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Abstract 

Ya Guo Renewable Resources 

The role of molecular rnixing (as opposed to molecular-collision transport) In 

the description of turbulent diffusion in continuum framework lS examlncd. This is 

done by c0mparing a new virtual fluid parcel treatmcnt wlth the classlcal flmd 

parti de treatment of the BMDFE (BasIc Macroscoplcally Dt'scribable Fluid 

Element). It is found that the classical fluid particle treatment concrptually 

excludes molecular mixing between different BMDFEs, due to Hs postulated 

constraint that indlvidual BMDFEs maintain their integrities in motIOn The new 

virtual fluid parcel treatment, on the other hand, conceptually ineorporates 

molecular mixing between different BMDFEs, by relaxing this constraint to permit 

disintegration of individual BMDFEs. The main improvement made by the new 

virtual fluid parcel treatment lies in the introductIOn of a feedback mechamsm in 

the form of physically coupled disintegration and integration of the BMDFEs. This 

improvement suggests that molecular mixing 15 a controlhng agent of the rnIxing 

mechanism in every time-step of turbulent diffusIon, whose sigmficancc would 

increase cumulatively. By applying the two treatments to the evolution of the 

diffusion cloud on the level of single time-step diffusion redistribution, it is shown 

that molecular mixing persistently and .:umulatively influences the evolution of the 

diffusion cloud by reducing the diffusIOn (. tnbution variance. ThIS indlcatcs that 

the exclusion of molecular mixing in the classlcal fluid particle treatment would 

lead to a potential mathematical-physical inconsistency in the descriptIOn of 

turbulent diffusion by exaggerating the dIffusion distribution variance. The results 

of this analysis are qualitatively supported by experiments of passive scalar 

diffusion in water flow with moderate turbulence intensity. As a prehmmary test, a 
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Abstract iii 

simplified numencal modeling of scalar diffusion based on the virtual fluid parcel 

treatrrfmt 1S executed in two wind tunnel models. In this case, measurements are 

used to dtrectly estlmate the fractional redistribution density of the scalar so as to 

bypass technical difficultles in solving the disintegration equation. The numerical 

predictions show general agreement with experimental observations. 
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Résumé 

Ya Guo Ressources Renouvelables 

Le rôle de l'échange moléculaire (échange de molécules par contraste avec la 

'diffusion moléculaire' par collisIOn) est examinr dans la deSCrIptIOn de la dIffusIOn 

turbulente en cadre contInU. Une nouvelle méthode, basée sur des 'rll'm('nts 

virtuels' du fluide, est comparée à la méthode classique de la drscriptlOn du 

BMDFE (élement de base pour la description macroscopIque du flUIde) Cette 

description classique exclué, par la contramte que le BMDFE malOtirnne son 

intégrité le long des traJectoues, tout échange de molécules parmI les BMDFE. Par 

contre, l'échange moléculaire est lIlcorporé dans la nouvelle d('scnptlOn 'virtuelle', 

permettant la desintégration des BMDFE. CecI est exécuté, du pOInt de vue 

technique, par un feed-back d'intégrations et de desmtégra.tIOns des DMDFE. Cette 

modification suggère que l'échange moléculalIe mfluence mème la dIffuSIOn 

turbulente à chaque intervalle de temps, avec une importance cumulative 

croissante. En appliquant les deux méthodes à la dlffuslOn d'un scalalfe passif au 

niveau de redistribution continue de la concentration dans chaque intervalle de 

temps, on constate que l'échange moléculaire, de façon persistente et cumulative, 

influence le processus de diffusion, en réduisant la variance de la distribution de la 

concentration. Ceci suggère que l'exclusion de l'échange moléculaire par le 

traitement classique devrait mener à une mconsistence dans la description 

mathématique, par ra.pport aux réalités physiques, en exagérant cette variance. Les 

conclusions de cette analyse sont supportées par des expériences de diffusion d'un 

scalaire passif dans un courant d'eau avec intensité de turbulence modérée. Comme 

essai supplémentaire et préliminaire, une simulation numérIque SImplifiée de la 

diffusion turbulente est également comparée à la simulation expérimentale exécutée 
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avec deux modèles de soufflerie. Dans ce cas, des observations expérimentales de 

vélocité servent à l'estimation approximative de la densité de redistribution du 

scalaire, évitant des difficultés techniques dans la solution de l'équation de 

desmtégration. En général, les simulations numériques se conforment aux 

simulations expénmentales. 



Acknowledgements 

The author wishes ta extend hls sincere gratitude to Dr P H. f.churpp, the 

research supervisar, for his continued support, advice, encourag('m('nt and 

assistance, and to Dr. N.N. Barthakur, {or hiS encouragement and assistance dunng 

the course of thiS sturly 

The author wishes ta express his sincere appreciatlOn to Dr. P.J Sulli van 

(Applied MathematIcs, University of Western Ontano) for helplOg to danfy the 

concept of molecular mixing, and to Dr. A.S. Mujumdar (Chemical Engm(lcring, 

McGill University) and Dr. V.M. Canuto (NASA Goddard Space Fhght Center, 

New York) for their encouragement. Constructive or critlcal comments by Dr. S B 

Pope (Mechanh.:al and Aerospace EngineerIng, Cornell University), Dr. Y Chen 

(NASA Goddard Space Flight Center, New York), Dr. P. Durbin (NASA Ames 

Research Center, Cahfornia), Dr. G.W. Thurtell (Land Resouree SCIence, 

University of Guelph), Dr. J.W Dèardorff (Atmospheric Sciences, Oregon State 

University), Dr. P. Taylor (Pure and Apphed Science, York University), Dr. J 

Hunt (Applied Mathematics and Theoretical Physics, University of Cambridge) 

and Dr. J.M. Chen (Geography, University of Bntlsh Colombla) were also 

appreciated. 

The author gratefully acknawledges the financial support from the Natural 

Sciences and Engineering Research CauncIl of Canada, from McGIll University in 

the form of tuition waiver, from the McGill UmversIty Computmg Center for 

non-funded computing ~ime and from the Department of Meteorology of McGilI 

University for the hospitable charge-free access to their computer. 

The author is indebted to Dr. G.R Mehuys, Dr. R.D. TItrnan and ML P 

Kirby of Renewable Resources, Dr. W.D. Marshall of Agricu1tural Chemistry and 

vi 



Acknowledgements vu 

Food Science and Dr. M.Y. Leclerc (Uruversity of Quebec) for theu help during 

this dudy. 

Special thanks are extended ta Ms. G. Pelletier and Mr. S. Kaharabata who 

helped wlth quahty jobs of data collectivIl and processing ln the water tunnel 

experiments, and ta my other fellow graduat.e students, Mr M. Duncan, P. 

Caramori and Z Lm, for their good humour, interest and encouragement, as weIl 

as ta the community of the Department of Renewable Resources for Hs friendly 

atmosphere. 

My deepest gratItude is extended ta my dear wife Ymg for ber love, patience, 

understanding and bearing tbe famlly burden during the course of this study, and 

ta my mother-m-Iaw Mian Sun for ber love and belp during tbe most rufficult time 

of this study. 



• Contribution to Knowledge 

This the"i~ examInes the effect of molecular mlxing on turbulent rliffuslOn in 

continuum framework, through companson of the fundamental conceptuahzatlOn 

(or mathernatlcal treatment) of the BMDFE lBaslc ~larrosroplcally Describable 

F!uid Element), with and wlthout consIderatIOn of molecular tIllxmg '1'0 thr 

author's knowledge, the followmg aspects of the thrsls constItute origmal 

contnbutIOns to knowledge. 

1. Molecular collisIOn-transport and molecular mixmg are conceptually 

distingUlshed. Molecular collisIOn-transport is a process mvolving transport of 

physical propertIes (such as momentum, heat, etc) throllgh surface contact 

between dIfferent BMDFEs, whlle molecular mlxing is a process involvmg exchange 

of individual molecules, carrymg physlcal propertles across the boundaries of 

dIfferent BMDFEs. 

2. The randOffilzation of the classical fluid partlcle treatment of BMD FE IS 

shown not ta alter the fact that molecular mlxing IS excluded by thIS treatment, 

because it does not change the nature of the postulated flUld partlcle moving as an 

entity. 

3. Based on the c1assIcal random fluid parti cie treatment, the Lagranglan and 

Eulerian variables in the ensemble of realizations of a turbulent flow are shawn to 

be related by statistical multi-to-one Lagranglan-Eulenan transformatIOns, mstead 

of one-to-one transformations. The multI-to-one Lagrangian-Eulerian 

transformations deny the statlstlcal eqUlvalence between the Lagrangian variables 

of a single fluid particle and the Eulerian variables at one space-tlme point. 

4. According to the statistical mu1tl-to-one Lagrangian--Eulenan 

transformations, turbulent diffùsion under the classlcal randorn fluid particle 
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Contribution to Knowledge IX 

treatment cal' only be described :ts random fluid particle dispersions, in the form of 

statistical supernnposltions of contributions from individual flmd particles. The 

limitations of this descf1p~ion, wlth its lack of a feedback mechanism in the 

statlstlcal supenmposItlons, IS demonstrated 

5. A new vutual flUld parccl treatment of BMDFE 15 propo&ed to extend the 

classical flUld partic1e treatment The new treatment conceptually mcorporates 

molecular mixmg by perrnittmg dismtegration of mdl vidual BMDFEs. 

6. The main lmprovement madz by the new treatment in the descript.ion of 

turbulent diffusion 18 the mtroductlOn of a feedback mechanism in the form ot 

physlcally coupled dlsmtegration and integratioll of the BMDFEs This 

improvement suggests that molecular mixing could be a controllmg agent of the 

ffilxmg mechamsm in every time-step of turbulent diffusion, whose significance 

would be cumulatively increased. 

7. A companson of the new and c1assical treatments in applicatlOn to the 

diffusion cloud evolution, wlth experimental support, suggests that molecular 

mixing perslstently and cumulatively mfluences diffusIOn by reducing the diffusion 

distnbutlOn variance. Tlus means that due to the exclusion of molecular mixing, 

the classical fluid particle treatment must be expected to exaggerate th~ diffusion 

distribution vanance. 

8. A first test of the new treatment 18 presented by comparing simplified 

numencal modeling of scalar turbulent diffusion against experimental observations 

of diffusion In two wind tunnel models. The numerical predictions show a general 

agreement with the experimental observatIOns. 
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General Introduction 

Understanding the role of microscopie molecular mixing in turbulent fluids is 

important to the description of the Ieal diffusion, mixing, dilution, combustion and 

chemical reactions in turbulent fJJws. It has been given increased attention in 

recent years (Pope 1979; Chatwin & Sullivan 1979; Durbin 1980; Hunt 1985; 

Sawford & Hunt 1986; Stapountzis et al. 1986; Kaplan & Dinar 1988; Chatwin & 

Sullivan 1991). This renewed discussion should not be regarded as a simple review 

of the oid issue abo~t the comparison between molecular collision-transport and 

turbulent transport. 

In the continuum perception of real fluids, molecular diffusion in general may 

involve two different pro cesses: One is collision-transport, described by molecular 

kinematic and scalar viscosities Il and K, (collision-transport coefficients for 

momentum and scalar), through which the collision-transportable physical 

properties (such as momentum, heat, etc.) ar.e transmitted, by conta.ct, between 

fluid elements. The other is mixing through which individual mole cules carrying 

physical properties are exchanged from one fluid element to another. The 

distinction between these two processes will become clear later in the study and the 

terrninology (possibly inappropriate) may be subject of further debate. Although 

the flrst process may have been intensively studied and weIl understood, there is 

still something to be learned about the second process. 

Consideration of molecular mixing in the description of turbulent diffusion in 

continuum framework would introduce additional difficulties into the 

conceptualization (or mathematical treatment) of the BMDFE (Basic 

Macroscopically Describable 'Fluid Element). Because of the easeaded transport of 

turbulent energy from large seales down to fine scales, the BMDFE, as the starting 
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General Introduction 2 

point of the description in continuum mechanics, may face dlsintcgratlOn of Its 

integrity in turbulent fluids (Durbin 1980) UltImately, the rcal mlXlng in 

turbulent fluids takes place through molecular mixmg, or thraugh molecular 

diffusion in general, at fine scales, irrespective of the macroscopic flow character 

(Chatwin & Sullivan 1991). 

Although the contnbutIOn of molecular mixing to t'.e large-scale tra.nsport of 

physical properties rnay be relatively small, its effect in smoothmg fine-scale 

structure enhanced by turbulent motion should not generally be neglrctcd, as 

realized by the previous studies (Chatwin & Sullivan 1979; Durbin 1980, Hunt 

1985; Sawford & Hunt 1986; Stapountzis et al. 1986; Kaplan & Omar 1988; 

Chat win & Sullivan 1991). Molecular mixing may continuously cause dismtrgratlOn 

of "old" BMDFEs, and hence integration of "new" BMDFEs in turbulent fluids, 

and may essentially become a persistent controlling agent of the mlxmg 

mechanism. 

In this thesis, an attempt is made to explain the raIe of molecular mlxing as 

snch a controlling agent in the description of turbulent diffusion in continuum 

framework. Emphasis is on comparison of different conceptu~I treatments of the 

BMDFE, excluding and including molecular mixing. Turbulent diffusion, in thls 

context, is lpplied broad1y to the transport phenomena of both vector and scalar 

physicaI properties. The bulk of the work is covered in three studles glven m the 

first three chapters: (Part 1) A critical investigation of the classicai fluid partlcle 

treatment of the BMDFE and its potentiaI limitation in f,he descnptlon of 

turbulent diffusion due to exclusion of molecular mixing; (Part 2) An exploratory 

proposai of a new "virtual fluid parcel" treatment of the BMDFE with 

incorporation of molecular mixing, and examination of Its formai impro\'ement in 

the description of turbulent diffusion; (Part 3) An attempt to cl ari fy , analytically 



General Introduction 3 

and experimentally, the effect of molecular mixing on turbulent diffusion, by 

cornparing the application of the c1assical and new treatrnents to the evolution of 

the diffusion cloud. 

As a prehminary trial, a simplified nurnerical modeling of scalar diffusion 

based on the virtual fluid parcel treatment, and associated experirnental tests, are 

presented in the last chapter (Part 4). 
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Pari 1. The Limitation of the Fluid Particle Treatment 

Abstract 

The classical fluid particle treatment of the BMDFE (Basic Macroscopically 

Describable Fluid Element) in continuum framework, and its description of 

turbulent diffusIon, are critically examined. It is found that the fluid particle 

treatment exclu des molecular mixing between different BMDFEs. The 

randomization of the fluid particle is shown not to allevIate this fact because it 

does not change the nature of the postulated fluid particle moving as an entity. 

Instead, it leads to the statistical multi-to-one Lagrangian-Eulerian 

transformations which deny the statistical equivalence of the random Lagrangian 

and Eulerian variables in turbulent flows. 

Accordmg to the statistical multi-to-one Lagrangian-Eulerian 

transformations, turbulent diffusion under the random fluid particle treatment can 

only be described as random flmd particle dispersions, processed in the sta.tistical 

superimposition of the "shadow-like" ensemble mean contributions from individual 

fJuid partic1es. The non-feedback mechanism in this description may lead to a 

potential mathematical-physical inconsistency in the understanding of turbulent 

diffusion in real turbulent fluids, because the mixing between real BMDFEs, caused 

by molecular mixing, do es not lend itself ta such superimposition. 
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Part 1 6 

1. Introduction 

The conceptualization (or mathematical treatment) of the Basic 

Macroscopically Describable Fluid Element (BMDFE) is a pnmary problem In the 

description of turbulent diffusion in continuum framework. The BMDFE has lw('n 

classically defined as the fluid particle WhiCh mamtams its mtegnty m motIon 

However, due to molecular mixing, molecules may cross the boundaries of dlffcrcnt 

BMDFEs. When this process has had a slgnificant cumulative effec.t, 1t becomc>s 

meaningless to refer to the classical concept of flUld partlcles and to conslder mass 

contained within the same individual fluid particles (Chatwm & SullIvan 1979). lt 

is then reasonable to conjecture that the non-consideratJOn of this aspect by the 

classical description, based on the fluid particle treatment, may lead ta dlfficllltH'S 

in the interpretation of turbulent diffusion mecharusms in [cal flUlds 

In this study, we attempt to explore the above conjecture through a critical 

examination of the classical fluid partlcle treatment, and ltS potentlallimItation 111 

the description of turbulent diffusion due to exclusion of molecular mlXlng 

Discussion will be restricted ta incompressible fluids for reason of simpliclty, 

without jeopardizmg the validity of the basic argument. 

2. Review of the fluid partlcle treatment 

2.1. The fluid particle treatment 

Real fluids are composed of individual molecules and th us discrete when considered 

microscopically at the molecular level. These molecules usually eXlst separately, 

with separation distances that are large compared to theu Slzes In flmd mechanics, 

generally in continuum mechanics, attention is primarîly pald to the macroscoplC 

phenomena of fluid motion, where detaHed properties of mdivldual molecules neecl 

not be taken into account. Instead, the average effects of many molecll)es are of 
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interest. Thererore, except for special situations such as gases at low pressure, 

where intermolecular distances approach the characteristic dimensions of the 

problem, a continuum hypothesis is applied, that treats a fluid as a macroscopically 

continuous medium composed indiscretely of the BMDFEs (Lamb 1932; Townsend 

1956; Longwell 6-7pp 1966; Pao 6-7pp 1966; Batchelor 1967; O\Vczarek 3pp 1968; 

Mironer, 10pp 1979; Lu llpp 1979; Massey 3pp 1983; John & Haberman 9pp 1988). 

Under this hypothesis, the macroscopic physical properties of a fluid, such as mass 

density P, velocity V, and mass-specific concentration C of any other scalar, are 

assumed to vary continuously in space X and time t, described by the Eulerian 

variables PE(X,t), V E(X,t) and CE(X,t), respectively. 

The classical definition of the BMDFE in continuum framework lS based on 

the fluid particle treatment, subject to the following assumed constraints: On the 

one band, it has dimenSIOns that are large compared to the separation distances 

between molecules, so that the macroscopic physical properties of a fluid can be 

reasonably defined and measured by averaging molecular properties within that 

element. On the other hand, its dimensions are sufficiently small compared to the 

distance over which the macroscopic physical properties of the fluid may change 

significantly. It can then be regarded as a point-like "particle" of uniform state in 

space, relative to the macroscopic flow scale, moving as a whole in motion (Pao 

7pp 1966; Owczarek 3pp 1968; Monin & Yaglom 528pp 1971; Lu llpp 1979; 

Mironer lOpp 1979; Richardson 3-4pp 1989). 

The description of the physical behaviour of an individual fluid particle 

necessarily involves, implicitly or explicitly, the Lagrangian variables of a fixed 

entity. They include the Lagrangian trajectory XL(Xo,t), mass density 

PL (X1/'j Xo,to)' velocity V L (XL,tj XOI~O)' and mass-specific concentration 

CL(XL,tj Xo,to) of any other scalar of an individual fluid particle identified by its 
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initial position Xo at initial time to' 

Here PL (XL,tj Xo,to), V L (XL,t; Xo,to) and CL (XL,tj Xo,to) are purposely written in 

the explicit forms of ~ in order to emphasize th(t.t the Lagrangian variables of 

physical properties are defined by following the trajectory of the same fluid 

particle. They explicitly denote the Lagrangian mass density) vclocity and 

mass-specific concentration of any other scalar of the flUld particle Xo when it 

appears at position XL at time t. The argument XL in these variables is a function 

of time t, given as XL(Xo,t). These notations, which should not be considered to be 

different from the conventional implicit-in-XL notations such as PL(Xo,t), V L(Xo,t) 

and CL(Xo,t), can bring convenience to the following analyses. 

2.2. The conservation principles 

A major advantage of the fluid particle treatment may lie in the convenience it 

offers for the mathematical formulation of changes of physical properties of fluids. 

Under this treatment, a fluid is visualized as a group of fluid p:},rticles which, in 

sum, produce a macroscopically continuous medium. Smce each fluid particle in 

this medium is assumed as a point-like system moving as a w"lole, the conservation 

principles of classical particle mechanics are readily applied to it (Lamb 1932; Pao 

1966; Batchelor ]967; Massey 1983; Richardson 1989). 

The conservation of mass expresses the constancy of material of a fluid 

particle during its motion. In vector (printed in bold face) form, it is written as 

(2.1) 

where t5XL is the volume of the fluid particle Xo at position XL at time t. 

Suppose the fluid partide Xo has its position XL(Xo,t) at time t. At time 



Part 1 9 

t + dt, it moves to another position ~ + d~ along its trajectory. In this process, 

the change of its mass density due to advection would be 

and the change due to tirne would be 

so, the total change rate would be (Pao 15pp 1966) 

(2.2) 

where VZL is deI operator with respect to XL. 

