooza 1100 CALL MSBTYRC IR, 14, 1AHNEN FUNSG. COMT=1 3
I oozo FEIREFLY! IR, 160 1)
DOAO G TO (1110,1100.1100.?9??5.1
0041 o -~
004z 1110 IFCH NE O &30 TO 1130
004% - o
0044 Do 1120 dgfl-ﬁ
004S OO 1120 I67E1. 194
0045 We IO, JD D )
G047 1120 VI ID, .J0)=0, )
004S C
0045 1D=~1
0OS0 JD=1 , <
£
1 ’ “x)_m
(”” - )
a

"\r\c"u
QUUJ




L DOSA
OOn7
QOSE
(IR
QDA
D0AL
GOAZ
Qe
COAG
GOALS
OO&A
QCET
RIS
QOAY
VOTO
CO71
LO7
N7z
IRIsdravs
G075
COGT A
: Fard
" RO7E
0T
S DOT
oNS1
nInicond
GO
Q0S4
L OnES

FO0EA
00T
("\(‘»" =
QOzw
SO0
GO=1
Q022
CoOTa
Q094
QOS5
[#1910F:
D097
O
HOoe
G100

O

)

)

1200

c
2000
2100

1
[
-,
-
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D3 T 7000

ENTER FAL
SEE DTRICOZ
LDF XFERIN
ZPR DELD IO

LEAVE PAL

WRITECIF. 1Y T0L J0VWCTD D, VI TR+, JD)
FORMAGTOLX,. 1ORLAST FOINT, 214, ZF1D )
ST Zi00

I8¢ NOT ISSWO17 3y &0 T T000

CALL MIGTYRO IR, 24 ZAHNGR=G. FINI=1, STOF=. BACH=73
F=IREFLYO IR, 10, T8

LT 2110, 2100, 210D, 2999, 1
IFCE ED Q) GO T 7000

IFCE EC 1) 3100 T 3000

IFCY EQ ) 20 7O w9y

IFCE NE 3V G0 T 2100

CALL MERTYROIF. 7, 7
ID=IREFLY (Iﬂ-ih’I)
DITO {220, DA 2RO, T

IFCOIN LT 1y R (IO &7 195

HENTER 1)

\) Lo TO 2200

Call MIGTYRCLIR. 7 THENTER )
SO=IREFLYO IR, Lo 1 Y
GO TN (2220, 2020 2 iy

IFCCID LT 1) OR (JD BT 5)YY DO TO 2220

ID=10~%Z

IFCIDTGT O) G0 TO 1200
10=1
=001 ‘

BOTO 1200

Io=10+2

IFCID LE 194 GO TD 2090

ih=1

=00 o

IFCJO LE 3y 0 T 3100

CaLL MEGETYROIF. 11, 11 4920 FOINTS)
GOOTO 7000 .

CALL ZCNE(CFND-REB)
VWO IO, JOi=RETO 1
VIO IO L. D= REQ(Q)

.

)




FAaTTAaH

IBARAY!
A YA
0104
010s
} G104
0107
0108
Q107
o110,
0111
0112
0112
0114
Q11S
D114
Q117
o112
0117
Q10
wiz1
D12
s} b
o1z4
N1ZS

~

RV g8 ]

]

%
3¢
S7000

[

OO0

O
;—-

tQ
s

140
1873

229 1

IFC MNOT ISSH
FORMATOIX, 213, ZF 10
Vos mMone 1o, 14)
IFCE EDO 13)

ENTER FAL
SPE

LTH:
SFE

OTRIZOZ
XFR
DELLDS0

M3 S
IR, &
IF, 7
~cd
FRIDNG

LoXx
LOx
LoX
SFE
LDG
Il
574
:'r':‘[
“FE
Rz
Loz
=T
FaI
*FE
=R
LEAV E

YNTFQO
FIXLOD
OFFCO1L
‘?‘; ‘-)« C"

n

XNTPOO

3w 1
fve 73

"3 u (3]
u

DONTINUE
IP’”T
1

Wi

-

'-3.’ .vl \Jl\"
{ VW 100 ,.J—
had

1
B = o 257
READC IR
FORMAT(
00 20z
D020 1
W T, J9)=Vl
CONT ITHUE
oo 20T 08=1. 5
O 203 1=2.194. 2
We T 2=V T, 08 B

[
Ll
M.
J3=1, 9

1
)
=1
{ PRI

+

FODIONT TNUE

WRITE( IFZ, 47 )14
FOWRMAaTS 7777777777 1H
)

=1

WJo=1

IM=0

1A Y)Y WRITECIF, 20

\

ID. JDLRESUL Y RESOZ)
4

cAaLL MISTYROIF, 1. IRELL)

S - VLS, J3 )

Y= VWOTZ, I3 )

:1OX,1¢HﬁL&TTEﬂ COORDINGTES. 30X, 7HTEST MO, 1D




-

NSt

- 153
Q154
015%
Q194
0157

FAaTTmaH

144
1945

230

N

Ir=1

I =1M + (IC#2)-1
I1=1+1 -

IO I0, JC 3= T S
YCIC, J0 S )= T, JS)
IC=I0+1 '

IFCIC— 7)) 145, 145, 144

0153 136 IM=IM+14

0159 JC= T,

0140 IF(.J0—14) 144, 144, 147

0141 147 . di=03+1

0162 IF(J5~53143, 143 150

Olas 150 IFC IS3W 1260 TE 205

0164 140 00 2605 J5=1,5

0165 WRITE( IFZ. 17505 ‘
‘ N14b 175 FORMAT 1HG. SOX SHIMAGE HOL 12, 1HD, SOY, 1 2Homm—s e e
tlagay OO 150 Jr=1. 14 | :
i 01 aE WRITEC IFZ, 180 M0 E X2 I0, 00, I3 I8=1, 7 )

O}é? L0 FURMQT(iHD-BHRDN-IB.?Y.IHK:T F7 3)
o170 WRITES IFZ, 125 W Yoi IR i, I3 I0=1, 7 )
le1T 125 FORMATI “1H , 9%, iHY. 7 F7 37

| 0172 150 CONT TRIE

L0173 TOS CONTITHIE )

G174 - , o

017% ENTER FAL

0174 SET OTRCOXD

" LIH XFER

0175 IFE DELLEO

o175 LEAVE PAL

0120 i

D181 9979 CALL ARZ /

0182 STAR }

C1ER C /

0154 ENTER PAL NS

013S TLIAD EOL DT I000 ~

jo o BUF EOL /2000 K\

jo1a7 % -

l18s

0191
O19z
01973
0194
GL9S
0196

XFR

XKFERTIN

DEL 1, BELIAD

o129 R O, BUR
0150 DEL . Vi

DEL S BLVA
FOF O, BUF
DEL O, VW
DeEL 1, BLVAD
FiOR O, BUF
DEL. O,

0197 W BT 7EC
0198 CON D=1
0199 COMoTL L
0200 ES3 4%




IO
(Z0S
Oo0S
OZ0E

COZNT7

D20,

OO0
QZ10
0z11
0712
0Lz
0Z14
Qc1n

wIlle

55,

Vid E2S 980
1D Esa 1
A0 B2 1
B3s 4z
WD CON D OQ335007
COM O, QOIA0T0
. f:|:|N Bx "‘1
DELC2O LIE
Ao LIB
A4 Lie
LEAVE PAL
END
JNE RELEASE, 295
A_“:lEi, LV
OnS. 10302

JOE. EMD

“n

231

£y




)01
302
503
304
)05
706
107
yo8
)09
10
)11
nz2
313
Nna
ns |\
e

‘37

)18
)19
)20
)21
)22
23
)24
125
)26
127

*OPTIONS

tSTATISTICS®
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B5  LISTING OF PROGRAM "TAPE 25"

