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Abstract 

Lipid-choiesterol bilayers are studied by means of a microscopie multi-state lattice 
mode} and Monte Carlo computer simulations. The model used is a direct extension of 
the Pink model for the main transition of pure lipid bilayers. Cholesterolls introd uccd 
as a bulky, rigid molecule with no internaI degrees of freedom. The mode! is able to 
account for the chain melting of lipid molecules, and is expected to be valid at low 
cholesterol concentréiotions. 

A minimal model for the transport of ions across membranes I~ used to prcdict tht> 
changes in the passive permeability of lipicl-cholesterd bilayers for different cholesterol 
concentrations and different lipid chain lengths. The model assigns differcut pro babil
ities of transfer to bulk, c1usters and interfaces. The main assumption is that, defecb 
due to bad packing at interfacial regions, cause the membrane to oe leaky and allow 
the ions to permeate it. Therefore the model assigns a high probability of triLlI~fer lo 

the interfacial regions. 
A peak in the permeability is observed near the transition tempcraturc, wIlIch i1> 

in accord with experimental data. The results show an Încreasc III the pas~1 ve 1011 

permeability for increasing cholesterol concentration for the three system~" under COII

sideration. AIso, an increase in the membrane perrneability is predicwd for dt:crcahillg 
chain length for all the cholesterol concentrations studied. 
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Résumé 

L'étude de doubles couches lipide-choléstérol a été étudié a partir d'un modèle de 
treillis microscopique à plusieurs états énergétiques soumis à des simulations de type 
Monte Carlo. Le modèle utilisé est en fait une extension directe du modèle de Pink 
appliqué dans le cadre des principales transitions ayant lieu dans les doubles couches 
lipidiques pures. Les molécules de cholestérol sont représentées comme une masse 
rigide, sans aucun degré interne de liberté. Ce modèle est en mesure de représenter 
la fusion des chaines lipidiques, ce qui est censé être valide à de faibles concentrations 
de cholestérol. 

Un modéle simple tenant compte du transport ionique membranaire est utilisé afin 
de prédire tout changement de la perméa.bilité ionique passive de la double couche 
lipide-cholestérol et ce, pour différentes concentrations de cholestérol et des longueurs 
variées de chaines lipidiques. Des probabilités différentes de transfert vers le substrat, 
les agrégats ou les interfaces sont assumées. L'hypothèse principale réside en ce qu'un 
mauvais entassement à l'interface crée des défauts dans la membrane, la rendant ainsi 
plus perméable aux ions. De cette manière, ce modèle donne une grande probabilité 
de transfert vers les régions interfaciales. 

Un accroissement de la perméabilité est observé près de la température de tran
sition, ce qui concorde avec les observations expenmentales. De plus, nos résultats 
démontrent une augmentation de la perméabilité ionique passive reltée à une augmen
tation de la concentration de cholestérol dans les trois systèmes qui ont été étudiés. 
Finalement, un accroissement de la perméabilité membranaire est prévue pour des 
chaines lipidiques plus courte~ dans tous les cas de concentrations de cholestérol con
sidérés dans cette étude. 
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Chapter 1 

Introductioll 

CelI membranes are among the main organized structures of bving matter. Ali living 

structures are enclosed by membranes. Cell membranes are not silllply Wd,ll~ t,o kecp 

the celI components together, but they ha.ve important functlolls in the proc('~~ of lifc. 

Transport is one of the most important functions of celi membraIll'~. 1t allow~ the cel] 

to keep sorne chemical elements and discard others. SelectIve tran"port allow" tht' 

celi membranes to separate two different aqueous solutions and cOII~t'(jI)(,lItly allows 

the celi to keep a certain internal chemical composition. 

Water is es&ential to the life of a celi. If the amount of watcr i~ I('~~ thall ,t cl'rtam 

required minimum, the cell dies. In order ta und('r~taJld ccli mClllbr'lIw,>, Il. l!-> c':-,~ellt1ll1 

to understand the interaction of water with their basic componenb 

In the water molecule two electrons are sharcd III each bond IH'tw(>('1l hy.Jrogt'1I 

and oxygen. Nevertheless the oxygen has a larger electronegatlvlty éLnd attracb the 

electrons more strongly than the hydrogen. This glves a charJ!;c dl!:>Lribu LiO/l Lhat i~ 

negative around the oxygen and positive around the hydrogcIls, lIIaking tll/' water 

molecule polar. Water malecules have a mutual attraction hecitu~(' of thcu poliLTlty. 

There are other molecules such as ails and fats that are nonpolar éLnd do Ilot ,LttrtLCt 

each other strangly. When nonpolar substances are !Il contact wlth watcr, they do 

not mix. This is because the attraction betwcen the water Illolt~cule!'> prcvcnb the 

nonpolar molecules from intercalating betwecn thcm, and thcrcfuf(~ wat.ef t{~lld . ., tu 
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expel nonpolar rnolecules out of its bulk. 

The basic structural components of biological membranes are molecules possessing 

both a polar and a non polar part. These flubstances are called amphiphilic (from the 

Grcek, amphi: on both sides, philos: love), and are able to interact with polar sub

stances via their hydrophilic part and with non polar substances via their hydrophobie 

part. 

Many amphiphilic substances can be found in nature but membranes al'e basically 

formed from lipids. There are three major types oflipids in cell membranes: phospho

lipids (which are the most abundant), cholesterol and glycolipids. Phospholipids are 

substances with a non polar or hydrophobie (from the Greek, hydro: water, phobos: 

fear) "tail" and a polar or hydrophilie "head". They are moleeules eonstrllcted from 

fatty acids and glyeerol. A fatty acid molecule has a long hydrophobie hydrocarbon 

cha.in and a carboxylie group which is extremely hydrophilic. The glycerol is attached 

to two fatt] acid chains and to a phosphate group whieh is in turn connected to an

other small hydrophilic compound such as choline. A typical phospholipid molecule 

is shown in figure 1.1. Phospholipids which form lipid bilayers have tails composed 

of two hydrophobie hydrocarbon chains which vary in length and norma11y have be

twccn 12 to 22 carbon atoms. The structure of the polar he ad varies considerably 

froPl one phospholipid to another. Glycolipids have the same basic structure as the 

phospholipids but the phosphate and choline groups are replaeed by glycosyl groups. 

The structure of a cholesterol molecule is shown in figure 1.1. Cholesterol has a polar 

hcad group, a rigid planar steroid1 ring structure and a nonpolar hydrocarbon tai!. 

\Vhen lipid molecules are dissolved in water, unfavorable interactions occur be

Iwet>1I the nonpolar part of the lipids and the water. This causes the formation of 

aggrcgates in which the contact between the hydrophobie tails and water is minimized. 

