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Qúebec,Canada

September22,2017

Athesissubmittedto McGillUniversityinpartialfulfillmentoftherequirementsof

thedegreeofSamAlexandreSelmani

cSamAlexandreSelmani2017

1



Contents

1 Preface 6

1.1 BPSstates.................................. 6

2 Introduction 8

3 BPSTrajectories,Quivers,and MirrorSymmetry 12

3.1 Spectralnetworks.............................. 12

3.2 MirrorcurvesfortoricCalabi-Yaumanifolds............... 17

3.3 BPSQuivers................................. 24

4 MoreonQuiversandD-branes 33

4.1 Supersymmetriccyclesredux........................ 33

4.2 A-branesintheB-model.......................... 34

4.3 Quiverrepresentations........................... 35

5 ExponentialNetworks 41

5.1 Newrules................................... 41

5.2...foroldGeometries............................ 44

6 ResolvedConifold 44

6.1 Websandquiverrepresentations...................... 45

7 ALocalCalabi-Yau 52

7.1 Orbifoldpoint................................ 53

7.2 Largevolume................................ 59

8 FlatSpace 63

8.1 Quiver.................................... 63

8.2 MirrorADHMmodulispaces....................... 70

9 GeometricEngineering 76

10Aganagic-Vafa MirrorSymmetry 80

10.1Trefoilcurve................................. 81

11Conclusions 84

12Discussion 86

A CodingAdviceforExponentialNetworks 87

B CentralChargesofLocalCalabi-Yau Manifolds 89

B.1 Orbifoldpoint................................ 89

B.2 Largevolumesolutions........................... 90

C RepresentationsofQuiverswithSuperpotential 91

2



References 92

3



Abstract

WestudyageometricdescriptionofBPSstatesinsupersymmetrictheorieswith

eightsuperchargesintermsofgeodesicnetworksonsuitablespectralcurves. Welift

andextendseveralconstructionsof Gaiotto-Moore-Neitzkefromgaugetheorytolo-

calCalabi-Yauthreefoldsandrelated models. Thedifferentialis multi-valuedonthe

coveringcurveandfeaturesanewtypeoflogarithmicsingularityinordertoaccount,

respectively,forD0-branesandnon-compactbranes. Wedescribelocalrulesforthe

three-wayjunctionsofBPStrajectoriesrelativetoaparticularframingofthecurve.

WereproduceBPSquiversoflocalgeometriesandillustratethewall-crossingoffinite-

massboundstates. Wedescribefirststepstowardunderstandingthespectrumof

framedBPSstatesintermsofsuch“exponentialnetworks.” Weverifythatinthe

gaugetheorylimitofgeometricengineering,werecoverthegaugetheoryspectralnet-

works. Weexplorenetworksoncurvesassociatedtotheknot-labelled mirrorsofthe

resolvedconifoldproposedbyAganagic-Vafa.

Abŕeǵe

Nousétudionsladescriptionǵeoḿetriquedesétats BPSdanslesth́eoriescom-

prenanthuitsuperchargesentermesdeŕeseauxǵeod́esiquessurdescourbesspectrales

appropríees. Noussoulevonsetétendonsplusieursconstructionsde Gaiotto-Moore-

Neitzkedelath́eoriedejaugeaux mod̀elesbaśessurlesvaríet́esCalabi-Yaulocales.

Lediff́erentielest̀avaleurmultiplesurlacourbecouvertetposs̀edeunnouveautypede

singularit́elogarithmique,pouraccommoderrespectivementlabraneD0etlesbranes

non-compactes.Nousd́ecrivonslesr̀egleslocalesdesjonctionstrois-voiesdetrajectoires

BPSrelativement uncadrageparticulierdelacourbe. Nousreproduisonslecarquois

BPSdesǵeoḿetrieslocalesetillustronsletraverśeede mur(wall-crossing)deśetats

líesde massefinie. Nousd́ecrivonslespremìeresétapesversunecompŕehensiondu

spectredeśetatsBPScadŕesentermedeces“ŕeseauxexponentiels”. Nousv́erifions

quedanslalimiteth́eoriedejaugedelaconstructionǵenie-ǵeoḿetrique(geometricen-

gineering),nousretrouvonslesŕeseauxspectrauxdeth́eoriedejauge. Nousexplorons

lesŕeseauxsurlescourbesassocíeesaux miroirsduconifoldŕesoluétiquet́esparles

noeuds,propośesparAganagic-Vafa.
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1 Preface

Mirrorsymmetryisaprominentexampleofthemutuallybeneficialinteractionbetween

theoreticalphysicsandpure mathematics. Thephysicalstringtheorydualityledto

solutionstolong-standingproblemsinenumerativegeometry,whilelaterdevelopments

havesharpenedthe mathematicaltoolsdescribingstringson Calabi-Yau manifolds

includingthedefinitionofD-branes.

Inanearbyarena,thestudyofsupersymmetricgaugetheoriesastoymodelshasled

tobothqualitativeandquantitativeinsightforexampleintothestructureofquantum

fieldtheoryatstrongcouplingthroughdualities.

TheBPSspectrum,incarnatedbystableD-branesinstringcompactifications,con-

tainsrichinformationthatwasthesubjectofintenseresearchoverthelasttwodecades.

Inthisthesiswetakesomeofthegeometrictechniquesthatweredevelopedalongthe

wayandextendthembeyondagaugetheorylimit. Theupshotisasteptowarda

concretedescriptionforaclassofgeometriesof moduliofspecialLagrangianbranes,

whichareatpresentbetterunderstoodthroughtheirmirrordescription.

1.1 BPSstates

Thesupersymmetryalgebrainfourdimensionsis

{Qi
α,Q

j

β̇}=σµ

αβ̇
Pµδij

{Qi
α,Qjβ}= αβZij

wherei,j∈{1,...,N},Pµ isthe momentumoperator,σµ

αβ̇
arethePauli matrices,

andthebardenoteshermitianconjugation. Zijisanantisymmetric matrix, which

whenN ≥2maybenon-trivial.

ForourpurposesweletN =2. Asagenericfeature,N =2gaugetheorieshavea

modulispaceofquantumvacuacalledtheCoulombbranchwheretheinfraredphysics

atagenericpointisanabelianU(1)rtheory,whereristherankoftheultraviolet

gaugegroup.StatescarryelectricandmagneticchargesfromthelatticeΓ Z2r.

Afirststeptoanalysingthesupersymmetryalgebra,afterrestrictingtotherest

framePµ =δ0µ,istodefinetwocombinationsofthesupercharges. Forϑanyphase,

let

Rϑ=
1

√
2
(e−iϑ/2Q1−eiϑ/2Q

2
), Tϑ=

1
√

2
(e−iϑ/2Q1+eiϑ/2Q

2
).
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Thealgebraimpliestheanti-commutators

{Rϑ,Rϑ}=M −Re(eiϑ)Z

{Tϑ,Tϑ}=M +Re(eiϑ)Z

{Rϑ,Tϑ}=Im(eiϑ)Z

{Rϑ,Tϑ}=0.

SettingR=R−argZ,T=T−argZ,wefindtwoCliffordalgebras

{R,R}=M −|Z|

{T,T}=M +|Z|

Thenbythepositive-(semi)definitenessoftheHilbertspace,foranystate|ψ,

0≤||Rψ||2+||Rψ||2= ψ|{R,R}|ψ =(M −|Z|)||ψ||2

whichimpliesM ≥|Z|.StatessatisfyingR|ψ =R|ψ =0saturatethisboundand

arecalledBogomol’nyi-Prasad-Sommerfeld,orBPS,states.

Thebasicrepresentationofthe Cliffordalgebrasis4-dimensional,decomposing

underthelittlegroupSO(3)asacomplexscalarplusa Weylfermion,or(2[0]+[1/2]).

TheBPSandnon-BPSstatesform“short”and“long”representationsrespectively,of

theform

Sj=[j]⊗(2[0]+[1/2])

Lj=[j]⊗(2[0]+[1/2])R ⊗(2[0]+[1/2])T

Thisgenericallypreventsthe mixingofBPSstateswiththecontinuumofnon-BPS

states.ThelocalinvarianceoftheBPSspectrumiscapturedbythehelicitysupertrace

Ω(γ)=TrH1
γ
(J3)

2(−1)2J3

whereγ∈Γisacharge,J3isageneratorofSO(3)andthesuperscript1denotesthe

1-particlesubspace.Thistracetakesintoaccountthefactthatseveralshortrepresen-

tationscancombineintoonelongrepresentationandmoveofftheBPSlocus.

BPSstatescanhoweverdisappearfromthespectrumentirelyinadecayprocess.

Thiscanonlyoccurwhenthecentralchargesofdecayproductsalign,ascanbeseen

fromthefollowingconsideration.Supposeγ1+γ2=γ.Then

|Zγ1+Zγ2|=|Zγ|=M ≥M1+M2≥|Zγ1|+|Zγ2|,
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whilethereverseisthetriangleinequality.

AsdiscoveredbySeibergand Witten,thelow-energyphysicsisencodedinasingle

globalfunctionofthequantummodulispace,calledtheprepotential.Thesingularities

ofthemodulispaceareexplainedaslociwheresomeBPSstatesgomassless,rendering

theirintegratingoutoftheeffectivetheoryinconsistent. The monodromyofthepre-

potentialaroundthesingularitiesproducedbythese masslessBPSstatesissufficient

toconstrainitcompletely.

ThestudyoftheBPSspectrumitselfhasdevelopedfar-reachingapplicationsas

variedasthephysicalinterpretationofknotinvariantsandthemicroscopiccalculation

ofblackholeentropies.Theperspectiveisespeciallybroadenedinstringtheory,where

variousdualityframespresentagivensituationunderseveralmathematicalguises.

Thecommonthreadtothetopicsbelowisanauxiliaryobjectcalledthespec-

tralcurve,whichisa moduli-dependentRiemannsurfaceΣequippedwithaspecific

canonicaldifferentialλ.Initiallyaconvenientdeviceencodingthederivativesofthe

prepotentialintheperiodsofλ,itwassoonnoticedbyrealizingthegaugetheoryasa

limitofastringcompactificationthatstableBPSstatescorrespondtoaprecisesetof

geodesicsonΣinthemetric|λ|2.

Thisthesisisbasedonoriginal workdoneincollaboration with mysupervisor

Johannes Walcher,andRichardEager,whichwaspublishedintheJournalofHigh-

EnergyPhysics.Icontributedtoallaspectsandatallstagesofthisproject,including

definitionoftheproblem,calculations,coding,andwritingupresults.Inaddition,the

thesiscontainstwofurtherChapterswhichrepresentrelatedindependentworkbythe

author.

2 Introduction

ThespectrumofBPSstatesplaysaprominentroleinthestudyofquantummechanical

theorieswithextendedsupersymmetryandintheinterestofsuchtheoriesfor math-

ematics. Ofparticularsignificancearetheorieswitheightrealsupercharges,suchas

four-dimensionalgaugetheorieswithN =2supersymmetry,orcompactificationsof

M-theoryortypeIIstringtheoryonCalabi-Yauthreefolds.

Insuch models,theintrinsicrepresentationdataofthesupersymmetryalgebra

(BPSchargesand masses,their monodromyandsingularities,thechiral metric)fit

togetherinsuchatightlyconstrainedwayoverthemodulispaceofvacuathatitsgeo-
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metricstructurecanberecoveredfromaclevercombinationoflocalflatnessandglobal

consistencyconditions.Typically,thisdatacanbesolvedforbystudyingtheclassical

variationofanauxiliaryspectralgeometry.Forstring/M-theory,thisistheCalabi-Yau

manifolditself(orrather,itsmirror),andforgaugetheory,Seiberg-Wittengeometry.

Theseconnectionsareextremely wellunderstood,admitgeneralizationstogravita-

tionalandhigher-derivativecorrectionsoftheeffectivetheory,andincluderelationsto

classicalandquantumintegrablesystemsandavarietyofinterestingmathematics.

Ontheotherhand,determiningtherepresentationcontent, i.e.,describingthe

actualBPSsubspaceoftheHilbertspace,ismuchmoresubtle,anditisnotingeneral

cleartowhatextentthisdataisdeterminedbythepropertiesofthevacuummanifold

alone. Thishastodowiththefactthatwhilethegradeddimensionsofthespaceof

BPSstates(theBPSdegeneracies)arelocallyconstantoverthemodulispace,theycan

jumpdiscontinuouslyatthecrossingofcertainrealco-dimension-onewalls.Thereisby

nowalotofcircumstantialevidencethatwall-crossingisnotincompatiblewiththeidea

thattheBPSspectrumisinfactdeterminedbytheeffectivelow-energydynamics.First

ofall,thelocationofthewallsofcoursefollowsfromthepropertiesofthechargelattice

(thecentralcharge),whichisdeterminedbyspecialgeometry.Secondly,thechangeof

theBPSspectrumacrossthewallscanbestudiedfromthedynamicsofboundstates

intheeffectivetheory[2]andissubjecttothefullygeneralformulaof Kontsevich-

Soibelman[3].ThefirstphysicsderivationofthisKontsevich-Soibelmanwall-crossing

formula[4]exploitspreciselythetensionbetweenthediscontinuouschangesintheBPS

degeneraciesandthesmoothnessofthehyperk̈ahler metrictowhichtheycontribute.

Inspecialcases,theseconstraintsallowforafullcalculationoftheBPSspectrum

[5]. Moreover,atleastforstringsonCalabi-Yau,the OSVconjecture[6]offersan

even moregeneralrelationbetweentheBPSdegeneracyandthetopological(string)

partitionfunctionwhoseasymptoticexpansioncapturestheperturbativecorrections

tothelow-energytheory.

Withorwithoutassumingthattheseintricateconsistencyconditionscanultimately

becompletelysolved,itisfruitfultoalsoinvestigatetheBPSspectrummoredirectly

fromthepointofviewofthespectralgeometry.Instringcompactifications,forin-

stance,BPSstatesarisebywrappingD-branesonsupersymmetriccyclesintheCalabi-

Yau,andtheirdegeneraciesareencodedinthecohomologyoftheassociated moduli

spaces.Itisthennotonlysatisfyingtoidentifypreciselytheproblemtowhichthe

wall-crossingformulasprovideananswer,buttheexplicitsolutiontosomesubclass

9



alsoprovidesvaluablecomplementaryinformationtocheckthevariousconjectures.

Thepresent workgrewoutofattemptstogeneralizethegeometricdescription

ofBPSstatesinfour-dimensionalN =2supersymmetricgaugetheoriesthat was

givenbyKlemm-Lerche-Mayr-Vafa-Warner[7]1andthathasreceivedrenewedinterest

inrecentyearsfollowingtheworkofGaiotto-Moore-Neitzkeonspectralnetworks[5].

Thisapproach,whichwewillreviewbelow,canbeseentoariseinasuitablelimitfrom

thegeometricrealizationofthegaugetheories,eitherby2-branesendingon5-branes

in M-theory,orbydimensionalreductionof3-braneswrappingsupersymmetriccycles

intypeIIBstringtheory.

Themainideaandmotivationforthegeneralizationweareseekingcanbeexplained

fromthatsecondpointview: ThetypeIIBlocalgeometriesarethe mirror manifolds

ofthetoric Calabi-Yau manifoldsthatgeometricallyengineerthegaugetheoryin

typeIIA.Inthiscontext,itisknownthatthe3-foldgeometryreducestoaneffective

one-dimensionaldescriptionevenbeforetakingthegaugetheorylimittotheSeiberg-

Wittencurve,andthatthisholdsalsoforlocaltoricgeometriesthatdonotadmita

gaugetheoryinterpretation. Amongtheevidenceforthisstatementwe mentionthe

coincidenceoftheperiodcalculation[8,9],theevaluationofD-braneprobes[10],the

so-calledremodelingconjecture[11],aswellas modularityinitsvariousforms. Our

workwillprovideadditionalcorroboration.

IntheA-model,BPSstatesarisefromB-branes. Theircountingis,in manyin-

stances,ratherwellunderstoodmathematicallyintermsofthecohomologyofmoduli

ofcoherentsheaves,and manyoftheconjecturesthatwealludedtoabovehavebeen

checkedandverified.Itisknowninprinciplethattheproblem whosesolutionre-

producestheBPSstatecountingintheB-modelisrelatedtothe moduliofspecial

Lagrangiansubmanifolds(stable A-branes). Makingthisexplicitis,however,com-

plicatedbytheneedtocomplexifythe modulispacetoresolvecertainuncontrolled

singularities,andbytheobstructionsbyholomorphicdiskswhoseeffectsontheprob-

lemarestillnotcompletelyunderstood.

Wewillnotbeabletofullyfillthisimportantgappresently. However,wewillgive,

insomesimpleexamples,aproofofprinciplethatBPSdegeneraciesinlocalCalabi-Yau

manifoldscanbeunderstoodfromtheB-modelperspectiveintermsofacalibrated

geometrythatisthereductionofspecialLagrangiangeometrytothe mirrorcurve,

suitablycorrectedbyholomorphicdisks.

