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Abstract 

Thü, Thesis elahoratcs three aspects iu the field of ftow-induced vibrations 

associ'tted with annular geometries. 

A nH'thod t () filld the unsteady ftuid f01C('S on a cyl in deI oscillating in annu­

laI' turbulent ftow i~ develop('d by considcring the superposition of the turbulent 

fluctuating quantitlC~ on potelltial flow. The t11eor)' is compared with experiments. 

Theil, the unsteady ftuid forces acting on the vibrating cylinder walls of non­

lllliform annulaI' configurations are computed by a method which performs the 

accUl ate time illtegratioll of the Navier-Stokes equations. It is the extension for 

ullsteady ftow~ of the method of artificial compressibility used for steady flows. 

A time-discrctization of the momentum equation using a t 'uce-point-backward 

implicit scheme is illtroduced, and the addition of pseudo-time derivative terms to 

th(' s('llli-discretiz('d equations, including artificial compressibility in the continuity 

equatioIl, allow& to use time-marchmg solution techniques thereafter. 

Finally, the integration method used for the Navier-Stokes equations is com­

ollled with the equatlOn governing the dynamical behavior of a structure in order 

to IH'rforlll th(' fluid-structure stability analysis of this system in the time domain. 



1 
Résumé 

Ct..ae thèse traite df' troif> suj(·ts originaux de~ {>tud(':-, thl1d('~-st rllctll1'('S l'li 

écoulements laminaires. 

Une méthod(> drternlllle' d'abord l('f> forc(,f> fhlH!<' iUf>tatlOllUilll{'S sur Illl cyliu­

cire yibrant dans un écoulf'l1lcnt annulam' ulllfOlIlH' tlll bult-lit Elit, (,OUSI~tf' ('U 

la superposition des '!llantités fluctuantes présclIt('s daIl~ l('!'> {~('()ult-Ilj('lIt~ tUI !,u­

lents, avec un écoulemeut potcntiel. La th~orit' est (,ollllml(~(' iI\'('C dt'~ léf>\llt.at~ 

expérimentaux. 

Les écoulements laminaiics d~lns des géolllétri(-~ aIlll\llallt'~ 1I0ll ullIforn\('~ 

font pal la suite l'objet de la thèse, e't lcs forn'!-' flllld(' lll~tatlOllU(llH-~ ~1I1 lI'~ parOl~ 

vibrantes des cylindres sont calculées par UIle nouvelle llléthod(' ElIt- cOllhif>tf' ('II 

l'intégration temporelle des équations de' NaYie'r-Stok('~ pal la III{-r!to<!p dl' ('()111-

pressi bilité art ificielle généralisée pour réf>oudn' l('f> (;C01l1mlt'lI t~ III~ tilt lOlllla 1I1'~ 

Un schéma décentré à trois pas de temps est lIltrodlllt à ('('/t(' fiu dau~ 1't'-quatlOu 

de Nayier-Stokes, et l'addition df' dérivée!> eu "pf>(,\ldo-t(,lIIp~" aux {qllatlOlI~, 111-

cluant de la compres!',ibilité arttficielle pour l'équatlOlI de coutlllUlt(., pertll(·t alOI ~ 

d'utihser les méthodes de solutiOu tempOielles exü,tallt('~, en p~(,\Ido-t('lIlP~ 

En dermel lieu, la méthode de compressibilité artlfieidk d\~\'('l()pp{-t' 1'0111 l(·~ 

équations de !\ avier-Stokes est combinée avec l'équation détprmlllallt If' ('OlllIH)l t ('­

ment dyuanllque d'un s\'stèmr ftuidp-st"urtur(' dall~ If' but d't'Il {'tudH'l la ~tahIlltf'· 

en domaine tel1lpord 
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Chapter 1 

INTRODUCTION 

1.1 Flow-induced Vibrations 

Vibration problems that have bren reportcd to han' ()('cllll·d 111 (hm'II'lIt I\')l"o.., 

of industrial installat ions such as hcat cxchangN:-' and Illlc!('ar 1 ('aet 01:-' ha\ C' 1 H'('II 

causpd III Illany cases by fl U1d flow intel art ing witll l!Je ~I Illet \li al ('()IIIIHlIWllb III 

the equipment ronrerned. Paidoussif, [11 ha . .., ('0111 pl 1<.<1 ail l1If(')('~1 IlIg a('('olllll of 

sonH' of the nlOst frequcntly enrountr!'rd prob]PIl1~. aud II<' c\O('lllllPIIII'<! ('él."'Po.., III 

wluch buch pIOblem~ ha\'e occured. 

These plOhlcl1l!>. due to flow-induccd vi bratlOll~. an' t Il(' ob.!('( t of Oll)!;Olllg 

studies. the mm of wluch IS to arrive at a bettc! Illldcrfo,tall!llllg il." 10 IIJI'II r·allo..,l'~ 

and IlH'chanisl1l5 [21. 

1.2 Vibration Induced by Annular Flow 

One clas!> of pIOblcm~ in \\'lllch flo\\'- iIldll('(·d \'J bratlOIl!-. al(' l'II<'OIlIlI ('1 l'cl 111\ 01 \'f'!-> 

geomrtries \\'ltb annulal flow. the annulaI rcglOll hClIIg, clt-IJI111ted b\' Iwo tllIHl!'U 

structures. ln the core of the Ad\'anced Ga . ., Coo]ed R('aclor dl'pH'lr,d III FIguJ(' l l 
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the fuel channels are of this basic geometry. 
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Fuel usembly 
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Figure 1.1: Core of Advanced Gas Cooled Reactor showing the annular flow con­

figuration (reprinted fl'om Hobson '5 [3]). 

The inner st ructure consists in the fuel assembly, whereas the outer body 

is a graphite core, deIimiting a non-uniform annular region in which the coolant 

flows. Vibrations of the fuel assembly clements caused by the How of coolant under 

certain operating conditions (re-fuelling operation) have lowered the performance 

of the reactor (Hobson [3]). The" control rods", controlling the reaction rates in 

ot ber types of nnclear reactors, are also annular flow devices, and their problems 

with regard to How-induced vibrations have been documented [1]. 
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Studies to explain the llH'challlsllls callslllg tht' dl'tnIllt'lllal \ïhlalloll:-' III 

annular flow configurations ha\'(' he('ll lI11tliltecl il!' Hoh:-,oll H]. who d('wlojl('<! a 

semi-cmpiricalllumencal Illt'thod III wlllch t'X)H'llIlH'lIt all~' dt't('llllllll'd c()('!fint'Ilt:-. 

supplemellted t IH' anal~,t i,al fOllllula t JOli 

An allalytical th('OI~' thal dld 1101 1('q1ll1(, all~' ('X))('lllllt'lItal ('odlklt'Ilt wa:-. 

de\'eloped by ~Iatee~cu .\:: P.ùclou:-':-'I:-' [0], It wa.'" ha:-,cc\ ou pol t'Ill IaJ tlo\\' t Iwoly 

and the assumpt IOn of smooth variat iOIl:-' III tht' alllllllar flo\\' pa . ..,:-.agt', :-'l1('h t hat 

no prolloullced \'iscous fiow etf('('t~ ,,'en' 1>1(':-'('lIt (for eX1llllplt' 1I0 flo\\' :-'t'pard t 1(11) 

They then completee! thelr theolY to tlf'at III il :-.imphtil'cl 111 a 1111('1 t lit' I1I1:-.tt'ad~' 

\'iscous flow ctfccts III th(' lallllllaI fIo\\ ll'glllH' [G], 

i\'lateescu. Paidolls~i;;, ~ Délaugel [i] th('11 extt'IlCI('d 1111'" tIwOI\' h\' tlH' IIlCll1-

sion of unstcae!y \'iscous flo\\' ctfect" III t ht' t III 1>1111'111 1 ('glll' '. Tht' pn':-'t'Ilt at 1011 of 

these results will serve to illtIOduce tlU' topH' whll'h 1:-' 1 b oh.J('ct of 1 III'" T!tI'~I~. 

as thi& work wa.'- mitiatcd at the very h('gllluillg of 1 Ill' Ph 0 plogl am Thl1:-'. III 

Chapter 2 the theory li. 8] u~ed to dpscril)(' t Il(' t ur/Hllt'nt pllf'1I01llf'IIOI1l 1:-' Pif" 

f>cnted. aloug wlth the cxpenmcntal t(':-.t~ pNfoIlU('<! al ~IcGlll [!). 101 to \'alldat!' 

it. Those cxpcnmental tests wpre carfled out 011 an appaJatll'" whJ('1J \\.1 .... il\il11abl!' 

at ~IcGIll. and tll(' Il(''' It'sult:-. thll!-. oblall1('d fOI the clIclIlllf"J('lItlal \i1llt1tIOll of 

the ullsteae!y pI('ssure wcr(' pail of the Ph 0 \\'olh aIle! :-'l'I\'('(! tu \',tllIl,LI(' tlll' tlll­

bulent theory developed cOllcun ent Iy, In t 111:-' t lu'or!'. t!l(' illll1lllaI tlO\\ pa . ..,~agl' \\ (1.'" 

supposed to b(' uIlIform. and the IHlfpO~t' wa.c., T() ('~lclhlI..,h tll('oIf'twal alld !'X)H'II­

mental fouudatlOus berore tacklmg 1ll00P compl('x (,()IlfigllJ al Hm ... TIH' ('(J1l1pan"'OIl 

betweell t hpory (lmi eXpelllllcllt wa.'- good H .... l', ~h()\\'l1 111 Chapt PI 2 
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1.3 Modelling of Fluid Forces by the Navier-

Stokes Equations 

TIll' ~("()I)(' of applJ('ahIiil~ of tlH' I1wthod dC'veloped in Refs [i. 8] is limited by the 

1 ('qllin'IIH'llt t ha t the élIlI1ular fhm pa.<;sage IS ulliform, or t hat variations in the 

1I1111111ar p;l.,,~ag(' \\'Idt il aH' at least !>ll1oot il alld graduaI. The theory expounded in 

(,baptl'r 2 IPd\J('/'~ tn tlu' n~~ult1'> ohtaillee! in Refs [i. 8] for tlU' case of a uniform 

HllIlulm g('Ollwtl\'. a dlffp)'('ut derivatioll i~ dOlle in Chapter 2, which permits to 

/'II\'I~agl' t IJ(' g('lIcwhzatlOll of tlJ(' lllethod for llon-uniform geometnes. However, 

t Iw t Iwol~' l~ haM'cI ou t hl' dt'composltlOlI of the flow into potential and turbulent 

Jlart~. III orell'l to g('lleralizc t Il(' Illodelling to better take into account geometries 

in wlllch prollolllJ('('d (hffllSCl sections or even abrupt discolltilluities are present in 

, Il(' allllllial 1 l'RIOU. ~('(' FlgUl (' 1 1. it WHS decided to Il10del the fi uid forces by the 

dllpct 1I~(, of tll(' !\'a\,l('r-Stoke~ cquations, instead of pursuing with the model of 

Chapt/'I 2 III tlll~ Cél .. "<'. 110 assumptlOns such as flo\\' decomposltion are necessary. 

111<11'('<1. tlH' :'\avJ('I-Stokes pquatlOllb can model the \'iscous effects present in the 

Illon' gellf'ral (,ollfiglll a t IOII!'> lIlyoh'ing flow rccirculation. 

III 01 dl'I t fi (!fon'lop a Illet hodology. thC' tirst step undcrtaken wru, the trC'at­

Il 1('11 t of plO"I(,I11~ III the lamiwu Ho\\' rcgllllc, in wlllch cru,e the :'\a\'ier-Stokes 

('quaI 1011~ rail 1)(' ~ol\'('d arrllrat('ly hy l1ulllencal methods wlthout tll{' need for 

lIH'nrpOl at lIlg fi t III bul('IIC'(' Illodd III th(' cqual IOIlS Thus. th(' theory of Chapter 2 

\\'Ill IH' plll~IJ('d lin furtllt'I III tlll~ th('~is. and Chapter :? will conclude the trrat­

lIH'lIt of uw {el\lh' 1\11 hulellt tiows TIl{' lllcluSlOll of th(' work of Chapter 2 sC'r\'es 

t 0 1>I('''l'lIt t Ill' 1II1('n'st mg ft'suIt ~ t hat ha\'(' h('cII obtalIled 111 the tirst st ag(' of the 

Ph.D plOglalII. lIaIllel~ thl' d('wlopl1lent of a IlI('thod deterrulIling the ullstrady 

pl ('~~ur(' III t Ul bull'Ilt tin\\' alld i tb vahdat JOli 011 an ah cad~ existing expeflIllental 
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~. .. 

apparatu~ ha\'illg a tlIllform aUllulal gap hll\\'I'\'('I. III old('1 tll dt'\'t'lop Illort' gt'I\('wl 

methods deahng wlth complex g{'()lIletl\('~ a !I('" aPPlOélch WiL .... Illit Jall·(!. Il il lIIeh' 

the soh'ing of the :\a\'H.'I-Stok(·s ('quatlOll~ 

The th fficu lt y \\ lt h t ha t a ppIOélcl! I~ t ha t t hl' titlld fOJ('('~ aet Illg 011 t 1)(' ~t 111('­

turf' caullot Iw det(IIlllIllNI exphntly ill t(,I111~ of tlll' d~'lIalll\('al JlaIalIlt'ft'l~ t!t'­

scribing tb<' st nIctural mot IOH. ~Il('h a~ \'('loCI ty Illd(·{'d. t II(' COlll plt'xl t y of 1 III' 

Navier-Stokes equatl0ns make~ It Impo!->!->Ibl" tn ohlaill cl()~t·d-f()rIll l'Xpl('~~J()II:- fOI 

t he ft uid fOH'('~ fOI gl\'('Il bOUlldaI ~ ('01H11 t 101l~ Hlld geollwt 1 ~'. l'X('('pt III t Ill' ~11\1 pll· ... t 

of cases, 

The solution to that <hfficulty i~ to tn'at ftllld-~tructur(' llltf'factioll prob!l'lIl~ 

in an interaetl\,(, manner the <'quat iOIl gOWlIllllg t 1)(' dyllal1l[('al 1 )('ha\'(olll of t Ill' 

structure is integrated simultancou~l~' with thl' !\a\'i{'I-Stoh('~ {'qllatioll~ 10 oillalll 

the temporal e\'olutlOn of tlH' strueturalmotlOll Thl' li'l~ll'at!y fhwl f()l('f'~ 1IctIIIg 

Oll the structuI<' are dctplI1liut'd él.'> a fUllctlOlI of tht' \'{'Iont\' of th(' ... 1 Illet Illt' al 1111' 

ftuid-structur(' iIlterfact' Conclusloll~ wlth J('gard to ~tal)[lIt~ ('<Ill th1l'> Ilf' n'adll'd 

a~ It is se('ll ",hetheI th(' stluctUf(' ha .. ,> aIl ()~('[llator\' (fiutt('I) 11I ... talJlhl\' 01 0111' of 

the di\'ergence typl', The study of tll(' stability of 11 ftuid-1-ltzuct1lrt' 1-l,,'!->11'1ll li\' tlll"> 

method will sern' a~ a ('onclu~lOlI to the pl('~eut TIH'~,l">. aut! t 111' J(·.~1I11 ~ wlil lw 

presented in Chapter 9, 

Bcfme tll1s. hO\\'{'\'cr. therc 1~ .ver a dJalll'llglllg a.">I){'('1 t CI tlll' />)(I},lt'lI1 1 Il 

consider' the accUiatc tillle-lIlt('gratioll of thl' 1lI1,,1('ad~' :\a\'II'I-St()kf'~ ('quatlOlI"> 

This problem is central to the prc~('nt applOach, alld \\'1111)(' lIltlOdll('('d fir1-l1 TIIf' 

integration of thr f'quatlOl11-l 1!> done USIllg a nUlll('I!('al mpt 110<1, '>IH'nhe alh' t Ill' fllll 1 l' 

differcncr method l~ us('d 10 dl~cr('tll(' tlH' ~patlal (lIffeJ(,lIllal O!H'latol'" apP"aIlIlg 

in the equatlOns Howe\'{~r. the Pq1latlOlI~ abo ha\'(' to 1)(' Illt('grat('d 111 tlllll'. alld 

a new method has been de\'elopcd to accolIlph~h tlla! dficJ('llt I~ . II 1'" ,,[(''>l'lIlt·cl III 

Chapters 3 to 8, 

;:) 
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TIl(' ;\av}('I-Stokp" ('qllatJOll~ cOI1~idcred ùe~cIib(' the motlOu of an incom-

1>1 f'~~i blf' fl111Ù, v,:lllch If-, the ca."(' of pract ICal lIltcrcst for most problems in flow­

lIIdlH'f'd vlllléltIOIl~. 8t('ad'!} .~t(lt(; f-,OlutlOllb to tla'se equatiolls in the laminar flo\\' 

n'l!;lIIu' llil\'f' 1)('f'lI oht allH'd b~ v,u 1011<, met hod~. Chorin [11] has introduced the 

lIH't hocl of "art dinal (,()Il1J>If'~~1 bihty". in wlllch the continuity equatlOn is aug­

lIH'lltl'd by a pl('''~II)(' tllllf'-df'IlvatiH' t('fIIl which allows t.o use tlmp-marching so­

lUtlO11 tf'dlIliqlH'~ t.o ~(\Iv(' th(' ~y~telll of cquatlOns a" a whole. Indeed. the system of 

IIU'OIllIH f%llIl(' ;\ 11\')('1- St ok('~ t'qua t JOliS cont aills à. time derivative of vdocity in the 

11H1IIH'BtUIll ('q11<1tlOl1. hut !lO tmlP dellvatiw' telll1 in the cOlltinuity equatlOn. and 

~1H'('}al plocpdllH'!'l an' ll('('d('d to implcment time-marching solution techniques. 

Cl1011I1'f-, I1l1't hoc! l~ 011(' of th('lI1: ho\\,('\,('r. it is applicable only to steady state flow 

f-,olll t iOIl~ 

Allot 111'1 Hwt hod for solnllg thr iucompresible r\ avicr-Stokes equations was 

()lll!;illall~' c1('v('I(II)('d hy Harlo,\' ~ \\'elch [12]. It IS a pressure-correction type 

111I't Itocl. illid vanalltf- of wlllch, call<,d proJ<,ctioll method and fractlOnal step method, 

ha\'{' ~ll h~('qll('nt Iy 1)('('11 d('wloped [13. 14, 15] It require!'. the Iterative solution 

of a POJf-,~()1I ('quatioll to obtam correctIOns to a guessed pressure field. It can 

hl' applH'd to tl)(' wlutlOll of h~)th the st('ady and unsteady incompressible flow 

t'quat 101l~. WlllCh l!'l ail advalltage 0\'Cf Chonn'~ artificial compressibihty method. 

Ho\\,('wr. tlll' latt('! I~ 1H'IH'wd to be more efficient whcn it cornes to obtaming only 

~t('ad~' ~tat(' ~()llltlOl1~ 

Soli ~\: GondI ich [1 G] ha\'e d('veloped a lllethod for !'.oh"illg the unsteady flow 

('quatlOll~ \\'hH'h g()('~ alollg the lilleb of tla' a!tificlal compres51hih t y IIlethod. An 

artlficial tlll1('-df'II\'ati\'{· of plessure i~ addt:'d to th(' contmuity equation. lifter the 

1ll01ll('ntuill t'quatlOlI ha.. ... b(,(,11 tlIllP-dIS('fptlzrd alld put III delta-form. A pspudo­

tlllU' f('laxatloll plOcpdur(' 1" lIltroduced thereafter The formulation was com­

plIeat <.<1 and f('IH)rrrd Ilt:'cpssar~ t h(' lIltrod HctlOn of SlIllphfications in the sol u tion 
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process. lndeed, the way time increments in the Ho\\' paralll{'tt'I~ aIt' d('fjllt'd makt'S 

for a cumbersome treatment u.i. the non-lilH'éll com'rctl\'t' trrllls. Aiso. l!l(' tllllt'­

discretizatioll schpme t IH'y chose dld Ilot n'~ol\'(' ",dl t h{' t lIlH'·{'\'olll 1 IOU ~olu t IOll 

for pressure: nUl11Pllcai expCriIl1ellt!> comi uel pd a 1 ~'1cGill hy t IH' pl t'~{'111 a ut hor 

revealed thr presence of IlUJllP! ically-md uc('<! o~cillat iOIl:'.. 

The present '.vork ha!> renwdied thef>(' difficult l('~. The Ilwt hod of art dicial 

cornpressibility has been exteuded to bOIve unst('ady lllCOIll]>I'('~,siblt, \'i~(,oll~ Ho\\' 

problems in stnughtforward fasllIon The equatiolls are put III dplta-fOi III afin 

performing the timE' discretizatioll of the lllolllelltllm equatlOll anc! IIlt IOdlWIllg 

the pseudo-time lelaxatlOll 5cheme. Ilot befoH' a.s in Rpf. [16] TllI~ all()\\'~ 10 

use the alrcady existing time-marching solutIOn techIllqll('~ 111 ~talldé\ld Ill:tllIH'l. III 

particular, Approximate Factorizatioll and Alternatillg Direction Implll'lt HW! hod~ 

are implement ed along t he exact same liues a.5 in t.llt, caSt' of t]1(' Ilwt hod of aI t Ifi('lal 

compressibility applied to the solUtlO1l of steady flow probl('lll~ II i] FUI tll<'l lllOl t', 

the time-discfetlzatlOIl of the mOIl1('llt UIll equatioll i::, COW'clPt! 111 orel!'r ! 0 Iwtt,I'1 

resolve the flow quantities and iluid fOICCS, wlllch Iesdts III tlH' 1II1 roclllctlOll of! II(' 

three· pomt backward ImphcIt tlluc-dlffercncmg schemc 

Th(, thcsis contents can thus be summarncd as follow~. In Chaptt'r 2 tilt, 

5.mplified theory is first llltroduced. which takes mto accollIlI the 1l11~tpady VI~(,OIl~ 

effects in the turbulent Ho\\' regimc; it is applied to tlw ca.<'C' of a llllIforrll anuular 

geometry Th('ory and cxperirnent are compared and tIJ(' aglN'lIH'lll IS ~hOWll to 

be good. TheIL the exteIlslOIl of the flo", tIH'orH'::' to g('IwrallZl' t!H'll S('O])/' of 

apphcabilty to more geIteral configuratlOIlf> i::, tIw obJC'cl of tIH' ot !Jpr dlapt('r~" 

",here the treatment IS for unsteady \'bcous JallllIléll flo\\'. 

First. the method of artifkml complesSlbility, a,> extelld('d to a}::,o ])('rforlll tlll' 

time-accurate integratioll of the ullsteady iIlcompressl bIc l\' avier -Slok<'~ ('<jlIatIOU::' 

is presented [18]. The time-differencing scheme adopt('d is introducf'c! !II Chaptf'f 3, 
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alld in Chapterf> ... alld 5 the 1,heory iE> \'alidated by applying it to sorne steady and 

ullstrady flm\' problcmf> 1Il Carteslall coordinates; the finite difference method used 

1,0 disc·[f·tiz!' tllf' spatial differential operators is described tlu'rein. The remainillg 

c!!flpteI~ app).\' the tlH'ory to tll<' fo.tudy of ullf>teady annular flow problems. 

III ChaptpI G, the f.,Ollltioll tC'clmique adapted to cylindrical coordinates is 

d('scril)('d, in partIculal. IlllrélIlzed fOlm:, of the equations are introduced by using 

the Gah.'rklIl method In which the ba.'iis fuuctions are Fourier series expressed in 

terIm-, of tht' circmnfrlential coordiuate This is in faet a hybrid finite differencej 

FOIllWI ('xpall~lOll Ilwthod which allows to obtain unsteady flow solutions in a very 

(lffkiellt ll1aIllH'I, as three-dlmel1~ional dOlllains (meshes) become two-dimensional. 

Chapt('r ï gl\,(,~ the particular forllls cf the equations as weIl as numerical solutions 

fOI a two-dilllPllsional ullsteady annulaI' flow problern. There it is demonstrated 

that tlU' thl(,p-poillt-backward tune-differencing scheme which has been introduced 

in Chapt<'r 3 I~ sllprrior to the Crank-Nicolson sheme Chapter 8 presents nurner­

Ical solutlOllf> for 11101(' general three-dirnensional configurations, in particular the 

1I11~t(,éldy Na\'icr-Stok('s equatlOns are resolved on a three-dimensional rnesh. 

Up to thi~ pomt in the thesis, the ullsteady viscous flow solutions have been 

(Ihtalllf'd hy fOI('('d-\'ilmltlOll nurnerical experiments. In Chapter 9, the tirne­

lIltq~rat)(l1l ~('h{'nll' dp\'elopcd for the NaVIer-Stokes equations is combmed with 

tilt' e<)l1atlOll gOW'rIllng th(' dynamical beha\'ior of a stIUcture 1Il order to perform 

th!' flllid-~trnctun\ stahihty analyslS of this system in the time domain. 

FlIlalh·, Chéll':"I' 10 gi\'cs the main conclusions arr.ved at in the Thesis 
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Chapter 2 

UNSTEADY TURBULENT 

EFFECTS IN UNIFORM 

ANNULAR GEOMETRY 

2.1 Equations of Motion 

The geometry for the problem treated in this chapter is :,hOWll in Fi g,1I l'I' ~.l 

The present analysis considers the turbulent ftow of an illcolllpn'S~lhlf' thlld iu th(' 

narrow annular space formed between a cylindrical dllct and ft ('oaxlally 1ll01l1lt('d 

central cylinder of radius a. The innf'r radius of the dllct is ft + H = o( 1 +" ), wll('lI' 

the relative annular gap h = H / ft is gellcrally small TIH' rig,1<1 cdiudrll'ill ('l'lIt('I­

body of length L = al is considered to eXccllt(' élllglliar ()~('illatlOll~ abolit il hlllg,(' 

il situated at a c!istauce L() = fi 1" fIOIll tlH' Ilp~tl'('alll ('ud of tlll' ('vlillc!(·l. \0,:1111'11 

is the origin of a cylindrical system of cOOidinat<'~ (.\, n JI) FOI ('OIlVl'llI('IlC'(', 

the nondimensional cylindrical coordinatcr, .r = .\ / fl, r = R / fi and fJ wIiI hl' 

used, instead of the dimensioual oues, in the formulatIOn of tlw prohIPlIl, and tl1l' 
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('()rn'~pondillg unit oasis vectors are denoted byez , e r and e8. 

-u 

tI 

-+-_ ...... _ Lo-tl~.J-,_. ___ _ 
A ~6(" 

II. 

-u 
,,",»»>T»»»>>>>>>>>>>>>>>>> ,""", 

1 L -,,1 .1 

Figure 2.1: Geometry of the oscillating center-body in the eylindrical duet. 

We note that the charaeteristie length used to non-dimensionalize the equa­

tions in this chapter is taken to be a, the radius of the inner cylinder; in ail 

subsequent chapters where flow in annular geometry is considered the annular gap 

width, H, will be cho:,en instead. 

Two long fixcd cylinders of the same radius a are situated upstream and 

downstream of the inner cylinder to regularize the flow in the annulus, and the 

mean axial flow velocity is denoted by U, see Figure 2.1, where U is used as the 

characteristic veloci Gy. 

Considering a harmonie oscillatory motion of the rigid eylinder, the angular 

and lateral displacements of the center-body a.xis can be expressed in the eomplex 

form 

E(x,t) = ae(x,t) = a(x -lo)ooe'w.lt, 

whcrc w and t represent the nondimensional frequeney and time, whieh are defined 

in tcrms of the dimensional time T and circular frei.lUeney n (11 = 2nJ) as 

w = n a/U, t = UT/a. 
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The nondimensional radial displacrmellt, Cr = Er/a, of tlH' Cl'Ilt('r-bod~' sllIface at 

any azimuthal position e (Figure 2.1) if. 

In the present anal~'sis, t h(' flo\\' in t hp narrow au Il \1 1 Il:-' b (,oll:-.id('1 ('d to \)(' a 

fully developed turbuleut flo\\'. and the \Iustrady t 1Il bul<'nt df"ect:-. on t hl' dyn<lllllCS 

of the center-body will be determinl'd Ko !-.t('ad~ l'trl'Ct~ of 1 Ill' turhlll(,llt flow, s\lch 

as pressurization (Ref. [19]). are incllld('d SillCt' t IH'!-.(' do Ilot am'ct 1 lu' ci.\'lIal111(,~ 

of the rigid center-body (Ref [20]). \Y(' I('Illalk ill pa:,<"lII~ that th/' /!,('Ollwtly of 

Figure 2.1 is aimed at ideahzing certain a~p('cb of annulai now C'onfit!,ul'iltlOl1:-' ami 

serves in a tirst approach to gang(' th(' parallletel!-. ~OV(,l1llllg anllulal flo\\' 

The equatiolls governillg the mot ion of an lllCOI1l pl (,~!-.l bh' \'l~(,Oll:-' flu id al (' tlU' 

Navier-Stokes equatian of lllomcntulll and 1 h(' ('quallOl1 of ('()11~('1 val IOIl of Illa.%, 

8V - - 211 2-
8t + V . VV + Vj) - Rf' V V 0, (2.1 ) 

V·V o. (2.2) 

They are in non-dimcllsional forIll and Re = 2H U /u H'J>I(,~(,l1t~ tlH' H(·.vllold~ 

number defilled 1Il tenus of the hydraulic (hampt/'I. D" = 2H := 2011. alld t II(' chal­

acteristic velocity, L·. vis th(' ftllld kU}('lllallc \·I~(,O~lt~. V tlH' \'e1o('J!\ \'('('101 allel li 

the pressure. SIll('(' w<' arr cOll~id('lIl1g tUIbulelll fiow~, \\'(' makI' tll/' Il~llal a .... ~lIl1lp­

tion that the lcrm -(2ft/ Re)'7 2V III thC' ('q'IatlOlI of III 011 H'II t 11111 ('()II~('rvatlOll cali 

be dropped 

To solve equation~ (21) and (22) alld obtalll the t111<.,I('ady tlll1JUII'1l1 Hem 

effects. we proceed lU the followlIIg lllanner \r(· a. ... !,ume tltat t lH' flow. lIlcllldlllg 

the meall flaw and thE' p('l'lUIbation~ inclucecl by the ()~cdlallllg ('('lItl'l-body wlwlJ 

are superposecl on It, is basically a potential fio\\'. alld w(' dC'TIotf' hy V and JI 

11 



1 
thw:>(' potcutial flow contributIOns to the flow pirture. However, the presence of 

turbulencp iu th(' flow is modelled, as i~ usually done for turbulent flows, by the 

introductioll of a flllctuatillg velocity component, v', and a fluctuating pressure 

compOIlPllt, l" 

At this stag(', \\1(' hav(' to obser\"C that th(' unsteady turbulent flow consid­

en·fI i~ chlllact('rized by two distinct bcale~ of time-dependence: (i) a macroscale 

a...,sociatpd with the oscillatory motIOn of the center-body, and (ii) a microscale 

aM;ociat{'d with tlH' turbulent fluctuations of the flow paramet.ers. The microscale 

tllllP-d('Jwlld('nce is lllodelled by v' and p', which are the usual fluctuating quanti­

ti('b mtrodllccd hy Reynolds [21] for the study of turbulent flows. The time average 

of both v' and p' lb zero: 

1 T - l' v' = - v (t + T) dT = 0 , 
2T -1 

1 jT -T p'(t + i) di = 0 , 
2 -T 

(2.3) 

whcn' an overbar hert' dcnotes a time-averaged quantity and where the period of 

tlllW, 2T, during which time-averaging is performed is of the microscale order; 

T is nC('(lsbaril~· smallcr than the macroscale period associated with center-body­

illduced flo\\" perturbations 

Tlll1b, tl1<' flow quantitieb V and fi are separated into the following compo-

nents: 

V=V+v', - n' p=p+ +p, (2.4 ) 

where V and l' r('present tll{' potpntial flo\\' contributions, including the oscillation­

lllduced perturhatlOu tlo\\" field, v' and p' are the tluctuating, or "eddy" components 

which acconnt fOl turhulenc{' at the 1ll1clOscale le\'e1. and n IS a macroscale un-

st<'ady tm hnlent prebsure. The particular pOlllt about n lb that ltb time a\·erage is 

not zero: iudepd. it accounts III a "tllne-aycraged", '"11acroscale sense for the pres-
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cncc of turbulence. wInch is modt'lIed at t IH' mieroseale by v' aud l'Il Thu:-.. \\'t' 

will denote the timt>-av"raged turbul<'ut pn'SSlln'. n. hy Pt: 

1 l' 
Pt = - [ n(t + r) dT . 

2T lr=-T 
( ,) -) _.d 

\Ve note that in the macro~cale sense w(' cousider t hat V = v. "fi = /), 1'01 11\1' 

potential flow contributions. such t hat tht' prt>ssure ou t.h<' snrfat't' nf t hl' os('Î lIa 1 ill~ 

cylinder is given by 

p = P +}Jt. (:!.G) 

In summary. the qllantities v', n and p' accouut for tilt' 1>1'(':-'('1\('(' of 1 lIl'hll II'I lI'l' III 

the flow and in this study they are superposed on an illViscid Hm\' fi('ld. IIlstl'ad of 

a "viscous" one. 

Thus, equatioll (2..1) is substitutecl iulo (2.1) aud (~.:n alld IIJ(' pot('111 iii) 

flow contribution is cxtraeted to obtaiu the followillg two s('ls of ('qllatlOlI:-': 

DV 
Dt + V . VV + Vp 0 . (') -) _./ 

V·V O. (2.8) 

âv' 
ât + V . {v' (V + v') + V v'} + V (n + p') 0 , (2.!J ) 

V·v' = o. (2.1 ()) 

1 In the original presentation of this work [il, a. vbcoll~ contnhution. naulI'ly VI), had abo IlI'l'lI 

included in the decompo!>ition of the \'('IOVlty vcctor, 1.1'. wc h,ul V = V + V,, + v', Ill,>tf';ul of 

(2.4), A discussion of the implications of this d('compo'lition 1'> mail!' in th(' (·ollf'lu.,101l of thi., 

chapter, Section 2.5. 
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1 :\~ pointed ont parlif'r, the rcnl1 -(211/ Re)'V'2V has been dropped from the equa­

tions. Abo. in equation (2. i) the writing of the convective term in that form 

COIlU'S from 1dl'Iltity V· VV = (V . V)V + V· VV. combined with (2.8). The 

~(,llltion to ('quittions (2.i) and (2.8) for the potential flow contribution is givcll 

in Section 2.2, wh('I('c1."> the tnrbllient flow solution of eqllations (2.9) and (2.10) is 

detailpd in Spction 2.3. Then, Section 2A shows how to combine the potential flow 

and turhul('ut flow contributions in order to obtain the unsteady pressnre: it also 

gives thp comparison of the theoretical results thus obtained with experimental 

r(,slllt.~. 

2.2 Solution of Unsteady Potential Flow 

TIl(' potpntial flow solution hél.5 previously been obtained in Refs [i, 20], and we 

sllIIllllariz(' hl'l't' the rcsults that are used in the pre~ent approach. llamely the 

solution a." applicd to a lluiform annular gap geometry. vVe obtain the inviscid 

eontrihution, p. to the lIusteady pressure by Iinearized potential flow theory. It 

is t.hus assumed that there 1S a steady mean flow in the annulus, which in the 

prf'sent case is uniform aud of magnitude U (or 1 in non-dimensIOn al form), and 

t.he perturbations in the mean flow introduced by the oscillations of the center- body 

are small. 

Thcn, in the case of potelltial fiow, the fluid velodty derives from a \'elodty 

pot,<,ntial. <1> = F rr( c:> + .r). where (/J is the perturbation potential which satisfies 

IV <DI « 1. in \"iew of the s111a11 perturbation assumption. The dimellsioniess 

wlocity \"cetor V in (2A) is consequentl)" givf'n by 

( 
a</J) Dd> 1 a(/J 

V = 1 . er + V (j) = 1 + ax er + 81' e r + -;: ao eo , (2.11) 

and upon sllbstituting (2.11) into (2.8), we obtaill a Laplace equation in </J: 
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Equation (2.ï), which is Euler's equatlOn of motion, is thl'Il lIltl'~latl'd tn ohtaill 

the perturbation form of the Bprn<mlli-Lagrangt' t'qua! iOB. nalllt'ly 

[
Jo Do l "] P = - - + - + - (v'<,'))-
Dt D.l" 2 ' 

where p is the unsteady presstlfc pert urhation 1'00Tt'~pOlHlill).!; t () 1 h., pot l'lit l<Il (111-

viscid) annular ftow. 

The solutioll to Laplal'P <-,({nation (2.12) ha . .., hl'I'u ohtalllt'd III n(of [,'J] for tlH' 

general case of au axially variablp anllulal' pa."'f,a~(' by "011:-'11 !..1I1l~ a ('011 Wl\l l' III 

Fourier expansion of the boulldary condi tion on t lH' oscillatillg ('('111.,1'- h()( h'. III t 1\1' 

form 

ôm 
ôr r=l 

De,. Der [ do ] - + - = (.r -/0 )- + n(t) co:-." 
Dt D.r dt 

{
do: [ .V .V 1 } 
dt L Dk cos Ck·r + L Ek!'llll ('1..'/' + 0 (t) ('0:' fi, 

k=O k=1 

where Dk and Ek are the Fourier coefficients of the expan~i()11 aud ('k = '2;r" / 1. 

Introducing a new nondimensional coordinate, :;, across tlu' annular p;L..,:,a~(', 

R-a 
--=,.-1, 

a (2.13) 

the solutions for cp and p on the cylinder surface (:; = 0) in the cm,l' of a uarrow 

llniform annullls are obtained as 

<jJ(x,O,O,t) o:(t) {(1 + lwDO) Go(h) 

+ iw t Gk(h) [DkCOSCkX + EkSinCkxl} cos(), 
k=l 
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,,-

-

{ ~ 

.( f, (). H. f) = (t(t) ( ... l Du - /w) Go( Il) + {; GI,:(l1) [ul (Dk cos Cl,:l' + El,: sin cl,:.r) 

+ /WCI,: ( DJ: :'.lin ('1.:.1' - El.: cos c/,:.1:) ] } cos (J , (2.1-!) 

wl1('[1' 

, -ilJk 1 2 . / 2 
Gdh) = - 2 1 - --, lJk = V5+-!c~. 

(li.: - 1 eqp - 1 qk + 1 
(2.15 ) 

A ~1I11plitied llIlst('ady potential solution was also obtained in Rer. [5]. which 

i~ ba:.,C'd on t '.(' ~1(,IHIt'r hody aSf->llluption, and the solutions for 0 and parr obtaillcd 

in t hl' following dosed t'Olll1s: 

l1>(.l:,:. (J, t) g( h - :;) [ do: ] 
- g' ( h ) (.1' - 10 ) dt + 0 (t ) cos (J • (2.16) 

p(.l', O. 0, t) g(lI) [(' 1 )d
2

0: 2 da] .(J = -- ;-0-+ -cos 
g'(Iz) dt2 dt . 

wh('f(' 

g( Il - :;) = _2_et(q+l)(h-Zl + _2_ e-t(q-l)(h-:l 

q+l q-1 
(2.1ï) 

(2.18) 

This solution will be used in the next section in the derivation of the turbulent 

p('rt Ilrbation solution. 

2.3 Solution of Unsteady Turbulent Flow 

Tht' procedure used to sol\'e equations (2.9) and (2.10) is the one usually llsed for 

turbulent flows. in which ~he microscale fluctuations are averaged out. Thus, we 

tillll'-awrage (2.9) and (2.10) as 
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1 
2~ l:-T [{ ~~' + v· {y' (V + y') + Vv'} + v(n + P')} (f + Tl] dT O. 

1 T 
- [ [V· Y'(f + Tl] dT = Il. 
2T Jr=.-r 

wher(' all the vectors are fuuctiom, of (t + T). ~ow. hy lIlakill~ Il:-'1' of (~ 31 and 

(2.5) these last two equations ran be lcwritt('11 H." 

V· (y'V + V'y' + Vv') + Vp, o. 

V . y' = () ( ~ ~()) 

\Ve note from (2.3) that the continuity c({llation (2.20) l~ alltolllatH'all\' :-.all:-.tic·d 

:\.150, ifwe asSUIllt' that the v<,lority cOmpOIH'llts V and y' ail' 11ll(·0l1!'lal(·d. wlllch 

is reasonable. we obtain Vy' = V y' = O. Then (2 U)) Il'(hll'('~ 10 

Vp, = -V· (y'y,) (~~I ) 

Here. we haye that. the tenn -y'y' replescnt~ the turbuleut Reynolcb ~t.lf'~~(·:-' [~l]. 

equation (2.21) is written, in componcnt form, H." 

VPt 
, [D( -Il''l) D( -n'v') D( -Il'IV') -/l'/1'] 

- ex + + +--Dx Dr r ao ,. 
• [D( - Il" /l' ) D( - v''.! ) D( - v' IV' ) - /11l + //J'l.] + e r + + + ----Dx Dr ,. DO ,. 

+eo + + +2--, 
. [D( - /l'IV') D( -l"~ //J') û( - lo''!) - /1'1/1'] 

D.T Dr r DO r 

where u', v' and w' are the componcnts of the tm hul('ut Vl'loClty flul'tuat lOW .. III 

the X M
, r M and O-directions. The diffel'cnt tcrrn~ iu the Reyuolcb ~trc'~~('S -y'v' 

in (2.22) are known to be aIl of the same orcier of magnitude [21]. 
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Siue!' tl)(' gap l~ :,mall. Il « l', wc have D/D.T « D/Dr. D/rDO « D/Dr, 

and Wf' l't'tain ouly tlw paItlal (h'rivatives with respect to r in (2.22): also. \\'c are 

ll1ten'~t('d in t Il(' pn'!-lStlff' on the :-.urface of the inner cylinder where the Reynolds 

!-ltn'~S('!-l an' zt'ro. EqllatlOll (2.22) thlls l'('({lIces to 

D( - H) ,D( - N) 
Vp, = er a:; + eo D:; (2.23) 

wIH'r(' :: = r - 1 l!-l t Il(' llolldinH'llsiolla1 coordinate across the annular gap introdllccd 

1Il (2.13), and W(' ha\'(' dpIloted T w = -pU2(e r /t'v' + e8 "'!L") as the dimcnsional 

tl\1'l>lIl(,11t !-lÎI('.,S Vl'I'tor III tht' p!ane tangent to thr f-urfacr of the cylillcler. Hencc 

\VI' Ilot .. that tlw radial componcnt of the pl('SSllre gradient b omittcd from the 

('quatioll ~lU('(', a:-. wc will 1>('(' lwlow, wc are onl)' illterested in Vp, in the plane 

t ang{'ut t 0 the :-'111 fac(' of t.1H' oS('lllatillg center- body. a,<, the unstcady tll1'blllent 

(>H'!-lSlIIf', p" wIll 1)(' obtallH'd b~' iuUlgratillg the rircIlll1fcrential compollent of VPt 

owr tlw pel'lnu'tl'I' of the cylindel'. 

rOI' t hi!'. challllel- t~'pt' How. the turbulcnt stress Vf'ctor TIL' can be expressed, 

Il:-.mg .u} t'ddy n:-.cosity model for the Reynolds :;tresses [21], in the form 

Til' _ :'1.[. 17 ' 77] _. _D(Uu) . _â(Uw) _ _ D(UW) (?') ) P - [, c r ( -Il 1 ) + eo( -t IL ) - e r .:: a(a::) +eo.:: D(a:;} -.:: D(a::) . ___ 4 

wh('n' ê is tll(' turbulent edely viscosity, and W ::: é,r Il + é8 w: Il and IV are the \'e­

locit.y componcnts in thl' axial and circumfercntial directions which, in the general 

('a~(' of ('<luation (2.2--1), are the macroscal(', time-averaged "viscous" components. 

How('wr, in t 111:-' stlldy W(' now show how the potential ftow solution cornes iuto 

play tn Hupplt'lllt'Ilt the illfolluation supplied by the Il and LI vclocity profiles. 

Proc(l(ldillg in a siulliar manuel' as Ref. [6] for the ca.<;t> of ullsteady laminar 

tlow, Id liS cOllsidN the (lwrage values across the annular gap of the llondimen­

siollal axial and circumfercntiaI \'l'locity components, u and w, defined as 
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l 

Ü(l',O,t) 
1 rh 
hlo u(.r,z,O,t)d:, 

Ü'(.I',O,t) = * foh tl'(.I',z,O,t)d:, (225) 

and let us denote by W = êr Ü + êo Il' the an'Iag(' n'locity of the ftllid {\CIO:-.:-. th .. 

gap, wherc the radial compont'nt is 0l111lled. 

One should note that Tf' ~ 1 (or, dimmf>ionally, ulf ':::: U) in IIH' a.-,slllllption 

of sm ail amplit ude oscillations of the cylinclf'r; al th., ~allle t lIlU' Ol\(' (' an (·ow .. id('1 

that the ,'clocity profile:, across tht' gap are f>illllim for thl' n'loclty ('()lllPOIl(,Ilt~ li 

and w, in which case 

IV Il' 
W = n' = ~ill ,3 ~ /ï' , (22G) 

whcrt' /3(.1',8,t) i5 the anglc made by thr awragc \'l'locity arro:-.:-. IlH' gap, W, wllh 

the :r-axis, see FIgure 2,2, 

Figure 2.2: Direction, {J, of the flow velocity, W, in the annular space, in the plane 

tangent to the surface of the center-body and along the coordinate X. 
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• 

Hl'I!C(', the a\'Nagf' \'l'lority of tll(' ftuiù across the gap, W, remains prac­

t ically r()I!~t aIlt III magui t ude (lf :::::: 1), wllll(' i ts direction. defined by the angle 

/J(J'JI.t). {)~clllat('" III tini(' \\'Ith the fle<!lIcucy of thC' ceuter-body oscillation. In 

t.lll" tj('atlllf'lIt of 1l11~t('ad~' tm hulcllt ('ffpcts. the quantity sin J is precisely deter­

mÎlH'd lI~illl-', tlH' 1I11"t('ad~' potl'ullal flow solutIOn of Section 2.2. Upon cOllsidering 

('quatioll~ (2.11). (225) alld (2.2G), w(' th11& obtaill 

1 rh 1 ôdJ 
sill;1 ~ lï'(.T,O, t) = h Jo 1 + = ôo d:. (2.27) 

ll~lI1g th .. ~lf'nd('r-hody solution of the potelltial gi\'en by (2.16), sin,B is obtained 

h,\' inl<'graling (2.27): 

sin /3 = B( x, t) sin (J, (2.28) 

whC'[(' 

B(.,-, i) (2.29) 

g'( Il) and q are defill('d in (2.1 i) anù (2.18) and we have considereù that h «: 1. 

Hl'II('('. dPllot lIlg hy S the llondimensional coordinate instantalleously aligned 

wH h t h(' du ('ct iOIl of t 11<' gap-a\'{'rage ,"docity W, wl!ere W makes an angle (3 with 

r{'peel 10 tht' .1-aXI~ (Figlll'(, 2.2). equatioll (2.23) can be wntten in the scalar form 

DpI __ 1_ Dru. 
as - p~"2 oz' 

Ohs('rnllg that the angle f3 is small (cos J ~ 1. tan /J ~ sin B) in the case of 

small amphtude oscillations of the cyhuder, the scalar projection of (2.23) in the 

cyhlldncal s~'stem of cOOldinates leads to 
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apI 

DO 
1 DTw . J DpI 

---;7)-;;- SIn ~ D\" B(./'.t) f,lllO, 
pL ~ u:; . 

where the expression for sm ,3 from (2.28) ha!:> becllu:-,('(l. 

Now, in order to complete the solution, the vallH' of iJpl DS ~ npliJr 1I .. :-­

to be found. One call use simplifit'd lUod('!s of tm blllew'(' for challlw! tlo",s, :-'11('11 

as Prandtl's mixing length theOlY, von Ka.rll1an'~ similarity rl1k, or tht' :-.illlpk 

(l/n)th-power law mIe describing tht:' t1ll'buh'ut \"l'loClty plOfill'. Co III pill ahll' n·· 

sults were obtailled using clther llwthods, ami t hl' }>OW<'1" law l'lIlI' ha .... I)t'(,l1 pII·fl·III·( 1 

here since the results cau be cxprt'ssed in 811uplt'r fonll, ~illlilar to t.hat ohl aiIH·d 

for laminaI' unsteady flows (Ref. [6]). 

For the narrow channel-type fto\v llndt'r considerat iou, t Ill' pO\\'('1' law fOI t Iw 

velocity distribution in a half- height channel is ('xpr<'ss('d as 

U1V (IIr) 1/11 -- = C -a:: , 
Ur V 

where UT' = Vrwl pis the wall friction velocity. v = III P lb the kllll'lllat.i(' \'I:--(,()~Ity, 

and where the constant C and exponent Tl depelld on the R('yll()ld~ 111\IllIH'1 of! Ill' 

flow. The coordinate ;; has beell introduced in (2.13) and 18 111(':\,'>111'1'" fWIII tIH' 

oscillating center-body surface. Equation (2.31) is valid frolll l)('tw('('11 :: = () ln 

:; = h/2. The gap-averaged velocity UlV calclllatcd from (2.31) i~ 

UlV 2loh/2 (llT' )1/11 n (,tTa ,,)1/11 
-- = - C -az ri:: = -- C --

UT' h 0 V Il + 1 v 2 
( ') ')')) 

..... 1)6... 

Applying now the momentum equation to an illfinitrf,illlai voluIllc of t Ill' aUI11llal 

gap, corresponding to an elemental angle dO and !ength d( nX), cldinl'd OVl'l' t II<' 

whole llCight of the gap, one obtains 
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. 

(2.33) 

Combinillg (2.32) and (2.33) and obsf'rving that U1F ~ U. as discussed above, one 

ohtain~ 

DpI = _ K Re -2/(f1+1) 

ax Il ' [ 

11 + 1 1 ]2n/(f1+1) 
wherc !\' = 2 41

/
f1 

-11- C . (2.34) 

Considerillg 11 = Î and C = 8.56 (specified by Blasius), which provides good results 

for turbulent ftO\\'l-- with Re :s; 105 as shown in Ref [21], the resultant value of the 

ahoV!' ('oustant is !\' = O.08.t 

TIH' tU! bu lent pressure perturbation can now be obtained by substituting (2.34) 

intn (2.30) and integrating with respect to 0, leading to 

K 
]JI = Pto(l') + -;;Re- 2

/(n+l) B(x, i) cos 0, (2.35) 

wlH'r(' 

dpto = _/\ Re -2/(n+1) 
dl' h . 

Thifl !h the turbulent pr(>ssun~, Pt, on the surface of the oscillating center­

body, WlllCh no,," ha:;, to Le combil1ed wlth the potential flo\\' pressure, p, in order 

to ohtalll thr total preshure a.'> pcr equation (2.6). This if .1one 1Il the next section 

whl'!c the th('OIetIeallllethod IS also compared wlth expenments. 

\Y(· not(' 1ll pa . .,sing that the formalisIll adopted hcre permits to em'isage the 

g('nc!ahzatlOll of t h(· l1lcthod to treat problems with more complcx geometnes, Ilot 

limitt'd to ulllfol'm alllluiai gaps lndeed. the equation obtamed. equation (2.21). 

l~ \'alid (,\,t'Il ",heu lloll-uniform. smooth geomctries are consldered. TheIl. It is 

realized that potclltial flow theory comes lllto play 



l to determÎne the perturbations in tlH' stpady lllcall tlow: OIlC(' t ht' wall :-.III'al' st 1 t'~~ 

associated with the steady lllPall flow is kllOWll, it is projt't't('d OH tht' wall (\c('OId­

ing to the instanteneolls mean wlocity \'t'ctor in the élU 1111 1 Il:-', whjeh 1:-' ('xprC':-,:-,,'d 

by (2.30), and the llnsteady turbulent P('{'SSllrt' contribntioll Pt l'aIl hl' ohtailll'd. 

In the present problem, the wall ~ll('al' stress was detNl11ilH'd h~' 11It'all:-' Ill' l'qlla­

tions (2.31 )-(2.3-1), llsillg result.s partkular to channel flows. In t ht' g('lH'ral ca!'>/', 

it cou Id be calculated Ilumerically, 

2.4 Theoretical Results Compared with Exper­

iments 

2.4.1 Theoretical solution 

In order to compare the theoretical resl1lt~ \vith f'xl)('rillH'nt~. \\'1' HI'/'d t II{' III (':-':-'1111' 

difference between two points diaml'trically situatcd \Vi t h n'~p('/·t t () ,11(' pl il 11(' 

of oscillation, at the saille cross-sectlOnal plant' of COIll->t aut .r. :\ ppl y1l1)!, (:? G). 

this pressure difference is defined in terms of the potf'utial and tm hult'ut pl'('~S1ll'(' 

contributions as 

~P(.r, e, t) = pU2 [P(.t, e, t) + pt(.r, B, t) - p(.7:, 7r - 0, t) - Pt(.t:, 7r - (J. t)1 

Considering (2.1.t) and (2.35), the dlInensional diffprelltml I)I('SSlIIP 2::.P cau 1)(' 

expressed in the form 

where 
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1 
N 

PIl(.r) = w2DoGo(lt)+W2 L Gk(h) [DkCOSCk.l:+EksinCk.l:] 
k=1 

/\ [}I (lt) R -2/(n+ll 
+ h2 [}'(h) e , (2.37) 

N 

-Go(/t) + L CkGk(h) [Dksinckx-EkCOSCkX] 
k=l 

+ /\ [}l(h) (. 1) R -2/(n+1) ---l-O e 
11 2 [}'(h) . . (2.38) 

TIH' Fomier coefficients Dk and Ek have bren computed using Fast Fourier Trans-

fOl'm [20]. 

