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Nous présentons une analyse de la nécessité d'une symétrie d'échange 2-

3 dans la matrice de masse de neutrino en comparaison avec l'intervalle 

expérimental admissible pour les paramètres d'oscillations de neutrino. La 

matrice symétrique, définie à une énergie appropriée pour un neutrino droitier 

dans le modèle de suppression de masse en dents de scie, subit une évolution 

suite aux équations supersymétriques du groupe de renormalisation, afin 

d'interpréter la matrice avec les énergies expérimentales. Nous discuterons 

du status de la présence de la masse du neutrino dans le modèle standard et 

justifierons le contexte de cette analyse en examinant les mécanismes et les 

éléments de preuve d'oscillations. Ensuite, nous parcourrons le mécanisme 

en dents de scie, ainsi que le processus de renormalisation et son rôle de pont 

entre les deux échelles d'énergies disparates. Les équations du groupe de 

renormalisation qui sont applicables seront présentées et la paramétrisation 

des effets pertinents du groupe de renormalisation sera démontrée. Enfin, 

nous décriverons des travaux antérieurs sur l'analyse de cette symétrie avant 

de mettre à jour leurs résultats et d'étendre l'analyse au comportement global 

dans l'ensemble des paramètres d'oscillations de neutrino à la fois solaire et 

atmosphérique. 
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Abstract@ 

vVe present an analysis of the requirements of a 2-3 exchange symmetry in the 

neutrino mass matrix in comparison to the experimentally allowed ranges of 

neutrino oscillation parameters. The symmetric matrix, being defined at an 

energy scale appropriate to a right-handed neutrino in a See-saw seheme of 

mass suppression, is subject to evolution un der Supersymmetric Renormal

isation Group Equations, in order to interpret the matrix at experimental 

energies. By \vay of motivation we discuss the status of neutrino mass in 

the Standard ~!lodel and justify the context of the analysis by examining 

the mechanisms and evidence for oscillations. VVe then revie\"''1 the See-sa\\' 

mechanism and also the pro cess of renormalisation and its implications for 

bridging disparate energy scales. vVe present the relevant Renormalization 

Group Equations and demonstrate the parameterisation of pertinent Renor

malization Group effects. Finally, vve review previous work analysing this 

symmetry before updating some of these results and extending the analysis 

to its global behaviour in the space of both solaI" and atmospheric neutrino 

oscillation parameters. 
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Chapter 1 

ntroduction@ 

Neutrino mass, its status in the Standard Model of Particle Physics, the related 

phenomenon of neutrino oscillations and why the latter should be of interest. 

l 



have done a terrible thing, l have postulated a particle that 

cannot be detectcd." 

-\V. Pauli. [1] 

Neutrinos are the most elusive and, consequently, least understood of the 

fundamental particles. They thus attract intense theoretical speculation in 

attempts to restrict their properties and hence make predictions that may 

be put to experiment. 

Primary to the puzzle of the neutrino has been the nature of its mass. 

The particle was first hypothesised by Pauli (1931) in order to rescue the 

conservation of energy in ,B-decay, ~where the energy of the emitted electron 

was not fixed as would be so in the case of a two-body decay. IB-decay \vas 

originally thought to follow a two-body scheme, where: 

N4 N ...L e+ 
Z"' -+ z±lB 1 

Energy conservation: EA E B + Ef3 

Momentum conservation: 0 p + ( -p) 

The parent nucleus A decays into its daughter B with the release of a positron 

or electron (the p-particle). Ef3 lS restricted to Q = E A - EB and the three 

momenta of the daughter nucleus and ,3-particle must be equal. There is only 

one set of values for p and Es that fulfills these criterea. But the observed 

electron spectra of these decays showed an energy deficit and shape which 

Pauli recognised could be the signature of a three-body decay. Knmving that 

a new charged particle would violate charge conservation in the decays, he 

christened this particle the 'neutron'. But this moniker was lost to the neutral 

nu cleon we know today and the neutral particle associated with3-decay is 

now recognised as the neutrino. 

As the neutrino was invoked as a near invisible carrier of energy, it was 

natural to ask, how mu ch of latter would compose its rnass? Pauli origi

nally declared a very cautious upper bound of 1% of proton mass, it 

\vas soon apparent it would be mu ch less. Thus IB-decay presented the 

most irnmediate me ans of searching for neutrino mass. 
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The prineiple sueh experiments is that, if neutrinos have a finite 

mass, the maximum energy of the charged produets \vill faIl short of the 

Q-value (the released energy) of the reaction. That is to say, that in the 

limit in which neutrino lS created at l'est (in the rest frame of the parent 

neucleus) its only influence upon the charged products is in depriving them 

of its rest energy. will manifest itself as a truncated B-particle energy 

speetrum. The most favourable decay for this measurement lS having 

the lovvest Q-value because this ·will maximise the shortfall at the end-point 

of the spectrum, relative to its total range. 

Inevitably this measurement also deals with effects from nuclear and 

atomie physics and so a simplistic (lOlv-Z) parent is prefered, in order to 

limit uncertainities from these domains. Tü this end, Tritium decay (rH -+ 

~He + + e-), having the least Z parent and the second least Q of aU i5'-decays, 

is an Ideal forum for experiments in directly measuring neutrino mass [2]. 

Sueh experiments struggle with the fact that they seek to measure the 

end-point of the ,8 Emission spectrum which, by the very nature of a three

body process, occupies a vanishing region of phase-space. This means that 

the rate of suit able Events is very low. In addition the energy lost to the 

recoi! of the nucleus is unmeasurable. Nevertheless, they have succeeded in 

placing an upper limit of 2.2eV (9.5% C.L.) on the eleetron neutrino mass [3], 

but have never indicated a finite value. 

Neutrino mass can also introduce more exotie effects. As we will discuss 

below, if the neutrino's mass is of the so-called Majorana type, it confounds 

our notion of particle and anti-particle allowing a proeess called 'neutrinoless 

double p-decay' (2 j5'Ov). Here the neutrino produced by p-decay is the same 

as that whieh induces p-decay. Thus an individual nucleus can emit two 

p-particles of same type, by the internaI exchange of a neutrino between 

two of its comprising nucleons. The rate at which this pro cess can oecm is 

related to the size of the lVIajorana mass and so measurement of this rate 

can constrain the mass. The Heidelberg-Moscow experiment attempts just 

such a measurement and predicts rnee < 0.34 (0.26)eV at 90% (68%) C.L., 

[4]where mee is the effective Majorana mass of the Electron neutrino. 
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Hmvever, case of mixing bet'\veen the neutrinos of the gener-

ations (the nature of which will be covered in more detaillater), cancellation 

between phases originating from the Majorana nature of the masses can mask 

the true size of the individu al masses and suppress the effective mass re

lation to them. Thus, this constraint does not necessarily supersede that 

from Tritium j3-decay. Recently there has been slight evidence for a non-zero 

neutrino mass from the same experiment with the most optimistic case al

lmving mee =O.1l-0.56eV at 95% C.L. with a best-fit of 0.3geV [5], though 

some doubt surrounds the validity of this daim. As yet there exists no firm 

prediction of a non-zero electron neutrino mass and other neutrino masses 

have an even more uncertain status. 

4 



1.1 Neutrino mass in the Standard Model. 

Matters were not as grave as Pauli feared. The interactions of the neutrino 

are indeecl heavily suppressed as a consequence of the very great mass the 

mediators of the weak force. Unlike electromagnetism, where the force can 

be transmitted by the exchange of real photons at aIl energies, the massive 

vector bosons '±, ZO) exchanged weak interactions result in an effective 

four fermion interaction (the Fermi interaction) at low energies. Such an 

interaction is suppressecl by a factor of the reciprocal of the mass of the 

exchanged particle, here a vV± or ZO. 

Despite this hinderance, after years of work, Reines and Cowan success

fully confirmed the detection of neutrinos in 1956 [6], by virtue of very large 

scintillation detectors in close proximity to a nuclear reactor as an intense 

source of neutrinos. Through the 1960's a number of vital experiments were 

condcuted on a massive seale using intense neutrino beams, in order to record 

their interactions. These providecl the resu1ts necessary to construct the ex

change picture of the weak interactions, as it is outlined ab ove , and the ac

companying gauge theory of electroweak interactions, due to Glashow, \iVein

berg and Salam. This work culminated, around 1974, in the acceptance by 

most of the scientific community of the existence of weak neutral current in

teractions,l whose effects are often concealed by coexisting electromagnetie 

effects. except on1y in neutrino reactions. 

These experiments cou1d shed light on such details as coupling strengths 

and the different interactions allov\'ed by the charged and neutral currents. 

However, at such large energies it was quite impossible to diseern the effects 

of the neutrino's mass, if indeed it had any. 

In the absence of detail, the question of mass in the neutrino sector of 

the Standard Ivlodelwas built on some \'i'ell motivated assumptions. The 

neutrino rnass was known to be extremely small, quite belmv anything that 

might be so it \vas reasonable to assume it to be exactly zero, 

1 Those due to the exchange of the ZO, in contrast to the charged current interactions 

resulting from exchange. 
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at least as an approximation. In addition, it was discovered that 

were produced only with left-handed chirality, VL: 

(1.1 ) 

which was later attributed to the (Y - character of the ,veak interactions.2 

That is to say, charged current interàctions (i.e. those responsible for (3-

decay) couple only states of 'left-handed' chirality.3 Hmvever, chirality is not 

conserved. This is because the eigenstates of chirality do not, in general, 

coïncide "vith those of helicity, which is conserved as an extension of angular 

momentum conservation: 

(1.2) 

a are the Pauli spin matricies. A state of definite helicity lS thus a !inear 

combination of chiral states: 

(1.3) 

Only in the massless limit, where helicity and chirality do coïncide (a- = 
1, b+ = 1), is the latter conserved. Any mass term would mix the chiralities 

of a neutrino of definite helicity, generating a right-handed component for 

any neutrino state. In the case that the right-handed component is that of a 

neutrino (i.e. VR) the mass is the 'traditional' Dirac mass, akin to that of the 

charged fermions. However, a right-handed neutrino would couple to none 

of the gauge fields and so would not interact: it would be 'sterile'. Thus, if a 

neutrino carried a Dirac mass there would be an entirely redundant field in 

the theory. 

vVe can avoid introducing a right-handed neutrino invoking a Majorana 

mass. In 1,his case the right-handed component lS 1,hat of an anti-neutrino (i.e. 

2Weak interactions are said to have a (l' ector) - (Axial vector) structure after the 

[(1 - 'l)/2]H/ /L'0L term in the weak Lagrangian. 
3Such states are left-handed particles (xd and their antiparticles which are, in fact, 

right-handed states ((XL)C' = (XC)R). Here , where é ex: 1 2 is the 

particle-antiparticle conjugation matrix, and C ex ,,2 Î ü is the charge conjugation matrix. 
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v~ = (vd C ) This represents a mixing of particle anti-particle and, in 

the case of neutrinos, a consequent violation of lepton number conservation. 

If such a mass v;;as possible for charged fermions it would violate 

conservation, by mixing particles of opposite charge, and thus it is forbidden. 

"Vhile charge conservation is the result of a fundamental gauge symmetry, 

there is no such 'guarding' symmetry to ensure lepton Humber conservation. 

But the latter is the result of an 'accidental' symmetry of the Standard 

Iv10del: an unintentional product of the requirements of gauge symmetry 

and renormalizability. Thus a IVlajorana mass for a neutrino is beyond the 

scope of the Standard lVlodel. 

The Standard Ivlodel escapes such peculiarities as those outlined above by 

dictating that aIl neutrinos have exactly zero mass. Indeed, until recently, a 

non-zero neutrino mass couid have been regarded as surplus to requirements. 

The Standard l\lodel is very successful: of the twenty-five electrmveak 

parameters measured at the ZO resonance in e+ e- scattering (Table 10.4 of 

[7]), aIl but one are in agreement with the Standard l'.Iodel to 20 (95% C.L.). 

