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Abstract

Relay networks constitute one of the key technologies that are being developed for use in
next generation wireless systems. In relay networks, the communication between the source
and the destination is aided by dedicated nodes (relays) that convey the source’s message
to the destination. The use of multiple relays makes it possible to implement a distributed
form of spatial diversity. The use of relays improves the coverage, capacity and reliability
in the network.

Relay networks were initially designed to support only unidirectional communication.
However, two-way relay networks (TWRNSs) have recently been proposed to support bidi-
rectional communication and have attracted the attention of many researchers because of
their high spectral efficiency. In particular, TWRNs employing the amplify-and-forward
(AF) protocol are appealing because of the minimal processing requirements at the relay.
Effective operation of AF TWRNs requires accurate channel state information for self-
interference cancellation and coherent decoding. This information is also needed in several
important applications such as beamforming, relay selection and power allocation.

The majority of works on channel estimation for AF TWRNSs follow the training-based
approach, which requires the transmission of pilots known to both terminals. Despite its
robustness and simplicity, the training-based approach consumes much needed bandwidth
resources, which undermines the spectral efficiency of TWRNs. Blind channel estimation
avoids the costly training burden by relying only on the received data samples to estimate
the channel parameters. Another alternative approach is semi-blind estimation, a hybrid
of blind and training-based approaches. Semi-blind estimation requires fewer pilots than
training-based estimation by utilizing data samples in addition to the pilots.

The main objective of this thesis is to investigate blind and semi-blind channel esti-
mation for AF TWRNs as a means for achieving substantially better tradeoffs between
accuracy and spectral efficiency than possible using the training-based approach.

In the first part of the thesis, we consider blind channel estimation for flat-fading chan-
nel conditions. Using the deterministic maximum likelihood (DML) approach, we propose
new algorithms for blind channel estimation in AF TWRNs that employ constant-modulus
signalling. Assuming M-PSK modulation, we prove that the proposed estimators are con-
sistent and approach the true channel with high probability at high SNR. Using simulations,

we show that the DML estimator offers a superior tradeoff between accuracy and spectral
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efficiency than the pilot-based LS estimator. The corresponding Cramer-Rao bound (CRB)
is also derived.

Still within the context of flat-fading channels, the second part of the thesis focuses on
semi-blind channel estimation. Assuming nonreciprocal channels, we derive the exact CRB
for semi-blind channel estimation in AF TWRNs that employ square QAM. The derived
bound, which has not been reported before in the context of TWRNSs, is based on the true
likelihood function that incorporates the exact statistics of the transmitted data symbols.
Using the new bound, we show that the training overhead can be significantly reduced
by employing semi-blind estimation, as even a limited number of data samples can lead
to substantial improvements in estimation accuracy. To demonstrate the achievability of
these gains, we derive an expectation maximization (EM)-based semi-blind algorithm that
performs very closely to the derived CRB and requires only a small number of iterations
to converge.

In the last part of the thesis, we consider semi-blind channel estimation for OFDM-based
TWRNSs operating in frequency selective channel conditions. In contrast to previous works,
we focus on nonreciprocal channels as this is a more realistic assumption in the frequency
selective scenario. To assist in the estimation of the individual channels, superimposed
training is adopted at the relay. Our proposed semi-blind estimation algorithm is based
on the Gaussian ML approach. We also derive the CRB, and we design the pilot vectors
of the terminals and relay to optimize estimation performance. Our simulations show that
the proposed method provides significant improvements in estimation accuracy even with
a limited number of OFDM data symbols.

Overall, the work presented in this thesis demonstrates that blind and semi-blind ap-
proaches to channel estimation are viable and practical alternatives to the training-based
approach as they can provide substantially better tradeoffs between accuracy and spectral

efficiency at an affordable computational cost.
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Sommaire

Les réseaux a relais constituent I'une des technologies clé de la prochaine génération des
systemes de communication sans fil. Dans les réseaux a relais, la communication entre
une source et une destination est assistée par des noeuds dédiés (ou relais) qui relayent le
message de la source jusqu'a la destination. L’usage de plusieurs relais permet de mettre
en ceuvre une forme distribuée de diversité spatiale. L’utilisation de relais améliore la
couverture, la capacité et la fiabilité des réseaux.

Bien que les réseaux a relais aient d’abord été concus pour une communication unidi-
rectionnelle, les réseaux a relais bidirectionnels (two-way relay networks ou TWRNs) ont
été récemment proposés et ont suscité l'intérét de nombreux chercheurs a cause de leur
grande efficacité spectrale. En particulier, les TWRNs utilisant le protocole de relayage
amplifier-et-transférer (amplify-and-forward ou AF) sont attrayants a cause de leurs faibles
exigences de traitement aux relais. Le bon fonctionnent des AF TWRNs nécessite une étape
d’estimation précise du canal pour la suppression d’auto-interférence et pour le décodage
cohérent. Cette étape est aussi essentielle pour la formation de faisceaux, la sélection de
relais et ’allocation de puissance.

La plupart des travaux sur ’estimation du canal pour les AF TWRNs suivent ’approche
basée sur I'entrainement, ce qui nécessite la transmission de pilotes connus des deux ter-
minaux. Malgré sa robustesse et sa simplicité, cette approche consomme de précieuses
ressources de communication afin de transmettre les pilotes, ce qui compromet 'efficacité
spectrale des TWRNs. L’estimation aveugle évite ce fardeau en se fiant seulement sur les
données recues pour estimer les parametres du canal. Une autre option est l'estimation
semi-aveugle, une approche hybride de I’approche aveugle et de celle basée sur I’entrainement.
L’estimation semi-aveugle nécessite moins de pilotes que ’approche basée sur I’entrainement
puisqu’elle utilise aussi des échantillons de données.

L’objectif de cette these est d’examiner 'estimation aveugle et semi-aveugle du canal
pour les AF TWRNSs afin d’obtenir un meilleur compromi entre 1'efficacité spectrale et la
précision que que celui offert par I’approche basée sur I’entrainement.

Dans la premiere partie de cette these, nous considérons l'estimation aveugle du canal
pour des conditions d’évanouissement plat. Employant le principe du maximum de vraisem-
blance déterminée (deterministic maximum likelihood ou DML), nous proposons de nou-

veaux algorithmes pour 'estimation et la détection aveugle et conjointe du canal pour les
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AF TWRNs qui utilisent une signalisation a module constant. Supposant une modulation
M-PSK, nous prouvons que les estimateurs proposés sont consistants et se rapprochent du
vrai canal avec une grande probabilité lorsque le rapport signal sur bruit est élevé. En
utilisant des simulations, nous montrons que le DML offre un meilleur compromis entre
Iefficacité spectrale et la précision que 'estimateur LS employant des pilotes. La borne de
Cramér-Rao (Cramer-Rao bound ou CRB) correspondante est aussi établie.

Toujours en rapport avec I’évanouissement plat, la deuxieme partie de cette these porte
sur ’estimation semi-aveugle du canal.

En supposant des canaux non-réciproques, nous établissons la CRB exacte pour I’estimation
semi-aveugle du canal pour les AF TWRNs qui utilisent une constellation QAM carrée.
Cette borne n’a jamais été déterminée auparavant dans le contexte des TWRNs. Elle est
basée sur la vraie fonction de vraisemblance qui tient compte des statistiques exactes des
symboles de données transmis. En utilisant cette nouvelle borne, nous montrons que la
complexité attribuable a ’entrainement peut étre considérablement réduite en employant
un estimation semi-aveugle car méme une quantité limitée de données peut engendrer une
amélioration substantielle de la précision de ’estimation. Afin de montrer que ces gains sont
réalisables, nous concevons un algorithme semi-aveugle basé sur la méthode d’espérance-
maximisation (EM), et nous montrons que cet algorithme se rapproche tout pres de la CRB
et qu’il converge en un petit nombre d’itérations.

Dans la derniere partie de cette these, nous considérons l’estimation semi-aveugle pour
les TWRNs qui sont basés sur 'TOFDM et qui operent dans un environnement sélectif en
fréquence. Contrairement aux travaux antérieurs, nous nous penchons sur des canaux non-
réciproques, ceci étant une hypothese plus réaliste dans un scénario sélectif en fréquence.
Pour faciliter I’estimation des canaux individuels, un entrainement superposé est adopté aux
relais. L’algorithme semi-aveugle que nous proposons est basé sur le principe ML gaussien.
Nous établissons la CRB, et nous concevons des séquences pilotes pour les terminaux et
pour les relais de fagon a optimiser la performance de I'estimation. Nos simulations révelent
qu’en utilisant seulement un nombre limité de symboles de données OFDM, la méthode
proposée fournit une nette amélioration de la précision de ’estimation.

Somme toute, le travail présenté dans cette these établit que les approches aveugles et
semi-aveugles de I'estimation du canal sont des solutions de rechange pratiques et viables
pour 'approche basée sur I'entrainement car elles offrent un meilleur compromis entre

Iefficacité spectrale et la précision a un cout de calcul abordable.
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Chapter 1
Introduction

Wireless communications is currently experiencing an unprecedented growth that is driven
by the ever increasing market demand for fast, uninterrupted access to information. The
last few years have witnessed a phenomenal increase in wireless data traffic [1,2]. This
trend is expected to continue as an 18-fold increase in global data traffic is projected for
the period 2011-2016 [2]. This has placed an immense strain on the currently deployed
wireless infrastructure. In response, intense efforts are currently being made to design the
next generation of wireless systems that will provide high data rates, extended coverage,
enhanced system capacity as well as improved reliability.

Relaying [3,4] is one of the key technologies currently being developed for use in next
generation wireless systems. In relay networks, the communication between the source and
the destination is aided by specialized nodes (i.e., relays) that convey the source’s message
to the destination. Relay networks are capable of implementing a distributed form of spatial
diversity by recruiting multiple relay nodes that collectively form a virtual antenna array.
It is now widely accepted that the use of relays can improve coverage, throughput and
reliability [4].

Relaying has also been adopted as a key feature in the 3GPP Long Term Evolution
(LTE) standard for next generation wireless systems. Relay nodes (RNs) are used to
support two-hop communication between the base station (eNB) and user equipment (UE).
RNs have a lower transmission power than the eNBs and cover a smaller area, thus providing
a layer of low-power nodes on top of the conventional base stations [5]. The deployment of
RNs can extend the cell range and improve both coverage and capacity, especially at the

cell edge. They can also be used for dead spot mitigation by filling coverage holes in the
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macro network, which may be caused by large obstacles [6]. Relays are well suited for these
purposes because of their deployment flexibility and hardware feasibility. In particular,

they can be deployed without incurring high site acquisition and backhaul costs [7].

1.1 Relay Networks

Relays

Source Destination

O

Fig. 1.1 An example of a relay network with one source, one destination,
and multiple relays.

1.1.1 Basic Concepts

A typical relay network consists of a source terminal, a destination terminal, and one or
more relay nodes that aid the transmission between the source and the destination (see
Fig. 1.1). Relay nodes are commonly assumed to operate in a half-duplex mode, i.e., they
can either transmit or receive at any given time!. Until recently, research has focused on
relay networks that support only unidirectional communication, commonly referred to as
one-way relay networks (OWRNs). In OWRNSs, the communication between the source
and the destination occurs in two phases. In the first phase, the source transmits to the
relay, and in the second phase the relay forwards a processed version of the received signal
to the destination. The relay processes the signal it receives according to one of several
protocols. The main two relaying protocols are amplify-and-forward (AF) and decode-and-
forward (DF) [8]. According to the AF protocol, the relay simply amplifies the received
signal and then forwards it to the destination. By amplifying the received signal, both

the information bearing signal component and the noise are amplified. Nonetheless, this

L Although it is possible to use full-duplex relays that can transmit and receive at the same time, their
hardware implementation is much more costly as they require sophisticated signal isolation techniques to
prevent interference between the transmitted and received signals.
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protocol is appealing due to its simplicity and the minimal processing required at the relay
which can be transparent to the modulation and coding employed by the source. In the
DF protocol, the relay decodes the message in the received signal, re-encodes it into a new
codeword and then transmits it to the destination. While the DF protocal avoids noise
amplification, it obviously requires more complex processing at the relay which has to be

aware of the modulation and coding employed by the source.

1.1.2 Two-way Relay Networks

The above-described OWRNSs have been specifically developed for the scenario when only
one of the two terminals has a message to transmit and acts as the source while the
other terminal acts solely as a destination. It becomes spectrally inefficient to employ
OWRNSs, however, when bidirectional communication is needed, i.e., when both terminals
have messages to transmit to each other. In particular, a single round of bidirectional
exchange between the two terminals requires 4 time slots to be completed using OWRNSs.
Two-way relay networks (TWRNs) [9-12], which are the focus of this thesis, have recently
been developed to achieve spectrally efficient bidirectional communication. Using TWRNs,
bidirectional communication can be achieved over only two time slots, i.e., at twice the
communication rate of OWRNs [8]. In the first time slot, both terminals simultaneously
transmit to the relay. Employing either the DF or the AF protocol, the relay then processes
the received signal made up of the superposition of the signals transmitted from the two
terminals. It then broadcasts the processed signal to both terminals in the second time
slot. Since each terminal knows its own transmitted message, it can use this knowledge to
extract its intended message.

Applying the DF protocol in TWRNS requires complicated processing at the relay. The
relay has to decode the received signals from both users and then combine the two decoded
messages using a combining scheme such as superposition coding [8], or XORing [13]. To
achieve this, the relay needs a high processing capacity, knowledge of the coding schemes
employed at the two terminals as well as accurate knowledge of the channels from each
terminal to the relay.

AF TWRNSs, on the other hand, do not have such requirements and can be implemented
using minimal processing at the relay. The relay does not have to decode the messages of
the two sources; rather, it just amplifies the overall received signal and then broadcasts it to

the terminals. In this case, the received signal at each terminal at the end of the broadcast
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Fig. 1.2 AF TWRN operating in flat-fading channel conditions.

phase consists of a self-interference term containing the message originally transmitted by
the terminal as well as the term containing the intended message, in addition to noise.
Assuming perfect knowledge of the channel parameters at the terminals, each terminal
can cancel out the self-interference term before decoding the signal of interest. Because
of the simplicity of this approach, it has received the attention of researchers and has
been the subject of many recent studies. For example, power allocation strategies for AF
TWRNs have been developed in [14,15], while relay selection strategies have been proposed
in [16,17]. For AF TWRNs with multiple relays, optimal beamforming strategies have been
derived in [18,19]. Furthermore, the achievable rates for AFF TWRNs have been studied
in [9]. In this thesis, we consider TWRNs that are based on the AF protocol. A TWRN
employing the AF protocol is illustrated in Fig. 1.2, where 77, 75 and R denote the two

terminals and the relay, respectively.

1.2 Two-way Relay Channel Estimation

The self-interference experienced by each terminal in AF TWRNs can be completely can-
celled out when perfect knowledge of the channel parameters is available. In practice,
however, the channel parameters have to be estimated. Hence, their accurate estimation
is essential in order to minimize the impact of the residual self-interference and avoid the
potential performance degradation. Accurate channel estimates are also essential to per-
form coherent decoding. Furthermore, they are needed in several applications such as relay
selection, power allocation and distributed beamforming. In fact, the majority of works
on these applications assume perfect knowledge of the channel [14-19]. While traditional

estimation methods developed for point-to-point systems can readily be applied for chan-
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nel estimation in DF TWRNs, the same does not hold for AF TWRNs because of the
differences in the received signal structure.

The focus of this thesis is the development of highly accurate, spectrally efficient chan-
nel estimation algorithms for AF TWRNs at an affordable computational cost. Before
describing our approach to this problem, we will discuss some assumptions regarding the
AF TWRN channel that affect the formulation of the estimation problem. First there
is the type of fading under consideration. In this thesis we consider two types of fading
channels: 1) flat fading channels which occur when the delay spread of the channel is much
smaller than the symbol period, and 2) frequency selective channels which occur when the
delay spread is greater than the symbol period [20]. In the former case the channel can be
modelled as a complex multiplicative coefficient and in the latter as a linear finite impulse
response (FIR) filter. The two types of fading are discussed in more detail in Chapter 2.
Other considerations that affect the formulation of the estimation problem include whether
we are interested in estimating the end-to-end channel or the individual channels across
each link in the network, as well as whether or not channel reciprocity is assumed to hold.

These two issues are discussed below.

1.2.1 Individual and Cascaded Channels

For the flat-fading scenario, we denote by hy, g1, hs and g the complex coefficients corre-
sponding to the flat-fading channels across the links 7, - R, 75 &+ R, R — T and R — T,
respectively, as shown in Fig. 1.2. Similarly, for the frequency-selective scenario we denote
by hi, g, ho and g, the complex vectors of the FIR filter coefficients corresponding to the
channels across the same links. As we can see from Fig. 1.2, the self-interference signal com-
ponent in the received signal at 77 at the end of the second transmission phase experiences
an overall fading due to the links 7; — R and R — 7Ty, while the information-bearing com-
ponent experiences an overall fading due to the links 75, — R and R — 7;. Hence, in the
flat-fading scenario, the overall self-interference channel is given by the product a £ hohy
and the overall information-bearing channel is given by b = hygy. In the frequency-selective
scenario, the overall self-interference channel is obtained as?> @ = hs * hy and the overall
information-bearing channel is b = hy * g,. The channel parameters across the individual
links are often referred to as individual channels, while the parameters a, b, (or a and b)

are referred to as the cascaded or composite channels. Knowledge of the cascaded channel

2We use x * y to denote the linear convolution between the vectors & and y.
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parameters is sufficient for detection purposes [21]. On the other hand, knowledge of the

individual channels can be useful in other applications such as beamforming.

1.2.2 The Channel Reciprocity Assumption

Most works on TWRNs consider time division duplexing (TDD). In this setting, it is very
common to assume that the channels are reciprocal [15,16,18,21,22], i.e., that the channel
from each terminal to the relay is equal to the channel from the relay back to the same
terminal. The basis for this assumption is a basic principle in antenna theory that the
two channel coefficients across the forward and reverse links between two antennas are the
equal [23]. In practice, however, the mismatch between the RF front ends, including RF
gains and baseband circuitry, ruins the reciprocity of the overall forward and reverse links
despite the reciprocity of the radio propagation channel [23-27]. Factors such as carrier
frequency offset, timing offset, sampling clock deviations, etc... all contribute to making the
channels nonreciprocal [24], and special calibration would be required to restore reciprocity.
Hence, channel reciprocity does not hold in a strict sense but is, in fact, an approximation.
For the flat-fading scenario, our work will cover both reciprocal and nonreciprocal channels.
For the frequency selective scenario, however, we will only consider nonreciprocal channels
since OFDM systems are more vulnerable to the RF front end imperfections that affect the
reciprocity assumption [24].

In the next section we will present an overview of previous works on channel estimation

for AF TWRNs.

1.3 Previous Works

A number of recent works have addressed the problem of channel estimation for AF
TWRNS, covering both the flat-fading and frequency-selective environments [21,22,28-34].
These works have adopted a training-based approach to channel estimation. This approach
requires each terminal to transmit a pilot sequence that is known to the other terminal.
The channel parameters are then estimated using either a maximum likelihood (ML) or a
least squares (LS) based method [35].

Channel estimation for AF TWRNs in flat-fading channel conditions was considered
in [21,28,29]. In [21], the training-based ML channel estimator was derived for the esti-

mation of the cascaded channels at the terminals. The corresponding Cramer-Rao Bound
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(CRB) on the variance of unbiased estimators was also derived. The CRB was then em-
ployed as the criterion to design the optimal training sequences. It was shown that the
CRB is minimized when the training sequences transmitted by the two terminals are or-
thogonal to each other. In [28], the ML approach was used to acquire initial estimates of
the individual channels at the relay. The relay used these estimates to denoise the training
signal and to allocate the training power such that channel estimation performance is opti-
mized at the terminals. The case when the relay and the two terminals are equipped with
multiple antennas was investigated in [29], where an algebraic tensor-based method was
proposed to estimate the individual channels at the terminals by exploiting the structure
of the cascaded MIMO channels and appropriate design of an amplification matrix at the
relay.

Channel estimation for AF TWRNs operating in frequency selective fading conditions
was studied in [22,30,31]. In [22], OFDM tranmission was adopted to combat the multipath
effects, and LS estimation was employed to estimate the cascaded channels at the terminals.
The pilot sequences of the two terminals were designed to minimize the MSE of the LS
estimator. It was also demonstrated that, thanks to the channel reciprocity assumption,
the estimates of the individual channels can be acquired up to a sign ambiguity from the
estimates of the cascaded channels using a search over all vectors with length equal to the
number of subcarriers and whose entries take values in the set {£1}. The works in [30]
and [31] considered channel estimation for single carrier cyclic prefix® (SCCP)-based AF
TWRNSs for the single and multiple antenna cases, respectively. In both works, the cascaded
channels were estimated at the terminals using the LS approach and the pilot sequences
were designed to minimize the resulting mean squared error (MSE).

Another problem of interest for OFDM systems is carrier frequency offset (CFO) estima-
tion [37], which is sometimes performed jointly with channel estimation. The CFO, which
results from the mismatch between the local oscillators at the different nodes in the network,
can cause performance degradation by compromising subcarrier orthogonality. A number
of studies have considered joint CFO and channel estimation for AF TWRNs [32-34]. A LS
approach was employed to jointly estimate the cascaded channels as well as the end-to-end
CFO for conventional and zero-padded (ZP) OFDM systems in [32] and [33], respectively.

3Single carrier cyclic prefix (SCCP) transmission with frequency-domain equalization (FDE) was first
proposed in [36]. It delivers very similar performance to OFDM systems in terms of multipath mitigation,
but with a much smaller peak-to-average power ratio (PAPR).
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To facilitate the estimation of the individual channels and the individual CFOs, superim-
posed training [38] at the relay was adopted in [34]. Specifically, the relay superimposes its
own pilots over the received signal carrying the pilots from the two terminals before broad-
casting it back to the terminals. A LS approach was employed to obtain initial estimates
of the channel parameters and the CFO, and an iterative ML-based procedure was then

used to improve the accuracy of the acquired estimates.

1.4 Motivation

The above-mentioned works on channel estimation for AF TWRNs all follow the training-
based approach, i.e., they require each terminal to transmit pilot symbols that are known
to the other terminal in order to estimate the desired channel parameters. Despite the
robustness and simplicity of this approach, the transmission of known pilots consumes
much needed bandwidth resources and thus undermines the spectral efficiency of TWRNSs.
Given the high demand for spectrum utilization, it is important to find more efficient
estimation algorithms that can provide the desired accuracy without imposing a heavy
training burden. It is also desired to reduce the impact of channel uncertainties on the
performance of AF TWRNs by developing methods that can achieve superior accuracy to
that provided by the conventional training-based methods developed thus far.

Blind channel estimation [39-42] avoids the use of training pilots and relies only on
the received data samples for the estimation of the desired parameters. This approach has
been widely studied in point-to-point communication systems because of its high spectral
efficiency [39]. To estimate the channel blindly, this approach exploits the structure of
the received signal and the properties of the data symbols, such as their distribution or
their finite alphabet property. Blind methods are usually based either on the ML criterion,
or on exploiting the moments of the received signal, i.e., its second-order or higher order
characteristics [39]. Among the most popular types of blind algorithms are subspace-based
algorithms [43-45], which estimate the channel by exploiting the orthogonality between the
signal and noise subspaces. It should be noted, however, that blind techniques often suffer
from an inherent rotational ambiguity [39], which means that it is not possible to acquire
all the desired information about the channel blindly. Thus, the use of a number of pilots,
albeit small, remains necessary to resolve this ambiguity.

Another alternative to training-based estimation is semi-blind estimation [41,46-48],
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which is a hybrid of the blind and training-based approaches. Similar to the latter, it uses
pilot symbols, but it also incorporates into the estimation the received data samples as well
as the received training samples. This makes the semi-blind approach more flexible than
the purely blind approach and eliminates the need for separate ambiguity resolution. By
utilizing the data samples in conjunction with the pilots, semi-blind estimation requires
a smaller number of pilots, which makes it more spectrally efficient than training-based
estimation [48]. Tt is also capable of achieving higher accuracy than that possible using
purely blind or purely training-based estimation [48]. The expectation maximization (EM)
framework provides one of the most popular algorithms that can be employed for semi-blind
estimation [49-51]. The EM algorithm is an iterative method commonly used to avoid the
high complexity of direct ML estimation when the likelihood function incorporates unknown
random parameters (such as the data symbols) in addition to the unknown deterministic
parameters (such as the channel parameters).

Despite being extensively studied in point-to-point communications, little effort has so
far been made to investigate the application of blind and semi-blind approaches for channel
estimation in relay networks. Due to the differences in the received signal structure, the
blind and semi-blind estimation methods developed for point-to-point systems cannot be
directly applied in AF TWRNs. Hence, there is a need to develop new blind and semi-
blind channel estimation algorithms that are specifically tailored for the AF TWRN signal
model. In fact, AF TWRNs constitute a promising candidate for the application of such
techniques because of the presence of the known self-interference symbols embedded in the
received data samples. These self-interference symbols may be perceived as pseudo-pilots
whose knowledge can be used to extract valuable information about the channel.

The development of blind and semi-blind estimation algorithms for AF TWRNs is
still in its early stages. In [52], an algorithm was developed for the estimation of the
cascaded channels blindly in OFDM-based AF TWRNSs based on the second-order statistics
of the received signal. However, the proposed algorithm requires a very large number of
OFDM blocks to achieve accurate estimation accuracy. In [53], a semi-blind algorithm was
developed for joint data detection and the estimation of the cascaded channels in MIMO-
OFDM AF TWRNSs based on the expectation conditional maximization (ECM) method

with soft interference cancellation.
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1.5 Thesis Organization and Contributions

This thesis proposes new methods for channel estimation in AF TWRNs based on the blind
and semi-blind approaches. The primary goal is to achieve substantial improvements in
spectral efficiency and/or estimation accuracy over the conventional training-based meth-
ods. We will achieve this goal by designing algorithms that not only have a manageable
computational complexity but also require only a limited number of data samples. We
will also provide the appropriate theoretical tools for analyzing the performance of these
algorithms. We will consider both the flat-fading and the frequency-selective environments
as well as both the reciprocal and nonreciprocal channel assumptions.

Throughout this thesis, we will focus on the classical AF TWRN with two single antenna
terminals and one single antenna relay operating in the half-duplex mode. This setting is
sufficient for the purpose of demonstrating the feasibility and high potential of the blind
and semi-blind estimation. Although similar gains may be possible in the multiple antenna
scenario, the generalization from the single antenna case to the multiple antenna case is
not necessarily straightforward and is left for future work.

As our focus is on channel estimation performance, we will assume perfect timing syn-
chronization between the two terminals and the relay. This assumption is very common
in works on channel estimation [21,22,28-34]. In practice, synchronization of the timing
offset would be handled by a separate block that precedes the channel estimation block.
Similarly, we also assume perfect frequency synchronization. In practice, frequency syn-
chronization requires estimation and compensation of the CFO. CFO estimation can be
handled by a separate block, although sometimes it may also be handled in conjunction
with channel estimation, as done in [34].

In the rest of this section, we describe the different chapters of this thesis and the
research contributions presented in each one.

Chapter 2 provides a background on some of the important concepts that will be used
in the thesis. In particular, we provide a brief background on ML estimation and discuss
its asymptotic properties. We also discuss different ways of applying the ML criterion
when the received signal involves random nuisance parameters. We then introduce the EM
algorithm which can serve as a low-complexity alternative to ML estimation in the presence
of random nuisance parameters. In addition, we introduce the CRB which will be adopted

as a benchmark on estimation performance. We also discuss the modified CRB (MCRB)
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which is a more tractable variant of the CRB used in the presence of random nuisance
parameters. After a brief discussion on multipath fading, we finally provide an overview of
OFDM transmission, which is commonly employed in frequency selective environments to
prevent the detrimental effects of ISI.

In Chapter 3, we focus on AF TWRNSs that employ constant modulus (CM) signalling.
Assuming nonreciprocal flat-fading channels, we propose an algorithm for blind channel es-
timation based on the deterministic maximum likelihood (DML) approach, which treats the
data symbols as deterministic unknowns. Assuming M-PSK modulation, we show that the
resulting estimator is consistent and approaches the true channel with high probability at
high signal-to-noise ratio (SNR) for modulation orders higher than 2. For BPSK (2-PSK),
however, the DML algorithm performs poorly. Motivated by this, we propose an alternative
algorithm that yields much better performance by taking into account the BPSK structure
of the data symbols. For comparative purposes, we also investigate the Gaussian maximum-
likelihood (GML) approach which treats the data symbols as Gaussian-distributed nuisance
parameters. We also derive the corresponding CRB and use Monte-Carlo simulations to
investigate the mean squared error (MSE) performance of the proposed algorithms. By
comparing the symbol-error rate (SER) performance of the DML algorithm with that of
the training-based LS estimator, we demonstrate that the DML offers a superior tradeoff
between accuracy and spectral efficiency than the LS estimator.

