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PREFACE

This thesis is largely original., The first chapbter was
inspired by a desire to improve upon Ragnar Frisch's equation for
the principle of acceleration. This inspiration was found in a
paragraph in Bretherton, Burchardt & Rutherford!'s Public Investment

and the Trade Cycle, on pp. 319-20. Prof. Tinbergen's article, An
| Acceleration Principle for stocks, also influenced Chapter 1,

although the substance of the chepter had been conceived before I

read it.

The formulation of the multiplier in Chapter 2 (Equation 9)
was inspired by Dr. lange's article, The Theory of the Multiplier.
The diagrammatic analysis by which I arrive at the same formulation

as Dr, Lange's is, however, original.

)

Chapter 3 and the first three parts of Chapter 4 are con-
siderably influenced by Prof. Machlup's International Trade and the
National Income Multiplier; however the diagrammatic analysis, the
incorporation of the investment and export functions in the multi-
plier, and the development of the excess-saving and trade-balance

functions, are entirely original.

The remainder of the thesis - parts IV, V and VI of Chapler

4, and Chapters 5, 6 and 7 - is entirely original,



REMARKS

~ In accordance with Regulation 60{(d})) I suzgest
the title, "Generalized Theory of Multi-System Macroecon-

omics".

Since this thesis is original, and not a piece
of researph,vlvhave included a preface, according to
Regulation 60(f), although it is an M.A, and not a Ph,D.
thesis, outlining my claims to originalitv. This Preface
may or may not be in¢1ud¢d in the thesis according to

the wishes of the Faculty.

With regard to Regulation 60(g), I have not
mentioned in the Preface, ndr’ip.the‘tgxt,~the extent to
which assistance has beenhreceived frpm "members of - the
staff, fellow-students, technicians and others", as no

such assistance has been received.
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1, Te Goneralized Principle of Acceleration
| I

The accelsration prihciple is as yet an unprecise concept,
unsuitable for rigorous analysis. The first cause of weakness is the
neglect of the role of inventories, and a tendency to take account of
only one kind of investment, namely investment in fixed.capital plent
and equipment. This leads to a fundamental weakness in the acceleration
princible, owing to the fact that investment in inventories may be
affected by consumption in an opposite way to the effect of consumption

on investment in fixed capital., Increases in consumption deplete inven-

tories, thus causing a certain amount of disinvestment.

Secondly, this weakness could be disregarded but for the fact
that there is .a certain positive period of production. If production
were instantaneous, inventory depletions would be completely offset by
induced inventory investment. But since there is a time lag between
consumption and production, the depletion or apletion of inventories
caused by an increase.or decrease in the rate of consumption will only
be made up if consumption changes at & constant rate, Thus the negleect
of the period of production is the second and fundamental weakness of

the acceleration principle as it has been conceived up to the present.

The unrealistic assumptions on which the formmlations of the
accelerator have been based have necessitated the qualifications that
the principle is not wholly applicable at the turning-points of the
business cycle, and have led economists to remark that the acceleration
principle does not operate in periods of excess inventories, such as the

trough of the business cycle.
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In this paper I will attempt to formulate a statement of the
acceleration principle which is applicable in all phases of the business

cycle and is fully generalized.

II

Output can be considered as being composed of changes in inven-
tories, and of consumption. This can be written:-

0= AV+C

Inventories are held because of irregularities in consumption,
end discontinuities between production and consumption., It will be
assumed that entrepreneurs will wish to hold inventories at a constant
proportion to consumption. Thus,

V= ¥C

A change in consumption will cause a change in inventories in the
same direction, in the next period. The period of production, measured in
units of time, we shall call 6.

It will be further assumed that entrepreneurs produce on the basis
of present consumption, so that an increese in consumption of C3.Co will
ceuse an increese in production of Cl,_ Co after © +{ime units have elapsed.

The immediate effect of an incresse in consumption from Cop to C1
will be the depletion of inventories to the amount of C1 _ Co, A change in
inventories at a given point of time is then composed of (1) a proportion v
of the change in consumption in the previous period, (2) the change in
consumption itself in the previous period, and (3) the change in inventories
caused by a change in ccnsumption in the present period. This can be written:-

Vi =Vt =0 _ v(0tig _ Cyaze) +(Ce=6 — Ct:28) — (Gt _ Cts) . ... (1)

If the rate of consumption is constent, or changing at a constant
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rate, then (Ct-o — Ct;gg} = (Ct . Ct-g) and AV . vAC.
Similarly, if consumption is chenging at g declining rate (1.e., if

a%0/at*<0) then AV >vAC, as (Ciog _ Ctong) — (G4 _ Cp_g) > o.

Likewise, if consumption is chemging at en expanding rete (if a20/at2>0),
then AV < v AC, Thus en accelerated increase in consunption will
cause a decline in investment in inventories, and vice versa. This will

tend to cushion the top of the downswing and also to dempen the recovery.

Equation (1) cean be written (the subscript t referring to the
period t-0 to t):

v't- (v+‘l)C't—g—-C't ..l"..l.l'.(g)

Output therefore consists of this expression plus Cge The rate of
change of output is written

O't= C't+(V+l)c"t_g _C",b '.;.........(5)

III
We must now consider investment in fixed capital, Under given
technological conditions, assuming fixed technical coefficients, entrepren-
eurs will Wisﬁ to produce capital (Q) in a fixed proportion (q) to output (0).

Thus, after a time-lag (T),

Q= Ot cecrcasonass(4)
Investment in fixed capital will consist of replacement (H) and net
investment (dQ/dt). Replacement is a function of the durability of capital.
If capital instruments last Y years, and if replacement is not bunchéd, then
1 of these assets will be replaced annually. The ratio of replacement to
)c’api’cal we shall call r. Over a period of time 7T,

I :’
: Y
where Y is the durability of capital, and both Y and 7 are measured in years,
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We might express the replacement-capital ratio in period T as being equal to 7

times the annual replacement-capital ratio. Thus replacement is expressed

as a function of capital:

Ry = T4 ' | cereeerncsanses(5)
Substituting (4),
By = ra04.r .
Similerly, using the prime notation to express the derivative with
respect to time,
Q"'b = Qo't_.r, ’
Gross investment in fixed capital (F) is therefore expressed es
follows:
F= ;rqo.b_-,--rqO't_T .
When investment in inventories is edded to this, we obtain the
following equation for gross investment (I):
I’b = rgli o+ qO'_h__r‘*‘ V't.
Substituting (2) and (3), this becomes:
If=" q{ct-r*"‘v*l)c't.’r.o - c'1:-7'}’* q{C't-T+(v+1) ®4~t-0 "C"t-’r}

+{v+1)Cr, g —C'y

This becomes:
I, = rqCy +{(v +1)C'y g — c'ts + q {r(v+1) Clyg-p — (T=1)C'4 }
+q i(vﬁ—l)C”t__T_g_C"t_T} S (3
For this, let us write:-
I= A+ X"*)\z+>\3.