But it cannot be a fundamental theory. because it contains almost twenty 

parameters ·which are determined only by experiment: within the SM there 

are no predictions (or explanations) for their specifie values. It has become a 

goal of Theoretical Righ Energy Physics to try to explain these parameters 

in terms of a deeper theory with the aim of predicting deviations from the 

behaviour expected within the Standard Model. The great success of the 

Standard Model attests to the difficultly of detecting such deviations but 

one obvious realm of exploration is in assessing the assumptions made in the 

neutrino sector. 
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1.2 Neutrino oscillations. 

Tt was first suggested by Bruno Pontecorvo (1957) [8] that neutrinos could os

dIlate: that after a given type of neutrino is produced it may transform into 

another before detection. At the time this seemed a curiosity unlikely 

to realised in nature. Indeed, it \vas Ilot confirmed until 1962 that the 

neutrinos of different generations were, fact, distinguishable [9]. And 

at that point it seemed likely that lepton generation number4 conservation 

would forbid oscillations. But in the past decade the phenomenon has at

tracted renewed interest for reasons that will be discussed below (see Section 

1.2.3). 

1.2.1 Mechanism. 

Oscillation is due essentially to the differing time evolution of the various 

mass eigenstates (Vj) of which a given fiavour state (va) may be composed.5 

Iva(t)) = L U~jlvj(t)) 
.7 

(1.4 ) 

Such mixing arises from a mismatch between the basis of fiavour states and 

that which diagonalizes the mass matrix. \Vhen the basis is rotated from that 

of the massive states into that of the fiavour states, ofF-diagonal components 

appear in the mass matrix. 

(Dl' D21 D3)[diag(ml 1 m2, m3)] ( :~ ) + h.c. 

v3 

.c:\1ass (1.5 ) 

( 

ve ) 
(De, DJ..i' DT )V[diag( ml, m2, m3)]Vt VIL + h.c. 

VT 

(1.6) 

4Initially Le and Lf' and later, after the discovery of tllP third generation, LT also. 
!')Here Ct = e, l.i, T. In general there can also be any number of sterile neutrinos, their 

multiplicity not being limited by measurements of the Z width which limits the number of 

light (m < 90Ge1/) neutrinos to three, without ambiguity. However, here l will discount 

them because experiment disfavours them, as we shaH see below. Accordingly j = 1,2,3. 
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vre consider charged current interactions: 

Lee ( 1.7) 

and assume that no other interactions involving charged leptons reveallepton 

sect or mixing, we may confine mixing to the neutrinos, as Is done for down 

quarks in the quark sect or of the S~'1:6 

Ccc = (e,jj,tJL!ÀV ( :: ) L W; + he (1.8) 

Here, V = U the l\lakijNakagavvajSakata (MNS) matrix [10]: the lepton 

sector counterpart to the CabibbojKobayashijMaskawa (CKM) matrix [11] 

of the quarks, \vhich accounts for flavour violation in the weak interactions. 

Oscillations will manifest themselves as a conversion between the neutrino 

flavours. A flavour eigenstate can be identified with a specifie mixture of mass 

states. and as the mass mixture evolves a neutrino may be described by a 

changing combination of flavours. The probability of observing a neutrino of 

flavour (3, at time t, after the production of a Vn1 at t = 0, is given by: 

(1.9) 

As noted, oscillation oceurs due to the time evolution of the mass eigenstates, 

so it is instructive to re-cast Paf3: 

Pa8 = 1l::l::uB'iU~j(vi(0)IVj(t))12 
. j 

Il:: l:: U(3iU~j exp -iEjt(Vi(O) IVj(O)) 12 

. j 

\iVhere Ej is the energy of the mass eigenstate. Kmv, wHh 

(1.10) 

(1.11) 

OThis amounts to allowing the charged fermion mass and fiavour eigenstates to coincide. 
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3. Re[z] = (z + '?;*)/2 

and discarding the imaginary components of the product of mixing 

which are CP violating terms. we have: 

n 

(11,-1) Il, 

+2 2: 2: Re[Ui~jUClje'i(Ej-Ek)tU(lkU~kl 
j=l k=(j+l) 

Il, 

~ TT* UT U [T* 
~ u8i ai j'ii 'ai 

(11,-1) Il, 

+2 2: 2: [Re[Ui~lIajUtJkU~k] X cos(6.jkt)] 
j=1 

Il, 

~U*U ·UU* ~ tJ~ m (l~ m 

(11,-1) Il, 

(1.12) 

(1.13) 

+2 2: 2: [Re[UêjUQjUtJkU~k] (1- 2sin2 (6. jk t/2)) l1.14) 
j=1 k=(j+l) 

1 t [j'tJiU~i 1

2 

(11,-1) Il, 

-4 2: 2: [Re[U~jUajU(lkU~k:l X sin2(6.jkt/2)] 
j=1 k=(j+l) 

(1.15) 

The first term simplifies to 6a ,8 and 6. jk = Ej - Ek' which in the relativistic 

limie .yields 6.jI, ~ (p + mj/2E) - (p + mV2E) = (mj - mk)/2E, where, 

also, t = L the distance travelled. 

Here we see the origin of the term neutrino 'oscillations': the terms that 

lead to metamorphosis of the neutrino type are sinusoidal, with arguments 

of the type (mj - mDL/4E and amplitude Re[U~j 

7This is certainly reasonable given the upper bound on neutrino masses from direct 

searches, in comparison with the energy spectra of typical weak decay processes. 

10 



The latter is a product of mlxmg matrix elements that controis the 

'strength' of the oscillation which, in a simple two-neutrino scheme, takes 

the fonu: 

so that: 

u = ( cos () sin () ) . 
- sine cos e ' (1.16) 

(1. 

and we may thus assume 0 :s e :S Jr /2 and ~ 2:: 0 without loss of generality, 

for the case of two-neutrino oscillations in a vacuum. 

The phase evolution of the probability is somewhat more complex: it 

depends upon the differences betvyeen the squared masses8 , (m] - mk) 

:6.m]k' This may be understood as follows. If a neutrino is produced in a 

given fiavour state which is a linear combination of exactly degenerate mass 

states (e.g. in the SM where all neutrinos have identically zero mass) the 

time ev01ution of those states is identical, and the state remains unaltered. 

Thus neither mixing nor massive neutrinos are by themselves sufficient for 

oscillation to occur: it is essential that there be a difJerence among the mass 

eigenvalues. Consequently, if neutrino oscillations are observed then their 

must exist at least one massive eigenstate, even if the others have exactly 

zero eigenvalues. Indeed, oscillations are insensitive to the absolute value of 

the masses involved and hence cannot directly place an upper or lower bound 

on the mass. 

The structure of the harmonie terms in the probability allows us to distin

guish bebveen the various scenarios in which oscillations are observed. The 

scale of the squared mass difference, in relation to the energy of the neutri

nos involved and the distance over which they are allowed to evolve before 

observation, sets the number of cycles that the neutrino state will undergo. 

Specifieally, there are th1'ee cases of interest: 

@ ~Tnjk » 4E / L: the harmonie term varies very rapidly and generally 

cannot distinguished by experiment. Sueh terms are ayeraged ove1' 

((sin2 (x)) = 1/2). 

8The nature of the mass, be it Dirac or Majorana, does not affect this result. 
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® !:lmJk cv 4E 1 L: this case is very favourable for observation. 

in LEon the sc ale the experiment will result in observable 

phase shifts provide detailed information coneerning (m; - rn%). 

® !:lm7k « 4E 1 L: the phase of the harmonie term is little changed with 

respect to initial state and oscillations are not observed. 

1.2.2 Matter effects. 

The foregoing discussion has related to vacuum effects: those occuring 

the free propagation of neutrinos. However, additional effects arise from 

the presence of matter. As neutrinos travel through atomic matter they 

may partake in coherent elastic scattering with the protons, neutrons and 

electrons of which it is comprised. These interactions do not directly change 

the neutrinos but the nett result is that a potential energy term is introduced 

into the Lagrangian of the neutrinos which will affect their evolution in matter 

[12J. Interactions with nucleons (protons and neutrons) are through the 

neutral current only and so their contribution is identical for each of the three 

active neutrinos. Electrons will a1so contribute through the neutral current 

but in addition they will interact through the charged CUITent exclusively 

with electron neutrinos. Thus electron neutrinos will experience a potential, 

l ~, different to that felt by muon or tau neutrinos, l'x, and this leads to 

differences in their evolution within matter. 

Consider a system consisting of two neutrino mass eigenstates, Vl,2 with 

eigenvalues ml,2, vdüch, in vacuum, are each a mixture of the electron neu

trino, Ve , and another active neutrino, Vx which may itself be a combination 

of muon and tau neutrinos: 

( 

1/1 ) (cos B sin () ) ( V e ) 

V2 - sin e cos B I/x 
(1.18) 

the presence of matter the differing reaction potentials for I/e and Vx 

components will alter the mass eigenvalues and the compositions of the mass 

eigenstates [12J. [13J. This amounts to defining an effective mixing angle, (jrn, 
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and effective masses, Pl,2, matter: 

2 2 
ml + m 2 + E(l~ + FX) 

2 

=t=~ vi (.6.m2 cos 28 - 2E(li~ - 1~>c))2 + (L'1m2 sin 20)2 (1.19) 

where L'1m2 = m~ - TnI, E is the neutrino energy and Om satisfies: 

l\m2 sin 20 
tan 2Bm = (,\ ') il E(' ,- Î T ) i-lm- cos2u - 2 Ve - ~'x 

(1.20) 

As noted above the neutral CUITent components of e and l ~y are identical, 

so that their difference is simply the charged CUITent contribution "vhich is 

proportional to the electron number density, Ne, and the effective coupling of 

weak interactions at low energy, G F the Fermi coupling [vVolfenstein: 1978]: 

(1.21) 

Due to the small size of G F a very great density of matter is required to 

introduce observable efIects through the reaction potentiaL 

In general the density of matter will vary and thus the effective masses 

and mixing are essentially instantaneous quantities which vv-ill vary in time. 

Evolution of the mixing angle introduces its own distortion in the system 

such that the instantaneous mass eigenstates, the states associated \vith the 

mass eigenvalues Il,1.2, will mix and are no longer the instantaneous energy 

eigenstates which must be considered in examining the evolution of the sys

tem. This mixing is proportion al to the rate of change of the effective mixing 

angle, Om and thus for slowly varying Bm this effect lS negligible: the so-called 

adiabatic case when iJm « .6.p2 / 4E. 

A consequence of (1.19) and (1.20) is that. for a given neutrino energy, 

a condition of least difference betyçeen the effective masses coincides with 

maximal mixing at a resanant density, ,0: 

V2t:lm2 

p = 'G ECOS 28 4 F 
(1.22) 

8m varies between the e at lüw density and ~ - B abüve the resonant density. 

It changes müst rapidl~r close tü the resonant density sueh that non-adiabatic 

effects may appear. 
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The existence reSOIlant density has important implications the 

evolution of neutrinos as progress through matter. Consider electron 

neutrinos c1'eated in the core of the Sun and having a vacuum mixing angle 

e < 1i. l'v1odels of sola1' interior suggest an approximately exponential 

decrease in density away from the centre: 

(O)e- r
/ ro , ro = r.jl0.54. (1.23) 

\,ye may then c1assify three scenarios: 

@ p ~ Ne(O): matter effects are negligb1e and solar neutrino oscillations 

behave as in the case of evolution in a vacuum. 

@ P ,2: Ne(O): neutrinos do not experience the resonant conditions but 

matter effects will be significant. Density does not vary sufficiently 

quickly to introduce non-adiabatic effects so that at each point the 

effective mass eigenstates may be treated as the energy eigenstates 

in the usual \Yay. Evolution proceeds by the same mechanism as in 

vacuum but with the parameters adjusted by the presence of matter. 

@ P < lVe(O): electron neutrinos will be produced in the solar core iyith 

em > 7ï j 4 such that they consist primarily of the V2 eigenstate and vice 

versa. The neutrinos then pass through the resonant state and their 

behaviour here depends upon the adiabaticity. the adiabatic case 

there is litt le mixing between the v] and V2 states and as the V2 state 

passes through resonance and on to the surface it gains primarily Vx 

character because ()m drops below 1i j 4. For small e the transformation 

of l/e flux to Vx is actually enhanced: this lS the IVISVV effect [12], [13]. 

