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ABSTRACT 

In this thesis we diseuss various properties of matrices of the type 

wh~ch we calI the Schur complement of E in 

\ 

The matrix E i8 assumed to he nansingular. When E ·is singular or rec-

; tangular we consider the g~eralized Schur compl~~nt S:: H - GE-F !...,.yhere 
• 1 -

E- 18 a generalized inverse of E A comprehensive aecount of results 

pertaining ta the deteminant, the rank, the inverse and g~neralized inverses 

of partitioned matrices, and the Inertia of a matrix i8 given both for Schur 

complements an'd generalized Schur complements. We survey the known results 
\ 

,in a historical perspective and obtain several extensions. Numerous applica-
; , 

tions in numerlcal analysis and statistics are included. 'The thesis ends with 

, an exhaustive bihliography of books and articles related ta Schur complements. • 
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SCHUR COMPLEMENTS AND STATISTIC~ .' 

par 

DIANE 'VALÉRIE OUELLETTE 

, '" 
RESUME 

Dans cette thèse, on étudie les propriétés des matrices du type 
r> 

-
nous appelons le complément de Schur de E dans 

t 

(: "A .. :} " 

.. 
la matrice E est non~ingulière. Quand E est singulière ou 

rectangulaire, nous considérons le complément de Schur généralisé 

S = H - GE-F , où ,E- est un inverse généralisé de E. " On présente 

des résultats concernant l'inertie d'une matrice, lè déterminant, le 

rang, l'inverse et les inverses gén~ralisés des matrices fraction~ées 

, pour les compléments de Schur, et les comp1~ments de Schur ,généralisés. 

-~ 

Nous examinons ces résultats dans une perspective historique et obtenons 

plusieurs généralisations. Nous in~luons de nombreuses applications 

en analyse numérique et en statistique. La th~se pt end fin a~ee une 

bibliographie complètr des livres. et des ~rtic1es se rapportant aux 

compléments de Schur. 
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CHAPTER l 
< ' 

INTRODUCTION AND NOTATION 

§ 1.1 Introduation. 

"In recent years, the designation "Schur complement" has 
been applied to any matrix of the form D-CA-1B'. ~se objetts. 
have undoubtedly heen encountered from the time matrices were 
first used. But today under this new name and with new emphasis 
on their propertles, there 15 greater awareness of the wide­
spread appearance and \ utility, of Schur complements." 

- Cottle (1974). 

Our purpose in this'thesis is to present a unified tre~tment covering both 

the Schur complement 

. ~l 
S = H - GE F 

and the generalized Schur tomplement 

E- is a generalized inverse of E satisfying EE-E = E • We discuss 

various properties of matrices of the type ,(LI) and (1. 2) and pr-esent both 

early and recent results. We a1so show'how Schur complements may he used to 
\ $ 

ob tain concise proofs of sorne well-known and sorne not 50 well-known formulas. 

Issai Schur (1917) appears to be the first author to explicitly consider 

a matrix of the form (1.1). He used (i.l) to prove that , . 

E F 

(1.3) : 

G H 

where ,. 1 deùotes determinant. The matrix E is assumed ta be nonsingular. 
. '" 

We presen,t (1.3) in ,Tqeorem 2~1. 

Emilie V. Haynsworth (1968, p. 74) appears to be the first author to 

give the 'name Schur complement to a matrix of the for~ (1.1). 

we refer to . 
, -1 

S = H - GE F 

Following her, 

'\ 11 
f' 

1 -

Î 
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as the Schur complement of E in A • where the partitioned matrix 

(1.5) 

The notation 

(1.6) S = (AIE) = H-GE-IF 

is convenient. 

We may consider the Schur complement of any nonsingular submatrix in A • 

However, for notational convenience, it is preferable to shlft the nonsingular 

submatrix either to the upper left-hand corner or to the lower right-hand 

corner of A. This is' equivalent to pre-multiplication and/or post-
" multiplication of A by a permutation matrix. ' 

, '\\ 
In the book by Bodewig (1956, 1959), the formula (1.3) is sa id (1956, 

p. 189; 1959, p. 218) to date from Frobenius (1849-1917), who obtained, cf. 

Frobenius (1908), 

E f 
N 

(1. 7) = hlEI - 2'(adJ E) f 

~' h 

If • 
where adJ denotes adjugate matrix. In (1.7) i and ~ are co1umn vectors 

while h is a sca1ar. Boerner (1975) reports that Schur (1875-1941) was a 

student of Frobenius. We presen~ (1.7) in Theorem 2.3. 

Banachiewicz (1937) appears to be the first author to express the inverse 

of a partitioned matrix in terms of the Schur C0mptement. When the partitioned 

matrix A in (1.5) and< the 5ubmatrix E are both nonsingular then the Schur 

complement of E in A, 

\ . 

-1 
S = (AIE) = H-GE F 

18 also nonsingular, cf. (1.14) be10w, and 

(, 
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(L.9) 

cf. Theorem 2.7. 

. 
Banachlewicz (1937) obtained (1.9) in Cracovian n~tation;,where matrices 

are mu1tip1ied column by co1umn (see Appendix A for further detai1s). 

The formula (1.9) is often attributed ta Schur (1917), cL 'e.g., 

Marsag1ia & St yan (1974b, p. 437), but '~pparently ~as not ~tscovered until 

1937 by Banachiewicz. We will refer to (1.9) as the Schur-Banachiewicz 

inverse formula. 

, When the partitioned matrix A in (1.5) and the submatrix H are both 

nODeingular, then it follows similarll that the Schur complement of H in A 

(1.10) -1 
T = (A/H) = E - FH & , 

is also nonsingular and 

(1.11) 

When A 

(1.12) 

which was 

E~uation 

Bartlett 

) (1.13) 

-1 
A 

-1 
T 

E and H. are aIl three nansingular then 

observed by Duncan (1944) and reestablished by Woodbury (1950). 

(1.12) 1ead to formulas 1ike, cf. Sherman & Morrison (1949, 1950), 

(1951), 

cf. Carollary 2.6. 

• Bodewig (1947)'has shawn that by estab1ishing a count of the number of 

! 
/ Î 
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1 
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operations required, the u$uafr method of ca1cu1ating the determinant of\the 
,; 

partitioned matrix (1.5) is preferable to Schur's formula (1.3). Bodewig 

(1947) c1~ims, however, that the opposite is true when'tne inverse is 

calculated, cf. (1:9). 

Louis Guttman (1946) estab1ished that, if the matrix E in (1.5) le 

nonsingu1ar, then 

(1.14 ) -1 = peE) + p(H - GE F) = r(E) + p(A/E) 

where p(.) denotes rank. We present this as Theorem 2.5. In other ~ords, 

rank is additive on the Schur complement, cf. Marsaglia & St yan (1974a, 

p. 291). Wedderburn (1934) and Householder (1964) gave reiated resu1ts on 

rank, which tum out to be special cases of (1.14). See Theoreme 2. 6a' and 

2.6b ~ 

We cone,lude Chapter II by showing how Schur complements may be used ta 

prove theorems of Cauchy (1812) and Jacobi (1834). 

In Chapter III, we discuss various properties of the Schur complement 
l , 

of a nonsingular matrix which have appeared more recent1y. It seems; cf. 
, 

the survey paper on Schur complements by Cott1e (1974), that,from 1952 

through 1967 no research papers with resu1ts on Schur complements were 

published. 

In à study of the inertia' of a' partitioned matrix, Haynsworth (1968) 

showed that when the partitioned matrix A in (1.5) is Hermitian and E i9 

nonsingular, then 

(1.15) InA = InE + In(A/E) , ~ 

o 

that is, inertia of a Hermitian matrix is additive on the Schur compleme~t. 

In Theorem 3.J, we show how rank additlvity and inertia additivity are 

re1ated. 

Crabtree & Haynsworth (1969) and Ostrowski (1971) prove tpat if we j P' 

. 
il 

.' 

î 

j 

). 

i 

1. 
j 
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( 

partition E as weIl, i.e., '" 

K L 1 
FI 

,(-~--H ) 
1 
1 
I , 1 

(1.16) A c =' M N 1 F2 1 

" 1 
-------'1----"-1 
GI G2 

1 H 
1 
1 

with E 
... 

and K both nonsingular, then ... 
(1.17) (AIE) = «~IK)/(E/K» , 

r 

cf. Theorem 3.3. This result, ca lIed the quotient ppopepty, has lead to 
.. \ .r" 

severa1 determi~ant inequalities, cf. Haynswortn (1970b) and Hartfiel (1973). . . 
We conclude Chapter III by describing an inter~retation for the Schur 

complement as the coefficient matrix of a quadra.-tic form restricted to the 

nul1 space of a'matrix, as deve10ped by Cottle (1974). 
~IL " 

ln Chapteu IV, we ex tend the resu1ts ~n cnap~ers II and III to generalized 
o .~, 

Schur complements, cf. (1.2). Let the partitioned matrix A in (1.5) and the 

submatrix E both be square. If\either 

(1.18) p(E,F) = peE) 

Olb 

(1.19) 

then 

(1. 20) 

for every g-inverse E- , cf. Theorem 4.1 
1 

'. r 

,Fol1owing Meyer (1973), Marsaglta & St yan (19704a) ~ Carlson, Haynsworth. ' ' 

& Markham (1974) and Carlson (1975), we establish severa1 'results on rank. 

Among these, we show, cf. Corollary 4.3, 'that rank is additive on the Schur 

complement 

--, 

i 
\ 
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(1..21) 
'/ ~ (: :) - ~(E)+ ~(H 

when (1.18) and, (1.19) hold,. 
1. \ 

Following Rohde (1965)~ Pring1e & Rayner (1970), Bhimasankaram'(1971), 

Marsag1ia & St yan (1974b) and Burns, Carlson, Haynsworth & Markham (1974), 

we investigate conditions under,which the Schur-Banachiewicz inversion 

formula '(1.9) works with generalized inverses replacing regular inverses, 

cf. Theorem 4.6 . 

Fo11owing Carlson, Haynsworth & Markham (197~), we find that'inertia 

continues to be additive on the (genera1ized) Schur complement, that is, 

(1. 22) 
In (:. :} 

+ 
InE + In(H-F'E-F) z= In E + In(H-F'E F) 

" l 
{t
ll 

( 

where the'partitioned matrix ls real and symmetric, if 

(1.23) r(E) = r(E, F)· , 

" J I,~· 

cf. (1.18), where E- is any g-lnverse di E , cf. page 63. 

~ , 

The quotient property may be extended using genera1ized Schur ,complemen~s 

80 that, if in (1.16) 

(1.24) 

and 

(1. 25) r(K) - r(K,L) • ~(:) 

• 

--1 

1 
1 
1 

1 

--j' 

1· 

1 

! 
! -
1 

1 
1 
1 
l 
1 
~ 

l 

1 
-1 j 
1 
1 
1 
1 
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'1 

hold th en (1.17) is still true. We conclude Chapter IV by showing how 
1 \ 

readily results ,like 

(1. 26a) 

and 

(1.26b) \ ~(I - FG) = $(1 - GF) 

may,~e es~ab1ished using Schur complements. In (1.26b) $(0) denotes nu11ity. 

Chapter V contains a number of algorithms for matrix inversion and for . 
genera1ized inversion which make use of Schur ,complements. \ "The bordering 

method" published in the book by Frazer, Duncan & Collar (1938), the variant 

given by JO,ssa (1940), and the "second-order enlargement" method due to 
( 

Louis Guttman (1946) are described and are accompanied by numerical examplesl 

A similar method called "gêometric enlargement", due to Louis Guttman (1946). -

18 a1so given, 

One of the most usefu1 algorithms, perhaps, is that of partitioned Schur 

complements out1ined by Louis Guttman (1946) and la ter dève10ped by Zlobec 

& Chan (1974), Wilf (1959) elaborated a method of rank annihilation", while 
, 

Edelblute (1966) considered a special case of the above a1gorithm which 

simplifies the ca1culations' performed: 

Fo11owing Newman (1962) and West1ake (1968"p. 31) we show in Section 5.5 

how Schur complements may be used ta obtain the inverse of,a comp1ex matrix. 

using real operations only. 

We a180 present an algorithm due to Zlobec (1975), uhich computes a 

g-inverse of a partitioned matrix using partitioned Schur complements. 
- " 

1 

Generalized inversion has a'lso been studied by Ahsanu11ah & Rahman (1973) who 

have extended the method of rank annihilation,' 

Further details of sorne of these algorithms are given in the books by 
1 \ ' 

Faddeeva (1959, pp. laS-Ill) and Faddeev & Faddeeva (1963, pp. 161-167, 173-

178). 

• 

î 

\. 

l 
1 ' 
î 

t 

• 
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In Ch~pter VI, we describe the areas of mathematical statistics ,in which 

Schur cOmp~ements arise. An excellent example of this 13 the covariance, 

matrix in a conditional multivariate normal distribution. 

In Section 6.2 ~e consider pa~tial covariances and partial correlation 

coefficients, and prove the well-known recursion formula for' partial correlation 

coefficients using the quotient property (1.11). 

"\ 
In S~ction 6.3 we study several special covariance and correlation 

structures; we easily evaluate, using Schur complements, the determinant, rank, 

characteristic roots, and inverse of each strueture. 

In Section 9.4 we show how a'quadratic form which follows a chi-squared .. ' 
dis tribution may be expressed as a Sehur 'complement. \-Je extend this resul t 

to show that the Schur complement in a Wishart matrix is a1so Wishart, and 

t}1at the Schur compfement in
l 

the matrix-variate beta distribution is a1so 

beta, cf. ~itra, (1970). 

We conclude Chapter VI and'this thesis by showing how the Cramér-Rao 

inequality for a minimum variance unbiased estimator of a vector-valued 

'parameter may be proved using the inertia additivity of Schur complements, 

cf. (1.15). 
( 

The concept of Schur complement has recently been extended by Ando (1978) 

as the matrix 

(1. 27) c 
he refers ta 

" (1. 28) 

, 
as a Schur compression. It fo11ows at once that (1.27) and (1.28) are rank 

'additive, 'cfl (1.14). Ando uses these new definitions to extend the quotient 

property (1.17). ,We hope ta consider other extensions at a 1ater time. 

1 -

j , 
j, 

j 

t 
1 
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( H. 2 Notation . 
Î] 

Matrices are denoted by capital 1etters, column vectors by underscored, 

lower case 1etters and scalars by lower case letters. An nXn matrix Amay 
\ \ 

a1so be denoted by {ai~}i j=l' and a diago'nal matrix whose entries are 
~ , , ... ,n 

a11,a2;, •.• ,3nn on th~ diagonal by diag (a11,a22, ••• ,ann)' I~ particular, 

l ~ {Ôij } represents the identity ~atrix with ô
ij 

the Kronecker delta,,~ or 

~(n) the nxl column vector of ones, ~i or ~n) the nxl co1umn vector with aIl 

elements zero except for unit y in the ith position. The t=anspos~ of a matrix 
. 

A is denoted A' , with ~' the row vector corresponding to the co1umn vector 

! .. The determinant is denoted by \.\, the adjugate (or adjoipt) matrix 

byadj and the trace t~. Rank i8 denote9 by r(o) and nu11ity by ~(.) • We 
, . ~ . 

ca11 A- a generaLized inverse (or g~inverse) of A if AA-A ~ A , cf. Rao (1962) 

'and Rao b Mitra (1971). If, in' addition, A -AA- = A- ar ~(A) = r(A-) " then 

A- ." Ar- , ·a reflex ive g-inverse. If, in addition, the projectors AA- and 1 

·f 
A;A .are bath symmetric, then A; ~ A+ " the uniqué.Moore-Penrose g-inverse of A • 

, Ye denote the characteristic roots of A by ch (A)' , 

jth largest when the roots are real. 

with ch, (A) being the 
J .' 

The inertia InA of a real ~y&metric 

--1 

matrix A i8 the ordered triple (n,v,ô) , 

characteristic roots of A , 

where n i5 the number of positive' 
'·i ~ v the number of negative and u,the number of zero 

roots of A. Thus for a symmetric matrix A we have that ~ t v = ~(A) , the 
1 

ran~ of A , and 6 ~ ~(A) , the nullity of A. In this thesis, positive 

definite (pd), positive semidefinite, (psd) and nonnegative definite (nnd) 
, 

matrices are always real and symmetric. A matrix is pd if V = ô = 0 , psd if 

v = 0 and ô ~ l , nnd if v = a Some authors (e.g., Haynsworth, 1968) use 

p~sitive semidefinite where we use nonnegative definite. 

The symbol .., following a random variable means dlstributed as. Other 

symbols used in statistics are: E for expecte~ value, V and eov for variance 

and covariance. We denote the normal distribution by'N , the Wishart c, 
li 

distribution by Wand tqe matrix variate beta distribution by,B • 

, 
, Finally we point out that (qed) is'used to indicate the end of a proof. 

\ . 

1 1 

1 -

1 
1 
\ 

1 
'1 

1 
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CHAPTER II 

EARLY RESULTS ON SCHUR COMPLEMENTS 

, 
We are conc~~~ith matrices of the forro .-

~ 

(2.1) 
-1 

S .. H - GE F • 

Emilie V. Haynsworth (1968~lp. 74) appears t'o be the first author to give 

the name Sch~ complement to (2.1). ~ollowing her"we refer to (2.1) as the 

SchU!' complement of E in ~_, where the square matrix 

(2.2) 

, 
The notation 

(2.3) 

is convenient. 

S2.1 Determinants. 

The tirst exp11cit mention of a matrix of the form (2.1i appears to be 

by Issai Schur~(1875-1941), who used (2.1) to prove (1917, Hilfssatz, pp.-
216-7); , . ,"! 

tHEOREM 2.1 (Schur~ ~917). Let the matrix ,E in (2.2) be ~8ingu~ar. 

Then 

F 
(2.4)" 

H 

~he~e 1'1 denotes determinant. 

Proof (Banachiewicz, 1937, p. 51), We may write 

. (2.5) (E F) (E 0) (1 
A '" G H =, G l \0 

taking deterroinants; we obtain (2.4). (qed) 

--, . 

1 
, i 

l ' 
~ 
l, 

j 
j > 

i 
! 

ir 

l 
1 

, ! 
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'Simi1ar1y, it may be shown that if the matrix H .in (2.2) ia non-

singular then (j , 
1 

, < 

E F 
(2.6) 

G H 1 

/ 1'-' 
,In 'the 'notation (2.3) we thus see that 

1 1 
\ 

and 
,,( 

I(A/H~I = IAI/IHI. 
1 

IAIIIEI 1 (AIE) 1 (2.7) 
b , 1 

An immediate consequence of (2.4) and (2.6) ls' the following 

1 

COROLLARY 2.1. Let, F be mXn and G nXm. TMn 

\ 

(2.8) 1 1 - FG 1 :: 1 1 - GF 1 • m no 
i 

1 Proof. Put E z: 1 and H = In in (2.2).1 Then (2.8) follows at once 
.m ( 

using (2.4) and (2.6). (qed) 

~1 alternate proof of (2.8), due to George Tia~, is given in the 

A~~~ndix to the paper by Irwin Guttman (1971) • 
... (, k 

THEOREM'2.2 (Schur, 1917). Consider thp matrix (2.2), where E, F, G, 

and H aPe aZZ nxn, and 

(2.9) EG e GE 

Then 
, 

E F 
(2.10) lAI = IC IEH - GFI 

G lB-

P:rooof. Suppose first that 1 El :f O. .1'hen (2.4) holds. Henc'e 

lAI'" IEH - EGE-1FI = IEH - GEE-lFI, using (2.9), and so (2.10), " 

" follows. Now sùppose that 1 E 1 = O. Then 1 E + xl 1 f- 0 for a11 x:J -ah (E) , 

where ch(·) denotes characteristic root. Let 

... 

pI' 
Î 

1 

.j 
\ 

\ 

1 
i 
! 
\ 
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(2.11) 

the~ (2~9) .è> (E+xI)G = G(E+xI). Thus 

(2.12) J 1 B 1 = 1 EH + ~U - GF 1 

. ! 
as x + 0, the matrix B + A and (2.12) becomes (2.10).' (qed) 

It is easi1y seen that (2.10) need not imp1y'(2.9), ainee when F = 0 

and E (or H) ia nonaingular then (2.10) ho1da whether or not G 18' 

chosen to commute with E. 
1 

An imme late consequence of (2.10) ls that A ia nonsingu1ar if 

and on1y if EH - GF ia nonsingu1ar. 1 In a paper by"Herstein and Sma11 

(1975) it i shown that, for a fair1y wide class R' of rings, if the 
1 

matrix (2'

f 
la over R, where E, if, Gand H are aIL nxn over 

\ 

Rand (2. ) ho1ds, then A i~ 

inveftib1e, The authors atate, 

when, R is a' (right) artf~ian 

invertib1e if and on.1y if· EU - GF 0 is 

as an, example, that tne resu1t ia true 

ring. : 
1 

In the book by E. Bodewig (1956, 1959), the formula (2.4) i5 said 
,. 

(1956, p.189; 1959, p. 218) to date from Frobenius (1849-1917), who obtalned 

the fo11owing theorem (1908, p. 405): 

THEOREM 2.3 (Frobenius, 1908). Conside~ the matrix 

(2.13) 

} 
where h is a sdaZar, ! an4 ~ are coZwrm. vecto~s and E 

matrix. Then 
, 
o 

(2.14) lAI = hlEI ~ gl (adJ'E)f , 

whe~e adj denot~s adjugate matrix. 

i8 a square 

-

,1 

, \ 

1 
1 

Il 
l' 

1 

, 
, 

1 " 
1 
j 

1 
! 