1Seecitationsof[7]forotherworkdoneinthe1990’s.
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Tothisend,wewillstudytheanalogueofspectralnetworksinthesimplestpossible

examplesoflocalCalabi-Yau manifolds. Wewillattempttoreproduceas muchas

possibleoftheBPSspectrumthatisknownfromtheA-modelforthesegeometries. A

usefultoolthatissharedbytheA-andB-modelisthedescriptionofD-branebound

statesintermsoftherepresentationtheoryofso-calledBPSquivers[12,13]. This

theoryalsoplaysanimportantroleinourstory.

Aninterestingpayoffofour workisakindof“reversed”perspectiveon mirror

symmetrỳalaStrominger-Yau-ZaslowforlocalCalabi-Yau manifolds. Recallthatin

theSYZpicture,themirrormanifoldisinterpretedasthemodulispaceofaparticular

specialLagrangian3-torus.Thispictureisinprinciplecompletelysymmetricbetween

A-andB-modelforanygivenmirrorpair.Inthelocalcase,however,oneusuallystarts

fromA-branesonthetoricside,andreconstructsthe mirrorasaLandau-Ginzburg

modelfromtheobstructiontheoryofthetoricfibers.Inourexamples,wewillstart

fromaparticularcalibratedsubmanifoldintheB-model(aswewillsee,asuitable

spectralnetwork),whosemodulispaceisrelated(aftercomplexification)totheoriginal

toricmanifold.

The materialisorganizedasfollows. WebegininChapter3withabriefreview

oftheworkthatwewillgeneralize,andasummaryofthenewfeaturesthatderive

fromtheexponentialnatureofthedifferentialonthelocal mirrorcurves. Wegive

furthermathematicaldetailsinChapter4,andanoverviewofthecurrentstateofour

theoryinChapter5.Inourfirstexample,Chapter6,wereproducethefiniteBPS

spectrumoftheconifoldbyexploitinganewjunctionruleforBPStrajectories. The

mainfeatureappearsinChapter7,inwhichweproduceexponentialnetworksfora

largeclassofBPSstatesonlocalP2. Weconcentrateonstateswithareasonablequiver

representation,andstudytheirwall-crossingundervariationofthestabilitycondition.

In Chapter8, wereturnto whatshouldberegardedasthesimplestexampleofa

Calabi-Yau,C3,anddescribeourbestattemptsatframedBPSstatesinthis model.

Alongtheway,westudythe modulispaceofadistinguishedstatethatis mirrorto

asinglepureD0-brane(acalibratedversionofwhatisknowninsymplecticgeometry

asthe“SeidelLagrangian”),andshowthatthis modulispaceretractstothetoric

diagramoftheA-modelCalabi-Yau.
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3 BPS Trajectories, Quivers,and MirrorSymmetry

The maingoalofthisworkistoprovideanew,B-model,perspectiveonBPSstates

oflocalCalabi-Yaumanifoldsbycombiningandgeneralizingthefollowinglinesofre-

search:

(i)ThedescriptionofBPSstatesinfour-dimensionalN =2supersymmetricgauge

theories(of“classS”)intermsofspectralnetworkson Riemannsurfacesgivenby

Gaiotto-Moore-Neitzke[5],andfollow-upwork.

(ii)LocalmirrorsymmetryasconsolidatedbyHori-Vafa[9],whichidentifiesthemirror

oflocaltoricCalabi-Yaumanifoldswithconicbundlesover(C×)2degeneratingovera

Riemannsurfacecalledthemirrorcurve.

(iii)ThewealthofknowledgeaboutBPSstatesinthesemodelsthathasaccumulated

overthepastfifteenyears. Wewillrelyinparticularontherelationtotherepresen-

tationtheoryofsuitableBPSquivers,whichinthecaseof(“complete”)N =2gauge

theorieshasbeenrelatedtothespectralcurveperspectiveby Alimetal.[13]. We

beginwithbriefreviewsofeachofthesetopics.

3.1 Spectralnetworks

ThesolutionofN =2supersymmetricgaugetheoriesinfourdimensionsintermsof

asuitable“spectral”(Seiberg-Witten)curveincludesafruitfulrepresentationoftheir

spectrumof massiveBPSstates. Thebasicideaistoembedthegaugetheoryina

higher-dimensionalsetupwherethespectralgeometrybecomespartofthespace-time,

andBPSparticlesinfourdimensionsarerealizedgeometricallyasextendedobjects

calibratedbytheSeiberg-Wittendifferential. Thisapproachwaspioneeredin[7]and

championedby[5]. For moreontheearlydevelopmentofthesubjectseethereview

[14]andreferencestherein.

TheoriesofclassS

Thelargeclassofsuchtheoriesstudiedin[5]aredefinedastheresultofdimensional

reduction(withapartialtopologicaltwist)ofthesix-dimensional(2,0)theoriesas-

sociatedtoan ADELiealgebragonapuncturedRiemannsurfaceC withcertain

defectdataatthepunctures.Intheembeddingin M-theory,thetheoriesariseonthe

world-volumeofk=rank(g) M5-braneswrappedonR3,1×C⊂R3,1×T∗C×R3. At

agenericpointontheCoulombbranch,theIRdescriptioninvolvesasingle M5-brane
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wrappedonR3,1×Σ,whereΣ→ Cisthespectralcover

{λ:det(φ−λI)=0}⊂T∗C, (3.1)

andφisag-valued1-formonC thatparametrizesthe modulispaceofvacua. For

convenience,wewilltakeg=su(k)inwhatfollows.

Thesix-dimensionaltheorycontainsstring-likeexcitationsthatariseasboundaries

of M2-branesendingonthestackof M5-branes. WhenextendedalongpathsofC,

thesestringsgiverisetoparticlesupondimensionalreductiontofourdimensions.For

statesoffinitemass,the M2-braneshouldhavefinitespatialvolume.Thismeansthat

withrespecttoalocaltrivializationofthespectralcover,thepathsarelabelledlocally

byapairofintegersi,j∈{1,...,k}.SuchastringislocallyBPSifitsaturatesthe

condition

M = |λ(ij)|≥ λ(ij) =|Z|, (3.2)

whereλ(ij)≡λi−λjandλiistherestrictionoftheLiouville1-formonT∗Ctotheith

sheet. Thisconditionissatisfiedifandonlyifλ(ij)=eiϑ|λ(ij)|forsomephaseϑand

someorientationofthepath.(Equivalently,theconditionisthatIm(e−iϑλ(ij))=0,and

weuseRe(e−iϑλ(ij))asvolumeform.)Following[5],wecallsuchalocallyminimizing

pathan(ij)trajectoryofphaseϑ.

Thespectralnetworkissimplythe“lifestory”ofsuch BPStrajectoriesdrawn

ontheRiemannsurfaceC. Todescribeit,weassumeforsimplicitythatallbranch

pointsofthecovering(3.1)aresimple. Then,fromanijbranchpointz0∈Cofthe

spectralcoveremanatethreetrajectoriesforanyphaseϑ.Thiscanbeseenbywriting

λ(ij)∼
√

z−z0andnotingthat

z

z0

λij∼
z

z0

√
z−z0dz∼(z−z0)

3/2∼eiϑt (3.3)

hasthreeindependentsolutionsz(t) =z0+ eiϑt1/3
. Alsonotethatdependingon

theplacementofthebranchcut,twoofthesetrajectoriesareoftype(ij),andone

isoftype(ji). Asthetrajectoriesemanatingfromthevariousbranchpointsevolve

aroundC,itispossiblethatthey meet. Thepronouncementisthatwhenan(ij)-

and(jk)-trajectory meet,an(ik)-trajectoryisborn,asillustratedinFigure2. The

collectionofalltrajectoriesemergingfromthebranchpointsandbornincollisionsis

calledthespectralnetworkofphaseϑ.

Generically,thetrajectorieswilleventuallybeattractedtooneofthepuncturesof

C andcrash. Atspecialvaluesofϑ,however,it mayhappenthatsomeoftheBPS

13



ij

(ij)

(ij)

(ji)

Figure1:LocalstructureofBPStrajectoriesnearanij

(ij)

(jk)

(ik)

(ij)

(jk)

-branchpoint.

Figure2: Birthofan(ik)-trajectoryattheintersectionofan(ij)-anda(jk)-trajectory.

trajectoriesterminateatabranchpointorcollidehead-on.Thisgivesrisetoaclosed

subsetoftheplanewiththegeometryofatrivalentgraphoffinitetotallengththat

wecalla“finiteweb”following[5](seeFigure4forrelevantexamples). Afiniteweb

correspondstoastateofafinite massBPSparticleinfourdimensions. Underthe

identificationofthelatticeofelectric-magneticchargesofthe4dtheorywithH1(Σ,Z),

thechargeofafinitewebisthehomologyclassofitscanonicallifttoΣdeterminedby

thelabellingonthestrands. TheDirac-Schwinger-Zwanzigerpairingbetweenelectric

and magneticchargesisidentifiedwiththeintersectionpairingonhomology.Inthe

M-theorypicture,theBPSparticlesarisefrom M2-branesendingonthe M5branes,

connectingthetwoliftspointwisealongthefiniteweb.TheBPSnatureofthejunction

(ij)+(jk)→ (ik)canbeverifiedinthissetup,seee.g.[15].

TodetermineBPSdegeneraciesfromthecountingoffinitewebswithfixedcharge,

onehastotakeintoaccountthatfinitewebs mightexistincontinuousfamilies,of

whichthespectralnetworkonlyproducessome“critical members”(asisthecase

forexampleinFigure4d), whereasthegeneric memberdoesnotpassthroughthe

branchpoints,butisstilllocallycalibratedandsatisfiesthejunctionrules. These

deformationsofthefinitewebsrealizegeometricallythezero modesofBPSparticles

in4d.Insuchasituation,theBPSdegeneraciesshouldbedeterminedbyquantizing

thosezero modes.Itappears,however,thattheinformationaboutthedegeneracies
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caninfactbereadoffpurelyfromthecriticalpicturesthatarisefromthespectral

networkwithoutdeformations.Theprescriptionof[5]forcalculatingthesedegeneracies

resultsfromconsideringnotonlyBPSparticlesbutalsolineandsurfacedefects,and

thoroughlyanalyzingtheconsistencyofthewall-crossingbehaviorofparticlesbound

tothem.Indeed,thecurveCisidentifiedastheparameterspaceofUVcouplingsofa

canonicalsurfacedefectandfinitewebswithanopenendatthepointzareidentified

asaparticleboundtothesurfacedefectSz.Linedefects,whichcanbethoughtofas

infinitelyheavyparticlesarisingfrom M2branesstretchinginfinitelyinonecotangent

direction,arerepresentedbythe(uncalibrated)homotopyclassofapathonC.

InthisthesiswesupplyevidencethatasimilarstoryholdsforBPSdegeneracies

ofD-branesintoricCalabi-Yau3-folds.Inthesemodels,itisnaturaltoproposethat

thefinitewebsarisingfromthenetworkshouldbeviewedasthefixedpointsofthe

giventorusactionontheassociated D-brane modulispaces. Wehavenotyetfully

fleshedoutthiscorrespondence,butweexpectthatageneralizationoftheanalysisof

[5]includinglineandsurfacedefectswillleaddirectlytoacompleteandsystematic

algorithmfordeterminingBPSdegeneraciesinthesemodelsaswell[16].

Ausefulheuristics: D-branesonthetorus

Oneofthepremisesofouranalysisistherelationbetweenthecombinatoricsofspectral

networksandtheirgeometricdeformationsontheonehand,andthedynamicsofthe

associated BPSstatesontheother. Foranexampleofthis,considera D2-brane

wrappingatorus,withaD0-branesittingsomewhereonit.Condensationoftheopen

stringtachyoninthissystemcorrespondstodissolvingtheD0-braneintoflux.Thiscan

beseenmoregraphicallyintheT-dualpicture,inwhichtheD2andD0-branesbecome

apairofperpendicularD1-branes. ThetachyonicD1-D1’-stringislocalizedattheir

intersectionanditscondensationcorrespondstoresolvingtheintersection,resultingin

aD1-braneatanangle(ifwe must,callitasimple“network”ofD1branes). Upon

T-dualityinthesamedirectionasthefirst,theresultis mappedbacktoaD2brane

withmagneticfluxonit.

Thiswouldessentiallybethestoryof“spectralnetworksandmirrorsymmetryfor

Calabi-Yau1-folds”. Wewillalsofindusefultheheuristicinterpretationofresolving

intersectionsascondensingtachyonicfields,especiallyinrelationtothequiverdescrip-

tion.
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Figure3:T-dualitypictureofboundstateformation.

ThepureSU(2)theory

Foranotherillustrativeexample,considertheoriginal“pureglue”SU(2)Seiberg-

Wittentheory[1].ThechargelatticeisjustΓ ∼=Zmagnetic ×Zelectric,withbasism and

e. The modulispaceofvacuaisthecomplexu-plane,withsingularlocus{∞,1,−1}

dominatedbythelightestparticlesofcharge2e,m andm +e,respectively.Inthe

weakcouplingregime(large|u|),thereisaninfinitenumberofstableBPSparticles

withcharges±m +ne,n∈Z,aswellastheW bosonswithcharges±2e.Famously,

thereisa(topologicallycircular)lineofmarginalstabilitypassingthroughu=1and

u=−1,ontheothersideofwhichthestablespectrumconsistsofonlythemonopole

ofcharge±m anddyonofcharge±(m +e). ThecentralchargeofaBPSparticle

withchargegm +qeisgivenbyZu(gm +qe) =gaD(u)+qa(u)wherea(u),aD(u)

arecertainhypergeometricfunctions,arisingasperiodsoftheellipticcurve3.4. The

monopoleanddyonarenaturallythoughtofasthebasicstatesofwhichtheothers

areboundstates. Tosimplifytheexpositionintherestofthethesiswerepresentthe

chargeofthe monopoleas(1,0)andthechargeofthedyonas(0,1).Intermsofthe

previouselectric-magneticchargebasis,(n,m)=−nm +m(m +e).

Thegeometricrealizationisasfollows. ThespectralcurveΣ→ C isagenus1

doublecoverwithtwopuncturesandtwosimpleramificationpoints:

Σ= y2=x+
1

x
−2u −→C=C× x

λSW =y
dx

x

(3.4)

WeakCoupling StrongCoupling

Dyons±m +ne Dyonm +e

W-boson ±2e Monopole m

Table1: BPSspectrumofpureN =2theory.
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Withtwobranches,thereisonlyonetypeofstrandon C,sojunctionsdonotoccur.

Therearetwo“elementary”finitewebsshowninFigures4a-4b.Theseareidentified(up

tomonodromy)viatheircentralchargewiththemonopoleandthedyon,whichexist

atanyu. Atlarge|u|,thereisaninfinitefamilyof“spirals”formedbyconcatenating

kcopiesofoneoftheelementary webs withk+1copiesoftheother,separating

themfromthebranchpointsandstraighteningthemoutintheprocess. Thesehave

electric-magneticcharge(k,k+1)=m +(k+1)eand(k+1,k)=−m +(k+1)e,

respectively.

Therearealsoboundstatesofonecopyofeachofthetwobasicstatesthatare

realizedbyclosedloops. Theclosedloopsactuallyexistinafamilyinterpolating

betweenthetwoloopsattachedateitherbranchpoint.TheHilbertspaceof1-particle

statesassociatedtothisfamilyofloopsisinprinciplethecohomologyofits moduli

space. ThealgorithmofGaiotto-Moore-Neitzke[5]givestheinvarianttraceoverthis

Hilbertspaceas−2,reflectingthecontributionofaBPSvectormultiplet.

Notethattheexistenceoftheboundstatesdependsgeometricallyontheability

tolocallyshortenthewebbydetachingthestrandsfromthebranchpoint,because

theanglebetweenthetwoelementarywebsislessthat2π/3.Inthestrongcoupling

regime,thisisnolongerpossible,andallboundstatesceasetoexist.

3.2 Mirrorcurvesfortoric Calabi-Yau manifolds

Itis wellknownthattheembeddingofN =2gaugetheoriesofclass Sinto M-

theorybywrappingM5-branesonpuncturedRiemannsurfacesisrelated,byasequence

ofdualities,togeometricengineeringofgaugetheoriesintypeIIstringtheory.In

thisapproach,thegaugedynamicsarisesfromD-braneswrappingvanishingcyclesin

localsingularitiesofCalabi-Yau manifolds. OnetypicallystartsintypeIIA(where

computationsaredoneinthe“A-model”)withatoricCalabi-Yauthreefold,X,which

isequivalentbymirrorsymmetrytotypeIIB(the“B-model”)onaCalabi-Yauofthe

form

Y={H(x,y)=uv}⊂(C×)2×C2 (3.5)

Here, H(x,y)isacertainLaurentpolynomialdeterminedbythetoricdata. Fora

suitabledesign,thecurve(3.1)arisesinascalinglimitfromthemirrorcurveH(x,y)=

0whichisthelocuswheretheconicfibrationY→ (C×)2degenerates.Itisinfactin

thiscontextthatthedescriptionofBPSstatesintermsof“geodesicsontheSeiberg-

Wittencurve” wasoriginallyderivedin[7]. Wereviewthesetuphereinorderto
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(a) Monopoleofcharge(1,0). (b)Dyonofcharge(0,1).

(c)Aboundstatewithcharge(2,1). (d)Closedloopswithcharge(1,1).