In the non-adiabatic case the mixing between the instantaneous mass 

eigenstates in large Orn region around resonance weakens the MS\V 

effect: e.g. an enérgy eigenstate that could be associated with //2 in 

a region of small Om above resonance, will acquire sorne 1./1 character 

during resonance, increasing the component that will boost Ile flux at 

the surface. 



is the preceding dicussion that matter effects introduce a 

complex structure into the problem of understanding sol al' 

1.2.3 Evidence. 

Interest in neutrino oscillations has been aroused in the last decade puz

zling experimental results. In 1967 the Homestake experiment [14] began to 

measure the flux of electron neutrinos from nuclear fusion reactions in the 

core of the Sun. Such an endeavour is by no means trivial and requires a 

very large detector and a great deal of patience. The results were surprising 

in that there was an apparent cleficit of around two-thirds compared to the 

flux expected from models of the Sun's structure and the nuclear prücesses 

at its centre. For some time this ,vas the only experiment in the field, as the 

data slowly accumulated in favour of this deficit. 

\\Then other experiments sensitive to solar neutrinos began, in the late 

1980's and early 1990's, it became apparent that this \'vas genuinely due to 

a neutrino deficit and not an artifact of the experiment. Though there was 

some variation betv\'een experiments in the observed flux, ranging from rv 0.3 

to rv 0.6 of that which was expected, the shortfall was beyond doubt. In light 

of the success of the SM, these results called into question our understanding 

of the solar interior and the various fields within physics which overlap in 

this domain as embodied in the Solar Standard Model (SSM) [15]. However, 

recent results from helioseismology [16] support predictions of the SSM sug

gesting that the origin of the neutrino deficit lies in assumptions within the 

SM. 

Experiments. 

Existing experiments faH into two categories: radiochemical 

Cerenkov. 

,vatel' 

The first relies on the transmutation of nuclei in a bulk sample iuto ra-

dioactive species, by the absorbtion of neutrinos above the energy threshold 

of the l'eaction. For instance Homestake [17] uses a large tank containing 
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80me 615 tonnes of C2 C14 , of which the 37CI component (approximately 

3.6 x l06mol) may be transformed into 37 ,an unstable isotope with a 

half-life of 34.8 days. The Argon 80 produced, being a noble gas, can easHy 

be separated from bulk fluid and its quantity determined the event 

rate measured in the gases extracted. Similar in concept are the Gallium 

detectors, the first of was SAGE [18] , starting in 1990, closely follwed 

by GALLEX [19] in 1991, the latter bieng replaced in 1998 G~O [20]. 

They use 7lGa, as either a liquid met al or as a salt in solution, ~which may be 

converted into radioactive 7lGe. The principle advantage of aIl of the above 

deteetors is their great sensitivity, espeeially the Gallium experiments which 

have the lowest energy threshold of aH. Hovvever, aH of these experiments 

can only measure the total flux of electron neutrinos: they are blind to the 

trajectory of the incident neutrinos and are unable to detect those whieh 

are not of the electron type. The latter is eritical, beeause neutrino oscilla

tions "vill preserve the overall flux of neutrinos but change the proportions 

of flavours ~which comprise it. 

For these properties we must turn to the second type of experiment. The 

forebear of this field was Kamiokande [21] which did not begin its life, in 1987, 

as a neutrino experiment, but rather as a nucleon deeay experiment, testing 

the limits of Grand Unified Theories sueh as Supersymmetry, \vhieh will be 

discussed later. In fact, in the original conception of the detector, neutrinos 

were a source of unwanted background noise. As interest in the solar neutrino 

problem grew, the experiment changed its emphasisto neutrino detection and 

was upgraded to SuperKamiokande (SK) between 1995 and 1996 [22]. 

These experiments deteet the recoiling charged leptons (eleetrons or muons) 9 

produced by the interaction of neutrinos with the bulk matter of the Earth 

or the detector. This is achieved by the use of photo-multipliers ta detect the 

faint Cerenkov flash emitted as the recoiling lepton passes through detec

tOI' volume. This method has the advantage of being able to resolve events 

as they happen and also ta reconstruct the direction of the lepton the 

pattern of light detected. However, to generate the Cerenkov gIo,,\' a given 

9Tau particles decay too rapidly to be observed directly. 
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lepton must exceed the effective speed light for the medium through \vhich 

it is travelling. Thus only the most energetic neutrinos will be able to trigger 

events in these detectors but the more energetic the event the more light 

be emitted as Cerenkov radiation and this provides the technique with some 

energy resolution. 

SuperKamiokande relies on the detection of charged leptons ma)" 

be attributed to inelastic neutrino scattering, but these must charged 

cUIrent events which precludes the measurement of T neutrino flux. The 

Sudbury Neutrino Observatory (SNO) which began operation in late 1999 

[23] 'ltvill account for this weakness by using heavy "vater (D20) as the core of 

a spherical Cerenkov detector. The neutron in each deutirium nucleus will be 

sensitive to neutral current interactions which, for sufficiently energetie neu

trinos, will lead to the disintegration of the nucleus. Sueh events may then 

be detected from the eventual decay or capture of the l'esulting fl'ee neutron. 

Crueially, this sensitivity to the neutral current will provide a perfectly bal

anced measure of the entire flux of active neutrinos, which an experience an 

identical neutral current interaction. This is the first measure of the total 

flux and will prove wether or not neutrinos are changing character or are 

simply under-produced [24]. 

The energy sensitivity of water Cerenkov experiments has revealed an 

energy dependence in the neutrino fluxes [22]. In addition direction al in

formation has shown a zenith angle dependence in the flux of atmospheric 

neutrinos [25], which translates into a dependence upon the distance from the 

production site in the upper atmosphere. Thus the varying detection rates 

must be explained by an energy and distance dependent phenomenon which 

supresses the expected yield of events for a given neutrino type. Neutrino 

oscillations are just such a phenomenon. 

Results. 

Following [26], a first approximation examining the experimental evidence 

for neutrino oscillations is to assume a simple pro cess of oscillation between 

only two neutrino types. Sueh an approximation suggests a small squared 
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mass difi'erence drives the solar neutrino oscillation (10- 7 
- 10-5eV2

) and 

a much larger one the atmospheric oscillation (10-3eV2
). Both scenarios 

a1so favour large mixing angles, \yhich ls to say that original ftavour 

state in each contains a significant component of the two mass eigenstates 

involved, though experiment excludes maximal mixing for solar oscillations 

(tan i= 1). Specifically, there are a number of separate regions in the 

space of solar oscillation parameters any of which could account for the solar 

neutrino problem. This diversity arises from the myriad scenarios involving 

matter effects which "'will affect the evolution of electron neutrinos generated 

at the Sun'8 core. Of the various possible scenarios we will consider only 

the two most likely: LMA and LUW. Experiment defines a single region in 

the atmospheric neutrino parameter space, where matter effects have litt le 

significance and oscillations proceed as in vacuum. The most recent best-fit 

values for atmospheric [26] and solar [24] neutrino oscillations are shown in 

Table 1.1. 

1 Scenario Atm. LIVIA LOVV 

.6.rn2 / e ,,\/'2 2.6 x 10-3 5.0 X 10-5 7.9 X 10-8 

tan2 () 1.42 0.42 0.61 

Table 1.1: Best-fit oscillation parameters. 

In addition, the assumption that either solar or atmospheric neutrinos 

oscillate with a sterile neutrino species lS disfavoured. 

The preceding analysis turns out to be largely correct. Of course three 

active neutrinos are known to exist and the mixing scheme should incorporate 

this. For these purposes the lVINS matrix is parameterized as follows: 

II 
S13

e-
i5 

) 

823(:13 (1.24) 

C2:3 C13 

VVhere: Sij (Cij) = sin fJij (cos ()'ij) It is conventional in three neutrino 

context to take ()12 as the mixing angle for salaI' neutrinos and fJ23 that 
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for atmospheric neutrinos. Generally, 0 < (Jij < 1ï /2 and so, in to 

cover the wh01e range, experimental analyses express mixing in ternlS of 

tan (Jij = f ij , as in Table 1.1. The Dirac phase, 6, be set to zero or 1ï to 

preclude CP violating effects due to imaginary components. Both Ivlajorana 

phases have been set to zero as they cannot influence oscillations [27]. 

As implied previously, harmonie terms conversion probability ,vith 

disparate mass differences are not influential simultaneously but vvill come 

into play individually, under difl:'erent circumstances depending upon the 

magnitude of E / L. Thus in constructing a universal picture of oscillations 

it can be assumed that the solar and atmospheric scenarios are largely unre

lated because they occur at quite different scales: in experiments sensitive to 

solar neutrino oscillations the atmospheric type oscillation ls averaged over 

and in atmospheric experiments the solar type oscillation is negligible. 

The two schemes are however related by one parameter, namely e13 , 

which results in slight de\'Ïations from the decoupled, t,vo neutrino, schemes 

for the solar and atmospheric oscillations mentioned above. In this con

text, the CHOOZ experiment [28], which aimed to register the disappear

ance of electron neutrinos originating from a nuclear power plant, places 

an upper bound on (J13 of t"V 9° (90% C.L.), assuming large ûmi3' The 

latter assumption is quite reasonable here when vve consider the condition: 

ûm~2 + ûm~l = ûm~l ~ ûm~2' AH the currently available data for so

lar and atmospheric oscillations favour small values of 813 and the CHOOZ 

experimellt reinforces this trend. Thus, the large mixing of both solar and 

atmospheric neutrinos is preserved in the three-neutrino mixing scheme. 

One artifact of this mixing scheme is that the fit to data is satisfied 

equally well for two mass hierarchies. The first is the normal hierarchy, 

analogous ta the charged lepton sector or the quarks where: ml < Tn'2 < m3. 

But an inverted hierarchy is aiso admitted, where: ITt3 < ml < rn2 and 

lL\m~tml = -L\m~2 > O. The condition ml < rn2 is common to bath 

hierarchies and this is due to the fact that the prefered regions in solar 

parameter space are possible because of the MSV\! effect, which requires that 

the electron neutrino be lighter than the muon neutrino. 
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Neutrino oscillations describe weIl missing solar and atmospheric neu-

trin os and this constitutes first evidence of massive neutrinos and hence 

physics beyond SM. Sueh New Physics should explain various peculiar 

characteristics, such as the near vanishing mass (in relation to other masses 

the S1\/1) of the neutrinos, but a1so the structure of their mass spectrum 

and the pattern of mixing: the so-called 'texture' of the fiavour mixing ma

trix. Tt lS our task to assess the predictions of a possible texture as it i8 

understood in the background of a likely scheme of New Physics. 

The follo"ving ehapter will outline some of the New Physics, namely the 

See-Saw IvIeehanism and Supersymmetry, in addition to techniques neces

sary for translating this scheme into the realm where experiments are made, 

namely Renormalisation. The final chapter will deal \\'ith their application 

to the problem at hand: the analysis of a so-called 2-3 exchange symmetry 

of the neutrino mass matrix, due to C.S. Lam [29]. 
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Chapter 2 

ackgrounde 

The See-saw mechanism indicates that neutrino physics could probe very high 

energies, renormalisation allows the extrapolation of predictions from such scales 

and supersymmetry provides a possible window to the dynamics there. 
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2.1 The See-saw mechanism. 

The masses of the neutrinos are puzzling their minuteness ln relation 

to other masses the SM. Specifically, the inclusion of a neutrino vvith a 

finite, but very small, mass into a given generation will extend the mass 

spectrum of tbat generation over many more orders of magnitude. For the 

first generation, consisting of the electron and the 11 and d quarks, the mass 

ranges from 0.5?vleV to rv9MeV: a little more than one order of magnitude. 

\Vhen the electron neutrino is introduced, \'\'ith a mass certainly less than 

rv2e V, the mass spectrum must cover at least six orders of magnitude. 

Now, the mass scale of the first generation is already very small in com

parison to the origin of fermion masses in the SM, namely the Higgs boson 

Vacuum Expectation Value, v rv100GeV ([30], a1so Section 2.2.3). But to 

explain siumltaneously the smallness of the first generation masses and, in 

addition, the extreme smallness of the electron neutrino mass in a simple 

manner is not trivial. 