. \ 

l' 

'1 

J , 

r .. 



, 0 

t () , 

i 
1 
ê 
1 
~. 
f 
". 

~-~--~ -----
, 

\' 
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r 
Pr!oof. Suppose, first that lEI f. O. Using (2.4), 

;' , 
.' 

follows. Since 

(2.16) -1 
"r-1t .. (adjE)/ 1 El, 

(2.14) follows. Now suppose that 1 E 1 = o. Then 1 E + xl 1 ri 0 for a11 

x f - ch(E). Let B 'be def!ned si~1~rly, to ~11), 

'- B '" (E + xl !); - > 

g' h 
'" 

(2.17) 

theo 

(~.18) 1 BI" hIE + xl 1 - g 1 [adj (E + xl)] f • 
N ... 

, , 
As x-+-O, the matrix B -+- A and (2.18) becomes (2.14). (qed) 

We notice that if h"f 0 in (2.13) then using (2.6), 

(2.19a) , 

(2.19b) 
1< 

lAI ~ hiE - fg' Ihl ......... 
0-1 " '" IhE· - fg' Ilh 

when E _ ls nXn. When h 1: 1 .th,is simpli,fies further: 

(2.20a) 

(l.20b) 

(2.20e) 

lAI III lE - fg'l ,..,.... 

.. lEI - g'(adJE)f 
N N 

using (2.14) and (2.15). This 1eads at once to the fo11owing related result: 

\ 
\ 

, i' 

1 • 

. '. 
1 r 

i 

! ' 



t 
! f 

1 

() 
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THEOREM 2.4 (Bodewig, 1956, p. 36; 1959, p. 42). ~et the matrix E be 

nonsingu Zar and 'let the matrix B have rank 1. Then ' . 

. (2.21) 

where tr denotes trace. 

~oof. Since B i8 of rank '1 , we may write 

(2.22) B = fg' 

as a full rank decomposition. Then app1ying (2.20c) gives 
, ' 

(2.23) IE+BI = (l+trE-
1fg') lEI 
""" 

and using (2.22), (2.21) follows. (qed} 

When E is ',s1.ngu1ar Theorem, 2 .4 reduces to 

COROLLARY 2.2 (Bodewfg, 1956, p. 36; 1959, p. 42). Let the matrix E be 
, 

singu'lar and Zet the unit rank matrix B bè defined by (2.22). Then 

(2.24) IE+BI = tr[(adjE)B] = ~'(adjE)! • 

, 
We will see later, in §2.4, how Schur complements are related to Jacobi's 

theorem on the determinant of a minor (Jacobi, 1834; cf. Mirsky, 1955, p. 25). 

§2.2 Rank. 

Schur's determinant formula shows that the partitioned matrix 

(2.24a) A = (: :) 
18 singular whenever the complement S = (AIE) = H - GE-IF ls singu1ar 

1 -

( 



~I 
1 
1 
1 

() 

. , 
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1 
l, 

l, 
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(E is assumed to be nonsingu1ar). This result may be strengthened to show, 

that rank is additive on the Schur complement, viz. 

(2.24b) r(A) = r(E) + r(A/E) 

cf. Marsaglia and St yan (1974a,' p. 291). 

, 

THEOREM 2.5 (Louis Guttman, 19~6). Let the matrix E in (2.2) be non-

B"ingu lar. Then 

(2.25) 
F) , -1 

= r(E) + r(H - GE F) ""' r(l} :f" r(A/E) 
H . 

where r ( . ) denotes rank. J 

Proof· Since E is nonsingu1ar we may write, cf. (2.5), 

(2.26) A = ( E F)- (1 0) (y. a )(1 
G H = GE -1 l \0 H - GE -IF 0 

which yie1ds (2.2St. (qed) 

" Using the notation (2.3), we may write, cf. (2"7), 

(2.27a) r.(A!E) = r(A) - r(E) 

and when H 1s nons!ngular, '. 

(2.27b) r(A/H} = r(A) - r(H). 

Theorem 2.5 readi1y yields 

COROLLARY 2.3 (Louis Guttman, 1946). If A and E in (2.2) are both 

nonsinguZar then the Schur comrZement (AIE) = H - GE-IF is aZso non­

singul.azo. 

\ 

1 

" , 

i 
,1 

1 
'1 

1 



( 
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() 
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In the book by Wedderburn (1934, p. 69) a rank reduction procedure 

19 presented, which turns out ta be a special case of (2.25). Let the 
1 

matrix H 'be nonnu11. Then there clearly exist vectors ! and 2 sa 

that !'H!2.:I O. Consider the' matrix 

. (.O~ .OH) CO) (2.28) A = '" t'V "'H "" : vH(k"I) 
lIb 

'" 
.. , 

Applying (2.25) yields 
~'>...~ 

(2.29), p(A) == p(~ 'HR,) + r(H - Hb~'H/~'H2) = r(H) 

uslng ~2.28), and 80 we have proved: 1 

( 

THE~REM 2.6a (Wedderburn, 1934, p. 69). If the mJtrix H j 0 

exist vectol"S ,~ ,h Buah that 2'Rk J 0 and \ 

then there 

1" 

(2.30) r(H - Hba'H/a'Hb) = r(H) - 1. - '" '" 

. '"f' 
Th~orem 2. 6a was· extended in the book hy Householder (1964) as an 

exercise. 

THEOREM 2. 6b (Householder, 1964, p: 33). \Let 
Then for À j 0 

(2.31) r(H - ~'/À) < r(H) 

u and v be ao Zwrm veators. 
..., '" 

if and onZy if -ther,e exist veators ! and ~ Buch that l! == HR" ~ == H'! 

and À"'! 'H!? '" 0 • 

Proof. It suffices ta prove the "only if" part. Consider the matrix 

(2.32) ~ - C x~) 
ç. 

1 -
-. 

1 

! 

1 
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Using (2.25) we obtain 

(2.33) r(H) s; r..(A) = l + r(H - ~~' lÀ) < l + r(H) 

when (2.31) holds. Rence r(H) = r(A) 

2 ' so that 

and so there exist vectors a .... 

;r 

(2.34a) (À', ~') = ~'();h H) 

(2.34b) 

and thus ~ = HQ. X' = ~'H and À = a'u = v'b = a'Hb 
~'" l'oJl''oJ IV l''<J 

(qed) 

and 

Wedderburn (19)'4, p. 68) derived (2.30) using "the Lagrange method of 

redu'cing quadratic forms to a normal form fl
, while Rao (1973, p. 69) refers to 

Theorem 2. 6a as "Lagrange' s Theoremlf
; for an extension see § 4.6, Theorem 4.11. 

§2.3 Matrix inversion. , 

Banachi~wicz (1937, p. 14) appears to be the first author to study the 
\ 

inverse of a partitioned mattrx. The foçmu1a, (2.37) be1ow, i8 often at~ributed 

, tO'Schur, who, it seems, did hot proceed further than the determinant formulas 

(2.4) and (2.10). Banachiewicz (1937) obtained (2.37) in Cracovian notation, 
" where matrices are mu1tiplied co1umn,by co1umn (see Appendix A for further ' 

details); he q1so rediscovered Theorem 2.1 and proved it using (2.5). 

THEOREM2.7 (Banachiewicz,1937;Frazer, Duncan & Collar, 1938, p. 113). ' 

Suppose that 

(2.35) . 
A- (: :) 

and E aPe both nonsinguZar. Then the Schur complement 

-., . 
1 

, 

1 
f 

1 

" 

j 

1 
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, (2.36) o -1 
S .. H - GE F 

" 

Froof. The fir~t part i5 Coro11ary 2.3. To prove (2~37) we invert (2.5) 
givin~ 

-1 (1 A '" 
o :) 

which yields (2.37). ,(qed) 

COROLLARY 2.4 (Duncan, 1944). Suppose that both A, given by (2.35), and 
H ruoe nonsinguZar. Then the Schur complement 

(2.39) T = (A/H) = E'- FH-1G 

u 

'OJ is nonsinguJar>:t and 

, 

,-1 

(2.40) A -1 '" -~-1 
-H GT 

, 

,0 

) '( ) o -1 
, -1 -1 

-1 + -1 T (-I,FR ). 
H , . H G \ 

âote11ing (1943), moreover, noted that if A, E and H are aIl non­
singular then 

(2.41) "( -1 -1 l' A .. 
\ -1 -1 
-H GT 

which invo1ves four inverses, whi1e (2.37) and (2.40) each require on1y two 

(cf. Waugh, 1945). Duncan (1944) pbserved that (2. 37} = (2.40), sa that, • 

(2.42) 

which Woodbury (1950) reestablished. 0 , .. ' 

• i , 

1 
'1 

1 

J 

! 

! 

1 

1 

1· 

I~ 
1 
\ 

l 
r 

1 
i' 
1 
1 
~ 

1. 

, 

-



". 

>l-
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i c 
" 
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, 
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" 

THEOREM 2.8 (Woodbury, 
1 

1950). Let 

(2.43) A=C ":). (~ :r 
~ , HG 

, and let E be nonsingulaP. If eithél' A Ol' (AIE) is nonsinguZazI then .... \ 

, 

A, (A/E~., H and (A/H) a!'e aU\ nonsingu~ar' •. MOl'eovel', 

(2.44a) 

(2.44b) 

(E~FHG)-l = E-1 _ E-lFH(H+/HGE-1FH)-lHGE-l 

7' E-I - E-IF(H-l + GE-IF) -~GE-l. ( 

Pztoof. Since E 18, nons1ngular we may Write 

t _ 

(2.45) p(A) = peE) + t'(A/E) = peE) + l'(H + HGE-1FH) 

u,s~ng (2.25). Assume H 18 of rank h'. We may write 

(2.46) H = KI," 

as a full Fank decomposition, where K and L have full column rank h • 

The matrix A may now be written as of 
'" 

(2.47) FKL') 
'n 1 

" (2.48), ... (1 0)( E -FK )(1 1» 

. 0 K ,L'G ~ \Q ,L' 

i 
, 

--Then. ) 

\ 

(2.49) , \" ~', 

(2.50) 

(2.51) " sa l'(H)'+ l'!E+FHG) 

1-

Oi.'l:"l:e ___ ~''-'''''--'''-''--

\ . 

-r·· 

L 
l 
l 

" 1 

j 
1 
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lt i6 easi1y seen that (2.45) and, (2.51) imp1y that A, (AIE), H and 

E + FRG = (A/H) are aIl nonsin~u1ar when A, or (AIE), 1s non~ingu1ar. 

Hence,'using (2.42), (2.44) follows.- (qed) 

Woodbu~y (1950) imp1ied that (2.44a) might ho1d if H is singu1ar. 

However this cannot be for if E and its Schur complement H+HGE-
1

FH = (AIE) 

are both nonsingu1ar then by (2.45) A must be non~ingu1ar. Thus, using . , 
(2.51), the fact that both A 'and E+FHG are nonsingular implies H non-

singu1~r. 

From Theorem 2.8 readi1y fo11ows: 

COROLLARY 2.5 (Woodbury, 1950). Suppose that 

( 

E 
A -

h:' 
(2.52) ·-hi) 

h \ 

\ ~ 
\ 

and E ~e both non~ingulal' and h;: o. ;rhen the Schur complement 
, 

(2.53) (AIE) = h(1+hg'E-1f) ;: 0, .... .... 

and the Schur complement 

, (2.54) (A/h) = E + h!.& ' 

is nonsingu la!' j and 

(2.55)' 

Woodbury ~1950) observed that John W. Tukey independently found that 

(2.56) (I+hfg,)-l J. l - hfg'/(l+hg'f), 
~ ~ 1"0.1"'-1 

. 
which fo11ows immediate1y by substit ting E = l in (2.55). 

-., 
1 

; 

1 
) 

, 
1 

1 
1 

, 1 
i 
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COROLLARY 2.6 (Bartlett, 1951). Suppose that both A, given by (2.52), 

and E are nonsingutar. Let h = 1. Then the Schur complement 

(2.57) 
. -1 

(A!E) = l+g'E. ! t 0 , 

and the Schur comp Zement 

(2.58) (A!h) = (AIl) = E + fg' 

< ,is nonsingula1'; and 

(2.59) 

Sherman and Morrison (19~9, 1950) 6btained the fo11owing results, 

which are aIl special cases of Corollary 2.5: 

. 
(2.60) -1 -1 -1 -1 -1 -1 

(E+h~i~') = E .- hE ~i.&'E !(l+h.&'E ~i)' hg'E ~i t -1, 

h~jE-1f t -1, 
" 

(2.62) -1 
hè~E e

i 
t -1, 

"'J "" 

where ~k denotes a column vector with aIl elements zero except for ~ 

unit y in the kth position. 

The formula (2.62) shows what happens ta the inverse E-l when the 

scalar h is added to the (i,j)th element of E ; the modified matrix 
-1 

remains nonsingu1ar 0 h~jE ~i f -l~ If the row vector 2' i5 added to ~ 

the ith row of- E then the modified matrix remains nonsingular 

* g'E-le t -l, and then, cf. (2:60), 
.... ""i 

(2.63) -1 -1 -1 -1 - -1 
(E+~&') = E - E ~i~'E /(1+2'E ~i)' 

--
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Similarly if the col~mn vector f is added to the jth column of E then 

the modified matrix remains nonsingular ~ ~j E-1k f -i, and then, cf. (2.61), 

(2.64 ) 

§2.4 TheOT'ems of Cauchy (1812), and Jacobi (1854).". 

Itf~s weIl koown (cf. e.g., Aitken, 1939, p. 53) that fo~ aoy square 

matrix' A, " 

(2.65) A(adjA) = (adJA)A = IAlr, 

and'so if A is oxn, taking determioaots of (2.65) yields 

(2.66) 

" which"is due to Cauchy (1812). This result was exteoded by Jacobi (1834) 

as follows (see also Aitkeo, 1939,'p. 103): ~ 

THEOREM 2.9 (Jacobi, 1834). Consider the oxo .matT'iz 

(2.67) 

where E is mxm. Let 

(2.68) A* = aa.JA = (' E* 
. G* 

F*) 
* ' H 

/ 1 
wheT'e, E* is 'mxm. Then 

(2,69) m = 0,1, ... ,0-;1. 

, r . ' 

v' 

, , 

. ~ , 
... - .... - • _____ ... _ .. ~_' .. ~'t "' ... ~ ...... ~ ... .,.. _ ..... ."..,.. ........ """ _ ... ~_ 

..... 
1 

\ 

. ! 

r ' 
1 

} 
1. 
: 

1 
! r , 

1 . 



- ,\ 

l' ()', 

--23-

Proof. ~en m ~ 0 the matrix E disappea~s and (2.69) reduces to (2.66). 

When m = n-l '(2.69) is -trivially true. So assume l~ m => n-2., If fAI = 0 , 

then l'(H*) ~ ~r(adjA) ~ 1 in view of (2.65),' and with n-m ~ 2 it fol1o~s 

that iH*1 = 0 and~so (2.69) holds. Now assume lAI t O. Then (2.65) 
~ 

implies that 

(2.70) 

Sup~ose first that lEI 1 O. We may write 
l' 

,( (2.71) H* = lAI (H - GE-IF)-l 

t 
using (2.37). Taking determinants, we obtain 

(2.72a) 

(2.7,2b) 

IH*I IAln-m/ IH ~ GE-lFI 

= IAln-m/(IAI/IEI), 

using (2.7), and sa (2.69) follows., It remaina' only to consider the case 

wh,en lEI ~ O. Suppose then that IH*I '" O. Using (2.27b) shows that "since 

lAI ri 0, 

(2.)3) n" r(adjA) = r(H*) + r(adjA/H*) = n-m + r(adjA/H*), 

and so (adjA/H*) ia nonsingular. The iüverse of the Schur complement of 
*L H ,in adjA is E/IAI~ cf. (2.40). Hence lEI ri 0, a contradiction,' 

'* \ Thus lEI = 0 implies IH 1 = 0 and sa (2.69) holds. (qed) 

Similarly, it may be shawn that 

(2.74) ., m = ,0,1,. ~. ,n-l. . ' 

1 
1 

1 , 
î --, 

! 

l 

1 
1 , 
! 

, 
1 
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1 
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CHAPTER III 
1 

RECENT RESULTS ON SCHUR COMPLEMENTS 

In the previous chapter we studied many early results pertaining 

to Schur complements of a nonsingular matrix. 

We now proceed to discuss various propertles of the Schur complement 

of a nonsingu1ar matrix which have appeared more recent1y. It seems (cf. 

Cottle, 1974) that from 1952 ~rough 1967 n~ research papers with results 

on Schur complements were pub1ished. In fact the term "Schur complement" 

appears to originate with Haynsworth (1968) in a study of the inertia of a 

partitioned real symmetric matrix. 

§3.l Inertia. 

The inertia of a symmetric matrix A ls the ordered triple 

(3.1) InA ='(TT,V,Ô), 

where TT is the number of ~ositive characteristic roots of A, v the 
;, \' 

number of negative. and cS the number of 'zero roots of A. Thus TT + v = r(A), 

the rank of A , and cS is the nullity of A. Sylvester (1852) proved that 
~ 

(3.2) InA = InCAC' 

for every nonsingu1ar matrix C, cf. Marcus and Mine (~964, p. 83). The 

equation (3.2) ls called' S1j.Lvester' s Law of inertia .. 

THEOREM 3.1 (Haynsworth,'1968). Consider the (mfn) x (m+n) symmetria ~atrix 

(3.3) \ A-C O· F' 

lùhere E is mXm nonsinguLar . Then. 

(3.4) InA = InE'+ In(A!E) 

,/ 

-1 
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(3:5) 

Using (3.2) , 

cf. (2.26), 
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\ 

B = m ( l 
-F' E-1 :JC ~Xm H 0 

_:~1}(: o ) 1 
(AIE) :; 

--(3.6) InB = InA 

.. 

and sinee the characteristic roots of B are those of E ana 'of (AIE), 

(3.4) follows. (qed) 

A matr~x of the form X'X is said to be Gramian or nonnegat~ve 

definite (nnd). If X'X is singulan, then it will be called positive 

semidefinite (psd). If X'X i5 nonsingular, then it is, called positive 
, ' 

definite (pd). Sorne authors (e.g., Haynsworth, 1968) use positive semi-

'definite where we use nonnegative derinite. In this thesis, positive definite, 
, 

positive semidefinite and nonnegat~ve definite matrices are always symmetric. 

We note that the symmetric matrix A is nonnegative definite ~ V = 0, 

positive defin:ite <> v == 15 '" 0, positive semidefinite -e> {v = 0, and 15 ~ l}. 
Il 

fi 

COROLtARY 3.1 (Haynsworth, 1968). Consider the: syrrmetric matrix 

(3.7) A'" (E 
F' 

and Let E be positive definite. Then 

(3.8a), A fs nnd -e> (AIE) is nnd 

(3.8b) A is psd ~ (AIE) is psd 

(3.Be) _-LA is pd ~ (AIE) is pd. 

l' 

" 

i 
1 
) , 
1 
i 

1 
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When E and H are,both nXn ndnsingu1ar then the difference 

between'them has the same rank as the difference between their inverses, for , 

(3.9) 
-1 -1 

E - H :< -H(E I 
- H )E. 

We now show that when E and H a~e both nxn positive definite'and 
, -1 -1 ' 

E - H is,positive (semi)definlte then H - E iB positive (semi-) 

definite a1so. See also Theorem 4.13. ~ 

THEOREM 3.2. Let E and H bath be nXn 

that E - H is positive (semiJdefinife. 

(semiJdefinite. and 

positive definite, and suppose' 

Then H-1 - E-1> is pasitiye 

(3.10) 

Praof. Consider 

(3.11) 

where E, -1 
H' 

-1 -1 ' r(E-H)=r(H -E ). 

the matrix 

Ad(~ :~ ) 
are pd. Since È - H == (A/H-1) 

A i5 nnd by (3.8a) • Also, since E is pd, (A!E) 

Is nnd and H-l ls pd, 

"" H-1 _ E-l~ is nnd. (qed) 

Haynsworth (1968) extended,Theorem 3.1 by considering the inertia of 

partitioned Schur comp1emeIJ.ts. We begin by partitloning the (m+n) x (m+n)' 

symmetric matrix A as in (3.3), where E is mXm nonslngular. We then 

compute the Schur complement S = (AIE) and obtain (3.4). We partition the 

Schur complement 

(3.12) 

( 

(AIE) = S,= ( El 
F' 
l 

, where 'El ls m1xml,'nonsingular, and compute the Schur complement SI = (S/El ). 

l 

\ -

l' 

! , . 

1 
, J 

f 

\ ," 

1 

l 
i 

1 

1 
1 
L.. 
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..... 

We obtain 

(3.13) 

We partition 

s _ (E2. F;) .. 
1 - Fi H

2 , 
where E2 is \m2

xm2 ' nonsingular. 

the p'rocedur~ ~erformed .with SI' 

We compute 

We obtain 

(3.14a) InA "', InE + InEI + rnEz + InS2 • 

We may 'continue this process by defining 

ml+1Xmi+l nonsingu1ar submatrix of .the 

E
HI 

as the 

i 
(n - t m ) x 
. j=1 j 

and repeat 

top 1eft-hand 

i 
(n - t m) Schur 

j=1 j 

complement Si = (Si_1/Ei)' The process stops as soon as a Schur complement, 

S~, say, is a sca1ar or has no top left nonsingu1at submatrix. Then 

. k 
(3.15) InA'" InE + t InE j + InSk 

j=l 

§3.2 The quotient property ~nd reZated deter.minant inequalities. 