In Chapter 4, we consider a very similar problem to Chapter 3, but we focus on reciprocal
channels instead. We derive the corresponding DML channel estimator and prove that it
approaches the true channel with high probability at high SNR but, unlike the nonreciprocal
case, is not consistent. We then propose an alternative estimator which acquires the channel
estimate by minimizing the sample variance of the envelope of the received signal after
self-interference cancellation. This estimator is consistent and has favorable high-SNR
performance, and can be implemented at a low complexity using the steepest descent
algorithm. We also derive the CRB for the reciprocal case.

Still focusing on flat-fading channels, in Chapter 5 we shift our attention to semi-blind
estimation which utilizes both pilots and data samples. Assuming nonreciprocal channels,
we derive the CRB for semi-blind channel estimation in AF TWRNs employing square
QAM. In contrast to the CRBs derived in the previous two chapters, which treated the
data symbols as deterministic unknowns, the CRB derived in this chapter is exact as it is

based on the true likelihood function that takes into account the statistics of the transmitted
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data symbols. The derivation of this bound is a challenging task due to the complicated
nature of the likelihood function when the statistics of the transmitted data symbols are
taken into account, and to the best of our knowledge it has not been reported before for
AF TWRNs. Using this new bound, we show that substantial improvements in estimation
accuracy are possible by exploiting even a limited number of the data samples in addition
to the pilot symbols. These improvements depend on the modulation order: the lower the
order the higher the gain in accuracy. Because of the superior accuracy of the semi-blind
approach, it requires fewer pilots than the training-based approach, thus yielding a better
tradeoff between accuracy and spectral efficiency. Finally, we also derive the more tractable
modified CRB which, for low modulation orders, can be used as an approximation of the
exact CRB at high SNR.

In Chapter 6, we focus on the design of semi-blind algorithms to achieve the accuracy
gains predicted by the CRB analysis in Chapter 5. Direct ML estimation is intractable in
this case due to the high complexity of the true likelihood function. Instead, we implement
semi-blind estimation using the iterative EM approach. We derive semi-blind EM-based
estimators for both nonreciprocal and reciprocal channels. In both cases, the complexity of
the EM steps is linear in the number of data samples for any given modulation order. We use
simulations to show that, for both nonreciprocal and reciprocal channels, the derived EM
algorithms perform very closely to the CRBs and require only a small number of iterations
to converge. We also show that the EM algorithm can provide a significant improvement in
throughput (as high as 27% for QPSK modulation) since a smaller number of pilots would
be needed to achieve the same SER performance as the LS estimator. This confirms the
practicality of the semi-blind approach and the achievability of its predicted gains.

Until this point, we have focused on flat-fading channels. In Chapter 7, we shift our
attention to OFDM-based TWRNs operating in frequency selective channel conditions. To
the best of our knowledge, semi-blind channel estimation has not been considered before
for OFDM-based TWRNs. Moreover, all previous works on channel estimation for OFDM
TWRNs have considered reciprocal channels, which reduces the number of channel vectors
to be estimated from three to two. In contrast to previous works, we consider channel
estimation for the more realistic case of nonreciprocal channels. Semi-blind estimation is
performed using a single OFDM pilot block and a limited number of OFDM data blocks.
To assist in the estimation of the individual channels, we adopt a superimposed training

strategy at the relay [34]. More specifically, the relay superimposes its own pilot symbols
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over the received pilot OFDM block before broadcasting it. Our proposed semi-blind
estimator is based on the Gaussian ML criterion in which the transmitted data are treated
as Gaussian-distributed. The resulting semi-blind ML estimator reduces to a nonlinear
minimization problem, which we solve numerically. We also design the pilot vectors of the
two terminals and the relay to optimize estimation performance. Furthermore, we derive
the semi-blind and pilot-based CRBs as estimation performance benchmarks. Finally, we
use simulation studies to show that the proposed semi-blind approach provides significant
improvements in estimation accuracy over the conventional pilot-based approach and that
it closely approaches the semi-blind CRB.

The contributions in this thesis have lead to a number of publications in peer-reviewed

journals and refereed conferences, as listed below:
Journal Articles (published)

1. Saeed Abdallah and Ioannis N. Psaromiligkos, “Blind channel estimation for amplify-
and-forward two-way relay networks employing M-PSK modulation”, IEEE Transactions
on Signal Processing, vol. 60, no. 7, pp. 3604 - 3615, Jul. 2012.

2. Saeed Abdallah and Ioannis N. Psaromiligkos, “Partially-blind estimation of reciprocal
channels for AF two-way relay networks employing M-PSK modulation”, IEEE Transac-
tions on Wireless Communications, vol. 11, no. 5, pp. 1649 - 1654, May 2012.

3. Saeed Abdallah and Ioannis N. Psaromiligkos, “EM-based Semi-blind Channel Estima-
tion in Amplify-and-Forward Two-Way Relay Networks”, accepted for publication in IEEE

Wireless Communications Letters, Jun. 2013.
Journal Articles (under review)
1. Saeed Abdallah and Ioannis N. Psaromiligkos, “Semi-blind channel estimation with

superimposed training for OFDM-modulated AF two-way relaying”, submitted to IEEE

Transactions on Wireless Communications, Feb. 2013.
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Peer-Reviewed Conference Papers

1. Saeed Abdallah and Ioannis N. Psaromiligkos, “Semi-blind channel estimation for OFDM-
based amplify-and-forward two-way relay networks”, in Proc. IEEE International Confer-
ence on Acoustics, Speech and Signal Processing (ICASSP), Vancouver, CA, May 2013.

2. Saeed Abdallah and Ioannis N. Psaromiligkos, “Blind channel estimation for MPSK-
based amplify-and-forward two-way relaying”, in Proc. IEEE International Conference on
Acoustics, Speech and Signal Processing (ICASSP), Prague, Czech Republic, May 2011.

3. Saeed Abdallah and Ioannis N. Psaromiligkos, “Semi-blind channel estimation for amplify-
and-forward two-way relay networks employing constant-modulus constellations”, in Proc.
44th Annual Conference on Information Sciences and Systems (CISS), Princeton, NJ, Mar.
2010.

Other
1. Saeed Abdallah and Toannis N. Psaromiligkos, “Exact Cramer-Rao bounds for semi-

blind channel estimation in amplify-and-forward two-way relay networks employing square
QAM modulation”, ArXiv pre-print cs.IT/1207.5483, Jul. 2012.
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Chapter 2
Background

This chapter provides a brief background on several important concepts that will be used
in the thesis. The first concept we cover is the widely employed maximum-likelihood
(ML) criterion for estimation which will be the basis for several of the channel estimation
algorithms proposed in our work. We discuss the intuition behind ML estimation and
some of its appealing asymptotic properties. For the scenario when the received signal
involves random nuisance parameters whose estimation is not strictly required, we discuss
several ways of applying ML estimation, depending on how the nuisance parameters are
treated. We then introduce the Expectation Maximization (EM) algorithm, which can
provide efficient, low complexity estimation in the presence of random nuisance parameters
and which will be employed in Chapter 6.

Another important concept that we cover is the Cramer-Rao bound (CRB) which is
the most commonly employed benchmark on the performance of practical estimators. In
addition to the standard CRB, we discuss several variants of the CRB that can be employed
when the received signal involves random nuisance parameters, such as the modified CRB
(MCRB) [54], a less tight but more tractable variant of the CRB.

Furthermore, this chapter provides a brief overview on the phenomenon of multipath
fading, and introduces the different types of fading channels that will be considered this
thesis, namely flat fading and frequency selective fading channels. Finally, since Chapter 7
considers frequency-selective channels where OFDM transmission is commonly employed to

combat intersymbol interference (ISI), we also provide and overview of OFDM transmission.
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2.1 Maximum Likelihood Estimation

ML estimation [35] is one of the most popular and widely studied approaches to parameter
estimation. The philosophy of ML estimation is simple and intuitive. Given a set of statis-
tically independent observations, say rq,...,ry, generated from some known distribution
which is parametrized with respect to an unknown deterministic parameter or set of pa-
rameters, say’ @ = [0y,...,0x]T, the ML approach is to estimate @ by the value 6 which

most likely generated the observations, i.e.,

A

O:argmgxxf(rl,...,rN;O), (2.1)

where f(ry,...,ry; 0)is the joint probability density function of the observations 1, ..., 7y,
parametrized w.r.t. @, also known as the likelihood function. Since the observations are

independent, we may rewrite (2.1) as

~

0 = arg max f(r1;0)f(r2;0) ... f(ry; 0). (2.2)

ML estimation has many appealing theoretical properties. Assuming that the obser-
vations are independent and identically distributed (i.i.d.), the ML estimator is consistent
under mild conditions [55], which means that it converges in probability to the true value

of the parameter as the number of observed samples becomes large, i.e.2,

J&gnoop(ua—eu >¢€) =0, Ve>0. (2.3)

where ||| denotes the 2-norm of . Furthermore, for i.i.d. observations, the ML estimator

is also asymptotically unbiased under mild conditions [56], which means that? A}im E[é] =
—00

0.

2.1.1 ML Estimation in the Presence of Random Nuisance Parameters

A commonly encountered situation in practical estimation problems is when the observa-

tions depend on random nuisance parameters whose estimation is not strictly required, and

'For generality we consider the case of a vector of parameters. The case of a single parameter follows
in a straightforward manner.

2P(E) denotes the probability of the event E.

3E[-] denotes the statistical expectation operator.
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which are only known through their statistical distribution. This is often the case in the
context of channel estimation in wireless communications, where the transmitted signal is
modulated by data symbols that are chosen with a certain probability distribution from
some finite-alphabet constellation.

Suppose that each observation r; depends on an unknown data symbol d;, which is
chosen from the set S = {1, ..., &u} according to some predefined probability distribution.

Then the likelihood function for the observation r; may be expressed as

M
f(Ti; 9) = Zf(ﬁ',dz' = fk;e) = Zf(ﬂdz = &k; 9>P(di = gk) (2-4)
k=1 k=1

The conditional likelihood terms f(r;|d; = &; @) often take a simple form. Specifically,
each would have the standard Gaussian form when the signal is embedded in additive
white Gaussian noise. However, the overall likelihood function in (2.4) is considerably
more complicated since it is a weighted sum of the conditional likelihood terms, which
corresponds to a Gaussian mixture in the case of additive white Gaussian noise. For N

independent observations, the joint likelihood function is given by

N

foro, s 0) =] ( f(rild; = &; 0)P(d; = gk)> : (2.5)
k=1

=1 =

The likelihood function in (2.5) may be called the true likelihood function since it incorpo-
rates the exact statistics of the data symbols. Unfortunately, the complicated form of (2.5)
makes exact ML estimation (i.e., direct application of (2.1) using the true likelihood func-
tion) very challenging in the presence of random nuisance parameters.

One way to avoid the highly complicated likelihood function associated with exact
ML estimation is to ignore the statistics of the unknown data symbols and treat them as
deterministic instead. This approach is called deterministic maximum-likelihood (DML)
estimation. In this case, the ML criterion can be used to jointly estimate both the original

desired parameters as well as the data symbols:

{é,dl,...,c;lN}:arg max  f(ry,...,ry|di,...,dN; 0)
0,d1,...dx (2.6)
= arg ma%i f(T1|d1;9)f(7”2|d2;9)---f(TN|dN;9)-

0,di,....dN
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In contrast to exact ML estimation, with DML estimation the number of unknown parame-
ters grows linearly with the number of samples. The original parameters (8) which affect all
the samples are called structural parameters, while the data symbols, each of which affects
a single observation, are called incidental parameters [57]. Since the value of the data sym-
bols can vary between observations, the observations are no longer i.i.d. The estimation of
structural parameters in the presence of incidental parameters has been investigated in the
literature [57-60] and is referred to as the Incidental Parameter Problem. One drawback
of DML estimation is that the asymptotic properties of conventional ML estimators (e.g.,
consistency), which hold under mild conditions when the dimension of the parameter space
is fixed, do not necessarily hold in the presence of incidental parameters [58]. In fact, the
ML estimator may not be consistent even when a consistent estimator exists [57].
Another alternative to exact ML estimation is to approximate the data symbols as
Gaussian distributed [61]. This approach, called Gaussian ML (GML), considerably sim-
plifies the likelihood function without introducing extra parameters. Furthermore, it often
makes it feasible to obtain closed-form estimates of the desired parameters. However, this
simplicity may come at the price of a lower estimation accuracy since the Gaussian approx-
imation is used instead of the true statistics of the data symbols. Since the data symbols
are not Gaussian distributed in reality, some of the asymptotic properties of conventional

ML estimators may not hold.

2.1.2 The Expectation Maximization Algorithm

The EM framework [49-51] provides a convenient low-complexity method for approximat-
ing the true ML solution in the presence of random nuisance parameters, which can be
also perceived as missing information. Starting with arbitrary values of the unknown pa-
rameters, the EM algorithm iterates between calculating the conditional expectation of the
complete-data log-likelihood and maximizing this expectation with respect to the unknown
parameters. The latter maximization is typically easier than maximizing the true likelihood
function.

The basic idea of the EM algorithm is that there is the set d = [dy, ..., dy]" of hidden
or missing data that would make the estimation of @ easier if they were known. The
observation vector » £ [rq,...,7y]" represents incomplete data, while the complete data

is {r,d}. An iteration of the EM algorithm, say the ¢-th one, consists of two steps. The
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first step, called the expectation step (E-step) consists of evaluating the term

Q(0:6) = E{log f(r,d:0)ir:0" } (2.7)

which is the expectation of the log-likelihood of the complete data, log f(7,d;8), with
respect to the conditional PDF (or PMF) f(d|r;0®) of the hidden data given the obser-
vations and the current estimate 8% of @. The second step of the EM algorithm is the
maximization step (M-step) which consists of maximizing the expectation Q(8;0) with

t+1)

respect to @ in order to obtain an updated estimate 8V, ie.,

0t = arg max Q(0;0M). (2.8)

The two steps are repeated until the algorithm converges. The algorithm can be initialized
using an arbitrarily chosen 0. Although the EM algorithm does not always converge
to the true ML solution, it produces estimates which monotonically increase in likelihood
and is guaranteed to converge to a stationary point of the likelihood function under fairly
general conditions [62]. However, the choice of the initial point may affect the rate of

convergence of the algorithm as well as the final point of convergence.

2.2 Cramer-Rao Bound

The CRB [35] is a fundamental lower limit on the variance of any unbiased estimator and
is the most widely used benchmark on the performance of practical estimators. The CRB
for the estimation of the parameter vector @ can be obtained by evaluating the Fisher

information matrix (FIM), defined as

L B B

where £(r;0) £ log f(r; ) is the log-likelihood function. Let C £ F {(9 —0)(0 — O)T}
be the error covariance matrix for the unbiased estimation of @, then for any unbiased
estimator of @, we have that! [35]

C>1I1(0)"". (2.10)

4For square matrices A and B, the notation A > B means that the difference A — B is positive
semi-definite.
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Hence, the mean-squared error (MSE) for unbiased estimators of 8 is bounded as follows
E{né—aH?} > tr (I(6)7) . (2.11)

The CRB is thus given by
CRBg = tr (I(0)7"). (2.12)

The CRB is known to be tight for a wide range of estimators, provided that the number
of observations is sufficiently large and/or SNR is high [54]. An estimator is said to be
efficient if it attains the CRB. One of the attractive properties of ML estimation is that
if an efficient estimator exists then the ML estimator is efficient. Furthermore, even when
an efficient estimator does not exist, the ML estimator is asymptotically efficient for i.i.d.
observations under mild conditions [56], which means that it approaches the CRB as the

number of observations becomes large.

2.2.1 The CRB in the Presence of Random Nuisance Parameters

When the observations involve random nuisance parameters in the form of data symbols
that are known only through their distribution, the standard CRB, which is based on the
true likelihood function (see (2.5)), can be very difficult to evaluate. We will derive such a
bound in Chapter 5 of this thesis. However, due to the considerable analytical derivations
required to obtain such bounds, it is also worth it to consider other, simpler variants of the
CRB which may be used in the presence of random nuisance parameters.

One way to simplify the derivation of the CRB is to ignore the statistics of the nuisance
parameters and treat them as deterministic, as done in DML estimation. In this case, the
CRB can be obtained for the joint estimation of both @ and the data symbols. Letting

0L [OT, dT]T be the augmented parameter vector, the corresponding FIM is given by

i {az(r\d; 6) 0L(r|d; 0) } _ (2.13)

I1(6)=E —
(6) 00 00"

As we can see from (2.13), the size of the FIM increases with the number of observations.

The resulting CRB for the estimation of 8 is given by

CRBp = XK:[I(é)‘l]ii. (2.14)

=1



2.3 Multipath Fading 21

This bound is tight for the class of estimators which ignore the statistics of the data symbols,
such as the ones that will be considered in Chapters 3 and 4. However, estimators that
take into account the statistics of the data may outperform the bound.

Another variant of the CRB that is commonly used in the presence of random nuisance
parameters is the modified CRB (MCRB) [54,63]. In contrast to the previous bound, this
bound takes into account the statistics of the nuisance parameters and it applies to the
general class of estimators for which the standard CRB applies. The MCRB is obtained
using a modified version of the FIM, denoted as the modified FIM (MFIM), given by

00 00"

dlog f(r|d; 0) log f(r|d; 6)
00 067 '

11/(6) = E, . {alog f(r|d;0) dlog f(r|d; 0)}

(2.15)

= IE:d]E'r'|d {

Thus, the FIM for the estimation of @ is first obtained while treating the data symbols as

deterministic unknowns and then averaged using the statistics of the data symbols to yield

the MFIM. It is proved in [64] that
I0)"' —Iy(6)" >0, (2.16)

which shows that the MCRB is a valid bound, though looser than the standard CRB.

2.3 Multipath Fading

Multipath fading [20] refers to the attenuation due to the interference between different
copies of the signal which arrive at the receiver through different paths, with slightly dif-
ferent time delays, amplitudes and phase offsets. The multipath phenomenon can severely

degrade the received signal power, and thus it requires proper compensation at the receiver.

2.3.1 Slow and Fast Fading

The channel coherence time T, is the period during which the channel remains approxi-
mately unchanged, or in other words the period during which the fading process is highly
correlated [20]. Hence, it characterizes the time varying nature of the wireless channel.

The fading is designated as slow when the symbol period 7' is small relative to the channel
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coherence time, ie., T < T,.. Slow fading channels that are static over the duration of
several symbol periods are described as quasi-static within the period T,. The fading is

considered to be fast when 7" > T,.. In our work we will focus on quasi-static channels.

2.3.2 Flat-fading and Frequency-selective fading Channels

The maximum delay spread of the channel, denoted as 7,,.;, is the time duration for
the arrival of the multipath components. The maximum delay spread is closely related
to another quantity, the channel coherence bandwidth B. which measures the frequency
range over which the channel frequency response is nearly flat, i.e., highly correlated. In

particular, we have [20]
1

B, ~ (2.17)

Tmax

An important characteristic of fading channels is their frequency selectivity. A wireless
channel is classified as frequency-flat if the signal bandwidth is much smaller than the
coherence bandwidth of the channel, which means that all the spectral components of the
received signal are affected in the same way. In the time domain, this means that the
delay spread 7,4, is much smaller than the symbol period T, and the different multipath
components cannot be resolved at the receiver. A flat-fading channel can be modelled as a
random complex multiplicative coefficient, whose distribution is chosen depending on the
propagation environment. For instance, when the multipath components of the signal do
not contain a line-of-sight (LOS) component, such as commonly the case in urban areas, the
channel coefficient can be modelled as a noncircular complex Gaussian random variable [65].

On the other hand, when the signal bandwidth is greater than the coherence bandwidth
of the channel, the different spectral components of the signal experience different amplitude
gains and phase shifts, and the channel is called frequency selective. In the time domain, the
multipath delay spread 7,,,, is greater than the symbol period, and the different multipath
components are resolvable at the receiver. The presence of multiple resolvable versions of
the transmitted symbol waveform results in ISI at the receiver. The channel is referred to
as wideband in this case and is commonly modelled in baseband as a linear FIR filter. The
filter coefficients can be modelled as zero-mean circularly complex Gaussian RVs, and their
variance is commonly assumed to follow an exponentially decaying power delay profile [20].
Frequency selectivity requires a more sophisticated form of channel equalization to avoid

the detrimental effects of ISI. The most popular solution for addressing this problem is
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OFDM, which we describe next.

2.4 OFDM Systems

OFDM has emerged as the dominant technology for broadband multicarrier communica-~
tion [65]. The basic idea of OFDM is to transform the frequency-selective channel into many
parallel flat-fading subchannels, by converting the serial input data stream into parallel low-
rate streams that are modulated on separate subcarriers and transmitted simultaneously.
This process substantially simplifies the task of channel equalization, which can be per-
formed in the frequency-domain at each subcarrier using a single-tap equalizer. To avoid
interference between consecutive OFDM symbols, a Cyclic Prefix (CP) can be inserted into
each OFDM symbol, at the cost of a small reduction in spectral efficiency. OFDM is also
characterized by its high bandwidth efficiency because the subcarriers are allowed to over-
lap in the frequency domain while maintaining orthogonality between their respective time
domain waveforms. OFDM can be implemented efficiently in hardware by using the In-
verse Fast Fourier Transform (IFFT) block for modulation, and the Fast Fourier Transform
(FFT) block for demodulation, which significantly reduces hardware complexity. Because
of its numerous advantages, OFDM has been adopted in various wireless standards, such
as European digital audio broadcast (DAB) [66], digital video broadcast (DVB) [67], as
well as the 3GPP LTE standards for next generation broadband wireless systems [68].

In what follows, we first describe block-based transmission under frequency selective
channel conditions to illustrate the effects of ISI and then provide a detailed description
of OFDM transmission. Let h £ [hy,...,hr]7 be the vector of FIR filter coefficients
representing the frequency selective channel. Let Z(n) be the input sequence, the nth

received sample is given by

L

y(n) = h(k)E(n — k) + v(n), (2.18)

k=1

where v(n) is additive White Gaussian noise. Now suppose that transmission occurs in
consecutive blocks of length N > L and let &y and @ be two consecutive transmitted blocks.

We focus on the received signal corresponding to the transmission of &, = [Z11,...,Zin]7.
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Fig. 2.1 A typical OFDM transceiver.

The first N received samples corresponding to the transmission of &, are given by?®
y=Hx, + Hyxy + v, (2.19)

where H and H are the N x N matrices given by

hi 0
hy hi O ... 0
H=| (2.20)
0 0 hy hy
and
H, - |Ovxov-zen T , (2.21)
0 ... 0 hy

ON—L+1)x(L—1)

respectively and v is the additive noise vector. We can see from (2.19) that, in addition to
the ISI, the first L — 1 received samples also experience interblock interference (IBI) due
to the preceding transmitted block .

We now describe how OFDM operates. An illustration of the OFDM transceiver
is shown in Fig. 2.1. Starting with the N x 1 vector of constellation symbols &, we
obtain its inverse discrete Fourier transform (IDFT), given by & = F"&, where F is
the N x N normalized discrete Fourier transform (DFT) matrix whose (m,n)th entry is
1/y/Ne=2nm=1)(n=1)/N Before transmitting «, a cyclic prefix (CP) of length Lep > L —1

5 Although the total number of received samples which bear information about &; is N + L — 1, we focus
only on the first IV samples since that the last L — 1 samples would contain information from the block
transmitted after ;.
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Fig. 2.2 OFDM block with CP.

is inserted, as shown in Fig. 2.2. In particular, a copy of the last Lsp symbols of the vector
x is inserted at the beginning of . The resulting vector, @', is then serially transmitted.
At the receiver side, the received vector is the result of the linear convolution between
the channel impulse response h and the transmitted vector @/, and thus has a length of
N+ Lep + L — 1. The receiver discards the first Lop received samples (which are affected

by IBI) and collects N samples of the received signal, resulting in the vector
y=Hzx+v (2.22)

where H is the N x N circulant matrix with first column h 2 [hT, 01N L]T. The circulant
structure of H plays an important role in the functionality of OFDM systems. Specifically,
H may be expressed as H =F'HF , where H is the diagonal matrix whose diagonal
elements are given by h = v NFh = [hy, ..., hy]T, which is the N-point (non-normalized)
DFT of h. Hence, (2.22) becomes

y=F'Hz +v. (2.23)

Let y = Fy be the DFT y, then
§=Hz+ v, (2.24)

where ¥ £ Fv is the DFT of v. From (2.24), we see that the ith element of g is given by
Y = ﬁzfz + v;, which means that the ith transmitted symbol z; is affected by the flat-fading
channel coefficient h; which is the ith element in the N-pt DFT of h. Hence, by using a CP
and applying the IFFT and FF'T operations at the transmitter and receiver, respectively,
the frequency selective channel has been successfully converted into N parallel flat-fading
subchannels. For each of these subchannels, a single tap equalizer is sufficient to perform

equalization, which can be followed by detection. It is also worth noting that the noise
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statistics are not affected since © is still white Gaussian with the same statistics as v.
OFDM can be easily extended to the context of AF TWRNs, as we shall see in Chapter 7.
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Chapter 3

Blind Channel Estimation for
Nonreciprocal Flat-fading Channels
under MPSK modulation

3.1 Introduction

In this chapter, we consider blind channel estimation for AF TWRNs that employ constant-
modulus (CM) signalling under nonreciprocal flat-fading channel conditions. Because of its
constant envelope, CM signaling permits the use of inexpensive and energy-efficient nonlin-
ear amplifiers. In fact, CM signalling in the form of continuous-phase modulation (CPM)
is used in the well-known GSM cellular standard, while 8-PSK modulation is employed in
the Enhanced Data Rates for GSM Evolution (EDGE) [69]. Moreover, QPSK modulation
is supported in the 3rd Generation Partnership Program (3GPP) Long Term Evolution
(LTE) and LTE-Advanced wireless standards [70].

We propose a deterministic ML (DML)-based algorithm that estimates the cascaded
channel parameters blindly by treating the data symbols as deterministic unknowns. While
the proposed algorithm may be applied to any type of CM signalling, we analyze its asymp-
totic performance assuming that the terminals employ M-PSK modulation. Noting that
consistency is not guaranteed for ML estimators when the data symbols are treated as
deterministic unknowns [58,59], we prove that our DML estimator is consistent when the
channel parameters belong to compact sets. We also study the asymptotic behavior of
the DML estimator at high SNR and prove that it approaches the true channel with high
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probability for modulation orders higher than 2. For M = 2, however, the DML estima-
tor performs poorly, and we propose an alternative estimator based on the constrained ML
(CML) approach which provides much better performance by explicitly taking into account
the BPSK structure of the data symbols. As a simple alternative to the DML approach,
we also consider the Gaussian ML (GML) estimator which is obtained by treating the data
symbols as Gaussian-distributed nuisance parameters. When CM signalling is employed,
the GML estimator takes the form of a sample average which is consistent and can be
updated online but suffers from an error floor at high SNR. We also derive two CRBs
for our estimation problem. The first bound is obtained by treating the data symbols as
deterministic unknown parameters and the second is the MCRB discussed in Chapter 2.

Monte Carlo simulations are used to investigate the performance of the proposed algo-
rithms. For M > 2, we show that the DML estimator outperforms the GML estimator at
medium-to-high SNR and approaches the CRB at high SNR. For M = 2, we show that the
CML-inspired estimator outperforms the GML estimator except at very low SNR. We also
investigate the tradeoffs of following the blind approach by comparing the symbol-error rate
(SER) performance of the DML estimator with that of the training-based LS estimator.
We show that the DML approach provides a better tradeoff between accuracy and spectral
efficiency.

The work presented in this chapter originally appeared in [71]. A more elaborated
version, including mathematical proofs and new theoretical contributions appeared in [72].

The remainder of this chapter is organized as follows. In Section 3.2, we present our
system model. In Section 3.3, we present the proposed algorithms. In Section 3.4, we
analyze the asymptotic behavior of our estimators and derive the CRB. We show our
simulation results and comparisons in Section 3.5. Finally, our conclusions are discussed in
Section 3.6.

3.2 System Model

We consider the typical half-duplex TWRN with two source nodes, 7; and 7, and a single
relaying node R, shown in Fig. 1.2. The network operates in quasi-static flat-fading channel
conditions. Each data transmission period is divided into two phases. In the first phase, 77
and 73 simultaneously transmit to R the M-PSK data symbols s; and ss, respectively. The
symbols s; and sy are of the form s; = /P1e’*' and sy = \/Pe’*?, where P, and P, are the



3.2 System Model 29

transmission powers of 7y, 7Ty, respectively, and ¢, ¢9 are the information-bearing phases
randomly and independently chosen from the set Sy, = {(2¢ — \)n/M, ¢ =1,...,M}. The

received signal at the relay during the first transmission phase is given by
r = h181 + 9152 + N, (31>

where h; and ¢; are the complex coefficients of the flat-fading channels 77 — R and
T2 — R, respectively, modelled as' CCN(0,7?), and n is the additive white noise modelled
as CCN(0,0%). In the second phase, R broadcasts the amplified signal Ar, where A is
the amplification factor, assumed to be known at both terminals as is common practice
(cf. [21,28]). The amplified signal passes through the channels hy and g¢» to reach 77 and
T3, respectively. The coefficients hy and g, are also modelled as CCN(0,~?). Furthermore,
we assume that h; and hy are correlated with a correlation coefficient of ¢ = E {hihy}.
Similarly, g; and g, are correlated with the same correlation coefficient. The complex
channel coefficients hq, hs, g1 and g remain fixed during the estimation period. To maintain
an average power of P, at the relay over the long term, the amplification factor is chosen
as [21]

P,
A= i’ : 3.2
¢%H+%%+ﬂ 32

Without loss of generality, we consider channel estimation at terminal 7; and assume that
a similar process is taking pace at terminal 7;. The received signal at 7; in the second

transmission phase is

z = AthlSl + Ah29152 + Ah2n +n (3 3)
= Aasy + Absy + Ahan + 1, |

where 7 is CCN (0, 02) and a £ hohi, b £ hogy are the cascaded channels parameters whose

2 is assumed to be

knowledge is sufficient for detection purposes. The noise variance o
known at 7;. The term Aas; represents the self-interference at 7;. We will focus in this
chapter on the estimation of the cascaded channels a and . Under the CM assumption,
it is sufficient for detection to know a and ¢, = Zb. Let 7 £ |hy|?, we can see from (3.3)

that 7 is also identifiable when the noise variance o2 is known. However, 7 is not needed

!The notation CCN (11, ?) is used to denote a circularly complex Normal random variable with mean

w and variance o2.
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in detection.