This Ilnfavorable interaction is known as the hydrophobzc force and is responsible for 

the, e1f-organization of lipids in water. Lipid aggregates or mzcelles can have many 

sizcs and shapes. Some form spherical micelles, others form globular or rod-like ag-

1 Stt'roids are a group of compounds containing four rings and three ring fusions. They play a 
\'nuet)' of biologie al roles. 
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Figure 1.1: Structure of phoiJphollpld and choieiJterol molecules . 

• 
Figure 1.2: Structure of a iJpherzcal mzcelle and a hzlayer 

gregates and phospholipids Corm bilayers. A spherical micelle and a bilayer arc shown 

in figure 1.2. The particular micelle geomet.ry adopted by moleculcf, of a. particular 

kind is mainly determined by packing requirements. The rnost stable geometry is 

determined by the Collowing three parameters: 

-So the optimal surface area occupied by the molecule at the hydrocarbon inter

face. 

-l the maximum length of the chains. 

-v the molecular volume of the hydrocarbon part of the lipid molecule. 

Among all the geometries the spherical micelle form has the largest arca/volume 
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ratio and it is favored by lipids with a large value of 50' The hilayer has the smallest 

area/volume ratio and it is favored by lipids with large molecular volume such as 

phospholipids with tails having two hydroearbon chains. Other geometries like dis

torted spheres and cylinders have intermediate values of the area/volume ratio. The 

parameter I~o is known as the cntzcal packmg parameter and it can be used to predict 

which micelle geometry will be taken up by molecules of a particular kind. 

For a spherical micelle with M molecules the area is M So = 411' R2 and the volume 

is M v = ~11' R3
• The radius is therefore R = ~~ and it should be less or equal to the 

maximum chain length. The criterion for lipids to form a spherical micelle is that the 

eritical packing parameter he less or equal1/3. For a planar hilayer with M molecules 

the area is MSo = 2L2 and the volume is Mv = hL2 , where h is the height of the 

hilayer given by h = ~. h should he less or equal to twice the maximum chain length. 

The criterion for lipids to form a planar bilayer is that the critical paeking parameter 

he less or equal 1. The vaiue of the critical packing parameter can he calculated for 

different geometries. Flat shapes are disfavored due to the contact with water at the 

edges, so that mieellar shapes tend to be smooth. The geometrical prediction for a 

given critical packing parameter is as follows: 

spherical micelles 

globular or cylindrical micelles 

hilayer 

Most phospholipids spontaneously form hilayers when surrounded hy water. There 

are many forms of phospholipid water systems, and this is why such mixtures are 

ealled polymorphie ( from the Greek, poly: many, morphe: form ). The major forr.ls 

are: 

- A lamellar2 liquid crystalline phase (La), characterized by conformationally dis

ordered chains and lateral diffusion of molecules in the plane of the hilayer. 

2Lamellar implies a layered structure. 
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Figure 1.3: Pha3e diagram of dtpalmytoyl pho$phattdylcholme m water. Indlcated are InJJJellllr gl'l 
phase (Lf3')' lamellar liquid crystalline phase (La) and intermediate ripple phase {PW} At high 
temperatures and Iow hydration other phases can form. The dotted lines indicate the maXIJ1IUJII 

absorption of water by the homogeneous lipid-water mixture. Adapted from reft'rcnct' [9]. 

- A lamellar gel phase (L{J), characterized by conformationally ordcrcd chaim and 

a lateral crystalline structure. For lipids with bulky headgroups the acyP rhains are 

tilted with respect to the bilayer normal (a prime is added to the IloTIH'ndatllrc whcII 

the chains are tilted). 

- A hexagonal phase (H), in which the lipids are organized iuto cylindcrs which 

form a hexagonal array. 

The particular form adopted by the lipid molecules depends on temperatllre, pres

sure, and lipid concentration. Figure 1.3 shows the phase diagram of dipallJlItoyl 

phosphatidylcholine which under most temperatures and watcr c()n('c[ltratioll~ i~ in a 

lamellar form. At low water concentrations, there is a single lamclla.r pha~(', w I\{'f('a~ 

at high water concentrations phase separation occurs and pure water cOt'xi"ts with 

the lamellar phase. Between the gel and the liquid crystallinc pha!'('s iL pha~(' c,dl,·d 

the ripple phase (P{J') s -metimes oecurs for lipids with bulky polar headgrou p~. Thi~ 

phase is characterized by layers with a rippled surface. In this phase the chaim have 

high conformation al order as in the gel phase. 

3The chams are often called acyl chains. Acyl is the univalent group ReD where Il i~ /ln orgl1ll1c 
group attached ta one bond of the bivalent carbonyl group CO 
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gIIucN- gauche. 

Figure 1.4: Rotational energy of a C-C bond an an alkane chain. The angle f/J is the rotation angle 
from the tran& configuration. 

fCH,'. 
1 
1 

~ICH". 

" 1 -' ... 

trans gauche" gauche-

Figure 1.5: Conformation, of the three energy manlma. The conformations are shown &long the C-C 
bond. The solid lines represent the bonds of the carbon at the front, the dotted lines represent the 
bonds of the carbon at the back. 

The phase transition P{JI -+ La is called the main transition and involves what is 

known as cham meltmg, in which the chains become conformationally disordered. It 

aIso involves a melting of the lateraI crystalline structure. The transition L{JI ---t Ppl is 

called the pre-transition and involves a deformation of the lateral crystalline structure. 

In order to understand the conformational order of the lipid chains it is useful 

to examine the rotationaI energy spectrum of a saturated C-C bond in an alkane 

chain. This spectrum has the form shown in figure 1.4 and exhibits thlee energy min

ima which correspond to the conformations shown in figure 1.5. The lowest energy 

minimum corresponds to the ground state of a C-C bond and is known as the trans 

configuration. The other two minima are degenerate and are known as gauche con-
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1 
figurations. A bond in a trans configuration is known as a trans bond and a bond in 

a gauche configuration is known as a gauche bond. A chain with onl)' tnl11S bonds is 

said to be in all-trans configuration. The all-trans configuration allows tht' chain to be 

ma.ximally extended whereas a gauche bond alters the direction of the chain. ln the 

gel phase the hydrocarbon chains of saturated dia cyl phospholipids are predollllllantly 

in the all-trans configuration. In the liquid crystalline phast' tht' llumbt'T of gaucht' 

configurations for individual C-C bonds increases considerably and consequcntly t.he 

cross sectioaal area of the chains increases whereas the length of the chaills de,reases. 