Consider the matrix ". 

( . 

(3.16) 

where E and K are nonsingular. Then the Schur complement (E/K) is a 

nonsingu1ar leading principal submatrix of the Sthur complement (A/K); Crabtree 

& Haynsworth (1969) an~ Ostrowski (1971) proved that 

(3.17) (AIE) = «A/K)/(E!K», 

which they called the quotient property. 
1 

.. 
.. 

1 
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We note that the parallè1 relationship 

(3.18) 
\ 

,a1so ho1ds. 

\ 1 

THEOREM 3.3 (Crabtree & Hayn8worth, 1969)'. Consi<jer the matrix (3.16), 

where bath E and K are nonsingu"la:I'.' Th(3n the Sohur oC?rrplement (EI'K) 

4. 

is a nonsingu"la!' "leading prinoipa"l subma~.af the Sohur complement 'A/K). 
" ' 

• 

Moreover3 (3.17) ho "lds. 

Proof. Since 

(3.19) (A!K) 

(3.20) 

N - MK-1L = . (E!K) 18 a leading principal submatrix of (A!K). Since. 

\E\ 1 0 and IK\ f 0, it fol10ws, usi~g (2.7), that 

(3.21) \ (E!K) 1 = IEI/IKLlo 

and sa (E/K) 1s nonsingular. Also, 

q.22) 

(3.23) 

(3.24) = U'- GE-IF = (A!E), 

using (2.37). (qed) 

1 > 

• 1 

l' 
1 
1 

1 

-1 

1 

1 

1 • 

, 1 
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~ 

u.. 

Haynswotth (1970b) exterided Theorem 3.2 by showing tha:~ if 
}.~ \ 

q.25) 

cf. CL 7), Çlnd 

(3.26) , (K 
B '" 

LI 

are both (m+n) x Cm + n) nonnegative definite matrices, where E and K 

are bath mXm ,positive definite, then 

(3.27) «A + B) / (E + K» - (A/,E) - (B!K) 

1s nonnegative definite. Ta provj:! this we use the fo11owing: 

.. 

LEMMA 3.1 (Haynsworth, 1970b). Let E and K both be mXm. positive -definite. 

Then if F and L are arbitl'al'y mXn matrices, 

"(3.28) 

is nonnegative definite with the same l'ank as 

! 

(3.29) , F - EK-1L 

Praof· We may rewrite (3.28) as fol1~ws: 

(E-1 _ (E+K)-l. _(E+~)-l ) C) ( 

(3.30) (F" LI) 
-(E+~) -1 K-1 _ (E+K)-l 

, 1 

" 

l 
l 

l-

I 
f, 
i 

. 
4 ' 
1 

1-
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~I 
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Since E and K are pd 80 ia E+EK-1E. Applying (2.42) with F = G'" E ancf 

H = -K then yields 

(3.31) 

positive definite, and 80 (3.30) may be.written 

(3.32) 

.,. 
F - E~-lL which is nnd with rank equal ta the rank of (q,ed) 

THEO REM 3.4 (Haynsworth, 1970b). Let 

'C :) (3.33) A ... 
FI 

and r" 

r :) (3.34) - B .. 
LI 

both be sy11l11et:r>Ïc (m + n) x (m + n) matrices J where E and Kare both 

m x m. If A and B are nonn~gative definÙe and E and K are positive 

definite then 

. , 

(3.35) «A + B) 1 (E + K» - (AIE) - (B/K) 

is nonnegative definite. 

~oof. Since the sum of any two positive" (nonnegative) 

positive (nonnoegati ve) defini,te, E + K ls pd and A + B 

(3.36) A+B =( E~K ,F+L), 
FI +L' H+N 

89 that the Schur complement 

definite matrices is 

Is nnd. We have 

.. -.....,..--------
) Q Mt! tMtI!t,.,( J ~ _ • .,\, .. 0 .......... 

\ 
1 

1 
1 , 
• 1 

j 

1 

1 

,-
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(3.37) «A+B)/(~+K») = H+N - (F+L)'(E+K)-I(F+L) 

is nnd. , Hence 

(3.38) 
/:Il 
<dt 

«A + B) / (E + K» - (AIE) - (B/K) 

which ls nnd from Lemma 3.1. (qed) 

Consider the (m + n) x (m + n) !'lIa1;:rices A and B defined by (3.33) 

and (3.30,where E and K are both mXm. Haynsworth (1970b) proved that 

if A and B are nonnegative definite and E and K. are pOsitive definite 
then ' 

(3.39) 1 (A + B) / (E + K) 1 = 

To prove (3.39), we use the fo11owing: 

IA+BI 

IE+KI 

lAI 

lEI 

IBI 
+ -

IKI 

\ 

LEMMA 3.2. Let A and B both be nXn"' nonnegative definite matrices. 
Then' 

(3.40) 0-
T IA+BI ~ lAI + IBI • 

Proof· Suppose first that both lAI = 0 and IBI = O. ,Then (3.40) cIear1y 

ho1ds. Now suppos~ that 'lAI f: O. Then 

(3.41) 

(3.42) 

(3.43) .;.' 

IA+BI IAllf+A-IBI 
n • 

-1 
= lAI. II (1+chi~ B) 

i=1 ' 
n ~, 

~ IAI.[1+ TI ch.A-1B] 
i=1 '1 

since the characteri~tic roots Using the fact that 

(3.44) 
n" 

l'AI. [1 + II C\A -lB] = IAI.[I + lA-lB 1) = lAI. + lB 1 , 
i=1 

(3.40) fol1ows at once. (qed) 1 
1 

l' 
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o 
LEMMA 3.3. Let,' A and B {d>oth be nXn positive definite matrices and 

Zet A-B bè nonnegative definit,e. \ S~ppose furthel' that for i=l,; •• ,n, 
Ei and Ki are the ixi Zeading principaZ submqtrice~ of A and B, 

respectivel.y,. Then Ei - Ki is nonnegative definite and 

(3.45) 

COROLLARY 3.2 (Haynsworth.1970b). Let A and B both bé (m+n) x (m+n) 
q 

matrices d~fined by (3.33) and (3.34)',where E and K are both mxm. If 

A and B are nonnegative definite and. E and K are positive definite then 

(3 • 39) ho lds . Ii 

~ 

Proof. From Theorems ~.1 and 3.4 it f~llows that 
\ o(t. 

IA+BI 
(3.46) -- = 1 «A + B) 1 (E + K) ) 1 ;:.: 1 (AIE) + (B/K) 1 

IE+KI 
, 

;:.: 1 (AIE) 1 + 1 (B/K) 1 = 
lAI IBI 
-+-
lEI IKI, 

using (3.35), (3.45) and (3.40). ,Hence (3.39) follows. '(qed) 

We may extend (3.39) using Lemma 3.3. 

~OREM 3.5 (Haynsworth, 1970b). Let A and B bath ~ nXn nonnegative 

~nite matrices. 'suppose further that Ei and Ki • i=1 ••.. ,n-l, are 

the, ixi' principal submatrices in the' upper Zeft corners of the matrices 
, 1 

A and B l'espectiveZy. lf El"" ,lfn_1 ,KI'" . ,Kn- 1 are aZl positive 

derinite"then 

(3.47) , ( n-LIK 1) (n-1 lE .1) 
1 A + B 1 ~ 1 AI. 1 + l: _i + 1 B 1. 1 + ~ ~ 

i=llEi l i=1lKi l 
1 

\ 

" 
", 

'f 
! 

,~ 

~~*',~ - ............... ,,~, ---.;;.... ~~--"'''' ___ '''"_''''>o"T\ v ""'''''''''_'_'','''''''''''''''":",';'' "'''''' __ "' .... ~I_~ .... ...,_ ............. ' .......... ~ ..... -"'I..#~ ... ,_ ........... _., __ ..... __ .... ~~ •. _~" • __ ~_ ~_ 
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l 

FToot. We,wi11 use induction on n. For n=2, 

r , using (2.4). But 

(3.49) 

by ~ .41), and 

(3.50) 

1 
IA+BI = IEl +K1 1.1 (A+B)/(E

l 
+K

1
) 1 

\ 

lAI lB 1 
1 (A+B')/(~l + Ki) 1 ~ - + -

lEI J IKI ' 

by (3.39). Renee, (3.47) holds for n=2. Now assUme that (3.47) holds . 
for 'A and B nXn ~ If Al and BI' are (n + 1) x (n + 1) nonnegative 

definite matrices, and A = E and B = K are nXn ~ositive de(inite 
n n -

submatrice's of Al and BI <li respectively, then' , 

(3,.51) , = 1 E Q+ KI. 1 (Al + B
l

) 1 (E + K ) l ' n n . n n 

using (2.,4). But, by the inductive assumption, 

lE +K 1 
n n 

" ~ and by (3.39), 
c.... ' / 

(3.53), , 

Bence >1 
\ 

, ,,1 

.' 1 

..,' 

! -
, ( 

, , 
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~} 
IK 1 o 

[ 0-1 IR 1] +\ lE 1 [O-i IKil] = ~All. ] =",,1; :_1_ _n_ .IB
1

'. 1 + ~ __ + 
i=l lEi' IKn' i=l IEil _ 

) 

1 KI [0-1 1 El] [ 0-1 lE 1] _ fi_. IA"" 1. 1+ 1: _i + 1;)\1. 1+ I:" _i _ 
I~nl 1 i=1 IKil i=l IKi 1 

" . , 

, 
[ 0-1 IX 1 ] IEnllB11 IKnilAll 

~ IAll. 1 + I: -_i_ + + + 
i=l lEi 1 IK 1 lE 1\ " n n 

~ , 

[ 

0-1 lE 1] . 
IBll.' 1 + 1: --L 

i=1 IK 1 .,"" 
i 

= I,\J1+ ~ t l
] + 

r [i=l l ' 1 
" 1, 

Thu. (3.;7) holds for (0 + 1) x, (0 +'1\ matrices 

proof is complete. (qed) " 

A and B and the induction 

... ' 
In the paper by Haynsworth (1970b), formula (3.47).was established with 

both A and B positive definite. 

, , 
COROLLAR~' 3.3 (Haynsworth, 1970b). If A, B 'a1Ul A-B are pqsitive 

definite ~a~rices, then 

(3.55) IA+BI !,. lAI + nlBI 

Proof. By _Theorem 3.5, 

(3.56) 

[ 

n-l lE Ij IBI.' 1 + ~ _i . 

i=1 1Ki 1 

1. 
1 

, 

-1-
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But" ,since A-B is pd, lEi' > IKi l , cf. (3.45) .. Hence 

[ .-1 IK 1 ] 
(3.S7) IA+BI > lAI. 1+ ~ _1 + nlB~ > lAI + niBI. 

i=l lEi' (qed) 

Rarffie1 ,1973) has 
-1 

improved (3.47) using the fo11owing resu1t: 

f(x) = ax + bx " where, 
, ~ 
x ~ (b/a) and 80 

a,b > 0 , then 
1 

min f(x) 
o <x <co 

(3.58) min f(x) c f[(b/a)'] = 2(ab)~ • 
O<x<co 

is achieved at 

<1 

THEOREM 3.6 (Hartfie1,' 1973). Let A and B both be nXn nonnegative 
1 

definite matrices. 

the ixi prinoipal 

S~ppose fÙ!'ther that Ei and Ki ' 1=1, ••• ,n-1, are 

submatrioes in the upper left corne2'S of the matrices 

A and B, respectiveZy. If E1, •.. ,E 1,K1 ,··.,K 1 are alZ positive • n- n-1 

-definite then 

(3.59) 'IA+131 
I[ n-1 tE 1 ] 

IBI. 1+ r ,_1 + 
o 1=1 IK 1 

1 ' 

Proof. We will use ;induction on n. For n= 2, (3.59) reduces to (3'.47), 

and so (3.59) ho1ds for n = 2. ' Now assume that ·(3.59) holds for A and B 

• 

nxn. If Ai and ,BI are (n + 1~ x 'en + 1) n~nnegative definite, and A =: En 

and B = K are ~xn positave definite submatrices of A and B, respect1vely, 
n 

then, cr. (3.51), 

(3.60) 

'But, by the inductive assumption, 

(3.61) 
\ 1 [ n-1 IK 1 ] 

lE +K 1 ~ lE 1. 1+ 1; _i + 
n n n 1=1 lE 1 

, i 

+ 1 KI. [ 1 + n~l 1 E i, ' ] 

,~ 1=1 IKi' 

(2n _ 2n) (, 1 El. 1 KI)! 
n n 

r • -, 
1 
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and.using (3.53) jt fàllows that 

(3.62) 

(3.63) 

usin~ (3.54). 'From (3,58) we see that 

n-1 [IKil.IE 1 JE I.IK 1 
(3.64) ~ ,n. IBII + i n 

i=1, IEil.IKnl IKil.IEnl 
, ' 

~ 

+ IB!I] 

IK 1 n 

whi1e using the arithmetic mean/geometric mean inequality, we have that 

(3.65) 

as desired, sinee, 2(n-1) + 2(2n~2n) = 211+l _2(n.H). Thus (3.59) ho1ds for 
/ 

~ 

(nH) x (nH) matrices A and B and the induction proof is complete. 
• (qed) 

/ 
[1 

-) 

• 1 
j , 

1 

j' 

\ 
1 

1 
1 

l 
1 

r • 
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In the paper by Hartfiel (1973), formula (3.59) was established when 

both A and ~ are positive definite. 

COROLLARY 3.4 (Hart fiel , 1973). If A and B ape nXn positive definite 
matrices then 

(3.66) IA+BI ~ lAI + IBI + (2n-2)(IAI.IBj)~ 

Praof. By The.orem 3.6. 

(3.67) n-l- [ IK 1 
IBI +~' lAI. i + 

i=1 lEi 1 

, lE 1 ] 
IBI . .....!... 

,IKi 1 

+ (2 n - 2n)(! A! • ! BI) ! 

using (3.58), which 

= lA.I +ïBI + (2n-2)(IAI.IBI)~ (qed) 

Corollary 3.4 allows us also to extend Corollary 3.3. 

COROLLARY 3.5. If A, B and " A-B are aU nXn positive definite thlm 
1 

(3.68) IA+BI > lAI + (2
n

-l)IBI 

mot· Sinc~ A-B 'ia pd, lAI! > IBI!. HetWee (3.66) implies (3.68). '(qed) 

( 

1. 

l 1 

L 
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§3.3 Characteristic ro~ts. 

If the nxm rnatrix X of linearly independent characteristic vectors 

corresponding to rn roots of an nxn matri" A is available, then the 

rernaining n-m roots of A are the roots of a Schur complement in the 

matrix forrned from ,A by replacing' m of its columns with 'X. Thus let 

(3.69a) AX ,:::XD 

'where D 1s diagonal mxm and X has full column rank' m. More generally, 
, 

consider, cf. Haynsworth (1970a), 

AX=XB, 

where B is an arbitrary mXm matrix. Goddard & Schneider (1955) calI 

characteristic roots of A are such an X a commutator and showed that m 
\ 

charact~ristic roots of B . 

(3.70) A= 

Let the\ n'n 

C :) \ 
matrix THEOREM 3.7 Cnaynsworth, 1970a). 

Il 

Suppose further that B is an mXm matrix and that X is an nXm matrix 
"t·-' 
. of rank m ~ such that 

(3.71) AX =1 XB 

and 
J 

(3.72) X = (::) 

where Xl is an rnxm nc:nsinguZar matrix. Then m character>istic l'oots of 

1 -

} \ 

, 



, 

! .... 

/ 
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Il 

A are characteristic roots of B and the remaining, n-m characteristic 

roots are.characteristic roots of (G/xl ) ~here 

(3.73) , 

~of. Since Xl is nonsingular, the nXn matrix 

(3.74) 

is nonsingular. Hence, using (3.71), 

(3.75) 

has the s?me characteristic roots as A, and" the proof ls complete. 

" . , ' 

(qed) 

COROLLARY 3.6 (Haynsworth, 1970a). Let the matrix A have m ZinearZy 

independent (coZumnJ characteristic veators corresponding to ,the characreristic 

poots ~l ' ... ,À m (not neces sarUy distinct J. Suppose further that the co Zwrms 

of the nXm matrix X are the aharaateristia vectors and that X may be 

partitioned as in (3.72). Theh the remaining n-m characteristic roots of 
, ~ 

A are characterit,tic roots of (C/XI ) ~here C is defined by (3.73). ~ 

Praof. Since AX = XD ,where D = diag("i'''' '''m); cf. (3'.69a), 'Theorem 3.7 -. 

:'dire.ctly implies the result. (qed) 
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§3.4 QuadPatic forms. , , 

. 
An altetnate interpretation for the Schur complement is as the coefficient 

matrix of a quadratic forro restricted to the nu1l ~pace of a matrix. 

THEOREM 3.8 (Cottl~, 1974), Consider the quadratic fo~m 

(3.76) 

~here ,A is symmetric and E vs nonsinguLar. 

by ~he system of equations 

(3.77) 

Then 

(3.78) 'Q = yI (A/E)v 
r '" tl., 

boaf. We may write 

; 

Let Q 1 denote Q constrained 
r 

Using (3.77) and the fact that E is nonsingu1ar, we obtain 

D (3.80) -1 
, ~ = -E FZ' 

Substituting (3.80) in (3.79), yields 

(3.81) Q = yI (H - FIE-1F)v = VI (A/E)y 
r ,...,.... J f.., ~ ~ 

(qed) 

, 1 

; 
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In Theorem 3.8 we restricted Q ta the null space of a submatrix of 

A. More generally now let us restrict Q to the nul1 space of the matrix 

M =f (1<, L~ ;/' Thus M.t, = Q. We obtain 

TREOREM 3.9 (Cottle, 1974). Let Q s 
denotB the quadratia fom (3.76) 

éon~trained by the system of equations 

(3.82) 

where K is nonsinguZar. Le!; 

( 

,0 KIL) , 
(3.83) B = ~~ ___ ~ __ L __ :t 

and 

(3.84) 

Then 

o 

(3.85) 

Proof. Using (3.82) 

(3.86) 

, ,1 
L' F', 1 H 

1 

wit~~on.ingUlar. we 

-1 x = -K Ly 
"" ~ 

Substituting (3.86) in (3.79), we have 
l ' 

(3.87) 

obtain 

· -

( 

, ! 
i 
1 

! 

j \ 
j , 
j 

( 



\ 

; 
l' 
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"-

Since K ls nonsingular, sa ls C and the inverse 

(3.88) 
-1" (-(K') -lEK-1 (K,:~l ) 

C = -1 
K 

ls obtained using (2.40). Rence 

teK') -11!K-1 
(3.89) (BIC) = H - (L' F' ) 

-1 
K 

1 

(K,)-1) 

fil, (:) 
, 
! 

\ 

i 

J 
, { 

! 

1 ~ 
and, sa (3.87) = (3.85). (qed) 

We may combine Theoreme 3.8 and 3.9 to "yie1d 

THEOREM 3.10 (Cott1e, 1974). Let Qt denote the quadratic fom 

(3.90) 
(

OK 

K' E 

L' F' 

constrained by (3.82), with E and K nonsingular. 

as in (3.84). ·'Then 

(3.91) QI = y' (B/C)y • , 
,t '" ...., 

Let C be defined 

. ,( 

_-=--"'~~..- ~ ... ~.""- _:.~ ...... ~ .... ; ___ .... _-t~_"''''-''''''''''''''-'''_''''--'_~_''_~''_-:'''''''' __ ~j~''''''~' .. , >-" ..... "'''' ,... ... "",. ............. _fi .. " ........ - _.~~" or.J~ v'< 

, € 

'1 
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1 

3 
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~ 
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'CHAPTER IV 

RESULTS ON GENERALIZED $BliUR COMPLEMENTS 
/ 

When the submatrix E in the partitioned matrix 

, " 

, , 
16 rectangular, or square but singular, then the definition (2.l) of Schur 

complement cannot be used. Using generalized inverses, however, wc may 

define (cf. Marsaglia and St yan, 197-4a,b), 

(4.2) 

as a generaUzed Sahui> cO"!plement, of, E in A , where A- is any solution ta 

Fo11owing Rao (1962) and Rao and Mitra (1971), we will ca11 A- a 

generaZized inverse (or g-inverse) of A. If A-AA- = A- a1so ho1ds, 

then we will caU A-a reftexive g-invers.e. Hence, a g-invel;se A- i8 

reflexive if and on1y if it has the same rank as A (cf. proof in §4.6). 

A ref1exive g-inverse A- such that AA- ijnd A-A are both s~etric 15 

unique and is denoted by A+ , the Moo~e-Pen~ose g-inverse of A. We note, 

however, that while a g-inverse.and a ref1exive g-inverse ~an a1ways be 

found for matrices with clements over an arbitrary fi~ld, the Moore-Penrose \ 

g-inverse will only exist for those fields which have a "transpose" operator, 

sa that AIA and AA' are defined and nave the same rank as bath A and . 
A' t and so that (A'H)' = B'A. Cf. Marsaglia & St yan Ç[974b, p. 438). 

Carlson, Haynsworth & Markham (1974) considered matfices over the ~ 
, comp1ex fièld ~nd used the Moore-Penrose g-inverse E+ in-their definition 

of genera1ized Schur complement. Other writers, such a~ Rohde (1965), Khatr! 

(1969) ~ Meyer (1970), 'and Pringlé & Rayner (1970), used (4.2) without giving 
, 

:f.t a name. See also Hartwig (19·76a,b). 