3.3 Proposed Channel Estimation Algorithms

Estimation is performed at 7; using /N received samples, z;, 7 = 1,..., N, of the form given
by (3.3). The time index ¢ is used to indicate the realizations of s, sa, ¢1, @9, n, 7, that
gave rise to each sample z;. Let z 2 [z1,..., zx]7 be the vector of received samples. This

vector can be expanded as

z = Aasy + Absy + Ahon + m, (3.4)

T T

where s; = (511, .., 51n]", 82 = [S91,...,5an]", 1 = [n1>~--7nN]T and n = [7717---777N]T-

3.3.1 Deterministic ML Approach

To avoid dealing with a complicated likelihood function, we treat the transmitted symbols
S9i, 1 =1,..., N as deterministic unknowns. We also ignore the finite alphabet constraint
that restricts the phases ¢o; to the set S);. Nonetheless, the actual statistics of these
phases will be used in Section 3.4 to analyze the behavior of the resulting estimator. Due
to the above assumptions, the DML approach can be used to blindly estimate the sums
bpi = do;+ @y, but it cannot be used to obtain separate estimates of ¢, and ¢o;, 7 =1..., N.
However, since M-PSK modulation is assumed, the Viterbi-Viterbi algorithm [73] may be
used to blindly estimate ¢,. A few pilots, however, are still needed to resolve the resulting
M-fold ambiguity in ¢.

We let @ = [a, |b], 7, dp1, - - ., don,]T be the vector of unknown parameters for the DML
algorithm. With ss assumed deterministic and s; known, the received vector z is complex
Gaussian with E{z} = Aas; + Absy and covariance E{zz} = 0?(A%r + 1)Iy where Iy
is the N x N identity matrix. Hence, the log-likelihood function is given by

1

L=0) =~

|z — Aasy — Abss||> — Nlog (rmo?(A*r + 1))
(3.5)

2

zi — Aasy; — Ab|\/ Pe?™| — Nlog (mo?(A*r +1)) .

1 N
- _0'2(142’7' +1) Z

=1

Let a, \g], 7, ¢p; be the ML estimates of a, |b], 7 and ¢, @ = 1,..., N, respectively. It
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is straightforward to show that ngbbi = /(z; — Aasy;), which when substituted into £(z;0)
yields the updated log-likelihood

Mz

2
L' (z;a,lbl,7) = AZT 1) 2 (|zl — Aasy;| — A|b|\/P2) — Nlog (mo?(A*r + 1)) .
(3.6)
Maximizing (3.6) with respect to |b|, we get
N
> |z — Aasql
b == 3.7
- S s 5.)
Substituting \a in place of |b| in (3.6), we obtain
L N 2
£l/(z; a,T): A27— i 1 Z(|Zz — Aa81i|_ﬁk2:;|2k - Aa81k|) _Nlog (7T0'2(A27' + 1))
(3.8)
Hence, the DML estimate of a is given by?
N XN 2
a = arg rgg(g 2 (]zl — Ausy;| — ¥ kz; |21 — Auslk]) ) (3.9)

The objective function in (3.9) does not have a closed-form solution. However, it can be
solved using numerical optimization methods such as the steepest-descent algorithm or
quasi-Newton type methods [74,75]. The computational complexity of the steepest descent
implementation is O(N), i.e., it is linear in the number of data samples (see Appendix B.2).
Two-dimensional grid search can also be employed to obtain the solution. Finally, the

estimate of the parameter 7 is neither needed for detection nor for estimating a, |b|, but is

2Since a = hohy and T = |hs|?, the parameters a and 7 are not completely decoupled. In particular, a
can take any complex value when 7 # 0, but a = 0 when 7 = 0. However, we have ignored this coupling
between a and 7 to simplify the derivation of the DML algorithm, since the case ho = 0 is not of practical
interest.
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provided for completeness and is given by

1] 1 & 1 & i
T =max {0, -5 NU?;<|zi—Aasu\—N;yzk—Aasm) —1] . (3.10)

The DML estimator in (3.9) has the following interpretation. Let Z;(u) £ z;— Ausy;, i =
1,..., N be the “cleaned” versions of the received signal samples after self-interference
has been removed using the complex value u as an estimate of a. The signals Z;(u) are
independently generated realizations of the RV Z(u) £ A(a —u)s, + Absy + Ahyn +1. The
quantity

Wt = 57 2 (] - 5 3 ) (3.11)
=1 k=1

which is the objective function in (3.9), scaled by ﬁ, also represents the sample-variance of
the envelope of Z(u). We demonstrate in Section 3.4 that the value u = a which completely
cancels the interference also minimizes the variance of the envelope of Z(u). Hence, the
variance of the envelope of Z(u) may be seen as a measure of the level of self-interference.

By treating the transmitted symbols sy; as deterministic unknowns, the estimator
in (3.9) ignores the underlying structure of the phases ¢o;, @ = 1,...,N. As we shall
see in Section 3.4, the DML estimator in (3.9) performs poorly for BPSK modulation as
its objective function experiences infinitely many global minima at high SNR. As an al-
ternative, we will consider a constrained ML (CML) approach by solving the likelihood
function in (3.5) subject to the constraint that ¢o; € Sy, = 1,..., N. For higher order
modulations, it is difficult to apply this approach and still obtain a closed-form objective
function. However, as we shall see next, this approach becomes more feasible for BPSK

modulation.

3.3.2 Constrained ML Approach for BPSK

As we will see shortly, a straightforward application of the CML approach for M = 2 is
not feasible as it results in a 3-dimensional search. However, it is possible to obtain a
CML-inspired estimator which possesses a closed-form objective function by utilizing just
a few pilot symbols to estimate the phase ¢y.

Under BPSK modulation, the CML approach maximizes the same objective function
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as in (3.5), but subject to the constraint that so; = ++/P,, i = 1,..., N. It is sufficient to
focus on the first term in (3.5).Let

2

N
j(z;a7 |b|7¢b7 32) = Z

Zi — ACLSM' - A|b|\/ P26](¢bi) (312)
i=1
be our objective function. The resulting estimate of so; is
S2i = \/ Posgn (R{e 7 (z; — Aasy;)}) . (3.13)

Substituting (3.13) back into (3.12), we obtain

N N
T (z;a,bl.¢n) = D |z — Aasyl|* + NA’|DPPy — 2A[b|\/ Py > [R{e (2 — Aasy)}.
i=1 i=1

(3.14)
From (3.14), we see that the CML estimate of |b| is given by
~ 1 N
b, = ——= > [R{e7"(z — Aasy,)}|. 3.15
Bl = Ny 20 IR = Aasa)l| (3.15)
Substituting (3.15) into (3.14), we obtain the updated objective function
N 1 N 2
J"(z;a,0p) = Z |z — Aasy|® — N ( Z IR{e™79 (2 — Aasli)}|) (3.16)

i=1 =1

which we have to solve for a and ¢,. The CML estimate of ¢, in terms of a is the solution

of the following maximization problem

N
Ac:ar max z; — Aasy;l| cos(Z(z; — Aasy;) — ). 3.17
b =g, e e A cos( (s Aasu) = o) (3.17)
Unfortunately, the maximization in (3.17) does not have a closed-form solution, which
means that we cannot proceed to obtain an objective function that only depends on a,
like the one in (3.9). Thus, a strict application of the CML approach requires the use of a

3-dimensional search to estimate a and ¢,.
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To get around this problem, we propose to replace ¢, in (3.16) with a pilot-based
estimate of ¢, and then proceed to estimate a. We let tiy, top and Z,, ¢ = 1,..., L, be

the L pilot symbols transmitted by 7; and 73 and the corresponding samples received at
L

71, respectively. We may thus estimate ¢ by ngﬁb = £ (Z, — Aaty)te. Substituting (ﬁb
=1
into (3.16), we obtain the following estimate of a:

L 2
92 3 (Ze—Aut1p)t
%{(zk—Auslk)e =N QZ}D :

(3.18)

N N
. : Z| Ausy[? 1 Z
A, = arg min Zi — AUS1;| — ——=
C g ueC — 7 7 N
1=

k=1

We refer to the estimator in (3.18) as the modified CML (MCML) estimator.

3.3.3 Gaussian ML Approach

In deriving the DML and the MCML estimators, we treated the data symbols as deter-
ministic unknowns. Another approach commonly used to deal with nuisance parameters is
Gaussian ML estimation [76]. In this case, the data symbols sy;, i = 1,..., N are treated
as i.i.d. complex Gaussian random variables with mean zero and variance P,. Under this
assumption, the total noise variance becomes o £ Py|b|? + 02(A%7 + 1). The resulting

log-likelihood function for a is

1
L(z;a) = —;Hz — Aas,||* — Nlog(mfg). (3.19)

g

Hence, the GML estimate of a is

N
Z:l 8% 1 X

ay == = VAR Zslizi. (3.20)
> |51l =1

=1

Thus, the GML estimate of a has the form of a computationally inexpensive sample-average.
It can be easily updated at run-time by updating the average term as new samples arrive.
The GML estimator will serve as a low-complexity benchmark with which to compare the

performance of the proposed DML and MCML estimators.
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3.4 Asymptotic Behavior Analysis

In this section, we analyze theoretically the asymptotic behavior of the proposed estimators.
Since the parameters |b| and 7 are not required for detection, our analysis focuses on the
estimation of a. To simplify our notation, we let C' £ ¢2(A%r + 1) be the overall noise
variance at 7;. Regarding the DML estimator, the fact that we treat the phases ¢y;, 7 =
1,..., N as deterministic unknowns means that the number of real unknown parameters for
N (complex) samples is N +4. Because the dimension of the parameter space grows linearly
with the number of samples, the DML estimator falls within a special class of ML estimators
that are based on “partially-consistent observations” [58]. As discussed in Chapter 2,
the deterministic parameters can be classified into two groups. The first group are the
incidental parameters ¢;, ¢ = 1,..., N. Each incidental parameter affects only one sample.
The other group of parameters, a, |b|, and 7, are the structural parameters which affect all
received samples. As mentioned in Chapter 2, the estimation of structural parameters in the
presence of incidental parameters is referred to as the Incidental Parameter Problem [57-60].
It is well-known that the asymptotic properties of ML estimators, such as consistency,
which hold when the dimension of the parameter space is fixed do not necessarily hold in
the presence of incidental parameters [58]. It thus becomes important to investigate the
asymptotic behavior of the DML estimator. We do this by explicitly taking into account
the fact that ¢1; and ¢9; are equiprobably and independently chosen from the set Sy,.
Regarding the powers P, P, and P,, the most common convention in TWRNs is to set
P, = P, = P, (cf. [22,28,77]), even though some works use slightly different setups. For
instance, the authors in [21] choose P, = 2P, and P, = %(Pl + P,). In our analysis we
consider the general case of P, = aP, and P, = 5(P; + P») for some «, 8 > 0.

The first asymptotic property we address is the consistency of the DML estimator. We
are chiefly concerned with the consistency of the estimator of a in (3.9), since |b| is not
required for detection. We will prove that the estimator in (3.9) is consistent when the
parameter spaces of a and b are restricted to compact sets. This is true even for BPSK
modulation. The second aspect we address is how the DML estimator behaves at high
SNR (we will define SNR shortly). We show that the estimator in (3.9) approaches the
true channel with high probability at high SNR for M > 2. However, the objective function
exhibits infinitely many global minima at high SNR for M = 2.

We also analyze the high SNR behavior of the MCML estimator in (3.18), showing that
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it approaches the true channel with high probability for L = 1 (single pilot). For L > 1, the
pilots can be chosen such that the MCML estimator always approaches the true channel
at high SNR.

3.4.1 Consistency of the DML Estimator

In this section, we study the behavior of the DML estimator as N — co. We demonstrate
that the DML estimator is consistent when the channel parameters a, b belong to compact
sets.

Before proceeding, we note that the estimator of a in (3.9) belongs to the class of
extremum estimators. An estimator @ is called an extremum estimator (cf. [78], [79]) if
there is an objective function ¥y (w) such that @ = arg 316161 Yn(w), where Q is the set of
parameter values. The fundamental theorem for the consistency of extremum estimators

can be summarized as follows:

Theoem 1 (Newey & McFadden [79, Ch. 36, Thm. 2.1]). Ifw belongs to a compact
set  and Xy (w) converges uniformly in probability to ¥,(w) as N — 0o, where ¥,(w) is

continuous and uniquely minimized at w = w,, then w converges in probability to w,.

Thus, we need to establish that, as N — oo, the objective function Wy (u) in (3.11)
converges uniformly in probability to a deterministic function of u which has a unique

global minimum at v = a. Letting v £ a — v and Vy(v) & Wy (a — v), we obtain

Viv( :ﬁNl (Iyz I——Zlyk ) (3.21)

where y;(v) £ Z(a — v). The terms y;(v), i = 1,..., N are independently generated
realizations of the RV y(v) = Z(a — v), and Vi (v) is the sample variance of the envelope
of y(v). Let V(v) be the variance of [y(v)|, ¢x = 2%, and O(v) £ ¢, — ¢y + ¢y, for
k=0,...,M — 1. We show in Appendix A.1 that

2
V(v)=A?v|*P, + A%|b]*P, + C— (\/ nC ZLW (—A(v ) (3.22)
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where L, ,(-) is the Laguerre polynomial [80] with parameter 1/2, and

1

C(A2|U|2P1 + A?|b|* Py +24%|v||b]r/ P Ps cos 0 (v)). (3.23)

)\k(v)

The behavior of V(v) for v = 0, which corresponds to u = a, is described in the following

lemma:

Lemma 1. The variance V(v) of the random variable |y(v)| has a unique global minimum

occurring at v = 0.

Proof. See Appendix A.2. n

To apply Theorem 1, it remains to establish that Viy(v) converges uniformly in probabil-
ity to V(v). Since Viy(v) is the sample variance of |y(v)| and |y(v)| has a finite fourth central
moment, Vy(v) converges in probability to V(v) [81]. The following lemma holds regard-
ing uniform convergence in probability which is a stricter requirement than convergence in

probability:

Lemma 2. Assuming a, b and v all belong to compact sets, then Vi (v) converges uniformly
in probability to V(v).

Proof. See Appendix A.3. O

From Lemma 1 and Lemma 2, we see that all of the conditions of Theorem 1 are met

if the channel parameters a and b belong to compact sets. Hence, the following theorem
holds.

Theorem 2. If the channel parameters a, b belong to the compact sets C; and Cy, then the

following estimator of a:

N N 2
1
a = arg min (|zZ — Ausy| — N E |2k — Au51k|)

uEB] 4
=1 k=1

15 consistent.

The compactness assumption for a and b can be satisfied by assuming that the magni-
tudes of g1, hy and hsy are bounded. If we treat g;, h; and hy as complex Gaussian random
variables, there is no upper bound on |a| and |b|, strictly speaking, but we can always
choose a sufficiently large £ such that Prob(|al,|b] < &) = 1 — €, where € can be made

arbitrarily small.
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3.4.2 High SNR Behavior of the DML Estimator

We now investigate the behavior of the DML estimator at high transmit SNR. The SNR

is defined as v = %. Let

N

N 2
1
X()=> (\Avsu + Absy| — > Avsy + Ab52k|) (3.24)
k=1

=1

be the objective funcion in (3.9) in the limit as ¢ — 0. The following lemma describes the

behavior of the DML estimator as ¢ — 0.

Lemma 3. For fixed (finite) N, the DML estimator approaches the true channel a as o — 0,
except when the data symbols are such that the phase differences ¢1;—¢9;, 1 =1,..., N take
at most two distinct values, in which case the objective function encounters infinitely many
global minima as o — 0. Therefore, assuming M-PSK transmission, a — a as o — 0 with
probability Pu,n =1 — (%)Nfl (M —1).

Proof. See Appendix A.4. n

As we can see from Lemma 3, the DML estimator approaches the true channel except
in the event that the phase differences ¢1; — ¢9;, ¢ = 1,..., N happen to take at most
two distinct values. When this event occurs, the objective function of the estimator will
have infinitely many global minima at high SNR. In fact, the occurrence of this event also
results in a singular Fisher information matrix as we shall see in Section 3.4.5. For M > 2,
this event is unlikely for sufficiently large N. For instance, at M = 4, the probability of
this event is less than 5.6 x 1072 for N > 30. Thus, the DML estimator approaches the
true channel with high probability for M > 2 as long as the sample size is not very small.
In this case, the average MSE performance of the estimator keeps improving with SNR,
and it can effectively achieve arbitrary accuracy for sufficiently high SNR. For M = 2,
however, P, v = 0 and the estimator always encounters infinitely many global minima at
high SNR because the difference ¢1; — ¢o; cannot take more than two distinct values for
1 =1,...,N. In fact, for M = 2 and for any non-zero v, b, there are only two possible
values that the terms |vsy; + bsy|, i = 1,..., N can take, and they are |/Piv + /Pb| and
|v/Piv — v/Pyb|. Whenever v L b, these two values are equal, which means that the terms
|vsy; + bsgil, i = 1,..., N are all equal regardless of the values of sy;, s9;, i = 1,..., N,

i.e., X(v) = 0. Therefore, all values of v such that v L b are global minimizers of the
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objective function X (v), and the estimator is not able to identify the true channel. Hence,
the DML estimator performs poorly for M = 2 and its MSE performance deteriorates at
high SNR. Despite this behavior, the DML estimator is consistent for M = 2 for any fixed
o > 0, because for ¢ > 0 only v = 0 minimizes the variance V(v). This explains why, as
we shall see, the DML estimator performs better at low SNR than high SNR for M = 2.
Since the performance of the estimator will also degrade for very low SNR, the MSE for
M = 2 exhibits a U-shaped behavior when plotted versus SNR. This is confirmed by our

simulation results in Section 3.5.

3.4.3 High SNR Behavior of the MCML Estimator (M=2)

We now investigate the high SNR behavior of the MCML estimator and show that it
effectively avoids the problem of infinitely many global minima at high SNR. Let

N N 2
1
Y(v) 2 E | Avsy; + Absy|* — N( E |Avsyg + Absag| - |cos(Ak)|) (3.25)
k=1

=1

be the objective function in (3.18) as o — 0, expressed in terms of v = a — u, where

L
Ay = Z(Avsyy + Absyy,) — Z(LADPy + Av Y~ tigtay). (3.26)
/=1

Clearly, Y(v) > 0 and Y(0) = 0. It remains to investigate whether it is possible to have
Y (v) = 0 for v # 0, i.e., whether there could be other global minima besides v = 0. For
this to happen, all terms |Avsy, + Absox|, K = 1,..., N have to be equal and all terms
| cos(Ag)|, £ = 1,..., N have to be equal to 1. The first requirement can be met if v L b
or if the products s1;89; are all equal for ¢ = 1,..., N. As for the second requirement, it is

only satisfied when

L
L(Avsyg + Absgy) = Z(LAbP, + Av Z t1etoe) mod 7 (3.27)
(=1

for k = 1,...,N. Let H be the event that the requirement in (3.27) is satisfied for k =
1,...,N. For L =1, we have P(H) = 1/2"¥. For L > 1, however, the occurrence of H can
be completely avoided if the pilots are chosen such that the products ty,tos, £ =1,..., L are
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not all equal. If the pilots are randomly chosen, then P(H) = 1/2¥*2~1 Hence, depending
on the choice of the pilots, the MCML estimator either always approaches the true channel
or approaches it with a probability of 1—1/2¥*L=1 Thus, the MCML estimator effectively
resolves the problem of infinitely many global minima at high SNR even when a single pilot

is used.

3.4.4 MSE Performance of the GML Estimator

The estimator of a in (3.20) can be expanded as

N N N
b 1 , 1 :
4, =a + e)(P2i—¢1i) + eIt ] n; + e I%i ;. 3.98
1= Na Z:; NVaP, ; T NAVaD ; e (3:28)
It is straightforward to check that the estimator is unbiased. The resulting MSE is
b 2 h 2 2 2
E{|a, — a|*} = bF | hafTo 7 (3.29)

~ Na NaP, NA2aP,

Since E{|a, —al*} — 0 as N — oo, the estimator is consistent. Clearly, as ¢ — 0, the MSE

performance of this estimator is limited by an error floor of |b|?/Na.

3.4.5 Cramer-Rao Bounds

In this section, we obtain CRBs for the estimation of @ and |b|. The first bound is derived
by treating the data symbols soq,...,ssn as deterministic unknowns. We exclude the
parameter 7 from our CRB derivation since its Fisher information is decoupled from the
Fisher information of the other parameters. Let 8 = [R{a}, S{a},|b|, do1,. .., dsn]” be
the vector of real unknown parameters (excluding 7), and let I(6g) be the corresponding

Fisher information matrix (FIM). The matrix I(€g) is given by

g, J
160n) = | Jr | (3.30)
2 3
where
0 42 NP, 0 R{e? st sy}
Ji=— 0 NP, S{e?rstigy} |, (3.31)

R{evslsy} S{e’? sl sy} NP,
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o2 S{b*s1185,F .. SH{b*sinsin}
Jy = Nel R{b*s11s5,} ... R{b*sinssn}| > (3.32)
0 . 0
and o A2
Js = 7|b|2PQIN. (3.33)

The resulting CRBs on the estimation of a and |b| are
CRB, = [I"'(0r)]11 + [T (0r)]22, (3.34)

and
CRBpy = [I"'(0r)]3s. (3.35)

Moreover, using the Schur-complement property and letting J £ J; —JoJ | T, we obtain®

-1

CRB, = [J i1 + [T o, (3.36)

and
~-1

CRBp = [J 33 (3.37)
The bounds CRB, and CRBj are obtained by treating the data as deterministic pa-
rameters. Hence, they apply for the class of estimation algorithms that treat the data
as deterministic, such as the proposed DML estimator. The bounds exist whenever J is
invertible. It can be shown that det(J) = 0 whenever the data symbols are such that
the differences ¢1; — ¢o;, © = 1,..., N take at most two distinct values. This is the same
condition that results in an objective function with infinitely many global minima at high
SNR. Hence, the bounds do not exist for BPSK modulation since this condition is always
met for M = 2. Since the bounds in (3.36) and (3.37) are both functions of s; and ss,
they hold for the particular realizations of s; and sy under consideration. In Section 3.5,
we use Monte-Carlo simulations to average CRB, and C'RBj, over many realizations of s;
and ss.

Another variant of the CRB commonly used in the presence of random nuisance pa-
rameters is the MCRB, introduced in Chapter 2. Unlike the previous bound, the MCRB

3 Although it is possible to evaluate the expressions in (3.36) and (3.37) and obtain closed-form expres-
sions for CRB, and CRB);|, the resulting expressions are quite lengthy and are omitted for the sake of
brevity.
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takes into account the statistics of the data symbols, and thus it applies for a wider class
of estimators. The MCRB is obtained using the MFIM matrix (see Chapter 2, Eq. 2.15).
Letting 8" = [R{a}, 3{a}, |b|]”, the MFIM is given by

X A2N P, 0 0
I1,0)2E{J,}= e 0 2A2N P, 0 . (3.38)
0 0 2A2N P,
Hence,
MCRB, = _¢ nd MCRBy = _C (3.39)
“~ eNp b= SN, '

The bounds in (3.39) have the advantage of possessing a simple closed form. However, they
are not as tight as the bounds in (3.36) and (3.37) when considering estimators that treat
the data as deterministic. Hence, we will only consider the bounds in (3.36) and (3.37) in

our simulation results.

3.5 Simulation Results

In this section, we use Monte-Carlo simulations to numerically investigate the performance
of the proposed algorithms. Our results are obtained assuming P, = P, = P,, and they
are averaged using a set of 300 independent realizations of the channel parameters hq, ho,
g1 and go. These realizations are generated by modelling h; and hs as correlated complex
Gaussian random variables with mean zero, variance 1, and correlation coefficient o = 0.3.
Similarly we model g; and g, as correlated complex Gaussian random variables with the
same mean, variance and correlation coefficient, but independent of h; and hy. To generate
correlated complex Gaussian random variables we follow the approach proposed in [82].
The DML and MCML estimates are obtained using a two-dimensional grid-search with a
step-size of 1073, Unless otherwise mentioned, MSE results are for the estimation of a.
We begin by comparing the MSE performance of the DML, GML and MCML estimators
for M = 2. We do not show the CRB in this case, since the FIM is singular. The MSE
performance of the three estimators is plotted versus SNR* for N = 45 in Fig. 3.1 and
versus NN for an SNR of 20 dB in Fig. 3.2. For the MCML estimator, 2 pilots are employed
to obtain an estimate of ¢,. Both plots show that the DML estimator performs poorly for

4The SNR is defined as 10log %
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BPSK modulation and is outperformed by the GML and MCML estimators. Fig. 3.1 shows
the U-shaped behavior of the DML estimator for M = 2 described in Section 3.4.2. The
MCML estimator is superior to the GML estimator except at very low SNR. Moreover,
as the SNR increases, the MCML estimator improves steadily while the GML estimator
encounters an error floor. Fig. 3.2 also demonstrates the superiority of the MCML estimator
to the GML estimator.

Next, we study the MSE performance of the DML and GML estimators for M = 4
(QPSK modulation). The MSE performance of the two estimators is plotted versus SNR
for N = 45 in Fig. 3.3 and versus N for an SNR of 20 dB in Fig. 3.4. The bound C'RB,
is included as a reference in both plots. As we can see in Fig. 3.3, the DML estimator
outperforms the GML estimator, except at low SNR. Moreover, the MSE performance of
the DML estimator improves steadily with SNR and approaches C'RB,, while that of the
GML estimator encounters an error floor at high SNR. In Fig. 3.3, it is also noticed that the
MSE of the GML estimator goes below CRB, at low SNR. This should not be a surprise
since C'RB, is derived by treating s, as deterministic, and the GML estimator is biased in
this case. As we can see in Fig. 3.4, both estimators improve as N increases, but the DML
estimator is much closer to CRB,.

In Fig. 3.5, the MSE performance of the DML and the GML estimators for the esti-
mation of |b| and the associated CRB are plotted versus SNR for M = 4. For the GML
estimator, we obtain an estimate of |b| by substituting a, in (3.7). Fig. 3.5 shows that
the GML estimator is slightly better except at high SNR where it appears to encounter an
error floor and the DML estimator becomes better and approaches C RBj.

Our next goal is to compare the SER performance of the DML estimator with that
of the training-based LS estimator in order to investigate the tradeoffs between accuracy
and spectral efficiency that result from following the blind approach. We focus on small
sample sizes since this is more suitable for modern-day cellular systems. We note that,
when channels are nonreciprocal, the training-based LS estimator is an efficient estimator
that coincides with the training-based ML estimator. As a reference, we also plot the SER
performance assuming perfect channel knowledge. The phase ¢, is estimated blindly using
the Viterbi-Viterbi algorithm® and a small number of pilots is employed to resolve the

resulting M-fold ambiguity using the unique word method [83]. In Fig. 3.6, we show the

5Using the Viterbi-Viterbi algorithm, we estimate ¢, by ¢, 2 =7 Zfil |Zi(a)|2e?M 4% @)+ where
Zi(a),i =1,..., N are the resulting N samples after the estimate @ is used to remove self-interference.
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SER performance of the two algorithms assuming that the channel is fixed for the duration
of 20 samples. For the DML estimator, 2 pilots and 18 data symbols are transmitted.
The 2 pilots are used to resolve the M-fold ambiguity, and all 20 samples are used to
blindly estimate a. For the LS estimator, we estimate a and b using 4 pilot symbols® and
we transmit 16 data symbols. As we can see from Fig. 3.6, the SER performance of the
DML estimator is very close to that of the LS estimator (approximately 0.6 dB away). In
Fig. 3.7, we assume that the channel is fixed for the duration of 40 samples. In the DML
case 4 pilots and 36 data symbols are transmitted, and in the LS case 8 pilots and 32 data
symbols are transmitted. The performance of DML estimator is again very close to that
of the LS estimator (approximately 0.4 dB away), and it is only 1.5 dB away from the
performance under perfect CSI. In both examples, for the DML algorithm we use 90% of
the channel coherence time to transmit data and 10% to transmit pilots, while for the LS
algorithm we are use 80% of the coherence time to transmit data and 20% to transmit pilots,
which demonstrates that the DML estimator offers a better tradeoff between accuracy and

spectral efficiency.