Considering also that 

(2.3) 

(2.1) can be written in the conventional form 

(2.4) 



--------------------------............ .. 
In an incompressible fluid, ~ should be kept constant, Le. 

or 

6XL = ôXo 

6Xo is the volume of the fluid particle Xo at initial tim~ to' 

Then, (2.4) becomes 
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d 8 
ëlIPL(XL,tj Xo,to) = orPL(XL,tj Xo,to) + (V L(XL,tj Xo,to)' VXL)' PL(~,tj Xo,to} 

=0 

(2.5) 

whlch indicates that mass density of an individual fluid particle is kept constant 

during motion in an incompressible fluid. For convenience of identification in the 

subsequent analysis, however, we retain the original notation as PL(~,tj Xo,to)' 

Similarly, the conservation of momentum o! a fluid partic1e is expressed by 

Newton's Second Law 

d 8 
ëlIVL(XL,tj Xo,to) = orVL(XL,tj Xo,to} + (VL(XL,tj Xo'tO)·VXL)VL(~,ti Xo,to) 

= GL \~,ti Xo,to} + v· V~. V L (XL,tj Xo,to) 

(2.6) 

Here GL (XL,ti Xo,to) is the Lagrangian external mass-specific source strength of 

momentum exerted on the fluid particle Xo at position XL at time t. 1/ is the 

molecular kinematic viscosity (or the molecular collision-transport coefficient for 
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momentum). V~ is the Laplace operator with respect to XL' 

The conservation of any other scalar of a fluid particle is then expressed as 

d a (ffCL(xL,ti Xo,to) = OïCL(~,ti Xo,to) + (VL(XL,ti Xo,to)oVxl)oCL(~,ti Xo,to) 

= SL(XL,ti Xo,to) + KoVloCL(XL,ti Xo,to) 

(2.7) 

where SL (XL,ti Xo,to) is the Lagrangian external mass-specific source strength of 

scalar exerted on the fluid particle Xo at position XL at time t, and II: is the 

molecular scalar viseosity (or the molecular collision-transport coefficient for 

scalar). 

Combining (2.5) into (2.6) and (2.7), we have the following convenient for ms 

of conservations of rnornentum and any other scalar of a fluid partic1e in an 

incompressible fluid: 

a 
1Jï"'L(xL,tj Xo,to) + (VL(~,t; Xo,to)oV:xjo"L(XL,tj Xo,to) 

= HL (~.tj Xo.to) + Vo V~ 0 "'L (XL,t; Xo,to) (2.8) 

a 1Jï'l1L(xL,tj Xo,to) + (VL(XL,ti Xo,to) 0 Vxt} I{IL(XL,tj Xo,to) 

= EL(XL,t; Xo,to) + 1\:0 vil ol{lL(XL,tj Xo,to) (2.9) 

In these two equations, the second order derivative of mass density PL(XL,tj Xo,to} 

along the trajectory ~ is negligible for ordinary fluids. "'L(XL,tj Xo,to)' 

HL (XL,tj Xo,to)' I{I L (XL,t; Xo,to) and EL (~,t; Xo,to) are the eorresponding volumetrie 

measurements of the Lagrangian variables V L' GL, CL and SL' respectively, e.g. 
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2.3. The potentiallimitation 

When a real fluid, either a liquid or agas, moves. Its constituent molecules may 

continuously change their positions relative to one another. In a hqmd, although 

the forces of attraction between molecules are sufficient for macroscoplC cohesIOn, 

the molecules can still move past one another to find new neighbours. In a gas, the 

forces of attraction between molecules are, ih generaI, neghgible 50 that the 

molecules are almost free to travel away from one another untIl collision (llatchelor 

1967; Massey 1983). Therefore, both liquid and gas, cannot aVOld mixing of 

molecules across the boundaries of different fluid elements during motIOn. This 

molecular mixing could contribute to the disintegration of the BMDFEs in 

turbulent flows (Durbin 1980a). 

The structure of molecular mixing in turbulent fluids may have been imphcitly 

described by the cascaded breakdown of eddies to smaU scales proposed by 

Richardson (1922) and developed by Kolmogorov (1941). According to their 

descriptions, d. fully-developed turbulence at sufficiently large Reynolds number 

would be composed of eddies down to the molecular scale. Ultimately, the real 

mixing in turbulent fluids takes place through molecular mixing at fine scales, 

irrespective of the macroscopic flow character (Chatwin, SullIvan & Vip 1990, 

Chatwin & Sullivan 1991). Molecular mixing could occur, e.g. at the conduction 

1 
cllt-off length seale (K,3f t)l (Batchelor 1959; Batehelor, HoweUs & Townsend 1959), 

which is of the order of 10-4 - 10-3 m in most flows, with f the dissipation rate of 

turbulent kinetie energy. 
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Considering molecular mixing in real fluids, molecular diffusion in general 

should involve a mlxing process through which individual molecules carrying 

physical properties are exchanged from one macroscopic fluid element to another. 

Unfortunately, this process has not so far been lllciuded in the fluid partide 

treatment accordmg to Hs definition. This makes for an unsatisfactory description 

of molecular diffUSIOn under the fluid partIcle treatment, as explained below. 

With the second constraint of the fluid particle treatment met (see Section 

2.1.), the term Il' vt -DL (XL,tj Xo,to) ln (2.8) can only be interpreted as the 

molecular transport of momentum through surface collision between adjacent fluid 

particles of different velocities, without actual exchange of molecules between these 

fluid partic1es. Similarly, for any collision-transportable scalar such as heat, the 

term K;' V~, WL(XL,tj Xo,to) in (2.9) can only be interpreted as the molecular 

collision-transport of scalar through surface contact between adjacent fluid 

partic1es of different scalar concentrations. In these processes, however, the 

molecular collision-transport is by no means considered to cause exchange of 

molecules across the boundaries of different fluid particles. As shown in the mass 

conservation equation (2.5) of a fluid particle, where a fluid particle is assumed as 

a point-like system moving as a whole, exchange of molecules between this fluid 

particle and adjacent fluid partic1es is ignored in the first place. This is reflected by 

non-existence of a molecular mass transport term in the equation. Therefore, the 

c1assical fluid partic1e treatment could inherently surfer from a potential limitation 

of excluding the real physical process of molecular mixing (as opposed to 

collision-transport) between different BMDFEs in turbulent fluids. 

The p"ocess of molecular collision-transport inter acting with turbulent 

transport (generally referred ta as "molecular diffusion" and "turbulent diffusion") 

has been studied by Saffman (1960) and many others (see Manin & Yaglom § 10.1 
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and § 10.2 1971), based on the diffusion equation similar to (2 9) in absence of the 

external source. According to their basically intuitive analyses, It has been 

suggested that the influence of molecular collIsion-transport on the evolutIOn of the 

diffusion cloud is negIigible in companson with turbulent transport, for long 

diffusion times and sufficiently large Reynolds numbers. However, the parallel 

process of molecular mixing has not yet been given much attentIOn. 

3. The randomization supplement and the Lagranglan-Eulerian transformations 

3.1. The randomization supplement 

The randomization of fluid particles provides an important supplement to the fluid 

particle treatment in the statistical approach to turhulent diffusion in continuum 

framework. With this supplement, the Lagrangian trajectory XL(Xo,t), mass denslty 

PL(~,tj Xo,to), volumetrie concentration of momentum iL(XL,tj Xo,to) and 

volumetrie concentration of scalar '*' L (XL,tj Xo,to) of a fluid particle In turbulent 

flows are treated as random processes. Correspondingly, the Eulerian mass density 

PE(X,t), volumetrie concentration of momentum iE(x,t) and volumetrie 

concentration of scalar WE(X,t) are treated as random fields. A turbulent flow is 

then statistically described as random motions of a group of fluid partlcles, where 

the observed values of either the Lagrangian or the Eulerian variables may differ in 

repeated experiments under the same conditions. 

The complete set of values obtained in all repeated experiments is consldered 

as an "ensemble" and each value obtained in one experiment is considered as a 

"realization" chosen under a certain probability from this ensemble (Taylor 1921, 

1935; Von Karman 1934j Millionshchikov 1939j Kampé de Fériet 1939). This 

random fluid particle treatment has, up to now, been generally used in the classical 

theory of turbulence (Kolmogorov 1942j Batchelor 1953; Obukhov 1954; Lin 1955; 
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Townsend 1956; Hinze 1959; Chandrasekhar 1961; Pasquill 1962; LUJIÙey & 

Panofsky 1964; Longwell 1966; Monin & Yaglom 1971; Csanady 1973; Massey 1983; 

Lesieur 1987) 

However, it should be born in mind that the above randomization supplement 

does not help to reduce the potential limitation of the fluid parti de treatment in 

excluding molecular mixing between different BMDFEs in turbulent fluids, since it 

does not change the nature of the postulated fluid particle moving as an entity. 

3.2. The Lagrangian-Eulerian transformations 

In each realization of a turbulent flow, both Lagrangian and Eulerian variables can 

be regarded as single-valued ordinary variables under a certain probability. As 

such, they should satisfy the one-to-one Lagrangian-Eulerian transformations 

under the continuum hypotheses, i.e. the Lagrangian variables on the trajectory 

~(XOlt) of a fluid particle at time t must be identical to the corresponding 

Eulerian variables at the fluid particle's position XL at that time. 

However, the exact determination of these variables in individual realizations 

of a real turbulent flow is practically impossible because they strongly depend on 

the details of initial and boundary conditions which may never be known with 

5ufficient precision. Moreover, the structure of a turbulent flow may be 50 complex 

that the solution for any single realization, which may not always correspond to an 

actually observed flow, may be useless for practical application (Monin & Yaglom 

1971). 

Nevertheless, the random fluid particle treatment for a turbulent fluid implies 

the transition from the consideration of a single realization of a turbulent flow to 

the consideration of an ensemble of realizations of that turbulent flow. As a 

consequence, only the ensemble characteristics of the :Ouid dynamics are of interest, 
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instead of their exact values in individual realizations. With this implication, the 

relations between the random Lagrangian and Eulerian variables in a turbulent 

flow might be presented differently from the one used for a single reahzatlOn, WhlCh 

is analyzed as follows. 

Generally, the Lagrangian volumetric concentration of momentum 

"L(XL,ti xoi,tO) of the zth fluid particle XOi is a random variable dep<,nàent on the 

random trajectùry ~(Xo/) of that fluid partlcle. (Here the subscript 1 = 1,2,3 .. 

reflects a discrete form chosen to exphcitly label Xo as the 2th flUld partlcle m 

space, for convenience of expression only. It should not be mterpreted as a 

violation of the continuum hypothesis.) The random trajectory XL(Xoi,t) at a given 

time will choose the space positions as its realizations from an ensemble that could 

possibly cover the whole flow space: 

(3.1 ) 

Here the continuous space coordinates X is again purposely written in the discrete 

form Xj (j = 1, 2, 3 ... ) to explicltly label X as the fth realization of XL(XOi,t) in its 

ensemble, for convenience of expression only. 

To each realization position Xj of the random trajectory XL(X01,t) at a given 

time t, there corresponds a "L(Xj,ti Xoi,tO) in "L(~,'ti Xoi,to), which should also be a 

random variable of itself with its ensemble of realizations expressed as 

(3.2) 



r . 

l _ 

Part 1 17_ 

(k = 1, 2, 3 ... ). 

Overall, the value of the random Lagrangian volumetrie concentration of 

momentum "L(XL,tj Xoi,to) should be chosen from the following ensemble of 

realizations: 

} 
(3.3) 

where its overall ensemble of realizations is composed of all the sub-ensembles for 

different realization positions of the random trajectory ~(Xo/) of the given single 

fluid particle Xo. at a given time t. 
1 

For any combination of the realizations from ensembles (3.1) and (3.2), there 

should exist a joint probability density P<"L ,Xj,tlxo.,to) for the unit volume fluid 
k 1 

particle XOi to appear at position Xj at time t and have an unit value of the 

volumetrie concentration of momentum "L . 
k 

AlI the joint probability density values for all realizations of the random 

variable "L(XL,tj X%), combined with the random trajectory XL(Xoi,t) of the 

given fluid partic1e XO" should then be given in the following value set 
1 
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} 
(3.4) 

(3.5a) 

Here P("L
k 

1 Xj,tj Xoi,to) is the conditional probability density for the fluid particle 

XOi to have an unit value of the volumetrie concentration of momentum "L
k 

wh en 

it appears at position X
J 

at time t. P(Xj,t 1 X%) is the probability density for the 

unit volume fluid particle Xo. to appear at position X
J 

at time t. They should 
1 

satisfy the normal restrictions under the continuum hypothesis: 

III 

.~ P(xJ.,tlxo.,to)·dXo. = 1 
l : 1 1 1 

(3.5b) 

III 

.~ P(xJ.,tl Xo.,to)·dXJ. = 1 
J = 1 1 

(3.5c) 
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(JI 

L; P(iL / XJ,t; Xo.,to)· dt?L = 1 
k=1 k l k 

(3.5d) 

(JI (JI 

.~ ~ P("L ,XJ.,t/XO.,tO)·d"L ·dXO. = 1 
l:lk:l k l k 1 

(3.5e) 

where dXO. (= dXJ ID an incompressible fluid) is the volume of the fluid partic1e 
1 

XOi' and d"L
k 

is the differentlal increment in the volumetrie concentration of 

momentum of the fluid particle Xo. at position XJ at time t. Here, we change the 
1 

original notations OXo. and OXj to dXo. and dXj for teebIÙcal convenience of 
1 1 

expression. Hopefully, this would not confuse the fluid particle volume with the 

trajeetory inerement, in the remaining analysis. 

By comparison, the Eulerian volumetrie concentration of momentum "E(Xj,t) 

at a given space-time point (XJ,t) (j = 1, 2, 3 ... ) is simply a random variable at 

that given point, with its ensemble of realizations expressed as 

} 
(3.6) 

where "E. (Xj,t) is the kth reali?:ation of "E(Xj,t) in its sub-ensemble at the given 
lIk 
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space-time point (Xj,t) contributed by the 'tth fluid particle XOo ' (i, k = 1,2,3 000)0 
l 

The overall ensemble of realizations of "E(XJ.t) is then composed of aH the 

sub-ensembles at the given space-time point (Xj,t) contributed by different flmd 

particles Xo 0 in the flow 0 
l 

As mentioned before, in each realization of a turbulent flow, the Lagrangian 

variable "Lk(Xj,ti Xo1o,tO) and the Eulenan valÎable "E (xJ(Xoo.to},t) must be 
lIk 1 

identical to ca ch other with one-to-one transformation under the continuum 

hypothesis, so that (306) can be further expressed as 

} 
(307) 

AlI the probability density values for aU the realizations of the random 

Eulerian variable "E(Xj,t) are then given in the following value set 

} 
(308) 
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According to probability theory, two random variables are said to be 

statistically identical if and only if they have identical ensemble of realizations and 

identical probability distribution. Generally, the two conditions are not satisfied by 

the random Lagrangian variable "L (~,tj xoi,to) and the random Eulerian variable 

"E(XJ,t). In faet, the two random variables have different ensembles of realizations 

and different probability density distributions if we compare (3.3) with (3.7) and 

(3.4) with (3.8). Therefore, although the instantaneous equivalence, expressed as 

one-t()-{)ne transformations between the Lagrangian and Eulerian variables in a 

single realization of a turbulent flow, should be maintained under the continuum 

hypothesis, the assumption of the statistical equivalence of the two variables in an 

ensemble of realizations of that turbulent flow is not generally satisfied. This 

assumption may have been expressed alternatively in terms of fluid partic1es 

moving at the local Eulerian velocity of the fIuid (Thomson 1984, 1990). 

The traditionally used Markovian approximation to the Lagrangian behaviour 

of individual fluid partic1es does not help to justify the above assumption either, 

because the "memory-Ioosing" feature of a fluid particle does not assure that this 

fluid particle should be statistically identical to the other "memory-Ioosing" fluid 

particles in the flow. The only exception may be the mathematical idealization of 

the stationary and homogeneous turbulence, where tb.e statistical behaviour 

between different fluid particles cannot he discriminated (Taylor 1921; Batchelor 

1949). However, this exception should not be regarded as invalidating the following 

statistical principle: 

Equations (3.3), (3.4), (3.7) and (3.8) indicate that any fIuid particle at a 

given time has a certain probability to appear at every space point in a turbulent 

flow in repeated experiments, and that any fixed space-time point of a turbulent 

flow is statistically linked ta a11 :fluid partic1es in the flow with certain 
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probabilities. This means that one Lagrangian fluid particle statlstically occupies 

multiple Eulerian space points at any time and, conversely, one Eulerian space 

point statistically corresponds to multiple Lagrangian flmd particles at any instant. 

This statistical multi-to-one Lagrangian-Eulenan transformation can be expressed 

in the following calculation of the ensemble mean Eulerian volumetrie 

concentration of momentum "E(Xj,t) according to (3.7) and (3.8): 

(J) (J) 

(3,9) 

Considering (3.5a), (3.9) can be written as 

III 

'ï.E(XJ"t) = .~ 1L(xJ.,ti xo"to)·dXo, 
1 = 1 1 l 

(3.IDa) 

with iL defined as 

III 

1L(xJ"ti xo.,to) = ( ~ {IL (XJ"ti Xo.,to)· P(IL 1 XJ"ti Xo .• to)· dlL ). P(XJ,t 1 Xo .• to) 
l k=l k 1 k l k l 

(3,lOb) 

Here iL(Xj1ti X%) is the ensemble mean contribution to the Eulerian volumetrie 

concentration of momentum at the space-time point (XJ,t) from the unit volume 

(J) 

fluid particle X o.· E 'L (XJ.,ti Xo.,to),P("L IxJ.,t; Xo"to)·d"'L is the ensemble 
1 k=l k 1 k 1 k 

mean evolution of the Lagrangian volumetrie concentration of momentum of the 
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fluid particle XOi at position Xj at tirne t. 

By returning ta the continuons (rather than discrete) description of the 

ordinary variable Xo and randorn variables XL and "L' equations (3.5)s are 

rewritten as 

and (3.9) is rewritten as 

"E(X,t) = ff "L(X,tj Xo,to)-P('L,x,tlxo,to)-d'L-dXo 

== fiL (X,tj Xo,to) -dXo 

with iL defined as 

Sirnilarly, for rnass density in a turbulent flow, we have 

(3.lIa) 

(3.lIb) 

(3.11e) 

(3.11d) 

(3.11e) 

(3.12a) 

(3.12b) 
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PE(X,t) = ff PL(X,tj Xo,to)' P(PL,X,t 1 Xo,to}' dPL' dXo 

=fPL(X,tj Xo,to)·dXo (3.14a) 

with PL defined as 

(3.14b) 

In the above equations, P(PL,X,t 1 Xo,to) is the joint probability density for the unit 

volume fluid particle Xo to appear at position X at time t and have an unit value 

of mass density PL' P(PL 1 X,tj Xo,to} is the conditional probability density for the 

fluid particle Xo to have an unit value of mass density PL when it appears at 

position X at time t. PL(X,tj Xo,to) is the Lagrangian mass density of the fluid 

pa:-ticle Xo at position X at time t. PE(X,t) is the ensemble lOean Eulerian mass 

density at the space-time point (X,t). PL(X,tj Xo,to) is the ensemble mean 

contribution to the Eulerian mass density at the space-time point (X,t) from the 

unit volume fluid particle Xo' f PL(X,tj Xo,to),P(PLlx,tj Xo,tO}·dPL is the ensemble 

mean evolution of the Lagrangian mass density of the Duid particle Xo at position 

X at time t. 

For any other scalar in a turbulent Dow, we have 

(3.15) 
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WE(X,t) = ff WL(X,ti Xo,to)·P(\lIL,X,t 1 Xo,tO)·dWL ·dXo 

= f \li L(X,t; Xo,to)' dXo (3.16a) 

with \li L defined as 

WL(X,tj Xo,to) = (f\llL(X,ti Xo,to)·P(WLlx,ti Xo,to)·d\llL)·P(x,tlxo,to) 

(3.16b) 

where symbols are defined in analogy to those in (3.13) and (3.14) for mass 

density, but here for the volumetrie concentration of any other scalar. 

4. The description of turbulent diffusion 

Un der the random fluid particle treatment, (3.12a), (3.14a) and (3.16a) define 

the basic problem of turbulent diffusion as finding the ensemble mean contributions 

PL' "L and 'li L to the Eulerian physical properties from individual fluid particles in 

the flow. Credits should then be given to the long-practiced random-walk models 

in simulation of fluid particle dispersions, sinee by their nature they do address this 

problem. 

4.1. Formulations of PL' 'ïL and \{IL 

As long as the random fluid particle is assumed to MOye as a whole, the 

conservation equations (2.5), (2.8) and (2.9) should be still applicable to individual 

fluid partic1es in turbulent flows. These equations in turbulent flows should he 

understood as random equations with respect to the random trajectory XL and 

random evolutions of the Lagrangian properties PL' 'IL and \lIL' respectively. Based 

on these random equations, the ensemble Mean contributions PL(X,t; Xo,to)' 
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"L(X,t; Xo,to} and WL(X,t; Xo,to} to the Eulerian properties from a single fluid 

partic1e can be statistically formulated as 

(4.1) 

~;'L (X,t; Xo,to) + (V L (X,t; Xo,to)' V J} "L (X,t; Xo,to) 

= HL (X,t; Xo,to) + v· Vi' "L (X,t; Xo,to) - (Vi. (X,t; Xo,to)· V x), fi, (X,t; Xo,to) 

(4.2) 

ô- (- -orWL(X,t; Xo,to) + VL(X,t; Xo,to)·Vx)·wL(X,tj Xo,to) 

= EL(X,t; Xo,to) + K' Vi' IV L (X,t; Xo,to) - (Vi(X,tj Xo,to)· Vx)' \li i(X,tj Xo,to) 

(4.3) 

with the initial conditions: 

when t == to and X = Xo, 

PL(~tj Xo,to) == PL(Xo,tO)' "L(X,tj Xo,to) = "L(Xo,tO), WL(X,tj Xo,to) == WL(Xo,to) 

when t == to and X # Xo' 

PL(X,tj Xo,to) == 0, "L(X,t; Xo,to} = 0, WL(X,t; Xo,to) == 0 

(4.4) 

Here PL(Xo,tO)' "L(Xo,to) and IVL(Xo,tO) are the initial mass density, volumetrie 

concentration of momentum and volumetrie concentration of scalar of the fluid 

partic1e Xo' respectively. The ensemble means in the above equations are defined in 

the sense of (3.12b), (3.14b) and (3.16b), in which the random trajectory and 

random evolutions of the Lagrangian properties are jointly processed. ,,,,, indicates 
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the deviation from such ensemble mean. 