The most studied lipid phase transition is the main transition In pure lipid mem

branes. Model membranes are easier to characterize physically and chcmically than 

biological membranes. The phase transition in model membranes can be more CèLS

ily understood, and although it is mu ch sharper than phase tran!>itiollS ln biological 

membranes, it can give sorne imight into the properties of biomembranes. The study 

of the phase transition that occur in membranes is very important and has biological 

relevance. The best known example is an organism called Aclwleplasma LazdlawlZ. 

This organism exhibits a broad transition region during which chain melting occurs 

and its growth temperature lies within this region [19,28). 

In the first part of this thesis, the propel'ties of pure phospholipid bilayers 'LIe 

studied at the main transition. The pre-transition has a very small latent heat as

sociated with it and will not be considered in this thesis. The transition studied is 

between the lamellar gel and the liquid crystalline phases. The second pa •• of this 

thesis is concerned with the changes in the physical properties of lipid bilayers when 

cholesterol is added in small concentrations. Special attention is paid to the variation 

of the physical properties with chain length for bath pure lipid bilayers and lipid 

bilayers containing cholesterol. 

The main references used for the introduction are [1, 9, 15,22, 24]. 
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Chapter 2 

Pure Lipid Bilayers 

2.1 The Pink Model 

The theoretical model used in this thesis to describe the behavior of pure lipid bilayers 

is a multi-state lattice model due to Pink [2, 25J. The Pink model was constructed 

assuming that the two monolayers forming the lipid bilayer do not interact, so that 

the system is considered as consisting of two independent monolayers. Also, the two 

chains forming the lipid molecule are considered to be independent of each other. 

Each monolayer is modeled by a two dimension al triangular lattice, and each site of 

the lattice represents a saturated lipid chain in one of ten different conformational 

states. The characteristics of these states are obtained by examing properties of 

the lipids in three dimensions. Therefore, although the mode1 is two dimensional, it 

con tains information relating to th.ee dimensions. 

The conformation al states of the Pink model are chosen on the basis of rotational 

isomerism of alkane chains. The continuous spectrum for each saturated C-C bond 

(figure 1.4, page 6) can be replaced by the three conformational states corresponding 

to the three energy minima. This approximation is called Rotattonal Isomer'lc Model. 

The possibility for each C-C bond of being in one of three states gives a finite 

number of possible configurations for a free lipid chain, 3m - 1 , where m is the number 

of carbons in the chain. For free chains with m = 14,16,18, the number of possible 
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1 
states will be of the order 106 to 108 • For lipid chains in a bilayer, the number of 

possible configurations is much lower that in the case of a free chain becaml' of the 

steric interactions with neighboring chains. 

The Pink model assumes that the chains can have angles of 1200 between C-C 

bonds (instead of 109.5°). Therefore the chain conformations can hl' mapped into 

a triangular lattice (note that this is not the lattice of the membrane). The Pink 

model selects ten different conformational states. The ground state of the cham is 

the all-trans state, for which all the C-C bonds are in ir'ans configuratlOu. There 

are 8 intermediate energy states, which are low energy exci~ations of the all- tr'ans 

configuration and which were selected according to the following rules: 

• The first two chain segments are kept fixed in a trans configuration. 

• The chains have at most three gauche bonds. 

• The length of the chains is at most three units shorter than that of the all- tT'aUS 

configuration. 

• The chains do not fold back upon themselves. 

In addition to these rules there are two constraints imposed on the possible con

figurations which are described below. 

The first two trans segments define a plane. The first gauche bond takes the 

molecule out of the plane in two possible directions. This is why it has a two-fold 

degeneracy. The first constraint is the following: if a second gauche bond occ u rs (as 

in states ~ to 9) it is only allowed to return the molecule ta the plane Thercfore a 

second gauche bond is non.degenerate. If a third gauche bond oceuri> (ai> in ~tatei> 8 

and 9) the mole cule again cornes out of the plane III two possible directions and the 

gauche bond has a two-foId degeneracy except if the second and third gauche bondi> 

are next to each other. In this case only one of the directions I~ allowed and thls is 

the second constraint imposed in order to minimize sterie hwdrdllce. III the latter 

case the the third gauche bond is non-degenerate. 

Alllipid chain conformations with the same energy and the saIlle length are COI1-

sidered to be in the same conformation al state. The tenth state i~ a high energy state 
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characteristic of the liquid crystalline or fluid phase and it is a combination of many 

disordered states. 

The Pink model requires a knowledge of the internai energy, the cross section ai 

area and the degeneracy associated with each conformational state. The ail- trans 

state is considered to be astate with zero internai energy, its cross section ai area is 

determined from experimental data [31 J as Al = 20.4À 2, and it is non-degenerate. 

The internal energy of the intermediate states is determined by the number of gauche 

bonds. The energy required to form a gauche bond from a trans configuration is 

Eg = 0.45x 1O-13erg. The cross section al are as are obtained {rom the assumption that 

the volume of the chain remains constant, i.e. An = Al t where LI is the length of the 

aU transconfiguration (LI == m-l in units ofprojected chain segments), and Ln is the 

length of the intermediate state. This assumption is based on experimentaI evidence 

from dilatometry experiments on lipid bilayers (32J and was first used in reference 

[18J. The degeneracies are obtained by counting the number of possible configurations 

with the same energy and the same length. Figure 2.1 shows the mapping for the 

ground state and the 8 intermediate energy states. The figure caption explains how 

the degeneracies of the intermediate states are obtained. It is important to consider 

the constraints described on page 9. Table 2.1 shows a summary of the properties 

of the ground and intermediate conformation al states. The parameters of the high

energy or "melted" state are set as follows. The cross section al area is assumed to be 

independent of the chain length and is set to A10 = 34À 2 • The degeneracy is assumed 

to be proportional to 3m
, and is given by DlO = 6 x 3m

-
6

• The energy i~, assumed to 

be linear in the chain length, and is given by ElO = (0.42m - 3.94) x 1O-13 erg . 

To understand the interaction between the lipid molecules in the Pink mode! we 

study the Van der Waals interaction between long parallel chains in the next section. 

2.1.1 Van der Waals Interactions between Chains 

In this section we follow the analysis of reference [29J. Con si der two linear chains of 

length Leach constructed from N identical units of length À, so that L = >'N. The 
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Figure 2.1 Ground and mtermedlate energy &tate&. 
1 Ail-tranl state for a chain wlth m = 14 carbon atorns. 

