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Abstract

'l'Ill' "erodyn"mic probkms. involving tlle solution of tlle Euler eLjuations or

moti'''I. arc presently allllost exdusivdy solvcd using an Eukr l'l1l'mulation. Tilis reLjuires

tlle generation or a spatial grid Dver wllicll tlle probkl11 is di::cretized. 'l'Ile grid generation

pron'ss adds tD tlle eompkxily lO tlle prohkl11 being solved. espeeially in tlle case or eom­

pkx Ilody-sllapes witll IlDW diseontinuities. suell as slloek waves and sliplines. I\lso. tlle

Eukr l'llnnulation is dil1ieult to use l'or tlle aerodynamie probkms of unspeeilied

~:.·(Il1ll·try.

1\ Lagrangian l'ormulation permits to avoid the complexity of a grid generation

whik making it possibk to obtain very aœurate results. This Lagrangian l'onnulation uSeS

tlle streal11 funetion and Lagrangian distance 10 represent the now i:lstead of the Cartesian

eoordinates. Tilus. the streamlines becol11e coordinate lines in the Lagrangian forl11ulation.

wllil'Il eanl'asily I\;present COl11plex body-shapes and sliplines. and is also more suitable to

solVl' eomplex problems involving bodies of unspedlied geol11etry.

This method was tested and validated againsl several test problel11s of spedlied ge­

onlL'try. induding the supersonic !lows with shol'k waves in a duct with a dreular arc

hump and past airfoils. as wdl as the !low in a nozzle. The solutions nbtained with this

Lagrangi:m l11ethod were found to be very aœurate, displaying a high eomputational

l'I1idl'ncy (aetllally providing second-order aecuraey at a computational load of a tirst­

llnkr solution). Then, this Lagrangian methodlms been usedlO solve several aerodynal11ie

probkms with geometrically-unspedlied body-shapes, sudl :lS (i) the detennination of the

geometry or a bump corresponding to a spedfied pressure distribution in supersonic tlow,

and (ii) the design of the geometry of a supersonic nozzle, b:lsed on the retleetion­

suppression condition. for a spedtied unifonn tlow al exit.
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Résumé

La rl'snlutinn dl's prnhlC'lllL's al'rndYllanliquc's, illlpliquanis ks l'qu:llinlls du

lllUlIVl.'ll1l'lll d'El1!l'r. l..',"a presql1l..' l'xdl1sivl'llll'Jlt dll'l'llIl;l' d~lllS UIll' rnnllubtÎ\)1l l,,'lIil'ril'llIH',

Celle fnrmulatinn exige la génératillll d'un maillagc' spatial alïn dl' disl1'c'tisc'r Il' pl'l'hlC'IlIl' :1

résoudre, La g0n0ration du maillage ajoute :1 la cnlllpkxitc' du prnhil'lllc' il rc'snudrl',

surtnut dans le cas de nllldc'les aux prolïles compliqllc's, l't liL'S él'lllllc'Pll'lltS prc'sl'nlallts

dl's discontinuités, tel que des ondes dc' e1ll1es ou dl's slll'facl's lh' giissl'Illt'Ilt.

Il est il noter que la fonllulatinn euleric'nnl' l'st dirtïeill' il appliqu,'r allx prnhil'Illl's

aérodynamiques impliquants des parois :1 gl'lllllétrie nllll détl'l1llinc'c' cl ,,,.;01';,

Une formulation lagrangienne l'l'l'Illet d'évitc'r la génératinn du Illaillagc', tnlll c'n

produisalll des résultats d'une précision élevél', Celle flll'Illulalillli lagrallgil'llIlt' dC'l'I'it

l'éeoukment des Iluides dans un système de eoordonnés ellllstiltlL' liL'S lilllctÎtlllS

d'écoulements et de la "distanœ lagrangienne" au lic'u liL'S eoordnnnés cartc'sic'llIlL'S, Ilt'

telle sorte que dans la formulation lagrangienne iL's lignc's d'él'lllliL'lllc'llt dc'vic'llllc'nt

rél'érenCl's de coordonnés, œ qui facilite la description des modc,lt,s allx prnlïll's

cOlllplexes, et convient mieux aux problèmes impliqllants des fl'lllltic'rc's gC'llmétriqul'llll'nt

non délïnies,

Celle formulation a été testée et validée en l'apliquant il des prohlèlllt's typl'S aux

protïles dél1nis, comprenant l'écoulement supersonique dans une sllllilerk présentant 1111

obstuele en arc de cerde sur une de ses parois, des prol1les d'ailes et l'éeolilelllL,nt dans lllll'

tuyère, Les résllitats obtenlls s'avérèl'l:1ll être d'Ilne précision élevée, tout en allïchallt on

rendement numérique supérieur.

Ensuite, œlle formulation lagrangienne fut appliquée il la solution de différents

problèmes aérodynamiques impliquants des modèles aux prnl1les non d01ïllis, tel que : (a)

la détermination du prome d'un obstade dl'Valll prnduire une répartition de pression

dél1nie sous l'effet d'un écoulement supersonique, (b) la conœpti"n d'une tuyère
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supnsilluque, rondée sur la condition de 1H1Il-rd1cclion a la paroi. atin de produire un

l:Ctlllit'llll.'llt rC'guliL"r il la sorlie.

9.
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l. INTRODUCTION

ln the last years the numerkal melhocls for solving the tlows of <:oml'l\'ssihk

Iluicls. both visl'oUS 'Incl invisdcl. have al'quirecl a ste,ldily in<:rl'asing iml'0rtam'l' ia tllL'

aeronautil' inclustry 'Incl rciatecl Ilcicls. The fa<:t is that lhese methods makl' it l'ossihk 10

obtain very al'l'urate results about the tlow at a fr'll'tion of the l'ost and timl' lhat wou Id hl'

required for esperimenting in wincl tunnels. A part of this effort has 11L'l'n dire<:ted toward

the determination of invisdd supersonk Ilow licid past boclks of various shal'es for hoth

steady ancl unsteacly tlows. The pressure Ilcicl on the bocly surfaœ. for instanl'l'. is or

partil'ular importanœ for the l'akulation of the forœs anclmomenls a<:ting on il, whkh is

needed to cletermine the performanœs of supersonk vehides in tlight.

Seventl methocls have been devclopecl for supersonil' tlows. most of whkh arl'

aiming at solving the Euler equations based on an Eulerîan l'l'presentation, ami inlegralillg

in time untilthe numerkall'onvergenœ is real'hed, However. the Eulcrian reprl,sentalion,

whkh requires the genenttion of a geomelriL:al grid over whidl lhe l'onsidered problem is

solved, has a fl'w limitations. The proœss of the grid genenttion ilself is sensitive ami Ims

sl'rious eonsequenœs on the results obtained. Il is, for instanl'C, dift1eult to fil a grid 10

some intriL:ate body shapes, Some l'omples manipulations, sud! as l'onfol1nal mapping, arc

onen needed to adapt a grid to soml' dirtÏ<:ult body shapes. This manipulations has an

imp'll't on the aeeuntl'Y of the results. Also, some tlow l'onditions, like shol'k waves,

require l'omples manipulations and spedal treatments to l'aplUre lhe shape and position of

the shol'k disl'ontinuity. An eSaInple of sud! l'omples manipulation l'an be seen in the

works of Ron-Ho Ni II XI. Eidelman, Colella and Shreeve 1Ci 1 and Mateesl'U and Lauzon

[13]. Also the solution over the grid requires the addition of a dummy time-variable over

whiL:h the problem would be salved itenttivdy. This prol'CSS is ralher eomputer-time

l'onsuming 11l1d tends ta diminish the numeriL:al aœural'Y,

12
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The preselll work explores the possibilities offered by a new Lagrangian

l'l'presentation tirst introdueed by Loh and Hui 1111 to solve the same Sl't of Euler

l'qualiolls in slI)lt:rsollic Ilo\\'s.

The Lagrangian repro.:so.:ntation mo.:thod. whieh makes uso.: of thl' strl'amlinl's and

thl' l.agr'lIIgian timo.: to deseribo.: tho.: flo\\'. diminatl's thl' nœd for a <:ompll'x grid and

,hllnmy time. po.:nnitting th us to obtain very a<:o.:urate rl'sults in a fra<:tion of the timo.:

usually required for solving in an Eulerian l'l'presentation method.

The Lagrangian-timo.: used in the Lagrangian representation is tho.: l'cal time of

Illotion. as opposed to tho.: dummy timo.: uso.:d in the Eulcrian representation. Il is dire<:tly

rdated 10 tho.: distanee travcled by tho.: speed of motion. Togl'ther with the streamlines. the

Lagrangian timo.: provicks for a <:omplo.:to.: dl's<:ription of thl' fluid now.

Tho.: absl'nee of a <:omplex grid generation proœss otTers many advantages over the

Eulo.:rian systo.:m. First it allows to save the time generally required to generato.: the grid and

avoid tho.: eomplex manipulutions involved in tïtting a grid to <:omplex body shapes.

Se<:ond it makes it possibk to <:onsider problems in whi<:h the body shape is not known. In

this hller <:ase it Iw<:omo.:s possible 10 <:Dmpute tho.: body shape provided wc l'an supply a

<:ondition to \\'hi<:h the flow is restricted. This <:ondition <:ould be the rl'quired pressure

distribution on the unknown body shape. Thus we <:an o.:ompute the shape of a body that.

when subje<:to.:d to a parti<:ular tlow, would generate a given pressure distribution. Another

<:ondition that ean be applied 10 the flow is the re!leetion suppression condition to design

tbo.: o.:xpansion se<:tion of a supersonie nozzle to produee a unifonn flow at exit.

The Lagrangian l'l'presentation Ims also the inherent property of eorreetly

represo.:nling Ilow diseontinuities, Iiko.: shoek waves, without requiring any partieular

Ireatments.

As wc Just des<:ribed it, the Lagrangian l'l'presentation in tenns of Lagmnghm-time

and slreamlines has a few limitations. The !lux funo.:tion is diseontinuous across a slipline,

;md tho.: system of o.:quations eonstructed aceording to this l'l'presentation is not fully

13
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hyperholie. being eharaeterized by only live lilll'arly ind"p"IHknl ,·igl'Il\'l"'I"rs. ahh"\lgh

the system possesses six l't'al eîgellvalul's.

'1'0 overeome these prohkms a variant of 11ll' Lagrangian rl'l'r"S"lll:llion \I\,'lh"d

Ihat replaœs the conœpt of Lagrangian-time describ,'d ahove hy Ihl' Lagrangian-dist:\lIl'l'

was tirst introd\lœd by Hui and Zhao l'JI and Yang and Hsu 1271, in which Ihl'

Lagrangian-distal1l;<: is ddined as the distanee travekd by a paniele a,ong its sl1\':nnlin,·,

These two <:ntities are direetly rdated. as the distanœ lraveled is l'quai tll tlll' partkk

veloeity multiplied by the dapsed time, The two proœdures arc' equivalenl bUI \Ising the

Lagrangian dislance enables us ln diminale the pOlential delieieney in tlll' Lagrangia\l

r<:presentalion of nows involving sliplines when represented \Ising Lagrangi:ul-li\lll', It alsn

prov<:d to lead to m01'e :leeurate results and to be f:lster.

The present work stans by devdoping the Euler equalions in Ihe Lagrangian

repr<:sentation. Then a numerieal seheme is devdoped b:lsed on Ihis Lagrangian

formulation for the analysis of supersonie flows,

This numerieal seheme is tested by solving a few e1asskal Iwo·dinll'nsional

problems, whose solution is known. Namdy lhe eases of a simple supersonk nozzle huild

up l'rom two parabolas smoolhly eonneeled and a lunnd Ilow with a cireular are 11IImp on

one of its sicles. In both eases the Lagrangian m<:thod shows an exœllenl abilily to produœ

very aeeurate results. Also, using the Lagrangian formulation it was possible to trace the

streamlines shape.

