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ABSTRACT 

There are many parallels between the behaviour of 

gas or vapour bubbles, solid particles, and liquid drops. It 

has been found only recently that under certain circumstances 

liquid drops may take up shapes very much like spherical

capped bubbles. This area has received little attention in 

the pasto It may be important as a limiting case for drops 

in liquid-liquid extractors and for separators used with dis

tillation columns. 

The motion of drops of four grades of silicone oi l, 

paraffin oi 1, o-diethyl phthalate, o-dJchlorobenzene, 1.2-

dlchloroethane, and l, 1,1- trichloroethane through a 70% by 

weight aqueous sugar solution has been studied. Three theo

~etical and one semi-empirical approach have been presented 

for quantitatively determining the terminal velocity of these 

drops. The first two approaches assume creeping flow outside 

and inside a drop. The third approach uses semi~empirical 

relations, and the fourth assumes potential flow outside and 

inviscid motion inside a drop. The theoretical predictions 

are compared with the experimental results. The results show 

that the creeping flow analysis predicts too strong a depen

dence of velocity on equivalent diameter, whi le the poten

tial flowapproach leads to results which agree very weIl with 

the experimental data. The semi-empi rical approach turns out 

to be unfruitful. 
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Several different shapes have been distinguished. 

it has been noted that a change in drag is always preceded 

by a change in shape. The analysis is further complicated 

by the occurrence of skirts for larger drops. Waves and 

skirt instabi lit y have been observed under certain conditions. 

A crude model to predict the length of a skirt has been given. 

The predicted and the measured length of skirt show poor 

agreement. However, it appears that the crude model contains 

the main physical features consistent with the actual case. 

Conditions for the onset of skirt formation are presented 

graphical ly and' a qualitative model has been proposed to 

account for the formation and growth of skirts. 
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CHAPTER 1 

INTRODUCTION 

1.0 General 

Two phase flows are of great importance in many 

branches of Engineering and Physics. For ex~mple, in liquid

liquid extraction, boiling, sedimentation, distillation and 

in meteorology two distinct phases, a continuous and adis-

persed phase, are always present. The dispersed phase may 

be in the form of gas or vapour bubbles, solid particles, or 

liquid drops. A common aim is to increase the interfacial 

area in order to maximize the rate of heat or mass transfer. 

The flow patterns in both phases are important in aIl these 

cases for two reasons. Firstly, the capacity of the equip

m~nt depends on the terminal velocity of the dispersed phase. 

Secondly, the convective rate of heat or mass transfer between 

the dispersed and continuous phases is determined by the fluid 

flow inside and around the dispersed particles. 

The analysis of the nature of flow for dispersed 

flows of bubbles; drops and particles is a hydrodynamical 

problem which has been under investigation since the time of 

Stokes (1850). The problem is complex and many assumptions 

have to be made in order to devise analytical solutions. In 

the case of solid particles, sufficient assumptions have been 

established to bring solutions valid at sufficiently low 

Reynolds numbers for certain shapes. However, the problem 
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becomes more comp1icated with bubb1es and with drops. This 

is due to the fact that there is interna1 circulation and 

defor~ability for bubbles and drops. Moreover, for 1iquid 

drops the dispersed phase f1uid genera11y has appreciab1e 

density and viscosity which affect the flow patterns. 

1.1 Short Review of Some Ear1y Work on Liquid Drops 

When the size of a liquid drop rising or falling 

in another liquid is sufficiently smal1, interfacia1 tension 

forces predominate and both the hydrostatic and hydrodynamic 

forces are negligib1e in the determination of the shape of 

the drop. In such cases, the drop assumes a spherical shape 

or it is distorted to such a smal1 degree that its accentri

city is not observable. Drops of this shape have been inves

~igated quite thoroughly. Analytical solutions were developed 

by Rybczinski (1911) and independently by Hadamard (1911) for 

creeping flow in both phases and a perfectly mobile interface. 

Boussinesq (1913) extended this treatment by postulating that 

a thin layer of higher viscosity exists near a l~quid inter

face. This assumption of the existence of surface viscosity 

has general1y been accepted, although its importance for liquid 

drops and gas bubbles is slight, Harper, Moore and Pearson 

(1967). In most systems of practical importance, mobi li ty of 

the interface is impeded to a greater or lesser extent by 

surface tension gradients due to the presence of surface 

active impurities and the shear stress at the interface. 
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ln many cases, the interface is then totally rlgld and the 

fluid particle acts 1ike a solid sphere. Intermediate cases 

where the interface is partially immobilized have been treated 

by Savic (1953). 

As the size of the drop is increased, the dynamic 

forces due to the flow of the external and interna1 liquids 

begin to affect the shape of the drop. The shape changes from 

spherical to nearly oblate ellipsoidal, with the amount of 

deformation depending on the physical properties of the two 

liquids. Drops of this particu1ar shape have also been 

studied. Their' original treatment was due to Oberbeck (1876). 

Sai to (1913) shovved that a pro1ate shape is possible if e'''-e' 
and \.l ~ \.lI, e.g. for 1 iquid metal drops fa11 ing through ai r, 

Hughes and Gi 11i land (1952). 

ln sorne cases, again depending on the physical 

properties of the two liquids, the shape does not change from 

spherica1 to ellipsoidal .. Instead, as the drop size is 

increased above sorne critical value, a dimpie begins to form 

at the rear of the drop. So far as we know, this type of drop 

has received little attention up to the present time. How

ever, it may be important as a limiting case for drops in 

industrial processes mentioned ear1ier. This study would also 

help to resolve certain problems associated with the behaviour 

of spherical-cap bubbles in liquids and in fluidized beds. 

For example, it is very difficult to visualize the internal 

flow patterns for bubbles, but flow visualization in large 

1iquid drops is feasible. 
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CHAPTER 2 

PREV!OUS WORK ON DIMPLED DROPS 

2.0 The Occurrence of Dimpled Drops 

Dimpled drops have received very little study by 

other workers. Garner .et ~. (1957) reported thi s shape for 

chloroform drops descending through a continuous phase of 

glycerine. It was observed that as the size of the drop was 

increased, the drop remained spherical until a Reynolds number 

of about 0.1 was reached. After this, the rear of the drop 

began to flatten. For still higher Reynolds numbers, the 

rear surface was found to fold inwards causing an indentation 

or cavity at the upper surface of the drop. It was concluded 

that the distortion of drops at relatlvely low Reynolds 

numbers (of order 1) depends on the relative changes in the 

outside hydrodynamic pressure and the inside pressure due to 

circ u 1 a t ion. 

Whi le carrying out investigations of the nature of 

Flow and shape of drops in ~on-Newtonian liquids, Fararoui 

and Kint~er (1961) found it desirable to compare the shapes 

of large drops moving through non-Newtonian liquids with drops 

of simi lar size moving in comparable Newtonian liquids. In 

the latter systems with a nitrobenzene-tetrachloroethane 

mixture as the dispersed phase and corn syrup as the contin-

uous liquid, they obtained a series of phetographs of dimpled 

drops. These drops had sphere"equivalent diameters ranging 
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from 0.46 cm to 5.22 cm. For drops fa11ing througb non-

Newtonian liquids, they noted that as the drop size was 

increased to sorne critica1 value, the shape might change 

from tear-drop shape to one with a concave upper surface. 

Dimp1ed drops have also been reported by Shoemaker 

and Chazal (1969) for 2-butanone, acetone, hexane, 2-ethyl-

1-hexano1, and 145 cP paraffin oil drops dispersed in glycerol. 

Using paraffin oi 1 as the continuous phase, dimples were 

observed also with two dispersed liquids: glycerol and water. 

A chamber 71.6 cm high and 26.5 cm in diameter was used in 

order to avoid end and wall effects. Pub1ished photographs 

of the drops show the dimp1es, stable skirts attached at the 

edge of the concave region, and ragged skirts (not axia11y 

symmetrical) .. The assymmetry was said to have been due to 

vor tex sheddi n g. 

2.1 InternaI Circulation and Dimple Formation 

Garner et §J. (1957) also investigated the onset 

of interna1 circulation and its effect on dimple formation 

for small drops fa11ing through Newtonian liquids. With 

carbon tetrachloride dispersed in glycerol, it was found that 

internaI circulation begins at Reynolds numbers as lowas 

3 x 10-4 to 10-3 (diameters ranging from 10- 1 cm to 3 x 10-3 

cm). However, the dimple at the upper surface of the drop 

did not form unti 1 the Reynolds number was greater than about 

0.1. Their explanation for this \oJas that for smaller drops, 

the "Hydrodynamic suction" i s very 10vJ and there i s no di 5-
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tortion. With increasing drop size, the outside hydrodynamic 

suction and the inside circuiation pressure change in accord-

ance with the Hadamard (1911) solution 50 that the excess 

pressure (pressure inside less pressure outside) remains equal 

= Here cr is the interfacial 

tension, Ro is the local' radius of curvature at the rear of 

the drop, Phs is the hydrostatic pressure, and Phd is the 

hydrodynamic suction. 

At Reynolds number greater than 0.1, the hydrody-

namic pressure progressively increases over that indicated by 

the excess pressure 2cr/Ro' Hence, the radi us of curvature at 

the rear stagnation point must increase to maintain the pres

sure balance as the drop becomes increasingly flattened at the 

rear surface. As the Reynolds number is increased even more, 

the excess pressure becomes negative and the drop starts to 

become concave. To back up their explanation, Garner et §l. 

(1957) plotted Reynolds number against 2cr/R for each drop o 

of carbon tetrachloride fal Jing through glycerol. The results 

are consistent with their proposed explanation. 

Shoemaker and Chazal (1969) suggested that the 

formation of dimples and ski rts was due to stable vortices 

in the wake of the drop and to internaI circulation. Their 

reasoning was based on the two-dimensional bubble wake studies 

of Collins (1966) and Crabtree and Bridgwater (1967), and the 

three-dimensional spherical drop wake studies of Magarvey and 
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MacLatchey (1968). Shoemaker and Chazal a1so postu1ated that 

the toroida1 circulation in the wake of a large drop can 

increase the stabi1ity of the dimp1e or skirt, significant1y 

de1aying the onset of vortex shedding. Skirt formation has 

on1y been observed with a continuous phase of high viscosity. 

2.2 Interaction and Coalescence Between Dimpled Drops 

The interaction between dimp1ed drops has been 

observed to be different from the behaviour of spherica1 

drops by Shoemaker and Chazal (1969). If two drops are formed 

a fraction of a second apart with the second drop slight1y 

1arger, they will rise independently until the second drop 

reaches the circulation region below the first drop. The 

lower drop then begins to lengthen as it is acce1erated into 

the expanding dirnp1e of the upper drop. This is c1ear1y shown 

in their photographs of 2-butanone drops rising through gly

cerol. Sorne of the photographs also indicate that the over

taking drop elongates co.nsiderab1y as i t enters the ski rted 

region of the leading drop. Coalescence of two such drops 

was also dernonstrated in their photographs. This process of 

coalescence is sirni1ar to that shown by bubb1es in f1uidized 

beds as noted by C1ift and Grace (1970). 
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CHAPTER 3 

EXPERIMENTAL EQUI PMENT AND PROCEDURE 

3.0 Experimental Equipment 

The equipment is shown schematically in Figs. 3.0 

and 3.1. It includes a large tank, A, a dispersion tank, B, 

and a. leakage.control gate, F. The system of drop injection 

pipes, P, valves, V, and a compressed ai r cyl,inder, C, are 

also shown. 

3. 1 La r ge Tan k 

The tank of height 200.cm and cross-section 122 x 

122 cm,·constructed of cast Iron framework with plexig!ass 

windows, permits visual and photographie observation. The 

supporting framework is necessary in view of the capacity of 

the tank and the hydrostatic head 6f the liquid fi lling the 

tank. With such a large tank, experiments can be conducted 

with wall effects negligible. In the inside of the tank, the 

metal framework has safety-green paint applied in order to 

prevent rusting or reaction with liquids fi lling the tank. 

3.1.1 Dispersion Tank 

Situated beside the large tank is a cylindrical 

dispersing vessel of capacity 25.450 cm3, made of stain

less steel and with cast iron legs. The vesse! can withstand 

pressures of at least 60 psig. On the upper part of the 

vessel there are three pipes, each fitted with a valve. One 
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is used to introduce the liquid into the vessel; the second 

allows compressed air into the vessel, whi le the third serves 

to release the compressed ai r at the completion of the experi

ment. 

3.1.2 Drop Injection Pipes 

Six short pipes of inside diameter 3/8", 5/8", 

3/4", I", 1 1/2" and 2" are fitted at the bottom of the large 

tank in order to produce drops of varying sizes. Three of 

these pipes are fixed at an angle of 135 0 to the vertical by 

means of elbows ln order to minimize leakage due to the dis

placement of the light discontinuous liquid by the more dense 

continuous Ilquid. These pipes are also protected with safety

green pa i nt. 

3.1.3 Leakage-Control Gate 

The leakage-control gate was constructed of plexi

glass. A sliding plexiglass gate (i" thick)was attached to the 

upper surface of a rectangular frame. The gate is controlled 

by a bimba air cylinder and energised through a double-stroke 

solenoid valve. 

3.1.4 System Connecting the Dispersion Tank to the Large Tank 

This consists of a pipe of 3/8" 1.0. leading from 

the bottom of the dispersion tank. The pipe is made of cast 

iron. Fitted onto it are a relief valve, a check valve, and 
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a length of transparent plastic tubing. The release valve 

is made of cast ir~n and requires a maximum pressure of 50 

psJg before opening automatical ly. With judicious setting 

of this valve, it is possible to generate reproducible drops 

of a desired size. The check valve serves to prevent the 

continuous liquid from running out of the tank; the trans

parent plastic tubing enables visualization of the dispersed 

liquid during drop generation. The 3/811 pipe is made so that 

it can easily be connected to any of the six injection pipes 

at the base of the large tank. 

3.2 Technique for Photoaraphing Liauid Drops 

The photographie technique is based upon backlighting 

of the field of interest through the plexiglass window. A 

~hite translucent sheet of paper flush with the outer back 

surface of the column diffuses light from a pair of flood 

lights. This gives each drop a dark outline sharply si Ihouetted 

against the bright background. The flood lamps were kept far 

enough away to minimize heating of the liquid in the tank. 

Motion pictures of the risirg drops were taken using 

16 mm Tri-X or Plus-X reversaI film with a Solex reflex cine 

camera. Various Jens and fi lming speeds were employed. In 

order to minimize distorted images caused by shadows and 

reflections: the camera \\fas -al i gned at ri ght angles to the 

face of the tank, and at a distance of 20 feet. 
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3.3 Measuring Techniques 

The various methods employed in the measurement of 

volume, velocity, shape.of the liquid drops, and the physical 

properties of the liquids are discussed in the following sec

tions. 

3.3. 1 Measurement of Drop Volume 

The volume of each drop was measured by trapping it 

as it rose to the top of the large tank in a calibrated glass 

funnel. Two sizes of glass funneJs were avai Jable with stems 

of internaI cross-sectional area 19.64 cm2 and 3.14 cm2• The 

former was found convenient for large drops whi le the latter 

proved more accurate with smal1er drops. The level of the 

liquid in the funnel was recorded before and after coliecting 

the drop. From these two levels, the displacement, and hence 

the volume of the drop, was calculated. The level of Jiquid 

in the coJlecting funneJ could be controlled by sucking liquid 

off with a press-baIl vacuum pump •. In this way, the dispersed 

liquid was recovered for re-use. The liquids were mutually 

saturated and their physical properties are given in Table A. 

A 70% by weight aqueous sugar solution was used as the contin

uous phase in aIl the experiments reported here. 

3.3.2 Measurement of Drop Velocities 

Twe methods of determining drop velocities were 

employed. One was to measure the time taken by the drop to 

move through a height of 45.7 cm with a stopwatch with a ten 
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second sweep. To avoid end effects, the drops were a110wed 

to rise nearly 100 cm before the 0.1 sec stopwatch was started. 

The upper extreme of the timing section was about 30 cm below 

the top surface of the continuous 1iquid in the test tank. 

The second method of measuring ve10city was to count the number 

of frames from the cine-fi lm for a known fi 1ming rate for the 

drop to traverse a known distance. 

3.3.3 Measurement of DroD Shape 

The out1ine of the drop as seen in the films was 

drawn on transparent paper where the fi lm had been projected 

onto a horizontal surface using mirrors. For 1iquids of high 

viscosity moving through 1iquids of 10w viscosity, a different 

system* comprised of mirrors was emp10yed. From 

Fig.3.2. Dimensions of Interest 

.... 
ft This consisted of a set of two adjustab1e mirrors and spot-
1ights. These were introduced into the tank. In this way, it 
is possible to photograph the same drop from two viewpoints 
simu1taneous1y as it moves through the continuous 1iquid. 
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each trace, the shape and dimensions of the drop were deter

mined. The dimensions of interest (Fig. 3.2), included the 

semi-major and -m,inor axes, the length of the skirt, the 

radius of curvature at the skirt interface, and the coordin-

ates of different points on the projected boundary of the drop. 

3.4 Measurement of the Liguid Physical Properties 

The experiments were carried out at temperatures 

varying From 24°C to 300 C. Measurements of density, viscosity, 

interfacial tension, and refractive index were performed as 

f . f t th ISo C - 400 C • a unctlon 0 tempera ure over e range The 

results for the liquids used are plotted in Figs. 3.4.1 - 3.4.4., 

for viscosity. The density, interfacial tension, and refrac

tive indices were found to be very weak functions of temper-

ature. 