Aceording ta (3 .16b ), EL (X,tj Xo,to) should be defined as 

Here EL(x,tj Xo,to} is the Lagrangian external volumetrie source strength of scalar 

exerted on the fluid particle Xo at position X at time t. P(EL 1 X,tj Xo,to} is the 

conditional probability density for the fluid particle Xo to have an unit value of 

external source strength of scalar EL when it appears at position X at time t. 

Since the existence of the external source may not depend on any specifie fluid 

particle, !EL(x,tj Xo,to),P(ELlx,tj Xo,to)·dEL may be approximated by the 

ensemble mean Eulerian external volumetrie source strength, Le. 

where EE(X,t) is the Eulerian external volumetrie source strength of scalar and 

P(EE 1 X,t} is the probability density of EE(X,t} at space-time point (X,t). 

Then, EL(X,tj Xo,to} can be regarded as the ensemble mean transport rate of 

scalar from the external source into the unit volume fluid particle Xo: 

Similarly, HL(X,tj Xo,to) may be approximated as 
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with HE defined as 

where symbols are defined in analogy to those for the scalar source, but here for 

the momentum source. 

With the above approximations, (4.1), (4.2) and (4.3) combined with their 

initial conditions (4.4) are written as 

â - (- ) -arPL(X,t; Xo,te) + VL(X,t; Xo,to)'Vx 'PL(X,t; Xo,to} 

= - (Vj}X,t; Xo,to)'Yx)'Pi(X,t; Xe,to) + PL(Xo,to)·O(X-Xo)·6(t-to) 

~iJL(X,t; Xo,te) + (V L(X,t; Xo,to)' VJ)- ;)L(X,t; Xo,to) 

= BE(X,t). P(X,t 1 Xo,to) + li' V~· ~L(X,t; Xo,to) 

- (Vi(X,t; Xo,to)'Yx)'''i(X,t; Xo,to) + "L(Xe,to)·6(X-Xo)·6(t-to) 

â- (- ) -ar"'L(X,t; Xo,te) + VL(X,t; Xo,to),VJ ·1{1L(X,tj Xo,to) 

= EE(X,t).P(X,t1 Xe,to) + I\;.V~·WL(X,t; Xo,to) 

- (V L (X,t; Xo,to)' Vx)' \li L (X,t; Xo,to) + li' L(Xo,ta)· D(X-Xo)' D(t-to) 

(4.5) 

(4.6) 

(4.7) 

where 0 is the Dirac delta function indicating the combined initial conditions as 

instantaneous point "sources". 

The probability density P(X,t 1 Xo,to} of the fluid particle's trajectory can, in 
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principle, be determined from (2.3) and (2.6), given specified initial conditions. The 

modified Langevin equation may be considered to be an approximate approaeh in 

this case, which has been used implicitly or explicitly in most random-walk models 

to describe the motions of individual fluid parti des in analogy with the description 

of Brownian motion (Durbin 19S0bj Wilson, Thurtell & Kidd 1981; Lamb 1981; 

Legg & Raupach 1982; Gifford 1982; Pope 1983; Janicke 1983; Ley & Thomson 

1983; Wilson, Legg & Thomson 1983; Thomson 1984; Sawford 1984; van Dop, 

Nieuwstadt & Hunt 1985; Haworth & Pope 1986; Sawford 1986; Novikov 1986; 

Raupaeh 1987; Thomson 1987; Pope 1987; Kaplan & Dinar 1988; Luhar & Britter 

1989). 

In order to solve equations (4.5), (4.6) and (4.7), sorne Lagrangian statistics 

must be specified. This may entail diffieulties in practice, because the assumption 

of the statistical equivalence of the Lagrangian and Eulerian random variables is 

not generally satisfied, as shown in Section 3.2.. Evaluating the Lagrangian 

statistics of a given fluid particle by the Eulerian statistics at a given spatial 

position, implicitly or explicitly based on this assumption, then becomes 

inappropriate. 

Generally, the solutions of (4.5), (4.6) and (4.7) for individual fluid particles 

may involve technical difficulties in the nonlinearity of equations and the 

parameterization of the flow character with macroscopic inhomogeneity of both 

flow seale and turbulence intensity in complex systems. These difficulties are 

beyond the scope of this study. 

In addition to the above-mentioned difficulties, the probability density 

distribution P(X,t 1 Xo,to} of a fluid partic1e's trajectory would be modified by any 

change of the fluid particle's momentum. Such modification would influence the 

probability density distributions of other fluid particles in the flow if the restriction 
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(3.11b) is considered. As a result, equation (4.6) for a fluid particle would become 

dependent on the momentum of the other fluid particles in the flow Similarly, 

equatioll (4.7) of a non-passive scalar for a fluid partic1e would become dependent 

on the scalar concentrations of the other fluld particles in the flow. Therefore, the 

solutions of "L(x,tj Xo,to) and WL(X,tj Xo,to) may become practically complex. 

For a passive scalar, the complexity of solution of "'L(X,tj Xo,to} can be 

reduced. Because the change of the passive scalar concentration of a fluid partic1e 

does not influence fluid motion, and thus does not alter the dynamic behaviour of 

other fluid particles, equation (4.7) of the passive scalar for individual fluid 

particles can be independently solved. As will be discussed later, this has a 

practical importance in the final solution of the ensemble mean Eulerian 

concentration WE(X,t). 

If the passive scalar of individual fluid partic1es in the flow is also conservative 

In the sense of neglecting the external source influence and the molecular 

collision-transport betwee~ different fluid particles, the scalar would at an tjmes 

remain in the same fluid particles as at the imtial time, Le. I{I L (X,t; Xo,to) :: 

\lIL(Xo,tO)' In this case, the solution of WL(X,tj Xo,ta) is reduced ta the solution of 

the probability density distribution P(X,t 1 Xo,ta} of the fluid particle's trajectory 

only. (e.g. Monin & Yaglom §10.11979; Thomson 1987). 

4.2. The turbulent diffusion mechanism 

In summary, turbulent diffusion under the random fluid particle treatment is 

formulated through the following equations: 
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~~L(X,tj Xotto} + (VL(X,tj Xotto)-Vx)-1JL(X,tj Xo,to) 

= HE(X,t) -P(X,t 1 Xo,to) + v- vi "~L (X,tj Xo,to) 

- (Vi (X,t; Xo,to) -V x)- fi (X,t; Xo,to) + "L(Xo,to} -6(x-Xo) -6(t-to} 

~WL(X,t; Xo,to) + (VL(X,t; Xo,to)-Vx)-WL(X,tj Xo,to) 

= EE(X,t) -P(X,t 1 Xo,to) + IÇ- vi -W L (X,t; Xo,to) 

- (Vi (X,tj Xo,to) -Vx) - ïIï i (X,t; Xo,to) + \li L(Xo,tO) - Ô(X-Xo}· Ô(t-to) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

Here, turbulent diffusion is c.'eseribed in terms of random fluid particle dispersions 

through which the ensemble mean Eulerian mass density PE(X,t), volumetrie 

concentration "E(X,t) of momentum and volumetrie concentration '.IIE(X,t) of any 

other scalar are respectively calculated as the statistical superimpositions of the 

ensemble Mean contributions from ail the individual fluid particles in the flow. 

In the process of statistical superimposition, each ensemble mean contribution 
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from a single fluid particle is individually solved from (4.8), (4.9) and (4.10). It 

could be essentially viewed as a statistical "shadow" in physical propertIes of that 

fluid particle, which is assumed to be developed as if the "sbadows" of the other 

fluid particles did not exist. Therefore, it is a consequence of the fact that the fluid 

particle treatment excludes molecular mixing between the BMDFEs, that turbulent 

diffusion under the random fluid particle treatment can only be described by 

superimposing the "shadows" of individu al fluid particles. It is the conjecture of 

our study that this limitation has been inherently embodied in the described 

turbulent diffusion mechanism, which lacks a description for feeding back the 

superimposed "shadows" in terms of PE(X,t), 19E(x,t) and \{IE(X,t) into the diffusion 

process. Any further joint development of the supenmposed fluid partJcle 

"shadows" then becomes physically meaningless. 

It might thus be said that the mixing between the BMDFEs of real turbulent 

fluids, caused by molecular mixing, does not lend itself to the concept of 

superimposition of the fluid particle "shadows". The lack of a feedback mechanism 

in this description may suggest the possibility of error when it is applied to real 

turbulent flows. In real turbulent flows, molecular mixing between different 

BMDFEs requires that the mixed BMDFEs should be physically described in their 

further joint development. Therefore, the description of turbulent diffusion under 

the random fluid particle treatment may lead to a potentlal mathematical-physical 

inconsistency in the understanding of turbulent diffusion in real turbulent fluids. 

According ta the discussion in Section 4.1., the statistical superimposition 

(4.12) or (4.13), for momentum or non-passive scalar, should be dependent in the 

sense that their ensemble mean contributions from different fluid partlcles in the 

flow are mutually dependent. This adds an additional practical complexity to 

solutions of turbulent diffusion. For a passive scalar, however, the contnbutions ta 
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the statistical superimposition (4.13) from different fluid particles become mutually 

independent. The practical importance of this independence is that the overall 

diffusion of a passive scalar from distributed sources (assigned to different fluid 

particles at the initial time) can be reduced to an independent summation of 

separate diffusions from individual point sources. 

FinaIly, it should be emphasized that the statistical superimposition is 

conceptually different from the standard technique of linear superposition. The 

statistical superimposition is an expression of the statistical summation (or 

ensemble average) of all the realization values of a random variable weighted by 

certain probabilities from the ensemble of realizations. The standard technique of 

linear superposition, on the other hand, is an expression of the non--5tatistical 

linear summation (or linearity) of non-random values. Therefore, the statistical 

superimposition is not conceptually related to linearity and the standard technique 

of linear superposition is not conceptually related to st.atistics. 

5. Conclusion 

This study points out that with the constraint that individnal BMDFEs 

maintain their integrities in motion, the classical fluid particle treatment of the 

BMDFE exclu des molecular mixing between different BMDFEs in turbulent fluids. 

The randomization of the fluid particle does not alleviate this fact sinee it does not 

change thp. nature of the postulated fluid particle moving as an entity. 

It is dcmonstrated that the statistical equivalence of the random Lagrangian 

and Eulerian variables in turbulent flows under the random fluid particle treatment 

is not generally satisfied. Instead, the one-to-one Lagrangian-Eulerian 

transformations for a single realizatian of a turbulent flow are shown to be replaced 

by the statisticaI multi-to-one Lagrangian-Eulerian transformations for the 
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ensemble of realizations of that turbulent flow. This leads to the following 

consequence: 

Turbulent diffusion under the random fluid particle treatment can only be 

described as randam fluid particle dispersions in process of the statistical 

superimpositian of the shadaw-like ensemble mean contributions from Individual 

fluid partic1es in the flow. The lack of a feedback mechanism In this description 

suggests the possibility of error when it is applied to real turbulent flows, because 

the physical process af mixing between real fluid elements, caused by molecular 

mixing, does not lend itself ta such superimpositbn. As a result, this descnption 

may lead to a potential mathematical-physical inconsistency in the understanding 

of turbulent diffusion in real turbulent fluids. 

This analysis suggests, therefore, ttLa.t the description of turbulent diffusion 

might be improved by extendinrJ til~ flmd particle treatment to Incorporate 

molecular mixing. This suggestion will be further explored in the following study 

(Part 2) . 
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Part 2. The Virtual Fluid Parœl Treatment 

Abstract 

A new "virtual fluid parcel" treatment of the BMDFE (Basic Macroscopically 

Describable Fluid Element) in continuum framework is proposed to extend the 

classical fluid particle treatment. This new treatment conceptually incorporates 

molecular mixmg between different BMDFEs by permitting disintegration of 

individual BMDFEs. It is found to simplify the description of the fluid dynamic 

variables in turbulent flows by not tracing the Lagrangian characteristics of the 

BMDFEs. It gives the description only in the Eulerian framework, so that 

additional concerns about the transformation between Lagrangian and Eulerian 

variables can be avoided. 

The main improvement made by the virtual fluid parcel treatment in the 

description of turbulent diffusion lies in the introduction of a feedback mechanism 

in the form of physically cou pIed disintegration and integration of the BMDFEs. 

This improvement might reduce the potential mathematical-physical inconsistency 

in the understanding of turbulent diffusion in real turbulent fluids, when compared 

to the non-feedback mechanism of the statistical superimpositions un der the 

classical random fluid particle treatment. It suggests that molecular mixing is a 

controlling agent of the mixing mechanism in every time-step of turbulent 

diffusion, whose significance could be cumulatively increased. 

39 
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1. Introduction 

As pointed out in the first part (Part 1), molecular mixing between 

macroscopic fluid elements has been conceptually excluded by the classical fluid 

particle treatment of the BMDFE (Basic MacIOscopically Descnbable Fluid 

Element) in continuum framework. This May cause difficultles ln the mterpretation 

of turbulent diffusion mechanism in real turbulent fluids. The randomization of the 

fluid particle does not alleviate this fact bec au se it does not change the nature of 

the postulated fluid particle moving as an entity. Instead, it leads to the statistical 

multi-to-one Lagrangian-Eulerian transformations, resulting in the non-feedback 

mechanism of statistical superimpositions in the description of turbulent diffusion. 

This non-feedback mechanism May be perceived as a potential mathematical

physical inconsistency in the understanding of turbulent diffusion. 

In order to improve the situation, molecular mixing needs to be conceptually 

considered. The idea has been addressed by Chatwin and Sulhvan (1979) and 

developed by Durbin (1980), who pointed out that "blobs", as the BMDFEs, 

undergo disintegration in turbulent flows through molecular mlxing. 

To account for details of molecular mixing we should, in principle, Cocus on 

individual molecules that exhibit Brownian motIOn relative to the fluid contmuum, 

rather than on the BMDFEs (Sawford & Hunt 1986; Stapountzls et al. 1986; 

Kaplan & Dinar 1988). This approach, however, may go beyond continuum 

mechanics. !ts success requires detailed specification and prescriptIOn of individual 

molecular behaviour, which May not generally be accessible under the present state 

of knowledge and technology. 

In the interim, this study attempts to explore an alternative as an extension of 

the fluid particle treatmenL of the BMDFE. By developing Durbin's (1980) idea, a 

new "virtual fluid parcel" treatment of the BMDFE is proposed, which 
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conceptually incorporate molecular mixing between different BMDF'Es. This new 

treatment is then applied to the description of turbulent diffusion problem. For 

reason of simplicity, and withollt jeopardizing general validity, the discussion is 

limited to incompressible fluids. 

2. The virtual fluid parcel treatment 

2.1. Concept 

The classical fluid particle treatment defines the BMDFE subject to two assumed 

constraints: First, it is considered as a fini te, macroscopically significant fluid 

element in which macroscopic physical properties (such as density, velocity, 

temperature etc.) can be reasonably defined and measured by averaging molecular 

properties within that element. Second, it i8 neverthele8s regarded as a point-like 

"particle" of uniform state in space, relative to the macroscopic flow scale, moving 

as a whole in motion (Pao 7pp 1966; Owczarek 3pp 1968; Monin & Yaglom 528pp 

1971; Lu llpp 1979; Mironer 10pp 1979; Richardson 3-4pp 1989). 

Except for sorne extreme situations, such as agas at low pressure, where the 

intermolecular distances may be comparable to the characteristic dimensions of the 

problem, the first constraint should be acceptable for studies of macroscopic 

phenomena of fluid motion within continuum framework. 

Berore commenting on the second constraint, wc may consider that a Ieal fluid 

is a moving medium whose constituent mole cules may continuously change their 

positions relative to one another (Datchelor 1967; Massey 1983). During motion, a 

real fluid cannot avoid mixing of molecules from one macroscopic fluid element to 

another. In turbulent flows, this molecular mixing could break the integrity of the 

BMDFE (Durbin 1980). Ultimately, the real mixing in turbulent fluids takes place 

through molecular mixing at fine scales, such as the conduction cut-off length scale 
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1 
(K31 E )1, irrespective of the macroscopic flow character (Chatwin, Sullivan & Vip 

1990, Chatwin & Sullivan 1991). The latter is of the arder of 10-4 - 10-3 m in most 

nows, where If, is the molecular scalar viscosity (or the molecular collision-transport 

coefficient for scalar) and t is the dissipation rate of turbulent ktnetic energy 

(Batchelor 1959; Batchelor, Howells & Towl'send 1959). 

When the process of molecular mixing has had a significant cumulative effect, 

it becomes meaningless to refer to the classical concept of the fluid particlc 

(Chatwin & Sullivan 1979). Instead, any rcal BMDFE may physically CJast or 

maintain its integrity only briefly belore it is disintegrated in turbulent flows. We 

may refer to this more realistic BMDFE as the "vlftual fluid parcel", to dlstinguish 

it from the c1assical "fluid particle". In fact, the new concept of the virtual fluid 

parcd extends the classical concept of the fluid particle by relaxing its second 

constraint to permit disintegration of the BMDFE. Therefore, the virtual fluid 

parcel is not distinguished from the classical fluid particle by its size, but by the 

fact that it is not necessarily perceived as moving as an entity. Wlth this 

extension, molecular mixing between different BMDFEs in turbulent fl.uids can be 

naturally incorporated. A turbulent fluid under the continuum hypothesis May then 

be viewed as being continuously composed of virtual fluid parcels which are subject 

to potential disintegration at any time. 

2.2. The description of the fluid dynamic variables 

The virtual fluid parcel treatment can simplify the description of the fluid dynamic 

variables in turbulent fl.ows in a way not permitted by the random fluid partic1e 

treatment, by giving the description only in the Eulerian lramework. Because the 

virtual fluid parcel may not, in general, maintain integrity in turbulent flow, its 
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trajectory and Lagrangian variables of physical properties cannot be properly 

defined. Therefore, additional concerns about the transformation between the 

Lagrangian and Eulerian variables are eliminated. 

Under the vutual fluid par cel treatment, a.ny space point in a turbulent fluid 

can at any time be macroscopically considered as being occupied by only one 

virtual fluid parcel. !ts composition, originating from different parts of the fluid, 

may saoner or later disintegrate. The (Eulerian) macroscopic physica.l properties at 

that point and at that time should he uniquely measurable by averaging the 

molecular properties within that virtual fluid parcel, which can be defined as 

follows: 

Suppose that in the neighbourhood of an given space-time point (X,t) of a 

turbulent fluid, an existing volume dT contains a number N of molecules. Each 

molecule is located at position (Xi,t), with microscopie mass m(xi,t), velocity 

v(xl't) and mass-specific concentration c(Xi,t) of any other scalar. We can then 

always find a virtual fluid parcel, with volume dX and a number No of molecules, 

whose center of gravit y coïncides with the spatial position X 

x - lim 
d, .. dx 

N .. No 

N 

.E m(Xi,t)·Xi 
l = 1 (2.1) 

and whose mass dM(x,t), momentum dMV(X,t), and amount of scalar dA(x,t) are 

N 

dM(X,t) - lim .E m(Xi,t) 
d, .. dx 1 =1 

(2.2) 
N .. No 



T 

N 

dMV(x,t) = lim .E m(Xi,t)·v(Xi,t} 
d,.. dx 1 = 1 

dA(x,t) = 

N .. NO 

N 

lim .E m(xi,t)·c(Xi,t) 
d,.. dx 1 = 1 
N .. NO 
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(2.3) 

(2.4) 

Then, the (Eulerian) macroscopic mass density p(X,t), velocity V(X,t.) and 

mass-specific concentration C(X,t) of any other scalar at the space-time point (X,t) 

can be defined as 

p(X,t) = dM (X,t) 

dT 
= 

V(X,t) - lim dMV(X,t) = 
d, .. dx dM(x,t) 

N .. No 

C(X,t) = lim dA(x,t) = 
d,.. dx dM(X,t) 
N .. No 

lim 
d,.. dJ: 
N .. No 

dT 
(2.5) 

N 

.E m(X i ' t ). v(Xi,t) 
1 = 1 

(2.6) 

N 

.E m(X i , t ). c(Xi,t) 
1 = 1 

(2.7) 

For incompressible nuids, the convenient volumetric concentration ~X,t) of 
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momentum and volumetrie concentration "'(X,t) of scalar at point (X,t) are given 

by 

~X,t) = p(X,t)· V(X,t) = 

'l1(X,t) = p(X,t)· C(X,t) = 

lim 
d1" dx 

N .. No 

lim 
d1" dx 

N .. No 

N 

.E m(xi,t) ·v(Xi,t) 
1=1 

dT 

(2.8) 

N 

.E m(Xi , t ) • c(Xi,t) 
l = 1 

dT 

(2.9) 

In the above definitions, the space-time point (X, t) is arbitrarily and 

continuously chosen in the fluid, so that any change of spatial position X or time t 

could result in composition changes in dX and, consequently, change of the identity 

of the virtual fluid parcel. Therefore, the virtual fluid parcel treatment is truly 

compatible with the continuum hypothesis. 