-, , 

8 

9 

2-9 Inter01ediate states for a chain with m = 14 carbon atoms. AlI the possible configurations are 
drawn for states 2,3 and 4 The dot beslde 1\ gauche bond indicates that the bond has a degeneracy 
D = 2. Therefore the degeneracy of states 2,3 and 4 IS D = 4. For states 5,6 and 7 not all the 
possible configuratIOns are drawn, but there is a syste01atlc way of drawmg ail of them Conslder 
for example state 5 For the configuration drawn at the left there IS a sequence gauche-trans-gauche 
(g-t-g) 10 the chain segments 3,4,5 (counting from the top) For the configuration drawn at the right 
the g-t-g sequence is in the chain segments m - 4, m - 3, m - 2. The rest of the configurations can 
be obtamed starting from the configuratIOn at the left and movmg down the g-t-g sequence untù the 
configuratIOn at the nght IS obtamed. In this case we have m - 6 different configurations, each wlth 
a degenerate gauche bond. Therefore the delteneracy of state 51s D = 2(m - 6). The degeneracy 
of state 6 is obtained moving down the g-t-t-t-g sequence and its degeneracy IS D = 2(m - 8) 
The degeneracy of state 7 is obtained movmg down the g-t-t-t-t-t-g sequence and Its degeneracy IS 
D = 2(m - 10) For states 8 and 9 the dashed lme mdicates another possible configuration which 
is identical to the sohd line configuration except for the onentation of the last segments. Note that 
in the case of the dashed hne configuration the last degenerate gauche bond lS one segment above 
than in the sohd line configuration. The configurations for the state 8 are obtamed movmg down the 
sequence g-t-g and ils degeneracy is D = 8(m - 8) The configuratlOr'i for the state 9 are obtamed 
movmg down the sequence g-t-t-t-g when th'!re 15 a gal':he bond m the segment m - 2 (m - 3 in 
the case of the dashed sequence) and movmg down the sequence g-t-g when there IS a gauche bond 
in the segment m - 4 (m - 5 in the case of the dashed s~quence). Therefore the degeneracy of state 
9 is D = 16(m - 10) The number of dots between configurations is the number of configurations 
not drawn for Il chain wlth m = 14. 
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-----

State 1 State ~ Statc 3 

E=O E = Eg E = Eg 

L=m-l L=m-2 L=m-3 

D = 1 D = 4 D = 4 
--

State 4 State 5 State 6 

E = Eg E = 2Eg E = 2Eg 

L =m-4 L =m-2 L=m--3 

D =4 D = 2(m - 6) D = 2(m - 8) 

State 7 State 8 State {} 

E = 2EII E = 3Eg E = 3Eg 

L =m-4 L =m-3 L=m-4 

D=2(m-lO) D -= 8(m - 8) D = 16(m - 10) 

Table 2.1: EnergIe!, length! and degeneracles of the ground and the mtermedwtl ~tates 

chains are assumed to be parallel to each other and to be separated by lL distance D. 

D must be large compared to À. The basic units of a chain are assullIed to IIItemct 

with the basic units of its neighbor via the Van der Waals interaction 

.4 
w= -

d6 

where A is the strength of the interaction between t wo basic unit1> amI d i~ tilt' distance 

between them. From figure 2.2, the distance betwecn these two scgment~ i~ 

Therefore the interaction between the chams is given hy 

Let:z: = In-n'I. For each value of :z: there are 2(N - x) mteractlOn~ of equal magnitude 

except for :z: = 0 where there are only N interactlOns of equal magnitude. Then W 
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Figure 2.2' Two long parallel cham~. The dots represent the central part of each segment. 

can be rewritten as follows 

AN N-l 1 - ~ 1 w- -+2A~ N_ 
- D6 L- (,\2D~ + ,\2~)3 N5 

:t=1 L' N' 

For large N we can replace the sum by an integral 

2A 101 1 - Y W--- d 
- ,\6 N4 0 (p-2 + y2)3 Y 

w here p == f5, and y == ft. The integrated expression for the interaction energy is 

When the chain length L is much larger than the distance D between chains 

p » 1. Therefore arctgp ::: ~ and ~ ~ 1 and we then find that, for long linear 

parallel chains, 

(2.1 ) 

This is Salem's resuIt which states that the attraction between the chains is inversely 

proportional to the fifth power of the interrnolecular distance and directly proportional 

to the length of the interacting rnolecules. This result is expected to be valid in a 

region where the molecules are oriented almost parallel to one another . 
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2.1.2 Interactions between Lipid Chains in the Pink Model 

In order to account for the orientational interdction betwecn lipHI rhains, wc n('cd iL 

quantitative way to measure the alignment of the chains. For a single rocl tllaking an 

angle () with the z axes, the quantity S = H3 e05 2 () - 1) has a value of l If H =- 0 ,1IId 

a value of -~ if (} = i.1 For a lipid chain with m carbons in a conformatlOnal state 

a, a measure of the alignment is given by the quantity 

where the summation is over chain segments and (Jan is the angle bctweell the n lh 

chain segment and the normal to the plain bilayer. For the all- tr'ans state uf il bpid 

chain, all the segments form an angle of 30° with the bilayer normal and SI = !. 
In the Pink mode! neighboring acyl chains are assumed to interaet via an aniso

tropie Van der Waals interaction whieh is a produet of the Isotropie JIll erfictlOn oe-
tween two long parallel chains as calculated by Salem and an orientational interaction 

between individual C-C bonds. The total anisotropie interaction betwet'1i two neigh

boring chains in states a and {3 can therefore be written as follows 

(2.2) 

where Jo is an interaction constant that depends on the chain length. 50 and 5(3 are 

referred to as the nematic acyl chain order parameters for the two lllolecules and are 

given by 
~ 1 ~1 (3cos 280Tl - 1) 

Sa = L..J 
5(m-l)n~1 2 

(2.3 ) 

The factor ~ is due to normalization with respect to the aU- trans configuration. Va (3 

is given by 

lThe reason why this quantity is chosen as a measure of the alignment 15 that for a system of 
rods, the average value of S is a measure of the order of the system If ail the rods are aligned 
parallel to one another as in the case of the ordered phase of a nematic i1qu1d crystal, the average 
value of Sis 1. If the rods have a random orientatiOn, < cos 2 B >== ~ and the average value of S i~ 
O. See reference [7]. 
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where ra is the radius of the lipid chain in state 0:. 