The density was determin~d with calibrated hydro-

meters, and the interfacial tension was measured by means of 

a ring tensiomat. The two phases were completely saturated 

before the measurements were taken. A Brookfield synchro-

electric rotational viscometer and a constant temperature 

bath with cannon-fenske capi Ilary viscometers were used to 

measure the viscosity of the liquids. The refractive index 

was determined by using a Zeiss Refractometer with a temper

ature controlling device consisting of a thermometer and a 

Haake water-jacket. 
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3.5 Procedure 

The experimental procedure was as follO\I/s: 

The La rge tank "Jas fi lled wi th about 8000 lb of aqueous suga r 

solution which contained 70% sugar by weight. 200 gm of 

hyamine (Dodecylmethylbenzyl"-trimethylammoniumchloride) were 

dispersed in the solution in order to prevent bacterial 

growth. 

The dispersion vessel was half-fi lIed with the 

liquid to be dispersed. This liquid had already been satu

rated with the continuous liquid by stirring a 50:50 mixture 

of the two 1iq~ids and then leaving it to settle for 24 hours. 

A piessure of 10-15 psig was then app1ieà from the compressed 

air cy1inder to the dispersion vesse1. The stationary photo

graphic equipment, the lighting system, the stopwatch, and 

the ca1ibr~ted col1ecting funne1 (supported from the top of 

the tank) were then positioned and prepared for use. After 

an aluminum b10ck had been photographed to provi·de a frame 

of reference, drops of the required size were injected by a 

controlled opening of the relief valve. After the drop had 

been fi 1med, its volume was read From the co11ecting funne1 

and recorded. The above procedure was repeated for various 

sizes of drops, each time making sure that the accumulation 

of the dispersed liquid in the collecting funnel was not 

excessive. 
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System 
N ""-

1 

2 

3 

4 

5 

6 

7 

8 

9 

TABLE A. Systems Studied and Physical Properties 

Dispersed 
h .. -.~-

Sil icone ° i 1 A 
at 27.5 O C 
Sil icone ° i 1 B 
a t 25. 40C 
Si 1 icone oi 1 ABI 
at 27.8oC 
Si 1 icone oi 1 ACI 
at 27.80 C 
Paraffin oi 1 À 
a t 26.5 
o-diethyl phthalate 
at 27.80 C 
o-dichlorobenzene 
at 27.8°C 
1,2- Di ch loroethane 
at 27.5 OC 
1,1,1- Trichloroethanc 
at 27.5 0 C 

Viscosity 
continuous 

phase 
1..1. 

( cp) 

1160 

1460 

1120 

1120 

. 1300 

.". î 120 

lizo 

1160 

1160 

Vi scos i ty 
dispersed 

phase 
1..1.

1 

(cp) 

5.45 

46.5 

23.20 

190 

38.5 

8.9 

" 1 .37 

1.04 

0.96 

Density 
continuous 

phase 

(g/c.c.) 

1.385 

1.385 

1.385 

1.385 

1.385 

1.385 

1.385 

1.38S 

1.385 

Dens i ty 
dispersed 

phase 

(g/c.c.) 

0.92 

0.958 

0.944 

0.936 

0.860 

1.115 

1.288 

1. 247 

1.316 

1 n te r
faci al 
tension 

(d~~e) ........ 

53.49 

53.90 

53.50 

50.63 

53.41 

29. L.0 

36.75 

34.55 

57.93 

Refrac ti ve 
index 

1.403 

1.404 

1.403 

1.405 

1.471 

---
---

----
---

1 

i 

1 

1 
r0 
o 



-21-

CHAPTER 4 

S HA P ES 0 FOI H PL EDO RD P S 

4.0 Previous Hypotheses 

It has been known for. sorne time that large liquid 

drops do not possess symmetry about a horizontal plane. As 

already stated, Garner et ~. (1957), Fararoui and Kintner 

(1961), and Shoemaker and Chazal (1969) revealed, instead, 

that a large liquid drop of low viscosity rising or falling 

th rough a hi gh vi scosity rre:liun exh i bits a ma rked cav i ty a t i ts 

rear and smooth rounded curvature at its front. This lack of 

fore and aft symmetry has never been adequately explained, 

and only a few attempts to elucidate this matter have been 

undertaken. 

4. 1 Present Approach 

ln the present study an attempt has been made to 

gain a better understanding of the role of interfacial tension, 

hydrodynamic pressure, hydrostatic pressure, internaI ci rcu

lation and the wake region. Furthermore, the possible signi

ficance of the internaI hydrostatic pressure gradients, boundary 

layer separation, and steady eddies in the wake region has been 

considered. 

Surface forces at the liquid-liquid interface con

tinually try to minimize the interfacial area. When inter

facial tension forces are predominant, as for very small liquid 



-22-

drops, the drop assumes the shape of a sphere. Deformation 

begins to occur when other forces (e.g. inertial forces) are 

no longer negligible with respect to interfacial tension forces. 

ln general, the problem of finding the shape of a free boun

dary is a very difficult one. 

However, here it is felt that by using a semi

empirical approach, it might be possible to compute the pressure 

distribution with acceptable accuracy and hence deduct the 

shape. 

4.1.1 Interfacial Tension 

As a ·result of the net inward attraction exerted on 

the surface molecules by the molecules lying deeper within 

the drop, the interfacial tension of the dispersed liquid 

produces an increase of pressure within the drop over and 

above that prevai ling in the field liquid adjacent to the 

interface. This increment in pressure, p~, at a given point 

on the drop is given by p~ =~(l/RI + I/R2). This inter

facial pressure increment can be positive or negative. Here 

we wi 11 adopt the convention that p~ is positive for a case 

where the interface is convex as viewed from the field liquid 

and negative if the interface is concave o At the rear or 

frontal stagnation point, RI = R2 = Ra assuming axial symmetry, 

i.e. the drop surface can locally be considered a portion of 

a sphere of radius Ra at these points. Hence, ~ = 2~/Ra. 

The technique for determining the two principle radii of 
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"curvature of a volute has been well established, Adam (1949). 

One of these radii, say R1(x), turns out ~o be simp1y the 

radius of curvature of a meridiona1 profile at the height x, 

(Fig. 4.1). To measure this, 

---

C 
20 

Fig.4.1. Definition sketch for determining the 
principal radi i of curvature from any 
point P on the profi le of the drop. 

one "constructs normals to the profi le curve at each of a 

fairly dense series of points spaced regularly a10ng the 

profile, and from there, the value of Rl(~) can be determined 

by measuring the distance a10ng the normal at P to the point 

of intersection with the normal drawn from the next adjoining 

point on the profile. In Fig. 4.1, Rl(x) is shown as PC 1, 

R2(x) is even more easily determined, since this 

second principal radius of curvature, for a surface of revo

lution, can be shown to be simply the distance from the profile 

at x to the axis of revolution measured along the local normal 

", 



-24-

.to the profi le at x. In Fig. 4.1, R2(x) is shown as PC 2. 

The normals already constructed in the process of finding 

RJ(x) faci litate rapid determination of R2(x). 

4.1.2 InternaI Hydrostatic Pressure 

For a drop moving at its terminal velocity, there 

exists a vertical pressure gradient as for any mass of liquid 

in a gravitational field. This hydrostatic pressure gradient 

pJays a major role in determining the shape of the drop. 

4.J.3 Hydrodynamic Pressure Distribution 

To evaluate the hydrodynamic pressure distribution 

on the exterior of a deformed liquid drop is an extremely 

difficult task. The hydrodynamic pressure distribution over 

a surface ~epends on the shape of the surface as weIl as on 

the Reynolds number and rigidity of the surface. Thus, it is 

impossible to calculate the pressure distribution unless we 

know the drop shape, which is, of course, what we wish to 

determine.One could only proceed here, in principle, by some 

method of successive approximations. For example, each hydro

dynamic pressure calculation (based on the previous iterative 

approximation to the equi librium shape) would be used to 

deduce a modified shape consistent with the surface tension, 

internaI circulation and hydrostatic pressure requirements. 

Then this· new shape would have to be used in the next itera

tion to recalculate the hydrodynamic pressure, and so on. 
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Unfortunately, there exists no general method for calculating 

analytical1y the pressure pattern about a surface of arbi trary 

shape. Superposition of a sui table array of sources and sinks, 

which is sometimes useful in treating potential flowaround 

revolutes, is only sufficiently. convergent to be practicable 

in the limit of very elongated bodies. 

4.1.4 InternaI Ci rculation 

At an interface between two fluids, the conditibn 

of no slip implies that the surface layers of liquid on either 

side of the int'erface are moving with the same velocity. Since 

the outer fluid tends to be in motion at the interface of a 

drop, ri thereby tries to induce axisymmetric circulation v·Jithin 

the drop, Fi gure 4.2. 

-r--"-=::::::::----+--~t:; 

Fig.4.2. InternaI Circulation 
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The existence of such internal motions has been observed for 

drops which are sufficiently large or uncontaminated by sur

face active molecules and, as we shall see, the internal 

motion contributes to the occurrence of dimpled shapes. In 

any analysis that wi 1 1 fol low, it wi II be necessary to know 

whether the pressure at a point on the vertical axis of a 

drop is equal to that at the same height below the nose of the 

drop but lying just inside the drop surface. Consequently, it 

becomes necessary here to obtain sorne estimate of the intensity 

of internal circulation. 

It iswelJ known that the internaI circulation does 

not depend simpJy on the externa1 Reynolds numbers, but a1so 

on the viscosity ratio, X, Bond (1927), and on the degree of 

contamination of the interface. If K is very small, the effect 

of the interna1 viscosity can be neglected. 

For the drops studied in this work the Reynolds 

number was typica11y of order 10. Thus the drops were such 

that inertial forces and viscous forces are cf comparable 

magnitude and neither of the extremes cases (creeping Flow 

where inertia forces are neglected nor inviscid flow) is 

expected to give good results. Nevertheless, these two cases 

can be regarded as limiting cases for certain purposes. 

For the time being we may neglect the droplet deform

ation and any contamination of the interface. For the inviscid 

f10w extr~me, the flow ~attern is then potential Flow outside 

the spherical drop and Hi 1 liS spherical vortex inside. The 
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·maximum velocity is then 3/2 Uo (at r = Rand e =~/2) rela

tive to the drop. For the creeping flow case, the Hadamard

Ry~zinski result holds vJith the result that the maximum cir

culation velocity (for X = \l1/\l~~1) is UO/2 (again at r = R 

and e =711/2). To the extent that surface active impurities 

are present, this wi Il cause a damping of the internaI circu

lation; however, for the large drops considered here, this is 

not expected to be a significant factor. Whi le droplet defor

mation no doubt causesdistortion of the internai flow pattern, 

it seems unlikely that the actual range of internaI velocity 

wi Il change greatly from the corresponding spherical case. 

Thus, the internai velocity for the distorted drops studied 

here are expected to be of order Uà relative to the drop. Thus 

the internai circulation is clearly important in establishing 

the intern~1 pressure and hence the shape of the drop. This 

case may.be contrasted with the case of a liquid drop falling 

through air where \l'/\l~~l and internaI circulation is negli-

gi b le. 1 n the latter case, Pruppacher (1972) has had some 

success in predicting droplet shapes by simply considering the 

hydrostatic pressure, surface tension pressure increment and 

the hydrodynamic pressure due to the external flow. It is 

clear that no such procedure is possible in our case. 

4.2.0 Experimental Results, Shapes of Dimpled Drops 

As noted in the previous section, the determination 

of drop shape, analytically or even empirically, is virtually 
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impossible. This is due to several reasons: 

We are dealing with a range of Reynolds numbers 

where neither creeping flow nor potenii~l Flow 

models can be applied correctly. 

ii ln liquid drops the effect of viscosity and density 

for the internal liquid cannot, in general, be 

ignored. Compare the case of gas bubbles where 

both may be ignored, in general. 

lii A complete understanding of the internal vortical 

circulation is necessary to be able to predict shapes 

for deformed drops. 

iv An expression to predict the hydrodynamic pressure 

distribution at every point along the interface must 

be avai lable. Since the shape changes as the size 

of the drop varies, general relationships are required. 

v The nature of the wake, the dimple at the rear surface 

and the effects of the skirts formed at the edge of 

~he concave region must be clearly understood. 

Despite all these problems, an attempt was made to 

derive an equation for pressure distribution by solving the 

equations of motion in creeping f1ow. Need1ess to say, this 

did not prove fruitful. First1y, we know that creeping f10w 

equations are on1y va1id for Re < 0(1). Secondly, we know 

that for cases where inertial terms can be neglected, there 

is no tendency for deformation to occur, no matter how smal 1 

the surface tension, Batchelor (1967). Typical drop shapes 

observed in our experiments are shown in Fig. 4.3. 
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Si licone oi 1 d=3.07 cm 
Uo=13.0 cm/sec 

Si licone oi 1 d=4.32 cm 
Uo=19.0 cm/sec 

Si licone oi 1 d=4.83 cm 
U =20.0 cm/sec 
o 

o-Cl 2benzene d=5.09 cm 
U =10.0 cm/sec 

o 

o-Cl 2benzene d=5.72 cm 
Uo=10.4 cm/sec 

o-Cl 2benzene d=6.81 cm 
U=ll.Ocm/sec 

o 

Fig.4.3. Typical Shapes of Large Dimpled Drops. 
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Si 1 icone oi J d=4.32 cm 
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U =20.0 cm/sec 
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o-Cl
2
benzene d=5.09 cm 

U =10.0 cm/sec 
o 

o-Cl 2benzene d=5.72 cm 
U 0 = 10.4 cm/ sec 

o-Cl 2benzene d=6.81 cm 
U=II.0cm/sec 
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Fig.4.3. Typical Sh~pes of Large Dimpled Drops. 
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ln view of the formidable analytical problems dis

cussed above and the extent of the deformations (which make 

perturbation analyses useless), it is not feasible to arrive 

at quantitative predictions of drop shape. The best that can 

be hoped for is a consistent qualitative explanation for the 

phenomena observed. 

It is clear from the above that the drop shape, flow 

patterns, drag coefficient, etc. are aIl interrelated. A plot 
...... iri": 

of drag coefficient, CD; against Reynolds number, Re is 

shown in Fig. 4.4. The corresponding shapes are included on 

each line. From the graph, we can see that Co firfst decreases 

with increasing Re. This corresponds to the region where the 

shape of the drop changes little. At some critical value) 

depending on the physical properties of the system, CD reaches 

a minimum and then begins to increase. This minimum point 

corresponds to the region where the skirts straighten down

wards and waves are observed to travel down the skirts rela-

tive to the drops. Taylor (1960) has distinguished two types 

of wave motion (lisymmetric" and "an tisymmetric ll
) for waves 

travelling along thin sheets of one fluid in another. The 

waves observed in the liquid skirts in our investigation 

appeared to be of the symmetric type. The fact that the wave 

where V is the volume of the drop 
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1. Silicone oil A 
2. 1,1,1- Tric!llcrocthane 
3. 1,2-: Dich10roethane 
4. 0 - Dichlorobenzene 
5. 0 - Diethyl Phthalate 
6. Silicone oil B 

7. Paraffin oil A 
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Be, Reynolds nu~bcr 

Fig. ~.4., ~~rlAtjon of drn~ coefficient with Reynolds nu~bcr. 
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motion was symmetric, however, does not imply that the skirts 

themselves were always axisymmetric. For very large drops 

(e.g. for d=4 cm for silicone oil A), the skirts were unbal

anced as shown in Figure 4.5. 

Fig.4.5. Large drop in si licone oi 1 A 
(unbalanced skirt) 

d = 6.39 cm, Uo = 20.0 cm/sec 

The skirt then widens out and becomes asymmetric and unstable, 

growing in length as the drop rises. This corresponds to the 

region where Co increases with increasing Re. 

This increase in drag coefficient is probably due 

to the increase in the length and "roughnessl' of the ski rt 

which is bound to increase the form and frictional drag and 

lead to induced drag. 
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i': 

The variation of Eotvos number, Eë , with Reynolds 

number, Re, is plotted in Figure 4.6. As we can see from the 

graph, the points for o-diethyl phthalate, paraffin oi 1 A, 

and silicone oil 8 fall on the same line. Immediately below 

them are those for si 1 icone oi 1 A and 1,2- dichloroethane, on 

another common line. Separate curves for o-dichlorobenzene 

and l, l, 1 - trichloroethane fall at lower Eotvos number. 

Efforts were made to correlate these results using the physical 

property groups, MI** and M2***, (Morton numbers, commonly 

**"k* used in bubble studies) and P (commonly used in correlating 

data for sma II drops). These efforts were unsuccessful. The 

full data on t~e shapes of drops and their velocities are 

given in Tables BI - 88 at the end of this chapter. 

;'( 

EO' 
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= 
0 

i'\"k 4 3 
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E~u valent Se;;,i -major 
{) i :--:t' t~ r <lX i s 

:..1r1 • C:'1 a,cm 

1 2.35 1.66 
2 3.0U 2.16 
3 11.32 3.42 
4 1 •• 3B 3.57 
~ Il.7 11 3.78 
(, 11.79 3.94 
7 ;'.02 4.06 
0 ~l • C·6 4.62 
'J ').95 4.68 

10 6.50 4.98 
-

TABLE BI. Full Data on the Shaoes of Drops and Their Veloei ties 

Si licone ai 1 A - 27.5°C 

Semi -mi nor Aspee t Terminal Reynolds Eotvos Skirt 
<lX i s Eccentrici ty Ra tio ~eloeity Number Number Numbe r 
b,em e=e/a b/a 0, cm/sec Re Eo Sk 

1. II 0.74 0.67 13.86 3.89 47.05 3.03 
1.25 0.82 0.58 17.32 6.37 80.82 3.07 
1.78 0.85 0.52 22.00 11.35 158.99 4.76 
1.91 0.84 0.54 22.34 11.68 ..1 63.44 4.76 
2.03 0.84 .. 0.54 23.18 13.12 191. 41 5.00 
2.12 0 .. 84 0.54 24.09 13.78 195.47 5.26 
1.54 0.93 0.38 24.69 14.80 214.69 5.26 
2.52 0.84 0.55 26.29 17.77 272.92 5.56 
2.46 0.85 0.53 26.29 18.68 301.61 5.56 
2.34 0.88 0.47 26.78 20.78 359.94 5.88 

Jeffrey's Drag 
Number Coeff. 