According to the above concept and definitions, the following three points 

need to be emphasized. 

1). Earlier, Durbin's (1980) "outer limit" two-particle relative dispersion 

model may have implied an adaptation similar to the virtual fluid parcel 

treatment. By arguing that the small-5cale structure of the scalar field is 

elimi nated by rnolecular mixing between fluid elements with different 

concentrations, bis model has aIready implicitly incorporated the effect of 

molecular mixing. In this sense, his fluid particle concept has already differed from 
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the classical one. The virtual fluid par cel treatmE'nt presented here May he 

considered as a development of his idea, but more direct in incorporation of 

molecular mixing. 

2). The virtual fluid parcel treatment incorporates molecular mixmg into the 

definitions of the macroscopic physical properties wlthout necessanly considering 

the details of how the molecular mixing occurs. In each small tIme interval wc 

could, in principle, prescribe the motion of a single Molecule as the SUffi of a 

macroscopic component (the motion of the center-{)f-mass of the virtual fluid 

parcel containing the Molecule at that tirne) and a Brownian component (siffillar ta 

that used by Sawford & Hunt 1986, and Kaplan & Dinar 1988). However, domg so 

would expect difficulties in practice, as mentioned in the Introduction. In any case, 

when individual Molecules with detailed prescnptions are used ta caIculatc 

macroscopic ph;:sical properties in continuum framework, an averagmg process 

(such as that used by Sawford & Hunt 1986) is required. This averagmg should 

have a proper macroscopic scale resolution matching the fluid continuum in arder 

to make the macroscopic physical properties meaningful. The virtual fluid parcel 

treatmcnt provides a theoretical base for such averaging. Beyond the contmuum 

framework, however, only the description of mdividual molecules 18 capable of 

gaining insight into the details of rnolecular mixmg. It is not our con cern at this 

stage of the study. 

3). The local Eulerian fluid velocity at a space-time point (X,t) in a turbulent 

flow should be measured as macroscopic momentum by averaging the molecular 

momentum within the fluid element at (X,t). However, due to molecular mixmg, 

all the Molecules in the fluid element at (X,t) in a real turbulent flUld are not 

guaranteed to originate from the same group in the previous time interval and 

subsequentlj' to move as an entity to another spatial point during the next time 
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interval. Therefore, strictly speaking, fluid elements assumed to move at the local 

Eulerian fluid velocity (such as Thomson 1990) in turbulent flow can only be 

regarded as virtual fluid parcels. The assumption that classical fluid particles move 

at the local Eulerian velocity may be inappropriate. In the previous study (Part 1), 

it has been shown that un der the random fluid particle treatment the assumption 

of statistical equivalence between the Lagrangian variables of a single fluid particle 

and the Eulerian variables at one space-time point is not genera1ly satisfied. 

3. The mixing processes 

The virtual fluid parcel treatment can naturally access to the description of 

molecular mixing in a way not accessible to the random fluid parti de treatment. In 

their life cycles, the virtual fluid parcels undergo two mixing processes: One is 

disintegration through which they are fragmented, and the other is integration 

through which the disintegrated fragments come together to form "new" virtual 

fluid parcels, whose integrities will again be broken in subsequent disintegration. 

3.l. Disintegration 

For the given times t and t+ât, where ât is a small time interval, we can 

arbitrarHy choose two virtual fluid parcels, located at (X,t) with volume dX and at 

(Y,t+ât) with volume dY, respectively. During ât, the disintegration of parcel 

(X,t) May occur in such a way that each Molecule with its mass m(xi,t) in parcel 

(X,t) has a potential to mix into parcel (Y,t+ât), with a mass contribution 

m(Y i,t+âtj Xi,t) 

(3.1) 
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Here r(Yi,t+t.t 1 Xi,t) is the molecular mixing coefficient for a single molecule, which 

is defined as r = 1 if thi,~ molecule in parcel (X,t) mixes into parcel (Y,t+t.t) in t.t, 

and r = 0 if it does not. 

The fractional contribution dM(Y,t+Mj X,t) to mass of parcel (Y,t+t.t) by 

disintegration of parcel (X, t) is then 

No 

dM(Yt+Mj X,t) = .L m(xi,t).r(Yi,t+MIXi,t) 
1 = 1 

where No is the number of molecules in parcel (X,t). 

Considering (2.2), (3.2) can be written as 

dM(Y,t+Mj X,t) = dM(x,t).RM(Y,t+àtjX,t) 

with RM defined as 

No 

.E m(xi, t ). r(Yi,t+ât!Xi,t) 
Ry(Y,t+ât! X,t) = _1~=~1 ---=-N"'"o------

.E m(xi,t) 
1 = 1 

(3.2) 

(3.3a) 

(3.3b) 

~(y,t+ât!X,t) represents the portion of mass disintegrated from parcel (X,t) and 

then mixed into parce! (Y,t+At) in At. It can be defiued as the fractional 

redistributicn coefficient for mass disintegrated from parcel (X,t) and then mixed 

into parcel (Y,t+t.t). 

Dividing both sides of (3.3a) by dX and dY, multiplying both si des by dX and 



-----------------------------------------------------------------------------

considering (2.5), we have 

p(Y,l+l1tj X,t)·dX = P(X,t).FM(Y,t+6tlx,t).dX 

with p defined as 

-(Y X) _d;;.;;M~(Y;...!.'...;.t...:..+~â...;...t.:....j ..;;.;;x..:..;..,t)~ p ,t+âtj ,t = 
dX·dY 

and FM defined as 

RM(Y, t +l1t 1 X,t) 
FM(Y,t+l1t/x,t) = -----

dY 
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(3.4a) 

(3.4b) 

(3.4c) 

Here p(X,t) is the (Eulerian) mass density at (X,t). p(Y,t+l1tj X,t) is the fractional 

contribution to the mass density of parcel (Y,t+ât) from the unit volume of parcel 

(X,t). F M(y,t+l1t / X,t) is the fractional redistribution density coefficient for mass 

disintegrated from parcel (X,t) and then mixed into the unit volume of parcel 

(Y,t+ât), which represents the portion of mass disintegrated from parcel (X,t) and 

then mixed into the unit volume of parcel (Y,t+ât) in ât. 

Similarly, the fractiona.l contribution dMV(Y,t+ât; x,t) to momentum of parcel 

(Y,t+ât) by disilltegration of parcel (X,t) would he 

No 

dMV(Y,t+âtj X,t) = .E m(Xi,t)'v(Yi,t+âtj xi,t)·r(Yi,t+ât/Xi,t) 
1 = 1 

= dMV(X,t)· RV(Y,t+ât 1 X,t) (3.5a) 
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with RV defined as 

No 

.~ m(Xi,t) . v(Yi,t+At; X1,t)·r(Yi,H6t1 Xl't) 
R( 1 \ = 1 --v V,t+At X,t) = --'---"----:-:N;-'o----------

.1: m(Xi,t) ·v(X pt) 
\ = 1 

(3.5b) 

Here v(Yi,t+6tj Xi,t) is the velocity of a molecule found in parcel (Y,t+ôt) which 

cornes from par cel (X,t) (considering the molecular collisIOn-transport, 

v(Yi,t+6ti Xi,t) may be different from Its previous value v(X1,t) ln parcel (X,t)). 

Ry(Y,t+6t 1 X,t) is the fractional redistnbution coefficient for momentum 

disintegrated from parcel (X,t) and then mixed into par cel (Y,t+ât). 

Multiplying bath sides of (3.5a) by d~~ dV and consldering (28), we have 

~Y,t+6ti X,t)·dX = ~X,t).Fv(Y,t+6tlx,t).dX 

with tJ defined as 

.. _d_M_V......;(,--Y...:..' _t -,-+ A_t...:...i _X~,t )<..-"\ Y,t+Atj X,t) = 
dX·dY 

and F V defined as 

Ry(Y, t +6t 1 X,t) 
Fv(y,HAtlx,t) = -----

dY 

(3.6a) 

(3.6b) 

(3.6c) 
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Here ~X,t) is the (Eulerian) volumetrie concentration of momentum at (X,t). 

~Y,t+àtj x,t) is the fractional contribution to the volumetrie concentration of 

momentum of parcel (Y,t+tlt) from the umt volume of parcel (X,t). F V(Y,t+At 1 X,t) 

is the fractlOnal redIstnbution density coeffiCIent for momentum dismtegrated from 

parcel (X,t) and then mixed into the unit volume of parcel (Y,t+At). 

For any otlter scalar, the fractlOnal contnbution dA(Y,t+Atj X,t) to scalar of 

parcel (V,t+At) by disintegration of parcel (X,t) would he 

No 

dA(Y,t+Atj X,t) = .:E m(xl't)'C(Y i ,t+Atj X1,t).r(Yi,t+Atlxi,t) 
1=1 

= dA(X,t)· RC(y,t+At / X,t) (3.7a) 

with Re defined as 

No 

.E m(Xi,t ) . C(Yl't+Atj Xi,t).r(Yi,t+At/Xi,t) 
Re(Y,t+At 1 X,t) = ~l -= ..... 1 --N~o-----------

.E m(Xi,t) . cCX i ,t) 
l = 1 

(3.7b) 

Here C(Yi.t+Atj Xi,t) is the mass-5pecific concentration of scalar of a molecule found 

in parcel (V,t+At) which cornes from parcel (X,t) (considering the molecular 

collision-transport, c(Yi,t+Atj xl't) may be different from its previous value c(Xi,t) 

in parce! (X,t)). Rely,t+At 1 X,t) is the fractional redistribution coefficient for scalar 

disintegrated from parcel (X,t) and then mixed into parcel (V,t+At). 

Multiplying both sides of (3.7a) by d~~ dV and considering (2.9), we have 



-. 

q,(Y,Hl1tj x,t)·dX = W<X,t).FC(Y,t+MIX,t).dX 

with q, defined as 

,T, (Y X t) dA(Y, t +à t i X,t) '*' ,t+l1tj , = -~-'---,-"--'-'--
dX·dY 

and Fe defined as 

RC(Y' t +M 1 X,t) 
F C(Y,t+M 1 X,t) = 

dY 
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(3.Sa) 

(3.Sb) 

(3.Bc) 

Here W(X,t) is the (Eulerian) volumetrie concentration of scalar at (X,t). 

q,(Y,t+Mj X,t) is the fractional contribution to the volumetnc concentration oC 

scalar of parcel (Y,t+ât) from the unit volume of parcel (X,t). Fc(v,t+M.1 X,t) 18 

the fractional redistribution deILSity coefficient for scalar dismtcgrated from pa.rcel 

(X,t) and then mixed into the unit volume of parcel (Y,t+ât). 

Generally, there may exist, at (X,t), external sources for momentum and 

scalar, with volumetnc source strengths H(x,t) and E(x,t), respectively. Thus the 

general forms of (3.6a) and (3.8a) should become 

~Y,t+Mi x,t)·dX = (~X,t)+ H(X,t)'ât).Fv(y,t+Mlx,t).dX 

(3.9) 

q,(Y,t+âtj x,t)·dX = (W(X,t)+ E(X,t)'l1t).Fc(y,t+MIX,t).dX 

(3.10) 
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If mass, momentum and scalar are conservative during disintegration, the 

following constraints must be satisfied 

(3.11) 

(3.12) 

(3.13) 

3.2. Integration 

In each time interval 6t, the virtual fluid parcel at every point (X,t) in a turbulent 

fluid ean be regarded as a potential source of disintegraticn which redistributes its 

disintegrated fragments p(Y,t+6t; X,t)·dX, ~Y,t+6t; x,t)·dX and q,(Y,t+ôt; x,t).dX 

ta the parce! 3.t (Y,tt6t). Therefore, at the end of the time interval, the (Eulerian) 

mass density p(Y,t+6t), volumetrie concentration of momentum ~Y,t+6t) and 

volumetrie concentratIon of scalar 'I1(Y,t+6t) in the "new" virtual fluid parcel at 

(Y,t+6t) would be constituted of the disintegrated fragments from all the "old" 

virtual flUld parcels in the turbulent fluid. They are expressed as the integration of 

(3.4a), (3.9) and (3.10), respectively, over the space of the flow 

p(Y,t+6t) = f p(Y,t+6ti X,t)· dX 

= f p(X,t)· F M(Y,t+6t 1 X,t)· dX ( 3.14) 

~Y,t+At) = J ~y,t+6ti X,t)· dX 

= J (".,x,t) + B(X,t)·6t).F vCY,t+6t 1 X,t)· dX (3.15) 
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'l1(Y,Hât) = f IÎI(Y,t+6t; X,t) 0 dX 

= f(\{I(X,t) + E(X,t)oàt)oFC(y,HAtIX,t)odX (3.16) 

The results of the above integration then become the new sources for the next 

disintegration descrihed again hy (3 4a), (3.9) and (3.10) in the next time interval. 

4. The description of turbulent diffusIOn 

Under the virtual fluid par cel treatment , (3.14), (3 15) and (3 16) drfine the 

basic problem of turbulent dIffusion as finding the fractional redistnblltlOn density 

coefficients FM' F V and F C' or the fractIOnal contributions p, (J and lÏJ 1 from the 

"oId" virtual fluid parcels In space (X,t) to the "newl! vIrtual fl\JId pareds 111 space 

(Y,t+àt) in each time lllterval At. 

4.1. Approximations of FM' F V and F c' or p, "and \ÎS 

If the time interval At IS sufficiently small for the VlftUal fluid parcel at (X,t) to be 

still recognized by ItS center of gravit y in àt, it may be acceptable, as an 

approximation, to assume that the virtual fluid parcel moves as a whole during At, 

with its possible disintegratlOn taking place at the end of the time intcrval ln Hus 

case, the virtual fluid parcel at (X,t) can be temporanly trcated as a 

"pseudo-fluid-particle" during At, with its mass, momentum and any other scalar, 

including the parts coming from external source, regarded as an Jnstantaneous 

point source Its fractional contributions to the (Eulenan) mass denslty, volumetrie 

concentrations of momentum and scalar at (Y,t+At) dunng At may then he 

approximated in the following: 

According to our previous study (Part 1), the conservation equations for the 

mass, momentum and any other scalar of such "pseudo-fluid-particle" can be 
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expressed as 

~P(Y,t+Sj X,t) + (V(Y,t+Sj X,t)· Vf )· P(Y,t+Sj X,t) 

= - (V'(Y,t+Sj X,t). Yy)' p'(Y,t+Sj X,t) + p(X,t)· ~(Y-X). ~(s) 

~~Y,t+Sj X,t) + (V(Y,t+Sj X,t)· V1)· -a:Y,t+Sj X,t) 

= Il,V;''~y,t+Sj X,t) - (V'(Y,t+Sj X,t).Yy)"(y,t+Sj X,t) 

+ (~X,t) + B(X,t)· At)· 6(Y-x)· ~(s) 

~W(Y,t+8i X,t) + (V(Y,Hs; X,t)·Vy)' ~(Y,t+Sj X,t) 

= K' V;.IJ!(y,t+Sj X,t) - (V'(Y,t+Sj X,t)· Yy)' \lÏ'(Y,Hsj X,t) 

+ (W(X,t) + E(x,t)· At)· 6(Y-x)· 6(5) 

(O$S~At) 
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(4.1) 

(4.2) 

(4.3) 

Here the original subscript L, indicating the Lagrangian properties, is omitted in 

or der to distinguish the present, assumed "pseudo-Lagrangian" approximations 

from the original, true Lagrangian descriptions. The statistical mean contributions 

are defined as 

P(Y,t+Sj X,t) = f p(Y,t+Sj X,t).P(p,Y,t+sIX,t)·dp 

= (f p(Y,t+Sj X,t),P(pIY,t+Sj X,t)·dp),P(Y,t+slx,t) 

(4.4) 
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~Y,t.+s; x,t) = J ~Y,t+Si X,t)· P(f,Y,t.+sl X,t)· d" 

= (f ~Y,t+s; X,t)· P(fl Y,t+Sj X,t)· d f). P(Y,t+s 1 X,t) 

(4.5) 

W(Y,HSj X,t) = f \}!(Y,t+Sj X,t)· P('l1,Y,t+s 1 X,t)· d\}! 

= (f W(Y,t+Sj X,t)· P('l11 Y,t+Sj X,t)· dlJt)· P(Y,t+s 1 X,t) 

(46) 

(0 ~ s ~ At) 

Terms in the above equations are defined as following: V(Y,t+s; X,t) = 
~YJt+8j X,t)j p(Y,Hs; X,t) is the pseudo-Lagrangian velocity of the 

pseudo-fluid-particle arriving at (Y,t+s) from (X,t). p(Y,t+Sj X,t), ~Y,t+Sj X,t), 

W(Y,t+8j X,t) are the pseudo-Lagrangian mass density, volumetrie concentrations of 

momentum and scalar of the pseudo-fluid-particle arnvmg at (Y,~+s) from (X,t), 

respectively. p(Y,t+Sj X,t), ~Y,t+Sj X,t), \II(Y,t+s, X,t) are the ensemble mean 

contributions to the (Eulerian) mass density, volumetrie concentratIOns of 

momentum and scalar at (Y,t+s) by the unit volume pseudo-flUld-partlcle from 

(X,t), respectively. p'(Y,t.+Sj X,t}, "(Y,t+s, X,t), and 'l1'(Y,t+Sj X,t) are the devlations 

from p, l, \II, respectively. P(p,Y,t+sIX,t), P(',Y,t+sIX,t) and P('l1,Y,t+sIX,t) are the 

joint probability densities for the unit volume pseudo-flUld-particle from (X,t) to 

appear at position Y at time t+s, and to have unit mass density, umt volumetrie 

concentration of momentum and unit volumetrie concentratIOn of scalar, 

respectively. P(p 1 Y,t+Sj X,t), P(fl Y,t+Sj X,t) and P('l11 Y,t+Sj X,t) are the conditional 

probability densities for the pseudo-flwd-partIcle from (X,t) to have unit mass 

density, unit volumetrie concentration of momentum and unit volumetrie 

concentration of scalar when it appears at position Y at time t+s, respectively. 
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P(Y,t+sl X,t) is the probability density for the unit volume pseudo-fluid-partic1e 

from (X,t) ta appear at position Y at time t+s. li and K. are the molecular 

kinematic and scalar viscosities (or the molecular collision-transport coefficients for 

momentum and scalar), respectively. Vy and V; are deI and Laplace operators with 

respect to Y, and a is the Dirac delta function. 

With solutions from (4.1), (4.2) and (4.3) at the end of the time interval At, 

the fractional redistribution density coefficients FM' F V and Fe could be 

approximately estimated by the following ratios: 

(J(Y, t +l1tj X,t) 
FM(y,t+l1tlx,t) ::: p(X, t) 

~Y, t +A t j x, t ) 

F v(y,t+At 1 X,t) ~ (~X, t) + D(x, t) -M) 

'It(Y,t+Atj X,t) 

F C(y,t+At 1 X,t)::: ('lï(X, t) + E(x, t) -l1t) 

Comparing (4.7) with (3.4a), (4.8) with (3.9), (4.9) with (3.10), we have 

p(Y,HAtj X,t) ~ p(Y,t+Mj X,t) 

1Ï1(Y,t+At; X,t) ~ 'It(Y,Hl1tj X,t) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

( 4.12) 

Strictly speaking, the above estimations of FM' F V and F C' or P, i and 1Ï1 1 



Part 2 58 

should approach their exact values only for the vanishing time interval ât when the 

assumed pseudo-Lagrangian statistics may not significantly differ from the local 

Eulerian statlstics. In practice, however, these estimations may be justified when ât 

is comparable to the mirumum period of the sigmficant fluctuations of p(X,t), ~X,t) 

and W(X,t). 

In arder to solve equations (4.1), (4.2) and (4.3), sorne local Euienan statlstics 

and the rnolecular collision-transport properties (such as /J and K.) must be 

specified. The values of /J and K. rnay have to be specified because, if a vlrtual flUid 

parcel at any time is regarded as a small point source, the effect of /J and K. should 

be considered for small tirne intervals ât according to Saffman (1960). 

Generally, the solutions of (4.1), (4.2) and (4.3) may involve techmcai 

difficulties in the nonlinearity of equations and the parametenzatlon of the flow 

character with macroscopic inhornogeneity of bath flow seale and turbulence 

intensity in complex systems. Solutions of these difficulties are not pursued at thls 

stage of the study. However, accordmg ta the above approximations, the fractional 

redistribution density coefficients FM' Fv and F C' or the fractlOnal contributIOns p, 

i and 'ÎI should be, in general, solved as funetions of flow seaIe, turbulence 

intensity and distributions of physical properties, with their dependence on the 

molecular collision-transport properties. 

