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Abstract

Lipid-cholesterol bilayers are studied by means of a microscopic multi-state lattice
model and Monte Carlo computer simulations. The model used is a direct extension of
the Pink model for the main transition of pure lipid bilayers. Cholesterol 1s introduced
as a bulky, rigid molecule with no internal degrees of freedom. The model is able to
account for the chain melting of lipid molecules, and is expected to be valid at low
cholesterol concentrations.

A minimal model for the transport of ions across membranes 1s used to predict the
changes in the passive permeability of lipid-cholestere] bilayers for different cholesterol
concentrations and different lipid chain lengths. The model assigns different probabil-
ities of transfer to bulk, clusters and interfaces. The main assumption is that, defects
due to bad packing at interfacial regions, cause the membrane to be leaky and allow
the ions to permeate it. Therefore the model assigns a high probability of transfer to
the interfacial regions.

A peak in the permeability is observed near the transition temperature, which is
in accord with experimental data. The results show an increase in the passive 1on
permeability for increasing cholesterol concentration for the three systems under con-
sideration. Also, an increase in the membrane permeability is predicied for decreasing
chain length for all the cholesterol concentrations studied.
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Résumé

L’étude de doubles couches lipide-choléstérol a été étudié & partir d’un modele de
treillis microscopique a plusieurs états énergétiques soumis a des simulations de type
Monte Carlo. Le modele utilisé est en fait une extension directe du modele de Pink
appliqué dans le cadre des principales transitions ayant lieu dans les doubles couches
lipidiques pures. Les molécules de cholestérol sont représentées comme une masse
rigide, sans aucun degré interne de liberté. Ce modéle est en mesure de représenter
la fusion des chaines lipidiques, ce qui est censé étre valide a de faibles concentrations
de cholestérol.

Un modéle simple tenant compte du transport ionique membranaire est utilisé afin
de prédire tout changement de la perméabilité ionique passive de la double couche
lipide-cholestérol et ce, pour différentes concentrations de cholestérol et des longueurs
variées de chaines lipidiques. Des probabilités différentes de transfert vers le substrat,
les agrégats ou les interfaces sont assumées. L’hypotheése principale réside en ce qu’un
mauvais entassement a l'interface crée des défauts dans la membrane, la rendant ainsi
plus perméable aux ions. De cette maniére, ce modéle donne une grande probabilité
de transfert vers les régions interfaciales.

Un accroissement de la perméabilité est observé prés de la température de tran-
sition, ce qui concorde avec les observations experimentales. De plus, nos résultats
démontrent une augmentation de la perméabilité ionique passive rehée & une augmen-
tation de la concentration de cholestérol dans les trois systemes qui ont été étudiés.
Finalement, un accroissement de la perméabilité membranaire est prévue pour des
chaines lipidiques plus courte. dans tous les cas de concentrations de cholestérol con-
sidérés dans cette étude.

v




Acknowledgements

First 1 want to thank Martin Zuckermann for many things, academic and non-
academic. Most of all for his friendly and open way of relating to people and for
his respect for the freedom of his students. It has been a pleasure for me to work
with such a nice person during these two years. I also thank Ole Mouritsen for many
extremely useful suggestions and encouraging comments. Thanks to John Ipsen for
providing the values of some of the parameters; to Frank Jones for some very useful
help at the beginning of the project. Special thanks to Betty Pedersen for her invalu-
able help and her extremely nice manner and to Diane Koziol for her daily smile; to
Mr. Antonio de Sausa for making our office a nicer place to work.

Thanks to my beloved Ricardo for the daily life, the daily sharing and much more
than I can express here; to my dear friends Karen, Martin and Ahmed for letting
me be a part of their lives and for making my stay in Montreal so wonderful; also
to Dennis, Linda and Antoine Isabel for the many good times together. Thanks to
Bertrand and Linda for their friendship, the good times and the good wines; to Ross
for trying again; to hiin and to Chris my deepest thanks for a warm welcome; to lan
for cheering me up when I need it; to Mohamed for his friendliness, to Jianhua for
his good mood and some chinese lessons; to Tony, Bruno, Pascal, Diane, Jacques and

Steve for the friendly chats; and to Loki for his community concerns.




Contents

Abstract iil
Résumé iv
Acknowledgements v
List of Figures viii
List of Tables x
1 Introduction 1
2 Pure Lipid Bilayers 8
21 ThePinkModel . . .. . ... ... ... ... . ... .. ..., 8
2.1.1 Van der Waals Interactions between Chains .. . . ... ... 10

2.1.2 Interactions between Lipid Chains in the Pink Model . . . . . 15

2.1.3 Relation between Order Parameter and Chain Length . . . . . 16

2.14 Other Interactions . . . .. ... ................ 17

2.1.5 The Pink Hamiltonian . .. ... . ... . ... ........ 18

2.2 Monte Carlo Simulation . . . ... .. .. ... ... ... ..., 19
221 Effectof AcylChainLength .. .. ... ............ 21

2.3 Passive Permeability . . ... ... ... ... .. 00 oL, 24
2.3.1 Number of Particles Striking a Surface . . . ... ....... 24

2.3.2 Model of Passive Ion Permeability . .. . .. ... ....... 26

2.3.3  Analysis of Configurations . . . . . ... ............ 28

2.34 Model Permeability and Monte Carlo Simulations . .. . . .. 29

2.3.5 Effect of Acyl Chain Length on the Permeability . . ... ... 34

3 Lipid-Cholesterol Bilayers 37
3.1 Model of Lipid-Cholesterol Bijayers . . . . ... ............ 39
3.1.1 Monte Carlo Simulations . . .. .. ... ..........., 41

3.1.2 Effect of Acyl Chain Length . . . . ... .. ... ...... 53

3.2 Passive Permeability of Lipid-Cholesterol Bilayers . .. . . ... ... 61
3.2.1 Analysis of Configurations . . . . B ) |

3.2.2 Model Permeability and Monte Ca,rlo Sxmulatxons ....... 62

vi




3.2.3 Effect of Acyl Chain Length on the Permeability .

3.3 Discussion . . . . . . . . e e

A Isothermal-Isobarical Ensemble
A.1 A Comment About the Notation

B Monte Carlo Integration

B.1 Metropolis Algorithm

B.2 Implementation for Lipid Systems

References

vil

....................

....................

-3

9

81
84

86
87

91




List of Figures

1.1
1.2
1.3
1.4
1.5

2.1
2.2
23
24

2.5
2.6

2.7
2.8

2.9
2.10

3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11
3.12
3.13
3.14
3.15

Structure of phospholipid and cholesterol molecules. . 3
Structure of a spherical micelle and a bilayer. . .. . ... ... .. 3
Phase diagram of dipalmytoyl phosphatidylcholine in water . . . . . . 5
Rotational energy of a C-C bond in an alkane chain . . . . . ... .. 6
Conformations of the three energy minima . . . ... ... ... ... 6
Ground and intermediate energy states. . . . . . .. . . .. ... ... 12
Two long parallel chains . . . ... ... ... ... .. ........ 14
Energy and specific heat of DMPC, DPPC and DSPC bilayers . . . . 20
Area, order parameter and 1sothermal compressibility of DMPC, DPPC

and DSPC bilayers . . . . . . . .. . ... . e 22
Particles colliding with an element of areaofa wall. . . . . .. .. .. 25
Average cluster size, maximum cluster size and number of clusters for

DMPC, DPPCand DSPC . . . .. ... ... ... .. . ...... 30
Snapshots of configurations near T,, for CMPC. . . . . .. ... ... 33
Fractional areas of bulk, clusters and interface for DMPC, DPPC and

DSPC . . . e 33
Relative permeability of DMPC, DPPC and DSPC bilayers . . . . . . 34
Snapshots of configurations for different chain lengths . . . . . .. .. 35
Phase diagram of DPPC-cholesterol bilayers . . ... . . ... ... 38

Total area, lipid area and order parameter of DMPC-cholesterol bilayers 42
Total area, lipid area and order parameter of DPPC-cholesterol bilayers 43
Total area, lipid area and Order Parameter of DSPC-cholesterol bilayers 44

Energy of DMPC-cholesterol bilayers . . . . . . ... ... ...... 45
Energy of DPPC-cholesterol bilayers . . . .. . ... ... ...... 46
Energy of DSPC-cholesterol bilayers . . . . .. . ... . ........ 46
Specific heat of DMPC-cholesterol bilayers . . . ... . .. .. .. .. 47
Specific heat of DPPC-cholesterol bilayers . . . .. .. ........ 48
Specific heat of DSPC-cholesterol bilayers . . . ... ... ...... 49
Isothermal compressibility of DMPC-cholesterol bilayers . .. .. .. 50
Isothermal compressibility of DPPC-cholesterol bilayers . . . . .. .. 51
Isothermal compressibility of DSPC-cholesterol bilayers . . . . .. .. 52
Energy and specific hear of bilayers with zo =005 . ... .. .. .. 54
Energy and specific hear of bilayers with zc =0.10 . . ... ... .. 55
viii




3.16
3.17
3.18
3.19
3.20
3.21

3.23

3.24
3.25
3.26
3.27
3.28
3.29
3.30
3.31
3.32
3.33
3.34

B.1

Energy and specific hear of bilayers with z¢ =0.15 . ... . ... ..
Total area, lipid area and order parameter of bilayers with zc = 0.05
Total area, lipid area and order parameter of bilayers with r¢ = 0.10
Total area, lipid area and order parameter of bilayers with r¢ = 0.15
Isothermal compressibility of bilayers containing cholesterol . .
Fraction~l areas of bulk, clusters and interface of DMPC-cholesterol
bilayers. . . . . . . e e
Fractional areas of bulk, clusters and interface of DPPC-cholesterol
bilayers. . . .. . .
Fractional areas of bulk, clusters and interface of DSPC-cholesterol
bilayers. . . . . . ... e e
Snapshots of configurations for several cholesterol concentrations.
Relative permeability of DMPC-cholesterol bilayers . . . . ..
Relative permeability of DPPC-cholesterol bilayers . . . . ..
Relative permeability of DSPC-cholesterol bilayers . . . . . . ..
Snapshots of configuraticns for several chain lengths . . . . . .. ..

Fractional areas of bilayers with z¢ =005 . . ... . ... ......
Fractional areas of bilayers with zc =0.10 . . .. . ... .. .. ..
Fractional areas of bilayers with z¢ =0.15 . . . . . . ... .. .. ..
Relative permeability of bilayers with z¢ = 0.05 . . . . . .

Relative permeability of bilayers with z¢ = 0.10 . . . . . . .
Relative permeability of bilayers with zc =0.15 . . . . . . .. .. ..

Periodic boundary conditions. . .. . ... ... o0 L.

1X

63

64

65
6X
68
69
70




List of Tables

2.1 Energies, lengths and degeneracies of the ground and the intermediate

71 - T I
2.2 Experimental transition temperatures and interaction constants. . .. 19
X




Chapter 1

Introduction

Cell membranes are among the main organized structures of iving matter. All living
structures are enclosed by membranes. Cell membranes are not simply walls to keep
the cell components together, but they have important functions in the process of life.
Transport is one of the most important functions of cell membranes. It allows the cell
to keep some chemical elements and discard others. Selective transport allows the
cell membranes to separate two different aqueous solutions and consequently allows
the cell to keep a certain internal chemical composition.