Figure4:FinitewebsinthepureSU(2)gaugetheoryatu=2i.
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emphasizethepointsinwhichthefullresultdepartsfromthegaugetheorylimit. We

startintheA-modelwiththegaugedlinearsigma model(GLSM)descriptionofthe

toricthreefold.

Localmirrorsymmetry

Welet rbethe“rank”oftheAbeliangaugegroupU(1)r,andQα
i thechargesofthe

r+3chiralfields. WeassumethatthesechargessatisfytheCalabi-Yaucondition

r+3

i=1

Qα
i=0 (3.6)

anddenotetheFayet-Iliopouloscouplingsbyrα foreachα =1,...,r. Thetoric

manifoldthenarisesasthesolutionoftheD-termconstraints

Qα
i|zi|

2=rα (3.7)

onthelowestcomponentsziofthechiralfields,takenmoduloU(1)rgaugeequivalence.

Thespacecanbedescribed more mathematicallyasthesymplecticreductionorGIT

quotientX =Cr+3//U(1)rwithstabilityspecifiedbytherα,whichbecome(thereal

partof)the K̈ahlerparametersofX. Intheprocess,thezibecomehomogeneous

coordinatesonX.

In[9], Horiand Vafaderivedthetheory mirrortoX byapplying T-dualityto

theargumentofallthechiralfieldsintheGLSM.Theyshowedthatintermsofthe

variables

yi=exp(−|zi|
2+i···), (3.8)

themirroroftheGLSMistheLandau-Ginzburgtheorywithsuperpotential

W =
r+3

i=1

yi (3.9)

onthesolutionofacomplexificationof(3.7),

r+3

i=1

y
Qα

i
i =qα (3.10)

whereqα=exp(−tα)aretheexponentiatedandcomplexifiedK̈ahlerparameters.

Bynow, mirrorsymmetrybetweenX andthisLandau-Ginzburg modelhasbeen

checkedingreatdetail,andtheequivalenceofthetopological modelshasthestatus
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ofa mathematicaltheorem. Ultimately,thedualityofcoursealsoholdsatthelevel

ofthefullphysicaltheory,includingtheBPSspectruminspace-time. Theresulting

mathematicalstatementsarehowever moredifficulttocheckdirectly, mostlybecause

stabilityofD-branesinLandau-Ginzburgmodelsstillisonlypartiallyunderstood[17].

Inthisthesis,wewillusetherelationshipbetweentheLandau-Ginzburgmodel(3.9)

andtheCalabi-Yauhypersurface(3.5)intheforminwhichlocalmirrorsymmetrywas

initiallydiscovered. Whilethisreductionisslightlylessthanfullyrigorousatthis

point(althoughitsvalidityatthetopologicallevelisbeyonddoubt),itputsusina

positiontoperformsomeexplicitchecksoftheBPSspectrum. Theeasiestwayto

seetherelationistoconsidertheevaluationoftheperiods: Thestatementthatthe

fundamentalvariablesarelogyimeansthattheholomorphicvolumeformistheresidue

of
r+3

i=1

dyi

yi

exp(−W), (3.11)

onthesolutionsof(3.10).Solvingtheseequationsintermsofthreeofthevariables,

y1,y2,y3,andfactoringoutoneofthembyhomogeneity,wedefineH bytheequation

W(y1,y2,y3,qα)=y1H(x,y,qα) (3.12)

Foracontouralongwhichtheintegralconverges,wecaninsertaGaussiantorewrite

theperiodsof(3.11)as

1

(2πi)r+3

dyi

yi

exp(−W)=
1

(2πi)4

dx

x

dy

y
dy1dudvexp(−y1H+y1uv)

=
1

(2πi)4

dx

x

dy

y

dudv

H−uv

=
1

(2πi)3
H=uv

dx

x

dy

y

du

u

(3.13)

wherethelaststepistheGriffiths-Poincaŕeresiduethatgivesusthestandardformof

theholomorphicthree-formonthehypersurface(3.5).

Granting(3.5),thestudyofsupersymmetricA-branesinYcanbefurtherreduced

tothe“mirrorcurve”

Σ={H(x,y)=0}⊂(C×)2 (3.14)

endowedwiththedifferential

λ=logy
dx

x
=logydlogx (3.15)
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by“integratingoverthefibers”ofthemapY→ (C×)2sending(x,y,u,v)to(x,y)[7].

Overeachpointinthe(x,y)-planetheequationH(x,y)=uv,viewedasanequation

on(u,v)∈C2,describesanaffineconicthatisreduciblepreciselywhenH(x,y)=0.

ThegenericconichasthetopologyofacylinderS1×R,anda“minimal”S1given

bytheintersectionofuv=H withv=ūH/|H|,inotherwords|u|2=|H|. ThisS1

shrinkstoapointpreciselyonthecurveΣ,sothattracingtheS1alonganypathin

(x,y)-spacethatintersectsΣpreciselyatthebeginningandendofthepathgivesrise

toatwo-sphereS2. Assumingthatthepathbeginsandendsatthesamevalueofx,

butatpossiblydifferentvaluesofy1andy2,wecanevaluatetheintegral

1

2πi S2

du

u

dy

y
=logy1−logy2 (3.16)

whichgivesthedifferential(3.15)uptofactorsof2πi. We’llworkinthenormalization

(3.15)inthefollowing.

Initialobservations

Notethatin(3.16)wehavetoallowlogy1andlogy2tostandfordifferentbranches

ofthelogarithmifthepathwindsaroundtheorigininthey-plane. Moreformally,

themirrorcurvedescriptionoftoricCalabi-Yauthreefoldsisaninstanceofabranched

coveringΣ→ Cembeddedin(T∗C)× =T∗C\C,whereC → T∗Cisthezero-section,

withaholomorphicsymplecticformthatinalocalcoordinate(z,y=∂z)onT∗Ctakes

theformω= dz∧dy
y

.Incontrasttotheordinaryspectralcover(3.1),thisformis

notexact,althoughtheexponentialofthelocal“Liouvilleform”λ=logydzisstill

single-valued. Weemphasizethatitwouldbea mistaketoreplaceΣbyaninfinite

coveringonwhichλiswell-defined–onlythewindingnumberinthefiberdirectionis

detectedby(3.16),andnottheabsolutechoiceofbranchitself.

Asfarasweknow,thegeometryassociatedwithsuch“exponentialdifferentials”has

notbeenstudiedintheliteraturesofar,althoughtheproblemsarisingfromthewinding

inthefiberdirectionwerementionedbackin[18]. Wenotehowever,thatthesemulti-

valueddifferentialsplayacentralroleinwhatisknownasthe“remodeling”description

ofthetopologicalstringonlocal Calabi-Yau manifolds[19]. Inthisapproach,the

formalismoftopologicalrecursionsdevelopedbyEynard-Orantin[20]isliftedtocurves

in(C×)2,withappropriate modificationsofthelocalresiduecalculusatthebranch

points. Giventhestrikingsimilaritieswiththegaugetheorysetup,itisverynaturalto
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expectthat“exponential”versionsofspectralnetworkswillcapturetheBPSspectrum

inthesamefashion.

Anotherwaytounderstandthecloseanalogybetweenmirrorcurves(3.5)andthe

spectralcurvesforgaugetheories(3.1)isthroughtheinterpretationofthesecurvesas

“IRmodulispaces”ofdefectsoftherespective4dN=2theories.Thisinterpretation

givesanalternativederivationofthedifferential(3.15)byreductionalongthenon-

compactcyclesinsteadofthecompactcyclesinthefibersof(3.5). Followingthe

originalapproachofAganagicandVafa[10],consideraprobebranegivenbyoneof

thetwocomponents,sayv=0ofthesingularfiberoversomegivenpoint(x∗,y∗)of

themirrorcurve.Eventhoughsuchabraneisholomorphicforanypointonthecurve,

anon-trivialsuperpotentialarisesonaccountofthenon-compactnessofthecycleon

whichthebraneiswrapped. WefixoneofC× coordinates,sayy,atinfinityonthe

braneworld-volume,whichisidentifiedwiththeu-plane.Theothercoordinate,sayx,

istreatedasaholomorphicmodulus.Then,thesuperpotentialiscalculatedasachain

integraloverthethree-chainΓoftheform

x=x(t), y=y(u,̄u,t), Hx(t),y(u,̄u,t)=u·v(u,̄u,t) (3.17)

withu∈C,t∈[0,1]andfunctionsx,ysubjecttotheconditions

x(0),y(u,̄u,0)=(x∗,y∗),forallu

y(u,̄u,t)→y∗,for|u|→∞,allt

H(x(t),y(0,0,t))=0,foru=0,allt

(3.18)

Withtheseconditions,andassumingaradiallysymmetricprofilefory(u,̄u,t)=y(r,t)

forsimplicity,oneeasilyfinds[10]

Γ

dx

x

dy

y

du

u
=

dt

x

∂x

∂t

d̄u

y

∂y

∂̄u

du

u

=(2πi)
1

0

dt
∞

0

dr
1

y

∂y

∂r

1

x

∂x

∂t

=(2πi) logy−logy∗
dx

x

(3.19)

wherethelastintegralisacontourintegralonΣ,asclaimed.

Framing

Animportantaspectofthisderivationisthedependenceofthedifferentialonthe

mirrorcurveonthebranethatisusedasaprobe,adegreeoffreedomknownas
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Figure5:Atoricbraneintheneighborhoodofavertex,anywhereinthetoricdiagram.

“framing”[21].IntheA-model,thetoricbrane(oftopologyS1×R2)thatismirror

tothev=0fibersisspecifiedbyapointonthetoricdiagram(theprojectionofa

one-dimensionallinearsubspaceofthebaseofthetoricfibration).Thevertexofthe

toricdiagramclosesttothatpointissurroundedbythreefaces,correspondingtotoric

divisorssayz1,z2,z3asinFig.5.Then,modulotheD-termequations(3.7),thebrane

isspecifiedby

|z2|
2−|z1|

2=0, (3.20)

andthemodulusis∼|z3|
2−|z1|

2.Thesemi-classicalregimeiswhenthebraneisfar

fromthevertex(whichrequiresinparticular,ifthebranesitsonaninternalleg,that

legtobelong).Inthequantumregime,capturedbythemirror,(3.20)ceasestovanish,

andthemodulusissubjecttotheframingambiguity

−Re(logx)=|z3|
2−|z1|

2+f(|z2|
2−|z1|

2) (3.21)

(Notethatfdisappearsunder(3.20)!)Inotherwords,thegoodvariablestousein

(3.12)arexandywhicharedefinedby

x=
y3
y1

y2
y1

f
, y=

y2
y1
, (3.22)

andinthesevariablesthedifferentialonΣisgivenby(3.15).Alternatively,wemay

alsousey=y1/y2,withnecessarychanges.

TheideaofthespectralnetworkapproachtoBPSstatesisthatopenwebscapture

thedegeneracyofsolitonsboundtodefectsrepresentedbytheirendpoints,whereas

closedfinitewebscorrespondtothe“vanilla”,orpurely4d,BPSparticles.Asaresult,
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thedegeneracyofthefinitewebsthatweconstructfromourexponentialnetworks

shouldbeindependentoftheframing,eventhoughtherespectivedifferentials might

differbyexactterms.Thisframingindependenceprovidesanimportantcheckonour

formalism.

3.3 BPS Quivers

ThethirdstartingpointofourinvestigationisthedescriptionofBPSspectrainterms

ofquivers,whichalsohasalonghistorygoingbackto[22]inthephysicsliteratureand

buildsonearliermathematicalworkbyNakajima,Kronheimer,andultimatelyGabriel

[80]andKac[81].ThebasicphysicalideaistostudyBPSstatesandtheirinteractions

fromthepointofviewoftheeffectivetheoryontheirworld-volume(supersymmetric

quantum mechanicsinthecaseofBPSparticles). Thispointofviewisparticularly

convenienttounderstandtheformationofboundstatesintermsof“tachyoncondensa-

tion”intheeffectivetheoryandthedecayintoconstituentsintermsofHiggs-Coulomb

transitionsinducedbythevariationofcouplingsinthebackgroundspace-timetheory.

Thequiverdescriptionariseswhen,undercertainconditions,itispossibletobuild

uptheentirespectrumofBPSstatesbyboundstateformationoutofafinitenumber

of“basicstates”.Thesebasicstates,whichasaminimumrequirementmustgenerate

theBPSchargelatticeofthetheoryunderconsideration,formthenodesofthequiver

diagram. Thegaugegroupoftheworld-volumetheoryonsomeintegralcombination

ofthebasisstatesisaproductoverthenodesofthegivenrank. Thechiralfields

inbifundamentalrepresentationsthatallowtheformationofboundstatesformthe

arrowsofthequiver. Thegauge-invariantsuperpotentialisaformalsumoftraces

overclosedloopsinthequiver,andtheD-termsdependonFayetIliopoulosparameters

associatedwiththeU(1)factorsateachnode.Thesupersymmetricvacuacorrespond

tostablerepresentationsofthequiveralgebra[23].

Mathematicalrecapitulation

Toexplainthisidentificationandestablishsomenotation,westatethatourquiverQ

isspecifiedbyatuple(Q0,Q1,h:Q1→ Q0,t:Q1→ Q0),wherethefinitesetsQ0and

Q1collectthenodesandarrows,respectively,andthe mapshandtspecifythehead

andtailofanarrow. Giventhis,arepresentationM ofQisspecifiedby[24]

•Afinite-dimensionalC−vectorspaceMvforeachnodevinQ0.

•AC-linearmapϕα:Mv→ Mw foreacharrowα:v→ winQ1.
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Figure6:TheKronecker-2quiver.

ForanyrepresentationM ofQ,theassignmentofthedimensionnv ofMv toeach

vertexv∈Q0iscalledthedimensionvectorofM. Givenanorderingv1,...,vkofthe

verticesofQ,thedimensionvectorhascomponents(dim(Mv1),...,dim(Mvk
)),butwe

willoftendenoteitsimplybyn(M).

Giventworepresentations(Mv,ϕα)and(Mv,ϕβ)ofaquiverQ, amorphism of

quiverrepresentationsf:M → M isafamilyf=(fv)v∈Q0 ofC−linearmaps

Mv
ϕα

−−−→ Mw



fv




fw

Mv

ϕβ
−−−→ Mw

(3.23)

suchthatφβ◦fv = fw ◦φα.ThecategoryRep(Q)ofrepresentationsofaquiverQ

isequivalenttothecategorymodulesoverthepathalgebraCQ−Mod.Inparticular

Rep(Q)isacategorywithkernelsandcokernels. ArepresentationLoveraquiverQis

asubrepresentationofarepresentationM ifthereisaninjectivemorphismi:L→ M.

Moreconcretely,this meansthat Lv⊆Mvandthehomomorphismsf:Lv→ Lw are

inducedfromtherestrictionofhomomorphismsf:Mv→ Mw.

Asasimpleexample,considerthegenericrepresentations

C C
a1

a2
(3.24)

oftheKronecker-2quiverfromFig.6withdimensionvector(1,1).Fora1=0ora2=0

therearenosub-representationswithdimensionvector(1,0)sinceitisimpossiblefor

thesquare

C C

C 0

a1

a2

0

0

ψ 0 (3.25)

tobecommutative.Howevertherearesub-representationswithdimensionvector(0,1)

whichwewillconsidershortly.
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Arepresentationiscalledindecomposableifitcannotbeexpressedasthedirect

sumoftwonon-zerorepresentations.Forexample,foranyλ=0,therepresentation

C2 C2





1 0

0 1










1 λ

0 1






(3.26)

oftheKronecker-2quiverisindecomposable[25].Itishowevernotirreducibleinthe

familiarsenseofrepresentationtheory,sinceitadmits(3.24)witha1=a2=1asa

non-trivialsub-representationinanobviousway.

ThecomplexalgebraicgroupGC= vGL(nv,C)actsonthespaceofquiverrep-

resentationsoffixeddimensionvector.Itappearsphysicallyasthecomplexification

ofthegaugegroupGoftheeffectiveworld-volumetheory.Inthistheory,(classical)

supersymmetricvacuacorrespondtosolutionsoftheD-termconstraints2modulothe

actionofG.Equivalently,onemayconsiderthespaceofthoseGCorbitsthatcontaina

solutionoftheD-terms.Inotherwords,oneachGCorbitthesolutionoftheD-terms(if

oneexists)isuniqueuptotheactionofG. Mathematically,thisisthecorrespondence

betweenthesymplecticandalgebraicquotientconstructionsofmodulispaces,which

wasestablishedforquiverrepresentationsbyKing[26].Inthiscontext,the“good”GC

orbitsarethosethatare“stable”,inthesenseofMumford’snumericalcriterion,with

respecttoacharacterofGCthatisrelatedphysicallytotheFI-parametersentering

theD-termconstraints.

Moreconcretely,aKingstabilityconditionforquiverrepresentationsisspecified

byamapθ:Q0→R.AnindecomposablerepresentationM ofQisθ-semistableif

θ(M)=
v

θvnv(M)=0 (3.27)

andforeverysub-representationM ofM,

θ(M)=
v

θvnv(M)≥0. (3.28)

TherepresentationM isθ-stableifadditionallytheonlysub-representationsM with

θ(M)=0areM and0.Asanexample,weagainconsidertherepresentationsofthe

2Inthepresenceofasuperpotential,therelevantrepresentationsarethoseofthequiverpath

algebrawithrelations. Thisplaysaroleinourexampleslater,butfornow,weassumethatthe

F-termconstraintshavebeensolved.