4.2. The turbulent diffusion mechanism 

In summary, turbulent diffusion under the virtual fluid parccl treatrnent is 

formulated in the following recurring joint equations: 



( fmP(y,t i +8i x,t i ) + (Y(Y,ti+8i X,t j ). V y)' p(Y,ti+Sj X,t i) 

= - (V'(Y,ti+Bj X,t i )· V y}' p'(Y,ti+Sj X,t i ) + p(X,t i)· 8(y-X). 6(s) 

fm~y,ti+8i X,t i) + (V(Y,ti+Sj X,t j ). Vy)' ~Y,ti+si X,t i ) 

= Il' V;"~y,ti+Sj X,t i) - (V'(Y,ti+Si X,t i )· Vy) .1(Y,ti+Sj X,t i ) 

+ (~X,ti) + H(x,t i )· 6t). 8(Y-x)· é(s) 

ô- (- ) -Ci'll(y,ti+8j X,t i) + V(Y,t i+8j X,t i)· Vy • 'II(Y,ti+Bj X,t i ) 

= K' V;· W(Y,ti+Sj X,tÛ - (V'(Y,ti+Sj X,t1)· Vy)' ïI"(Y,ti+Sj X,tÛ 

+ (q,(Xh) + E(X,t i )·At).6(Y-X).O(S) 

(O~s~At) 

t i +1 = t 1 + At , i = 0, 1,2 ...... 
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(4.13) 

(4.14) 

( 4.15) 

(4.16) 

( 4.17) 

(4.18) 

Here, turbulent diffusion is described as a succession of physically coupled 

disintegration and integration of the virtual fluid parcels. Through them, the 

(Eulerian) mass density p(Y,t i +1), volumetrie concentration ~Y,ti+l) of momentum 
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and volumetrie concentration llt(Y,t i +1) of any other scalar are solved, ln successive 

time steps, through cascaded integrations of the fractional contributIOns in physical 

properties from continuous dismtegration of the previous vutual OUld parcels in the 

flow. 

This description differs from the description under the classical random Ouid 

parti cIe treatment, which is formulated in the following equations (Part 1): 

8 - (- ) -CJtPL (X,t; Xo,to) + V L(X,t; Xo,to)' VI: . PL(X,t; Xo,to) 

= - (Vi}X,ti Xo,to)·Vx)·pr.(X,ti Xo,to) + PL(Xo,to)·6(X-Xo)·8(t-to) 

(4.19) 

8~ -- ~ Oïl1L(X,t; Xo,to) + (VL(X,t; Xo,to)·VJ}vL(X,t; Xo,to) 

= H(X,t).P(x,tIXo,to) + 1I.V~.ïL(X,t; Xo,to) 

- (V r. (X,t; Xo,to)' V xl, "i}X,t; Xo,to) + "L (Xo,to)· O(X-Xo)' O(t-to) 

( 4.20) 

8- - -
OilltL(X,t; Xo,to) + (VL(X,ti Xo,to)·Vx)·I{IL(X,t; Xo,to) 

= E(X,t).P(x,tlxo,to) + ~.Vi·~L(X,ti Xo,to) 

- (vr.(X,t; Xo,to)·Vx)·\lïi(X,t; Xo,to) + IJIL(Xo,tO)'O(X-Xo)'O(t-to) 

( 4.21) 

p(X,t) = !PL(X,ti Xo,to}·dXo (4.22) 

l:x,t) = !"L(X,ti Xo,to)·dXo ( 4.23) 

llt(X,t) = ! llt L (X,t; Xo,to)' dXo ( 4.24) 



c 

! , 

Part 2 61_ 

Here V L(X,tj Xo,to) = "L(X,tj Xo,Lo)/ PL(X,tj Xo,to) is the Lagrangian velocity of the 

fluid partlcle Xo at position X at time t. PL(X,ti Xo,to)' iL(x,t; Xo,to} and 

II1
L

(X,tj Xo,to} are the ensemble mean contributions to the Eulerian mass density, 

volumetrie concentrations of momentum and scalar at (X,t) from the unit volume 

fluid parti de Xo, respectively. pi}X,ti X ;,to), "L(X,t; Xo,to) and II1L(x,ti Xo,to) are the 

deviations from PL' iL and II1L, respcc;~lvely. PL(Xo,tO)' "L(Xo,tO) and II1L(Xo,to) are 

the initial mass density, volumetnc concentrations of momentum and scalar of the 

Ouid particle Xo, respectively. H(X,t) and E(X,t) are the ensemble mean Eulerian 

external volumetri" source strengths of momentum and scalar, respectively. 

P(X,t 1 Xo,to) is the probability density for the unit volume fluid partic1e Xo to 

appear at positwn X at time t. p(X,t), ~X,t) and 111 (X,t) are the ensemble mean 

Eulerian mass density, volumetrie concentrations of momentum and scalar at (X,t), 

respectively. 

Under the classical random fluid partic1e treatment, turbulent diffusion can 

only be described as random fluid parti de dispersions. Through them, the ensemble 

mean Eulerian physical properties p(X,t), ~X,t) and W(X,t) are calculated as the 

statistical superimpositions of the "shadow-like" ensemble mean contributions from 

individual Ouid particles in the flow. The non-feedback mechanism of the 

statistical superimpositions in this description reflects the exclusion of molecular 

mixing between different BMDFEs. 

By comparison, the introduction of the feedback mechanism through 

physically coupled disintegration and integration of the BMDFEs under the virtual 

Ouid parcel treatment would be seen as a major improvement in the description of 

turbulent diffusion. This improvement might reduce the potential 

mathematical-physical inconsistency in the understanding of turbulent diffusion in 

real turbulent fluids, when compared to the non-feedback mechanism of the 
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statistical superimpositions under the classical random fluid particle treatment. It 

is exclusively attributed to th{' incorporation of rnolecular rnDdng. 

According to (4.13)-(4.18), in each time step, the disintegration of the "oId" 

virtual fluid parcels will trigger the integration of the "new" virtual flUId parcels, 

which are then potentially subject to subsequent disintegration At the end of each 

time step, the integrated solutions of p(Y,t i +1), ~Y,ti+l) and 1I1(Y,t
1

+1) must be fed 

back, as "new" source terms, into the conservation equatlOns (4.13), (4.14) and 

(4.15). In the process of this feedback, each fractional contribution from a "old" 

virtual flllid parcel must be physically considered as an integral part of the "new" 

virtual fluid parcel, whose existence physically interferes with the other parts of the 

"new" virtual fluid parcel due to molecular rnixing. This suggests, then, that 

molecular mixing is a controlling agent of the mixing rnechamsm ln every 

time-step of turbulent diffusion, whose significance cOllld be cumulatively 

increased. 

5. Conclusion 

By permitting disintegration of individual BMDFEs, this study extends the 

classical fluid particle treatment to a new virtual fluid parcel treatment of the 

BMDFE where molecular mixing between different BMDFEs in turbulent flUIds is 

conceptually incorporated. Improvements over the classical fluid particIe treatment 

are embodied in the following two aspects: 

First, it simplifies the descriptIOn of the fluid dynamlc variables In turbulent 

flows by not tracing the Lagrangian characteristics of the BMDFEs, but rather by 

restricting the description to the Eulerian frarnework. As a result, additional 

concerns about the transformations between Lagrangian and Eulerian variables are 

elirninated. 
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Second, it introduces a feedback mechanism in the description of turbulent 

diffusion through physically coupled disintegration and integration of the BMDFEs. 

In comparison with the non-feedback mechanism of the statistical superimpositions 

under the classlcal random flUld particle treatment, this feedback mechanism might 

reduce a potentJal mathematical-physical inconsistency in our understanding of 

turbulent dIffusion in real turbulent fluids. This feedback mechanism suggests that 

molecular mlxing is a controlling agent of the mixing mechanism in every 

time-step of turbulent diffuSIOn, whose effeet eould be eumulatively important. 

Accordmg to these Improvements, we may infer that the new virtual fluid 

parcel treatment of the BMDFE in continuum framework would be more realistic, 

from a physical vlewpoint, In its descrIption of turbulent diffusion than the 

classlcal random fluid particle treatment. Confirmation of this inference will be 

attempted in the next study (Part 3). 
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Part 3. Application to the Diffusion Cloud. 

Abstract. 

The influence of molecular mlxmg on turbulent diffusIOn Iii qualltatlvely 

examined by comparing the vlftual fluid parcel treatment wlth the random nUld 

particle treatment of the BMDFE (BasIc Macroscoplcally Descnbable Flmd 

Element) in continuum framework The evolutlOn of the diffusIOn cloud IS analyz(ld 

by bath treatments on the level of single t)[ne-stcp dIffusIOn rl'dl~tflbutt()ns 'l'h(l 

analytlcai results suggest a persistent and cumulative Influence of rno\Pcular HllXlng 

on the evolutlOn of the dIffusIOn cloud, and thus on the evolutlf)ll of OH' rn('an 

concentration field, by reducmg the diffusIOn dIstrIbutIOn vanan('(' ThiS sllg~(lstlon 

would mean that the random f1llld partlcle treatmcnt, by rxcludlIlg molecular 

IIÙxing, may lead to a potentlal mathematlcal-physlcal Incomilst('ncy III thp 

descriptIOn of turbulent dlffuslon by exaggf'ratmg the dIffusion dl!'>tnulltlOn 

varIance. Supportmg eVldence IS presented from water flow dIffusIOn expeTlmcnts 

which appear to confirm that the vlrtual flUld parcel treatment IS more real!Stlc ln 

its deSCrIptIOn of turbulent diffusIOn than the classlcal randoIT\ flUld partlde 

treatment. 

66 
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1. Introduction 

Our previous study (Part 2) has outlined differences between the classical 

random flUld particle treatment and a new virtual fluid parcel treatment of the 

BMDFE (BasIc Macroscoplcally Describable Fluid Element) in continuum 

framework The main dlfference lIes 10 the fact that the new treatment 

mcarporatcs molecular mlx.mg bet ween dlfferent BMDFEs by permitting 

dlsintegration of llldividuai BMDFEs, whlle the classlcal treatment excludes such 

molecular mlxmg by restncting indivldual BMDFEs to maye as entitles. This 

dlfferencc leads to different descnptlOns of turbulent diffusion 

Under the classlcal random fluid partlete treatment, turbulent diffusion is 

descn bed as random D1lld partlcle dIsperSIOns, in process of statîstical 

supenmposltlons of the "shadow-hkell ensemble rnean contributions frorn 

individual f1uid partJcles 10 the Dow (Part 1): 

ô- - -Of PL (X,t, Xo,t o) + (V L (X,t, Xo,t o)' VI)' PL (X,tj Xo,t o) 

= - (V L (X,t, Xo,t o)' V;a} pi)X,t, Xo,to) + PL (Xo,to)' 6(x-xo)' 6(t-to) 

~"L(X,t; Xo,to) + (VL(X,t; Xo,to),Vl[)'''L(X,t, Xo,to) 

= U(X,t)· P(X,t 1 Xo,to) + v· vi· ïJ
L 

(X,t; Xo,t o) 

- (V L (X,t; Xo,to)' V x), "L (X,t; Xo,to) + 'L(Xo,to)' 6(x-xo)· 6(t-to} 

(1.1) 

(1.2) 
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8- - -Of\}f L (X,t; Xo,to) + (V L (X,t; Xo,to)' V x), \II L (X,t; Xo,to) 

= E(X,t)· P(X,tl Xo,to) + 11:' vi· W L(X,t; Xo,t o) 

- (Vi(X,t; Xo,to}·vx)·'lïi(X,t, Xo,lo) + WL(Xo,to)'O(X-Xo)'O(t-to} 

( 1.3) 

(I.4) 

(1.5 ) 

(1 6) 

Terms in these equatlOns are defined as follows 

"L(X,t; Xo,to)J PL (X,ti Xo,to) is the Lagranglan veloclty of the flUid partlcle Xo at 

position X at tlme t. PL(X,t; Xo,to), "L(X,t, XO,lO} and "'L(X,t, x(J,to} are the ensemble 

me an contnbutlOns to the Eulenan mass denslty, volumetrie concentratIOns of 

momentum and scalar at (X,t) from the umt volume flUid parti cie Xn , resp(\('tlvcly 

pi(X,t, Xo,tol, "j}X,t, Xo,to) and'" L(X,t, Xo,tol are the devlatlOns from PL' tJ/, and 

'ilL' respectively. PL(Xo,to)' "L(Xo,tO) and "'L(Xo,t O) are the InItial mass drnsity, 

volumetrie concentratIOns of momentum and scalar of the fll1ld partlcle X(), 

respectively. H(x,t) and E(x,t) are the ensemble mean Euleflan external volumetrIe 

source strengths of momentum and sealar, respeetIvely P(X,t 1 Xo,to) 18 the 

probablhty density for the UnIt volume flUld parti cie Xo to appear at posltwn X a.l 

time t. p(X,t), ~X,t) and W(X,t) are the ensemblE' mran Eull'nan mass denslty, 

volumetrie concentratIOns of mornentum and scalar at (X,t) ,respectlvely v and II: 

are the molecular kmematic and scala.r viscosltles (or the molecular 

collision-transport coefficients for mornentum and scalar), respectively. VI and Vi 
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are dei and Laplace operators with respect to X, and 6 is the Dirac delta function. 

Under the new virtual fluid par cel treatrnent, turbulent dIffusion is described 

as physically coupled dismtegration and integration of the virtual fluid parcels, in 

process of cascaded integration of the fractional contributions from the 

contlOuously dlsintegrated virtual fluid parcels in the flow (Part 2)' 

~PCy,tl+Si X,t l ) + (V(Y,t1+s; X,tl)·Vy).p(y,tl+s, X,t l) 

= - (V'(Y,tl+s; X,t l)· V y)' p'(Y,t)+s; X,t)) + p(X,t l )· 6(Y-x). 6(s) 

~-a:y,ti+S; X,t l) + (V(Y,tl+s, X,t l )· iy)' ~y,tl+S; X,t l ) 

= 1I.V;"~y,tl+s, X,t)) - (V'(Y,t1+Sj X,tl)·Yy)· "CY,t l +8j X,t l ) 

+ (~X,t)) + B(x,t l )·6t)·6(Y-x)·6(s) 

8- - -
(iW(y,ti+s; X,t)) + (V(Y,t)+s; X,t)). iy)' W(Y,tl+Sj X,t i ) 

= K.V;.W(y,t 1+s, X,t 1) - (V'(Y,ti+s; X,t 1)·Yy)·ïtï'(y,t l+Sj X,t j ) 

+ ("'(X,t)) + E(X,t1)·6t). 6(Y-x)· 6(s) 

(0 $ s $ 6t) 

(1. 7) 

(1.8) 

(1.9) 

(1.10) 

(1.11) 
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t i +1 = t i + ât, i = 0, 1, 2 ...... 

Terms in these equations are defined as follows. V(Y,t1+Sj X,t 1) __ 

~Y,tl+Sj X,t 1)/ p(Y,t1+Sj X,t 1) is the pseudo-Lagrangian velocity of the center of the 

virtual fluid parcel arnvmg at (Y,t1+s) from (X,tJ p(Y,t1+s, X,t 1), ~Y,tl+S, X,ll) 

and 'I1(Y,t 1+s, X,t 1) are the approXImate fractlOnal contrIbutIOns to the mass 

density, volumetnc concentratIOns of momentum and scalar of the vutllal flllld 

par cel at (Y,t1+s) from the unit volume vIrtual fl1l1d parcel at (X,t1L rrsp('ctIvely 

p'(Y,t1+Sj X,t 1), "'(Y,t1+s, X,t 1) and W'(Y,t1+s, X,t) are the dCvlatlOns from p, " and 

'11, respectIvely. H(x,t 1) and E(X,t 1) are the (Eulenan) rxternal volurnrtf1c souree 

strengths of momentuITt and scalar at (X,t 1), respectlvdy p(Y,ttq), ~Y,tt'l) and 

W(Y,t 1 +j ) are the (Eulenan) mass denslty, volumetnc conCf'ntratlOns of mompntllrn 

dnd scalar at (Y,t i +1), respectlvely ât is the tlme mtprval eornparablp to thr 

minimum period of the slgmficant fluctuatIOns of p(X,t
j
), ~X,tl) and W(X,t 1) 

The main improvement by the new vlrtual flUld parcp! treatUH'nt ln thr 

descrIption of turbulent diffusIOn IS embodlcd ln the IHtroductlOlI of a f('cdback 

mechanism through phYSICally cou pied dlsmtegratlOn and mt(lgratlOfl of thr 

BMDFEs This mlght reduce a potentlal mathematlcal-physlcal lnconslsten('y In 

the understanding of turbulent dIffusIOn in real turbulent flUlds, when contrasted to 

the non-feedback mechamsffi of the statistical supenmposltlOns under the c1a,sslcal 

random fluid partic1e treatment. The feedback mechamsm suggcsts that, as a 

controlling agent of the mixing mechanisffi, molecular mDong could be 

cumulatively important in every time-step of turbulent dIffusion. The conclusion 18 

then that molecular mixing should not generally be neglected In the description of 
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turbulent diffusIOn, which was also realized by the previous studies (Chatwin & 

Sullivan 1979, Durbin 1980; Sawford & Hunt 1986; Stapountzis et al. 1986; Kaplan 

& Dinar 1988). 

Accordmg to the above improvement, we may infer that the new virtual fluid 

parcel treatment is more realistic in its descnption of turbulent diffusion than the 

classical random flUld particle treatment 

To clarify the effeet of moleeular mixing, and thereby to confirm the above 

inference, this study tnes to apply the new and classical treatments to the 

descnptlOn of the diffusion cloud evolution on the level of single time-step diffusion 

redistributIOn analysls. The analytlcal results are then compared and 

experimentally tested. 

Earlier) the effeet of moleeular collision-transport interacting with turbulent 

transport (genera.lly referred to as "moleeular diffusIOn" and "turbulent diffusion ") 

has becn studled by Saffman (1960) and many others (see Monin & Yaglom §1O.1 

and § 10 2 1971) based on the classlcal sealar diffusIOn equation. Accordmg to their 

basically mtuitlve analyses, it has been suggested that the influence on the 

evolution of the dIffusion cloud by molecular collIsion-transport is neghgible when 

the diffusion tlme is long and the Reynolds number IS sufficiently large. However, 

the effect of moleeular mlxing in such situatIOn remams an open question. 

For reason of slmphcity, a passive scalar will be used as a tracer in the 

subsequent analysis It IS assumed to be conservative in the sense that the influence 

from external sources and from molecular collision-transport between different 

BMDFEs are neglected. 
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2.1. Formai description of redistributlOns 
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Suppose, for the sake of argument, a sealar loeated at positIOns Xo ,Xc ... X) , at 
1 2 {n 

initial time t o' with volumetrie concentratIOns 'l1(Xo ,to)' 'l1(Xo ,lo) ., W(Xü ,lü), 
1 2 n 

respeetively. In the fin,t smaU time interval t.t 1 = t 1 - tOI the scalar at Butlal 

positions in Xo is diffused mto Xl' At t1me t p we may arbltranly choos(' a pOInt 

(XI,t l ) where the volumetrie concentration W(XI,t l ) of the scalar is ffi('i\SUfE'd as the 

sum of contributions from aU InItial locatIOns. In the second small tlmc wterval 

t.t 2 = t 2 - t 1, the sealar property at (XI,t l) 18 rHlffused mto X2' wlth 

redistribution density P(X2,t2Ixl't1) It will be shown below that dlffrfrnt solutIOns 

for P(X2,t21 XI,t 1) would be obtained undcr the r:l.ndom flUld partic1e trratment and 

the virtual fluid parcel treatment, respectlvely, 

Under the random fluid partlcle treatment, each InItial locatlOn of the scalar 15 

assumed to be oecupJed by a flUld particle wlth volume dXo (1 = 1,2 Il) whlch 
1 

subsequently moves randomly as an entIty, statlstlcal1y descnbcd by the 

probability density dIstnbution of Its trajectory in repfated expcnmcnts, 

In the first tIme mterval t.t 1 = t 1 - to, each flUld partlclr has a probabdity 

denslty P(X1,t11 Xoi,t O) for !ts unit volume to move from the ImtIal 10catlOn (X01,t O) 

to point (Xvt 1) At tlme t 1, each flwd partlcJe should have a "shadow-hke" 

ensemble mean (Lagrangian) contnbutIOn density 'l1 L(X)lt.l' XOI,tO) to the ensemble 

mean (Eulerian) volumetrIe concentration 'V(X1,t1l of the scalar at pOInt (X1,t l) in 

repeated experiments: 

(2.1) 
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Aceording to (1 3) and (1.6), the ensemble mean (Eulerian) volumetrie 

concentration IV(Xl't 1) at (Xl,t l) shemld be ealeulated as the statistieal 

superimpositlOn of the ensemble mean (Lagrangian) eontribution~ from all the 

indivldual flUld partIc1es in the flow: 

n 

n 

(2.2) 

Since molecular mixing between fluid particl;~s is cxcluded by the fluid partic1e 

treatment (Part 1), the shadow-like ensemble m~an contributions to point (XlIt l) 

from different flUld particles are not allowed to be physically linked. In this 

process, each ensemble mean contnbution II1(Xoi,to},P(Xl,tllxoj'to)·dXoi from a 

single fluid partlcle 15 assumed to be developed as if the ensemble me an 

contributions from other fluid particles did not exist. This means that different 

flUld particles only come to pomt (XlIt l) in different realizations in repeated 

experiments sinee more than one flmd particl(' cannot physieally occupy a given 

spaee-time pomt m a smgle realizatlOn. In the next time interval, the overall 

shadow-like ensemble mean contrIbutions at point (Xl,t l) cannot then be jointly 

considered in theu iurther re-diffusion. 

ln the second time interval ~t2 = t 2 - t l1 each fluid particle has a further 

probability density P(X2,t 21 Xl,tl' xo.,to) for its unit volume to re-diffuse from 
1 

(XI,t 1) to (X2,t 2)· At tlme t 2, eaeh fluid particle via (XI,t 1)' or each shadow-like 

contribution at (Xl,t l), ShOllld have a further shadow-like ensemble mean 

(Lagrangian) contrIbutIOn density 111 (Xoj'to) . P(Xl't 11 Xoi,to)' P(x2,t 21 X1,t l; Xoi,to}' dXoi 

to the ensemble mean (Eulerian) volumetrie concentration W(X2,t2) of the sealar at 
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point (X2,t 2) in repeated experiments. The overall further enspmblc me an 

contribution density to \}!(X2,t2) from all the fluid partlcles via (X~,t 1)' or from aH 

their shadow-like contributions at (Xl't 1), should then be calculated as 

n 

WL(X2,t 21 Xl,t l) = .~ W(Xo·,to)· P(xl' t tl Xo·,to)· P(X2,t 21 Xl't 1; xo.,to}· dX()' 
1 = 1 1 1 1 1 

(2.3) 

This means that, under the random fluid particle treatment, the redistributIOn 

density Pr(X2,t2Ixl'tll of the scalar for aU the fluid particles via (Xl't l ), or for ail 

their shadow-like contributIOns at (Xl't t), to appear at (X2,t 2) IS descnhcd as 

n 

"WL(X2,t2IXl,tl) 

W(XI,t 1) 

.~ W(Xo" t 0) ,P(xt't 1Ixo ' ,to}·P(x l ,t 2IX l ,t 1;Xo ,to}·dXo· 
1=1 1 1 1 1 

n 

where the subscript r denotes the random flmd particle treatment 

(2.4 ) 

The appropriateness of (2.4) can he tested as follows: If we statlstlcally 

consider that every point (XI,t l) in Xl is occupied by an "imagmary flUld partlcle" 

with volume dXl' the ensemble mean (Eulerian) volumetrie concentration W(X2,t 2} 

of the scalar at point (X2, t 2) 3hould then he calculated as the statistlcal 

superimposition of the shadow-hke ensemble mean contnbutIOns from aH such 

"imaginary fluid particles" in Xl: 
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Xl 

W(X2,t2) = E W(XI,tl)·Pr(X2It2IXI,tl)·dXI 

Xl n 

= E .~ 1V(XO.,tO}· P(xl't 11 XO·,tO}· P(X2,t 21 XI,t l; XO"tO}' dXO" dX1 1=1 1 1 1 1 

(2.5) 

Considering that the probahility density for each fluid particle ta move from 

its initial location (Xo.,to) ta (X2,t2) is 
1 

XI 

P(X2,t2 1 xo·,to} = ~ P(X1,t 11 Xo"to}' P(X21t21 X1,t li Xo"to}' dX1 1 1 1 

(2.5) can he written as 

n 

1V(X2,t2) = .E W(Xo.,to)· P(X2,t21 Xo.,to)· dXo· 1 = 1 1 1 1 

which complies with (1.6). 

