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Abstract

This thesis presents three different proofs of the Shannon—McMillan-Breiman theorem, a corner-
stone in information theory. The three proofs exploit distinct mathematical approaches and shed
light on different facets of the theorem. We begin by establishing some classical results from er-
godic theory and probability theory which will be required for the first two proofs. We then give
the statement of the theorem, followed by some important mathematical constructions as techni-
cal preparations for the proofs. Finally, we give three different proofs to the theorem. For the first
and second proofs, which adapt Kingman’s subadditive ergodic theorem and the martingale conver-
gence theorem respectively, the theorem is justified for general shift-invariant measures. The third
proof, which is due to D. Ornstein and B. Weiss, takes a combinatorial approach and only shows

the ergodic case of the theorem.

Résumé

Ce mémoire présente trois preuves différentes du théoreme de Shannon—McMillan—Breiman, une
pierre angulaire de la théorie de I’information. Les trois démonstrations exploitent des approches
mathématiques distinctes et jettent un éclairage sur différentes facettes du théoreme. On commence
par établir quelques résultats classiques de la théorie ergodique et de la théorie des probabilités qui
sont nécessaires aux deux premieres preuves. Nous donnons 1’énoncé du théoreme, suivi de con-
structions mathématiques qui interviennent dans les démonstrations du théoreme. Finalement, les
trois démonstrations sont exposées. Pour les premiere et seconde preuves, qui adaptent respective-
ment le théoreme ergodique sous-additif de Kingman et le théoréme de convergence des martin-
gales, le théoreme est justifié pour les mesures générales invariantes sous translation. La troisieme
preuve, due a D. Ornstein et B. Weiss, prend une approche combinatoire qui est restreinte au cas

ergodique du théoréme.
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Chapter 1

Introduction

A foundational pillar in information theory is the Shannon—-McMillan—Breiman (SMB) theorem,
which sometimes is also referred as the asymptotic equipartition property in certain contexts. Ini-
tially proven for Markov chains by Claude E. Shannon in his well-known 1948 paper [ 1,
the theorem was later generalized to discrete stochastic processes by Brockway McMillan in 1953
[ ] and finally shown for almost-sure convergence by L.eo Breiman in 1957 [ ]. The SMB
theorem illuminates fundamental yet profound connections between information-theoretic notion
of entropy and randomness carried in classical discrete dynamical systems.

In this thesis, we are concerned with the SMB theorem in the setting of one-sided shift over finite
alphabet and we summarize three different proofs of the SMB theorem in this setting. These proofs
employ distinct approaches involving different mathematical theorems and ideas, which serve as
key ingredients in the proofs and shed light on different facets of the SMB theorem.

The primary mathematical languages throughout the context of this thesis will be measure the-
ory, probability theory, and dynamical systems. For basic and classical measure-theoretic tech-
niques such as the monotone convergence theorem, the dominated convergence theorem, and Fa-
tou’s lemma, one may refer to [ ] and [ ]. For sufficient probability background, one may
consult [ ] and [ ], where preliminary probability concepts and important elementary
theorems such as the Borel-Cantelli lemma and Chebyshev’s inequality are covered to full details.
One may also find the lecture notes [ ] very good, useful, and well-organized. If one wants to
grasp materials of ergodic theory and dynamical systems, they may consult [ ] and [ 1,
both of which are decent for this purpose.

Moreover, there are important concepts, notably entropy, and mathematical ideas such as cov-



ering and packing that will be discussed and used in this thesis, and close references for reviewing
these are [ Jand [ ]. Some of the basic aspects of entropy will also be introduced in Ap-
pendix D of the thesis.

In Chapter 2, some important classical theorems from ergodic theory and probability theory,
along with their detailed proofs, are presented. These theorems are Birkhoff’s ergodic theorem,
Kingman’s subadditive ergodic theorem, and Doob’s martingale convergence theorem respectively,
and they will also be introduced in this order. The versions of these theorems to be presented will
be specified in the chapter and they will all be applied as crucial technical ingredients in the first
two proofs of the SMB theorem.

In Chapter 3, we quickly introduce the basic mathematical setting of one-sided shift over finite
alphabet, and then give the statement of the SMB theorem. After that, we perform two important
mathematical constructions, namely extension from one-sided shift setting to two-sided shift and
the establishment of some functions Z,, forn > 2 which will be used to derive the so-called entropic
function log Z. These mathematical constructions are essential to the first two proofs of the SMB
theorem, where it will be convenient for us to work on the two-sided shift setting for the first proof
and the entropic function log Z plays quite an important role in the second proof.

In Chapter 4, we give the three proofs of the SMB theorem. They are referred as the subaddtive
proof, the martingale proof, and the Ornstein—Weiss proof respectively. The three proofs will also
be introduced in this order. It can be told from their names that the first two proofs will employ
Kingman’s subadditive ergodic theorem and the martingale convergence theorem respectively. For
the third proof, it is quite self-contained in a way that it adapts information-theoretic ideas of pack-
ing, which are never mentioned in the preceding chapters. For this reason, the Ornstein—Weiss proof
is presented at the very end along with basic introductions to covering and packing. Moreover, the
subadditive and martingale proofs will justify the SMB theorem for general shift-invariant proba-

bility measures, while the Ornstein—Weiss proof will only show the ergodic case of the theorem.



Chapter 2

Classical theorems for the proofs

We begin with introduction and proofs of three well-known classical results from ergodic theory
and probability theory, which will play as key ingredients in the first two proofs of the SMB the-
orem. These results are: a general version of Birkhoff’s ergodic theorem for measure-preserving
dynamical systems, a general version of Kingman’s subadditive ergodic theorem that allows an ad-
ditional error term in the subadditive property, and a version of Doob’s martingale convergence

theorem for non-negative supermartingales.

2.1 Birkhofl’s ergodic theorem

As one of the most classical ergodic theorems, Birkhoff’s ergodic theorem was initially proven by
George D. Birkhoff in 1931 [ ], who was a pioneer of ergodic theory. Its statement and proof

are given below.

Theorem 2.1.1 (Birkhoff). Given a probability space (2, F,IP) and let T : 2 — ) be a measure-
preserving transformation. Suppose X € L'(Q, dP), then the limit

n—1

X(z) == lim 1 ZX oT™(x)

n—oo M,

exists for P-almost all v € ). X is T-invariant and the convergence also holds in L' (), dP).

/)poz/XdP
Q Q

Moreover,



Proof. Denote Fr as the T-invariant o-algebra. Namely, Fr := {E € F : T"Y(F) = E}. Itis
trivial to check that F7 is a sub-o-algebra of F.

For the given X € L'(£2,dP), we shall justify the above claimed pointwise convergence by
showing that the limit superior of its Birkhoff average, namely > o X o T™, s essentially
bounded above by the limit function X P-a.s. and the limit inferior is bounded below by X P-a.s.

Let us first consider some arbitrary Y € L'(Q,dP). For each n € N, define the following
function on (2:

j-1
Gp(x) := max Y oT™(x).

1<5<n
m=0

If for each x € (2, we treat {G,(z)},en as a sequence in R, then clearly this is an increasing
sequence.

Now that the functions G,,’s are defined in terms of Y, we associate Y with a set of points which
admit divergent behavior under GG,,’s asymptotically:

Ay = {xGQ: lim G, (z) :oo}.

n—oo

Under this definition, we can write Ay alternatively as follows:

[c.olNNe elNe o]

Ayz{er Tim Gy (s } N UG > N

N=1/¢=1n=¢

By the definition of our function G, it is F-measurable. Hence, Ay is F-measurable.

Then on Q\ Ay, lim,,_,, G,,() < oo and

n—1

lim sup — ! ZYon( ) < lim lGn(gc) = 0. 2.1)

n—oo 1 n—o0o N,

We are interested in the measure of Ay. If for some Y, Ay has measure 0, then (2.1) will hold
P-a.s.

To proceed, consider the following manipulation:

Jj—1 J
Gn1(2) — Gu(T(2)) = max _OY o T™(x) — max > Y oT™(x)
j—1 Jj—1
= max YoT™(zr) — max Y oT™(x)
1<j<nt1 £~ 2<j<ntl £~



j—1
= max {Y(x), Y (z)+ o 0% YoT (x)}

j—1

— max Y oT™(x)
2<j<nt1
m=1

=max {Y(x),Y(x) + G,(T(x))} — G.(T(z))

=Y (z) — min{0, G, (T(x))},
and we have derived a useful relation
Gni1(x) = Go(T(2)) + Y(x) — min{0, G,(T'(z))}, (2.2)

which holds for all x € €.

For any = € Ay, lim,,_,o, G,,41(2) = co. Then by the relation (2.2), if taking limit as n — oo,
we must also have lim,, ;.. G,,(T(x)) = co. Thus, T'(z) € Ay and Ay C T~1(Ay).

On the other hand, if 7'(z) € Ay, then for n € N large enough, G,,(T'(z)) > 0 and G,,;1(x) =

G,(T(x)) + Y (x). Then again if we take limit as n — oo on both sides, we must have

lim G,4q(2) = 0.
n—oo

This gives us # € Ay and therefore, T7!(Ay) C Ay.
Hence, T7(Ay) = Ay and Ay € Fr.
For any fixed z € ), G,,(z) is monotonically increasing in n by its definition, then G, (z) —

G, (z) > 0 for all z € €, and we naturally have

0< / (Gos () — G(z)] dP

:/AY Gor (2) dIP—/ G(x) dP

Ay

_ / Ger () dP — / Go(T(2)) dP (2.3)
Ay

Ay

_ /A (G2 () — Go(T(2))] AP,

where in the step (2.3), we are using the fact that the pushforward measure of [P given by 7', denoted

as P, is identical to IP, because of T-invariance of IP:



VFeF,Pp(F)=PoT Y(F)=P(F). Then for any W € L'(2,dP), we would have

W dP = WdIP’T:/ WoTdP = W o T dP.
Ay Ay T_I(Ay) Ay

For x € Ay, T(xz) € Ay and the sequence {G, (T (z))},en diverges to infinity, so by (2.2),
Gri1(z) — Gp(T(x)) decreases to Y (x) as n — oo. Besides, for every x € Ay, G,,(T(x)) >
Y (T'(z)) by definition, so

—Gp(T(2)) < =Y (T(x)) = max{0,—G,(T(z))} < max{0,-Y (T(x))}

= —min{0,G,(T(z))} < —min{0,Y (T (x))}.
Thus,
Ve Ay : |Gua(x) = Gu(T(2))] < [V (2)| = min{0, G (T (2))}

< V()] — min{0, Y(T'(x))}

< [Y ()| + Y(T(x))].
Then |Gpi1 — GpoT| <|Y|+|Y oT|on Ay. By the dominated convergence theorem,

0< /A (Groir (&) — Co(T(x))] dP 225 /,4 Y (z)dP.

Next, we want to have (2.1) realized [P-a.s. and that requires us to come up with some Y such
that Ay has measure 0. On the other hand, as we showed before, Ay is always a T-invariant set,
which means that Ay is a set in the sub-o-algebra F. If for a given Y, we want to find a function
whose integral on Ay agrees with that of Y, and at the same time, it could be “the best T-invariant
approximation” of Y, then the conditional expectation' of Y conditioning on F7 is a good candidate

to be used here and we denote it as Y := E[Y|Fr].

03/ YdIP’:/ Yy dP,
Ay Ay

and if we can find some Y such that Y7 < 0 on Ay, then we must have P(Ay ) = 0. This is where

Then we shall have

we start to construct such Y’s by using our given L' function X.

"We refer the readers to Appendix A for a heuristic derivation of conditional expectation and some of its useful properties.



Define Y¥) := X — X — % for k € N, where X7 = E[X|Fr]. For the corresponding set Ay ()
for each Y(¥), we simply write it as Aj.

By properties of conditional expectation, Y}k) =Xy — Xp— % = —%. Thus, Y:,(,k) is a negative
constant on 2 and we shall have P(Aj) = 0.

Therefore, (2.1) holds P-a.s. for Y*). Plug in its expression and by T-invariance of X, we get

n—1

1 1
ng:sogp - mzo X oT™(x) < Xr(z) + ¢ (2.4)
on Q\ Ay.
Since (2.4) holds for each & € N P-a.s., then
1 n—1
Ii — Y XoT™(x) <X
imsup mz_:o oT™(x) < Xp(z)

on NP, (\Ax) = Q\ (U2, A), and

Hence, limsup,, ., 2 3" X o T"(z) < Xr(z) P-as.

m=

By replacing X with —X, we are getting the symmetric relation

n—1

1
NP | m > i
hr{gg.}f " mz:OX oT™(x) > Xr(x) P-as.
Therefore, we have the limit
1 n—1
X(x) = nlggQE E:OXOT (CB)

exists for P-almost all z € €2, and the limit function is the conditional expectation of X conditioning
on Fr: X = Xr = E[X|F7|, where X is T-invariant.

It remains to show the convergence also holds in L'(€), dP). For the case that X € L'(Q2, dP)
is bounded, the convergence in L' follows from PP-a.s. pointwise convergence and the dominated

convergence theorem.

Now consider the general case. Define U : L'(2,dP) — L'(£2,dP) by sending X + X o T..



Since PP is T-invariant, U preserves the L!-norm:

/|X|d]P>:/|X|onIP>.
Q Q

Set U, := %Z;‘;Ol U’ and it is easy to check that [|U, X ||, < || X]|,.
We want to show that the sequence {U,, X },cy is Cauchy in L'(Q, dP). Let £ > 0 be arbitrary.

Since X is L', there exists some C' > 0 such that
€

/ |X|CUP>:/{X—X]1{|X<C}‘ d]P)<3
{|{X|>C} Q

Let Y := X1y xj<c}. Then Y is a bounded integrable function and {U,Y },en converges to
Yr in L' and {U,Y },en is Cauchy in L'(Q, dP), so there exists some N € N such that for all
n,m > N, [|[U,Y - U, Y|, < 5.

Then for n,m > N, we have the following

WU, X -U,X|, =|U,X-UY +U,Y -U,X+U,Y —-U,Y|,
< HUnX - UnY”l + HUmY - UmXHl + HUnY - UmY”l
<2 X =Y, +[[U.Y = UnY||;

e £
2. 245 ¢
3T3~¢

Hence, {U,, X },en is Cauchy in L'(Q,dP). Since L'(Q,dP) is a complete metric space, we
have that {U,, X },,cy converges to its limit lim,, . U, X = X in L,

Furthermore, if we set X,, := U,,X, we have

0<

/(Xn—)T)dP’ g/|Xn—)?\d]P>, ¥neN.
9) Q
On the other hand, by 7-invariance,

/XndIP’:/Xd]P’7 VneN,
Q Q

SO
0<

/XdP-/)?d]P‘g/\Xn—)_(\dP, VneN.
Q Q Q



Finally, as {X,, },en converges to X in L',

/XdIP’—/)Td]P":Oé /)Td]P’:/Xd]P’.
Q Q Q Q

This finishes the proof. [

X, — )7“1 — 0 asn — oo, and it gives that

In the ergodic case, we have F; consists of sets with either zero measure or full measure.
Hence, the limit function, which is the conditional expectation of X conditioning on F and is
Fr-measurable, must be constant for P-almost all z € €. The constant value is given by what we

have shown in the end of the proof:

/)?dP:/XdP = )_(:/XdIP.
Q Q Q

Thus, in the case when P is ergodic for 7', we have
1 n—1
- Z X om 122 / X dP
n m=0 Q

P-a.s. and the convergence also holds in L. This is exactly what the famous saying “the time
average agrees with the space average almost everywhere” refers to.

To conclude, given an integrable function X, the asymptotic time average is given by the best 7'-
invariant approximation, which is the conditional expectation of X conditioning on /7 for general
T-invariant IP and is the space average for ergodic PP.

For this proof, the general routine we followed is inspired from the one presented in [ ,
Theorem 4.1.2].

Remark. In probability theory, an important result regarding the asymptotic behavior in the large
n-limit of the basic averaging of a sequence of random variables { X, } ,cn is the law of large num-
bers. In the most classical version of the result, namely Kolmogorov’s strong law of large numbers
(SLLN), we assume the i.i.d. (independent and identically distributed) condition and integrability
for { X, }.en. We can see in this section that, bringing in the same conclusion, Birkhoff’s ergodic
theorem relaxes the independent assumption in the setting, which provides a generalized version of

SLLN.



2.2 Kingman’s subadditive ergodic theorem

It appears that in ergodic theory, possessing a property known as subadditivity can lead to highly
useful ergodic results. The subadditive property turns out to be important and useful in many con-
texts and one fundamental result about real numbers is Fekete’s lemma’. Analogous to the case of
real numbers, an ergodic theorem was obtained as a consequence of assuming pointwise subaddi-
tive property to a sequence of random variables, and it was originally due to Sir John Kingman in
1968 [ ]. After that, further generalizations of the theorem followed subsequently®, and one
notable result of our interest relaxes the original strict subadditivity to allow an additional additive
error term. We refer this generalized subadditivity as weak subadditivity and we shall present this
generalized version of the subadditive ergodic theorem in this section.

The version of the theorem we are about to show was originally due to Yves Derriennic [ ].
However, in his paper, a much more general result is presented and it encompasses the theorem to
be shown in this section as one particular assertion. The readers may consult [ ] for his full

result.

Theorem 2.2.1 (Kingman-Derriennic). Lez (2, F,P) be a probability space and T be a measure-
preserving transformation on it. Let { X, } nen be a sequence of functions on Qwith X+ € L*(Q), dP)

and
Xopim <X+ XpoT"+ Y, 0T", VYn,meN, (2.5)
where {Y,, } nen is a sequence of non-negative functions with the following two properties:

1
sup ||Yn ], < oo and lim =Y, =0 P-a.s.
n>1 n—oo N,
Then the limit
1
X(x) = lim —X,(x)

n—oo M

exists for P-almost all x € Q. X is T-invariant, Xt € Ll(Q, dP), and

/XdIP’—hm— X,, dP.

n—oo N Jq

2See Lemma B.1 in Appendix B.
3For readers who are interested, the most general version (up-to-date) of Kingman’s subadditive ergodic theorem can be found
in the paper by Renaud Raquépas [ 1.