Water is essential to the life of a cell. If the amount of water is less than a certam
required minimum, the cell dies. In order to understand cell membranes, it is essential
to understand the interaction of water with their basic components

In the water molecule two electrons are shared in each bond between hydrogen
and oxygen. Nevertheless the oxygen has a larger electronegativity and attracts the
electrons more strongly than the hydrogen. This gives a charge distribution that is
negative around the oxygen and positive around the hydrogens, making the water
molecule polar. Water molecules have a mutual attraction hecause of their polanty.
There are other molecules such as oils and fats that are nonpolar and do not attract
each other strongly. When nonpolar substances are in contact with water, they do
not mix. This is because the attraction between the water molecules prevents the

nonpolar molecules from intercalating between them, and therefore water tends to



expel nonpolar molecules out of its bulk.

The basic structural components of biological membranes are molecules possessing
both a polar and a nonpolar part. These substances are called amphiphilic (from the
Greek, amphi: on both sides, philos: love), and are able to interact with polar sub-
stances via their hydrophilic part and with nonpolar substances via their hydrophobic
part.

Many amphiphilic substances can be found in nature but membranes are basically
formed from lipids. There are three major types of lipids in cell membranes: phospho-
lipids (which are the most abundant), cholesterol and glycolipids. Phospholipids are
substances with a nonpolar or hydrophobic (from the Greek, hydro: water, phobos:
fear) “tail” and a polar or hydrophilic “head”. They are molecules constrncted from
fatty acids and glycerol. A fatty acid molecule has a long hydrophobic hydrocarbon
chain and a carboxylic group which is extremely hydrophilic. The glycerol is attached
to two fatty acid chains and to a phosphate group which is in turn connected to an-
other small hydrophilic compound such as choline. A typical phospholipid molecule
is shown in figure 1.1. Phospholipids which form lipid bilayers have tails composed
of two hydrophobic hydrocarbon chains which vary in length and normally have be-
tween 12 to 22 carbon atoms. The structure of the polar head varies considerably
fror1 one phospholipid to another. Glycolipids have the same basic structure as the
phospholipids but the phosphate and choline groups are replaced by glycosyl groups.
The structure of a cholesterol molecule is shown in figure 1.1. Cholesterol has a polar
head group, a rigid planar steroid! ring structure and a nonpolar hydrocarbon tail.

When lipid molecules are dissolved in water, unfavorable interactions occur be-
tween the nonpolar part of the lipids and the water. This causes the formation of
aggregates in which the contact between the hydrophobic tails and water is minimized.
This unfavorable interaction is known as the hydrophobic force and is responsible for
the (elf-organization of lipids in water. Lipid aggregates or mucelles can have many
sizes and shapes. Some form spherical micelles, others form globular or rod-like ag-

!Steroids are a group of compounds containing four rings and three ring fusions. They play a
variety of biological roles.
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Figure 1.1: Structure of phospholipid and cholesterol molecules.
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Figure 1.2: Structure of a spherical micelle and a bilayer

gregates and phospholipids form bilayers. A spherical micelle and a bilayer are shown
in figure 1.2. The particular micelle geometry adopted by molecules of a particular
kind is mainly determined by packing requirements. The most stable geometry is

determined by the following three parameters:

-So the optimal surface area occupied by the molecule at the hydrocarbon inter-

face.
-l the maximum length of the chains.
-v the molecular volume of the hydrocarbon part of the lipid molecule.

Among all the geometries the spherical micelle form has the largest area/volume




ratio and it is favored by lipids with a large value of S,. The bilayer has the smallest
area/volume ratio and it is favored by lipids with large molecular volume such as
phospholipids with tails having two hydrocarbon chains. Other geometries like dis-
torted spheres and cylinders have intermediate values of the area/volume ratio. The
parameter ;& is known as the critecal packing parameter and it can be used to predict
which micelle geometry will be taken up by molecules of a particular kind.

For a spherical micelle with M molecules the area is MSy = 47 R? and the volume
is Mv = 3nR®. The radius is therefore R = g—: and it should be less or equal to the
maximum chain length. The criterion for lipids to form a spherical micelle is that the
critical packing parameter be less or equal 1/3. For a planar bilayer with M molecules
the area is MS, = 2L? and the volume is Mv = hL?, where h is the height of the
bilayer given by h = ;—: h should be less or equal to twice the maximum chain length.
The criterion for lipids to form a planar bilayer is that the critical packing parameter
be less or equal 1. The value of the critical packing parameter can be calculated for
different geometries. Flat shapes are disfavored due to the contact with water at the

edges, so that micellar shapes tend to be smooth. The geometrical prediction for a

given critical packing parameter is as follows:

TE,' < % spherical micelles

Eli < ﬁ < % globular or cylindrical micelles
1 .

1 <15 <1 bilayer

Most phospholipids spontaneously form bilayers when surrounded by water. There
are many forms of phospholipid water systems, and this is why such mixtures are
called polymorphic ( from the Greek, poly: many, morphe: form ). The major forms
are:

- A lamellar? liquid crystalline phase (L, ), characterized by conformationally dis-

ordered chains and lateral diffusion of molecules in the plane of the bilayer.

3Lamellar implies a layered structure.
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Figure 1.3: Phase diagram of dipalmytoyl phosphatidylcholine in water. Indicated are lamellar gel
phase (Lg'), lamellar liquid crystalline phase (Lo) and intermediate ripple phase (Py) At high
temperatures and low hydration other phases can form. The dotted lines indicate the maxumum
absorption of water by the homogeneous lipid-water mixture. Adapted from reference [9].

- A lamellar gel phase (Lg), characterized by conformationally ordered chains and
a lateral crystalline structure. For lipids with bulky headgroups the acyl® chains are
tilted with respect to the bilayer normal (a prime is added to the nomenclature when
the chains are tilted).

- A hexagonal phase (H), in which the lipids are organized into cylinders which
form a hexagonal array.

The particular form adopted by the lipid molecules depends on temperature, pres-
sure, and lipid concentration. Figure 1.3 shows the phase diagram of dipalinitoyl
phosphatidylcholine which under most temperatures and water concentrations is in a
lamellar form. At low water concentrations, there is a single lamellar phase, whereas
at high water concentrations phase separation occurs and pure water coexists with
the lamellar phase. Between the gel and the liquid crystalline phases a phase called
the ripple phase (Pg) s  metimes occurs for lipids with bulky polar headgroups. This

phase is characterized by layers with a rippled surface. In this phase the chains have

high conformational order as in the gel phase.

3The chains are often called acyl chains. Acylis the univalent group RCO where It is an arganic
group attached to one bond of the bivalent carbonyl group CO
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Figure 1.4: Rotational energy of a C-C bond 1n an alkane chain. The angle ¢ is the rotation angle
from the trans configuration.

(CHal,

trans gauche* gauche”

Figure 1.5: Conformations of the three energy minima. The conformations are shown along the C-C
bond. The solid lines represent the bonds of the carbon at the front, the dotted lines represent the
bonds of the carbon at the back.

The phase transition Pg — L, is called the main transition and involves what is
known as chain melting, in which the chains become conformationally disordered. It
also involves a melting of the lateral crystalline structure. The transition Lg: — Py is
called the pre-transition and involves a deformation of the lateral crystalline structure.

In order to understand the conformational order of the lipid chains it is useful
to examine the rotational energy spectrum of a saturated C-C bond in an alkane
chain. This spectrum has the form shown in figure 1.4 and exhibits thiee energy min-
ima which correspond to the conformations shown in figure 1.5. The lowest energy
minimum corresponds to the ground state of a C-C bond and is known as the trans

configuration. The other two minima are degenerate and are known as gauche con-




figurations. A bond in a trans configuration is known as a trans bond and a bond in
a gauche configuration is known as a gauche bond. A chain with only trans bonds is
said to be in all- trans configuration. The all-frans configuration allows the chain to be
maximally extended whereas a gauche bond alters the direction of the chain. In the
gel phase the hydrocarbon chains of saturated diacyl phospholipids are predomantly
in the all-trans configuration. In the liquid crystalline phase the number of gauche
configurations for individual C-C bonds increases considerably and consequently the
cross sectional area of the chains increases whereas the length of the chains decreases.

The most studied lipid phase transition is the main transition 1 pure lipid mem-
branes. Model membranes are easier to characterize physically and chemically than
biological membranes. The phase transition in model membranes can be more eas-
ily understood, and although it is much sharper than phase transitions in biological
membranes, it can give some insight into the properties of biomembranes. The study
of the phase transition that occur in membranes is very important and has biological
relevance. The best known example is an organism called Acholeplasma Lardlawr.
This organism exhibits a broad transition region during which chain melting occurs
and its growth temperature lies within this region [19, 28].

In the first part of this thesis, the properties of pure phospholipid bilayers are
studied at the main transition. The pre-transition has a very small latent heat as-
sociated with it and will not be considered in this thesis. The transition studied is
between the lamellar gel and the liquid crystalline phases. The second pasi of this
thesis is concerned with the changes in the physical properties of lipid bilayers when
cholesterol is added in small concentrations. Special attention is paid to the variation
of the physical properties with chain length for both pure lipid bilayers and lipid
bilayers containing cholesterol.

The main references used for the introduction are [1, 9, 15, 22, 24].




Chapter 2

Pure Lipid Bilayers

2.1 The Pink Model

The theoretical model used in this thesis to describe the behavior of pure lipid bilayers
is a multi-state lattice model due to Pink [2, 25]. The Pink model was constructed
assuming that the two monolayers forming the lipid bilayer do not interact, so that
the system is considered as consisting of two independent monolayers. Also, the two
chains forming the lipid molecule are considered to be independent of each other.
Each monolayer is modeled by a two dimensional triangular lattice, and each site of
the lattice represents a saturated lipid chain in one of ten different conformational
states. The characteristics of these states are obtained by examing properties of
the lipids in three dimensions. Therefore, although the model is two dimensional, it
contains information relating to three dimensions.

The conformational states of the Pink model are chosen on the basis of rotational
isomerism of alkane chains. The continuous spectrum for each saturated C-C bond
(figure 1.4, page 6) can be replaced by the three conformational states corresponding
to the three energy minima. This approximation is called Rotational Isomeric Model.

The possibility for each C-C bond of being in one of three states gives a finite
number of possible configurations for a free lipid chain, 3™~1, where m is the number

of carbons in the chain. For free chains with m = 14,16, 18, the number of possible




states will be of the order 10% to 108. For lipid chains in a bilayer, the number of

possible configurations is much lower that in the case of a free chain because of the
steric interactions with neighboring chains.

The Pink model assumes that the chains can have angles of 120° between C-C
bonds (instead of 109.5°). Therefore the chain conformations can be mapped into
a triangular lattice (note that this is not the lattice of the membrane). The Pink
model selects ten different conformational states. The ground state of the chain is
the all-trans state, for which all the C-C bonds are in trans configuration. There
are 8 intermediate energy states, which are low energy excitations of the all-trans
configuration and which were selected according to the following rules:

-The first two chain segments are kept fixed in a trans configuration.

-The chains have at most three gauche bonds.

-The length of the chains is at most three units shorter than that of the all-trans
configuration.

-The chains do not fold back upon themselves.

In addition to these rules there are two constraints imposed on the possible con-
figurations which are described below.

