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ABSTRACT 

In this thesis 1 intend to summanze severai theories dealing with dendritic 

growth wilh convection. 1 have aiso looked into a special case where the con

vection motion is induced hy the dcnsity change in phase transition. In terms 

of a small parameter a, measuring the relating density change, the second 

order approximate solut.ion is obtained by using regular perturbation method. 

- ii -



RESUME 

Dans la thèse J'ai l'intention de résumer plusieurs théories HlIr la croiHS,1!\('e dt' 

cristal avec la convection. Je me suit renseigné aussi S\l1' un cas spéeinl DIt ln 

convection est provoqué par le changement de densit.é clanll la. tt'él.llHiLioll <1<' 

phase. Sur le plan de un petit paramètre a, mesurant le changement l'chüif de 

densité, li\. deu~.ième-ordre solution approximatif est obtenu pal' utilisant ln 

méthode de perturbation régulier, 
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Chapter 1 

INTRODUCTION: A HISTORICAL Hl~VIEW ON 

STUDY OF DENDHITIC GROWTII 

Dendritie solidification is an illlport dllt slIhjl'ct i Il tht' fi('I(1 of ronc!<'!\:wc! 

matter physies. In a variety of solidificat.ion syst.('rJlS, solid-liqllid in Lm'fnc(' 

becomcs morphologically lInslable as il grows. At the lat,{'I' stagf' of p;\'owth, 

experiments show that the solidification front evo)v<'s iuto df.'ll<!rit(,s, which hnv(' 

a smooth tip 'lloving with il const.a.nt. v('\ocit.y, alld also l\ growing sid('

branchillg, trec-lilw micro-stl'llctUl'e'. Thcre al'<' t.wo cclltral topin; illvolved ill 

the pattern formation of dendrite growth: (1) 1I0w to prf'dirt t.he gl'Owt.h vcloci

ty of dendrite tipi (2) How to explain the formatioll of t.he side-brauchillg 

structure. Although these two topies have' bCCII sludied by lIlally inv(·stigat.ol's 

for more than fort y years, a new reasonahlc approétch tü t,\\('S(' proj,\('llIs was 

recently proposed, and needs to he further vCl'ilïed (Ref. [22] - [28]). 1 fi !./\(' 

following 1 in tend to give a brier revicw on this progress. 

For a long pel'iod of time. most inv('stigatol's t.hougllt t.hat 1.11<' f!C'lldl'itp tip 

region was steady and monotonie so thal it ('ol\)d 1)(' dpscril)('() hy ét s!.<'ildy 

state of the system. Hencc, many of thcm hav(' hecn jH'coccl1pic'd hy the 

study of steady dendrite gl'owth problcm. 

The first contribut.ion to this subjC'ct was made h.v Ivantsov in HH7. 

Ivantsov consideree! steady dendrite growth problem wi!.h ~el'O sl\l'fac<~ !.<'lIsioll 

on the interface betwcen the solid phase and liquid phase; ilnd ohtaÎlIecl éln 

exact similarity sO\llti, The 1 vantsov's solutioll shows t.hélt t.\1<' dC'lIdrit<' is 
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i:-;ot.lterlllal, ith illterface shaJ)L is paraboloidal. The Ivantsov solution, howevcr, 

do('s not resolve the problern of dendrite growth, as it can not detcrrninc the 

t.ip radius and tir velocity scparately nor explain the formation of the side-

1H'éIlIChillg st. ru ct ure. 

'1'0 select the tip velocity for a realistic dendrite growth, Nash and Glicks

lIlan studied the steady dendrite growth with the inclusion of the surface ten

sion. They round that for any givcn undercooling, the tir vclocity in steady 

dendrit(· growth has a maximum value. Thus they proposed that the realist.ic 

st.eady st.at(· of d('ndfltC' gIowth always selects this maximum value. They caH 

titis ~wl('ctioll «)Ildition l!te Ma:nmuTn Veloczty Pnnclple (MYP). The maXImum 

v('locity principl(' was SOOII !C'jectcd by cxperiments by Glicksman ct al. 

ln J 97~, has('cl 011 a rudimentary linear stability analysis, Langer and 

Mull('I'-lùliIllhlmétr proposcd Ihe Marguuzl 8tabzhly llypothesls (MSH) as the 

s(·IC'ctioll Ill('( h:U1isIll fol' the t.ip velocity. This hypothesis says that the natural 

opC'rating point of steady dendrite growth occurs when the dendrite tip Îs just 

marginally :,lahl(' and the radius of curvaturC' at the tip is equal to the wave 

IC'lIgt.h of marginal stability. MSH agrees \Vith experimental data. I1owever, its 

t.h('ordical haSt' is not strong. Particularly, in Langer's analysis, t.he wave length 

of IlIargillal stahility al, the tip ddopt(·<1 is taken from the planar interface case, 

Du(' 1.0 t h(' weakll('ss of l'vIS II, Langc>r eW'H t.ually abandollcd h is MSII idea 

and wit.h otllt'l' authon:;, p!opmwd a complctely diffcl'cnt thcory, the lvlicroscopic 

SollJablhty ('o/ll!ztlOll T!U()l'Y (MSC) III 1980s. MSC thcOly att('mj)ts to pre

dict t.ll<' lil: v('locity. Tht' 1\1 SC theory states that the existence of stf'ady state 

of c!endrit(· growth is determillC'd by t Il(' anisotropy of surface tension. \Vithout 

llw <1nisolropy, (tcconling to the MSC theory, the system has no denelritic 

/-,1'O\\'t.h t.ype of solutioll . 
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ln 1989-1990, X li publishccl a senes of papprs, l'OllCCl1\lI\g t hl' sl'lcdiOIl or 

tip velocity alld the origill or pat.tel'll rorrnatioll ill :l-I) dl'lIdrit.ic !!,1'O",t.h \Vith 

the inclusion of surrace t('nsion. XlI'S rcsults show t.hat (1) dClldrik !!,r\lwt.h 

phenomcllon is esscnt.ially é~ wav(' phCIlOIlU'110!l. 'l'hl' solution ~()r il If'alist Il dt'n

drite growth is not stabll' stcctdy statc, but a time-p(,t'Îodic global IlI'uLr.dly sl,a

ble state near the Ivantsov solution. (2) nnisotropy of sl\\'fan' \'1'lIsioll is ilOt. a 

necessary condition roI' dendrite gl'owth. A sele('tion condit.ion or I,ip vI'locit.y 

can be found even in the isotropie surface tension casr. 'L'hc conditioll is l'all('<1 

the Global Neutral Stabilily Condition. (3) dendrite growth is goV{'l'l\(,([ hy a.1l 

entirely new global stability Il1cchanism, so-callcd O/olml l'm]J]!f't! Wall/' 

(GTW) mechanism. The CTW merhanism dctcrmincs a discrcte set of IIl\stahll' 

GTW modes, which cOTlnccts to the dynamics of pattern fOl'lllatiol\; and l,II<' 

system allows an unique global nentral stable G'l'W mode. Xli '8 tlwory Îs hOW 

known as the lnie1faczal Wave l'heol'y of Solidiflcalwn (IWT), which iH in gond 

agreement with the experimental observations ( See [28] ). 

Reviewing the above progress of the investigations of dendrite growth, wc' 

can see that these studies are focused on the lhermodynamic aspect or t.he 

problem. No convection in melt is involved in the system under consideration. 

However, experimental observations have shown that convective motion in mdt. 

may have a profound cffect on ail aspects of dendritic gl'owth. Il may change 

the tip velocity, a..'3 well as the micro-struet ure or dendrite. 

Convective motion in melt can be induced hy a varicty or SOIlJ'<:eH. But. 

the major types of convective motions can he c1assificd as follows: 

1. convection induced by the density change during phase t.ransition; 

2. convection induced by the buoyancy cffeci duc to the presence of iL 

body force field; 

3. convection induced by external Dow; 



Il. convection induced by oUler s01ll'ces. 