‘101
3

100

27

28
999

998

T ONS IN =FFECT%

IN ZFFECT®

SOURCE STATEMENTS =

DIMENSION SUF(1+400)
J =1
READ(B.3END =999:ERR=998)
FORMAT(64A3)
READ(B .1 cEND=99I2 . ERR=998)BUF
FORMAT((8(64A3)))
DI 100 I =1.330
BUF (I )=AZGPACIBUF( 1))
N=1 '
NN=N+#+12
BRITE(L2)Y(BUF{I)s I=NeNNa2)
WRITE(7 «2){BUFLI)e I=NNNs2)
M= N+ 1
MM = NN 4+ 1 .
WRITE(G6.2Y{BUF(I)s [=MMM2)
URITE(T742){(BUF(I)elx=MeMMe2)
FORMAT(7F8.3)
WRITE(604) ,
FORMAT(1KO}
M = N + 14
IF(N = 967 )27 627028
CONTINUE 4
J=J ¢ 1
IF{JILE.4¢}GO TO 101}
s5TOP
STUP 1
END

NOTERM, 1D s EBCD1CSOURCE + NOL IST+ NODECK s LOAD «NOMAP 4 NOTEST
56
27 .PROGRAM SIZE =

NAME = MAIN e LINMECNT =

FSTATISTICS®= NO DIAGNOSTICS GENERATED

-\
AN
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ITRAN IV Gl RELEASE 2.0 AEGPAC DATE = 74350 17/
J01 FUNCTION AEGPAC(N)
. C L
N C CONVERTS 2+ BIT GEPAC FLODATING POINT TO 32 BIT IBM FLOA ~
b c THE RETURNED VARIABLE IS REAL
c
J02 DATA L17/131072/
203 DATA L24/16777216/
104 DATA LZ2or67108864/
305 DATA L30/10737418247/ .
C
206 IF{N) 1.2:2
207 1 NEG = 1
J08 M =(N + L30%2) /256
209 GO TO 3
310 2 NEG = 0
211 M = N/256
32 3 MI7 = M/LLT ‘
313 I = 16%24xMUD(MI743.4)
14 J = ({MODIM17.64)%+ 32)%L26)/L26
)15 IF(JeGTo0) 4 = J + 3 .
N6 'J o= (J/4)%L24 ¢+ MODIM.L17T)*1 + L30
17 CALL SwWMDE(XeJd}
3618 IF(NEGGEQ.!) X = =X
19 AEGPAC = X
220 RETURN )
)21 END N“k

< FOPTIONS IN EFFECT* NOTER_@-1DeEBCDXCvSOURCE.NOLIST.NODECK «LOAD « NOMAP. NOTEST
€0OF ONS IN EFFECT% NAMEI' = AEGPRAC « LINECNT = 56

ESTATISTICS® SOURCE STATEMENTS = 21 +PROGRAM SIZE = 768
ESTATISTICS®% NO DIAGNDSTICS GENERATED
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{TRAN 1V G1 74350 1773

RELEASFE 2.0 . SEMDE DATE =
101 ) SUSROUT INE SWMDE( T .J)
C
R N C THIS SUBROUTINE IS USED TU DEFEAT THE IMPLICIT CHANGE OF
a y c MODE IN THE STATEMENT X = J :
’ C -

| 102 1 = J .
; )03 RETURN
{ )04 END

CRPTIONS IN CFFECT*® NOTERM. 1D+ EBCDOIC, SOURCE «NOLIST s NODECK oLOAD o NOMAP ¢ NOTEST
OPTIONS IN EFFECT%® NAME = SwWMOR o LINECNT = 56

STATISTICS*® SOURCE STATEMENTS = % +PROGRAM SIZE = 302
-STATISTICS* NO DIAGNOSTICS GENERATED

STATISTICS% NO DIAGNUSTICS THIS STEP

s

3




235 : . APPENDIX €

2

VISIOPLASTICITY

The behaviour of.soil under a moving rigid wheel is determined
by the visioplasticity technique. The governing equations for the
technique were explained in Chapter 4 and Appendix B. A program based on

this approach was developed to determine from the five X-1ay photographs

of the embedded lead markers the soil particle path, velocity, strain,
? strain rate, direction of the principal strain rate and deformation

energy contours. The following identifiers are used in the program.

f Identifier Definition
: | X( . ) Undeformed grid coordinates-X
?I( s ) Undeformed grid coordinates-Y
XX( 5 ) Deformad grid coordinatesgﬁ
IYY( ; ) Deformed grid coordinates-Y
Xl 5 ) Adjusted undeformed grid coordinates-X
YIA( . ) Adjusted undeformad gria coordinates-Y
XXA( 5 ) Adjusted deformed grid coordinates-X
YYA( 5 ) Adjusted deformed grid coordinates-Y
() Particle path coordinates-X
' yo{ ) Particle path coordinates-Y
g u( ) Horizontal ve]qcity components
v( ) Vertical velocity components
_ AREA( ) Area of the quadrilateral element. surrounded

) . by four adjacent markers




¥ EDX( .
EDV( 5
S eDXv{ ,
STRR(
7 STRX(
| STRY( ,
: STRXY(
§ W,
: NT
g WL
‘ 1D
:
5 Uy
3 VX
3
E@ OMEGA
%; \ Y ()
" SOSFD
A2

236

Stfain rate -X component
&

- Strajn rate -Y component

Strain rate -XY component
Second strain rate invariant

Straiif_<omponent -X

~
1

Strain component -Y

Deformation energy

Principal stfajn rate direction
Test number

Hheel load

lheel diameter

theel width

Translational wheel velocity
Angular wheel velocity

Coordinates of wheel-soil contact point
with respect to x-ray optical center”

Ratio of source-object'distance and source-film
distance

Soil shear strength

I
r
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F

T

Le oy

o
“

\

coco00n

4

3

CSTRX( T,

14

"1C3

1co
1€5

OO0

©
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‘c-1  LISTING OF PROGRAM "VISIOPLS"

LNCEFCRMED ANC CEFCRMEC ANE CEFCRMEC CCCREINATES

REAC ANC PRINT TEST NUMBERAND WHFFL PARANETERS

: -1

DIMENS ICN MBU Py 1asS) o ¥BITolbo5) e XELTo1445) 3YE(T,14,5)
DIVENSICN YYA(20,14),PREA(3C,14),CEN(3C,14),CEL2C,14)

CIMENSICN XC{T7:41455) Y01 T31455)%XT1(3C,14),YI(3C,14),XX(20,14)
1 »YY(2C, 14, XIA03C,14),YIA(2C,14),%XA(3C,14),XC(3C,14),Y0(30,14)
CIMERSICN LI2Cy14),V(20,14),FCX(30:14),ECY(20,14),GCXY(20,14),
1 STRR{2C,14),STRX(3C,14),S5TRY(3C14):CXY(3C,14),STRXY(2Cs14),

1 W(20,14)
BC 1111 IJKL =1,1
INITILIZATICA

DC 14 J = 1,14

2O 14 = 1,72C %

XI(I,J) = C. 7,
YI(IwJ’ 2( o

UXA(T,d) = Co

LYYACL,J) = Co

XIa{tizg) = Co.

YIA(L J0) = C,

BREA{I,J) = C. o
XD([QJ) = Qe

YO({I,Jd} = Co .
UiisJ) = 0. - 7
V([?J) = Oe’ J -

EDX{I:J} = Ca.
EBY(I,J) = Co
GEXY¥(T1,4)
STRE({, 1)
DE(TI,J9 = Co.

