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AB ST RA CT 

, 
The purpose of this study is to provide a rational analyt1ca1 

means for predicting the performance of a moving rigid wheel and , 

'~ associated subsoil response behaviour. 

The study: 

(a) considers the effect of surface condition on whèel ~erforr.~ance 

and its associated subsoil response behavîour, , 

(b) develops a finite element s01utîon technique for the. problem, 

considered, 

(c) e~aluates the actual performance ~f test ~heels through the 

use of the visioplasticity technique, and 
" 

{dl seeks verification of the ya1idity of the application of·the 

finite element technique developed for analysis of the moying 

r1gid wheel on cohesiv~ ~oils under plane-strain conditioni 

through comparisons with actual test results. 
-> 

~ 
The solution obtained provides_ detailed inf.onnation ,on stre~ 

and deformation fields developed in the loaded soils as well as contact 

stresses at the whee l-soi l interface for various \O/heel degrees of s'1 p. 
,~ 

Thisrpermits successful predicJ;;on of wlieel performance (in energy',térJ!ls),," 

at any degree of slip. 
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PREDICTION DU RENDEMENT D'UNE ROUE MOBILE ET, RIGIDE ET 
COMPORrEMENT DU SOL EN DESSOUS DE LA RQUE 

par 
Ezzat Abdel Fattah 

RESUME 

L'objet de cette étude 'est de fournir une méthode analytiqu~ 

et rationelle pour prédire le rendement d'une roue mobile et rigide, 

ainsi que le comportement du sol en dessous de la roue. 

Cette é~ude (a) corsidére l'effet des cond;tio~s de la 

surface sur le rendement de la roue et,sur le comportement du sol 

en dessous de la roue; (b) développe une solution au problème considéré, 
l. 

'" par la méthode des éléments finis; (c) évalue le rendement réel des 

roues d'épreuve par la méthode d~ vlsioplasticite; (d) tente de valider 

l'app1icatio'tî 'de la méthode des éléments finis à l'analyse du mou\!ement 

d'une roue mobile et rigide sur un so.1 cohésif, sous des conditions de 

déformation plane-, et ce, en comparant la_th~orie avec les rés~1tats 
expérimentaux. 

La solution fournit des r~nseignements détaillés sur les cham'ps 

d'effort et de déformation dans les sols chargés, ainsi que sur l'effort .. 
de contact à la surface sol-roue, et ce pour des roues différentes et 

'f, ~ 

des degrés"de glissage différents. Ceci permet la prédiction du 

,rendement d'une roue (en termes ~'énèrgie) à n'impqrte quel degré de 

glissage. 

, ' 

,-
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PREDICTION OF MOVING RIGID WHEEL PERFORMANCE ANDP 

ASSOCIATEO SUBSOIl RESPONSÈ BEHAVIOUR 

ABSTRACT 

, 

\ 

The purpose of this study is t9 provide a rational analytical 

means for prè,dicting' the performance Of.3 moving rigid \'lheel and 

as.so,c1a~d S~bsoil responsé behaviou~. 

ihe'study: 

(a) considers the effect of s'urface cpndition on \'Jhee-l performance 

and it~ associated subsoil response~beh~, 

(b) devclops a finite element solution technique for the problem 

cons i del'cd f 

(c) eVilluates the ùctual performance of test \'Jheels through the 
') 

use of the visioplasticity technique, and 

(d) seeks verification of the validity of' the application of the 

finite element technique dev,eloped for analysis of the ploving 
, 
rigid \'~heel on cohesive soils under plàne-strain conditions 

through compa ri s ons ~'IÎ th a ctua 1 tes t r~s u lts . 

, The,solution obtained provides detailed info~mat;on on stress 

anq deformation fields developed in the lodded soils as \'1cll as contact 

stresses ùt the \'!heelwsoil interface for various wheel,.degree,s of slip. 
" 

i 

This permits succcssful predittion" of \'/heel' performance (in energy terms) , . 
at any degr,ee of s 1 i P.o 
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P'REDICTION DU RENDEMENT D'UNE ROUE MOBILE ET RIGIDE ET 

COMPORTEMENT DU SOL EN DESSOUS DE LA ROUE 

~SUME 

, 0 t 

1 

1 

L'objet de cette'~tuije est de fournir une m~thode analytique 

et ratfonel1~ pour prêdire le rendement d'une roue mobile et -rigide, ,1 

ainsi que le comportement du sol en'dessQus 'de la roue. 

~,:. , 1 

Cette étude 'Ca) considére {'effet des conditions~de la ~ 

surface sur 'le rendement de ia 'roue et sur le comportement du sol 

" en dessous de la roue; (b) d~veloppe une solution ,au probl~me considéré, 
, 

'par la méthode des él~ments finis; (c). évalue le rendement réel des , . . 
roues (j'épreuve 'par la méthode de visiop1asticité; (d) tente de val i der. 

. -

vl l'applicatio,n de, la mêthode' des él~me~ts finis ~ l'analyse du mouvement 
, -

d'une roue mobile et rigide sur un,sol cohésif"sous des'conditions de 
!.\ . , 

c 

déformation,plane, et ce, en comparant la théorie avec les résultats 
, . 

expérimentaux. 

La solution fournit\ .. des renseignements détàillés Sl,l'r les champs 

l,\ 
d'effort et de déforma.tion dans les' sols chargés, ainsi· que sur 1 1 effort 

• ' 1 

" 

de contact â la surface sol-roue,' èt ce pour des roues diff~rentes et 

1 des degrés de glis~age diffé"rents. ,Cec"i permet la prédiction du 
, 

o ~ 

rendement d',une roue (en termes d'énergie) à n'importe,quel degré de 

'gl i ssage. 

,. 

" 

'l.' 

1 

\ , .... ,.~I<~ .. ~ .. ~_~ ..... _,'".~ ,.~"~.':""'\c",j/~:./,~~,.l.~ ......... r- ·!.l!.i.\ ..... :: .. lt.".~.~,,,r<.\"" 

'. 



( 

. 

of 

, 

, .. 
AI' 

) 
.' 

> 
ACKNOWLEDGEMENTS 

, 
, 

The uthor wishes to express his nmost ~sincere and deeJieS't' 
\, 

i , 

appreciation, t his research director, Dr. R.N. Yong, Will'iam Scott', 
/ - ' 

11i 

Professor'of ivil Engineering and Applied Mechanics, for his guidance, 
). 

inspiration, nf~~r?te.J.,pf~l suggesti:üns and COrT11lents throughout tffis ; 
• .~,," ~":{,flc\ 
lnvestl ga~lon. .'''\ " 

, il - , 

Thjs st~; was performed und~r contract arrangement with the 

~epartm~nt oi ~@plY and Services and MeGill University/Dr. R.N. Yong, 

and wAs admini ered by the Earth Science .,Division of tb~ Defeoée . " 

Research Estab i'shment, Ottawa, wi,th' Mr. 1.5. Lindsay as Project Officer . .. . , 

Appreciatibn i expresS.ed for the Research Assistantship provided by 
"--' 

the contract î rangement. ~ 

The riter also wishe$ ta thank his colleagues, Dr. A. Hanna 

for stimulati discussions', 'Messrs. A.F. Youssef and R. Lyange for 
1 . , 

assistance in rkrimentation, and Dr. F. Ajami for assistance-- in the 

preparation of the final, manuscript. . 
-

l~an }~p"e also due to Mr. B. Cockayne and his staff tor 
.., t ". -

teChn;Cd,7?ii!fSS J'.M. Richards for 

\ 

o 

-. 

1 
1 

;: 1 
1 ~ 

1 :-
~ , 

$ 

.. 
\ v 0 -\ 
\ 



t 
. , 
~ 

( 

.f' 

LlST OF fIGURES 

Figure No. 

- 1-1 Tr~ctiye element-soil parameter\ 

1-2 

1-3-

2-1 

a2-2 . Block diagram for predicting subsoil behaviour 
us1ng finite difference technique 

2-3 Definition of lagrangian and Eu1erian coordinates 
and strai ns " 

2-4 An e1ement of continuum in plane strain 

2-5 

2-6 

2-7 

3-1 

3-2 

3-3 

Techniques for nonlinear analysis 

Schematic representation for iteration process 

B10ck diagram for predicting whee1 performance 
behaviour beneath the whee1 using FEM 

l '1 ' 

.ndt 7V l 
,If. 

:,\,.-, 

Required input and output information for whee1 soi1 
Luteraction study . 

Idealized stress-strain curves 
~ 

Finite e1ement idea1ization 

Page 

3 

4 

7 

11 

11 

14 

18 

23 

25 

28 

30 

38 

40 

42 

45. 

50 

54 

-

. 

-. 
. -. 

\ 
\ 



1-' 

<-

LIST OF FIGURES (cont/d) 

Figure No. 

'. 

1 

3~4 An attempt to organize the different approaches of 
assessing the stress distribution in soîl-wheel interface 

3-5a 

3-5b 

3-6a 

3-6b 
, 

-3-6c 

3-7 

3-8 

3-9 

4-1 

4~2 

4-:3 

4-4 

4-5 

4-6 

4-7 . 

-4-8 

4-9 

4-10 

" . 
'Schematic diagram for stress-strain bèhaviour of clay 
durîng loading and unloading 

Soil deformation beneath a rigid wheel 
? n 

Cycloi d 

Prolate cycloid 25 ~ercent slip (S) 
~\~~ 

Geometrical detennination of theoretfca1 particle path 

Determination of loading poundary condition using 
displacement approach . 

B10ck diagram for the different methods of app'i~t;on 
of the loâding boundary at wheel-soil interface . 

Incremental-îterative method with prediction 
--, 

,1 , 

" 
Schematic representation of the method of presentation 
of experimental re5ults, related discussions and applications 

Tread configur~tion 

Trace motion of each'marker 

Flow of 50i1 due ta mov;ng wheel load 

Method"of ~ata reduction 
,,", 

Viol~tion of constant volume condition 

Violation of comp~éssîbility condition 

Calculation o~ the stress distribution by the method 
of characteri stics" .' . 

il " 

Stress characteristics and state of stress 
o n 

~ Idealization of' th"e physicàl model for limit :<Iu,ilibrium 
solution . . 

. ~\\ 
• _---:- .c \ 

~,t 

1 

". • 1 ~ ..,.,... -" ' ' J.' 

v 

57 ,. 

59 

59 

63 

63 

63 

65 

67 

70 
~. 

" , 74 .' 

76 .... 
-t 
:~ 

78 l 

79 

80 

82 

83 

86 

87 
.. 

91 

, 
~ 
" 
tii. 
."'j 



( 
i 

(, 

cl" 

" 

Figure No. 

4-,11 

4-12 

4-13 

4-14 

4-15 

4-16 
~ 

5-1 

5-2 

5-3 

5-4 

5-5 

, 5-6 

5-7 

5-8 

5-9 

5 .. 10 
~ 

5-11 
~> 

5-12 

5-13 

5-14 

vi 

LIST OF FIGURES (~ont'd) 

Deformation energy contours (34 lbs and sli''15%) 97 

Deformation energy contours (34 lbs and slip 50%) 98 

Physical mode1 of interfacial soil zone 100 

Deformation energy versus depth 103 
, 

Effect of slip velocity.on frictiona1 stresses 104 

Schematic diagram of the parameters required for interfacial 
energy prediction at high dagree of slip 108 

Characteri st; cs of soi 1· parti cl e path due 
wheel load 

to moving 

Soil particle paths at .5 inch depth beneath soil surface 
(34 lbs) 

Soi1 particle paths at .5 inch depth beneath soi1 surface 
(54 lbs) 

Soi1 partic1e paths at .5 inch depth beneath soi1 surface. 
(74 lbs) 

Dynamic sinkage slip relationship for different wheel 
loads and surface conditions 

Vertical velocity con(ours (54 lbs, slip ~20%) 
) 

Horizontal velocity contours (54 lbs, slip 20%) 

Interfacial energy slip relationship (34 lbs) 

Interfacia1 energy slip re1ationship (54 lbS) 

Interfacial energy 'slip re1ationship (74 lbs) 

'Deformation energy versus slip rate 
; 

Deformation energy contours.(54 lbs. slip 15%) 

Deformation energy contours (54 lbs, slip 50%) 
, 

Deformation energy contours (74 lbs, .slip 50%) 

-' '. 

, 

r 

119 

120 

121 

122 

125 

126 
, 

127 

129 

130 

131 

,,133 

135 

136 

137 



Figure No', 

5-15 

5-16 

" 

5-17 

5-18 

5-19 

LIST OF FIGURES (cont'd) ~ 

Usefu1 output energy slip curves 

Schematic diagram for the characteristics of the 
energy slip curves 

Energy balance (34 lbs) 

Energy balance (54 lbs) 

Energy balance (74 lbs) 
) 

r vi1 

138 

141 

. 142 

14;3 

144 

6-1 Geometrical particle paths for different degrees of srip 149 
~ '. 

6-2 TypicaJ stress-strain curves· Tor standârd triaxial tests 150 . " 

6-3 Typical stress-strain curves for plane strain triaxial tèsts 151 

6-4 Schematic for input and output information for wh~e1-soi1 
interaction study using FErf '. . 156 

~ 

6-5 Streaml\~e flow bèneath a moving ri~id wheel 158 

6-6 Vert ; cal ve 1 oçity contours. s 1 i P 0% 160 

6-7 Horizontal velocity contours, slip 0% 161 

6-8 Vertical velocity contours, slip 15% 162 

6-9 

6-10 

6-11 

6-12 

6-13 

6-14 

6-15 

6-16 

6-17 

Horizontal velocity contours, slip 15% 

Dire~tion of principal strain rate 

Direction of principal shear strain rat~ 
, 

Horizontal stress contours (54 lbs, slip 0%) 

Vertical stre~~'contours (54 lbs, slip 0%) 

Shear stress contours (54 lbs, slip 0%) 

Horizontal stress contours (54 lbs, slip 30%) 

Vertical ~tress contours (54 lbs", slip 30%) 

Shear stress contours (54 lbs, slip 30%) 

,l' 163 

166 

166 

167 

168 

169 

172 

173 

174 



t! 

\ 

Figure No. 

6-18 

6-]9 

6-20 

6-21 

6-22 

6-23 

6-24 

\ 

'~-lIST OF FIGURES (cont 'd) 

Maj~r principa\ stress contours (54 lbs, slip 30%) 

Horizontal stress contours (stati~ary \'/heeJ) 

Vertical stress contours (stationary wheel) 

Shear stress conto~rs (stationary wheel) 

Development of vertical stress distribution beneath 
stationary wheel 

Interfacial stress distribution. 'slip 0%­

Interfacial stress distribution, slip 30% 

6-25 Sch~matic diagram for comparison between computed and 

t' 

6-26 

6-27 

6-28 

6-29 

A-l 

A-2 

A-3 

A-4.a 

A-4b 

1\-5 

A-6 . 

A-7 

A-8 

A-9 

'measured i nterfaci al stresses 

Deformation energy contours, slip 0% 

Deformati on energy- ,contours, s li P 15% 

Deformation energy ~ontours. slip 50% 

Energy balance (whee1 10ad 34 lbs) 

Sail vehicle test facility 

Flexure fram~ and test whee1 

Wheel-pulser marker-film geometry 

Sample'holder 

The m~ving cassette holder 

Electronic circuitry 

Skid test apparatus 

Grain'size distribution for $-187 clay 

X-'ray diffractogram of oriented slide of kao1inite clay 

Variation of shear strength with effective strain rate 

viii 

175 

177 "-

177' 

'1 
177 

178 

180 

181 

184 

185 

186 

187 

189 

198 

200 

202 

203 

203 

205 

207 

211 

213 

214 

/ 



FigUlre No. 

8-1 

8-2 

8-3, 

8-4 
'( 

D-1 

D-2a 

D-2b , 

D-'3 

" E-1 
'" 

E-2 

E-3 

E-4 

E-5 

,; 

F-1 

LIST OF FIGURES (cont'd) 

Trace mot'j on of each marker 

Heasuring ci rcu'i t for coordi nate loèation 

Grid adjustment 

Calculation of volume chan~e 

Behaviour of cohesive soil ~nd~~ undrained quick-test 
conditions ' 

Hyperbolic stress-~train curve 

Transformed hyperbolic stress-strain curye 

Variations of initial tangent modu1us with confining pressure 

ix 

217 

218 

221 

226 

247 

250 

250 

under drained triaxial test condi\ions 253 

Mohr circle for stresses and coordinate systems 262 

Variation of cr and 6 a10ng a slip line in a failure zone 265 

Characteristic directio~s through a ~oint in failure zone 265 

State of stress for a soil element in the failure zone 268 

Calculation of the stress distribution by the method 
of characteristics' 270 

Subroutin~~~inkage ... 272 

l 



Table No. 

4. l 

4-,2 
'-

4.3 

\ 
" 

1 , 

l 
/ 
• c 

LIST OF TABLES 

Surrma ry 0 f tes t res u lts (a 1 u~~,n um whee l ) 
o 

Summary of test results (rubber strap mounted wheeJ) 

Surrmary of test resu1ts (tread wheel) 

/ 

J 
L /~ 

.' . 

111 

113 

115 

)( 

i 
) 

-~ 

'J" 

" 

, 
'1" . 

1 



( 

" 
\ 

NOTATIONS 

. The symbols adopted in th!s study are defined where they 
1 

first appear and the principal ones are listed below. 
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displacement or velocity components 
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elastic modulus 

initial elastic modulus 

slope of the deviator stress (al (13)' v~rsus principal 
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ABBREVIATIONS 

American Society of Civil Engineering 
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CHAPTER l 

INTRODUCTION 

, " 

" 
1 

1. l General 

The mechanics of off-road transportation or land locomotion 
\ 

is concerned with the complex problems of intèraction be'tween \'/heeled 

or tracked vehicles and various typ~s and conditions of.natural ferrain 
, 

surfaces. The need for basic research on the ground properti~s \'Jhich 

arfe.ct vehicle perfornK;!néè is evident from experience of land locomotion 
l " 

in the areas of mihitary and civilian mobil ity, agd culture mechani zat; on, . - r 
tran5~D-?tati on and earth-movi n9 equi pment. " tilP,ber 

1 
The recent past has seen an ;ncrease in research efforts in the 

field of land locomotion mechanics to obtain a better understanding of 

the action of soil vehicle systems. These studies are generally dir~cted 

tO\'/ard the problems most frequentlY encountered in the field by land 

vehi-01e$. operating over natural ground surfaces that fan in the categori·es 
. T'~ , . 

of loose 'or soft soil. The basic pl~oblems in these so11 types are 

éxcessive \'/heel or track sinkage due to physical characteristics of both 

the soil and the vehicle, and excessive \',heel or track slippage caused by 

i nsuffi ci ent traction (Goodman", 1966) . 

The 'objecti vc of the study of trad or \'Jheel mechani cs in soft 

or loose soil is to predict what will happen to a vehicle tractive .~ 

element in given conditions. Assurni 09 all the necessary characteristics 

of the tractive element (track or \'/heel) and the soil are kl10'dn, the 

.. 
\ " 1 

1 
! 

1 
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~ 
'probiem\is to determin~ the relation~, among the load on the vehicle 

tràclive element, the torque, the pull that the tractive element can 

develop (hence slip and sinkage), and, the sail co~ditions. 

Slip ;s important with respect to efficiency because. for a 
t, 

given tractive element speed, the vehicle, reduces the distance over which 

the pull does work. Sinkage should be controlled, for it must remain 

" , 

smaller than the clearance of the vehicle. The tracti ve-soil parameters -' 
l , ' 

\'/hich control the vehicle performance are shown in Figure 1.1. 

1.2 Statement of the~Problem 

,The abi'lity of a vehicle to move over,soft or loose soil is 

dependent on the interaction between the vehicle running gear (\'Iheel or 

track)' and the support hJ9 ground. For this study, the ground in" 

question is soft soi1. The mechanism of wheel-soil interattion consists 

of two parts: (a) Flotation. which deals with the él;15i1ity of the ground 

to support the vehic1e \'/ithout excessive. sinkage. and (b) Tractio,n, which 

involves forces developed between the vehicle running gear ~nd s~il in 
, 

the development of continuous vehicle motion. The characteristics of 

the vehicle tractive element (running gear) control its performance with 

respect to any spedfic type of soi 1. 
-

Within the broad definii{on of the prob1em, there are numerous 

paths that can be fo11owed fbr predicting tractive element performance 
r\. ~ 

according to emphasis and ~umPtions made. as shown in Figure 1.2. 
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A first approach is to attempt to ~redict whe~l performAnce 

by determinïng the drawbar pull, torque, and possibly the slip and the 
~\ 

sinkage from analyses'using the relations,between stresses' and strain 
o 

in the soil and both equilibrium conditions and the boundary conditions. 

A complete theoretical soluti6n of the wheel performance 
1 

prediction problem is extremely complex because of the difficulties 

arising from the interdependence of such factors as: . , 

(i) Physical conditions: ~heel load, wheel surface condition,' 
~ , 

wheel diameter, tiré shape, tire 

flexibility, treads, etc. 

(ii) Soil parameters: Strength, type, density, moisture, 

content, etc. \ 

Interaction parameters: Translational velocity, slip, wheèl, \\ 

type (towed or d~iven), etc. 

(iii) 

Prev;ous wheel-soil interaction the0r-etical considerations \ 

have utilized limit equilibrium assumptions to· pred;ct wheel-soil interfaci~l 
stresses and sinkage (Yong & Windisch, 1970; Karafiath, 1971). The \ 

" assumptions adopted in the limit equilibr;um analyses are described as 

. fo 11 ows: ' , 

1. The soi1 is an ideal' 'rigid plastic material in a state of limit 

equilibrium, and is considered to obey the Mohr-Cou1omb failure 

criteria. 

2. The sail has well-gefined slip surface~ at the wheel front and 

rear positi6ns. ' 

, -

, 
A 

\ 
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3. The angles described hy the forward and ,rear fal1 ure zones are 

functions of the degree of slip and total angle of wheel-soi1 

contact surface. 

Figur~ 1.3 shows an idealization of the wheel-soil interaction 

physical model required for the limit equilibrium solution. 

It 'is obse'rve~ that in using the method' of characteristics for, 

solving 1imit equilibrium problems, exact solutions for the ass~mptions 

invoked are obtained. However, in~the case of whee1-soil interaction 

problems, the assumptions utilized tend to be too restrictive and in actual 

fact do not realistically mirror actual physical observations. 

Existing semi-empirical formulae for the prediction of wheel 
.' ~~ 

performance such as drawbar pull, sinkage and bulldoting resistance depend~ 

1n essence. on a prediction of the stress distribution along the spil­

wheel interface f~om data obtained from static tests on flat plates. The 
Li 

plate approach previous1y adopted by many research workers used the idea , 

of f10tation (Berns~ein, 1913; Micklethwaite, 1944; Bekker, 1~56) to prédict 

the whee1-soi 1 il~te~faci~l\ cs~resses and' Sin~age from a corr'elàtion between 

the pressure under plate pene~ration test and that under the wheel. ' The 

whee1-soil tangentia1 st.resses predicted from the establilshed relatio,:,ships 

corre1a~e the tangentia1<st~esses beneath skid plate (Bekker, 1969) or 
1 

s~ear ring (Reecé, 1964) to that under the wheel for the same slip velocity 

and· rad; al pressure. Since (a) these relatiQnships are based on curve-

fitting proc~dures and (h) the flow of soil beneath a wheel and a plate are 
<, 

-A,ifferent, there is no .! priorï reason to believe that relationships based 
, . 

on such an approaèh would be'completely successful. 

, . 

.} 
'~ 

. , 
~ 
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(Method of Characteristics) 
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The cane penetrbmeter., as a tool for evaluating the performance , 

of off-road vehic1es, uses graphical relationsh'ips between independent 

(mobility inde~ vehicle cane index; clay loading number, etc.) and 

dependent (pull ~umber •. torque number, sinkage number) dimension1ess 

parameters, (FreHage, 1965; Rush & Temple, 1967; Kennedy & Rush, 196'8) .. 

This techni~ue 1acks accuracy for the fo11owing reasons: 

(a) Difference ;n sail behavîaur under the penetrating cane and 

the moving whéel. 

tb) Interdependence of many of the wheel-soiT parameters. 

(c) Difficulty in realization of dimensionless sail parameters. 

A more rigorous mathematical approach for using the cane as a 

'trafficabi1;ty samplèr has been adapted by Yong et a". (1971). Since 

the behaviour of the soil beneath the cone and\he 'I/hee1 is different, 

the approach should,be dependent on sca1ar qua~t;ties (Yong et al .• 1971). 

The specifie deformat;on energy under the whee1 at the self-prope11ed 

point is ~rrelated to that under the penetrating cone. 
';.. , 

With a knowledge 

,~of the parasitic deformation energy beneath the moving whee1 and,of the 

wheel brake horsepower, a "GO/NO GO" criterion can be decided, assumi ng 

that the wheel-soil interfacial energy at the se1f-propelled point is 

negli-gible. 

";, 

The eX,isting problem is one which requîres accurate field 

performance evaluation of the vehicle with respeét to a specifie type of \ 

ground surface. Alternatively, the design criteria for vehicle tractive 

.. 
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elements for production of specifie optimum performance needs to be 
, 

rationally developed. 

It is worth mentioning that the Qerformance can be evaluated 

in many terms such as drawbar pull, input torque, sinkage, interfacial 

stresses, translational velocity, slip, soil compaction, ecological 
, 

damage, subsoil behaviour or, in energy terms, as in~ut, useful output 

and pa~asitic energies. The relative importance of the different per-

formance terms is dependent on the type of vehicle job and the ground 

useful function. 

This thesis is concerned with (a) .the development of an analytical 

methOd for the prediction of the field ,performance of a moving whee1 caver" 

soft soil, and (b) the application of the method to the study of t~e 
, 

effect of simple whee1 surface configurations on performance. 

While much eff?rt has ~een spent in evaluating wheel performance 

from both surficia1 measurements of the stress distribution at the wheel-

$oi1 interface and from rut depth measurements, very 1ittle corroboration 

is available relative to stress distribution and soil deformation due to 

a moving w~eel prior to th~ work reported by Yong & Osler (1966), Yo~ 

Webb (1969), and Yong_& Windisch (1970). ' This is because consistency 

bétween surficia1 measurements and ground response ;s generally demanded. 
-

In essence, compatibility must be maintained between forcing (vehic1e) and 

response (soil) functions. 

In this study, an analytical method and a computer program are 

developed for evaluating and predicting wheel performance through prediction 

of subsoil response behaviour. The program permits: 
~ 

.' . 

, \ 
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. 1. ~pecification of a physica1 model which satisfies compatib~lity, 

equilibrium,boundary conditions anp ~ stress-strain law . 

• 
2. Specifkation of reali9tic .stress-strai,n soil reJations. 

3. Generation of a unique and complete solution. 

4. Generation of the information necessary for the mechanics of 

th'e soil-wheel -interaction problem. 
(/ 

1.3 Rationa1e for Problem Solution ' \ 

'" 
Yong et al. (197~ introd~~ed a soi1 strength measurement device 

which combined the vane shear apparatus with the éone penetrometer for use 

not on1y as a trafficability samp1er but a1so as a tool for evaluating 
\ 

wheel performance. The rationaie for the device was based on previous 

~,researcfi' (Yong et al., 1972; 1975) which established a correlation between 

the parasitic\energy components of the wheel·soil interaction and the 
~, 

degree of slip. Figure 1.4a shows the wheel energy components and 

figure l-4b shows the dis~ribution of parasitic energy components. 

The development of the understanding of the instantaneous soil 

'response below the movi'ng wheel and its performance required investigation 
~ 

of the mechanism of whee1-soi1 interaction and the subsoi1 deformation 

pattern. Yong & Webb (1969) used the,visiop1asticity technique for 
• 

determining the wheel parasitic energy components and the usefu1 output 

enerw at any ~egree of slip. whi1e Yong & Windisch (1970) used it for 
'l', 

determining the interfacia1 an~ subsoil st~esses. In this method the 

. i 

, 
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L Energy loss Due To 
Distortion Of SOli 

-,.-

Fig. 1.4b" Energ)' Dissipation in Substrate due to Interaction 
(after Yong, 1972) 
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displacement field is recorded experimentally, from'which a stress field 

is'determined using a constitutive relationship. ~he development of 
1 

this method is presently applicable to small scale testing in the 

laboratory (assuming steady state conditions) and cannot be readily used 

to predict field conditions. 

It ~eeds to be noted that, research conducted ta date on the 

problems of design or evaluati,on of wheel performance have adopted three 

basic approaches: 

(a) the empiric~l approach - using the resulti of large amounts of 
~:~ ~ 

experimental '~ata obtained to develop methods of analysis and 

design. . 
While such approaches may have been necessary in the past, the 

advent of digital computers and modern methods of numerical 

analysis now provide the necessary tools to develop analytical 

solutions which can replace much of the empirical testing 

carried out in the pasto 

, (b) the theoretical approach using'the 1imit equilibrium technique 

with its unrealistic ideal assumptions which do not fully satisfy 

the actual physical sityation. ~ 

(c) a laboratory approach - which is limited to s/udYing or 

evaluating the wheel performance in the laboratory. 

As there is no available rational approach for evaluating both 

tractive element performance anu.'soil behaviour beneath it, and since the 

visjoplasticity method is presently restricted to, laboratory application, 

\. 
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it is apparent that a numerical method (such as the finite element method) 

which can predict 'both tractive' element performance and soil response 

behaviour in the field would be a useful tool in soil-machine interaction 
, , 

studies. 

\ 

1.4 Objective of the'Study 

, ' 

"The general objective of this research is to provide a rational 

,.ana,lyt1cal means for predicting the performance of off-road vehicle 

tractive elements moving on 100se or soft sail, using parameters that 

describe the sail response due to interaction with the·vehicle tractive 

element. It 1s ta be appreciated that an acc~rate predictiory af 

machine-soil response behaviour would provide a sound basis fot the 

eva1uation of the efficiency and economY' of mobility (vehicle flotation 

and travel)o In addition, the develop~d computer solution t~chni~~e 
, \ 

can be used ta aid in the design of the interacting units since the 

various machine and sail parametric inputs ~ the computer code'can be 
',-

varied, and the resultant outpvt evaluated. This philosophy is demon-

strated in schematié form in Figure 1.5. The tnrust of the argument is 

seen to lie in thè need for a too1 which wo~ld readily evaluate and assess 

performance of machine:soil interaction. 

This ,study includ~s an ana1ytica1 and an experim~ntai approach. 

Ana lyt i ca 11y, a computer progra~ based on the fi ~i te el ement m~thod wi,ll be 
, < 

obtained. This program will provide an analytical too1 th'at can be used 

by the désigner, in field i~v~tigations, to evaluate automatically the 

," . 
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NEEO FOR DEYELOPMENT OF A 
RATIONAL PREDICTIVE PHYSICAL~t-1ATHEMATICAL TOOL 

FOR DESIGN EVALUATION AND PERFORMANCE 

, , 

DEVELOPt1ENT OF 
MACHINE-SOIl INTERACTION MECHANICS 

1+-
0 

s:: (1) 
0 C::I ..... OCT' 

of..> -,-- -..-
Itl of..> C 
U ::S..s::: ..... ,.... u 
.- 0(1) 
0- (/) l:-
D-
-l: 

DEVELOPivtENT OF 
REAU ST! C COt1PUiER CODE PROGRAM 

CONSISTENT WITH PROBLEr~ 

DESIGN 
EVAL.UATION 

EW, CONCEPTS 

PERFORMANCE 
EVALUAT-ION 

Figure 1.5 Schematic Representation of ~lachine-Interaction Study Purpose 

(Yon9, fattah and Hanna, 1972) 
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! ,-
performance of the tractive elements of the vehidte and soil deformation 

behaviour beneath if, provided that a technique f r measuring.the inter--- , , 
facial ~tresses or particle path at wheel-soil in erface ;5 available . .... 

Experimentally, the visioplasticity tec nique is used to study . 
'the effect of wheel~surface condition on its perfo mance and subsoil 

b~haviour beneath it an~ to verify the validity of the ana)ytical model. 

The measurement of the surficial, above-ground paramaters,namely load~ 

torque, drawbar pull, èarriage velocity, sinkage, angu1ar ve l'oc it y as well 
, ) 1 

1 

as measur~ment of subsoi1 deformation. are al,so inC)lUded in this patt. 

1 It is also worthy to mention that thrOUg~out this study the 

abov; aspects and consideratio~s are presented in tegard to towed and 

driven rigid'~~eels. ~ The items of sRecific notel are: 

1. The dissipation of energy in the soi1 at è~terface and in 

the subsoil as a result of soil response Ure -movement 

of the rigid wheel. 
_ '.J 

2. Predi~tion of wheel performance in terms of drawbar pull, 
! l'\.a ~ 

" 0 

sinkage, deformation energy and interfacial energy. 

3. ~~5tudy of the effect of control1ed wheel slip on the magnitude 
v , 

of the interfacial and deformation energy developed. 
"" , - l " 

4. Study of the effect of wheel surface condition on its performance. 

• 5. Accountabil ity of the effect of soil recovery qt the rear of 

the whee1 on prediction of whee1 performance. 

\ 
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Adopting the finNte eJement me~hO~FEM) in the field of 

wheel-soil interaction studies will account for the following aspects: 
j 

. \ 
1(.;) the non-uniform geometrical boundaries at wheel-soil 

interface and soil surface, 

.. (ii) the soil nonlinear stress-strain relç,tions, 

" . (ii i) the effect of loading and unloading of soil due to wheel travel, 

" , 

" .. . 
,\ 

.. 
. \. 

~ 

, 

( iv) any constitutive relations covering the effect of confining , ) 

~J , 
,pressure, volume change or'strain rate can ~e used with the 

method i
, 

(v) the loading path' can be followed throughout,using the parti·cle 

path at wheel-soil interface as a loading bou~dary, 
, 

(vi) 'the effect of change of n'laterial coordinates due to wheel , 
, ' 

travel can be considered. 

It is worthy to note that in the FEM. subsoil behavipur in 

terms' (j'f ~tresses, strajns. deformations. defonnation ~nergy and inter­

facial ener,gy can be predicted. 

. " 
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1.5 Organizat;'on of the Thes;s 

This thesis is presented in eight chapters, and six appendices. 

The organization of the'ma;n body of the thesis is shown in Figure 1.6 s 

and the outlines 0i each chapter and appendix are as fo11Ows. 

1 

. Chapter 1 g;ves a definition of the problem, of wheel-soil interaction 

togeth~r wîth a short rev;ew of the"revious methods for evaluating 

the 1 performance of l)ff-road w[leel Sv. '.' 

Chapter 2 describes the general formulation of the governing"~quations 

of the finite element method, a~d the differept appr~a~hes for their 

non-linear solutions. 

"-, '- .~/ 
Chapter '3 descE,lQeS 

"'f~ 

of soi l, the Ahi te 

the general idealization of the non-linear behay\0ur 
( 

element idealization of the soil beneath the wheel s 

the boundary )j~ditions and the incremental approach ,for solying the' ï-:1 
non-linear problems. 

Chapter'4'~escribes the experimental program, the visioplasticity 
. 

technique, and presents a su~ary,of the results. 
<J.) 

Chapter 5 discusses the results of the experimental analysis and the effect " 

, of s li p on whee 1 p~rformance. 

, Chapter 6 discusses the validity of the FEM as a technique for evaluatin9 

w~eel performance. 

subsoil measurements. 