The See-saw mechanism [31] proposes that the Dirac mass (d) of the 

neutrino is intrinsically of a similar scale to that of the SM, but that the 

observed mass (that of the mass eigenstates) is suppressed by a very large 

Majorana mass, AI, of the right-handed neutrino. The Dirac states of the 

neutrino, Vd, couple through a mass matrix, M: 

(2.1) 

(2.2) 

vVhere Vm are the mass eigenstates so that D is diagonal with eigenvalues 

rv ~; and rv _~f. The admixture of chiralities for eigenstates in the mass 

diagonal basis is rv _~J' so that the light neutrino state is predominantly left

handed and thus the mass is predominantly of I\1ajorana character, as might 

expected. It is especially interesting that the lightest neutrinos, those 

that will be observed, have acquired masses even though the left-handed 

neutrinos, those of the SM, have none. 

This simple scenario allows us to make a prediction for the .1I/Iajorana 
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mass of the right-handed neutrino. d l'VIOOGeV and ffiv(obs.) < we 

can expect ,2: lQ13GeV. This is a remarkable result and strongly suggests 

that neutrino physics be an excellent probe of the physics that exists at 

energies far beyond those directly accessible to modern experiments. 

This scheme may extended to include multiple generations [32], 'Nhere 

the components of M (2.2) are matricies themselves. components 

representing the right-handed neutrino masses may or IHay not be identical, 

but it is simplest to assume that they are similar. Furthermore, it lS reason

able to assume that if the mixing matrix bet"ween the generations exhibits 

sorne degree of symmetry below this scale, then this symmetry will itself be 

generated at this seale. That is to say that at the seale at which the light 

neutrino masses are defined, the texture of the mixing matrix generated along 

side them \vill be defined by a specifie texture. It ls attractive to consider 

that the texture so defined will obey a symmetry indicative of a more funda

mental relationship between the generations. But this symmetry may not be 

immediately apparent at lower energies because the behaviour of neutrinos 

will actually be different between the vastly disparate energies of, on the one 

hand, where the fundamental theory is defined and, on the other, where the 

experiments are carried out. 
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2*2 Renormalisation and running couplings. 

AH experimentally observable parameters are determined the careful mea-

surement of quantum mechanical processes. These pro cesses are described 

by perturbation theory, in that, to a first approximation, a quantum field 

theory involves only free fields and interactions are a perturbation to this. 

This is represented in the structure of the theory by defining a coupling con

stant 9 « 1 i?\'hich characterises the intrinsic strength of the perturbation. 

The perturbation expansion on 9 provides many possible structures, of in

creasing complexity, for any given interaction. The lowest order form is said 

to be tree-Ievel from Hs simple branch- like structure in hs representation as 

a Feynman diagram, where each vertex represents a factor of g. 

For example, consider an experiment to measure the coupling of two 

currents, i.e. the intrinsic likelihood with "\'vhich they will interfere with one 

another. The two currents may be arranged so as to pass into close proximity 

under approximately free motion. Any scattering "\'vill be due to their inter

action. The lowest order process of this form in Quantum Electro-Dynamics 

(QED) may be depicted by Fig.2.1, where a fermion current (vector) and an 

external current (X) interfere by the exchange of a virtual photon (wave). 

Figure 2.1: Scattering in QED at tree-level: exchange of a single photon with 

an external current. 

The Feynman ru les allow us to relate the diagram ta an expression for 

the Lorentz invariant amplitude of the pro cess it represents, from vvhich the 

probability of the pro cess may determined. For the above example the 
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mIes give: 

(2.3) 

where the term in set of parenthesis is the CUITent under observation, 

the last term in parenthesis is an external current which causes the scattering 

and 9 is the coupling we \vish to measure. The external current implicitly 

cardes a factor g from the coupling to virtual photon. The 

term is associated with the internaI photon propagator and depends upon 

the momentum exchanged betvveen the currents, q. 

Higher orders will have more verticies but an identical set of external 

Enes, and hence a more complex internaI structure: 

v 
(a), (b), (c) . 

Figure 2.2: QED scattering diagrams at the next-to-lowest order: (a) vacuum 

polarisation, (b) fermion self-energy and (c) vertex correction. 

Each possible structure is indistinguishable to experiments, which can 

measure only the approximately free, real particles represented by external 

lines. Thus, in the observation of a given process the Experimental measure

ment encompasses all possible forms of the interaction (see Fig. 2.3). 

In order to faithfully represent a given process, as it is observed, we 

must include an possible diagrams. However, it is convenient to describe the 

pro cess as a tree-level diagram and vve might assume that it is a simple matter 

to include the contribution of higher-orders by re-defining some property 

at the tree-level, for instance the coupling in Fig. 2.3. Consequently the 

observed coupling, g, 'will not correspond directly to that in the Lagrangian 

of the theory. Rather the Lagrangian will contain a bare coupling, go \vhich 
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+ + + 

Figure 2.3: The observed coupling is a sum over aU possible scattering pro

cesses. 

is not 'dressed' by higher-order effects. Furthermore, as we are "yorking in 

perturbation theory so we need include only a few higher-order terms to 

successfully relate 9 and go· 

In fact this approach is by no means trivial. The simplest higher-order 

diagrams containing even one loop only, result in infinite contributions to g. 

In princip le this is not catastrophic as individual contributions are inherently 

unobservable. However, to yield a finite value of 9 the infinite contributions 

would have to cancel with a quite implausible delicacy, to aIl orders of the 

perturbation expansion. To escape this difficulty, the infinite terms may be 

concealed by a careful re-definition of the bare coupling in a pro cess known as 

renormalization. Firstly we will look at how these infinities may be contained 

by regularization and then we "',lill examine the consequences for observables 

of this indeterminacy of the theory. This discussion will be restricted to the 

one-Ioop level. 
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2.2.1 Regularization. 

Vvhen evaluating a diagrarrL Feynman ruIes require the integration over the 

full range of each internaI momentum. The also for each ver

tex a factor of a Dirac delta-function, enforcing momentum conservation at 

that vertex. At t1'ee-1eve1 these rules are sufficient to define momenta in 

the diagram and leave a single delta-function which embodies momentum 

conservation among the external Hnes. However, at the one-loop Ievel one 

of the internai momenta remains undefined after aIl of the delta functions 

have been taken into account. Thus in the final evaluation of the diagram 

there remains an integra1 over an infini te range of momenta, The latter is the 

origin of the infinite contributions to the observed coupling indicated above. 

Looking again at cOllpling in QED scattering pro cesses to one-loop, we 

consider: 

+ 

Figure 2.4: Scattering in QED to one-loop, 

The one-loop contribution here is solely due to vacuum polarisation as 

the fermion self-energy and vertex correction cancel exactly by the so-called 

\Vard Identity (p.197 [33]). 

The Feynman rules yield: 

-'M -' 2(-"1.1-', )[-i9~U/ , -i.9wJiIoce-igj3vl(;Vj ) 
1 - l.9o u, U 'J -t- 2 2 J go, 

q~ q q" 
(2.4) 

The second term inside the square brackets is the dressed propagator and 

cardes the contribution of vacuum polarization to the process. I ocfJ records 
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the effects of the 

(2.5) 

(2.6) 

Each loop introduces a factor of -1, so here 1=1. The trace derives from the 

loop structure and the fact that the matrix indicies contract at each of the 

verticies; the space-time indicies are free and must contract with the photon 

propagators. 

After the angular integral, (2.6) has the form f IpI3p/lpI2, which will 

diverge as indicated previously. 

A simple means of combatting this anomaly is to restrict the integral to 

a finite range of moment a by imposing a eut-ofl. The integral is thereby 

regularized, in that it is no longer divergent. This form of the diagram may 

novv be manipulated in the usuai way in calculating scattering cross-sections 

and the like. Of course the eut-off is an artificial and arbitrary constraint 

in the theory and in order to cast the final result into the correct form the 

eut-off must be sent to infinity. 

This is certainly a crude and direct means of containing the divergence 

but it do es have an equally straightforward interpretation. It may be seen 

as indicating that the theory is weH defined only at low energies, where the 

momentum of internaI Iines is sm aU beeause the the exchanged momentum 

must be small. This implies that the anomalous behaviour is linked to our ig

norance of more fundamental physics at higher energies and shorter distance 

scaies. 

Though this scheme of regularization lends valuable insight, it is fia"\ved. 

By the uncertainty principle an upper limit on momentum implies a lower 

limit on position, which effectiyely discretizes space-time and so violates 

translational invariance: a fundamental symmetr:y. Furthermore there is also 

violation of local gauge symmetries \vhich are a cornerstone of aH successful 

1 For claritv the if prescription ,,-here iit+m ) -0 ;(p+:n). in order to avoid fermion 
",' 'p~-'1Y1.2 p2-n~2+'I(:; 

propagator poles, is 1eft implicit. 

28 



theories of physics. 

Fortunately other, more subtle. schemes of regularization have also been 

developed. One of those that automatically respects gauge symmetries 

is dimensional regularization, which avoids singularities by the expedient of 

changing the space-time dimensionality of problem. 

Consider: 

(2.7) 

Allloop integrals can be reduced to the form of the LHS, with D = 4, by Fey

naman parameterisation. This procedure reduces the product of quadratic 

terms in the denominator of an expression, due to propagators in the Ioop 

(as in 2.6), to a sum of terms, following the rule: 

1 11 lz1 l zn
-

1 

f(n+l) 0 clz1 0 dz2 .. · 0 dZn 

1 
x~--~----~--------~------~~~ 

[aD + (al - aO)ZI + ... + (an - an_l)zn]n+l 
(2.8) 

This form allows use of the standard integrals in Appenclix A. 

Then we may generalise to D = 4 - 77 and the Ioop integral will be weIl 

defined by the RHS for integer n > D /2 or for any non-integer n, specifically 

small7J. Of course an terms within the integral now exist in a space for which 

D =f 4. This includes the Dirac matricies \\'hose interpretation in non-integer 

dimensions is by no means clear, but all results are eventually interpreted 

in the n --t 0 limit, in which case aIl relations are reduced to the familiar 

four-dimenslonal form. The general D trace and contraction theorems are 

summarised in Appendix A. 

Continuing with the example of QED scattering, we ma}' re-cast (2.6) for 

general D: 

(2.9) 

Using the trace theorems on the numeratoI and Feynman parameterisation 
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on the denominator yields: 

F Jé{3 = 

1
1 

.) -go 0 dz dDp {f(D)[(IP - qÛ)pB + (pB _q!),)pÛ + [m2 - p(p - q)]gQ!3 j } 
(21ï)4 [p2 - m 2 + (q2 - 2pq)zj2 

(2.10) 

can make the substitution p = k + qz: 

I
Q

!:! = -g5 .fol dz dD k {2~l {[2k
Q

)kB - k2gQ{3] + [( q2 z(z - 1) + m2)gQ{3] 

+2z(z - l)(q
Q
l- q2gQ(3)} x [k 2 _ q2Z(z ~ 1) _ m 2J2 (2.11) 

Here aIl terms in the numerator linear in k have been dropped as they "vill 

be zero by 

U sing the standard Integrais we see that the two terms in square brackets 

are equal and opposite and thus we are 1eft with: 

I
Q

f3 = g5 11dz{2~l [2z(1- z)(qQqB -lgQ,8)] 

i1ïD/2f(2 - D /2) 
x (2.12) 

[q2 z(l - z) - m 2j2-D/2 

ci(qQ qf3 - q2gQB)I (2.13) 

Nmv we examine the case of D = 4 - Tl. Using: 

(2.14) 

and: 

S-f)/2 = ~ ln s + 0(772
), (2.15) 

we find that in the limit of 77 ---+ 0 where regulation is removed: 

2 2 r l 2 1 11 2 2 l I(q ) = go l-", -( - -,) - -. -, dzz(l - z) In(q z(l - z) - m ). (2.16) 
121ï2 77 21ï2 

0 -

vVe see clearly that there IS a finite contribution to scattering from vacuum 

polarisation as well as the troublesome divergence. 
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2.2.2 Renormalization. 

would like to encapsulate the contribution to scattering of the vacuum 

polarisation diagram by redefining the charge at the tree-level, as indicated 

in Fig. 2.5. 