CEN(I¢J) = Co

HIT]
(o]
L)

[
(@]
o

STRY(1,J)
GXV(1¢J) = Co

STRXY(T4d) = Co | oo

h(va’): Co S

CONTINUE . ' B ;
WRITE(6,105) -
READ (S5,1C3INT,htobL bk o VX,CMEGA
FCRMATIIS,5F12.5)
WRETE(C1CCINToHL 3 hColiti s VX,CMEGA
FﬂRf"A‘T(lPOg10&‘715v5){y5F15¢9)

FORMAT(IHC o EX,® . TEST RNC WHEEL LCAC
1 Th 7 TRANSL VEL ANGLLAR VEL /)

READ GWHEEL SCEL CCAYAC# FCINT CCCRNINATES AT INRAGE NC 2
AND THE RATIC BETWEEN S.C.C/S.F.Q

READ (5,111 3Y52,SCSFLoA2
FQRMAT(4F12.5) ‘ ‘
WRITE(6,11C) Vohy SCSFL oA2 ..~

WHEEL ClIAWV

-
-

El

WHEEL WIC

(=}
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T RELEASE 2., MAIN “ CATE = T7413C 12708727

110 FORMAT(1HC,EX,*WHEEL CCCROINATES'y2F15.59,°SCL/SFL =% gF15.9, K%,
1F15.9) .

READ PARKERS CCORDINATES

{
OO0

D0 1C JS = 1,8
DO 1C JC = 1,14
. REAC(S5,5)(XRL1,JCsdS)eI=1,T)
READ(S,8)(YB(1,JCsJSYel=1o7) |
s 1C CONTINUE
R oc 11 JS 1,5 ] \
0C i1 JC 1,14 , - .
JJ = 15 - JC
DC 11 I = 1,7
KELT 9JJedS) = XB(I,JC,JdS)
VE(T JJ3JS) = YBL1,JC,eJdS) -
11 CONTINLUE s s
5 FCRMAT(7F8.3) o 4
C " ’
C TRUE CCCRDINATES QF THE MARKERS
’ CO 20 JS = 1,¢% ‘
DO 2C JC = 1514 .
DO 201 = 1,
XKC{T1:JC,JS)
YClT,JCedS)
CONTINLE
DO .18 JS =
£C 18 JC =
WRITE(E5)
URITE(Es6)
: 18 CCNT INUE
4 . Do 21 JS 1,5
; ¢ Do 21 JC 1514
i WRITE(G6,5YIXE(I,JC,J8),0=1,7)
: WHRITE(G6,5Y{YE(T,JCJS)eI=L,T)
§ 21 CONTINUE
: ' B0 19 JS = 1,
g DO 19 JC' = 1,1
i WRITE(E,8) {nCH
HRITE(6,5)(YCH
19 CCAhTINUE

(1]

o owder

(XE(I,JCedS) —X%XFE(1,5 1) I%SCSFD
(YE(I JCodS) ~YE(L1,5 -131)%SCSFC

e S Al i il
A% .
o

1,¢

1ol
(XR(1,JC-d8)y
{(YB(T1:JCcJd8)y

|
~ 1

Ho#

IS

b JC s JS) s 1=147)

S
4
1
IgJCyJS)v,I*lq?)

OO0

CONTINLOLS CNDEFBRPED AND CEFCRPED .GRIC CCCRLCINATES
S

o
1

7N
AN

N 3
-

244

e Pt
NI
L]

o

I 4

CICsJC,IS) — (A + B)
=YCLIC,JC,J8) b

245
*O

gt o S b Gy bt O
Y oot e (O LY
i —~~ o~
fl v wa {5 1]
o LI 3
-t Ll NI =
@ YYD
T
[
o
f
£ ¥




RELEACSE

20
2¢5
21¢
275

276
280

282
283

2E4
285

265

207

297

299
3CC

301
3Cé

3C2
3CT

3C3
2C8

7 aC4
3¢9

3C5

34C

239

2.0 . PAILN CATE = 7413C
IF (IC - 7) 25C,25C,255
B = éo

IF(I - 12)245,245,26C

B = Ca

IF(D - 18)245,245,2¢5

B = -6, .-

IF{] - 24) 24%5,245;21C
B = "12a

IF(I — 3C) 245,245,217¢%
JC = JC + 1}

IF(JC = 14) 744,244,216
WRITE(&,28C)
FORMAT (11, "UNCEFCRMEC GRIC CCFRD!AATE<°//)
DC 287 JC = lo14 ¥
HRITE(&,282)JC
FCRMAT (1H0,2X, "RCH RC%,13)
m o= 1 :

IMM = [V + S
HRITE( 652851 (XI(1+JC) o [=1V, [MM)
FORMAT(1HC, X%, 10X, 10F10.3)
WRITEC6,265) (YI{T,JC)oI=IN IMM)
FORMAT (1HC, *Y?,9%X,1CF1C.3)

M = iM + 1C

IF(IM ~ 31)284,287,201

CONT INUE

DC 305 JC = 1,14 }
B = 12. ’
Js = 1

[ =1

i€ = 2

HRLTJC)Y = HCUIC,JC o8} —{N4R)
YviiJdC) = Y "‘VC(IC@JC?JS)
fC = 1C ¢}

=1 41

fF{IC - 7)12CC,2CC,3C1
IF(I — 12) 3Ce,30¢,3C2 ’

B = 60

J§ = 2 2,

GO0 YO 299

IF(I - 18) 307,3C7,30C2

B = Co.

Js = 2 .

6C filc 299 e
IF(N - 24)3C8,3C8,3C4 N
B = -6, v
JS = 4

GO TO 299

LF(1 —- 230)2C9,3C5,3C5

B = ~12,

Js = 5

GC YO 26§

CONT INUE

WRITE(6,34C)
FORMAT (1M1, DEFCRMEC GRID CCCCROCINATES®//)

13/08/27
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RELEASE 2.0 MAIN CATE = 7413C 13708722

CC 370 JC = 1,14
244 LWRITE(E,245)UC
246 FORMAT(1HC,2X,°*R0OW RC9413)
w =7 .7
246 IMM = M + 11
NRJTE(éyESC)(XX(I»JC)oI=IWeINN)
350 FORMAT(LFO,%X’51CX,12F8.3)
WRITE(6:365)(YY(T1,JC)1=TM,IMM)
2¢5 FORMAT(LIHC 1% ,°Y®,6%,12F8.3)
HM = IM % 12 N
IFLI¥ - 31)346,370,37C

27C CONTINUE
C
C ACJUSTEC CEFCRMED AND ULNCEFCRVMEC GRIC CCCRCINATES
c
SD0 117 J = 1,1442
, X = =14.5
B . DO 117 [ = 1,20 \
? » XIACE ) = X .
| X = X + Lo
; 117 CCNTINUE
: BO 12C J = 2,14,2 ,
;: X = —1l4b.
; LC 120 [ = 1,30
g XKIA(T, 3% = X
; X o= X ¢t 1o
; 120 CCNTINUE ’
: Y = Q.
; CO 12C J = 1,14 ’
! Y =¥ 4 o5
: DC 130 I = 1,20
£ YIA(T.J) = v .
4 120 CONTINUE \
i J ey 1 - , \,}'
J2 = g + 2
121 DO 14C 1 = 7,25
1T =1 ¢ 1 ,
D1 = XTA(I,J) - XI{(1,d}
\ D2 = XIA(TI,J)=XI(LI,J) — XIAET.Jd) ¢ XTCLsJd)
L3 = XI(1I,d) ~ XI(1,J)
IF(C3 ~ €.1133,132,133
132 D4 = C.
G0 TO 124

133 D4 = (XX, 0K~ XI1(E,4)1/D3 : -
124 D5 °= XIACTT,J2) = XIUI11,J2) =XTA(1,J2) +XT(1,J2)
D& = XTUI1,92) = XI(1,J2)

IF(C6 — C.)1126€5128,13¢

135 D7 = O.
60 10 137 .

126 DT = (XX{I,J) =XI{1,3))/D¢

132 08 = YI(1,32) - YI(I,J) "~ .
IFIDE — Co)135,138,1326 v

13220 D9 = G, . . .

GO TC 140 :

W
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RELEASE

139
140

145

14¢€

147
148

155

314
2C3
2C4

2C5

2C6
221

Z.C T T AN
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CATE =

09 = {VYYlI,J3) - YI(I;J))/D8
XRALL ) = XX(1,0) ¢ LC1+D2%L4 +
Jd=J <+ 1 .