The seheme based on Lagrangian l'l'presentation proved to be very aeeurate and

eftieient. It also has shown a very good abilily tn solve for the Ilow diseOlllinuilies

involved in the cireular are problem. The resulls obtained by the Lagrangian method were

eOl11pared with mmlYlieal solutions and results previously published, for inslance Ron-Ho

Ni Il KI and Eiddman, eolella and Shreeve 1Ci 1. Also, the program based on the

Lagrangian formulation displayed a very high eOl11putational eflkiel1l;y when eOl11pared to

other work done in this departl11ent.

14
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NeXI Ihe La~ran~ian schellle Were applied lD the sli~htly more difficult case of an

airfllil in a supersllnic \low. The cases considered induded both \lat and thick airfoils. with

and withllut incidence.

Then. the La~ran~ian scheme was used la compute the shape of a body for a

spet:ilïed pressure distribution lili 1. For validation purpose. the specitied pressure has been

taken as the known pressure distribulion for a tlow past a circular are bump. The results

lli>tained Were very accurale, the computed new shape being very dose ta the original

circular one.

Finally. the La~rangian scheme was applied ta the problem of the expansion

section of a supersonic nozzle design, with the condition of retlection suppression. Il

provided a very unifonll l'Iow al Ihe nozzle exit.

15
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2. GENERAL CONSIDERATIONS

2.1 Lagrangian reprcsentatilln versns Enlerian rcprcscntatilln.

Most pl'Oblcms of gas dynamÏl:s amoullt to th~ solution of 11lL' Eu"'r l'lJuations of

molion. This set of elJuations is allllosl ~l'dusivl'iy r~pres~ntl'd and solwd using a Eukri:1Il

l'l'presentation system, in whÏl:h a Iïl'ed grid serves as a fr.mll' for th~ nuid Illlltiou.

ln th~ Eulerian des~ription of motion. lh~ nuid pl'llp~niL's sUl'h as wlol'Ïly.

pressure and densily ar~ detennin~d at Iïl'ed poinls of spaœ at l'a~h inslant of liml' 1. so

that:

v = V(x. y. z. O.

p =p(x. y. z. O.

p =p(x. y. z. t).

where the tlow propenies (p. V. p, ... ) ure el'pressed in t~rm of spuliul ~oordinall's (x. !J.

z) und time (t). In this representution. the now propeni~s (p. V. p.... ) hl'iong III Unuid

panide loeuted ut lime t, at the eonsidered SPUliul position (x. !J. x).

The sume set of Euler elJuutions l'un be represent~d und solv~d in th~ Lagrangian

representution system. in whieh the motion und pl'Op~nies of ~Udl nuid punid~ in lh~ nmv

Iïeld is des~ribed us u funetion of initiul position purum~t~rs (Cl. /J. c) und th~ l'iups~d lilll~

referred ta un initiul time (tu). At eu~h inslunt t; the position (x. !J. x) and oth~r propenil's

of eueh purtide ure given relatively ta the initiul position und lim~. Il follows lhul iu lh"

Lugrangian representution the aetllal (physi~al) posilion (x. y. z) of u nuid parlil'i~ is a

vuriuble propeny of that purtieie, Iike pressure und density, und is detel1nined us a funelioo

of the til'ed initial position und lime,

x = x(a,b,c,t),

y =~Y(a,b,c,t),

z =z(a, b, c, t),

10



•

•

/' = '1'(rI./J.c.I).

l'ietorially wc ean Iïgure the Eulerian representalion ln be the manner in whieh a

stalie observer. vicwing the Iluid Ilow from a Iïxed loealion. would describe the Iluid

IlHlli{lll. whereas in Lagrangiall notation one can imagine the observer idelltirying a Iluid

paniek (or moleeule) and following il (vinually riding upon il) along its trajeetory.

The numerieal simulalion of inviscid compressible flow as modded by the Euler

"qualions of gas dynamies is an efficient method and is giving a satisfactory :lccuracy for

flows wilhout discontinuitics, sud! :lS shock w:lves.

The :lpproximative naturt of this solution, and the fact that « The overall aœlll'acy

of numcrical simulation is very doscly rel:lted ta the aœuracy with which Ilow

discontinuities :lrc represcnted » 1201, justilïes the need for another type of solution,

namdy th:lt bascd on :1 L:lgrangian representation of the flow.

ln thc Lagr:lngi:ln formulations bltSed on stream function, the streamlines are

co"rdin:ltcs lines. Consequcntly the flow tangency condition on a solid boundary is sat­

islïcd cxactly on a stre:lmline coordinate (1;=1;,,). Aiso note th:lt sinœ sliplines are Iiisa

stre:lmlines. they must be coordin:lte lines. This hclps resolve sliplines better th:ln Eulerian

flli'l11ul:lt ion.

Furthenl10re the stre:lmlines aud time lines possess much of the physics of the now

and :Ire easily observable experimentally as they bath are mUleriallines.

2.2 The kinematics ot' tlllid motion.

Kinematics is the description of motion pel' se. It takes no aœount of how the

motion is generated or of the forœs involved 1211. At some instant of time, we look at the

Iluid and remark thltt a œrtain partide is at a position 1; and later the sml1e partide is at

position x. Wc can take the first instant ta be the time t = () and the later ta be t: :lssuming

that x is a function of t and the initial position 1;, we put:

17



• x=x(1;.t).
(~. 1)

where the iniihil eoonlinates ç or the particle will he rl'ferrl'li to as thl' I/Ic/fc.,.ùli or I.a­

gl'llllgillll ('uurrlillll/C's. which is itselrdl'l'ined in lerm or spatial or [Ille-rian l',,,'rdillales (X,.

x~. x,,). çshould be lhought or as a l'artide /a/1('/ and as sueh ean hl' dd'inl'd in allY ollll'r

way. l'or instance il ean be dl'lïned in 1':1111 or the slreamlinl's as will 1", dl'IIIll/lstrall'li ill

ehapter 3.

The sl'lI/ill/ or Ell/crillll ('IIuretill(/!c (x. il. xl or the IŒ'Iicle is its position or itlL'a­

tion. We will assume that the motion is eontinuous and single valued ami that l''!nation

(2.\) eun be inverted to give the inili'l\ position or Lugrangi'l/l eoordinutes or thl' l'article­

eorresponding to ut uny position x and time /:

•
ç=ç(x,t),
or

ç, =ç,(x,.x",x".t).

(2.2)

From this, we Sl'l' thut it is possible to ddïne u eoordinutes transrol'll1ation us

follows:

(x,y,z) ~ (1;11.1:), (2.:1)

where ç and 11 are eomponems of the veetm potential and 1: is the Lagrangiull time. In

two-dimensional f1ows, the above transrormution redul'l's to:

(x, y) ~ (1;.1:) , (2.4)

•

where ç is the streUill funetion.

This meuns that u eontinuous string of partides does not break up during the mo­

tion or thut the purtides near a given panide remain in its neighbmhood. By eontinnous

IX



• and single valued we Illean that a particle eannot split up and oecupy two loeations Olt the

saille tillle IHlr cOIn two distinct particles occupy the saille location at Ihe same time.

Equalions (2.1) and (2.2) are rclated and demonstrate that the system is consistent.

that is knmving the position (x) of a particle at a given time (t) we can delermine its

position at lime I(J. ur inversely that knowing its initial position sand lÏme 1: we ean dedlll:t

ils position x.

The material (substantial) time derivative along a partiele path of any of Ihe tlow

panullcters.J (sueh as p. u. v. p) is detined as:

IJf (dI) a{ a{ a{ at" at" '-'- = -'- = -' + u-'- + v -'- + W -'- = -' + (v . VU .
DI dl." al. ax ay az at (2.5)

(
clX ) (dt)) (dZ) (dr)tl - - V - -' W - - v - -

- (/1 ,,' - dt ,.' - dt ,,' - dt l' '

• r = ix + jy + kz. v = iu + jv + kw •

(2,6)

(2.7)

and where ~{ is the local (partial) time derivative al a tixed point (for x. y. z constant).
01.

and

, at" ëJt" aI
V·VI =ll-'-+V-'-+W-, ax ay ëJz •

is the convective derivative.

(2.X)

For sleady Ilows, the 10C'11 time derivatives are zero (ëJ/ëJt=O), and henœ the

material time derivative cOIn he wriuen as:

•
al' Dt" ëJt" ëJt" ëJt"
-' =-'-=ll-'+v-'+w-' =(V·V)f
ëJt Dt ëJx ëJy ëJz •

]\l

(2.\l)



when: w(' illtrodllce the notation t to ddïnl' thl' Lagrangian lilllt' l'Ill' sudl stl'ady tlll\\'S.

The aœderation, or the material time tkrivatiw uf tilt' wlul"ity. :1I11llg tht'

trajcctory, is:

elV i)V
A :.= - = - + (V . \1)V.

dt (lt:

ln steady flo\\', lhis reduœs 10:

( )
dV oV (IV

A= V·\lV=u-+v-+w-.
dX dy oz

2.3 Strcamlines

(2.10)

l~.l 1)

•

A streamline is a line whose tangcnl at cm:h instant of lime and at an)' POill1 in

spacc gives the diret:tiol1 of lhe vdm:ily of thc Iluid al thal point. For slcady llows. Îll

whkh the ve1ot:Îty t:omponenls are independent of lime (rlu/rU=O. i) v/il 1=0, il w/Ïl 1=0),

the stremnlines are identÏl:al \Vith the puth Iines and slreaklines (tilles issucd frol11 lhe samt~

point). The tlow vl'lodty bdng parallel to the sln.:amline. there is 110 now crossing thl~

streamlinl's and thus the mass now raIe belwcen two streamlines is conslalli.

For steady tlows, the streamlincs are delïned as

dr
-=Vdt .

dx dy d-z
-=-=-=dt:
u v w

(:l,12)

y

•
x

Fi~llrl' 1. Str(!(1I1/!iI/(! rejJ,.e,\'(~I1{(Jti()11
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• 3. EULER EQUATIONS OF MOTION IN LAGRANGIAN

REPRESENTATION

J.I Eulcrian rcprcscntation of thc cqnations of motion.

Th<: continuily. momcntum and <:ncrgy equalions for the threc-dimensional. sleady

now or a compressible inviscid Iluid in dirferential 1'01111 are expressed as (Anderson III.

Shapiro 123 Il

•

•

\7.(pV)=O.

1
(V·\7)V+-\7p=O.

P

wher<: It reprcscnts thc enthalpy, defined for an ideal fluid as

1t=-Y_P=e+ P .
y -1 P P

For two-dilllcnsionai t10IVS, they can be expressed in Carlesian coordinates as

i)(pII) il(po)
--+--=0

ilx flU .

ilo (lo 1 ilp
11-+0-+--=0

ilx ily P cly •

21
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(304)
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• il (\1 e
y p) rl (\1" Y p)-.- --+--- 111+-.- --+--- 11'=0.

clx 2 y-l P ,l!! 2 y-l P

J.2 The stream l'nnction

For Iwo·dimensiona\ steady Ilows. whiL'h 1"<'\1I"L'sL'nt IhL' llhjL'l'1 llr Ihis analysis. tlH'

slream rllnl'Iion. E,(x. [il. is a point rllnl'tilln dl'!ïned in l'llllllL'L'lion with IhL' ,'qualillll llr

l'onlinllity (.1.S). Setting

p" (JE,
11=-- .

P (Jy

ancl

•
p" ùE,0=---
P iJx'

ancl replaeing inlhe eontinllity eqllationwe gel:

a( aE,) a( (JE,)- ) - +- -) - -0ùx 1" (J y (J y 1" (Jx - ,

whieh kads to

( 1. 1li)

(J.II)

(J.I:!)