\Vith this in mind, from (2.3) and (2.4), we may define: 

l(9,w) rv 2 r etfJ -Z9sv ] (2.17) "" 90 9,lV + 91let I --?-
L q-

~ ? [ -7 J 
90 9"v + l "V q'2 (2.18) 

,....... 9~(9IlV)[1 - I(q2)] (2.19) "" 

the final step we have omitted terms in Illv that are linear in q",v as 

CUITent conservation forbids them from contributing to interactions. In order 

to define the empirical coupling 9 without reference to the bare coupling 90, 

which introduces the divergent terms, we must rean'ange (2.19) to find 90 in 

+ 

Figure 2.5: \IVe absorb vacuum polarisation into the definition of the observed 

charge. 
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terms of g. However (2. explicitly depends upon q2 and so expression 

must be evaluated at a specifie value of q = p order to define precisely go. 

Thus: 

(2.20) 

Note the exact choice of fJ is entirely arbitrary. vVe may nm\' define 9 

substituting (2.20) into (2.19): 

(2.21 ) 

where g2(fJ) may be defined by experiment and lis proportional to 96 \vhich, 

by (2.20) to first order, is equal to g2(p). So, expanding gives: 

(2.22) 

and g( q) is now a renormalised coupling. Now: 

g21
1 

-2 dzz(l - z) 
2 'if 0 

X [ In(liz(l - z) - m 2
) 

-ln(q2z(1 - z) - m 2
)], (2.23) 

so the divergent terms proportional to 2lTJ (recall (2.16))have cancelled and 

thus the definition of g2 is nmv finite, as promised. 

To 0(g4), all we have done is add the counter-term I(fJ2) to the original 

definition of (g2) (2.19). However, the cost of removing the indeterminacy 

of the divergent terms is an apparent dependence upon the choice of fJ. Of 

course IJo is arbitrary, so a physical quantity sueh as 9 cannot depend upon 

it. The solution to this quandary is in recognising that we may regard a 

variation in p as instead a change in the seaie of q. Consider the small m 

limit of (2.23): 

_g2 il 
- I(l) = -2 dzz 

'if • 0 
- z) ln (~) . 

\q 
(2.24) 

If we transform fJ --f l.Le z
• this is identical to q --f qe- Z and it is nmv apparent 

that vve should regard coupling 'constant' 9 as being dependent upon the 
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momentum transfered a given reaction : 9 lS a so-called running coupling. 

In effect, renormalization asserts that an empirically derived coupling will 

depending upon the energy Bcale at it iB observed. 2 

2.2.3 Running couplings 

and the Reno:rmalization G:roup. 

The behaviour of running couplings now forms an important component of 

the search to understand more funelamental physics. The running behaviour 

lS encapsulated in the Renormalization Group Equations (RGE's). In general 

these are a set of differential equations that link the variation of physical 

properties across the energy scale of a given theory. Thus they provide a 

means of extrapolating the predictions of a theory to (or from) experimentally 

accessible energies. 

RGE's are derived from the independence of any physical property from 

a re-definition of p, the Renormalisation Group (RG) itself being the group 

of transformations of p. Among the RGE's is the so-called ;B-function which 

describes the running of a coupling and for the above example may be defined: 

8g 
!3(g)= P8fJ o (2.25 ) 

\Vhat interests us here is the RG evolution of neutrino masses and mix

ings. In the SM, fermion mass is generated through the Yukawa coupling, 

hj, of a fermion, I, to the Higgs scalar, cp =. Due to spontaneous symme

try breaking at low energies, the scalar acquires a vacuum expectation value 

(VEV), v, which replaces dJ in the Lagrangian, generating terms which are 

realised as masses,mf' [30] 

2 This behaviour also appHes ta other fundamental praperties such as the mass of par

ticles and normalization of wave functions, ta which renormalization will also apply. 
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L.:1Vlass hfIRdJh + h.c. 

(vhf)JRh + h.c. 

mff~h + 

(2.27) 

(2.28) 

(2.29) 

These couplings are responsible for the masses of the fermions and the 

composition of the mass eigenstates (Le. the mixing matricies). As the 

gauge couplings which transmit forces, the Yukawa couplings evolve accord

ing to the RG and this inevitably ef:fects the mixing matricies. The RGE's 

that operate in the SM at one-loop level are due to Cheng, Eichten & Li [34]. 

Those for the Yukawa couplings are: 

2 d 
167ï -Yu 

dt 

3 

( - L[ctg~] + Tr[3Yu Ylr + 3Y D Yb + Y E Yb] 
k=l 

3 t 3 ~ ) +-YDY - - YTTY t
, Y D 2 D 2 v L 

3 

( - L[c~g~] + Tt[3YuY& + 3Y D Yb + Y E Yl·] 
k=l 

+~YEEh)YE' 

(2.30) 

(2.31 ) 

(2.32) 

,'\"here t = ln(p,) and Y F is the matrix of Yukawa couplings for each type of 

SM fermion, with components hij . the fermion type, can be any of E, U 

and D corresponding to charged leptons. up- and down-type quarks3 ; i and 

j are species indicies corresponding to the individual members of one of the 

fermion types: e.g. F = allows i, j = e, P, T, however in this case (and 

F = U) the mass matrix is diagonal so that i = j. Also, there is dependenee 

upon the gauge couplings gk: k = L 2, 3 for the Sl\1 SU(k) gauge symmetries. 

ci are summarized Table 2.1. The gauge couplings according t~: 

(2.33) 

3Up-type are u, C & t; down-type are d, B & b. 
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F 

115
1
/4 

k 

2 3 

E 9/4 0 

U 17/2 9/4 8 

D 5/12 9/4 8 

Table 2.1: c} in the Standard Model. 

k 

1 2 3 

41/6 24/43 -7 

Table 2.2: bk in the Standard l\10deL 

vVhich yields analytical solutions: 

(2.34) 

with bk listed in Table 2.2. 

The trace terms in (2.31)-(2.32) are due to the Yukawa equivalent of the 

vacuum polarisation diagram (recall 2.2) and the others are l'elated to the 

various self-energy and vertex correction diagrams, some of which involve the 

gauge bosons. 

A most intriguing result of the latter energy dependence is that the cou

pling strength of the tluee successfully quantised fundamental forces4 tend 

to COl1\"erge at some very large energy scaIe, though they do not meet at a 

single point. 

Of course the neutrino should also be included now especially at the 

scale of the right-handed neutrino mass, where the neutrino Yukawa coupling 

must surely be signifieant. But, at sueh vast energies 'Ne expect new physies 

to be in effect and the form of the RGE's \vill altered as a consequence. 

4Those that have been forrnulated as gauge theories. 
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2.3 Supersymn1.etry. 

Considering the re-definition of the bare tel'ms in the prevlOUS section, it 

is clearly unsatisfactory that there should be contributions to bare La-

grangian that diverge as the regularization is removed. If corrections 

are many orders magnitude greater than the observed parameters, the fine 

cancellations between loops and counter-terms begin to look quite unnatural, 

a situation known as jine-tuning. But if the divergence is sufficiently vveak, 

these contributions need not be troublesome. For instance, if the divergence 

of any diagram is only logarithmic, the corrections to the bare terms may 

sufficiently small, even for very large values of a eut-off (or vanishing TJ in di

mensional regularisation), that fine-tuning may be avoided. Ta achieve this, 

it is prudent to seek theories which inherently counter-act possible power-law 

divergences. 

This is the case for Supersymmetry (SUSY). Here each of the known 

fermions of the SM has a bosonic counterpart. The rationale is that their is 

a relative minus sign between the correction due to a bosonic and a fermionic 

loop. Thus, with identical Yukawa couplings ensured by sorne deeper sym

metry, these divergences are automatically cancelled, in much the same \Vay 

as the 'Vard Identity insures the cancellation of the vertex correction and 

self-energy contributions to scattering. 

In general SUSY introduces for every known fermion (boson) a bosonic 

(fermionic) counter-part and the related particles are grouped into chiral 

(vector) 'supermultiplets' [35J. SUSY is a symmetry under transformations 

within these supermultiplets and corresponds to replacing aH fermions in 

the theory with their bosonic counterparts and vice versa. In pure SUSY 

the components of a supermultiplet share the same couplings and masses, 

ensuring the cancellation of the Higgs self energy quadratic divergence as 

mentioned above. But no scalar particle with a mass identical to any of 

the SM fermions has been detected, and so it is clear that this symmetry is 

broken, if it does indeed exist in nature. However at higher energies, where 

aU particles begin to seem identically massless SUSY may ,vell manifest itself. 
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It is thus in the high energy regime that ,'Ile assume SUSY to be a valid 

theory and use its structure to predict the renormalisation group evolution 

of physical properties to (or from) more fundamental energy scales. 

An important addition al feature of the SUSY model is existence of 

two Higgs doublets. As the SNI lS defined, the Up-type fermions5 couple 

directly "'i'i'ith the only Higgs but, in order that the Yukawa couplings be 

gauge invariant, the Down-type fermions6 must couple to the conjugate of the 

Higgs, io2H*. However, requirements upon the form of the SeSY Lagrangian 

preclude this possibility and consequently SUSY featmes Hu and Hd which 

impart masses to the UpJ and Down-type fermions respectively. general 

the VEV's, Vu and Vd, of the two Higgs will not be the same but are related to 

the effective VEV of the SM: v = \/v~ + ~)~ = v JSin2 ,8 + cos2 j6. Thus, an 

important parameter in SUSY models is tan {3 which is the ratio of the two 

VEV's. Its signifieance is that, because the masses of the knmvn fermions 

and the SM VEV are known to reasonable accmaey, it translates into the 

relative sizes of Up- and Down-type Yukawa couplings. 

This is essential knowledge in studies of RG evolution within the context 

of SUSY which represents the only existing me ans of connecting the latter's 

predictions with experiment. fmthermore, particular variations of Sl;SY 

prefer specifie ranges of tan,B and overall it may vary from rvI to rv60. 8 For 

instance, certain boundary conditions, sneh as hT = hb = ht, require tan /J to 

be large. 

vVe are specifically interested he1'e in the evolntion of the Yukawa eou

plings: whose one-Ioop RGE's in SUSY are listed by GrzadkO\vski, Lindner 

& Theisen [36]: 

5Up-type quarks only, in the SM. 
6Down-type quarks and charged leptons. 
7Up-type quarks and now a1so neutrinos. 
Stan ,8 tends to be larger than one in order ta accomadate the fact that the top-type 

quark masses tend ta be larger than the dmvn-type's. 
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k 

1 2 3 

Table 2.3: bk in supersymmetric models. 

3 

( - I:[cigil + Tr[3YuY& + Y NY~l 
k=l 

+3YuYt~ + y D Yb )Yu (2.35) 

3 

( - I:[c~gn + Tr[3Y D Yb + Y E Ybl 
k=l 

+3Y D Yb + Yu Y& ) Y D (2.36) 

3 

( - I:[c~g~l + Tt[3YuYh + Y N Y~] 
k=l 

+3YNY~ + YEYb)YN (2.37) 

3 

( - I:[c~gkl + Tr[3Y D Yb + Y E Yb] 
k=l 

+:3Y EEh )YE , (2.38) 

\\'here the neutrino has been included as F =N. The gauge couplings still 

evolve according to 2.33 and 2.34. Though the coefficients bk have changed: 

see Table 2.3. 

In comparison to the SM RGE's, we may note differences in the structure 

of the trace terms, where their argueménts have been segregated into Up

and Down-type Yukawa couplings due to the exclusive coupling of the two 

Higgs. Also, the relative strengths of the gauge couplings have been altered: 

see Table 2.4. 

The latter is a feature of SUSY which greatly improves the convergence of 

the gauge couplings at high energies: astate known as unification. Beyond 

this there are schemes in which the Yuka\va couplings too are unified. Such 

theories which promise to unite many apparently disparate couplings are 

38 



F k 

1 2 3 

E 3 3 0 

N 1 3 0 

U 13/9 3 16/3 

D 7/9 3 16/3 

Table 2.4: c}, in supersymmetric models. 

refered to as Grand Unified Theories (GUT). Another promising feature is 

the robustness of predictions of the top mass, which correponds to an infra

red fixed point of the theory. That lS to say, the value of the top mass varies 

litt le across many variations of the theOl'Y. 