In order to facilitate the comparison with the experimental results obtained 

111 t('l'ms of the meas1lI'ed amplitude and phase of the differential pressure ~P, 

l'quation (2.3G) will also he expressed in the form 

~P(.r, 0, t) = :J.?(.r, (}) e,[wth'(x l] , 

whCf(' the amplitude ~?(.r, 0) and phase angle /f!(.r) are calculated as 

~P(:c,(}) 

Ib(.r) tan- 1 wPJ(:r) 
PR(x) 

2.4.2 Experimental apparat us 

(2.39) 

(2..10) 

A l')chematic reprrsentation of the experimental apparat us is shown in Figure 2.3. 

ft cOllsists of a rigid cylindrical center-body of length L = -121 mm and diameter 2a 

= 88.9 mm (3.5 in.), pendularly supported by a hinge inside a coaxial cylindrical 
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filled oQlve 

"'-tt----::::;;;. h 1 n oe toeoMns 

l.LIl;;~--- OSCIIIOli"9 centre - body 
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--mesh sereen 

honeycomb sereen 

--mesh sereen 

o,;-;;-om 
blowlf 

Figure 2.3. Schematic diagram of the experimental apparatlls. 

duet of 98.6 mm diameter. The annular gap is 4.85 mm, so that Il = 0.10D Two 

elongated ogives, shown to scale in Figure 2.3, are rigidly mOllnt<>d on f\i t her sidf' 

of the center-body, so as to render the flow about the central part of t IH' appala t 1I~ 

as uniform and axisymmetric as por,sible. 

The center-body is forced to execu te harmonie angular o!',cIllat ww., :thou t tlt .. 

hinge via a motion-tranSIl11Ssion mechanism cOllnected to a r,hakcr (Ilot ~h()wl1). 

The hinge could be located at one of three different positions: Lo = 115, 210 or 

306 mm. 
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1 The air ftow is llpwards and is provided by a blower through a fairly long, 

flexible ho~e system, and is controlled by a valve (not shown). The flow rate 

is IllPasured hy an orifice plate, with appropriate length of piping upstream and 

downstream for accurate meaSllrements. To further improye flow Ilniformity and 

n'duœ flow fluctuation!>, a honcy('( nb screen and seyeral wire meshes \\'ere placed 

llpst.r{,élm of the h'st-section. The ftow was further regularized and smoothed b~' 

the contraction provided by tlw upstream ogive. 

Thp Ilnstpady pressure in the annular ftow is measured differentially at two 

dialll('trally oppo~l'd points on the fixed out.er pipe, in the plane of oscillation and 

at. various circllmferential locations. namdy at () = 0°, 30°, -15° and 60°. :\lore 

details 011 tlw l'xpernnental procedure can be found in References [i, 9, 20]. 

The following, main parameters characterized the experiments performed: 

Relative annular cl{'arance: 

Mean ftow vclocit.y l'auge: 

FreqlH'nQ' of oscillations: 

Rt'ynolds ullluber range: 

Centre-body relativ{' length: 

Il = 0.109. 

U = 52.-1 - i3 mis. 

1 = n/27r = 15 - ï5 Hz. 

Re = (3.3 - -1.8) x 104 . 

l = Lia = 9..16. 

2.4.3 Comparison between theory and experiments 

Thl' theorl'tical amplitude ~P(.r,(}) and phase It,(x) of the differential pressure. 

~alcl1lated from (2.39) and (2..10), are compared in the following with the exper­

illH'nt.ally Ill<'a:-'Ilrcd oues for various freql1encies of oscillation. C~o significancc 

sholllcl he attached to the form of yariat.ion of ~p wit.h frequency, f. of oscilla­

tions: t.his is l'(\lated to the amplit.ude-freql1ency limitations of the shaker [9]). 

In Figure 2A, the comparison is made with the differential pressure measure­

Ill<,uts takpll at a IlondimcIlsional distance .r = 5.60 from the upstream extremity 
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1 of the center-body and at four circumferentiallocatioIls: li = 0°. 300. _150 and. GO" 

In this ease, the center- body wa.. .. fOl('('d to oscillatt' hal1110uically ahout a hi Jl1!,(' 

situatecl at 10 = 2.59 from the upstn'am l'nd of tht' C~·lilldl'r. witl! f1't'q11t'IIt'1t'~ t'Will 

15 to 75 Hz. Figure 2A(a) show1'> tlH' results obtallll'd wlth a 1Il('élU !Io\\' "doClt,\' 

C = 52"! m/s. and Figure 2A(b) cOIT<'Sponds to auoth('1 ma1!,llll1ldl' of tilt' UU'a11 

flow velocity, U = 73 m/s. 

A very good agreement is obserw'd in Figure 2...4 bdwl'l'n t IH' t IlI'ord Ical 

turbulent solution derived in SectlOn 2.3 and thf' ('XppriIlH'llt al n'sults. for hot h 1 hl' 

amplitude ~p and phaRe angle 1.". \Vith \"('gard tn th" phaM' a111!,h'. th .. Ih"OIdH'al 

solution (2..10) does Ilot dept'nd Oll (}, while t Ill' l'Xpl'IÏnH'Ilt ail,\' 1111'<1.';111 ('d pha~(' 

slightly varies with (J: howe\'('r, the diffe\'{'n('('~ al(' ~mall. :-,pl'('!ally fOI th(' 1\1'1>('1 

range of frequencies tested. 

This generally good agrcpmellt bet",cf'u th(' tllPOl('flCalIHl'dIC'IIOll:-. and Ihl' 

cxperimental resultR is ubsel'\'('d for aIl t('sts. ex('('pt wll1'l1 t Ill' P\('~~1l11' 1Il('iI~l\lI'­

ments are taken close to one of the C('l}ter- body ('xt n'1111 1 lI'~: 111 t 11l~ ('a~(" t llf' l'X­

periment al results are strongly illfltH'llCl'd hy th(' 1)('('11 lia li t i('s of t IJ(' ('XIH'lllllt'll 1 il 1 

apparatus, which are discussed in more detail III Refs [9. 20] 

Figure 2.5 shows a companson betwcen t henry and l'xlwrillll'uts fol' auoth(·, 

axial location, .r = 6.23, and another hinge po~itioll. l() = ·L 73. III t 111:-' t'a:-.I'. t h(' 

unsteady turbulent solution and the experimcntal r(,~lllt:-, arC' abo (,olllp;ul'd Will! 

the inviscid-only solution, ohtained by introducillg JO; = () in (1.37) alld (2 :~8)_ 

One can notice that tlH' unsteady turbulent :-,olu t IOn i:-. III m!wh I)('t 1 ('1 agll·t'lIu'1l1 

with the experimental r('slIlts than the potential ~olllti()ll, (':-'p('('ially wit It l'I'galll 

to the phase angle. 

The influence of the mean ftow velocIty in t Ill' ftuIlulu:-., for variCJu:-, C'Î1!'UlIl ft'I'­

ential positions, is shown in Figurc 2.6 for .r = 6.23 audio = 2.[i!). Th(· agl'l'l'lIl1'ut 

between theory and expenments appears to he slightly bette!' fol' tlH' low('r f10w \'('-
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1 locity. One cau notice that the llnsteady turbulent solution is in better agreement 

with the pxpcrimcnts thau the potential (inviscid) solution; this is most markedly 

:-'0 for tlH~ pha .. .-,(' angle rcslllts, whieh are expected to be more sensitÎ\e to turbulence 

eff(lds. More ddaJlcd cxpcrimclltal testing is reported in Ref. [9]. 
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Figure 2.4: Comparison between theoretical and exp<'fimentally lIH'it.">lIf(·d 1l11-

steady pressures (amplitude ~p and phase ti') versus oscillatIOn fI ('(l'H'lley, f, 

showing the influence of the circumferential position, for (J = 00
, 300

, 4,s'). and 

60°, and for 10 = 2.59, l = 5.60. Lines' present unsteady turbult'llt allaly~i~: th .. · 

theoretical phase does not depend on () Experiments: 0 0 = 00, 0 0 = 30°, 

Of) = 45°, 6 () = 60°. (a) U = 52.4 m/5, (h) U = 73.0 mis. 
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Figure 2.5: Theoretical and experimentally measured unsteady pressures (ampli­

tude .:1P and phase lb) versus oscillation frequency, J, showing the effect of cir­

cumferent.iallocation 0, for 10 = 4.73, l = 6.23 and U = 52.4 rn/s. -- present 

unst('ady turhulent analysis. and - - - potential theory of Ref. [5]. Experiments: 
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Figure 2.6: Theoretical and experimentally measured unst('ady prI'Sl'1lfPl' (ampli­

tude ~p and phase lJ)) versus oscillation frequellcy. f, showing the effl'ct of allllular 

flow velocity, U, for 10 = 2.59 and l = 6.23; (a) () = 0°, (h) () = 30°, (e) 0 = .t,'jc,. 

-- present unsteady turbulent analysis, and - - - potentin! t }wory of Rpf [51 

Experiments: 0 U = 52.4 rn/s,OU = 73.0 m/s. 
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2.5 Conclusions 

In thü, chapter, au cxpre!>sion for the unsteady turbulent pressure acting on a 

r.ent(~r-body of>cillating in annulaI fto\\" has been obtained (the results can be used 

for the' stahility analysis of tllf' ftllId-structurp system by using the approach de­

vcloJ>ed in Rrf [G]) \Vr cousidered a uniform cross-section annular region, and 

an approximate method ha.", been designed in which the fluctuating small-scale 

turhulent quantities arc superposed on a potential flow, instead of a "viscous" one. 

WC' rcmarkpd al, one point that the formulation adopted here is slightly different 

frolll that d('veloprd in Ref. [i], although the same results obtain for thE' partic­

niaI' ('<1."(' of a uniform annulaI' configuration. In Ref. [7], the decomposition of 

the vclocity vetor in (2.4) included a "viscous" contribution, Vt.., whieh rendered 

IH'('('!>sary the intlOductioll of simplifications in the solution process. However, the 

addition of thÎ!., "viscous term" might contribute to making the description of the 

flow phenomenolll more complete, and more study is required in that direction. 

Tlu' )J'('sent formulation lead~ to a theory which is more straightforward in its 

de\'('lopmt'nt, and furt hermore it can be generalized, as was mentioned earlier, 

ait hough t lllf> H'lllainS to br doue. 

At this point. illstcad of generalizing the results for turbulent flow to more 

colllplex configurations, we WIll do so for laminar flo\\'; this chapter thus concludes 

tiH' tn'atlllmt of ullst<,ady turbulent flows. The rest of this thesis is devoted to 

tht' computatioll of ullsteady lanunar flows using the lIlcompressible Navier-Stokes 

t'quations rIlst('adlll<'s~ in the flo\\' patterns cornes from interaction with st ruc­

t ural ",alb which undcrgo oscillatioll!>. and this leads to the dc\'elopment of a 

met hodology to st udy fl md-st ruet ure int era('tion problems. 
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1 

Chapter 3 

A TIME INTEGRATION 

METHOD USING ARTIFICIAL 

COMPRESSIBILITY FOR 

UNSTEADY FLOWS 

3.1 Introduction 

The study of fiuid-structurc interaction probleml> requires lllatlH'lllatICaJ lllodf'lhl1J!, 

of the physics at t\\·o }evels. First of aU. Olle if> cOllccrned wlth tilt' mat !tt'lIIat 1<'<11 

representation of the d.Yllamical behaviour of a r-.tructUf(· wlllcll l~ SU1Hllltt(·d 10 il 

set of externally apphed forces. III flo\\'-indu('('d vlbratiOIIs, Ill(' ('xt('lllally applwd 

forces are fiuid forces and these caunot he tl pat ('d lIld('I)(~IHl(,1l1 Iy of IIH' 1 (,:-'P()Il~(' 

of the structure. Iudeed, as th(' strurtmc responds to tlJ(' fbJld for('(':-', t IH' lattl" 

are preciscly determined a.'> functions of the dynélIlllcal pal <lIlH'1 ('cs d",,>Cfl blllg t Ill' 

structural motIOn. 
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Hence, at the second level of physical moclelling the fluid forces must be 

dctt'rmined 30<; functions, for example. of the velocity of the structure at the fluid­

structur<' illtf~rfac<,. The approach that wc adopt here is one in which the fluid 

for{'ef> arp cakulated from the incompressible Navier· Stokes equations - or lin­

l'arized fonnf> th('reof. Thl' boundary conditions required to solve the Navier-Stokes 

('quation~ éue th(' wloeity of the walls boundiug the fluid domain, namely the veloc­

ity of the structural parts in contact with the fluid. The solving of these equations 

tlH'1l allow~ for COll1pUtillg the fiuid forces at the fluid-structure interface. 

\Vp delay uutil Chapter 9 how the interactive response of both the fluid 

and structure is effectively treated, as the problem that we first tackle is of the 

forccd-vibration t.ype. Indeed, an important aspect of fluid-structure interaction 

problems is the accurate determination of the fluid forœs acting on the structure, 

and a I1ll'thod for doing 80 is developed and tested in Chapters 3 to 8. Thus, 

\W élit' firbt cOllccrned with the determination of the unsteady fluid forces which 

rl'suIt from a t1l1)('-accurate integration of the unsteady incompressible Navier­

Stokp!,> «'<!uatiolls. The boundary conditions will be assumed to be known for aIl 

timl', fol' cxamplc the structure will be imposed a harmonie vibration, and the 

fluid forc('~ actlIlg on it will be determined therefrom. This chapter presents the 

til1l(' illtt'gratioll l1Icthod used for solving the Navier-Stokes equations, which is the 

Illt'thod of art ificlal compressibility for unsteady flows. 

3.2 Time Discretization of Navier-Stokes Equa­

tions 

The t'quatlOu!'- go\'Crning the motiou of an incompressible viscous fluid are the 

mOI11t'utlllll and cOlltinllity equations. 
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DV 
ât + G (V. p) o , (:l.l ) 

V·V o. 

where wc have 

1 
G (V, p) = V· VV + Vp - -V2V . 

Re 
(3.3) 

The equatlOns are in non-dmwnsional fOl1n and Re r p!>n'sPllts t Il(' H('~'lI()ld~ 

number defined for cach ~peclfic problelll in tenns of a charact('l1stic Il'1Igt.h and 

velocity, V is the yelocity veetor and p th(' pr(,~SIl)(' Th('!-t(' pquatlollh mu!-tl IH' 

integrated in both time and space. This chaptrr detéllb tl)(' tlllH'llltt'glatlOll :-.dl('IIl(, 

developed as part of the present work. where the Illethod of art rfieral C'Olllpl (,~:-'lblhty 

is ubed in straightforward fashion ta solve ullsteady How plOhlplll!-t. 

\Ve remark first that a tinw derivat ivr app<,arh ouI)' 111 t hl' 1Il01lH'llt Hill ('QIl1l­

tian (3.1). The discretization of that time derivat 1\'(' if, (tc co III ph~lH'd a." follow:-.. 

introducing the three-point -backward implicit tilll('-dlffcn'llCllIg SehCllH', 

3 V"+l - 4 Vii + VfI-1 
--------- + G"+ 1 = 0 . 

2 .03.t 

whcre ~t is the tillle step and Gn+1 = G (V7I+I, 1'71+1) 

This second arder tilllf'-accuratr schellH' I~ used to adVill1(,(' t IJI' !-tolu 11011 1 () 

time l('vel tn + l = (71 + 1) .!:lt. and IPqUlres thal IlH' ~ollltlOI1 1)(' kllOWII at t IJI' 

two previous tUlle levels 1'1 and t n
-

I \Y(' abo eXpl'IIIlH'lJt('d wltb illiotlH'1 tlllll'­

differenclllg scheme, namel)' th(' Crallk-l\lcolc.,Oll 011('. 

(3 ;j) 
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which ha. .. Iwen ll~pd by Soh & Goodrich [16]. \Ve found problems with the tirne 

solut.ion of tlH' J>I'f'!'>~llre variable: these will be reported 1Il Section ïA. The scheme 

(3.4 ) ha.<; thll~ I)('en introdllcPo to correct these difficulties and we can rewrite it. 

tog!'tlH'r with tlif' (,olltinllity ('quation which must b(' satisfied for aU time, as 

W 111'1 (' 

v n +1 + (} G n +1 

.) 

n = :. ~t , 
3 

V. V71+1 

(3.6) 

0, (3. ï) 

In OIdt>r to iuitiatp the time integration procedure, initial conditions must 

hl' sp('ci1i<>d for VI and pl throllghout the fluid domain. which implies that the 

:-'Ollltioll i:-; kllOWIl at oui,\" one previolls tlme level, namely (1. In order to advauce 

t Ilf' solution tu t 2
, a simple implicit Euler scheme can be uf,eomstead of the three­

poillt-backwilld scheme (3..1), which cau also be put in equation form (3.6), with 

a = ~t, 

Equations (3.6) and (3.ï) represent the semi-discretized form of the Navier­

Stok(lS ('(lliatiolls. They are solved for the flow quantities V 71 +1 and pll+l by impos­

mg lIo-:-.lip hOlludary conditIOns for the \'elocity components, namely the velocity 

of the tluit! is l'qlléll to th(' ,'('Iodty of the waU at the fluid-structurc interface. 

Hl'lIn'. If W(' kuO\v tht' wlocity, V:~.+I, of the walls bounding the fluid domain nt 

tinll'I('\,pl t"+I, thPIl (3.6) and (3.7). which are a non-homogeneous system of non­

lilll'ar ('quatiolls, ~an be soh'ed for Vn+1 and pll+l. In most problems, boundary 

conditions also n('('d to be imposed on the "elorit)' and/or pressure at any illflow 
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1 or outHow portion to the ftllid domaill, and tIH.'ir tr<,atIlH'ut wIiI h(' dis(,l1s~t'd III 

the llcxt chapters whell the fini te diffen'llce method llst>d to disl'l'<·tizl' tlH' ~patial 

differel1tial operators is intl'Oducecl. 

3.3 Pseudo-time Iterative Relaxation Technique 

In order to solve equations (3.6) and (3.il, W(' [('sort tn a ps('udo-tiuH' itt'rati\"t' 1('­

laxatiol1 procedure, whcrehy tlu' cont inuit y t'quation aud t Il(' 1ll01lH'llt U 1lI ('qua t jOli 

are augmellted by ps('udo-tinH' denvatiw' tt'llll~ iuvolvill!!, pr('!-o~IIl'(' and "l'hwII\". n'­

spcctively f, (âPlar) and aV IDr, in whlC'h {'I l~ the aI titinal ('()llIpl('~:-.I1>lllt\". Tltu~. 

illtroducing the pseudo-timc Taud dCllotillg by V and (J t Il(' p~('udo-flll)l"t 101l:-' ,'01-

responding to the iterated velocity and prt'Si'mn' vanahl<'~ timing t}H' n'laxatioll 

procedure betweell time levels fil and f"+I, {\ql1atlOll~ (3.Gl and (3.il al(' l't'plat'pd 

by 

av - -
DT + V +0 G Fil . 

These equations are integrated in pseuclo-tilIlt' until a stf'ady ~tat(' 1:-' rl'adll'd. Ali 

implicit Euler scheme is used for the pseudo-time ~t'mi-dii-><T('tizatioll, 

Fil . (:~ 1 ()) 

~v+1 ~v 1 
p - p + - V. ylltl = (), 

~r 6 

where .:lT is the pseudo-tirne step and the snpt'l'seript v illdicat('s tlH' :-,oll\t IOH ;lt 

the pseudo-time level Til == V .;.lT, .-\lso, wc haw· Gv+l == G(V/J+I. i?/~ 1 J. TIlt' 
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L 

iuitial conditIOns required to start the pseudo-time integratioll are takell to be V 71 

ilud p7l insid(' the ftuid domain, namely 

= Y" , 
v=! v==l 

wherea.., on the hOlludary of the ftuid domaill the known veloci ty V~+ 1 of the walls 

at the advauC'ed time level tn +1 ar(' set as boundary conditions and kept ullchanged 

Ilutil st.eady state has becn reached in pseudo-time. V~J+! serves as a driving tenu 

to advall('e th(> fo,olu tioll to time level (n + 1 )~t, along with the non-homogeneous 

t,{'1"1ll Fil, which i~ abo eakulated at the bf'ginllillg of pseudo-time relaxation and 

kt'pt. constant. t III ollgholl t. 

Whell :;,teady state is rpached in pseudo-time, at IJ = k. the pseudo-time 

c!el"ivatiws hf'come zero ('Vk+ 1 = yk and ji+ 1 = pl..'), and eqllations (3.1 0) and 

(3.11) !'('dllcP to (3.ô) and (3.i), at which point 

Illtrodllcillg the p~wudo-tilll(, variations 

~Y = yv+l _ yv. 

l'qllatiolls (3.10) and (3.11) can be recast in delta form 

~T 
~P+TV.(~V) 
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1 Equations (3.12) and (3,13) an' an llllphcit sy~t{'1ll of ('q1\atioll~. 1I01llilll'atlv 

cou pIed by the tenu ~G, In Slll 'lluary. t hcir ~ollltioll PlOc('I'ds al-. follo\\'~. l'III' lin\\' 

variables are kllOWIl P\'f'fywllt'n' in tht' finid domain al tllt' tillll' Il,\,.,1:-. I" .lIId 1". 1 

The term Fil is calclllatt'd and tht' knowll \·docity. V;;.+I. of tlH' wall:-. hOlllldlllg 

tlu' fluid domain is impo~cd al'> a boundary condition V" and l'" tlH'lI :-'1'1\'1' .\:-. 

initial conditions inside th .. ftllid dOlllaill to itPIHtP (3.1~) and p 1:3) in p"l'llclo-tillll' 

until a steady state is reached, nt winch point ~p and ~ V al(' t'quai 10 11'10 alld 

VlI+l and pll+1 are obtained. This solution proc('~s in COll.1llll('1101l \\'Itb tl1l' :-.patlal 

discret izatioll \vill he det aiIPd in t hl' foliowlIIr, dmpt('l ~ a:-, :-,pl'cilk pl'Ohlt-ll1:-' il Il' 

trcatcd. 
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Chapter 4 

METHOD OF SOLUTION IN 

CARTESIAN COORDINATES 

Th(' tim(' intpgrat ion Illet hnd uscd to soin> the unsteady incomprf'ssihle =" avier­

St()kf~b ('quatioll~ wa.., d('yt>!0IWd in t ht' previous chapter. To proce('d flll t h('r and 

ohtain il nUlllerical solutiou to t hcs{' cquations, wc must introduce a dlscruization 

of t hl' spatial diffpl"<'l1tial operators. wluch w{' do h('rc 11l two-dimensional Cartp­

sian roordillatpb llsing fimte differellCl's. The unplicit llonlinear system (3.12) and 

(3.13) must thell tH' appropriately linearized in order to facilitat(' the pseudo-time 

it('ratin' proCl'SS. Furthermor(', th(' effort required to illvert the linearized equa­

tions can b(' redu('('d by the use of the Approximate Factorization and Alternating 

Dil"<,C't.ioll Implicit (ADJ) mpthods. These are the subjects of this chapter. 

4.1 DifferentiaI Form of Equations 

In Calt('~iall coorclinatl's. the nondilllensionai Huid v{'locity vector V, the COllvec­

tiw, pn'SSl1rp and viscolls tt'rms includ('d in G(V, p), and the velocity divergence 

V· V (S('(> ('<]uations (3.1-3.3)) are gi\'Cll by 
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v = [ :: ] [
Gu (1I,I',p) 1 

G (v. p) = , 
Cl' (II, l', p) 

Cu(u,u,p) 
D(ull) D(l'Il) DI} 1 (D:!/1 Ù.!U) --+--+--- --+-D,l' Dy D.I' Rt' D.,.'2 Ù,ll'2 ' 

( .1.1 ) 

Ct. (n, v, p) 
D( uv) D( u/J) Dp 1 

- --+--+----
D,l' Dy 0,11 Rt' 

(O') .») ~ D~/' 

D ') + D' . .,.- .Ir 
(.1 :.n 

Du D/' 
V·V = -+-

O." Dy' 
( 1 :\) 

~ow, linearization of the tenu ..lG which ('nfOl,(,(,~ implirit ('ouplill)!, III (:l l:!) 

is done by simply lagging the \'('locity COmpOIH'llts [2:?] , \vl1lcl! in tlH' p!-ol'Ud()-tlllll' 

variation form is expre~sed a..., 

~v 

[ 

(':"'+1 _ Cv ] 
, Il ' " 

cv+l _ Cv 
li ' /' 

~G 

with 

~ Gu 

This approximation is filst-ordt>l' él(.'ClIralp, wIuch l~ ('()n:-,i~t('llt Wl t Il tll(' <lI dl'! 

of accuracy of the Euler pseudo-time ~f'lIli-discn·t lzat iOIl III (a.lO) illld (3 Il) \\,f' 
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1 abo Ilote that C:; = Cu(ii v, il", ln. C~ = Gll (iî". (OV, fi"). We cau now rewrite (3.12) 

aud (3.13) in global matrix fonn as 

( -lA) 

wlll'l'(' tlH' matrices Dr and Dy, which resp<,ctively contain the spatial derivatives 

with respl'ct to .1' alld y of the variable ~~ = [.:.lit ~v ~pV, take the form 

:\/+1/0: o ô/ô.L' .V o o 
Dr = 0 .\1 o 

o 
Dy= 0 'y+l/a ô/ôy , (-l.3) 

(l/n/l)ô/D.r 0 o (l/ab)ô/ôy 0 

and where 

D( i't"I!') 1 ôz!/., 
.\/1:' = D - -R a ." 

.L' e ,Z"" 

[ 
F" - vv - a GV 1 

R= -(l/b)V.VV . 

The vt'<'tor R is l'xpressed in tenus of it5 scalar components as 

Ru F" ~" Cl' U - U -(} 7
U 

R= Rt, F" - z-," - fi Cv 
" l' 

Rp -(lib) V. yv 

in which 

~otl' that ~T ~lt and ~T ~l', arisillg from the "eetor tenu ~1 ~ V which ap­

pt'ars \lIlditf{'l'l'ntiatpd in (3.12), han' beell COll\'cuielltly (but arbitrarily) included 
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1 
in the matrices Dr and Dy. rcspcctin>ly. ~ow. W(' apply au ApPlOXlluatt' FactOl­

ization to (4.4), thercby rrwritillg its implicit left-hand sick a:-

Equation (4.4) is thus l'rwllttell 

This last linear implicit system of equatioll~ call 110\\' 1)(' ~(ll\'('d wlth III(' 

Alternating Direction Implici t (ADI) met ho<1, wh('rl'b~' UpOll i nt roducillg 1 hl' 11\­

termediate variable 

the solution proceeds with the sequellC.:' of a !I-SWPPP and a ,l'-S\\,('('P [22. 23, 2·'1 
The y-sweep is thus 

(.) fi) 

wherca.5 the x-sweep is defined by 

(1 + O..\T Dr) ~4i = ~4i . (..t ï) 

Sillcc. as wc show shortly. wr an' USlllg c{'ntral dIff{'J(II)(,('~ 10 dl!'>('!f" JI.(' '/If' 

spatial diffpfcntial opcrator~. ouly tndlélgollal ~y~I('IIJ~ of ('quaI JOli" /H'(ld 1o ))(' 

soh'ed, which IS com pu tatioually dficH'ut \ \'(' call /10\\' wn 1 (1 ,/1(' !I-~W('('p a III 1 1-

sweep matnx equatlon~ (-l.G) and (-1 ï) mt () t IH'lf .... calal forlll. lJaIIll'ly WI' obI am 

for the y-s",ecp 



l 
~1I [iJW .<lu) 1 D2(~u) ] + o ~T a - Il ay2 li e 

~T (Fil - il" - 0' G") u u ' ( 4.8) 

(1 + ~T) ~v [iJW clv) 8(:'p) 1 iJ2(.<l")] + n ~T D + a - R a 2 y Y e Y 

~T (Ffi - v" - Cl G") 
V V ' 

(4.a) 

~p + 
~T a(~v) = _ ~T V. VII. 

ft Dy ft 
(4.10) 

whcn'élS .1u, .1" and .lp are solved subsequently in the x-sweep defined by the 

('q1\atious 

[0("" ..1.,,) iJ(..lp) 1 i)2(..I.U)] 
~Il • (4.11) (1 + ~T) .lu + n ~T D + a - R D 2 -

.1' X e x 

~v + (l olT 
[O( il" ..lv) __ 1 iJ2(..I.V)] 

ax Re a.r2 - ~v , (4.12) 

~ ~T a(~ll) 
P+-g- ax - ~p. (4.13) 

The variables U"+ I = il" + ~ll. i:w+1 = v" + ~v, and p"+1 = jY~ + ~P, are thus 

obtaillC'd Ily solving (4.8-4.13) and t.he solution cau proceed to another pseudo­

tllll(' Ih'ration l-Itl'P, uutil cOllvergence when ~ll . .1/' and ~P are equal to zero. 

~ot(' that ~11 and ~I' are l'quai to zero on solid walls, as tbe values U Il+1 and VIl+1 

an' il1lpo~('d !)(>{on' pSl'udo-time it<'ratiou is started and kept constant. 
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1 4.2 Spatial Discretization of DifferentiaI Oper-

ators 

4.2.1 Stretched grid and grid stretching functions 

The finit.e difference method \Vas used to discrdize tlu' ~patial difT(,fential o})('rat.ofs, 

which were centrally diff('fellccd on a staggPH'd gnd In ord('r to obt.aill a good 

spatial resollltion, stretchcd grids were used to conc('nt rat(' more points in u'giolls 

of higher v('locity gradients, for exampl(' near solid walls. 

Hyperbolic taugent and hypel bolic sine st }'('tc'hillg f1luct ions \\'('1'(' u~('d a." 

they provide best accurac)' for the (hfferenc(' H'PH'b('Ut atiol1 of <hffeJ'('ut ial op('ra­

tors [25]. The hybclbolic tangent was used to COllC('lltrate glitl poiut!'! normal to 

solid walls, and the hypcrbolic sine was ubed in flow plObl<>ll\~ iuvolvillg a Jll'('­

fel'led flow direction, to di~trib\lte the POiutb in tllat direction. Figllll' 4.1 gi\'(·~ 

an example of the type of grid that was generated for a problt'll1 iuvolving c'itlH'l' 

a Cartc1'>ian or an anllular backstep. 

1 

1 ~lllllllllllllllili 1 1 1 1 
-~ 

z 

w-------- hyperbolic sine stretching 

• hyperbolic 
tangent 

stretching 

• 

Figure 4.1: Mesh gellcl'atcd for the study of fl1lid flow ovcr baekstep~. 
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GivCII two walb parallel to each other and (J + 1) points span!1ing the region 

hetw('(lll tlu'JIl, th(' hyperholic-taugeut strftching function gives the coordinates 

li), } = D,. ., J, of tlt(· grid point~ betwf'en the two walls by the relation 

[
1 tanh (Î~)l 

!Ij=lIo+(l/J-Yo) 2+ 2tanh,j2 . ( 4.14) 

Th(· parallldcl ~I contlOb the amount of stIetching, and the larger it is, the more 

Ill(' point!'> are cOllC'cntrated near th(' walls. If, on the ather hand, we want to 

~tl(·tch tlU' gIÎd 111 the .l'-direction, which in Figure 4.1 corresponds to the mean 

tlnw diu'ct ion, \\'(' ran use the hypel bolic-sine stretching function. Denotmg by Xo 

1 h(' coordinat (' of t 1)(' pOlllt where tht' mesh is the finest, and by x/the coordinate 

at tll<' ('oar:,('st mesh location, the 10cations.T, of the (l + 1) points between Xo and 

sinh (,} ) 
:,.,=3·0+(.T/-xo) . h ' 

sm , 
(4.15) 

Ot hPI 1l~{,~ of the hypcrbolic tangent and hyperbolic sine stretching functions 

al(' dpf,crih('d in Vinokur 125]. 

E<tllatlOll~ (4 14) and (4.15) define cOOldinate transformations and mtroduce 

a (,()l1l»utalional spac('. Iudeed, the fluid equations are now considered to be solved 

011 il nOllllalw'd domalll WIth coordinates ~ = 1/1, 0 ~ ~ ~ 1, 17 = ) / J, 0 ~ 17 ~ 1, 

1lI~I('ad of OB the onginal physiral domalll with coordinate~ x, .To ~ X ~ X/, and 

.II, !In =::; .II ~ Y.J Tllls ha.',> to be taken into account when sol\'lng the cquations. 

4.2.2 Differencing of spatial differential operators 

III ail of the PIPM'lll work tl)(' strctched l11eshe~ used \Vcre rectangular ones In that 

ra.<"(· t h(' COOl dlllah' transforma tion that defincs the pomt spacing in physlcal space 

alollg Ollt' coOIdlllatt' dilection IS a functioll of one transformed. computational 
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eoordinate. The mesh is stretcht'cI along Ollt' coordinat(· dill·crion llld('p('lId('lltly 

of the other eoordillatr clin·ctIOns. Thl' fUllctioual dl'l>t'ndellc(, nf t hl' ('ooldillatl' 

transformation alollg. ~ay. t ht' ,r-coonlillatp 1:-' of t Il(' 1'o1'lu l' = ,r( O. a." fOI l'xa III plI' 

in (--1.15), In orcIer to cvaluat!' tht' d(~ri\'atl\'(' \VIth n'spt'ct tn ,1' ofa fUllctioll f( r) \\'1' 

thus have. in eompntatiollaI spart' <lUtl as a fllUctioll of tht' t 1 all~fOIIl1('d ('ooldillatl' 

ç, 

• • 
.r,-1/2 

d! df jdç 
d.l' = d.rj dt. 

• 
.l', 

• • 

Figure .l.2: Portion of a one-dimell:-.iollaI ~tl{'tdll'd !!,lld. 

The tenll d.l'jdç in tht' dellomillato\' of th{' <tho\'(' (·xpl{'~:-.ion i:-. ('alIpd tl\(' llll't 

rie term of the transformation Refcrrillg to FigllI'(' .l.2 wht'n' t ht' :-.tlddH'd pOl t 1011 

of a one-dimensional Illesh IS shown. and denoting b~' .l\ == 1 (t.l) tll(' (,()()Idlllatl' of 

a mesh point and by f, == f(.l',) the function valu{' at that pOÎut. tli(' 1I11111f'1 wal 

evaluation at the point .c, of the first derivativp with l'f':-'[H'ct to ,l'of il fllllt'tÎOII 

f(:1') is gi"en by 

df 
dI 

x=x. 

= 
.1"+1 - ,r,_1 

or 
df 
d.c 

r=r. 

f'+II'2 - f,-I/'2 

l'I+JI'.!. - r,-If''! 

where ccntral differeIlccs have heen llsed, :.Joti('{' tlt(· alt('rnati\'(' fOI \ll:-. Ali IllljHJI-

tant aspect in tht'se relations is that althollgh the fUIlctioual df'IH'IHlPlw(' r(ç) lI1a\' 

be kllown allalytically, a.~ for example 1Il (.t Ul). tllf' Illptri(' tP11ll dl'Ii\a.tiw drjdf., 

is evaluated Ilumcrically, Ilot analyt ically. Thi~ r('slrI t~ in a !H'tt PI iU'C'lI I<U'y of t IH' 
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1 
difff'ICllc('d approximatioIlf> [2G], Similarly. the evaluation of the second derivative 

of tiu' function f( x) If> doue as 

(Pf 

d,l''2 [(~r (X) L., 
3',+1/2 ~ T,-1/2 [(X t", -(xt,J 

1 [f'+1 - f, f, - 1,-1 1 
.7"+1/2 - J',-1/2 .T,+I - :l', :1', - :r,-1 

( 4.16) 

I\ot ic(' t hat diff<'fCIlcing at mid-point has becn used for each of the first-derivatives. 

4.2.3 Differencing of Navier-Stokes equations 

TIl(' fiow ('quatlOIls wcrc centrally differenced on a staggered grid [12], indicated 

~dl('lllati('ally in Figure 4.3, In a staggered grid, the velocity components u and v 

an' defilJ('d Ilt dlfferent grid points, namely at (.T~, y;) and (x~'. y;') for u,,) and v,.], 

wlll('h an' al~o diffelcIlt from the gr id point where the pressure p,,] is defined, which 

1" ( r:', ,II~') FOI il ('('11 (1. J) ('('lit el ('cl at the point (.T;', yn whcre the pressure P"] l~ 

(tpfillt'd. th(' foUI ~lde~ correspond to grid points where u,-l.J' Ut,], V,.]_I and v") 

an' d('fillt'd ~10l ('o\'er. the 1'- and y-momentulll equations and the continuity one 

aIt' tliff'e)('l\('('d ahout th<, points \\'her(' u")' l',.) and P,,} arc defined. resprctively, 

Bdon' )H'l forllllllg the spat laI dbcretizatioll of the equations, we first intro­

du('(' t hl' Illlcm l1It('rpolatr~ of the wlocity component~ on the staggered mesh, 

wlllch an' P;1\'('1l by 

V'.r~+1 u,.} + VJ':~I lI,+l.] 

~.T:'+ 1 
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Y;'+l OV,-I,J+1 01'1,;+1 01',+ 1,/+1 

Y;+1 OP,-I,)+1 DlI,-l.J+I O]1I,J+1 OIL,,;+1 0]),+1,)+1 DIIH 1.1+1 

y;' Ot',-I,J l,) ,-01' 1 01',+1,) 

y; OPI-I,} DU'-I'l 

Y;'-I OV,-I,)_l 
1 

Y;-I 0])1-1,)-1 011 ,-1,)-1 

OPI,) DILI,} 

Ol'I'J-I~ 
OPI,)-I 

:r l
' 

1 

Oll,,)_1 

0]),+1,) Dl/'I l,} 

01'1+ 1,}-.1 

0]),+1,)-1 Olll+I,J-1 

Figure 4.3: Schematic representatioll of the stagg('f('d gnd 11~('d III tlll' I->pat ial 

differentiatioll. 

u y+ = 'VY;+I 111,) + "\IV;' 111,}+1 

u ~Y;' 

'VY;'+I 1",1 + "\IY;+I 1',,)+1 

~Y~+I 

V':r:~1 /11,)_1 + "\1.,.:' 1',+1,1- 1 

~J':' 

V' I:' 1'1 -l,) + V'.r:
l
_ 1 l',,) 

2.T;'_1 

where. in these last rclatiollf:l, ~ and V', which we will ~OIlj('tllll('~ H.ff'l to il.'" t Iw 

delta's and nabla's of the grid point coordinatcf:l, dcuote ti\(' central aud back\\élrd 
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differcl}('(' 0IH'rators applicd to these grid point coordinates. They are defined as 

/\ l' _ U u 
.:..l.T, - x, - x,_1 ' 

'r'7 .11 _ , U • l' 
V.1, -.l, -.11' 

'r'7 .1' _ l' U 
V.7 1 - x, -XI_l' 

TIl!' di!'>cn'tizatioll of ('fJuations (4 1-4.3) is thus gi"cn by the following relations: 

(Gu )',J 
1 

[( x+ f (r- )2 
~.T~ 

lIu -!lu + P,+I,) - PI,) 

_1_ (U'+I,) - U,,} _ 
Re ~xt' 1+1 

U I,] - UI-I,) ) 1 
~X:-

+ _1_ [ rY+ uY+ - l'Y- u Y-
~yU u Il U Il 

• J 

_1_ (UI,)+1 - u l ,) _ u l ,) - ul ,}-1 ) 1 
Re ~y;' ~Y;'-I' 

(4.1ï) 

(G" ).,) 
1 [ x+ r+ r- r-

.l.T: 
Il, l't' - Ill' VI' 

_1_ (1',+1,) - l'l,} _ 

Re .l.T~ 
V,., - ~"_I.) ) ] 

..lx'_1 

+ 1 [+ry ry 
~ (l'~ )- - (l'~-)- + P,,}+1 - p,,} 

li) 

_1_ ("'J+I - l',.) _ ''o.) - V,.)_I )]. 

Re .lllu ..lyll .)+ 1 } 
( 4.18) 

(V . V),,) = 
Il,.) - Il,-I.} l',.) - t',,}-1 

~.T:' .:lyll . ] (4.19) 

~1 
.~ 
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.l 

0L'1l','1 01':2.4 Ol',\,.t 0/'11 

1 
OUI,4 OP2,4 0112,4 01',\,1 Ol/a,1 0/11,1 0111.1 

1 
Ot'u0.3 01'2,3 01',\,3 0/, I,.! 

1 
OUI.3 0]12,:1 OU2,:\ OP:!"! 011 \,,\ 01' 1,.1 0111..\ 

1 
0I'u·.2 01'2,2 0/',\.2 Ol'U 

1 
o li 1,2 OP2,2 OU2,2 OP3.2 o Ua.2 OP l,'.' 0111.'.' 

L 0'2.,-- OU'l,u - OI',j,1 - 011.1.1,'- 01'1.1 - 0111.1/' 

Figure -1 4: Evaluatioll ofvis('ou~ d('ri\'allv(,~ IH'aI ~olld waIb. wllf'1f' tlll' qllalltltlf'~ 

Il!,u' and l'u.,) are denned. 

:'\OW. wc r('malk 1ll pa.<'SlIlg that tlll' ('\'aIuatlCJlI of tl.,' \·1~('()1I:-. dl'll\'all\"'" 

ncal a solIn wall ff'qUlrcs ~r)('claI t 1 !'at U1('I1t. ltH!f>('(1. Il! 1 III' ~I agl.!,f'n'd gl Id ,! \\ ail 

paraIIel wltb the .r-(,ooIChuat!' pa .. ,>~('~ tillollgit III(' pOlllh will'II' fOI ('xalllpll'. /',.1 

are dcfilll'd, and ~lI11ilarly a wall piuallel wltlt tlll' lI-"()()ldlllalf' pa . ..,,,,':-' IllIollgh Ill(' 

pOlllt~ W}H'IC lIl,) arp defiIlf'd. flPl' FiguI(' 44. H/'IJ('(' tlw IItllllf'lJ<'al l'valllall'JI! of 

D2 u/Dy2 in tll(' forlller ca,>/, and of 8'.'I'/DI2 III tlll' lalt!'1 (.,\. ... ,. wOllld l''qlllll' )JlJllJh 

defined out~id{' the phy~lcal domall1 To ClIC'lHll\,('llt tllat dlflwlIlt\'. Wf' Il''''' IJ()IJ 

central differcllclllg to compute th(' den\'éitIw of t}w I('nll Il! (·1 ) (j) wllJC'li \\ oilld 

otherwise r('quire points outslde the doméilll. and }H'IlC(' w" IW\'I', f()f 1':-.alllpI,' 
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.. 
( 

D'lui 
D :l 

.'1 y= lJ~ 

D'l.I'1 
D.l::l , 

r=rj 

_ _1_ [l'a,) - l''l.} _ } l'w,) - 3 lI'2.) + k l'3.)] 
- ".1' "Il 8 Il 3 .1' + l,v . 

..:l.,/ '2 ..:l..r'2 J .fI - 1'2 } .l:J 

It i~ H'lllark('d in t.llf'SP la . .,t t\',;() pxpressiolls that the ~econd term in the square 

hrackl'ts i:-. IHPciM.J.y the on('-~idcd ('valuation of the first derivative at the solid wall, 

alld Il , ,11' alld l'II") an' t IH' \"'aIl n'loci ty components which éU (3 gi\'('n a." hOllndary 

('OIHl1t JOliS. 

4.3 The y-Sweep 

It is :-'('('IJ in th(' ,I/-:-'\\'('l'p. ('qllatlOll~ (-1 8- .. UO), that J.1l a." ohtalIlt:'d t'rom :-,ol\'illg 

t Il(' f-1Il01lH'llt UIll l'quatioll ( .. 1.8) 15 IIllcollpled from ~I' and =~p. Heuc(' ( .. L8) ('ail !H' 

sol n'cl f()r~1I illdl'l)('nd('utl~'()f{·L0) and ( .. LlO). Howen'f. the.,e last two{'qllatlOll~, 

tll(' .11- IIlO IlH'utUI1l and cOlltllluity oues, couple ~l' and _~p. It if> neverthe}css pO::Oi'liblc 

to ll1U'Ollph' ~ l' flOIll J./J by elimiuatlOn of ~p from the equations after differcucillg 

011 t Il(' :-,t a~g('r('d grid ha . ., h('(>11 pt'rfOl'Illcd. 

4.3.1 Discretization of x-momentum equation in y-sweep 

TIH' .f-1ll01l)('nt Hill l'qllatlOu (-l 8) 18 writ ten in diffcrencf'd forIll as 

~II,.) + n~rr + - _ --l (' [,")Y (J.l/ )Y+ - (l'" )Y- (J.l/ )Y-
~IIJII Il Il Il Il , ) 

_1_ (:Iii,.)+1 - :Iii,.l. _ :Iii,.) - :Iii,.)-l)] 
Re ~yt· J.yl' 

) )-1 



\ Fil - l' G~ l' ) 
~ T ( ,,- Il - 1\ 1 Il ' .) 

,,'h(,11 expr('~siolls for Ilu' illtt'l'polatl'~ of o\"('l'barred qU<llltlt\ ~II :-'lIl\lI,Il' ln Ihl)~t' 

found in S('ctioll .. 1.2.3 are illtrodll('('d mtn t Ill!'> la~t t'qllal1011, \VI' oht :Lill. 41ft t'I 

regrou pill~ t t'flUS. 

(1 T ~V Y'" ' ,/)+1 ~l' '/- ,,-1 3:-
[ 

..\ {~71'U V'I/" 1 l}] 
+ 1 + \7. (l')" \7 - ((' )" ..\ /, + fi ,~ /, + n, ~ /' /1 , J 

...:ly) ...:lU) YJ-I 1,11) 1 Il)_1 

( 1 ~()) 

wh<'rc (R,J,.) = (F,:' - il" - li C;',;},,), ill \\'lIi('11 (è';:;),,) 1:-' tlhtalllt'd !I0111 (·111) ,lIld 

(F,:')" = (-111;~) - Il;~;l/3, For a giV<'Il .1'-('()Ordlllalt· I()('alloll • . 1'[, 1111' ~1·ttll1~ IIp 

of (-1.20) for ('<\eh J. 2 S ) ::; ./ - 1 , whl'l'e .J I~ Ill<' 1I1\1111)('{' of )!,lId pOlllt:- III 

the y-dirpctioll, givcs a tndiagonal :,y:,t('1\l of ('q1lalioll:' wlllch ha.,> 10 Il(' ..,ol\'l'd f')1 

~IlI,J' Titi:, is done at pach .1..'1, 2 S; 1 S [ - 1. whel'<' [ i:-. tl\(' 1I1\1lI1H'1 or /!,lId 

points in the .r-direction, in order 10 obtaill ~UI.), for ail 1.) TIll' fill\\' qUillltltw,.., 

at .1..'1. 1 = 1 and 1 = l, are :,p('('lfkd ab \)olludar\, coudi tion!> aud t hl:' 1:' wh\' t Ill' 

tridiagonal systl'Ill~ aI (' ~('t Il P ouly for l'l, 2 S; 7, S; [ - 1 

:\"otc that tll(' impliClt left-halld ~J(!(' of (4.20) ('OHl('!> fro!ll ll:-,illg ('('utlal (1If­

fpIT'ncps for t h(· YI~(,()l1~ ,il'Il\'at IVP~. ~ pal il !>olid wall. t lu' 1I~1' of 1I(1IH'/'11 t 1 al di/l"'I-

encing as /'xplalllcd 1Il SP<'tlOll -l 23 wIll 1'('!>lIlt in il .,IÎ~ht Iv lIIodifi(·d ('qllat loll [21] 

A180, ~IL i!'l zero ou a ~olid wall P\'Pll \ .... h('11 tht' ,.,.(-dl ha .. '> ll<lIJ-Z('J(J \'l'lor'lty \Y •. Il'('tllI 

that this if> becau~(' the wloC'lty. <~I • of t 11/' \ .... all at ffl + 1 1:- ÎIIIIJ():-,(·d il.'> a !>()t\IHI.L1 y 

condition and relllalIl~ fixed dw .Hg the p:,pur!o-t 1 Ill!' 1 plaxatlOll 
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4.3.2 Discretization of y-momentum and continuity equa-

tions in y-sweep 

Pro('('f'ding a.'" with tllf' .1-1ll01llf'llt1\1ll (·quatioll. wp ('an wnt(> dOWIl th(> y-momelltUll1 

and (·()lltiJllllt~· ('qllatioll~ (4.a) and (4.10) 1Il differenred fmm. after u~ing expr('~­

~i()ll!-> II kp t h()~p of Sl'ctioll 4 2.3 for t Il(' intNpolat ('~ of ~ /'. and rf'grouping tenIlS. 

(1 ~T (- -) [0 ~T { vI' - v.:;; 1 }]-
~lI~' ~P'.J+I - ~P'.J + ~y;' -( /' )r, ~1I~ - Rf' ~y~ ~t".J-1 

[ 

fi ~ T { V' 1/ 1 V' IJII 1 1 }]_ + l + ~ T + __ ( l'V )Y+ ~ _ ( [,V )Y- _. _J + + ~ /' 
~1/1' l' ~llu l' ~/IU Re ~yU Re ~I/U l.j 

.1) .1)+1 d) )+1 .1) 

(4.21 ) 

- ~T 1 - - ~T. 
~/) + ---(~I' - ~I' -1) = --.- (V· V)V , ) /l \ 1/ 1.) 1.) J. 1.) 

_J.lJ) li 

(4.22) 

:b h('fo[(" WI' ha\'(' (R,,),.) = (Ft:' - UV - 0 G~),.). '.vhere (G~),.) and (V . V):~) 

an' oht ailH'd from (.1. 18) and (4.1 g). repecti\'ely. and (Ft? ),.) = (4L':~) - L'~)) /3. It 

i~, ~('('11 t hat (4.21) n'qllin's the t'xpression ~P,.)+ 1 - ~P,.). vl"hich cau be obt ained 

trolJl (4 22). uanH'ly 

~T ~I'I.J+I ~T (1 1 ) - ~T ~L'I,)-1 -- +- +-- ~u ---~-b ~/lu b ~/lu ~/Iu 1.) b j,yu . 
.1)+1 ")+1.1) } 

l'pOil !--tlbstit.llting this last ('xpn>~sion in (4.21). \ve thlls obtain for the latter 



1 

[
n ~T {-U'/I)I/- V'.'I~' _ 1 _ ~T_l_}] :sr: 
~,/t· l' ~'/II R,' ~'J" ~ ~'J" 1,)-1 

,1 J ' J ] ( ) 

[ 

(} ~ T { V' ,/1' 1 V' l/,' + 1 + ~T + __ ({''')'/+ ,]+ _ (1''')1/- _'_J 
'\ l' l' \ l' l' \ Il 
~y] ~YJ+ 1 ~!lJ 

1 1 ~ T 1 ~ T 1 }]-+ + +--+- ~l' Re ~l,/u Rf' ~I/U Il ~111t il ~I/II l,) .)+1 ,/) ,) ,)+1 

+ rn ~T {({"/)I/+ V'Y~'+1 _ 1 _ ~T _1_}] ~I' 
l \ l' l' \ 1/ R \ Il ~ \ Il 1 ) 1-1 

~.'J) ~.tJJ+l t' JI}) 1-1 f JY] t 1 

Thi~ i~ tht' tridiagonal ~y~tl'm ()f f'qllatlOn~ which ha:-. In 1)1' :-.oht'd ln 1I1>t.1I1l 

(~l·),,). wlllch ha,.., hp(lU I111COllpIt'd l'rolll (~/) L,j A :-'lIl1ila[ P[(I('('dll1 f ' al-> [JI 1 hl' 

case of tht' ,l}-~\wep for ~I/,) i:-. 11~!'d, llaIll!'ly l'quat1ou (,i:.!:)) 1:-.:-.1't np fOI t'adl 

J, 2 =:; J =:; J -:.! (j = .J -1 <'OlT(,5pOlld~. f PXélIllpl<', tn il "nlid wall [1 il), ln ohl Hill 

t.ridiagonal s'yst('m~ of C'quat.iollh \\'hich an' f-,olwd for ~I'l,), \\'111'11' 2 $ l ::s f -- 1 

~jJ,,) b obtainrd from (-1.22) aftel ~ol\'illg fOl ~ l',,)' 

4.4 The x-Sweep 

The solution III tht' .r-swcep plO('('('(b in himilar mèllllwr il .. "> III t Ilf' 1/-:-'W('l'p. Il il Il 11'1 v 

~l' which i~ Ullcollplf'd fWIIl ~Il and ':::'p 1:-' fir:-.t <,oIv('c! for th!'ollgiJ tIII' rldlf'lf'llf'f' 

[orm of cquatlOll (-1 12). and ~}J ih l'hllllllatpd fi Olll (-1.11 ) wit Il t Ill' a-id Ilf ( l.1:~) t () 

obtaill ~Il. Hcl'f' w(> wIll thlls ollI~' glW tIll' ~('alal nidiagollal ~y!-.t('lII!-. of ('(illal IOll!-. 

that one sct~ up from the diffl't'<>u('('d f()flllf'> of l'quatl01lf'> (·1.11-·1 l:J) Fin.,!. WI' haVI' 

the equatioll for ~l'. 



[
0 ~T { ~V,/'- V.T;· 1}] '\ 
-- - Il -- - .....1 l' 

A, l' (),. '\ U R'~ .u ,-l,) 
.....1I, .....1I,_1 (: .1,_1 

[
n ~T { -1' .1'+ V.l';' 1}] \. T"" 
-- Il -- - .....1 l' = .....1l' + ,\.,' ( L, I\.'U R ~ .U ,+1,) ',} 
.....lI, ~.1, C.1, 

(4.24) 

and t ht'II t hl' ('quat Ion for ~ li 

- O~T - _ 
= ~1I1.) - --( ~PI+I ) - ~p, ,) . 