For a point fllnetion E" the orcier of clilli:rentiation is irrdevant (or Schwarll.

theorem holcls), ancl thlls the eqllation of continllity is the only reqllired cllnditilln tll the

existenœ of the stream fllnction E, as a point fllnetion, whidt is clelïnecl as

•

aE, (JE,
dE, = -dx+-dyax (Jy

1
= -(pudy - pvelx) .

p"

22
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( 'UllIJHlli nI; Ilu: Illass flow ratt: hetwœn 1wu lint:s of constant ç (sec figure 2.) wc

•

pvd...\':

Figure 2. lV!a.\',\'.!7011' ra!e !Je!lI'eeli IiI/es of {'()IIS!W/! srre(/I11.1illll'!iOI/

dT;1 =p{udu - vrlx) .

COInparing clJualion (3.13) and (3.14) il becomes dear thal:

x

(3.14)

(3.15)

whil:h Incans lhal the change (variution) of the stream funl:tion 1; is a measure of the mass

llo\\' l'ale. It abo means that a line of constant ç does not admit any tlo\\' :ll:ross itself.

I-Ienl:e. il l'ollows lhal lincs of constant ç are also streamlines, sinœ l'rom equation (3.13)

one can wrile

dç= () ~
rix = cly
u u

(3.10)

Consid~ring a steady irrotutional now in a two-dimensionul system:

.r =J( t,1;) . (3.17)

•
where J is uny tluid properly rcpresented as a funl:tion of the elapscd time "t and the

Lagrangi'lIl coordinate ç. sllch as lhe velodty components u und v, the tluid density, p,

23



and thl' pn:ssurl', l', J-klll.'l' tht' pLlsitiLln VI:l'lOr, r, and (Ill' Iluid n.'ll1l'ity, V. l'an hl'

~) ùr . • . ùx • dYV(u: = -= lU+ JU = 1-+ J-.- dt dt at

wht'rl'

(3.19)

•

( t::) iJx
u t.I.;: = dt 1

y

~\ dyu(t.g =~.

Streamlille

Figure 3. Strcumlille I/otatiol/

~.t2\l)

For the two-dimensional tlows, the materia1 time-dcrivativc \:lIn lll: l:xprcssl.:d liS

•

dl' Dr . (Ji (Jt
-' = -'- = (v· 'V)j = u-+u-' .
~ ru ~ dy

Considering the streamline definition

ç = ç(x,y) ,

24
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• dç =_~
<Ix p"

dç IHl
-=-
;)y p"

(lile ohlaills Slll.:ccssivcly:

ëJl; al; (pu) (pu)v·VI;=[[-+u-=u-- +u- =0,
iJx iJ y Po Po

and hence

(3.23 )

(3.24)

(3.25)

(3.2(,)

•
where p" in equ'llion (3.2(,) represents any referenœ value, which is prinmrily needed ta

balance the dimensions, and is urbiu'arily chosen, so thut one cun repluœ it by K

Repladng l'rom equation (3.2(,) into equutions (3.23) and (3.24) one eun obtuin

(JI; _ pu
i.Jy - J( , (3.27)

These derivulives cun be ulso expressed in tenns of the Jucobiun of ihe coordinutes

transfonnutiou (sel) equutions (A.15) und (A.16) l'rom Appendix A) as

JI; _~
ëJy - J ' (3.2X)

Compuring now the equutions (3.27) und (3.2X), in conjunction with eqlmtion

(A(,) l'rom Appl)ndix A, one obt.lins sucœssively

•
(3.29)
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• [lx ily ,)y Clx (ly [lx
-----=!l--V-'
il, ilç Cl, Clç aÇ ilç ,

l,UIl)

a derivation for equation (3,2lJ) L'an be obtained l'rom the follo\\'ing L·qualion. sh(\\m in

Batchelor 1301.

Cl(x, y) p"
a(Ç.') =-r'

in the same \Vay in \Vhich x and y, or u and U are Ihe cOll1ponents of the veclors r or V•

•

IntroducÎng no\\' the notations

\Vhere U ancl V can be considered as the Cartesian compllllenis of Ihe wL'tor W

W vr . vx .vy 'U 'V=-=I-+J-=1 +JvS vS vS .

V
vr . VX •VI). •

= - = 1-+J-'- = lit + JU ,v, v, v,
since r is a point function, according to SehwUt'lz theoremone can write:

where

26
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(D4)

(3.35 )
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iJ [dT) . iJl! . av- - =I-+J-.
dI dç dt dt

illl au----
aI; - iJr '

(Jv av
(J; = ilt .

CL37)

(3.3X)

•

Thesc cquLltions are calice! the cUIHpatibility relatiuns, defining the coordinales

transformation bctwccn lhe Eulerian and Lagr<lngian formulations.

Referring to cqualion (3.2lJ) we can also wrile:

(3.3lJ)

l'onsidcring tlle cqualions (3.20), the cquations (A.I (J) and (A.I 1) in appendix A can be

rccasl in tlle fOl1n:

rJIl ()u P dy P---------V
ilx - J c>1; - J( dl; - J(

dr 1 (Jx P dX p-=---=---=--u
(J!J J (JI; K dÇ K '

B)' dclïnilion one can write

i) at (J dl; d
-=--+--
i)x (lx dt ox vç
iJ vr d al; 0 '
-=--+--
ily ily ùr oy 01;

(3.40)

(3.41 )

(3.42)

•
and rcpladng from cqumions (3.20), (3.23), (3.24), (3.32), (A. JO) and (A. 11) illto

cquation (3.42) one obtains
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• ~ =2-[v~-vJ?.-] t
(Jx K (J-c ê)ç

a p[ J a]-=- -U-+u-
ay K rh aÇ

I"rom whkh on~ can wrile

{3,-U)

•

a ' al'
n f .I.~ . "v' =-+-ax ay

r al' JI' l
=~ lv a~~~ - v a~~ - U à~' + li à~ J {.'.-I·I)

pra (' , ) a (. . ) . (av av) .(dU au )~
= K la! VI~ - U.lu - al; v..I.~ - l~/!I -.I.~ at - dl; +J '1 dt - i}1; ~

where f~ and .t~, are the components of f in the x and y directions rcspcL'livdy.

Repladng from clJuation (3,3X) into ~q lwliol1 (3.44) and simpli l'yi llg one oblains

().45)

and setting f = pV = ipu + jpv and simplifying Ollc oblains

a(pu) a(pu) pro lv· (pv) =--+ - =-L- p(Vu - UV)J .ax ay K dt

3.3 Lagrangian representation ot' Eulcr C(llIations ot' motion using
Lagrangian tirne.

3.3.1 Continuity c«(uatiun fur steady nuw

The continuity equation (3.1) will hCI1l;e bccomc

•
v· (pv) = .E..[~(P(Vll- UV))] =a ,

K at
und repludng from equatiolls (3.2Y) and (3.32) one obtains

2K

(3.47)



• P [iJK]\7,(pV)=- -,- =0.
K dL

and Iwncc

iJl(
- =() or 1( =K(Ç) .
dt

ElJlIalioll (3.41.) means Ihat K is a funelion of 1; only. henœ one can write

K=p(llV-VU).

(3.4X)

(3.41.))

(3.50)

elJlIalinn (3.41.). in conjunetion wilh clJuation (3.50). dclincs thc e011linllity clJuation in

Lagral1gian ronnulation hased on Lagrangian tinlc.

3.3.2 MUlllcnlulII c1llmliun fuI' slcady nun' in lagrangian l'CI)I'Cscntatiun.

The momcnlum eqllalion (3.2) in the Eulerian formulation in Cartesian coordinates

has Ihe following component equutions in the x and !J directions

• fJll fJll 1 êlp 0
[I-+V-+--=

[)x ay p êlx •

ilv av 1 ap 0[I-+V-+--=
ilx [) y p dy ,

(3.51 )

(3.52)

rcplacing l'rom cquations (3.20) and (3.42) the firsl equation (3.51) can be expressed

simplirying une obtain

•
or

0,

21.)
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• [( [Ju + D(p.y) =O.
[JL D(L.E,)

Sil11i1arly. the senllld equalion (3,52) ean he e:-.pressc·d in thc' 1'011\\:

K [Jv + D(x.[J) =0
aL D(L.I;) .

Equations (3.55) and (3.5(,) logelher reprc'senl 11ll' I11llllll'ntul11c'qualion l'or slc'ady

no\\' in Lagrangiall formulation lIsing Lagrangi:.m lime.

3.3.3 EllcrgJ cl(uatiull l'ur stcadJ lluw,

The energy eqllation (3.3) ean he wrillen in the l'oliowing 1'01'1\\

•

•

v· 'V(_Y_E.+J..(u" + v")) =0,
y-1 P 2

whcrc

hcnee we ean rcwritc cqllalion (3.57) as l'oliows

rearranging wc get

ax[ y 1 (ap ap ) au av]- ---" p--p- +u-+v- +
aL y - 1 p- ëlx ëlx ëlx ëlx

ëlY [ y 1 (ëlP ëlP) ëlu ëlV]
~ y -1 p" P ëly - P ëly + U ëly + v ëly = 0
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•

•

\illlpliryill!! and l'L'arranging wc get

.1 ( 1(" ") y 1) )- -1l"+V" +--- =()
.Ir 1 y - } 11

Equaliull 1:1,(11) ddilles Ihe ellergy equatiun for steady Ilow in Lagrangian formulation

lISillg I.agrallgian time.

J.4 Eulcr cl(uations in Lagnmgian formulation bascd on Lagrangian­
limc

We now ean write the Euler equations of motion using the Lagrangian represen­

wlilln (l'quations 3.4<), 3.55, 3.5(, and 3,(,1) developed in se<:lion 3.3 in the following

matrix Ion."

dE ilF
-+- = ()
de i)1; ,

where

K e, 0 fi
}-I e:! 0 f~

I~ -
Ku + IN c:1 and F=

-pv JI
= =-- Kv - pU ./~e pu·1

U Cr -u j~.'
V e'j -v ./:,

and

(3,Cl3)

il.\"
U=-ill; ,

il.\"
Il=~,

il IJ
V = -'-

ill;
iJy

v=-,
ile

1(" ") y PH =- u- +v- +---
2 y-1 p'

[( = p(uV - vU) ,

(3.M)

•
wh<:rl': thl' equalion rclated to el l'l'presents the <:ontinllity eqllation, the l'qllalion rclmed

to C" represellls the energy cqllmion, thc cqllations relatcd to e" und e., rcprcscnt thc
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•

•

mollll'IlIUm ,'qualiolls alld 11ll' ,'quatiolls rL'!:Il,'d 10 (', alld ('" :U\' 1il,' "(Illlpalihilit)'

L'quatiolls ls,'" L'quatioll .' ..'Xl.