SUSY is thus a promising candidate for a deeper theory, going beyond the 

S1\1 but remaining in touch with sorne of its features. It comprises a suit able 

background in vvhich to model the physics of the right-handed neutrino, and 

hence of neutrino mass, as it is envisaged in the see-saw mechanism. using 

this background vve can hope to translate the relationships that are possibly 

realised at very great energies into predictions of behaviour at experimentally 

accessible Olles. 
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Chapter 3 

Applicatioll@ 

Renormalisation parameters for the neutrino sector, a possible texture and how 

it compares to the experimental situation. 
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3.1 Renormalisation of See-saw scale symme= 

tries. 

Following & [37] we assume some simple fundamental texture of 

the neutrino mass martrix to exist at a scale appropriate to the right-handed 

neutrino mass, , in see-saw schemes. In a background of SUSY dynamics, 

renormalisation effects will rotate this texture as it is observed at some 10we1' 

scale,1\IJsus}' , where SUSY gives 'way to the SM. 

vVe note that below AIR the Dirac-character neutrin,o Yukawa couplings 

are integrated out, leaving the effective neutrino mass matrix, M', which 

evolves according to: 

( - Ck9k + Tr[3Yu YlJJ) M' 

+~ ((Y E Y1,;)M' + M'(Y E Ylf) (3.1) 

YVhere, for clarity, the sum over k is implied. Assuming that the trace across 

the up-type quark Yukawa couplings is dominated by the third generation 

(Le. the top), we may recast (3.1) in component form: 

1 d 1 
--AI·· AI'. dt 2) 

ZJ 

1(k2 21 2 2) 8112 C 9k + 3ht + 2(hi + hj) 

A. 

(3.2) 

(3.3) 

vVhere i, j = e, fl, T. To determine the effect of the RG evolution, we may 

integrate betvi'een the scale at \vhich we define the matrix, ta = InA[RI1\IR , 

and the scale close to that at which we currently make observations, t l = 

In1\lJsusy /AIR . 

In(A1'(t}))ij -ln(j11'(ta))i.i 

(Al'(td)ij 
ml 

2J 
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(3.4) 

(3.5) 

(3.6) 
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vVhere m' = M/(tO)' One-loop renormalisation effeets may charac-

terised according to: 

(3.8) 

Ij generally be less than one and the most pro minent effect is in the 

third generation as hT is the greatest of the three. The first generation is 

essentially unaffected and le is dose to one. 

Novv: 

(3.9) 

Thus we may define the RG-evolved effective neutrino mass matrix: 

(3.10) 

Ellis & Lola have calculated Ij for Jl.JR = 1013 GeV, A/susy = 1TeV and 

a specifie set of initial values of hT : in effect, a range of tan /3. The results 

are tabulated below (Table 3.1) with the ratio IT/II1' whose significance will 

be explained in the follovving section. The left-hand side of the table con-

hT IT 1 If.! IT/111 tan (3 

3.0 0.826 0.9955 0.8297 58.2 

1.2 0.873 0.9981 0.8747 rv 55 

0.48 0.9497 0.9994 0.9503 rv 40 

0.10 0.997 0.99997 0.9970 rv 13 

0.013 0.99997 1.00000 0.99997 1.0 

Table 3.1: IT and 111 ,vith approximate values of tan (3. 

tains selected results from Table 1 (p.8) of [37]; the right-hand side contains 

estimates of the correlation with tan f3 which are the authors own, except for 

the least and greatest which are noted in [37J. The author has attempted to 
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replicate these results order to relate more reliably tan li to hT , hence 

1T /1f.L' in the interrnediate range. However, the author acquired consistently 

smaller values for both and 1/1 and thus defers to [37]. 
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3.2 Constraints from a simple See-saw scale 

neutrino symmetry. 

Sorne symmetry neutrino mass matrix is assumed to exist at the see

saw scale, \vhere right-handed neutrinos acquire a (huge) mass. A symmetry 

impose specifie constraints on the mixing parameters v"hich characterise 

the texture. Sueh constraints should interpretation of the matrix by 

inter-relating the mixing parameters. 

As discussed above, renormalisation effects Y\Till rotate the mass matrix 

to sorne extent, sueh that the symmetry realised at high energies is no longer 

exact at experimental energies. Consequently, the symmetry constraints will 

be some\vhat weakened. 

Our task is to determine whether the constraints due to a given symme

try are consistent with the experimentally determined values of the mixing 

parameters. -"0.7e will compare the empirically derived mass matrix with the 

renormalisation-group-distorted fmm of a chosen see-saw scaie symmetric 

mass matrix, henceforth the RG-matrix. 

vVe assume the RG-matrix to be correct and use it as a theoretical basis 

in which to inter-relate the mixing parameters and thereby predict the exp er

imentally less certain parameters from others, which are known with more 

accuracy. A eomparison of these predictions to the experimentally allowed 

region is an effective measure of the feasibility of this model. Furthennore, it 

is instructive to analyse the variation of the predictions as the input values 

are varied aeross their experimentally allowed regions. 

3.2.1 Symmetry relations. 

Ailer Lam [29], we begin by assuming that there exists, at the scale of the 

right-handed neutrino mass, an exchange symmetry between the second and 

third generations in neutrino mass matrix, ml. The neutrino mass matrix 

is expressed mass-diagonal basis of the charged leptons, sueh that: 

(3.11) 



'vyhere m is the diagonal matrix of neutrino mass eigenvalues li is 

MNS matrix as defined (1.8) 

This so-called 2-3 symmetry requires: 

(3.12) 

The minus sign in the first expression ls necessary to maintain the convention 

of positive mixing angles. In order to fulfill these relations m' contains four 

free parameters and takes the form: 

m' = (~ .; ~b) 
-b e f 

(3.13) 

with eigenvalues f + e and Hf - e + a ± J U - e - a)2 + 8b2 ]. This fixes the 

MNS matrix to the form: 

Cl 81 0) 
III 

- yl2 S 1 yl2 Cl yI2 , 

l 1 l 
yl2S1 - yl2C] yI2 

u= ( (3.14) 

and the solar mixing angle, ()12 = ()l, '"'lill be a positive solution of cot ()12 = 

[f - e - a ± JU - e - a)2 + 8b2J/2V2b. 
Thus the exact symmetry makes no demands upon either the mass spec

trum or the solar mixing angle as these may be accomadated with a suit able 

definition of the four free parameters in (3.13). 

By comparing (3.14) with (1.24) we may note that this symmetry fixes the 

2-3 mixing angle (023 = ()2) as exactly 1f /4: a state of maximal mixing. Algo, 

the 1-3 mixing angle (()l3 = ( 3) must be exactly zero. These predictions are 

in agreement with the current results of neutrino oscillation experiments, but 

as we have seen the texture ofthe matrix will evolve according to the RGE's, 

somewhat loosening these restrictions also inter-relating the constrained 

parameters with those that remain indeterminate under the exact symmetry. 

Appiying the RGE's, as in the previous section, the symmetric matrix is 

distorted as it ls observed at the scale t = il: 

(3.15) 
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Scenario. Parameter. 

1 tan2 e lim2 (e V2
) 

At h' 1.6 il x 1"0-3 
h mosp cnc 

LMA 0.4 3.0 X 10-5 

LOvV 0.8 1.0 X 10-7 

Table 3.2: Original best-fit values of the oscilation parameters [38]. 

and the symmetry requirements may be re-cast.in terms of (3.10) as: 

( j\1~T) 2 

j\1' 
e/1 

(3.16) 

The right-most expression, henceforth t = R, follows directly from (3.10) 

and is dependent upon tan /3: it ranges from 0.8297, corresponding to tan /3 = 

58.2, to 0.99997, for tan;) = 1 (Table 3.1). It characterises the strength of the 

RG effects and will be exactly one in the absence of them: deviation from 1 

is an indication of RG evolution. The other two expressions are complicated 

functions of the the mixing angles and masses, or, equivalently, the mixing 

angles, mass differences and least mass, ma. 

The approach of [29] was to fulfill the first equality of (3.16) and then 

determine the appropriate value of R. This relation was fonnulated in terms 

of the experimental best-fits for the solar and atmospheric mixing parameters, 

as presented in [38] and repeated here for convenience (see Table 3.2), and 

a value of the least mass between 0 and 2eV, in keeping with the tritium 

j9-decay results. Then the veracity of this relation vms tested for t 3 below 

the CHOOZ limit. the first relation could be satisfied the second was used 

to determine which '\'aS finally compared to the limits imposed by Ellis & 

Lola. 

An interesting result 'ivas that the symmetry relations (3.16) could not be 

reconciled with the on R wh en the least mass was less than approx-

imately O.025eV. effect the symmetry is incompatible with a least mass 

be10w this value, if the renormalization effects are indeed accounted for by 

SUSY dynamics. 
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Since the publication of [29], new experimental data ([24], [26]) has altered 

the best-fit values of the oscillation parameters which were used as inputs 

for this study. The new are listed in 1.1. Here we the 

opportunity to explicitly update the allovved least mass for the 

LO\"l and LIvIA scenarios, see Table 3.3. Experimental developments now 

effectively out the SMA scenario. vVe note that the 100ve1' bound on mo 

Scenario mo(eV) 1 tan2 ()3 IT/lf.t 

LMA 0.01507 0.2753 0.829724 

0.0431 0.02633 0.92852 

Lü\V 0.01614 0.5758 x 10-6 0.829687 

Table 3.3: Revised values for the lower limit of mo. 

due to IT/lf.t has decreased somevi'hat and that the associated value of tan2 ():3 

is considerably larger in both scenarios. In fact, it exceeds the CHOOZ 

boundary of tan2 (J3 < 0.026 by an order of magnitude in the LMA. As a 

result, in the latter case it is actually the CHOOZ boundary which imposes 

the lower limit upon mo and so, simultaneously, a lower limit upon IT/lw 

3.2.2 Global analysis. 

\Ale now seek to extend the work of [29] by considering the case that the 

symmetry relations (3.16) may be fixed using input values removed from the 

experimental best-fit. As we have seen in Section 1.2.3, neutrino oscillation 

experiments have succeeded in determining allowed regions surrounding the 

best-fit points in the parameter space of the neutrino mass matrix. To a 

greater or 1esser degree, anywhere within these regions could explain the ob

served behaviour of neutrino fluxes. The degree of certainty to \vhich a point 

in the parameter space agrees \vith experiment is marked by the Confidence 

Level (CL). Thus the parameter space is by CL boundaries, within 

which it can be stated, \vith a given CL, that 

is located. 

true value of parameters 



The solar and atmospheric parameters (one mixing angle and one mass

squared difI'erence each) are confined to closed regions the CL boundaries. 

The solar and atmospheric results thus provide us with definite ranges for 

four the parameters: , 6m~1' rh and 6m~2' The remaining mixing angle, 

(3.0" and mass,Tna, are restricted only by an upper bound. In the context of 

this model, the symmetry relations will now impose additional 

two parameters. 

By requiring: 

o 

on these 

(3.17) 

(3.18) 

and expressing this relation using values culled from the allowed regions of 

the solar and atmospheric parameters, we obtain an expression in (h and 

ma. VVe may select a value of 83 (ma) and solve numerically for mo (83 ), 

To determine the accompanying value of R we may sim ply substitute the 

solution so obtained into either RI or R 2 . 

The exact form of (3.18) depends upon the mass hierarchy used. In much 

of the following we assume that the neutrino mass spectrum obeys the normal 

hierarchy: 

ml = ma < m2 = JmÔ + 6m~1 < m3 = J mô + 6m~1 + 6m~2' (3.19) 

This assumption follO\'I's from [29J where it was shown that the inverted 

hierarchy: 

m3 = ma < ml = JmÔ - 6m~2 - 6m~1 < m2 = Jmô - 6m~2' (3.20) 

where 6m~2 < 0, cannot satisfy the bounds on R. Specifically, it can be 

shown that, for the best-fit values of the atmospheric and solar parameters, 

the inverted hierarchy yields R > 1 this model, \vhich is disallowed by the 

assumption that JJSUSY < 1I1RH ,. as may be seen from the structure 

and lM (3.8), which demands the maximum value of R cannot exceed l. 

interdependence of the three parameters un der (3.18), for the best-fit 

values of Table 1.1, is shown in Fig. 3.1 for the LMA scenario and in Fig. 3.2 
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Figure 3.1: Behaviour of (a) logt~ and (b) R against mo/eV in the LiVIA 

scenano. 
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Figure 3.2: Behaviour of (a) logt~ and (b) R against mo/eV in the LO\V 

scenano. 
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for the LOW scenario. The upper panel each figure shows log t~ against 

mo with the CHOOZ boundary of t~ < 0.026 (90% CL) marked; the lower 

panel each shows R against THO with the upper and bwer limits on R, 

0.8297 and 0.99997 respectively. 