3.6 Conclusions

In this chapter, we proposed the DML algorithm for blind channel estimation in AF TWRNs
employing M-PSK modulation. The DML estimator was derived by treating the data
symbols as deterministic unknowns. For comparison, we also derived the GML estimator
by treating the data symbols as Gaussian-distributed nuisance parameters. We showed
that the DML estimator is consistent. For M > 2, we showed that its MSE performance is
superior to that of the GML estimator for medium-to-high SNR and that it approaches the
true channel with high probability as the SNR increases. In contrast, the GML estimator
suffers from an error floor at high SNR. We also compared the SER performance of the DML
estimator with that of the training-based LS estimator and demonstrated that the DML
approach provides a better tradeoff between accuracy and spectral efficiency. For the case
M = 2 where the DML estimator performs poorly, we proposed the MCML estimator which
explicitly takes into account the structure of the BPSK signal. This estimator outperforms

the GML estimator except at very low SNR and approaches the true channel at high SNR.

6For the training-based LS algorithm, the pilots are chosen such that the pilot vectors from the two
terminals are orthogonal to each other.
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Fig. 3.1 Average MSE of the DML, GML and MCML algorithms for the
estimation of a, plotted versus SNR for M = 2 and N = 45.
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Fig. 3.2 Average MSE of the DML, GML and MCML algorithms for esti-
mation of a, plotted versus N for M = 2 and an SNR of 20 dB.



46 Blind Estimation for Nonreciprocal Channels under MPSK Modulation

—<&— DML Estimator
—>— GML Estimator

— CRBa

Average MSE

-4

10 L L L
0 5 10 15 20 25 30
SNR

Fig. 3.3 Average MSE of the DML and GML algorithms for the estimation
of a and the bound CRBa plotted versus SNR for M =4 and N = 45.
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Fig. 3.4 Average MSE of the DML and GML algorithms for the estimation
of a and the bound C' RBa plotted versus N for M = 4 and an SNR of 20 dB.
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Fig. 3.5 Average MSE of the DML and GML algorithms for the estimation
of |b| and the bound C'RBy, plotted versus SNR for M =4 and N = 45.
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Fig. 3.6 Average SER versus SNR for the DML and LS estimators for M =
4, assuming the channel is fixed for 20 samples. We use 2 pilots to resolve the
M-fold ambiguity in ¢y for the DML estimator, and 4 pilots for LS estimation.
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Fig. 3.7 Average SER versus SNR for the DML and LS estimators for M =
4, assuming the channel is fixed for 40 samples. We use 4 pilots to resolve the
M-fold ambiguity in ¢y for the DML estimator, and 8 pilots for LS estimation.
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Chapter 4

Blind Channel Estimation for

Reciprocal Flat-fading Channels
under MPSK-modulation

4.1 Introduction

In the previous chapter, we considered blind channel estimation under nonreciprocal flat-
fading channel conditions for AF TWRNs that employ CM signalling in the form of M-
PSK modulation. Treating the data symbols as deterministic unknowns, we derived the
DML channel estimator. We also proved that the DML estimator is consistent and that it
approaches the true channel with high probability as SNR increases for M > 2.

In this chapter, we shift our focus from nonreciprocal to reciprocal flat-fading channels.
Assuming CM signalling, we derive the DML estimator for the reciprocal case and investi-
gate its asymptotic behavior. We show that for M > 2, the DML estimator approaches the
true channel with high probability at high SNR. However, in contrast to the nonreciprocal
case, we prove that the DML estimator is not consistent. As an alternative to the DML
estimator, we propose to estimate the channel by minimizing the sample variance of the
envelope of the received signal after self-interference cancellation. This criterion is inspired
by the DML estimator for nonreciprocal channels in Chapter 3. We refer to this estimator
as the minimum sample envelope variance (MSEV) estimator. The asymptotic behavior
of the MSEV estimator is similar to that of the DML estimator in Chapter 3, i.e., it is
consistent and approaches the true channel with high probability at high SNR for M > 2.
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We also derive two CRBs as estimation performance benchmarks for the case of recip-
rocal channels. The first bound is obtained by treating the data symbols as deterministic
unknown parameters while the second is the MCRB. Monte-Carlo simulations are then
used to obtain the mean-squared error (MSE) of the two estimators, demonstrating that
the MSEV estimator outperforms the DML estimator. In summary, the main contributions
of this chapter are: (7) analysis of the high SNR performance of the DML estimator for re-
ciprocal channels; (i7) investigation of the consistency of the DML estimator for reciprocal
channels; (4ii) application of the MSEV criterion to reciprocal channels; (iv) derivation of
two CRBs on the variance of unbiased estimators for reciprocal channels.

The work presented in this chapter first appeared in [84]. A more elaborate version
with new theoretical contributions appeared in [85].

The remainder of this chapter is organized as follows. In Section 4.2, we present our
system model. In Section 4.3, we present the DML and MSEV estimators for the case of
reciprocal channels. In Section 4.4, we analyze the high SNR behavior and the consistency
of the two estimators. The CRBs are derived in Section 4.5. Our simulation results are

shown in Section 4.6. Finally, our conclusions are in Section 4.7.

4.2 System Model

The system model considered in this chapter is the same as the one in Chapter 3, with the
exception that the channels are reciprocal, i.e., that hy = hy = h and g; = g2 = g. Hence,

the received signal at 77 during the second phase of transmission is given by
z = Aas; + Absy + Ahn + 1, (4.1)

where a 2 h%, b £ gh, and s1, s», n and 7 have the same definitions as in Chapter 3. The
channel coefficients h and g are modelled as CCA/(0,7?). As in Chapter 3, it is sufficient

for detection purposes to know a and ¢, = Zb.

4.3 Channel Estimation Algorithms

As in Chapter 3, the vectors z = [2...2x]7, 81 = [s11,...,518]7, 82 = [s01,...,80n]T

Y

n = [ny,...ny], and n = [ny,...,ny] denote the received vector at Ty, the transmitted
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symbol vectors of 77 and 73, the noise vector at R and the noise vector at 7; during N
successive transmissions, respectively.

We begin by deriving the DML estimator for the reciprocal case. Similar to Chapter 3,
the DML is derived by treating the data symbols as deterministic unknowns. The unknown
parameters are collected in the vector @ = [a, |b], 1, ..., ¥n]T where ©; 2 ¢o; + ¢y, § =
1,...,N. As before, the DML estimate of ¢; is 1; = Z(z; — Aasy;) and that of [b] is

- N
|b| = WE > |zi — Aasy;|. The DML estimator of a is given by
i=1

N

N 2
{z (\ZZ — Ausy;| — % Sz — Au31k|)
k=1

i=1 (4.2)
o?(A?|u] +1)

a4 = argmin
ueC

+ Nlog (A%|u| + 1) }

The structure of the DML estimator of a in (4.2) is clearly different from that of the
DML estimator in the nonreciprocal case (Chapter 3, (3.9)). In particular, the objective
function in (3.9) appears as the numerator of the first term in (4.2), but (4.2) additionally
has a denominator term and a logarithmic term that are not present in (3.9). As pointed
out in Chapter 3, the DML estimator of a in the nonreciprocal case minimizes the sample
variance of the envelope of the received signal after self-interference cancellation. Given
the differences between (3.9) and (4.2), it would be insightful to apply the criterion used
in (3.9) to the case of reciprocal channels and compare the resulting performance with that

of the DML estimator in (4.2). Hence, we will consider the estimator

N | 2
i, = argmin <|zi<u>| iy |zk<u>|> (4.3
i=1 k=1
where Z;(u) = (z; — Ausy;), i = 1,...,N. The signals % (u),..., Zy(u) can be viewed as

realizations of the RV Z(u) = A(a — u)t; + Abty + Ahn + 1, and the objective function
in (4.3) can be seen, after scaling it by 5, as the sample variance of |Z(u)|. Since the
above estimator does not retain its DML interpretation in the reciprocal case, we will refer
to it as the minimum sample envelope variance (MSEV) estimator.

The solutions for (4.2) and (4.3) may be obtained using numerical methods such as
the steepest-descent algorithm or quasi-Newton type algorithms [75]. Since the objective

functions in (4.2) and (4.3) are nonconvex, the performance of such methods will depend
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on the availability of good initial estimates. A simple way to obtain an initial estimate is
the sample average estimator employed in Chapter 3 (see Eq. (3.20)). The steepest descent
implementation for (4.2) and (4.3) is detailed in Appendix B.2, and its computational
complexity is O(N), i.e., it is linear in the number of data samples. In Section 4.6, we show
that steepest descent algorithm yields almost identical performance to two-dimensional grid

search, and that it requires only a small number of iterations to converge.

4.4 Asymptotic Behavior Analysis

As we did in Chapter 3, we focus in our analysis on the estimation of a since |b| is not
required for detection under M-PSK modulation. We consider the consistency of the two
estimators and their behavior at high transmit SNR. The transmit SNR is defined as v = %.

4.4.1 High SNR Behavior of the two Estimators

As the MSEV estimator has the same structure as the estimator in (3.9), the high SNR
behavior in Lemma 3 of Chapter 3 applies to the MSEV estimator as well. Hence, for
fixed N, the MSEV estimator approaches the true channel as ¢ — 0 with probability
1— (%)N_1 (M — 1), i.e., it approaches the true channel with high probability for M > 2.

We now consider the high SNR behavior of the DML estimator in (4.2). We first note
that multiplying the objective function in (4.2) with 0% does not affect the solution. After
multiplying the objective function in (4.2) with ¢ and taking the limit as ¢ — 0, we obtain

the objective function
; X(v)

X(v) = Ala—o[+1 (4.4)
where, as in Chapter 3, v £ ¢ — u and
N 1 N 2
X(v) = ; <|A’08u + Absgy;| — N ; |Avsyg + Abszk|> ) (4.5)

From Lemma 3 in Chapter 3, we know that, with probability Py v =1 — (%)N_l (M —1),
X (v) has a unique global minimum at v = 0, which corresponds to u = a. Since X (0) = 0,
it is clear from (4.4) that X (v) also has a unique global minimum at v = 0 with probability

Py n. Hence, the DML estimator also approaches the true channel with high probability
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as SNR increases for M > 2.

4.4.2 Consistency of Estimators

In Chapter 3, it was proved that the DML estimator is consistent under the nonreciprocal
channel assumption. It can be easily verified that the proof in Chapter 3 is not affected if
channel reciprocity is assumed. Hence, the MSEV estimator is consistent.
We now investigate the consistency of the DML estimator Let Yy (u) be the objective
function of the DML estimator in (4.2) scaled by . Thus,
Wi (u)

L N 2
Yn(u) = (A2 [u + 1) + N1 log (A%|u] + 1), (4.6)

where
1 — 1 — i
A 5. N z
Wiy(u) = o z; <|Zz(u) N kz_; |Zk(u>|> (4.7)
is the the scaled version of the objective function of the MSEV estimator, which is also the
sample variance of |Z(u)|. As N — oo, Yy(u) converges in probability to
W(u)

Y(u) 2 TV EMES] + log (A*fu| + 1), (4.8)

where

2
A2 M-1
W) = A2a — u2Py 4+ A2B2 Py +0*(A2]a] + 1)— T |a| -1 <Z Ly (—Me(a — u))>
k=0
(4.9)
is the variance of |Z(u)| (see Chapter 3, (3.22)) and

L
02(A%al? + 1)

e(v) £ A |oP Py + A?|b* Py + 2A%|v|[b]\/ P1P3 cos (Lv — ¢y + 21k /M) ).

(4.10)

To find out whether Y(u) has an extremum at u = a, we analyze the behavior of the

partial derivatives Vy(u) £ ggﬁ% and Vg(u) 2 gg{(ﬁ Because of the symmetry of Y(u)
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with respect to R{u} and S{u}, it is sufficient to consider Yy (u). We have

A2R{u) (1_02(W(u) ) - | W (u) 1)

Vel =mr 1) A2[u[ + 1) A?|u] + 1) OR{u}”

Moreover, it can be verified that g‘;t‘{{(g}?

s AR{ep (0 W)
Yel®) = [l + 1) (1 a2<A2|a|+1>)' (4.12)

= 0. Therefore,

For the factor <1 — MKZ—%) we have the following lemma

Lemma 4. For any a € C, (1 - <r2(zv2—(|3\)+1)> > 0.

Proof. See Appendix B.1. n

Hence, Yy (a) is zero only when R{a} = 0. Similarly, Vs(a) is zero only when 3{a}
is zero. Since )Y(u) is differentiable at v = a (for a # 0) and u = a is not a boundary
point, this implies that Y(u) does not have an extremum at u = a for a # 0. Hence, the
DML estimator is not consistent [79]. The inconsistency of the DML estimator should not
come as a surprise since the data symbols are treated as deterministic unknowns. Due
to this assumption, the number of parameters is not fixed but grows linearly with the
number of samples. Hence, as discussed in Chapter 2, the usual asymptotic properties of

ML estimators, such as consistency, do not necessarily hold in this case.

4.5 Cramer-Rao Bounds

We derive two Cramer-Rao bounds for the estimation problem under consideration. The
first bound is derived by treating the phases 1, ...,¢¥y as deterministic unknowns. The
vector of unknown real parameters is Or = [R{a}, S{a}, |b|,¢1,...,¥n]T, and the corre-

sponding FIM is given by

Ji Jo

I(0r) =
JL T,

: (4.13)
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where
242N P + A'R{a}?N A*R{a}S{a} N
J. — | 2(A2al+D) T [P (4212 [P (A2[a]+1)2 (4.14)
! A*R{a}3{a}N 2A°NPL_ | A'S{a)?N :
la]2(A2]a[+1)2 02(A%[a|+1) " [a]?(A%]al+1)2

R{e?rstig,) I{e?vssg,y}
g 242 S{b7su1s5, ) R{b"s115%,}
2 02(A2a] + 1) :

, (4.15)

S{b*sinssn} R{b sinssy}

and
1

T3 =3 (A2]a| + 1)

[2A2N Py, 24202 Py, . .., 24202 Py) . (4.16)

Assuming I(0y) is invertible, the CRB for the estimation of a is given by the sum of the
first two diagonal entries in the inverse of I(0y), i.e., CRB, = [I"*(0g)]11 + [I ' (0r)]22.
Let J be the 2 x 2 top left submatrix of I ~1(0). Using the Schur-complement property,
we have that J = (J1 — Jngng)_l, ie.,

CRB, = tr ((J1 S el ) )‘1) . (4.17)

Because the symbols s; are known and the symbols sy are treated as deterministic un-
knowns, C'RB, is a function of s; and ss, and it thus applies for the particular realizations
of s; and s, under consideration.

As we did in Chapter 3, we will also consider the MCRB, commonly used in the presence
of random nuisance parameters. Let 8’ = [R{a}, S{a}, |b]]”, the MFIM is given by

242N P, + A*R{a}°N AR{a}S{a}N 0
N e N S
! a}S{a S{a
Im(0 ) = |a|2(A2|a|+1)2 02(A2|GH11) + |a|2(A2|a|+1)2 0 . (418)
O O 2A2NP2

2 (A%[a[+1)

The resulting MCRBs on a and |b| are given by

MCRB, = [I,,}(6")]11 + [I,,,'(6")]22
 40%Pi(A%|a] + 1) + 0t A% (A%a] + 1) (4.19)
© ANA2P?(A%a| + 1)+ 2No2ALP,
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and
o2(A?|a| + 1)

MCRBy = [1;1(0/)]33 = SN A2D,

(4.20)

4.6 Simulation Results

In this section, we compare the MSE performance of the DML estimator and the MSEV
estimator using Monte-Carlo simulations. Our results are generated assuming M = 4
(QPSK) and P, = P, = P,, and are averaged over the same set of 100 realizations of the
channel parameters g, h which are independently generated from the complex Gaussian
distribution with mean zero and variance 1. The minimizers of the objective functions
in (4.2) and (4.3) are obtained using the steepest descent (SD) algorithm. The initial points
are obtained using the sample average estimator ( (3.20)), while the step size is chosen using
backtracking line search [74]. As a reference, we also show the MSE performance for the
two estimators when the solutions for (4.2) and (4.3) are obtained using grid search (GS)
with a step size of 1073, We also show the bounds CRB, and MCRB,, where CRB, is
averaged over many realizations of s; and ss.

Fig. 4.1 shows the average MSE of the two estimators versus SNR for NV = 100. The
MSEV estimator outperforms the DML estimator and the performance gap is most signif-
icant at low to medium SNR. At high SNR, both estimators approach the bound CRB,.
We can also see from Fig. 4.1 that, for both algorithms, the MSE performance is almost
identical for the steepest descent implementation and the grid search implementation.

The bar plots in Fig. 4.2 show for both estimators the average number of SD iterations
required for convergence and the average number of line search iterations to find the step
size for a single steepest descent iteration, respectively. The average number of iterations
ranges between 6.7 and 13.3 for the DML estimator and between 5.6 and 7.4 for the MSEV
estimator. Hence, in both cases, only a small number of iterations is needed to achieve
convergence, which shows that the SD algorithm is a reliable and computationally efficient
method for solving (4.2) and (4.3). Moreover, the MSEV estimator on average requires less
SD iterations and less linesearch iterations than the DML and is thus more efficient.

Fig. 4.3 shows the average MSE of the two estimators versus N for an SNR of 15dB. The
MSEV estimator has a superior MSE performance which improves steadily as N increases.
The gap between the MSE performances of the two estimators becomes more significant as

the sample size increases, in accordance with the fact that the MSEV estimator is consistent



4.7 Conclusions 57

while the DML estimator is not.

4.7 Conclusions

In this chapter, we compared two blind channel estimation algorithms for AF TWRNs
assuming channel reciprocity and M-PSK modulation. The first estimator was the DML
estimator for reciprocal channels obtained by treating the data symbols as deterministic
unknowns. The second was the MSEV estimator which minimized the sample variance of
the envelope of the received signal after self-interference cancellation and was inspired by
the DML estimator for nonreciprocal channels derived in Chapter 3. We showed that both
estimators approach the true channel with high probability as SNR increases. However, the
MSEV estimator is consistent while the DML estimator is not. We also derived two CRBs
on the variance of unbiased estimators. Monte-Carlo simulations were used to compare
the MSE performance of the two estimators, showing that the MSEV estimator performs
better than the DML estimator and that the steepest descent algorithm can be used to

provide accurate low-complexity implementations for both estimators.

— — — ML Estimator - GS

x ML Estimator — SD
10° ® < e MSEYV Estimator — GS
S o o MSEV Estimator — SD
CRBa

Average MSE

Fig. 4.1 Average MSE of the DML estimator and the MSEV estimator and
the bounds CRB, and M CRB, versus SNR for N = 100, and M = 4.
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Steepest Descent Iterations
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Fig. 4.2 Average number of steepest descent iterations (a), and line search
iterations for a single steepest descent iteration (b) for different SNR values
(N =100, M = 4).
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Fig. 4.3 Average MSE of the DML estimator and the MSEV estimator, and
the bounds CRB, and MCRB, versus N for an SNR of 15 dB, and M = 4.
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Chapter 5

Exact CRBs for Semi-blind Channel
Estimation under Square QAM

5.1 Introduction

In Chapters 3 and 4, we focused on blind channel estimation for AF TWRNs that employ
M-PSK modulation under flat-fading channel conditions. We showed in Chapter 3 that the
proposed blind DML estimator provides a better tradeoff between accuracy and spectral
efficiency than the training-based LS estimator. However, as we pointed out in Chapter 3,
it is not possible to obtain all the required channel information blindly as pilots are still
needed to resolve the phase ambiguity. Still within the context of flat-fading channel
conditions, in this chapter we shift our focus from blind channel estimation to semi-blind
channel estimation. Semi-blind estimation [41,46-48] is a hybrid of the blind and training-
based approaches. Although it employs pilot symbols, it incorporates into the estimation
the received data samples as well as the received training samples. This makes the semi-
blind approach more flexible than the purely blind approach and eliminates the need for
separate ambiguity resolution. By utilizing the data samples in conjunction with the pilots,
semi-blind estimation requires fewer pilots, which makes it more spectrally efficient than
training-based estimation [48]. Tt is also capable of achieving higher accuracy than that
possible using purely blind or purely training-based estimation [48].

In order to evaluate the potential of semi-blind channel estimation for AF TWRNS, it is
very useful to know the corresponding semi-blind CRB on achievable estimation accuracy.

For AF TWRNs employing pilot-based channel estimation in flat-fading conditions, the
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CRB has been derived in [21]. In contrast to pilot-based estimation, however, the received
signal in the cases of blind and semi-blind estimation involves random nuisance parameters
in the form of unknown data symbols. As discussed in Chapter 2, the derivation of the
exact CRB is a challenging task in this case because of the complicated nature of the true
likelihood function which takes into account the statistics of the transmitted data symbols.
In Chapters 3 and 4, we avoided dealing with a complicated likelihood function by treating
the data symbols as deterministic unknowns. However, the resulting CRBs apply to the
smaller class of estimators that treat the data symbols as deterministic unknowns, such as
the those derived in Chapters 3 and 4. The MCRB is another alternative bound which
takes into account the statistics of the data symbols, but it is known to be less tight than
the exact CRB.

To the best of our knowledge, the exact CRB based on the true likelihood function that
incorporates the statistics of the transmitted data symbols has not been reported before
for AF TWRNs. In this chapter, we fill this gap and derive the exact CRB for semi-blind
channel estimation! in AF TWRNs. The derivation of the exact CRB necessarily depends
on the underlying modulation scheme. We focus on square QAM, a commonly used mod-
ulation scheme in high data-rate applications due to its high bandwidth efficiency [86].
Using the derived bounds, we quantify the spectral efficiency advantages of the semi-blind
approach over the pilot-based approach. We show that, by employing even a limited num-
ber of data samples, the semi-blind approach can provide substantially higher accuracy.
Equivalently, the semi-blind approach makes it possible to employ a much smaller number
of pilots to achieve a given level of estimation accuracy, thus providing a better tradeoff
between accuracy and spectral efficiency. The derived CRB also quantifies the effect of the
modulation order on the achievable accuracy and shows that the lower modulation order,
the higher the achievable accuracy. Finally, we also derive the more tractable MCRB. Our
simulations show that the MCRB is significantly looser than the exact CRB for high mod-
ulation orders, but is a reasonable approximation for the exact CRB at high SNR for low
modulation orders.

The rest of the chapter is organized as follows. In Section 5.2 we present the system
model. Our derivations of the exact CRB and the modified CRB are presented in Sec-
tion 5.3. Simulation results are presented in 5.4. Finally, our conclusions are discussed in
Section 5.5.

!The derived bounds also cover the blind and the pilot-based approaches as special cases.
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5.2 System Model

We consider the half-duplex AF TWRN shown in Fig. 1.2, operating in flat-fading nonrecip-
rocal channel conditions. As in the previous chapters, each transmission period is divided
into two phases. In the first phase, 77 and 75 simultaneously transmit to R, and in the
second phase R broadcasts an amplified version of the received signal to both terminals.
The semi-blind approach employs both pilot and data samples to estimate the channel
parameters. More specifically, prior to transmitting data symbols, each terminal transmits
a block of L pilot symbols. We denote by t; £ [t1y,...,t1.]7 and ¢ty 2 [tay, ..., tar]7 the
vectors containing the pilot symbols transmitted by 7; and 7T;, respectively. The corre-
sponding received signal vector at R is # = hit; + gits + w, where w is CCN(0,02I})).
Then, the relay broadcasts Ar, where A > 0 is the amplification factor. The corresponding

received signal vector at terminal 77 is
z= Ahghltl + Ahggltg + Ath + w1 (51)

where w is also CCN(0,0%1 ).

After transmitting the L pilots, 77 and 75 transmit N data symbols each. We denote
by 81 = (511, ..., s15]7 and sy £ (891, ..., 8on]7 the transmitted data symbol vectors of
71 and T3, respectively. The received signal vector at R is 7 = hy81 + ¢182 + n, and the

corresponding received signal vector at 77 is
z = Ahlhgsl + AgthSQ + Ahg’n + ny (52)

where n and n; are CCN'(0,0%Iy). The channel coefficients hy, he, g1 and g, remain fixed
during the transmission of the L pilot symbols and the N data symbols.

We assume that both terminals employ square QAM. Without loss of generality, we
focus on the derivation of the CRB for channel estimation at terminal 7;. The total number
of points in the square QAM constellation employed by 73 is M = 2%°, where p = 1,2,3,. ..
Denoting by d the intersymbol distance and letting d, = g, the set of constellation points
used by 75 is given by S = {£d,(2i — 1) £ 3d,(2¢ — 1)},4,0 = 1,...,2P~* [87]. The average
transmitted power at 75 is P, = E {[sax|*} = #2d?. The noise variance o is assumed to
be known at 7;. We are interested in deriving the CRBs for the estimation of the cascaded

channel parameters a = hohy and b £ hog, which are sufficient for detection.
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5.3 Cramer-Rao Bounds

In this section, we derive the exact CRBs for the estimation of a and b. In deriving these
bounds, we also have to take into account the parameter 7 £ |hy|? which, though not
required for detection, appears in the likelihood function and thus affects the estimation
performance. The unknown parameters are thus a, b and 7 and are collected into the real
Vector 0 £ [R{a},3{a}, %{b} 3{b},7]T. To simplify our notation, we let ar = R{a},
ar 2 S{a}, bg = R{b}, by = I{b}.

5.3.1 Exact Cramer-Rao Bound

To derive the exact CRB for semi blind channel estimation, we need to consider the joint
likelihood of z and z. Let z = [27, 27]7| the likelihood of % is given by

1 7\\27Aat17Abt2H |z),—Aasq},—Abs 12
J(%6) = (ro2(A%r 4 1))N+L€ A H (Ze Sty ) (5.3)

52€8

Let C' £ ¢%(A%r + 1). The resulting log-likelihood function is

1
3 (5.4)
+ Z log ( Z 6_é|zk_Aa81k—Absz|2)
k=1 s2€8

Let I(0) be the corresponding FIM, and let I, be the joint Fisher information between
the parameters = and y. The matrix I(0) is given by

62£(~ 9) Iaa Iab Im’
z;
16) = -e{ o= — |1y 1 1| 55
) SONN FI
where
Iaa: IaR»ULR I(LR70‘I 7Iab: IULRJ’R LLRJU ’ (56)
[aRﬂI ar,ay Ial,bR Ial,bl

Ibb — IbR,bR ]bR,b[ I — ]CLR,T Ib — ]bR,T ) (57>
[bR,bI [b],bj ’ [aI,T 7 [b],T
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The exact CRB is then obtained by taking the inverse of I(@). In particular, the exact

CRBs for parameters a and b are
CRB, = [I(0) "1 + [1(8) )22, (5.8)

and
CRB, = [I(e)_l]gg + [I(O)_1]44. (5.9)

In what follows, we will obtain analytical expressions for all the elements of I(8).
In summary, the analytical expressions for I,,, Ip, Iu, Ior, Iy and I, are given in
Eqns. (5.38), (5.47), (5.58), (5.59), (5.60) and (5.57), respectively.

Before proceeding to obtain analytical expressions for the elements of I(0), we will first
factorize the likelihood function by taking into account the symmetric structure of square
QAM, following the approach proposed in [87]. We begin by rewriting the likelihood

function in (5.3) as

1 15 2
>. - = —%|z—Aati—Abts||
f(z70>_(7TO)N+LMN€ c 1 2
N , (5.10)
% H <6_é|zk_Aa51k|2 Z 6—%|b|2|52|2+254%{(21@—14&810*1782})'
k=1 s2€S
Now, we let

Dy(6) £ Z o~ TATIb 52>+ R{(2k— Aas1y)"bsa} (5.11)

5268
The inherent symmetry of the constellation set allows us to write (5.11) as a sum over the
symbols in the first quadrant. If (), is the set of constellation symbols that lie in the first
quadrant, S can be partitioned as? S = Q; U (—Q1) U Q% U (—Q3%). Hence, we may rewrite
Dy (0) as:

Di(0) = ) ema A Mler (e%*%{(zk—Aasm*bsz} B R{(z—Aasiy) bs3)

s2€Q1 (512)
+ef%%{(2k714a81k)*b82} _i_e*%%{(zk*flaslk)*bs;} .