We will proceed to examine >\, ’ >‘z_’ and . >\3 separately.

iv

Conditions for >\' N

)\' = (v"'l)c't-e - C'y

o Cle=Clhg=T0'g - A
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Vhen ClyrClyg=0, A= e
>0, L Vo9

<o, > 0o,

Further, A = O vwhen C'y —C'y.p m vC'y g
>0 < v0'tog

< 0 > VO,

Thus, as long as the increment in the rate of change of consumption is less
than the plenned change in inventories, D) X, / 3C>0 . However, as long as

this increment is greater than the planned change in inventories, B>\./ 0(C< 0.

Conditions for >\ 2 e

)\2= q ¥r(v+1)c't_'r_g —— (I‘ - 1) c't..‘r}.
It follows that

r(v+1)Ct

T 2a
q
and
Cty =rx(v+l) C' . o~ 1
G e S =
J.er, ¢ =r(v+1) - (r-1) ¢ ! .
fer t-T~0 =1 t-7-8 a}:ﬂ-)\&
Thus,

Ct, —C', . .= 1 a(rv+1)C'a7ep — }\}
IR T { ’

Now, with finite changes in the rate of change of consumption,
When C't_;T— Cty ng = O A, = alrv+1)Chy g,
When C'y  —C'y o > 0, X, > alrv+1)Cry o if r<1,
= alv+l)C'y _, g if r=l,
< qlrv+1)C' . g 1f r2>13
When C'y L%, ..o < O, < qlrv+1)Cy ;g if r<1,

a{v+1)C! it =1,

t-1-0
> alrv+1)C', o 1f > 1,



Similarly,

’

> .
0 = ;'r;-l Oty o, Fith T 2 13
and < 0 >rv+10 with r 2 1.

< ) t-m0,

Since r s« 7. and the durability of capital (Y) in a highly
developed commityytends to be large and is likely to be much kreater than
the period of production, we cen essume r<1 in an advenced commmmnity. In
such a commnity, 3&1/9C<0 if, Ttime-units ago, the increment in the rate
of change of consumption over © time-units was less than rv+1 C‘t-r—@'
However, if the increment was more them this cuantity then 1;}1\2 /0C>0. Tnis
is the opposite sort of relation to that which holds with )\ e We can there-
fore expect that >\, and >\ lwill offset each other to a certain extent, if the
rate of acceleration or deceleration of consumption 7T time-units ago
(multiplied by the coefficient _1;_v__~r_~_1._) is equivalent to the present rate of
acceleration or deceleration (mulfc‘;;lied by the coefficient v).

In a primitive commmity r méy equal or exceed unity. In the latter
case, d >\_7_ /a C may be negative.

Conditions for A 3.

3

S T B
tere = O >‘3= oy g ’
>0, < e, g
< 0, > vl ;g -

.And A3:‘ 0 if cnt_.‘__c

3
¥When C"t-T— cn

”

"
t-ra ™ "sr-0
> 0 < Ve g

< 0 >V -

“e

“e
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If there is no change in the acceleration of consumption, then >\ 318
positive. If the acceleration of consumption Ttime-units ago was greater
than the planned acceleration of inventory investment at that time, then A 3
will be negative., If the acceleration of consumpti;an was smaller, )\ 3

will again be positive. If fluctuations in the acceleration of consumption

were within the planned changes in inventory acceleration, 3)\3 / oC>0 :
otherwise O ><3 /3C<0,

v
If the velocity of consumption over the last 7+6 time-units is
constant, then equation (6) becomes
It = aq(rCy+Cry)+v(rqg+1)Cry ceeeessnssess(?)
If v =0, then this reduces to Ragnar Frisch's equation%v
The velocity of investment then becomes a positive function of both the
velocity and acceleration of consumption. However, this is only a speecial

case. There are many circumstances in which this will not be so.

Case 1.

~

In certain ceases, )\,, Xland >\3 will all be negative with rising con-
sumption, A, < ¢ if Gty —Ctyg> vC'4p. X, <0 if (in an advenced
commnity) C'y r— G't_7_9<g:]% Clyormge A3<0 if C"t-—'r—c"t-'r-9>vc"t.'r- 6.

If, T units ago, tig velocity of consumption was steadily falling,
then ), <0. If it wes steadily falling at a slackened pace, then A< O also.
If 4t is now rising rapidly, )\, < 0, The level of consumption in this cese
has reached a minirmm point, and it is likely that A will be low, especially
in an economy with very durable capital. We may thus expect that X+ ALt N 3

will offset A. dI/dC in this situation will therefore be negative.

~

1. "The Interrelation Between Capital Production and Consumer Taking",
Journal of Political Economy, 1931.
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Since this situation characterizes the trough of the business cycle, it
is clear that a mild public works program, or private investment, carried
on at that stage of the cycle would be ineffective, end that government
consumption expenditure might, for the moment, only deepen the depression.
‘X2~ may also be negative if, 7 units ago, consumption was falling and
then rising (over a period, of course, of 9). >§<0 as long as the net
increase in velocity did not exceed rv+1 C'y g .

r-1

Case 2.

Likewlse, 1f consumption was rising at a slackened pace, or rising
and then falling slightly, T units ago, end if consumption is now falling
more rapidly than the planned reduction in.inventory'accumulation,')\,'f‘/\z'f'}\3
will be positive, A will also be positive. Therefore JI/QC, at the peak
of the business cycle, will be negative.

this .
That/is not apparently in accordance with experience is obviously

due to the other factérs which influence investment. Investment is a function
of the marginal efficiency of capital, and the rate of interest. If the down-
swing of consumption raises the marginal efficiency of capital, pessimistic
expectations of the future will lower it., As Xeynes pointed out? the sudden
fall in the marginal efficiency of capital will be followed -by a sudden rise
in liquidity preference, which ralses the interest rate, and further lowers
investment. Thus the unexpected inventory accummlation will only cushion

the downswing. ZILikewise, a determined and large-~scale public works program

in a depression would permit recovery to set in.

2, "The General Theory of Employment, Interest =md Money™, p. 316,



Case 3,

If consumption is rising rapidly, ><, and A 3 are negative, This will
be offset by A 21T consumption 7 units ago was rising just as rapidly.
>\2_ will also be negative, as we saw, if consumption T+© units 50 was
falling. Somewhere in between, A , and >\,+)\3may Just offset each other.
This will occur when consumption is rising a certain amount more rapidly than
it was 7 units ago. The phase of the business cycle at which A+A = N FAg
we shall call the :Lni‘lexicu:x--:poin'c.3 At this phase, c)i/ac (usually called
"the Relation") will be equal to zero, There will be four such inflexion
points, between the peak and downswing, downswing and troush, trough and
upswing and peak. Thus the relation will become successively positive and

negative during the course of the business cycle.

In a primitive economy where replacement 1s very high, and where an
inerease in consunption may manifest itself as a decline in capital stock,

the effect will be a considerable decline in investment, or disinvestment.