Equatioll l."(,2) rL'prL'sL'llts EuiL'r ,'quatiolls ill La~rall~iall fOl'llllllatioll has"d <Ill

La~rall~iail-tillll'. usill~ lt,Ç,l as il1liL'P"llliL'lll variahiL's,

J.5 EllIer eqllations in Lagrangian l'ornmlation hased on Lagrangiall'
distance

'l'hL' La~rall~iall rL'prL'sL'lli:ttion hasL'd Oll La~ran~ian-linl" d,'v,'I"p,'d ill s,"'li<lI\ 3,-1

has two dL'lïdL'ndL's as IllllL'd hy Hui and Zao l'JI and Yall~ al1llllsn 1271. l'irst lil,' Ihl\

fntKti'lIl (F) in L'qualion (3,(,2) is disL'ontinnons aLToss a sliplim'. This is a L'ons"qu,'n,'" 1"

lhe faL't thal thL' tangL'ntial L'omponL'1ll of l1uid vL'!odty is disL'ontinnons aLToss a sliplin,'.

whilL' thL' prL'ssurL' fi and thL' Ilow dirL'L'tion angiL' Bar,' ,'onlinnous, S,','ollli Ih,' syst,'nl ,,1'

L'qualion rL'presL'lllL'd by L'qnalion (3.(,2) is nol fnlly hyp,'rholiL', ln IhL' ,,'ns,' lhat allhon~h

this sYSlL'm has six l'L'al dgL'nvaluL's, it only has live linL'arly indqll'llliL'nt ,'i~,'nv"'"ors

assodatL'd with theln.

ln ordL'r tn L'orrL'L't this probkm thL' following transformation is introduL'L'd:

•

lt
(1:-: = -dÀ+Url~.. V" ~~

v
dy = V" dl.. + Vdç ,

wherL' (Y. is an arbitrary L'Onstalll, Vis thL' Ilnid vdodty and ç is thL' strL'amlinL',

V = ~lt" + v" ,

Selling dç=O, and repladng in L'lInations (3'(,5) and (;l,Ml) WL' ~L'l:

dx dy dl..
-=-=-,
lt v V"

l'rom whiL'h il follows that À is a variable along thL' strL'amlinL'.
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• Sl'ltillg fi, = Il and d~=() we gel:

rlx
-- = /1
rli,

rlu
rlÀ = V ,

(3N»)

(3.7ll)

1'1'<1111 which il l'lllluws lhal whel1 u. is eljUallo zero, À is eljuivalenllO the Lagrangian lime.

SClIing (1. = 1 and riç=ll wc gel:

•

II
rlv=-rlÀ

A V .

V
rll! =-rlÀ. V '

(
" ., )., 'J u- v - ') 'J

rlx" -I-rltr = -., -1- V., ,lÀ" =rJÀ",. V.. ..

(3.71 )

(3.72)

(3.73)

l'rom which il l'ollows lhal when a is equal 10 one, À is equivalenl to the distance traveled

hya panide along ils slream\ine, which we will cali the Lagrangian distance.

Substituting equalions (3.(,5) and (3.M) in eliltations (3.47), (3.51), (3.52) and

(3.57\, going lhrough the substitution proœss of section 3.3, and setting a equal to one,

Wl' gel:

•

DE iW
" +~ =(),
riA ds

whe!"c
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• [" e, 0
.1·"1H e:! 0 .le-

E=
l\lI + pV e:l

and [,-.. = -]Jsin ~ f·,
= =

l\u - [lU C.l P cosH fi
U er; - cosH ri
v c li -sin H ./:,

wh~r~ e is lh~ f10w dir~~lion angle. and

Clx
U=ëll;'

()x
ll=-Clt •

Cl 1]
V =-"

Cll;
ëly

U=-Clr •

1 (" ") y Il[-[ =- lI- +U" +---
2 y-l P

l\ = p(llV - vU) .

13.7(,)

•

•

where: the cquation rdat~d 10 CI repr~sents lhe '<mlinnity ~quation. Ihe l'qnalion

related to C" represents the energy equalion. the equations relall'tlto c" and e, rqll'esl'nl

the momcntum equations and the equ'llions rclaled 10 Cr. and c" are lhe ~ol\lpalihilily

equ'llions (see equation 3.3X). Equations (3.74) represenls Euler l'quai ions in Lagrangian

formulation based on Lagr.mgian-distanœ. using (À, 1;) as iJl(lelll'ndenl variahks. il is

funetionally equivalent 10 equations syslem (3,(,2). By eonsid~ring Ihes~ IWO equalion

syslems. (3.(,2) and (3.74) wc note that:

• Although lhe streamlines and time lines are non-orthogonal in Ihe physil:al plane lhe

resulling transformed equations remain very simple.

• The Lagrangian melhod of eomputalion is also self eonlained wilhout nced of re·

mapping to the Eulerian spaœ.

• The Lagrangian lime 1: in equation (3.(,2) is a tru<.: lim<.: variahk of motion, as dislin­

guished l'rom any time-like variable (1Ï<:litious lime) in lh<.: Eulerian fOl'JlIulalion.

Man.:hing in 1: me.ms following the Iluid panieles along llwir path. Thus lhe

<.:ompuwtion method follows exa<.:tly the paniele mov<.:m<.:nts <.:v<.:n wh<.:n il <.:ross<.:s a

sho<:k wave where now dir<.:<.:tion <.:hanges abruptly. (A <.:e11 is <.:xa<.:tly a Iluid partiel<.:

and remains inta<':l al ail lime).
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•

4. NUMERICAL PROCEDURE

Wt' will now devclop a numerieal slrategy 10 solve the equations systems (3.(,2)

and n.74). Il should be IWled Ihal those IWO systems are equivalent and similar. su that

tht' same strategy applies to both of them. The differenees. whieh appear in the ilux

fUllel;on 1'~ are small and are solved errcelivcly with the same procedure. Also at the

pi'tlgranuning levcl. the same ~mgram. with minor moclifieations, is usecl to solve bath

systems.

4.1 Spacc discrctizatioll

Consicler the inlet of the expansion section of a supersonie nozzle shawn in

figure 4. We set up an ineoming supersonie uniform f10w as shown, ancl we will c1iseretize

Ihis Ilow in Ihe Lagrangian plane (r-ç) or (À-ç). This ineoming ilow is set paralld to the

'l'ails, whieh are straighl and parallcl in the inlel section. So thal we know the streamlines

at Ihis seelion to be straight ancl parallcl. We ehoose a line at Ihe inlet section

perpendieular to the wall, ancl th us ta Ihe stremnlines al this section, ancl iclenlify il as the

tilne line ,=() in the Lagrangian plane ,-ç (or À=O in the À-ç plane). We will iclelltify a line

ç=O on the lower wall, as shown in figure 4, ancl paramelrize the line ,=0 (or À=O) in term

of stn~amlines ç (Ç" = O,ç"ç~, .. "ç,,). By c1c1inition we know that the mass f10w rate

ht'Iween two stremnlines is constant (see section 2.3), henœ eaeh slreamline ean be

iclenlitïecl by the mass ilow l'ale belween it ancllhe reference slreamline (the line ç=O). The

slre:nnlines being eqnally spaœcl, il is possible ta c1efine an intelval Ll.ç us the muss flow

nue belween UllY two slre:nnlilles us follows
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L1nkIH\\\'1\ 1111\\' n'gh11l

hl bl' ~Ilh'l'd 1\1lllH'rk.lh...
Flow dil\'l'lillll

", /
Sll'l'allllinl'~

r-,.,-------::------:----------------~---- ~--

"nll"'l1 fin\\' H'gillil•

Figlll'<' 4. No::/" ill/"/ s<'c/ioll ("II/ClI'.~('(/)

when~ L is the system width, whkh is assllmcd lInity.

The increments in thc , (or À) direction arc complltcd at CVl'ry Stl'p io onkr III

satisfy thc stability (CFL) condition as follows
•

LlS=pll·L\y·L, (·1.1)

L\SCFL
L\, = .,

2puï t,m(8 + ~l).1

LlÀ = L\SCFL
2 Pll.l t,m(8 + ~l).1 cos e,

where

'1 = sin- I J...
r M'

(4.4 )

•
and 8 is the tlow direction angle (see Appendix F).

30



• 4.2lnitializalion

The stan-up or inilial values of ail the variables used in lhe program are eomputed

from the inkt value of the Ilow and the geometry of the inkt section as deseribed here:

Wl' eOlnpute lhe eompalihility rdalions

(4.5)

the Ilow bdng uniform 'lIld paralld to lhe x axis lhere is no variation of ç relative to x.

then we ean write

•

lJx =() =u"
. " 'rh,

wher" lhe superscript 0 indicates the initiallÎme step ("C=O or À.=O).

We ean now <:ompule ail the e and F fun<:tion at "C=O as follows:

('~' =K" =p(LL"V" -v"U"),

1 "c:: =H" =-((LL")" +(v,,)~)+-y_E.....
- 2 y-Ip"

c:: = K"u" + [J"V" . e~ = K"v" - p"U" ,

(4.0)

(4.7)

." -li"L!î - • e o = V"
H '

the (' fun<:tion <:omjluled in equalion (4.7) are valid for both the L'lgrangian formulations

based on Lagrangian-time and on Lagrangian-distunce. We also <:ompute the !lux in the

Lagrangian formulation basecl on Lagrangian-time

f:' =0.

'

"Il _ ri CI

, " - -Jl v ,

"
" =- ("• r. l.

"

" - 0~ 2 - ,

.1::' = p" LL" .

"
" = -v"• h •

(4.:-1)

•
or in the La~ran~ian formulmion b'lsed on L'I~randan-distal1l;e

~ ~ ~ ~
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• f:' = o.
J~' = - p" sin S" .

-n un/.- = - cos" .- .'

.I~' = 0 .

"

(l li nO.., = p cos" .

/." . 0"_ li = - SUl \"J •

(-1.'J)

•

•

the flux funetions of equation (-l.X) arc nsed in the system basL'd on thL' Lagrangian-limL'

(t-ç). whik the !lux funetions of equation H.'.)) arc uSL'd with tlll' systL'm haSL'd llll tlll'

Lagrangi:lIl-distan<:e formulation (À-ç). In this huer <:ase IhLI angk 8 rL'J,rL'sL'nls tllL' ilo\\'

direction angle at inkt and usually set equal to zero.

4.3 The cllmputatillnal mesh

The <:ompulationa\mesh in the t-ç (or À-1";) plane is shown in figure 5. The mesh is

naturally r<:L'langular. i.e. no special manipulations are needed to lransfonn it to a

reelangular shape. Although the streamlinesj.j+1.... are neither slraighl nur paralld, thdr

La~ralU!Î'1Il relJresentation is naturall" reelan~ular. This is cas" to lï~lI1'L' if \VL' <:onsil\clr... ... J... J ...

that the distanœ ~ç separaling two stremnlînes represents a slreamline im,rL,mL·nlation.

and in this implementation equals the mass ilow l'ale between :IIlY two slreamlines

(~1";=pLlL~!JJI , whieh is <:onslant regardkss of Ihe aetual shape of the streamlines. So thal

any two (or more) streamlînes represented in Lagrangian eoonlinates (t-1";), or (À-1";). will

appear as straight and paralle! lines. Aiso t represents the time dapsed sim,e the moment

t=lI, so that lînes of eonstant twill be paralle! 'lIld will yield .1 reelangular (t. ç) mesh. In

the formulation based on Lagrungian-distanee (À-ç), Ihe same reasoning applies ln Ihe

distan<:e-stcp lines. Inerementing in À, whieh represents Ihe distan<:e travded along cadI

streamline, taking an equal distance inerement /),.À for ail the slreamlînes, will produee the

same pattern of struight and parullcllînes.

The superseript n rel'ers ta the time step number and subseript} refers ln the <:ell

numœr.

1L is the widlh or the sysh.:m (lulUlcl) :\Iul is scl c'Iualill unity for il Iwo·dimcllsillllal systelll.
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• n n+l

•

j+l

j+l/2

j

j-l/2

j~1

j-l/ /2

Figure 5. Till' computatiollal me.\'11

't

(À)

The mcsh divides the l:omplitmionai domain into œlls whkh are œnterecl in the ç
dil'cl:tion at çJ and lit 't ll+1/2 (or ÀI\+ 1/2), and have a uniform height Il as follows

(4.\0)

The differenœ equation for the}h œil at time step n using LagrangimHime is

dCl'ived by integrating equation (3.62) as follows:

(4.11)

or for Ihe solution in using on Lagrangian-distanœ based on c:quation (3.74), we get

•
E"+ 1 = EU - I~},:I (F/I+1/2 _ F II+1(2)

.r .1 ~ç ,/+1/2 .1-1/2'
,/
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•

4.4 Mcthod uf solution

The flow domain is disnetized into a mesh in t,'rms of str,'amlilll's ç and tillll'

lines 1: or À (sel' ngure 5). We assume that we me at a given iustant 1:=rtL\r (or 1.=111\1.)

and that al this instant ail the !low propenies are known. (ln fact w,' stan al [=() and pro-

gress numerically ta 1:=1:"). From this point we want to comput" ail the prop,'ni,'s at

1:=1:,.. 1(or 1.=1..".1). 1'0 do this we need to solve the equations set (--1.11) or (-1.12).