'J'aking into aCcollllt of convection, the system bccornes even more compli

l'iLtl'c1 and difficult. III this case the hydl'OdYIlarnics must be introduced into the 

:-:ysl,(,lII. The interaction betwccn convection and solidification becomes the 

"laJor corl< .. ern. 

For tlH' pl'Oblclll of dendrite gl'Owth \Vith 1\0 convection, according to IWT, 

wC have foIccn that the small ifiotropic surface tension is a determinallt paramc

tel' for dcndritic growth. If one uses the solution for the system with zero sur

face tension as a ba.<;ic state, then a solut.ion for dendrite growth \Vith surfacc 

tensioll contains three parts: (l) the basic state, (2) steady regular perturhation 

duc to tlw surface tension, and (3) ullstcady singular perturbation also due to 

the sllI'face tension. 

ln arder to get the whole picture on the problem of dendrite growth with 

t.he inclusion of convection, it is evident that one must also solve the above 

three components for the solution. 

Duc to the difficulty of problem, these tasks are far from completion. The 

study on this extrcmely important subject has just started. The major efforts 

arc presently only concentrated on finding the basic state solution and the reg

ular p(·rturbatioll solution. '1'0 my knowledge, only XlI considered the singular 

perturbation solution for the case that convection is induced by the density 

cha.nge (Ref. [27J). It is seen that a good progress has been made along this 

lille; aB increasing oumber of rcsearchers are involved. 

In this thesis, 1 attempt ta summarize the recent results obt,ained for this 

pl'Oblcm. 'l'he present thesis is arranged as follows: 

ln chapt.l'l" Il, sml1l11arize some experimental cvidences of the significance of 

t.lH' rOllvect.ioll effe('t. 



In chapter III, 1 derive mathematical formulation for thi8 problclIl. 

In chapt el' IV, 1 consider dendrite growth with the convcct.ion illdu('('c\ hy t.hl' 

clcnsity change and the surface tensioIl. The second-order l'C'gulal' pel'tlll'bnt.ioll 

expansion solution fol' the problem i8 obtained. 

In chapter V, 1 summarize the work by Ananth and Gill on t.he dfec!. of ('011-

vection induced by external flow. 

In chapter VI, 1 summarize the work by Canright and Davis on t.he el'l'ccl of 

convection induced by buoyance. 
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Chapter II 

EXPERIMENTAL OBSERVATIONS OF 

CONVECTION EFFECT ON DENDRITIC GROWTH 

'l'he growth of shape prcserving dendrites in a subcooled lllelt has been 

observed experimentally in detail for succinonitrile by Huang & Glicksman and 

for ice by Tirlllizi & Gill. A number of researchers has app~ied the results of 

their experimenlal dat.a to examine the theoretical results. This chapter gives a 

brier summary of their experiments about. convection effeet on dendritic growth. 

Tip Growth 

Fig. 2.1 is the configuration of a dendrite tip. In this picture dendrites of 

succinonitrile are bodies of revolution only in the neighborhood of the tipi black 

dots arc the common pat'abolic curvc; the dendrite is growing parallel to gravi-

ty, i.e. if> = 0 n, whcre if> denot.es the angle of gravit y vector and tip growth 

vector. This picture nhows that the configuration of the dendrite tip fits to 

the parabolic curve. 

- 6 -
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Figure 2.1: Configuration of a succinonitrile dendrite tip 

2.2 Dendrite Shape 

An overall view of a succinonitrile dendrite is shown by Fig. 2.2. 'l'he lab-

oratory observations suggest that the slight anisotropy in solid-liquid interface 

energy plays an important l'ole in the bran ching mechanism. Anisott'Opy in 

solid-liquid interface energy provides an additional source for intcrfac:Ïal disl.or-

tion. But the anisotropy has relatively little cffect in changing the' growt.h ~I.at(· 

(V,R) of the dendrite tip, whel'e V is the (lcudl'itic growth vclocity, It is t.\j(' 
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Flf/ll/'f :.!,:1: An overall view of a succinonitrile dendrite 

( 
dt'Ildrit il' t ip radius, ~(orcover. RlIisotropy ln growth kinetics may have a ~m111-



Il 

lar effect on the branching perturhation S<'<jUC\1C(l a::; dot'8 tlH' <111isot rnpy III t III' 

solid.liquid interfacial energy ( Sec [lOJ ). 

2.3 Effect of Natural Convection on Gl'owth Velodties 

A· . 

c D 

Figure 2.3: Effect of natmal COll vectioll 011 growth v(·locÎly 

The intluence of natural cO'1vection on crystals which p;row vCl'lically c1own-

ward is shown in the series of photographs in Fig. 2.3. 1 The crystal is icI'. 1 \1 

Tirmizi, S.H. & Gill. W.N., .1. Crystal Growth, Vol. K?) (1!JS7) 
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Fig. 2.3(A) t=O min; 2.3(B) after 10 mm; 2.3(C) after 12 min; 2.3(D) ailer 14 

min. Initially, of the emerging crystals, the crystals growing vertically down-

wal·ds ( ifJ=O <) ) is bigger than its neighbors growing at angles which is not 

equal to 0 0

• As the dendritic growth process proceeds, the downward growing 

crystal grows progressively slower compared to the other. amI finally in Fig. 

2.3(D), it is much smaller than its neighboring dendrites which obviously are 

less influenced by natural convection. 
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Figure 2.4: Normalized growth rate versus growth orientation 

Dendritic growth velocity, V, \Vas measured in succinonitrile as a function 

of growth orientation. <P. shown in Fig, 2.4,2 in which the velocity is normalized 

Glicksman. iVl.E . .\: Huang, S.-C. , Proc. of ;Jrd European Sump. on Matel'i
al Sciences in SpaCf', Grenoble, ESP-142 (1979) 
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to the velocity, Vd, predicted fOl' diffusioll-controlled gl'Owl,h. 

2.4 Effect of N attIrai Convection on Morphological Stability 

The presence of buoyancc-drivC'n fluid flow causes orientation dc'pendcnce of 

the dendrite morphology, as shown in Fig. 2.5.3 'l'his orientation d('prlldcnn' 

can he negligible for dendrites growing in spatial orientations wit.hin 60 0 of the 

gravit y vector. For a dendrite growing upward at orientations grcatcr t.han 

145
0 

to gravit y, cf., Fig. 2.5(b), the shape of the tip regioll i8, apparently, no 

longer symmetric. 

3 Glicksman, M.E. & Huang, S.-C. , Proc. of 3rd European Sump. on Matcl'i
al Sciences in Space, Grenoble, ESP-142 (J97B) 
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Figure g.5: Influence of spa.tial orienta.tion on dendrite tip mor
phology 
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Chapter III 

THE MATHEMATICAL FORMULATION OF THE 

PROBLEM 

3.1 The Governing"~uations and Boundary ConÇ.litions 

Consider a single dendrite which is growing into an undcl'cooled 1'\11'(' IlIclt. 

in the negative z-axis direction with a constant tip velocity V. 'J'he 1111<1<.'1'<'001-

ing temperaturc of the mclt is "l'w" The mclt, which is cOllsidel'('d as IlICOIll-

pressible viscous fluid and assumed to be infinite in cxt('llt, nows Illlifo)'mly 

along Z-axis in the far field ahead of the tip with ét constant. v<'locit.y TI.~). 'l'III' 

gravit y vector is along the negative Z-axis direction. Assume that l.he I.hel'J1lé1l 

diffusivity li,r and the heat capacity cp of the liqnid stat.(~ arc t.he salll(' as 

those of the solid state, the mass dcnsity of liquid state is p and t.he lIIass den

sity of solid state is Ps' The subscript "Sil refers to the soHel st.ate in t.his prob-

lem. The Boussinesq approximation is applied in the mclt. 

The governing equations consisting of the Navier-Stokes cquation and the 

heat conduction equation are as follows: 

1. Mass-conservation equation: 

V·U = 0 

2. Momentum equation: 

Applying the Boussinesq approximation, the Navier-stokes equat.iolJ 

becomes 

(:1.2) 

- 13 " 
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The first term in the R.I1.S. of (3.2) is the pressure termi the second 

term 18 viscous stress term; the third term is the buoyance force term. 

