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ABSTRACT

Many questions of interest in various fields ranging from machine learning to
computational biology and finance require the solution of an optimization prob-
lem. Frequently such problems are classified as large scale in the sense that they
involve complex computations over very large datasets. The increasing interest in
distributed optimization algorithms is motivated by two main reasons. First, the
problem complexity pushes today’s processors to their limits and the need for dis-
tributed algorithms arises quite naturally. A second and more practical reason is
that sometimes the data is collected in a distributed manner and transmitting it
to a single location is either too costly or violates privacy. The starting point of
this thesis is the simple realization that the main difference between a serial and a
distributed algorithm is that in the latter, a processor needs to exchange messages
over a network to access another processor’s information. Network communication
is in general less reliable and orders of magnitude slower than local disk accesses.
Furthermore, in an arbitrary network topology to achieve global performance mes-
sages might need to travel over multiple hops. Finally, the hardware’s capabilities
also limit the ways in which a distributed algorithm may be implemented. All these
factors highlight the important role of the network in distributed optimization algo-
rithms. To understand that role we focus on the class of consensus-based distributed
optimization algorithms. Those algorithms admit an elegant theoretical analysis
while remaining easy to implement. In addition they tend to be scalable and robust
to communication delays. The contributions of this work can be grouped into four
important areas: 1) understanding the communication/computation tradeoff and its
effect on scalability with the network size, 2) understanding the limitations of the
network and the necessary features that distributed algorithms need to possess to
be practical, 3) understanding the effects on convergence of network-induced com-

munication delays and 4) understanding the theoretically achievable convergence
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rates of distributed algorithms. These areas impact the design and deployment of

any consensus-based distributed optimization algorithm.
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ABREGE

Il y a une grande variété de domaines d’ apprentissage automatique, de la bi-
ologie a la finance, ou l'on doit résoudre des problemes d’optimisation. Souvent
ces problemes impliquent des calculs complexes sur de vastes ensembles de données.
Pour résoudre ces problemes le développement d’ algorithmes distribués est devenu
trés populaire pour deux raisons. Premierement, la complexité des problemes pousse
les processeurs actuels a leurs limites. Naturellement, il devient essentiel d’utiliser
des systemes distribués. La deuxiéme raison est que la collecte des données est par-
fois distribuée, et il est difficile, coliteux ou en violation d’ accords de confidentialité
de transférer toutes les données au méme endroit. La fondation de cette these est
la réalisation simple que la grande différence entre un algorithme centralisé et un
algorithme distribué est que ce dernier utilise un réseau pour permettre I’ échange
d’ information d’un processeur a un autre. Généralement, la communication sur
un réseau est moins fiable et beaucoup plus lente que 'acces d’information sur un
disque local. De plus, pour une topologie de réseau arbitraire, la communication
de messages nécessite plusieurs sauts. Finalement, les capacités matérielles aussi
limitent les fagons par lequelles les algorithmes distribués théoriques peuvent étre
mis en oeuvre. Tous ces facteurs, rappellent I'importance du réseau. Pour com-
prendre cette importance, nous nous concentrons, sur la classe des algorithmes de
consensus pour optimisation distribuée. Ces algorithmes aussi possédent des anal-
yses théoriques tres élégantes tout en restant faciles a mettre en oeuvre. Aussi, ils
sont robustes aux délais de communication et extensibles. Les contributions de cette
theése peuvent étre classifiées selon les quatres catégories suivantes: 1) comprendre le
compromis entre communication et calculs locaux, et 'extensibilité avec la taille du
réseau, 2) comprendre les limites posées par le réseau aux fonctionnalités nécessaires
que chaque algorithme distribué doit posséder en pratique, 3) comprendre les effets

de délais de communication et les propriétés de convergence de ces algorithmes



en présence de délais, 4) comprendre les taux théoriques de convergence des algo-
rithmes d’optimisation distribués. Tous ces domaines affectent la conception et le

déploiement de chaque algorithme de consensus d’optimisation distribué.
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CHAPTER 1
Introduction

1.1 Motivation

Distributed algorithms for optimization have received an increasing interest
over the last two decades [10,22]. Besides the academic motivation of how to de-
sign algorithms so that a group of computers communicating over a network can
be employed to optimize an objective, there is an emerging great practical inter-
est. Consider for example the challenge of understanding and analyzing a physical
process. To apply a computational method, one starts by collecting measurements
of what are perceived to be the important and defining features of the process’ be-
haviour. The initial lack of knowledge of the complex physical world typically leads
to a large number of measurements, large number of features, or both, and it is
not uncommon to have extremely large datasets (see for example [1]). To process
the data, there exists a large collection of algorithms falling under the general area
of machine learning [11,38]. Machine learning algorithms typically need to per-
form some kind of calculation on the data which goes beyond analyzing the data
statistical properties. Very often the calculation involves or can be cast into an
optimization problem where the quality of a model perhaps is measured by a cost
function that must be minimized. When the optimization problems push current
computers to their limits due to the sheer volume of data but also complexity of the
calculations, the need for distributed optimization algorithms arises.
1.2 Distributed Algorithms

Even the fastest single computer could be perceived as ”slow” when used to
solve a computationally hard problem. Suppose that to solve a problem at hand in
a reasonable amount of time, we would need a single computer that is n times more
powerful than today’s state-of-the art computers. Physical limitations prohibit us

from building such a powerful single computer (at least at the moment). Distributed



and parallel computing are used as a surrogate in lack of powerful enough single
processors. The goal is to use n "slow” computers that are readily available in place
of a single processor, and achieve the same performance as what we would expect
from an ideal (n times faster) single processor.

Although the end goal is the same (i.e., increased performance), the terms
parallel and distributed computing should not be used interchangeably since they
signify different approaches on using multiple computers to solve a problem. As
the name suggest, parallelization implies tasks or processes that are running con-
currently. This usually means that the tasks have minimal or ideally no interaction
with one another. From this point of view, the challenges are on how to separate
the problem data and how to wire the network connections between processors to
facilitate the parallel task execution. The implementation design is conceptually
hierarchical or even centralized. The computation is structured and proceeds in
stages acting as synchronization points and a processor may have a different role
or stay idle at every stage. The increased control over each node’s role may offer
opportunities for harnessing speedup through careful engineering at the system’s
level.

This thesis is concerned with distributed rather than parallel algorithms. The
difference is that in distributed systems, the nodes are ideally indistinguishable.
There is no master node and the same code is run on each processor. Typically,
distributed algorithms are less structured and nodes coordinate by exchanging mes-
sages. This design has several advantages. Synchronization points are eliminated
and such systems can run asynchronously requiring only minimal communication
infrastructure. This offers increased robustness to individual node failures since no
particular node is special, and scalability since in principle there is no master node
that could be a bottleneck. However, achieving global performance relying only on
local interactions becomes the main challenge. Furthermore, as is emphasized in
Section 1.3, performance is critically dependent on the properties of the network

over which messages are being exchanged.



In general, not all problems are suitable for employing a distributed solution.
A good indicator that a problem is distributable is some form of separability. For
example, when a dataset is large, it is natural to split the data into subsets and
distribute those among the computation nodes. The split may be deliberate or the
data itself may be collected in a distributed manner and transferring the data in
a single location is too expensive. Splitting the data has a clean interpretation in
empirical loss minimization problems which are ubiquitous in machine learning; how
much an algorithm has learned from the data is measured in terms of a loss function
which is taken to be the sum of loss over all data points. Splitting the data implies
assigning a partial loss to each processor and the goal is to minimize the overall sum
of losses over all nodes. Alternatively, it has been proposed to have a split in the
feature space. In this case each node is responsible for learning only from a subset
of the problem dimensions. Finally, it is possible to require the solution of multiple
problems of the same nature, e.g., tuning a kernel parameter with a sweep. In that
case, it might be beneficial to solve those problems in parallel on the same network
harnessing parallelization at the task level.
1.3 Contributions

The discrepancy between an n-times faster single processor and an arrangement
of n slow processors is the communication cost. The ideal fast processor is able to
access all of the problem’s parameters and data via local memory and disk accesses.
Each of the n processors inevitably has to use communication over a network to
access remote information residing in another processor. If communication over
the network was free (i.e., instantaneous between any two processors independent
of the message size), a team of n networked processors would be able to perfectly
simulate a single processor which is n times faster. This fundamental realization
illustrates the critical role of the network which is the central theme of this thesis.
With distributed computing and the role of the network in mind, the contributions
of this work are grouped into four directions:

1. Communication cost: How much time does it take to transfer information

relative to the time it takes to perform local computations? In other words,



how much slower is the network relative to the processor speed? As shown
in Chapters 3 and 4, what matters is not the speed of a processor or network
latency in isolation, but rather the relative performance of the two.

. Network infrastructure: Many distributed algorithms are described in a way
that facilitates mathematical analysis. This is, to some degree, always nec-
essary if the theoretical findings are to have any generality. However, when
faced with an implementation problem, many of the implicit theoretical as-
sumptions do not hold in practice. Chapter 5 investigates the discrepancies
between theoretical assumptions and difficulties in practice. We identify av-
eraging, one-directional communication and asynchronism as the three key
issues that make the design of distributed algorithms more compatible to the
physical limitations of a network. We also describe and analyze both theoreti-
cally and experimentally a distributed algorithm that possesses many desirable
properties and has good performance.

. Communication Delays: Even in highly controlled and well-maintained envi-
ronments such as clusters, the network is a volatile medium whose performance
is bound to fluctuate. We can not assume that all messages are delivered in a
timely manner and in the order in which they were transmitted. Rather, it is
almost certain that messages will be delayed. Chapter 6 studies the questions
of how to model communication delays and then how to use delay models to
reason about the effects of delay on convergence of distributed algorithms.

. Convergence Rate Analysis: Convergence rates from gradient based optimiza-
tion methods are relatively well understood for single processor algorithms.
In a distributed setting, the network is the medium for accessing another pro-
cessor’s information in an attempt to still achieve global performance. It is
important to understand what convergence rates are achievable by distributed

algorithms for different classes of problems and how those rates relate to the



convergence rates for serial algorithms. Chapters 7 and 8 analyze two dis-
tributed algorithms that bridge some of the theoretical gaps between the op-
timal serial algorithm and their distributed counterparts by improving on ex-
isting convergence rate results (Chapter 7) and providing new algorithms with
faster convergence rates (Chapter 8).

The thesis structure follows the above list in an attempt to keep the chapters self
contained. Nevertheless, it should be clear that when deploying an actual system and
implementing a specific algorithm all the issues studied here are present and will have
to be dealt with. We need to design an algorithm that does not deadlock, is robust
to communication delays and uses the right number of processors to fully exploit
the network topology and communication/computation tradeoff for the hardware
and problem at hand. In that sense, this thesis should not viewed as a linear
document where each chapter is improving on the chapter that precedes it. Instead,
the chapters are interconnected. In the rest of the introductory chapter we first
give a general problem definition in Section 1.4. This problem will be referred to
and appropriately customized at each chapter to highlight the particular research
question studied in that chapter. Section 1.5 summarizes the important components
found in all the algorithms of the consensus-based distributed optimization family
that will be the focus of the thesis. The introduction concludes with an enumeration
of the relevant publications that have been the results of this research.

1.4 Basic Problem Statement

Before proceeding in analyzing specific research questions it is important to
define a prototype problem that needs to be solved. We describe this problem here.
In each subsequent chapter, this problem may be customized of further refined to
reflect the important relevant aspects in a specific context.

Most of the results apply to the general setting where we are interested in

minimizing a separable convex objective of the form

Fw)=—%" fi(w) (1.1)
j=1

ot



where each f; is assumed convex and w € W C R? is the optimization variable.
This framework fits well in the context of machine learning applications which are
one of the motivations for this work. Assume that a dataset D is given in the form
of vectors or measurements: D = {z] 2 ... &l } x; € X C RY. For a given w, a

data point « incurs a cost l(w,x),! : R? — R which is parameterized by the data

x. The overall cost is taken to be

m

F(w) = %Zl(w,wj). (1.2)

j=1
The problem is to find a minimizer w* of F(w). As an example, consider a linear
binary classification problem where we are looking to find a separating hyperplane w
that accurately predicts the label of an unseen data point @ as positive or negative.
For example a commonly used loss function to quantify the misclassification error
is the hinge loss which is used in support vector machines. For a data point € R¢

with label y € {—1,1} the hinge loss at w is defined as
l(w, (x,y)) = max(0,1 - y w' ). (1.3)

Given a w, a data point’s label is estimated as § = sign(w? z). Notice that if the
estimated label matches the true label, the loss is zero.

From the description so far, the problem of minimizing (1.2) is underspeci-
fied. To make the discussion concrete we list the basic assumptions that will hold
throughout the thesis.

Assumption 1.1. Norm: From now on, by ||-|| we indicate the Fuclidean norm
[l2-

Generalizations to other norms are certainly possible and sometimes just an
exercise. However they are not the focus of this thesis and we refer the interested
reader to the related literature.

Assumption 1.2. Bounded domain: We assume that w € W C RY where d # d'

i general. We require that the domain VW is closed and convex. Furthermore, the



domain W has a radius /2R for some positive constant R, i.e.,

max |
w1y, w2 W

lwy — wal| < V2R. (1.4)

Since the solution w* should have a meaningful interpretation and practical
use e.g., as the best linear classifier of our dataset, it is convenient to restrict the
domain so that optimal solutions remain bounded.

Assumption 1.3. Convezity: A cost function l(-,-) is convez in its first argument
Qw1 + (1 — O)wa, ) < Ol(wy,z) + (1 — 0)l(ws, ) (1.5)

for all wi,we € W, x € X,0 € [0,1]. This implies that F(w) is also convez.
Assumption 1.4. Lipschitz continuity: We assume throughout that each cost func-

tion and thus F(w) are Lipschitz continuous functions with constant L i.e.,
(w1, ) — l(we, )| < L||Jwy — wal|, Vwi,we € W,z € X. (1.6)

It is a direct consequence of the previous assumption that each cost function

has bounded sub gradients i.e.,
|Vwl(w, )| < L,Yw e W. (1.7)

Note that in general we need to use the dual norm for sub-gradients but under
Euclidean distances from assumption 1.1 the two norms are the same.

Minimizing the objective (1.2) can be challenging if the dataset size m, data
dimension d and domain dimension d’, are very large. ~We thus focus on how to
perform the minimization using a team of n processors. For this thesis we restrict to
distributing the data over the processors since there is no conclusive evidence that
distributing features is superior. We assume that the processors have the ability to
communicate with one another but in general not every processor can send direct
message to every other processor. To represent this restriction, the network of
processors is viewed as a graph G = (V, E) with processors being the nodes (so
that |V| = n) and available direct communication channels being the edges E. The

graph G may be directed or undirected. The only requirement for graph G is that



there is a directed path between any pair of nodes (i, j). Graphs with this property
are called strongly connected.

We create a distributed optimization problem by splitting the data split evenly
among the nodes. For simplicity we assume in the rest that the number of data
points m is divided exactly by the number of processors n.
minimize F(w) = 1 Zm:l(w,ccj) _1 z”: L
m “

wew m 4 n -
7j=1 =1 ]

NgEE

l(w,j15) | =~ > filaw),
=1

1

(1.8)

where x;; we refer to the j-th datapoint in processor i’s subset (i.e., jli = (i —
1)™ + j). To unclutter notation the local objective is shown as f;(w) and the data
dependence will be suppressed except for the sections where it is necessary to show
it.

Observation: One way to arrive at a problem of the form (1.8) is through
empirical loss minimization for data-driven machine learning problems. However,
equation (1.8) describes a general separable convex minimization problem that does
not have to depend on data. From that perspective, many of the conclusions in this
thesis extend beyond machine learning problems.

Finally, at this point it is instructive to mention another difference between
parallel and distributed algorithms. A parallel algorithm will typically maintain
only one estimate w that is updated by computations done on all nodes. As al-
ready mentioned in Section 1.2, updating a single estimate may cause contention or
introduce synchronization points in the system. A distributed algorithm will avoid
maintaining a centralized estimate. Instead each node has a local estimate w;. The
increased robustness and scalability is traded off for an iterative message passing
algorithm such that each w; approaches the true minimizer w* asymptotically.
1.5 Consensus-based Distributed Optimization

As described in Section 1.4, in our distributed setting, each processor is a node
in a graph G and is responsible for the i-th component f;(w) of a global objec-

tive that needs to be minimized. The thesis studies the family of consensus-based



distributed optimization algorithms that solve separable convex optimization prob-
lems. In this subsection we describe the major components that the reader should
anticipate to encounter in all algorithms of this family. Based on the behaviour and
interaction between those components, algorithms with different properties can be
developed.

e Time: All of the algorithms considered in this work are iterative. Each node
has an iteration counter and repeats a sequence of steps in each iteration,
updating its local estimate. We do explicitly consider a relationship between
iterations and actual wall clock time in Chapters 3 and 4. However, unless
stated otherwise, we may use the term time to refer to discrete time and itera-
tion number. Sometimes we will assume that the iteration counter is common
for all nodes which will indicate an algorithm is synchronous. Alternatively,
each node may maintain its own iteration counter in which case the algorithm
is asynchronous. Unsurprisingly, synchronous algorithms are easier to analyze
theoretically and many times we focus on the synchronous setting to prove
theoretical results and gain insights.

e First-order Optimization: The focus is on general non-linear convex optimiza-
tion. In lack of any specific assumptions on the structure of the components
fi(w), we rely on gradient information to locate the optimum. Furthermore,
without any extra smoothness assumptions, the reader should expect to en-
counter computations of subgradients of the local objectives. It should also
not come as a surprise that to ensure convergence, a diminishing step-size has
to be used.

e Constraints: Dealing with complex constraint sets VW that may even differ
among nodes, is not the main focus of this work. However, we do accommodate
a case of simple convex constraints that still remains of great practical interest.
We assume that the solution is sought inside a set VW which is known to all
nodes. To ensure that the estimates remain within WV, a projection operator

is used to map estimates back into V. In most cases a simple Euclidean



projection will suffice, i.e.

Iy [y] = argmin,eyy |w — y||°. (1.9)

For the analysis of computation time of different algorithms it will be assumed
that the set W has a simple enough structure so that projections are easy to
compute in the sense that they do not consume the bulk of the iteration’s
computation time.

e Coordination: We will be studying distributed algorithms with no special mas-
ter processor. Instead, our algorithms will guarantee that all nodes approach
the global optimum. To reach an agreement on the optimal solution, the pro-
cessors rely on distributed consensus algorithms that involve communication.
In a typical consensus step, a node exchanges messages with its neighbours on
the graph and forms a convex combination of the received information. Under
appropriate conditions on the weights assigned on the incoming messages, it is
possible to guarantee convergence to consensus on a value among all the nodes
on the graph. Depending on the approach, in our optimization context, the
nodes may try to reach consensus on the optimum point directly, or instead,
they may try to agree on the direction towards the optimum. The latter can
greatly simplify the analysis.

All of the algorithms in the family of consensus-based distributed optimization
make use of the above three components in one form or the other. A typical itera-
tion will include computation in the form of a gradient calculation and a projection,
and coordination through a consensus step where the main cost comes from com-
munication. The algorithm designer typically has the freedom to decide the step
size strategy, the consensus matrix weights, the communication strategy (e.g., nodes
only send messages, or nodes both send and block until they receive a message),
as well as the number of gradient and consensus steps to be executed within each
iteration. As we will see, these design choices will play a role in the presence of

different network effects.

10



1.6

Publications

Parts of the work presented in this thesis have been published in different

venues. Below find a full list of the relevant publications:

1.

Konstantinos I. Tsianos and Michael G. Rabbat, The Impact of Communica-
tion Delays on Distributed Consensus Algorithms, preprint arXiv:1011.2235,

2012 (submitted to IEEE Trans. on Automatic Control)

. Konstantinos I. Tsianos and Michael G. Rabbat, Simple Iteration-Optimal

Distributed Optimization, European Signal Processing Conference (EUSIPCO),
2013

Konstantinos I. Tsianos, Sean Lawlor and Michael G. Rabbat, Communi-
cation/Computation Tradeoffs in Consensus-Based Distributed Optimization,
Neural Information Processing Systems (NIPS), pp 1952-1960, 2012
Konstantinos I. Tsianos Sean Lawlor and Michael G. Rabbat, Consensus-
Based Distributed Optimization: Practical Issues and Applications in Large-
Scale Machine Learning, 50th Allerton Conference on Communication, Con-
trol and Computing, pp 1543 - 1550, 2012

Konstantinos I. Tsianos and Michael G. Rabbat, Distributed Strongly Con-
vex Optimization, 50th Allerton Conference on Communication, Control and
Computing, pp 593 - 600, 2012

Konstantinos 1. Tsianos, Sean Lawlor and Michael G. Rabbat, Push-Sum Dis-
tributed Dual Averaging for Convex Optimization, IEEE Conference on Deci-
sion and Control (CDC), pp 5453 - 5458, 2012

Konstantinos I. Tsianos and Michael G. Rabbat, Distributed Dual Averag-
ing for Convexr Optimization under Communication Delays, American Control
Conference (ACC), pp 1067 - 1072, 2012

Konstantinos I. Tsianos and Michael G. Rabbat, Distributed Consensus and
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1.7

Notation

We summarize here the most important symbols and notation. A conscious

attempt was made to keep the same meaning for the same symbol. Unavoidable

symbol overloading will be explicitly stated wherever necessary.

D: A dataset

m : Dataset size

x; : A data vector

t . Discrete time variable, iteration

T : Total number of iterations

w;(t) : Estimate at node i at time/iteration ¢

w;(t) : Local running average of w;

z;(t) : Dual variable at node 7 at time/iteration ¢

Z(t) : Average of all z;(¢)

W : Solution domain

R : Domain W'’s radius

L : Lipchitz constant, gradient magnitude bound

F(w) : Objective to be minimized

fi(w) or f(w,x;) : component of the objective F'(w) residing at node 4
Vuw/fi(w),g;(w) : Sub-gradient of f; at w

Ow fi(w) : Sub-differential of f; at w

G = (V,E) : A graph of V nodes connected over edges in £
n : Number of nodes in a network

P : nxn Consensus protocol conformant to G. Column,row or doubly stochas-
tic matrix

P;; or [P];;: Element in row i and column j of matrix P

[Pl;: and [P]. ;: The i-th row and j-th column of P respectively
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CHAPTER 2
Background and Previous Work

Before proceeding to the main results of the thesis, it is important to review the
related literature and put this work in context. This chapter collects some necessary
background and results. These results will be referenced wherever necessary in the
rest of the thesis.

2.1 Distributed Consensus

This work studies consensus-based distributed optimization algorithms which
have first been discussed in detail by Tsitsiklis, Bertsekas and Athans [10,94]. Re-
cently these algorithms have received a lot of attention in the context of large-
scale optimization and machine learning, as well as in wireless sensor networks [30].
Consensus-based distributed optimization algorithms generally interleave a local op-
timization step with an iteration of distributed consensus to coordinate or synchro-
nize values across the network. We review the distributed optimization literature in
Section 2.5. Here we start with distributed consensus and averaging.

Assume each node i € V' in a strongly connected network G = (V, E) of |V| =n
nodes holds a value z;. We stack the initial values in a vector z(0) = (z1,...,2,)T.
The general consensus problem asks for a distributed algorithm such that the nodes
of the network exchange messages with their neighbours and update their state to
reach consensus: z(t) — ¢l ast — oo. In other words, we want the nodes to agree on
a common value c¢ using only local communication. As briefly mentioned in Section
1.5, to reach consensus, each node transmits its local state to its neighbours in G. A
node updates its state by forming a convex combination of the incoming messages.
If we arrange the weights that node 7 uses to linearly combine incoming information

from its neighbours into the row of a matrix P, consensus can be achieved by
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repeating the iteration
z(t) = Pz(t — 1) = P'z(0) (2.1)

for appropriately chosen matrices P. From now on we will refer to P as the con-
sensus matriz. If P;; > 0, that means that node j transmits information to node
i. If Pjj = 0 then there is no direct communication from j to i. Consequently, P
conforms exactly to the structure of the graph G. Equation (2.1) in general repre-
sents a broadcast protocol where each node broadcasts its value to its neighbours.
Each node as a receiver forms a linear combination of the incoming messages. An
important special case of distributed consensus is averaging, where we demand that
the limit value c is equal to the average of the initial values % > 2i(0). Chapter
5 explains in detail why averaging is critical for solving optimization problems.

There is a rich literature on distributed consensus and averaging (see [30, 63|
and references therein) and a lot of effort has been devoted to analyzing the rate of
convergence to the consensus value through the properties of the consensus matrix
P [13,65].

When P(t) = P for all ¢, we have a time-homogeneous consensus protocol,
which must be implemented using synchronous, blocking communications so that
each node receives a message from all of its neighbours before computing the update
for each iteration. Such protocols admit fairly straightforward convergence analysis.
To reach consensus it suffices to use a matrix P whose rows sum to one i.e., P1 = 1.
Such a matrix is called row stochastic and corresponds to the transition matrix of
a Markov chain. As is emphasized in [15], we can study consensus through the
spectral properties of the corresponding Markov chain. For example, recall that for
this work P conforms to a strongly connected graph G so that every two processors
in our network can exchange information over a path of G. In the Markov chain

literature, such a chain P is called irreducible. Let us call &, the unique stationary
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distribution of P i.e., #' P = w!. If P represents a reversible Markov chain! ,
(e.g., if G is an undirected graph), convergence is established by Perron-Frobenius
theory [73]. Specifically, one can verify that 1 is the unique largest eigenvalue of P
and thus P converges to a rank 1 matrix all of whose rows are equal to the chain’s
unique stationary distribution 7r. Furthermore convergence is geometric at a rate
O(|\2(P)[|t), where X2(P) is the second largest eigenvalue of P (see Theorem 4.2
in [73]). It is easy to show that if in addition P is doubly stochastic (i.e., if the
columns sum up to one too) then P is an averaging matrix since its stationary
distribution can be shown to be uniform and P! — %11T.

More generally, if P is not reversible (e.g., if G is directed) then the theory for
reversible chains can still be applied to obtain bounds on the convergence rate by
first reversibilizing the chain (akin to a symmetrizing transformation); see, e.g., [34].
In general, the reversibilization transforms require that P be strongly aperiodic
(all diagonal elements satisfy P;; > 1/2). When this is not true, it is common
to study a lazy version of the corresponding chain, %(I + P).  The lazy chain
converges no more than two times slower than the original chain due to the presence
of self-loops. We will see an application of these techniques in Chapter 6 when we
model communication delays. We remark that more recent results for characterizing

2 of non-reversible Markov chains with zero minimum holding

the mixing times
probability® may lead to tighter results since they do not use the lazy chain [53].

Making use of these results is an interesting direction for future work.

L A chain is reversible iff m; Py ; = 7 P;; for all i and j.

2 The mixing time of a Markov chain is the number of iterations required for the
chain to be sufficiently close to its stationary distribution. Intuitively, if a chain P
has stationary distribution 7r, the probability of the Markov chain being at state ¢
after mixing time number of steps is close to ;.

3 The holding probability for state i = 1,...,n of a Markov chain is the proba-
bility that after taking a step from state ¢ the chain finds itself returning to state i.
The holding probabilities are the diagonal elements of the Markov chain matrix P.
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It is of great practical interest to also study time-varying versions of (2.1)
by allowing the consensus matrix to change at every iteration using time varying
matrices P(t). For example this allows us to implement and study asynchronous
protocols where each node decides when to transmit independently. It is generally
more difficult to establish convergence properties for time-varying updates because
one needs to analyze products of time-varying stochastic matrices. For example, for
time-varying protocols, [82] provides necessary conditions under which convergence
is achievable while [66] characterizes the expectation and variance of the consensus
value. In addition, [4] shows that using asynchronous broadcasts and forming convex
combinations of incoming information guarantees convergence to the average only
in expectation.

If the matrices P(t) are drawn independently and identically distributed (i.i.d.)
according to a known distribution, then the bounds mentioned above for time-
homogeneous protocols can be applied to the expected update matrix IE[P(¢)]. When
all matrices P(t) are row stochastic, the process (2.1) gives rise to a backward

product

z(t) = P(O)P(t —1)--- P(1)2(0) ¥ 7(1,1)2(0). (2.2)

Convergence properties of backward products of stochastic matrices are typically
obtained by establishing weak ergodicity [73]; i.e., that |[T'(r,)];s — [T'(r,t)];s] = 0
as t — oo for all ¢, j, s, and r, where [T]; ; denotes the entry of the matrix 7" in
row ¢ and column j. For time varying Markov chains, convergence and convergence
rates are traditionally obtained using coefficients of ergodicity which are metrics
that characterize the distance from convergence of the backward product based on
the metrics of the individual product terms. Related to that are also the scrambling
properties of the matrices in the process P(t), i.e., the number of steps necessary for
any two pairs of nodes to exchange information. For more details consult [20,73,82].
It is worth mentioning that establishing convergence is significantly harder and
the derived rates tend to be very conservative. More recently, the PhD thesis of

Touri [84] provides rates of convergence for backward products using a suitable
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Lyapunov function and the infinite flow property which ensures that the graph
formed by putting edges between nodes that exchange information infinitely often,
is connected. In general, these rates of convergence are also pessimistic, involving a
worst-case analysis. For example, when packets can be delayed, the bounds depend
on the largest possible delay.

Besides the simple iteration (2.1), as we will emphasize in Chapter 5 it is
possible to achieve average consensus using column stochastic matrices P. This
might be surprising at first since a column stochastic matrix P alone does not
preserve the sum of the value in (2.1). However, this complication is overcome with
the exchange of extra scalar information. An example of this family of algorithms is
Push-Sum [49]. If we allow the consensus matrix to vary with time, we end up with
what is called a forward product of column stochastic matrices and is analogue to
(2.2). See [7,31,73] for some convergence analysis in the time varying case.

2.2 Communication Delays

As explained in the introduction, communication delays are almost always ex-
pected to occur for any real networked system and there exist studies of delays in
various contexts. For applications in partial differential equations, distributed con-
trol and multi-agent coordination see [12,71] and [64,74] which analyze continuous-
time delay models where all messages incur the same constant delay. In this work
we are interested in the effect of communication delays on consensus algorithms and
distributed optimization where both computation and communication happen in
rounds and take a significant amount of time. For this reason we focus on discrete-
time models. An early treatment of delays in discrete-time distributed averaging
algorithms can be found in [10], where it is proved that convergence is not guar-
anteed if delays are unbounded. An analysis of conditions for convergence in the
presence of delays is given in [13]. Closer to our work are [21], [56] and [95] which
model delays in discrete time for consensus problems by augmenting the state space
with delay nodes. However, in [21] the value to which the consensus algorithm
asymptotically converges is not characterized. The model in [95] accumulates all

the delayed information in a single delay node and does not allow for delivery of
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messages out of order. The model in [56] has the same expressive power as the
random delay model introduced in Chapter 6, although the equation describing the
consensus dynamics in [56] does not allow for receiving multiple messages from the
same sender in one iteration.
2.3 Non-Linear Convex Optimization

The question of finding the minimizer of a generally non-linear convex objective
F(w) over a convex set W, has been studied for many decades [8]. Several textbooks
such as [17] and [62] cover the topic in detail focusing either on the engineering aspect
of how to express a given task as an optimization problem, or on what algorithms
and technical issues must be addressed when searching for a solution. In the rest
of this thesis we will focus on first-order gradient-based methods, and we will not
consider other alternatives such as second order and interior point methods. The
reason is that gradient-based methods are very simple and can be extended to the
distributed setting quite naturally. Furthermore, gradient methods tend to be very
efficient in terms of computational overhead and memory requirements, and they
remain competitive when the problem is high-dimensional and the objective does
not have any special structure that can be exploited.

The basic gradient descent algorithm for solving unconstrained problems (where

W = R%), performs updates
w(t+1) =w(t) — a(t)VuF(w(t)) (2.3)

where a(t) > 0 is a step-size and V, F(w(t)) is the gradient of the objective at the
most recent estimate. The two relevant questions are: under what conditions for the
objective and the step size sequence does (2.6) converge to the true minimizer w* of
F(w), and how many iterations are needed to guarantee that w(t) is an e-accurate

solution i.e., after how many iterations the error
F(w(t)) — F(w*) (2.4)

is less than some positive €. An excellent reference for answering these questions,

depending on the properties of the objective function, is [60].
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For the gradient method, if F'(w) is smooth with L—Lipschitz continuous gra-

dients then convergence is guaranteed at a rate

F(w(T)) — F(w*) = O <;> (2.5)
if we use the optimal constant step size a(t) = % where L is the Lipschitz constant
of the objective [60].