10



In addition, if {X, }nen is non-negative, then X € L'(Q2,dP), X is non-negative, and %Xn

converges to X in L' as well.

Proof. In the proof, we will consider the functions {%Xn}neN in most of the cases. Denote the

functions given by the pointwise limit inferiors and limit superiors of the sequence as below:

X := liminf an, X := limsup an.
n—oo M, n—oo M
To show the limit function exists [P-a.s., the goal is then to show X = X P-as.
For the given sequence of functions { X, },cn, although no explicit information is given re-
garding the integrability, we can show, using the given almost-subadditive property (2.5) of the
sequence, that the positive parts { X, },,cn are L.

First, iterating (2.5) for n times and using the fact that Y; is non-negative, we have

X, <X, 1+ X;0T" ' 4+YV,0T"!

< Xpo+X10T" 24 Y 0T 2+ X1 0T P+ Y 0o T

i
L

n—1
S...§X1+Z(X1+Y1)0Tj§ (X1 +Yy)oT’
j=1

,_.
<.

Il
o

n—

= X, <Y (X1 +Y))oTV. (2.6)

<
I
o

This holds for all n € N.

It is trivial to see the following two facts: for any two JF-measurable functions W; and W5,
(W1 + Wo)™ < W, + W,T; for an F-measurable function W, (W o T)" = Wt oT.

Thus, (2.6) implies that

XF<STX+ ) o T,

Integrating both sides and dividing by n give
1 1 n—1
—/X;dJPg —Z/(X1++Y1+)0Tjd]?=/(Xfﬂfﬁ)dl@,
nJa Ly Q

where we used T-invariance of [P.

11



Since Y; is non-negative, sup,,- ||V, ||, < oo, and X;" € L'(Q,dP), we have

1

—/X;dpg/(X1++1q+)dP=/X1+dP+|m||l §/Xf“dIP’+sup||Yn||1 < 0.
nJa Q Q Q n>1

Hence, X, € L'(Q,dP) forall n € Nand a, := [, X, dP € [—00,00). We next show
very quickly that the limit of the integral values of the functions {%Xn}neN exists and yields in
[—00, 00).

Integrate both sides of (2.5), we have
/Xn+deP’§/XndIP’+/XmoT”dIP>+/YmoT”dP
Q Q Q Q
(by T-invariance of P) = / X, dP + / X,, dP + / Y,, dP
Q Q Q
(Y, is non-negative) = / X, dP + / X AP + [|Yo0]l4
Q Q
< / X, dIP’+/Xm dP + sup |[Ya]),

Q Q n>1

If replacing the above integral terms by a,,’s and letting M := sup,,, ||, ||; < oo, then we have

that the real sequence {a,, },cn satisfies
Qptm S an+am+M7
for all n,m € N. By Lemma B.1, we have the limit of the sequence {%an}neN exists in [—o00, 00):

. (07% . Qnp,
lim — = inf —.
n—oo N n>1 n

Denote this limit as L:
(7%

L:= lim — = lim 1 X, dP.

n—oo N n—co N Jo

Next, let us show that X+ € L'(€, dP), which will help to show X+ € L'(2, dP) in the end
and will also act implicitly as one of the conditions for applying the monotone convergence theorem

in some context below.

12



Note that

n—oo

1
X" = max(X,0) = liminf — X, =: X;. 2.7)
n

The reason is as follows:

If for some z € , X (x) = X () > 0, then there exists some N € N such that for all n > N,
L X, (z) > 0. By the definitions of X, and Xj, for such x, we have X;(z) = X (z). If for some
z € Q, X(z) <0= X"(x) = 0, then that means the terms + X, (z) fall below 0 infinitely often.
In other words, for all n € N, there exists some /N > n such that %X ~(z) < 0. Then again by the
definitions of X, and Xj, for such z, Xy(z) = 0.

Then we can apply Fatou’s lemma:

/K* dP < liminfl/X;r dP < / X dP + sup ||V, < oo,
Q n—oe N Jo Q n>1
so XT e LY(Q,dP).

To proceed, we shall first show the desired relation X = X P-a.s. for the special case when the
sequence of functions {%Xn}n . is bounded from below. After that, this result will, under simple
arguments, naturally extend to the general case when assumption on boundedness from below is
erased.

For the special case, our strategy to achieve the desired relation X = X P-a.s. is to show: (i).
L = [,X dPand (ii). L > [, X dP. Since X > X always holds true on (2 and once (i) and (ii)

are justified, we get
og/(f—g)dng—Lzo = X =X P-as.
Q

In addition, we will also show the relation (i) holds for the general case when the assumption on
boundedness from below is removed, for the purpose of showing the integral of the limit function
equals the limit of the integrals of %Xn in the end, namely (2.15).

Moreover, in the context of the special case of (i), we will show T-invariance of X and X, as
T-invariance of X will play an important role in the proof of a claimed relation (2.12) that we
will give in support of the proof of (i). T-invariance of X and X in the general case will follow

immediately in the end once the property is justified for the special case.

Special case - (i). Suppose there exists some C' € N such that %Xn > —( for every n € N. Then

13



Fatou’s lemma can be applied and it gives

XdPgliminf/ XdIP—hm— Xd]P’ L.

0 n—00 n—oo M,

Before moving on to prove the other direction, let us first show T-invariance of X and X for this
special case.

A simple case of the almost-subadditive property (2.5) is
XnJrl S X1 +XnOT—|—YnOT7

so if we divide both sides by n + 1 and take limit inferior, we get

1 1
X = liminf 1Xn+1 < lim inf 1 (X1 +X,0T+Y,0T). (2.8)

n—oo 1 -+ n—oo N +

However, forany = € 2, X (z) is just a constant and for one of the conditions regarding {Y, } nen,

we have
1
lim -Y,, =0 P-as. 2.9)
n—oo M,
Thus,
. 1
nh_)rgo - 1(X1 +Y,07T)=0 P-as.

and (2.8) would become

1
X < liminf 1(X1+XnoT+YnoT)

n—oo N +

1
1(X1+YnOT)

n—00 n+ n—oo N

1
:hminf( n —XnoT)+lim
In

1
= liminf —X,0T+0=XoT (P-as.).

n—oo M

Therefore, we have shown that X < X o 7" P-a.s. Similarly, in fact, with fewer arguments, it
also follows that X < X o T P-a.s.

However, T-invariance of P tells us that

/gdﬂm:/gonp,
Q Q

14



then

mg/@pT—gﬁmzoziigzgoTPa&
Q

Similarly, we also have X = X oT PP-a.s. This shows P-almost sure T-invariance of both X and
X for the special case, which will be useful in the later proof as well as for showing the conclusion
of T-invariance of the limit function.

We continue with showing the other direction of (i). Consider the following construction of a

sequence of sets. Let € > 0 be fixed. For each k € N, we define

1 1
E; = {Z‘ € Q:3je{l,...,k}suchthat —X;(x) + =Y;(z) < X(z) + 6} .
J J
We have { £ }ren is a sequence of monotonically increasing nested sets: If = € E¥, for some £,
then that means there exists some j € {1, ..., k} such that %Xj(m) + %Y](x) < X(x) + €. For this
J.itisalsoin {1,...,k,k+1},sox € E;,, aswelland £}, C Ej ;.
We also have the union of all sets in { F } ey has full measure. To put it explicitly, suppose the

set where (2.9) holds is €. Then 2’ C Q and P(€2’) = 1. We claim the following:
o cJE;
k=1
Let x € V. (2.9) tells us that there exists some N, € N such that for all n > N,

1
2V, (x) <
Yala) <

. (2.10)

DN ™

On the other hand, by the definition of limit inferior, the terms in the sequence {%Xn(x) }neN
will be less than or equal to X (z) + % infinitely often. That is, for all N € N, there exists some
K > N such that %X kx(7) < X(v) + 5. Hence, for N = N,, we denote the corresponding K as

K, and we would have

— X, (2) < X(2) + = @.11)

15



Combining (2.10) and (2.11), we are having

1
— Xk, (z) +

1

K,

soforany k > K,, x € E}, C U2, E}. This justifies the claimed inclusion.
As {Ef }ren is a sequence of monotonically increasing nested sets with the union achieves full

measure, by continuity from below,

lim P (E) = P (H Ek> =1,

so there would exist some k¢ € N, such that for all £ > ko, P(E}) > 0.

We next define the following functions for & > k:

Ry :=max (H, X; +Y1).

It might be difficult to see why we define these two functions this way at first, but it turns out
that they give a good upper bound (2.12) for X,, (as will be presented below), which will lead to
the desired other direction of (i). In the proof of (2.12), one will see the reasoning behind the
definitions of H} and ;.

Let k > ko be fixed. For any n > k, the two functions H; and Rg, in the form of ergodic sum,
give an upper bound for X ,:

n—k—1 n—1
X, < Y HioTi+ Y RioT’ Pas. (2.12)
j=0 j=n—k

The proof of (2.12) takes quite an amount of space, so to avoid affecting the continuity of the
main proof of the theorem, we shall accept the claimed relation (2.12) for now and give its own
proof after the main proof.

Integrating (2.12) and dividing n on both sides give that

1 —k k
—/XndIP’gn /H;dP+—/R;d]P>,
nJa n Q nJa
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where < [, X, dP converges to L and both [, Hf dP and [, R; dPP are constants (we assume the
two constants are both finite, since if one of them reaches —oo, then I, = —oo and the result follows

trivially). Let n — oo, we get

Lg/H;dIP:/
Q E

As discussed earlier, { F§ }ren is nested and will eventually achieve full measure, so if we let

(1+5)dP+/ (X1 + Y1) dP.

K O\E}

k — oo, we obtain
LS/(&—Fa)dIPH—O:/XdP—l—s.
Q Q

This relation holds for all £ > 0, so letting € | 0 and we finally get

Lg/gd}?.
Q

Thus, we have shown (i). L = fQ X dP in this special case.

Next, we remove the boundedness from below assumption temporarily and show that the relation

(i) also holds for general { X, },en.

Continuation of (i) - general case. For our sequence of functions { X, },cy that is not necessarily

bounded from below, consider a corresponding sequence defined as follows:
X% := max(X,, —nC),

where C' € N.
If in addition, we denote
X¢ :=liminf lxg ,
n—o0o M
then by what we just showed in the special case,

1 1
/50 dP = lim — [ X% dP = inf — / X¢ dP. (2.13)
Q Q

n—oo M Q n>1n

With the same reasoning as showing (2.7), we essentially have X (z) = max(X, —C).

17



As it is clear that X ¢ J X, then the monotone convergence theorem tells us
/XdIP— lim X dP = 1nf/XCdIP
Plugging in (2.13) gives

/gdp—mf/fdp mfmf—/Xcd]P’ mf—mf/XCd]P’
Q

C>1 Jq C>1n>1n n>1n C>1

and by the monotone convergence theorem again (since X¢ | X,,), we get

/&dP mf—/X dP = L.
Q n>1ln

Therefore, we have justified L = [, X dP for the general case as well.

We proceed in the special case that {%Xn}n < is bounded below by —C' for some C' € N, and
move on to the justification of (ii). L > fQ X dP.

Special case - (ii). For this part, we shall look along a subsequence of { X, },,cy which will be an
intermediate step to justify the desired relation. Let £ € N be fixed and we refer k to be “the size
of the steps” in this auxiliary subsequence we are looking at.

For n > k, we can always write it as n = km,, + ¢,, where m,, is the quotient and ¢, is the

remainder, so ¢, € [0,k — 1]. We would then like to show the following inequality:

k
X = Ximsgn < Xim, + Y (X +Y;7) o TH™. (2.14)

=1

If g, = 0, then this is obvious. Otherwise, by (2.5),
Xn = Xk'mn"!‘Qn S Xk'mn + Xq’VL © Tkmn —I— }/qn © Tk;mn'

Since 0 < ¢, < k in this case, we have
k
(X, 4 ¥) o T < (X; £ ¥;) o T4 < 37 (X} 4 Y}7) 0T,
j=1

as the sum contains the ¢,,-th term.

18



Hence,

k
Xn = kan+Qn S kan + (an + }/;171) © Tkmn S kan + Z (X;'_ + }/;—i_) © Tkmn’
7j=1
so (2.14) follows.

Now denote

k
F = Z (XF+Y7").
7=1

As we showed before, X7 € L'(Q, dP) for all n € N. Together with the integrability of every
Y,,, we have F' € L'(2,dP). Thus, by Theorem 2.1.1 (Birkhoff’s ergodic theorem),

kman

ZFOT’<oo P-a.s.

i=1

lim
n—o00 mn

and this gives
FoTF™ =0 P-as.

lim
n—oo m?’L

Return to (2.14), divide both sides by £m,,, and take limit superior as n — oo, we get

1
lim sup X, <limsup Xkm, + limsup F o TF™ —=1lim sup k_X ke,

n—o00 my n—00 mpy n—00 mpy n—00 mpy

P-a.s.
Since m,, is the quotient of n divided by k or n = km,, + g, for ¢,, € [0, k — 1], then asymptot-

1ca11y, - — 1. Hence,

1 1
lim sup X, = limsup —X,, = limsup —X,,.
n

n—o00 mpy Nn—00 mpn n—00

On the other hand, m,,, = m,,, if ny,ny € [kN, k(N + 1)) for some N € N. Then essentially,
: . 1
limsup —— X, = limsup — Xp,.

Therefore, we obtain that

1 1
limsup —X,, < limsup k—an P-a.s.
n

n—oo TN N—00
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As {ﬁX;m}neN is a subsequence of {%X”}neN’ then

1 1
lim sup k_an < lim sup EXn.

n—00 n N—00

We finally get the P-almost everywhere equality between X and the limit superior taken along

the subsequence with gaps of size k:

- 1 1 1 —
X = limsup —X,, = limsup k;_Xk" P-a.s. = limsup — X, = kX P-as.

n—oo T Nn—00 n n—oco T

Next, define the following functions:

n—1
, 1
(k) .— _ ik *®) .— liminf = S®)
Sy ]E_(](Xk +Yy)oT?",  SW hTIgmfnS” :

Technically, we are summing over n values of X}, + Y}, taken at every k step and the minus sign
in the front will help with turning limit inferior to limit superior later.

For SY”, as we have supposed that %Xn > —(C for some C > 0, then

(8] = (=X = Y)* < (<X + (V)" <kC.

+
50 [SY“)} e L', dP).
On the other hand, {Sr(bk)} is a (sub)additive sequence:

neN
sk = —nim:l(x +Y) 0 T
n+m — k k
j=0
n—1 n+m—1
== (Xp+Y)oT = Y (Xp+ Vi) o T
5=0 j=n
m—1
=S =3 (X + Vi) o T o T
=0
= S0 5W o ()"

20



Then we can apply the result of (i) for the general case to S%)°s and get

1
/ S AP = lim — [ S dP.
Q

n—oo N Q

Substitute the expression for S and apply T-invariance of P, it follows

/ﬂdﬂ»: lim (—/(XkJrYk)le)) =—/(Xk+Yk)dIP’.
Q n—0o0 9} Q

Let us now look at —S*). By applying subadditive property (backwards) for n times, we are

getting
(k) el g 0
-5 = —liminf —5}" = limsup —=5,,
n—oo 1 n—o00 n
1 n—1
= lim sup — X, +Y;) 0T
m sup j;o( w+ Yi)

1
> lim sup E(le +Y;)

n—oo

1 —
> limsup — X, = kX (P-as.).

n—oo T

Taking integration on both sides implies

/—ﬂdpzk/)_(dp = 1/(Xk+yk)dpz/)?dp
Q Q k Q Q

This holds for all £ € N. Note that Y}, is non-negative for all £ € N, so

1 1 SUp,>1 ||Yn||1 M
0< = [ VidP =2 ||y, < —eztiiel _ 22
< [ Yidp -, < TRt S

where M = sup,,-, ||Y,||; as given before and is finite. Then by taking k — oo, we are getting

1
lim — | Y, dP =0.

k—o0 Q
We also have

1
lim—/XkdIP’:L,
kJo

k—o00
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SO

k—o0

XdIP>< lim E (Xp+Yy)dP=L.
Q

This justifies the relation (ii). L > fQ X dP for the special case.

Therefore, for the special case, X = X P-a.s. We next move to the general case, where %Xn’s

are not necessarily bounded from below.

General case. We adapt the defined bounded version of the functions X¢ and X for C' € N as in-
troduced in the above context of continuation of (i) for the general case. We define X analogously
and with the same reasoning, X¢ = max(X, —C).

By (i) and (ii) for the special case, we have

/XCdIP’< lim —/XCdIP /Xcd]P
Q n—oo M,

SO
og/()?c—gc)dpgo = XY =X P-as.
Q

This holds for all C' € N. For each C' € N, if we denote the set where X¢ =X “ holds as Qc,
then Q¢ C Q and P(Q¢) = 1.
Then on NZF_, 2 which is the set where X = X% holds for all C' € N, we have X = X and

(o)) () o

implies NZ_, ¢ has full measure.
Therefore, we eventually get X = X P-a.s. and this tells us that the limit X := lim,,_, %Xn
exists P-a.s.

Then it directly follows, from (i) for the general case, that

/XdIP XdP = 11m — X dP. (2.15)

n—oo N,

Since X € L}(Q,dP) and X = X P-ass., then Xt € LY(Q, dP).

We have also shown P-almost sure T-invariance of both X and X for the special case, then here
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we would have X and X are T-invariant P-a.s. for each C € N. By letting C' — oo and by
X = X = X P-ass., we have X is T-invariant P-a.s.

If we further assume that X, is non-negative for all n € N, then clearly X is also non-negative
by P-almost sure pointwise convergence. We also have X € L! since X = X € LY(Q,dP).

In addition, for the corresponding sequence {%Xn} which is a sequence of L' functions now,

neN’
we have %Xn — X P-as. as just concluded above, then by Scheffé’s lemma*, (2.15) implies

%Xn — Xin L. O
We now turn to the proof of the claimed relation (2.12):

Proof of (2.12). Recall that there exists some ky € N such that for all £ > ko, P(Ef) > 0. Next,

for each k > k fixed, we defined the two functions

HE:(X+€)]1E2+<X1+}/1) (1_]1E1§);

- =max (H;, X; +Y7).