Defining 60 /3 as the difference of the radius of lipids 0: and {3, ro = r/3 + 6a /3' Va /3 

can he approximated as 

However 50 /3 is generally small, and therefore to a good approximation 

This can be written in terms of the areas as 

(2.4) 

where it is assumed that the projections of the lipid chains onto the membrane plane 

are cirdes. This form of the interaction is not expected to be valid for the "melted" 

state because the chains are far from being parallel to each other. A weakening factor 

is therefore introduced such that ~o = w.'( ~AA )5/4. w has been chosen as w = 0.4 [21]. 
10 

2.1.3 Relation between Order Parameter and Chain Length 

A geometrical relation between the nematic order parameter and the length of a chain 

can he derived as follows. The assumption that the angles between C-C bonds are 

1200 implies that the angle between the chain segments and the bilayer normal is 

either 90° or 30° as can be seen in figure 2.1. The segments making an angle of 90° 

do not contrihut.e to the chain Iength. The length of a chain in any conformation is 

then given hy L == Ll - nsoo in units of projected chain segments, where LI is the 

length of the all-tratls state, and n900 denotes the number of segments making an 

angle of 90° with the hilayer normal. The order parameter of a single chain in a given 

conformation is therefore 

16 



1 
where n30' denotes the numher of segments which make an angle of 30° with the 

hila.yer normal. Since the total number of segments is m - 1, n30. + ngo. =. m - 1 and 

the expression for S hecomes 

8 5 9 
S = --( -(m -1) - -n90o) 

5(m -1) 8 8 

This gives the following relation for S in terms of the chaii' lellgth 

9 L 4 s= -- --
5 Ll 5 

(2.5) 

From the assumption of constant volume S, can he rewritten in ter ms of the areas 

by replacing ~ for t. Therefore the nematic order parameter for a lipid chain in a 

confJrma.tional state Ct is given by 

s _ ~ Al ~ 
Q - 5 A

Q 
- 5 (2.6) 

This relation makes it possible to write the interaction Hamiltonian in tenus of the 

areas of individuallipid chains. 

2.1.4 Other Interactions 

In d.ddition to the Van der Waals interactions hetween lipid chains there are several 

other interactions that must also he considered. 

- The hard core interactions are taken into aceount by allowing the aeyl chains to 

lie on a crystalline lattice. 

- The interaction of lipid molecules with water is partially taken into account by 

the existence of the lattice, hecause lipid molecules do not form aggregà.tcs such as 

bilayers when they are not in contact with water. 

- Repulsive forces due to electrostatic interactions between the polar head-groups 

and steric interactions from both the polar head groups and the lipid chaim. The 

steric interaction prevent the atoms forming the molecules (rom oecupying the space 

occupip.d by other atoms. The origin of this interaction is the repulsion betwccn the 

electronic clouds of the &toms in the chains. The latter two interactions arc taken 

17 



into account in an approximate manner by the inclusion in the Hamiltonian of an 

energy proportional to the total area2 [2, 18]. 

Er = nA (2.7) 

2.1.5 The Pink Hamiltonian 

The contributions to the energy described in previous sections give the following 

Hamiltonian for the Pink model 

'H. = L L EaCa,. - ~o L L lal {3Ca"C{3,3 + IlL L AaCa,. (2.8) 
1 a <i,3> a,{3 • a 

where the first terlT. is t.he single chain contribution, the second term is the van der 

Waals interaction between lipid chains and the third term accounts approximately 

for steric interactions and interactions hetween polar heads. The indices i and j refer 

to lattice sites and the indices cr and /3 refer to conformation al states. Ca •1 is an 

occupation variable which is defined as 

{ 

1 if the state of the lipid at site i is a 
CO'I = o otherwise 

(2.9) 

The lipid chain at site i can only be in one of the ten conformational states, so that 

La Ca,i = 1. la is defined as la = Wa YaSar. Using equations 2.4 and 2.6, 101 can he 

written in terms of the are as as follows 

(2.10) 

when .. WQ = 1 for states 1 to 9 and W)O = 0.4. In the second term of the Hamiltonian 

the symbol < i, j > indicates that the surn is restricted to nearest neighhors. The 

factor ~ avoids double counting. 

'See appendix A for an explanation of two possible interpretations of n. 
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1 Tm(K) J, x 1O-13erg o . 

DMPC 296.9 0.618 

DPPC 314.0 0.7099 

DSPC 327.9 0.815 

Table 2.2: Ezpertmental tran,itlon temperaturel and mteract10n conltant5 for lüfferent cham length5, 

2.2 Monte Carlo Simulation 

Statistical Mechanics provides a powerfu1 technique for calculating all the thermody

namic functions of the system from its Harniltonian. For simple Hamiltollians such 

as a gas of non interacting particles, it is possible to obtain aIl the thermodynamic 

functions of the system an alytically. For complicated Hamiltomans approximation 

methods can be used for solving the problern analytically, or OllC ean solv(' the prob

lem numerically using a computer. Monte Carlo integration methods (del>cri bed in 

appendix B) and in particular the Metropolis algorithm (also desccibed in appendix 

B) provide a way to calculate numerica1ly the integrals involved in the partition 

function. The implementation of the Metropolis algorithm for pure lipid systems is 

described in appendix B. In this section numerical results of a Monte Carlo simula

tion of the Pink model are presented for systems with three different chain lengths, 

corresponding to DMPC (m = 14), DPPC (m == 16) and DSPC (m = 18) lipid bil'Ly

ers. The interaction constant, Jo, depends on the chain length and is fitted for the 

three systems in order to reproduce the experimental transition tcrnperatures [14]. 

Table 2.2 shows the experimental transition temperatures [30] and the value~ of the 

interaction constant for the three systems studied. TI was set equal to 30dyn/cm 12). 

The temperature dependence of the average internaI energy and ~pccific hcat lLrc 

shown in figure 2.3. The specifie heat was calculated from the energy fluctuations as 
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D DMPC o DPPC • DSPC 

Figure 2.3: Energy per molecule and specifie heat per moleeule of DMPC, DPPC and DSPC bilayers. 

follows 

1 2 2) Cp = kT2 ( <?-l > - < 1l > 

In the figure, the specifie he:.'lt. has been divided by the number of lipid molecules. 

The tempcrature dependence of the average area, average nematic order parameter 

and isotherl11al compressibility are shown in figure 2.4. The isothermal cornpressibility 

KT is calculated from the fluctuations in the are a 

1 2 2) 
KT = kT < A > « A > - < A > 

where A is the total area. In the figure, the isothermal compressibility has not been 
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1 
divided by the number of lipid molecules. The equations for the specifie heat and 

isothermal compressibility are derived in appendix A. 

The results show an abrupt jump in the energy, area and order parameter witl. 

a low temperature phase known as gel phase characterized by the 9 lowest cnergy 

conformational chain states, and a high temperature phase known as jlllld phase 

characterized hy the lOth conformational state. A mean field solution of tht' modcl 

which do es not account for thermal fluctuations predicts a first order phase t.ransition 

with jump discontinuities for the energy, area and nematie order parametcr [2, 251. 