In general we will be interested in solving non-smooth problems. For example
the hinge loss from equation (1.3), is not differentiable at zero. For non-differentiable
problems, to find a minimizer within a constraint set YW we can use the Projected

Subgradient method [8] that uses sub-gradients in place of gradients:
w(t+1) =1y [w(t) — a(t) Ve F(w(t))] (2.6)

Here ITyy [+] is a projection operator such as (1.9) and a(t) > 0 is a step-size sequence.
If the objective is L-Lipschitz continuous (see definition in Section 1.4), then using a
1

diminishing step size sequence a(t) = O(—t), the projected sub-gradient algorithm

converges as (Theorem 3.2.2 in [60])

Flw(r) - Flu) =0 (- (27)

if we decide a priori the number of iterations 71" that the algorithm shall execute.
Notice that this rate is significantly slower, indicating that non-smooth problems
are much harder to solve. The rate is improved however, if the objective has more
structure.

Definition 2.1. A function F(w) is o-strongly convex if there exists a constant

o > 0 such that for all 6 € [0,1] and all u,w € W,
F(0u+ (1 — 0)w) < 0F(u) + (1 — 0)F(w) — geu —0) |u—w|?. (2.8)

If the objective to be minimized is strongly convex, then as explained in [39,76],

the projected subgradient algorithm with a step size sequence a(t) = O(%) converges
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at a rate

F(w(T)) — F(w*) = O (10%(?)) . (2.9)
The intuition is that strong convexity ensures that the objective does not flatten
out too much near w* and thus the sub-gradient algorithm can keep approaching
the minimum quickly.

We conclude this section with another important algorithm attributed to Nes-
terov [61] called dual averaging. The name comes from the use of a dual variable
z(t) which at every iteration is the cumulative sum of past gradients which are vec-

tors that lie in the dual space W*. At each iteration the algorithm performs the

updates

2(t+ 1) =2(t) + 0 F(w(t)) (2.10)

w(t + 1) = argming,cyy [wT 2(t+1) + %‘Z’(“’) . (2.11)

The second equation uses a 1-strongly convex function ¥ (w) to compute a projec-

T

tion. Observe that if i(w) = *5% = Hg’—“ then the step reduces to a Euclidean

projection and the algorithm is referred to as lazy projection in [103]. Using a step
size sequence a(t) = O (%), dual averaging converges at the same optimal rate
F(w(T)) — F(w*) = O <%> for general non-differentiable, L—Lipschitz contin-
uous functions. Finally, it is worth mentioning that the convergence results given
above are still achievable when the gradients are noisy and the projection operations
are imprecise [72].
2.4 Online and Stochastic Optimization

Online and stochastic optimization considers scenarios where an algorithm is
not given all the data in advance [75]. Chapter 8 studies convergence rates of
distributed algorithms for such problems so we review some of the recent related
literature here. Again we will focus on first order gradient methods. We first define

the related problem of online prediction and then proceed to give the convergence

results for online optimization.
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An online prediction algorithm [23] receives convex and L-Lipschitz continuous
cost functions fi(w), fo(w),... sequentially one at a time. In general, the cost
functions do not have to be related in anyway. With time, the algorithm produces
a sequence of estimates w(1),...,w(7T) and accrues cost Zthl fi(w(t)). The goal
is to accumulate as little cost as possible. To put this abstract setting in context,
consider the case where the algorithm needs to process a dataset and the data points
are arriving one at a time. In this case, the cost functions may be parameterized by
the data, i.e., the algorithm receives f(w,x(1)), f(w,x(2)),... where the temporal
dependence is encoded in the data index. This situation could occur either when
the data is collected in real time, or deliberately enforced when the dataset is large
and is processed sequentially to save memory. An important special case is when
the data, and thus the costs, are drawn randomly from an unknown distribution.
We call this a stochastic online prediction problem.

The goal in online prediction is to produce a sequence of estimates {w(t)}L,
that accumulates as little cost as possible. To quantify this notion, rather than
an objective function the notion of regret is used. Consider an offline algorithm
that has access to all the data, or more generally, all the cost functions in advance.
Based on that privileged information the offline algorithm is allowed to choose the
best possible fixed estimate w*. Then, an online algorithm is evaluated based on
how much it regrets using its sequence of estimates rather than w* at every step.

Formally for a serial online prediction algorithm regret is defined as

T T
Ra(T) = 3 faw(0)2(0) - iy 3 flw. ) (2.12)
This comparative performance is fair in the sense that either we have perfect infor-
mation but commit to one single optimal predictor w, or information is revealed
progressively and the predictor w is allowed to change accordingly. Finally, observe

that if we analyze an online algorithm but feed the algorithm the same data at every

iteration then the resulting rates describe the performance of an offline algorithm
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that uses that same data so the reader should recognize here many of the results of
the previous section.

Turning now to optimization, in the stochastic case, we can retrieve the op-
timization setting introduced in Section 1.4. Suppose the goal is to minimize an
objective F(w) = Ep [f(w, x)] where the expectation is taken with respect to an
unknown fixed distribution that generates the data x. Using a finite set of T data
samples, we can minimize minimize F(w) = %Zthl f(w,z(t)). The minimizer of
F(w) approaches the minimizer of the true objective F' as T grows [59,76]. This
approach is called empirical loss minimization since we use the finite set of observed
data (empirical data) to approach the minimum of an objective that is expressed
as an expectation and for which we do not have an analytic expression. Notice
that with T finite, a subgradient 0, f(w) at some point w is only a noisy unbi-
ased estimate of the true subgradient 9y, F'(w). Consider now the running average
w(T) = % Zthl w(t). From the convexity assumption, the expected optimization

error is bounded by the average expected regret:
_ X 1
Ex [F(w(T)) - F(w")] = 7 Ex [R1(T)] (2.13)

where the expectation is taken with respect to the unknown data distribution (see
[100]). In the rest of this section we report some recent results on convergence rates
for stochastic optimization as well as the extension to the distributed setting. To
describe all of the results in an optimization form, we express the bounds in terms
of the average or expected average regret depending on whether the bound refers to

a general online or a stochastic problem:
1 1
A(T) = le (T) or E[A(T)] = fIE [R1(T)] (2.14)

where the expectation is taken with respect to the unknown data distribution.
The question, of course, is how quickly does A1(T) or E [A1(T)] converge to
zero. The answer depends on the convexity and smoothness properties of the ob-

jective. When the cost functions f(w,x) are convex in w for every € X and the
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sub-gradient V,, f(w, x) is bounded uniformly then stochastic sub-gradient descent:
w(t+1) =Ty [w(t) — a(t)dw f(w(t), 2(1))] (2.15)

achieves the rate A;(T) = © (%) and this algorithm is optimal [14,39,103]. The
same rate can also be achieved by an online or stochastic implementation of the
dual averaging algorithm (2.10) using subgradients [61,100]. In both cases, the rate
is achieved using a step size sequence a(t) = O (%)

There has also been a lot of recent work on the case where cost functions
are strongly convex (recall the definition (2.1)). In this case, the rate for general
online problems can be improved to A(T) = © (%) using either stochastic
subgradient or dual averaging methods [39, 48, 67, 76, 77,100]. There are several
variants of the basic algorithms we have seen that achieve these rates. Typically, for
a o-strongly convex objective (see definition 2.1) one can get the optimal rate using
algorithm (2.15) with a step size sequence a(t) = (Z). If the convexity parameter
o is not known in advance one can achieve the same rates using adaptive methods
[5]. Interestingly, for strongly convex objective functions the general online and
stochastic scenarios can be solved faster. In particular, [40] describes an algorithm
that achieves a rate E [A(T)] = O (%) for stochastic optimization which is faster
by a logarithmic factor.

Example: Training a Classifier. It is instructive to mention an example
application for the reader’s convenience. Suppose the ¢-th data point x(t) € X C R4
is drawn i.i.d. from an unknown distribution D, and let f(w,x(t)) denote the cost
of the t-th data point with respect to a particular estimate w. One would like to
find the point w that minimizes the expected loss Ep[f(w,x)], possibly with the
constraint that w be restricted to a space W. Since the data are drawn i.i.d., as
T — oo, the objective F(w) = = Zle f(w,x(t)) approaches Ep|[f(w,x)], and so
if the data stream is finite this motivates minimizing the empirical loss F'(w). The
reason the costs are processed sequentially could be either because the data points

are collected and arrive in real time one after another, or because we deliberately

process them serially to keep memory and computation cost per iteration low. For a
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specific example, consider the problem of training an SVM classifier using the hinge-
loss with ¢9 regularization [77] that we saw earlier (see (1.3)). In this case, the data
stream consists of pairs {x(t),y(¢)} such that x(t) € X and y(t) € {—1,+1}. The
goal is to minimize the misclassification error as measured by the fs-regularized

hinge loss. Formally, we wish to find the w* € W C R? that solves

1 m
minimizeqey % lwl® + — 3 max{0, 1 - y(t)w (1)} (2.16)
m
t=1

which is o-strongly convex* . For problems like (2.16) using a single-processor

stochastic gradient descent algorithm, one can achieve %T) =0 (%) [77] or

RIF}T) =0 (%) [40] by using different update schemes.

Let us now turn our attention to the distributed case where we have a net-
work of n processors which all receive data and update their estimates over time.
Specifically, processor i receives data x;(1),x;(2),..., and updates a local variable
w;(1),w;(2),.... In this distributed setting, when each processor receives T' data
points, performance is measured in terms of the cumulative regret over all proces-

sors,

Bal(T) = 3237 fluwi(0),2:(6) — avg min 373" flw, (1)) (2.17)

Furthermore, the processors communicate and coordinate their actions to satisfy
three objectives.
1. The processors should collectively minimize the regret R, (7).
2. The processors should agree on the optimal point w*, and hence we require
some form of consensus.
3. The distributed algorithm should be scalable in the sense that the regret R,,(7T')
should scale well with the number of processors n; i.e., the overhead involved

in coordinating the processors should not grow substantially as n increases.

4 Although the hinge loss itself is not strongly convex, adding a strongly convex
regularizer makes the overall cost function strongly convex.
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With respect to the third objective, if the n processors act independently then there
will be no overhead for coordination, but the regret will inevitably grow at a rate

of nR;(T). On the other hand, processing the entire data stream
z1(1),...,xzn(l),21(2),...,2n(2),... (2.18)

sequentially with a single processor would give a regret of Ry(nT). In light of the
discussion in Sections 1.2 and 1.3 any reasonable distributed algorithm that uses

some coordination will have a regret R, (T") for which
Ri(nT) < R, (T) < nRy(T). (2.19)

Observe that for distributed algorithms the convergence rate question has two as-
pects. The first is to ensure that a distributed algorithm converges with the number
of iterations T, at the same rate as its serial counterparts. The second aspect is to
optimally utilize the power of n processors and scale with the network size. We say
that a distributed online stochastic prediction algorithm achieves optimal scaling if
R, (T) = ©(R1(nT)) since in that case the distributed regret with n processors is of
the same order as the serial regret of a single processor that sees the same amount
of data.

Contrary to the serial case, the existing results for distributed/decentralized
algorithms are less complete. Both serial gradient descent and dual averaging can be
implemented in a distributed manner using consensus iterations over a network [32,

58,69]. Similar to the serial case, if we define

1

An(T) = nT

Ry (T) (2.20)

then the best consensus-based algorithms scale as A, (T) = O (%) when

nodes coordinate over a constant-degree expander graph® if the cost functions are

convex with bounded subgradients. Note that this rate is not optimal with T or

5 Expanders graphs are graphs with relatively low degree per node but never-
theless remain well connected and allow for fast information diffusion. There is
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n due to the logarithmic factor in the numerator. For strongly convex functions
Chapter 8 describes an algorithm that achieves a rate A, (7') = O (M) which
is time optimal for online optimization.

As an alternative to consensus-based algorithms, there also exist hierarchical
schemes where a system consists of n slave processors and one master node [2,50].
In such an architecture the master maintains and updates the estimate w(t). The
slaves are responsible for computing gradients which they communicate back to the
master. Typically, only one node can communicate with the master at a time and
consequently the rest of the slaves need to wait or perform gradient computations
with stale values of the estimate w(t). It turns out that such a scheme can achieve
an optimal rate E [A,(T)] = O (\/%) for convex objectives that are also smooth,
even in the presence of bounded maximum delay [2]. A drawback of implementing
this approach is that the master node is a bottleneck of the system. At the expense
of building a tree hierarchy among the nodes, the problem can be alleviated, but
bottlenecks and vulnerability to single points of failure are still present.

Finally, Dekel et al. [28] also describe a distributed algorithm that asymptot-

ically achieves the optimal distributed rate of E [A,(T)] = O <#> for smooth

VnT
convex functions and E [A,(T)] = O (T%T) for smooth strongly convex functions.

Their algorithm is synchronous, processes the data in mini-batches and relies on
global communication for perfect coordination. Specifically, each node performs a
local gradient step in the direction of the average gradient of a mini-batch of incom-
ing data. After each gradient update all nodes participate in a global communication
step which is synchronous and computes the true average of the estimates.
2.5 Distributed Optimization

Over the last few years a plethora of parallel and distributed algorithms have

been developed to use multiple processors for solving difficult optimization and

great interest on both existence and construction methods of expander graphs with
bounded or even fixed degree per node [70].
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machine learning problems . Reference [22] gives a taxonomy of different classes of
distributed optimization algorithms and problems. The more recent reference [6,79]
gives a fairly extensive collection of applications of distributed optimization for
machine learning. These applications cover whole range of different platforms from
clusters to shared memory machines and GPUs following recent hardware trends.
This thesis focuses on large scale computations that take place either in clusters or in
general networks of computers. We will not be concerned with the growing literature
in multi-threaded programming for shared memory machines or the emerging trend
of parallelization using GPUs. Section 1.2 talks about the difference between parallel
and distributed algorithms which is mostly conceptual and based on how many
synchronization points there are and how much communication is needed. In this
section we review a few different algorithms for computations over clusters. We
review some representative consensus-based optimization algorithms in more detail
to equip the reader with the necessary background for what follows.

We have already discussed some distributed algorithms that are also suitable for
stochastic optimization. These include hierarchical algorithms with a master-slave
architecture [2,50] where a team of processors is responsible for gradient computa-
tions while a master node collects all partial gradients to update the state, and a
mini-batch algorithm which relies on global blocking communication to ensure that
all processing nodes have access to the same state w(t) at all times. A different
strategy to guarantee the existence of only one estimate shared among the nodes is
that of incremental methods such as [9,47]. For example in [47] there is only one
estimate w(t) which is known to only one node at any given time. The node that
holds the estimate performs a gradient update using its local data and then passes
on the estimate to another node. As the estimate goes through the nodes, either
in a cyclic or a random order, the global objective is minimized. One could argue
that such a scheme is not a distributed algorithm since only one node is performing
computations at any given time. However, in Chapter 4 we show that these meth-
ods can be superior when we need to solve multiple optimization tasks on the same

cluster in parallel.
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Over the last few years there has been great interest in an algorithm called the
Alternating Direction Method of Multipliers (ADMM) [16,41,44,96]. This method
relies on a dual decomposition [57,83] of the objective to bring the problem in a
separable form that can be solved in a distributed manner. The method is itera-
tive and involves local computation and communication. A drawback is that each
iteration requires global coordination and a barrier mechanism to synchronize the
nodes and update shared global variables. However, the clean separation between a
local computation and a synchronized global communication step renders ADMM
compatible with a very popular distributed programming model called MapReduce
(see [27] and Section 2.6 ), where a distributed task is mapped onto n workers that
perform computation in isolation and then a reduce step coordinates the nodes and
updates the state. For similar examples see also [51] which intentionally creates an
overlap of the data subsets of different nodes as an implicit form of communication,
or Chapter 1 in [6] which report that such an approach can scale well in practice.
An extreme example at the moment of this writing is the algorithm in [1] which
uses MapReduce to apply a simple gradient descent algorithm and train an SVM
classifier with terabytes of data.

A simple but powerful approach is proposed in [104]. This scheme suggests to
first optimize the components of the objective locally at each node without com-
munication and then average the estimates only once at the end. This algorithm
conforms more to the parallel paradigm as described in Section 1.2. A similar ap-
proach, but closer to this thesis, is described in [52] for training neural networks.
There the idea of solving the local problems and then fusing the estimates is not
just done once, but rather it is repeated for many training epochs.

All the algorithms mentioned so far rely on either maintaining a unique estimate
of the solution at all times, or obtaining such an estimate exactly at some point in
the computation. This thesis follows a line of work that started with Tsitsiklis and
Bertsekas [10,94] who showed that it is possible to solve separable optimization
problems over a network without structuring the computation hierarchically. In

that sense, all nodes have the same role throughout the process and the algorithms
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become much simpler to implement and analyze while remaining robust to individual
node failures. However, this comes at the price of settling for an iterative algorithm
where the nodes arrive all at the same solution only asymptotically.

The consensus-based optimization literature has grown significantly in the last
few years with several papers exploring the many different questions associated with
these algorithms [25,32, 58, 68]. Besides the practical advantages of scalability, ro-
bustness, and asynchronism, it is possible that these algorithms attract attention
because they lend themselves to elegant theoretical analysis while maintaining the
potential to be useful in real life applications; two aspects that sometimes tend to
contradict each other. Maybe the simplest algorithm in this family is Distributed
Sub-gradient Descent (DSD) [55] which extends the basic sub-gradient descent algo-
rithm (2.6) to the case of a network. Specifically, after choosing a doubly stochastic

matrix P for a connected network G of n nodes, DSD repeats the update

wit +1) =Ty | Y Pyw;(t) — ai(t)gs(w;(t)) (2.21)
j=1

at each node where a;(t) is the step size used by node i at time ¢ and g; is a sub-
gradient of f;(w) that node i computes at point w;(t). Note that since the estimates
w;(t) are in general vectors, the subscript here is bold to indicate that w;(t) is node
i’s estimate. This is not to be confused with the i-th element of a vector that is
denoted by w; and is not bold. Observe that this iteration reduces to the serial
algorithm with n = 1 and P = 1. Otherwise, each node forms a convex combination
of its neighbours estimates. The role of consensus is to bring the estimates to
an agreement on the optimum. Using a diminishing step size a(t) = O (%) at
all nodes DSG converges to the optimal solution for L-Lipshitz convex functions

VT

DSG such different constraint set per node, noisy communication links and noisy

at the time optimal rate of O <i> A number of papers explore extensions of

gradients [58, 69, 80].
An interesting direction is to improve the speed of convergence by employing

more tools from the serial optimization literature. For example, [45] achieves a
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convergence rate of O (%) for smooth unconstrained problems using Nesterov’s

accelerated method [85] while [24] builds upon recent work on inexact proximal
methods [72] and acceleration techniques to describe a distributed algorithm that
converges at a rate O (%) for smooth convex functions. A drawback of the latter
is that it requires using a increasing amount of communication after every gradient
iteration which could render the algorithm not practical. In the following subsection
we describe in more detail the distributed version of dual averaging. The reason
is that this algorithm is representative of the consensus-based literature in terms
of its assumptions and performance but has a much cleaner mathematical analysis.
It will thus be used as a prototype for investigating the role of the network. We
conclude this section by noting that there is also an increasing interest on the less
well understood topic of non-convex distributed optimization [102].

2.5.1 Distributed Dual Averaging (DDA)

A distributed version of Nesterov’s dual averaging algorithm (2.10) (from now
on DDA) is developed and analyzed in [32]. Again, a network G of n nodes is given
together with a doubly stochastic consensus protocol P. Each node maintains a
primal variable w;(t) and a dual variable z;(t). At iteration ¢, node i uses a step
size a(t) and performs three steps:

1. Communicate: Send z;(t) and receive z;(t) from neighbors according to G

2. Compute: Update the primal and dual variables by setting

zi(t+1) =) Pyzi(t) + gi(1) (2.22)
j=1
w;(t 4 1) =11, [zi(t + 1), a(1)] (2.23)

3. Update: The final estimate of the optimum is the local running average at

each node:

t+1

Wi(t+1) = — > wi(s). (2.24)
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In (2.22), g;(t) € Ofi(w;(t)) is the latest local subgradient and the projection oper-
ator H%[-, /| is defined as
1Y, |2, o] = argmin |(z, w) + 2i¢(w) . (2.25)
wew a

The projection makes use of a 1l-strongly convex function v (w) for which it is
assumed that ¢(0) = 0. In [48] it is explained that the form of this projection stems
from Fenchel duality theory. For this work, it suffices to observe that if we chose
Y(w) =3 |wl||* we retrieve the standard Euclidean projection of the vector —az.

Observe that DDA uses consensus to bring the dual variables z;(t) variables
to an agreement as t — oo rather than the estimates themselves. The intuition is
that each dual variable z;(t) represents the direction towards the global optimum
according to node ¢ and DDA is trying to bring the directions to an agreement.

Since we will be using and modifying this algorithm in the sequel, it is use-
ful to make some comments about the analysis of the algorithm and collect some
intermediate lemmas and theorems with respect to the convergence rate of DDA.
These results can be found in [32] but are included here to keep the manuscript self-
contained. First of all, as is common in the analysis of consensus-based optimization
algorithms, it is convenient to break the overall error into two terms, an optimiza-
tion error and a network error. This is done by defining an auxiliary centralized
sequence that would only be available if the algorithm had the ability to do perfect
averaging at every step. In general perfect averaging is not possible so rather than
tracking the error at each node directly, we track how far the average sequence is
from the solution and how far each node is from the average. The first corresponds
to an optimization error very similar to serial algorithms while the second depends
on the performance of distributed consensus over this particular network. For DDA,

the average sequences of interest are

2(t) = %Zzi(t) and y(t) = 11, [2(t), a(t — 1)] (2.26)
=1
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i.e., the true average direction to the optimum and an estimate sequence y(t) that
evolves accordingly.

We are now ready to state the results. Recall that the objective is assumed to
be L-Lipschitz continuous and convex as stated in Section 1.4.
Lemma 2.1. Consider the sequences {w;(t)}72,, {z:(t)}2,, defined in (2.23),
(2.22) together with (2.26). For eachi=1,...,n and any w* € W we have

T T T
Y Flwi(t)) = Fw*) <Y Fy(t) — F Z M [Z(E) =z, (2.27)
t=1 t=1

t=1

and with Y(T') = + ST y(t),

F(wi(T)) - F(w*) <F(y(T)) -

*ﬂ\h

T
Z J[Z(E) =zl (2.28)

This lemma helps to break down the local error at each node into an optimiza-
tion error of the centralized true average sequence, and a network error showing the
discrepancy between the local estimates and their true average.

Lemma 2.2. Let {g(t)}2; C R? be an arbitrary sequence of vectors, let {a(t)}%,

be a non-increasing sequence, and consider the sequence

— 1%
w(t+1) =11,

> g(s), a(t)] . (2.29)

s=1
For any w* € W we have
* 1 2 1 *
> {g(t), w(t) —w*) < 3 Y alt=1)llg@)l* + o) (w®). (2.30)
t=1 t=1
This lemma is standard in proofs of serial gradient-based optimization algo-

rithms. It will help bound the optimization error of the centralized true average
sequence which behaves like a serial algorithm.

Lemma 2.3. For an arbitrary pair w,v € R%, we have
113, e, 0] = 113, [, )| < e = o). (2.31)

Based on these Lemmas, [32] proves also a theorem that we will use in the

sequel.
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Theorem 2.1. (Theorem 1, [32]) Consider the DDA algorithm (2.22)-(2.24) solving
problem (1.8). Assume without loss of generality that for a minimizer w* we have
P(w*) < R? for some real constant R > 0. The error at any node i after T iterations

s bounded by

T

2 2
Briy(T) = F(wi(T))—F(w*) < Tfm + >alt-1

F 25 a0) | 23710 - 0+ 126) - =)
j=1

t=1

(2.32)

Theorem 2.1 illustrates exactly the separation between an optimization error
associated with the true average sequence (bounded by the first two terms in the
right hand side of (2.32) ), and a network error captured by the terms involving
|Z(t) — z;(t)||. From this expression, we can bound the network error term to obtain
concrete expressions for the convergence rate. Specifically, following the derivation
of Theorem 2 in [32], if we select a step size sequence a(t) = “- and find the constant

Vit

A that minimizes the bound, we arrive at®

log (T 12
Erry(T) < Clogfﬁf/ﬁ)’ O = 2LRm, (2.33)

where As is the second largest eigenvalue of the consensus matrix P. As we see, due
to the logarithmic factor, DDA is neither time optimal nor scalable with the network
size n because as was discussed, an ideal distributed algorithm would achieve a

convergence rate of O (ﬁ) after T' iterations.

2.6 Distributed Programming Models
A significant part of this work is concerned with the practical issues in the
implementation of distributed algorithms. In this section we briefly discuss the

main programming tools that are available. We start by referring the reader to

6 A generalized version of this derivation is given in Section 3.6.
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the introduction of [36] for a classic reference that describes the semantics of dif-
ferent communication schemes. This is important to understand what is possible
in practice. See for example Section 5.2.2 which explains why a very popular and
elegant consensus algorithm cannot be implemented out-of-the-box in practice. In
short the reason is that this particular consensus algorithm relies on bi-directional
communication where two nodes need to both send and receive information and
block until the exchange is complete. Without extra assumptions, this blocking
communication causes deadlocks.

To have maximum control one of course has to program at a low level and use
sockets [81]. Socket programming is supported in all major programming languages
and provides functionality for point-to-point communication between processors.
Conveniently, asynchronous consensus-based algorithms rely only on pairwise in-
teractions and can be programmed using sockets. However at that low level it is
hard to impose global synchronization e.g., using barriers. Another difficulty arises
when the message sizes are much larger than typical TCP packet sizes. Even though
in a truly asynchronous algorithm nodes needs to decide completely independently
when to transmit and receive, with messages of several MB in size (as is common
in machine learning problems) it is a non-trivial programming exercise to ensure
that messages are received and the sockets do not choke. Fortunately, most pro-
gramming languages also have an API for the message passing interface (MPI) [37]
which is a very versatile framework for implementing parallel and distributed algo-
rithms. MPI offers functionality for both blocking and non-blocking point-to-point
communication so it is suitable for implementing asynchronous algorithms. How-
ever the issues of delivering large messages are easier to handle through the MPI
interface. Furthermore, MPI provides functionality such as barriers and efficient all-
to-all communication so it is convenient to code synchronous distributed algorithms
that interleave communication with computation.

Finally, we need to mention a programming framework that is at an even higher
level than MPI and has received a significant amount of attention in the last few

years. As it turns out, many of the distributed optimization algorithms of interest

34



operate in stages interleaving communication with computation. The computation
can take place in parallel independently on all processors while communication is
necessary to update some common variables. This structure fits nicely in a frame-
work called MapReduce [27]. MapReduce is specifically designed for large-scale data
processing in clusters. It abstracts a lot of the low-level functionality behind two
main operations: map and reduce. Mapping refers to distributing a load of work
into different processors, while the reduce step uses communication to collect and
fuse the results. By repeated application of map and reduce steps it is possible
to implement synchronous versions of most of the distributed algorithms we have
described so far. For an extensive list of recent success stories see also [6]. However,
MapReduce does not come without shortcomings. In particular, implementations
of iterative algorithms like the gradient descent schemes we have discussed earlier,
required sequential calls to MapReduce which imposes synchronization of the nodes
and makes the system vulnerable to real cluster delays. In particular, Chapter 5
illustrates the slow node problem which is common in large clusters. In short, a
synchronous algorithm is bound to run at the speed of the slowest node. In a large
cluster where nodes share their computation cycles between many users, it is very
common to have a very slow processor that holds back the whole system. This is one
of the main arguments in favour of asynchronism that is not natural to implement

within the MapReduce framework.
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CHAPTER 3
Communication/Computation Tradeoff and Scalability

3.1 Introduction

Communication over the network is an expensive operation that introduces a
discrepancy between the performance of a network of n processors as compared to an
idealized single processor that is n times faster than any of them. By increasing the
number of processors for a given problem, the total computational capacity of the
system increases but so does the overall communication cost. This naturally leads
to a tradeoff between communication and computation and it is not the case that
adding more computers is always better. To understand this tradeoff, we need to
refine the existing analysis of consensus-based distributed optimization algorithms.
As will be discussed, an analysis based on number of iterations to convergence
is not enough and can even be misleading since it does not account for the cost
of communication. The simple intuition is that not all iterations cost the same in
actual user time, and thus many cheap iterations might be faster than few expensive
ones. For a specific problem, the performance will depend on the relative speed of
communication and computation on the available hardware. Given that this speed
can be estimated relatively easily, we can calculate what kind of performance to
anticipate from our algorithm.

We study the importance of the communication/computation tradeoff in two
contexts. This chapter studies the tradeoff focusing on scalability with the network
size' . To make the discussion concrete we present our analysis within the context
of DDA [32] which was summarized in Section 2.5.1. However it should be evident

that our findings can be generalized to other consensus-based algorithms. In the

! The work presented in this chapter is based on [86].
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chapter that follows (Chapter 4) we use the idea of quantifying the communica-
tion/computation tradeoff to study parallelization at the task level by looking at
scenarios where we need to solve many optimization problems on the same cluster.
It is shown that based on the characteristics of the hardware and problems to be
solved, it might be possible to solve many tasks in parallel instead of preferring to
solve them one after the other.
3.2 Scalability in Consensus-based Distributed Optimization

This section focuses on understanding the limitations and potential for scal-
ability of consensus-based optimization. Furthermore our results are of practical
interest. There is a growing trend to perform more and more computation “in the
cloud” where a user is charged based on the amount of computational resources
used. Having a reasonable estimate of what is the optimal number of processors for
a given problem could prevent paying for resources that will not be helpful or will
not get used.

The driving questions for this section are: How many processors should we use
and how often should they communicate to solve a distributed optimization problem?

The recent distributed optimization literature contains multiple consensus-
based algorithms with similar rates of convergence for solving problem (1.8). We
adopt the distributed dual averaging (DDA) framework [32] because its analysis ad-
mits a clear separation between the standard (centralized) optimization error and
the error due to distributing computation over a network. This facilitates our in-
vestigation of the communication/computation tradeoff. The algorithm is described
in Section 2.5.1. We first repeat the update equations of DDA and then proceed
to quantifying the communication/computation tradeoff and show how it can be-
come part of the analysis. The experimental evaluation that follows, validates the

theoretical findings.
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In DDA, nodes iteratively communicate and update optimization variables to
solve

1 n
minimize F(w) = — ; fi(w). (3.1)

Nodes only communicate if they are neighbors in a communication graph G =
(V, E), with the |V| = n vertices being the number of processors. The communica-
tion graph G is user-defined (application layer) and does not necessarily correspond
to the physical interconnections between processors. The DDA update equations

are

n

zi(t) = Pyzi(t —1) +gi(t — 1) (3:2)
j=1
. 1
wi(t) =argmin | (34(0),10) + 50w (33)
wilt) = (1= 1) Wt — 1) + wi(1)) (3.4)

To update z;(t) in (3.2), each node must communicate to exchange the variables

zj(t) with its neighbors in G. Recall from (2.33) that the convergence rate of DDA

Erry(T) < Clk)g(\/TT}/ﬁ), C = 2L3m, (3.5)
- 2

The dependence on the communication topology is reflected through Ay the second

is

largest eigenvalue of the consensus matrix P which is conformant to the communica-
tion network G. According to (3.5), increasing n slows down the rate of convergence
even if Ao does not depend on n. At first sight, this sounds disappointing since
one would hope that employing more processors should yield some computational
speedup when solving the same problem of a given size.
3.3 Quantifying the Tradeoff

In consensus-based algorithms such as DDA, the communication graph G and
the cost of transmitting a message have an important influence on convergence
speed, especially when communicating one message requires a non-trivial amount of

time (e.g., if the dimension of the problem is very high and the messages are large in
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size). Intuitively, nodes should engage in expensive communication operations only
when the value of the exchanged information is worth it. There exists indeed some
work that quantify how much information is needed to learn classifiers from data
within a specified accuracy [42] (and references therein). Here we start from the
iteration-based convergence bound which describes how much the error can drop in
the worst case at each iteration.