Then for every n > k, we have the inequality:

X, < nzk:IH; o TV + ni R; 0TV P-as.
j=0 j=n—k
To prove this claimed inequality, we shall fix our & > kg and also fix x € (). The reason why we
need a positive measure for £, is to use Poincaré’s recurrence theorem®. That is, given P(E,i) > 0,
we have that for P-almost every = € Ef, the sequence {77 (z)};ey revisits Ef infinitely often.
Then it suffices to consider only two cases: (1). {77(z)};cn never meets Ef, in other words,
Ti(xz) ¢ Ef forall j € Ny := {0} UN; (2). T’(x) € E for some j € Ny, and thus, there are
infinitely many 7 € N such thati > j and T%(x) € E£, by Theorem B.2.
For case (1), (2.12) would simply be given by the almost-subadditive property (2.5): We already

have (2.6) obtained from (2.5), then we further split the sum into two parts:

—_

n— n—k—1 n—1
X, <D (Xi4Y)oTi= Y (Xi+Y)oTi+ Y (Xy+Yi)oTV.

j=0 j=n—~k

<.
Il
=)

4See Lemma B.3 in Appendix B.
3See Theorem B.2 in Appendix B.
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For z € 2 such that T7(z) € E, or equivalently, 77(z) € Q\E, for all j € Ny, we have
(X1 4+ Y1) oT9(z) = Hf o T?(x) for all j € N, by the definition of H{. With R; > Hj, (2.12)
directly follows:

n—k—1 n—k—1
%= S T 3 e s S Her e § Rer
Jj=n—k j=n—k
We move on to case (2). For our fixed x € () that satisfies case (2), we inductively construct
infinite sequences {m; }jen, and {n,} jen satisfying

mj < njp < mjpr < njyo, Vj €N

The definitions of the two sequences are as follows: Set mg = 0, then

e Given m;_,, define
n; = 1nf{2 > mj;_1: TZ(.ZC) S EZ}

Since {T"(z) }sen revisits Ef infinitely often, n; is always well-defined.

e With n; defined, 7" (z) € Ej, so by the definition of E}, there exists some ¢ € {1, ..., k} such
that 3 X, (T (z)) + 1Y (T™ (z)) < X(T™ (z)) +¢e = X (z) + ¢, where we used T-invariance
of X. Take the first such ¢:

{; := min {K e{1,...k}: Xe(TnJ( ) + %Ye(T’” (z)) < X(T™(x)) + 6} ,

and set m; 1= n; + {;.

Based on this definition, the intervals on natural numbers {[m;, m;;1) N No},y, form a parti-
tion of Ny. Hence, for our given n > k, we can always find some J € Nysuchthatm; <n < mj4;.

Then by the almost-subadditive property (2.5), we get that
n—1
Xo < Xpy + Y (X4 Y1) 0T

i=mj

If J = 0, then we simply have (2.6) here. If m; # 0, then we can continue with the almost-
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subadditive property (2.5) with m; = n; + £; we defined above:
XmJ S XnJ + (XEJ + YVZJ) OTnJa

and this gives, by substituting back, that
n—1
X < Xy + (Xe, +Y,) 0T + ) (X1 + Y1) o TV
t=mj

Then for the X, , term, we again use (2.5) to “downgrade from n; to m;_;":

ny—1
XnJSXmJ,l—i_ Z (Xl—i_}/l)oTZ)

i=mj_1

and again by (2.5), “to downgrade from m;_; ton;_

Xm, , <X

nj—1

+ (X5J71 —|—Y’g‘]71) o T"I-1

Substitute all these back, we obtain

ny—1 J
Xy S Xt ) X1+Y1)oTZ+Z (Xi+Y)oT' + D (Xgy +Yy) 0T
t=myj_1 i=my j=J-1

We iterate like this by applying (2.5) repeatedly and this finally leads to the result:

J—1mnj41—1 n—1
Xo S Xng+ Y Y (X +Y)oT + Y (X +Y)) oT’+Z X, +Yy,) 0T,
Jj=1 i=m; i=mj j=1

but “the next stop after downgrading from n;” is my = 0, so for the term X,,,, the upper bound is

simply given by (2.6):

ni—1

Xo €Y (X1 4+Y1)oT".

=0

Therefore, we obtain the following upper bound for X, in terms of a bunch of sums:

J mn;—1 n—1 J
X, <) (X1 +Y)oT + > (Xi+Y1)oT + ) (X, +Yp,) 0T, (2.16)
Jj=1 i:mj—l i=mj j=1

-

@ (I (1)
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where we label the three summation terms in (2.16) as (I), (IT), and (III) respectively (as shown
above). We will show that, in the end, it turns out that (I) and (III) will be bounded by sums in
terms of H; (II) will be bounded by sums that partially involve /; and partially involve R;.

Let us look at (III) first. By how we defined each ¢;, we have

T (Xe, +Yy,) 0T < XoT 4¢e, Vjie{l, .. J}
Besides, by the definition of Hf and Ef, if v € Ef, Hi(z) = X(z) +&;if v € Q\E, Hi(z) =
Xi(x) + Yi(z) > X(x) + . Hence, we always have X (x) + ¢ < Hi(z).

With the above information, we proceed with the following manipulation:

M“

J
> (Xy +Y5) 0T <) (X oT™ +¢)
j=1

<.
Il
-

IIMK‘ HM%

Z XoT' +e) (2.17)

IN

ZHgoTi,

where for the step (2.17), we are technically rewriting our ¢; copies of X o T™ 4 ¢, using 7T'-
invariance of X, in terms of the sum of X o 7" + ¢ ranging from i = n; to © = m; — 1 (there are
exactly /; of them).

Hence, we have obtained an upper bound in terms of sums involving H, for (III).

Next, we look at the double sum (I). By how n;’s are defined, we have that for ¢ = m;, ..., nj41 —
1, T(x) € E%, which is equivalent to T%(x) € Q\ E:.

This implies that (X; + Y7) o T%(x) > X o T%(x) + € and (X; + Y1) o T"(z) = Hj o T'(x).

Therefore, (I) becomes

n;—1 n;—1
Z Y (X +Yi)oT = Z > HioT'
j=11i=mj_1 J=li=mj_1

Note that if 7 (x) € Ej, for some m;, then by definition, n,,; = m; and the sum over (X; +

Y1) o T" from i = m; to nj41 — 1 would be an empty sum, and thus, skipped.
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Then the bound for (I) + (IIT) would be

J mj—l nj—l my—1
(@) + (1) < Z Z HEOTZ—I—Z Z HioT' = Z H:oT',
j=1 i=n; Jj=1li=m;_
so (2.16) becomes
my—1 n—1
X, < HioT'+ Y (X;+Yy)oT" (2.18)
=0 =mj

We shall finally deal with the remaining sum (II). The problem with (II) is that this sum involves
the given n, which is between m ; and m s, but we do not know the relative position of n ;; with
respect to n. It is possible that m; < n < nj ., while it is also possible that n; 1 < n < myy;.

If we have m; < n < njyyi, then everything is fine and it would be the same situation as
discussed in (I), that (X; + Y;) o T" = H. o T" fori € {my,...,n — 1}. However, if n;,; <
n < myy1, then for ¢ such that n; 1 < ¢ < n — 1, there is at least one term, which is n 1, such
that T%(x) € Ef. For T'(x) € Ef, we have H; o T'(z) = X o T%(x) + &, but it is possible that
(X1+Y1)oT (x) > X oT%(x) + ¢ for this T"(x) € E%. This is where the function R comes into
the place.

To guarantee the bound will hold, we shall bound the terms with indices greater than or equal to
ny41 by Ry, as X; +Y; < R always holds. Then the question comes to how many such terms do
we have with the given n. As discussed earlier, it is also possible that m; < n < n;,, and in that
case, it would be safe to have the bound involves I only. Nevertheless, we always have H; < Ry,
so it never hurts to preserve the last several terms and have them be bounded by R .

Notice that since my; < n < myyand my 1 —ny = £y < k, then if n would ever exceed
nyi1, n cannot exceed n;; by k. Hence, we shall preserve the last k£ terms and have them be
bounded above by R;.

Then there again involve two cases for consideration: One is that there are at least &k terms in the
sum (II); the other is the number of terms in (II) is less than k.

For the first case, we can split (II) into two parts:

n—1 n—k—1 n—1
SN eT = Y (X kW) T e 3 (64T
i=my i=my i=n—k
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n—k—1

< Z HioT' + Z RioT'.

i=my i=n—k

Substitute this bound back into (2.18), we get

my—1 n—k—1
< EJ:H,COTZ—F Y HioT'+ Z RioT'
- t=my i=n—k
Z HioT' + Z RioT",
i=n—=k

which exactly gives us (2.12).

For the second case when there are no enough terms in (II), we could borrow the rest of the
terms from ) 7" ! H¢ o T" and have them also be bounded by R:. Suppose n — m; < k. Then
we split the last (k — n +m ) terms from $.7/~" H7 o T" and (2.18) becomes

n—k—1 my—1 n—1
X, < Z HioT' + i HioT'+ ) (X1 +Yy)oT"
ot o
< Z HioT'+ > REOTZ+ZR50T1
- i=n—=k i=my
- Z HioT' + Z R oT'
i=n—k

Thus, we have also derived (2.12) under this second case.

This completes our proof to the claimed inequality (2.12). 0

Given how nicely Fekete’s lemma shows the existence of limit of a real sequence satisfying sub-
additivity, Kingman’s subadditive ergodic theorem indicates that when given a sequence of random
variables such that they satisfy subadditivity in a pointwise sense, there would almost-surely ex-
ist a limit function coming out of this property, so one can regard Kingman’s subadditive ergodic

theorem as a random variable version of Fekete’s lemma.

Remark. Our presented proof of Kingman’s subadditive ergodic theorem is an adaptation of the
unpublished work of Artur Avila and Jairo Bochi [AB]. Although we used Birkhoff’s ergodic theo-
rem as an intermediate step in our proof, Avila and Bochi provided an alternative approach to prove
the result without using Birkhoff’s ergodic theorem, namely [AB, Lemma 2], where they employed

very elegant arguments involving an application of the Borel-Cantelli lemma.
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As one may have already observed, Kingman’s subadditive ergodic theorem is a generalization
of Birkhoff’s ergodic theorem. In the same setting, when function X, € L'(£2,dP) is given, one
can construct a sequence of functions { X, } ,en by defining

n—1
X, =) XgoT/, ¥neN,
§=0
and { X, }nen is clearly (sub)additive with the auxiliary sequence {Y}, },en simply a sequence of
zero functions.
From here, we can see that Birkhoff’s ergodic theorem can be a direct consequence of Kingman’s

subadditive ergodic theorem.

2.3 The martingale convergence theorem

The theory of martingales was once dramatically developed by Joseph L. Doob and there are many
related classical results named after him, such as Doob’s martingale inequality, Doob’s decom-
position theorem, and Doob’s martingale convergence theorem, all of which can be traced back
to his celebrated 1953 treatise | ]. In this section, we introduce a weaker version of Doob’s
(super)martingale convergence theorem, which is adapted for non-negative supermartingales only.
This is because in the martingale proof of the SMB theorem, our constructed functions { Z,, },,>2, as
will be introduced in Subsection 3.2.2, turn out to be non-negative supermartingales, and it suffices
to use this weaker version of the theorem.

Throughout its proof, we will also use an important result from probability theory, which is the
optional stopping theorem, and we refer it as Theorem B.4 in Appendix B so that the readers can

consult for more details.

Theorem 2.3.1 (Doob). Let (2, F,{F,}nen, P) be a filtered probability space and {X,}nen a
non-negative supermartingale with respect to {F, }nen. Then there exists a non-negative random
variable X such that

lim X,, = X

n—o0

for P-almost all v € Q and X € L'(Q, dP).
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Proof. For each point x € (2 where the limit does not exist, the strict inequality

liminf X, (z) < limsup X,,(z)

n—oo n—00

holds. Then by the density of Q in R, there exist a,, b, € Q such that

liminf X, (z) < a, < b, < limsup X,,(z). (2.19)

n—0o0 n—o00

In other words, by definitions of limit inferior and limit superior, X,,(x) upcrosses the interval
la;, b,] infinitely often: There are infinitely many ¢ € N such that X;(z) < a, and infinitely
many j € N such that X;(x) > b,. If we take some i € N where X;(z) < a, and choose
j = inf{k > i : Xy(x) > b}, then from i to j, our process completes one upcrossing from a,
to b,. Hence, by characterization using upcrossings, we can see that (2.19) is equivalent to the
situation where { X, },,cn evaluated at = has infinite numbers of upcrossings from a, to b,.

Thus, in contrast, we want to show that for every pair of a,b € Q such that a < b, the number
of upcrossings from a to b is finite for P-almost all = € {2. As our supermartingale is non-negative,
it suffices to just consider non-negative rationals. First, let us formulate everything mathematically
and this will use stopping times.

Fix arbitrary a,b € Q such that 0 < a < band fix z € Q. Set Sp(x) = Tp(z) = 0 and then

define the sequences {Si(x) }ren and {7k () }ren inductively as below:

* Given T_1(z), define
Sk(x) :=1inf{m > T_1(x) : X,n(z) < a};
* Given Si(z), define
Ty (x) :==inf{m > Si(x) : X,,,(z) > b}.

From this definition, we know that the sequences {Sk(z)}ren and {7k () }ren take values in
NU{oo}, and both could be defined for all = € €2, so for each k € N, we have Sy : 2 — NU{oo}
and T}, : Q — N U {oc}. Itis trivial to check, by showing inductively using elementary measure-
theoretic arguments, that for every k € N, Sy, and T}, are stopping times.

We next define, for any NV € N,

U][\‘,l’b} () :==max{k € N: T(z) < N},
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which gives the number of times that our process evaluated at = upcrosses [a, b] by time N.

Apparently, U ][\‘,1 4 (x) is non-decreasing in N. We then take
Ul (z) .= lim U][\(;’b} (x),

which gives the total number of times that { X,,(x)},,en upcrosses [a, b].

Our goal then is to show that U%?/(z) < oo for P-almost all z €  for our fixed a,b € Q.
To approach this, we shall show that the expectation of U[*Y is finite, since U!*! is clearly non-
negative.

Given arbitrary N € N, the constant N is also a stopping time. Then for any £ € N, S A N and
T} A N are both bounded stopping times. Fix N € N and incorporate with stopping times Sj’s and
T}’s, we shall be looking at our process at finite times S A N and T}, A N: Xg, nn and Xp, sn. The
reasoning why we want to avoid just looking at the process at .S, and T}, is either quantity could be
infinity and in that case, we might run into trouble seeing what X, or X7, could be.

We now look at the gap X7, an — X, an for each k& € N and claim that for each z € (),
> (Xnan — Xsoaw) (@) > (0= a)Uy(z) — a. (2.20)
k=1

This claim, together with the use of the optional stopping theorem, will later show the desired
finite expectation for each U ][f,” .
We look at each gap in the above sum: (X7, an — X, an) (). Depending on the comparison

between k and U ][f; ) (x), there are three cases for us to discuss:

Case 1. When k < U ][f;’b] (x). To have simpler notation, let us denote U ][\‘;’b] (x) = M. Then k < M
implies both Si(z) < N and T;(z) < N. In this case, we shall have

Se(x) AN = Sp(x) = Xs,@an(2) = Xg,@)(7) < a3

Ti(x) NN =Ti(x) = Xp@an(x) = Xoy@)(z) > 0.
Thus, when k& < U][\?’b] (x), we have
(X1An — Xgan) () > b —a.
Case 2. When £ > U][\?’b] (x) + 1. k > M + 1 implies both Si(x) > N and T} (z) > N. Itis clear
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to see that we must have Ty (x) > N, since otherwise, M = Uj[ﬁ’b](x) >k > M+ 1, which is a

contradiction. We must also have Sy(x) > N, because if this were not true, then we would have

meaning that (together with T (x) > N), M = U][?’b] (x) =k —1= k = M + 1, contradicting
k> M+ 1.
Hence, in this case, we shall have Si(z) A N = N and T(x) A N = N and this gives

(Xan — Xsan) (1) = Xn(z) — Xn(z) =0,

forall k > U (x) + 1.

Case 3. When k£ = U ][ﬁ’b] (x) + 1. With the same reasoning as used in the previous case, we must
have Tj(x) > N here, so Tj,(x) AN = N and X7y (m)an(7) = Xy (2).

However, as for Si(z), it is possible that either Si(x) > N or Si(z) < N happens. If we have
Tr—1(z) < N and there exists some m € NN [Tp_1(z) + 1, N] such that X,,(z) < a, then we
shall get S(z) < N. If there is no existence of such m or T;_1(z) = N, then Sx(z) > N would
happen.

Let us further split this third case into two subcases: (i). Sk(z) < N; (ii). Sk(z) > N. Under
(i), Sg(x) AN = Sk(z), so

Xs, (v (®) = Xg, () (2) < a.

On the other hand, our supermartingale is non-negative, so X y(x) > 0. These give us
(Xpan — Xgoan) () = Xn(2) = X y(2) > 0—a = —a.
Under (ii), Sk(z) A N = N, then we would simply get
(X1 AN — Xsan) () = Xy (z) — Xn(z) = 0.
As we have assumed that ¢ > 0, then —a < 0 and under both subcases, we would have

(X1uan — Xsonn) (@) > —a.
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Hence, when k = U][g’b] (x) + 1, we get (X an — Xsan) () > —a.

With the discussion of the above three cases, it is now clear to see why the claim (2.20) holds:

00 M
Z (XTk/\N - XSk/\N) ({L’) = Z (XTk/\N - XSk/\N) ({L’) + (XT]LI+1/\N - XSM-H/\N) (z)
k=1 k=1

+ > (Xpav — Xson) (@)
k=M +2

>Mb—-—a)—a+0
= (b—a)Uy"(z) - a.