26



Kronecker-2quiverwithdimensionvector(1,1). Aswehaveseen,thegenericsuch

representationisindecomposable. Toseethatitisstableifandonlyifθ1=−θ2>0,

itsufficestoconsider

C C

0 C

a

b

0

0

0 ψ (3.29)

whichistheonlypotentiallydestabilizingsubrepresentation. Ontheotherhand,the

indecomposablerepresentation(3.26)isθ-semi-stable,butnotθ-stable,sinceforany

choiceofθ1=−θ2thesubrepresentation(3.24)witha1=a2=1hasθ= vθvnv=0

aswell.

D-braneBoundStates

Thepreciserelationbetween(semi-)stablequiverrepresentationsandD-branebound

stateswasobtainedin[23].ThepunchlineisthatsolutionsoftheD-flatnessconditions

oftheworld-volumetheorycorrespondtodirectsumsofrepresentations,eachofwhich

isθ-stableintheabovesensewithrespecttothesameθ. Foraone-particlebound

state,onlythecenterof massU(1)shouldremainunbroken. This meansthatthe

spaceofendomorphismsoftheassociatedrepresentationshouldbeone-dimensional

(i.e.,therepresentationshouldbe“Schur”). Semi-stablerepresentationscorrespond

tomarginallyboundstates.

Animportantentryinthis dictionaryistheidentification betweenthe FI-

parametersζvforGL(nv)onthevertexv∈Q0andthestabilityparametersθv. The

seemingsubtletyarisesfromthe(trivial)factthattodeterminethesupersymmetric

groundstates,itisingeneralneithersufficientnornecessarythattheD-termpotential

vanishes. Ontheonehand,settingthegauginovariationfortheunbrokengaugegroup

tozerorequiresacombinationoftheFIparameterstovanish. Ontheotherhand,the

minimumenergyconfiguration maypreserveanon-linearlyrealizedsupersymmetry

withaconstantshiftoftheFIparameters.

Forillustration,considerthetoy model[27]of D-braneboundstateformation

fromtwo(stable)constituentsinteractingviaasingle masslesschiral multipletφof

charge(−1,1)undertheU(1)1×U(1)2 gaugegroup. The D-termpotentialforthe

anti-diagonalU(1)− ⊂U(1)1×U(1)2is

VD = |φ|2−ζ
2

(3.30)
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whereζ=ζ1−ζ2isthedifferenceoftheFIparametersintheoriginalbasis.Then,for

ζ<0,theminimumofthepotentialatφ=0haspositiveenergyandthe“space-time”

N =1supersymmetryisbrokenasintheFayet model. Noboundstateformsinthis

case.Inthemarginalcase,ζ=0,bothU(1)1andU(1)2areunbroken.Finally,forζ>

0,thevacuumφ=0isanunstablemaximumwithatachyonicmode.Theboundstate

correspondstothestableminimumat|φ|2=ζ(moduloU(1)− gaugetransformations)

ofzeroenergy. Naively,supersymmetryisstillbrokensincethegauginovariation

δαλ
(−)
β ={Qα,λ

(−)
β }∼ αβD(−)+ F

(−)
αβ

+
=ζ=0 (3.31)

isnon-vanishinginthevacuum. However,underasuitablelinearcombinationofthe

originalsupersymmetrywithaconstantoneoftheform

δαλβ= αβ (3.32)

thegauginovariationdoesinfactvanish.Thismodificationhastheeffectofaconstant

shiftoftheD-terms.

Foraboundstatemadeupofafinitenumberofconstituentswithasingleunbroken

U(1),thecriterionisthatallD-termsshouldbeequal[23].Inthequivernotation,the

D-termpotentialis

V=
v∈Q0

(Dv−ζv)
2. (3.33)

where

Dv=
α∈Q1

h(α)=v

|ϕα|2−
α∈Q1

t(α)=v

|ϕα|2. (3.34)

Following[23],weaddzerotothisexpressionintheform0=−θv+θvandthenchoose

DvsuchthatDv=θv.

V=
v

(Dv−θv+θv−ζv)
2

=
v

nv(θv−ζv)
2.

(3.35)

Theθvminimizingthisexpressionsubjecttotheconstraint

v

θv=0 (3.36)

arisingfromthetraceofD-flatnessare

θv=ζv− wnwζw

wnw

. (3.37)
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Intheend,alltheD-termshavebeenshiftedbytheconstant

vnvζv

vnv

. (3.38)

TheshiftedθvareidentifiedastheKing-stabilityparameters–clearly, θvnv=0(see

(3.27)),anditonlyremainstocheckthecondition(3.28)onallsubrepresentations.

SpectrumofpureSU(2)theoryfromstablerepresentations

Toillustratethisprocedure,letusrederiveinthequiverformalism[28]theBPSspec-

trumofpureglueN =2Seiberg-Wittentheorythatweobtainedattheendofsub-

chapter3.1usingspectralnetworks. TherelevantBPSquiverfollowsfromusingthe

monopoleanddyonasthebasicstates. Thesestates,whicharestableovertheentire

modulispace,arerepresentedbytheelementarywebsofFigs.4aand4bandcorre-

spondtothenodesoftheBPSquiver. Uponsuperimposingthetwopictures,thewebs

intersectonceateachbranchpoint.Thecorrespondingintersectionsoccurinthesame

relativeorientationonΣ,sowedrawtwoarrowsinthesamedirectionbetweenthe

nodes.Sincetherearenoclosedloopsinthequiverthesuperpotential mustbezero.

Theresultingquiveristhe Kronecker-2quiverfromFig.6. Fora moresystematic

derivationofBPSquiversforalargeclassofN =2gaugetheories,see[29,13].

ThestartingpointforthefullrepresentationtheoryoftheKronecker-2quiverare

thetheoremsofGabrielandKǎc,whichguaranteethattheindecomposablerepresen-

tationsofthe2-Kroneckerquiverarepreciselythegenericrepresentationsofdimension

vector(n1,n2)with

n2
1+n2

2−2n1n2≤1. (3.39)

Ofthose,(n1,n2)=(k,k±1)correspondtothepositiverealrootsofthequiverviewed

asDynkindiagram,andn1=n2=1totheimaginaryroot.

Dependingon u,thephasesofthecentralchargesdeterminingthestabilitypa-

rameters(withouttheshift(3.37))areθ1 = arg Zu(−m) = arg(−aD(u))and

θ2=arg Zu(m +e)=arg(aD(u)+a(u)).

Then,inthestrongcouplingregime,θ1<θ2,andtheonlystablerepresentations

arethesimplemodulesofdimensionvectors(1,0)and(0,1).Thesimplerepresentation

ofdimensionvector(1,0)isgivenby

C 0
0

0
(3.40)
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andcorrespondstothemonopoleinpureSU(2)Seiberg-Wittentheory.Thedimension

vectoroftherepresentationisthesameasthechargebasisintroducedinChapter3.1.

Thesimplerepresentationofdimensionvector(0,1)isgivenby

0 C
0

0
(3.41)

andcorrespondstothedyon.

Intheweakcouplingregime,θ1>θ2,thedimensionvectorswithstablerepresen-

tationsare

•(k,k+1)=m+(k+1)e

•(k+1,k)=−m+ke

•(1,1)=2e.

Togetherwiththeirnegatives(whichgivetheanti-particles),thesearealltheroots

listedabove.Therepresentationsforthefirsttwodimensionvectorsareuniqueupto

gaugetransformations,sotheirmodulispaceisapoint.Arepresentativerepresentation

withdimensionvector(1,2)is

C1 C2
A1

A2
(3.42)

with

A1=
1

0
A2=

0

1
. (3.43)

Thegenericindecomposablerepresentationwithdimensionvector(k+1,k)canbe

broughttotheform

A1=









1 0 ···0 0

0 1 0 0
...

...
...
...

0 0 ···1 0









A2=









0 1 0 ···0

0 0 1 0
...
...

...
...

0 0 0 ···1









(3.44)

byasuitablecomplexifiedgaugetransformation.Thestablerepresentationsofdimen-

sion(1,1)havemodulispaceP1,parametrizedbytheratio[a1:a2]in(3.24).

Interestingly,thecorrespondencebetweentheintersectionpatternoftheelementary

websandtheassociatedBPSquiverextendstotherepresentationtheorybetween

thepositionofnon-zeroentriesin(3.44)andtheconnectionpatternofthespectral

networkssuchasFig.4c:A1inthei-thcolumnandj-throwinA1correspondsto
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thefactthat(countingfromtheinsideout)thei-thstrandontheleftisconnectedat

thetoptothej-thstrandontheright.Similarly,a1inthei-thcolumnandj-throw

ofA2 isrelatedtoaconnectionatthebottomofthefigure. Withslightlydifferent

labelling,thisisillustratedinFig.7.

String Modules

Thiscorrespondencebetweentheconnectivityofthenetworkandthenon-zeroentries

intherepresentation matriceswillprovideimportantclueslateron,soweelaborate

abitfurtheronthespecialnatureoftherepresentations(3.44),knownas“string

modules”[30].

Inordertodefinestringmoduleswestartwithafewrelevantdefinitions. Awalkin

aquiverisanunorientedpath,or moreformally,asequenceofverticesinthequiver

connectedbyarrowsineitherdirection,

v1 v2 ··· vn.
α1 α2 αn−1

(3.45)

AstringinthepathalgebraofaquiverCQ,isawalkwhichavoidstraversingsequences

ofarrowsoftheform

v1 v2 v3
β β

or ··· ,
β1 βs

(3.46)

ortheirduals,whereβ1,...,βs∈∂W isazero-relationcomingfromtheF-termrela-

tions. Thefirstforbiddensequenceisthattheinverseofanarrowcannotbeimme-

diatelysucceededbythearrow,orconverselythatanarrowcannotbeimmediately

succeededbyitsinverse. Astring moduleisobtainedfromastringbyreplacingeach

vertexwithacopyofCandrepresentingeacharrowbytheidentity morphism.Each

vertexhasvectorspaceCnv wherenvisthenumberoftimesthevertexvappearsin

thestringandthe morphismsaredeterminedbytheiractionsonarrows. Conversely,

decomposingCnv innv copiesofCwithaseparatenodeforeachcopyamountsto

thinkingaboutthisparticularclassofrepresentationsintermsofan“abelianized”

quiver.

IntheKronecker-2example,therepresentationin(3.44)withk=2canbeidentified

withthestringmodule

C C

C C C.

1 1 1 1 (3.47)
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a

b

b

c

c

A2=

✓
a b c

d 0 1 0
e 0 0 1

◆

A1=

✓
a b c

d 1 0 0
e 0 1 0

◆

Figure7:(3,2)boundstateanditscorrespondingquiverrepresentation.
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correspondingtothestringv1 v2 v1 v2 v1
A1 A2 A1 A2 Ingeneral,there

arekarrowspointingtotherightfromA1andkarrowspointingtotheleftfromA2.

4 Moreon Quiversand D-branes

IntheintroductionwerecalledthatBPSstatesariseinstringcompactificationsby

wrappingD-branesonsupersymmetriccyclesintheCalabi-Yau,andtheirdegeneracies

areencodedinthecohomologyoftheassociatedmodulispaces. Weheregiveabitof

furtherbackgroundonthetypesofsupersymmetriccycles,theireffectiveworld-volume

theory,andthecohomologyoftheir modulispaces. Wethenelaborateonthespecial

classofquiverrepresentationsthatwewillfindrealizedintermsofourexponential

networks.

4.1 Supersymmetriccyclesredux

Supersymmetriccyclesare,bydefinition,cyclessuchthattheworld-volumetheoryof

abranewrappingthecycleissupersymmetric. Twoconditionstobeasupersymmet-

riccycleinCalabi-Yau3-foldswerefoundfromaspace-timeperspectivein[31]and

fromsupersymmetricstringworld-sheetboundaryconditionspreservingAorB-type

supersymmetryin[32]. Thefirstpossibilityisthatthecycleisaneven-dimensional

holomorphicsubmanifold,carryingastableholomorphicvectorbundle. Thesecond

isthatthecycleisa middle-dimensional(inthiscasethree-dimensional)cycle,such

thatRee−iϑΩ|L isitsvolumeform,whereΩistheholomorphicvolumeformonthe

Calabi-Yau.

TheinteractionsofBPSstatesobtainedfromstringcompactificationsaredescribed

byaneffectivequiverquantummechanics.Theformoftheeffectivetheoryofthemass-

lessmodescanbedeterminedusingthetopologicalAandB-models. A-branesinthe

B-modelwrapspecialLagrangiancyclesandtheirF-terminteractionsaremathemat-

icallydescribedbytheFukayacategory. Ontheotherhand, D-termequationsare

relatedtomathematicalconsiderationsofstabilityandarecontrolledbytheB-model.

Similarly,B-branesintheA-modelwrapholomorphiccycles.F-termsarecapturedby

thederivedcategoryofcoherentsheaves,andD-termsbytheA-model.

IntypeIIBstringtheoryonR1,3×YwithYalocalCalabi-YauandD3braneson

R1,3×LithatwrapaspecialLagrangianLi∈YandthetimecomponentofR1,3,we

canchooseabasisofbranes.ThesebranesaretheBPSparticlesina4dN =2theory.
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Theirinteractionsaredescribedbyquiverquantummechanicswithfoursupercharges.

Thequiverquantum mechanicshasgaugegroup U(ni)whereniisthenumberof

D3braneswrappingthespecialLagrangiansLi.

Similarly,intypeIIAstringtheoryonR1,3×X,whereX isanotherlocalCalabi-

Yau(say,the mirrorof Y), D0-branesatpoints, D2-branesonholomorphiccurves,

andD4-branesoncompact4-cyclesgiverisetofinitemassBPSparticlesinspacetime.

NaturalbasesofB-branesarethoseoffixeddimensionatlargevolume,orfractional

branesatanorbifoldpoint. D2/D4-branesonnon-compactholomorphiccycles,as

wellasaD6-branewrappingallofX,correspondtoinfinitelymassiveobjectsthatcan

provideframingtothelighterstates.

4.2 A-branesinthe B-model

IntheFukayacategoryofaCalabi-YaumanifoldY,theobjectsarespecialLagrangians

Li.ThespaceofmorphismsbetweentwotransverselyintersectingspecialLagrangians

LiandLjis

Hom(Li,Lj)=
p∈Li∩Lj

C·p (4.1)

wherethesumisoverallintersectionpointsp3.ThespaceHom(Li,Lj)isthespaceof

masslessopenstringsstretchingbetweenbraneswrappedonthecyclesLiandLj.The

spaceofmorphismsisnotassociative.Insteadthemorphismsareonlyassociative“up

tohomotopy”. ThisweakerstructureiscalledA∞ sincetherecanbearbitrarilyhigh

orderoffailureofstrictassociativity.TheA∞-structureisspecifiedbythecomposition

maps

mk:Hom(Lk−1,Lk)⊗···⊗Hom(L0,L1)→ Hom(L0,Lk)[2−k]. (4.3)

whichwenowdefine.[33]definea modulispaceM ofholomorphic mapsu:D → Y

fromthediskDwithk+1markedpointsp0,1,...,pk−1,k,pk,0suchthattheimageofthe

boundaryintervals[pk−1,k,pk,k+1]underthe maparecontainedinthecorresponding

LagrangiansLk (seeFig.8). TheA∞-mapsaregivenintermsofthesignedareasof

3ForspecialLagrangianswithflatbundles,theHom-spacesare

Hom((Li,Ei),(Lj,Ej))=
p∈Li∩Lj

Hom(Ei|p,Ej|p)·p. (4.2)
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L0

L1

L2
L3

L4

Figure8:HolomorphicdiskboundedbyfiveLagrangians.

theholomorphicdisks,

mk(p0,1,...pk,0)=
u∈ M

±qu∗ω p0,k.

The A∞-mapsencodethe Yukawainteractionsbetween masslessopenstrings.

When YisCalabi-Yauofdimensiond,thereisatrace-map

γ:A →C (4.4)

ofdegree−donthealgebraAof masslessopenstringsobtainedfromthedirectsum

ofallofthe Hom-spaces. Usingthetrace-map,theA∞-mapscanbeencodedina

superpotential

W =Tr
∞

k=2 i0,i1,...,ik

ci0,i1,...ik

k+1
φi0,i1φi1,i2...φik,i0 (4.5)

where

ci0,i1,...ik =γ m2 mk pi0,i1 ,...,pik−1,ik ,pik,i0 (4.6)

andφi,j∈Hom(Li,Lj)arethemasslessfieldsinthequiverquantummechanics.Inthe

subsequentChapters,wewillsimplifyourdiscussionandsaythatthesuperpotential

isobtainedbysummingcontributionsbyholomorphicdisks.

4.3 Quiverrepresentations

ThegeometricoriginoftheBPSquiversthatweconsiderinthisthesisisreflected

inspecialpropertiesoftheirrepresentationtheory. Alreadyinourdiscussionofthe
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B1

B2

i

j

Figure9:TheADHMquiver.