2For a set B = {by, b, ...}, the notations B* and —B denote the sets {b},b5,...} and {—by, —ba, ...},
respectively.
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Noting that R{(zx — Aasi)*bsa} = R{(zx — Aasi)*b}R{s2} — S{ (2, — Aasix)*b}I{s2} and
that for sy € Q1, we have R{so}, S{s2} € {(2i — 1)d,, i =1,...,2°7 1} (5.12) becomes

opr—1gp—1
Dy(6) = 4 Z Z o~ e AP ((2i-1)2+(20-1)%)d3
i=1 (=1
24 . 2A N .
cosh 6(22 — 1)d,R{(z, — Aasyy)*b}| cosh F(% — 1)d,{(z1, — Aasyi) b} .
(5.13)
From (5.13), we can see that, similar to [87], Dy(8) can be expressed as
where )
2r-
1 A23213|12(9; 2 2Ad
Fy(t) & ; e oA BT ogh < o P(2i — 1)t) : (5.15)
Uk =S %{(Zk — Aaslk)*b} = %{Zk - ACLSlk}bR + %{Zk — Aaslk}bl (516)
and
vp = 3{ (2 — Aas) b} = R{z, — Aasiy by — {2 — Aasi }bg. (5.17)

. . : . Ady (o
For convenience, we further simplify our notation by letting 8; £ 7”(22 — 1) and v =

2 72
A2d2

=£(20 —1)*for i = 1,...,2P~1. Using the newly defined 3;, 7;, we can write Fy(t) as

2p—1

Fy(t) £ " e cosh (26;t) . (5.18)

i=1
Using (5.14), the likelihood function becomes

N

1 15 2 1 1 2

f(,%, 0) = T NNIL Le_GHZ_Aatl_AthH H — (6_Czk_Aaslk| 4F9(Uk)F9(Uk)) . (519)
(mrC)N+ M

As we shall see shortly, the RVs u; and v, are independent, a fact that will simplify our

derivation of the FIM. It is also useful to define two new RVs, z; = R{zx — Aasi} and
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yr = S{z, — Aasy}. The pair {uy,vp} and the pair {x;,y:} are related through the

U bR b[ T
BRI

Both pairs of RVs will be used in deriving the elements of I(8). It is easy to see that the

following linear transformation

joint PDF of z; and y, is

1'2+y2

e @ Fp(brx + bry) Fp(brx — bry). (5.21)

fX,Y(xy Z/) = TMC

Using (5.20) and (5.21), we obtain the joint PDF of u; and vy:

4 _ u2+v2

fov(u,v) = me < Fy(u)Fp(v). (5.22)

It is clear from (5.22) that the RVs u; and vy are i.i.d. with respective PDFs

fo(z) = fv(z) = mgcﬁ'ﬂ;ﬂ(l’)- (5.23)

Going back to the log-likelihood function in (5.4), we may now rewrite it as

4 1 1
L(2;0) =— (N + L)log(nC) + NlogM — 5”2 — Aat, — Abt,||* — EHZ — Aasy ||*+

N N
Z log Fy(ug) + Z log Fy(vg).
k=1 k=1
(5.24)

From (5.24) we see that the main task in obtaining analytical expressions for the elements

of I(0) is the evaluation of the expectations E {%ﬁ;@iﬂk)} and E {%ﬁ%”’“)} for i,j =
1,...,5. Letting 5% Fy ) OFy(ug) OFy(ug)

o B g B =
and 92 Fy (o) OFy(vi) OFy(vk)

s B o B =
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we have that

GQIOgFg(uk) (ij i
— gl _ qli) 5.97
86@@9] k k ( )
and 5 log Fy(uy)
08 g\ Uk (i5) (i5)
—— — =H W 5.28
80239] k k ( )

Despite the factorization of the log-likelihood function, the derivation of analytical
expressions for the elements of I(0) requires tedious calculations. Due to space limitations,
we will provide detailed derivations for only some of these elements. For the remaining

elements we will provide only the resulting analytical expressions.

1) Derivation of I, ,:
We begin with the submatrix I, , of I(6) and start by finding 1, .,. We have

0?L(2:0 242 9242 al al
]E{ afﬁ% )}:— - tfltl—Ts{{sl—l—ZE{Blgll)_G,gn)}—l—ZE{H]ill)_Wk(n)}.
k=1 k=1

(5.29)

We show in Appendix C.1 that

2p—1

8A?
e{n} = % ILLCUS (5.30)

and
E {H(“)} 8A? 25:1 B23{s%,b)2 (5.31)
= *3{s . .
k \/M p ) 1k
To obtain E {G,gll)}, we need the first derivative of Fy(ug) with respect to ag, which is
given by
OFy(uy) .
o\ Uk * b2 .
dar —2AR{s] b} ;1 Bie Vil sinh[28,uy,]. (5.32)

From (5.32), we see that we can evaluate E {G,gll)} using the PDF in (5.23). We thus
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obtain
E {Gg“)} = R{s5,b}2T, (5.33)
where o2 o (g )
Y= —— ( )e‘Wdt, (5.34)
VTMCD J_o Fo(t)
and
or—1
P(t) = Bie " sinh[25:1]. (5.35)

=1

Moreover, it can be easily verified that E {ngn)} = §{s},0}*T. Hence,

942 9242 8A2 2
Lpan = —t1t, + ——stls; — |b*st's, ( § B-T). (5.36)
C C VM =

Furthermore, it can be easily shown that I,,,, = I, Finally, we prove in Ap-

aR,aR"*
pendix C.2 that

I, . =0. (5.37)

aR,as

The resulting analytical expression for I, is

I.- (% (1 + f's1) — bls's, ( SN - T)) L (3)
¢ VM i=1
where I, is the 2 x 2 identity matrix.

2) Derivation of I:

We next consider the submatrix I;,;. Before deriving the elements of Iy, we let

» OFy(brzr + bry)
QI(xka yk) = abR

or—1 op—1
= — > 2vibre " cosh[28; (brawk + bryi)] + Y 28iwxe M sinh[28; (bgay + bry)].
i=1 i=1

(5.39)
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and
OF,
Q2($k7 yk) = ;é?k)

or—1 2r—1

= = 29bre " cosh[28;(brak + brye)] + Y 2B;yke M sinh[28; (bgay + bry)].

=1 =1

(5.40)

and we also define for 7,5 = 1,2

AR {qz(xk,yk)qg(xk,yk } . // 6(# )6 (@ 9) Folbre = bry) 22 ) W)
™

Fo(uy) Fy(brx + bry)
(5.41)
We now consider [, ,,. We have
PL(%: 6 242 al : 9, N :
E {—822 ) } =t + Y E{BY - | + Y E{H - W} (542)
R k=1 k=1
We show in Appendix C.3 that
E{p®) g o) 2 10 33 b? (5.43)
k = k i Yi7VeVr- .
i=1 (=1
Moreover, we have that [E {GS"g)} =FE {W,ﬁg?’)} =TI"1;. Hence,
242 . 3ON i~ .,
[vabR :th t2 — 7 Z ’Yi’)/gbl -+ 2NF11. (544)
i=1 (=1
A very similar approach can be followed to evaluate I, ;,, thus obtaining
242 32N T~ o
]bhbl :Ttgltg — 7 Z Z ’)/z’}/gb%z + 2NF22. (545)

=1 (=1
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As for the element [, ,, it can be shown that (we skip the derivation for brevity)

9p—1 9p—1

32N
Topbr = Z > " ivebrbr + 2NT . (5.46)

i=1 (=1

The resulting analytical expression for Iy is given by

2 2ptop ! op—1 9p—1
24 tgtg 32N Z Z ’}/ﬂ/gb + 2NF11 % Z Z ’)/Z”}/gbRb] + 2NF12
Iy, = i=1 (=1 i=1 (=1
op—1 9p—1 ) op—1 9p—1
BY S > Yivebrbr 4+ 2NTy 2l — BN 3 Z Yiveb% + 2NTgs.
i=1 (=1 i=1 (=

(5.47)

3) Derivation of I ,:
For the fifth diagonal element of I(0), I, ., we have

(E {||zp — Aaty — Abto|*} + E{||z — Aasi|*})

B D*L(z;0) __(PJ%—L)A404__ 2A%01
or? B C? c3

(5.53)

It can be easily shown that E{||z, — Aat; — Abts||*} = LC and E{||z — Aas;||?} =
N A2%|b|?P, + NC. Moreover, we show in Appendix C.4 that

op—1

A4 4
B {5} — e {H("}) = 3202 (0l + Sator) (554

=1

To obtain E {GS’S)}, we first take the derivative Fy(uy) with respect to 7:

2p—1 2P—
F 2 2A%0* 2
g(uy) = 0 g(uk) = ZA2a2ﬁi2|b\2e’%|bl cosh[25;ux] — Z C’U Biuge PP sinh[26u4).
T

i=1 i=1

(5.55)
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Letting A 2 E {G’S’m}, we thus get

1?2 2
90" ~clim gt (5.56)

2
~ /rMC|? _é Fy(t)

Clearly, we also have that E{W?*} = A. Using the above results, we get

Aot 2NA6 4 .
o b>P, — 4N Z

4
L= (N+1) L (Gl + 207 ) + 2N (557

4) Remaining Submatrices of 1(0):
The remaining submatrices of I(8) can be obtained by following similar approaches to

those used so far. More specifically, it can be shown that

L [%%{tfltz} 2A2\5{th2}] (5.58)

(]t} 22 R{t L)

I, = H (5.59)

0
and
2r—1
8N 2 Lo B2 + 2N A,
Ib‘r = 2p 1 (560)
8N Z Ao Vo 52br + 2N A,
where A;, i = 1,2 is given by
9(brz + bry)ai(,y) 2y
A; = Fo(bjz — b dxdy. ,
TMC // Fy(brr + bry) olbrw = by)e™ " drdy (5.61)

Having derived the FIM matrix I(0), the exact CRBs on a and b are given as

CRB, = [I(0) 11 + [I(0) 0, (5.62)
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and

CRBy = [I(0) ]33+ [I(0) ] sa. (5.63)
When the pilot vectors t; and t, are orthogonal, CRB, has the following closed-form
expression

-1

CRB, =2 (2—AQ (£, + s's)) — |b?sts, <8A2 ﬁiﬁ? B T)) . (5.64)
C v M =1

The term Y in (5.64) is a single integral over the interval (—oo, 00) (see (5.34)). This
integral can be accurately approximated in a numerically efficient way using Gauss-Hermite
polynomials [80]. Moreover, the integrand decays rapidly as |t| increases. Hence, the
integral can be accurately approximated by a finite integral over an interval [-T', 7] for
finite 7', where Riemann integration methods can be employed. For modulation orders
M =4 and M = 16, it is also possible to obtain a closed-form approximation for T at high
SNR. In particular, we show in Appendix C.5 that, at high SNR, we may approximate T
for M =4 and M = 16 as

2A4d?
T =2 (14 erf(VulP)) (5.65)
and i
T =~ 02p (10 + erf(\/7b?) + 9erf(\/72|b|2)) , (5.66)
respectively.
oo : : 2 A%d2 .
Substituting (5.65) into (5.64) and noting that > 87 = +=#(M — 1)v' M, we obtain
i=1
for M =4
24 H A% o -
CRB, =~ 2 el ('t + si's1) + ok 1b]*s1" 1 (erf(\/mb?) — 1) : (5.67)

Since sf's; = NP, for M = 4, we may rewrite (5.67) as

A2 o
CRB, ~ (E [tftl + NP, (1 + 7 |b[2erf(v/7 B2) — mbﬁ)D . (5.68)

Eq. (5.68) relates CRB, to the overall training power (t¢,), the overall self-interference
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power N P; and the effective energy of the received data symbols which is a scaled version
of v1|b|?. Since 1+ werf(z) —x > 0 for > 0, we can see from (5.68) that CRB, decreases
as the number of data samples increases, or in other words, that the estimation accuracy

improves as the number of data samples increases. Assuming all other parameters are fixed,

CRB, decreases with respect to the number of data samples as — ]\} —5 for @,0 > 0. This is
verified in our simulation results in Section 5.4.

For M = 16, we substitute (5.66) into (5.64), obtaining

2 -1
CRB,~ (’% #1781+ 1751 (14 bfZert(V/1[DP) +7ablert(/2210P) —71|b|2—72]b|2>]) .

(5.69)
Inspecting (5.69) and (5.68), we see that, compared to the denominator for M = 4, the
denominator for M = 16 has the extra term ’72|b|261‘f(\/W) — Y|b|%. As this term is
always negative, we see that C'RB,, increases as the modulation order M increases from 4
to 16. This trend is supported by our simulation results in Section 5.4 which show that
both CRB, and CRB, increase with M. Noting that for large N sffs; ~ NPy, we see
that, similar to situation for M = 4, CRB, decreases with respect to N as m.

As for CRBy, the closed-form expression is complicated because Iy, is nonzero and
because the elements of I, and I, involve the double integrals 'y, I'12, I'so, A7 and
As. These integrals can be evaluated using the two-dimensional Gauss Hermite quadra-
ture [88]. Moreover, the integrands of I'j1, I'1a, T'aa, Ay and Ay decay rapidly as |z| and
ly| increase. Hence, numerical methods for integrations over finite intervals such as the
Gaussian quadrature method [80] can be used to efficiently compute these integrals.

The bounds in (5.62) and (5.63) provide convenient benchmarks for the performance
of estimators of a and b. They yield the bounds for the blind case® for L = 0 and the
bounds for the fully pilot-based case for N = 0. In Section 5.4, we will use these bounds
to compare the semi-blind and the pilot-based approaches. We next consider the more
tractable MCRB.

5.3.2 Modified Cramer-Rao Bound

Due to its tractability, the MCRB is commonly used in the presence of random nuisance
parameters [54]. As we discussed in Chapter 2, the MCRB is obtained using the MFIM

3 Although the parameter b suffers from an inherent ambiguity in the absence of pilots and is only locally
identifiable in this case, the CRB would still be defined, as pointed out in [89].
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matrix (see Chapter 2, Eq. (2.15)). For our case, the MFIM matrix is given by

(17t + sils)) 0 R{t, "t} —3{t,"t,} 0
042 0 (¢t + si'sy) S{tlt,} R{t,7ty} 0
J =" R{t,"t,} S{tit,} (t5ts + N Py) 0 0
—S{t, 1ty )} R{tHt,} 0 (t5ty + N P) 0
] 0 0 0 0 (N + L)Ae |
(5.70)

Denoting by MCRB,, and MC RB, the resulting bounds for a and b, respectively, we have

C (it + NP,)

MCRB, = 5.71
A2 ((t7t + stlsy)(tto + NP) — ttotley)) (5.71)
and
C tit,tht,
MCRB, = 1+ 2 . (572
"7 A2t t, + NPy) ( ((tt1 + st s)) ('t + NPy) — titotl'ty) (5.72)

The above expressions are much simpler and more tractable than those in (5.8) and (5.9).
However, as we shall see in Section 5.4, they are significantly less tight than the exact
CRBs and do not convey the impact of the modulation order on the achievable estimation

accuracy.

5.4 Simulation Results

In this section, we use MATLAB simulations to investigate the behavior of the derived
CRBs for @ and b and to compare the semi-blind and the pilot-based approaches. The
CRBs are evaluated using the Monte-Carlo approach?. All plots are averages over a set
of 100 independent realizations of the channel parameters hq, ho, g1 and g». As we did in
Chapter 3, we generate these realizations by modelling h; and hy as correlated complex
Gaussian random variables with mean zero, variance 1, and a correlation coefficient o = 0.3.
Similarly, we model g; and g9 as correlated complex Gaussian random variables with the

same mean, variance and correlation coefficient, but independent of hy and hs. In order

4Although more numerically-efficient approaches are possible, find the best numerical implementation
for CRB, and CRBy, is beyond the scope of this thesis.



74 Exact CRBs for Semi-blind Channel Estimation under Square QAM

to investigate the effect of the modulation order on the CRB, we consider four modulation
orders for the data symbols, M =4, M = 16, M = 64 and M = 256. The pilot symbols
are always generated using the modulation order® M, = 4 and the pilot vectors are chosen
to be orthogonal to each other.

We begin by comparing the CRBs of the semi-blind and pilot-based approaches, assum-
ing that both use the same number of pilots. Our goal is to investigate how substantial
is the improvement in accuracy that results from using the information available in the
data samples. We denote by L, the number of pilots for the pilot-based CRB. We plot
the semi-blind and the pilot-based CRBs versus SNRS for parameter a in Fig. 5.1 and for
parameter b in Fig. 5.2. The number of pilots for the two bounds is L = L, = 8, and the
number of transmitted data symbols is N = 32. We also plot the corresponding MCRB
for M = 4 and M = 256 in both figures. As we can see from the two plots, the semi-blind
CRB is significantly lower than the pilot-based CRB for all modulation orders. Moreover,
the gain in accuracy depends on the modulation order: the lower the modulation order the
higher the gain. At high SNR, the accuracy gain is close to 4-fold for M =4, M = 16 and
M = 64, and close to 2-fold for M = 256, for both a and b. These gains are available at a
relatively small number of data samples (N = 32), which demonstrates the practical worth
of the semi-blind approach. We can also see from Figs. 5.1 and 5.2 that CRB, and CRB,
behave differently at low SNR: C'RB, is significantly lower than the pilot-based CRB while
CRB, approaches the pilot-based CRB. This difference in behavior is due to presence of
known self-interference symbols which make the estimation of a an easier task. In addition,
Figs. 5.1 and 5.2 show that the MCRB is generally loose compared to the true CRB and is
not sensitive to the modulation order. However, the MCRB provides a good approximation
of the exact CRB at high SNR for M =4 and M = 16.

We next consider the effect of the number of data samples on the semi-blind CRB. In
Figs. 5.3 and 5.4, we plot versus NN the ratio of the semi-blind CRB to the pilot-based
CRB for parameters a and b, respectively. The number of pilots for the two bounds is
L = L, =8, and the SNR is set at 20 dB. We see from the two plots that, as expected,
the larger the number of samples, the higher the accuracy of the semi-blind approach. At
N = 100, the semi-blind CRB for a is approximately 10 times lower than the pilot-based

5We note that when the pilot symbol vectors are orthogonal, the modulation order of the pilot symbols
has no impact on CRB, and only the overall training power of each terminal matters, as we can see
from (5.38) and (5.47).

6The SNR is defined as 10 log %.
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CRB for M = 4, 5 times lower for M = 16, and 3 times lower for M = 64, M = 256;
the semi-blind CRB for b is approximately 5 times lower than the pilot-based CRB for
M = 4, 3 times lower for M = 16 and 2 times lower for M = 64, M = 256. We note that
the sample size N is constrained by the coherence time of the channel during which the
channel parameters a, b remain fixed. Hence, the longer the channel coherence time the
more attractive the semi-blind approach becomes.

So far we have compared the semi-blind and pilot-based CRBs when both use the same
number pilots to show the superior accuracy of the semi-blind approach. We will next
show that the semi-blind approach can also be employed to improve the spectral efficiency
of the system by providing the same or higher accuracy than the pilot-based approach while
using a much smaller number of pilots. For this purpose, we generate contour plots of the
ratio of the semi-blind CRB to the pilot-based CRB, varying the number of pilots and data
samples for the semi-blind CRB, while fixing number of pilots for the pilot-based CRB at
L, = 10. The SNR is set at 20 dB. The resulting contour plots for a and b are shown
in Figs. 5.5 and 5.6, respectively. The regions in each plot for which the ratio is lower
than 1 represent the combinations of L and N for which the semi-blind CRB is lower than
the pilot-based CRB. We can see from the two plots that using just 4 pilots and 15 data
samples, the semi-blind CRB becomes lower than the pilot-based CRB, which means that
the semi-blind approach potentially achieves better accuracy while using 60% less pilots,
thus providing a much better tradeoff between accuracy and spectral efficiency. This also
means that the overall power that should be allocated for transmitting pilots is much less

in the semi-blind scenario than in the pilot-based scenario.

5.5 Conclusions

In this chapter, we derived the exact CRB for semi-blind channel estimation in AF TWRNs
that employ square QAM. Using the derived bound, we showed that the semi-blind ap-
proach provides substantial accuracy gains over the pilot-based approach. Only a limited
number of data samples is needed to achieve these gains. Moreover, the accuracy gain de-
pends on the modulation order, the lower the modulation order the higher the gain. Hence,
semi-blind estimation makes it possible to use fewer pilots, resulting in better tradeoffs be-
tween accuracy and spectral efficiency. As a more tractable alternative to the exact CRB,
we derived the MCRB. Although the MCRB has much simpler expressions, it is signifi-
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cantly looser than the exact CRB, and it does not convey the impact of the modulation
order on the achievable estimation accuracy. In the next chapter, we will focus on the

design of of efficient low-complexity semi-blind algorithms whose performance approaches
the exact CRB.

Pilot-based CRB
—»— Exact CRB, M=4

—&— Exact CRB, M=16
Exact CRB, M=64 |1
—6— Exact CRB, M=256
x  MCRB, M=4

O MCRB, M=256

CRB

107k

10

SNR

Fig. 5.1 Semi-blind and pilot-based CRBs for the estimation of a plotted
versus SNR for N = 32 and L = 8. We also plot MCRB, for M = 4 and
M = 256.
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—6— Exact CRB, M=256
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O MCRB, M=256

10 15 20 25
SNR
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Fig. 5.2 Semi-blind and pilot-based CRBs for the estimation of b plotted
versus SNR for N =32 and L = 8.

Ratio (CRBa/ Pilot-CRBa)

100 150
Number of Data Samples

200

Fig. 5.3 Ratio of semi-blind CRB for a to the pilot-based CRB for a plotted
versus IN. We use 8 pilots for both bounds, and we set the SNR to 20 dB.
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Fig. 5.4 Ratio of semi-blind CRB for b to the pilot-based CRB for b plotted
versus N. We use 8 pilots for both bounds, and we set the SNR to 20 dB.
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Fig. 5.5 Contour plot of the ratio of the semi-blind CRB for a at M = 16
to the pilot-based CRB. We set the SNR to 20 dB, and we fix the number of
pilots for the pilot-based CRB at 10.
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Fig. 5.6 Contour plot of the ratio of the semi-blind CRB for b at M = 16
to the pilot-based CRB. We set the SNR to 20 dB, and we fix the number of
pilots for the pilot-based CRB at 10.
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Chapter 6

EM-based Semi-blind Channel
Estimation for Flat-fading Channels

6.1 Introduction

In Chapter 5, we derived the CRB for semi-blind channel estimation in AF TWRNs employ-
ing square QAM. This was done assuming nonreciprocal channels and flat-fading channel
conditions. The derived CRB is exact in the sense that it is based on the true-likelihood
function that takes into account the actual statistics of the transmitted data symbols. By
comparing the derived semi-blind CRB with the pilot-based CRB, we showed that the semi-
blind approach can provide substantial improvements in estimation accuracy and can be
employed to significantly reduce the training overhead. These improvements were possible
by incorporating only a limited number of data samples.

While the CRB analysis in Chapter 5 provides a very strong indication of the superior
potential of the semi-blind approach, an equally important task is to design semi-blind es-
timation algorithms that can realize those gains and perform closely to the derived bounds,
preferably at an affordable computational complexity. The focus of this chapter will be
the accomplishment of this task. Unfortunately, the true likelihood function is highly com-
plicated (see Chapter 5, Eq. (5.3)). Unlike the transmitted pilots, the exact values of the
transmitted data symbols are not known beforehand, i.e., they constitute missing infor-
mation and only their distribution (PMF) is known. The part of the likelihood function
corresponding to the unknown data symbols has a mixed-Gaussian structure, instead of the

much simpler Gaussian structure that would result if the transmitted data were known be-
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forehand. Because of this, it is very difficult to perform exact ML estimation by maximizing
the true likelihood function. In such scenarios where there is missing/incomplete data, the
expectation maximization (EM) framework introduced in Chapter 2 provides a convenient
low-complexity method for approximating the true ML solution. Starting with arbitrary
values of the unknown parameters, the EM algorithm iterates between calculating the con-
ditional expectation of the complete-data log-likelihood and maximizing this expectation
with respect to the unknown parameters. Although the EM does not always converge to
the true ML solution, it produces estimates with monotonically increasing likelihood.

In this chapter we derive the semi-blind EM-based channel estimator under flat-fading
channel conditions for both nonreciprocal and reciprocal channels. The derived EM it-
erations have a low computational cost, and only a small number of iterations is needed
to achieve convergence. Furthermore, we describe how the semi-blind CRB can be nu-
merically evaluated for the case of reciprocal channels. Using simulations, we show that
the EM algorithm performs very close to the semi-blind CRB and, even with a limited
number of data samples, provides substantially better accuracy than the training-based
least-squares (LS) estimator. We also show that the EM algorithm provides a significant
improvement in throughput since a smaller number of pilots would be needed to achieve the
same symbol-error rate (SER) as the LS estimator. The proposed EM methods thus com-
bine high accuracy with computational efficiency, illustrating the practicality of semi-blind
channel estimation for AF TWRNs.

The rest of the chapter is organized as follows. In Section 6.2 we present the system
model. In Section 6.3, we derive the EM algorithm for both nonreciprocal and reciprocal
channels. The numerical evaluation of the CRB for the reciprocal scenario is discussed in
Section 6.4. Simulation results are presented in 6.5. Finally, our conclusions are discussed

in Section 6.6. Part of the work presented in this chapter has appeared in [90].

6.2 System Model

The system model for the nonreciprocal scenario is identical to the one considered in Chap-
ter 5, and its description is not repeated here to avoid redundancy. However, since we will
also be considering the reciprocal scenario as well, we will highlight the differences in the re-
ceived signal structure under the two assumptions. These differences will have a significant

impact on the derivation of the EM algorithm.
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6.2.1 Received Signal for Nonreciprocal Channels

In the nonreciprocal scenario, the received signal vector at terminal 7; corresponding to

the L transmitted pilots is given by

z = Ahihot + Agrhats + Ahow + wy (6.1)
and the received vector corresponding to the NV transmitted data symbols is

z = Ahihosy + Agihosy + Ahon + ny (6.2)

where all the terms in (6.1) and (6.2) have the same definitions as in Chapter 5. As before,

the unknown channel parameters are a = hyhy, b = g1ho and 7 = |ho|?.

6.2.2 Received Signal for Reciprocal Channels

In the reciprocal scenario, we have that hy = ho = h and g; = g» = g. Hence, the received

vector corresponding to the transmitted pilots is

z = Ah*t, + Aghty + Ahw + w, (6.3)
and the received vector corresponding to the /N transmitted data symbols is

z = Ah*s, + Aghsy + Ahn + n;. (6.4)

In this case, the unknown channel parameters are a = h? and b = gh. There is no need to
define a third parameter since the likelihood function can be expressed in terms of a and b.

Unlike Chapter 5, we do not restrict our attention in this chapter to square QAM.
Rather, we just assume that the data symbols ss1,...,son are equiprobably drawn from

the set of discrete constellation points S = {&;, ..., &y}, of size M.

6.3 Proposed Channel Estimation Algorithms

In this section, we derive the EM-based channel estimation algorithms for the nonreciprocal

and reciprocal scenarios.
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6.3.1 The EM Algorithm for Nonreciprocal Channels

We first derive the EM algorithm for the case of nonreciprocal channels. We will incorporate
both the received pilot samples as well as the received data samples into the EM formula-

. The unknown deterministic parameters are collected into the vector 8 = [a,b, 7] .

tion
The observed vectors {Zz, z} are the incomplete data, and the data symbols sy are the hid-

den data. Hence, the complete data is {2, 2z, 82}, and the corresponding likelihood function

is given by
f(zw‘z? S2; 0) = W (27’2'82; 0)
1 _ |lZ—Aat) —Abty|?2  ||z—Aas) —Absy||? (6'5)
= e o2(A2741) e 02(A2741)
MN(ro?(A2T 4+ 1))N+L
The resulting log-likelihood function (LLF) is
1
L(2,2z,82;0)=— Nlog M—(N + L)log(ro*(A*r + 1)) — m“z—Aatl—AbtzHQ
1 2
_ m”z — ACLSI - AbSQH .

(6.6)

We let 00 = [a® b® 70T he the estimate of @ at iteration t. We also denote by ﬁi(,tj) =
P(sq; = &2 O(t)) the posterior PMF of the ith data symbol conditioned on 8%, given by

iAWy an(Mg 2
ﬁ(t) _ f(zils2i = & G(t)) e o2(A2- (1 1)
Y B lzi=Aa(®)sy; —Ab(t) gy |2 (6.7)

M M
> f(zilsz =& 00) e 2(a2- D11
k=1 =1

The two steps of the EM algorithm for the nonreciprocal scenario are as follows:

E-step

! Another possibility is to formulate the EM using just the data samples and use the pilot samples only
for initialization.
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We have?

Q(6;6") = E{L(z,z,32;0)|P(32|z;0<t>)}

1
—(N+ L)1 2A? 1) — ——— ||z — Aat, — Abt,||?
(N =+ L) log(mo™(A7r +1)) = T gy 17 = et =™ o)
1 2
WZZW — Ausy — A,
M-step
We now solve for a9, p(+1) and 7). We have
{atD pFD) DY = arg [{lnabxﬂ Q(6; G(t)). (6.9)

It can be verified that the solutions for (6.9) are given by

(st z+t]! 2)(2 Z BUg 2 +5t,) — (th2+Z Z 3Ys1.6)) (tHz+Z 2 B¢er2)

(t+1) _ i=1j= Z_lj i=1j=

2
At + sl1s)) — A z 2 Bl¢ersy + tiit |
i=1j=1

Y

(6.10)
AL (t) ¢+ AL (£) (t41) ¢+ Hs (t+1) 4 H
pt+l) — i=15=1 z:]\lszj\; ’ (6.11)
A Zl Zlﬂ” €512 + Atllt,
1=1j5=
and
N M
1
SR o (0 e ( NI (Z Z/B ‘zl AattY s, — Ab(t+1>§j|2

i=1 j=1 (6.12)

+ |z — Aalt, — Ab(t“)tQHQ) — 1))

2We ignore the term N log M since it has no impact on the solution.
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1) is obtained by taking into account the constraint 7 > 0.