J2 = 4 ¢+ 2 ,

iF(J ~- 12)131,:,131.145

DO 154 J = 1,12

J2 = J ¢+ 2

DC 1564 I = 7,26

it
01 YIAt(TJ) -YIlIgd)

D2 YIA{I4J2) —YI(1,J2) =YIA(T.J) ¢ YI(I,
83 YI(I,J2)-YI(1,:,d) o

IF{D2 -
GC TC 148 |

D4 = (YY(I,Jd) = YI(I,/))/C3 .

U5 = YIAUIT.JZ2) — YICIE.d2) - YIA(LI,J) +
DE = YI(IT,J2) - YILIT,H) >

IF(D06 - 0.115C,145,15¢C

D7 = C.

GO TO 151 »

D7 = (YY{T.J) - YI(I,J})/CC

DE = XIUI1,4) - XU(T,J)

IF{D? - C.)182,152,1¢82

£9 = 0.

GC TC 154

D9 = {(AN(T1.d) ~

[T I A

CollaTelab6,147

i

*1{1,J31)1/D8

74130

13708722

{Es#C7 ~C2#C4)%=CG

J)

Y

YI(IIJ)

YYALT,J) = YYUIsJ) ¢ U1 + D2:D4g +{LS*L7 ~L2%041%C9

I = 30
DO 155 J
XXA(T 1)
Yyva(l.J)
PO 157 J
DO 1%7 I
XXALT, d)
YYALT,J)
CONTINUE
MRITE(6,2CC) '
FORMATU1H1, ACJUSTEC UNUNDEFORMAE GRILCT/,°
DO 206 J = 1,14
WRITE(G,214)J
FORMAT(LFO
¥ = 1
IMy = I 2 G
WRITE(6,2C4  (XIA(T,3)I=IM,INM)
FORMAT({LIHC, " X" ,1CX,1CF1C.3)
WRITE(Go2CE)(YIACT ) o I=TP o IHM)
FORMAT(LIHCo1Xo 'Y *ySXo1CF1Ca3)
¥ = IM 2+ 1C
[F(IM - 31)2C2,2C¢€,2C¢
CONTINUE
WRITE(6,221)

1.12.

XX(LpJI4XTALT ) = XTI, )
YY(EsJd) ¢+ YIALTLJY — ¥i(I,J)
13,:14 .
1.3C . . ‘
XR(ToJd) & XIACT oJ) —~XT{1,J7V
¥YY¥{ioJd) + YIA{ToJ)Y — YI{I,.J}

oo oo

Iy

TROW NC®o13)

FORMAT(1H1,°ACJUSTED CEFCRMEC GRID! /=~~~

DO 227 J = 1,14
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RELEASE 2.0 TEAIN e CATE = 74130 T 13708422
A
LRITE(E,222)
223 FORMATUIHC,®X ', *ROW AC®513) ' .
’T’j [f!:? .
- 224 (MM = IV + 7

! WRITE(E225)(0XALT ) o I=Il 1M
225 FCRMAT(LFC,'X%,10X,8F10.3)
HREYE\!évZZE)("IYA(IwJ) si=TVMIMN)
226 FORMATULHC y1Xo%Y® 3 GX,EF10.3)
iM = IM ¢ 8
: TFUIM = 21)224,227,227
; 227 CCNTINUE o
: WRITE(G,112INT
113 FORMAT(1F1,10X, AREA RELGCENS®, 72X, TFST NC*»15,7/)
DC 216 J = 1,13
DO 216 I = 1,26
AREA(I,J) (ABSEINXACT I+ 1) =XXA(T 4V FHIYYALTI+T,d%1) =YVA(I,d))
1 ~(XXACT+1,d41) ~XXACT 0D 0YYALT J+1)=YYR{1,0)))
' 1 ¢+ ARSOOXXA(T+1oJ) =XXACT ) )B(YYALT+1,J+1)-YYALL,J))
1 (XXA(T41,J41) = XXACE,)IH(YYALLI+1,d) =YYALLI,J)))) /2.
216 DEN(I,J) = 2.%AREA(L,J)

W oo

c -
o PARTICAL PATH AT .SINC DEPTH INTERVAL
C
DO 85C JJ = 1,14
XD(1,33) = Co :
YC(1:9J) = Co
XO(2,ddF = XXA(T,Jd) =~ XIALT.dJ)
YD(2,J3) = YYA(T,JJ) =YIA(T.JJ)
DC 115 1 = 2,Z4 .
[t =1 ~ 1 g
12 = 1 +.¢
13 =1+ &

XB (T, JJ)=XCOT1 o JIP4XRACTZ3JI)=XTACT2,JJ)=XXA0ER, 0N axTOLT 3y Jh)
115 YO(I,JJ)=YD(I1,JJ)4YYALTZoJJ)=YIALTZ2:dJ)=YYACLI3,J)#YI2013,0J)
WRITE(E,513)J
913 FORMAT(1HO, "RCH NC?y12/)
WRITE(€,1CS)
1€9 FORMAT(1HC, 'PARTICLE PATH CCCRAINATES? /P mmmmommmmmmmmmmm o= °/)
I o=
750 T¥M = IV ¢ 7
WRITE(E, 121 I XD(T ) s 1=TMEPP)
121 FORMAT(IMC,°X®,1CX,GF1C.3)
HRITE(65123)(YC(T,JJ),1=IM, THV)
123 FORMATULHC 2%,V 58X GF10.3)
M= 1M s 8 ,
IF(IM ~ 17)75C,7504B85C B ‘
ESC CONTINLE

CALCULATE VELCCITY  STRAIN RATE (STRAIN RATE INVARIENT
STRAINS s AND CEFCRPMATICA ENERGY

VELOCIVIES

(s EsReRaXeRa)

{ AZ=1a/VX _—

s e et s s [ e s v = w e e et 4 smmn e
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ATN _ CATE = 7413C 13/08/22

RELEASE 2.0
DO 851 J = 1s14
DO 851 I = P,42C
o) U(qu?=((XXA(l,J)—XlA(IvJ))-(XXﬂ(¥"19JI*XIA!I~1eJ)))*VX
) VLo )= (YYA(T o dY=YTIALToJ))=(YYALE-1,3)=YTALTI-1,J)))%VX
€51 CONTINLE .

o
C STRAIN RATE ANC DEFCRMATICN ENERGY,
o
SUN = C.
DC 251 J = 2412 ‘
DO 251 [ = $,20 . v ‘
ID = [ -2 )
Je=J -1

ECX{L,J2=L{T,J) - LUI-1,J)
EDY(IoJd) = V(I4Je1) - V(I,J-1)
COXY(I,d) = (V(I,3) = VII=-1,30)+(L(T,J¢1) — LlE.d-11))
STRR(T,J) = SCRT(CECX{I,J)2%2 ¢ ECY(T,J)%%2)/2. ¢ GOYXY(T,3)%%2/4,)
1) >
DE(I,J) = 252(AREA(IC,;JD)+ AREA(ID+1,JC) + BREA(IC,JC+1)4+AREA(IC
1 1eJC+1))&STRR(T,J) ’
DE(I.J} = AZRCELT J)/VX
SUN = SUN + DE(I,4J)
251 CONTINUE
SULNN = 0.
DO 459 J=2,13
00 459 [=G,22
SUAN = SUAN + CE(TsJ) -
A5G CONVINUE s