The first two trans segments define a plane. The first gauche bond takes the
molecule out of the plane in two possible directions. This is why it has a two-fold
degeneracy. The first constraint is the following: if a second gauche bond occurs (as
in states  to 9) it is only allowed to return the molecule to the plane Therefore a
second gauche bond is non-degenerate. If a third gauche bond occurs (as in states 8
and 9) the molecule again comes out of the plane in two possible directions and the
gauche bond has a two-fold degeneracy except if the second and third gauche bonds
are next to each other. In this case only one of the directions 15 allowed and this is
the second constraint imposed in order to minimize steric hindrance. In the latter
case the the third gauche bond is non-degenerate.

All lipid chain conformations with the same energy and the same length are con-

sidered to be in the same conformational state. The tenth state is a high energy state
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characteristic of the liquid crystalline or fluid phase and it is a combination of many
i disordered states.

The Pink model requires a knowledge of the internal energy, the cross sectional
area and the degeneracy associated with each conformational state. The all-trans
state is considered to be a state with zero internal energy, its cross sectional area is
determined from experimental data [31] as A; = 20.4A?, and it is non-degenerate.
The internal energy of the intermediate states is determined by the number of gauche
bonds. The energy required to form a gauche bond from a trans configuration is

E, = 0.45%x107"3erg. The cross sectional areas are obtained from the assumption that

the volume of the chain remains constant,i.e. A, = A; 1%: where L, is the length of the
all trans configuration (L, = m—1in units of projected chain segments), and L, is the
length of the intermediate state. This assumption is based on experimental evidence
from dilatometry experiments on lipid bilayers [32] and was first used in reference
[18]. The degeneracies are obtained by counting the number of possible configurations
with the same energy and the same length. Figure 2.1 shows the mapping for the
ground state and the 8 intermediate energy states. The figure caption explains how
the degeneracies of the intermediate states are obtained. It is important to consider
the constraints described on page 9. Table 2.1 shows a summary of the properties
of the ground and intermediate conformational states. The parameters of the high-
energy or “melted” state are set as follows. The cross sectional area is assumed to be
independent of the chain length and is set to A, = 34A2. The degeneracy is assumed
to be proportional to 3™, and is given by Do = 6 x 3™~¢. The energy i.. assumed to
be linear in the chain length, and is given by E;o = (0.42m — 3.94) x 10~ 2erg.

To understand the interaction between the lipid molecules in the Pink model we

study the Van der Waals interaction between long parallel chains in the next section.

2.1.1 Van der Waals Interactions between Chains

In this section we follow the analysis of reference [29]. Consider two linear chains of

length L each constructed from N identical units of length X, so that L = AN. The
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Figure 2.1 Ground and intermediate energy states.

1 All-trans state for a chain with m = 14 carbon atoms.

2-9 Intermediate states for a chain with m = 14 carbon atoms. All the possible configurations are
drawn for states 2,3 and 4 The dot beside a gauche bond indicates that the bond has a degeneracy
D = 2. Therefore the degeneracy of states 2,3 and 4 1s D = 4. For states 5,6 and 7 not all the
possible configurations are drawn, but there is a systematic way of drawing all of them Consider
for example state 5 For the configuration drawn at the left there 1s a sequence gauche-trans-gauche
(g-t-g) 1n the chain segments 3,4, 5 (counting from the top) For the configuration drawn at the right
the g-t-g sequence is in the chain segments m — 4, m — 3, m — 2. The rest of the configurations can
be obtained starting from the configuration at the left and moving down the g-t-g sequence until the
configuration at the right 1s obtained. In this case we have m — 6 different configurations, each with
a degenerate gauche bond. Therefore the degeneracy of state 51s D = 2(m — 6). The degeneracy
of state 6 is obtained moving down the g-t-t-t-g sequence and its degeneracy 1s D = 2(m — 8)
The degeneracy of state 7 is obtained moving down the g-t-t-t-t-t-g sequence and its degeneracy is
D = 2(sn — 10) For states 8 and 9 the dashed line indicates another possible configuration which
is identical to the solid line configuration except for the orientation of the last segments. Note that
in the case of the dashed line configuration the last degenerate gauche bond is one segment above
than in the sohd line configuration. The configurations for the state 8 are obtained moving down the
sequence g-t-g and its degeneracy is D = 8(m — 8) The configuratiors for the state 9 are obtaned
moving down the sequence g-t-t-t-g when th:re 1s a gar-he bond in the segment m — 2 (m - 3 in
the case of the dashed sequence) and moving down the sequence g-t-g when there 1s a gauche bond
in the segment m — 4 (m — 5 in the case of the dashed sequence). Therefore the degeneracy of state
9is D = 16(m — 10) The number of dots between configurations is the number of configurations

not drawn for a chain with m = 14.

12




State 1 State 2 States |
E=0 E=E, E=E,
L=m-1 L=m-2 L=m-3
D=1 D=4 D =

State 4 State 5 State 6 o
E=E, E =2E, E =2E,
L=m-4 L=m-2 L=m-3
D=4 D=2m-6)|D=2m-8)
State 7 State 8 State g

E =2E, E =3E, E = 3E,
L=m-4 L=m-3 L=m-4
D=2%m-10) | D=8(m-8)| D =16(m - 10)

Table 2.1: Energies, lengths and degeneracies of the ground and the intermediale states

chains are assumed to be parallel to each other and to be separated by a distance D.
D must be large compared to A. The basic units of a chain are assumed to interact

with the basic units of its neighbor via the Van der Waals interaction

where A is the strength of the interaction between two basic units and d s the distance

between them. From figure 2.2, the distance between these two segments is

d = \/D? + X2(n ~ n')?

Therefore the interaction between the chains is given by

N N A N N 1
U 2D O P Y T

Let £ = |n—n'|. For each value of z there are 2( /N —z) interactions of equal magnitude

except for z = 0 where there are only NV interactions of equal magnitude. Then W

13




Figure 2.2° Two long parallel chains. The dots represent the central part of each segment.

can be rewritten as follows

AN N-1 1 1

W=""+24 N
Do AL B R

For large N we can replace the sum by an integral

24t 1-y
_AGNA o (p_z +y2)3 y

w

where p = %, and y = §. The integrated expression for the interaction energy is

Ap
422 DA

W = )

p
(3arctgp + T+ 2

When the chain length L is much larger than the distance D between chains
p > 1. Therefore arcigp > 3 and ;27 < 1 and we then find that, for long linear

parallel chains,
AN
8 ADS

This is Salem’s result which states that the attraction between the chains is inversely

(2.1)

proportional to the fifth power of the intermolecular distance and directly proportional
to the length of the interacting molecules. This result is expected to be valid in a

region where the molecules are oriented almost parallel to one another.
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2.1.2 Interactions between Lipid Chains in the Pink Model

In order to account for the orientational interaction between lipid chains, we need a
quantitative way to measure the alignment of the chains. For a single rod making an
angle § with the z axes, the quantity S = 1(3cos?# — 1) has a value of 1 1f = 0 and
a value of —% if 6 = 12'-.1 For a lipid chain with m carbons in a conformational state

a, a measure of the alignment is given by the quantity

So =

1 '3:‘1 (3cos®byn — 1)
m—1 2
where the summation is over chain segments and 6,y is the angle between the ntt
chain segment and the normal to the plain bilayer. For the all-trans state of a hpid
chain, all the segments form an angle of 30° with the bilayer normal and §; = g.

In the Pink model neighboring acyl chains are assumed to interact via an aniso-
tropic Van der Waals interaction which is a product of the isotropic interaction be-
tween two long parallel chains as calculated by Salem and an orientational interaction

between individual C-C bonds. The total anisotropic interaction betweeu two neigh-

boring chains in states a and [ can therefore be written as follows
Eve = —JoVapSaSs (2.2)

where Jp is an interaction constant that depends on the chain length. S, and Sg are
referred to as the nematic acyl chain order parameters for the two molecules and are
given by

8 1 Tl (3cos%on — 1)
Sa = 5(m— 1) ;;1 2

(2.3)

The factor § is due to normalization with respect to the all-trans configuration. Vug
is given by
(27’1 )5

Vog = e

1The reason why this quantity is chosen as a measure of the alignment is that for a system of
rods, the average value of S is a measure of the order of the system If all the rods are aligned
parallel to one another as in the case of the ordered phase of & nematic iquid crystal, the average
value of S is 1. If the rods have a random orientation, < cos?8 >= } and the average value of S is
0. See reference [7].
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where r, is the radius of the lipid chain in state a.

Defining 6,5 as the difference of the radius of lipids a and 8, 7o = 73 + bag. Vap
can be approximated as

™ 5 1 1
Vos = gz (1+ g8as(—— )
ﬂ a

rglzr T s

However 8,5 is generally small, and therefore to a good approximation

3

T
Va ~ -1
IR
This can be written in terms of the areas as
A A
Vag = VaVa = (T2)/4(55)** (2.4)
A, Ag

wher: it is assumed that the projections of the lipid chains onto the membrane plane
are circles. This form of the interaction is not expected to be valid for the “melted”
state because the chains are far from being parallel to each other. A weakening factor

is therefore introduced such that Vip = w(£:)%/4. w has been chosen as w = 0.4 [21].

2.1.3 Relation between Order Parameter and Chain Length

A geometrical relation between the nematic order parameter and the length of a chain
can be derived as follows. The assumption that the angles between C-C bonds are
120° implies that the angle between the chain segments and the bilayer normal is
either 90° or 30° as can be seen in figure 2.1. The segments making an angle of 90°
do not contribute to the chain length. The length of a chain in any conformation is
then given by L = L; — ngee in units of projected chain segments, where L, is the
length of the all-trans state, and ngoo denotes the number of segments making an
angle of 90° with the bilayer normal. The order parameter of a single chain in a given

conformation is therefore

8 3cos?(30°) — 1 3cos?(90°) ~ 1
S = gmon T3 meor ——5 )
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where n3p denotes the number of segments which make an angle of 30° with the
bilayer normal. Since the total number of segments is m — 1, n3p0 + 190 = m — 1 and

the expression for § becomes

8 5 9

-S(_m_-—_l—)(g(m ~ 1) — =ngoe)

S= 5

This gives the following relation for S in terms of the chain length
9 4
=-Z_2 2.
S 5 5 (2.5)

From the assumption of constant volume S, can be rewritten in terms of the areas
by replacing AAL for LA, Therefore the nematic order parameter for a lipid chain in a

conformational state a is given by

Sy = (2.6)

SRR =)
[ RN~

A
Aq
This relation makes it possible to write the interaction Hamiltonian in terms of the

areas of individual lipid chains.

2.1.4 Other Interactions

In addition to the Van der Waals interactions between lipid chains there are several
other interactions that must also be considered.

- The hard core interactions are taken into account by allowing the acyl chains to
lie on a crystalline lattice.

- The interaction of lipid molecules with water is partially taken into account by
the existence of the lattice, because lipid molecules do not form aggregates such as
bilayers when they are not in contact with water.

- Repulsive forces due to electrostatic interactions between the polar head-groups
and steric interactions from both the polar head groups and the lipid chains. The
steric interaction prevent the atoms forming the molecules from occupying the space
occupied by other atoms. The origin of this interaction is the repulsion between the

electronic clouds of the atoms in the chains. The latter two interactions are taken
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into account in an approximate manner by the inclusion in the Hamiltonian of an

energy proportional to the total area? [2, 18].