'ihe FE results are.~ompared with surficial'and 
, ). /)~ 

Also, the performance prediction using both 

visioplasticity and FEM are compared in this chapter. 
, ~ .. "" 

'\ 

, " 

/ 

" ~ , ... :~ ... ~ , . 
- ~~~~I ... : r >",~!'"5~"''' ~ .~. ~..:~ • ...,~....,.'-a:..\~",-~ .. .J.~'~4~~:<'~~~~~,,;,;~~~~,", .. J ~w 
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Chapter 7 contains the summ~ry and conclusions. 

Chapter 8 contain$ the recommendations for further stûdy. 

Appendices 

Appendix A - Experimental Considerations. Describes the soil-vehicle J 

-1 
mobility test facilities, t'he soil preparation and the testing procedures, , 

and the physical. chemical and mechanical properties of the soil. 

> 

Appendix B - Data Reduction Techniques, Describes the techniques for 

reducing the data concerning the subsoil de~onmàtion behaviour. 

Appendix C - Visioplasticity. Describes the computer.program used for 

an~lysing the data concerning the subsoil deformation behaviour_. 

Appendix 0 - Constitutive Relations. Describes the different approaches 

used in soil-mechanics'for idealizing soil stress-strain curves and 

constitutive relations. 

Appendix E - Method of Characteristics. -Describes the method of 

.characteristics which was adopted for determining the subsoil and wheel­

, soil interfacial stress'es. 

Appendix F - Finite Element'Computer Prog~ams. Describes the different 

sub-routi nes us~d in- the Finite Element Programme • 

. ' 

1 
1. 
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CHAPTER 2 

THEORETICAL CONSIDERATIONS 

,2.1 Introduction 

, 
As stated in Chapter 1, there are different techniques for 

predicting (a) the performance of a moving off-road wheel. (b) the 

behav~our' of l,the soil beneath the wh~el, or (c) both. In this analysis 
J 

the problem of a moving wheel over soft s~il is studied 'by considering 

the ~oil as a continuum with its entire boundary being a mixed boundary 

on which loads and displacements take,on pre~cribed values. ' 
/ 

Having establi~hed a physical model for whèbl-soil interaction 

study. an analytical model can be constructed and an exact or numerical 

.solution for predicting the wheel performance and subsoil behaviour 

benéath it can be obtained. The accuracy of the predicted results 

is dependent on: 

(a) the accuracy of the physica'l model in representing the probl/?m, 

(b)' the accuraFY of thè analytical model in representing the 

physical model parameters, 
"-

(c) the accuracy of the mathematical' solution. 

The adop~ed mathematical solution is mainly dependent on: 

(a) the assumptions made in constructing the governing equations 
l , 

of the analy,tical model, 

(b) the type o~ the available input data, 

\ 

- , 

J, 
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(c) the re'quired output resu1ts, 
- . 

(d) the accuracy of the predicted ~su1ts • 
... ~I-.... -

(e) the econo~ of the solution. 

Many~umerica1 techniques çan be attempted in developing 
, .-, 

a solution for a particular wheel-soil interact'lon probl'em; among 
t .,.:: 

them are the semi-inverse approa,ch, the finite difference; and the' 

fihite element method. 

2.1.1. Semi-Inverse Approach 
" 

If certain wheel parameters (load, input torque) and soi1 

parameters (C and ~) are known and certain assumptions concernlng the 

'state of the soil, the soil surface, and the physical boundaries at the .. . ' 

wheel-soil surface are made, a semi-inverse approach can be adopted for, 

predicting the wheel-soil interfacia1 stresses (Soko)ovski, 19~5; 

Karafiath, 1971). ln this approach, it is assumed that certain 

propertics for the solution are outright a~d that the problems, in which 

field equations and boundary conditions are ootainablé, can be satisfied 
. , 

by assumed forms of solution. 

This type of analySis has been adopted in whee1-soil interaction 

studies (Karafiath, 1975; Elsamny & Ghobarah, 1972)with the following 

restrictive assumptions: 

(a) the. soil Heneath the wheel is in a state of liÎnit equi1ibrium~ 

(b) the soil has straight surfaces in front of and'to the rear of 

the wheèl, 
!( 



, t 

(c) the soil outside the failure zones is rigid, 
, -, t1 

(d) t~~ angle of separ~tion bet~een front and backward failure 

zones 15 a func~ion of slip. , , , 

As noted, these conditions are too restrictive and do not 

~ represent the physical situation of the problem. In this type of 
\ 

solution the discontinuity in the stress and velocity fields betweén 

the failure zone and the rigid zone is neglected. The predicted " 
, -

results indi cate a discontinuity' at'.the peak of the stress' di stribution 

c', at the wh~el-soil interface (Karafiath,'1971. 75). Since no constitut'tive ri relations are used,w;~h lhi,s type of analysis no SLolbsoil behaviour can be', 

predicted. Figure 2-1 shows the -block diagram for the s9Jution using a 

limit equilibrium approach. 

2.1..2 
\ ' 

Finite Difference Technigue " t--
. -

Since the equilibrium and compatibility 'equations are independent 
, ' 

of the material-constitutive relations, it is 'possible to solve many non-
" , 

linear material problems whose elastfc solution can be obtained, by 

numerical method using an iteratiye technique based oh successive elastic 

approach (Mendelson, 1969). ,In the case of plane strain or stress elasto 

plastic probl~ms, it 1s nece$sary to solve an inhomogeneous biharmonic 

equation subjected to a special type of boundary conditions and to the 

apPfopriate plasticity relations. 
q There is a variety of methods that 

can be used for solving th.e biharmonic equation, including the energy 

cOl16cation,'eigenfun~tion and finite difference methods~ . In all cases 

the solution is aètually only approximate, although in theory the exact 
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Assumptions 
~ Angle of attack 
2 Angle of separation 
3 Idealized boundary 
4 Soi1 is rigid plastic 

, 

23 

INPUT DATA 

Equilibrium Eqs. 
Failure criterion 

Di fferent i al Eqs. 

~thod of 
characteristics 

OUTPUT DATA 

" 

Whee1-soil 
Interfaci a 1 Stresses r 

sinkage 

, ' 

\ 
J. 

Wheel 
1 Load 
2 Input torque 

diameter 

• Fig. 2-1 Block diagra~ for semi-iQverse approach 
(limit Analysis) , 

, , 
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solution can be approached as c105e1y as desired: The si~p1est and , 

most straightforward approach is to use finite differences. 

the method are explained in many references (Mende1son, 1969). 

Details of 

The application ~f the finite-difference technique to whee1-

soil interaction studies to predict subsoil behaviour requires: 

{a) a knowledge of the stress distribution at wheel-soil interface, 

(b) uniform geometrical boundary conditions, 

(c) idea1izing the stress-stra;fI relations of the soi1 to elastic, 
'\ 

e1astic-p1astic or strain hardening behaviour, 

(d) the sail is incompressible in the e1astic a~d plastic zones 

and obeys Prandtl-Reussrelations and Von Mises yield criteria. 

Using uniform grid for the formulation of the finite difference 

equatipns 1imits Hs app1icat;,on to problems of simple geometric boun~afi) 
conditions. Using the same size grid in zones of high and low stress 

concentrations will result in large approximations if a coarse grid is used. 
Q 

A block diagram of the application of the finite difference technique to 

wheel-soil interaction problem is shown in Figure 2-2. 

2.1.3 Finite Element Method 
,.-

The use of the finite element method as an approximate numerical 

solution procedure for solving many kinds of linear and non~linear 
"-

continuum mechanics problems may be found in several references (Zienkiewicz, 
,. 

1971; Oden, 1972; Desai & Abel, 1972). Its physica1ly motivated base and 

1ts compatabilitywith various kinds of boundary conditions and constitutive 

,,'. 
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l Idealized boundary 
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INPUT DATA 

.. Soil 

- Stress-stra;n 
relations 

- Yield criteria 

/ 

Whie 1-pa ra mete rs 

- wheel-soil contact 
/ area 

- Wheel-soil interfacia1 
IJ' stress distribution 

~I 

Fi g. 2-2 Block diagram" for predicting subsoil behaviour 
. using Finite Difference Technique 

• " 
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o 

relationships, render it a useful technique,for the solution of initial 

houndary value problems. The technique basically adopts the Rayleigh-
, # 

Ritz method by means of a variational approach,whereby formulation of the 

~equivalent of the governing relationship in integral form,over the region 

of interest, allows for appiica~ion of approximate methods of solution. ' 

It ;s noted that the true/~olution of the probl~ under consideration will 

always render the integral a minimum. 
")1) 

The basic concept of the fJnite element method is the ideali~ation 
o 

of an actual continuum as an assemblage of discrete elements ~nterconnected 

at their nodal points. Often in soil mechanics, load deformation 

~roblems are of the plane strain variety 5uch that triangu'~r or higher 

order plate finite elements are useful in analyzing the two-dimensional 

strain field. Since the FEM is used in this study for evaluating wheel 

perfonnance and so'-' behaviour beneath i t, a orief development of the 
, . 

governing relationships is presented. Since this study is concerned 

with a transient phenomenon of a moving rigid wheel on 'soft soi.l, the FEM 
, 

solution deals with a non-liDear problem involving large deformations and 

associated non-linear material properties. Due to the resultant large 

deformations of the soil beneath the moving wheel, the FEM governing 

relationsh;ps can ~e formulated wi-th respect ta either the original or the 

updated soi 1 coor::di nates; both formulations ,are' presented herein in 

g~neral fonn. 

dl 

J ' 

) 
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.) j 
1 
1 , 

1 
General Formulation of HM Equilibrium Equations). 1 

In the body occupying a space S in Figure 2-3 (ref 'rred to as 

2.2 

a rectangular fra:ne of reference), every particle has a set 0 coordinates. 

Using the finite element approximation 

{U} = [N]{ô} (2.5) 

'* 'il\ \ 
Superscript T denotes a ~ransposed matrix. 
{ } denotes a column vector. 
[ ] denotes a matrix form. 

( 



t 

y 

( ,( 

28 

/ 

( 1 
H ( ,,---......... 

--......,---------r-( P. J ..... , 

\ ~~ " , , &.' \ ,;r , 
. " 1 

............. " --
> 1>-

/ 

>-

x 

Fig. 2.3 Definition of Lagrangian and Eulerian Coordinates 
and Strains (Zienkiewicz, 1971). 
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{U} relates specifical1y ta the displacement at any point 

within a 'iinite element. 

{ô} ;5 the displacement at the nodal points. 

f 

[N] is the shape function which defines the displacement at~ny 

point within the ele~nt ylith respect to the displacements 

at the nodal points. 

For constant st~ain triangular element formulation, Eq.(2.5) ~ 
takes the following form in matrix notation (Fig. 2-4). 

{ ~ L [:; .. 
J .' 

where 

, 
'\ 

N! 
1 

Il 

ai 

b. 
1 

Ci 

:: 

:: 

:: 

::: 

:: 

0 N~ 0 NI :J J m 
N! 0 N~ 0 

1 J 

. 
,'-

:~ " 
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Fi9urc.2.4 An elemen~ of a continu~ in plane ~train 
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Usi~g the principle of virtu~l work and equating th~ extérnal 

and internal work. we may obtain the [approxima,te] equilibrium equations 
"-

in Lagrangian (original) or' Euletian '(updated) coordinate forn. 

'(Zi el1ki éwi cz. ,1'971). 
n 

The external work done in terms of Eulerian and Lagrangian 

co oreli nates dm be wri tten as: ' 

, ' 

.(Eu1erian) " (2~.6) 

('ia~rangian) (2.].) 

and the internal work done may be wr1tten as 
1 Q 

(Eulerian) (2.8) 

(Lagrangian) (2~ 
, , 

The relatlo~ beiwée~ dlsp1acement can be wrltten 
~ 

1n terms of Eulerian and Lagrangi~n coordinates, respectively,' as 

d{ë} = [Bo) d "{é} (Eulerian) (2.10) 

" 
l , 

, , 
.' 

~ 
" 
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1 

The matrix [B] defines the strain displacement relation. 

(1 
(lagrangi~n) (2.11) 

Using the pr:viou~ relations and equating (2.6) and (2.8). the 
,y 

equîlibrium equations in terms of the Eulerian system are obtained as: 

(2.12) 

~ 

Sirrii1arly. in terms of the Lagrangian s'ys'tem, by equating (2.7) and 
,- , 

(2.9) 

where 

where 

{R} 

1"' 

'\ 
{1/J} = {R} - Iv [BHa}dV :; 0 (2.13) 

(2.14) 
i 

represents the equivalent externa1 nodal forces. whi1e the 

second term in 'equation (2.12) or .(2.13). the internaI 

force reaction. 

" .. 

l' 

\ 

t 
( 

.. 

J 
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t,} represents the nodal forces required to bring the assumed 

displacement pattern into nodal equilibrium. 

i 
J 
1 

{Pl represents surface forces per unit are~ of tje defo~ed ~ody. 

{q} represents the bC?dy forces per unît mah. 1 
- -V and A 

{ëi} and 

d{Ë!} 

{a} and 

d{e} 

p 

are the volumes-and areas of the deformed body rèspectively. 
,\ .. " 

is the tlensity in the deformed state. 

are veçtor forms of the Eulerian (rea1) stress and strain 
-increment in the distorted coordinates {Xl. 

are Nectar forms of the Lagrangian stress 'and strain ; 

increment in the original coordinates {X}. 

, 

In genera 1. both {R} and {B} 'depend on -the di sp lacement 
t 1."- 1 

'parameters {ô} and as the stress may be 'a non~1inear fun,dion lof strain, 
, , 

special solution methods will have to be used. 
1 

The' exp l, icit fonnul ation of the strain-displ acement matrix [B] 
1 
1 

can be easi,ly Cobtained with respect to the, original or the continuously , 
, " 

updated soil ·coordinates if the shape function [N].~is know,n. 1 

If an inc~emental solution is used for solving the wheel-soil 

interaction problem and the size of each load or displacement increment 

15 smal1, the strains within each increment can be considered infinitesimal 
, , l ' -

and products of strains (the quadratic term of the strain-di~placement 
• , ~ , : T 

a relationship) may be neglected. Then both 'expressions for: the strains 
to : 

(Lagrangian and Eulerian) reduce"the class-ical infini.tesimal: expressi~1J 

wh; ch can then be used~~, 

l ' 
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2.3 . Solution Outline pf the NonTinear Equations 

In vi~ of nonlirTe~~ity the solution 'Of Eqs. (2.12) and (2.13) 
. 

will have to be approached iteratively. If the Newton process 

is ta be adopt~d the relation between d{ô} and d{$} has ta be found. 

Thus, taking,appropriate variations of Eqs. (2.12) or (2.13) with 

res~ect ta d{ô}, one abtains: 

(2.15) 

and from the stress-strain relations, _ 

d{a} = [O]d{e:} ::: [O][B]d{ô} (2.16 ) 

[0] is the stress-strain relation matrix and is a function of the 

mechanical properties of the sail. Its derivation with respect to.' 

different idealized soil stress-stra1n relations is shawn in AppendiX D. . , 

If displacements are large, the ~trains are related in ,a honlinear 

fashion to displacement, and the matrix [8] is now dependent on {ôl. 
-

The matrix [6] can be written as: 

(2.17) 

where· 

[BoJ is the same matrix as that for linear infinïtesimal st-rain 

an,alysis, 

and [B l )" ,depends on "the displacement. In general ~t ~ound ta be 

a linear function of such' displacement~. 

1 
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F.rom Eq. (2. 17) 

Therefore 

in which 

d[B] = d[BLJ 
~ 

~{~} = JVd[BL]T{q}dV + [K]d{o} 

~:: JI lB] T [D][B]dV = [Ko] + [KL] 

(2.18 ) 

(2.19) 

(2.20) 

11) 

represeÎltS the usua l sma 11 dj spl acement st i ffness matri x, 

and [K
L
] is due to large displacernents. 

The first terrn in Ëq. (2.19) can be written as: 

[K ]d{6} 
.0 

(2.21) 

where 

[K] is a symmetric matrix which depends on the stress level. 
o ' 

, Eq, (2. 16) can 1 be ~ri.t~en in the, for~: 

d{~} (2.22) 

whe~ [Kr], is de~ine~ as the tangentilal'stiff~ess matrix. 

t 
D 
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It can be noticed that Eq. (2,12) is applicable for a general 

problem of nonlinearity in both material and geometry. If an 

incremental solution is used, the strains may be considered to be 

infinitesimal and in such a case the quadratic term in the strain­

displacement relationship ean be neglected and Eq. (2.22) reduces to: 

(2.23) 

A Newton-type iteration ~an be applied ~ solve Eq. (2.22) 

or Eq. (2.23). 

\ 

2.4 Technigues for' Nonlinear Anal~sis\ 
1 

As indicated in the previous\section, the analysis of nonlinear 
\ 

prob l eins where the non li nearity i s due \to either non 1 i nea r mater; al 
\ 

properties or large deformations, or both, is much more complicated '. 

th an the line~ analysis beca~se .the go set of simultaneous linear 

a1gebraic equations beeomes nonlinear. In al1 the studies published 
.) 

on nonlinear behaviour, only a handful f exact solutions to specifie 
• Ii ' 

problems can be found. These deal, , lithout exception, with b,odies of 

the most simple geometrie shapes and'baundary conditions. More often, 

a IIsemi .. inverse method" is .employed. i which the shape of tne deformed 

boqy is assumed to be known in advance (a sîtuation,which is not often 
1 

encountered in pr~ctice), and.even tni hese cases numerieal techniques 

.. 

1 . 
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must often be introduc;:ed in the fina1 steps of the solution in order 

to obtàin quantitative results. ' In short, closed-form sol utions 

to the governing'equations of most nonlinear problems are either rare 

or do not exist (Oden, 1972). 

Generally, the nonlinear problems in the FEM can be classified 

as fol1ows (Zienkiewicz, 1971),: 

,(i) 'geometrical1y 1 arge deformations associated with smal1 

el ast i c str.ai ns, 

(ii) geometrically large deformations associated with 

finite strains. 

(iH) nonlinear material propertie?" 

The case of a moving rigid \"heel on soft soil can be classified 

as a nonlinear problem of the second and third types. 

Another classifi~ation, based on methods of formulation and of 

the solution of, the nonl inè~r system, has been introduced as fol1ows: 

,,' (a) t,he i nc rementa 1 1118 thod where a "ma rch i n9 1/ ty pe 0 f a p proach 

15 used and the equjlibrium path is only ~pproximately 

followed, with equilibrium checks occasional1y introduced. , 

(b) _ the iterative procedures in \'ihich equil ibri um is approached 

lb at all stages of the computati on. 

(c) the,step-iterative or mixed method which is a combination of 
\ 

the previ ous b/o methods"; , 

The three techniques are shown schematical1y in Figure 2-5. 
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'\, 

{s} 
\(a) IncrementaI Procedure , \ 

L' 

Modihed 
Ne\<,ton­
Raphson 

{ES } 

.' 

\ 

/' 

(b) Iterative Procedure 
(variable JK]) 

{s} 

(c) Iterative Procedure 
(Cons,tant [K]::: [Ko) ) 

(d) Step-Iterative or Hixed 

Fig. 2.5 ~echniques for Nonlinear Analysis Comparison 
of Three Nethods (Dosai, 1972). 
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t 2.5 Summary of the Nonlinear Solution 

The solution of any nonlinear,finite'e1ement problem by 

iterative procedures or by the mixed method can be summarized in the 

fol1owing steps: 

(a) The 'elastic linear solution is obtained as a first 

approximation {~}. 

(b) {1j!}1 is found, using Eqs. {2.12) or (2.13) with the 

approp~iate definitipn of [S] and of the stresses as 

given by any linearfor nonlinear stress-strain 1aw [0]. 

(c) r4atrix [KT] is established, and 

Cd) Correction is estabfïshed using Eq.· (2.22) as 
c [ -1 tdêl} , = - KT] {1jJ}1 

and if the nth i terati on gives a non zero l'es i dua 1 force 

{1jJ}n' the next iteratton becomes 

{o}n+l ::; foIn + l\{o}n 

• and t~e :roceï is repeated until l\{o}_n becomes sufficiently 'smal1. 

This process is sJlpwn 1chematically in Figyre 2-6. A constant matrix 

could be used, th~s .iÎlr~aSing the nullber o~ Ùerating steps. Using a 

semi-inverted technique resolves the process at sma1ler computer time, . 
provided 'that, at each ,step" {iJI'}'i~' is calculated by' 'the correct expressTons; 

'~ ~'l _ 

however, conv"ergence is sometimef slow ",ing this procedure. To expedite 
'" • 1 

,the convergence wi'th Jess compu~1-ng time, the tangent stiffness matrix may 

~é updated 'oncé on1';, j0110Wi;~;~~hiCh it is kept constant during the 

iteration process. 
, , 
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Fig. 2.6 Schematic Représentation for Iteration Process 
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Figure 2-7 shows a black diagram,of the FEM adopted to the 

solution of the wheel-soil interaction pr~blem. 

2.6 Summary 

In conclusion, sorne of the différent techniques of continuum 

me'chanics app1ied to solve the wheel-soil interaction problem are 
, 

discussed in this chapter. To la~ the ground for the applic~tion of 

the FE~ to the problem, a general formulation of the FEM governing equations 

together with the,different techniques for solving them have been presented. 

Il 

\ 
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, 1 INPUT DATA 1 

'Boundary Conditions 
_ Wheel-soi1 interfacial ". 

stresses 
- Particle pa th at 

wheel-soil interface 

, 

s-ce 
ID e 
:;) 0 
0- .... .... ..... 
C :::J 

..c r-
U 0 
C) V) 
t-

s-
e j;j 

0 ID .... e ...., .... 
n:J .... 
s- e 
(li 0 ...., z ..... 

Soil 
- Subsoil deformations 
- Stresses-strains 
.. Velocity and 

energy fields 

+0 
$0,i1 

- .. Stress-strain 
relation 

- Yield criteria 

. Formulation of 
the FEM governing 

equati'ons 

Solution of set of 
linear or non1 inear 

equat ions 

1 OUTPUT 1 

.. 

+ 
~'Ihee 1 Parameters 

l ,- Load , 

2 - Inpu.t torque 
3 - Sl i P 

- '. 

0 

, . 

. :'\ 
" 

'c 

, Wheel 
- Drawbar pull 
- Sinkage 
.. Rolling resistance 
.. Efficiency 

Fig. 2-7 ,Block diagram for predicti.ng \'/h~el performance 
and soil behaviour beneath the wheel usi~g FEM 

ff 
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CHAPTER 3 

APPLICATION OF THE FINITE ELEMENT METHOD 
TO WHEEL-SOIL INTERACTION STUDIES 

o 

This chapter~i5 concerned with a des,cription of the different 

requirements for application of the FEM to the problem of prediclflngï'­

both the performance of a moving rigid wheel on soft soil and the soi1 
/ 

behaviour beneath it. The gffferent types of stress-stra;n 

idealizations are described and the adopted constitutive relation in 

the present solution technique is explained. The other constitutive 

, 
, ' 

relations \'lhich may be adopted in ~0i1 mcchanics in genera1, and in 

wheel-soil interaction studies in particular, are presented in Appendix D. 
/} 

The increm~ntal iterative technique which 1s adopted for il FE nonlinear 

solution is presentgd. The FE idealization and methods of application' 
. , 

) of the b,oundary conditions at the \tJheel-soil interface are a150 presented. 

3.1 Introduction 
\ 

As seén in Chapter 2, the complete solution of any continuum 

mechanics· problem in general, and wheel-soil interaction in particula,r,. 

r~quires, besides the equations of equilibrium and continuity, a knowledge 

of: 

(a) the boundary conditions, 
! 

{b} the constitutive ~elations: 

'. 
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The degree of accuracy to \'/hich the choicg of {a} and .(?) represents 

the conditions of the real proolem greatly affects the validity of the 

predicted results. In general, the 'requirements for the solution of 

the \'/heel-soil interaction pro~ and the prellicted results \"/hich define 
.1\ 

whee-l performance and soil be~)l1iour beneath it ilre shown in Fi gure 3-1. 

In this study. the FEM employed for predicting the \'/heel 

performance and subsoil (clay) behaviôur beneath it will be limltearo­

the follo\'lÎ(lg considerations: 

(a) rigid \'1heel' movi"ng on" ho~ogeneous soft soil with constant 

low~ranslational velocity, 

{b} the 1:Jheel is moving \'1ith 10\'1 degree of slip. 

In order to circumvent the mathemat-ical difficulty of establishing 

the mechanic~ and the boundary conditions for a moving 'ilonlinear elastic 

whe~l (e.g., pncumatic tire) o~ a nonlinear s~il continuum, the case bf a 

rigid wheel is considered (ci.g., a highly inflated tire moving on soft sOil). 
r 

This idealization in essence models the translational velocity and 
, ,) 

performance of most'earthmoving and off-road equipment. T,he effect of 
t • 

mass i nerti a forces,\, of the soi 1 continuum can be neg1 ccted at 101t1 trans-

lational velocities. The wheel-soil interaction problem 'can be treated 
'" 

as a steady state case, provided the soi l ;s homogeneous and the v/hae1 

moves at a constant 10\'1 ?poed. 
1 

As will be shawn in Chapter 4, a~ a high degree of slip the 

soil-wheel interfacial zone is subjected to a high dcgree of distortion 
~ 

and the soil in this zone behaves differently from thé rast of the continuum. 
t\ f' ~ , 

This 15 due to the high strain rate effect and the nature of the interactipn)J 

, , 
'v 
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1 -: Drawbar pull r 

1 
- Rolling resistance 1 
- Dynamic sinkage Zp 1'" 

1 ..:. Efficiency ',-

1 
- Useful energy, ~ l , 

Dissipated energy 

L-3~ ~e~h2_(,_.J 
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Wheel 

- Diameter 
Velocity 
Angular velocity 
Surface condition 
Input torque 
Load 

v 
Unloading ~oundary 

sail surface 

- natural 
Unloadlng Boundary - l;deali2:ed ~; 

)/ 
/. 

" 

,,-..,.. 

-~ Z 

- Contact area 
- Interfacial stress 
- Wheel-soil p~rticle 

.~ 

Stress-strain curve 
- '{ield criteria 

Soil parâmeters 
E. initial tangent 
l." modulus 

'. 

'" 

~ 
~ 
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-4P' " r ..... .-... - ~-:-- - - ---- .... .., 
l ' , ' ~l.l" <' J 
1- Rut depth {ecological damagé)J 
~ ... Subsoi~ deformat~on~ l "(ft. 1 

/ ~ 1 stresses! stral.ns " 
/ 1 - Degree of compac~ion 1 
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____ Input 
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Fig. 3.1 Required Input~utput- Information for 
Wheel-Soil'Interaction Stndy 
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, , 
Detween the,wheel material and ,the sOil.'--r' The interfacial zone 1as,a 

. 
relatively smal1 undefined thickness and its son. properties change 

r:api dly \'li th depth. 
i 

Due to the difficulty in determining ,the ,mechanical 
<.,? 

properties of the 'soi 1 in this zone and Hs .rate of change with' depth, 

, a case of low degree of slip 1S considered. 

The present>analysis for ,Performance prè'~Mction of a moving 
- 1 

rigid wh~el and of the soil behaviour beneath it, treats the 5011 as a 

nonlinear elastic material, subject to boundary conditions of an ;ncre-
) 

mental nature, \'/hich \'Ii11 permit the grm'lth of theDstresses from ~heir 
'~\l ' 4 1 

initial to their final states and âlso permit the soil loading path to be 
"" 1 

\ ~~ 

follalt/éd. , Furthetre. most off-road vehicles hàve relatively w,ide 

tires 50 that a plan~-strain type of analys;s can be applied. 

The solution to the soil-\'Jheel interaction problem using FEM' 

\·1ill be obtained (.iith the following characteristics: 

(a) the solu~ion will be complete~ 

lb) it will be consistent with the equilibrium and 

compatibility equations, 

Cc) it \'/i11 be ;n accord \"ith the problem of nonlinear elastic 

or strain hardening concepts for constitutive performance,' 

(d) it vlill provide.~the displacements, strains, stresses, 

'defonnf,ltion energy in the soil continuum, interfacial energy, 
" , 

useful output energy and \I/heel-soil interfacial stresses 

(\;/hich are not pos~Able \"/ith other methods of solution except " 
" 

\.~\) for the visioplast-icity method previously used by Yong & Hebb 

• J • 
(1969) and \'1hich to date is applicable for small scale teSrts 

in the laboratory). 

,\ 
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It is noted that none of the approaches previously described 

in Chapter l satisfies, al1 these requirements-. ~n addition, none of 

them can predic~ both.wheel performance and sail behaviour beneath the 

~ wheel in the field. 

; "' 

. \ 

The ~Et4 has the advantage çf predicting the \'/heel-soil 

performance in terms of energies (input[ output, deformation ana inter-

facial enèrgy) as a funetiàn of slip (Yong et al .• 1975). This . 
",advantage \'Ii11 allO\'I a. complete spectrum of \'/heel performance ta b,e 

shown for 10'<" degrees of slip. Thûs the point of maximum drawbar pull. 
, , 

the self-propelled point:' the tm'led point, and th'e- point of critical slip 
'., 

can al1 be determined for any specifie \'/heel.' Thé details will be 

shawn in the results presented in Chapters 5 and 6. 

3.2 Constitutive Re1atjonships ' 

The problem is directed towards the study of the perfonmance 
1 

of a movi,ng rigid \'/heel over soft soil (clay). The major aspect~ of 
, ' 

" 
the behaviour of clays are discusS'ed ~n Appendix D. ' 

" . 
"Tru~ triaxial ll tests were performed under pla'ne s'train 

t, 

conditions in order to reproduce as closely as possible the assumed' 
• 

~ 

con~t;ons during the soil-wheel tests. )~~~;1"th: purposes of this 

study and for the development of the soil criterion which 1s to follow, 

the following idealized assumptions apply: 

L, 

>' 
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t. 

(at",he, soi l is essentially completely sat_ura~ed, subjected 

to a situation which is analogous to quick, undrained test 

condition!>. The effects of mineralo.gical composition, 

disturbance, soil structure and prior stress 'history can be 

,accounted for through triaxi,al testing.· 

(h) The 50il behaves as an elastic material durini unloading or 

any similar situation. 

3.3 Idealization of Nonlinear B~hpviour 'of Soi1 

The theory of stress-str.ain ,relationships for non1inear. 
, 

materials is perhaps one of the most complex areas of continuum mechanics. 

Mathematièal expressions have been formed for stress-strain relationships 

either by using simp1ified assumptions (material 1s elastic plastic, 
, ---..... ~--

perfectly plasti-c, bilinear elastic) or by emp~i'ical functional relatlQn-
, \ 

ship5(Kondner, 1963; DUlîcan & Chang, 1970}. For soils, the empirical 

relationships have been obtained fram curve fitting of the experi,mental 

results (Duncan & ,Chang, 1970). 

It is kn~#n that the amount and type of structural or material 

ide~1ization_\'!~:,l affect the formula,tion of the problem V\der consideration,' . 

In general, the-fuore complex the model chosen to simulate soil behaviour, 

the largèr the number of variables to be taken into account and the more 

involved the nonlinear analysis. Moreover, for a realistic analys;s . 
~ 1t mu~t be possible to obtain values for~the constants '1nvolved'in -th~ 

v 

constitutive l a\'1 , from laboratory experiments. 

J' 

.\. i 
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T~e choice of a particular idealization of nonlinea~ behaviour 

depends on the acéuracy desired~'the number.of elastic or pséudoelastic 

co ns tant s .wh i ch m~s t _ ba determi ne d. the' comput a t i ona 1 . e ffo rt ceq u i r~ 
for the idealization~ and the generalit~ of'the,method. ' 

In general, there are four'types of material idealiz~tion and 

two types of constitutive relations which can be used in 50i1s. The 

material idealization ,can be clas,sified,as: (Fig. 3-2) . , 

(1-) Elastic-1inear strain hardening 

(2) Elastic-perfectlY plastic 

(3) Nonlinear 

{4} Bilinear behayiour. 

In the nonlin~ar method, the ~tress-strain relations may be 

obtained either as a direct output of triaxial test results' (Chapter 6) 
:;'~-1 

or as a hypérbol ic representation of these results (Appendix D). 

The t~0~ approaches for developing constitutiv~ relations in 

soils are the nonli~ear elastic approaçh and,~~e,elastic~plastic o~ strain 

hardening approach. 

3.3. l Nonlinear Elastic Approqcp 
.. 

');,. 
This approach does not idea1ize the stress-strain curve but' 

uses the eql/ations of elasticity to solve "~ the stress state e~en afte,r 

yie1ding has occurred in the soi1; any degree of non1inearity can be 
"'-

accounted ,for in this appr?ach. InasmuCh as the nonlinear e1astic 
, 

analysis represents the actual stress-strain relation obtained from tests, 

ft is expected that good ,results can pe attained from this' type of analysis: 

\ , 
" 

) 
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E 
Elastic-Linear Strain Hardening 

E 
Nonlinear 

1 
1-' 

! 

~. 

'l' 

, ' 

E 
'Elastic, Perfectly Plastic 

E 
Bilinear Sèhaviour 

:;-;... 
_Fig. 3.2 Idé~lized Stress-Strai~ Curv7s 

" ' 

/' 

, . 

\ 
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3.3.2 Elas'tic~Pl,astic or Strain Hé!rdening Approaçh . , \ 

Consideration is given here'to the possioility of modeling the 

soil as an elastié-plastic ,or ela?tic-strain,hardening materia1. Marcel 
J, 

& King (1967) and Zinkewic~' (197r) ,have successfully applied this method 

of analysis to two dimensiona1 stress ~ystems. 

The elasto-pla~tic model would be i'<~eal in cases where the soil 

stress-strain curve can be approximated with fair accuracy ta an elastic 

'and, a plastic (strain hardening) portion. Most soils', however, exhibit 

continuouS non,line,a~ity, and in such cases, the elastic .. plastic idealùa{i ri 

,may not work, well. Detai 1$ of derivation of the elasto-,plasttc matr; 
, " ' 

can be found i~ Appendix D. 

3~4 Adopted Constitutive Relations 

In this thesis the nonlfnear elastic approach is used for 

formulating the constitutive relations for the sail continuum. The 
, , 

stress-strain relationship for soils in the three dimensional case can 
, ' , 

be best re~resented using stresses and strains in the octahedral plane. 

Newmark fJ960) states 'that the general constitutive law for coh~~ive so115 ,.. 

can be expressed in terms of three parameters as follows:' 

(3.1 L:,-
,\ . ~ ,-

, 
1 

/ 
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where 
1 

fl. fv f3 are arbitrary fUrlet10ns 

1::1 is the octahedral r'lOnlra l strain 

Yoct 1s the octahedra 1 shearing strain 

1,,> °oet 1s the octahedra 1 nonnal stress 

'toct 1s the octahedr,a 1 shearing stress 

cp - i l
/ 2 - 3 Toct 

" " 
,,0 l 

a = e:l 1::2 E3/ (2Y <kt).2 

J~ 15 the third invàriant of the deviatoric stréss,'and 
1\ " " , are the first, s'econd. and third, deviatoric strain El' 1::2. e:3 

components. 

Equations 3.1 could account for volume change, distortion and the inter-

mediate principal, stress in contrast',with the tVIO parameters Mohr-Coulomb 
, 

relations '(Yang et al. ~ 1975). , Determination of the third parameter is 
, " 

possible by using trùe tr;ax;al test (Yong & t4cKyes, 1'971 ~. 
'l:'f 

Assuming that the extended Von' Mises Yield criterion can be 

adopted for,saturated clays, the, third parameter has no significant effe~t, 
.J' ' " 

and the formulatton of Eq. 3. l is reduced ta: 'f" 
., ~, 

Eoct = fI ,((J~ct~ Toct> 

1 
f 2 (Gact ' Toct) 2Yoct ::: 

IV, " 

" , ~ 

" 

,-

, 
, , 

" ' 

-!.. .... ' , 

: 

'1 
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Saturated clay does not.change tts volume during shear, and 

hence it can be considered tQat the change in volume due to immediate 
\, 

application of hydrostatic componen,t of stress is elastic and of small 

magnitude. Thus, Eq. ,3.2 may be' rèduced to 

'\y ::: f (0 T) 
2 oct 2 oct' oct (3.3) 

, , 

This function can be determined from the results of the 

trriaxial test at·diff~rent confining pressures. The octahedral shear 
, , 

stre~s and s,trëii,n~ TQct .'a'nd Yoc't are defined respectiv71y as: 

." 

" ' 

l 
, 'oct - ,~[(O1'''02)2.+, (02-03)2 + (03- 01)2J2 

" 

/ 

The octahedral stress-strain relations plotted from the 

(3.4) 

(3.5) 

results of conventional and plan~1 strain triaxial tests are sho\'m in 

Chapter 6. 

B: 
, c7 ' 

The soil, continuum bepeath the wheel is idealized with r,espect 
. , 

to the undeforrned, un10aded soil surface us:ing plane strain triangular 
/ 

\ 
el el,nents, Fi gur~, ~-3. In ·order tô reduce both the time needed for 

idealization of the son continuum and the amount of, input' data required , , 

for performance predict;o~ of.a \'/heel ~J~th d;ffe~ent parameters, all the 

geometrical dimensions are made a function' ôf wheel' ~-iallleter. 
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3.6 Boundary Conditions 

The analytical solution r~quired for predicting the 

performance of a moving \'iheel and subsoil behaviour beneath it is generally 

;taced \'Jith the difficulty of specification of 'th~~nitial boundary 

cond~tions at·the wheel-soil interface. Perumbral et al. (1971) and 

Chung et al. (1975) used th~ lJJheel-soi
o
l interfacial stresses measured by 

, "-
Onafeko & Reece (1967) as a 10ading boundary in adapting the FEf4 to the 

problem. They also implicitly assumed that the soil is in a state of 

ièro energy, i.e., not subjecte9 to any kind of stress .history, and-that 

the interfacial stresses are applied statically - \·thich contradicts 

the physical situation. 

Any soil element beneath the wheel is subjected to a t6ansient 

type of loading due to the natun'! of the \'Jheel motion. The state of 
, . 

stress at any 50il element is a function of the wheel and loading parameters, 

the soil stress-strain relations land the wheel position \'IÎth resJ)ect to 

the element: In order to obtain a complete and unique solution, a 

total spectrum from the initial (static wheel position) state ta thestate 

of constant speed wheel travel must be 5tudied. 

In general, 1t i5 assumed that at a soil depth and at a distance 

equal to ~Jheel diameter from each sida of the l'Iheel instantaneous centerline, 

the soil movements are negligible. 