Thus A, < 0 4f C'y ., C'y oo > :m:ll C'4_r.g- DBoth 7and 6 will be very
short compared to the periods of production in an advanced cormrmnity. Vhether
it is likely that Az < 0 depends on the values of r and v. It is
possible that 3 >*,_ /3¢ < 0 when consumption accelerates. Now if r is large
A will be an important factor, which will be a stabilizer, eamnd the acceler-
gtion of consumption will have to be large for >\,+ ,\2 +)\3 to exceed A,

1r 31/ 3(<0, consumption camnot accelerate for long, for the induced reduction

of investment will sooner or later curtail consumption,

3. This need not correspond with the mathematical ppint of inflexion., This
phase is, of course, an inflexion point only when A, and /\3are negative.



We have been assuming that entrepreneurs will produce on the
basis of the present rate of change of consumption. - The only reason the
relation is negative or zero in certain phases of the business cycle is
that entrepreneurs' expectations about consumption are not fulfilled.

If there were perfect foresiéht, equation (7) would be fully general.
However this does not conform to the real world. If there should be a
long run steady acceleration of consumption, then expectations might
ad just themselves and we might expect equation (7) to hold. If however
expectations are based on the acceleration of consumption, throughout
the cycle, then the tendency for the relation to be negative would be

much more marked then we have described.



2. The Generalized Theory of the Multiplier

We shall now attempt to synthesize the Relation with the Principle

of the Multiplier, in order to obtain a generalized theory of the multiplier.

The most correct synthesis would be one between the Relation and
the Dynemic Multiplier. The time-period appropriate to the latter is the
income-propagation period. The latter is no doubt quite different from the
period of production for inventories, and certainly quite distinet from the
period of production for fixed capital., Until the length of these three
periods can be determined, little sense can be obtained from an integration
of the relation and multiplier in terms of time-lags. We shall therefore
pursue a different approach, and attempt a synthesis with the statie

multiplier.

We may regard the Keynesian static multiplier in the following way.
Investment is independent of income (being a function of the marginal effic-
iency of capital and the rate of interest) and is therefore perfectly eiastic
with respect to income. The savings function on the contrary, is an increas-

ing function of income.

1,5
S¢v)
- &2 I,00)
‘ K I: (Y)
O Y, Y, Y
Fig. 1.

Vhen investment increases from Iy to Ip, income increases from Yy to Ys.
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The multiplier,

k = ;1K

Ao K
1
Ag K
AX

- 1
= a8/dy .

The multiplier, stated as the reciprocal of the marginal vropensity
4
to save, is static. The word "multiplier" is, accordingly, misleeding. It

is quite analogous to the theory of the firm in perfect competition. Thus, 2as

4, We can nevertheless distinguish between the short-run and long-run "statice"
miltiplier.

We can assume that no income 1s spent on consumption instantaneocusly with
the receipt of it, Thus the marginal propensity to consume in the very short-
run is equal to zero., The short-run marginal propensity to save is therefore
equal to one.

T3
S, S,
Il
J
0 Y, Y. Y Y
Fig. 2.

The short-run effect of an increase in investment from Ig to Iy is an
equal increase in income of YoYg, determined by the short-run marginal pro-
pensity to save - the slope of Sg. In the long run, when the forces have
fully worked themselves out (as Marshall would have said) income rises to
0Y;. The length of time it takes for income to reach this level is infinite,
but 1t is practically reached in a finite period of time (a few years or less).

For any finite period, the slope of the savings function is between that of

In the very long run - to continue the Marshallian analogy - the effect
of a permanent rise in the rate of investment will probably be to increase the
marginal propensity to save, thus lowering the very-long-run multiplier.
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shown in Fig, 3, an increase in

t MC
D,y
DI
O xl xz. x
Figo -

demand from D3 to Dy will increase output by x1x2. We might well say that
the inerease in output divided by the increase in price is a "mltiplier"™,

equal to "the reciprocal of the marginal propensity to cost".

It is assumed in the Keynesian miltiplier that a rise in the
savings function, though reducing income, would leave investment unchanged.
It might lead, however, to a fall in investment, just as ‘a rise in wages,

though reducing the output, might raise demand.

A partial way of avoiding this difficulty is to show the movement

of savings, investment and income in time,

Fig, 4.



When the investment function Tluctuates over time, with a constant savings

function, income fluctuates with investment, %This, however, is only a

rartial solution,

4 partial differentiation of equation (8) with respect to con-

sumption gives us the following equation (the parameters being kept constant):

o i 2 2
g%;:_- rq c)cc;-r +{(v+ 1) aaﬁ = 1} +q fr(wl) Qd(ﬁt-'r;: —(r=1) ICt~~r t}

dtaCy dat
+q {(v-rl) 3%}5-7-9 = 3%;-1" } csassccessse(B)
d~t aCy d~toCy

This equatioh is the Relation. We have already deseribed this function as
changing its shape over the business cycle. If we multiply the Relation by
the consumption funetion, we obtain the investment function: -

Since the consumption function is assumed to be stable, the iﬁvesment funetion
will behave in the same mammer as the relation, Therefore the investment
function will not only shift in time (Fig. 4) but will vary in shape from

positive to negative. This can be expressed diagrammatically:

1S
: )
7“3 719
ER7 mne
1]
¥
A
1 Y- 2
_I_'r 2
-4 Z
W T
O
k/ i
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When the investment funetion is not perfectly elastic, the multiplier

is no longer equal to the reciprocal of the marginal propensity to save,
This is shown in Fig. 6:

L2
Sy
e TN
—_——;—: T o= I,(Y)
—— K
o T ¥
Fig. 6.

The multiplier is determined as follows:-

k - A1K

AT

- AKX
AgK __ JK

= L
LK _
AK AqK

- 1 Nt oolc.t..co-ol.(g)
I
dy day

The multiplier is the reciprocal of the marginal propensity to save minus the
marginal propensity to invest. The Keynesian multiplier is simply a speecial

case ih which the marginal propensity to invest is zero.

Since saving equals income less consumption, the mltiplier can be

written alternatively:
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k = 1
T-d —&
ay aY
- 1l
— o.aoo.'.o.o...(lo)
T_ac
dY(l+———gé )
By substituting equation (8) for oI we obtein:
oC .
kg = L
J—g—% rqa.c_i‘.-I + (V+l) 31.91-._9_1-(1 {I‘(V’*l) 3:9_1;_,1_6_ —(r-l)f)bt_'r ?(v+1)3%t-7.gjct-7
ayy oCt dtacCy dtoCt ataCt 32535; EFZigﬂ
which becomes
kt = 1

3 K3
1 q...j:-."" (v+1)3C4g +q§r(v+l)9 foreg —(z-1)0C O é(wl)éc —7-0 — 9 Cgu ‘k
‘E atavy atavs ATy Ay, | aRav

S 1

A proviso must be added. The investment function can be more
properly stated as being composed as follows:

dI =JI .9dI . dC
d3Y JI oC dY

That is to say, investment is a function not only of consumption but also of
itself. It is an inverse function of its own time-integral (the quantity of
capital). This functional relationship is perhaps the most important in the

analysis of the business cycle.


http://il.dC
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3. The Generalized Open-System Multiplier

Equilibrium in a closed system can be depieted in the following
dai am: -
i YY)

E,Y Z’,/ e(Y)

SCY)
/ HOY) = 2z (Y)
| Ty

Plg. 7,

The level of income in equilibrium is 0Yo, established at the point of
intersection of the savings (S(Y)) and investment (I(Y)) functions., If we
define excess savings (Z) as the difference between savings and investment

(S~I), then Z = 0 in equilibrium.