Kronecker-2quiver,wesawthattherepresentationswithdimensionvector(k±1,k)

are“string modules”intheterminologyof[30], whilethe(ingeneral,semi-stable)

representationswithdimensionvector(n,n)areso-called“bandmodules”. Aspointed

outin[34],thisrelationextendstoalltheoriesofclassSwithg=su(2): According

to[35],the BPSspectraofthesetheoriescanbestudiedintermsoftriangulated

surfaces,anditisageneralresult[36]thatforquiversfromtriangulatedsurfaces[37],

allrepresentationsareeitherstringorbandmodules.Fromthespacetimeperspective,

thesearehyper-andvector-multiplets,respectively[34].

Inmoregeneralsituations,suchasthoseinvolvingmirrorcurvesoftheform(3.14),

stringandband moduleswillnotbeenough. Weheredevelopagraphicalrepresen-

tationofcertainspecialclassesofquiverrepresentationsforthespecificcasesofthe

ADHMandKronecker-3quivers.ForKronecker-3quiver,theserepresentationscover

theclassof“tree modules”whichwerediscussedin[38],andcanbeseentoaccount

foranexponentialgrowthofBPSdegeneracies[39,40,41].

TheseresultswillbeusedlaterinChapters6,7and8,wherewewill(re)produce

suchquiverrepresentationsfromexponentialnetworks.

RepresentationsoftheADHMquiver

The ADHMquiverisshowninFigure9andhastherelations[B1,B2]+ij=0.

RepresentationsoftheADHMquivercorrespondtopointsoftheHilbertschemeof

pointsinC2,seeforexampleTheorem1.9of[42]. Webrieflyexplainhowtoconstructa

quiverrepresentationfromapointintheHilbertscheme.ApointintheHilbertscheme

canberepresentedbyanidealI⊂C[z1,z2]withC[z1,z2]/Iwhichisfiniteofdimension

k.Theidealdefinesak-dimensionalvectorspaceV =C[z1,z2]/I.Multiplicationby
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zαmodulotheidealIdefinestwoendomorphismsBαwhereα=1,2.Furthermorewe

seti(1)=1 modIandj=0.

ThetorusfixedpointsoftheHilbertschemeofkpointsinC2correspondtopar-

titionsofk.ToeachpartitionthereisitsassociatedYoungdiagram.GivenaYoung

diagram,wecanequivalentlyconstructarepresentationoftheADHMquiverbymeans

ofa“covering”quiver.PlacetheYoungdiagramat45degrees.Foreachboxinthe

Youngdiagramplaceavertex. Thenconnectverticesthatareuptotheleftorup

totherightbyarrows.Finallyaddanadditionalvertexandarrowconnectingthat

vertextothevertexcorrespondingtothefirstboxintheYoungdiagram. Thenwe

canassociatearepresentationbyplacingacopyofCateachvertexandtheidentity

homomorphismforeacharrow.

Weillustratethecorrespondencebetweentorusfixedpoints,partitions,andquiver

representationsintheexampleofk=4pointsinC2.Therearefiveidealswith

dimC[z1,z2]/I=4.Thefirstthreeare

•I= z41,z2,correspondingtothepartition(4),withC[z1,z2]/I= [1],[z1],[z
2
1],[z

3
1],

andcoveringquiverandrepresentationmatricesgivenby

C

C

C

C

C

B1

B1

B1

i

(4.7)

B1=









0 0 0 0

1 0 0 0

0 1 0 0

0 0 1 0








, B2=









0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0








, i=









1

0

0

0








, j=









0

0

0

0








.(4.8)
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•I= z31,z1z2,z2 correspondingto(3,1),C[z1,z2]/I= [1],[z1],[z
2
1],[z2],and

C

C C

C

C

B1

B1 B2

i

(4.9)

B1=









0 0 0 0

1 0 0 0

0 1 0 0

0 0 0 0








, B2=









0 0 0 0

0 0 0 0

0 0 0 0

1 0 0 0








, i=









1

0

0

0








, j=









0

0

0

0








.

(4.10)

•andI= z21,z
2
2 withpartition(2,2),C[z1,z2]/I= [1],[z1],[z2],[z1z2],and

C

C C

C

C

B2 B1

B1 B2

i

(4.11)

B1=









0 0 0 0

1 0 0 0

0 0 0 0

0 0 1 0








, B2=









0 0 0 0

0 0 0 0

1 0 0 0

0 1 0 0








, i=









1

0

0

0








, j=









0

0

0

0








.

(4.12)

Theremainingtwopartitions(1,1,1,1)and(2,1,1)arethetransposesof(4)and(3,1)

respectively.Transposingpartitionsactsbyverticalreflectiononthecoveringquiver,
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v0 v1

‘+’,‘−’,B

Figure10:Kronecker-3quiver.

interchangingtheB1andB2arrows.Thefinalexampleofthepartition(2,2)contains

twodistinctpathsfromCtoC.TherepresentationmustsatisfyB1B2=B2B1andit

doesbyconstruction.

RepresentationsoftheKronecker-3quiver

TheKronecker-3quiverisshowninFig.10.Itarisesinavarietyofcontextasthear-

guablysimplestexampleofaquiverof“wild”representationtype.Asbefore,however,

wecanusefullyabelianizetherepresentationsoftheKronecker-3quiverintermsofa

“coveringquiver”[43,44].

A much-studiedfamilyofrepresentationsarethe“Fibonaccirepresentations”.

Theirdimensionvector(Fn,Fn+2)isgivenbythen-thFibonaccinumberFn,which

aredefinedrecursivelybyF0=0,F1=1andFn=Fn−1+Fn−2[45]. Whenniseven,

thesedimensionvectorsaretheSchurrootsofthequiverandthereexistsaunique

irreduciblerepresentation.Fornodd,themodulispaceofrepresentationsisisomor-

phictoCP2.Forn=2,i.e.,dimensionvector(1,3),therepresentationisrepresented

graphicallyby

C1C2

C3

C

−+

B

(4.13)

withrepresentationmatricesgivenby

M−=






1

0

0




, M+=






0

1

0




, MB=






0

0

1




. (4.14)

Forn=4thedimensionvectoris(3,8)andthecoveringquiverisshowninFigure11.
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Fromthecoveringquiver,wecanreadofftherepresentationmatrices

C2C3

C1

C7

C5

C8

C3

C4C1

C22,6

−

(10)

+

(01)

B(11)

B

+

B

−

+−

Figure11:Thecoveringquiverforthe(3,8)representation.

M−=



















1 0 0

0 1 0

0 0 1

0 0 0

0 0 0

0 0 0

0 0 0

0 0 0



















, M+=



















0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1

0 0 0

0 0 0



















, MB=



















0 0 0

1 0 0

0 0 0

0 0 0

0 0 0

1 0 0

0 1 0

0 0 1



















. (4.15)

TheentriesintherepresentationmatricesarezerounlessthereisanarrowfromCito

Cj.Inthiscase,thereisa1inthe(i,j)positionofthecorrespondingrepresentation

matrix.ThecentralnodelabeledC22,6istwo-dimensionalandwewritethecorrespond-

ingmatrices.TherepresentationsoftheKronecker-3quivershownin(4.13)andFigure

11belongtotheclassoftreemodulesstudiedin[38].

Quantizingthemodulispaceofquiverrepresentations

Intheexamplesweconsider,mostquivershaveamodulispaceofrepresentations.

TheBPSparticlesareobtainedbyquantizingthemodulispace.In[46]itisargued

thatL2cohomologyistheappropriatecohomologyforquantizingthemodulispace.

Oneapproachtocomputingthecohomologyofquivermodulispacesistocountthe
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numberofpointsintherepresentationvarietyoverfinitefieldsandusingthe Weil

conjectures[47,48]toextracttherelevantcohomologygroups. Asecondapproachis

tousesupersymmetriclocalizationinquiverquantum mechanics[49,50,51,52].In

applicationstotheKroneckerquiversthelocalizationcalculations[53,54]reducetoa

weightedsumovertrees[48,39,40,41]. Therelationshipbetweentree modulesand

theappearanceoftreesinlocalizationarerelatedmanifestationsofabelianization.The

combinatoricsoftreescontributestotheexponentialgrowthofBPSstates.

5 Exponential Networks

WiththeworkreviewedinChapter3in mind,wesetouttoinvestigatenetworksof

BPStrajectoriesonmirrorcurvesπ:Σ→ Coftheform(3.14).Themainpurposefor

nowistodescribethefeaturesthatarenewcomparedtothegaugetheorysituationof

(3.1),butwealsooffertentativegeometricinterpretationsthatwillbecorroboratedin

thesubsequentexamples.

5.1 Newrules...

Thefirstnoveltyisthatthecalibratingdifferentialisonlydefinedmodulo(2πi)dlogx

onΣ. Asaconsequence,BPStrajectoriesonC arelabelledlocallybybothapair

(i,j)∈π−1(x)ofbranchesofthecovering,andawindingnumbern∈Z.Sincethis

windingnumberisonlydefinedinrelativeterms(see(3.16)),wemustindicateitasa

subscript.4 Thus,alabel(i,j)n foratrajectoryonCmeansthatitiscalibratedby

λ(ij)n :=logyj−logyi+2πindlogx (5.1)

wheretheyiisthei-thlocalsolutionofH(x,y)=0. Allexamplesweconsiderinthis

thesisinvolveacoveringofdegree2,andwewillthenusei,j∈{+,−}.Beingintegral

curvesofthefirstorderdifferentialequation:

e−iϑλ(ij)n =dt, (5.2)

(ij)n BPStrajectoriesarenaturallyoriented. Orientationreversalisimplementedby

interchanging(ij)n and(ji)−n.

4Formally,thelabelsliveinanextensionofthelatticeoidπ−1(x)×π−1(x)bytheintegralwinding

number.
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Figure12:D0-branearoundapuncture.

Alsonotethati=jisallowedifn=0,andinfactthisisanessentialfeaturefor

asuccessfulphysical/A-modelinterpretationofspectralnetworksofthiskind.Indeed,

aneasywarmupanalysisoftheBPStrajectoriesaroundalogarithmicbranchpoint,

i.e.,x=0,∞,revealsafamilyofcircularBPStrajectoriesoftype(++)1or(−−)1at

ϑ=0.ThesetrajectoriesareshowninFigure12,andhaveconstantlength4π2inthe

normalization(5.1).Inthemirrorpicture,weinterpretthesetrajectoriesasD0-branes

localizednearthenon-compactlegofthetoricdiagramcorrespondingtothepunctures

ofΣ,seeFig.5.

When ϑisnon-zero,the(++)1and(−−)1trajectoriesnearx=0,∞ arelogarithmic

spiralsoftheform

x(t)∼expeiϑt/(2πi) (5.3)

whichfallintothepunctureast→±∞ ifϑ>0oremanatefromthepunctureifϑ<0.

Under monodromyϑ→ ϑ+2π,thesetrajectoriescomebacktothemselvesuptothe

additionofaD0-brane.Basedonthis,weinterpretthesetrajectoriesasnon-compact

D2-branesextendedalongthecorrespondingopenlegofthetoricdiagram.

Perhapsthe mostinterestingnoveltycomparedtogaugetheoryisthepresenceof

“doublelogarithmic”singularitiesinthedifferential,ofthetype

λ(ij)n ∼logxdlogx=
1

2
dlogx

2
(5.4)

wheny∼x→ 0ononeofthebranchesatthepuncture.Thecorrespondingtrajectories

looklike

x(t)∼expeiϑ/2
√

t (5.5)

whichalsospiralinto/outofthepuncture,butaslowerratethantheD2-brane.Cutting

offthedivergenceat|x0|= eu,ucanbeinterpretedasthe(nowfinite)areaofa
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(+� )0

(+� )0

(� +)0

Figure13:LocalstructureofBPStrajectoriesneara+−branchpoint.

holomorphicdiskendingontheHarvey-Lawsonbraneindicatedbythedashedlinein

Fig.5.Intermsofthisparameter,thelengthofthetrajectory(5.5)upto|x0|displays

at∼u2/2divergencenaturallyassociatedtoaD4-brane.

Aroundthebranchpoints,theanalysisisbasicallyanalogoustothegaugetheory

case,withthreeBPStrajectoriesemanatingfromeachordinarydoublepoint,leading

tothelocalstructureinFig.13. Aslightinconvenienceinfollowingthesetrajectories

aroundCisthepresenceofthelogarithmicbranchcutrunningbetweenx=0and∞:

The(+−)0strandbegins/endsatthebranchpoint,butnotitsimageafteranon-trivial

monodromyaroundC. Asapotentialremedy,wehaveincludedsomepartialnoteson

ournumericalimplementationinAppendixA.

Themostconsequentialnovelty,whichwewillobserveinourfirstexampleinChap-

ter6,istheneedtoallowfor“stacked”BPStrajectories,inotherwords,trajectories

carryingmultiplicityk>1,withpeculiarinteractionrules.Theseinteractionsofhigher

multiplicityarenecessarytoaccountfor“tachyoncondensation”thatoccursatthein-

tersectionof(elementary)BPStrajectoriesawayfromthebranchpointsbutthatdoes

notseparatethestackedtrajectories.

Tobe morespecific,weadoptthenotationk(ij)n toindicate multiplicityk. Tak-

ingintoaccountthatthechargescomingintoavertex mustadduptozerointhe

latticeoidofcharges,wefindthatweneedtoallowforthefollowinginteractionsof

BPStrajectoriesforeveryk≥1:

k(ij)n1+k(ji)n2 → (ii)(n1+n2)k (5.6)

(k+1)(ij)n1+k(ji)n2 → (ij)n1(k+1)+n2k (5.7)

Pictorially,one mightthinkofthese multiplejunctionsasasequenceofelementary

junctionsofthetype(+−)0+(−+)1→ (++)1followedby(++)1+(+−)0→ (+−)1,
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=lim

3(+� )0

(+� )0

(+� )0

(+� )0

(� +)1

(� +)1

(+� )2

(+� )2

(+� )1

(++)2

(++)1

2(� +)1

Figure14:Resolutionofjunctionswithmultiplicity.

inthelimitinwhichtheinteractionverticessitontopofeachother. Wehavedepicted

theinteraction(5.7)fork=2inFig.14.

5.2 ...forold Geometries

WebeginourinvestigationwiththethreesimplesttoricCalabi-Yaumanifolds: C3,the

resolvedconifold(“localCP1”),andlocalCP2.ThetoricdiagramsareshowninFigure

15.InTable2wecollectthe(mirrortothe)D-termequations,whichareusedtosolve

forthevariablesyiintermsoftwoofthemthatwecallxandy(recallthatoneof

thevariablesissetto1).Thechoiceofwhichvariablesarekeptcanbeinterpretedas

choosingthelegofthetoricdiagramonwhichtheprobingbranesits(seediscussion

aroundFigure5);thischoiceisimmaterialasfarastheBPSspectrumisconcerned.

Weadjustthecurve W = yi=0withtheframingoperation

y→ y,x→ (−y)fx

sothattheresultingexpressionisquadraticiny(thisisnotalwayspossiblefor more

complicatedexamples). Notethatthesignintheframingruleiscompletelyinnocuous

atthelevelofpicturesandmerelyimplementsareflectionofthex-plane.

6 Resolved Conifold

TheconifoldisthesingulargeometryX ={x1x2−x3x4=0}⊆C4.Ithastwosmall

resolutionsX̂± obtainedbyblowinguptheideals(x1,x3)and(x2,x4),respectively.
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(a)C3 (b)Resolvedconifold (c)localCP2

Figure15:ToricdiagramsofsomelocalCalabi-Yaus.

v1 v2

a1

a2

b1

b2

Figure16:Quivercorrespondingtotheconifoldgeometry.

TheresolutionscontainthecurvesC± ∼=CP1.

ThemodulispaceisgivenbythecomplexifiedvolumeofthecompactCP1,denoted

bylogQbelow. Thetwolargevolumeregions|Q|>>1and|Q|<<1correspondto

thetworesolutionsX̂± oftheconifoldandareconnectedbyabirationaltransformation

knownasa“flop”.Thetworesolutionsareinfactisomorphic. Wewillseebelowthat

thefloptransformationactsinaninterestingwayonspectralnetworks,providingthe

firstmotivationforthejunctionrules.

6.1 Websandquiverrepresentations

Inlargevolumeterminology,thecompactbranesareclassifiedbytheirchargesQ2and

Q0,whereQ2istheD4chargewrappingthecompactCP1andQ0theD2-charge.The

centralchargeis

ZQ(Q2,Q0)=
Q2

2πi
logQ+Q0 (6.1)

andthestablebraneshavecharge±Q2+nQ0,n∈Z.

The D0braneisaboundstateofthebasicstates(“fractionalbranes”) D2and

D2+D0respectively. Thesetwobasicstatesarerepresentedinthequiverquantum
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(a)D2+D0brane. (b)D2brane.

Figure17:

a1,a2
b2

b1

Thetwobasicstatesfortheconifold.

