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ABSTRACT

In this paper, we consider random plane forests uniformly drawn from all pos-
sible plane forests with a given degree sequence. Under suitable conditions on the
degree sequences, we consider the possible scaling limits, with respect to the Gromov-
Hausdorft-Prokhorov topology, of a sequence of such forests as the number of vertices
tends to infinity. This work falls into the general framework of showing convergence
of random combinatorial structures to certain Gromov-Hausdorff scaling limits, de-
scribed in terms of the Brownian Continuum Random Tree (BCRT), pioneered by
the work of Aldous [6, 7, 8]. We study the scaling limit in two regimes: critical
and supercritical. In the critical regime we identify the limiting random object as a
sequence of random real trees encoded by excursions of some first passage bridges
reflected at their minima. We establish such convergence by studying the associated
Lukasiewicz walk of the degree sequences. In the supercritical regime, where there is
a unique “giant tree” containing all but a vanishing fraction of the nodes, we give a
description of the limit of the forest of “small trees” obtained by removing the giant
tree. We accomplish this by relating plane forests to marked cyclic forests and the
corresponding lattice paths. Our work is closely related to and uses the results from
the recent work of Broutin and Marckert [20] on scaling limit of random trees with

prescribed degree sequences.
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ABREGE

Dans cet article, nous considérons les foréts planes aléatoires tirées uniformé-
ment de toutes les foréts planes possibles avec une séquence de degrés donnée. Dans
des conditions appropriées sur les séquences de degrés, nous considérons les limites
d’échelle possibles, par rapport a la topologie de Gromov-Hausdorff-Prokhorov, d’une
séquence de telles foréts, lorsque le nombre de sommets tend vers l'infini. Ce travail
s'inscrit dans le cadre général de la preuve de la convergence de structures com-
binatoires aléatoires a certaines limites d’échelle de Gromov-Hausdorff, décrites en
termes de [’arbre aléatoire continu brownien (AACB) introduit par Aldous [6, 7, §].
Nous étudions la limite d’échelle dans deux régimes: critique et supercritique. Dan-
s le régime critique, nous identifions 'objet aléatoire limitant comme une séquence
d’arbres réels aléatoires codés par des excursions de certains ponts de premier passage
réfléchis & leurs minimas. Nous établissons cette convergence en étudiant la marche
de Lukasiewicz associée aux séquences de degrés. Dans le régime supercritique, ot il y
a un «arbre géant» unique contenant tout sauf une fraction disparaissant des nceud-
s, nous donnons une description de la limite de la forét de «petits arbres» obtenue
en enlevant 'arbre géant. Nous réalisons ceci en reliant les foréts planes aux forét-
s cycliques marquées et aux processus de codage correspondants. Notre travail est
étroitement lié au travail récent de Broutin et Marckert [20] sur la limite d’échelle des

arbres aléatoires avec des séquences de degrés prescrits, et s’appuie sur ces derniers.
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CHAPTER 1
Introduction

1.1 Introduction

In this thesis, we work on the problem of characterizing the scaling limits of
uniformly random plane forests with prescribed sequences in different regimes.

In a lot of cases, real-world networks can be viewed as graphs. For example,
the world-wide-web (WWW), where vertices are the webpages and edges are the
hyperlinks between webpages. A social network is another example of a graph, where
each person is a vertex and the friendship relation defines the edge between vertices.
All these graphs are of enormous size and keep evolving. Hence an appropriate way
to model these networks is graph-valued random process. This leads to the study of
random graphs, which goes back to the seminal papers |30, 31| by Erdés and Rényi
where they studied the binomial random graph models G(n,p) and G(n,m). Since
then a lot of work has been carried out in this field.

Since we need to understand graphs of large size, it is natural to raise questions
about “limits” of graphs. Convergence of finite graphs is an area at the intersec-
tion of combinatorics and probability. Convergence theorems are results about the
asymptotic structures of sequences of graphs where the size of the graphs tends to
infinity along the sequence. There are several different directions in this area, which
capture different asymptotic properties of the graph. In the “dense” regime, Lovasz

and Szegedy [50, 49] introduced the concept of graphons and used the cut metric [19]



as a key tool to implement the idea of graph limits, making links to Szemerédi’s
regularity lemma. In the “sparse” regime, there is the notion of local weak conver-
gence initiated by Benjamini and Schramm [13]. A third approach is to consider the
Gromov-Hausdorff convergence of the graphs, which is related to the global metric
space structure of the graphs. In this work, we take the last approach to study the
scaling limit of large random forests.

In the field of Gromov-Hausdorff limits of random graphs, one important body
of work is on scaling limits of random trees. Seminal results in this area were proved
in Aldous’s trilogy of papers [6, 7, 8] in 1990’s. Since then, people started considering
the combinatorial structure as a metric space (giving each edge length 1) and tried
finding limit random metric space under suitably scaling. Aldous in particular proved
that if (T;,,n > 1) is a sequence of trees, with T}, uniformly drawn from n"~! trees

/2 the sequence converge in distribu-

on n labelled vertices, then after scaling by n
tion to a random compact metric space, called Brownian Continuum Random Tree
(BCRT). Since then, a large class of random tree models have been shown to have the
BCRT as scaling limits which showcases the universality of BCRT: e.g. critical mul-
titype Galton-Watson trees [56], unordered binary trees [52], uniformly unordered
trees [36], random trees with a prescribed degree sequences satisfying certain con-
ditions [20] and uniform unlabelled unrooted trees [65]. Moreover, classical random
graph models, such as the famous Erdés-Rényi random graph model, have also been
shown to have Gromov-Hausdorff scaling limits, which can be described in terms of

BCRT. For example, in the works |5, 4] by Addario-Berry, Broutin and Goldschmidt,

they showed that the scaling limit of critical Erdés-Rényi random graph consists of



rescaled BCRT’s glued together at a finite number of points. More and more evi-
dence have convinced the central role of BCRT in this field. More universality results
about other random graphs and random discrete structures are also proved, such as
random graphs from sub-critical classes [58], random dissections [25], random pla-
nar maps with a unique large face [41| and random planar quadrangulations with a
boundary [16].

The objective of this thesis is to investigate Gromov-Hausdorff convergence for
combinatorial models of random forests. In particular, my focus is the asymptotic
metric structure of random forests, uniformly drawn from all plane forests with a
prescribed degree sequence. This is motivated by the metric structure of graphs
with a prescribed degree sequence, introduced by Bender and Canfield [12] and by
Bollobas [18| in the form of the configuration model. This model can give rise to
graphs with any particular (legitimate) prescribed degree sequence (e.g. heavy tailed
degree distributions, observed in realistic network, but a feature not grasped by the
Erdos-Rényi random graph model). This flexibility is perhaps why the “degree-
sequence” models have become very popular and found use in diverse areas such as
food webs [64], opinion dynamics [69], economic network effects [66] and academic
career trajectories [51], giving one of the motives to our work. A brief history of the
application of configuration model can be found in Section 1.4 of [35].

More precisely, the work of this thesis is a natural continuation and generaliza-
tion of the work [20] by Broutin and Marckert, where they studied the asymptotic
behavior of a tree chosen uniformly at random amongst the set of rooted plane trees

with a prescribed degree sequence. They showed that under natural assumptions on



the degree sequences and with suitable scaling, the random trees converge toward
the BCRT. The authors predict that their work is a first step to setting up invariance
principles for critical random graphs with a prescribed degree sequence, and our work
can be viewed as one step in that direction.

The model studied in [20] and hence in this work is related to Galton-Watson
trees [11, 38|, (which is closely related to simply generated trees in the combinatorics
literature), by conditioning on observing the prescribed degree sequence. In sec-
tion 1.4.2 we will illustrate the concept of simply generated trees and a few examples
of this class. An excellent survey of existing work, and more examples, can be found
in [40]. The combinatorial approach often involves representing quantities of interest
as coefficients of power series, and applying analytic tools [27, 34| such as singularity
analysis or saddle-point methods to obtain the limit. With the more probabilistic
approach, a lot of related work were done by Pavlov and summarized in [59]. In par-
ticular, he considered a random forest §, consisting of N simply generated random
trees and n non-root vertices. He computed [60] the limit behavior of the maximum
size of a tree in §n,, under different assumptions of relationships between N and n.
To do this, he exploited the connection between §y, and Galton-Watson process
with /V initial particles and found integral and local convergence of the distributions
of sums of certain auxiliary independent random variables. We will present related
work in this direction in more detail in Section 1.4.4.

Instead of focusing on random quantities such as the size of the largest tree, we

alm to push the probabilistic approach further and view random forest as random



metric space and prove certain weak convergence of stochastic processes. The con-
vergence of interesting quantities will then be read off from the convergence of the
processes. Establishing such convergence results often uses some functional encod-
ing of the discrete structure under investigation. We will illustrate several common
coding functions when dealing with limits of graphs in Section 1.2.2.

Other forest models have also been studied in the literature. For example,
Luczak and Pittel [44] studied forest F(n, M), chosen uniformly from the family
of all labelled wunrooted forests with n vertices and M edges. They showed that
this model exhibited three regimes of asymptotic behavior: subcritical, nearcritical
and supercritical and the phase transition happened at M = n/2, just like Erdos-
Rényi random graph G(n, M). For each of the phases, they determined the limit
distribution of the size of the k-th largest component of F(n, M). Along this direction
very recently Martin and Yeo [53| gave a full description of the scaling limit of the
largest component of F(n, M) inside the critical window M = n/2 + O(n?/3).

1.2 Notations of trees and forests
1.2.1 Plane trees and forests

We recall the following definition of plane trees (as in e.g. [28]). Let

u e
n=0

where N = {1,2,---} and N° = {@}. If u = (uj,u, - ,u,) € U we write u =
Uity - - - uy, for short and let |u| = n be the generation of w, or the height of u. If
U= UL Uy, U = V1 Vy, We WIite U = Uy - -+ Uy V1 - - - Uy, for the concatenation of

u and v.



Definition 1.2.1. A rooted plane tree T is a subset of U satisfying the following
conditions:

(1) b € T;

(i) If v € T and v = uj for some u € U and j € N, then u € T;

(iii) For every u € T, there exists a number kr(u) > 0 such that uj € T if and
only if 1 < j < krp(u). We call kr(u) the degree of u in T.

We denote the lexicographic order on U by < (e.g. ) < 11 < 21 < 22). The
lexicographic order on U induces a total order on the set of all rooted plane trees.

We call a finite sequence of finite rooted plane trees F = (Ty,Ty,---,T,,) a
rooted plane forest. For a forest F, we let F¥ be the sequence of tree components of
F in decreasing order of size, breaking ties lexicographically.
Degree sequence
Definition 1.2.2. A degree sequence is a sequence s = (s(i),z' > 0) of non-negative
integers with > s < co such that c(s) := (1 —i)s") > 0. For a plane tree T, the

i>0 i>0
degree sequence s(T) = (s(T),i > 0) is given by

sO(T) = [{u € T : kp(u) = i}].

For a plane forest F = (Ty,---,T,,), the degree sequence s(F) = (s%(F),i > 0)
s given by

sO(F) =Y sO(T).
=1
Note that ¢(s(T)) = 1 for any plane tree T. In general since

Yo isIE) =) > ke (w) =) (T - 1)

i>0 j=1 ueT, j=1



m

and Y sW(F) = Y |T}|, the number of tree components in F is always c(s(F)). For
i>0 j=1
any degree sequence s, we adopt the notations

|s| := Zs(i), A(s) := max{i : s > 0},

>0

Figure 1-1, below, shows a plane forest with degree sequence s = (7,2,2,1,0,---)

11 31 32
W

Figure 1-1: A plane forest (with labels for the first tree) with degree sequence s =
(7727271a07"')

with s =0 for i > 4.

1.2.2 Codings of trees and forests

To study the structure of plane trees and plane forests, it is common to instead
study some related coding functions of the discrete structure. In this section, we
introduce several commonly used coding functions of plane trees and plane forests.
Height process

For a rooted plane tree T, list the vertices of 1" in the lexicographic order as
Uy, Ug, . .., ur|. Define the height process of T as the function H : [0,|T| — 1] — R*
such that for integer k, H (k) = |ux41| and the process at non-integer times is defined

by linear interpolation. For a forest F' = (T3,...,T,), the height process of F will



be the concatenated height processes of T1,...,T,,. In Figure 1-2 we have the height

process of the first tree component of the forest in Figure 1-1.

2.0 1

15 -

10 1

0.5+

0.0 4

Figure 1-2: The height process of the first tree in Figure 1-1

Contour process

Let T be a rooted plane tree and view each edge of T" as an interval of unit
length. Imagine that a particle moves along the edges of T' with unit speed, starting
from the root at time 0. Each time the particle leaves a vertex u, it moves to the
lexicographically next unvisited child of wu, if such a child exists; otherwise it moves
back to the parent of u. The exploration concludes the moment the particle has
visited all vertices and returned to the root. Let C(¢) be the graph distance between
the particle and the root at time ¢. Then C': [0,2(|T| — 1)] — R* defines a function
and is called the contour process of T. This is also referred as Harris Walk |37|
or Dyck path |63]. For a forest, the contour process is simply the concatenation of
individual contour processes for each tree. In Figure 1-3 we have the contour process

of the first tree component of the forest in Figure 1-1.



Figure 1-3: The contour process of the first tree in Figure 1-1

Depth-first walk

Let T" be a finite tree and let uy, uy, ..., w7 be the vertices of T listed in lexico-
graphic order. The depth-first walk (or Lukasiewicz path) W(T') = {W;(T) : 0 <i <
|T|} of T is defined by setting Wy(T') = 0, and for 0 <i < |T'| — 1, letting

Wi+l<T) = Wl(T) + kT(’LLi_H) — 1.

When the context is clear, sometimes we omit the argument 7" for simplicity. Without
confusion, sometimes we view W(T') as a function defined on [0, |T’|] where the values
of the function at non-integer values are defined by linear interpolation. In Figure 1-4
we have the depth-first walk of the first tree component of the forest in Figure 1-1.
It is easy to see that for a rooted plane tree T', the depth-first walk W(T') satisfies

the following properties:

e Wo=0,Wqp = -1,

o W, >0 forevery 0 <i<|T|—1;

e W, — W, 1 > —1forevery 1 <i<|T|.

In particular, this implies that

7| = inf{0 < i < |T]: W, = —1}.



2.0 -
15 -
104
0.5 -
0.0 4
—0.5 4
-1.0 1

Figure 1-4: The depth-first walk of the first tree in Figure 1-1

In general, for a forest F' = (T1,---,7T,), we list the vertices of F' as uy,...,up
by first listing the vertices of T} in lexicographic order, then the vertices of T5 in
lexicographic order, and so on. Then the same definition gives the depth-first walk
W(F) of F'. We always have Wy(F') = 0, Wp|(F¥) = —n and for any integer 1 < j <
n,

inf{l : Wi(F) = —j} = || + -+ |T}).

These coding functions often have similar asymptotic behaviour (with slightly
different scalings), in the setting of random forests. Sometimes one coding function
may be more directly related to the functionals under consideration (e.g. the metric
structure is easily read off from the contour function) while other coding function
(e.g. the depth-first walk) is more suitable for proving convergence theorem by ap-
plying Donsker’s Theorem [17| or martingale techniques. For example, the following
result showed that upon scaling, the concatenated contour processes of a sequence of

infinitely many i.i.d. Galton-Watson trees converges to a reflected Brownian motion.

10



Theorem 1.2.3 ([46], Theorem 6.5 in [61]). Let (C(t),t > 0) be the continuous path
obtained by concatenation of the contour processes of an infinite independent and
identically distributed sequence of critical Galton-Watson trees with finite non-zero

2. Then as n — 0o,

(C(jgt),t > 0) A (§|Bt],t > 0)

in the sense of weak convergence in C|0,00), where B is a standard Brownian motion.

offspring variance o

In [46], Theorem 1.2.3 was proved by using standard results for depth-first walk
and then relating the contour process to the depth-first walk. The height process
was used as an intermediary in this comparison.

1.3 Our forest models and summary of main results

For any degree sequence s = (59,3 > 0), we let T(s) denote the set of all plane
trees with degree sequence s and F(s) denote the set of all plane forests with degree
sequence s. Let Pg be the uniform measure on T(s) and let T(s) be a random plane
tree with law Pgs. Let Qg be the uniform measure on F(s) and let F(s) be a random
plane forest with law Qs. T(s) is called the random tree with degree sequence s.
This model is studied in [20] where it is shown that under reasonable conditions on
degree sequences and suitable scaling, T(s) converges to 7, the Brownian continuum
random tree. Similarly, we call F(s) the random forest with degree sequence s. This
is the model we are going to study in this work.

Summary of main results
In this subsection we summarize the main results we obtained to give a better

idea for comparison when reading the works of Janson [40] and Pavlov [59], which

11



we are going to introduce in Section 1.4. The introduction of some of the concepts
needed to make these statements rigorous and meaningful is postponed to Chapter 2.

In this work we consider a sequence of degree sequences (s,,n € N), where
Sp = (sg),i > 0). We assume |s,| = n. We only need this assumption for the
easiness of notation. In general our results are still valid (if the degree sequences are
indexed by k) as long as |s,| — 00 as k — 0o and with |s,| in place of n.

For any probability distribution p = (p(?,i > 0) on Ny := NU {0}, let u(p) =
;)ip(i) and o?(p) = ;}izp(i) — 1. Let F,, := F(s,,) and write F}, = (T, ;, { > 1). We

write p, = (pg),z' >0) = (%,z > 0). For Fy = (T,;, | > 1), let T,; denote the

measured rooted real tree

o(pn)
7;1,[ = (Tn,h dera (Dn,la ,UJn,l)

where f1,,; denotes the uniform measure putting mass % on each vertex of T, ;, dg,

denotes the graph distance and (),,; denotes the root of T,,;. Let
Fr=(Ta, 1 >1).

Let A, := A(s,) = max{i : si > 0}. Later in the work we sometimes write
Cn = c(sp), 0, = o(py) for simpler notations.

Now we are ready to state our main theorems in the case of c(s,) = O(n'/?).
Theorem 1.3.1. Suppose that there exists a distribution p = (p,i > 0) on Ny such
that p, converges to p coordinatewise. Suppose also that o(p,) — o(p) € (0,00). If

) = A€ (0,00), then

Fr (T 1>1) asn— oo, (1.3.1)

12



with respect to the product topology for dgyp where (7,1 > 1) are the excursions of
the process (F(s) — S/ér(lés) FU(s"))o<s<1, listed in decreasing order of length.

