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. by 

KAREN TENNENHOUSE 

ABSTRACT 

• ,1 .' J, 

" lntuitionistie logieal categories are defined as a modification 
... 

~ _ 10 

of the logtcs1 categories of Volger (2J and [3J, intended to represent 

Intuitionistie first-order theories. "" An IntuitionisUe prelogiea1 

category conta1ns certain morphisms ta be thought of 98 formulas of a· 

theory, and operations ana10gous to propositiona1 connectives and existen-

tialquantification are defined on these morphisms. An. intuitionistic 
, 

, logieal ca~egory has, in addition, an opetation analogous to universal 

qU81ltifièation. lt i8 shown that the category ~ of seta 1s intuitiooiatic 
JI; 

-logtcal. that ~ can be made pre19gical i4 a numb~r of ways, and that . ., , . 

sny \category Of,,!~r~ f, where R ta partfUly ordered, ia intuition,laUe 
') \/ "", . 

logieal. A pr~~~,~f a pre10gical category ia a structure-preserv-ing 
, ,~IY" ~ '1 

~un~or to S ; a Kripke model of an' intuiti'onlatic loglcal category 1s 
. '-,. - ~ 

a logic-Î,reserving funetor to iî ~or a cetit,ain partiâlly ofdered clau R • 
. 

A completenes9,theorem 18 proved for prélogiea1 eategori~s, which seates 
- ~..c 

that any "nootheorem" of the category cao be aeps1'8ted fr, "truth" ~y 

an 8ppropriate premodeI. 

-

") 
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SOME RESULTS CONCERNING INTUITIONISTIC toGlCAL CATEGORIES 

Karen Tennenhouse 

Rtsoo 

On dêfinit les caUgories "logiques intuitionistes", comme 

des modifications des ca~gories l09iques de Volger 

( voir (2] et [3] ) 1 au but de généraliser la notion de "théorie. 

intui tioniste du premier ordre". One catégorie prlHogiq\le-intui t-

ioniste contient certains morphismes qu'on peut considérer comme 

'des formules bien-formées d'une théorie, et ,on définit pour ces 

morphismes des an~logues aux connectives propositionnels, et à la 
, -

quantification existentielle. Une catégorie logique-intuitioniste 
, , 

a, de plus, une opération pareille ~ la quantification universelle. 

On démontre que la catégorie Ens des ensembles est logique-intuit-

ioni~te, que ~ns peut~être prélogique ~E plusieurs fa~ons, et puis 

'F p, 
que toute ,catégorie de la forme ~, ou ~ est partiellement 

- 6fdOnn~, est logique-intuitioniste. Un prémod~le d'u~e cat~gorie . ~ 

pr'logique ~ est ~ foncteur ,l,v~le~s dans ~ qui préserve la 

~~ructure de Ç.1 un modêle de Kr~_pke d'une 'cat'gode înaique-intuit

P ioniate est un, tel fo~teur ~ valéurs dans ~, avec un certain 
. ,ct 

ensemble ! ~artiellement ordonné. On démontre un th4S0rb~ de 

compl'titude pour les cat'gories pr'loglquesl ce th'orême dit que 

) pour toute fOrIDJlle., qw. n' est pas un'· th'or. de Ç., ·il eXiste Un 

\1 • 

1 

la distfnque de la ·verit'". 
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List of Symbols -
The following notation is for category-theoreÙc items: 

I.~I apd Ob<.~) will be used interchangeably to denote tl)e 

clau of objects of ~ 

(}l. category of fun ct ors from D to .9. IJ 

.,Çl x - category of objects over X in C c.ategory 

~ category of sets 

egory of Hnite cardinals' 

XXV product af X~and-Y-

< ftg > 
Z >X)(Y product map of Z 

f 
>X aOO Z 

,g 
;:>y 

X+Y coproduct of X and Y 

(~ / 
.' f 8. ;> Z X+Y :> Z coproduct map of X :> Z and Y 

. . tx: X ... X· X X diagonal map. of X 

" 

, 'IVl' 'r· 

id
X 

and X wUl be -'U.~ interchangeab ly to denote the iùn.V-t., 
~ '\ i, 

- 1 
~ 

IIOrphll1l of X ~ Isl 
~ 

tenalnai ob Jec:t 

.. tX:X"'1 unique.8p 

Pb(f,g) ~puilback of f and g 

" x -= y X. 18 1I01lorphic ta Y 

f- 1 laver,. of th. ilomorph18. f 

.... 

" .. 
, .. ,j t .. , , , 

\ . , 

----~ 

" 

" / 

-~--

.. 

t.. : g il ;;.4.. itL __ .~,-.tbhZ 1 ~lW':';':~~;· A;;~~~~~,œ{.-:::-,~ J'.L_ 
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The symbole which follow are with respect to 
- .. sets X and Y.J 

a function ",X ~ :. y . which is no~neces8arily-an !s OIIlor phi sm, 

and elements .x e: X, y e: Y • 

N set of natural numbers 

sup X supremum of X 
,. 

inf X infimum of X 

..,0 l 
o (f) and dom f wil; be u~ed interchangeaqly,to denote the domain of f 

codOÙlain of f 

rge(f) range of f 

f-l(y) , .et of x E X such that f(x) • y • 

-------------. . -----=-=----- ~ 

--~ 

_~ ~r_-------------''''''----------------== 

- ,-

~.-.,w.,... .... _ ...... ~ .. ~ __ 
~ ........ _e 
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.. BACKGROUND AND INtRODUCTION 

It has been kno~n for some time that the s~t of formulas of ~ 

first-order theory T (more precisely, this set modulo the relation of 

"provable bi-implication") can be vi~ed as a lattice by interpreting 

the logical connectives "and" and "or" as the 1 àttice meet an4 join 

respectively. When this is done, the axioms of the classical predicate 

ca1culus dictate that the lattice ~ill be a Boolean a1gebra; th~ equi-

valence class of tautologies is the unit or greatest element and the 

equivalence clsss of contradictory statements i8 the zero. The logical 

connectives 7 ~(Jlnot") and ~ ("implies") coinc1de ~ith the Boolean 

complement and relative complement r~spectively. The existential and' 

universal qùanti~ication correspond to Infinite joins and meets of the 
'r 

form U I;«() and n 13«() respectiNe1y~ where the notation 13«() mesns . 
t t. ' . 

tbat ( ia a variab fe- occurring freely in th,e formula 13. This Boolean 

. algt'bu 19 denoted U(T). :l'he theorems or deducible propositions of the theory T 

foru: a fUter of [/('n. For any formulas 0,13, Cl ~ t3 1ff 0 = t3 18 a 

theorem • 
• 

Raaiowa and Sikorski in (1] ahow t~at many loglcal concepts and 

~-~heorems cart be expreased anè pr:ved in thi. algebraic form~la~l~n. In 

particular, the completenes, theorem for first-order theoriés.ca~ be 

atated and provëd in thi~ way. 

The R-S deflnition of a realization R of • 'theory T (what logicians 

ulually caU a structure for T) ls aa followl: 
, 1 

(1) R specifies a set J (the universe) ta which variables may be 

~.pped and a compiete'Boolean algebra A (the trutb-value a1gebra) • 

• 

• 
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(li) R associates tQ each n-ary function symbol f in ~ (the 

• n ' 
language of T) a function f

R
• J -t J • 

(IiI) R associates to e~ch m.ary predicate symbol p ln ~(~ a 

m 
function PR: J -t A. 

In partlcular, It Is clear that If Â la .the algebra 2, th~n this de-

~ fln~tion'gives precisely the usual logiéal notion of a structure. 
\.. 

R-S call this special case a ·semantic reaUzation.. 

Notions of satisfiabllity, vaHdity and ~ are definqd. by 

interpretin~ logical connectives as the operations of A. in such a way 

that an R-S semantic model ls pr~cisely a clssslcal model. (i.e. aIl 

axioms of Tare "true") and a formul08 h· R-S ~ iff it ta vaUd in 

the usua! sense of "true in a11 models'~ where the variable symbols -ar'" 
~ 

consldered as variables ranging over J. 

An ~portant special case is the canonical realizationRo deter-

mined by a homOlDorphism h: [1(1')-+ A, where A 18 any complete Boolean· . , 

algebra. This la the realtzation whose unlverse ls just th~ set T of 

tet'1lls of U(1"J itself. and the operati.on on formulas il "substitution", 

" i.e. composition with h. The exact definltion 15 8~ foll~s: 

(1) The unlverse of R
O 

1. T - {dl terma of YU?}. 

, The truth value algebra la A. 

(il) A function symbol f H f
RO 

deflned by 

f (TI, ••• ,T)· f(TI, ••• ,T ) « T. 
RO n • n . 

(Ul) A predlcate symbol p ...... p given by 
1\0 

\ 
\ 
\ 

'p ° (TI, ••• ,T.) • h(lIp(T
1

, ••• ,Tm>1I ) E A, where 1I~1I denot8s the 
R 

equlvalence claIS ln utn of 8 fOl1llula ~ 

./ 
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R-S note that such a real1zat1on will be a moder for T ifh a 1..50 pre-
; 

serves infinit,e'joins and meets. " 
; 

The completeness theorem. 'that a formula which is vaUd ln' aIl 

4 
models must be '8 theorem, ig then proved in R-S [1] by construçting, 

• 
for every n.on- theorem a, a c'anon'lcal semantic model ln which a 18' 

false. 
./ 

A sketch of their argument followa: 

A the ory T is said ta be rich 1ff for every formula i x' ~(x) ln 
, l' 

U(']') there is a term T in U(r) such that rr :a: x !3(x) :::) è('d" 18 a -
J 

theorem of T. Uslng quite a simple and equational argument, R-S 
" 

. prov'~Jlthat a rich theory can Ifinherit lf modela from its quotient algebras 

in a logically faithful way, Le. that: 

If T 1s rich and F a maxima'l H.lter of Uer) (ln parti,cular the maximal 
,J .... 

l 

fHter con_taining a, certain irrefutable cd, then the natur~l homomorpJ~ism 

h: [j(T)-o-n-t-o-~) [j(J') IF = 2 preservea infinlte operations and therefore 

/. 
determines a canonical semantic model for T (ln which 0; i~ satisfiab 1 e). . 

But lt ls shaWn in turn that every consistent theory can be-extended 

conservatively ta a rich theory by adding constants, and hence that every. 

consistent theory has models 'of the requtred kind. 
(' 

'fi 
The notion of a Urst-order theory has heen translated into cate-

gorics1 language ln the following definltion, Buggested by F.W. Lawvere and 

modified by H. Volger in [2) and (3). 

A c8tegory ! h cal1éd an elalentary theory 1ff : 

(1) T has two dist1nguished objects V and n such that, for e,very X 

n 
X l Ob (T) 3 X + n. X can De spec1f1ed 88 a product V for 80me flnite n, 

and unless n - 0, T (n,?C) • 0. 

T ha. aIl object's vn 
a,nd bence in psrti'cuhr a ter}lltnal abject, denoted 1. 

.' 

" 
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(2) n ls .a Boolean algebra object, Le. r every X € Ob(T), T(X,O) 

is a Boolean algebra and for every X_..:.f~~ y in T , T(f,O) 1s a 

Boo1e~ homomorph1sm. The ~ greates t a east elements of T(X, n) ar e 

denoted 1 ,0 respect1ve1y. 
x x 

(3) For every f:X - Y in T there exists a functor Xf{ : l(,X,n) -tT(Y,n) 

wh1ch ls ieft adjoint 1;0 the "suDstitution" functor T( ,n) : 1'(Y,n) -+ T(X,n) • 
,..- -

':E: f ] 
f 

ls called existential quantification slong f. 

.. 
(4) , . Two technlcal conditions (see [3], 1.4.2 cmd 1.4.3) are given .,. 
regarding- a sort of c~utatiVit! of gf[ ] with certain pullbacks 

(5) Deftne the eguaUty pr~di.cate ôn each X € ITI as ex .. g~ [lx]' 

where L\ BS usua1 

-, ~ 
denotes the diagonal. 

(a)- For ony fl,ft 8uch that 

{ 

(b) en 1& ,co (Boolean bi-impUtation.) 
(1 

Th~ ti.otivation for condition (3) ~U1 be discussed be1aw, but it should 

be clear ·f;hat (1) and (.2) are neturd concl-itions if V is thought of as 

k 
, representing the aet of variable symboh of "the theory and n as 

"representinglt the al~ebra of 'tru.th va,lues ln the following sense: 

A model F for ;r will specify (or. conallt -of): 

A aèt V to whlch V ie mapp~ ; 

the set 2 to which n:iI mapped; 

/' . 
, . 

. ' ~ 1-~~\:~' :~: 
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for every morphism f :V
n 

..... V in T, a function f
F

: ~ ..... V • which 

mlght be called a term; 

n - .n 
for every morphism g: V -+ 11 ln 1.' 8 function gF! V -+ 2, Le. 

precisely an n-ary relation or predicate on V, gtvlng rise to "formulas"; 

theae form a Boolesn algebra ln the usual way. 

1 

In particular, morphisms p:I ",-+ n in T are sent to maps: 1 -+ 2. i.e. 

these ar~ the sentences of tly! theory, which contain no free variables 

and are therefore simply e1ther "true" or "faIse". 

Now in the cate~y §. of sets. logical quantification takes the 

followiQg form: 

(We sball use Volger' s notation of fI,I" for the 1-1 corresponding between 

q;~ 
maps X cp > 2 and subsets X' ) X. which exists since 2 ls a 

subob jeèt classifier in S. cp is called the characteristic map of cp+ ). 

Conslder a formula !3(v
l 
••••• v .v) ln the theory. i.e. corresponding to n . 

• ,11+1 a map f3
F

: V -+ 2, which has free variables vI' •••• vn.v ranging over V. 

Let p denote the proj~ction t x V P. > ~ and let 

!p[ 1 :,-, ~(f+l, 2) ... sof'. 2) 

", ..1.' 
be given by (~p [q>]) - p(\II ) (call thls equatlon Il 

-1.e. gp[ 1 corresponds to the "direct image" map of the r~preBenting 

.ubsete. One can Bee that :lr
p

[t3FJ 18 the formula "tbere exista 

{. 

fi 

v € V 3 ~(vl'.' .,vn,v) holds". I.e. C1tlS-tentiif quantification of variables 

il performed by taking direct image under a projection. (For more generd 

rnçl la true for y E " iff there exista a pre-image 

of y under f such that qI holdl, 10 that there la still an "existential" 

meaning. ) 
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Furthermore, let VpC J: .§(!I*l ,2) --+ ~(V',2) be'defined by 

[Equation II] 

Aga1n one can see that Y p ["F] is the formula "for aIl v t V, 

~(v V v) holds", Le. II describes universal quantification. l"'" m' 

And in general Vf[~] holds for y lff ~ holds for aIl pre-images ét y 

under f. Now for. every m8p X f > Y in S, we h~ the usual sub-

stitutlon map ~(f,2): ~,(Y,2) .-. S(X,2) given by ~(f,2) (q» .. ~ f. 

One can see that this i8 also expresaed by taking the inverse image, 

under f. of the cQ,J'responding subset, aince (~ f)+ ... f-1(q>*) • 

lt is weIl known that direct image i8 left adjoint in S to inverse 

image, 1. e. thst 

f(X') !: yi 1ff for aIl X' ~ X. yi ~ Y • 

l't 1& 81ao clear that the functor det'ined by II ,is rlght adjoint to 

inverse image in 1, since 

Condition (3) of the definition ~f an elementary theory thus 

general1zea the known fact that in S. ex1stèntlal quantificatibn (given 

hy dlc~ct image) ia leit adjoint to &abatit~tion (given by :nverse image). 

The corresponding definition and property of universa1 quantification 

cano in thh clasalcal (1.e. non-intuitionistic) situation be ohtained 

by Boolean dualizat1.on of :!. CondittC'QI (4) gener.al1ze limilar propert1es 

in §. of direct image and inverse image. 

-. ,. 
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We hav.e (g~[lX]).f = ~(l/) = ~ (all of X) 

.. {(x,x>lx e X) .. {(x,y)1 x 1: y E: X) • 

i.e. ~l\ [lx] is precisely the predicate of equality on a set. 

This motivates the defitl1tion of "equality" in an object giv.en in 

cond1t1.bn CS) of the elementary-theory definltion. Condition 5(09) 

stipulatea that this generalized equality must be strict, Le. do es 

not "ident1fy" distinct morphisms; 5(b) indic.ates that "equal" ttuth 

values are exactly those which lmply es ch other. 

Thus it h seen that the deflnition of an elementary theory 

embodiJ!s the relevant properties- of 8 clasaiesl firat-order theory. 

Volger later generalizes condftion (1) to admit a11 o~e 
n m 

form V X n, and finally dispenses with such representstions altogether. 

in favour of the concept of a logieal category·. It may be no!ted thst s 

logical category bears more resemblanee to a mulU-s.ortild the~ry w~ereall 

A category Q 1& called logics! in [2] ,and [3] iff 

\ 

an elemen~ary theory corresponds to a theory with 8 single typl~ 

(1) Q bas finite products. The terminal object (which must exfst hy (1» 
\ 

" il denoted "1 and the unique U10rphism X -+ l 1& denoted!x for each X E Lai. 

(2) Q'haa a ~pecified Boolesn a1gebr~ object n • The greatest and 1east 1 

elementa of .Q(x,n), X + n and of Q (n,O) are denoted l,O and l, 0 
x x 

re8pectively. 1'he ~oolean complement 1.' denoted ... : n .... n • 

. f ) (3) (4)(5) For each X ~ r !n 12, conditions (3), (4 ,(5) for an 

el.entary theory ,are 8at1sf1ed. -

) A model of a logical category Q 18 a functor F: 2 ..... ~ (sets)' ~hlch 

.! ... '. ~ 

\ 

• 1 

, 1 



... ~T",,,, , 

.. - \_ .. .,. f 
.. r .. ~', 

.. , 

o 

\ 
t 

'. 