The expression for 7

The EM algorithm can be initialized using arbitrary values. However, since L pilot
samples are available, we can speed up the convergence by employing the pilot-based ML
estimates to initialize the EM procedure. The pilot-based ML estimates of a, b, 7 are given

by

o _ _ tttlz —t)'z (6.13)
Attt e, — tht))’ '
o _ Btttz — it elz (6.14)

thit, (it tht, — tit) 7

and
1L (1 /.
0 — max (0, e (F (Hz — AaO¢, — Ab<0>t2H2) - 1) ) (6.15)

It is clear from (6.10), (6.11) and (6.12) that the complexity of each EM iteration is O(M N),
i.e., it is linear in the number of data samples for a given modulation order. Moreover, as
we shall see in Section 6.5, the number of EM iterations needed is achieve convergence is

very small, which shows that the overall computational cost of the EM algorithm is low.

6.3.2 The EM Algorithm for Reciprocal Channels

We now derive the EM algorithm for the case of reciprocal channels. Under channel reci-
procity, we have only two parameters to estimate, a = h? and b = gh, i.e., @ = [a,b]T. As
before, s, represents the hidden data, and the complete data set is {Z, z, so}. As we shall
see, the derivation of the EM algorithm is more involved under the reciprocity assumption.

The likelihood function for the complete data is given by

1 _llz—Aat; —Abtg||2  |lz—Aas; —Absy||?

= AR T e TR (6.16)
™o a

f(2, 2, 52:0)

The resulting LLF is

1
E(E, zZ,89; 0) = 4(N+L) 10g(7rcr2(A2|a| + 1)) - m”Z-ACLtl—AthHQ

1 2
_ m“z — Aas; — AbSQH .

(6.17)
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Furthermore, the posterior PMF of the ith data symbol is given by

30 f(zils0s = &;600) o Ay H e onim AN |
2 - M - M 1 2 A gy — t ’ 618

> fzi]52i = &3 00) e 2@ A (D15 ADOE| ( )

k=1 k=1
E-step
We have
1 _
Q(G, H(t)) = — NlOgM — (N -+ L) 10g(7TO'2(A2‘CL’ —+ 1)) —WHZ’—AO/tl —Abt2H2
1 )
o2(A2]a] + 1) ZZ@J}% Aasy; — Abgﬂ‘ :
=1 j=1

(6.19)

M-step
The derivation of the M-step is more complicated for the reciprocal case because of the

term |a| that appears in logarithmic term and the denominators of the last two terms in
the RHS of (6.19). We need to obtain the values a9, b+ such that

{a(t“), b(t“)} = arg en[lfz);]( Q(6; H(t)). (6.20)

Regarding b®t1) | it can be easily verified that the value of b that maximizes Q(8;60") for

a given value of a is

SO
Elﬁi,jgjzi
bo(a) = =

Mz

M
Z 6;811' + tfz — Aatftz

@
Il
—

(6.21)
A

9=
AME ﬁMz

7,] |£j|2 + AthZ

A 1

1j

Substituting b,(a) in place of b in (6.19), we obtain the following updated objective function
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that depends only on a:

1
- G20%(A%a| + 1)‘

Q(a;0Y) = — Nlog(no?(A%al + 1)) |Gz — AaGt, — ATty + A2aXty||”

2
E

N M
1 1
A T G 2 2 |G — AaGs — ATE; + AaX
i=1 j=1

(6.22)

where

N M N M N M
G=A0 D BGP+tt), T=D plecz+tiz, x=> > plers; +tit.

i=1 j=1 i=1 j=1 i=1 j=1

(6.23)
In order to maximize (6.22) with respect to a, we will maximize it first with respect to
the phase ¢, = Za and then the amplitude |a|. Maximizing (6.22) with respect to ¢, is
equivalent to minimizing the following term with respect to ¢,
N M
A(CL7 G(t)) £ HGZ—Aath —AIt2+A2aXt2H2+Z Z Bl(f]) |GZZ‘—ACLG811‘—AI€]‘ +A2GX§J‘|2

i=1 j=1

(6.24)

Moreover, we can expand A(a; O(t)) as
A(a;00) = || Gz — AZty||” + |a]?|| A2 Xt — AGH ||* +2R{a(GZ — ATt,)T (A2 Xty — AGH)}
N M
+Z Z Bz(,t]) <‘GZZ—AI€] ‘2+|a|2}A?X{’j—AG311‘2+2§R{6L(G2,—AI{,)*(AQX@—AGSM)}) .
i=1 j=1
(6.25)
Minimizing (6.25) with respect to ¢,, we obtain
N M
P =gy <Z S B (Gr—ATE) " (A2XE— AGsy) +(GE—ATt,) " (A2Xt2—AGt1)> .

i=1 j=1

(6.26)
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Substituting ¢{" into (6.22), we obtain the following function that depends only on |al:

U Vla|? 2W |l
01) = —N1 2(A2%|a) + 1)) — -
Qlaf: 67) = =Nlog(ro (A lal +1)) = Z3rm[ Dy ~ o2(@fal 7 1) T 2 (A2al 1 1)’
(6.27)
where
1 N M
o SN 891G - AT + G2||Gz—AIt2 : (6.28)
=1 j=1
1 N M ) 1 )
1] o t)
V=5 DO plAxg — AGsy| + Gl A%Xt, — AGH|[7, (6.29)
i=1 j=1
and
1 N M =
o (t) * (A2 - 2
W= ; ; B (G — ATE;) " (AXE; — AGsy) + (Gz — ATty) " (A*Xt, — AGHy)|.
(6.30)
The derivative of (6.27) w.r.t. |a| is
NA? A0 A%V |al? + 2V 2W
L 0(jal;0) = AU AV + 2Vl - (631)
dla| T A%a[+ 1 o2(Aa|+ 1) o2(A2a[+ 12 | o2(Aa|+ 1)?
Setting ﬁ@(|a|; 0(”) = (, we obtain the quadratic equation
AW |a|? + (2V + NA0?)|a| + NA%0? — A2U — 2 = 0. (6.32)
Solving (6.32), we finally get
—(2V 4+ NA'0?) + \/(21“/ + NA%2)2 — 4A2V (N A202 — A2U — 2W)
|a| D) (6.33)

2A2V

Similar to the nonreciprocal scenario, we can see from (6.21), (6.26) and (6.33) that the
computational complexity of each EM iterations is O(M N), which confirms the computa-

tional efficiency of the EM approach.
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6.4 CRB for the Reciprocal Scenario

The exact CRB for semi-blind channel estimation in the nonreciprocal scenario was derived
analytically in Chapter 5 assuming square QAM. A similar approach may be followed to
derive the semi-blind CRB for the reciprocal scenario. To avoid redundancy, however, we
will only show in this section how the semi-blind CRB for the reciprocal scenario can be
numerically evaluated using the Monte-Carlo approach. As in Chapter 5, we focus on
square QAM.

We let 2 2 [27,27]T and denote by 0z = [ag,ar,br,bs]” the vector of real channel
parameters, where ap = R{a}, a; = S{a}, bg £ R{b}, by = 3{b}. Following the approach
in Chapter 5, the LLF of Z may be expressed as

L(2;0g) = — (N + L)log(ro*(A?a| + 1)) + Nlogi _ 1

|z — Aat; — Abty|?
M (@ F A 2l

N N
1
- lz—A 24 log F; + log F; )
02(A2|a|+1)”z as|| kz:; og Fp(ug) ; og Fp(v)
(6.34)
where
2p-! Ad A2d2
Fy(x) 2 e cosh (28, A P (21— 1), ;AP (2i—1)?
o) ;6 cosh (26:2), 5 = v @~V T e B Y
(6.35)
and
ur = R{(zx — Aas1)*b}, v = S{(zx — Aasiy)"b}. (6.36)

We denote by I(@g) the corresponding FIM, and by I,, the joint Fisher information

between the parameters = and y, where x,y € {ag,ar, br,b;}. Hence,

I, =E {a.c (az 6) oL gzy :0) } (6.37)

and

I(QR) _ E{a£(270R> aﬁ(’%veR)} _ [Iaa Iab] ’ (638)

aOR 89% Izb Ibb
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where

LZR@I Ial,al Ial,bR Ial,bl IbP”bI Ib[:bl

Iaa _ [IaR,aR LIR#II] : Iab _ [LIRJ?R IGR,bI] 7 Ibb _ [IvabR IbR,bI] ' (639)

To approximate the expectation in (6.38) using Monte-Carlo simulations, we gener-

ate a large number of realizations of the vectors z and z and then average the product
OL(%:0) OL(2;0)
26, 007,

over all realizations. The CRB can then be obtained by taking the inverse of

. . OL(%0) OL(38) OL(%0 OL(2:0
I,,. To do this, however, we need expressions for 3(;; ) OLEO) OLE6) g 6(; ). We

dar ' Obr
have
0L(z;0) (N + L)A%ap 2A o I
=) — Attt — R4t — Abt
aaR (A2|a] + ].)|Cl‘ 0'2(A2|(I‘ + 1) 1 LiGRr { 1 (Z 2)}
A2(IR 2A
_ —A t —A t 2 e A H o H
] Tl Aot~ Al — oy (Asten —wtol'=)
A2aR N B};g (ug) N 3{;9(%)
A 2 AR aR
T A+ 1)) 1 A+ Z Fo(ur) Z < Fylor)’
(6.40)
where
F A
T -y A e coshizm]
%ii (6.41)
Alapu ou
_’Yi‘b|2 inhl28: _9 /82 RUE 2 _k
Fp e s Aol ~ 2 e |
OFy(v) 27 A%
. 2
o) = 37 SR e cosh A
%:i (6.42)
s . ﬁiAQCLRUk vy,
+ 1 sinh[23; [—2 23—
2] | =2 ey
and
auk * avk xS o
873 = —AR{s],b}, @ = —AS{s],b}. (6.43)
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Similarly, we have

0L(z;0) (N + L)A%q; 24 Y .
- - At tia; — S{t — Abt
day (Al + Dla] ~ o2 (Aa] £ 1) \ /0 hrar = S{b(z = Abta)}
Aar 2A
z — Aat, — Abto|I?P— ———— [ A H xS JH
02(A%al + 1)?|al Iz “ 2l 0%(A2]a] + 1) ( sy s1a; — {8y Z})
A2 N OFp(ug) N OFy(vg)
ar

+ z — Aasq||? + Oar + dar
2+ ]| P42 i 2 B

(6.44)

OFp (ug) OFp(vk)
day and day

and (6.42), respectively and noting that

The expressions for can be obtained by replacing ar with a; in (6.41)

8uk
90, —AS{s],0}, 9, = AR{s],b}. (6.45)
We next consider 8%(5 9) and Mazf %) We have
R
- OFp(uk) N 9Fp(vk)
IL(2;0) 1 " > ab %
= 2AR{t — Aaty) i E 6.46
dbp o2(A2d] +1)( R{t; (2 aty) Z ; Fo(og)’ (6.46)
where
OFp(ur) E.
gbR Z 2v;bre~ vilbl® cosh|[2B;ux] + ; 200z — Aasip e vilbl® sinh[25;u )],
(6.47)
and
OF, z 2
;b(: k) _ 227 bre 1" cosh[2Bv,] — ;2@\9{% Aasy ye 7 sinh[28;01,)]. (6.48)
Similarly,
0L(3: ) 1 N  OFp(ux) N OFp(vk)

) — o H /= . 81)[ obr 4
oby  o2(A%a] + 1) (249{t/ (2 — Aat1)} +Z ZlFe(vk)’ (6:49)
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where
OFy(ur) %= El
u e L
gblk _ _;27ib]€_71|b| cosh[2ﬁiu;c]+izl25i%{zk_,4aslk}€ Wb sinh[2Bu], (6.50)
and
IFy(v) El
0\ Vk B2 T
== 2vbe P cosh[2; 2B, R{z. — A W Sinh(28:0]. (6.51
ob; ; Yiore cos [5vk]+; BiR{ 2 asiy e sinh[28;vx]. ( )

Finally, utilizing the expressions in (6.40), (6.44), (6.46) and (6.49), it is possible to
numerically evaluate all the elements of I(6g) via the Monte Carlo approach by generating
a large number of realizations of the vectors z and z. The CRB is then obtained by taking
the inverse of I(0g).

6.5 Simulation Results

In this section, we investigate through simulations the MSE performance of the derived
EM algorithm and compare it to the pilot-based LS estimator for both nonreciprocal and
reciprocal channels. Our results are obtained assuming that P, = P, = P,, where P, P, and
P, are the transmission powers at the terminal 7; and 75 and the relay R, respectively. For
the nonreciprocal scenario, the channel parameters are generated exactly as in Chapter 5.
That is, we model h; and hs as correlated complex Gaussian RVs with mean zero, variance
1, and a correlation coefficient o = 0.3; we also model g; and g, as correlated complex
Gaussian RVs with the same mean, variance and correlation coefficient, but independent of
hy and hs. For the reciprocal scenario, we model h and ¢ as independent complex Gaussian
RVs with mean zero and variance 1. For both scenarios, we average our results over 100
independent realizations of the channel parameters. As in Chapter 5, the data symbols are
generated using square QAM modulation. To explore the impact of the modulation order
on the performance of the EM algorithm, we consider in our simulations the modulation
orders M = 4, M = 16 and M = 64. Unless mentioned otherwise, the number of pilots
and the number of data symbols are set at L = 8 and N = 32, respectively. In our plots
we consider the total MSE, which is the sum of the MSE for the estimation of a and the

estimation of b.
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In Fig. 6.1, we plot the MSE performance of the derived semi-blind EM algorithm
and the pilot-based LS estimator versus SNR? for the nonreciprocal scenario. The channel
estimates are obtained after 4 iterations of the EM algorithm. For comparison, we also plot
the MSE of the LS estimator that only uses the pilot samples, as well as the semi-blind
CRB (obtained in Chapter 5). As we can see from Fig. 6.1, the MSE performance of the
EM algorithm is very close to the CRB for the whole SNR range and for all modulation
orders. Moreover, the EM algorithm provides substantially higher accuracy than the LS
estimator. This demonstrates that the improvements in estimation accuracy predicted in
Chapter 5 can indeed be realized at a low computational cost since only 4 EM iterations
were used.

In Fig. 6.2, we plot the MSE performance of the semi-blind EM algorithm and the pilot-
based LS estimator versus SNR for the reciprocal scenario. The EM estimates are again
generated using 4 iterations. We also plot the semi-blind CRB for the reciprocal scenario
whose numerical evaluation was discussed in Section 6.4. Similarly to the nonreciprocal
scenario, the EM algorithm performs very closely to the semi-blind CRB and provides a
significant improvement in accuracy over the LS estimator.

We next consider the effect of the number of data samples on the performance of the
EM algorithm. In Figs. 6.3 and 6.4, we plot the MSE performance of the EM algorithm
versus the number of data samples, normalized w.r.t. the MSE of the LS estimator (which
does not depend on the number of data samples) for the nonreciprocal and reciprocal
cases, respectively. We use 8 pilots and 10 EM iterations, and set the SNR at 15dB. The
(normalized) semi-blind CRB is also plotted as a reference. As we can see in both plots, the
EM algorithm performs close to the CRB even for large data sizes. Moreover, the larger
the number of data samples, the higher the accuracy gain, which shows that, as noted in
Chapter 5, semi-blind estimation becomes more attractive as the channel coherence time
increases.

We next consider the convergence behavior of the EM algorithm. In Fig. 6.5, we plot
the MSE of the EM algorithm versus the number of iterations for N = 32 and N = 100,
assuming 8 pilots and an SNR of 15dB. Fig. 6.5 shows that the number of iterations
needed to achieve convergence is small for all modulation orders. In all cases, convergence
is achieved within at most 12 iterations (as few as 4 iterations are sufficient in some cases).

Convergence becomes slightly slower as the modulation order increases and as the number of

3 As before, the SNR is defined as 101log %
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data samples increases. Very similar trends are observed for the case of reciprocal channels
in Fig. 6.6.

In Fig. 6.7, we compare the SER performance of the EM algorithm to that of the LS
estimator, as well as to the SER performance for perfect channel state information (CSI)
assuming reciprocal channels. We assume that the channel is fixed for the duration of
40 samples and employ 4 pilots for the both estimators, and N = 36 data samples for
the EM algorithm. We use QPSK modulation (M = 4). As we can see in Fig. 6.7, the
EM algorithm provides better SER performance than the LS estimator and is much closer
to the performance under perfect CSI. Hence, the higher estimation accuracy of the EM
algorithm also results in an SNR gain, since a lower SNR is required to achieve the same
SER as the LS estimator. Similar results can be obtained for the nonreciprocal case.

Finally, in Table I, we compare the achievable throughput of the proposed EM algorithm
and the LS estimator for the reciprocal case at different SNR and SER values, assuming
that the channel is constant for the duration of 40 data samples and that QPSK modulation
is used. To obtain the achievable throughput, we first determine through simulations the
average number of pilots required by each algorithm to achieve a certain SER performance
at a given SNR. The corresponding number of data symbols that can be transmitted is
then divided by 40 to obtain the throughput. As we can see from Table I, substantial
improvements in throughput (up to 27%) are possible by using the EM algorithm. Similar

results can be obtained for the nonreciprocal case.

6.6 Conclusions

In this chapter, we derived the EM algorithm for semi-blind channel estimation assuming
flat-fading channel conditions. This was done for both nonreciprocal and reciprocal chan-
nels. In both cases, our simulations showed that the derived EM algorithm outperforms
the pilot-based LS estimator even with a limited number of data symbols and performs
very close to the corresponding semi-blind CRB. The proposed algorithms require only
a small number of low-complexity iterations to converge. Hence, the accuracy gains of
semi-blind estimation predicted in Chapter 5 through CRB analysis can indeed be realized
at an affordable computational price. Finally, by virtue of its higher accuracy the EM
algorithm requires a smaller number of pilots compared to the LS estimator, which allows

for transmitting more data symbols, resulting in a significant improvement in throughput
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and spectral efficiency. Equivalently, for the same number of pilots the EM algorithm has

a superior SER performance compared to the LS estimator.

Table 6.1 Data throughput for the EM and LS estimators.
|SNR (dB) | SER | Throughput (EM/LS) |

10 3x 107! 0.88 / 0.78
15 1.5 x 107! 0.8 / 0.68
20 6 x 1072 0.8 /0.63
25 1.5 x 1072 0.85 / 0.58
30 2 x 1073 0.95/0.73

10 ‘ ;
N Pilot-based LS
Mo — + — EM algorithm, M=4
LN ¢  Exact CRB, M=4
10k s e — % — EM algorithm, M=16
N O Exact CRB, M=16
\} N — <= — EM algorithm, M=64
AU .S D> Exact CRB, M=64
B 107 K
s
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107 : : : : :
0 5 10 15 20 25 30

SNR (dB)

Fig. 6.1 MSE performance of the EM algorithm for nonreciprocal channels
along with the corresponding semi-blind CRBs versus SNR (N = 32, L = 8§,
4 EM iterations).
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Fig. 6.2 MSE performance of the EM algorithm for reciprocal channels along
with the corresponding semi-blind CRBs plotted versus SNR (N = 32 and
L =38, 4 EM iterations).
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Fig. 6.3 MSE performance of the EM algorithm for nonreciprocal channels
along with the corresponding semi-blind CRBs versus IV, normalized w.r.t. the
MSE of the pilot-based LS estimator (L = 8, SNR 15dB, 10 EM iterations).
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1
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Fig. 6.4 MSE performance of the EM algorithm for reciprocal channels along
with the corresponding semi-blind CRBs plotted versus IV, normalized w.r.t.
the MSE of the pilot-based LS estimator (L = 8, SNR 15dB, 10 EM iterations).
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Fig. 6.5 MSE performance of the EM algorithm for nonreciprocal channels
plotted versus the number of EM iterations (N = 32,100, L = 8, SNR 15dB).
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Chapter 7

Semi-blind Channel Estimation for
OFDM-modulated AF TWRNs

7.1 Introduction

In Chapters 3—6, we developed blind and semi-blind channel estimation algorithms for AF
TWRNs under flat-fading conditions and showed that the proposed methods can provide
substantially better tradeoffs between accuracy and spectral efficiency than the conventional
training-based methods. Motivated by our results for flat-fading channels, in this chapter
we consider semi-blind channel estimation for AF TWRNSs in frequency-selective channels.
To avoid the detrimental effects of ISI, we assume that OFDM transmission is employed
(see Chapter 2). Previous works on channel estimation for OFDM-based AF TWRNs have
assumed channel reciprocity [22,34,91,92], which reduces the number of channel parameters
that need to be estimated. In contrast, we will consider nonreciprocal channels as this is
a more realistic assumption due to the sensitivity of OFDM systems to RF front end
imperfections that ruin channel reciprocity [24, 26].

We assume that each terminal transmits a single OFDM pilot block followed by a
number of OFDM data blocks. As done in [22,32,34], we focus on the estimation of the
individual channels, rather than the cascaded channels. Although the cascaded channels
are sufficient for detection, the individual channels are needed in other applications such
as beamforming [93]. Estimating the individual channels also makes it possible to use
the information in the covariance matrix of the received signal as this matrix cannot be

expressed entirely in terms of the cascaded channels. To assist in the estimation of the
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individual channels, we adopt a superimposed training strategy at the relay during the
broadcast of the OFDM pilot blocks, as done in [34,91]. More specifically, the relay super-
imposes its own pilot symbols over the received OFDM pilot block before broadcasting it.
Our proposed semi-blind estimator is based on the Gaussian ML (GML) approach, i.e., we
treat the transmitted data symbols as Gaussian distributed. The resulting semi-blind GML
channel estimator reduces to a nonlinear minimization problem, which we solve numeri-
cally using an iterative quasi-Newton method. In addition, we derive sufficient conditions
for the optimality of the three pilot vectors (the two at the terminals and the one at the
relay) and provide an example of pilot design that satisfies these conditions. Furthermore,
we derive the semi-blind and pilot-based CRBs which serve as benchmarks on estimation
performance. Using simulation results, we show that the proposed semi-blind estimator
closely approaches the semi-blind CRB and provides substantial improvements in accuracy
over the pilot-based approach while using only a limited number of OFDM data blocks.
This improvement in performance also holds when the data symbols are drawn from dis-
crete constellations. The proposed semi-blind method may also be used to estimate the
cascaded channels which can be obtained by linear convolution after estimating the in-
dividual channels. We show in our simulations that estimating the individual channels
semi-blindly first and then acquiring from them estimates of the cascaded channels pro-
vides superior accuracy over pilot-based estimation of the cascaded channels. Finally, we
also show that semi-blind estimation results in improved SER performance compared to
pilot-based estimation.

The rest of this chapter is organized as follows. In Section 7.2 we present the system
model. The proposed semi-blind channel estimation algorithm and the pilot design are
presented in Section 7.3. The semi-blind and pilot-based CRBs are derived in Section 7.4.
Simulation results are presented in Section 7.5. Finally, our conclusions are discussed in
Section 7.6.

7.2 System Model

We consider a half-duplex AF TWRN with two source nodes, 7; and 73, and a single
relaying node R. The network operates in frequency selective channel conditions. To

compensate for the effects of the frequency selective fading, OFDM transmission with N
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K data blocks

F Pilot
rame Tilerdlk

N symbols

Fig. 7.1 Structure of the OFDM frame transmitted by the terminals.

subcarriers® is employed. Each round of data exchange between 7; and 75 consists of two
phases. In the first phase, the two terminals simultaneously transmit an OFDM frame to
R. In the second phase, R broadcasts an amplified version of the received frame to both

terminals.

7.2.1 Transmission at the Terminals

Each OFDM frame transmitted by the terminals is composed of one pilot block and K
data blocks. Furthermore, each OFDM block (pilot or data) consists of N time-domain
symbols and a cyclic prefix (CP) of appropriate length which is inserted to avoid inter-
block interference (see Fig. 7.1). We denote by &, = [t11,...,L1n]" and &5 = [ay, . . ., Lon]”
the N x 1 frequency-domain pilot symbol vectors of 7; and 75 and by 8§y, and So, k =
1,..., K, the N x 1 frequency-domain data symbol vectors of 7; and 75, respectively. The
corresponding time-domain pilot and data symbol vectors are t; = FPt,, t, = FTt,,
sip = F3y, and sq = FHégk, k=1,...,K, where F' is the N x N normalized discrete
Fourier transform (DFT) matrix whose (p, ¢)th entry is 1/v/Ne=#27=Da=D/N - \oreover,
we assume that the average transmission powers of 7; and 75 during pilot transmission
are P, and P, respectively, i.e., ii{il = NP, and i;{ig = NP,. For simplicity, we also
assume that the same average transmission powers are employed by the terminals for data
transmission, i.e., E {sfi s} = NP, and E {sliss,} = NP,

We denote by hy = [hi1,...,hi1,]T the Li-tap baseband channel from 77 to R and by
g, =S (G115, 1 JI]T the Ji-tap baseband channels from 75 to R. The elements of each

"'We note that IV is used in this chapter to denote the number of subcarriers, whereas in the previous
chapters it was used to denote the number of data samples.
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Fig. 7.2 OFDM-based two-way relay network with superimposed training
at the relay.

Phase 11

channel vector are modelled as independent circular complex Gaussian random variables
with mean zero and whose variance follows the exponential power decay profile of [94].
More specifically, the variance of the £th channel tap is 07 = e~ " 1/10 where £ = 1,..., L,
for hy and ¢ = 1,...,J; for g;. We let 0, = >/, 07 and 02, = >°;*, 0. Moreover, we
assume quasi-static channel conditions, such that the channels h; and g, are fixed for the
frame duration, which includes 1 pilot block and K data blocks, but may vary between

consecutive frames.

7.2.2 Processing at the Relay

The received vector at the relay corresponding to the transmitted pilot blocks after CP

removal is given by
T = H1t1 + G1t2 + n, (71)

where H, and G, are N x N circulant matrices with first columns [h], 01 (N Ll)]T and
g7, 01><(N—J1)]T, respectively, and n is the circular complex white Gaussian noise vector
with mean zero and covariance? oIy, denoted as CCN(0,0%Iy). Similarly, the received

vectors corresponding to the K data blocks are

Ty = His1, + G189, + 1, (7.2)

2In denotes the N x N identity matrix.
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Fig. 7.3 Illustration of superimposed training at the relay.

where ny, ..., ng are i.i.d. CCN(0,0%Iy).
The relay amplifies the received pilot block using an amplification factor 4, > 0, and
then, to assist channel estimation at the terminals, superimposes over the amplified vector

A,r a time-domain pilot vector t3 = FHt,. where t3 = (P31, ..., p3n]T is the corresponding

frequency-domain vector [34]. The resulting signal vector is given by
T = Ap’l" + t3 = Aletl + ApG1t2 + Ap’l’b + t3. (73)

The average transmission power of the relay over the long term (i.e., over many OFDM
frames) is set at P,. In other words, E {'FH%} = NP,, where the expectation takes into
account both the channel statistics and the noise statistics. This power is divided between
the amplified signal vector A,r and the superimposed vector t3 as follows: P; = aF, is
allocated to the superimposed pilot and (1 — a) P, is allocated to the amplified term, where
0 < a < 1. Using the statistics of the time-domain channels h; and g,, it can be shown

that the average power of the received signal at the relay is
1
+E {r''r} =0} P+ 0}, P+ 0°. (7.4)

Hence, to allocate (1 — «) P, to the amplified signal, the amplification factor should be set

A, - \/ (1-a)f (75)

2 2 :
o P+ o5 P+ o2

as

The relay also amplifies the received data vectors rj, using the amplification factor

Agq > 0, but without superimposing a pilot. In this case, the relay can maintain an average



106 Semi-blind Channel Estimation for OFDM-modulated AF TWRNs

transmission power of P, when broadcasting the amplified data vectors by setting A, as®

P
Ay = z ) 7.6
d \/U,Qﬂpl + agng + 02 (7.6)

The processing at the relay, including superimposed training, is illustrated in Fig. 7.3.
Before broadcasting the frame that contains the amplified pilot and information-bearing

vectors, the relay inserts a CP into each block in the frame.

7.2.3 Received Vectors at the Terminal

Assuming nonreciprocal channels, the channel from each terminal to the relay is different
from the channel from the relay back to the terminal. Without loss of generality, we focus

on channel estimation at 7;. The baseband channel from R back to 7; is denoted by

hy = [hot, . .., har,]". The elements of hy are modelled in the same way as those of h; and
g, and are assumed fixed for the frame duration. We let 07, = 372, 07. The pilot-bearing

received signal block at 77 after CP removal is given by
Yy = ApH2H1t1 + ApHgGltg + H2t3 -+ ApH2n + w, (77)

where H is the N x N circulant matrix with first column [h3, 01x(x_r,)]7, and the noise
vector w is CCN(0,0%Iy). Similarly, the K data-bearing received signal blocks are given
by

z = AgHoH 81y + AgH G182y, + AgH oy, + wy,, (7.8)

where w1, ..., wg are also CCN (0,021 y), with the difference that they do not contain the
signal component corresponding to superimposed training.

The goal of our work is to accurately estimate the individual channel vectors hi, hs
and g,. We propose to estimate these vectors using a semi-blind approach which provides
enhanced estimation performance by incorporating both the pilot-bearing vector y and the

information-bearing vectors z1, ..., zx into the estimation process.