At the soil-v/hael interface the loading boundar.y conditions can 
, ' 

be in the fonn of loads or displacements. 
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3.6. 1 1o~d Approach" 

In this approach. the Soil-\'lheel interfa.cial stress distribution 

is assum2d to he kno\"m, and thus the ~'Jheel performance and the subsoil 

behaviour beneath the \'Jheel ùre predicted. In fact: th;s approùch is 

good for predicting the subsoil behavioUl' and possibly the dynamic sinkage 

ilnd rut depth. 

Figure 3-4 (Schuring, 1969) shows the different approaches for 
" """ 

ùssessing the stress-distribution at the soi1-\'lhe~ <,'interface.-

The measured interfacial stresses are noV expected to ~e 'fairly 

accurate for the follovting reaspns: 

(1) the d"iff.iculty in mount"ing 'Che fOY'ce trDnsducers on the \":hcQ1 rim, 

(2) the n::lative stiffness bet\!Cerl \"ll1ec1 maLel4 ial and soil, 

(3) tllP. Y'ela'tive size bChJccn soil gra"ins and trilnsducer diaillctcr, 

{4} in the: case of soft. soi1s, the fûilure ot' the slip surface mùy 
'" 

OCCUi~ bct\'Jeel1 soi l vnd soil and Ilot bctl'lccn v/hecl 5lH'face and 

50il. Thus' the tùngcntial stresses cannot !Je m2ûsur.ed 

accwù te 1y . ' 

The I:!heel-soil interfacial ::;tress-distr-ibut"ioll can a1so bc 

determined from empii~ici11 cquations based on plate tests, \Illich make no 

c1~\im of interpY'9t"ing the rcal process. t"iost of thcsc cquûtions can 

be redu'ced from the following basic ideû (Schut'ing),19G9); the wheel r" 

contact itrea i s di vi ded i nto il seri cs of segmênts Sffiûl1 cnough' to ihepresent 

oven plates. Each oi these small plates has a double function. By 

," 
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" ) 

~ 

displacing the soil radially, it ü; expoSed to a radial ~t}'ess and by 

sliding tangential1y ovcr the sail it 1s subject ta il tangentia1 itres~. 

1\11 plate tlpproaches ,ar.e disti,nguished by the dclibertltc 
, .' (/ -

um'Ji,llingness to e)~plain \'/hat. i~ rea'l1i happening in the soil. The . .' 

mathematical models developed by Bekker (1969). Janoz'j (1963). Andre'ev 

(1956), Sela (1964) and Reeco (1965) do not claim to reflect on under- . 

s tandi ng of the dynami è 50 il-deformi ng process; they are beud st i c 
" - J 

attempts to predict wheel performance with the hel~ of the well-cstablished 
" , ' 

(") plate te~ts., Ho':! .successfully thoSG ùttemljts match real st\~ess distri-

butions can be chcckcd by comparing computed stress wit~ mca~ured,values. 

In the 10ading bou'ndary ùppronch, the nonlincili' solut'ion fOI~ 

c 

the \'JhcG4-soil intcl'ilction probleril is oblaincd -in one load incrcrii~nt by an 
~ <'J J L ~'I 

Hel'ut ive approach ûnd thui> 'the, stress path cilnnot he fol1Ôl'/ed (f~endel son, 
/ 

The equiîibrium in large: l'Jill be sat';::.fied l)u1. tlot in sm\\ll and 
ç • 

f 

1969) • 

any subsoil félt(' bchaviolfl' (velocHics, sthlin i'ùtcs, Y'i1tU of deform:ltion 
, ~ l ' 

enel'gy, .. ctc.) cpnnot1bc pl'ediéted, if the prohlcm ie; tt'eilted ilS il stade 

case. Jt 1S also \'/orthy to notc that the soil cont'inuurn is C'~h3idcn~'d 
, , 

Jn ct stat'e' of loading, ilnd no effect fOl' sail recovery is considered beyond 

the \'Jhccl rear.:;; 

(Figure 3-5). 

This docs Ilot cO\~rcspond tq. the ùctual phys jeul bchaviour 
, ' 

. 
3.6.2 Di~placernc~ou~lùt::X .. ~~~ion5 .. 

. 
I\n approach' us i og the di spl accmcoê boundary condi -Uon can be 
~ 

,~doPl'~P lllc)thc fin.He element nnalysis for ev~Juating t'Jhecl pel"forn'flnce 
-, 1 

and ~~u6soil behav; our. D 
, 0 l 

\'Jhi.dh 
'. 

'Chis pl'()vi,des for cl complete and unique solution' 

.' .. ' \ 

can satisfy thû fOllm'Jing n:.quircm::;nts': 
a /,,1,, 

,;.: ..... 

. , 
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E 

Fig_ 3.Sa Schematic Diagram for Stress-Strain Behaviour of Clay 
during IDading and Unloading 

Whee\ 

v >-

Soil Surface 

Corn ression 
Zone 

Fig~' 3. Sb Soil Dcfo~tion Bencath a Rigid Hhcel 
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(1) stability in the ~mal1 and in the large 

0(2) kinematic~lJy a~missible boundary conditions 
.l' , - , 

(3) actual stt'CsS path" 
~ 

(4) effeet of soil-c6nfintng pressure 

(5) soil recovery", 

" 7-/ _ 

{6} rate of energy dissipated in deforming the soil and at 

wheel-soil interface 

(7) veloeity fields. 

o 

1 

The dis'placem~;n;: boundary approach is mainly dependent on the 

,soil particle path at the ~heel interface. A description of the method 

is given in the fol1owing section. \ 

3.6.3 Partiele Pat~ 

The palh of ft point on the soi1 and subsoil surface due to L 
" " "-

moving v/heel is reproduc~q by pl,otting the measured subsoil~displacement 

pattern as a function' of time, using an x-ray photographie t~ehnique 

(Yong et al., 1968), Appendix A. 

Generally, a tire shape is"defined as the path of a point on a 

deforming pneumatie tire relative to a moving reference framé, i.e., 'the 

axle centcrline. If the ti re does not deform, its shap~ i 5 merely "a 

circlc. If the tire doeS elefOt'fil but the surface over \'/hich the tire 

rnoves does not deform~ the tire shape \'/ithin the zone of contact must 

conform to the contour of the surface. If both the tire and the surface 

over wh'ich it moves ,are defol'mable, as in the case of a pneumatic tire 

moving over a yielding sail $ the tir;e shape represents the balance betvleen 

1 

f 

{ 
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the l~cVsistllnce ta the dcfol'mation of the tire and that fot the surface. 

In such a case, thcrefore, thr shape is indicative of. the resultônt ' 

fone of the sort ?'n the moving tire, insofar as the rcsistance ta 

dc'formation is uniform alang the mûjar circumference of the tire· 

(Freitüg & Smith~ 1966). 

III arder ta cstablish the lTIëlthematical forl)1ulac for the p'article 
, . 

pa'th~ il caSé or- mov'ing undeformed tire over yie1ding sail is consideree!. 

ln tirÎ S Cilse, [mOl·ri ng the dynami c si nkage, degree of s li P and \'Ihee 1 . , 

dtameter,thc particle path con be gcometrîcally determine,d, "us;ng the , 

follm'ling t\·10 formulae (Figure 3-6c)[Onafek~ -g Reece, 1967]. 

, \'Iherc 

1 
,1 

X := ~' . 
1 

(Oi- O) - r (s 1n01-s ino) 

\, 4 

Y '" Y' (cose-cos e l) 

X,Y arc the parti~le path coordinates, 

r. 'Îs the. rol1ing radius of the \'Jheel, 

Y'i is the distijnce,frofu the wheel centre to the 

instantancous centre of rotùtion, 

o. is the coordinate of the point wherc ~im and 
1 

soil surface m8et, 
) 

(3.6) 

(3.7) . ' 

o is the angular coordinale Qf position on the wheel rim 

1i12asurcd from B.D.C. 

The c.Ycloid' in F"igure 3-6a arid b mùy he cons"idci'ed ct cas(' of 

undefonned o rolling V/Hhout slip, ~'/hich coniilcts .. the? soil at A in one case 

) 

, , 
~. 

\ 
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and at B 
-

but in both case~ loses contact with the sail at C. 

Jhe nrost portion of the path 1i~s betvJeen A and C or Band C, 

rates the re1at,ive motion .bch/een the point on the tire and 

the soi 1. Thi s. \1e la 1:i va mot'j on is ~ot a s l;'p path, as s 1 i p is norma l1y 

" {? define1t: Fi ,ure 3-6a sho\lJS the path for the case of zero slip" 

F.urthermore ~ these porti OttS of the path" are of di ffer~nt lengths,,' It \lJÏ 11 

be noted in Figure 3-6 that the Z component of the path is simply the 
, (, 

sinkage of the wheel. The path is considered positive when the point of 
) • ,. H 

soil-t'Jhcel separation, C, ,is ·fOf\1ard of the point of initial contact, A or B. 

The curve in Fi gure j-6b represents Cl path of undeformed tire movi 09 \'1 i th 

slip, contacting the so;'i at either A or S, and loses contact.\l/ith 'the 
~ 

soil at c. From Figure 3-6b it can be seen that the path can be cither 

,positive (X
ù

) or n~ga.tive (Xb). even thotlgh the slip 'ma~ be the same ;n 

both instances. In' a yielding 50;1, the pa~~ of a point on the cent;r11ne 
(/ , 

of the tire will always be positive wh en the wheel slip'is zero or'neQat;ve. 
, 

It may be either pos 'it ive or r.t.:gat i ve ~'Jhcn the \'/hee l s 1 i pis pos i t ive 

(Freitag & Smith, 1966). 

Since th~ theoretical particle path is only a function of wheel 
~ 

parameters. and in view of the complex beha~iour of the 5011 nt the wheel 

interface, the \'/heel-so"il slip surface and the son recovery beyond \'Illeel 
rt' 

'bottom dead center, the theoretical pç.rticle pùth cannot accurately represent 

the actual path. A detailed description of the actuôl particle path at 
wheel-soil interface :S given ;n Chapter 5. 

'1 
., , 

, 
1 
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, . 
3.6.4 Application of Dlspla:ement Eoundary Approach 

The boundary conâitions (r,c appl ied in il wuy to study the y/hole , . , 

spcctrum of \'!hcel travel ovel" soft soi). 'froQl the sta,tionary wheel position 

to Wc state of constant speed tE:! el. The complete solution is attained 

using the incremental displacement approach in tvJO major steps. 

In the first step, the c se of a stationary v/heel position is 

considered~' 'rhe subsoi'l stresse , ~trai ns, di.splacem'ent~ ànd the \'/hf!eJ-

soil ,in'terfacial reactions are cal u,lated for the stationary p'osHion~ 

Displacemênt boundary conditions a e adopted by knOi'iing the dynamic sinkage 

'" \ < 

value. The dynam'ic sinkage 'is a pliedîn the form of vertical displace-

ment increménts, the stresses are al~ulated at the end of each increment 

using the nonlinear stress··strain r~'lCn:;ons then augment"2-C: fo ~he;r 
" ' 

previous values, and the·process is continued ti~l ,the augl)1ented vertical 

,displaéements reach the 'va lue of dynamic si nkage. 

At the e~d of each vertical displacemetlt increment the 'possibility 

, ,of contact ,occurrence of a nel'J node \'Jith thû wheel is checked as fo110\'/s 

> (Fig.' 3-7); 

. 'uilere 

\Ji is the, vertical displacement of the soil ·s'Urfac-e ai node 1. 

Zi is ,the initial gap bet\'l,een the \lheel and séi'il surface 

at'node i, 
" 

'0 
( 

1 

'1 
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" 

'1 

Step 1 

Calculating sinkage and ~,,-ress~s 
Ul}der sta,tionary whcel'load. 
Variable vertical displacernent, 
incrcïnent. 

original sail surf~ce 

~_tC}? 2 

calèulating ~tresses under the 
moving \lhbel lÇlùd at èqual 
horizontal movement of thé. 
tvheel. 

original soil surface 

'. / 

Fig. 3. '7 Determination of Loading Boundary Condition 
'\15,ing Displacement Approach 
1 , 

" 

t 
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\ . 

The second step in the solution 1s to assume that the wheel ~s 
, . 

moving ~'/ith Constant s'peed. Because Of the·~teady nature of the wh~el 
" , , ~ 

'loading and the h9mogene;~y of ~he soil medium, any tracer "object will 

describe the sa'me parti,cle path as any other -placed at the saille initial 

depth. Hence the di spl aceinents of any nodal 'poi nt on the s~il. surface 
, {} 

can be'detennined by knowing the equation of the particle path and the 

original position 'of the ,nodal point with respect to the intersection of 

the wheel centerline"\'Jith the original soil surface.' 
'. ' 

Using equal increments of time O~ wheel tr~vel distances as 

shown in Figure 3-7, the nodal displacements at the whee~~soil interface 
. 

can be'determined •. provided the s.hape of the par:ticle pa~h is knOI'JIi. 

These boundary displacements are used as the' loading boundary required, 
/O~, l ' 

('-for cal c~l ati n9 wheeT-soi l interfacia 1 stresses, subsoil stresses, f)trai n,s, 

velocities) dèiormati,on energy" and 1r)terfacial energy. . This process is 
)< 
l' 

J continued and the results are augmented1to previous values until the 

sunnation of the vertical reactions at wheel-soil interface remaln 
'. 

constant' ~'iith any incrementa1 \'/heel trave,l distance. 

• > 

,A s'~m\ffiary of ,the requirements for ,\'/hee1-soil performance prediction 
'. 

u?ing th'e,t\·10 pre~i,o'usly discussed'loading boundary conditions, is shown in 

Fi gurtt 3-8. 

f , 

\.' 

.'. 
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r,1easured Calculated 

Regui rem,en J ?. 
- Wheel-soil ~o~~act area 
- Soil surface gebmetrica 

configuration '" 
- Sail stress-strai~ 

relations 

- Subsoil stresses 
- Strai ns 

Rut depth 
Dynamic sinkage 

- Strai n rate 
- Stress rate 

. \ 

- SUbS011 stresses 
Strai ns 
Rut df?pth L \ 
Dynami c si nkage, 

- Subsoil deformations 

Cv 
Dl5,placement at 

wheel soil interface 
1 J 

f.1easured ! calculai~d 
, Regui rements 

- Degree of slip 
- Oynamic sinkage 
- Hheel load 
- Sail stress-strain 

relations 

- Subsoil stre~ses 
Strains 
Strain rate 
Subsoil deformations 

- Hhee.1-s_oil interfacial 
stl'esse's 

Drawbar pull 
Input torque 

Fig. 3:-8 Block Diagram for the Different i1~thods of Application 
of the Loading Boundary at Hh'eel-So'j 1 l'1terface 
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" 
3.7 Nonlinear'Solution (Incremental Method). 

As statcd in the prev;ous chapter,' therc are var'ious techniques 

-for incol'p~ratin9 the effect of cHher matét~'iùl nonlinearity or geometri!=al 

,nonlinearity or both in ~olving- continuum mechanics problems by the 
(' 

finite element met~od. 
/ 

" l '/ 

In this study, the incremental solution is ùdoptcd, in \".fhich the 

load or displacemer:lt is con;:;.idered to be ùpplied in, incremental form. If 

the state of sl~ess and strain ut the start of a load (displacement) 

interval is known~ th~ state at the end of the increment can be found by an 

addition of incremental changes. The constitutive relations' to be 'used 

for cach element may be determined at the beginning of each interval. 

In this study plane stress-strain curves at, di fferent confining 

pressures are directly used to compute the value of E during each increment. , 

The value of Poisson's ratio is kept constant in the analysis. The 

s;tarting value of the modulus, Eo ' ;5 takcn as the initial slope of the 

plane stress-stt'ain CUrve at zero confining pressure. The' stresses Ot~ 

strains in cach element due to tho first increment of load or displacement, 

are computed using the elastic analysis. A nc';! value for the modul us t,o 

!Je used in the second incl~em2nt of loacl i5 computed by uS'Îng the nonlinear 

curves ,to obtain the Evalues;; Jhc modificd cori~titutive relations are 
\ 

used in the next increm6'ht 01- load. 

Sinee for qvery incrcment'of 'load the elù5tic constants used 

lil"e those obtaincd t'rom t~6 previous incrernent, H, is necessal~y that 
• ' f, 

increments be quite small. Further, if the"n~ are abrupt slope çhàng~s 
f 

-in the stress,strain diagram,c, the mcthod is likely to give un~aÎ:i5factot'y 

r-esults. A fe~'1 itcrations aftcr each displace~1i~nf increm:::ot are sufficient 

te, br'ing the ùsslilned E ualues close to the actuùl values. 
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The nllmbcr of iterations at eélch 10ad incrcm2nt may be reduced 

by prcdicting the value of E for a load increment based on the stl~esses 

'or" stt~ains attained in the previous increment. ilnd by uSing this value of 

E ilS à first trial in the computations. Lineal~ prediction \IùS 

progl'ammed in this study and gave <;atisfactory performance. 
CI 

Figure 3-9 

" d-iagrammatitally il1usirates the \'lOrldng of the lineùt' method. 

13.'7.1 8.dvantages of the Incremental Solution 

The incremental solution for nonlinear finite element method 

gives il picture of the behaviour of the contJnuum over a whole range of 

loads duri ng a si ngle pass ai 1 css computer time. Furihermorc. ; n 
'1 

111::10y practical problems in soil'mechanics such as the cO,nstruction of 

eai~th dams, the excavation of slopes QlA moV'ing \'Jheel on soil. the load 

15 applied in an incremental fashion. 

In the case of a wheel maving with constant low speed over soft 
" " soil, the soil is subjected t~ a transient, type of loading phenomenon. , 

Due to this type of loading, the stùte of stress in any soil clement 'is a 

funct'ion of its coordinates Jllit·;~" re5pe~~ t~ \'lhee1 posi tion and 50 it 
" 

conti nua lly changes as the \'lh.ee l tl~ave'l s. In this type of loading 

the incremental solution 15 very important ~nd iepresents the physical 
, \ 

nature of the problem.~ 
'" 

The incremental rnethod 15 a1so more general and 

ca~ apply ta bath the loading and the unloading portiohs Df the stress-

strain curves. 

1 

1 

{ 
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Slop2 of OA - Firnt trial v.::.luc for E t·lÎthout: prediction 
for second incrcmcnt 

::>10p8 of Jill - l?.i.:CGt t.rial value for r..': with linca!: prediction 
for second increm::mt 

Slopc of nc l\.ctuûl E value [or second incrcmcnt i:ftCi. i i::cration~; 

Fig. 3.9 Inc.:rcw'.:!nt.al-Itcri:ltivc W~thod \'Iith Prediction 

(nftm: Radhakrishnnn, 1969) 

", 
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3.8 Jnclusion of ~'l~"!:9.Ë" ~S_t_r~~'ln~~ 

hl iHlditiOlil to Hlilterial i1on~lineuritY', gcon~tric non-lincEœity 

way occur, and 'it iSI possible to assess tllCl influcn c or thi~ Cjcffcct 
1 ' 

"through propcl' modification of the stiffncss rn~thod (ZinkülÎcz c1~ al.'-
1 [) ~ 

1970). 3ccause the 'jncrcmental solution i~ U:::;Cd./"d 'the load in~~remcnts' 

\'cmain usmallll, it is assurncd that the stt:'ain incren~l'1ts may bu rcgarded 

ilS 'Înfinitcsimill in th,c usual' sense. ("3rt 1S V'ccognizcd, hO\'Jcvcr, tl)at '-" 

the same may not b~ t'rue of the ilCCl1n~ll'jatcd' v,alues (FIlfHh 1196'5). / 
. , 

Follo~1ing each load increli1ent D thcrcforc t thl~ iner fli2nts of d'isplàcemcnt 
o 

ut cnch node are added to the cool'd"inatcs In th i s m~nner 

subsequent computat'ion 'is made for the dcform2d bo y. 

In the limit of inJjqitcsimill increm:mts of load, this proèedurc 
ft 

gives the so-callcd lagarithmic strains, rathcr ttan simple aispla~~mGnt 

nr'ûdi cnts. Uhilc this ;5 admittcdly (ln approxinmtion to the rr.ore' 

ronnnl dcfinition of 1I1ilrge" stnl'Ïns (Fung, 1965; Green, 1970), the degtee 

of ùpproximation uppca,'s to bc consis,'j.:ent' \'I1th that of the ovcri\l1 rrcthod. 

Duc to the nil.ture of thE: t/heal motion, th,9 soil beneath the 

uÎ1cc-l h subjccted :to loading at tt\~ f\"ont' and unload i ng at its reatq 

" 
(Figures 3-5). Thus in the finite elclii::?nt solut'ion it is qllitc"possiblc 

r' 

for' somn cJcm:::nts to land v/Îlile the other's are unloading. !t 15 ('1150 

'e 
,conclJivilble f~r tI~e 5tresses in Di) clcm:::nt \'/Îthin i1n incrc:ment to chôl'îgc 

. , 

. , 
" , 

- , 



" 

'i n such' il \'wy thilt 'j nct'0.aSCS (or dccrcases) j n' 1l18im pressurn arc 

accomponicd by corre~ponding ~ccrcascs (or increasas) in octahcdral shcar 

stresses. .ThU~9 fOt' tho 1oading/unloadir1g 9lell12nt. the code rnu::;t he 

able ,to ,choose t~e ~1pprOpi'jatc modull1s for the stiffnciss" cOlliputût ions. 

l, .The possibility of ,un.1oading a n,C\'I e.lclf1:mt nt cVQry incl~cmOcntal dist'ance 

WDS check~d ilS follows: 

AU " 

" 
l,'/hara 

is the slatc or totul ~trcss in the clement, 

i5 t'he statc or incrciTlcntûl slrrdn ülcrnent-. 

"il 

(3.8) 

It 1s advant~gcou:, ta USD Eq. 3.8 in the finitc element mcthad; 

ilS 500n uC; the st.l'ùin 'Încrf'rI1cnts c!r':U ilrc COHîputed al ony olamt:ni:, us ing 

,the stress componcnts (J •• ut t.he bcginn-inn of the 'incrcmcnt, 6\-1 .çan he lJ v ~ 

i .' -
compllted (lnd usod ta decide \JhethCI~ il. is loading br lInloilding. 

In. a fOIi'wrd 'jnt(~arlltion procedure, the modulus vulu,c used Dt 

the, bcginn'ing.of any incrcment is, tlH:,vahfc computcd iltothe cnd of the 
~, . 

previaus inuemc:nt. Thus"if thç rrcviou$ ~tep had becn a vir6in 
o 

loading, lOtlding parilml!tC'l~s \'Iould I,c: IIsed, and <,0 on. 'At n load/unload 
'0, 

interface thi s, procedure r;cs~I1t~ in iHl el~rcl\~ ~ 'j ncc tiw 5ucceed i ng s tell 'j ~ 

differcnt frolll the: prcvlùu<; sLep) H::quidng' us:. of il diffet0nt modulus. 
Il' • 

.' 

In the computer pro9rdrnfll(~ (I\prenlli)~ n-UIC fir'st itcr'ation in any ~ncn~nnnt 
~ 

i5 usee! ta check \'/hctlwr, tht; corrccL Inodulus is uscd ilnd .if flot, the 

incfGIilGntill step 'is t:'ccolllputcd \'lÎth -the: appropriirLc' fli0dulI1S. Th 'j s (;hcc 1< 

'is to ,bi donc for e:ac;1. c16mc:nL and the PfOCC:;SCS'"S!1ôlrld be l'Clfcd'tcd \mti 1 

a-ll tllr~' modul'j u5cd a re correct for, the r0sp(;!G t i vc el cments. 

" , 

\ 
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EXPERIMENTAL ANALYSIS 

" 

4.1 General 

) . One of the main objectives of th1s thesis is to.deve10p an 

analytical model. based on the finite element method. that can be used 

for ev~luating bot~ the perform?nce of a méving wheel and the behaviour., 
'1 • 1 

of the subsoil beneath it. The experimenta1 program hfts three main 

ob~ect'ves: \ 
4 

(a) To provide the ana1ytica1 model with the soi1 stress-strain 

relations and the loading boundary'at whée1-soi1 interface; 

(b) To check the validity of the proposed analytical model; 

Cc) To evaluate the effect of wheel surface conqitions on wheel 

performance. 

In this chapter the experimenta1 program. the test results, 

and the techniques used Tor analysis of the experimenta1 results are 

presented and dis~~sed. The sequence adopted in the prese~ta~~f 
~ 

~ 
the test resu1ts and re1ated discussions in this and the f.ol10~ing 

chapter is shown in Figure 4.1. 

\. 
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4.2 Experimental Program 

The experimental p'rogram is designed to be a continuation 

of the McGil1 Soil Laboratory research'program. Th;~ p~t of the 
@ 

program is concerned with studying the effect of wheel surface conditions 
" . 

on its performance and .subsoi 1 behavi our beneath i t. 
{{ J 

The system of 

parameters which can be varied in the wheel-soil interaction experiments 

are: 

(~) Parameters concerning the wheel: load, radius, width, surface. 

condition, translationa1 ve10city, and angular v~city; 

(b) Paramet~rs concerning the soi1: shear .strength, moisture 

content, unit weight, load defo~ation behaviour ... etc. 

To allow'for a rational appro~ch in the analysis of the test 

results. the experiment was limited to the fol10wing: .. 
a - Three different wheel loads, 

'~ b - Rigid wheel with three different surface conditions: 

1. smooth surface, 
111 

2. '8 rubber strap mounted on wheel periph,ery; . 
3. lugs of i" thickne'ss and i ll width mounted on ,the periphery 

of the wheel. ~ The lugs make 45 9 with the center line 

of the wheel periphery as shown in Figure 4.~. 

c - Constant translational velocity. while varying angular velocity, 

d - Torque to cover a slip range from 0 ta· 80 percent, 

e - One type of soil with constant moisture content. , 

" ~- .. ~ • \.·i.-.. b ... , .,........4.J~;r.o,"' .. " .... ~~ ... I''''' ~, .." ..... -'..,~l;.r....l .... 'I_~J.~)*j~f<l-, .. ,. ... ..., ~_..,., 
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4.3' Experimental Analysis 

The method of analysis of data on the soi1 deformation 

patte~ns beneath the moving wheel has been presented previously.' ,The 

techni que for recordi ng the 5011 deformati on beneath the whee 1 has been 

explained by Yang et al. (1967), Yong & Webb (1968), and Yong & Windisch 

J (1970), and thus will not be fuT1y repeated here. The McGill Soi1 
, ' 

laboratory. test fa'cility and the test procedures are g;ven in Appendix A . 
\ 

. 
The following is a. summary of the techniques used for preparing and 

ana1yzing the test results~ 

'4.3.1 Data Reductio;n _, t 

, l ,\;' 

·A flash x-ray (ectlfli~iüe was used for recording the positions , 

of embedded lead markers at ~ari'ous times corresponding to various 
'1 1 

.. instantaneous positions of"'th~ hloving wheel; it provided the information 

necessary to trace the IIdisJtor't~nll motion of each marker, Figure 4.3. 
l-tt·.r , 

A single continuous grid çan be Qbtâined by' aligning the images side by 
',_ M' ;' , ' 

",.j 

side, Figure 4.4, as the horizontal~rlfstances between their optical 

centers for consecutive exposures and the distance between the x-ray 

source and the x-ray slides are both determined (Yong et al., 1969, 1970, 

1971) • The ve10city and displacement computations can then be made, 

fo110wing adjustment of the undeformed and defonned grid coordinates 

(Windisch, 1970). Details of the calculations are shown ip'Appendix Bt 
r;9 

and a schematic of the procedure used in the calculations is shown as 

Figure 4.5. \ 
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, , 
Measured Iead markers positions on x-ray slides 

~----------------------------------~------_.------------------~--~ 
Plotting of successive node locations to provide distortéd grids of 

original and displaced node positions 

o 

(~pecification of'coordinate locations of node points 
using x-y recorder and process control computer 

[PROGRAMME "25"J 

TransferAf co@rdinate pa~rs 
to piriched cards 

PROGRAMME "TAPE 25" 

1. Grid adjustments for distortions caused 
by pl~cemant errors 

2. calculation of incremental displacernents 
and velocities from particle paths 

3. Calculation of instantaneous strain rates 

" . & . h 4. Est~at~on of volume canges 

5. Calculation of effective strain by 
integration of strain rates 

6. Caiculation of power of deformation energy 

Figure 4.5 Method of Data Reduction 
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4.4 Volume Change 

Analysis of the experimental results for the subsoil 

mea~uréments using plasticity t,heories imp1ies ze~o,vo1u~é change 

during plastic deformation in order tô satisfy S~int Venant 1 s postulate 

and normality Condition (Hill. 1950; Mendelson, 1969). Since the 

actual test of moving wheel over soft soil takes only a few seconds, 

the rate of loa'd applicat;on is relatively rapid, involving litt1e time 

for'drainage'and hence insignificant pore pressure dissipation (Yong & 
", 

F.itzpatrick-Nash, 1968). Under such condition, the soi1 can be 

assumed to be incompressible and amenab1e t~ a total stress (~ ; 0) 

analysis. However. as it was lmpossible to obtain the desired full 
\ ' 

saturation, it was expected that no vQlume change condition could be, . , . 
violated. 

@ 

The volume changes computed directly from the displaced 

marker positions indicated local volume changes of up to 5% (Figure 4.6). 

The violation of the zero vo'lume change condition also appeared in the 

deviation of the p,rincipal strain rates, e: 1
1' C'2' fram the plane strain 

analysis condition for an ideal plastic material (namely, E'} = -(.'2) as 
.. 

shown in Figure 4.7, ,However. the positive and nega~ive values of 

volume changes may tend to compensate each other along any subsoil level 

beneath the wheel (Figure 4.6). The average values of volume changes 

are of the order of two percent, imply the val1dity of the compressibility 

assumption. hence it is 'possible to use the ideal plasticity theories for 

analysis of the subsoil measured deformation. 
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Details of volume change calculatio[ls are shawn in Appendix' B, 

and machine computati ons performed by the. progri'lm (VISIOPLS) are gi.x;én 

in Appendix C. 

4.5 Subsail and Soil-Wheel Interfacial Stresses 
" ') 

'1""'- ~ 

4. ~.1 General 

In arder t~ check the validity of the finite element model as 

a tool for predicting the performance of a moving wheel and the behav-iour 

of the soft soil bcneath it, comparisons are made betV/een the FEM 

prediètions and the results of the experimental analysis. 

Comparisons are made for direct measurements such as dra\'lbar­

pull, input torque, dynamic sinkage, and subsoil displacernent fields, 

and for indirect measurements using the visioplasticity technique ofor 
..., 

velocity fields, stress fields, deformation energy fields ann \,theel-
.~ 

soil interfacial stresses. 

4.5.2 Th'eoretiçal Assumptions 

1 In th i S \'Iork on ly -pl a,rie st ra in condi t i ons are cons i d~red. 
The material is assumed to be an ideal homogeneous and isotropie clay, 

in an undrained state~ t'Jith a constant shear strength, lero volume change. 

and no internal fri~tion. All stresses are ~onsidered as total stresses, 

and the material is assumed to olley Saint Venant's postulate or the 

(l 

, , 
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principal stress and strain directions coincide. The subsoil stresses 

and wheel-soil interfacial stresses are determined from the experimentally 

measured ,subsoil deformations and the application of the method of 

characteristics. A flow chart of the procedure used in the calculation 

1s shown in. Figure" 4.8. 
,,' Il '..J 

A discussion of the analytical techn;que~ 

used in sorne steps of the calculatfons is given below. 

4.5.3 Principal Strain Rate Directions and Characteristics 

Usjng the experimentally obtained strain rate components 

(details of the calculations are, shown in Appendix B) the t'lOhr circle 

of strain rates can be constructed, and with the concept of the pole, 

the directi'ons of the principal strain rates (Figure 4.9) can be defined 

(Abbott. 1966). r·1ohr circles are constructed at regular intervals 

a10ng the lines of the subsoil embedded 1ead markers and the direction 

of the principal strain rate components is obtained. This allm:ls for 
ç-

a neblOrk of mutually orthogonal curves, tangentlal to these directi.ons, 

to be graphically constructed.(Figure 4.9). This neb'lOrk is 'a1so the 

net\'lork of directions of ~he principal directions of stress, in vieit of 

Saint Venant's postulate. 

It follo~'/s 'from the Riemann invariant solution that a new . 
~ 

network of mutually orthogonal curves,çan be obtained graphical1y from . " 

the network of the principal strél'in rate directions by joining the 

diagona)ly'opposite corners. These ne\'! curves are seen to be blO 
. \ 

This method has be'en used ~ucces\5'fully-. \ 
families of characteristics. 

1 . , 

by Hindisch (1970) and reported by Hindisçh & Xong (1970), and by Yong 

& Windisch (1970). 

~ 

/ 

i 

-1 
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( Heasure experimentally the dèformati on patterns 

in the di s torted subsoil 
, 

+ 
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i- , 

u-
" Calaulate the instantaneous velocit.y vectors and ,~ 

" 
. 

the st~ain.components Ë 
. ' . , Ey , Exy " 

X 

~ '. , . 
1 

Obtai n the direétions of th~ pri nci pa l and maximum sheçr 

strain rates from a Mbhr Circle con~truction using . Ëy and è
XY 

to locate the pole 
, EX' t 

'" , t . 
Speci fi c Obtain the'./stress ch~racteristics from Determi ne the 

a yield the directions of the maximum shear Riemann in~ariants 

criterion strain rate by invokio~ St Vena~tl~ 1 a10n9 the stress 

postu'late l ' 

-- ~ 
" characteri st,; cs 

, " 

1 
, 
1 

" 

Calculate the~tress distribution within the sail mass 

" 
with a kno\-lledgé of the boundary -conditions. -

? ~ 
. 

, 

Calculate t~e horizontal ànd vertical forces and the 
, applied torque acting at the \o/hee 1 soil interface 

Fig.4:a ,Calculation of the stress distribution by 
the methqd of characteristics tWi11iams 1973) 
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4.5.4 Subsoil Stress Components 

The material is assumed to obe~ the Mohr-Coulomb yield 

condition: 

(4. l ) 

and for cjI = 0 

<-

If it is also assumed that the clay behaves as a rigid plastie 

~ material, and the shear strength is constant for a given clay sail, (i.e., 

1 

t'he strength is indepe,ndent of loading rate and confining pressure), then 

Equation 4. l i~ equivalent ta Tresca's yield criterion, provided that C 
'\ . 

1s taken as the shear strength at yield. 

From the network of the characteri~t;cs and the prev;ous two 

assumptions. the stress components are calculated along the stress, 

characteristics using t~e following two fonmulae, Appendix E: 

L_ m 
2C 

:= 

= 

constant along a characteristics 

constant along b characteristiés 

cr .., a 
a ~s the mean stress x 2 y • 

C the limiting shea~ stress, 

m the.slope of the characteristics w.r.t. horizontal. 
'l 

1 
\ -
",\ 

\ 

, 
.~ 
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- .. 
,r il·' 

To determine the stresses along the lines of characteristics, J-,-

calculation must start at a point where either ~ normal stress component 

or the mean normal stress is known. The'stress conputations can be 

initiated at an intersection of the characteristics with the line of 

compression tension divide. This is the line along which the mean 

normal stress is zero. Aheaà of this dividing line, the state of stress 

is compression, and behind it. it is tension (Yong & Windisch, 1970). 

4.5.5 Whee1-Soil Interfacial Stresses 

Usin.9 the experimenta'11y determined subsoil deformation beneath 

the moving wheel, the wheel-soil interfacial stresses can be predicted 

by us i ng one of the fo 11 owi ng two . approaches : 

a - From the stress contours throughout the deformed region, 

it is possible to determine the contaeting stresses at 

the wheel-soil interface. 
». 

b - Adopting a limit equil ibrium approaeh ~nd utilising the 

method of characteristics fpr problem solution, with 

the following information requirement: 

1. wheel load and geometrieal dimensions. 

2. wheel dynamie sinkage, measured by a displacement 

transdueer ~r using an x-ray photographie technjque, 

3. wheel-soi 1 contact area" using an x-ray photographie 
, \ 

, technique, 

\~ 

-

, 
-, 

î 
.~ 
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4. angle of separation (the angle which separates the 
IJ!' 

forward and backward failure zones) (Karafiath, 1971). 

This can be determined by using the tr,ace motion of 

the subsoil-embedded 1ead markers, Figure 4.10. 

As the second approach requires ideallzed flat soil surfaces 

at the forward and backward fai1ure zones, the. first approach is adopted 

for predicti ng the whee1-soil interfacia1 stresses, util izing the 
. 

exper;menta11y determined subsoi1 deformation patterns. 

4.6 Evaluation of Wheel Performance Using Energy Approach , . 
The princip1e of conservation of energy can be used for 

eval'uating wheel performance, provided the different whee1 energy 

components can be measured or ca1tulated. Energy applied to the whe~l 

to keep it in constant uniform motion consists main1y of two components, , 

the useful output energy and the energy losses dissipated in the wheel-

soi1 system. Usi"G the definition of specifie energy, which is the 

energy per ~n;t wheel width and unit whee1 travel distance, and the 

energy balance equation, the performance o~a moving whee1 and its 

efficiency can be evaluated. 
" The energy approach was first jntroduced by YOl1g & Webb (1969) 

to evaluate the performance of a moving wheel on soft soil in the 

labOrator~ ln this approach the performance ise.preSS'd, ~n tenos 

- -. ~ ~~-,,_ ... ~ .. .,.... ........... 's ~'~ ... ~~~".'t~~ ~ .J.- .. "" ?,._ 
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of wheel energy components as a function of slip. These components 

are input energy, parasitic ~nergy and useful OL':put energy. The input 

energy is applied at the wheel axle ta keep it in constant motion. The 

parasitic energy consists of the deformation energy (lost ;n defonning 

the wheel and the soil beneath it in horizontal and vertical directjons) 

and the interfacial energy (lost at \'lheel-soil interface ,due to''f1ip). 

The useful output energy is the energy required to produce the drawbar 

pull. The graphical representati~n of the wheel energy components. as 
_~ , (i 

a function of normal slip, gives a clear picture of the whole spectrum of 

'wheel performance from the tO\'led point ta lOO,percent slip.· 

1.6.1 Deformation Energ'y 

There are ti-ID methods for computing 'the deformation energy 1 

from the experimental test results. Both methods use the visioplasticity 

technique. The prev;ous assumptions used for idealizing the soil 

properties to obtain subsoil and wheel-soil contact stresses are implied 

herein for calculating the deformation energy. 

For a material \'lhich follm.,rs Von Hises yield criter.ion, the 

rate of doing \'lOrk under plane strain conditions can be expressed as 

(Yon~ &. Fattah,' 1975): 

(.4.2) 
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where k = yield stress in shear 

12 = strain rate invariant 

• 
" By computing (rI; l, the strain rate invariant a) every node 

of the soi1 grid beneath the wheel (Appendix B), using: 

where ~ E~, €; c '~ormal strain rate components 

v = shear strain rate components 
:'XY 

( 

1 

( 4.3) 

then the deformation energy for unit width per element for the subsoil 

grid can be expressed as: 

and the tot~l deformation energy can be expressed as: 

where 

~ Mi' o = 2 k 1: 1: 12 dxdy 
1 l 

~ , 

M = Number of nodes in X-direction 

N = Number of nodes in Y-direction 

dxdy = dimension of the elemént. 

( 4.4) 

(4.5) 
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<,1"/ 
~ 'The deformation energy durlng a time interval can be evaluated 

/ :' 
by the following formula: 

. 
E = fff ~ â dt dx dy (4.6) 

The effective stress can be determined by analyzing the 

experimental results of triaxial tests for the same clay. If the clay 
, , 

15 assumed ta be acting as a rigid plastic ~aterial the value of the 

effective stress w;'n be constant. 

~Jhe rate of deformation energy in the soi1, on a unit time 

basis for each element of the grid, is: 

d' = Ë a dx dy (4.7) 

The total deformation energy per unit width can be evaluated 

by us i n9 Simpson 1 s' rule: 

t.. • . o = '3 [dl + 2d2 + 2d 3 + •••••• ) (4.8) 

"where 

(4.9) 

f 
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In the first method of analysis, k, the yield stress in 

shear. is determined from the results of plane stra;n triaxial tests 

(Appendi x A). The second strain rate invariant, 12 , is determined at 