Introducing the vorticity n as 

[1= VxU , (3.3) 

then (a.2) bCCO!TIrs 

üa 2 - -7iï + V'x(nxU) = vV' n + V'x[8(T-T,)gcJ (3.4) 

3. Energy equation for the liquid state: 

a'i' + U.V'T= "'rV2T 
üt 

(3.5) 

4. gnergy equation for the solid state: 

(3.6) 

where l' and 1', den ote the temperature fields, T). denotes interface 

shape, U denotes the absolu te velocity field of the fluid motion, t 

denotes the time and v is the kinematic viscosity, f3 is the thermal 

expansIOn coefficient, P is the reduced pressure, 9 is the acceleration of 

gravity. 

The boulldary conditions are given as follows: 

1. A t far field: 

2. A t the interface tip: 

U, T, l' are regular 
~ 

(3.7) 

(3.8) 

(3.9) 

3. At the interface, wc assume the system 18 in the local thermo

dynamical equilibriuIIl statc. Thus wc have 

(i) COlltinuity condition of tcmperature: 



lfi 

(:J.10) 

(ii) Gibbs-Thomson condition: 

T = T [1 - -Ll\"{t1 }] 
, m ~1I "s (:J. 11) 

where 

r is the sUlface tension constani, 

LlH is the latent heat per umt volume of soltd, 

Tm is the meltang temperalure at the fiat mlcT1l1cc, 

[{{77,} 2S lwice of lhe mClIn Clt7'valllre of Ihe mlc/1l1ce. 

(iii) Enthalpy cons~rvation ('oudition: 

LJ.Jl(Un5-Un/) = -iJ./IUnl = [(p~7'crV1\ol&d - (pt.:'1,c

"

V1')"qUIfI]-1I (:3.12) 

where 

U is the '(jeloelly component of the sollli state II/oug lite ns 

normal dzrecti07J at the interface, 

UnI is the normal component of local grolOl" velocdy 

of the mLerface, 

Il ,s the normal veetor of the anterface, 

(iv) Mass conservation condition: 

(3.13) 

where 

Uni is the normal comp071cnt of veloclly of fluHI 

at the interface. 

(v) Continuity condition of tangcntial compoJlcnt of velocity: 

(u·c - u ) = (u - U ) .,.,1 T5.,1 

then 
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whcrc 

U·c = 0 
T 

e IS Ille unit tangcnlw/ vedoT' on the mterface, 
r 

Url is tlle langentia/ component of the local gro1Vth 

veloclty of the IIlterface, 

U is the la71gentwl componwt of ve/oclly of tlte 
1'$ 

so/lll blate al Ihe mterface. 

3.2 Scales and the Nondimensional System 

16 

(3.14) 

'1'0 nondimcllsiollélliz(' t.he gov(:'rning equations and their boundary con di-

tions, wc lItili,w the th('l'mal length fT = "ri V as the length seale, the tip 

gl'Owth vclocity V as the seale of the velocity, and 1J.HI( cpp) as the seaie of 

1'-T 
the tempcrature, so that T - ln 

- 1J.Hj(c
p
p)· 

L<·t (X,Y,Z) be the laboratory frame of coordinates, (x,y,z) be a movmg 

1I0ndirrwllsionai coordinatcs fixed at the tip, u be the relative velocity field of 

fluid in the moving frame. The rcquired transformation equation are 

o -t.i!..- + e .'1 (3.15) 
Dl at z 

u - = u - e (3.16) V : 

Thus, the dimensioniess govcrning equations are obtained immediately 

1. Mass-conservation equation: . 

\7·u = 0 (3.17) 

2. Momcnt.ul11 cquat.ion: 

w ~ G 
-f1- + (\1·\7)w - (w·\7)u+c ·Vw = Pr~rw - -\7x(Tc) 

CIL 1 T: (3.18) 
00 



3. Energy equation for the liquid Htate: 

BT ? 
- +\1·'\7T= t;;rT 
Dt 

4. Encrgy {,fluation for the solid statC': 

8T '1 

-~ + c .'\71' = "V-T Bl z, , 

17 

(:t20) 

where Pr = V/"'T is the Prandtl numbct", T == _(1' -1')c Idll = - C;/ 
(JO III N)Jl • , 

the parameter St 18 80mctime callcd the St.efall llllTlllll'r; 

G == gf3( Tm - T"J"'T/ J? is the gravitation al parametcl'; w is thc nondi-

mensional vorticity. 

The boundary conditions arc given as follows: 

1. In the far field: 

T = T 
00 

where 

Uoo U = - is the nondimensional vcloctly of of the extcnaul 
00 V 

flow in the far fIeld 

2. At the interface tip: 

u, T, Tare regular 
~ 

3. At the interface: 

(i) Thermo-dynamical equilibrium condit.ion: 

T::= T 
$ 

(ii) Gibbs-Thomson condition: 

T, = -rK{TJ) 

where 

r is lite surface lenSI011 paTCImeler 

and 

(:1.21) 

(a.22) 

(a.23) 
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(3.26) 

le is called as thc capilIal'y Iength: 

'YC 7' p 
1 -= p m 

c (tllf)2 
(3.27) 

(iii) Enthalpy conscrvation condition: 

(3.28) 

where 

(3.29) 

(iv) Mass conservation condition: 

(3.30) 

(v) Continuity condition of tangential component of velocity: 
-

u·c = c·c ,. z,. (3.31) 

where 

UnI is the normal component of local relative growth 

velocily of the wterface. 

3.3 Expression in the Paraboloidal Coordinates 

fn gCllcral, solving the system (3.17)-(3.31) is a very difficult problem. But 

aclopting a paraboloidal system can make the problem easier. Let us define the 

rnoving paraboloidal ('()ordinatc system (Ç,1],O) through the moving cool'dinate 

s,vstc'l1l (x,y,~) as ( Sec Fig. 3.1 ) 

l' e,/ (3.32) - -= , 
') 

ll~ 

1" .. (3.33) - -= 2 (C - ,n ., 
,,~ 



.' 

where 

.. 
1'"' 

1 

t - 1 

~ 
1-

\ 
\ 

\ 
\ 
\ 

\ 
\ 

\ 
\ , , 

N 
'1 
r: 

1 
/ / 
, 1 i 

" / 1 1 1 1 
1 1 1 

l--\c,.--/- 1 1 ;' 

" 1 

Figure 8.1: Paraboloidal coordinate system 

The Lamé coefficients for this paraboloidal coordinate system are 

He =.J (~)2 + (~)2 + (~)2 = / e + Tl7J~ 

JI = J ( â,x )2 + ( Dy \2 + ( â:: )2 = / (2 + 2 2 
'1 V âTJ DTJ 1 âT] ... 7] "10 

The transformation of unit vectors between the coordinatc ~ystems (~,71,O) and 

(x,y,z) are 



and 

fi = z 

çe -1/0 e '1 

..; e2 
+1,2 

cosOo + sinOe = e e + 1] c 
x IJ V ç2 +1]2 rJ fë2 +1]2 e 

The normal vedor of the interface is found to be 

20 

(3.37) 

(3.38) 

(3.39) 

where 'Tf = 'Tf$(e,t) is the interface. The tangential vector at the interface is 

(3.40) 

}ijach point in the field can be described by the following radius vedor III the 

moving frame: 

R=:ve +ye +ze x IJ Z 

So the interface shape can be expressed in the form: 

'['hen, the normal velocity of the interface can be calculated as 

Il = 8R(e,i) 'u 
nI ()l 

(3.41) 

(3.42) 

(3.43) 

Wc use the stream function !lJ(ç,.",t) and nondimensional vorticity 

w = ((j71~Ç71 )ee as the basic hydro-dynamical quantities, From (3.17) we get 

(3.44) 

(3.45) 
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where ~t{, u'1 are the nondimensional velocity components of the relative fluid 

motion along e and 11 directions, l'espectively, so tha.t 

Substituting (3.32)-(3.45) into (3.17)-(3.31), wc can express t.his system in 

the paraboloidal coordinates. Have donc this, the govcl'I1ing cquat.iolls take I.he 

following forms: 