Note that we postpone the rigorous description of Gromov-Hausdorff-Prokhorov
convergence and function encodings of real trees (the construction of 7.,) to Chap-
ter 2. The definition of first passage bridge F?" will be given in Section 3.1.
Theorem 1.3.2. Under the conditions of Theorem 1.3.1, suppose additionally that
there exists € > 0 such that A, = O(n'z"). Then the convergence (1.3.1) holds in
(Loo, dpp)-

Note that in proving these two theorems, we also prove the following convergence

of the sizes of tree components (T, ;, > 1). Let
l%:{x: (x17x27”') A 21'2 Z 2072371 S ]-}

and endow [} with the topology induced by the [, distance: d(x,y) = >olx: — il

)

Proposition 1.3.3. Under the hypothesises of Theorem 1.3.1, we have

(Tl /n)iz1 4 ([7e))iz1 (1.3.2)

in I}, where (y,,1 > 1) are the excursions ofF)l\’T(s)—Ogli/Ii FU(s') ranked in decreasing
order of length.
Next we state our result in the regime of c¢(s,) = o(n'/?). As before we let

F, = F(s,) be the uniform plane forest with given degree sequence and let F} :=

(T,;,1 > 1) be the decreasing reordering of F,,. Let

0\Pn
7:1,1 - (T <p >dgr7®n,17ljln,1>

n,1 271,1/2

13



be the real tree where ji,,; denotes the measure putting mass % on each vertex of

T,,1. For { > 2, we let

T 0(Pn
771,l = (Tn,h #dmﬁ (Dml? :un,l)
Cn

be the real tree where p,,; denotes the measure putting mass c% on each vertex. Let
]:—n: (ﬁ,l72§l§0n>~

Let F be a forest of real trees encoded by excursions of Brownian motion. The
detailed construction of this limit F will be illustrated in Section 4.1. For standard
Brownian motion B and x > 0, let 7(x) := inf(¢ : B(t) < —x). We have the following
main theorem.

Theorem 1.3.4. Suppose that there exists a distribution p = (p,i > 0) on Ny
such that p,, converges to p coordinatewise. Suppose also that o(p,) — o := o(p) €

(0,00). If ¢, == c(s,) = o(n'/?), then

(roi ) 5 (1 (1))
cz o

where the first coordinate of the joint convergence is in the GHP sense, the second
coordinate is in the sense of coordinatewise GHP convergence, and T and F are
independent.

1.4 Motivations — conditioned Galton-Watson trees, simply generated
trees and related works

In this section, we review the concept of Galton-Watson tree and simply gen-

erated tree, both of which are random tree models motivating our work on random
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forests. Then we present existing results on simply generated random forests related
to our work.
1.4.1 Galton-Watson trees

Given any probability distribution (7;,7 > 0) on Zso and let £ be a random
variable with distribution (7;,% > 0). Starting from the root, giving each node an
independent copy of & number of children. The realized tree T is called the Galton-
Watson tree (with offspring distribution (m;,i > 0) (or§)). Let E = i im;. We know
that [11] if E§ <1 (subcritical or critical), then 7T is a finite tree Wiltzoprobability L.
And if E§ > 1 (supercritical), then 7 is infinite with positive probability.

The random tree T(s) is related to Galton-Watson tree by a simple conditioning.
Given a degree sequence s = (5.7 > 0), let 7 be the Galton-Watson tree with
offspring distribution (m;,7 > 0) where for any i > 0, m; > 0 if s®) > 0. Let 7' be T
conditioned on s(7) =s. Then for any fixed tree 7" with s(T") = s,

P{T =1} =][=",
i>0
which does not depend on 7. Hence 7" is a uniformly random model, which must
be T(s).
1.4.2 Simply generated trees

Simply generated random tree is a random tree model which generalizes the
idea of Galton-Watson tree. This model was first introduced in [55]. Fix a weight
sequence w = (w;, 1 > 0) of non-negative real numbers. For a finite tree T', the weight

of T is:
w(T) = [ ] wir- (1.4.1)
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Trees with such weights are called simply generated trees. Let ¥, be the collection

of all plane trees with n vertices. Let 7, be the random tree given by:

p(7,-11=" reg,

where Z, = > w(T) is called the partition function. We call T, the simply gener-
ated mndomTtefez’ with weight sequence w.

If w = (wy, k > 0) is a probability distribution, that is, i wy, = 1, then if we
let 7 be the Galton-Watson tree with offspring distribution (wz:,(l)c > 0), then for any
finite tree T,

P{T =T} =w(T) and Z, =P{|T| =n}.

Hence the simply generated random tree with w is just the Galton-Watson tree T
conditioned to have size n, which we denote as 7,. In fact as pointed out in [40], as
long as i wpz® < oo for some z > 0, the weight sequence w is equivalent to some
probabilki:; distribution. Hence simply generated random tree with weight w gives
rise to some conditioned Galton-Watson tree.

In [40] Janson gave a unified treatment of the limit of 7, and summarized the
previous work in detail. In particular, we would like to highlight the main limit
theorem for simply generated random trees there.

First, following Section 3 of [40], we collect a few useful pieces of notation. For

a fixed weight sequence w = (wy, k > 0), we let

O(z2) := Z wy2*
k=0
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be the generating function of the given weight sequence and let

p = 1/limsup w,i/k € [0, oo]

k—o00

be the radius of convergence. For t such that ®(t) < oo, define

() S kwgt®
Ot) Dol wkth

U(t) is defined and finite at least for 0 < ¢ < p and if ®(p) < oo, then U(p) is still

U(t) :

defined with W(p) < co. Moreover, if ®(p) = oo, we define ¥(p) := lim; », ¥(t) < oo.
And we write v := U(p).

Next, following Section 5 of [40], we describe a construction of modified Galton-
Watson tree T, which will be the limit tree of the theorem we are going to present.
Again let Ny = NU {0} and let (7, k > 0) be a probability distribution on Nj
and ¢ be a random variable such that P {{ =k} = 7, k € Ny. We assume that

we=EE < 1. Let f be a random variable defined as

ke, k=0,1,2,-

1—pu, k=00

Then a modified Galton-Watson tree is defined as following (as in [43] and [42]).
There are two kinds of nodes: normal and special, with the root being special. For
normal nodes, they reproduce with offspring distribution &, while for special nodes,
they reproduce with offspring distribution f . For normal nodes and special nodes
with infinitely many children, their children are all normal. For a special node with

finite number of children, one of its uniformly chosen child is special, with all other

17



children being normal. Since each special child has at most one special child, all
special nodes form a path from the root, which we call the spine of T

There are two cases for 7. When i = 1, almost surely the special node has
finitely many children. Hence T has an infinite spine. The tree 7 is infinite but
locally finite. When p < 1, for each special node, it has probability 1 — u > 0
no special child. So the spine has almost surely finite length L, which follows a
geometric distribution Ge(1 — p). The spine ends with a special node with infinitely
many children, which we call an explosion. There are alternative ways of construction
T, details of which can be found in Section 5 of [40].

Finally we define a notion of (local) convergence for rooted plane trees. Let
(T,,,n > 1) and T be rooted plane trees, which by definition are just certain subsets
of U. We denote T, — T if for each u € U: if u € T', then u € T,, for n large enough;
conversely, if u ¢ T, then u ¢ T,, for n large enough.

With these notations, definition of 7 and notion of convergence, we are ready

to state one of the main results in [40].
Theorem 1.4.1 (Theorem 7.1 in [40]). Let w = (wy, k > 0) be any weight sequence
with wy > 0 and wy, > 0 for some k > 2. Let T, be the simply generated random tree
with weight sequence w.

(i) Ifv>1, let T be the unique number in [0, p| such that ¥(T) = 1.

(i) Ifv <1, let T:=p.

In both cases, 0 < 7 < 0o and 0 < ®(7) < co. Let

Ty 1= , k>0;



then (g, k > 0) is a probability distribution, with expectation
p=VY(r) =min(r,1) <1

and variance 0? = V(1) < 0. Let T be the infinite modified Galton- Watson tree
constructed before. Then T, LT asn — oo, in the topology mentioned before..

Furthermore, in case (i), p = 1 (the critical case) and T is locally finite with an
infinite spine; in case (i), p = v < 1 (the subcritical case) and T has a finite spine
ending with an explosion.
1.4.3 Balls-in-boxes model

In [40], Theorem 1.4.1 is proved by proving limit theorems for a model called
balls-in-bozes (see Section 11 of [40] for details). In this subsection we define this
model and present the limit theorem for this model as in [40].

Given integers m > 0,n > 1, considering the random allocation of m unlabelled

balls in n labelled boxes. The set of all possible allocations is

By ={(y1,. .., ya) €Ny : Zyi =m}.
i=1

Here y; is the number of balls in box i. Again we fix a weight sequence w = (wy, k >

0) and define the weight of an allocation y = (y1,...,y,) as:

w(y) = H Wy, -

The random allocation B,, ,, is chosen from B,, ,, with probability proportional to its

weight:

w(y)

P {Bm,n = y} = Z(m,n)’

Yy € B,
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where the partition function Z,,, = > w(y). This By, is called the balls-in-bozes
YE€Bm,n
model.
In [40] the author aims to describe the asymptotic distribution of B, ,, as n —

oo. For a weight sequence w, the support is supp(w) := {k : wy > 0}. Let
w(w) := sup supp(w) = sup{k : wy > 0} < occ.

Janson considers the case when m/n — A for some A. Assume for simplicity that

0 <\ <w=w(w). For any allocation y = (y1,...,y,) € Nj and any k > 0, let

Ni(y) = iy = ki,

Since By, = (Y1,...,Y,) is exchangeable, the distribution of B,,,, is completely
determined by Ni(B,,,) for k € Ny. The following theorem gives the asymptotic
behaviour of Ni(B,, ).
Theorem 1.4.2 (Theorem 11.4 in [40]). Let w = (wg, k > 0) be any weight sequence
with wy > 0 and wy, > 0 for some k > 1. Suppose that n — oo and m = m(n) with
m/n — X with 0 < \ < w.

(i) If X < v, let T be the unique number in [0, p| such that V(1) = \.

(i) If X\ > v, let 7 := p.

In both cases, 0 < 1 < oo and 0 < ®(7) < co. Let

U)ka

= k> 0.
Tk (I)(T)’ el
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Then (mg, k > 0) is a probability distribution, with expectation p = V(1) = min(\,v)

and variance o = 7V'(1) < 00. Moreover, for every k > 0,

Nk(Bm n) £> T

)

Next we present the connection between this framework developed in [40] and
our random forest model F(s). This is partly explained as Example 12.8 in [40].
Simply generated forests and Galton-Watson forests. A simply generated

forest is a sequence (T4, ...,T,) of rooted trees with weight
w(Ty, ..., T,) = [Jw(T), (1.4.2)

where w(T;) is given by (1.4.1), for some fixed weight sequence w. A simply generated
random forest with n trees and m nodes, where m > n are positive integers, is
such a forest chosen at random, with probability proportional to its weight. In the
special case n = 1, this is just the simply generated random tree defined before. In
general, for any n, a simply generated random forest (77, - ,7},), conditioned on the
sizes (|T4|, .. .,|Tn]), is a sequence of independent simply generated random trees (all
defined by the same weight sequence w). And the sizes (|11],...,|T}|) is a random
allocation B,, , defined by the weight sequence (Zy, k > 0), where Zj, is the partition
function for simply generated random trees with weight sequence w. Hence the
simply generated random forest can be constructed from a two stage process: simply
generated random trees and balls-in-boxes model. For given n, we define a Galton-
Watson forest with n trees to be the sequence (71,...,7,) of n ii.d. Galton-Watson

trees. In the case that the weight sequence w is a probability distribution, (1.4.2) is

21



the same as the probability distribution of a Galton-Watson forest. Hence in this case
the simply generated random forest is the same as a Galton-Watson forest with n
trees conditioned on having m vertices.

Our random forest model F(s) can be viewed as a simply generated random
forest (with n nodes and c¢(s) trees) further conditioned to have degree sequence s.

Let w = (w;,i > 0) be any weight sequence such that w; > 0 <= s® > 0. Since

s(
i

for any forest ' with degree sequence s, w(F) =[] w ' which does not depend

the structure of F. Hence this gives a uniform p?gg;?)[)i}iity to any forest with degree
sequence S.

We present the following theorem about the size of the largest tree in a simply
generated forest in [40]. The theorem describes the limit behavior of the size of the
largest tree in simply generated random forest with n trees and m vertices. In [40]
this served as an example of application of the general framework and tools developed
there.

For two sequences of random variables X,, and X], we write X, < X, if there
exists a coupling of X,, and X/ such that P{X, = X|} — 1 as n — oo. This is

equivalent to dry (X, X)) — 0 where dry denotes the total variation distance. For

any weight sequence w = (w;, 7 > 0), denote the span of w by span(w), that is,
span(w) = max{l > 1: [ | ( — j) whenever w;, w; > 0}.

Theorem 1.4.3 (Theorem 19.45 in [40]). Consider a simply generated random forest
with n trees and m vertices defined by a weight sequence w, and assume that m =

An 4+ O(1) where 1 < X\ < oco. Suppose that v(w) > 1 and span(w) = 1. Let Y,
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be the size of the j—th largest tree. Define 71 > 0 by V(1) = 1, and assume that

0% =1V (1) < oo (which is automatic if v(w) > 1). Define further 7, > 0 by

U(rp) =1-1/A
and let
q:= T2 (I)(Tl)
Cd(n) 7

Then 0 < g <1 and

d logn—%loglogn—l—logb—l—W
Yoy = :
log(1/q)

where W has the Gumbel distribution
P{W<z}=e®", —co<z<o0

and

b= quﬂgz(l —q).

T2
Furthermore, Y(;y = Ya) + O,(1) for each fived j.

Note that this theorem only applied to the case with n trees and m vertices
where m/n — A for 1 < A < co. In our setting we have ¢, trees and n vertices, we
deal with the cases ¢, = ©(n'/?) and ¢, = o(n'/?). In particular n/c, — co. Now
we mentioned the work of Pavlov (and others) [60, 23| in the case of m/n — oo.
1.4.4 Pavlov’s work

In [59], Pavlov specifically worked with simply generated random forest with N
trees and N 4 n vertices. Following his notation, he considered the model Fy,,

consisting of N simply generated trees with in total n non-rooted vertices. Pavlov’s
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work addresses a wider range of regimes for the relationship between parameters N
and n. In [60], Pavlov studied the limit distribution of the maximum size of a
tree in the forest §n,. His approach is to exploit the correspondence between §y ,,

and some Galton-Watson branching process beginning with N particles and with

tkwk
2(t)

offspring distribution (px,k > 0). Here p, = is a probability weight sequence
equivalent to the original weight sequence w = (wy,k > 0). Let d be the span of
(pk, k > 0) and let £ be a random variable with probability distribution (px, k > 0)

and he assumes E¢ = 1, Varé = o2

. Let 7 be the size of the largest tree of §n .
He proved theorems on distribution of 7 in different regimes such as (i) n/N — b
for some constant b > 0; (ii) n/N — oo,n/N? — 0; (iii) on/N? — ~ for some
constant v > 0 and (iv) n/N? — co. Our work in the regime that ¢, = O(n'/?) and
cn = 0(n'/?) corresponds to the cases (iii) and (iv) respectively. Hence we are going
to only state his results for these two regimes here. In Section 5.3 we will present
Pavlov’s result in case (ii), which relates to potential future works.

Theorem 1.4.4 (Theorem 2.1.4 in [59]). Let N,n — oo in such a way that n takes

values which are divided by d, on/N?* — ~ where v > 0 is a constant. Then for any

fizxed z > 0,
P {n/n < 2} — " 2exp (o i S (v2,7)
>~ 2/7 i k' k ) )
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where

I, v) = <v3 exp (%))_1/2

U, V) = exp(—1/(2(v —x1 — -~ —ay)))da; - - - day,
Iy, (u,v) /Xk(u’v) )2 (zy -V — @y — - — xp) )3/

Xip(u,v) =4{z; >u,i=1,... ke + - +x, <v} k=12

Theorem 1.4.5 (Theorem 2.1.5 in [59]). Let n — oo in such a way that n takes

values which are divided by d, n/N? — oo. Then for any fized z > 0,

P{a%g} = / 2 oxp (—1/(29)) dy

We will see in Section 4.3 that a corollary of Theorem 1.3.4 gives us the same
limit probability distribution for size of the largest tree as Theorem 1.4.5. See the
remark after Corollary 4.3.2 for details.

Similar problems of the random forest are studied in [23| and the following
results on the size of j—th largest tree (for any fixed j) are obtained. For the same
random forest model §n,, let vy < vy < ... < ) be the tree sizes listed in
increasing order.

Theorem 1.4.6. Under the conditions of Theorem 1.4.4, for any h € Ny,

1 X (—1)F N 1
P {vn_n/n <z} — exp (%) 73/22 i Z —Liig(72,7)-

|
k=0 ’ g= Og

Theorem 1.4.7. Under the conditions of Theorem 1.4.5, for any h € N,

hl (Z

|
=0 g:

P{VN h) <zN2}—>eXp

Q
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where E(z) =

2/(omz).
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CHAPTER 2
Relevant Concepts and Tools

In this chapter, we introduce the relevant concepts and useful tools for formu-
lating and proving our results.
2.1 Real trees

To study scaling limits of sequences of random trees/forests, we need a contin-
uous version of the notion of trees. Hence we are going to briefly recall the con-
cepts of real trees of their encodings by continuous functions. This concept can be
thought as a version of the codings of trees and forests introduced in Section 1.2.2. A
more lengthy presentation about the probabilistic aspects of real trees can be found
in 32, 45].

Definition 2.1.1. A compact metric space (T, d) is a real tree if the following hold
for every a,b € T':

(i) There exists a unique shortest path [|a,b]| from a to b (of length d(a,b)), that
is, there is a unique isometric map fqp from [0,d(a,b)] into T such that f,,(0) = a
and fop(d(a,b)) =0b (we denote f,4(]0,d(a,b)]) by [[a,b]]).

(ii) The only non-self-intersecting path from a to b is [[a,b]|, that is, if q is a
continuous injective map from [0, 1] into T', such that q¢(0) = a and q(1) = b, we have
([0, 1)) = [fa, 8]

For a real tree (T, d), an element v € T is called a vertez. A real tree (7', d) is

rooted if there is a distinguished vertex (the root) ) € T; we denote a rooted real
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tree by (T,d,0). The height of a vertex v is d(),v), its distance from the root. A
leaf is a vertex v such that v ¢ [[(), w]] for any vertex w # v. If there is a finite Borel
measure j on T, then (T, d, D, ) is a measured rooted real tree.