From Ihis point on the discussion will menlion only tilt' Lagrangian-lilllt'

formulation, the same proœdure being applicable also to the Lagr:lI\gian-dist:IIll'l'

formulation.

We consider the cell labdedj (shown shaded in ngure 5). The proeess is Ihen

repeated for ail the œlls.

We stan by computing the !lux values at 1:=1:">II!, on the two boun<!ing slreamlin,'s

j+1/2 andj-'/2 Ct:::~;~" and/:~~;~"). We will stan by assuming that at 1:=r" the flow

properties are eonstunt within each œil (e.g. the pressure is constant between the pointsj ­

1h andj + 1/2 and is l'quai to the pressure value :ltj ). The solving p1'llcess is similar to

Riemann problem, i.e. we imagine that at the instant 1:=1:" there are two cells of gas at

different states (j andj-!) separated by a membrane atj-' /2. This membrane separating the

two œlls is removed at the instunt 1:=1:" (instantly), and we want to ellmpute the inter­

action along the streamlinej_1 h (Sel' ngure 6).

Since the \ine j_1 /2 is itself a stream\ine between j and j-l, the pressure ami flow

direction atj_1 h and 11+1h must be the same on its both sides. The situation shown in

figure (i assumes that the pressure p.;' is greater than P.;~I' then a shoek wave p1'llpagates

into œllj-l and an expansion fan into œllj,

1'0 stan the solution process we make a guess for the pressure [J at j_1 /2 and

11+1/2, let

•
P

,,+y,
./-y,

a=-,-,-,
P./-I
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l'or tllis valuc uf CI. wc l:OmpUIC the fIo\\' dircl:tion angle at j_l/'.!. and 1l+ 1h llsing thc

ohliqUl~ SIlOl:k rclation (kvclopcd in Appcndix Cas rollo\\'s

'''~ " . -J u. - 1 2y (M.~'_Ir l
o ~ i =(-) 1- r - t.el 11 l ( ):t • (1) 1- 1J.

J • Y M,;'_I - (J. + 1 y + a +y-

Then for the saille gllessed pressure value [J atj-I /2 and n+1/ 2, let

[ )"IY.,
_ .H0
Cf. = --,,- ,

P,I

(4.14)

(4.15)

so!ving for the expansion fan propagating into œil j, wc first compute the Mach nllmber at

.i-' / '.!. and H+ II'.!. lIsing the isentropk relation

•
(

'VI ') 1
1+ ...e...-(M")-

( -ltfJ0):! _~ 2 .1

M,l-X. - y_ il '(-1 - 1 )1 '
fi '(

(4. (0)

and then l:lllllplitc the now dirc<':lion angle al j_l h and 11+1h using the dmr<lcteristic

l'l'Iations detailed in Appendix E

(4.17)

whcl'e V is the Prandtl-Mcyel' expansion function

(4.1X)

•

The valucs of the now din:l.:tion 'lIlgle e at j_l /2 and n+1h computed with

clJlIatiolls (4.14) mul (4.17) ShOlild be equal as they lie on the same streamline. If they are

not elJu:!1 :m iterative proœss is applied to get the value of [J.;~~ that will prodllL:e the

saille flow direction e<Ilj_l h and n+ 1/2 \Vith equations (4.14) und (4.17).
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Il 11+' h n+ 1

Figure o. Tite RicII/UflII/H'o/J/elll

When the v.tllle of p and e are delennined, wc usc lhese valucs ln l:nmplltc tlw

fluxes (equation 4.X or 4.9) whid1 wc use in equation (4.11) ln dClennillc thc vall1t:s of E

al the neXI lime step 1'='(/1+-1.

;+ 1/2

i

;-1/2

;-1

;-1' h

r
(À.)

Shm:k wavc

Expansioll fan

•
4.5 Computing the flux for the formulation Imscd on Lagnmghlll-t ime

ln order ta l:ompute the !lux l'or the formulation hased on Lagrungian-limc

(equation 4.X), we note that wc m:ed Ihe f10w vdodty al the point considcrcd (j_l/:! and

n+ I /2). The interfaœ atj_l/2 being a slipline the vdodty on its both sicles l:al1 vary and

henœ must be computed separately through the oblique shock and the expansion l'an. In

both cases we start by compuling the Mach number and densily al (j_1 /2 and ll+l/:d.

Thl'Ough the oblique shock wave we gel llsing the Rankine-Hugoniot relatioll

•
(M.~~J2{(y + 1)a + y-1}- 2(a2 -1)

a{(y - 1)a + y+ 1}
(4.19)
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• alld

"'Y.P,i (y + 1)(1. + y - 1

r:; = (y-l)u.+y+ 1 '
(4.20)

wlll"re li. is Ihe pressure ratio through the oblique shoek eomputed with equation (4.13).

Thrllugh the expansion fan wc use Ihe Mach number value obtained from Ihe

iselltrllpÎl: relation (4.1 (1) and compute the corresponding densily

(4.21)

where fi. is the pressure ratio through the expansion fan eomputed with equation (4.15).

Then we can compute the velodty as follows

•
v = M ~Y[J ,

il

and the velodty components

II = V cosS,

v = VsinEl,

where El is the Ilow direction angle.

(4.22)

(4.23)

(4.24)

•

4.6 BOllndary considerations

We note at Ihis point that in order to progress from 't=M't ta 't=(n+l)D.'t we need

two !lux values Ct::~~;{;' and/:~~;{;'), so that each sU'emnline (or cell) j needs the

intemction of the two streamlines surrounding it to be solved. However this description

mcthod 1:lils 'Il the system wall boundaries, where the sU'eamlines bounding the system are

delimited by the system's walls. Thus we need a spedal method ta take illto account the

•
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firSI and lasl slreamlinl's al lhe bnunding \Valls. This prnhklll !las tWlI pllssihk slIllltillllS,

which are llt'scribed in thL' rollowing sl'L'lions;

4,6.1 Bounding st rcamlincs rCCl'sscd l'rom the wall.

ln mder 10 mainlain the logiL' wc locale tlle firsl (and last) Sll\'allllilll' uf ll\l' sySll'1l\

al a dist,lIlœ 'V'Ej2 away l'rom the bounding wall, in SlH.:!l a \Vay that lhis Sll'l'allllilll' hl'

localed in the midclle of a œil bOllncled by two slrl~amlines. 'l'Ill' outl'r hllunding Sll\'alll1il\l'

bdng located on the boundary wall. This racl is a cOllsequl'llL'l' or the langl'nl'Y l'ondilillll

bet\Veen 11lL' bounding wall and lhe last streamline. Thus the dircctioll (0) llr t!lis slrl'allllilll'

is idelllkal to that of the wall and known, The iteration prol'cdurl' dl'sl.:rihl'd in tl\l'

prel:eding scc.:lion is lIsed ta compute only the pressure al the wall, i.c. wc itl'ratl' tu m:lll'!l

the angle e obtained with l'qu'Ilion (4,14) or (4,17) with lhe wall direction al J=II'.! and

Il+/I:!,

•
h/2

;=2

1'I:!

j=1

Lower wall & 112

•

11 n+/ /2 n+l

Figul'e 7, BOl/l/(lillg ,\'rrewl1lil1(' 1'l'('C',\'sc'c1./i'tJlI/ ri/(' wulf

4,6,2 BUlinding nu,," l'Cl)I'llscntlld by an inmgc no\\'.

An altcl1late proL:edure is to position the t1rst <lnd last streamlines exactly Oll the

bOllncling walls, ln this case we lise an inmge now olltside the wall tu providc fur the

external L:ell \Vith whh.:h the last strcamlinc will intcraL:l. This case is n:Jll"cscntcd in

tïgure X, wherc the limiting slrcam\ine (herc stl'camlinc nUlllber 1) is positÎOllCd on thc wall

itself. The image f10w being the image of the second stl'eamline (j=2),
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j=2/h

~~ j=2

/ ~ j=1/h

~
.'....

.'
.. ' .. '

..,~:::~<:::
.....~ Lower w.dl &J= 1

--- - -- ---. j=lh
~

~

~ .
~ j=O. illlage ofJ=2............ ............... ................ , ...................

Il 1l+lh 1l+1

Figllr" 8. III/ug" hOlllltlillg str"ulI/fill"

Wl' need III cllInpule lhe !lux lhrough lhe illlaginary strealll\ine. atj=//:! and n+1h

as shllwn in Iïgure X. This is done using the procedure described in seelion 4.4.
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5. SPECIFIC FLOW PROBLEIVIS SOLVEI> USINe THE

LAGRANGIAN APPROACH.

5.1 Specit'ied geometr)' prohlems

ln Ihis s~~tilln Ih~ Lagrangian appl'l1adl is appliL'd III snl11l' l'nnl','nlinllal prnhiL'lIls

111' al'rodynamics, By <:llnWlllillnal pl'l1bk'ms, 11',' n1l'an probk'ms whl'I\' IW l'nillpnl'' Ih,'

dr~~t 111' lh~ inl~ra~lion of agas IlllW wilh a 11l1dy llr variahk' shapl' dnl'l, and Ihal Ih,'

~llntlllll' of Ih~ body or duet sub.i~el~d III th~ Ilow is knllwn,

5.1.1 Flow in a tunnel wilh a cil'cular arc lIulIIIJ.

This problclll ellnsisls of a straighl lunnd Wilh a l'ÏrŒlar arl' hll1l1p lin Il Ill' Ill' ils

surfae~, as sl1l1wn in Iïglll'~ 9, Th~ bump has a maXill1l1ll1 lhi~knl'ss Ill' ·1';'· ils iL'nglh IlIl'at,'d

al its lIliddlc, This is a slandard problcm fllr whi<:h knllwn Solulillns ~xist ls,'" RllU-1 hl Ni

IIXI and Eid~h11an, Cllidia and Shrœw 1(11), lhat will he' us~d tll validaI" Ih,' rl'sulls

llblain~d wilh th~ Lagrangian fllrll1ulalilln, Figlll'~ Il ShllWS Ih~ Madt IlIu11I",r disirihulillll

alllng th~ tunnd for lhe Illwest and high~st slr~amlîn~s (lh~ IWIl slr~allllill"s dllS"SI III Ihl'

Illwer and upper wall respe~livdy), and for thre~ inlel111~dial~ slr~all1lill~s, The Slrl'.ullliues

arc Ilumbered l'rom the lowesl up, i.e. Ihe slreamlîne dosest 10 lh~ IlIw~r wall is Ih,'

slreamline number 1. and the one dosest to the upper wall has Ihe 1I1lmh~r Ill' the la si

slreamlînc in the solution (in this case (11). This problem was solved in hlllh Ihe

Lagrangian-time based and Lagrangian-distanœ based fOI'l11Ulatillns using lhe Il<lnndaries

streamlines recessed l'rom the wall as deseribed in section 4,(1.1. Figlll'e 11 alsll shllws a

the results obtained using the Lagrangian fOI'l11ulation eompared Wilh lhose IIhlained hy