1 

1 

1 

f· 

-8-

.preserves finite pr~se~s n to the set 2 '. sends 0.1, -. A 
Q. - ">\1 

to the logiesl "fatse", "true", "not" and "atid" respectivelY. and 

sends gf [ ] to "direct image". More generally if, (Q,n,s, .•. ) ,!nd 

(.Q',n'~' •.• ) are any two logical çategories~ and F:Q-tQ' a functor, 

F is c:alled s logieal funetor iff F preserves finite produets, sends 

o tt 0', preserves the Boolean-algebta structure of each Q(X,n), and 

sends S t'o~' • 

Il: should be noted that ~ is of course 1 logieal category: ~ 

has. ~cartesian) products, 1 (singleton) is terminal, 2 is the Boolean-

Ilge~ra objeet in the well-known way, and the discussion on pages 5-6 
, . 

8POW~ that the direct image map ~efines an app'ropriate quantification. 
1 

! model for Q is reslly Just s logiesl funetor: Q:'" S. . 

A logicsl functor Il --. Q' is sometimes cslled B Q' -model for Q 

st least fomally, sny l~gieal category can be a Ifmodel-recipient". 

ir.tui tively appropr iate to embody the clsssical notion of 

But, as wUl be discussed in the present work other categories 

ch as taposes of form ~ can be appropriate model-reclpients for 

tuitionistic theories. 

The funçtor !2 (l, ): Q ~ mey ot' mly DOt be logica!. When 

lt te, it la call~ ln C3] the ca~~cal (.:maDtlC) model for Q . 

~ 
To see the motivation for this terminolo$Y, èon~lder first that 

objecta of Q contain, ln 8 sense, all that remaina of the intuitive 
1 

"'arl.Mes of the' theory. Rememberf.ng tbat, in the c.a.e where J:J. 18 an 
\ 

n ,~ 

e1ementary theory, an object K la a product V 'of V, the cla ..... of-variables 

object; we continue to ~hink of X, evé'; ln the .ts a claas 

of tenu. 

. • 
- ~-----~-- -~~-_'_'-________ """~-"'_~~:"':':::_ . ..-u..t"I ... ".rH.<. ~ ~~ 
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Volger notes that the ç~noni-ë',d functor Ç( l, ) will be a model for !J. .. 
, .' \ 

iff Q is"maximally consistent, i.e. Q (l,n) = (O,l), .' and Q i8 rich, 

1. e. for every x cp ~ n in !J. with 3, (<p] = l , there is a l k ~ X 
'x 

in Q 8u-ch that CPk = 1. 

This definition of maximally consistent translates as: "every 

closed formula of Q is either provable or refutable" which ~s just the 

usud logical definltlon. Llkewise, since maps 1 ... X, 1 .. e.1 ...... X 

are just specified elements' of X, we caU a' map l k > X in Q 

a ~~mstant in 1, and richness bas the usual logical ~eaning. 

Thus the canonical model Q(I, ) has as Hs "universe" the set of 

::asps l ...... X, i. e.intui tively the terms of a certain type, and each 

"formula" X_f_~~ n is sent ta f ( ), Le. ls mapped by substitution. 

" . " 
A cOinpar~8on with the discussion on pages 1..12 shows 'th&t thie gives 

1.'1m -' the canonicf srl'ntlc model (in the sense of R-S) determined by the ., 

identity Boolean homomorphism : Q(l,O) ...... 2. The condition af richness 

i8 dso natural in ,the ca,tegorical case stnce 3: in S. is real logical 

exbtence'. . , 

-.. 
The categorical statement of 'the completeness theorem is thAt glv~~ 

",'0 distinct morphisms in Q, the,.c e;1;ists a model fer Q which 8e~.Tate8 

them. This lmplie~ the classlcal c~pletene9s theQrem, since in 

f 
particular for X >n wi th f ft 1 X' 1. e. f not a theorem, the image 

of f 'will ,be f~lse in the model for some k. It iI!I proved in [2,3] 

.'\ 

by first extending to a rich category by adding ,constants, 'then reducing 

by an ultrafilter to a maximally constatent category,and iterating these 

two constructions, alternately,countably many tlmes to produce a rich and maxi

mally con'lstent extension. This extension la fa1thful,and 80 compo8ing wlth 

the canonical model gives the required result for(claaslcal)logical categorhs. 

,-
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, 
Fo11.rowing the 1:lnes of Voiger' 8 treatment, the present work will 

develop a st!!1lantics for l,muitionistic logi.cal categories,' and will 

prove a partial comPletenets theorem •. 

Since work on thls the"sts was begun, severa! altern-at1ve formulations 
.> 

of this tapie h.ve been done. A. Joyal has proved a cOOlpletenes8 theorem 

for certain categories whlch generalize intuitionistic first-o'rd~r logic 

in a way dif~erent from ours. His definition of a model ls also more 

g~neral 'and the method of proof ta different frOID ours. Joyal outlined 

the proof of his theorem at a meetin$ in 1912. More recently, two other 

proofs of such 8 theorem were ghen st the Seminaire d'Ete de l'Universite 

lie Montreal in July, 1974: one by G. Reyes and M. Màkkai (unpublished) 
.. 

and one by P. Freyd (there are Il1imeographed notes availab1e). 

, 
... 

" . 
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CHAPTER 1: BASIC PBOPERTIES 

1.1 Definition. 
6 

A category Q is called an intuitionistic prelogical ---.-

category (or simply prelogical) iff: 

'\ (~ Q has Hnite praducts. 

The tenminal object ia denoted Ii for each X € 1121 

The unique map i8 denoted 

, 
·x 

X----~) I. 

(~) Q h'ss a specified Heyting algebra object '. \ 
; 1. e. for each 

f " 
X E: IQI and each morphism X:---~> Y in Q" Q,(X,O) is a 

Heytlng algebra and Q(f,O) ls a Heyting homomorphisme 
" 

We use the notation ° ,1 , V, /1... -> and 7 for the lesst element, 
l x .lt 

grestest element, join, meet, relative pseudo-complement and 

pseudo-c~~en:, respectively. of ~(X,O). The 8peci~1 symbole 

o and 1 denote Or 'and 1 : l -+ 0 • 
~\ 

( 
, f ., 

, s) For every X ,,<;;> 1 in a, the functor 
\" .-

~ v , 

(l(f,O): Q(Y,O) -+ (l(X,O) {Oft~n denoted ( ) f) has a left adjoint . ; , 

denoted g fl J; 
\1 ":'3) 

i.e. ~[cp] S "iff cp < ff for aU ,X~ 0, y " >'0 in 12 • 

! fl ) la called existentia1 quantification along f. 

(~) Beek conditions for existential quantification: 

f Given X ) Y 

and-the pullback shawn, 

then 

:1 (X, fl (1yfl 

.' 



, 
1 _ 

f 

( 

J 

, ::~ 

,0 ~\ ~ 'l'j \\ \ ";~:;' f,\ ~r'~"'t\\ 

,\ ,\~ fI Xl X f 2 (H) Given ahy Xl 
li 

~ YI' XI?< X,2 ~ Xl X 12 

X~ 
f

2 ) 1
2

, 

flX X2 flx :i2 

YI X X2 
cp ) n and 

the diagram shawn (the 
YlX X2 

YI X f 2 
) YI X Y2 ; 

square ls automat1cally 

a pullback), then 
q> 

Ir X f [~(fl X X2] = ( Sy Xf I~])(f1XY2)· 
l 2 1 2 n 

(~) For eve~y Y € IQI define equallty on Y 
ey 

y X Y-----~) n given by ~ .. S6y [ly]' 

(ID en· <a>. 1.e. for a11 f,g: n .... n , 

as the morphistn 

Thls ey must 88tlsfy: 

~ Definition. A category ~ i. called an 1ntuitionl1tic loglesl 

.. 

category iff: 

t!) . (!) ~ 1. prelogical. 

f <D For every X > Y Ul Q, the funetlor a< f. n) has a , 
rish~ adjoint, denoted 'f l ]. 

I.e. Y f[q>] ~ t 1ff cp ~ yf for a-11 X--"P--4. nt Y y $ Cl in~. 

'f l 1 i. cal1ed univerlal quantification a10ng f • 
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~ Proposition. The definition l.l(e) of existential ~uantiflcation' 

is equ1valent, to conditions (~) am (~): 

(l!) cp A ( if(CP])f = cp 

(!ù l( A af [cp J •. if (vf A cp} 
;;. 

for a11 X 
f 

!) y. X q> ) 0 and Y " )- 0 in Q. 

We remark moreover that 

(s) Sinee :tif 1 L "fI ] are defined as adjoints, each ls. unique. 

(5!> Slnee i f ( L V
f

[ ] are both tunetors between ordered 

categories, • . each 18 order-preserving. 

~: Assume the adjointness condition l.l(e). Certainly 

• • By adj~intne88, 

i. e. (,!) ho1ds. Now recall that "'he funetor ( ) A cp: .Q(X,n)----. .Q(X.O) 

18 left adjoint tocp ->,(); i.e. (cp AXI ) ~X2 iff Xls' (cp a>X2)' 

Since each Q(f.O), i.e. ( )f, ia a Heyting homomorphism, we have 

('1 -> '2)f,- "II,-> "2 f • i.e. if we fix sny y V ~ n, then 

(t~ -> ( » ( ) f) - ( ) f) ( " -> ( ») 
Teke left adjoin~of th!s expression. remembering that 8 composite 

of adjoints, in .reverse or~er, give the adjoint of a composition • 

• . . 
1 ••• for any X ~ > n, Ifctf A~} - t A ifC~J 

i.e. ~, holda. 

• , 
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Conversely, assume that (!) .and <.~) hold". 

Suppos e a
f 

{q> J :s lÎ. Sinee ( ) f lB a Heyting homOlilOrphism, 

••• (af[cp])f:S 'ff. • •• q> S (~f[CP1)f S ff by (.!!). 

On the other hand suppose <:p < Vf. > 1. e. <:p 1\ tf - cp • 

.. af [ cp " tf] 
s 

But .'. .. ~f [q>] 
'\ 

by (~); 1.'. :a:f[<:pJ st. The adjolntness 1s therefore proved • 

.L.! Proposition. Let Q\~e a prelogical category. Then t,he. foUowing 

conditions follow from 1.1(8) (b),(c) and (e); they do not 

require tb.e Beek èonditions. (Unless otherwise stated in 'the 

indivldual conditlo!'9, .the symbol f,cp.t refer ta morphisms 

x <:p) X f :> Y, [ and Y f) n in Q. ) 

(.!> <'t) q> :5 ~ lf (~J) f IInd (11) f 

(l) . (!.> !f[( af(p])f} ,- af[cp] 

and (H) ( afl'ff»f tf • 

!ld [<p] • cp 'and 
X 

where y. g) Z h any.morphism. 

<!) (!) :if [cp] • 0y iff <p. 0x 

(.!.) If f ia an iaOlllOrphbar.' then 

CD If f ia epi, then lf ltf]. t. 

~ gfNf] • 

[ 

(J), ~ At - ly and henc:e, ,~ < f.,f >, -. ~JC • 

(hl,. ·f '1 • • pl . iff :if [lxJ ~. 1 Y • 
-

(!) 7 LI order-reverl1rtg., i.e; if ~l ~ .. <P2 'the~j 1~1 ~ 7<P2 • 

\ 
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• 
, (J) 7 ~f{7(q>l <-> CP2)} .:S !f[CP1] <"'> !f[q>2] • 

f h (19 Let X====~~ y and Y .. Z. 
g 

W :JAx [cp] - eX A CPP1 , where Pi are the projections of X X x. 

(!.> ey" CPql- S CPq2' where q1 are the project1~n8 of Y X Y 

~ cp la 'y..ï _..I..CP-~) 0 

, 
Proof: <.!> The first 8tat:eme~t is Just 1.3 (a) and has been proved. 

J 

As for the second, we have ff~" ff • CaU q). ff ; .'. cp < 'lf • - , 

••• By adjointness, ~f[cpJ .:S ft i.e. !f[ff) S f 
(~ Take'Sf[] of (a)(1)." 

J' This gives !Kf[cp] .:S ifrgf~<p) f , Binee !Kf is order preserdng. 

CaU f .. Sf[CP] , and ,caU X ,- 'ff '. Certainly X S Vf; 

. 
• •• by adjointness' !f h:l S 'f. i.e. !f[sf[CP]fJ =5 !qf(cpL' proving (~)(1) .. 

Tatte .Q(f,O) of (a)(ii) • ' 

This Siv.. (Sf [tf~ ::; >tf 'olne.~. order pr.servins_ CaU X· 'ff. 

Then by firat result "of (s), :i
f
'[X1f ~ X as requlred for (b}(ii). -- -

.. 
1 " 

~-------
(E) Ix[CP]S-cfSînc-e ~ ~_Bu~ Jxlq>) ~_ -!xIq)jX ~ cp by, 1.4(a) (1) • 

• . . • <p. 
. ~ 

Moreover' .Q(Sf,O) -: Q(f ,n) Q(g,ri'-:- The âdjoint to thia compol1t1on 
, ''t 

( ! f-[ ]) la the c.ompoaition of the adjoints in reverse order, 
8 ' 

\ 

" 
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\ 

0x ~ 1ff for e'Very 'f~ Henee af~oXJ ~ 1f for every t;' 

cp ~ ( Sf'[cp)f .... Oyf '" 0X; Le. CP" 0x ,Thus (d)(i) is Pl1>ved. 
~ 

Moreover (:[t[1x1)f ~ lX hy (a)(1), and so (d)(U) hold .. . 

. -

<.!.) Sinçe f is an isomorphism we have essily that q>f- 1 .$ ... iff cp < ff, 

i.e. that ()I-I 18 left adjoi~t to ( )f. Thus aince.adjoints are 

-1 unique, . cpf .. a
f 

[cp], • 

W We quote Volger, [3], result 1.8.7: §1nce f 18 ep1, ( )f 18 

full and faUhful and therefore' the back al:!junction i8 an isomorphism, 
f 

(,1) , ~ ~ = ( Hb.y [ly1)ty .. ly by' (dHU)..: Henee ~'< f, f > '" e y b.y f - lx, 

because ().f is a Heyt1ng homomorphism. 

<hl If f la *;pi, then by (!) :3:f[lX1 ""' :[~[1yfl .. ly' Suppou eonversely, ... 

'y'< blf, h 2 f > .. lX ,; i.e. e.y < hl ,h2 >f - caU tf ",lX' ,Sinee IJt~ tf, by 
f 

, 

1.1 (-eHi) hl - h
2 

and sa f lB epi. 

<1.) $:lnce <Pl $ <P2', • t. 7 '<P2 A <Pl S 7 CP2 ", <P2 - O. By definltlon 

7 <Pl il ·the"·1argeat el~œnt , :luch that .' "<Pl" o. Bence 7CP2 $.7<Pl' 

O.') r !fpo(<Pl -> ~)]J A !f[<P1 ] - !:flf i f [j'(CPI -> CP2») (f)" CPl] 

(by 1.3 Ch); wi th .. lao'7 • !If [7 (CPI -> <P2}) ) 

./ 

. t 

, > 
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= ~fP{:If[7 (CPl => CD2)]f) ,/\ CPl] (because ( )f is a 

. Heyting homomorphism) 

i.e. 8y adjointness of => and /\, 

~low 

. 
Sf[71(CPl < ... > q>2) ] ~ 3 f [7(q>1 => CP2~] 

Gall that inequsli ty (1) CU) • 

denote (l)(iii), and h~nce 

, --/'\ 
7 !f[7(~1 <a> ~2)] < 7 gf[7(~2 ->.~l)] ~ !f[~2] -> !f[CPl] , 

.J denoted Ci) Ci v)' . 

Inequltlities 0)(10 ' and (1) (iv) give 

~f['l'tl as required. 

,/ 

}.'-: ... 
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(1<) ly. lZh . efh by (g) 
~ 

- e Z (h X h)l'y Ca 11 ,,= e Z (h X h) 

By adjointness 

Compose both sides with < f,g > to get inequality ~). 

~' (cp] 
tx 

.. 

• 

:a 11c [lX 1\ cp] ... :i ex [lX 1\ <Pp 1 tx ] 
" 

(by 1. 3 (b» 

cp ~ cp. <Pq2l'y'" caU 1Ir'l'y. 

By adjointness, :a:~ [cp] ~".. cpq2. Substitute by (1) 

The following properties of universal quantification can DOW he proved. 

1.5 Proposition. Let ~ he an intuitionistic logical category .and let 

f g 
X :::::;:::::=tJ y • y --..~> Z, X 

b 
<p :> n and y_..:...t--.;;:,. n ln C • 

<!) (!> <p ~ ('f[<p])f and CU) t ~ "fr,f] 
" '" 

(ç) and y [cp] 
gf 

~.' 
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(Q.) Q) iff cp == 1 
X 

and 

~) ,,[ey < f ,h >] ... 1 iff f ... h • 
·x 

(ii) 

This Isst is often.cs11ed an extensions11ty condition; in ~ 

ft 9ays intuitive1y that morphisms are equa1 iff they are equa1 

Bt every point of the domaine 

Proof: ~) - (&) These are categorical-dual to the conditions 1.4(a)-(d) , 

" whlch were proveC:t< using the properties of 1eft adjoints. Since y i'8 

defined as a right adjoint, one need on1y dua1ize the arguments used to 

prove 1.4(a)-(d). For examp1e, the verificstion of @2l!l Is as follows: 

For every V: y -7 n, cp ~ 1jrf • 

adjointness 'f[CP) > t, every v· 

Converse1y let Vf Icp) - 1y. 

by~ (a) (i). 

.. 1 
X 

. . 

~) Let: f.,. h, By 1. 4 (g) , ey < f, h > =- lX • 

., . . by 1.5 (d) (1). 

By right 

Converse Iy le t Y, [ey < f. h » .. 1. 
·x 

e y < f.h > - lX (by 1. 5 (d) (i) ); 

. . f .. h (by L 1 (e )(1) ) , and 80 the extensional1ty 18 proved. 

'lbe Beek conditions 1.1 <<6 give rlse to sever al s1m1lar prop.e:ties: 

, 
~I 
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Proposition. Let fJ. be an intu'itionistic prelogical category. 

Then the following conditions 

(a} Given ~ny twc pullback 

diagrams as shown, with the 

properties that for any 

, >n 

and 

(!!> Xjr-;82) - (hl[·])~2' 

then 

X j fI [cpf 2 ] ... (3h
1 
gi [q>J)h 2 

(2) Given X 
f ) Y and projectlqns 

X X Z ) X, yxz .,. y , 
q p 

and any 

y X Z ~ :> n, ZXY t> n ' , 

then 

and 

<!!> 

q' 

Z X f z r -(-i ..... 1)--'t1 
Z)(Y ,)Y 

\P;\.rtl 
·0 

a 

Glven th. diagram 

, at th. lef·t;· 

• 

, 
, . 