The computer simulation which fully accounts for thermal fiuctuatiom prcdicts an 

abrupt but continuous jump for these functions [21] as can be heel\ in figures 2.3 

and 2.4. Although strictly speaking there is no phase transition predicted by the 

simulation3 we will refer to this abrupt jump as a transition and to the temperature at 

which the jump occurs as the transition temperature. The transition is accompanied 

by strong fluctuations as can be seen from the results for the specifie heat and lateral 

are a compressibility figures. This is an indication that the system is close to a critical 

point. 

2.2.1 EfFect of Acyl Chain Length 

From figures 2.3 and 2.4 it can be seen that the longer the chain the more abrupt the 

transition. As the chain length decreases, the transition becomes smoother and more 

continuous. This is because the thermal fluctuations become larger at the "wings" 

of the transition temperature with decreasing chain length. As thc chain length de

creases, the energy differences between the two phases becomes smaller as shown in 

figure 2.3. At the "wings" of the transition temperature an enhancement of the rc

sponse functions is ohserved for decreasing aeyl chain length as can be seen from the 

figures showing the specifie heat and lateral compressibility. At the transition temper

ature, the peak in the response functions decreases as the chain length decreases. This 

3We have recentJy shown that for the set of patameters that we use here, there 15 no phase 
transition predicted by the simulation and the system is beyond a critIcal pomt [3] 
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Figure 2.4: Area per moleeule, nematzc order parameter and lSothermal eompresslb:llty of DA/PC, 
DPPC and DSPC bllayers. 
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implies that at the transition temperature the fluctuations increase with increasing 

chain length. 
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1 
2.3 Passive Permeability 

Ion transport in biological membranes is mediated by channels or pores that are 

formed by proteins which are able to discriminate between different type of substances 

and can be open or close to the flux of matter. This is the main form of transport 

of matter across biological membranes. There is however another type of transport 

known as passive transport, which is due to diffusion of matter across the membrane. 

The pure lipid bilayer is characterized by an extremely low permeability to ions 

diffusing passively through it. However near the fluid to gel phase transition an 

enhancement of the passive ion permeability had been experimentally observed at 

both si des of the transition [23J. 

At temperatures far away from the transition temperature, domains of lipids in 

states, which are characteristic of the unstable phase at that temperature, occue 

rarely and are due to thermal fluctuations. However as the transition temperature 

is approached, the fluctuations increase and an increase in the number of clusters or 

domains of the unstable phase appear in the stable phase. There are thus more fluid 

clusters in the gel phase, and more gel cIusters in the fluid phase. 

It has been proposed [4,6, 16,23] that the enhancement of the passive ion perme

ahility near the gel to fluid transition is related with the amount of interface between 

gel and fluid domains. At the interfacial region, defects due to bad packing make the 

membrane leaky and allow the ions to permeate it. A formalism for calculating the 

passive ion permeability of the membrane is presented in the next few sections. 

2.3.1 Number of Particles Striking a Surface 

In this section we follow reference [27]. Consider an element of are a dA of a wall 

of a container with agas. Then conslder those particles in the vicinity of the wall, 

whose velocity lies between v and v+dv. Such particles suifer a dis placement t-dt in 

the time interval dt. AlI the particles whicb lie in the infinitesirnal cylinder of cross 

section dA and length vdt that makes an angle f} with the z axis will strike the wall 
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1 z 

dA 

Figure 2.5: Partades collidmg wath an element of area of a wall. Adapted from refcH'nct' [27] 

in the time interval dt. 

If f( v) is the velocity distribution for the gas, f( v )d3v is the meall Humber of 

particles per unit volume with velocity between v and v + dv. The Humber of particlcs 

that strike the are a dA in the time interval dt is equal to (dAvcosBdt) . (f( V )d3 v) 

because the volume of the cylinder is dAvdtcosO. 

The total number of particles that strike a unit area of the wall per IlIllt timc il> 

given by 

The integral is over velocities for which the z component is positive, since the mole

cules with V z < 0 travel away from the wall. If the gas is in thermal cquilibrium, 

f( v) depends only on the magnitude of v. The volume clement is givell by d3 v 

v2dvsin8d8dt/>, so that the integral for () becomes 

(00 r/2 (2w 
~ = Jo v

3 f( v )dv Jo cosOsinOdO Jo d4> 

The integration over 8 evaluat~d between 0 and ~ satisfies the condition 11. > O. This 

gives the equation 

which can be related to the mean velocity of a particle in the gas, as shown below. 

The mean velocity of a particle in agas is given by 

(2.11) 
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where n = ~ is the total number of particles per unit volume. This expression leads 

to the result 
n 

~=-<v> 
4 

It is important to remernber that cl> is the number of rnolecules which strike a unit 

art>a of the wall per unit time. Therefore the number of rnolecules striking a wall of 

area A in the time interval dt is given by 

n 
dN = - < v> Adt 

4 

Mean Velocity of a Particle in a Gas 

(2.12) 

The classical velocity distribution for a particle of a dilute gas in thermal equilibrium 

Îs the Maxwell distribution given by 

(2.13) 

where n = ~ is the total number of particles per unit volume and m is the mass of 

the particle. 

The mean velocity of a particle in agas is given by equation 2.11. For agas with 

a Maxwell velocity distribution the mean velocity is given by the following expression 

\ .. hich after integration is 

< v >= /8kT 
7rm 

2.3.2 Model of Passive Ion Permeability 

(2.14) 

From section 2.3.1, the number of particles striking a wall of area A of a container in 

a tÎme Înterval dt is given by 

dN ex n < v > Adt 
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Consider a liposomé of volume V and internai area A with an internaI ion con

centration n. In this case, the wall is formed by the lipid bilayer and the particles 

striking the wall are the ions. The number of ions leaving the liposome in a time 

interval dt is then given by 

dNL <X n < v > APdt 

where P is the probability of an ion crossing the membrane after it has collided it.. 

n = ~ is the number of ions inside the liposome (or reiamed Ly the liposome) per 

unit volume at a certain time. 

If we assume that the ion concentration is small inside the liposome, Wl' can assume 

a Maxwell velo city distribution for the ion gas and the mean velocity of a particlc Îs 

given by equation 2.14. Therefore the number of ions leaving the liposome in a time 

intervaI dt is 

where c is a constant. 

Now, the number of particles retained by the liposome plus the number of particle~ 

that leave the liposome is equaI to the number of particles III the liposome al time 

t = 0,50 NL(t) + NR(t) = NR(O). Therefore, we can write an equation for the number 

of particles retained in the liposome as follows 

This expression, after integration, gives an exponential time dependence for the frac

tion of ions retained in the liposome 

NR(t) _cA-l/~Tl/~Pt 
NR(O) = e 

In the mode} used in this thesÎs [4, 6], the probability of an IOn crohslng the 

membrane is considered as a sum of three terms 

4Bilayers made in the form of spherical vesicles ale called liposomes 
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whcre b stands for bulk, c for clusters, and 1 for mterface. Pb, pc and P, denote 

the corresponding probabilities of crossing the membrane, and ab, al! and a, are the 

fractional areas occupied by the bulk, the clusters and the interface. 