Je CD 

15.65 2.68 
21'.52 2.28 
33.33 1.57 
33.74 1.45 
38.08 1.53 
37.42 1.34 
40.10 1. 38 
47.87 1. 35 
52.90 1.52 
61.98 1. 70 

Ski r t 
Length 

Z,cm 

0.0 
0.0 
4.90 
5.30 
7.10 
7. t 0 
8.50 
8.00 
9.30 

11.00 

Angle 
t'\i3X 

45.0 
50.Çl 
55.0 
56.0 
56.0 
56.0 
56.0 
59.0 
56.0 
60.0 

• w 
V'I 



['11_: i "c.' 1 en t Semi -major 
Ci ,:--,',': te r axis 

Ir. -:;. c~, LI,cm 
1 3. rd ,1.85 
2 LI. 10 3.20 
3 4.32 3. 13 
4 1 •• 38 2.95 
5 Il.84 3. 13 
6 5. 10 3.39 
7 5.3 LI 3.20 
8 6.10 3.08 
9 6.21 3.57 
--~--- ~-

-1 

TABLE B2. FuI l'Data on the Shapes of Drops and Thelr Veloci ties 

Silicone Oi IABI ,- 27.80 c, 

Semi -mi nor Aspec t Terminal Reynolds Eotvos Skirt 
axi s Eccen tr ici t.y Ra ti 0 ~clocity Number Number Numbe r 
b,cm c=c/a b/a û,cm/sec Re Eo Sk 

1.35 0.68 0.73 13.99 5.43 76.63 2.86 
1. 72 0.84 0.54 20.45 10.56 135.79 4.17 
1. 97 0.78 0.63 18.48 10.05 150.76 3.85 
1.72 0.81 0.58 18.73 10.33 .154.97 3.85 
1. 48 0.88 0.47 19.75 12.04 189.24 4.00 
1. 78 0.85 , 0.53 20.87 13.40 210. 11 4.35 
1. 66 0.85 0.52 20.45 13.75 230.35 4.17 
1. 54 0.87 0.50. 20.14 15.47 300.59 4.17 
1.97 0.83 0.55 21.66 16.94 311.53 4.35 

----~._- ~-- '------

Jeffrey's Drag 
Number Coe ff. 

Je Co 
26.64 4.52 
32~30 1. 57 
39.68 2.51 
40.24 2.87 
46.60 3.08 
48.97 2.76 
54.79 0.55 
72.59 6.12 
67.95 4.16 

Ski r t 
Length 

z,cm 
0.00 
4.40 
3.20 
3.40 
5.50 
0.00 
7.00 
6.80 
0.00 

--

Angle 
l-1ax 

55.0 
--
40.0 
52.0 
55.0 
--
52.0 
52.0 
55.0 . 

, 
IJ,..) 

0' 

( 



;:qu ':':llent Semi -major 
~1 i ..... : l..:~ r axis 

;;'\ • C:l a,cm 

1 2.53 1. 40 
2 3.08 1.92 

" 
3.7E 2.52 

If 3 . ~:)8 2.62 
;3 11.119 2.77 
6 Il.60 2.86 
ï S.oG 2.68 
l.' 5.14 2.65 '.J 

c, 5, 1 ~ 2.80 
IiI 5.22 2.83 
Il 5.66 2.68 
12 f).21 3.26 
13 6.12 3.08 
--

.J 

TABLE B3. Full Data on the Shapes of Drops and Their Velocities 

Paraffin Oil A - 26,S?C 

Semi -mi nor Aspec t Terminal Reynolds Eotvos Skirt 
axi s Eccen tr ici ty Ra ti 0 ÛClocity Number Number Numbe r 
b,cm e=c/a b/éJ O,cm/sec Re Eo Sk 

1.22 0.49 0.87 13. 12 3.54 61.66 3.23 
1.41 0.68 0.73 16.48 5.41 9).38 4.00 
1. 43 0.82 0.57 19.26 7.65 134.02 4.76 
1.64 0.78 0.63 19.49 8.06 145.02 4.76 
1.57 0.82 0.57 21.03 10.06 194.20 5.00 
1. 29 0.89 0.45 21.35 10.46 203.84 5.26 
1.33 0.87 0.50 21.80 11.75 246.64 5.26 
1.23 0.89 0.46 21.80 11.94 254.50 5.26 
1. 41 0.86 0.50 21.80 12.03 258.48 5.26 
1 . 1,1 0.87 0.50 21.80 12.12 262.48 5.26 
1.35 0.86 0.50 21.80 13.15 ' 308.60 5.26 
1.75 0.84 0.54 23.02 15.23 371.49 5.56 
1.35 0.90 0.44 22.16 14.45 360.79 5.26 

" 

Jeffrey's Drag 
Numbe r Coe f f. 

Je Co 

19.31 5.94 
22'.78 3.60 
28.59 2.72 
30.57 2.71 
37.94 3.31 
39.23 3.22 
46.48 4.69 
47.96 5.04 
48.71 4.62 
49.47 4.6:3 
58.16 6.57 
66.30 5.26 
66'.89 6.11 

" . 

Ski r t 
Leng th 

z,cm 

0.00 
0.18 
1. 90 
2.20 
3.90 
4.80 
5.30 
8.80 
3.00 
6.60 
9.80 

4.30 

Ang le 
t'la x 

LlO 

45 
50 
50 
54 
55 
50 
55 
55 
55 
55 
55 
55 

1 
\)0 

--.J 

. [ 



TABLE B4. Fuir Data on the Shapes of Drops and Thelr Veloei ties 

o-Diethyl Phthalate - 27.80 C 

[(:~i '.'i11cn t ScnlÏ -majÇ>r Semi -mi nor Aspee t Termina 1 Reynolds Eotvos Skirt Jeffrey's 
U i 2:"" Le r axi s axi s Eceentrici ty Ra ti ° ~elocity Numbe r Number Numbe r Numbe r 

r.Url cl J C n~ <l,cm b,cm e=c/a b/a 0, cm/sec Re Eo Sk Je 

1 1. ;36 1.16 1.03 0.46 0.89 7.43 1.71 13.14 2.86 11.00 , 
2 ·2. 13 1.33 1.28 0.26 0.96 8.54 2.25 40.83 3.23 12.55 
3 2.35 1.35 1. 06 0.62 0.79 9.65 2.80 49.70 3.70 13.52 
4 2.96 1.63 1.37 0.54 0.84 10.37 3.80 .78.85 4.00 19.96 
5 3.3') 2.05 1. 69 0.57 .. 0.82 13.49 5.66 103.43 5.00 20.13 
U I l .. 08 2.95 2.02 0.73 0.68 16.30 8.22 149.82 6.25 24.13 
7 1;.27 3.04 1.92 0.78 0.63 16.09 8.50 164.10 6.25 26.77 

1 : 

1'.32 3.34 1. 88 0.83 0.56 17.43 9.31 167.96 6.67 25.30 
'1.3)) 3.06 1.88 0.79 0.61 16.30 8.83 172.66 6.25 27.81 

. iO li. :;1, 3.41 1.92 0.83 0.56 16.96 9.52 185.51 6.25 28.71 
il 1 •. 1);3 3.73 1.92 0.86 . 0.51 18.73 11.30 214.33 7.14 30.04 
12 5 . .3 1• 3.66 2.05 0.83 0.56 19.02 12.56 256.64 7.14 35.42 
13 6.01 3.94 2.36 0.80 0.60 20.24 15.04 325.08 7.69 42.16 
JI. G.73 4.35 2.48 0.82 0.57 20.92 17.41 407.64 7.69 51. 15 
15 6. 79 4.62 2.57 0.83 0.56 22.02 18.49 414.94 8.33 49.47 

1 __ - ________ ------- -- - - ---- -~- -- --- - - - - -- --

Drag Ski rt 
Cce f f. Length 

Co Z,cm 

5.55 0.00 
4.79 0.00 
4.86 0.00 
5.77 0.00 
3.23 0.50 
1.87 2.10 
2.07 2.70 
1. 52 3.80 
2. 15 2.90 
1.79 4.10 
1. 52 7.40 
2.00 7.20 
2. 17 7.70 
2.34 5.60 
1. 93 9.20 

Angle 
l1ax 

-
-. 
-
-
44 
52 
50 
52 
50 
52 
55 
55 
53 
-
55' 

! 

1 

, 
\.>.) 

CD 

-1 



l lE'=i';J '/ëllcn t Semi -major 
DI":',! te r axis 

Fu" i ,C!'1 a,cm 

1 1 1 I·.i::~ 1. 02 
2 3.08 1.96 

3 3. I~) 2.09 
L ". 1 r; 3.11 

1 1 

1 LI 1;, el 
3.39 

6 , 1' • .30 2.71 

7 1_~G9 __ 3.08 
- -~ 

~ 
. .:.. 

TABLE B5. Full Data on the Shaoes of Drops and Thelr Veldcitles 

Si licone Oi 1 ACI - 27.80 C 

Semi -mi nor Aspec t Terminal Reynolds Eotvos Skirt 
<lxi s Eccentrici ty Ra ti 0 ~elocity Number Number Numbe r 
b,cr.1 e=c/a b/a O,cm/sec Re Eo Sk 

0.92 0.lj3 0.90 7.85 1.81 30.07 1.72 

1.30 0.75 0.66 13.16 5.01 82.45 2.9 l l 

1.29 0.79 0.62 13.65 5.38 88.44 3.03 
1. 29 0.91 0.41 15.37 7.79 146.09 3.45 
1. 29 0.92 0.38 15.80 8.99 183.90 3.45 
1.35 0.87 0.50 16.05 10.52" 244.13 3.57 
1 . LII 0.89 0.46 16.05 Il.29 281.38 3.57 

--

" 

Jeffrey's Drag 
Numbe r Coe f f. 

Je CD 

17.32 10.69 

28:32 4.62 

29.29 4.21 

42.97 3.00 

52.62 3.58 

68.76 8.33 

79.25 7.99 

Sk i r t 
, Length 

z,cm 

--
--
--
--
--
--
--

Ang le 
l'la x 

--
--
--
--
--
--
--

1 
\.J0 
\.0 

( 



1 Eq~" v., !cn t Semi -major 
D. <.;me.:e r axis 

RUIl d, c:" a,cr.! 

~1 
1. C'fJ .1.08 
2. 13 1.05 
2.53 1. 36 

1; 1 2.96 1. 85 
5 3. 13 1. 85 
(; \ .).2') 1.85 
7 3.80 2.52 
8 l, • () 1 2.65 
J Il.27 2.95 

1 J 1,.411 2.83 
Il ".83 3.20 
12 5. 1'1 3.17 
13 5.73 3.32 
14 6.18 . 3.59 
15 G.75 3.14 

TABLE B6. Full Data on the Shapes of Drops and Their Velocitles 

Sil icone 0 i 1 B - 25. 4°C 

Semi -ml nor 
1 Eccen td cl ty 

Aspec t Terminal Reynolds Eotvos Skirt Jeffrey's 
iJX i s Ra tio ~clocity Numbcr Number Numbe r Numbe r 
b,cm e=c/a b/a O,cm/sec Re Eo Sk Je 

-- -- -- -- 1 :63 2.8.86 2.50 10.75 
0.92 0.48 0.88 9.30 1.88 35.22 2.50 1'3.98 
1.23 0.43 0.90 11.62 2.79 49.69 3. 13 15.79 
1.50 0.59 0.81 14 .. 57 4.09 68.02 4.00 17.24 
1.32 0.70 0.71 14.91 . 4.43 76.06 4.00 18.83 
1.48 0.60 0.80 14.91 4.65 84.03 4.00 20.81 
1.85 0.68 0.73 18.03 6.50 84.03 4.76 21.95 
.1.99 0.66 0.75 18.89 7.18 124.84 5.00 24.42 
1. 85 0.78 0.63 19.79 8.02 141.55 5.26 26.41 
1.81 0.77 0.64 19.79 8.33 153.50 5.26 25.51 
1. 89 0.81 0.58 21.10 9.77 184.89 5.56 32.35 
1. 60 0.86 0.50 21.92 Il.25 . 227.23 8.88 38.27 
1. 78 0.84 . 0.54 22.81 12.40 254.90 6.25 41. 27 
1.72 0.8A 0.48 23.66 13.87 396.51 6.25 . 46.27 
1. 59 0.86 0.51 24.17 15.48 353.73 6.67 54.03 

---- ---~------ - ---

Drag Ski r t 
Coe f f. Length 

Co z,cm 

6.57 --
10.25 0.00 
6.52 0.00 
3.59 0.10 
4.07 0.00 
4.71 0.00 
2.68 0.40 
2.61 1. 00 
2.30 1.80 
2.80 0.00 
2.57 0.40 
3.31 8.30 
3.30 7.10 
3.33 10.20 
2.61 6.70 

1 Ang le , 
1-1 a x 

! 

50 
48 
-
40 
40 
42 
40 
42 
Sil 

50 
50 
52 
50 
55 
50 

• +o 



TABLE B7. Full Data on the Shapes of Drops and Their Velocities 

o-Dichlorobenzene - 27.8°C 

L"'" ,,",Ion t 
Semi -maj or Semi -mi nor Aspec t Terminal Reynolds Eotvos Skirt Jeffrey's 

Ui <ln: lcr axi s axi s Eccentrici ty Ra ti 0 ~elocity Number Nt.:mber Number Numbcr 
~'Jn d. cr:: a,cm b,çm e=c/a b/a O,cm/sec Re Eo Sk Je 

1 -- -- -- -- -- -- 1. 54 17.62 0.08 ~. 69 
2 3.72 2.18 1. 88 0.51 0.86 7.21 3.33 35.99 2. 17 16.38 
3 LI. 21 2.57 1. 90 0.67 0.74 7.95 4.14 45.85 2.44 " 18.92 
; ~ 1'038 2.61 2.3 11 0.44 0.90 8.31 4.50 " 49.62 2.50 19.59 
5 -- -- -- __ o. -- -- 6.05 68.34 2.86 23.58 i 
:; 1 5.:.'.') 3.2.9 2.57 0.62 0.78 10.46 6.79 71.30 3.23 22.37 
7 5.56 3.68 2.91 0.61 0.79 10.29 7.08 79.96 3.13 25.50 
3 2.59 3.59 2.65 0.67 0.74 10.20 7.05 80.83 3. 13 26.00 
'1 6.17 4.28 3.04 0.70 0.71 1 1. 1 1 8.48 . 98.47 3.03 29.08 " 

1") (,.31 4.19 3.04 0.69 0.73 11.21 8.75 102.99 3.45 30.15 
Il 6.33 4.49 3.59 0.60 0.80 11. 21 8.78 103.65 3.45 30.34 
12 6.74 4.92 2.82 0.82 0.57 11.73 9.98 117.51 3.57 32.87 
13 6.90 5.18 3.08 0.80 0.59 12.30 10.50 123.15 3.70 32.85 
14 6.93 5.13 3.39 0.75 0.66 11.95 10.24 124.22 3.57 . 311."1 1 
15 7. 11 5.65 3.76 0.75 " 0.67 12.55 11.03 130.76 3.85 34."19" 

._----~------ ---- -- . -

Drag 
Coc f f. 

Co 

27.27 
4.79 
4.08 
4.09 
3.38 
2.81 
2.74 
2.98 
2.37 
2.60 
2.29 
2.10 
1.85 
2.03 
1.63 

Ski r t 
Length 

Z,cm 

--
O.GO 

0.00 
0.00 
--
0.00 
0.00 
0.00 
0.10 
0.00 
0.30 
0.08 
2.50 
0.70 
2.40 

Angle 
t-'lax 

--
40 " 
40 

38 
43 
40 
45 
LI3 

45 
115 
1; ! ~ 

5 :. 