------_____________ ""' ..... """'i_-.r'.T):..œ!' .... ~~, ... ~-• .,.,, _______ ..... __ ~.~ol 
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f <il ,. 
am px:ojections as in <12.) and any X n, Given x--.....,.> Y 

then 

Given Xl 

f 
YI X X

2
=-------;» Y

2
, projections 

(!0 The condi tion 1. 1 (d)CH) on 

quantification ls equlvalent to 

the,n !f XX [q> (X2Xf1)] -
-' 2 1 

( :if )(Y [cp] )(~lXY2)· 
2 1 

- IJ l ~ g/cp] gll (by <!» 

III (~1 { I
g1 

[CP]]) ,h2 (by (U) ,where .. here 
ta I

g
, {cp] ) 

1 

- (lb [<P)h2 - (by 1.4(c)(U).) 
191' 

-. 

" _. ' 
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, 

It may be seen that,diagram <V 

is'just a special case of the diagram 

in 1.l(d)(ii), with 

and f
2 

= 1 • Z • 

q 
rt. "" ::.1. 

X X Z -"'XX--'-' --"> X X :r "" X 
·z f 

f)(Z fXI 

YX!z v ",.j' 
y X z' ---:> y X 1 = Y 

\ ~ p 

r '" 
ZXX= 

ql 

'" X X Z---~> X 
Similar1y, 1. 6 Ch HiO i8 jus t 

1,6(1)(1) with the product 

isomorphisms added, as shown. iXfj f)(Z f q f 

_ ~ J 
z X y = y X z---~> y 

\. P l' Tbus by 1.6(a) one has the 

required resu1t. 
pl 

(~ The centre .quare of ( f X Z ) ,,-
..... ZXf 

this diagram is a X X Z - ZXX ) Z X y ;;; YX 

~Cial cas. of 1.1(d )(U), 
!iXX !.;<Y 

with Xl .. Z, X2 - X, q P 

y - 1,. Y2 - Y, f{ • • 
1 , ·z IXf "" 

and f; X -1 X'X ) 1 X Y - Y · f. ~ t: t 

Addlng the product isomorphisl1I8 gives the outer square 1.6(e). 

f 

Z 

Q!) we quote Volger, (3), resu1t '1.4.6, Whic~ says ,that the present 
, 

1.6 (d)' 18 a consequence of 1.1(d Hi} and <!!.). It may be remarked 

that the diagram of 1. 6 (d) 

.howÎl below: 

cao be obtalned by the composition ... 
, ,.~rf 

-....-. '" 
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Where h, f, Pl' ql have been dèfined, 

1 
) 

/ 

r 2 and r 2 refers to the projection X2 X YI X X2·-----~) YI X X2 

The left-hand 8quare la of the farm of diagram I.l(d)(l), 

The right-hand square 18 of the form of the diagram 1.1(d) (ii), 

wi th Xl - Xl' X2 • X2 X YI X X2, YI· YI' Y 2 - Y 2 ' 

. fI - h and f 2 - fr 2 • 

~ AssuuÎe 1.1 (d)(U), 

and compose with the 

product isomorphismB to give 

the first dlagram shawn. 

l 'Iben by 1. 6 (a) the steted X 2 X YI ,;'; YI X X2 

.... 
., ) YI X Y2 - Y2 X YI 

condition hatels. \ 
Y

1
Xf

2 J " 
f 2 X II 

", 
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Xl X f 2 

assume the 
.... "-

Converse ly, Xl X X2 = X2 X Xl > Y2 X Xl = X X Y2 
f 2XX1 

l 

condition ~), and compose 

with the same isomorphisms 
f

l
XX2 

X2Xf
l 

Y
2

Xf
l 

f
l

XY
2 

to give the second diagram. 

Then by 1. 6 (a), the condi tion '" '" 
YI X X2 = X2 X YI Y2 X-YI = YI X Y2 

1.1 (dHU) must hold. f 2><:i1 

A number of useful properties follow trom the various "Beck conditions". 

1.7 Proposition. Let f be prelogical. Then the following conditions 

hold: 

(!) Civen X f ;'Y and 

- \ P 
projections X X Y > X, 

X X Y q > y and any 

X ql > n, then 

-x 
2 

.. 

x > n 
i CPi 

(ey <fp,q »J . 

q 

) . 

1 Or ~ 



.-

~ 
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/ 

/ 
/ 

fI ft: 
~ Let X ; YI X l Y , . 

SI S2 2 

'l'hen ey xy < f l ,f2 ,gl,g2 > = (ey < f l ,gl » " (ey < f
2

g
2 > ) 

1 2 ' 1 2 

i.e. if we caU 

t - < PI ,P3,P2 .P4>:Yl X Y2 X YIX Y2 ~ YI X YI X Y
2 

X Y
2 

' 

and calI 
qi 

Y-t X YI X Y2 X Y2 -"'---'"'--~) Yi )( Yi ' 

, 
then ey xy - (ey ql A ey q2) t • 

1 2 1 2 , 
Let Z X Y Xy --~> (1 and cflU the projections of 

'f fI .- f 2 ~ 
<.!) Le t Z X Y X Y >'0, X ---7> Z X Y and X f Y • 

~ 3---.:11-

Let 

f 
Let X -===t y and caU 

g 
the- projections X X y_ .... p-~ ... X 

)..~ ,~ 

- ~y 
S ey < .fp,q > <a> 8y < gP.q > 

~ ..... '"'- ..,j 

1 -

, 

\ 

..... ,.;... ___ --i~~.,..,.,._ .... __ *"_.,..;,""'''''' __________________ "'''''''_,~.''"._~_ .... .., __ ~,,...,_'r,';~.k._~.!I·.~ ,_ ....... -.~-
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f cp 
X=--f ~n. and projections X X y~,,> X 

~y g 

< :Kf[t] <=> 3 [1V] - g 

Proof: 

'" (!) Note that q (X, f) .. f and 

p(X,f) • x. . ~. W(X,f) = cp ... cp MX 

and (fp, q) - f X Y. 

- Iq(ey(fp,q) Acpp] (bY,deffnition of e~ and above note), 

wl.ic~ proves Cl). 

• , 
~) Let rl,rZ denote the projectl~ns of Y1 X X2 • 

1ben (If [CPI ]ql) " (If [CP2]Q2) 
l ' 2 

• (! f [CPI] q 1) " (Iy xf [q!2 r 2 }) (by 1. 6 Cc), w:f. th X - X 2' Y - y;, 
. 1 1 2 . _ 

Z, • YI' f • f 2 , cp • <P2)' 
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... ~IXf2[( ~fIXX2(~lPI])~ (~2r2)] (by 1.6(c) 'wlth X = Xl' 
Z-X2,f"f1

, , 

and note r 1 - Q1(Y1 X f 2) 

- iy X f pIf X X [(<PIPI) 
l 2 l 2 

y = YI' 

~ ., <;>1' 

1\ (CP2r 2) ( f IXX2>J) 

(by ~. 3 (b) wi th f ,;. f
l

XX
2

. 

-
-

ri 
(s.) CaU the projections YI X Y2--~:> Yi' and note that 

. 
ly Y - ly rI" 1y r 2. Note also that ~ )( /). • t <Ay y) 

IX 2 ,1 2 l -y'2 IX 2 

-1 
and hence (since t is an isomorphism) that 6y y - t <ty X 6y ) , 

IX 2 l 2 

- a [ly rI A li r 2 ) (by the two not •• ju.t 
t-

1
(6y XAy ) l 2 mentioned ) 

1 2 

- ! _lff. ~_ [1 r ~ 1 r lJ (by 1.4(c» 
t ~~ ~22 

r, , ,. 



t 
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o 

, 
"\ 

(~) Note that we ahall retain the notation Pi,qi,t,ri fram (~), 

and also denote by u1,u2 the projections 

Z X y X Y X Z X y X Y ~ Z X y )( y , and by si the projections of 

Z X y X Z X y X Y X Y to Z X Y, Z X Y, Y and Y re~pectively. 

Now (. < t 1,t2» A ey < t 2,t3 > - ( t < t l ,t2 » A (lzxyxYXY) A (ey .< t 2,t3 > ) 
) 

- cali that expression (d)(i). 

By the usual properties of products, 

q • 
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(by 1.4(m}) 

-[hue completing the proof of (~. 

. ( 

(!) ~pose inequality 1.7(d) with the product map 

li) This ls a speclal case of (~), with Z '" 1· and V - ey • 

(.1> Fo~ convenience cdl A - ~ < fp, gp > J B - ey < fp,q > t 

and C - ~ < gy;q >. Then by (!) We obtalg. A" B S C 'and A " C ~ B. 

By adjointness of -> and 1\ , the former Inequality 

giv,. AS B -> C and the latter, AS C -> B. 

Bence A < (B -> C), " (C -> B) • B <-> C, ,which ie the requ1red reBult. - " 

~ Recall firet that if a,~,y,5 are eleœenta of any Reytlog • 
algebra. then <1 

i!ù.!!) {Ca <a> rn " (y <,;,,> 6)J < (Ca 1\ y) <-> (~ " a)} 

CaU A - (ey < fp,llp. ~ ) ~ (cpp <-> tp ) 

'Iol 
Theo A S (~< fp,q > <-> 8y < gp,q .» " ( <pp <-> tp) (by 1. Ua»· 

" -
S\1or < fp.q ~ ) ..( '9P) <"'> t("y < lM >.> Î 'tp) (by Ne m· ) 

- " 

-'. 

\ 
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". 

CaU CPI = (ey < rp,q » lx cPp ahd q:>2 = (ey < gp,q » " WP 

We have the lnequal1 ty A S CPl < .. > q:>2 • Now since 7 18 order 

reversing and g order pr~servi~g, .·.7 g [7( ») i~ order preserving. 
q 

< iq,lCP1J <-> iq [ q:>2) (by 1.4( J» 

.,-
.. :!lf [cp] <-> iq lil ( by 1.7(a». 

1 . 
Thie completes the proof of 1. 7 .• 

1.8 Definition. A prelogical categorY'Q ~s called i!!! iff every 
1 

·X 
map ~h------~) 1 ia epi in ~ • 

Remarka: 4 . 
We note that by l.4(h) thia ~plies ~, [lx] - 1 

·X 

for every X. but 1t does not lmply, th~t there are any points 

l '. It) X in C. unless.Q 18 abo dch. 

~"~...i. 

(b) MOreover if .Q i8 fair, then aU projection maps in .&. are epi. 

For,let X X Y P )0 X ar;; X )( y-4 y be proj~~tions. in' ~; Be~a~se ( )q 

ta a Heytin~ homom,orphism, lxxY • lyti .. Applylng 1.4(hl twlce 

aad 1.6(c) once we--have .~ 

... 
Ip[l~yl #- !p[lyq) • ( :i~y UY}}!X - 1 

, • ~, and 10 pia epi. ·X 
" ~ . 

, , 

, 1 
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CHAPTER 2: !WO IMPORTANT EXAMPLES 

'2.1 Proposition. The category § of sets ia an intuitionistic Iogical 

category with 2 taken as the Heyting algebra object. 

Proof and, Description: (.!!) S. has cartesian products; the terminal 

abject ls the singleton se't, usually denoted 1. 

(~) The set 2 le a Booleaa algebra object, a fortiori. Heyting algebra 

abject, in the following well-known W'ay: 

(Let X € I..§I and let çp~ denote the subset of X whose characteristic 

çp 
map is X > 2 ). 

°x The map X----~> [O,I} .. 2 is the characteristic map of the 

empty subset (J s: X; 1. e. 0x (x) = 0 for a11 x € X • 

lX is the characterlstic map of X f X ; Le. lx(x) .., 1 for a11 x e: X. 

Given çp,,, E ~(X,'2), cp V 1f 18 defined by: 

(q> V t)(x) • {~ if cp(x) 1 or \jr(x) 1 

otherwlse 

1. e. • cp(x) V tex) using V in the Boolean algebra 2. 

Equivalently; (cp V ,)* -l' U ,'. 

cp "" ta defined by ( cp " 'f-)(x) • 1 1ff 'q>(x)" 1 ànd 'f(x) ~ !. 
-, " 1.e. (cp" t)(x) • çp(x) "t{x), Le. (çp "t) n 'f 

~ 1'(ep) 18 ghen by (7Ql)(x) • 7(cp(x» - l iff cf>(x) - 0; cp -> t 

~ •• ~m1.latly (cp -> ,)(x) • ,(x) -> \tex) 

l ' 
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It follows easily that each ~(f,2) will preserve the above 

f 
Heytlng structure: Let 1/fl'.2: Y--72 and X > Y. Then, 

for example. 

The other Qperat10ns are checked similarly. 

'-v 
(~) Recall from the 1ntroductlon that an appropriate quantification 

• 
is given by the irect image map on correfJl>onding subsets, 

Equivalently. if[CP] )(y) '"' 1 in E Hf there exists a pre-image 

X € f-l(y) su ch that q>(x) .. 1. \ 

(~) The Beck conditions hold for eV,ery pullback in Il. 

i.e. 
h 

if D ---">:0> A 

{ r 
, B---~> C 

8 

1s any pullback in §. and B ----.-'cp-...;>~ 2 

any map, then 

This la verified by ordinary diagram chàling: Recall that the 

pullbaek of f and g la the equalizer ?f 

r---- fp A ---:11 

A X Be. In S this U given by 
, SPB ' 

D" (x~y) E A X B 1 f(x) - g(y)} / e the inclusion Dc ..... __ e ___ >~ A X B, 

----

- , '-

, 1 



t 

} 
\ 

1 

., 

-33-

h '" p e and k .. PBe. Thus in particular h(x,y) '" x and k(x,y) = y ,A 

for a11 (x,Y) E; D. 

Now suppose for some a E A that « ~gl<:p])f)(a) ... l , 

• '. ( Sg{cp]) (f(a» >= 1 • ~y the description of ~ in S" there 

exista a pre-image b € g-l(f(a» such that cp(b) = 1. Then g(b) = f(a) 

and therefore (a,b) E D and b = k(a,b). .'. 1 • cp{b) ... cpk(a.b) 

and h(a,b) .. 8, 

• -1 Thils there exists a pre-image (8,b) E h (a) 8uch that (qJk)(a,b) .. 1; 

i.e. prec1sely ( :[h(<:Pk])(8) = 1. 

)Ne have thU8 shawn that « 3g[CP]) f)* ç ( ah (cpk})+. The reverse 

inclusion can be verUied sijunarlY. 

<.~) . Properties (e)\!)._!:gl~!!) are satisfied trivially since eX in ~ 
----

18 Just the predicate of equality, 

f -(D For each X ) Y in~, "Vfl) 18 given by 

(CVf[cp])* ... (y € yi! • f (x) implies x € <:pl); 'equivalently 

, 1 
("flcpJ)(y) • 1 Hf for all pre-images x € f- (Y), <:p(x) • 1. 

AI noted in the introduction, th18 map 18 ~lght adjolnt to ( )f 88 

requlrèd. 

Thue ~ h intuitlonlstic logica1. 

We remarlt that the ext.ensionality condition takes a partlcularly 

I1mph form In~: lt state. that any two map. are equal if they 

colnc1de polntwise for ,a11 pointa. To he explicit, let f,g: X -+ Y in S. 

be auch that V, (ey < f,g>] - 1:' 1 ... 2. By (!) above th1s uys that 
·x 

.......... '. r 
l 

" 
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• 

, -1 ) for .every pre-image x € (!X) (i) (that ls, simply every x € X , 

e <f(x),g(x) >"1, i.e. that f(x) ::g(x) for a11 x € X. Y , 

2.2 Proposition. The category §. of sets can be made into a prelogical 

category with any complete Heyting algebra taken aa the Heyting 

algebra ob ject. 

Proof and Description: (,!!) Take cartesUm produtta as before. , 

(hl Any Heyting algehra can he made into a Heyting algebra object 

in ~ by inheritance, as fo11ows: Let (1 be the Reyting a1gebra and let 

O,l,V,I\. => , 7 denote Hs operations. Let X € I~I and cp,t : X --t n • 

°x 
Define X-----~~) n by 0X(x) • ° for a11 ~€ X; 

1 
X X > n b Y 1

X
(x) '" 1 for aU x € X 

CI) 1\ • 
x· ) n by. (q> 1\ t)(x)" .. cp(x) V t( x) for a11 x € X ; 

by (cp " I()(x) • cp(x) " t(x); 

. . 
cp -> t by (cp .. > l') (x) - q>(x) -> tex) 

and 79> by (7cp)(x)· 7(<p(x» • 

M they did in the ease where n - 2. these opera"tions ;ake ~(X.Jl) 

into a Heyting algebra. 

f Ltkewile, givan x--.-,.) Y, wa will have eX8ctly ail before that 

(cp V l')f • cpf V tf, (cp" ,)i • cpf" tf, and 110 on; that 18, S(f,n) 

preaerve.s the Rayting structure,. ~ 

f !f[CP] , 
(È Let X ) Y, X 9> >,n, and deUne Y---=---~> fi 

by ~ :!f(CPJ)(y) • IlUp (CP(x) 1 x € X and f(x) - y) for each y 'E Y • 
... 

I, '~ ___ ... ~.~ 

_. 
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We sha11 now verify that lfl ] is adjoint to ( )f, i.e. that for 

f every Y·_":--~> n in §., 

C ~f[~])(Y) ~ tCy) for aIl y € Y iff ~(K) ~ (tf) (x) for aIl x € X. 

Suppose that for a11 y € Y, ('gfl~J)(y) .:s vey). By definitlon of a 

supremum., this says that for aIl y t Y, 

q>(X) ~ IV(y) for each x E f-l(y). 

But X .. dom f; X lies in f~ l(y) f f( ) every x E or some y = x. 

Thus for each x € X, q>(x) < V(f(x». 
(\ -

Conversely suppose that for aIl x € X, q>(x) ~ (vt)(x); i.e. for aIl 

x E X. ~(x) ~ t(fex». i.e. for each y € rge(f),q>(x) ~ t(y) 

for aU x E f-1(y). Therefore, for each . 
Le. for eachy€rgè(f),(af(cP))(Y) ~ t(y). 