each of the subsoil grid nodes, provided the subsoil deformation fields 

as a function of time are known. Details of the talculation are shown 

in Appendix B. 

'" The staggered orthogonal subsoil grid nodes are one inch apart 

in the vertica1 and horizontal directions, i.e. dx ::: dy = one inch. It 

should also be noticed that a~l the calculations are made with resp~t ta 

original g;id coordinates. ~ 
In the first method ,of analysis it is implicitly assumed that 

the second str.ain rate invariant is constant in.J.he square el.ement 

surrounding each node. Thus~ sunillation has ta be done for all subsail 
1 

elements in arder to obtain the total deformation energy 10ss. 

In the. second method of analysis the deformation energy at 
.. ,/ 

each node is calculated by knowing the power of defol"l11ation energy, th en 

integrating with respect ta the time ,using .Simpson's rule, formula '(4.9). 

Thecpower of deformation energy 1S calculated by knowing the 'effective 

stress and the correspondin9.effective,strain at each node, then integrating' 

us1ng Simpsanls rule with respect ta distances. ln this analysis the 

clay is assumed to behave as a rig;d plastic material, 50 that the val ue 

of the effective stresses remains constant. ", 

" ' l, • 

-

r 

1 
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Both methods were used for calculating th'e total deformation 

energy, resulting in good agreement. The deformation energy con~ours 
, , 

are plotte& for each wh~ test using the first method. Fi gures 4.11 

-and 4.12 show the energy contours for two di fferent degrees of s li p. 

c. Finite Element Method ---------------------
/.,-, 

In the finite element solution, stress-strain relations plotted 

from,the results of plane strain triaxial tests are used for developing 

the constitutive relationships. The prn~er of deforrnation energy is 

calculated at each-incrernental whee1 travel distance in each finite 

element using the follO\'iing formula: 

Since a constant strain triangular element is used in the 

an~lySis, the pm'/er of deformtltion enè~gy per element is: 
'\1 

by: 

The total pO\'1er of deformation energy can be cal culated 

N • 
0:: EW' 

l 

(4.10) 

(4.11) 

-t4.12) 
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'..' 

where 

,/ 

°Xl' °Yl' 1xY1 ' are the states of stress at the s tart of the i.ncrement, 

°X2' °Y2 p '()\}I2 are thé states of stress at the end of the i'ncrement, 
0 

dcx ' d€:y' d€:xy are the incrementaL-states of strains," 

f,x is the inc~emental wheel travel distance, 

T is the time of the incremental travel di stance, 

( N, is the number 0 f el ements . 
Il 

4~6.2 'Jnterf~cial Energ( 

The interfacial ehergy is the energy dissipated in the thin 

clay layer at the wheel.;soil intel'face due to the differential velocity 

beb/een the clay and \'Iheel sUl4 faces. The x-ray photographs of the 

wheel-soil interface during wheel tr~vel indicate that the thickncsi of 

the interfacial layer varies from ~II to ~11 de,pending on the degree of 

slip and wheel surface roughness. The visuàl inspection o~ the x-ray 

photographs indicates that the interfacial clay layer is subjected to a 
1 

high degree of distortion and st~ain rate effect. The phySical madél, 

Figure 4.13, simulates the behaviour of thé ïnterfacial zone, \'/hich is 

il thin layer bebJeen tvlO interfacial plates, one of \'/hich simulates the 

t/heel surface and the other simul ates the surface of the clay at the -" 

: 'end of the i nterfaC'i al zone. 

" 

.J 
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Yong (1968) indicated that the mechanism for the interfacial 

energy 10ss is primarily a vi~cous type of phenomenon in which the 

energy is dissipated by the frictiona1 sh~ar stresses at the interface. 

These high shear stresses arise out of the stress transfer mechanism 

acting at or near the interface. 

In the case of a saturated cohesive soil deforming under 
; 

undrained conditions, it is possib'le ta assume th.e existence of a maximum 

shearing stress which must be exceeded in arder for ~lippage ta occur. , 

The onset of slippage i5 accompanied by the deve10pment of a slip zone in 

the interfacial region which is characterized by large shear distortion 
" 

and consequent high shear stresses • 
• 

The result of this is that energy, 

is dissipated in this region by means of a viscous mechanism, analogous 

to a non-coulombic frictional dissipation process. 
.~~ 

Work by leitch (1964, 1967) and<~app (1967) suggests that at 
, , 

high strain rates, e.g., 100% per second, the increase in deviatoric 

stress is proportiona1 to the logarithm of the strain rate. 
1 C The following law is therefore proposed 

{, 
li, 

(4.13) 

where ~ is a viscosity parameter. 

In this re1ationship, ,'it i s assumed that ~ is independent of' 

both confining pressure and shear strain. Japp (1967), indicated that 

this is a reasonable assump~ion for strains ab ove 4%. ~ As strains of 70% 

are observed under the wheel, variations in n at low si~ain cap be neglected. 
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'The existence of a threshold value of interfacial stress at 

failure, as, indic~ted from Equation (4.13), suggests that the rate of 

energy dissipation at the interface is a function of the velocity gradient 

across the slip interface, i.e., a function of the wheel-soil slip 

veloci ~y, and hence, of /the' nono,l 511 P rate. In addition, it a150 

suggests that the interfacial e!iergy loss-slip rate characteristics will 
o < 

evigence a threshold value of slip rate below which the energy is sensibly 
\ ' 

close to zero. The value of the fimiting shear stress of the soil is a . ' ~ 

constitutive property, and hence, independent"of the wheel weight. The 

experimental test results indicate that the energy dissipationcprocess 
, .. 

in s011s can general1y be described with the aid of an,exponential Œest 
/ 

fit curve, Figpre 4.14 (Yang & Fitzpatrick-Nash, 1968)~ 

lt was found experimentally that the surface roughness of the 

wheel can~influence the magnitude of the limiting shear stress, in view of 

the fact that a slip surface can develop either at the wheel-soil contact .. . 
surface, ~r at sorne smal1 distance below th1s surface. The effects of 

slip velocity and surface roughness on the magnitude of the limiting s~ear 
, r 

stress are shown in Figure 4.15. The data in this figure are p10tted 

from results of ski~ tests c.ntwo types of surface conditions used in,the 

test wheel. Details of the test and the apparatus are shown in ' 

Appendix A. The shear stress at failure is thus dictated either by the 

adhes,ive properties of the contact surface» or by the êohesive properties 

of the soi1, depe~ ing upon which of the two is the lesser." Once the 

threshold s stress has been exceeded, however, the energy dissipation 
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p~ocess is then 'solely a function of the magnitude of the actual shear 
'--

1 • 

stress acting at the interface of ~he wheel slip velocity. As a 

consequence, the wheel weight and geometry do not direetly affect th~ 

,specifie interfa~ial energy (energy per unit contact,.area). .The wheel 

radius is implicitly aecounte~ fbr in terms of the slip, velocity for any 

given wheel angular velocity. 
Q 

The rate of dissipation of-interfacial energy ean be calculated 

from the experimental results using different approaches:-

(a) By detennining"the second strain rate invariant and consequently 

the corresponding second stress invariant at the. interfa~al zone using 

Equ'ation (4.13), the interfacia1 energy is 

., ' 

(4. 14) 
f~ 

where J2 = second invariant of the deviatoric stress tensor 

= ! o.· o'j lJ 1 

. 
12 = second invariant of the strain rate 

S = thickness of the interfacial zone 

A = wheel-soil area Qf contact. 

) 

Since the thiekness of the interfacia1 zone is relatively 

sma11, a difficulty ari'ses in dete~in;ng its disp1acerpent pattern using 

the existing facility of the x-ray photogra~hic technique. 

\ 
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Cb) Assuming that the,;nterfacial energy is dissipated along .the 

surface of the soil-wheel interface, the rate of dissipation of energy 

can be obtained as 

where Tf - e1emental shear stress 

Vs = e1emental slip velocity 

Vs = rw ~ (carriage velotity + instantaneous soil velocity) 

r = wheel radius 

w = angular ve10city 

A = interfacia1 wheel-soi1 contact area. 

In order to evaluate the interfacial energy. a knowledge of 

both the shear stress L. and the velocity Vsoil of the soi1 at the 

interface is needed over the entire area of contact. -The interfacial 

tangential stress corresponding to the slip velocity is defined along 
~ , 

each segment~f the interface. 'The tangentia1 stress. multiplied by 

the slip veloGity, is then summed up over the entire area of contact to 

obtain the interfacial'energy., From the experimentally determined-
• t 

subsol1 dis.R1.acement .field, the subsoif velocity contours and t,he slip 
.... J... . , 

• 1 

velocity along the wheel-soil interface can be determined. 
, 

The wheel-soil tangential stresses.can be determined by 
\ .. 

applying the method of characteristics or by adopting the following 
~ 

approaéh. 

(4. 15) 

J 
"1 

\ 
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It is assumed that the wheel-soil contact area consists of 

small plates of.infinitesimal lengths of the samé width as the wheel. 

The tangential stress at each plate can be determined from skid tests 

on a plate with the same surface condition and wheel width. Knowi og 

the 'rëlationship between the tangential stres,s and slip velocity fr~m 

the skid test, the tangential stresses at the wheel-soil interface can 

be determined. provided the slip velocity is known a10ng the wheel-soil 

contact area. 

(~) Third Approach 

For high slip rates it can be assumed that the wheel-soil 

tangential stresses and slip velocity are fairly uniform. In this 
\ 

case t,he interfacial energy can be calculated by meas-uring the., input. 

torque and the translational and angular ve1ocity, as fol1ows: 

(Figure 4.16). 
\ 

The input torque can be expressed as: 

e2 
M = br J r T d e 

al 

~" b f02r T d e 
el 

M -= T X A r -

a2 
where A = b 1 r d e is the area of contact surface, 

al .. ~ 
. TA = Average shear force over the area of contact. 

(4.16) 

(4. 17) 
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Figure 4.16 Schematic diagram of the parameters required 
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for interfacial 'energy prediction at high 

degree of slip 
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The interfacial energy can then be expressed as: 

where 
) 

• M 
F=ArV =-V s r s 

r "= wheel radius 
( 

b = wheel width 

r = average tangential stress 

Vs = slip soil velocity ~(rw - V) .. 

(d) Finite Element Method 

In the finite element solution the tangential reactions and 

velocities of the nodal points at the wheel-soil interface càn be 

detenni ned. The 1nterfacial energy 10ss can be expres~ed as 

(4. 18) 

• n 
F == l Rr (ni - V) (4.19) 

where 

n = number of nodes at wheel-soil contact surface, 
~ -

Rr = nodal point tangential reaction, 

, ni = tangential wheel velocity, 
. 

V ~ nodal point tangential velocity. 

It 15 implicitly' jlssumed in the finite element solution that 

there 1s no strain'rate effect on the mechanical properties of clay. lhe 

results. ,together with a corresponding comparison with the finite element 

solution, are presented in Chapter 6. 
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4.7 Test Results 
,:./ 

The experimental program consisted of two types of tests, 

the first concerned a moving rigid wheel over soft sail and the second 

involved the determination of the physical and mechanical properties 

of the soil used in the tests. The test facilities and the procedure 

for doing a test are described in Appendix A. 

A summary of the analysis of the experimental test results 

for the moving wneel over the soi1 for the su~~icial, above-ground 
, 

parameters, and information concerning the energy balance, are shown in 

Tables 4.1, 4.2 and 4.3.The data concerning t~~ physical and mechanical 

properties of the soil is given in Appendix A. 

.' 
,'1 

î 
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Carro Ang. Normal Torque Pull Dynamic Rut Energy per inch width 
Test veloe. veloe. slip M F sinkage Depth Torque Pull Inter- De for-

No. vs .. " . S% in. lbs lbs ins. ins. input facia<l mation 
in/sec ~~ 

-

Whee1 Load = 34 lbs, D = 13. 75 ins. 1 b = 3.75 ins. 

l 6.1 .825 -7.5 30.5 -15.8 .45 .23 1.1 -4.2 .1 5.5 

2 6.15 .972 8 94.9 -8.7 .52 .3 4. -2.3 .2 6. 

3 6.1 1.138 22 120.6 .8 .55 .35 6. 0.2 .8 5.5 

4 6.1 1. 305 32 148.7 5.6 .6 .3 8.5 1.5 1.8 5.5 
.. ~ -

5 6.15 1.72 48 . 18l. 15. .6 .37 13.5 4.0 4.3 5.0 
~ 

6 6.15 2.136 60 206.3 16.1 .65 .37 20. 4/3 Il. 5.0 
, 

7 6.15 2.755 68 231 18.8 .65 .32 28. 5.0 " 19. 4.12 .... 
\ 

::! '\ 

... 
Wheel Load = 5~ lbs, 0.=, 13.75 ins. 1 b = 3.75 ins. 

~ 

S 6.1 .821 -$ " 27.7 -25 .. 3 .8 .45 1.0 -6.5 .1 7.5 

9 6.15 .972 8 123.4 -10.1 .85 .4 5.2 -2.7 .5 7.5 

10. 6.15 1.118 20 165. - 3.8 .9 .5 8.0 -1.0 .5 8.4 
-

11 6.15 1.315 32 189.4 5.6 .97 .52 10.8 1.5 1.2 8.0 

12 6.1 1.584 44 216.6 9.4 1.02 • 53 15. 2.5 5 • 7.5 :J 

13 6.1 2.016 56 229.2 15. 1.1 .45 20.2 4.0 10. 6.4 
\ 

21. 5 6.75 14 6.1 3.169 72 234.6 16.9 1.12 .5 32.5 4.5 
--~ ~~~-~ ~~-- ~---

TABLE 4.1 Summary of Test Results [Aluminum Wheel) 

-c-' ....... 
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, carro Ang. Normal Torque Pull Dynamic Rut - Enerqy per inch width 
Test vèloc. veloe. slip M F sinkage Depth Torque Pull Inter- Defor-

, No. . VS "i S!3 in. lbs lbs ins. ins. input facial mation 
in/sec ~ad/sec 

ifueel Load == 34 lbs, D = 14.0 ins., b == 3.75 ins. 
-

22 6.1 .773 -15 0 -20.25 .58 l .30 0 -5.A .1 5.5 

23 6.1 .847 -5 8.1 -16.88 .6 .35 ' .3 -4.5 - .12 5. 

24 6.15 • 995 5 23 • -13.9 :62 .32 1. -3.7 .15· 4.75 

, 25 6.15 1.1 18 51.2 -7.5 .63 .33 2.45 -2.0 .3 4.25 
. 

26 6.15 1.31 31 79.2 -3.75 .7 .32 4.5 -1.0 .7 s.a 
(~. 

27 6.15 1.68 47 126. 13.9 .68 .35 9.2 f.O' 3.5 4.25 

28 6.15 1.88 52 160. 7.9 .68 .35 13. 2.1 . 6.7 4~25 

29 6.15 2.72 64 251- 7.9 .78 • 38' 29.7 2.0 1\ 22.5 5.0 
-

-
... 

v3heel l.oad = 54.0 lbs 1 D = 14.00 in~., b = 3.75 ins. 

.. 
30 6.15 '. 9 -14 2.9 -23.25 .87 .45 0.1 -6.2 .• 1 6.5 

31 6.15 .945 5 24.4 -18.75 .92 .4 1.0 -5.0 .2 6.0 

32 6.15 1.06 15 . 34.8 :.16.9 1.0 .42 1.6 -4.5 .3 6.12 
?-ê 

33 6.15 1.12 20 41.2 -13.5 1.02 .45 2.0 -3.6 ~6 5.3 

34 6.15 1.28 30 81.1 -9.4' 1.02 .5 4.5 ,:,,2.5- 1- 6.0 
, \ 

35 
, 

6.15 1.8 50 170.4 1.9 1.15 '.52 13.3 0.5 6.5 \.. 6.3 

36 6.15 3. 70 234.5 7.5 1.2 .5 30.5 2.0 22.5 6. 

" ---- ---- ._-- ---_.~-- ------_ .. _--

TABLE 4.2 Sûmmary of Test Results - Rubber Strap Mounted 
-----
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caq. Ang. Noxmal Torque Pull Dynamic Rut , Ener9Y J?e_r incb width 

./ . 
.J 

~ , 

Test < 

No. 

37 

38 

39 

40 
0 

41 

42 
'< 

43 

44 '.: 

45 P, 

"Veloe. , 
vs 

in/sec 

, 

6.15 

6.lS 

6.15 
"". 

6.15 

6.15 

6.1 
-

6.15 

6~1 -

6.15 

velee:. 
'II 

rad/sec 

-
~ 

.74 

.85 . 

.95 . . 
1.0 

~ 

.' 1.12 

1.27 
0 

1.62 

1. 78 

3.0 

slip .M F sinkage Depth, 'l~rque Pull Inter-
s,- in. lbs lbs ins. ins. input, facial 

1 

0 
, , 

Wheel Load ;:; 74.0 lbs, D - 14.0q ins.,v b ;:; 3.-75 ins. 

-20 ' 0' -4f. 1.06 .5 _ - rO -12.0 .2 

-s 103.1 - -26.3 1.1 .52 3.8 -7.0 

~ . -- :; 

5 14.3.5 -20.6 L18 .55 5.5 -5.5 -
10 138.4 -17.7 1.2 .5 6. "-4.7 .5 

, . 
20 148.3 -11.3 '1.25 .45 7.2 1 -3. .7 . 
30 174. -7.1 1.27 .5 9.6 -1.9_ 1.5 

45 213.5 -1.9 1.35 .52 15. 
j\ 

... .5 5.3 .. 
50 . 212. -1.9 1.32 - .5 16.5 - .5 7. 

70 -249.8 2.6 1.45 .55 32.5 0.7 23. 

1. 
è 

TABLE 4.2 Summary of Test Resulta - Rubber strap Mounted (cont 1 d) 
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cari: Ang. Normal Torque Pull Dynamic Rut Energy per inch width 
'l'est velOCe veloce slip M F sinkage Depth Torque Pull Inter-' Defor-

No. vs w S\ in.lbs lbs ins. ins. input facial mat ion 
in/sec rad/sec 

Wheel Load = 34 lbs, o = 14.00 ins., B,::; 3.75 ins. . 

F 
46 6.1 .81 -13.4 .... 8.5 -19.5 .4 .25 .3 -5.2 .1 5.75 

1 

41 6.15 .85 -7.4 54.3 -12.B .42 .22 2. -3.4 .12 5.5 

48 6.2 .95 3. 122.4 -6.4 .44 .3 5. -1.7 .6 6.12 
~ ..... 

49 6.15 1.035 18. 160.9 4.1 .4'8 .32 1~7 1.1 1.2 5.65 

50 6.1 - ,1.43 37. 216. 14.1 .52 .3 13.5 3.75 4. ' 5.75 

51 6~15 2.02 55. 251.2 18. .54 .35 22. 4.8 l.2. 
r ! 5.75 

v . 
S2

4 
6.15 2.28 60. 257.9 21.6 .5 .32 25.5 5.75 13.5 5.5 

, . ' 
-------- \ 

Whee1 Load ~ 54 lbs, o ~ 14.00 ins., b = 3. 75 i~~ " 

53 6.1 .84 -9 49 •. - 0.6 .74 .45 1.8 -5.5 .1 8.0 

S4 6.1 .86 -5.5 79.8 -16.9 .78 .4 3. -4.5 ~4 8.70 

55 6.15 l, 10. 150. -7.5 .85 .43 6.5 -2.0 .5 8.70 

56 6.15 1.08S 15.6 170. -2.6 .87 .4 8.0 -0.7 .5 8.5 

6.15 
.. 

57, 1.17 22. 189.2 -1.9 .9 .5 9.6 0.5 ' 1. B.O 
.).. 

( 

58 6..2' 1.5 ·39.2 234. 10.2 .95 .45 15.1 2.7 ' 4 .. 5 6.8 

la-- 47. 
, 

59 6.1 1.70S 261.6 15. 1.02 . 5 19.5 4.0 9 . 6.75 
-60 6.15 2.07 56.4 261.8 18. 1.05 .5 23.5 4.8 12. 6.5 

61 6.1 2.46 64. 293. 21.4 1.1 .52 31. 5.7 19. 6.5 

, ~ 

. TABLE 4.3 Summary of Test Results [Tread Wheel] 
i-
f, 

t 0../ 

-- \1' 
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carro 
Test veloCe 

No. vs 
in/s'ec 

62 6.1: 

63 6.15 

64 6.15 

65 6.1 

66 6.1 

67 6.15 

6B 6.15 

69 6.1 

70 6.1 

';" 

, 
.. \ 

.r· -.: mi - ~ ~ .. ~_'-~ 

An9· Normal Torque Pull Dynamic Rut Enerav per inch width 
veloce . slip M F sinkage Depth Torque Pull Inter- De for-

w' S, in. lbs lbs ins. ins. input facial mati on 
rad/sec 

~~:el' Load = 74.~ lbs, D"" 14.00,ins •• b = 3.75 ins. 

/ 

.78 -15.6 58.6 -43.1 :95 .45 2.0 -11.5 .1 12.0 

.93 2.4 151.2 -18.9 1.03 .47 6.1 -5.0 .3 11.25 .. '. 
. 1.02 .. 11 • 183.1 -11.3 1.08 .5 8.1 -3.0 .3 11. 

1.14 21.6 208.7 -4.9 1.12 .52 10.4 -1.3 1. "" 10.75 

1.29 30.6 223.4 1.1 1.15 .53 12.6 0.3 2.1 10.3 

1.54 40.8 232.1 4.5 lot .47 15.5 1.2 3.6 10.1 

1.94 53. 249.6 13.1 1.23 .52 2l. 3. S. 8.2 9.5 

' 2.32 61- 261.3 13.5 1.3 .53 26.5 3.6 13.2 9.4 

2.92 69. 274.2 13.1 1.35 • 55 35 •. 3.5 22. 9.70 
0 -

TABLE 4.3 Summary of Test Resu1ts lTread Wheelj, (cont'd) 
il 
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CHAPTER 5 

DISCUSSION OF RESULTS OF EXPERIMENTAL ANALYSIS 

General 

In this chapter the resu1ts of the experirnental analysis of 

a mo~ing rigid whee1 on,soft soi1 are discussed. The effect of wheel 
\ 

surface conditions on wheel 'perfonnance and the effect of the degree of 

slip on the loadingboun'dary (parti~le path) at the wheel-soil interface 

are also discussed in this chapter. The effect of slip on the different 

parameters ~hich express wheel performance (sinkage, deformation energy, 

interfacia1 energy and useful output energy) is dlscussed'l:- Adopting 
"-~'-, 

the principle of energy conservation in the form of an energy balance 

equation to the wheel-soi1 energy cornponents in order ta express wheel 

performance is presented. 

5.1 Slip-Sail Particle Path 

In order to obtain the loading boundary at wheel-soil interface 

(displacement) for the finite element solution, and ta obtain a better 

appreciation of contact and interface relationships, representative soi1 

particles or elements at sorne subsoil depth may be examined vis! vis 

soil motion under 10ad. The soi1 particle'paths express the.motion of 

\ 

/. 

• 
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5011 parti cles due to th~ surface mo~ion of the wheel. 

the resultant soil mass deformation and distortion. 

These refl ect 

If the experi-

mental wheel moves with a constant translational velocity and constant 
)! 0 

degree of slip, and the 50il is homogeneou5, it is expected that all the 

soil particle path,s should be sil"!lilar for the same sail depth. The 

tangent, at any point on the soil particle path, indicates the displacement 

direction and also the velocity direction. The geometrical shape of 
) 

the soi1 particle path, Figure 5.1, can be characterized by height of the 

bow wave, dynamic slnkage and rut depth. 
-

In Figures 5.2, 5.3 and 5.4 the resultant particle paths, 

developed 'under'a moving rigid wheel for rubber contact surface conditions, 

are given. Analysis for other conditions of loading and contact surfaces, 

reveals that the shape of the particle pa th can take various forms 
, 1 

depending on load, degree of slip, and transfer characteristic5. 

Test r~sults indicate that there is always 50il re~ov~ry beneath 

the area of the wheel and that its value increases with increasi~g \'Iheel 

load. This is in actual fact a phenomenon of high initial dynamic 

sinkage. The results also indicate that the height of the bow waJe 

1ncreases with incr,ea.sing wheel load and decreasing degree of sl ip, i.e. the height 

of the bow wave for driven wheel (+ve slip) is less than for towed wheel 

(-ve slip). The dynamic sinkage value increases with increasing wheel 

10ad. and the horizontal components of the soil deformation decrease with 

1ncreasing degree of slip and increase with i~creasing wheel load, i.e., 
1 _ ~ 

the rolling resistance inCrea5~S with increastng wheel load and dynam1c 
\,,:. ' 

sinkage~ ln general, the amount of 50il distortion increases with 
, " 

1ncreasing wheel load. 
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5.2 Slip Sinkage 

The available s~mi-empirical and thearetical approaches for 

predicting the wheel-soil interfacia1 stresses require a knowledge of 

the dynamic sinkage and dègree_ of slip, in addition to soi1 and wheel 

parameters. Slip is importan~ with respect to efficiency because, 

for a given wheel speed, the vehicle reduces the distance over which the 

pull aoes work. Sinkage should be controlled, for it must remain 

sma11er than the clearance of the vehicle (Goodman, 1966). 

a function of the interdependent wheel-soil parameters (P, T, D, b, V, w, 

surface .condi tion, C, ~). 

Sorne of the factors which affect the results of the solution 

of any continuum mechanics prob1em are the shape of the loading'boundary 

and the mechanical properties of the continuum materia1. In wheel- ) 

sail interaction pr6ble~, the wheel-soil {nterfacia1 stress distribution. 

(Onafeko, 1964) and the lneèhanical properties of the s,ojl layer at the 

\'/heel-soil interface, are functions of slip, hence the dynamic sinkage 

which is one of the results if the continuum mechanics solution ois adapted. 
\ 

should be a function of slip. 

Bekker (1969) indicates that the sinkage (Zo) consists of two 

components. one due to the static wheel lo'ad (Zs) and the other (Zj) due 

to s 1 i p: 

Zo = Z + z. 
S J 

(5. l ) 
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Bekker also indièates that if the wheel load is smaller than 

the soil bearing capacity no soi1 deforrnation Zj due to slip shouJd be 

,expected. This is not entire1Y correct for,lo05e 50i1s, though practicaJ1y 

correct for cohesive 50115. Thé dynamic ~inkage versus degree of slip 

for different v/heel 10ads and surface conditions is shown in Figure 5.5. 

The test results sho\'1 an increase in sinkage with slip for higher \'Jheel 

loads whi1e,' for sma11 wheel 10ads, sinkage is nearly constant or increases 

slightly with increasing degree of slip. 

The test results also indicate that dynamic sinkage 'increases 
y.~ 

with increasing \'Jheel surface smoothness, Figure 5.5,' This conclusion 

conforms \-/e11 \'/ith expectations fr~m continuum mechanics th'eories dealing 

with complex boundary stresses (Fung~ 1965; Jaunzemis, 1967). 

The slip-sinkage characteristics t'las studied by Yong & Hebb 

(1968) by studying the soil behaviour under the \'/heel. Figure 5.6 

shaNs the velocity distribution i~terpreted from resu1tant soil particle 

motion (e.9., Fig. 5.1) under the moving ~J~ee1. 

Sinkage is increà'sed slightly with the slip because the 

hor~zQl1tal velocity contours~ Figure 5.7, do not become excessively larg~ 

at high 51 ipso This is due to the sail shear discontinuity at the 

\theel-soil interface due to the provoking slip condition and hence to the 

fact that the soil \'/ork hardens in the shear boundêlry layer. The results 

also indiéate that dynamic sinkage increases as a function of both 

increasing degree of slip and smoothness o,f wheel contact surface. 
'7 

'1 
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" 

, 
- 5.3 Slip-Interfacial Energy '-

" 
The parasitic energy due to a ,moving wheel over soft solt \,f) 

consists of two components, the" int~rfacial energy which is dissipated 

in a thin~layer of soil at the whee1-soi1 interfâce, and the deformation 
" 

energy which is dissipated in diitorting th~ so;l beneath the wheel. 

The interfacialoenergy can be eva1uated by knowing the distribution of 

, the slip velocity and tangential stresses at the wheel soil interface 

(Chapter 4). 

J, The test resu1ts demonstrate the expected dependencies between 

wheel load and developed interfacia1 en~rgy'as conditioned by whee1 contact 

surface, soil type and degree of slip. It is interesting to noté that, 
, , 

after a well-defined degree of slip, the interfacial energy appears tobe 
') 

oh1ya function of slip and wheeloload, i.e., independent of contact 

surface charactetistics, as shown in Figure 5.8. As shown in the same , 

figure, the rubber-surfaced wheel does indeed have an ~arent :,moother 

surface - due primarily to the propert~~s of the Clay-rUb~ interaction. 

Simi1ar curves a~d relationships can be obtained for othe~ whee1 ~ads ' 

and contact surface cha~act~risti~s, ~igures 5.9 and 5.10. -The 

characteristics singular-point of slip which establishes t~e single valued 

r.e1ationship between slip rate and ioterfacial energy is seen to be 
"'.., .,"1. 

i hdepen,dent of the factors and parameters associ ated \'1ith 1 oadi n9 surface 

and subsoi 1 .. 

, 

surfa~e; 

·At the sï'ngular poin't"'a thin layer of the t:-c1ay coats the whee1 

thus, the s li p occurs between the i nterfaci a l soil layer, on' the: 

'0 wheel and"the subsoil surfaces. 
1 

~, . 

. ' , , 
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Test resu1ts ind1cate, 'Figures 5.8 to 5.10, that the degree 

of, slip at the singular point decreases with increasing wheel load; at 
~, 
higher contact stresses the interfacial soi1 layer coats the wheel surface 

at low degrees of slip. 

5.4 Slip-Deformation Ener~ 

As stated above, deformation energy is one of the two parasitic 

wheel-soil energy components and is a function of whael and soi1 parameters. 

Tèst results indicate that at a lower degree of slip, the deformation 

energy increases with increasing wheel s~rface roughness, Figure 5.11. 

Also, the deformation energy dependency on slip il1,creases with increasing 

wheel 10ad due to the fact that the effect of slip on dynamic sinkage 15 

greater for higher wheel loads than for smaller loads, as indicated by 

Equation 5.1 and as shown in rigure 5.5. Whl1e it may appear strange 

that w1th increasing degree of slip, sinkage increases and deformation 

energy decreases and asymptotes to a constant value, it should be recal1ed 
t 

that the soi1 is ,a nonlinear material and that the work dissipated in defor:ning 

1t 1s a function of the ,stress path or the displacement path length. The 

so1Hpartic1e paths plotted from the results of x-ray photographs, Figures 
1~ ~ v J 

, 5.a-lS.3 and 5.4, show that the length of the pâ~ticle path increases with 

decreasing degree of slip. At,higher degrees of slip or at a degree of 

slip beyond the cri,ticajSli P point there is no effect of wheel surface 

'condition onothe deformat n energy value, since beyond this point slip 
" 1 • 

occurs betlfleen the clay-co ted wheel and the clay soi 1. 

~' '~ 
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Figures 5.12: to 5.14 show the deformation energy contours 
, , 

for rubber strap mounted \'lheels at varioos degrees of sl i p and wheel 

loads. It is worthy to note that the zone of high deformation~energy 

10ss is located in the direction of wheel travelo 

Since the deformation energy" is a direct function of subsoil 

stresses and strains. and the state of stress in the nonlinear materi~l 

depends on the loading path. the def0,rmation energy should be a function 

of the soil partiels path at the wheel-soil interface. 

5.5 ~)ip-Useful Output Energ~ 

The useful output energy is the energy that can produce 

dra\tJbar pull; it is defined as the- \'1heel input energy minus the parasitic 

(interfacial and deformation) energy. This energy can be calculated , 

from the energy balance equation as stated above, or by measuring the 

drawbar pull and translational velocity of the \'Jheel. Appendix·A. The 

slip-pull enc::l'qy relationships can be characterized by three points', 

namely, the towed, self-propelled and maximum drawbar pull points, 

Figure 5.15. Characteristic details of these points will be explained 
, 

later. Test results indicate that pull energy increases \'Jith increasi n9 
. 

degree of slip, up to a certain value, then remains cônstant or decreases 

according to the stress-strain behaviour of the s~pporting sail. Good 

agreement is obtain,ed ~et\'feen the predicted results uSing visioplast'i,city 

technique and energy b~13nce equation, and calculated from measured 

drawbar pull and translational wheel velocity. '. 

, 'J 
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Since the dravJbar, pull is a di rect function of the horizontal 
- À 

components 9! the v/heel-soiPinterfacial, stressi:s, i.e •• a function of 

the wheehsoil traction forces, it 5hould be ,dependent on "/heel-soil 

surface roughness. DravJb?f pull i ncreases \'ii th increas i 09 "/hee l 

,surface roughness for the same degree of slip,as the mobilized shear 

forces can be h i,ghel~. If the adhesion bet~/een the vlheel periphery 

surface and the soil i5 stronger than ,that betvJeen soi 1 and sail, a coat 

of clay-will stick on the wheel surface. In this case, shear faiTure 

,-Ji 11 occur be,tt'Jeen sail ,and soil and the effect of \'1heel roughness \1111 

':be negligîble. 

5 .. 6 ~rg'y Balance 
-; .. 

.. ' Yang fi Uebb (1969) fi t'st introduced the energy apptbach for 

l'cvaluating'thc performance of il moving \'/heel over softl~oil. They used 

the energy' balance equation and' the. rel~r!; ions bet\oseen' ·the different 
, ,,' ,''\ 

components,of energies and degrec of slip.as the basis for wheel performance 

eva 1 ua'ti o~. " 

!he energy balanc~ equation can be \'/ritten as 

1 

r'~JJ '"" PVc + 0 + F (5.2) 

t"Jhere 

t1 :;, input to\~que 

(Il r.:' ,angular velocity 
/ . 

r'L>:: input ener:gy p~r unit. t ime 
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r , 

, . 

l' 

14d 
'. 

'J 

p'::::: drat'lbar rlul1 , 

Vc == translational t'lheel velocity, 
• 1 • 

'1 

PVC"::::: useful output energy per unit~t;me, 

D' ::::: deformation energ~ pèr.' unit ~i~e, 
1 

F ::::: int~rfacial energ~ pel" unit rime. 

In ot'der to provide ù"basis fpr'compar;sons betvJeen different 

Vlheel energy components, the ~ner~y terms 'Should be evaluated 'pè~:;nch 
, 1 • ~ ~ 

\·lidth and per inch of \'/heel traver and thé eneray balance' equation ,can 
.. " ,"'" • -"'l .... 

be \'/r1 tten as 

t·\I.l' . '\rc ==·P + D'IVe ... r-IVe (5.3) 

In figures 5.17. 5.18, and 5.19, the ~n~rgy sli~ carves under 

threc \'lheel 'loads for the three specifie 'COlît?ct surfaces. are given., 

" The differences in eaeh figure relàte to 'chaI1 ge il1, surface conditions. 

lt is pertinent to observe that'the characteristic performance of any 

\-/neel can be' identified by thrce points on the energy 51 ip curve. These 
.... 

are the tm'/ed~ self-propelled and maximum dra\1pal~ pull points. Figure, 5.16. 

The neg~tive value of the drawbar pull at the'towed point is a measu~e 

of the rolling resistance of thé wheel. Tc~ts show that this Value 

"increases with incre~sing wheril load, and can b~ envisaged as being 
, J 

directly related to the resultant increasing value of dynamic ,sinkage. 

The negative drawbar pull results at the towed poi'nt (Figs. 5~ 17'to 5.19) 

appear to demonstrate insens-itivity to t·~eel contact surface. 
,/' 

test 
, /' 

results indicate that this is fortuitous. 'u 
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\ 
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Tak'ing the self~propclled point as ,the point 011 the energy 

slip diagram wherc the drawbar pull 15 equal tû zero, it 1s seen that 
1 

this point is a characteristic of the povJeted \'Jhecl. It is apparent 

that, in arder 10 develop sufficient traction to maintain the whcel in 

mo1;.ion at this point, the circumferential wheel verocity should bc larger 

than Hs translatîonal velocity, i.e., the slip at this point always !las 

il positive value. As seen from Figures 5.17, 5.18 and 5.19, this 1s 

obviously o~ function of \';l1ee1 load and contact surface çharacteristic. 

The ,justification for characterizing tI'Crubber surface as smoother than 

the il l uminum surface may bc due to: 0 

("i) the supporting y'esults shovJn 'in Figures 5.17, ~.18 and 5.19; 

(H) the clay-rubbcr interface adhes;on i,5 srnallcr - probably due 

to the less than smooth nature of the rubber'and the smaller 

clay-rubbcr cohesion Va1V0. 

The maximum dravlbar pull 'for all the tests appcar to ocClir at 

" a high dcgree of slip, generally around 65 to 75 percent. The test 

results indicate that the dra\'Jbar pull increase5 by increasinq the rough­

ncss of the whccl surface-- with a corrcspondjng incrcdsc in requircd 

It 1s intcresting to note lhat at high slips a thin clay 

layer appears to coat the surface of the v/heel, ilnd thus it i 5 cxpccted 

that the tangèntial stresses dcvelopcd \'!ould be bet\'lccn soÎ'l and soil. 

flence at high slips the effect of t'/heel contact' surface characteristics 

on the dravtbar pul'l appears to he insignifi<i'ant. 

, . 
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A useful point for examining the effectiveness of the surface 
1 

t,ransfer of energy i s the establ ishment of the critical slip point. The 
, 

crit1cal slip point is defin~d as the point of maximum (optimum) slip, 

at which the interfacial energy remains sensibly zoro. The slip at 

th1!> point appears ta be consistently positive and generally occ'urs 

before the self-propelled point. As seen from Figures 5.17, 5.18 and 
, 

5.19, the crftical slip points ,for the three'types of wheel contact 

surface are sufficiently different, tloth in terms of slip and in terms of 

input energy, \'/henever- interfacial energy 10s5 become!j, s'ignificant. The 
'" 

, usefulness of such a critical point, as a measure of contact surface 

effectiveness for developmunt of dra\'/bar pull and interface cncrgy 

. (surface disturbance) CDn be scen. HO"Jcvc\'. it is obvious that in vie\'-J 

()f the limitcd amount of data availdblc~ much rcm~ins to be donc beforc' 

a proper charactcrizat10n of thts critical slip point can be obtained. 
, ~ 

Toe factors and pafametcrs necdcd for characterization "JOule! include 

cnrcass stiffness, treitd confi~û}a,tion; subsoil propcrties, contact ,araa 
, , 

and pressure, etc. The advantages to be guincd in establish1ng the . 
critical slip point are (Yong,' Fattah~ lri75): 

b, 

)~l- , l 

(a) dcvclopment of drult/bar-pull in vic\'} of v/hocl and tire 

constraints, and 

(bh present m'Jareness and conscious nced f~r m:inimization of 

surface d1sturbance in off~road mobiJity; the reduction 

of interface energy 10'55 i s secn to be directly l inked to 

the reduction 'in sur'Tace di-sturbance. 

(' 
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CHAPTER 6 

DISCUSSION OF THE PREDICTED RESULTs 

6.1 Intrô~~tion 

This chapter is concerned with a disc~ssion of the predicted 

wheel perfor~ance using FEM, as compared with experimental values 

analysed by the' visioplasticity technique., The main concern is to check 

the validityuf the FEM as a technique for predicting moving.wheel per­

formance and associated subsoi1 behaviour, 

1\'10 types of measurements are used ;,n th~ laboratory te check 

the val idity of the predicted results; these are (a) surficia.l 

measurements such as dynamic sinkagc, dr:a\'/bar pull and input torque, 

and (b) subsoil mcasurements such as displacement field. 

The pred i cted \'/hee 1 performance in terms of useful output, 
• 

deformation and interfacial energies are presented. In ad\tition, 

the subsoil contours of velocities, stresses and energies are predicteci 

using the FEM and visioplilsticity method. 

Three main characteristics identify the application of the 

adopted finitc element technique to a wheel-soil interaction problem; 

th~se are: 

(a) 60undary Conditions 
J.: 

. The soil-wheel particle path based on geometrical relati.cms 

between \'/heel diameter, dynamic sinkage and degree of slip (theor'etical 

. l 
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\ 
partfcle path, Chapter 3), and the soil part1cle path determined fram 

th~ results of x-ray phatographs (experimental particle path, Chapter 4), 

\,,~ere both used as il loadi ng boundary ht tho \'/heel-soi l interface. 

figure 6.1 shows typical theoretical p~rticle paths for a 13.5 inch 
\JI 

diameter wheel having .7 in. dynamic sinkagc; the experimental particle 

paths \'/ere previ DUS ly shown in Chapter 5. ,The technique for the appli~ 

cation of the boundary conditions to the solution is presented ;n Chapter 3 . 

. (b) Stress-strain Curves 

Unconsolidated, undrained triaxial tests were performed under 

plane strain conditions in order to reproduce as closely as possible the 