Expenditure (E) is composed of consumption and investment, and
equilibrium cen alternatively be considered as being established where income
is equal to expenditure. The difference between income and Aexpenﬂiture (Y-E)
we shall define as hoarding (H). When E>Y (or I>8) income is rising, and
vice-versa. Therefore stable equilibrium is only possible if %_%4;1_18? or 1t
dE1. Thet is to say, the marginal propensity to hoard must be positive;
gzt hoarding, in equilibrium, must be zero.

An open system can be analyzed in a similar way. If there is no
savings or investment, expenditure consists of consumption and exports.
Equilibrium is establihé‘d when exports (X) equal imports (M). The marginal
propensity to import can be assumed to be positive. We shall further assume
the marginal propensity to export to be negative, sinece with rising income

resources are likely to move into domestic industries, Exports minus imports
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equal the balance of trade (L). Hoarding (which in this case is imports

mimus exports) is equal to minus the balance of trade. The balance of trade

function must therefore be negative. This is depicted in Fig. 8.

YY)
E.Y

E(Y)
C (Y
/ )

M{Y)

/ H(Y)
\\~ x(Y)
o B
/ Y L(Y)
Fig, 8.

By the same method as that used on page 15 above (Fig. 6), the
multiplier in this case is of the following nature:
k- —-——1—— LR R R N RN
R g (12)
dY 4y
For simplicity, this will be written:-
PR T
Mt - X'
We shall now analyze an open-system model with saving end investment.
Y in this case i1s composed of C+S+M, and E of c+i+x « The equilibrium
condition is that Y - E= H= 0. Thus,
H= Y=-E
(S+M) - (I+X)

(8-1I) - (Xx-m

Z-1

Equilibrium is then set at the intersection-point of the excess-saving and
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balance of trade functions (Fig. 9).

EY S(y)

?

Iy
z(Y)

m(Y)
x(y)

= S .

Fig. 9.

At the point of intersection F of Z(Y) and L(Y), FY, is equal to net foreign
lending (if positive) or net foreign borrowing (if negative). 0Y, is the

equilibrium national income which determines the volume of employment,

An increase in exports will be shown by an upward movement of L(Y)
(Fig. 10).

EY
z(Y)
Aa
i
J"\ Ly (Y)
LAY
. s /¢

Fg. 10,
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The Multiplier is the inerease in income AjK divided by the initial increase
in the balance of trade As7.

It is assumed that there are no foreign repercussions, Thus,

k = A K
AsK + JK

1

AgK JK_
AIK g« A K

1 - l Sessesssnnnana (13)

o1 — e

As always, the multiplier is equal to the reciprocal of the marginal
propensity to hoard, The investment multiplier is of the same magnitude --

a rise in investment is shown as a fall in excess savings.

€
z,(\V)

- Az Z,(Y
e Ly

0 Y, Ya 0

Again,

The expression Z' - L' can also be written: (S' = I') - (X' - M') or alter-
natively, (S'+M') - (I'+X')., This expression cen be obtained directly by
another approach, by establishing the equilibrium condition as (S+M) = (I+ X)

which of course holds when Y=E.
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E:Y (g'-f'M)Y
Az (I“' X) )
I+X), Y
- RSN S
K
o Y Y. L
Fig. 12,
It is quite clear that
k= 1
o : i
= FaW -TC-h

It should be clear from this formulas that if exports and investment ate not
independent of income, it is erroneous to impound them into the multiplicand.
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4. The Generalized Inter-System Maltiplier

X
We have now the analysis with which to discuss interregional and
international trade. The seme enalysis also applies between various sectors

of the same region, i.e., the rich and the poor, the government and the

private seector, end so on,

An inerease in exports in system' A will amount to an increasse in
imports in system B, if we take two gystems in glorious isolation, A's
increase in income will increase its imports which will inerease B's exports
and raise B's income. B's imports will then £0 up, leading to induced

exports in A.

Let us take a simple model of two "countries™ in trade, in neither
of which there is any saving or investment. Income is camposed of consumption
and imports, and expenditure of consumption and exports. Exports are

independent of income.
A M

8

MZ
MI
X

o, . O % Y2 Y Y

Fig. 13.
Using subscripts a, h and f for *autonomous?!, 'home-induced'! and 'foreign-

induced?!, there are:=-

for A: aXA
hMa
- X5 _ - nMp
for B:
a"B
hMp

£Xp o hMa



For both countries, the equilibrium condition is that X = M,

For A,
aXp - £XA = pfa
aXA - hMB o W

X5 = M

The slope of Xz is equal and opposite to the slope of B's import funetion,
or marginal propensity to import.

e B’ aMB-hMB == pr
L
M = X

Again, the slope of X5 1s equel end opposite to A's marginal propensity to
import.

The magnitude of the multiplier is shown as follows:

EY
M,
M
e 4 / Q,
A X;/% ----- i R
¥,
Cr, K 3 y' Ty /},’
5
O tocce oot 2 TER R Y

: Fi.g. 14,
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In a4,

|
[N

Therefore
kA - kB = l ] 1 ,oo-o-.-.noo(14)
M+ M'B H'y+ H'B
The multiplier in both countries is equal to the sum of the two countries!
marginal propensities to import. The increased income in A is exactly equal

to the decreased income in B.

Iet us now take the case in which exports are a function of income,

a negative function by assumption.



“ BB w

A M
Mo m
S L L AR Y,
) B
4 S n
\ 4,
OA’ \Xr ¥ N Y, 5
Fig. 15.
For A there are
aXa
hMA
- th
= fo - - nMB
My = n'p
For B there are M
-n'B
nfB
g _
-lp = - p%
Thus for A, Xpom My

eXA - b5 - £y _ pMy
oXa - v - pMB_ na+ p%B

I = M
Xz is drawn in Fig. 15 at en angle from Xp equal to the slope of B's import

function. Mp is drawn at an angle from M; equel to the slope of B's export

function.



Similarly, for B,

- 20 =

B -

:

a8 -1 s My o X5 - £Xp
- - Xy _ 253 - pMy

My = Xp

The angle Mz subtends on M, is equal to the slope of A's export function.

And the angle Xo subtends on X, is equal to the slope of A's import function.
2 2

-:f'A+ TITB +H'.ﬁ. - X'p

1

MA-'- M'B - X'

i'_13

The proof of the multiplier follows:- M,
EY Ay ) /M v Qa2
M3 1 5
+
X 2 O M B
A
F
*
3 g R
\ - Q' ‘Y
O A, - a8 X 3
k, = 012
G1Gp
= Wik
W+IK
T, L%
I JK
6K "CoE
= 5 X e
~JF
BT L O * X
1



Similarly,
Q1Q2
= QT
VU+UT
- 1
WOt
QT " T
—_— 1 ——
VR | RU _*UW WT
QV  QV "T ;T
— 1 S——
My - X' ,F i, = X'g
- L
M'A+M'B - X'A - X!B
Therefore
kA:kB: l — 1 l ...-........-(15)

MA+M'g - X' - X' <Ly —T'p ~HIA+H'p
Again both multipliers are equal to the sum of both countries' marginal

propensities to hoard.