YErge(f),~sup cP(:x) $ 1jr(y); 

x € Cl(y) 

Now for each y E Y-rge (f~(3f [cp) )(y) = BUp q>(x) '"' Sup ., .. ' 0 
x C f-l(y) 

Hence certainly for each y € Y-rge(f),(lf[CP])(y) ~ ~(y). 

Thua for 811 y ~ Y, (:!f[q»)(y) ~ t(y) • 

• 
Tberefore St[ ] 1s a ,1eft 1 adjoint as reqûired. 

1 ' 
We note in' particuiar th~t (3écp] )(y) .. 1 iff there exista some 

X € 1 8uch that (J',(x) - 1 and f(x) - y. Thus in the case where n .. 2, 
"1 

2.2(c) defiœ., the seme operation 88 the direct image map in 2.1(c). 

(~) The Beck conditiona ho1d for every pullback. 

.-..... 
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i.e. Let (h.k) = pb(f,g) be BOy 

pullback and B Î-> n any map; 

.f> 

:F:or, recall 'that D = (x,y) € A X BI f(x) .. g(y) J 

and that for given li e A, 
o 

D 

B 

l ' 
h- (a ) == (a ,b) € D) .. (a ,b)lb (i Band f (a ) ,.. g(b)} • 
000 0 ,.., . 

__ ~) c 
g 

, -1 
Fix s € A. Then (" ~h(~k])(a)' .. sup {(cpk)(8,b)l(a,b) € h (a») 

- 'sup (cp(b)fb € Band f(a) = g(b)}. [CaU thst equBtioo (d)(i).] 

« 3: [q>])f) (a) .. ( :s [cp])(f(a») "-sup[cp(b)Jb € g-l(f(a» } 
g g 

Moreover 

.. 1Jup{q>(b)/ b € Band f(a). = g(b){ J .. R.H.S. (d)(i). 

Thus (:[h{<pk])(8) r,? ( X [<p]f)(a). as required. 
, g 

(e) For any Y € I~I and any pair (x.z) E Y )( Y, 

If x; z this gives sq.p ~ - 0 ; if x € ,z i~ gives 8Up.( 1) - 1. 

Thua the equa1ity predicate resulting from the quant;jficatlon deflned 

911 by 2.2(c) is s!mp'le equal1ty. As has been noted in 2.l(e). this 

predicate satlsfies çond1tions 1.1(e)('i) and i!!l:. 

2.3 Remark. Given any,partially ordered SErt P, the topos s..P is an 

intu1t1onistic logical category with n , the subobject c1assifi~r. 
p 

talcen as the Heyting algebra objecte 

" .- -_. ------.. --- -



, ,~ ... 

[he full proof will not he given here, as it makes extensive use of 

the theory of taposes which is nowhere used in the present work. 

However, the interested reader 1ll8y find the detai1s in Kock and 

Wraith ['6 J, using the following description of ·E: 

It 1s known that P ig emhedded in ~y 
- J -

p~ lep, ), p_TJ~ q~ P(T}, ) ; 

, 
this is usually calle~ the contravariant Yoneda representation of f . 

Also, given sny X € 1 and p € 'El. one has the Yoneda correapondence 
, 

(which we ahall denote r, ) between~el~ents x € X(p) and naturai tran8-.... '. 
'r 

formations !(p. ) ') X. defined as follows: 

For x € X(p) and *q E IRl, ~(p,q)~~ X(q) is given by 

x (p T) > q) - (X(T}»(X) • 
q 

This correspondence is 8 set .isomorphism ; its inverse (4enoted ,-,) i8: 

v 
Let 'lep, ) --->~ X then ~ - v (id) e X(p) • 

P P 

. A toPos structure, in the sense of (6), page 5, can he put on ~ 

a. followa: 

·Aa la well known, 1 ha". Hnite limita and eXPQnentaUon • 

The object Op of ~ la defined by 

Opep) -' (eubobjects R>--> lep, ) in ff ) 
T} >'1). T}* "gi;enbyT}*(R:> J >!(p,.» -pullback(jl'l(T},». 

in s..P 

-,-~ ~_i: 
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Define the msp l TRUE ~ Op in s' by : 

sends i e 1 to the Identity' transformation 

p( p , ) )>---,0;1;>';';> PC p , ). 

For 8ny subob jeet R) 
j » X in g. define X X

j 

> Op' the 

characteristic map of J, ss: 
Xj(x) X~ * X(p) ;. Op(p) ls given by > P > l(p, ) ('i') (j) 

for every x E X(p), i.e. by the pullback 

lt can be verified (cf. [lOJ, or (8) and [9]) 

-f 
that for every R) j > X in 1 and xj 

thus defined. the diagram shawn 1& a pullback 

in~, i.e. that Op is a subobject classifier 

of l, ànd henee ff ia a topos. 

in ff 

. Taklng .s the !,O of (6), it can now be con~~fded 
, 

that ff,op la en intuitionistlc log1~al category. The H~ting 

algebra 'truct~e of ~(x,np) la defined in [61, pages 28-30. (Notice 

that the no~lon of Heyting algebra object as discù,.ed in (6] pages 34-35 

,1 •• tronger than our •• ) The adj.Oint, !If and Yt are developed ln [6] 

1.11, 1.12 and pages 30-32. The Beek eondi~ions on if follow from 

[6] 1.36. 
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CHAPrtR 3; tOGICAL FU~CTORS AND PREMODELS 

3.1 Definition. Let Q and Q' be intuitionlstic prelogical categories .. 
wlth Heyting-algebra object1 n,n' r~spectively. We say that a 

functor F: Q - Q' 1& prelQgical iff: 

(A) F preserves flntte products (and hence ln partlculsr F(I) = l'); 

(~) F(n) ':; 0' 

(s) For every X € Ob{Q), F together with the lsomorphlsm in (,2,) 

preserve .. o , l , V and A of, C(X,O); x x -

(~) F preserves existential qU3ntiflcation • 

D~f1nltion: 
.. 

A prelogical functor c. p > Q' ls called an extension- of Q 

lff F ls bljective on objects. In such a case we will often abuse 

the termlnology slightly snd say thst Q' ls an extension ~f Q. 

a~Q' 18 called an enriching extension of!2 lff, for every 

x cp )- n ln C such that ~, (cp] - l, there 1& some l ~ ) FX 
'x 

in al such that (~)x - 1 • 

. An extension Q ,F >. ~t la nid to be con.erva~lve lff F(a) - 1 

in QI implie. a - 1 in Q , 
Remarks to Defipition 3.2: (A> In whttt follow. we shall often thlnk of. 

an'extension 8S havlng Ob(Q') - Ob(a) and F the ldentity functor on objects. 
" 

This lnvolves no los. of gener811ty since, becau.e F must be loglc-preserving 

and bijective on objectl, the clas. of euch extensions will contaln lsomorphlc 

F' f3 
copies of 811 other extenlions. Accordingly,given Q ~ Q' and l ~ 0 

ln Q, we will often refer to F(f3).a.~. An.logou.ly ln non-categoricsl log~c, 
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1 
J 

one uaually defines an extension Tt of a theory T to be a theory Tt 

'whose language L(T') includea L(1'). It wouid add nothing fundamentally 

new ta modify this definition to include theories Tt sueh that there is 

a logic-preserving funetor: L(T)_ L(T') which 18 bijective'on types, 

"aqd the usual definitlon is mo:e convenient because it enables one to 

speak of thE! "same" sentence \r formula in both theories. 

(~) The definition here given of a cORservativ; extension Is a1so 

motivated by the usage ln ordinary loglc: Tt ~ T la a conservative 

extension Iff no nontheorems of T,become theorems in Tt 

3.3 Remark: Any composite of prelogieal functors,is pre10gical; A 

composite of extensions is an extension, and a composite of conservative 

extensions is conservative. This is clear becsuse aIl the required pro-

perties are equational, and hence preserved by composition. 

"3.4 Definition. Let Il. be an intuitionistie prelog1cal eategory and nt 

any Heyting algebra. A funetor F: JI-.§. i8 called 8 premodel 

for JI 1ff F is prelogical, where §. 18 made prelogical with nt 

açcQrding to ~ 

In particuIar, if n' - 2 we calI F a .emantie premodel. 

foilowing the usage of [1]. 

~ I)efinition. Let JI : {l' be intuitionistic loglcsl categories. 

A funetor F: Q~ a' i.e uid to be intuit:l.onistie lodcai 

(ebbreviated iDt.log.) iff : 

(!) F 1- prelogieal ; 

(h> For every X € Ob(~. F together with the i~omorphism 

1" 3.1(b) preserves. -> and 1 of f(X,O); 
"" . 

(s) F preserves" universel quantification. 

• 
1 
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3.6 Definition. Let !1 he a prelogleal category and let l ex > n --. 

be any sentence ln C. 

(~) il ls laid to be consistent if 0 + 1: 1 ~ 11 • 

(k) il ia a-consiatent if it ls consisterrt and '0 1 l f 

(,2) Q is maximally consistent if it is consistent and 2(1,0) .. (0, Il • 

(s) Q ls prime iff, for any 
cp 

l =::::':::===J. 0 , .-
if cp V, .. l then either cp - 1 or t .. 1. 

(!) Q la atrongly prime 1ff for any X € Oh Q and 

any X cp ~ 0 if m V ", • 1 then m '" 1 or ".. 1 • 
., , 't' X 't" X X 

a 

(D Q 18 called ~ iff the 

• 
i~entity functor; a ~Q is an enriching extension of il, 

i.e. iff, for every X cp ~ n in a 8uch that 

'!, {cp] .. l, there la 
·x 

x 
l ~ X in Il 8uch that !px.. 1 • 

(~ Q ia called 8aturated if lt la consistent, prime and rich. 

(!!.) 
'~\ 

Q ta _called a"'lI8turated iff lt 18' a-consistent, piime and rlch. 
.... -
, .. ~r 

3.1 (a) Proposition. If a prelogical çategory Q la maximal1y consiatent, 

then Q 18 prime. 

Proof: Let cp,t! 1 ... 0 be auch that cp v .. -1. Stnce' ia consisten~ 

« cp V t) -> Ô) -_0 ; 1. 'Uaing the tneorem for R~tingalgebras(cf[ll) 

tbat (/3 -> a) A (y -> a) . ~ (~v y)' -> a, we have 

(1) (cp ->' 0) A ( t -> 0) S (cp A.) -> Q - O. Thi. forcee eitber 

(q, -> 0) ri 1 or ( t -> 0) l' l, 
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.... , 

since otherwise (!) contradicts consistency. Equivalent1y, sinee Q 

1e maximally consistent. e1ther 

, (cp "'> 0) = 0 or (f => 0) = 0 • 

By definition of => th1s says that e1ther cp • 1 or 1jr::l 1. 

3.7.Cb) Corollary. Maximally consistent ~nd rich categories 

are 8aturated. 

\ 
3.8 Theorem: Let il be a prelogical~category. ThenQ 18 max1mal~y 

• 
con8iste~t and rieh Hf .Q(l, ): Il -. §. is 8 semantic 

premodel. 

Prao!: (-» As is weIl known, ~I, ) 1B a functor and ?reserves 

f1nite products, since 

.Q{t,x X Y) :; QU,X) x Q(I, y) for aIl X,Y ~ Ob(Q) , 

and < f,g > ( ) 
f 8 

= < f(),' g( ) > for àll z--~> X, z--~;. Y, 

by d.efin1.tion of products. , 

ln particular, .Q(1,I). 11 ~n~\ Q(l, ~X) - ~.Q(I,X) for a11 X. 

'Since Il is lIlsx1mally condstent', ,a(l,m'-:;' 2 i.e • .Q(I, .) pr~erves (1 c, 

lCi ..... v For every 1 --p;' A and x p ~ (1 in ~ , 

.aU,cp) (x) - .Q(x,Q) (cp) - <px 

and ,a(x,(1~ 11 8 Reyting homomorphilm by l.l(b). 

i.e. (CPl V CP2)x - CPl x V <P2 lE , 

(<pi -> <P2)X • <Pl x -> <P2X
; • 

and 10 OD; 

i.e. J]{I.) preserve. a11 ~he Heyting operations of each .Q(x,n). 

\, 
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\ 
We. shal1 ~ake use of the reduction fonpul'a 1. 7( a) to show that 

Q(I, ) preserves existentiel quantification. 

First Illet X E Ob(Q) 

and 1.4(g), 

1. e exactly, ~() 

.Q(I,X) X.Q( l,X). 

and 1 t xl ~X in Q • By l.I( e) (i) 
x2 

< 
is the equality predicate (1n §) on 

Thus .Q( l, ) preserves equaUty. 

Let X X Y"""":'P--iJ» Y and X)( Y 'Il 310 n ln ~. We wish to show that 

( ~p ('Il) ) () - ~p ( ) [q> () _ ) 88 maps: .Q(I, Y) ~ 2. 

Litt 1 y ... Y ln Il. and suppose that (:3:
p

[CP]) Y - 1. By l.6(b) (i), 

, 
1 - (:B:p[q>])y [q> (id

X
' X y)] X 

·X 
) 1 • :i, 

·X 

l t Sinee f1 il rich, the latter i~ X Y 

implies that there 1& i~x \ 
X X Y ;'Y \P iD fJ. 8uch that 

IP . 
-~ cP, (~dX )( y) x • 1 in fJ. • 

.. n 
i.e. cp <x,y >- 1. 

i.e. there is a preimage (x, y) for y under p( ) which asti.fies q>( ) • 

i. e. preciaely thlrt ( :Hp ( ) [cp ()]) (y) - l iD §. . • 

CoDversely auppoae ( :ip ( )Ccp 

Note tut q> ~ ( !p [q>]) P by 

( »)) (y) • 1. ·i.e. there II luch an x. 
:t-

1.3(8). TheD 

.. 
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1 .. m < K,y > < ('" [cp]) 't' _ .:lp p <X,Y>:(\p(CP])y 

and 

Thus !J(I, ) preserves'quantification along projectiohs and therefore 
~ . 

by 1.7(8) preserves aIl existential quantification. 

\, This -shows that Q(I, ) is B semantlç preœodel for Q • 

«=) Conversely assume that Q(I, ) 18 a semantic premodel. 

Stnce ~(I,n):: 2, \.'. !2 1s maximall! 

Let rE, {q>] ~ 1 in ~ • 
·x 

consistent. 

Sinee Q (1. ) preserves quantification, f':r ( ()] 1 ' • • .:1.1 m = in (t. 
'g(I,X) 't' .!Co 

i. e. there is' an x E Q(I,X) such that cpx II: 1; 

i.e. precisely, Q is rich. 

This completes the proof of 3.8. 

3.9 Rem.ark: For categories which are'" not ma~imally consistent we h4ve 
('7'? 

'the following weaker propert; for the canonicat f'!'1ctor: If Q la any 

1 

rich prelogical' categE>ry, then" .(1(1, )p;reserves ptoducts and Heyting 

Operations, and furthermore 

This fact follows dtrectly from the proof of 3.8 • , The preservatipn 
~ 

of products and Heytink oper-ationa was .proved with no reference ta 

maximallty. Likewise Q{I. ) preserves equal,ity: it has been 'noted 
1 

in 2.2 that the ,equalitr predicate ln ~ ta alwaya .the usulll, two-v!!lued 

equality, even when ~ ia.made prelagicel with an 0' larger th an 2. 

The proof that ( :il:p [q>]) () - 1 i.~f ~p ( ) [cp () J • 1 goes thr~ugh 

(or .1\y rlch category; .the only use" of muimal conaiatency wu to 
, f, . . , 

conclude from thi. that (~[~J) () -~; ( )f~ ()] for aIl v,luea • 

• 

• 

, 
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-""' CHAPl'ER 4: COMPLETENESS TIlEOREM FOR PRELQGlCAL 

CATEGORIES 

! 
The main work of this chapter is to extend appropriate a-consistent 

prflogièal categories ta maximally consistent a-saturated categories. 

In order to do th!s we must first develop three generai kinds of opera-

. tians whi"ch can be perforrned on prelogica.1 categories': extension by 
",-

constants, reduction modulo an equivalence relation, and limit ('lf a 

chain of extensions. 

As the terminology suggests, one May think of the construction 

in 4.0 - 4.4 as représenting the addition of new constants 

logical sense) to tbe language of a the ory . We emphasize her 
'. - "-

no new axiom schemata are added to the theory; however one does acquire 

sorne new axioms, for example by substitution of the new constants into 

axiom schemata already present. In the present categoricsl settinf<, 

, \ 
the procedure ia more complicated but the effect similar. 

de finition i.:1 (following [2], 4 is designed to en'Bure 

The 

that the 

new "constants" will indeed behave like constants of a theory. For 

example, the above note regarding subs ti tutlo~. into exis ting adom 

~chemata becomes the following condition: For ~ new constant 
-1 

k 
1-----:0-> X added, l'k-l. 

X 

4.0 Definition. Let a be a preIoglcal category; and K any category. 

K 18 called a category of constants for Q iff 

~) 

Ob@ - O~@ . 

For each X f. 1 
ri 

and every Y, K <X,Y) - tl . -
î 

~ \ 

" .... 
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4.1 Definition. Let C be a small prelogica1 eategory and K 

8 eategory of constants for Q. We construct the extension .. 
of Q by the constants in K as fo11aws: 

Le t K be the se t !S.( l,X) 

Let ~o denote the category of finite cardina1s, whose 

morphismB are a11 set mappings. 

Define K' = &' K ; Le. K' Is the category of fini te 

sequences in K. 

Sa an abject of K* .is a pair (n,c) with n € Ob~) and e 

8 map: m ~ K in S, 
-0 

and a morpbism (n,e) __ s __ ? (m,d) in ~ 

is 8 set mapping 'n ~ m such that ds = c. 

4.I(b) Define the (contravariant) functor A: r~!2 by 

A(n ~ K) = ô1(c(O) X 61(c(1» x· ... X d 1(c(n-1», 
where 8S usual ô l denotes the co-domain (in f1) ; 

s 
A(c ) d) is given by (Pk) (A(s» = qs (k) faT each k € n, 

where Pk denotes the k'th projection of A(e) and qj denotes 

the j'th projection of A(d). 

I.e. A(s) is the product map < qs (O},qs (1)"" "qs (n-1) > . 