Eidelm'ln, Colella and Shreeve 1li 1, which arc superimposed lin the line fllr the Illwesl and

highest slreamlines. Figure 12 shows a comparisun of the results ohlained with Ihe two

v.lri;mts of the Lagrangian formulation (based un Lagrangian-dislanœ and Lagrangi.m­

limc).
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~._------------------------,

T""j---,..---------~---___:_j

1 1

1 1

1 1
1 TIIIIII"I 1

hcighl
1 1

1 1
1 Maxillllllll Ihiekll"" 1

1...,1_~:::::::===1~=::::::::~__i..:
1...---~ ----,T ,.t... J
IlInlHI s8cllon 1 Circulm nre bump section 1 Exil section 1

Figul'(, 9. Cil'culal' al'c !JUIIIII fll'o!JI<'1/I

This problclll involws sudden changes in llow direction at the wall, specitkally at

lhe two sharp corners al the junction between the circulaI' urc bump and the tunnel wall. In

supersonic Ilows lhis situation generales an oblique shock, or a Prandtl-Meyer expansion,

Special care is taken al this points 10 maint.tin the accul'lley of the system across the shock

wav<' (or expansion wave), This is done by adjustÎng the distanœ !!.À (in the system using

the Lagrangian-time notation !!.L), sa that th,~ turning point lies exactly on a œil boundary

Iln<', À or r line (sec Iïgure 10), This ensures thm the shock (or expansion) will he issued at

a L ~'I i corner.
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5.1.2 10'10'" in a ltmnd ",it h a st raight wcdge

This prllhlcm l:ollsislS of a supcrsonk now pasl a slraighl wcdgc as showll in

fi~lJl't· 15. The in1ct Mad1 lllll11bcr is 2.0. lhe wcdge angle is X Degrec. thc wcdgc Ienglh is

1 :UH! the lIlIIlH.:1 hcight is 1. The sharp ï.:orncrs invol\'cd. \\'hCI\~ an oblique shol:k or

c.XP:lIlSillll fan is iSSllCd. an: tn:atcd in [he way dcsnibcd in sCl:lion 5.1. 1 tll ellsurc lh:l! lhe

sl1tll·k. and l'xpansilln fan. will IK' iSSllCd al a œil corner (sec tïgure 10).
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5.1.:3 Flow Ihruugh a simple Ip:I.-aholic) supcrsonic nuzzlc

TilL: probkm is the case of .1 simple supersonÏl: nozzle made up of 1\\'0 parabolas

SIllOlJlhty connected. The nozzk wall is build of two parabnlas (Y=CL'(2+1JX+c). The IWO

parahotas stans each at one end of the nozzle Hnd are connectee! at the middle (sec

fïgure 1:-\). The exil of the nozzle is fitted \Vith an extended straight pipe seclion to allow

for dampcning Ille l111id oscillations al nüzzle exil and rem:h a llnifonn no\\'. The nozzk

Ill~illg s)'mml:tric about ils axis onl)' one half (the lower hait) is consideree!. Ali the nozzle

prnblcms \Ven: solved llsing the Lagrangian formulation basecl on Lagrangian-distance.

'l'Ile boundaries streamlincs are rcœsscd t'rom the wall as described in section 4A 1. Wc

cOllsidcrL:d val'ious nozzles \Vith varying Icngths and area ratios. Wc present here the

n.:sllits for thrcc nozzle cases, representing a long. intermecliate length and short nozzle.

1\11 the thrce nozzles have the same area ratio. Very short nozzles (or ones \Vith a very

high arca ratio) devclop an indincd shock wave at exit (ligures 25, 22 and 24), This is in

contrast with the properly designed nozzlc of section (figure 35), which exits li uniform

llows.

Flow dÎrCl,;IÎoII

Hilll" 1I11ZZle Icllglh ~ Nouic ilxis

. _. _. _.]_. _L._

FirSI "ambu]"

J11111:1ÎOll pllilll
SCl:ond parabola

•

Figure 18. Parabolic lIozzle c01/st11lction

5.1 .... Case uf a lung nol.zlc.

This is the upplil:ution of the nozzle problem described in section 5.1.3 to a

relalively long nozzl~. The Madt number at inlet to the nozzle is I.OS, the solution is fol'
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1 15 sll'eamlil1t:s. thl' :m:a ralio Îs l'ql1alll) -l and llll' illkl al'l' l'quaIs 0.5. 'l'hl' lloulc kn~th is

-lU with a slraighl t:xlellsioll of Ihl' l'XiI or kllglh 20.
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5.1.5 The case ot' an intcl'lIledialc-lcngt.h nU1.1.lc.

This is the applkation of the nozzle problem described in sectian 5.1.3 ta a

intl~l1ncdiatc length nozzle. The Mach Illllllber lit inld ta the nazzle is I.OS, the solution is

l'nI' 15 strcamlincs, the ar~a l'tItio is clJual ta 4 ancl the inlet are elJlI:.tls 0.5. The nazzl~

Icnglh is 1() \Vith a stmight extension of the exit af length 50. The longer extension to the

llutlct of the nozzle is intencled to observe the oscillations at nozzle exit.

Figure 20, Stream/il/CS and wall s!lape in a 10l/g pamlwlic I/ozzle
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• 5.IJ, Case of a shorl nozzlc.

This is lhe application or the nozzIe problel1l described in section 5.1.3 to a short

nllzzIe. The Mach nUl1lber at inlet to the nozzle is 1.05, the solution is l'or 15 slreal1llines,

the area ratio is eqllal 10 4 and the inlet are equals 0.5. The nozzIe Iength is 3 \Vith a

straighl extensioll or the exil or Iength (,o. The longer extension to the outlet of the nozzle

is inlended toobserve the oscillations at nozzle exil.

3.5
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" 2.5•.0
E
0
c
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u
~• :; 2

1.5

, l , , , , l , , , ,Ii , , ,Ii , i ,Ii , , , l , , i i t , , , i 1 i i i i 1

o 2 4 6 8 10 12 14 16

•

Pigwc 23. Mac/ll/lIl1/lier tlistrilillliol/ for a silort [Jalïllio/ic I/ozzle (el/largetl il/let)

57



Figure 24. Slreamtille.\· allft wall slla/u'.!i}f 111(' sllol'/ parabotic 1I0::h'
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• 5.1.7 Pruhl!:IU 01' ail'I'oils at incidence

[n Ihis prohkm thl: no\\' around an airfoil macle up of two circulaI' arcs (lenticular

airi'oil) at incidt:nce is cOll1pllted. The airfoil problcms were solvcd lIsing the Lagrangiun

fOJ'llllllalioll hased on Laglllngian-clislanl:e. The bOllnclary streamlines are recessed l'rom

lile wall as descriht:e! in section 4Jl.l. The airfoi! il' placee! in the middk of a clucl.

5.I.X Cm;!: 01' a lent iClllal' ~li l'I'0ii ~lt low Sllpcl'sonic Mach nllmbe ..

The airfoil problell1 dcscribed in section 5.1.7 is I1rsl apptied to an airfoil submitled

10 a rclalivcly lnw Mach nllmber, Figure 2X shows the shape of the ail'foil and the two

dosesl slreamlines. The I1gure il' enlarged to show the interesting region of the !lo\\'. The

Mach nllmbcr is cqllallo 2,0. Ihe probkm is solved for 120 streamlincs (60 on eal:h sicle of

Ihe airfoi 1). The incidence angle is equal to 7 Degree.

--SIre3mllne under the 31rlo11
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Figure 2(i, Moclllllll1lber dis/rilm/ioll jc}r Ille lell/ieular ailj'oit (If Macllllumber=2.0
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• 5.1.9 Cas~ 01' a l~nliclllaJ' ail"l'uil al high Mach nllmh~r

'l'hl: airfoil prohlt:m dest:ribt:d in sl;ctÎon 5.1.7 is lhen applied lo an airroil sublllincd

10 a rdalively high Mach lllllllb::r. Figure 31 shows lhe shape of the airfoil and the t\\'o

dosesl sircallllincs. The figure is enlargecl 10 show the interesling region of the llow. The

Mm:h Illllnher is equal 10 5.0, the problelll is solved l'or 12(] strcallllines (60 on each sicle of

the airroi 1J. The incidence anglt: is cqllal 107 Degree.

.. '
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Figure 30. Pressure distrilm/iol/ ji)/' h'lI/icular oit:/è'i/ (/( J\!/adl flliIl/her=5.U
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5.2 llnspecitïed geometry prohlems (shape prcdÎl'tion)

ln Ihis probkm \\'l' considn tilt' possibilily 1" "'lI11I'1lt" thl' Ilow :lroullIl b,,,\i,'s

whos" sh:lpe is nol spedfied, insle:ld \\'e klll1W \1Ilt' ,'ondilion Ih:ll Il'striL'ts Ih,' Ilow :lnd

provides for th ... missing infoll11:1lionof Ihe body-sh:lp", W,' Ihl'n COllll'1ll,' Ih,' sh:lpl' of lil,'

body snbjeCied to the Ilow in sudl :1 w:lY Ih:ll this ",mditÎ'1I1 b,' s:llisfi,"i. Tilis typ" ,,1'

probkm were made possibk by the faCilhatlhe Lagrangiau fOll11nl:lli\1I1 do,'s nol reqnir":1

grid generalion 11('I, This is opposed 10 an Enil'r bas,'d r"Il1'l'S,'nlalitlll Wh"ll' :1 ,~rid is

needed and can only be generated if the shape of tilt' body inlpli,'d is kllllwn, 'l'bus il

appears Ihal this type of inverse solnlion (shape Cllllll'1l\ing) is ,mly possibil' wilh Ihis killd

of Lagrangian based solution, Two specific probil'ms wer,' solVl'd in Ihis CIS"; (i) 'l'hl' ,'as,'

of compuling Ihe body shape 10 produce a reLJuired pressure distribution, (ii 1 and Ih,'

pl'llblem of nozzle design,

5.2.1 Comput ing the slHllle 01' a circuhu' arc to saI isl'y a !:i veu pressure disl l'ihul iun

Here we wanl to compule Ihe shape of a body Ihal will produCl' a paniL'ular

pressure distribution, ln order to have a rderence 10 \'l'ri l'Y the progralll's OIIiPUI, 1il,'

pressure distribution was compuled on Ihe wall for the cin:ular arc bump problt'Ill tlf

se<:lion 5,1.1 and red to Ihe programlo compute lhe shape,

'l'hl' dirfcrence in the pro<:cdure to <:ompute the shape appears only when stllving

for lhe boundary streamline, and the pro<:edure is similar to Ihal descrihed in se<:litln ·1,(1.1,

Al any moment t=Mt (or À=I1L\À) we want 10 <:ompute Ihe Ilux al thl' wall atJ=' h :lnd

11=11+' /2, We do not now the shape of the wall at but we do now Ih<: pressure' at )=' /2

and n=n+/h,



1l/2 1

;=2

j=1

Lowl.:r w~111 & 1/2

n+' /:! n+1

Il ~Y;

fJ JI., -
(1. = --,,-.

/J r

Figlln' 33. Bo/(m/CII)' Sff(,ClI1IIiIlC'

(5.1 )

wlll.:rc (Y, is thl' prl.:ssurl.: ratio of the knowl1 pr~ssur~ aU= //2 and n=n+ J /2 10 the pressure

al j and 11. If a is greatcr Ihan une wc compllt~ the wall direction directly with the

• Ran kine-I-Iugoniol I.:l\ualion

1
1111./, /1 -Il a-ln /. =(-), +tnn ., .
Y: Y(M ;' t -a + 1

2y (M;l):! l
-lJ(y+1)0.+y-1 .