E. =TA (2.7)

2.1.5 The Pink Hamiltonian

The contributions to the energy described in previous sections give the following
Hamiltonian for the Pink model

M= 3 Y Falos - % T lelslasbs, A IS Aales (28)

: 3> a8 1 a

where the first tern. is the single chain contribution, the second term is the van der
Waals interaction between lipid chains and the third term accounts approximately
for steric interactions and interactions between polar heads. The indices ¢ and j refer
to lattice sites and the indices a@ and 8 refer to conformational states. L,, is an

occupation variable which is defined as

1 if the state of the lipid at site 7 is a
Lo, = (2.9)

0 otherwise

The lipid chain at site 2 can only be in one of the ten conformational states, so that
Yalai = 1. I, is defined as I, = w,V,S,. Using equations 2.4 and 2.6, I, can be

written in terms of the areas as follows
I = wa(; 52 - 2} (5P (2.10)

where w, =1 for states 1 to 9 and w;p = 0.4. In the second term of the Hamiltonian

the symbol < 7,7 > indicates that the sum is restricted to nearest neighbors. The

factor 1 avoids double counting.

3See appendix A for an explanation of two possible interpretations of II.
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Th(K) | Jo x 107 3erg
DMPC | 296.9 | 0.618

DPPC | 314.0 | 0.7099

DSPC | 3279 | 0.815

Table 2.2: Ezperimental transition temperatures and wnteraction constants for different chain lengths.

2.2 Monte Carlo Simulation

Statistical Mechanics provides a powerful technique for calculating all the thermody-
namic functions of the system from its Hamiltonian. For simple Hamiltonians such
as a gas of non interacting particles, it is possible to obtain all the thermodynamic
functions of the system analytically. For complicated Hamiltonians approximation
methods can be used for solving the problem analytically, or one can solve the prob-
lem numerically using a computer. Monte Carlo integration methods (described in
appendix B) and in particular the Metropolis algorithm (also described in appendix
B) provide a way to calculate numerically the integrals involved in the partition
function. The implementation of the Metropolis algorithm for pure lipid systems is
described in appendix B. In this section numerical results of a Monte Carlo simula-
tion of the Pink model are presented for systems with three different chain lengths,
corresponding to DMPC (m = 14), DPPC (m = 16) and DSPC (m = 18) lipid bilay-
ers. The interaction constant, Jy, depends on the chain length and is fitted for the
three systems in order to reproduce the experimental transition temperatures [14].
Table 2.2 shows the experimental transition temperatures [30] and the values of the

interaction constant for the three systems studied. II was set equal to 30dyn/cm [2].

The temperature dependence of the average internal energy and specific heat are

shown in figure 2.3. The specific heat was calculated from the energy fluctuations as
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Figure 2.3: Energy per molecule and specific heat per molecule of DMPC, DPPC and DSPC bilayers.

follows

C, <H:> — < H>Y

= Z—fl—";(

In the figure, the specific heat has been divided by the number of lipid molecules.
The temperature dependence of the average area, average nematic order parameter

and isothermal compressibility are shown in figure 2.4. The isothermal compressibility

Kt is calculated from the fluctuations in the area

1

KT:kT<A>

(< A2 > - < A>Y)
where A is the total area. In the figure, the isothermal compressibility has not been
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divided by the number of lipid molecules. The equations for the specific heat and
isothermal compressibility are derived in appendix A.

The results show an abrupt jump in the energy, area and order parameter with
a low temperature phase known as gel phase characterized by the 9 lowest energy
conformational chain states, and a high temperature phase known as fluid phase
characterized by the 10th conformational state. A mean field solution of the model
which does not account for thermal fluctuations predicts a first order phase transition
with jump discontinuities for the energy, area and nematic order parameter (2, 25].
The computer simulation which fully accounts for thermal fluctuations predicts an
abrupt but continuous jump for these functions [21] as can be seen in figures 2.3
and 2.4. Although strictly speaking there is no phase transition predicted by the
simulation® we will refer to this abrupt jump as a transition and to the temperature at
which the jump occurs as the transition temperature. The transition is accompanied
by strong fluctuations as can be seen from the results for the specific heat and lateral
area compressibility figures. This is an indication that the system is close to a critical

point.

2.2.1 Effect of Acyl Chain Length

From figures 2.3 and 2.4 it can be seen that the longer the chain the more abrupt the
transition. As the chain length decreases, the transition becomes smoother and more
continuous. This is because the thermal fluctuations become larger at the “wings”
of the transition temperature with decreasing chain length. As the chain length de-
creases, the energy differences between the two phases becomes smaller as shown in
figure 2.3. At the “wings” of the transition temperature an enhancement of the re-
sponse functions is observed for decreasing acyl chain length as can be seen from the
figures showing the specific heat and lateral compressibility. At the transition temper-

ature, the peak in the response functions decreases as the chain length decreases. This

3We have recently shown that for the set of parameters that we use here, there 1s no phase
transition predicted by the simulation and the system is beyond a critical point {3]
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Figure 2.4: Area per molecule, nematic order parameter and 1sothermal compressibility of DMPC,

DPPC and DSPC bilayers.
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implies that at the transition temperature the fluctuations increase with increasing

chain length.
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2.3 Passive Permeability

Ion transport in biological membranes is mediated by channels or pores that are
formed by proteins which are able to discriminate between different type of substances
and can be open or close to the flux of matter. This is the main form of transport
of matter across biological membranes. There is however another type of transport
known as passive transport, which is due to diffusion of matter across the membrane.

The pure lipid bilayer is characterized by an extremely low permeability to ions
diffusing passively through it. However near the fluid to gel phase transition an
enhancement of the passive ion permeability had been experimentally observed at
both sides of the transition [23].

At temperatures far away from the transition temperature, domains of lipids in
states, which are characteristic of the unstable phase at that temperature, occur
rarely and are due to thermal fluctuations. However as the transition temperature
is approached, the fluctuations increase and an increase in the number of clusters or
domains of the unstable phase appear in the stable phase. There are thus more fluid
clusters in the gel phase, and more gel clusters in the fluid phase.

It has been proposed [4, 6, 16, 23] that the enhancement of the passive ion perme-
ability near the gel to fluid transition is related with the amount of interface between
gel and fluid domains. At the interfacial region, defects due to bad packing make the
membrane leaky and allow the ions to permeate it. A formalism for calculating the

passive ion permeability of the membrane is presented in the next few sections.

2.3.1 Number of Particles Striking a Surface

In this section we follow reference [27]. Consider an element of area dA4 of a wall
of a container with a gas. Then consider those particles in the vicinity of the wall,
whose velocity lies between v and v+dv. Such particles suffer a displacement vdt in
the time interval dt. All the particles which lie in the infinitesimal cylinder of cross

section dA and length vdt that makes an angle 6 with the z axis will strike the wall
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8 da

vdt

Figure 2.5: Particles colliding with an element of area of a wall. Adapted from reference 27!

in the time interval dt.

If f(v) is the velocity distribution for the gas, f(v)d®v is the mean number of
particles per unit volume with velocity between v and v +dv. The number of particles
that strike the area dA in the time interval dt is equal to (dAvcosfdt) - (f(v)d*v)
because the volume of the cylinder is dAvdtcos6.

The total number of particles that strike a unit area of the wall per umit time is
given by

¢ = veosf f(v)d®v

v >0

The integral is over velocities for which the z component is positive, since the mole-
cules with v; < 0 travel away from the wall. If the gas is in thermal equilibrium,
f(v) depends only on the magnitude of v. The volume element is given by d*v =

v3dvsinfdfde, so that the integral for & becomes
o /2 2%
¢ =/ vsf(v)dv/ cosfsinfdo do
0 0 0

The integration over 8 evaluated between 0 and 3 satisfies the condition v, > 0. This

gives the equation
3= w/°° v f(v)dv
0

which can be related to the mean velocity of a particle in the gas, as shown below.

The mean velocity of a particle in a gas is given by

<v>= %/vf(v)d"’v = in v2 f(v)dv (2.11)

n

25




where n = Q,'— is the total number of particles per unit volume. This expression leads

to the result

¢=§<v>

It is important to remember that & is the number of molecules which strike a unit
area of the wall per unit time. Therefore the number of molecules striking a wall of

area A in the time interval dt is given by

dN = g <v> Adt (2.12)

Mean Velocity of a Particle in a Gas

The classical velocity distribution for a particle of a dilute gas in thermal equilibrium

is the Maxwell distribution given by

flv) = n(gwﬂw—)s”e“?ﬁ'; (2.13)

where n = i“,’— is the total number of particles per unit volume and m is the mass of

the particle.

The mean velocity of a particle in a gas is given by equation 2.11. For a gas with

a Maxwell velocity distribution the mean velocity is given by the following expression

oo my3
<v>= 47r(27rkT)3/2./o vie~nr dy
which after integration is
8kT
<v>=4— (2.14)
m

2.3.2 Model of Passive Ion Permeability

From section 2.3.1, the number of particles striking a wall of area A of a container in

a time interval dt is given by

dN xn < v > Adt
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Consider a liposome* of volume V and internal area A with an internal ion con-
ﬁ centration n. In this case, the wall is formed by the lipid bilayer and the particles
striking the wall are the ions. The number of ions leaving the liposome in a time

interval dt is then given by
dNp xn <v > APdt

where P is the probability of an ion crossing the membrane after it has collided it.
n = E‘fi is the number of ions inside the liposome (or retained by the liposome) per
unit volume at a certain time.

If we assume that the ion concentration is small inside the liposome, we can assume
a Maxwell velocity distribution for the ion gas and the mean velocity of a particle is
given by equation 2.14. Therefore the number of ions leaving the liposome in a time

interval dt is
dNy = cA™Y*TY2 P Npdt

where c is a constant.

Now, the number of particles retained by the liposome plus the number of particles
that leave the liposome is equal to the number of particles in the liposome at time
t =0,s0 Ny(t)+ Ngr(t) = Ng(0). Therefore, we can write an equation for the number

of particles retained in the liposome as follows

e _ _ -rapipyy
Ng
This expression, after integration, gives an exponential time dependence for the frac-

tion of ions retained in the liposome

NR(‘) _ e-cA“’/’T‘/ZPt
Nr(0)

In the model used in this thesis [4, 6], the probability of an ion crossing the

membrane is considered as a sum of three terms

P(T) = ap(T)ps + ac(T )pe + a.(T)p,

Bilayers made in the form of spherical vesicles are called liposomes
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where b stands for bulk, ¢ for clusters, and : for nterface. p,, p. and p, denote
the corresponding probabilities of crossing the membrane, and a;, a. and a, are the
fractional areas occupied by the bulk, the clusters and the interface.

This model of passive ion permeability requires the knowledge of the fractional
areas occupied by the bulk, the clusters and the interface, as well as the values of the
transfer probalbilizi-s,

A constraint is imposed on the transfer probabilities assuming that the interfacial
area is associated with a very high transfer probability p, > p;,p.. The principal
hypothesis is that at the interfacial regions defects due to bad packing make the
membrane leaky and allow the ions to permeate it more readily. The model does not

assume a specific mechanism by which the transport is performed.

2.3.3 Analysis of Configurations

The Monte Carlo simulations performed for the Pink Hamiltonian allow us to examine
the spatial structure of the membrane and thus permit an analysis of membrane
heterogeneity and domain formation in the transition region.

A visual examination of the snapshot of a microscopic configuration allows us to
observe clusters of the minority phase in the majority phase. However a systematic
study of the configurations requires a formal ( although somewhat arbitrary ) defini-
tion of the concepts cluster, bulk and interface. For simplicity we will refer to fluid
clusters in a bulk gel phase, but the same definitions apply for the high temperature
phase with the exchange of the words gel and fluid.