By contrast, under the virtual fluid parcel treatment, each initial location of 

the scalar is assumed to be occupied by a virtual fluid parcel with volume dXoj 

(i = l, 2 ... n), subject to disintegration as described by the fraction al 

redistnbution density. 

In the first tIme mterval lIt l = t 1 - to' each virtual fluid parcel in Xo has a 

fractional redistribution density F(xl't11 XOj,to) for its disintegrated scalar fragment 

to diffuse lOto the unit volume virtual fluid parcel at (Xl't 1). If Ml is sufficiently 

small for the virtual fluid parcel at (Xo.,to) ta be still recognized by its center of 
1 

gravit y , it may be ~,ccetJLable, as an approximation, ta assume that the virtual 
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fluid parcel moves as a whole during MI with disintegratian takmg place at the end 

of the time interval. In this case, the virtual flmd parcel at (Xo.,t o) c<:.n be 
1 

temporarily t"eated as a "pseudo-fluid-particle" during L'it l F(XI,tt\xo.,to) can thcn 
1 

be apprmumately estimated by the probabihty density P(X1,ttl xoi,to) far such a 

IIpseudo-fluid-partic1e" to dIffuse from the mitiallocatlOn (Xoi,to) ta pamt (XI,tJ 

At time t 1, due to dlsintegratIOn, each vutual fluid parcel in Xo should have a 

fractional contributIOn denslty 'ÎÏ to the (EuIerian) voIumetnc concentration 

W(X 1,tt) of the scalar of the newly formed virtual fluid parceI at (XI,t l ) 

~ \It(X1,t 1, xoi,to) 

~ \It(XOi,tO)' P(xl't 1IXoi ,to) (2.6) 

Aceording to (1.9) and (1.12), the (Eulerian) volumetrie concentration \lI(X1,t 1) 

shauld be calculated as the integration of the fractional contributions rlismtegrated 

from aU the previous virtual fluid parceis in Xo: 

n 

W(X1,t 1) = .~ W(Xl't li Xo·,to)· dXo· 
l = 1 1 1 

n 

n 

(2.7) 

Since molecular mixing between fluid elements is considered under the virtual 

flttid parce! treatment, the fraction al contributions to point (X 1,t l ) dlsintegrated 

from the different previous virtual fluid parcels lU Xo should be physically I1nked. 
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In this process, each fractional contribution W(XOi,tO)' F(Xl't tI Xoi,to)' dXoi from a 

previous virtual fluid parcel is regarded as an integral pa:t of the newly formed 

virtual fluid parcel at (X1,t J In the next time interval, the ovcrall fraetlOnal 

contributions at (XI,t l ) sho1l1d thpn be Jointly considered in their further 

re-diffusion, which is descnbed by the jomt dismtegratlOn of the new vutual fluid 

parce} at (XI,tJ 

In the second time interval àt 2 = t 2 - t 1, the new virtual fluid parcel at 

a further joint fractional redistri bution density 

F(X2(XO ),X2(Xo ) ... X2(Xo ),t 21 X1,t l) for aU its constituent sealar parts, arrived at 
1 2 n 

(X1,t 1) from all the previous virtual fluid parcels in Xo, to jointly disintegrate and 

then re-diffuse into the unit volume newer virtual fluid parcel at (X2,t 2). In 

addition, each constituent sealar part of the virtual fluid parcel at (Xllt 1)' coming 

from one previous virtual fluid parcel in Xo, has a further indlvidual fractional 

redistribution density F(X2,t 2 \ X1,t 1Î XOj'to) ta re-diffuse into the unit volume newer 

virtual fluid parcel at (X2,t 2). If àt 2 is sufficiently small for the new virtual fluid 

parce} at (X1,t 1) to be still recognized by its center of gravit y, it may agam be 

acceptable, as an approximation, to assume that the new virtual fluid parcel moves 

as a whole during àt 2, with disintegration taking place at the end of the time 

interval. As discussed above, the new virtual fluid parcel at (XI,t 1) be'.:omes a 

temporary "pseudo-fluid-particle" during àt 2. F(X2(Xo ),X2(Xo ) .. X2(Xo ),t 21 XI,t I) 1 2 n 

can then be approximately estimated by the joint probability density 

P(X2(XOl),X2(X02) ... X2(XOn),t 21 xl't 1) for aU the fluid particles In Xo to Jointly 

appear at (X2,t2) via (XI,t l). F(X2,t21 Xl't lÎ X01,t O) can then be approximately 

estimated by the probability density P(X2hl Xl't li xoi,to) for each of the fluid 

particles in Xo ta jointly appear at (X2,t 2) via (Xi,t l). At time t 2, due to 

disintegration of the virtual fluid parcel at (X1,t 1), each of its constituent scalar 



Part 3 78 

parts should have a subsequent fractional contribution to the newer virtual fluid 

parcel at (X2,t 2), with a contnbution to the center of gravit y (with respect to the 

scalar) of the newer virtual fluid pal~el estimated as 

\iI(X1,t 1i Xc j,to}· X2(XOj)· dXoj 

'Iï ( Xl>t 1) 

As a consequence, the overall contributions to the center of gravit y of the newer 

virtual fluid parcel at (X2,t 2) from all the constituent fractions of the virtual fluid 

parcel at (Xl' t 1) should bé estimated as 

n 

.E ~(Xl,tli xo·,to)·X2(Xo·)·dXo· 
X

2
(X

I
) == 1 = 1 l l l 

ïIi (xl,t 1) 

n 

.E 1lt( X 0 . , t 0)· F(X 1 ' t II Xo· , t 0)· X 2(XO . ). dXo· 
1=1 l l l l 

n 

n 

n 

(2.8) 

This means that, under the virtual fluid parcel treatment, the redistribution 

density P v(X2,t 21 xl't 1) of the scalar for aIl the constituent fractions to diffuse from 

(X1,t 1) to (X2,t 2) is determined according to (2.8). Here the subscript v denotes the 

virtual fluid parcel treatrnent. 

In practice, the determination of P v(X2,t21 XI,t l) according to (2.8) is often 
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complicated. One possible approach is through the concept of the characteristic 

function P v(12), which is defined as the Fourier integral transforrn: 

(k = Fi) (2.9) 

Assuming X2(XO h X2(XO ) ... X2(XO ) in (2.8) are mutually statistically 
1 2 n 

independent, we can expect (Derman, Gleser & Olkin 1973) that 

(2.10) 

where the characteristic functions Pi(02) are defined as 

X2{Xoïl 
Pi(02) = Joo (J b P(Y(Xoi),t2IXl,t1i XOi'to)·dy).ek.02·X2(Xoi).dX2 

~ -00 

(2.11) 

with 

~(Xl' t 1 i XOi,to)·dXOi 
b = ---...,.~,--~---

'l1(X1 , t 1) 

W( x 0 i 1 t 0)' P (X 1 1 t 1 1 XOi 1 t 0)' dXo i =-------------------------------n 

(i = 1, 2 ... n) 
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X 2(Xoil 
Here f b P(Y(XOi),t2IXl,tli XOi'to)·dY is the individual probability density of 

-00 

b.X2(Xoi) . 

Then the redistribution density P y(X2,t21 X1,t 1} can be ealculated as the 

inversion of the Fourier integral transform: 

(2.12) 

The distinct forms of (2.4) and (2.12) suggests that the redistribution density 

P y(X2,t21 X1,t 1} under the virtual fluid parcel treatment differs from the 

redistribution density Pr(X2,t2IXl,tl} under the random fluid partic1e treatment. 

The nature of this difference will be further explored in the following section. 

2.2. The means and variances of the redistributions 

For convenience of illustration, we may assume a simple situation where a scalar is 

initially loeated at two positions Xo and Xo in a turbulent fluid, with initial 
1 2 

volumetrie concentrations 'lI(Xo ,to) and 'lI(Xo ,to)' respectively. In the first time 
1 2 

interval At l = t 1 - to' the individual probability densities for each of the unit 

volumes of fluid at (Xo ,to) and (Xo ,to) to diffuse into point (XI,t 1) are 
1 2 

P(X 1,t ll Xo ,to} and P(X1,t 11 Xo ,to}, respeetively. In the second time interval 
1 2 

At a = t 2 - t l, the individual probability densities for each of the contributions at 

(X1,t 1) from (Xo ,to) and (Xo ,to) to rHliffuse into point (Xa,ta) are 
1 2 

P(X2,t2IXl,t 1i Xo ,to} and P(x2,talx1,t li Xo ,to}, respeetively, with their joint 
1 2 
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probability density being P(X2(XOI),X2(X02),t2IXl'tl). 

Under the random fluid particle treatment, according to (2.4), the 

redistribution density P r(X2,t21 X1,t 1) of the scalar from (X1,t 1) to (X2,t 2) is 

determined as 

'I1(Xo ' t 0) .P(XI,t 11 Xo ,to)·P(X2,t 2IX l ,tl;Xo ,to)·dXo + ____ ~2 ____________ ~2 ______________ ~2 ____ ~2 

2 

.~ 'lI(Xo· ,tO)·P(X1,t 1Ixo· ,to)·dXo· 
1=1 l l l 

(2.13) 

If we let 

'11 1 = 'lI(Xo ,to}' P(X1,t d Xo ,ta)' dXo 1 1 1 

'11 2 = W(Xo ,to),P(xl't 1IXo ,to)·dXo 2 2 2 
2 

'l1 = 'l1 1 + 'l1 2 = .~ 'l1(Xo.,to),P(Xl,ttlXo.,to)·dXo. 
1=1 l l l 

(2.13) can then be written as 

w w 
P r(X2,t21 X 1,t l) = ~. P(X2,t21 X1,t 1; X%) + ~. P(X2,t 21 XI,t 1; Xol'o) 

(2.14) 

By definition, the mean vector Er of the redistribution P r(X2,t 21 XI,t l) is 

calculated as 
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(l) 

Er = f X2,Pr(X2,t2IXl,tl)·dX2 
-m 

with the individual mean vectors Cl and e2 defined as 

ID 

el = f X2• P(X2,t21 X1,t 1; Xo ,to}' dX2 
• "'ID 1 

ID 

e2 = f X2,P(X2,t2Ixl,tl; Xo ,to)·dX2 
-m 2 

ID 

(}~ =: f (X2 - Er)2'Pr(X2,t2IXl,tl)·dX2 
-ID 

(2.16) 
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with the individual variances ~ and O'~ defined as 

ID 

01 = f (X2 - el)2.P(X2,t2Ixl'tli Xo ,to)·dX2 
-,,;) 1 

ID 

~ = f (X2 - e2)2.P(X2,t2Ixl'tli Xo ,tO)·dX2 
-,,;) 2 

By contrast, under the virtual fluid parcel treatment, the contributIOn ta the 

center of gravit y with respect to the scalar from (Xt,tt) ta (X2,t 2) is determined 

according to (2.8) as 

(2.17) 

If the marginal distribution densities of the joint distribution density 

P(X2(Xo ),X2(Xo ),t21 X lit 1) are approximated by P(X2,t 21 xl' t l' Xo ,to} and 
1 2 1 

P(X2,t2IXl,t1; Xo ,to) respectively, the mean vector Ev and variance O~ of the 
2 

redistribution P v(X2,t 21 X1,t 1) of (2.17) are calculated as (Derman, Gleser & Olkin 

1973): 

(2.18) 

()2 = '1'~.~ + 2'1'1,'1'2'0"1.2 + q,~,~ 
v '1'2 

(2.19) 

Here, the covariance 0"1'2 is defined as 



( 
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Comparing (2.15) with (2.18) and (2.16) with (2.19), we have 

(2.20) 

and 

(2.21) 

This indicates that, although both redistributions P y(X2.t21 Xt,tt) and 

p r(X2,t 21 X"t,) have the same mean, the redistribution P v(X2,t 21 X"t1) under the 

virtual Ouid parcel treatment may generally have "narrower" distribution, with 

smaller variance, than the redistribution P r(X2,t21 xl't,) under the random Ouid 

particle treatment 

The direct comparison hetween (2.16) and (2.19) is structurally complex. It 

can he simplified by assuming 

with el = e2 = e and ~ = ~ = (12. 

Then, (2.15), (2.16), (2.18) and (2.19) are simplified as 

E = E = e y r (2.22) 

02 = \{Ii + 3\l11·\{I~ + 3\{1I·\lI2 + \lI~ .u2 
r \li 3 

= (12 (2.23) 

and 

T 



-
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(}2 = 1l1~ou2 + 2Wlo1l12oCTb2 + w~ou2 
v W2 

~u2 (2.24) 

2.3. The effect of molecular mlxing 

In the above analysis, the mean E and variance 0 2 can be, respectlvely, interprcted 

as the center of gravit y and the expanSIOn with respect ta the center of gravit y of 

the re-diffusion cloud in a single time-step. Then, (2.20) and (2.21) suggcst that 

molecular mixing may generally reducl the expansion of the r~iffuslOn cloud In a 

single time-step from the value it would have if molecular mlxlflg was not 

incorporated into the description. ThiS reduction, however, may not mfluence the 

center of gravit y of the re-dlffusion cloud. In other words, the expansIOn of the 

re-ùiffusion cloud in a single time-step would generally be exaggerated by the 

classical fluid particle treatment due to exclusIOn of molecular rnIxmg This 

analysis may confirm the notion that, as a controlhng agent of the nuxIng 

mechanism, molecular mixing is important In every tlme-step of turbulent 

diffusion. 

From (2.23) and (2.24), we may infer the folloWlllg: In a laminar flow or a 

weakly turbulent flow with very low turbulence intenslty, the constituent portions 

of any fluid element at any time should be relatively weIl correlated, 1 e. CT1'2-1 

Ul-t O. Then, the variances of both redistnbutlOns P r(X2,t21 Xl'lj) and 

P v(X2,t21 xl't 1) tend to vanish. This means negligible reduction of the expansion of 

the re-ùiffusion cloud in a single time-step by molecular mixing, or negliglble 

exaggeration of the expansion of the re-diffuslOn cloud in a single tIme-step by the 

classical fluid particle treatment. In a flow with high turbulence Intenslty, however, 
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the constituent portions of any fluid element al any time may become less 

correlated, i.e 0'1'2 decreases when u'l increases. Then, the redistribution 

P v(X2,t21 X pt 1) becomes more narrowly distri buted, wlth smaller vanance, than the 

redistributIOn P r(X2,t 21 xl't 1)' Tlus imphes a larger reduction of the expansion of the 

re-diffusIOn cloud m a smgle time-step Dy molecular mixmg, or a more pronounced 

exaggeratlOIl of the expansIOn of the re-<.hffusion cloud 1I1 a single time-step by the 

classical fluid particle treatment. 

According ta (1.1)-(1.6) and (1 7)-(1.12), the above analysis should be 

applicable 1I1 any further time-step development, sa that the effect of molecular 

miXlI1g m reducmg the expanSIOn of any intermediate re-diffusion cloud should be 

continuously renewed. ThIs effect is then accumulated with increasing tIme so as ta 

change the evolutIOn of the overall diffusion cloud and, simultaneously, the 

evolution of the mean concentration field Given a sufficient length of time of 

accumulatIOn, Hus change should in principle become experimentally observable. 

Previously, scalar concentratIOn fluctuations have been examined by studies 

which implicltly or explicitly incorporate molecular mixing with (Sawford & Hunt 

1986; Stapountzis et al. 1986) or without (Durbin 1980) consideration of the 

molecular collISIOn-transports (i.e. the molecular momentum and scalar collision 

transports Il and K). Their results showed that the decay of scalar concentration 

fluctuations, in companson with the fluid particle model (one-particle or "inner 

limit" two-p,lIrticle relative dispersion (Durbin 1980)), is mainly caused by 

molecular mixing, although the molecular collision-transports also have noticeable 

effects (shown by Sawford & Hunt 1986; Stapountzis et al. 1986). However, these 

studies were implicit.ly or explicitly based on the assumption that the influence on 

the mean concentration field by molecular mixing can be ignored. According to our 

analysis presented above, this assumption may not be justified. It is usually 
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supported, in Its turn, by a further assumption that the flUld partlc1rs mov(' at tht' 

local Eulenan flUld velocity (such as 5awford & II unt 198t3, Thomson 1990) ThIs 

may be i.lappropnate because, havlllg Imphcltly ,ocorp(1rated IlHMcnlar n1\xmg by 

this seccnd assumptlOn, thelr flUld ekmeots (movmg at th(' local Eulenan ntlld 

velocity) can only be regarded as vutual fluld pareds (Part 2) In l)Ur Pf('VIOIlS 

study (Part J), It has been shown that uodcr the randorn fluld partI cie tr('at01<'0 t, 

the assumptIOn of the statlstlcal eqUlvalence between the Lagranglan vanablrs of a 

single f1Uld partlcle and the Eulenan van ables at one space-tllTl(' pomt 15 not 

generally satlsfied. 

3. Experimental test 

3.1 Design 

In this section, the results of the above analysls about the ('ffect of meMcular 

mixing are tested in passIVe scalar turbulent dIffusIOn rxpenments ln ordpr to 

simulate the situatIOns used ln the analySIS, and to assure sufficICnt physlcal 

overlap of plumes, the expenments are arranged III two sub-deslgns, explamed in 

Figure 1.. 

In the first sub-deslgn, three single Instantaneous pOInt sources of a passive 

scalar are separately released at positions SI, S2 and S3, and the)r indlVldual 

diffusion puffs are separately measured at sensor positIOns In the second 

sub~esign, the instantaneous point source of the passive scalar at SI 15 releascd 

first. When its center of puff reaches 52, the Instantaneous pomt source at 52 18 

released. When the center of the JOInt purr from SI and 52 reaches S~, the 

instantaneous point source at 53 is released, Then, the Joint diffusIOn puff from SI, 

52 and 53 is observed at sensor positIOns. The time delays for release of puffs in the 

second sub-design are estimated from mean flow velocity and source spacings. 