Note that (2.20) holds for all z € (2, so

(Xp v — Xguan) > (b—a)US? —

WE

b
Il

1

and by taking expectations of both sides, we get

E Z (X1AN — Xgan) | > E [(b _ a)U][\c;,b] B a}
k=1
= ZE [ X7an — Xsan] > (b —a)E |:U][\(/z,b}] _a 221)

i
I

By the fact that { X, },,c is a supermartingale and the optional stopping theorem, for each k € N,

we have
SkAN <T, AN <N = E[Xpv] <E[Xgan] = E[Xpanv — Xgan] <0.

Hence, (2.21) further becomes

a
b—a

0> Z]E [ X7an — Xgan] = (b—a)E [U][\‘;’b]} cu = F |:U][\z;,b}] <
k=1

This shows the expectation of U ][\‘; s finite for all N' € N.
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On the other hand,

Uled = lim UN" = sup U
N—o0 N>1

on 2, then by the monotone convergence theorem,

a
b—a’

bl _ 1: [ [aﬁ] <
E [U } ]\}eréo E Uy <
which shows that the expectation of U is finite.
Since U is clearly a non-negative random variable, having a finite expectation implies that
Uleb is finite P-a.s.

Therefore, if we denote
Qg = {z € Q: U(2) < 00},

then P(€2,4) = 1. Since our a,b € Q are arbitrarily chosen, we then have P(€,) = 1 for any
pairof a,b € Q such that 0 < a < b.
Taking

Q:: ﬂ Q[a,b]

a,beQ
0<a<b

and we shall have P(§2) = 1, as the intersection is countable.

This in turn completes the proof that lim inf,, ., X,, = limsup,,_, . X, P-a.s., so the limit

X = lim X,

n—00

exists for P-almost all x € €2, and is clearly non-negative since our supermartingale is non-negative.

To see X is L', note that
E[X]|] = E[X] < liminf E[X,,] < E[X;] < oo,

n—o0

where we use Fatou’s lemma and the fact that { X, } ,cn is a supermartingale. O
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Chapter 3

The Shannon-McMillan—-Breiman Theorem

In this chapter, we introduce our basic information-theoretic setting and present the statement of
the SMB theorem, followed by some important mathematical constructions in preparation for its

first two proofs.

3.1 The setup and the statement

We use A to denote a finite alphabet, namely a finite set with its elements called letters. If A =
{a1,as, ...,a,} for some ¢ € N, then |A| = (. Occasionally, A is taken to be specific and in the
context of Markov chains, A is simply taken to be A = {0,1,2,...,¢ — 1} for some ¢ € N. In
telecommunication, one often takes .4 = {0, 1}. To make it a metric space, we take the discrete
metric dqon A: dy(a,a’) = 0ifa = a’ and d 4(a,a’) = 1if a # o’. This makes (A, d4) a compact
metric space.

In this thesis, especially for our information-theoretic setting for the SMB theorem, we have our
space (2 is taken to be the set of all sequences indexed by natural numbers and taking values in
A, namely Q = AN, For every z € €, we refer its n-th entry via simple indexing: z,, € A. In

particular, we refer a finite string (or a finite part of x € {2) by the following notation:

Ty = ($m7xm+1, 717”) < An—m—f—l = A NEEED ./4-,
%/_/

m

(n —m + 1)-fold

for any natural numbers m < n.
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We usually equip €2 with topology of pointwise convergence, which is generated by the metric

d(z,y) == Z 27" (0, Yn), Y,y € Q.
n=1
This makes (€2, d) a compact metric space, which could be shown using diagonal arguments.
When given some ]!, € A=+ cylinder set, which is a subset of 2, determined by xn, is

then defined to be
[an] ={yeQ y, =}

If m = 1, we say the cylinder set is standard and 27 is the prefix word of the cylinder. Standard
cylinder sets are fundamentally important in our one-sided shift context, since they coincide with
open balls in (2. We then take the Borel o-algebra F for €) to be the one generated by standard
cylinder sets.

The shift map 7" : 2 — Q is defined by (T'(z)),, := z,41 foralln € N, for all z € Q. It gives
the desired one-sided shifting dynamic on our space (2, ). A T-invariant probability measure [P
on (2, F,T) is then called shift-invariant, and we denote the set of all shift-invariant probability
measures on {2 by Py, (€2). Recall that if P € Py, (2) satisfies that P(E) € {0, 1} for all £ € Fr,
then P is said to be ergodic. We denote the set of all ergodic elements in P,y (£2) by Peg(£2).

There are some fundamental aspects of shift-invariant measures defined on {2 worth mention-
ing, and we include this part in Appendix C. Another notion that is absolutely important in our
information-theoretic context is entropy. It is usually denoted by S and we refer the readers to

Appendix D for a brief introduction of entropy and some of its basic facets.

Now with the basic setup and related notions reviewed, here we present the SMB theorem:

Theorem 3.1.1 (Shannon—-McMillan-Breiman). Let P € Py, (Q2). Then the limit
. 1
lim ——log P([z}]) = hp(x)

n—o0 n

exists for P-almost all x € Q) and the convergence also holds in L* (2, dP).

The limit function hp satisfies hp > 0 P-a.s. and hp o T' = hp (shift-invariant) and

36



In particular, if P € Pey(S2), then

lim ! log P([z}]) = S(P)

n—oo N

for P-almost all v € Q and in L' (2, dP).

The proofs of the SMB theorem will be given in Chapter 4. For the moment, we go through
some essential mathematical constructions which will be used in the first two proofs. They are a
bit long to discuss and take up much space, so instead of being introduced in Chapter 4, they are

included in this chapter right after the statement of the SMB theorem.

3.2 Preparations for the proofs

3.2.1 Extension to two-sided shift

Analogous to one-sided shift, there is also two-sided shift (also known as full shift), where potential
links between the two setups can be drawn such as extension from one to another. Here we shall
briefly discuss about two-sided shift over finite alphabet, which we still use A to denote, and suppose
A = .

The setup for two-sided shift over A is then Q= AZ, namely Qs the set of all mapsz : Z — A
or sequences of the form (zy)rez with z;, € A for each k € Z. We also equip Q with topology of
pointwise convergence. There are many metrics that generate this topology and a canonical choice
is d(z,y) :== \"@¥) forany z,y € (), where \ € (0,1) is given and n(z,y) := min{|k| : v # yi}-
One can check that (Q, af) is a compact metric space.

Finite strings and cylinder sets in the two-sided shift context are denoted and defined analogously.

For two integers m < n, we denote 2", = (T, ..., T,) € A""™F1. A cylinder set determined by

n

xp is

[x"]::{yeﬁ:yk:xk, Vmgkgn}.

m

Cylinder sets are again both open and closed in Q) and the family of all cylinder sets generates the
Borel o-algebra in Q.

The dynamic given in the two-sided shift setting is the left shift T, which is a map T:Q0-—Q
defined by (f(w))n = 41 forall n € Z. T is a continuous bijection and its inverse is the right

shift on €. In particular, Tisa homeomorphism on ((AZ, ci) Note that a big difference between
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one-sided and two-sided shifts is that in one-sided shift, 7" is onto, but not bijective.

For any P € P(Q2) and integers m < n, we define its (m, n)-marginal P". on A™~™+! by

By (zp) = B(lap)), Vap, € AT

The marginals in this case also satisfy a consistency condition and a version of Kolmogorov’s
consistency theorem in this case follows. We refer the readers to the end of Appendix C. Shift-
invariance is defined in the same way as one-sided shift case: Pc Pinv(ﬁ) ifPoT ' =P.

As mentioned in the beginning, one-sided shift space €2 and two-sided shift space O possess
potential yet deep links, and there is one close relation between P, (€2) and Pinv(ﬁ):

Any element P € P, (2) uniquely extends to an element Pe Pinv(ﬁ) by setting that, for any

integers m < n,

P([z")) := P([z™k]), wherem + k > 1.

Note that by shift-invariance, it does not matter what value k is, as long as m + k > 1.

On the other hand, every Pe Pinv(ﬁ) determines a unique element P € P, ({2) by setting

P([2}]) := P([2}]), Vn € N.

~

Therefore, we have bijective correspondence between Py, (€2) and Py, (€2), and this offers con-

venience to construct the other shift setting, either by extension or restriction, from the given setting.

3.2.2 Functions Z, and 7.

In this subsection, we would like to construct a series of functions, denoted as Z,, for n > 2, defined
on the one-sided shift space () = A". The sequence of the functions Z,, possess good convergence
behavior and it extends some consequences and subsequent constructions which contribute a lot to
the first and second proofs of the SMB theorem. We shall first give the definition.

Given some P € Py, (£2), let

for any n > 2.
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Note that Z,, is well-defined P-a.s. If we set
F,={xe€Q:P([z}]) =0} and E, := {z] € A" : [2]] C F,,}
for any n > 1, then trivially,

F,.C || 7] = P(F,)< P([z7]) =0 = P(F,) =0.

Hence, P([z7}]) > 0 for P-almost all z € €2, and this shows P-almost sure well-definedness of
Zy for any n > 2. Note that, on the domain with full measure where Z,, is well-defined, Z,, > 1,
due to compatibility implied by shift-invariance (c.2).

There is a crucial property of Z,, which relates closely to the entropy associated to P’ and its

marginals, and in turn motivates its definition:

S(]Pn+1> - S(Pn) = /Qlog Zn+1 dP. (31)

We approach this crucial relation from some nice properties of entropy of shift-invariant mea-

sures on ). However, before delving into this discussion, we quote two useful results: one is an

inequality observed and proven in [ , Proposition 4.7], named the log-sum inequality, and the
other is about distribution functions from [ , Chapter 8]. We refer their proofs to these refer-
ences.

Lemma 3.2.1. Let N € N and suppose a; and b; are non-negative numbers for j € {1,..., N}.
Then

with the usual convention that “0 -log0 =07, “0/0 = 0", and so on.
Theorem 3.2.2. Given a probability space (2, F,P) and a measurable function f : Q) — [0, o<,
/deP’_/ P{z € Q: f(z) > t}) dt.
Q 0

Now let us introduce the important properties of entropy of shift-invariant measures on (2 as

mentioned above.
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Theorem 3.2.3. Let P € P, () and set
A, =8P,1)—SP,), VneN.

Then:
(1). 0 < A, <log/l foralln € N, where |A| = {;
(2). A, > A,yq foralln € N;
(3). lim, o A, = S(P).

Proof. Letn € Nbe fixed. For any 2} € supp IP,,, we define a probability measure on .4 as follows:

Pn+1(.flf1, cery Ly CL)

”’Ll():: P (21, .y n) vaed

One can trivially check it is a probability measure. We then claim the following relation:

SPuit) =SB+ > Pu(ap)s (i) (3.2)

z €supp Py,

We show (3.2) by explicitly expanding and computing the right hand side. For each 2} €
supp P,

(

4 Po(xy, ..., ) P.(xy,...,z,)
P, sy Ty

) b )

Z Pn+1 xy, ...,:L’n,a) lo (Pn+1(x17 ...,xn,a)>

(Rﬂl) = ZPn+1 10an+1( a)
cA
€A
€A

a

Then,

> Paahs (BL)

7 €supp Py,
Poii(xy, ..., o, @)
= — Z P, (z7) Z P, (o1 oz (logPpi1(x1, ..., Tpya) — log P (21, ..., )
zPEsupp Py acA

= — Z ZPnﬂ(ml, oy Ty @) (log Py (1, ooy Ty a) — log Py (21, ...y )

zesupp Py, ac A
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=— Z Z(Pn+1(x1,...,:En,a)logIP’nH(xl,...,zn,a)—

aesupp P, a€ A

Poii(z1, oy, a) log Py (21, ..., xy))

=— Z ZIP’n+1(x1,...,xn,a)logIP’nH(xl,...,xn,a)—l—

i esupp P, acA

Z log Py, (21, ..., ) ZIPn+1(x1, ey Ty, @)

z€supp P acA
= — Z P.ii(xy, .., zp,a) log Py (2, ...y, @) + Z P.(z7)log P, (x)
(z1,.,Tn,a) €A™ zPeAn

This proves the claim (3.2). By Proposition D.1, entropy is always non-negative, so

> RS (P) =0

z esupp Pp,

On the other hand, Proposition D.1 also suggests
s (Pﬁl) < log/

for all 27 € supp P,,.
Then (3.2) implies that

SPni1) 2 S(Pn) = A = SPpp1) = S(Pn) >0,

and

S(Pus1) < SP,) +logl > Pu(af) = S(P,) +log!

x €supp Py,

which gives A, = S(P,41) — S(P,,) < log.
This proves Property (1).
To prove (2), we take use of Lemma 3.2.1. Note that, by adopting the reverse thinking of the
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steps in the derivation of claim (3.2), we have

S(Pnt1) = S(Pn) = — Z Pry1 (27) log Py (27) + Z P, (257) log P (57)

P tleAn+l aytleAn
By (©2) =— > Pua(@i™)logPup(ai™) + Y Paaa(ai)logPy(ast)

aitleAntt a e An+1

]P)n l,n—i—l
=~ Y Pua(ait)log (#)

aptleAntt Pu(3™)

(By (c.1)) =— Z (an+2($1,--.,xn+1,a)log (ZaéAin—l—Q(l’l,...,l’n—‘,—l,a)))

Ty ooy Tpy1, @
2" e An+1 \a€A 2aeaBusr(22, . Tns1, @)

and we can see from here, that the terms inside the big bracket have the form that matches what

appears in the log-sum inequality. Thus, by Lemma 3.2.1,

NglINg

S(Ppy1) = S(P,) = — Z (Z]in(l’l, oy Ty, @) log (

acA ]P)nJrQ(xl? oo T,y a)
P
antlen+t \a€A acA n+1(SL’2, » It (1)

Pn T ,...,l’n 7a
2 - Z (ZPN+2(SE1’ ...7,17”_,'_1’&) log (]P) +2( 1 +1 )))

n+1<$2> ...,l’n+1,a)

" legn+t \acA
P +2(l‘n+2)
=— > Pup(*?)log (Pn(—iﬁz)
aPt2eAn+2 1T

= S(]P)n+2) - S(PnJrl)'

This shows A,, > A, .1, which is Property (2).

Property (3) then simply follows from (1) and (2). Indeed, (1) and (2) suggest that { A,, },en is a
decreasing real sequence bounded below by 0, so lim,, ., A, exists by the monotone convergence
theorem. Its value, on the other hand, can be derived by the so-called Cesaro mean.

We claim that

At ot A
lim A, = lim 2L (3.3)

n—00 n—00 n

where the right hand side is known as the Cesaro mean. We can quickly justify this relation. Sup-
pose that
lim A, =L

n—o0
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for some L € [0,log¢]. Let ¢ > 0 be arbitrary. Then there exists some N € N such that for all
n> N, |A, — L| < 5. Besides, let d = (%L — 1) N. Then for any n > max(NV, d),

1 %L ) | A —nL - NL
N+n ¥ N+n
k=N+1

i1 | A = L]+ NL

IN

N+n
_ZinalA— Ll NL
- n N +n
CE VL e e 2

3 N+d 3 3 3

Now pick M € N large enough so that LMJFAN' < sand M > N + max(N,d). Denote

R = M — N > max(N,d) and observe the following:

M
=S A1 = ZAk+— Z AL
k=1 k=N+1
5> by
<|— A —_— A
Mk:l ' N Rk N+1 .
<fiE_
33 7

This proves the claim (3.3). Plugging in the expression for each A,,, we then get a telescoping

sum in the expression of the Cesaro mean. This gives

A4+ A, S(Pu) — S(P)) S(P,)

lim A, = lim —— = lim = lim ——= = S(P).
n—oo n—oo n n—oo n n—oo n
This finishes the proof of Property (3). [

Repeating the same manipulation as done in some steps in the proof of Theorem 3.2.3, together

with the definition of Z,,, we bring forward the relation (3.1):

Ay = SBun) =SB = Y Praai)log (L%)

In+1€An+1 ]P)n“!‘l (xl

= > P log Zun(a)

ai e Ant
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= / log Z, 11 () dP.
Q
By Theorem 3.2.3 (3), we have

lim A, = S(P) = lim [ log Z,(x) dP. (3.4)

n—o0 n—00 0

We shall keep this relation for later use in the proofs in Chapter 4.
We also have 7, is integrable for all n > 2:

/an AP = Y Z,(x)P(x}]) = Y wpn(ﬂ)

P eAn zPeAn n(x?)
P,_1(x}
- ¥ TR - Y R X Rl -,
z €supp Pp n\ 21 z esupp Py, P EeAn
SO
/anPSE, Vn>2. 3.5)
Q

Remark. In the above step of deriving (3.5), it is important to do the transition from “x} € A"”
to “x} € suppP,” for the summation, because it is possible that for some z} € A™\ suppP,,
P, (z}) = 0 while P,,_ («%) # 0.

Another important subsequent construction given our already established {Z,, },,>2 is function

Zmax,> Which is set as below:

P, 1(773)
max(X) ;= sup Z,(x) = sup ————

Since Z,, is well-defined P-a.s. for all n > 2, Z,,.« is also well-defined P-a.s. We next introduce

two lemmas regarding Z,,,..

Lemma 3.2.4. Foranyt > 0,

P({x € Q: Zpax(z) > t}) <

+ S

Proof. Fix arbitrary ¢ > 0. Denote

B={x€Q: Zyu(x) >t}
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and set
By={x€Q:Zy(x) >t} and B, ={x € Q: Zy(zx) <t,....,Z,_1(x) < t,Z,(x) > t},

for all n > 2. We then can write -
B = U B,,.
n=2

We can see the sets B,,’s are disjoint. For every n > 2, if we denote F,, to be the sub-c-algebra
generated by the standard cylinder sets [z7] for 2} € A", then B,, is measurable with respect to F,,
and if x € B, then [z}] C B,,. This is due to the definitions of Z,, and B,, for each n > 2.

To proceed, we construct a probability measure P on € defined by the marginals:

~ 1
Pl(l'l) = z, Vxl € ./4,

and
]P)n(l'l, ,fL’n) = ]P)l(l'l)]P)n_l(l'Q, . l’n), \V/ZLJIL - An,

for any n > 2.