To evaluate performance, we are interested in the shortest time to obtain an e-
accurate solution where Err;(T') < e. From (3.5), convergence is faster for topologies
with good expansion properties, i.e., when the spectral gap 1 — /A does not shrink
too quickly as n grows. In addition, it is preferable to have a balanced network,
where each node has the same number of neighbors so that all nodes spend roughly
the same amount of time communicating per iteration. Below we focus on two
particular cases and take G to be either a complete graph (i.e., all pairs of nodes
communicate) or a k-regular expander graph [70]. This assumption simplifies the
analysis and allows us to gain a better intuition of the tradeoff. Furthermore, if
we have control over designing the communication topology and we do not want to
impose a hierarchy, treating some nodes differently, then there is no reason to deviate
from a regular graph. Furthermore, a graph with heavily unbalanced node degrees
could be bad simply because some nodes would have to communicate significantly
more than others.

By using more processors, the total amount of communication inevitably in-
creases but also more data can be processed in parallel in the same amount of time.
We focus on the scenario where the size m of the dataset is fixed but possibly
very large. To understand whether there is room for speedup, we move away from
measuring iterations and employ a time model that explicitly accounts for commu-
nication cost. This will allow us to study the communication/computation tradeoff
and draw conclusions based on the total amount of time to reach an e-accurate

solution.
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3.4 Time model
At each iteration, in step (3.2), processor i computes a local sub-gradient on

its subset of the data:

i (w) (3.6)

gi € Ofilw) -
ow m

NgEE

1

The cost of this computation increases linearly with the subset size. Let us normalize
time so that one processor computes a sub-gradient on the full dataset of size m
in 1 time unit. Then, using n cpus, each local gradient will take % time units to
compute since each node’s data subset is %—th of the full dataset size. We ignore
the time required to compute the projection in step (3.3); often this can be done
very efficiently and requires negligible time when m is large compared to n and d.

We account for the cost of communication as follows. In the consensus up-
date (3.2), each pair of neighbors in G transmits and receives one variable z;(t —1).
Since the message size depends only on the problem dimension d’ and does not
change with m or n, we denote by r the time required to transmit and receive one
message, relative to the 1 time unit required to compute the full gradient on all the
data. If every node has k neighbors, the cost of one iteration in a network of n

nodes is
1 . . : .
— + kr time units / iteration. (3.7)
n

Using this time model, we study the convergence rate bound (3.5) after attaching
an appropriate time unit cost per iteration. To obtain a speedup by increasing
the number of processors n for a given problem, we must ensure that e-accuracy
is achieved in fewer time units. We perform an analysis of DDA for two scenarios.
First, when each node transmits and computes a new gradient at every iteration.
This serves as a base case as it conforms to the original description of the algorithm.
Then, we analyze scenarios where nodes transmit less frequently and focus more on
local gradient steps. As we will see, the results are sometimes surprising but in the

end confirm our intuition and are verified in practice.
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3.5 Simple Case Analysis: Communicate at Every Iteration

In the original DDA description (3.2)-(3.4), nodes communicate at every iter-
ation. According to our time model, T" iterations will cost T (% + kr) time units.
From (3.5), the time 7(€) to reach error € is found by substituting for 7" and solving
for 7(¢). In the derivation we ignore the logarithmic factor in (3.5) because in
light of the analysis in Chapter 7, the logarithm can be saved. Our experimental

results also agree with the theory developed here and there does not seem to be any

prominent effect that we smooth out. We have:

1 C? 1
01? =e = 71(¢)= 6—21<ﬁ + k‘r) time units. (3.8)
Lokr

This simple manipulation reveals some important facts. If communication is free,
then r = 0. If in addition the network G is a k-regular expander, then \; is fixed [26],
Cy is independent of n and 7(¢) = C?/(e?*n). Thus, in the ideal situation, we obtain
a linear speedup by increasing the number of processors, as one would expect. In
reality, of course, communication is not free.

Complete graph: Suppose that G is the complete graph, where &k = n—1 and
A2 = 0. In this scenario we cannot keep increasing the network size without eventu-
ally harming performance due to the excessive communication cost. For a problem
with a communication/computation tradeoff r, the optimal number of processors is

calculated by minimizing 7(€) for n:

ot (€) B 1
an =0 — Nopt = W

(3.9)

Again, in accordance with intuition, if the communication cost is too high (i.e.,
r > 1) and it takes more time to transmit and receive a gradient than it takes to
compute it, using a complete graph cannot speedup the optimization. We reiterate
that r is a quantity that can be easily measured for a given hardware and a given
optimization problem. As we report in Section 5.6, the optimal value predicted by

our theory agrees very well with experimental performance on a real cluster.
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Expander: For the case where G is a k-regular expander, the communication
cost per node remains constant as n increases. From (3.8) and the expression for
C; in (3.5), we see that n can be increased without losing performance, although
the benefit diminishes (relative to kr) as n grows.

Other graphs: For the rest of the chapter we focus on complete and bounded-
degree expanders which are the most favourable cases. Before proceeding, we com-
ment here on the communication/computation trade-off for other types of graphs
such as k-regular graphs and grids. Using the convergence rates proven in Corollary
1 in [32], we have

1. k-reqular: If a graph is k-regular but not an expander, then the DDA error

decreases at a rate

C nlogTn
vT ko

The same manipulation as before yields a time to e-accuracy of

() = C—; <:2 + "Zr> . (3.11)

Err(T) = (3.10)

€

In this case, unless k& > /n, the time 7(¢) increases with n and there is no
trade-off. We can only lose by increasing n.

2. k-connected \/n x /n grid: If a graph is an \/n x y/n grid with every node
connected to its k nearest horizontal and vertical neighbours, we have k < ni

and a node has in general 4k neighbours? . The DDA error decreases at a rate

C ynlogTn

Err(T) = T k:

(3.12)

2 Ignoring the few nodes on the boundaries who have 2k neighbours at the corners,
and 3k neighbours on the edges.
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which is faster than k-regular graphs by a factor of /n. When taking the
communication cost into account, the time to e-accuracy is

c? /1 n c? /1 4rn

€

In this case, if £ = O(1) again there is no trade-off and performance is worse
as n increases. If we let k grow with n but without making the graph too
well-connected, a trade-off can be retrieved. For example, by taking k = n%,
we have
T(e) = 0—22 <11 + 4rni> , (3.14)
e \n3
and the optimal number of processors is

! (3.15)

Nopt =
" o)

(SN

which is smaller than in the case of the complete graph.

3.6 General Case Analysis: Sparse Communication

Next we investigate the more general situation where we adjust the frequency
of communication. A natural choice is to fix an intercommunication interval h and
only transmit every h gradient steps. A more adaptive approach is to increase
h with time.  The motivation for this is that in the beginning the nodes could
start from completely different estimates and they need to communicate frequently
to coordinate their search directions for the optimum. However as the estimates
approach the solution the nodes may not need that much communication to stay
aligned, simply because proximity to the solution implies exploring the most flat
region of the convex objective where individual gradient steps have small impact.
3.6.1 Bounded Intercommunication Intervals

Suppose that a consensus step takes place once every h + 1 iterations. That

1

is, the algorithm repeats h > 1 cheap iterations (no communication) of cost — time

units followed by an expensive iteration (with communication) which takes * + kr

time units. This strategy clearly reduces the overall average cost per iteration. The
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caveat is that the network error ||Z(t) — z;(t)|| is higher because of having executed
fewer consensus steps.

In a cheap iteration, we replace the update (3.2) by z;(t) = z;(t —1) +g;(t —1).
After some straight-forward algebra we can show that (for proofs of (3.16), (3.19)

please consult Appendix A and B ):

Hi—1h—1 n Qt—1
= > > > [P giwh k) + D gilt — Qi + k), (3.16)
w=0 k=0 j=1 k=0

where H; = L%J counts the number of communication steps in ¢ iterations, and
Q¢ = mod(t, h) if mod(¢,h) > 0 and @y = h otherwise. Using the fact that P1 =1,

we obtain

Z(t) — z(t Zzs — z;(t (3.17)

Ht 1 n h—1
—ZZ< [P zj)zgj(wh+k)
w=0 j=1 k=0
n Qi—1
T ZZ (9s(t = Qe+ k) — gt — Qe + k). (3.18)
s=1 k=0

Taking norms, recalling that the f; are convex and Lipschitz, and since Q; < h, we

arrive at

Hi—1

IZ(0) — =z < )

w=0

hL + 2hL (3.19)

L7 [P
n b1

5

Finally, by bounding the ¢; distance of row i of P7*~% to its stationary distribution

as t grows (see Appendix C), we can show that

_ log(T'y/n)
1Z(t) — 2 (t)]| < 2hLm + 3hL. (3.20)

for all t < T. Comparing (3.20) to equation (29) in [32], the network error after ¢

iterations is no more than h times larger when a consensus step is only performed

once every h + 1 iterations. Finally, we substitute the network error in (2.32). For
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a(t) = %, we have Y. a(t) < 2AVT, and

. R? 12h log (T'yn)  , log(T+/n)
Err(T) < <A + AL? <1 + T + 18h)> g Cp—"—",

We minimize the leading term C}, over A to obtain

-1
12h 12h
A=t <\/1 +18h + ) and C) = 2RL\/1 +18h + (3.22)

L 1— /A 1—VAy
Of the T iterations, only Hy = L%J involve communication. So, T iterations

will take
1 1 T . :
7= (T—-Hr)—+Hr | —+kr) =—+ Hrkr time units. (3.23)
n n n
2
To achieve e-accuracy, ignoring again the logarithmic factor, we need T' = % iter-
ations, or

_ 2
7(e) = <T + {ThlJ kr) < % (1 + k;:) time units. (3.24)

n n

From the last expression, for a fixed number of processors n, there exists an optimal

value for h that depends on the network size and communication graph G:

nkr

2
18+17\/E

hopt = (325)

If the network is a complete graph, using hep yields 7(e) = O(n); i.e., using more
processors hurts performance when not communicating every iteration. On the
other hand, if the network is a k-regular expander then 7(e) = % + ¢ for constants
c1, c2, and we obtain a diminishing speedup.
3.6.2 Increasingly Infrequent Communication

Next, we consider progressively increasing the intercommunication intervals.
This captures the intuition that as the optimization moves closer to the solution,
progress slows down and a processor should have “something significantly new to

say” before it communicates. Let h; — 1 denote the number of computation-only

iterations performed between the (j — 1)st and jth expensive iteration,i.e., the first
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communication is at iteration hy, the second at iteration hy + ho, and so on. We
consider schemes where h; = jP for p > 0. The number of iterations that nodes

communicate out of the first 7" total iterations is given by Hy = max{H : ZH hj <

T}. We have
Hr Hrp Hr Hp+1 -1 Hp+1 +
. p
yPdy <) P <1 +/ yrdy = —L——<T<=LT = (326
/yzl ]; y=1 p+ 1 p+ 1 ( )

1
which means that Hyr = ©(T?+1) as T'— oo. Similar to (3.19), the network error

is bounded as

Hi—1 1 hyw—1

IZ(t) =z < > 51 [pHe=w] A>T L+ 2L (3.27)
w=0 1 k=0

Z — [PHeme] W hay + 2R L. (3.28)

We split the sum into two terms based on whether or not the powers of P have

log(Ty/n)

Ly the ¢ term is bounded by 2 when w

converged. Using the split point ¢ =
is large and by % when w is small:

Hi—1-1

_ 1 _
IZ(t) - ()| <L ) ﬁlT - [P 1hw (3.29)
w=0
Hi—1
+L > — [PH=] Al b + 2R L (3.30)
w=H;— —f
Ht 1—¢ Hi—1
Z wP +2L Y w427 (3.31)
w= Ht t
L(Ht—£—1)m+p .
<= 2LE(H, — 1)P 4 2PL 3.32
ST b1 +2Lt(Hy — 1) + (3.32)
L L .
P oriH? oL (3.33)

< +
“p+1 T(p+1)
since T > H; — t — 1. Substituting this bound into (2.32) and taking the step size

sequence to be a(t) = téq with A and ¢ to be determined, we get

Frry(T) < R? N L*A N 3L2A N 3L%pA
T AT e 2(1 —q)T1 (p+ D1 —q)T7 ~ (p+1)(1 —q)T 4
6L2A <~ H? 6L2A
+— Z Z e, (3.34)
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The first four summands converge to zero when 0 < ¢ < 1 as t — oo. Since

Ht = @(tp+1),
T _1 b _ +1
1 HY 1 O(tr+1)P Tri1 4 g
—_ < — — L <K - — p+1 .
T; q_T; <0 - 0(T+ ) (3.35)

which converges to zero if 1% < ¢q. To bound the last term, note that + Zthl 7
TP—4a
p—q+1’

so the term goes to zero as T' — oo if p < ¢. In conclusion, Err;(T") converges
log (T'y/n) 1

no slower than O(=%5-5~) since —— <

If h =1 {6 bal th
KN i we choose ¢ = 5 to balance the

1
Ta—p-*
first three summands, for small p > 0, the rate of convergence is arbitrarily close to

O(%), while nodes communicate increasingly infrequently as 1" — co.
Out of T total iterations, DDA executes Hy = @(TP%) iterations involving

communication and T'— Hrp iterations without communication, so

) =0 (i‘; + Tp’llkr> —0 (T <i 4 Tki )) . (3.36)

In this case, the communication cost kr becomes a less and less significant proportion

1

of 7(e) as T increases. So for any 0 < p < 3, if k is fixed, we approach a linear

speedup behaviour 7(e) = O(%). To get Err;(T) < e, ignoring the logarithmic

factor, we need

2pr12 12
Bp+1)(1—-+vX) 2p+1
(3.37)

2
1-2
T = <> ’ iterations, with C), = 2LR\/7 +

From this last equation we see that for 0 < p < % we have C), < (1, so using
increasingly sparse communication can, in fact, be faster than communicating at
every iteration in terms of time units .
3.7 Experimental Evaluation

To verify our theoretical findings, we implement DDA on a cluster of 14 nodes
with 3.2 GHz Pentium 4HT processors and 1 GB of memory each, connected via

Ethernet that allows for roughly 11 MB/sec throughput per node. Our imple-

mentation is in C++ using the send and receive functions of OpenMPI v1.4.4 for
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communication. The Armadillo v2.3.91 library, linked to LAPACK and BLAS, is
used for efficient numerical computations.
3.7.1 Application to Metric Learning

Metric learning [97,98,101] is a computationally intensive problem where the
goal is to find a distance metric D(u,v) such that points that are related have a
very small distance under D while for unrelated points D is large. Following the
formulation in [78], we have a data set {uj,vj,s;}7; with uj,v; € R? and s; =
{—1,1} signifying whether or not u; is similar to v; (e.g., similar if they are from

the same class). Our goal is to find a symmetric positive semi-definite matrix A = 0

to define a pseudo-metric of the form D (u,v) = \/(u — v)T A(u — v). To that end,
we use a hinge-type loss function ;(A4,b) = max{0,s; (Da(uj,v;)? — b) + 1} where
b > 1 is a threshold that determines whether two points are dissimilar according to

D4(+,-). In the batch setting, we formulate the convex optimization problem

m

Im%mue_ﬂﬂﬁ):§:QUL® subject to A > 0,b> 1. (3.38)

)

j=1
The subgradient of [; at (A, b) is zero if s;(Da(uj,vj)? —b) < —1. Otherwise

Ol;(A,b)
DA

01, (A, b)

= sj(u; —v;)"(uj —vj), and 5

= —sj. (3.39)

Since DDA uses vectors w;(t) and z;(t), we represent each pair (A4;(t),bi(t)) as
a d? + 1 dimensional vector. The communication cost is thus quadratic in the
dimension. In step (3.2) of DDA, we use the proximal function 1 (w) = tw?w, in
which case (3.3) simplifies to taking w;(t) = —a(t — 1)z;(t), followed by projecting
w;(t) to the constraint set by setting b;(¢) < max{1,b;(t)} and projecting A4;(¢) to
the set of positive semi-definite matrices by first taking its eigenvalue decomposition
and reconstructing A;(t) after forcing any negative eigenvalues to zero.

We use the MNIST digits dataset which consists of 28 x 28 pixel images of hand-

written digits 0 through 9. Representing images as vectors, we have d = 282 = 784

and a problem with d? + 1 = 614657 dimensions. The goal is to learn a 784 x 784

48



matrix A. With double precision arithmetic, each DDA message has a size ap-
proximately 4.7 MB. We construct a dataset by randomly selecting 5000 pairs from
the full MNIST data. One node needs 29 seconds to compute a gradient on this
dataset, and sending and receiving 4.7 MB takes 0.85 seconds. The communica-
tion/computation tradeoff value is estimated as r = % ~ 0.0293. According to
(3.9), when G is a complete graph, we expect to have optimal performance when
using nept = \iﬁ = 5.8 nodes. Figure 3—-1 shows the evolution of the average function

value
F0) = = 3 F(wi(t) (3.40)

for 1 to 14 processors connected as a complete graph, where w;(t) is as defined
in (3.4). There is a very good match between theory and practice since the fastest
convergence is achieved with n = 6 nodes.

In the second experiment, to make r closer to 0, we apply PCA to the original
data and keep the top 87 principal components, containing 90% of the energy. The
dimension of the problem is reduced dramatically to 87 - 87 + 1 = 7570 and the
message size to 59 KB. Using 60000 random pairs of MNIST data, the time to
compute one gradient on the entire dataset with one node is 2.1 seconds, while
the time to transmit and receive 59 KB is only 0.0104 seconds. In this case r =
% = 0.005 and ngp = 14.15. Again, for a complete graph, Figure 3-2 illustrates
the evolution of F(t) for 1 to 14 nodes. As we see, increasing n speeds up the
computation. The speedup we get is close to linear at first, but diminishes since
communication is not entirely free.

3.7.2 Nonsmooth Convex Minimization

Next we create an synthetic problem where the minima of the components

fi(w) at each node are very different, so that communication is essential in order to

obtain an accurate optimizer of F'(w). We define f;(w) as a sum of a max of high

49



33333333
L T T T TR T )

SO AN=

2N O

50 100 150 200 250 300 350 400 450
Time (sec)

Figure 3-1: In a subset of the Full MNIST data for our specific hardware, ng,: =

% = 5.8. The fastest convergence is achieved on a complete graph of 6 nodes.
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Figure 3-2: In the reduced MNIST data using PCA, the communication cost drops
and a speedup is achieved by scaling up to 14 processors.

dimensional quadratics,

M

filw) =3 max (l(fw, ), l('w,m?‘i)> , (3.41)
j=1

l(wv mgh) = (w - wfh)T(w - x§|l)v g € {17 2}a (342)

where w € R0 A7 = 15,000 and azjl,ﬁ,m]?” € R19990 are the data, and in this
case, the centers of the quadratics. Figure 3-3 illustrates again the average function
value F(t) for 10 nodes in a complete graph topology. As a baseline performance,
we compare to the performance when nodes communicate at every iteration (h = 1).
For this problem 7 ~ 0.00089 and, from (3.25), hop = 1. Naturally, communicating
every 2 iterations (i.e., h = 2) slows down convergence. Over the duration of the
experiment, with h = 2, each node communicates with its peers 55 times. We select
p = 0.3 for increasingly sparse communication, and get Hy = 53 communications

per node. As we see, even though nodes communicate as often as in the h = 2 case,

convergence is even faster than when communicating at every iteration. This verifies
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Figure 3-3: Sparsifying communication to minimize (3.41) with 10 nodes in a com-
plete graph topology. When waiting % iterations between consensus steps, con-
vergence is faster than communicating at every iteration (h = 1), even though the
total number of consensus steps performed over the duration of the experiment is
equal to communicating every 2 iterations (h = 2). When waiting a linear number
of iterations between consensus steps (h = t) DDA does not converge to the right
solution. Note: all methods are initialized from the same value; the x-axis starts at
5 sec.
our intuition that communication is more important in the beginning. Finally, the
case where p = 1 is shown. This value is out of the permissible range, and as
expected, DDA does not converge to the correct solution. This can be seen on the
graph where the line for p = 1 does not continue to decrease the objective value and
flattens out instead.
3.8 Conclusions and Future Work

This chapter focused on understanding the tradeoff between communication
and computation in consensus-based distributed optimization. The main message
is that a convergence rate describing the number of iterations required to obtain
an e-accurate solution may not be representative of an algorithm’s performance as
experienced by the end user. Whenever communication is non-negligible it must be
taken into account as not all iterations cost the same amount of time. In particular,
we saw that for complete graphs there is an optimal number of processors that bal-
ances the two costs while for expander graphs we have a diminishing reward in terms
of speedup. Furthermore, we showed that communicating less frequently as the al-

gorithm approaches the solution can yield significant time savings. We were able to

reason about these findings theoretically and also validate them in experiments on a
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real cluster. It would be interesting to have an even more detailed analysis that cov-
ers graphs with uneven degree distributions or where the cost of transmitting to &
neighbours is something faster than just worst case O(k). Finally, it would be impor-
tant to extend this analysis to stochastic optimization scenarios where rather than
reducing the gradient computation cost when we add more nodes, we are instead
able to process more data in the same amount of time. Finally, we claim that our
tradeoff analysis extends beyond DDA to other algorithms in the consensus-based
optimization family such as DSG as well as various distributed averaging-type algo-
rithms (e.g., [51,52,104]). The reason is that this chapter proposes a meta analysis
that accounts for communication computation costs. The analysis does not rely on
any particular properties of DDA but rather exploits DDA’s clean mathematical
convergence proofs to draw important conclusions. The meta analysis should be
possible for other algorithms as well, even though the mathematical details would
depend on the specific convergence proof of each algorithm. Verifying this claim as
well as extending the analysis to the case of stochastic optimization, where h; = t?
could correspond to using increasingly larger mini-batches would be important di-

rections for future work.
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CHAPTER 4
Parallelization at the Task Level

4.1 Introduction

There are many machine learning scenarios where the same data needs to be
used to solve multiple related optimization problems. Fitting models with free
parameters typically requires sweeping through a range of values for parameter
tuning. Cross-validation involves performing the same computation on different
overlapping subsets of the data. One approach to multiclass classification is to train
several “one-versus-all” classifiers, which could be learned in parallel. In exploratory
data analysis, one may not know a priori which loss function or kernel function
is best suited to the data, and running several learning algorithms with different
characteristics can help determine an appropriate model.

To solve S optimization problems using a consensus approach, we must run
S instances of the algorithm one after the other. Is there a way to work simul-
taneously on the S instances to speed up the computation? In other words, is it
possible to benefit from parallelizing at the task level? As it turns out, the answer
is not straightforward, and as one might guess, it again depends on the relative
communication to computation cost.

The main drawback of consensus-based optimization algorithms comes from the
potentially high communication cost associated with distributed consensus. The dis-
tributed optimization literature includes also incremental algorithms [9,47,54] which
can significantly reduce the communication cost by visiting the function components
fi one at a time; communication involves passing a single copy of the optimization
variable from one node to the next, as opposed to each node maintaining a local copy
that needs to be communicated to all neighbours. References [54] and [9] analyze
the situation where every component f;(w) has to be visited once in every cycle,

essentially assuming that the nodes are connected as a complete graph. Markov
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Incremental Gradient Descent (MIGD) [47] generalizes Nedic and Bertsekas’ algo-
rithm for any connected graph assuming that information can only be transmitted
between neighboring nodes. The side effect of this type of scheduling is that incre-
mental methods converge slower in practice and have a worse scaling with the size
of the network n even though asymptotically the convergence rate, as a function
of the number of iterations 7', is O(ﬁ) for both consensus-based and incremental
methods when the components f; are convex and Lipschitz continuous (see, e.g., the
comparison in [32]).

A key observation is that, with incremental algorithms, it is possible to run S
instances in parallel. For example in MIGD, many instances can move through the
network according to independent random walks so in principle MIGD could solve S
problems in the same time it would take to solve one. Now the question becomes: Is
it better to run serial consensus-based procedures or parallel incremental procedures?

To make the comparison concrete, we focus on two specific algorithms, Dis-
tributed Dual Averaging (DDA) [32] and Markov Incremental Gradient Descent
(MIGD) [47]. These algorithms are chosen as representatives of the consensus and
incremental approaches to optimization. The convergence rate of both DDA and
MIGD depends on the structure of the communication graph over which they are
executed. In [32] it is argued that for well-connected graphs (e.g., expanders), DDA
achieves a target error n times faster than MIGD on a network of n nodes. This
analysis suggests that parallel copies of MIGD should be much slower than DDA. In
addition, since for MIGD the instances are behaving as independent random walks,
nothing prevents the instances from colliding, causing additional delays.

4.2 Algorithms

DDA has already been discussed in Section 2.5.1 and earlier in this chapter.
The theoretical analysis [32] shows that all nodes achieve accuracy e after T' = O (%)
iterations if the nodes communicate over a well-connected graph (complete or ex-
pander). The description of DDA in [32] assumes synchronous iterations, requiring
nodes to use blocking communication. This is convenient for analysis, but as ex-

plained in [87], in practice synchronous DDA is impossible to implement without
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using a barrier mechanism to synchronize the nodes. Furthermore, when barriers
are used, synchronization forces the algorithm to run at the speed of the slowest
node. For this reason, in the experiments reported below, we use an asynchronous
version called Push-Sum DDA (PS-DDA) [88], for which the error converges at the
same rate but with different constants. PS-DDA has a lot of other advantages and
it is the described in detail in Chapter 5.

For MIGD see Algorithm 1. The setup in [47] considers minimizing the function
n

F(w) =) fi(w), wew. (4.1)
i=1

To match this setting with our standard objective (1.8), each term f;(w) for MIGD
is scaled by % Consider the case where we only have one optimization problem.
One node in the network has a token, meaning that this node holds the most recent
estimate and will perform a projected gradient descent update based on its local
objective component f;. Once the node has updated the estimate, it chooses a
neighbour at random according to the corresponding column of a doubly stochastic
matrix P, and passes on the token and the estimate to this neighbour. As explained
in [32], to reach accuracy e, MIGD requires T' = O( ;) iterations on a well-connected
graph.

MIGD operates with a fixed step size a which is set to

2en?
= L2K7

(4.2)

for € accuracy, and K is a constant that depends on the network connectivity im-

plicitly through P as follows:

K:mZaX{QnQ [(I—P+T>_1]“—n}. (4.3)

4.3 Communication/computation Tradeoff for Multiple Tasks
Consider solving S < n optimization problems of the form (1.8) using DDA or
MIGD on a network of n nodes. To remove the effect of different graph topologies,

from now on we assume that the nodes communicate over a well connected graph;
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Algorithm 1 MIGD
1: Initialize: t = 1,w(1) = 04, tok; = 1,tok; =0,i > l,e € R,a = %
2: while t < T do
3: for i€ [n] do

4: if tok; = 1 then

5: Compute subgradient g;(t) € Oy fi(w(t))
6: Wimp = w(t) — ag;(t)

7 'w(t + 1) = Il ['wtmp]

8: Sample a neighbour j € V' according to P, ;
9: Sett=t+1

10: Send w(t), tok; and t to j

11: Set tok; = 0

12: else

13: Poll neighbours for incoming messages
14: if There is a message msg; from j then
15: t =msg;(t)

16: tok; = msg;(tok;)

17: w(t) = msg;(w(t))

18: end if

19: end if

20: end for

21: end while

i.e. either a complete graph or a k-regular expander. To solve S problems with DDA,
we run the S jobs sequentially. For MIGD we start S random walks at different
nodes in the network. We assume that each processor will only work on one problem
at a time, so if two random walks arrive at the same node, one is served and the
other one is buffered until the node’s CPU becomes available to process it.

Let us momentarily assume that all jobs take the same number of iterations to
reach the desired accuracy' . To solve all problems to e-accuracy, DDA will need
ST = O(E%) iterations in total. For MIGD, if the random walks do not collide (so
that no job idles in buffer) then the time to solve S problems is identical to the time
to solve 1; i.e., the total number of MIGD iterations is O(Z). Immediately we see
that, in this idealized scenario, if S = ©(n) then MIGD exploits task parallelization

to become competitive with DDA. Note, however, that this discussion is in terms

! This is the case, e.g., if all jobs are clones of each other. We make this simplifying
assumption here for the sake of gaining intuition, and our results do not rely on it.
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of the number of iterations or gradient steps taken by the nodes. This abstraction
ignores the time for communicating the messages between nodes which, for some
problems, may be commensurate with the time to perform a single update. Let us
thus refine the analysis following the model of [86] presented in Section 3.3.

With S = 1, at every iteration, if every node has k neighbours, the cost of one

iteration in DDA is,
1 . . . .
— + kr time units / iteration. (4.4)
n

Observe that the same approach can be used for MIGD for the node that has the
token. Since that node will only transmit the estimate to one neighbour, the cost

of a MIGD iteration is simply
1 . . . .
— +r time units / iteration. (4.5)
n

We can use these time models to reason about the time to achieve € accuracy rather
than the number of iterations. In particular, to reach € accuracy on S problems,

DDA will take S - T iterations or

1
Tdda(€) = Cdda% (n + k:r> time units (4.6)

where Cyq4, is a constant that does not depend on n. For MIGD on the other hand,
in the ideal case where the random walks do not collide and there are no delays, the

total is equivalent to the time it takes to do T iterations; i.e.,

n (1
Tmigd(e) :Cmigd? <n + T‘>
1 . .
= migd?(l + nr) time units. (4.7)

This simple manipulation reveals that the relative performance of the two algorithms
is more delicate than what the iterations bounds suggest. If G is the complete graph,
where k = n — 1, then asymptotically as n increases, T44q(€) = O(Tmiga(€)); i.e., the
algorithms are equivalent. This is not surprising. Even though MIGD needs n

times more iterations, each MIGD iteration takes only %—th of the time since MIGD
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requires communication with only one neighbor instead of n — 1. Of course, if the
message size is very small, the network bandwidth is very high, or computation
takes significantly longer than a transmission, then r — 0 and in that case MIGD
is indeed n times slower.

For a non-vanishing communication cost, if the graph is a k-regular expander,
then as n increases we see that the defining factor is the relative size of S -k and n
which multiply the communication/computation tradeoff r in (4.6) and (4.7), and it
could be the case that either algorithm is faster. Following similar reasoning, these
arguments can be generalized to the case where the jobs are not identical. We omit
this analysis but refer the reader to the experiments section below.

Finally, before moving on to the empirical study of the communication / com-
putation tradeoffs, we note that, without additional coordination or scheduling, the
MIGD random walks are not guaranteed to avoid each other, and so collisions are
bound to occur as the number of jobs S increases. Thus, in practice, MIGD suffers
from additional delay while jobs are sitting idle, and this additional delay depends
on the number of jobs executing relative to the number of nodes.

4.4 Experimental Study

In order to understand the difference between consensus-based and incremen-
tal optimization procedures when running many jobs, we implemented DDA and
MIGD on a cluster and compared their performance on the metric learning task
used in Section 3.7. We emphasize that these experiments are designed to illustrate
the different regimes for these two procedures, and that the “best” optimization
procedure will depend on the particular task and hardware.

Our experiments involve solving multiple instances of the metric learning prob-
lem introduced in Section 3.7. To solve S instances we run DDA S times serially
and run S copies of MIGD in parallel. Because the instances in MIGD move ac-
cording to a random walk, different instances may collide; if an instance ¢ moves to
a node which is already busy processing job j, job ¢ waits in a buffer until the node
completes processing job j. When there are many instances, collisions can cause a

delay in the convergence of MIGD; see Section 4.4.4 for details.
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For these experiments we use 32000 randomly selected pairs of MNIST images,
partitioned evenly among the processors. To decrease the communication cost and
make DDA more competitive, we exploit the symmetry of matrix A to represent
each message as d(dT_l) + d + 1 doubles for the upper triangular part of A and the
bias b. With each MNIST digit image being a 282 = 784-dimensional vector, each
message becomes 307721 doubles or approximately 2.4 MB in size.

4.4.1 Cluster description

The experiments are performed on a cluster with 8 worker nodes running Mat-
lab 2009b. Each node has two 4-core Xeon processors clocked at 2.5GHz with 14GB
of RAM, and 300GB of storage. All nodes communicate over 100Mbps Ethernet.
Communication among the 64 available CPUs is organized as an expander graph
G with average node degree 32 + 2.6. To create GG, we sample graphs from the
family of Erdés-Rényi random graphs [33] with p = 0.5, which are known to have
good expansion properties with high probability, and keep the graph for which P
has the smallest second eigenvalue. The implementation of DDA and MIGD is in
Matlab using the labSend and labReceive communication primitives supported by
the Parallel Computing Toolbox. No coordination of the nodes is imposed and both
algorithms are completely asynchronous and subject to real network conditions and
communication delays.