4.l(c) We now define .a[!1, the extension of!J. by the constants in K,. by 

(i) Ob <Q[Kl) - Ob <Q) 

(ii) For given fixed X,Y E Ob~, calI 

Mx,t • (aIl pa:l.rs ft f,e If. " wbere c € rand f is a map 

A(C~ X 
f ) Y ln Q ) 

Ji' 
rel~t on 

. ~ 
Define the equlvalence R on Mx, y by 

( -ft f,ri, # g,d * ) € R Uf thère éx1st maps c-_·--~> e énd 

cl t > e ln r luch that thé diagroam. ad the' next page commutes. 

l 
J 

.' , 1 
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~ (s )-p..J"l ~ A( c) 
~ . 

X X A(e) 

~ '(.)Jq-~A(d) 

NoW define Q[~ (X,Y) = Mx,y/R' and denote the equivalenee 

class of # f,c ~ under R by ~ fic ~ • 

4.2 Proposition. (~) A as deflned above i5 a contravariant funetor. 

(~) A ls falthf91 and takes finite coproducts ta produets. 

(~.> Q(!1 as defined above 18' a eategory 

Moreover t.A and E[![J satisfy the following properties: 

~) If c in xf is monie snd ~ ~ 0 (i.e. n 1 ~), then for 

every pair of maps c ====8==::i~d, in t there exista d u > c 
t 

such that us = ut = id 
c 

i gle ~ with e monie, then f ~ g. 

(f> If i fic ~ = i fld ~ with f manie, then c ~ d 

(.1> Given Bny A(d) X X f 0)0 Y in J:. and sny d s > c in x-+ 

~ (f)(A(s) X X)lc ~ - # fld ~. 

Proof: (~) Note first that A ia well~defined and contravariant. 

~ any object (n,c) of If' and Bny i € n, cCi) La an element of K, 

cCi) i.e. a 1Dorph18m 1 --';"'"""--~) Xi, for same objeet Xi in Q. Since n 

1. Unite, 

~) For sny c 
p 

projection 

the product A(e) • X X.·· X X 1 o n- will be an abject of J:. • 

s > d in t'and any kEn, s(k) la ~ m S~d qS(k) is Il 

qS(k) 1 
A(d)--o.....:..-~> d (d(s(k») in Il . 

, 
, 1 

! 
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1 

But .dg = c by definition of morphisms in t';, thus qs(k) is a 

map A(d) qS(k) ;>. o'(c(k» in 12. Therefore the product map 

A( s) = < q q q > 
s( 0). sO)..... s(n-l) 

will be 8 m8p 

A(s) 
A(d) ___ ~> A(e) =olCc(O» X 'f' X 01 

(e(n-l» inQ, as required. 

It 18 elear that for every c in t* , 

To verffy that A preserVes composition, let the 0 
diagram st the right be any diagrarn in ~ 
and let ri denote the i'th projection of A(e). 

) This gives rise to the diagram below ;ln f: 

.. 
A(a) - < qs(O) •••• 'qs(n-l» 

A( e)------------..".> A(d) ---------.,----~> A( c) 

l 1 
A(ts) • < rts(O) .... ,tts(n-H > 

(by definition q! A(s) ) 

• r t( I( k» (by definltlon of A(t») • 

.. 
Thull A( s) ACt) 

• 1 

ail required. and 80 A 'is a functor" 



, 
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1 
! 

! ' 
s 

in;:fl' such that (~) Suppose th~t one has maps e 
t 

A{s) A( t). If ~j denote the projections of A(d), then for 

each k € n) pkA(s) = PkA(t) ; i.e. qS(k) = qt{k)' This forces 

8{k) tek) for ail k € n, i.e. s = t. Therefore A i8 faithfu1. 

We note that coproducts in ~ take the fo11owing'form: Let 

(n,e),(m,d) be arbitrary objects of ~. Sinee S hss finite 
-0 

coproduets, there is the coproduct n + m in Q , and the 
o c 

"faètoring map" nm Cd) '> K 

in §. given by 
o 

[

cCi) if i D 0,1, •.• ,n-1 
( :)(1) 

d (1- n) if i '" n, n+ l, ••• , n+m- 1. 

ç.coproduct c+d in ~ ls precise1y this map C~) , which we sha11 

sually denote by"~' c1J. The injection maps c---> c:1J and d~ êti 
u u 

in II' are just the injections" n n)o n+m and m' m > n+m it>. Qo • 

Now A(ë+d) - A(~) - d\(~)(O» x~ •• X dl«~) (n+m-l» 

- A(e) X A(d). Thus A takes coproducts to products. 

(.s) For 8ny X € Ob(Q), the identity morphism of X in ..Q(J[J h 

i idx le i , where for eonvenience we let ~ stand for both the empty 

.et ~ E: Ob(~) and the empty map ~-_::.."~>' K € Ob(!!!). 

€omposition in ~(~ ls defined 88 fol1awa: 

Let )0 ,y and Y it fic i > Z be mapa in .Ql!1. 

i. e. A(d) X X 8 )0 Y and A{e) X Y f)o Z are maps in Il. 
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( 4.2(c)(i). Define 1t fie lI-# gld li- in Q[.K] to be /{t(f)(ACc) y g)le'a lI-. 

One sees from the ,diagram 

<), ACe) X g 
A(ld) ~ X = ACe) X A(d) X X -----~> A(c) )( y __ f_~> Z 

' . . . '\~ 
that the definition does give a morph1sm X ~ Z in Q[!O 

To verify tha t the composition is well-defined. 

iuppose 

via the commutative diagrams .. 

and 

in Q • 

Then the f~lowing diagram must eommute in Q. 

o 



.... , 
~ 

i. 
1 t 1 

t, 
-"" ;. 

~, 

t ., 
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., , 

1.e. 

snd so composition 18 well-defined. 

It 18 clea~ that thls composition i6 aS80e~tlve, and that the 

• morphisms ~ idxl0 * aet as identity maps. Thus Q[K] 1s a category. 

(~) t,.et q denote the coequalizer of {s, t) 

such a coequa1izer is constructed fi j. 

in ~ 0 udng the following equivalence 

relation '" 

U. k) € '" iff there exist il' • • •• i M € .m 

in ~ • Recall that 
o 

r-s~ q 
n m 

\'7 
K 

such that 

:>m/h-

Since ds ~ dt = c and c ia monie, it fo11ows that 8 and tare monie 

and further.nore tœ t s( 1) .. t(j) implies 1 = j (beeause then 

dl(i) • dt(j); Le. c(i) oz e(j». 

Hence"" must condat exaet1y of pairs (s(i),t(i» with i € n, 'pairs, 

(t(i),s(i» with i e n, and pairs (j,j) with j E m. 

Deflne u: m ~ n by : u(s(i» • ~(t(1» - i, and u(j) • 0 e n if j is /' 

cot in the range of 1 Dor of t. From the above discussion one lees that 

u il wel1-defined andia the required map. 

t!) By definition of the equivalenee R, there exist maps 

in If! .uch that 

(f)(A(a) X X) • (g)(A(t) X X). 



( 

\ -52-

But slnee e ls monie, by 4.2(d) there exists d u ~ c sueh 

that US = ut ,= id c 
A(us) = A(ut) = A(id ). Le. sineé' A 

c 

18 a" contravariant functor~ 

A(s)A(u) .. A(t)A(u) = {dA(c)' Therefore 

(f)(A(s) X xy (A(u) X X) .. (f)(idA(c») = f, and 
/ 

(11i) (g)(A(t) X X) (A(u) X X) - (g) (id A( c» - g • 

But by <.!) , L.H.S. (iD = L.H.S. (!!.!). Rence f = g as required. 

, ~A(C)XX~ 

A(e) X x----.;.> A(d)"" /Y 

~A(C)XX • 

A(u)XX 

• t 

(t> By deflnltion of R there 'exist 
c s )- e and {) __ t_> e ln t 

. 
8uch that (f)(A(s). )( X) .. (f)(A(t) X X). Since f is monie t~ia implies 

A(s) _ A(t); Henee (Binee A ta faithful) s =: t. But ainee s, tare 
." 

t. _ ' ell '" C and et • d. Thus c· d. morphisme of 

id Il . .1. 
(.1) The morphiam e __ c_~~ c and d --~)- c ln!5." give the 

fol1owing commutative diagram ln Q. whlch proves the requi~ed equtvalenee. 

A(s)XX 

~ A(c»(X )A(d»(X~ 

y 
A(c) X X 

~ ~ A(cs)xX - A(d)XX 

This completes the proof of ~. 
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4.3 ~. Q and!S. are embedded ln .c(!1 by the func~ors 

(.!> JI: Q -+ Q(K] , where J 1 (f) = f: f 10 J}- for a11 maps f in 12 ; 

(~) J 2 : !S.-t ('(K] where J
2
(I 

k 
> X) = ~ idxlk * , -.... 

A ~ " using the notation k for the map ~K given by "lt( 0) = k • 

~ 
f ' ~ 

.!:!:22!: Given X--.~) y in Q. J1(f) - 1 X X .. ) Y. sincf' A(0) = 1. 

,"'''fi. = II. • Because JI" JI; composition will be just compositi.on in.Q and JI la a 

functor. 

Suppose that # fl0 i = {g10 i. Then precisely 

f g 
1 X X ---~> Y = 1 X X------~> y in Il. 

1. e. f II: g in Q and so JI 18 falthful. 

IdX 
Note that ln particulsr for f .. id

X
' JI (f) - ;r X X ---+) X 

-
i.e. that JI 18 the identity functor on objects. 

Slnce k 18 a map 1 k > X- in K. 
id . 

X ~ X X X 1 

/ 
Suppose for some 1 4X / 

/ 
Since id

X 
la monic-. by 4.2(0 this 

r 
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4.4 Theorem. Let Q be a preloglesl eategory and K a eat~gory of 

constants for fl. Then 

(!!) Q[l[1 1s a preloglesl category and JI is a prelogleal funetor. 

(~) If Q and if. are smalt, then Q[[1 is small. 

If .Q 1 s fair, then Q[Kl lB fair. 

Proof: (~) 
1ff 1 e~ -!tg 1 dlt 

Let ~btffit:mt1 let X ----~~ Y, X ~ Z 
- ----- -

by morprisms in .Q(KJ .Let QI,Q2 denote the projections of A(c) X A(d) in {J. 

4.4(8)(i), Then the prodùct map in Q(K] , 

making use of the produet map in Q . 

A(c) X A(d) 

f ) y 

~ 
XX ~yXZ P 

~A(d)XX ~~Z 
g 

o.t-~ A(c) X X 

> 

Cle~rly the œap defined by' (1) will inher1t from .Q th, universal 

prop~rty required to make a product in .Q[.K] , 

and IX X g ) Z ; 
1 

IXX--~:>Y 
f 

- r 

" 
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i.e. consider the case where i fl~ * = i fl0 * -JI(f) 

.., --
and it gl d * '" JI (g). Br the usual isomorphisms l X l X X = l X X = X, 

we ohtaln immedlately 
• 

That ls, JI preserves products. 

With respect to the Heyting algehra structure, the following properties 

of Q[K] should he noted: 

4.4 (a}(il). First, given any maps ~Ic *. ~Id *: X ~ Y in QI~. 

then ~Ie * - i(~)(Pl X X)I~ ~ 

and ' ~Id * .. it('f)(P2,X X)lc"d ~ 

where now Pl.denote the projections of A(e) X A(d) in ~. 

Letting Jl denot~ the injection map c JI ) ta ... c + d in ft· and 

remarking that A(J1)· Pl' we verlfy (il) by the commutative dlagram 

shawn below for ~)and .by a simi1ar diagram for t . 

~
. )-1$ A(e) X X _______ 

... l~\. . ~ 

A(~»( . • • ~Y 
~ . ~q> 
-·,.z~~A(c1t) X X )A(c) X X ........... 

__ 'II 
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Let 11: cpl c ~ , 11: l'Id i : X ~ n in .Q[KJ. Maktng use of the 

Heyting algebr~ operations of !1 (A( c"ti) X X,n) , l'le define 

and 

Clearly this last'will he the case lff 

4.4(a) (ivl. 

(CP)tPI X X) ~ (V)(P2 X X) in ~ (A(td) X X,n) 

i 1xl0i 
Secondly, note that the map- X _ .... )~---!>!> 

.' 

in .Q[K] (L e.;be equivalence cl~~s of 11: IX,0 i) consists of 

ail maps A(c) X X ~ > n in Q such that there exists 

{ 

c ---,,8_~!> e in j(f making the first, d1agram below c te in .Q ~ 

A( c) X X _____ 

~ (s) y.. 1.. - ~; 

A(e) XX~· . ,,>o 
--.t(e).J x~IxX _ AUn X x~ 

.~A«)XX~ 

A«>XX~. ..::0 
, "(C)~ ~A(')XX/'\.i. 

ln particular 1 it lx \0 * 
inc1udes aIl maps 

A(c)XX l' >n in Co 

8uch that 

-\ 

/ 
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That is (sinee 'composition preserves the Heyt1ng struc,tute 
.A -

inQ), aIl maps,. = lz for BQ! ~bjeéts t:'~Â{c) xX in·~·. 

This class ~ lx l0 ~ will be seen to be the greatest element of 

Q(.K] (X,n ) • 

'hOIO to he the lesst ,element. 

In order to prove that 4.4(a)(11i) and (Iv) make .c(K] (X,n) 

into a Heyting algebra, we must show that: 

<.!) lt is an infimum- semilattice (1. e. that " i9 conunutat:ive, 

a8Sociat~e and idempotent) • 

. 
(vi) => defines a relative pseudo-complèment (i. e that 

. (vil) i 0xl ~ i 1. a least element (L.e. that for all 1t qJlc i. 

it0xl0 * $ 11: cplc ~). 

• Let 1t cp 1 c i, i tld ft. and 1t xl e #- be any· snsps: X .... n in Il. and 
'1. - • ) • 

for convenience denote the .Heyting ,algebra 1J(A(c1:t~e»)( X ) by A • 

The properties (y) of A are inherited dl ect:ly fram A. For example, 

to verity cOlDIDutat1vlty: ... 
. ( 

lt'tlc .I\~.td JI.-~(CP)(Pl!!(/)" (t)(p2xx)I,~d ~ 
'* '. ~ ( ... )(pt X) " (cp) (Pl X x)lc'\:t t} (by coumutatlvity in A). 

". #: ,1 d * " .#: <pI cft· 
'lb. other two condtioDs for <!) follow simi.larly. 

. . 

\ . 



l 
1 
1 

i 

(. 

( 

o 

Next let denote the projections of 

A(c~) "" A(e) X A(d) X A(e) ln f , and eonsider the diagraffi shown. 

A(e) X X~ 

~~ ~ 
p~ , ~ 

A(cVe) X X 2. • A.(d) X X;==?O 
~' 

• oJ • .t~A(e) X X X 

We have. by 4.4 (a~ (Hi) that 

whleh, by the adjointness of -> and 

,J .. ' 

(f)(P2 X X)· in A • 

i.e. Iff 

,/1 

( i X, e fI.' ~ ~ #: ~ lx: ft) $ : #: f 1 d ft in f [!] OC • n ) . 
1 

Thus 4.4 (a )(vi) 
l' 

aSs been p~ov~ , , 
. l , • 

Slnce 0A (c) X X ~ ~ ln f (A(e) X.~) 

-1'..,., 'l,' 
-r " 1 

#: 0x" fi. - #:O~ (~)~ ~c,~' $ H:~'~, ~ in,Ç [41 <X,n) . 

l'hus #: eX"~ ~ 18 a least eleuent, making ',Ç [K}OC,Q,) ~ a Heyting alg~bra. 
cp' 

Horeover given aoy, X " n ln 
t ' 

&. , ~ deflnitions 4.,4 (a' (Hi) 

and (iv) dictate precisely that 

..--.. 
JI (cp' A ft) - JI (~') A JI (fi); JI (~' ,-> t ' ) - JI (cp') -> JI ( ') ,; 

) 
\ 
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That 15, JI preserves ~œ Heyting algebra structure of every.f. (X,1l ). 

\ 
In order to conciude tha.LÎl i5 a Heyting algebra object of .f [K] , 

ft remains to be shown that f[K] (U: fie ~ ,\1) is a Heyting 

hornomorphism for every rnap U: fie 1} in .Ç[Kl 

Note that one COnsequence of 4.4 (a) (iH) 15 tha t for any c' € 1 t 1 

and any A (c ') .>< X 7t y 

4.4(a) (v1i1) i ~Ic' * A i vic' * = ~ ~ A ~Ic' * 
The equ1valeocc 18 verified by the following diagram: 

A (c ') X X 

-1 (c ' 
).lr 

.t 

Now let A (ç) X Y !Il 

ACe) X X- f > Y ; 

A(e) X A(d), 

Then 

? n, 
let Pi 

and rI 

A (c'''c ') X X 

~)A 

A(c •• )xx~n 
A (d) X Y 1V :> n , and 

denote the pro jec tions ~ 

the projection A(t~) ~ A (te ). 
rI 

10.-

... ..ft:lCD)(P1X Y) 1\, ~HP2 X Y)lc"d~ #: fie ~ by 4.4(a~ (iH) 

- -t: ( (CP) (PL X Y)" ('+') (pi X Y'V (A(c'd) X f) 1 c"~.::t 

by 4. 2 Cc )(i} 

j 
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~ 

z # (~)(PIX Y)(~(cd) X f) A (~)(P2 X Y)(A(cd) X f)1 cde * 
beoause ,ompo.itlon in ~ pre.erves .11 Heyting oper,,/. 

\ 1 
'" # (CP)(PI X Y)(A(cd) X flcde * '" #,(W)(P2X Y)(A(cd)xf)lcde * 

by 4.4(a)(viii) 

.. call (ix). 

by thé following dl.agram: 

A( c1te) 

A(c'\te) X X . 

A( é"e) X X 

and 1!:(f)(P2)( Y)(A(cd) X f)lcde li- .. ij:(W)(A(d) X f)lde li-

by similar diagram. 

Therefore (lx) - '1!:(cp){A(c) X f) 1 ce 1t- " ij:(~)(A(d) X f) fde li-
'\ 

precieely by 4. 2( cH 1). 

Thus composition witll 11: fie * preserves ". 