One can easily check the above marginals {]f"n}neN are well-defined probability measures on
A", and by Kolmogorov’s consistency theorem (it suffices to use the simple version of the special
case of one-sided shift, namely Theorem C.1), P is a uniquely defined probability measure on 2 by
these marginals. The introduction of P is to give an upper bound to the measure of each B,,, and
we will see how this is done below.

For rigorous use of languages, we set
B,={a" € A" : [27] C B,}, Vn>2
On each B,,, we know Z,, > t. With an application of Chebyshev’s inequality, we have

P(B,) < %/ Z,() dp:%/npnl_(ﬂ?@dP:% S, op) Poct)

: Pa (o) P, (27)
m’felsuppIP’n
1 1 L 1 .
=7 > Paa(ap) < n > Paa(al) = 7 > 7 Pro1(z3)
a:i‘eén x’feén z?EBn

z €supp Py,
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14 ~ N 14 - 14 - f -
= Z Py (21)Pys (2) = - Z P, (a) = 5/n dP =~ P(B,).
Therefore, we have obtained this bounded from above relation
(-

for each n > 2.

Besides, B,,’s are disjoint. Then with (3.6), it gives
o) -x (U s - Sore < {3 we - (B (U ) - {20 <
n=2 n=2 n=2 n=2
Hence, we get P(B) < % and this finishes the proof. O
Lemma 3.2.5. log Z.x € L'(2,dP).
Proof. Fix arbitrary ¢ > 0. By Lemma 3.2.4,

14
P({z € Q:log Zmax > t}) =P ({2 € Q: Zpax > €'}) < = le

Note that Z,,,,x > 1 P-a.s., and thus, log Z,,,.x > 0 P-a.s. To check integrability of 7., we
apply Theorem 3.2.2:

/log Znax AP = / P({x € Q:log Znax > t})dt < / le~tdt = 0.
Q 0 0

Hence, log Z . € L'(2,dP). O
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Chapter 4

Three proofs of the SMB theorem

We give three different proofs of the SMB theorem in this chapter, which are referred as the subad-
ditive proof, the martingale proof, and the Ornstein—Weiss proof respectively. Among these three
proofs, the subadditive proof and the martingale proof will fully justify Theorem 3.1.1, while the

Ornstein—Weiss proof will only show the ergodic case of the theorem.

4.1 The subadditive proof

In the given setup of the SMB theorem, we would like to undergo some constructions and ma-
nipulations to create subadditive condition so that Kingman’s subadditive ergodic theorem (The-
orem 2.2.1) can be applied to give the desired conclusion. Due to the central involvement of the
subadditive ergodic theorem, we refer this first proof as “the subadditive proof™.

The subadditive proof was originally given by Derriennic [ ], in the same paper that he
proved a generalized version of Kingman’s subadditive ergodic theorem, which we presented as
Theorem 2.2.1 in Section 2.2. Here we give a refined version of the proof under the one-sided shift

setting, and it will involve the extension from one-sided shift to two-sided shift.

Proof. First, we would like to extend our one-sided shift setting to two-sided shift one, as it will
turn out that the two-sided shift case will be more convenient to work on for our purpose. Please see
Remark 4.1.1 for a more detailed explanation. The related standard extension has been introduced
in Subsection 3.2.1.

Let Q = A% and our given P € P, (2) can be uniquely extended to some P e Pinv(ﬁ). If
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we establish the conclusion of the SMB theorem for the two-sided shift case, namely the conver-
gence of —1 log P([z7]), then we are done since the P-a.s. convergence and the L' convergence
of —1log P([z7]) are essentially the same as the ones of —< log P([«}]) and the conclusion can be
smoothly translated to the one-sided shift case. We will elaborate this in the end of the proof.

We begin with letting
Xo(z) = —log P¥(z}) = —log P([z7]), Vn € N.

Each X n is well-defined for P-almost all = € §) and clearly each X n» is non-negative. We then want
to show that X, is in L'(€), P) for each n € N.

Recall the function log Z . constructed and analyzed in Subsection 3.2.2. We can define a
version of this function on O (denoted as log Z\max) analogously to the definition given in the one-
sided shift case and this can be done by repeating exactly the same definitions given to Z,, forn > 2
and Z,,., in Section 3.2, except substituting {2 with Q). We would have log Zmax(x) = log Zmax(|q)
for every € Q, where x| stands for the restriction of = on ). This is because the definition of
every Z, only depends on x1, ..., z,,, whose indices are all positive. Then all the subsequent results
related to log Z,,.« also translate to the two-sided shift case and hold true for log Znax, especially
Lemma 3.2.5, so we have log Znax € Ll(ﬁ, I?P)

We then observe the following manipulation and derive an a priori bound for )?n:

~ 1 @n—l n @n—Q n @1 1
X, (x) = log = :10g< 1 (23) "\71171(3:3) _”A21(xn) - )

~ 1
PPt (28 1 =
< log (sup l—(%)) + log W < (n—1)log Zmax(z) + K,
1\ Tn

where

1
K = sup log =~ < 00.
aesupp@% IP)I (a)
Since K is a finite constant and log 7o € Ll(ﬁ, fP), then we have X, € Ll(ﬁ, @) for each

n € N.

We now want to establish the desired weak subadditivity with respect to our {)A(n}neN. For
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n,m € N, set

Dy m(z) := log (M[{?])M[ﬁﬁi?])) :

then with easy computation, it can be checked that

~ ~

Xn+m = Ap+ )?m © j-\vn + Dn,m- (41)

If in addition, for any integer 7 < 0 and any m € N, we define

Rjm(z) :=log (P([JJ?][) ri][;CTD) |

Jacy
8

then it can be computationally checked that for any n,m € N,

R tn1ym (f”(:z)) = Dyl(2). 4.2)

A good thing about the definition of R; ,, is that in the relation (4.2) when connecting with D,, ,,,,
it involves composition with Tm. This provides a sign that ; ,,, can be used to construct the desired
error terms so that the weak subadditive condition is created. Meanwhile, we also want to generate
an upper bound for (4.1), so supremum of R;,,’s over 7 < 0 is a good choice to realize that.

Let us denote the desired subadditive error terms as )A/n for n € N, which is the same notation as

in the subadditive condition (2.5). Based on the above analysis, we set

}/}n(x) = supmax (0, R;,(z))

Jj<0

for all n € N. Note that this definition guarantees each ?n is non-negative. Together with (4.2), we

further derive the following estimate from (4.1):

= Xpim < Xp+XmoT"+Y,0T", Vn,meN. (4.3)



Hence, our defined error terms ?n’s give the desired weak subadditivity. It remains to check that
{?n}neN satisfies the two properties as outlined in the statement of Theorem 2.2.1, namely

~

Y. ~
<oo and lim —= =0 P-as. (4.4)

1 n—oo M

sup || Y,
n>1

To show these two properties are met, we instead prove an a priori estimate first: Let¢ > 0, then

-~

P ({x eQ:Y,(z) > t}) <e', VneNlN 4.5)

Then the two properties (4.4) will follow from (4.5).

To show the a priori estimate (4.5), we fix arbitrary ¢ > 0 and let
A:{xEQ:}Afn(zz)>t}.
By the definition of each }Afn, we can write
Ay = {x € € : max (0, R_pn(z)) >t and max(0,R_;,(z)) <t, VO<i<k— 1}

for every k£ € N and then it is a basic measure-theoretic fact that

A= |j Ay,
k=1

where A;’s are disjoint by construction and for each £ € N, the indicator function 1 4, only depends
onz", € A"tk
For each x € Ay, we have max (0, R_,,(x)) > t by its definition and this implies that we must

have R_j ,(z) > t. Besides, based on how R_j , is defined, we would then have

~ ~

Ropnle) >t = log (Pdag(if(][)wm) L, L BB

for all x € Ag. Then by Chebyshev’s inequality,
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—e™ Y (@) B )P([7)). (4.6)

mnkeAn+k+l

LetZe ={n€Z:n<0}andsetQ_ = A%< and 2, = Q = A". For our probability measure
P on (AZ, by Kolmogorov’s consistency theorem, if we consider the restrictions of PonQ_ and o
respectively, then these two restrictions are probability measures on €)_ and (), respectively. We
denote them as P_ and ﬁIﬁ respectively.

Now take P = P_ x @Jr, which is the product measure obtained by taking the product between
P_ and @Jr. P is then a probability measure on Q_ x Q. = Q). Note that P is not necessarily shift-
invariant. We can see that the term (4.6) looks exactly like the decomposed form of P, so given this

probability measure PP on Q we just constructed, (4.6) can be rewritten as

e Y Pl P[] = et Y B(lany]) = e 'B(Ay),

TrEAL T€EAL

and we obtain
P(A4;) < e 'P(Ap),

which holds for all £ € N. This then implies
P(A) =P <|_| Ak) =) P(A) <e ') P(A) =e P (|_| Ak> — e 'P(A) < e,
k=1 k=1 k=1 k=1
which gives the desired a priori estimate (4.5).

With (4.5) proven, we now show that {}Afn}neN satisfies the two properties (4.4). First, by Theo-

rem 3.2.2 and the estimate (4.5), we have

[?nd@:/ f”({ffn>t})dt§/ etdt=1, VneN,
Q 0 0

so trivially

}//\'n <1< o0.
1

sup
n>1

On the other hand, note that for any k£ € N, (4.5) gives

iff’ ({% > %}) < ie‘z < 00,
1 n=1

n—
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since e~ % < 1 for every k € N. Then by the Borel-Cantelli lemma, we have

1~
Yo(x) <

S

n
eventually always for P-almost all z € (0. Since this holds for all k € N, then

Y, ~
lim — =0 P-as.
n—oo N
Hence, (4.4) is justified and we have both {)A(n}neN and {EA/”},LGN meet the conditions to apply

Theorem 2.2.1. By Theorem 2.2.1, there exists a limit function, denoted as hg, such that

1 ~ =~
hg = lim —X,, P-as., 4.7
n—oo M
and the convergence also holds in L since {)A(n}neN is non-negative. Moreover, hg is non-negative
and f-invariant, and
~ | ~ o~
/Ah@ dP = lim — | X,, dP. (4.8)

Q n—oo M Q

As we mentioned earlier in the beginning, this result translates smoothly to the one-sided shift
case. A key reason is that, by its definition, we have the functions )?n only depend on entries with

positive indices for elements in Q. Moreover, for eachn € N,
X, = —log B([a]]) = —logP([x7]), (4.9)

so it directly relates to our studied subject in the one-sided shift setting, namely — = log P([z7]).
Then the limit function i3 essentially also depends on entries with positive indices for P-almost

all elements in ), and we can define a corresponding function hp on €2 by simply restricting hg

on €. Then hp is non-negative and shift-invariant and we have hp(z|q) = hs(z) for P-almost all

z € Q). Combining this with (4.7) and (4.9), we get

lim — = log P(["]) = hp(z)

n—oo n

for P-almost all z € ). Convergence in L' also follows immediately, given hp is obtained by simply

restricting hg on (2 and by the fact that the only variables these quantities depend on are the entries
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with positive indices.

Finally, plugging (4.9) into (4.8) and replacing hs with hp, we have

/Q he(z) dP = lim —~ /Q log P([z7]) dP

n—oo N

1
= lim —— P, (x})log P, (x7
im —— 3 Py (af) logPa(a?)

n—00
P eA™

— lim 1S(P,) = S(P)

n—oo M,

= / he(z) dP = S(P).

For the ergodic case, namely if P € P, (£2), it follows as a special case of Theorem 2.2.1 (just
like the ergodic version of Theorem 2.1.1) that hp is a constant P-a.s. and this constant is exactly

S(IP) by the relation we just derived above. O

Remark 4.1.1. We can see in the proof the convenience of extending the setting to two-sided shift,
when the definition of R;,, for integers 7 < 0 and m € N was introduced. Deeper motivation
for such extension can be understood from the functions )A(n we were concerned with and the rela-
tion (4.1), which we would like to manipulate to incorporate some error terms to satisfy the weak
subadditive property. Note that in the condition of weak subadditivity, the error terms are composed
with the transformation 7" raised to some power n. This means that in the shift setting, especially
in the relation of our interest (4.1) regarding the term D, ,,, and its potential subsequent construc-
tions, we need to preserve n entries in the elements so that they could be shifted to the left to have
the desired error term match the weak subadditivity. This cannot be realized in the one-sided shift
setting, but it can be done in the two-sided shift, as the left shift is bijective.

This extension is also convenient in the way that the conclusions derived in the two-sided shift
setting can be smoothly translated back to the one-sided shift case. It therefore shows evidence that
such extension can be an effective strategy to be used in information theory and dynamical systems

when shift spaces are involved.

4.2 The martingale proof

The second proof to be presented in this section is based on the information established in Subsec-

tion 3.2.2 about the functions {7, },,>2. In fact, the entire technical input for this proof is given with
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respect to { Z, },>2, where Doob’s martingale convergence theorem (Theorem 2.3.1) is our central
technical ingredient, ensuring some nice convergence behavior of {Z,,},>2. For this reason, we
refer this proof of the SMB theorem as “the martingale proof™.

The use of martingales first appeared in the proofs of a series of generalizations of the early result
of the SMB theorem, which were mostly done in the 1960s and 1970s. These generalizations in-
clude the extension of the conclusion to L' convergence and to different measures such as Lebesgue
measure, counting measure, and Markov measure. The 1985 paper by Andrew R. Barron [ ]
gives a quick historical account on these works and readers may consult it for an overview and for
the listed papers that present these generalizations. The paper [ ] itself also gives a further
generalization of the SMB theorem to non-discrete processes and extends the L' convergence con-
clusion obtained from preceding works. Its proof involves logarithms of supermartingales and it
gives some insights to the second proof we are about to present, despite we are going to work in

the specific setting of one-sided shift.

Proof. We start by showing more facts about the functions {Z,, },,>o that will be of central impor-
tance in our martingale proof.

Foreachn € N, denote F,, to be the o-algebra generated by the standard cylinder sets [27], where
x} € A". Fix some m,n € N such that 2 < m < n, let us consider the conditional expectation
E[Z,|F.]. Let ¢ be an F-measurable function on €2 such that 0 < ¢ < 1 and ¢ depends only on
the first m entries of x € (2, namely x4, zs, ..., x,,,. Then clearly, ¢ is F,,-measurable.

In the following manipulation of integrals that involve the conditional expectation E[Z,|F,,],

we take use of Property (xii) as stated and proven in [ , Proposition 11.1]:

/S)E[anfm]soduz/ﬂE[anlfm] duz/ZnsOdu

Q
]P)nfl(xn) n
= Z P—Tf@(xl,,l'm)]}pn<.’lfl)
] €supp Py, n(‘%l)
= Z Pr1(xh) o(x1, .oy )
z €supp Py,

IA

S Y Paal) el e )

:c;l*l csuppP,_1 Tn €A

= Z Po_o(25™) (a1, ..., ).

m?_l esupp Pp—1
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For the above derivation, we repeat the last two steps until it hits m:

Z P_o(zh™) (21, 0y z) < -0 < Z Pr1(25") (1, oy T

:C?ilesupp P._1 zT esupp Py

Thus, we obtain the following:

/glE[anfm]wdu=Landu§ > Paa(@) ez, )

z" €supp P,

Z % (1, ey Ty ) P (2T)

z*esupp Pr,

Q

= [EZIF e [ Zupan
Q Q

This relation holds for any ¢ that depends only on the first m entries of x € {2 and takes values

between 0 and 1, so it follows that
E[Z.|Fn] < Z,, P-as. (4.10)

for any 2 < m < n (one may see this by taking ¢ = 1 for arbitrary &/ € F,,,). Moreover, it is
obvious that Z, is J,,-measurable for every n > 2, and we have shown (3.5) which says Z,, is L!
for all n > 2. Thus, {Z,, },>2 is a supermartingale with respect to {F,, },,>2 by definition.
Remark. If the probability measure P is fully supported, then P,(z}) > 0 for all 2z} € A™ and
for all n € N, and all the inequalities in the above derivation would become equality, resulting in a
martingale for us.

Now that {Z,,},,>> is a non-negative supermartingale with respect to {F,, },>2, then by Theo-
rem 2.3.1, there exists a non-negative function Z such that

Z(x) = lim Z,(x)

n—0o0

for P-almost all x € . Clearly Z > 1 P-a.s. Z is also L', which can shown by Fatou’s lemma
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and (3.5):

/ Z(x)dP = / lim Z,(z)dP < liminf/ Zn(x)dP < 1.

We next turn to the subsequent construction {log Z,},>2 by taking logarithm on both sides

of (4.10). Since logarithmic function is concave, we apply conditional Jensen’s inequality' and get
Ellog Z,|Fn| <logE[Z,|Fn] <log Z, = Ellog Z,|F,] < log Z, P-as.
The integrability of each log Z,, is in fact already justified, given by (3.1) and Theorem 3.2.3 (1):
0< /Qloan dP <log.

Then {log Z,, },>2 is also a non-negative supermartingale with respect to {F,},>2. Again by
Theorem 2.3.1, there exists P-a.s. a limit function for {log Z, },,>2. In fact, this limit function can

be directly granted by the P-a.s. convergence of {Z,,},,>2 to Z, and we have

lim log Z,(z) = log Z(x)

n—oo

for P-almost all z € Q. We have log Z > 0 P-a.s. and it is L' by Fatou’s lemma and (3.4):
/ log Z dPP = / lim log Z, dP < lim [ log Z, dP = S(P) < log/.

However, we do not only have an inequality here, but actually an equality. This can be shown
using the dominated convergence theorem, where the dominant L! function is log Z,,y.

By the definition of Z,,.x, we have 1 < Z,, < Z, . forany n > 2. Then 0 < logZ, <
10g Zyax for any n > 2 as well. log Zy.y is L' by Lemma 3.2.5. We can then apply the dominated
convergence theorem and naturally get

S(P) = lim [ logZ,dP = / lim log Z,, dP = / log Z dP
Q

= S(P):/logZdIP. (4.11)
Q

Relation (4.11) will be of central importance in this proof. In addition, the dominated conver-

ISee Property (viii) in [ , Proposition 11.1].
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gence theorem can also be applied to show that {log Z,,},,>2 converges to log Z in L'. We have
{log Z,,},>2 converges to log Z P-a.s., and we have log Z,,’s and log Z are all L' functions as well.