This model of passive ion permeability requires the knowledge of the fractional 

are as occupied by the bulk, the clusters and the interface, as weil as the values of the 

transfer proba,111;!.it;.!s. 

A constraint is imposed on the transfer probabilities assuming that the interfacial 

area is associated with a very high transfer probability p, » pb, Pc' The principal 

hypothesis ie; that at the interfacial regions defects due to bad packing make the 

membrane leaky and allow the ions to permeate it more readily. The model does not 

assume a specifie mechanism by which the transport is performed. 

2.3.3 Analysis of Configurations 

The Monte Carlo simulations performed for the Pink Hamiltonian allow us to examine 

the spatial structure of the membrane and thus permit an analysis of membrane 

heterogeneityand domain formation in the transition region. 

A visual examination of the snapshot of a microscopie configuration allows us to 

observe clusters of the minority phase in the majority phase. However a systematic 

study of the configurations requires a formal ( although somewhat arbitrary ) def1ni

tion of the concepts cluster, bulk and interface. For simplicity we will refer to fluid 

clusters in a bulk gel phase, but the same definitions apply for the high temperature 

phase with the exchange of the wOl'ds gel and fiuid. 

Clusters are defined by means of a nearest neighbor connectivity criterion. Two 

sites a and b ec\.ch containing a chain in the fluid state are part of the same cluster if, 

starting at one of the sites (let say a) one can find a "path" from a to b of sites with 

chains in the fluid state, with the re~,triction of moving only to nearest neighbor sites. 

The definition of cluster also involves a de ci sion about how many fluid chains have 

to be together, in order to consider that they are forming a cluster. In order to study 

the cluster distribution as a function of temperature, only clusters formed by three 
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or more fluid cha.ins are considered in this thesis. The interface IS defined as the set 

of the sites other than clusters connected via a nearest neighbor bond to a clust.er. 

The bulk is defined as the set of the sites that are neither clusters or inkrface. 

The clusters fluctuate in position and size, and although they have an equilib

rium distribution function, they are not macroscopic entities. As the transition is 

approached, both the average cluster size and the maximum cluster slze arc cnhaul'ed 

as can be seen in figure 2.6. This occurs for all three systems under consideration. It 

is however interesting to note that the number of clusters does Ilot always increase as 

the transition temperature is approached. Figure 2.6 show that the number of clusters 

increases as the transition is approached at temperatures far away from the transi

tion. However close to the transition temperature, the number of dusters actually 

decreases. This implies that clusters are aggregating to form larger cluster~. 

2.3.4 Model Permeability and Monte Carlo Simulations 

A cluster analysis of the configurations obta.ined from the Monte Carlo simulation 

permit the ealculation of the fractional areas occupied hy the clustcrs, the bulk and 

the interfaces. 

A eut-off of 14 is ehosen implying that clusters occt'pyiug less than 14 lattice sites 

will he eonsidered part of the hulk and clusters of clusters, i.e. small domains of the 

majority phase within a cluster, smaller than 14 lattiee sites will he consideree! part 

of the cluster.5 

Snapshots of configurations helow and above the transition temperature are prc

sented for DMPC in figure 2.7. In part b) of the figure, the minority pll~.S(· rcgions 

are shown, the fluid regions are shown for T < Tm, and the gel rcglOIls arc shown for 

T > Tm. The interfacial regions consistent with a eut-off of 14 arf> shown in part a) 

of the same figure. It is easy to see that the amount of clustcr reg;I()Il!> ah well ah the 

amount of the interfacial regions increase as the transition tempcra.turc ii> a.pproached 

"The width of the permeability peak depends on the Slze of the defe t t requlfl'Q for pl1~~lige of the 
ion. In this model, it depends on the eut-off for the cluster slze A larger cut-off lead~ to Il .. harper 
peak. 
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Figure 2.6: Average cluster .!flZe, maZlmum cluster slze and number of du!ter.!f a.!f a function of 
tempemture for DA/PC, DPPC and DSPC. The first two oC these are expressed in units oC the 
numuer oC molecules. 
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from either side. 

The dependence of the fractional are as on temperature is shown in figures 2.8. As 

the transition temperature is approached from either si de, the area occu pied by the 

clusters increases and has a peak at Tm. Consequently the area of the bulk decreases 

as the transition is approached. The interfacial fraction al area a)so inneases as tIlt, 

transition is approached. However very close to the transition temperature, a decrcasc 

of the interfacial fraction al area occurs for two of the systems under consideration 

when approaching from the high ternperature phase. This is related witl! the fael 

that clusters aggregate near Tm. The fractional interfacial area therefore has a peak 

at a temperature slightly higher than Tm. 

The model of section 2.3.2 requires a knowledge of the regional transfer probahil

ities for the calculation of the permeability. Since the restriction p, ~ Pb,pc is part 

of the basic assumptions of the model, p, is taken to be equal to 1, and Pb and pc 

are fitted in order to reproduce the experimental curve for the permeability of DPPC 

vesicles to Na+ ions. The values for Pb and Pc were found to be Pb = O.0066,pc = 0.11 

below Tm, and Pb == O.ll,pc = 0.0066 above Tm [6]. With this choice of values the 

model assigns a higher probability of transfer to fIuid regions than to gel regiolls. The 

calculation of these transfer probabilities from first principles requires a knowledge of 

the specific mechanism of transport across the membrane. 

The above information rnakes it possible to calculate the quantity R == (~ )1/2 P 

which is known as the relative permeability. The relative permeability i~ proportional 

to the logarithm of the fraction of ions retained in the liposome. Figure 2.9 shows an 

enhancement of the relative permeability as the transition temperature is ltpproached. 

This is in agreement with the experimental observations of Papahadjopoulo~ 123]. 

The permeability has a peak at a temperature slightly greater than 1~" for two of 

the systems under consideration. The two points that appear disconneclcd in the 

figures are below and above the transition temperature respectively. From the figures 

it is clear that the mode! predicts a gap in the passive permeability a.t the transition 

temperature. The gap is a consequence oi the model and is due to the discontinuity in 
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1 Figure 2.7: Snap,hot. of configuratIon!. near Tm for DMPC are shown on the previous page. 
a) InterCacial regions consistent with a eut-off of 14. 
b) Regions with the minority phase are shown. The upper row shows regions oC flUld for values of 
T/Tm approaching the transition. From Idt to right: 0.95,0.98 and 0.997. The lower row shows 
regions oC gel Cor values oCT/Tm going away Crom the transition. From left to right: 1.003,1.02 and 
1.05. 