II
Now let us consider the case in which there is saving and investment

in both countries. We will consider first the export multiplier.

In equilibrium, :
E=-Y

C+I+ X—C+S+M
X-M_S-1I
AX =AM =403 -AI
A's balance of trade must be equal and opposite to B's. In order to state
the equilibrium condition in terms of the propensities, and since there are

no autonomous changes in excess savings, we write:



AZA o= "'AZB
Z'AAYA = -Z'BAYB

AYg = =2
Z'g

DAYy cecessessnsesa(lB)

Now A's final increase in income is made up as follows:=-
OAYA = aAXA*‘ hACA + hAIA+ 'hAXA - fAXA"FfAMA

m= AXA+CTA AT A IYAY *XYAY) - LIgAYs

Substituting (186),

DYp = AKXy O UATR 4T AT +XT AT+ 28 Z;J'& AYa
. 2'

DXp = AYRp(l=Ctp =TIy =Xy - L'y 2t )

=
o OYp(Zy = Try -1y By
2'y
Thus, AY
kA:Efi;—=z' — L g : B )
A A B2

Z'y
Similarly it can be proved that

kp — 1
Z'B - L'B - L'A Z'B

Z1p

In the special case in which I' and X' are both equal to zero, the multi-
plier is of the following magnitude:

st M? v, St
AT MIpt Mg ~ A

—

S'g

5
This is Prof. Machlup's export multiplier.

5, Fritz Machlup: "Internationel Trade and the National Income Multiplier",
Blakiston, Philadelphis, 1943, p. 78.
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The export multiplier cem be shown graphically:

Bt Z
A % L3 B
I LZ Z
A \\ Y, Y, =
OA— Ya Yz \ Os Y

LB
L
L,

Fig. 17.

In Fig. 17, L'y _g_:g is the angle Lz makes on Ly for country A, and the
angle Lz makes on ?2 in country B is correspondingly L', _Z;B_“ . Before
the autonomous' chenge in the trade balance, A's net forei:nAlsnding (FlYl)
was equal to B's net foreign borrowing. The change in trade has resulted
in en expansion in A's income, a fall in B's income, and a rise in A's net

foreign lending, to FoYs, equal to the rise in B's net foreign borrowing.

Equation (17) can also be written:
Xase 1
L'B
(e "Z2Jge, -1,
Z'p

PSR TR & [

III
Now let us consider the multiplier when investment (rather than
exports) is the multiplicand. Again the equilibrium condition is that net
foreign lending equals net foreign borrowing.
AZg = =NZy
However 'l;he expression Zj includes the autonomous chenge in A's investment,

In order to express the equilibrium condition in terms of induced changes,
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and since there are no autonomous chenges in the trade balance, we shall

write as equilibrium condition:~
DZp ma ALp
This can then be expressed in terms of the propensities.
2y AYp = MAAY,+X'pgAYR = X'4AY, - M'gAYB
= (X'gAYp - M'BAYR) = (X'aAYs = M'pAT))
= L'glYg = L30Ty

AYg = - L'a AYp
Z'B - L‘B

00000000000010(19)

A's final increase in income is composed as follows:
ATy o GDIAY pACH* nATp+ hAX - £AXy + pAMy
= AIpVCIAAYAT I AR+ XAATYY - L'gAYp
AYp(1-Cty = Ity = X'y) = AI, - L'gATp
AYA(ZTy - T'y) = DIy - L'plATp
Substituting (19),

AYA(Z'A - L'A) = AIA+ AYA(L'AL'B )

Z'g - L'p
v Tt
AY, [ (zry - 11,) - Z'al'B 'D}AIA
’ Z’B "IJB
Y Zin = It
RANY B B
kp = A1, [AICESN @' - T'p) = L'AL'R

= 2'yg - L'p

Z'AZ'B - I"AZtB - Z'AL'B

'y
— __'__.1 = m 0 ...-.......(20)

ZQA_ L'A.,‘L'B-Z”'—B——

alternatively,

1-18
kA -_— . Z'B ......-...(21)
(1= LBz

A=Yy
VALY
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It will b
T e observed that the investment multiplier is equal to

(1 - Z'g) times the export multiplier. It can also be stated in a
simpler way:

k) — 1
A= 1 .-..-...-.-.o.(za)
A L'A(;"T'E)
Z'g
Similarly,
kg = il
Z2'g - L'gl( L ey
e
Z'A
Or again, we may write:
kA = 1.
F
R e e
A A —__I"B - I.'A
" i -—l,B
= 1 .ll....'..'l.(zs)
1 ] I"A
il Spher e
ot
L'B
Equation (23) cen be shown diasgrammatically:
EY
Z,
A . % "
r £.
L <
L, LT o /

Fig. 18,



I
For A, the angle I, makes on Ij is equal to Z'A « The induced fall

2B -1
L'y
in A's trade balance becomes, for B, an autonomous rise in its trade
balance, which raises B's income according to the multipliér : 11.' .
BT ~B

The effect of the autonomous investment in A is to increase both systems!

inccmes, and to reduce the movement of capital between them,

Iv
The rise in B's trade balance (Fig, 18), when considered as the
multiplicend, raises B's incomé according to the open-system mltiplier
(Equation 13), since the rultiplicand is induced from system A, so that

there are no further foreign-induced chenges in the trade balance.

We must now inquire, however, into the nature of the multiplier

when A's autonomous investment is considered as the miltiplicand,

The change in B's income is composed of the initial inerement in
the trade balance, plus the home-induced changes in consumption, investment

and the trade balance:
AYg = £Alg+ hACR+hAIg+pAIp
= = L'pATg+ C'gAYR+I'gAYp+L'gAYy
AYg(l = C'g = I'B =1L'g) = = L'\AYy

AYg(Z'g - L'g) = = L'4AY,

Substituting (22),

AYg(2tg = L'p) = - Lty L ATy




- 33 -

where AI) is the autonomous inerement of investment in A,

This becomes

ceseeneees(24)

cececesess(25)

ceeeese(26)