4.4.2 Solving Multiple Identical Jobs

Our first experiment is designed to illustrate the effects of communication cost
and delay (due to buffering and network effects beyond our control) on distributed
optimization. The theoretical analysis in Section 4.3 made the simplifying assump-
tion that all problems being solved are identical in order to make statements with
some level of generality. To keep the conditions of this first experiment somewhat
symmetric and stay close to the theoretical models discussed in Section 4.3, we solve
a varying number of identical instances of the metric learning problem. The more
realistic scenario of solving tasks that are different, is studied in Section 4.4.3.

Since all instances are identical, they all take approximately the same time to

complete. To limit the overhead of monitoring, we focus on one instance. For DDA
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Figure 4-1: Evolution of the objective for DDA for diminishing and fixed step size,
and MIGD with a varying number of jobs running in parallel. Experiment run on
an expander graph with n = 64.

we measure the time it takes to complete one instance of the problem. For MIGD
we track one instance of the problem and measure the total time it takes for this
job to converge in the presence of other jobs.

Figure 4-1 shows the objective value as a function of the total wall time in the
system for the two algorithms with varying numbers of jobs. Since MIGD uses a
fixed step size, we also show DDA with a fixed step size even though the default
DDA algorithm using a diminishing step size. As we expect, the time for a single
DDA instance to complete is very fast. MIGD is slower but not by a factor of n.
As the number of parallel instances increases there is an additional slowdown for
MIGD per instance as a result of buffering from random walk collisions. Figure
4-2 illustrates this slowdown by graphing how much service (i.e., processor time)
task 1 receives in the presences of other tasks. All data points on the plot are taken
by running the experiment for the same amount of time. To generate the figure,
we plot the fraction of gradient steps that job 1 receives in the presence of other
jobs running in parallel, relative to the case of 100% service when job 1 is running
alone. In a perfect parallelization scenario, increasing the number of tasks should
not affect task 1. However, due to task interference serialization points occur and
task 1 receives less and less gradient steps for the duration of the experiment in the

presence of other tasks.
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Figure 4-2: Amount of service received by job 1 in the presence of 2 — 64 other jobs
relative to the service received when the job is running alone. All experiments are

run for the same amount of time.
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Figure 4-3: Cumulative time to solve S = 1,...,64 jobs with MIGD and DDA with
fixed and diminishing step size. In both cases there is a cross over point beyond
which MIGD exploits its ability to solve many jobs in parallel to become the faster
algorithm.

In Figure 4-3 we plot the cumulative time it takes to solve S tasks with DDA
and MIGD up to some desired accuracy € for S between 1 and 64. We can see
that there is indeed a tradeoff in wall time between consensus-based and iterative
algorithms. For few tasks DDA is indeed fast enough that it has time to solve 4
tasks one after the other before MIGD solves them in parallel. However at that
point, MIGD is able to accommodate and solve more and more tasks in parallel
and is therefore preferable. Notice also that DDA with fixed step size is faster than
DDA with diminishing step size, so the cross over point between DDA and MIGD

is moved from 4 to 20 jobs but it still exists.
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Figure 4-4: Cumulative time to solve S = 1,...,16 jobs to accuracy € using DDA
with fixed step size and MIGD.

4.4.3 Sweeping a Problem Parameter

In the previous example we considered running multiple identical instances of
the same problem. We now turn to a problem where there is a parameter in the
optimization and we wish to run multiple instances for different values of the pa-
rameter. As an example we chose to do £s-regularized metric learning as suggested,

e.g., in [46]

1 & A
argmin — Li(Ab)+ = ||A st.b>1,A=0.
%1,1) m;J( ) 2” 193

In this case, varying the amount of regularization makes the target problem
harder (large A) or easier (small A). On an expander graph of 16 nodes we solve
1 to 16 different task sweeping values of A from 1 to 0.0001. Figure 4-4 shows the
cumulative amount of time needed to solve all problems with MIGD and DDA with
fixed step size. Despite the fact that the jobs are now different from each other,
the same behaviour is still evident For very few jobs, DDA is superior, while adding
more jobs renders MIGD a better choice. Notice that extrapolating from this figure
we see that the benefit of MIGD cannot be sustained. In fact, if we let the number of
tasks grow, eventually we expect that due to excessive number of collisions, MIGD

would again fall back and become slower than DDA.
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Figure 4-5: Cumulative number of collisions on an expander of size 64 with 8
jobs solved by MIGD simultaneously. A linear fit shows that the collision rate is
approximately 0.013 collisions per second.
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Figure 4-6: Cumulative number of collisions on an expander of size 64 with 64 jobs
solved by MIGD simultaneously. The collision rate is 2 collisions per second.

4.4.4 Collisions between MIGD Random Walks

It is clear that collisions between random walks prevent MIGD from achieving
perfect parallelization at the task level. Quantifying the expected number of col-
lisions is a challenging combinatorial problem because the jobs move according to
the graph structure and we leave the full theoretical investigation for future work.
However, we track the frequency of collisions experimentally in order to get a sense
of how the collisions affect performance.

To count collisions in our first experiment with a 64-node graph, every time an
idle processor receives a new message, it also polls its buffer. If the buffer is not
empty, that processor registers a collision since there is at least one other job in
its buffer waiting for service. Figures 4-5 and 4-6 show the cumulative number of

collisions counted by all 64 nodes when S = 8 and 64 respectively.
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Figure 4-7: Total number of collisions per iteration with S = 1,...64 random walks
on the same expander graph.

Figure 4-7 shows the average number of collisions per iteration as the number
of jobs increases. With more than one job on the same graph the probability of a
collision is non-zero but with few jobs this probability is actually very small. On our
graph with 64 nodes, we observe that in practice up to 4 jobs fit without having any
interference between them. However increasing the number of jobs further yields a
linear increase in the number of collisions per iteration. Figure 4-7 could be used
in practice to estimate how long to run MIGD for; if we have S jobs and each job
needs T iterations to reach the desired optimization accuracy, without collisions we
would run MIGD for T iterations. In practice, from the figures we can estimate
a rate ¢ of collisions per iteration, and then run MIGD for (1 + ¢)T iterations to
achieve the desired accuracy.

Finally, for the experiments so far, MIGD was terminated based on a time limit.
If we instead terminate MIGD based on an achieved accuracy, it is possible to stop
certain walks when the accuracy is reached and reduce the rate of collisions. This
would require evaluating the objective regularly and may not be possible if that
computation is expensive.
4.5 Discussion

In this chapter we saw another role of the communication/computation trade-
off when solving multiple problems on the same cluster. With many optimization
tasks to run on distributed data, choosing the right computational algorithm will

depend on the cluster node capabilities, network topology, time complexity of local
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iterations, communication delays, and the number of tasks. In the case of a single
optimization problem we can choose the cluster size to trade off computation and
communication time but for a given cluster size, choosing how to optimize for many
parallel objectives affects this tradeoff as well. We illustrate that the bounds on
the iterations for consensus-based and incremental procedures do not necessarily
characterize the overall system time for solving multiple optimizations since there is
room for improvement by exploiting task parallelization. In particular, we showed
that there are regimes in which running parallel copies of the slower incremen-
tal MIGD algorithm is better than running sequential copies of the much faster
consensus-based DDA algorithm.

We illustrated this discrepancy via an application in metric learning but we be-
lieve that the phenomena we exhibit here are general. We considered two algorithms,
DDA and MIGD, that are representative of the consensus-based and incremental
approaches. The regimes for different algorithms will vary, but we believe it is rela-
tively clear that the tradeoff may appear in many problems of interest. In particular,
there may not be a single best algorithm which works for all optimization problem
sizes and clusters. For the future, our study of parallel MIGD has highlighted the
importance of collisions and now two related questions arise.

Question 1: What is the probability of a collision occurring and thus
what is the expected number extra iterations that we need to account
for due to collisions? Our empirical study indicates a regularity in the behaviour
of collisions as we increase the number of random walks. We observed similar lin-
ear growth in the collision rate for all complete and expander graphs that we tried.
Characterizing the behaviour of collisions probabilistically can be a challenging com-
binatorial problem. For example, consider the simplest case of S uniform random
walks running on a complete graph of n nodes. One can view this as a repeated
balls-in-bins Markov process. Each random walk is a ball and each node’s buffer
is a bin. We can start by throwing each ball randomly into a bin. Then, we pick
exactly one ball from each non-empty bin, and throw those balls back into the bins

randomly. The state of this system is the vector of bin occupancies which evolves
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as a non-reversible Markov chain.2

Characterizing the stationary distribution of
this random walk would yield an estimate of how long a job has to wait in a buffer
before being serviced.

Question 2: Is it possible to design the random walks so that they
remain random and rapidly mixing while they avoid each other and cause
as few collisions as possible? Complementary to understanding and anticipating
the effects of collisions we might want to be proactive and try to avoid collisions
all together. Developing avoiding random walks is another challenging theoretical
problem. Recent work [3] has shown that O(g;) random walks can be coupled so
that they co-exist on a complete graph of n nodes without ever colliding with each
other. Although similar results are currently absent for other graph topologies, it
would be interesting to use such coupled random walks to schedule the execution of
parallel MIGD jobs.

More broadly, developing an analysis of the running time for optimization algo-
rithms which incorporates the effect of running parallel copies would help in head-to-
head comparisons. Another challenging problem is in scheduling very heterogeneous
jobs which operate on the same distributed data. If some jobs have very short local
iterations and others have very long local iterations, the queueing delay from paral-
lel MIGD may become very burdensome. Another interesting constraint to consider
is the energy consumption of computation and communication, which may alter
the tradeoffs for parallelization. Finally, developing a framework for analyzing the
performance of distributed optimization algorithms in a multi-user system with jobs
contending for computation time may lead to new ways of approaching distributed

optimization.

2 For example, if each bin has one ball, in one move all balls can be collected in
the same bin, but in the next move this cannot be reversed if we have more than
two balls.
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CHAPTER 5
Practical Consensus Algorithms

5.1 Introduction

Consensus-based optimization algorithms have the appealing feature that they
can operate in a peer-to-peer fashion, with minimal coordination between nodes.
Much of the existing literature has focused on establishing and analyzing conver-
gence properties of these algorithms. However the theory does not always consider
issues that arise when implementing and using consensus-based algorithms for dis-
tributed optimization on a real scenario. To be of practical interest, a consensus-
based optimization algorithm needs to accommodate the constraints imposed by
the network. For example, not all (directed) networks admit a doubly stochastic
matrix [35] as required by both DDA and DSD algorithms. However, relinquishing
double stochasticity can introduce bias in the optimization [69,90]. Moreover, it
is desirable to only rely on one-directional communication between nodes because
in the bi-directional case where each node blocks until it receives a response, dead-
locks can occur when the network has cycles. Finally, an algorithm should be able
to converge in the presence of network induced communication delays and should
allow for an asynchronous implementation to avoid delaying the whole computation
if a particular node is very slow.

This chapter describes and analyzes PS-DDA, an algorithm that addresses all
the concerns mentioned above. In particular, PS-DDA guarantees convergence to
the optimum without knowing the stationary distribution of the averaging matrix
or the size of the network, and the convergence rate is the same as standard DDA.
Furthermore, the communication semantics of the consensus matrices make PS-
DDA truly asynchronous and allow for a clean analysis when modelling varying
intercommunication intervals and communication delays. The chapter begins by

identifying and justifying what features are critical for consensus-based optimization
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algorithms to be useful in practice. Then we proceed to describe PS-DDA, an
algorithm that has all the desired properties. Our theoretical analysis shows that
convergence is still achieved at a rate O <%> where T is the number of iterations
and thus PS-DDA is competitive with the existing algorithms in the literature. The
true power of the algorithm is illustrated via experiments on a cluster under real
network conditions at the end of the chapter.

5.2 Features of Distributed Consensus Algorithms

Recall equation (2.22) of the DDA algorithm:
zi(t+1) = Piyz;(t) + gi(t). (5.1)
j=1

If we disregard for the moment the addition of the latest local gradient g;(t), we see
that the equation involves a consensus step which requires communication between
nodes. Each node 7 transmits its latest dual variable z;(t) to its neighbours, receives
the dual variables z;(t) from its neighbours, and forms a convex combination. For
the network to agree on the vector which minimizes F'(w), the nodes need to agree
on the direction to the optimal value which is locally captured by each variable z;.
This notion of agreement, or consensus in a network was described in Section 2.1.
If each node 7 in a network G holds a value z;, stacking all the values (treated
as scalars for simplicity), into a vector z = (21,...,2,)7, a linear iteration scheme

of the form
z(t) = P(t)z(t —1). (5.2)

can bring the node’s values to an agreement. Furthermore, from Perron-Frobenius
theory [73], with a time-homogeneous row stochastic matrix P(t) = P € R™*" such
that P1 =1 and p;; > 01if (j,4) € E, consensus is achieved almost surely on a value
¢ that is a convex combination of the initial values z(0). A very popular special
case is the average consensus problem where the limit value must be the average of

the initial values i.e., z;(t) = 1 37 | 2(0) as t — cc.
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In the following subsections, we analyze the consensus iteration from a practi-
cal standpoint. To design distributed optimization algorithms, we distinguish the
following three key properties that a distributed algorithm should possess to be
applicable:

Averaging. The consensus matrix needs to be an averaging matrix. As will
be explained shortly, for the purposes of optimization, the communication mecha-
nism should assign equal importance to all messages so as not to bias the objective
function being optimized. An important complication arises from the fact that the
easiest consensus algorithms to analyze theoretically, are based on doubly stochastic
matrices. However such algorithms are difficult to implement especially in presence
of the two next requirements.

One-directional Communication. In theory the way information exchange
is implemented receives little attention. In practice however, an engineer has avail-
able only the functionality that can be supported by the given hardware and soft-
ware. We argue that algorithms relying on one-directional communication where
each node only sends out information and does not need to receive a response, are
preferable to algorithms that rely on bi-directional communication. The intuition
is that the latter might lead to deadlocks when the network has cycles.

Time-Varying. Real networks, especially in clusters, are quite reliable. How-
ever there is still a certain degree of volatility and messages are not delivered in-
stantaneously. Furthermore, different nodes may have different workloads and may
not be able to process messages at the same speed. To be able to model random
variability in the network and the node’s performance, we would like to have asyn-
chronous algorithms where each node makes local decisions of when and with which
node to communicate. It becomes clear that a communication protocol that remains
fixed in time is too restrictive and cannot capture such complicated dynamics.

Next we proceed to explain and justify the above properties in more detail. As
one might expect, to accommodate all the requirements we need to restrict the set

of consensus matrices P that can be used. Consequently, much of the theory for
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analyzing consensus becomes inapplicable if the matrices do not have nice properties
such as symmetry and double stochasticity. For this reason, we also include a section
explaining the semantics of different consensus matrices.
5.2.1 Averaging

For the purposes of consensus-based distributed optimization, an averaging
matrix is necessary in order not to bias the objective function. The importance of
averaging has been mentioned in previous work on distributed optimization (e.g.,
[69,90]). To gain some intuition why averaging is important, consider equation
(2.22). Unwrapping the recursion and assuming z;(¢) = 0 for simplicity, we have

t—1 n

Zzi(t) =Y (P71 94(5) + ga(t). (5.3)

s=1 j=1
As t grows, P57 converges to its limit 1.7 where 7 is the stationary distribution
of P. More importantly, the gradients of different nodes are weighted based on the
stationary distribution 7, and this weighting is unequal unless 7 is the uniform
distribution. The implication for consensus-based optimization is that instead of
minimizing the true objective (1.8) a naive consensus-based approach will minimize
the biased objective F(w) = S0, m; fi(w).

To avoid this problem, most previous work has insisted on using doubly stochas-
tic update matrices P, i.e., matrices P for which 17P = 17 and P1 = 1. Such
matrices are averaging by definition. As we will explain below however, doubly
stochastic matrices are undesirable to use in practice because they require synchro-
nization and coordination. Furthermore, it turns out that averaging can be achieved
without them. For example, [90] and Chapter 6 show that a simple reweighing of
the objective removes the bias and achieves averaging. Specifically, for any row-
stochastic matrix P with stationary distribution 7 (see also the scaled agreement
algorithm in [65]):

Flw) = %Zﬁ(w) =D [fiff’;j)} =) mihi(w). (5.4)
i=1 ! i=1

=1
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Figure 5-1: Ilustration of optimization bias with non-doubly stochastic matrices.
The blue curve shows progress of distributed dual averaging with a doubly stochastic
consensus matrix P. With a row stochastic P that has a non-uniform stationary
distribution we end up solving a biased problem with a different optimum shown by
the red curve. By rescaling the objective function components we remove the bias
as shown in the purple curve.

In essence, the objective components are reweighed and then the optimization algo-
rithm ”uses” the bias to revert the weights back to uniform. To illustrate the effect
of bias, consider a simple problem where the objective component at each node 7 is
a simple quadratic: f;j(w) = (w —i1)?(w — i1),w € R® and we are interested in
minimizing the quadratic sum. For this problem we can easily compute the exact
minimizer w* = 5.5 -1 with F(w*) = 412.5. In Figure 5-1 the blue curve shows
the progress of the minimization for DDA which uses a doubly stochastic matrix P.
The progress is captured in terms of the maximum error max;|F(w;(t)) — F(w™)|.
Instead of a consensus protocol with a uniform stationary distribution 0.1 -1, we

generate a stochastic matrix with stationary distribution
7 = (0.06,0.04,0.11,0.10,0.09, 0.04, 0.10,0.21,0.14,0.11)T (5.5)

giving significant weight to node 8. As a result, the optimal value is biased to be
W soq = 6.2847 - 1 with F(wy},,..,) = 443.286. This is the value that DDA with a
row stochastic matrix converges to as shown by the red curve. Finally, by employing
the suggested rescaling of the objective function components, we remove the bias
and solve the original problem as the purple curve shows.

Note that an implementation of this approach requires that both 7« and n are

known. Moreover, it requires that P be time-homogeneous, which is not reasonable
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when the network induces time-varying delays or the algorithms needs to be asyn-
chronous. Later in this chapter we will see a different solution that does not have
many of these limitations.
5.2.2 One-Directional Communication

There exist consensus algorithms with bi-directional communication between
nodes. For example, a popular algorithm for distributed averaging is Randomized
Gossip [15]. This is a very simple asynchronous algorithm where at each iteration
a node is activated at random (e.g., according to a global poisson clock), and that
node selects a random neighbour. The two nodes, exchange values and set their
new values to the pairwise average of their previous values. In the context of dis-
tributed optimization, this algorithm is suggested in [32] as a way to reduce the
communication overhead when nodes have a large number of neighbours. However,
in practice, the bi-directional communication model can be problematic as it creates
deadlocks. Consider, for example, three nodes i, j, and k connected in a clique as
shown in Figure 5-2. Without coordination, there is no way of enforcing a rule that
only two neighbours activate in one time instant and that no other node initiates
an averaging update until the one currently in progress is completed. Consequently,
suppose ¢ attempts to exchange its value with j. While ¢ blocks, awaiting j’s re-
sponse, node j attempts to exchange values with k. While j is blocked waiting, k,
being oblivious to the situation, independently initiates an exchange with i. Now
there is a deadlock since 7 cannot proceed without j’s value, j cannot proceed with-
out k’s value, and k is waiting for ¢. In practice, this scenario is highly unlikely
if the time it takes to transmit information is much shorter than the frequency of
communication. However, in distributed optimization problems, where the amount
of data transmitted is non-trivial, this scenario is not so rare and we have certainly
encountered it in our experiments. One remedy may be to artificially slow down the
rate at which nodes communicate (e.g., by sleeping for a random time before trans-
mitting), but this is undesirable since the ultimate goal is to solve the optimization
as quickly as possible. In addition, the added complexity of coordinating two nodes

that exchange information via blocking receive operations or idling in non-blocking

72



Figure 5-2: Illustration of a deadlock with bi-directional communication. Node ¢ has
transmitted to j and is blocked until j responds. In the meantime j has transmitted
and is waiting for k’s response. Finally, £ has transmitted and is waiting for i’s
response creating a deadlock.

communication is usually undesirable. For these reasons, we argue that a consensus
algorithm must rely on one-directional communication where nodes only transmit
information and then proceed with their local computations without expecting a
response.
5.2.3 Time varying protocols

The main reason to use a time varying consensus matrix P(t) is to add the
expressive power needed to model real network conditions. Consider for example
the case of network introduced random delays. Figure 5-3 shows a simple scenario
where node j does not know in advance how many messages it will receive from
node i. Suppose at time ¢, node i sends message M1 to node j and that message
is delayed by one time unit. This can be modelled by sending that message to a
virtual delay node. Then at time t + 1 node 7 transmits a second message M2
that is delivered without delay. Node j will receive M1 and M2 simultaneously.
It becomes clear that without knowing in advance how many messages node j will
receive, it is impossible to arrange weights and form a convex combination of the
incoming information with a fixed matrix P. Of course the justification does not
need to come from random delays. We can imagine scenarios where the nodes are

not all running at the same speed either due to varying work load or simply because

73



M2

Figure 5-3: Node i transmits two messages M1 and M2 at times ¢t and t+ 1. If M1
is delayed by one time unit, both messages arrive simultaneously at j. Node j has
no way of knowing in advance how many messages it will receive.

the processing power is not the same. In that case a node might need to limit its
communication overhead by only transmitting to some of its neighbours at time.
5.2.4 Semantics of Different Consensus Matrices

With the above considerations in mind, we turn our attention to consensus ma-
trices P(t) which in general can be time-varying. In discrete time, at each iteration
the state vector of the node values evolves as (5.2). Depending on the structure
and behaviour of P(t), a matrix can encode the semantics of one- or two-directional
communication and they can drive z(t) to average consensus.

An important distinction is made depending on whether or not P(t) varies with
time. The case where P(t) = P is time-homogenous implies that the algorithm is
synchronous; i.e., each node communicates with all of its neighbours exactly once
at every iteration. Synchronous protocols require that nodes block until they have
received one message from each neighbour, and this is undesirable since then the
entire network moves at the pace of the slowest node. Allowing the consensus matrix
to be time-dependent provides the freedom to encode asynchronous communication
where a node may choose whether or not to transmit something to each neighbour at
each round. It also becomes possible to encode time-varying communication delays.
The topic is studied in detail in Chapter 6.

To achieve average consensus with one-directional communication, previous
work has insisted on using doubly stochastic consensus matrices where each row
and column of P(t) sums to 1. See for example [63]. However, with asynchronous

and time-varying matrices, agreeing on time-varying weights that preserve double
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stochasticity requires additional coordination, effectively foregoing asynchronous op-
erations. In addition, in the presence of communication delays, double stochasticity
can be lost (see Chapter 6 and [56]). Finally, there might be cases where a directed
network does not admit a doubly stochastic consensus matrix [35]. For these reasons
we focus on the case where P(t) is stochastic but not doubly stochastic.

With stochastic matrices, the nodes become disentangled and more autonomous.
When P(t) is row stochastic, each node controls a row of the consensus matrix (each
node applies the weights in its row of P(t) to the messages it receives). At each
iteration, the new value at a node is a weighted average of the incoming values. The
weights are encoded in the corresponding row of P(t) and need to sum to 1. If on the
other hand we use a column stochastic matrix P(t), the semantics are different as
each node controls a column of the matrix; each node sends a portion of its current
value to each neighbour so that the portion fractions sum to one (as indicated by
the stochastic columns).The receiver simply sums up the incoming messages which
is convenient when we do not know how many messages will be received at each
iteration (e.g., due to random communication delays).

5.3 Push-Sum Consensus

In Section 6.2 it is proven that restricting to doubly stochastic consensus matri-
ces in distributed dual averaging is not necessary and it is still possible to converge
to the optimum with a general row stochastic matrix P. However there are multiple
reasons why using a row stochastic matrix may not be desirable. The bias correc-
tion described in Section 6.2 requires knowledge of the stationary distribution of
P in advance which is restrictive. Moreover, with a time-varying consensus matrix
P(t), we may not even be able to specify the stationary distribution beyond its
expectation and variance [66] or may only be able to achieve average consensus in
expectation [4].

We propose the use of a different one directional consensus algorithm called
Push-Sum. A simple asynchronous version of the algorithm was first analyzed in
[49] for complete graphs. In [7] convergence is proven for any graph based on

weak ergodicity arguments. Let us focus on the simple synchronous case where
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all nodes exchange information with their neighbours simultaneously to gain some
understanding of how Push-Sum works. The reader is referred to the cited literature
for more detailed proofs on the general case. Given the topology of the network
G, choose a column stochastic matrix P conformant to G; i.e., P;; = 0 if there
is no directed edge (j,7). If (j,i) € E we may still have P;; = 0 meaning that
although the channel is available the protocol chooses not to use it' . The initial
values at the nodes are stacked in a vector z(0) and the goal is to compute the
average Zgpe = %. In Push-Sum, each node 7 maintains two values, a cumulative

estimate of the sum s;(t) and a weight u;(t). We initialize

s(0) = z(0) u(0) =1 (5.6)

S; (t)
g (t)

j splits its total sum s;(t) and weight w;(¢) into shares Sj_;(t) = (Pijs;(t), Piju;(t))

and the average estimate at each iteration is the ratio

. At each iteration, a node

where Y | P;; = 1, and sends the corresponding share S;_,;(t) to each neighbour

7. A receiving node just sums up all the incoming shares from its neighbours. At

each time, the estimate of the average at each node is Z;(t) = zl((?) In vector form

the state evolves as

s(t) = Ps(t — 1) (5.7)
u(t) = Pu(t—1) (5.8)
o s(D)

£(t) = w®) (5.9)

where the division of s(¢) and w(¢) in (5.9) is element-wise. The algorithm relies on
a mass conservation property to converge to the correct average. Specifically, for

all iterations we can verify that through the updates (5.7), mass is conserved in the

1" As long as this does not break strong connectivity of G.
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sense that for all ¢

D silt) = 2(0) = 172(0) = nzaye (5.10)
=1 =1

> wi(t) =n. (5.11)
=1

To see why Push-Sum correctly computes the average, notice that since G is assumed
to be strongly connected and P conforms to G, matrix P is a scrambling matrix?
and P! converges to a rank-1 matrix exponentially fast [34,73]. Let P> be the limit
of P! as t — co. Matrix P> will be column stochastic with all columns the same.

At any node i we will have

[P=s(0)],  [P~z(0)], X5, Pz(0)

Zi(o0) = Pea(0)], © [Pel, S P (5.12)
. P Z;‘L:I 2 (0) _ Z?:1 zj(0) _ 172(0)
PRSI m (5.13)

We used the fact that elements in the same row of P°° are the same ie. P =
P77, Vj. For a formal proof see [7]. Observe that convergence is achieved without the
need to know the stationary distribution of P or the size of the network n at every
node. This is possible because the weights u(t) are approaching the stationary
distribution of P as the algorithm progresses. Notice also that even though we
assumed that P is fixed for simplicity, the same argument for convergence to the
average applies if P = P(t). The only difference is that we need the forward product
T(1,t) = P(t)P(t—1)--- P(1) to approach a limit P> as t — cc.

For the sequel, it will be useful to also note that from (5.10) and (5.9), conver-

gence implies that

50 1 Zn:si(t). (5.14)

2 A stochastic matrix is scrambling if any two rows share a column where both
rows have a positive entry [43].
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Finally, for the case where P remains fixed, we can obtain an eigenvalue bound
on the convergence rate of the algorithm. For more details refer to Chapter 6.
Here we just mention the result. In general, matrix P represents a non-reversible,

irreducible Markov chain and we have

)\t
<22 5.15
<2 (5.15)

HT" - [P] i

where 7 is the stationary distribution vector of P and Ao is the second largest
eigenvalue of the lazy additive reversibilization of P as explained in [89] and [34].
5.4 Push-Sum Distributed Dual Averaging (PS-DDA)

Based on the criteria set in this Chapter, neither DDA nor DSG or other similar
schemes are practical algorithms since they are synchronous and rely on bidirectional
communication with doubly stochastic consensus matrixs P. Here we propose a new
algorithm called Push-Sum Distributed Dual Averaging or PS-DDA, an algorithm
which employs Push-Sum for the coordination of the nodes. PS-DDA converges at
the same asymptotic rate as DDA and DSG but at the same time it has all the desired
practical features. The description of the algorithm is followed by a discussion of
issues that one needs to consider from an implementation stand-point together with
an experimental evaluation. The mathematical analysis of convergence is deferred
until the end of the chapter.

Equipped with the Push-sum averaging protocol, the Push-sum Distributed

Dual Averaging (PS-DDA) algorithm works as follows:

J(t+1) ZP,]UJ (5.16)

i(t+1) ZPw zj(t) + g;(t)) (5.17)

w;(t + 1) =I1Y, [M,a(t)] (5.18)
t+1

@i(t + 1) :m 2 wz(s) (5.19)

where as usual g;(t) is a subgradient of f;(w) at point w;(t) and a(t) is a non-

increasing sequence of step sizes. Observe that to retrieve the correct cumulative
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gradient we need to divide the dual variable z;(t) at every node by the appropriate
weight. The weight variables u;(t) automatically rescale the dual variables to ac-
count for the case where the stationary distribution of P is non-uniform. In this way,
PS-DDA more naturally accommodates the challenges posed by a real implemen-
tation. However, as we discuss in the next section, there still exist implementation
subtleties that need to be addressed. Notice also that, contrary to DDA, we first
locally integrate the most recent gradient and then execute the consensus step. This
leads to a cleaner derivation, but also has another advantage. In the case of a com-
plete graph with a doubly stochastic matrix P, (5.17) performs perfect averaging
and the network error is zero as one would expect. This is not the case with DDA.
We elaborate on this in Chapter 7.

Remark: We describe and analyze here PS-DDA with a fixed consensus matrix
P. This is done because it allows for a more elegant closed-form expression for the
convergence rate. If the fixed consensus matrix is replaced by a time varying matrix
P(t), an asynchronous version of PS-DDA can be obtained where each node decides
independently when to transmit a new message and to which neighbour. For our
experiments the asynchronous version is used and as discussed in Chapter 6, PS-
DDA converges to the right solution with time varying consensus matrices as well.
Finding a clean expression for the rate is more difficult in that case however, since
the analysis requires bounding a forward product of random matrices.

In Section 5.8 we prove that PS-DDA converges to the solution of (1.8) at a
rate given in the following theorem:
Theorem 5.1. Consider a strongly connected graph G and a consensus matriz P
that respects the structure of G. There exists a value ¢ > 0 such that for all t and
all i, we have Y o [P';s > c. Let also 7* = ming{ms} > 0 be the minimum entry
in T, the stationary distribution of P. Let Ay be the second largest eigenvalue of P.
Suppose we want to solve the L-Lipschitz continuous problem (1.8). The PS-DDA

algorithm (5.16)-(5.19) using a strongly convex function (w) with respect to norm
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|| suc a w ~ ana cnoostng step sizes
h that *) < R? and choosing step si

R 1

—, (5.20)
__84+4n 4/t
L\/1 eV (1—v/2) Vi
converges for every node i € V' to the optimum w* € W of (1.8) as
84 4n 1
F(w;(T)) — F(w*) <2RL, |1+ —. (5.21)
’ VT (1 — V) VT

For a fixed network and consensus protocol, the convergence rate is O (%)
which is time optimal. The constant term reveals the dependence on the connectivity
and specific consensus protocol through As as well as the network size n. The
dependence on n, ¢ and 7* is pessimistic and arises due to the fact that we are
analyzing products or column rather than row stochastic matrices.

5.5 Implementation Remarks

Here we summarize a number of issues that arise and must be addressed in
a real implementation. We assume that each node has the ability to send and
receive messages and also to poll its buffer for incoming messages that have not
been received yet. In our implementation, discussed in Section 5.6 below, these
features are provided by the message passing interface (MPI) library [37].

5.5.1 One directional communication

PS-DDA uses one-directional communications so that each node sends informa-
tion without expecting replies before it updates. Specifically, node i rescales u;(t)
and z;(t) by Pj; and send the rescaled values to its neighbor j. The receiver forms
the sum of the received messages u and z. Notice that this mode of operation may
not be obvious from the algorithmic description (5.16)-(5.19). However, the one
directional nature of the algorithm is revealed by the fact that the only restriction
on matrix P is that it is column stochastic, and that node i only has control over
the values in the i-th row of the matrix.