Clusters are defined by means of a nearest neighbor connectivity criterion. Two
sites a and b each containing a chain in the fluid state are part of the same cluster if,
starting at one of the sites (let say a) one can find a “path” from a to b of sites with
chains in the fluid state, with the restriction of moving only to nearest neighbor sites.

The definition of cluster also involves a decision about how many fluid chains have
to be together, in order to consider that they are forming a cluster. In order to study

the cluster distribution as a function of temperature, only clusters formed by three
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or more fluid chains are considered in this thesis. The interface 1s defined as the set
of the sites other than clusters connected via a nearest neighbor bond to a cluster.
The bulk is defined as the set of the sites that are neither clusters or interface.

The clusters fluctuate in position and size, and although they have an equilib-
rium distribution function, they are not macroscopic entities. As the transition is
approached, both the average cluster size and the maximum cluster size are enhanced
as can be seen in figure 2.6. This occurs for all three systems under consideration. It
is however interesting to note that the number of clusters does not always increase as
the transition temperature is approached. Figure 2.6 show that the number of clusters
increases as the transition is approached at temperatures far away from the transi-
tion. However close to the transition temperature, the number of clusters actually

decreases. This implies that clusters are aggregating to form larger clusters.

2.3.4 Model Permeability and Monte Carlo Simulations

A cluster analysis of the configurations obtained from the Monte Carlo simulation
permit the calculation of the fractional areas occupied by the clusters, the bulk and
the interfaces.

A cut-off of 14 is chosen implying that clusters occvpying less than 14 lattice sites
will be considered part of the bulk and clusters of clusters, i.e. small domains of the
majority phase within a cluster, smaller than 14 lattice sites will be considered part
of the cluster.’®

Snapshots of configurations below and above the transition temperature are pre-
sented for DMPC in figure 2.7. In part b) of the figure, the minority phuse regions
are shown, the fluid regions are shown for T' < T, and the gel regions are shown for
T > T,,. The interfacial regions consistent with a cut-off of 14 are shown in part a)
of the same figure. It is easy to see that the amount of cluster regions as well as the

amount of the interfacial regions increase as the transition temperature is approached

®The width of the permeability peak depends on the size of the defer t required for passage of the
ion. In this model, it depends on the cut-off for the cluster size A larger cut-off leads to a sharper
peak.
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Figure 2.6: Average cluster size, mazimum cluster size and number of clusters as a function of
temperature for DMPC, DPPC and DSPC. The first two of these are expressed in units of the
number of molecules.
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from either side.

The dependence of the fractional areas on temperature is shown in figures 2.8. As
the transition temperature is approached from either side, the area occupied by the
clusters increases and has a peak at 7,,. Consequently the area of the bulk decreases
as the transition is approached. The interfacial fractional area also increases as the
transition is approached. However very close to the transition temperature, a decrease
of the interfacial fractional area occurs for two of the systems under consideration
when approaching from the high temperature phase. This is related with the fact
that clusters aggregate near T,,. The fractional interfacial area therefore has a peak
at a temperature slightly higher than T,,.

The model of section 2.3.2 requires a knowledge of the regional transfer probabil-
ities for the calculation of the permeability. Since the restriction p, > p,,p. is part
of the basic assumptions of the model, p, is taken to be equal to 1, and p, and p,
are fitted in order to reproduce the experimental curve for the permeability of DPPC
vesicles to Na* ions. The values for p, and p. were found to be p, = 0.0066,p. = 0.11
below Ty,, and p, = 0.11,p. = 0.0066 above T, (6]. With this choice of values the
mode) assigns a higher probability of transfer to fluid regions than to gel regions. The
calculation of these transfer probabilities from first principles requires a knowledge of
the specific mechanism of transport across the membrane.

The above information makes it possible to calculate the quantity £ = (X)Y/2p
which is known as the relative permeability. The relative permeability is proportional
to the logarithm of the fraction of ions retained in the liposome. Figure 2.9 shows an
enhancement of the relative permeability as the transition temperature is approached.
This is in agreement with the experimental observations of Papahadjopoulos [23).
The permeability has a peak at a temperature slightly greater than 7,, for two of
the systems under consideration. The two points that appear disconnected in the
figures are below and above the transition temperature respectively. From the figures
it is clear that the model predicts a gap in the passive permeability at the transition

temperature. The gap is a consequence of the model and is due to the discontinuity in
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Figure 2.7: Snapshots of configurations near T,, for DMPC are shown on the previous page.

a) Interfacial regions consistent with a cut-off of 14.

b) Regions with the minority phase are shown. The upper row shows regions of fluid for values of
T /T, approaching the transition . From left to right: 0.95,0.98 and 0.997. The lower row shows
regions of gel for values of T/T,, going away from the transition . From left to right: 1.003, 1.02 and
1.05.
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Figure 2.8: Fractional areas of bulk, clusters and inlerface for DMPC, DPPC and DSPC.
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Figure 2.9: Relative permeability of DMPC, DPPC and DSPC bilayers. The units are arbitrary.

the values of p, and p. at T,,. The only case in which the model predicts a zero gap is
when the fractional areas of bulk and cluster are equal at the transition temperature.
This is not the case in general for the model used here since the definition of the
interface implies that it has an associated area. We do not expect to see a gap in

experimental measurements at the transition region.

2.3.5 Effect of Acyl Chain Length on the Permeability

It was shown in section 2.2.1 that as the length of the chain decreases, an enhancement
of the response functions® occur at the “wings” of the transition i.e., at the “wings”
of the transition the thermal fluctuations increase as the chain length decreases. This
observation implies that the average cluster size, the maximum cluster size and the

total number of clusters increase as the chain length decreases. Figure 2.6 shows how

8The response functions referred to are the specific heat and the isothermal compressibility.
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Figure 2.10: Snapshots of configurations for different chain lengths at T/Tm =1 003

a) Interfacial regions consistent with a cut-off of 14.

b) Regions of the gel phase are shown. The left figure corresponds to DMPC (mn = 14), the nuddle
one cortesponds to DPPC (m = 16) and the right one corresponds to DSPC (mn = 18)

the average cluster size, the maximum cluster size and the average number of clusters
increase with decreasing chain length. Consequently, an enhancement of the cluster
and interface fractional areas is observed on both sides of the transition temperature
for decreasing chain length, and a concomitant decrease in the bulk fractional arca s
observed as shown in figure 2.8.

Snapshots of configurations for three chain lengths are shown in figure 2.10. For
this figure, the reduced temperature T/Tm is fixed above the transition temperature,
In part b) of the figure the gel phase regions are shown. In part ) of the same figure,
the interfacial regions consistent with a cut-off of 14 are shown. It is clear from the
snapshots that the number of sites forming the clusters and the number of sites in
the interfacial regions, decrease as the chain length increases.

The net result is that in the transition region the relative permeability increases
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with decreasing chain length as shown in figure 2.9. This result is very reasonable
since the thicker the membrane, the more difficult it is to cross it.

It is clear from the figure that the model predicts that the permeability is inde-
pendent of chain length at very high temperatures. This is a result of using the same
probabilities of transfer for bilayers composed of lipids with different chain length.

This assumption is obviously incorrect, but does not affect strongly the permeability

in the transition region.
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Chapter 3

Lipid-Cholesterol Bilayers

Cholesterol is a determinant for membrane fluidity [1]. Cholesterol molecules orient
themselves in a bilayer with their hydroxyl groups close to the polar head groups of
the phospholipid bilayer at the level of the glycerol group. The steroid ring struc-
ture partially immobilizes the regions of the hydrocarbon chains close to the head
group. At high cholesterol concentrations, cholesterol has the effect of preventing the
hydrocarbon chains from crystallizing.

The experimentally determined phase diagram' of DPPC bilayers containing chol-
esterol is shown in part a) of figure 3.1 [17, 13, 33]. The phase diagram shows three
different phases, a solid ordered phase so, a liquid disordered phase Id, and a hiquid
ordered phase lo at high cholesterol concentrations. The first letter in this notation
refers to the lateral organization. s is used when the phase has a lateral crystalline
structure and 1is used when thereis no lateral crystalline structure. The second letter
refers to the acyl chain conformational order. o is used for a phase characterized by
chains with a high conformational order and d is used for a phase characterized by
chains in high energy conformational states. The solid-ordered phase is equivalent to
the gel phase of pure lipid bilayers and the liquid-disordered phase is equivalent to
the liquid crystalline phase of pure lipid bilayers.

The experimental phase diagram of figure 3.1 and thermodynamic quantities such

1The phase diagram does not include the phases related to the ripple phase
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MOLE % CHOLESTEROL

Figure 3.1: a) Ezperimental phase diagram of DPPC-cholesterol bilayers. The phases are denoted by
8o (solid-ordered), 1d (liquid-disordered) and lo (liquid-ordered). The phase diagram was obtained

by a variety of experimental techniques.
b) Theoretical phase diagram obtained from the mean field solution.

as the specific heat of lipid-cholesterol bilayers have been successfully described by a
model proposed by Ipseu et al. [12]. The model gives a description of lipid monolayers
and bilayers in terms of two degrees of freedom, one for the chain conformations and
the other for positional crder. It is based on the Pink model combined with a modified
multi-state Potts model which is used to treat the positional degrees of freedom in
an approximate way. The Pink model is described in detail in section 2.1. The
modified Potts model assigns a Potts variable to each lattice site. The Potts variables
describe the orientation of crystalline domains with which the chain on the lattice
site is associated. A domain boundary energy is modeled by allowing acyl chains
to interact with a repulsive energy, Jp, if they are in different Potts states and if
they are in one of the first nine Pink conformational states. In all other cases the
interaction is zero. Tl.is is because there are not crystalline domains in the fluid phase
characterized by the 10t* conformational state. This model was originally proposed for
pure lipid bilayers, but it is particularly important for bilayers containing cholesterol.
Cholesterol inhibits the formation of a crystalline structure but at the same time
makes the acyl chains rigid. Therefore a model with two degrees of {freedom, one for
the positional order and another for the conformational order is quite appropriate.

The Potts interaction between cholesterol and an acyl chain in one of the nine
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conformational states characteristic of the gel state is assumed to be much smaller

than the Potts interaction between acyl chains. The model has been solved in a mean
field approximation {12]. The parameters for the lipid-cholesterol interactions were
chosen to give a qualitative phase diagram as close as possible to the experimental
phase diagram. The theoretical phase diagram shown in part b) of figure 3.1 is in
good qualitative agreement with the experimental phase diagram. There is a narrow
coexistence region between the solid ordered and the liquid disordered phases at low
cholesterol concentrations, and a liquid ordered phase at high cholesterol concentra-
tions.

Cholesterol dissolves easily in a phase with no crystalline structure but prefers
the neighboring acyl chains to be in a high conformational order. T - result is that
at low cholesterol concentrations cholesterol prefers both lipid phases equally, but
at high cholesterol concentrations, it induces conformational order in the fluid state
and inhibition of the crystalline structure in the low temperature phase and a liquid-
ordered phase occurs. At this point the conformational and the positional degrees of
freedom are decoupled. The problem with the Pink-Potts model is that it is difficult
to interpret the Potts variables microscopically.

Cruzeiro-Hansson et al. therefore proposed a reduced model which is correct for
low cholesterol concentrations and which does not involve the Potts varniables. The
model was then used to predict the permeability of DPPC-cholesterol systems. It is
the model used in this thesis to study the chain length dependence of the thermo-
dynamic quantities and the permeability of lipid-cholesterol systems. The model is
presented in the next section and is used to study DMPC, DPPC and DSPC lipid

bilayers containing small amounts of cholesterol.