® 00

times the export

times the investment

AYp(2'p - L) = = —r—= ALy
A 1
Lt 1
A ”Z"'E
B
[ ] . kB — AY - 1‘2'
Oy T ( A . Zt
Zt . - Tt B \
B B) (I"A Z'B - L'y 7
- 1
Z'
Z'B - (Z'B - L'B) A
L'y
Similarly,
k, — 1
A = Z'B
2ty = (2 = L) Ty
This can also be written:
]
s
k, - YAl
A = T3 B
(1 - _B) 7t It
7! AT HA
B
1
Z'B
and kp — A nry
1
2ty - L', ( l_LB)
Z'B
L'y
It will be observed that Equation 25 is equal to = Eg‘l‘;
mltiplier (Equation 18), and Equation 26 to “_1—9—
1-2'B
L'B

mltiplier (Equation 22).
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v

The three inter-system rmultipliers we have formulated (Equations

18, 22 and 24) can be further generalized,

In the first place, it should be observed that consumption, as
well as investment, can be taken as the m.ultiplicand.6 The generalized
miltiplicand is an autonomous increment in expenditure., In the same way,

a fall in impbrts has the same effect as a rise in exports, and an increment

in the balance of trade can be taken as a generalized multiplicand,

It should be further observed that an autonomous export from A to
B, being a movement of money income from B to 4, is identical (for our
purposes) with an autonomous movement of capital from B to A, which again

is identical for our purposes with an autonomous increase in expenditure

6. In a closed sygtem, an autonomous rise in consumption may be treated
as a fall in the savings function (Fig., 19):

s S,
‘ Lﬂ/////

$s

AKLI

A
o Y, Y, Y
Fige, 19
The multiplier 'is equal to
T 1
AT T TK_ MK |
MK IK

1,
S

Similarly, the open-system and inter-system consumption and investment
multipliers are identieal.
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in A, accompanied by a simltaneous autonomous decrease in expenditure in
B. As far as our analysis is concerned, an "export" from A to B is the
seme thing as a simultaneous and equal creation of money in A and des-

truction of money in B, The assumptions under which this holds are no

less realistic than those which hold in the usual rmltiplier analysis.

The "investment multiplier" (Equation 22) we shall now call the
"inter-system home-expenditure multiplier”, which should be understood to
refer to the inter-system multiplier apvropriate when the multipliecand
consists of home expenditure (it being assumed, of course, that there are
two systems under consideration). Equation 24 we shall then call the
"inter-system foreign-expenditure multiplier", being the multiplier which
is appropriate when the multiplicand is expenditure in the "foreign"
systen. For these two multipliers we shall use the symbols hk and fk

respectively.

The trade-balance multiplier ((k) is then equal to the difference
between the home-expenditure and foreign-cxpenditure multipliers:
DEp. pkp = pAYy

~AER. £ky = = £ATy

Adding, O Ep. pka ~NEg. ¢kp = nAYp =~ ATy
Since AE, is equal and opposite to AEg,

. AYA
NI = hkg - gka




7
which can be proved.

We may now formulate the generalized inter-system total-expenditure

multiplier (tk)'

The multiplicand will consist of an increment of domestic expen=-
diture, or of foreign expenditure, or of a combination of both. The com-
bination may consist of a positive domestic increment and an equal
negative foreign increment (the trade-balance multiplier); or of unegual
opposite changes; or of increments in the same direetion. For example,
if scme of the materials bought in a qulic expenditure in A are bought in
B, then there will be two autonomous, simultaneous and positive increments
of expenditure in the same directlion in both systems. The total increment

of income in A ({AY,) is determined as follows:

7. By equations (21) and (25)

il
o

L'y
(1 - Z'B> Z'A - L'A

— ¢k by Equation (18).
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DBy yly = pAYy,
I Eg. rkp = AT,

Adding, AEppkp+AER.pky = tATy

Iet AEA =x AR
A Ep =ﬁAE
Then A E(« hkA+l9ka) -y

Y
tkA =5 A = O(hkA“'l@ka
AE

Substituting Equations (21) and (25),

B
& _ (ot + e
tkA= (, ﬁ ) ...'.‘.’....(27)
s .
(1 "ZtB )ZA“I'A

Likewise,

. L',
th= @- (B+°()Z'A
1t
—Ay o, '
(l'Z'A)ZB - L'p

the home-~expenditure multiplier (Equation 22) is the special
case in which = 1 and @ = 0. The foreign-expenditure multiplier
(Equation 245 is the special case in which & = 0 and (3 = 1, The trade-
balance multiplier (Equation 18) is the special case in which <X == 1 and F
= ~l. In the case of a public expenditure, some of which’ goes into the
cost of imported materials, both eX and P are positive fractions. ZEquation
(27) is a fully-generalized multiplier, applicable to any mltiplicand,

holding in a bi-system economy,



5. The Generalized Intra-System‘Multipliei'

If it should be desirable to consider systems A and B jointly,
then the two totd-expenditure multipliers may be combined. The product
would then be the net or total change in income in the joint system, and
the mltiplicand would be the sum of the multiplicands of each system
(which includes the transfer of expenditure from one part of the joint
system to the other). The multiplier, then, would be the sum of the two
total—expendiﬁure inter-system multipliers:

Hloew (K - ——
$54+B = ( —rP)'Z“}é “+ p- A cecessesssea(28)

'y =Ly
(1 - 7512 = LA (1 -77)%s - 1's

This becomes:

1! L'y L' EA) _L_:A.-L'
ﬁ(l—'z'?'g)z' -L']l {(L' £L'g) (172"?{ 'z“v%)ﬂﬁ%l Z‘?)Z'A-L’g ;(L’A+L'B)(1-Z'A z'Bﬂ

kA'*B_ L'y Lt
{(l - Z'gld'A - L'AS { (1 -270)2's - 1'B %
L'y LigfL's L'p Liar o
o(f(l-z'A)z'B - I.'Bi (1-2'g ) +f3 5(1—Z'B)Z'A~L'A (1—“‘-jz'A )

L L'a
{(1-2"‘%) Z'A-L'AX 5(1 - Z7,) 2' —L'B}

( Lyt I"B) L')+1L'p

O( l - t 1 - A

—— ZB + ﬁ( A ..........(29)
—— L'B L'A‘ -

(1-Zp2'al'a (1 -5r)z'p - 1'p

This cen also be written:

oo x(z'p =Lty - L'pl+ (2 - T4 - L'p) veeeneees(30)
B T T 7Tp - 27AL'R - L'pZ'p

or 1 \ ]
sKap m % 2'pYETA - (XHF) (LAt L'p) ceeneneees(31)

2'y2'g = 2'pL'g = L'p2'8



This may be called the generalized intra-system total-expenditure
multiplier,

As a specal case, the transfer-expenditure intra-system milti-

plier may be written as follows:

Zt. - 7t
tkmp=r—_8 "~ 4 cereneeeea(32)
Z'AZ’B - Z'AL'B - L'AZ'B
Z', yA
1 - Z'g 1-_258
- 4 AN
= I =¥ = ceeees(33)
St (1 -2 A)zrp-1
(1 -zr)ar, - Lty T, B™V'B

As :another fpecial case, the partial-expenditure intra-system multiplier

may be written as follows (for expenditure in 4A):

Z' ...L' -L'
.A.kA+B= B A B 00000000(54)

Z'AZ2'B = Z',L'g - I"AZ'B

or:
L'y +1'y
l - Z'B
Ak.A."'B : - . ....-....(55)
L'y
| (1 - EFE) 2ty = L'y

which c¢an also be written:

L'B L'
(L-7) (13
k B b
ATAYB = 1l =
1t N
(-7 (@~ 175
1 - —
I"A Z'.B
l - W
L'
_ l-2'p
L'a 7
1-_2'B -1+ A
1-'B Z'B



= 1
1= Z'B
1- ‘z"‘A
—_— L'
Z'B - L'B
- 1
1 - (Z'peL'p) (2 g'
- 1
B
L'y )
— 1
1~ (2'B = 2'4) 7
4) (1 -2
Simi - B)
larly,
BKA*B =
1
1- _(2'a- )
A=2'g) (1~ ;A

P (1)

ooocoonooooo-‘37)
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6. The Class Struggle Multiplier

I
The generalized ﬁi-system miltiplier is applicable to any two
related systems, whether the systems be related regions, or related
sections of the same commmity. It is therefore applicable to the
analysis of the two predominant classes - capitalists and workers. As
a special case of the bi-system multiplier, the "class struggle multiplier",

as it may be called, is significant enough to merit special attention.