;,1 



1 

1 
1 

f 

'. 

,",0 

\ .. 

It i9 clear that the ssme arguement can be used for each of the 

Heyting operations, and so n is a Heyting algebra object in ,fr[o . 

Existential quantification is defined in ~[Kl by : 

4 • 4 ( a ) (x) Let A( d) X X f ~ y _ and A( c) X X cp :. n in Ç. 

b,e given and let 

Pl 
A(d) X X----=:.:. A(d) 

Theo define 

We remark that this does define 

a morphism of ~[K], since the 

quantification on the right-hand 

aide is performed in C on the 
---". 

diagram shown. 

denote the projection maps 

q 
and A( cl1) __ ---=l=--~> A( c) in C. 

We show next that (~efineS a left adjoint to substitution. , 

By~. it: 18 8ufficieDt' to p~ove that (xi) and (xii) hold for a11 
• 

A( c) X X q> > n, A( d) X X of.. y and A(e»)( X t .. ~ in.f 

, 
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To prove (xii) we ShBl.1 rnake use of the subleTlll'{la (xiii) 

f 
(xiii) Given any A(d) X x--~)o Y, (1) )0 n and 

Proof: 

pl 
1 

projections A(d) X X-~--3!J.> A(~~ and 
ql 

A( chll) 1 >A( c"d ) , 

then the deiinition (~)reduces to 

:Rit fld tt[ ~q>'ltd~] = tgA(c)x < pi,f> (cpf]le'èJjt. 

Î" 

~# f 1 d ~ Ut cp' 1 dl ~ J 

A~ A.. _Ji, 
by 4.2.(g) , where s .. c + \1d: cdd~cd in r" • 

caU (xiv). , 
Now the diagram below 18 of the fonu of 1.6(d), with 

Xl - A(e).)( A(d) .. A(c1i) , X2 .. X, YI - A(c1rli), Y2 .. Y, h - A(e) )( ~A(.tI) - A( 8) 

ri 
and f .. fr2 ~ where r 2 denotes the--- proje'Etion\..\.(é'c:rli) X X 2 >A(d»( X' 

A(e) X < pi,f > 
A( c )XA( d )XX-----------~> A( c»(A( d )XY 

A(c)XA(d)XA(d»(X-------------~) A(e)xA(d»(A(d)X y 

n 

/ 
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Thus by 1.6(d) one has 

, 

wh1ch 

\ 

Now the proof 

A )X X f >y 

of (!i) proceeds as follows: For any 

Bnd '"ACe) X X ~ n and projections 

Pl ql 
A(d) )C X ---;;.> A(d), A(td) :> A(c), one has 

--'" 
( 1I.jt f 1 ~ ~ [il <P 1 c li- Il (il 1 djj. -f ~ A( c)X <Pl' f:,c <PI"" J 1 cd )fitf 1 d~ 

hy (x) 

(~~ fi d 1t 1tcP \ clt ({ff 1 di -

- ~(:B:A(C)X <PI:f> [c:p (q1X X)D (A(td)x 9 Itd'b:t by 4.2(c) 

'" 
:,1~ it cp(qlX X)\tli *. by 1.;3(a) and /4.4(s)(Ul) 

1 
) .. C 

• itcplclt by 4.4(8)(11) • • 

""-
Tbu8 4.4(a)(xi) ...... \8 been proved. 

1'" fi) ., 

, 
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, To ~rove (xii) let f, cp, P1,ql be as above; let 
1jr 

A( e) X Y ~ be any map, and we adopt the followlng notation for 

projections: 

Then 

by 4.2 ( c)( 1) 

...-

-----~ -:R1t fld * [ 1t cplc * 1\ (#'Jr s2(A(e)x < pl,f »Iéa lt-J 
• , 

1 
by 4.4(1:1)( i1i~ 

by t •• 4(1l) (xiii) 

• lSA( t~)X<Pl J f> &r 1 t 1 1\ (ws2Q; uic'è)x < Pl' f>~] 1 te1l j. 1" 

\ ' 

'", 

l1 

·1f:gA(t!e)X<Pl,f~[ CPrltlJ 1\ vS 2Q21 te'\i,j by 1.3(b) in.f '. 

~ 
( 

" 



1 

, 
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- i(":3:A(C)X <p1,f > {cp r1lltd:;tt. 1\ 1;: '4'/e't}- by 4.2(g)7 using 

s .. ~nject1on: di - c~ • 

Thoa 4.4 ( s)(; ~i}, ha. b een pr ov e<l, snd th er ef or e t'-q uan U fi caU.., 

in C (.K] is an adjo'int as required. 

'''' ", 
In particular, Binee adjoints are unique, this tells us that the 

quantification ls well-defined , i.e. does not depend on the choice 
.' 

;A of rcpresentative morphisms. -

We .note dao that by 4. 3( a) and 4 .4( s)(x) ~ for sny X f ) y 

and ,9»0 in.f, 
- - J 

- # ~f(CP] ID * -J 1( :if(cpf) • 
1· 

• That il, JI pre8er~e. the exiltential quantif~tlon, and therefore 

18 an Intultionlstie prelogical functor. 

. -,.. !... , • -:., >,J,.' \ 
• ~, ~ ~ ; ~t~ ~ '. ,. 
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( 
The Beck conditions on ~[K] take the following forro: 

4.4(a) (xv) Given any A(d) X X __ f ---,0:> Y ..Q, then 

.and ip .f , then 

~ 

l __ 

~ 
- ~ ~1t Yll0 i X # f21d2 ~ [1t cp!c i]) (1t flld l * X 1t Y2 10lt ) 

1 
l 

By '1.6~e) ft i8 equivalent to (xvi) that given sny f
1
,f

2 
as above and 

any A(e) X X
2 

X Yl-...... q>-~> n, then 

If 

1 
-



, " 
~ 
;;1:'1 
~ . 
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~ 
~ " 
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J~ 
We fi st p:ove (!!): 

f# 1yl0 ~ <' fi d ~ J ~-If XI0;}. _If fld ~> 
.. 

" 

by 4.4(a)(xiii) 

by 4.2(c)(i) 

.. (#" 1r6y{lylI0~) (#" fld * X if YID *) 

\ 
• ('I!i ,\I~ lf [ i 1yl0 If D (i fld If " i Yle 7 

as required for (xv) . 

We next verify 4.4(a)(xvi) 88 fo11owa: 

" '1 .... , 

1-

---"" 

-------
-----' ---------



l , 

. t , , 
~ 
t 
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by 4.4(a)(x) . 
( 

# 

- t€tA(C)X <P. f
2 

> X Yi [q>q21) (A~c)x' A~d2) X Y2)( fi) 1 é'd~dl ~' . 

- caU (xviii) 
~ 

J 
by 4.2 (cH il 

) 

. . 

----
". 

1 

...- . 



t, , 
1 11' 
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Now the diagram shown 

A(c)X <p,f2 > X A(dl)y Xl 

A(c)XA(d
2
)x X2)( A(d l »( Xl.------------» A(e»(A(d

2
)X Y2X ~(dl) X Xl 

" 

221 

... 
YI - YI' Y2 = A(c) X A(d 2) X Y2~ fi = fI' f 2 = A(e~ X < p,f 2 > , 

r - and cp. cp q2 ". 

Thus by 1.6(e) we h.e (xvii) - (xviii), and so 4.4(a)(xvi) has been 

proved • That h, the Beek conditions hold in f[K] . 

'lbe remaining properties necessary ~o JDace .f[KJ an intultionistic 
~ 

preloglcal category are the condltloœs l.l(e) , 

• Suppose o~e has A(d
1

) X X 

f . 
l .. Y 

That ia, by 4.4(a)(x) 

~-, 

and 4 • 4 ( a)( 1} , , 

regardlng equality. 

\ 
f " 

2 \ Y 

.1 

/ 
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where one has the projecti?ns ql,Q2 of A(d
1

) X A(d
2

) as shown below. 

,Le ~Y~l)(ql" X>,(f2)(q2" X»ld~d21'1I1A(dl)"A(d2»(xld~d2 li- \ 

hy 4.4(a)(12 and the note 4.4(a)(iv) 

~ 

Since C s8tisfies l.l(e)(i), this implies that 

(Xix) 

,j> 

Stnce ql = A(nl ), q2 = A(n2) for the coproduct injectiens _ 

• '. (xix) says precisely thst 1t fIl dl ~ • 1t f21 d
2 
~ , and hence 

that .f(K1' satisfies 1.t( e) (i) • 

Ta verify lot( e)( li), Let A(d) .. )( n _,"",--_f~;. n,- A( e) X (l g i> Cl 
(~ ~ " 

be 8ny m8ps and let Ql,Q2 

A(d»)( A(e) .. A(e). 
• q2 

denote A(d) X A(e)--' .,.~ A(d), 
ql ------- ~ 



( 

, 

1 

Then 
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_ if en <f(ql\.X n), g(q2)( n) >I~ ~ by 4.2(c)(i) and 

4,4{a)(i) 

because f sathfies l.l(e)( U) 

.. (11: fld ~ "'> i gle tt) Â ~tf: gle Il- =>tf: Üd~) by 4.4(a)(iii) 

so that ~[KJ satisfies l.l(e)(ii) and ,therefore is prelogical • 

This completes the proof of 4.4(8). 

4.4(b) ls obvious fram the definition or ~(K] (X, y): Each Mx, y can be 

st most card( t> times a~ large as f(X, y), 

4.4(c) Suppose that f is fair, and note that for each Y X Z 

which must certainly he epf" Hf Pl is. 

But let Y)( Z . be any product 1n .f (KI and let Pl,P2 denote the 

:,ro~ect:fons in;.f; the: projections -:~ Y X Z in .f[~ are precisely 

For: x 1t &1 d ~ > Z 1n .flKl . Then one ha" 

f(q1X X) 

of A( c ) )( A( d ) 1 n c • 

! 

.. 

.. 
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Thus aU projections in .f[,K) are epi, Le . .f[K] is fair. 

A(c) X X----f--------:>;> y 

A( p)xA( d)x Xk-~-________ <_f_(..c;..q]I..'_.X_X_) J--.,;g:..,.(...:..qL.2X_X_)_>--;." " X ~1 

~ 
A( d) X x.---'--------~> Z 

g 

X1 
Theorem 4.4 ,the main theo;r.em on exÇension by constants, has therefoEe 

been proved. 
\, 

\,,' 
The next tfew resu\ts develop, the idea of a. prelogical quotient 

category with respect to ~giVetl filter OIl' __ ..Ç(",O). Intuitively, one 

may think of su ch a procedure,~s tracing aIl the lo~ical consequences 

of a new set ofaxloms added to a theory. Reducing .f(I,O) modulo a 

filte~esults in sorne sentences Ct b'eing made equivalent to l, Le. in 

new (8e~q.c\e) theorems. This in turn causes. the reclûctiod' of the· C(X,O), 

i.e. crea~es ne~ (open-formula) theorems of type X. In particular one 

acquires more .. theorems,~ of forU]. e.y < f. g >, thüs idèntifying certa1n 

terms of the theory. 

4.5 Definitipn. Let C be a prelogical cate~ory} 

By· a prelogi,cal ~ongruence r~U>()n! on ~ we ahall 
" . 

mean(a) a system (~, y}x, Y E: Ob(C)' ,of equivalence relations 

~ on the classes C{X,Y) 8~i8tying the followin~ properties: 
, y ~ , - - , l \') 

irt 
.. 

~ ~. ( 
J 

\ 
.-.f~ " , • 

t, 

, f 

, 

1 
t 1 , . 

r • ) . ' 
r 
t 
'. 
. ' -. • 

'" 
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• t 

4.5(b) If and then (f
1

g l ,f 2g 2 ) E Rx,Z 

. .we "'sometlmes describe this property by saying that F 18 compatible 

wlth (or, closed under ) composition. If 

4.5(c) 

then 

where as usual <,> denotes the product map. 

This property Is Blso re{erred ta as "R i8 compatible with 

(or, closed under) -products". 

, 
4.5(d) Jf (f l ,î 2) € RX,y and (~l'~2) € ~,n then 

4.5(e) 

J 

.. 

4)s~f} 

4. S( S) 

EquivBlently we say that R 18 compatible wlth (or, cl08f!d uq<!~) 

exlst~ntial qu~ntificatlon. 

~ 
If (CPl '~2) € RX,O and then 

That Is, R 18 a lattice'congruence relation • 

Note: As a consequence of t~) we have that 

1ff CP'::; 't' whffl Il II R 
denotes the equiva 

~ 
'\ 

under R. C ... 
If (CPl,t+>2) € ~,n and ('t'l,'t'i) € ~,n 

i1e R Is a Heyting-algebra congruence. 

If 

clas8 
& 

We .sometimes r-efer to this property as "R is strict" /' 

( 

" .. 

.. 

4 t 
f 
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4.6 Deflnidon 
--.r 

Let C be a consistent prelogicsl category and 

let V be a filter on .f(I,n). D~fine a syst.em F
V 

of filters .. 
V 

f X on ~(x,n) (1. e, F le; the aystem F 0: (F
x 

1 X € Ob(9J )by: 

Let X cp > 11 in C 

Then ep € FX iff 7 3:, [7ep ] € V • 
'X 

- ., , 
4.7. Pr0l2osition (!!) If V la proper and C La fair, then each FX is proper. 

(b) For each ep € Fy and X 
f ;,. Y in.f ' cp f 18 ln Fx' 

4 - _1'9 

(~ For t'Sch ep € FX and X-~ y ln .9., 7 ~f [7ep] 18 in Fy • , 
Proof: (!> We shal1 show that 

,-JO.-- ) 
0x t FX' In Bny Heyting algebra 

7 ( :1, [70 ] :x) ... 7 lX = 0x; 1. e. (sinee ( ) :X i5 Heyting homomo~" 
'X X 

phism) (7 ~~X [70x]) ~x = 0x = 0 :x' But ~X ia epi (by fairnes8), 

.'. 7:11, [70] 0, and, ° t. V sinee V ia proper. LeJ 0x " FX .x X 
88 requlred, 

(~.> Sinee cp € Fy' 7 8, [7ep] € V 
'y 

"\, :1, [7(epf)] =~, f[7(epf)] ":. 3, [3:
f

[7(CPf)]} (by 1.4(e)(ii») 
·X) 'y 'y 

L. 

., 

• :i, [:K
f 

[(7ep) f)] ] (beeause ( ) f 18 8 Heyting homomorphism) 
'y 

< ~, [7ep] 
- -'y 

... 
(by 1.4(8)(11), ainee 3:, is order-prese:rving), 

'y 

Sinee 7 18 order-reversing (1.4(8)(0),',73:, [7(cpf») ~ 7 3, [7ep] 
'y 

€ V, 
, 'X 

l:e, cpf € Fx' as required, 7:K. [7(epf») € V 
'x 
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J 
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'). 

(f) Si~ce qJ € FX' we have 7::a , '[7qJJ, E V. 
·x 

Again using (1.4(c)(ii») we have 

'. 
X, [7qJ] = ~'f [7ep] = 3:, [ ~f[7ep]] 

·x 'y 'y 

Since 7 i8 order-r~vers~ng, 

7 :II, [77 ~f[7ep]] 
'y 

:f. 7 X, [7ep) € V 
'X 

1 

[~, [77 ~f [7ep]] 
'Y 

â..A. Definition. Let f be a preloglcal category and V a fiiter 

on .Ç 
v ; 

(l,P). Define a system R of relations ~,y on .Ç(X,Y) 
~ 

R
V 

.. u (Rx,y IX,y € Ob <f.») by : i.e. 

Let f ~ X ==~=i~ y in f Then 
g -;: 

(f,g) E ~JY iff 

i.e. iff 7~, [7 ~ < f,g > € V. 
'X 

" Ris called the relation on f generated by V • 

4.9 Theorem R
V 

iB a prelogical congruence 'relation on C. 

Moreover if V is proper and .Ç Is consistent and fair, 

then R ls proper . 

• ' Proof: We verity first that each EX,y Is an equivalence rela~ 

on f (X, Y). 
,. 

The reflexive property follows from 1.4 Cg) since .IX ~ FX . 

W!th respect to the symmetric property, notice that the 
<P2,Pl> 

1somorphism Y X Y --=--=----~ Y X Y , has the properties that 

.. 

. 
1 

i 
.. t 

1 , 
1 
( 

/ 

i 

1 

1 
1 
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, 
1.) 
f,' 

1 f 
< g,f > = < P2,Pl > < f,g> for any X -"";;;"'g-+t y an<1 that 

(by above note). 

- '" (by 1.4 (c)(U» • ( X> [~Ayflx]' < P2,P1 > < P2,Pl L.> ] 

" 

2: :g6y(ly) (by 1.4(a)(1) :/ • • 

TItus if we suppose ,(f,g) € Rx,y then we have 

r-

sinee ( ) <f,&> 1s a Heyting homomorphism. i.e. we have 

ey <g, f > € V; 1. e. (g , f) € Rx, y .' 

To verity the transitive property, Let, (f,g) € ~,y and (g,h) E. ~,y 

ey <f,h> > ey <f,g > 
, . 

1. e • (f, h) € Rx. y 

1 

Thus 
s ~ 

~_ i8 transitive and therefore is an equivalenee relation. -X, y 

.... ! 

" ; 



r ~"', 

i," 
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" , 
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To show that R i8 compatible with composition, 

Let 

Therefore 

(f
l
,f 2 ) € L z -Y, 

Moreover we ;,have ey < gl,g2 > € FX giving 

by l.7Cq. 

1.e. (f1g l ,f2g 2 ) € ~-,Z i d X as requ re . 

We next. verify t~ R 1s compatit-Ie wi th products • 

Suppose • '. By hypothesis 

But by 1.7 (c), 

i.e. 

We have by hypothesis the t ey <fI ;f2> ~and that en < CPl,q>2> € FX 

1.e. q>t<-> q>2 € FX (by 1.1 (e)(V) • Let p,q denote the projections. 
.r 

X X Y P > X and X)( Y q;> Y • 

.. 



'-, 
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:' , 

i.e. 

(sinee ()p preserves Heyting operations ) . 