C .
C T STRAINS
o .
DO 282 J = 24132
po 282 I = 11,28
K =1 -2
L =1I-1 ‘
m=121 .
TN = 1 o+ 2 . /
252 SIRXQIQJ) = S2AIR{ECX(KeJ) ¢ G HECK (L od) + 2HECXA{Tod) 4 &.2ELX(N;J)
1JY + 2.%EDX{INsJ)I%AZ ‘ . -

CQ 253 I = 6,2C
PO 253 J = 4,411

g1 = J -2 ) ,
L1 = J -1
ML = 4 ¢+ 1 ,
NL=J+% 2 f
STRY(1,J) =.2222(EDV(I,K1) ¢ 4.*ERY(I,L1) + Z2.%ECV(I.J) (
1 4 4SERY T ML) 4 2.3ECYUT4NLYI%AZ
253 CONTINLE .
D0 254 J = 4,11
£C 254 1 = 11,28
Y = § -2 ®.
11 =1-1
. My = 1 + i
¢ NI £ i+ 2
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MAEIN ©OLATE = 74130 13708727

Z
< 4wy

L2
-@ .
2 Jd) =a3325((COXY(KL J) + GOXYUEKY) ¢ 4. 5(COXVYI(L1,JY4GTXY(],
4 2.%0 COXY(TI pd) 2 GUXY(I,J)) #+ 4,.%0 CEXVINMILJIACEXYUTIsM))
+ 2.7l CGCXYiNleJd) 4 GDXYU(I¢N )))=A7 .
STRXY(I,J) = o233 ((STRRIKL,J) 4 STRR(I,K))} + 4% (STRR(LL,J} +
! 1 STRRET,L¥) + 2.%( STRR{T,J) + STRA(I,J)) + &4.%( STRR(MIgJ) + STPR
: . 1 (IsM)) ¢ 2.%( STRR(AN1,J) + STRR(I¢N))) %47
STRXY(I,J)= A2xSTRXY{T,J)/7VX
254 CONTINUE
; SLM = ¢,
| DO 855 J = 4311
: CC 855 [ = 11,28
€5 SLM = SLM + SIRXY(I,J)
SHMM =C. .
00 888 J = 4,11
DO EER [ = 11,23
SMM = SMM 4+ STRXY(T,J)

888 CCATINUE

DO 765 J = 2,13

DO 7CS I = 9,2C
FF(ABSTEDX{ I3 JI-EBY(T5J))alTooCCCCLIGC TC 7C4

WEToJ) = 28.€66366%ATANLARSICEXY T4 JYZLECR{T +JI-ECY(L,J)))))
GO YO 7€C5

7C4 U(T.J) = 9C.

7C5 CCATINUE
DO GC3 J = 1,14
HRITE(E&,G5C4) Y

HRITE(€,2C1)
N 00 9C3 I = 1,2C
WRITE(E,2C2) XIACT o) o VIACT o) sl od) o VIT o) ECX T J)ECY(T,d)
ToGOXY (I od) s STRX(T oY g STRY (I3 J) oGXY (T 3J) s STRR{T 4 J) o STRXY (T 4J),
l H(IQJ) .,

SC3 CONTINUE e
HRITE(E,5CE)SLM
WRITE(6,505 15KV &

2C1 FORMAT(1IHC,1Cx,y°X Y L v STR- X STR-Y STR-XY
1 STRAN-X STRAN-Y STRAN-XY SIR~T1- CEF-ENE ANGLE®) |

2C2 FCRMAT(1IFCyBXy4FT7.2,5F1C.6)

9ChH FORMAT(1M1,1Cx,¢ RO NCe = ?,15)

9C5 FORMAT(IHC,10X,%DEFCRMATICN ENERGY =°,F10.6}

URITE(E,GCT)

DO 911 J = 1,14

00 911 I = 1,2¢C
HRITE{6,GCEYT o Jo ARFA(ITJYLODENCT oIy, DE(T  J)

911 CENTIANLE

SC&E FORMAT(1FC,1CX,215,3F1C.6)

9C7 FORMAT(1HC:"' RCW NC CCLLY NC AREA R CENSITY [EFe EAE. 9)
URITE(E,3C8ISLN o : =<
URITE(E,508) SULAN

9C8 FORMAT(IHC:*TCTIAL CEFCRMATICN ENERGY = ',F10.6)

1111 CONTINUE

™ >
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CRELEASE 2.0 7 T MAIN T CATE = 7413C
STOP
ENC \
EFFECT# NCTERM,IC,EBCCIC,SCLRCE,NCLIST,NCCECKLCAC,NCMAP,NCTEST
EFFECT* NAME = MAIN + LINECNT = 5€
SCLRCE STATEMENTS = 377,PRCGRAV SIZE = €5374
NO CIAGNCSTICS GENERATEC

11/708/22
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246 APPENDIX D

CONSTITUTIVE RELATIONSHIPS

D.1 Introduction

The major aspects of the behavior of clays can be summarized
as follows:

Clays are masses of microscopic, generally plate-shaped
mineral particles, in a surrounding'medium of watgr solutions of ions
and air. At relatively low stress levels, the cause of dissimilarities
in the mechanical behavior of metals and clays is the fact that the
former derive their elastic properties from the recoverable deformations
of strong bonds between molecules, whercas any strajhing of clay fabric
giyves rise to a disruption of the comparatively weak connections between
minéral particles and to a subsequent alteration of material stiffness
(Yong & Warkentin, 1975). T

If a sample of saturated clay is placed in a triaxial cell
and subjected fo a confining piressure equa]lio‘that at which the\c]ay
was previously consolidated, and the sample is then subjected to an
additional confining stress, such that o)=o0,=03, there will be a
subsequent rise in the pore water pressure\u, which is equal to the | .
increase in confining stress. Under the application of an increasing
deviatoric stress Aoy, Figure D-la, the sample will eventually fail or
reach a state which can be considered as failure. Typical stress-strain
curves resulting fromasuch a test are similar to the’curve shownAin

Figure D-1b. If a second sample of the same material were to be placed

in a triaxial cell, subjected to a greater confining pressure and loaded
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% Fig. D-la Representation of Soil Element subject to g;ress Increments

and Associated Pore Pressure Response
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Pig., D-1b Stress-Strain Behaviour
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'Fig. D~lc Strength Characteristics

Fig, D~-1  Behaviour of Cohesive Soil under Undrained Quick Test Conditions
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to failure, the resulting stress-strain curve would be very similar

to that obtained in the first test. Similar stress-strain curves

will be obtained for still higher confining pressures. This observation
points to the conclusion that the stress-strain behavior 6f a saturated

<clay is independent of the confining pfessure to which the soil is

subjected, provided the soil is completely saturated and is tested in

quﬁék conditions with no drainage allowed. The validity of this con-
elusion is limited, however, by a physical Timitation imposed by the
triaxial cell, in that the intermedi;te and minor principal stresses
must always be equal.

Not all clay soil exhibit ﬁhelsame nonlinear characteristics
as the saturated clay discussed previously. The variables which can
affect the nonlinear behavior of clay soils are: partial saturation,
prior stress history, time, mineralogical composition, disturbance and
seil structure.

Thevre afe few techniques for representing the nonlinear behavior
of soil and each technique depends on the associated constitutive relations
which are used with it. These are: the nonlinear elastic approach, the
hyperbolic representation and the elasto-plastic representation. These

q

17i11 be briefly discussed in the following sections.