52 
52 
5 ~) 

, 
+-



l,>,;,;; ':,! Ir~n t SCl1li -major 
Li i i!: ...• 1. ~ r axis 

~C::1 r!. ~:n a,cm 

1 1 . G') 0.94 
2 2. 13 1.41 
3 :'.08 1.67 
1. 3. I:J 1.80 
5 1 3. ll8 2.10 
6 • If.OI 2.44 
7 

1 
'1. !Ii 2.57 

13 !' .. I;/f 2.82 
'J 1;. 7!) 3.08 

10 5.59 4.02 

1 : ~ 
~'. (::J 4.15 
1)./10 4.88 

i!3 6,63 5.35 
III 7. 15 5.73 

·~ 

TABLE 88. Full Data on the Shapes of Drops and Their Velocities 

1,2-Dlchloroethane - 27.5 0 C 

Scmi -mi nor Aspec t Terminal Reynolds Eotvos Skirt Jeffreyls 
axi s Eccentrici ty Ra tio ~elocity Number Number Numbe r Numbe r 
b,cm e=c/a b/a O,cm/sec Re Eo Sk Je 

0.86 0.40 0.91 3.39 0.68 Il.18 1.14 9.82 
1.20 0.53 0.85 6.00 1. 45 17.76 2.00 8.82 
1.37 0.57 0.82 7.02 2.58 37. 13 2.38 15.70 
1.37 0.65 0.76 8.31 3. 17 .39.83 2.78 11,.28 

1.71 0.58 0.81 8.60 3.57 47.40 2.86 16.42 
1.88 0.64 0.77 9.80 4.69 62.94 3.03 19.13 
2.05 0.60 0.80 10.37 5. 13 67.09 3.45 19.27 
2.22 0.62 0.79 10.63 5.64 77.17 3.57 21.62 

.2.26 0.68 0.73 Il.51 6.46 86.47 3.85 22.38 
2.85 0.71 0.71 12.94 8.64 122.32 4.35 28. 15 
2.43 0.81 0.59 13.21 9.29 135.80 4.35 30.62 
2.82 0.82 0.58 14.77 Il.29 160.33 5.00 32.33 
3.93 0.68 0.73 14.94 Il.83 172.06 5.00 34.30 
3.06 0.85 0.53 15.69 13.39 200. Il 5.26 37.99 

- - --~----- ----- -- - - - -

Drag Sk i r t 
Coe f f. Length 

CD z, cm 

15.55 0.00 
4.41 0.00 
6.90 0.00 
Ji. 71 0.00 
4.20 0.00 
3.68 0.00 
3.26 0.00 
3.16 0.00 
2.68 0.00 
2.10 l. 50 
2.21 1.70 
1.64 4.30 
1.48 3.40 
1.47 6.00 

Anale 
!'1ax 

-
40 
LfO 

38 
40 

40 
42 
40 
41 
50 
40 
54 
50 
55 

1 
.Ç:
N 



Il' '1 :,' v" 1 en , Semi -major 
, D, ,:rlle t'c! r axis 
! Re,,, cl. (;'" a,em 

1 2.'1 11 1.20 
2 2.96 l. 44 
3 , -- --

1 

II ".'111 2.65 
5 1 •• 79 2.83 

1 
,~ 5. 1 g 3.15 

1 7 (" (111 3 .94 

1 
- ('. 17.. 4.17 

r. r •. 2. 1 ".19 
10 . (·.37 4.45 
11 6.~5 4.62 
12 (>. (,5 4.72 
13 7.09 5. 13 

TABLE B9. F~ll Data on the Shapes of Drops and Their Veloei ties 

1,1,1 - Triehloroethane - 27.5°C 

Semi -mi nor Aspee t Termi na 1 Reynolds Eotvos Skirt Jeffrey's 
axis Eeeentriei ty Ra ti 0 ~eloeity NUr:lbe r Number NUr:lbe r Numbe r 
b,em e=e/a b/a O,cm/sec Re Eo Sk Je 

1.03 0.51 0.86 3.59 1.05 6.94 0.72 ~.67 
1.20 0.55 0.83 4.10 1. 45 10.22 0.82 12.46 
-- -- -- -- 3.03 16.84 1.33 12.62. 
2.14 0.59 0.81 4.70 2.49 22.99 0.94 24.45 
2.1,8 0.48 0.88 7.79 4.46 26.76 1.56 17. 17 
2.57 0.58 0.82 8.77 5.52 31.29 1. 75 17.84 
2..91 0.67 0.74 9.88 7. 13 42.55 1. 96 21.53 
2. l'. 0.75 0.66 9.80 7.16 43.68 1.96 22.28 
2.70 0.76 0.64 10.04 7.44 44.98 2.00 22.39 
3.04 0.73 0.68 . 10.37 7.89 47.32 2.08 22.81 
2.87 0.78 0.62 10.37 8.11 50.04 2.08 24.12 
3.10 0.75 0.66 10.73 8.52 51.58 2.13 24.03 
3.39 0.75 0.66 11. 10 9.40 58.63 2.22 26.40 

~-_._--

.' 

Drag Ski r t 
Coc f f. Leng th 

Co z,em 

12.77 0.00 
12.08 0.00 
4.05 --
9.16 0.00 
3.68 0.00 
2.97 0.00 
2.36 0.50 
2.24 0.00 
2.20 2. la 
1. 98 2.20 
2.00 2.20 
1. 87 1. 70 
1. 79 2.40 

Angle 
:·~û x 

--
36 
36 
38 
45 
42 
45 
50 
50 
50 
50 
50 
52 

1 

+:
\.J..l 

1 
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CHAPTER 5 

INVESTIGATION OF TERMINAL VELOCITY 
AND EXPERIMENTAL RESULTS 

5.0 Basic Problems 

The investigation of the motion of a dimpled drop 

in a liquid presents theoretical problems of such remarkable 

complexi ty, that rigorous solutions for the equations of motion 

are almost impossible. Some of these complexities include; 

As we have seen in the previous chapter, the shape of 

the drop can not be predicted reliably. Experiments 

have shown that smal 1 drops in viscous liquids are almost 

spherical in shape with a dimple at the rear whi le larger 

sized drops have an oblate-capped shape. At larger sizes 

sti 11, the shapes take complex forms as shown on page 89. 

ïi InternaI circulation occurs. 

iii The nature of the flow patterns are difficult to establish. 

iv The complete interfacial conditions are not easi ly char

acter.ized. 

v The nature of the wake, the concavi ty at the rear surface, 

and the effect of the skirts formed at the edge of the 

concave region, are not easi ly characterized. 

With the hope of establishing the form of an expres-

sion suitable for the calculation of drop terminal velocities, 

the following four limiting cases have been examined; 

Ellipsoidal coordinate approach with specific assumptions 

including creeping flO\>J in the continuous phase. 

ii Spherical coordinate approach with specific assumptions 

as in (i). 



-45 -

iii 5emi-empirical method by comblnlngthe results obtained 

in (ii) wlth the knowledge of flow past a spherlcal body 

in the Reynolds number range of interest. 

iv Oblate spheroid method assumlng potential flow. 

Methods (i), (Il) and (Iii) ail lnvolve the assump-

tion of creeplng flow. A complete solution to the creeping 

equation would be of the form; 

~(r,8) 
co -t n+2 
L: C cos 8 [A r 2 + B _1 - + C r + D 
2 n n n rn- l n n 

= 

where the use of the stream function automatlcally satisfles 

the Continuity equation. A set of boundary conditions which 

accoun~ for the indented base of the drop (without, however, 

including the effect of skirts) (see Figure 5.0) is the 

fo IloVvi ng: 

Fig.5.0. Definition sketch for complete 
boundary conditions on surfaces 
SI and 52 

1 
--n:}J 
r 
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Far from the drop at r = 00 

= 

and = 

- u cos e o 

U sin 8. o 

On surface SI' where r = RI' 8 ~\2: the boundary conditions are; 

On surface 

where 

= 

v8 = 

Vi 
r 

Vi 
8 

= 

=fi 

1 oV r ëJV 8 
(r- ae + ~ 

S2' where r 

V r cos 8 - v8 

o 

0 

v8 ov l ov l Vi 
K(l_r + ~ 8 - -) = - r). r r 08 or 

cos 8 = dl' 8 ~~ : 

sin 8 = 0, 

v~ cos 8 - vg sin 8 = 0, 

v r sin 8 - v8 cos 8 = Vi 
r sin 8 + vg cos 8, and 

0 sin 8 + v8 cos 8) K ..L( Vi sin 8 + vg cos -(v = oX r oX r 

.L 8 L sin 8 0 
= cos 08 OX or r 

8) 
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However, it must be borne in mjnd that for a liquid 

drop (or for a bubble), the assumption of creeping flow is 

not consistent wi th the deformed shapes implied by the boun

dary condi tions (and observed in practice). As shown by 

Taylor and Acrivos (1964), a spherical (undeformed) shape is 

consistent with the complete neglect of the inertia terms in 

the equation of motion. Therefore, it seemed to us advisable 

to adopt simpler conditions (methods (i) to (ii») than the 

above purely to allow us to test whether any useful result 

might follow from the low Reynolds number extreme. The actual 

range of Reynolds number investigated here is 2 ~ Re ~ 20. 

Although the equations obtained using methods (i), 

(ii) and (ii i) fai 1 to predict the terminal velocity correctly, 

the equation derived by using potential flow assumptions leads 

~o results which agree very weIl with the experimental results 

as shown later. This is somewhat surprising in view of the 

relatively low Reynolds numbers (2 ~ Re ~ 20) encountered in 

this study. 
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5.1 Method (1), Ellipsoldal Coordlnate Aoproach (Creeping Flow) 

Fig.5.1. Definition sketch for 
ellipsoidal coordinate 
method 

5.1.1 Assumptions 

The liquids are incompressible. 

ii The liquids are Newtonian. 

iii Inertia terms are negligible. 

iv Axial symroetry is assumed. 

v The surface of the drop i"s ellipsoidal and is 

given by À = ÀO' 0 ~ ~ ~îl. 

vi Relative to coordinates fixed on the drop, the 

system is at steady state. 

The coordinates (X,~) are shown in Figure 5.1. 



-49 -

5.1.3 Solution 

The shape of the drop has been approximated by an 

oblate ellipsoid, Figure 5.1. 

Let z = 

where z = 

r = 

Then x = 

UJ = 

* 

c cosh S 
x + i w 

s + i 11 

c cosh S 

c sinh S 

cos 

sin 

11 

Tl 

( 6) 

(7) 

This boundary condition is discussed in more detai l in 5.2.2., 
o ::; M ::; 2. 
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From (6) and (7), since . 2 2 l, we obtai n, slnYj+ cos 'Il = 

2 2 -
w + x (8) 2 . h2 2 2 = 

c sin S c cosh :; 

Hence, for constant S' we get a confocal fam.i ly of oblate 

spheroids whose centre is at the origin. For simplicity, we 

wi II write sinh s = \ and cOSYj = t. 

Now we wish to solve the equation of motion for steady creeping 

f 1 0\1>/ , i. e . 

E4~ = 0 

where 

E2 
= ~h2 { 2-(:4: L) + .L(~ L) } 

oS lU OS oYj lU oYj 
( 10) 

wi th 

h = hg = h 
'Il 

bei ng the usua 1 scaling factors. 

1 t may be shown that a more useful form of Equa t i on ( lO) i s 

E2 1 
2 {C \2+ 

2 2 
= 

C2C\2+ 
1)_0 - + (1_t2)_O_} ( l1) 

t ) 0\2 . 0 t 2 

From boundary condition (4), it is reasonable to assume a 

solution of the following form, 
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( 12) 

Substituting this in (9), we obta in, 

E4~ = 
CI.. 2+ 1} (1 - t 2} J 4( F -I-.F 1 )+( À-2+t2) Fil } ( 13) 
c 4( À- 2 + t 2) l 

where 

F = (1-. 2+J)fll - 2f 

After a lengthy but elementary calculation (Appendix A) we 

get for the external and internaI stream functions the fol-

lowing relations, 

......... ( 14) 

and 

2 {I 1 ( 2 -1 (2} ~I = -(l-t) ~1À- - ~2[1-. - À +I)cot À-J- c3 À. +1) 

...•.•.•. ( 15) 

Applying boundary conditions (1), (2), (3), and (4), we can 

determine the coefficients Cl' c 2' and c3. The final expres

sion for the external stream function, ~, becomes 

~ = 
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= -li 

whe re 

The corresponding stream function for an oblated spheroid 

translating with velocity Uo in the positive x-di rection may 

be obtained by subtracting the stream function for a uniform 
1 _2 

stream, rOw , 

i . e . = 

••••••• ( 1 6) 

This solution is simi lar to that obtained by Payne and Pell 

(1960) for a rigid ellipsoid. Note that the internaI fluid 

properties do not appear in Equation (16). This is due to 

boundary condition (3) which imposes zero velocity ~t a point 

on the surface; because of the form of solution (Equation 12), 

zero veleci ty results over the enti re surface as from the lino 

slipll condition for a rigid body. 

The drag force exerted on a complete oblate drop 

in the fluid, Payne and Pell (1960), is then given by 

F = 
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When the velocity of the drop has reached its steady state 

value, the only forces acting on the drop are the above drag 

forces and gravit y (buoyancy-weight) forces. Thus, we get 

for Uo' 

where = ~[p 
e 

since 

- 1 cot sinh sO = 

where e = 

• - 1 

2 
( 1 - 2e ) sin - 1 e ] 

e 

= J l-e2 

2 ' e 
and 

sIn e. 

ln the limiting case for a sphere, 

1 im K 
e .... 0 1 = 4 

3" 

( 18) 

as shown in Appendix B. In addition, a = b = sphere radius 

for e = 0 so that Equation (18) gives the Stoke1s rise velo-

ci ty as a 1 imi ting case. 
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·5.2 Method (ii), Sphcric<ll Coordinate Approach (Crceping FJm'J) 

.,- Fi g·"5. 2. 

,5.2. l Ass'umptions 

Definition sketch for 
spherical coordinate 
method 

The l1quids are incompressible. 

ii The liquids are Newtonian. 

iii Inertia terms are negligible. 

iv The system has axial -symmetry. 

v The surface of the drop is-given by r = R, 

o ~ e ~ ~. 
vi Relative to coordinates fixcid.to the rising 

drop, the system is at steady state. 

vii Interfacial tension effects are negligible. 
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;~ 

"5.2.2 Boundar~ Conditions 

vr = - Ua cose and ve = Uo sin 9 a t r = co ( 1 ) 

vr = Vi 
r = 0 at r = R ( 2) 

vg = Vi 
9 # 0 at r = R and o L.9L~ (3) 

T rr = T 1 at r .- R ( 4) rr 
T = T 1 at r = R (5) rg rg 

vg = o },,:* at r = R and 9 = ~ (6) 
vg 

1 = 0 

5.2.3 Solution 

Let us assume that gravi~y is the driving force. 

The drop is rising vertically in the positive x-direction. 

To hold the drop stationary, let us apply a force in the 

negative x-direction to counterbalance the net gravit y force. 

CThis is Batchelor's use of a "modified pressure".) 

* 

** 

We take the coordinates to move with the centre of the 
ri si ng drop. 

We require the absolute magnitude of the velocity components 
in the vertical direction at the base (assumed horizontal) to 
vani sh. Thi s then requi res that vr sin 9 +vg cosg = 9 at 
every point on the base surface. Therefore, at the singu
larity point e =~, r = R, where v = 0 and v~ = 0, we must 
al 50 have vg = 0 and ve = O. r 
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For the outside fluid, the creeping flo"J equation is 

'Vp = - D.(.9. ( 8) 

For the inside fluid, 

~pl = 

The equation of continuity is satisfied for both fluids, i.e. 

'Vy.. = 0 

It is convenient to wri te 

Il = - Aegx Fx 
= V 

where x is a vertical length coordinate, 50 that 

and 

~( p-îi) = 

( 1 Oa) 

( lOb) 

( 1 J) 
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Here we can see that the simi larity of (II) and (9) simpli

fies the computation. Now y, yi, p, and pl in Equations (9), 

(10) and (II) must be solved subject to the appropriate boun-

dary conditions. 

L(f -îi') 
or 

ln spherical coordinates, (II) becomes 

2 2 
= ~{~ + __ 1 ~ + l oV r + cot8 oV r _ 2v r _ 2CO~8V8} 

2 2 ~82 r 0 2 08 -2-or r 0 r r r r 

••••• ( 1 2) 

••••• ( 13) 

whi le Equation (IOa) becomes 

( 14) 

The equations of motion and continu1ty for the inner fluids 

have the same form. 

We try a solution of the following form, 

Vr = XI(r) cos9 ( 15a) 

v8 = X2( r) sin9 ( 15 b) 

p-'ii' = ~X3(r) cos8 ( 15c) 
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Vr 
1 = X Il ( r) cosS ( 15d) 

Vs 1 = X2 1 (r) sinS ( 15e) 

pl = IlIX I(r) cosS 
3 

( 15 f) 

Substi tuting these equations into equations (12), (13), and 

(14}, and with a few assumptions (Appendix Cl, we obtain 

c c 2 v = (_1_ + _2_ + c
3 + c 4 r ) cose r r3 r 

( 16a) 

cI c2 2 sinS Vs = (- - 2.r - c3 - 2c 4 r ) 
2r 3 

( 16b) 

p_tr = 
c 2 

1l(-2- + (lac 4 r) coss ( 16c) 
r 

Cl 1 

1 (_1 + 
c2 1 1 2) vr = -+ c

3 + c4r coss 
r3 r ( 16d) 

1 1 

Vi cl c2 1 1 2) sine = (- -27 c3 - 2c 4r e 2r 3 
( 16e) 

pl = 1-1 1 
( 1 aC4 r) coss ( 16f) 

Equation ( 16) contains eight unknown constants 

whereas we have nine boundary conditions from Equations (II) 

to (6), so that one boundary condition is superfluous. If 

(6) is applied; then because of the form of (15b) and (15e), 

then ve and vS
I must be a for a Il S at r = R. Then, if the 

normal stress boundary condi tion, Equation (4), is left aside 

as being the superfluous one, . it is obvious that we 
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obtain Stokers solution for a solid sphere. 

i . e. ( 17) 

If, on the other hand, Equation (4) is used and Equation (5) 

i 5 left asi de, the termi na 1 " :..:loc i ty turns out to be 

( 18) 

5.3 Experimental Results, Methods (i) and (ii) 

... -- The uniformity of the velocity of rise of the 

liquid drops may be judged from Figure 5.2.1 where the ver-

tical displacement, x, of the nose of seven drops is plotted 

against frame number. It is clear that the points for each 

case are \'Jell fitted by straight lines 50 that any accelera

tion or deceleration of the drops (eg. caused by unsteady 

grov.Jth of the wake) is negligible. Thus, the velocity of 

rise, Uo' for aIl seven drops is re~sonably constant over- the 

inter-vals measured. 

The velocities calculated using methods (i) and (1 i) * 

and the corresponding measured veJocities are compared in 

Figure 5.2.2 for diethyl phthalate as the dispersed phase. 