",,_ .. _.r, _ ,._ .... ~.., .......... _~~ ____ ""' ____ --..... _----- -------~-~---~ 
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§4.1 Detenminants. 

When A ls partitioned as in (4.1) and E is singu1ar, then the 

analogue of Schur's determinant formula (2.4) 

(4.4) 

need not hold, e.g., 

(4'.5) ... 

E F 

G H 

011 
--i-- = -1 + 0 = 101. Il - 1.0-.11 
III 

Sufficient cond~tions for (4.4) to hold, however, were obtained ~y Carlson, 

Haynsworth and Markham (1974) using Moore-Penrose g-inverses. We exten~ 

their res~lts to arbitra~y g-inverses using the fo11owing: 

LEMMA 4.1 (Marsaglia & St yan, 1974a, p./274, Th.5). Por matrices over 

an arbitrary field: 

ci 
.for every E and " 

(4.7) "C) = "(El": r(G[1 - E-EI) • r(E[1 - G-GI) + l'CG) 

" 

for every E 
\-
G 

.. 

--, 

j 
] 

,. 
, . 

1 • 
\ 

• 
1 
1 
1 

1 
\ 

1 



, 

1 
f ' 

, ' 
() 

.J 1 • 
~, 
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'lJ 

Proof. We may write 

(4.8) 

(~. 9) 

(~ .10) 

sirice the co1umn spaces of E and. (1 - EE-)F are virtually disjoint: 

if ~ .. EJ2 =- (1 - EE-)F~ , then (1 - Elf)~ = Q = (1 - EE-)F.s = ~ , as 

l _ EE- is idempotent. This proves the firse equation in (4.6). The second 

equation in (4'.6) and both equaÙons in (4.7) may be pro'ved similarly. (qed) 
. ~ 

THEOREM 4.1. Let ~e matrix 

(4.11) 

have eLements ovel' an al'bitrary field and suppose that both A and E are 
, < 

8quare. If either 
• r 

(4.12) , r(E,F} = l'CE) 

~; 

01' .. 
(4.13) 

then 

(4.14) 

for every g-invel'se Ë-

1 

/ 

/ " 

i 
1 

1 
! 

l' 
! 
1 
1 

1 
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t 
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Prooof· It follows ,from Lemma 4.1 that (4.12) impl1es 

for ~ery g-inverse E-. In this event, writing 

F),=(E 0) (1 
H G l • 0 

(4.16) 

and taking determinants yields (4.14). A similar proof works when (4.13) 
holds,' (qed) 

\ 

We note that neither H - GE F nor its determinant is necessari1y 

invariant unde~ choice of E-, when eit~er (4.12) or (4.13), but not both, 

holds. However (4.14) shows th~t either lEI = 0 or E ls nonsingular 
- -1 and ~ - GE F = (AIE) = H - GE F. 

When, however, both (4.12) and (4.13) hold (which Is "50 wh~n A has the 

structure (4.60) be1ow, e.g., A nonnegative definite), then H - GE"'F is 

invariant under choice of E- , sinee (4.12) => F= EL and {4.13) => G=ME , for 

sorne Land M. Henee GE~F = MEE-EL = MEL = MEE-EL for ~very g-iaverse E 

COROLLARY 4:1. If A and H, in (4.11) Cl1'e both squCl1'e and if eithero 

(4.17) r(G,H) .., l'CH) 

or 

(4.18) "'(H
F

) '" ) = r(H) .. 

the:n 

(4.19) lAI = IHI.IE - FH-GI 

for every g-invero8e H-

-. 
1 

• 1 

! 

, 
\ 

1 

1 
]. 

! 
f 

l 
1 

1 

l' 

1 
i 
1 
l, 

f 

1 -

)' 



-/ 

( 

. , 

1 # " 

t 

.~ ! 
, I­

I 

--./ 

\ , 
) 

/ 
/~ 

, 
o 

-' 

, " 
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. 

-. 

We,note that neither (4.12) nor (4.13) ~s nece88ary for (4.14) to 

hold, for if E is singular then (4.14) Just says that A is singular, • 

and if 

. ( ~--~-_:_-_:_) 
A= III 1 

. 1 
1 1 1 1 

'(4.20) , , 

th~n both
j 

E and A are clearly singular. It wou1d be in~eresting to 

find necessary and sufficient conditions for (4.14) to hold, viz., when 

does.' lEI = 0 .imply lAI = o~ 
Carlson, Haynsworth and Markham (1974) refer to the result in Ttieorem 

4.2 bè10w as Sylvester's determinant formula., We notice that'this resu1t 

para~le1s that of Jac~bi (1834', our Theorem 2.9. 

mEOREM 4.2. Con8ideT' the nXn matr>i:x 
"-

1 

(4.~l) A= C :) (, 

whel'e E is mXm, possi.bly 
....... ~l 
s"/,ngu a1'. 

E É.j 
(4.22~ d

ij 
=: 

g' h
ij ,. 

""i ( 

i,j = 1,2, ••• ,n-m, 

, 
and fj , 131 dendte, T'espectively, the jth column ~f F and the !th T'otV 

of.. G , and' H = {b
ij

). If eith!liœ ... of 

Ol' 

, . 

• i. 
.~ 

. . 

T'(E ",F) = T' (E) 

.. . , 
l'(E) 

, ' 

...... -----~--~~-~-

( 

-. 
1 

1 
i , 
1 " 
1 
,1 

~ 
J .il 
f 
,1 

! 
j 

.~ 
·s 
r~ 

'i"~t , 
.'1 

'':} 
J -. 

li r: 
t 

ç, 
j-

j 
ÏI 
!fi 
J 
1 
'" r' 

, t. 

,­
l 
! 

l'. 

1 
! 

1 



r 
'i 

o 

-48-

then 

(4.25) D ;:: lEI. (AIE) 

0{ 

for everty generaZized Schur compl.ement (AIE) = H - GE-F and 

(4.26) 

Proof. Theorem 4.1 yields dij = lEI. (hj. j - ~iE-!j)' whieh gives (4.25) 

innnediately, and henee (4.26), sinee D i8 (n-m) x (n-m). ' (qed) 

• §4. 2 Rank. 

When A i5 partitioned '~s in (4.1) and 'E is singu1ar, then rank 

need not he additive on the generalized Sehur complement, for " 

(4.27) ( 1) o 1 J 
1 1 -

l' ----,---- = 2 :; 1'(0) + 1'(1 - 1,.0 .1) " 
III 
, l' , 

which equa18 0 or 1 aecording as 0- is chosen as l'or not 1. 

We may, however: fo~lowing Meyer (1973) and MarSag1+ &', St yan (1974a), 

establish the fol1ow1ng: 

THEOREM 4.3. Fol' matrices ovel' an arhitrary field, 

(4.28) ( 
E F) , (,0 . (1 -"EE_-)F) 

l' = r(E) + ,1' _" 
G H G(I - E E) H - GE F 

1 

ThI'ee different; choiaes of E- may be made. 

Proof. We not~ that 

(4. 28a)" ( l _ 0) (~ F), '( l 
-GE l G H 0 ... 

where E~ 18 a g-inverse of, E , possih1y different to E-
, Où 

, , 

l, 

l' 

i 

1 

, \ 

, ' 
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(4.29) 

and 

(4.30) 

Then 

(4.31) pC :) - ~ C :) r (: :) + rC :) e 

sinee,the co1umns (rows) of E are linearly independent of_the columns 

of X '(rows of Y) • Since 

(4.32) 
-E~~) 

l ' 
, 

(4.28) follows, except that the choice of' E- in Y is the same as that 

; 

in li - GE-F. To relax this condition we note that with El! as a g-inverse of 

E (pessibly different te E-), we have that 

(4.33) 
( G(I _OE-El 

X)(l -(E 0) 
SOI ' 

(4.34) (. ° 
G(l - EliE) :)C:'E :) 

where 
Ir _ 

S :: H - GE F" and he~ce 

(4.35) rC(I: E~~: ) = /C(IO- Ë'El :) 

.. ~ 
is invariant under choice of E . This completes the proof. (qed) 

. , 

J 

1 j 

l 
- l 

, 
!, 
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Marsaglia and St yan (1974a, (8.5» obtained Theorem 4.3 but required 

that the E in the lower right corner of 

(4.36) (1 - EE~)F ) 

H-GE F 

must be either the E- in the lower 1eft or in the upper right corner. 

CORO.j.LAR,Y 4'.2. For matrices ove!' an a:r>bit'1'a'1'y fiel.d, 

(4.37) 

Th!'ee di~fe!'ent choic~s of H- may be made. 

We may exp and the'rank 
, 

of (4.36) using Corell~ry 4.2 te obtain 

(4.38) 

whel'e 

(4.39a) 

• (4.39b) 

(4.39c) 

We now use 

LEMMA 4.2 

fiel.d, 

(4.40) 

(I-EE-)F) , (u v) 
s = .1'(8-)\+!' W ° .' 

U = -(I - EE-)FS-G(l - E-E) 

v = (1 - EE-)F(l - S-S) 

W = (1 - SS-)G(I - E-E) 

(Marsa~~~Sti~n, 1974a, (8.3». Fo!' matrices ove!' an a!'bit!'a!'y 
-----

Any ohoices of X- and Y- may be made. 

r ' 

\ 

, 

· 1 
l , 

1 
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Proof. Using Lemma 4.1 yie1ds . 

(4.41) r G--;) c r (X) + r (y. 5) Cl: Ù ) 

(4.42) 

App1ying (4.6) gives (4.40). (qed) 

\ 
We no~ expand thé rank of (4.36) using (4.40) to obtain 

THEOREM 4.4. For matrices over an arbitrapY fieZd, 

(4.43) ( E F) . 
-r = r(E) + r(S) + r(V) + r(W) + r(Z) 

G ,H 

where 

(4.44) 

whiZe u ,V and W are as in (4.39), The g-inverses may be any ahoiaes. 

Meyer (1973, Cor. 4.1) proved that 
, 1 

rC F) . (4.45) s r(E) ..: r(S) + r(F) + reG) • 
H ' 

To see thi~ we notice that using (4.28) and (4.3&) yie1ds 

rC F ) ~ rtE} + r(S} + r( U :) 
1. 

(4.46) 1 
1 "-

Hl., W 

anq 

>. 

, 

l j 

1 

1 

l, 

- f' 

\ 
l,. 
• 
! 

'1 
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(4.47) FC :) < r(U.V) + r>(W) 

(4.48) !> r(U, V) + r>(G) 

/, 

(4.49) =1'[(1 - EE-)F(-S-G(I - E-E) , 1 - S-S)] + r(G) 

(4.50) s r(F) + r>(G) 

which proves the inequa1~ty (4.45). 

Meyer (1973, Th. 4.1) also proved: 
, . 

TUEOREM 4.5. For> matriceB over an arbitrary field 

(4.51) 

where X and y are a8 defined in (4.29). Any ahoiceB of g-inver8es may 

he made. l' 

Proof. Immediate by applying Lemma 4.2 to (4.28). (qed) 

. 
Marsag1ia ~nd St yan (1974a, (8.6» obtained (4.51) but required the E-

in (4.51) to be the same as that chosen in X o~ Y. In view of our proof 

of Theorem 4.3 this requirement i9 not needed. 
\ , 

We will refer to 

(4~52) 

as the gener>alized Sahur aomplement of E in A, r>elative to the ahoiae 
,.., 

E ,where 

(4.53) 

! 

l' 
1 
f , 

" l 
r , 

i 
! 
J 
i 
• 

! -



c 

t-

(~'l 

.. 
-53-

COROLLARY 4.3 (Marsag1ia & St yan. 1974a, p.291. Cor. 19.1). Fo~ matrices 

o~er an'arbitrary field3 ~ank is additive on the Schur complement: 

(4.54) p (: :). peE) + P(R-CÙ), 

..... 
lJJher:e, E . ia a pal'ticu 1,ar g-inverse of E, if and only if 

, (4. 55â) 

(4.55b) 

(4.55c) 

'" 

, 
(1 - EE-)F(I - 8-8) 'k 0 

(I-SS-)G(I-E-E) = 0 

(1 - EE-)FS-G(I '- E-E) "" 0 

lJJhel'e S = H - GE F , while E and S al'e any choices, of g-inverses. 

Proof. Immediate from Theorem 4.4. (qed) 

Coro11ary 4.3 was proved by Carlson, Haynsworth and Markham (1974) with 

E ..... = E+ , the Moore-Penrose g-inverse. They assert that their proof can be 

used to cover the case where E is a reflexive g-inverse. See a1so Carlson , 
(1975, ,Th. A). 

We note that if the conditions in Corol1ary 4.3 hold, then I~I, = 0 

implies 1 AI"" 0; cf. the discussion before Theorem 4.2.' 

§4.3 Genel'aZized inve~ses. 

Our objective, in this section i8 to investigate condition~ under which , , 
the Schur-Banachiewicz inversion formula works with generalized inverses 

replacing regu1ar inverses. 

Con"sider 

C :) (4.56) A= 
G 

and 

Î 

t 
i 
f 

J 

1 

1 
~ , 
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! " 

(4.57) 

where 

(4.58) 

Rohde (1965) showed 'that if A "is real and nonnegative definite then indeed 

B 'i8 a g-inverse of ,A. This r~sult was extended by Pringle & Rayner (1970), 

who assumed that A has the ,structure 

C,g K~1 ) (4.59) / A = 
L'K 

and later by Marsaglia and St yan (1974b, Cor. 1) for 

( K'K K:L) , (4.60) A= 
M'K 

cf. Corollary 4.6 below. More generally, Bhimasankaram (1971) and Burns, 

Carlson, Haynsworth and Markham (1974) showed that B ='A- if and only if 

the conditions (4.55) hold. Applying Corollary 4.3 we th en get 

THEOREM 4.6 (Marsaglia & St yan, 1974b, p. 439). Suppose that the matrix 

A ; dèfined,by (4.56), has elements over an arbitrary field, and that E~ 
'" 

is a' partioular g-invf3rs8 of E. Let the Schur comp Zement oS = H - GE F 

and "let 

(4.61) 

Then: 
Ci} B is a g ... inverse of A for a particular g-inverse S if and 

onZy if rank is additive on the Schur complement (i.e., (4.54) holds), and 

then B is a g-invers8 of A for every g-inverse S 

CU) Tf!e g-inverse B is refLexive if and only if E and S- are 

both reflexiv~ g-inve~ses. 
1 ' + ,(11i) For compvex A, B :::: A , the Moore-Penrose g-inverse of A , 

if and only if, E ..... = E+ S- '" s+ , 

_______ h, _ _ " 

\ , , .. , 

, i 

, 

1 

~ 
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(4.62) 

and 

(4.63) 

Pr>oof. (i) Straightforward multiplication shows that ABA '" A ~ (4.55);, 

and so B is a g-inverse of A ~ (4.54) h~lds. 

(ii) & (iii). These proofs are straightforward bu~ more lengthy: 

we ref~r the reader to Marsaglia & St yan (1974b, pp 0, 438-9) for details. 
(qed) 

Bh'imasankaram (1971) and Burns, Carlson, Hayns,~rth & Ma:kham (1974) 

proved that the matrix B defined by (4.61) ls a g-inverse of A if and 

only if (4.55) holds. 
~ 

Similarly it may be shown that if H is a particular g-inverse of 
~ \ 

H and T '" E - FH G ls the generalized Schur complement relative to the 

choiee H then 

CH~:T- _ÙH- ) 
(4.64) C '" 

H~ ~ HNGT-:-FH'" " 

g-inverse of for ,a particu1ar g:"inverse - and on1y if i8 a A T if 

(4.65) ('f !'(A) = !'CH) + !'(E - PH N G) 

v 

and then C is a g-inverse of A for every g~inverse T- The g-inverse 
N 

C is refléxive if and -on1y if H and Tare both reflexive g-inverses., 
+ For eomp1ex A, C '" A the Moore-Penrose g-inverse of A, if and only if 

'" + - ='T+ H '" H ,.T , and , ' 

(4.66) 
, 

=' !'(G;H) = !'(H) 

and 

l' (' E) '" l'(E,F) '" l'(T) '" l'(E-FH""G) 
\ G 

. ... (4.67) 

i'W . \ 

1 1 
" 

! 

i 
1 

.1 
J. 

, ' ( 
1 l, 
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1 

8ince the Moore-Penrose g-inverse is unique, we obtain 

1 
COROLLARY 4.4. Let the aorrrplex matrix " 

" 

(4.68) A-C :)! 
and let 

+ + 
8 = H - GE FT::: E - FH G 

(4.70) 

t~e Moore-Penmse g-inverse of A -, if 
" 

(4.71) r ( EG) ::: r(E,F) ::: r(E) ::: r{T) 

and 

(4.72) 'VI ( __ HF) ~. _ :: r(G,H) ::: r(Hf::: r(S)- • 

• 
,Burns, Carlson, Haynsworth & Markham (19p4) noted that the Moore-Penrose 

+ g-inverse of A i8 giv,en by (4.70) if (4.61) and (4.64) equal A , sinee 

the Moore-Penrose g-inverse is unique. Moreoyer, Theorem 4.6 yields: 

COROLLARY 4.5. Let E .... = E+ and ,8- ::: s+, where' 

(4.73) 
. + 

S = H - GE F ::: (AIE) , 

A being"defined by (4.56). If (4.62) and (4.63) hoZdJ then B::: A+ and 

(4.74) 



, , 

c 
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Similarly, let 
",' + + 

H = H and T- = T where 
{j 

(4.75) + 
T = E - FIl G = (AIR)' , 

A being defined by (4.56). If (4.66) and (4.67) hold, then 'c = A+ and 

(4.76) 

.. 
Burns, Carlson, Haynsworth & Markham (1974) proved that, if 

" ("4.77a) 

-(4.77b) 

G(l-E+E) = 0; (I-EE+)F ='0 

(I-SS+)G=O; F(I-S+S)=0 

/ + 
where S = H - GE F , then (4.74) holds. Using Lemma 4.1 it ls easy to see 

that (4.77a) ~ {4.62} and (4.77b) ~ (4.63). , 
" /. 

\ 

COROLLARY 4.6 (Marsaglia & St yan , 19,74b). Suppose t~t the reaZ matrix A" 
1 

is defined by 

(4.78) A = ('E F ) =_ (K' K K' L ) 
G H M'K N 

Then rank is additive on the Sahur aompZement: 

(4.79) r(A) = r(K) + r(S) , 

(4.80) - - + 
S = H - GE F = N - M' KI< L 

is independent of the aho~ae of g-inverse E -. The matrix 

\1 (E- + E-FS-GE-
\4.81) B = 

-S GE 

" 

" 

, 

1 
1 

1 

1 
1 

1. 
i 
t' , 
Il 

l' 
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is a g-inverse of A for any ahoiae of g-inverses E S Purthermore, 
+' th 'f 'f d 1 'f - + - + B := A , e Mool'e-Penrose g-'/,nverse 0 A, '/, an ont.-Y '/, E = E , S ::; S , 

and 

(4.82) 
+ = r(G,H) = r(H - GE F) ::; r(S) • 

Proof. Since K'K(K'K) -K' ::; K' it follows that (1 - EE-)F = 0 Similarly, 

it may be shown that G(I - E-E) = O. Henee '(4.55)' ho1ds and so rank is 

additive on the Schur complement (i.e., (4.79) holds). The Schur complement 
. -' - + 

i8 unique sinee GE F = M'K(K'K) K'1 = M'KK L. The conditions for B ta 
+ ,Or-

equa1 A follow sinee (4.62) and (4.63) reduce ta (4.82). (qed) 

1 

1 
1 
1 , , 
1 

~ ,. 
Rohde (1965) obtained (4.81) for a g-inverse of A, where A is defined { ! 

by (4.78) with' M = 1 and N = L'L. Pring1e and Rayner (1970) a1so established " 

that~B' given bY, (4.81), i,s a'g-inverse of A, where A is defined by (4.78),,0\ l 
with M = ~ and N = O. The fo110wing eoro11ary gi~s a different approaeh ,\, t 
,to Ro de's'result. See a1so Ruohonen (1973), ' 1\j 

~ f : 
\ \ 1 

COR01LARY 4. 7 ~Marsaglia & S'tyan, 1974b). Suppose that the rea~ nonnegative ; 

de fini te matl,ix A is de fined by 1 

(4.83) A = ( E 
F' 

F ) = ( K'K 

H L'K 

K'L ) 

L'L 

If any one of the fo~~owing three aonditions halds then a~~ three ho~d. 
1 
1 

( :: : ) = peE) .+ P(H) , 
1 

(4.84) r 1 
t 

C :r= 
( E+ + E~FS +F'E+ -E+FS+ ) 

\ 
(4.85) 

-S+F'E+ ,5+ 

(;. :r · ( T+ -T+FH+ ) j 
(4.86) 

-H+F'T+ Hf' +H+F'T+FH+ ~ 
the SahUT aomp~ements of E and of 

~ 
where H , in A , ~ 

4 

"" j 
\ . ' 
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(4.87). " 

and 

(4.88) 

are independent of the choices of g-inverses E- and H 

-" 

Proof· Since ,F(I - H-H)' = K'L(I - (L 'L) -L 'L) = 0 , it follows that 

(4.89)' 
~ F) ~ H = r(H) 

using Lemma 4.1. First"suppose (4.84) holds. Using (4.79), it f0110ws t~at 

(4.90) 

and so (4.82) holds which implies (4.85). By the reverse argument, (~.85) 

imp1ies (4.?4). The aIt rnate arrangement in (4.86) follows from the 

"symmetry" in (4.84) wit respect ta E and H. (qed) 
\ 

§4.4 Inertia. 