Y'Jl

5

D.2 Honlinear Elastic Approach

In this approach two techniques can be adopted, one by using

directly the results of triaxial test at different confining pressure for

2N
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forming the stress-strain relationships of soil as explained in Chapter 6,
the other by using formulas based on curve-fitting of the triaxial stress-i—
strain results. A summary of the hyperbolic representation which is the

most famous fitting technique is presented here.

, D.3 Hyperbolic Representation

Kondner and his co-workerss(Duncan & Chang, 1970; Kondner, 1963
Kondner & Zelasko, 1963; Kondner & Horner, 1965) have shown that the
nonlinear stress-strain curves of both clay and sand may be approximated

by hyperbolae. The hyperbolic equation proposed by Kondner was

. g1 -
(01-93) = 37bea (D-1)
i\)
in which o; and o3 are the major and minor principal stresses
€ is the axial strain

b

a and b are constants whose values may be determined -
experimentally. :

.

Y

The physicai megging of the constants~a and b is shown in
Figure D-2a. - Kondner apd his co-vorkers showed that the values of the
coefficients a ané‘b may be éeﬁermined most readily if the stress-strain
data are plaotited on traﬁéfermed axes, as shown in Figure D-2b.

It is commonly found that the asymptotic vé%ue of (o;-u3) is
larger than the compréssive strength of fhe soil by a small amount.

This would be expected, because the hyperbola remairs below the asymptote
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Asymptote QO} - %c’uli %E:

; Pig. D-2a

Axial Strain ,

Hyperbolic Stress~Strain Curve

€

' (Duncan, and Chang, 1970)

o
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i

Axial Strain

~

¥ig. D~2b Transformed Hyperbblic Stress-Strain Curve
{buncan and Chang, 1970} :
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at all finite values of strain.. The asymptotic value may he related:
o

to the compressive strength, however, by means of a factor Ry as shown by,

. . I3
- ~ '

> (01"03){ = Rf(ﬂ;”ﬂa)u]t (Q—Z)
in which (o3-03) is the compressive,stréngth, or stress difference
- at failure '

(01,63)u1t is the asymptotic value of stress difference

-
»

. L
. and R¢  is the failure ratio.
Duncan & Chang (1970) expressed the parameters a and b in
terms of the initial tangent modulus value—and—the- compressive strength;

Eq. D-llmay be written as u o

o (0y~03) = 7 egl ‘ (D-3)
2 [y * rooe ]

»

()

iy

B S
o

This ‘hyperbolic representation- of stress-strain curves was developed by

Kondner et al. (?§63).

+ " stress Dependency

4 . “éxperimentaT'Etudies by Janbu (1963) have sﬁcwn that, except in

. ihe case of unconsolidated-undrained tests oh saturated soils, both the
, tangent modulus va?ue and the compressive strength of sdiis have been‘
found tg’vany with thé confining pressure employed in the tests. The
, - ye?atiqqéhip beﬁweég initial tangent madulgs and)canfiﬂiﬁg pressure-may
Lt he gxpééssed aé”’ q ’ -

o4 N
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.

S o E=KPy (~%§-“ (D-1)
J in uhich
Ei = the initial tangent mgduius ,
o3 = the minor pr%ncipal stress
Py = atmospheric pressure expressed in the same
pressure units as £; and o3
K = a modulus number

i = the exponent determining the relation between .
E-i and U3

“d3

Both K and n are pure numbers.. Values of the parameters K and n may ‘

be determined veadily from the results of a series of tests by plq&@ing

the values of Ej against g3 on Tog-loy sca]eg and, fitting §'straight line
| to the data, as shown in Figure D-3.

Assuming that failure will occur with no change in the valug
of cg, Duncan & Chang (1970) indicate that the relationship betweén
compréssive strerngth and confining pressure may be’expresseds conveniéntly
in terms of the Mohr-Coulomb failure criterion as

_2Ccosd+20551n¢
1-5in¢

(o1-03) ¢ (D-5)

where C and ¢ are the Mohr-Coulomb strength parameters.’ P
_Eqs. D-4 and D-5 in combination with Eq. D~3,iprovide a way Q' ‘
£ . of reﬁating stress to strain and confining pressure by means of the five ‘
iparameters Ks ns €5 ¢ and th' Techniques for utilizing this velationship

jn nonlinear finite element stress analysis were developed by Duncan &'Chang (1970).

;e . ! =
y . o < W
g g f )
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test conditions “(Duncan & Chang, 1970)
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The stress-strain relationshig/expressed by Eq. D-3 may be
employed very conveniently in inc}emen al stress analyses because it is
possible to determine the Value of the tangent modulus corresponding to

any point on the stress-strain curvs. It the value of the'minor .

principal stress ‘s constant, the tangent modulus Et’ may be expressed as-
o . « \ -

el ' *

2

Etﬁi’_g?.l:._a).’ - (D-6)

By differentiating:ﬁq..D~3, the following expression for the tangeﬁt‘

modulus may be obtained.

£, = ks . (b-7)
. ‘ - [

The stvain,ei, may‘bé eliminated from Eq. D-7 by rewriting Eq. D-3 as

A

[>8 U}*Oq (D“'B)‘ '

T Re(oy-03) 4
I Ei[:‘zul”oajf]

N

Substituting this exp: ssion for strain.into Eq. D-7, Et can be writtgn as

3

E, = (1-R:S)2E, co (D-9)

®



other four also have easily visualized physical significance.d

- 265

where S, the stress level, is given by

U -G o
§ = W{ (D-10)

~

FYUN
) f

Thus the tangent modulus value Tor any stress. condition can be written as’

R (1-sin¢)(o,-0%) 72 ' )
- f 1793 gs \n
B 7[1 " TT2Ccos < 20351ng K Pa(pa ) (D-11)

/
N

This expression for tangent modulus was employed in incremental stress
analysis using finite element method by Duncan & Chang (1970).

As showun from the tangent modulus expression, the re?atianghip

no~ " -

contains six pafgmeters whose values may be determined very readily from
the results of a series of triaxial or plane strain compression tests
involving primary loading, unloading, and reloading.  Two of thesc

parameters are the Mohr-Coulomb strength parédmeters, € and ¢, and the
\

¥

- D4 Elastic Plastic Representation

If one examine%'a clay which is initially homogeneous and

)

- isotropic, that is, it has the same macroscopic properties at all points

and in all directions, it should remin so over a Timited range of
applied stresses and the principle df Saint Venant (1870} should apply
(Yong & Mcﬁyesg 1971).  Clay soils with randomly oxiehted particles



satisfy the isotropic condition in the,unﬂisturbed state, but if
extensive shear strains should proauce a situation of preferred particle
orientatidﬁ,‘ﬁifferent conditions of non-isotropic behavior of the
material would be expected (ang et al., 1970).

It is quite generally postulated, as an experimenta? fact, that
yielding can occur only: if the stresses {o} satisfy the general yield

criterion
! ¢

f({o1,K) = 0 (D-12)

“
s

where {o} represents the stress components in vector notation and K

pe
»o

-

is the hardening parameter .
If it is assumad that the material has the same mechanical

propefties in all directions at aﬁy stress level, the relations of Levy

(1871) and‘von Mises (1913) may apply and the increment of plastic strain

. can be calculated
]
A
k‘! ‘ 1]

] .
6{q}p A 515 (D-13)

where A is a proportionality constant and F is the yield function.
The strains due to an increment of stress are assumed to be

divisible into elastic and QlastiCKparts. Thus, " /

!:f’

sed = sledy + olel) (0-14)

T
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0

The relation between the elastic strain increments and stress increments

is given by the elasticity matrix

: s{c}, = (0116 {0} (D-15)
Therefore §
ot W
- hr-1 oF .
6{e} = D1~16{o} + 515 by (D-16)

| .
By di:ferentiating the equation of the yield surface, Eq. D~13, we can

wﬁte‘ . ; -
\
JOF oo, 9F 3k )
0= 207 901 ¥ 357 SUptenanns + 5 K {D-17)
o~

or, in matrix form, < ' )

oF T
0= {ml §{a} + aHl (D-18)
h
. 1 2 9F o4 .
vthere H 5E dK Y

d
/

&

Equations D-16 and D-18 can be written in a matrix form as (Marcel & King, 1967)

5
I

SR B b oF ] { 3
deyf 1. | Y 8oy
' {
1 s
sea) = ori. 1 &1 ],
G e (0-19) ;
( R N
. =1 J3E 2. . .. Y
O 3(}1 302 H A .
L)L I

5:*3
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A can be eliminated and this results-in an explicit expansion which

determines the incremental stress-total strain relation

: . 8{o} = [D]QP 6(5{

where

£ ‘ -1 ’
: = 1 -
m]ep (D)~ [m{a{g}} {a{ }} [m[ + {a{o}} D 1{3{0}}] (D-20)

(o1, is the e]asto—pléstic;tjﬁgix and

H!  is a strain hardening parameter.