...l.r~ , " 
(4.25 ) 

Tht' !-ool\'lug of (-1.24) and (-1 ,2.j) if> done a..<, follow5. Thr settillg up of (4.24) 

(01 (-1 20)) fOI ('adJ /. ~ ~ / ~ 1 - 1, gl\'(~S a tndIagonal system of equatlOlls which 

l!-o !-ool\'('d fOI ~IJI.J (01 ~I·,.:l). and thif> is donc al ('ach Y.1, 2 ~ .J ~ J - 1 for 

...lUI.)' and:? S .. 7 ~ J - 2 fOI ...ll'I.) FlIlally. t}a' pressure \'ariatlOll ...lp is reco\'ered 

hy t IJ(' 1 Pla t JOli 

~T 1 _ 
~J>, • + --- [~lI,) - ~u,-IJl = ~p') . " "~.r:· . 
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At t hi!'> point. det aib wIiI bl' gi\'t'Il !'OllCt'rulll~ th., fi .'a t 1ll"lIt of IIdlo\\ or 

outfto\\' houndary cOlldition~, wlwlP \\"(' ~IIPP()S., that WI' ha\'(' tl1t' illtlo\\ alld tllltt!OW 

at .r l , 1 = ] and 1 = I. n'~p('('tl\"('l\". or at .1'1 alld .1'1 Fluid I~ t'lIt.'nll~ tilt' dlllllalll ,\t 

the inlet. ~llch thal Wt> imposf' tilt' \"('Iocit~· profil.' tht'II': tilt' \1'101 Ity ('OIl\IH)llI'lIt~ 1/ 

and /' will thm, bl' ~t't to known \alll.'~ at 1'1. for l'xamplc' III tlH' t'mlll of d"\('loJlt'd 

yelocity profil('~ for laminar fto\\' (~('(' S.·('tlOl1:-' ,j 1 ~ and 81) SlIlI'l' tllC' \ dont y 

compollents Il and l'are impo:-,.'d at tht' lIlHow. \\"1' thll~ ha\'(' that ...\/II} .llId ~1'1.1 

are ('quaI to zero then'. Abu. ~llH'(' \V(' art' U~iIl)!, a ~t il)!,)!,t'll'd 1l11'~h t hl'II' l'> 110 

l1l'pd to IlllpOSf' bOllndmy c'oIl(htlOll~ fOI pl(,~:-'1llï' al th(' lIlHo\\" TIlI~ 1'.111 hl' :-'('1'11 

from (·t1i), wlH'l(' \VI' only IH'I'd tht· qualltlt\l':-'jJ, } alld jJ'+'.j' alld Ilot J',-I.} \"lIl'h 

rppresputs the inl!'t pn'~~lIn' w 111'11 (.f ~O) I~ ~f't 11 il fOl / = ~ 

~ow. at tilt' o\ltlC't .. 1 = .L'I. tht' fhllt! I('a\"('~ tilt' <!olllalll aud tlH' vl'loc'lly 

COmpOl1ellts are tllll~ extrapolatc'd hom lIl~ldl' t hl' titlld c!olllaill. u~ill)!, 1 III' follo\\'lllg 

formulas. 

Ill.) ( 
j..l'[') j../," 

1 + --t-, - 1/1-1,) - ,. "I-l,) 
"'\·1"/_1/ "'\.1'/_1 

l'J.) ( 
\ .r U 

) \ 1. 11 
~ 1-1 ~. 1-1 

1 + .U 1'1-1.) - ~ /"-l.) • 
~.I/_'2 ~.I/_'2 

(1 :.?ï) 

which are second-order accuratp Thufo,. aftpr ('<tell P~('lldo-tlllll' stf'P 1 Ill' \'l'lonl\' 

components il l .) and 1'1.) are fOlllld frolll (4.26) and (4.2i). wlllc'h allow~ 10 ('Oll1pllk 

(--1.li) and (4.18) wheIl pqnatlOns (4 ~O) allc! H.23) a!'p .... (·1 l1P fOl / = 1 - 1. al 

.r == .r/_l. The \'alll(,~ of "'\/11,) and ~I'I) t'an 1)1' Sf't l'quai to /,1'10. \\hl<'h lIlIICHllIC" ..... 

an error which is of tht' ~anH' onl<>r il.':. tlH' EIlI('!" p~('\l(lo-tll111' "dwlllf' ('l!o""11 [~il. 

or formulas (4.26) and (4.2i) ealllH' Illcorporatpd ill tlH' implit'll It'ft-halld "Id,'" of 

(--1.24) and (4.25) [2--1]. As far a.'i tht' I)leS~lIn' at tlll' outlf,t 1" "OllC'('lll('cl. PI.). WI' 

see that it is IH:'eded whcn writing (4.1i) at .f/-l. alld it t'ail ('Itill'I 1)(' ,,('1 ('qllal 
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to Zf'lO or cakulat('d from the 1ll0I1H'I1tUlIl equatioll normal to a wall at the outlet, 

lI~lIlg t IH' followillg formula. 

_ _ -lY; [D( Ill') D( VI') __ 1 (OZu 02 V )] 
PI.) PI:.!. - • D' + D R 0 2 + 0 2 d.ll . 

Yl .1 Y e:r ,Ij x=x/ 
(-!.28 ) 

TIl(' pn'~follllf' point PI.2 would 1)(' for C'xample that the nearest to the bottom wall. 

aJl(I in the l'xalllpl(>fol trpated in this Thesis. it is set equal to zero in order to fix 

t IH' I)J('~~lln' kwl in the dOlJlain. 
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Chapter 5 

VALIDATION TEST 

PROBLEMS 

Two brllchmark prohlt'm~ w111 nrst b" ~()I\'('d b~' ('OIl~)(h'lillg ,>tl'acl\' !lo\\' Jllohklll'>, 

the 1>l1rpO.,(' of whic il i~ to t ('~t t Ill' aC'('ul ;H'\' of th .. (iItfC'!C'llC'" 1 l'pl l''>' 'Il t allOIl (lI' 

the difl't'lrutial 0I)('ratOls and thl' "tfn'tiwllI'!'>!'> of tilt' p!'>l'lIc1o-tllllt· ItC'lallilll tl'('h­

nique. Illdel'd. whl'tlH'l tl\(' artitkléll (,OIllPI('!'>~dJllily 1llC't!Jocl I!-> ll~f'cI 10 !'>ol", tlw 

~teady or ullht('ady fiow ('qllatlOu~, tllP IH()('(·dm!' Ih C'x,H,tl\' IllI' ~allJ{' 1{'~al(lJll).'. t III' 

spatial diserf'tlzatioll and p~(,lldo-tllIl(' IdaxatlOn Thll:-'. t Il<' Hm\' llI~\(lj· il '><lua/l' 

cavity with a lit! 1ll0Villg at constallt \'('l()('lt~· I~ calC'ltlat('d and (OllJpan"OIl of t Il<' 

prcspnt result~ with thOh(, pnhlihht'd h,\' Soh (Ref [lïJ) I!'> dow' Thl' Hm ... · (J\'f'l il 

backward-facing ~t('p lh t!Jeu comp1lt(·cl and ('OmpaIlhOll Wlt Il Gm t hIlI!,"" C'alcllla­

tions (Ref. [281) i~ mad(' 

The \'aiidatwil of tilt' lIH'thod a.'" applit'd to actllal lII1~t('ad~' lIo\\' l'lOhll'lIl!'> 

procP('(b Cl.'" dl'~eril)('d in S{'('tioll 0.2 Fll!'>t. tllt' 11111 Il t'I'lnll W'>lllth oht aiw'd \VIt li 

the presf'ut cuttfieml cOll1pn'~~ihllity m<'thod for tIlI' 111l~tf'ildy fIow l)f't\\'('1'1I two 

oscillating platps arp eompcu'pd with the Clualytical ~olll tioll rlf'Il \'(>(1 for t hat IMI" 



1 

ticular probl('m. Finally. tll(> llustcady flow iusid(' a cayity with an oscillatillg !id 

il-> comImf('c! aud thp rel->ultl-> compared witl! Soh and Goodrich [16). 

5.1 Validation for Steady Flow Problems 

lu t lU' CII.'>(' of il stf'éHly' ftow plOblclll. thc t(,flll DV / Dt dlsappears from (3.1) and 

tlu' ('qllatioul-> to he ~ol\'('d arC' t.hUb 

G (V. p) = 0, (5.1 ) 

V·V o. ( 5.2) 

TIlf' f<'rm G(V.p) is gÎ\'eu by (3.3), as before. The pseudo-time iteration is 

introducf'd at this point (8('(' aiso eqnations (3.8-3.9)), 

av v 

-+G = 0 Dr ' 
Dj5 -

f,-+V·V = O. 
DT 

( 5.3) 

( 5.4) 

and applicatlOll of t.he implicit Euler scheme to seIlli-discretlze (5.3) and (5.4) III 

p:-,puc!o-tinu' g!\'('r-, 

o. (5.5) 

( 5.6) 

Th('sC' 1 a.,> t cqllations are finally arrallg('d. after putting them in Delta form. as 
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~V + ~T ~G 

j.T -
--V,V" 

b 

Eqnatiollh (,j,i) and (38) are thll~ ohtauH'd wh('1l th(' llll'thod of ;1I!lIinal 

compressibility is app!ipd to thl' solution of !->tt'ady How plObl('lIl~ [11. 1 i, :?a] :\o! lI't' 

their gr('at sUllilanty \VI th ('qua t ions (3,12) and (3.13), t Il(' HW! IlOt! of "'011\ t 1011 ! hll!'. 

proc('pds in ('xé\ctly thl' ~éUlH' III iUlllPf , H(\IH'P (3,i) and (.j,8) an' al!'.o pli! III tht' 

matrix fOrlu (-lA). \Vith the diff('!('IIl'1' h('i.p that (i) Il = 1. (ll) tilt' tt'illi 1/11 I!'. 

dropppd from hot h Illat rie('!'. Ar cmd A" III (..t .j), and (IIi) R I~ ~I \'l'II b\' 

Ru -é" u 

R= RI' G'" - 'l' 

Rp -(l//l)V,y" 

The reht of the IIlpthod i~ as descnlw<! III Chaptl'I -l, TIl(' "'P!"c!101I of tlH' p!'.I'1\d(). 

time stcp ~T and artificia! compn'!'lfo,lbiiity I~ 18 dOlll' il .... pxplailH'd 1Il Rd', [! il'. 
namely wc han' 

Crj..l' 
~T= --­

,\ 

wherc q = VlI'2 + e2 is Cl represt'utatiw Ho\\" !->IWl'd. ,\ = (} + J(}2 + 1/11 1:-' il chaliw­

tcristic propagation spel'd introdl1cpd by thl' artIfieial COlllp[('~:-.ibility. and ~ l' 1:-' 

a typical mesh -,pacing, Tht' Cnlllilllt 1l111ll1H'1' Cr 1:-' cl!o!->('1l to 1)(' ,lpplOxIlIlall.l\' 

20 in order to ~p!ect ~T. éllld th('11 hoth Î'l illld j.T ;UI' OPlllll)/'l'd Il\' 1J1111H'))(',d 

experilllcntatioll, 

1 Sel' also Section 5.2 whef(, tlH' procedufP b outlilll'd for lIu,>tpady How probll'III'>, 
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5.1.1 Driven cavity ftow 

11 = 1 
1.0.,------======-=-----. 

:1' 0.5 1.0 

FlgUI(' 5.1' GeoI1H'try of the driven cavity flow problem. 

"0(. roll~J(I(,1 a ~quarC' canty thC' upper wall of which is moving at constant velocity 

élU<l compllt(' th(' st('ady flo\\' pattern lIlside the cavity for three Reynolds numbers, 

Rt' = ..J(lO. 1000. 5000. \\,h('r(' Re is based 011 the length of the cavity sides and 

tlw hd \'(·I()C1t~. ~('(' Flglll e .j,1 Helice in n011-dllnensional umts the canty side5 

al(' of h'l1p,t Il 1 ami the hd \'Cloci ty Il> 1 as \\'rll. The initial condItions required 

t () ~t aI t t II<' P~('\J(!o- t ÎnH' 1 tel ation proc'ed ure were t aken to be zero velocity and 

prc~~lIn' lI1!-ol(!(' t IH' canty whereas a hd velocity of u = 1 was imposed 011 the 

Up!H'1 \\all \'('loClty componpnt5 wcre zero 011 the other waIls and no boundary 

COll<htlOll!-o fOI pIC!-oSlllC or fOI thc YeloClty components at the upper two corner5 

an' l('<Jllll('d !wcau:.,(' a 5taggC'teC! mesh IS used [li] EquatIOns (5 i) and (58) w('re 

t}I('11 Ih'tated III p~t'IJ(lo-tinH' until ~ V a11d ..}.p were equal ta zero, at Will ch point 

th(' steady statf' f,OlutlOn was obtamed. 
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Typical variations, with.ll (the axis of coordinate Il 01 IlIa 1 to tht' lid) of tilt' /'­

component of"eloclty, Il. at the ravit y l'cutcrlÎlu" J' = 0.5, aIt· ~hO\\'ll in Flglllt':J ~. 

for three Reynolds llullll)('rs and for lluiforIn 0\ ~tr('tch('d grids: III ail ca .... I·~ t hl' glld 

\Vas defined hy 40 x 40 points. TIl<' vahl(', I/II"'X' of tIlt' milXlIllll1ll l<'clIclllat1ll!!, 

velocity at .1' = 0.5, and the (,OlTP~polldillg location. ,ll1l1olY' (lU' ShO"'ll ill T.I1>1<- ;, 1 

and are seen to he in good agH'eUH'nt with Soh [17], a:-, ('X!H'ct('(1, altllOllgh .. 

different treatment was llscd for t.he hOllUdaIy ('omhtions, nampl~' that <!pscn!w<! 

in Section -1.2.2. \Ve IlOtc that. th(' :'>tretched grids tl~('d wcrt' ~I\('h that tl\l' 111111111111111 

mesh spacing 11('a1' the walls was 0.0125 at R('::= 1 OO(), illld 0.0083 Olt Rf = .-) non, 

in Iloll-dimcllsionaluuits. 

!hll'lX Il III,' x 

Grid Reynolds fi ~T nu. tinH' Prt'sput nef [17] p l'< '~I'II t. Hd' [l 71 

lllunber st<,ps ~oll\tioll ~()lll t ion 

Cniform -l00 -l.0 DA 1-') ù~ n.288 0.288 -0 :312 -Il :~ 1 :! 

Uniform 1000 -l.0 0.1 224 0.183 o 181 - () :~·1 ï - () :3·18 

Stretched 1000 2 ') ... 0.2 31-1 0.17'0 0.185 - () :371 - () :lï~ 

Stretched 5000 2.2 0.05 2206 0.076 0.081 - () :j~G -0 Il.-) 

Table 5.1: Location, Ymaxl and value, Il mll ,C. of the maximuIll n'('llTlIlatlll~ (,OlllpO-

nent of velocity, /l, for various Reynolds numbclfl and typl's of I!,rid. 

Convergence ''''a.<; rcached ami the it('ratioIl~ ~topped lU PhPudo-1 llll!' wltl'Il 1 hl' 

rms vaines of the llumcrical reslclllab of the mOlllPntulll and ('OlltÎIl1llty l'<(nal Î()I1~ 

were allicss thall 10--1. The residllals arc the 1l1l111Clical ('valua.tioll of tll<' IIJ!,III­

hand sides of (5.7) and (5.8), at the grid poiIlt~ - (lctllally, (,J.7) IllUht. hl' llividf'd 
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by ~T ;u d (,j 8) hy ~TI/J, FigUIf' 0,3 ~hows the COIl\èrgence history of tlH' rmb 

u"·\l<!1IaJ:., (\."> il fuudlOll of tht' Itf'ratioll COIlIlt for the ,omputations performed at 

Uf' = 1000 wlth il ~tlt'tdlt'd glid. Table~ 3.2 and 3.3 list tll(> \'alues of the l'ms 

1('~)(I1\aJ:., aIlc! IW1XÎIlI11J1l l'('''>Hlllals at l'OIl\'('rg('IlC(' 

Gml 1 Rf' Il lIllS( Ru) 

l' III fo! III -lO() G 6 x 10-'; !) -t x 10-'; 8.0 X 10-'> 

t: lllfo! III lO()O 6.0 x 10-'1 !) D x 10-) !) .j x 10-) 

St 1 t'tcllf'd lOOf) "ï l x 10-) 1 0 X 10- 1 ï 1 X 10-'> 

St lI'tchf'd ,jOOO 2 "ï X 10- 1 3 0 ;( 10- 1 1.6 X 10- 1 

-
Tahl/' ;j 2· RIlI~ II'!->lduéll \'alllc,,> at ('oll\'prgr 1('(' for (hffen'llt Reynolds nUlllber~. Rf. 

aud t~'I)(':-' of gwb 

GlIc! 1 RI' 1/ lllax! Ru) lllax(R, ~laX( Rp) 
-

r IllfOllll -too 0ï"xlO-- 1 l a x 1O- l 1.3 X 10-.1 

-

t' Illfollll lO()() 1 3 x 10- 1 3 ï X 10- 1 3 a x lU-- 1 

St II'! c1H'd 1000 20xlO- 1 3.-1 X 10- 1 2.8 X 10- 1 

St 1 ('t clH'c! 3000 a 1 x 10- 1 l !) X 10-.1 53xlO- 1 

--
Ta Il Il, .).3: ~[axllllnIll l(,bldllal \'altH'b at (,OIl\·C'IW'IlC(· fOl diff('rent Reynoldb IlUlll­

I>I'1"s. RI'. and t~'pl'~ of glld~. 
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o 50 100 150 200 250 300 350 

Iteration count, n 

Fi~l1l'(, 5.3: ('011\'('1 ~('Il(,(' llliltory of the nus rcsiduals of the momclltulll and conti-

111\it~· ('<[natlOll!"> a:-; il fUllctioll of the itcratioll COllut, 1/. The computations arc for 

tilt' dliwll (·a\·it~· Hm\' probh'lll at a Reynolds Humber Re = 1000. ou a strptched 

~nd. 
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5.1.2 Flow over a backward-facillg step 

IJI 

I~~~ 
0.5 t- ~~----.--..% 
0.5 

L ~~ _____ ----1 

\oII~~---------- 30.0--------~ 
Figure 5·L G('ometry of backwald-facing step problplll 

A detailed benchmark solution for the How oW'r a hackward-facing :-.tI'p III Iwo­

dimensional Carteslan coordinates has been PllblIshed b)' Gartlillg [28] TIlP 11011-

dimensional geometry is shown in Figure 5.4 The down:-.trf'aJJl (,hanIlel ha . .., a IlI'lght 

of 1 whereas both the upstream channel region and the ~tep lwight alf' l'quai tn 

1/2. The channel portion upstrcam of the stl'p IS exrludcd !Il tlll~ IWIH'hmark 

solution, and the system of coordinates IS rcntered at the ste}> ('OrIwr (WI' 1 ('mark 

that the present method was also compaIC'd wlth the re~lIlt~ of I3('J)occl l't al [20] 

for the backward-facing step problem, III which the rhallllp} g(,olllf'try lIH'llldt'd ft 

portion u?stream of the step. Good results were abo obtaiIH'd [18], for f·xamplf· 

the reattachment length at Re = 67 was rO\lnd to be 2 1, compal cd t.o va.hlP~ 

in the range of 2.0-2.2 reported in Ref. [29]. Hefe, we only prCSl'Ilt a d(~tailcd 
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• 

l 
l /'()llIpan~(J1I of (JIll 1f".,1l1t~ witl! tho,,/' of G,trtllllg\, <1." Il(' providl'd Illon' data 1Il11J~ 

pll'~f'lIt at 1011 ) 

TIIf' hOlllldalY /'()lHiltlOlI~ a.",,,,oC'latl'd \VIth tll/' gI'Olll<'tI~' of Fignrl' 3 -1 il!(' a 

df'\'l'loJH'd paIabolic \l'lo('Jt~ prnhl(' at tll(' IIllet .. / = O. () S; y :::; 0.3. wh1<'h 

)!,I \'l'~ cl 1'-('0111 JH >IH'llt of \'l'lori t \' Il (n.y) = 24.11(1/2 - y). aud a Y-('Olll!>Oll<'ut of 

\'('I()('!t~, dO. y) = (J, A~ wa . ..., (hM'Il~s('d III Chapt!'r 4. IlO hOlludary (,ollditioll~ 

fOI pl(,~~ll1l' ml' n'«(lllrl'd at thl' IIlltot i)('call~e of tlH' Il~(' of 11lt' stagg('Iw} llle~h 

TIIf' il\'( 'lïl).!,1' 1l01l-c! 1I11I'll~i()llal /,-('0111 pOlll'UI (Jf n,loCI ty a t t Ilf' inlet l~ t hll~ ('qual 

II) 1 \"(I-!'.,llp hOIIl}(litI~, ('oll/htlOl}'''' apply ou thl' wall!-:>. whl'It'ah at thl' 0l1tl!'1 tll!' 

\'I·hwlt\' ('()IIIP()III'llt~ aJ(' ('xtlapolatf'd to ~I'('()lld-()rd('r (lC('lII'il('Y fwm lIl~ld(' tlll' 

ti()\\ dOll1alll. 11~1l1)!, tilt' fOnIlIlla . .., (-126) and (-12'i) Thl' pl('~~tll(' al IIU' ol1tll'l 

I~ df'll'flllilH'd Ily lllt('glatlllg Ihl' 1l0lmal lllOllleutllm ('<[natlOll from Ihl' hottolll 

wall [l'il. l1~illg <'qllalloll (-128) ill which tll<' trap!'zoidall'1l11' \Vas ('mploy('d for thl' 

Illlf'grati()ll TIll' plf'~~llj(' at (/'1" I/~ J. which l~ pu. wah ~f't l'quaI to /.1'10 dlllillg 

t Il(' (·(lI11plltcltlOlI .... aftl'I t hl' ('()lllplltation~ \\'1'11' compll'tf'd. tll!' !H'('!)!'..UI'I' dara wa!­

llollllalIZt'd Il\' taklllg tilt' poillt at which tll!' !)I(,~Slll(, wa::, ZPIO to hl' at thl' ..,tl']> 

('()IIlf'I. a .... dOl\(' hy Gart ling 

TIl!' lll('~h wa.'" ~tr('tclH·d Il\' cow'('lItrating tht' grid point~ Iwar tll(' walb and 

lIt'ar th(· ... tt·p l'l'glOB. aud th(' IP~ulting gnd was lllllCh likp that shown ill Figul'C' 4.1. 

pa)!,(' 43. ('xcP!>t that tht' Ill('~h portIOll Ilpstl('am of the ~tt'p was omitted. ab PP! 

Fi~1ll'1' 3A, TI}(' hypl'r holic-tallg('ut !-:>tr('tching functlOn Wél.<; llspd normal to the 

IlPPI'r aud lo\\,pr walb. and thl' hypt'rbolic-sllle funetJOII wa!'.. t'mployf'd along th(' 

~t n'alll\n~l'. r-dll'l'ct iOIl. Th!' dOlllalll had a llou-dlllll'll!)lOua! !png th of 30. \Vith 

."j(,d glld pOlllt!-:> ~palllllng thl' streamwist' direction: thih gaY(' a minimum mesh 

~pa('illg of 0,08 at th!' ste}) alld maximum mesh spacing of 0,21 at the outlet, in 

llon-dinH'llsioBal ulli ts. In the cross-st l'cam direction (y-direction), 50 points were 

iul'lmhl and t lIt' millllnuIll ml'~h spacillg was 0.015 at the walls. 
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Tht' (,Olllplltati()l1~ \\'('1"(' !,l'lforllw<! al a H('~'II()!d~ 11111111)1'1 Ill' SOO, h,,:-,('<I tlll 

dOWIlstIl'élm channd hplght ,lIld an'rage Illlt,t \'t'Ionl\' TIlt' Illi tlal ('(Judl! I()II~ \\ l'!t' 

l' = P = 0 tlllollghOl\1 tl\(, wholt' do lJl il III , wh(,ll'a~ 1I( .1'. Il) = ~ l'I( 1 /~ - I/l. Il '::­

.1' ::; 30, 0 ::; .1/ ::; 1/'2, alld Il = () fOI 0 ::; /' :S :30, --1 /~ S '/ :.::. () 1 Ill' 

artlfiClal ('Olllpl<':-,:-,ihdilY, b, and P:-'t'lI<!o-IIIIH' :-.tl'p, j.r, "'t'II' :--1'1 t'<Il1al !() 1) .~ alld () ~, 

l'cspectiwly. Thl' ('OU\'f'l'gt'IH'P enll'na \""I." ",ht'Il • hl' rlll:-- va!tw ... ni 11\l' 1I1\1I«'III'al 

!l'slduab of th(' I\lOIlH'lltlllll auc! COnllIllllt~' t'q1\atlO(H, \\'1'11' ail 1«,,,:-- Ihall :~ " 10 " 

\\'llIch took :2006 IlpratlOll:--

Tabl('~ ,jA and ,3"j pn'''t'Il! ('lo",,-dwlllIl'! l)Jotîll':-' of 1 lit' ,do( 11\ ('OIlIP"IlI'lIh 1/ 

and /', and of 1)!{'~~1l},(' p, al tw() (hff('11'1l1 :-.llt'.II1I\\)',(' 1()(',ll!tJII:--. 1 = ï ,1IIe1 1 ~ 1,-) 

('Olllpmi:-'OIl 1:-' madf' \\'Ilh tlH' tahnlatt'd 11'~lIlh of Gal! 1111).', [2S] 

This prohklll ha .... 1\\0 l't'cw'lt1atlIlg t'ddIt,,,, olll' OH 1 lit' Ill,! t01l1 \\'all. '1 .'~ - J /'.!.. 

and OIH' 011 tlH' llppt'I" wall. /1 = 1/'2, TIll' l"ugth (lI' Ihl' IO\\'t'l w,dl pdd\' \\;1:-.10111((1 

(0 ))(' GOin thl' !H'('~(lnt calclllatlOH:-', cOlllparee! 10 (j 1 III Bd' ['2S] , \\ Ilt'II''':-' rlll' 

pOlIlt of!->(lpmatlOll, point of n'atla('hIlH'ut alld l"llgtii of tlu' npPl'1 \\',dl 1'«Id, \\"11' 

complltt'd to })(' .t,SO, lÜ.30 élud 0,,jO, l('~p('('tl\'t'Iy, ('()Illj>illl'e! t() 1 S;-) 1 (J 1,'\ dlld 

,),G3 in Rd, [28] 

Finally, tlH' pr('~sur(' aud shear :-,tn':-,~ protil('~ ,dnl\!' Illl' lIP!H'1 \\-all and 1 Ill' 

lower wall of thl' ('hallIH'1 are p!ottpd 1Il FlgllH'!'> ,) ,j and ,j,G. 1('~!){'cll\l'/\' 

AlI these rl'suIts ~how good agn'PllH'ut wlth Gartling\ Iï':-'1l1t!'> [~81, wlllch 

allows us to proceee! furt hpI' and eOll~id('r 1IIl!'> t t'ady Ho\\' plO1Jll'lII:-' TIt 1" 1:-' d( JIll' III 

thf' Ilcxt :,ectioIl, 
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1 
1/ 100 /. P 

.'J JlII''>(, Il t Hf'f [28] J>I(,~(,llt 1 Rl'f[28] pr""('11 t nef. [28] 

() :)0 () 000 () .O()() 0000 0.000 0.1323 0.1362 1 

() -4;j -II O-t 1 -0 0:38 -().O33 -O.02ï 0.l323 0.1362 

() -H) -0 0.:1-4 -(),O-t9 -O.lOi -0086 0.1523 0.1362 

() ~3;j -() 03ï -() 032 -0.1 i2 -0.14i o 1323 o 1362 

0.30 o Of)0 (J.OI:) -0 198 -0 193 n.l ;:)23 O.l;:)G2 

() 2.j () ()~D 0.002 -() 181 -0.22;:) 0.1323 o l.j62 
1 

o 20 0202 () 204 -0 l·W -0.268 0.132·! O.1.j63 

() l.j O.3.j3 , () 3-!9 -0 128 -0.362 0.1528 o 136ï 
1 

D.IO 0.3:32 n.::>2:? -0.200 -0.344 0.1336 n.13i -! 

() .O.j () ,23 () ï09 -O.3i8 -0823 0.13;) 1 0.1;)90 

O. Of) (J sa!) () 883 -().62-t -1.163 0.13ï.J 0.1613 

-() 03 1 O:~-! 1 02-4 -0.886 -1.30ï o 1610 n !G32 

-() 10 1 100 1.103 -1.110 -1. ii8 0.1652 o 16Dï 

-O.l;) 1.116 1 118 -1.250 -1.D25 0.16Di 0.1 i--tG 

-n 20 1.D38 1.062 -1.2ï-4 -1.D1ï 01 i38 0.1 iD2 

-0.2;) 0.D38 O.fl--l8 -1.182 -1.i48 o 1 ii3 0.1831 

-0.30 O.i8--l o ïfl2 -0.961 -1.-423 0.1 iD8 0.1859 

-0.35 0.609 0.613 -0.G30 -1.000 0.1813 O.18i6 

-OAO 0.-12ï D --128 -0.296 -0.304 o 1821 0.1885 

-() A;) 0.231 0232 -0 053 -0.118 a 182-1 0.1888 

-() 30 0.000 0.000 0.000 0.000 0.182-1 0.l889 

Table 5A: Cro~S-l'haIlIH'l profiles at .Z' = 7 
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1 
Il l{)() /' Il 

!J pl(,~('llt Rl,r [28] }ll l':-,('nt R('f ['28] pl (' .... 1'1\ t Hel [:?~l 

0.30 (J.non o 000 o non () O(lO Il ~ 1;;11 r ~ WII 

0.-1;) () lO·l () 101 () 020 {) 021 Il '2 I;)\) () :? H;n 

DAO O.:?Oï o 20:.? O.OG9 () Oï::! () :.? 1 ;)0 () :.? I,-,!) 

0.3;) 0.311 O.30-l (1.l:32 () l·Hl () 2·j;}\) () ~) I,-)!) 

030 O.HG o -l08 0.19:3 () '20ï ().:.? I,j() () :.? I.-)!) 

n.:.?;) () 321 (J.)1:.? o '2 Hl () :.?liO () :.? I.-)() () :.? I:)!) 

020 0622 o G13 () 2;)9 () 288 () :.? 1,-)0 () :.? I,-)!) 

o 13 o i12 () iO-l () 2-l8 () 28:3 () :.? !.-)O () :! I,-J!) 

o 10 0.i8;) o ïï!) ~) 20.j t) 2 ):) Il 21:J() 1) :.? 1.-)1) 

0.03 O.83-l () 831 (J l :3."j () ISO () :2 I.-)(J () :.? I,-,! 1 

000 O.8;J:3 0.8::>:3 () O-l0 () ()!);) t) 21:JO il :? 1 :,!) 

-0.0.) o S·ll o 8-l-l -() 0.11 () 00:3 () :2 I,j() () 21;j!) 

-0.10 o ïQ8 0.80-l -0.121 -0 OSI (} 2·1;}() () :2 1;J!) 

-0.13 0.ï29 0.73ï -() 181 -0 I·E 0.2400 (). '2 I.ja 

-0.20 0.6·10 0.G--19 -0211 -0 180 () 2 ISO () :n-)!) 

-0.25 0,538 O.3--1ï -0.211 -() 1 al O.2-1.jO () '21;J!) 

-0.30 0.-131 O..l38 -0.1 i8 -0.166 ().2·1;)() () 2·1;)9 

-0.35 0.322 0.328 -0.12G -0 llD 0.2-130 (J. 2·1 ,'j!) 

-DAO 0.214 0.218 -D.DGï -0.OG3 () 2-1,)1 () 21;j9 

-0..15 0.10i 0.109 -0.020 -D.01D D.2·!01 O.21:)!) 

-0.50 0.000 0.000 0.000 D.non 0.24.j1 o 2·j;J!) 

Table 5.5. Cro~~-('hallll('1 profil<'~ at J' = 1;) 
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l 5.2 Validation for Unsteady Flow Problems 

TIIf' l'(plat I()II~ ha\'(' !J('('II dl·\d()pC'd ill Chapt('l.f \\"1' fiI::-.t llf'c'd to d('\('l~lllll<' 

tlw il/tIficlal C'Olllpl('''':-'lbdlt\", (,. alld tlw p:-'('lHlo-tillH' :-,t<'p . ...\, To tliat ('ud. \\'(' 

(·OU"'Ir!(·, t Ill' (),J('-dlllll'lI~I()llal ,11\'1:-'('1<1 model pIOblf'lll from f'qllation::-. (3.8) and 

(;l ~) J. dlOpplllg t li(' 1l1ldlff('[('utwt<'d and 1I01l-holllog<'1lI'OIlS t<'lIllS: it i~ put in matl'Îx 

( ,J.O) 

(,j.IO) 

Eq 11<1 t Wll.., (.J.!») alld (,j.1 ()) .1I (' Hkllt will t () t ho:-,I' obt aiIlt'd i>~' Soh and GOOdllCh [l G] . 

• III( 1 t II<' :-.allw ('( )Ilcl t1~IOIl:-' a ppl y i Il t IH' pl r~{·nt fOlIll1lla t 1011. llélUH'ly t Il<' ..,~':-,t(,1ll \\'i 1 h 

ill t dinal ('(lIllP' ,':-,~dHlity ,.., hypl'r/)olw III P:-"'ilc!O-tlIlll'. :-'llj('P tht' l'Igrll\'a 1 11(':-' arp 1 l'al. 

aIld 1 t 1:-' ":-'ll !J:-'OIllC". :-'I1H'(' t h('~' III (' of opp 0::-' i II' slgn~ TIl(· How Illodf'l ddilll'd b~' 

(,j,a) I!"! t 1 Ill!"! !"!lIl11lar 10 il :-"ll b::-'OlllC ('nm pl ('~~i bit, tiow charartpI1zpd b~' an art Ihcial 

:\(ach 111111111,,1' .\1" = (1~ = (lJ'2c~...\t j:3. 1Il which q l'<'lllP!->Pllts IL charartt'I1stll' 

!iow :-,pc,pd. 1.1'. I} = JII2 + /,2. abu n = '2...\t/3, Th(, artlhcial cnmpn'ssihIllty 

('a Il hl' dpt l'I'I11lIlt'd from (3,10) b~' cOllwlt'l1ng .\/" ;::::: yl13. which In m'ü!cs good 

(,Olllplltillg efticlt'Ilcy, alld WI' t hlls obtaill 

l 
(, = -::---

21/ ...\t 
(,j.ll) 

\\'IU'I(' ~t 1:-- th<' l'l'al. pllysical tiUH' 1->tc}>, :\fO\v. au cstimatt' of the pseudo-time step 

...\ r is mad(, ou t Il<' basis of t hl' formula 



• 
! 

.. 

(,) l~) 

whe['(' ~.l' is a charactt'ri~tic ll}('~h Sp(H'IIl~, aut! a ClHlltllll 11111111H'1 ('r ur "PPIOXI 

mat ply 30 tn -10 lS ('ho~('11 to ('mlllatt' ~r. )JllllJ('llcall'xIH'IIIlH'lltaIIOIl I~ Il'lplll 'd 

t 0 optiIIllZ(, hot h /l alld ~ T 

5.2.1 Unsteady flow between oscillating plates 

This prol>l<'111 ha;., all HIlalytlcal solutioll. \\'p ('0I1:-'I<!('1 Iwo IIltiIlltl' platl·~. p<lI.1I14'1 

\\'lth eé\ch otlH'1' and ah~n('d with tIlt' ï·-{,()Oldillat{·~ Tlw\' 'Ill' '>{'p,\latt'd il\ a 

tlistall(,(' H. The top plate 1;" ti:œd whilt, Ill<' ),ottOl1l ol1t' lIa:- a halll1()IlW 41!-l{·lllatol.\ 

ll1otion of fn'qu('Jlcy n: 

il(,iïJl I~==o = OH !-lIllUF. 

ii(jJ. f) l y ==11 () • 

H and OH seITp a.!-> charact<'fistic h'llgth and \'('lo(,II~' ID llOll-dlll)('ll!--IOllillI/1' t Il!' 

eqnations and a dlIllCll~iolll('~s parallH'tpl'. .'i. ('ail pd t Il(' Slo).;:/,;., 11111111)1'1 l~\ l!1I 1 ()­

duccd, Ilan1('l~· 

nH'2 
8=-- , 

V 

where v is the fluid kinematic viscosity. Wl' theIl lmvp to :-,olV1' t hl' l'quaI 1011 

ail 1 [)211 
-- -- =0 Dt ,Ii Oy2 ' 

subjcct to bOlllldary cOIlditions (5.13 l :-;otw(' tltat tlll' (llOhll'lIl ~hO\v.., Il!) t!1'!H'Il­

ch'nce on tllc .r-direct ion aud t hat tlH' ,I/-('OIl1 POIlPIl t of \'P lol'i ty i~ /1'1'0, 1 il IlIlIml 110\1/ 

is considered. The solutlO11 Îb 

2In this section, barred qualltitics are dimcnsionaI. lIon-barrrd (}Jl{'~ 1l()II-dll/J('II~lOn'll. 
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'" 

will'II' 'J' dellotl'!". t Ilf' lIuaginar:v part and whl're 

sinh ,3( 1 - y) 
F( y) = . 1 J ' 

SlIl 1 " 

\Vit li 1 = A aud ,j = .;-;-;.. 
~()w, in t!H' 1I111ll('rical so!utioll to that pro h 1 l'Ill , 10 grid points \Vere ('hosen 

111 IIH' .r-din·cf iOIl by applyillg jJeriodic hOllndary conditIOlls [2 .. 1. 33]. Thus. l'ven 

Ih()lI~h lIO dI'I)('IHI('Jl('(' ou Ill«' r-cl)oldlllatl' l~ (lctllally pres<'Ilt 1Il the problem tht' 

llllIll('I'J('al glid W,t.'> t\\'()-dlllj('II~iollal. In \'i<'\\' of th(' <'1101('(' of characteli~tic length 

and \'('!ocÎ 1 v Illad(· 1 0 110U-dllll('n~ionahz(' t he eqllatioll~. the tl'rIll 1/ Re iu (3.3) has 

to Il{' Il'pl<l('/'d h~' l/.~, wh<'I(' s l~ the Stokes uumber glven by (5.1-1). 

Tu ()iJtaili Illllllf'ri('all~' a harmonie ~O!utiOIl. the t'quations \Ven' iutegratcd 

III 111111' HuI il a pt'rioclil' ~OlllllOll wa.'" obt ained. ,vhich \Va..., achit'vcd after 8 har-

1ll01l1/' c~'('k~ ('om'('1 gl'IlC(, III pst'lldo-llllH' was l"{'achpd when t,he l'ms valnef> of the 

n'~ldllab of Ihe ('olltinllitv alld 1ll0nwntlllll ('quatioIl~ (calclllated from tl1(' light­

haud ~id('!". of ( .. 1.:20), (·1.21) and (-1 22)) al! fel! beIO\v 10-4 • which took arouud 13 

IN'lIdo-tinlt· It('ratioIl~ (!->('e alf,o Tablt>.5 ï helow). 

In FIglllf'S ,j ï to 3.9, tIlt' êtnêtlytical rl'sults (full lilles) are compared \Vith 

t lit' nlll1ll'rkal r(':-'11I t~. plott pd wi t h markers. Table 3.6 slllllmarizes the dat a that 

appl~' to ('adl of t ht' figllrc!-> Tl\(' grid \va..., stretched in the y-direction and the 

l'lltry ':::'Y/II/I' in Tablt, 3 6 15 tIlt' milllllllllll mesh spacing at the walls, .J glid pOInts 

:-op<ln t Ih' .II-diIt,t't IOn: s l!-> tht' Stokes Illllllhcr . .Yt the llllmber of tillH' steps pel' 

harmonie cyclt" and band ':::'r an.' tht' artificial eompressibility and p!->eudo-tilllC' 

:-okp. J'('S 1> <'<'1 iVt'ly. 

Figun' j ï COlllpaJ'('S, for s = 1000 aud J = 25, the influence of .Vt on the 

sollltion. In FigllH' .5.ï(a). ('aeh harmonie cycle has been divided up iuto 9 time 

ï6 



1 Figure Il 8 

5.ï(a) 1000 ,). O.OUO 9 
.. ~ O.G _.1 ,J.I 

3.ï(b) 1000 25 0.01-10 19 12 l 2 

:J.8(a) 10000 25 o 01-10 19 1" ~. 1.2 

5.8(b) 10000 25 D.OOïO 19 l') 1.2 

5.0 10000 51 n.0063 19 1'"' 1 2 

Table 5.6: Value!'> of the parameters uscd in tlH' complltatlOll of tlu' 1t'~1l1b III' 

Figures 5. ï t.o 5.9. 

steps, whereas in Figure 5. ï(h) tht're are 19 tlllH' st('p~ )wr cyd(l. wll1ch l'tl'(I(·t iwl,\' 

corresponds to a smaller t.im(' inCl'<'IlH'ut.. As l'xpeetPll, t his h';ub 1 () il bd tPI 

accuracy. which is seell by compariu,!!, FigllH's ,j Î(,t} and .J.ï(b) TI)(' \('~IIIt~ of 

Figures ,5.8 and 3.9 have thus I>('('n computlld \vlth .Yt = la :\"01(' Ihat (Iadl 

él.nalytical and nnmerical cur\'(' III Fip,nl'<':-' .J.ï(h), .J.8 aud ,).9. ('()II(,~))()lId~ 10 (I\l(' 

gi"cn lIlstallt. t'l, withill the harmonie ('~·cle. llêLllH'ly to 

Il n 27r 
t =--

19 w ' 
Il = 0,2, ·1, 

starting \Vi th the left-most Cllr\'c, wherea.'i 1Il Figure 5. ï( ft) wc havI' t Il = (II / 9)( '2 If /.,;), 

n = 0,1,2. The motion is mostly confined t.o near tilt' bot.t,lllll plat ('. \\'1111'11 I~ \\ Il\' 

the results are plotted only for 0 :::; .IJ :::; 0.2. FigUJl'h j.1:3 alld ,j.9 pn'..,('llt 1/'..,1111'. 

from between y = 0 ta ,1/ = 0.1. for s = 10000 

Figure 5.8 compales, for J = 25, the illfillPIl('(' of tll(' Illl'~h ..,tll'tl'iIlIlg, ()Il 

the solution. It is seell tbat the l('sults arr, Iwttl't 1Il Figurt, .j.8(1)). (·olllp'lled (II 

Figure 5.8(a), aftel' decreasing the spacillg Ill'at tlu' wall. ThI' Hgl(,('IllC'1I1 1)/'1\\('1'11 

analytical and Ilumerical l'C'::.ults i::. similaz t.o 1 hat oht aÏI\('C! aftPI d01\hlilll!, 1 il/' 

number of mesh points, il::' is shawn 1Il Figllft~ ;j 9, \vhl'1(' .J = ,)1 grirl poillt:-. Jill\'(' 
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l 
been included in the y-dir<,ction. 

Tabk 5.i shows lestdts obtaillpd \\'ith H'S!)('Ct to thl' (,olllplltatl(lll~ of Fig­

ure 5.9. At ('a('h 11, con esponding t 0 t illlt' ~t Pp tl/, the 11 li III h('1 k of p:-'f'lldo- t IlJlI' 

steps r<'quired to COll\'crg<' and obtaill tht' solution at fl/+I I~ ~ho\\'ll. alollg \\'Ilh th(' 

rms \'alu<,s of the residuals of the mOlllPlltlll11 alld (,olltillll1t~· t'qUéllIOW .. , 1'1l1~( Ru), 

rms(Rt.), rms(Rp ), and alollg \Vith tlH' maXIlllum \'alll(,~ of Ih(' ((·sHlllab. max(R,,). 

max(Rr), max(Rp ), al convergence. Result& al'(, fOI illlq~l'atlOll dllnng th(' til~1 

harmonie cycle. It is seen thal COllWl'g('ll('(' in p~('udo-tinH' lS \'t'l'y ql11ck fOI 1 hal 

problelll. 

The mcthod shows good perforIuélll<'(' fOI tlus ~illlpl(' t<·~t pl'Ohlf'lIl, hol h ill 

tenns of the number of pseudo-tinH' st('p~ l'('qnin'd 1>f'1\\'('('1I t\\'o J('al-llIlu' l('\'(.b 

and in tenl1S of the accuraey obtaiued a:-. COlllpélI('d to th(' llllalyl Î<'al ~()lllt iOIl 
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005 
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0.00 -0.5 1 0 
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(b) 
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0.00 -0.5 1.0 
li 

Fil~I1f(' 5. ï: Variat.ion wit.h y of the .l'-component of velocity, Il. The computations 

are for s = 1000. J = 25, and three instants within the harmonie evcle have been 

l'('}>n'scntcd. Comparisoll is made for (a) Nt = 9, and (b) Nt = 19. 
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1 

0.08 

006 

y 

0.04 

0.02 

OOO~~~-~--~~~--~-L~-L~ 1 

. -0.5 0.0 05 1 0 
li 

(b) 

O.OB 

y 

li 

Figure 5.8: Variatiùll with !I in the .r-compOllcnt of vcloclty. 1/. TIll' ('oIJlplltatlOll:-' 

are for s = 100(,0. J = 25. NI = 19. and thn'c illf>tant:-; withlll thp hamlOlll(' 

cycle have becn reprcsented. Comparison is madp for (a) ~.tJPIl'" = O.lH ·1. and (b) 

~Ymm = a.aOï. 
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y 

(J.lOr--
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Fignrr 5.9: Variation \Vith y in the .r-component of \'f'Iocity, u. The computations 

a1'(' for s = 10 000, .J = 51, .\'1 = 19, and three instants within the harmonie cycle 

ha\'(' hl'Pll 1't'prrsrlltcd: ~Y""11 is l'quaI to 0.0063. 
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Tl k rms(Ru) nus( RI') fIUS( RI') max( Ru) max( HI' ) lllax( HI') 

2 Ui O.658E-O-! O.l55E-08 O.2ï2E-OD O.32~E-()3 o l,j-tE-Oï 1 O.IS;,E-08 

3 15 o .8D2E-O-! O.H6E-06 O.202E-Oï OA·!:3E-03 () ~o lE-(),j Il :?GO E -Ilti 

.t 15 O.926E-O-! O.D56E-Oï O.153E-Oï OA3DE-03 () 10,jE-();-, Il i ï!) E-Il(i 

5 15 O.82ïE-O-! O.18ïE-06 OA1-!E-Oï O.357E-03 o ~ï·lE-O,-, Il HlïE-()(j 

6 15 O.636E-O-! 0.31.tE-06 O.6.t3E-Oï O.2S2E-03 (1.~8')E-();, () ï~~E-()(i 

1 1-! O.686E-O-! O.216E-OG O.,j,jDE-Oï O.300E-O:J o 1G() E- Il,-, Il I;-,!)E-()(i 

8 1-! O.60ïE-O-! 0.1 ïSE-OG O.23,jE-Oï () 2-l,jE-O:3 o 1 (jOE-(),~ o ~:~ïE-()(j 

9 1-! O.9·18E-O-! O.120E-06 o 131 E-Oï () ·1 ïïE-O:J () SG:?E-()() Il l~:Œ-O(i 

10 15 O. ïD.tE-O-! O.126E-06 O.2 .. WE-Oï OA 12E-03 () Il ïE-O.) o 2;-,1 E-()(j 

11 1() O.592E-O-! O.36-!E-Oï O.202E-Oï o 2D,jE-03 o ,JO lE-O(; Il IIi IE-O(; 

12 16 o 6ï -!E-O-! O.D58E-Oï O.230E-Oï 0321 E-O:3 o 8ïGE-()(j o 22!)E-(Hi 

13 16 o G9-!E-O-! o lD2E-06 o ï2lE-(l't' o 313E-03 O. 1 g;j E- (J,) () ï;j 1 E-(J(j 

l-! 16 o 6.tDE-O-! O.118E-06 O,3l1 E-Oï () 281E-03 o l·WE-OG 1) 312E-OG 

15 15 0.D02E-O-l O.5,j9E-Oi o D8-!E-08 O.3D\ E-03 ().-l ï3E-O() () ï:J8E-Oï 

16 15 O.662E-O-! O.G22E-Oï o 8l.tE-08 O.28ïE-O:3 n.ïOIE-OG () ;j!)!)E-Oï 

lï H o ï .tOE-O-! O. ï5-!E-Oï OA22E-Oï o 33::iE-03 o G02E-OG o ;jï!)E-()(j 

18 H O. ï5olE-O-! O.10-!E-06 D.3olIE-Oï O.30GE-03 O.108E-O,j () :31 :lE- (J(; 

19 15 o 62ïE-O-! O.ï38E-Oï O.131E-Oï O.32-!E-03 o ï~JE-OG () J 1 ;jE-O(j 

20 15 O.861E-O-! O.-l12E-Oï O.,j82E-08 o .. 1-!,jE-03 () 3,jGE-OG o G:J2E-Oï 

Table 5.ï: \7llmber. 1.:, of pspudo-tuuc ~t('p:-, lf'(!,llfl'd tl) ('OIl\'('Ig(' at tlIllI' If'wl f". 

and fIUS and maximum re:-,iclual \'a!tH'~ at C()l1\'('Ig(~H< (' TIll' (,oIllplltatioll:-' ,Uf' 101 

the results of Figure 5.0. 
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1 
5.2.2 Unsteady driven cavity ftow with oscillating lid 

TIl(' ~('('ond t('~t caH' that w(' cOll~id('r I~ tlt(' llllsteady driyen cayity fiow problem the 

W'ollH'try of whiclI ha . ., 1)('('11 d(,~(,l1l)('d III S(·ctioll .j 1 Ho\\,('wr. 1ll the present case 

tiH' lid ha.,> fi harlllO!lH' o'>ClllatOl) 1I10tlO!I. lIlst0ad of constant yelocity. l711steady 

I)('riodic ~OlllllO11~ "il! thll~ br' obtalllf'd after the l'quatlOlls haye brell mtegrated 

for a ~ufficJellt llllllllH'I of ;larmouic cycles -- 8 cycles. 

TIl(' lid "dont)' [:II.(t) is a.<;sllmed to be of the non-dimensional form 

(5.15 ) 

wb('l'f' w b t hl' nOIl-dilll('nslOnal fr('quenc)' of oscillation, Soh and Goodrich [16] 

IIIIY(' p<'fforllH'd calculations on a uniform 40 x 40 grid, at Re ::= 400 and for w = 1. 

Il~illg IV, = ·tO tilllP steps per harmolllc cyrle The Reynolds number Re is based 

011 t hl' maXIIIlUIll hd yclocity and the length of the cayity sides, 

\y(' will pr('~('nt result~ for the sanlt' values of Re. w, .",. and on a uniform 

·10 x 40 glld éI.'> w('l1 A~ iIlltlal ('onditioll!',. the cOI1Yerged steady state solution 

ohl aÎl)('d III S('ctioll 5 1 at Re = 400 has beell used. 

Tllf' th ag c()pffki(·llt. C [J. ou t ht' o~cillat iug lid a.., a funct ion of time is tirst 

(,olllput('d, At a glwn lIlstant of tml<' t n
, the drag D is given by integrating the 

wall ~h('ar ~t 1 P:--~. 1'11' 011 thp hd. 1.(', lU non-dlInenslOnal form. 

âll 

ây y=l 

TI)(' nOIl·dll11CIlSionul drag coefficient is dcfill('d to be 

D 
CD = -R . 

If 

alld It i:-- the latter which wIlIIJ(' pIPsented bhortly. :'\o\\'. Simpsou's rule was used 

to lH'rforlll tht' lUtt'gratioll 1Il tht' prt'\'lOUb equation. and the nurnerical ('\'aIuation 

of ail / éJ.I1 \\'a~ doue a.<; 
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1 

S 1 DII 3" 111.11 - 311 1.) + :ï 11 1.)-1 

Dlï = l:! 1/" - 3 l," + l 1/" 
• 1/= 1 .1 ' J . ) .1 ' .1 - 1 

whCfe yj = 1 bCIC l~ the y-coordinat(' of tht' lid alld //1.11 = ('".(f l I~ tll(' bd \'t'loCII\ 

gi\'cn by (;).15). 

ThC' plot of the dlag cüefticieul. C/). a~ a flllll'lJOll of tilllt' 1:-' PI('~f'lIlc'd III 

Figure 5.10, fOl thC' tirst 8 harmouie cycle:,. It If, f,('(,11 t hat it <jl1lckly rt'adll'h a 

periodic statl' TIl{' maximulll vah1l' of Cf) 1:' a,OGïl and 11 ha.", a pha~t' <lllglt- of 

-209 degIC'(,f, witli I('f,!)('('t to t he lie! n'locity Sol! lI.:. Go()(l! ich [1 G] fOlllld a \'a Itll , 

of drag co('ffincnt, Cl> = 0 0780. aud a plla:,(' allp;I(' \'ah\(· of -31 ~) d('!!,1 (.t'.... TIlI'lI 

fcsults dlff('I f,(,llsibly from ()llr~ OIH' l'e(l.,>oll 1 (J ('xplallI 1 !II~ (II ff(·, ('11('(' Jllil\' 1)(' 

fC'!ated to th(' diffC'l('nt trpatmcnt of th(' bOlllldary conditlOlI" that Wil." f'lIIplo\'('d 

III the pIe:'(,llt fOIIllulatiou, f,(,l' S('rllOlI -1,2.3. (,OllllHllf'd to Sol! ,\.: Goodlll'b IlG) 

:\bo. wc 1ll1!)(lS('c! IJl'I(' that tll(' wall :,1H'ar :,11(':':' wa ..... ('qllal 10/,('111 III Il)('111'1)1'1 l\\fI 

COlI}('r~. and w(' do not kno\\' th" }>lOt'pdufI' adopt('<! h~' Soh lI..: GoodJwh. whwh 

may be diff(,lcllt. III ally Cé!.'>C. t11of,(' ralculatioJI:' \\'l'J'(' JIot 1111' pl llllaJ.\' OII.l('I'II\'(·h 

of tIns thesls and a thorougll ll1\'cstiP;éltlOll wa.'> Ilot pUl~u('d 1., clal If~' tl)(,~I' dl'tild~ 

:'\ext. ~tl('allllilw contours ale plotted fOI difl'('n'1l1 11l .... lalll-, of IJIJ)(' WJlh111 

the' harnlOl11C cycle. aftel' thC' solutlOlI ha!-. l('aclwd a IH'llOdl<' :-olal .. f{('IIH'IIIIH'IIII/-" 

that eaeh cycle. of pl'flod T. wa~ dinded llIlo 40 tinH' ~t"p". WI' tll1l~ hav(' III 

FigUle .j.11(a) stleélllIlille:-. for the tilllf' t = ST. ('OIlIIHtrI'd to f = HT + '!.()7IIIJ 

in Figur(' 3.11(1)). Similml\'. III Fig\llP:' 5 12(a) and j 12(1)) Ih" t11I11'" dUN"11 ail' 

t = ST + 1GTj40 and t = 8T + 3GT/-lO. '('!,pprll\,('ly \\' •. lf'IIIark Ihal IIII' p:"1-. 