Moreover, 0 < log Z,, < log Z,.x for any n > 2 also gives 0 < log Z < log Z,.x, then
0 <|logZ, —log Z| <logZ, + log Z < 210g Zax,
where log Z,..« is L'. Hence, by the dominated convergence theorem,

lim [ |log Z,(z) —log Z(x)|dP = 0. (4.12)

—_— log 1 .
]P’n(ﬂﬁ? n-1(23)  Pa(an_y) Pi(zn)
n—2
=log —l—Z(loan_k( x)) —log Z(T*(x))) + Y log Z(T*(x)).
C k=0
Dividing both sides by n, it yields
1 n 1 1
=
h Z log Z,—(T*(z)) — log Z(T"(z))) + (4.14)
"o
- ZlogZ (T"(x (4.15)

which decomposes our primary object of interest —= log P([«7]) into three manageable parts, upon
which are worked to prove the SMB theorem.

(4.13) gives an elementary estimate. Note that if we denote

K= max{log ca € A and Pyi(a) > O},

Py (a)
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then K is a finite constant and

1
loc——— < K P-as.
g Py(zy) =

Thus, as n — oo, (4.13) goes to 0 P-a.s., and we are done with this term.

As for (4.14) and (4.15), we can see the term (4.15) is in the form of an ergodic sum and a limit
function would exist P-a.s. by Birkhoff’s ergodic theorem (Theorem 2.1.1). On the other hand,
regarding the limit behavior of (4.14), which is represented by terms involving differences between
log Z,,’s and log Z, an estimate could be given to be 0 P-a.s. This is exactly due to the convergence

of log Z,,’s to log Z. Hence, by setting

n—2

X, (z) = % > " |log Zy_k(T*(x)) — log Z(T*(x))]

n

=3 [log (@) — log Z(T ()|
k=2

for all n > 2, it then suffices for us to show that X, converges to 0 P-a.s.

Let m > 2 and define

Yo () := sup |log Zx(z) — log Z(x)| .

k>m

For any m > 2, Y,, is well-defined P-a.s. and Y,,, > 0. Since {log Z,, },>2 converges to log Z

PP-a.s., we have

lim Y, (z) =0 P-as.

m—0o0

For well-defined value z, it is also clear that {Y,, () }.>2 is decreasing, and

Ya(w) = sup [log Zy(x) — log Z()| < log (sup zk<x>) +10g Z < 2108 Zunss,

k>2 k>2

soY,, € L'(Q,dP) for all m > 2.

Now fix some m > 2. For any n > m, we rewrite the expression of X,, and derive an upper
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bound for it as follows:

m—1

Xo(z) = — Z |log Z(T"*()) — log Z(T"*(x))| +

n Z log Z4(T"~*(x)) — log Z(T"*(x))

| /\

mngZmaX T ( ZY (T (

| /\

Zlomeax (T *(x ZY (T*(x:
k

(4.16)

We end up getting the bound (4.16) by adding m — 1 more non-negative terms to the previous

step. We focus on this estimate and show { X, },>2 goes to 0 P-a.s. by showing this asymptotic

behavior holds for (4.16).

We initially deal with the first term in (4.16). Note that with respect to our n, by elementary

probabilistic arguments,

{x eN: ’”Z_ 108 Znax (T F () > \/ﬁ} C D {x € Q2 log Zunax (T *(2)) > vn

k=2 k=2 m=
Then
m—1 m—1 \/ﬁ
P 108 Zunax o T"* > v/ P({lomeaxoT” k> 2})
k=2 k=2 N
m—1
<Y P ({log Zinae 0 T" > @D
k=2 m
(By shift-invariance of P) = (m —2)P ({log Zmax > ﬂ})
m
_¥n
(By Lemma 3.24) < (m—2)le m.
Hence,

o) m—1 o)
ZIP’ ({ZlomeaXoT”_k > ﬁ}) < (m—Q)KZe_W < 00
n=m k=2 n=1

b

by integral test. It then follows from the Borel-Cantelli lemma, that for P-almost all € (), there
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exists some no(x) > m, such that for all n > ny(z),
m—1
Z log Zax © T”_k(x) <+/n.

k=2

Thus, for P-almost all = € €2, we have

m—1
.2 - NG
0< Jim T 5 log Zun(T" (@) < Jim =7 =0,

and the first term in (4.16) goes to 0 asymptotically P-a.s.
As for the second term in (4.16), we notice that it takes the form of an ergodic sum. Then by

Theorem 2.1.1, there exists a limit function Ym such that

n—1

1
Yi(z) = nh_{xgo - Z Y, (T%(z)) P-as.
k=0

Therefore, we have so far derived (4.16) to

n—1

1 .
0 <limsup X,(z) <0+ lim — ZYm(Tk(x)) =Y, (x) P-as.
n—00 n—oo T =0
= limsup X, (z) < Y,,(z) P-as. (4.17)

n—oo

Since {Y}, }.n>2 is decreasing, non-negative, and converging to 0 P-a.s., and Y5 < 21og Zpax

where log Z,,,. is integrable, then by the dominated convergence theorem,

lim [ Y,,dP=0.

m—00 Q
Besides, as shown in the end of the proof of Theorem 2.1.1, we also have
/Ym dP:/f/m dP (4.18)
Q Q
for every m > 2. This gives
lim [ V,,dP= lim [ Y,,dP=0. (4.19)
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On the other hand, for every m > 2, Y, is clearly non-negative. It is also true that the sequence
of the limit functions {f/m}mﬂ is decreasing. This can be observed in a pointwise sense: Fix
arbitrary value = on the set with full measure where all Y,,’s are well-defined. For each pair of

my, mg € NN (2,00) such that m; < ms, and for any n > my, we have

i
L

n—1

S Vo (TH) 2

k=0

Yiny (T ().

S|
S|

£
Il

This is because we used the fact that {Y,,},,>o is decreasing: For every k£ € [0,n — 1] N N,
Yoo (T%(x)) > Yy, (T%(z)). Then taking limit of n. — oo on both sides, we get Yy, (x) > Y., ().
As {Y,,}ns2 is non-negative and decreasing, then a limit function for {¥},},,-» exists for P-

almost all x € Q:

Y (x) == inf Y;,().

m>2

Since (4.17) holds for every m > 2, then we have
limsup X,(z) < Y(z) P-as., (4.20)

Moreover, every Y,, is integrable by (4.18). Then another application of the dominated conver-

gence theorem and (4.19) give
/deP: lim [ Y, dP=0.
[¢) m—o0 (o)

However, Y is clearly non-negative P-a.s., so Y = 0 P-a.s. This, together with (4.20) and the
fact that X, is non-negative for all n > 2, implies lim,, ,,, X,, = 0 P-a.s.

This in turn shows the representation (4.14) asymptotically goes to 0 P-a.s.

Finally, we are left with (4.15), whose limit behavior is determined by Theorem 2.1.1: For PP-
almost all z € Q, there exists a limit function, which we denote as hp, such that

n—2

he(a) = Tim 3" log Z(T*(x))
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Combing the limit behavior of all three terms (4.13), (4.14), and (4.15), we conclude that

lim —llog P([x}]) = hp(z) P-as.

n—oo N

This finishes the part for showing P-a.s. convergence.

To show the convergence also holds in L', we go back to the three decomposed parts (4.13),
(4.14), and (4.15), where it is trivial to see that the estimate (4.13) converges to 0 in L' by the P-a.s.
upper bound of % Theorem 2.1.1 also tells that the convergence of (4.15) to hp holds in L. It
remains to show that (4.14) converges to 0 in L! by showing X,, — 0 in L.

We know X, is non-negative for every n > 2. Then plugging in its expression and by shift-

invariance of P, we get
1 n
/ X, — 0| dP = / X, dP = —Z/ log Z), — log Z| o T" % dP
Q Q ni5Ja

1 n
:—Z/|long—logZ|dIP’.
"= e

For the integral terms in the summation on the right hand side, they are all non-negative and
finite, and the whole term (the sum divided by n) can be viewed as the Cesaro mean. Since we have

shown (4.12), and recall how we justified the equality (3.3) regarding the Cesaro mean, we have

lim /XndIP’: lim 1
Q

n—0o00 n—oo M,

Z/ llog Z), — log Z| dP = lim / |log Z,, — log Z| dP = 0.

This completes the proof of convergence to hp in L.
For the remaining properties of hp, it is obvious that hAp > 0 P-a.s., and shift-invariance (hpoT =
hp) also follows from Theorem 2.1.1.

By the convergence of the term (4.15) to hp via Theorem 2.1.1, we also have

/hde:/logZdIP’,
Q Q

/thp dP = S(P).

Finally, if P € P, (2), then by the ergodic version of Theorem 2.1.1, we have hp is constant

and by (4.11), we obtain
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[P-a.s., and this constant value is exactly S(IP), so in this case,

lim ! log P([z}]) = S(P)

n—oo N

for P-almost all z € © and the convergence also holds in L!(Q, dP). O

In this martingale proof, we can see the absolute central involvement of the constructed func-
tions log Z,, and log Z as well as their relations with entropy, such as (3.1), (3.4), and (4.11). These
functions, as established earlier in Subsection 3.2.2, exhibit excellent convergence behavior, moti-
vating the applications of the martingale convergence theorem and Birkhoff’s ergodic theorem and
nicely leading to the desired conclusions of convergence to a limit function.

These constructions themselves, especially the function log Z, play fundamental roles not only
in information theory, but also in the theory of dynamical systems and statistical mechanics. We

will conclude the technical aspects and more about the martingale proof in Chapter 5.

4.3 The Ornstein—Weiss proof

For the third proof, it is self-contained in an information-theoretic way, where packing ideas are
used, and it will only prove the ergodic case of the SMB theorem. The very original proof, given by
Donald Ornstein and Benjamin Weiss dating back to 1983 [ ], is part of their works to extend
ideas from ergodic theory and dynamical systems to random fields and amenable groups. For this
reason, the third proof is credited as “the Ornstein—Weiss proof”. The reference, which our third
proof is closely based upon, is [ , Section L.5].

We begin with a very quick introduction to covering and packing. For simplicity, in this specific
section, we use the usual interval notations to denote intervals in N, since there will be no appear-
ance of continous interval in the sense of real line. That is, for any pairwise natural numbers n < m,
we denote [n,m] = {j € N:n < j < m}. Similarly, we have (n,m| = {j e N:n < j < m}
and so on. When we mention intervals in this section, we mean intervals referred and denoted in

the above sense.

Definition 4.3.1 (Strong cover). A strong cover C of N is a collection of intervals {[n, m(n)] }nen,

where m : N — N such that m(n) > n for alln € N.

By cover, we clearly mean the property that the union of the given intervals is N. A strong cover

C' of N has a subcover {[n;, m(n;)]}ien such that its members are disjoint: {n;};cn is a sequence
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of natural numbers satisfying n; = 1 and n;,,1 = 1 + m(n;) for all ¢ > 1. This is referred as the

“packing property” in [ ].

Definition 4.3.2. Ler C' be a strong cover of N. We say that the interval [1, K| is (L, )-strongly
covered by C'if

H{nel[l,K]:m(n)—n+1> L}
< 0.
% <
Definition 4.3.3. A collection C' of subintervals of [1, K] is called a (1 — §)-packing of [1, K] if

the intervals in C' are disjoint and their union has cardinality at least (1 — 0) K.

Here is a classical and important result concerning these defined properties:

Lemma 4.3.4 (The packing lemma). Let C' be a strong cover of Nandlet L € Nand(0 < 0 < % be

given. Suppose K > L. If[1, K| is (L, 6)-strongly covered by C, then there exists a subcollection
C" C C that is a (1 — 2§)-packing of [1, K.

Proof. We define a sequence of natural numbers {n; };cy inductively as follows: Setng = m(0) =0
and

n; =min{j € [l + m(n;_1), K — L] : m(j) —j+1 < L}.

In other words, we proceed from small values to large ones, picking the first interval with length at
most L that is disjoint from the previous selected intervals. Our inductive assumption stops after
I < oo steps, where in the end, either m(n;) > K — L or there isno j € [1 + m(n;), K — L] for
whichm(j) —j+ 1< L.
Now we claim
C" = {[ns, m(n:)]}i,

is a (1 — 20)-packing of [1, K].
We check Definition 4.3.3. By construction, C’ is automatically disjoint. We also have all the
intervals in C" are contained in [1, K']. To show this, we need to show m(n;) < K. By the above

inductive assumption, we have m(n;) —n; + 1 < L and n; < K — L. Then trivially,
m(ny) <L+n—1<L+K-L-1=K-1.

Finally, we check the cardinality of the union of all intervals in C” is at least (1 — ) K. Let us
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denote that

U= || [ni,mn)).

1€[1,1]

By our assumption, |(K — L, K]| < L < 0K. Then,
|<l('_-L7l<l\L[|f;|(l< _’L7l(” <OK

On the other hand, if j € [1, K — L]\U, then we must have m(j) — j + 1 > L (otherwise, our
construction would give j € U). The assumption that [1, K| is (L, §)-strongly covered by C' then
gives |[1, K — L]\U| < §K. Combing both estimates, we get

I[1, K\U| < 20K = |U|>(1-2))K.
Thus, by Definition 4.3.3, we have found a subcollection C” of C, which is a (1 — 20)-packing
of [1, K]. O

Another useful related result which will provide some estimate of upper bound in our third proof

is a combinatorial one. Given some 0 < § < 1, we denote by
H(0) = —0logd — (1 —6)log(1—9), (4.21)

where we adapt the notation H of entropy with respect to a random variable from Appendix D,
since if we set some probability measure P on B = {0, 1} by letting P(0) = § and P(1) = 1 — 4,
then (4.21) could be regarded as the entropy of some random variable taking values in B whose
probability distribution is P. Then simply H () = S(P).

Proposition 4.3.5 (Combinatorial bound). Ler 0 < § < % then

Z (Z) < H0O).

0<k<né

Proof. We start by defining a function f : R — R as below:

f(z) :=—xlogd — (1 —x)log (1 —9).
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Then since 0 < § < %,
1-96
f'(z) =log (T) > 0

for all x € R, so f is increasing.
For x < ¢, we have f(z) < f(6) = H(0). Then for any & such that 0 < k < nd, we would have
0< % < § and

f <5> _ K roga— <"T_k) log (1 — 8) < H(5)

=~ Lo <1

= e—nH(6) < 5k(1 i 6)n—k

We now do the following manipulations based on what we obtained above:

2 - 50

0<k<né 0<k<né
0<k<né
O I ) (n)
]; (1=ay*(,

which completes the proof. 0

We now introduce the other ingredients for the Ornstein—Weiss proof. A measurable function

7:Q — NU{oco} is called a generalized stopping time. If P € Py, (€2) and
P({x € Q:7(x) = 00}) =0,
then 7 is said to be P-a.s. finite. By shift-invariance of PP,

P{zeQ:7(x) =cc}) =P{xr € Q:70T" ! (z) = 00}), Vn €N,
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and we shall have 7 o 7" ! is P-a.s. finite for all n € N. Then in this case, the so-called stopping
interval starting at n, [n, 7(T""!(x)) + n — 1], is well-defined for P-almost all z € €2, and from

here, we can define a strong cover in a pointwise sense for N:
Clx,7) = {[n, 7(T"  (z)) +n—1] : n > 1},

which is well-defined for P-almost all x € €.

We then introduce a lemma that will be of central importance in the Ornstein—Weiss proof:

Lemma 4.3.6 (The ergodic stopping time packing lemma). Let P € P, (Q2) and T be a P-a.s.
finite stopping time. For any 0 < § < 1 and P-almost all x € ), there exists N (0, x) € N such that
foralln > N(6,x), the interval [1,n] is (1 — &)-packed by intervals from C(z, T).

Proof. Fix some arbitrary 0 < § < 1. Since 7 is P-a.s. finite, then
P{z € Q:7(x) =00}) = Llim P{z e Q:7(x) > L}) =0,
—00

and there exists L € N large enough such that

|

Pz e Q:7(x) > L}) <

Weset D = {x € Q : 7(x) > L} and consider the corresponding indicator function 1. By

Theorem 2.1.1, we have

n—1

lim 37 1p(T(@)) = [ (o) dP = B(D) <

| S

for P-almost all = € ().

Hence, if we let
1 n—1 ' 5
G, = Q:— 1p(TY < -
{x <012 () < 2}

for all n € N, then we have = € (G, eventually almost-surely (by this, we mean that for P-almost
all z € €, it holds that there exists some n(z) € N such that for all n > n(z), z € G,).

Now pick such an x € 2 and let n > max (n(x), %) The definition of (), then gives that

7o T Y (z) < L for at least (1 — g) n” indices j € [1,n], because otherwise, there would be more

2As we take the value of n to be greater than %, it guarantees the value (1 — g) n is strictly positive.
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than n — (1 — $) n indices from [1,n] such that 7 o 79~!(z) > L, implying

%gﬂp(ﬁ(ﬂ?)) > % (n_ (1-%) n) .1:;

leading to a contradiction.

Hence,

€] TroT (2) > L} < n - (1‘3)”:§n

Hjel,n]: 70T Y (x) > L}| <

J
n 2’
and it means [1,n] is (L, )-strongly covered by C'(z, 7). By Lemma 4.3.4, there exists a subcol-
lection of C'(x, ) that is (L, 1 — §)-packing of [1,n]. Note that the existence of such N(J,z) is
already indicated above, where we can set N (6, #) = max (n(x), 2¢) 4 1, and then this conclusion

holds for all n > N (9, z). O

We now turn to the proof of the SMB theorem, which is referred as “the entropy theorem”
in[ 1. In this book, the theorem is given to state that for P € Pe (€2), — = log P([27]) converges
[P-a.s. to anon-negative constant, denoted as h(IP). We will show this statement first, and from there,

further derive that this constant 2(PP) is actually S(IP), and the convergence also holds in L.