. " By i:.1Js) 

~ut 7 ~q[7X] ls precisely L.H.S. 1.7Ch)j:.by 1.7012, 

!q[CflI ] <""> ~f [Cfl2 ) ~ 7 :e: [7X] € FX • 
2 

q 

i.e en <if [CPl)' :ilf !CPZ] > € Fy by 1. 1 (e 2 (H 2 
1 2 

i.e. (,gf ['Pl J, :B:
f 

['P2 ) € \r,n 
1 2 

Thus we have shown that R is compatible with quantification. 

ln verifying that R ls a H~yting algebra conlrue~ce, we shal1 make 

iff 

and notice that for compatibility with V it ls sufficlent to show that . 
(' 4.9(a) ~ S (CPl V cpi) -> (CP2 V CP2) and 

Où ..::; (Cfl2 V Cfli) -> (CPl V cpi) • 

,-
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By adjointn€lss of => and A , G!) is equivalent to 

" 
'i A ( CPI V cpi) < CP2 V cp; 

Le to ( II' ~ CPI) V ( IV A cpi) < <'PZ V cpi by distributivity 
: , . 

.II 

But 'i A CPI :Ç (CPI => Cj)2) A CPl ::; CP2 ' 
and 

(m' "><p') 'f'1 2 
and thus we do have 

i.e. '-'E! have (!). 

<!l) is verified similarly, and therefore R "is compatible wi th V. 

For compatibility with A • it ie 8ufficient to show that 

'f ::; (CP 1 /\ cp i) <-> (cp 2 /\ cp i ) i.e. that: 

(~) " :s (CPl /\cp') "'> ( CP2 A cp' ) 
1 2 . 

and 

(~) '" 
$ ( <P

2 
A <P') 

2 
.. > (<Pl A CP') 

1 

, 
(CPI c> CP2) A (cp' -> cp') /\ cp' /\ cpi • 

Now " /\ CPI /\ q>I ::; 1\ (!JI ~ CP2 1 .2 1 

i.e. by adjointness (E.) holds. 

(d) follows similarIy, to give R compatible with A • 

-
To show that R 1s companDle with ->, it ls suffici~n~ 

to show that \ 
(~) 'i< (q>l ~ cpi) -> (q>2 -> q>i ) and -
(D " ::; (q>2 -> cpi) -> (<Pl -> <p') 1 

-' 
~ 1 

-( 
\ ,.. 
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i.e. by adjolntness ft-, (cp => cp') ::; 
1 1 

(cp => m') 2 '1'2 

i.e. by adjolntness ~) ho1ds. 

Slmilarly (1) can be verlfied, and thus R i~ a Heyting congruence, 

It remains on1y ta show tha t R ls s tric t. 

Suppose (ey <f ,g>, lX) 'e ~,o ; i.e. (ey <f ,~> <=> lX • 

lX -> (ey <f,g> e Fx j i.e. e y <f,g> e FX " since ir. any 

Heytlng a1gebra 1 -> a z a . But this says precise1y that (f,g) € ~ Y 

as requlred; therefore R Is B pre1ogica1 congruence re1~tion. \ ' 
Moreover, if Il ls proper ~d.,Ç Is fair, then 0 t Px by 4.7(a). 

But en <0,1 > .. (0 => Ir'" (1 => 0) = 0, if ,Ç is consistent. 

:.eO < 0,1 > .. FX; ie (0,1) t Rr,o 

This completes the proof of Theorem 4.9. 

4.10 Def1nit1on. Le t ,Ç be 8ny small pre log1cal category and R any 

,preloglcal congruence relation an ,Ç 

(a) DeUne the category f/R by 

Ob(Ç/R) - Ob(Ç) and Q/ROt,y) - f(X,Y)/R • 

~) DeUne the functor Q:f .... ,Ç/R by : 

Q 18 the ident1ty functor an abjects, and 

Q(X _f ~~ Y) - "fll~' 
-X,Y 

,.. .. 
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~ 

C/R is ealled the quotient category of C wi th respec t 

~ 

~and Q is called the canonical projection functor. 

4.11 Theorem: (~ f/R is a small prelogieal category and Q i5 

a prelogical exteQlion. 

(g) If ~ ls fair then f/R le fair 

(s) If f ls consistent and R i8 proper then f/R i.B consistent. 

Propf: (a) Given X €'Ob(f) = Ob (Ç/R) , define id
X 

in f/R as lIi~l/. 

~ Given X Il fi/ ? Y, yJWL>? in ~ IR, define I/g/llIfr! as IIgfll. 

Property ~ and the definitlon of Q gllarantee that thls composition 

will be ~ll-defined and associative, that 1/ idxll does act as an identi ty 

morphisrn (sinee ~ fil 1/ i~1I = /1 fidxll = Il fil ), 

and ~hat Q will preserve identities and composition. 

\ Sinee e_eh go<, y) " • set, cle orly g/R 0< ,y)' .. ,1'0 se t, ie •. f/R 

is small. Thus f/R ls a smal1 category and Q is a functor. It should 

also be ~~ted that by definition of !:;:./R, Q is full. 

,~-

Glven X _1,,-1 f..;.:...11 ~o. Y, X 1/ sil > z in f/R, Def1ne the product 
f\~ .. 

map in Q/R by: 

5.U (a)(U ) < 1/ fi/ ," gll > .. /1 < f, g > " 

By 4.5(c) we have that this is well-defined, has the univers al 

property required for a product map and is preserved by Q.~ If we 

denote by Pl'PZ the projections of YX Z 1n$' then cl~arly Ilplll.llpzll 

are the projections of Y X Z in ~/R • 

1Iq>1! --'---;t n ln .f/R. we define the lattlce opertltions by: Given X 

Il'''11 

, 

, , 
t 

~L 
\ 

i 

... 



.""-,~ -. , 
-82-

~ 

• " 

II~ ,.J ; 
• WJliD 1/ 'PlI V 1I1jt11 = IIcp V tll and 1/ cpt! A 111jt!l ;, = 
" ,\ 
~ 

By 4.5 ~, V,A are well-defined, are preserved by Q, and make 

-
,Ç/R ex ,0) into-a distributive lattiee. This in turn gives us that 

-,-, 

(!y) lIep Il ~ Il,.,11 Hf cr ~ t, sinee then Ilcpll A 111jt1l = Ilcp A 1jt1l = llcpll. 

Thus in particular lI0xli ~ Il cpll ~ .1I1XIl for every cp, giving the 

1east and greatest e1ernents. We further define , 

(y) Il cpll '=> Il tll .. Il cp => ,1/ " 

Then 4.5(f) and 1.1(b) ensure that this will be well-defined, and 

make f,/ROC,n) into a Heyting algebra. " 

• Al! this, plus- 4,11 (a)(O and l.l(b), give that every f,/RClltll,n) 

. , wiJ 1 be a Heyting homomorphism. 
---- --

Thu8 f/R has a Heyting algebra object, whose structure la 

preserved by Q. 

~o!"-'I-"'----;;:' n and X " fil .)0 y 
!' 

in f./R, 4.11 (a)(v) 

define the 

By 4.5 (d), this 1s we ll-de fined and preserved by Q. 

Now suppose /Icpjl::; 1/*'" Ilfll '" Il'.f'1 for sorne Y , >n. 

cp ~*' f by 4.11 (a) (tv); 

r " :=: If [:pl -6 ~ by ad19i~tne8s of in f . 
- ......... 

" 
i.e. lI i

f
{cp] Il s Iltll by 4.11 (aHlvl· 

Slmilarly we obtaln the reverse implication. 

Thus 
çy 

XII fil [ ] 18 'adjoint ta ( ) Il fil 
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The Beek conditions a\e fpr~~ ta hold becausè they are 
~ f •• 

equational conditions involving only compositions, products,and ~ 
, 

For example, 1.1 (d)(i) results hc(>m: 

.. (~IIL\II [1/1yll]) (I)fll X lIi<lyll) by 4.11 (a)(1)- (v) 

Thua f/R has an appropriate quantification, and Q ia a prelogical 

functor. 

It remains to show that ~/R 

Suppose /1 eyll < 1/ fil ,11 gl/ >.= IIlylJ 

\ 

aatisfies conditions l.l(e). 
f 

for sorne X : y • 
g 

Therefore (f,g) € ~,y ainee Ria strict. Le. Ilfli -lIgli. 

and ao 1.1 (e) (1) holds in f/R. 

Moreover lIeoli < lIepll, Iltli > - lIeo <CP,IV > Il .. lIep <'1'> tll by 11(e) (11) 

In,Ç .. /lepll <a> H IV/I by 4.11 (a)(l1)- iy) • 

TItus f/R satisfies 1.1'(e) (H) and therefore Is a pre10g1cal 

category . 

Slnce Q 18 prelogleal and 18 the ldentity on objects, It la 

clearly an extension • • 
f 

/ 
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~) Now suppose that f is fair, Le. bY 1.8(b) a11 prOje:iO,n(,_ 

in f are epi. 
IIpll 

X X Y ;> Y be any pt4'ojection map in f/R j •• p Let 15 epi 

1< . . 3
11 

pli rllix X ylll = IISp [lX X yJII IIlyll by 1.4 (h) 

Thus hy 1.4(Ïi) IIpli is epi, and so f./R is fair, 

(~) If.9. is coqs istent and R proper, 'Ne have ° #= l in ~, (0,1) l. R. 

. ~ 11011 ~ /1111 i.e. f./R is consistent. This completes the proof 

of 4.11. 

We next deUne, and give several properties of, the category 
Il 

which arises as the intuitive limit of an infinite sequence of 

extensions. 

Defini tion. 

be a countable chain of prelogical extensions Fi i+1' wnere 
~ , 

each ~ is a smaU prelogical category, with Ob ~) = Ob (Ço)' 

and each Fi ,i+1' is the identity functor on objects . 

De fine and general1y 

We adopt the notation 

F
i

,1 for the identity functor f ~~, Define the category 

~ (81so denot~d R lim ~) As fo11ows: Ob ~) .. O~) 
~ i ..... 00 

" U f
1 

(X,Y) f(X,Y) • where == 1s the relation defined 
i€N -

"-
by fi == fi iff there exista j € N 

1 2 
that F 1 j (fi) 

l' l 
- Fi j (f, ) 

2' 1. 2 

De fine the functor Fi: ~-~~ for each i by: Fi 15 the identity 

functor on objectS and F1(X f 
) Y ) - IIfL 

'"' 
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Remarks ta Definition 4.12: tJ!.) The Fi,j 

extensions by 3.3 . 

are aIl prelogical ------;\ 

(b) The equivalence =" says roughly that two morphism are equivalent 

, ' 

in ,.Ç ilf 'they are eventually identified. A special case of this is 

the situation whe're il 2 i 2 antl fi = Fi i (fi)' Note also that 
1 2' 1 2, 

if two mOJ;'phisms are equivaleht with respect ta 3, then their images 

throughout the chain are also e~uivalent. Explicit,lY, if f ~ f 
il i J' , 2",,, 

1 
4.13 /llieorern • .f 80 defined la a small prelogieal category·and 

i 
/ ' each F i~ a pre10giea1 extension. 

~! l'he relation == i8 elearly an equivalence • 

Mofèover == ls compatible with composition: 

fI .t. f
2 Let Y > Z in fi ' y ~ Z in ~ 3 fI ~ f 2 

1 2 

and let X 
gl 

»-Y in ~ , X 
g2 

:;,Y in.fi ~ gl .== g2 . 
1 2 .. 

/ 

Nenr.c there exitt j,k € N;I Fil ,j (~~) "'Fi j(f2 ) .. calI Y 
fJ 

!) Z 
2' 

in ~; ,nd 

Call J, .. max(j,k) and call f'"' FJ,.e(f
j
), g. Fk,t(gk) • Now eertainly fg" fg 

1. e. F j ,l f j) F k, .e< gk) - F j , i f j) F k, f g!Ù Le. 

i. e. F j, l( F i l' j ( fI) ) F k, iF il' k ( g 1 ) '> • 1::: F j. iF i 2' j ( f 2) ) F k, iF i 2,' k ( g2) ) 

/ . 
i.e py definition of the F L d Fi ifl)F i igl) .. Fi l(f2)F i i g2) 

L,,v l' l' 1 2' 2' 

But Fil,l' Fi2 ,J, 
are prelogical and trre~f~re, preser~e cornpo~ition. 

Fi l(flgl ) -!i j,(f2g2) Le preeise1y f 1g t - f 2g2 ' a8 required. 
l' 2' • 

j 

,f 
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, " 
f oÔ 

We use this fact to def~ne composition in f as follows: 

Let x ---,-/r-/ g""'l/ -;> Y CalI ., Il fil 

De fine Il fil IIgii "" IIfjgjil. The compatibility with composition ensures that ,his' 

1 
operation 18 well-deflned, Bnd that f9r compo8a~le morphisms f' ,g' in any fi' 

4.13 (a) IIf'g'll":;, Ilf'jl Il IIg'II, In partictllar 
, . 

1 t follows tha t Il f/l 1/ i~1I oz 1/ f idyl/ :::iII/fit and /1 irlyll 1/ sil = /1 gl/ 

To verity that the composition is as~~ciative, ~ t W - 11h11 ? X 

"-in .Ç, where h i5 in fr 
3 

etc, f j' • Fil' j , (f) , 

moreover (fj,)(gj' h
j

;> 

ia associative. 

IIf
j

, (gj,hj,)/I = Il (fj,gj,)h j ,II . 

,',CBy 4.13(8) j/fjll/ (/lgj,1/ Ilhj,/I) = (lIf)! IIg
j
:'I!) I!hj.!I 

i.e that il fil c/log/l Il hll ) .. ( /1 fil /1 gll ) 11h11 ' 

A ,1 i 
Thus .Ç Is s csteg,ory and each F is a functor. 

'li' By the same method as wsa jus t used for compost/ion, i t can be 

verified that = la ~trlct and is compatible with ~ducts, Heyting 

operations, snç qusntificst~on, 
1 

F'1'r ~x8mple, compatibility wi~h VJ.a'proveè' 8S follows: 

1 

1 

, , 
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Call m = max (] ,i) and call cp ::: 'Fi (CPi)" Fi ,(CPi ) and W == etc. 
m ,m l 2,m 2 m 

Thus cp V IV '" Fi «((li) V Fi (Wi ) = Fi «((li V I)ri) because 
m m l"m 1 l ,m 1 l,m l 1 

are prelogical. Similarly q>m V ~m = Fi m«((li V t i ) 
2' 2 2 

• :. (CPi V lV'i ) == (CPi V ~'i ) • The other compatibili ty properties', 
, 1 1 2 2 

Le. 4.5«:)- (g) are verified similarly. Thus == 'satisfies 4.5 (b)- (gh 
~ , 

We then define pro'duc t maps, Heyting operations and quantification 

" in ~ by means of representative elements as was done for composition, 

and it c'an be shown that these operations are well-defined, are pre

A 
served by Q, and make f into a prelogical category. In each case the 

required'property follows from the compatibility of = and the 

corresponding property of the fi' by a prdtess of tracing to a fj whi~h 

conrains a1l the morphisma involved. 

To i1lustrate the procedure we sha11 carry out the definition 

and proof for ~ : 

Let Il fil X _ ......... .J.J.-.....;» y, X and y IItli ) n " in f, 

wh~re f is ln ~, cp ls in fj arod t is 1.n f k • CaU t - max (i. j, k) 

and eaU ft - Fi,t(f). CPt - Fj,t'· No te tha t thus 

/1ft/! "" Il fIl ! !lCPtll - /lep!' and htll - IItll . 

To see th'et this ls welll-d~fined. let f' ~ f and cp' ;:: cp where f' 

la in ~I , cp' in fjl , Fi'.k,(f') - Fi,k(f). and Fj'. ,(<pl) - Fj, ,(<1» • 

CaU m"" max(k'.,l'), caU f' - Fi' (f) and so on. m ,m 

and Il cp'" "" 1/ <p' 1/ ~ Il <PlI - li <ptll. • Dr 

• 



1 
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,~ compatible with g; \,II!f~ [cp~JII" IIgf~ ['1'$111; 

~It fil Il cpll =, ~II f '11 11 cp' Il 

i.e' 

J_, --lt gi ... us a fortiori: that for any morph"m 

, x~ n in the same category ~, 

x ' h > Y, 

4.13 (h') ~lIhll[lIxl/] - i.e i 
pr~cise1y that each F preserves 

existential quantification. 

-
To show that iI/fil [ ] 1s adjoint_to () IIfll. let i.j.k.l be 

as be fore, caU t. - F b Ct) and note the followi.'ng two fac ts : 
- 6> k.6> • 

UVt f.eU "'I/".ellllf,ell -11,,11 Il fl/ by 4.13(a) ,and ~ is defined by 

IIcptll ~ ""'tll if CPt ~ tt . 

Suppose ~II fU fi/vII ] ~ Il tll 

,Le. "<P/I s Il tll il fil . 
Converse1y suppose llcpIJ =:; IItli Jlfll. and retracing the argument gives 

~ 
, AU of the, properties L.l of a prelogical category can be vertfied' 

~ 
in Q by the same method. Likew1se one obtains the preservation of 

pl ~ 
the preloglcal operatipns by each .Q - .,Ç, . . 

Moreover, f 18 small because _ U ~ (x, y.> 1& a unloa, of sets. 
1 

hence ls a set. 

, . 

) 

.., 
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4.14 Propos ition C!) ". . 
If each ~ is consistent, then f is consistent 

(b) If each ft 18 maxlmally consistent then 80 lS f 
(c) If each 'ft " 18 rich, then f ls rich 

; (d) If eac~ ft 
A. . 

ls falr, then f ls fair. 

(e) If each Fi,1+1 ls cop.servative, then each Fi ia 

conaervative ~ 

. Proof: Note first that in a chain of the kind described, given any 

. 
must 'he the identity functor on 

certain universa1 morphismB
o

' Namely, for aIl objects, X,Y of 

~, Fi ,i+1 must preserve the -ltfcu:phisms i~;OX,lx, l'x' !X" aMi 

the projections x X Y---~:> X, X.X Y----ii'>,.. y. , 
PF P"2 

simply bYlvirtue 

of being prelogical (recall remerk 3.2(a». This fact will be ~sed 

Implicitly in the proof of the proposition. 

(a) 'l11is is obvious Bincè, given sny ;i,j € N, aince Fi,J ia 

prelog - Fi,j (0) - 0 and Fi,j (1) .. 1. If eaeh ~ ls consistent, 

• '. 0 ~ 1. ... Fi ,j (0) never Fi, j (1) • 

(b) By hypothests each ~fl,n) • (O,l). w ~ (l,n) -
1 . 