Figure18: Superimposingthetwobasicfinite websontheconifold,showingthefour

bifundamentalfieldsarisingatintersectionpoints. Notethatthetwobasicstatesdonot

occuratthesamephase.

mechanicsbythetwonodesofthequiverinFigure16andhavedimensionvectors

(1,0)and(0,1)respectively.Thetwobasicstatesarerealizedbyfinitewebsshownin

figures17aand17bandhaveconstanttopologythroughoutthemodulispace.Thetwo

basicstatesintersectinfourpoints,whichgiverisetothefourbifundamentalfieldsin

theconifoldquiver. OnthecurveCthefourintersectionpointsaredepictedinFigure

18.

Twointersectionscorrespondtothefieldsa1anda2atthetwobranchpoints.The

thirdintersectionpoint,awayfromthetwobranchpointscorrespondstotwofields
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a1
a2

b2

b1

Figure19: Renderingonthe mirrorcurveofthetwobasicstatesontheresolvedconifold.

b1,b2,sinceπ:Σ→ C isadoublecoveringawayfromthebranchpoints. Thefour

intersectionpointsonΣareshowninFigure19. Takingorientationsintoaccount,a1

anda2transforminthedualrepresentationtob1andb2.Moreover,thetwoholomorphic

disksfromthetopandbottomofthe“pillowcase”inFigure19contributethetwoterms

intheKlebanov-Wittensuperpotential

W =Tr(a1b1a2b2−a1b2a2b1). (6.2)

TheresultingquiverfortheconifoldisshowninFigure16.

Ataleoftwophases

Boundstatesofthetwobasicbranesarerealizeddifferentlyinthetwophases. Recall

theheuristicpicturedevelopedinChapter3.3whereboundstatesareformedbyre-

solvingintersections.Inthequiverquantum mechanics,theboundstatesarisefrom

tachyonicfieldscondensingandthe matterfieldsacquiringanon-zerovacuumexpec-

tationvalue(VEV).Intermsofquiverrepresentations,thiscorrespondstoarrows

associatedtoresolvedintersectionstakingnon-zerovalues.

For|Q|>1,theboundstatesare madeofconcatenatedcopiesofthebasicfinite

websthathavedetachedfromthebranchpointanchors. Thisprecisely mimicsthe

situationinSU(2)gaugetheoryshowninFigure4.Indeed,intermsofthequiverin

Figure16,thiscorrespondstoonlytheb-arrowstakingonnon-zerovalues,effectively

reducingtotheKronecker-2quiveroftheSU(2)gaugetheory. Thisisinagreement
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Figure20:D2+2D0orbrane(2,1)at|Q|>

2(+� )0

(� +)1

(+� )1

1.

Figure21:Brane(2,1)at|Q|<1.
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(� +)1

(++)1

(+� )0

Figure22:TheD0brane(1,1)at|Q|<1.

withtherepresentationtheoryoftheconifoldquiverasexplainedinAppendixC.An

exampleboundstatecorrespondingtotherepresentationwithdimensionvector(2,1)

inthisphaseisshowninFigure20.

Downtherabbithole

Intheotherphase|Q|<1,naturally,thesituationistheopposite.Ascanbeexpected,

theboundstatesformbyresolvingintersectionsassociatedtothea-arrows,namelythe

collisionpointsoftheBPStrajectories.Thismakesuseofthejunctionrulesintroduced

inChapter5.Arepresentativeboundstateinthe(k,k+1)or(k+1,k)familyisshown

inFigure21. Thea-intersectionpointshavebeenresolvedbya(+−)k strand. This

observationwillbeusefullatertovisualizetheserepresentationsasstring modules.

Namely,bysymmetryofthetwophases,welearnthatweshouldalsoassociatethe

(k,k+1)or(k+1,k)representationofthe Kronecker-2quivertotheresolutionof

a multipleintersectionof(k+1)(+−)0withk(−+)1byinsertionofa(single)(+−)k

stub.

ASLAG’spointofviewofstringygeometry

AspecialD0-branecorrespondingtodimensionvector(1,1)isshowninFigure22. A

genericD0-branewithbothaandbbifundamentalsturnedonhasa(++)or(−−)

andisdetachedfromthebranchpoints,asshowninFigure23.

Unlikethe(k,k+1)and(k+1,k)boundstates,therepresentationtheoryofthe
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Figure23:GenericfinitewebfortheD0-braneontheresolvedconifold.

Figure24: Moduliof D0-braneontheresolvedconifold. Networksplottedinavariable

suchthatthex=∞ punctureliesatfinitedistance.

D0-branedoesnotreducetothatofthe Kronecker-2quiver.Indeed,allfourfields

cangainexpectationvalues. Fordimensionvector(1,1)theF-termconstraintsare

vacuous,andtheresolvedconifoldgeometryisrecoveredfromthequiverquantum

mechanicsasthe GITtheoryquotientoffourfieldswithcharges(1,1,−1,−1)bya

U(1)gaugegroup. AmapofthemodulispaceoftheD0isshowninFigure24,where

theverticalreflectionsymmetryexchanges(++)and(−−)strands.Thecompactpart

oftheD0-branemodulispaceisCP1andthetwocorrespondingfixedpointareshown

inFigure25.

Insummary,thefloptransformationpreservesthespectrumandinterchangesthe
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Geometry (mirrortothe)D-termequations framedcurveW = yi

C3 ∅ −x+y+y2

Resolvedconifold y1y2y
−1
3 y−1

4 =Q −1+y+xy−Qxy2

LocalCP2 y1y2y3y
−3
4 =Q −Qx3−y+xy+y2

Table2: Framedmirrorcurves.

Figure25:TwofixedpointsfortheD0brane(1,1)at|Q|>1.
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tworealizationsofthe Kronecker-2quiver. At|Q|=1,thetwobasicbraneshave

alignedcentralchargesandtheycometocoexistwithalloftheirboundstatesinthe

samespectralnetwork,asdepictedinFigure26. Alltheresolutionscontracttozero

length,nicelyinterpolatingbetweenthe|Q|>1phaseandthe|Q|<1phase.

Figure26:SpectralnetworkatQ=−1,onthelineofmarginalstability.

7 ALocal Calabi-Yau

LocalP2 isthetotalspaceofthebundleO(−3)→ P2,whichcanbeobtainedby

resolvingtheorbifoldC3/Z3.Thesmoothgeometryandtheorbifoldcorrespondtothe

largevolumeandorbifoldpointsinthecomplexified K̈ahler modulispace[55]. The

quiverisshowninFigure27andhassuperpotential

W =Tr ijka
ibjck . (7.1)

ThespectrumofBPSbranesismuchricherthaninthepreviousexampleanddisplays

anintricatewall-crossingstructurethatwasstudiedin[12].Atlargevolume,thestable

branesaresheavesonCP2 whileneartheorbifoldpointtheyareincorrespondence

withquiverrepresentations[56].InthisChapterweexploretherelationbetweenquiver

representationsandspectralnetworksneartheorbifoldpoint,showanexampleofD-

branedecay,andidentifymasslessbranesattheconifoldpoint.Thecentralchargein

variousbases,aswellastheconversionbetweenthem,aregiveninappendixB.
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v0 v1

v2

a1,a2,a3

b1,b2,b3c1,c2,c3

Figure27:QuiverforlocalP2.

7.1 Orbifoldpoint

Thefractionalbranesneartheorbifoldpointarerepresentedbytheorange,green

andbluefinitewebsrespectivelyinFigure28. ThefractionalbranesF0,F1,andF2

correspondtothesimplerepresentationwithdimensionvectors(1,0,0),(0,1,0)and

(0,0,1).ThecentralchargesofthebasicfractionalbranesareshowninFigure29.For

clarity,wehavechosenapointinthecomplexstructuremodulispacewherethecentral

chargesofthetwofractionalbranesnearlyalign. Thisensuresthattheresolutionsof

Lagrangianintersectionswillbelocalizedclosetotheoriginalintersectionpoint. The

centralchargesofthesebranesasafunctionofthecomplexstructure modulusis

relegatedtoAppendixB.Eachpairoffractionalbranesintersectinthreepoints.For

eachpair,oneintersectionpointisatabranchpointandtwointersectionpointsonΣ

comefromthetwodistinctliftsofanintersectionpointonC.Theresultingquiveris

showninFigure27.

Kronecker-3Quiver

Wefirstconsiderboundstatesoftwoofthetwofractionalbranes F1 andF2. The

quiverquantum mechanicsreducestothe Kronecker-3subquiverconsistingofthree

arrowsb1,b2,b3betweenthenodesv1andv2.Welabeltheintersectionatthebottom

branchpointbyBandlabelthetwointersectionpointsnearthetopcenterby‘+’and

‘−’. ThisisthesamelabellingschemefortheKronecker-3quiverusedinFigure10.

AsexplainedinChapter3.3,resolvingintersectionscorrespondstogivingaVEVto

thecorrespondingfieldsinthequiverquantummechanics.Thenotationinthefigures

tocomeisexplainedinthenextsubchapter.

Westartbyconsideringboundstatescorrespondingtorepresentationswithdimen-
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a1,a2

b1,b2

c1,c2

a3

b3

c3

Figure28: Thethreefractionalbranesneartheorbifoldpointandthebifundamental

fieldscorrespondingtotheirintersectionpoints. Notethatthefractionalbranesalloccurat

differentphases.

ReZ

ImZ

F0

F1

F2

Figure29:Centralchargesofthefractionalbranesatψ=−1
6
.
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a

a

b

b

ab

(a)Resolvebya1:1strand(++or−−

a

b

ba

). (b)Detachfrombottombranchpoint.

Figure30:ThreetorusfixedpointsfromK3(1,1)

sionvector(1,1). The modulispaceofrepresentationsisK3(1,1)∼={C3−0}/C× ∼=

CP2.ThismodulispacehasthreetorusfixedpointsandaccordinglytheEulercharac-

teristicisthree.Foreachofthethreetorusfixedpointsthereisacorrespondingfinite

web.Thefinitewebsareshowninfigures30aand30b.ThefinitewebshowninFigure

30a,resolvestheintersectioninthetopcenterbyeithera(++)ora(−−)strand.The

twopossibleresolutionscorrespondtotwodistinctfinitewebscontributingtwotothe

Eulercharacteristic. DependingonthechoiceofresolutionaVEVisgiventothe‘+’-

or‘−’-arrowintheKronecker-3quivercorrespondingtothe(++)or(−−)strand.The

secondfiniteweb,Figure30b,detachesastrandfromthebottomintersectionpoint,

givingaVEVtothethirdB-arrowintheKroneckerquiver. Notethatthereisacon-

tinuousfamilyoffinitewebsinterpolatingbetweenthethreedistinguished members:

itispossibletograduallyshortenthe(++)linktozerosize,simultaneouslydetaching

thestrandsatthebottombranchpoint. Thelinkcanthenberegrownwitha(−−)

strand. Thisdoesnotquite matchtheCP2modulispace,thoughitisreminiscentof

itstoricdiagram.

Themodulispaceforthedimensionvector(1,2)isagainCP2. Weagainfindthree

finitewebscorrespondingtothethreetorusfixedpoints. Thefirstfinitewebshown

inFigure31aresolvesthetopintersectionbya(+−)1 strand. Thecorresponding

“abelianized”quiverrepresentationisshowninFigure32. Theothertwofinitewebs

showninFigure31bresolvethetopintersectionpointbya(++)or(−−)strand.
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ab

c

abc

c

ab

ab

c

a

cb

ac

(a)Resolvebya2:1strand.

(b)Resolvebya(++)or(−−)strandand

detachfrombottombranchpoint.

Figure31:ThreetorusfixedpointsfromK3(1,2).

Notethatofthetwostrandsstartingfromthetopleftbranchpointinfigure31b,only

oneofthemgoesaroundtheloop,andcollideswiththeonethatdidn’tgetto make

a(++)strandoffspring. Thequiverrepresentationcorrespondingtoresolvingbya

(++)strandisshowninFigure33. Lessobviousthaninthepreviouscase,thereis

alsoafamilyoffinitewebsinterpolatingthetwopictures,obtainedbyresolvingthe

4-wayjunctioninfigure31b.

Fromtreemodulestonetworks

WenowexplainhowtoobtainrepresentationsoftheKronecker-3quiverfromexponen-

tialnetworks.InChapter4.3wedescribedaspecialfamilyofquiverrepresentations

fordimensionvector(Fn,Fn+2)ofthe Kronecker-3quiverintermsoftree modules,

whereFnisthen-thFibonaccinumber. Wenowwishtoexhibitexponentialnetworks

correspondingtotheserepresentations.

Tosimplifythetranslation,andreducetheclutter,wewilluseanalternativeno-

tationthatfirstappearedinFigure7.Inthenewnotation,thereisonelabelforeach

copyoftheoriginalbasicstatesthat makeuptheboundstate. Everylabelfollowsa

strandthatstartsandendswherethecorrespondingbasicstatedid,possiblytraveling

throughresolutionsandpossiblyendingdetachedfromthebranchpoint.Notethatthe
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CbCa

Cc

−+

Figure32:Representationforresolvingbya2:1strand.

Ca

Cb

Cc

+

B

Figure33:

ab

a

b

$

(+� )0

(� +)1

(++)1

Representationforresolvingbya1:1strand(++accordingtothedirectionof

forking).

abc

ab

c

$

2(+� )0

(� +)1

(+� )1

(a)Notationsfor1:1collision. (b)Notationsfor2:1collision.

Figure34:Convertingbetween(ij)n andtreemodulenotation

numberoflabelsonastrandisnotnecessarilyequaltoitsmultiplicity.Rather,itcan

berecoveredfromtheconversionsshowninFigures34aand34b. Wewillfromnowon

refertostrandsbornaccordingtoreactions5.6and5.7ask:kandk+1:kstrands

respectively. Theconversionrules mightbebestillustratedonasamplenetworkof

sufficientcomplexity. Tothisend,weshowthefullylabelled(2,5)representationof

the Kronecker-3quiverrealizedonlocalCP2,inthe“old”(ij)n-notationinFig.40,

andinthenewnotationinFig.41.

Tree modulescanbedescribedintermsofacoveringquiveroftheoriginalquiver

representation. TheybearastrikingresemblancetoquantumHallhalos[47].Inthe

coveringquiveroftheKronecker-3quiverwewillalwaysorientthearrowssuchthat

B isintheverticaldirectionand‘+’/‘−’areat120degreestoB.Theseconventions

areeasilyillustratedinFigure35. Givingacoveringquiverrepresentation,wesliceit
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CbCa

Cc

Cd

−+

B

Figure35: Conventionsforthethecoveringquiver. Also,thetree modulefordimension

vector(1,3)

abc

abd

d

dc

ab

.

Figure36:Thefinitewebfortheunique(fixed)pointinK3(1,3).

horizontallyintostringmodulesbyforgettingthevertical‘B’arrows.Theresultingcol-

lectionofquiverswillcorrespondtorepresentationsoftheKronecker-2quiverwiththe

twoarrowscorrespondingto‘+’and‘−’.Eachtimethereisa(k+1,k)representation

oftheKronecker-2quiverwithkcopiesofCmeetingk+1copiesofCwewillassociate

ak+1:kstrandtotheresolutionofthecorrespondingintersection.Thistranslation

agreeswiththerepresentationthatwegaveinFigure32forthefinitewebshownin

Figure31a.IntheoddFibonaccicasethecoveringquiverhasaleft-rightasymmetry

andtherewillbeadditional(++)or(−−)strandstoresolvetheambiguities.

Therepresentationfordimensionvector(1,3)hasK3(1,3)∼=ptasitsmodulispace.

Thereforethereisasingletorusfixedpointwhichisrepresentedbyasinglefiniteweb
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showninFigure36. Thereisasingle2:1strandresolvingthetopintersectionpoint

andoneofthestrandsdetachesfromthebottombranchpoint. Thecorresponding

quiverrepresentationappearsinequation(4.14)andFigure35illustratestherulesfor

convertingbetweenafinitewebanditsassociatedtreemodule.

MoreexoticFibonaccirepresentations

Wenowturntothe(2,5)and(3,8)Fibonaccirepresentations.Therearethreefamilies

oftree modulescorrespondingtothethreetorusfixedpointsfortherepresentation

vector(2,5). TherepresentationshowninFigure37correspondstoafinitewebwith

aresolutionbya3:2strandandtwostrandsdetachingfromthebottombranchpoint.

ThereindeedissuchafinitewebanditisshowninFigure38.

ThereisasecondtypeofrepresentationshowninFigure39. Thecorresponding

finite webisshowinFigure41(as wellasinFig.40inthe“old”notation). An

interestingfeatureisthe(++)or(−−)strandthatdeterminesifthearrowbetween

thenodes‘e’and‘g’isa’+’ora’-’.

Finallyweconsiderthe(3,8)representationshowninFigure42.Themodulispace

isagainasinglepointandthereisonefiniteweb.ThenetworkisshowninFigure43.

7.2 Largevolume

AtlargevolumethebranechargesarelinearcombinationsoftheD0,D2andD4brane

charges.Thebraneswithcompactsupportcanbemathematicallydescribedassheaves

onCP2. Thecompactpartofthe modulispaceofthe D0braneisCP2. Thereare

threefinitewebscorrespondingtothefixedpoints. TheyappearinFigure44;one

isattachedtotheleftmostbranchpoint,whiletheothertwoarisefromthepieceof

networkwitha(++)or(−−)strand.