assumèd condit ;.ons duri ng the soi l-\',hee l tests. The tosting was con-

ducled un der three different confining pressures of q,"2.5 and 5.0 psi, 

bnd dt axial deformation rates of .1, .5 and 1. inch/nrlnute. The 
" ~est results are shown in Figure 6.2. Analogous axisymmetric triaxial 

tests \'/cre performed in order to verify the non-existence of a \'1(~11-

" 
defined failure condition, i.e., the absence of strain-softening behaviour 

\ 

is not a result of the plane-strain "Truc Triaxial" test restraints 

(Figure 6.3). 

The finite element analysis' ln this investigation is performed 

USip9 an incremenlal procedu.~e, and in such il case it ,is difficult to 

aceo'unt for materia 1 stra i n-soften; n9 behaviour. The stress::stra in 

curves do not exhibit' il definite peak to failure. Instend, the stress 

, 

, . 
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( , 

difference (crI - 03) is seen ta increase with axial strain. This 

abserved rise of the s.tress~strain curves el iminates the need for an 

G approximation to tne stress-stra in curvcs and avoids the numari ca 1 

di ff; cult ies ad sing from strain softcning beh~uf-." Since no 

definite peak ùas in evidencc, an axial strain of 20"'7; was chosc,: 1.0 

define failure. 

;There are twa COOllllon procedures for incorporati ng a nonl inear 
1 

stress-strain la\'J into a finite element formulotion for digital 

computations (Hann~, 1975). -In the first procedure 'the stress-strain 

lavJ dedved fram a laboratory test, can be used directly 'in a tabular or 

d'igital form. Severa 1 points on that curve are th en sel ectep' and 

constitute the input 'in the form of pairs of numbers each denoting stress 
, -

and ~train at thosc points. The variable rnatcrial parameter such as 

E and v are obtaincd from such curves by svH:able interpolation. If 

the behaviour is represented by a~ingle stress·struin curve, stresses 

arc obtained by interpolation for a calculatcd, state of strain. If the 
, 

behaviour is represented by several curves, interpolation must also be 

donc behJcenj:,\'Jo curves for differentt:onfining pressures. 

In the alternative procedure, the laboratory stress-strain 

relationship is expres5cd in the fürm of ~ suitable mathematical function. 

The mater; al pa t'ameters for the non 1 i near ana lys i s a rc aga in obtai ncd on 

the basis of the state of stress or strain. 

" 
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In this studys the tabular or digital procedure "Jas utilized 

to represent the constitutive behaviour of the 50i1 model1ed by continuum 

(triangular) clements in the analyt'cal solution. To start the 

analysis, initial values of the modulus of elasticity, f o' and Poisson's 

ratio, v, are required. The clays used can be considered to be fairly 

incompressible as they \"/ere nearly saturated. Therefore, i t shoul d be 

reasonable to choose the value of the Poisson's ratio of the soil close 

. to '0.50. In th'e present. study v \'las assumed tQ, be .48 . Furthermore, 

the value of v ViaS assumed to remain constant throughout the entire 

deforrnat ion process. Similar assumptions have been made by Clough & 

Uood\'/ard (1967) and by Gi rijavallabhan & Reese (1968)" The non li near 

analysis was based directly on the plane-strain triaxial cypves. The 

starting value of the modulus~ Eo' t'las taken as the initial slope of the 

stress-strain cur-ve at zero confining pressure. 

In an axisymmetric triaxial stress condition, the interm2diate 

and mi,nor principal stresses are the same, and tiie confining pressure for 

the sample i5 equal to the minor principal stress, 03" Since most 

actual problems in soil mechanics are threc dimensional or plane strain, 
~ ~ .-- '-

the magnitudes of the in.termediate and minor principal stresses in an 

alement "Jin be different. In the lùboratory v/heel··soi1 interaction 
-\i ' " 

problem, ,the l'Iheel is wide enough that it can bc reasonablYassumed that 

the 5011 js in plane strain condition. 

principal stress is given by: . 
In this case the intermcdiùte 

( 6.1) 

, 
1 

" 



· 154 1 

Thus ~i.t l'las found I~easonab 1 e ta, express the confi ning pressur~_i n an, 
, 

elem:=nt for plane strain condition as the avera:Je of the magnitudes of 
i 

the intermediate and minor principal stresses induced at the centroid 

of the element. 

The 5ubroutine IINONLIN" (Appendix ~) developed in.this study uses 

formula (6.1) for defining the confining pressure. 

(6.2) 

In order 'to compute the state of stl~ess, (a l - (f3) , 

"~ot~responding to a state 'of strain, c, in an clement from a se); of noo-
, , .. 

r,. ~ 

lineal" curves, three interpolations are required. The pragt'am first 
\, 

computes the values of the stresses, stl"i.\Ïns and confilring 'pressures 

in each el ement. Interpolations are then pc:rfol'mec/ to compute intcl'-

mediate val ues betvleen curves' at different confining pressurc3 and, 
-, 

\-tithin a curve betv/een the diffêrent strains. In the subroutine 
1 

NOHLIN used in this study~ stress values \'Jere computed froln strain values 

obtained in the analysis. 

r 

(c) Sol ution Techni9u~ 

ln the finite Element solution. the quasi~sttltic i'lpproach is 

used for s imulati ng the If/heel movement on the soil surface. hence i nertia 

effects' can be neglected. A small increm!::ntal time step 1s used in 

the solution and the time increment is calculated by 
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where 

Vois the translational wheel velocity, 

and llX 15 the incremental \/heel travel distance. 

The incremental wheel travel distance is taken as .25 inch, 
~ , 

the horizontal and vert; ca~ displ acements at the \llleel~so; l nodes are 
, 

calculatcd from the geometrical characteri~tic5 of the particle path at 

the whcel-soil interface. An increment~l solution technique ;s 

adopted in this analysis as explained in Chapter 3. ' . 
A blocl~ diagram fot' the input data utilized for the FEr-1 

. , 

to pred;ct t'Jheel performance and associated subsoil behaviour is shown 

in Figure 6.4. 

in Ap,pendi)~ F. 
r 

D2scription of the FJnit€~ E1em3nt program is given 

6.2 Stream l ine Flol'I 

In the experim~ntat;on of a movi ng wheel over soft sail t 

. successive x-ray photographs of the subsoi1 lead markers~ at different 

t:lhe~l positions, ·;!.~ere tilken. ,-The sY~erpos;tion of the photogrilphs 

sicle by side sho\ls the floN of the .soil bcneath the \'iheel, Le., it is 

implicitly assumed that the wheel is turning in its position and ~le soil 

15 iftoving \'1ith a translational velocity cqual to that of the \'/heel 

(simi lat' ta m:?tal sheet drauings). 

1 

. , 

\1 

.n 
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From l\ppcndix l\ Prom Chuptcr 5 

t'1hccl-aoil piJ.:r:ticlc piJ.th 
nt GoLl Gurfacc C------, 

(PflOGRAl1 "V!SlOP~,") 

Trinr.ial tests ut 
d,Mfercnt confinin';J 
pressures 
(SUBRO~TINE QGDATA 2) 

r - Tr;;' ~ptcr3 --1 
1 t'1hcel-seil Pill;,ùclc pv,th l, 
1 basad on \'lhccl 9cor.nctrical r- - "'1 
1 paramotcrri '1 1 
L ~~~ t.~N)'-:" .....J 1 

, , 
1l'"_---!_Y.3L Yi 

- ~1hccl paramGtcro - D,B,T, 
O)/V [MAIN] 

subuoil grid idcalizatiçn 
coordinatca and 
char(.l.ctcriotics 

[DATA 1] 

- Calclllution of instantancouG displaccmontd at the nodon 0 

of idcalizcd' subsoil grid 
[SUB~UTlNE FORHK, STIFFNESS H/\TRIX] 

Calculation'of instantancous strain -
[SUBROUTINE STRESS, STR1\IN-DISPL.1\CEHENT NATRIX] 

Calculation of in~tantaneOUG stresa 
[slmootirnn;; STRESS) 

- Calculation of po.ier of dcformation cncrgy at Gubooil 
grid nedon '[SUBFDUTINE STRESS, Eq. 4.12] 

- 0l1culûtion of \'Jhcel-Goil interfacial rcactiono 
{SUBROUTINE REAC] 

- Calculation of intcrfad al dim,ipatcd encrgy 
, ' 

[SUDRO~WE STRESG, Eq. 4.19] 

Cthcu19tion of \/hccl uncful output' cncrgy 
,.., (S!.ffiROUTINE STRI:SS, Eq. 5.2) 

,Figure 6~4 Schcmatic for Input and Output Information for 
t'lhcol-Soil, Interaction Study Uolng the FEt1 

,t 
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Fi!Jure 6.5 shm'Js the 5trcélmline flm'J undcr the moving l;/hcel, 

predic1:ed by the I-Et4 and measured by the x-ray photographie technique. 

The cxpcrimental and predicted rcs'ults are both plottcd at one inch depth 
, 

intcrvnls 9 and arc' stagget~ed .5 inch apart fram each other to avoid the 

confus i on betwccn the meas urcd and pred i cted fl 0'.'1 li nes. It should 

be' not'iccd that the theoretical model 1S capable of shoi"lÎng both the rut. 

depth at the rear of the \'/heel and the bm'l t'Jave at its front. The soi1 

distortion dE.!creases nlpidly with the depth, and at il depth -equal to the 

\'/hecl diameter, the distortion is ncgligiblc. The trends of the flow' 
" 

lines shm'/ clearly tnat the sail in front bf the,:, vIllacl 1S subjectcd to a 

state of loading and to a statc of unloading (recovery) at the_ )~eùr of 

the \'Jhéel. The FE and the experimental resulti both indicate ~hat the 

" flm'l lines have the same trend. 
\ 

6.3 ?~bsoil Vclocities 

Subsoil velocitics can be talculatcd"directlY from the reco~'ded 

sut)soi,l deformations, prov'jded that the incremental time stap bctv/een the 

successive x-ray exposures is knO':1n (Appendix B). Since no assumptions 
'\ 1 

ure made in calculating the subsoil velocities, 900d agreement is cxpccted 

beb'Jeen the predicted results using the FEt1 and the cxpcrimentally­

calculated res~lts. 
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ln ~ha finite'clem2nt solution, the velocities arc cnlculatcd 

for the noc.t~~ poiats of the idenlizcd slll>soil contiruum grid. Knm·ting 

the 'incremcntal timt:.' step corrc!:>ponding ta the incremcntal \·,hccl ti'avol 
" . r ù 

distance, and the calculated displaccment!:) at cvery nodal point~ the 

velocities at any incrcmcntal whcci travel distance can be culculatcd Ur • ... . 

Ox 
Vx :-: r-

Vy ~ ~~ (6.4) . 

ilnd 

wilcrc- Vi< 

Vy 

Dx 

Dy 

'~ l'J.x 

V 

T 

horizontal Ôlodty componcnt, 

vertical velocity.component, 

nodal point incremcnttll vertical di5p'lacement, 

nodal point incrcmental vertical displacGmcnt, 

incrcmental whecl travcl distance, 

tran~lational whecl velocity, 

incremental tima :;tûp. 

figures 6.6 and 6.7 sho~'1 the horizontal and vCttical veloc'ity 

,cont(Jur:; rcspcctively t- using the experirncrrtal1y determincd particle 

path ilS a di5placcment boundat'Y candi tians at the \îlhcel-soi 1 intcrfùce, 

uh'l1e the cQrresponding contours for highcr degree of slip are shown in 

'{, 

figures 6.8 and 6.9. The experimentally calculflted and the. FE pred'icted 
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velocity contours arc plottod on the same figures for case of compilrison 

of rcsults. {Jor vertical V'elocities? il Posiy?ve ~ign mmms dO~'/m'Jard 

; vclocity und a ncgative sign mcans up\'~ard velocity, '",hile for' horizontal 

vCloclty, contours a positive sign m~ans that the velocity 1's in the. 

d,; rection of \'Ihonl travelo ' A zero magnitude velocity c~ntour indicates 

that. the particlc displncement has renched its maximum position and ,is in , .,' r ' ' 
, ,,1 

thc\stage of beginning ta return on tho rebound 'cycle., T~us, in term5 
'\ 

of ve~pcitics~ no lnstantaneous incfEmental displaccments are registercd, 
"\ 

and hence'thc computation for velocities providcs for a zero value. 

" 
" 

At lO~'1 degrcc of sl"ip the vertical and ht'tizontal velocities -are equal ,,r---,, 

,l, 

ta zerD ut \'Jheel bottom de'ù,d center. The zero vertical 'velocit1-'iiÎe \.. 

starts ncarly vertical1y from whcel bottom dead center~ and 1t5 pOS, tian l 

does not change much with increasing degree of'siip. ,The zero 

hori2ontal vel0ci(~Y contour starts fro~ wheel BDC at 10\'1 degree 0 

but moves ahead in \the direction of \'/heel ty'avel. With increasihr dcgrcc 

of slip the zero horizontal contour starts fram a point ahead of BDC ' 
" lf ' 

The negative vertical velocity co~tOUI'S ahcad of the vlheel and to the back 

Us BDC, correspond to the affect of the hm'J \'/ave and sail recovery 
() 

respecti vely. 

It should be noticcd that the predicted vèlocity contours, 
1\ 

using the FËt4~ providetl the wheel-soil particle path (load'ing boundary) 

if> detennined experimental1y, correspond \'/e11 \"Iith the expcr'iment~11y 

calculated results, using the x-ray photographie technique.' 

, '-

.' . 1 

, 1 
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6.11 ?JA soil ?tress.es 

Application of the method of cha,rûctcristics to predict the 
~ 

suusoil stresses from information about the subsoil deforrnation pattern 

vJas exp~ain~d in Chapter 4. Tlle OOVI chart for the calculation steps 
, 
1 

is explained in Appendix F~ Figure ~6.10 5110\'15 the' subsoir principal 

strain directions and Figure 6.11 ShO\'/5 the contours of the slip lines, 

thcse bcing the linos of charactcrtstics. Figures 6.12, 6.13 and 6.14 
) 

sho\·/ the subsoil stress contours determi ned by the method of character-

istics p and predicted by the FinHe Element r,t::thod. It should be 

noticed that ~11 these contours are plotted for a 13.5-in diameter wheel 

movi n9 at il cons tant s pead 0 f 6 i n/s·~c. The computed va~iables are 
" 

made for unit \"Jhecl \'/idth and the dynamic sinkage is àS5umed constant 

throughout the entire test. 

An apparent significant differencc is observed in the pa~tern 
( . 

of stress distribution obtained by the methods of characteristics and the 

Fi~ite El~ment Method. This difference can be mai nly êlscrfbed to the 

follO'/t1ng factors.~ 

(a) Difference in Boundary Conditions: 

_ )ln the FEM the particle path at the wheel-soil interfaceis 

used as load; 119 boundary and the effect of soi i recovery b~neath \'/hee l 

BDC is consldcrcd. 
Il 

ln the method of ch<:n~acteristics, the linetor compression 
f ' 

ten,sion dividc at \'/hich the mean normal stress is zero, is used as il 
1 
, 

boundary condition (Yong & Windisch, 1970). This indicates the position 

/ 
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a t uh i ch rebound begi ns to occur uRon v/hee 1 un l oadi ng. The use of 

the compression t~nsion divide condition which is in- a-ctu'al fact a 

load~unload condition in the soil, creates fictitious negotive-posit1ve 
, ' 

stress regimes in vie\", of the sign co~vention used, i.e. ,positive for 
\ , 

loading'and negative for unloading. The load-unload conditions are 

\'/ith respect; to ,the soil performance, Hence' the stress contours 
.. 

generated in regard to this kind of sign convention reflect the "positive" 

and IInegati ve" stress) regimes. 

The FE!1 approach \'I_hich uses load-unload in the positive sign 

convention sense dOèS not ,produce the artificial negative st~ess condition 

in' the' s'o11. _' Hence it is expected that \'/ith the above and the other 

consideration discussed in the' follOi'Jing pa~es, the stress fields 

generated fram the FEN analysE- \'/ould be a 'more appropriate reflection of 

the actual state of stress in the subsoil. 

(1:» Diffe-rence in ConstituU~e Relations 

In the FEM the stress-strain relations determined from the 

results of triaxial tests are used'in develD~ing'a constitutive relation. 
- '. 

ln the characteristic method, the.soil is assumed rigid plastiç . 
. 

'an-d obeys the Tre'sca yield criterion, and no effect of the confining 
r 

pressure is' considered. 

(c) Difference i~ Solution Technigue~ 

-
An increm::ntal, loading bo~nqary approach is used in the FEN.' 

The stress-strain relatiorys at different confining pressures detennined 

from the results of tria)dal tests are used for determining, the 
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constitutive relations,required for forming the stiffness matrix of ' 

the loading elemE:.lts. For the unloading elements, a constânt elastic 

modulus equal to the initial tangent modulus of the stress-strain curve 

is used. 

In the·method of characteristics, the solution ;s,attained 

in one increment of loading (total stress approach). It is assum'ed 

also that the materia1 is rigid plastic. the yield str~ss in compression 

bèing equal to that in tension and i~dependent of the.c~nfining pressure. 

The subsoil stress contours are plotted for a rigid I"/hee1 1 

moving at 6 in./sec. translational velocity and zero degree of slip: 
~ 1 

Figures 6.12 to 6.14 sholtl t~e FEt1 prediction for subsotl stress contours, 

-using the experime.ntally determined v/Mel-soil particle path as load,ing 

boundary \'Jhi1e Figures 6.15 to 6., 18 shmt tne subsoil st'ress 'contours for 

a case of,high degree'of'slip. 

the contour 1 i nes Ican be not i ced. 

The di fferences' b'etvJeel1 the s,hapes of 

The subsoil contours'predicted using ~he FEM in~içate that thé 

influpnce of stress is much greater in the' direction"of motion and a1so 
o " , 

that stresses diminish at a distance equal to the Itiheel diameter from 
, , 

\ botq s; des of the \'1hee 1 cènter. The state of stress beneath the .wheel 

is ahmys in c"ompression and the stress is higher at the f~ont' of the 

i"/heel than at its re'ar. because' of soil 'recovery be"neath the wheel BDC: 
, , 

This observation corresponds to the Jact that at the wheel front the \'Jheel 

is acting on the' 50il, ~thi1e to the reax Of the \'Iheel the soU i~ acting 

on the \'/hee1. 
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In the stress contours predicted 'from a knowledge of subsoil 
\ 1 \, 

, ., 

,defonnations using the visioplasticity tecnnique (method of characteristics), 
, l, 

" the negative sign of the horizontal ~omponent of stress indicates com-

pression in ~he doiirecdon opposite ;t!tvJheel tr~vel; similarly, the' , 
, , 

negâtive ?ign of the v~rtical comportent of stress indicates compression 
" 

in th!fùpward di rection . 

. For comparative purpoSes, th~ subsoil ~tresses beneath a 
, , 

, , 

s1:ationa'ry' \'Iheel penetra"ting in soi 1 'to a depth equal ta the dynàmic 

sinkage of a moying rigid wheel~ are shown in Figur~s 6.19 to 6.~1. " 

. " 

/ 

7 

,6.5 Interfac1 al Stresses 
, , 

.. ~ . '\" 
, AS stated aboya, in the FEM the inter.facial stresses are 

. 
predicted in t\IO major steps; The first step .. consists of appi'ying 

, , , 
incroemênta~ vertical displacements to the \'/he~l until the ûugment~d 

. values of displacements rea~h, the dynamic sinkage; in the second step 

a quasi-static'problem is cdnsidered by giving the wheel successive 
, ' ~ , 1 

incremental travel distances unti1 the calculated values of the illterfacial 

stresses remain constant (Yong & Fatta~. 1976). 

The variation of contact pressure ;distribution as a furÎct ion 
o 

of depth for a stationary \'/heel is shOi'ln in Figure 6.22. The predicted 

results indicate that for a small value of sinkage the contact pressures 

are monotonically increasin~m the inftial point at the \'1heel-soil 

contact surface to-~he point of maximum sinkage. Ho\"/ever, a t hi ghe r 
î 

! 
t 

j 

j 
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, values of sinkage the point of maximum pres'sure does net coïncide vlÎt& 

that of maximum sinkage, i.e. ~ the \'Jhe~l is acti ng as a rig; d foundation 

on soft soil. 

It is noticed that the number of time 'intervals, or incremental 

\'Iheel travel distances, at which the "interfacial stress~s start to become 

constant is determined by the time required for the first loading nodal 

point at the \'iheel-soil interface at \'Jheel front ta leave the intl::irface -

'ût the rear. 
\ ' 

figures 6.23 and 6.24 sho\tJ typical, \tlheeT-soil in,terfacial ' \ 

stress distributions for a driven rigid v/heel, \'/ith different degrees of ' 

~li p. As the slippage increases~ the ,radial stresses on the wheel-

sail interface decrease in the direction ,opposite to the \~hee] 'movement. 

The general distribut~otl of the \'iheèl-"Soil intérfaci al stresses, predicted 
1 

us'ing the finite element model. is similar to that measured by Onafeko & 

Rcece {1967} ~ The pr<ttdicted results also indicate tlrat the horiz(jntal 

and vert; cal components of ·-stressés conform w;th the m~asuréd dr'all/bar pull 

and t'lheel, lOqd respectively. 

For comparative purposes~ Figures 6.23 and ~.24 also sho\'1 the
O 

pattern of interfacial stress distributions correspdnding to, those 

determi ned bl ~he FHt These interfacia 1 stresses'~tcare determi ned by the 

m~thod of characterL i cs', prov; ded that the subsoi l s 1 i pli ne fi el ds , 

tlnd the line of compressio~-tension divide, are both knoi'ln from the 
, 

experimentall'y deter,mined 'subsoil behaviour, as explained in Chapter 4. 

'0 

é'j' 

\ ~ \ 
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> 

It is perhaps significant ta observe that a negative (tension)" 

radial stress is computed at the tail end~of the wheel contact surface 
CI 

based on the response 'characteristics of the supporting soil. Recalling 

that the interfacial stress characteristics are derived from a knowledge 

of the soi1 and deformation behaviour at res~ltant stress distribution, 
, , 

jt becomes important therefore to'pay some attention ta the,relaxance Of 
, \~ ~ 

the negative radial stress'. In effect, this 1S due to the rebound 
. . 

behaviour of the sail which.occurs during the unloading portion of the 

wheel-lôlfd cycleiÇr Contact -between i~e '1heel and sail is ~ai ntained 

during this periode 

Fattah, 1971): 

The "phenomenon can be can~frued th'us (Yang & 

(l) the subsoil is reacting passively during and at the forward 

portion ~f the contact~ng rim. This corresponds to the 

fOt:,Ward thrust of the wheel. . The resultant pressure is 

largest in this time and space cycle; 

(2) ~he subsoil reacts activelY in the after portion, of rim 

contact since maximum pressure is reduced, and effective un-

loading and rebound occurs. In effect. one might consider 

that the soil acts aga1nst the rim ta provide an upward 

thrust because of rebofnd. 

The significance of'the above lies in the rebound abilit~ of 

the sail. 'It becomes obvious therefore that greater rebounds would 

provide for a correspondingly larger thrust from the son onto the wheel • 

resulting in a negative radial pressure. 

\ 
i 

'i , , 
,~ 
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\ The negative radial 

from 

1S essentia11y assoeiated with the 

\ 

eannot be adequately determined 

t e wheel rim since ,the negativity 

iv~ nature-of thé soi1. 
( 

The 

gauge will always pressure, so long as soil contact is 

In aetual fact, f om a knOWledg~ of the deformation behaviour 
: J l , 

maintained. 

of the soil, active and passive re~ponse characteristics of the 50il can 

b~th be observed as in Figure 6.25. 

In spite of the faet that>the interfacia1 str~ss distributions 
lj 

predicted"by the FEM and determined by the method of characteristics are 

different, they both s~t;Sfy the' eondit\pns of equilibrium; the di fferences 
'. -

can be ascribed to the 5ame'~asons' used in th~ description of the 

differences between predicted and experimental1y determined subs~il 

stresses (Section 6.4). 

6.6 Deformation Energy Contours ' 

In the v;sioplasticity mèthod the power/of deformati~n energy 

(energy per unit-width per unit travel distance) ai specifie points in 

the soil beneath the moving wheel is caleulated, using information' concerning 
o 

the subsoi.1 deformations determined by x-ray photographie technique 

(Appendix--A-) . The methods of calculation are explained in Chapter ~. 
, , ' 

The results are presented in the fonn of deformationJenergy contours, 

Figures 6.26 to 6.28, for different wheel loads and degrees of slip . 
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In the FEf~ the power of deformat ion energy ;s determi ned i),t 

every nodal point of the FE idealized subsoil grid by averaging thè 

values for all elements surrounding that nodal point. The EE energy 

< contours and the contours obtained from the visioplasticity methorl are 

both plotted on the 5ame figures for ease of comparison. 

Generally, the contours are curvilinear in the direction of , 

\-/nee1 travel. vtith the concavity tm'Jards the direction of motion; also, 

they are shifted in the direçtion of, .. "'tion "ith decreasing degrr o~ S'iP. 

The deformation eRergy contours can express the degree of ' , . 
subsoil distortion, and thu5 the zones offuaximum distortion beneath the 

\'Jheel can be determined. , 

The results indicate that the energy contours determin~d using 

the Fm eonforrn' vJell \'sith those determined by the visioplasticity,method. 

-'Both methods give the same trend. but the visioplasticity method gives 

higher values. than the FE~l~ especial1y at high degrees of slip .. -

The ct'ifference in the results is due to (a) differences in 
1 

the 50i1 stress~strain relations used, and (b) the choiee of the soil 
" 

! 

sh~ar strength value in the visioplasticjty method. 

6.7 Energy Balance 

The predicted \'Jheel performance using the visioplasticity 

technique together with the finite element prediction is shown, for the 

34.0 lbs aluminum.wheel, 'in Figure 6.29. The soi1 partiele path at the 

\ . 

f l ç 
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wheel-soil interface, as determined from x-ray photograp~ic technique, 

was used as a' loadwg baundary for the fipite element solution. The 

results iTldjcate that the degrée of correlation betv/een the finite element 

arld visioplasti,city predictions is good for low degrees of slip, and 

decreases \>Jith increasing s 1 i p. The discrepancy between the FEM, 

p~edicted results and measured results at high sli~ ;5 due ta ne~lected 

effect of strain rate on the mechanical properties 01' soi,l in the FEM' 

treatment. 

rt should be also noted 'tbat,the predicted results using the 

visioplasti~ity t~chnique correTate'well with the measured perfo\mance, 

both at low and high degree of slip, as the strain rate effect is taken 

into account in calculat,ing wheel-soil interfacial energy lo~s. 

1 
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CHAPT ER 7 

SUMMARY AND CONCLUSIONS 

7. 1 Surnnary· 

A fundamental prerequisite for off-road vehicle mobility 

research is the exact specification. of the eharacteristic of the vehicle 

tractive element and the response oi~the soi1 ·under vehicular loading. 

The performance of.a moving rigid wheel and the behaviour of 

fhe soil beneath it were predicted through application of the FEM; 

the predicted \'iheel performance was compared to th~. experimental surficial 

measurements and thé subsoil response., through use of the' x-ray photo­

graphie technique and application of the visioplasticity,method. The 

FEM provides a convenient framework for-field of laboratory investigations 

of the nature of the sail response ta ve,hicular loading and of wheel 

performance over,a full range of degrees of slip. The method.provides 

a means of properly 'Ïncorporatinp the subsoil propertie's and wheel 

dimensional parameters into a rational overall theory. 

The use of the FEM to predict wheel performance and subsoil 

behaviour beneath it by taking into account the effect of soil recovery 
1 

beyond \',heel BDC, the effect of large displ acements and the nonl i near 

behaviour of soi1. representsthe first application of an analytical method 
11 

to the soil-vehicle problem. In this analysis use ,~'/as Il).ade of the soil 

part1cle path (obt~ined from the x-ray photographie data) to determine 

boundary conditions at the \'/heel-soi 1 interface. It was then po~sible 
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to eVêlluate the \'/heel-soil interfacial stresses, dra\'Jbar pull, the \'lOrk 

dissipated in deforming the soil vertica'11y and horizontally, and the 

energy dissipated at whe~l-soil interface. 

Consideration of the enèrgy balance of the system, making use 

(,,',~~ the cO,mputed defonnations and interfacia1 energies, a1,10\'ls re~sonable 

predictions of the useful output energies and provides a vivid picture 

of \'lheel performance and effi c;eney at any degree of sl ip. 

7.2 Contribution 

This siudy shovls that theoretica1 aspec:ts of the \'/heel-soil 
, 

interaction phenornenon ~an be .defined .. A good prediction can be obtained 

50 long as the boundary conditions and ,constitutive relations 'of the 

theoretical model correspond \'Jel1 \'/ith the physical model. Specifie 

contributions are: 

1. The developm::mt of a theoretical mathod (FEN) and its abi1ity 

ta predict r/heel performance, and subsoil behaviour beneath it, 

with specifie provisions for the effect of loading and unloading, 

due to t,he nature of the whee 1 o))vement (Chapters 3 and 6) . 

. ' 
2. The successfùl application of the theory (FEr~) and verification 

3. 

of the correspondence beh'ieen measured and computed performance 3 

and bab/eeri the predicted and the observed subsoil deformation 

patterns (Chapter 6). 

A study of the effect of ~Jheel surface condition on its 

performance and of subsoil behaviour beneath it (Chapter 5). 
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4. The establishment of a basis for evaluating wheel performance 

at any degree of sl ip (Chapters 5' and 6). 

The above provides a, useful contribution to the field of wheel-soil 

interaction analysis. 

7.3 Conclusion's 

The pr~sent study may be looked upon as a step in the direction 

of an improved method for \'/heel-soil interaction"analysis and performance 

prediction techniques. 

In its immediate application, the proposed theory and technique 

may contr'ibute ta a systematic study of a moving v/heel on soil by a 

rational scanning of all pertinent parameters . 
./ 

Eventually, it could be attempted to rational ise the \-/heel 

performance prediction in the field, and subsoil pqhaviour beneath it, 

in terms of the significant soil and \'lheel pa,rameters and hence establish 

a complete and unified theory for amoving off-road \'/heel on soft soi 1.' 

(, 
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CHAPTER- 8 

RECOMMENDATION FOR FURTHER STUDY 

" " 

<"", The Finite Element Method rep'resents' a signîfic~nt aélvance 

in the field of soil-machine interactions. It can be used in the 

laboratory or in field investigations to predict \'l~eel performance and 

sail behaviour beneath the \'lheel. In addition, several othel~ aspects 

of the son-"heel, proble~ cim ôlRO be studied. These include additional 

modifications of the' finite element co'mputer model ta account for c!ifferen't 

types of soil such as sands and soil ~'/ith both cohesive and friètional 

properties and also to account for different characteristics such as 

inflation pressure and carcass stiffness for pneumatic tires. 

In thi s study ft \'/aS observed that the \'Jheel surface configura­

tion had SOrne effect on its performance 50 th~t other surface configurations 

should be studied. 

Appl ication of the energy balance equation ta \'Jhe,el-soil 

interaction studies is reasonably successful for the case of rigid' IrJheels'; 
/ 

.research should tous be extended ta the case of pneumatic tires and the 

energy dissipated in tire deformation must be c~nsidered. Analysis of 

the experimental results" shm'l specifie chara,cteristics for the energy 

balance and interfacial en_ergy curves. and investigations should be 

directed tOvJa~ds examini!:'9 the effect of different \'/heel parameters on 

these characteristics {to\:led point. self-propel1ed point and singular' point}. 
\ 

, , , 
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In addition ,to the sU.rficial measurements of'~hèÈ!l 
, ' , 

performance (drawbar pull, input torque, transl1tional and, angular 
l ' . . 

velocities and dynanfic sinkage) and subsoil nieasùrements (displacemerits), 
1. ' 

special attention should be taken to study the mechanisms of wh~e1-

so11 interaction a~ the lnterfaci~l soi,l zone'; 

The performance pred,~tion of off-road vehicle traçtive 
'" 

elements should shift'fro~$single wheel inv~stigations to multi-wheels 

in tandem. 

The development of a criterian fo~ evaluating the degree of 

soil distortion beneath a moving wheel and the development'of constitutive 
\ '\ ( '.. . . , 

relations, based on· results of portable apparatus in the field, are 

necessary in all vehicle-soil analys'es. 
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EXPERIMENTAL CONSIDERATIONS 

~\ 

A.l Performance of Experiments at Sail Researèh Institute 
of McGil1 Uniyersity 

'APPENDIX A , 

laboratory experiments were conducted to measure the draw-bar 

pull, input torque, angu1ar velocity, translational velocity, dynamic 

sinkage and the displacement p~tter~ within the sail mass beneath a 
1} 

moving wheel. The fàcility for doing a. test has been extensively 

described' by Yang et al. (1967), Yong & Webb (1969), and Yang' & Windisch 

(1970). 

J'" 

A.2 Vehicle Test Facility and Eguipment 

The machine-sail.interaction test facility consists of nine 

main units (Figure A-l). 

a. Soi1 Bins 

The sail bin of the McGill Soi1 Research Institute is 32 feet 
• > 

long, 6 feet wide and 3 fcet deep. 
! 

The bin is divided 10ngitudina11y 
: . t.o form two ~eparate bins whose dimens_ions are ~' x 4' and 32' x ,6-

r~spectively. The wide t'in is used for model and three-dimensiona1 
\ . , 

analYsls. 
1 

The narrow bin is used for studying the subsoil ?ehaviour 
1 (.. t-

i~ plane strain test condition and 'for developing mathematical models. 
: 

\ 
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b. Dynam0meter Carriage 

The "dynamometer carriage contains the test \'1heel; the wheel 

drive motor, the \'Jheel loading system and the dynamometer balance.-

The dynamometer carriage is gUi,ded by Z-rails'mounted on thê ,longitudinal 

\'Jal1s'of the sail bin; ît is pul1ed by two continuous chains,' one along 

each Z-rai l . 

The function of the'dynamometer carriage is ta provide a 
R 

mobile anchor ta the flexure frame of the test \'/heel and ta support all 

equipment travelling along with the wheel: the electric drive unit, the 

tachometer measuring the angular velocity of the v'lheel, the L.V.D.T. 

measuring the vertical displacements of the wheel axis, ~nd the required 

pov/er supplies. - The dynamometer carriage also h~s the function of 

triggering' the X-r,;ay unit by tripping three limit switches sa located,as 

ta ensure proper synchronisrn. 

c. Flexure Frame and Test Hheel ' 

The Flexure Frame is a closed rectangular box on which the 

test \'1heel ;s mounted through bar rings. The frame 1s linked to the 

dynamometer carriage by two spring s~eel flexure pivots. Details of 
-

-the connection is sho';ln in Fig. A-2. The strains 'of these pivots 

-measured by electr-ic stra;n gauges, pro~ide dra\'1-bar pull measurements. 
, 

The wheel used Was made of aluminum, 13.5 inches in diameter • 
and 3.75 inches wide. The surface texture \'/aS changed by mounting 

different types of rubber straps of 1/8" thickness on the vJlleel rim. 
" 
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d. Mobile Cassette Meehanism 

The mobile cassette meehânism allows consecutive exposures 

ta be taken on thr,fe individual radiographie plates y/hile the \'1heel 

is passing over the sample. 

The cassettes, held in the mechanised cassette holder, 

travel tvlÎce as fast as the \'1heel, the instantaneous position of the 

center of each cassette on the optieal axis of the X-ray beam being 

synchronized \,tith the triggering of the radiographie unit and the 

location of the test wheel (fig. A-3). 

The cassette-holder frame slides in a channel parallel to the' 

soil bin.' It ~dvances under the pull ing action of a chain activated 

by the same shaft as that of the dynamometer drag chains, through gearing 

, irnposing a cassette velocity t\'JÏce that of the dynamometer carriage. 

e. Soil Sample Holder 

The soil sample holder is il trapezoidal-shaped box with 
,,~" 

dimensions 7x3x2 feet and with an interior \1idth of 4 ins. (Fig;.A-4). 

The holder is equipped \'lith rernovable lucite sides "and rernovable tOQ 
~ 

pla.te; \'/hen placed in the 611 ,,/ide channel, the s.arnple is in such ~ 

position as to allow the optical center of an embedded lead marker array 

to be coincident withthe optical axis of the X-ray tube. 

f .. Hydr~ulic Drive Unit 

The chains pul1ing the dynamometer carriage and the mobile 

cassette holder are powered by a hydraulic motor. The velocity and ~ 
, . 

direction of chain' motion are controlled by flow con"(;.î01 valves and 

directional valves. 
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g. Electrical Wheel Drive 
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The angular velocity and torque input to the wheel are 

provided by a OC electric motor. The.rotational speed of the mator, 

and henee the torque input and angular velocity of the wheel, is 

control1ed by power rheo~~ats. 

The connection to the test'wheel 'axis is completed through a 

chain driye, teleseopic shaft and un;versal joint,mechanism. A 

tachometer generator attached to the wheel-driving system.is used to 

measure the angular velocity of the wheel, together with a torque eell 

to measure the torque appl ied to the wheel. 

h. Electronic Circuitry 

The electronie circuitry is designed 'for measuriijg six wheel 

variables. All me~ureme~ts are recorded on a strip chart~ ultra-violet 

recorder. ,The 'electrie circuit corresponding ta every wheel variable is 

shown in Figure A-5. 

i. Radiographie Unit 
",,' 

The X-ray unit is a 300 KV flash x-tay unit which can pulse 

series of 10 exposures at a rate of tvlO exposures per second. The 

flàsh x-ray tubes use a cold cathode--eleetron source resulting il'\ high 

current densities and very large information rates. 

, , 



" J. 

( 

205 

6 

CARRIAGE-
---lHI--- Sail SIN 

FLEXURE FRAME 

Ta RECORDER 