1. Kinematic equation: 

(3.46) 

2. Vorticity equation: 

(3,47) 

3. Energy equation for the liquid state: 

,iT='TJ4(ç2+TJ2)âT +_l_({)tpâT _ {NIâT) 
o ât 1J~€1J âTJ âf. ât, a'i 

(3.48) 

4. Energy equation for the solid state: 

(3.49) 

where 

2 2 ,,2 = {JL. + JL. + .1.1.. + .1.JL.} 
{)ç2 81]2 ç ae TJ âl] 

(3.50) 

2 a2 a2 la lâ 
D = { aç2 + aTJ2 - T âe - -;j {JI] } 

(3.51) 

The boundary conditions are 

1. As '1] -t 00 

(3 . .12) 



( 

n 

1& -;. -1 - U 
'1 00 

(-+ 0 

2. As 'T} ~ 0 : 

DT 
--!. = 0 

D11 

T, = 0(1) 

3. At the interface 'T} = 'T},(~,t) 

(i) Thermo-dynamical equilibrium condition: 

T= T • 

(li) Gibbs-Thomson wndition: 

T = -rf{{11 (ç,e)} 
$ $ 

(iii) Enthalpy conservation condition: 
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(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

(3.58) 

(3.59) 

âT , âT BT., 8T, 2 , 4 2 2 811, (3 60) 
(a;;-Tl, 8[) - (1+0')(~--T}. ar) + fJo(efJ.) + fJo(e +fJ)Tt = 0 . 

(iv) Mass conservation condition: 

(v) Continuity condition of ta.ngential component of velocity: 

(3.62) 

In the above 1\{11s(Ç,t)} is the curvature operator as 

1/ '( 2 2c2) C '{ <:)} = ___ 1 _{ 71, _ 1 fJ. 71.+.. - .. 7]5 } (3 63) 
l\ 77.( .. ,t 2 r:.:;--;- 'l 3/2 2 1/2 + 2 2 ,2 1/2 • 

fJoV ~-+7f. (1+fJ'-) 11,(l+fJ,') (( +71,)(1+71. ) 

The notation prime represcnts the dcrivative with respect to ç. 

The system (3.'16)-(3.63) contains five parameLers 111 total: 

{'l~), l', UN' G, C\'}, whel'c the parameters Uoo ' C, Q describe the effects of con-



vection, while r describes the effect of surface tension. ln this thcsis we shaH 

discuss three situations separately: 

(1) a '* 0, UCX):= G = 0: the convection is induced by the density change dming 

phase transition; 

(2) UCX) '# 0, a = G = 0: the convection is induced by cxtcrnat f10Wj 

(3) G,* 0, a = UCX) = 0: the convection is induced by the buoyancy effcct. 



( 

Chapter lV 

EFFECT OF FLUID MOTION INDUCED BY 

DENSITY CHANGE ON DENDR.ITIC GROWTH 

4.1 Formulation 

In this chapter, we will apply the regular perturbation method to solve the 

problcrn uf dendritic growth in which convection is induced only by the density 

change during phase transition. In this case, we neglect external flow and buo-

yaure effcd, i.e. G = 0, II 00 = O. The surface tension parameter r is considered 

as ét srnall quantity. Thus, system (3.46)-(3.62) is reduced ta 

1. 

(4.1) 

2. 

(4.2) 

3. 

(4.3) 

4. 

2 4 2 2 81'5 2 8T$ 2 8T$ 
'il T$ = '10(€ +'1 )Tt + '10€7i[ - 'loT} 8TJ (4.4) 

with the boundary conditions: 

1. As 1] -4 00 

(4.5) 

- 24 -



. -. 
, . 

u =-1 
" 

( - 0 

T -+ T 
00 

2. As "1 ~ 0 : 

8T 
tn,' = 0 1 T~ = 0(1) 

3. At the interface 7J = .",(e,t) : 

(i). 

T= T 
J 

(ii). 

(Hi) . 

(iv). 

(v). 

( <I.(i) 

(.1. 7) 

( 11.8) 

(4.10) 

(4.11 ) 

(4.14) 

According to the Interfacial Wave Theory of Solidification [27], wc int.ro

duce the dynamical parameter of surface tension defined as 

(4.1fj) 

In general, the parameter of density change a is a small quantity a.~ c. So wc 

express 

. 
0' = O'E" (4.16) 

where ~ is constant of 0(1). 
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Furthcrmore, wc use regular perturbation method, where the zeroth order 

solul,ion should be Ivantsov's solution, and write 

( 4.17) 

'f
J
<e,1J,t) = T.o(1) + (Td + (2 T•2(e,7]) + ... 

Dy substituting the above expansions into the system (4.1)-(4.14), one can 

succcssively derivc each order approximate solution. In the following, 1 shaH 

give the approximate solutions up to the second order. 

4.2 The Zeroth-order Approximation Solution 

The zeroth-order approximatiGn solution is the solution for the case 

a = l = O. It turns out that this solution is just the Ivantsov's solution. To 

show this, let us write down the system governing the zeroth order approxima-

tion: 

1. 

(4.18) 

2. 

(4.19) 

3. 

2" 1 ()JIo â7~ {NIo ô7~ 
V'l =-(-----) 

o JI~e71 a,) lJ~ ae a'l 
(4.20) 

4. 

, 

j 



., ... 
-1 

2 2 ôTilO 2 D'l'so 
'il T#o = "'Oe-ar- - "'o"'"{h1 (4.21 ) 

with the houndary conditions: 

1. aS7]~oo: 

'0 = 0 1 

4e2 2 

1/1 -~ 
0- 2 

To = Too 

2. aS7]=l: 

T$O = 0 

ôI/Io " De = '1oç 

ôI/Io " 2 
(4.22) -=",e 811 0 

~_7 Ta = 0 

Suppose 

4 2 
!lia = 110e f{",) (t23) 

and (0 he constant. By (4.3) we get 

i Ta 1 dTo 2",~7/) dTo -+--+ -=0 
dr? ", d7J 7J d7J (4.24 ) 

Then the zeroth-order approximation solution is solvcd as: 

....... 

..... 



{ 
... 

.( 

R 

" 110 2 2 
1/1 = _C TJ o 2 ., , 

l' = 0 3[) 
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(4.25) 

Thcrefore, the zeroth-ordcr approximate solution is just the Ivantsov' solu-

lion. 'l'he vorlicity is zero cverywhere. The fluid motion in zerot.h-order is the 

uniforrn flow. 

4.3 The First-order Approximation Solution 

The cquations for the first-order approximation are 

1. 

2. 

3. 

4. 

the boundary conditions are 

1. as 7] -+ 00 : 

t' - 0 '>1-

(4.26) 

(4.27) 

(4.29) 

(4.30) 

(4.31 ) 



2. at 1] = 1 : 

{}I[ll 4' 
7if = 1JO~O: 

{)Iv
t --0 8T1 - , 

2 
OTt 8 To OTsl 2 1 

-8 + 171-2- - -n- + 7'O(Tll + e71l ) = 0 
17 DT} vT} 
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(4.32) 

(4.3:J) 

(4 .:J5) 

( 4.36) 

(4.37) 

To satisfy the equation (4.26), (4.29) and the boundary condit/ion (4.30), (4.3:3), 

we can set 

From (4.27), (4.31), and (4.34)-(4.35), wc get 

Letting 

2 2 
• 7Joe 
u=-

2 
( 4.38) 

2 2 
• TJo7J 
r=-

2 
(4.39) 

and 

Tl = Tl (T) (1.40) 

we can reduce (4.28) into 



( 

30 

2 4' '1~ -
d 7' d'l' dT TI 0' --T 

r t '\ 102 
T-- + T--.....- + -.,.- = --....- e 

d? dr dr 4r 
(4.41) 

Solving (tlAl) , we have 

'1~ • 
--T 

4 2 
• floe 

11
/(r) :: • 

tir 
(4.42) 

and 

where 

2 
!!E. 