Next we show a way of constructing real trees from continuous functions. One
can think of the continuous function playing the role of contour process for the real
tree. Let g : [0,00) — [0,00) be a continuous function with compact support and

such that g(0) = 0. For every s,t > 0, let

dy(s,t) = g(s) + g(t) — 2my(s, )

where

mg(s,t) = min  g(r).

The function dj is a pseudometric on [0,00). Define an equivalence relation ~
on [0,00) by setting s ~ ¢ iff di(s,t) = 0. Then let Ty = [0,00)/ ~ and let d,
be the induced distance on Tj,. Then
Theorem 2.1.2 (Theorem 2.2 in [45]). (1,,d,) is a real tree.

As pointed out in [45], any rooted real tree (T,d,()) can be represented in the
form T} for some continuous function g.

To get an intuition of this construction, for a rooted plane tree T with graph
distance dg,, let T be the metric space obtained from T by viewing each edge as
an isometric copy of the unit interval [0, 1]. Let C(t) be the contour function of T

defined in Section 1.2.2, then the metric space 7¢ constructed from C' is isometric

A

to T.
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The real tree coded by a continuous function ¢ is naturally endowed with a root
and a Borel measure, as follows. Let (), denote the equivalence class of 0. Let p, be
the canonical projection from [0,00) to T, and o, = sup{t : g(t) > 0}. Let m, be
the push forward of the Lebesgue measure on [0, 04| ((0,, 00) has measure 0) by p,.
Then 7, = (T,,d,,0,, m,) is a compact measured rooted real tree.

Let e® denote Brownian excursion of length x. Recall that Brownian excursions

satisfy the Brownian scaling property:
(VAe@ (£/X),0 < t < Ax) £ (e (1),0 < t < Ma).

Let e denote the standard Brownian excursion, that is, the Brownian excursion
of length 1. Then 7. is called the Brownian continuum random tree (BCRT for
short). Note that this definition is used in works such as [45] whereas in the Aldous’
work [6, 7, 8], it uses the real tree encoded by twice of a standard Brownian motion.
The difference of these two definitions are notational and it only leads to a difference
of extra factor of two in the scalings. In this work we simply write 7 to denote
BCRT and use the definition of 7.

With the preparation work in this section, we are able to rigorously interpret

the objects of our study, i.e. F¥, 7,1 and F,, in Theorem 1.3.1, Theorem 1.3.2 and

b
Theorem 1.3.4.
2.2 Gromov-Hausdorff-Prokhorov convergence

To measure the distance between two real trees, or more generally, two rooted

measured metric spaces, we need to use the notion of Gromov-Hausdorff-Prokhorov

distance. We first recall the definition of the Gromov-Hausdorff distance (see for
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example Definition 7.3.10 in [21]), used for measuring the distance between two
compact metric spaces. The idea is to embed two spaces into a common larger
metric space.

For a metric space (Z,d?), let d% be the Hausdorff distance between compact

subsets of Z, that is, for non-empty subsets A, B of Z,
d%(A,B) =inf{e > 0: A C B, B C A},
where A€ is the e—enlargement of A:
A={ze Z: ;Ielgdz(y,z) < €}.

Let (X,d) and (X',d’) be compact metric spaces. Then the Gromov-Hausdorff

distance between (X, d) and (X', d') is given by
dGH((Xa d)? (X/a dl)) = ¢i$f2 dg(gb(X)a ¢/(X/))7

where the infimum is taken over all isometric embeddings ¢ : X < Z and ¢’ : X' —
Z into some common Polish metric space (Z, d?).

Note that strictly speaking dgy is not a distance since different compact metric
spaces can have GH distance zero.

A rooted measured metric space X = (X,d, (), 1) is a metric space (X,d) with
a distinguished element () € X and a finite Borel measure u. (Note that the com-
ing definitions in this subsection work in more general settings, e.g. p could be a

boundedly finite Borel measure (see [1]), but for the purpose of this paper, the case
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of finite measures p is enough.) For example, the compact measured rooted real tree
T, = (T,.d,,0,,m,) defined in Section 2.1 is a rooted measured metric space.

Let X = (X,d,0, ) and X' = (X', d', 0V, /) be two compact rooted measured
metric spaces. We say X and X' are GHP-isometric if there exists an isometric
one-to-one map ® : X — X’ such that ®(0) = (' and ®,u = p’ where ®,p is the
push forward of measure p to (X', d'), that is, ®,u(A) = u(®"1(A)) for A € B(X").
In this case, call ® a GHP-isometry.

Let d% denotes the Prokhorov distance between finite Borel measures on Z, that

is, for two finite measures u, v on 7,
dZ(u,v) = inf{e > 0 : p(A) < v(A9) +€,v(A) < p(A°) + € for any closed set A}.

If both X and X’ are compact, then we define the Gromov-Hausdorff-Prokhorov

distance as:

denp(X,X') = inf (d%((0), (1)) + dff (D(X), ¥'(X")) + di (P, ®pt'))

.82

where the infimum is taken over all isometric embeddings ® : X < Z and @' :
X’ < Z into some common Polish metric space (Z,d?). Let K denote the set of
GHP-isometry classes of compact rooted measured metric spaces. We often identify
such a metric space X with its GHP-isometry class. For example, for the real tree 7,
constructed in Section 2.1, we have T, € K. We have the following results from [1].

Theorem 2.2.1 (Theorem 2.5 in [1]). The function dgyp defines a metric on K and

the space (K, dgyp) is a Polish metric space.
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We next define a distance between sequences of rooted measured metric spaces.
For X = (&;,7 > 1), X' = (&],j > 1) in KV, we let
cnp(X,X') = Sl>111) daup(X;, XJI)
J>
If X € K" for some n € N, in order to view X as a member of KV, we append to X
an infinite sequence of zero metric spaces Z. Here Z is the rooted measured metric
space consisting of a single point with measure 0. Let Z = (Z,Z,---) and
Ly = {X € K" : limsup dgpp(X;, Z) = 0}.
Jj—00
By the definition of GHP distance it is not hard to see that dgyp(X, Z) = 42mX) 4

2
p(X), hence X € L, if and only if limsup (diam(X;) 4+ p;(X;)) = 0. It is likewise
j—o0
straightforward to show that (L., dyp) is a complete separable metric space.
We next define coordinatewise GHP convergence of sequences of measured met-

ric spaces. For X, = (X,,;,7 > 1), X = (X;,7 > 1) in K, we say that X,, converges

to X in coordinatewise GHP sense if for any j € N,

sup daup(Xni, X)) — 0 as n — .
1<I<y

Now we are able to understand the modes of convergence in our main theorems
rigorously.
2.3 Concentration inequalities

Later in Chapter 3 and Chapter 4, in order to prove concentration results for

depth-first walk of random forests, we are going to use the results of McDiarmid [54].
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In [54] McDiarmid provided an excellent exposition on two methods of proving con-
centration inequalities and many application of the inequalities to problems of the-
oretical computer science. The first method is based on the martingale difference
sequences; we will use results from this approach in our work. The second method
in [54] is the more recent work |67, 68| of Talagrand on the concentration inequality
involving convex distance on product spaces.

The paper |54] starts with bounding large deviations of the sums of independent

binary random variables, which is the setting of Chernoff bound [24], and then present
various extensions in this direction, including Hoeffding’s work [39]. We are going to
use the following tail bounds of sums in Section 3.3.2.
Theorem 2.3.1 (Theorem 2.7 in [54]). Let random wvariables X7, --- , X be inde-
pendent, with X —EX} < b for each k. Let S} = > X}, and let S} have expected
value p1 and variance V- (the sum of the variances of X} ). Then for any t > 0, with
e =0bt/V, we have

P{S:—pu>t} <exp (—b%((l +e€)In(l+¢€) — e)) < exp (—ﬁ) .

In Section 3 of [54], McDiarmid extends the results in more generality by adopt-
ing the martingale framework. In particular, the following theorem extends Theo-
rem 2.3.1; we use this result in Section 3.3.1 and Section 4.4.

Let {X;}7_, be a bounded martingale adapted to a filtration {F;}7_y. Let

n—1
V =3 Var{X;;, | F;}, where
=0

Var {X;,, | F;} =E[(X; — X;)* | F;] =E[X},, | F;] - X7.

J
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Let
v=esssup V, and b = max esssup(X; —X; | Fj).
0<j<n—1

Then we have the following bound.

Theorem 2.3.2 ([54], Theorem 3.15). With v and b defined as above, for anyt > 0,

P {or?%(xj —Xo) 2 t} < exp <_2v(1 —|—tljt\(30))) ‘

For completeness we include a proof of Theorem 2.3.2, which is based on that

given in [54].

Proof. We first prove a weaker inequality: for any 0 < k& <n and t > 0,

P X, — Xy >} < exp (_21) i ;bt\ (3@))) | (2.3.1)

Define a function g by g(z) = “=3=%. Then ¢'(z) = (%2);# By taking deriva-
tives of g(x) := (x — 2)e” + x + 2 we see that g(z) < 0 for z < 0 and g(x) > 0 for

x > 0. Hence g is increasing and in particular for x < b, we have
e =1+x+2%g(x) <14z +229(b).
Since ess sup(X;11 — X; | ;) <b, for any h > 0 and 0 < j < n, we have

E [ =5 | Bl < B[+ h(Xn = X;) + 12X — X;) g(hb) | Fj]
= 1+ h*g(hb)Var {X;, — X, | F;}
= 1+ h*g(hb)Var {X;,, | F;}

< exp (h*g(hb)Var {X;,1 | F;}). (2.3.2)
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Hence for any 1 < j < k, using tower law and the fact e/(Xi-1=%0) ig Fj_i1—measurable,

we have
E [eh(Xj—Xo)] — E |:E [eh(Xj—XO) | th_1H
= E [eh(Xj—l—XO)E [eh(Xj—Xj—l) | ]:j_lﬂ
< exp (h*g(hb)Var{X; | F;_1}) E [eh(xﬁ'*l_x(’)} . (2.3.3)

where we use (2.3.2) in the last line. By Markov’s inequality and using (2.3.3)

recursively for j = k,..., 1, it follows that for any A > 0,

P {Xk — XO > t} < e*htE [eh(kaxo)]
k
< "L exp (hg(hb)Var {X; | F1})

Jj=1
—ht+g(hb)h2v
6 9

which is minimized at h = §In (1 + %). This gives us the bound

v

P{Xk—ont}Sexp< 72

(14 ) In(l +¢) — 6))
where € = bt/v. It is straightforward to show that, for all x > 0,

f(z) = (6 +8x +22*)In(1 + x) — 62 — 5z > 0.
This implies that, for all x > 0,

(1+2)In(1+ ) —x > 32%/(6 + 2z),

which gives our desired bound in (2.3.1).
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Next, for any h > 0, let T} := eMXs=X0)  Then T; is a F;—submartingale. By

Doob’s submartingale inequality (e.g. section 14.6 in [70]), we have for any k < n,
p { max (X; — Xo) > t} =P { max T} > eht} < e MET}, = e ME [hX5 0] |
0<j<k 0<j<k

Since (2.3.1) is proved by bounding the quantity E [eh(X’f_XO)}, we obtain the same

bound for the maximum. O

36



CHAPTER 3
Critical case

3.1 Introduction

In this chapter, we aim to prove Theorem 1.3.1 and Theorem 1.3.2. These
theorems tell that, under natural assumptions on degree sequences and after suitable
normalization, large uniformly random forests with given degree sequence converge
in distribution to the forests coded by Brownian first passage bridge, with respect
to the Gromov-Hausdorff-Prokhorov topology. In order to understand these results
rigorously, we need to first introduce the concept of first passage bridge. This chapter
is essentially tailored from the manuscript of [47].
First passage bridge

Recall the following definition of first passage bridge as in [14]. Informally,
for A\ > 0, the first passage bridge of unit length from 0 to —\, denoted FY", is a

C'[0, 1]—valued random variable with law
(FY (0.0 <t <1) £ (B1).0<t<1[7(N)=1)

where B is a standard Brownian motion and 7(\) := inf{¢t : B(t) < —A} is the first
passage time below level —\ < 0.
For [ > 0, we write Blbr for the Brownian bridge of duration 1 from 0 to —[. As

explained in Proposition 1 of [33], the law of the Brownian bridge BY" is characterized
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by B (1) = — and the formula

P1-m(=1l = B(m))
pi(=1)

E [f((B)"(t))ozizm)] = E | f((B(t))oi<m) (3.1.1)

for all bounded measurable function f, and all 0 < m < 1, where p, is the Gaussian
$2 . .
density with variance a and mean 0, that is, p,(z) = \/2;771675. In a similar way the

law of F¥" can be defined as the law such that

. Pi_s(=A — B(s
B (Y Oherca)] = B [(1BOercd =0T | 12
1 r<s
for all bounded measurable functions f and all 0 < s < 1 and F{"(1) = —\, where

pl, is the derivative of p,. These formulae set the finite-dimensional laws of the first
passage bridge. In [15] (see Section 5.1 for details) it is shown that it admits a
continuous version, and that F}{" is the weak limit of F§ as € — 0, where (F{(t),0 <
t < 1) has the law of B conditioned on the event { B(1) < —A+e, }52% B(s) > —A—e¢},
hence justifying the informal conditioning definition. )

We first recall Theorem 1.3.1 and Theorem 1.3.2 below.
Theorem 1.3.1. Suppose that there exists a distribution p = (p,i > 0) on Ny such

that p, converges to p coordinatewise. Suppose also that o(p,) — o(p) € (0,00). If

U(;ELS)’;)W — X\ € (0,00), then

Fr4 (70> 1) asn— oo, (1.3.1)

with respect to the product topology for dapp where (7,1 > 1) are the excursions of

the process (F"(s) — ir(lf )Ff’”(s'))0<s<1, listed in decreasing order of length.
s'€(0,s -
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Theorem 1.3.2. Under the conditions of Theorem 1.3.1, suppose additionally that
there exists € > 0 such that A, = O(n'z"). Then the convergence (1.3.1) holds in
(Loo, d&pp)-

We would like to first make the following two comments.

Remark 3.1.1. The assumptions of Theorem 1.3.1 imply that u(p,) — wu(p) =1
and that A, = o(n'/?). We include the proof of these facts as Lemma 3.6.1 in
Section 3.6.

For ¢ > 0, let ce € C[0,00) denote the Brownian excursion of length c, that is
el®), as we defined in Section 2.1. For an excursion v, let |y| be its length (please
refer to Section 3.1.1 for a careful definition).

Remark 3.1.2. The pair ((y,! > 1),(7,,,0 > 1)) has the same law as ((y,! >
1), (Trjers 1 > 1)) where (e;,1 > 1) are standard Brownian excursions, independent of
each other and of (7,1 > 1). This is true because of the Brownian scaling property
of Brownian excursion.

3.1.1 Key ingredients of the paper

Here we summarize the two key ingredients of this chapter. The first element
is the convergence of the large trees in (1.3.1), which is essentially given by the

following proposition. We first state this result and then give a careful introduction

_ |Tn,l‘
==

of the concepts involved. For all [ > 1, let X,

Proposition 3.1.1. Under the conditions of Theorem 1.3.1, for any fived j > 1,

(Xni<ss (Taadizi) = (Pl izss (Thuteni<s) (3.1.3)
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as n — 0o, where (e;);<; are independent copies of e, and (v, > 1) are the excur-
sions of (F¥"(s) — s/g(lof,s) FU(8"))o<s<1 ranked in decreasing order of length.

There are two parts of the convergence in (3.1.3). One is the convergence of
the normalized sizes of large trees to lengths of excursions. This is given by Propo-
sition 1.3.3, which we recall below. We first introduce more notions which explain
the proposition more rigorously. Let Co(1) = {z € C([0,1],R) : 2(0) = 0} For a
non-negative function gt € Co(1), an excursion y of g* is the restriction of g* to
a time interval [I(7),r(7)] such that ¢*(I(y)) = ¢g"(r(y)) = 0 and ¢g*(s) > 0 for
s € (I(y),r(7)). In this case [I(7),r(y)] is called an ezcursion interval of g*. The
length of the excursion is denoted as |y| = r(v) — (7). For a function g we write
g(s)— min g¢(s) to denote (g(s) — min ¢(s'), 0 < s < 1). For g € Cy(1), sometimes

0<s'<s 0<s'<s

we refer the excursions of g(s) — Or<nin g(s") as excursions of g. Recall that
<s'<s

H={e= (2, ) 122> 20> 2,<1}

and endow [} with the topology induced by the I, distance: d(z,y) = 3 |z; — uil-

)

Proposition 1.3.3. Under the hypothesises of Theorem 1.3.1, we have

(I Toal/m)iz1 = (0l)isa (1.3.2)

in I}, where (y,,1 > 1) are the excursions OfF’{)T(S)_ogli/E FUr(s') ranked in decreasing
order of length.
This proposition will be a corollary of the following theorem, which is the main

result of Section 3.4. For a plane forest I, let u; < uy < --- < w| be the nodes

of F listed according to their lexicographic order in I/ in each tree component, with
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nodes of first tree listed first, then the nodes of second tree and so on. Recall in
Section 1.2.2; the depth-first walk (or Lukasiewicz path) Sp is defined as follows.

First set Sp(0) = 0 and then let
Sp(i) = (ke(u;) — 1) for i =1,2,--- | |F|.
j=1
We extend the definition of Sy to the compact interval [0, |F|] by linear interpolation.
Theorem 3.1.2. Under the conditions of Theorem 1.5.1, we have

( Sk, (tn)

U(p")nl/z)te[m] 4 Fy (3.1.4)
in Co(1) as n — oo.

The second part of the convergence of (3.1.3) is the convergence of the large
trees, for which we will rely on the following result about random trees with given
degree sequences from [20].

Theorem 3.1.3 (Theorem 1 in [20]). Let {s,,n > 1} be a degree sequence such
that |s,| = n — oo, A, := A(s,) = o(n'/?). Suppose that there exists a distribution
p = (p¥,i > 0) on N with mean 1 such that p,, = (s,(f)/n,i > 0) converges to p
coordinatewise and such that o(p,) — o(p) € (0,00). Let T,, be the random plane
tree under Pg, , the uniform measure on the set of plane trees with degree sequence
Sn. Let T, denote the measured rooted metric space (T,, %dm,@n,un) where (.,

denotes the uniform measure putting mass % on each vertex of T,. Then when

n — 00,7, LT in the Gromov-Hausdorff-Prokhorov sense, where T is BCRT.
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Remark 3.1.3. In fact Theorem 1 in [20] is only stated in the Gromov-Hausdor(f
sense, that is, (T, %dw,@n) KN (Te,do, D). But the conclusion can be strength-
ened to GHP convergence easily. For completeness, we include a proof of this fact in
Section 3.6.