ThewebscorrespondingtotheD0-andD4-branesareshowninFigure44. The

figureisdrawnatapointin modulispacewherethecentralchargesoftheD0-and

D4-branesalign.TheD4-branecorrespondstothenetworkconsistingofasinglestrand

connectingtwobranchpoints. TheD4-branebecomes masslessattheconifoldpoint,

andgrowstoinfinitesizetowardslargevolume.

FinallyweconsideraD2-branebranenearthelargevolumepoint.Intheorbifold

basisithascharge(1,0,−1). FromFigure45a,weseethatitbecomes masslessat

theorbifoldpoint. HowevertheworldsheetCFTisnon-singulartheresoweexpect

thattheD2-branedecayssomewhereonthewayfromlargevolume. Figure45also
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CgCf

Ce
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Cd

Ca Cb
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+

B
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(+−)2

Figure37:Atreemoduleforadimension(2,

abcde

abc

fg

abcfg

fd
ge

5)representation.

Figure38:Afinitewebfordimension(2,5)representation.

Cg

Cf

Ca

Ce

CdCc

Cb

+

B

B

−

+−
(+−)1

(+−)1

Figure39:Adifferenttreemoduleforadimension(2,5)representation.
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5(+� )0

3(+� )0

(� +)1

(+� )� 1

(+� )0

(� +)2

(� +)2

(++)1

2(+� )0

(+� )� 1

(� +)1

3(� +)1

3(+� )1

(+� )1

(� +)� 1

(� +)0

(+� )0

3(+� )0

(+� )1
(� +)� 1

(+� )� 1

(+� )0

(� +)0

(� +)1

Figure40: (ij)n notationillustratedonthefinitewebforthe(2,5)representationofthe

Kronecker-3quiver.
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abcde

cde

Figure41: Tree modulenotationillustratedonthefinitewebforthe(2,5)representation

oftheKronecker-3quiver.
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Ci
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Ce
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CdCa
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b,f

−+

B

B

+

B
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+−

(+−)2

(+−)1

(+−)1 (+−)1

Figure42:Coveringquiverforthedimension(3,8)representation.

providesanaturalsuggestionforthelocationandmechanismofthedecay,namelythat

theD2-branedecaystoobjectswithcharges(1,0,0)and(0,0,−1)onthelocuswhere

theperiodsF2andF0anti-align[12]. Wegetaverynicevisualcorroborationofthis

factbyplottingthenetworks,asshowninFigure46.

AnaturalavenueforfurtherstudyistransportingtheFibonaccirepresentations

fromneartheorbifoldpointtothelargevolumepoint. Theseshouldcorrespondto

themirrorsofFibonaccibundles[57]onthemirroroflocalCP2.

8 FlatSpace

8.1 Quiver

ThecompactspectrumofC3consistsonlyoftheD0-brane. Thenetworkisshownin

Figure47,morefullydecoratedinFigure48,5andrenderedonΣinFigure49.There

arethreeself-intersectionpointsinthenetwork. Oneintersectionisatthebranch

point.TheintersectionpointattheleftinFigure47liftstotwointersectionpointson

Σ.Thesethreeintersectionpointshavethesameorientationandarethematterfieldsin

thequiverwithasinglevertexandthreeloopsshowninFigure50.Thesuperpotential

W =Tr(xyz−xzy)arisesfromthetwoholomorphicdiskswithoppositeorientation

5InthisChapterweplotinavariablew= x
1/4−x suchthatthepunctureatx=∞ liesatfinite

distance. AsavisualbenefitFigure47iseasilyrecognizedasasubsetofFigure44.
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Figure43:Thefinitewebforthedimension(3,8)representation.
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(++)1or (�� )1

Figure44: Networkatϑ=0atapointinmodulispacewheretheD4-andD0-brane

coexist.ThebluesegmentistheD4-brane.Theinnerloop,alongwiththeouterfiniteweb

foreitherchoiceof(++)or(−−

1
3

 =0 F1( )

F0( )

F2( )

),constitutethethreefixedpointsoftheD0-brane.

(a)Parametricdependenceoftheperiods

alongthenegativeψ

 =0

orbifold point

 =e2⇡i/3

conifold point

F2( )||F0( )

-axis. (b) Wallofmarginalstability

Figure45:StabilityofthelargevolumeD2-brane
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(a)ψ<ψcritical (b)ψ=ψcritical (c)ψ>ψcritical

Figure46:DecayofthelargevolumeD2-branealongthenegativeψ

x=0x=1

-axis.

Figure47:Networkatϑ=0onC3.ComparewithFigure44.
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Figure48:SamplenetworkfortheC3geometry.
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Figure49:RenderingofthebranesonthemirrorcurveforC3.

showninFigure49.

v0

x

y z

Figure50:QuivercorrespondingtoC3.

Higherframing

AsabriefconsistencycheckweverifythattheD0braneexistsathigherframingand

thatitsmassisindependentoftheframing.Figure51showstheD0braneataframing

suchthatthe mirrorcurveiscubiciny. Theadditionalself-intersectionpointsonC

areabsentonΣbecausethestrandslifttodifferentsheets.
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Figure51:TheD0braneatframingwherethemirrorcurveiscubiciny

(�� )1

(++)1

(++)1

.

Figure52:ModuliofD0-braneon C3.
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ModulioftheD0-brane

Thefinitewebcorrespondingtothefixedpoint D0branehasthefollowing moduli

availablefordeformation.Thefirstmodulusisdetachingthefinitewebfromitsbranch

pointanchor,i.e. movingittowardsthewaistinthepairofpantsshowninFigure49.

Thesecondmodulusistoresolvetheleftintersectionpointbyopeninga(++)1/(−−)1

strandaccordingtothejunctionrule. Theresulting modulispaceisdrawninFigure

52. Agenericwebwithboth moduliturnedonisshownasa memberofthefatstrip

inFigure52. Thesizeofthatstrandisarbitraryandcanbegrownuntiliteatsup

theentirefiniteweb.Ifthefinitewebisattachedtothebranchpoint,thebubblecan

detachontheothersideasshownalongbothedgesinFigure52,whichcorresponds

to movingtowardsononeofthelegs. Notethattheverticalreflectionsymmetry

implementstheinterchangeof(++)1and(−−)1inbothfigures.

8.2 Mirror ADHM modulispaces

Non-compactbranes

InthisChapter,wedescribenon-compactD2-andD4-branes.TheD4-braneisrepre-

sentedbythestrandstartingfromthebranchpointrunningintothepuncturex=0at

ϑ=0. Weregularizeitscentralchargebycuttingthestrandatsomelargefinitemass.

Non-compactD4-branescanbeusedtogeometricallyengineerframedBPSstates[58].

Evidenceforthisidentificationincludesthedivergenceofthecentralchargeas

log(x)2(see(5.5)),twooppositelyorientedintersectionswiththeD0-branegivingrise

totheADHMquiverinFigure96,andacompactmodelinthelargevolumeregionof

localP2,seeFigure44.Inasimilarway,weidentifythestrandstartingatthebranch

pointandgoingintothepuncturex= ∞ asanon-compact D2-brane:thecentral

chargedivergesaslogxandwecanalsorecognizeitasadecompactifiedlimitofthe

D2braneontheresolvedconifold(seealso(5.3)).

Inadditiontocomplexified K̈ahler moduli,onlocalCalabi-Yauoneshouldalso

keeptrackoftheB-fieldinnon-compactdirections.IfB-fieldsB12,B34areturnedon

inthedirectionsparalleltotheD4brane,thentoleadingorderintheB-fieldthephase

itscentralchargewillbegivenbyi(B12+B34). WeusethistoidentifytheB-fieldwith

6Thetwoextraintersectionsgiverisetothefields iandjinthe ADHMquiver. Theextra

holomorphicdisk modifiesthepotentialtoW =xyz−xzy+zij.TheF-termrelationsforthezfield

reducetotheADHMrelationsafterreplacingxandybyB1andB2.
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thephaseϑD4atwhichtheD4braneexists,seeFigure53.

Figure53:D4braneatnon-zeroB-field.

D0-D4boundstates

Figure54:BoundstateoftheD4-withtheD0braneatnon-zeroB-field.

Nowweconsiderboundstatesofthenon-compactD4-branewithD0-branes. The

centralchargeoftheD0braneisindependentoftheB-field,soatnonzeroB-fieldthe

boundstatesoftheD0andtheD4havedistinctphasesandarenicelyseparated.The

boundstateoftheD4branewithaD0braneisshowninFigure54.Theregularization

isenforcedbyimposingthatthedivergingstrandendsatpreciselythesamepointasthe

pureD4(inpractice,wesimply“shoot”backwardsfromthatpoint).Theregularized

centralchargeobeystheusualadditivity7.

7Thisadditivityofthecentralchargeholdsforopensegmentsingeneral,whethertheyarenear

x=0ornot.Ingeneralanopensegmentcouldbeinterpretedasanopenbraneora“soliton”in

thesenseof[5],andcanalsoformboundstateswithD0branes. Thisisanaturalavenueforfuture

research.
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ThemodulispaceofkD0-branessittinginsideNcoincidentD4branesisisomorphic

tothe modulispaceofk-instantonsinU(N)Yang-Mills[59,60]. Howeverthisholds

atzeroB-field,sotheboundstatesalloccuratthesamephasehencearenotreadily

studied.ForN =1therearenoinstantonsinpureYang-Mills,butasexplainedin[61]

theinclusionofaB-fieldintotheproblemmapstoanon-commutativedeformationof

thegaugetheory,whichdoesadmitinstantonspreciselyforN =1. Thisproblemis

alsorelatedtotherepresentationsoftheNakajimaquiverdescribedinChapter4.3,

andwenowmaketheconnectionwithspectralnetworks.

AccordingtoNakajima’stheorem,andfollowingouridentificationoffinitewebs

withtoricfixedpointsin modulispace,weshouldbeabletoassociateafiniteweb

correspondingtoaboundstateoftheD4andkD0branestoeachpartitionofk. Asa

guidingprincipleinthisquestwepostulatetherow-columndualityonYoungdiagrams

isimplementedonfinitewebsbyexchangingall(++)and(−−)strands.

Figures55through58showfinitewebscorrespondingtoboundstatesoftheD4

branewithasmallnumberofD0branes.Theconnectiontocoveringquiversappearsto

workinasimilarwayasfortheKronecker-3quiverdescribedearlier. Nonzeroentries

oftheB1andB2matricescorrespondtoaconnectionbetweenbasicconstituentsofthe

boundstate(here,theD4braneandeachseparateD0brane). Weidentifyaleft-right

symmetrybreakingarrowinthecoveringquiverwithaconnectionthrougha(++)or

(−−)strand. Thelabelsinthediagramsindicatetheconnectionstructure.Inthis

Chapterinsteadofcolorsweusethelabela|bcforastrandbornofstrandswithlabels

aandbc.

TheboundstateoftheD4withtwoD0’sisshowninFigure55. Thereisasin-

gle(++)or(−−)strandthatresolvestheintersectioncorrespondingtoB1 orB2.

Thechoicedetermineswhetherthecorrespondingpartitionis(2)and(1,1)whichare

transposesofeachother.

Cb

Ca

Co

B1

i

(8.1)

Thefinitewebforthe(2,1)partitionof3isshowninFigure56. Thecoveringquiver

isleft-rightsymmetricandaccordinglythereisno(++)or(−−)strand,onlya(+−)1
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a|b

a

b

b

ab

ao

Figure55:

a

a|bc

bc

bc

abc

ao

BoundstateoftheD4branewithtwoD0branes.

Figure56:D4+3D0,one(+−)1streetcorrespondingtothepartition(2,1).
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a|b

b|c

b
a

c

bc

abc

ao

Figure57: D4 +3D0,two(++)/(−−

a|b

b|c

c|d

bcd

abcd

a
b

c

d

ao

)streetscorrespondingtothepartitions(3)and

(1,1,1).

Figure58:D4+4D0,correspondingtothepartitions(4)and(1,1,1,1).
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strand.

Cb Cc

Ca

Co

B1 B2

i

(8.2)

Thefinitewebsforpartitions(3)and(1,1,1)of3areshowninFigure57,wherethe

resolutionsareeitherboth(++)or(−−).

Cc

Cb

Ca

Co

B1

B1

i

(8.3)

RecallthattheB1andB2matricesobtainedfromthecoveringquiversatisfythe

F-termrelation[B1,B2]+ij=0byconstruction. MnemonicallytheF-termrelation

isequivalenttostabilityofthecoveringquiverifitislyingonawedgeandgravity

pointsdownthepage. Weusethisconditiontoeliminatemanyfinitewebs,including

theoneinFigure57withamixedlabelingof(++)and(−−).

Thepartitionsofkoftyperoworcolumngeneralizeeasilytoafamilyoffinitewebs

withkstrandsoftype(++)or(−−).Thefinitewebforthosepartitionof4isshown
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inFigure58.

Cd

Cc

Cb

Ca

Co

B1

B1

B1

i

(8.4)

Thefinitewebforthesquarepartition,(2,2),of4isshowninFigure59. Thereis

a(+−)1strandcorrespondingtoa|bcfollowedbya(−+)1strandbc|d,consistentwith

thedecompositionofthecoveringquiver. Thereareno(++)or(−−)strandssince

the(2,2)partitionisitsowntranspose.

Cd

Cb Cc

Ca

Co

B2 B1

B1 B2

i

(8.5)

Thepartition(3,1)of4isthefirstonetowhichwedonotknowhowtoassociate

afiniteweb. ThereisareasonablelookingcandidateshowninFigure60,butthe

associatedcoveringquiverdoesnotsatisfytheF-termrelation.

9 GeometricEngineering

InthisChapter,weverifyfortheexampleoftheSU(2)gaugetheorythattheexpo-

nentialnetworksobtainedbythegeometricengineeringconstructionreducetospectral

networksinthefieldtheorylimit. Recallthatgaugesymmetryarisesinthestring
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bcd
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a|bc
d
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Figure59:

abcd

bcd

a|b

b
a

cd

b|cd

ao

D4+4D0,correspondingtothepartition(2,2).

Figure60:D4+4D0,“L”partition.
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compactificationonADEsingularitiesto6dimensions. ForSU(2)thisisjustanA1

singularityorvanishingP1.FurthercompactificationtoanasymptoticallyfreeN =2

theoryin4dimensionsisaccomplishedbyfiberingoveranothergenus0curve.TheP1

bundlesoverP1areclassifiedandcalledtheHirzebruchsurfacesFn;usinganyoneof

themreducestotheSU(2)theoryinthefieldtheorylimit.

Welookatthelocal F2model.Thelocalgeometryisgivenby

Y= uv=β1y2+β2/y2+α0+α1y3+α2y
2
3 ⊂(C∗)2

y2,y3
×C2

u,v (9.1)

whereαiandβiarehomogeneouscomplexstructureparameters,andinthenotationof

Chapter3.2wehavekeptunspecifiedwhichofy2andy3isxandwhichisy.Thechoice

x=y2,y=y3leadstoacurvein“pathologicalframing”inthesenseof[74],withtwo

branchpoints. Thisisdifferentfromthenumberofbranchpointsingenericframing

(four),butequaltothenumberofbranchpointsoftheSeiberg-Wittencurveeq.(3.4)

fortheSU(2)gaugetheory.Interestingly,wefindbelowonthiscurvepreciselythe

“gaugetheorycontent”,alongwiththerelatively-massiveD0brane.

Intermsofthegaugeinvariantcoordinatesonthemodulispacez0=β1β2/α2
0and

z1=α0α2/α2
1,thefieldtheorylimitisgivenby

z1=
1

4
1+

2π2 2u

M2
0

, z0= 4e4c0 (9.2)

whereM0isafiducialfixedscaleandc0isanarbitraryconstant. Thecurveeq.(9.1)

canbeshowntobeequivalenttotheSeiberg-Wittencurveeq.(3.4)inthelimit → 0.

TheperiodssolvingtheappropriatePicard-Fuchsequationcanbeobtainedasa

powerseriesaroundthelargecomplexstructurepointz0=z1=0frome.g.[75].The

dependencealongthepathparametrizedby isshowninFigure61.

Theperiods Π1 and Π0 survivethefieldtheorylimitandcorrespondtotheW-

bosonand monopolerespectively. ThecorrespondingnetworksappearinFigures62

and63. AboundstateofthetwoisshowninFigure64

TheperiodΠ2isabsentfromthespectrum. WecanobservetheD0branedisap-

pearinginthefieldtheorylimitasitcirclesclosertothepunctureatinfinityinFigure

65aandthepunctureatzeroinFigure65b.

Choosingx= y3 andy= y2, wegetacurveingenericframing. Wetakethe

occasiontoverifytheexistenceoftheD0braneatagenericpointin modulispace,

withtheexpectedfourfixedpointsshowninFigure66(again,eachcomponenthasa

choiceof(++)or(−−)forthestrandbornfromcollision).
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Π0

Π1

Π2

1

Figure61:Evolutionoftheperiodstowardsthefieldtheorylimit.

Figure62:Spectralnetworkcorrespondingtothe W-bosoninthefieldtheorylimit.