~~~~~-=-i= <D TOROUE 

Ta RECORDER ® DRAW-BAR 
~-- - --- - PULL (RIGHT-

.I~B.g2~ER 

CHANNEC'3 

HAND FLEX­

URE PIVOT) 

GD 0 B P 

(LEFT-HAND 

FLEXURE 

PIVOT) 

T<2.. .l3s.Ç9B~R 
CHA-NNEC4 

@) W!1EEL SINKAGE 

5,6. UNAMPLIFIED CHANNELS 
1631 . BURR-BROWN GALVANO­

METER DRIVER .. 
1632: B.~e. AMPLIFIER 

~
T TO RECORDER@ ANGULAR SS~100: POSITION TRANSDUCER 

G - = :: VEl,OCITV SR-4. STRAIN GAGE (C6-141·B) 
' __ ~~ CHANNEL 5 OF WHEEL ($TRAIN GAGËS FORM 

,,e.,T ~ _ 10 R~C~~OER (§) VELOCITYOF 1 T .W~:;~STONE BRIDGES) 

C~ CHANNEl. 6 CARRIAGE ~OMETER 
---~-~.,--J 

FIGURE f\-5 ElECTRON,IC CtRCUITRY 

(after l-lindisch, 1969) 



206 

-A.3 Skid Test Facility 

The app~ratus consists of a tool plate rigidly attached to 

a carriage \'1hich' al10lt/s it to translate both 'horizontally and vertically 

but \thich permits no angular rotation, Figure A-6. 

The carriage itself is mounted on ro11er bearings which travel 

on polished guided rails. The rails are machined to a tolerance of 
~. '-
" ~: 

0.003 inch, and as a consequence the frictional resistance of the 

system \'/aS reduced to a minimum, the'forcè req~i r:ed to overcome this 
1 

resistance being typically of the arder of 2 - 4% of the total measured 

horizontal force. 

The drive rnechanism of the apparatus consists of a threaded 

sha ft \'Jh i ch i s ~ 'in e'ffect, a \'JOrm gear. This is driven by a 1/3 h.p. 

varying speed e1ectric motor and a V-belt pulley assembly through a 

system of gears. 

The carriage and tool assembJy are mciunted on a frdme in such 

a position that it-is situated directly abdve a soil bin whose dimensions 

are 221 tJ x 4" in plan, form and \'/hich usually accommod'ates il depth of 

clay of the order of nine inches. The bin is equipped with removable 

lucite side \'lalls and is mounted on castors to facilitate its removal 

from under the carriage. The carriage and bin are shO;wn in Figure A-6. i 

[ 
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A.4 Sample Preparation 

The prp~aration of the soil test sample can be summariled 

in the follovling three steps. 

a. Soil Preparation 
i « 

.;/ 
The pO\'Jdered 'dry kaolinite is deposited. formJng approximatély 

2-inch deep layers in the batching ~esel~vo;r. Each layer is sprinkled 

with 5ufficient water to'bring,the soi1 10 the desired water-content. 

The vlater is allovled ta soak in and the fol1o\'JÎng 1 ift is added. The 

moist 50i1 is 1eft to cure for one \'Jeel~~ it is then rcmoved and placed 
J , n. 

in polythene bags \'/here it is allowed to eqlli1ibri.l~ fOI~ anotncr thrce 
\"'\' 

or four days.· The abo've procedure r~sults in a ~~:~:ture 'with 'tCT'J 

unîform moisture conditions in the range. of'S3. 5'(, -'- 1;<. 

b. )es,t Sample Preparatir.m Il 

The removable lucite side \'Jall of the 5àmple holder is taken 

off (l\od the inslde of the bin i5 coated \'Jith vaseline, The soil ;5 <.7 
, 1 

placed in small lumps, tamped and vib~ated in one-inch lifts. 

Aftel~ the replacement of the ' seëond sail layer. a t~mp1ate 

1s pushed~gently against the smoothed sail surface after being aligned 

ùnd' ~entered along the frame of the sample holde)' in such a vlay that the 

r:-esulting grid pattern and its optical center are co-·linear \'Iith the 

optical axis of the x-ray tube \'/hen the sample is set in the test bed. 

tIhen the tèmpiate 1S removed. a nebJOrk of rhomboids of ~in~ side 
... 

""-;" di~ension hQving n rOlf/S an~ 7 columns is left imprinted on the soil; 

.', 
. ' 
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lead markers are then gent1y pushed in the imprints with tweezers~ 

More.layers are added until the samp1e thickness is slightly above the \ 

sample holder rim. The sà~ple is then trimm~d by'a s~etched wire 

sliding on the edg~s of the sample holder, the vaselîne-coated removab1e 

front is c1amped in place, and fina11Y the sample, holder is placed in 

posit~on in the soi1 bin and the to~surface'i~ smoothed and levelled. 

\ 
c. Testing Procedure 

The following procedure has been followed in order to complete 

one soil-wheel test. 

(i) An init1a1 x-ray phot~graph: is taken for the undeformed grid 

within the soil. If it appears that the array has been too 
\ r"!.5---~---

severely distorted during sàmple'preparation and subsequent' 
\ 

:~, -manipulation, the samp1e is removed and the ~ample preparat;o~ 
1. -').::-:". 

\, procedure repeated. 
\ 

(ii) T~e hydraulic pump is then ~tarted and the wheel brought to 
, . 

the, starting position. At the same time initial measurements 

are \btained for the heig~'t of the soil surface, rel~tiv~ to 

the 0~tica1 center of the grid network, toge~her with setting 

. the zero ~eadings for the six measuring circuits. 
. . 

(iii The rheostat control 0f the electric'drive mechanism ard the 

1 
1 
1. 

flow'control valves are then, set to yie1d approximately the 

desired '~lip rate. 

, , 
(\ 
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(tv) The wheel is lo\'1ered anto the soil surface and the hydraul i c 
i! 

drive started. 
" ' 

{v} Three x-ray photographs are' obtained automatically by triggering 

three sucees s i ve mi cro-\\'IÏ tches (Fi g. A-3) and a fi na 1 fifth 

photograph is obtained of the deformed grid at the end of the test. 

'. 

A.5 Soi1 Properties 

The soil used in the experiments is pure kaolinite clay with 

the following engineering properties: 

Liquid limit 

Plastic limit 

Specifie gravit y 

54.5% 

37.5% 

2.62 

Particle size distribution 74% finer than 2 microns. 

The grain size distribution cvrve for the clay js shown in 

Figure A-7. The complete chemical analysis, by weight, as provided 

. by the suppl ier, is given as: 

, 
Si02 47.39% 

A1 203 37.94% 

k2 0 1.17% 

Fe203 .36% 

Cao .32% 

MgO .18% / 

Na20 -,07% \ 

T102 .05%" 
, 

Loss on ignition 13.02% . 

100.50 
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An x-ray diffraction, Figure A-B, revealed that the clay was primarily 

• , ~aolinite (approxirnately 93% by weight) with sorne illite (about 7%). 

Stress-Strain relation 

"True triaxial 'l " tests viere perfonned under plane strain 

conditîons in arder to reproduce as closely as possible the assumed 

conditions during the soil-wheel tests. For ~his purpose, prismatic 

samples (211 x H II ?< 4à") of the same clay \'/ere prepared, similar to the 

clay used for the soi1-~/heel èxperirnènts. The tests were performed 

at three different cell pressures (0, 2.5, 5 psi) and at axial loading 

velocities of .1, 1.0 and 2.0 ins/min. The results of the tests have 

previ ous ly been sho\'m as Fi gure 6.2. 
~ 

For comparison, similar tests \'/ere performed on cyl indri cal" 

samples in the conventional manner ofaxisymmetric triaxial tests. 

These samples \'sere of dimension"s 1.4 11 (diameter) x 3 1/8" (length). The 

results of the tests have been included in Figuie 6.3. The results 

verified the absence of well-defined failure conditions, i.e. no strain 

softening behaviour; this result is not due to the plane strain 
~ 

"true triaxial" test restraints. Fi gure A.,.9 S~O\>/S' the effect of the 

loading rate on the shear strength values for the kaolinite clay. 



_.".,'; r 

-

.Il:. 

! '1 

2 1 18 

Fig. A-a X-Ray Diffractogram of Or~ented Sl~de of Kaolinite Clay 

-' 

.,:-

(~ ,~ 

26 28 
2(JANGLE 

/' 

N -w 



f ""''"\ 
1- , 

',-

1 

IJ 

& 

1.0l --
" ~ 

{1 

.... 
ID / .......... plane strain tests Il< .. .8 - ' . 
~ .. ;/ N 
~ 

.... 
0 ... .... 
+J 
U 
§ 
r;.. 

.6 III 
(l.I 

III 
'.::1 
et. 

1':. 

~ 
.4 ~\) "\. axisymmetric tests 

.2 
.001 .01 1.0 

Effective Strain Rate, € ""of in/in/minute 

~.------/ 

Fig. A-(j Variation of Shèar Strength \'lith Effective strain Rate 



\'" 

( 

tests. 

215 - APPENDIX B 

DATA REDUCTION TECHNIQUES 

There are two types of data that can be collected from soil 

The first type concerns the surt'icial measurements such as 

draw-bar pull, input torque, translational velocity, angular velocity 

and sinkage. All data concerning the surficial measurements are 

recorded eontinuously during the test on an ultra-violet strip chart. 
> 

The values corresponding to the reeorded signals are calculated using 

calibration charts for every surficial me?surement. 

The second type of data concerns the behaviour of the soil . , 

beneath the moving wheel. The experimental1y measured displacement 

field together with a knowledge of the constitutive relation of the 

soil, allows the subsoil strains, strain rate, velocities and stresses 

to be caleulated. 

For the subsoil behaviour, the methods presented here are 

some\'Jhat similar to those previously reported by Yong & fitzpatrick-Nash 

(1968) and by Yong & Hindisch (1969) in that a grid net\'Jork is used as 

aJ\means of defining the deformation history of a partiele in the soil mass. 

B.l Grid Plotting 
-, 

As described in Appendix A, radiographie x-ray records are made 

of the deforming grid during the moving of the \'1heel on the soil. By 
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( 
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superimposing these x-ray plates on to a sheet of paper, the"locations 

of the grid nodes are plotted for five successive wheel positions, 

representing respectively the undeformed grid plus three 'suasequent 

positions at -6~ 0 and 6". From the center of the grid the fifth 

image is then taken after removing the wheel off the soi1. The plotted 

field for each image is a grid 6" x 6" in size. The field consists of 

191 node points arranged in a staggered net to form a grid of-7 columns 

and 14 rm'/S. The superimposed five images provide a complete descrip-

tian of the separate particle trajectories due to the moving of the wheel 

on the sail (Fig. B-1). 

B.2 Determining the Grid Coordinat~~ 

The sheet containing the plotted grid points is mounted on an 

X-Y recorder which is attached to a General Electric Process Control 

Computer, as shawn in Figure B-2. The input voltage. Ei' and the 

sensitivity of the recorder. in bath X ahd Y directions, are adjusted 

such that full-scale deflection is obtained when the pen 1S allm'Jed to 

cover all the grld points. The adjustment of the- potentiometers Rx 
and Ry permits the ope'rator to place the pen of the recOt~der at the 

desired grid point. 

The output ~oltage of the recorder, Eo, forms the input to an 

Integrating Digita'l Voltmeter and thence ta the computer 10gic circuits. 

The voltages thus produced by the X-Y recorder are converted into X and Y 

. ' 
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. 
coordinates, expressed in inches. relative to a chosen origin by means 

of program "25". The coordinates were stored on rnagnetic tapes then 

transferred to punched cards by prograrn "TAPE 25". 
1 -

The punched cards were used by program "VISIOPLAS" as an input 

-data for determining the subsoil behaviour. 

, " 

B.3 Visioplasticity Techni~ 

This technique is concern~d \'Jith the analysis of visual re,sults 

using plasticity theories. It \-JaS adopted previously by Yong et al. 

(1969,71). In this thesis it is used for the analysis of the x-ray 

pllotography of the di spl acement pattern of the soi 1 beneath a movi ng 

wheel. 

An x-ray technique is used for recording the positions of 
~ 

embedded lead markers at various times corresponding to -various instan-
1 

taneous positions of the moving \'/heel, and provides information \'/hich can 

trace the "distortion" motion of each marker. A single continuous grid 

can be obtained by aligning the images side by side, since the horizontal 

distances betvJeen their optical center for consecutive exposures and 

x-ray slides are determined. \ The velocity and displacement calculation 

can then be made fol1ovling adjustment of the undefonned and deformed 

grid coordinates. 

a. Grid Adjustments 

The calculation of velocity and stra;n rate components is 

greatly facilitated by a regular interval between adjacent grid nodes. 

f:: -' 
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Evidently~ the rne,thod of manually preparirig the grid together with soi1 

heterogeneity, results in deviations of the lines from straightness and 

orthogona 1 ity. In arder to ensure an orthogonal grid composed of 

straight lines, the initial undeformed and- subsequently deformed grids 

are subjected ta àpproximate geometri cal adjustments as shovm in Fi gure B-3. 

The method.of approximate geometrical adjustments, as adopted 

by Hindisch (1969), is described in this paragraph. 

Ne\'1 undeformed grid coordinates are arbitrarily defined to 1 

• 
provide an "adjusted undeformed grid" of regular horizontal and vertical 

grid lines corresponding roughly ta the ori~inal grid. -The respective 

disp1aced positions on the deformed grid are adjusted geometrically. 
"" 

The follo~/ing symbols are used in the operat,io'ns involved in 

these adjustments. 

~I~YI = orig{nal undeformed coordinates 

\ XIA.VIA = adjusted 'undeformed coordinates 

XX,yy original deformed coordinates 

'iXXA, YVA :::: adjusted deformed coordinates 

The adjustment in the abscissa of an undeformed grid point (I,J) is 

DI = XIA(I~J) -XI(I,J) 

and constitutes ~ first adjustment to the corresponding deformed grid 

point abscissa. The rate of adjus t i ng al ong row J i s ' 

resulting in a second adjustment to the abscissa of the deformed grid point: 
1 

( 
\ 
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02 ::: [XX(L,J) .... XI(I,J')]Cl 

< 

. Similarlt, .the rat~ of X-adjusting :along row J+l 1S: 
o 

\ 

resulting in the adjuGtment 

il 
1 

1 

o 

" 

0'2 =. [XX(I,J+l)-XI{I,~+l)]C2 
< 

J 

A thfrd correction te the absc~ssa of the defo~med grid point is due 

ta vertical adjustment: 

,~ 

The udJusted ab~cissa of the deformed grid ~oint (I,J) is final1y'given 

by the"sum of the ~bove adjustments: 

The ordinates of the defo~med grid a~e similarly ~djusted. The calculations 

are performed by the computer 'program IIVISIOPLS". 
" . 

b. Displacement, Strain and Strain Rate Analysi~ 

1. Qi~El~ç~ll)~m~ 

oThe displacem€mts a.long any raViS of the grid nodes can be 

'cylculated from: " 1 

1 ·'XO(I,J) ::: XXA(I,J)-:XIA(I~J) 

YD(I,J) ; YYA(I,J)-YIA(I~J) 

\ 
\ 

\ 
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, where' XO,YO par~icle path c.oordinates 

XIA, nA adjusted undeformed gr; d coordinates 
, 

XXA,YYA adjustedJdeformed grid coordinates 

I,J column and rOw indices respectively 

The velocity components can be computed along any stream'line 

using the following equations: 

where 

1 
U(I,J) ~ (XD(I,J)-XD(I-l,JY) * VX/OX 

V(I,J) = (YD(I,J}-YD(I-l ,J») * Vk/DX 

U,V horJzontal and vertical velocity components 

VX translational wheèl velocity 
o· . 

OX distance between the adjusted undeformed grid 
coordinates 

The strain rate components are ~efined by 

• _ aV 
f:.y - av 

Yxy= (~+ ~~) 

The actual calculation, carri.ed out by the program IIVISIOPLS" (Apptmdix ~) 

15 as follo\'J's: 
• 0 

1 

~ 

< ;;'1 
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EDX{I,J) == (U(I,J)-U(I-l,J))jDX 

EOY{I,J) == (V(I,J+l)-V(I.J-l~)jOX 

GDXY(I,J) == .(V(I,J)-V(I-l ,J)+(U(I,~l+l)-U(I.J-l»)/OX 

. STRR(I,J) == SQRT((EOX(I.J)~«2+EOY(I,J)~~2)/2.+ 

GDXY(I,J)u*2/4.) 

fOX, EDY, GDXY Strain rate components 

STRR Second strain rate invariant 

, 

The effective strain rate i \<J(lS obtained fram the caTculated 

strain rate camponents 
, , 

Strain compônents are obtained by integrating the strain rate 
1 

components with respect ta time by using Simpson's rule. 

t 

[== l idt 
to 

e(I,J) <" ~~~ [ê(I-2,J)+4l(I-l,J)+2i:'(I,J)+ 

4é(I+l,J)+2Ë(I+2,J») 

. The lIeffective strain" € can be obtained from the strain components by 

using the fol1m'lin9 formula 

,'> 

.j 
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The volume change is determined along the marker rows by 

calculating the change in eaeh area surroundeo by four marker positions 

as shown in Figure B-4. Applying the principle of conservatioh of mass, 

where 

Pn = is the mass density or specifie mass of~ihe i th element 

before deformation. 

Ail = is the area of the i th element before deformation. \ 

Pi2 = is the mass density or specifie mass of the i th element 

after deformation. 

Ai2 ~ is the area of the i th element after deformation. 

,'\ 

.' 

\, 

-
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>""'i 1~ 

... 1)<)('\:: 

o (li) 4 
(;1'0'5 
0001:. 
noo, 
no 0:::: 
('O() S'. 
11010 
CI011 
I)() 12 
('('13 
('014 
0015 
()Olé. 
001 7 

001:3 
001 S' 
Ol)'::!) 

0(121 
0022 
002:: 
0024 

" 
002'5 
0026 

ë.7 
f.1\)Z:~ 

002'~J 
~ , 0081"\ 

00:31 
{)O·32 
('033 
0034 
00:35 
00.;:6 
0037 
0038 
(J039 
(1)40 

0041 
0042 
004"'::: ' 
0044 
0045 
0(146 
I)CA7 
0048 
0049 
00'50 

( 
!t 
~ 

§ 

" 1 ('(' .... 
" OU;) 

l 

LISTlNG OF PROGRA~1 "25" 

. .Ior:" ':;TART=10322 

.JOE:. REt'10',iE, 25 

.JOS. COt'1F' ILE. '::":;. NOL1ST 

227 
--------- ------ ----- ---\----

.. 
c 
C­
C WHEN THE PROGRAM IS STARTED THE USER IS GrVEN THE OPTION 
c 
c 

OF '3T ART 1 ~K, H NEt" RUt.J OR corn It.,JU r tll3 AN OL 0 RUN 

C THE PROGRAM r; FAIL-SAFE. DATA 1S WRITTEN TO orse AFTER 
C E\/ERV r O! t'!T ENTRY 
C-
C- A I::UTTOil F"U·:.H t..J 1 TH ·:.hl17 UR ;·1EA·:.UF;E·:. A ('(11:·::;:01 NATE PA IR 
C IF SW16 IS NOT DOW~ THAT PAIR I~ FRINTED 
c 
C. A BUTTON PUSH WITH ;W17 DOWN GrVE; THE USER 4 OPTIONS 
c 
C NOF I Gt,lI:,F'E·:. THé: :::UTT,)N PU'~H 
( FINI T~IGGERS THE CALCULATI0NS AND REPORT 
C ';TOP '3TOF .~, THE r RC,(,RAi1 ALLOt.J Ir!C, THE ,U'~.ER TO C ONT H~UE 
C AT A LATE~ TIME 
C- BAO ALLC;!·I::. THE U':.EF TCi EAO"~P;,(:E IT CALL'::; FOFi. THE 
.-, NElJ l t~[i r ('E~ l , ,,,.1 ~ 1];:;' 1y'1J(! . ,J) AND Vl.J( 1+1, ,J ) 
C 1 t'1U';T i3E Ai; ,)[,D t ~Ut'1E:ER ' 
(' 

C 
C THE FROGPAM RINGS THE 1-0 DEVICE 8ELL AFTER EACH 10 POINTS 
C 

C 

C 

LOI:'ICAL I,?::;.t.J 
Li !t'lEt..!':. r O~.J ,J( 1,) ), l.J( 1 .;. /: .. '5 ;. Vl.J( 1 ~ 1: .. 5 ), RES{ 3 ) 
DH'1Ei·j':·II)iJ :«(( '7 .14. '5', v,:, 7 ,14.5) 
DATA IBELL IO.:-lé.,>34(·7/ 
IF'=IX7X 
IR=IXé.',{ 
C"ALl Act 
NU=IX5X 

110n C ALL rIlSGTYF'( r p, 16, l,SHNEt.J FIJi"'::::!). COi-;;;," 1 .. 
v±:: rFi'EF'LY( IR. 1(" 1 ) 
(,0 TO ( 1110.1100.111:'1). S'.;:<9S'). ! 

1110 IF(. NE 0) GO TCi 1130 

DO 1120 .JBE 1 . 5 
DO 11:0 IJb: =1. 1-=7,!. 

wc 1 D .. JD )di) 
1120 

C 
Vl",'1 ID, .JD )=0, 

ID=-1 
.JD::;;::l 
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!FATTAH 

-.... - .. -------- ----,,-

1 

1 •• C" 1 J ,.1 1 

/~.. :: 

, (1054 
! (}(·S5 

. (105,:. 
(H):'7 

1 0(,'58 

1

(11)59 

('060 

1
00,:,1 

, {)(ll.:.2 
1 (l (1,~, ':: 
1 ~ ~ - -
1 (·1),:.4 
1 ('(\65 

'"'1 1 OO,S':' 

, ()O~,;:; 

1)('(:,9 

\'·(\7n 

(·071 
'1 

; 1,"·1)74-

(\1) 7 5 
, ,)(,ï,:, 

77 

, ()1)7,~ 
,':07·~) 

(10::;:,"· 
!)I),~: 1 

1 01):::2 
1 (je,i;:.;. 

1)(\,::4-

(10::;5 
(1/)8/;. 