Z (cm) 

sensor positions 

V 

$1 52 53 flow 

12 • • 
source positions 

N 
0 10 20 70 X (cm) 

Figure 1. Design of experiments. 
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The result from the second sub-design would naturally inY'olve molecular 

mixing between the overlapping puffs ùeveloped from SI, S2 and S3, wluch is the 

major concern of the vlrtt.:.al flUld parcel treatment. Thcreforc, the overall dIffusIOn 

cloud from tms sub-design would in principle be expected to be slmulated by the 

virt ual fluid parcel des cri ptlOn. U nder the random fluid partlcle treat.mE.'n t, 

however, the overall diffusIOn is calculated as the statistical supenmpositlOn of th(' 

contributions from the separate puffs develop2ù frorn the individual pOInt sources 

SI, S2 and S3. In the case of vasslve scalar diffusion, thls superimposItlOn IS 

reduced to an independent summation of the separate diffuslOn PUff3 from the three 

point sources, as measured in the first sub-design (Part 1) 

3.2. Setup 

The experiments were carried out in a closed-drcuit water tunnel generally used 

for electrochemical simulations of heat or mass transfer (e.g. Schuepp 1989). Flow 

straighteners and 1.2 )( 1.2 mm square-mesh sereen precede a working section 110 

cm long (x), 28 cm wide (y) and 28 CIn high (z), as shown in Figure 2 

The source material was a dilute NaOH solution, with concentratlOn equal to 

1% of saturation (a.Olg/ml, NaOH /H20), mjected at the source positions by 

syringes, as approximate instantaneous point sources with constant volumes of 

about 0.5 cm 3. The ions of the source material acted as tracers to be detected by 

the measurement sensors. Because buoyancy and gravitational setthng cf the source 

solution were negligibly smaH, the source material could be considered to be 

passive. 

The measurement sensors were manufactured by open ends of Cu-K 

thermocouple wires (1.2 mm diameter), used as electrodes connected to a simple 

5V De loaded circuit. Since the voltage drop between the two electrodes depends 
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Figure 2. Schematic diagram of the experimental arrangement. 
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on the ion concentration around the sensor, changes of concentrations are measured 

as voltage changes. The measurement sensors were calibratcd in standard solutions. 

Water flow in the central streamline of the working section of the water tunnel 

was set at a stationary me an velocity of 15 cm.çl, with a moderate turbulence 

intensity Ca ratio of me an velocity to the root-mean-sQuared velocity fluctuations) 

around 0.1. To avo:::i boundary effects, the sources wcre introduced into the 

working section at points Si, S2 and S3 with 10 cm spacing along the central 

streamline, through fine tubes penetrating the ceiling of the tunnel. The 

measurement sensoe array was located at P, 50 cm downstrearn from source S3, 

where a sufficient length of time of accumulation of molecular rnixtng effect in the 

diffusion puff evolution could be expected. 

The measurement sensor array is shown in Figure 3.. Principal sensors, 

represented by letters B ... N, were fixed with spacing of 4 cm, and supplernentary 

sensors, represented by Al'" A12' were movable. The puffs of NaOH released from 

the three point sources were expected to hit the center of the array. 

Measurements were recorded by CR7X datalogger (Campbell Scientific Inc. 

model 700) at a frequency of 11 Hz, continuously for 10 s. This sampling interval 

was sufficient to cover the passage of the diffusion puff'i in each experimental run. 

The recorded signals were transferred to a IBM PC disk storage for analysis. 

Experiments in both sub-designs were repeated 10 tirnes. 

3.3. Results 

Figure 4 shows the integrated two-dimensional representations of the observed 

diffusion puff distributions across the yz plane for the two sub-designs. They were 

constructed from integrations of the time series of sensor measurement output, 

covering the full passage of the puffs. Results are shown in flat contour and solid 
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Figure 3. The arrangement of principal measuremenl sensols B to N 
and Bupplementary measurement senBors Alto A 12' 
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Figure 4. The integrated two-dimensional contour (a) and surface (b) 
plots of the natural joint diffusion distribution PD of tbe joint puff 

measured in the second sub-design (al and bl), and the diffusion 
distribution P r calculated in principle of tbe statistical 

superimposition oC the separate puffs individually measured in tbe 
first Bub-design (a2 and b2), averaged trom 10 repetitio:l8. * gives 
data position . 
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surface graphs. 

Due to imprecise release timing in the second sub-design, the centers of the 

puffs fram the three point source~ may not overlap perfectIy. The resulting error 

may, ta sorne degree, enlarge the, ariance of the natural joint puff distribution in 

the second sub-design. This would :educ~ the difference in variances between the 

natural joint puff distribution in the second sub-design and the one processed in 

the statistical superimposition of the results from the first sub~esign. Moreover, 

there may exist an internal "contamination" in the first sub-design due to 

already~xisting molecular mixing in the individual puffs from the individual point 

sources. This "contamination" would also, to sorne degree, reduce the difference in 

variances between the natural joint purf distribution in the second sub-design and 

the one processed in the statistical superimposition of the results from the first 

sub-design. Quantitative estimation of these errars is, unfortunately, not possible 

in our experiments. Without these errors, however, the difference in variances 

between the two treatments should be more observable. 

Nevertheless, a non-negligi ble difference in variances between the two 

treatments in our experiments is still observed, so that our experimental 

confirmation of such difference is, at least, qualitatively meaningful. 

In our experirnents, the means Ey.n and Ez.n and the variances n;'n and n:'n 
of the natural joint puff distribution from the second sub-design (the subscript n 

denotes the natural joint distribution), and the means Ey.r and Ez.r and the 

variances O;.r and O~'r of the diffusion distribution processed in the statistical 

superimposition of the results from the first suh-design, are observed as 

Ey'n = 0.82 cm 

Ey'r = 0.70 cm 

Ez'n = - 0.81 cm 

Ez'r = - 0.90 cm 
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and 

2 2 2 2 0y'n = 18.13 cm 0Zln = 17.33 cm 

O~lr = 21.36 cm2 O~'r = 20.93 cm2 

where the hypotheses Eyln = Ey'r, Ez'n = Ez'rl n~'n < n~'r and O;"n < O;"r are 

accepted, respectively, with confidence levels 95%, 95%, 65% and 65% in U-tests 

(Gaussian) and F-tests. 

These experimental results qualitatively confirm the analysis in the preceding 

section. They lend support to the notion that molecular mixing in the natura] joint 

diffusion tends to reduce the diffusion distribution variance, in agreement with the 

prediction by the virtual fluid parcel treatment. It indicates that the diffusion 

processed in statistical superimposition under the dassical random fluid parUde 

treatment exaggerates the natural joint diffusion by overestimating the diffusion 

distribution variance, in the same way as it exaggerates the diffusion distribution 

described by the virtual fluid parcel treatment. It would then appear to confirm 

the inference stated in the Introduction 

4. Conclusion 

This study suggests that molecular mixing in turbulent diffusion persistently 

and cumulatively influences the evolution of the diffusion cloud, and thus influences 

the evolution of the mean concentration field, by reducing the diffusion distribution 

variance. This suggestion is presented through a comparison of the classical random 

fluid particle treatment with the new virtual fluid parcel treatment of the BMDFE, 

in application ta the description of the diffusion cloud evolution on the level of 

single time-step diffusion redistribution. 

According to this suggestion, the description under the random fluid particle 
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treatment would generally exaggerate the diffusion distribution variance due to 

exclusion of molecular mixing. This is supported by experiments of passive scalar 

diffusion in water flow with moderate turbulence intensity. It would then appear to 

confirm that the virtual fluid parcel treatment, with incorporation of molecular 

mixing, is more realistic in its description of turbulent diffusion than the classical 

random fluid particle treatment. 
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Abstract 

Part 4. A Pre1iminary Simulation of Scalar Turbulent Diffusion 

under the Virtual Fluid Parœl Trealment 

A preliminary simplified numerical modeling of scalar turbulent diffusion, 

based on the virtual fluid parcel treatment of the BMDFE (Basic Macroscopically 

Describable Fluid Element), is presented. It uses direct experimental observation to 

estimate the fractional redistribution density of the scalar, to bypass technieal 

difficulties in solving the disintegration equation. 

This simplified scheme approximates the fractional redistribution of the scalar 

by the fractional redistribution of fluid volume, calculated from the probability 

density distribution of the local real-time Eulerian velocity, It also assumes that 

sub-grid seale motion, ignored by the discrete Eulerian velocity measurements, is 

recovered by linear and/or proportional interpolation. Comparison of nurnerical 

model predictions against experimental simulation of ammonia diffusion in wind 

tunnel models shows encouraging general agreement, particularly in the case of low 

turbulence intensity. 

98 
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1. Introduction 

An exploratory virtual fluid par cel treatment has been proposed in our 

previous study (Part 2), whlch conceptually incorporates molecular mixmg by 

permitting disintegration of indiVldual BMDFEs (Basic Macroscopically 

Describable Fluid Element) in tUI bulent fluids. This treatmt'nt is exp('cted to 

improve the classical random lluid particle treatment in the descnptlon of 

turbulent diffusion, by introducmg a feedback mechamsm through physlcally 

coupled disintegrations and integratlons of the BMDFEs (Part 2, Part 3) ft 

describes turbulent diffuslOn, in successive time steps, through cascaded integration 

of the fractional contributions from continuously disîntegrating virtual lluid parcels 

in the flow. For scalar diffusion in an incompressIble flUld, thlS description is given 

by the following recurring joint equations (Part 2): 

8- - -
lJSW(y,ti+Sj X,ti) + (V(Y,ti+Sj X,t1)· if)' W(Y,tj+Sj X,t 1) 

= 1\:' i;. 'I1(Y,t i+Sj X,t i ) - (V'(Y,t1+s; X,t 1)· Vy}' 'lï'(Y,ti+Sj X,t 1) 

+ ('II(X,tû + E(x,tû' ât)· O(Y-X)' 6(s) 

(O~S~ât) 

'l1(Y,t i +1j X,t i ) 

F c(y,ti+dx,t i ) = W(X, t i) + E(X, ti)·At 

t i +1 = t i + ât , i = O~ 1, 2 ..... . 

(1.1 ) 

(1.2) 

( 1.3) 

Terms in these equations are defined as follows: V(Y,t i+8i X,t i ) and W(Y,ti+s; X,t j ) 
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are the approximate fractional contributions to the velocity and volumetrie 

concentration of scalar of the virtual fluid parcel at (Y,ti+s) from the unit volume 

virtual fluid parcel at (X,t i ), respectively. V'(Y,t i +8j X,t j ) and 1I1'(Y,t j +8j X,tû are 

the devlations from V and 111, respectively. F c(Y,t l +11 X,t i ) is the fractional 

redistribution density coefficient for scalar dh,integrated from the virtual fluid 

parcel at (X,tJ and then mixed iuto the unit volume virtual fluid parcel at 

(Y,t
l

+1). E(x,t i ) is the (Eulerian) external volumetrie source strength of sealar at 

(X,t i ). lI1(x,tt> and \}I(Y,t i +1) are the (Eulerian) volumetrie concentrations of scalar 

at (X,t i ) and (Y,t 1+l) respectively. At is the time interval comparable to the 

minimum period of the significant fluctuation of the scalar volumetrie 

concentration q, (X,t.). K. is the molecular collision-transport coefficient for scalar. Vy 

and V; are deI operator and the Laplace operator with respect to Y, respectively, 

and 6 is the Dirac delta function. 

In practice, however, the solution of (1.1) may involve teehnical diffieulties in 

the nonlinearity of the equation and in the parameterization of the flow character 

with macroscopic inhomogeneity of both flow seale and turbulence intensity (e.g. 

Thomson 1984; van Dop, Nieuwstadt & Hunt 1985; Sawford 1986; Pope 1987; 

Jones & Musong 1988; Luhar & Britter 1989). Up to now, sueeessful solutions to 

these difficulties have not generally been available. 

This preliminary test of the virtual fluid parcel treatment is based on a 

simplified numerical modeling, where m'=!asurements are used to bypass sorne of the 

difficulties in solving (1.1). In particular, the fractional redistribution density 

F c(y,t i +11 X,t i ), will he directly estimated from observations of the velocity field. 

Such simplified numerical modeling should he feasihle, in principle, because the 

information required is obtainahle through Eulerian measurements, although 

approximations may have to be used for reasons of praetical convenience. 
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The simplHied numerical modeling is applied to the diffusion of ammonia 

(NH3) from a continuous point source In two wind tunnel modcls, representmg 

open-surface and plant canopy, respectlvely. A cor~espondlng type of nnmencal 

simulation under the classlcal random fluid particle treatment cannot be ('xccutt'd 

because of our current inabllity to obtain duect and rchable Lagranglan 

measurements. 'l'herefore, the predictions of thlS study cannot be compared agalllst 

those of the classical random flmd partlcle approach Instead, this study 15 hmitcd 

to the first practical application of the virtual flUld par cel treatment to a sItuatIOn 

where the numerical predictions can be testeJ agamst experimental observatIOns. 

2. Alternative approximate disintegration 

Generally, FC(Y,tl+llx,tl) must be linked to the fractional redistnbutlOn 

density of the virtual flwd parcel volume. As a very rough approxnnatlOn) we may 

use the latter to estimate FCCY,tl+llx,tl) for reasons of practlcal convclllcnce, under 

the implied assumptlOns that the scalar is complctely mIXed ln cvery vlrtual flmd 

parcel at any time, and that the redistributIOn of the scalar perfectIy follows the 

redistribution of fluid volume Given that the vutual fluid parcel lS defincd ln such 

a way that it always moves at the local Eulerian flUld veloClty (Part 2), the 

displacements Y - X of the disintegrated fragments of flUid volume from the 

virtual fluid parcel at (X,t
1) can he approximated, under assumption of ergodlclty, 

by the meaSllrements of the local real-time Eulerian velocity V(X,t 1) dllnng the 

small time inter val 6t. We then have 

y - X = V(X,tû·l\t (2.1 ) 

and F c(y,t i +11 X,tû can be estimated as 
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(2.2) 

Here P v(V 1 X,t 1) IS the probabllity density distnbution of the local real-time 

Eulerian velocity measurements at space-time point (X,tJ If the 

frequency-response of the measurement sensor is sufficiently high, P v(v 1 X,t 1) can 

be statistically determined from a large number of observations. 

It should be emphasized here, that the classical random fluid partic1e 

treatment does not provide theoretical access to the above approximation. It has 

been shown in our previous study (Part 1), that under the random fluid particle 

treatment the assumption of the statistical equivalence between the Lagrangian 

van ables of a flUld partir.le and the Eulerian variables at one space-time point is 

not generally satlsfied due to the multi-to-one Lagrangian-Eulerian 

transformations. 

Multiplying both sides of (2.2) by dY, we have 

(2.3) 

This means that the volume redistribution F c(y,ti+dx,ti)·dY is equivalent to the 

velocity distribution P v(V 1 X,tJ' dV under the following scale transform 

(2.4) 

where the time step ât could be interpreted as the time grid size, expressed as a 

function of the space grid size (dx, dy and dz) and the velocity grid size (du, dv 
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and dw). 

With the above approximation, the joint equations (1.1)-( 1.3) are slmplified 

as 

F (Y lx) P ( Y- x IX,t1.). __ 1_-C ,t i +1 ,t i = V t
i41 

- t
i 

3 
(t i +1 - t 1) 

(2.5) 

(2.6) 

t i +1 = t i + ât, i = 0, 1, 2 ...... 

Their numerical solutions require information about the probabllity denslty 

distribution P v(V 1 X,t i ) of the local real-time Eulerian velocity, the external source 

strength E(x,t 1) of the scalar, the initial volumetrie concentration distnbution 

'l1(Xo,to) and appropriate boundary conditions. 

3. Experimental details 

3.1. Laboratory set-up 

An open-top and open-ended laboratory wmd tunnel was constructed, with 3:1 

volume contraction over a 50 cm section of flow straighteners, and 1.2 )( 1.2 mm 2 

square-mesh grid screen upstream of a vTorking section 240 cm long (x), 43.2 cm 

wide (y) and 32 cm high (z), as shawn in Figure la. 

Two types of physical models were used: open-surface (empty tunnel) and 

artificial plant canopy, respectively. The open-surface consists of a wooden hoard 

commensurate with the size of the wind tunnel fIoor. The artificial canopy is 
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Figure 1. Schematic diagram of wind tunnel (a), artificial plant 
canopy diagram (b) and photogra.ph (c). 
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composed of an array of small artificial trees installed in a regular square eell 

pattern of 4.8 cm spacing (Figures Ib,c), over a length (x) of 182.4 cm and 

width (y) equal to that of the wind tunnel. Trunk, branches and leavcs of artificial 

trees are made of 2 mm diameter wire, 0.5 mm diameter wire and 6 li 12 mm 2 rigid 

paper strips, respectively. Each tree is Il cm tall, with 5 cm trunk and 

2.4 )( 2.4 )( 6 cm 3 crown. 

To avoid leading and tailing edge effects, the area used for simulations 

(simulation section) starts at 36 cm into the working section, and ends at 160.8 cm 

and 218.4 cm, respectively, for canopy and open-surface models. Coordinate ongins 

are defined hy the start of the simulation section (x = 0), the central streamline 

(y = 0) and the surface (z = 0). 

An external continuous point source was introduced in both models, located at 

position x = 4.8 cm, y = 0.0 cm, Z = 9.6 cm, aiong the central streamline for 

open-5urface, and at the center of the central cell pattern for the canopy model 

(Figure lb). The source location splits the simulation section into t wo symmetrical 

parts about the central xz plane (y = 0). Source material is a 98% ammonia (NH 3) 

solution, introduced by a small glass tube with 38.5 mm2 opening on the top. 

To assure a relatively steady plume development, winds in bath models were 

set stationary with free-stream velocity U = 210 cm· s -1. Simulations started at 
(1) 

initial time to when the simulation sections were clean of external source material, 

i.e. \}I(Xo,to) = O. Since the simulations were not aimed at any specifie application, 

no special houndary treatment was imposed. Boundary conditions on both sides 

and at the bottom of the models were assumed to he elastic reflections, and the 

thermal stratification measured to be neutraI. 

The results of the experimental simulations were directly measured as NH 3 

concentration distributions of the steady plumes, at measurement positions shown 



( 

r , 

------------

Part 4 106 

in Figure 2. Since the plumes a.re symmetrical about the central xz plane (y = 0), 

only one side (y ~ 0) of the plumes was measured. Measurement positions were 

arranged in six profiles, three on the xz plane at y = 0, three on the xz plane at 

y = 9.6 cm, with five sensors per profile. Sensors were located at cent ers of cell 

patterns in the canopy mode!. 

3.2. Measurements 

The NH 3 concentration 'II in the experimental simulations was measured through 

an air sampling system, consisting of sampling tubes, plastic tubing and vacuum 

pumps. The sampling tubes were silica gel absorbent tubes, 7 cm long, 4 mm inner 

diameter and 6 mm outer diameter (Supelco Chromatography Supplies, ORB 0-52, 

1987), functioning like NH 3 filters. During sampling, they were mounted at the 

measurement positions (Figure 2), pointing open-ended into the prevailir:g wind, 

with the downwind opening connected through 4 mm diameter plastic tubings to 

two vacuum pumps. Airflow in the sampling tubes was controlled and adjusted to 

approximate local :Dow speed. For calculation of concentration, air flow F (L. min -1) 

for each sampling tube was measured by :Dow meter (Union Carbide Corp., 

Madel 201-4334). 

After simultaneous sampling of the steady plumes for one minute, sampling 

tubes were diseonnected and sealed at both ends. The siliea gel absorbent in each 

sampling tube was washed into 10 mL of water, in which the NH 3 concentration \lis 

(mol. L -1) was measured by pH meter (Fisher Accumet, Model 610) with Ammonia 

Electrode (ORION 951000, 1978). Due to the wide range of NH 3 concentrations, 

trIO calibrated ammonia electrodes were used. One is filled with normal ammonium 

chloride solution (ORION 951006), covering the 'Ils range from 10-2 to 10-7 

mol·L -1, the other diluted haU-normal ammonium chloride solution, covering the 
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Figure 2. The arrangements of concentration measurement positions: 
Al' A2, As, B" B2 and Bs are measurement profiles, each with five 
sensors at levels of 2.4, 7.2, 9.6, 14.4 and 19.2 cm respectively. 
Sensors are located at centera of œ1l patterns in the canopy model. 
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'lis range from 10-7 to 10-12 mol·L-I. The final mean NH3 concentration 'li in the 

steady plumes is calculated as 

The strength E of the continuous point source of NH 3 was determined from 

the evaporation rate of NHa, which is the product of the specific weight of NH 3 

solution and the volumetric evaporation rate. The specific weight was measured as 

714.9 mg·ml- t and the volumetrie evaporation rate read from the scales of the glass 

tube of the source solution. Because airflow conditions in both models were 

stationary, E was found to be very steady over the time intervals concerned, at 

0.0834 mg.s-1·cm-3 and 0.0477 mg.s-1·cm-3 for the open-surface and canopy 

models, respectively. 

The three components (u, v, w) of the Eulerian wind velocity were measured 

by three mutually perpendicular hot-film sensors, as shown in Figure 3a, and the 

directions in v and w determined by another two pairs of mutually perpendieular 

hot-film sensors, as shown in Figures 3b and 3e. Hot-film sensors were 2 mm long, 

0.025 mm in diameter, with 20 KHz frequeney response (Thermo-Systems Ine., 

Model 1210-20). 

The hot-film sensor output from constant-temperature anemometers 

(Thermo-Systems Inc., Model 1050) with 2KHz low-pass fllters and linearizers, 

was digitized by a data acquisition and control system interfaced with IBM PC 

(Tecmar Incorporated, 5712 module, 1984) and sampled at 1000 Hz continuously 

for 10 seconds at each measurement position. The sampled signaIs were converted 

into time series, which were used to caleulate the probability density distributions 
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Figure 3. The design of hot-film sensors for the measurement of the 
value of the three components of the Eulerian wind velocity (a), the 
direction of v (b) and the direction of w (c). Al' At, AI' Bl' B2• Cl 

and Ct are sensors. 
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P v(vl X,tû of the Eulerian wind velocity. 