The results obtained show too steep a slope. This applies 

a1so to aIl the other systems. AIl the data is tabulated in 

Ta b 1 es C 1 - C9. From the graph, it appea,"s as if for high U_ 1 
'-2 C 

* From equation L8 above 
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TABLE CI. Exoerimental and Calculated Drop Terminal Velocities 

), l, I-Trichloroethane - 27.50 C 

Ca leu la ted Ca 1 cu 1 a ted Caleulated 
Equivalent t1easured Veloci t) Velocit) Ve 1 oc i t) 

Di ame te r Veloci tv ~1e th( i Meth( i i t'1e th( i v 
Run d cm Uo,cm/sec U cm/sec U.cm/sec U cm/sec 

1 2.44 3.5"9 1. 65 2.74 5.16 
2 2.96 4.10 2.31 2.36 5.67 
3 -- -- -- -- --
4 4.44 4.70 7.64 7.33 7.70 
5 "-

_4.79 7.79 9.32 10.58 7.92 
6 5.18 8.77 " 10.88 12.35 8.39 
7 6.04 9.88 15.65 12.40 "9.41 
8 6.12 9.80 15.86 22.06 9.68 

-"9 6.21 10.04 15.74 17.72 9.70 
10 6.37 10.37 18.68 18.64 10:"01 : 
Il 6.55 10.37 18.53 19.77 1 Cl. 18 
12 6.65 10.37 20.31 20.32 10.30 
13 7.09 10.10 24.12 23.10 10.74 
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TABLE C2. Experimental and Calculated Drop Terminal 'Velocities 

o-Dichlorobenzene - 27.8°C 

Ca Iculated Ca leu la ted Calculated 
Equi va 1 en t l"Îeasured Velocit) Velocit) Veloci t) 

Di ame ter Veloc}ty Me th( i t1Gth( i i Meth(iv 
Run d,cm UO,cm sec U cm/sec U cm/sec U,cm/sec 

1 --

2 3.72 7.21 7.95 9.30 8.25 

3 4.21 7.95 9.71 11.90 9.01 
4 4.38 8.31 Il .76 12.86 9.01 

5 ._-,-
6 5.25 10.46 0 16.67 18.50 10.18 

7 5.56 10.29 21.07 20.71 '10.76 
8 2~059 10.20 18.91 9.74 10.65 

'09 6. 17 11. 1 1 26.01 25.55 11.63 
10 6.31 Il.21 25.39 26.72 11.51 
11 6.33 Il.21 21.65 26.89 1 1.89 
12 6.74 1 1 .73 28.50 30.44 12.40 

13 6.90 12.30 32.64 ~ 1.90 12.75 
14 6.93 1 1 .95 35. 1 1 32.22 12.73 
15 7. 1 1 12.55 42.85 33.92 13.36 
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TABLE C3. Experimental and Calculated Drop Terminal Velocities 

, 1,2-0ichloroethane - 27.5 0 C 

Ca le u 1 a ted Ca lculated Ca leu lated 
Equi va len t Measured Veloci t) Ve 1 oc i t) Ve loci t) 

Di ame ter Velocity Me th( i Meth( i i Meth(iv 
Run d cm Uo,cm/sec U,cm/sec U cm/sec U cm/sec 

'. 

1 1. 69 3.39 2.13 2.65 6.44 
2 2.13 6.00 4.52 4.20 7.92 
3 3.08 7.02 6.15 8.73 8.64 
4 3.19 8.31 6.70 9.34 8.99 
5 3.48 8.60 9.66 11.14 9.69 
6 4.01 9.80' 12.45 14.84 10.46 
J- .' 4.14 10.37 14.22 16.08 1'0.73 
8 4.14 10.63 16.93 18.14 Il. 24 

'. 9 4.70 Il. 51 19.03 20.33 Il.77 
10 5.59 12.94 31. 47 28.82 13.45 
Il 5.89 13.21 28.39 31.99 13.61 
12 6.40 13.77 38.80 37.70 14.75 
13 6.63 14.94 57.46 39.67 15.51 
14 7.15 15.69 49.85 47.12 15.90 
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TABLE C4. Experimental and Calculated Drop Terminal Velocities 

o-Diethy1 Phtha1ate - 27.8°C 

Calculated Ca 1 cu la ted Ca lcu latcd 
Equivalent Ilteasured Veloci t'{ Ve loci t) Ve loci t) 
Diameter Velocitv Meth( i 1 t'leth( i i Meth(iv 

Run d cm UO, cm/sec U cm/sec U,cm/sec U,cm/sec 

1 1. 86 7.43 6.42 6.46 10.02 

2 2. 13 8.54 9.01 8.50 10.67 

3 2.35 9.65 7.84 10.34 10.88 

4 2.96 10.37 12. Il 16.34 11. 92 

5 3.39 13.49 18.84 21.50 13.38 

6 4.08 16.30 . 33.33 31. 04 16.11 

7 4.27 16.09 . 32.99 34.08 1'6.34 

8 4.32 17.43 35'.98 34.81 47.04 
~9 4.38 16.30 32.63 35.79 16.38 

10 4.54 16.96 32.51 38.45 17.22 

11 4.88 18.73 41.41 44.42 17.89 

12 5.34 19.02 43.01 53. 19 17.83 

13 6.31 20.24 52.90 ?7. 48 18.56 

14 6.73 
. 

84.60 19.46 20.92 61.72 

15 6.79 22.02 68.12 86.09 20.02· 
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TABLE C5. Experimental and Calculated Drop Terminal Velocities 

Paraffin Oi 1 A - 26.5 0 C 

Ca 1 cu la ted Ca 1 cul a ted Ca 1 cu la tcd 
Equi va len t lv1ea sUI-cd Velocit) Velocit) Velocit) 

Di ameter Velocity lv1c th( i ~1eth(ii Meth(iv 
Run d cm UO,cm/sec U cm/sec U cm/sec U cmisec 

1 2.53 13.12 15.41 20.08 15.37 
2 3.08 16.48 25.12 29.64 18. 12 

3 3.73 19.26 34.56 43.59 20.65 
4 3.88 19.49 40.73 45.84 21. 14 

5 4.49 21.03 41. 71 62.05 21.65 
6 4.60 21.35 . 36. 17 66.11 21. 56 

7 5.06 21.80 . 34.65 79.66 21.08 
8 5.14 21.80 31. 88 82.55 20.82 

'. 
9 5.18 21.80 38.33 77.36 21.58 

10 5.22 21.80 38.78 85.13 21. 67 
1 1 5.66 21.80 35.12 100.10 21.11 
12 6.21 23.02 55.03 120.69 23.40 
13 6. 12 22. 16 40.86 II 7.03 22.30 
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TABLE C6. Experimental and Calcul~ted Drop Terminal Veloci ties 

Si 1 icone Oi 1 B - 25.4oC 

Ca le u 1 a ted Ca le u 1 a ted Ca le u 1 a ted 
Equi va len t Measured Ve10ci t) Veloci t) Ve1ocit) 

Di élme te r Velocity l-1e th ( i Me th( i i t-'leth(iv 
Run d cm Uo,cm/sec U cm/ sec U,cm/sec U cm/sec 

1 1.86 
" .. 
-- -- -- --

2 2.13 9.30 6.31 10.32 12.00 

3 2.53 11. 62 10.86 14.54 13.63 
4 2.96 14.59 18.36 19.82 16.00 . 

5 3. 13 14.91 16.48 22.24 16.05 
6 3.29 14.91 . 18. 15 24.57 16.01 

7 3.80 18.03 31. 32 32.67 18.72 
8 4.01 18.89 35.31 36.47 19. 19 

'.9 4.27 19.79 37.46 4!.35 20.23 
10 4.44 19.79 35.07 44.61 19.83 
1 1 4.88 21.10 41.42 53.32 21.02 
12 5.41 21. 92 35.65 66.34 20.71 
13 5.73 22.81 41. 21 74.1·7 21.30 

'-

14 6. 18 23.66 
15 6. 75 24.17 35.08 94.07 20.62. 
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TABLE C7. Experimental and Calculated Drop Terminal Veloci ties 

Si'licone Oil ACI - 27.8°C 

Ca 1 c LI 1 <) ted Cé) 1 cul é) te cl Calculated 
Equi va lent I-icasurecl Veloci t~ \lc loc i t) Veloci t~ 

Di é)mc te r Veloci ty I-ie th( i 1·'Ie th ( i i l''eth( i v 
Run d cm UO, cm/sec U cm/scc U cm/sec U cm/sec 

1 1.86 7.85 8.36 10.74 12. 1 1 
2 3.08 13.16 23.80 35.16 16.93 

3 3. 19 13.65 25.42 31.67 17.46 
4 4.10 15.37 39.30 52.90 20.57 

5 4.60 15.80 43.10 66.63 21. 21 
6 4.30 16.05 35.29 71. 0 1 19.61 

~ 7 5.69 16.05 42.21 100.60 20.73 
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TABLE C8. Experimental and Calculated Drop Terminal Veloci ties 

Si 1 icone Oi 1 ABI - 27.8°C 

Calculé3ted Ca 1 cul a tcd Calculated 
Equivalent 1'1eas ured VeJoci t) Ve 1oc i t) Ve loc i t) 

Di é3me te r VeJocity 1'1e th ( i 1·1e th ( i i Ille th( i v 
Run d cm UO, cm/ sec U cm/sec U cm/sec U cm/scc 

1 3.08 13.99 23.02 29.42 16.30 

2 4.10 20.45 52.70 52. J 4 21.25 

3 4.32 18.48 57.99 57.88 21.18 

4 4.38 18.73 48.16 59.51 20.50 

5 4.84 19.75 44.90 72.67 20.78 

6 5.10 20.87 57.92 80.68 21.84 

,) 5.34 20.45 51.05 88.45 21.20 

8. 6.10 20. 14 45.74 115.42 20'.73 

9 6.21 21.66 67.16 119.42 22.49 
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TABLE C9. Experimental and Caleulated Drop Terminal Veleei ties 

Si lieone ai 1 A - 27.5°c-

Ca leu la tcd Caleulated Caleulatcd 
Equi va 1 en t Heasured veleeit) Veleeit) Ve loci t) 

Di ame te r Velocitv Me th( i Meth( i i ~'eth(iv 
RUIl d cm Ua, cm/sec U cm/sec U,cm/scc U cm/sec 

1 2.35 13.8'6 17.19 17.20 15.86 
2 3.08 17.32 25.64 29.42 18. al 
3 4.32 22.00 58.47 57.88 22.51 
4 4.38 22.34 65.31 59.50 23.04 

5 4.74 23.18 73.47 69.68 23.72 
6 4.79 24. 09 ' 79.96 74.28 24.22 

7 5.02 24.69 61.63 78.15 23.61 
8 5.66 26.29 111. 30 88.82 26.25 

-'9 5.95 26.29 110.48 109.98 26.35 
la 6.50 26.78 113. al 131.03 26.90 
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""the measured velocities begin to veer"up\"érds whi le" 

for small Ucalc :"' the velocities differ only slightly. This 

suggests that for drops of sma Il diameter, these equations 

may be used to estimate the rising velocity; however, as'the drop 

diameter increases, àgreement becomes poor. This agrees 

wi th the earlier warning that our assul1ption"s are only valid 

for spherical drops at low Reynolds numbers. These condi tio~s 

do" not apply in our systems. 

Fig.5.3. Definition sketch for 
semi-empirical method 

Using spherical coordinates and oblate coordinates; 

for creeping flO\v, we have obtained expressions for the ter"ï.:inal 

velocity of the foIJowing"forms; 
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U 0<.. ~ K ab (2) o Il 1 

where KI was defined in Section 5.1.3. It mày be noted that 

the Hadamard solution is also of the form of (1). 

ln view of the above, it is reasonable to assume 

a general expression (for creeping flow) of the following 

form; 

where L is a characteristic length. We can assume that the 

c?nstant of proportionality is a function of shape. With the 

hope of establishing a relationship between the constant of 

proportionality and expression (3), the follovving three 

approaches have been considered; 

( i ) 

( i i ) 

Spherici ty, ~s = 
Area of spherical drop of equi
valent volume 
Actual surface area of drop 

Drop shape parameter, ~~ = 

A. 
where B IS as shown in Figure 5.3. 

Sphere eauivalent diameter 
(iii) Circularity, ~c = Diameter of a drop with same 

cross-sectional area as that 
of the particle projected in 
the direction of motion. 
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Each of these parameters can be calculated from 

the photographs, although calcu!ations of the drop surface 

area are rather tedious and require coordinates of a series 

of points. In each case, (3) leads to 

= F( ~) ( 4) 

where * is the relevant shape parameter*. 

ln view of the discrepancy between the experimental 

results and methods (i) and (ii), and the fact that it is 

clear that no single parameter adequately represents the 

range of shapes observed in this work, this approach was not 

pursued any further. 

Before applying either the sphericity of circularity 

method, the surface area and the volume of the drop must be 

obtained. One method of achieving this is by using a simple 

but suitable technique, the trapezoidal rule, (McCracken & 

Do rn , p. 1 6 1 ) • 

The expressions for the surface area and the volume 

of the drop have been derived, Appendix D. They are; 

is the reciprocal of the Jeffrey number which is a 
ratio of gravit y to viscous flow. 
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and 

A simple computer program has been writt~n to perform these 

calculations. Only pal rs of values of the position coordin-

a tes, z. and r '1 are reo.uired as input data. From 
1 1 

given in the appendix, i t i s seen tha t rO = r n 
1 n order to achieve a higher degree of 

cor rec ti on for the truncation unde res ti ma tes has 

derived and is given in Appendix D(c). 

5.5 Oblate Spheroid Method (Potential Flow) -

.--;, 

Fig.5.4. Definition sketch for 
oblate spheroid method 

= 

the diagram 

O. 

accuracy, a 

also been 
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5.5.1 Assumptions 

The flowof the external liquid is irrotationaJ. 

i i The variation of pressure near the drop nose i s 

negligible. 

iii Surface tension forces are negligible. 

iv The effect of the wake and the skirts at the 

concave region are negligible. 

v Axial symmetry is assumed. 

vi The system is assumed to be at steady state 

relative to an origin fixed on the drop. 

vii The shape of the drop is assumed to be approxi

mated by an oblate spheroid. 

5.5.2 Solution 

Let Z = = c si nh f ( 1 ) 

( 2) 

(3) 

( 4) 

- j'= iTl where z = x + iw and S + 

Then, x = c sinh ; cosT) 

w = c cosh ; sinT) 
An oblate e 11 ipso i da 1 surface i s then given by ; = So 

from where we find the semi-axes to be 

a = c cosh ;0 and b = c sinh So 

The stream function for an oblate ellipsoid moving 

with a velocity Uo along the x-axis relative to stagnant fluid 

(Mi lne-Thomson, p.499) is given by, 



= 

where K3 = 
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-~ UOC
2(sinh S - cosh 2; cot- J sinh s)sin2~ 

K 
3 

1.2 .-J eJ J -e- - sin e 

Mi lne-Thomson has derived an equation to enable the calcu

lation of the tangential velocity, q ; 
n 

q~ = 

or = ( 6) 

since the velocity normal to the drop surface is O. 

J is defined by; 

= 

Hence J = 
1 

( h2 2 . h2 . 2 ) '2 
C cos ; cos ~ + sin g sin ~ (8) 

By superimposing a uniform stream of velocity Uo in the 

negative x-direction, we obtain for streaming past an oblate 

ellipsoid, 

~ =-

2 
UOc 2 2 -- rK cosh s~ - (si nh s- - cosh s"" 
2K3 1. 3 

. 2 
X SI n ~ 

- 1 } cot sinhg) 

(9) 



Now 

where 

But 

Therefore oW = 
oS 
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-J~{2K3coshssinh; - cosh; + 2cosh s sinh s 
-1 . h . h } cot sin S - sin S ( 10) 

= ( ~ 1 2 ) cosh; 
l+slnh ; 

- 2J\cOshs{K
3

sinh s -1+ sinhscot-Isinh s} 

••••••• ( 1 J) 

which, on substituting into (6) gives, 

But 

Therefore 

= 
- 2Asinhso{K3sinhsc-1 + sinhsfot-lsinhs01 

( h2 2 . h2 . 2 ) th· c cos StCOS ~ + sin sOsln ~ c cos sOsln ~ 

••••••• ( 1 2) 

cosh Sa = l sinh SA = jl_e2 
and e , 

e2 

- 1 si n 
.: 1 

cot sinh Sa = e 

= 
U 26. 2 
-Oesln~ 

2{ 2. 2 2 l (K3) (l-e )sln ~ + cos ~J 

( 13) 

Application of Bernoul li·s equation to the outside 

fluid between the stagnation point at the nose and another 

point on the surface yields, 
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p = ( i 4) 

where Ps is the pressure at the stagnation point. For 

K = ~I/~ ~~1, the Reynolds number for the interna1 motion 

is much greater than that for the external motion, Rel = 

pIUOde/~1 >~ 1. Thus, it is reasonable to think in terms of 

a thin interior boundary layer (see Harper and Moore, 1968) 

upon which the pressure is imposed by the interior f1uid which 

is moving slow1y. As a œasonab1e approximation then, we may 

take the pressure distribution on the inside surface of the 

drop as corresponding to the hydrostatic pressure variation 

of the interior f1uid. Thus, we may write 

p = ( 15) 

Combining (14) and (15), we may write 

= 2 T gb( 1 - cosY]) ( 16) 

where bot: = e - (1. 1 t may be noted that Harri son et al 

(1961) arrived at a simi 1ar resu1t by assuming the dispersed 

phase f1uid to be stagnant, a condition which wou1d vio1ate 

continuity of f1uid ve10city at the interface. Here we assume 

that the interior pressure is the same as for a stagnant f1uid 

without implying that the dispersed f1uid is actua11y stationary 
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.relative to axes moving with the drop. 