0087 
(1(';:::::, 

J (\O::::~ 
0091> 

1
00<':>1 
(l()-=> -;-

1
'(1)'~3 
0094 
0095 

: (;09.:­
, O()97 

1
(,09::. 
(~.(,clC: l ' . 

10100 

1 
,) 
" 

c 
GO TO 70')(" 

ENTER PAL 
$11::0 SPB DTRC02 

LOf' '(FERIN 
·:.PB DELC 30 

C 

c 

c 

C 

C 

c 

LEAVE PAL 

12('(1 LJRITE( IP. 1} ID •. JD. VlJ( IJ .. JD i, Vl.J( 10+1. . .10) 
1 FORMAT( IX. 10HLAST FOINT.2I4.2FI0 4) 

~(\00 1Ft NOT ISSWC 17) GO TO 3000 
211"·(· C.ALL j'1:::(jTYF'( l'P. 26. ::',:.Hi.JOP=.). i='ItJI:::1. STOP=:. BACV=3) 

• =IFi'EPL'{( IR, 11:', 1 ~ 

GO TO ( 2i 10.2. U\(·, :: 1(,,), ':;'0:;>.:;,:") ),1 
2110 IFC. EO 0) GO TO 7000 

IFC. E0 1) GO TO ;000 
IF(. EO 2) GO TO 9999 
IF'. NE 3) GO TO 2100 

'22,:i("-

221(· 

L...:..- \.! 

2: 3(· 

CALL MSGTYP( IP,7.7HENTER 1) 
ID=IREPLYC IR. te.. l ;. 

IFe ( ID LT 1 i O~: ( ID (,T 19é.») GO TO :'::200 

(ALL MSGTV~( IP.7.7HENTER J) 
.J[I=!f;'EPLY( IR. 1\:·. l ), 

IF«JD LT 1) OR (JD GT 5') GO TO 2220 

ID=ID-2' 
IF( ID~GT 0' GO TO 1200 
10=1 
.)b=.)D-l 

3('(\(' 1 D::: l 0+ 2 
IFl ID LE 196) GO TO 3050 
ID=l 
.)D=.JD+l 

3"05(1 IF( . .10 Lit: 5 \ (:oC, TO 3100 
CALL MSGTVP( IP. 11. l1H 490 POINTS) 
GO TO 7000 

3101) CALL SCNB(SCWD.RES) 
vt-./< ID •. JD ;=RE:;, 1 i 
VW( ID+l.JD}=RES(2) 



FATTAH 

... 
L 

::.. _,103 

110104 
(110'3 

, (,101:, 

1

0107 
011~8 

(110'~ 

(\110 
1)1 t 1 
0112 
011.3 
0114 
011 'S 

11011':, 
1:(\117 
11011:3 
! 1 0119 
, : 01'2.0 
1 ! (\121 

01:!.2 
; , () 1'7-:' 1 c .... .;J 

l
, (\124 

1 012'5 
, ' 
l ' ()12,;, 
" -'7 
1 (n ~::: 
i ' Ol'2.9 
1 

~ , 0130 
, 0131 

, 013'::: 
('133 
0134 

, 01 ... ·C' 
JI':' J 

l ' 01 ::(:, 
1 ('1::7 

,0138 
1 1 (,13'7 

: 0140 
: 0141 
1 0142 
0143 

j 0144 
i 014'5 

1
0146 
0147 

1 
, 0148 
1 (·149 

1
0150 

1 
,J 

1 

IF{ NOT ISSl,J( 1,:' » l,JF; rTE< IP, 2) ID .. JO. RË'=:( 1')' RES( 2) 
FOMMAT( lX.=I4,=Fl0 4) 

f' = t'lOD( 10.14) 
IF( 1- E0 1"3) CALL M'; .• 3TVP( IP. 1. IBELL) 

C 
ENTER PAL 

* ':;P8 DTRÇI~2 
LDI~ XFR 
SF'8 OELC3Q 

.;} 

.;~ 

$7('(10 LOX NU.") 

C 

LD'( IR.b 
LDX IF', 7 
':;PE: AC4 
LDA PRIONO 
lAI 
:::.T~, '(NTPOO 
,-r"l-. =.r 1:. FIXC03 
·::.P8 OFFCOI 
FPG 1), .). Cl. ~~+1. 0 
LDZ 
~,TA XNTP(IO 
PAl 
:;.P5 AC::;: 
:::f;'U ~ LOOO 
LEAVE PAL 

90(1(1 CÜÎ.JT l NUE 
IP2=7 

,J':;: :;;: 1 

"·:é .. 7' 

A == :::: 18,;,/( VIJ( 43.-.J:;) - VlJ( 15, .JS) i 
B :::: 8 28~(VW( 100.JS) - VW(72,JS)' 
READ( IR. 21 ).J4 

21 FORt'lAT( A8 ) 
DO '202 .JS::; 1 , '5 
DO 202 I = 1.195,2 

W( I.JS)~VW( r,JS ~.A 
2C~. CONTINUE 

00 203 .JS:;;: 1 • '5 
00 20'3 1=2.196·:::: 

hJ( l, .J':; )::::Vl.,J( 1. ·X:: HB 

COI\!TINUE 
WR 1 TE( IP2, 47 ).J4 

47 FORMAT( fIJf/JIII/tH . 10X. 19H~L&TTED COORDINATES.30X.7HTEST NO. 1> 
13 ) 

1-1·.) ,J';= 1 
14-;: ,Je=1 

IM=O 



,)1 '5::: 
I~ 1 '54 
015'5 
01'56 
01'57 
1) l '5::; 
1) 1 S'::;r 
1) 1 1:,0 
(1161 

, 01,~,2 
Olé.;: 
0164 
(\1,:'5 
011;..6 
01,S7 
1) 1,:'::: 

0170 

144 Ie=1 
145 l =It'l + (IC*2)-1 

11=1+1 
X0 IC/JC,JS)=~ 1.JS) 
YU le .• JC:. .JS )=L-!( l t .. J$ ) 
IC=1C+1 . 
IF( 1C- '7) 1~1'5. 145. 14,~ 

"~6 IM=Ii't+14 
.J(==,J(:+1. 
IF( .JC-14) 144,144. 147 

147 .J':;.=.)';+ 1 
IF( .)'::.-5 )14.3.143.150 

15C' 1 F( l'::, ;tJ( 12 ) )GO TI~ 205 
160 DO 2D5 JS=1,5 

l.JFi·ITE( IP2. 175 kl'3 

230 

17'5 ~OFi'r'1AT\ tH0. 50'(. :3HIi'1AI~E ~10. 1'2.. tH!). 501, I1H----.:..------.... ) 
DO 1 '; 1) .Je = 1. 14 

0171 135 FC!Fi'MAT, ·'1H 1 ·:;X. tHY. 7 F7 3; 

1 

(1172 
1)17:': 

1

(,174 
1) 1 7'5 

! 017,S 
'7 

0178 
('17'':; 

1 

01;:::1) 
Î) 181 

,0182 
1 ('1:=;;'; 
l' --

1
0184 
~)185 

1 018.:, 
IOU::7 

1
(,188 
0189 

1 (>190 

1

0191 
019L 
,)193 
01-:;'4 
0195 
0196 
0197 
0198 

0200 

666 

1 .:;.... .: (fî,JT 1 NUE 
2.:·5 .: ,)t·JT l t JUË 

c 

C 
99'=7 C) 

( 

8U'AD 
8UF 
.;~ 

XFR 

XFERIN 

XFER 

L.J 

EiHER PAL 
';,F'? DTRC:')2 
L[,V 'xFER 
:'PE: DELC 3(\ 

LEAI,/E PAL 

CALL Ae2 
'::TOF' 

ENTER PAL 
ECIL ';::::';': 3t)(\f) 

EC'L '20,)0 

DEL 1. E:U~AD 
F"J)M- O.BUF 
GEL ü! Vhl 
DEL l). BU'AO 
FOf:' O,BUF 
DEL !). VL.J 
DEL 1. EU'AD 
FOR O.BUF' 
DEL O. l,J 
E''- .-"':'J ~/8(· 

CON 0.-1 
CON D, 1 
E:-:.S 42 

1 
( 
"-
/>...~~~ 

~-
"Z 

-- - ------ ._-- -- ------------ -----------------------
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"":ti -:(t-=: 
! (:.;(~~ 
1 

. ~ - "+ 

0:'(1'5 
102f1 t. 
, 0:2(\7 

02(·E: , 
0209 
1)210 
02.11 
0'212 
0:::1-;: 
0214 

1 021~ 
1.)-,:::1.:. ' 

'1 
1 

-' j 

" 1 

1667 

Vl,J 83';: 980 
ID r::'~,'; 1 
.JD g':,'; 1 

SCWD CON 0.00336007 
CON 0, 003':::1;.(11) 
cor" D/-1 

DELC;:O LIB 
AC,;: t lB 
A(4 ' LIB 

LEAVE PAL 
END 

.jOB. Fi.ELEASE, ,'2'5 
,J01::, L.JV 

. .108. END 

o 

231 



)01 
J02 
)03 
)04 
)05 
)06 
J07 
)08 
)09 
HO 
Hl 
)12 
)13 
)14 

>15 
)l6 

, )17 
H8 
H9 
)20 
)21 
)22 
)23 
}24 

)25 
)26 
)27 

B~ 5 LISTING Of PRO GRAM "TAPE 25 11 

DIMEN~IUN dUF(l*OO) 
J = 1 

232 

101 READ(8.3.END =999.ERR=998) 
3 FORt·1AT (6'~A3) 
REAO(8919EN0=~99oERR=998)BUF 

1 FORr.1AT«8(64A3») 
D~ 100 1 =1.9.:30 

100 BUF (I )=AE:GPAC( SUF( 1» 

N=l 
27 NN=NU2 

~RITE(bo2}(8UF(I).I=N.NN.2) 

WRITê'7.2)(aUF(I).I=N.N~.2) 

M = N + 1 
MM = NN v l 
wRrTE(6.2)(dUF(!).I=M.MM.2' 
~RITE(7.2)(8UF(I}.I=M.MMo2) 

2 FORMAT(7F8",3) 
\'JRITE(6.4) 

4. FORMAT(lHO) 
N = N + 14 

IF(N - 967)27027.28 
28 CONTINUE 

J=,Jvl 
999 IF(J.LE.4)GO TO 101 

STOP 
998 STùP 1 

END 

~u ONS IN ~FFECT~ NOTERM?I~oEBCDIC.SOURCE.NOLIST9NODECK.LOAD.NOMAP.NOTEST 

~aPTIONS IN EFFECT* NAME = MAIN • LINECNT = 56 
~STATISTICSo SOUHCê STATEMENTS = 27.PROGRAM SIZE = 6574 
~STATISTICS* NO DIAGNOSTICS ~ENERATED 

~. \ 
\ 

-----~-----_._--- --------------------------

( 

1 
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iTRAN IV Gl RELEASE 2.0 AEGPAC DATE = 74350 17/ 

JOI FUNCTZON AéGPAC(N} 
C 
C 
C 
C 

CONVE:.RT5 2 .... BIT GEPAC FLOATING POINT TO 32 BIT IBM FLOA '" 
THE RETUR.>Jë:D VARIAI:3LE:. 15 REAL 

)02 
:>03 
)04 
105 

)06 
J07 
J08 
J09 
:>10 
Hl 
)12 
)13 
)14-

115 
)16 

)17 

),18 
)19 

no 
)21 

• ~OPT tONS 

"OF ONS 

C 

DATA L17/131072/ 
DATA L24/16777216/ 
DATA L20/67108864/ 
DATA L30/1073741824/ 

IF(N) 1.2.2 
1 NEG = 1 

2 

:3 

M =(N ~ L30*2)/256 
GO TO :3 
NEG 
M = 
Ml7 
1 = 
J = 

,;;: 0 

N/256 
= M/L17 
16*Z**MùD(M17+3.4) 
«(MOulM17.64)+ 32,*L26)/L26 

IF(J.GT~O} J = J + 3 
'J = (J/4>*L24 + MOO(M.L17)*i ... L30 
CALI- Swr-lDE ()( e J ) 

IF(NEG.EQ.l) x = -x 
AEGPAC = X 

RETURN 
END 

IN EFFECT* NOTERM.ID.EBCDIC.50URCE.NOLIST.NODECK.LOAD.NOMAP.~OTEST 

IN EFFECT* NAMË'= AëGPAC • LINECNT = 56 
~STATISTICS* SOUPCE STATEMENTS = 21.PROGRAM SIle = 768 
~STAT1STICS* NO DIAGNOSTICS GENERATEO 

r.~; 1 

• 1 

1 

~-----'--- t-.------------ -



-~-~-~-------, 

234 
,TRAN IV Gl nE'U:.ASE' 20U DATE == 74350 17/ :3 

lOI 3U~ROUTINE SWMOE(I~J) 
c 
c 
c 
C 

THIS SUBROUTINE 15 USED TO D~FEAT THE 14PLICIT CHANGE OF 

102 
l03 

>04 

MODE IN THE STATEMENT X == J 

1 = J 
RETURN 
END 

'OPTIONS IN CFFECT* NOTERM.ID.E~CD!C.SOURCE.NOLIST.NODECK.LOAD.NOMAP.NOTEST, 

:OPTIO~S IN fFF~CT. NAM~ == SWMD~ • LINECNT = 56 
STATISTICS~ SOU~CE STATEMENTS = 4.PROGRAM SIZE == 302 
·STATISTICS~ NO DIAGNü~TICS GENER~TED 

STATISTICS* NO DIAGNOSTICS THIS STEP 

,1 



235 APPENDIX C 

VISIOPLASTICITY 

The behaviour of.soil under a moving rigid wheel is determined 

by the visioplûsticity technique. The governing equations for tre . 

technique were explained in Chapter 4 and Appendix B. A pro gram based on 

this ûpproach \'/aS developed to determine from the five x-l(fY photographs 

of the embedded lead markers the 5011 particle path, velocity, strain 9 

strain rate, direction of the principal strain rate and deformation 

energy contours. 

Identifier 

XI ( ~ ) 

YI ( ~ ) 

XX( ~ ) 

}V( , ) 

XIA{ , ) 

VIA( ) 

XXA( , ) 

YYA( , ) 

XD( ) 

YO( ) 

U( ) 

V( ) 
, 

AREA( ~ ) 
1 

\J 

The fol1m'ling identifiers are used in the progr:am. 

Defi ni tion 

Undeformed grid coordinates-X 

Undeformed grid coordinates-Y 

Deformed grid coordinates.s-;{ 

Deformed grid coordinates-V 

Adjustpd undeformed grid coordinates-X 

Adjusted undefm'med gri Ci coordi nates- Y 

Adjusted deformed grid coordinates-X 

Adjusted deformed grid coordinates-Y 

Particle pa th coordinates-X 

Particle path coordinates-Y 

Horizontal velocity components 

Ve~tical velocity components 

Arca of tne quadrilateral element.surrounded 
by four adjacent markers 



EDX,( ~ ) 
.' .- , 

EDY( , ) 

GDXY( ~ ) 

STRR( ~ } 

SrRX( , ) 

STRY( ~ ) 

STRXY( ~ ) 

H ( ~ ) 

, NT • • t 
Hl ~ 

t r 
1" tlD 

lM 

VX 

or'1EGA 

y (' ~ ) 

SOSFD 

A2 

; 
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Strain rate -x component 
~ 

. Strajn rate -y compone nt 

Strain rate -X~ component 

Second strain rate invariant 
I~ 

Straili~omponent -x 

Strain component -y 

Deformation energy 

Principal strain rate direction 
~ " 

Test number 

Hheel load 

Hheel diameter 

Hilee l \'!Î dth 

Translational \1/hee1 velacity 

Angular \'Jheel velocity 

Coordinates of \'Jheel-soil contact ppint 

\'1ith respect ta x-ray optical center-

R~tio of source-object'distance and source-film 

distance 

Sail shear strength 

\ -

, , 

i;, 

/ 



l' , 

f' 
l: 
,1 , 

,r 

,. 

c 
0' 
C 
C 
C 
C 

c 

c 
t 
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'C-l LISTI NG OF PROGRAM IIVISIOPLS" 

lNVEFCR~EO A~C CEfCR~EC ~~~ CEFCR~EC C(CRr.r~~TES 

Re~c AND PRII\T TEST NL~BER./'lfl;D ~HFFL PAR./'l~ETERS 

~. 

o n" ENS [ eN X B ( 1, 1 4 1 5 ) , '1 B ( 7 , 1 4 9 Ij J , x E ( 7 , l~, t '5 ) ,V E '( 7 9 1 ~ 9 5 ) 
OIVE~SICN VYA(~0914,,~REA(3C,14)tCEN(3C,14),CE13C,14) 
Cl tJ E "Il SIeN )1 C ( 1 ,Il. , 5 ) , 't r. ( 7 t 14 7'5 ) , x 1 ( "3 t f HI ) , y 1 ( 3 C , 14 ) , x x ( = 0, 14 ) 

.. 

l ,'( y ( :3 C , 1 4 , , )( 1 A ( = C 9 14 ) , y rAI 3 C ? 1 l,) p ~'n( A ( 3 C , 1 4 ) , xc ( 3 C , 1 /f ) , 't r: ( lO , 1 4 ) 
o 1'" E" S [C 1\ L ( 3 C , l'i l , V ('30, 14 ) 9 Fe )1 ( = 0 ~ 1/. ) ,E C y ( 30 , 14 ) ,G C X y ( = 0 , 14 ) , 

1 S T R R ( 3 C , l " ) , ~ T R )( 1 3 C , 14 ) ,S 1'lR V ( 3 0 , 1 4 ) 9 G X Y ( j C , 1 4 ) , S T R X Y ( 3 C , 1 4 ) , 
1 \H ~Od4) 

IJ C 1 Il 1 1 J 1< l = l , 1 
Ir\llIllltiTICI\ 

DO 14 J = 1 Il 14 
CO 14 l,::;; l?~C 

XIU,J) = Co 
VIII,J) =c .. 
XXA([,JI::;; C .. 

• 'V V A (-1 , JI::;; C co 

XII\( r';J)'::: Co 
YIA€l"JI = C .. 
AREAHvJ) = Co 
XO ( 1 v J) =:' 0 ~ 
VO(I,J) == Co 
U(I,J) :;: 0" 
V(I,J) = 0". 
EOX( 1 fJ) ::0 Co 
EDYClpJ) :: éG 
Gex v ( l 9 J) = c~. 

STlHH I,J' = Co 
DE « l ,J',) = C" 0 

Cf N ( l ~ J, :::: C., 
STR){( t',n = 00 
5TRV( l ,J) ::;; C ... 
. GXV(J,JI ::: C,,<]-
,STRXYI[,J) ::: Co 
h(IvJ),"' Co 

r ) 

; 

- l'j·· CONT II'tUE • 
HRîTF.{6~105) 
READ (5,lC~)1\1,hl9~C,~",VX;C~EGA 

le3 FCRMA~(I~,~F12.q) 
\-1 R 1. TE ( (: 1 1 CC) fi; T , \~ L ,. he? \, h , V X ., C tJ E G./'l 

l C 0 F 0 IHIA 'T -( 11' ° ., 1 OJ<., t 5 ~ 5 x f 5 F 1 5 p <} ) 
!C5 FORr-1AT( HfC..,:;X,· .TEST 1\( hHFtl L(,liC 

1 TH ';~ TRAi-.;Sl VEl ANGLlAR \JEL en 
WI--EEl C I1lfl WI-EEL WIC 

a 

c '> 

-n E li 0 \, f-4 E E L S Cil C C 1\ TAC T pel 1\ r CCC R 1\ Tt\lH E S t'Il 1 tt .Il G E 1\ C 3 
AND T~E RA1IC BEThEEI\ S.CoC/S.F.D 

c 
REAO(5,lll'V.A t SCSFC.,n2 

"111 FQRr,~ATl4F12 .. <;) • ' 
• ' ~1RITE(6dlC) v,./i.,SCSFC ,JI.2.,,· 

() 1 -' ~ ' .. 

, , 
" 
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238 
RElE~SE 2.C fJ Il 1 1\ C~TE ;;, 741~C 1?/oe/2? 

C 
C 
C 
C 

c 
C 

C 
C 
C 

11 a FOR tA A T ( 1 ~ C v r;; )( ~ 0 hl'" E E Lee C ROI t\ fi. TES' , 2 F 15. c; 9 ' SC C / S F [ =', F 1 '5 • q f e !( , , 
IF15 .. C)) 

READ ,ARKERS CCORDII\ATES 

DO 1C JS ::: 1,5 
,DO 1 C JC '= 1 ... 14 

r REAC(S,5)(}(fH I,JC,JS),I=1,l1) 
REAO(S,5'(VO( t,JC,JS"I-=197} 

10 CONTINLE 
OC Il J S ::: 1 \> 5 
00 Il JC = 1 t 14 
JJ '" 15 - Je 
OC Il 1 ::: 1,7 
XE(I ,JJ,JS) = X8(I,JC,JSl 
v E (1 11 J J, J,S) :: V 0 ( 1 ~ Je, J S ) 

Jl CONTII\JCE 
5 ~CRrlln(1F8 .. 3) x'" 

TALE CCOROIl\l\lES OF THE rJAfll<EflS 
co 20 JS ::; 1 9 : 

DO 2e JC -= l~l', 
00 20 1 ::; 1 11 7 
XCH,JC,JS) ::: (XE(I,JC?JSl -XI:(1,5 d,1t,<SCSFO 
VCCI,JC,JS) = (YECI ... JC,JSl -YE(I,5 ... l)'*SCSFC 

2e CONïINLE 
00 ,18 J S :: 1 9 5 
,cc 18 JC ::::: 1 t l', 
h H 1 i E ('6 , 5 ) ( )l R ([ 9 J C ~ J S ) , 1 ::= l , 1 ) 
\lH (r r: C é f 5 ) ( y fi ( 1 , JC 9 J S ) , 1 -= l , 7 ) 

18 CCI\TINUE 
00 21 J S ::: 1,5 
00 21 JC ::: 1 d4 
WRITE(6,5'(XE(I,JC,JSl,[-=l,1) 
HRITE(6,5){VE(ItJC9JS)9I=L,~) 

21 CON TI NUE 
"co 1 ~ J S "" 1,5 
00 Ig Je':::: 1v!4 ...-
WRITEC6t5)(~C(ItJC,JS),J=1,7) 
H RIT E ( 6, 5 l ( "C ( l , JC , J S ) 9,1-.: l , 1 ) 

19 CCI\TINUE 

JC ::: 1 
2'14 0 :::: 120 ",,,,\ 

\ 

1 ::: 1 
'" JS :::: 1 . , 
245 IC - 2 
2\50 XItI,JC) -- xcqctJC,JS) - fA ~ Al 

YI(l,JC) -= v- YC ( 1 C , Je' v J S ) 
IC :::: IC i- l 
1 :::: 1 f 1 

o 



1 
1 
i 

----~---------

1>19 
RElEASE 200 ,., rI fi 1 N CATE :: 1LIl3C 

",-

~ , 

2l::C; .... 
UO 

2é5 

21C 

215 

216 
280 

2€2 
203 

2E4 

2 Ci 5 

2ü7 

297 

2CJ9 
3CC 

301 
3C6 

3C2 
3C7 

3C3 
3ca 

iF (lC - 7) 2r;Co2~Cv255 
A :!:: é" 
1 F ( 1 - 12)2~5,2Ifr;,2éC 

B :: Co 
IF li - un245,245,2é5 
B =: -60 
IF(I - 24) 24S924~i21C 
B :: -12 .. 
IF(I - 30) 245,245921~ 
Je = Je -t 1 
IF(JC - 1~' 244,244,216 
\-mITE(é,2eC) /' 
FCR~AT(1~11gU~[EFCR~FC CRIC ccrRol~ATE~'II) 
oc 2e7 JC :;: 1,14 t 

\-IR lT E ( (; 9 2 e 3 ) J C 
FCR~AT(1~O,~X9'RC~ ~CO,I3) 
1 fA :: 1 

HJ t~ ::: HJ -0- C; v 

\:IR Il E ( 6 t 285) ( )t 1 ( l , JC ) ,1::: 1 IV 91 IV rJ) 
FOR~AT{1~O,QXV,10X,10fLO.3) 

hRITF(6,2Ç5)(~I(I,JC)vl::I~tI~~l 

FORMAT(l~Ct~y&,qX,lCFIC:~) 
H1 := If" -0- le 
IF'CI,... - 1U2e'1,2e1 9 2e1 
CONTI NUE 
OC 305 Je :;: 101'1 
B :: 1'2 .. 
J S ~. l 
1 = 1 
if.::: 2 
JX(I,JC) ::: XC(IC,JC,JS) -(A+~) 

YY(I,JC)::: Y -YC(IC,JC,J$) 
IC - le ·H 

.ii = 1 + 1 
IFClC - ,7)3CC\l3CC,3Cl 
IF(I - 12) 3Cé,~Cé,3C2 

B :: 6" 
JS "" ? <" GO TO 299 
1Ft! - 18) 301,3C703C~ 

f.3 = C" 
JS :::: 3 
GC mr 299 
iF(I\ - 2~'3Ce93C8y3C~ 
fi = -60 
JS ::; 4 
GO TO 29') 
lF(1 - 3C)~C903Cg93C5 
B ::: -120 
JS ." '5 

GO TG 2<;<; 
3C5 CONTINUE 

~1R Il E ( 6,3'1 C ) , 
34C FORMAT(l~I,ODEFCR~EC GRIO C(CCRCI~~TESOII) 

'" 

n/08/2? 

\ 



:Î 

( 

240 
" 

RELEASE 200 CATE == 7 /1110 ll/0A/22 

344 
345 

3't Cl 

350 

3f5 

:nc 
C 
C 
C 

117 

120 

130 

l~l 

t::!2 

133 
B4 

135 

136 
131-

13f! 

CC 370 JC :: 1,14 
hRITF(/:.9~4S'JC 
FOR~,1ATC n-C,;x,tRO\, t1;C·,13) 
IfJ :: 1 ,,,,( 
1 rI fA :: 1 fJ -} 1 1 
\,/ R ,Il E ( 6? 3 5 C ) ( )1 )( ( l , Je, 9 t :: 1 fJ \1 1 fJ fJ ) 
f-dRflAT (11-0, ex', lex, 12FB.1) 
URITE(6t365)(~V(t,JC)91::tfJtIVfJ) 
FORMAT( IHC,lX9tyQ,~X912FA.3) 
Ir" :: Hi) + 12 " 
IFCiV - 31»)4S,310,31C 
CONTIN~E 

~CJUSTEC CEFCRflED A~D L~OEFCR~EC GRIC CCCRCI~ATE~ 

<:00 117 J == l, 14 v 2 
x ::;; -1'105 
DO 111 1 :;;; 1,30 
)(IA(I,J) := X 

X = X .0- 1 • 
CCNTINUE 
00 12e J ::: 2,1'1\12 
X == -l', .. 

CC 120 [ .. 1,30 
XIA{i,J) == )\ 

}{ :::: X + 1. 
con If\UE 
v == o. 
CO 13 C J .. 1, 14 
V == V 4- ,,'5 
OC 130 l '" 1,30 
VIA(I,J) ::: Y 
CONT HIUE 
J ::: 1 

J2 ::: J + 2 
00 l'fe 1 = l,2S 
Il ::: 1 ~ .. 
Dl :;;: xUd l,JI - XI( l,JI 
02 ::: XIA(II,J)-XICIJ 7 J) - XI/I(I,J' ... XICI,Jl 
03 == XHtI,J) - )(J(I,J' 
IF(C3 - OD'133,112,lj3 
04 ::: C. 
GO TO 13'. 
04 ::: (X X ( l ,J'b,.,,- Xl ( 1 ? J ) ) 103 " 
o '5 "::: X 1 A ( 1 l , J '2r) - )( 1 ( i 1 t J'2) - x T fj ( l , J 2) + X 1 ( 1 t J 2 ) 

Dé = XICII,J2) - XI( I,J?) 
IF(C6 - C.)13é~1359136 

07 ::; 0 .. 
CO TO 131 
07:= OOqi;J) -XI(I,J»/Dé 
DO ::: YI«(,J2) - vteJ,J) 
IFlOe - C .. )13S;13et13~ 
Dg :: 0 .. 

Ge TC 140 

Jf 

, \ 



241 
PEL-EASE 2<.C CtllE :;: 74130 

139 09::: fYYtI,J) - YlCi,J')/f}8 
11,0 )()(J\([,J)::: )(XCI,J) i- Cl+DZ';'C4 + n::S*C7 -(;2*C4'*C9 

J :: J .. 1 
J2 ::: J + 2 
IF(J - 12)131,131,145 

145 DO 154 J ::: 1,12 
J2 :;; J ~ 2 
OC 154 1 -::: 7,2~ 

Il ::: 1 .() 1 
Dl::: V1ACI,J) -Ylrl,J' 
02 '" VIACI,J2) -VI([,J2' -Y[A(!?J) ~ VlCI,Jl 
03 ::: VI(I,J2)-VlfI,Jl 
IF(D3 - C.)141tl~6tI41 

146 04 := 0" 
GC TC 148 

1410/1;:: n,{(I,J' - '1'1(1,./»/03 
148 G's::: YIAIll,.J21 - '(1(11,.12' - V[ACII,J) + VrfII,Jl 

06 :: VI<II,J2) - VJ(It,J) 
IF(06 - 0.)15C,14Q,15C 

14C1 D1 = O. 
GO lO 151 

150 01 ::: (YV(I,J) - YHI,J)!Cé 
151 De ::: _I( Il,J) - X{(I,J) 

IF(Oe - Co)1~~vl~2t153 
152 C9 :: 0 .. 

Ge 10 151.. 
15309::: (){)«I,J' - XI(J,J»/08 
154 VYACI,J) = YY(!,J) + Cl + D2*D~ +(CS*C7 -~2~(4)*Cq 

1 ::: 30 
DO 1:; 5 J ::: 1 ç 12, 
XXAli,J) ::: XX«(vJl+XIJ\(I,J) - XI(T~J) 

~ 
155 YVA(I,Jl ::: YY(f,J) + YIACi,J) _. Y{(1,J' 

DO 157 J :::: 13, 14 
DO 157 1 =1,3C , \ 
XXACI,J) ::: XX(l,J) • XIA(I~J) -XI(I,~~ 
'ltVi\lI,Jl ::: 'V(loJl -1- 'lIA(I,J) - VI<I,J' 

157 CONTINUE 
t~RITE(6?2CC) 

11/0~/22 

2eo FORMAT(1~1,'ACJUS1Et L~UNCEFOR~AE GRIC'I,v--------------------u/t 
DO 206 J := Id4 
HRITE(6.,314)J 

314 FORMAT(l~O , 'ROW ~Cg9I3) 

H' :::: 1 
2C3 

2C4 

2e5 

2C6 

1 Mf" :;: H~ ... c; 
WRITE(6f204)(XIA(ttJ)91:::I~,I~~) 
FOR~AT(IHCv'X·vlCX,lCFlO.3) 
wn 1 TE ( (; ., 2 C 5 , « '{ 1 A (':'..1 \! J ) , 1"" 1 rI 11 1 fi'" ) 
F 0 Il rJfH « H- C ,IX, • y f , <; x ",le F le .. 3 } 
I~ :;; H' -0- le' , 
IF(I~ - 31'2C~,2Cé92Cf 
CONTINUE 
WRllE(6,2Z11 

221 FORMAT(lHl,oACJVSTEO CEFCR~EC GRIr.',/f----------------------'/) 
DO 221 J ::: 1,14 

\ 
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RElEASE 2 .. 0 CAlE = 74130 1?,/OP/22 

" 

c 
c 
c 

C 
C 
C 
C 
C 
C 

hR 1 TE ( é ~ 2 7 :; l J 
223 FORMAT(1~CgeX',oROh ~CQ,I3) 

(rI = 7 
22 1, I",f.' = Ifl .,. '., . 

\1 R lT E ( (: , 2 2 5 ) ( }l, X A ( l ,J ) 9 1 = [tJ , IrJ r>' ) 
225 ~CR~AT(1~C,'XQ,10X,gFIO.1) 

hRl'E(é,22é)()~ACI~J' 9i=t~v(~~) 
226 FORMAfcIHC,lX,'yo,gX,EF10.3' 

iYJI = H~ -+ e 
'F(I~ - 31)224,227,221 

227 CCN TI Nl:E '~\ .... 
HR IT E ( (; 9 113) N 1 

113 FORMAT(1~1,10x,oaREI REleCE~SOt72x,tlFST NC',I5,lll 
00 2Ié J = 1,13 

DO 21é 1 -= 7,2Q 
IlREAfIvJ) '" (/iBS«()iXA(!,J-+l)-XXACI,Jl»:«YYflll+l,J+l) -YY,'j(i,Jll 

1 -( )(XA( 1+1 ,J+ 1) -)!xJ\( t,JI 1*('Vvt\( l ,J+l I-~YA( l ,J») 
1 + A~S( ()(XA( Hl,J) -XXA( l ,J) )'~nVAC r·t-! ,J+l )-YY/'I( l ,J) 1 -
1 (Xx.,,l\(Hl,Jt1) - ><XA(I,J»':«YVt:\(I'H,J) -~YA(I,J»»/?o 

216 OEN(I,J) -= 2.*IRE/i(I,J' 

115 

g13 

lC9 

750 

121 

123 

E~C 

~, 

P 1\ liT 1 CAL P' A T ~ AT .. 5 t Nec f. P T H 1 t\ T F. R V Al 

00' esc.JJ = 1,14 
xon,JJ' = c. 
VC(I,JJ' .. Co 
XC(2,JJf = XX~(1?JJ' - XIA(1~JJ) 
VO(2,JJ' = YYAI1,JJI -'lI~(7vJJ) 
[lC 115 1 :; ~,24 

11=1-1 
12 ::: 1 -t,é 
13 :: 1 + 5 • 
X r.: ( l , J.J ) :: xc ( 1 1 , J J ) +)()( li ( 12, J J ) - x l A ( 1 2 f J J , - X)i Il ( 1 ~ f J J H x T " ( 1 ~ , J .1\' 
'le CI, J J ) = '{ C ( 1 l , J J li '{ 't li ( 1 2 , J J ) - YI fl ( 12 , J J ) - y Y Il ( 1 ~ , J J ) "" y 1 h ( 13 , J J ) 
HR Il E ( 6, 9 13 ) J J 
FOR~AT(l~O,OR[h NC',I3/' 
\-;RITEU::,lCS) .' 
FOfH-1AT ( IhC, 'PART TCLE PA TH CCCqr.I ~ IIlES' /, t ---.----------------, I) 

1 r' = 1 
Ir) t·1 = 1 IV of- ; , 

WRITE(69121'C~n(I,JJ),I=t\V91~~) 
FOqMAT(l~C,OX~,lCX,c:;FICo~) 

WRllE(6Y123)(VC{I,JJ),I=I\Vtl~~) 

FORMAT(lHCt~Mt'V8gex,SFIOc3) 

1'" :: 1 M .. e 
IF(IIV - 17}75C,150f~5C 
CONTiNl:E 

CAlCUlATE VELCCITV t STRAI~ RATE ,SlqAlh RATE I~V~RIE~l , 
STRAI~S , A~C CEFORPATtc~ E~ERG'l 

VElot Il lES 

AZ=l .. /V>t 



---~---------- ~ 

243 
RElEA$E 200 ~hlN CATE ::: 741 ~C 13/0PI2? 

'C 
C 
C 

c 
c 
c 

DO e51 J -:: Id', 
00 e51 1 ::: P,3C 

U ( l, J ,::: ( C X X l\ ( l, J)- X IA« r 9 J) ) - ( )( X lH ~ -1, J J - X 1 A CI -1 , J) ) ) * \i X 
V C 1 9 J ) ::: ( ( y V A ( l , J )'- V 1 JI ( 1 ? J ) ) - ( "( y /1 ( i - l , J )- V T Il ( 1 - l , J , ) ) » 'V X 

e~l COfl:TINt;E 

251 

STR/1I~ Rl\TE A~C DEFCR~ATIC~ E~ERGV 

SL:N ::: Ce 
DC 251 J = 2,13 
DO 251 l "" 99~0 IV 
10 ::: 1 -2 
~C=J -1 

EC)«(l,J)=L(J,J) - L(I-1,J) 
EDY(I,J) = "(ItJ~l) - V(I,J-ll' 

J 

CCXY(I,J' = (V(l,J) - V(I-l,J»+(L(I,J·H) - ldI,J-l)) 
STRR(I,J) = SCRT((ECXCI"j)l)>:t'2 -:. ECY(I,J)*':'2)!? .. + GC\('y'(TtJ)'~*Z/4.} 

n 
OECI,J') ::: .. 2,5*('AREAClD v JOH- AREldIC-t-l,JCI + AREô(IC,J(+l HIIf~EA(I[ .. 