Consider the rea1 symmetric matrix 

(4.91) 

where' E ~ singu1ar. Then inertia need not be additive on tre genera1ized 

Schur complement in contrast to the case ~be~ E is nonsingulàr (Theorem 3~1). 
o 

We find, h~wever, that under certain conditions inertia do es continue ta be 

additive on the (generalized) Schur complement. 

following: 

Tô-see~ we use the 

~, 
nxn matnees A -and B'~~~, , 

!..EMMA 4.:3. Suppose that the reat syrrunetric 

rank additive: 

(4.92) r(A+B) = r(!) + r(B) 

, -

• 

\ 4 

1 
1 

1 

1 

'-___ ... liIiIoiiiiil~ .... " ... '.:;.-"';;--0...;-..,71..<.''';'-..;.-...:-::.;.-- ~ ...... _~~':_<~ .~~.:.~ ':'."'::"::,~~-:'~~~.-~~~-"~-"~.~-~~k;I'.b'..,~~lW''''\~'''t~B.w.k.I.-it:-.r.."~ 1 .. 
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Then 

(4.93) .~ In(A+B) .;, InA+InB , 

whet'e In denote,s inerotia. 

Following Carlson, Haynsworth & Markham (1974,' p. 172) by (4.93) we mean 
" , 

that 1T(A+B) == TT(A) + 1f(B) and v(A+B) = v(A) + v(B) , where 11(.) and, 

v(.) denote, respectively, the number of positive and negative characteristic 
l'oots. 

~of. Following (3.i) l~t 

(4.93a) 

InA = (1T , V , • .s ) 
a a a t'CA) = 'rr + \) 

a a '" r a 

Since A and B are both nxn real symmetric matrices, there' exist rea1 

nonsingular matrices Sand T such that 

l 0 0 st 
1fa 1 

(4. 9~a), A = sn st = (S l' 82 , S3) 0 -1 0 st a \) 2 a 
0 0 Oô st 

a -, 3 

(4.94b) 

and 

1" 0 0 Tt 
'!r

b 1 
(4.95a) B :: TD Tt = (Tl' T2 , T

3
) 0 -1 0 Tf b v

b 2 

0 0 Oô TI 

b 3 .' . 
(4.95b) '" Tl T.i - T2Ti 

, 

rI 
i , 

, 
'1 

1 

i 
j 

1 

! -

, r 



, j 

.: 
i 
1 
~ 
1 
l , 
! 

;p.' 

l ' 

() 

" 
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Using (4.94b) and (4.95b), we ob tain 

(4'. 96a) , ,\ , 
S2S2 + Tl Tl - T2T2 

fi, 

C> 

1 0 0 0 S" 
11" l a . , 

0 -1", 0 0 S' 
'(4-.96b) =~, S2 ' Tl' ,T2)" 

v 2 a 
~ . , 1 

, ... \ 0 0 In 0 T' 
b 

(; 1 

0 0 0 -1 T' vb 2 
,1 , 

'-

w~ ,,~ Prom rank additivi~Y,and from (4.96b) , 
1 

il" 

. 
(4.97) 2"(A+B), .. ra +rb ::; 2"(Sl°' S;2' Tl' T2) ::; 1I"a +:va'+ 1I"b +vb = ratrb . 

l 

Hence there exists a" matrix lI, say, n x (n-r -r
b

) , : so that , a 
V .. (81, Tl' 8

2
, T

2
, U) i8 ijonsingu1ar and writing 

S' 
1 

:) 
TI 

,1 
S' 
2 

TI 
2 

UI 

Î 
o 

(4.98~ 
.. 

A+B = (SI"' Tl' 82 , T2 , U) 

completes the proof. (qed) 

.. 
THEOREM 4~7 (Carlson, Haynsworth & Markham, 1974). Conside2" the 2"eaZ 

8ynmetric matrix 

(4.99) 
( 

E 
A-

- ' P' 

Let E- be a symmetria pej1exive g-inverse of E r ' 
. ~ 

and Zet the generaZized 
Schur compZement 

.. 

i 

- 1 

1 
1 
l 
1 

-l 

1" j, 

t 
1 

,1 



1 

( 

. ) 

, ' 

~ 

f 

i 
" 

() 

" 

,(4.100) 

Then· 

, 
(4.101) 

whe1'e 

(4.102) 

,-(>- ,\ 
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'. 
S le H F'E-F = (A!E). 

r 

InA= nE+In(A/E) +In Cx;~x. iD 
1 

, 1 

X = ( - EE-)F and ,v ~ X(I - s-sL, 
r r ' 

and S is a Bymmetric efl,exive g-inve1'se lof s. 1 thermo1'e., if 
r ,ra- 1 

(4.103) p(E) peE, F) 

\ 
then s is 1;lnique and 

(4.104) InA = InE + In (AIE:) 

. 
l 

) 

, Remark. The notation us d in (4.101), as in (4.93), s taken to mean additivity 
1 of the numbers of positi e characteristic roots and 0 the numbers 'of negative 
1 l ' , 

roots, but not necessar 1y of the numbers of zero r001S' ' -

. mof. We may write .. . .. 
. (4.105) 0) (E ,. F)'. (1 .-E~F) = (1 EX) 

l F.' H 0 l lx! ,s 
1 

E Then by Sy1vester's 

t 

, 
g-inverse of sinee E is a symmetr e reflexive 

r 
1awof inel1'tia, cf. (3. ), we obtain 

v '. C. :) (4.106) InA = In . , , 

1 

.. 

'r 

\ .\ 

-- r 

i . 
1 1 . 



, ~ 

i 

./ 
l 
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Uslng Theorem 4.3 yields 

\. 

(4.107) 

whlch, using Lemma 4,.3, yields 

.(4.108) InA = InE + In (0 X) 
Xl S 

However, we may wri te, cf. (4.105) ,. 

,(4.109) ( 0 X) (1 XS-) (U V) (1 0) 
, X'' S = 0 Ir V' S ' S;X' l 

., 
where Sr 18 a 8~etric reflexive g-lnverse of the Sch~r complement' 

S = (AIE), and' U =;. --XS~X,I Rence, using (3',2) again~ we obtain 

(4.110) Vs) = InS+In 

sinee 

V) (-XS-X 1 

'" 1"(S) +1" r 
S VI :) (4.111) 

uslng Corollary 4',2 and Lemma 4.3, Thus (4.101) follows at once. If 

(4.103) ho1ds then Lemma 4.1 sqows X = 0 and so V = 0 and (4.104) 
follows. (qed) 

When A i8 nonnegative definite then (4.103) holds, cf. (4.83), and . --S~ E and (AIE) are both nonnegative definite. Converse1y, if (4.103) 

holds and both E ~nd (A/E~ are nonnegative definite then A 18 nonnegative 
definite (cf. Corollary 3.1). Moreover, 'Vle note t'bat (4.103) implies 

. (4.104) even when E~ il} (4.100) ls rep laèed by any E-, for then (4.1'05) 

ho1ds with X = (I-EE-)F = a ,while (AIE) = R - FIE-F = H-F'E+F for 

" 

" ' 

î 

1 

J 
; 
i 
L 

; , 

, 
J 

l 
1 

1 

1 

l 
1 

1 . 



Ifl'V, 

\ 

1 . 
. t 

1 
( 

" 

-64:' 

§4.5 The quotient property and,a reZated de terminant inequaZity. 

The 'quotient property (cf. (3.17) in §3.2) May, under certain condftions, 
r... bè extended using generalized Schur complements. 

THEOREM 4.8 (Carlson, Haynsworth & Markham, 1974). Consider the matrix 

(4.112) 
A = (++_;_). 

'j(' 

K L 1 FI_ 

M 'N ! F
2 -----------r------

Gl G2 1 H 

If 

(4.113) 

(4.114) 

, 
then 

(4.115) 

1 

1 c 

and the generaZized Sch~ complements (AIE), (E/K), and (A/K) 
, 1 

uniq~ly detePmined~ and are 

(4.118) . 
/ ( lE) ~ «(A/K)/(E/K» • 

" 

1 

, 1 

,J • 

--_._._--

-. , 

, , 
. i 

1 
j 

, l 



.,,----~ li 

/ 
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Proof. From (4.113) and Lemma 4.1 we may write 

(4.1171 and 

so that 

(4.118) and 

Thus 

(4.119) , 

App1ying (4.114) yields (4.115). The uniqueness of the Schur comp1e~ents 
then fOl1ows, cf. remarks before Coro11ary'4.1. Using (4.115) we write (4.112) as 

K KL KF 
o 0 

(4.120) A .. N 

for sorne matricés Lo' Fa, Mo' and Go 
,1 

(4.121) 

so that 

__ ( (E/K) (A/K) 
G
2

-GKL 
o 0 

, \ 

To prove (4.116) we'n~tice that 

F -MlŒ) 2 0 0 

H :.. G KF 
o 0 

\ \ 

(4.122) . 
«A!K)/(E/K» = H-GoKFo - (G

2 
-G

o
KL

o
)(E/K)-(F

2 
-MoKF

o
) 

while 

(4.123) 

.( 

\ 

'-__ ... iIIOiIiIiI ....... ---.:O"Z;';" .... " .... -ii!:l-=,~~-'L·~~--:.:'~~ ~ ~ . ..-,-~~-----

p 

" 

1 

, 1 

! . 
î 



; \ 

f' 
, 

,(J 
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To see that (4.122) = (4.123) we use Theo~em 4.6(1) to wr1te, cf. a1so 

(2.37) and (3.23), 

'. (4.124) "( K 
MK 

o 

Substituting (4.124) inte (4.123) yields (4.122). (qed) 

Carlson, Haynsworth and Markham (1974) also extended Theorem 3.4 using 
" genera1ized Schur complements. Let 

(4.125J' A· (:, :) 

and 

(4.126) 

both be ,symmetric (m + n) x (m'+ n) nonnegative definite matrices, where 

E and K are both ~xm. Then 

(4.127) 1" (E) = 1" (j&, F) and r (K) = r (K, L) ., 

The generalized Schur complements 
/1 

(4.128a) 

(4.128b) (B/K) = N L L'K-L 

are, therefore, uniquely defined as ia 

(4~129) ({A + B) 1 (E + K» = li + N - (F + L) , (E + K) ~ (F + L) , 
'l< 

since A+B 
,~ 

1~ nonnegati~e' definite, cf. remarks before Coro11ary 4.1. 

1 ( 

J 

j 



, 

_r--; \ 
! 

() 

u 
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THEOREM,4~,9 (Carlson, Haynsworth & Markham, 1974). Let A and B be 

defined as in (4.125) and (4.126). Then 

(4.130) «A + B) 1 (E + K» - (AIE) - (B/K) 
/ 

is nonnegative definite. 

~aof. Consider the mqtricbs 

p = ( E 
F' 

F ) and 
F'E-F 

Q:: (,K 
L' 

Then P, Q and P + Q are aIl nnd and so then is the generalized Schur 

complement 

(4.132 ) «P+Q)/(E+K» = F',E-F+L'K-L - (F+L) '(E+K)-(F+L) 
\. 

Following the proof of Theorem 3.4 we see that (4.132) = (4.130) and the-

praoE- i5 comple~e. (qed) 

,1 Carlson, Haynsworth & Markham (1974) also extend~d Theore~ 3.5 by 
, 

al10wing the principal submatrices Ei and Kt to be nonnegative definite. 

The inequa1ity (j.47), however, is only meaningfu1 when the Ei ~nd Ki 

are aIl nonsingu1ar: If we substitute IAl/lEil = 1 (A/Ei )1 and 

then we ob'tain: 
( 

/' 
,i 
~ , 

THEOREM 4.10 (Carlsol), Haynsworth & -M{lrkham, 1974).'; Let A and _ B bath 

be nXn nonn(J,gative derinite matrices. Suppose further that Ei and Ki" 

i=l, ••• ,n, are the ixi pPinaipal submatriaes in the upp~r left corners of 
o 

the matr~ces A and B respectiveZy. Then 
-' 

n-1 

.... 

(4.133) IA+~I;?: IAI+IBI+ 1; [I(A/Ei)I·IKil+t(B/~i)I·IEiIJ., 
i=l 

.1 

Q 

'Î 

1 

1 ~ , 
! 

1 

1 
1 i 

-1 

.. 

--.----'---.-........ ~---.-... .. -~ ~:,f •• 



,,' 
1 
j , 

/ : 
f 

1 

1 

(J 
, \ 
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Proof. We will fo1low the proof of ~heorem 3.5 and use i?duction on n • 

For n = 2, 

(4.134 ) 

cf. (3.48) and the remarks before Corol1ary 4.1. From (3.40) we have 

(4.135 ) 

whi~e ' 

(4.136) 

follows from (4.130). Hence 

(4.137) IA+BI ~ (IEll + IK11)(I(A/El )1 + 1 (B/K
I

>.!) 

\ 

= IEll.1 (A/El) 1 + 'KI'" (B/K1) 1 + '(A/El) 1· ~Kll + 1 (B/KI ) "IEII 

= 1 A 1 + 1 B 1 + 1 (AI El) , • 'KI' + 1 (B /KI ) 1 . 'EII • 

~us (4.133) bolds for n = 2 • 

Now assume tbat (4.133) hoIds for A and B nxn. If, Al and BI 

are (n + 1) x (n + 1) nonnegative ?efinite matrices, and A = En and 

B = Kn are nxn submatrices of Al and BI' respectively, then' 

If 

(4.138) 

But, by the inductive assumption~ 

(4.139) 

! . 

1 
" 
i 
i 



- 1. 
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1 . 

and by (4.130), 

(4.140) 
.. 

1 (Al + B1)1 (En +Kn) 1 ~ 1 (ArIEn) 1 + 1 (B/Kn) 1 • 
1 

Renee, 

(4.141) 
- n , 

lAI +Bli <! {k [1 (En/Ei) 1.IKi 1 + 1 (Kn/Ki) 1.IEil]}{ 1 (A/En) 1 + 1 (B
1

/K
n

) I} 
i=l . 
n n :& 

= k 1 (AI/E ) 1. 1 (E IE/I. 1 Ki 1 + k 1 (AllE ) 1 • 1 (K /K
i

) 1. 1 Ei 1 + 
i=l n n 1=1 n n 
n n 
~ 1 (BI!K ) 1. 1 (E lEi) 1 • 1 Ki 1 + k 1 (B1!K ) 1. l' (K IK

i
) 1 • 1 Ei l ' 

1=1 n n 1=1 n n 
n 

~ k I(A/En)I.HEn/Ei)I.IKil+îIA11 
1=1 

n 

+ IB1 1 + i:1 1 (B/Kn' 1. HKn/Ki) '1.IEi 1\ 

~ 
Thus (4.133) holds for (n + 1) x (n + 1) matrices A and B - and the induction 

proof is complete. (qed) 
..;r 

§4.6 Othep re8ults. 

In thls section we present a number of miscellaneous results which 

extend sorne of the theorems and coro11afies presented above. 

In Corollary 2.1 we proved that if F is mXn and G is nXm then, 
cf. (2.8), 

(t~142) ~ F 

a l 
n 

= 1 lin - FG 1 = 1 In - GF" .' 

-r 



t 

\J 

() 
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Using (2.4) and (2.6)'we simi1ar1y obtain 

Àl F m 
(4.143) 

G 

and so 

(4.144 ) 
"'1 

which shows that FG and GF have the same nonzero characteristic roots, 
l 

cf. e.g., Mirsky (1955~ p. 200). 

,Furthermore if we replace In in the lower right corner 'of (4.143) by 

Àln' F by -F t and G by -F' , then 

(4.145) 
;U -F 

m 

... F' ÀI 
n 

and so the nonzero characteristic roots of 

(4.146) 

\ 

are the pairs of positive and negative singu1ar values of F, cf. Lanczos 

(1958) • \ 

A simi1ar resu1t to (4.142)', c~. CHt ahd Funder1ic (1976), 1s 
,\ 

(4.147) W(~ - FG) = W(I~ - GF), 

where tP (.) denotes (co1umn) nullitY'I , 
To prove (4.147) we USé Theorem 2.5 ta write 

\ . 
" 

! 

1 
1 
t l, 
! 

1 

i 

1 

l 

, , 
" 



, 
" 

" t . 

\ 
l 
1 . -

c 

() 

____ -- -- ~~~--...... ~----r!-'. 

, \ ~ 

\ 

(4.148) 
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= n + :l'(r - FG) = m + l'CI - GF), m n 

from which (4.147) follows at once'. \ , 
The nu11ities of 1 - FG and l - GF are'related to the ranks of 

F - FGF and <r~L GFG. Using (4.28) a~d (4.37) we obtain 

(4.149) 

and 

(4.150) 

Renee 

(4.151a) 

(4.151b) 

(4.151c) 

and 

. (4.152) 

/ 

F ) 0 ~ m + r(F - FGF) = l'CF) + r(I - FG) m 
F ' 

~(I - FG)'= p(F) - l'CF -·FGF) 

= p(G) - l'CG - GFG) 

= 1/1(1 - GF) , 
, " 

r(F) - l'CG) = l'CF - FGF) - r(G - GFG). 

1 ~ 

. , 

If G = A ,and F ,;;: A- is a generalized inverse of A then (4.152) yields 

(4.153) 

and so 

(4.154) \ 

!, 

1 " 



;; 
r 

( 

'1 

,() 

.\ 

" 

~. \ 
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That i8, ag-inverse A- of a matrix A ·is reflexive if and on1y;if the 

ranks of A and A are 'the same, cf. Bjerhammar (1958; 1973, p. 383) • . 
We may extend Theorem 2.6a (Wedderburn, 1934) which showed "that if 

0' 

H .; 0 then there e:xist column vectors ~" and !? 80 that ~ 'HE'; 0 and 

(4.15~» ~(H - Hba'H/a'Hb) = p(H) - 1 
~ r-J. ~ 

• 
THEOREM 4.11. Let ty mat!'i(!es At B and H satisfy 

(4.156) ~(A'HB) = p(A'H) = p(HB) 

Then 

(4.157) p(H - HB(A'HB)-A'H) .= lo(H) - l'(A'HB) 

fo~ àny ahoiae of genera~ized invepse. 

~of. Using (4.28) and (4.37) w~ ohtain 

(4.158) 

1 
, (4.159) 

· C·: HB) = l'CH) = p(A'HB) + ~(Ml 
A'HB 

( 

H:'" HB(A 'HB)-A'H 
M = 

[1 - A'HB(A'HB)-]A'H 

·C 

Using the rank cânce11ation rules of Marsag1ia and St yan (1974a, Th. 2) we ' 

see that 

(4.160) 

and 

\' 

A 

! -

1 " 

1 
i ., 
\ 
" 

, ; 
" 

,', 

1 

- , 



'C 

l 

'> 

... 

,f 

;/ 

1 

----~- ---.--------... ---------::;--~; '. ------,..-----, ,--r---, _Qi ------.. 1 • 
~' 
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\ 
1 

(4.161) l'(A'RB) ,= l'(A'H) ~ [1 - A~HB(A'HB)-]A'H = 0, 

sinee A'HB = A'HB(A'HB)-A'HB. Bence (4.156)'~ (4.157) and the1proof is 

complete. (qed) 

Rao (1973, p. 69) presents (4.157) as an exercise when A'HB i8 square 

and nonsingu1ar; this conditiûn c1ear1y imp1ies (4.156). 

1n a statistica1 study of the residua1s frqm a 1inear mode1, EIlenberg . 

(1973) showed that the Schur complement of a nonsingular principal submatrix 

in ~-symmetric idempotent matrix i8 a1so idempotent. We extend this resu1t 

in the/fo11owing: 

'1'HEOREM 4.12. Let 
1 

(4.162) 

If 

(4.163) 

, ') 

r(E) = l'(E,F) .. 2" (E ) 
,C 

then the Schur compZement 

(4.164) 

1 

\ is inVaPiant and idempotent under choiee of E- ~nd.1 
l'(A/E) = l'CA) ~ l'CE) 

ProôJ." From (4.162) we obtain 

'. . 

'~ .. ~ , . 
'\ 

-f!# 

t 

,1 

1 , 
l-
i 
i 

, 

CP­, , 



C 

\ 

t· 

·1 , ~ 

1 

() 

1 

(4.1,66) 

while (4.163) 

(4.167), ' 

"-

, , 

t 
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E2' + t'G :).( 
GE + HG 

, , 0. 
yields, u8ing Lemma 4.~, 

' EE-F '" F and 

--
EF + FH ) . 
GF + H2 

GE E = G 

for every choice of E~. Then. (AIE) '" H" - GE-F i8 invariant under choice 

of E"" cf. remai-ks before- Corollary 4.1. Hehce, using (4.166) and (4-.167) ~ 
-

,(A!E12 = H2 + GE~FGE-F - HGE-F ,- GE-FR 
~ 

(4.168a) 

(4.168b) 

(4.168c) 

'" (H - CF) + GE-(E - E2)E-F - (Gv
_ GE)E-F - GE-(F - EF) 

- (4.168d) -
/ _. 