The two systems under consideration may be called P (capitalists
or profit-earners) and W (workers or wage-earners). The proportion of the
multiplicand spent in P and W are respectively m and (0 . The mltipliers
corresponding to each system are then‘respectively:

L’
W
- (T+W) 77
Z'W

tk'P — ono-aoooncono(58)
R
W
(1 -z )2'p - L'

L'p
< - (w+ﬁ)z'P
and 4ky =

L'p
(1 -7z - L'y
It is not necessary to make a too rigid division between capital~-
ists and workers. It is to be understood that many capitalists are in
receipt of salaries, and that a number of workers are in receipt of
dividends. It is also to be understood that there is a certain amount of
jnvestment (end saving) on the part of workers, and that there is, of

course, a great deal of consumption on the part of capitalists.
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It will therefore be understood that there is consumption,
saving and investment in both groups, emd trade of consumption and
investment goods between them. It wWll also be understood that wage-
payments to workers include whatever dividend payments to workers there

~ may be; and that income accruing to capitalists includes salaries of

capitalists as well as investment income.

Because of the nature of the two systems, the parametres will
take on a new meaning, which will not be in accordance with thé customaxry
meanihgs of the terms. When a capitalist purchases a consumption—good;
his purchase will find its way, some of it into profits, some of it into
wages. The first we call "consumption", the second, "imporits". When a
capitalist invests, some of the funds find their way into profits, and
some into wageé. The first is "investment™ and the second, again "imports".
Similarly, "consumption" for workers refers only to that part of the
workers! consumpbion disbursements going into wage-payments; and "Investment”
refers only to that part of wage-earners' investment going into wage~-payments,
"Imports" refer to that éart of wage-earners' consumption and investment
expenditures finding their way into profits. Wage-earners'! imports and
exports are, of course, identical with profit-earners' exports end imports

respectively.

As profits rise, capitalists' consumption will rise also, as will
their imports of consumption goods. _Capitalists' marginal propensity to
consume and import consumption goods will not, however, be as high as that
of workers. Again, as profits rise and fall, investment will rise and
t£all correspondingly. The impact of the change will be mostly on wages.
Thére will then be, for‘capitalists, a pqsitive marginal propensity to_

invest and to import investment goods. Wage-earners' marginal propensity
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to invest and to import investment goods may be expected to be quite low.

As profits rise, ceteris paribus, a greater proportion of
increments in workers' expenditures ma\y find their way into profits.
Similerly with chenges in wages. However these phenomena must be taken
as reflecting the fact that greater proportions of expenditure-increments
are accruing to profits or weges, as the case may be, and not csusing the

fact. Hence we shall consider the marginal propensity to export in both

systems to be equal to zero.

II
The class struggle multipler may be applied in meny ways. In
the first place, it can describe the effect of an eutonomous increase in
profits (e.g., brought about by increased efficiency or a £a2ll in profits.
texes, etc.). In this case, M = 1 and () me 0. The result of the
increase is plainly a large rise in profits and a small rise in wages.
The result is of benefit to‘ workers during tines of unemployment, but

harmful in inflationary periods.

Similerly an asutonomous increase in wage-expenditure (T =0,00 =1)
will increase the incomes of wage-sarners considerably, and that of
capitalists to a lesser extent. Social security payments are an example

of this kind of expenditure (assuming a progressive income tax structure).

A third example is an autonomous investment, in which 97+ J=1,
end both are positive fractions. The values of ™ end® will very
according to the nature of the investmént. If the project is a publiec

jnvestment whose object it is to increase national employment, it can be
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shown that the most effective public investment would be that in which a

large proportion of the investment funds accrue to lesbour, since the

wage=multiplier is higher than the profit-multiplier.

Tet us assign the following values to the marginal propensities

of capitalists:

C'P —] .2

S'p = .3

M'p = .5
and of workers:

C:W - .7

8 W - al

M’W — .2

The' values of thé two class

"'02
- (T +d )'.‘o‘g

I'p

X'p

Ity

X'

2

.05

0]

Z'p

L'p

Z'r
L'y

= .05

=~ -02

struggle multipliers sre then as follows:

kP
‘ .2

(L ¥.05).1+ .5

—

T+ 4('n‘f-CO)

D + 5

=Tra (W)

Now, ifor =1, L) =

i

[
o

tkp =

and iIf T = % W=
tkp = 445

and it 7 = 0, W =

tkp = 4

tKy

w .-(wwr)—'éj

0 -

o9

(1+.1) .05 + .2

W+ 5 (W)

- 2£w+ 5’ (wm—)l

sl

tkyy

t¥kq

I e ]

= 11

= 12

Now, employment may be regarded as being a function of wage-

income, And since, during periods of unemployment, the elasticlty of

wage-rates with respect to wage-income is low (i.e., the elasticity of



the aggregate supply curve of labour is high), the wage-rmltiplier will
reflect itself in employment, Since the wage-multiplier is at its
highest when the proportion of the initidl public expéndi‘ture vaid out

to labour is at its maximm, a wise public works programme shoﬁld concen=-

trate mainly on lsbour-employing projects for the swiftest and most effect-

ive recovery.

It is very unlikely that in recession periods capitalists!
marginal propensity to invest would be high., However let us consider the
case in which labour's marginal propensity to consume is low end capital's
marginal propensity to invest and to import investment goods is very high.

Iet the values of the propensities be as follows: for cepital,

C'P f—3 cl

S'p = 3 I'p = L2 Z'p 05

M'p = .6 X'p = O L'p = -,6
and for lebour,

C'W' — 05

S'W =1 .3 I;'W fonnd O Z'W — .3

My = .2 Xty = 0 L'y wm =e2

The values of the class struggle multipliers then become:

-.2
—— . _.6
tkp = T = éﬁ*w); i tkw=")"(;d*")‘-'05
+ 2= 1+°_) .3+ ,
(1+73).05+ .6 (1+ 5.3+ .2
7 3 0) e (e
T Les | 4,1
= 1.47 ’G—r-;zg(ﬁ-“'w)] = ,é4{u+12(¢.)+77)1

t
)
-
o~
<
i
=

Now if «r
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thkp = 2.4 tky = 2.9
and if7 = £ o = 3,

tkp = 1.7 thy = 3.0
and ifv7 m 0, W = 1,

tkp = 1.0 thy = 3.1

Even in this extreme case, workers are better off when the
initial expenditure accrues vreponderantly to workers. waever; the
difference is slight, and the main effect of a large proportion of

expenditure initially going to profits is the enlargement of profits,

This application of the multiplier is also useful for enalyzing
the special case of "economic imperialism", in which the capitalists

reside in one country or region, and the workers in enother.