4 2 r 
•• T/oC JOO e- 2x • 
T (r) = --- -In(-)dx - cE (r) 

1 4' X 2 1 
T 770 

(4.43) 

whcre c is a constant; En{;) are the exponential integrals defined by 

00 -X$ 

E (x) = J _e -ds , 
n n 

1 S 

7&=0,1,2, ... (4.44) 

From the condition (4.36) we know that Th must be a constant, and from 

(4.36) and (4.37) we obtain 

whcrc 

2 
Tlo 

00 -r Eo(-) 

J _e In(2x)dx][ 2 ] 
2 X 2 2 2 

~ 710 E (!!2.){2 2+ 4)+ E ( 110) 2 
2 1 2 Tlo Tlo 0 2 Tlo 

and detcrmine the constant c III (4.43): 

(4.45) 

(4.46) 

Thus, the first-approximation solution is derived. We Iist the results as follows: 



4' :1 
'loae 

1/11 == ~ 

Tl = â 1'1 ( r) 

:11 

It is seen that in the first order approximation, the vorticity is still ~Cl'() 

everywherej the density change affects the dendrite shapc and pcrLurhs t,l1(' 

velocity field and ternperature field. 

4.4 The Second-order Approximation Solution 

'The governing equati0ns for the second-order approxilllation are 

1. 

(tl,48) 

2. 

(4.119) 

3. 

4. 

(tl.5J) 



. 

the boulldary conditions are 

(i) As TI -. 00 : 

(ii) As TI -. 0 : 

DT ;'2 = 0 1 Te2 = 0(1) 

(Hi) At TJ = 1 : 

T = _ TI~(e2 +2) 
32 3 

({.! +1) 2 

=0 

{)tJt2 • 4 

De = 2a'707l1e 
{)tjI., 
-- =0 

DTI 

32 

(4.52) 

(4.53) 

(4.54) 

( 4.55) 

(4.56) 

(4.57) 

(4.58) 

(4.59) 

(4.60) 

The solution for the above system can be split into two parts which are 

the solutions of two linear systems, respectively. 

(1). The fist part of solution is subject to the following system: 

02«1) 02«1) aÇ1) aÇ1) a«l) aé1) 
pr(_2- + _-L _ l.---L _ 1_2_] = -7lTl-2- + fle-2-

(?e2 Dl/ e De TI DT] 0 DT] 0 De 
(4.61) 



2 2:l 
6"2 '70 '70'7 

"'OCX "2--2- 4"2" 
- ~e Int} - "'OCCX Eo( r) 

Tf 

tiTI) tiTI) 8T1) 81(1) 81(1) 81(1) 
__ &2_ + __ &2_ + l-E... + l-E... = r/ç-E... _ ",2t}~ 

8e2 8TJ2 e ae 11 871 0 Be 0 âf} 

(i) As 'Tl -+ 00 : 

~1) _ 0 

•• (1) _ •• (1) _ 0 
"f2 - "'72 -

(ii) As 'Tl -+ 0 : 

8T1) 
_&_2 = 0 1 ~~) = 0(1) 

8rt 

(Hi) At 'Tl = 1 : 

=0 

(4.62) 

(4.63) 

(4 .(i4) 

(4.65) 

(4.66) 

(4.67) 

( 4.(8) 

(4.69) 

(4.70) 

(4.71) 
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avJ:l) 
_2_=0 

(}71 

34 

(4.72) 

(4.73) 

Dy (4.61)-(4.62), (4.66)-(4.67) and (4.72)-(4.73), the flow fields are obtained 

as 

..(1) 
1,2 = 0 , 

Letting 

(4.63) hecomes 

.,~ . 
2 --T 

(4.74) 

(4.75) 

2 (1) il) ...lI) 4' '10 - 6 -2 2 _ 2 -2 
• d 72 • d1 2 d:L '2 110°1]1 T-T 1Jo'Jt C 2T 110° C • (4.76) 
T-- + T-- + -- = --..,..-e - • In- - --E (T) 

d? dT dT 2r 8T 1J~ 2 0 

Solving (4.76), we get 

(4.77) 

and 

where 

.,~ -xI 2x 'I~ -x(l 2X)2 
., ? ? e fi:; 6 2" e fi:; 

,. • _ -1/~(7J~1/11' - -c) JOO 710 d floC JOO 1Jo -
T2(T) - x + -- --~-dx + dE1(T) 

2 ; x 16; x 
(4.78) 

whcl'C cl is a constant. By (4.64), (t1.68) and (4.70) we have 

7:~) = 0 (4.79) 

l"rom (4.69) wc know tha.t 1]~1) must he a constant. (4.69) a.nd (4.71) give 



-.> , 

where 

2 2 
TJo A2 TJo D = A E (-) + -E (-) 110 2 212 

"'0 

and 

(2). The second part of the solutiop is subject to the following system: 

82/,(2) Ô2..(2) ô62 ) Ô/,(2) 8«2) fi/,(2) 

r[ '>2 (,2 1 2 l '>2] 2 2 2 u'>2 
P --+ --- --- ---- =-." TJ-- +"1é--ôe2 

8172 ç ôe T} ÔT} 0 ÔT/ O· ae 

'H: ,h) 

('lo80) 

(4.82) 

(4.83) 

(4.84 ) 



( 

( .. 

li7i2 ) 1ili2) ,ni2) ôr2} ôr2} {J'P) 
__ 32_ + ---!L + 1._3_2 + 1.._$_2 = r/e_3_2 _ .,,2.,,_'2-

ôe2 DT/2 e ae ." 8q 0 ae 0 8q 

(i) As ." ~ 00 : 

rf.2) -t 0 
2 

....12) 
:1 2 -t 0 

(ii) As ." ~ 0 : 

()'li2) 

~=o 
811 

(iii) At 17 = 1 : 

ta2
) = ~~) + .,,;2)11~ 

~~) = 1]~(e2 +~) 
(ç2+1)2 

âfF.2) 
_2_:0 

ae 
ôrF.2) 
_2_:0 

81] 
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( 4.85) 

( 4.86) 

( 4.87) 

( 4.88) 

( 4.89) 

( 4.90) 

( 4.91) 

(4.92) 

( 4.93) 

This system is actually the same as that discussed in Xu's paper [21]. In 

the followillg, 1 shall follow the approach described in [21] and give the results, 

sOIlle typos and algebraic crrors in [21J are found, which are corrected hereby. 

By (4.82)-t 4.83), (4.86) and (4.92)-(4.93), the solution for flow fields is 

obtaincd as 

~2) = 0 

Lctting 

(4.94) 

( 4.95) 



the (4.84) and (4.85) can be transformed to 

tP~2) {l~2) 1 A (J1;2) 1 "a7~2) 
-- + -- + (...,.. - ç)--.- + ( ..... + 71)--"- = 0 ()P () "2 e ae 71 ail 

• TI 

82T2
) liT2

) A ()'l(2) • aT~) 
_3_2 + __ 32_ + (1- ç)--4.L + (1... + 1J)~::: 0 

oê2 8;l ( 8e '1 811 

By the method of separation of variables, we writc 

and from (4.98) we derive 

X" + (1- ê)XI + >'~X::: 0 e 

Letting 

1"1 + (1 + ~) 1" - >.~ Y::: 0 
T} 

(4.101) becomes the Kummer equation: 

2 

<ÏX"(û) + (l-û)X'(l;) + ~l X = 0 

The fundamental solutions of (4.103) are 

X(û) ::: 

:n 

(4.96) 

(4.97) 

(4.98) 

(tl.H9) 

(4. LOO) 

(4.101) 

(4.102) 

( 4.103) 

(4.104) 

where M and U are the confluent hypet'geometric functiolls. M( -'\~/2,1,;) is 

regular at {=; = 0 and U( -'\~/2,1,;) has a logarithmic sillgulal'ity al, 
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Wu choosc 

( 4.105) 

M( ->'~/2,1 ,d-) has following properties: 

As ; -t 00 , 

2 ft 

1) M( - ).,1/2,1,0') grows algebraically when 

>.,'J 
-1=n::;:Ol2 .. · 2 ' , , 

2) Othcrwise M( ->'~/2,1,d-) grows exponentially. 