We may now combine (14) and (16) and require that 

the resulting equation be satisfied in the limit as ~ ~ 0 

(analogous to the well-knovm Davies and Taylor, 1951, treat

ment for spherical-cap bubbles and to the Grace and Harrison, 

1967, solution for prolate ellipsoidal-cap bubbles). Thus, 

50 tha t 

U 2 = o 

= 

K 2 
1 i m 2 b ~f: 3 (1 -cos 11) {( 1 2). 2 + 2 } 
~ 0 9 ~ ~ . 2 -e sin ~ cos ~ 

~ e sin 11 

K b( b ~)t 
3 9 e ( 1]) 

Uo = K3 a( ga ~)t 
\ 

or (18) 

K b 1 ( . - 1 - ell-e 2 = 3' sin e 3 where (19) 
e 

K a = :J l_e 2 K3 b 
3 

and (20) 

ln the limiting case as e ~ 0 (or b ~ a), then K3 b = K
3
a ~ 2/3 

as shown in Appendix E. 

5.5.3 Experimental Results, Method (iv) 

A comparison of the velocities calculated from 

method (tv) and the measured velocities is shown in Figure 

5.4.1 for eight dispersed fluids: silicone oils A, B, and 

AB1, paraffin oil A, o-diethyl phthalate, 1,2-dichloroethane, 

o-dichlorobenzene, and l, l, 1 -trichloroethane. 
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It is clear that the calculated velocities show 

remarkably good agreement with the measured values despite 

the arbitrary assumption that the flow can be described as 

irrotational and despite the fact that the stream function 

was calculated for a complete oblate spheroid. Furthermore, 

no allowance has been made for the presence of dimples and 

skirts at the rear of the drop. 

For large drops where surface tension forces are 

negligible and where the internaI fluid viscosity is much 

Jess than the field fluid viscosity, the external fluid 

encounters little resistance at the interface. Thus there 

is non-zero velocity at the drop surface(as for potential 

Flow past a body) and vorticity generation is relatively 

smalJ. This no doubt accounts for the fact that the poten

tial flow model applies down to such relatively low Reynolds 

numbers, just as the Davies and Taylor mode 1 applies for 

bubbles down to simi lar Reynolds numbers, Davenport et §Ù 

( 1967). 
l 

Also, it wi 11 be noted in Figure 5.4:-tr that agree-

ment is most favourable for larger liquid drops. For the 
b .1 

smaller drops, the equation, Uo = K3 (1' 9b)2, overestimates 

the velocities. We would expect the potential flowassump

tion to be more valid at higher Reynolds numbers and this 

is borne out by the results shown in the figure. 
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Finally, i t must be pointed out that the character-

istic lengths a and b viere not weii-defined in sorne cases, and 

hence the eccentricity e is subject to considerable experi

mental error. Nevertheless, the final agreement for Ua is 

so favourable that Equation (17) can be accepted for large 

drops rising in systems \tJhere K = ~I/~~l..l.. For the systems 

covered in this investigation, EO > 7, I<Re~2a, K<a.03 and 

y = e' /e'O.94. Finally, it should be noted that Equation (17) 
-

allows calculation or the drop terminal rising velocity, but 

only if one already knows the shape. In this sense, again it 

is simi lar to results for large spherical-cap bubbles rising 

in liquids. The full results, including the measured shape 

parametèrs, are presented in Tables Bl - B9.* 

It is also possible to fit results of Fararoui and 

Kintner (1'961) using Equation (17). HovJever, a certain amount 

or guesswork is involved in interpreting their data. In par

ticular, they have not given the scale or their photographs. 

ln addition, the results of Shoemaker and Chaz~l (1969) are 

at higher Reynolds numbers than ours_and the physical proper

ties of the l~quids are not clearly specified so that a direct 

comparison is impossible. 

* The data in Table C7 exhibited the poorest agreement. As 
shown in Table A, silicone Oil ACl which has the highest 
viscosity produced unsteady drops. These drops were uns
uitable for measuring a and band hence were not plotted 
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CHAPTER 6 

DIMPLE FORMATION AND THE DEVELOPMENT OF SKIRTS 

6.0 Eariier Speculations 

ln an attempt to explain the causes of flattening 

and dimpling at the rear of a liquid drop moving through 

another liquid of higher viscosity, Garner et ~ (1957) based 

their argument on the pressure balance between interfacial 

tension, hydrostatic pressure, and the hydrodynamic pressure 

due to the external liquid. They did not mention the effect 

of the wake region behind the drop which may v.,rell play an 

important part in the dimple formation and the development 

of ski r t s a t the r e a r 0 f the d r 0 p . Fu rt h e r mo r e , the yon 1 y 

considered Reynolds numbers ranging from 0.0001 to 1.6 which 

is too small a range for any generalizations on dimpled drops 

to be made. 

On the other hand, Shoemaker and Chazal (1969) 

believed that dï"mples and skirts found at the trai ling end of 

large drops moving in high viscosity media were due to stable 

vortices in the wake of the drop and to internai circulation 

wi thi n the drop. Nei ther Garner et al. nor Shoemaker and ---
Chaza 1 attempted to offer any explanation of why 1 i qui d drops 

moving th rough a fluid of lower viscosity (e.g. raindrops 

fa Il i ng through air) have a flattened surface at their nose 

instead of at their rear. This interesting question does not 

appear to have received any attention. 



-84-

6.1 Qua li tative Explanation for the Di fference in Shape 
Betvveen Cë:lses \'Ihere fl'<:~ U and u l -;'"7U 

The më:lin difference here is the Reynolds number 

for the two cases. In our system where ~IL~U, the typical 

range of Reynolds numbers was betvJeen 2 and 20. On the 

other hand, a raindrop fal ling through air a~tains Reynolds 

number of about 7,000. In addi tion, the E'ôtvos number for 

fal ling drops never exceeds about 2~Merrington and Richardson 

(194]) , whereas for our case, the Eotvos number was a lways 

greater than 7 and commonly greater than 40. Thus surface 

tension forces continue to play a significant role for deformed 

drops falling through agas vJhereas interfacial tension forces 

are negligible for the dimpled drops encountered here in 

liquid-liquid systems. In view of the large difference in 

Reynolds numbers, we would expect large differences in flow 

patterns and hydrodynamic pressure distributions even if the 

shapes were identical, LeClair (1970). For example, it is 

reasonable to expect boundary layer separation for the high 

Re case but not at Reynolds numbers of the order of 20 or 

smaller. Hence, it is not surprising that the equilibrium 

shapes differ widely in the two cases. 

6.2 The Case \ft/here Il'..ç< Il 

Here, as we have already mentioned, it has been 

extremely difficult to conceive what factors are controlling 

the formation of dimples and skirts. Firstly, the range of 

Reynolds number is too low to think in terms of boundary layer 
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separation. Secondly, the appearance of dimples is observed 

at such low Reynolds numbers that the development of a wake 

cannot be attributed to it. For example, as stated above, 

a standing eddy for flow past a solid sphere does not occur 

unti 1 a Reynolds number of about 20. In addi tion, as the drop 

size is increased, the shape of the rear changes from spherical 

( 1) to one wi th a flattened rear (2). The curvature then 

becomes negative (3) and ski rts begin to form. This is then 

followed by concave surfaces with smooth curved ski rts (4). 

The waves then set in as the downward skirts straighten (5), 

and finally the drop motion becomes unsteady and the skirts 

wobbly (6), Figure 6.1. Bearing these factors in mind, we 

hope to explain the course of these shape changes in a simple 

but reasonable qualitative manner. Although the shapes exhi

bited by a drop can be categorised by some convenient dimension

less groups, it is rather difficult to devise groups for liquid 

drops, Grace (1972), and we have chosen to classify them 

according to the nature of the shape observed From the experi

ments, Figures 6.1. and 6.2. 

6.2.1 Spherical or Almost Spherical Drops 

This is the case where the interfacial tension forces 

or viscous forces predominate. The drop assumes a spherical 

shape or it is distorted to such a small degree that non-zero 

eccentricity is not observable. As stated before, drops of 

this shape have been thoroughly examined analytical ly and 

expe r i men ta Il y . 
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.. 0 
. ,... 

(1) Spherical 

(3) lndented Drop 

(5) Skirt Straightened 
Downwards 

.-".-

<:.:.~::J;;<~: .. 

(2) Flattened Rear 

(4) Smooth Curved Ski rt 

L 

(6) Unsteady and Wobbly 
Ski rt 

Fig.6.1. Typical shape of large drops of o-diethyl phthalate 
rising through aqueous sugar solution. 
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Fig.6.1. Typical shape of large drops of o-diethyl phthalate 
rising through aqueous sugar solution. 



-87-

6.2.2 Drops with Flattened Rear 

Saito (1913) was the first person to predict that 

a drop moving through viscous fluid wi Il deform into an oblate 

or prolate spheroid. He used the Hadamard-Rybczinski (1911) 

approach for low Reynolds numbers and took into account the 

non-linear inertia terms in the equation of motion and the 

capi Ilary action. He obtained the following equation: 

= 

The drop wi Il deform into an oblate or prolate spheroid 

depending on whetherLl:.:::.o orL1~>o whereL1: is the term in 

the square brackets. This same problem was revised by Taylor 

and Acrivos (1964) who found a fundamental error in Saito's 

V{ork. In thei r approach, Taylor and Acrivos sh')wed that as 

the Weber number increases, the drop wi Il deform fi rst into 

an oblate spheroid (which qualitatively but not quantitatively 

agrees \'Jith Saito's work) and then with a further increase in 

Weber number, into a geometry having a rounded top-and flattened 

rear. They used a si~gular-perturbation solution of the axi-

symmetric equ2tion of motion and arrived at a final solution; 

LI v/e2 
TA = - ,..,We P2( s-) - ~-i--::-~'-'- - P (F) + v. Re 3":> ..•..• 

where cr = 1 {~3 + ~2 + ~ + 1) _ ~( I+K)} 
4(I+K)3 80 20 40 4 12 
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ln our opinion, Taylor and Acrivos l explanation 

for the flattening of drops at the rear seems more convincing 

than the oversimplified one by Garner et~. However, the 

solution is limited to small deviations from the spherical 

and to low Re and We so that it is unable to cope with the 

radical deformations observed in this study.· 

6.2.3 Onset of Ski rt Formation 

Seven distinct stages can be distinguished in the 

development of the shape of drops in the viscous liquid 

employed here .. These stages are shown on the following 

page in Figure 6.2. 

Figure 6.2 Stages in drop shape development 

in viscous liquid: 

(a) Spherical drop 

(b) Nearly spherical but with flattening at rear pole. 

(c) Dimpled drop 

(d) Onset of skirt formation 

(e) Fully developed skirt pinched inwards 

(f) Skirt straightened downwards 

(g) Unsteady skirt, growing with time and asymmetric. 

ln this section, a quali tative explanation for this 

evolution of drop shape is provided which is consistent with 

what evide~ce is avai lable on the flow patterns and skirt for

mation. Further experimental work is required to confirm this 

qualitative picture and to allow quantitative predictions. 
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Fi g. 6.2. Stages in drop shape development in viscous liquids. 
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Fig. 6.2. Stages in drop shape development in viscous liquids. 
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Results have been plotted in Figure 6.3 for drops 

and bubbles (KL.~I, y.c:.J) to delineate the region where skirt 

formation occurs. The results are plotted as Sk vs Re. The 

open symbols correspond to drops or bubbles where no skirt 

formation was observed. The blocked-in symbols correspond 

to drops or bubbles wi th trai ling skirts. Where a vertical 

line has been drawn through an open symbol, this denotes the 

critical condition corresponding to the onset of skirt forma

tion. It will be recognized that the definition of this cri

tical condition is rather arbitrary. Wegener ~ ~ (1971) 

did not specify how they defined the critical condition for 

thei r bubble studies. In the present work, the onset \,IJas 

defined as shown in section 3.3.3 where Z in Figure 3.2 exceeds 

O. For the Guthrie (1967) bubbles in a 6.1% PVA solution and 

for Shoem~ker and Chazal (1969), photographs were reproduced 

and enough information was given to allow us to determine Sk 

and Re and whether or not there were skirts. Angelino (1966) 

also showed photographs of bubbles with skirts but did not 

give the dimensions of the bubbles. In the case of the Davenport 

et ~ (196]) and Jones (1965) studies, condi tions for the onset 

of skirt formation were quoted in the respective texts. 

Figure 6.3 shows clearly that skirts do not form for 

drops having Reynolds numbers less than about 6 or skirt 

numbers (Sk) less than about 2. An approximate boundary 

separating the region of skirt formation from that of no skirt 

formation for drops is shown on the figure. The results for 

air bubbles are in qualitative agreement but the transition 
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seems to take place for different values of Re and Sk. How-

ever, more data is certainly required to be able to make I::. 
Il rm 

conclusions on this point. In addition, it is not clear hom 

the data presented here how high the Re can be before skirts 

break down. AIso, differ~nt size columns were used in the 

different experimental studies and, therefore, wall effects may 

account for some of the scatter in Figure 6.3. 

As we have already seen, spherical drops have internaI 

circulation if the accumulation of surface active contaminants 

at the interface is not excessive. For rigid spheres, a standing 

eddy develops at the rear for Re of the order of 20. For drops 

it is not clear when such a standing eddy should form, but it 

seems likely that the mobility of the interface wi Il tend to 

delay the onset of ~ standing edd~ whereas the indentation at 

the base wi 11 tend to promote its formation. A qualitative 

sketch of the streamlines (relative to the drop) is shown in 

Figure 6.4 for an indented drop with a recirculating closed wake. 

Fig.6.4. Streamlines for dimpled drop 
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Note that there must be three stable vortices (or at least 

an odd number). The second internaI vortex (Vortex 2) is 

necessary in order to provide continuity of velocity every

where. Such a second internaI vortex has been observed by 

Pruppacher (1972) for water drops fal ling through ai rand has 

been predicted numerically by Hamielec and Johnson' (1962). 

The reason for the onset of skirts now becomes 

appa ren t. The vi scous ex te rna IIi qu id tends to pu Il the drop 

liquid at SI downward due to shear mainly from the external 

flow aided to sorne extent by Vortex 3. This tendency is 

resisted by interfacial tension forces trying to minimize the 

interfacial area and, to a much lesser extent for KLL1, DY 

shear due to the internaI circulation. The shearing force 

tending to extend the drop at SI would then be proportional 

t? ~Uo' whi le the resisting force is proportional to the 

interfacial tension, a. Thus, we would expect skirt formation 

to depend on the dimensionless group uUO/a (which we have given the 

symbol., Sk). In addi tion, we vvould expect Re to be important 
• since at too Iowa Reynolds number, no standing eddy would be 

forme~ whi le at too high a Reynolds number, the wake would be 

turbulent. 

Once the onset of skirt formation has been achieved 

(Figure 6.2(d)), it appears likely that the flow pattern is 

modified so that for fully developcd skirts, tVJO vortices now 

appear in the external fluid and only one inside. This situ

ation is sketched in Figure 6.5. 
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Fig.6.5. Streamlines for skirted drop 

ln the present work, 90% mesh aluminum particles were dis

persed insi licone oi 1 B before drop formation in a few cases 

to allow Flow visualization. Observations confirmed that the 

motion inside the skirted dro~ was as shown in Figure 6.5 with 

the aluminum particles carried on the outside down to the 

bottom of the skirt and then upwards on the inside and finally 

back through the interior of the drop. It was also possible 

to distinguish a vortex with the direction of Vortex 2 pro

tected by the skirt by observing tiny air bubbles trapped in 

the viscous sugar solution. It was not possible to confirm 

the existence of Vortex 3 by this means. No attempts have 

been made so far to photograph streaks due to tracer particles. 

Thus, the picture given above is plausible and consistent with 

observation, but further confi rmation is requi red. One ques

tion that remains unanswered is how the transformation occurs 
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from a situation where there are two vortices inside and one 

outside to the reverse situation where there are two outside 

and only one inside. 

This qualitative picture of flow in the ski rt helps 

to clarify the flow pattern postulated by Guthrie (1967,1969) 

for bubble ski rts. Guthrie proposed that the flow in the ski rt 

could be either symmetric or asymmetrical (with respect to the 

centre line of the ski rt). 1 t would appear from the observa

tions noted above that the actual flow pattern in the skirt 

is closer to the latter, but with non-zero velocity at the 

ski rt/wake interface (relative to the skirt) since, at least 

for liquid drops, the enclosed wake is not stagnant as assumed 

by Guthrie. 

Wi th a further i ncrease in drop si ze, the ski rt 

straightens downwards and eventually becomes unstable as shown 

in Figure 6.2. These phenomena are no doubt complex and related 

to increased vortici ty generation by the drop and to the sta

bility of the thin trailing skirts. Further experimental 

and theoreticalwork is required in order to describe these 

later stag~s of"skirt development. 

6.3 Analytical Description of Flow in the Skirt 

ln order to arrive at analytical expressions for the 

prediction of ski rt length, onset of wave formation, etc., i t 

would be very useful to have an analytical description of the 

flow pattern. One -such description that has been considered 

in some detai 1 in this work follows From a solution of the 

creeping flow equations mentioned in passing by Batchelor, p.226. 
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This approach, though it leads to no directly useful results, 

is of some interest and is described briefly below. 

A two-dimensional section through the skirt and 

enclosed vortex is considered as shown below. Point a is the 

tip of the skirt as shown in Figure 6.6. The ski rt is con

sidered to fill the entire wedge AOB in Figure 6.6, vJhile the 

external liquid fi 1 Is AOC. Motion below COB is not considered. 