An interesting feature is that here we have two distinct solutions in 

tan2 e3 = t~ for both scenarios. These correspond to positive negative 

values e3 . Although, by definition, 0 < e3 < 7ï /2 these t"1o solutions are 

still allowed because the Dirac phase, 6, in (1.24) appears ahvays and only 

in conjunction with sin 03 , Thus, the apparent 03 < 0 solutions may instead 

be associated with the case of 6 = 7ï and so maintain 03 > O. VVe find the 

latter case reproduces the results of [29] when using the data of Table 3.2. 

Note that Ris plotted for both solutions in each of the t"1o scenarios but the 

curves overlap as to be indistinguishable. 

Vv'e are faced "1ith four cases consisting of two solutions, + and - (for 

fh > 0 and rh < 0 respectively), in each of the two scenarios, LMA and 

LO\\7. Each case, henceforth, may be refered to indiviclually as (LMA, +), 

(LMA, -), (LOV\I, +) and (LO\\7, -); or they may be grouped into both 

LMA [LO\V] solutions as (Lj\IA, ±) [(LOW, ±)], or into the + [-] solutions 

of both scanarios as (L, +) [(L, - )]. 
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Vve may note severai general trends: 

® t~ decreases for increasing mû in all cases. 

® is asymptotic to a minimum value at large mû aU cases. 

® t~ is somewhat lm'ger for (Ll\IA, -) [(LO'W, -)] compared to (LMA, 

+) [(LOVI/, + )]. 

® t~ is significantly larger for (LMA, +) [(LMA, -)] compared to (LO\\7, 

+) [(LO\\1, -)] 

® R behaves identically for both solutions of (LMA, ±) or (LOyV, ±): it 

increases with mo and lS asymptotic to 1 at large mo. 

The last point may be understood in terms of the increasing value of mû 

diluting the effects of the mass differellces as the mass spectrum tends towards 

degeneracy. The original symmetry (3.12) exhibits complete freedom in the 

mass spectrum, as is seen in the eigenvalues of (3.13). A completely non

degenerate spectrum will require aIl four of the parameters in (3.13) to be 

defined, \vhereas a completely degenerate spectrum requires only f and e. In 

this sense there is more freedom in the degenerate case and so it is closer to 

astate compati bile with the original symmetry and in conjunction with this 

the renormalization effects must be weaker and therefore R closer to 1. 

It is interesting to note that t 3 does not approach zero. In comparison to 

the resolution of modern experiment, which prefers rh = 6° (t~ = 0.011) but 

,vith no statistical weight over ()3 = 0 [26], the range of t§ for aU solutions, 

except (LMA, -), is easily consistent ,vith zero, ,vhich i8 a prediction of the 

original symmetry. However, renormalization running explicitly breaks the 

symmetry and prevents t3 from reaching exactly zero. 

The (L, -) solutions exceed the CHOOZ boundary for sufficiently small 

mo. HmveveL for (LO\\7, -) the lower R bound lS reached before this occurs. 

These factors are origin of the exclusion of mû = 0 in [29]. Returning 

to the results of Table 3.3, we recall that (LMA, -) violates the CHOOZ 

boundary for rno < 0.0431 which corresponds to R < 0.92852. Comparing 
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this relation to Table 3.1, we note that this implies that (LIVIA, -), at the 

best-fit point of the existing experimental data, is incompatible with tan /3 2: 
45 . 

Of interest too are the constraints on imposed by upper bounds 

upon mo. There is a selection of upper bounds on mo from tritium etH) 

beta-decay [3] and 2;301./ H] and \ve tabulate R against these limits Table 

:3.4. For lm'gel' values of rno discrepancies between ±) and (LüW, ±) 

Scenario. Upper Bound. 

2!JOv 68% CL 2,BOv 90% CL fH 90% CL 

0.26eV 0.34eV 2.2eV 

LIVIA 0.99671 0.99806 0.99995 

LO\V 0.99673 0.99807 0.99995 

Table 3.4: Upper limits on R due to large mass constraints on the neutrino. 

are reduced and at each of these limits the corresponding values of R are very 

similar between the scenarios. The tritium i3-decay bound allows R to be as 

large as 0.99995 which is very close to the theoretical maximum of 0.99997. 

The 280v bounds are more restrictive and require R :s 0.997 vvhich may be 

interpreted as tan ,B 2, 13. Although, the tritium !B-decay result is the more 

trustvvorthy, the 2pOv bounds do demonstrate the potential of the model for 

placing limits upon the choice of tan B. This 'will be more relevant wh en the 

next generation of tritium p-decay experiments [2], which aim 1,0 probe the 

sub-e V domain, begin to take data. 

The behaviour described above is in the case of the best-fit values of the 

solar and atmospheric oscillation parameters. For the most part the general 

properties 'vliÏll remain unaltered as the input values depart from this Ideal 

case. Hmvever, details such as the asymptotic value of t§ or the exact values 

at ,vhich certain boundaries are crossed will 
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le-5 0.2 0.3 
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0.4 0.5 0.6 0.7 0.9 

Figure 3.3: Contours (broken) of (+t3)2 =0.1,0.2,0.5, l.0, 2.0, 5.0, 10, 20, 50, 

100. 200x10-6 for mo = 0.26eV in the space of solar parameters (~m§1/eV2 

against ti) around the LMA region (90, 95%CL). 

3.2.3 Space of solar parameters. 

Firstly vye will examine the dependence of the model upon the solar param

eters. VVe determine how the model varies across the space of solar param

eters, keeping the atmospheric on es fixed at the best-fit. is obvious from 

the different specifie behaviours of the two solar scenarios that there is sorne 

dependence upon the solar parameters. This dependence is illustrated in Fig. 

3.3 and Fig. 3.4, \vhich show contours of t~ in relation to the LMA region of 

the solar parameter space. 

Generally, the model turns out to have only very slight dependence upon 

tl, ,:vhich is a consequence of el being undetermined by the exact symmetry, 

before RG effects are taken into account. More significant is the dependence 
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Figure 3.4: Contours of (-t3)2 =0.001, 0.002, 0.005, 0.01, 0.02 (broken) and 

0.026 (solid) for mo = 0.26eV in the space of salaI' paI'ameteI's (L\.m~1/eV2 

against ti) around the Li\IA region (90, 95%CL). 



upon ~ m~l ~ which essentially accounts for 

solar mixing scenarios. note that, for 

differences between the t"vo 

rno, t~ and R both increase 

"vith increasing .6.rn~l' though R varies very slowly. 

Fig. 3.3 shows contours of t~ for mo = 0.26eV "l,vhich is the upper 

(68%CL) on ma from the Heidelberg-IVloscow experiment. These contours 

represent solution of t3 > O. They are superimposed upon the of 

the LI'"IA scenario, the allowed region of which is indicated at 90 and 

CL by the closed curves (inner and outer respectively) which surround the 

best-fit marked by a diamond. Between the 90%CL boundaries t~ varies 

between 0.2 x 10-6 and 5.0 x 10-6 . Although this is more than an order of 

magnitude, the entire range is easily consistent with existing limits on t 3 , as 

was discussed previously, and cannot be tested in the forseeable future. 

Fig. 3.4 likewise shows contours of t~ for mo = 0.26eV . Here, however, 

the solution of t 3 < 0 is represented. Overall the trend is very similar but, 

as expected, t~ is mu ch laI·ger. fact it exceeds the CHOOZ boundary 

(sohd curve) in the large .6.m~l part of the LIVIA region. The 90 and 95% CL 

boundaries shmvn are calculated in [24] under the assumption that t 3 = O. 

However, studies such as [26] indicate that the L.I\IA region is altered little 

even for t~ as great as 0.05 [26] and so it is still reasonable to compare the 

LMA boundaries shovvn with the contours, even up to the CHOOZ boundary. 

\Vith this value of mo, all .6.m~l > 8.32 x 10-5 within the LMA 95%CL 

boundary are excluded by the CHOOZ limit. A larger value of mo makes 

little differenc:e to the position of the CHOOZ boundary. On the other hand, 

if mo were smaller t~ would be boosted and the CHOOZ boundary would 

migrate towards smaller 6.m~l' eventually encompassing the best -fit point. 

This is the origin of (LMA, -) exceeding the CHOOZ boundary. 

3.2.4 Space of atmospheric parameters. 

NovY'.ve tum to the atmospheric parameters. vVe keep the solar parameters 

fixed at their best-fit values and examine the behaviour of the model for 

variations in 6.m52 and t~. 
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Here dependence upon the mass-squared difference, 6.nl~2' i3 more 

simple of the hvo parameters. As it increases, for fixed 'l'no, t~ and Rare 

both suppressed. Again, in model moving away from degeneracy is tied 

to st ronger RG effects (sm aller R). 

Behaviour at tan (}2 = 1. 

The dependence upon the mixing angle, t~, presents special circumstances. 

R depends more strongly upon t~ than on the other parameters and as the 

latter falls, with fixed mo, R increases. Now, when (}2 = 7r/4 there is exactly 

maximal mixing between the second and third generations, \yhich is a pre

diction of the symmetric matrix before RG effects are introduced. Thus, this 

corresponds to the case of no RG evolution so that R = 1 wh en t~ = 1 no 

matter the values of the other parameters. Crucially, this means that R > 1 

for aH t~ < 1 (see Fig. 3.5) and this region, which represents up to half of 

the experimentally allowed atmospheric parameter space, is forbidden by the 

model. 

This raises the spectre of the inverted hierarchy which, we recall, ,yas 

disallowed by the upper bound on R for the case of best-fit values as inputs. 

1.5 

1 

0.5 

0.2 0.5 1.0 2.0 5.0 10.0 

Figure 3 .. 5: R against t~: R > 1 for t~ < 1, under the normal hierarchy. 
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Figure 3.6: R against t~: R > 1 for t~ > 1, under the inverted hierarchy. 

But it is reasonable to assume that if (R - 1) changes sign at t~ = 1 for the 

normal hierarchy the same vvill be true for the inverted, and so there will be 

an allowed region for the latter where t~ < 1. This is indeed the case, as is 

se en in Fig. 3.6, but we will not study this region in detail as it excludes the 

best-fit value. 

Now. in the limit of vanishing (h, where solar and atmospheric mixing 

decouple, the experimentally allowed region the atmospheric parameter 

space is symmetrical about t~ = 1 because two neutrino vacuum oscillations 

depend upon sin2 2B, which is symmetrical about B = 7f / 4. \VIth this in 

mind, it is interesting that this model predicts small B3 but a1so excludes one 

of the resulting redundant regions of the parameter space. \\Te will examine 

this a little more closely in the conclusion. 
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The behaviour of t 3 at t2 = 1 is also noteworthy. One might nmv expect 

that with t 2 = 1 recreating exact symmetry, we would find that it 

cides with t3 = O. This is not quite true. vve approach t 2 = 1 large 

t2 the behaviour of t3 is quite different betvveen (L, +) and (L, -) (see Fig. 

3.7 Fig. 3.8 respectively). In the former case t~ drops tm\'ards zero 

} 
-8 

-12 

0.2 0.5 1.0 2.0 5.0 10.0 

Figure 3.7: log( (+t 3 )2) against t~ across t~ = 1. 

-8 

-10 

-12 

2.0 5.0 10.0 

Figure 3.8: log( (-t3)2) against t~ across t~ = 1. 
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and in the it actually diverges. But, wh en approaching = 1 

small t 2 • rôles are reversed. Thus, at exactly t2 = 1, t~ is ill-defined and 

consistent vvith zero. 
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Behaviour the full parameter space. 

The distinct behaviours of (L, +) and (L, -) around t~ = 1 1ead to quite 

different trends across the full parameter space as shown in Fig. 3.9 and Fig. 