(5.2)

[l'Il is smaller Ihan one, in tht: case of an expansion, we tirs! compute the Mad1

11um1.1l.:r alj=/ /:2 and ll=n+' h based on the isentropil: elJuution

•

and we compute the wall diret:tion lIsing the charm;[eristÎl: relation

ü.
1l.'.Y; _fill {n'f")- (MIl+Y;)\11. -\1 1 +\ H' r " ~ ,

where \' is Ihe Prandtl-Meyer expansion fUI1l;tion
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This probkm \Vas stllv~d using the Lagrangi:m formulai iUII hasl'd on Lagrallgian-

dislalH.:~. Th~ boundarit:s strcamlines are n:cessed from Ill\.' wall as (kSl"1'i!Jl'd in sl'l'Iiull

-lA 1. Tht: shape output wa~; theu compared to thl' original shapl'. 'l'Ill' rl'sul, llf l!lis

t.:omparison is shown in lïgur~ 34. The inkt ['vladl 11111l1l1l'r is l'quai 10 I,(ô alld Ihl' pJ'llhklll

is solv~d for oU slreamlines,

Dlstnncl) 310n9 IUIlIl!)1

Figure 34. Wall shajJe' comlW/'ÎsolI

on
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5.2.2 SlIpcrsonic nozzlc dcsign problclll

The ability or Ihe Lagrangian melhod 10 solve problcms or undetel1nined initial

shapl' is used l<J compute the shape or Ihe expansion section or a supersonic nozzk. This

idea is similar l<J Ihe reileclion suppression problcm described by Anderson III. The

relJuired condition is thal Ihe ilow al outlet be unirorm. This is achieved by selling the wall

shape in such a way Ihat Ihere be no wave reilection l'rom the wall. Numerically Ihis is

aehieved by selling the wall direelion Olt eaeh step Il to be parallcl to the directiun or the

ImY/'st streamline (the streamline that is the c10sest to the wall) Olt that step Il. Nute thal

Ihis solution is satisrying the reilection suppression condition by forcing the wall to rollow

Ihe c10sest slreamlim;'s shape. This is c1Tectivcly a reversed solution. as wllen the wall

shape is knl1\yn. Ihen the lowesl streamline would be following its shape.

This problem WOlS solyed using the Lagrangian formulation based on Lagrangian­

lime. The upper bonndary streamline is recessed l'rom the wall as described in sel:tion

.\'(,,1. while the lower slreamline is positioned on the lower wall and confined using an

image ilow as described in section 4.6.2.

1\ cin:ular arc is set up ut inlet to provide for a smooth expansion. This is neccssary

to avoid a sharp corner expansion at inlet that could cause separation of the now.

Figure 35 shows the Mach number distribution Olt the exit of this type or nozzle to

be unirol1n as relJuired.

The Mach number Olt inlel is set to 1.00 l, the problem WOlS solvcd for 201

streamlines. Ihe inlel heighl was 1 and the computed Dutlet height was 42.454X.
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6. CONCLUSIONS

ln the present work we analyzed Ihe capabilities llf a Lagrangian fllrntulatinll nI'

Eukr equations of motion il1lrodueed by Hui and Lllh 1111. TWll variauts III' Ihis

forll1ulation were examined: (il The Lagrangian formulation based on Lagwngiau-tinll'.

and (ii) the Lagrangian formulation based on L'lgwngiall-dislanœ.

ln the Lagrangian-time formulation !luid partides arc fllllllwed aloug thl'Îr

slreamlines at thdr own speed. while the fonnulation based on Lagrangian-distance rl'tains

the property of tracîng a !luid partide, bul in rdation tll the disl'lIll'e traVl'k-d alllng thl'

slreamline. Numerkally. this means that a eomputational œil using Lagrangian-dislanl'e

man.:hes in the flow direction of the tluid partkle, but not wilh its rl'al speed.

A numerkal scheme was devcloped to solve the Euler equations of mntilln usiug

these two Lagrangi'lIl fonnulations and was tested for standard probkms, in comparisun

with results obtained using Eulerian formulation.

Then the ability of the Lagrangian-b.,sed formulation to suive: aerodyn:ullic

probkms of unspccîtled body slmpe \Vas investigated. Two situations of unknown bmly­

shape were considered:

1. In the tirst case, we compuled the sh'lpe of a body thut would produœ a known

(or required) pressure distribution when subjected tll a specîtletl IlllW. The

pressure distribntion being used as input to the program.

II. The second case studied was the design of a supersonic nozzk. In lhis case, the

retlection suppression condition was used 10 ddïne the pl'llblem, in order 10

obtain ,1 uniform supersonk flow al the exit.

The solutions obtained with this Lagrangian melhod were found 10 he very

accurute, displaying a high computational eflicieney (actually providing second-ortler

accuracy at a l:ompulationalload of a first-order solution).
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• APPENDIX A

The Jacobian of' the coordinates transfonnation

This appendix is intendcd as a n..:min<!l:r 10 the l'dation gllwrnîng the lransfor~

l11atillll hetwecll Iwo cnordinates sysh..:ms.

Starting l'rom the following l'dation Iinking lhe x ~ y system to the r ~ ç, system:

•

•

i)r dt
dt = -_-dx + ;--dl)

dx ob)'

(Jç . (Jç ,
dç=~) dX+-;-c1t)

eX oy'

1 (Jx / UX /):-(x=-(t+-c..,
i) t (JI;
ihl ih)

li '1 = -'- clt +-'- dç,
. (Jt aÇ

which can he wrillen in matrix rcprcscntution as fol1ows:

rcfcrri ng ln cqu:ltion A.I

and rcfcrrillg tu equation (A,2)
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rb:
(Ix ch
dy - ay

ar

Solving for the detcrmÎ nant of the malrix 'l' r wc lIL't

clet. '1'.1 =-!. =~ al; _ ar dl; .
J ()X dY dy (}X

and for T wc gl~t

where J is the determinalll of the transformation and calice! the ,Jat:uhian.

From elJuation (A.2) wc gel:

simplifying wc gel

'1 (dll dX)dt: =- -'-clx --dy
J dl; (Jç ,

and for y constant (dy=O) wc gel:

dt 1 ëJy
dX = J ~'

while for xconSlanl (dx=OJ wc gel:
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• de 1 dx
(1\.11 )-----;:: ---

r) !I ,J df,

1'1'0111 eqll:tlillll (1\.2) wc gel:

rlx - ( rJ;;';1; )df,
(A,12)de:·

rJ%ilT

[ <lx - ("1a }1Ç ]ily dl',· dY 11', (<\,1:')cl!! = -. il>;; + dl', r ,rJT r x (
dT

simpliJ'ying wc gel

1 (rJ ( a 1J ) (1\.14)dl', = - -.'-dy - -' r/x ,
,J dT aT

• :tnd J'or y cnnstalll (cly=O) wc gel:

clf, 1 ily
(A,15)-=---

ilx ,} ih

while J'or xconsl:tlll (clx=O) wc gel:

dl', 1 ilx
(A.Jo)-:":--

i)y J ilT

From cqll:tlion (A.I) we gel:

rlx =
rlr - (i%y )dY

(1\.17)i%dX

•
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~ _ cl:; [dt -l f~!) )dt ] cl:;
d", - -.-. O))!J +-dIJ.

. rJx f t O ) fllJ .
r X •

simplifying wc gd

(
ilt ~ (JE. )d!) = L/ -ri" - -' lit .
flx ()x

and for ç '-"lnSlant (rlç=(J) \w gel:

'l'hile for t constant (rlt=(J) we gel:

ilY=J ilt .
ilç Clx

101'0111 equalion (A.\) we gel:

dt - (il~.Jdx
rly = ilt!

lily

~ ClS . ClS [dt - (Cl~)dx ]
cl" =-clx+- ,

ilx ily ilt!
liJij

sil11plifying we gel

and for 1: constant (c/1:=O) we gel:
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•

•

•

ri,'. = _.) .'.!!..
rlé ill) ,, .

'l'hile' rll,. [; ellllslalll ("[;=11) we gel:

rlx =.)~
rit rlU
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APPENDIX B

The method of characteristics

The 111l'lhud 11111Iint.'d in Ibis appt.'!Hlix is hasl.~d lIn lhl' aSSlllllplil1l1 [hal 1111.' fluid is a

pt.'rkl:1 gas. lhal lht.' l'Ill\\' is sleady. Iwu dillll'IlSillllal. irrllialillllai and iSt.·lIll'llpil.', 'l'Ill'

prcL:eding L:onditiun (asslIl11pliun) is exprL'ssed malht.·maticilly hy lhl' diffl'I\'luial l'qualil1ll

of the veloL:ily pOlential:

((1 2 -<1)2)<1) -')<1)(1)<1) +((1 2 _(1)2)<1) =l)
" ",\' - .>: " ."1 II !I!I •

!B. 1)

()(I)
(I).~ = -.- = u;

dx
ê):! (1)

cl) =--'
~'I;.'l; (J ..\::!'

i) 0(1)
(1) =--

.\~I iJx i)U

()<l>
cl) =-= V

'1 ay
(J:! (1)

cl)" = --'}
U rhr

(B.2)

u and v are rcspt.:l:tively the x and y cOl11ponenls ur Ihe VC!udly Wl.:tllr.

(1) is the vdodty potemial and (l is the IOl:al spccd of sound.

Eqllation (B.I) is in facl a dilTcrcntial cqllalion of the gencrallypc:

A <1)"" + 2B (1).>:11 + C ()!I!/ = D •

wherc the codtÏl:ienl A. !J, C and /) arc fUllclions of x, y, u and v,

Equalion (B.I) aœcpts a sollition of the gcncr.l! l'mm:

(H.3)

(dU)
dx r./1

_LW +
2 ­a
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<llid

( d/l J
du !.II

1/1) Il:! + v:!
+ --- -.,--- - 1

u:! (1"

= ---=-------
o:!

1--.)
cl"

(13.5)

Equation (BA) delïnes Iwo eharm:lcrislic directions al eaeh point in Ihe physical

plane. TlIcsc dircctions giw Ihe sJopcs or the physiea! charaeterislÎcs al each point. It is

l'vidcnl Ihal this cltaracterislic eurvcs exist only for supcrsonic no\\', whcn the term under

the rolll is pusilive, i.e.:

(B.6)

rl'arrallging and simplifying the dmracteristic equation (13.4). and inlrodudllg the notation:

li = V eos H: v = V sin 8

• 1
fv1=-.-;

sm p
.JM'J _] =_1_,

tan ~l

(13.7)

u"+v: V~ ') l
--- = - = lv[- = -...."...-

(l: (l" sin 2 ~l

wherl' 8 is the angle or the vclOl.:ity vcelOl' V ancl p is tlle Mach angle. we gel:

(dU) =tan(8-p)=C­
clx 1

( fiu) = taIl ( (1 + ~l) = C +
(Ix Il

(B.l':)

(B.l))

•

Equation sel (B.l)) shows that eadl of the physical charucteristics is indinecl al the

tVlaeh angle t~l} ta the vdocity vcclor, and that the.-: streamline dirt:ction at a point in the

physieal plane bisects the ehar'lcleristic directions al that point.
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B.I Two dimensional now with expansion.