Vortex in 
the v.Jake 

o 

A 

Skirt 

B 

Fig.6.6. Sketch of the idealised skirt/eddy 
interface used in the mode 1 

Assumpti ons 

o is a stagnation point. 

ii The tangential velocity at the interface, UFl 

is fini te; see Appendix F. 

i i i The skirt is very thin 50 that dUx »~ 
oY ox' 

iv The fluid5 are Newtonian. 

v Both liquids are incompressible. 
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vi U = 0; i.e. the flow can be treated as tvJO-z 
d i me n s i 0 na 1. 

vi i Steady flow exists relative to the frame of 

re fe rence . 

viii Creeping flow is assumed in the skirt region. 

Assume a solution of the form, 

= (1) 

A solution of this form is adopted because it gives 

flow patterns which resemble our physical situation at the 

wake/ski rt interface. Nov.., (1) must satisfy the equation of 

motion in creeping flow, 

= = o ( 2) 

where the operator 

2 = _o_+l.L+_1 ~ 
~ 2 r or 2 e2 or r 0 

( 3) 

On ~ubstituting (1) and (3) i nto ( 2) , and differentiating, 

we obta i n 

4 l(fiv + IOfi i + 9f) 0 ~ ~ = = r 

i • e . fiv + 1 Of i i + 9f = 0 (4 ) 
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The roots are then; 

m = :t. j, + 3j 

So that the solution becomes 

f = aOsin 8 + bOcos 8 + Co sin 38 + dO cos 38 

..... (5 ) 

Boundary Condi tions 

(i) f(O) = 0 ( 6) 

( il) 

( i i i ) 

since the line 8 = 0 is a streamllne. 
1 ~~: 2 At r = Z, vr = UF. uBut vr = r ~ = 3r f ' (8), 

the re fo re, fi (0) = ~ 
. 3z 

v Aeg V ~ 
where UF = Z( ( A sin~)2 

where this expression Is derived from an empirical 

result for thin liquid sheets in steady flow, Dombrowski 

and Fraser (1954). See Appendix F. 

f'(-G) = O. 
\ 

(8) 

This forces the normal velocity to vanish at 8 = -~. 

( i v) fil ( - P = O. 

It is assumed that there is no transfer of momentum 

a t the 1 i ne 8 = - ~ . 
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After lengthy algebraic manipulation, the values 

of ao ' bo ' Co and do can be calculated. For the special case 

of = "/3 (within the observed values), we get the simple 

solution, 

= ( 10) 

The above solution contains some of the principle 

features of the actual flow situation. At the same time, 

however, we have had to adopt several assumptions which are 

not strictly valid.(e.g. boundary condition (iv), the empi-

rical expression for UF and the wedge shape approximation 

shown in Figure 6.6). This model provides a first approach 

to the description of the flow patterns, but furthe,- work is 

n.ecessary before a completely satisfying mode 1 can be achieved. 

6.4 Skirt Length: Exoerimental Measurements 

For the drops where ski rt formation occurred, ski rt 

lengths (Z) were determined as shown in Figure 3.2. These 

results are in Tables Dl to 08. Whi le various methods of 

plotting the data were tried in an effort to determine the 
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dependence of Z on Re and Sk (or We = ReSk), there was very 

wi de scatter. Thi s was often because the ski rts themse Ives 

were unsteady and asymmetric, especially for the systems wi th 

a large density difference, b.(. Thus, additional work is 

requi red to define the onset of ski rt instabi 1 i ty before 

meaningful plots of skirt length can be pres~nted for those 

systems where steady skirts are formed. 



-10 J-

TABLE Dl. Experimental Results on Skirts 
For Rising Drops 

Paraffin Oil - 26.5 0 C 

Oimension-
less Ski rt Skirt Reynolds Weber 

Length Length Number Number 
No. z/d z,cm Re We 

1 -- -- 3.54 11.29 
2 0.06 o. 18 5.01 21.69 
3 0.51 1.90 7.65 35.88 
4 0.57 2.20 8.06 31.22 
5 0.87 3.90 10.06 51.09 
6 1. 04 4.80 10.46 54.37 
7 1. 05 5.30 11.75 62.36 

"8 1. 71 8.80 11.94 63.34 
9 0.58 3.00 12.03 63.84 

10 1. 26 6.60 12.12 64.33 
11 1. 73 9.80 13. 15 79.75 
12 -- -- 15.23 85.33 
13 0.7 . 4.30 14.45 77.93 

o = no skirt 
x = onset of skirt 
+ = presence of skirt 

Skirt Presence 
Number of 

Sk Skirt 

3.23 0 
4.00 x 
4.76 + 
4.76 + 
5.00 + 
5.26 + 
5.26 + 
5.26 + 
5.26 + 
5.26 + 
5.26 + 
5.26 + 
5.26 + 
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TABLE 02. Experimental Results on Skirts 
for Rising Drops 

o-Diethyl Phthalate - 27.8°C 

Dimension-
less Skirt Skirt Reynolds Weber Skirt 

Length Len gth Number Number Number 
No. z/d z, cm Re Vie Sk 

1 -- -- 1. 71 '.4.84 2.86 
2 -- -- 2.25 7.34 3.23 

3 -- -- 2.80 10.31 3.70 
4 -- -- 3.80 15.00 4.00 

5 0.15 0.50 5.66 29.06 5.00 
6 0.51 2.10 8.22 51. 07 6.25 

7 0.63 2.70 8.50 52.08 6.25 
8 0.88 3.80 9.31 61. 83 6.67 

9 0.66 2.90 8.83 54.82 6.25 
10 0.90 4.10 9.52 6L52 6.25 
1 1 1. 52 7.40 11. 30 80.65 7.14 
12 1. 35 7.20 12.56 91.00 7.14 
,13 1. 22 7.70 15.04 115.98 7.69 
14 0.83 5.60 17.41 131.75 7.69 
15 1. 35 9.20 18.49 155.10 8.33 

o = no skirt 

x = onset of ski rt 
+ = presence of skirt 

Presence 
of 

Skirt 

0 
0 
0 
0 
x 
+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 

+ 
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TABLE 03. Experimental Results on Si<irts 
for Rising Drops 

Silicone Oil A - 27.5 0 C 

Oimension-
less Ski rt Skirt Reynolds Weber Ski r t Presence 

Length Length Numbe r Numbe r Numbe r of 
No. z/d z cm Re We Si< Skirt 

1 -- -- 3.87 Il.69 3.03 0 

2 -- -- 6.37 23.92 3.70 x 

3 1. 13 4.90 Il.35 54.14 4.76 + 
4 1. 21 5.30 Il.68 56.60 4.76 + 

5 r. 50 7.10 13.12 65.95 5.00 + 
-6 1. 48 7.10 13.78 71.98 5.26 + 

7 1:69 8.50 14.80 79.24 5.26 + 
8 1. 41 8.00 17.79 101.29 5.56 + 

9 1. 56 9.30 17.68 106.48 5 -56 + 
10 1. 69 Il.00 20.78 120.70 5.88 + 

o = no ski rt 

x = onset of skirt 

+ = presence of si<irt 
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TABLE D4. Exoerimental Results on Skirts 
for Rising Drops 

Si licone Oi 1 ABI - 27.8oC 

Dimension-
less Ski rt Skirt Reynolds Weber 

Length Length Numbe r NUrlbe r 
No. z/d z, cm Re We 

1 -- 5.43 15.60 
2 1. 07 4.4 10 56 44 37 
3 0.74 3.20 10.05 38.19 
4 0.78 3.40 1033 37.78 
5 1. 17 5.40 12.04 68.87 
'6 -- -- 13.04 57.50 
7 1. 31 7.80 13.75 57.81 
8 1. 11 6.80 15.47 64.05 
9 -- 16.94 75.02 

o = no skirt 
x = onset of skirt 
+ = presence of ski rt 

Ski rt Presence 
Numbe r of 

Sk Ski rt 

2.86 x' 
4.17 + 

3.85 + 

3.85 + 
4.00 + 

4.35 -
4. 17 + 
4.17 + 

4.35 -
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TABLE 05. Experimental Results on Skirts 
for Rising Drops 

o-Dichlorobenzene - 27.8°C 

Oimension-
Less Skirt Skirt Reynolds \ve be r Skirt 

Length Length Number Number N umbe r 
No. z/d z.cm Re We Sk 

1 -- -- 1. 54 2.24 0.08 
2 -- -- 3.33 7.31 2.17 

3 -- -- 4.14 10.03 2.44 
4 -- -- 4.50 11.40 2.50 

5 -- -- 6.05 17.52 2.86 
6 -- -- 6.79 21.45 3.23 

.7 -- -- 7.08 22.19 3.13 
8 -- -- 7.05 21. 41 3. i 3 
9 0.02 0.10 8.48 28.70 3.03 

10 -- -- 8.75 29.88 3.45 
11 0.05 0.30 8.78 29.88 3.45 
12 -- -- 9.98 34.95 3.57 
13 0.38 2.60 10.50 37.34 3.70 
14 O. 10 0.70 10.24 37.30 3.57 
15 0.34 2.40 Il.03 42.20 3.85 

o = no ski rt 
x = onset of ski rt 
+ = presence of skirt 

1 

Pre sence 
of 

Skirt 
a 
a 
a 
a 
0 
x 

-
-

x 
x 
+ 

-
+ 
+ 
+ 
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TABLE D6. Experimental Results on Ski rts 
for Rising Drops 

1,2~Dichloroethane - 27.50 C 

Oimension-
Less Skirt Skirt Reynolds Weber 

Length Length Number Numbe r 
·No. z/d z.cm Re We 

1 -- -- 0.68 0.87 
2 -- -- 1. 45 3.07 
3 -- -- 2.58 6.09 
4 -- -- 3.17 8.83 

5 -- -- 3.57 10.32 
6 -- -- 4.69 15.44 

7 -- -- 5.13 17.85 
'8 -- -- 5.64 20.11 

9 -- -- 6.46 24.96 
10 0.27 1.50 8.64 37.57 
Il 0.29 1. 70 9.29 41.20 
12 0.67 4.30 Il.29 55.97 
13 0.51 3.40 Il.83 57.32 
14 0.84 6.00 13.39 70.56 

o = no skirt 
x = onset of skirt 
+ = presence of skirt 

Skirt Presence 
Numbe r of 

Sk Ski rt 
1. 14 0 
2.00 0 
2.38 0 
2.78 -
2.86 -
3.03 -
3.45 x 
3.57 x 
3.85 x 
4.35 + 
4.35 + 
5.00 + 
5.00 + 
5.26 + 
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TABLE 07. Experimental Results on Skirts 
for Rising Drops 

Sil icone 0 i 1 B - 25. 4°C 

Dimension-
Less Ski rt Skirt Reynolds Weber 

Length Length Numbe r Number 
No. z/d z.cm Re We 

1 -- -- 1. 63 4.06 
2 -- -- 1. 88 4.73 
3 -- -- 2.79 8.78 
4 -- -- 4.09 16.15 
5 -- --- 4.43 17.88 
6 -- -- 4.65 18.77 
7 0.11 0.40 6.50 31. 74 
8 0.25 1. 00 7.18 36.69 
9 0.42 1. 80 8.02 42.79 

10 -- -- 8.33 44.68 
Il -- -- 9.77 55.83 
12 1. 53 8.30 1 1 .25 66.79 
13 1. 24 7.10 12.40 76.61 
14 1. 65 10.20 13.87 88.90 
15 0.99 6.70 15.48 101.33 

o = no skirt 
x = onset of ski rt 
+ = presence of ski rt 

Skirt Presence 
Number of 

Sk Skirt 
2.50 0 
2.50 0 
3.13 0 
4.00 0 
4.00 0 
4.00 0 
4.76 x 
5.00 + 

5.26 + 

5.26 -
5.56 -
5.88 + 

6.25 + 

6.25 + 

6.67 + 
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TABLE 08. Experimental Results on Skirts 
for Rising Drops 

l, l, I-Trichloroethane - 27.5 0 C 

Dimension-
Less Ski rt Skirt Reynolds Weber Skirt Presence 

Length Length Number Numbe r N umbe r of 
No. z/d z cm Re We Sk Skirt 

1 -- -- 1. 05 0.75 0.72 0 
2 -- -- 1.45 1. 19 0.82 0 
3 -- -- 3.03 4.04 1. 33 0 
4 -- -- 2.49 2.34 0.94 0 
5 -- -- 4.46 6.94 1. 56 0 
6 -- -- 5.52 9.52 1. 75 0 
7 0.08 0.50 7. 13 14.08 1. 96 x 

8 -- -- 7.16 14.04 1. 96 -
9 0.34 2. 10 7.44 14.95 2.00 + 

10 0.35 2.20 7.89 16.36 2.08 + 

Il 0.3-4 2.20 8. 1 1 16.83 2.08 + 

12 0.26 1. 70 8.52 18.29 2.13 + 
13 0.34 2.40 9.40 20.87 2.22 + 

o = no skirt 

x = onset of skirt 

+ = presence of skirt 
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CHA PTER 7 

CONCLUSIONS AND SUGGESTIONS 
FOR FUTURE RESEARCH 

7.0 Terminal Veloci ty 

The results obtained using three different approaches, 

Section 5.0, have been compared with experimental results in 

Figures 5.4.3 and 5.4.4. The results of the semi-empirical 

analysis have not been included since this approach proved to 

be fruitless. In contrast, the creeping flow analyses, methods 

(i) and (li), produced results which show too steep a slope in 

the variation of the calculated velocities with the measured 

ones. For high measured veloci ties these analyses greatly 

overestimate the calculated veloci ties. For small measured 

veloci ties, the calculated velocities differ only slightly. 

This leads us to the following conclusions: analyses (i) and 

(ii) may be used to predict the terminal velocities for drops 

smaller than about 2 cm. sphere equivalent diameter. However, 

for larger drops, these analyses cease to conform. This result 

is expected in that it is physical Iy inconsistent to disregard 

the inertial terms for a drop where Re >" 1 and yet hope to 

deal with deformed drops. 

On the contrary, the results obtained by the poten

tial flow analysis (method Iv), seem to g~ve results which 

agree weIl \'Jith the experimental results, except for the 

small drops. This is shown in Figure 5.4.4. For smaller drops, 
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. .q<4 cm, this theory slightly overestimates the true terminal 

veloci ty of a drop. Three possible reasons why this approach 

fails for drops with d<.4cm are evident. Firstly, this analysis 

assumes an oblate spheroid which is not strictly true for 

smaller drops. Secondly, in smaller drops, the Reynolds 

number i s too sma 11 for potential flow to be valid. Lastly, 

whi le the experimental technique, using cine photographs, made 

i t possible to determine a, b, and UO' the technique was not 

accurate enough for small drops and the eccentricity, e = f(a,b), 

might contain considerable error. 

However, agreement between our theoretically deter

mined velocities and the measured values is 50 good that we 

can conclude that the potential flow technique using el lip

soidal coordinates predicts the terminal veloci ty of dimpled 

dKPs very accurately over the range of variables investigated. 

7.1 Shape of Oimpled Drops 

As stated in Section 4.2.0, we are unable to deter

mine drop shape analytical ly or empirical ly. 

However,other areas have produced interesting infor

mation. For example, a graph of Co versus Re' (Fig.4.4), indi

cates that the drag force acting on the surface of the drop is 

a very strong function of the shape of the drop. Observations 

revealed that the drop first develops a ski rt. Waves then set 

in an~ finall~ the whole drop becomes unstable. Correspondingly, 

CD fi rst decreases, reaches a minimum, and then continues to 
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increase. Further work is necessary to exp!ain these phenomena 

more fu Il y. 

Another interesting case is the variation of Eô wi th 

Re, Figure 4.6. Here, efforts to correlate these groups 

along wi th the physical property groups MI' M2' and P fai led 

to provide valuable information. 

7.2 Skirts 

For aIl the systems employed in this work, "skirts " 

were observed for drops beyond a certain size. The onset of 

skirt formation is a function of Re and of the skirt number 

Sk = uU01a, and a graphica] correlation, Figure 6.4, delineates 

the region where skirt formation occurs. A qualitative argu

ment is presented to explain the onset and development of ski rts 

and this argument is consistent wi th flow visualization experi

ments. For systems \l'li th a large densi ty di fference, f::..\, ski rts 

tended to be growing with time, to be asymmetric and to have 

waves travelling down them. Some photographs and sketches of 

these unsteady ski rts are included. 

7.3 Suggestions for Future Research 

The present study is only a first step towards the 

more significant objective of a full understanding of the 

behaviour of dimpled drops. More work is certainly required 

in this field. The striking questions raised during our work, 

and the light that couH potentially be shed on the dynamics 
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of drop coalescence, break-up, and the mechanics of ski rts, 

by further studies of this sort, make a continuation of the 

research most desirable. In this connection, attention is 

called to; 

1. Comprehensive study of the internaI ci rcula

tion, the vortices in the ItJake, and the dimple 

formation in liquid drops. 

2. Detailedanalysis of the shape of large liquid 

drops for a wide range of values of K = ul/u; 

Development of either an empirical or analy

tical correlation which wi 1 1 enable one to 

predict the shape of a dimpled drop from the 

liquid physical properties. 

3. The development of I:Javes and the instability 

observed in ski rts for large liquid drops rising 

through viscous media. 

4. The interaction, coalescence, and break-up of 

large liquid drops moving through viscous media. 
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NOTAT 1 Ol~ 

s eom i -ina j 0 r a xi s . 

constant coefficients used in 
Section 6.4. 

projected area in a horizontal 
pla n e a t th e vra i s t 0 f the d r 0 p • 

constants in spherical cooràir.ate 
solution. 

area of segment i of the drop 
(see Appendix 0). 

total surface area of the drop. 

semi -mi nor axi s 

height of drop (see Fig.5.3 in 
Sec t ion 5, 4) . 

focal length of an ellipse. 

constant coefficients used in 
Sec t ion 5.2.3 (j = l , ' .. 4) . 