Proof. Let P € Py (2). Set

h(z) := liminf —l log P([x7]),

n—00 n

which is P-a.s. well-defined on €. Clearly, h > 0. By Fatou’s lemma, h is L':

1 P
/ h(x) dP < liminf —— / log P([x}]) dP = lim inf SBn) _ S(P). (4.22)
Note that for all z € 2,

P([z3"]) = P(e1"]) = P(T(2)]}) = P(l27"]),

so h(T'(z)) < h(z) for all well-defined z. Let G = {h o T' < h}. We want to show that P(G) = 0
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so that h o T' = h P-a.s. Assume P(G) > 0, then with shift-invariance of PP,

/ honIP’+/honIP’</ hd]P>+/hdIP’
O\G G O\G G

= /hon]P’</hd]P’
Q Q

= /hdIP’</hdIP’,
Q Q

Thus, P(G) = 0 and h o T' = h P-a.s. Besides, since PP is ergodic, then there exists some non-

which is a contradiction.

negative constant /(IP), such that h(z) = h(P) for P-almost all x € €. (Similar reasoning has been
mentioned in the conclusion part of Section 2.1.)
Hence, we have shown that

lim inf ! logP([z]]) = h(P) P-as., (4.23)

n—0o00 n

and by (4.22), h(P) < S(P). We would then like to show this also holds for limit superior.

Let0 < 0 < 1and M € N. We will make further restrictions on ¢ and M later on. Fix arbitrary
e > 0. Let K > M and let Ji (6, M) be the set of all zi* € A such that the following holds:
There is a collection S(z1*) = {[n;, m;]}ic1, of disjoint subintervals of [1, K| (Ix is a finite index
set depending on K') with the following properties:

G). m; —n; +1> Mforall: € I;

(ii).

P([z7]) > e~ (mi—ni+)(h(P)+e) v < Iy

ng — )

(iii).

i€lK
We give the following lemmas to characterize the existence and size of Jx (5, M).

Lemma 4.3.7. 2 € Ji (5, M) eventually almost-surely.

Proof. We would like to show that for P-almost all = € €Q, there exists some Ky = Koy(x,d, M) >
M such that for all K > K, & € Jg (6, M).

69



For any = € (), let
7(z) := min {n > M : P([z]]) > e—”(h(P)+6)} '

Apparently 7 is measurable and is a generalized stopping time. By (4.23), we have 7(z) < oo
P-a.s., and 7 is P-a.s. finite. Applying Lemma 4.3.6, for P-almost all z € (2, there would exist
Ky = Ky(x,6, M) > M such that for all K > K|, the interval [1, K] is (1 — ¢)-packed by the
intervals from

C(x,7) = {[n,7(T" Y (z)) +n—1] : n > 1},

and we take these intervals to form the desired collection S(x1).
By the definition of 7, we have 7(x) > M for P-almost all = € €, so Property (i) holds as we
would have m; = 7(T™ !(z)) + n; — 1 for all i € I. The definition of 7 also implies Property

(ii), since for every i € I, m; = 7(T™ ! (x)) + n; — 1 gives 7(T™(z)) = m; — n; + 1, and we

also have
(T )T =[],
implying
P ([(Tni_l(x))I(T"rl(:v))}) > (T @) (A(E) +<)
= P(z™]) > o~ (mi—ni+1)(h(P)+e)
Finally, Property (iii) follows immediately from (1 — ¢)-packing. 0

Lemma 4.3.8. There exist 0 < 6 < 1 and M € N such that
‘JK(& M)‘ < eK(h(IP’)+2s).

Proof. We adapt terminologies and notations from [ ]. A collection S = {[n;,m;]}icr,, of
disjoint subintervals of [1, K| is called a skeleton if Properties (i) and (iii) hold. A string a:f is
compatible with the skeleton S if Property (ii) holds.

Technically, we will get the bound on | J (0, M)| by first bounding the number of possible skele-
tons, and then bounding the number of strings compatible with each skeleton. |J(d, M)| is then
bounded by the number of possible skeletons multiplied by the number of compatible strings. Fi-

nally, we shall choose § and M such that this lemma holds.

70



Suppose S is a skeleton. Since S is a collection of disjoint subintervals of [1, K| and satisfies
Property (i), we trivially have M|S| < K = |S| < £. Hence, there are at most £ points in [1, K]
that could be the starting points of the intervals in S.

An upper bound for the number of possible skeletons (if we denote this number simply as V)

is then given by Proposition 4.3.5:

N Y (K) < KA (), (4.24)

. K
0<j<E

where H (ﬁ) is of the form shown in (4.21).

Now for each skeleton .S, let us consider the number of possible strings zX that are compatible
with it. First of all, for each ¢ € [, if we look at the number of possible distinct substrings T for
which Property (ii) holds, then it is bounded from above by e(™i—m+D((F)+e) pecause otherwise,
we can see that P would not be a probability measure by summing over these possible choices of

distinct x7'": Denoting the set of all possible distinct substrings z"* here as Q;,

Z ]P> > e (mi—ni+1)(h(P)+e) | ef(mifnﬁ»l)(h(IP’)Jrs) — 1.

xn; €Q;

For the other indices in % that fall outside of [n;, m;]’s, there will be at most § K of them, due to
Property (iii). Then for each such index, or each entry with such an index, it can be filled by letters
from A and there are ¢ letters. Then this number of choices for the remaining entries is bounded
above by (9K,

Summing up what we have concluded above, for a given skeleton S = {[n;, m;] }icr, , the number

of possible strings z* that are compatible with S (denoted as Ns) is bounded above by

Ny < 095 T etmntDt@)e) < K KBy, (4.25)

i€l

where we used the fact that all [n;, m;]’s here are subintervals of [1, K].

Combining (4.24) and (4.25), we obtain the estimate

|k (8, M)] < Ny N, < R (30) (2K K e),
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Note that regardless what value / is, we always have ¢ < e!. Then the estimate becomes
| T (8, M| < oK H(77) JOK K (h(B)+)

Now we control the values of ¢ and M. Since by the expression (4.21), we can see that

lim H <i> =0,
M —o00 M

then we can choose M large enough such that H (3;) < £. On the other hand, choose § < ;. We

finally obtain
|k (0, M)| < eK3eK5eKhP)+e) — K (h(P)+2e)

as desired. O]

Let us proceed to finish the third proof. We choose § and M as the ones from Lemma 4.3.8. Let
Ri = {af € A : Px(af) < e_K(h(P)+3€)} .
Then with Jx = Jk (6, M), we have

Pr(Rx N Jk) = Z Py (zF) < Z e K®+3e) — | R Jy| e K(h(P)+32)

I{{ERKQJK Z{(ERKOJK
< |JK| e—K(h(]P’)—i—Ss) < eK(h(P)—i—Qa)e—K(h(IP’)-i—Ba) _ 6—K67
where we applied Lemma 4.3.8.

It then follows that -
Z ]P)K(RK N JK) < 00,

K=M
which by the Borel-Cantelli lemma, means for P-almost all z € Q, 2 & Ryx N Jx eventually
always®. However, by Lemma 4.3.7, we have ¥ € Jx eventually almost-surely. Thus, we must

have that 2% ¢ Ry eventually almost-surely. In other words, for P-almost all z € €2, there exists

3Note that there is a subtle difference between the terms “eventually always” and “eventually almost-surely”, where the latter
also encompasses P-almost all x € 2.
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some K'(x) > M, such that for all K > K'(x),
1
B([of]) = Bre(af) 2 0O = —FlogP((ar]) < h(P) + 32
Hence, for P-almost all z € €,

1
lim sup 7 log P([21']) < h(P) + 3e.

K—o0

Since € > 0 is taken arbitrarily, we obtain that

1
lim sup ——log P([27]) < h(P) P-as. (4.26)

n—o0

Combining (4.23) and (4.26), we get

1
lim ——logP([z]]) = h(P) P-as. (4.27)
n— o0 n
This completes the proof of “the entropy theorem” as presented in [ ]. We continue to show

that 2(P) = S(PP) and the convergence also holds in L.

As stated earlier, we have got h(P) < S(PP) by (4.22). It remains to show A(P) > S(P). Fix

arbitrary € > 0 and set
E, = {a} € A" : P([z]]) > e’”(h(m*s)} , YVneN.
Let B,, = A™\ E,, and we can do the following manipulations:

S(P,) =— Y P([a}])logP([z}]) — > P([27])log P([z}])

T €Bn PANSY
<= Y P(la}]) log P([2}]) + n(h(P) + &)Py(En). (4.28)
T €By

If P(B,,) = 0, then we have a bound

S(P,) < n(h(P) + )P, (E,) (4.29)
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right away; Otherwise, we can further observe that:

]P) n
- : log 1)) < log (B, < log | Ay = nlog .
T €By

where it is trivial to see that ”(( 1)) is a probability measure on B,,, and then Proposition D.1 (2) is

applied.
Then the first term as in (4.28) can be further bounded:

— > P([a})) log P([27]) < nlog ( Py(B,) — Po(B,) log P,(B,,),

€8y

and from (4.28), the bound would further become
S(P,) <nloglP,(B,) — P,(B,)logP,(B,) + n(h(P) + )P, (E,). (4.30)

A basic probabilistic fact is that P-a.s. convergence implies convergence in probability. Hence,
given how £, is defined for each n € N, (4.27) implies that P,,(E,,) — 1 as n — oco. At the same
time, P,,(B,,) — 0 as n — oo as well.

Therefore, for either cases, if dividing n on both sides and passing it to infinity, we would have

both (4.29) and (4.30) give that

S(P) = lim 5(Pr)

n— oo n

< h(P) +¢,

which holds true for any € > 0. We then obtain that S(IP) < h(IP) and this completes the proof of
h(P) = S(PP) and

lim -~ log P(["]) = S(P) P-as. 431)

n—0o0 n

Finally, we have each —% log P([z7]) is L*, since its integral is simply S(P,). As we also have
both P-a.s. convergence (4.31) and integral convergence as shown in (4.22), then by Scheffé’s

lemma (Lemma B.3), we have —+ log P([2}]) — S(PP) in L. O
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Chapter 5

Conclusion

The three proofs we have given to the SMB theorem elucidates three different facets of the theorem
and their comparisons can be done on both technical and conceptual levels.

The subadditive proof is done in the extended setting of one-sided shift, namely two-sided shift,
making it easier for us to construct the desired subadditivity. The key technical ingredient that
this proof is based on is Kingman’s subadditive ergodic theorem, together with two key a priori

estimates which share similar forms: One is
P ({log Zyayx > t}) < le™,

which is used to show the integrability of log Z,,,., and in turn, implies that the defined non-negative

functions {)A( n }nen are integrable; the other one is

B (7)) <o

which is applied to verify the conditions for the error terms {?n}neN as specified in Kingman’s
subadditive ergodic theorem. Note that the proofs of these two estimates are essentially identical
and the two a priori estimates play a key role in verifying the assumptions of Kingman’s subadditive
ergodic theorem.

On the other hand, the martingale proof centers around the formula

S(Pn+1) — S(]P)n) = / 10g Zn+1 dP
Q
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and relies on the basic facts and properties of entropy and the functions Z,,’s. It then employs
the martingale convergence theorem to control the limit of Z,,’s. Together with Birkhoft’s ergodic
theorem and a priori estimates, the final result follows. Some of the constructions and key relations

involved in the martingale proof, for example, the so-called entropy formula

S(P) = / log Z dP,
Q

also have far-reaching implications in other topics of information theory and statistical mechanics,
a sister field of information theory. One example is that it links with important notions of weak
Gibbsianity, which is closely related to the theory of equilibrium measures of spin systems on (2.

Finally, the Ornstein—Weiss proof is rather self-contained and it did not use any major theorem.
A key ingredient is the ergodic stopping time packing lemma, which relates to Doob’s upcrossing
inequality, a result that is essential to the proof of the martingale convergence theorem. In this sense,
the notion martingale is appearing in this proof, but not directly. Comparing with the other two, the
flavor of the Ornstein—Weiss proof appears to be the most information-theoretic among the three.
This is important in the sense that the arguments or technicality involved in the Ornstein—Weiss
proof can also be sketched for deriving or proving some relevant subsequent results in information
theory. This aspect cannot be seen in the other two proofs.

Despite the Ornstein—Weiss proof presented in this thesis does not cover general shift-invariant
measures, this generalization can be realized through “ergodic decomposition” of any P € Py, (€2)

(see [ , Section [.4.c]). This can be fully detailed and conducted as an independent project.
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Appendix

A Conditional expectation

Let (€2, F,IP) be a probability space and 7" be a measure-preserving transformation. For X &

LY(2,dP), if we define a measure P as follows,
VEcF :PYE):= / X dP,
E

then naturally PX < P and X is the Radon-Nikodym derivative of IP with respect to PX.

For the sub-o-algebra F (see Section 2.1 for its definition), we know that X is F-measurable
but not necessarily Fr-measurable. To construct an approximation of X which only preserves the
information carried in Fr, we can follow the same idea on viewing X as the Radon—Nikodym
derivative dP/dPX.

For the measurable space (€2, Fr), we can define a probability measure on it by simply restricting
P on the sub-o-algebra Fr. In other words, let Z : Fr — JF be the natural injection, then the
probability measure we are defining on (2, Fr) is P|z, := P o Z.

A more natural way to see this is to consider the identity mapping id : (Q, F) — (2, Fr). id is
clearly F / Fr-measurable and its distribution P o (id) ™! defines a probability measure on (2, Fr),
which is exactly P| %, so the natural injection Z here is (id) .

Similarly, define P¥|z,. := P¥ o (id)™*, and it is a measure on (Q, Fr). It is trivial to check
that PX |7, < IP| 7, and by the Lebesgue-Radon-Nikodym theorem, the Radon-Nikodym deriva-
tive X7 := (dP|z,)/(dP¥]|z,) exists. We call this function X7 the conditional expectation of X

conditioning on F7 and it is usually denoted as X = E[X|F7| in probability theory.
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It can be checked that the integrals of X and X on any set £ € F agree:
/X}ﬂ%%:Pﬂﬁdﬁ:Pxoﬁﬂ4@D:PWEhi/XdR
E E

and on the other hand,

/XﬂmH:/XﬂWMmlz/ XNMW:/XﬂR
E E (id)~1(E) E

so [, X dP = [, XpdPforall E € Fr.

We also have X is T-invariant. Consider arbitrary £ € Fp, then

/XTdP:/XTdPT:/ XTon]P:/XTonIED,
E E T-1(E) E

so X7 o1 = Xy P-a.s. and X7 is T-invariant.

We list some basic properties of conditional expectation below:
Similar to Fr, for any sub-c-algebra G of F and arbitrary X € L'(Q), dP), we can always define
the conditional expectation of X conditioning on G: E[X|G], and it could be regarded as the best

approximation of X on the sub-o-algebra G. E[X|G] is G-measurable and it exists uniquely P-a.s.

(). If Y = E[X|G], then
/Y@:/Xw
Q Q

(ii). If X is already G-measurable, then E[ X |G] = X;
(iii) (Linearity). For any a,b € Rand X,Y € L'(Q, dP),

E[aX +bY|G] = aE[X|G] + BE[Y|G];

(iv) (Monotonicity). If X; < X, P-a.s., then E[ X |G| < E[X,|G] P-a.s.

For more properties and their proofs, please see Sections 9.7 and 9.8 of [ ].
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B Minor mathematical theorems

The mathematical results given and proven in this section of the appendix are applied as necessary
steps in the proofs involved in Chapter 2 and Chapter 4. Although as a mere measure-theoretic
result, Lemma B.3 may be not as deep and important as the others, it is not that common in the

usual mathematical literature and thus, is also included here.

Lemma B.1 (Fekete). Let {a, },en be a sequence of real numbers satisfying subadditive property:
pim < Qp + Gy, Y, m € N,
Then the limit exists for <* as n — oo and we have

. a . a
lim — = inf — € [~o0, 00).
n—o0 1, neN n

Proof. Fix an arbitrary k£ € N and consider any n € N such that n > m. Then there exist some
¢n € N (as quotient) and r,, € Ny := N U {0} (as remainder), such that n = kq,, + 7.
If for some n € N, we have r,, = 0, then n = kq,, and by subadditivity (for g, times),

n o kg, — kg, k'

anp, - kg, < qn Qg . Qg

Then

. a ag
limsup — < —.
n—oo 1 k

Otherwise, if ,, # 0, then still, through subadditivity,

Cl_n — Akgn+rn < kg, + Qy,, _ kg, aﬂ < gy, + aﬂ < qn Qi 4 aﬂ (b 1)
n an +rn an + 7y an + T n o k?qn n kqn n

Since in this case, r,, € {1, 2, ...,k — 1} as the remainder is always smaller than the divisor, then

we can bound a,, by the maximum among a4, as, ..., Gx_1:
a,, < max{ai,as,...,a_1} =: K.

As k is a fixed value, then so is the above maximum quantity, which we denote as /.
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Then (b.1) becomes

a, _ar K
< E4 =
k n

)

and by taking limit superior on both sides, we are getting

) an, _ Qg . K oay
limsup—< —+ lim —=—4+0=—.

Hence, we get

. a ag
limsup — < —
n—oo N k

either way, and this holds for any £ € N. Then, by taking infimum over k € N, we get

< inf &

. anp, .
limsup — < in
nooo N keN k

On the other hand, for every n € N, we naturally have

. Qg a
inf — < =,
keN k n

SO

.o Qg . .. pa
inf — < liminf —.
keN k n—oo N

Then due to the relation

. Qa . ag L. a
limsup — < inf — < liminf —=,
nooo M keN K n—oo M

we have shown that the limit exists for “7" and

. (07 . An
lim — = inf —.
n—oo M, neN n

The fact that the limit equals the infimum of * guarantees that the limit value cannot be positive

infinity. [

Remark. It is possible that the limit of %2 is —oc. One trivial example is a,, = —n* for all n € N.
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Clearly subadditivity holds:

2 2

Unim = —(n+m)? = —n? = 2nm —m? < —n? —m?* = a, + apn,

and the limit for ¢ is trivially —oo.