Figure63:Spectralnetworkcorrespondingtothemonopolethefieldtheorylimit.
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Figure64:Aboundstateofthe W-bosonandmonopoleinthefieldtheorylimit.

10 Aganagic-Vafa MirrorSymmetry

Aswehavediscussed,the mirrorcurveofalocaltoricCalabi-Yauisthequantum

modulispaceofacanonical(Harvey-Lawson)specialLagrangianwithtopology R2×

S1,analogouslytotheSYZconjecture whichstatesthatthe mirrorofacompact

Calabi-Yauisthe modulispaceofacanonicalspecialLagrangianwithT3 topology.

Aganagic-Vafaformulate[76]aremarkablegeneralizationofthisidea,accordingto

whichthe modulispaceofanyarbitraryspecialLagrangianwithtopologyR2×S1

producesdistinct mirrorsthatareequivalentintermsoftheB-model. Specifically

fortheresolvedconifold,viathecorrespondenceofthetopologicalstringwithChern-

Simonstheory,thisleadstoaninfinitenumberofmirrorslabeledbyaknotK.

Verybriefly,Chern-Simonstheoryona3-manifoldS3canberealizedasanincar-

nationoftheA modeltopologicalstringonT∗S3withbraneswrappingS3[77],with

acanonicalliftof WilsonlinestoLagrangianbranesastheconormalbundleovertheir

S1. FollowingthesetupthroughthelargeN geometrictransition,onearrivesatthe

resolvedconifoldwithaspecialLagrangianLK associatedtotheoriginalknot[78].

ThenthequantummodulispaceofthesebranesLK givesrisetodistinctmirrorsofthe

resolvedconifold,onwhichthetopologicalstringisconjecturedtobeequivalent.The

Harvey-LawsonlagrangiancoincideswithLunknot. Thissetupwasextensivelystudied

inrelationtoknotcontacthomology[79].

InthisChapterwestudyspectralnetworksonthe mirrorassociatedtothetrefoil
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Figure65:TheD0braneinthefieldtheorylimit.

knottoperformpreliminarychecksoftheconjecture.

10.1 Trefoilcurve

Theproposedmirrorcurveassociatedtothetrefoilknotisgivenby

1−Qx+(x3−x4+2x5−2Qx5−Qx6+Q2x7)y+(−x9+x10)y2

Thisisadouble-coverofthex-planewithfoursimplebranchpoints8.

Inonephase,followingtheusualprocedure,wereproducesomefeaturesofChapter

6(|Q|<1here,correspondingto|Q|>1inChapter6).Usingthecentralchargefor

theresolvedconifold,eq.(6.1),wefindtwocopiesofeach“basicstate”,shownin

Figures67and68.Thisverifiestheclaimthattheperiodsonthemirrorassociatedto

thetrefoilcoincidewiththoseofthe(usual)mirroroftheresolvedconifold.

BysuperimposingtheFigures67and68andlabellingintersectionpointswecan

obtainthequivershowninFigure69. Countingdiscstheusualway,wefindthe

superpotential

W =a1b1c1d1+a2b2c2d2.

8therearealsosingularitiesoftheformx2∼y2ofwhichwehavenotdeterminedthesignificance.
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Figure66:TheD0braneonlocalCP1×CP1.

Figure67:Fractionalnode1.
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Figure68:Fractionalnode2.

Thefamilyof(k,k+1)-typeboundstatesalsoexists,asillustratedinFigure70.

D0-typeboundstatescanbeformedbyturningononearrowatatime. Figures

71aand71bshowexamples. Thephasestructureis morerefinedthanfortheusual

mirrorresolvedconifold;theabilityofarrowstocondensealsodependsonthephase

ofQ.Therepresentationtheoryofthisquiverisinprincipleaninvariantofthetrefoil.

Intheotherphase(|Q|> 1here),theusualproceduredoesnotproduceanyof

theexpectedspectralnetworks(seeFigure72). Thissuggeststhatsomeconceptual

ingredientscouldbemissingfromthepicture.
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Figure69:Quivercorrespondingtothemirrortrefoilgeometry.

11 Conclusions

Inthisthesis, wehavestudiedthegeometricB-modeldescriptionofBPSstatesin

N =2theoriesadmittingaspectralcurveparametrization. Oneofourmainresultsis

adirectandsystematicrelationshipbetweengeodesicnetworksandquiverrepresenta-

tionsarisingfromtachyoncondensation. Althoughourmainfocushasbeenon“expo-

nentialnetworks”capturingBPSspectraoflocalCalabi-Yau manifolds,our method

alsoproducesnewresultsfortheordinaryspectralnetworksofGaiotto-Moore-Neitzke.

(Arelatedwayofassociatingrepresentationstohomotopyclassesof WKBgeodesicsin

triangulatedsurfacesappearsin[36,62,34].) Wehopethatacompleteunderstanding

ofthetranslationbetweenquiverrepresentationsand WKBgeodesicswilleventually

resolvethematchingbetweenpartitionsandnetworksinChapter8.2.

Althoughwehaveseenthatmanyoftheconstructionsfrom[4,5]canbeextended

tothe mirrorsoflocalCalabi-Yau manifolds,thereare manyotheraspectsofspec-

tralnetworksthatshouldhaveinterestinggeneralizationstoexponentialnetworks.In

Chapter8.2,wehaveidentifiedthemirrorofnon-compactD2-andD4-braneswithnon-

compactcyclesontheRiemannsurface. Thesebranescanbeusedtostudycoupled

3d-5dwall-crossinginawaysimilarto[63]. Anothergeneralizationistoextractspin

contentfromanexponentialnetwork,revealinginformationabouttheHodgepolyno-

mialofthemodulispaceofthecorrespondingquiverquantummechanics[64].Finally,

exponentialnetworkscanbeusedtolift4dgaugetheoryBPSstatecountingprob-

lemsto5dgaugetheoryBPSstatecountingproblems. Anexampleofthistypeoflift
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Figure70:(2,1)boundstates.

isthegeneralizationfromnon-relativisticintegrablesystemstorelativisticintegrable

systems.SpectralnetworkscorrespondingtotheperiodicnonrelativisticTodasystem

wereusedtocomputetracesofholonomiesontheassociatedclustervariety[65]. Ap-

plyingtheconstructionof[66]tothelocalCalabi-YaumanifoldsYp,qresultsinafamily

ofgeneralizedperiodicrelativisticTodasystems[67].Itwouldbeinterestingtogive

astring-theoreticderivationofthe Goncharov-Kenyonintegrablesystems[66]using

exponentialnetworks.

OneofthemostpromisingavenuesisgivingconcreteB-modeldescriptionsofphe-

nomenamirrortowell-knownA-modelconstructions.Forinstance,itshouldbepossi-

bletogiveamirrordescriptionoftheBettinumbersofthemodulispaceofsheaveson

P2[68,69]usingexponentialnetworks. Amoreintriguingchallengeistoseeifthereis

aB-modelexplanationfortheappearanceof mock-modularityinthese moduliprob-

lems.Perhapsthe mostpressingchallengeistofindadescriptionoftheD6-braneon

thespectralcurvesideanditseffectonthestabilityofexponentialnetworks. Oneof

thecharacteristicpropertiesoftheD6-braneisthatitdoesnotariseastheboundary

ofanyA-brane. Therefore,itseemsunlikelythatthe mirrorofaD6-branewouldbe

aone-dimensionalsubmanifoldofthespectralcurvesinceanysuchtrajectorycould
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(a) Bound states forming near

argQ>π.

(b) Bound states forming near

argQ<π.

Figure71:Boundstatesatϑ=0nearargQ=π.

alwaysbeterminatedatapointonthecurveandthereforewouldinfactbounda

B-brane. Wesuspectthatforaconcrete mirrorversionofDonaldson-Thomastheory

inthelocalcase,onewillhavetoreckonwithadescriptionoftheframingthatis

non-geometriconthespectralcurve.

Finally,thereshouldbeadirectproofoftheKontsevich-Soibelmanwall-crossing

formula[3]forthemirrorsoflocalCalabi-Yaumanifoldsdirectlyintermsofexponential

networkssimilartotheonein[5].

12 Discussion

Someoftheoriginal motivationsforthe workinthepresentthesishaveremained

unfulfilled.

Gaiotto-Moore-Neitzkedescribearemarkableformulaforcomputing4dBPSdegen-

eraciesΩ(γ)purelyintermsofthespectralnetworknearϑγ=argZ(γ).Theformula

involvesconsideringthecontributionof4dBPSstatesofchargeγtothejumpinthe

degeneracyof“2d-4d”BPSstatesatϑ=ϑγ. These2d-4dstatesarerepresentedby

webswithanopenend. Theirdegeneracyisconstantasafunctionofthepositionof

theopenenduntilitreachesacrossing,andconstantasafunctionofϑuntilthenet-

workundergoesatopologychange.Thejumpiscontrolledbyageneratingfunctionin
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Figure72:Thereisnocandidatenetworkatϑ=ϑD2for|Q|>1.

formalvariablesXγobeyingaconcatenationalgebra,fromwhichthe4ddegeneracies

canbeextracted.

Somepiecesofthesetupwestudiedaredirectlyanalogous,withtheHarvey-Lawson

lagrangianplayingaverynaturalroleinthefullspacetimeasasurfacedefectinR3,1.

Howeverithasbeendifficulttopreciselydefinetheanalogofthe2d-4dstateswith

exponentialnetworks.Perhapsarelatedcomplicationistheappearanceofmultiplicity

labelsontheBPStrajectories,whichareabsentinthegaugetheorynetworks. An

understandingoftheopentrajectorieswouldopenthedoortostudyingtheproposals

forknothomologyasspacesofopenBPSstatesinthesetupofChapter10.

A Coding AdviceforExponential Networks

Recallfromequation5.1thedifferential

λ(ij)n :=logyj−logyi+2πindlogx (A.1)
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wheretheyiisthei-thlocalsolutionofH(x,y)=0. Wenowexplainsomedetailsof

solvingfortheintegralgeodesicsofequation(5.2)

e−iϑλ(ij)n =dt (A.2)

numerically. Letvi,j(t) =logyi,j(t)andabsorbthe2πinintothechoicesofbranch

cuts.Theninthesevariables,equation(A.2)becomes

[vi(t)−vj(t)]
ẋ(t)

x(t)
=eiϑ. (A.3)

Locally,awayfromabranchpoint,thesystemofequations

ẋ(t)=
eiϑx(t)

(vi(t)−vj(t))
,

v̇i(t)=−
∂xH(x,v)

∂vH(x,v)
ẋ(t),

v̇j(t)=−
∂xH(x,v)

∂vH(x,v)
ẋ(t).

(A.4)

determinethelocalevolutionofthenetwork.However,atabranchpoint,theliftsvi,j(t)

coincide,andvi(t) =vj(t).Thereforea morecarefulanalysisisnecessary. Consider

whenthecoveringofthecurve Σover C isofdegreen. Aroundabranchpoint

p∗=(x∗,y∗)

H(p+p∗)=
∂H

∂xp=p∗

(x−x∗)+
1

n!

∂nH

∂yn p=p∗

(y−y∗)
n. (A.5)

Werearrangetheequationas

(x−x∗)=κ(y−y∗)
n (A.6)

where

κ=−
1

n!

∂nH

∂yn

1

∂H/∂x
. (A.7)

Forsimplicity,wenowrestrictourattentiontowhenthedegreeofcoveringofthecurve

ΣoverCistwo.Solvingfory,

y± =y∗±

√
z

√
κ

, (A.8)

wherex→ z+x∗. Wethenhavetheapproximation

logy+ −logy− =log(1+
z(t)

√
κy∗

)−log(1−
z(t)

√
κy∗

)

≈2
z(t)

√
κy∗

.

(A.9)
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Substitutingintoequation(A.3),wehave

2 z(t)
√

κy∗x∗

ż(t)=eiϑ. (A.10)

Integratingfromt=0to∆t,wehave

4

3

1
√

κy∗x∗

(x−x∗)
3/2=eiϑ(∆t). (A.11)

Solvingforx,

x=x∗+
3

4

√
κy∗x∗e

iϑ(∆t)
2/3

. (A.12)

Tosolveforywithaconsistentchoiceofbranches,weusethefollowingtrick:

(x−x∗)
1/2=

3

4

√
κy∗x∗e

iϑ(∆t)

(x−x∗)
. (A.13)

Wesubstitutethisinto

(y−y∗)=±
(x−x∗)

1/2

√
κ

,

y=y∗±
3

4

y∗x∗e
iϑ(∆t)

(x−x∗)
.

(A.14)

Theanalysisforcoveringsofhigherdegreeissimilar.

B Central ChargesofLocal Calabi-Yau Manifolds

ThePicard-FuchsequationsforlocalP2are[55,70]

q
d

dq

3

Φ+27q q
d

dq
q

d

dq
+

1

3
q

d

dq
+

2

3
=0. (B.1)

B.1 Orbifoldpoint

Neartheorbifoldpoint,weswitchtothecoordinateψ,whereq=(−3ψ)−3.Thena

basisofsolutionstothePicard-Fuchsequationis

j=
1

2πi

∞

n=1

Γ(n/3)ωnj

Γ(n+1)Γ(1−n/3)2
(3ψ)n (B.2)
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whereω=exp(2πi/3).Thecentralchargesofthefractionalbranesneartheorbifold

pointaregivenby

Z(F0)=1/3(1− 0+ 1)

Z(F1)=1/3(1− 0−2 1)

Z(F2)=1/3(1+2 0+ 1),

(B.3)

andareplottedinFigure45a.

B.2 Largevolumesolutions

Nearlargevolumetheperiodstaketheform

Π0(q)=1

Π1(q)=
1

2πi
(a0(q)logq+a1(q))

Π2(q)=
1

(2πi)2
a0(q)log2q+2a1(q)logq+a2(q)

(B.4)

where

a0(1)=1

a1(q)=−6q+45q2−560q3+
17325

2
q4+···

a2(q)=−18q+
423

2
q2−2972q3+

389415

8
q4+···

(B.5)

ThecentralchargeofabraneB isgivenbythehemispherepartitionfunction[71,72,

73]

ZD2(B)=dσ Γ −
3

2
−3σ Γ

2
+σ

3

etσfB(σ). (B.6)

FortheD4-braneO(±k),

fB(σ)=e−2πikσ e3iπσ−e−3iπσ . (B.7)

Wefind

ZD2(O)=Π2(z)+Π1(z)+1/2

ZD2(O(−1))=Π2(z)−Π1(z)+1/2

ZD2(O(k))=Π2(z)+(2k+1)+(k2+k+1/2).

(B.8)
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C Representationsof Quivers withSuperpotential

InChapter6weusedthefolkloreresultthattherepresentationtheoryoftheconifold

quivereffectivelyreducestotherepresentationtheoryoftheKronecker-2quiver.This

meansthateitheronlythe“A”oronlythe“B”arrowscanbenon-zeroinanindecom-

posablerepresentationoftheconifoldquiver,exceptforwhenthedimensionvectoris

a multipleof(1,1). Wejustifythisstatementinthesimplecaseofdimensionvector

(2,1). Forotherrepresentations,theanalysisissimilarbut moreinvolved. Forlocal

P2asimilaranalysiswasperformedin[12].Ingeneral,itisnaturaltoconjecturethat

onlytherepresentationscorrespondingtotheD0-braneinvolveallofthefieldsinthe

quiver.ForlocalCalabi-Yaumanifoldsthatariseasconesoversurfaces,therepresen-

tationsareexpectedtorestricttorepresentationsofanacyclicquivercorresponding

tothesurface.IntheexampleoflocalP2eithertheai,bj,orckfieldswillbezeroina

representationnotcorrespondingtotheD0-brane,reducingtherepresentationtheory

tothatoftheBeilinsonquiverforP2.

RecallthattheconifoldquiverhassuperpotentialW = a1b1a2b2−a1b2a2b1 and

F-term(Jacobian)equations

a1b1a2−a2b1a1=0

a1b2a2−a2b2a1=0

b1a1b2−b2a1b1=0

b1a2b2−b2a2b1=0.

(C.1)

Weconsiderarepresentationwithdimensionvector(2,1). Thenarepresentationwill

taketheform

A1= a1
1 a1

2 ,

A2= a2
1 a2

2 ,

B1=
b1

1

b1
2

,

B2=
b2

1

b2
2

.

(C.2)

Whenexpandedoutincomponents,thefirsttwoF-termrelationsyield

∆(A)−b1
2 b1

1 =0

∆(A)−b2
2 b2

1 =0,
(C.3)
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where ∆(A) =a1
1a

2
2−a1

2a
2
1. ThuseitherB1 = B2 = 0or ∆(A) =0.If ∆(A) =0,

thenusingtheremainingtwoF-termequations, wefindA1,A2 = 0or ∆(B) =0.

Soeither ∆(A) = ∆(B) =0,orA1,A2 = 0,orB1,B2 = 0.Inthefirstcase, we

areinthesituationwewishedtoshow,thateithertheAorB fieldsarezero. The

othercasewhere∆(A)=∆(B)=0correspondstoaboundstateofa(1,1)and(1,0)

representation. Thisfollowsfromthefactthat ∆(B) =0impliesthatthecommon

imageofthemapsB1,B2fromCtoC2isonlyonedimensional.
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