'" H - GE FJf (AIE) 
( 

and (4.164). i8 proveâ, while' (4.165) follow8 using Corollary 4.3. (qed) 

The special case of Thebrem 4.12, considered by El1~nberg (1973) supposed 

that A be sYIFetric and E nonslngular. It ~>S clear that wheJt~ t~e 

~dempot~nt matrix A i8 symmetric then it i5 nonne~ative definite an~ so 

(4.163) a1ways ho1ds. Moreover E nonsingular imp1ies (4.163) even"if 
, 0 \ "' 

A 'f Ar. When E 18 symmetric idempd'tent but A is, idempotent and not 

symmetric then (4.164) need not ho1d, for let' 

1 0 0 0 , 0 ~, 

0 0 0 0 0 

(4.,16-9) AD 0 0 0 l' 0 ' . 
~----7r~----~r--~---~ t-

1 
0 0 0 1 1 

1 
1 

O· 1 0 1 0 1 1 

. :.v • . 
.. 

, , 

- - -- ---

'1 
" j , 
1 
l' -
l 



/ 

, 

t , 
1 , 

1 ~ 

\ , . 
f' 

i 

,1 

. , 
. '-:.f' 

~ 
" 

,"!.,' 

, 1 

, 

. ' 

, Q. 

" ~ 

/ 
~ 

, ,1 -75-

/ . , 

Then A = A2 
I! and 

~ 
1 a b 

(4.170) -E = c d e 

f ,. g h 
f 

fo~ ar~itiary fcalars a,b,c,d,e,f,g .and h. Then 
ri 

(4.171) 
r 

,~I 
(AIE) 

= (1 0) CI 

-e l, 

16 not invari'ant uler cho~ce of ~ E-(AIE) 

" 

1 
ie idempotent 0 e = O. Moreover 

' .. A theorem by M:i.lliken ~md Akdeniz--cI97-7:), which showed that if H· and 
, . ' , \ 

E - H are both symme~ric nonnegative defiwitertrices then the dlfferencè 

between th~'Moore-Penrose g-inverses • 

• 

" (4.172) 

. '-.. 
,.: + '+ / ~- -. 

H - E I}S nnd ~ l'(E) = l'(H) l , 

1 

has been extended by,Styan and Pukelsheim. (1978), who use symmetric refléxive 

;g-!nverses rather1than Moore-penrose g-inverses. See also Theorem 3.2 . 
';; 

'\ --l1IEOREM 4.13 (St yan & -Pukelsheim, 1978). Let H and E,.. H be sY1!I11etnc 
\ 

,; 

nonnegative defin"ite matrices. Then E is nonnegat~ve definite and 
1 • , 

rtE,H) ~ l'CE). Let E- and , • r 

(4).173) l ' 

,1 , 

, and 'th!Jn l'CF} - H) ... l"(H- - E-) 
\.f '0 r 

~ J , 

H- he symmetric l'ejïexive g-inverses. 
1) 
l' 

.. 
Proof.· Using Theorem 4.7 1t follows that , ... 

.. . 

i, \ 

" ' 

, ) 

, ' 

Then 

1. 

-. , 

l 
l; 

1 
,1 

J . , 



o , 

Ir 

! 

1 
j;., î 

t 

1 " ' 

() 

. 
' .. 

- , 

, , 

\, 

zq • 
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,/ 

, . 
(4.174) : ) ~ InN + \ In(.E - Hl 

'and 50 E ~)s nnd and l'CE,H) = r(E) 

is nnd.' Moreover 

sinee the partitioned matrix in (4.174) \v 

(4.175) In' 

.. 1 

E 

E E 
r 

~sing Theor~m 4.7 agai~ and 

,Let EE- = HH- Then 
r r 

(4.176) 

the fact that P(E,Ei-) = l'CE) 
r " 

InH- + In(~ - H) 
r 

using Theorem 4.7 and choosing Thus (4.175) = (4.176) and .. 

, 1 

, , 

\ 

Now, +et H- - E- be nonne~ative definite. Then the partitioned matrix 
r r 

in (4.;I.7 5) ls nnd. Thus Il 

(4.177) 
/' 

which, in turn, imp1ies 

(4.178) 

so that, choosing 

(4.179) 
, . 

'1 

, 

, 
1 

'1 
j 

J 
1 

} ': 

1 

r • 



l. 

.. 

, , 

() 

COROLLARY 4.8 (Milliken & Akdeniz, 1977). 
'1 

. \ . 
Let H and E' - H, be syrrunetn,c 

nonnegative definite nntrices. ,'J'hen 

- ,(4 .180) H+ - E+ is nnd <'> 'r(E) = l'CH) . 
~! 

\ 
H+ - E+ P1'oof· If i8 nonnegat~ve definite th en 

1 

,~ 

(4.181) ; EE+ ;: 1fiI+ 

\ 
h 

follows from (4.173), ;lDd 
\ ,. 

0' ' , 

(4.182) l'(E) + 
= l'CE E) + == l'(H H) = l'(~) ". 

Now, suppose peE) ~ r(H) 

l'(E,H) • rhen 

Then Theorem 4.13 implies that l'CE) = l'(H) "" 

(4 .183)~ 

1 

So, postmultiplying 

(4 .184~) 

(4.l~b) 

, (4.l84c) 

E = 1fiI+ E and ,= EE+H 

the first equation~ <4.183)~y 
EE+ = HIi+EE+, ~ (HH+EE+), 

,. 
.. (EE+)r(HH+)r 

"" EE+HiI+ = HH+ 
;r '. 

and the proof~ i8 comple~e. Cqed) 

E+ yields 

'$' , 

Note that r(E) F l'CH) does Dot always {mRly tbat -H~ - E- 18 Don­
r r 

negative definite. Fqr example, let 
i 

{ j 
1, 

" ' , .' 
,"" 

, 1 

" " 



, 

• l 

; , 

J f 

L 
1 

[ 
" 

, j 

\ , 

.1 

, ()' 

• 4. ---------
," 

J. 

(;.'""78-

" 

(4.185) E .. H =' fo " :) 
which i8 n+:egative definite 50 that 

(4.186) \ E - H = (: :,) . 
• 

Then 

(: :~) (4.l8~) E - = 
r 

fqr, some scalar x and 

C :2 ) 
, 

(4 ~i88) R - .. 
r 

for some sca1ar\ y . Renee 

.1 

i 
E;f ( 0 y-x) , -

(4.189) ..... H -r 2 2 
y-x y -x 

ls nonnegative definite if and only if, x = y. But 

,i' (4.190) - mC (r : )- ( 1. :y < EE = ~ 

• r r - 0 .0 

if and only if x'= y • Frim this example, we conclude ' \ that, although 
, 

rCE) _ =~~(H) does not a1ways imply that . R"': - E 
r r 

is nonneg~tive definite, 

the condi tioll 

\ 

EE- = HH- a1ways does. 
r :t 

, 

, Il 

t ' 

.\\. 
), 

1 



'. 

~) 

[ 

() 
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f .. 

In a study of. the existence oI a nonnegative definite matrix with 

pr~Bcribed characteristic raots, Fiedler (1974) based his. pro~fs on a lemma, 

which Dias da Silva (1976) found "interesting enough'" to report in full in 

Mathematical Re~ews. A rataer simple proof of this lemma is possible 

using ~chur cpmp1ements. \ 

THEOREM '4,14 (Fiedler, 1974). Let "A bl# a symmet!'i-c mxm rrntri:x: t.Jith 

, charu.ctenstié 'l'oats Cll' 0.
2

, '/ " am ' and let u be a no~Zized charac~ 

teristio veoto'l' oa~e8ponding to· al Let B be a symmet'l'ic nxn matrix 
1 

t.Jith cha:mcterisUc Mots 131 , 13
2

', ••• , Bn ' and let ~ be a normaUzed 

aha:l'acte'l'istia veot01' ao'l''l'esponding ta 13
1

, ~Then, fo!' any y ~ the matrix 
, \ 

(4.191) 
.' 

1 

haB characte'l'istie 'l'oots Cl 2, ••• ,am;BZ, ... ,l3
n 

and the characteri8tic\~6tÎ 

of 

" 

( al 
y 

)' . (4.192) 

Y al .. 
~~ 

1 ~ 

mof· The characterlstic polynomial 

A':' ;U y!!! ' ' -
" 

(4'. 19?a) p ... 
)'Vu! B -, Àl ,..,..., 

.. lA - nl.IB - U - yvu'\(A - H)-lyuv 'l 
\ ~ 1'"t.H'\J,. 

\ 

using (2.4) and sa 

(4.194) 

! . 

Il 

\ 



, 

(, 

Ci 

'~t l-

f \ 

, 

1 
• 

() 

J 
i 

1 \ -

" \ 
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sinee (A - H)~ = (al - À)~ .Renee 

(4.195) 

sinee u 'u 
N ~ 

l • and 50 

(4.196a) p = lA - HI'.IB,- HI.II - y2(B '- n),~I~'15'<11 - ),)1 

(4.196b) =, lA - ÀI1.IB - "11.11 - ivvl![(al - À)(~l - >'Y'] 1 •. ~ ~ 

A - Àl î'~' \ 

(4.197a) p = 
J yvu' B - Àl . ,.,.., 

m n 
2 (4.197b); . == JI Ca - À). Ir ($j ).).[(a

l À) (al À) - y j 
1;=2 1, 

OJ 
j=2 

' (qed) 

Th~orem 4.14 may be us,:.d to find the eharaeteristic roots of ,a special 

correlation matrix structure, cf. t,he remarks after (6.70). 

l, 

r-

" 

l 
o 

" 

,. 
'" 

1 1 ,. 

, 1 

" 

\ , 
• 

~ 

1,.. 

{ 

~I 

1 
J , 

1 

, 
1 
I 

1 

! -

L 
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" CHAPTER V 

~~RICAL MATRIX INVERSION USING SCHUR COMPLEMENTS 

4, 

A number of algorithms for matrix inversion use Schur complements. 
'.' 

The ear11est of these is probably the "bordering method" pub li shed. in the 

book by Frazer, Duncan and CaIlar (1938). 

) 
§5.1 The bordering method. 

"Consider the matrix 

8
11 . 'a12 

. ~ . a
in 

(5.1) A.P 
a21 3-22 8

2n 
j 

•• a , ••••••••••••••••• 

"" a n1 3 n2 'a nn 

The method proposed by Frazer, Duncdn and CollaI' (1938, p. 1i~) considers 

the principal Ieading submatrices 

1=1,2, •.. ,n .' 

1 

(5.3) .. 1 
1 a i ":1,1 
l ' 

.... 

i=2~3, ••• ,n, 

-------------------~---~---1 
1 

8 1 ,i-1 1 
." 1 

• -f , 

]Jo" (5.4) .... 1-1 
f )' i=2,3,[ ••• ,n, 
a
11 

() 
, . 

j ( 
,. , 

< .~ 

.-._----,-

î 

, 
, ' 

, , 
; 
1 1 
1 

i 
\ , , 
, 



, 

D 

• 

1 

() 

:' 

J 

(5.5) 

where 

" 
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l' 

f' 1 E-1 / \ 
Nf-1 !i-1 1-1 s1_1 

-1 
E
i
_/s i _

1 

, E-I f 
si_1 = aH - ~i-l i-l ~i..:.1 ; i=2,3, ••• ,n. 

Th1s method requires that aIl the 

De fine s 
o 

be nonsinguil.ar. 
1 

Hence, if one or more of the Ei'S 18 singular, 1=1,2, ••• ,n (i.è., when 

at least one sc~ur,comPlement~.tr~1 = 0), then we can find ,a permutation 

matrix 

(5.6) TI = (~ ,~ ""'~ ) , 
1 2 ,'i, n 

where U
l
,i

2
, •• ".i

n
} is a.pelililUtation of {l,2,· ... ,n}. such that aIl the 

principal sub,matrices in n A ,are nonsingu1ar. Having obtained (TI A)-l 
-1" ' 

we postmultip1y by TI to obtain A 

1 Examp"Le 5.1. To Und the inverse of 

we writk, 

(5.8) 

wnere 
<\ 

• 
(5.9) 

A = (;~ 
\ 3 

3 

-4 
2 

~ 
. - (E' 'f , 2 0 "'2 
A = 

g ' a ~ 33 
/' 

). l' 

l' 

1 

, 
r \ , 

• 

." 

l 

1 

,-' 

! 
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i 

o 

1 

~ 
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Ta ~pply (5.5) we compute: 
\ 

(5.10) 

(5.11) 

(~.12) 

(5.13) 

(5.14) 

.. 

Henee 

'" , E-
1 

f .;; 1 - (3 2) (_01) = 3 , 8 2 = a33 - ~2 2 ~2 

9 

-14 

1 

1 
- 78 

c 
(

12 

-10 

3 )' + ;-6 (0) (16 -1) /3 
-5 ' -1 

( ~- 36
) 

- 39 39 

9. ) 1 -

-14 

3 
26 
7 . 1 

39> 3 

- B 1;1;. 
39 78 3 

/ 

A variant of the abave metqod was given by Jossa (1940), who showed 
-1 "-1 k 1 

when E
i

_1 i8 known, then, the fo11owing operations yie1d Ei {ai' :} 

l l 
i=2,3, ... ,n. Define ',al' CI 1~alr For 

\ 

1 

'i 

that, ", 

--~---r( __ "_r-' __ "'_~~"'It..... It;-- ------...... _.'Wt: ___ . ., 

1 • 



r 

", , 

. 
i 

() 
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(5.16) R - ko::l,2, ••• ,i-1, 

(5.17) 
i i i-1 

a ' , '" 1/ (a + 1; 8
ih 

r
hi

) 
"i , ,11 h=l ',. 

" 

(5.18) k=1,2, •• ~ ,i-1, 

(5;19) 1=1,2, .•• ,1-1, 

(5.20) . k, tel, 2; •.. ,i-l. 

1 • 

The above e~ations may be obtained simply by rewt"iting (5.5) in scalar 

notation . 

. Example 5.1 (reprise). Using Jossa's method, we obtain 

(5.18) 

(5.19) 

1,2 _ a2,2r .. 
8 2 - 2 . 12 

1 

3/26 

a1,1 ... 1/5 
1 

, , 

(5.20) 

a1 ,lc},1+r a3 ,1=4/26 = 12/78 
3 2, 13 3 ~ 

1 2 1. 2 32· 
a ' = a ' + r " = 3/26 ::: 9/78 3 2 13·3 

21 t'tl 31 
la3 ' = a2' +r23a/ = -10/78 " 

a2 ,2 2 2' 3 2 . 
3 =a2' +r23a3 '· =-14/78 

./ 

,,' 

1 
t 
,\ 
! 
1 
1 

l 
1 

1 . 

1 ' 
! 



() 
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@ , 

Hence, we obtain (5.15): 

Louis Guttrnan (1946) called this bordering rnethod "first order 

enlargernent" in view of the partitioning (5. 3) addi~g a single row and 

column to Ei~l • We now consider the partitioning with Ei _2 border~d 

by 2 rows and 2 columnB: 

1 
1 8 1 ,i-1 a1,i 

1 .................. . 
1 

(5.21) 
1 1 

1 a - a 
_____ :.- _______ ~ _i.=2~t.:1 ___ !:-~'': 

, a .. a 1 a a 
1-1,1 1-1,i-2 1 i-1,i-1 1-1,1 

a i ,1 81,1-2 1 a 1,1-1 a1,1 

1 = 3,~, ... ,n 

whtre 

(5.22) 
\. 

( ar,i-! a1,i ) 
F 1-2 = : ~i-2.i : (i':'2) x 2 

~ 

, a i _2, 1-1 -- , 
, '" 

( a H ,l 
... a ) G

i
_
2 

;:: i-1" 1-2 2 x (1:'2) 

ai 1 a1,i_2 , 

r . (ai_~ d ai-1,i) H = , 2 x 2. '1 
i-2 '--

a1,1-1 a
11 

. 

(5.23) 

(5.24» 

Assum1ng 
-1 • 

E
i

_
2 

known, we can apply (2.37). 

, 
" 

, ' 

t 
t ' 

1 

1 
i 
1· 

1 

1 

'1 



'\ 

, 
j , 

, 

1 

~ 

o· 
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Exam,pZe 5.2. To find the inverse of the matrix A defined ~y (5.7) using the 

method described above we wriee 

(5.25) 

where 

\ 
(5.26) 

'\ 

e = 5 f' = 
1 ' ~l 

f.!~ 

(3,-3), ~1 =, (2,3)' and 

(

-4 
H = 

1 2 
. . 

The Schur' complement S d (A/el) is given by 

(5.'27) 
~ 

Applying (2.37), we obtain 
1 

(5.28) 

Ta apply 

- (5.29) 

(5.30) 

(5~3I) 

-3) =(- 25

6 

, l 
. S\ 

'-fIs-lie) "'1 1 
-1 

S 

{~ D 

26 ) 

\4 . 

- 25

6 

) - (9 0):: (236 0) 
_,256 - 78 " 

~ 

~~:X) {~D = ~~) 
(5.32) 1 2) 1 -1 1 ~ 1 9 (2)' 12 2 

llel + (1 el f.~ S ?l= i" - -5 (-78 0) = ,_# = -
'-1. ._ J .3\ 78" 13 

Hence, we obtain (S.ls). 

1 

• 

t ' 

-... 
1 

., 
! 

l 

1 
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, , 

.' 
\. 

': 
" 

f, 

, 
t 

"' 1. 
1 
1. 

r 

f 

, 
~ 

~ 
\ J' 

) 

j 

.. 
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, \ 
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§5.2 Geometrio e~Z~gement. 

The method of "geometric en1argemeht" due ta Louis Guttman (1946) allaws 

the inverse of the matrix A in (5.1) to be obtained by successive1y 

'constructing the inverses of the prineipal submatrices 

(5.33) 2i )( 2i 

, n 
i=1,2, ... , [2~ 

• . -1 
(2~37). Assuming Ei is known, we can app1y If· i=l, then' 

(5.35) E = Cn a l2 ) 
2 / a21 

a
22 

\ 

setting El = a11 ' we see that "geometric en1argement" reduces to "first-

order enlargement" • A1so, if i=2, 'we have 

a
11 

812 ap a14 
( -

(5.36) , E = 
a21- a

22 
a

23 a24 " 

4, a31 
a

32 
a33 a

34 
'<!-

c a41 
a

42 
a43 

a
44 

and 'E
2

, is defined by (5.35); here~ the "geometrlc en1argement ll ,reduces to 
" i 

"second-order en1argement" .. 

§5.'3 Partit-ioned Sahur aompZements. ~ 

We begin by partitioning the n)(n nonsingu{ar ma'tdx 

è5.37) 

\ 

.' l 

.... 

~~-t,,,.. ... ..,...,. ___ ---...-;-------- -.-' 

\ 

" 

1 
j 

.' 

\ 

1 



(: 

.. 

• 
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where E i5 n xn ,nonsingular, and readily invertible Ce.g., n = 1 or 2, 
o 0 i~ • 0 

E diagonal). We t'hen compute ',the Schur complement S = (AIE) and if it, i9 
, -! 

easi1y invertib1~'fl then we compute A using the Schur-Banatlhiewicz formula 

(Z.37). Otherwise we partition t~e Schur complement 

a 

(5.38) 

,where . El is n1xnl • nonsingu1ar, and read~ly invertible. We nOw compu~e 

th~ Schur comp~ement SI = (S/Ei)' a~~ \~f ~it is easily ,in~ertible ,the,n we 

compute S-l using (2.37), f~o~ which A fol1ows uslag (2.37) ·again. 

" Otherwise we partition 

(5.39) 

where E
2 

ls 

52 = (S/E2) 

Writing 

~ (5.40) 

n
Z

x n
2 

•. nonsingular_, and readily invertib1e: 
1 > ' 

and repeat the procedûre perfbrmed with 51' 

k"'l ~ 2,..:..,. ,'m-l, 

" 

;' . 

We compute 

And SfJ on. r. ' 

• k = m when ~ = (Sm_l/Em) la 

m+l E~atrices will Qave been 

th~ forward part of thi1' a1gorithm rstops at 

eaaily invertible. 
1 • 

AL most m = n-2.' Sorne. 
" 

,> 

inverted. We" tlow invert Sand proceed backtward,s computing in turn each 
, -1 ' 'm r-1 

inverse Sk'; ~=m-l,m-2, ••• ,3,Z.1,0, u9i~~ Sk+l and,~2.37), with S =,So 
, , 

-1 A follows using (~.37)~gain. Louis Guttman (1946) sketèhed the above , 
" 

?lg?rith~.:with nlt = 1 ~r 2.; k=O,"l,~) .• ,m. Zl~be1 and~ Chan (1974)g~ve full 

details with a11 n = 1 i t~ey al~o state that 
k. 

'consists of 0~'1f' seven Hnes". ',-_,~ 

\ 
\ 

) 
their "prbgram ~n APL ". 

.. '" 

'. -

. , 

w r 1 
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1 ~ 

,( " " ~ (, ~ 
l Exampte 5.3. 'Find the inverse of .> ... 
1 

,., 
• , . 'C 3 . -3) ,; '", 

(5.41) A = 2 -4 4 

1 
3~ 2 l 

using partitioned Schur complements. 

The fo~d parot. , 
/1 

l , 

.. 
'\ 1 We may write • 

(5.42) A = C' ~) ~ 
i 

i \ 
/ 

where e = 5(,0), i' = (3,-3)' " ~' = (2,3) and 1 
1 

1 
1> 

C :) (5.43) H= j 

(5.44) s = C :) ~ (:) (3.,-3) 

C~ 26) 
(5.45) .. 5 

~4 , 
1 - 1 . S- I 

i 
i l 

1 

! 

Partition S as follows .. 
1'" \- Cl fI) (5.46) , S 1:: ... 