Theorem B.2 (Poincaré). Let (2, F,IP) be a probability space and T be a measure-preserving
transformation on Q). If E € F and P(E) > 0, then for P-almost all © € FE, the sequence
{T"(z) }nen revisits E infinitely often.

Proof. Fix an arbitrary £ € F such that P(E) > 0. We may focus on the subset of £ such that
the sequence {7T™(x)},en Will never go back to E eventually always. We characterize this subset
as follows.

For every m € Ny, set
oo

Fn= ] T7*E).

We then immediately have £/ C F{, and we also have the nested relation F; C F; whenever
i < j. Moreover, it is easy to check that for any ¢ < j, F; = T*77(F;). Then by T-invariance of PP,
we have P(F;) = P(F;) forall 4, j € Ny.

Now for any x € E such that {7"(x)},en Will eventually always be outside F, it means that
there exists some N € N such that for all n > N, T"(x) ¢ FE, or equivalently x ¢ T-"(FE). In

other words, for this specific x, we have
v¢ | JT(E) = Fy,
n=N
which is equivalent to

T € E\FN

We would like to consider all possible such x’s. In other words, the threshold index /N as ap-

peared above might be any natural number. Then the set
G = |J (E\Fy) = E\ (ﬂ FN>
N=1 N=1

characterizes all possible z € E such that for some N € Nand foralln > N, T*(z) ¢ E. We

shall now show that (G is a P-null set.
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Since E' C Fy, then E\ F,, C Fy\ F,, and by monotonicity of a probability measure,
P(E\F,) < P(Fo\Fy).
Since for any n € N, F,, C Fy and P(F,,) = P(Fy), then
P(E\F,) < P(Fo\F,) = P(Fo) —P(F,) = 0.

This shows P(E\F,,) = 0 forall n € N, and

IP’(G):IED(G E\FN) i P(E\Fy) = 0.

Hence, P(G) = 0, meaning the subset of F such that {7"(z) },en Will eventually always be out-
side £ has zero measure, so for P-almost all z € E, the sequence {77 (z)} ey revisits £ infinitely

often. O]

Lemma B.3 (Scheffé). Given a probability space (), F,P), suppose { X, } nen is a sequence of L
functions, X € L'(Q,dP), and X,, converges to X P-a.s. Then X,, converges to X in L' if and
only if
lim |X | dP = /|X| dP.

Q

n—oo
Proof. We begin with the “only if” direction. Suppose X,, — X in L'. Then
lim || X, — X, =0.
n—o0
On the other hand,

%= Xl = [ 1% - X[ B> [ 1]~ 1X]| ap > ‘/|Xn|d1@—/|X|dP‘ >0
Q Q Q Q

Hence,
lim’/|X|dIP’ |X|dIP"—O

n—o0

1im/|Xn|dIP>:/\X|dIP>.

and
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For the “if”” direction, we set
Y, = [ Xo| + | X] = | X, = X

for every n € N. It is easy to see that {Y}, },cn is a sequence of non-negative L' functions.

Then we apply Fatou’s lemma to {Y}, },en:

/ liminfY;, dP < lim inf / Y,, dP. (b.2)
Q Q

n—o0 n—oo

Plug in the expression of each Y,,, we have

liminf Y, = liminf (| X,,| + | X| — | X, — X])

= lim |X,| 4+ |X|+ liminf (—|X,, — X|)

= |X| + |X| — limsup | X,, — X],

n—0o0
(.

v~

=0

where we applied P-a.s. convergence of X, to X twice. Thus,

/limiann dIP’:/Q\X|dIP’.
[¢) n—oo 0

On the other hand,

liminf/Yn d]P’zliminf/ (| Xn] +1X]| — | X, — X|)dP

n—o0
_ limin (/ \Xn\dIP+/\X\dIP’—/\Xn—X\dP>
n—r00 Q Q Q
= lim |Xn|dP+/|X|dP+liminf (—/ |Xn—X|dIP’)
:/\X|dP+/[X]dP—limsup/|Xn—X|dP

:2/ | X| dP — limsup || X,, — X]|,,
Q

n—oo

83



where we used the assumption that

lim |Xn|dIP’:/|X|dIP>.
Q Q

n—oo

Then (b.2) becomes

2/\X|dIP’§2/ | X|dP — limsup || X,, — X||, = limsup ||X, — X, <O0.
Q0 Q

n—oo n—oo
Hence, we get
lim || X, — X, =0,
n—oo
namely X,, converges to X in L. O

Theorem B.4 (The optional stopping theorem). Let (Q2, F, {F,, } nen,, P) be a filtered probability
space and let { X, } nen, be a supermartingale with respect to the filtration { F,, } nen. Then for any
bounded stopping times S and T with 0 < S < T P-a.s., we have E[X1] < E[Xg].

Proof. Suppose we have two bounded stopping times S and 7" such that 0 < § < T for P-almost
all on x € Q. Then there exists some n € N such that 7'(x) < n for all € 2, namely

P({T <n})=1,

and S AT = min(S,T) is also a stopping time.
Foreach = € (2, we have either S(z) > T'(x) or S(z) < T'(x), and for the case that S(z) < T'(x),
we would have at least one integer k£ € [0,n — 1] such that S(z) < k < T'(z). With this in mind,

we can then write the following:

Xr=Xspr + Y (X1 — Xi) Lis<kery. (b.3)
k=0

Recall that for a stopping time R, we define
Fri={AeF: AnN{R <k} € F,V0 <k <o}

Then forany A € Fg and k € Ny, we have AN{S < k} € F. Besides, {T' > k} € F}, for any
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k € Ny as well. Hence,

(X1 — X)) Ls<reryla = (Xpp1 — Xi) Lirsny Langs<iy

is Fp-measurable for any A € Fg and k € N,
Together with the properties of conditional expectation, as formulated in [ , Proposition

11.1]", we have that for any A € Fg and k € N,

E [(Xpt1 — Xi) Lirsmp Langs<ey] = E [E [(Xep1 — Xi) LirseyLangs<i| Fr) ]

= E [E[(Xpr1 — Xi) [Fe) Lirsiy Langs<ny] 5
and by the fact that { X, },.en, is a supermartingale,
ElXer1|Fi] < Xi = E[Xe[Fi] = E[(Xppa — Xi) [F] <0,
S0

E [(Xks1 — Xi) Ls<ieryla] = E [E[(Xep1 — Xe) [Fe] LirsiyLangs<ny]
<E [0 LgrsmLangs<it]
= 0.

Combine this with (b.3), where we multiply 1 4 for arbitrary A € Fg and integrate both sides,

we get

n

E[Xr - 1a] = E[Xsar - 1a] + Y B [(Xpp1 — Xi) Lis<peryla] < E[Xgnr - La].
k=0

Then again by the properties of conditional expectation, we can write
E[E[X7|Fs] - 14] = E[E[X7 - 14| Fs]] = E[X7 - 14] < E[Xgnr - 1 4.

Now that both E[ X1 |Fs] and Xg,r are Fg-measurable, it follows that E[ X | Fs] < Xgar P-a.s.

"More specifically, see Properties (i) and (xii) in [ , Proposition 11.1].
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and

E[X;] = E[E[X7|Fs]] < E[Xspr.

In addition, since S < T P-a.s., then Xg,r = Xg P-a.s. and

E[Xsar] = E[X5].

Therefore, we have obtained E[X7]| < E[Xg]. O

Remark. The proof of Theorem B.4 given above follows closely to the proofs of different directions

of implication involved in [ , Theorem 12.4].
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C Shift-invariant measures on one-sided shift spaces

Given any probability measure PP defined on Q = AN, we can associate it with a sequence of

functions {IP,, } .en, with each P,, defined on A" in the following way:
Po(x1, ..., z,) = P([z]]).

One can see that each P, essentially defines a probability measure on A", with the o-algebra
being the power set of A™. For simplicity, we shall use the same notation PP, for this probability
measure, and we refer IP,,’s as the marginals of the probability measure P.

A nice thing about the marginals of a probability measure PP is that they possess a good compat-

ible property. Observe that

L] 25+ =[],

Tn+1€A

and we apply P on both sides:

P || ) = ). P(t) =P(7)

Tni1€A Tnt+1€EA
= Z Pri1(21, 2oy ooy Ty Tpg1) = P21, 22, .oy ). (c.1)
Tpt1€A

This holds true for all (z1, zs, ..., x,) € A" and for all n € N. We refer (c.1) as “compatibility
with marginals™.
On the other hand, if we further assume PP is shift-invariant, another compatibility condition will

be satisfied. Suppose P € P, (£2). Observe that for our one-sided shift map 7',

T7([23]) = | |[(a, 21, 22, ... 7).

acA

Apply PP on both sides and by its shift-invariance,

P (T ([2}]) = P([2}]) = Y P([(a, 21,22, ... z,]) = P <|_| [(a, 21, 22, ...,xn)]>

acA acA
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= P’VL(xlaxQ)"‘axn) = an-l—l(a)xthv“')xn))
acA

which can be rewritten as

P (29, T3, .oy Tpy1) = Z Pri1(z1, 2oy oy Tpit). (c.2)
z1€A
This also holds true for all (x5, x3, ..., x,11) € A" and for all n € N, and we call the condition
as shown in (c.2) “compatibility implied by shift-invariance”.
In contrast, for a sequence of probability measures {P, },cn with P,, defined on A" for each
n € N, if they fulfill the first compatibility (c.1), a unique probability measure IP on {2 can be
constructed from them, with each P,, acting as a marginal of P. In addition, if {P, },,cy satisfies the
second compatibility (c.2), then PP is also shift-invariant.
This inverse direction of implication is a fundamental consequence of Kolmogorov’s consistency
theorem (also known as Kolmogorov’s extension theorem or Kolmogorov’s existence theorem),
which is a very important theorem in probability theory for constructing probability measures on

infinite product spaces. Let us formulate it in this very specific context of one-sided shift:

Theorem C.1 (Kolmogorov). Let {( A", P,)},.en be a sequence of probability spaces such that for
all n € N and for all % € A", if the compatibility condition (c.1) is satisfied, then there exists a
unique probability measure P on ) such that for all n € N and for all 7 € A", P([z}]) = P, ().

If in addition, the compatibility condition (c.2) is also met by {P,, },.cn, then P is shift-invariant.

In the two-sided shift setting, as discussed in Subsection 3.2.1, for any Pe P(Q), its marginals
also satisfy a consistency condition, which is trivial to check: If four integers satisfy n’ < n <

m < m/, then

= ey /
P (2, ey @) = Z P (T s ooy T 1y Ty ooy Tamy L1y ooy Tyt ) (€23)

Tty T 1,Tmg 1y sTyt €A
There is also a version of Kolmogorov’s consistency theorem for two-sided shift:

Theorem C.2. Let { A™ "1 @ﬁ}ngm be a family of probability spaces such that the probability
measures @Z’ satisfy the consistency condition (c.3). Then there exists a unique Borel probability

measure P € P(Q) such that for all integers n. < m, P™(z™) = P([2™)).

n

For the proof of general Kolmogorov’s consistency theorem, we refer to [ , Section 36].
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D Entropy

This section of the appendix is dedicated to review basic aspects of entropy and give coherent
notations as used in the main body of the thesis. For comprehensive preliminaries and materials on
entropy with full details, one can consult [ ].

We introduce the notions of entropy progressively in the following order:

* Entropy of probability distribution on a finite set;

* Entropy of random variables taking values in finite sets;

« Entropy of shift-invariant measures on the shift space 2 = A",

Entropy of probability distribution on a finite set

Let A be a finite set with |.A| = ¢. Denote P(.A) to be the collection of all probability measures on
A. In other words, P(A) is the collection of all maps P : A — [0, 00) with }_ _ ,P(a) = 1.

We have P(.A) is a convex set with an obvious notion of convergence: For a sequence of prob-
ability measures {IP, } ,eny on A, P, converges to P if

Vae A: lim P,(a) = P(a).
n—oo

An element P € P(A) is called pure if P(a) = 1 for some a € A, and is called uniform if
P(a) = § forall a € A.

The entropy of a probability measure P € P(.A) is defined to be

S(P) = - P(a)logP(a).
aceA

Remark. We take the base for the logarithm in the definition of entropy to be e in our context.
In many other contexts of information theory, however, it could be more often to use base 2 for
the logarithm. Moreover, based on different contexts, the entropy S(IP) is defined up to a positive
multiplicative constant, which amounts to specify units.

From this given definition, one can think about entropy as the measure of the randomness of a
probability distribution. The more random the probability distribution is, the larger its entropy is.
Note that we adapt the convention that “0 - log 0 = 0 - co = 0” for the case that P(a) = 0 for some

a € A. Here are some basic properties of entropy:
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Proposition D.1. Let P € P(A) for some finite set A with | A| = .
(1). S(P) >0, and S(P) = 0 if and only if P is pure;
(2). S(P) <log¥, and S(P) = log ¢ if and only if P is uniform;
(3). The map P(A) > P+ S(P) (known as entropy map) is continuous and concave®.

(4). The concavity property as shown in (3) has the following “almost convexity” counter-part:

¢ l
S (Zmﬂ) <D eS(PL) + S(pr, s pr) (d.1)
k=1 k=1

with equality if and only if the supports® of pairwise probability distributions have empty intersec-

tion:
suppP; NsuppP; = @, Vi #j. (d.2)

Remark. Property (3) is called stability property of entropy. This concavity follows from the con-
cavity of logarithm. The term S(py, ..., p¢) as in (d.1) means that we set a new probability distribu-
tion by assigning the probability values to be py, ..., p, and then take its entropy. For the equality
case of Property (4), namely when (d.2) holds, it is called split-additivity property of entropy.

For the proof of Proposition D.1, we refer to [ , Proposition 3.1].
Now we consider the case of product spaces. Let .4; and A5 be two finite sets and set 4 =
Ay x Ay. Given P € P(A), denote P; and [P, to be its marginals. We have

Pi(a) = Z P(a,d’), Va € Ay, and Py(a’) = Z P(a,d’), Va' € As.

a’EAg acA;

For a € supp Py, we define the conditional probability measure on A5 conditioning on a by

setting
P(a,a’)

Py(a)

g\l(a/) =

An identity then follows from this definition:

> Pia)Pgy(@)= D> Pla,a)= Y Pla,d)=Pyda),

a€supp Py a€supp Py ac€A;

That is, for £ scalars pi, ..., pe such that p;, > 0 forall k € {1,...,£} and Zizl pr = 1and Py,...,P, € P(A), we have
Z£=1 peS(Pr) < S (Zizl pk]Pk) with equality if and only if P; = - - - = P.
*The support of a probability measure P € P(A) is defined to be: suppP = {a € A : P(a) > 0}.
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which holds for any a’ € A,.

Proposition D.2. With the same setting as above, we have

(1).
S(P)=5(P) + Z Py(a)S (P5,) ;
a€supp Py
(2). Strict subadditivity of entropy:
S(P) < S(Py x Py) = S(P1) + S(Py), (d.3)

with equality holds if and only if P = P; x Ps.

Remark. An intuitive view of (d.3) is that when taking the product between the marginals P, and
[Py, the correlation between the two subsystems is completely erased, resulting in greater random-
ness.

Both split-additivity (d.2) and strict subadditivity (d.3) extend and define properties of S(IP)
naturally, and it goes to the subject of axiomatization of entropy. An elegant discussion on the

axiomatic characterizations of entropy is given in [ , Section 3.4].

We refer Proposition D.2 together with its proof to [ , Proposition 3.2].

Entropy of random variables taking values in finite sets

We adapt finite set A with |.4| = £. The notion of entropy related to a random variable X defined
on A is defined via its probability distribution, denoted as Py.

Given an underlying probability space (€2, P) and a random variable X : Q — A with its
probability distribution

Px(a) = P ({x e X(a) = a}) ,

the entropy of X is defined as

H(X)= == Px(a)logPx(a).
acA

The basic properties of H (X ) are then the same as those of S(Py ) with change of terminologies.
The properties presented in Proposition D.1 and Proposition D.2 would trivially be translated to the

setting of random variables.
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Full discussions on entropy of random variables, including the one involved when conditioning

one random variable on another, can be found in [ , Section 1.6.a].

Entropy of shift-invariant measures on the shift space

Now we extend the setting to the shift space 2 = AN and discuss the entropy of shift-invariant
measures, which we have introduced in Appendix C.
For any P € Py, (), its n-th marginal IP,, is a probability measure on 4", which is a finite set.

Hence, the entropy of P, for each n € N is

S(P.) =— > Pu(a})logP,(z}).

P eAn

Let n,m € N and write A"t = A" x A™. Let u; and u5 be the marginals of P, ,,,, on A""™
with respect to this decomposition. We show that y; = P, and py = Py,,.

For any z7 € A", we have, by the definition of a marginal,
,LL1<LU1,...,I'n) = Z Pn+m(l’17...,$n,xn+1,...,,I'ner)

By (c.1)) =P, (xy,...,x,),

so 1 and IP,, agree on A" and 1y = P,,.
For any z]* € A™, since P € Py, (€2), then by shift-invariance,

/LQ(JZ‘I,...,.fm) = Z ]P)n+m<y17~-~;yn7x1;--~7Im)

so i and PP, agree on A™ and o = P,,.

Together with the subadditivity of entropy (d.3), we obtain that
S(Prsm) < S(p1) + S(p2) = S(Pr) + S(Pp).

Hence, the non-negative real sequence {S(P,)}.cn is subadditive and by Lemma B.1, it has a
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limit

S(P) := lim 5(Pn) = inf S(Pn).

n—00 n n>1 n

The quantity S(IP) is then called the entropy of P € P,,,(£2). Sometimes it is also called the
specific entropy of PP. In more sophisticated literature, it is the special one-sided shift case of the
more general notion of the Kolmogorov—Sinai entropy.

It then follows trivially from (1) and (2) of Proposition D.1 and the fact that 5(Pn) converges to
S(P) as n — oo, that 0 < S(P) < log /.

S(P
n
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