5.5.2 Numerical instability
In an asynchronous implementation, each node independently decides when

to send a message to its neighbours. Moreover, a message from node ¢ to node
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J is a quantity (2z; or w;) discounted by Pj;. If, for some reason, node 4 finishes
its iterations faster than its neighbours, its incoming message buffer will be empty
most of the time and it will not update (5.16). It is then possible that w;(t) will
become very small due to repeated rescaling by Pj; < 1 whenever node 4 transmits
something. In practice after a few thousand iterations we hit the limits of numerical
precision. To prevent this from happening, it is sufficient to add a condition that
node i does not transmit if u;(¢) is too small. We use a threshold of 10~* in our
experiments and find that this value suffices to avoid any numerical instabilities. If
transmitting is prevented consensus slows down. How often this condition becomes
true and consequently how much Push-Sum is delayed will depend on the relative
difference of processing speed between nodes. A theoretical characterization of the
effect could be very interesting.
5.5.3 Step-size de-synchronization

By allowing the consensus matrix P to be time-varying, the algorithm becomes
asynchronous. Note, however, that the description (5.16)-(5.19) is in terms of iter-
ations and the step size at each node is set as a(t) = O (%) If each node operates
at its own pace, maintaining a local iteration counter, the step sizes can end up
being very different at different nodes. This situation is problematic in practice be-
cause the incoming messages will be discounted by step sizes that differ by orders of
magnitude at different nodes simply because the nodes are at different stages of the
computation. To prevent this from happening, we update the step size based on ac-
tual wall clock time instead of iterations. Each node maintains a secondary iteration
counter 7 which is incremented by 1 every 100ms. This way if a node experiences

a delay and finishes an iteration in, say, 1 second, then it will set 7°¢V = 704 4 10

new) — 1

\/Thew

nodes begin the computation at effectively the same time, this solution suffices. A

and a(7 . In a somewhat controlled environment like a cluster, where

theoretical analysis of the effect of de-synchronized step-sizes is an important topic

for future work. Note also that the increment of 100ms is somewhat adhoc for our

specific cluster and might need some configuration in general. To comply with the
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theory, the increment should be long enough for a node to be able to complete one
iteration involving one gradient step.
5.5.4 Incoming message handler

Clusters are shared resources, and it is not uncommon for one node to be
simultaneously assigned to process multiple tasks for different users. Moreover,
network throughput may vary significantly depending on other background traffic.
Both of those factors can result in some nodes transmitting more frequently than
others. Consequently, when the (slow) receiver polls its incoming message buffer it
may find multiple messages from the same neighbor. Those messages would have
been sent at different moments in time, but they arrive and are processed during the
same update due to, e.g., communication delays. It is an interesting question how
to handle such incoming information. At the one extreme, a node can wait until it
receives at least one message per neighbour. We have found that this approach does
not work well in practice and goes against the desired asynchronous operation. At
the other extreme, a node may empty its incoming buffer and sum all the incoming
messages at the beginning of each iteration. Then the sums in (5.16) and (5.17)
are over all messages in the buffer, not over all nodes. The danger in this case is
to run into a producer-consumer scenario where one node continuously sends new
information while another node continuously receives it. In this scenario, the receiver
may never exit the receive mode to continue with local computations. Although this
could happen in principle, in practice we did not observe this behaviour. It would
be interesting to explore if assigning less weight to older messages can speedup
convergence.
5.5.5 Communicator saturation

Depending on the CPU and the problem being solved, it is possible that the
local gradient and projection computations will be very quick, and a node may
poll its communicator (at the lowest level a TCP socket) very frequently for new
messages. This is not uncommon in practice and can result in the system stalling

simply because the network cannot be polled too frequently. This issue can also
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be easily prevented by making sure that a minimal amount of time always lapses
between polls. A value of 10ms was found be sufficient in our implementation.
5.6 Experimental Evaluation
5.6.1 Benchmark Problem and Setup

To complement the discussion above, we report the results of experiments with
DDA and PS-DDA on a cluster of 15 nodes. Each node has a 3.2 GHz Pentium
4HT processor and 1 GB of memory, and they are physically connected in a star
topology through an Ethernet switch that allows for roughly 11 MB/sec throughput
per node. Our implementation is in C+4 using the send and receive functions
of OpenMPI v1.4.4 for communication. The Armadillo v2.3.91 library, linked to
LAPACK and BLAS, is used for efficient numerical computations.

As a benchmark problem we seek to minimize a sum of quadratics with

filw) = Z(w —aj) " (w— ) (5.22)

M
J=1

where w € R>%° M = 500 and «.; is the centre of the j-th quadratic of node i.

ili

The data x;; are chosen so that the minima of the components f;(w) at each node

Jlé
are very different and coordination is essential to obtain an accurate optimizer of
F(w).
5.6.2 Doubly Stochastic Matrices cannot be maintained in Practice

The first experiment aims to illustrate that it is not possible to guarantee that
the updates P(t) are doubly stochastic due to network delays and nodes that ex-
perience different amounts of communication overhead and workload, even if the
consensus protocol is initially designed to be doubly stochastic. Consequently, the
standard consensus algorithm is not an averaging algorithm anymore and conver-
gence to the right solution is lost.

To illustrate the point, we solve problem (5.22) on a 15-node graph with neigh-
borhood structure defined through P so that node 1 has a much higher degree than
all other nodes, as shown in Figure 5-4. We expect that node 1 will spend more time

communicating than the others, and its iterations will take more time to complete.
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Figure 5—4: The unbalanced communication topology used in the first set of ex-
periments. In this topology, node 1 has many more neighbors than the others,
and consequently, it spends more time communicating than other nodes. Edges
connected to node 1 have a heavier weight than other edges.

We select P =1— df;ﬁl where, D is a diagonal matrix containing the node degrees
(excluding self loops), A is the symmetric graph adjacency matrix and dy,q, is the
maximum node degree. It can be verified that P is doubly stochastic. Figure 5-5
shows the evolution of the objective value F'(w;(t)) at each node when we solve the
problem using DDA (i.e., with asynchronous consensus updates that are not doubly
stochastic, not asynchronous Push-Sum). Note that if the true consensus matrix
used at each iteration was indeed the doubly stochastic matrix P, then all nodes
would converge to the average consensus solution. However, this is clearly not the
case in practice. As the figure shows, node 1 being slower than the rest, cannot
coordinate with the team. The resulting consensus protocol is no longer averaging
and we have disagreement. On the other hand, if we make use of the asynchronous
Push-Sum weights and run PS-DDA, then as Figure 5-6 shows consensus does work
and the objective is minimized as desired.
5.6.3 Comparison with AllReduce

In the next experiment, we compare the performance of consensus-based PS-
DDA with a solution that uses MPI’s specialized AllReduce communication capa-
bilities. The latter is available in high-performance computing clusters supporting
MPI and allows for all the nodes to exchange information with each other and obtain

the true average z at each iteration. AllReduce is designed as an efficient primitive
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Figure 5-5: Network of 15 nodes solving problem (5.22) on a graph where node
1 has many more neighbours that the rest of the nodes. Because of asynchronism
and delays, the resulting updates do not correspond to a doubly stochastic matrix,
and the nodes do not reach consensus on the average. Consequently, node 1 (solid
black line) does not converge to right solution and the algorithm does not solve the
problem.

80 100 120
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Figure 5-6: (Blue dashed) The average performance of the team produced by run-
ning DDA and ignoring the weights (average of plots inFigure 5-5). (Red Line)
When the weights w are not kept to 1 and true asynchronous PS-DDA is running,
the network converges to the right solution despite the asymmetry of communication
overhead of its nodes.
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to allow all nodes in the network to exchange information in one function call. How-
ever, the call is blocking. Hence, using AllReduce implicitly requires a synchronous
approach and all nodes must call AllReduce simultaneously. This solution resembles
algorithms based on the popular Map-Reduce approach that have been developed
recently for distributed optimization [27]. We compare this solution with our PS-
DDA implementation operating in blocking and asynchronous mode, executing over
a communication topology G corresponding to the complete graph. In blocking
mode, at each iteration each node blocks in a receive call until one message from
each neighbour arrives. This turns PS-DDA into a synchronous algorithm and each
node computes the exact average z(t) at every iteration.

Figure 5-7 shows two sets of experiments. Initially, we solve problem (5.22)
with all three algorithms in a delay-free environment. As we see from the solid lines
at the bottom of the figure, the AllReduce implementation, is slightly faster than the
blocking PS-DDA which again is just slightly faster than the asynchronous PS-DDA
implementation. Then, to illustrate the benefits of asynchronism, we artificially
slow down one of the nodes by adding a 0.5 second pause after each local gradient
computation. In practice, a node could be slowed down because it is spending
cycles on unrelated tasks, it could have more data to process, or it could simply
have a less powerful CPU. It should come to no surprise that the synchronous
algorithms (purple and red dashed lines) are both severely impacted as their overall
computation runs at the speed of the slowest node. However, the asynchronous
algorithm (green dashed line) is not as affected. The fast nodes quickly converge to
the solution and the slow node is pulled to the right solution.

5.7 Concluding Remarks and Future Work

Consensus-based distributed optimization algorithms are an attractive alterna-
tive for solving large-scale problems over peer-to-peer networks. The advantages of
such an approach are increased robustness to node failures, scalability and asyn-
chronism. The main difficulty comes from the lack of sophisticated communication

infrastructure, and performance heavily depends on the network properties.
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Figure 5-7: (Red,Blue,Green solid) Average progress towards the solution of prob-
lem (5.22) with AllReduce, PS-DDA blocking and PS-DDA asynchronous algorithms
when all nodes are running at full speed. (Red,Blue,Green dashed) Average progress
when one node is artificially slowed down to have a 0.5 second delay at each local it-
eration. In this case the synchronous algorithms are running at the speed of the slow
node and their curves are overlapping. The asynchronous algorithms is significantly
less affected by the slow node.

We identify averaging, one directional communication, and asynchronism as
the three key ingredients that a consensus algorithm should contain for a reli-
able and efficient practical implementation. We note that the benefit of an al-
gorithm that accommodates real network constraints comes at the price of more
difficult mathematical analysis. We also discuss implementation issues we have ob-
served /experienced, including numerical instabilities and de-synchronizing the step
sizes of different nodes. For these issues we explain the root cause and side effects
as well as ways to prevent them from happening. Our discussion is complemented
by simulations on a real cluster that illustrate how the key ingredients mentioned
above yield practical algorithms that work correctly even in adverse circumstances
where the communication overhead of the nodes is not equally distributed or where
nodes experience different and unbalanced workloads.

In the future, it would be important to conduct a more thorough theoretical
investigation of the effect of de-synchronizing step sizes, as well as thresholding the
Push Sum weights to avoid numerical instabilities. Moreover, it would be interesting
to scale the experiments to a significantly larger cluster with many more than the

15 nodes used in the results reported here.
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5.8 Proof of Theorem 5.1

We start by noting that Lemmas 2.2 and 2.3 are derived based on basic convex-
ity arguments and properties of the objective function and thus hold unaltered for
PS-DDA as well. Let 7* = mins{7,} denote the minimum entry in the stationary
distribution of P. We know there exists a constant ¢ > 0 such that for all ¢ and all 7,
Son_[P'is > csince P is assumed to be a scrambling matrix (this is necessary since
G is strongly connected so that there is a directed path between any two nodes).
Without loss of generality we initialize z;(0) = 0 and g;(0) = 0 for all 7.

We start by finding expressions for z;(t) and Z(t) = 1 3" | 2;(¢) based on the
gradients. It is convenient to use matrix notation to derive the recursion. Let us
just momentarily treat the z; variables as scalars to keep the notation simple. We

stack all the z variables in a vector Z(t) and all local gradients in a vector G(t).

From (5.17) we have

Z(t)=P(Z(t—1)+G(t—1)) (5.23)
=P?Z(t —2)+ P?G(t — 2) + PG(t — 1) (5.24)
—... (5.25)

t—1
=> P"TG(r) (5.26)
r=1

where we used the fact that the initial conditions are zero. Separating the i-th row

for node ¢ we have

zi(t) = Z Z[Ptir]ijgj(T‘). (5.27)
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Next, using (5.27), we derive an expression for the average dual variable Z(?):

(1) :% 3 i) (5.28)
=1
n t—1 n
Y g () (5:29)
i=1 r=1 j=1
t n n
=3 S g Y (5.30)
r=1 " j=1 i=1
t—1 1 n
=2~ g(") (5.31)

For the last equality we used the fact that each P!~" is a column stochastic matrix

as a product of column stochastic matrices. We also need the sequence {y(t)}2,

defined by the projection of Z(¢):

y(t) = Iy, (2(1), a(t))

(5.32)

and the running average y(7T') = % 23:1 y(t). Using standard convexity arguments

and Lemma 2.1, we can show that for any w* € W (for a detailed derivation see

e.g. [32])

=
&
E
|
=
g

n

T
<2305 (gile) wilt) — w”) (5.33)
t=1 =1
1 L&
+ 302 () - wil)] (5.34)
t=1 =
L& 1
+2 D Iy () — y(0)| (5.35)

i
I
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We will bound the three RHS terms separately. For (5.33) we split the inner product

by adding and subtracting y(t):

n

3

2 (gu(t) wilt) ") =3 gs®)u() ~ ) (5.36)
-+§;<m@%uu@)—y@» (5.37)
==<§;gdw,yﬁ)—uﬁ> (5.38)

+ Z (gi(t), wilt) — (1) (5.39)

To bound (5.38) we recall the definition (5.32) of y(¢) and the expression (5.31) to

see that

y() W

E:iﬁi% t—l] (5.40)

Now, observe that

z:iE:% t—l] >. (5.41)

Invoke Lemma 2.2 with % > i1 gi(t) as the vector sequence to get

T

1 /& 2 1
> <Z gi(t), y(t) - > <G Yalt-D+ it (42)
=1

t=1

For term (5.39), using the gradient magnitude bound, the definition (5.18) of

w;(t) and Lemma 2.3 we get

D (gi(t),wi(t) —y (1) <D lgi(®)]| wi(t) — y(@)] (5.43)
=1 i=1
<>1L HH% [if%,a(t - 1)} — 11, [2(t), alt — 1)]”
i=1 v
(5.44)
gﬁéLdt—L)z@y—?gﬁw (5.45)
i=1 v

90



Terms (5.34) and (5.35) are bounded similarly. Combining (5.33)-(5.35), (5.42),

(5.45) and Lemma 2.3 we can show that

i
I

(1) — AW H : (5.46)

To complete the proof we thus need to bound each network error term HE(t) - Z’“(t) H

for any node k. From (5.16) we see that ug(t) = > o, [P']xs. Now we proceed with

the bound:
-1 n t—r
_ k(1) ST g [P kg (r)
z = 5.47
=0 - 24 HZ Z Sy N
t—1 n
1 [Pt 7‘]
<33 gl | — s (5.45)
1; J no ey [Pes
<L == —|- (5.49)
;Jz::l Zs:l[Pt]kS n
We now show that the term in the absolute value remains bounded.
Pt 'r . Pt r nopt s
’ [ _ 7‘ k] Zs 1[ ]k (550)
Z nZs 1[ ]
Pt r Pt s
‘Zs 1 ]k] Zt:szl[ ]k (551)
nZszl[P]k’S
2 Pt—r - _ Pt s
X ]k’Jn “kj“k [P]ks) (5.52)
nzszl[P]kS
n Pt—r L _ Pt
<ot (P ky = ] + [ = [P ) (5.53)

N n g [Pks
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The bound (5.15) gives also an exponential convergence rate for each individual

element of P!, so

Zn Aéir +En )\75
[Py 1 < s=1\/ = s=1V (5.54)
ZZ:JPt]kS nj nZ?:ﬂPt]ks .
1 t—r
P, (] VA2 (5.55)
nzgzl[Pt]ks
T
<= (5.56)

where we used the fact that Ao < 1. We thus conclude that

— n )\t T
IZ(t) — 2k (t) ZZ : (5.57)
=1 j=1
_ 2Ln Z\/)\t r (5.58)

~ 2Ln m - (V)

— =Tk (5.59)

_2Ln 1
< =TT (5.60)
(5.61)

where we used the formula for a finite geometric sum. Now we can go back to (5.46)

to get
2
F(@;(T) = Flw") <55 3 alt = 1) + ()
t=1
oL 2L 1 &
- c\/ﬁl_mtﬁa(t—l)
L 2Ln 1 d
+TW1_\/E;a(t— 1). (5.62)
With (w*) < R?
9 2
F(w;(T)) — F(w*) 72% > a(t—1)+ Tf(T)
t=1
12L%(2+n) 1 d

a(t—1). (5.63)



Finally, if we choose a(t) = % and minimize for A, noticing that Zthl \% < 2Vt

we arrive at the result in Theorem 5.1.
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CHAPTER 6
Communication Delays

6.1 Introduction

This chapter studies an important and uncontrollable way in which a phys-
ical network can affect the behaviour of a distributed algorithm: communication
delays® . For implementations of consensus-based optimization algorithms running
on clusters, the issue of communication delays arises quite naturally. For example,
in typical machine learning problems, the decision variable (and hence the message
size) can quickly exceed many megabytes in size. During the time it takes to trans-
mit such large messages, a modern processor can perform a significant amount of
local processing of its own data, and the received information always appears to
be delayed. In addition, cluster computing resources are typically shared among
many users, and delays to one task are introduced if processors devote some of their
cycles to other unrelated tasks. Finally, any network infrastructure is bound to
have some fluctuation in its performance for reasons beyond our control. It is thus
important first to model communication delays, and then incorporate those models
in the analysis of consensus algorithms to understand the effects of delays.

We begin with a high level description of delays in a discrete time consensus
algorithm and then summarize the results of this chapter. Then we proceed to

develop these results in detail.

! This chapter is based on the previously published work [89,90,92].
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6.1.1 Time Delayed Consensus
In its most common form, a consensus algorithm in discrete time updates the

network state through iterations of the form
z(t+1) = Pz(t) (6.1)

where P is the consensus matrix. As already discussed in Section 2.1, a row stochas-
tic matrix P is sufficient to drive the state z(¢) to consensus on a value ¢ that depends
on the initial values z(0). If in addition P is doubly stochastic, the value ¢ becomes
the average of the initial values. For most of this chapter we will assume that P is
row or doubly stochastic while at the end we will turn the discussion to Push-Sum
a different consensus algorithm that was presented in Section 5.3. Push-Sum dif-
fers since it requires the exchange of extra information and uses column stochastic
matrices.

We say that a message from node 7 to node j is delayed by b if it is received b
time steps after it has been sent. For simplicity, let us first assume that each directed
edge (7,7) experiences a fixed delay b;; in the sense that each message leaving node
i takes b;; iterations to reach j. This suggests linear update consensus equations of

the form
Zi(t + 1) = Z Piij(t - b”) (62)
Jj=1

where 0 < b;; < B for a network with bounded maximum delay B < co. This model
describes a system with fized delays and is analyzed in Section 6.2. Each b;; can be
thought of as the average delay experienced on that link.

A more realistic model relaxes the fixed delay assumption. Assume there exists
a maximum delay bound B so that all messages are eventually delivered. We model
random time-varying delays by sampling in {0,..., B} every time a new message
is sent. Under this random delay model analysis is more complicated since in one
iteration a node can receive multiple messages from the same sender. This situation
is analyzed in Section 6.3. For both models we assume that there is no delay in self

loop messages; i.e., each node always has access to its most recent local estimate.
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For both cases we develop a formulation to describe the consensus update equations
with a new matrix P that is constructed from the initial matrix P. The construction
involves an augmentation of the communication graph G with logical delay nodes.
The idea itself is not new and appears in other work such as [21] and [56]. However
our formulation is significantly different both in terms of the number of delay nodes
we introduce as well as the equations it leads to. In our model, the intuition is
that for every added unit of delay, the message is forced to pass through one more
intermediate logical delay node before reaching its destination.

As a last comment, we emphasize that in this work all delays occur in discrete
time. The reason is that both the consensus and the optimization algorithms we
study are iterative and proceed in discrete iterations so the amount of delay for
a message is also measured in terms of how many iterations of an algorithm are
performed during the time it takes from transmission to delivery of a message.
6.1.2 Main Results

This chapter studies communication delays in discrete time and effect of delays
on convergence of consensus algorithms; an integral part of distributed optimiza-
tion algorithms. The results revolve around modelling delays, either assuming they
are fixed or that they are random, and then analyzing how convergence rates are
affected. In summary, this chapter discusses the following:

Fixed delay model. We first introduce a fixed delay model where transmis-
sions over each directed link of a network experience some fixed amount of delay
that does not exceed B. Starting with a consensus matrix P it is shown that con-
sensus is still achieved in the presence of fixed delays at an exponential rate which
depends on the second largest eigenvalue of ﬁ, the modified consensus algorithm
accounting for delays. Furthermore, we use geometric arguments to show that the
rate of convergence does not get worse by more than an factor of O(B?). In ad-
dition, we present an analysis of DDA in the presence of fixed delays to show how

delays can affect distributed optimization.
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Random delay model. Given a strongly connected graph G and any stochas-
tic matrix P, we describe a construction for building a matrix P that describes the
consensus updates on G when each message experiences a random amount of delay
that does not exceed B iterations.

Random delay consensus. If the initial matrix P on a graph G without
delays is row stochastic, using the proposed random delay model, the consensus
dynamics are captured by a sequence of matrices ]3(t) which may contain all-zero
rows. This means that although the consensus updates remain linear, convergence
cannot be established based on standard theory for stochastic matrix products. We
give a complete proof of convergence under the proposed random delay model.

Push-Sum consensus with delays. Push-Sum consensus is presented in
Chapter 5 as the base for a new distributed optimization algorithm called PS-DDA.
We show here that convergence properties of Push-Sum are not affected in the
presence of delays. In particular, it is noteworthy that consensus on the average is
guaranteed even in the presence of bounded random delays which is not the case for
row stochastic matrices.

6.2 Fixed Communication Delays

We first analyze a model where the delay over each communication link does
not vary with time. This is generally not true in practice but a fixed delay model
can be appropriate in an average sense when the true delay does not fluctuate too
much. Furthermore, the fixed delay model is instructive in showing how the delays
affect rates of convergence for consensus and distributed optimization. For the rest
of this section, whenever we talk about a quantity @, such as a graph or a matrix,
we use a hat (i.e., @) to denote the transformed version of ) in the presence of
delays.

6.2.1 Fixed Delay Model

Assume that in a given network G, for a directed link (4, j), every message from

i to j is delayed by b;; time units. We model this delay by replacing the link (¢, j)

with a chain of b;; virtual delay nodes in the network, acting as relays between 4
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Figure 6-1: (left) A network with 3 nodes. (right) The network when we add a
delay of 2 on the edge (1,2).

and j. This leads to a network G which contains the original compute nodes, V,
as well as b = Z(i,j)e g bij delay nodes. Our goal is to study the corresponding
consensus algorithm running over G. We assume that a consensus matrix P in the
delay-free network G is given so that in the presence of delays, the compute nodes
still transmit and combine incoming messages using the weights provided by P.
We begin by describing how to construct a stochastic matrix P in the augmented
space of n 4+ b nodes starting from a delay-free consensus matrix P. The matrix P
encodes communication of information between delay and compute nodes and has a
stationary distribution 7 which is not uniform and depends on both P and the edge
delays. We clarify that the augmentation of G with delay nodes is done just for the
purpose of modelling and analysis; no physical delay nodes are actually added to
the network.

To illustrate the construction of P from P , consider a graph G with 3 nodes
as in Figure 6-1. Suppose that the delay-free consensus algorithm is specified by

the matrix

S
330
P=|1 11 (6.3)
1011
6 3 2]

To model a fixed delay of bjo = 2 incurred by messages transmitted from node 1 to
node 2, we augment G with two delay nodes di 2, d17? so that information from 1
to 2 must pass through them en route. In the augmented graph @, the consensus

algorithm is described by a row stochastic matrix P. Using the rows of P we write
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1 2 3 di7? 472
v 220 0 0]
2 |0 & 5 0 %
P= 5 |1 11 o g (6.4)
a2 100 0 0
a2 000 1 0

Each compute node forms a convex combination of the incoming messages; e.g., in
]3, node 2 receives information from node di~? with weight % because pa 1 = %.

As it turns out, we can describe in matrix form an algorithm that will generate
p starting with any row stochastic P by inserting delays on edges one at a time.
Suppose that after some delay insertions we have a matrix P and want to add a
delay of b;; on edge (i,7). We replace edge (i,j) by a delay chain dy,ds, ..., ds,;
and re-route all messages from ¢ to j through that chain. Define an n X n matrix
M responsible for setting to 0 the entry of P corresponding to sending information
from 4 to j without delay. Instead, ¢ sends its message to the first delay node d;. A
message is delivered to j by delay node dp,;. Node j has to assign a weight to this
message equal to the weight that would be used to receive from i directly without
delay, i.e., Pj;. This is achieved by an n x b;; matrix M>. A b;; X n matrix M3
delivers the message from 7 to the first delay node in the chain d; and we use a
b;j X bj; matrix My to pass messages along the delay chain. We use e; to denote
the i-th column of the n X n identity matrix and /; to denote the i-th column of the

bi; X b;; identity matrix. With these definitions, we initialize P = P. To add bi;
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delay nodes on the edge i — j we apply the transformation

~ P+ M, M,

P« (6.5)
Ms My

M, = —eje?ﬁeief (6.6)

My = —Meil, (6.7)

M3 = lief (6.8)
bij—1

My= )" lpnlf. (6.9)
k=1

Using P we can analyze the effect of delays on convergence based on the update

equations for row stochastic consensus
Z(t) = Pz(t— 1), (6.10)

where Z(t) is the augmented state vector of dimension n + b containing values for
the compute nodes and virtual delay nodes.
6.2.2 Stationary Distribution under Fixed Delays

We have already seen that without delays a doubly stochastic matrix P has a
uniform stationary distribution. In the presence of fixed delays this is no longer true
since P is only row stochastic. However, as it turns out, if the original matrix P is
doubly stochastic the stationary distribution 7 of P can be computed analytically.
Let us index the directed edges of G (without delays) by r = 1,2,...,|E|. For any
directed edge r from node i to node j, by i(r) we indicate the origin of the edge and
j(r) the destination of the edge. The weight used by the receiving node j is Piyi(r)-
Moreover, let b, denote the amount of delay on edge r. If a random walk leaves
node ¢ through edge r, it will have to traverse all delay nodes that replace edge r
so intuitively the value of the stationary distribution vector for all delay nodes on
the delay chain replacing edge r will be the same. With a slight abuse of notation
we denote that value 7. For the same reason, since doubly stochastic matrices are

averaging matrices, we expect all of the original compute nodes to have the same
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value in the stationary distribution say 7y. Based on those observations we wish to

find the stationary distribution of P which has structure
7 =[rvl] ™1} - %‘E|1bT|E‘]T. (6.11)

Assume the delay matrix P is built as explained before and focus on the balance
equations #TP = 7T, For each edge r of G there is one column in P whose only
non-zero value is Pj(,);(r); the weight that node j assigns to incoming messages from
node ¢ over edge r. This column is indexed by dzzj . See for example column d3~2

in (6.4). From all such columns we obtain equations of the form
v Pjyigry = T (6.12)
Moreover, the elements of the stationary distribution 7 must sum to 1; i.e.,

m
1" =1 = nmy+ ) bm=1 (6.13)
r=1

Substituting 7, from (6.12) to (6.13), we first compute 7y and then go back to

(6.12) to get the stationary distribution values:

1
TV = 7] (6.14)
n+ > 21 b Pirigr)
B Pi(r)j(r)
= L. (6.15)
n+ >0 b Piigr)

One can easily verify that the rest of the equations in (6.13) are satisfied with the
computed 7r. The stationary distribution depends both on the weight we use to
send messages through every edge r and also on the amount of delay b,.

An intriguing corollary is that in the special case where P is the maz-weight
doubly stochastic matrix? , the entries of 7 only take one of two values, one for the

compute nodes in the set V and one for the delay nodes; i.e., it does not matter

2 For an undirected graph G without self loops, with adjacency matrix A and node
degrees v = [degy, . . ., deg,| the max-weight matrix is defined as P = I — %
and is doubly stochastic.
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how the delays are distributed over the links. Specifically, denoting by D the set of

delay nodes we have

o dma 1 . 1
VT bt nldmee + 1) P T b+ n(dmes + 1)

(6.16)

where dpq, 18 the maximum degree of G viewed as undirected ignoring self-loops.

Notice that even when P is doubly stochastic (and thus is an averaging matrix),
the row stochastic delayed matrix P does not converge to the average in general,
since its stationary distribution is not uniform. To converge to the average as
required for distributed optimization we have two options. If we must use matrix
P with delays, we can rescale the initial values by the stationary distribution of P
as described in Section 5.2.1. Alternatively, we can use Push-Sum as the consensus
algorithm. Push-Sum has already been presented in Section 5.3. Later in this
chapter we will show that Push-Sum is an averaging algorithm that is immune to
communication delays if no messages get lost.
6.2.3 Convergence Rate under Fixed Delays

A question of great interest is how quickly does a consensus algorithm converge
in the presence of delays. We have already seen that the rate of convergence of con-
sensus and distributed optimization algorithms such as DDA and PS-DDA depends
on the second largest eigenvalue of the consensus matrix (see e.g., (5.15) in Section
5.3). Obtaining eigenvalue bounds becomes more challenging when the consensus
matrix is not symmetric nor doubly stochastic. The analysis is much easier when
the consensus matrix has non-zero return probabilities; i.e., non-zero entries in the
diagonal. However, by construction, the delay nodes only relay information and
have no self loops. Thus, the diagonal entries in P corresponding to delay nodes are
zero. This makes P a non-reversible Markov chain that is not strongly aperiodic® ,

and the majority of the known convergence rate results for Markov chains do not

3 A Markov chain is strongly aperiodic if all the diagonal entries of its transition
matrix are at least 1/2.
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apply. To get a bound on the convergence rate under fixed delays, we apply the
result from [34] with the lazy version ﬁlazy =11+ P) of P. First, the additive

reversibilization of a Markov chain with transition matrix P is defined as

_P+P

U(P) 5 (6.17)
where P is the time-reversed chain,
- P..
By =10 (6.18)
U

when P has a stationary distribution 7. Since ]%azy is strongly aperiodic and non-

reversible, Corollary 2.9 in [34] states that

S = 5 = QeU(Puw))!
(2 < H 4 . ‘ < azy
H[P ]17- TrHTV — [‘Plazy}ly- Tlazy TV —

(6.19)

with 74z, = 7. In the last equation HB — WTHTV = % Z?Zl |P;j — ;| is the total
variation distance of any row of stochastic matrix P and its stationary distribution.
At this point we are ready to ask three questions:

1. How do the delays affect the convergence rate of average consensus algorithms?
One way to answer is to understand how much larger is )\Q(U(ﬁlazy)) in com-
parison to A2(P) since a larger eigenvalue implies slower convergence based on
bound (6.19).

2. How is the convergence of distributed optimization algorithms affected by the
delays? Using the results developed so far, we present an analysis for DDA to
characterize the effect of delays.

3. Finally one may ask a design question. Given a network G and the fixed delays
on its edges, what is the optimal set of weights? In other words, what is the
best possible matrix P that achieves the smallest possible second eigenvalue
)\g(ﬁ)? We do not have an analytic solution. However, this question can
be formalized as a non-convex minimization problem for which experimental

evidence in [89] illustrates that even a numerically computed local minimum

can offer substantially faster convergence to consensus.
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We answer the first two questions below and leave the third as a direction for future
work.
6.2.4 Effect of Delays on Second Eigenvalue

The rate at which the powers of a consensus matrix P converge to its limit

1=xT

, as measured by the total variation distance, can be bounded by A\y(P), the
second largest eigenvalue of P. The second largest eigenvalue, in turn, can be
bounded using a geometric argument based on the Poincaré inequality [29,34]. The
intuition is to look for the bottleneck edge which limits the flow of information and
consequently the convergence speed. Let P be the transition matrix of a discrete-
time finite-state Markov chain with state space €2, and suppose that P has stationary
distribution m. For a pair of states x,y € 1, a path ~;, from z to y is a sequence

of states wg = x,w1,...,w; = y such that P, > 0 forall j =1,...,1. The

55 Wj+1
Poincaré inequality requires that we define a canonical path ~v;, in P for every
pair of states z,y € 1. Let also I' be the set of all selected canonical paths 7y,,.
To identify bottlenecks we consider how many paths 7., go through each edge
e € {(v,w) € Q%: Py, > 0}. A measure of bottlenecks in P is given by the Poincaré

constant,

1
K = max TaTy | 6.20
em(v10) | 7o Pouo ) y;%u |7;ty| xTy ( )

where |z, | is the length (number of edges) of the path ~,,. The constant K quanti-
fies the load on the most heavily used edge. Paths are assigned a weight 7,7, based
on the value of the stationary distribution value at the endpoints. Note that the
value of K is affected by the choice of the paths {~,,} used. The Poincaré constant

gives a bound on the second eigenvalue of P:
1
A< 1— T (6.21)

Our goal is to use a given set of canonical paths I" for G to construct a set
of canonical paths in @, the augmentation of G after adding fixed edge delays.