(h) in t11es<:' figUle~ élIe minOl imagp:-,of tIl<' part" (a) TIl(' 1" .... lIlt.., of FlglIlt·-,;) Il 

and 5.12 al(' tins tilllC' n'l'Y llIuch slIlIilar 10 tlw!'l(, 1'[(':-'1'111('<1 by Soli l\' (;()Ot!II('!J [le] 

a.5 weIl as other l(~~ult~ plotted fOl diffcleut tllllC~. 1101 !)!I·:'f'l,I(·d IWI(' 

The values of artificial romprc!>sibility.~. and P:'('IIf!O,IIIIIf' ..,1 !'JI, ~i. cho .... ,,!1 
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1 

1 

Wf'f(' IS,;j alld l.n l('~p('(·t!\'('l~, ('(jlJlp<t}('d tu':>O élllfl20 hy Sol! and Goodnch [16], As 

for thp pr('\'J()ll~ plObl('lIl 111 SP!'t !Oll .:> 2 l, coJl\'('rgrllC'(, 1Il pbCUÙO- tune was rcached 

wlH'1I t Ilf' rl/l~ \'al1J('~ of t II(' lIulIll'f1cal r{'~idllab of tlw IllOIlH'utum and contllluity 

('qllatlOlI~ ail [(·11 IH·lo\\' }(J-.I, ",Iuch took éllOlllld .. 10 p~('udo-timc Iterations per 

IPal-tlllH' ~t(·p Tal,il- j 8 ~llOw~, for lIltrgratioll dUf1ng the first-half of the tirst 

hafllloIl1c ('~·('k. tlll' ll111IlIH'I, k, of pseudo-tinw ~t('p~ IW!llÏrcd to conYergc as weIl 

ft.'> tlll' val1H'!-' ofrIll!-'(Rul. IIlI~(Rl')' flllS(R,,). and max(Rul. max(RI')' max(Rl')' at 

C() n \'('1/-,;('11 C(' 
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Figure 5.10: Plot of the drag forc<' as il functioll of tinH' OB tll<' o,->cillatlllv, lido 
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(a) 

(b) 

Figure 5.11: Streamline contours inside the cavity after periodicity has been at­

taill('d in the ftow solution. The times are (a) t = 8T. and (b) t = 8T + 20T/40. 
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(a) 

(b) 

Figure 5.12: Strcamline contours inside the cavity after pcriodiClty ha.<., b('(!u 

attained in the flow solution. The tirncs are (a) t = 8T + 16Tj40, alld (b) 

t = 8T + 36Tj40. 
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1 
1/ k rIll'->( R Il ) nn~(Rt.) 1 nns( Rp) max(Ru ) max(Rt.) 1 max(Rp ) 

2 ~- o 313E-0-1 O.836E-04 o :JiiE-04 0.393E-03 0.201E-02 O. ï58E-03 ,)/ 

:3 .j0 (J 2iiE-0-l () .j4-1 E-04 o :.I-13E-04 O.3ï2E-03 0.10!JE-02 O.513E-03 

·1 --13 o 30·1E-O-1 () G98E-04 O.!H--1E-O-l o --163E·03 o 1-t.fE-O~ O.G08E-03 

.) 42 o 3-~OE-O-1 O.!J.j1 E-O-1 0631 E-04 0.63ïE-03 0.2-15E-02 O.92--1E-03 

6 1.j o 306E-O-l O.88iE-O·! 0.139E-04 0.G35E-03 0.22ïE-02 O.G33E-03 

1 43 0.323E-0-l O.D9DE-O-l OA82E-O·l o 653E-03 0.26ïE-02 0.63-1E-03 

8 11 o 3lfiE-O-1 () 981E-O-l O.j6-1E-O-l o 613E-03 0.263E-02 o 939E-03 

!J .H) o 288E-O-1 () 8 ïD E-O-l 0.619E-O-l 0.316E-03 o 206E-02 O.112E-02 

10 39 o 2ïDE-O-1 o .8G8E-O-l o i08E-0--1 0.42--1E-03 0.166E-02 0.126E-02 

11 38 O.2ï!JE-O-l o 941 E-O-l 0.832E-O-l 0.304E-03 O.19SE-02 0.15--1E-02 

12 38 o 2.jOE-O-1 o 930E-O-l 0.835E-04 0.42GE-03 O.20GE-02 0.103E-02 

13 38 () 25-1E-O·' o !JGGE-O-l n.832E-O--1 0.462E-03 o 20iE-02 0.1--1 ïE-02 

1 1 39 O.253E-O·l o 8ÜïE-O-l n. iOOE-04 0.023E-03 0.181E-02 0.1·12E-02 

15 -H) O.2ï3E-O-1 n .882E-04 O.601E-0-! 0.316E-03 0.1 iDE-02 0.118E-02 

16 ·u O.288E-O-l O.8ï9E-04 0.322E-O-l O.306E-03 O.18!JE-02 0.890E-03 

li ·11 o 30·1E-0-1 Ü 923E-04 o ·198E-O-l 0.G22E-03 0.2-1SE-02 O. ï --19E-03 

18 .H) 0.2D2E-O-l O.!)lDE-O--1 OA83E-0-! 0.563E-03 o 2-1ïE-02 O. ïOOE-03 

H) 38 0.26iE-O-l 0.898E-0--1 o 331 E-04 o --182E-03 0.18DE-02 0.108E-02 

20 38 0.282E-O-l n.DGGE-O-l 0.GiïE-04 0.380E-03 o 23-1E-02 0.15ïE-02 

21 -l0 0.1 i9E-0·! 0.9GlE-O·' o i8GE-O--1 o 32DE-03 0.191E-02 0.103E-02 

Tallit- 3.8: :'\uIllIH'l'. k, of p~('l1do-tilll(, ~t('pf-, !w!1uff'd to COIlYf'l'gl' at tlllH' It'\'d t ll 

alld 1 \ll~ and maxim1l1ll l'{'~id1lal yabH's at com·prgellce. Tht' compu t ation~ are for 

t h(' n'~ult~ of Figun' 5.10 for tht' ullstrady driy('ll cô.yity How problem. 
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Chapter 6 

METHOD OF SOLUTION IN 

CYLINDRICAL 

COORDINATES 

6 .1 Introduction 

Thf' titllc-intcgration lllethod usiug artificial compn'ssibiht,\, WlllCh ha . .., 1)('1'11 d('­

\'eloped iu the prcyious chapters for the incolllpIPbblbl(' :\a\'l('r-St()k('~ ('qllélllOll..." 

1& implcmentecl in cylindrical coordinate!> III thi!> Chapt('I TIH' ~('alaJ forrll 01 t Iw 

('quations il'. different than in Carte5Iall C'oordiuatf's, amI \\'(' {'XP()~(' t Ill' dl'I ml..., fOI 

Implemcntillg the method lU thn'e-dimen51Oual cylilldncal ('(10] dlllat('~ 

6.2 DifferentiaI Form of Equations 

III thrcp-climcllsioual cylmdl1cal coardillate!'>, if \H' dPIlO!(' Il\' /l, /' alJl! 1/', tlH' \'l'lr)!­

Ity componcnts along the aXial. ra(hal and clfcumferellt Jal ('()ordlIlat P!>, .r, 1 illld (J, 
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t IWIl t lu' nOlldinH'w,iollal ftllid vclocity vector V and the terms G(V, p) and V . V 

from ('qllation~ (3.1-3.3) are given by 

v= 
Il 

v 

IV 

Gu (u, v, w,p) 

G(V,p) = Gt, (Il, v, w,p) 

Gw (u, v, w,p) 

D( /lu) 1 D( rVIl) 1 D( wu) op 
= 0;- +; Dr + -;: DO + Dx 

D(lll') 1 D(rvv) 1 D(Wl') w2 Dp 
-a;;- +; ar +; DO - -;:- + Dr 

(6.1 ) 

1 [fYl' 1 a (Dl') 1Dl.u 2 Dw p] 
- Re D.1·2 + ; Dr r ar + r 2 D02 - 1"2 DO - 1"2 ' (6.2) 

D(uw) ID(I"vw) !a(ww) t'w 1Dp 
Dl· +; ar +; {J() + -;:- + ; DO 

1 [D2
w 1 a (DW) 1 a2w 2 Dt, w] 

- Re Dx2 + ; al" 7" Dr + r 2 a02 + 1"2 DO - ,.2 ,(6.3) 

(dA) 

Now, ~quation (3.12) is agaill linearized by lagging the velocity components 

in th!' t{'rm ~G whieh is derivf'd from (6.1-6.3), and equations (3.12) and (3.13) 

can 1)(' put. III thp globalmatrix for111 

[1 + 0 ~r(Dr + Dr + Do)] ~q; = Âr R, (6.5) 

Wh{'fl' tht' matrices Dr' Dr and Do contain, respectively, the spatial derivatives 
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1 with respect to .1'. ,. dllel 0 of tlH' \'ariabh' ~t/» = [~1I ~l' ~ll' ~jJV. Tllt'~' tak(' t ht' 

form 

L + lin 0 0 iJ / D.I' 

Dr= 
0 L () 0 

0 0 L 0 

(l/ob)D/ô.l: 0 0 0 

r '~ 0 0 0 

JI + 1/0 + l/(Rc 1''2) 0 ô/ôr 

Dc = l ~ 0 JI 0 

(lJab 1')(ô/ô1')(r) 0 0 

~V 0 0 () 

0 .v -IL'V Ir + (2/ Re r'2)ô/ôO 1) 
Do= 

0 -(2/ Re ,.2)Ô/ÛO .V + lin + pl,!,. + l/(R(' ,.'2) (ll' )D / (JO 

0 0 ( 1/0. () 1') D / DO () 

where 

Lit, 
â( UV 1/,) 1 D'l,t, 

- ô.t' - Re D:r2 ' 

1\1 I/J = â( l'V" l/J) __ 1 ~ (r DIl') 
,. D,. Re,. Dr DI' 

.v~, 
ô( /f;V Il') 1 D'l,:, 

= - Re,.2 Df)'2 . r ôf) 

R = [ F~(~/~;'~ :~~v 1 
~ 
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1 
A1-> for Carter-,ian coordillates. the undifferentiated tenus arising from ~T ~ V 

have been inclllded withill Dr. Dr or Do, &'5 weIl as· other undifferentiated terms 

which mih(' III cyliudrical cOOIdmatcb. namcly _u,V ~wjr and !:J.vj(Rer2 ) in the 7'­

IIl0lllentll\ll f'qllatlOll and (01' ~Il'jl and ~lI'j(Rc 7'2) in the 8-momelltum equation. 

Abo, tll(' off-dlagoual t('rms [-ll·l'jr + (2jRe7'2)8jfJ8] and [-(2jRe7'2)8jfJ8] in 

th(' Do Illatrix will coutrihllt(' coupling b('tween the \"clocity componcnts ~v and 

!:J.1J1 in the 7'- and fJ-molllclltllm equations. This means that scalar tridiagonal 

HyStf'IIlS of equatlOlIs will Ilot be obtailled anymore ",hen using the factored ADI 

~cll('ll1(' and elimillating the pressure with the aid of the cOlltinuity equation. This 

in('ollv('uiruc(' 18 avoided hy sim ply dropping those terms from the Do matrix, 

which do(':-, not Hfft'ct slgllificantly the overall imphcit coupling and convergence 

J at(' of tll(' met.hod &<; th(' uumerical examples presented in the next chapters show. 

Thllfo., intJOducillg the factored ADI solution scheme, we rewrite (6.5) in 

fa('to)'('d fOI m a.<, 

This last lill('al system of equations is now soh'ed by the succession of the X-, r­

aud (J-sw('('ps. 

(I+Q~TDr)~~ ~TR 

(1 + Q ~TDr) ~.p == ~.p 

(I+Q~TDo)~~ == ~.p. 

(G.6) 

(6.ï) 

(G.8) 

At thi1- point w(' are rcady to wlite dO\m the actual scalar equations that 

r('sult from tll(' matrix ('C]uations (G.G-G.8). Heuce, we will have for the X-, r- and 

O-swreps tlH' following ('quatious. first for the x-swecp. 
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(l+~T)~u + Cl ~T + -[8(U.·..l.U) 8(..l.p) 1 D'(.l.u) 1 
D.l' 8.1' Rf' D.r:! 

= ~T (F~' - i?' - (1 G~) ( G,fl) 

~l' + (1 ~T - --[aw' ..l.1') 1 8'(.l.1') 1 
Dl' Re Eh:! 

= ~ (Ft! VI' G") T l' - l' - (} l' , (<J,JO) 

~w + O~T --[DUi"~Il') 1 D2(~II')] 
8.1' Rf' Dl''2 

- LlT (Ft! - ù:''' - ü C;" ) (<J.11 ) w U! , 

- ~T 8(~1I) ~T V vV
" 

~p+- =--', 
fi D.l' b 

(<J,12) 

then for the r-sweep, 

~U + Cl ~T [8(r il"KU) __ 1 ~ (r 8CSii))] = ~II (G l~q 
r D7' Re l' al' Dr 

[
8(n"," ~l') D(~p) 

(1 + ~T) ~1' + Q ~T â + -n""':""':" 
r 7 uT' 

- _1 {~(1' D(fu.)) _ ~l'}] = ~I' (G 14) 
Re r 87 8,. 1''2 

"'U' [8(1' e' ~u,) ] D (()(~II'))l ---~ + Q~T ---- l' =~II' l(il;)) 
l' Dr Re l' DI [h 

- ~Ta(r ::sv) -
~p + -;:- 8 = ~]J , 

u l' r 
((i 1G) 
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1 

and fiually, fOi th(' t'J-swpcp. 

(6.1 ï) 

(6.18) 

[
D(ll'" ~ll') v" ~lL' ô(tlp) 

(1 + tlT).6./11 + 0 ~T Dt'J + -- + DO 
l' l' l' 

(6.19) 

~T D(.6.w) -
~p + T l' DO =.1p. (6.20) 

A~ usual. in t}}(' abo\'(' equations the superscript v means that the quantit)' 

i~ ('\'aluatcd at pscudo- tlllH' le\'<.'1 f", and 

1 Ffi - 3(4 ufl 
- 11n-I), 

U 

1 
Ft~ = 3'(4 vn 

- v n
-

I
) , 

1 _ 
Fil = -(4 li,n - 11'n 1). 

U' 3 

6.3 Hybrid Finite-DifferencejFourier-Expansion 

Method 

The ('<!lIatiolls dc\'clopcd III last section must be soh'ed on a three-dimensional 

mcsh. ",llIch is a costly ulldertakillg. Here wc deri\'e simplified forms. whereby 
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1 
expansions of the flow variable:, V and P III t('rms of tht' cirClllllf('u'utial ('oordinat(' 

() are made. Complex FoulÏer series are thus a:->suIlH'd for tht' fIo,," quant ttJ('~, 

u(.r. r. H. t) 

v(x,r,O,t) 

w(.r. r. O. t) 

.v 
L tlp(.r. r. t)(HIJ 

p=-.\" 

.V 

L î'p{.r.r, t )t',(X} • 
p=-,v 

.V 

L lÎ'p(.l, r, t kil'" , 
1'=- \' 

\" 

p(.r,r. 0, t) = L j),,(.r,l", t)e/ p() • 

p==-.V 

(G ~ 1) 

(G ~~) 

(ti.~·1 ) 

The quantities IÎ {" i'". lÎ.'p and ])(1 an' tlH' Fonrit'r C()('tfici('nb TIll' Il'lt."'on \\' il \' 

the factor 1 = A ha." been inrlud('d in (6 23) for Il' will J)(' llIatlf' d,'aI 111 1 Ill' 

next sections. TIH' numlwr of circll111f('l'eutial harmollH':-' ('hO~1'1l ill tllf' l'XI,al1~I011:-' 

is .V and W(' t hus note that t h(' :0111 ier :,('ri('~ .Hp t nllH'at pd: t 1 !l'V ~{'I\'1' a:, ha,"'I:-' 

fUIlctioIl5 for a Galerkin solution III \vhi('h ('quations (6.21-6.24) lm' :-.uh:-.IIIllI('" 

in (6.9-6.20). the latter thell heillg t'ach in tmu l1lultIJ>li('d by (lj':!.ir) ('xP(-/I/O) 

and integrated 0\'('1' (J betwcell 0 and 2rr, Thi~ i~ t'qulvalellt to takill~ IIH' F01JJ II'I 

transform of the governing equations and g<,tt illg t IWIll wri tt('11 dOWll III t ('1111:-. of 

the Fourier coefficients of the yanabl('f., iIlvol\'l'd (tl\(' domain l~ Iwriodir in 0) TIIf' 

following orthogonali ty relation is u~{'d in applying t Il(' Galez kin IIwt hoc!, 

~ i21r 
('XI)'(P-/l)O df) = Il 

.)' P/l • 
_7r 0 

\vhere bpll denotes the Kronecker Delta. Tll1l~. dCIloting by il cirdl'. o. t III' ('OIl\'(J­

lution products, defined shortly, and Iloting that DIDO = 'II, and D'lIDO'l. == -1/, 

after taking the Fourier transform, w(' have the followillg ('quatlOn~ fOl t Il(' ,1'-. r_ 

and (J-sweeps, first for the x-sweep, 
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[
()(Ùl. 0 ~Ù),I 8(D.p/l) 1 â2(flÛ/l)] 

(1 + flT) ~iL" + (l ~T + - --~~ 
8:1' al' Re 8x2 

~r [(t~')/l-û~-o(ê~)/l] (6.25) 

(6.26) 

A [a(û v 
0 ~û')/l 1 a2(flÛ'/l)] 

~Û'II + (}.:..J.T ax - Re ax2 

.1r [(t~)/l - û'~ - 0 (ê~)/l] ( 6.2ï) 

(6.28) 

t h(,11 for t h(' l'-SW('('}>, 

+ Q ~r J.I [
a r{f'" 0 ~û) 

l' Br 

- _1 ~ (1' a(::s7Î/l ))]- ~û 
Re r al' a,. - J.I 

(6.29) 

(1 + ~ r) ~ i'" + 0 ~ r J.I + J.I [ a7'(î"'O~i') a(~p) 

T al' al' 
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l 
[
D 1'( Î,I' 0 ~lÎ') 1 

+ (l ~T D ' 
l' /' 

(fi 31) 

- ~T Ô(l' 3/-,,) ,: 
~i)1A + T 7' Dr = ...J.]J,. ' 

and finally for the O-s\\'('ep, 

((j 33) 

\' ,\ [-1'('" \') Il'l~Î'I'] \""" ..l/'/I + Q ~T - Il' O..lI' , + -- = ...J.l' • 
7' 1]''2 R (' 1 

(fi :~·I) 

+ ----' = ~11'. 
1'2 + 1 ~ti, ,] _, 

]'2 Re 1 

(G :Hi) 

In equations (6.2.5-G.3G) w(' have the followlIlg Idat iOIl!'> 

1(4 "fi 'fI--I) 3" 11/, - 11/, 

l(I'fI '''-1) 
- '1 l' - l' 
3 " /' 
1 (1 . fi • ,,-1 ) 
- '1 U' - Il' 3 lA /' ' 
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1 

D( A l' ' Il) iJ (AI' A Il ) a "V 
Il 0 Il Il f\" 0 Il Il l' ( "II " Il ) ]J JI 

--D:-..r---'- + ,. Dr - -;: IL' 0 il Il + -a-..r-

( ( "V) 
r II! Il 

, aû" D(rÎ''') Jl (V . V t = __ II + Il __ li"' V • 

\ Il D.l' r or r Il 

W(' Ilot(, t hat a factor 1 ha.., disappealwl froIll aIl the O-momentum <>qllations. 

and w(' l'l'calI that SlllH'r~Cn pt v in the abo\'e t'quations denotes quantities eval­

U:lt (,cl at p~';('lIdo- t :Illf' lf'\'e! f": for ease of notation, the bf(>\'e symbol ~ denoting 

thp p:·i('lldo-fllllctions V and jJ during pseudo-time integration has been onutted, 

and tilt' ~up('rscript v alone is takeu to represent the~e pseudo-funetions cluring the 

p~(,llclo-tilll{, rt'laxation, ~ow, it is to be notieecl that llonlinearities present in the 

~a.vi('r-Stok('~ ('qllations app(>ar in the Fourier-transformed equations in the form 

of convolutioll plOducts, which are defiued él .. " 

For ('xample, if .V is equal to 2 in (6.21-6.2-1) we then have 
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ùl
' e' +!ÎI' /",1' + î/' e' , -2 0 -1 -1 0-2 

The cOl1\'oIutioll productb proYI(}e the lloll-lillPar ('ouphllg l)('t\\,(·pII 1111' ddr4'1-

ent cÎ1cumferentiaI harmonic~ and lH't\\'('('1I 'IJ(' ('<!l1atiolll'> 1 hpllll'>(·"·pl'>. aJo, II Il'> 1 () 1)(· 

realizpd that equatiollb (G,25-G,3G) ha\'(' ln he \\'lltl(,1I dC)\\1I (2.Y + 1) tlllll·~. ~1IJ('4' 

ther!:' will bf' OIlC &uch set of cqllatiolll'> fOl f'(teh P()~ltl\,(, and 1l4'gatl\'4' ltallllOIlH' 

Il. Il = -X. " . .Y Thf' ('quatlOlI~ 1)(·t\\'(·(,11 the <1111'('1('111 l'>('t~ a!4' ('(ll1plpd Il, Ilw 

COI1\'Ollltion products, Thc actual ('quallOll~ will 1)(' gl\'(,11 fOI .Y = l hallllollw III 

thrpe-dimensional cylllldncal (,oOIdillal('~ 11l tll(' lwxt ~,'ctIOll. aud for S = 2 bal-

monieb for a spf'cml t,,"o-dmlf'nSlOllal annulaI flem plobl(·m. ill t 114' lH'xl cha pl PI 

Originally. thc systcm of iUCOl1l pl'f'~~1 bl(' \' ilYI('I-SI ok('~ l'qUil t 1011:-' coul illIl('d 

foUI <'qua t iOll~ and no\\'. aft ('1 1l~lIlg t h(' G alNk iu 1)/ oC'Pc!lII ('. wC' III fad bavl' fOlll 

times (2S + 1) equatlOlls to bol\'(, TIll' Galf'rklll PI()('('(hIl4' l'>('Plll~ 1I1Ij1l..,11Iipd 

Ho\\'P\'er. ill the PlO('CbS tII(' llumber of iud('p('IHlpllt \'éll'wblp.., ha . .., gOIl(' f!oui Ih!f'4' 

to two. III othc! wordb tilt' cooldillatf' (1 ha.'" 1)I'('u ('liIll1llat('d aud 1 III' "qlla! 11111'" 

need to be sol\,pd on a t\\'O-ChIllcllslOnal domalll 111 th(' \'élIwblf·~.r allt! '. whlf'lI 1'" fi 

lnajor ad\'élntag(' :\~ w(' will ~(,c. tllf' 111 olt , the 1J1lJ1I},"! of l!arlllollH'!-> .\' \\'" , !IoII'.4', 

the more the (>ql1atlOll~ bccolllc comp!Jcat('(1. l'>lIel1 that t 114' II1l't hoell'" III f;lC'! I/IO..,! h 

useful for d<'IWllIg hnearized f()f1I1b of :\ a\'j('I-S! oh('!-> l'CJlla t 1011'" allt! fOI III\'(''''! lJ..',iI 11111', 

the importanc(' of lloulmeéll ('ff(>rt~ 11l paltlCular 1,\'1'1'''' of film plOhlf·lII.., TIII'''''' lU" 

dctailed in the Ilext section and chapter 
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6.4 Linearized Forms of Navier-Stokes Equations 

TIl(' allllllim Ho\\' l!;eOIlH'tll(,~ t hat will he cOII~ider('d throughout are composed 

of two b()dJ('~ of n'\"olutioll whicil ail' (,()Ilcpntnc with eael! other aud delimit the 

aUllulm !-t)HlC'(' FIII t 1 WIllIO 1(' • t II(' \') bl a t ion of PIt hN body i., ronslder('d to t ake pl are 

III OIH' plalH" tll(' plaIH' of o.,cillatioll. sucl, tllat if th(' cÎrcumf('f('ntial coordillate 

i!-t 1lI(';\,"1lI t'cl frolll the plau(' of oscillation, t hen the flow \'ariable~ n, rand pare 

('\'('11 fUIlct 101I~ of (J and Il' i!-t an odd fUllct IOU of (). Thi~ la"t constraint simplifies 

tlH' ~()IUtlOlI PI()(·P!-t., },('cau!-t(' of !-t~111llll'tr\' \\ ith resp('ct to the plaIle of oscillation 

11I<ll'l'd. It l~ kllO\\'1l [30] tilat tlH' llt>gatln' alld »Œltl\'(' Fourier coeffiCients, J-Il and 
- , , 

fil' of a 1 ('(LI fUllctlOIl f(O) art' related tn each other by the Iclatioll J-Il = J;, where 

tlH' !-ttar d('lIot(,!-t compi('x cOIlJugate. Furthermore, if f((}) is an even fllnction of () 

tlwu alllt~ FO\llwr coeffiei('utf> ar(' also real and e\'ell. wher('as If f(O) IS odd then 

It~ FOllfH'1 ('()('ffiCH'Ilt!-t aH' pur!' imaginary and odd. In otlier word~ w(' ha\'e 

Jil' If J(O) is l'cal aud ('\'eu 
(G.3i) 

-1 fil' if J(O) IS r('al and odd, 

wlH'j(' fil l~ Ieal in hot il of t h(' ahon' r('!atIOIlf>. This na'ans that the ~et of equatlOns 

(G.25-G.3G) will ha\'(' to lH' s('t up only for l' = 0, 1. . ~Y. III order to ohtalll the 

pO~lti\'(' harlllolll(,~. and tlle'11 (G 3i) can be' used to obtalll the uegati\'(' one~. \\'e 

not (' t hal t Ill'" (,xJllalll~ t h(' factor 1 in the M'[lC'S form (G 23) for U'. and W(' conel udp 

III ('quatlOll~ (G ~l-G 2-1) that IÎ", î'" and ]Îp ale real and ('WIl. aud li'p IS Ical and 

odd 

:\0\\. ~1Il(,(, OUt' of tlIt· obJt,('ti\'{'!-> of flUld-strucure llltrractioll study Ü, to de­

t efl Il 1IH' t Il!' st abih ty of struet ure~ undel t!Je ('ff('ct of ft uid flo,,". \\'(' c011slder that 

t h('r(' i~ il lllt'au ft Illd flo\\' III the annular spare. and thC' l1lean flo,," IS aXIsymmNnc 

h('cauf-p the t"'o bodies delimit mg t hC' anllular reglOll are cOlleent ne \ \'e will be 

101 



1 
cOIlsidcring small am plit uele oscilla t IOI1S of PI t hel' t II(' 1111\('1 (lI 0111 ('1 hody dt'\llll­

iting the annular space, and the perturbatIOn!"> 1Il tlll' fio\\' y(lllabl('~ tItat ,11(' tlIu!"> 

produrcd are ~lllall with l('sl)('rt to the l1H'all no\\' qllalltlt1t'~ The lat tCI 1111' d,'-

srribecl exdllslwly by Ill(' qllal1titi,'~ IÎl), i'o (lll(!jio wh"11 tilt' illlH'1 alld oull'I hod\l'!"> 

are fixpd (st eady fiow). aud any de part 111" fWIll aXI~.\'IllIllt't 1.\ brollght a bout il." 

unsteady lllot iOll I~ rdl('rtt'd by t hl' higlH'1 01 d"1 harnlOl1l<'~ (110ft' t ha t 1/'0 I~ l'I'ro 

\\'hether the fla\\' is steady or unsteady, I)('('all~(, tlw /Î'" m(' ()(Id), 

As Cl fir~t ~t('p towald obtallllIlg a hll<'ariz('d ~olul iOIl 10 1 h(' Na\"It'I-Stokl'~ 

equatlOlls, we t ak(' ouly .Y = 1 CIH'l1Iuf('H'1l1 lai hanllOllH' III (G 21-G 2·1), \\' h\('11 I~ 

just ified fOl s111all de part Ul('~ flOlll aXlsyllll1H't l'y III the C(l:-'(' of ~lllal1l)('1 1 III bat WII:-' 

Thus for th(' slmpll' ca.'>t' S = 1. WI' wntt' dOWI1 two tll1\(,~ ('(lllatlOlI~ (G 2fdi :3G), 

for JI = 0 and l' = 1. and th(,5(, two ~et~ of ('qllati()l1~ I1lll~t III PllIWlpl(' IH' ~I­

l11ult al1 ('0 Il 51.\' lIltegrated il1 tune 1,0 refi('ct t IH' lIonlillt'ar lIltf'1 (let iOIl b('1 \\,('('11 t IH' 

zeroth-OId('1' quautltl(,~ (/1 = 0) and tl)(' first-ordel' OI1('~ (JI = 1) How!'\'(·I. th/' hll­

earizatioll 15 PI('cls('ly a(Tomph.,lwd b.\' (,OlllpllllIlg tll(' Il}(·t\1I flo\\' fil!'>t, a .... a ... tl'ad\' 

flo\\' and lU the absenc(' of yi brat IOH, and t hl' quant lt H':-- ÎI(), 1'0 and J'u t 1111:-' "" 

tallled are kept constant and not silllultall('()u~ly lIltl'gIat('d w!th tlw !,>f'('olld:-.I'I of 

('quatlOn~ fOI thp quanlitlPs il l , i'i. Ii'] and Iii TIl(' lattt'i only iU(' (,Oll"'ld"!I'c! tll 

Le tlme dq)('uùent and rl'fleet tll(' ll11st('ael~' natm(' of tlw no\,' plO"II'1II It 1'" III 1", 

Iloted that tlll~ method I~ only yalid for ('OIl('('l1t rir g{'olllt't Ilf'~ il ..... all~ l'XI l'lIt Il< Il.\ 

of the outer body wlth rer-,pect to the' llllH'1 0111' Cill1:--f'!"> th(' ~t{'ad\' fI()\~ 11111 tfl 1)1' 

axisymmrtne and requil(, infilllte SCfl(· ... ill (G 21-G 24) 

Thu!:> , the lll(,éUl flo\\' i!:> obtallH'd fiI:-.t il." :--ol\'lIIg tll!' a:-"I:-'\'1 Il 1111' t 1 II' ... II'i!lh f111\\ 

('quatioll~. nanH.'ly 

--:---+ +--- --+-- 1-
D(ûolÎo) D(ri'oûo) Dpo 1 [D'luo 1 D ( DilI,)] 

al' r al' DI Re Dr '2 7' D, DI 
(J ((J :H'S ) 
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D(Ùo1'u) + D(ri'oi:o) + Dfio __ 1_ [éPiio +~.!2. (1' Di'o) _ vo] 
Dl r Dr Dr Re D:r'2 r Dr Dr 1'2 0(6.39) 

Dûo â(1'vo) - + = 0(6.40) 
â:r 1'âr 

allrl 1111' ql1alllit)('~ ÎI(j, l'U awl Po arp kept coustaut whill' sol\"ing the following equa­

tlOII~ fOI /J" /',.11', (lm1 ]JI. They an' obtailled fWIll (6.25-6.36) by writing thcm for 

]Y = 1 ha/IIloul<'. wlth Il = 1. i\oting that û'o = 0, !Jecause the Û'1l are odd, and 

~Îlo = ~i'() = 0, I)('('au~(' they art' kcpt constant in the Imcarization, we thell have, 

fil~1 fOI t II(' ./'- 1->W(,(,p. 

[1 + ~T ~itd + ~ [8( lio t",îd 8(Il.Pd 1 8'(Il.Ûd ] 
0'7 + --

D.l' â:r Re â:r2 

~7 [(t:h - ûr - Q (ê~h] (6.41 ) 

~î', + 07-
~ [8(;'0 ~î'd 1 82(~î'd] 

al' Re âx2 

~ 7 [( tt~ ) 1 - {,r - Q (ê:: h ] (6.42) 

~1Î', + (\ 7 --
~ [8(';0 ~l;'d 1 82(~Û'd] 

Eh Re a:r2 

~7 [(t~:)1 - lÎ'r - Q (ê~,)t) (643) 

~IÎI 
~TD(~ûd ~7 -+ 
'" 

al' 
=-""T(v.V)r, (644) 

t IU'II fOI t h(' I-S\\,('('P, 
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~Îll f
D 1'U';; ~ùd + 0 ~T • 

l' Dr 

[
a l'(î,o ~lîld 

~li'i + (\ ~T a 
l' l' 

_1 ~ (1' D(~Û'l))l = ':"\/Î'I 
Re r Dr or 

( G..Ii) 

and finall~' fOl the 8-sweep, 

(G ·./D) 

(G SO) 

[ î'~ ~lÎll ~ljl 2 ~/illl -
(1 + ~T)~Û'I + 0 ~T + - + -;--- == ~I/'I 

l' l' 1" Rf' 
(G .JI) 

(G . .J2) 
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As lIf,lIal, in (GA1-G.::J2) wc hav~ the following relations: 

(FI:
1 
)( 

1(4 '11 'n-I) 3" lt( - ui (6.53) 

(FI~)( - 1(4 '11 'n-I) 3" VI - vI (6.54) 

(FI~ )1 1(4 'n 'n-I) 3" wi - lOI ' (6.55 ) 

O( '1/ '1/) 1 0 '1/ '1/ a '1/ 

2 Uo ILl [ ('1/ 'L' + '1/ '1/)] w i Uo + PI - . + -- r /10 li! vI lio - -- -a 
D.T r ar ".r 

1 [ iJ
2 Îtï + ~~ (r aÎtï) _ ür] 

Re a.T2 r Or ar 1'2 
( 6.56) 

( é~)( 

1 lI" D2ûï 1 Ô (. ÔVï) 2 vï 2 lÛï ] --+-- ,- --+--
Re ô.l''}. r ôr ôr r2 1'2 

(6.5i) 

(6.58) 

(V· V)'î (6.59) 

No",. a!'i wa~ melltioncd in last section the mesh on WhlCh equations (6A1-

G .• )9) are discrl'ti;œd spalls the coordillate directions.r and r; it is a two-dimensional 

gnd (tht' illdl'l)('udellt yariable () has becn eliminated). As before, we use a stretched 

staggt'n'd gnd which is similar to the two-dimensional grid presented in Chapter 4 
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for Cartesiall coordinates. The details for thC' solution of tll('s(' ('quatiolls élU' 

presellted in Appendix A. 

\Ve note that the 1inearized t'quationf> dt'\'t'lopcd in t hil'> !-.('ct 1011 can aet lIally 1)(' 

used without tht' presence of a steady IlH'é1n fin\\' in t h(' alllllllar rt'gioll IIl<!{'('(1, 011(' 

then sets Ûo = Vo = 0 in (GAl-6.59): it il'> thcll IIIHI<,r:-.lood that tll(' p<'rtlllhatioll!-. 

Ûl, îl l , Û'l and iJI arc small, and no import ant 1I01l-hlH'at ('frl'Ctl'>, snch a~ would 

arise if the solvillg of the fullllon-lillear l'quatiollS W('l(' ell\'ihag('d, ,Ut' PH·St·Ut. 
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Chapter 7 

TWO-DIMENSION AL 

UNSTEADY ANNULAR FLOW 

BETWEEN CONCENTRIC 

CYLINDERS 

7.1 Two-Dimensional Equations of Motion 

In this clwptt'r. W(' dt'rive simplified forms of the equations for the two-dimensional 

Ilnst('ady annular flow problem in which two conccntric cylinders of infinite length 

<J<'limit il Iluiform annular n'gion, see Figure 7.1. The inner cylinder is fixed while 

t h(' outl'r cylilldt'r is assumed to undergo transverse oscillations, its axis always 

rt\lllallllllg paralh'l with the aXIS of the inner cylinder. In that case, therc are 110 

aXIal "miatlOllh in tht' flow paraul<'tcn; such that in the eqllation of motion (6.5) 

aIl dt'ri\"atin'~ \Vith rt'hpcet to J' are equal to zero. Furthermore, it is then realized 

t hat t hl' <'quation of axial momentllIll dors uot ueed to be solved either: this means 
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Figure 7.1: Geometry of two-dimensional unsteady annular ftow problem. 

that the dynamics of ftuid flow induced by the oscillation of the olltt'r cylinder 

does not depend on the presence or absence of axial ftow in the annllius. ThIlS, 

there only remains the radial and circumferential momentum equatiolls and the 

continuity one, and we can particularize the more general solution (G.!)-G.20) to 

obtain the following r-sweep and 8-sweep equations (there is no I-:" wcep I)('caus{' 

the derivatives with respect to x are zero). The r-sweep b 
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1 
(1 + ~T) 6.1' + fi 6.T [a(rVV 

KV) + 8(K]j) 
l' 81' 81' 

1 { 8 (. 8(6.lJ)) ~l'}]_ A (Fn vV GVV
) - - -- 1 - - - uT - 'li - fi R (' r 8r 81' 1'2 v v , 

(7.1 ) 

6.w + fi 6.T [D(r ii
V 

LSu.) __ 1 ~ (r 8(Kw))] 
r 81' Re r 81' 81' 

_ A (L,n _ v,V _ CV v ) 
-uT rw U 0 w , (7.2) 

A"" 6.T 8( l' ~v) ~T t"7 VV v 
up+- =--V', 

li r Dr fJ 
(7.3) 

whcrcas the O-sweep is 

(7.4) 

A [8(ù',v6.W) v6.w 8(6.p) 
(1 + ~T) ~w + fi uT l' 80 + -1'- + r80 

(7.5) 

~T8(~U') -
~p + b r ao = ~p . (7.6) 

A~ uSllaL in the abon' equations wc have the following terms: 

1 Fn = -(4l'n _ t,n-l) 
v 3 . 
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.. , 

Ü(I'I'I') D(!I'l') 11''2 Dp 
~-+----+-/' D,. ,. JO ,. D,. 

1 [1 D (DI') 1 ;)"1./' 2DII' /,] 
Re ;. Dr l' Dr +,.'1. Dl}'.!. - ,.'1. DO - r'1. 

D(l'l'u') D(IL'Il') /'/1' 1 D]) --- + + - + ---,. D,. ,. Df} /' r DO 

1 [1 D (DIL') 1 D'l.u' 2ù,' /1'] 
Re ;. ôr l' ôr + 1''1. DO'l + r'~ DO - 1''2 

V.V = !D(l'I') +~DIL'. 
,. Dr ,. Df} 

(ï.7) 

(ï 8) 

d l G-v G (~V ~II ~II) CVII G (VII VII VII) TIll an we lave ,.= v l' ,IV ,p , 7 W = IV /' ,Il' ,p. H's('('qllatlOll~al'/'~IJ\'('( 

on a two-dil1lensional mesh spanlling the radial and Cil<'ll111f"lï'lItial ('()()rdillat(' 

directions, The detalls for thr di!'wrt'tizatIOll of (ï.1--ï.9) an' gl\'PIl III ApP('IHiIx Il 

The bounclary conditiolls on th,! \,('!oclty C()lIlpOlH'Jlt~ 1ll1l~t IIO\V 1)(' :--p('(,tfi('d 

ta solve the problem. Hpre, cOlltrnry to \vhat \V(' hael III Cart(,~l;Ul ('o()ldillatl'~ 

in Chapter 5, the geometry of the fluid domaill is d"formillg \VII li tllllf' a.'" 1 Il!' 

outer cylinder Ilndergoes oscillatio~. This reqmf('f, t hl' 11!'>(' of a t j 11\('-<1"1)\'11<1('111 

nonsteady coordinate transfornwllü:l [26, 31, 32], wlllch lIlilp!'> t IH' phy.<'Wil 1 do­

main with moving boundaries into a computational domaill with nx"d hOlllldal i('~ 

Thus, if the position vector in r0mputational spacC' is d(,lloted hy r. allcl tllal III 

physical space by r. wc have a time-depI'lldellt trall~fonllatioll Iwtw('(,1\ phy~l('al 

and computational space which is of tlH' form 

r = r( r, t) . (i.lO) 

This transformation is dcfined thwughout the wholc thIid domaill and plt'­

scribes uniquely the motion of moving boundarief, in physieal spac(' a.~ a f\ludion 
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of fixpd h01\lldaw'fo, in (,oIl1putational i->pacc. For example, in the present tw('· 

dilIH'Il~iollalunfo,t('ady auuular fiow plOblelIl. thp computational space may 1)(' takell 

a.'" a cylillcll ical ('oordillate :-'yi->tel1l \'v'hos(' origill corresponds wit Il the aXIS of the 

fix(·d illlu'r cylmclpr, of radillb l',; the radius of the outer cylillder is ra. In that 

('ft."'P. w(' dpllotp by 1\ tlH' radiai coordillatr of the innpr cylillder, and hy ra that of 

tlH' out('r cylinclf'f in tlH' eqllilibrium, eoncentric configuration in which dt) = o. 
sec Figllf(' 7.1. This couccntric configuration d('fines the computational space in 

which the (~qllat\Ons éUP rf'bolW'd. namely the ~avier-Stokes equations are sol\'cd 

ou t.1H' ('OJll pli t a t.ional dOlllaill 

Howev('r, as the outer cylinder llndergoes oscillation the actual physical do­

main in which t.h(' :'-JaVIer-Stokes equations are defined no longer corresponds \Vith 

tiH' original, cou('('ntn(' configuration. Illst('ad, the physical space is defilled he-

tW('('ll radial cooldiuates 

,. = r, 

and 

(7.11 ) 

which eorrl'fipond with the innel and outer cylinder. respectively. Henee, for our 

prohlem the coordinate transformation (7.10) may take the form 

(7.12) 

O(p, 0, t) _ arctan ( 1~ sin 0 • ) 
lU, t) + r cos 0 

(7.13) 
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1 whl'rl' 

(r-r) FU.t) =: ~ f(t). 

'" - " 
\\"P l'l'mark that f is œ1'O on the IlllH'1 cylind('r and ('ql1al III f(t) on Iht' unI l'!' 

c)linder. Albo. the coordlllat<' tran~forll1atlOn (7.10) is ddint'd ll111qnt'l.r tluh al 

the boundaries of t Il(' thud doméllll. whl'l<' t Il(' displacl'IlH'ut of il 1110\'1 Il)!, wa 11 1111l~1 

be precisel)' prescribed. In~lde th(' flllid <!ol\lain. the trall~f()!'lllatioll l~ ar"ltlil!'~' 

and f ('ou Id also have \)1'('11 d('finl'd as 

( 

,: - ,: ) '.! 
f( P. t) =: ; t{t) . 

'" -', 
which still satbficf> (ï.ll) for the timt'-dqwndcllt 01l1t'1 cylindt'r radial (,llordil1i1II' 

ln the physical domain. 

~ow. in the equations of motIOn ('v(,l'y dl'l'lvatiw wlth 1('~I)f'l't tt) /' or fi 11111:-.1 

be rl'placed by deri"ativl's \vith respc'ct to ,: and f}. nall}('I~' h~' tilt' challl 1111 .. \\,,' 

have 

o OP a aô 0 
-=--+--.. al' 01' EH 0,. 00 

Û OÎ' Û DIJ (J 
-=--+---::-
00 00 û': 00 (JO 

(7 1·1) 

According to equations (7.12) and (ï.l3). \Vf' ~('(> that t.1H' phy:-,ical ('()()!'dillatl'~ /' 

and (J differ from their computatiollal counterparb ,: and () hy t l'rl1ls of 01 d.'1 (, 

and hence it easily follows by inversion of tlH' tlélll~formation (7.12) and (7.13). 

and evaluation of (7.l-l) [22] that the partial dl'rivatiws III tll(' phy~lCal aile! ('0111-

putational domains also differ by tenll~ of ord!'} f 

It is also to be noticed that the partial d('['Ivatiw wit.h IP:-'pl'ct 10 lilJH' 1 hal 

appears in the ('qllation~ (lf motion and wlllch If> {'valuatf'd at (,()Il~tilllt phv:-,i('al 

space location has to be replaced [31] in tll<' computatioual "'parl' by 
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where r is tlH' timc derivative of the physieal spaee position veetor at constant 

computational space position The coordinat cs of r arc giwn by (7.12-7.13). 

From (7.15) and t Il(' prryious rcmarks wc conclude that if the displacemcnt 

F(t) is sllfficiput ly small, then the error incurred by negleeting to use the llon­

~tf'ady eoordinaU' tran~f()nnation is of order f. Since we are precisely eonsidering 

~'11all clisplacPIllents of t.he outer cylinder in the present work we will thus idelltify 

througholl t 

a D 
a,. = Df ' 

éJ 
at r 

â 
- at r 

The bOllndary conditions a.<;sociated \"'ith cquations (7.1-7.D) are thus the 

followillg OIH'S. Sincf' the motion of the outer cylinder is in one plane, the plane 

of oscillation, wr mem-.urp tlu' circumferp!ltial coordinate with respect to the plane 

of osC'iilatlOll, Figun' ;.1. aud the velocity componellts. VU! and /l'Il" of th(' inncl' 

('ylilldl'I' and outer cylinclf'r lUI' gi\'cn hy 

l'w(r,, 0, t) 

ww(r, O,t) 
= o} on the inner cyliuder , 
= 0 

(7.16) 

l'U!(ro,O,t) = i(t)cosO } 

lL"IJ(ro,fJ,t) -€(t)sinO 
on the outer cylinder . (7.17) 

Equations (7.16) and (7.17) l'epresent the velocity compouents on the inner and 

outer cylinder \Valls as a functiol1 of time. In a forced vibration numerical experi­

llH'nt, the functioll €(t) is a kllown fuuetion of time and heuee Vn+1 = [vn+1 wn+1]T 
IV IL! W 

l'an 1)(' illlpos('d as a houlldary condition to solve the ftow problem, as explained 

in (,hapter 3. 
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7.2 Linearized Equations of Motion 

The linearizl'd onl'-harmonÏc sol\1 t ion Pl'('s!'ut ('d III ~ect ion Ü -1 fOl 1 he ~ él\'j('I- SI ()ke~ 

equations cau be particularizt'd for tlw PI'('sput two-dlllH'Il~lOllal plOhl('1ll Fil'sl. 

we note that Î'o l~ zero in tlll' pre~(,llt ra ..... !' h('('au~t' tht' anllulal pa!'>:-.a~t' 1:-' lIl11form, 

AIso, wc will takl' Ûo l'quaI to Zl'I'O -, 'n' H'calI !ha! lÎ'o 1:-' ('<IlIal 10 /'('10 hl'cau!'>I' /l' 

is an odd fUllction of (). \Ve thui'> obtaiu t Il(' followllIg, r- aud O-s\\'('('P ('(Iuat iou:-. fOl 

tht> perturbation qualltities f'l, li'l and fil. From (GAG- GAS), t IH' /'-sw('pp is t ht'Il 

(1 + ~T) ~f'l + Q ~T [ô(SPtl __ 1 {~(r D(YI)) - ~ÎII}] 
8,. Re l' Dr Dr ,.2 

(7,18) 

o ~T ~ (1' ô(~)) 
Re r ôr DI' 

j T [( F~: ) 1 - lÎ';' - 0 (é~.) Il (7.19) 

.j,jJl (ï.20) 

and the O-sweep is denvcd from equatiollS (G.50-ü.52). 

(7.21 ) 

(1 + jr) jli'l + 0 ~T - + -:;-- == JUIl [ ~i)1 2 ~tî'll -
T r- Rt, (i 22) 

(7.23 ) 
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A:-. ll~llal. in ('qllat ion~ (7.18 -7.20) \\'c ha\'(> tilP following relations' 
T ' 

(ê~)l Dpi __ 1_ [!~ (,. aûr) _ 2 ür + 2lilr ] 
Dr Re l' Dr Dr ,.2 ,.2 

(7.24) 

,ii __ 1_ [1 D (, DÛ'!) 2 lÎ'i' 2 î·rj -- , -- ---+-
l' Re r a,. Dr ,.2 ,,2 

(- .. )-) , ._ù 

D(" Î'r) û>ï 
"Dr r 

(7.26) 

TIl!' Irlethod for sol\'lIlg (7.18-7.26) is il particular casc of the more gencral 

Illl'thod pn>M'lltl,cl ill ApP('lldix A for the t hrt'e-dill1cllsiona! linearized p(luations. 

Tht, 111(':-,h is then il OIH'-dimellsiollal staggerpd grid. Figurp 7.2. whcl'c the wlocity 

WlllpOllCllt ':'1 ()) if) defincd at radial coordinate r;'. and both veloci ty compollellt 

IÎ'I()) and pressure iJI ()) are defined at radial coordinate r)w. The procedure is 

thus a particularization of that described in Appendix :\ for the three-dimensional 

cquations and willnot be l'epcatcd here. 

----... ,. 
Figure 7.2: One-dimellsional staggered mesh used to solve the two-dimellsional 

unsteady anllular flow pl'Oble111 with the Olle- and h\'o-harmonic solutions. 
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The bOlludary conditiolls as~ociatc'd with thosC' l'qllat1on:-. ,11C' <lI'II\'c'<1 h~ ,11'-

plylllg thp Galt'rkill proc!'(hn'(' to l Î.H3) and (ï 17). and WI' 11"\llil\' tillt! 

l'h Il'~ -
Il } 011 tht' lllIlt'r r~'lÎIldl'l . 

Il' 1 ( II' ~ - 0 

i'l (IV ~ t(t)/2 } on tll(' ont<'l' rylllldl'l' 
IL'I (IL' 1 t(t)/2 

( ï :!~ \ 

7.3 Two-Harmonic Non-Linear Solution 

:'-:ow. we consider S = 2 har11l0Il1c~ ill (G.21 G.2.!) for t hl' :-,c'rÎ,,:-, l'Xp<tll:-'llIlI:-' (If t Ill' 

ftow variables, sllch t hat w(' ('au detive tll(' followi ng, two :-'1'1:-, of .'qllall01l:-' fllll1l 

(6.25-6,36). HIldel' the foIlowiug aSSlllllptions. tl)(' lI~lIal Ol\(,~ for thc· plo!>II'111 al 

hand. First. aU deIÏmtl\"CS with n'sp('ct to l' ;W' ('quai tu Z('lO. and tll('ll' I~ 110111'1'<1 

to 501\'(' thr axial IllOllH'ntlllll ('([nation: abC) ('u i!'> ('quaI to /.('10 and \V(' lakl' 1/0 "<fIlai 

to zero as wcIl. Theil (6.25-6.36) !rdllc(' to th(' f()llO\vlIl~ Iwo ,>('t~ of c·qllatiol1'>. 

one for Il = 1 aIld one for Il :::: 2. whpI'(' WP mak(' 1l~(' of rPlatÎou:-. (G.:3ï) III \\'lltll1~ 

theffi clown. Tht, first ~et of e({uatiolls for Il = 1 i~ t hIlS. WI th (ï.2!J ï :31 ) 1 )l'i Ill!, 11lf' 

l'-sweep and (ï.32-ï.3-l) heing the O-:-,wpcp. 
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_ _1 ~ (, D( -:s:w J )) 1 = ,\ [( F-Il) _ ",V _ (c" V) ] 
R !l 7!l ~ r U' J U; 1 Q IL' 1 

(' 7 ur ur 
(7.30) 

-. ~T D(r ~i'J) __ ~T (V'. V)I' 
~jJJ + i. D - i: J ' 

f' l' l' {I 

(7.31) 

(7.32) 

~Pl 2 ~WJl '\. + -+-- =~WJ 
l' Re 1'2 

(7.33) 

(7.34) 

Th{'u, W(' have th{' &et of equations for Il = 2. in which (7.35-i.37) represent 

tht' r-!-.w(·e}> and (ï.38-ïAO) the O-sweep: 

11i 
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__ 1 ~ (1' 8(~ii;2))] = Ar [ . " ] Re r or 8,. '-1 (F,:~ h - lÎ'~ - (\ (C::, h ( ï.3G) 

(7.37) 

- w) UVI + .:...lI'? 
[ 

2 • l' ,\ - 4' - ] 
7' Rl' 7'2 

= .3.Î'2 , (7.38) 

(7.3!J) 

(7.40) 

As usual in the last equations we have 

( Fn ) 1 (4 - 11 "11 -1 ) 
l' 1 = 3 VI - VI 

(Î 41 ) 
1(1"11 -11-1) 3" 'i V2 - V2 (F~h 1(1"11 '11-1) 3" 'i W2 - W2 , 

(G~)1 

aPI 1 [a ( Dî'ï ) 2 ( ." "II )] + --- -- r- +- W I -vI 8r Re l' 0,. Dr 1'2 
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1)1 1 [ 8 (fJÛJï) 2 ('II 'II)] + - - - -- l' -- + - VI - w1 r Re l' fJr fJr 1'2 

(V' . V)1 = fJ( r vï) _ wï 
l' 81' l' 

(é~h 

(â~h 

(V' . V)~ fJ( l' v2) 2. Il 
= - -w . 

r 81' 7' 2 

TIl(' boundary condItions for the first-harrnonic variables are exactly the sarne 

as in the pn'\'ious s('ction, narncly equations (7.27) and (7.28), whereas the second­

harmonie \'allaole5 arc 50h'ed by irnposmg V2 = W2 = 0 on both the inner and outer 

('yliuden" ",111ch i~ also deliwd by appl~'ing the Galerkin procedure to (7 16) and 

(7.17) 

The Illesh u5cd to sol\'{~ thcse equations IS the sarne as that presented in the 

pre\'inu!> M,('tion. Figure 7.2. for the S = 1 harmonic solution. The interpolates 

of the \'ariables i''2 and Û'2 arc defined as those for Î'I and tÎJI' However, here 
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1 
we have two sets of equatiolls which an' coupIt'd. lu Ol'dt'I' to dcal \Vil h 1 hat 

difficulty we do the following thing. In eqllation (ï.:2!J) for ~i'l, Wt' St'!' Ihal ~l'I 

and ~ V2 are conpIecl, heure w(' dIOp the tl'l'Il1 1Il \'0 1 Yillg ~ i':,! 1 () 1111("01\ pl .. t Ill' 

velocit)' compOllt'nts Similarly. in (ï.30) tlu' tt'ml im:oI\'lug ~Ii'.! i:-. droPPI'd. III 

(ï.32) the tenn containlllg ~i':,! b droppf'd, and in (ï.33) tht' t<'l'Ill (,()lltalllillg ~li'.! 

is removed. Also, the tenm~ routainmg ~iJl, ~li'l, ~I",I and ~IL'1 au' dlOPIH'd t'Will 

equations (i.35), (i.36), (i.38) and (ï.3!J), l'{'sl}('cti\'t'I~·. 