1 

81 hl ' 

26 (; 0), 16 1 
, hl = 14 where el = -- fI = "5 ' &1 Il, 5 5 . , 5 

Hence, 
~ 

°0 (5.47) sI 1:: 14/5 - (1/5),(-26/5)-1 (26/5) = 3. 

'" 

, , 



( 

/ 

. .... tr 

" 
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The bac7a.Jar-d part. .. 
,\ 

l/s
l 

= 1/3 ' Applying (2:37), we obtain '" (4 1) (5.48) 
, -1 ... - 78 ' 3 - S 1 '1 1 

78 3 

, 
Applying (2.37) again, we ob tain (5.15), 

§ 5. 4 Ran~ annihi l.a tion. 

, 
We express the nXn nonsingular matrix A as the SUIn of'a nonsingu1ar 

matrix D and the ~um of h matrices each of rank one (cf. WHf, 1959),' 
. , 

(5.49) 
h 

A = D + ~ f gl 
1=1 ~i~i 

\ 

The matrix D is easily invertible, e.g., ~iagona1. Clear1y h ~ n. Let' .. 
us write 

E =D '" o 

El = D + !l~i 

(5.50) 
'j = l, 2, ••• , h~ l 

En = A 
" 

/' 

Then 'we compute, in turn, E- 1 E"'l E-l:' -1 i (2 59) 0' l,···th =A usng • , 

(5.51) 

where 

• 



( 

. 
j 

1 

() 
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(5.52) j a 1, ... ,h. 

This method requires that aIl the Ej's (j .. O,l •••• ,h) be nonsingular; 
. -1 '-1 
A .., ~ .' 

Ede1b1ute (1966) considered the special cas.e of (5.49) with D = l, 

!j = (A - '1) ~r, ~i = ~i'. a,nd h = n. Then 

(5.53) 

Bence 

(5.54a) 

(5.54b) 

E:rmrrple 5.4. 

(5.55)' . 

• 

n 
A .., 1 + l: (A - 1) ~j~j 

j a 1 

E = l o . 

El = l + (A - I) ~l~i 

E .. A 
n 

Find the 

.. 

, , 

inverse of 

5 3 

A= 2 -4 

3 2 

by rank annihilation. 

j = l,o •• ,n 

/ 

-:) 

f • 

/ 



ou 

-92- 1 

( . t 

We wr1te ~ 
\ 

3 
(5.56) A- l + }; l. ~, 

1=1. 1 ..... 1 .. 
., ~ 

where [1 = (4,2,3)', f = (3,-5,2)', and *-3 = (-3,4,0)' . ·fhen' ~ 

..... 2 1 
j 

, 

(5.57) 
-1 E = l l - ()(l 0 !J) (5 

{ 
l 0 5" 

(5.58) 2 . l -3' ' 
_3' 

0 5" 

Thus, using (5.51), 

-
(5.59) 

, 

where 

(5.60) 

80 that 

(5.61) 

> 1 

;' 

o 
, ' 



1 • 
-~- ----;:;-- --r -- ! 

1 

\ '.> -, -93-. 
1 ~;' 

" 
1 

1 f \ 
1, 

t, e 
~ ." .. C) ~ 

-( 1 _2 . 
, (5.62) ar: E + - -31 ( 5,1,0) Ac.,\ '1 1- 26 

, 
" ' 1 

.. 
t (6 0 0) , (6 15' 

:) 
l 

t 
(5.63) .. --.!... -52 o + 1;0 62 

' J, 130 -155 130 

-78 0 130 -2 5 

C 
3 

. :) \ , 

(5.64) 
": 2

1
6 2 , -5 

-16 1 26 
3 , 
~ i 

1 
t -Bence , 

'1 

1 
. (J 1 

(5.65) -1 -1 -1 -1 -1 
A ,e ~3 "., E2 - E2 4, (O,O,1)E2 lb 

: ' 

\ " 
, 

.. 1 
where 

(5.66) -1 (:)-3. b a ~ + (O,0,1)E
2 , . 

Thus If ~ 

C) 
1 . 

-1 ·-1 1 ~ 

(5.67) A a E - -- -1 (-16 1 26) = i 
, 2 78 • , 1 

2 
, 

o 

, '1 té 'e tS; , 't t f# 1 li 
, J •• lf.,llWO/)l , W !1 au Ml aM 1 El 

t_.~"""~""" 



r , 

( 

.. . 
~. . 

o 

~~-', ,l' 
'! 
'i 

I~ 

, -94-

1 

~ 
, , ; 

! 

- i~ (: 
9 

:: ). (5.68) -14 
, 1 

-16 1 

cf. (5.15) . 

" § 5.5 Comp Lex rrr:r.trices. 

Let the n~ ~omplex matrix E + iF ,where E, Fare both real 

matrices, be nonsingular, and let us write its inverse as K + iL , where 

K and 1 are r~al. Then, cf. Newman (1962), Westlake '(1968, p. 31). 
Il 1 

(5.69) 

Thus, we note that E + iF 18 nonslngular if and only if 

(5.70) , A= (E FI) 
-F E 

, . 
i8 nonsingu1ar. If E i8 nonsingular, then E + iF i8 nonsingular 'if and' 

il -1 
only if the Schur complement (AIE) = E + FE F is nO~8ingular, cf. (2.4), 

and then 

- 1 

cf. (2.37). 

If E ~s singu1ar we may rearrange the columns of A in order ta 
~ , 

obtain a submatrix in the top left-hand corner which is honsingu1ar. This 

is p~sslble ainee (5.69) implies that T(E,F) = n. But by this rearrangement; 

the niee pattern in (5.70) would usually be lost. 

./ 

J 

.. r .. 

1 
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. , " 
S5.6 Generalized inversion by partitioned Schur complements. 

\ 

/ " We begi~ as in ~.3 by partitioning the rectangular or singu1ar matrix 

(5.72) A-(: :) } 
'f' 

! 

l ' 
where t i8 nOxnO-' nonsingular, and readily invertible.(e.g., n = l or 

) ,0 
2, E 'diagonal). We ~hen c?mpute the Schur comp1e~ent S = (AIE) and if 

it is'easy to find a g-i~verke of' S ,'then we compute (cf. Zlobec, 1975) • 

a gïlnverse A- using, cf; (4.28) and (4.61). 

t 
n,mOREM 5.1. If 

(5.73) 1, 
~ 

and E' is ·nonsingular 'th en 

. 
(5. 74) 

where 

• , (,-1 
. 

-1 
S = H - GE F 

-1 

. 
+ E-IFS-GE-I 

-S-GE-I 

-E-lFS-

-S 

Otherwise we'partitioft the Schur complement 

(5.15) 

c 

). A 

) . 

• 

where El ls n
l
xn

1
, nonsingular, and readily invertible. We now compute 

the Schur complement SI = (S/E
l

) and if it i8 easy to fincl an Sî 

'\ 

--, 

• 

"} 

1 



.( 

\ 
\ 
\, 
" 

,'ÇiJ 

() 

, ( 

f' 

• 
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, . 
then we c9mpute S using Theorem 5.1. from whlch fQl10WS using Theorem 

5.1 again. Otherwise we partit~on 

(5.76) 

where E
2 

is 

S2 = (S/E2) 

Writing 

(5'.77) 

~2)~ : 
H ' 

2 
" 

n
2

xn
2 

• nonsingular. and readily inver'tible. 

and repe~t the procedure performed with SI' 

S' .. 
k k .. 1.2, •••• r-l , 

... 

\te compute 

And Mon. 

the forward part of this algorithm stops at k = r when, Sr .. (?r-l/Er) 

has 8,g-inverse S~ which is' easy to find. At most r" r(A). We npw 

proceed backwardi computing in 'turn each g-inverse's~ ;\ k = r-l,r-2 ••••• 

3.2,1,0, ~sing S~+l and Theorem 5.1, with S = SOt A- follows usinS 

Theorem 5.1 again. 

ExampZe 5.5. Find 8 g-inverse of 

using partitioned Schur complemen'ts. The matrix (5.78) ls clearly singular 

and has rank 2. We may partition (5. 78') as 

(5.19) 

" 
l ' 

-. 
1 



'~ 

.~ 

... 

; 

1 . 

\ 

" 

, \ 
1 
! 

). 
/ ' 

. 
where e a '2 

'" 
t' :: (1,2) 

(5.80) 

. Then 

(5 .• 81) ~ .. (A/E) = C 
Noting that 

(5.82) 

we see at once that 

(5.83) 1 

""~-----
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\ : 
g .. (2,0) , and 
~ 

H ... C .:) . 

:) -t(:) (1,2) .. C 

+ 1) = S , 

--1 

, } 

.. 

' ' 

': ) 

, . 
, 

the Moore-Penrose g-inverse of S. Hence we use Théorem 5.1 to compute 

'(5.84) 

_ (1 + î(1,2)S~(2,O) 1 

A .. 
-.k;+(2 0) 1 
,2 ' , 

1 
4 

w + 
-' = "2 

0 0 0 

/ ... 5 r-~""_~~I"_1* 4 rtiJ$r~:~ 

• .. 
< , 

\ , 
1 

J\ 
i 
1 , , 
1 
l 

C 

t 
~ 
~ 
i 
f 
1 
} 

1) 

': 

\ 
! 

, . 
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If we had not noticed the facto~ization (5:82) we could partition (5.81) as 

(5.'85) (
:""1 1 0) 

S - / -~-+~ 
, 

and compute, using Theorem 5.1, the g-inverse 

(5.86) 

Hence, again using Theorem 5.1, we obtain the alternate g-inverse 

(5.87) 

-!(I 2) s ..... ) 2 ' Il 

S"'" 

-1 

-1 o 

1 1 

A third g-inverse of A m~y be found by noting that any g-inverse of S' 

must have the'form 

~(5. 88) / s - (: 

band c are arbitrary scalars. Thus a = -1/2 and b = c = 0 

while a ~ -1 and b = c = 1 y!elds S ...... L~tting a = b ='c'= 0 

\ \~ 
f 

; 
1 
1 

~ , 

~ 
;1 
, 
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t 
we obtain 

(5.89) 

and using Theorem 5.1 again yields 
, / 

. \ 

1 
0 -1 

2" 2 

(5.90) A- c 0 0 l 

0 0 0 

-
§5.1 GeneraZized inversion by rank annihilation. 

(5.91) 

cf. (2.59) and (5.51), was used repeatedly in §5.4 ta find the inverse by 
, -1 

rank annihilation. When 1 + ~iE f = 0 , it follows that (cf. Ahsanullah 

& Rahman, 1973) E-1 is ~ g-inverse of E + fg' , as is easily verified. 
""'" 

We express the nXn matrix A as in (5.53) aüd we write 

(5.92) A = l + (A - Il Ca :) + (A :.. 1) C :nJ ,. 
.. .. 

, 
1· with 

(5.93a) 
(

1

0

a 0

0

) ~ 
E 1 + (A - 1) -a 

(J 

" 



( 

(J 

-~~ ----~~---.......---.... ·----.r-..· 

(5.93b) 

(5.93~) 
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= 1 + C : la 

=(: :nJ 
where A i9 partitioned as usua1, cf" e.g. (2.2), with E axa • Then, cf. 

Aysa~u11ah & Rahman (1973, p.3)~ 

(5.94) lE 1 = 0 
a 

l'(A) < a < n-I :> -

,To prove (5.94) we note that ' 

(5.95a") 

(5.95b) 

(5.95c) 

l'(E ) = l'(E) + n .:. a 
a 

If TCA) = n - 1 and Ej 

-1 -
1 ;5'; i ;5'; n - 1 th en E I = A n-

, 
;5'; l'CA) + n - a 

< a + n - a = n'. 

is nonsingular tor aH 

1 

More general1y, Ilet 

(5.96) A = Q + F1Gi + F2G~ , 
./ 

1 

j such that 

where FI and G
1 

are ?X'r , FZ and GZ are nX(n-r) a~ p(A) = r . 

If D + FIGi (= Er say) i8 nonsingu1ar then 

To prove this', consider 

(5.98) 

(D + F G,)-l = A­
l I 

, --1 

1 

\ 
t" 
l 
1 

! 

" 



'f 

v 

1 , 

Th en 4' 

(5.99a) 

(5.99b) 

(5.99c) 

(5.99d) 

r 
~'ffius 

~ 

(5.100) 

Now let E = D + F G' _r 1 1 

(5.l0Ia) 

(S.lOlb) 

(S.lOle) 

It fo11ow5'that 

(5.102) 

-101-

, . 

r(M) = n ~+ F1Gi + F2Gi) 

= n - r + r(A) = n 

l + G' (D + F G') -IF == 0 
n-r. 2 l 1 2 

Then 

AE~lA == (Er + F2Gi)E~1(Er + F2
Gi) 

... '(Ir + F 2GiE~I)(Er + F2
Gi) , 

'. 
= Er + F2GZ + FZG; + F2G2E~1F2Gi 

which ls implied by (5.100). Renee the proof ts complete. 

Thus if 

(5.103) 

r 

r n. 
A = D + ~ f g! + ~ f~' 

i=l~i~~ i=r+l~i i 

80 that D + ~ fig' i5 nonsingu1ar and r = p(A) then 
1=1~ ..... i 

J 

(5.104) 
r -1 _ 

(D' + ~ f g') = A 
~i ..... i 

i=1 

, 0 

_.'---------------------

J' 

.j 

J 

. , 

-j 

i 
, \ 

1 • 

1 
1 
î 
1 

i . 
1 

î 

-1 

• 

~ 
Î , 
1 
1 , 
1 

1 



1 

I-

", 

i , 

1 
1 j , 
i 
! 
) 

'J 
1 

f 
1 

" . 

( 

,-

""t 

o 

\ I~, ---
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• 
If D'" l ,o!i,'111 (A - I) ~i ' !i • ~i t (5,.103) may not be possib1e-. . For E!.1Cample, 

it 

,(5.105) .. 

" 
-(5.106) 

/ . 

We may wrj.te 0' 

(5.107) 

" and its inverse 

, 

(5.108) 

(5.109) 

• 

.' 

1 

C A - 2 \ 1 :). r~nk CI 2 

, 3 0 o. ' 
" 

- l +(:)~i +()~2 +(:)i; 

. 

, 
r , l', 

C 
0,-

:) El D : 

1 

0 

• 

Ei
l 

-. r - ( : ) !i/2 

. , 

1 0 0 
2 

- -1 1 0 

1..3 
0 1 ï 

\ 

i ... 2,3, as 

. 
0" . 

- 0 IR 

.. ,It • 
fi' 

, . . \ 

~ 
" 

'!\ 
',. 

~ 

L 

~ 

• 

.-

~ i . 
,1 " 
~ 

\: 

! . 



1 
" .. ' 

, , 
, 

'\ 

t 

. , 
'1 

1 

. , 

l' 

t . 
J ~ 

0 

--:'1 

(5.110) 

and' 

(5.111) 

Moreover, 

(5.112) 

and 

(5.113) 

Bence 
-1 -

El '" A . 

(5.114) 

and 60 

-103-

In fact, 

AëA =(: 
1 ' 

:)(~! 1 
1 ' 

3 _3 . 3 0 /-
2 

• 

. , 

0 

:)A 1 

0 

.~ 

r • 

; 1 

1 t . 

! , 
, 
" .. ' 

. 1 



• 

( 

, ... 

~ 

t , 
" 
, 

, 
f 

>, 

1 , 

! 
f , 
~ r 
1 , , 
, 

(; \ ' 

(5.115) 

, 
cf. (5.105). 

o 

... \ 

• 1 • 
, 1 

! -104-

(

-3 
~ 1 

-1 
AE1 A = -3 

, -3 

1 2)(2 1 '2") 1 2 2' 1 2 
o 3 • 3 0 3 <'!J. 

, ~ 

~ (:~: ) fA=(: :":}~ 

, 
1 

, , 

\1 

, 
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CHAPTER VI 
\ ' 

STATISTICAL APPLICATIONS OF S€HUR COMPLEMENTS 

The S'chur complement 'arises in a number of differen't areas of' 

mathematica1 stat,istics. As observed by Cottle (1974, p. 192) -'the 

multivariate normal distribution provides a magnificent example of how the . . 
Schur complement arises natural1y". 

( 

§6.1 The multivariate normal di8tribu~ion.\ 

Let the random vector 

(6.1) 

fo11ow a p-variate normal distribution with me an vector 

(6.2) 

and covariance matrix 

(6.3) :E = (1:u 

1 1:21 

1:12 ) 
I:

22 

\ 
1 • 

wh'ere ~22 

given ;!S2 

is positive definite. Then the conditional distribution of ~1 
l' 

Is multivarlate normal with me an vector 

(6.4) 

and covariance matrix the Schur complement of ~22 in 1:" 

(6.5) 

40 • r • 



.(-

1 

~ 

, 
1 
1 

i , 
1 

l , 
1 

0 
, , 

Ge • 

, 
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To prove this result we note first that the joint di~tribution of 

(6.6) (1.51 -xE12t;~~2) 
~2 . 

, 
15 mu.l.tivariate normal with Mean vector 

(6.7) (el -::i;i~2) 

and covariance matrix . , 

(

(';-/,1:.22), 0) 
1 (6.8) 

o 1:22 
cf. (2.26). ~ence ~1 - 1:12~;~~2 i5 di5tributed independent1y of ~2 ' 

and so its' cpnd-itiona1 distribution given lS2 is the same as its uncon-. 

ditional distribution,: Thus '~l glven ?:S2 ls multivariate normal with Mean 

. vector (6.4) and covariance matrix (6.S). 

1 ~ 
Consider now the density function of the multivariate normal distribution 

(6.9) 
• 1 • 

H~) = (2n)-!P I:EI-! exp { -!(x-J..l) 'L-\X-J..l)} 
f'tJ "'-# f"oJ f'OoJ 

cf. Anderson (1958, p" 17). Then the above result c~ncerning the conditiona1 
\ 

distribution of !l given ~2 yields 

(6.10) 

thus 
A 

(6.11) 

cf. (2.6) , and 

...... 
1 

r 
1 
,1 
,~ 
~ 
1 
'~ 

1 
l 
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.' 
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'(6.12) . 

(6.13) 

Substituting (6.13) into the left-hand side of (6.12) yields the right-hand 

Bide direct1y, since 

(6.14) 

When ~22 i8 po~itive semidefinite and 'singulat, the covariance matrix 

of ~ is a1so singu1ar, cf. Coro11ary 4.5, and 50 ~ does not have a 

density function. Using generalized inverses, however, we may evaluate (cf. 

Rao, 1973;- pp. 522-523) the jO,int distribution of 

(6.15) 

cf.. (6.6), as multivariate normal with mean vector 

( 
~1 - ~12~;2~2) 

!:2 
(6.16) 

and covariance matrix (6.8), where \' 

1 

(6.17) 

is the genera1ized Schur complement af ~22 in ~; cf. (4.2). 

we ~ee that (6.17) i5 unique for aIl choices of g-inverse t;2 
, be noted thàt 

(6.18) 

. . 

.. 
. ., 

, , 

From (4.52) 

It should 

-, 
1 

1 
1 1 

1 
.' 

i 
1 ., 
t 

1 
1. , 

r • 



c 

l 
I 

/ 

-, 
1 

/ 
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is needed to establish that the off-diagonal blocks in (6.8) are still 0 • 

The equation (6.18) is equiva1ent to 
.J 

(6: 19) 

() 

/ 
1 

1 
1 

,v, 

/ in view of Lemma 4.1, and (6.19) holds because of the ?onnegative definitene~s 

of. ~. It ls interesting to note that (~.19) is jusi the condition for 

/ consistency of 

(6.20) '~22 = ~12 

which is ana1ogous to the "noF1Ilal equations" in regression ana1ysis. 

It fo11o\.1s at once that the conditional distribution of ~1 given ~2' 

is 'multivariate normal with mean vector d 

(6.21) 

cf. (6.4), and covariance matrix (6.17). The mean vector (6.21) is unique 

provided ;1;2 - ~2 lies in ,the co1timn spa~e of ~22 (with probability 1), in 

viewof (6.18). This is assured by the distribution of ~2 ~ ~2 being mu1ti-

variate normal with mean vector Q and covariance matrix' ~22 ,1 

Cott1e (1974, p. 195) giv€s an interesting Interpretation of the "quotient 

property" for the m:ultivariate normal distribution. See a1so Anderson (1958, 

p. 33). Let the random vector 

l-

r-
(6.22) / x = ~2 ~ 

Q 

~3 

. 

1 

('J 

-J 

. 
l, 

'J 
( 

j 

) , 
1 
,t 
'~t .. 
• '1 

~ 
A. 

j 
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Su~?ose that we have the conditiona1 drstributio/\ of as! and ::52 given ::S3 . 

Mo~ do we find the conditional distribution o~ hk given ~2 and ~3 ? 

~et us part"ition the covariance matrix of ~ as r 
li 

1,;11 1,;12 E 
13 

(6.23) ~'" 1,;21 ~22 ~23 
. 

~31 1,;32 1,;3'3 

and write 

(6.24) 

,1 

Then (3.1+ieldS 

(6.25) ( 

Thus the ondit;on~l .' distribution of ::SI 

distribution of given 

sequentially. 

§6.2 PaPtial correlation coefficients. 

given ~2 and x is the conditiona1 "'3, 

In 'other words we may condition 

In Section 6.1 we saw that (~/~22) , the Schur complement of .~22 in 

the covariance matrix 

(6.26) ') ,~ 
12 , 

~22 
o 

is also a covarianèe matrix. Anderson (1958, p. 29) defines the e1ements 

of (~/~22) ta be paPtial covariances. 