This will reveal how the delays affect the convergence rate of the delayed consensus
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algorithms. To that end, we compute the Poincaré constant for G as a function of
the Poincaré constant of the original graph G.

Since P represents a non-reversible Markov Chain on the state space 2 = 17,
we consider the lazy additive reversibilization U (ﬁlazy) which is strongly aperiodic,
reversible, has the same stationary distribution as ﬁ, and whose convergence rate
bounds that of P. With the exception of some added self loops on the delay nodes,
the graph structure compatible with U (ﬁazy) is the same as that of P. We assume
that the delay on any edge is bounded by b;; < B for some B > 0, and we use
subscripts to index the nodes on a delay chain. To compute the Poincaré constant
K for G we start by listing observations and consequences of the procedure described
above for augmenting G with fixed delays.

1. We claim that if e = (v, w) is the bottleneck edge in G with no delays, then
all edges on the delay chain v — dy — -+ — dgr — w, B’ < B, that replaces e
in G are bottlenecks in G. The reason is that if a flow needs to go through e in
G, it will have to go through all of the delay edges replacing e in G. This is true
because the degrees of the compute nodes do not change by adding fixed delays
in the augmentation procedure described above; the paths between the compute
nodes in G are elongated without offering new path alternatives. Consequently, to
compute the Poincaré constant of U (f’lazy) we do not need to maximize over all
edges in G. Instead we only examine edges in the middle of delay chains. If a delay

chain connecting compute nodes a and b has length B’ < B, we focus on the edge

2. We intend to use the given collection of canonical paths I' in G to derive a
bound on the Poincaré constant of G. A Markov chain on G has |‘7| = n + b states,
but the paths I' in G are only defined for the n states in V. However, to apply the
Poincaré inequality for ﬁ, we need to define a set of paths between all pairs of states
in V. We can design a collection of paths in G by associating each delay state in v
with a compute node in V' C V. The key point is to ensure that if a path v, goes
through an edge e of G, then in G we will have a set of paths {4y} corresponding

to all states identified with the compute nodes z,y, and all of the paths in {7,,}
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Yy

Figure 6-2: (Top) A path 7, in G. (Bottom) After adding delays in @, all paths
from nodes {z~, x,x"} towards nodes {y~, y,y "} are associated with the same path
Yoy If € = (v,w) was a bottleneck edge in G, edge € in the middle of the delay
chain that replaced e will be a bottleneck edge in G.

go through €, the edge in the middle of the delay chain that replaced e in G. By
forming this path association, the expression for K will appear in the bound for K.
Let us use the notation = to denote delay nodes before x associated with paths
through x, and =1 to denote delay nodes after z. Figure 6-2 illustrates the path
association.

We distinguish the following nine cases. If x,y are compute nodes in @, we
associate Ypy ~ Yzy. Note that |7,y < (B + 1) |2y when the maximum possible
delay per edge is B. Next, to consider paths to or from delay nodes, we associate a
delay node with the compute node that is closest to it in the direction of the path.
For each path 7., of G going through edge e, we identify different cases of paths in
G going through € . We have eight possibilities: * — vy, 2 = yT, 2~ -y ,2~ —
y,x- =y, 2T -y ot =y, and 2t — yT.

3. To get a cleaner expression for the bound, assume that P is doubly stochastic.

In that case, from (6.14) we see that the stationary distribution of the compute nodes

A3 brPriyr(y)
n

T

in the presence of delays is 7T, = "= where ¢ = . Moreover, for all

compute nodes x, we have 7, > p7,— and 7, > p7,+ where p = max;-; P;;.
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With the above considerations in mind, we start from the definition of the
Poincaré constant for G:

7% 1
K = max [Ai T } .
h:(a,b) WQU(G, b) - y;e%y |7xy| 'y ( )

Let e = (v, w) be a bottleneck edge of G. This means that the edge € in the middle
of the delay chain that replaces e will be the bottleneck in G. After some algebra we
can bound K with an expression that involves K (from (6.20)). Besides the leading
constant involving the bottleneck edge, we need to break the sum over the canonical
paths into summands according to the nine cases we described in consideration 2
above. We state here the final result and the proof can be found in Appendix D.

Theorem 6.1. Let G be a network endowed with a doubly stochastic consensus
matriz P and a set of canonical paths I' yielding a Poincaré constant K, and let
e = (v,w) denote the corresponding bottleneck edge. Let {b;;}; jjer denote the
network delays and assume b;; < B for all i,5. Then the corresponding augmented

weight matrix P defined on G has a Poincaré constant K for which

P’UU}

K<ZK, Z=""%
4c

P?(2d2 00 + 3dmas + 1) B?

430, br Priyr()

where p = max;; P, ¢ = -

and dpas 1S the mazimum degree in the
undirected graph G ignoring self-loops.

Theorem 6.1 yields a bound in the second eigenvalue and thus the spectral gap
of P.
Corollary 6.1. Suppose a doubly stochastic matriz P on a graph G has a spectral
gap 1 — Xo(P) > %, and assume that messages over the edges of G experience

arbitrary fized delays of up to B iterations. Then the spectral gap of P is reduced
by at most a factor ©(B?); i.e.,

1—X(P) > —, Z=0(B?. (6.24)
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Proof. From Theorem 6.1 we have /\g(ﬁ) < X(U) €1- %, Since b, < B,r =

1,2,...,m we see that ¢ = M I O(B) and thus Z = O(B?). O

n

To the best of our knowledge this is the first result to describe the effect of
a bounded fixed delay on the convergence rate of average consensus. It shows
that the delays cannot slow down consensus by more than a polynomial factor and
convergence remains exponentially fast.

Experimental Validation of Theorem 6.1

We conclude the discussion about the effect of delays on the convergence rate
of consensus algorithms by verifying Theorem 6.1 and Corollary 6.1 in simulation.
One difficulty with validating these results numerically is that Theorem 6.1 describes
the effect of fixed delays relative to a consensus matrix P on a graph G without
delays. To compute the Poincaré constant K explicitly we still need to find a set
of canonical paths in G and apply (6.20) which can be computationally intractable.
Instead, we estimate K as follows. For a given network of 15 nodes, matrix P,
and delay bound B, we randomly select delays for all edges, construct U (]%azy) as

explained in Section 6.2.3 and compute the second eigenvalue of U. For each bound

1

Ly W keep the largest

B we repeat this procedure 50 times. Since K>
A2 out of the 50 trials to approximately maximize the lower bound on K. Figure 6-3
illustrates that the inverse spectral gap increases almost quadratically with B. It
appears that O(B?) might be increasing faster than K so our bound might be loose
but not dramatically so. The mismatch could also be a result of poor approximation
on K since for larger B, 50 trials might not be enough to capture the worst possible
scenario.
6.2.5 Distributed Optimization under Fixed Communication Delays
The previous section studied how communication delays effect the convergence
rate of consensus algorithms. However, as one might expect, exchanging delayed
information has an even more severe effect on distributed optimization algorithms.

We illustrate this effect in this section by studying synchronous DDA under fixed

delays. By following similar steps, this analysis can be extended to other algorithms.
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Figure 6-3: (Red) Estimated inverse spectral gap for a network G of

I S
1_>\2(U(Plazy))
15 nodes when increasing the upper bound B of fixed delays. Each data point is
the maximum over 50 randomly selected delay distributions over the edges of G.
(Black) An approximate fit of an O(B?) curve to show that the inverse spectral gap

does not deteriorate by worse than a quadratic factor as we increase B.

Let us introduce b delay nodes in the network GG. We associate with each delay
node a function f;(w) =0,i =n-+1,...,n+bso that the subgradients on the delay
nodes are zero as well. To analyze distributed dual averaging with delays, we use P
as a transition matrix instead of P in equation (2.22).

n+b
zi(t+1) = z‘ij(t)—i-gi(t), i=1,....,n+b. (6.25)
1

+

[
Il

The matrix P is not doubly stochastic and has a non-uniform stationary distribution
7 given in (6.14). As discussed in Section 5.2.1, the result is an undesired bias since
we end up optimizing the wrong objective function F(w) = Z?:lb mifi(w). To
correct the bias, if we know the network size n and 7r, we rewrite our objective

function as

n-+b n+b (w n+b
Flw) = 23 fw) = 37 | A =3 ) (6.26)
i=1 ¢ i=1

i=1
With this definition, in (6.25) and in the sequel we use subgradients g;(t) € 9h;(w;(t))

L

for which the Lipschitz constant is L = max; -~-.
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First let us adapt the auxiliary sequences from (2.26):

n+b

i=1
y(t) =TTy, (2(t), a(t))- (6.28)

The weighted average cumulative gradient Z evolves as follows:

n+b
Z(t+1) Zmzz (t+1)

n+b n+b R n-+b
=> " z(1) (Z %Z-Pij> +) migs(t). (6.29)
j=1 i=1 i=1

Since 7 is a left eigenvector of P , we know that #TP = 77T which implies Z?jlb %\1ﬁm =
7?T13;,j = 7;. Using this fact,

n+b n—+b

Z(t+1) Z 2 ()7 + Z 7igi(t (6.30)

and finally

n+b
zZ(t+1) )+ Zﬂ'zgz (6.31)

Using the last recursion, with z;(0) = 0, we rewrite (6.27) as

t—1 n+b t—1 n+b
=3 Rigi(s), y(t) = 1T}, > Z?Tz‘gi(s)a@(t)] : (6.32)
s=1 i=1 s=1 i=1

At this point we have all we need to proceed with the convergence proof. Since

F(w) is convex, for any w* € W we have

F(wi(T)) -

’ﬂ \

T
Z — F(w")]. (6.33)
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Using Lemma 2.1 we obtain

1 <& L, &
F(@i(T))—F(w*)STZ[F(y(t))— 72@ ) Z(t) = 2z (t)]]-

t=1 t=1

>

(6.34)

To bound the first term in (6.34), we add and subtract Zt 1 E”+1b mihi(w;(t)) and

since S0 by (w*) = F(w*) we get

T T n+b
> [Fy®) - Fwn)] <3 ) Filhi(wi(t)) = hi(w")]
t=1 t=1 i=
I i
+ 375 Rilhi(y() — hi(wi(®)]. (6.35)
t=1 i=1

Using convexity of each component h;(w) with g;(t) € Oh;(w;(t)),

T n+b
2 F ) <3 Flgilt), y(t) — w¥)

t=1 =1
T n+b

+ 303 " Filga(t), wi(t) — y(t)
t;l 77,1:11)

+3°S Filhiy(®) — hi(wi @) (6.36)
t=1 =1

Focusing on the first term of (6.36) and recalling the definition (6.32) of y(t) we

have
T n+bd T n+bd
2 Aot () - w) =3 (3 )
o t? t—1 ntb
:;<Z::7rzg, Hw ;;mgl ] *>

(6.37)

With Z iy ngz( ) playing the role of the arbitrary vector sequence, the last equa-

tion can be bounded using Lemma 2.2 after applying the Cauchy-Schwartz inequality
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and remembering that ||g;||, < Lp:

T n-+b 1 T n+b
D23 Al vt ~w) <5 3 ate — 0 i)+ Zzyete)
t=1 =1 t=1
2 & 1
<Zh (t—1) ). 6.38
<3 > af (T>w<w ) (6.38)

t=1
For the last two terms in (6.36) we use L-Lipshitz continuity of F(w) and Lemma
2.3 to get after some straightforward algebra that

T n+b

>3 ({gat) wilt) = y(6) + [haly(6) — ha(wi(t))])
t=1 i=1
T n+b
zzm(Lhuy ) — wi(t)]| + L ly(t) — wi(?)])
- ; n—+b
<21, > 3 A 20, a(t) - 1 z:(0), at)] |
t=1 i=
T n—&j)
<20y Y Y walt) [[Z2(t) — 2 (1)) (6.39)
t=1 i=1

Going back to (6.34), we replace the bounds we derived for the first and last two
terms to obtain a generalized version of the bound in Theorem 2.1 for the modified

version of the algorithm:

+ D alt = D2 - z:(0)]. (6.40)

Next we need to bound the network error |Z(t) — z;(t)||,. If we define for

convenience ®(t, s) = Pt=*+! and back-substitute in the recursion (6.25) we can see

that (see also (5.27))

=2

s=1 j=

t—1 n+b
igi(s—1)+gi(t—1). (6.41)
1
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Recalling the definition (6.27) for Z(¢), after rearranging some terms and using the

fact that S 707, [®(t — 1, 5)]s; = 7, we see that

— z;(t Z Tezk(t) — 24(t)

n+b t—1 n+b

_Zﬂk[zz (t—1,s)] -gj(s—1)+gk(t—1)]

s=1 j=1
t—1 n+b

SN (et - 1,9)] i 9i(s —1) —git — 1)

s=1 j=1
t—1 n+b n—+b n-—+b

_22933_1 Zwk ,s)]ijrZ%kgk(t—l)
=1

s=1 j=1
t—1 n+b

= IPML: gils—1) —gi(t—1)

s=1 j=1
t—1 n+b

:ZZ (ﬁj - [et - 175)]1']') gi(s —1)

s=1 j—1
n+b

+ > Felgr(t — 1) — gi(t — 1)].
k=1

Taking norms on both sides and using the bound Lj; on gradient magnitudes, we

obtain

t—1 n+b

1) =z <33 75— [0t = 1,9)],,| - lgs (s = DI

s=1 j=1
n+b
+Zﬂk||gk t—1)—gi(t -1

<Lhz H ot — 1,3)]1,7:H1 2L, (6.42)

The last expression reduces to exactly the bound obtained in Theorem 2 in [32]
if Pis doubly stochastic and there are no delays, since in that case 7; = % and

Ly = L.
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Instead of using the bounding technique of [32], we provide a different bound

that is tighter in the number of iterations. From (6.19) we know that for all 7,

R P!
R
11 ’” TV ’]Tz

(6.43)
where |||, denotes total variation distance and s is the second largest eigenvalue
of the lazy additive reversibilization of P (sce Section 6.2.3 and [89], [34]). Using

this result and applying the formula for a finite geometric series (since Ao < 1), we

bound the network error by:

t—1 )\t78+1
1Z(t) — 2| < L Y (| Z— + 2Ly (6.44)
s=1

Uy

t—1

= S (V) T e

v 1

S

_ L (V) +2Ls

5=2

/7)\2)2 . ( /7)\2)15_;'_1
i 1—vXa

Lh /\2 yAN
< ——"— 42, =K, 6.45
SVRI-vE (049

This bound is tighter than the one obtained in [32] since for fixed n it is constant and

>
= |l

+ 2Ly

5l 3

does not increase logarithmically with time. This also changes the dependence on the
network size, through 7; and A2. Since the network error is bounded, from (6.40)
we can guarantee the converge of DDA to the right solution using any row stochastic
matrix and in the presence of fixed delays as long as we choose an appropriate step
size sequence. Furthermore, from bound (6.45) we can derive a convergence rate
that illustrates the effect of the delay. As a side effect of the analysis, we show that
DDA does not need a doubly stochastic matrix to converge to the right solution.
Any fixed row stochastic matrix with the appropriate rescaling of the objective
components suffices. The latter follows since all of the derivations treated P as row
stochastic without explicitly requiring that is has the special structure of a fixed

delay matrix.
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6.2.6 Convergence of DDA with Fixed Edge Delays

To derive a convergence rate that corresponds to standard DDA but in the
presence of fixed edge delays, suppose P is a stochastic matrix whose stationary
distribution 7r assigns equal probabilities to all the compute nodes. We can derive

a precise expression for the convergence rate by first observing from (6.14) that

™ >

> n%rb,i € V. We use this fact to get

Ao
K; < +b———=+2)L
SVntbi— = )L

= <\/m1f\2@ + 2)) Ly £ QL. (6.46)

Q

By replacing the bound QLy, in (6.40), using the fact that Z;le t7 9% < 2/T—1 and

selecting a(t) = O(-L.), after some algebraic manipulations we prove the following.

Vit
Theorem 6.2. Under the conditions of Theorem 2.1, using update (6.25) in place

of (2.22), assuming ¥(w*) < R2, using the step size sequence a(t) = ﬁ,

assuming that P is doubly stochastic and in a network with fived edge delays, for all
w* e W

F(w;(T)) — F(w*) <2RLp\/1+ 6Q\% (6.47)

(n+byv1+6Q 1

The influence of the network topology is captured by Ag in @) and the effect

<2RL (6.48)

of the network size is O(ni) since @ = O(y/n). If b is the total amount of delay
cumulatively on all the links, the bound grows like O(bg). Figure 64 illustrates the
effect of delays in a toy example. We create a random network topology of 10 nodes.
The objective for node i is a simple quadratic: f;(w) = (w —i1)” (w —i1),w € R5.
For this problem we can easily compute the exact minimizer w* = 5.5 -1 with
F(w*) = 412.5. The blue curve shows the progress of the minimization without
delays as the evolution of the maximum error max;|F(w;(t)) — F(w*)|. The red

curve shows that the algorithm is slowed down when we inject a random fixed delay
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Figure 6-4: Ilustration of the effect of fixed edge delays on distributed dual aver-
aging. Blue curve: Performance without delays. Red curve: Performance using a
fixed delay up to B = 5 time steps per directed link. Purple curve: Performance
using a fixed delay up to B = 10 time steps per directed link.

of up to B =5 on each directed link (7, j). The purple curve allows for a maximum
possible delay B = 10.

To verify that the dependence in the total amount of delay appearing in the
bound (6.47) is in the right order of magnitude, in Figure 6-5 we record the amount
of time it takes to bring the optimization error below a threshold for varying amounts
of delay. Specifically, in our problem with 10 nodes, we measure the time until
max;| F(w;(t)) — F(w*)| < 180. We also plot the dominant term in our theoretical
bound as O(%) = 10@—1—102 The bound and simulation are relatively well
matched. The discrepancy between the two is explained by the fact that the theory
predicts the worse case while the experimental bound illustrates the performance
for a specific instantiation of the edge delays.

6.3 Time Varying Communication Delays

To capture the volatility apparent in real networks, it is more appropriate to as-
sume that link delays vary randomly with time. We propose a discrete-time random
delay model that starts with any row-stochastic matrix and present a formal con-
vergence proof. Furthermore, we show how using Push-Sum and column stochastic
matrices simplifies both the construction and the convergence proof.

6.3.1 Random Delay Model
Similar to the fixed delay model, we add virtual delay nodes. We assume again

that delays are finite and upper bounded by a maximum delay B. To model random
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Figure 6-5: Blue curve: Time it takes for a network of 10 nodes to reduce the
objective function error max;|F (w;(t)) — F (w*)| below 180 as we increase the total
amount of delay b in the network. The theoretical bound (red curve) is in the right
order of magnitude.

delays in discrete time we need to be careful. Others have previously analyzed a

consensus update of the form
it +1) =Y Pzt — bij(1)), (6.49)
j=1

where b;;(t) is the random delay experienced by link (4, j) at time ¢ [56,64]. However,
this type of update implies that at time ¢ each node ¢ will only receive a single
(possibly delayed) message from each neighbour j. In practice this may not be true.
We have seen an example in Section 5.2.3 where, due to time varying communication
delays, a node does not know how many messages it will receive from a neighbour
at each iteration. This scenario can easily occur in practice when messages are large
in size and receiving a message takes a non-trivial amount of time during which
more messages can arrive. When this happens, the receiving node polling its buffer
experiences the arrival of many messages during the same time slot.

To model random bounded delays, we replace each directed edge of the original
graph with multiple delay chains of varying lengths to model varying amounts of

delay. Every time a message is sent, a random decision is made for which delay
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Figure 6-6: Adding a random bounded delay on edge (1,2). At this particular
instant, 1 sends with delay 2 since the connections to delays 1 and 3 are deactivated.

chain the message will take to reach its destination? . If a communication network
with n computing nodes has m directed edges (not counting the self loops), each
edge delivers messages with some bounded delay that is randomly chosen between
0 and B. For example for an edge (i,j) with a maximum delay of 3 we augment
(i,7) in G with three parallel delay chains (d3), (d%,d3), (d3,d3,d3) in é; see Figure
6-6. We avoid indexing the delay nodes by edge number to not clutter notation.

B(B

We augment the graph with TH) delay nodes per edge or b = 77”3(5 +1)

delay
nodes total, where m is the number of edges in G. We also allow for messages to be
delivered without delay, by including the directed edges (i, j) of the original graph
G.

Next we seek to write an expression for the matrix ﬁ(t) that describes the
linear consensus dynamics under random delays. We assume that we are given a
row stochastic matrix P for the graph G, and we construct ]3(75) using the weights
suggested by P.

Every time a message is sent, it is routed randomly through one of the B delay
chains or the direct edge with zero delay. Outgoing edges to the other chains leading
to the same recipient are cut off. Here we consider a time-varying delay model where
the delays experienced by messages sent from compute node ¢ to compute node j

are i.i.d. and are independent of the delays incurred by messages sent on other links.

4 Of course in reality this random choice is made by the environment, i.e., the
network, and is beyond our control. For modelling purposes to emulate and under-
stand the effect of delays, we can draw a random sample from a distribution that
we believe resembles how real network conditions fluctuate.
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We associate with each edge in G a discrete probability distribution on the integers
0,...,B to govern the delays of messages sent on that edge.

As we see, the augmented graph topology changes at every iteration based on
which outgoing edges to delay chains are active. To describe the consensus update
equations we need to model the changing topology. At each iteration, a delay is
sampled for each message to be transmitted. Based on these delays, at iteration
t the graph adjacency matrix A(t) is a sample from the set {A', ..., ABTD™Y of
possible adjacency matrices. Notice that a delay node could either contain a message
or be empty, and a zero message is not the same as the node being empty. To keep
track of which delay nodes are empty, we define the sequence of indicator vectors
{p(t)}521,0(t) € {0,1}°. Using A(t) and ¢(t) we show how to write a transition
matrix P(t) at each iteration ¢.

We begin by observing that the adjacency matrices A(t) have the block struc-

ture
Aty = | e TEE Tl (6.50)
R(t) Chxp
Matrix A(t) should be interpreted as the adjacency matrix of a directed graph.
Element [A(t)];; is 1 if there is a directed link from j to ¢. Its constituent parts L(t),
Jnxp, R(t), and Cpyp are described next.

The upper left block is an identity matrix to represent the self-loops, plus a
random n X n square matrix L(t) with zeros on the diagonal and a one at position
(i,7) if compute node j sends a message to compute node i with zero delay® at
iteration t. Matrix R(¢) is b x n and is also a random matrix. When a compute node
7 transmits to another compute node j at iteration ¢ using the delay chain of length
r € {1,..., B}, the matrix R(t) encodes that random delay choice in the following

manner. For example, if at iteration ¢ node j sends a message to ¢ which is delayed

by 2 steps (so that it will arrive at time ¢ + 3), R(¢) will contain a block for edge

5 Note that zero delay means that a message sent at iteration t will be delivered
at iteration ¢ 4 1, i.e., without any delay.
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(7,4) indicating the delay chain that is active, as illustrated in equation (6.51).

1 J n
a |0 0 0
a0 1 0
2 |0 0 0

R(t) = . (6.51)

@ |0 0 0
@ |0 0 0
@ |0 0 0

Element (d2, j) of R(t) is 1 since j will transmit to the first delay node in the chain
of length 2 towards ¢. The entries that are not shown within each block are all zero.

Matrix J,xp describes the connections between the delay nodes d;. at the end
of each delay chain delivering messages to the compute nodes. The part of J,«p

corresponding to the edge (j,7) of R(t) just discussed has the form

1 i n
d |0 1 0
2 |0 0 0
a | 0 1 0

JL, =" . (6.52)

a0 0 0
a |0 0 0
& |0 1 0

i.e., for edge j — i, the entries (j,d}), (j,d3) and (j,d3) in A(t) are all 1. Finally, we
define the matrix Cpy; for forwarding messages from one delay node to the next on
each chain. On a specific delay chain of length h, messages are forwarded through

the action of an h x h Toeplitz forward shift matrix with 1s on the first lower
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diagonal, i.e.,

_0 0 00 0_
10 0
Sy = O ! ' 0 . (6.53)
0 1 00
00 --- 010
For any edge r = 1,...,m, to forward messages through all delay chains we use a

block diagonal matrix K, = diag(Si, S2,...,Sp). Finally, since we have m edges
Cbxb = diag(Kl,KQ,. ..,Km). (6.54)

Recalling (6.50), observe that every row of [R(k) Cpxp| contains at most one non-
zero element and there are rows that are all zero.

Next, we define an indicator vector ¢(t) € {0,1}" that keeps track of whether
a delay node on any delay chain contains a message or is empty. Initially we have
»(0) = 0p. At iteration ¢, the first nodes in the delay chains may receive new
information depending on which edges are activated by R(t¢). The rest of the delay
nodes will be non-empty only if their predecessors in the chains were non-empty in

the previous iteration. In other words, ¢(t) evolves as
B(t) = R(t)1, + Coxpo(t — 1). (6.55)

After understanding the structure of the time-varying adjacency matrices A(t),
to describe the consensus transition matrices ]S(t) we need to specify the weights
used to combine incoming messages. Recall that a compute node may receive multi-
ple messages from a neighboring compute node in one iteration, with each message
arriving via a different delay chain. We assign equal weight to all incoming mes-
sages from the same sender, and messages from different senders will receive weights
according to P. For example, suppose compute node ¢ receives w;; + L;j(t) mes-
sages from node j where 0 < w;; < B are the delayed messages and L;;(t) = 0 or

1 is a message without delay. Then node i assigns a weight vy e} to each of
ij i
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those messages. In this setting, the self-loop message from 7 to itself takes weight
Pii + > 4 1w, + Lik(t) = 0] Py where the sum is over all neighboring nodes k
from which i does not receive anything at iteration ¢. Define ®(¢) = diag(¢(t)).
We can determine which delay nodes at the ends of delay chains have information
to be delivered by taking the product J,x,®(t — 1) and locating the entries which
are equal to 1. Thus, to construct P we locate all the entries equal to 1 in matrix

Jnxp®(t — 1) at row ¢ and columns corresponding to deliveries from j, and replace

them by m If L;j(t) = 1 we also replace the corresponding entry with
% Let us denote by P[L(t)] and P[¢(t — 1)] the operators that replace the

Isin L(t) and Jy,xp®(t — 1) respectively with weights using P. If node ¢ receives no
messages from its neighbor j, then w;; + L;;(t) = 0 and the weight P;; is transferred

to the self-loop (i.c., diagonal weight) of i. The transition matrix P(t) is now written

Br) — Pyr(t) Plo(t —1)] (6.56)
R(t) Chxb
Pyp(t) = I — diag(P[¢(t — 1)]1, + P[L(t)]1,) + P[L(t)]. (6.57)

The upper left block of ﬁ(t) has this form since, for any row stochastic matrix P,
we have Py + > 0 L[ + Li(t) = O|Py, = 1 — > 54 LW + Lig(t) > 0] Py for
each compute node ¢. This is just another way of saying that the portion of the
weight not used on incoming messages at compute node ¢ from other neighbours is
reassigned to the self-loop message.

Observe that the rows of P(t) either sum to zero or to one. Each row i for i < n
(corresponding to a compute node) is stochastic by construction, while each row 4
for n < i < n+ b (corresponding to a delay node) contains at most a single 1 and
all other elements are 0. A row ¢ > n corresponding to a delay node dj will contain
all zeros if the compute node at the source of the corresponding edge did not send
a message through the delay chain r. Let 2(t) € R"* denote the augmented state

vector of compute and delay nodes. The consensus update equations using ﬁ(t) are
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given by

~

2(t+1)=P(t+1)2(t), t>0 (6.58)

where to construct ﬁ(t + 1) using (6.56) we need to first update the vector ¢(t)
according to (6.55).

The presence of all-zero rows makes the transition matrices ﬁ(t) not stochastic,
so we need a convergence proof specific to this family of matrices. As we see later,
one advantage of the Push-Sum algorithm is that the analysis of the random delay
model simplifies and we no longer have to deal with this complication.

6.3.2 Convergence under Time-Varying Delays

To show the iterations generated by the random delay model (6.58) we inspect
fundamental properties of the matrices {I3(t) t = 1,2,...}. First we need two
standard definitions [99].

Definition 6.1. A square matriz M is non-expansive with respect to a norm ||-|| if
for any vector x, we have |[Mz| < ||x||.

Definition 6.2. A square matriz M is paracontracting with respect to a norm ||-|
if for any vector x, we have |Mx|| < ||x| whenever Mx # x.

From the construction of the random delay matrices, it is easy to see that the
graphs represented by the adjacency matrices A(t) are all connected, and in addition,
every compute node performs an averaging operation of the incoming messages. We
can thus show that the product of sufficiently many consecutive matrices ]3(15) is a
contractive mapping, leading to convergence.

Theorem 6.3. The product Pyp1(t) = H?fo P(t+s) of 2B+1 consecutive random
delay matrices is non-expansive with respect to the infinity norms |||, and ||-[|_-
Moreover, for some integer r > 1 that depends on the network topology and is not
greater that the graph diameter, the product ﬁr(23+1)(t> 1§ paracontracting. As a
result, at every time t, every non-empty node i such that 1 <i <n+b and ¢;(t) >0

converges to the same value; i.e. zj(t) — ¢ as t — oo.
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Proof. Consider the linear random delayed consensus updates subsampled at inter-

vals of 2B + 1 iterations:
Z(t) = Papa(DZ(t—1), t=1,2,... . (6.59)

Recall that the vector ¢(t), which indicates which delay nodes are empty, evolves
in parallel to Z(¢). To focus on the non-empty nodes, define the vector y(t) such
that y;(t) = Zi(t) if ¢;i(t) > 0 and y;(t) = —o0 if ¢;(t) = 0.

We claim that the maximum value of y(¢) is less than or equal to the maximum
value of y(t — 1). If a compute node i < n holds the maximum value of y(t — 1),
in B 4 1 iterations it is certain that ¢ will receive a message from a neighbouring
compute node j < n. If at least one neighbour of ¢ has a smaller value than 4,
then the value of ¢ will be reduced because i will set its new value to a convex
combination of incoming messages (including the self message). However, ¢ may
send its (maximum) value to a node k < n through the delay chain of length B at
iteration ¢t. Regardless of whether the value at ¢ is reduced or not, the maximum
of y(t — 1) will not change while it is traversing the delay chain towards k. When
the message reaches k, node k’s value will be reduced unless all of its neighbours
have sent messages to k equal to the maximum. To summarize, the maximum value
of y(t — 1) after 2B + 1 iterations will either stay the same or be reduced. The
maximum value will not change if multiple nodes hold that value and there exists
at least one node with no neighbors that contain a smaller value. As a result, the
maximum value of the state vector will certainly be reduced after (2B + 1) where
r is an integer defined as follows. Assume a node ¢ holds the maximum value of
y(t — 1). If at least one neighbour of i holds a smaller value, then r = 1. If all
nodes in the distance 1 neighbourhood N'(i) of i also contain the maximum value
then r = 2. If the neighbours of the neighbours N2(i) = N'(N1(i)) of i contain the
maximum value then r = 3 and so on. Hence, r is bounded by the diameter of G.
Notice also that if the delay nodes were real nodes initialized with random values
such that a delay node contained the maximum value in y(¢ — 1), then that value

would reach a compute node and would be reduced via an averaging update in at
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most B + 1 iterations. We have shown that ]32 B+1(t) is non-expansive with respect
0 .