Note that the terms that arc relllowd frolll the "<}llati()Il~, whirh ;111' III ddt a 

fonn, onl~' affect the conpling on the impIiClt !t'ft -haud :-.id .. s of t hl' P( l'lat i()II~, 

which eyentually might aff('f't the COIl\'Pl'gl'IH'P lat(' of th .. p:-,put!o-tiI11P Itl'Iatloll 

procedure only Indeed, when conwrgcn('(' IIlL"> bem l('adu·d in p~(,l\do- t 11111' i t I~ 

to be noted that. ~ V is zero, and aIl the tenll~ that. hm'(' h('('11 droPIH'd wouId 

then be zero in any case, as arf' tht, Ollt'~ that ;m' kppt TIl(' l'Otlpllllg IlI't\\'I'I'1I 

the equatiolls is ensured by the tl'l'Ill!'> (è~) l, ( è;~. h, (G:: ) 2 alld (G:;, h. wlllch al (' 011 

the right-hand sides of ('<{uations (ï.29), (ï 30), (ï.35) and (ï.3G), and \vlwh ;111' 

al ways calcnlated in their int!'grity. 

The method of solution i~ thus the followillg OU(" aft('l tilt' 1IliplInt Il'ft­

hand sides of equations (i.2!)- ïAO) have been d('coupl('(l. At a gl\'('11 p~('I\(I()­

time iteration step fil, (ï.29-ï.3.t) are solvpd for ~Î'I,~lÎ'l and ~jJl, ill il 1I1il1l1l('1 

similar to what is do ne in the case of th(' .V = 1 harlllollir !'>olution, ltlld th/'II 

the variables arc updated to obtam î{+ 1. û·r+ 1 and iJr+ 1: ('qtlatioll~ (ï 3:> 7.40) an' 

~olved thereafter for ~Û2,~IÙ2 and ~P2 in orcier tn ol)taiu tÎ~+), 1Î1~+1 aud iJ~f-'. 

The procC'dure is repeated until cOIl\'f'rgcuce. Xotc that a \'miabII' i~ 1\pdall'd a~ 

soon as it is ohtaineù, not ollb' at the end of a p~('1Hlo- t IIIU' !'>tl'J>. 
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7.4 Numerical Results 

:h wa." tlll' ('a."(' in Chapter ,J, tIl<' results presented in Section 7...1.1 have beell 

compllt(·d lI~mg the thrce-point-baekward implidt time-differencing scheme de­

V('lopf>d in Chaptpr 3, f'qllatioll (3..1). The rcsults obtained with this scheme are 

cOlllpan'd 111 Spctioll 7...1.2 with the ~ame method whieh uses a Crank-Nicoison time­

ditferellcing ~dlf'lTte illbtead, as per equation (3.5). The comparison shows that the 

presput thm'· point-backward focheme is free of the spurious numerically-induced 

o~cIllatiolls PH'M'ut in t he' leslllts ohtaiued with the Crank-Nieoison seheme. 

7.4.1 The three-point-backward scheme 

lu the gcollletry of the probl(lm which is shown in Figure 7.1, page 108, the two 

cyliud('rs d('limit au anllulaI lf'gioll contailling a. fluid which is initially at l'est. Then 

the out .. r cyliudf'r, of radius /'0' starts to undergo tranfo,'erse harmonie oscillations 

in OIH' plaw'. itf> axi~ lelllaillillg pmallei with the axis of th(' fixcd inner cylinder. 

of !'aChllb l',. If the eilclllllferplltiai coordinatp () ib measnred from the plane of 

oscillation, thl'n the "cIocity components Vw ((}, f) and IU w ((). f) of the outer cylinder 

an' givell byl 

vw(fJJ) ü( ro,(J, l) 

lVw((},n - fiJ(ro,fIJ) 

nfo sin nf cos (} , 

- fUo sin nf sin (} , 
(7..12) 

whcn' fo 1S tht' maximuIll transverse displacf2'ment of the cylinder axis and n is 

the étnglliar flWI'H'llcy of oscillation. ~ow, the Reynolds Humber appearillg in the 

fillid eql1atiollS has to 1)(' defined for th(' problem at hand. \Ve elect to chose H. 

tht' auuular gap width, as characteristic length. and the characteristic "elocity is 

takt'n to 1)(' nIf. Then the Reynolds Humber is found to be equai to 

1 Barr"d qllalltities are dilllell~iollal. 
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, 

nH'.! 
Re ==:; = --, 

LI 
( 7..t:l) 

where LI is the flllid kincmatic \'iscosIty. \V(, rmIark t hat \\'(' idl'Ilt if y t Il(' Rt'YllOld:-. 

number, Re, wit.h s. dl(' Stok('s nUmbl'f. for that pal'tic1l1m prohlml. \y" will 

actually use the Stokes Humber, for uotatIOu, in this ('haptl'I a.'" it J)I':-.I <!t':-,clllws 

the frequency characteristics of t h(' s~'stem, In VlPW of t hl' choH'!' of charat't \'11:-.11(' 

length and velocity. the non-dimensiollal angular frl'qlll'llCy' of oscillation h.'collw:-, 

1 and the boundary conditions (7.-12) take the form . 

fo. LI 
H Slll t cos u , 

fo. '0 - H sm t SUl . 

N umerical computations have J)l'('u 1)('1 forlllt'd 011 il lloll-diIlH'Il~ioIJaI g"OIll­

etry of innel' radius rI = 9 and Ollt('l radiu!' l'" = 10, for Iwo Slok(·s llllIllJwIS. 

s = 300 and s =: 3000. The pn"~l)IltatlOll of tht' n'~lllt~ i~ d(>Jl(' III Figllll':-' ï :J 10 

7,9, where the computations are macl~ WIt.h th(' full lloll-liw'al !'ollltioll d(':-.\'rilll'd 

in Section ï.l. the one-harmonie sollltioll of S('dlOll 7.2 and tht' two-llIlllllolli(' 

solution of Section 7.3. AIl the quantities III tho~e figllI(,~ an' dlm(~nS101I[,' . .,S. 

Initial conditions were zero velocity compoucnts and pn'~~lln' III t II<' HlIld 

domain and the equations were integratcd Ilntil Ct JH'riodic ~taU' wa~ n'ildll'd, whiel! 

took 8 harmonie cycles, where each cych' WH.<-' dividpd np illt.O U) tiuH' :-,tl'p:-', TIIP 

hyperbolic tangent. fUllctlOIl was ll~ed to !,tr('tch tht' gnd in t IH' radIal dill'I'! 1011 alld 

wc will denote by J.1' mm the miniulIllll lIl('~h ~pa('illg ll<'aI tilt' illlll'I 01 on tt'I t·y Imll!'1 

walls. The one- aml t\\To-harmollic solutioll~ requin' OIl)Y il olH,-diIlWII:-,iolliL) /111':-.11 

spanlling the radial direction, and the full nou-tinca.r soint ion l'I'qui!'!',,> 1 hal t llf' )!,l'id 

be two-dimensional, the circumfercntial direction b(~ing ind lld{~d. lu t hat C;t.";(' tIlt' 
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1 lJle~h spans tlw circllIllferential direct ion hetween () = 0 and (J = 7r, and is uniform 

III tlwt dil'pdioll, SPC Anpendix Il \Vhen eomparison is made between the three 

:-'OllltlOIlS ou 011(' giw'Il figure. [o,ucl1 as in Figurps 7.3 to 7.6 and in Figure 7.9. aIl 

thr('(' :-.olutioll:-' havp tlH' saIlle stl'rt(:hing and number of grid points in the radial 

dÎleetlOll. 

Figures 7.3 ta 7.6 cOlltalll 15 cnrves ('aeh, repre~enting the three solutions for 

{'aeh of 5 ill[o,taIlt~ t n withill the harmonÎc cyle. The five instants are 

1/ 27r 11 
t = 19' n = 5, i, D, 11,13, (7A-1 ) 

fol' t IH' l'<'sul ts illvolving the cireumferential veloeity component IV, and 

Il 27r n _ 
t = 19' 11 = 1,3,5, 1,9. (7A5) 

fol' the n'~ults ill\'ol\'Îllg the preSSUl'r p. The mesh in Figures 7.3 to 7.6 was com-

pOM'd of 2..t x 2-1 gl'id points. whel'c ~"mU\ is equal to 0.020 wh en s = 300 and 

~""'IJI = 0.00i5 at ,'j = 3000. 

Figur(' 7.3 pn'sents radial profiles of the cireumferential velocity component 

1/'. at an azillluth of (J = -15°. Figure 7.3(a) is for s = 300 and Figure 7.3(b) for 

.~ = 300n. It i[o, :-'l'(,U that the one-harmonie solution differs from the two-harmonic 

aud Ilon-liuear solutions, the latter two being close to each other at s = 300 and 

differing slight ly at .<; = 3000, probably due to the stronger non-linearities present 

al this higher Stokrs number. In Figuf(' 7.-1, the radial profiles of pressure taken 

al () = 3.75° ar(' plottpd fol' ,'j = 300 and:; = 3 000. AlI three solutions are seell to 

ht' \'(\r~' cio:,!' to Olll' allotht'I' for tht'se pr('SSllre reslllts. 

In Figun's 7.5 and 7.6 eirC1lll1fercntiai profiles of "elocity component lU and 

pr(,~Slln' p, takt'Il at ,. = 9.75, arr plotted for two Stokes numbers, s = 300 and 

8 = 3 000. Sa111(' n'marks as befol't, apply regarding the agreement between the 
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three solutions for "elocity or pressure. 

In eaelL of the previous figuf('s, the numlH'r of grid points in hoth tht' radial 

and circllmferential directions ,va~ 2-!, f'wn though ~tl"t,tchillg IH'ar ('~'lind('l \\'all:-. 

was differellt in solution!'. at 8 == 300 or ., == 3000. III Fir,ur(':-, ï.ï and ï 8 ('()1U­

parisoll is made using the nOll-liuf'é\I solutlOll hetw('('n (,()lllplltatioll~ !>('I fOl nlt'd on 

coarse and fille meshes. Figure!'. i.ï(a) and ï. ï( b) pl('~('nt radial plIllil(':-, of \'(,10(,­

ity component w taken at (J = -!5°. for s = 300 and .'i = 3 000, Il'~p('d l\·d.\', and 

Figure 7.8 gives clrcumferelltial profiles of IV, takt'll al ,. = 9.75 fOI H = :WO 111 

Figure 7.8(a), and takcn at ,. = 9.80 for .'i = 3000 in Fi~Hl(, 7,8(1)). TIll' tit ... Illt':-.h 

contained 2-! grid point~ in bot h th(' radial and Cil Clllllf(,l"t'llt la 1 c1in'cf IOll:-. fOl t Ill' 

computation~ pelfonned at,o; = 300. with ..lrmH1 = () 020. alld tlH' ('oat:-,(' Illt'~h had 

12 grid points in both these directions with ~"T11111 = Il O-![) For tlH' ('olllplltatioll:-' 

at s = 3000, the fin(> mesh had .J = 38 grid P()illl~ 1Il th,' .adtal dilPd Ion, and 

I{ = 36 grid points in tllP rirrumfcH'lltial dilPctioll, wlth ..lr/lll/l = O,OO·W. \\'IH'I('(\:-' 

the coarse me5h hac! both .J and l\' eqlwl to 24, \Vit.h ..lr"l111 = () OOï,j ft i~ ~f'f'll 

from Figures ï.ï and ï.8 that the agreement hetwf'('11 tilt' ('()ar~(' 1Il(';-,!t illld 1i11l' 

mesh results for lU is VCI)' good, which \vas abo tiit' (',1.'>(' for th .. pr(,:-'~ll1(' n'slllt~. 

Ilot pres(>nted here. 

Finally, Figures 7.9(a) and ï.9(b) arc tlllH'-cvollltioll ('Ill\'('~ of 1.111' fl1lHI for('(' 

per unit length exel ted on the oscillating outer cylillder, WlllCh illdlldp:-, t hl' ]>1 (,:-'~1Il (' 

force and the viscolls shearillg force. It b delÎved a .... foIl ow:-,, \V h,'I'(' ('api t al boit! 

letters denote second order tensors and wlwre è l • and êo al(' tllP Huit \'(·(·tor:-. 111 t IIP 

radial and clrclllllfcrcntiai dir('ction~, r('~p(,('ti\'ply Tlu' "i~(,Oll:-' ~tl('~:-' t('ll~OI, E. 

III an incompres5ihll' nscous flllid if, gÏ\'(>ll Ily [3-!] 

1 { J'} E=-pI+ Re (Vv)+(Vv) , (ï..lG) 
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whelc p 18 the pn'8~urc, 1 is tl!(' ~ccond-order unit tensor and V'v the gradient of 

thf' velocity vector, a second ordt'r tcnsor also; (V'vf is its transpose. To obtain 

tlH' ~tn'~8 v('ctor 011 the outer eylindcr, we dot (7.46) with the unit veetor normal 

to the cvlillder !-'llIface, which i~ -êr , and wc obtain 

wlH'f(' 

(JrO = 

2 ôv 
P--­Reô,. , 

__ 1 [ôw + ~ (DV - w)] 
Re ôr r DO (ï.4ï) 

TIH' axial compoll<'llt of ~tlPhh hah bren omittpt! for the present problem. The 

fOl('(', f, pel' uui t lmgt Il on 1 ht' ose; Il:' tillg eylillder is then givcn by projectillg the 

stn'ss \'('t'tor illto the plane of oseI}! tfion and integrating over () betw<,en 0 and 27l": 

f = l'br ((J rr cos 0 - (J rO sin 0) r odO . (i.48) 

\Vh('11 1 Il(' on('- or two-harmonie solutions are chohcn, the il1tegratioll in (ï.48) 

cau ))(' dOIl(' allalytically and we obtain the following expression for the force r 
al lime t n : 

f " = 2 ' [-/1 __ 1 (2 ôÎ11 Ô1Û;I)] 
7l"1 () Pl R !l + !l ' e ur ur 

w 

(i.49) 

wh('1'<' thL' ahO\'(' ('xpressiou is t'valuat(>d at thc wall, illdieated by the subscript w, 

\ rI' Ilot (' t hal t lu' s('colld hm monie vanables ÎJ2, lÎ'2 and P2 do not appear in the 

('XIH'('SHlOll for tht' fOl('t' ('\'('11 when the two-harmonic solution is ehosen beeause 

of IIH' orthogollality properties of the trigonometric functions, The non-linear 
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1 
solution requin~s that the integratioll in (ï -18) IH' Iwrfol1lH'd nlllllt'rically: t llls ha:-\ 

been doue in the present case Ilsing Simpsoll\ ruIt'. 

Henn'. Figure i.9(a) il'> tlH' foret' 011 thE' olltN c~'lilldl'r calrulatt'd dUllllg tilt' 

first 6 harmonie cycles at a Stok<'s llulllIH'r 8 of 300. It b SI't'll that ail tltn'I' 

solutions are perfeetly <mpenmposf'd. as l~ t lU' ca:-,t' in Flgnrt' ï.9( h) fOI t Il(' 1'0111-

putations performed at Stokes ll11Iulwr oS = 3 000. Thb can 1)(' l'xplailH'd hy Ilotillg 

that in the previous figures the pressure rcslllts Wt'l"f' all \'('r~' ll('arl~' ('<Iua!. w IlC't hl'I' 

one-harmonie. two-harmonie or nOIl-lillear :o,Ollltioll~ \\'('l'(' UM'(1. and tilt' l'rt':-':-'UII' 

is t.he major contributor to the fhwl forct', Aiso. tht' ladial <l1'1I\1Itl\'(' of tilt' l'il­

cumferential yclocity compoIlellt 1/' at the wall. which i:o, lllo:o,tly J(':-,poll:-.ihll' for 1111' 

shear stress contribution to the flllid force. :0,('(' ('«(1léltlOll (ï.-li), 1:-' l1t'atl\' tlll' saillI' 

for ail tluee solutions. as is seen from Figllrt' ï.3. 

To couclllde the pres('ut spctioll. w(' <li:o,('l1S:o, tlJ(' dUIJ('" of th ... 1llIlÎl'ial ('IJlII­

pressibility. b. and pseudo-tiIl1(, 5t<'l>. ~T. made ll'gardlllg tll(' ('()l1lplltatlOll~ of 1111:0, 

problem. The fOl'mulasde\'elopcd in Section ,j 2, ('q1iati()l1~ (,j.11) illld (;j 12), WI'I'I' 

applied in tht' present case. where th!' rhara<'terist ie wlocity wa:-. .. hOS('1l t 1) J)(', ill 

non-rlimensional for111. 

( ï.;)()) 

Now, we note that correction factors had to be appli('d to tlH' vahu's of Il IHl'dict('d 

by (5.11), namely 0.0001 for both the 011('- and two-hanllollÏ<' :-'Ollltioll:o, Il Il <1 n.oos 

for the full non-linear solutlon. The new \'allle~ of b arl' thll~ ord(,l~ of IlIaglllludf' 

different from their estimates and oue is tt'Illptf'd to qlle~tlOll t Iw vah(ht.\' of (;) 11) 

in this case. Ho\\,('\,er. it is remarked that (ï GO). WlllCh i:-. tilt' lIIaxillllll11 \,ploCilv 

amplitude at the wall of either v or lL'. IS mllch !'lmall{,l thall tlH' actllal valtH' that 

the velocity takes inside the ftuid domaiu. Indepd. tlH' \'altu' of '1 dptpI'IIlIllf'f! frol11 
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(ï.30) is 0.1, whereas we ean f->ee from FIgure ï.3 that IV gets to be of the order 

of 1 in lIlid-allllulu~: the vaille of fJ is thus overestimated. Note that the sm aller 

('orrpetioll factor of 0.005 in the casp of the non-linear solution is likely to come 

from t lu' fad. that aft"r ('aeh time ~tep ail estimate of the "mean" velocity in the 

allIl1lhl~ \Va."; dOlIC, has('c! ou the nll~ valuc:' ofvelocity calculated from the grid point 

valtH's. This wa." ilOt. dom' for the one- and two-harmonic solutions. 

Th,· optimal Courant number from equation (3.12) wa.., found to be around 

2000 for t.ht' oIH'-harmollic ~olution. 1500 for the hvo-harmonic one and 500 for 

t IH' flll111ou-lilll'ar ~oll1tioll. 

\VI' Ilotf> t hat t Il«' 1111~t('ady fiow problellls treated in Section 5.2 in Cart t'sian 

('oordillat.('~ diel Ilot prc:'~lut that difficult.y, as the estimates were of the same arder 

of magnitudf> a~ tll(' opt.imal ,'allies found from numerical experimentation, as is 

also tl1f' ('as(' for thp f('~lIlt~ pH'sellt('d in the next chapter: the Courant numbers 

abo took Illon' n'<lsonahle vahlc:'S then'. of the order of -l0. 

To gi\'(~ au indicatIOn on ho\\' well th(' method performed, Tablp ï.l presents 

clat il oht.aiu('d from comput at iOlls \\'i th t lu> full non-linear solution at s = 3000. 

ou tll(' 2-1 x 2·' grid. Thl' llumber, k. of pseudo-time steps required to convrrge a." 

wt'Il a." t Il(' 1"111:-' aud maximum val ues of the residuals at convergence are tabulated 

for integration during the first harmonie cycle. at the 19 time steps t n • 11 = 3,21. 

COIl\'('rg('n('(' was n'ached in pscudo-time \V:.en the rms residuals of RI" Rw and 

R" \Ven' alliess t.han 10- 1
• Rpsults for the one- and two-harmonic solutions were 

hptter as cOIl\'prgen('(' in psclldo-time was achieved in arollnd 30 steps. 
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Figure ;.3: Radial profiles of eircumfeff'utial wlo<'lty ('oIllIHHlPllt 1/' al 6' = l.j". 

for (a) s = 300. and (b) s = 3 000. COlllpari~()l1 IlI'tw(,l'!l t ht, t lll'PP :-0111 t iOIl:- i~ 

made for 5 instants t n within the harmonie cycle. - full Ilou-lilll'al ,>olu tioll, 

- 2-harmollic solution. and -.-. I-harmoni(' solution. 
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Fignrl' ï...l: Radial profiles of pressure p at (J = 3.ï5° for (a) s = 300. and (b) 

,0; = 3000, Comparisoll betwccIl the tllree solutions is made for 5 instants fil 

withill tht, harmonie cycle. - full non-linear solution, - - - 2-harmonic solutIOn, 

and -, -. I-harmonic solution. 
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Figure 7.7: Comparison of coarse me:-.h and fine mesh re~mlt:-, U:-,illg t!H' full IlOIl-
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harmonie cycle. - fine mesh results, and - - - coarse mcsh result!-'. 
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Figun' ï.8: Comparison of coarse mesh and fine 111esh results using the full nOll­

lilH'ar ~ollltioll. Circumfel'('ntial profiles of circllmferential velocity componcnt li' 

al. r = 9.80 an' prcs('nted for (a) s = 300, and (b) s = 3000, at 5 instants t n within 

the harmonie cycle - fine mesh results. and - - - coarse mesh results. 

133 



1 

Ql 
U 
1.... 
o 

'+-

0'> 
a 
1.... 

o 

Q) 
c,J 
1.... 

o 
'+-

Q) 