(0,1) 
o 

. . by conds tency, Q (l,n) • (O!JJ-- • 

(c) Let - "111 ~,where cp la ln ~. Without 

10s8 of generality we m.y say !x' a,nd 1 are morphiama, ôf ~ : 



1 

, 

t 
1 
1 

\ () 

t 1 } 

l , 

1 
1 

:ilfl : xii 1/ 4'/1 ) /1111 • there ls j ~ i 
, 

such that 
~ . 

F 1 j ( ~, [ cp) ) . Fi, j (1) in ,Çj , ·x 

i.e. since Fi,J ls pre10gica1 , :il, [Fi j (cp)] • 1 in .Ç.j . 
·X ' 

,But.9.j is rich; there 18 l x ~ Xie' such that n _j , 

(Fi,j(CP»X. 1 ..• /lFi,j(CP)1/ /lx/l • 111/1 ; 'Le. /I~"lxll'" 1/1/1 

" and 80 Q i8 rich. 

@) -Ass~me that each,Çj is, fair;. i.e. al1 projectiol\$are epi in fj' 

Let X X y~lI:.:.p...!!II_>~ X be any projection map in f, where p will then 

be 8 projection X. X Y, P "> X ln sorne ~ 

Now iI/pli [/I1xxyI[J • ". :ilp[lxxYJ 1/ - IIly/l by.L!.!h) since p i8 

epi in f.t . 
Thua by 1.4 (h) 1/ pli 

A. ;\ 
is epi in,Ç, and ,io Q ls fair. 

,(e) Suppose that each Ff.;1+1 ls co~ervative. Let i, € N and 
a il ",' 

le-t:l ) Cl ln ~ such that F (a) -.1 in Q lIexll ..; 11111 

1.e., there isj~i such that Fi,j'(a) - 1 in Qj . 
, 

Si~ce Fi. ,j ie conservative by 3.3{~}, - a - 1 in ~t and so Fi 

la conservative. ' , 
,p 

Remark: The deflnition pf ~ lill,$t cou1d be generalizeà to 8,ny 

countable chain 'of .mail prelogiCallcatègorieS where t~e punctor~~ 

.F i 1+1 are pre1og1cal and 1 ... 1 on 0~ject8. The definit~on o~ Ob (Q) 

~ld th~n b~ lDOClified as. follows: \ " 

• 

1 
1 

.( 

1 
1 

! , 

1 

j 

1 
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Ob~) .. .V where El 

l.e:N 
there exists j such. tha~ 

~ (X, Y) 
... 

unchanged. 

, lt-.can be verified, àlthough tediously, that 4.13, 4.14 
A 

and 4.15 would ho1d for this more ,general ~. However, for the 

present purpose~ ~ require on1y the definition 4.12. Indeed,. 

1t maY,be remarked by 3.2(a2 that in tlle case where th~ Fi,j are '" 

./ 

extensions (i.~ •. are bijective on abjects). then every prelogicsl chain 

ls naturally isomorphic ta some chain of the kind in ~, 

Fi,i+l 
4.15. Proposition. Let .•• .ft--~-....,.;> '.f!+l'" be -rr' chain of 

. , 

p~elogleal extanslons as.in~, and consider the tategories 

D .,. C 
-j -2j and 

. The prelogleal extensions Gj,j+l. F2j ,,2j+2 

Hj,j+l • F2j+1 ,2j+3 clear1y form chains 

G . 
, j .j+l ;> D 

-j+1 
;' 

of the/k1.nd /n 4.12 also •. 

and 

f / A / 
CaU' D., R liin 'Rj • R Um 

S 
.... -/ j -:+ 011 1. ..... 011 

A 
Qû.. and 1 .. R Hm Ij ~ A Hm ~2l+l' 

.. ,j'-'oo i.-.ao 

'/ ,1\-/ Il Â 
en i-! • ! · Q . 

Pro : Cl.~Y i1l i. ~uffiCie.t 
by def1.?~iOn and for each X,Y, 

/ u , ~ rflr~ o~ly 
n;fte. the ~qul v 

" 

/' . 

/ 

to shOw ti\at the 
/ 

• f • l 
e~é:e~ as 5° c 

. -

.A '" to show that .!!. Q. 
A A 

Now Ob un • Ob (Q) 

U :Qi (X,Y - U Q21. (X,Y). So 
1. 1. . 

equivalence ~elat1.ons are the same. 

~rid :: 
D .. 

t 

" 

----- .. - ~~--'1-;' -'-}' ;. ~ . ,-",;,: 



-, 

1 

n 

f 
Suppos~ X ..... , __ ~~· y 

-92-- '-

in !!j' 

that f ii II .. D Thus there pxists 

x ' q > y in'!!k are such 

Converse 1y le t 
f 

X---, i)o!> y in'~, 
1 

x h ) Y- i C n, .:0.1 
n "-.1..2 

8uch that f Eh. 
c 

. . There exists j ~ i 1 ,i2 such that 

Le t k be any aven rtumber 2: j. 

Then F
1l

,k?)' F~2.k(h) ar~ maps in Dk/ 2 and Gk,k(f). Gk,k(h) 

(- F j ,k (g». Thus f =rf and so' th~ relations are equiv'alent. 

~ 
ln the following three theOrems ~ \nake s'pecifiC a'pplication 

) ~ 
of the general constructions developed so far, in order to conatruct 

G • 

Jonservative saturated extensions for aIl appropriat~ pTelog1cai 

categories. 

4.16 Theorem. ~t Q bè a smali prelog~éal category whieh 18 

consistent and fair. ;rhep there exists a small, fair; 
/ J 

con~istent cateJory Q' with Ob (g') - Ob (Q), and a conservative 
//. H 

enrichlng extension Q > è t which is the identity -, 

functor on objects. 
/ , 

lI2,Qf: ~fine the category K' by: 
,/,,,/ ~ -

Ob~) '. Ob (Ç) 

For e8ch X € Ob (Q). K (I.,X) and. Q 0c,O) are isomorpb:Lc sets; 

de no te the element of K(I,X) corresponding to a g~ven x~ n 

in.Q by' 1 cp ,. X 

For e.ch x,y € Ob(g) 'vith X ft 1. !CX.Y)· f) 

• 

... 

" , 
~'H.' "'. '10.:. 



. . 

• 

, ' . 

- '. 

. .. --- • 1 

.... ~\"tfI:".:J'. ~~~'*"f~,<,:-,V~~·"~.':1~' ''''~~~f'1t~~''1~~l'.~'~~'~f.'1,r. ,~,,!"'j~ ~~.I. • 

-93-

J . , 

Clearly K is a category of constants for Q and so we have, 

J1 
by.!:!! the faithful extrension Q --.-..".j) Q(!] with

o
Q{!f1 smal1, 

. - ' J 2 
fair and constatel'lt, and the embedding . K-----+) C(K] . --

• ""'! 
:...-' Consider the set W S g[cp] (1,0) defined by 

Il ~ t;::;-J 2 (cP> .11 cp •• ~ ex ,n) .uch that ~!x [cp] • 1 1 • .!! 

Note that 0 t.W because: ' 

For each X 9' j) n , recall that JI (q» - #: <pI ~ If. (Le. l X X cp > 0 ) 

and J2·(~)· #: icÇl~ If. (Le. A(~) Xl· X X l i~ >. X ). 

'!bus Jl-(<P'J2(~)-<cpl~> (Le. IXXXI i~ >l'XX cp >0 

i.e. X <PI') 0). . 

Suppo~e 'that J 1 (cp)J
2 

(cp) • 9 in Qf ]; Le .. #: <p1~ If. - ~ 019) II- • 
. . 

By defin1tlon ~ thére must then exist s~ ACc) - y €.Ob m) -
; such that the. diagfam 

, . 
_P2~X'-..... 

. ~ cp~. 
A(e) X X ~ ""0 

'~I4. 
i.e. 

But sinee P2 is epi (by faU'ness). 
( 

. 
cODlDUtes. 

• l' • 

. . .. !P2'CP P2~ - cp by 1.4(f) 

and 80 0 l w. 

, . '; 
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1 
• 1 

f , 

1 
Î, 

, \ 

, 
Il 
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Let V be the fUter on ,Ç[!J (l,n) 

i 
generated by W, ,and let R 

be th~ c,ongruence relation on ClKJ' generated by·V as in\4.8. 

CaU Cl ' .. C[Kl/R • - --
Defi ne f H > fi by ~ - Q JI where Q: QfK] ~ Q' denotes the 

~.----... 

canonical"pTojection. 
~ , 

w'e bave Q' amal1, fair, .prelogical with Ob(Ç,') - Ob(Ç,) and Q an 

.extension, by '+.11. , 

Horeover by the 'construction we have, for esch X ce ,!) Cl 

vith :1[1 [~]'- 1 in Q, 
'X 

i.e. "precisely that 

the constant k· Q (J
2 

(q)) 

H ,Ç;,..' _...-~> Q' 'enriehes f . 

. 

1 
in Q - such that 

It remains only to prove that H is cons~rvative • 
. 

Let l Cl ) Cl i~ ,Ç , su~h that H (a) • 1; i'.~. JI (a) € V. 

SinGe V 18 generated by W, tHere must exist • finlte number of maps 
'1. ~ 1 1 

J . 

,. 

. CPi " 
ex. i ....... --~!) -0) . l' . t-l, .. , n in Q such that :1 f [CPi J - 1 for eâch i and' , , , ·x 

~. 

-"" D .... 1 {.J JI (CP1)Ja(<P
1

) ~ ... Jl (a>.,' in .Ç(K] (1,0). 

• " 

1.e. 

, -

o 

L.~. ___________ ~_ 

.. 
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" 
q>2 

1\ ••• 
" ~n it· 

where x • Xl X ••• , X ~,n ,wtth projep tions P,i .. 

f 

fBut cons tan ts are monie (tri vially,' aince Z 
g 

n n 
by 4.2 (e), ~ Cl>iPi " CX!X • ~ ~iPi 

n 1 

i.e. h. Cl>ipi ::; a' in C ·X ,-
i-l 

.. 
n' , , 

)r 
~. must -

;tn g. 

1 
... 

..... _,.J'. AgUn 'by adjo,intness, 1\. ti'iPi $. ti'2P2 ._> .<ti' -> a!X)p • 
1-3 '. 

, . . 
!terating this proce~s n times' would give ) 

' ). ·z J 

. . . 
To make the proced~re explicit, we lntroduce tbe fol1owing notation: . 
De fine y,.:. .•• ,"! € Ob (Q) by ~. 'I. Yl " tl X YJ-~' o n 

. 
Y' !'* 1, YI • Xl )( 1- • Xl' Y 2 • X2 X' X.1 ' .... , Y n 

0 
,-' " 

Denote the proje~t1one of the Y j ~y 
p 

, 
• 

• 

Tha1; 1& 

"!lX X .... )( Xl • x. n 
-1 

___ ....-.f. .. -, , 
~ . "'"~ -' ..t 
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'. 

0: • Il o 

, Q 

and 

that 18 Clo • Cl, 0:1 - ("lr1 ) -~ (Clql) • CPl -> 0: !X ' a
2 

• (CP2r 2) _> 

Then 4.16(8) says tha~ 
.. 

1 .. 0: • X n 

\, 
and 80 on. 

we sha11 n9w use th1s fact to conc1ude by induction that Cl _ 1. 
e 

" 
Th'e descending induction ~tep is as, follows: 

Suppose a -'ly 
j j 

. , 

for sorne 

, i.e. <l'l j $ Clj _i"'1j • 

j ~ 1 

, 
We remark that Binee .Q 1s fair, eac.h qj is epi, 

.. 

q;1 
and o1so that 'each diagram Y

j 
• Xj'X yj_ll""----,.oj-'----~) Y

j
:

1 
.s shown 1s a pul1back of 

the fom of 1.6(b) (U) 

With 

1 

" 
x

j
---__ ,_+-__ -+ l 

·x 
j f .!y ,and Z X ~ .. i~ X ~y • r j • 

j-l j j .. l 

by 1. Ii Ch) (H), (:i , [<l'j])!y • :i[qj (<l'J r
j 

] 
• ·X - j-1 j -

(Binee 1 1& order-preservtng). 
qJ 

• aj _1 by 1.4 Cf), beçause" .Q 18 fair. 

( 

" 

, j 
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" 

But by hypothes'is each il [<I>j]'" 1. 
·x 

j 

Hence by induction downward on i we obtain aO - 1, i.e. a a 1, 

and so H 1s conservative •. This completes the praof of 4.16 • 

. 
4.17 'rheorem. Let ~ be a small prelogical eategory which ia 

c~nslstent and falr. Then.there existe a small, fatr, 

consis tent and rich st wi th Ob @.* j "'! Ob (Q) • and a 

coriservative extension Q R ) C* 
,- which is the '" 

1dentity functor on objects. 

tr0of: Call ~ - Q and. apply. i:..ll to obtaln ~ H > Q' 

, sma1I, fair, consistent, enriching and conservstive. CalI 
! . . 

Q' *' ~ and 

produce QI 

caU H - Fa 1 • 
F ' 
1,2 ' ... QZ and 

App1y the seme procedure to Q to 

iterste count4bly many t1ne s. 
.. 

We thus have a chain of ex~ensione 

. ,. - . ~--=---...,.;" ~+1 
.... F1 ,1+l ... 

of the kind descr1bed ~n ~t and with the following propert1es. 

Bach ~ 18 small, fair, an~ consistent, and 
, 

each Fi ,1+l 18 con8e~vat1ve and enr1ching. 

" ...... 

., 

cau * t . po * .Q - '9. - R l1m ~ and caU Q ~ Q ; F - FO a8 deflned in 4.12 • 

By 4.13 and' 4'.14. Q* ,18 .maÜ. falr and cO~istent, Ob,@.*).; - Ob@.), 

and F i~ a conservatlve extan810n whlch i8 the 14entlty on objects. ~ 

.~.-------..;.,--- ... _-_ ...... _----------

.. 
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1 
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... 
Moreover 5;.* f.s rieh: " Let x.--loLn .... ~ ... 1 ~) n ln Q* suèh that 

in g* 1s in ~ for some 1; and since F1 1+1 
, " 

enriches ft. there is a cons tant 1 k!) X in fi+l Isuch that 

and so k 1s the requ1red constant. 

F * 'Thus g--+~ g is the deS1red rich extension. 

* in f , 

~ 1hecrem. Let f be 8 smali prelogical category wh1ch i8 consistent 

and fair~, and let 1 a) n in C be such tha t 7a;' O. 

then there èxists a rich and max1m~1ly consistent prelogical 

G 
category g and an extension ~-..;;...~>. Q such that G(a) - 0 in Q • 

l!:22!: By hypot~sis 70;' O. (Notice that in particular this lmplies 

a ;. 1 ~ ,Binee 71· O.) 

1 Let V be an ultra Ulter on f(I,Cl) contalning 7a (by the prime ideal 
,0 

theorem there always exists such a proper ultrafilte'r.) 
- V 

o ' 
CaU R • R , the ·preloglcal congruence generated by V , CaU o 0 

~ • f, call.ft • Co/R and calI GO•I • Q. 

'Then ft is smaU, fair and consistent, and GO l 18 an extension, by iJ.l:. 
, , -Stnee Vo 1s an ultrafilter, .'. QI (1,0) • .Q(I~· )/Vo - (O,l]'; i .. e 

.QI 1. maximally consistent. Also note that 0 t V .' sinee if ft were, we o 

• 

would have 0 - 7a " ex EV, contradlcting the fact t'hat V is proper. 
.00 

Hènce GO,,1 (a), - 1Ia11 ~ 1 in f l , and of "course Ob (Çl) • Ob (Ç) and GO•I 

18 tbe identity on objects. 

", 



1 

\ 

, , / 

. 
.' . Wj!' ob tai,n 

,l'fe now al terriate . these two s'bps ,countabîy many 'tirnes, thus 

·constructing a chain 

~ - >~+1~ of fhe lqnd assumed in ~ .... 
G1 ,1+1 

with the properties tha!:: 

<!.) All' t~e ~ are smal1 and. con"datent; 

~) For every i ,GO,1 (0) j. 1 
... 
~) For every j ~ 1, e 

-;-2j-1 1& mapc1mslly consistent, sl)d 

@) For every j ~ 1, .Q2j 18 rie;h. 
• 

. By.hU- R lim'~ • 
1"'00 

R Hm f 2j - R lim ~2j+l • caU Q 
1"'ao· l-+ CII .... 

'. Because of ~) above 'and 4.14, ~ • R Hm ,.Ç2j 18 maxlmslly consistent. 
. j-+03 

Bec.use of (d) shove and iJ.!L ' Q - R lim f
2j 

h., dch 
j -+ CIl 

\ G 
De fine ,Ç---~?>.Q as o 

G - G; by 4.11 G 18~a pre!ogical extension . 

• 
Moreover G(a).I- lIall 1- l ,by ~) ahove. Since ,Ç le maximally 

" ,')Il., 

cona18tent, .••• G(a) - 0 • 

Therefore'~ G > Q 18 the re·quired exte~sloJ. 
\ 
1 

The completeness 'theorem DOW fo;UoWs from the Urial 

this chapter and the previous one. 

resülts of 
i' 

l, 

1 

.j 
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!L.:ll. Theorem CCompletene§8of Prelogical CategiIT''1-es) 

Let ,Ç be a small pre l,ogieal category which is consistent 

and fair, and let 
a 

I--~> n in f be such that 7a 1 O. 

F 
.Then there 15 a semantic premodel C ----,;.., §. such that 

.J.o' (a) "" -Q 

~: By 4.18 there ia an extension .f ~> f 
rich and maximally eonais tent and G (a) = 0 

By 3.8 the canonical functor C __ C_(;:.;.I;J.'-J..)_~)o §. 

pre mode 1 for f . 
. ',y 

sueh that.f is 

i8 a 8emantic 

CalI F = (Ç (l, »G. By 3.3 F is a premodel.for f J and clearly 

F ia semantlc. 

Moreover F(a) = ,Ç(I,G(a) = f(I,O) 0 

Thus F ls ~he required premodel, and the c~mpleteness 18 proved. 

f., 
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