Il,JC+l1H'STC-lRn,Jl 
OE(I,Jl::: A2*CECI,J)/VX 
S~N ::: SCfI: -1- OE(I,J) 
CONTINU!: 
SLNN ;:: 0" 
00 ',59 J=2,11 
[JO 459 I=992~ 
SU~N ~ SU~~ ~ CE(I?J) 
CONTiNUE 

STRI\[fI,S 

DO 252 J ::= 2,13 
DO 252 1 ::! 1},28 

1< = 1 -2 
l ::::: 1 - 1 r, ::: J -1- (1 

N ;:: 1 + 2 
252 S J R X (,I 9 J) -= .. ~ ~ 3 * ( E C)« 1< , J) -t "0 * E C X Cl t J) -t .2. * E C )( ( l , J) -4 l, .. ~ Er: X (fI , J ) 

IJ) + 2.*EOX(N,J)*AZ 
CO 253 1 ::: C;,~C 

'flO 251 J = 4,11 
1\1=J-2 
II ::: J -1 
11-11 :::; J .. 1 ~, 

Nl = J + 2 f' 
ST R '{ U , J) = ., :: :3 3 * ( E 0 't' ( [ , K 1) .. 4. "" E C V ( 1 9 L 1) T 2 " l(, Et" V ( l , J ) 

l +4~*ECY(If~1) + 2o*Er.Y(1,~1')*Al 
253 CONTINLE 

DO 25" J ;: "t 11 
CC 254 1 ::: ll,ze 

ln :::; 1 -2, 
LI - 1 - 1 
'1 l :: 1 .. i 
NI- ~ i + 2 



f<"'J-2 
l = J - 1 
tl,=J+l 
N -;;: J + 2 

244 
CATE -= 74130 13/0P/2? 

GXV(ItJ) =~33;*«CCXy(l<l,J) -+ GCXV(I,IO) -4 1~6~qCCXV(11,JHGCXV(I, 
'1 l )) + 2."'''( COXV(I,J) + GC)(VCI,J» .. 4.*( c:r:Xy(tq,J"'C[XY('I,~» 

1 .. 2.*( GCXYI~l,J) + GQXV(I,~ »)*A7 
STRXV(I,JJ = .333*«STRRlKl,J) .. STRR(I,K» + 4.*(SlPR(ll,J) + 

1 S T R R ( l , L ») .. 2 e * ( S T r. R ( r 9 J ) + S T R R ( 1 t J ) -(0- 4. * ( S T Il P ( tJ 1 9 J) • S T P R 
1 (I9~» • 2.0( STRR(~19J) + STRR(I?~») OA7 
STRXVeI,J)= A2*STR)V(I,J)/VX 

25 /t' CONTINUE 
SUl = C .. 

D0855J=4-;1l 
CC 855 1 ::;; 11,2e 

t:!:5 SU' = SU' .. SlRX'1( 1 pJ) 
Sr·1M = 00 
DO 88 A J = Lt, Il 

DO E e e 1 = 1 l ,21 
SMM = S~~ • SlRXV(I?J) 

aes CCI\TINUE 
DO 705 J == 2,13 

00 1C5 1 -= 9,3C 
IF(ABSCEDXC hJI-EDY( I,J} '.lTo .. CCCCllGC TC 7C4 
t·J ( l , J) = 2 e 0 {; {:; 36 6 * A T fi f\ ( A fi S (C C X V ( l , J ) 1 ( E C X ( 1 9 J )- E [y ( l , J ) l ,., 
GO 10 1C5' 

7Ct~ \1(f,J)b= 9C .. 
7C5 CCI\TINUE 

DO 9 C 3 J :: 1?, 14 
HRITE«(;,C;C41J 

t-IRITE(é,2Cl) 
00 903 1 = 1,30 
WRITE(6,2C2) ~IA(I,JlvVIA(l,J},L(I,J),V(I,J)yECX( [,J),E[V(I,J) 

1 w GO X Y ( l , J ) ? ST R X ( l , J ) , ST R V ( l , J) ., r, X Y ( l , J) 9 ST R R ( 1 f J ) ,S T R X'Y ( r , J ) , 
1 \-J{I,J) 

~C3 CONTlNl:F. 
WRITE(6tÇCS)SL~ , 
tif-l ITE (6,905) SWr.' 

2(1 FORMAT(lHC91C~1eX y L 
1 STRAN-X STRh~-V STRAN-XV 

2C2 FCRPAT(1~C,5X,4Fl.39qFlCQ6' 
9 C If FOR l' li T ( U~ 1 ,1 C :x , ' Il 0 L t\ c.. = '" 5 ) 
9C5 FOR~AT(lHCtlOX,'DEFCQ~AïI(~ E~ERGV =o,FI0.6l 

\1RITE«(;0<;C7' 
DO 911 J = Id't 
on 911 1 = l p ~ C 
WRITE(6,9Cé)I,JoAREA(IvJ)?DE~(I9J'tOE(I?J) 

9 Il C/~ f\ T 1 1\ l: E 
SCé FORVAT(1~C,IC'921593flOo6) 

STR-Y 
CEF-Ef\E 

9C7 FORMAI(lHCf' RCW Ne CClL~ ~C AREA R [E"SIlY 

STR-XY 
Af\GLE' ) , 

r:EF .. (1\[" . ) 
,'. 

WHTE(6,9C8JSU.; 
~RITE(6,90e)SL~N . , , 

9C~ FOR~AT(lHOtfTCTAl CEFCR~ATICI\ EI\ERGY = ',FIOe6) 
1111 COI\ TI NUE 

--- -- - --- - - -- --- ~ -

.' 



RELEA5E 2.0 

STOP 
END 

f/,aIN 
245 

CATE = 741~C' 

l' E F FEe T » N C TER M ,le , E 8 CCI c: , seL R CE, f\: C LIS T ,~C CEe 1< 9 l CAC , ~ C fJ A P , ~ ( TES T 
€FFECT~ NAME = MAlf\: ,l[~ECNT = 5~ 

• SCLRCE STATEfJENTS = 311,PRCGRAfi SIlE = ~5~74 
• NO CIAGNOSTICS GE~ER~TEC 

" ,1 
1. 
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/ 
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246 APPENDIX 0 

'L CONSTITUTIVE RELATIONSHIPS 

'" . 

0.1 Introduction 

The major aspects of the behavior of clays can be summarized ' 

as fo 11 O\<1S : 

Clays are masses of microscopie. generally plate-shaped 

mineral particles, in a surrounding medium of vlater solutions of ions 

and air. At relatively 10\1 stress levels, the caUse of dissimilarities 
) 

in the mechanical behavior of metals and clays is the fact that the 

former derive their elastic properties from the recoverable deformations 

of strong bonds bet:leen mOlecules, whercas any stra~rling of clay fabric 

giyes rise ta a disrup'tion of the comparatively weak connections between 

mineral particles and to il subsequent al te ra tion Dt: material stiffness 

(Yong & Uad(entin, 1975). 

If a sample of saturatcd clay is placed in a triaxial cell , , 

and subjected to a confining ptessure equal to 'that at I:Jhich the clay 

was previously consolidated, and the samp1e is then subjected to an 

additional confining stress~ such thnt 01=02=03' there will be a 

subsequent rise in the pore \'Iater pressure u, \'lhich 1S equa1 to the 

increase in confining stress. Under t~e application of an increasing 

deviatoric stress 601' Figure 0-la, the sample will eventually fail or 

reaco il state \'Jhich can be considered as failure. Typical stress-strain 
, 

.... curves resuHi og "l'rom such a test are simi lar ta the curve sho\'tn in 
<l 

Figure O-lb. 1 f il second samp 1 e of the same mater; al \-Jere to be pl (lced 

in a triaxial cell'. subjected to a greater confin-ing pressure and loaded 

, --
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Fig. D-la Representation of Soil~Element subject to Stress Increments 
and Associated Pore Pressure Response 
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€, 
Fig. D-lb Stress-Strain Behaviour 
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> 

~ 

'Fig_ D-lc Strength Characteristicn 

,"' 

Fig. D-1 Behaviour of Cohesive Soil under Undrained Quicl~ Test Conditions 
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ta failure. the resulting stress-strain curve \'lOuld be very similar 

ta that obtained in the first test. Similar stress-strain curves 

uill be obtained for still higher confining pressures. This observation 

points to the conclusion that the stress-strain behavior of a saturated 

~clay 15 independent of the confining pressure to which the soil is 

subjected, provided the so;l ;s complcteTy saturated and is tested in 

qU'ick conditions with no drainage al10wed. The validity of this con-

clusion is limited, hO~/ever, by a physical limitation imposed by the 

triaxial cell ~ in that the intermediate and minor principal stresses 

must ahlays be equùl. 

Not all clay sail exhibit tho same nonlinear characteristics 

as the saturated clay d~scussed previously. The variables which can 

affect the nonlinear behavior of clay soils are: partial saturation. 

prior stress history, tirne. "mineralogical composition. d'isturbance and 

sail structure. 

There are fe"1 techniques for representing the nonlinear behavior 

of soil and each technique depends on the associated constitutive relations 

which are used with it. These are: the nonlinear elastic approach, the 

hyperbo ï i c representation and the el asto-pl as ti c representation. 

t-Jill be briefly discussed in the folloi'lÎng sections. 

D.2 Nonlinear Elastic Approach 

These 

(..l 

In this approach t\'10 techni.ques can be adopted, one by using 

directly the results of triaxial test ut diffcrent confining press.ure for 
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forming the stress-strain relationships of sail as explained in Chapter 6; 

the other by usin'g-- fonnulas based on curve-fitting of the triaxial stress-!-

strain results. A summary of the hyperbolic representation which is the 

most famous fitting technique is presented here. 

0.3 Hyperbolic Representation 

Kondner and hi s co-v/orkers,( Duncan & Chang, 19'70; Kondner" 1963; 

Kondner & Zclasko~ 1963; Kondner & Homer, 1965) have shovJI1 that the 

nonlinear stress-strain curves of bath clay and sand may be approximated 

by hypcrbolae. The hyperbo 1 i c equati on proposed by Kondner vias 

(D-1 ) 

in \'Illich Vl and 03 m'e the major, and minor principal stresses 

El is the axial strain 

a and b are constants \'/ho~e values may be determi ned ~ 

experimentally. 

The physical me,aning of the constants a and b is shown in 
-.... 

Figure D-2a. ' Kon'dner and his co-workers shO\l/ed that the values of the 

coefficients a and b may bû determined most readily if the stress-strain 

data are plotted on transformed axes~ as shoytn in figure 0-2b. 
;' 

It is comnonly found that the asymptotic value of (01-03) is 
\ 

larger than the compressive strength of the soil by ù smàll amount. 

This vlould he e)(pect(!d~ because the hype'rbola rema.ir.iS belO\'I the as.)'mptote 

" 

, \ . . 
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Asymptote (di - 03,Jult= ir ----------- ----~ 

Axial Strain ) , E, 
PigA D-2a Hyperbolic Strcss-Strain Curve 

(Duncan. and Chang, 1970) 

Axial S.train 

Pig~ D-2~ Transformed Hyperbbl~c Strcss-Strain CUrve 

• j 

(Duncan and Chang, 1970) f 

" " 

r 
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0' ' 

at all finite values of strain.' The asymptotic value may be related' 
,0 

to the compress ive s trength, hm'/ever, by means of a f~ etot Rf as shO\''In by, 

(D-2) 

, 
in "/hich (°1-03) 1S the compress';ve ,strength, or stress differ!!nce 

at failure 

(01-03)u'1t is the asyrnptotic value of stress difference 

mld 
, ;' r' 

1s the failu~~ ralio. 

'Duncan & Chang (1970) expressed the pararneters a and b in 
1) 

terms of the initial tangent modulus valyvana"-the-c-om-pressive strengt.h; 

f.q. 0-1 may be written as 
,( 

t. 
(0-3) 

, 
This 'hypcrbol ie representation- of stress-strain curves \'las developed by 

Kondner et al. (1'963). 

,?tress Oe2eJ,iJenc,t 

~~xperimental'~tudies by Janbu (1~63) have s~own that, except in 

the case of unconsolidated-undrained tests oh saturated ioils, both the 

tillJ1gent modulus value ilnd the compressive strength of soils have been 
1 

fQund to'vary ~'1ith the confining pressure employed in the tests. The 
ri, 

_. i'<21atiql]~hip bet\-,eèq initial tan9~nt modulus and confining pressure may 
, , 

, b!) ~xpressed as'!' 

-:.), -;: J' 

'1 
l " 

" 
" 
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the initial tangent modulus 

the minoT principal stress 

ùtmospheric pressur'e expressed. in the same 

pressure units as Ei and 0"3 

il modul HS number -. 

the exponent determining the relatio~ betwceil 

E· and 03-. 1 

Both K and 11 are pur'e numberso" Values of the parameters K and Tl may 

o 

be determi ned 'readilY from the res ul ts of a seri es of tests by p 1 o~~ i ng 
.; 

the values of Ei against Q.3 on 10g~109 sCilles and, fitting à stra;ght li,ne 

ta the ~ata, as shown in Figure 0-3. 

Assuming that failure "Jill occur \'Ii th IIÙ change in th~ value . 
of 03' Duncan & Chang (1970) indicatç that the relationship between 

comprd~sive strength and confining pressure may be/expressetl.conveniéntly 

in terms of the r'1ohr-Coulomb failure criterion as 

(0-5) 

\'/here C and ~ ure the r~ohr-Coulomb strength parameters.· 
- 1 

_ Eqs. 0-4 ,and 0-5 in combination with Eq. D"3, provide a way 

f , of relatil)g stress to stra'in and confining pressure by means of the fille 
\ 

parameters K, ~, C, ~ and Rf~ Techniques for utilizing this relationship 

jn nonlinear finite clement stress aoalysis \'/erC developed by Duncan Be Chang (1970). 

", 



· . 

(-

·253 
-, 

'QOOO'r-·------------------------------------------~ 
<fL 8000' 
~. -
..,;." 
~. 

1 
ur 4000 
1 

V) 

:3 g 2000 

o 
"'-G""~ 

S~lt from foundation of Cannonsville Dam 
(Duta from Hirschfeld & Fouloo" '1963) 

K c 360, n ~ O.~6' 

/ 

~ 10001----­
Z 
W 800 
(.!) 
Z 

~ 
-' 
<l: 
t--

400 
" 

FurnoG Dam ~hel1 
(Data from Cunagrande, 1965) 

K = 1000, n c 0.1 

:2 200 

2 4- 8 10 20 '40 BO 100 

,. 'CONFINING P RE:SSURE- (/3-T/FT2 

Figure 0-3 Variations of initial tanij0nt iflüdulus ,d.th 
confining pressure under~rainQd tria~ial 
tost conditions .' (Duncan .& Ché1tlg. 1970) 

J 

-



254 

The stress-s'train relationShjo/'expressed by Eq. 0-3 mily be 

employcd very canve~iently in incremen~l st~ess analyse~ bccause it is 

pO$sible to determjne the '}alue of'the tangent modulus corresponding ta 

any point on the s~ress-s:trairt curv,:::; • If the va lue of the!" mÎl'lOr ' 
.. 

Pri~;,i'p,al stress 15 const~~t, 'the tangent modu-1us, Et, may be expressed as,' 

(0-6) 

By differentiating,Eq. D~3, the folIOi'l'ing expression for the tangent' 

modulus m~ be obtained. 

(0-7) 

The sti'ain,tl!l may be eHm; nated from' Eq. D-7 by rewriting Eq. D-3 as 

0(-0 3 (0-8), 

'J 

Substituting th~s exp' :;s;on for strain,into Eq. 0-7" Et 'Can be \'/ritten as 
, , 

.. 
Et "" (l-RfS }2Ei ' (D-9) 
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S, the stress '1evel ~ is gi ven by 

(0-10) 

Thus the tangent moplJlus value for any stress- condition can be \'H"itten as ' 

[
' "R.f(1-sin9)(al-a~) J2 

E l . K P (9'..3.. )n 
t m ,- 2CcosA • 2a"sin A a P 

/ 
J 

~- 'l'),,,~, a 

- -

(D-11 ) 

T.his expression for tangent modulus \'Ias employed in incremental stress 

analysis using finite element method ,by Duncan & Chang (1970). 
t( 

As shm'Jn from the tangent modulus expression, the relationship 
" . ", _ c.;ontains six paralneters whose values may be determined very readily from 

the results of a series of triaxial or plane strain compressiôn tèsts 

involving primary loading. unloading. 'and reloading. T~."o of thcsü " 

pararneters are the Mohr-Coulomb strength pal"ameters, C and <1>, and the 
\ 

other f.our also have ea$ily· visualized phys;cal significance. 

o.~ Elastic Plastic Representation 

If one examines 'ô clay which is initially homogeneous and 
\1 

isotropie, that is~ it has the same rnucroscopic properties at al1 pojnts 

and in all directions, it should remain 50 ç;ver a limited range of 

àpplied stresses and the principle df Saint Venant (1870) should apply 
" 

(Yong & NcJ\yes 9 1971)- Clay soils \'/ith, random.~y 0.r!ented particles 
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satisfy the isotropie condition in t~e,undisturbed state. but if 
, 

extensive shcar stratns shou1d produce a situation of preferred particle 

orientation,"different conditions of non-isotropic behavior of the 

mater; al \'lOu1 d be expected (Yong et al., 1970). 

It is qu;te general1y postulated. as an experimental fact~ that 

yielding can occtJr only' if the stresses {a} sat1sfy the general yield 

criterion 

f( {a}, K) :;:: 0 (0-12) 

\'Jhere {a} represents the stress components in vector nofati on and K , 

is the hardening p~rameter • 

If it is assum~d t~at the material has the 'same mechanical 

properties in a11 directions at any stress level, the relations of Levy 

(1871) and von Mises (1'913) may apply and the incr'ement of plastic strain 

ean be calculated 
i" " 

'\ 
~ 

tJhere ~ is a proportionality constant and F is the yield function . 
. 

The strains due to an increment of stress are assumed ta pe 
divisible into elastic and plastic 'parts. 

~ ~ ~ / 
1 
• 
1 

cl 

(0-14 ) 

'. 
\ 

, " 
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The relatiol) betv/een the elastic strain increments and stress increments 

15 given by the elasticity matrix 

Therefore 
~ 

ô{e} = COJ-1ô{o} + ~rcr} À 

l 
8y "Yferentiating the equ.tian af the yield surface, 

vlri te ~ " 
\ 

or, in matrix form, 

o = (a~:rÔ{OJ + ,H' 
\, 
~ .!E. dK. L aK À 

" 

(0-15) 

( 0-16) 

Eq. 0-13. \'Je can 

(D-17) 

. , 

( 0-18) 

Equations 0-16 and 0-18 can be \'/ritten in a matrix form as (Marcel & King, 1967) 

1 

" . • 

o 

1 
1 
1 
J 

lOr· 1 
1 _____ 1 

lf. .L 
(lai a0 2 

( D-19) 
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l can be eljminated and this results' in an explicit exp~nsion which 

determines the incremental stress-total strain relat,ûn 

t'/here o 

(D) is the elasto-PléisticZ\a rix and cp 

Hl is a strain hardeni.ng par meter. 

, ' 

( 0.-20) 

In plane strain condition, Eq. CD-20} can be written as (Zienkewicz et al., 1969) 

o 

\'Jhere 

ocr 
x 

ocr y 

(D)-1 is the plane strain elastic matri~: 
1 . -v 

a44 Il: r ' a14 C'; a2 1• :;:: E' and a34 ::: 0 

J 

'" ,.. 

(0-21 ) 

"" 
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In the case of randomly oriented particles of clays, it has 
1 

been established that the she,ar forces indl{ced in the interparticle 
~) ~ 

connections by external1y applied stresses will disrupt these,-~onnecting 
'-

bonds to a certain extent and cause a change in the stiffness of the 

clay structure. This change will occur isotropical1y and will be a 

result of the equivalent shear stress acting in the materials. provided 
~~ '~' 

the dens ity rema,"oI15 constant. 
\ 

\'lri tten as 
\ 
'~ 

The equivalent shear stress can be 
J 

( 0-22) 

If a unique relation exists bet\'/een the average shear strain and the 

equivalent shear stress above, the material 1S identified as a':von Mises 

\'Jork-hardening plaQti c materiaL and the relation can be ~'/ritten as: 

(0-23) 

o ~ 

An explicit form for the stress-strain relations can then be deve10ped 

fr~m Eqs. D-21 and D-23. 

The stra'in hardening parameter H' is a function of density 

and stress level in clays; its vadation \'Jil1 result from the physical 

changes occurring in particle connections and from indirect forces as 

the clay fabric is altered bi shearing movements. The stra~n hardening 
"-

parameter of any specifie clay ,type may be found fram the standard soil 

1 

1 

1 
• 1 

i , 

! -
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m~chanics triaxial test in \'1h;ch two principal stresses are equal. 

From the triaxial test the quantity HI can be expressed in terms of 

principal st!,ess difference and major principal strains as follows 

'f 

In the analysis af a plane strain continuum using the finite 

clement method (initial stress approach) and constant elasto-plastic 

matrix at every load (displacement) increment, the convergence is very 

sloW despite the fac't that iteration after every displacement increment 
" , . 

exists; the method ;s then no better than a more general stress-strain 

relationship. 

The elasto-plastic model outlined here \'iould be fdeal in cases 
( 

, , 

\'Jhere the soil stress-stl~ain relations can be ideal ized wi th fai r accuracy, 

to obtain an elastic and a plastic portion. Most of the soils, hO~/èver, 

exhibit continuous nonTinearity, and in such cases -the el~stir.-plastic 

idealization may not work well. 

1 
f:. 

r 

.. 

- ---------.~-_\ 
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261 APPENDIX E 

NETHOD OF CHARACTERISTICS 

E.l Introduction 
l) 

'1 
The method of characteristics is adopted in this thesis 

ta predict the subsoil stress distribution beneath a moving rigid \'Jheel, 
• 1 

provided the subsail slip line fields can be determined fram the 

cxperimentally measured subsoil deformations. 

The following derivations~ after Hansen (1965), is limited ta 
J 

the application of the method'of charactcri~tics to an ideal rigid-plastic 

m~terial, deformed under plan~strain conditions'and satisfying the . , , 

Tresca yield criteri~n. 

, . 
E.2 Eguilibrium Conditions 

The state of stress may be re(li"es-e'nted by the stress componr~nts 
) eL, 

qx~ Gy and L xy at any point in relation to the coordinate system, 

Figure ~-l. The stress components related to any otne,r coordinate 

system may be found bY,lneans of friohr 's circle for stresses, figure E-l. . . , -
Alternati'Jely: if the mean normal stress cr, the maximum shear stress 'ft 

r ' 

and the angle a between the x-axis and the major principal stress direction 
1 

are known, all other stress cornponents can be found as foll0tolS: 

, .. 
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criC - cs -:- '[ cas2e 

cry ::: cr - 't' cos2e 

't' ::: 
xy 't sin 2 

° ::: -} (0'1+0'3) 

:;:: '-2
1 (a +0'") 
" X Y 

T :;:: ! (0'1-0'3) 

2Txy 
tal1~O ::: -

°x-Oy 

, \ , 

·1 
1 

'( E-l) 

. If the body forces a,,~eglected~ the equil ibrium equations 

for the plane str~in case can be \'/ritten as: 

" dO'X dLxy ax- -} aY ::: 0 
-

<> (E-2)" 

~:r xy + (jO'y 

(lX aV 
::: 0 

1 
~~ .... / 

COtldition 
l' ,P 

E.3 Failure ç 1 

I\n ideal ,rigid~plastic material i5 in a state of fa il ure when 

the maximum shear stress '[ is equat ta the shear strength of the soil C. . , 

T == C 

\ 

\ . 

p , 

,l" 

/ 
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If the material is ,in a state ,of failure~ the stress 

,d-jstribution can he determined by cr and 0" only; thus Eq. E-l can be. 

l'witten as 

.' 

0x :: cr 1- C cos2e 

,.-:' 
~y ::: cr - C cose 

l' :: le sin2e 

, l 

" 

( E-3) 

, x::r • 
<1 ' 

" 

KnOi'ling the s-tress bound~ry conditions for the f.ailure zone" the tV/O 

unknovin quantities'cr,and e can be determ1ned uniquely hy the two 

equ:i 1 i br; um cquations (E-2). 

o , 

E.4 Stress Characteristics 

'Combining Eqs. E-2 and [-3, cne can'obtain 

;~ - 2C sin2e ~x 1- ,2C '~oS20 ~~ :: 0 

12:. 1- 2C c0520 ~ 1- 2C 5 i~'2e ~::; 0 aY 'âX, av 

, ' 

(E-4 ) 

Assuming that i:) curve is given in the x,y plane (Fig. E~2)1I 
r , 

and that Cl and et \'1hich are scalar functions .of X and ,Y," are known 
Ù -<4''', .. 

f ~', 

along this 'curve, the ,variation of cr and 0 betweeQ any t\,(O points (A and 

8) on the ëurve must,'then; satisfy the identities,: 

( . 

"1 , 

" 

-1 

.' 

\ 



" " • 
'6.\, 

1'" t 

!.l. 

" 

• ) 

.... 
4 • 

, 

- "If , 
4 • 

~ 
1""'" ~ J _ ~ . ~ 

(, 

\ 265 

.J~ 
, 

y , S 
, , 

B cf+Mds 
.1 OS J 

0 

9 ~McJs "-
'--., 

~ . 6s 
{l 

.. 
(, 

X 

Pig_ E-2 Variation of a and e ~long a slip line 
ina failure do . ,,\ mal.n. 

. , 

y 

x 

Fig. E-J Characteristic Directions throuqh a poi~t in 
Il P~ilure ZOne. 

~ 

• 

.. 

" . 

" 

~i 
y, . 
J 

' ~~ 

" 

) 

" , 
" 

'; 
~ ;, 

.;~ 

~~ 

, 

" 

- 1 

.... 



.. 

...,. 

, 
-' 

where 

~ 

266 

aa + s1n1/l aa ~a 
cos1/l ai = ~s aV 

co~ s1n1/lli = ~e 

aY ~s 

~. 

cos 1/1 = 6X 
6S 

s1n1/l = ~Y -., 
~S 

S is the arc length along 

1/1 is the tangent angle. 

(E-5) 

~ 
the curve, and 

~. n 

The four equations (E-4) and (E-5) determine the four unknown 

ao aa a 6 d a e h d b f d . quantit1 es ax' av ' aX an W so ,t . at a an e can e oun , USl ng 
"k-"'~~ 

numerical integration, in the vic1nity of all ordinary curves of this 
~, 

kind. This process can be repeated for another curve drawn inside, 

the dom~here a and e are known. 
./ 

CJ 

If the determinant of Eqs. E-4 and E-5 vanishes fo~ a certain 

value of 1/1, the derivative~ of a and e cannot be ~etermined from known 

variations along the curves, and they may be disco~tinuous. . 
On the other hand, if the determinant of the coefficients js 

, . 
zero, the rank of the augmented coefficient matrix must be three, in order 

• 1 

that the equdtions shall not be contradictory: . Therefore, for such 
IQ' • • 

curves a relatlonship must ,"xlst be;en ~S a"~ ~;. The condition of a 

vanishing determinant of".cdefficien in Eqs. E-4 and E-5 can easi'ly be 

reduced to: 
''--~ ) 

~--- -

. , 

~1n2~cos2e - 2sin1jlcos1/lsin2e - cos~~cos2e = 0 

f 

. , 

(E-6) 

-1-

1> l, 

o~, 
" 

~\Ii 

.' 

1 t 
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, 
Eq. E-6 1s a hyperbolic equationj its two real roots define 

the directiDns of the two families of characteristics: 

'" \ 
'f sec te (9,.) C tantp = tan 2e ± = (tan = tan m 

{Oi.3;> (m1> 
(E-7) 

tan = tan 

Figure E-3 shows the direction of the characteristics. The 

relation between cr and 9 along the characteristics curves can be'obtained 

by replacing the fourth column of the coefficient matrix by the column of 
~' constant terms and equating'the resulting determinant to zero, hençe 

costp ~a 
~s 

Substituting the value of tp in Eq. E-8, one obtains: 

~as . + 2e ~ms = 0, 
U a U a 

= ,0 

[ Kotter (1903) and Hencky .(1923)] , , 

(E-8) 

(E-9) 

Equations E-9 can be derived by considering the equilibrium 
. ' 

of an element cutout between consecutive slip lines, Figure E-4. It is 
,JI 

assumed that the shear stresses are known alàng all four sides; 

Neglecting all the second order quantities~' the Eqs. 'E~9 are obtained by 

tonsid;ring the equilibrium of al'l _ces along the a 'nd b direc~ions 

respecti ve ly • 
... 

,.,;' 

I! 
1 
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(J + 6cf ds~ 
6sa 

State of ~t;ess for a Soil E~ment 
in the Fa~e Zone ' 
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E.5 Stress Computation~ 
.. 

Equations E-9 are sufficient to compute the stress components 

along characteristiès pr~vided that these characteristics can be con­

structed and thaf the state of stress is known a~ som~ starting point. 

The flow chart for calculating the subsoil stresses using the 

meth~d of characteristics is shown in Figure E-5 (Williams,1973). 
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Measure experimentally the defonmation patterns 
-in the distorted subsoil' . 

~ 
/ .. . 

Calculate the instantaneous ve 1 ocity vectors and 
the strain components ~\ ' 

. . 
Ey"t<-xy , 

+ 
Obtain the directions of the pri nei pa l and maximum shear . 

strain rates from a Mohr Circle construction using 
• , Ëy and ~xy to l,ocate the 'pole EX , 

Obtain the stress characteristics from Determi ne the 
. 

# 

the direction$ of the maximum shear Riemann invariants 
. ~ 

strain rate by i.nvoking St Venantls along the stress 
postulate characteri stics 

- {T- l . 
1 1 

Calculate the stress distribution within the soil mass 
with a knowiedge of the boundary condjtions 

t ~ 

Calculate the horizontal and vertical forces and the 
applied t9rque acting ~t the wheel soil interface 

. ~ . 

Fig. E-5 Calculatiory of the strêss distribution by 
the metho~!of charac:eristic: . (Williams 1973) 
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271 . APPENDIX r-

'FINITE ELEMENT COMPUTER PROGRAMS 

t' , 

During ~he /~ourse of this ytudy sev'e~al computer programs 

were developed to predict the performance of vehicle tractive element 
J 

and so>tbehavior beneath it. The programs were grouped>under a 

series named "MAIN" and were based on Zienkiewicz 's program (1971.). 
(' / 

The programs can hand1e nonlinear material properties, and the different 
, 

methods used te perform the non1inear an~lysis and the type of the , 

problem dictate the particul~r program to be used. 
1, 

"'MAlt( l'" and "W\IN 2" use an incremental iterative method 

to solve nonlinear problems in clay. "MAIN. 1" is a general routine' 

developeld to handle whee1-soil interg,ction problems', and IlMAIN 2" is used 
~ ",';.' 

to hand1e grouser-soi l interaction and .so4l-cutting prob1ef!1s, (Hannah, 1975). 

The programs were wri~ten in the F~rtran language for ~se ~n the IBM 360/75. 

A bri~f'outline of t~e worldng of a genera1 "MAIN 1" pr<;>gram is ~i~en here. 

General Outline of Pro gram "MAIN 1'" 

The program consists o~everal subroutines, Figure F-l and .,., 

a brief descriPtioll' of each subrout1ne is·'g;iven below. 
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'" ! Q" 

This'is the,main routine of th~ program. It handles ~11 1 

in~u~ data and c~lls several other subroutines. 

,data concerning the boundary conditons. 

The programoreads the 

Subrouti ne tlGDATA ,1 Il 

This routine reads the basic data concerning prob1em ideal'izati~n, 

which are 

t. Junction coordinates and element characteristics. 

2. 'Initial material properties for each e1ement. 
J , 

3. Number of incr~ments, and number of iterations in ev~ 

increment required for execution of the prob1em. 

Subroutine "GDATA 211' 

This routine incorporates the nonlinear stress-strain data into 
, 

the program. 'The stress-strain data d~rived from laboratory tests are 

used directly in digital fonn. , Several points on the str~ss-strain 
. , 

curve are selected as input to this routine in the f.Qrm of number of pairs. 

Subroutine "STIF(N) Il 

This routine ~enerates the stiffness matrix for each element 

using the constitutive relations of the material an~ the geometry of the 
, 

element. This subroutine has a11 the necessary data traRsmitted to le 
. '4 .. 

'through common s'torage and passes the eliment stiffness matrix back to the 

calling subroutine, IIFORMK". 

! 
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. Subrouti nes l'FORMK and "MODIFY" 
~ 

This routine qssembles the total stiffness matrix for the 

ent1re contin'uum using the direct stiffness method. The uFORMK" 

routine also gerierates the total nodal force vector. The applied 

nodal forces are aoded directly, while the total stiffness matrix is 

modified for the applied displacement conditions using subro~tine MODIFY. 

Subroutine "SOLVE" 

This routine uses the Gaussian elimination method and solves 

the unknown displacements from the set of stiffness equations generated 

in "FORMK" ~ - T.hese equations are of the form AX=B. The "FORMK" 

routine stores 'specified blocks' of equa,~ions in -the core and. "SOLVE" 

solves ~hem one by one. A forward pass is first performed to triangularize 

the m{~r;x. A back substitution is then followed to solve for the 

unknowns. The results are stored in matri.X A to be, print~l'Lthe 

"STRESS" subroutine as displacements. \ 

Subrouti ne "STRESS Il 

Th~ubroutine co~tes the stresses and strains at the center 

of each eleme~~'using the nodal displacements obtain.ed from ,"SOLVE Il and 

the strain-displacement matrix computed by applying "STIFF1
'. The sub-

routine also computes the prirl-cipal stresses and principal' strains, . . 
velocities, deformation energy and power of deformation energy. . The 

stresses, 7he strains, thé strain rates and the power of deformation energy '\ 

of all the elements connec\ed to a no de are summed and divided by the' ) 

number of elements. 

1 

1 . 
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Subroutine "REAC
It 4' 

The reactions at e al paints at the wheel-soil interface .-

and on the other boundaries are determined in this subroutfne. The 
c ~ 

reactions obtained for any particular incr:ement are added to the cumulative J 

values obtained in previous increments to obtain total reactions. 
) 

Subroutine IILARDEF" 

After~each incremental wheel travel distance, the element nodal, 

côo~dinates are updated bYr adding the nodal displacements to the element 

nodal coordinates in order to obtain new coordinqtes for the next increment. 

Subroutine "NONLIN II 

The nonlinear analysis is performed in this subroutine. Values 
. 

of E are cqmputed for each element from the nonlinear stress-strain curves 

depending on the state of strain and confininq~pressures in each element. 

The deviator stresses (0'1-03) and the princi'pal s'trains. Cl' are used ta 
~ . ~ 

cQnduct the nonlinear analysis. The nonlinear routine can handle 

several nanlinear curves for any'number of different materials by suitably 
, 

altering the dimension statements. 

" 

'. 
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