o 
1-

400 

o 

-200 

-400 

400 

200 

o 

o 
-200 

-400 

- - 1-harmonlc 
\. Il \ -- - ~-harmonic 

-non-I!neor 

\ 

~~~~~~~~~~~~~~~~J-~~~-L 

o 10 20 30 ·W 
Time 

i 1 1 Iii 

- - l-harmonlc 
- - 2-;lcrmonIC 
-non-Imeor 

(b) 

o 10 20 
Time 

JO 40 

Figure ï.9: Comparison of the fiuie! forc(' I)('r unit h'llgth l'x('!'tl'd ou t III' ()~('illat lIIg 

outer cylinder at (a) s = 300. and (b) ,<; == 3000. Tht' thl'l'p :-.ollltioll:-' ail' ('/)III)>ful'd 

and plotted as a function of time. -- full Ilon-liuear ~(»)lItlOll. 

solution, and -.-. I-harmonic solution. 
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1 

1 " Il k Il II/lf-,( R,,) l'm~( Rw) flllS( Rp) max(Rt.) max( RU!) max(Rp ) 

3 13G O.DG.')E-O-t o 28DE-Oo.! o -tOIE-05 O.530E-03 O.132E-03 O.6o.!3E-03 

-t 78 o D(),ïE-O-t o 783E-05 O.lOlE-O.5 O.520E-03 o -t15E-Oo.! O.lD3E-05 

<J G4 o DG 7E-O-t O.325E-05 O.362E-OG O.GODE-03 O.152E-04 o 127E-05 

G 81 o DGGE-O·' O.256E-OG O.1l5E-06 O'-!DGE-03 O.122E-05 O.D13E-OG 

- 87 O.DG3E-O-t O.22ïE-06 O.lOo.!E-06 O.542E-03 O.13-tE-05 o lOGE-05 1 

8 -- O. DDD E-o-t O.2GïE-OG O.D2iE-Oï O.5-t3E-03 O.l i3E-03 O.iOSE-OG Id 

D G2 o 88·lE-O-l o 30DE-05 n.G3iE-OG o 48DE-03 O.228E-O.f n.108E-05 

10 ï8 0.D3 iE-(H 0.133E-04 O.l8GE-05 O.5.f5E-03 D.G68E-Do.! O.2S0E-03 

11 37 O.DDOE-O-t D.539E-Oo.! O.3-tOE-05 O.7i6E-03 O.331E-D3 O.8D3E-05 

12 IlG o 9ï2E-O-t o 3G3E-04 O.51OE-05 o 5iiE-03 O.18GE-D3 O.iSIE-05 

1 :3 82 o .D64 E-O-t O.lOlE-04 O.l33E-D5 O.583E-03 O.52-!E-O·l O.237E-03 

1 ·1 G;:) O.932E-O-! o 429E-05 o ·192E-OG OA53E-03 O.207E-04 O.1l6E-03 

13 78 O.D·WE-O-t O.2GIE-06 O.106E-OG O.613E-03 O.152E-D3 O. ï24E-OG 

16 90 0.Di3E-0-t O.263E-06 O.llOE-06 O.546E-03 O.2l3E-05 O.ï7SE-06 

17 85 O.DD6E-O-t O.23GE-OG O.988E-Dï o 453E-03 O.153E-05 O.655E-OG 

1S G7 n.D-t 1 E-O-! 0.3ï3E-06 O.89iE-Oi O.503E-03 O.250E-05 0.563E-06 

19 66 O.922E-O-4 O.738E-05 O.98lE-06 0.51 ïE-03 O.348E-04 O.163E-05 

20 83 o DGIE-O-4 o 2o.!1E-04 O.3-!4E-05 0.555E-03 O.125E-03 O.·198E-03 

21 12G o g!)3E-O-t o S7ïE-O-4 O.l24E-04 O.58DE-03 OA54E-03 O.182E-04 

Table ï 1- :'\1lI111)('1 /.: of p~(,IHlo-tlllH> stpps reqlllI'ed to COIlYerge at time lcye} fil 

and 1'111:-' and IlLaXlllllllll l(-,~l<l\lal mltH.'~ at COllYergellce. The computations art' for 

t ht' un:-.tl'iHly two-diuH'llslOual aIlIllllar flow at .'i = 3000. 011 a 24 x 24 grid. 
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7.4.2 Comparison with the Crank-Nicolson schelue 

Figure 7.10 presents re~ults computC'd wlth tht' full lIo11-lill('aJ ~()lUllOlI of St'("­

tion 7.1, using either the three-point-back,,"md tllllt'-<I!fl"t'Il'llCll1/!, ~ch('lllt' (:3..1) 01 

the Crank-I\icolson ~chcme (3.5). The lllef>h \ra:-- a fill{' ~.! x ~·I /!,lId WII il ~, "1111 == 

0.02. Timc C'\'olution ('un'cs of the dl clIlllft'H'lltwl \"('l()nt~· (,OIlIP()Ilt'llt 11' al," = ;WO 

are plotted in Figure 7.10(a), for the Plgth haIlI1011I<' cycle of 11111{' intt'/!,IiIIIOIl, at 

position in annular space r = 9,75 and (J = 90°, Suuilm t 1Ill(' {'\ (Ill! t iOIl ('III \"('s al 

s = 300 for the pre&SUfe pare plotted Hl Figure 7.l0(h). at pmntioll III ann1llal 

spacc l' = 9,75 and {J = 3 75°, Th('l(' \\'e1'<' 1<) tllll(, f,t('P~ pel ilarlllolllt' ('~'('h' fOI 

thosc computations, 

It is seen in Figme 7.10(a) that the J'('SUlth fOl 1/' an' IlI'aIly (,olllpkldy :-'11-

perimposed. and both mcthod& resol\'(' the lIoll-dlll1(,ll~lOlIal \'t'loClI\' COlllpollt'1l1 Il' 

with the same accuracy. Ho\\'evel. th(' llo11-dlmt'n~I()lHd IHf'~~urt· 1(,f,lIlt~ f,how P;\('il1 

differcnces. namely the Crank- NicolsOll schelll(, gl w:-' Ilh(, t () 1l1lllll'ricallY-lIld l1('l'd 

oscillat ions in t ht' tIme ('\'01 u t ion of pre~sUl ('. wlllch an' ~u 1)('II)()~f'd Oll t 1)(' !lallllOJlI(' 

\'ariatlOIl i111posed by the oscillating outer ryhllder TIl(' thlf'l'-poillt-hackwmd 

scheme gl\,('~ a s11100th SOlutlO1l corr('spondill[!; 1 () t he ou t ('1 ('v1llldf'1 Œ('d) il t 1011'" 

Crallk-!\ ieo!&oll tmw-diffel CllClllg t huf, ha.''l 1 0 1)(, él\'oHl('d fOI IIIf' }>W'>t'II! 1111'1 hod 

of artificial comprebf>iblhty applied to 1l1l~t(,éld~ \'If>COIl:-' flow~ \\,,, Il'Illilrh thal tlll' 

spl1l'ious numencal o,>cillatlOIls obf,prwd \\Itl! tll(' Crall\..-:\'l<'ol!'>OIl ~dlf'lIJ(' an' 1101 

relatcd to a timc-stpp lUl1ltatlO1l of the bc!JelIH', &111('(' IIp ln 0Il(' hlllld"'d tllllf' !'>If'p:-, 

pel harmOlllC c~:cl(' wei e lllcl udcd III SOIlle' (,()Illpll t at 1()11~ (Ilot III (· ... "IIIf·d 111'11'), alld 

the oscillatlOlI!:> \\'en' stIll pl e~cl1t at du'se \'('1 y !>Illall t III II' st <'P~ 
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Fignr(' 7.10: Comparisoll of threc-point-backward and Crank-Nicolson time­

dim'f('IH'iug schrlllt's for thr time e\'ollltion of (a) the circumferential \'elocity com­

pou('nt Il', aud (b) the pressure p. The Stokes number s is 300. 
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Chapter 8 

COMPUTATION OF 3D 

UNSTEADY FLOWS 

Thi~ chapter prc~ent~ the results of llumerical COIll pu tat )()Il~ 1)('1 fOi Illl·d 011 t Im'p­

dlluellsional unstcad~' annulaI' fio,," configurat IOllS wluch HI (' n'p!('~('llt a t 1"(' of g('­

omctries cncountcrpd 1ll ellgillccl illg appltcatlOns, and pn)\'id('~ li lIWJOI t l'~t f(lI t 114' 

final yalidatlOn of the mcthod dp\'eloped ill tla' pl("'IOIl~ ('hapt('l'~. 

Two annular flow geolllet l'les al<' (,Oll~ld(,1 ('(1. wlllch an' ~dl('lllilt 1('<1 Il \' 1('pn'­

sented 1ll Figure 8.1 TIl(' filst OIH' ha,., a ulllforlll alillulai pa,"~ag(', 111 w!JwlJ ('a.".' 

hd = 0 in FigUl p 8 1. and by choo~lIlg h cl =f 0 the ~(,c()lld /!,1'OIlH't r~' ~t IId wei h ad au 

anllulai backstcp Accordll1g to tlH' llotatlOll of Chapt('r G. tllf' tlo\\' I~ d('~(Td)('d III 

a cylilldl'lcal cOOldlIlate syst eIll , III \\ lu ch J', 1 aud e <!('llot(' tlH' IlOIl-c!III1PII.,IOllit! 

axial. radial and circumfei ent laI coord lllat (' (I1r('('t I()ll~. WI th Il, l' al1d Il' hf'IIl).!., 

respectn'cly, the "eloclt)' COlllpOIl('llt~ 111 tho~(' dll(·('tJOll~, Il 1., t IH' plf'~~\lf(' TIH' 

characteristlc length and \'eloCity usee! to llolle!inJ{'Il~IOwdll(' t Ilf' f'qWlt JOli" an' t 1 If' 

annular gap wldth, H, and the Illeélll fI(m ,'d()C1t~·, L'. d(·fi/wel 111 tllf' IIP'" Il',UII 
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portion of the domain. 

/ 

/ 

---. .. -----------l----------~.~I .. ---
Figure 8.1: Three-dimensional annular geometry used for the unsteady Bow com­

putations. 

The Reynolds number, Re, is defined in terms of the hydraulic diameter of 

the annular space at the inlet and is given by 

Re = 2HU , 
1/ 

(8.1 ) 

wbere Il is the Buid kinematic viscosity. The equations and method of solution 

for the three-dimensional unsteady annular flow problems have been presented in 

Chapter 6: Appendix C gives the details for their numerical solution. In view of 

the present definition of the Reynolds number, we note that Re in (6.1-6.3) has to 

be replaced by Re/2. 

In the Ilumerical computations that. were performed, the outer cylinder, of 
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radius r o. is uniform in CfOf-S-s{'ct ion aud i:-- compo:--ed of t hl('(' port 101I~: t ht' ('('lit iii 1 

portion has Icngth 1 and is rollsid{'red to ha\'(' il harmonie ()~l'llla t or\' mol iOIl of 

frequcncy n, or ",-,' = OH/C' ln llon-dinH'lI!'!lOlIal fOIIll Two fiXt'<\ IlllltlOll:-- ail' 

situated upstr<,am and do\\'nstn'éllll of It: 1 hl'! haw' kllgl Il 1" illld l,t. ll':-,pt'cf lwly. 

In non-dim(,lI~lOllal fon11. thp rachu,- of tilt' illlH'1 <'!'lll1dpl at t Ill' 1II1(,t 1:-- l,. = r" - 1. 

and at thc outlet it i~ T"d = 1'0 - 1 - hd. Th{, Stok('h 1I111ll1)('I. 8. d('fiIlt'd Il!' 

nH2 

S=--. 
l/ 

wa." ubed to ùescnhe tll{' nhrational chatact('lÏhticf, of tilt' hy:-,It'Ill 

The solutiollS for th{' unsteady allllular fio\\" plOhll'lllh \\'('n' ohl illlH'd h.\' t 1111'(' 

diffcr{'nt mcthodb, The fil st Ill{'t hod cOllbbt h III hol \'Il1g tilt' fllll 1 hn'I'-dlllll'n:-'lOIIal 

unsteady ~a\'ipI-Stokes <'qllatiollS. a .. <' d{'!,cril){'<! 1lI S('('tIOIl fi 2. and Ih tilt' III 0:-' t 

dcmallding Oll(' III 1 ('rlll~ of com pu ta 1 JOllal t 11111' If JI'C) li Il (':-' il t il l't'('-d 11111 '11:-' 1011 il 1 

mesh. which Wé\...., stletchpd III tl\(' aXial and lacha} d1l('ctiow-, alld 1llllfOllll III tilt' 

circllmferential clIn'ct IOU Th(, follo\\ illg bOlllldary ('olldl t 101l~ \\'PJ(' 1Il1))():-,t'd At 

th{' illlt't. J' = -lu, a de\'eloped laIlllllaI fio\\ plOfil(' Ih l111})()hPd. aud hy hpl t Ill/!, 

11 = l'o/r ... , 11 I~ gi\'('lI hy 

li 
2 [1 - (1'/1',. )2 + (1/2 - 1) lu(r/1',. )/(11111 l] 

Tl 2 + 1 - (11'2 -l)/{lnll) 
/' = /l' = () 

Thcre are 110 bouuclary COl1(htlOn~ requirpd for pn'~~ul (' at 1 II(' 1111('t. awl III IIH' 

crOSS-fo,Cctiollal plaut' of the domalll ~ituat('d at tlw outl!'!, ,1 = 1 + Id. tlll' Ill(,~<-Ollll' 

i~ sct equal ln zero. 1 e., p = O. l' = 1 + Id. 1". S 1 S 1 Il' () ::; Il S ?ï:'. \\'1j('If'a~~ ail 

\'c1ocily conpouen th are extl apola 1 ('d to f,('colHl 01 d('1 ,1(,(,111 ;I('! fI OIII 11I~ldl' tllf' fhm 

tht' sleady fio\\ ~olutlOll, obtallled il! 1 1 If' ab!->{·w'(' of \ Iblalloll of tllf' 01111'1 ('ylIwll'I, 

was imposed. and thcIl the harIlloIllc ohclllatioll of tllf' cyllllr)Pr WéI.<-O <,taJlt'd, tlll' 
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equation~ wcn' illtcgrated for 1) harmollir cyclcs, until a periodic solution \Vas ob­

tail1f>d. The detail~ for the discr('tization of the cquations for the three-dimensional 

allnular gf'olll<'try an' presented in Appf'ndix C. 

TIH' !->('('olld Ifl('t hod of ~olll t 10 Il cOIl~ist cd in solyillg the lincarized set of equa-

1 lon~ d('\'('lopf'd 111 S('ctIOIl 6.4: the 50lution procedure is dpscribed in Appendix A. 

TIH' two-dilJ1el1~lOllal gnd t hal t h(' Ill('thod requires for the axial and radial di­

f('eti()l1~ \Va..., 1,IH' ~ame as that used for the full three-dimensional Navier-Stokes 

~oluti()ll, in 1,ho~(' dIrertioll~. For tl11s Illethod, the steady annular flow in the ge­

oll1('trÎ('f, (,Oll!->Id('red must be comput('d tirst by solying (6.38-6.40), and then the 

I1I1~ü'ady ~olutiol1 corrcspolldiug to the perturbations in the flow quantities is ob­

tallu·d hy lIltegratiug (6 41-6.52). The boundary condition5 imposed to (6.41-6.52) 

w('n' thal aIl p{'rturbatlOlls in the flO\\' qualltities are equal to zero at both the 

iulf" and out leI of t h(' domain, induding veloclt)' components and pressure. The 

IIllt Jal cOI1<ht 101I~ were also to 5et the perturbations equal to zero: the vibration of 

dU' oul!'1 ('~'hlldf'r i!-> thpll startpd and the equatlOns illtegrated until periodic state 

I~ adll('wd. wlllch t akes 1) harmonie cycles 

Finalh', au Illlstcady potelltial flow solution \Vas also computed and compared 

wi t Il tl1e \ l!-.COIIS 501 ut iOlls. 111 the ca.<,e of the ealculations donc on the uniform 

aIlnulaI gl'()llH'lr~' (lld = 0) An outline of unsteady potcntial flow theory can 

he fouIHI 111 AppPllchx D. A fillit(' dlffcreuce Illethod wru. used to resolve the flow 

potellt IéIl. l('qUIIlllg a Iwo dlllH'lIs1011al gnd which was the' saille as that used for 

the hlu'allœd \'1f,cou~ solut iOll 

8.1 Uniform Annular Flow Geometry 

Th(, tir~t g(,OIllt't Iy couf,ldered IS t hus of ul11form cross-sectIOn and consists III two 

com"{'ut nc cy liudl'rs delimitmg thp aUllular space: in this case hd = 0 in Figure 8.1. 
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The illncr cylinder is taken to han.' radiu!. l',,, = l''d = D, and Il'- fix('d, whl·lt·a:-­

the central portion of the outer cy1i l lder of l<-ngth 1 = IOO. lIn<ll'r~o('l'> a tlan~la­

tioual \'ibratory motIOn. with ils axi1'> r('lllaillillg paralh'l wilh tht' aXIl'- of Ihl' illllt'I 

cylinder, The radius of the oulrr eyllIldel is 1'0 = 10, and 1\\0 fixl'd pOllion!-> of 

the same radius 1'0 are situated upblream and dO"'lIstleam of It Thplr IC'lIgth~ an' 

lu = Id = 20. 

Results were obtained on two (hfferelll gridb, 0111' wl\l('h WiI." ('oat l'>C' aud 011(' 

which was fine, They had th(' follo\'.mg charaCleril-.tic!., W)H'lI' a :-.uh.,n ipt (' dC'llof(·~ 

the coarse grid and a subscnpt f the fine oue, In th(' aXIal dll ('C'I 1011 , thl' IlIC':-.h 

spacing ~.T was uniform ovel 10 ::; T S; 90, and ('quai 10 ~.1 r = 3,(j~ and ~.l'f = 

2.42, Then, it was diminished gOillg toward the exllenlltH':-' of III(' o!'('Jllatll1g 

portion of the out('l' cylinder. to reach the minimulll \'al\1(,:-' of ~ rI = () JO and 

ÂT f = D,3~, at T -= 0 and .1' = 100, !\lebh spaclIlg wa." t )H'1l 111(', l'a . .,(·<1 1l1()\'1l1/-!, aWa\ 

from either extn'mity of the oscillating cylind('I, f(mil,d thl' llIl,,1 aud 011111'1 of tllf' 

flow domaill, to reach ~.Tc = 3,ï5 (or ~.l'f = 2 ï,:)) al J' = -~o alld 1 = l:?O :\ total 

number of 65 grid pomts thub spaIllled tlH' axial din'('llOu 1ll 1 II(' ca."(, of 1 hc' ('oal !,(' 

mesh, compared to 96 grid points fo' the fill(' IUe!.h l'ow, tll(' lachal duc'cIH)/I 

was spaulled by a stretched gnd ha\'lug 11 gl id pOlllt:-. 111 IIIf' ca."1' of t Ij(' c oan,I' 

mesh. and 1 ï grid pOlllt~ for the fille 01lC', and the 1lI11111111l1ll !'.panng al t Ilf' wall., (If 

the inner and outel cyhuders wa, .. ~lJ(' = OOCC and ~lIf = 0 (H:? TIl!' !'.tlf'ldIlIl1-', 

functiolls used weil' thC' hyperholIc t.lIH· 111 the aXIal c1ll'1'cllo/l a/lcl t II!' Il\ïH'1 bolt( 

tangent in the rachal dirl'ctlOll The thlf·(·-dlllH'll .... lOllill ~Oll1tlOll also r"(JlIIII'c1 Ihal 

the dibCI et Izat 1011 III cl uded the Cil CUIllf('H'I1t laI dlff'ct 1011. aut! t Ilf' ('(Jal "(' lJl(·!'.1t hae! 

12 grid pOlllts 111 tlll!'> dll'eCI 1011 , rompar"d to ::?O fOI tll(' fillf' IIH':-.It TIIf' glld \\;1.." 

UIuform in tlll~ clITllmferentléll dlrertlOll :\011' that 111 ail 11j(' COllljHllatlol1<" (Jf t III'" 

chapter, the time step ~t Wél.'> ('quet! lo 2;; fIfJ",' 

Tll(' results of the llllIllencal COlllputatlOll" an' pr(,~f'llt(,d l!l FlgU[(· ... 82 8 ]!J 
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wllf'ff' ail tl1<' quantlties aH' T/oTl-dmwTtsUJTla[ Ollef> The figures in which the am­

plit udf' ami phaM' of p or w are pre~enterl have been obtained hy performing a 

DI~('rd(' Fourwl Tran~forlll (DFT) on the I)('riOfhc flow ~olution in order to extract 

tlH' fiI~t tiIlW-haIIllOl1lC. and It if> tll(' amplitude and phase of the latter whieh are 

plottf'd 111 th()~(' figllJ('~. thp phaM' belIlg with resp(',t to th!? dlsplacement of the 

ou t ('1 ('~'lilld(,1 FOI t h(' figurl'~ lIl"olnllg th(' wloeity componellt ll'. th!? lllgher-order 

t lIllf'-liarIllOJ1i('~ WPfl' 4 to 5 ord('rs of magllltude smaller than the first harmonie, 

for bot 11 t IH' Iloll-lill<'ar and liu('ariz('o VibCOUS solutIOns, wlllch was also the case 

fOI tlH' pl('~~UI(' I(,~ldh ,Olllput('O with the linearized solution: the pressure results 

COlllpllh'd wlth the nOll-IÎlH'a! solution had lugher-ord!?1 time-harmoIllcs of the or­

dpr of 011(' hlludl('d tunes smaller than the first harmoIlle, alld these relatively larger 

11Ighf'r-order contributions, which capture the non-linear effeets, can be explained 

h~' t IH' lIoll-liuea! h'flns in the l'\aner-Stokes equatlOns. However, these are still 

~lI1all alld lI('ghglble and }>01l1t out to th(' ess!?ntially linear character of the fiow 

~()I li t 1011 wlwll small ,-i hl at ions of the oscIllating cyhnder ar(' unposed, wluch was 

t 1H' (,(1.'>,' IU'JI' (ail ('x('('pt IOn i~ d('picted in Figures 8.18 and 8.19) 

III th" cast' of ~Illall "ibratlOns, we requin' that the perturbations llltroduced 

III t 1\1' wloClty tü'ld hy thl' oscillatIOn of the outI..'l cylinder remalll small with 

1 ('~I)('ct t () t Iw 1Il"aIl annulaI fio\\" "l'ioci ty, which IS expressed in non-dimensiollal 

fOI III h) 

wf « 1 , 

wlwJ"(' ( I~ tlll' dl~plac(,Illt'llt of tht' outer cyllllder and .•. : IS its fr('queue)" of vibratIOn. 

III othel w()1I1~. tlll' yihléltion-lllduced perturbatlOllb III the fio\\" field baw' YeloClty 

of orticl .. '(. W III ch must tH' sm aller thall the meall aXIal fio\\" 'l'locHy. [' = 1. III 

non-d1l1H'n~lOllal fOllll 5111cl' WP Illlpo~ed f = 0 1 a.<:. bouudary conditIOn for aIl the 

prohlt'Ill~ tt·~tt'cl. and SIIlCt' 
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wc must thcll ha\'(' that 

') ~ 

R-'~lO, (' 

Linear flow th€'ory is thus valid a.c.., long a.c.., tll(' Stok('~ 1l\11IlIH'I. s, 1:-' IIII1('h ~lllalll'i 

than a t lea.<;t fin' tiUH'b the Reynold~ llUllllwl. Re \\'(' rt'IWlI k t ha 1 1 hl' full t hlf'('-

dimeU51Onalnon-lllH'ar :'\a\"l('I-Stok(,~ eqllatlOlI~ whidl w('n' abo I\~(·d III tllI~ chap-

ter to obt am bol utlOllS do Ilot H'quil(' t Il(' a.c..,~ulll pt lOli (g ~), III 1 III~ chapt ('l, \"(' 

will compare the nonillwai and lilH'éUlZpd ~()Iutiollb wlH'1I (8,2) l~ ~allc..,fi('d, alll! 

comparison will also be mad(' for Imger valtH's of <k'f, ",IH'1I (8.2) l~ nol ~all~fif'd. III 

order to filld out thc \'ahdity of a Il11ear How IlwOf\', a..., W('l1 iI.c.., lb 11Illll~ 

ThUf>, FlgUf<'S 8 2 and 8,3 pre~l'Ilt pn'f>~II!(' f('sult~ fOI 17(' = 100. al,,, = 1 () 

and 8 = 5. resp(·ctl\'cly. wh('J(' thl' axial \'anatlOll l~ plo!t('c! fOI r == g 93 al1d 

() = ï,5°, It lb been tllat th{'J'{' art' marked dlff('n'll<'('~ 1)('1\\'('('11 Ill(' \'1~('()Il:-, tlo\\' 

H'SlIlts and Ill(' potcl1tial OIlC5; hO\w\'('r. tll<' \'ISCOU~ and poll'II11i11 l->OllltIOIl<' g(.t 

closel when Ih(' Stokes llumhel Il-> l11<Tea.<,(·d TIl(' pIt'~"'llI f' alllpitt U(!p III t 1 If' (':1.'>(' 

of the' potentlal flow r('suIt!'> IS s~'mlll('tI ic \\'llli J('~pl'{'f 10 1 Ill' 1llJ(1-~(,(·tlOll of t /If' 

o~cillatlllg out<'r cyhnder. wherC' the pha.c;;(" III part iClllar. i~ Ze'IO FOI 1 /H' \'l~(,OIl~ 

flo", 1'('f>U!t5. lt IS llOlI-~ymIllPtric: al 8 = 5. th" pI<·:-,c..,UIf· alllphlll(k qlllch/,\' n'ac/w:-, 

its maximum value al .1' = O. then r(,lJlalll~ (,Oll~tallt IIp 10 J ~ SO. l ">[Off' gIaduall\' 

decleaslllg to œro al the oUllp!. .1' = 120: the pha<,(' 1'> cOllfillf'c! to IJ('gall\'f' \',dllf''> 

0\'Cr most of the cylillder length ,,'p n'cali Ihat tlH' pha.c..,(· 1<' with J('~IJf·('t tn t/l(' 

dl5placemenl of the oscillatillg cylilldel 

In order to make bure thal thCb{, effecl~ \\'CI(, Ilot attributabll' to tlH' III1UWfJ('al 

scheme and staggered mesh. Ihe meall flo\\ dlI('ctioll wa.<' IllvNtf'd and COIllIHllit-



1 
tiOlli> W('f(' IH'lfornH'd for the 1>all1C R(,yllolds number of 100, at s = 5. Figure 8,4 

showi> that t III' reslllti> arf' uow mirror Images, with respect to the eylinder rnid­

M'cl JOli. of t Ilf' plot ~ obt aÎlH'd III tIl(' pre\"iou~ figure. Helice the llumerical method 

~IJ()Wi> COll '>I!->I ('II("~' \\ II li rq?,ard tn t IH' (I!rpct IOn of tIl(' lI1('an flo,," \"elOCIty. 

COlll»lI 1 il 1 I()Il~ \\"('1 (' abo 1)('1 fOlllH'c! \\'i t 110111 axial UH'all fiow III the annul us, 

and IIH' n'!->lllt~ an' PIPi>Pllt('d III FIgl1l't'~ 8 5 and 8.6. In this case, the Reynolds 

llllllllwl, which i~ defiIlPd in 1('1'111& of the mean fiow veloclty C. has 110 significa­

t iou, ~111('(' C = 0: t hUi>. we choose iustead nH a.<, charactcnstic "elocity, and the 

n ('Yllold~ 1ll1l11ll('r ill t Ill' l'quallOlls of motlOll (G.I-G.3) 1)(,co111<'5 t he Stokes llumber, 

or Rf == ,0, = nJ{2 / v. TIlf' plOcedllH> IS tll(' sanlP él." that described i11 Chapter i 

fOI tlH' two-dlllJ('ll~iollal annulaI' fio,," plOblell1. Heuee the results in Figures 8.5 

and 8 G fOI wluch U = 0 are for s = 25 and s = 300, respectively. It is seen that 

t Ill' higlH'r t })(' St oke~ llum 1)('1. t he doser the agreement betwecll the potelltial and 

vi:-,c()lli> ~()lll t 101l~ !WCOll}('5. ~lore()\'er, the results ar(' now perfectly syrnmetric with 

1('1-.\)('1'1 10 the cylllld(,1 llud-f->('CtlOll The results at .., = 300 can be comparcd with 

Figlll(' ï -1(a), 111 wluch computatlUlls arr abo perfornwd at s = 300 for the two­

dllllf'll~JOllal ~('()ll1('t 1 Y Act ually, in t he present three-dlmensional flo\\" problem, if 

\\"t' HI f' ~llffiCl(,llt 1~ fm flOlll t Il(' extrcllutlt'S of the nbratlllg ou t Cl cylillder, \\'(' find 

()lll~el\"('~ III tlll' ~ltuatlOll of tll(' two-dirnensional problem of Figurf ïA(a), tll(' end 

df(·('t~ not !)('111~ fpIt faI flOlll th(' extrcllllties. Thus, the pressur(' amplitude ~hould 

hl' th(' i>alll('. wlllcb It I~. at a lp\"el of shghtly more than 10. 111 1l0n-dimen1>ional 

ll11il~ Ali lllll)()ltant H'lllark Ü, that III ail of th(' prpscIlt figures the hncanzed and 

lIo11-llllt'ar \"l~("()I1'" ~ollltlOIlS ale llearly I)('lf('ctly supf'nmpof->cd 

FIglln' 8 Î pl('~ent~ resultf-> lll\"ol\'lllg the circumferelltml \"Cloclty component 

Il', at Re = IOO. ,~ = 5, alld fOl .r = 3D, f) = 45° Agalll. the agf('elllellt hetwecll 

t hl' two \"l~COll~ ~ol li t iOll~, IS \"ery good, as oppo~ed t 0 the potelltléll flo\\" resul ts 

which 

li5 



are different, although they represent rC'latin'ly \\'ell in an an:ragt' Sl'IlS(' the tlo", 

properties. 'Yc rcmalk in Figlllc 8. ï that thl' amphtudl' of t hl' Ho\\' wlocity I~ 

of OIdcr 0.1. whirh is ten t imcil sm aller t haH t hC' IlH'aU aXIal fIow n'lori t~· III illt' 

annulaI' rcgiol1 (t
T 

= 1). At.'i = 10 the aIllplitudl' of /l' i~ of 01<1('1 () 2. and 11l 

both cases \\'C' thus ~ee tha t t hiil ib wi t hin t he oJ(llllaril~' éH'('('pf<'d liulJ 1 ~ of a lllll'aJ 

flo\\' theory. (\Ye note in this chapteI, ru, wa:, the ra:-.c in thl' pre"i()lJ~ OUI'. Ihat 

the rcsults invoh'illg the radIal \'Clo('}t~· compouent l' élll' IH'n'r IHI's('nt('d, il." IIH' 

corresponding "cl 0 ci ty profiles do not han' the salJl(' intl'lI'st as 1 h()~(· fOI Il' l'Ill' 

radial gradi('nts, for example. aI'C' not a.'" PlOHOIllI('('d a."> fOi Il', who:-,(' amphllldi' ill 

mid-anllul u~ il'. SCCll to he rnuch gl'l:atel t han i ts a III ph 1 ud(' at t hl' 1Il0\'lIIg wall ) 

Figures 8.8 to 8.11 arc l'C'sults for p and Il' for calcldcl t 101l~ PPI fOi III ct! al 

Reynolds ll111ubel Re = 250. for t\\'o Slok('~ 11l1lllhel~ •. ~ = 1 () alld .~ = 20. aud fOI 

pOSItion in anl1ular 5pace l' = 9,93 and (J = ï 3°, fOi p. and 1 = 50 and () = --IGO 

fol' li'. It is sC'('n t ha t as th(' SIokes Hum bel' IS lIlcl'I'<l.,,>ed tlll' vi~(,oll:-' ~()11l 1 1()11~ alld 

the potential olle bccollle dosel togf'tlH'r, both iu term!'> of Ill(' amplit IH11' alld t 1H' 

phru,t> results, We sce again thal the amplitudes of Il' at s = 10 awl .c, = 2~) aI (' of 

the OIder of 0.1 and 0.2. 1CSI><'cti\'rly. 

FiguI'<> 8.12 is a plot of the axial "anat iOIl of pl ('~~lln', 1 akl'Il al 7 = 9.93 111 

the annular ~pacc. but al a dlfferent cllclIlllfelelltIaI po~itioll, IHUIlt'I,\ at () = 52.,j°, 

and the af;reel1lellt ~tlll gocs alollg th(' lilles of that in th(' J>rr'\ïOIl~ tiglll(,~ Abo. 

FigUie 8.13 IC'preseuts the clrclllllferentiai veloclty ('ompOIH'llt, Il'. takclI al ail az­

unuthal po~1tion (J = 45°, a.<, befol(" but at a diff('J('lIt aXIal pO~ltiol1 thall III 

I--lG 



1 
tIl(' I>IPVIOU~ figllf('~, namel:\' at .1' = 1. which is close to the upstream extremity 

of tll(' o~Clllatil1g outer PI)H'. TIH' r(,~l1lt~ in both Figur('~ 8.12 and 8.13 are for 

U,' = 2,)0, ~ = 2,). It I~ ~('('Il that. tilt' agn'('nH'llt !wtw('ell the differcnt methods is 

ql1alitatiwly il.'" I>('fol(' 

A COlllpéU I~on !wtwPPIl r('sldt~ obtaiJled on coa1'se allc l fine lIH'shes is prrseuted 

111 FIgllf('S 8.14 and 8.1,) fOl Rf' = 250, S = 25. and for computation~ perform('d 

wlth tlif' nOIl-l!rwar ~oll1tioll. It is f>ecn from those figurrs that the coarf,e mesh 

)>1'ovHlc-d a good l'(H,olutlIHl of the How solution as tlH' fine mesh resllltf, are almost 

)('rf(\ct Ir ~u pl'rilllpo~pd 011 t h(·Ill. hot h 11l t<'rm5 of the r('sul t~ im'oh'ing t Il<' prp~bure, 

p. and tl)(' \'('I(wity (·Olll)H)JH'llt. Il'. 

Fillally. in Figllle~ 8 16 and 8.1 ï tll(' reslllts are prcf,ented in a different mau-

11('1', nallH'ly aXial \'anatiolls III p and radial \'ariations in IL' are plotted for differcnt 

ill~tants \vit h1l1 t 11(' harmonie cycle. aft<'l' the solutioll had reaehed a penodic state. 

/1 2ïr Il 
t =­

.JJ 

1'01 t he' pn\~~lln' J'(\sul ts, and 

,) 
/1 .. 7r1l 

t =-. 

Il = 3.3, ï. 9.11 

Il = 5. ï.9.11.13 

fOl tht, J(\~ldb with li'. Gnly tilt' two \'ibCOIlS fiow solutlOnb arp pre5cIlted, llamrly 

t hl' lÏ1lt'aI iZl'd and non-liIH'ar OIH'b. and t IH' \'alucf, ChOb('Il for R (' alld .~ \\'(' n' 250 

aud :?5. 1('~I)('cti\'('I~'. It I~ !'>('{'Il that the' agn'PIllt'llt l~ good and ('OIlSI')tt'Ilt \vith the 

)>It'\'i()l1~ lt".,lllt~. which "'t'l'(' )Ht\CÎ!'><'ly ohtaÎlH'd b~' taklIl).!, tIw DFT of data ~l1('h a." 

Ih()~(' plottl\d 111 FÎglll('~ 8.16 and 8 17 111 tho~I' ngl1IP"'l. /' = 9.93. () = ï.j° for p. 

aud r = ~)O. " = -!5° for Il'. 

To condlldt, tht' n'!'>111t~ part of tills ~('ctÎOll. computation!'> \Vt'n' perfollued at 

Re = 100 and .~ = 80, which corresponds to a c~e for ",Iuch linear fiow theor\' 

l-!ï 



t IS no longer \'alid. ~ec (.g.2). Tht' l't'strlts an' PI('!'>('lIft'c\ ill Flglll('S 8 18 and S.l!)' 

and it is lllost surprifo.illg to ~('(' that !lO dl't<'l'iol'atioll 1Il tht' a).!, 1 ('t'llH' lit lH't\\'(,('1l tht· 

1l0n-lillt'éu' and linearizpd ,'iscons :-.oI1ltioll:-' i~ uotpd FlIllht'lllltlll'. tIlt' pOIe'lItl,11 

fio\\' r(,~lllts an' !Il bdtl'l' agn'l'llwlIt with tIlt' vi~c(lll~ ~()llItl()ll:-' than W:I!-> tht' l':I:-.t· 

at s = 10 01 .~ = ,j. the 1('!'>lIIh for which m'\(' }>1'<':-'('l1t('d in Figlllt':-. S ~ ,lnd 8 :L 

rcspcctiwly. \\'e Ilote flOlll Fignl'(' 8 19 that tIlt' ampIitndt' of \·t·l()cit~· l'OlllpOllt'lIt 

IL' i5 of the ordt'I of 1. in nOll-diuwllslOual [OrIll. wl11ch 1:-' cOlllparalll(· \\'11 Il 1 hl' 

IIlcan annulaI' finw vcloeity and pOlllt!'> ont 10 the faet thal \r(' 110 IOIl!!.(·! ha\t· ~lIlilll 

p('rtl1rhatlOll~ lB thl' tiow fidd TIlt' PIP:-.:-.1l1(' re~\llt:-. t'lO!ll Flg1llt' 8 18 ait· :-.t·"\1 !ltlt 

to ('xii))t a rl<'!>('ur!('IH'C' on tilt, tiO\\ diH,ctioll. a:-, \\":1:-' t Il!' (·a .... (· 111 t 1)1' IH(·\·lOlI:-.ligliIC· ... 

for lo\ver Stok('!'> llmulH'l:-'. 

~ow. to gin' élU I<!Pêl of th!' IWlforIllallc'(' of tll(' Illt'thod. Tahll':-' K 1 S:3 onl hUI' 

tht' COll\'f'I'g,('Il('1' aspl'ct!'. of thl' ('()l1lplltatioll:-' fIl ail th(· ('olu(lutat 1011'" of 1 hl:-' 

clW.pt('I, eael! harllloni(' cyd(· \Va'> r11\'iflt-d 111> iIlto }O 1111)(' :-.fc'p~. wll1<'11 ~a\t' il IllIIt· 

~tcp Size of.:lt = 2;r/10...:. In TabIP 8 1. Iht· data al(' fOl (·ol1lpllt.lllfllb p'·lf()lllIf·t\ 

\VIth tlH' llon-lllH'ar \'1S(,Ol1~ :-.olnlioll at RI' = :2.jO, ~ = ~.-l. HlId IIJI'.\' illt· C·'llllpdt·" 

for intcgratioll of the l'qnatiou:-. dllllllg tilt' fil"t IJaIIIlOlIll' (',\'1'11' (pf'llOdi('ll:- III 1 III' 

f:>olutioll was obtailled aft!'!' .j cyd('!'» Tht' II1l111I>PI of p:-'PIHlo-t 11ll(' :-,tt'p:-, n·qlll1t·d 1 () 

rom'erg(' at f'ach time le'vel j:., iudic·at('d. ,dong \\'Ith tllf' 1111 .... ','allll''> of Il)(' JC':-'Idll.d:-. 

at convrrgPllce: converg('ll('(' III p:-'l'lldo-tillH' wa.'" I!';\('hl'd \\'llI'll t Iw Illl:-' \'ah1l':-' "t 

the reslduab al! f(1I helow 10-" It i:-, '>C'I'II tlIat tlJl' n·:-'l1lt:-. ail' \'1'1\' good :t:, Ill!' 

number of pseudo-tnlle ~!('p~ 1.., of thl' onh of -10 

Tabh' 8 2 IJlC'..,ellt~ tht' ~alllC' data 1H'ltallllllg to tlll' ,>,(11)(, plOhll·lll. bill fOl 

(,oIllplltatlOll~ p('lforJw'd \Vith thl' hlH'alizl'd :'\a\ïf·I-Stok(·:-. "qllatloll'> .\gtllll.I!1I' 

perfOl'lllélu(,(' Î!'> ob~prv('d to bc' v<'ry good 1 C'gmdlllg Ill!' Hllml)!'l of IN'W!o-1 IIIIC' ,>1 ('p'" 

rcqmred to com'f'rge and advélw'p to a w'\'" tllW' l(·,·('1. Fiuall\', Tallll' :~.;~ \111''>('111'' 

rcsults ealculated with the lIon-lilH'aI ('ll'Iatioll~. bill thi:-. tlIll!' at R" ::: 1 00, .~ ::: I~{J. 
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fOI w hich ('a,',(' t lU' JH'It III bat 101l!'> lUe! Ij('pd hy t hl' oSClllatlllg cyliudf'r aff' no longf'f 

'>lIIalL !'>f'f' Figlllf' 8.10, ft I!'> !'>('('n that on till' average, th1'(,(, to four tllll('<' Illon' 

P!'>t'lIrlo-tllllf' !'>!('P!'> ail' n'qlllfl'd for ('OIl\'('rg('IICf', TIH' saIlle qllatltatlw 1(,~lllt~ aH' 

()htalllf'd wllf'll tlJ(' ('olllputatioll!'> an' peIforIw'd 'Vith the IIIH'anzcc! Vlf,COII" !'>olution, 

III aIl IllI' ('OUlplltalwlI!'> ))1 (''>('lItl'<1 !Il thl!'> ehaptl'I. thl' ('!'>tiIllat('~ (.j.lll and 

(;) 12) for tlw artlfiCial ('()lIlpn·!'>!'>lhilit~· Il and thl' PS(lUdo-tlIlll' stcp ~ï prowc! to 

IH' ilC('Urat«,. TIl(' Courant llulIlhN iIl (3.12) wa.., !'>y~t('lllatIcally dlOSPU tD 1)(' .ta. 

wlH'If'a.,> tll(' \'ahw )>ll'dictf'd for f, !Il (3 11) had to 1)(' con('ct('d hy thp factor 

0.2. l'x('('pt fOl tlH' l'OIlIputallOu!'> p«'lfol1l1Pd at the Illglj('1' Stokes Humlwl of 80 in 

Flglln'!'> 8 18 alld 8 10, cllld for the ('olltplltatlOu~ dalle wlthont Illeau axial tIo\\' 

wlonty, Figlll('!'> 8,) alld 8 G III thl!'> ('a."!' the valllt' of Il p1'edi('ted by (.j.ll) had to 

1)(' ('oIT('ctec! h~' factol!'> of orel"I 0 OG or 0 02. ill!'>tpad of 0.2. 
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8.2 Annular Flow Geometry with Backstep 

TIlf' .... 1'(·Il/ld W'oIIIf'II'V fOI wlllC'lI 1l1I1!11·ncall(· .... lIlt~ W('J(' ('Olllput('c!I!'> obtallH·d fwm 

F1).',lIlf·,I.) 1 1)\' 1 aklll).', li" = 1 TIl(' O1\tl'r cylillc!l'l'. of radill~ /'" = 10, III dilll('ll~lOll!('~.~ 

fOI Ill. I~ llIarl,· 1\p of 1 hlf'l' '1·('tIOU." t\''' hf.[Ol'(" "'!l('n' tlll' ('('utra! ~(·('tiOll is o~('illat('d 

wIll II' Iwo IIXf>d pOl tlOlJh aIf' hlt1\atl'd uphtn'ilm and do\\'uhtrf'am of it The l('ugth of 

IllI' ("'utral "1'('11011 I~ 1 = -Hl. wl)('n';\'''' tll(' fixed portlOn:-. haw !t'Ilgth~ 1" = Id = 20 

TIl(' fix(·d 1IIIII'r ('Vlllld('1 hi\.'~ radl11~ "I
u 

= 9 1Il IIi-> npi->tu'am !'>('ctiou. and radin:-. 

',,/ = 8 lU Ilh dO\\ïlhtlf'HIII :-,(·ct iOll , :\ stldc!(·u ('xpall:-'IOIl, or ba('k~tt'p. :-.itllatec! at 

1 = :?O. ddllllll~ 11lf' IWIl!-.itioll 1H't\\w'n tllf' 1"'0 part:-., Tilt' Ho\\' al the inld 

ha ...... llll'all \ïlhlf' C, or [' = 1 ill lIo11-dl1JH'Il:-.iollal fOl Ill. alld the 1l01l-dllll(,ll~iollal 

ga J> WI< 1 t h Il p:-.t If'alll 1:-' ('quai to 1 Tlw lloll-diuH'IlSionai paramt'teri-> w hich ha\"(' 

IlI't'u d .. tÎlH'd lU tlH' pn'\'ions :-'('clIOU are still \'alid ill the pre~('ut cai->I'. ",!tell' H 

alld C. ",Ilicll au'. n'hl)(·ctiwl~'. the' anllular gap \vldth aue! llH'aIl How "f'!ocity 

lIphtlf'<llll. h('I\'(' al> ('haract('l'lhtlc h'llgth and \'elocity The Reynoldh llumber and 

St()k('~ llllllll)('r arl' tlll1~ giwu b~' 

2H[' 
Rc= --. 

li 

The Illt'sh ou \\TllH h th(' ('quatiollh \\'ere solw'd ha.,> the following charaetl l'b­

tics. First of aIl. its layont. ill the radial directlOll is like the Olle which ib dt'picted 

in Figlll't, 4 1. pag(' 4;j, The minimulll mt'sh spaclllg llear the walb \vas :::',1) = 0 1. 

and 12 gl id pOlllts ~1>aIl1H·d the IadIal dÎlectioll III the dO\\Tustream bectioll (or 6 

gllCl I)()\llt~ n p~tI ('alll) .\~ for t he aXIal rlil'('ctioll. the gnd was abo like t hat of 

Fignn' 4.1 in tlw \'i('cillit~· ofthp stt'p. and tll<' ll1111iIll\lmlIle~h spacillg at the ~tq) 

\\,a~:::'.l = 0.2 TIH'Il. tht' gIÎd was stretched 1ll0Villg from the stpp in pithf'r the 

np:-.tn·(lm or d()wn~tn'alll direetiolls, to leach a maximum spacillg of :::,,1' = 1.9 at 

/' = 10 and .1' = 30 .\s \\'{' applOached eith('r extremities of the oscillating portion 
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1 
of the outt'r rylilld('r. tht' gIid w:\:-. ag,lin Illadl' tiW'1 10 Il'ach 1111' 111111111111111 :-.pa!'\Il,L'. 

of ~.r = 0.06 at .r = 0 and r = .. HL Finally. !!,lld ..... tn'tdllB~ \\'a~ 1111'\\':\:--I,d Ill\l\ III!.', 

tO\vard tlH' lllkt or ollth,t of th(' titlld dUlllèll1l. tn It':lrl! rl\l' 111.1\:111111111 :-.paclIlg I)/" 

~.l' = 3.2 at .1' = -20 and .1' = GO. 

Fig1lI'e~ 8.20 -8.25 gl\'(' alllplltudl' ,1Ild pb,I!'>I' l't'~lIlr~ 1'01 thl' P!(·~~\II('. l'. ,llltl 

circllIllf('f('ntml vclocity COIllpOIH'IIt. Il'. wlU'n' tht' plla:--(' i~ \\'Ith \t·~[H·I·t tl) thl' 

displaccml'nt of the osrillat ing ou ter ('~'1l1ld('r TIlt' pl't'~:-'lIl'1' 1 {,"III h ;\1(' a \ laI (lwti Il''' 

plotted for r = O.O-l and fJ = ï.3°, \vht'l't·a:-. tlH' rp:-'IIIt:-, for 1/' é\ll' ladl,tl (lwfill':-' 

Pll'~(,llt{'d for.1' = 23.3 and (} = 000 FI,L'.lllP:-' 8.20 aud ~:.n ait· fOl H/' = 100, ., .-- ,-, 

\\'hl'rl'a~ FigllIc!'> 8.22-823 aIt· for RI' = 2:JO . ., = 10 ,llld,~ = 20 ()III" rll«' 

\'i~cotls ~olution~ are plott('d It l~ :-,('('11 t hat III ,dl \·i\:-.l· ..... 1 Il\' agll'('lIwllt 111'1 \\('\'1\ 

the lillcariz('d theory and the fulllloll-lilH'ar llll<' i:-. <lgalll \,'I,\' good. '1'1)(' jl!(':-':-'lll l ' 

alllplitude 1:-' :-.('('11 tn "Ilddt'ul\' dtop at tll<' l':\.p:\11 .... lOll. \\ hich I~ (':\.pl:IIIII'<I I,\, th,' 

confinement which ht'COlll('~ larg('l. 

Flllally. Flgul't' 8.26 pl()t~ clxlal plOtik~ ofpn' ........ ll1t· lakl'Il 011 II\(' '01111'.\('(' (If tl/l' 

outpr cylincl('r, a.'> \\·(,n él..<' on tlH' :-'lllt'a('(' of thl' illl1P! (',\'hlld('! 'l'II<' ('Olllplll ill )1)11:-. 

are for tht' lillt'cuized \'iscolls solutiou at Rt' = 250, ~ = 20, aud fOI f) = ï ,j" 

\\'r cau conclndp from Figml' 8.26 that t hen' l~ !lO radial variallOH iu t Ilf' 1'11''':-'111 (' 

across the aUllular gap, as buth it5 êllllplitudt' and phasf' aIl' t IH' :-,alllt· ou t l\f' 111111'1 

and outt'r cylillder walls. There is 50111(' :-,mall dis('l'l'pa.l}!,)' ()lll~' ill t 1lf' Vi('C'llll! \' of 

the step. 

The choices of artificial (,Oll1pH's~ihilit.y, (l, and P~('lH!O- t illH' :-.tf'p, ~ T. fOI t Ill' 

computations of this ~ection were lllade in the salllt' III élll lH'I Hl'> iu tll<' pll'\'IOII'> 

section. Thus, the valucs predictf'd for h h\' (,j.11) W('1'<' (,Oln'ctt'd b~' a fa('tol of 

0.2, and a Courant Humber of .. 10 \vas CbO~(,ll li! (.).12) in oull'I' to ~l't tlH' p:-.t·udo. 

time 5tep. Furthermoll" the cOll\'erg<'llce charactcristi('~ w('n' in al! jloilll"> ~1I1111at 

to the results prescllted III Tables 8.1 and 8.2 in la.,>t ~ectioll, nalllt'!y tlll' 1l1l/ll1H'1 Ilf 
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P~( IIdO-llIJlI' ... tf·P'" 1 ('<jl111I'd fOl ('Oll\'('lg('IIC'(' at paeh n'al tilllt' 1('\'<'1 wa . .., of the order 

of ,li) to ,iO 
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Chapter 9 

FL UID-STRUCTURE 

INTERACTION AND 

STABILITY ANALYSIS IN 

THE TIME DOMAIN 

9 .1 Introduction 

In Chapters 3 to 8. a method for Îlltegratillg the ilH·olllpn'~~lhl,.' ~.!\"i('l-St()k(':-. ('qlla­

tions \Vas dewloped and applied to the ::,olutioll of \'Illiou:-. llu::,ll'adv tlow pro\'I('1I1:-' 

Forced-vibration numerÎcal computation!', \\'('1'1' pf'lfoIJllt'd a!'> tlH' 1I1OtlOl1 of ::,11I1f'­

tural boundaries which caused 11Ilstf'adilH's::, III IIll' tlow patt('lll wa.~ a."::'l1l1l1'd II) III' 

a knowIl, given funetion of time. B01\udary Illot lOU wa!'> pIt'''' 1 i l)I'd fOI ail t 11111'. 1'''1 

example in the form of harmonie variatIOll. 

\Ve have 5cen that the hOlllldary COll<litÎOll l'I'qlllI'"d tf) ::,oh'f' Ilw llll:-.I('ady 

flow equations was the velocity of the walb h()l\IHhll~ 1111' flllifi dO/llillll. lu 111f' 
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tiUlf'-di~('[Pt.lZ(·d fonu of tll(> ('(lllation~, the knowa wall w'!ocity at an élch'allccd 

1 ('v('l ,,,+1 i~ II'quirf'd aud illlposf'd él." a bOllndary condition !Il order to obtain 

and advanc(' tll(' who!" ~ollltioll tn t"+ 1 The solution i5 known at aIl previolls 

tiul«' I('wb fI.., k ~ n. TIlt' 1I1l~tf'ady, tilll('-df'pend<'nt flllid forc(' exerted ou the 

~tnJ('tlllal walb wa." cakuIaU'd for forccd-vibration ft'gillles. and consir,trd in the 

pr(,~~lIf(' aud \'i~cou!'> ~llI'ariIlg fol'ccs. \Vr t hus rrmark in this respect t hat the ftuid 

forcf' j:., il fuuctioll of tllI' velocity of the walls of the structure: given the wall 

vl'locit.y at an advtlw,('d tiuH' !e\'('L tll<' fluid cquations can he illtegrated np to 

that tiull' I('\'('I amI till'Il tlll' ftllid fon'(' can 1)(' calcnlatcd. (The fluid fOlel', fll+I, 

at t.i!lll· 11,\,('1 1"+ 1 dl'l)('IH!:i only OB the \'allleS of V,,+I and p"+I, not on valucs 

d(·tÏlH'd al. plf'\'ioll~ tiUH' levpb HO\,,'p\w in onkr to inteW'ate the fiuid "quations 

to advllnC'(' tn f"+ 1 and comput(' f"+ l, the ('valuation of the tim<, deri\'ative DV / Dt 

III thl' l'quat iOll:-' of !Ilot ion r('qlli('('~ t hat VII and VII- i he kno\vn, sel' Chapter 3.) 

III t hi~ chapt PI. w(' uow cOllsidl'r fillld-~ t rHetlll e mtel aet ion problem~ whereby 

th" lIlotiOIl of tlll' ~tIllctun' i~ lIot impo:-,ed. and cines not take plan' accol'ding to a 

l)l'('-dl,t('l'lllllll'd t illH' :-'(,C)1H'IlC(" hut i~ rat !H'l' allov.·('d to l'volve in accordance wi t h 

the> fOIC('~ actlllg on it, amI tlH'~(, are ftuid forccs. The latter are external forccs 

ddt'l'Il1111t'd as il fuudioll of the \'l'locity of tht' structural walls, w~~ich results in 

tll(' fiuid-~tl'11rtlll(' intNactioll. 

Tht' pro(,I't!llr(' that we adopt is thus the following one. Gi\'(~n a structure 

and fiuid finw ahout it, Wt' forc(' the structure into a small displacement ont of 

its ('<!1l1Iibrilllll positioll, and thrll ,,,'f' release it There are mechanical restoring 

and dalllpillg fol'(,(,~ which will aet ~o ru, to rcturn t h(' ~tructure to its cquilibrium 

po~itlOll. H()\\'('wr. a." it Ilndelgo('s di~plaeenlPnt toward eqllilibrium. fluid forces 

COlllP lllto pla~' and lIlay l'<'udt'r the ftuid-structure system ullstablp, 01' add more 

dampillg or ~tltfll(,~S to It. TIl(' tlllw-eyollltion of the displacemellt of the structure 

allow:. ilS to a:-.:-,('~s wlll,t hl'r t hl' system i~ st able or ll11stable. It is obt.ained by 
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intrgrating the l'qllatlOll of Illotioll of th(' ~tl'11('t11n' 11l1d('1' tht' COll1blll.'d lllt'c!tall1cal 

élIal fluid forces. IlS111P; in tht' pr,,"'.'nt l'a."'" a f01l1 th-orel.'1 nllIl!.~('-I"':l1tta ~clH'1I1t' 

9.2 Numerical Procedure 

Wc COIll'llrler a stmct ure having onp dt'gl'l,t' of fn't'dom. i(t) \\' hll'h I~ 1 h cl I~pla ... '-

mrnt. a fllnction of tiulP. It ha..., Illa~s JI. llH'chauical daIllpIIlg and :-.t it!'IIP~:-' (' 

and [{. rcsp(>ctl\'rly. and if, :-'lIbJ('c!t'd to au l'xt('I'llal thl111 fol't'(" f'{,). \\ IlII'h I~ il 

fllnctioll of yPiocity. i(t) . . -\:-. Il:-'1Ii\1 harn'cl qnê\ut:til':-' .11(' dilllt'lI:-'lOlIal. 11011-1,,11 Il'd 

ones llOll-diI1lell~ional Thl' l'qua t 1011 of lllot 1011 of tilt' :-.t Illet 111 (' 1:-' t 111I:-' 

(!) 1 ) 

WhEn appropnate charactl'ristic kngth. H. of ..,tf\wt111P. alld \('I(wit\. ('. of t1nlli 

are dlO:-,cn to 1l01l-diIl1en~l<)llaE l' (0.1). it (';:Il 1)(' put III 11lt' fmlll 

where the non-dimensional fn>qllcllcy . .v'". rpc!llcpd dalllpiug. é.. aucl uOil-diIlJ('II!->I( III a 1 

mass. a. are defined as 

pH·1 
(1 =--

JI 

with p being the ftllid density. Thp nou-dinu'u:-.ional ti11id fon'(' i:-. Ihu!-> F((). aut! 

wc [('mark in (9.2) that f i~ a fllIlction of f and f 

:'\OW, in order to illtegratp (0.2) \V(' :-'IIPP0!->(' Ihal W(I an' al tinl<' 11'\'1'1 fil. 

where aIl the q1lélIltiti('~ i1ec('s:-,ary tn (k:-,cril)(' tllf' lJlotlOlJ of tilt' :-,tI1Wtlllt' ;L1t' 

knowIl. These are its displaeement. fil. v('10('1ty. f'l, and iu'C'!'\f'ratiolJ. 1"1, <1,,"> wl'l1 il.'" 

the fluid forc('s acting on it. F(i'l) == Fll. \VI' Ilot!' t\Jat F" i!-> III ad!' il flll1l'tlOlI of 
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1 

tlll' vl'locity of th" ~trll('tun·. according tn the n'markb made in the introduction. 

lu faet, ail t ItOf,(' quallliti('~ an' known at the prc\'ioll~ time levels. tk • k :5 n, and 

uow Wp waut 10 adnu)('(' to t'I+I. 

T, = ffl X, = (ri FI = (n .-1 1 = ((XI. ~rr) 

T, = t 11 + '::"1 
~ 2 \" - f" + '::"IF - 2 - T 1 l/ n + '::"1 -\ 2 = ( T- 1 A2 = i(X2 , \/2) 

T = tri + '::"1 .1 :.! 
\" ri '::"1," • '1 = ( + - ., . 2 -

1" - (" + '::"1 -\ :J- T' 2 Aa = i(X3 , VJ ) 

TI = tri + ~t .\.1 = (Il + ~t' ~I '"1 = f'l + ~t.4a A, = i(Xt. '"d j 

Tabl(' !) l' HIlIl~I'-Klltta !-'chl'IIH' applied to thl' llltegration of th(' t'quatioL of th ' 

Thl' RUllge-Kutta ~('IJ('IlW IS th(,Il th(' -!-step proredur(' \vhich is ilillstrated 

III Tallh' 91 [351. whl'II' th,' qllalltitips X,. 1:. A,. 1 = 1. .... -1. are variablef, 

of di:-.plan'Illl'nt. \'1'1()<'Ît~ and éH'('('kratlOIl. l"('<;pectÏ\ ly. After they haye been 

ohl HIIlt'd hy IIH'é\U!-' of IIH' pI<)('('f,f, out liIH'd 1Il Table 9.1. w(' a(h'ancc to t ime level 

f" t' Cl." fo Il OWf, : 

(n + ~t (\/1 + 2~2 + 2VJ + \~d 

~t 
= (ri + (3 (Al + 2.42 + 2.4:1 + A,d 

(',1+1 = -2' c ..;rt+1 _ .2 c,,+1 + CTFn+1 
"",,,1.," ""u" • 

(9A) 

(9.5) 

(9.6) 

(9.ï) 

\\,p set' tlIat the tirst liut' in Table 9.1 is simply an initialization step in which 

t ht' varia blt's XI. '"1. and A 1 arc set ta the known vaines (ri. jn and ('n, respectively. 
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The s{'('onrl stl'p. lint' 2 in Tahlt, 9.1. proJI'ct!'> tht' solution tn a11 intl'nlll'diatt' 

tinw lcyel t,,+1/2. and in tht' st'l'ond and tlmd ('oltlIllll~ . .\'2 and \'2 ,ln' l'.u,dy 

determiued, OUllce \ 2 is obtalIll'd. tlH' l'<[uations of HtIld IllOtlOIl (',Ill ht' lIltt'~l',l!t'd 

up ta that tilll(, }('wl t ll + I /'2, b~' imposlIlj!; \ 2 Cl!'> houudary conditIOn. and tht' IItlld 

force at t,+I/'2 cau be det(,lalÏnt'(1. Thi~ III t1llU aliows for clllctllatillg..\'2 hy IlIt'all~ 

of (9 2). 

The thinl ~tcp in Table 9.1 pro('('I'd~ ill ('xactl~' tl\l' ~alllt' lIIanlll'l' a:-. th(' 

second one, ah is the case for the fourt 11 ~t('p. px('Ppt t hat III t lu: .. r01ll'1 Il ~t ('P t Ill' 

solution project~ !tsp!f at timt' Tl = t" + ~t. not at f" + ~f /'l.. Fillall\'. aft t'I f" t 1 

and fll+ 1 ha\"(' IW(,1l obt aillcd from ('(l'la t Itlll~ (!:lA) and (D.:'». t hl' fi 11 id fOI ('(' F" t 1 

cau be compllt('d br intf'grating thl' thud ('qllatioll~ HP to till\(' It'wl f,,+I. aft('1 

imposing (11+1 as houndary cOIHhtlOll. Thl'Il f1l+1 is ohtall1t'd h~' 1\I1'al\~ of (D i). 

and the pro('('rlnr(' can 1)(' repl'atl'd tn ad\'éllH'(' to a11')tl1('r tlllll' 1('\'1'1 

SOllle additional pn'('i~lOll~ will no\\' 1)(' gi\"I'1l at t bis pOlllt. Thl' t IIlIc' ~tf'p. 

~t. i~ chosell to 1)(' ('qnal to a fractlOll of tilt' llatlllal\)('IlIHI. T" = 'l."/.;..:". of tlll' 

system. sllch a:, 

1 21l' 
T,,=-\.-, . ' .,.)" 

(!) 8) 

where N is an illteger which is of the orcier of 10 OI Illon'. Abo, ~tl'p:' 2 alld :~ 

in Table 9.1 requin> that the ftuid cqllatil)Jls be intl'gratC'd l1P tu t Ill' illtl'lIllI'dlat (' 

time le\"el t"+1/2 = trI + ~t/2. In that cas(" Wf' don'!. 1l~(' tlll' tlIlII'-ddfl'l'f'l)('lIlg 

scheme (3...1), but illstead the followillg olle. 

8 V"+1/2 - 9 V" + V,,-l 
----------- + G,,-t-I/:! = 0 , 

3 ~t 

\vhich tS also a thrCf'-btep. sccolld ordt'r tinH'-ltc(,llrat(' ~dH'Illf', wnttl'll thi:-. tlllll' 111 

terms of the -.. elocity at time le\"els t,I-I. t" and t n +l l'2. ill~t('ad of HH' \'l'}!witv al 
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tinlf' !('vd~ f,,-l. 1" anl 1"+1 EquatlOll (0.9) can he ff'writtcn as 

wlWf(' 

0= 

V"+1/2 + (1 Gn + I / 2 = F n , 

3 
- ~f 8 . 

(9.10) 

\Vhl'Il (9.10) I~ élugmclllcd wlth tll(' conlillluty cquation written at t"+ 1/ 2• namel)' 

\7 . V"+1/2 = O. t hf'Il a ~d of ('qllatiol1~ like (3.G) and (3.i) is obtained. which is 

~ol\'('d in tlll' "allH' Illélllller fOI th(' quantities V"+1/2 and p"+1/2, instead of the 

qllalllll)('~ V" Il and p"+I. Titus. accOldl11g to Ill(' notatlOll of Cllapter 3, in ~f(ler 

to :-,ol\'(' t !Jo:-,{' ('qnati()l1s wc lIC('Ù to Impose as boulldélr~' condition the known 

wall V{'1()('lt~, V::+I;~. wluch is given in Table 9.1 by \2 and \'3. in steps 2 and 3 

f(·~I)(·ct]v('I~. SI('!> -1 III Table !U, and thc tinal updatlllg of the solutIOIl. t'quation 

(9 i), which hoth proj!'ct tilt' solutioll at t n + ~t. can U5(' th(' tnne differencing 

~dJ('lll(' (3 -1 ) 

III OId(·] to pfm'Id(' &lutlal conditlOns to start the whole nUIllClical procedure, 

the f()l1()\\'.tlg:-.llél\(·g~ ha. ... beel1 adopted. At tIJlle~ t l and t2 , we sct dt l ) = ((t2 ) = 

(", ",hl'I(' t" I~ a :-,mall (h~pla('ellJ('llt of the structure, out of it~ ('quihbnuIll posltIOIl 

TIH' ot!wr qllalltltH'~, lIalllc}y \'l'loClty. a('('f'}('ratlOll alld ftllld forcl'. ar(' ail ('qua} to 

Zt'W. Tht' ~trllct\lr(' l!-> Ih\l~ at rrst for the tirst two tllllC ~teps and the ftUid ftow 

abOlit il willlH' tll(' (,Oll(,f,poudinl!; f,teady state flO\\ pattt'rI!. TIH'n the structure 

1"- 1<" go of. and tlIllt' Illtq!;ratlOn I~ st,uted \Yr rpmark that by imposing illltial 

(,()Il(htlOlI~ fOI t\\() 11 li 1 lai tl1lH' I<'w·b. the thre('-It'\'cl ~chemcf, (34) aIld (99) call 

1)(' Il:-,pd to Illtl'/-!;ratt· tht' ftuid pquatlOllS for t Ti
• 11 > 2. Abo. in \'lCW of th!' ~mall 

< l!:-.pl aC('1l1 l'Il t wInch I~ impost'd a .... a bOllndary COlldIt 1011 to the st ruct ure. the r,tead \' 

llll',U! th", wlllch l'Xl:-,t!-> mit Jall~ !>l'fore releaslllg t ht' struct ure 1~ takell t 0 br the 

~alllt' a .... that \\'111ch exi~l!" III thl' eqUlhbnum position of the structure. for ( = 0 
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9.3 Numerical Results 

9.3.1 F~uid-structure interaction in 2D annular geonletry 

Here \\"(' tn'at the plohIpl11 that was first discw.,~{'d iu S('etioll ï 4. :-,('(' Fig1lIt' ï.l 

page 108. TIll' t\\'o ('~'Illldelf, arc infillitl' in ('xtl'nt and of ('nIl~t a1l t ('J'o~:-,-:-.('d iOIl. 

having inllcr radius l', and ollter radius ra. lu th{'ir t'qllililnil1lll positiou. tht'~' 

are coneentne \vi t h raeh other and the out('I ('ylmd('r ha!-i <HW dt'p,n't' of 1'1 ('t'dOlll 

in lateral displaecment. as its axis a!way~ n'mains pma!h'! Wlt h t Il(' ilXI'> of ,1 ... 