The following proposition contains the additional ingredient required to prove
Theorem 1.3.2.
Proposition 3.1.4. Under the conditions of Theorem 1.5.2, for all a > 0, we have

lim limsup P {sup diam(7,,) > a} = 0.

J=00  nooo 1>j

The key results leading to Proposition 3.1.4 include a height bound for random
tree with prescribed degree sequence and a variance bound for uniformly permuted
child sequences. The height bound of uniformly random tree with prescribed degree
sequence is given in the following theorem.

Theorem 3.1.5 (Theorem 1 in [3]). Fiz a degree sequence s = (5,7 > 0) such that
S is® = |s| — 1, and let T(s) be a uniformly random plane tree with degree sequence

i>0
s. Then for all m > 1 we have

P {h(T(s)) > m} < Texp (—m*/6080%(s)13)

ls|—2

where 15 = m

The following probability bound on variances of uniformly permuted integer
sequences allows us to control the variance of degrees of trees in random forests, and

thereby apply Theorem 3.1.5 to prove Proposition 3.1.4.
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Proposition 3.1.6. Fiz ¢ = (¢1, -+ ,¢,) € N" and let m be a uniformly random
permutation of {1,--- ,n}. Set C; = cpy for 1 < i < n, and let S; = Y C? for
i<j

1 << n. Then for all X > 2 and 1 < k < n, withAzlrilngC’izlrggxci, and

o%(c) =Y. 2 =S, we have

1<n

k 30%(c) Mk
Pls. > s\ < _00le) AR
{Sk_)\nsn} _exp( T6n AQ)

Now let us prove our main theorems with these key results.

Proof of Theorem 1.3.1 and Theorem 1.3.2. By Skorokhod’s representation theorem,

we may work in a probability space in which the convergence in Proposition 3.1.1 is al-

most sure. Hence Proposition 3.1.1 yields that for any fixed j, sup deup(Tni, Tiyle,) LN
I<j

0. This establishes Theorem 1.3.1. Now to prove the convergence in (Lo, d¥yp), it

suffices to prove that for any a > 0,

lim lim sup P {sup (diam(7,,;) + mass(7,,) + diam(7;,) + mass(75,)) > a} = 0.

J=0  nooo I>j ' 7

It suffices to separately prove

lim limsup P {sup diam(7,,;) > a} =0, lim limsupP {sup mass(7p,) > a} =0

J=70  n—oo >3 7 )70 n—oo >3

lim P {sup diam(7,,) > a} =0, limP {sup mass(7,,) > a} = 0.

J—o0 I1>j J—roo >3
For this purpose, we need to control the probability that small trees having

either large diameter or large mass. Note that for a tree its diameter is bounded by

twice of its height.
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In fact the mass of tree is easy to control since for any a > 0 and any n,

T,
P {supmass(’ﬁ%l) > a} = P {supM > a}

I>j I>5 N

< P{|T, ;| >an}=0for j > 1/a

For the diameter we resort to Proposition 3.1.4.

We also need to bound diam(75,) and mass(75,) for [ large. Note that mass(7,,) =
|| and for any a, let j > 1/a, then P {Sup 7] > a} = 0.

For diam(7,), diam(7,,) < 2h(7,) l:>j2 max(7y). For 0 <s <1, let

R(s) = F¥"(s) — inf FY(s)

s'€(0,s)

and the excursion interval of +; be [g;, d;]. Then

diam(7;,) < 2 sup R(t) =2( sup FV'(t)— inf FY"(¢))

te(gy,di] te[gr,d;] telg,di]
< 2sup (|F (1) — EY(9)] < |t — | < di — )

and d; — g, = || < 1/1. So for any j > 1/e,

sup diam(7,,) < 2sup (|FY(t) — FY'(s)| 1 |t —s| <€) = 0ase—0
1>j

since " is uniformly continuous. Hence we have the tail insignificance for diameter

of T;, and the claim is proved. ]

To conclude this section, we sketch how this chapter is organized. In Section 3.2
we investigate a special rotation mapping, which connects the collection of lattice
bridges corresponding to certain degree sequence s and the set of first passage lattice

bridges corresponding to s. This will be the key starting point of our work using
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depth-first walk process to code the structure of random forests with given degree
sequences. The combinatorial argument in this section will be also useful for our lat-
er work on transferring results such as Proposition 3.1.6 to something similar which
is applicable to random forests. This section will be purely combinatorial and on-
ly deal with fixed degree sequences. In Section 3.3, we collect some concentration
results using martingale methods. These probability bounds will be useful for check-
ing that the assumptions in Theorem 3.1.3 are satisfied for large trees of Ft. The
second part of this section proves the variance bound in Proposition 3.1.6. Again all
results in this section is non-asymptotic and hence are presented with regards to a
fixed degree sequence. In Section 3.4, we prove Theorem 3.1.2, the convergence of
scaled exploration processes to some random process related to first passage bridge,
using the rotation mapping in Section 3.2. We will then get Proposition 1.3.3 as
a corollary from this weak convergence result. In Section 3.5 we finish the proof of
Proposition 3.1.1 and Proposition 3.1.4 using results from Section 3.3 and Section 3.4.
Finally, we prove Remark 3.1.1 and Remark 3.1.3 in Section 3.6.

3.2 An |s|-to—1 map transforming lattice bridge to first passage lattice
bridge

Given a degree sequence s = (5,7 > 0), let d(s) € Z';'O be the vector whose
entries are weakly increasing and with s entries equal to i, for each i > 0. For
example, if s = (3,2,0,1,0,---) with s¢) = 0 for ¢ > 4, then d(s) = (0,0,0,1,1,3).
Let D(s) be the collection of all possible child sequences corresponding to degree
sequence s, i.e., all possible result as a permutation of d(s).

A lattice bridge is a function b : [0, k] — R with 6(0) = 0 and b(i) € Z, Vi € [k,

which is piecewise linear between integers. Here k is an arbitrary positive integer.
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We let

A(s) ={b:[0,|s]] = R : b is a lattice bridge and

Vi>0,[{j €eN:b(j+1)—b(j) =i—1} =57}

and call A(s) the set of lattice bridges corresponding to s. Note that if b € A(s), then

b(|s|) = —c(s). Furthermore, we have

501 = (0 12 0)) = 307

i>0
since to determine b € A(s), it suffices to choose the s(*) positions with step size —1,
s(M) positions with step size 0, s?) positions with step size 1, etc.
We then let
F(s)={be A(s): inf b(j) > —c(s)}

i<ls|-1
and call F'(s) the collection of first passage lattice bridges corresponding to s.
For s > 0, let Co(s) = {z € C([0,s],R) : z(0) = 0}. For u € [0,s], let
Ous : Co(s) = Co(s) denote the cyclic shift at u, that is,
z(t+u) — x(u), ift+u<s;

(s (2))(t) =

r(t+u—s)+a(s) —x(u), ift+u>s.

For x € Cy(s) and y € R™, let t(y, x) := inf{t € [0, s] : z(t) < y} be the first time
the graph of = drops below y. Sometimes we drop the argument x for convenience and
simply write t(y). If y < m[%n] x(u) we set t(y, ) = 0 by convention, so Oy (z) = .

ue|0,s

In what follows, for k& € N we write [k] — 1 = {0,1,--- ,k — 1}. And when the

context is clear, we simply drop the subscript s and write 6, for 6, ;.
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Lemma 3.2.1. For b € A(s), and for each j € [c(s)] — 1, we have Oyminp)+j)(b) €
F(s).

Proof. Let m < 0 be the minimum of b. Fix an integer i such that m <i < m+c(s)—1
and u < |s|. We shall prove that 6y (b)(u) > —c(s), which proves the lemma. If
0 <u < [s|—1(2), then Oy (b)(u) = b(t(i)+u)—b(t(i)) > m—i > —c(s). If [s|—t(i) <
< |5l then By (6) (1) = b(E(7) 1 — [s]) + b(Js]) — b(t(5)) = b(E(3) 1 —s]) — cls) —1.
Since u < |s|, t(i) + u — |s| < t(i) and we must have b(t(:) + u — |s|) > i by our

definition of ¢. Therefore in this case we also have 6,4;(b)(u) > —c(s). O

Next, define a function f : A(s) x ([¢(s)] = 1) = F(s) by f(b,J) := Osminv)+5) (D).

Lemma 3.2.2. f is an [s|—to—1 map from A(s) x ([c(s)] — 1) to F(s).

Proof. For | € F(s), if size of preimage of [ under f is strictly large than [s|, then
we must have by, by € A(s), j1,j2 € [c(s)] — 1 such that f(by,71) = f(b2,j2) = [ and
t(min(by)+j1) = t(min(by)+j2), since ¢ can only take values in [|s|]. By the definition
of f we must then have b; = by and hence j; = j;. Therefore each element in F'(s)
can have at most |s| preimages in A(s) x ([¢(s)] — 1). On the other hand, we have

(see, e.g., |61], page 128)

\F(S)Izﬁ( sl >:@ ’S“... (3.2.1)

Hence [s| x |F(s)| = c(s) x |A(s)] = |A(s) x ([¢(s)] — 1)|, so it must in fact hold that

each [ € F(s) has exactly |s| preimages. O

Recall the concept of depth-first walk Sy of a plane forest F. For a sequence
J
c=(cr, - ,0,) € R, we write We(j) = > (¢; — 1) for j € [n]. We let W.(0) =0

i=1

47



and make W, a continuous function on [0,n] by linear interpolation. Note that S
is precisely W, where ¢ = (kp(u1),-- -, kp(ujp))).

Forc = (¢, -+ ,¢,) € R™ and a permutation 7 of [n], write 7(c) = (cx), + , Cr(n))-
Also, recall from the beginning of this section that for a degree sequence s, d(s) is a
vector with s entries equal to i for each i > 0.

Corollary 3.2.3. Let s be a degree sequence. Let m be a uniformly random permu-
tation of [|s|] and let v be independent of m and drawn uniformly at random from
[c(s)] — 1. Then

d
F(Waias)y), V) = Sk(s),
and both are uniformly random elements of F(s).

Proof. By definition, (Wr(as)),7) is uniformly at random in A(s) x ([c(s)] — 1). By
Lemma 3.2.2, it follows that f(Wr(as)),v) is uniformly random in F(s). On the
other hand, the map sending plane forest F to its Lukasiewicz path Sg restricts to
an invertible map from F(s) to F(s). Thus, Sge) is also uniformly distributed in

F(s). O

First passage bridges are naturally connected to plane forests. In a similar
way, general lattice bridges are naturally connected to marked plane forests. This
interpretation will be more convenient for some later proofs (Propositions 3.3.4, 3.3.7
and 3.3.8).

A marked forest is a pair (F,v) where F' is a plane forest and v € v(F).
Sometimes we refer v as the mark of (F,v). Recall that F(s) denotes the collec-

tion of all plane forests with degree sequence s. Let MF(s) be the collection of
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all marked forests with degree sequence s and for 1 < i < ¢(s), let MF(s) be
the collection of marked forests (F,v) € MF(s) such that the mark v lies within
the i—th tree of F. We define a map g : MF(s) — D(s) which lists the degrees
of vertices of a marked forest starting from the mark in DFS order. Formally, for
(F,v) € MF(s), if the DFS ordering of v(F') is vy, - - - ,vjs and v = v;, then g((F,v)) =
(kp(vi), -+ kr(vs|), kr(v1), -+, kp(vi—1)). Next define a map h : MF(s) — F(s) by
h((F,v)) = F. Then we have the following easy fact.

Lemma 3.2.4. g is a c(s)—to—1 surjective map and for each 1 < i < ¢(s), ¢* =
glhuris) 18 a bijection between MF'(s) and D(s). Also, h is a |s|—to—1 surjective

map.

Proof. For d € D(s), |g~'({d}) N MF'(s)| = 1 for all 1 < i < ¢(s). In fact, the
element of each g~'({d}) N MF'(s) can be obtained by cyclically permuting the tree
components of the element of g~*({d}) N MF'(s). This shows that ¢’ is a bijection.

The other two claims are straightforward. ]

The map g being surjective immediately gives the following result.
Corollary 3.2.5. Let MF(s) be a uniformly random element of MF(s), then g(MIF(s))
is a uniformly random element of D(s).
3.3 Concentration results

In the first part of this section, we deal with a martingale concerning the pro-
portion of a fixed degree of uniformly permuted degree sequence. This will be useful
for proving Proposition 3.1.1 in Section 3.5 where we need to first show that the
degree proportions in each large trees of F* are more or less in line with the degree

proportion of the given degree sequences. The second part of this section deals with
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the variance bound of uniformly permuted child sequences, which leads to a key
technical proposition on the height of tree components of F(s). For both subsections
we will use concentration results from [54].

Let s = (s®,i > 0) with |s| = n be a fixed degree sequence and let C =
(Cy,---,C,) denote the uniformly permuted child sequence 7(d(s)) (recall the no-
tation from Section 3.2), where 7 is a uniform random permutation of [n]. For each
i >0, let ¢ = 5% /n be the degree proportion of degree i of s.

3.3.1 Martingales of degree proportions of uniformly permuted degree
sequence

In this subsection, we introduce some martingales concerning proportions of
particular degree appeared at each step in a uniformly permuted degree sequence and
use them and Theorem 2.3.2 as tools to prove Lemma 3.3.3 and Proposition 3.3.4,
which are useful for eventually proving that the empirical degree distributions of
large trees of F,, behave well (Proposition 3.5.1).

For fixed i, for 0 < j < n—1,let Y, = {1 <1 < j: C = i}| and let

Xj(-i) =50 — Yj(i). Note that for j > 0

X9 1, it o =1
j .
X9 otherwise.

Let F; be the o—field generated by C4,--- ,Cj.

. ()
Lemma 3.3.1. Let Mj(l) =N

e g9, then

(a) M]@ is an F;—martingale;

(b) The predictable quadratic variation of M ](21 satisfies
var {M) | 7} =B (M0 7] - M0 <

i1
J 4 (n=(+1))*"
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. ®
Proof. (a) Since ¢ is a constant, it suffices to show that % s an F,—martingale.

n—j
In fact
E[X]('21|]:j} = X -P{Cu=i|F}
ox®
:XJ(Z)_ J.7
n—j
SO . ] ‘
B P P S
R U V] B s Ry T |

(®)
X .
Thus — is an F;—martingale.
n—j

(b) By definition, we have

J+

, , N2 N2
var (M), | 7O} =B [M07 | F] - M)
i) 2 ,
BX0 17| x0?

(n—G+1))?  (n—y)?

Now we substitute

(i) _x

N2 . X N2 N — —X
B[x0 A = () —p i x P I . .
’ ! n—j "’ n—j ! n—j n-—j

in the above result and obtain

. X X 2x) X

Var M. | Fit = ! -7 — + —

{ i1 | ]} (n—G+1)2 (=32 m-Hh-G+1)? (-75h-(+1)?
2(n - j) - HX* oxV* x®
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which gives the claim. ]

Now we can apply Theorem 2.3.2.

Proposition 3.3.2. For anyt > 0 and 0 < s < n, we have

, x\W 3st?
P 0 _ 27 1>\ < — . 3.3.1
(- iz d o ((22). oo

Proof. Fix s < n, and consider the martingale {M "Zo- By Lemma 3.3.1(b), we

know that
n—s 1 n—s—1 1 1 n—1 1 1
v=S"V {M@ ]-“~_}<— —<—/—d <.
D Var (M | Fiap <7 m—G+r12 -4 ) 22°"=73
J=1 3=0 s—1
Hence v = ess sup V' < 5-. Also, for j <n —s—1, if XJJrl = Xj@, then
) X(i) 1
|M M](z)| == . 1 S )
(n=j)n—yj—1) " s
and if X;Ql = X;Z) — 1, then
(4) (4) (4)
|M’) M(l iy X7 -1 X; = X; B 1 <1
0, - M) | = | — . S
n—(1+1) n—j =G+ ))n-7) n-0G+1) " s
Applying Theorem 2.3.2 to both {M o and {—M;' @ "~ gives
: xW t?
P { max |¢¥ — ——| > t} < exp (—ﬁ) :
0<j<n—s n-— S5
as claimed. O

Now we give a probability bound of proportion of certain degree i deviates from

¢ by an error of at least €.
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Lemma 3.3.3. For fixred € N and € > 0, let
B = {3z >log®n : YV — ¢Dz| > ex).
Then for any n large enough such that % <e<1,
P{B“} <n7

Proof. By symmetry, the event {35 > log’n : \Y;@ —¢"j| > €j} has the same

distribution as the event {3 < n —log®n : |Xl(i) — ¢ (n—1)| >e(n—1)}. Hence we

can write
. . X
PiB“}t =P Y— > .
{ } oglgnnl%i{)g?’nm n—l‘ =
Taking s = log®n,t = ¢ in (3.3.1), the result follows. O

Now we consider how degrees distribute among the tree components of the
random forest F(s). Write F(s)* = (T;, { > 1). Let s; = (sl(i),i > 0) denote the
(empirical) degree sequence of the [—th largest tree T;. Recall that ¢ = s /n and
let ql(i) = sl(i) /|s1| be the empirical proportion of degree ¢ vertices of Ty; if F(s) has

) is random.

fewer than [ trees then ql(i) = 0. Note that ¢ is deterministic while ql(i
Proposition 3.3.4. For fired € > 0 and i,1, let Bf"* = {\ql(i) —q9| > €}. Then for

fized € > 0,7 € N, we have

Po |J B <nP{B}. (3.3.2)

Il |Ty|>nt/4
Proof. Let V be a uniformly random vertex of F(s), then (F(s),V) is uniformly

distributed in MF(s). List the nodes of F(s) in cyclic lexicographic order as V' =
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Vi,Vo,---,V,, and for i < n let C; be the degree of V;. By Corollary 3.2.5, the

sequence (C1,---,C,) = g(F(s), V) is uniformly distributed in D(s); in other words,

it is distributed as a uniformly random permutation of d(s). For any 1 < j < n, let

Bj” be the event that there exists m > n'/4 such that

#{L <t <m:Cipt moan) =4}

¢ > e
m

Since (C4, - -+, C},) is uniformly distributed in D(s), it is immediate that P {sz} =

.=P {Bﬁf} Suppose a tree T € F(s) with |T'| > n'/* has that

wHu: kr(u) =i}

| ¢ > e
T

If V is not a node of T, then there exists m > n'/*,0 < j < n — m such that

#{1<t<m:Cj =i}

q"| > e
m

V(T) = {Vit1, -+, Vigm}), |

If V is a node of T, then there exists m > n'/* j > n —m such that

V(T) = {V}Jrla"' 7Vn7‘/17"' 7‘/j+mfn}7 ’

#{th—FlortSj—l—m—n:C’t:i}_

m

In either case we must have Bj” true for some 1 < j < n. Therefore

pe U B <P {B} <P (B},

I: |Ty|>nl/4

which gives the claim.

o4
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3.3.2 Probability bound of trees of random forest having abnormally
large height

In this subsection, we prove tail bounds on the heights of trees in F(s), by first
proving tail bounds on the sums of squares of the child sequences. This will be used in
proving Proposition 3.1.4 in Section 3.5. To be more specific, let ¢ = (¢1,¢o,- -+ ,¢,) €
D(s) be a child sequence with o?(s) := i ¢ = > %" and write M := 0*(s)/n and
A = A(s) = MAax c;. Recall that C, Cl‘z,l - ,C; are the uniformly permuted child
sequence and let S; := Z C?. We will use Theorem 2.3.1. Since Cy,Cy, -+, C are
sampled without replacélgrjlent from the population ¢y, co, - - - , ¢,,, we may not directly
apply Theorem 2.3.1. We address this issue as follows.