3.1 Model of Lipid-Cholesterol Bilayers

Cruzeiro-Hansson et al. [5) have studied a simple multi-state lattice model that gives

the correct phase behavior at low cholesterol concentrations. The model is an exten-
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sion of the Pink model to include the interaction between lipid chains and cholesterol-
like molecules. The model therefore can only account for the chain melting transition
but not for the change in the lateral crystalline structure. We will continue to use the
terms gel and fluid through the rest of the thesis to refer to the low and high tem-
perature phases respectively. The interaction between lipid molecules and cholesterol
is modeled by assuming that cholesterol is a bulky, stiff molecule with no internal
degrees of freedom. The cholesterol is assigned an area of 32A2,

In the Pink model, lipid-lipid interactions are written as the product of two terms.

Each term depends only on the state of the lipid at one of the sites, i.e. the interaction

between two neighboring lipid chains in states a and 3 is
Emt = —'JOIQIB

where I, is given by equation 2.10. We assume the same form as for the Hamiltonian
of the pure system, and therefore the interaction between a lipid in state a and a

neighboring cholesterol is assumed to be
Eipe = —Jolalc

where Ic is a constant related to the Van der Waals interaction between the hy-
drophobic part of the cholesterol molecule and the lipid chain. In an analogous way

the cholesterol-cholesterol interaction is assumed to have the form
En = ~Jolclc

The lipid-cholesterol system has therefore the following Hamiltonian

H = ZZEGCQ,.+HZZAQL,,,,+HZACCC,.—

J J
~5 2 Tldslals, - 5 3 IoLakc,

<> af <1>
J
=5 ¥ Y Lde(Lale, + Lo)Lc) (3.1)
<1)> a

where L, is an occupation variable which is defined as
1 if thereis a chclesterol molecule at site 1

Lo = (3.2)

0 otherwise
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The Hamiltonian in equation 3.1 contains two new parameters A¢ and /o relative
to the Hamiltonian for the pure lipid bilayer (equation 2.8). I¢ was determined by the
requirement that the phase diagram resemble that of phosphatidylcholine-cholesterol
mixtures for cholesterol concentrations up to 10% i.e. with an extremely narrow
coexistence region and a very small decrease in the melting temperature. The mean
field calculation done by Cruzeiro-Hansson et al. [5] and J. Ipsen [14] indicate that
Ic = 0.45 is a good choice for the three systems considered in this thesis: DMPC,
DPPC, DSPC.

The Hamiltonian in equation 3.1 is not specific for cholesterol. It can also represent

any other bulky, stiff, amphiphilic molecule.

3.1.1 Monte Carlo Simulations

As in the case of pure lipid bilayers, Monte Carlo simulations are used to determine
the thermodynamic properties of the system. The implementation of the Metropolis
algorithm for lipid-cholesterol systems is described in appendix B. Sysieins with low
cholesterol concentrations, z¢ = 0.05,0.10,0.15, are studied.

Figures 3.2, 3.3 and 3.4 show the average area per molecule A of the membrane
as a function of temperature for several cholesterol concentrations. From the figures
it is clear that the transition becomes smoother and the difference in the areas of the
two phases is smaller than for the pure system. Nevertheless, the relation between
the area and the cholesterol concentration below the transition is quite complicated.
In order to observe the effect of cholesterol on the lipid chains, we calculate the lipid
area per lipid molecule Ay, given by

A = A-zcAc

l-z¢
where Ac is the area of a single cholesterol molecule, A is the total area per molecule
and z¢ is the cholesterol concentration of the system. Figures 3.2, 3.3 and 3.4 show
that cholesterol has an expansion effect in the gel phase and a contraction effect in the

fluid phase. This is also indicated by the average nematic order parameter of the lipid
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chains shown in the same figures. Cholesterol induces lipid chains with conformational
disorder below the transition temperature and with high conformational order above
the transition temperature. This is why the lipid area per lipid molecule mcreases
below the transition temperature and decreases above it.

Figures 3.5, 3.6 and 3.7 show the average energy as a function of temperature
for three different cholesterol concentrations. Again, the broadening effect of the
cholesterol is observed. The low temperature phase has a higher energy than the pure
system and the high temperature phase has a lower energy than the puresystem. The
model therefore predicts that cholesterol makes the membrane more disordered in the
low temperature phase and more rigid in the high temperature phase.

Figures 3.11, 3.12 and 3.13 for the isothermal lateral compressibility and figures
3.8, 3.9 and 3.10 for the specific heat show that the peak in these response functions
decreases with the addition of cholesterol, but the addition of cholesterol increases
the thermal fluctuations at the “wings” of the transition.

Asin the case of the pure lipid bilayer, the response functions were calculated from

fluctuations in the area and the energy using the equations derived in appendix A.
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3.1.2 Effect of Acyl Chain Length

The results for the effect of the chain length in pure lipid bilayers in section 2.2.1 are
basically the same as those in this section.

For all the cholesterol concentrations studied, the shorter the chain length the
smoother the transition. As can be seen from the figures 3.17, 3.18 and 3.19 for the
total area, lipid area and lipid chain order parameter. Also, the energy differences
between the two phases is smaller for shorter chain lengths as can be scen in figures
3.14, 3.15 and 3.16.

For all the cholesterol concentrations studied, the peak in the specific heat de-
creases for decreasing chain length. But an enhancement is observed at the “wings”
of the transition for decreasing chain length as is shown in figures 3.14, 3.15 and 3.16.
This indicates that the larger the cholesterol concentration the larger the fluctuations
at the “wings” of the transition. An enhancement in the isothermal lateral compress-
ibility at the “wings” of the transition is observed for decreasing chain length as is

shown in figure 3.20 for all cholesterol concentrations studied.
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3.2 Passive Permeability of Lipid-Cholesterol Bi-
layers

The model for the passive permeability of lipid-cholesterol bilayers (5] is a direct
extension of the model of pure lipid bilayers [6] studied n section 2.3 2.

The probability of an ion crossing a membrane 1s now given by
P(T) = ap(T)ps + ac(T)pc + a,r(T)p, + aic(T )pic (3.3)

where the interfacial contribution had been separated in two parts, the part of the
interface formed by lipids and the part formed by cholesterol. The interfacial regions
formed by the lipids are considered to have high probability of transfer because of the
same arguments of section 2.3.2. However the interfacial regions formed by choles-
terol are not assumed to have a high probability of transfer since, at low cholesterol
concentration the cholesterol molecule prefers both hipid phases equally and therefore

will not behave like an interfacial defect.

3.2.1 Analysis of Configurations

In the case of the pure lipid bilayer where there are only chains i gel or in thud
conformational states, a cluster was defined as a set of chains in the minonty phase
connected by nearest neighbor bonds. In the case of lipid-cholesterol bilayers there 1s
no unique way to define the clusters. We must therefore make a decision as to how
the cholesterol melecules are classified. It is explained in the next paragraph how this
is treated in this thesis. Again for simplicity we will refer to fluid clusters in a gel
phase bulk, but the same definitions apply for the high temperature phase with the
exchange of the words gel and fluid.

Consistent with the pure lipid case, only three or more fluid chains are considered
to form a cluster. If a cholesterol molecule 15 a nearest neighbor of a lipid chain

forming a cluster, it is considered as part of the cluster.? If a cholesterol molecule is

2This is different from the work of Cruzeiro-Hansson In her case if a cholesterol molecule 1s u
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a nearest neighbor of a site forming a cluster that is occupied by another cholesterol
molecule, it is not considered as part of the cluster. The definitions for interface and

bulk are the same of section 2.3.3 for the pure lipid bilayer.

3.2.2 Model Permeability and Monte Carlo Simulations

Asin the case of a pure lipid bilayer, the cluster analysis of the configurations obtained
from the Monte Carlo simulations permits the calculation of the fractional areas
occupied by the clusters, the bulk and the interface.

A cut-off of 14 is chosen implying that clusters occupying less than 14 lattice
sites were considered as part of the bulk and clusters of clusters (defined on page 29)
smaller than 14 lattice sites were considered as part of the cluster.

The dependence of the fractional areas on temperature is shown in figures 3.21,
3.22 and 3.23. As in the case of the pure lipid bilayer, as the transition temperature
is approached from either side, the area occupied by the clusters increases and has a
peak at T,,. The area of the bulk decreases and the lipid interfacial fractional area
increases as the transition is approached. However a decrease of the lipid interfacial
fractional area occurs for DMPC and DPPC very close to the transition temperature
for the cholesterol concentrations studied, when approaching from the high temper-
ature phase. This is again related with the fact that clusters are aggregating to
form larger clusters. The fractional lipid interfacial area has a peak at a temperature
higher than T,,,. For all the systems and all the cholesterol concentrations studied the
chelcsierol interfacial fractional area is extremely small but increases as the transition
temperature is approached from both sides and in most of the cases 1t decreases at
temperatures very close to the transition.

As can be seen in the same figures, the higher the cholesterol concentration the
higher the cluster and interfacial fractional areas and the smaller the bulk fractional

area. This indicates that cholesterol induces the formation of clusters above and

nearest neighbor of a lipid chain forming a cluster, it 1s not considered as part of the cluster but as
part of the interface.
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below the transition temperature and consequently causes the amount of interface to
increase. Snapshots of configurations of DSPC are shown in figure 3.24 for several
cholesterol concentrations. For the figure the temperature is fixed at a value above
the transition temperature. The gel phase regions and the cholesterol sites are shown
in part b) of the figure. In part a) of the same figure, the interfacial regions consistent
with a cut-off of 14 and the cholesterol sites are shown. Note that the number of
sites forming clusters and the number of sites in the interfacial regions increase with
increasing cholesterol concentration.

The model of section 3.2 for the permeability of lipid-cholesterol bilayers requires
the knowledge of the transfer probability of the interfacial region containing choles-
terol. In order to avoid the introduction of new parameters, the interfacial probability
of transfer at sites ~~-~upied by cholesterol molecules is assumed to be equal to the
bulk probability of transfer below the transition [5], i.e. the smallest value for a
probability of transfer used in the model for pure lipid bilayers.

Figures 3.25, 3.26 and 3.27 show the relative permeability as a function of tem-
perature for the cholesterol concentrations studied.

An enhancement of the relative permeability as the transition temperature is
approached from both sides is obtained for all the cholesterol concentrations studied.
A peak in the relative permeability is obtained at a temperature above the transition
temperature. This is a direct consequence of the behavior of the interfacial fractional
area as a function of temperature.