fixed illI1er cyllllder. \\'c dellott-' hy f(f) thf' dif->pla('('Il)('ut of tilt' 01ltl'l' ('~'hndf'l' 

axis. \\Oe saw in ('hapter ï that in tlll~ ca~{' the' dyllHlIIl<':-' of t.11t' tll\Id I\lot iou III 

t he annulaI' flpace is indepcndent of ally axial now whl<'h lIlay 1)(' pn':-'l'lIt t IWIl'. 

and tIll'PE' methods of soIn tioll for tIlt' illtegrat ion of t hl' tiow 1'C(llat 101l~ ha.,,(' l )l'l'II 

The outpr cylindt'r. of 1I1«.<"S 11/. I~ a~:-'lllll('d to 1)(' lI':-.trallll'<I h.\' il :-'pl iug J. 

and dashpot (', wherc lowerc<lf,e Iettt'rs indicat(' qllalltiti('~ ddint'd 1)('1' uuit ll'ugt li 

In that cast' the fiuid force. r. pel' unit !pngth at timt' 1(,\'f'1 f" J~ p,i\'f'u h~' (ï ·ID) 

\vhen the Ollf'- or two-harmonie ~ollltlOll~ an' ChO~(,ll. il.'; d(,~('l'il)('d in Chapt('r ï. 

or by (ï...18) \VIWIl the full non-l inear :'-J étvipr-Stokes ('qualiolls art' n'hO! \'('d. TIlt' 

boundary condItIons for the flllid ",OllltiollS are giveu hy (ï.lG) alld (i.li) \VIH'1l 

the non-lincar eqllations ar<> l1scd. and by (ï.2i) and (ï.28) for tlH' OIH'- and !.wo-

harmonie sollltioll5. In both cases, they arc expre~sed il1 tellll~ of tlt«' wlo('it,y of 

thp outer cylinder axis. f.. which is consistent with th .. approa('h adofJtt'd in !.III' 

previous section of this chapter. 

To non-dlIllensionalizc t.he eqllatioll~ we cl!o()!->e il." chm ilrt,Ni,,>tH' j('l1gt li. Il. 

thE' annulaI' gap widdl, and as charactt'ristic \'t'!ocity. nT! H, wl1('n' 0" 1!-> t Iw 

dimcnsional nat.ural frequcncy of the in vacuo ma.,,~-spriIlg ~yStf·II1. d .. fiIlf'd hy 
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l 

n'l = Jk/11l. The Rcynoldf> Humber in the ftuid t'quations is thus given by 

Re = nn
H2 

, 
lJ 

(9.11) 

when' lJ if> the fluid kincmatic \'lscosity l\'ow, wc have secn 1Il Section 7.4 that the 

fluid force on dl(' o~dllating outel cylindcr a.<; dcterl11ined by either of the three 

lllP.tllmb of S('ctioll!-o 7.1, ï 2 or 7.3, is csscntially the saille for each of these methods. 

\Vf' t'lf'ct, to l)('lfofm th<, nUlIlcrical examples of this section, to be presented shortly, 

IIsing tlH' two-harmol1lc solution of ScctlOn 7.3. Given the choice of characteristic 

lcngth alld vcloeity that w~ made, the equat.ion of motion of the out.er cylinder 

I)('con)('!-o, cf. cCJuation (9.2), 

(9.12) 

wh('J'{' the lIou-dimcllsional frequeney, w", redueed damping, {, and non-dimensional 

Illa.c.,f>, (1, il! (' givcn by 

c 
{= 2Jkm ' 

pH2 
(1=--, 

m 
(9.13) 

and whrre tll<' ftuid fore(> pel' unit length, J, is givell by (7.49). Now, in the 

mm pu ta t 1OI1~ the 1 ('d uccd dam ping, C was taken equal to zero in order not to 

mt l'OellI('t· Illechalllcal damping, and hence in order to clearly identify the ftuid 

damplIIg 

As lIlittal conditions, we took fo = 0.1, in non-dimensional units (whieh 

correspomb to il small displacement amplitude), and wc chose ~t = 21T'f19. The 

g(lolllt'try t hat \\'(' consideree! hac! nOll-dimensional outer cylinder radIUS r 0 = 10 

TIl<' unit of tll1H' choscll for the figures prescnted in this scction, as well as in the 

next Sf'ctlOll. l!-o thr natural pcrioc!. TI!' of the system, which Isequal to Tn = 27r/wn • 
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1 
Figure 9.1(a) presents results for tlH' time {'rolution of ((t), tltt' displac('lllt'llt 

of the outer Cylillder, at three diffcrent Rt'YllOlds numb{'rb. rù, !->('(' that at a n'I"Y . . . 
low Reynolds number, Re = 2, Vihcosity dOlllmatt'h tl1(' hol1ltion alld tht' cyhudt'I . . 
motion is highly damp<,d as no oscillations an' plPbellt. the cylim\('! lh rapldly 

brought ta its equilihrium positiou, f = (J. Ah tlH' R<'j'llOldf-> lllIlU!>('! llICH'aM':-'. 

Re = 200 and Re = 20000, obcillations appear, ami t he hi~ll('! t h(' H('j'Iloldh 

number the more the "iscous solution appIOachch tlH' poteutial How h()\utioll. TIlt' 

latter has also been plotted in Figure 9.1(a): il ha.,,> b('('11 obtailH'd h~' llH'aUS of 

linearized potelltial flow theory, WlllCh Ü, outhlled III App<,uclix D, alld \\C' h('(' Ilia! 

there is no damping present in the potential solution, a." expccted 

The yalue of (J in (9.12) has becn s<,lccted under the followlll~ ~lIIdaJlC(·. 

Linearized potential flaw theory permits the detcrminat ion of Ua' luhl('d Ill;\'''S ppr 

unit length, (Jm, for the present geometry [38], wluch we wnt<' 111 dllll('llbIOIlI(,s:-, 

farm as 

pH2 1 h2 - 1 
(Jm = ma = 11T~ b2 + 1 ' (914) 

where ma is the dimensiollal added mass and b = To /l·,. Aetually, l1". if-> ill\,(,lh('l~' 

proportional to the added mass. Wc thc11 hav(' that the ratio 

m 
(a 10) 

is equal ta the ratIO of structural mass to tluid-added ma.'>b. TIl<' val \1(' of (1 III (!J.12) 

was then chosen to be equal to 

(Jm 
(J =-

1 
~ , 

.0 
WIG) 

which corresponds to a structural mass which b 1 5 tllllt'b lar~el t hall t IH' fluid­

added mass determined by potelltial flow theory 
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1 
The emve d<'pieting the potential HO\",' results in Figure 9.1 (a) bas been com­

puted by solviug the pquatiolJ of the structure (9.12), in whieh the fiuid force f was 

d(~termilled by liuearized po· _J'tial How thcory, Potential fio'\\' theory ean actually 

b(' u~ed in th(' present case to test the accuracy of the fourth-order Runge-Kutta 

:-,chcJllp l1~ed to integratc thp equatlOn of th<, vibrating cylinder, and can thus 

plovidp a 1 ('fen'lI('c for yahdating the procedure ddopted for the fluid-structure 

interaction problcm~), 

Iud('ed, it i~ cas)' to show for the problem at. hand that the only Huid force 

pH'~cnt from tl1(' pomt of view of potential theory cornes from the presence of 

th(' add('d ma.<;:-" whieh is given analytically by (9.14), Hence the equation of the 

structure ean b(' pnt in t.hp following closed form, 

(1 + ;:) i( t) + €( t) = 0 , (9.17) 

which has an analytic solution, This analytic solution is plotted in Figure 9.1(b), 

alollg \Vith th(' solution obtained from the fiuid-structure integration of (9.12), in 

wInch thc' flmd foree, f, is dt'termined by linearized potential fiow theory. The 

ratio (T / (Tm IS 1/1.5 It is st>~n that the agreement is very good, which provides 

fOl ,'ahdatlllg the u~p of tlw Runge-Kutta method in Huid-strueture interaction 

stlldie~, 
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Figure 9.1: Time evolution of cylinder displaccmcllt. (a) Comparü,ol1 of t IH' pott'Il­

Ual f10w solution with viscous flow solutions computed for thI'f'C different. ReYIlold~ 

numbers; (b) comparison of numerical and analytical potential flow soll\ti()I1~. 
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9.3.2 Fluid-structure interaction in 3D annular geometry 

The g('olllf'try that wc IlfJW eonsid<>r has h('en detailed in Section 8.1. see Figure 8.1 

pagf' 130. It )!, iL Iluiform annular geometry made up of a fixed inner cylinder 

('ol1<'f'ntrie with an ollt('r tulw the central portioll of which is free to vibrate in 

lat(~ral lllot.ioll. Two fixed end:; thus terminate the outer tube and the vihrating 

cf'lltral portioll, of mass .\1, i~ rCf.traincd hy a spring l\ and dashpot C. :'.s in 

S('ction 8.1, the eqllatiolls are non-ùimensionalized by chosing H, the annular gap 

width, to he the eharactcristic lcngth, and the characteristic velocity is [J, the 

Illean flow vdodty in the annulaI' region. The equation of motion of the structure 

is t.hllS (0.2), ill which the llo11-dinwnsiollal frequc.'llcy, W n , reduced damping, ç, and 

lloll-diIlH'1l5ional mél.<,s, a, are givell by (9.3) 

Thp tluid force pcr unit length at time t n for that problem is still given 

b~' (ï..19) wlH'1l the liIlt'arizcd t hH'<,-dimensional viscous solution prcsented in Sec­

tioll GA is dlO!'I'Il, and tll(' total force, Fn = F(in), in (9.2) is found by integrat­

ing (i.·W) 0\'1'1' t.llt' vilnatlllg portion of the outer tube. The Reynolds number 

appf'aring in the equations of fluid motion is given by (8.1). 

If we eonsider potential flow theory, the equation of motion of the oscillatillg 

out(>r eylindpl' can be written in the form [3i] 

(9.18) 

where '12, (jl and '10 are the non-dimensional added mass, added damping and 

addcd stiffIl<'SS, rcspectiv<'ly. They are gi\'en by 

(9.19) 

wh(>re JIu, C, and Ka arc tht.' dimensional added mass, added damping and added 

st. iffnt'ss. Preliminary computations have permitted to determine the following 
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values for those parameters: q2 = 2ïO ijO, (jl = 0, (jo = -320. Till' po:-.:-.ihilit~· of 

an instability of the system by divergelH'(' is illdicated hy t II(' pH'M'lle(' of a 1H'!!.atlw 

added stiffness. In that case, it can he ShO\\'1l t hat d l\'('IW'II<'t' ()('C\II:-. \\' IWII 

(9 :?O) 

which, it is to 1)(' str<.'ssed, i~ "alid ac('ordlllg to t Il(' pott'Ilt ial flo\\' él..":-' Il III pt 1011 

'\ie remark that viscous flow computatiol1~ llllgh! n'suit 111 ail actl1al adckeJ IIIm .. :-. 

which is slightly larger than 2iO ï50 [3G] , ('s})('C'Jally at lo\\' nbJatlO1l fll'qll('W'Y 

(km,' Stokes number); fllrthermOl e, the \'if,cOUS soll1t iOll will lllo~t hk('ly IIlt lOci \ ICI' 

positive damping and may alsD lllodify tl\(' addpd ~t Ifw'ss é\..<; COIII pan'd lot Il(' 

potential flow value. 

Figure 9.2 preseuts time evolutioll sollltiollf> for tl}(' (h~placl'lIl(,llt of Ill(' VI­

brating outer cylinder, where the vi~(,ollf> flow reslIlt!-. hm'(' 1)('('11 c'ompllted 1I~1I1g 

the linearized one-harmonic solutioll of Sectioll G 4, I11H'iU iZl'd »01('11 t ial flow 1('­

sults are also mcluded. Slllce we ha\'(' aq2 = J/,J"/, thC' ,'altI<' of (1 III (!) 2) \Va .. " 

chosen in such a way as to have a structural Illél..'>S wl1lch I~ 1 [) tlll)(,~ lall~f'l thau t IH' 

fluid-added mass determmed by potelltial flow theory, nélll1<'ly (T = l/(] ;) x 'l'.!). 

The computations of Figure 9.2 are for a ReYllold~ 1111 III 1)(' 1 R,' of 2!)(), aud dif­

ferent values of !..v'n welC ChO!iell, namel\' """1 = 01 III Flgllrf' !) 2(aJ ami (.J" = 1 

in Figure 9 2( b). For an annular g('omrt r~ of g)\'('11 dllll('Il~lOlI!->, (1.'" wl'II il." for a 

givell ma..%, .. \J, of the oscillatlllg cylilldcr, tlll~ ('one!-.polld.., to il !->y~t{'111 111 wll1ch 

the sprillg stifflless I{ is challg('d f->O a...., to corr<'spolldlllglv Illodify "",'.. \\'1' ~f'{' 

from Figure 9.2 that for a stiff system. ""'II = 1. tl)(' \'I!->(,()I1~ !->OlutlOlI I~ lIol ft.'" 

highly dalllped as for a system wluch ha .. .., le~!-> ngldlty, !..v'" = () 1 III bol Il Cil.."('!->. 

the potentlal solution has no attclluatlOlllll the élmplItuejp of tl)(' d l!-> P 1<1('('11 I!'ll 1 , <1.." 

expected. 
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1 Now, in Figurc !) 3 ~U1aller valuc!' of Wn wcre chŒen, namely Wn = 0.03 in 

Figul(' 9.3(a), aud Wu = 0.01 iu Figure 93(b): the Reynolds number was also 

Rf' = 2.50. Th(! nitiral vaIlle of "",'n for divergence is 0.028. a..., predicted by (9.20). 

and it IS ~f'l'n that I>oth tlH' potcntial and \'iscous solutions in Figure D.3(a) do not 

diwlgl', <1." WH = 003 > 0.028. However. in Figure 9.3(b) diwrgence occurs for 

both solut.ions, when' we ha\'(' Wn = 0.01 < 0 028 Potential flow has thus providrd 

a good estimate for tht' onset of illstability, which is determined more precisely by 

t h(' vbcous fiow COIllput ations a. .. the latter represent 1110re realistically the fiuid 

ftow JH'havior 

To lctil)(' the pr('dictioll!'l, computations wele also performed at W n = 0.02. 

for Re = 250. and the results arc prescnted in Figure 9...l. It is seen that. as 

pxpeeted, divergence occur5 in the potential flO\v results, whereas the viscOllS fiow 

(~akulations pxhibit a rather "ITatie beha\'ior. probably indicative of the transition 

to im,tahi lity. 
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9.4 Discussion 

TIU' IIl1't hoc! l'XIHltllldl'd III t hi!'> dwptl'r for t hl' !'>tlldy of HlIld-COllph'd !'>tru('tural ~ys­

t,':u~ llIak,,!'> poc.,:-,ibl,· t Ill' U:-'I' of llUIllI'!'icalll1et hods dl'signl'd to sol\"(' How probl('m~ 

III ~ll('h ft wa\' a!-l to )Hl'di('t tIlt' :-,tructural !'>tability of complicat('d fiuid-:-.tructllrp 

:-,y~tl'llI:-'. 

TIll' 1 f'adl'r lIlight Ilot ha\'(' féllIed to lIot!e!' t hat WI' ha\"(' J)f'I'II ('ardu 1 III 

alway:-, :-'l'll'ctlIlg a !'>tIU('t1lltd lIlél...,!'> which was large!' thall tlH' fillid-addt'd 1l1a:'~. 

TIll' f('él.c.,OIl J!'> t hat \\ IWH t hl' H Illd-add('d mass b('('OIll('S largpr t hall t li(' !'>l ruet liraI 

lIlél."'~. tlH' 1lll'tllOd a~ ~('t 11P III tlll:-' "haptt-r faib TIll' :-.ollltion diwrgt'!'> illlllH'diateh' 

and tlH' dl:-.pla(,(·lllI'llt of tlll' :-.trul'tlll'(' lapidIy tl'wb toward lllfilllt~'. SOIll(' \\'ay~ 

to circulll\'('ut t hat prohll'Ill have h('('ll d('\'ised [3D, ·!Dl. but more !'>tudy lllay })(' 

Ill','('~~al~' J)t'foJ l' a :-,olu t IOU JS p:-.tabli:-.herl ou il ,",ouml t lll'Ol'l,t lC'al aud ph \':-.ical hél.'·;j~ 

.-\t t hi!'> pOlllt, \V(' will ad\,illl("(' il f(,\\, !'f'a!"OIlS tn {'xplain t hl' ()(,('llH'Ij('(' of t hl' pl ohlt'Ill. 

whJ('h :-.holll<l IHO\'Jde :-'llIlH' gllJdau('{' toward it::, ~ollltioll. 

Fil~t of aIl. \\'1' Ilote that likl' any oth('r ~('h('llH' dc\'is"d to llltl'gratl' OIdlllary 

ditfpl"f'lltial ('q11atioll~, the Rung('-I\utta ~ch(,llw is llH'allt to perform tht· followillg 

ta . ..,k. \V(' ha\'(' a fllllction, f(t), whirh ol)('ys the differential equation 

f(t) = y(t, f) , (D,21 ) 

and w(' waut to :-.ol\'(' (D.21) to ohtain th(' time e\'olutioll of dt). The important faet 

ahollt [J(t, d i~ that it is preeisf'ly a fllnctioll of t and f, and not also of f. ~umerical 

S('h('IlH'~ lik(· fO\ll't h-OI dt'r R IInge-Ku tt a arp d('ri\'cd un<ler t hose aS~1l1ll ptions on 

!l(t,f). 

111 Huid-~t ruet ure intt'radioll prohlt'Ills the fiuid foret' is a functioll of the 

displac(,Jllt'ut, \'(·loClty and accl'!cratioll of the structure, and this n'sults in the 

app('arauce of add('d ~titflless, add('d dampillg and added mass. In eqnation (9,2). 
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wc haw' illdlcated that tlll' fltlld fOI et' l~ a fuuctioll of tht' ,'('loctt~,. wlllch If l~. frolll 

the point of YÎt'\\' of t h(' nllIllel lCalmrt hocl alld for 1l11Jl()~lIlg bOlllldary COII<l!t ÎOll:-' t l) 

801\'(' the fio\\' probkm lu that r('~Jlt'('t. tilt' cquatlOll of dit' ... tnH'tuIt' wa:-llllt'glatl'd 

\'ery suec{':-,sfllll~' III t ht' 1)J'('\'iotl~ ~('('t 1011:-'. a t It'a.',t fOI t hl' ra t 10:-' of tlllld-add('d Illa ....... 

to structural ma~s cho~en 

How('\,er. III tll<' solnng of t ht' f1l1ld ('qllali()ll~, il 1 lIlU' dt'lI\'at 1\'(' of t hl' \'t'I()('JI~' 

\'ertor IS c\'alllatpd nunlf'rically, and tll1:-' actually tlau:-.Ial('~ iuln ail ac('('I('laIIOIl 

tefIll which r('flpct:-. the add('d mass dr(lct The flllid for('t' t hll'. ha:- a "il 1<1<1('11" 

acceleratlOu-dcpeudellt compolH'ut. aud :-.iuc(' t h(' ~Ollll 1011 of 1 lit' :-'{'('Ollt!-Ol d,,) 01-

dmary diffpl'ent laI ('quat IOU of t h(' ~t 1Il<'1 III (' ):-. dOllf' h~' WlI 1 Illg 1 t clOWII 111 1 ('IIl\~ 

of two first -ordN pquat iO!H-,. a Sc!H'IlH' d(,"I~(ld t () sol\'(' a fhlld-~t l'Iwl III (' Illt ('1 a('1 \( 1I1 

problcm might 11(1\'(' to he den\'cd b~' cOlli-lidellllg frolll t Ill' out:-.{,t t 1\1' l'qua 11011 

f( t) = g(t. f, f) , 

wherp g(t.Cf) l~ aiso a fUllCtlOIl of(. \'e"erlhel('~:-..It 1:-' of 1II1('u'~1 10 nOIH'{' Ihal 

tltt' plebcllt !',chcme plO\'e~ "('IY accurate ill :,ol\'lllg titI' fltlld-~trucllIrt' ('quallou:--. 

a. ... long a.<; the flllld-addf'd 11111 .... :-. rf'llIalIl~ 8mal!('r than tilt' ... t II\(' t lirai lI1a .... ~ Titi.., 

ha. ... beCll Illade rlear III t Il<' pJ(l\'IOIlS SPctlOlli-I. 

The t ackllIlg of tlH' plOblem hy Illl'all~ of a ~c1H'Il\(, ba .... f'd 011 W 22) Hl\ghl plO\'t' 

to be sim ply il1lpo~f..i ble from a t IwO!'ptlCal pOlllt of \'I!'\\' 01 IH'I appJ()adlf'~ 1I1l1-\1t1 

be needed to sol\'(' probleIllf.. 111 wll/ch lalg" add('d lI1a .... :-, 1:-' plf'~('lIt. fOI f'Xalllplt' 

lI1\'est igat 10U of ~dlcIlle~ adapt ('d flOlll tlH' :-,u b-:-. t 1 urt Il nllg lIl('t llOd 1l ... "t! Il! 1111' 

fi III te clement allalysi~ of larw' structule:-- [38]1I11ght plO\'1' :--Il('('f'~:-.flll Fllwll\'. II I~ 

to be remal ked t hat the failillg of t})(' l11('t hod a. ... t Ill' addl'eJ IlIa ....... 1)('('OIIlf':-' laI gl'I 

than the structural mass maybe reftectf.. the IIIIP()"~lbdll~' of tll(' lIj('dlill1\1'aJ :-., ... 11'111 

to oscillate in this case. 



Chapter 10 

CONCLUSIONS 

Thi!-. Thl'!-.Î!-. c!1'\'dOIWd thrl'I' IlO\'t'l a .. ..,pect& III aUlllllar-flow-mduced \·ibratiolls. These 

an' t lU' c!P\"('IO!>lllPl1t of !llpt hods to (1) compute the llllsteady turblllpnt forces act­

Illg ou a cyl illd.'r \'1 brat illg III lIluform turhult'nt flo\\'. (2) pnform the accu rate 

t1ll1l'-iIltl'gratlO1I of th(' :\;Wi('l-Stokes ('qllatioll~ for \'i~(,Oll~ lllcùlllpreSbibl1' lammar 

!Io\\'. aud (3) !H'rfOI III t I\(' ti nid-!-.t ruct 1Il e ~t al)lli ty allal~'~i~ of a !'>~'!'>telll in thl' time 

d () III alll. 

Tlj(' nr!'>t part. Chapter 2, introduced the subject by treating uniform cOllfig­

IlratlOll!-. !-.llbjl'ctl'd to turbulpllt ftow. The turbulent contribution to the IlTlsteady 

thlld f()J'('I'~ \Va.'" <I('t ('1 llllllPd by a method which cOllsistcd in t he su pcrpo&ition of 

th" t1u('tllatlllg !-.lllall-scalp quantities plI'sent in turbulent flow upon ct potential 

tiow. lu~t('ad of il "n!'>C()1!!'>" OIlP. 

POh'Iltlal tiow is 1!!-.Pc! to dptNll1illp an ullstrady pressure contribution. in­

<l1I('('d hy the ()!-.cillatlOll of tlH' cylinder. a:, wpll a:-. the perturbatiol!S in thl' wlocity 

fit'ld iu<!u('pd hy th('~(' o~('illation~. TIH'Il. tht' wall ~hear stress associated \vith the 

IIH'élll tmhnlt'Ilt tiow b caleulatt'd, which. in tht, present stud)', wa.., done using 

It'Slrlts :-!H'cific to lléUTO\\'-chauud tio\\'. Tht' llIltt'arly turbulent pressure IS deter-
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mined by projecting the wall shear Stl rss élSsCJciatt'd Wlt h t ht' llH'an t urhulent fIow 

in the direction of the instantauE'ous mean ydocity wctor in tht' <lullulus, whICh 

includes the potential vcloci ty pert urbation The tlllf.okad.r ft Hid fOI c{'~ OU t ht' ()~­

cillating cylindrr is t hrll the superposî t iOIl of t 1)(' IInsTt'ady pot l'nt ial pl ('~Sl1l (' and 

the turbulent one Tht' tlH'on'tlC'él1 H'slIlts \\"('11' ('olllpi\l('d wlth ('XI)(,liIlH'lIt~ élIld 

the agreement was SIIOWIl to 1){' ~ood 

Then, thE' computatIOn of ullstcady la:nmar flo",s wa.'" cow.,id('rt,cI and t IIp 

method deyclopccl to accomplish thC' timc-acculalt' mt ('/!,I at WB of the 111('0111»1 ('~~­

i ble ~ aner-Stokes equa tions wa.<; prcf,elltf'd A hPllll-di:-'CI ('t Izat 1011 of t hl' 1ll01lU'U­

t um equatioll USillg a thref'-point -backward illlplin t tll1}('-diffel ('JI('\ug ~dl('lllP i~ 

introducecl, which IS f>how11 to rrctify t 1)(' problt'Ill!'-. CI1<'OIl11t ('recl wlH'1I a Crallk­

Nicolson schemr is uf>ed instcad. After thC' SeIllI-(hhndl:~atlOll, :tltdiC'lal ")I~('IJ(I()­

time" derivatl\'r terms art.' addrd to ~1J{' {'qllatIOIl~, lllcludillg artJliClal (,()lIlpl('~~lhll­

ity in tht' contilluity eqllatIOn, and thr solutIOn I~ advall('('d from 0111' 1('(11 (phr:-;rcal) 

time l('yel to tlI(' llext by mtrgratiug III pf>pudo-tllll(, uutd ~tpad\' f>t ak I~ J('adH'd 

The equatIOIls are ca.st III delta-form after (hfferrllclllg t h(' pSf'udo-t 1111(' dNI1,'at I\'('~ 

using an Euler 1:lchemc Th(: procedurr useb the eXlstiug tlllH'-IIléllThing Ill('th()d~ 

to complete the solution, in partlcular thr ApproxlIllat(' Félctofll'atlOll a!lel AIt('I­

natillg Direction Impliclt techl11queh aIl' implemcnt('d 111 tlH' pr('~('llt work FlIlitl' 

differellces written 011 stretched staggered gnds pro\'id(' fOI diff<'IeJlcing t Il(' ~patJal 

diffelelltial operator1:l appearing 11l tll(' rql1atioll~ 

N ulllerical examples Ilel formed 011 \'ari(Jll~ g(,oIlletri('~ ha\'(' ~howlI t hat tIlt' 

performance of the method If, COUf>lhtellt Iy good TIH' IIwt hod wa.<' fir~t valIdat (·d 

by cOl1sldenng steady and ullf,trady fio\\ problem<" 1l<1lllPly st('ady fiow lII~ltk il 

square ca\'ity wlth a lllo\'ing lid aud m'CI a backwmd-faC'lug ~tep, amI IlIl!'>t('éHh 

flow betweell oscillatillg parallel plate5 aud insidp a 1:lquare can ty wlth élIl o!'>cdlat l'Il', 

lid, 
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Thf' rncthod ha.", proven to have a "cry high computation al efficiency, corn­

hilwd with good accuracy. For example, the test example de\'oted to the two­

dimensional fiow ovcr a backward-facing step took a !ittle more than one hour to 

fUll (JI} a PC (f'Q1llIH'd with au Alacron i860 co-computer board), compared with 

the 1'>flIllf' prohl(,111 trf'at<'d by Gartling on a sirnilar grid which took onc hour per 

itf'ration ou :l Clay XMP. 

TIl(' llwthod wa.c;; then applied to unstcady annular flow problems, both for 

two- and thrt'f'-dimcnsiollal g<,ometnes. 

A hyblid fillit(' difference/Founer expansion procedure has been developed 

III Oldcr to ohtaiu th<, fla\\' solutions with an even better computing efficiency; 

typlcally thr('('-dunellsiollal problems were sol\'ed with computational times com­

parable with two-dirnensional problems (a three-dimensional mesh indeed reduces 

10 a two-din}('n~lOlIal one). The performance of the method was established by in­

t('gratillg the thll'('-dlmensional fullnon-linear Na"ier-Stokes equations, as weIl as 

the e<!lIatious obtamed from the hybrid finite difference/Fourier expansion method, 

iu g<'olll('tri(,h wit li llniform cross-section or with annular backstep where the outer 

('~'lllld<'I wa.'., o1'>cillatillg. 

Fiually, the liybri(~ fillltc difference/Fourier expansion method has beeH llsed 

in cOlljllllct ion wit h a met hod for integrating the equations determining the dy­

nallllcal beha\'iOl of an annular flow system, and this allowed ta perform the fluid­

~tIl1c.:tlll(· stahilit\' analysi~ of this system: to the aLlthor's best knowledge, this has 

I)('cn th!' first atteIllpt to I><,rform th(, sllnultaneous integration of the Navier-Stokes 

('quat lOUf.. for t IH' ullstpady flUld fiow and the t'quations of motion of the structure. 

A fourth-order Huug('-I\utta schelll<:' Wé1.6 employed ta integrate the equation of 

the structllle Ulldp1' the com},lIt'·d actioll of mechalllcai f01'ces (composed of a re­

straiulllg sprlllg aud da.-;hpot) éUh1 fluid f01'ces. the latter being determined from 

th(' tinH'-lIltegratioll of the l\a\'ler-Stokes equations. This study has been rendered 
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possible because of the efficient hybrid finitp diffel'llIH'(ljFolll'l('l' l'xpallSioJl mt'thod. 

and the temporal evolution of the motion of the structun' thus obtaiuC'd allow(ld 

for assessing the stability of the stlUcture. 
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Appendix A 

Discretization of 3D Linearized 

Solution 

The staggerC'd mesh llsed to disel C't ize f'<jllat lon~ (GA 1 6.52) 1~ ~1I()\V1l i 11 Flp,1I11' :\.1 

It is a t\vo-dimensional gnd spanIlillg t hl' axial aud radial di l'f'ct iOIl~. 1 alld ,., alld 

it is gellerally stretched in both directlOll~ pitlu'l' to (,OIU'l'lIt latl' pOlJlt:-, lII'ill ~ohd 

walll" or in regions of strollg dii->contillluty in Ho\\' c!Olllitlll p,('OIllt't1 v. '-011('11 a~ III t /14' 

viccinity of a step, sec Figure oU, page -15. The v{'loeity ('ompOIH'llt~ IÎ '.) alld l',.) iII(' 

defined at the grid points (:l'~, rn and (.r;', r;), 1 espl'ctiv('ly. wIH'II'il • .., t Ill' pll'~~1\1 (' 

Pt,) is defined at the grid point (.r~'. rn; in this \'v"Ork w(' havp d('ct('d to df'tÏlw IÎ',.) 

at tl}e same point as p,,), namelyat (.r;', r~l), which w(' will ~I'e 1:-' ('011\'('1111'111 for t /H' 

present method. Theu, the axial, radial and ciI'clllllfelelltial 1ll01lH'llt Hill l'qllat.loll:-' 

and the continuity one are differenced about th{' p()illt~ wlu'I'p IÎ,,), h,.), ti'I,) alld 

PI.} are defined, respectively. Suhscripts 0 01 1 ha\'(' 1)I'I'Il ollliltr'd. Eqllatioll:-' 

(6.56-6.59) are thus discretized on the ~taggeled grid a~ follo\V:-" \vlH'11' W(' havI' 

dropped the superscript v to simplify the notatIOn. Fil'~t tllf' tl'l'lIl (GII)III,)) i~ 
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Figure A.1: Schcmatlc represeutation of the staggered grid used 111 the spatial 

dibcrt:'tizatioll of the threc-dimensionallinearized equations. 
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1 where the illtcrpolatcs cU'(' dcfillCd. omitting stlhscript~ 0 or 1. (\:-. 

V" t''' V l' 

ù ,1'
+ = • 1+1 1/ 1.) + ·1"+1 1/ 1+ 1.) 

Il 

~·l':~1 

v.I';' ' V l' 
'J'- " , - 1.) + .1', 1/ 1.) 
Il,, 

..\.1';-

V" l''' lÎ ,.) + V' rJ' i1 ,.)+ 1 i,{+ = )+1 

" ..\ l' t' 
) 

vr" Il ,.)-1 + vr r
• 1/ '.) 'r- ) )-1 

Il,, 
~rl' )-1 

V" .1' ' V' Il 

ûr+ = .1:
'
+1 v,.) + .f, l',+ 1.) 

Il ..\.t';' 
V l' i' + V l'U l',+ 1., __ 1 'r- ·1"+1 /.)-1 , 

l'" -
..\.1';' 

~ ).t· IL' + M.I·t
" Il' v .... 1 + 1 1.) V 1 + 1.) 

{Vu = 
~.l':' 

The term (Gt')I(I,j) IS thCll gi\"Cll by 

1 [.,1'+ ',1'+ ',1'- ',1'- + ',1'+ ',1'+ '1'- ',1'-
"01' l'I t' - 1l01, l'II' li l t' 1'01' - 11 11, l'Ol' 

~.l':' 

_1_ {1'1(1+1.) - Îll(l.) _ ['1(1.) - "'I(I-I.))}] 

Re ~.l':' ~.I':'_1 

+ 

J+l (, ,)) (, - ) 1 { rU rU }] 
R ~ Vl(I.J+l) - V1(I.) - ,\ ." vI(I.) - "1(1.)-1) 

e ur}+l ~/) 

lL'lv VO(I.) + PI(I.J+I) -/)1(1.)) + 2 
---- (Î1 I (I.)) - li'I") . r;' ~r; Re(I';')'}, 

(:\ 2) 

in which the intcrpolates ale obtaillcd (l.<, 

~ ,.1' I~ + M , .II 
+ V''"'I+I 1.) v. 1 1',+1.) Î'X = 

v ~x~ 

v.l';· Î' + Vl'U 1',.) ',1'- 1-1.) . 1_1 
/J l' 

~J::l_1 

vr" v,.j_1 + vr/J ",.) 'r- ) J Vv -
~rll 

) 
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Il' •• 

wlwn·a . ..., (é;", II (1.) ) is COlllplltt>d by the followillg formula: 

+ 

+ (A.3) 

with tll(' illterpnlatC's beillg giycn by 

Vl" Vu 
'x- X, w'-'l.) + x,_1 w,.) 

Ww -
~.r~_1 

Vr u ' V li 
'r- ) lL',,)-1 + 1')-1 W,.) 

Ww - .:.l l' v 
J-1 

Fiwtlly, W(' ohtaill for (V· V)1(,.)) 

(:\...!) 
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1 
As in Chapter -t for Cart c~iall coordillal t'S. ~ alld V clt'Ilot t' tilt' Ct'ut 1 al alld 

backward differeu('c operators applicd to tht' grid point ('(lOldlllat('~. Tht'Y ait' 

defined by 

\ Il " " ...l.r, = ./',+\ -.l, ' 

~rl' = l''' _ 1''' 
) )+1 )' 

~ /,1' = ri' _ "II 
V. l " 1-\ ' 

~,.,. = 1',. - "II 
v) ) ). 

As also was the case in Cartesiall coordillate:-" tht, ('vaillat ion of tilt' nM'()IJ~ 

derivative terms (1/1')( Ô / ôr)( r ôilI! ôr) and (1/,.)( D / ür)( r /Jtù\ / Dr) W'IU t 1H' OUIt'1 

or inner cylinder wall requires specml treatml'ut Rt'f(,ll'lllg to Fi~l\I{, A,2, lt I~ 

done as follows near the illller cyhnder wall, 

1'" (~ Û'I(I,IL') - 3 tî'I(,,2) + ~ 11'1(1,.\))] 
\ ~ 1'" - 3"" + 1 ,,11 • 

:1 \ ''2 .1.1 

where Û l(l,tL') and Û>l(l,W) are the wall "doci ty bouudary rOIl<1! t iOIl~. SlIlIilar ('XIII (':-,­

siolis apply for the evaluatlOll of the den\'atl\'e~ Ileal tlH' outel cylllldpl wall, or 

near a vertical wall in a plane of constant :r ~uch a.c;, in a reglOn of dl~(,OlltlllUlty III 

the annulaI' space. 
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t 

,~ .. ~ 
'~ 

Oi',,·.1 

o 1/''''.1 

1 1/ 1. 1 

0/\, .. 1 

o 1/''2.1 

/J'l.1 

o Il''''.:1 0 1/1'2,:1 

1 Il 1 •. \ jJ'2,.I 

O,\".! 

1 
O Il'.) 0 1/12,'2 , I/J.~ 

DÎt:! 1 

OÙ:!.'.! 

Oî'I., 

o '!'.I.I 
P.I.I 

011:1.1 

OÛ.j.:.I 

0/'.1.'2 

oÛ:!,2 

L
" I.'.! 0 P2.'2 

/") l ' 0 /':1.1 ' /',1 1 0 " -. _ 01/2.11' _ _ OIl:J.w_O . _ Il.1.w 

Il '2. li' lL'a.w lV.t.lL' 

Flg1lrt· A 2. Evaluation ofviscOllS derivatives near solid walls, where ûr,w, vw,J' Wr,w 

alld IÎ'Il'.J hét\'p 1)('('11 clt>fined. 

~ow, t.ht' solution of (6.41-6.52) proceeds as follows, after introducing differ­

('II('P (\XI)['(':-,siolls lik<, those of <'quatiolls (A.1-AA) in the left-hand sides of (6...11-

G.5~). III tlll' ."-:-'\\,('('1>. ~Î'l and ~IÛl are obtained from equations (ûA2) and (6.43), 

1 (':-,pC'ct I\'I'I~', alld ~ il, l~ oht aiIlcd from (GA 1) after eliminatillg ~Pl wi t h the aid 

nI' (GA·!). Scalm twliagollal systen15 of c<]llatiolls have to hc inverted as is sho\vn 

in Chapt('r·1. A similar proc('durc applics in the r-sweep, eqllations (6A5-6A8). 

\\,h(,11 it COIllPS to solving the fJ-sweep equations (6...19-6.52), wc see first that 

lt l'an Iw dOIlt' without illycrting syst('lllS of equatiolls as no derivatives appear 

A-6 
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in the left-hand sicles of cqllations (GA9-G.52): this i~ a !H'lll'lit of th~' Galt'l'km 

procrdure. So after ~lÎl aud ~i'l haye !w('u obtaiJH'd algt'brai('all~' t'rolll (G. W) 

and (6.50). the ('xpressioll from (6.52) for ~ljl is sub~titutt'd Îll (G.3l) \\'hll'h 1~ 

then solvcd for ~IÎ'l. It is to he l'(>ulized that. this la~t st,t'P Îs madt' t'a~~ Wltt'II 

(lÎ'd,,) and (pd,.) are defilled at the SUllll' locatioll in tilt' stagg(I I ('c1 gl'id. \\'hich "'(' 

have electcd to do in the present \vork. 
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Appendix B 

Discretization of 2D N onlinear 

Solution 

The staggered mesh used to disrrdize (7.1-7.9) is shown in Figure B.l. The gnd 

has ll11iform spacillg ~O in the eircumferential direction ° and is stretched in the 

l alliaI dU'cctlOll ,. in order to concelltrate more poillts near the cylinder \,,-aIls. 

Thp wlocity compOllcnts l'J,k and IUJ,k are defined at the grid points (1';', On and 

(,.~, , 0t), wlH'reas the pressure PJ,k is defined at the point (r;V, Ok). Moreovel', the r­

and (}-1ll01l1entum and contiuuity equations are differenced about the points where 

Il),k, lIJ),J.' and P),k are definf'd, respectively. Equations ( ï ., - i.9) are thus discrctized 

on t.he htaggered grid in the form: 
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1 
v 

r)+1 OU)+l.k_ 1 o l'1+ 1..1. 01'1+1.1.'+1 

IL' 
,.) -t-l QPJ+I.k-l o lL'J+ 1..\.-1 OpJ + l ,.1. 011')+1," Op) + 1,1.-+1 011') + \,A'+ 1 

r l
' 

) OI'),k_1 Ol'),k 01').A + 1 

l'IV 
) OP).k-1 OW),k_1 Op),k 011'),1.' OP;,HI 0/1').",+ 1 

l'l' 
)-1 OVJ-l.k-l 0/') -l,J. 01';-1,1.'+1 

IL' 
r)_1 ÜP;-l.k-I OW)_l.k_1 Op)-l..l OW;-l.k OP;-I.HI 011'; --1.1. ~ 1 

01;-1 (}k-I Ol' 
k 0 111 

k ()[+I (J'" ,"+ 1 

Figure B.1: Schematic leprcs(>ntatioll of thc st aggert'd grid ni'->('d t 0 discl'(,t iz(' tilt' 

two-dimensiollal lloll-liucar llw:,tcad~' annulaI' ftow l'qnat JOUi'->. 

RI {;':+l (V]+I k - l1J k) - ,:~ (UJk - Il)-1 d}] e TW ' • ./..Jo,./IJ' • 
)+1 } 

PHI.k - P),k 1 [w~+ v~+ - w~- u?,- ( )2] + + - - /IJ" 
~rl' rU ~() 

) ) 

l'),HI V),k-I - Il),k _ 2 1/} " - W
" 

1 
[ 

+ 2 or 0- ] 
---- - 1').1. m.l) Re (r~)2 (~(})2 ~f) 
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~---------------------------------------------------------------_. 

1 

1 [W),k+1 + W),k-l - 2 W),k 2 v~+ - v~- - .] (B.2) 
-n-e-(,-.:-"")2 (~(})2 + ~() W),k 

= ~.~, V),k - ";'-1 V)-I,k + W),k - W),k-l 

l'w ~l'w "W ~(} 
)) ) 

(B.3 ) 

Th(' lincar illtcrpolat.cs of t.he velocity compùnents on the staggered mesh are de­

fiu('d hy 

V'/,)I'+l LI),/.: + Vr)Il+' 1 V)+l,k 
"r+ = v 

V·l' +V'w 1,11+ = ') l'J-I.k+l 1) V),k+l 

Il' ~"w 
) 

B-3 

9- _ V),k + Vj,k-l 
Vv - 2 

r- VJ-l,k + VJ-l,k+l 
V = .....;...,--~'-----

W 2 

Llr" ) 



l 

J 

0-
/l'li' 

Il'),J.' + Il')J'-1 
,) 

As in Chapter -l for Cartcsiall coordillat('s. ~ alld V (h'llot(, t ht' ('('litt al and 

backward difference operators applied to thl' grid point (,ooldillat('~, TIH'~' il\,(' 

defined as 

Vr W 

) 
l' Il' .V 
) - 1 )-1 • 

~,.l' = l'III _ l'''' 
J )+1) , 

VI''' 
J 

, ,1' _ ,,/II 
) )' 

(DA) 

:\s also was the ca."e III Cartesian coordillél tes, tlH' ('val Hat iOll of t Il(' \'1:-'1'01\:-' 

derivative tenu (ljr)(8j8,.)(rûwjDr) W';U tll(' thl' ollt('r or illlH'r ('ylllldl'i wall 

requires special- treatmcnt, Referrillg to Flglll'P 8,2 it is dOlH' a~ foll()w~. !H'ar t Ill' 

inner cylinder wall, 

1 [l'V (wa.k - llJ2,1..) 
l,lLl ArW 2 , ... ,,1' 
2 u 2 Ûo2 

( 
~ lU k - 3 Wu + ~ 1/ 'H ) 1 1'11 :J W. ',1' , 

1 li "t' _ 3 "Ul + l "IV ' :J 1 • '2 :1 ,1 

where Ww.k is the wall velocity boundary condition which is giwll in t('I'III~ of (T,lG) 

and (T,1 ï), 

\\te note that in view of tlH' symmetry of tlH' domaill and fiow vanabl(,~ 

with respect to the plane of oscillation, the mesh is set up lU t Il(' cil ('11 III f"l'('11 t laI 

direction only between () = 0 and () = if SyIllIlletry bOllIldary ('OIlditi()ll~ apply 
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.-----------------------------------------------------------

OV3,k-1 OV3,k OV3,k+1 

OP3,k-1 DW3,k-1 OP3,k OW3,k OP3,k+1 DW3,k+l 

OV2,k-l OV2,k OV2,k+1 

OP2,k-1 DW2,k-1 OP2,k OW2,k CP2,k+1 DW2,k+1 

- OVI,k-1 -OWw,k-I-OVl,k-OWw,k -OVI,k+l-Dww,k+1 -

Fig1lle 0.2: Evaluation of viscous derivatives neal' the iUller cylinder wall, wherc 

t.he qualltity Ww,k has beell defined. 

at. (J = 0 nnd (J = 7/", namely, looking at Figure B.3, we have at 0 = 0 that 

1'),2 = Il),.1, IV), 1 = - w},J and P),2 = P),3. Similar conditions apply at (} = 7/". 

Th., Il1ct.hod of solution is then the following one. Difference expressions sim­

ilar to (B.I--B.3) replace the differential operators in (7.1-7.6) and the expressions 

for tlH' illtcrpolates of the variables .:lI', J.w, ~v and ~w are substituted therein. 

Equat.ion (7.2) is then solved for .lw by inverting a scalar tridiagonal system of 

t'qllations, and the pressure is eliminated from (7.1) with the aid of (7.3) to obtain 

~ l' from (7.1), and then D.p from (ï.3). A similar procedure applies in the (}-sweep 

for equations (7.4-7.6). 
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1 

(J I' 
2 

01' ') J.~ 

OU! - 0 (JI' 
'2 - :1 

Figure B,3: Diagram showillg the symmetry bOlludary conditions applil'd al (J = 0 
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Appendix C 

Discretization of 3D N onlinear 

Solution 

Tht' staggcn'd mesh wwd to solve the full non-linear three-dimensional Navier­

Stokc~ l'quations (6.9-G.20) is il combination of the meshes shown in Figures ..\.1 

and RI. Inel('t'd, tht' lll('~h is exa('+ly likc that depicted in Figure A.1 for the axial 

and radial directions, in which the velocity componellt lUr.} is eliminated and we 

omi t tlH' hat symbol ~ on the quantities: a third index, J.., '3 a,dded to the flow 

C/u<llltitit's 1/, Il and p, dcnoting the circumferential directic 1. The mesh is also like 

that shown in Figure B.l for the radial and circurnfereutial directions, in which 

the index 1 is added to the flow quantities v, w and p to denote the axial direction. 

The t hree-dimt'Ilsional nwsh can thus be constructed by orthogonally joining the 

11lesllt's of Figllf<'S :\.1 and B.l, in which the points where V,.},k and P,.),k are dcfined 

an' put in cOlllmon. 

The \'doeit.~· l'Omponcllt Il,.).k is defined at the grid point (:r;~,I';,' BA:)' U,.),k 

is dpfÎlH'd at (.r!',r;',Ok), !L',.),!., at (.r!',r;,Ok), and the pressure P,.},k is defined at 

thl' grid point. (.z·!', r;, Ok). ~loreo\'er. the axial. radial and circumferentialmo-
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1 mentulll eqllatiolls and the cOlltinuity Olle aIe ditfen']lcl'd abOlit t hl' pOlllt S wht'n' 

lI,.).k, V,.).k, lV,.).k and Pl.).k (ln' defiul'd, l'esp('ctin'}y. EqllatlOll~ (6.1 GA) an' thlls 

discretized ou t.he staggered grid ru, followf>, wll('n' W(' han' tin .. t for G'II(II. l', Il'.JI}, 

+ 

+ 

1 { T'l' rI' }] 
Re ~:.l' (ltt.)+ 1 ,1. - ltz.).d - ~:.~ 1 (1l1.),J.· - Il,.) -I.d 

) )-1 

+ 

where the interpola tes are dcfined hy 

0+ _ 1 
Uu - 2 (ll,.}.k+l + u',j,d 

~1''' }-I 

0- 1 
/tu = 2 (ll,.).k + Il,.).k.-I) 

(C.l) 

l'r- = 
Il 

~J.!I + t"'7 u 
V''',+I 1),.)-1,1. v .r, l',+I.J-I.k 
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, 
.. The tprm G,,( Il, /J, m, p) if> then given by 

(G"L.},1.. 

_1_ {VI+l,},A: - V1.},k _ V,,},k - ~'-I'J,k}l 
Re .Q.c~ Llx,_1 

+ 

1 
[ 

0+ 0+ 0-- 0- 1 + P'.}+I,k - P,.},k + _ IVI, Uv - Wv t't, _ (w,,)2 
...lr" rI' ~O 

j ) 

1 [V,.),k+l + U',j,k-l - 2 V1.j,k _ 2 w?,+ - w?,- -, 1 
Re (1';')2 (~(J)2 ~() l',j,k 

in whieh t.hp intcl'polatcs are obtained as 

+ V"C~'+l U1,j,k + V'.z;~ l"+l.),k l,r = _-"-':.....;;...--" ___ -'-__ =__ 

" ~Xu 

;c- V' x~ l',-l,j,k + V'.r~_l V1.j,k 
Uv = 

r 

/lr+ _ V'r;'+l l'I,j,k + V'I';+I Vr.j+l.k 
l' 

0+ l', ) k + V, j k+l V = .. ~ , 
l' 2 

V'r" V'.J-l,k + V'r j
U 

l.,'I,j.k ur - = --~j---,-------~--~ 
v ~ru 

) 

0- V,.j,k + V1.),k-1 
V =......:~-~::...;.-.-

v 2 

(C.2) 

0- V'r~+l W1.),k-l + V'r;' W1.J+l.k-l 
u'., = -~--~-~-r-l'---''-----''';~--

) 
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1 
lU = - --) (IL' + /l' ) + -L±J. (Il' ,. + Il' 1 ) 

1 [vr l
' Vr

u 
] 

l' 2 ~1';' 1.)+1.1. I.)+U-l ~r;' l ,~. I.).~'-I 

whereas Gw{u, P, lL',p) is compnted hy tht' follm\'illg formllla: 

+ 1 [1'1' v"+ w"+ _ l'l' /".- 11"'-
rU ~l'U ) Il' IV )-1 Il' II' 

j j 

~e {~~:l' (W,.)+l.k - w,,),d - ~'~::I (Il'I,),A- - Il',,)-1.1. l}] 
) )-1 

1 [( w~~)2 - (w~-)2 + ]),,).1.+ 1 - PI,).A l 
+ 1';' ~() + l'", Il', )J'J ((' :3) 

1 [lL'I')'k+l + Il'I.),k-I - ::! /l'I.),k +:) "~~ - l':~,- ] 
) '. - - Il',.),1. . Re (l';')'.. (~O):. ~(J 

with the illterpolates beillg givell by 

'M'XL' + 'M' U w;z:+ = v 1+1 W,.j.k v.r, W'+l.),k 

IV ~.t'~ 

+ VrJ\l w,.),1.: + VrJl' 1U,.)+I,k U)r = __ ~~ __ ~ ____ ~ __ ~ __ 
IV ~rl' 

) 

V,,),k + t',,),k+1 vr+ = .-..,.;::..:..-_.-..,.;:;,;...,,;-
IV 2 

8 Vr u 
V,.),k+l + Vr)" U,.)-l,k+1 v + - --~)~~-----~~~ 

w ~ru 
J 

C-4 

...lI''' )-1 

u:o- = 10,.),1. + /1),.),1._1 

111 2 

r- V,.j-I.J..· + "I,j-I,kt-I 
L'w = 

2 

O V r j:! l",j,k + V l')" Il',j -I.J.. 
/} - = -~-----"-----

W ~I'" 
) 



1 
+ U',J.k + U',J.HI U:r = ---'~_---"'--_ 

w 2 

1 [V'rv Vru 1 
VU) = 2 Âr;J (V',J.k + V',J,k+l) + Âr; (V.,)-l,k + V.,)-l,k+d 

Finally, wc obtaill fOI V' . V 

(C.4) 

A~ in Chaptcr 4 for Cartesian coordinates, Â and V' denote the central and 

hackward diffen'nce operators applied to the grid point coordinates. They are 

dcfiu('d hy 

ÂX!' = .r~ - x~_l , 

"U U l' 
VI. = X. - X, , VX!' = X!' - X~_l , 

Also, the evaluat 1011 of the viscous derivatlve terms (1 /r)( â / Dr)( r âu/ Dr) and 

(l/r)(D/ôr)(rulI'/ÔI') ncar the outer or illuer cyhnder wall bas to be done as was 

dt'Illonst rat('d in Chapter 4 and the previou~ two appendices. 

No\\'. th(' solution of (6.9-ti.20) proceed~ as fo11ows, after introducing differ­

('11('(' t'xpn>ssions lik(l thost' of equations (C.l-CA) in the left-hand sides of (6.9-

6.20). In the .r-sw('t'p. ~l' aud ~lL' art' obtailled frolll equations (6.10) and (6.11), 

n'~I)('ct.ivdy. and ~/J 1~ obt amed from (G.9) after eliminating ~p with the aid 

of (6.12). Scalal tridiagonal &ystems of equatlOlls have to be inverted as is shown 

111 Chapter 4 . .-\ suuilar procedure apphes in the r- and O-sweep~, equations (6.13-

6.20). 
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Appendix D 

Linearized Potential Flow Theory 

This Appendix is a brief outline of lillcarized potential fio\\' tlH'OI)' applH'd to tllt' 

computation of unsteady flows. More dctails an' pr<wided in R('fs [3i, 38J 

We consider a fluid domaill delimited by walls, with lllh't, and out.le! now 

portions, and there is a steady me an fiow with preferred dlf('ctiou 111 t IH' flUl<l do­

main. Small oscillations of the walls boulldlllg the fIuid d()Juaill ('all~1' ullst('aduH's~ 

in the flow pattern, and small perturbations in the fIow parall1et()r~ are lIltro(h\('C'd 

by the wall yibration. 

The fluid under consideration 15 IIlcompressible, im'lb(,H! and in ot at lOuai, aud 

the condition of irrotationality allows us to express tlH' vdoclty V('ctor, U, 111 tf'rlI1~ 

of the gradICnt of a flo\\' poteutlal ~: 

U=V~. (0 1) 

The equation of conservation of ma..-,s bCroIllCb 

(0.2) 

and is valid for both steady and unsteady flows. Dellotiug by x, tl)(' \'1 brat iouaJ 
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1 dihplac'{,lllpnt of a wall and by X. its wlocity, the Laplaee equation (D.2) for <Il is 

:-'01\'(·(/ und!'!' tlu' hOlllldary condition that the normal \'(>locity eomponcnts of both 

finid and wall arc' l'quaI. at t he wall. wlllch IS wn t ten 

V' . n' = D<I> 
Dn wall 

• 1 
= Xs' n . (D.3) 

TIl(' unit normal to t.he wall surface is dcnoted by n and a primed quantity is 

f'vaillated on the iUl->t.alltc'n('olls, defol'mcd position of the vlbrating wall. 

Sillee tll(' Huid Il-> lIlVl:,cid, only p!'essun' fOlees aet on the ';ibrating structurc. 

and t.1H' pl ('l->:-'1Il'P llllll->!. thcn be C'xprcsscd in tenus of the pot.elltial <P To that end. 

w(' ('ou:-,id(·l' 1.111' 1ll0nH'utulll ('C{nation fOI au innscid Huid. which is Eulcr's equation 

of ll\Ot.iOll, 

av (Il) Dt + U . vu + V' P = 0 , 

wlH'n'Il is th(' presslI1C' and p tlH' fillid dCllsity. Cp on Sllb5tituting in that eqllation 

thl' ('XI>l'('S:'101l for U t'WIll (D.l). we obtain. after using the condition of irrotation­

alit~·, the Dprnollilli-Lagrangf' ('qlIatlOn, 

D<"P V' <Il . V' 4> Il 
fJt+ 2 +p=O. (DA) 

In lil){'urizccl potential flow theory we express the pressure and velocity veetor as 

V=V+v, fI=P+p, (D.5) 

Wlll'l'" " il-> tlH' st<,ady, mean romponcnt of ftow and v is the wall-indueed pel­

tlllhatiol1 !'>np('IÎmpo:o,pd 011 it. w<, ha\'(' Ivl «: lVI_ S,milarly, P is the pressurc 

a:.,sociatt'd \Vith the stpady lllcan fiow and p is the unsteady plcssure associated 

with tht' wall nhratioll. The Ho\\' potelltial 4> is correspondingly decomposed into 

t hl' stl'ady compOllent O., and the time-depelldellt compollent <lJ, 
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<1> = (/). + 0 , where w(' han' Vo. = V. Vo = v . (D li) 

and both 0" and 0 ha\'(' t.o satisfy Laplac("s (~qtlation: 

(0.7) 

The solution is linearizcd with rCbpect to the steady lllcall How V, h~' suh:ititutlllg 

(D.5) and (D.6) into (DA) to obtain t1l<' rxpression for th(' 1l11:-.ft'ady pl(,SSlIrt' Jl" 

p = - p (~~ + V . vo) . (D S) 

The hOIlDdary conditions él.'3sociatcd wlth t1H' Laplac(' l'qllatioll (0.7) for (J alf' 

ohtained by expressing (0.3) with respect. to t.he ll11defOlIll(,(1. ('qllili bl i Hill pm,i t jou 

of the \vall in its non-vibrating btate, whcre th(' qUêllltiti,':-, aIl' <!('llot('<! withllllt 

primes. The reslliting lilH'anzed expre:'.sioll is 

v . n = Xs . n - V . (n' - n) - (V' - V) . Il . 

which can be expressed in tenl1S of t he normal displac(,lllcut of th" wall :-'111 fal·I' • 

. r~7I = Xs . n. and the normal wall velocity, .L'S7I = v.~ . n: 

( O.!)) 

In equatioll (D.9), V w is the nabla operator taken in the sllIfac!' of thl' wall. 

where XI and Xl are local coordinatps 011 the :'.1ll'facc whirh an' ahglH'd with t Ill' 

principal Cllrvature directions (Ref.., [38, -H]). and el and e2 an' tll<' \luit vl'l'Im:-. Îu 

those directions . 
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:'{ow, iu t.h(' prohlem!-J t.reatf'd in Chapt crs 8 and a, the wall yibratioll consisted 

in tlu' o~cJllatioll of t}u' onter cylinder, and wc dcnoted by €(t) the displacement of 

tll(' ('ylilHl('r <lXII->. Hp)1c(' W(' may write 

x, = €(t)i . (D.10) 

for tlw outer cyliuder wall displaCCIlleut, where i is a unit veetor in the plane of 

vlbrat.lOn. lu order to obtain au expression for the llnstcady pressure p. we first 

d('('ompos(' t.he lloIl-ht.eady flow potential 0 into two parts, 

(D.11) 

Dy lllS('ltillg (D 11) iuto (O. T), we note that both <p(l) and (]J('].) also satisfy Laplace's 

('fllIatioll, and fmthC'rmore ther arc solved under the houndary conditions 

DC;}l) 

8n 
- i·n. 

(i· n)(V' w • V) + V· V' w(i· n) . 

which <uP obtaincd by slIbstitutillg (D.lO) and (0.11) into (D.9). The lI11steady 

prt'Hh1U(' p comcs from insertillg (0.11) into (D.8): 

lt i~ S('('11 tha t t ht' 1l11~tpady pr(,~S1ll e, p, IS proportiollal to the acceleration. f, the 

\'l'loClty, f, and tht' displaccllwnt. €, of tlu' cylindt'r axis. and this gives l1se to the 

add('d lll,l:-':-', addl'd dampillg and addt'd stifflless. rcspectiwly. 

D--! 
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Appendix E 

Program Listings 

This Appf'ndix presents the listings of two prograllls which arf' t.yp\('al of t 1 If' pro­

grarr:s us{'d to ohtain the results prescllted in t his Th('~IS. 

The tirst program was used to r{'~ol\'(' tilt' lloll-linpar thl'l'l'-dllllf'lI:-'lollal \i!\'l{'l­

Stokes equation~ in the geoIlletly which i:-, dPSClllH'd in Sl,ctiou 8.1. llillllt'I\' tilt' 

uniform annulaI' gap geollletry in which t1w outl'I cylilldl'l f'XI'Cllt"!-l t 1iI Il:-. \'f'1 !-l{' 

oscillations o\"(~r its central portion. 

The second program listing rclateb to the fillid-:-,t1'1lctllll' illtl'lactloll plolJII'lll 

treated in Section !J.3.1, in which the geometry is the two-dillH'U!-liollal illllllllfii 

configuration described in Chapter ï; the fluid fo1'c(,:-, iu that ca:-,I' ail' ddl'lllllllt'd 

by means of the two-harmonic solution dc\'eloppd in S(·ctioll ï.3. 
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SOLUTION OF 

THREE-DIMENSIONAL NAVIER-STOKES EQUATIONS 

IN UNIFORM ANNULAR GAP GEOMETRY 
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C This is a listing of the program which resolves the 
C unsteady Navier-Stokes equations for a three-dimensional 
C uniform annular flow geometry, such as is treated in 
C section 8.1. 

PROGRAM NS3D 
PARAMETER (NXC=lOO,NYC=20,NZC=25) 
CHARACTER*20 MESH, FILOUT, FILIN 