Recall (or see, e.g., [10]) that given real random variables U, V', we say U is a

dilation of V if there exist random variables U,V such that
A d A d A A A
oLy, V:VandE[UW} — V.

Proposition 3.3.5 (Proposition 20.6 in [10]). Suppose Xy, -+, Xy and X7,--- , X}
are samples from the same finite population x4, - - - , x,,, without replacement and with
replacement, respectively. Let Sy = zk: X, Sp = zk: X;. Then S} is a dilation of S.
In particular, E [¢(S5)] > E[¢(Sk)] Zfzolr all conti;”bzulous convex function ¢ : R — R.
The proof of Theorem 2.3.1, in [54] (which is similar to the proof of Theo-
rem 2.3.2, which we included in Section 2.3), proceeds by bounding the quantity
E [exp(h(S! — )], where h is any real number. By Proposition 3.3.5, we have
E [exp(h(S, — n))] < Elexp(h(S! — u)], which means that the proof applies mutatis

mutandis in the setting of sampling without replacement.

25



Corollary 3.3.6. Let Xy,--- , Xy be samples from finite population xy,--- , x,, with-
k k

out replacement, with X1 —EX; <b. Let S, = > X;,V = > VarX; and uy = ES.

i=1 i=1

Then for any t > 0, with e = bt/V , we have

P {Sk— e > £} < exp (—b—V2<<1 +e)In(l+¢6) - e>) < exp (—wfm) |
(3.3.3)

Now we get our probability bound on the deviations of (Si, k < n).
Proof of Proposition 3.1.6. We apply (3.3.3); we have u, = ES), = %Sn, b= A2

k n
k k
V=> VarC} <kE[C}] = - < ENa?(c) = kA?M,
i=1 j

where M = 0?(c)/n. For A > 1, taking t = (A — 1)£6?(c), we obtain

n

(A = DEM)?
< exp <_2kA2M + §A2(>\ — 1)]{5M)

Using the assumption A > 2 twice, we have

k (A= )k:M)2
Pl > s b < _
{’“— n } = eXp( S(A— )A%M
B U3 - DEMY _ C3M Mk 30%(c) Mk
- P 8A? =P T TAz) TP 16n  A?)°

which finishes the proof. ]

Using results from Section 3.2, we now have the following estimate on variance

of tree components of F(s). For a tree T, we let o*(T) = Y kr(u)?.
ueT
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Proposition 3.3.7. Let s = (s%,i > 0) be a degree sequence with |s| = n and
M = o2(s)/n. Then for A\ > 4,a > A?(s)/n,

P{3T €F(s): |T| < an,o*(T) > Aac’(s)} < %exp(—%/\). (3.3.4)

Proof. Let V be a uniformly random vertex of F(s), then (F(s),V) is uniformly
distributed in MF(s). List the nodes of F(s) in cyclic lexicographic order as V' =
Vi, Vo, -+, V,, and for ¢ < n let C; be the degree of V;. By Corollary 3.2.5, the
sequence (Cy,---,Cy) = g(F(s), V) is uniformly distributed in D(s); in other words,
it is distributed as a uniformly random permutation of d(s). In what follows we omit

some floor notations for readability. For 0 < j < Léj, let B; be the event that

(j+2)an
Z 012 (mod n) > )\()éO'Q(S).
i=jan+1
Since (1, - - - , (), is distributed as a uniformly random permutation of d(s), we clearly
have
P{B)=P{B)=--- :P{B&J}.

Suppose that a given tree T' € F(s) has |T| < an and 0*(T) > Aac?(s). Then there
exist 0 <1 < n and m < an such that V(T) = {Vi44 moa n) : 1 <t < m}. Hence

there exists 0 < j < | 2] such that V(T') C {V; (mod n), Jan +1 < i < (j+2)an}.

[0}

This implies that
(j+2)an

Z Cz2 (mod n) > U2<T) 2 >\OCO'2(S),

i=jan+1

o7



i.e. Bj is true. Hence the probability in question is at most

1 9 2 A [2an]
L+ [ZDP{Bo} < JP {Sppan) 2 Mac*(s)} < =P {SW"J 2 "2(S>}
2 3M
< J— R
= P < 16 A) ’

where we take k = [2an| in Proposition 3.1.6 and use a@ > AZ?(s)/n at the last

step. ]

Now we finish this section by proving a key proposition on probability bound of
F(s) containing trees with unusually large height.
Proposition 3.3.8. V ¢,p € (0,1),3Ing = no(e) € N and fy > 0 such that the
following is true. Let s be any degree sequence with |s| = n > ng. Suppose that

l1—e¢

A(s) <n’z

, s < (1 —€)|s] and € < 02(s)/n < 1/¢, then for any 0 < B < By,
P{3T € F(s) : |T| < Bn, W(T) > B/5n'/?} < p.

Proof. Fix > 0 small, let 6 = 5'/®, and consider the following four events.
e [ is the event that there exists a tree T' (of F(s)) with A?(s) < |T'| < 8n and

oX(T) > (Zhy1/252(s).

(N1

e [, is the event that there exists a tree T with |T| < n'~¢ and ¢*(T) > n'"2.
e [ is the event that there exists a tree T' with A%(s) < |T'| < 8n and o*(T) <
(Z1Y1/262(s) such that h(T) > dn*/>.
e F, is the event that there exists a tree 7 with |T| < n'~¢ and o?(T) < n'~2
such that h(T) > én'/2.
If there is T' € F(s) with |T| < Bn, and h(T) > én'/?, then one of E\, By, F5 or E,

must occur, so it suffices to bound P{FE;} + P {E,} + P {Es} + P {E,}. For E;, we
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further decompose the interval [A*(s), fn] dyadically. In the next sum, we bound

k 1

“(s
the k—th summand by taking o = % A= 61/2 > 4 in Proposition 3.3.7.

[logs, A@*Z;)J 5 ﬁ ﬁ 1/2
n n
P{E} < Z P{HTE F(s): |T| € [W?} Lo (T) > (W) 0‘2(8)}

k=0

o+l 302(s) 27
S kz>0 B exp <_ 16n ﬁ1/2>
_ of! ¢ 3.3.5
- o(Gev-5m) )

where we use that o2(s)/n > € in the final line.
1 €

Next, note that P {E,} < Z P {37 € F(s) : |T| = j,0*(T) > n'~/?}. For any
fixed 7, using Corollary 3.2.5, Wlth similar argument as in proof of Proposition 3.3.7,

we have

P {ElT eF(s): |T| =7, o*(T) > n1—€/2} <nP {Sj > nl—e/z}_

For any j < n'~, use Proposition 3.1.6 with Ao?(s) = n'~/? and A(s) <n'z", we

have

30%(s AJ 3

These give that

P {E,} <n*“exp (——n ) (3.3.6)
>

We bound P {FE3} as follows. For k& > 0, let E3; be the event that there
exists T € F(s) with 525 < |T| < 22 and o*(T) < (Z1)1/26%(s) such that height

h(T) > én'/2. Also, let B be the event that there exists 7' € F(s) with |[T| > n!/*
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such that
(D) (T) s

T n

> €/2.

V5

logn

For n large enough, we have < €/2 < 1. Hence it is immediate from Lemma 3.3.3
and Proposition 3.3.4 that P {B} < n~2 for n large. Also, for n large, if h(T') > dn'/?

then |T'| > h(T) > n'/*, so

Llogs 5575 [logs 5575
1
P{E;} <P{B}+ Y P{ENB}< =+ > P{E;NBY}. (33.7)
k=0 k=0
Let m be the number of trees T € F(s) with 25 < |T| < 2 and o*(T) <
(%)1/20'2(8), and list the random degree sequences of these trees as Ry, -+ ,R,,.

Then for any degree sequences ry,--- , Ty,

P{E;: N B°N{(Ry, - ,Rp) = (r1, - ,r) }} =P{B°N{(Ry, - ,Rp) = (r1,- -~

-P{Es;; | BN{(Ry, -+ ,Rp) = (r1,--- ,rm) }}.
Moreover
P{E;; | B°N{Ry, -+, Rp) = (r1, - ,t)}} =P {3i <m, h(T(x;)) > on'/?},

where T(r;) is a uniformly random plane tree with degree sequence r;. It follows

from these identities that
P{E;, N B} <supP {3i <m, h(T(r;)) > 5n1/2} : (3.3.8)
where the supremum is over vectors (ry,--- ,r,,) of degree sequences such that
P{E;r:NnB°N{(Ry, - ,Rp) = (r1, -+ ,r)}} > 0.
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The last condition implies that, for all i < m,

(1) (1) (1)
at R < €/2, so ! <1—¢/2,
1] n ]
and that
20 < M 1/22() < E 1/2 2
o(r) < () V202(s) < (5)0%(s).
Finally we must have |r;| > Q,filn for all # < m, so m < 2%1 Now recall The-

orem 3.1.5, which states that for a degree sequence r = (r® i > 0) and for all
h>1,
P {W(T(r)) > h} < Texp (—h*/6080°(r)17)

Ir=2 . note that this is at most 4/€ for all degree sequences under

where 1, = FSEOr

consideration (for n large enough such that n'/* > 4/e). Using a union bound

in (3.3.8), and then applying Theorem 3.1.5, we obtain that

2k+1 6352 2k
P{E;, N B < 7 — ()12
(Bunsy <20 Te (-2 )

where we use the assumption 0?(s)/n < 1/e. And summing over k in (3.3.7) yields

that

2k+1 €302 2k 1 1 C, 1
k>0

if we take 6 = /8, where C5 > 0 is some universal constant and Cy > 0 is some
constant depending on e.

For P {E4}, similar to the previous treatment of P {Fs}, for n large, we have

1 C
P{E} < — +P{ENBY}.
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There are at most n trees in total, so a reprise of the conditioning argument used to

bound P {F3} gives
P{E,N B} <nsupP {h(T(r)) > on'/?},

where the supremum is over degree sequences r with n(r) < n'~¢, with o%(r) < n'=/2,

and with r™) < (1 — ¢/2)n(r). By Theorem 3.1.5, we obtain that

1 n
P{E) < — 47 R
B} = 5+ "eXp( 60802(r)1§>

1 L7 5°n
w2 P Toosn i

1 2
= S5+ 7n exp (—ﬁne/zﬁl/‘l) : (3.3.10)

IN

recall that we take 6 = /%, Of the bounds on P {E;},1 <i < 41in (3.3.5), (3.3.6),
(3.3.9) and (3.3.10), the largest is for P { E5} (provided n is large enough). Hence by
taking # > 0 small enough, we can make the bound less than any prescribed number

p > 0, which yields the result. ]

3.4 Convergence of the Lukasiewicz walk of forest to first passage bridge

In this section, we aim to prove Theorem 3.1.2 and conclude Proposition 1.3.3 as
a corollary of Theorem 3.1.2. Throughout the section, we fix a sequence (s,,n € N)
of degree sequences, with s, = (sg),z’ > 0) and |s,,| = n. Recall that p,, = (pg),i >
0) = (3%)/71,1‘ > 0) and o, = o(p,) as defined in Section 1.3. Write 0 = o(p) and
¢n = ¢(8,). Recall the notation d as in Section 3.2 and write d,, = d(s,). Recall from

Section 3.1 that for [ > 0, we write Blb’“ for the Brownian bridge of duration 1 from

0 to —I. Moreover, we simply write B for the case [ = 0.
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Proposition 3.4.1. Assume (s,,n € N) satisfies the hypothesis of Theorem 1.3.1,
and in particular that ¢, = c(s,) = (1 + o(1))Ag,n'/? as n — oo for some A > 0
and that 0, — 0. For each n € N, fiz a uniform random permutation m, of [n], and

define a C|0, 1] function W, by

— W () (t
W (1) o= Wrntan (t1)

o, nt/?

Then as n — oo,

W, % B in CJ0, 1].

To prove this theorem, we make use of the following result, which is Corol-
lary 20.10 (a) in [10].
Theorem 3.4.2. Consider a triangular array (Z,; - 1 <i < M,, 1 < q) of random
variables satisfying

(a) For each q, the sequence (Zy1,- -+, Zgn,) 5 exchangeable;

(b) max|Z,;| % 0 as ¢ — oo.

[tM ]
Define g =3 Zg, 74 =3 (Zg; — %)2 and SU(t) = > Zg-
' i=1

Let X (t) = 7B (t) + ut where (7, ) is independent of B*. Then
S5 X in D0, 1] iff (g, ) % (1. 7).

Proof of Proposition 3.4.1. Let dp; = m,(dyn); — 1, for 1 < i < n. We apply the
above theorem directly with Z,; = % Condition (a) is satisfied since m, is a
uniformly random permutation of [n]. Condition (b) is satisfied since A,, = o(n'/?)

and sup o,, < 00.
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7

Next note that, since > d,; = > (m,(dy); — 1) = —cy,

dy, —c
un:ZZm-:Zl 22— " s —)Xasn — oo,
i

o2 g ni/?

the final convergence holding by our assumption on ¢,. We also have

2
7_2 o j : dn,i B —Cn
" o,n?2  o,nl/?n

= 1(}2% +2%§:d +C%——1 0O 2 %
o2p L= n o o

2
orn
i n

1 2
= o Z d,,; +o(1),
the last equation holding since ¢, = O(n'/?).
Next note that

D= Y () = 1P = D)) 4 =2 ) (o),

7 %

=n(ol+1)+n—2(n—c,)

2
=no, + 2c,.

It follows that

1
2 2
 (no? +26,) 4+ o(1) = 1
s U%n(nan ¢n) + o(1)

as n — oo by our assumption on s,,.

Using equations (3.4.1) and (3.4.2), by Theorem 3.4.2 we conclude that

(ﬂﬁ@ﬂEﬂL0§t§1>$(gwa_xaogtgwinDMH-

o, nt/2
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For all ¢,

W, (1)) an<dn><tn>‘< Bn__ o)

by assumption, so we must also have <Wn(t), 0<t< 1> 4 (Bl”(t) — A, 0<t< 1)

o,ni/? o,nt/? = o,nl/2

in DJ0,1]. Since the Skorohod topology relativized to C[0,1] coincides with the

uniform topology (see page 124 of [17]), the result follows. ]

Let f:Cp(1) x [0,00) — Co(1) be defined by
f(b,v) := 0,(b) where u = inf{t : b(t) < Ogligl b(s) + v}.

Note that since b is continuous, the minimum of b exists. Also, for v < — 01351211 b(s),
we have u = inf{t : b(t) = orélsi% b(s) + v} and for v > — Orgigl b(s) we have_u_: 0 so
F(b,v) = Bolb) = b

Recall from Section 3.1 the first passage bridge (of unit length from 0 to —\)
Firis

(Fr(t),0 <t <1) < (Bt),0<t<1|7(\)=1)

where 7(\) := inf{t : B(t) < —\} is the first passage time below level —\ < 0 and B
is the standard Brownian motion. We are going to use the following result from [14].
Theorem 3.4.3 ([14], Theorem 7). Let v be uniformly distributed over [0, \] and
independent of BY. Define the rv. U = inf{t : BY(t) = info<s<1 BY'(s) + v}.
Then the process Oy (BS) has the law of the first passage bridge FY". Moreover, U is

uniformly distributed over [0,1] and independent of 0y (BY).
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Remark 3.4.1. Note that [1]] considers first passage times above positive levels,
whereas we consider first passage below negative levels. But the two cases are clearly
equivalent.

As preparation we begin with showing the almost sure continuity of the map
f. We first show that for a fixed function b, the closeness of the location where b is
cyclically shifted will guarantee the continuity of the map f.
Lemma 3.4.4. For any b € Co(1), the function g* : [0,1] — Co(1) with g°(u) = 0,,(b)

s uniformly continuous.

Proof. We want to show that |6, — 6, || is small when |u —v| is small. Since 6,060, =
Ouiv mod 1, Without loss of generality, we can assume that v = 0. In other words
we just aim to bound ||0,(b) — b|| for small u. Fix § € (0,1/2) and let € = €(0) =

sup |b(t) — b(s)| be the modulus of continuity of b. Let 0 < u < §. If t € [0,1 — u],
them [8,(5)(8) — (8)] = [b(t+ ) — b(u) — 1) < b(u) —B(0)| + b1+ u) — (8] < 2(uw).
Ift € [1 —w,1], then |0,(b)(t) —b(t)| = [b(t +u—1)+b(1) — b(u) —b(t)| < |b(t +u —
1) —b(u)| + |b(1) — b(t)| < 2¢(u). Since e(u) — 0 as u — 0, the result follows. O
18

Lemma 3.4.5. Given b € Co(1) and 0 < v < —min(b), if f(b,v) = O, 1.0 (D)

not continuous at v, then b attains a local minimum at t, mine)-

Proof. By Lemma 3.4.4, if f(b,v) is not continuous at v, then ¢, min() is not continu-
ous at v. The continuity of b clearly implies right-continuity of £, mine) as a function
of v. Moreover, for all 0 < v < —min(b), b attains a left-local minimum at ¢, min()-

Letting t+ = lirTn to +min(v), then it follows that
v/ tv

b(z) > v+ min(b) for all © € [tytminw), t*].
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This implies that if ¢, uin@e) i not continuous at v, then tt > Lytmin(), SO b also

attains a right-local minimum at ¢, minp). This proves the lemma. O

For A > 0, we next collect a few properties of Brownian bridge B% and first
passage bridge F¥":

Lemma 3.4.6. Brownian bridge BY" satisfies the following properties:

(a) Let 7 = inf{t > 0: B¥(t) > 0}, 7 =inf{t > 0: BY(t) < 0}, then almost
surely 7. =71 =0;

(b) Given two nonoverlapping closed intervals (which may share one common
endpoint) in [0,1], the minima of BY" on these two intervals are almost surely differ-
ent;

(¢c) Almost surely, every local minimum of BY is a strict local minimum;

(d) The set of times where local minima are attained is countable.