=

In plane strain condition, Eq.tD—ZO) can be written as (Zienkew{cz et al., 1969)

)
i
( ] i H ap a oF T )
Se - 14
A :( 30’3{ ’c;lx*q 802 } GUX
: 1
-7 -1 aF . B0y oF
G?y .| D] l{ acy ayy 30, ) 50y
{ . (p-21)
oF a oF
8 . - A
VYX)* J'( aTxy ayy 90 ) 5t
2
0 y S S
\ ’ (H ayy (302 A
- I § J N
ra
where e
p1”! s the plane strain elastic matrix,
i 1 ’ -y
- Ay = e diy = dgy = TE oo and as, = 0

5\

J
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In the case of randomly oriented particles of clays, it has

been established that the shear forces induced in the interparticle
eg'j?:onnecting

bonds to a certain extent and cause a change in the stiffness of the

clay structure. This change will occur isotropically and will be a

result of the equivalent shear stress acting in the materials, provided

N o .
the density rema.ns constant. The equivalent shear str%ss can be

X,

written as 4

(D-22)

: T 10170502 + (05=05)2 + (03-04)27}

oct

If a unique relation exists between the average shear strain and the
equivalent shear stress above, the material is identified as a-von Mises

work-hardening plastic mate%ia{, and the relation can be written as:

.

\
4

F (D-23)

i

2= [(61-02)% + (05-03)2 + (5501)2)" -

(43

An explicit form for the stress-strain relations can then be éeve1nped

from Egs. D-21 and D-23. ”
N The strain hardening parameter H' is a function of density
and stress level in clays; its variation will result from the physical
changes occurring in particie connections and from indirect fbrces as
the clay fabric is altered by shearing movements.

parameter of any specific c¢lay type may be found from the standaga soil

‘

~

The strain hardening
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machanics triaxial test in which two principal stresses are equal.
From the triaxial test the quantity H' can be expressed in terms of

principal stress difference and major principal strains as follows

! £ ! 4

!

H' = dTDCt = Zd(cl*oa)

dcnét 3de,

3l

In the analysis of a plane strain continuum dsing the finite
element method {(initial stress approach) and constant elasto-plastic
matrix at every load (disﬁ]acemenﬁ) increment, the convergence is very
slow despite the fact that iteration after every.displacemgnt increment
exists; the méthcd is then no better than a more general stress—strain

velationship.

4 The elasto-plastic model outTined here would bhe fﬁea] En cases

where the soil stress-strain relations can be idealized with fair accuracy,

to obtain an elastic and a plastic portion. Most of the soils, however,

exhibit continuous noniinearity, and in such cases -the elastic-plastic

idealization may not work well.

]

N
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261 APPENDIX E

METHOD OF CHARACTERISTICS

E.T Introduction

W]

The method of charactér%gtics is adopted in this thesis
to predict the subsoil stress distribution beneath a moving rigid wheel,
p;ovided tEe subsoil slip line fields can be determined from the
experimebta]]y measured subsoil deformations.

The following derivations, after Hansen (1965), is limited to
the appiicatioﬁ of the method ‘of characteristics to an ideal rigid-plastic
material, deformed under plané‘strain conditions and satisfying the

Tresca yield criterion. °

-

E.2 Equilibrium Conditions

The state of stress may be represented by the stress componants

ol

Gys Oy and Ty at any point in relation to the coordinate system,

Figure E-1. The stress components related to any other coordinate
system may be found by.ieans of Hohr's circle for stresses, Figure E-1,
A1ternqti§ely; if the mean normal stress o, the maximum shear stress 1,

and the angle o between the x-axis and the major principal stress direction
/

are known, all other stress components can be found as follows:

I
A 3

o
%

.
Nl
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‘- H
L o, = o+ 1T COS20
6, = g - T COS26 ' ' {E-1)
y 1
T, = T s5in2
xy
where . :

] o
5 (0x+§y)
TF % (01‘03) '
21
tanZo = E—%§- Q- . .
Xy

o

* IT the body forces aféﬁﬁeglected, the equilibrium equations

for the plane strain case can be written as:

L x X _
: Y S 0 q o
n | (E-2)’
ot o0
] - Xy y -
' 3%t BV 0
hN e }/
-
|
. &
E.3 Failure Cohdition . a

An ideal rigid-plastic material is in a state of failure when
the maximum shear stress t is equal to the shear strength of the soil C.

w
' S

' \ . [

ot
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If the material is in a state of failure, the stress i
distribution can be determined by o and ¢ only; thus Eq. E-1 can be-

written as . - . t

’ g, =0+ C cos20

. - Lo
Lo 6. =g - C coso L ’ (E-3)

= { sin2e
TW J o

Al

!
¥

Knowing the stress boundary conditions for the failure zone', the two '

unknewn quantities o and ¢ can be determined uniquely by the two

v
a

equwiwbr1um equations (E-2).

v

E.4 Stress Characteristics

Combining Eqs. E~2 and E-3, une cénaobtain

8o

3 ua_&.:.. ol 29.,-: !
5o 2C sin2e Y 20 cos20 =y 0 ‘
’ ¢ “.‘ (E"a)
ao 380 - . v .
57~+ 2C cos2e. BX + 2C 51 n2e W 0 N

.
Vi e

Assuming that a curve is gfvén in the'x,y plane (Fig. E-2),
and that ¢ and B which are scaTar functicns .of X and Y, are known
along this curve, the variation of o and between any two p01nts (A and

B) on the gurve must, then, sat}sfy the 1dent1t

S

o
;



Fig. E-2 Variation of o and & along a slip line
" in a failure domain.”
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. | 's\\\ ;
' cosxp%% + sinxp—g—‘y’- = %CS,—

L]

(E-5)

4
)
©
ut
?
\
o
@
o+
wn
wba
=
<
Qi
=3
I
oOnlOn
7 b
el LRt | piiealai o |

where

1"

cosy

O|Or Or]On
wni—=< Wi

siny

4

8

S is the arc length along the curve, and \ Lo

v 1is the tangent angle. .

LT N

\

The four eqﬁgtions (E-4) and (E-5) determine the four unknown

. 36 30 238 36 .
quantities X * 37 * X and 5y SO ﬁhat o and o can be found, using

kT

numerical integration, in the vicinity of a]i ordinary curves of this

~

kind. This process can be repeated for another curve drawn inside.
v >

the doma¥n-where o and 6 are known. .
2]

1f the determinant of Eqs. E-4 and E-5 vanishes for a certain
value of y, the derivatives of o and o cannot be determined from known
variations along the curves, and they may be discontinuous.