C ***************************** 
C Dimensioning of the variables 
C ***************************** 

cuis the axial velocity compone nt 
C V is the radial velocity compone nt 
C W is the circumferential velocity component 
C P is the pressure 

COU, DV, DW and OP are the delta-increments in the above 
C variables during the pseudo-time 
C integration 

C FU is the non-homogeneous forcing term invol v ing U 
C FV is the non-homogeneous forcing term involving V 
C FW is the non-homogeneous forcing term involving W 

DIMENSION U(NXC,NYC,NZC), V(NXC,NYC,NZC), 
& W(NXC,NYC,NZC), P(NXC,NYC,NZC) 

DIMENSION DU(NXC,NYC,NZC), DV(NXC,NYC,NZC), 
& DW(NXC,NYC,NZC), DP(NXC,NVC,NZC) 

DIMENSION FU(NXC,NYC,NZC), FV(NXC,NVC,NZC), 
& FW(NXC,NYC,NZC) 

C ---------------------------------------------------------

C YRU and YRV are the radial coordinates of the grid points 

C XKU, XKV, YNU, YNV are the metric term derivatives, also 
C defined as the deIta's of the grid 
C point coordinates in section 4.2 

C DXU, DXV, DYU, DYV are the nabla's of the grid point 
C coordinates defined in Section 4.2 

DIMENSION VRU(NYC), YRV(NYC), 
& XKU(NXC), XKV(NXC), YNU(NYC), VNV(NVC), 
& DXU (NXC), OXV (NXC), DYU (NVC), DYV (NYC) 
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c------------------------------------------------------
C The quantities which are dimensioned next involve the 
C metric derivatives. They are defined below. 

DIMENSION CYU(NYC), CYV(NYC), RYU(NYC), RYV(NYC), 
& TYU(NYC), TYV(NYC), AYU(NYC), AYV(NYC), 
& AXU(NXC), AXV(NXC) 

C --------------------------------------------------------

C B, D, A and RHS are used in the solution of the tridiagonal 
C systems of equations 
C RESIDU and RES2 conta in convergence parameters, i.e. the 
C maximum and rms residuals, respectively 

C RP contains residuals of the continuity equation 

C WALL contains the displacement of the cylinder axis. It is 
C zero on the fixed extremities of the outer pipe. 

C COSZ contains the cosine values of the angles at the grid 
C points where u, v and pare defined 
C SINZ contains the sine values of the angles at the gr id 
C points where w are defined 

DIMENSION B(NXC), O(NXC), A(NXC), RHS(NXC), RP(NYC), 
& RESIOU(4), RES2(4), 
& WALL(NXC), SINZ(NZC), COSZ(NZC) 

C ********************** 
C Initialization of data 
C ********************** 

ClOT is the counter for the real time integration 

DATA IOT/2/ 
PI = ACOS (-1. 0) 

DO 1 I=l,NXC 
WALL ( l ) = O. 0 

DO 2 J=l,NYC 
DO 3 K=l,NZC 

U(I,J,K) = 0.0 
V(I,J,K) = 0.0 
W(I,J,K) = 0.0 
P(I,J,K) = 0.0 
OU(I,J,K) = 0.0 
OV(I,J,K) = 0.0 
OW(I,J,K) = 0.0 

3 OP(I,J,K) = 0.0 
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CONTINUE 
CONTINUE 

C FILIN is the file containing the initial conditions 
C for the unsteady flow solution; it is a direct-access 
C fila 
C FILOUT is the file containing the unsteady flow solution 
C over one full harmonie cycle, in which each record 
C contains the flow solution at one tirne step; it is 
C a direct-access file 
C MESH is a file containing the mesh pararneters such as the 
C grid point coordinates and the nabla's and delta's of 
C the grid point coordinates, defined in the Thesis, 
C Section 4.2. 

FILIN 
FILOUT = 
MESH 

= NAX3D.250 
NS3D.Cl 

= UP3DMO.l 

C RE is the Reynolds number 
C S is the Stokes number 
C OMEGA is the angular frequency of oscillation 
C FREQ is the frequency of oscillation 

RE = 250. 
S = 25. 

OMEGA = 2.0*S/RE 
FREQ = OMEGA/(2.0*PI) 

C NOT is the nurnber of tlme steps per harmonie cycle 
CEPS is the amplitude of displacemênt of the 
C cyclinder axis 
C NZ-3 represents the number of grid points in the 
C circurnferential direction 
C TOLTAU is the tolerance for the iteration in pseudo-time 

NOT = 19 
EPS = 0.1 
NZ = 15 
TOLTAU = 1.E-4 

C ******************************************************** 
C The mesh parameters are loaded into program mernory, 
C including the grid point coordinates and the delta's and 
C nabla's defined in Section 4.2 
C ******************************************************** 

C NX is the number of grid points in the axial direction 
C NY is the number of grid points in the radial direction 
C NMS is the index at the axial location of the upstrearn 
C extremity of the oscillating cyclinder 
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C NME is the index at the axial location of the downstream 
C extremity of the oscillating cyclinder 

OPEN(2,FILE=MESH) 
READ(2,' (415,F15.7) 1) NX, NY, NMS, NME 
READ (2, 1 (15,4 F 15. 7) 1 ) 

& ( II , XKU ( 1) , XKV ( 1) , DXU ( 1) , DXV ( I) , l = 1 , NX) 
READ(2,*) 
READ (2, 1 (15,4 F 15. 7) 1 ) 

& (JJ,YNU(J) ,YNV(J),DYU(J),DYV(J),J=l,NY) 
READ(2,*) 
READ(2, 1 (15,2F15.7) 1) (JJ,YRU(J) ,YRV(J) ,J=l,NY) 

CLOSE(2) 

NXl=NX-l 
NX2=NX-2 
NY1=NY-l 
NY2=NY-2 
NZl=NZ-l 
NZ2=NZ-2 

C Note that YRV(l) and YRV(NY1) are the radial coordinates of 
C the inner and outer cylinders, respectively. AIso, the 
C indices l, J and K will be for the axial, radial and 
C circumferential directions. We thus have the inflow at 
C 1=1, the outflow at I=NX, and 9=0 corresponds with 
C W(I,J,2), whereas 9=n is with W(I,J,NZ1) 

C OZ is the mesh spacing in the circumferential direction 

C 

C 
C 

70 

C 
C 
C 
C 

C 
C 
C 
c 

oz = PljREAL(NZ-3) 
OZDZ = DZ*DZ 

Calculation of the cosine values of the angles at the 
grid points where u, v and pare defined 
Calculation of the sine values of the angles at the 
gr id points where w is defined 

DO 70 K=l,NZ 
COSZ(K) = COS( (REAL(K)-2.5)*DZ ) 
SINZ(K) = SIN( (REAL(K)-2.0)*DZ ) 

******************************************************** 
Calculation of real-time step size and artificia1 
compressibility and pseudo-time step size 
******************************************************** 

DTREAL is the real-time step size 6t 
UMOY is the representative mean flow speed 
DELTA is the artificial compressibility ~. The typical mesh 

spacing was ta ken to be the minimum spacing at the 
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C wall 
C DTAU is the pseudo-time step size At 

DTREAL = 1.0j(FREQ*REAL(NDT» 

UMOY = 0.8 
DELTA = 0.2 j (DTREAL*UMOY**2) 

UMOY = UMOY * DTREAL 
DTAU = 40.0 * YNU(2)/(UMOY+SQRT(UMOY**2+DTREALjDELTA» 

C The Reynolds number appearing in the equations is scaled 
C (Chapter 8) and different parameters are defined 

RE=RE/2.0 
OTAC = DTAU/DELTA 
OTACE = DTAU*RE/DELTA 
RNU = 1.0 j RE 

C ********************************************************* 
C The initial conditions are loaded into program memory and 
C the values are given to the velocity components and 
C pressure 
C **************************************************~****** 

OPEN(2,FILE=FILIN,ACCESS='DIRECT',RECL=2*4*NY2*NX) 
REAO(2,REC=1) «U(I,J,1), P(I,J,1), J=2,NY1) ,I=l,NX) 

CLOSE (2) 

DO 621 K=2,NZ 
DO 620 J=2,NYl 
DO 610 I=1,NX 

U(I,J,K) = U(I,J,l) 
610 P(I,J,K) = P(I,J,l) 
620 CONTINUE 
621 CONTINUE 

C The output file FlLOUT is initialized for the first 
C two time steps 

Il 

OPEN(2,FILE=FILOUT,ACCESS='DlRECT',RECL=4*4*NX2*NY2*NZ2) 

DO Il IREC=1,2 
WRITE(2,REC=IREC) 

& 
CONTINUE 

«(U(I,J,K) ,O.O,O.O,P(I,J,K), 
I=2,NX1) ,J=2,NYl),K=2,NZ1} 

C ----------------------------------------------------------
C 
C 

The value of ALPHA is set and different parameters are 
defined 
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ALPHA 
OTAL 
ALOL 
ALOLOZ 

= 2. 0*OTREAL/3 • 0 
= OTAU*ALPHA 
= ALPHA*OELTA 

= ALOL*OZ 

C ---------------------------------------------------------
C Initialization of the vectors containing the metric terms 
C and of the parameters used for the evaluation 
C of the viscous derivatives and undifferentiated terms 

DO 59 J=l, NYl 
CYU(J) = OTAL/(YRU(J)*YNU(J» 
CYV(J) = OTAL/(YRV(J)*YNV(J» 
RYU(J) = YRU(J)/(RE*YNU(J» 
RYV(J) = YRV(J)/(RE*YNV(J» 
TYU(J) = OTAL/(RE*YRU(J)**2) 
TYV(J) = OTAL/(RE*YRV(J) **2) 
AYU(J) = OTAL/YRU(J) 

59 AYV(J) = OTAL/YRV(J) 
00 57 1=l,NX 

AXU(I) = OTAL/XKU(I) 
57 AXV(I) = OTAL/XKV(I) 

C ********************************************************** 
C Beginning of the main loop which is the integration in real 
C time; each trip through the loop advances the solution to 
C the next time level 
C ********************************************************** 

C -------------
999 lOT = lOT + 1 
C -------------

C The values of the flow quantities at time level t n-' are 
C fetched from file F1LOUT (modulo NOT) and then FU, FV and 
C FW are calculated 

lREC = MOO(10T-3,NOT) + 1 
REAO(2,REC=IREC) «(FU(I,J,K), FV(1,J ,K), FW(I,J,K), 

& RES2(1),1=2,NX1),J=2,NY1),K=2,NZ1) 

DO 20 1=2, NXl 
DO 30 J=2,NYl 

DO 29 K=2,NZl 
FU(1,J,K) = ( 4.0*U(1,J,K) - FU(I,J,K) ) /3.0 
FV(1,J,K) = ( 4.0*V(1,J,K) - FV(I,J,K) ) /3.0 

29 FW(1,J,K) = ( 4.0*W(I,J,K) - FW(I,J,K) ) /3.0 
30 CONTINUE 
20 CONTINUE 
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******************************************* 
Beginning of the integration in pseudo-time 
******************************************* 

C The procedure adopted here is that for one given momentum 
C equation the radial, circumferential and axial sweeps are 
C done in succession, before to solve for the next momentum 
C equation; the momentum equations are solved in that order: 
C (1) radial, (2) circumfereJ,tial and (3) axial. 

C VOT is the velocity at time level t~1 of the cylinder 
C axis 
CITER is the pseudo-time counter 

70T = OMEGA*EPS*SIN(2.0*PI*REAL(IDT-2)jREAL(NDT» 

ITER = 0 
998 ITER = ITER + 1 

C Setting of the boundary conditions at the solid walls, and 
C at the staggered grid points near the walls. The latter is 
C an artifice which allows to use the grid points outside the 
C actual physical domain to compute in exactly the same way 
C the viscous derivatives which are close or far from the 
C wall. For example, in view of the value given to W(I,NY,K) 
C below, one can verify that W(I,NY,K) - W(I,NY-l,K) gives 
C the expression for the one-sided evaluation of the viscous 
C derivatives at the solid walls, as discussed in 
C Section 4.2. 

DO 450 I=1,NX 
DO 445 K=l, NZ 

U(I,l,X) = -2.0*U(I,2,K) + U(I,3,K)j3.0 
U(I,NY,K) = - 2.0*U(I,NY1,K) + U(I,NY2,K)j3.0 
W(I,1,X) = -2.0*W(I,2,K) + W(I,3,K)j3.0 

445 W(I,NY,K) = - 2.0*W(I,NY1,K) + W(I,NY2,K)j3.0 
450 CONTINUE 

DO 8 I=NMS, NME 
WALL(I) = VOT 

DO 10 K=1,NZ 
V(I,NY1,K) = VOT*COSZ(X) 

10 W(I,NY,K) = - 8.0j3.0*VOT*SINZ(K) - 2.0*W(I,NY1,K) 

8 

888 

& + W(I,NY2,X)j3.0 
CONTINUE 

DO 888 1=1,4 
RES l DU ( l ) = o. 0 
RES2(I) = 0.0 
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**** •• ** ••••••••••• **.* ••••••••••• * •••• 
Solving of the radial momentum equation 
.* •••••••••••••••••••• ** •••• * •• * ••••••• 

C -------------------------
C Radial sweep for V(I,J,K) 

C -------------------------

DO 1010 I=2,NXl 
DO 1011 K=3,NZI 

C computativn of the continuity equation residual, RP, 
C as well as the maximum and rms residual values, RESIOU(4) 
C and RES2(4). 

DO 1032 J=2,NYI 
RP(J) = ( - AXV(I).(U(I,J,K)-U(I-l,J,K» 

1 - CYU(J).(YRV(J)*V(I,J,K) 
2 -YRV(J-l).V(I J-l,K» )/ALOL 
3 - AYU(J)/ALOLDZ*(W(I,J,K)-W(I,J,K-l» 

IF(ABS(RP(J».GT.RESIDU(4» RESIDU(4)=ABS(RP(J» 
RES2(4) = RES2(4) + RP(J).RP(J) 

1032 CONTINUE 

DO 1020 J=2,NY2 

C Evaluation of the velocity interpolates 

VXP = (1.0-OXV(I+l»*V(I+1,J,K) + OXV(I+l).V(I,J,K) 
VXM = (l.O-OXV(I».V(I,J,K) + OXV(I).V(I-l,J,K) 
VYP = (l.O-OYV(J+l»*V(I,J+l,K) + OYV(J+l)*V(I,J,K} 
VYM = (l.O-OYV(J»*V(I,J,K) + OYV(J).V(I,J-l,K) 
VZP = O.S*(V(I,J,K)+V(I,J,K+l» 
VZM = O.S*(V(I,J,K)+V(I,J,K-l» 
UXP = (l.O-OYU(J+l»*U(I,J+l,K) + OYU(J+l}.U(I,J,K) 
UXM = (l.O-OYU(J+l»*U(I-l,J+l,K) + 

& OYU(J+l)*U(I-l,J,K) 

WZP = (l.O-OYU(J+l»*W(I,J+l,K) + OYU(J+l)*W(I,J,K) 
WZM = (l.O-OYU(J+l»*W(I,J+l,K-l) + 

& DYU(J+l)·W(I,J,K-l) 
WV = 0.5.( (1.0-OYU(J+l».(W(I,J+l,K-l)+W(I,J+1,K}) 

& + OYU(J+l)*(W(I,J,K-l)+W(I,J,K» ) 

CR = YRU(J+l).VYP 
CL = YRU(J).VYM 

C Setting up of the tridiagonal system of equations 

8(J) = CYV(J).(-CL.OYV(J)-RYU(J» -
& OTAC*CYU(J)·YRV(J-l)/YNV(J) 
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O(J) = 1.0 + OTAU + TYV(J) + 

& CYV(J)*(CR*OYV(J+l)+CL*(DYV(J)-l.O) 
& +RYU(J)+RYU(J+l» + DTACE*RYV(J)*(CYU(J)+CYU(J+l» 

A(J) = CYV(J)*(-CR*(DYV(J+1)-1.0)-RYU(J+1» 
& - OTAC*CYU(J+1)*YRV(J+l)jYNV(J) 

C computation of the radial momentum equation 
C residual RHV (=RHS) 

RHS(J) = OTAU*(FV(I,J,K)-V(I,J,K» 
1 - AXV(I)*( UXP*VXP-UXM*VXM 
2 «V(I+1,J,K)-V(I,J,K»jXKU(I) 
3 - (V(I,J,K)-V(I-l,J,K»jXKU(I-l) ) j RE ) 
4 CYV(J)*( YRU(J+1)*VYP*VYP - YRU(J)*VYM*VYM 
5 (RYU(J+l)*(V(I,J+l,K)-V(I,J,K» 
6 -RYU(J)*(V(I,J,K)-V(I,J-l,K»» 
7 AYV(J)*( (WZP*VZP-WZM*VZM)jOZ - WV*WV 
8 OTALjYNV(J)*(P{I,J+l,K)-P(I,J,K» 
9 + TYV(J)*( (V(I,J,K+l)+V(I,J,K-l)-2.0*V(I,J,K»jDZDZ 
o - 2.0*(WZP-WZM)jDZ - V(I,J,K) ) 

C Computation of maximum and rms residuals 

IF(ABS(RHS(J».GT.RESIDU(2» RESIDU(2) = ABS(RHS(J» 
RES2(2) = RES2(2) + RHS(J)*RHS(J) 
RHS(J) = RHS(J) - DTAL/YNV(J)*(RP(J+l)-RP(J» 

1020 CONTINUE 

C solving of the tridiagonal system of Equations 

CALL SY(2,NY2,B,D,A,RHS) 

C Computation of OV and OP 

DO 1040 J=2,NY2 
1040 DV(I,J,K) = RHS(J) 

DO 1060 J=2,NYl 
1060 OP(I,J,K) = RP(J) 

& - CYU(J)jALDL*(YRV(J)*DV(I,J,K)-YRV(J-l)*DV(I,J-l,K» 

1011 CONTINUE 
1010 CONTINUE 

CUse is made of the symmetry boundary condition at 8=0 

DO 1012 I=2,NXl 
DO 1013 J=2,NYl 

1013 DP(I,J,2) = DP(I,J,3) 
1012 CONTINUE 
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Circumferential sweep for V(I,J, K) 

DO 3000 J=2,NY2 
OUM = AYV(J)/(2.0*OZ) 
COD = TYV(J)/DZDZ 

DO 3019 I=2, NX1 

DO 3020 K=3, NZ1 
WZP = (1.0-DYU(J+1»*W(I,J+1,K) + OYU(J+1)*W(I,J,K) 
WZM = (1.0-0YU(J+1» *W(I,J+1,K-1) + DYU(J+1) *W(I,J ,K-1) 
CL = DUM*WZM 
CR = DUM*WZP 

B(K) = - CL - COD 
O(K) = 1.0 + CR - CL + 2.0*COD 
A (K) = CR - COD 

3020 RHS(K) = DV(I,J,K) 

C Setting of the symmetry boundary condition on the 
C implicit left-hand side 

0(3) = 0(3) + B(3) 
0(NZ1) = D(NZ1) + A(NZ1) 

C Solving of the tridiagona.l system of equations 

CALL SY(3,NZ1,B,0,A,RHSj 

DO 3040 K=3,NZ1 
3040 OV(I,J ,K) = RHS(K) 

3019 CONTINUE 
3000 CONTINUE 

C ------------------------
C Axial sweep for V(I,J,K) 

C ------------------------

DO 1210 J=2,NY2 
DO 1209 K=3,NZ1 

DO 1250 I=2, NX1 
UXP = (1.0-0YU(J+1»*U(I,J+1,K) + DYU(J+1)*U(I,J,K) 
UXM = (1. O-DYU (J+1) ) *U (1-1, J+1, K) + D'lU (J+1) *u (1-1, J, K) 

VL = RNU/XKU (1-1) 
VR = RNU/XKU(I) 
CL = UXM*DXV (1) 
CR = UXP*DXV(I+1) 

B(I) = AXV(I) * (-CL-VL) 
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0(1) = 1.0 + AXV(1) * (CR+CL-UXM+VL+VR) 
A(I) = AXV(1)*(-CR+UXP-VR) 

1250 RHS (1) = DV(I,J ,K) 

C Setting of the outflow boundary condition on the implicit 
C left-hand side 

D(NX1)= D(NX1) + (1.0+XKU(NX1)jXKU(NX2»*A(NX1) 
B(NX1)= B(NX1) - XKU(NX1)jXKU(NX2)~A(NX1) 

C SOlving of the tridiagonal system of equations 

CALL SY(2,NX1,B,D,A,RHS) 

DO 1260 1=2, NX1 
DV(I,J,K) = RHS(1) 

1260 CONTINUE 

1209 CONTINUE 
1210 CONTINUE 

C updating of the solution for V(I,J,K}, extrapolation of 
C the velocity component at the outlet and setting of the 
C symmetry boundary condition at 8=0 and 8=n. 

DO 1300 J=2, NY2 
DO 1299 K=3, NZ1 
DO 1310 1=2, NX1 

1310 V(I,J,K) = V(I,J,K) + OV(I,J,K) 
V(NX,J,K} = (1.0+XKu(NX1)jXKU(NX2»*V(NX1,J,K) 

& - XKU(NX1)jXKU(NX2)*V(NX2,J,K) 
1299 CONTINUE 
1300 CONTINUE 

DO 1321 1=2, NX1 
DO 1322 J=2,NY2 
V(I,J,2) = V(I,J,3) 

1322 V(I,J,NZ} = V(1,J,NZ1) 
1321 CONTINUE 

C ************************************************ 
C Solving of the circumferential momentum equation 
C ******************************~***************** 

C -------------------------
C Radial sweep for W(1,J,K) 

C -------------------------

DO 3010 1=2,NXl 
no 3009 K=3,NZ2 
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DO 3120 J=2,NYl 

WXP 
WXM 
WYP 
WYM 
WZP 
WZM 

= 
= 
= 
= 
= 
= 

(1.0-0XV(I+l»*W(I+l,J,K) + DXV(I+l)*W(I,J,K) 
(l.O-OXV(I»*W(I,J,K) + OXV(I)*W(I-l,J,K) 
(1.0-0YU(J+l»*W(I,J+l,K) + OYU(J+l)*W(I,J,K) 
(l.O-OYU(J»*W(I,J,K) + OYU(J)*W(I,J-l,K) 
0.5*(W(I,J,K+l)+W(I,J,K» 
0.5*(W(I,J,K)+W(I,J,K-l» 

UXP = 0.5*(U(I,J,K+l}+U(I,J,K» 
UXM = 0.5*(U(I-l,J,K+l)+U(I-l,J,K}) 

VYP = 0.5*(V(I,J,K}+V(I,J,K+l» 
VYM = 0.5*(V(I,J-l,K}+V(I,J-l,K+l)} 
VZP = (l.O-OYV(J})*V(I,J,K+l) + OYV(J}*V(I,J-l,K+~) 
VZM = (1.0-0YV(J}}*V(I,J,K) + OYV(J)*V(I,J-l,K) 
VW = O. 5 * ( ( 1. 0 - OYV (J) } * (V ( l , J , K) + V ( l , J , K + 1» + 

& OYV(J}*(V(I,J-l,K)+V(I,J-l,K+l» ) 

CL = YRV(J-l)*VYM 
CR = YRV (J) *VYP 

B(J) = CYU(J)*( -CL*OYU(J) - RYV(J-l) ) 
O(J) = 1.0 + AYU(J)*VW + TYU(J) 

& + CYU(J)* (CR*OYU(J+l) + CL*(OYU(J)-l.O} 
& + RYV(J-l) + RYV(J) ) 

A(J) = CYU(J)*( -CR*(OYU(J+l)-1.0) - RYV(J) ) 

RHS(J) = OTAU*( - W(I,J,K) + FW(I,J,K) ) 
1 - AXV(I)*( UXp*WXP - UXM*WXM 
2 - ( (W(I+l,J,K)-W(I,J,K»/XKU(I) 
3 - (W(I,J,K)-W(I-l,J,K»/XKU(I-l) ) IRE 
4 - CYU(J)*( CR*WYP - CL*WYM 
5 - ( RYV(J)*(W(I,J+l,K)-W(I,J,K» 
6 - RYV(J-1)*(W(I,J,K)-W(I,J-l,K}) ) 
7 - AYU(J}*( (WZp*WZP - WZM*WZM 
8 + P(I,J,K+l)-P(I,J,K}) 1 OZ 
9 + VW*W ( l , J , Kj ) 
o + TYU(J)*( (W(I,J,K+l)+W(I,J,K-l)-2.0*W(I,J,K»/OZOZ 
1 + 2.0*(VZP-VZM)/OZ - W(I,J,K) ) 

3120 CON'rlNUE 

C Modification of the implicit left-hand side according to 
C the impl icit evaluation of the viscous derivatives near the 
C solid walls (inner and outer cylinders) 

0(2) = 0(2) + 2.0*CYU(2)*RYV(1) 
A(2) ~ A(2) - CYU(2)*RYV(1)/3.0 
B(NY1) = B(NYl) - CYU(NY1)*RYV(NYl)/3.0 
O(NYl) = 0(NY1) + CYU(NY1)*(2.0*RYV(NYl) - CR*OYU(NY» 
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C Fine-tuning in the evaluation of the circumferential 
C momentum equation residual at the oscillating cylinder 
C wall 

RHS(NYl) = RHS(NY1) 
& - CYU(NY1)*CR*(-WALL(I)*SINZ(K) - WYP) 

DO 1100 J=2, NYl 
IF(AB5(RHS(J» .GT.RESIDU(J» RESIDU(J) = ABS(RHS(J» 
RES2(J) = RES2(J) + RHS(J)*RHS(J) 

1100 CONTINUE 

CALL SY{2,NY1,8,O,A,RHS) 
DO 3050 J=2,NYl 

3050 OW(I,J,K) = RHS(J) 

3009 CONTINUE 
3010 CONTINUE 

C ----------------------------------
C Circumferential sweep for W(I,J,K) 
C ~---------------------------------

DO 4000 J=2,NY1 
OUM = AYU{J)/{2.0*OZ) 
COD = TYU (J) /DZOZ 
OUM2 = 4.0*OUM*OUM/ALOL 

DO 3999 I=2, NXl 

DO 4020 K=3,NZ2 
WZP = O.5*(W(I,J,K+l)+W(I,J,K» 
WZM = O.5*(W(I,J,K)+W(I,J,K-l» 
CI. = DUM*WZM 
CR = DUM*WZP 

B{K) = - CL - COD - DUM2 
D(K) = 1.0 + DTAU + CR - CL + 2.0*(COD+DUM2) 
A(K) = CR - COD - OUM2 

4020 RHS(K) = DW(I,J,K) - AYU(J)jOZ*(DP(I,J,K+l)-OP(I,J,K» 

CALL SY(3,NZ2,B,0,A,RHS) 
DO 4040 K=3,NZ2 

4040 OW{I,J,K) = RHS{K) 

DO 3220 K=3,NZl 
3220 DP(I,J,K) = OP(I,J,K) -

& AYU (J) / ALOLDZ * (OW (l, J, K) -DW (I, J , K-1) ) 

3999 CONTINUE 
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4000 CONTINUE 

C ------------------------
C Axial sweep for W(I,J,K) 
C ------------------------

DO 3410 J=2,NYI 
DO 3409 K=3, NZ2 

DO 3450 I=2,NXI 
UXP = 0.5*(U(I,J,K+1)+U(I,J,K» 
UXM = 0.5*CU(I-l,J,K+l)+U(I-1,J,K» 

VL = RNUjXI<U(I-1) 
VR = RNT1jXI<U(I) 
CL = UXM*DXV (I) 
CR = UXP*DXV(I+l) 

B(I) = AXV(I) * (-CL-VL) 
0(1) = 1.0 + AXV(I)*(CR+CL-UXM+VL+VR) 
A(I) = AXV(I) * (-CR+UXP-VR) 

3450 RHS(I) = DW(I,J,K) 

D(NX1)= D(NX1) + (1.0+XKU(NX1)jXKU(NX2)}*A(NX1) 
B(NXl)= B(NXl) - XI<U(NXl)jXI<U(NX2)*A(NX1) 

CALL SY(2,NXl,B,D,A,RHS) 

DO 3460 I=2,NXl 
DW(I,J,K) = RHS(I} 

3460 CONTINUE 

3409 CONTINUE 
3410 CONTINUE 

DO 3310 J=2,NYl 
DO 3300 K=3, NZ2 
00 3299 I=2,NXl 

3 299 W ( l , J , K) = W ( l , J , K) + OW ( l , J , K) 
W(NX,J,K) = (1.0+XI<U(NXl)jXKU(NX2) )*W(NX1,J,K) 

& - XKU(NXl)/XKU(NX2)*W(NX2,J,K) 
3300 CONTINUE 
3310 CONTINUE 

DO 3321 I=2,NXI 
00 3322 J=2,NY1 
W(I,J,1) = - W(I,J,3) 

3322 W(I,J,NZ) = - W(I,J,NZ2) 
3321 CONTINUE 

C •• ****.******.****.***** •• ****.*****.* 
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c 
c 

SOlving of the axial momentum equation 
************************************** 

c -------------------------
C Radial sweep for U(I,J,K) 
C -------------------------

DO 2010 I=2,NXI 
DO 2009 K=3,NZI 

DO 2020 J=2,NYI 
UXP = (l.O-DXU(I+l) )*U(I+1,J,K) + DXU(I+1) *U(I,J,K) 
UXM = (1.0-DXU(I) )*U(I,J,K) + OXU(I)*U(I-l,J,K) 
UYP = (1.0-DYU(J+l»*U(I,J+1,K) + DYU(J+1)*U(I,J,K) 
UYM = (1.0-DYU(J) )*U(I,J,K) + OYU(J)*U(I,J-l,K) 
UZP = O.5*(U(I,J,K)+U(I,J,K+l» 
UZM = 0.5*(UCI,J,K)+U(I,J,K-l» 

VYP = (l.O-DXV(I+l»*V(Irl,J,K) + DXV(I+1)*V(I,J,K) 
VYM == (1. 0 - OXV ( l + 1) ) * V ( l + 1 , J -1 , K) + D XV ( 1+ 1 ) * V ( l , J - 1 , K) 
WZP = (l.O-OXV(I+l»*W(I+l,J,K) + DXV(I+1)*W(I,J,K) 
WZM= (1.0-0XV(I+l»*W(I+1,J,K-1) + DXV(I+1)*W(I,J,K-l) 

CR = YRV(J)*VYP 
CL = YRV(J-l)*VYM 

B(J) = CYU(J)*(-CL*DYU(J)-RYV(J-l» 
D(J) -- l.0 + 

& CYU(J)*(CR*DYU(JTl)+CL*(OYU(J)-l.O)+RYV(J)+RYV(J-l» 
A(J) = CYU(J)*(-CR*(DYU(J+l)-l.O)-RYV(J» 

RH5(J) = OTAU*(FU(I,J,K)-U(I,J,K» 
1 - AXU(l)*( UXp*UXP - UXM*UXM + P(I+l,J,K)-P(I,J,K) 
2 - RNU*( (U(l+l,J,K)-U(I,J,K»jXKV(I+1) 
3 - (U(I,J,K)-U(I-l,J,K»jXKV(I) ) ) 
4 CYU(J)*( YRV(J)*VYP*UYP - YRV(J-1)*VYM*UYM 
5 - (RYV(J)*(U(I,J+l,K)-U(I,J,K» 
6 -RYV(J-1)*(U(I,J,K)-U(I,J-1,K»» 
7 AYU(J)*(WZP*UZP - WZM*UZM) / oz 
8 + TYU(J)*(U(l,J,K+l)+U(I,J,K-1)-2.0*U(I,J,K» / OZDZ 

2020 CONTINUE 

A(2) = A(2) - CYU(2)*RYV(1)j3.0 
D(2) = 0(2} + 2.0*CYU(2}*RYV(1) 
B(NYl} = B(NYl) - CYU(NYl)*RYV(NY1)j3.0 
D(NYl) ~ O(NYl) + 2.0*CYU(NY1)*RYV(NY1) 
RH5(NYl} = RHS(NYl} + CYU(NYl) *YRV(NYl) *VYP*UYP 

DO 2222 J=2,NY1 
IF(AB5(RHS(J)} .GT.RESIOU(l}) RESIDUel) = ABS(RHS(J» 

2222 RE52(l) = RES2(1) + RH5(J)*RHS(J} 



1 
CALL SY(2,NYl,B,D,A,RHS) 
DO 2050 J=2,NY1 

2050 OU(I,J,K) = RHS(J) 

2009 CONTINUE 
2010 CONTINUE 

C ----------------------------------
C Circurnferential sweep for U(I,J,K) 
C ----------------------------------

DO 2600 J=2,NY1 
OUM = AYU(J)!(2.0*DZ) 
COD = TYU(J)!DZOZ 

DO 2619 1=2, NX1 

DO 2620 K=3,NZ1 
WZP = (1.0-0XV(I+l»*W(1+1,J,K) + OXV(1+1)*W(I,J,K) 
WZM= (1.0-OXV(1+1»*W(I+1,J,K-1) + OXV(1+1)*W(I,J,K-1) 
CL = OUM*WZM 
CR = DUM*WZP 

B(K) = - CL - COD 
D(K) = 1.0 + CR - CL + 2.0*COD 
A(K) = CR - COD 

2620 RHS(K) = DU(I,J,K) 

0(3) = 0(3) + B(3) 
D(NZI) = D(NZI) + A(NZ1) 
CALL SY(3,NZl,B,D,A,RHS) 

DO 2640 K=3,NZI 
2640 DU{I,J,K) = RHS(K) 

2619 CONTINUE 
2600 CONTINUE 

C --------------------___ _ 
C Axial sweep for U(1,J,K) 
C -------------------____ _ 

DO 2410 J=2, NY1 
DO 2409 K=3,NZ1 

DO 2450 1=2, NX1 
UXP = (1.0-OXU(I+1»*U(I+1,J,K) + OXU(I+I)*U(I,J,K) 
UXM = (l.O·-OXU(I»*U{I,J,K) + OXU{I)*U(I-1,J,K) 
VL = RNU/XI\J (1) 
VR = RNU/XKV (1+1) 
CL = UXM*DXU (1) 
CR = UXP*OXU(I+1) 
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T 

AR = AXV (1+1) / ALOL 
AL = AXV (1) /ALDL 

B(I) = AXU(I)*(-2.0*CL-AL-VL) 
0(1) = 1.0 + DTAU + 

& AXU(I) *(2.0* (CR+CL-UXM)+AL+AR+VL+VR) 
A(I) = AXU(I)*(-2.0*(CR-UXP)-AR-VR) 

2450 RHS(I) = OU(I,J,K) - AXU(I)*(OP(I+1,J,K)-DP(I,J,K» 

CALL SY(2,NX1,B,D,A,RHS) 

DO 2460 1=2, NX1 
2460 OU(I,J,K) = RHS(I) 

DO 2470 1=2, NX1 
2470 OP(I,J,K) = OP(I,J,K) -

& AXV ( 1 ) / A LD L '* ( DU ( 1 , J , K) - DU ( 1 -1 , J , K) ) 

2409 CONTINUE 
2410 CONTINUE 

DO 5300 J=2, NY1 
DO 5299 K=3,NZ1 
DO 5310 1=2, NX1 

U (l, J , K) = U (l, J, K) + DU (l, J , K) 
5310 P(I,J,K) = P(I,J,K) + DP(I,J,K) 

U(NX,.J,K) = (1.0+XKV(NX)/XKV(NX1»*U(NX1,J,K) 
& - XKV(NX) /XKV ~Nia) *U (NX2, J, K) 

5299 CONTINUE 
5300 CONTINUE 

DO 5321 I==2,NX1 
DO 5322 J=2, NY1 
U(I,J,2) = U(I,J,3) 
P(I,J,2) = P(I,J,3) 
U ( l , J, NZ ) = U ( l , J, NZ 1 ) 

5322 P(I,J,NZ) = P(I,J,NZl) 
5321 CONTINUE 

C ---------------------------____________ _ 
C The residual calculations are fine-tuned 
C -------------------------______________ _ 

DO 5025 1=1,3 
RES2(I) = SQRT(RES2(I)/(NX1*NY1*NZ1»/DTAL 

5025 RESIDU(I) = RESIDU(I)/DTAL 
RES2(4) = SQRTCRES2(4)/(NX1*NY1*NZ1»/DTAC 
RESIDU (4) = RESIDU (4) jDTAC 
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• 
C Test for convergence 

DO 433 1=1,4 
IF(RES2(I).GT.TOLTAU) GOTO 998 

433 CONTINUE 

C *********************** 
C END OF PSEUOO-TIME LOOP 
C *********************** 

C The flow variables obtained for that time step are 
C stored in FlLOUT 

IREC = MOO(IOT-1,NOT) + 1 
WRITE(2,REC=IREC) «(U(I,J,K), V(I,J,K), W(I,J,K), 

& P(I,J,K) ,I=2,NX1) ,J=2,NY1) ,K=2,NZ1) 

C Test to see if the time integration has been done 
C for five harmonie cycles 

IF(IDT.LT.5*NOT+1) GOTO 999 

CLOSE (2) 

END 

C The next subroutine sol ve5 tr idiagonal systems of equations 

C ******************************** 
SUBROUTINE SY (IL, lU, BB, DO, AA, CC) 

C ******************************** 

10 

20 

DIMENSION AA(*), BB(*), CC(*), 00(*) 

LP = IL+l 
DO 10 I=LP, lU 
R = BB ( 1) / DO ( 1-1) 
00(1) = 00(1) -R*AA(I-1) 
CCCI) = CCCI) -R*CC(I-l) 

CC(IU) = CC(IU)/DD(IU) 
DO 20 I=LP, lU 
J = IU-I+IL 
CC(J) = (CC(J) -AA(J) *CC(J+l) )/OD(J) 
RETURN 
END 
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SOLUTION OF 

FLUID-STRUCTURE INTERACTION PRODLEM 

IN TWO-DIMENSIONAL ANNULAR GEOl\lETRY 
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'1 C 
C 
C 
C 
C 
C 
C 
C 
C 

C 
C 
C 
C 

C 

C 

This program performs the integration of the equation 
of motion of a structure under the combined action of 
mechanical and fluid forces. The structure is the two­
dimensional geometry treated in Chapter 7 and in Chapter 9, 
Section 9.3.1. The viscous flow results of Section 9.3.1 
were ontained with this proqram. The fluid forces are 
determined by the two-harmonic solution described in 
section 7.3, which requires a one-dimensional mesh spanninq 
the radial direction. 

The main program represents the fourth-order R~nge-Kutta 
scheme used for the integration of the equation of the 
structure. The suboutine MOHT2 is used to compute the fluid 
forces. 

•••••••••••••• 
PROGRAM MOHTWO 
••••• ***.*** •• 

PARAMETER (NYC=40) 

C TIME stores the time at each time step 
C X, V and A are the displacement, velocity and acceleration 
C of the structure at each time step 

C YRU and YRV are the grid point radial coordinates 
C YNU and YNV are the delta's of the qrid point coordinates 
C DYU and DYV are the nabla's of the qrid point coordinates 

C MESH is the file containing the mesh parameters 

DIMENSION TIME(lOOO), X(lOOO), VelOOO), A(lOOO) 
DIMENSION YNU(NYC), YNV(NYC), DYU(NYC), DYV(NYC) 
DIMENSION YRU(NYC), YRV(NYC) 

CHARACTER*20 MESH 

COMMON NY, YNU, YNV, DYU, DYV, YRU, YRV, RE, DTREAL, 
& DELTA, DTAU, TOLTAU, ITMAX 

C * •• **** ••• *** •• ******.***. 
C Initialization of the data 
C ••••••••••• ** •• ****.*.***. 

C 
C 

DATA TIME,X,V,Aj4000*O.Oj 
PI = ACOS(-l.O) 

RATIOM is the ratio of structural mass to fluid-added mass 
RE is the Reynolds number 
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C NOT is the number on time steps per natural period of the 
C in vacuo mass-spring system. The Runge-Kutta 
C integration is performed during NNDT.NDT time steps. 
C TOLTAU is the tolerance for the pseudo-time integration 
C when calculating the fluid force 
C RKSI is the mechanical damping, set to zero 
CEPS is the initial displacement of the outer cycl inder axis 

MESH = UPENO. 1 
RATIOM = 1.5 
RE = 200. 
NOT = 19 
NNDT = 3 
TOLTAU = 1. e-4 

RKSI = 0.0 
EPS = 0.1 

C •• ** ••• *** •• ****.***** •• *** •••• ***.*.***.*****.***** •• ** 

C The mesh parameters are loaded into program mernory: the y 
C are passed to the subroutine MOHT2 using a COMMON block. 
C The value of the real-time step size ât is determined, as 
C weIl as the values of 0, of the pseudo-tirne step size ât 
C and the artificial compressibility 6. 

C NY is the number of grid points in the radial direction 
C DTREAL is the real time step size ât 
C SIGMA is the value of 0 in equation (9.2) 
C DELTA is the artificial cornpressibility 6 
C DTAU is the pseudo-time step size At 

OPEN(2,FILE=MESH) 
READ(2, 1 (15) 1) NY 
READ ( 2, 1 (15, 4 F 15 . 7) 1 ) 

& (JJ,YNU(J) ,YNV(J),DYU(J),DYV(J),J=l,NY) 
READ(2, .) 
READ(2,' (15,2F15.7) 1) (JJ,YRU(J) ,YRV(J) ,J=l,Ny) 

CLOSE(2) 

DTREAL = 2.0.PI j REAL(NDT) 

SMAJ = (YRV(NY-1)/YRV(1» ** 2 
SMAJ = (SMAJ-1.)/«SMAJ+1)*PI*YRV(NY-1)**2) 

SIGMA = SMAJ/RATIOM 

DELTA = 0.0001 • 1.0j(DTREAL*EPS •• 2) 
DTAU = EPS*OTREAL 
DTAU = 1500.0 • 
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-1 C 
C 
C 

& YNU(2)/(DTAU + SQRT(DTAU •• 2+DTREAL/DELTA» 

*.*.** ••• *** •••• *** ••• ** ••••• * •••• * ••••• ** •••• * 
Beginning of the Runge-Kutta integration scheme 
*******.*.* ••••• ** ••••• * ••• **** •• **** ••• *.* •• ** 

C FLUIDE is the fluid force returned from the 
C subroutine MOHT2. The parameters 
C passed to MOHT2 in order to calculate FLUIDE 
C are described below. 

FLUIDE = 0.0 

C The initial conditions are set 

X(1) = EPS 
X(2) = EPS 

C Start of the Runge-Kutta loop 

DO 10 IDT=3, NNDT*NDT 

C Second step illustrated in Table 9.1 of Thesis 

X2 = 
V2 = 
CALL 
A2 = 

X(IDT-l) + DTREAL/2.0 * V(IOT-l) 
V(IDT-l) + DTREAL/2.0 * A(IOT-l) 
MOHT2(V2, FLUIDE, .FALSE., lOT) 

- 2.0*RKSI*V2 - X2 + SIGMA*FLUIDE 

C Third step illustrated in Table 9.1 of Thesis 

Xl = 
Vl = 
CALL 
Al = 

X(IDT-l) + oTREAL/2.0 * V2 
V(IoT-1) + oTREAL/2.0 * A2 
MOHT2(Vl, FLUIDE, .FALSE., lOT) 

- 2.0·RKSI*V3 - X3 + SIGMA*FLUIDE 

C Fourth step illustrated in Table 9.1 of Thesis 

X4 = X(IoT-l) + DTREAL * V3 
V4 = V(IDT-l) + oTREAL * A3 
CALL MOHT2(V4, FLUIDE, .TRUE., lOT) 
A4 = - 2.0*RKSI*V4 - X4 + SIGMA*FLUlDE 

C Updating of variables as per equations (9.4-9.7) 

X(IoT) = X(lDT-1) 
& + DTREALj6.0*{V(IDT-1) + 2.0.V2 + 2.0*V3 + V4) 

V(IoT) = V(lDT-1) 
& + DTREAL/6.0*(A(lDT-1) + 2.0.A2 + 2.0*A3 + A4) 

CALL MOHT2(V(lDT), FLUIDE, .TRUE., lOT) 
A(IDT) = - 2.0*RKSl*V{lDT) - X(lDT) + SlGMA*FLUlDE 
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10 WRITE(*,' (I5,E15.4) 1) lOT, X(IDT)jEPS 

STOP 
END 

C **************************************** 
SUBROUTINE MOHT2(VOT, FLUIDE, DTUN, lOT) 

C **************************************** 

C The subroutine MOHT2 computes the fluid forces on the 
C oscilIating outer cylinder. 

C VOT is the velocity of the cylinder axis at the advanced 
C time leveI for which the solution is sought 
C FLUIDE is the fluid force at the advanced time leve] 
C DTUN is a logical variable. When it is true, the solution 
C is projected to time level t n + ât, else to t n + âtj2. 
ClOT is the time counter 

PARAMETER (NYC=40) 

C FlLOUT is a direct-access file which stores the solution, 
C i.e. velocity components and pressure, for three 
C consecutive real-time levels: the latest three time 
C levels during the time integration. Each record 
C represents the solution at one time level 
C INIT is a logical variable which is used ta detect the 
C first time MOHT2 is called in order ta initialize 
C variables 

CHARACTER FILOUT*20 
LOGICAL DTUN, INIT 

C The following variables have been defined above 

DIMENSION YNU(NYC), YNV(NYC), DYU(NYC), DYV(NYC), 
& YRU(NYC), YRV(NYC) 

C The next variables are defined below and conta in the 
C grid point coordinates and their delta's: they are used to 
C evaluate the equation residuals 

C VI 
C 
C V2 
C 

DIMENSION CYU(NYC), CYV(NYC), RYU(NYC), RYV(NYC) 
DIMENSION TYU(NYC), TYV(NYC), AYU(NYC), AYV(NYC) 

is the 
radial 
is the 
radial 

first circumferential harmonie of the 
velocity component 
second cireumferential harmonie of the 
velocity component 
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C Wl is the first circumferential harmonie of the 
C circumferential velocity component 
C W2 is the second circumferential harmonie of the 
C circumferential velocity component 
C Pl is the first circumferential harmonie of the pressure 
C P2 1S the second circumferential harmonie of the pressure 

C DV, DW and OP are the increments in the variables during 
C the pseudo-time integration 
C RP contains residuals of the continuity equation 

DIMENSION V1(NYC), V2 (NYC) , DV(NYC) 
DIMENSION W1(NYC), W2 (NYC) , DW(NYC) 
DIMENSION P1(NYC), P2 (NYC) , DP(NYC) , RP(NYC) 

C FV1 is the non-homugeneous forcing term containing Vi 
C FV2 is the non-homogeneous forcing term containing V2 
C FW1 is the non-homogeneous forcing term containing Wl 
C FW2 is the non-homogeneous forcing term containing W2 

DIMENSION FV1(NYC), FV2(NYC), FW1(NYC), FW2(NYC) 

C B, D and A are used in the solution of the tridiagonal 
C systems of equations 
C RES2 and RESI conta in the rms and maximum residuals of the 
C equations, respectively 

DIMENSION B(NYC), D(NYC), A(NYC), RHS(NYC) 
DIMENSION RES2(6), RESI(6) 

COMMON NY, YNU, YNV, DYU, OYV, YRU, YRV, RE, DTREAL, 
& DELTA, DTAU, TOLTAU, ITMAX 

DATA V1,V2,DV,Wl,W2,DW,P1,P2,DP/360*O.Oj 
DATA FlLOUT/'CYCLE'/, INIT/.FALSE./ 
SAVE 
PI = ACOS (-1.0) 

C ****************************************************** 

C If it is the first time the subroutine is called, then 
C the fOllowing variables are initialized 

c ------------------
IF(.NOT.INIT) THEN 

C ------------------

INIT = . TRUE . 

NY1=NY-1 
NY2=NY-2 
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DTAC = DTAU/DELTA 
DTACE = DTAU*RE/DELTA 

IWFL = 4*6*NY2 

C FILOUT is initiallzed to zero for three t1rne 18vels 

OPEN(2,FILE=FlLOUT,ACCESS='DIRECT',RECL=IWFL) 
DO 1466 IREC=1,3 

1466 WRITE (2, REC=IREC) (0.0,0.0,0.0,0.0,0.0,0.0, .J=2 , NY 1) 
CLOSE(2) 

ENDIF 

c **************************************** 
C Computation of the non-hornogeneous terms 
C **************************************** 

C The solutions at the time levels t n and t n-1 are first 
C obtained from the file FlLOUT 

OPEN{2,FlLE=FlLOUT,ACCESS='DIRECT',RECL=IWFL) 
IREC = MOD(IDT-2+3, 3) + 1 
READ(2,REC=IREC) 

& (Vl(J) ,V2(J) ,Wl(J) ,W2(J) ,Pl(J) ,P2(J) ,J=2,NY1) 
IREC = MOD(IDT-3+3, 3) + 1 
READ(2,REC=IREC) (FV1(J) ,FV2(J), 

& FW1(J),FW2(J), GDP,GDP,J=2,NY1) 
CLOSE(2) 

c ----------------------------------------------------

C If DTUN is true, then the solution i5 projected 
C to tn+1 (tn + ât) 

30 

IF (DTU'N) THEN 

ALPHA = 2.0*DTREAL/3.0 

DO 30 J=2, NY1 
FV1(J) = ( 4.0*V1(J) - FVl(J) 
FV2(J) = ( 4.0*V2(J) - FV2{J) 
FW1(J) = ( 4.0*Wl(J) - FW1{J) 
FW2(J) = ( 4.0*W2(J) - FW2{J) 

/ 3. a 
/ 3. a 
/ 3. a 
/ 3. a 

c ----------------------------------------------------

CElse, DTUN is false and the solution is projected 
C to tn+112 (tn + ât/2) 

ELSE 
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ALPHA = 3.0*DTREAL/8.0 

DO :'1 J=2,NYl 
FV1(J) = ( 9.0*Vl(J) 
FV2(J) = ( 9.0*V2(J) 
FW1(J) = ( 9.0*Wl(J) 
FW2(J) = ( 9.0*W2(J) 

ENDIF 

- FVl (J) ) / 8.0 
- FV2 (J) ) / 8.0 

FWl (J) ) / 8. 0 
- FW2(J) ) / 8.0 

c *********************************************************** 

C The values of the parameters used in the calculation of the 
C equations are set 

OTAL = DTAU*ALPHA 
ALDL = ALPHA*DELTA 

DO 59 J=I, NYl 
CYU(J) = DTAL/(YRU(J)*YNU(J» 
CYV(J) = DTAL/(YRV(J)*YNV(J») 
RYU(J) = YRU(J)/(RE*YNU(J» 
RYV(J) = YRV(J)/(RE*YNV(J» 
TYU(J) = DTAL/(RE*YRU(J) **2) 
TYV(J) = DTAL/(RE*YRV(J) **2) 
AYU(J) = DTALjYRU(J) 

59 h~V(J) = DTAL/YRV(J) 

C The boundary conditions are calculated 

C WALLI is the boundary condition on the first harmonie of 
C the circumferential velocity cornponent 

WALLl = VOT/2. 0 
VI(NY1) = VOT/2.C 

C ***************************************** 
C Beginning of the iteration in pseudo-time 
C *************-*************************** 

C As was the case for the previous program listed in this 
C Appendix, the radial and circumferential sweeps are done 
C in succession for one given momentum equation, before to 
C consider the next mornentum equation. 

C Here we have a total of six equations: three equations 
C describing the first-circumferential harmonie variables, 
C VI, Wl and Pl, which are, respectively, the radial and 
C circumferential momentum and the continuity equations; the 
C other three equations are their counterparts for the second 
C harmonie variables, V2, W2 and P2. 
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ITER = 0 
1TER = ITER + 1 

DO 14 1=1,6 
RES2(I) = 0.0 

14 RESI(I) = 0.0 

C ************************************************* 
C Solving of the radial momentum equation for Vl(J) 
C ************************************************* 

C -------------------
C Radial sweep for V1 

C -------------------

C Computation of the residuals of the continuity equation 
C for the first circumferential harmonie 

DO 1032 J=2,NY1 
RP(J) = - C~u(J)/ALOL*(YRV(J)*Vl(J)-YRV(J-l)*Vl(J-l» 

& + AYU(J)/ALOL*W1(J) 
IF(ABS(RP(J» .GT.RESI(5» RESI(5)=ABS(RP(J» 
RES2(5) = RES2(5) + RP(J)*RP(J) 

1032 CONTINUE 

DO 1020 J=2,NY2 

C Computation of the veloeity interpolates 

V2YP = (1.0-0YV(J+1»*V2(J+l) + OYV(J+l)*V2(J) 
V2YM = (1.0-0YV(J»*V2(J) + OYV(J)*V2(J-l) 
V1YP = (1.0-0YV(J+1»*V1(J+l) + OYV(J+1)*Vl(J) 
V1YM = (l.O-OYV(J»*Vl(J) + OYV(J)*Vl(J-1) 
W1V = (1.0-0YU(J+l»*W1(J+l) + OYU(J+l)*Wl(J) 
W2V = (1.0-0YU(J+1»*W2(J+1) + OYU(J+1)*W2(J) 

C Setting up of the implicit left-hand side of the 
C tridiagonal system of equations 

8(J) = CYV(J)* (-2.0*YRU(J)*V2YM*OYV(J) - RYU(J» 
& - OTAC*CYU(J)*YRV(J-1)/YNV(J) 

O(J) = 1.0 + OTAU + TYV(J) 
1 + CYV(J)*( 2.0*(YRU(J+1)*V2YP*OYV(J+l) 
2 + YRU(J)*V2YM*(OYV(J)-1.0» 
3 + RYU(J+1) + RYU(J) ) 
4 + OTACE*RYV(J)*(CYU(J)+CYU(J+l» 

A(J) = CYV(J)*( -2.0*YRU(J+l)*V2YP*(OYV(J+l)-1.0) 
& - RYU(J+l) ) - OTAC*CYU(J+l)*YRV(J+l)/YNV(J) 

C Computation of the residuals for V1 
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RHS(J) = OTAU*(-V1(J)+FV1(J» - 2.0*T'lV(J) *(V1(J)-W1V) 
1 - C'lV(J)*( 2.0*('lRU(J+1)*V2'iP*VI'lP-'lRU(J)*V2'iM*VI'lM) 
2 - ( R'lU(J+l)*(Vl(J+1)-Vl(J» 
J - RYU(J)*(V1(J)-V1(J-l» ) ) 
4 - A'lV(J)*( W1V*V2(J) - W2V*Vl(J) - 2.0*WIV*W2V 
5 - OTALjYNV(J)*(P1(J+l)-P1(J)} 

IF(ABS(RHS(J».GT.RESI(l» RESI(1) = ABS(RHS(J» 
RES2(1) = RES2(1) + RHS(J)*RHS(J) 

RHS(J) = RHS(J) - OTALj'iNV(J) *(RP(J+1)-RP(J» 
1020 CONTINUE 

C Solving of the tridiagonal system of equations 

CALL S'i(2,NY2,B,0,A,RHS) 

C Computation of DV and OP 

DO 1040 J=2, N'l2 
1040 DV(J) = RHS(J) 

DO 1060 ,T=2, N'lI 
1060 OP(J) = RP(J) 

& -CYU(J)jALOL*(YRV(J)*oV(J)-YRV(J-1)*OV(J-l» 

C ----------------------------
C Circurnferential sweep for VI 

C ----------------------------

DO 1080 J=2, N'l2 
W27 = (1.0-0'lU(J+1»*W2(J+I) + O'lU(J~1)*W2(J) 
OV(J) = DV(J)j( 1.0 - AYV(J) *W2V + T'lV(J) ) 

1080 CONTINUE 

C ************************************************* 
C Solving of the circurnferential mornenturn equation 
C for Wl (J) 
C ********************w**************************** 

C Setting of the boundary conditions near the solid walls. 
C The program listing startinq on page E-3 explains the 
C reasons behind that procedure 

Wl(NY) = 8.0j3.0*WALLl - 2.0*W1(N'l1) + Wl(N'l2)j3.0 
Wl(l) = - 2.0*WI(2) + Wl(3)j3.0 

C -------------------
C Radial sweep for Wl 

C -------------------

DO 3020 J=2 1 N'il 
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WIYP = (l.O-DYU(J+l)*Wl(J+l) + DYU(J+l)*Wl(J) 
WIYM = (l.O-DYU(J»*Wl(J) + DYU(J)*Wl(J-l) 
W2YP = (1.0-DYU(J+l»*W2(J+l) + DYU(J+l)*W2(J) 
W2YM = (1.0-OYU(J»*W2(J) + DYU(J)*W2(J-l) 
V1W = (1.0-DYV(J»*Vl(J) + DYV(J)*Vl(J-l) 
V2W = (1.0-D'iV(J»*V2(J) + DYV(J)*V2(J-l) 

B(J) = CYU(J)*( YRV(J-1)*V2(J-1)*DYU(J) - RYV(J-l) 
D(J) = 1.0 + TYU(J) - AYU(J)*V2W 

1 + CYU(J)*( -YRV(J)*V2(J)*DYU(J+l) 
2 - YRV(J-l)*V2(J-l)*(DYU(J)-1.0) 
3 + RYV(J-l) + RYV(J) ) 

A(J) = CYU(J)*( YRV(J)*V2(J)*(DYU(J+l)-1.0) - RYV(.J) ) 

RHS(J) = DTAU*(-W1(J)+FW1(J» - 2.0*TYU(J)*(Wl(J)-VlW) 
1 - CYU(J)*( YRV(J)*( Vl(J)*W2YP - V2(J)*WIYP ) 
2 - YRV(J-l)*( Vl(J-l)*W2YM - V2(J-l)*WlYM 
3 - ( RYV(J)*(Wl(J+l)-Wl(J» 
4 -RYV(J-l)*(W1(J)-W1(J-l» ) ) 
5 - AYU(J)*( 2.0*W1(J)*W2(J) 
6 -+ VIW*W2 (J) - V2W*Wl (J) + Pl (J) 

3020 CONTINUE 

C The implicit left-hand side of the equations is corrected 
C in arder ta tdke into account the evaluation of the viscous 
C derivatives near the solid walls 

0(2) = 0(2) + 2.0*CYU(2)*RYV(1) 
A ( 2) = A ( 2) - CYU ( 2 ) *RYV ( 1) / 3 . 0 
B(NYl) = B(NYl) - CYU(NY1)*RYV(NYl)j3.0 
O(NYl) = D(NYl) + 2.0*CYU(NYl)*RYV(NYl) 

C The evaluation af the residual at the oscillating cylinder 
C Nall 15 carrected and the maximum and rms residuals are 
C calculated 

RHS(NY1) = RHS(NY1) + CYU(NY1)*YRV(NYl)*Vl(NYl)*W2YP 

DO 3100 J=2,NYl 
IF(ABS(RHS(J».GT.RESI(3» RESI(3) = ABS(RHS(J» 
RES2(3) = RES2(3) + RHS(J)*RHS(J) 

3100 CONTINUE 

CALL SY(2,NY1,B,D,A,RHS) 

DO 3050 J=2,NYl 
3050 OW(J) = RHS(J) 

c ----------------------------
C Circumferential sweep far W1 

C ------~-~-------------------
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DO 3200 J=2,NYI 
DW(J) = (DW(J) - AYU(J)*DP(J» / 

1 ( 1 + DTAU + TYU(J) 
2 + AYU(J)*(2.0*W2(J)+AYU(J)/ALDL) 

3200 CONTINUE 

DO 3220 J=2,NYI 
DP(J) = DP(J) + AYU(J)/ALDL*DW(J) 

3220 CONTINUE 

C ----------------------------------------
C Updating of the first-haromnic variables 

C ----------------------------------------

DO 5000 J=2,NYl 
Vl(J) = V1(J) + DV(J) 
Wl(J) = W1(J) + DW(J) 

5000 Pl(J) = P1(J) + DP(J) 

C ************************************************* 
C Solving of the radial momentum equation for V2(J) 
C ************************************************* 

C -------------------
C Radial sweep for V2 
C -------------------

C Computation of the residuals of the continuity equation 
C for the second circumferential harmonie 

DO 6032 J=2,NYl 
RP(J) = - CYU(J)/ALDL*(YRV(J)*V2(J)-YRV(J-1)*V2(J-l» 

& + 2.0*AYU(J)/ALDL*W2(J) 
IF(ABS(RP(J».GT.RESI(6» RESI(6)=ABS(RP(J)} 

RES2(6) = RE52 (6) + RP(J)*RP(J) 
6032 CONTINUE 

00 6020 J=2,NY2 
VIYP = (1.0-0YV(J+l»*Vl(J+1) + DYV(J+l}*V1(J) 
VIYM = (1.0-0YV(J»*V1(J) + DYV(J)*Vl(J-1) 
WIV = (1.0-OYU(J+1»*Wl(J+1) + OYU(J+1)*Wl(J) 
W2V = (1.O-OYU(J+l»*W2(J+1) + DYU(J+l)*W2(J) 

S(J) = - CYV(J)*RYU(J) - OTAC*CYU(J)*YRV(J-l)/YNV(J) 
O(J) = 1.0 + OTAU + TYV(J) + CYV(J)*(RYU(J)+RYU(J+l» 

& + DTACE*RYV(J)*(CYU(J)+CYU(J+l» 
A(J) = - CYV(J)*RYU(J+l) 

& - DTAC*CYU(J+l)*YRV(J+l)/YNV(J) 
RHS(J) = DTAU*(-V2(J)+FV2(J» 

1 - TYV(J)*(5.0*V2(J) - 4.0*W2V) 



1 

T 
J 

2 
3 
4 
5 
6 

- CYV(J)*( YRU(J+l)*VlYP*VlYP - YRU(J)*VIYM*V1YM 
- ( RYU(J+l)*(V2(J+l)-V2(J» 

- RYU(J)*(V2(J)-V2(J-l» ) ) 
- AYV(J)*WIV*(-2.0*Vl(J)+WIV) 
- OTALjYNV(J)*(P2(J+l)-P2(J» 

IF(ABS(RHS(J».GT.RESI(2» RESI(2) = ABS(RHS(J» 
RES2(2) = RES2(2) + RHS(J)*RHS(J) 

RHS(J) = RHS(J) - DTALjYNV(J)*(RP(J+l)-RP(J» 
6020 CONTINUE 

CALL SY(2,NY2,B,0,A,RHS) 

DO 6040 J=2,NY2 
6040 OV(J) = RHS(J) 

DO 6060 J=2,NYI 
6060 DP(J) = RP(J) 

& -CYU(J)jALOL*(YRV(J)*DV(J)-YRV(J-l)*DV(J-l» 

C ----------------------------
C Circumferential sweep for V2 
C ----------------------------

DO 6080 J=2,NY2 
OV(J) = DV(J)j( 1.0 + 4.0*TYV(J) ) 

6080 CONTINUE 

C ************************************************* 
C Solving of the circumferential rnornentum equation 
C for W2(J) 
C ************************************************* 

C -------------------
C Radial sweep for W2 
C -------------------

W2(NY) = - ?.0*W2(NYl) + W2(NY2)j3.0 
W2(1) = - 2.0*W2(2) + W2(3)j3.0 

DO 7020 J=2,NYI 
WIYP = (l.O-OYU(J+l»*Wl(J+l) + OYU(J+l)*Wl(J) 
WIYM = (l.O-OYU(J»*Wl(J) + OYU(J)*Wl(J-l) 
VIW = (l.O-OYV(J»*Vl(J) + DYV{J)*Vl(J-l) 
V2W = (1.O-OYV(J»*V2(J) + DYV(J)*V2(J-l) 

CR = CYU{J)*RYV{J) 
CL = CYU(J)*RYV(J-l) 

B{J) = - CL 
D{J) = 1.0 + TYU(J) + CL + CR 
A(J) = - CR 
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RHS(J) = DTAU*(-W2(J)+FW2(J» 

1 - TYU(J)*(5.0*W2(J)-4.0*V2W) 
2 - CYU(J)*( YRV(J)*Vl(J)*Wl'iP - YRV(J-l)*Vl(J-l)*Wl'iM 
3 - ( RYV(J)*(W2(J+l)-W2(J» 
4 - R YV ( J - 1) * (W 2 (J) - W 2 (J -1» ) ) 
5 - AYU(J)*(. Wl(J)*(-2.0*Wl(J)+V1W) + 2.0*P2(J) ) 

7020 CONTINUE 

0(2) = 0 (2) + 2.0 *CYU (2) *R'iV (1) 
A (2) = A (2) - C'iU (2) *R'iV (1) /3. 0 
B(NY1) = B(N'il) - CYU(N'il)*R'iV(NY1)/3.0 
O(NY1) = D(N'il) + 2.0*C'iU(N'il)*R'iV(NY1) 

RHS (NY1) = RHS(NY1) 
& CYU(N'il) *YRV(N'il)*Vl(N'il) * (WALL1-Wl'iP) 

00 7100 J=2, NYl 
IF(ABS(RHS(J».GT.RESI(4» RESI(4) = ABS(RHS(J» 
RES2(4) = RES2(4) + RHS(J)*RHS(J) 

7100 CONTINUE 

CALL S'i(2,N'il,B,O,A,RHS) 

00 7050 J=2, N'il 
7050 DW(J) = RHS(J) 

C ----------------------------C Circurnferential sweep for W2 
C ----------------------------

DO 7200 J=2, N'il 
OW(J) = (OW(J) - 2.0*A'iU(J)*OP(J» / 

& (1 + DTAU + 4.0*( T'iU(J) + A'iU(J)*A'iU(J)/ALOL ) ) 
7200 CONTINUE 

DO 7220 J=2, N'il 
OP(J) = OP(J) + 2.0*A'iU(J)/ALOL*DW(J) 

7220 CONTINUE 

c -----------------------_____________ _ 
C UPOATING OF SECOND-HARMONIe VARIABLES 
c -----------------------_____________ _ 

DO 7300 J=2.N'il 
V2 (J) = V2 (J) + OV (J) 
W2(J) = W2(J) + OW(J) 

7300 P2(J) = P2(J) + OP(J) 

C The calculations of the residuals are fine-tuned 
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DO 15 1=1,4 
RESI(I) = RESI(I)/DTAL 

15 RES2(I) = SQRT(RES2(1)/NY2)/DTAL 
DO 16 1=5,6 

RESI(I) = RES1(I)/DTAC 
16 RES2(I) = SQRT(RES2(1)/NY2)/DTAC 

C *********************************** 
C test for convergence in pseudo-time 
C -----------------------------------

DO 17 1=1,6 
IF(RES2(I) .GT.TOLTAU) GOTO 998 

17 CONTINUE 
C *********************************** 

CAfter convergence in pseudo-time, the variables ~re stored 
C in the file FILOUT 

OPEN(2,FILE=FILOUT,ACCESS='DIRECT',RECL=IWFL) 
IREC = MOD(IDT-l~3,3) + 1 
WRITE(2,REC=IREC) (Vl(J) ,V2 (J) ,Wl(J) ,W2(J), 

& Pl(J) ,P2(J) ,J=2,NY1) 
CLOSE (2) 

C ****************************************************** 
C Computation of the fluid force FLUIDE 
c -------------------------------------

GRV = 3.0*Vl(NY1) - 4.0*Vl(NY2) + Vl(NY-3) 
GRV = GRV/{3.0*YNU(NY1)-YNU{NY2» 

GRW = 8.0/3.0*WALLI - 3.0*Wl(NYl) + Wl(NY2)/3.0 
GRW = GRW/{8.0/3.0*OYV{NYl)*YNU{NY1)-YNV(NY2)/3.0) 
FLUIDE = Pl{NYl) - (2.0*GRV+GRW)/RE 
FLUIDE = 2.0*PI*YRV(NY1) * FLUIDE 

C ****************************************************** 

RETURN 
END 

C The next subroutine solves tridiagonal systems of equations 

C ******************************** 
SUBROUTINE SY(IL,IU,BB,DD,AA,CC) 

C ******************************** 

DIMENSION AA(*), BB(*), CC(*), DD{*) 

LP = IL+l 
DO 10 I=LP, lU 
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R = BB ( l ) j DO ( l -1 ) 
00(1) = DD(l)-R*AA(l-1) 
CC(I) = CC(l)-R*CC(l-1) 

CC ( lU) = cc ( lU) j DO (lU) 
DO 20 l=LP, lU 
J = lU-l+lL 

20 CC(J) = (CC(J) -AA(J) *CC(J+1) )jDD(J) 
RETURN 
END 
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