Moreover, these four properties also hold for first passage bridge F}.

Proof. First note that the four properties are satisfied by a standard Brownian motion
B (e.g. see Theorem 2.8 and Theorem 2.11 in [57]). Let C,, be the set of functions
f € C[0,1] such that all four properties in the lemma occur up to time 1 — 1/n (i.e.
the restriction of f on [0, 1—1/n] satisfies all four properties). Then P{B € C,,} =1
for all n € N. By equation (3.1.1) and equation (3.1.2) we know that the law of B§"
and the law of F" are both absolutely continuous with respect to the law of B up to
time 1—1/n. Hence we must have P {B?\r € C’n} =P {F/’{” € C’n} = 1foranyn € N.
This immediately implies that properties (a), (¢) and (d) hold for B} and F{". Tt
also implies (b), except for the case where one of the intervals has the form [s, 1] and

the minimum on [s, 1] is reached at 1. For F¥", by definition the global minimum —\
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is uniquely achieved at 1, hence the minimum on [s, 1] will not be the same as the
minimum on any nonoverlapping interval. For BY", consider By (t) = —BY (1 —t) =\,
then B, < BY . so B, almost surely takes positive values on any interval [0, €] by

property (a). It follows that n%in] BY(t) is almost surely achieved at some ¢ # 1.
te(s,1

This completes the proof. ]

Lemma 3.4.7. Let v be Unif[0, \|—distributed and independent of BY . Then the

Junction f: Co(1) x [0,00) — Co(1) satisfies P { f is continuous at (BY,v)} = 1.

Proof. By Lemma 3.4.5, we have
P { f is not continuous at (BY", V)} <P {BE’\T attains a local minimum at ¢, ;. BK"')}

Let M = {u € [0,1] : BY attains local minimum at u} and let M = {B% (u) :
u € M}. By Lemma 3.4.6, M is countable, hence M is countable.

Next note that
P {Bi’" attains a local minimum at tu+mm(B§r)} <P {1/ + min(BY) € M} )

Moreover, v is a continuous random variable, independent of B%", so the last proba-
bility equals zero. ]

Now we are ready to give the proof of Theorem 3.1.2.

Proof of Theorem 3.1.2. For each n > 1 let v, be a uniformly random element of

[cn] — 1 independent of 7,, and let v be Unif[0,\] and independent of BY. By
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Corollary 3.2.3,

— Vn

( nao_nnl/g - o,ni/2 g, nl/2 - o,nl/? i 1}.

By Proposition 3.4.1, we have W, -% BY, and clearly we have o, 'n~%2y, L v By

independence we have (Wn, o ln"V2y,) KN (Bt v). Since by Lemma 3.4.7 we have
P {f is continuous at (BY, y)} =1,
we can apply the mapping theorem (e.g. Theorem 2.7 in [17]) to conclude that
FWo, o7 tn™20,) 5 F(BY,v).

By Theorem 3.4.3, F?" < f(BY v), hence we conclude that

(S]Fn (tn)

d br
o 7’L1/2 ) — F)\ )
n t€[0,1]

as required. O

Now we begin with the preparation work to prove Proposition 1.3.3. We define
the map h : Co(1) — I} such that for g € Co(1), h(g) equals to the decreasing ordering
of excursion length of g(s) — 0r<rii/r<15 g(s’). (we append at most countably many zeros
to make h(g) an element of l}) Define hy, : Co(1) — RF as hy = m; o h where
T l% — R* is the projection onto the subspace spanned by the first & coordinates.

To prove Proposition 1.3.3, we use the following result from [22].
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Lemma 3.4.8. [Lemma 3.8 and Corollary 3.10 in [22]] Suppose ¢ : [0,1] — R is

continuous. Let E be the set of non-empty intervals I = (I,r) such that

C(l) =¢(r) =min((s), {(s)>C() forl<s<r.

s<l

Suppose that for all intervals (1y,11), (la,r2) € E with l; < ly, we have

C(l) > C(l2). (3.4.3)

Suppose also that the complement of Urcpl has Lebesque measure 0. Fix functions
(Cmym > 1) such that (,, — ¢ uniformly on [0, 1], and real numbers (t,,;, m,i > 1)
which satisfy the following:

(1)) O=tmo <tmi < - <tmp=1;

(i) Gults) = min o)

(ii1) lim,, maxl(é_"m(tml) — Gn(tm,is1)) = 0.

Then the vector consisting of decreasingly ranked elements of {tm; —tmi—1 1 <

i <k} (attaching zeroes if necessary to make the vector an element in R'"!) converges
componentwise and in 1y to the vector consisting of decreasingly ranked elements of
{r—1:(,r) € E}.
Lemma 3.4.9. Let € be the set of excursions v of FY'(s) — 0<§i,r<1S Fir(s'). Then
almost surely for all y1,v2 € € with (1) < l(72), we have F)l\’r(l(;l)) > FIr(1(y9)).
Proof. Suppose to the contrary that for some 7,7, € €& with I(7;) < {(72), we have
FUr(l(y1)) < F¥(I(72)), then since 1, v, are excursions of FV"(s) — 02338 FUr(s'), we

must in fact have FY"(I(v1)) = F¥(I(72)). In this case then we can find a,b,c € Q

such that a < I(y1) < b < () < ¢, and F¥" achieves the same minima (at () and
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[(72) respectively) on [a,b] and [b, ¢]. This has probability zero by Lemma 3.4.6 (b).
[

To prove the next lemma, we introduce the following notation. Let (.S1/2()),0 <
A < 00) denote a stable subordinator of index 1/2, which is the increasing process

with stationary independent increments such that
E [exp (—0512(\)] = exp (=AV26), 0,1 >0,

P {Si)s(1) € da} = (2m) /22732 exp(—%)dx, > 0.

Lemma 3.4.10. Almost surely, the coordinates of h(F") sum to 1, and are all

strictly positive.

Proof. By Proposition 5 of [14], h(F}{") has the law of the vector of ranked excursion
lengths of |B"| conditioned to have total local time A at 0, which in turn has the
same law as ranked excursion lengths of Brownian bridge conditioned to have total
local time A at 0 (this vector has the same law as the random vector Y () in [9),
see equation (36) there). The latter is distributed as the scaled ranked jump sizes of
the stable subordinator S 5(-) conditioned to be % at time 1 (e.g. see Theorem 4
in [9]). By Lemma 10 in [9], the coordinates of h(F?") almost surely sum to 1.
This immediately implies that the stable subordinator almost surely has infinitely
many jumps, so almost surely all coordinates of h(F}") are strictly positive. Indeed,
suppose to the contrary that the excursion intervals are (Iy,71), -, (I, ), Where
ri < liy1,1 < i < k—1. Then since i(rZ —1;) = 1, we must in fact have r; =

=1
liv1,V1 < i < k—1and l; = 0,r, = 1. But this implies that 0 = F'(l;) =

71



FUr(ry) = Fi(ly) = -+ = FI"(ly) = F(ry) = F¥"(1), contradicting to the fact

FIr(l) = -\ < 0. u

Proof of Proposition 1.3.3. We first prove that for any fixed 7 > 1, as n — oo,

(ITwal/m)1<i<s <> (Pui<i<s- (3.4.4)

Let ¢, = (%@)te[m] and let ( = (Ffr(t))te[o,ll' By (3.1.4) and by Skorokhod’s
representation theorem, we may work in a probability space in which ¢, 3 ¢. Let E
be the set of excursion intervals of (. Then Lemma 3.4.9 guarantees equation (3.4.3)
in Lemma 3.4.8 is true and Lemma 3.4.10 guarantees that the complement of Uycpl
has Lebesgue measure 0, as required by Lemma 3.4.8. For each n let ¢,7 = 0 and
for 1 <j <¢, let t,; be such that nt, ; is the time the depth-first walk Sg, finishes
visiting the j—th tree of F,,. Then almost surely, condition (i) of Lemma 3.4.8 is
clearly true and condition (iii) is also true since for each 1 < j < ¢,, (. (tn;) =
Ca(tnj—1) — m The definition of Lukasiewicz walk guarantees that the times at
which ‘?”T(f;? hits a new minimum coincide with the times at which the walk finishes
exploring the trees of the forest. Hence almost surely condition (ii) of Lemma 3.4.8 is
also satisfied. Also note that the vector consisting of decreasingly ranked elements of

{tn; —tnj—1,1 <j <c¢,} is simply the scaled decreasing ordering of tree component

sizes (|Tp.|/n)1<i<c,. Hence by Lemma 3.4.8 we know that

(ITnal/n)1<i<s =3 hy(FY)
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which immediately implies weak convergence. Lemma 3.4.10 guarantees that this
is true for any positive integer j. We also have h;(F}") < (Iv])1<i<; by definition,
and (3.4.4) follows.

To prove (1.3.2) from (3.4.4), we only need to prove that for any € > 0, there

exists Iy € N such that limsup P { > ITanI > e} < €. Since by Lemma 3.4.10 we

n—o0 I>1y

have |y = 1 almost surely, in particular, Ilim P {Z | > e} = 0. So there
! oo I>1

exists [y such that P { Sl > e} < €/2. Let A,, be the event that ITanI <l—e¢

1>1y I<Iy
and A be the event that > |y| < 1 — e (which has probability less than ¢/2 by

1<Ip

our choice of Iy). By (3.4.4), we have |P{A,} — P{A}| < ¢/2 for n large enough.

Therefore

T
limsupP{Z| n >(—:} = limsupP{A4,}
n

n—oo l>[0 n—oo

< P{A}+limsup|P{A,} —P{A}| <e€/2+¢/2=F¢,

n—oo

as required. O

3.5 Proof of Proposition 3.1.1 and Proposition 3.1.4
We assume that we have the conditions of Theorem 1.3.1 hold. In particular,

we have a probability distribution p on N. Recall that ¢ = o(p), 0, = o(p,). Let

Sni = (sif)l,z > 0) denote the degree sequence of T, ;. Recall that pg) = sg)/n and

z)l = 57(12)1 /|Sn.| be the empirical proportion of degree i among all vertices of the

[—th largest tree T, ;. Note that pgf ) is deterministic while ps)l

let p(

n

is random.
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First, we are going to prove Proposition 3.1.1 by using Theorem 3.1.3. To do
so, we will have to first show that the assumptions of Theorem 3.1.3 are satisfied in
our setting.

Proposition 3.5.1. Under the assumption of Theorem 1.3.1, for alll > 1, asn — oo
we have

(a) Pny 2 p coordinatewise, that is, ps)l 2 p@ for all i > 1.

(b) o(pni) = o(p).

Proof. For (a), we know that by Lemma 3.3.3 and Proposition 3.3.4, for fixed € >

0,%,0 € N and n large enough, we have
P {!pﬁf,)z -] > e} < 1/n+P {|Tal < n'/*}. (3.5.1)

For any € > 0, there exists 0 > 0 such that P {|y| < J} < €/2 and by (3.4.4)
we can find ny such that for all n > ny we have P {lT—Z” < (5} <P{|ynl <d}+¢€/2
and n=3/* < §. Hence P {|T,,| < n'/*} =P {‘T—Z” < n*3/4} <P {'T—:Lll < 5} < €.
Hence P {|T,,;| < n'/*} = o(1) as n — oo. Therefore by (3.5.1) we know that
|p£f)l — p,(f)| % 0 as n — oo, which implies (a) since by assumption of Theorem 1.3.1
we have p,, converges to p coordinatewise.

Now we proceed to prove (b). Fix I > 1 and 6 > 0, and let ¢ > 0 be small

enough that

limsup P {|T, | < en} <.

n—o0

Such e exists by (3.4.4).
(i)
Then let M be large enough that o2 ., = > 2 < ¢ for all n (such M
i>M
exists since under the assumption of Theorem 1.3.1 0% converges). And let ‘7721,1,> M=
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i>M

n n
=D K
nl>M —= ’Tnl’ n>M‘Tnl‘

i>M

so if Ui’b ar > € then |T,, ;| < en. By the triangle inequality, we have

(02 (Pua) — o2 (pa)l < D — P+ D+ > .

<M i>M i>M

Since |p£:)l —pﬁf)| — 0 in probability for all 7 by part (a), and > 2p¥) < 2 < ¢ and
i>M

o(pn) — o(p) by assumption of Theorem 1.3.1, this yields that

limsup P {|02(pn7l) —o?(p)| > 46} < limsupP {Z iQpEi)l > e}

< limsup P {|T, | < en} <4,
n—oo
which proves part (b). O

Lemma 3.5.2. Let A,,; be the largest degree of a vertex of T, ;. For any fizved [, we

have

An,l

\V4 |Tn,l|

Proof. For any 6 > 0, we need to prove lim P { =X

n—oo v |Tn,l|

Lemma 3.4.10 we can choose € > 0 such that P {|v,| < €} < ¢/2. Then choose ny

250 asn — oo.

>(5}:0. For any € > 0, by

such that when n > ng we have

A2 1 T,
—"-—2<e'andP{M<e'}§P{|7l|<e'}+§.
n

n
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This is possible since A, = o(n!/?) by Remark 3.1.1 and |T,,|/n > |7 by (3.4.4).

Therefore
2
P An,l S5 SP An >4 :P{|T7L,l| <ﬁ%}§P{IT7L,l| <6/}§6,
V| Tl VT, n n o n
hence the claim. ]

With Proposition 3.5.1 and Lemma 3.5.2, we are now ready to give the proof of

Proposition 3.1.1.

Proof of Proposition 3.1.1. Let s, ; be the random degree sequence of the [—th largest

tree in the forest F,,. Then by Proposition 1.3.3, we have

[Sn,1] ISnjl\ d
(Bl By g .

n

By Proposition 3.5.1 and Lemma 3.5.2, we know we can apply Theorem 3.1.3 to 7,

to conclude that for each fixed | < j,

where (€;);<; are independent copies of e. Since the trees (7,,,,! < j) are conditionally

independent given their degree sequences, it follows that

1/2
(”—mz sy) A (Te 1<)

PEE
The result follows by Brownian scaling. [

Finally, we give the proof of Proposition 3.1.4 based on Proposition 3.3.8, with

the assumptions of Theorem 1.3.2.
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Proof of Proposition 3.1.4. By assumption we have o,, — o € (0, 00) and sg)/|sn| >
pM < 1. Fix p > 0 and let € > 0 be such that 2e < 0% < 2% Then let By = Bo(p, €)
be as in Proposition 3.3.8, so that for all n sufficiently large, if a degree sequence s

l1—e

satisfies [s| = n, A(s) < n2

0 < B < P,

sM < (1 —€)ls| and € < g2(s)/n < 1/e, then for an
5 = >~ > ) y

P {3T € F(s) : |T| < Bn, h(T) > B/5n'/?} < p.
For n sufficiently large, s,, satisfies these conditions. Hence for any 0 < 5 < [,
P {3T € F(s,) : |T| < Bn, h(T) > B/5n'/?} < p. (3.5.2)

Finally, taking 8 = (a/0,)® in (3.5.2), since T, = 325 T, and for all j > 1/ we

have |T,, ;| < fn, it follows that for all n sufficiently large,

1/2
3 {Sup h(Tny) > = } < P{3T €F(s,): |T| < fn, W(T) > B"/*n'/2}

>7 On
< p

Since diam(7,;) < 2h(T,,), the result now follows easily. O

3.6 Proof of Remark 3.1.1 and Remark 3.1.3
Let’s restate Remark 3.1.1 as the following lemma and we want to emphasize
that the following lemma applies to the settings of both Chapter 3 and Chapter 4.

Lemma 3.6.1. Suppose distributions p,, converges to p coordinatewise and o(p,) —

o(p) € (0,00) and %1572) — 1 € [0,00), then p(pn) — u(p) =1 and A, /n'/? =0 as

n — 0.
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Proof. We write ¢, = ¢(s,). First, since

Zzp <Zzp p)+1< o0,

we have p(p) € (0,00). And we can compute the limit of u(p,) explicitly:

W
=Y il = z‘%:" nc”—>1

by our assumption of the magnitude of ¢,,.

Next, since p,, — p coordinatewise, for all M € N we have

lim |y ipl) = i =0.

<M <M

It follows that

lim sup | Z ip) — Z ip?| = lim limsup | Z ip® Z ip?|

n—00 M—oo pnso0o > i>M
<  lim limsup <Z ipsf) + Z ip(i))
M=00 noo i>M i>M
< lim limsup i2pli) 4 2p®
s (3 240+ 3
= 0,

where the final equality holds since o(p) < oo and o(p,) — o(p). Hence p(p,) —

1(p).

Since p,, — p coordinatewise, it follows that for any integer NV,

lim sup | Zz pn ZiZP(i)| = limsup |o*(p,) — o*(p)| = 0.

n—00 n—00
i>N
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Now let € > 0 and let N be large enough that 0 < > i?p) < €. Then for all n

i>N

sufficiently large, 0 < > 2p) < . But 3 2p) > €l A, >(en)1/2, SO this implies that
i>N i>N -

lim sup % < €'/2. Since € > 0 was arbitrary, the result follows. O

n—oo

Next we proceed to prove Remark 3.1.3. The following proposition will be useful
for our justification of Remark 3.1.3 (see Lemma 2.4 in [45] for a version dealing with
Gromov-Hausdorff distance instead of Gromov-Hausdorff-Prokhorov distance):
Proposition 3.6.2 (Proposition 2.9 in [2]|). Let f,g be two compactly supported

non-negative continuous functions with f(0) = ¢g(0) = 0. Then

daup(Ty, Tg) < 6||f — glloo + of — ).

Now we prove the following result.
Proposition 3.6.3. The GH convergence in Theorem 1 in [20] can be strengthened

to GHP convergence as in Theorem 3.1.5.

Proof. Let C,, be the contour function of T, define C,, : [0,1] — [0,00) by letting

Ch(t) = ‘;(372) C,(2(n—1)t), then it is shown in [20] (see Theorem 3 there) that C,, % e
in the space C([0, 1], R), equipped with the supremum distance. By Proposition 3.6.2
and Skorokhod’s representation theorem, it follows that 7 a4 Te in the GHP sense.