We rcquire that the solution does not grow too fast at the far field, therefore, 

wc must set 

,\2 +::;: 11::;: 0,1,2, ... 

hence, 

-2 2t2 
ft ft ~- '10" 

X(cr) = M(-n,l,cr) = Ll2) ::;: Ln(-2-) 

where Ln are the Laguerre polynomials. 

(i) In the liquid- phase region: 

To solve (4.102), we let 

_? 2 2 
- !L- 'TIo'TI r::;: ::;:-

2 2 

"2 _!L 

Y(~) = .1 e 4 Z( T) 
'TI 

Then (4.102) becomes the Whittaker equation: 

1 

Whl'\'(, 

--Ji 
1," (T) + (-..!.. + ~ + ..L-) Z( T) = 0 

4 r ? 

. (4.106) 

(4.107) 

(4.108) 

(4.109) 



" .. 

:m 

(4.110) 

We require that the solution Y(q) vanishes exponentially as 'Tl -+ 00. '['hus, wc 

have 

-2 fj~'1:1 2 2 . -1f il --2- 'lof} 
1'"{1]) = e U(n+l,l, 2 ) = e U{ntl,1'-2-) (4.111) 

Finally, the solution of (4.84) is 

(4.112) 

where f3n are arbitrary constants to be determined. 

(ii) In the solid-phase region: 

We still use the method of separation of variables and writc 

(4.113) 

It can be shown tha.t the solution X( ê) is the sarne as (4.107). Bu t in order iü 

solve Y(~), we must introduce the new variable: 

-2 r= _IL 
2 

Thus, we derive 

rY'(r) + (l-T)Y(r) + nY= 0 

The solution of (4.115) satisfying the rcgular condition at ; = 'Tl = 0 is 

Finally, the solution of (4.85) is 

(4.114) 

(4.115) 

(4.116) 
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(4.117) 

wherc an arc arbitrary constants to be determined. The solutions (4.112) and 

( ~ .117) arc cxactly the same as that derived in [21]. 

Suppose 

(4.118) 

whcre 'n arc constants. From the above, it is seen that the solution contains 

three sets of arbitrary constants: {aJ, {,Bn}, {,J, n=0,1,2 .. ·, which should be 

determincd hy the boundary conditions (4.89), (4.90) and (4.91). 

From the boundary condition (4.89) we get 

(4.119) 

From the boundary condition (4.90) wc get 

;'a L ( 77~e2 ) = _ 1]~(e2+2) 
~ n n 2 ~ 

(4.120) 
n=O (e2+1) 2 

'l'he constants {an} reprc"ent the effcct of surface tension. For the zero surface 

tension case, we have an = 0, n=0,1,2, .. ·. From the boundary condition (4.91) 

we get 

=0 (4.121) 

where 



From (4.120) we get 

where 

a = n 

n 2 foo (t-zf _t2 

i erfcz:: ete dt 
y1r z 11. 

·11 

( 4.122) 

(4.123) 

(tl.12tl) 

(tl. J 25) 

are repeated integrals of the error functions, which have recurrencc relations: 

.n .r Z n-l.f 1 .n-2 .r a erJcz:: --, erJcz + -1 erJcz, 
n 2n 

~1.r 2 _z2 
, erJcz = {; e , ( 4.126) 

i
O 
erlcz = er/cz , which is the error /unction 

From (4.121) wc get 

(4.127) 

(4.127) implies 

(4.128) 

where rn and sn can be obtained by (4.121)-(4.126): 

n=0,1,2, ... , (tl.12H) 
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., 
71~ 

a ,.,2 U(n+2,1,-;,-) b 
8 = -.-!!.[l + 0 _ (n+l) t. l __ -,n~~ 
n 2 2(n+l) 2.J 2( 1) 2 

110 U(n+l,l, ~O) n+ "lo 

, n=O,1,2, .. · (4.130) 

Thereforc, for any given 'Yo' (4.127) will generate the serIes {'Yn}' Then the 

second-order approximation of the interface r/~2)( 'Yol) is determined. In or der to 

delermillc 'Yo' one can apply the far field condition proposed by Xu in [21]. 

Namely, wc rcquirc that 

The results about an) (ln) În are the same as that in [21], sorne errors involved 

III the formulas (3.35), (3.36), (3.39) in [21J are found and corrected hereby. 

Finally, the second-or der approximation is obtained as 

( 
" 

( _ «(1) + ..(2) 
2 - 2 ,; , 

tJ!. = ~l) + tJf:2) 
2 2 2' 

(4.131) 

or 

2 2 
-2 T• ("lof] ) 

+ a 2 2 ' (4.132) 

( 



· ' 

In second-order approximation, the vorticity is still zero cvcrywherc. 'l'hl' <1('lIsi

ty change affects the interface shape, velocity field and tht'l'Illal fi('ld, Th(, 

interface shape and temperature field are also perturbcd by the smfacc tellsion. 

4.5 Discussion 

In this chapter, In terms of regular perturbation mclhotl, wc have obtaincd 

a second-order approximatc solution fol' the problclll. 'l'Il(' surface t.CIlHioll 

parameter f is used as the small paramctel'. The dCllsity challg(' paralllctel' (\' 

is considered as the same order of small quantity a.s (. 'l'he dendritic gl'Owth IS 

perturbed by both the surface tension and t.he convection induccd by dcnsity 

change. 

We found that the solid-liquid interface shape and the tcmperaturc field 

can be expressed in the form: 

( 4.133) 

(4.134 ) 

where the first terms in the R.H.S. are the 1 vantsov's solution; the second 

terms are the correction by the convection induccd by the density cha.nge; the 

third terms are the COlTcction by the sUl'fac(' tension. 
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The fluid motion 18 round to be irrotational flow. The velocity components 

are givcn by 

(4.135) 

(4.136) 

The first term in the R.H.S. is uniform flowj the second term 18 the effect of 

the density change. The surface tension does not affect the t10w field. 

It ('an he seen, from the above analysis, that sorne physical effects In den-

dritc growlh, Ruch as density change and surface tension, can be separately 

cOllsidercd. The tolal effect of thesc parameters equals the algcbraic summation 

of Pélch individual cffcct, providcd these parametcrs are aH smaU. Thus, in the 

following chapters, when wc study dendrite growth problem with other type of 

convection motion, we shaH put the effect of surface tension away, and only 

consider the case of zero surface tension. 



Chapter V 

SOME SPECIAL SOLUTIONS FOR DENDRITE 

GROWTH WITH EXTERNAt FLOW 

In 1990 Ananth and Gill considered the situatioll in which cOllvcct.ion is 

purely induced by external flow w;th zero surface tension (Sec [3J). In t.l H'i l' 

papers, it is shown that, in general, the system docs Ilot allow a simila.l'it.y 8olu-

tion. But, in several limiting cases, they do find the similarity solution fol' the 

system, the interface shape in these cases is pat'aboloid of l'cvolut.1on. In thil'l 

chapter 1 shaH summarize some of their results. 

5.1 Formulation 

Suppose that surface tension is zero, no density change, buoyancy cffect, il'l 

negligïble, namely, 0 = a and G = O. The entire soHd phase in this t.\!W will 

be isothermal with the temperature Tm' Assume that the melt in the far field 

flows along z-axis with a constant velocity U
oo

' The mathematical formulation 

of this problem can be reduced from (3,46)-(3.62) by setting cr = 0, G = 0 al'l 

fo11ows: 

1. 

(5.\ ) 

2. 

(5.2) 

3. 
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(5.3) 

The boundary conditions are given as follows: 

1. As TJ ~ 00 : 

u = -( U + 1)0 
00 " 

( - 0 (5.4) 

T - T 00 

2. At the interface TJ = TJ,(ç,t) : 

(i ). 

T=O (5.5) 
(ii). 

( (}T , ôT) 2(t)' 4(t2 2) ôq, _ 0 
{}7] -'1, {Je + '10 .. '1, + '10 .. +'1 7ft- (5.6) 

( (iii). 