Gegenbauer polynomical, order n, 
degree -t. 
sphere equivalent diameter, 

e c c en tri c i t y, (1 - ( b 1 a ) 2) t . 
.. " 2 Eo tvo s n UIOllbe r, ."'\gd / (J 

coefficients as defined in Sec
ti on 5, 1.3. 

coefficients as defined in Sec
t ion 5, 1.3. 

half width of skirt. 
1 

(fl(Z)fl(Z))2 <~1i Ine-Thompson, 
p, 1+ 73) , 
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cm 

cm/sec 

cm 

cm 

cm/sec 

cm/sec 

cm3 

cm 

parameters defined in Sections 
5.1.3 and 5.5.2. 

coefficients relating U to a 
and b in Section 5.5.2. 0 

characteristic length dimension 

arbitrary constant 

positive constant, 0 ~ M ~ 2. 

integer number in Section 6.5. 

pressure; outside drop, increment 
due to interfacial tension, hydro
static, hydrodynamic, and due to 
internaI circulation, respectively. 

local velocity of the external 
liquid at the surface of the drop. 

sphere equivalent radius. 

two principal radi i of curvature, 
and the radius of curvature at 
the stagnation point of a drop. 

Reynolds number, dUo/Y' 

symbols denoting rounded and con
cave surface of the drop in Section 
5.0. 

defined in Section 5.1.3. 

veloci ty components in the x,y, 
and z di rections. 

terminal veloci ty of drop. 

total volume of drop. 
2 Weber number, ~dUo la. 

skirt number, uUo/a. 

complex variable, x + iy. 

length of ski rt. 
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!J, l , Il 

cr 

y 

lh llr l1r 
~s' Ye' ~9 
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gm/cc 

gm/ sec 

density of dispersed and contin
uous phases. 

density difference, I(-CI. 
dm/cm, sec viscosity of dispersed and con

tinuous phases. 

dynes/cm interfacial tension. 

viscosity ratio, IJ,1/U. 

densi ty ratio, e l/~. 
elliptical coordinate, ~ away 
From verti ca 1. 

functions of shape as defined in 
Sections 5.4. l, 5.4.2 and 5.4.3. 

stream func ti on. 

function defined in Section 5.2.3. 

functions defined in Section 5.2.3. 

functions derived by Sarto and 
Taylor and Acrivos 9iven in Sec
t ion 6.3.2. 

cylindrical coordinate. 
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.A P PEN DIX A. Cal cul a t ion 0 f S t r e a III Fun c t ion for Met h 0 d (1) 

From equations in Sec t ion 5. l, we have 

E
4
* = 0. 2+ 1 H 1- t2~ f4(F-ÀF') + (À2+t2)F "} (j) 

c4(À2+t2) L 

whe re F = (À 2+I)f" - 2f ( i i ) 

and f 
1]) ( i i j) 

I-t2 

is a function only of À. 

ln order for this equation to be satisfied for ail 

t and À, the second term in the bracket in Equation (i) must 

van i sh, 

i . e. o ( i v) 

We choose our solution such that F is a function of À only. 

Thus, (iv) can occur only if the fol lowing relations are 

simultaneously satisfied; 

Fil = 0 

F - ÀF 1 = 0 

(v) 

(vi) 

Frc~ (v), F = c)À + Co where Co is an arbitrary constant 

which we can set equaJ to zero. Substitution of this expres

sion into (i i) 9ives 
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(v i i) 

The particular integral of solution of this equation is, 

f = - tc 1 À (vi i i) 

The remaining part of the solution of equation (vi i ),corres

ponds to the solution of the homogeneous equation, 

= o ( i x) 

This equation can be written as, 

â À {( À 
2
+ 1) fi - 2Àf} = 0 

ItJh i ch on i n te 9 rat i n 9 gives 

(j,2+ 1) fi - 2Àf = c 2 
( x) 

Aga in, Equation (x) can be wri tten in the form, 

sL.(_f_) = 
c 2 

dÀ I+À 2 ( I+À2)2 
(xi) 

Integration of (xi) gives 

À 

f 
2 r- d>.. c

3
(À 2+1) = c

2
().. +1) 

jo (1+1. 2)2 
+ (xi i ) 
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Integrating by parts we obtain 

and the solution of the homogeneous equation becomes 

(xi j i ) 

Hence, the general equation becomes, 

...•• (xiv) 

which gives the stream functions ~ and w l used in Section 5. J.3. 
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APPENDIX 8. Evaluation of Limits 

1 im K 
e .... 0 1 = lim1N 

e .... O e 
• - 1 

sin e 

1 i m l( 1 _ e 2 e 4 ) 1 2 e 3 3 e-S = e .... O e 2 - '8 .... - 2( 1 - 2e ) (e+'6 + 40 +. ••. ) 
e 

e 

1 im t -e e 3 -t e 3e 3 e 3 3e5 
= '2 -8 - "6 - -+ 2e+T+20 e--+O 40 

e 

lim.Jf: 1 
2 

* 1 
2 2 4 e ~+ 2 + ~+~ = - '2 - "8 - "6 e .... O e2 40 3 20 e 

4 
3" 
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APPENDIX C. Evaluation of Stream Function for I~ethod (ii) 

From Equation (15) of Section 5.2 we set, 

v r X 1 Cr) cose ( i a) 

v e X2( r) sine (i b) 

P-ÏI = iJ.X3(r) cose ( i c) 

V 
1 = XII ( r) cose ( id) 

r 

ve 
1 = XI2(r) sine ( i e) 

pl = iJ. IX31 (r) cose ( i f) 

Substi tuting these expressions into Equations (12)-( 14) of 

Section 5.2 we obtain; 

d2 d'V 4(X
I
+X

2
) dX

3 XI 2 "1 --+--
2 

= "ëï"r dr2 r dr r 
( i i ) 

2 2(X
I
+X

2
) _ ~3 d X2 2 dX2 --+-- = 

dr2 r dr 2 r 
r 

( i i i ) 

( i v) 

The equations for the inner fluid take a s imi la r form. From 

( i v) , 

= 
r d">\ 1 

XI ( v) X2 - "2 ëir -
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Substituting for these ln (i ii), vve get 

X3 = L( 1:. d X] + X ) + l sL( 1:. d X] + 1 d X 1 
r dr2 2 dr ] r dl" 2 dr Xl) - r ëï"r 

..... ( vi) 

i . e. (v i i) 

Now substituting for )(3 in ( i i ) , we obta i n 

4 d3x d2x d'X 3 d x] 8r 2 --] + ] '1 0 r ~+ 8r -- - 8- = 
dr dr 3 dr 2 dr (vi i i ) 

This is the well-known Euler Equation. We choose a solution 

of the forrn, 

Then 

n 
= .r ( i x) 

n(n-l)(n-2)(n-3) + 8n (n-l)(n-2) + 8n (n-J) - 8n = 0 

..... (x) 

which, on simplifying, gives 

n(n-2)(n+l)(n+3) = 0 (xi) 

so that the roots are 
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nI = 0,n 2 = 2,n 3 = -l, and n4 = -3 

Therefore, for XI' X3 and X2, vve have the fo IloVJi ng expressions; 

XI 
cI c 2 

c3 + 2 (xi i ) = -+ -+ c4r 
r 3 r 

X2 
cI c 2 

2c4r 
2 (xi i i) = 

2. 3 -Ir - c3 -

c . 
X3 = ~+ 1 Oc 4r (xi v) 2 

r 

On substi tuti ng· these back into equations for v , ve' P, Vi, r r 

ve
l

, and PI, we obtain the general solutions for Equations 

(9), (10) and (11) as given in Section 5.2.3. 
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APPENDIX D. Derivation of the Equations for Determining 
the Surface Area and Volume of Drop 

The evaluation of surface area and volume of an 

a x i 5 ymme tri c drop given points on the boundary as 

~"I-O::::::::::::-------''> r 

'Referring to the above figure, 

A. 
1 

= 

? 
But ds.... = 

Simi larly, 

2ïrrds. 
1 

giving 

r. , 
1 

z .. 
1 
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= 

Here both integrals must be evaluated by going right round the 

bounda ry. 

Simple Approach - Trapezoïdal Rule 

(a) 1 n the 1 n te rva 1 z i ::; z ::; Z i + l' 

function of z, then 

take r as a linear 

r = 
(riz i+ l - r i+1z i ) + z( r i+ l - ri) 

and 

Thus 

where 

Therefore 

dr 
dz = 

A. 
1 

C. 
1 

a· 
1 

b. 
1 

A. 
1 

= 

= 

= 

= 

= 

zi+ 1 - zi 

ri + 1 - ri 

zi+ 1 - zi 

, rZ'+1 
2~c. \ 1 (a. + b.z)dz 

1 ,jz. 1 1 
1 

r. 1 r. 2 t 
(1 +( 1 + 1)) 

zi+ 1 - zi 

(riz i+ 1 - r i+1z i ) 

zi+ 1 - zi 

(r i+1 - ri) 

zi+ 1 - zi 

2 ÎÎ c. 1 a. z +.lb 2, z i + 1 
1 1 2 i z 'z. 

1 
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= î1c. (r.+ 1 + r. )(z.+1 - z.) 1 1 1 1 1 

Now the total surface area, A , becomes s 

n- 1 

= I 'ii(r i+ l + ri)((zi+l - Zi)2 + (r i+ l - r i )2)t 
i=O 

where vve take IZi+1 - zi 1 to ensure that the re-entrant points 

of the surface are handled properly. 

(b) For volume, we take r 2 as a linear function of z. 

i . e. 

Since 

Therefore 

But 

2 r -

r i+ 1 

zi+l 

2 r 

v. 1 

v. 
1 

r. 1 
2 -

-

= 

= 

2 Z - z. 1 = 2 zi+ 1 -zi r. 1 

Z Z - Z· 1 

( r. 2 2 Z· ) z( ri + 1 
2 

zi+l - ri + 1 + 1 1 
zi+l - Z· 1 

z. 1 2 Ïl\ 1+ r dz th~refore, , 
z. 1 

Then the total volume of the drop is given by, 

2 - r. ) 1 
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Simi larly, thi s equation takes care of the re-entrant part. 

To write it in a different form, 

i . e. 

Since 

V
d 

= îi' {r2z 
2 n n 

n-I 

n -1 

r6 zo + L (r i
2

z i+ 1 - r i+ 1
2

z i )} 
i=O 

= "il l (r 2z "2 '1 i+1 
i=O 

= r 
n = o 

(c) The trapezoidal rule wi II underestimate the surface area 

slightly due to the truncatÎons. The error can be estimated 

by assuming the surface is spherical in each interval. In 

this case, 

2 2 r. + (z.- c.) = 
1 1 1 

2. = a. 
1 

where the spherical element has radius ai and centre ci' 

Therefore, 

C. 
1 

= 
2( z i - z i + 1 ) 

hence, a .. 
1 

The trapezoidal rule can be reworked if required. 

(d) The attached program wi II do the se calculations. Fi rst 

input data with z. and r. should be printed on each cardo 
1 1 
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Nothing shou1d be printed on the first and 1ast cards, and 

th en everything wi 11 take care of i tse1f. 

C SURFACE AREA AND VOLUME OF DROP 

C GIVEN POINTS ON BOUNDARY 

100 FORMAT (2F 10.5) 

110 FORMAT (/ / /5X, IAREA OF DROP = 

E 15.5/5X, IVOLUME OF DROP = 1 E 15.5) 

READ (5,100) Zl 

1 F (Z 1 . L T O. 000 1) STO P 

A = 0 

RI = 0 

V = 0 

2 READ (5,100) Z2, R2 

A = A + (RI + R2)* SQRT((Z2 - ZI)**2 

+ (R 2 - R 1) ~'r~, 2) 

V = V + RI * RI * Z2 R2 * R2 * ZI 

1 F (R2 . GT . 0.0001) GO TO 2 

C OUTPUT ANSWER 

A = 3. 14159265 ~', A 

V = 1.57079632 * V 

VlRITE (6,110) A, V 

GO TO 

END 



1 im Kb 
e ... O 3 
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APPEND1X E(a). Evaluation of Limits 

limf .-1 -~p} = e ... O"3 sin e 
e e 

1 i m {_1 (e + e
3 

+ 1 3 = e .... O 3 b 2' 1+ • 
" e 

1 e 2 e 4 
- -( 1 - ~ - S-..... )} 

e 2 

. 1 1 3e 2 

= Ilm{f+'6+4ë)+ 
e ... O 

2 
~ 1 e . - "2 + 2 + g-..... } 

= 1+1 
6 6 

2 
= 3" 

eS 
5 + ..... ) 
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APPENDIX E(b). Evaluation of Limits 

lim fL:/~-e2 . -1 ill-e2} = e~O ~ sin e - ---2-
e e 

1 i m{_1 (1 e2 e 4 e3 3e5 
= e~O 3 - Z- - s- -..... )( e + ~ + ~ + ..... ) 

e 

- l - 1} 
,~ 2, 

= 

e 7 3e9 l} + 48 + 320 + ..... ) - e 2 + 1 

lim{lb + 1+ 3e
2 

1 
= e~Oé2 6 40 - 2 

1 
= "6 

1 - - + 2 = 2/3 

The values of K~ and k; for various values of e are 

tabulated in Table E. The graphical representation is also 

included. 



No. 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
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TABLE E. Variation of K~ and K~ 
\'Ji th EccGn tl" ici ty. e 

Eccentrici ty, Kb 
e=c/a 3 

0.01 0.667 
0.1 0.669 
0.2 0.675 
0.3 0.686 
0.4 0.702 
0.5 0.725 
0.6 0.757 
0.7 0.803 
0.8 0.874 
0.9 0.998 
1.0 1.571 

Ka 
3 

0.667 
0.665 
0.661 
0.654 
0.6 L1-3 
0.628 
0.606 
0.574 
0.524 
0.435 
0.000 
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10 

~ 1 {. - 1 2 l 
A - 3 sin e _~( I-e )2} 

e 

x K~ - R{. -1 . - e.( 1 -e 2) ~ } 
A 3 sin e 

. e . 

_. __ l·~Zl __ ___________ - _.- - - - - --

[1 
1.... .. 

OM 0·667 
~ . ; 

~ 

..oM 
~ 

O.1~ ____ ~ __ ~ __ ~-L~~~L-____ ~ __ ~ __ ~~~~~ 
0.01 0·1 1. 

Ecccntricity) c ~ 

Dependence' of 1\3 &K~ on e 
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APPENDIX F. Derivation of Equation for Tanqential 
Velocity, UF, used in Section 6.3 

-Fi g. A Fi g. B 

The formation of a skirt is an interesting case 

where both the surface tension and the viscosity play an 

important part. As it is shown above, Figure A and B, a ski rt 

can be considered to behave like a thin liquid fi lm flowing 

with velocity Ux at the interface. 0 is the angle of incli

nation to the horizontal. Three different re~imes have been 

observed experimenta lly; 

At low Reynolds numbers for a given system, 

the ski rt is curved. 

ii At intermediate Reynolds numbers for a given 

system, the VJave regime appears. 

iii Turbulent regime where the motion becomes 

unsteady. 
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VIe wi Il restrict ourselves to case (i) where creeping 

flow aS5umptions can be applied. AIso, we wi Il assume that 

the skirt is 50 thin that the rate of change of velocity 

across half the skirt is much larger compared to that along it. 
au au a2ti 

Thus --2S.»--2S. and -f can be neglected wi th respect to ay ax ax 2 
Cl u 
~ 

2 ay 

The Navier-Stokes equations in Cartesian coordinates: 

x-componen t: 

au 
--2S. + at ( 1 ) 

where ~ is the body force per unit mass in the x-direction. 

y-componen t: 

.Qf = 0 
aY 

Conti nuit y Equation: 

Boundary conditions: 

u = y 

p = 

( 2) 

o at y = o ( 4) 

at y = h(x) 
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y = h( x) ( 6) 

ln addition, we wi Il assume that the difference between the 

normal and shear stress, FI and F2 is small so that FI = F2 = F. 

This assumption is arbitrary but is adopted for want of any 

better approach. Putting (5) into (1), we obtain 

For 

- a 

eU oU eU 
--25. + U --25. + U --25. = 
et x oX y oy 

..... ( ]) 

a thin skirt (Levich p.376), Pa can be approximated by 
2 

a ~ neglecting the second radi i of curvature. Then (7) 

eX takes the form, 

eux. oU eU 33h -+ U --25.+ u --25.= .Œ._o _+ 
et x oX y ey ~ ox3 

(8) 

where h is the surface'coordinate related to uy:by, 

and to 

~ = 
et 

- L( (' u d ) 
oX J x y 

= oh + u .2.b. 
ot x eX = .2.b. ot 

( JO) 
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On substi tuting (9) and (10) into (8), vJe obtain, 

oU oU ou oU 
ot

X 
+ Ux oxx - (~ oxx dy) ~ = ( 1 1 ) 

Equation (II) is a general equation of motion of 

liquid at the interface of a thin skirt. For a slow steady 

motion on which a constant normal stress, 

F 
Il À~ V ~ ~~ = ~(_\:3 - sin ~ ) 2 
Z \: A \" 

Dombrowski (1954), i s acti ng on the ski rt/wake 1 nterface, and 

there are no body forces, Equation (11) reduces to, 

( 12) 

Integrating with boundary conditions (4) and (6) we obtain for 

* 

A V ~ uF = .Y. (.ru: 9 - sin 8 ) 2 
Z e A \ 

( 13) 

This is an empirical correlation based on an equation 
given by Dombrowski (1954). No theoretical derivation 
of this equation has been given, but it has been found 
to work, at least in Dombrowski IS case. 