Similarly, since averaging updates of the form (6.59) do not decrease the small-
est number in the state vector z(t), P, pB+1(t) is also non-expansive with respect to
|| _o if we define 4/(t) so that y)(t) = +oo if ¢;(t) = 0. Moreover, for a given
network, we have shown that there exists an integer r such that ]Sr(z B4+1)(t) cer-
tainly reduces the maximum value of y(t — 1) and increases the minimum value of
y'(t — 1). In other words, every product ﬁr(g B+1)(t) is paracontracting and thus
after every r(2B + 1) iterations the minimum and maximum values in the graph
come close together. Even more importantly, in light of definition 6.2, the minimum
keeps increasing and the maximum keeps decreasing, until the minimum equals the
maximum. In other words, all values in vector z(¢) must converge to the same limit

c € R. O

Even though Theorem 6.3 establishes convergence to consensus under random
delays, the actual consensus value c¢ is difficult to characterize since it depends on
the specific realization of the process—i.e., on the random matrices {ﬁ(t)}fil As
future work, it might be possible to extend the results of [66] to describe the statistics
of c. However the extension is non-trivial since the results of [66] are based on the
assumption that all the matrices ]3(75) have non-zero diagonals, which is not the case
in our model. Here, we show that, as one might expect, ¢ is a convex combination
of the initial values v; at each node ¢ € V. We do this by showing that the upper
left n x n submatrix Py (t) of P(t) is a row stochastic matrix for all ¢.

After t iterations we have
Z(t) = P(t)P(t — 1) --- P(1)2(0). (6.60)
The product [, _; P(k) is a matrix with block structure

T Pk) = M(t) = M) Ms(t) (6.61)
k=1 My(t)  Ma(t)
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where matrix M;(t) is n x n and Mas(t) is b x n. After one more iteration we have

Z(t+1) =P(t + 1)M(t)2(0)

_|Bost+ 1) Ploo]] |00 Ms(o)| (6.62)

Rt+1)  Coxp | [Ma(t) My(t)

From the last equation, we obtain the two recursions

My(t+1) :(Im — diag (P[¢(t)]1p + P[L(t + 1)]1,,)
+ PLL(t+ 1)) Ma () + Plo(0)] Ma(?) (6.63)

Mg(t + 1) :R(t + 1)M1 (t) + CbXbMQ(t). (664)

We will show that M (t) is row stochastic for all ¢ and that it converges to a rank-1
matrix. We begin by proving three intermediate lemmas and then proceed with the
proof of the claim.

Lemma 6.1. For allt > 1, My(t) and ¢(t) have non-zero rows in exactly the same

positions.

Proof. We will proceed inductively, using the expressions for how Ms(t) and ¢(t)
evolve. We have ¢(1) = R(1)1,, + Cpxp¢(0) = R(1)1,, and M>(1) = R(1), so clearly
the non-zero rows of R(1) are the non-zero rows of M(1), and they also result
in non-zero entries of ¢(1). For the inductive step, let us assume that ¢(¢) and
M5 (t) have non-zero rows in the same positions. At step ¢ + 1 we have ¢(t + 1) =
R(t + 1)1, + Cpupp(t) and Ma(t + 1) = R(t + 1)M1(t) + CrxpMa(t). If row i of
¢(t) and Ms(t) is non-zero, then due to multiplication by the shift matrix Cpyp, row
i+1of ¢(t+ 1) and My(t + 1) will be non-zero. Moreover, if a row i of R(t + 1)
is non-zero then obviously row i of ¢(t + 1) will be non-zero. For Ms(t + 1), we
look at the term R(t + 1)M;(t). Observe that M;j(¢) has non-zero diagonal entries
for all ¢. This is easy to see by the update equation (6.63) for M;(¢). As a result,
the product R(t + 1)M;(t) will yield non-zero rows of Ma(t + 1) wherever a row of

R(t+ 1) is non-zero. This completes the inductive step of the proof. O
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The next two lemmas are also inductive, and they are coupled in the sense
that their proofs use each other’s inductive hypothesis. Specifically, assuming that
M, (t) is row stochastic and the non-zeros rows of Ma(t) sum to 1, we show that the
non-zeros rows of Ms(t 4+ 1) sum to 1 and M (¢t + 1) is row stochastic respectively,
establishing that both properties are true for all ¢.

Lemma 6.2. The non-zero rows of May(t) sum to 1 for all t.

Proof. Initially, M>(1) = R(1), and the base case is true. Suppose for every non-
zero row 1 <4 < bof My(t) that 37 [M2(t)];; = 1. Also, by inductive hypothesis,
suppose that M;j(t) is row stochastic. We will show that the non-zero rows of

Ms(t 4 1) sum to 1. Take any row 1 <1i < b of Ma(t+ 1). We have

n n

D [Ma(t+1)]ij =Y [R(t + 1)Mi(t) + ChupMa(t)]
pa i=1
=3 [R(t+ 1M ()i + > _[ConpMa(t)]i. (6.65)
s =1

Given the way the delay nodes are arranged in the random delay model, row i of
R(t + 1) corresponds to a delay node d;2 such that 1 < ry < B and 71 < r2. By
definition, row i of R(t 4+ 1) will be zero if r; > 1 and may be non-zero if r = 1.
We thus distinguish two cases:

e (Case rp = 1: By definition all rows of Cpxp corresponding to delay nodes at
the beginning of delay chains (identified as d}?), are zero. If row i = d}? of R(t + 1)
is non-zero, it will have all entries equal to zero except one entry equal to 1 at some

position 1 < g < n. As a result

D Myt + 1))y =Y [R(E+1D)Mi(B)]ig + Y [CousMa(t)]s;
j=1 j=1 j=1
=D M) + Y OF [Ma(t)].; = D [Mi(t)]g5 = 1, (6.66)
j=1 j=1 j=1

since, by inductive hypothesis, Mj(t) has stochastic rows. Of course, if row i of
R(t+1) happens to contain only zeros, then the i-th row of My(t+ 1) will be a zero

row too.
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e Case 11 > 1: In this case Y7 [R(t + 1) M1(t)];; = 0 and

n

D Myt + 1)]iy = [CoxsMa(t)]i5- (6.67)
j=1

j=1
Since Chxp is just a shift matrix, each row i > 1 of Ma(t + 1) will equal to the row
i — 1 of My(t) which by inductive hypothesis sums to 1. The first row of My(t + 1)

will be a zero row. 0
Lemma 6.3. Matriz M;(t) is row stochastic for all t.

Proof. Proceeding inductively, the base case is true since M;(1) = I. Assume at
step ¢ > 1 that ", [Mi(t)];; = 1 for every row 1 <i < n. At step ¢+1 assume that
compute node i receives w;; messages from node j through different delay chains
plus possibly a message without delay if L;;(t 4+ 1) = 1. Since the self loop message

is always delivered without delay we know that w;; = 1 . We have

i M (t+1)]
7=1
= 3 [ (T — dine (Pl + PLLG + 1)]11)
j=1
+ PIL(+ 1)]) Ma () + Plo(0)]Ma(2)] } (6.68)

n

= 37 [ (Tun — ding(PLO(0IL, + PLL(E + 1)]1,)) M (1)

j=1 Y

Ty
n

+ 57 [PIL(t + 1M () + Po(8)] Ma(8)],

e (6.69)

j=1

Ts
Consider the term T first, and observe that I,,«, — diag(P[¢(t)]1, + P[L(t +1)]1,,)

is a diagonal matrix so we have

Ty =(1 — [diag(P[6(t)]1, + PIL(t + D)]1ai) S [My
7j=1

n
=1-> 1[@i; >0 or Li;(t + 1) > 0]P;. (6.70)
j=1
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Next let us focus on term 75 which is composed of two summands. For the first

summand we have

j=1

=3 PIL(E+ DM (1)1 -
j=1k=1

=> PIL(t+ Dlir >_[Mi(t)]x; 6.2
k=1 =

:ZH:P[L(H 1)k (6.73)
k=1

_y Pi

_kz_lek(hL 1)w“.C + Ly (t +1) (6.74)

Wi + Lij(t +1)

:fi L[Li(t+1) > 0] Ly (t + 1) — (6.75)

To compute the second summand in 75, from Lemma 6.1 we know that the non-zero
rows of Ms(t) are at the same position as those of ¢(¢). Observe now that those
positions are the same as the non-zero rows of .J,,«,®(t) and thus the non-zero rows
of P[¢(t)]. Assume that at iteration ¢ node i receives delayed messages only from
the compute nodes in the set NV;(t) C V. Moreover, assume node i receives Wy, > 1

messages from neighbour n, € N;(t) through different delay chains. We have

n

S [Plo(6)]Ma(t)];; = Z Pl¢ 2(t)]. (6.76)

j=1
_;ng( wz Wi, + LT; P )[Ma(t)]nrj (6.77)
nre%( wZ:: : t+1) g[MN)]m (6.78)

:n,ezN:-( py Winy +JZ: (t+ 1)@’% (6.79)

_Z o = 0 wzg + 3j(t +1) - (6.80)
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So now we see that

Ty =S 1[Li(t+1) > 0]Lij(t +1)—
b= W[Lij(t+1) > 0] Lii(t + )wij+Ll-j(t+1)

j=1
n P..
Lw;; > 0]—= - Wi 6.81
" ; > O S Ty ) (6.81)
n
= 1@y >0or Li(t+1) > 0] (6.82)
j=1
x B (@i + Lij(t+ 1)) (6.83)
e . _
W;j + Lij(t + 1) K K
n
=> 1@y >0o0r Ly(t+1) > 0Py, (6.84)
j=1
and finally
n
j=1
Therefore M;(t) is row stochastic for all . O

Finally, we can state the result as follows.
Theorem 6.4. Given a graph G and a row stochastic consensus matriz P, if we
run consensus on G with random delays up to B using updates (6.58) with I3(t)
given by (6.56), all compute nodes of G asymptotically reach consensus on a value

c that is a convexr combination of their initial values.

Proof. After t iterations we have z(t) = M(t)z(0) where Z(t) is the augmented
vector containing the values of the compute nodes followed by all the delay nodes.
The delay nodes do not initially contain any information, so we have [2(0)],+1:m+6 =

0. After ¢ iterations,

zi(t) =M1 (t)[2(0)] 1 + M3(8)[Z(0)]n+1:n+b (6.86)

=M (t)[2(0)]1:n- (6.87)

Therefore, since M;(t) is row stochastic from Lemma 6.3, we have that Z;(t) — ¢
as t — oo where ¢ is a convex combination of the initial values at the compute

nodes. O
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As a final comment, observe that the values at compute nodes converge to
a consensus even though the overall matrix M(t) does not converge to a limit.
Specifically, the rows of M (t) corresponding to delay nodes oscillate between zero
and non-zero values. However, this does not affect the upper left n x n sub-matrix
corresponding to the compute nodes. Notice, also, that from this analysis we cannot
say anything concrete about the rate of convergence. A convergence rate bound in
expectation could be obtained by applying the Poincaré technique from the previous
section on E[P(t)]. Alternatively, it might be possible to derive a more accurate
bound by analyzing the recursions (6.63), (6.64). After realizing that CB = 0, Ms(t)
can be eliminated given enough past terms, and the evolution of M (t) resembles
that of the impulse response of a multivariate AR(B) model.
6.4 Push-Sum Consensus with Delays

The previous sections study the behavior of general consensus algorithms using
row stochastic matrices in the presence of fixed and random delays. In the random
delay case the model is a bit involved due to the fact that we need to keep track of
which delay nodes are empty, and also a compute node does not know how many
messages it will receive at each iteration. Moreover, the convergence proof needs to
be tailored specifically to the model because the resulting matrices ]3(75) are not row
stochastic. Even more importantly, we do not have a statement characterizing the
convergence rate, and the limiting state is a convex combination of the initial values
at each node which is not necessarily the average. In this section we study fixed
and random delays with Push-Sum a different consensus algorithm that we already
in Chapter 5. As we will see, Push-Sum is a more natural algorithm for distributed
averaging in networks with delay; it alleviates all the aforementioned complications,
simplifies the delay models, and always converges to the true average.

Recall that Push-Sum makes use of column stochastic consensus matrices and
each node ¢ maintains two values: a cumulative estimate of the sum s;(f) and

a weight u;(t). The local estimate of the average at each iteration is the ratio
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zi(t) = Zl((?) The algorithm is initialized by setting
s(0) = z2(0) and u(0)=1 (6.88)
In vector form the states of all nodes evolve as

t)s(t—1) and wu(t) = P(H)u(t—1) (6.89)

2(t) = 2 (6.90)

where the division of s(¢) and () in (6.90) is element-wise.
6.4.1 Consensus with Fixed Delays using Push-Sum

In the case of fixed delays, the construction of a matrix with delays P based
on an initial matrix P is the same as in Section 6.2. The only difference is that we
start with a column stochastic matrix P and convert it to a new column stochastic
matrix P by adding delays one edge at a time. For example, if we start with the

matrix (6.3), after adding a delay of 2 on the edge (1,2) we have

1 2 3 di do
1 [21 0 0 0]
2|0 3 3 0 1
P=y5 |1 11 9 o] (6.91)
a [ § 00 0 0
& [0 00 1 0

In the case of Push-Sum, delay node d; receives % of the share of node 1. Using ]3,

average consensus is achieved by iterating
5(t) = Ps(t—1), w(t) = Pw(t—1). (6.92)

The delay nodes are initialized with s;(0) = u;(0) = 0,n + 1 <4 < n + b since they

should not contain any information that might influence the final average. In vector
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form

8(0) = [2(0)" 07" (6.93)

a(0) =1 of]’. (6.94)

Suppose that Push-Sum iterations are executed using the delay-augmented ma-
trix ﬁ, and let P> = lim; oo Pt. Observe that, in the limit, the estimate of the

average z; at each node i converges to the average of the initial values,

[P>3(0)].  [P~[z(0)" of]7].

PR ) A L i (6.95)
[P~a(0)], [P~ of]7],
X BEs0)  PEYjS%(0) X %(0) (6.96)
TimEy o BrEiad !

since P is column stochastic and P> will have identical columns. Obviously, the
convergence rate bound (6.19) applies here as well.
6.4.2 Consensus with Random Delays using Push-Sum

In row stochastic matrices with random delays, we need an indicator vector
¢(t) to know whether a delay node contains information or is empty. We also need
to assign the portion of the weight that is being unused to the self-loop message.
Both of those complications arise from the fact that we do not know how many
messages will be received at each iteration. With Push-Sum consensus however, the
semantics suggest that the sending node decides how much weight to assign to each
outgoing message, and each receiving node simply adds up the values of s and w for
all incoming messages without caring about the number of messages received from
each neighbor. This fact simplifies both the model and the convergence analysis
when we account for time-varying delays.

Recall from the random delay model construction that the adjacency matrix
A(t) is given by (6.50). However, now we are given a column stochastic matrix

P and need to construct an augmented column stochastic matrix ]3(t) Since P
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indicates the outgoing weights, the construction is straightforward:

]3(75) _ diag(P) + Po L(t) Juxs | (6.97)
P[R(1)] Chxb

where diag(P) denotes a matrix with diagonal entries the same as those of P and
off-diagonal entries set to zero, and where o denotes entry-wise (Hadamard) matrix
multiplication. For the analysis of Push-Sum we also define the operator P[R(t)]
a bit differently than in the previous section. If [R(t)]qr; = 1, where df is the
first node on a delay chain from compute node j to compute node i, then we set
P[R(t)}dw = P;;. Again for the purpose of analysis we initialize the values 5;(0)
and ©;(0) for the delay states i € V' \ V to zero.

With Push-Sum, the model is simplified because we no longer need the vector
¢ to indicate which delay nodes contain information. Instead, we use the weights
u(t), and an empty delay node is represented by having a weight of zero. Notice,
in addition, that ]3(15) is column stochastic by construction and does not contain
zero columns. This allows us to use weak ergodicity theory [73,82] to establish
convergence.

6.4.3 Convergence of Push-Sum Consensus with Random Delays

Using the random delay model with column stochastic matrices yields a forward
product, and to prove that the iterates z(t) converge we need to establish weak er-
godicity. Since each matrix ]S(t) in (6.97) contains zeros on the diagonal, we cannot
apply known results directly. In this section we derive a worst case (pessimistic)
geometric convergence rate. We first need the following lemma.

Lemma 6.4. If a strongly connected graph G has diameter D, the graph G obtained
by adding arbitrary delays of up to B on each edge has diameter at most D <
(B+1)D+ B+1.

Proof. Let K =v — v; — -+ = vp_1 — w be a path in G with length equal to
D. By adding at most B delay nodes per directed edge, each edge of G is replaced
by B + 1 edges in G and the corresponding path K has length (B + 1)D in G.

All neighbours of v and w in G belong to K or else the diameter would be longer.
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Suppose that in the worst case, v has a neighbor z; # v; and w has a neighbor
z9 # vp_1 in G. After adding delays, the longest path in G goes from the delay
node in the middle of the longest delay chain between z; and v and the delay node
in the middle of the longest delay chain between zo and w and has length at most

D<(B+1)D+B82 + B —(B+1)D+ B +1. O

Now we can state the main convergence result of this section.
Theorem 6.5. If we run Push-Sum on a strongly connected graph G using a column
stochastic weight matrixz P, then in the presence of bounded time-varying delays

modelled by (6.97), consensus on the average is achieved at a geometric rate.

Proof. Since G is strongly connected, due to the way we model random delays, at
each iteration t there exists a path between any two compute nodes 7 and j. As a
consequence, due to Lemma 6.4, every column j < n of every sub-product matrix
F(r,r+ D) = P(r)TP(r+1)T .- P(r + D)T contains positive entries.® This means

that for the (improper) coefficient of ergodicity x(-) defined in [73](p. 137) as

X(F(r,r+ D)) =1 = max (min[F(r,r + D)Jk) (6.98)
<1- in[F D 1 .
<1— max (min[F(r,r + D)Jxs) < (6.99)

since the maximum over the minimum values in the compute node columns is cer-
tainly not zero. After running Push-Sum for ¢ > D iterations, divide the forward

product F(1,t) into intervals of D iterations,

14

F(1,t) =[] F((k—1)D +1,kD) (6.100)
k=1
=F(1,D)F(D+1,2D)---F(t— D+ 1,¢). (6.101)

6 In other words after D iterations every compute node has received a message
from all other compute nodes.
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Figure 6-7: Evolution of the node values on a graph of 5 nodes with random delays
no more than B = 5. The true average is Zgpe = 3. (Blue) With Push-Sum all
nodes reach consensus to the correct average. (Red) Using a row stochastic matrix,
as expected consensus is reached but not to the average and the consensus value
varies between executions.

As explained above, x(F((k — 1)D + 1, kﬁ)) < 1 for each term. It follows that
Py [1 —x(F((k— 1)D +1, kﬁ))} = 00, and from Theorem 4.9 in [73], the prod-
uct F'(1,t) is weakly ergodic. Based on a derivation similar to (6.95), after initializing
$;(0) = 0 and u;(0) = 0 for delay nodes 7, the Push-Sum values at each compute node

converge to the true average. Furthermore, if max;, (F((k— 1)D+1, k:f))) <xo0 <1,

the forward product converges geometrically at a rate no worse than xy. ]

6.5 Simulation

To illustrate that Push-Sum is resilient to time-varying delays, we simulate
a random network with 5 nodes and a maximum random delay of B = 5. We
plot the evolution of the node values when running consensus with equation (6.58)
and Push-Sum using consensus matrices of the form (6.97). We initialize the node
values to be the node ids 1 through 5. In both cases we start with a random row
stochastic matrix P without delays and use its transpose to generate the Push-Sum
weights. Figure 6-7 illustrates that since P is not doubly stochastic, the compute
nodes reach consensus as Theorem 6.4 suggests, but the consensus value is not the
average. Even worse, if we run the simulation again, the different random delays at
each iteration will yield a different consensus value. With Push-Sum, on the other

hand, the compute nodes always converge to the true average.
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6.6 Concluding Remarks and Future Work

In this chapter we analyze the effect of communication delays in distributed
consensus and optimization algorithms. Initially we assume that each directed link
of a communication network G delivers messages with some fixed delay B. Delays
on different links need not be equal. We show how to model the effect of delays
by augmenting G with artificial delay nodes, and then we use geometric arguments
to show that a bound on the inverse spectral gap of a consensus matrix P in the
presence of delays does not increase faster than ©(B?). Thus, delayed consensus
iterations converge exponentially fast to a value which, in general, is not the aver-
age. For a given row stochastic weight matrix with known stationary distribution,
consensus on the average could be achieved by rescaling the initial values.

Next, we show how to model time-varying delays—a scenario that is more
realistic but also harder to analyze. For general row stochastic consensus weight
matrices we show that convergence to a consensus is still guaranteed, although the
consensus value is itself a random variable depending on the delay realizations. If
however we use Push-Sum as the consensus algorithm we are guaranteed to converge
to a consensus on the average, and the analysis of the time-varying delay model is
significantly simplified. These facts are together with Chapter 5, suggest that Push-
Sum is more suitable for practical implementations.

Following the example in Section 6.2.5, we can analyze PS-DDA with random
delays as well. This derivation is not shown because it will look exactly like the
results in Chapter 5. To obtain a more informative result we would need a precise
expression of the convergence rate for random delays; a result which is currently
missing in the literature. If that result existed, we could use it in the bound for the
network error such as ||Z(t) — zg(t)|| for DDA or HE(t) - i:—ggH for PS-DDA.

In the future, for the fixed delay scenario we would like to investigate the
following optimization problem: Given a network G, find the consensus weights
P that respect the structure of G and reach consensus as fast as possible in the
presence of known fixed delays b;;. Observe that since we can use Push-Sum, any

column stochastic matrix that does not add edges to G will compute the average
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and we are looking for the matrix with the smallest second eigenvalue. It would be
interesting to investigate if the techniques used for second eigenvalue optimization
for symmetric consensus matrices (see e.g., [15]) could be extended to answer this
question.

For the time-varying delay models considered in this paper, the analysis only
guarantees convergence with a loose geometric bound on the convergence rate for
the Push-Sum algorithm. It would be useful to have a more precise characterization
of the convergence rate and to extend the Poincaré technique presented in this paper

to understand the extent to which time-varying delays slow down convergence.
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CHAPTER 7
Improved Convergence Rate for Distributed Convex Optimization

7.1 Introduction

The last part of this thesis focuses on the theoretical analysis of consensus-based
distributed optimization. Chapter 2 discusses the discrepancies between the optimal
convergence rates for serial algorithms and their distributed counterparts. This and
the next chapter bridge some of the gaps between serial gradient based optimization
algorithms and their distributed counterparts. In particular, our results improve the
time complexity for fixed networks. An important direction for future work would
be to see if the dependence on the network size n can also be improved.

This chapter specifically, focuses on general possibly non-smooth convex op-
timization problems which is exactly the setup of DDA! . We improve on DDA,
by describing a distributed algorithm that achieves a time-optimal rate of O (%)
without increasing the communication cost or worsening the dependence on the
network size n.

7.2 A Time Optimal Algorithm for General Convex Functions

Looking at the original DDA algorithm from Section 2.5.1 we notice two things.
In the special case where there is only one node, DDA reduces to Nesterov’s dual
averaging algorithm [61]. However, for centralized dual averaging, it is known [61]
that the error F(w(T")) — F(w*) decays at a rate O (i), whereas when we take

VT

n =1 and \y(P) = 01in (2.33), the bound on the error is only O (loig)), and so the

bound is loose by a factor of log(T"). We remark though that to save the logarithmic

factor in dual averaging, one needs to decide the number of iterations 7" in advance

in order to select the step size appropriately [60]. Even though predetermining the

1 This chapter is based on the recently submitted work [93]
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number of iterations does not seem to benefit DDA we will see that in our proposed
algorithm pre deciding T helps tune the amount of communication to save a log(7')
factor.

Also consider the case where G is the complete graph on n nodes (i.e., £ =
V x V). Then with P = 1117, we have Ao(P) = 0 regardless of n. In this
case, each time nodes perform the consensus update their values should be exactly
synchronized, i.e., Y27, Pijz;(t) is the same at all nodes i. However, in DDA the
dual variables z;(t) are not all identical because the subgradients g;(¢) at each node
are not necessarily the same. Although one would hope to achieve the O(%) error

rate equivalent to the centralized method in this case, the bound given by (2.33) is

o).

Motivated by these two observations, we propose the following consensus-based
proximal gradient distributed optimization algorithm. Each node i € V still main-
tains primal and dual variables wy;(t), z;(t) € R?. Similar to DDA, we make use of
a sequence of non-increasing positive step sizes, {a(t)}72,, and each node initializes
z;(0) = 0.

Each iteration of the proposed algorithm proceeds with the following steps.

First, each node ¢ computes a subgradient g;(t) € df;(w;(t)), and sets
zZi(t) = zi(t) + gi(t). (7.1)

Next, for an integer h > 1, the nodes perform h consensus steps on the intermediate

dual variables z;(t), by setting

zi(t+1) =Y [P";Z5(t), (7.2)

J=1

Finally, the primal variables are updated by a proximal projection,
w;(t+1) =TTy [2:(t + 1), a(t)] (7.3)

The difference between the proposed algorithm and DDA is subtle, but it has non-

trivial impact on the resulting performance bounds. In the proposed approach,
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nodes incorporate their gradient and then perform the consensus iterations, while
in DDA information is diffused through consensus first. This is analogous to the dis-
tinction between the “adapt-then-combine” and “combine-then-adapt” approaches
of [25]. Furthermore, we allow execution of more than one communication between
the gradient steps.

Our main results for the proposed algorithm are summarized in the following
theorem.
Theorem 7.1. Let w* € W and select a 1-strongly convex function (w) such
that (w*) < R2. Let {w;(t)}22, and {z;(t)}2, be generated by the proposed
updates (7.1)~(7.3). If Aa(P) = 0 (i.e., G is the complete graph on n nodes), if
nodes perform h = 1 consensus steps per iteration, and if nodes use the step-size

sequence a(t) = }32, then for every node i € V,

2
. L(1+R)
F(w;(T)) — F(w*) < ——~2. 7.4
(wi(T)) — F(w") Wi (7.4)
Alternatively, if Aa(P) > 0 and nodes perform h > % consensus steps per
R

iteration, and if they use the step-size sequence a(t) = TRVATTR then for every mode

1€V,
V19LR
— 7

We note that, regardless of the topology, the error rate, in terms of iterations,

F(w;(T)) — F(w*) < (7.5)

of the proposed method is optimal, i.e., the error in the objective decays at a rate
0] <ﬁ> When G is not the complete graph, we achieve this by applying A > 0
consensus steps per iteration to drive the network error down to a desired accuracy.
The total amount of communications (i.e., the total number of consensus steps) is
identical to that of DDA, but the proposed approach requires fewer iterations.
7.3 Analysis and Proof of Theorem 7.1

At a high level, the proof of Theorem 7.1 follows similar steps to those for the

proof of Theorem 2 in [32]. We have already seen two similar derivations in Chapters

5 and 6 so here we just emphasize those steps which are different.
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The nodes apply h consensus steps in the dual variable update (7.2), which is

equivalent to setting

n

zi(t+1) =Y Py(z(t) +g; (1), (7.6)
j=1

where P = Ph. Compared to (2.22), each node incorporates its more recent gradient
to the dual variable before communicating. Since P is doubly stochastic, P is also

doubly stochastic, and with the initialization z;(0) = 0 we have

Z(t+1) = Zi(t+1) (7.7)

<
Il
-

S
.M:

(Z P’L]) +gg( )) (7.8)
(2i(t) +g5(t)) (7.9)

.
Il
_

I
Sie 3ie
' Mz

<
Il
-

n

o % S g;(t) (7.10)
j=1

=S (a0, (7.11)
r=1 j=1

The average dual variable Z(¢ 4+ 1) should be thought of as the update one would

get by performing centralized updates, and the corresponding primal variables are
y(t +1) = Ty (Z(t + 1), a(t), (7.12)

which should be compared with the primal variables w;(¢t 4+ 1) at each node. We
also define the centralized running average after T iterations, y(T') = 7 LS T (),
which is to be compared with w; (7).

Similar to (5.27), by back-substituting for z;(¢) in (7.6), the dual variable z;(t)

at node i is expressed as

t n

Zt+1) =Y [15} 98, (7.13)

r=1 j=1
As will be seen, the network errors ||Z(t) — z;(¢)|| play a key role in bounding the

error of the proposed algorithm.
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Via standard convexity arguments (see [32,61])) and using steps similar to

Section 6.2.5 we can retrieve Theorem 2.1, which can be written as
F(w;(T)) — F(w*) < OpT + NET, (7.14)

where

The two terms in OPT are similar to those typically arising in serial subgradient
methods [61], and the terms in NET quantify the error incurred due to running
the algorithm over a network [32]. In particular, the terms ||Z(¢) — z;(¢)|| measure
how far the dual variable at node 4 is from the dual variable Z(¢) of the centralized
sequence after t iterations.

The main (subtle) difference from the DDA bound in [32] comes in the form
of z;(t) which affects the network error. For the proposed method we have the
expression (7.13), whereas for DDA, we get

t—1 n

ZPPAE+ 1) = gi(t) + ) > [P ]ig5(r). (7.15)

r=0 j=1
Consequently, even when G is the complete graph so that one consensus step suffices

for all nodes to reach a consensus on the average, the network error for DDA is still

n

Z(t4+1) — 2PPA(E 4 1) = % S (g5() — gi(h)), (7.16)
j=1

which is non-zero in general.
On the other hand, if G is the complete graph, from (7.13) the network error
vanishes and the iterates {(w;(t), z;(t))};2, of proposed algorithm are equivalent

to those of a centralized dual averaging algorithm for solving (1.8). To see why,
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observe that, in general, we have

(0 -2 = | 25 ([P],, - ) s

: (7.17)

where e; is the ith canonical vector. When G is the complete graph, P = P= %llT,
in which case the right-hand side of the expression above vanishes.

When G is not the complete graph, we obtain a bound in terms of the second
largest eigenvalue Ao(P) of P. Since P is doubly stochastic, for any probability
vector g € R" (i.e., with ¢; > 0 for all 4, and ) ;" ; ¢; = 1) and s > 1,

< Xo(P)*v/n = (\a(P))*v/n. (7.18)

|-
1

n

Therefore, if s > s W) then

(7.19)

el——

1

For s < s', we use the bound Hﬁsei - %H < 2. When s > s, the right hand sum
is less than LY ., & < L since t < T. These bounds only apply when \o(P P) >0
since for a complete graph Ay(P) = 0. We have,
_ 2Llog(Tvn)

=) — =) < 2208V

log(A2(P)~1)

where I{-} is the 0/1 indicator function. Consequently, if A2(P) = 0 the only error

) I{\2(P) > 0}, (7.20)

is due to OPT. Next observe that
T A T
S i [ 0 —2VT-1<2vT.

Therefore, using the step sizes as defined in Theorem 7.1, we have proven the first

claim.
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Consider now Ay(P) > 0. Since Ay(P) = \o(P)", take

) o loa(TVi) _ log(Ty/i)

. 7.21
=T %(P) 7 los0a(P) ) (T2
log(T'y/n) (1) — % < i i
so that (D) 1) < 1 and ||z;(t) — Z(t)|| < 3L. In this case, we obtain
T
18L
NET < —= ; a(t). (7.22)

Using a step size sequence a(t) = %, and minimizing the bound for A yields the

step size defined in Theorem 7.1, which completes the proof.
7.4 Comments

We described a distributed optimization algorithm whose error decays at the
same rate as the optimal centralized algorithm, in terms of the number of iterations.
Our algorithm relies on more communication per iteration that standard DDA.
When the communication topology is the complete graph, our scheme improves upon
existing bounds in the literature. For other topologies the proposed method uses
the same total amount of communications. Whereas other approaches communicate
once per iteration and require a number of iterations which grows with the network
size, the proposed approach requires the same number of iterations regardless of the
network size, and the number of consensus steps per iteration grows with the network
size. Alternatively, nodes could communicate “fewer than once” per iteration (i.e.,
take multiple gradient steps before communicating). This approach is explored in

Chapter 3.
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CHAPTER 8
Distributed Strongly Convex Optimization

8.1 Introduction

In this last part of the thesis we study the problem of online strongly convex op-
timization! where the optimization algorithm may receive a different cost function
at every iteration. As mentioned in [77] if we feed the same cost to the algorithm at
all iterations, we immediately obtain a bound for an offline optimization problem.
The setup has already been discussed in Section 2.4 but we quickly review the basic

concepts here as well.

The problem we want to solve is

minimize F(w) = 7}1; F(w, o (1)) (8.1)
where the cost functions arrive as a stream f(w,x(1)), f(w,x(2)),... and each of

them is L-Lipschitz continuous and strongly convex (see definition 2.1). In general
the cost functions are not related to one another and do not need to have the same
functional form. With a slight abuse of notation, we denote each cost by f(w,z(t))
to describe a function that is parameterized by data x(t). Recall that if the data
is generated i.i.d. from some (unknown distribution) then the problem is referred
to as stochastic optimization. Stochastic optimization is more relevant to machine
learning and empirical loss minimization but our algorithm does not rely on the
i.i.d. data assumption.