III
A fourth application of the class struggle multiplier is of
special interest, as it treats of the question, Can workers, by striking,
increase their real wages? It is the case of an autonocmous payment of
wages out of profits. In this cese, 7 = -1 and QJ.-;]n The milti-

pliers are accordingly as follows:

-1
thp = —

=W
(1 =2'g) 2'p - L'p

and

]
@52 2y - g
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This is of course a new form of the trade-balance mmltiplier,
or export multiplier. An autonomous inerease in wages paid by capital-
ists is equivalent to an autoncmous "export" from labour to capital.
Attempts by labour, then, to improve its position by striking is analagous

to (and identical with, for our purposes) attempts by nations to improve

their trade-balance by erecting tariff barriers.

In order to compare the "trade-balence" multiplier with the open-

system multiplier (Z' 1 = " Equation 13), let us rewrite it as follows,

according to Equgtion (17):

tkp == L AL
(2'p - L'p) "L’v;ﬂ
and
kg = 1
(Z'g - Ly) - L'p 'y
N "Z'P

Using the same values as those used in the first numerical example (p. 44),

the values of the two multipliers may be written:

=1 tkw -1

-1 2

There is a multiplier of + 1 in the national economy whose multiplicand is
a shift of funds from one sector of the economy to the other. The trensfer
of income has raised national incoqe, and has given lebour a larger share
of the national income., Whether the increase tekes the form of greater

employment or higher prices, labour's real income is higher,
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The open-system mltipliers are as follows:

kp = =1 xy = L
.6 - .25
- = 107 frnd 4

This shows that profits are prevented fram'falling by 1.7 times the rise
in the wage-bill, by the increased profits induced by the increased
expenditure of labour on consumption goods. Similarly, wage-income is
prevented fram multiplying to four times the wage-bill increase by the

falling off in investment and consumption expenditure of capitalists.

Though workefs can improve their position ir this way, it is not
to be denied that a reaction to their increased wage-income, in the form
of "autonomous™ reductions in capitalists? payments to workers, might
"nullify the benefits they received; just as the benefits of tariff
inecreases may be nullified by retallatory tariff increases on the part

of the foreign country.



7. The Regional Multiplier

I
The bil-system multiplier may be applied to the problem of regional-

ism. We may consider "regions" as being geographical areas whose propensi-

ties differ. '

We may consider an "advanced" region (A) and a "backward" region
(B). The advanced region, being mature, may be expected to have a high
marginal propensity to save, and also a considerable marginal propensity to
invest. The backward region will have a low marginal propensity to save and
probably a very low marginal propensity to invest. The advanced region,
being more self-sustaining, will have a low marginel propensity to import,
whereas the Backward region, depeﬁding upon the advanced region for ﬁnished

goods, may be expected to have a high marginasl propensity to import.

Iet us then assign the following values to the marginal propensities:

for A,
C'y = o4
Sty = o4& I'y = .15 Z'y = .25
M, = 2 X'y = 0 L'y =-.2
for B,
‘ C'g = o4 ‘
S'g = 2 I'g = .01 Z'p = .19
Mg = o4 X'B m O L'y =~ .4

The multipliers are then as follows (using Equation 27):
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o - (B )zed - (B+X) =2
thy = 219 vy = P (P .25
(1+_24) .25 + .2 ' (1 + =2),19+ .4
.lg ’ .25
= L A2a(18 ) » c= Bt 8(B+x)
.98 74
= ot + 2.1(x¢13) — 1.4[f$+.8(/3+0<)1
It m= 1,f=, o,
Ifd = % = 5
tky = 2.6 tkB = 1.8
Ifo<="‘ 0’6: '/! l,,
thy = 2.1 tkB = 2.5
IfX =- - 4175, B = 825
tka = 24275 tky = 2.275

The fact arises that if there is a public expenditure in B, over
82%% of the onsight expenditure must be directly spent in B, if B is to
benefit more than A. If over 17%% of the public expenditure goes into
imported materials or profits accruing directly to 4, then A benefits more

than B.

II
Iet us now suppose that the government of a bi-system economy
intends to maximize total incame in the thriftiest manner., The objective,

then, is to find that multiplicend for which the totasl intra-system



maltiplier is the highest.

If a public expenditure is fully spent in the given bi-system
economy, then X —+ (8 = 1, and the total-expenditure intra-system

multiplier (Equation 31) may be rewritten as follows:

T fa - Uy < Uy

tkA B ceenneese(39)

(Z!B - L'B)Z’A - LtAztB

Using the same values for the propensities, this becomes:

| .19

—0o¢ + 1.4(% + 3.2

The rmltiplier reaches its maximm value (neither « norF , of course, ex-
ceeding unity) when X =1 and B = 0. It is at its highest, that is,
when all of the public expenditure is made in the backward region. The
reason for this, it must be noted, lies not in the marginal propensities to
trade, but in the marginallpropensi'bies t0 excess-save; the reason is that

the coeffiqient of’&, 2'), oxceeds the coefficient of X , AZ'B.

If A's marginal propensity to invest is so high that the amount
by which it exceeds Bts marginal propensity to invest is greater than the
amount by which Iits marginal probensity to save exceeds B's marginal pro- .
pensity to save, then the multiplier is higher if the expenditure is made in
A. If, however, A's marginal propensity to invest is very low (as 1t is

1likely to be from time to time), then the multiplier will be higher when
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the expenditure is made in B. if the latter supposition is assumed to be
characteristic of periods when public investment s needed, then we must
conclude that a nation will recover best from a depression if the publie

expenditure is concentrated in the less developed regions,

IIT
| National income may also be increased by a movement of capital
from tho advanced to the backward region. The relevant multiplier is

Equation (33), which is written as follows for « = = 1 and ﬁ =+ 1:

1-2'B
Z'
by = A

1!
(1--2,—?—) Z'B" L’B

Using the same values, this becomes:

<19
1 «25

(1+f§g J19 + o4

43

The multiplier is not large. However it should be noted that a develomment
program in a planned economy involving the mﬁement of capital to depressed
areas has the added effect of raising money income. If there is full employ-
ment, the mere transfér will have to be offset by higher taxation if it is

not to be inflationary.



The same effect will be produced by a steepening of the pro-
gressive tax structure. If the tax structure is changed so that its
incidence shifts from the backward to the advanced region, without any
change in the tax yield, then the effect of the change is employment-

producing in slack periods, and inflationary during full-employment

periods.

It will be noted that Qs 2'y and Z'p diverge from each other
the mltiplier becomes larger. If 2'p should exceed 2',, a movement of
capital into B would lower national income. As Z'p and Z’ﬁ approach
equality the multiplier approaches zero. Thus when adjacent regions!
marginal propensities to excess-save approach equality, they cease to
have significance as regions as far as the intra-system multiplier is

concerned.
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