3We note that the use of different amplification factors during pilot and data transmission is necessary to
satisfy the power constraint at the relay since superimposed training is only used during pilot transmission.
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7.3 Semi-blind Channel Estimation

In this section, we present the proposed semi-blind channel estimation algorithm. For com-
parison purposes, we also consider fully pilot-based estimation and derive the corresponding

pilot-based least-squares (LS) channel estimator.

7.3.1 Proposed Algorithm

The unknown channel parameters to be estimated are collected into the vector 8 £
[hT,h],gT]". The first step towards the development of the semi-blind estimator is the
derivation of the joint likelihood function of the vectors y, z1, ..., zx. This likelihood func-
tion depends on the specific constellation from which the frequency-domain data symbol
vectors So1,..., 8ok are drawn. Unfortunately, taking into account the discrete statistics
of these vectors would result in an intractable likelihood function. Instead, we obtain a
tractable likelihood function by resorting to the Gaussian approximation, i.e., by mod-
elling the data vectors 81, .., 82k as i.i.d. CCN (0, PoIy). Nonetheless, we will show in
Section 7.5 that the impact of this approximation on the performance of the proposed es-
timator is minimal and that the proposed estimator performs well when the data symbol
vectors are drawn from discrete constellations.

Under the Gaussian assumption, the joint likelihood can be expressed in terms of the
first and second order statistics of the vectors y, z1, ..., zx. Let us denote by p and C the

mean and covariance matrix of y, respectively. From (7.7), we see that
o = E {Z} = ApH2H1t1 + ApH2G1t2 + Hgtg, (79)

and
C = A0°H,H} + 0°Iy. (7.10)

Furthermore, let us denote by u, the mean of z; and by @ the corresponding covariance

matrix. From (7.8) we obtain
i :E{Zk} :AngHlslk, (711)

and
Q = AP H,G\GHY + A20*H HY + 0’1 . (7.12)
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Collecting the data-bearing vectors into a single vector 2 = [2T ... 2%]7, the joint
likelihood function of y and 2 is given by*
. 1 e T VO (e
Fy,2,0) = e~ - C (y—p) H e~ (Frmmm) QT (Zh—a) (7.13)

=c|’ NIQI

Hence, the corresponding joint log-likelihood function is

L(y,20)=—(K+1)Nlogm —log|C| — Klog|Q| — (y — p)"C ' (y — p)—

K 7.14
Z(Zk — )" Q7 (2 — ). 4

k=1
Therefore, the semi-blind GML estimates of hy, hy and g, are

~

~ ()
{h, ,h, gl)}—argn}llm log |C| + Klog |Q| + (y — w)"C ' (y — p)+

K (7.15)
> (== )" Q7 (2 — ).

The objective function in (7.15) is nonconvex, and the solution for the minimization
problem may be obtained using standard numerical techniques [75]. In this work, we use the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [75], which is the most popular quasi-
Newton method and is known for its robustness and efficiency. It avoids the computation of
the Hessian matrix and requires no matrix inversion. To initialize the BFGS algorithm, we
will use the channel estimates provided by the pilot-based LS estimator, which we will derive
next. Backtracking linesearch is used to find the step size at each iteration [74]. While the
BFGS method is known to work well in practice, convergence to the global minimum is not
guaranteed since the objective function is nonconvex. In addition, convergence to a local
minimum requires a sophisticated linesearch® to be theoretically guaranteed. Nonetheless,
as we shall see in Section 7.5, BFGS with backtracking linesearch coupled with using the
pilot-based LS estimator for initialization results in performance that is very close to the

semi-blind CRB, which indicates that convergence to the global minimum occurs most of

4|A| denotes the determinant of A.
5To guarantee local convergence for the BFGS method, the linesearch has to satisfy the Wolfe condi-
tions [75]. Nonetheless, conventional backtracking linesearch is often used.
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the time.

7.3.2 Pilot-based Least Squares Estimation

In [34], the LS estimator was derived for pilot-based channel estimation with superimposed
training in the context of reciprocal channels. In that case, hy = hy and g, = g,, i.e., only
two channel vectors need to be estimated. In our work, we consider the case of nonreciprocal
channels where all three channel vectors hq, hy and g, have to be estimated. Due to the
structure of the received pilot signal block (see (7.7)), the conventional LS approach cannot
be applied directly to estimate the individual channel vectors. Instead, similar to what is
done in [34], we adopt a two-step approach whereby we first obtain LS estimates of the
cascaded time-domain channels® a £ hq * hy and b 2 g, * hy and the individual channel
h,, and then extract from them estimates of the individual channels hy; and g,. We let
M, =Ly + Ly — 1 and My = J; + Ly — 1 be the lengths of a and b, respectively. Eq. (7.7)

can be rewritten in terms of the cascaded channels a and b as

Yy = Apsla + ApSQb + Sghg + ApHQ’l’L + w

a

= (4,8, 4,8, 85| |b|+4,Hon +w. (7.16)
——
q

where S5 is the N x M; circulant matrix with first column ¢;, S5 is the N x M, circulant
matrix with first column ¢, and S5 is the N x Ly circulant matrix with first column ¢5.
Assuming that N > M; + M, + L, g may be estimated using the LS approach by’

q='y. (7.17)

The estimates a, b and hs of a, b and h, are obtained from the corresponding entries of q.
To obtain the estimates for the individual channels h; and g,, we note that the cascaded

channels a and b may be expressed as

a = Blhl, b= Ble (718)

6We use x * y to denote the linear convolution between the vectors & and y.
7A' denotes the Moore Penrose pseudo-inverse of A.
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where B is the M, x L; circulant matrix with first column [h] 01><(L1—1)]T and B, is the

M, x J; circulant matrix with first column [h3, 015 (s, _1)]7. We may thus estimate h; and

g, as follows:

A L N\T A~ \T A

hy = (Bl> a, §, = (BQ) b, (7.19)
where B 1 and BQ are formed using the estimate fzg. The LS estimator will be also be used

as a reference to demonstrate the performance enhancement provided by the semi-blind

approach.

7.3.3 Design of the pilot vectors

A convenient criterion for designing the pilot vectors ;, t, and t3 is to choose them such
that they minimize the mean-squared error (MSE) of the LS estimator of g. This criterion
is attractive because the MSE for the estimation of q has a simple closed-form expres-
sion, unlike the MSE for the estimation of the individual channels. The MSE for the LS

estimation of q is given by
E{llg—ql*} = o*(1 + A%op,)tr((Q7Q)7"), (7.20)

where the expectation takes into account both the noise and the channel statistics. The
problem looks similar to pilot design for channel estimation in 3 x 1 MISO systems. How-
ever, the approach used in [95] cannot be directly applied since the two terminals and the
relay have their individual powers. A similar type of minimization was considered in the
context of OFDM-based TWRNs in [22], but it involved the design of only two pilot vectors
since superimposed training was not employed. The following theorem describes sufficient

conditions for the pilot vectors £;, t5 and #; to be optimal.

Theorem 3. For fized P, P, and Ps, the MSE in (7.20) is minimized by any three training
vectors t1, to and ts that satisfy the following conditions:
L |pil*=Pj for j=1,2,3,i=1,...,N.
N
2. 3 prpase??™ MmN — 0 Ymy € {1 — My, ..., M, —1},

=1

N
3. Zﬁ;iﬁ3i€j2ﬂ(iil)m2ﬂv = 0, Vmg S {1 - LQ, ey M1 - 1},
i=1

(2

N
4' Zﬁ;iﬁ&‘eﬂﬂ(iil)mgﬂv = 0, Vmg S {1 — LQ, ceey My — 1}
i=1
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Proof. See Appendix D.2. n

The above theorem can be seen as a generalization of Theorem 3.5 in [22] to the case
of 3 pilot vectors. The following is an example of optimal training vectors, inspired by the

pilot design in [22]:
Bri = v/ Pr, P =/ Pae TN gy = /Py (7:21)

for any values k, 0 that satisfy

/16{MQ,...,N—Ml},(SG{LQ,...,N—Ml}

(7.22)
/i—(SG{Lg...,N—MQ}.

For the existence of integer values £ and 0 that simultaneously satisfy the above con-

straints, the number of subcarriers N should satisfy
N 2 max(Ml + MQ, M1 + LQ), (723)

and

HlaX(LQ, M1 -+ M2 — N) S HliIl(N — MQ, N — M1 — Lg) (724)

We note that pilot-design for OFDM-based AF TWRNS with superimposed training
was also considered in another recent work [96]. However in [96] the pilots are designed
to minimize the Bayesian CRB, which results in different optimality conditions from those
in Theorem 3. In particular, only a single orthogonality condition is required in [96],
S8, = 0, whereas optimality in our case also requires S¥S3 = 0 and S S5 = 0. Hence,
pilots that satisfy the conditions of Theorem 3 (as the ones used in the simulations section)
not only minimize the MSE of the LS estimator but also the Bayesian CRB.

7.4 Cramer-Rao Bounds

In this section, we will derive the CRBs for the estimation of the channel parameters hq,
h, and g, for both the semi-blind and the pilot-based scenarios. The joint log-likelihood

in (7.14) may be decomposed into the sum of two terms

L(y,z;0)=L(y;0) + L(2;0), (7.25)
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where
L(y;0) = —Nlogm —log|C| — (y —pu)"C™'(y — ) (7.26)

is the log-likelihood function for the pilot-bearing received vector and

K

L(%0)=-KNlogr—Klog|Q| > (zx— )" Q" (21 — ) (7.27)

k=1

is the log-likelihood function for the K data-bearing received vectors.

7.4.1 The CRB for Pilot-based Estimation

The Fisher information matrix (FIM) for fully pilot-based estimation is defined as

OL(y;6) 0L(y; 0)
I =E . 7.28
From [35], we know that the (4, j)th element of T, is given by®
8/1,H _1 al,l, _160 _180
Tpli = C'—+tr|(C c— . 7.29
el = 557C 59, Y\ C 56:C 5, (7.29)
Hence, the FIM may be expressed as
r,=A,+%,, (7.30)
where outl ~—1 0 ouH ~—1 0u  Opt ~—10
ot C oy mC T o C agT
optl ~—1 0 opfl ~—1 0 optl ~—1 9
A, = 8‘;6 C 8,% 5’2—36’ 5% 8‘,‘13 C %% , (7.31)
o =1 0p Il ~—1 op  Ipt ~—1 Op
og; onT og; ohy 097 og{
and ac ., 0C
Sli=tr|(CT'—C"'— . 7.32
[ p] J r ( 88: ae]) ( )
Moreover, we have that 3‘9,1—’% = [;’h—’fl,...,%}, 8‘9,1—”; = [aah—‘;,...,agT”LQ and Ei]—’jT =
[af;“ e 65—’3] . Denoting by Y(,,)(x) the N x m circulant matrix with first column , we
11 1J;

8[A];; refers to the (i,7)th element of the matrix A.
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may evaluate the terms ;hT, aah“T and ‘9“ using the following properties [92]:
HyH\t, = HyY,(t)hy = H Y, (t)h,,
HyG1ty = HyX j, (t2)g, = G1 Y1, (t2)hy,
H2t3 = TL2 (tg)hg
Using the above, we obtain
0
h_’;: = AH,Y (L), (7.33)
1
0
h—’;" = AJH Y1, (6) + AyGiY L, () + Yo, (£s), (7.34)
2
and 5
S = A Y, (£2). (7.35)

1

In order to evaluate the terms in (7.32), we can use the expression for C in (7.10) to show

that
oC oC oC

O><7 O><a_
ahlz o a g1 VN 8h2z

where E; is the N x N circulant matrix with first column® e;.
Finally, the pilot-based CRB is given by CRBY” = tr(T';!). In particular,

A?0’E;HY,

Ly L1+4-L2

CRBY =3[0, ", CRBY = > [T,
=1 i=L1+1
and
Li+Lo+J1
CRB,, = Z [T s
i=L1+Lo+1

7.4.2 The CRB for Semi-blind Estimation

The FIM for semi-blind estimation is given by

r,=T,+T,

9The vector e; is the N x 1 basis vector with the ith element 1 and the remaining elements 0.

(7.36)

(7.37)

(7.38)

(7.39)
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where

_[0L(2;0) 0L(%;6)
I‘d]E{ S 3 (7.40)

We can see from (7.27) that I'; may be expressed as

K
T,=>» AP+ K3, (7.41)
k=1
where i) i) i) oy, 0 i)
BLQU QT g
k d ~19 0 19 d ~19
AP = 8‘;'; Q' 5hk ;,;’; Q' o ;,‘:; Q! “k , (7.42)
Guk Q 12;:«? ay,k Q 12;:22 6ka Q 1a;l.k
and 90 Q
(Zaij=tr [ Q" *Q‘ : (7.43)
00; 9,
Moreover, since p;, = AyHoH 81, we have that
Oy Opy
=A,H>Y (s — = AdH Y1, (s11), 7.44
8hT dH Y, (811), onT dH 1Y, (s1k) (7.44)
and 5
(s
2 = Opun- 7.45
ogi " (745)
To evaluate the terms in (7.43), we can use the expression for Q in (7.12) to obtain
0 0
oy, 29— 2pEGGTHY + 2B HY, (7.46)
ahlz ath
and 5
aQ- = A°P,H,E,GIHY. (7.47)
g1i
Finally, the semi-blind CRB is given by C’RBf,S) = tr(T;'). In particular,
Ly L1412
CRBy) =Y [, Y, CRBY) = Y [T, (7.48)

i=1 i=L1+1
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and
Li+La+J1
CRBY = Y [, (7.49)
i=L1+Lo+1

7.4.3 Power Allocation at the Relay

The factor a determines the fraction of the average power, P,, that the relay allocates to
the superimposed pilot. Given that P, is fixed, the more power the relay allocates to the
superimposed pilot the less it allocates to the pilots transmitted by the terminals. Both
the superimposed pilot and the pilots transmitted by the terminals are essential for the
estimation process, and it is desired to choose a value of o that optimizes estimation per-
formance. Since the pilot-based estimator is used to initialize the semi-blind estimator, «
should be chosen so that both estimators perform well. One way to choose « is to find
the value that minimizes the average CRB over the channel distribution. Unfortunately,
determining this value analytically is a very challenging task due to the complicated ex-
pressions of the CRBs. In Section 7.5, we plot the CRBs for both estimators versus « at
several SNR values (averaged over many channel realizations). It turns out that it is not
critical to choose the optimal value of o, as the optimal value lies within a flat region of the
CRBs for both estimators. In other words, no fine-tuning with respect to « is required and
it is sufficient to choose a by inspection. Moreover, there is no need to change the value a
according to SNR.

7.5 Simulation Results

In this section, we investigate through simulations the performance of the proposed semi-
blind algorithm and compare it to that of the pilot-based LS estimator. Our results are
obtained using P, = P, = %Pr. We assume that hy and h, have 5 taps each, while g, has
4 taps. We average our results over a set of 300 independent realizations of hy, hy and
g,- The taps of each channel vector are modelled as independent and zero mean complex
Gaussian random variables whose variances follow the exponential power decay profile.

The variance of the (-th channel tap is 07 = e~ (¢~1/10

and the vectors hy, he and g, are
assumed independent of each other. The number of subcarriers is set at N = 64. Unless
mentioned otherwise, the number of data symbol blocks is K = 10, and the vectors sy,

Sor, k = 1,..., K are modelled as i.i.d. CCN (0, P,Iy). Furthermore, the pilot vectors



116 Semi-blind Channel Estimation for OFDM-modulated AF TWRNs

t1, t, and t; are chosen according to the example provided in Section 7.3.3, with x = 20
and 0 = 40. As we mentioned earlier, the BFGS algorithm is employed to solve the
minimization problem in (7.15), in conjunction with backtracking linesearch [74] that is
used to find the appropriate step size at each iteration. We initialize the BFGS algorithm
using the channel estimates provided by the pilot-based LS estimator and we assume that
the BFGS algorithm has converged when | VL (y, 2; 07)||> < 1074, where 8™ is the value
of estimate of @ at the nth iteration. The inverse-Hessian approximation is initialized using
matrix I where (3 is set at 0.005.

In Fig. 7.4, we plot the semi-blind and pilot-based CRBs versus the parameter « for
several SNR values (6 dB, 15 dB, 24 dB). As we can see from Fig. 7.4, for both estimators
the CRB curve is relatively flat for a wide range of « (approximately 0.25 < o < 0.6 for the
pilot-based estimator and 0.4 < a < 0.7 for the semi-blind estimator) which includes the
optimal value. Since the pilot-based estimator is used to initialize the semi-blind estimator,
a should be chosen to lie within the intersection of the flat regions of the pilot-based and
semi-blind estimators. However, it is not necessary to choose exactly the optimal value of
a as it is sufficient to choose a value within this region by inspection. In our subsequent
simulations, we use the value a = 0.55, which lies within the flat-region for both estimators.

In Fig. 7.5, we plot the MSE performance of the semi-blind algorithm and the pilot-
based LS estimator versus SNR along with the corresponding semi-blind and pilot-based
CRBs. The MSE performance of the semi-blind estimator is shown for the case where
the symbol vectors 81, 8o, k = 1,..., K are CCN(0, PoIy) as well as the case where
they are generated using QPSK modulation. As we can see in Fig. 7.5, the performance
of the semi-blind estimator is almost the same for the two cases, which illustrates the
minimal impact of the proposed Gaussian approximation. In both cases, the semi-blind
estimator provides a substantial improvement in accuracy over the pilot-based estimator.
In particular, the semi-blind estimator is approximately 3 times more accurate than the
pilot-based estimator at low SNR and twice as accurate at medium SNR. Furthermore, the
MSE of the semi-blind algorithm closely approaches the semi-blind CRB as SNR increases.
In fact, it almost overlaps with the CRB in the medium-to-high SNR range. At very high
SNR, the performance of the semi-blind estimator overlaps with that of the pilot-based
estimator, which shows that the pilot-based estimator provides highly accurate estimates
in this case and incorporating the data samples no longer provides any substantial gain in

accuracy.
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In Fig. 7.6, we show the average number of iterations needed for the BFGS algorithm
to converge at different SNR values for Gaussian-distributed data symbols. The average
number of iterations ranges from 32 to 44.5, which shows that the performance enhancement
of the semi-blind approach comes at a moderate computational load.

We next consider the effect of the number of data blocks on the performance of the
semi-blind estimator. In Fig. 7.7, we plot the MSE performance of the semi-blind algorithm
versus the number of OFDM data blocks K, along with the semi-blind CRB for Gaussian
data. The SNR is set at 20dB. As expected the accuracy of the semi-blind estimator
improves as K increases, which shows that the longer the coherence time of the channel
the more attractive the semi-blind approach becomes.

In the above simulation results, we investigated the performance of semi-blind estima-
tion for the individual channels hy, hy and g;. We now investigate whether the proposed
algorithm is also superior to pilot-based estimation when it is only desirable to estimate the
cascaded channels a, b. To answer this question, we apply the semi-blind estimator using
the same settings as in Fig. 7.5 (QPSK data), and then obtain the estimates for a and b
from the estimates of hj, ho and g, using linear convolution. For comparison purposes,
we use the LS algorithm to estimate the cascaded channels directly, without employing su-
perimposed training at the relay, while allocating the same training power at the terminals
and the relay as we did in the semi-blind scenario. The resulting MSE performances for the
two algorithms are plotted versus SNR in Fig. 7.8. As we can see, at low-to-medium SNR
the semi-blind approach provides substantial accuracy gains over the LS estimator for the

estimation of cascaded channels.

7.6 Conclusions

In this chapter, we proposed a semi-blind channel estimator for OFDM-based AF TWRNs
based on the Gaussian ML approach. To assist in the estimation of the individual chan-
nels, we employed superimposed training at the relay. The resulting GML estimates were
obtained numerically using the BFGS algorithm. We also derived conditions for the opti-
mality of the training pilots and provided examples of optimal pilot vectors. As performance
benchmarks, we derived the the CRBs for semi-blind and pilot-based estimation. We then
used simulation studies to compare the proposed estimator to the conventional pilot-based

estimator and showed that the proposed estimator provides a substantial improvement in
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accuracy. The MSE performance of the semi-blind algorithm also closely approaches the
derived semi-blind CRB. These performance gains are achieved at a reasonable compu-
tational cost, which clearly establishes the merit and practicality of semi-blind channel
estimation for OFDM-based AF TWRNSs.

10

— — — Pilot-based CRB
Semi-blind CRB

CRB

Fig. 7.4 Semi-blind and pilot-based CRBs versus « for SNR = 6, 15, 24dB.



7.6 Conclusions

119

Fig. 7.5 MSE performance of the semi-blind and pilot-based (LS) estimators
along with the corresponding semi-blind and pilot-based CRBs plotted versus
SNR for the cases of Gaussian-distibuted and QPSK-distributed data symbols.

Fig. 7.6 The average number of iterations until convergence of the BFGS
algorithm at different SNR values assuming Gaussian-distributed data sym-
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Fig. 7.7 MSE performance of the semi-blind and pilot-based estimators
along with the corresponding semi-blind and pilot-based CRBs plotted ver-
sus K for SNR= 20dB.
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Fig. 7.8 MSE performance of the semi-blind algorithm and the pilot-based
(LS) algorithm for the estimation of the cascaded channels plotted versus SNR
for QPSK data symbols.
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Chapter 8

Conclusions and Future Work

8.1 Summary and Conclusions

In this thesis, we considered the problem of channel estimation in AF TWRNs where
accurate channel state information is essential to avoid performance degradation. The
conventional approach to this problem has been a training-based one that completely relies
on the transmission of known pilots by the terminals, and thus diminishes the spectral
efficiency of TWRNs. In contrast, our work focused on blind and semi-blind approaches to
estimation. Blind estimation relies only on the data samples, while semi-blind estimation
is a hybrid approach that exploits both pilots and data samples. Based on these two
approaches, we developed new channel estimation algorithms for AF TWRNs in both
flat-fading and frequency-selective channel conditions, with the goal of achieving superior
tradeoffs between accuracy and spectral efficiency than the conventional training-based
approach.

In Chapter 3, we focused on the problem of blind channel estimation for AF TWRNs
employing constant modulus signalling. Assuming nonreciprocal flat-fading channels, we
proposed an algorithm for blind channel estimation based on the DML approach, which
treats the data symbols as deterministic unknowns. We showed that, for M-PSK mod-
ulation, the proposed estimator is consistent and approaches the true channel with high
probability at high SNR for modulation orders higher than 2. An alternative algorithm was
proposed for the case of BPSK modulation where the DML algorithm performed poorly. For
comparative purposes, we investigated the GML approach which treats the data symbols as

Gaussian-distributed nuisance parameters. We also derived the corresponding CRB. Using
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simulations, we showed that the DML estimator performs better than the GML estimator
at medium-to-high SNR and approaches the derived CRB at high SNR, unlike the GML
estimator which encounters an error-floor. We also used SER simulations to show that the
DML estimator provides superior tradeoffs between accuracy and spectral efficiency than
the pilot-based LS estimator.

In Chapter 4, we turned our attention to reciprocal channels. In this case, the DML
approach was shown to result in an inconsistent estimator. As an alternative, we proposed
the MSEV estimator which minimized the sample variance of the envelope of the received
signal after self-interference cancellation. This estimator is consistent and approaches the
true channel with high probability at high SNR. The corresponding CRB for the case of
reciprocal channels was also derived. Simulations were used to show that the MSEV esti-
mator outperforms the DML estimator and can be accurately implemented using steepest
descent at a computational complexity that is linear in the number of data samples.

Still within the context of flat-fading channels, we then considered semi-blind channel
estimation which uses both pilots and data samples to estimate the channel parameters. In
Chapter 5, we derived the exact CRB for semi-blind estimation of nonreciprocal channels
in AF TWRNs employing square QAM. Unlike the bounds in the previous chapters which
treated the data symbols as deterministic unknowns, this bound was based on the true
likelihood function that takes into account the statistics of the data symbols. Using the
derived bound, we showed that incorporation into the estimation process of even a limited
number of data samples leads to substantial accuracy gains over the pilot-based approach
and significantly reduces the number of required pilot symbols. These improvements hold
for all modulation orders and are highest at low modulation orders. The MCRB was also
derived as a more tractable alternative for the exact CRB.

In Chapter 6, we showed that the performance gains of semi-blind estimation promised
by the CRB analysis in Chapter 5 were indeed achievable and with an affordable compu-
tational cost. To avoid the high complexity of direct ML estimation based on the true
likelihood function, semi-blind estimation was implemented using the iterative EM ap-
proach. EM-based algorithms were derived for both nonreciprocal and reciprocal channels.
For both cases, the complexity of the EM steps was linear in the number of data samples
for a fixed modulation order. Moreover, the proposed algorithms performed very closely
to the exact CRBs and required only a small number of iterations to converge. Using

SER simulations, we showed the EM algorithm provides a significant improvement in data
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throughput compared to the LS estimator due to its reduced pilot requirements.

Finally, in Chapter 7 we considered semi-blind channel estimation for OFDM-based
TWRNs operating in frequency selective channel conditions. Unlike previous works, we
assumed that the channels were nonreciprocal as this is more realistic for OFDM systems
in frequency selective environments. To assist in the estimation of the individual channels,
we adopted a superimposed training strategy at the relay whereby the relay superimposed
its own pilot symbols over the received pilot-bearing OFDM block before broadcasting it.
Our proposed semi-blind estimator was based on the Gaussian ML approach which assumes
that the data symbols were Gaussian-distributed, and the resulting estimates were obtained
numerically using the BFGS algorithm. The pilot vectors of the two terminals and the relay
were designed to optimize estimation performance, and the corresponding semi-blind and
pilot-based CRBs were derived. Using simulations, we showed that the proposed semi-blind
estimator closely approaches the semi-blind CRB and provides substantial improvements in
accuracy over the pilot-based approach while using only a limited number of OFDM data
blocks. These improvements also hold when the data is drawn from discrete constellations
such as QPSK.

In summary, in this thesis we investigated the application of blind and semi-blind ap-
proaches to channel estimation in AF TWRNs. We developed blind and semi-blind methods
that achieve significantly better tradeoffs between accuracy and spectral efficiency than the
conventional training based approach for both flat-fading and frequency selective channel
conditions. These gains were achieved at an affordable computational cost and with a
limited number of data symbols. We thus demonstrated that the (semi)-blind channel es-
timation approaches are viable and practical alternatives to the training-based approach.
In particular, they are convenient solutions for applications that require high estimation

accuracy and/or highly efficient spectrum utilization.

8.2 Directions for Future Work

The results presented in our work showed that the application of blind and semi-blind
estimation techniques in AF TWRNS is very promising and that significant improvements in
performance are feasible. This motivates us to extend the application of these techniques in
several directions within the context of AF TWRNs. Semi-blind estimation, in particular,

lends itself easily to wide application because of its flexibility and because no separate
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ambiguity resolution is needed.

Like most works on channel estimation for TWRNS, our work has focused on the sin-
gle relay scenario. Channel estimation for TWRNs with multiple relays remains an open
research problem. The use of multiple relays makes it possible to apply beamforming strate-
gies to enhance the quality of the received signal [97]. These strategies require highly accu-
rate channel information, and semi-blind estimation techniques can be employed in order to
achieve the desired estimation accuracy with minimal training costs. In AF TWRNs with
multiple relays, both the effective self-interference channel and the effective information-
bearing channel are sums of channel components corresponding to the different relaying
paths. One way to make the estimation of the channels corresponding to each relaying
path feasible is to allocate a separate training phase for each relay during which the other
relays are silent. Once initial estimates have been acquired for all the channels, all the re-
lays can again be used simultaneously. Semi-blind estimation can be employed to improve
the accuracy of the initial estimates and to reduce the training costs of the first phase. In
fact, the EM approach that we adopted in Chapter 6 may be a convenient way of applying
semi-blind estimation in this scenario at a low computational cost while also taking into
account the statistics of the data symbols.

Another important problem where efficient estimation algorithms are needed is channel
estimation for MIMO AF TWRNs. In MIMO AF TWRNSs, both the terminals and the relay
are equipped with multiple antennas and channel estimation is more challenging due to the
large number of channel parameters involved. In this case, a significant training overhead
may be needed if the conventional pilot-based methods are employed. Semi-blind channel
estimation based on the Gaussian ML approach which we applied in OFDM-based AF
TWRNs in Chapter 7 may also be a convenient way of improving the estimation accuracy
and reducing the training overhead for MIMO AF TWRNs. As we did in Chapter 7, we
can use superimposed training to assist in the estimation of the individual channels. The
number of pilot vectors should be chosen to guarantee the identifiability of the channel
parameters. Moreover, an appropriate low-complexity iterative method will be needed to
obtain the ML channel estimates.