3.10. Note that, following the previous discussion, vve have discarded the 

> 1 region vvhich a1so avoids the divergence of for (L, -). 

Fig. 3.9 shows contours of t~ for the t 3 > a solution, superimposed 

upon the experimentally allowed region. In accordance with our previous 

observations, t~ = 0 at t~ = 1 and it lS apparent that t;3 is easily consistent 

with zero across the entire displayed area of the parameter space. Thus the 90 

and 95% CL boundaries shown he1'e (the closed curves) are those calculated 

in [26] at t 3 = O. 

2.0 5.0 6.07.0 9.0 

Figure 3.9: (LMA, +) contours (broken) of (+t3)2 =0.5: 1.0, 5.0, 10.0, 

50.0, 100.0 X 10-6 mo = 0.05e\', in space of atmospheric parame

ters (.6..·m~2/eV2 against t~) "\"ith the allowed region shown at 90 and 95%CL 
2 for t 3 = 0.0. 
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le-3 1 

3.0 4.0 5.0 6.07.0 9.0 2.0 

Figure 3.10: (LI\1k -) contours of (-t3)2 =0.001, 0.002, 0.005, 0.01, 0.02 

(broken) and 0.026 (solid) for ma = 0.05eV, in the space of atmospheric 

parameters (.6.m~2/eV2 against t§) with the allowed region shown at 90 and 

95%CL for t~ = 0.01. 
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Fig. 3.10 also shows contours t5, but these are calculated from the 

t 3 < 0 solution. The divergent behaviour along t~ = 1 is clear as the CHOOZ 

boundary is exceeded for an small t~. 

These plots are representive: (LO'vV. ±) will exhibit similar trends but 

\vill be characterised much smaller t§. Thus t~ will consistent with zero 

across most of the parameter space for aH of the solutions except - ), 

for \yhich the CHOOZ boundary is violated across a non-negligible region 

at smaU t~. This lead to difficulties in comparing (UvIA, -) with the 

results of [26J which are presented in terms of planes of constant t~. ·We will 

address these difficulties later. 
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Considering ) ±) and (LlVIlL +), fixed mo, the lower bound 

exclu des an area of large t~ and large .6.m§. At lower values of mo, the 

excluded area expands as in Fig. 3.11 and Fig. 3.12. Thus, the lower R 

bound is mobile (as 1710 varies) but the upper bound is essentially fixed very 

close to t~ = 1. V'V'hen the excluded area expands to include the best-fit (Fig. 

3.12). which Ïs marked a cross, we have the minimum mo prediction. In 

essence. for larger values of mo there is better agreement between this model 

and experiment. As mo decreases more of the experimental region is excluded 

and the level of agreement worsens, 

\vhen the best-fit point is excluded. 

the situation becomes untenable 

vVith this in mind we can claim that Fig. 3.11 represents a state of 95% 

agreement with experiment. Thus, vve may state 0.01614 < mo .s 0.0500 

le-3 " , 
3.0 4.0 5.0 6.07.0 9.0 2.0 

Figure 3.11: (LOW, +) contours of R =0.84, 0.86, 0.88, 0.90, 0.92, 0.94, 

0.96,0.98 (broken) and 0.8297,0.99997 (solid) 'l'no = 0.05eV, the space 

of atmospheric parameters (.6.m~2/eV2 against t~) with the allowed region 

shown at 90 and 95%CL for t~ = 0.0. 
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2.0 3.0 4.0 5.0 6.07.0 9.0 

Figure 3.12: (LO\'v', +) contours of R =0.84, 0.86,0.88,0.90,0.92,0.94,0.96, 

0.98 (broken) and 0.8297, 0.99997 (solid) for mo = 0.01614eV, in the space 

of atmospheric parameters (6.m~2/eV2 against t~) with the allowed region 

shown at 90 and 95%CL for t~ = 0.0. 
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with 95% CL. Now, Fig. 3.11 and Fig. 3.12 are indicative of the behaviour 

of (LO\iV, ±) and also of (LMA, +). So, this way we may formulate 

prefered ranges for mo 

3.5. 

Solution. 

each of these solutions, which are listed 

Range. (I~V) 

90% CL 959( CL 

(Ll\:lA, +) 0.01507 <mo ::; 0.0468 0.01507 <mo ::; 0.0499 

(LO\V, ±) 0.01614 < mo ::; 0.0470 0.01614 < mo ::; 0.0500 

Table 3.5: Prefered ranges of mo for (LMA, +) and (LO\V, +). 

Table 

Note that these ranges are significantly more strict than those currently 

imposed by both tritium p-decay and 2/30v experiments. 

The above behaviour in the atmospheric parameter spaee is for a fixed 

value of mo, which leaves t 3 as a free parameter. This is reasonable for aH of 

the solutions except (LMA, -) because t3 remains small across the region of 

interest. But to compare (LMA, -) "vith experiment we must fix t 3 . 
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For fixed t:3 the model becomes very sensitive to variation of the atmo

spheric parameters. This may be understood by recalling the asymptotic 

nature of t 3 at large ma, and that when the 

asymptotic value will be altered. 

Consider Fig. 3.13: 

2.0e-5 

1.0e-5 

5.0e-6' 

2.0e-6 

1.0e-6 

parameters are varied the 

, 

0.01 0.05 0.1 0.2 0.5 1.0 

Figure 3.13: The asymptotic behaviour of t~ against ma: the lower curve is 

calculated at the best-fit, the upper curve lS at t~ = 2.0. 

we choose a specifie value of t 3 at which to examine the solutions of the 

model. If the inputs are varied in such a way that one of the solutions 

becomes asymptotic close to this value. we will see mo varying very rapidly, 

for even small changes in the asymptote: i.e. small changes in the input 

parameters. Indeed, it becomes impossible, at any reasonable resolution, to 

distinguish 'mo rv 0.2eV from the direct-search bound of mo = 2.2eV (see 

Fig. 3.13). 

Going a step further, it is apparent that certain values of the will 

not allovi' a solution a given value of t§: the asymptote of the solution 
2 h will be greater than the chosen value of t:3 vvithin a certain region of t e 

parameter space. 

Consequently, with fixed t~ we find that (LMA, -) is insoluble within 
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a region of the atmospheric parameter space, at the boundary of mû 

diverges. The forbidden region Is at small t~ for aH ~m~2' This is apparent 

Fig. 3. \vhere the close spacing the left-most contours, namely 0.1 

and 0.2eV, Is indicative of the divergence close to them. 

1 

2.0 3.0 4.0 5.0 6.07.0 9.0 

Figure 3. (LiVrA, -) contours of ma =0.005, 0.02, 0.05, 0.1 and O.2eV for 

(-t3)2 = 0.01, the space of atmospheric parameters (~m~2/eV2 against 

t~) with the allovved l'egion shown at 90 and 95%CL for t~ = 0.01. 
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Of special interest are the contours R as seen Fig. 3. R = 0.9999 

coincides with the divergent boundary ofmo, as might be expected from the 

asymptotic behaviour of R at large mo. lower bound of R is quite nearby 

and in effect only a narrow band of experimentally allowed region is in 

agreement with the requirements of the symmetry here. 

i i 

4.0 5.0 6.07.0 9.0 

Figure 3.15: (LlVIA, -) contours of R =0.8297 (right) and 0.9999 (left) for 

(-t3)2 = 0.01, in the space of atmospheric parameters (.6.m~2/e\/2 against 

t~) with the allmyed region shown at 90 and 95%CL for t§ = 0.01. 
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3.0 4.0 5.0 6.07.0 9.0 

Figure .3.16: (LMA, -) contours of R =0.8297 (right) and 0.9999 (left) for 

(-t3)2 = 0.026, in the space of atmospheric parameters (Llm~2/eV2 against 

t~) with the allovved region shown at 90 and 95%CL for t~ = 0.01. 

If t~ is altered, the width of this band varies little and so there is no 

means of identifying a favoured set of parameters as was the case for (LO\i\/, 

±) and (Ll\:IA, +). For example in Fig. 3.16 we see that the band behveen 

the R boundaries IWVi' contains the best-fit point (cross) and there may be 

marginally less overlap with the experimentally allowed region, compared 

to Fig. 3.15, but this is far from certain. VVe conclude that there are no 

particular limits on the (L1\-1A, -) solution, using this means of analysis. 
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Conclusion@ 

A 2-3 exchange symmetry within the neutrino mass matrix, as it is defined 

at an energy scale appropriate to the See-sm,v mechanism and belo""" which 

Supersymmetry is dominant, is consistent with current experimental data, 

as it is understood within the context of neutrino oscillations. The simple 

relationships of the exact 2-3 symmetry become quite complex under the 

influence of Renormalization Group running through the Supersymmetric 

regime. Through this pro cess the parameters of the mixing matrix are inter

related. altering and distributing the effects of the original symmetry to in

clude mu ch of the matrix. In addition, the dynamics of the Renormalization 

Group Equations introduces neVi' relationships and constraints. In this way, 

the possible range of tan /3 can restrict the size of a mass eigenvalue and the 

allowed range of the mass can then have its own effect upon the choice of 

tan ,B. 

Of particular interest is the robustness of the prediction of a minimum 

neutrino mass, first introduced in [29]. If the 2-3 symmetry is realised in na

ture and Supersymmetry does replace the Standard Model at higher energies, 

we have found that we can daim: 

0.01614 < mo ~ 0.05 (3.21) 

""vith 95% Confidence Level. This statement is not only more stringent than 

current experimental bounds but aiso accessible 1,0 experiments planned for 

the near future [2]. 

By refiecting bad: the requirements upon mo and t~ we have been able 

to comment upon the relevance of tan ,3 in the context of this model. A 
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general result is that tan (3 ~ 13, though this depends upon 

within the anaylsis of 2/301/. Additionally, for (LMA, -) alone there is a 

further constraint: tan fJ ,:s 45, \vhich cornes from the large values 

of t~ this solution. 

Other qualitative properties are equally important. The fact that this 

model distinguishes markedly between rh > 0 and 83 < 0 or, equivalently, 

6 = 0 and 11 gives us, at least in principle, a direct means of determining the 

Dirac phase in the neutrino mixing matrix. 

Also, part of the LMA region in the solar parameter space lS ruled out by 

the requirements of the symmetry in conjunction with the CHOOZ boundary, 

but the best-fit point remains within the allO\ved area. 

Finally, perhaps the most interesting featnre of this model is that lt effec

tively halves the experimentally allowed region in the atmospheric parameter 

space. Fnrthermore, for the normal hierarchy, the symmetry prefers that part 

of the space containing the experimental best-fit and predicts the cnrrent 

condition of a very small but non-zero reactor angle. Experimentally, the 

symmetry of the atmospheric parameter space is itself broken by the non

vanishing reactor angle. For the 2-3 model the symmetry is broken by RG 

effects and a non-vanishing reactor angle is the result. It is intriguing that 

both broken symmetries should prefer the same region of parameter space 

and \vith the same criterion of non-zero 83 . 
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Appendix 

U seful Identities for 
Dimensional Regularization [33). 

Contraction and Trace Relations. 

In D dimensions the set of f(D) x f(D) (f(4) = 4) j-matrieies is: 

,0, ,1, ... "D-l. They satisfy: 

,fL ,,( + ,V,fL - 2gfL I/ 

9 pv . fLl/g - D 

t"'\1 rv f.1 - DI 1 fL 1 

'f.1/\~!fL - -(D - 2)1'\ 

'IL,(J ,À,il - (D - 4h(J ~/ + 4g(JÀ 

Tr[,(J ~(Àl - .f (D)g(JÀ 

Tr [[,p ,b ,(J ,,(À 1 - f(D)[gp(j g(JÀ - gW lÀ + gPÀl(J] 

Tr[~c'(Jl ",0-2 ,,/(J(2m+ 1)) 1 r 1 ~., l - 0, for any integer m. 
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Standard IntegraIs. 

After Feynman parameterisation ,,ye may use follü\ving: 

o 

i",-D/2 f (n - (D/2) - 1) gtW 

,j, 2f(n) sn-(D/2)-1 

. D/2f(n - (D/2) - 1) D 
Z1T ( ) (0/'" 2f n sn- .. 2)-1 
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