As a consequence of both the assumption of a high probability of transfer to the
lipid interfacial regions and the increase in the amount of interface for increasing
cholesterol concentration, the model predicts an increase in the membrane perme-
ability for increasing cholesterol concentration for all temperatures in the transition
region, the effect being more pronounced at the “wings” of the transition.® This is

one of the main predictions of the model. The validity of the model is subject to

YWith the choice made by Cruzeiro-Hansson for the classification of cholesterol molecules (see
footnote on page 61) the same qualitative behavior 1s obtained, except that the increase in the
permeability 1s enhanced with the choice made in this work
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Figure 3.24 Snapshots of configurations for several cholesterol concentrations of DSPC at T =
228.88K are shown on the previous page.

a) Interfacial regions consistent with a cut-off of 14 and cholesterol sites are shown

b) Regions with the gel phase and cholesterol sites are shown for several cholesterol concentrations.
The upper left figure corresponds to z¢ = 0 00, the upper right corresponds to ¢ = 0 05, the lower
left corresponds to z¢ = 0.10 and the lower right corresponds to z¢ = 0 15
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Figure 3.25: Relative permeability of DMPC-cholesterol bilayers The units are arbitrary.

experimental confirmation. The model for the permeability of lipid-cholesterol bilay-
ers should be valid if an enhancement of the passive ion permeability is observed for
lipid-bilayers containing small cholesterol concentrations when increasing cholesterol

concentration.
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Figure 3.27: Relative permeability of DSPC-cholesterol bilayers. The units are arbitrary.
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3.2.3 Effect of Acyl Chain Length on the Permeability

As was seen in section 3.1.1, the thermal fluctuations increase at the “wings” of the
transition as the chain length decreases for all the cholesterol concentrations studied.
Consequently there are more clusters and there is more interface at a given value
T/Tm for a shorter chain than for a longer one. The cluster and interfacial fractional
areas are larger for shorter chain lengths at a given value of 7'/7'm mn the “wings”
of the transition. A concomitant decrease in the bulk fractional area is observed for
short chains at all the cholesterol concentrations studied, as can be seen i figures
3.29, 3.30 and 3.31. Snapshots of configurations for three chain lengths are shown in
figure 3.28. In this figure, the reduced temperature T/Tm is fixed to be above the
transition temperature and the cholesterol concentration is also fixed. The gel phase
regions and the cholesterol sites are shown in part b) of the figure. The interfacial
regions consistent with a cut-off of 14 and the cholesterol sites are shown in part a)
of the figure. Note that the number of sites forming the clusters and the interfacial
regions decrease for increasing chain length.

The results for the relative permeability are similar to those for pure lipid mem-
branes in that the relative permeability increases with decreasing chain length for a
given value of T'/T'm. This happens for all cholesterol concentrations studied and can

be seen in figures 3.32, 3.33 and 3.34.
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Figure 3.28: Snapshots of configurations for several chain lengths at T/Tm = 1 003 and zc = 0 10 .
a) Interfacial regions consistent with a cut-off of 14 and cholesterol sites are shown.

b) Regions with the gel phase and cholesterol sites are shown. The figure on the left corresponds
to DMPC (m = 14), the central figure corresponds to DPPC (m = 16) and the figure at the right

corresponds to DSPC (m = 18)
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3.3 Discussion

In the present work a minimal model for the passive ion permeability is apphed to
lipid bilayers of three different chain lengths and four small cholesterol concentrations.
The formation of clusters and interfaces is related to fluctuations. This is the reason
why the model predicts larger permeabilities for lipid-cholesterol membranes formed
by shorter acyl chains. Our approach is different from that of Georgallas et al. which
directly relates the permeability to the fluctuations in the area® [10]. In our model 1t
is the local event of the formation of an interface rather than the total fluctuations in
the area which induces an enhancement of the passive ion permeability. The difler-
ent predictions of the two models are evident when small amounts of cholesterol are
present. In the model used in this thesis, an enhancement of the relative permeability
of low cholesterol content lipid membranes 1s predicted for increasing cholesterol con-
centration. The enhancement is observed at the transition temperature region and i
the “wings” of the transition, the effect being more pronounced in the “wings”. By
contrast, when our results for the fluctuations in the area at different cholesterol con-
centrations are substituted into the model of Georgallas et al. ,a large decrease in the
passive permeability at the transition region for increasing cholesterol concentration
is found.

The model used in this thesis predicts that for small cholesterol concentrations
the permeability increases with increasing cholesterol concentration due to the pres.
ence of gel-fluid interfaces. At high cholesterol concentrations experiments show that
cholesterol decreases the passive permeability. This is because at high cholesterol con-
centrations there is no phase transition. In the context of the model used in this thesis
this implies a decrease in the permeability due to the absence of interfaces. Also, at
high cholesterol concentrations cholesterol tends to increase the chain conformational

order [12] and therefore causes the permeability to decrease.

4The permeability model of Georgallas et al. 1s based in part on that of Doniach [8] who pioneered
the use of two dimensional interaction models for the description of the hipid hilayer and monolayer
phase transitions.
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Results predicted in this thesis for small cholesterol concentrations suggest that
interesting properties are caused by the presence of small amounts of cholesteroi. It
would therefore be useful to make an experimental study of the passive ion permeabil-
ity of lipid membranes at very low cholesterol concentrations, where the liquid-ordered
phase is not present. It is also important to study bilayers with lipids of different

chain length since there are no systematic permeability experiments.
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Appendix A

Isothermal-Isobarical Ensemble

Consider a system in contact with a reservoir with which the system can interchange
energy and volume. In equilibrium, the temperature and the pressure of the system
and the reservoir are the same and have a constant value T and p respectively. The
total energy of system plus reservoir is a constant Er = Fg + Eg, and the total
volume is also a constant Vy = Vs + Vi. The probability of the reservoirr having an

energy Eg and a volume Vi ! is given by

S(EgR.VYg) (A'l)

where k is the Boltzmann constant and § is the entropy. If the system is small
compared to the reservoir -g: < 1 and %-;- < 1 and we can expand S(Eg, V) around

Er,Vr in the following way

as 85
S(Ep, Vi) ~ S(Er,Vr)+ (Eﬁ:}') (Er — Br)+ (M) (Vic - Vi)
1
= S(Er,Vp) - 5 Es - %Vs (A.2)

according to equations A.l and A.2, for a system at constant temperature and pressure

the probability of the system having energy Es and volume Vg is given by

P o em Su (A.3)

IThe probability of the reservoir having an energy Eg and a volume Vi 1s the probability of the
system having an energy E£5 and a volume Vs.
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In the rest of the appendix, E and V will refer to the system energy and volume

respectively. The partition function of the system is given by
Q=Y NE,V)e 5 = iF (A.4)
EV

where N(E,V) is the degeneracy (the number of configurations in phase space with
volume V and energy E) and G is the Gibbs free energy. Let us define the enthalpy
of a configuration as H = E +pV.? The ensemble average of H is the thermodynamic

enthalpy given by
Seyv(E +pV)N(E, V)e T

H>= A5
D YEV N(E,V)G-E_gl (A8)
This can be written as
s, oG
< H>= - (———log Q) =p (—) +G (A.6)
9 P 9 P

The Gibbs free energy has a total differential given by dG = Vdp — 5dT , from

which it follows that the entropy is given by

S=-— (g%),, (A.7)

The specific heat is by definition given by

ds
Co=T (ﬁ) (A.8)
1 d
It can be rewritten in the following way differentiating equations A.6 and A.7
0<H>
Cy = (T)p (A.9)

The specific heat can be calculated with the fluctuations in the enthalpy in the fol-

lowing way: first, rewriting equatior A.5 as

Y (< H > —H)NPIC-Hl = ¢ (A.10)

3The word enthalpy is used here in the same sense as in reference [26}, page 51.
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which is possible because 3= NeflG-H] = 1, Differentiating equation A.10 with respect

to B at constant pressure we have

O< H > oG
g= 7 > _H\N BIG-H] _ _
( % )p+§;(<H> H)NePIC-H B(Gﬂ)erG H]—U (A.11)

and using equation A.6 we obtain

(6<H>

'—‘—67—) + < (< I{>~H)2 >=10 (A.12)

4

which permits to calculate the specific heat with the fluctuations in the enthalpy as

Cp <H*>-<H >2] (A.13)

1

The volume of the system is calculated as

<V>=Y vNesle- (A.14)
which can be rewritten as
1 [3Blog Q) (BG)
<V>=-= = | — A.15
,B ( ap T 61) T ( )
The isothermal compressibility is defined by
1 d< V>
Kr =~ ( ) (A.16)
<V> Op T

Following the same procedure as for the specific heat, we can write K7 in terms of

the fluctuations in the volume. Differentiating
S(<V > -V)NLFC-Hl = ¢ (A.17)

with respect to the pressure at constant temperature we obtain

a<V > oG
——=] +Y(<V > -V)NFIE-H] (——) —V]:U A.18
and using equation A.15 we obtain
(Qf—‘-/—i) YA<(<V > —V)i>=0 (A.19)
Op T
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which permits to calculate the isothermal compressibility with the fluctuations in the

volume as

1
Tk <V >

For two dimensional systems, all the equations derived in this appendix are valid

Kt [« V2>~ <V>7 (A.20)

if V is replaced by A where A is the area of the system, and p is a force per unit

length or lateral pressure.

A.1 A Comment About the Notation

In this thesis we study systems with two Hamiltonians, the Hamiltonian for the
Pink model (equation 2.8, page 18) and the Hamiltonian for lipid-cholesterol bilayers

(equation 3.1, page 40). Both Hamiltonians have the form
H=FE +1I4

There are two different but equivalent approaches to this problem. The first is to treat
I as a parameter of the Hamiltonian that, although it has units of pressure, is not
the pressure of the system. The system 1s at constant temperature T and constant
pressure p = 0. The internal energy of the systemis £ =< H >=< E; + [1A >. The
enthalpy of the system is equal to the internal energy of the system H = £+ pA = F
and the Gibbs free energy is equal to the Helmholtz free energy G = E +pA -~ TS =
E — TS = F. The specific heat is given by the fluctuations in the energy as

C, <H2>—<’H>2]

~ kT? [
The second approach is to treat Il as an external pressure. The system is now at

constant temperature T and constant pressure II. The internal energy of the system

is E =< E; > and the enthalpy is H =< H >=< E; + [IA >. The specific heat is

given by the fluctuations in the enthalpy as

anz‘—;w-z[<H2>—<H>2]
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The latter approach is normally used for monolayer systems where an external
lateral pressure is applied. For bilayer systems some authors prefer the former ap-
proach because bilayers form vesicles and there is no external pressure applied to the
system.

Because we are working with bilayers in this thesis, the notation used in the text
corresponds to the first of these approaches.

In both cases the ensemble average of a quantity g is given by

YE.A gN(El,A)e—E i
= By +14

A2l
ZE,,A N(E1,A)e‘ 'Y ( )

<g>
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Appendix B

Monte Carlo Integration

A Monte Carlo method to evaluate integrals consists of integrating over a random
sample of points instead of over a regular array of points. There are many Monte
Carlo integration methods, and the sample mean method is described here. It is based
on the Mean Value Theorem for Integrals which states that if f is continuous on the
interval [a,b] the integral

F= /:dzf(m) (B.1)
is determined by the average value of f in the interval, multiplied by the interval size.
In order to determine this average, random numbers z, are chosen from a uniform
distribution in the interval [a,b] and the value of f(z) is sampled. The estimated

value of the integral for m trials is
1 m
Frn=(b-a)=)_ f(z) (B.2)
m =1

This method is more suitable for th. =valuation of multi-dimensional integrals where
other numerical methods are difficult to apply. The generalization of the sample mean

method for the evaluation of the integral

b bn
F:/‘.../ dzy - --den f(z1, - .. 2n) (B.3)

is straightforward and the estimate of F for m tiials is given by

1 m
F" = (bl - a’l)"'(bn - a‘" —7—7; Zf L1y ;cnl (B.4)
1=1
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where z,,,...,2,; areindependent random numbers from uniform distributions in the

intervals [a1,b1],...,[an, bn].
There is another way to evaluate the integral in equation B.1 called importance

samphng method. We rewrite F' as
i)
F = dz z B.5
/a p(x)P( ) (B.5)

where p(z) is a positive function such that [dzp(z) = 1 and we evaluate F by
sampling the value of {;((3 according to the probability distribution p(z) and by con-

structing the sum

(B.6)

3=
i1
XN

Note that, in the case of a uniform distribution, p(z) = (b_’a) and the importance
sampling evaluation of F' (equation B.6) reduces to the sample mean evaluation of
F (equation B.2). The method is generalized for multi-dimensional integrals in a

straightforward way by rewriting F' in equation B.3 as

by f(a:l,...,z,,)
F = / . d cdz, —————— yeooy&n B.7
Ly €T p(:ﬂl,---,zn)p(xl T ) ( )
where p(z;,...,z,) is a positive function such that f: f pz1y...,25) = 1. We

can now evaluate F in equation B.7 by sampling according to the probability distri-

bution p(zi,...,z,) and constructing the sum

Zf(zln ’zm) (B8)

,_1 P ‘Vh’ .y wm)
The numerical methods described above are taken from reference [11]. In the next

section a particular case of an importance sampling method is described.