Some measured aerodynamic features are summarized in Figure 4. In the 

open-surface model, the flow is shown to be weakly turbulent with relatively big 

mean velocity and relatively small turbulence intensity. In the canopy model, 

however, the mean velocity is reduced by the canopy crowY'n and consequently 

transformed into higher turbulence intensity. The along-wind and cross-wind 

variations of mean velocity and turbulence intensity in both models are shown to 

be small except near the boundaries. This is contrasted by the dramatic vertical 

variations. In the open-surface model, the mean velocity logarithmically increases 

from the surface .0 a height of 15 cm then decreases to the top (Figure 4 a3), while 

the turbulence intensity profile shows a pronounced dip between 3 and 15cm 

(Figure 4 b3). The relative reduction in mean wind and increase in turbulence 

intensity, in the canopy model, are shown in Figures 4 a3 and 4 b3, respectively. 

Similar phenomena are reflected in the spectra of Figure 5. In the open-surface 

model, the down-transport of energy is normally cascaded from the height of 15cm 

to the surface. In the canopy model, however, this down-transport of energy is 

resisted by the canony crown and, consequently, large eddies are broken into sma.ll 

eddies by canopy elements with their dominant seales (near the peaks of the 

spectra) shifted to sm aller values (higher frequencies). 

4. Numerical details 

4.1. Interpolations 

In order to run the numerieal simulations based on (2.5) and (2.6), the input 

information of external source strength and Eulerian velocity, synchronized with 

the plume development, must be provided. In principle, detailed real-time 

observations of the Eulerian velocity are required at all spatial positions in the 
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simulation section, with infinitely fine grids. In practice, however, measurements 

are restricted to a limited number of positions with relatively large discrete 

spacing, and interpolations between these measurement pOSitIOns are used. 

Based on the preliminary observations of spatial variation in the wind field 

(Figure 4), the simulation section was divided into linear rectangular sub-sections 

bounded by y = 0, 9.6, 19.2, 21.6 cm, Z = 0, 2.4, 7.2, 12.0, 14.4, 16.8, 19.2, 33.6 cm 

and x = 0, 91.2, 182.4 cm for the open-sur{ace model, or x = 0, 62.4, 124.8 cm for 

the canopy mode!. In each o{ the sub-sections, the Eulenan velocity V at any 

position (x,y,z) was linearly interpolated {rom the measurements at all corners of 

the sub-section (measurements Vito V 8)' as illustrated in Figure 6a 

In the canopy model, the above linear interpolation was only applicable to the 

center of each cell paLtern fOIll'ed by four surrounding trees. For any other position 

within each cell pattern, a further proportion al interpolatIOn was used under the 

assumption of similarity between ceU patterns. As symbohzed in Figure 6b, 

a central celI pattern A was chosen as being representative, in whieh the Eulerian 

velocities at various positions V 2' in<;ide the ceU pattern and along the cell pattern 

periphery, were measured in addition to the central velocity VI. Any other eell 

pattern B in the simulation section was assumed to be dynamically slmdar to A, 

and the Eulerian velocity V at any position in cell B was proportionally 

interpolated on the basis of Va (itself linearly interpolated as described above). 

By not providing information about sub-grid seale motion, the Eulerian 

velocity meaSllIements at discrete spatial positions may not adequately reflect the 

natural spatial coherence of flow structures. The proposed interpolations (both 

linear and proportional) from isolated point measurements can only approximate 

such structures in a statistical sense; it cannot reproduce a dynamic picture of such 

structures. The potential error introduced by this procedure will be discussed later. 
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Figure 6. Linear (a) and proportional (b) interpolation procedures: V 
is the interpolatea value, V l' V 2' V l' V 4' VI' V" V 7 and VI are 
measured values. Circles represent trees. 
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4.2. Gridding 

The simulation sections were nurnerically divided into space grids To mmmllze 

computational errors within the limitations Imposed by avallable computing 

facilities, the division of the space gnds was subJect to the condItions that the 

space grid size dx, dy and dz be smaller than the dominant eddy seaies reflected ln 

the spectrum measurement. For optimum eompanson of numerical and 

experimental simulation, the Eulerian velocIty measurement posItIOns descnbed ln 

Section 4.1. should aiso be located at centers of the space grids. Accordmg to thcsc 

conditions, the space grid size in both open-surface and canopy modcls was chosen 

to he dx = dy = dz = 1.2 cm. The 1055 of information from eddles below this 

cut-off sc ale (at frequencies around 170 Hz) wouid be expected to be small (Figure 

5). 

With the above space grid size, the simulation sectIOns werc dlvlded lOto 

three-dimensionaI 152 K 36 )( 28 space grids in the open-surfaee model and 

104 le 36 )( 28 space grids in the eanopy model, respecti vely, starti ng at the 

coordinate origins. The source was then located at space gnd pOInt (x = 4, Y = 0, 

z = 8). in both open-surface and canopy models. 

In order to calculate the prohability density distribution P V(V 1 X,t 1), the 

measured or interpolated time series of the Eulenan velocity at each space grid 

point were divided into three-dimensional 7 Il 7 IC 7 velocity grids, with grid size 

du = dv = dw = 26 cm.s- t, covering fluctuatIOns from -90 to 90 em·çl. The time 

step ât was then determined as 6t = --4}- = 0.046154 s according to (2.4). 

The numerical simulations were carried out until steady plumes were 

developed. Since the plumes were expeeted to be symmetrical about the central xz 

plane (y = 0), orny halves of plumes (y ~ 0) were actually simulated. Calculations 

were coded by FORTRAN 77 and performed in the mainframe computer systems 
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MVS and MUSICA (McGill University, Computing Center). Each simulation 

required about 15 hr CPU time. For later reference, the main parameters are listed 

in Table 1. 

5. Reljults 

5.1. Comparison of numerical simulations with experimental observations 

The concentration profiles of the steady numerical plumes are compared with 

observed concentration pr0files of the steady experimental plumes in Figures 7 

and 8, at the measurement positions indicated in Figure 2. 

Considering that the sampling tubes of the experimental measurements OCCUPY 

non-negligible space in the fluid, a proper spatial averaging has been imposed on 

the numencal profiles, without significant changes from original results. 

In the open-surface model, numerical predictions show good dgreement with 

experimental observations (Figure 7), except for a tendency towards overestimation 

close tO the source (z = 8) and underestimation at sorne distance from it. These 

minor discrepancies might be attributed to the wake structure introduced by the 

glass tube that contains the source solution (Figure 1), which might contaminate 

the flllid flow. This would retard NH3 diffusion in a way not reflected and 

recovûred by the discrete Eulerian velocity measurements and the linear 

interpolation approximation used in the numerical simulation (Figure 6a). The 

inHuence of this wake flow would be expected to decrease with increasing dista.nce 

from the source. This appears to be confirmed by the close agreement between 

numerical predictions and experimental observations at x = 150. 

In the canopy model, the numerical predictions ruso show generai agreement 

with the experimental observations (Figure 8), at least in the central xz plane. 

However, the agreement is not as good as in the open-surface model. In particular, 
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Table 1. List of simulation parameters. 

Parameters! Open Surface: Canopy: 

Canopy height (he) cm n. a. l1 

Canopy cell shape n. a. square 
Canopy cell spacing cm n. a. 4.8 
Velocity grids (u )( V x w) 7 x 7 lC 7 7 lC 7 lC 7 
Velocity grid size (dU) cm s-l 26 26 
Space grids (x )( y )( z) 152lC36x28 104lC36lC28 
Space grid size (dx) cm 1.2 1.2 
Time step (M) s 0.046154 0.046154 
Initial concentra.tion (\li A) mg cm-3 0.0 0.0 

Source material 98% NH 3 98% NH 3 
Source location (x,y,z) grid (4,0,8) (4,0,8) 
Source strength (E

A
) mg s -lem -3 0.0834 0.0477 

Boundary condition reflection reflection 
Free-iltream velocity (U ) cm s-l 210 210 

ŒJ 

Mean velocity at he cm s -1 200 60 

Turbulence intensity at he 0.102 0.306 

Simulation duration s 10.0 16.0 
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1.0E -2 

1.0E -2 

Figure 7. NH, concentration profiles of the steady numerical plume 
(S) and steady experimental plume (M) from continuoua ~in' source 
in the open-surface model at three downwind distances (x) from the 
source, on each of two xz planes at y = 0 (a) and y = 8 (b). 
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the numerical overestimations are more pronounced around the canopy crown, both 

above and within, where strong turbulence intensity has been measured 

(Figure 4b). Tbese overestimations do not seem to diminish witb increasing 

distance, as observed in the open-surface model. On the contrary, they tend ta 

grow and spread with plume development. The strong turbulence intensity 

structure in the canopy crown may be the main cause for persistent overestimation. 

It is aImost certainly too complex in detail to be reflected and recovered by the 

discrete Eulerian velocity measurements and the interpolation approximations used 

in the numericaI simulations (Figure 6). 

In generaI, it might be concluded, in both open-surface and canopy models, 

that the numerical simulations deviate from experimental observations primarily in 

areas of high concentration, like the centroid of the plume, and/or ID areas of 

complex flow with strong turbulence intensity, like the wake structure behind the 

source tube and within the canopy. 

5.2. DevelorJment of the numerical plumes 

For interest only, the development with time of the numerical plumes in bath 

open-surface and canopy models are presented here. Since continuous time in the 

numerical simulations was separated into a discrete time series, with the time step 

At = t i +1 - t il the sources were perceived as periodic trains of NH3 puffs whose 

further development was simulated. This can be seen in the cutaway views of the 

central xz plane (y = 0) in the open-surface model (Figure gal, where the train of 

puffs persists over sorne distance in the field of weak turbulence intensity. In the 

canopy model, the individual purfs are not distinguishable since the strong 

turbulence intensity generated by the canopy destroys the consistency of the flow 

(Figure 9b). Due to the resistance of the canopy crown, the plume is distorted into 
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Figure 9. The deve10pments of NIls concentration contours on the 
central xz plane (y = 0) of the numerical plumes from continuous 
point sources in the open-sunace model Ca) and the canopy model (b) 
at simulation limes O.1s (al, bl), 0.58 (&2, b2), 2.0s (a3, b3), 10.Os 
(a4) and 16.08 (M). 
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two fronts, spreading above the canopy and into the trunks space, respectively. 

Similar developments of the numerical plumes are shown in the cutaway views of 

the horizontal xy plane at source height (z = 8) in Figure 10, which again shows a 

clearly defined plume in the open-surface model. In the canopy model, however, 

the shape of the plume is blurred by rapid lateral spread of source materia!. 

Figures 9 and 10 also illustrate that the numerical plume in the open-surface 

model develops at almost twice the speed of the plume in the canopy model, 80 

that the numerical formation of stable plumes takes less time (about 8 seconds) in 

the former model than in the latter (about 14 seconds). This is in agreement with 

the observed higher mean velocity and source release rate in the open-suTface 

model, compared to the canopy model. 

Differences in full y developed plumes between the two models become evident 

in the longitudinal cuts along the xz plane at y = 0, 4, 8 and 18 in Figure 11. In 

the open-surface model (Figure Ua), the flow of weak turbulence intensity 

smoothly spreads source material into a narrow and orderly plume with clear 

outline and strong cross-wind concentration gradients. In the canopy model 

(Figure llb), the high turbulence intensity diffuses the source material into a broad 

and disorderly plume with vague outline and weak cross-wind concentration 

gradients. 

To illustra.te these structures more c1early, the concentration profiles of the 

steady numerical plumes are presented in Figure 12 a.t three distances from the 

source (x = 21, 67 and 150 in the open-surface model; x = 20, 52 and 100 in the 

canopy model) on each of the xz planes at y = 0, 8 and 18. These concentration 

profiles again demonstrate the effective lateral mixing in the canopy model, because 

concentration profiles do not change much in the cross-wind direction. By contrast, 

the plume in the open-surface model, with poor lateral mixing, shows rapidly 
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Figure 12. NB, concentration profiles of tbe steady numerical 
plumes from contmuous point sources in the open-tJunace model (0) 
and the canopy model (C) at tbree down-wind distances (xl from the 
source, on eath of three xz planes at y = 0 (al), y = é (a2) and 
'1 = 18 (&3) . 
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decreasing concentration profiles in the cross-wind direction. Similar results can he 

seen from the concentration profiles, presented in Figure 13, at the three 

cross-wind distances y = 0, 8 and 18, on each of the yz planes at x = 21, 67 and 

150 in the open-surface model, and at x = 20, 52 and 100 in the canopy model. 

However, sufficiently far downwind from the source, the difference of the steady 

numerical plumes in cross section between the open-surface model and the canopy 

model becomes small, hecause the simulation sections are limited in space and 

boundary-induced contaminations may he unavoidahle. 

6. Error analyses 

In spite of generally encouraging agreement between numerical simulations 

and experimental observations in tbis preliminary application, discrepancies do 

exist. They could conceivahly result from the following errors: (a) loss of tracer 

concentration unreclaimed by the sampling tubes of the experimental observations 

in areas of high concentration; (b) idealized boundary condition treatments due to 

the assumption of elastic reflectionj (c) deficiency of flow information due to the 

discrete Eulerian velocity measurements and inadequate interpolation procedures; 

(d) loss of eddies sm aller than the space grid size of 1.2 cm; (e) perturbations of 

the Eulerian velocity measurement from directional contaminations of the three 

velocity components (u, v, w) through the limited accuracy provided by the 

hot-film measurement array; (f) imprecise estimate of the fractional redistribution 

density Fe by the approximation (2.2) or (2.5). 

Error (a) most likely occurs along the centroid of the experimental plumes. It 

would flatten the peaks of the observed concentration profiles. In the experimental 

simulations, however, tracer concentrations are of the same order of magnitude in 

bath models, so that error (a) is expected to be comparable in bath, and unlikely 
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Figure 13. NHa concentration profiles of the steady numerical 
plumes from continuous point sources in the open-ilurfa.ce model (0) 
a.nd the canopy model (C) at three crosswind distances (y), on each of 
tmee 1z planes at x = 21 CO) or 20 (C) in (al), x = 67 (0) or 52 (C) 
in (a2) and x = 150 (0) or 100 (C) in (33). 
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to explain relative differences between their respective degrees of success. 

Errar (b) may cause the numerical plumes to be contaminated by the 

boundaries, while errors (c) and (d) May unduly simplify the numerical plumes. 

The magnitude of error (c), stemming from neglect of sub-grid scale motion, is 

likely a function of the complexity of the flow structure. It is potentially more 

w0rrisome in the case of coherently inhomogeneous and intermittent flow with 

strong turbulence intensity, so that it might be more pronounced in the eanopy 

model, while errors (b) and (d) may be expected ta be comparable in the two 

models under the same boundary and gridding treatments. 

Error (e) may distort the ealculated Eulerian velocity probability density 

distribution P v(V 1 X,t1) used by (2.5) in the numerical simulations. However, this 

error has been reduced to sorne degree by directional corrections sa that, as a first 

approximation, it could be expected to be comparable in the two models. 

Error (f) cannot be directIy evaluated, but its existence certainly distorts the 

true fractional redistribution density F c' and th us the numerical plumes. It stems 

from the assumptions that the scalar tracer (NH 3) is completely mixed in every 

virtual fluid parcel at Any tiI'l1e, and that the redistribution of the scalar perfectly 

follows the redistribution of the fluid volume. In laminar or weakly turbulent flow 

with small turbulence intensity, these assumptions may be justified. However, in 

strongly turbulent flow with large turbulence intensity, such as in the canopy 

model, they may introduce noticeable error sinee the fluid may beeome 

non-uniformly mixed with the scalar. The weakness of the assumption (2.5), that 

the fractional redistribution density Fe can be deduced from the probability 

density distribution P V of the local reru-time Eulerian velocity, where the 

significant influence of the scalar concentration distribution is not incorporated, 

then becomes apparent. 
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It may thus he said that the larger discrepancy between the numerical 

simulations and the experimental observations in the canopy model is expected to 

be due primarily to errors (c) and (f), with a relative distribution between them 

that cannot be ascertained within the framework of this preliminary study. 

7. Conclusion 

As a preliminary trial, this study explores a simplified numericaI modeling of 

turbulent diffusion under the virtual fluid parcel treatment of the BMDFE. It has 

heen based on the approximation of the fractional redistribution of the scalar by 

the fractional redistribution of fluid volume, calculated from the probability density 

distribution of the local Eulerian velocity. It is also based on the assumption that 

the sub-grid scale motion, ignored by the discrete Eulerian velocity measurements, 

can be recovered by linear and/or proportional interpolations. This simplified 

numerical modeling ha.s been applied to the simulations of diffusion of ammonia 

(NH3) from a continuous point source in open-surface and canopy models in a wind 

tunnel. The numerical simulations showed generaI agreement with the experimental 

observations, with partial diserepancies. 

The discrepancies in the canopy model have been shown to be bigger than in 

the open-surface model, presumably because of the existence of the inhomogeneous 

and intense turbulence in the eanopy flow. In sueh turbulent flow, the above 

approximations may produce significant errors, sinee the mixing of fluid may be 

too severe for its scalar distribution to be precisely estimated by its volume 

distribution, and sinee the structure of the flow may be too complex in detail for 

its sub-grid Beale motion to be accurately represented by simple interpolations. 

Overa11, the relative success of the slmplified numerical modeling encourages 

tests of the full numerical modeling, based on the joint equations (1.1)-(1.3), for 
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which proper (closure) parameterization in the disintegration equation (1.1) should 

be explored. 
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General Summary 

This thesis examined the role of molecular mÏxing in the description of 

turbulent diffusion in continuum framework at the level of conceptualization (or 

mathematical treatment) of the BMDFE (Basic Macroscopically Describable Fluid 

Element). The classical f1uid particle treatment of the BMDFE is compared with a 

new virtual f1uid parcel treatment of the BMDFE. Main findings are summarized 

as follows: 

With its postulated constraint that individual BMDFEs maintain their 

integrities in motion, the dassical fluid parUde treatment exc1udes molecular 

mixing between different BMDFEs. The randomization supplementary treatment 

does not alleviate this fact because it does not change the nature of the postulated 

fluid particle moving as an entity. As a result, turbulent diffusion under the 

random fluid particle treatment can only be described as the random fluid particle 

dispersions in process of the non-feedback statistical superimposition of the 

shadow-like ensemble Mean contributions from individual fluid particles in the 

Dow. Due to the existence of molecular mixing between the BMDFEs in real 

turbulent Duids, this description may lead to a potential mathemat:~al-physical 

inconsistency in the understanding of turbulent diffusion. 

By relaxing the above constraint to permit disintegration of individual 

BMDFEs, a new virtual fluid parcel treatment is proposed to incorporate molecular 

mixing between different BMDFEs. The main improvement made by the new 

virtual fluid parcel treatment lies in the introduction of a feedback mechanism in 

the form of physically coupled disintegration and integration of the BMDFEs. This 

improvement suggests that molecular mixi.ng is a controlling agent of the mixing 

mechanism in every time-step of turbulent diffusion, whose significance could be 

132 
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cumulatively increased. 

By applying the above two treatments to the evolution of the diffusion cloud, 

analysis shows that molecular mixing persistently and cumulatively influences the 

evolution of the diffusion cloud by reducing the diffusion distribution variance. 

This indicates that the exclusion of molecular mixing in the classical fluid particle 

treatment could lead to an exaggeration of the diffusion distribution variance. This 

analysis is qualitatively supported by scalar diffusion experiments in water flow 

with moderate turbulence intensity. 

As a preliminary trial, a simplified numerical modeling of scalar diffusion 

based on the virtual fluid parcel treatment is executed in two wind tunnel models. 

The simplification is made by direct estimation of the fractional redistribution 

density of scalar from measurements. The numerica! predictions show genera.I 

agreement with the experimental observations. 



( Suggestions for Future Study 

Future study would he primarily pursued in quantitative examination of the 

effeet of rnoleeular mixing on turbulent diffusion. This would involve numerical 

experiments to compare the virtual fluid pareel treatment and the random fluid 

particle treatment in the description of the diffusion cloud evolution. 

The (closure) parameterization of the macroscopie inhomogeneity in both flow 

scale and turbulence intensity is the corn mon technical difficulty in solving the 

diffusion equations under both the virtual fluid parcel and the random fluid particle 

treatments. In order to minimize the influence of this difficulty, the diffusion in 

stationary and homogeneous turbulence will be a start of the study. As a working 

hypothesis, the errors caused by parameterization in the two descriptions are 

expected to be comparable. 

According to Part 3, the reduction of the diffusion distribution variance by 

molecular mixing (or the exaggeration of the diffusion distribution variance by the 

random fluid particle treatment due to exclusion of molecular mixing) is expected 

to become more pronounced when the Reynolds number, the Peclet number, or the 

turbulence intensity in general, increases. Quantitative confirmation of this analysis 

should be done by numerical experirnents under variation of the Reynolds number, 

the Peclet number or the turbulence intensity. The results May then be used to 

evaluate the role of molecular mixing in the transition from laminar flow) through 

weakly turbulent flow to highly turbulent flows. The numerical experiments can 

also be easily adjusted to account for the effeet of moleeular collision-transport if 

the dependenee on the Prandtl or Schmidt number is considered in the diffusion 

equa.tions. 
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