(5.7) 

(iv). 

(5.8) 

Suppose the stream function be following form 

·1 2J( ) tJi = 7/0e 71 > (5.9) 

'1 = 1 as the solid-liquid interface and T = T(TJ). Then (3.44) and (3.45) give 

the f1uid velocity components as 

fi =_e_L 
{ r-;;--;; '1 V e~+7( 

(5.10) 

u = _ 2 f 
'1 r-;;--;; 71 

V C+l( 
(5.11) 

( a.nd by (5.1) the vorticity is 

, 



...... 

where 

F= 1/(L)' 
1/ 

By (5.1) and (5.2) we have the different.ial equation for /(71) 

2 2 

71[ l..(1JP+ 21/0 fF)]' - _4_[71P+ 1/oF U+1JL)] = 0 
1/2 Pr e2 +172 Pr 2 
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(5.12) 

(5.1:3) 

There is a contradiction to t.he assurnption that f depends on 77 only 

because of the existence of e in (5.14). So only in sorne special caseR wc can 

use (5.14) to get the exact solution. In the following sections wc shaH consiùcl' 

sorne important special cases. 

By substituting (5.9) into the boundary conditions (5.4)-(5.8), wc obt,ain the 

following formulas, respectively, 

1 j(l) = - , 
2 

/(1) = 1 , 

LI,,_oo = 1 + Uoo ' 
1] 

fIl 
-;1" .... 00 = '2 + '2 Uoo ' 
1'/ 

T(I) = I , 

dT 2 
d17 (1) = -1/0 ' 

T(oo) = 0 

(5.15) 

(5.16) 

(5.l7) 

(5.18) 

(5.19) 

(5.20) 

(.5.21 ) 

A note should be made here: the notation used in this thesis is slightly differ

ent from that used in the papers by Ananth & Gill. With our notations, t.he 

parameters used by Ananth & Gill bccome: P G = VI7'/ /'1,1' = l, the growth 

Peclet nurnber; the flow Pcclet Il1Ilnbal'; 
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_ U 
Re = Urx/rl v = p;' the Reynolds number. 

From (5.3) and its boundary conditions given by (5.19) and (5.21) we 

obtain the tcmperature T as 

2 
2 111 2r(;; 

00 71ocXP( - -dTl) 
T=J 1 Tl d71+ T 

11 71 00 

(5.22) 

where 

(5.23) 

5.2 A Solution for Dendrite Growth with Stokes Flow 

Suppose PI' -4 00, that means the Reynolds number Re -t 0 Then (5.14) is 

writtcn as 

(1:)' _ _ 4_p = 0 

Tl e2 +1"/ 
(5.24) is satisfied exact.ly for aIl values of e and ." if 

}1 = [Il( L)T ::: 0 
71 

Solving (5.25) with its boundary conditions (5.15) and (5.16) one gets 

1 2 2 1 1 
}(I}) = -71 + s[7] (lI1Tl--) + -] 

2 2 2 

whcrc s is an arbitrary constant. 

(5.24) 

(5.25) 

(5.26) 

TheIl the vc10city components are glven immediately by (5.10) and (5.11) 

as 

(5.27) 

71 S 
Il = -~ (1 + 2s11171 + - - s) '1 'l., 2 e-+I( 7J 

(5.28) 
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The thermal field T is given by (5.22). 

5.3 A Solution for Dendrite Growth with Oseen Viscous Flow 

One can use Oscen approximation ta lincarizc (5.1(1) if t.1l<' Beynolds nu 111-

ber Re is very smal1. 

Let f= {1+U"Jr//2, its far field value, and substitute it into (5.1 /1) t,o get 

where 

1 
Rel = Pr (Uoo + 1) 

The solution of (5.29) for aIl values of E. and 1] is 

The boundary conditions of (5.30) are (5.15)-(5.18). 

Solving (5.30) with its boundary conditions one obtains 

where 

So we can get the velocity components from (5.10) and (5.11): 

u = 
1'/ 

(5.29) 

(5.30) 

(5.31) 

( 5.:32) 

(5.3a) 
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(5.34) 

Ay (5.22) the thermal field T is 

(5.35) 

5.4 A Solution for Dendrite Growth with Potential Flow 

If /)1" --t 0, that nlcans the Reynolds number Re---.oo, tl1e viscous terms in 

the Navier-Stokes cquation (5.2) arc ncgligible. Then one can obtain 

(Il')' - _2_p(I + !1f-) = 0 
e2+rl 2 

Dy observing (5.36) if 

F = 1]( L)' = 0 
71 

then (5.36) is lmtisfied. 

(5.36) 

(5.37) 

The bOllndary conditions of (5.37) are (5.15) and (5.16). So one can 

obtain the fluid field by solving (5.37) and its boundary conditions: 

2 U 
f = !L(l + U ) - ~ 

2 00 2 (5.38) 

(5.39) 

1 Uoo ul1 = -~ [(1 + Uoo )7] --;;-] 
C+l( "' 

(5.40) 

Dy (5.22) the tcmperatllre is 

2 1 2 2 '1~Uoo 2 2 
710 -;;'10(1 + U "") 'lJo( 1+ U ) --2 - 710 U 7]07]( 1 + U ) 

l' = - e ~ [ DO ] 11--00 
00 ] 

2 2 2' 2 

(5.41) 

whel'<' 
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the incomplete Gamma function. 

5.5 Discussion 

In this chapter 1 summarize the results derived by Ananth and Gill. W(' 

list the solutions fol' some special situations, and show that 

1. For the limiting cases, Stokes's flow, Osccn viscolls flow and potcnl,ial 

flow, steady similarity solution of dendrite growth cali be round. It is 

said that the theoretical rcsults agrec weIl with the cxpedmclltal dat.a 

(Ref. [3J). 

2. The contradiction m (5.14) implies that the stream funct.ion dOCH nol. 

have the form tJi = TJ~ef(TJ), namely, the system does not, allow n simi· 

larity solution. 
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Chapter VI 

EFFECT OF FLUID FLOW DUE TO BUOY ANCE 

ln 1990 Canright and Davis considercd thc cffeds of buoyant flow at the 

near-tip regions of dendrites. They presented a theoretical analysis for dendritic 

growth in t.he tip region and obtained a special solution. In this chapter 1 will 

summarize thcir works. 

6.1 Formulation 

Suppose that surface tension is zero (f = 0), no density change and no 

external flow are in this problem, namely, a = 0 and U 00 = 0, and the entire 

solid phase is isothcrmal at -Tm' Due to the buoyancy effect, convective motion 

in the llleit is produceci. Then the system can be reduced from (3.46)-(3.62) 

by sctting Q = 0, U 00 = 0 as follows: 

1. 

242 2 
D Iji = -Tlo(é. + 'IJ )( (6.1 ) 

2. 

(6.2) 

3. 

~2'I'- 4(c:!.+ :!.)ôT+ 1 ({NIâT (}/fâT) 
v - '1... Il - -- -- - --

o m 11~~fJ ÔIJ âé, ô~ âl] 
(6.3) 
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The boundary conditions are 

l. As 11 --. 00 : 

< -+ 0 

T -10 T 
00 

2. At the interface 17 = 11,(e,t) : 

(i). 

T= 0 

(ii). 

( DT 1 aT) 2(,,), 4(,,2 2) 011$ _ 0 
8TJ -7], ""li + 7]0 ... TI, + TIO .. +TI Dt-

(iii). 

(iv). 