Finally, another problem of interest is joint CFO and channel estimation for AF TWRNs
in frequency selective environments. The CFO results from the frequency mismatch be-
tween the oscillators at different nodes in the network. Accurate estimation of the CFO

is necessary to perform frequency synchronization and to avoid a severe degradation in
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the system performance. Several methods for joint CFO and channel estimation in AF
TWRNs have been proposed [32-34], but they all follow the training-based approach. In
fact, the system model in Chapter 7 can be easily extended to account for the presence of
CFO. Given the superior channel estimation performance of the semi-blind Gaussian ML
approach, it is a promising candidate for the joint estimation of both the CFO and the

channel parameters.
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Appendix A

Derivations of Select Proofs and
Results from Chapter 3

A.1 Derivation of Eq. (3.22)

In this appendix, we derive the closed-form expression for the variance V(v) of |y(v)|. We
recall that
y(v) = Avy/ P + Ab\/ Py’ + Ahgn + 1. (A.1)

The variance of |y(v)| is V(v) = E{|y(v)|*} — E{]y(v)|}?. Tt can be easily shown that
E{ly(v)|*} = A%|v]* Py + A]b]* P, + C. (A.2)

To evaluate E {|y(v)|}, we first obtain the conditional expectation E {|y(v)| | ¢1,¢p2}. We
can see from (A.1) that R{y(v)} and S{y(v)} conditioned on ¢; and ¢, are Gaussian-

distributed with conditional means
E{R(y(v)) | ¢1, p2} = Alv|\/ Prcos(¢, + ¢1) + A[b|\/ Pacos(gp + ¢2),

E{S(y(v)) | ¢1, 2} = Alv[v/ Prsin(¢, + ¢1) + Alblv/ Py sin(¢y + é2)
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and a conditional variance of C'/2. Hence, when conditioned on ¢; and ¢, |y(v)| is a

noncentral Chi random variable whose mean is [98]

wC

E{y()] | 61,62} =) - Lua (- (w3 61, 62)),

where

Aw; 61, 62)2 & (EIR((0)l0n, 62 HELS ()61, 62))
2 (A.3)

A
- <|U\2P1+yb\2pz+2\u\ Ib|\/P. P COS(¢U—¢b+¢1—¢2)>,

Ly (7) = /2 [(1 — 2)Io(x/2) + xI;(x/2)] is the Laguerre polynomial with parameter 1/2,
and I (-) is the Modified Bessel Function of the First Kind of order ¢ [80]. The last equation
shows that A(v; @1, ¢2) depends on the difference (¢1 — ¢o) mod 27, i.e., Nv; oy, do) =
A(v; o1 — ¢2). The difference, (¢1 — ¢o) takes the values ¢p = %, k=0,...,M — 1 with
equal probability. Letting A\n(v) £ A(v;¢1 — ¢ = @x), the unconditional mean E {|y(v)|}

is given by

E{)} = Y\ 1 L (-M(0)). (A4

which completes the proof of (3.22).

A.2 Proof of Lemma 1

In this appendix, we show that V(v) has a unique global minimum at v = 0. Let v £
L (@22Py), ¢ 2\ [L (A2p2P,), and et

D)2+ - 4]7\}2 (MZ_ILW (— [+ 4 20C cos By ()] ) )2 (A.5)



A.2 Proof of Lemma 1 129

It is sufficient to prove that D(v) has a unique global minimum at v = 0. It is straightfor-

ward to verify that L, ,(—x) is a strictly concave function. Therefore,

M-1

% Z L1/2( — [v* + %+ 2vC cos O (v)] ) <L, (—% z_: [1? + ¢+ 21C cos(@k(v))})

k=0 =0
=L (= [+ 7).
(A.6)
M—1
where we have used the fact that Y. cos(¢, — ¢, + 2Z) = 0. Hence,
k=0
D) >+ =2 (La (- [P+ ¢))° (A7)

4

For ¢ # 0, the equality holds if and only if v = 0. Let F(v) £ 1v?+(2—= (L, (— [v* + ¢*)))*.

It is sufficient to show that F'(v) has a unique global minimum at v = 0. We have

d%F(V) = 2w —wrLy, (= [V + C]) 2077 + ), (A.8)

where Z(z) £ 1e7/? (Io(z/2) + I;(z/2)). Since LF(v) = 0 for v = 0, it is sufficient to
show that d};(”) > 0 for v > 0, i.e., that ZL,,, (—[* + *]) Z(v* + ¢*) < 1 for v > 0. Let

v

p =2+ (% and let

S(p) = Ly (=p) Z(p)

1< lwon(g)ren (] [6(3) +1 (3]

we have to show that S(p) < 1 for p > 0. We will do this by showing that dipS(p) > 0 for
p >0 and that lim S(p) = 1. We have

p—00

R O O IO Y

N[N

(A.9)

(g 2 ply (’2—’)2 — 21, (’2—’) I (g) Hence d%S(p) = BLpe_pU(p). Moreover,
dipU(p) = %]0 (2) I (2) > 0. Thus, U(p) is strictly increasing for p > 0. Since U(0) = 0,
we have that U(p) > 0 for p > 0, which implies that d%S(p) > 0 for p > 0.
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It remains to show that lim S(p) = 1. For large arguments, I.(-) has the following

pP—00
asymptotic expansion [80]

where ¢ = 4¢%. We rewrite S(p) as

S(,O):%e’f’ [(Hp)[o (§>2+(1+2p)10 (g)fl (g) ol (gﬂ (A.12)

Using the expansion in (A.11), we obtain

im ~eP (£>2: im LeP <B>2:1
Jm g4 (5) = mge?ohi(5) = (A.13)
and .
im ~ep (E) <B> -
plgrolo 1€ (1+2p)Iy 5 L 5 5 (A.14)

Therefore, lim S(p) = 1, which completes the proof.

p—00

A.3 Proof of Lemma 2

In this appendix, we prove that Vy(v) converges uniformly in probability to V(v) when
a, b and v belong to compact sets. Suppose that v € C. By definition, Vy(v) converges
uniformly in probability to V(v) when sup,e. |V (v) — V(v)| converges in probability to
zero as N — oo. Since y;(v) = Z;(a —v) = z; — A(a — v)sy;, Vv(v) is a function of the
parameter v, the observations z and known data symbols t;. According to Lemma 2.9
in [28, Ch. 36|, a sufficient condition for uniform convergence in probability when C is
compact is the existence of a function Fy(z,s;) with bounded expectation E{Fy(z, s1)}
such that for all vy, vy € C, |VN(U1) - VN(v2)| < Fn(z, 31)‘111 — UQ‘.
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Using the triangular inequality, we obtain

[Viv(v1) = Viv (v2)] =N Z <|Z/z v1) Z|yk 01 ) - (!w(w)!—%Z\yk@z)\)
2

N N
1
S - ( o0l = lui(e2) | = 5 D lowton)| + > rysz)r‘
=1 k=1 k=1
1 & 1 &
X yi(vn)] + [yi(v2)| — N Z |y (v1)] — N Z |yk(U2)’| )
k=1 k=1
(A.15)
Fori=1,..., N, let
1 & 1 &
I
Ti(v1,02) = |yz‘(vl)|—’yz‘(W)\—N;\yk(vl)HN;M(Uzﬂ (A.16)
and
Ai(v1,v2) 2 [[yi (v1)]+[yi (o) Z|yk v1) Z!yk v9)] (A.17)
Using the triangular inequality again, we get
Ti(vr,v2) < [yi(v1) — wiv2)| + = Z |y (v1) — yi(v2)] (A18)
= 2AP1|’01 — U2|,
and
1 & 1 &
Ai(v1,v2) < fyi(vi)] + |yilve)| + NZL%(MN + NZ|yk(U2)|- (A.19)
k=1 k=1
Noting that |y;(v)| < |z| + Ala| Py + APy|v|, we further obtain
9 N
Ai(vr,va) < 20| + D |zl + 4AP|a| + 2AP(Jor| + |va]). (A.20)
k=1

Since the set C is compact, there exists & > 0 such that |v| < U, Vv € C. Hence, we obtain
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the following upper bound on A;(vy, v7):

N
2
Ai(vy,v9) < 2|7 +NZ|zk| + 24P |a| 4+ 4AU. (A.21)

k=1

Combining (A.18) and (A.21), we obtain

8AP
‘VN<U1) - VN(UZ)‘ < N -

N
ANP1U + ANP1|&| + Z |Z,L’] |’l]1 — V2. <A22)

=1

Noting that z; = y;(a), we have from (A.4) that

¢

E{jal) < /5

1
L1/2 (_5 (A|CL|P1 + A|b|Pg)2> . <A23)

Since both a and b belong to compact sets, there exists M; > 0 and My > 0 such that
la| < My and |b] < Ms. Hence,

wC 1
Letting, G = %Lm (—% (AM, P, + AMQPQ)Q), we obtain
8AP, al
IEJ{ ¥ _11 [ANPlu +ANPila| + ) ]zi|] } < 16A%(U 4+ M) + 16AG, (A.25)

i=1

which completes the proof.

A.4 Proof of Lemma 3

In this appendix, we prove Lemma 3. It is obvious from (3.24) that X (v) > 0 with equality
if and only if the terms |Avsy; + Abso;|, i = 1,..., N are all equal. Because of the constant
modulus nature of the data symbols, this occurs at v = 0 for any M, which means that

there is always a global minimum at v = 0 (i.e., at v = a). To see whether we also have
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X (v) = 0 for some v # 0, we rewrite |Avsy; + Absy;| as

‘AUSM -+ Ab82¢| = ‘A’U|\/ Plejd’”er’li + A’b‘, /P2€J¢b+¢2i
= |AJv|+ / P e®vdvtori—dai 4 A’b‘\/ﬁﬂ

(A.26)

Let x; = cos(dy — ¢p + ¢15 — ¢o;), @ = 1,...,N. It is clear from (A.26) that X (v) is zero
whenever the terms y;, ¢« = 1,..., N are all equal. We denote by £ the event that the
terms y;, ¢ = 1,..., N are equal. Let ¢; & ¢1; — ¢o;, then the values 1;, i = 1,..., N are
i.i.d. realizations of the discrete uniform random variable ¥ which takes values from the
set Sy = {Q‘ﬁ, (=0,...,M — 1}. We will now show that the event £ occurs if and only if
the values v¢;, i =1,..., N are chosen from the same size 2 subset of Sy. Suppose that 1,
is fixed, and that we are choosing the remaining phases such that cos(¢; +1) = cos(¢; +99)
for i = 2,...,N. If ¢, is different from ¢; for some index r, then cos(v, + ¢, — @) =
cos(Y1 + ¢, — ¢p) can only be satisfied if 2(¢, — @) = (—11 —1,). For the remaining phases
with indices i = 2,..., N, i # &, the equality cos(¢; + ¢, — ¢p) = cos(¢1 + ¢, — ) holds
only if ¢; = 1y or ¢; = 1),. Therefore, the terms x;, ¢ = 1,..., N are equal if and only
if the phases ¢;, i = 1,..., N take at most two distinct values, i.e, the probability that £

occurs is N1
M\ 2N 2 -
where (A; ) is the number of distinet subsets of size 2 that can be chosen from a set of size

M. Suppose that £ occurs and that 1)y is the sum of the two distinct phase values, then
X (v) = 0 for all the values of v that satisfy 2(¢, — ¢») = —1)y, which means that there are
infinitely many global minimizers of X (v). Hence, the probability that X (v) has a unique

minimum at v = 0is Punv =1 — (%)N_l (M —1).
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Appendix B

Derivations of Select Proofs and
Results from Chapter 4

B.1 Proof of Lemma 4

We have

Let Q(z) £ Z (Ly» (—m))2 — x, it is sufficient to show that Q(z) > 0 for x > 0. We know

from Appendix A.2 that Q(x) is strictly decreasing for = > 0. Using this fact, we will

establish that Q(x) > 0 for « > 0 by showing that lim Q(z) = . We can expand Q(z) as
T—00

T

Qz) = “e (1 +2)*, (f)Z +20(1+ )l (5) L (5) + 21 (f)Q — 2. (B.2)
4 2 2 2 2
Using the expansion in (A.11), we obtain the following approximations for large x
bt
S B.3
+ 8’ ( )
(B.4)

s 2
Ze_me.fl (—) ~ Z — g (B5)
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Substituting these approximations into (B.2), we have lim Q(x) = %, which completes the
T—r00

proof.

B.2 Steepest Descent Implementation

In this appendix, we provide the details of the steepest descent implementation for the
objective functions of the DML estimator in (4.2) and MSEV estimator in (4.3). Let

N 2
A k=1
o?(A?|uf + 1)

+ Nlog (A*|u| + 1) (B.6)

and
N

D(u) £ ) (\zl Auty| — NZ]zk —Autlk\> (B.7)

=1
be the DML and MSEV objective functions, respectively. The steepest descent algorithm
follows the direction of the negative gradient. Thus, for the DML estimator, the update
equation is

&(kJrl)

a® — uPMvBa®), (B.8)
where p*) is the step size and VB(u) is the gradient of B(u), given by

0B (u) 0B(u)

VB(u) = Rt +]8S{u}' (B.9)
The partial derivatives SSE )} nd gf{ y are given by
oR{u) 0—2 yu\<A2\u| +1)? |ul(A2[u] + 1) '
and
0B(u) _ 1 [ll(Aful + Vs — A*P@S{}] - 425{u) (B.11)
O3{u} 02 |ul(A?|u +1)? |ul(A?|u] + 1) '
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For the MSEV estimator, the update equation is
a ) = a® — sMyD(a), (B.12)

where 6(F) is the step size and VD(u) is the gradient of D(u), given by

0D (u) 0D(u)

D(u) = . B.13
VD) = Gxtar T 95 ut (B.13)
The partial derivatives gg {(Z% and {( i are given by
D) ( 1 &
:22 |Zi—AUt1i| — —Z|z;€—Aut1k| X
MMl S = (B.14)
- R{A (2 — Auty) } Z R{At}, (2 — Autyy)}
‘ZZ' — Auth N |Zk - AUtlk"
and
D) < ( 1 &
:22 ]zi—Auth-] ——Z\zk—Autlkl X
oO{u} — N & (B.15)

\S{Ath(zZ Auty;)} N 1 i S{AL, (2 — Autyr) }

To determine the convergence of the steepest descent algorithm, we test the difference in the
value of the objective function between consecutive iterations. We assume that convergence
is achieved for when the difference is below 107°. Tt is clear from (B.6)-(B.7), (B.10)-(B.11)
and (B.14)—(B.15) that the number of required operations to implement the steepest descent
algorithm for both estimators is O(N), i.e., it is linear in the number of received samples.
The step sizes u®) and §*) are found using backtrackmg line search [74], describedd in the

following pseudo-code.

Given the descent direction VB(a®)) and some a € (0,0.5), B < (0,1)
(k) .— 1

AR

while B (a® — p®VB@™)) > B(a®) — ap®|VB(a®))|?

1) = B®)

end
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Appendix C

Derivations of Select Proofs and
Results from Chapter 5

C.1 Proof of Eqgs. (5.30) and (5.31)

In this appendix, we prove (5.30) and (5.31). Recalling that u, = R{zx — Aasix}br +

S{zr — Aasyg }by, the second derivative of Fy(uy) with respect to ag is given by

or—1

82F9(Uk)

_ 2 * 712 2 ,—ilb|? ,
e AA’R{s%,b} z; B cosh[2Buy). (C.1)
Thus,
or—1
b2 h[25u]
E{ B} =44 R{s7,0)2 Y pre 1 E{COS . C.2
(B} —aamisiao 3 o o) (€2)
Using the PDF for wy in (5.23), we obtain:
cosh[2f;uy] } 2 r _ 2
ES————— 3 =———— [cosh|2[;tle cli*dt. C.3
{ Fy(ur) VT MC|b|? [263) (C3)

Moreover, for a > 0, it can be verified that

/ et =2t — \/Eeéj. (C.4)
—o a
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Hence,

cosh2Ban] | __2_ e
E{ Fo(ur) }‘m o

and
2p—1

E{B"} - f%{ st} 3 ot (C6)

Using very similar steps, we can also show that

2P 1
an | _
C.2 Proof of Eq. (5.37)
In this appendix, we show that E {%} = 0. We have
op ZE{ B >}+§:E{H;2—W“2>}. (C.8)
aCLRa(Z[ Pt k
We can prove that E{%} = 0 by showing that E{Blilz)} - _E {nglz)} and
E {G,im)} —-E {W(m } We have
82F9 Uu " N 2 L
—3(13((%? = 4A2§R{slkb}%{slkb} ZZ:; ,Bige vilbl? cosh|25;u] (C.9)
and
0 Fy(vr) . L,
—&LR&LI = —4A2%{51kb}%{slkb};ﬁfe il cosh[26;vy]. (C.10)
Hence,

op—1

. h[25;
E {B,S”} 4 AR 5T DY {57, D) Zl Be PR {%} , (C.11)
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and
2r—1
2 h|2 %
B{H{?} = - LRGNt T e { RO (€.12)
i=1

Since u; and v, are i.i.d., it is clear that E {B,(;m} = -E {H,glz)}. It can be shown in a
similar manner that E {GSQ)} =-E {W,EIQ)}.

C.3 Proof of Eq. (5.43)

In this appendix, we prove (5.43). The second derivative of Fy(uy) with respect to bg is

given by
azgzé%uk) T ATy 4T (C.13)
where
or—1
Ty 237 (49263 — 29)e 1 cosh[26;(brae + bry)]
z‘:12p71
Ty 2 — " 8Bbrre ™ sinh[26,(brzs + brys) (C14)
Ty 2 " 4plaie " cosh(28;(bray, + bryw)].
=1

We next find E{ - }, E{ L }, and E{ L } Using (C.3), we obtain

Fy(ug) Fo(ug) Fo(ug)

op—1

B{ i | - &;@ﬁbi—m (C.15)

We next consider E {FLQ;J} We have

o(u

or—1

T 2 xg sinh[25;(brxy + bry)]
Eq—2—t=— 8Gmb W'E{ C.16
{Fe(uk) } i—1 e Fy(brwr + bryx) (G10)
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Using the PDF fxy(z,y) in (5.21), we obtain

xp sinh[26;(brxy + brys)] 4 7 _ i
B - h|25;(b bry)| Fp(brx — b ded
{ Fy(brzk + bry) o] [P [28i(brx + bry)| Fo(brr — bry)e” < dxdy

or—1
x2+y2

= 1 ZeW|b|2//x(625i(bﬂx+b1y) _ 6*25z‘(bRx+b1y)) (6252(5196*61%?4) _i_e*?ﬁe(blw*bRy))e* o dxdy
—1 7

TaMC

] op—1 () 00
2 2
= 67Z|b|2[/x€%+(ZﬁibR+262bI)zdx/eyc‘+(2ﬁib12/82bR)ydy
TMC Z
=1 —00 —o0
oo oo
+ /me—g+(25ibR—2ﬂebI)xd$/e—gg-%(?ﬁibri-?ﬁeb}z)ydy
— oo —o0o
o0 [o.¢]
_ /xe—zg—(%ibR—Qﬁsz)xdx/e—lg—(%ibﬁ-?ﬁeb}%)ydy
oo —00
[o¢] [o¢]
_ /xe_zc?_(QﬁibR‘f'Qﬁbe)xdx/e_yc?_(QBibI_Q/Ble)ydy]‘
— oo —00

(C.17)

In the above expression, the single integrals in x can be evaluated using the following result

which holds for o > 0 [80]:

2 2
/ peot?=tg — _ T 505 (C.18)
a

—00

while the single integrals in y can be evaluated using (C.4). After evaluating all the single

integrals in (C.17), we finally obtain

wsinh[26;(brz +bry)] | 4C 1
. { Fy(brz + bry) St e o

Therefore

T 16 %<
E 2 } - 22 C.20
{F@(lﬂg) /—M ZZI /71 R ( )
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We next consider E { G( } We have
- 2 cosh[265 (brax + brys)
E 482 PR {x’“cos \ORTK T O1Yk } C.21
{Fe (ug) } Z b Fy(brzy + bryk) ( )

To evaluate (C.21), we can follow the same approach that we used in (C.17). However,

instead of using (C.18), we would use the following result, which holds for o > 0 [80]:

7 e T g2 1 |7 s
/ t2€ t 2§tdt — 5526 + 5 56 o, (C22)

After some calculations (the details are skipped for brevity) we obtain

2P1

E {xi Co;zlgf;(fzlezkl;fyk)] } — ilbl? <\/LM + j—%%bé Z wb2> (C.23)
Hence,
T g9p—1 gp—1 o R

RCTIREPMET DR P RL
Adding (C.15), (C.20) and (C.24), we finally obtain
9p—1 9p—1

{8} = 05 S s (C.25)
i=1 (=1

Following very similar steps, it can be shown that E { H ,g33)} =E {B,(:’?))}.
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C.4 Proof of Eq. (5.54)

In this appendix, we prove (5.54). Taking the derivative of Fy(uy) twice with respect to T,

we obtain:
2 2r7! Adgt
O Foluw) _ A B[ — 22T 32162 ) x e P coshl285u)
or? — C
or—1 op—1
Ao 4 Ato Alo?
—l—Z( Bi 4—ﬂ3|b|2) upe ™" sinh[28;u] +4Z e = BRude i cosh[2Buy).
(C.26)
(55) 52 Fp(uy) n[25;
Since B, = —2=—, it is clear from (C.26) that we need to evaluate E{w},
0(ug) o (uk)
E {%M} and E {M} The first term is found in (C.5). For the second
o(ur) Fo(ugk)
term, we have
wy, sinh 28] } /
E tsinh[20;t]e C\b\z dt. C.27
{ F@(uk) \/WMC‘ |2 ( )
The above integral can be evaluated using the result in (C.18), thus obtaining
inh|24; 2 b2
E {Uk sm [ 5 Uk] } _ C’b|2€%|b‘ Bz (C28)
Fouy) VM
For the third term, we have
ui cosh([2B;uy] }
E<{ £ . /tQSth t)e Clledt C.29
{ Folur) WMCW i) (C.29)

We evaluate the above integral using (C.22), obtaining

k
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Using (C.5), (C.28) and (C.30), we finally see that

op—1

24404 4
s {5} =20 (1t + 2P ). (©31)

The above derivation can be replicated by replacing u with vy to show that E { H 255)} =
E{B}.
C.5 Derivation of Egs. (5.65) and (5.66)

In this appendix, we derive closed-form approximations for the integral T in (5.34) in the
high SNR regime for modulation orders M = 4 and M = 16. We have

2
v 8 - (C.32)
V/TMC|b]?
where
vt 2 2
) 732(t) 42 ) Z (6i€7%|b| Slnh(QBZt)> 2
=2 = ——Ze OBPdt = =1 eCli dt
Fg(t) 2r—t
- - e~ ilb1* cosh(23;t)
ot o (C.33)
S (B sinh(25:0)

- 2/ e €T dt.
0 S el cosh(2;t)
=1

)

Since 3; > 0, the following approximation holds at high SNR for t > 0

1
cosh(20;t) = sinh(2f;t) ~ 5626it. (C.34)
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Using (C.34), we can approximate = at high SNR as

op—1 2
00 £ ¢ —t
=2 =1 eCI dt. (C.35)
0 2!

Z %e—%’ [b]2 ezﬁit
=1

The integral in (C.35) depends on the modulation order M, which determines the
number of terms in the numerator and denominator of the integrand. As we shall see
next, the integral can be evaluated in closed-form for M = 4, and it can be accurately
approximated for M = 16. For M = 4, (C.35) becomes

oo

2
= a2 55126*”1""%2/31%?5\%1&. (C.36)
0

Moreover, for a > 0 we have

o0 2 2
/ e—at2+26tdt — %\/Eeix (1 + erf( 5_) ) . (CB?)
0 a @

We thus obtain

—_
— N
—_

BEV/ACTP (1 + erl(v/ubP) ) (C.38)

N —

hence
2A%4d

T~ 0212’ (1—|—erf(\/W)>. (C.39)

We now consider the case M = 16. In this case, (C.35) becomes

e 1P dt

[1]

2
1 —1|b]? 261t 1 —~2|b|? 282t
oo(iﬁle 71"6’31+§BQG 72”652) +2
~2
0

%e*’YI [b]% 0281t + %6*’}’2|b|2 e2Pat

2
A2d2 00 (6_71“)‘2@25175 + 36—’72|b|2€2ﬂ2t> 2

= . 2 > eClbi? dt

c? J, e—Mbl2e261t 4 o—72[bl? o252t

2d2 o —272|b|? ,4Bat 2
_ A dp —’Yl|b|2 2081t —’)/2|b|2 282t 46 I € 022
= e e 4 e e 4 3 3 eClvl* dt.

C? 0 e~ b2 e2B1t 4 o—72b|* 282t

(C.40)
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. _ 2 . _ 2
As t increases, the term e 721" e2%2t dominates the term e "*"e2%1t and we may use the

approximation

to obtain

Hence,

467272‘b‘26452t

~ —72[b]? 282t
pe ey v R (C.41)

A2
02
A2

p\/m (1() + erf(\/W) + Qerf(\/W)>

Yoz

[1]

~
~

/OO (6*71|b|2€251t + 967’72|b|2€252t> ethjzdt
0 (C.42)

T ~ A4d§
2

<1O+erf(\/fyl\b|2) +96rf(\/72|b|2)) : (C.43)
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Appendix D

Derivations of Select Proofs and
Results from Chapter 7

D.1 BFGS Method

The BFGS method for optimization belongs to the class of quasi-Newton optimization

methods [75]. The classical Newton method [74] requires the evaluation of the inverse

of the Hessian matrix at each iteration. The BFGS method avoids the high complexity

of evaluating the inverse Hessian by approximating it using rank-two updates that only

require the the evaluation of the gradient. The following pseudo-code describes the steps

of the BFGS method.

Starting with an initial estimate o,

. Use linesearch to find the step size

. Set up = OkPr> Vi = Vf(xk+1) — Vf(a:k)

1 —1
Rk-i—l = Rk: +

1
2
3. Update the estimate: xp11 = Ty + arpy-
3
4

and an approximation R, of the Hessian matrix
the following steps are repeated until convergence:
. Obtain the search direction: p, =—R,'Vf(x};)

ay .

. Update the inverse Hessian approximation:

T T p-1 T -1 1
(’uk’vk-i-kak vk)ukuk Ry vpul+uv? Ry

2
T
(“k ”k)

T
’U,k Vi
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D.2 Proof of Theorem 3

We let
A28Hg, A28fs, ASTS,
D20 = |A2808, A28ls, ASHS,|. (D.1)
ASTS, ASYS, SIS,
Assuming that € is full-column rank, D is positive definite, and the MSE of the LS

estimator is given by tr(D™'). Applying the Cauchy-Schwartz inequality, we can lower-
bound this MSE as follows [99]

Mi1+Ma+Lo

tr (D7') > Z oI, (D.2)

=1

where the equality holds if and only if D is diagonal. Furthermore, using the circulant

property of the matrices S1, S and S3, we may express them as
S, =VNFiS Fy,,

SQ - \/NFHSQFMQ,
Sg - \/NFHS;),FLQ,

where F,, is the N x m matrix that has the first m columns of F and S, So, S; are
the N x N diagonal matrices with diagonal elements ,, t, and %5, respectively. Hence,
S!S, = NF¥ §/8,Fy,, SIS, = NFY §,8,Fy, and SI'S; = NFI S, §;F,,.
Moreover, it can be easily verified that the diagonal elements of the matrix S¥S; are
all equal to tr(S’i{S'l) = NP,. Similarly, those of S¥8, are equal to tr(S’fS’Q) = NP,
and those of S S5 are equal to tr(S'gHgl) = NP;. We can thus rewrite the RHS of the
inequality in (D.2) as

Mﬁfm L M My, Ly
[D);; NAXP,  NA:P, NPy

i=1

(D.3)

Clearly, the MSE of the LS estimator is smallest when the inequality in (D.2) holds with

equality, i.e., when D is diagonal. This happens if and only if the following conditions
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hold:
S8, =0, 878, =0, SIS, =0, (D.4)
F! §'8,Fy, = NP, (D.5)
FY 8, 8,F,y, = NPyIy,, (D.6)
F! S, 8;F;, = NP ,,. (D.7)

The conditions (D.5), (D.6) and (D.7) are satisfied when all the individual frequency domain

symbols within each pilot vector have the same power, i.e., when
til?=P;, fori=1,...,N, j=1,23. (D.8)

Moreover, the conditions in (D.4) are equivalent to the following three conditions:

N
Zﬁit}ieﬂ”(i—l)mlﬂv =0, Vm; € {1 — My, ..., My — 1}, (DQ)
i=1

N

Zﬁif&eﬂ”(i_l)mm =0, Vmz € {1 = Lp,..., My — 1}, (D-10)
i=1

N

Z%ifgieﬂﬂ(i—l)nm/N =0, Yms € {1 — Lo,..., My —1}. (D.11)
i=1

The following is an example of training vectors ¢, £, and 5 that satisfy the conditions
in (D.8)—(D.11), which is inspired by the proposed pilot design for the case of two pilot
vectors in [22]. We let t1; = /Py, to; = /Poe?? V8N g0 = \/Pyer? (=1D/N where x and

0 satisfy the following constraints

K € {Mg,...,N—Ml} (D12)
§€{Ly,...,N— M} (D.13)
ﬁ—5€{L2...,N—M2}. (D].4)

For the existence of integer values k and ¢ that simultaneously satisfy the above constraints,
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the number of carriers N should satisfy
N > max(M; + My, My + Lo), (D.15)

and
maX(LQ,M1+M2—N) §min(N—M2,N—M1 —Lg) (D16)

We can always find a sufficiently large N to satisfy these two constraints.
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