Next, metrically we may realize 7,, as the subspace of 7 consisting of the set

U of points whose distance from the root is an integer multiple of ;7(1‘1’72) With this

identification
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Moreover, the measure fi, on T is the (normalized) length measure, and the mea-

sure fi, on 7T, is the uniform measure on its points. It follows that

o(pn)
2n1/2 '

dP(,an7 lj'n) S

I |

_|_

To see this, for each u € U which is not the root of 7,, let e, be the parent edge

of u, which we view as a closed line segment of length ¢ = o(pn)

55 in Tg . For any

non-empty set S C U, we have p,,(S) = |S|/n. Hence

1] -1 1

> _ =
n—1 Z () n’

fin(S5) =

where the first inequality is because for non-root u € S, we have e, C S°. On the

other hand, let A be a closed set in 75 and let | = [{e € E(T,) : ANe # 0}]. Then

A€ contains at least [ vertices of 7T, since no cycle exists, so

l [ 1

n—1 n(n—1) Zﬂn(A)_ﬁ'

fin(A) >

S|~

Hence daup(Tn, T¢,) 0. By the triangle inequality, it follows that 7, LN Te in the
GHP sense.

]
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CHAPTER 4
Supercritical case

4.1 Introduction

The goal of this chapter is to study the asymptotic structure of large random
forests with a given degree sequence, in the “supercritical”, finite variance regime.
That is, let n be the number of nodes of the forest, we consider the case where the
number of trees of uniformly random forests is o(n'/?). This setting is a natural gen-
eralization of [20], where the uniformly random tree is studied (see Theorem 1.3.4).
In this “supercritical” setting, the forest typically consists of a single, large tree con-
taining all but a vanishing fraction of the nodes. The scaling limit of this tree is T,
the Brownian Continuum Random Tree (BCRT) introduced by Aldous in [6, 7, 8].
The remaining nodes form another random forest, which may be expected to have its
own scaling limit (with an appropriate rescaling, which should be different from that
of the large tree; In fact, the remaining trees behave like a forest which is critical,
this behaviour is also observed in the random forest model studied in [44]). The
contributions of this chapter confirm that the above picture is correct, and yield
a pleasingly straightforward description, which we now provide, for the joint scal-
ing limit of the large tree and the small trees. This chapter is essentially derived
from the manuscript of [48]. We now first give the construction of the limit F in

Theorem 1.3.4.
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Let B = (B(t),t > 0) be a linear Brownian motion. For ¢ > 0 let R(t) =
B(t) — inf(B(s),s < t); the process R = (R(t),t > 0) is Brownian motion reflected
at its running minimum. Let Z = {t > 0 : R(¢f) = 0} be the zero set of R. By
definition, this is also the set of times at which B is equal to its running minimum.

Now let 7(z) = inf(¢t : B(t) < —x) for x > 0, and let Z(z) = Z N[0, 7(x)]. For
o > 0, the relative complement [0, 7(2)]\ Z(2) is almost surely a countable collection
of intervals with distinct lengths, and with total length 7(1). List these intervals in
decreasing order of length as ((g;,d;),7 > 1).

For i > 1 let 7; be the continuum random tree coded by B;, where
B;=(B(gi+1) = B(g:),0 <t < di — g;) = (R(g: +1) — R(¢:),0 < t < d; — g;).

Then the scaling limit of the small trees has the law of the sequence F = (7?, i>1),
which is a decreasing reordering of (7;,¢ > 1) according to (d; — g;,7 > 1).

Now we recall Theorem 1.3.4, the main goal of this chapter.
Theorem 1.3.4. Suppose that there exists a distribution p = (pV,i > 0) on Ny
such that p, converges to p coordinatewise. Suppose also that o(p,) — 0 = o(p) €

(0,00). If ¢, == c(s,) = o(n'/?), then

. —|T 1
(ﬁl,la‘rna uﬁ) _d> (Ta ‘FaT (_)>
C,, g

where the first coordinate of the joint convergence is in the GHP sense, the second
coordinate is in the sense of coordinatewise GHP convergence, and T and F are

independent.
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Fix a critical, finite variance offspring distribution v, and let F,, be a forest
of ¢, independent Galton-Watson(v) trees with offspring distribution v, conditioned
to have total progeny n. It is not hard to check, as in [20], that with high prob-
ability the degree sequence of F,, satisfies the conditions of Theorem 1.3.4, so the
distributional convergence of the theorem also applies to F,,. The convergence of
the third coordinate, in the Galton-Watson setting, appears as Theorem 1.4.5, and
provides a new proof and different perspective on that result; the convergence of the
second coordinate strengthens and generalizes and removes a moment assumption
from Theorem 1.7 of [23| (part of Theorem 1.4.7).

Outline of the section

In the remainder of this section, we first describe the key ingredients of the proof
of our main theorem in Section 4.1.1. Next in Section 4.1.2 we explain how to deduce
Theorem 1.3.4 from the results of Section 4.1.1, and outline the remaining sections
of the chapter.

4.1.1 Functional convergence and proof of Theorem 1.3.4

Given a degree sequence s = (s i > 0) with |s| = n, recall that we let d(s) €
Z% be the vector whose entries are weakly increasing and with s() entries equal
to i, for each ¢ > 0. Suppose we have a sequence of degree sequences (S, )nen,
with s, = (s5,i > 0),[su| = 1,0 = c(sn) = 0o(n/?) and n=' - s, — p in L? for
some distribution p = (p¥,i > 0) with mean 1 and finite variance 0? on N. Let
Cni,- -+ ,Cppn be a uniformly random permutation of d(s,). For 1 < k < n, let
Xniw = Chp — 1, and set S, 1 = Zle X, ;. Our proof makes use of the following

functional convergence theorem.
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Theorem 4.1.1. We have the following convergence of processes:

1
(—Sn,ttciw = 0) % (0B(t),t > 0) (4.1.1)
Cn

where (B(t),t > 0) is standard Brownian Motion.
Theorem 4.1.1 will yield a description of the asymptotic behaviour of the sizes
of all but the largest tree of IF,,.

Corollary 4.1.2. We have

rTni . . .
(‘ C’;l’,z > 1) A (d; — giyi > 1) in L

where ((gi,d;),i > 1) are the excursion intervals of (R(t),t < (1)) in decreasing
order of length.
Corollary 4.1.2 is equivalent to the assertions that
1 d 1
2 Z Tl = T(;) = Z(dz — i) (4.12)
n 2 i>1

and that for any fixed j € N|

<|Tn,2| |Tn,3| |Tn,j‘

G g )i(dl—gl,dQ—gQ,...,dj1—gj1). (4.1.3)
We will prove this corollary in Section 4.3. To describe the limit structure of

each tree, we again appeal to Theorem 3.1.3. And we recall it here.

Theorem 3.1.3. Let {s,,n > 1} be a degree sequence such that |s,| = n — oo, A, :=

A(s,) = o(n'/?). Suppose that there exists a distribution p = (pi,i > 0) on N

with mean 1 such that p, = (sff)/n,i > 0) converges to p coordinatewise and such

that o(p,) — o(p) € (0,00). Let T, be the random plane tree under Ps, , the
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uniform measure on the set of plane trees with degree sequence s,. Let T, denote
the measured rooted metric space (T, %dw, Dy, p1r) where p, denotes the uniform
measure putting mass % on each vertex of T,. Then when n — oo, T, LT in the
Gromov-Hausdorff-Prokhorov sense, where T is BCRT.

To apply Theorem 3.1.3 to each T, ;, we also need to verify that the assumptions
of Theorem 1.3.4 hold. For fixed integers + > 0 and [ > 1, let

o0 v € Tni k() = 1}
n,l |Tn,l|

and Pni = (pf’:?l?Z > O)

In Section 4.4 we prove the following assertions:

for any fixed 7 > 0 and [ > 1, p,(f)l —pg) 50, as n — oo, (4.1.4)
and
for any [ > 1, 0*(pny) — 0(ps) = 0, as n — oc. (4.1.5)

Note that once these two conditions are verified, it follows that for any fixed
[>1,
max{i : ps)l # 0} = 0,(|T,.|"/?) as n — oo;
as in Lemma 3.6.1.
4.1.2 Proof of Theorem 1.3.4

Now we are ready to give the proof of Theorem 1.3.4, assuming the results of

Section 4.1.1.

Proof. 1t suffices to prove that for any fixed j € N,

(a(p) ,17<a<p2> ,l72§l§j>7n | ,1|)g(Tj(ﬁ,...,ﬁ_l)ﬁ(_)),

1/2 2
2n1/ Cn c:

85



The convergence of the third coordinate is simply (4.1.2). This in particular implies
that @ % 1. Since p,, — p in L?, it straightforwardly follows that with probability
1 —o(1), T, satisfies the conditions of Theorem 3.1.3; this yields the convergence
of the first coordinate. With (4.1.4) and (4.1.5), we can also apply Theorem 3.1.3 to

each T, ; with { > 2 and conclude that

U(pn,l)

d
2|Tn7l|1/2 Tn,l — 7.

Since the trees (T, ;,! > 1) are conditionally independent given their degree se-

quences, it follows that

(M

. d nd .
n,l

where (7;)ien are independent copies of 7. Using (4.1.5) again, together with (4.1.3)

and Brownian scaling, the convergence of the second coordinate then follows. ]

Outline of the rest of the chapter

In Section 4.2 we describe a combinatorial construction which associates a
marked cyclic forest with the concatenation of a sequence of first passage lattice
bridges, followed by one lattice bridge. This construction is what links Theorem
4.1.1 with random forests. In Section 4.3 we give the proof of Theorem 4.1.1 and
Corollary 4.1.2. Finally in Section 4.4 we prove (4.1.4) and (4.1.5) using martingale

concentration inequalities.

86



4.2 Coding marked cyclic forests by lattice paths

We call a sequence of integers b = (b(0),b(1),...,b(n)) a 1—lattice bridge if
b(0) =0,b(n) =—1land VO <i<n-—1, b(i +1)—b(i) > —1.

If b is a lattice bridge and miin{z' :b(1) = —1} = n, then we call b a 1—first passage
lattice bridge. Given a 1—lattice bridge b and a positive integer k < n, we define a
1—lattice bridge b®) as follows. First, for 1 < i < n, let b(n + i) = b(n) + b(i) =
—1+b(7). Then for 0 < i < n, let b® (i) = b(k + i) — b(k). Let [n] = {1,--- ,n}.
We have the following elementary lemma as a variant of the classical ballot theorem,
which is a special case of Lemma 3.2.1.

Lemma 4.2.1 (Lemma 6.1 in [61]). Fiz a 1—lattice bridge b = (b(),0 < i < n),
and let v = r(b) € [n] be minimal so that b(r) = min(b(i),i < n). Then b is a
1—first passage lattice bridge, and r is the only such value in [n].

Lemma 4.2.1 is illustrated by Figure 4-1(a) and Figure 4-1(b). In Figure 4-1(a)
we have a 1—lattice bridge b = (0, —1,—1,—2,—1,1,0,—1). The vertical dashed line
shows the position of b attaining its minimum for the first time, hence the unique
position for the cyclic shift to transform b to a 1—first passage lattice bridge, as
claimed by Lemma 4.2.1. The resulting 1—first passage lattice bridge, with steps
b®) is shown in Figure 4-1(b).

Recall that for a plane tree T and a node v € v(T'), we write kr(v) to denote
the degree of v in T. We also write lex(T") = (kr(u1), ..., kr(uir)) where (u;,1 <

i <|T|) = (u;(T),1 < i <|T|) are nodes of T listed in lexicographic order.
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Figure 4-1: (a): a 1—lattice bridge; (b) the corresponding marked 1—first passage
lattice bridge; (c) the corresponding marked tree.

For any sequence ¢ = (¢, -+ ,¢,) € R" as in Section 3.2, we write W¢(j) =
Z]:(CZ — 1) for j € [n], let W,(0) = 0 and make W, a continuous function on [0, n]
;azyl linear interpolation. A classical bijection between plane trees and 1—first passage
lattice bridges associates to a tree 71" its depth-first walk (Wiex()(7),0 < i < n), see,
e.g. Chapter 6 of [61]. We build on this bijection below.

For a plane tree T and v € v(T'), we call the pair (T, v) a marked tree and call v
the mark. The bijection between 1—first passage lattice bridges and plane trees also
leads to a bijection between 1—lattice bridges and marked trees. This bijection,

depicted in Figure 4-1, is specified as follows. For a 1—lattice bridge b, let r = r(b)

as in Lemma 4.2.1, let b’ = b(") be the 1—first passage lattice bridge corresponding
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to b, and let T" be the plane tree with depth-first walk b’. Then the marked node is
v = Uyr|—r+1(T), the (|T| —r+ 1)’st node of T in lexicographic order. The mark v is
denoted by a red square in Figure 4-1.

Recall that in Section 3.2, a marked forest is a pair (F,v) where F' is a plane
forest and v € v(F'). We refer v as the mark of (F,v). A marked cyclic forest is a
marked forest with its mark in its last tree; the name is because we can equivalently
view such a forest as having its trees arranged around a cycle.

Fix an integer sequence W = (W; : 0 < ¢ < n) with Wy = 0,W,, = —k, and
W; —W;,_1 > —1 for all 1 <i < n. The bijections described above allow us to view
W as a marked cyclic forest (F,v) = (F(W),v(W)) consisting of k — 1 trees and
one marked tree, as follows. For integer b < 0, let 7(b) = inf{t € N: W, < b}. For
1 <j <k—1,let T; be the tree whose depth-first walk is (W; — W, (_j_1)) : 7(—(J —
1)) <i < 7(—j)). Let (Tk,v) be the marked tree corresponding to 1—lattice bridge
(Wi = Wr—g—1)) : 7(=(k = 1)) < i < n). Then (F(W),v(W)) = ((T1,...,T),v).
We call W the coding walk of the forest, and note that the coding is bijective: W can
be recovered from (F(W),v(W)) as the concatenation of the 1—first passage lattice
bridges which code T7,...,T}_; and the 1—lattice bridge which codes (T}, v). This
bijection is illustrated in Figure 4-2 and Figure 4-3. In Figure 4-2 the whole sequence
is decomposed into three segments (divided by vertical dashed lines). The first two
segments are 1—first passage lattice bridges, hence correspond to plane trees 717, T5.
The last part is a 1—lattice bridge, hence corresponds to a marked tree (73, v) and

the node v is again depicted by a square mark. These trees are shown in Figure 4-3.
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Figure 4-2: A lattice walk W = (W; : 0 <i < 17).

W

it T2 (T3, v}

Figure 4-3: The marked forest (F'(W),v(W)) = (T, Ts, T3),v).

Given a degree sequence s = (s i > 0) with > is0 s = n, recall that d(s) €
7% 1s the vector whose entries are weakly increasing and with s entries equal to 1,
for each @ > 0. Let D(s) be the set of sequences d € Z%; which are permutations
of d(s) (there are n!/([], s!) of them). Let MCF(s) be the set of all marked cyclic
forests with degree sequence s. By the correspondence we developed previously, the

following is lemma is immediate.

90



Lemma 4.2.2. Fiz a degree sequence s = (s i > 0) with > is0 s =n. Let 7 be a
uniformly random permutation of [n], and let W = Wi(qs)). Then the marked cyclic
forest (F(W),v(W)) coded by W is uniformly distributed on MCF(s).

In particular, we have the following corollary.
Corollary 4.2.3. Lets = (5% i > 0) with D is0 s =n. Let (F,v) be a uniformly
random element of MCF(s), and let M be the total number of nodes in the non-
marked trees of (F,v). Let m be a uniformly random permutation of [n] and let

S [O,n] — R, S(t) = Wﬂ(d(s))(t). Then
M Zinf{t: S(t) = —c(s) + 1}. (4.2.1)

We will also need the following easy fact connecting linear forests with marked
cyclic forests.
Lemma 4.2.4. Fiz a degree sequence s = (s%,i > 0) with |s| = n, and let F be a
uniformly random linear forest with degree sequence s, and let (F*,v) be the marked
cyclic forest obtained from F by marking a uniformly random node and applying the
requisite cyclic shift of the trees of F'. Then (F*,v) is a uniformly random element

of MCF(s).

Proof. Let F(s) be the set of all plane forests with degree sequence s. The operation
of marking a node induces an n-to-c(s) map from F(s) to MCF(s), from which the

lemma is immediate. ]

The preceding lemma allows us to relate the random forest F,, from Theo-
rem 1.3.4 with the lattice path S, = (S,x,0 < k < n) from Theorem 4.1.1. Let

(Er,v,) = (Thg,1 < k < ¢,),v,) be obtained from F, by marking a uniformly
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random node and applying the requisite cyclic shift of the trees of IF,,. Then we may
couple F,, and S, so that S, = (S,;,0 < j < n) is the coding walk of (F}',v,). We
work with such a coupling for the remainder of the paper.
4.3 Convergence of the coding processes
The goal of this section is to prove Theorem 4.1.1 and Corollary 4.1.2. To achieve
that, we decompose the walk process into two random processes. To be precise, let
nl/?

d, := ™= and fix a sequence (f,)nen, such that ¢, = o(d,) and t, = w(1). This is

n

possible since d,, — oo as n — oo by our assumption that ¢, = o(nl/ 2). We consider

the following two processes. Let (M, x, k < n) be as follows, M, o = 0 and for £ > 1,
Mn,k - Mn,kfl - Xn,k]1|Xn,k|<tn-
Similarly, let (R, x, k <n) be given by R, o =0, and for k > 1,

Rk — Ruj—1 = Xoklix, >t

)

Then clearly we have S, = M, + R, for all & < n. Define the following quantity:

J>tn+1

Theorem 4.1.1 is an immediate consequence of the following two results:

1
(- iy + L2t 2 0) 4 (0B(0, 20 43.1)
Cn

and

1
(- Basugy — i et 2 0) o, (132)
C

n

92



where 0 denotes a process Z such that P {Z(t) =0, ¥Vt > 0} = 1. For (4.3.1), we are
going to use the following theorem from [26].

Theorem 4.3.1 (Theorem 4 in [26]). Suppose an urn U contains n balls, each marked
by one or another element of the set S, whose cardinality c is finite. Let Hyy, be the
distribution of k draws made at random without replacement from U, and My, be the
distribution of k draws made at random with replacement. Then the two probabilities
on S* satisfy

[Hyr — Muyg|| < 2¢k/n,

where || - || denotes the total variation distance.