(6.'1) 

(6.5) 

( 6.()) 

(n. 7) 

(6.8) 

(G.n) 

(6.10) 

As G« 1, we use perturbation method to solve this problem and wl'Îtc 

T = Ta + GTl + ... , 

1/1 = 1/10 + (Nil +... , ((UI) 

TI, = 1 + G1Jl + ... 

where 7J='T] J is the interface. 
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A Special Tir Solution with Small Buoyancy 

Assume 1~ = rl~(7J) Theil, the zero-order approximation are the Ivantsov 

solution: 

4 2 2 
Ifr = T/oe '7 

o 2 

(0 = 0 

where El is the exponential integral defincd by 

00 or. 
E' (x) = J _c_ ds • 

n n 
t S 

n=O,l.2,.·· 

Considering the first-ordcr approximate, we can get the equation: 

\Vith the bOllndary condition: 

at '1 = l : 

{}/Il 
I{t=-=O 

1 élt, 

as '1 ~ 00 : 

(6.12) 

(6.13) 

(6.14) 

(6.15) 

(6.16) 

(6.17) 

(6.18) 

(6.19) 



where primes denote derivatives with respect to TJ. 

Suppose 

2 
(1 = e .s(71) 

Then (6.15) becomes 

2 2 2 
6 1/0 1/01/ i5 1 ds 2 ds 2 1]0 "2--2-

Pr(- - --) + 17 71- - 271 s = --e 
d 2 1/ d1/ 0 dl] 0 T 

17 00 

The exponential integrals have the pl'Operties as 

d 
-d E (x) = -E l(x) , 

X n no 

E +l(x) = l.[e-X 
- xE (x)] 

n n n 

... 
So we can obtain the solution of (6.15) as 

e2 2 2 2 2 2 B 2 2 

"1 = __ ---:1/o'--_[E (7107
1) AE (7

1071 ) -.!!t.!...] 
.. 2 2 2 + 2 2Pr + 2 

T (Pr-l)Eo(~) 
00 2 

where A and B are arbitrary constants. 

Suppose 

... ') A ...." 

t[tl = q-g( T) + qh( T) 

Then (6.14) becomes 

.. 
ag 1 dg 4 2 ( - - -- = -71 Tf S 71) 
dr/ 71 d71 0 

Solving (6.28) and (6.29) we get the stream funct.ion as 

-
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(6.:.w) 

(6.21) 

(6.22) 

(6.23) 

(6.25) 

(6.26) 

(6.21) 

((1.28) 

((l.29) 



( 

( 

, 

where 

, 
,. 2 T '2 • , , + u[h1(T) + APr hl ( Pr) - CT + 2Dr(1-logT) + Er+ FJ} 

9l (r) = E2(r) - E3(r) 

hl(r) = 2Ea(r) - E2(r) 1 

') 

T/~ 
To=-

2 

and C, D, E, Fare arbitrary constants. 

The boundal'Y conditions for 9(77) and h(TJ) are 

at 7] = 1 : 

g=9'=O 

l, = h' = 0 

9 -+ 0 

h -+ 0 
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(6.30) 

(6.31) 

(6.32) 

(6.33) 

(6.34) 

By obscrving (6.30) wc can not find a solution that satisfies both the inter-

face conditions and the conditions at infinity. We choose the solution that 

only satisfics the interface conditions (6.31) and (6.32). So this solution is called 

as tir> solution. 

13y ((l.3I) and (6.32) we can decide the constants with choice of B=O and 

C=O: 

(6.35) 



...... 

Suppose 

Tt(û,r) = (û-l)p(T) + q(r) , 

111(Û) = 1"0[(û-1) Wo + W1] 

where Wo and W1 are constants to be dctennincd. Thcll (6.16) bccolllcS 

(TP')' + rp' - p = -To'+ ' 
71071 

(rt/y + r' = -To'(+ + +) 
11071 27101] 

The boundary conditions become 

at T = To : 

W 
3r. W - p' + _0 T " o 0- 2 0 1 

" aST-tOO: 

57 

(6.a6) 

(6.37) 

(6.aS) 

(û.:m) 

(6.'10) 

(6,41 ) 

(6.42) 

(6.4~1) 

({iAtl ) 

Applying variation of parameters for (6.38) and (6.39) wc get the solution 

given by 

. -2T {pl(T) + APrp.,(T) + Dpir) + J[E2(r) - El(r)] + 1\'[';'+ l]} 
p( 'i) = 00 • ., 

(Pr-1 )E;'( TO) 

(6.-15) 

. -lT {qt(T) + APrq.,(T) + Dq3(T) + Eq4(T) + IJEl(T) + M} 
q( 1') = 00 • ., 

(Pr-l )E;( To) 
(6.'16) 

where .J, K, L, Mare arbitrary constants alld 



1- , • - , - , 
+ Pr[T+ 1][022(1') - G21 (T) - 2GI2(r) + 2GII (r) + 002(1') - 00l(r)]} 1 

113(;') = -{[E2(;') - E1(;')][1 -log;'] + [;.+ 1]~2)(;')} 1 

1/1(;') = ! t:(r) + e-TE1(r) - 2E1(2T) 1 

<. and 

...12)' JOO Et(s) 
I~l (1') = . -s-ds 1 

T 

G (r):::: E (-)E (s)ds J
oo s 

mn ;. m Pr n 

From (6.44) we get 

1\=M=O 

From (6.40)-(6.43) the constants J and K are determined by 

Thcll Wo and W1 arc dctcrmined by 

w = p(TO) 
o .), 

2T~ 

(' .. 

08 

(6.47) 

(6.48) 

(6.49) 

.(6.50) 

(6.51) 

(6.52) 
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6.3 Discussion 

In this chapter 1 summarize the rcsults givcn by Canright and Davis. 111 

this chapter the buoyancy parame ter G Îs (,ollsidered as a very srnall pi\,ri\,\lIp-

ter. Then the perturbation method is applied to solve the dcndl'itic growl,h with 

convection. This chapter gives a local solution in the near tip region. 

The results show that the shape of dendrit.e can be eXfH'csscd in the fol'lu: 

(6.51) 

where the first tenus in the R.Il.S. arc the Ivantsov solution; the :;m'ond lerllls 

are the correction by the convection induced by the cffect of buoyance. 

It is noted by Canright & Davis that their solution for this prohlelll dm'Ii 

not satisfy the far field conditions; their solution has a singlliarity at t1H' infini

ty. The uniformly valid global solution for the problcm of stcady dendrite 

growth Îs still unknown. 
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Chapter VII 

SUMMARY 

The prcsent thcsis IS mainly dealing with the regular solutions for steady 

dClldritic growth with convection. At first, before 1 present the theoretical 

results on the problem, in chapter II, 1 surnrnarize sorne experirnental observa-

tions of convection cffcct on dcndritic growth. 

In chaptel" Ill, a complete mathematical formulation of the problem, includ-

illg govel'llillp; ('<{uations and thcir boundary conditions, is specified. Besides the 

Illldcrwoling parametcr Too and the surface tension parameter f, the system 

contains thrc(' physical parameters that can produce convection: 1) a, measur-

ing the density change; 2) C, measuring the buoyancy effect; 3) Uoo' measuring 

the <,xtcrnal flow. We then use regular perturbation rnethod to discuss these 

cfft'ets, respertively. 

ln chapter IV, the second-order approximate solution is obtained analytical-

ly for the case a;:j:. 0, U 00 = G = O. 'l'he results in chapter IV show that the 

('[[ccts of the density change and the surface tension can be considered sepa

ratf'ly. The :;olution can be split into three parts: the first part is the Ivantsov 

solutioll; the seront! part is duc to the effect of the density change; the third 

part is du{' to the effecl of the surface tension. 

ln chapt.er V, 1 st.udy the case: G=a=O, Uoo=l-O, and summanze the works 

by Ananth & Gill. AlIanth and Gill found the similarity solution for the sys-

!.ell\ ill some lillliting cases, although the system, in general, does not allow a 

silllilarit.y soIn! iOll. 

- 60 . 
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ln chapter VI, 1 summarize the work by Canright and Davis, whkh dt'als 

with the case G * 0 and a = Ut>.) = O. Canright and Davis assume the parame

ter G is very small, and attempt to find the asymptotic expa.nsion solution by 

using regular perturbation method. They round a local solution neal' the t,ip. 

Theil' solution, however, violates the far field conditions. 

At the end, we conclude that the study of the dCllddtic growth wit.h COII

vection is far from completion. There are a lot of problems on this subject., 

which remain unsolved, and need a long term of rcsearch efforts in the future. 
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