In a distributed setting, each of our n processors has access to its own inde-

pendent stream. The performance of the algorithm is quantified by the cumulative

! This chapter is based on the previously published work [91]
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regret which is defined as

n T n T

RalT) =303 f(wilt), (1) —argmin 33~ flw.wi(t). (32)

i=1 t=1 i=1 t=1
As already discussed in Section 2.4 for optimization we can bound the optimization

error by the average regret

R,(T)
nT

F(w(t)) - F(w®) < (8.3)

The algorithm presented in this chapter achieves a rate O (M) distributedly
i.e., with each processor processing its own data stream while the processors converge
to the global minimum. Consulting Chapter 2, this rate is optimal in the number
of iterations T for strongly convex problems.

8.2 Distributed Online Gradient Descent (DOGD)

Assume again that we have a network of n processors endowed with a n x n
consensus matrix P which respects the structure of G, in the sense that [P];; = 0 if
(i,j) ¢ E. We assume that P is doubly stochastic, although generalizations to the
case where P is just row or column stochastic are possible based on the discussion
of chapters 5, 6.

We propose the distributed online gradient descent (DOGD) algorithm to solve
problem (8.1). A pseudo-code description is given in Algorithm 2. In the algorithm,
each node performs a total of T updates to process nl' = m data points. One
update involves processing a single data point @;(t) at each processor. The updates
are performed over k rounds, and T updates are performed in round s < k. The

main steps within each round (lines 10-12) involve updating an accumulated gradi-

ent variable, zf (t), by simultaneously incorporating the information received from
neighboring nodes and taking a local gradient-descent like step. The accumulated

gradient is projected onto the constraint set to obtain 'wi? (t), where

Iy [z] = argminw € W ||Jw — z| (8.4)
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denotes the Euclidean projection of z onto W, and then this projected value is
merged into a running average w;(r). The step size parameter a; remains constant
within each round, and the step size is reduced by half at the end of each round.

The number of updates per round doubles from one round to the next.

Algorithm 2 DOGD

1: Initialize: Ty = [2] ;a1 = 1,k = 1,2} (1) = w}(1) =0

2:

3: while 25:1 T, <T do > Each node 7 repeats
4 for t =1 to T, do

5: Send /receive z¥(t) and zJ"?(t) to/from neighbors

6 Obtain next subgradient g;(t) € O f(wk(t), (1))
7 zi(t+1) = Y0 Pyzh(t) — arga(t)

8 wh(t+1) =Ty [2F(t+1)]

9: end for

10: ’warl(l) = wf(Tk)
11: ZkJrl(l) (Tk)
W = ST W)
13:

14: Tk+1 — 2Ty,
15: Upy1 — 5

16: k=k+1
17: end while

Note that the algorithm proposed here uses a Euclidean rather than a proximal
projection. Also, in contrast to the distributed subgradient algorithms described
n [69], DOGD maintains an accumulated gradient variable in z¥(¢ + 1) which is
updated using {z;“(t)} as opposed to the primal feasible variables {'w;‘: (t)}. Finally,
key to achieving fast convergence is the exponential decrease of the learning rate
after performing an exponentially increasing number of gradient steps together with
a proper initialization of the learning rate. The next section provides theoretical
guarantees on the performance of DOGD.

8.3 Analysis of DOGD

Our main convergence result, stated below, guarantees that the average regret
decreases at a rate which is nearly linear.

Theorem 8.1. Let w* be the minimizer of F(w). Under strong convezity and

Lipschitz continuity, and using a doubly stochastic P with Ao(P) not depending on
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n, the sequence {Ef} produced by nodes running DOGD to minimize F(w) obeys

F(@') — F(w*) =0 (W) , (8.5)

(]

where k = [logy(T/2 + 1)]| is the number of rounds executed during a total of T
gradient steps per node, and Ef s the running average maintained locally at each
node.

Remark 1: We state the result for the case where Ay is constant. This is
the case when G is, e.g., a complete graph or an expander graph [70]. For other
graph topologies where Ao shrinks with n and consensus does not converge fast, the
convergence rate dependence on n is going to be worse due to a factor 1 — /Ay in
the denominator; see the proof of Theorem 8.1 below for the precise dependence on
the spectral gap 1 — v/Aa.

Remark 2: The theorem characterizes performance of the online algorithm
DOGD, where the data and cost functions f(w,x;(t)) are processed sequentially at

each node in order to minimize an objective of the form

T

n

Flw)= -7 23 fw, (1), (8.6)
i=1" =1

However, as pointed out in [77], if the entire dataset is available in advance, we can

use the same scheme to do batch minimization by effectively setting f(w,z;(t)) =

f(w,z;(1)), where f(w,=x;(1)) is the objective function accounting for the entire

dataset available to node i. Thus, the same result holds immediately for a batch

version of DOGD.

The remainder of this section is devoted to the proof of Theorem 8.1. Our
analysis follows arguments that can be found in [32,40,103] and references therein.
We first state and prove some intermediate results.

8.3.1 Properties of Strongly Convex Functions
Recall the definition of o-strong convexity (2.1). A direct consequence of this

definition is that if F'(w) is o-strongly convex then

F(w) - F(w®) > 2 [lw - w||*. (8.7)
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Strong convexity can be combined with the assumptions above to upper bound
the difference F'(w) — F(w™) for an arbitrary point w € W.
Lemma 8.1. Let w* be the minimizer of F(w). For all w € W, we have F(w) —

F(w*) < 2£2.

g

Proof. For any subgradient Vg € OF(w), by convexity we know that F(w) —

F(w*) < (Vg,w—w*). It follows from L-Lipschitz continuity that F'(w)—F(w*) <
L|w—w*||. Furthermore, from strong convexity we obtain § |w — 'w*H2 <
Lw —w*|| or |w — w*|| < 2L, As a result, F(w) — F(w*) < 222, O

8.3.2 The Lazy Projection Algorithm

The analysis of DOGD below involves showing that the average state,
%Z?’:l 'wf (t), evolves according to the so-called (single processor) lazy projection
algorithm [103], which we discuss next. The lazy projection algorithm is an online
convex optimization scheme for the serial problem (8.1). A single processor sequen-
tially chooses a new variable w(t) and receives a subgradient g(t) of f(w(t),x(t)).

The algorithm chooses w(t + 1) by repeating the steps

z(t+1) ==2(t) — ag(t) (8.8)

w(t+1) =Ty [2(t + 1)]. (8.9)

By unwrapping the recursive form of (8.8), we get

t

z(t+1)=—a)_g(t)+z(1). (8.10)

s=1
The following is a typical result for subgradient descent-style algorithms, and
is useful towards eventually characterizing how the regret accumulates. Its proof
can be found in the appendix of the extended version of [103].
Theorem 8.2 (Zinkevich [103]). Let w(l) € W, let a > 0, and set z(1) = w(1).

After T rounds of the serial lazy projection algorithm (8.8)—(8.9), we have

d w(l) — w*|? aL?
D {g(t), w(t) — w*) < ” (1)2a | +T2L : (8.11)
t=1
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Theorem 8.2 immediately yields the same bound for the regret as lazy projection
[103].
8.3.3 Evolution of Network-Average Quantities in DOGD

We turn our attention to Algorithm 2. A standard approach to studying con-
vergence of distributed optimization algorithms, such as DOGD, is to keep track of
the discrepancy between every node’s state and an average state sequence defined

)= 23 20 md g0 =y [20)] (8.12)

We have encountered this concept before. Observe that z¥(¢) evolves recursively as

follows:
ZF(t+1) :iizf(t+1) (8.13)
=1
:iz ilpijz;?(w - agi®) 8.14)
pul e
:iilzf(t)ilpij - (:filgi(t) (8.15)
—=(t) — % zn;gi(t) (8.16)

= a Y Y e > ) (8.17)
s=1 =1 i=1

where equation (8.16) holds since P is doubly stochastic. Keep in mind that due
to the nature of the algorithm we need to also keep track of the initial condition
z;(1). Notice also (cf. eqn. (8.10)) that the states {Z¥(t),5*(t)} evolve according to
the lazy projection algorithm with gradients g(t) = %Z?:l gi(t) and learning rate

ay. In the sequel, we will also use an analytic expression for zf(t) derived by back

substituting in its recursive update equation. After some algebraic manipulation,
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we obtain

t—1 n

Zt)=—ary > [P gi(s — 1) — argilt — 1)
s=1 j=1

+) [Pz (1), (8.18)
j=1

and since the projection in non-expansive and z; (1) = 0, Vi,

7 0] 0] k] - o ]
< |2k
T,—1 n
<l 330 [P gits - 1)
t=1 =1
g - 1)+ 32 [P, 4|
j=1
<a,T,L + zn: [PT]; ‘z;?(l)H <.
j=1
gLZk:aSTS. (8.19)
s=1

8.3.4 Analysis of One Round of DOGD
Next, we bound the regret accumulated at round k& of DOGD (lines 5-12 of

Algorithm 2) during which the learning rate remains fixed at ai. From convexity,
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Lipschitz continuity, and the triangle inequality

Y [F(wi(t) — F(w")]

t=1

_ i [F (@k(w) - F(w*) + F(wf(t)) = F (?k@)]
t=1

Ty,
<> [F@ W) - Fw) + L
t=1

wi(t) — 51
. 1 - k k * _k
<25 L [fwk, ko) - s )]
T n
£33 [1@ 0,2 0) — k), 50)
t;: =1
+Y L
t=1

Ty n
<3003 lailh). wh(r) - w)
t=1 =1

wi ()~ ")

Ay
Tk 1 n
+3 3L |Ft - whe)|
t=1""i=1
T
+5 L ||wk(r) —yk(t)H . (8.20)
t=1
For the first summand we add and subtract 3*(¢) to obtain
T 1 n
Ay = - . k gk
V=3 53 o) wk () - w)
t=1 =1
Tk 1 n
<3 53 i) T4 1) — ot +wh() 7))
t=1"" i=1
Tk 1 n
<3013 a0 7 ) — )
t=1 i=1
Az
Tk 1 n
-3 L ’?t—*’“tH. 21
DI IR AT (8.21)
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Invoking Theorem 8.2 for the sequences {g*(¢)} and {Z*(¢)} and noticing that

lg(®)] < L2,
T. , n
1 *
Ay =3~ (9:®). 7" (1) —w) (8.22)
t=1 =1
Tk n
1 —k %
=3 (=Y a0, [Z(0)| - w) (8.23)
t=1 =1
Tk
=>" (@), 1w [Z(1)] - w*) (8.24)
t=1
k |2 2
|7*(1) —w*||”  TraxL
< 2
- 2ay, 2 (8 5)
Collecting the bounds (8.20) and (8.22), so far we have shown that
Ty —k |2 2
S P (wh(t) - P <) o L ;
t=1
- 2 k —k
IS HOR O]
t=1 " i=1
Tk
+> - rfwke) -5, (8.26)
t=1
and since the projection operator is non-expansive, we have
Ty —k P 2
. (1) —w TrarL
SoP(w(e) - Pl <] o L. ;
t=1
Tk n
2 _
+ZEZL‘zf(t)—zk(t)H (8.27)
t=1"" i=1
Ty
+> ok -2

The first two terms are standard for subgradient algorithms using a constant step
size. The last two terms depend on the error between each node’s iterate zi? (t) and
the network-wide average z*(t), which we bound next.
8.3.5 Bounding the Network Error

What remains is to bound the term Hzf (t) —zF (t)” which describes an error
induced by the network since the different nodes do not agree on the direction

towards the optimum. By recalling that P is doubly stochastic and manipulating the
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recursive expressions (8.18) and (8.17) for z;(t) and Z¥(t) using arguments similar

to those in [32,90], we obtain the bound,

‘zf’(t)—fk(t)H <akLt lzn: - [P,
s=1 j=1 1
+2akL+Z = [Py H 5(1)”
t—1 1]1
_akLZ n [Ptis 1] ,
s=1 1
+2akL+zn: = —[PY); Hz;?u)H. (8.28)
j=1

We have already seen the bound for the ¢; norm (see Appendix C for h = 1), so

recalling (7.21), (7.20) and using (8.19) we arrive at

log (frk\/ﬁ) L E (Is s
k k HLis=1"sTS 1 9
Z,,: t) —z"(t H <2(l L + 3(1 L + 82

where A9 is the second largest eigenvalue of P. Using this bound in equation (8.27),

along with the fact that F'(w) is convex, we conclude that

P@t) - Fw*) =F (;k > wi-“(t)) ~ F(w")

—k . 112 2
JeO - wr” ar? . [Glog(Tkﬁ>+9]

2a; Ty 2 1—vX2
3L2S LT
L3 T (8.30)
Ty

where 7*(1) = Iy [2 377 | 2F(1)].
8.3.6 Analysis of DOGD over Multiple Rounds

As our last intermediate step, we must control the learning rate and update
of T}, from round-to-round to ensure linear convergence of the error. From strong

convexity of F' we have

2 FEH() - Flu)

*

Hgk(l) —w (8.31)
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and thus

_ o _F@"(1)) — Fw*) 19108 (Ty'n)
F(wf“) F(w*) < U(Lka + 2 W +19
3L2 E s asTS
—Tkl . (8.32)

Now, from Theorem 3 in [103] which is a direct consequence of Theorem 8.2 for the
average sequence y viewed as a single processor lazy projection algorithm, we have

that after executing T gradient steps in round k — 1,

—k— L( *H2 2
_ —w ak—1L
F(gF(1 H 8.33
@ (1) - T ; (8:53)
and by repeatedly using strong convexity and Theorem 8.2 we see that
_ F(y* (1)) — F(w*) ap_1L?
F(g*(1)) — F(w*) <
(F+(1) ~ Plw") <=t )
F(g'(1)) — F(w*) = L2
HJ o(aak =) j=1 2[ =1 (oar—sTi—s)

Now, let us fix positive integers b and ¢, and suppose we use the following rules to

determine the step size and number of updates performed within each round:

ak—1 al

T, =cTj_1 = - = 7. (8.36)

Combining (8.34) with (8.32) and invoking Lemma 8.1, we have

—k+1 * 2L2
F(wz )_ F(w ) < E—1 k—j—1
o1z (oani (7))
k—1

—|—Z - CL1L2

iy COVIN O

L2 log (T k1
L Lo | log(Tic™ vin) g
21 [T
312 T (€)5!
n Y ali(§) (8.37)

Tlck 1
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To ensure convergence to zero, we need ¢ > b and cai;17 > 1 or a; > ﬁ Given

these restrictions, let us make the choices

ar=1, Ty = {2-‘, c=b=2.
o
To simplify the exposition, let us assume that 77 = % is an integer.
selected values, we obtain
212

F(@ht!) — F(w*) SUH;?:(% (2 (%)k—j—1>

+ Z AL2 Q)k—s—1>

. -1
=22 I (23

L? log (2 - 2F~1
n 19008 G V) L
9. 9k—1 11—V
k—1 -1
3L2 Es:l (%)S
Qkfl
or2 ! g2
= o2k T L 9k—joj
J:
2k
LD plee () ) BT L )
ok 1— /Ay ok—1
<2L2 L?(k—1)
Sook Tk
2k
LD ples () ) 19| 4 B
ok 1— Vg ok

Finally, we have all we need to complete the analysis of Algorithm 2.

8.3.7 Proof of Theorem 8.1

(8.38)

Using the

(8.39)

(8.40)

(8.41)

Suppose we run Algorithm 2 for 7" total steps at each node. This allows for k

rounds, where k is determined by solving

k k
- ~ T
1= 1=
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Using this value for k we see that

: L2 ; L*k-1
F(wht!) — F(w*) §72k+ (Zk)
L2 | log (2 L2(k
L plee ) ) B2
ok 1—vX ok
< L? L?(logy (£ +1) —1)
o (3+1) (z+1)

2 log <(§+1W>
L e
12 + 19

Ty VR

6L%((£ +1) — 1)
(£+1)
(log(vaT) \ . (log(yaT)
‘O<T<1—\/E>>‘O( T )

when A5 is constant and does not scale with n. This concludes the proof of Theo-

(8.43)

rem 8.1.
8.4 Extension to Stochastic Optimization

The proof in the previous section can easily be extended to the stochastic case
where the data and thus the cost functions f(w,x;(t)) are generated i.i.d. from
some unknown distribution. In that case, at each iteration the gradient §(t) at each
node is just an estimate of the true gradient in the sense that E[§(t)] = g(t). We
assume however that noisy gradients have bounded variance i.e., E[||g;(t)|?] < L2.

In this setting, instead of equation (8.22), we have

Ty n
A =3 0>(ai0:90) — w')

n

Ty
=32 6050 —w

=1 i=1
Ty n
Z Z ), 7" (t) — w*). (8.44)

Now notice that Theorem 8.2 holds for noisy gradients §(¢) as well. Moreover, we

S

3\'—‘

have E[||g,(t)||] < L, and by Hélder’s inequality E[||g;(¢)|| [|g; (¢)]|] < L?. This yields

[H 1 1 Gi( H } < L?. Thus, invoking Theorem 8.2, if the new data and thus
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the subgradients are independent of the past, and since E[g;(t)] = g;(t), we have

E[A,] < 7)) = w[ | Thorl?

Zak 2
Ty 1 n
+ED =Y (git) — g:(t), 5" (1) — w™)]
t=1 " =1
—k *[|2 2
Hy (1) —w H TkakL
= ) 8.45
2a; + 2 ( )
Furthermore, the network error bound holds in expectation as well, i.e.,
B [|[7() - wi)|] <& [||50 - 2£0)|]
log (Tj,\/7) LYl a,T,
LapL————F— + 3a, L + —==——-. 8.46
s2apl— VoS + Sag T, (8.46)
Collecting all these observations we have shown that, in expectation,
7' (1) —w*|® L
E [Pt - F *]<“y k
(w"' ) (w ) - ZGka 2
log (Tyy/T) } 32 a, T
+ L2ay, |6——2YL 49| 4 =1 505 8.47
o | oI 2= (8.47

which, after using the update rules for a; and Tk, is exactly the same expression as

(8.37) so the final convergence rate result is again O <M> We note however

T(1-vA2)

that there may still be room for improvement in the distributed stochastic opti-
mization setting since [40] describes a single-processor algorithm that converges at
a rate O (%)
8.5 Concluding Remarks

In this chapter we have proposed and analyzed a novel distributed optimiza-
tion algorithm which we call Distributed Online Gradient Descent (DOGD). Our
analysis shows that DOGD converges at a rate O(M) when solving online,
stochastic or batch constrained convex optimization problems if the objective func-
tion is strongly convex. This rate is optimal in the number of iterations for the

online and batch setting and slower than a serial algorithm only by a logarithmic

factor in the stochastic optimization setting. The open question that remains is

159



whether a rate of O (n%) for strongly convex functions is attainable by a consensus

based distributed algorithm.
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CHAPTER 9
Summary and Open Questions for Future Work

This work is motivated by the plethora of large scale optimization problems
that arise more and more frequently in various domains from machine learning to
computational biology and finance. Many of these problems present extreme com-
putational challenges due to the sheer volume of data that needs to be processed.
Furthermore there exist situations where the data itself is distributed and collecting
it in a single location might be costly or violating data privacy. For all those reasons
distributed computing is becoming the method of choice for solving such problems.
Within the growing literature of different methods for parallel and distributed com-
putation, we focus on the general class of consensus-based distributed optimization
algorithms which are suitable for computer clusters and distributed computing over
general ad-hoc networks.

The starting point for this work is the fundamental realization that the differ-
ence between a network of n slow computers and an n-times faster single processor is
indeed the communication network. Any information exchange that takes place over
the network is in general orders of magnitude slower than the local processing speed
and especially in high-dimensional problems this communication cost can no longer
be ignored. This simple observation brings up the important role of the network.
In an attempt to understand this role, this thesis asks questions and contributes
answers in four different directions:

1. How can the communication cost be modelled and how does it affect the
scalability of different algorithms? Our results suggest that it is the trade-
off between communication and computation on a given system for a given
problem that is the defining factor. It is also shown that this tradeoff can
be exploited to achieve parallelization at the task level when solving multiple

optimization problems on the same network.

161



2. What are the properties of practical distributed optimization algorithms that
can work well in real network conditions? We identify three key properties
— averaging, one-directional communication and asynchronism — which as we
show are important to develop practical algorithms with guaranteed perfor-
mance even in the presence of communication delays and slow nodes in the
network.

3. What is the effect of communication delays? This work proposed models for
both fixed and time varying-communication delays. Those models are used
to analyze the effects of delays on convergence rates of different distributed
optimization algorithms.

4. What are the best achievable convergence rates of consensus-based distributed
algorithms? For this question the role of the network enters just through the
network topology and the results are valid even if the actual cost of communi-
cation was free. Our work bridges some of the gaps between the performance
of the best possible serial algorithms and their distributed counterparts.

For all of the work presented in the thesis, a conscious attempt is made to pro-
vide the necessary intuition, a theoretical analysis and explanation and experiments
in simulation or real clusters that match, illustrate and validate the intuition and
theoretical findings. However, this work in many ways only scratches the surface
and in many ways opens the door for many more and exciting questions that need
answers. Many of those questions have been mentioned at the end of each chapter.
Here we summarize a full list of possible future directions:

1. There is a growing literature in both consensus-based distributed algorithms
and also in parallel and hierarchical approaches that in many cases rely on
communication tools such as MapReduce which may lead to simpler algorithms
at the expense of restricting what an algorithm can do. The former class of
algorithms provides full flexibility to the programmer and tends to lend itself to
a more elegant theoretical analysis while the latter seem to currently exhibit
the most promising results in practice. The experiments on a small scale

(15 to 64 processors) in this thesis (see e.g., Section 5.6.3) seem to suggest
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that asynchronous consensus-based algorithms could be a good alternative in
practice and this is in agreement with the author’s personal correspondence
with practitioners. However, a large scale comparison of all state-of-the art
methods on the same problem using hundreds of machines is still missing from
the literature. Since this line of research is not purely theoretical but aims at
solving large scale real life problems, a fair comparison under real conditions
is becoming more and more necessary.

. There is a secondary effect related to the network that has not been investi-
gated in this thesis. We have focused on the optimization of separable prob-
lems which fortunately fit naturally in the framework of empirical loss mini-
mization. No assumptions were made about the individual component func-
tions f;(w) that reside at each node. However, the similarity of those functions
should somehow be important. For example if the minima of the components
are not located in the same place, without communication it is impossible to
converge to the true solution. However, on the other extreme, in a stochastic
optimization setting, if the data streams at the processors are i.i.d., then com-
munication is not necessary as each node individually will eventually converge
to the right solution. This naturally raises a question that merits some inves-
tigation in the future: Can we regulate the amount of communication based
on the similarity or dissimilarity of the objective’s components?

. Related to the previous point, in stochastic optimization scenarios each node
can individually reach the right solution given enough time. Thus, the purpose
of communication is to reduce the time it takes to reach the solution. In
Chapter 3 we saw that for a fixed dataset, using more nodes reduced the
computation cost per node and this computational benefit can be trade off
for the extra communication required when adding more processors to the
network. It is interesting to ask if the same conclusions can be drawn for
the stochastic setting. Notice that in that case, computation is the same
per node (one point gradient) regardless of the network size. However, with

more nodes, the network sees collectively more data in the same amount of
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time. Previous work has exploited this observation in combination with mini-
batches for variance reduction and perfect averaging to describe an algorithm
that achieves the optimal distributed convergence rate O (\/%), [28]. It is
still an open question whether the same rate is achievable by a consensus-based
algorithm.

. Most of the research on distributed algorithms has focused on first-order meth-
ods that only use gradient information. This is justified by the fact that first
order methods have a consistent performance even for high dimensional prob-
lems while they remain very simple. Simplicity is particularly important to
have any hope of transitioning to a distributed algorithm which is amenable
to theoretical analysis. However, despite the generality and minimal assump-
tions (convexity and Lipschitz continuity) required by first order methods,
many problems of interest are also smooth and thus second order information
is also available. In the serial algorithm literature, Newton methods [62] and
limited memory LBFGS methods [19] are known to convergence in very few
iterations. Furthermore, second order information can also be estimated and
be helpful in the stochastic setting [18]. It would be important to see if any
of those second order methods can be adapted to distributed optimization
settings. That would require understanding what kind of information needs
to be shared among nodes in an attempt to reach consensus. It is unclear if
the second order Hessian or pseudo-Hessian should remain a locally computed
quantity of if the extra communication of transmitting can yield computational
speedups and reduction of number of iterations.

. Finally, most of the literature so far has restricted to solving convex problems
since there is no ambiguity about the location of the optimum. However, in
practice there exist many real life problems in areas that range from from
protein folding in bioinformatics to reservoir optimization in the oil and gas
industry that are very computationally expensive and non-convex. Naturally,
distributed non-convex optimization would be very desirable. However, non-

convexity adds an extra degree of difficulty since it becomes hard to guarantee
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convergence even to a local minimum due to oscillations. Non-convex dis-
tributed optimization is a highly open and unexplored field that merits further

investigation.
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Appendix A: Proof of equation (3.16)

We are looking to derive a recursive relationship.To unclutter notation, assume
that d = 1 i.e., that all the DDA variables are scalars. Let us stack the local node
variables in a vector z = [21 - 2,|T and g = [g1 -+ gn]T. From (3.2) in matrix form

we have after back-substituting in the recursion

h—1
z(h+1) = Pz(h) +g(h) = P _g(k) +g(h) (9-1)
k=0
which can be generalized for s steps ahead to
s h—1
z(sh+1) =Y Y P"g((s — w)h+ k) + g(sh). (9.2)
w=1 k=0
So in general
Hy h—1 Qi—1
2(t) = PUg((Hi—wh+k)+ Y glt—Qi+k) (9.3)
w=1 k=0 k=0
Hy h—1 Qi—1
- Pl Hg((w—1Dh+k)+ > gt — Qi +k) (9.4)
w=1k=0 k=0
Hy—1h—1 Qi—1
— PHvg(wh+ k) + Y gt — Qi+ k) (9.5)
w=0 k=0 k=0

where H; = L%J counts the number of communication steps in ¢ iterations and
Q¢ = mod(t, h) if mod(¢, h) > 0 and Q; = h otherwise. From this last expression we

take the i-th row to get the result.
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Appendix B: Proof of equation (3.19)

If the consensus matrix P is doubly stochastic it is straightforward to show
that Pt — %11T as t — oo. Moreover, from standard Perron-Frobenius is it easy

to show (see e.g., [29])

llT - [Pt]i~

_ — 4T t
. | =23 -,

n ”

< v (Vi) (9.6)

TV

SO in our case H%IT — [PHt_w]i’:Hl <n (\/ /\Q)Ht_w. Next, demand that the right

hand side bound is less than /nd with 0 to be determined:

Hy—w log (071)
NARY2Y: <+vné = H; — —_— (9.7)
(V) " log (VA )

So with the choice 6=t = /nT,

1 . 1

- = < )

—1 [P L ¢x¢T 7 (9.8)
if Hp —w > % = t. When w is large and H; — w < ¢ we simply take

L7 — [PHf*“’L.: ’1 < 2. The desired bound of (3.19) is not obtained as follows

Hi—1 1
> o ||=1" = [PHv] |l hL 4 2hL
o In "l
w=0
Hy—i-1 1 Hi—1 1
T Hi— T H,—
= X —1f - [P + ) —1T [P | AL+ 2hL
w=0 Log, 1
(9.9)
Ht—f—ll Hi—1
<| > i Z? hL + 2hL (9.10)
w=0 Hy—t
H, —1 .
< =1L + 2ihL + 2hL. (9.11)

Since t < T we know that H; —t < T. Moreover, log (vX2)™! > 1 — /Ay. Using

there two fact we arrive at the result.

167



Appendix C: Proof of Theorem 6.1

Consider a graph G with a consensus protocol P. Given a set of canonical
paths I' = {7,y } on G we can compute the Poincaré constant K. If each link of G
delivers messages with some arbitrary fixed delay of no more than B, we will show
that the Poincaré constant K of G using the lazy additive reversibilization U of
P is bounded like K < ZK where Z = O(B?) We start with the definition of the
Poincaré constant for K and use the path associations discussed already to break the
sum over all paths into nine summands. Assume that there are N,,, canonical paths
in G that go through the bottleneck edge e = (v,w) of G and let the bottleneck
edge of G be @ = (u, z) where u is in the set v and z is in the the set w™. Let z,y
denote the starting and ending node of a path 7;. We have

A 1
K==

~——r (Tile > 0+ Telo = y7]+ Tela = ]

+Tylz” —»y |+ Tslx” =yl + e[z~ — y+]

+ Trlzt =y + Tela™ = y] + To[z™ — 7)) (9.12)
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with

N’U’LU

Ti= ) Pil#, (9.13)
i=1,ee5;
va

> Z (il + k)7, - (9.14)

i=1.66% jm_ B

b

‘ >

Nvw  deg(y) 5

Ty= Y. Z y%\ + k)Rt (9.15)

i=1l,eey; r=1

Nvw  deg(z
UEEDY Z Z Z (Rl +J + k)7, -7 (9.16)
i=1l,eey; h=1 jzf&k,_%
Nvw  deg(z

&
I

> Z Z ([l + )7, 7y (9.17)

i=1,eey; h=1 j:f

Nvv o deg(a)degly) 1 F
= > > > (1Rl +J + k)7, -7 (9.18)
i=1,6€5; h=1 r=1 jzf% k=1

Nvw ~1 ~1

Yoo > Y (Ril+i+k)Re7, (9.19)

1= 1766’72] BQ+ [{;7—3;

[
I

Nvw

Ts= ) Z ([7] + 5) Tt 7y (9.20)

i=1 eevzj:,ﬂ
2

Nvw deg BT

Ty= > Z Z (1Al 4+ k)Rt R pp (9.21)

i=leey; r=1 .__ Bt k=1
J=—73

To obtain a cleaner bound for K we assume that P is doubly stochastic, re-

calling that the stationary distribution of delay nodes is 7« < p7m, = 2= for

p = max;+;(P;;) and replacing * with either 4, —. Recall also that each path in
G corresponds to exactly one path in G. Below we show how to bound the term
Ts; bounds for all of the other terms defined above are obtained using similar argu-
ments. Observe that for every path v,, between compute nodes = and y, if v, goes
through a bottleneck edge e in G, then all the delay paths 7 that are associated

with 7., will go through € in the middle of the delay chain that replaces e. So, for
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term Ty we have

Nvw  deg(z) deg(y)

o< ). Z Z.i > (B 1) il 47+ k)

By
2

i=l,e€vy; h=1
x Ple Py (9.22)
C C
p2 NU’lU
<5 D deg(w)deg(y)
i=1,e€y;
B
x> (B+1) || +j +k)memy (9.23)
j:_g k=1

Now since all paths v; are at least one edge long, bounding the node degrees by the

maximum degree d,,q, in G gives

B
2 -1 3
p
Tt gc—QdZm > (B+1)+j+k)
j=—B k=1
va
x> |yl mamy (9.24)
i=1,e€vy;
p2d2 B34 B2 N
= gma: 0 Z V3| T2y (9.25)
c i=Lee:

Through a similar derivation, all nine terms can be bound by a constant times

vw . . . . 7
vaz 1e€y |vi| mxmy which appears in the expression for the Poincaré constant K

without delays (see (6.20)). To make the exact expression for K appear, we focus

on the leading term in (9.12) to see that

1 _ c _ 2 (9.26)
_Tw [U}uz;—[ﬁ]uzcg B WU([U]UZ +0)C .

2 2 1
-2 -2 . (9.27)

TyC C  TyPow

Tt [U]uz€?

Next, remembering that e = (v, w) is the bottleneck edge, after computing the exact

constants in all terms, we write K < ZK where Z is a function of the node degrees,
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edge delays and consensus matrix P. Specifically,

~ 2 3B% + 2B 5B% + 6B
K S pcvw (B+ 1) +pT +P dmaxT
B3 3B% + 2B B3 + B?
+p2dmax? +pdmaxT + deznaacT
N o B3 N 3B? +2B 2 B3+BQ]
1 N’U’LU
X > il mem, = ZK. (9.28)
ToPvw ;Y 2e.,
K

Finally, focusing on the expression for Z, after some algebra, we see that

7 =P 52242+ 3dimee + 1) B°

40 max

+ (8pdmmaz +p +8)B +8 (9.29)

which completes the proof.
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