Proof of (4.5.1). Let (ka, k <n) beiid. with the law of X, 11x, ,|<t,, set Mn,o =

0 and for & > 1, let
k
Mup=> X
j=1

Now apply Theorem 4.3.1 with urn U containing n balls, with s,(lj ) balls marked

by j—1for 0 < j <t,j #1, and s+ > s balls marked by 0, with S =
J>tn

{-1,0,1,...,t, — 1}, and with k = k(n) = n/d,. This yields that

. ~ . 2t,(n/d, tn
1t d < B) — (Ko < By)| < 2] gl

so for all Borel B C R¥,

P{(My.5 < k(m)) € B} = P{(M;.] < k(n) € BY| < 7"
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Since t,, = o(d,) and k(n) = n/d, = d, - ¢ = w(c?), this implies that to estab-

n

lish (4.3.1) it suffices to prove that

1 -
(e + 121002 0) 4 (00,1 2 0. (433)
Cp
Note that
§ S
EXn,1:Z<.]_1 :—Z]—l Z(J—l)FZ—E—M:-
J<tn j>tn+1

Define o, by setting
. _ 72
(07)2 := Var {Xml} - E [Xﬁ’l} _E [Xn,l}

= DUV - (434

Applying Donsker’s theorem to the process (]\7[”,;C + k(b 4 ), k > 0), we ob-

tain that

o |ta?]

1 -
(—(anJ + )l [ta?]) + > 0) 4 (07 B(t),t > 0), (4.3.5)
a na

as a — Q.

1

By our assumption that n=! s, — p in L? in Theorem 1.3.4, we have > (j —

J
1)£ — 0 as n — oco. Hence for any prescribed § > 0, we can find L large such that
Z(]—l) L <. Since t,, — 0o, we must have uf < Z(]—l) <5f0rnlarge
J>L j>L
enough, i.e.

wh — 0 as n — oo, (4.3.6)
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Similarly the assumption that n=!-s, — p in L? implies that
W) )
o= i(j— 1) >0 < 00,
> i=-1=
SO

(0)? = 0asn — oo, (4.3.7)

where we let (o;7)?:= > j(j — 1)% Using (4.3.4),(4.3.6) and (4.3.7), we have

J>tn+1

n

o2 — (07 = (02 — (i + )1 — i — ) = 0 as n — oo, (4.3.8)
n n

so g, — 0 as n — oo. Taking a = ¢, in (4.3.5), then letting n — oo, now yields
that
[tc3]

1 ~
(- Oy + itz + 302 0) 4 (o002 0)
Cn n

Since ¢2 = o(n), (4.3.3) follows. O

To prove (4.3.2), we will again use Proposition 3.3.5.

Proof of (4.5.2). We prove that for all e > 0, we have

>e}§e,

this immediately implies (4.3.2). Fix n and let ¢;, ..., ¢, be such that [{1 <k <n:

limsup P { max

n—o0 iSC%/E CTL

c = JH = s9. Let C1,...,C, be a uniformly random permutation of ci,...,c,.

Fix t,, € N. Define (R;,0 < i < n) as follows: let Ry = 0, and for i > 0, let

Ri+ci_1, lfCZZtn+1,
Rz’+1 =
R;, it C; <t,.
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For 0 <i < mn,let F; = o(C4,...,C;). Since R,, = nu and the process (R;,0 <i <

n) has exchangeable increment,

+ _ R,
E[Ri | F|= Ry + n — 75 (4.3.9)
n—1
Now let K; = ﬁ% Then using (4.3.9), we have
+ +
nut — R; np,y — R;
Kisr | 7] n—(i+1) (m—i)(n—i+1)
Hence K; is an F;—martingale.
Since for any 0 <17 < s,
n + Rz 1 + Rz
e R B
n—1 n—1i
and g7 is a constant, if we define K, = %, then K; is also an F;—martingale. It
follows that for any € > 0,
1 2 ot — R\
P {— ax iyt — Ry > e} < %E (maxM)
Cp i<s €°Cy, i<s n—1i
4n*E T — R,)?

e2cz(n—s)?2
where in the first line we use Markov’s inequality and in the last line we use the L2
maximal inequality for martingales (see, e.g. Theorem 5.4.3 in [29]).

Since the process (Rs,0 < s < n) has exchangeable increments, we have ER; =

st Let RE = > J; where Jy, ..., Js are i.i.d. random variables with .J; 4 R,. Then

i<s
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Proposition 3.3.5 gives

E[R] <E[R? =E[(Ji+ - +J)Y] = sE[J]+s(s—1)(EJ,)

= s(o” = h) + (s — Dy
Therefore,

E [(su) — R)?] = B[R] = " < s(of” — pf) —sp” < s,

n

Now take s = s(n) = ¢2 /e in (4.3.10). For n large this is less than n/2, so (n — s)? >

n?/4 and we obtain

1 16s0,"* 160,
P{—max]iu:—Ri|>e}§ 50 _ 22%n <€,

Cp, i<c2 /e €22 €3

the last inequality holding for n large since o, — 0 as n — oo. This completes the

proof. O

Recall that in Section 4.1 we let 7(z) = inf(¢ : B(t) < —x) for z > 0. By (4.2.1)
if welet 7, = > ;... [Tnil = n —|Thc,| be the total size of non-marked trees of

(EY, v,), then since S, is the coding process of (F¥, v,) we have
7, = nf{k : Spp = —(cn — 1)}

From this we immediately get the following corollary of Theorem 4.1.1.

Corollary 4.3.2. Given the assumptions in Theorem 1.3.4, we have

Tn d 1

— — 7(—), (4.3.11)
o

where (B(t),t > 0) is standard Brownian Motion.
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Remark 4.3.1. Note that the right-hand side of (4.3.11) has density

1 1 di
exp | — :
oV 2rt3 P 2to? 7

see, e.g., Theorem 6.9 in [62]. This coincides with what we have in Theorem 1.4.5.

The corollary above in fact tells us something about the size of the largest
tree T, ;.
Corollary 4.3.3. For a marked cyclic forest (F,v), let MT(F,v) denoted the marked

tree, i.e. the tree of I’ containing v. Then
P{MT(F;,v,) =T,1} =1

as n — o0.

Proof. 1t is clear that

P{MT(F;,v.) # Tua} < P{IMT(F], vn)| <n/2}

P{¢n>n/2}:P{@>i}—>o

2 2c¢2
where in the last line, the first equation is by Lemma 4.2.4 and the final convergence
is by Corollary 4.3.2 and the assumption ¢ = o(n). O

Now we are ready to prove Corollary 4.1.2.

Proof of Corollary 4.1.2. As noted, it suffices to prove (4.1.2) and (4.1.3). Corol-
lary 4.3.2 and Corollary 4.3.3 together imply (4.1.2).
For (4.1.3), first note that by Lemma 4.2.2, the process S,, = (Spx,0 < k < n)

has the same law as the coding walk W (F,) of F,,. Applying Corollary 4.3.3 then
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yields that the law of (|T,.»|,...,|T, |) is asymptotically equivalent to the law of
(dY —gt,...,dj_y — gj_,), the first j — 1 ranked excursion lengths of S, above its
running minimum before time 7,. Using this equivalence, (4.1.3) now follows from
Theorem 4.1.1 by the Portmanteau Theorem ([57], Theorem 12.6), since the vector

(di—g1,... i — gj71) has a density. ]

4.4 Empirical degree sequences of trees
In this section we aim to prove (4.1.4) and (4.1.5).

For : > 0 and = < n, let
Q)= {L < j <a:Coy=i}

where (Cy1,---,Cpy) is a uniformly random permutation of d(s,) and that S, =

S (Chi —1). Let Fj = 0(Chy,...,Chy). Since Qi (n) = s = npl and the

j=1

process (Q!(7),0 < j < n) has exchangeable increments,

@ _ i
B[Q,0+1) | 7] = Qi) + 2=l

n—j
() i(s
Setting K; = "p”n*—f?j"m for 0 < ¢ < n, then
npk) — Qi (5) npl) — Qi (5)
E[Kjn | Fj] = - = K;

n—(G+1)  (-@G+)n-j5 7

~ . (1) i ~ .
so K; is an F;—martingale. If we let K; = jp"n_fQj"(J), then K; = K; — . s0 K; is
also an F;—martingale.
We now use the martingale bound Theorem 2.3.2. We shall apply this theorem

to bound the fluctuations of @ (s).
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Proposition 4.4.1. For any 0 <t < 1, we have

i t2 .
P {Els > ¢t [pl¥) — Qn(s)’ > t} < exp (—3 5C ) : (4.4.1)
s
Proof. 1t is not hard to show that for any 0 < j <n — 2,
1 1
Var {Kjp | Fif < 5
SRR e S T
see Lemma 3.3.1. Thus, for 1 <z <n — 2,
r—1 1 z—1 1
v=S"V {K } < -y
z_: I — (n—(j+1))°
Jj=0 7=0
o T
< - —dm =
- 4 /nxl mzo dn—1)(n—x—1)

npn Ql()
(n—0+1)(n—j)

|Kj1 — K| =

= )
n—x

while if Q% (j+ 1) = Q% (j) + 1, then

npn QZ() - 1
(n=G+)n-j) n-0G+1)

|—f(j+1 - f(j| -

n—ax

Applying Theorem 2.3.2 to both {f(j};-czo and {—Kj}fzo with = n — ¢,, we have

1

v<i, b< —
— 2c ~

Hence, for t <1,

i npn QU
o Qi)
n—j

t? 3t%c,
> t < exp —_|_—A S exp | — 5 .
Cn 3cn
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Using the exchangeability of C), 1,...,C,, p, it follows that

i @ i
P{Els>cn:|p$f)—Q”—<S)|2t} - P{ max  |p® — Pn Qn(])

Dn
n—=17

S 0<j<n—cn

- ( 3t%c,, )
< exp| — .
5

We next give the proofs of (4.1.4) and (4.1.5). In both proofs we use the coupling

?

]

between F,,, (£, v,) and S, explained at the end of Section 4.2.

Proof of (4.1.4). Fix i > 0 and [ > 2. By Corollary 4.3.3, with high probability
Tn1 = The,, i.e., Ty1 is the last tree of (F),v,), in which case T,,; = T, ; for some
j < ¢n. Recall that 7,, = Zl§k<cn T k|-

Let 1 < j < ¢, and suppose [{v € T,,; : k(v) = i}|/|T, ;| & ) — 6, p + 4.
Suppose that |T, ;| > dc¢2 > ¢, and 7, < ¢&. Then there must exist m > ¢, and

1 <wu <7, —m such that

> 0.

'I{t €ml: o =3 _ )

m n

By union bound and the exchangeability of (C,,1, ..., C, ), the probability of this is
Qp(m)

bounded above by 7,,P {Elm >t TR — pg)

> 6}. Thus, for [ > 2, for n large
enough that dc2 > ¢, we have

P

1)

> 5} <P{r >} +P{|Tn| <dc}

00 Q;.(s)

+P{Tp1 # Tne, } + P {max
s

S$>cCp,

2
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For any ¢ > 0,P{7,>c} < ¢/3 by Corollary 4.3.2 for n large enough, and
P {|T,,| < dc2} < ¢/3 by Corollary 4.1.2. The second last probability tends to zero
by Corollary 4.3.3. And for the last probability, for n large enough, \/éc; 13 < 0,

hence Proposition 4.4.1 gives upper bound ¢ exp (—c,l/ 3) , which tends to zero. Thus,
(i)

> (5} < ¢ for n large; this proves (4.1.4) fori>0and > 1.

P { pn
Finally, since |T,, 1| p7(1 — 0 in probability for each
1 > 0 is immediate. ]

Proof of (4.1.5). Fix e > 0. By Corollary 4.3.2, we can pick M > 0 large enough

such that for n large enough,

P{r,>Mc} <e. (4.4.2)
By Corollary 4.3.3, we have that for n large enough,

P{T, ., #To1} <e. (4.4.3)

For this € > 0, there exists § > 0 such that P {g,_1 —d;_1 <} < €/2, so by Corol-

|Tn,l|
P{ l<hs<e (4.4.4)

Cn

lary 4.1.2, for n large

Next we fix ¢t > 0 large enough such that

E [C211c, >t <<l and Zz P <e; (4.4.5)

>t
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this is possible since p,, = (pgf),i >0) = p=(p»,i>0)in L2 For fixed [ > 2 we

have

0% (Dug) — o2 (a)l < 1D 200 — )+ Y20+ il

i<t >t >t
< D220 - pO) + e > (4.4.6)
1<t >t

where we use (4.4.5) in the second line.
Let Ly = Yoy C2 i1, 5t 1 The, = Ty and 7, < Mc2 then Y%l <

i>t

L,/|T,,|.- Hence

P {|0”°(pny) — 0*(Py)| > 3¢}
|Tn,l’

P {‘02(1)71,1) - 02(pn)‘ > 3‘577—71 < MciaTn,cn = P]Fn,la 5 > 5}
C

n

IN

T,
+ P {Tn > Mci} +P{Thc, #Tpa}+P {| 02’l| < 5}

i ; L, T,
< P{|Z¢2(pg,3—p£3))\ Ze}+P{|T o> | C;' >5}+3e (4.4.7)

i<t n

where we use (4.4.2), (4.4.3), (4.4.4), (4.4.6) and the aforementioned stochastic dom-
inance in the last line.

Since ¢ is fixed, we can use (4.1.4) to conclude that the first summand of (4.4.7)
can be made arbitrarily small by taking n large enough. For the second summand,

note that by exchangeability and (4.4.5),

EL, = MZE [lencmt} < c2ed,
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SO

Ln
P > >0, <Pl—>e)p < ———= <e.
{mrn,z\ v }— { 6}— ‘

n

This completes the proof of (4.1.5) for [ > 2. Again since |T,,1|/n — 1, (4.1.5) is

immediate for [ = 1 case. ]
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CHAPTER 5
Conclusions

5.1 Summary of Main Results

In this thesis, we study the scaling limits of a sequence of uniformly random
plane forests [F,, with given degree sequences s,. For the convenience of notation
simpleness, we assume that |F,| = |s,| = n. In general we can have degree se-
quence s, depending on some index x (as in [20]). Then as long as |s,| — oo as
Kk — 00, if we replace n by |s,|, our conclusions still hold as we consider the limit as
k — 0o. Under reasonable conditions on (s, ),>1, we explicitly prove the convergence
of F,, in two different regimes.

In the case that the number of trees ¢, satisfies Unil—"l/z, — A > 0, we show that
the ranked forest F, viewed as a measured metric space, converges to the real trees
coded by the ranked excursions of first passage bridge F?" reflected at its minima,
in the sense of coordinatewise GHP convergence. With a stronger condition on the
maximum degrees A,,, the result can be strengthened to the the convergence in the
sense of (Loo, d3yp)-

In the case that the number of trees ¢, = o(n'/?), we confirm the picture that
there is a giant tree T,,; containing all but a negligible fraction of all vertices (hence
naturally has scaling limit 7). Moreover, for the forest F containing all small trees,

we give a finer calculation of the limit of size of F,, and under a different scaling,
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prove the convergence of F,, to a sequence of real trees coded by the excursions of
Brownian motion reflected at its minima, run until the local time at zero reaches 1/o.
5.2 Summary of Methodologies

The first technical aspect is based on using the depth first walk to show the
walk convergence and, as a corollary, proving the convergence of the sizes of the tree
components. This is achieved by first proving certain combinatorial bijection results,
which couple uniformly permuted degree sequences with random forests. Namely, in
Chapter 3, the coupling is via a random rotation map; and in Chapter 4, we connect
the depth first walk with random forests using the concept of marked cyclic forests.
The second component of our work is to show that for each tree component of the
forest, the empirical degree sequences behave well, i.e. is close to the “expected”
degree sequence governed by the sequence s, /n. For this part, we use concentration
inequalities proved via the martingale difference method from [54].
5.3 Potential Future Works

There are a few possible future research directions following this work. First, it
would be nice to get rid of the extra maximum degree condition in Theorem 1.3.2.
This condition is used in Proposition 3.3.8, where we proved a technical proposition
of bounding the probability of F(s) containing trees with unusually large height. The
second natural direction is to work in the subcritical regime that the number of trees
cn = w(n'?). In this regime we would expect no trees of linear order. But the
detailed picture of scaling limits is not very clear. In fact, the possible behaviours
are more complex in this case. A natural guess is that the largest tree will have

n

2
size of order (c—) log % This guess arises from the following heuristic. The search

n
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process for the forest F,, should look roughly like a random walk with drift —c, /n,
run for n steps. At time ¢, the expected position of such walk is —tc, /n, and the
fluctuations of its position have order v/t. Thus, the random walk typically hits a
new local minimum in O((n/c,)?) steps. Since new running minima corresponding
to the times when tree explorations conclude, this suggests that most trees are not
larger than O((n/c,)?). The logarithmic factor arises because an interval of length n
may be divided into ¢? /n intervals of length (n/c,)?, and at some point one expects
to see an “exceptional” run of O(log %) consecutive intervals of length (n/c,)? on
which the walk does not reach a new running minimum. This heuristic is correct in
some cases (e.g. Theorem 2.1.3 in [59], see below), but the full story will necessarily
be more complicated. To see this, consider for example a binary forest with n nodes
and with ¢, & n°/6 trees. If we add a single node of degree [n%*°] to such a degree
sequence, then we obtain a random forest with ¢, +1— |n%°| = n®6 trees. However,
the size of the largest tree will be at least n%°, whereas the heuristic would suggest
a largest tree of size O(n'/3logn).

Finally, we would like to include Pavlov’s result in the subcritical regime and
an example to showcase that the aforementioned heuristic gives the same result as
his result. Let F(z) = i prz* be the probability generating functions and recall as
in Section 1.4.4 that n kd:eonotes the size of the largest tree of Fn .

Theorem 5.3.1 (Theorem 2.1.3 in [59]). Let F""'(1) < 0o, N,n — 00 in such a way
that n takes values which are divided by d. Assume n/N — oo,n/N? — 0, let \ be

defined by
AF'(X)  n
F(\)  N+n
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Then

—z

P{fn—p<z}—e*
where 5 = [B(A) = —In(A/F(N)) and u = u(\) is chosen so that

NBY2y=32e™" = \/2ro2.

Example 5.3.1 (Poisson case). Let n be number of non-rooted vertices and m be

number of vertices. Assume ¢, = m®% son =m —m>/°.

For simplicity of calculation, suppose & ~ Poisson(1) so py = ek;,l Then F(z) =
e*~ ! hence F'(z) = e*~1. So

zﬁzl—m_l/ﬁ.

Let e = m~'/% then

Then
B - 1—¢ - B €2 /2 o
f=—-In(A/F(\) = ln<—1—e+§>_ ln(l —1_6+€2/2)Ne/2.

So = m~/3.

By the definition of u:
mB/6 U6 32w — \[or

So m?/3 ~ e*, that is,

).

u ~ logm?® = log(

3
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P{fn—u<z}—e impliesn~ (z+u)Bt, uB™t gives order

2
3 g Gy L (2
)t = log(22) - (2)

3|

log(
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