\ 
, 1 

1 
1 
i 

1 
; 

i 
l 

1 



. 
1 ~ 

( 

f 

1 

~---------- ~'I!"--~~ 
________ ----------~-----------------.~4'~-~--~.~--.-~ 
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\ 
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", 

* 
Writing 

(6.27) (l:/k
22

) = {o (2)} 
ij 

we may define the ~~iaZ correZation'coefficient as 
, . 

Provided (2) ~/O 
°ii for a11 r (which i8 assured when 

~ . 
"-:-, 

~ is positive definlte). , , 

The diagonal elements of the covariance matrix k are the variances 

of the components of the underlying random vector . ~. When these variances 

are aIl positive we may form the correlation matrix of ~ as 

(6.29) 

where 

(6.30) 

say, ls the diagonal matrix of standard deviations. If th~ Schur complement 

(6.31) (2) 
CR/R22) = {r

ij 
} 

then ) 

(6.34) p (2) = 
ij 

r(2)/( (2) (2»! 
ij ,rii t jj 

'" , 
Le. , the matrix of partial correlation coefficients ls a1so the correlation 

matrix formed from the Schur complemènt in ,the original correlation matrix. 

To prove (6,32) notice that 

(6.33), 

/ 

1l! • .Q""" rr"~""'-T~lt~~~~"'m'~""'.z sr IG 

'. 

\ 

! 
1 

l 
1 
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'J 
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Il 

We may· explqit the quotient property, cf. (6.25), to ob tain a recursion 
1 

·formula for partial correlation coefficients (cf. Anderson, 1958, p. 34). 

Partition the random vector 

(6.36) 

(6.37) 

Renee 

(6.38) 
(2&3) 

Pij = 

cf. (34) in Anderson '(1958, p. 34). 

" 

.. 

/' 

r~~ • ..... .oto. ""'.1:<.%....;,u ............ ~ loo ........ ~ ..... ..,.~oI;'~" ... '_ilI ............. \',.....,'1,"_"',.~'~~I_< ... -""~" ... -.--.,.~~ .. - ,"~~._~". 

\ , 1 ! & r\, ,t;j, 

1 ,. 

, , 
.... 

oi 
; 

i 

1 \ 

, 
' . . {l 

j. 



(~ 

/ 

, 
" 

J 
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Now suppose that ~1 in (6.34) i5 a1so a 5ca1ar, an~ partition 

1 
, 

P12 1 .e13 

(6.39) . R = 1 l , 
P12 L e23 
.-, - - - - - 1- - - _1 

.en .e23 1 RJ 

T~en the Schur complement 

(6.40) 

anc}. 50 

(6.41) 

When 
-1 " 

R . 

(6.42) 

and 

(6.43) 

Hence 

(6.44) 

(3) 
P12 = 

, \ 

R ,is nonsingular, we May obtain an alternate formula for 

From (2. 4{)') we ma y writ e 

{piJ} _ ~-l =(RI~3) -1 : ) 

'(R/R ) -1 • 
3 

12 
-P 

( 11 22)~ pp. 

, . 

-1 
the negative of the c~rrèsponding correlation coefficient in R 

the minus sign has been dropped in (4g. 2.8) in Rao, 1973, p. 270). 

1 

using 

(note that 



" 
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§ 6 = 3 Speoial covaroiance and correlation 8truc~:œes. 

There are several special covariance and correlation structures,that 

arise in statistica1 applications. For example, consider the fo~1owing , 

correlation structure 

(6.45) R = (l-p)I + p~' , 
n 

/ which arises, for examp1e, in the one-way random-effects analysis of variance 

(cf. e.g., Scheffé, 1959', p.225). Consider the mode1 

(6.46) 

with 

(6.47) 

j 1, ... ,u
1

, 1 = 1, ... ,k 

k 
n = l: ni • 

1=1 

We assume 'that the k+n ~andôm variables al"" ,a
k

, u
11

, u
12

' ••• , u
k 

a11 

have zero mean and are uncorrelated, and that ' ~ 

.. 

" (12 (6.48a) V (ai) 1 l, ••. ,k a 

(6.48b) ~(uij ) 
2 

j l, ••• ,ni' :i:=1, ••• ,k = (1 , = 

Let !i = {Yij}'-l .- J- , ... , n. 
matrix of ~ Is 1 

y = {y } -1' k' ",1 i- , ... , 
Then the covariance and 

(6.49) 

where / ~ (~:I) i5 the n1 xl :ector of ones •. The correlation ~trix of li 

i8, therefore, of the type (6.45); with 

(6.50) 

" 

A 

1 

\ 

1 

\ 



} 

l, 

, , 

qu 
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( 
/ 

this is called the lIintraclass" correlation between y ij and y ij' ,where 

j :f j'. If nI ~ n
2 

= ••• = nk = m then (6.49) becomes 

(6.51) 

where ~ ls the Kronecker pro duc t. 

It, is of interest to obtqin, in closed' form, expressions for the deter­

minant, inverse, and characteristic roots of a correlation matrix with 

structure like (6.45). The determinant and inverse, for example, occur in 

the density fupction of the multivariate normal distribution, cf. (6.9). 

The determinan~ of the nXn matrix R given by (6.45) is 

(6.52a) 
~ . 

(6.52b) 

(6.52c) 

IRI 
, n ' 1 (l-p)I + pee 1 = (l-p) II + pee I(l-p) 1 

n"""'" n ~ • 

= (l_p)n[l + pn/(l-p)} 

(1_p)n-1[l + p(n-l)] 

~ 

uslng (2.8). Thus R - is nônsingular provided p ir 1 or -II (n-l) , and 

then we may compute the inverse R-
1 

using the formula (2.59), i.è., 

(6.53a) 
-1 , -1 

R = [(l-p)I + pee] n ........ 

(6.53b) = ~I - P ee' l-:p n (1-p)2[l + pn/(l-p}J~ , 

(6.53c) = ~{I - pee'/[l + p(n-l)]} I-p n ...,., . 

, 
~é may find the characteristic roots by solving 

(6.54) 
, , 

IR - Àl l '= 1 (l-p-À)I + pee, 1 = 0 • n n -""" 
- \, 

Using (2.8), we obtain. 

[Y' 

.. 

" 



r 

7, 
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.. 
1 

, IR - À! 1 
n 

n-l (l-p-À) (I-p-À+np) 
/' 

(6.55) 

and so the characteristic roots are l-p with muitiplicity n-l and 
/' 

I+~(n-I) with muitiplicity 1. 

The matrix R defined by (6.45) is positive definite if and only if 

aIl the charac,teristic, roots are positive, i.e., 

(6.56)' __ 1_< <1 
p ". , n-1 

As n-)oOO the region of aiiowable negative 'values of p decreases to, O. For 

intrac1ass correlation, however, P > 0 , cf. (6.50). 

Another special correlation structurè, ca lIed the multivariate exten-
-

sion of intraclass correlation by Sampson (1978), is 

(6.57) ( 

l' 

R =0' (n) m (m) , 
p~ ~ 

(m) (n)' 
pe e N _ 

which arises, e.g., i~ the two-way ba1a~ced fixed effects analysis of vari­

ance. Assuming one observation per celi the design ~atrix may be written as 
, 

a 

(6.58) 

l 
n 

() (m) 1 
e n e In 

NID 

cf. e.g., Scheffé (1?59, p. 100), where 
(k) 

~i i8 the kxl vector with 1 

in the ith ce11 and 0 elsewhere., The matr1x X is mnx(m+n) ,where mQ' is 

the number of rows and n,the number of co~umns in the experimehtal design. , 

Renee- --' 

4' 

\ 

-', 
1 

! 
'" , 

~ 
'\1: r 
" ' 

'-.. 



r -

cF 

.. 
1 
! , 

, 
, 
1. 
1 
! 

! 
! 
l () i 
l, 

\ ~ 

" ....... " 

,(J 

(6.59) 
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X'X = ( nlm 
(n) (m)' 

e e ,.., '" 

When~the vector r of observations on the dependent variable has covariance 
2 " 2 .matrix cr l , ~hen X'y has covariance matrix cr X'X. The corresponding 

correlation matrlx has"'~he structure (6.57) with p = (mn)·!" which is 
1 

the maximum value of p ad ,that (6.57) be nonnegative definite, cf. (6.70). 

be1ow. / 
/ , 

, 
The determinant of (6.57) 18 

(6.60a) 

(6.60b) 

l 
m 

• p (m) (n)' 
e e 

'" 

1 
n 

= 1 - I!lDP2 

!~) 

palng (2.4) and (2.8). Thus (6.57) ia singular ~ p2 ="l/(mn) , and 80 

u (6.5~) i8 singular. Using (2.25), moreover, we see that 

(6.6la) ,p(X) = p(X'X) = m + r(;t - me(n)e(n) 'In) 
~ n l'V N 

, , 
= nf + r(l ,- e (n) e (n), ln) 

n '" '" 
(6.61b) 

'The matrix C = l - ee'/n may, be called the "centering matrix"l cf. Sharpe 
n n """" 

& ,St yan (1965). The c:orresponding correlation matrix fs the intraclass. corre-
.. . " 

lation matrix (6.45) with P = -l/Cn-l); thls value of p ls the lowest sa 

that (6.4) 'remains nonnegative definlte, cf. (6.56). Using (4.147), however, 
\ ' 

we see tha\ the'centering matrlx ha~ nu11ity 1 and hence haS rank n-1 

Thus the des~ matrix (6.58) has ,rank l ' 
-- . . \ 

(6.62) r(X) = ~ +,n, - 1 • 

.' 

1 

l. 

; 
l, 
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f 
To compute the i~vers~ of" 

( lm 
lm) (n)' ) pe e ..... ,.... 

2 (~.63) 

R = . Pf!. In) f!.(m) , J 
, p rf II (mn) 

l n 

, ' " we use (2.41) and the ~chur complements 

, , 
(6.64a) S = (R/I ) = l _ mp2~(n)e(n) 

J m n "' ..... 

(6.64b) T = (R/I ) = l _ np 2e (m) e (m) , 
n lm '" ..... 

and their inverses -. 

) . 
(6.65a) S-l = l + mp2e(n)e(n) '/(1 _ ~p2) 

./ n 

(6.65b) T-1 = l + np2e~m)e(m)'/(1 _ mbpL) 
m ..... ,.... 

whieh may be found using (2.59). Renee 

(6.66) 

• 

'" To compute a genera1ized inverse of (6.59), 

, 
i 

~ 
o. ~ ,'" i 

l 

(6.67) 

(

nI 
l' m 
XIX = 

(n) (m)' 
. e e 

'" ,.... 

(m) (n)') e e 
'" '" 

, 
ml 

n , 
1 

we may us~ (4.61) sinee 56.671 is nonnegativ~ definite. The Sehur complement 
/) 

() 

0, 

.. 
--
i 

of 

J 

1 .. 

i 
1 
! , 

r • 
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. 
(6.68a) 

(n) (n)' 
(X'X/nI ) c mCI - e e ln) = mCn' , 

m n - -

where C is the centering matrix, cf. (6.61). Since C i8 idempotent 
1 n n 
it fo11ows that C ~ C- and so C lm ~ (X'X/nI )- Bence 

n n n ,IJ}. 

(6.68b) 
( 

Im/n 0 ) = 
(X'X)'" 

o c lm , n 

/' 1 
The characteristic roots of (6.57) may be obtained'from 

Cm) (n)' 
p!: ~ 

(6.69a) . 
1 

pe (n) e (m) 
"" .... 

(1-).) 1;. 
n 

(6.69b) c (l-À)m l (l-À)I _ p2me(n)~(n)I/(1_À)1 
n ,.., ""-1 -

, -
(6.69c) (I-À)mfnI I '_p2me(n) e(n) , /(1_À}2, 

1 n ,..., - "1 

(6.69d) 
mfn-2 2 2 = (l-À) _ [Cl-À) - p mn] , 

using (2.4) and (2.8). Bence, the characteristic roots of (6.57) are,l with. 
Jl 

multiplicity m+n-2 ,and l ± p&, each with multiplicity 1. Thlfs (6.57) 

i8 positiv~ definite if and on1y if 

(6.70) 
'-~ -! -(mn) - < p < (mn) 

, \ 

Re note'that the correlation structure (6.57) is a special case of that 
, , 

considered in Theorem 4.14. In (4,~191) set' A = l ,B = l ; thèn 

u = m-!e(m) 18 a normalized characteristic vectormof A c~rresPOnding to 

~ unit ;oot. 'Similarly v = n -!e (n) for B. Hence put' 'Y '= P (mn) ~ • 
( ........ 

Then the charBccteristic rpots of: (6.57) are l with mu1tiplicity m+t\,-2 and 

~he two roots of 

/ 

• r • 



. \ 
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( 
1 p (mn

1 

) ~ ) • 

p(mn)! 

/ 

1 cf. (4.192). 

§6.4 The chi-squared and Wishart distributions. 

In t~is section, we will discuss results pertaining to distributions 

of certain statistics which Rao (1973, p. 189) states as béing "fundamenta1 

to the theory of least squares". 

Consider the genera1 linear mode1,with norma1ity 

(6.71) 
2 

v ~ N(Xy,cr 1 ) 
'" '" n 

" 

where X has'rank r. The residua1 sum of squares 

(6.72) Se = (~ - tX(X'X) -X'r = !i' [1 - X(X·X) -X']r 

1J 

i8 the Schur com~lement of X'X in the matrix 

(6.73) , (

XIX 

y'X 
eX, y) 

'" 

"" 

Hence, 

• 
(6.74) 

__ 1 

central chi-squared with n-r degrees of freedom, cf. Rao (1973, p. 189). 

Now consider the m~ltivariate general linear model with-normality, 

(6.75) y. 0= xr + u 

where Y and U aT~ nxp with rows following independent p-variate normal 

/' 

• 

/' 

, 
J 
~ 
î 
l 

l 
l' 
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distributions with covariance matrix t. The residua1 matrix of surns of 

square~ and cros~-products 

(6.76) s =-Y'Y - Y'X(X'X)-X'Y = Y'[I - X(X'X)-X']Y .. ' 
e 

is the Schur complement of X'X in the matrix 

(6.77) 
'( XIX 

y'X 
X'Y).= (X') (X, y) 
Y'Y y' 

(6.78) s ~ W (n-r l:) e p , , 

the p-varia,te central Wishart distribution with n-r 4egrees of freedom 

and sea1e parameter ,~, cf. Rao (1973, p. 534). When p = 1 , then l: = cr2 and 

(6.78) reduces to (6.74). 

To prove (6.78) we may use the fo11owing resu1t, cf. Rao (1973, p. 536). 

Let the random nxp matrix, Z have ind~pendent rows each normally distri­

buted with covariance matrix ~. Suppose fez) = n. If A is a nonrandom 

symmetric nXn mat~ix then 

(6.79) W = Z'AZ ~ W (f,l:) 
• P 

if and on1y if A = A2 and An = 0 , and then' f = r(A) • Clearly 

l - X(X'X)-X' = M = M2 and reM) = n ~ r(X) = n-r. Since n = xr , then ' 

An = MXr = 0, • 

A somewhat different result eoncerning the Wishart distribution of a 

Schur complement may be obtained from (6.79) by setting A = ~ and parti­

tioning 

(6.80) 

• 

.. 

1 
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where ZI' i8 nXPl and Z2' is nXP2 "and n > p Th en 

(6.83) 

where f 2 = P(~22) . 

~o prove (6.83) we consider 

, (6.84) f 

Moreover given Z2 the'rows,of ZI are independently normal~y distributed 

witIT$covariance matrix '(L/L
22

) , while 

(6.85) 

cf. (6.17) and (6.~1). Then (6.83) fol1ows at once sinee Z2 has rank 

r(L22) with probability 1. Rao (1973, p. 539) proves (6.83) when L
22 

is 

positive definite,fwhile Ruohonen (1976) establishes (6.83) using Mopre­

Penrose'g-inverses. 

Mitra (1970) derives a result analogous to (6.83) fol';' the matrix-variate 

beta distribution. Let 1011 and, W
2 

be independent pXp random matrices 

such that 

(6.86) i = 1,2 , 

1 

1 
'j 



f' 

, , 

" 

, ) 
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ànd k
1 

+ k
2 

~ p. Then W = W
l 
~+ W

2 
ls posltive deflnite with, 'pro9ability 

1 an-d we, may define 

(6.87) 

the p-variate beta distribution with k
1 

,k
2 

degre~s of freedom. If we 

partition 

(6.88) 

, 
where Bil is P1xPl and B22 Is P2

xP2 , then the Schur complement 

(6.89) 

degrees of freedom. 

~6.5 The Cramér-Rao inequality. , 
Let' xl, ..• ,x be independently and identically distributed as the 
,'" "'Il 

~random vector ~, whose distribution depends on the unknown parame ter 

vector S. Then the' score vector ls defined as 

(6.90) ! "" alog L / as 
'\ 

.'" 

where L denotes the likelihood function of 

unbiased estimator for e, i.e., 
N, 

(ii.91} E(t) 0:: S 

Then the random vector 

~\ 

Let t be an 

J -

1 
! 



• <, 

1 

t 

L 
l 
J. 

6 
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o 
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1", 

(6.92) u = 

has, undei certafn regularity conditions, mean vector 

1 (6.93) 

and covariance matrix structure 

(6.94) 

If ~11 is positive definite then it follows from Theorem 3.2 that the 

Schur complement 

(6.95) 

i8 nonnegative definite. If, then, ~n u~bia~statistic !O' say, can 

be found with covarfance matrix Lî~ = [V(alog LI a~)]-l then 50 is the 

minimum variance unbiased or Markov e8timator of e. This res~it i8 usually 

cal1ed the Cramér-Rao inequality, though Sverdrup (1967, p. 72) and Sav!l,ge 
'" (1972, p. 238) claim that it is due to Fréchet (1943). 

" 
To prove c(s) = 0 and eov(s,t) = l we note first that 

N N -

(6.96) f L dx1,· .dx ,,; 1 , 
f'U, ,..,.,n 

which implies that, ûnder appropriate regularity, conditions, 

.. 

_1 
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t 
:1; 

~ 

( 

(6.97a) E(s) '= Inog L , L " 
,.., ôS ,.., 

d: =,f~~ . dz 

,,,j ,t 
"" 

= a~ f~ . d: = ~ , (6.97b) 

'r> 

where dz = dx! dX
2 

.,. dx • Moreover, 
,1'oJ t"W,..." "'Il 

~~ 
~i 

", 

1 
(6.98a) c.av(s, t) = E(~ ') = {E(Si tj)} 

(6.98b) -1 fa1:~ 1 L t j L. dz ) 

(6.98c) If ;~ i . t j • d~ 1 
l 

(6.98d) = 1 a ~ i ft j L cl ~ ) 

~ 
(6.98e) = {- a~i E(t j ) '} =/ I~ 1 = {IS } = l aS

i 
ij r 

1 

In particu!ar, if 

\ 
(6.99) 

2 
Y ,.., N(Xy, 0 1) 
N ,.., 

./ where X has full column rank, then 

(6.100) 
. / 

(6,101) 
. 2 

log L = -!n log 2n - n log 0 -!(y - Xy) t(y - Xy)/o 
• ~ f l'"o.J ~ fOoJ 

,. 
" 

(6.102) S = 310g L/3y = X'(~ - Xr) c -(X'X! - X'y) 

(6.103) V (s) = X'x/o2 , 
", ...., 

o 

" 
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(6.104) 

The maximum 1ike1ihood estàmator of y 1s 

(6.105) ù , 

l ' 

and this has covariance matrix (6.104). Rence. y ls the minimum variance 

unbiased or Markov estimator' of ! 
\ 

/ 

/ 

'\ 

"" 

, \ 

i', 
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,APPENDIX A 

CRACOVIANS 

\ 

Following Banachiewicz (1937, p. 45) we define the Cr~ovian product of 

an m x n matrix A and an m x p tna.trix B as 

(A.I) 
\ " 

where is' the innet product of the rth column 9f B wit~ the 8th column 

of A Hence p .. e' A'B e ~ e' B'A e rs . ~s ~ "'r ~s 
sa that 

(A.2) A Co B .. B'A 

ls a p x' n matrlx. lt follows at once that 

(A.3) l' 0 B :,B' 
m 

and A D lm : A 

Banachiewicz caUs the identity matrix l "Idem" remarking that his earlier 

usage of "Invers" "zlehen wir ausdrUcklieh zurUck". 

It i8 found convenient ta drop the symbol 0 in (A.3) sa that 

" 
(A.4) l 0 A = lA = A' 

sincé the middle form in (A.4) "nient vorhanden ist" in ordinary matrix algebra. 

Thus 

l 0 (E F) = (lE 
G H IF 

IG ), 

IH • 

cf. (2.7), op. oit.~ p. 47. Transposition of a Cracovian prod~ct reverses 

the arder, for 

I(A 0 B) .. (A 0 B)' = (S'A)' = ~B = BoA. 
,,./ 

->-: 

, v 

1 • 

,1 
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When A is nonsingu1ar the Cracovian invers~ is the transpose of the 

usua1 inverse. Ta see 

(A. 7) 
-1 '-1 1 -1 

A A = 1 = A 0 (A ):: A 0 lA 

using «A:2). The Cracovian i verse of the ,Cracovian product of two nonsingular 

matrices is the 

for 

(A.8) (A " B) 0 

1 

of their Cracovian inverses in the same o~der, 

:! (B'A) 0' {(A-I ) , 0' (B-1) \ 

= (B'A) 0 {B-1 (A-1) '} 

" , , 
i 