Applyillg Ihl' syslcm nI' L:Ol1tillUily. mOIlK'l1tlllll and l'lll'r~y l'qllalillns hl'l"'l'l'11 (\\"U

pninl s of a two diml'llsiona! gas !lo\\' t1ndcrgoi ng :111 iSl'nl ropil' l'\ pallsi llll, \\'l' ~l'l llll'

following rclatioll hl"1\\'Cl'l1thl' \'arialil1l1 ur 11ll' Mal'h Illllnhl'r ami thl' nll\\" dl'fll'l'tillll:

~fI.'[:! - 1 d.M
de =- y _ 1 'J M =(l\{JH) ,

1+--1\.1[-
2

whcrc v is tlll' Prandtl-iVkyel' cxpansion fUIlL'tiull

,{M) ~ ~r + 1 lan - r(Jr - 1,JM" - 1J- ta11 - r ~Pd:! - 1
y-1 y+1

Intcgrating wc get the following 1'01111:

g+ = 8 -l-\{M)

g- =8-\{M)

qUtll

UU] )

lB,11)

Equation set (8,12) l'l'presents the l:haracteristic valllC of li now whil'h is l'Ollslalll

along Ihe lines ddïned by eqllalion sel (l3.LJ). That is Q+ is L:OnSI,llll alull!,! ('+. antl (J- is

constalll along C-, Using the two sets or cqllations logctlwr. il is pussihle lu suive l'or any

unknown point in Ihe now, rl'lating it to IWO other points whcrc tlw nuw is kllll\vn, One Ill'

the IWO known points being related 10 Ille unknown point throllgh the positive

dHlrLll:tcristÎl: (Q+), and the other Ihl'Ough Ihe ncgalive dmraclerislil: «(j-). Wc. gel Ihe

rollowi ng relations:

Along the + cl1aracteristics

and <llong Ihe - t:harat:leristÎl:s

(B,14)
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APPENDIX C

Oblique shock relations

•

Slre<llllline

VI

1

cr e
Figure 39. Ohlique SllOCk

Wall

x

2

We analyze the situation represented in tïgll1't: 39 by writing the I,;ontinuity. mo­

melllUIll and cnergy equations for the now l:rossing the shot.:k wave situation shown as

follows:

C.I Continllity eqllation

•

.Pl':rll =PlV;,l
. '. .

C.2 lVlumcntum eqllation

Tangent to the shock

79
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(p,V", )V" =(p,V", )V,'

v" =VI! =V,

and norl11al to the shoek

C.3 Energy eqllation

. ('r -T) =(V,' -V,')
Ct' 1':' 2'

were The subseript rerer tn the fnllowing situation (sec ligure 40)

1 before lhe shoek

2 artel' the shoek

n normal 10 the shoek

(1 '..')

(l'.,I)

t tangential to the sho~k

The faet that the tangential eomponent of velocily does not change aeross thl' shoek (Sl'l'

equmion C.2) and the trigonometry of the velOl:ily triangles (figure 40) kad us to the

following result:

V , V' -V2 V'2 - 1 - 112 - III

l'rom the perfeet gas relation we gel:

The energy equation then beeomes:

xo

(C5)

(CJI)

(C7)



• (:.4 The Rankine-HlIgolliot relatiolls

By dilllinating ail velocity terllls frolll the basic eqoations we get ;1 relation be­

t'l','en the pressores and densities ratios on both sides of the shoek, Rearranging equation

I( ',3) alHllising eqllation (Cl) we get:

•

•

1'l..~arrall,giIlg \VI.: gel:

01' equivalcntly slliving for \1"2 W~ gel:

V,;:, = /1" - P, P, ,
POl -P, POl

rvlultiplying (C.lJ) by (C.Il)) and silllplifying wc gel:

rearranging and sllbstituting into equation (C.?), we gel:

p., (y+l)u+y-l 1
r,-= y+1+(y-l)u =i'

wherc

I l.,
U=-" ,

Ji,

Xl

(C.X)

(C.lJ)

(C.IO)

(C.ll)

(C,12)

(C.13)



Figure 40. \le/oeil)' diagram (/C1ïJSS (II/ o"'i(/I/(' .../rock

Refcrring ta the geometry of figure 3lJ alll1411 we L'an write the fl)!Iowing 1\'h'IÎUIlS:

VII =VI casa

Vr:! = V2 cos(a - e) .

Vul ;:::;V1 sina

Vu2 = V2 sin(cr - S) ,

VI eos(cr-e)
=

V2 casa

Rearrunging equalions (C.I), (C3) and (CI5) wc gel:

P:l =.1 + y M ~ sin:! a( 1- .12.) = a,
P, p:!

r~pladng from equation (CI2) wc gel:

(C.I-I)

('.15)

((:.17)

cr =sin-1 (y+1)0:+y-1

2yM~

H2

(C.IX)



:llH! rdcrrillt! 10 thl.: geometl'Y uf figure 31) we can write tht' foJlowing relatiolls:

and

1 (Y+1 M~ -J.--= -- ~ ~ - 1 tan cr .
1;111 f) 2 M~ sin" cr-1

(C.ll))

(C.20)

By combining Ihe rdalions (C.12), (C.I?) alld (C.I X) we geL after simplifying:

o=tan-·l[ <:.-1 . 2yM~ -1].
y/H,-0'.+1 (y+1)o.+y-1

(C.2l)

Whel'l' Ci is Ihe flow denecLion angle arter the ~hock.

The Mach nlllllber is del1ned as Lhe l'utio of the 10l.:al speed to the Im:al speed of

1
sound or:

v V V
/H=-= =--

" ~yRT ~y~'

M~ == V~p
yP

Cllmbining cLJuations (C.12), (C.IS), (C.14) und (C.24) we get:

(C.22)

(C.23)

(C.24)

M~ =
M~{(y+l)a+y-1}-2(a2 -1

a{(y-l)a+y+l}

X3

(C.25)



èqllalinll (('.25) l"XIJrèSSèS Ihè i'\'lal"il 1I11l11bl"r alkr thl" ShllCk as a rllllL1illll Ill' Ih," 1'1\"SSlIl\'

ralio Cl. alld thè Mach Illllllbèr bd'orè lhè shnck,

:.,
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• APPENDIX D

Solving for the properties of the f1uid

At l'very point dnring the solution proœss a eomplete set of reialillns (e, to e..)

reprl'senling lhe Iluid Ilow al lhe nest time step is eomputed aeeording III elluation (4.11).

This rdalions have the following representation:

•

Ci = J( = p(llV -DU)

(U"+LJ") y p
e.,=H= +---

- 2 y-l P

e., = J(LJ - pU

eh =V

(0.1)

(0.2)

(0.3)

(DA)

(0.5)

(0.0)

From these preœding relations we now wanl to eompute the aetual tlow proper-

lieS.

We Sl<lrt by eombining elluations (0.5), (DA) and (0.1), wc gel:

•

v = c., + pe!i
J(

And eombining elluations (0.0), (0.3) and (0.1) we gel:

e .. -Ile,.
li =" .

J(

X5

(0.7)

(O.X)



COl11bini ng equalilllls (D.7) and (D.:'\) i 11 (1).2) \\'l' l!t'[:

> - - =.!..-[lL':1 - peJ:! (c., + pc,,):! J _Y_l!.(. ') - II '} + ., +
- 2 K- 1\-- Y- 1 P

Comhining equ<llions (D.7) and li).:'\) in (D.l) we gl.'l:

Combining 0.1.) and 0,10 and simplifying W~ gel:

( ., .,)
:! (:! :!) Y+ 1 1 ( ) e; + c.ï .:1

O=-p e,;+e" 2(y-1) +]Jy_1 e:1e,;-e.,e!, + 2 -/\ 1-1

(D.lll)

(D,II)

EqUillioll (0.11) is a llU<ldralÎt: ClJUaliol1 in term of p and L'an he sulved lu l'UllllHlIl'

the pressure.

We stan by settillg:

( .) 'J) y + 1
A =- e-: +e;;-

h .> 2(y-1)

1
B =--1 (e:1e,; - e.,e,,)

y-

(

'J ,j)e- +e-c= :1 .J -[{:!J-I
2

-B+.JB:!-4AC
p= 2A

(D.12)

(J).lJ)

(D.I LI)

(D.15)

Having I.:omputed fJ we L:<ln I.:ompute thc remaining pl'lIpcnies hy suhSlilliling

baL:kward inlo equation (0.7) und (D.X) lu gel u and v, thcll in (D.I) lU gel p.



• APPENDIX E

Isentropic relations

This appendix is a simple review of the basic l'dations that exist between the

IHtlPI'l'lil's tif agas 1I1Hkrgoillg ail iscl1lropiL: pn..H':css.

Fur a gas (compressible Iluid) Ilowing at rVlach number IV!. the ratio of the static

prl'ssure JI tu the stagnation pressure can be written as follows:

i\ssuming that the stagnation pressure is constant throughout an isentropic

shuckkss Iluw. Il'l' C~1Il l'date two states of the Ilow as follows:

• ? [1+ Y-1 M~M: =_-_ 2, ., ,-1y- -
Cl '

Where:

p.,
11.=---

PI

Il is a\so possible to get the r~ltio of the densilies as follows:

1
p" --- = (l'
P,

(E.I)

(E.2)

(E.3)

(E.4)

•
Knowing the Maeh number, pressure and density at any stale it is possible to

l'ompllte the velocÎty ~tS follows:

:-:7



u =V cos 11

v =V sin 11

l\:.:i )

\ \':. C> )

wher,' th,' subscripts \ and :2 n:rer tll t\\"o sl;it"s or tht' Il o\\". and 0 is th,' l'hl\\" dilù'li'"1

~l1lgk.
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APPENDIX F

The stability condition

Th" sulutiun (I<:vdop"d in this work is bas"d on a num"ri"al disn"tization of the

(,,,I,,r "tJuation of motion. This type of solution is bound ln instabilities unless spedal "are

is lak"n to pr"v"nl th"m. This is don" through the introdu"tion of a Slability "ondilion in

the solution whkh states thal Ihe domain of numeri"al dependenœ muSi nOI exœ"d the

dotnain of physkal dep"nd"nœ for Ih" system to b" stitble, whi"h is expressed in l"I111S of

th" ('ourant-Fri"dri"h-Levy number (in short CFL).

ç n n+l

-- j+l/2

~ ~
/1 - j

/ ~
- j-l/2

l' -1 t
6! (À)
(6À)

F/gllre 41. DOl/lU/II of l!e[Jelll!ellce

1".1 Lllgrangian formulation based on Lagrangian-time

ln figure 41 the st<lbility condition is set so that the distanœ t!.x tmveled bya tluici

partiel" at j timing the time interv,ll 6! cio"s not go beyonci the point wher" the

characteristÏc lines issued from:,oth limiting corners of the œil cross the )'/. stremnlïne,

(The tll'O characteristic lines will notneœssarily ·,.,·oss the)''' streamline at the same point)



For 11ll" C+ line:

8'=8+p.

_1 V
8 = tan -.

l(

. -1 1
~l = sm ­

M

and

rIl; = pullz ,

where z is the system width and is equallO one in Iwo-dimensional rllmllliatilln.

From lhe geometry or ligure 41 wc write

ft
tanS+ = --,

2L\x

l'rom whidl

/),x = Il = dl;
2 tan(S + ~tl., pu2 t,m(S + ~t).1

and

ftCFL dl;CFL
L\, = = -=--;;---=-----:-::-~

2u, tém(S + ~tl.l 2pu~ tan(S + pl.,

1. l'. 1)

(1:.2)

(1 :.3)

(1 :.·1 )

(F.5)

(1'.7 )

where CFL is the stability condition and is always sdected smaller than one in Ilnkr III

satisfy the condition that L\, (or L\x) computed l'rom equalion (l'J,) or (1'.7) lies inside the

t10main intluenced by the characterislic lines (C+ and C-j.

\JO



F.2 Lagrangian formulation hascd on Lagrangian-distancc

The S:Ulll' cOllsidl'ratiolls apply to thl: Lagrallgiall fonnllialioll hasl:d Oll

l.a~.!r:lIl~iall-distallcc. cXl'Cpl lbat wc no\\' compute a distance interval inslead of a lime

illl ... rvai. This takl:s Ihl: followiog fllnn:

1 .J"" u" =i\rV =i\t Ir + v- = L\t -- .
cos f)

){,'placillg froll1l:lJlIatioll (F.X) ill (E7) Wl: get:

rlçCFL
1\1.. = -----'--'--,---­

2pl1, (an(O + fl), cos B,

<)\

(10.<))
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