( dn the other hand, if the determinant of the coefficienis is

zero, the rank of the'augmented coefficient matrix must be three, in order

N
et L

that the equations shall not be contradictory. - Therefore, for such

L8
curves a relationship must exist bef:égen %% and -g—g— . The condition of a

e U v

vanishing determinant of,cdefficien > in Eqs. E-4 and E-5 can easily be

reduced to: i - .
g [
\\\2

sin2ycos2e - 2sinycosysin2e - cos?ycos2e = 0 J; (E-6)

o

"%
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fq. E-6 is a hyperbolic equation; its two real roots define

. the directions of the two Families of characteristics.

S 4

i tany = tan 20 & sec 26 = |tan (e+1) = tanm &
) 3 . (E-7)
‘ tan (o+7) = tan (m+3)

Figure E-3 shows the direction of the characteristics. The
relation between o and ¢ along the characteristics curves can be obtained
by replacing the fourth column of the coefficient matrix by the column of

. ol
constant terms and equating the resulting determinant to zero, hence

e TR,

cosy %%- - 2C sin (29-¢)-§§'Nﬁ 0 | (E-8)

&,

Substituting the value of ¢ in Eq. E-8, one obtains:

da - am
="+ 2= =0
8S, §S, |
(E-9)
' Sg sm .
22 + 2 =0
85, 8S,, {

[ Kotter (1903) ahd Hencky (1923)]"

Equations E-9 can be derived by considering the equilibrium
of an element cutout between consecutive s}ip lines,lngure E-4. It is
assumed that the shear stresses are known along all four sides.
Neglecting all the second order quantities, the Eqs.'E;9 are obta%ned by
COnsidéring the equilibrium of all ferces along the a %nd b directions

respectively.

5,
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(* . E.5 Stress Computations Ty ¢
o Equations E-9 are sufficient to compute the stress compohents %
| along characteristics provided that these characteristics can be con- . ‘%
structed and that the state of stress is known aj: some starting point. 3
The flow chart for calculating the subsoil stresses using the
methed of characteristics is shown in Figure E-5 (Williams,1973).
. - . ,
| ! y
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Measure experimeﬁta]]y the deformation patterns

-in the distorted subsoil’ | ‘
/ ~

\ .
Calculate the instantaneous velocity vectors and |

the strain components ¢ € .7y € .
p 0 8 by

A
Obtain the directions of the principal and maximum shear
strain rates from a Mohr Circle construction using

& , & and €. to locate the pole

X y Xy
Specific Obtain the stress characteristics from Determine the
a yieid the directions of the quimum shear Rieéann invariants
.criterion strain rate by invoking St Venant's along the stress
postulate - characteristics '
I L AR P 1
i 1.

Calculate the stress distribution within the soil mass
with a knowiedge of the boundary condjtions

¥ .
Calculate the horizontal and vertical forces and the .
applied torque acting at the wheel soil interface

8

% T B ' ’
Fig. E-5 Ca]cu1atipq of the stress distribution by ) '
) the metho@4of characteristics - (Williams 1973)
. / ’ . L
N 4‘ . C
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271 APPENDIX F*

FINITE ELEMENT COMPUTER PROGRAMS - ‘ o

'
et
s

‘ D / §

During the/@ourse of th1s/ytudy severa1 computer programs

1
5
i
y
4
+

were developed to pred1ct the performance of vehicle tractive e]ement

and so}l_behavior beneath it. The programs were grouped -under a
series named "MAIN" and were based on Z1enk1ew1cz s program (1971).
The prograﬁ; can handle nonlinear material properties, and the d1fférent
methods used to perform the nonlinear ana]ysxs and the type of the
problem dictate the particular program to be used.

"ﬁAIN\]“‘and "MAIN 2" use an incremental itgrativg method
to solve nonlinear problems in clay. "MAIN 1" is a general routine
developéd to handle wheel-soil interaction probIems; and "MAIN 2" is used

/
to handle grouser-soil interaction and.soil- cutt1ng prob]ems (Hannah, 1975).

The programs were wr1tten in the Fortran language for use on the IBM 360/75[

A brikf-outline of the working of a general "MAIN 1" program is g1éen here.

—
;
General Qutline of Program "MAIN 1" )
o 3 The program consists of several subroutines, Figure F-1 and §
a brief description of anh subroutine is-given below. ~§

— | 0

b apeden Fen
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(. Main Program T . . ' -

4 i ] ¢ .

This "is the_main routine of tﬁé proéram. It handles all .

3 o ab
il

ST

input, data and calls several other subroutines. The program-reads the

e data concerning the boundary conditons. N .

> [}

Subroutine “"GDATA-1" ' . ﬁi

-

=

This routine reads the basic data concern}ng problem idealization,
e )
which are

>

i. Junction coordinates and element characteristics.

- N \
2. Initial material properties for each element.
5 J , f
3. Number of incrgments, and number of iterations in every"

—~

RS S lbnr PE,

increment required for execution of the probiem.

Subroutine "GDATA 2" & 4 .

This routine incorporates the nonlinear stress-strain data into

e T S 20

thg program. *The stress-strain data derived from laboratory tests are
used directly in digital form. Several points on the stress-strain

curve are selected as input to this routine in the ﬁqu of number of pai;s.

-

Subroutine “STIF(N)" > . a

This routine generates the stiffness matrix for each e]ement’ ’
using tﬁe constitutive relations of the material and the geometry of the
element. This subroutinq‘haé all the necessary data trénsmitted to it
through common storage and passes the e}eaeﬁ} stiffness matrix back to the

calling subroutine "FORMK".

&?‘“_'ﬁxlt»f‘) -

(NN . -
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Ee ¥
g

Subroutines "FORMK and "MODIFY"

-

This r;utine assembles the to}a] stiffness matrix for the
entire continuum using the direct stiffness method. The "FORMK"

routine also gerierates the total nodal force vector. The épplied
nodal forces are added directly, while the total stiffness matrix is

modified for the applied displacement conditions using subroutine MODIFY.

Subroutine "SQLVE"

This routine uses the Gaussian elimination method and solves
the unknown displacements from the set of stiffness equations generated
in "FORMK". - Tﬁese equations are of the form AX=B. The "FORMK"
routine stores 'specified blocks of equations in the core and "SOLVE"
solvesV;hem one by one. A forward pass is first performéd to triangularize

the mélrix. A back substitution is then followed to solve for the

unknowns . The results are stored in matrix A to be prinisg/iQJthe

_"STRESS" subroutine as displacements.

Subroutine "STRESS"

a
4

Thig subroutine coﬁ%%tes the stresses and strains at the center
of each eleﬁZi%%“using the nodal displacements obtained from "SOLVE" and !
the strain-displacement matrix computed by applying "STiFF". ’ The sub-
routine also computes the principal stresses anp principaf'strains,
velocities, deformation energy and power of deformation energy. - The
stresses, Fhe_strains, the strain rates and the power of deformation energy

of all the elements connecqu to a node are summed and divided by the  ° .

number of elements. L
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Subroutine "REACM

o

The reactions at the al points at the wheel-soil interface
and on the other boundaries are determined in this subroutine. The
G LY

: ¢
reactions obtained for any particular increment are added to the cumulative

values obtained in previous increments to obtain total reactions.

Subroutine "LARDEFY

LY

Afterseach incremental wheel travel distance, the element nodal
coordinates are updated by adding the nodal displacements to the element

nodal coordinates in order to obtain new coordinates for the next increment.

§

Subroutine "NONLIN®

.

The nonlinear analysis is performed in this subroutine. Values
of E are computed for each element from the nonlinear stress-strain curves
depending on the state of strain and confining, pressures in each e]ement
The deviator”stresses (01-03) and the princjpal strains, €1,, are used to
conduct the nonlinear analysis. The nonlinear rbutiné can handle
several nonlinear curves for any number of different materials by suitably

~

altering the dimension sfatements.

TR .
»

e,
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