B.1 Metropolis Algorithm

The Metropolis algorithm [20] was originally proposed for the canonical ensemble
to calculate thermodynamic quantities of a system at constant temperature and

constant volume. For ensembles other than the canonical ensemble such as the
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isothermal-isobarical ensemble or the grand-canonical ensemble, the generalization of
the Metropolis algorithm is straightforward. In the case of the isothermal-isobarical
ensemble the algorithm is exactly as described below with the substitution of E by
E +pV (E + pA for 2-dimensional systems). For simplicity, it is presented here in
the canonical ensemble. The equilibrium value of a thermodynamic quantity in the
canonical ensemble is given by

f---qul---dqngN(E)e‘%
[ fdgy - dg.N(E)e 3

<g>= (B.9)

where k is the Boltzman constant, T is the temperature of the reservoir in thermal
contact with the system, E is the energy of the system, n is the number of degrces
of freedom, N(E) is the degeneracy of the system® and ¢y,...,q, are generalized
variables. For a fluid system with /N particles, n = 6 N and the generalized variables
are the positions and momenta of the particles. For a magnetic system with N spins,
n = N and the generalized variables are spin variables. In the case of models with
discrete values of the spin variables such as the Ising modael, the integral is replaced
by a sum. For a lipid monolayer with N lipid molecules, n = N and the generalized
variables are conformational variables ( In the case of the Pink model where each lipid
chain can be in one of 10 conformational states the integral is replaced by a sum).
For large systems with for example N ~ 10%* molecules it is almost impossi-
ble to compute integrals by usual numerical methods, and we use Monte Carlo in-
tegration methods. The Metropolic algorithm is a special case of an importance
sampling method in which configurations are chosen with a probability distribution

P x N(E)e'b‘sf. The thermodynamic quantities can then be estimated as

1 m
<g>m= = 9(qu,- 1 qm) (B.10)
mx:l

Equation B.10 states that the ensemble average of a thermodynamic quantity ¢ is
simply obtained by computing the value of g for each configuration chosen with prob-

ability N(E)e"hjf and calculating the arithmetic mean. The Metropolis algorithm is

1 We are using the notation N(E) for the degeneracy and N for the number of particles, spins or
molecules.
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outlined in the next paragraph and a proof that the method chooses configurations
with probability N (E)e“lgf is given later.

A microstate or configuration of a system is determined by a set of fixed values of
the variables which describe the state of the particles or molecules of the system. Let
2, denote the values of the variables associated with the :** particle of the system.
The configuration of a system is then completely specified by 2 = (94, 22,...,0x).
The Metropolis algorithm can be stated as follows:

(1) Choose an arbitrary initial configuration 2*

(2) Choose a trial state 12*

(3) Calculate the change in energy AE = E(1*) — E(£2*). If AE < 0 the
transition to the trial state is accepted 27 = £2°.

(4) If AE > 0 the move is allowed with a probability =37 in the following way:

- Choose a random number £ from a uniform distribution in the interval [0, 1]

-HéE< e~ 4F the move to the trial state is accepted and 2°> = £2°

SIf € > e~4F the move to the tr. state is rejected and the old configuration is
counted as a new one 2° = 7*

(5) Choose a new trial state §2* and repeat the procedure

£2* is the initial configuration, £2* the configuration after applying the algorithm
once, etc....

Let P,, be the a priori probability of going from a given state §2. to a trial
state £2,, i.e. P,, is the probability of choosing f2, as the trial state given that the
actual configuration is §2,. If P,, is ergodic, the algorithm will lead to a sequence of
configurations that will reach any point in the configuration space. This algorithm
does not tell us, however, how fast the system evolves in time.

In order to prove that the configurations are chosen with probability N (E)e‘%
we will show that if the algorithm is applied to all the systems of an ensemble and
microscopic reversibility is assumed, the ensemble has a distribution N(E )e”TET'. Sec-

ondly, assuming that the ergodic hypothesis? holds, it follows that the algorithm will

3The ergodic hypothesis says that an ensemble distribution is equivalent to a time distribution
providing that the time is long enough.
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lead to a sequence of configurations with a distribution N (E')e"f%‘ .

Consider first an ensemble of systems and then a new trial configuration for each
system in the ensemble. Assume that the energy of a certain configuration » is
greater thav the energy of a configuration s, i.e. E, > E,. Let 1, denote the number
of systems in state n before the trial change. According to Metropolis algorithm the

number of systems going from state r to state s is
VrPn

because according to step (3), the transitions to the trial states are accepted if

E, — E, < 0. The number of systems going from state s to state r is

Er-E
_Er-E,
Ve, P, e” T

because according to step (4) of the algorithm, the transitions are allowed with prob-
ability e~"57. The net number of systems moving from 7 to s is therefore

_Er-B,
v, P, "VOP"e T

If we assume that P,, = P,, (microscopic reversibility) we can write the number
of systems in state v after the Metropolis algorithm has been applied once to each

system in the ensemble as
1 E-&
v, = v, + EP,,(u.e‘ T — )
s

The sum over all the states of the a priori probability P,, of going from r to s is unity

! .
and therefore v, can be rewritten as
' Ey, _Er
v, = (E P.,v,esT je™sT
’

The number of systems in the ensemble in state r is therefore proportional to
e~+F. This result together with the fact that the probability distribution P,, is
ergodic implies that, after applying the algorithm many times, the system will have
a probability distribution

~Er
Vp X € AT
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This is the number of systems in a microscopic state r with energy E,. There are
many microscopic configurations with the same energy £. The number of systems

with energy F is given by

Vg X N(E)e_l%'

where N(E) is the number of different microscopic configurations with energy E

B.2 Implementaticn for Lipid Systems

For systems in which a large nnmber of states are regrouped into a small number
of states, each with its associated degeneracy, the implementation of the Metropolis
algorithm must take this into account if one wishes to sample from the small set of
states.

The Pink model and the model for lipid-cholestero! bilayers consider thousands of
possible microscopic configurations for a lipid chain, but all of them can be regrouped
in 10 conformational states each with an associated degeneracy. If when applying
the Metropolis algorithm we replace E by E — kT log N(E) and sample from the ten
conformational states, the result is the same as if we sample from all the configurations
grouped in the 10 conformational states. The degeneracy of the system N(E) is equal
to the product of the degeneracies of individual sites. N(E) =11, 3_, D, La, in the
case of pure lipid bilayers and N(E) = II,[Y, DaLa, + Lc:] in the case of lipid-
cholesterol systems.® Therefore if for example we wish to calculate the difference in
the quantity £ — kTlog N(E) between two configurations that are identical except
for the conformational state of one lipid chain at one of the sites, the change is given
by

N(E) , D
—E-E —kTlog =
N(E) Tlog 77

where E — E' will be calculated from the corresponding Hamiltonian and -g—, is the

E - E - kTlog

ratio of the degeneracies of the conformational states of the lipid chain in the two

3For notation see pages 18 and 40.
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Figure B.1: Periodic boundary conditions. In the figure a system of 4 x 4 is shown.

configurations. The implementation of Metropolis algorithm for lipid systems is de-
scribed in the following paragraphs. In all the cases, when the algorithm refers to a
change of energy, it implies a change in the quantity £ — AT log N( E).

Consider a two dimensional triangular lattice in which each site of the lattice
is occupied by a lipid chain in one of ten different conformational states. Perodic
boundary conditions are imposed on the system in order to minimize the finite size
effects. The boundary conditions used in this work are illustrated for a system of
4 x 4 lattice sites in figure B.1. In order to implement Metropolis algorithm for the
pure lipid membrane, we proceed in the following manner:

1. Choose a lattice site ¢ randomly.

2. Choose a random trial state (from 1 to 10) for the lipid chain at site i and calcu-
late the change in energy involved in the change of state according to the Hamiltonian
in equation 2.8, page 18.

3. Follow steps (3) and (4) of Metropolis algorithm (section B.1).

When this algorithm is applied N times where N is the number of sites in the
system, the system is said to have evolved one Monte Carlo step. A single Monte
Carlo step is our unit of time, but it may not be related to the real time in a physical
system because the dynamics of a physical system is very different than that used in
Monte Carlo simulations.

For a lipid membrane containing cholesterol, the sites of the triangular lattice

can be occupied either by a lipid chain in one of ten conformational states or by a
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cholesterol molecule.

To implement Metropolis algorithm for the lipid membrane containing cholesterol,

we proceed as follows:

1. Choose a lattice site ¢ randomly.

2. If the site t contains a lipid chain, follow steps 2. and 3. of the procedure for
the pure lipid membrane.

3. If the site 7 contains a cholesterol molecule, select one of its six nearest neighbor
sites 7 randomly . If the site 7 is occupied by a cholesterol molecule, return to step
1. of this procedure. If the site 7 contains a lipid molecule, select as a trial state
the state with interchanged molecules for sites ¢ and j and compute the change in
energy according to the Hamiltonian 3.1. Follow steps (3) and (4) of the Metropolis
algorithm described in section B.1. If the trial state is rejected return to step 1. of
this procedure, if it is accepted follow steps 2. and 3. of the procedure for the pure
membrane for the lipid chain at site 1.

When this algorithm has been applied N times the system is said to have evolved
one Monte Carlo step.

The results from Monte Carlo simulations presented in this thesis are for a system
of N =100 x 100 lattice sites and in most cases are averages over 50 equilibrium con-
figurations.® In order to average independent configurations, configurations separated
by 200 Monte Carlo steps are averaged for temperatures far away from the transition
temperature and configurations separated by 1000 or even 2000 Monte Carlo steps
are averaged in the transition region. The number of Monte Carlo steps therefore
depends on temperature. For temperatures far away from the transition region the
total number of Monte Carlo steps is 10000 and for temperatures very close to the
transition region the total number of Monte Carlo steps is about 50000.

The dynamics involved in the procedure for the pure lipid membrane consisting
only on a change of state (in this case a change of conformational state) at one site

is known as Glauber dynamics. This type of dynamics involves a change in the order

“The only non averaged quantity presented in the thesis is the maximum cluster size. The
maximum cluster size 15 defined as the largest cluster found within the 50 equilibrium configurations.
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parameter of the system. In the case of a lipid system it involves a change in the
area.

The dynamics involved in the procedure for the lipid membrane with cholesterol
which consists of the interchange between two sites 1 and 3 is called Kawasak: dy-
namics. This type of dynamics conserves the order parameter of the system.

The procedure for the lipid membrane containing cholesterol involves a combi.
nation of both types of dynamics, whereas the procedure for the pure lipid system

involves only Glauber dynamics.
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