Figure 2.8: Fractaonal area" of bulk, clu"ter8 and anterface for DMPC, DPPC and DSPC. 
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Figure 2.9: RelatIve permeabilit1l of DMPC, DPPC and DSPC bila1lerl. The units are arbitrary. 

the values of Pb and Pe at Tm. The only case in which the model predicts a zero gap is 

when the fractional areas of bulk and cIuster are equal at the transition temperature. 

This is not the case in general for the model used here since the definition of the 

interface implies that it has an associated area. We do not expect to see a gap in 

experimental measurements at the transition region. 

2.3.5 Effect of Acyl Chain Length on the Permeability 

It was shown in section 2.2.1 that as the length of the chain decreases, an enhancement 

of the response functions6 occur at the "wings" of the transition i.e., at the "wings" 

of the transition the thermal fluctuations increase as the chain length decreases. This 

observation implies that the average cIuster size, the maximum cIuster size and the 

total number of clusters increase as the chain length decreases. Figure 2.6 shows how 

6Thc response functions referred to are the specifie heat and the isothermal compressibility. 
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Figure 2.10: Snap&hot& of configurattons for dlfferent cham lengthl at T/Tm -= 1 00:1 
a) Interfacial regions consistent with a cut·off of 14. 
h) ReglOns of the gel phase are shown. The left figure corresponds to DMPC (m = 14), the IIlIddll' 
one corresponds to DPPC (m = 16) and the right one corresponds to DSPC (/Tl = Ill) 

the average cluster size, the maximum cluster size and the average lIuml)('r of c1mt.t·r~ 

increase with decreasing chain length. Consequently. an enhaucclllcnt of the c1u~t('r 

and interface fractional areas is observed on both sides of the tralll>ition t('/IIpt'ratuf(' 

for decreasing chain length, and a concomitant decrease in the hulk fradional areil 1'> 

observed as shown in figure 2.8. 

Snapshots of configurations for thrce chain lengths are ShOWll in figllf(' ~.1 O. For 

this figure, the reduced temperature T /Tm is fixed ab ove the transition t"1/l/wratllw. 

In part b) of the figure the gel phase regions are shown. In pMt Il) of the '>,1l1H' figll fI', 

the interfacial regions consistent with a eut-off of 14 éirc ~hown. It il> ch'ilr from 1111' 

snapshots that the number of sites forming the clusters and th(' llumlH'r of '>It{·~ III 

the interfacial regions, decrease as the chain length increa!'e~. 

The net result is that in the transition region the relative permeability ilJ('rf:iL\f'~ 
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with decreasing chain length as shown in figure 2.9. This result is very reasonable 

since the thicker the membrane, the more difficult it is to cross it. 

It is dear from the figure that the model predicts that the permeability is inde

pendent of chain length at very high temperatures. This is a result of using the same 

probabilities of transfer for bilayers composed of lipids with different chain length. 

This assumption is obviously incorrect, but does not affect strongly the permeability 

in the transition region. 
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Chapter 3 

Lipid-Cholesterol Bilayers 

Cholesterol is a deterrninant for membrane fluidity [1]. Cholesterol 1lI0leculcl> oricnt 

thernselves in a bilayer with their hydroxyl groups closc to the polar head groups of 

the phospholipid bilayer at the level of the glycerol group. The ste:oid ring struc

ture partially immobilizes the regions of the hydrocarbon chains close to the head 

group. At high cholesterol concentrations, cholesterol has the effect of preventing the 

hydrocarbon chains from crystallizing. 

The experimentally determined phase diagram 1 of DPPC bilayers containing chol

esterol is shown in pa.rt a) of figure 3.1 [17,13,33]. The phase diagram shows three 

different phases, a solid ordered phase so, a liquid disordered phase Id, and il hquid 

ordered phase 10 at high cholesterol concentrations. The first letter in this notation 

refers to the lateraI organization. s is used wh en the phase has a lateral crystallillc 

structure and 1 is used when there is no lateral crystalline structure. The 5ccond letter 

refers to the acyl chain conformational order. 0 is used for a phase charactcrizcd hy 

chains with a high conformation al order and d is used for il. phase charactcrizcd by 

chains in high energy conformation al states. The solid-ordered pha5c is equivalent to 

the gel phase of pure lipid bilayers and the liquid-disordered phase is e4uivalent to 

the liquid crystalline phase of pure lipid bilayers. 

The experimental phase diagram of figure 3.1 and thermodynamic quantities such 

IThe phase diagram does not include the phases related to the ripple phaloe 
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Figure 3.1: a) EzpeMmental pha,e diagram of DPPC-chole,terol balayer,. The phases are denoted by 
80 (solid-ordered), Id (liquid-disordered) and 10 (liquid-ordered). The phase diagram was obtained 
by a variety of experimental techniques. 
h) Theoretacal pha,e daagram ohtazned /rom the mean field solutlon. 

as the specifie heat of lipid-cholesterol bilayers have been successfully described by a 

model proposed by Ipsen et al. [12]. The model gives a description oflipid monolayers 

and bilayers in terms of two degrees of freedom, one for the chain conformations and 

the other fOl position al order. It is based on the Pink model combined with a modified 

multi-state Potts model which is used to treat the positional degrees of freedom in 

an approximate way. The Pink model is described in detail in section 2.1. The 

modified Potts model assigns a Potts variable to each lattice site. The Potts variables 

describe the orientation of crystalline domains with which the chain on the lattice 

site is associated. A domain boundary energy is modeled by allowing acyl chains 

to interact with a repulsive energy, Jp , if they are in different Potts states and if 

they are in one of the first ni ne Pink conformational states. In aU other cases the 

interaction is zero. Tl. ,s is because there are not crystalline domains in the fluid phase 

characterized by the lOth conformational state. This model was originaUy proposed for 

pure lipid bilayers, but it is particularly important for bilayers containing cholesterol. 

Cholesterol inhibits the format;on of a crystalline structure but at the same time 

makes the acyl chains rigid. Therefore a model with two degrees of freedom, one for 

the positional order and another for the conformational order is quite appropriate. 

The Potts interaction between cholesterol and an acyl chain in one of the nine 
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1 
con{ormational states characteristic of the gel state is assumed to be much smaller 

than the Potts interaction between acyl chains. The model has been solved in a nll'an 

field approximation [12J. The parameters for the lipid-cholesterol interactions wcre 

chosen to give a qualitative phase diagram as close as possible to the experimenta.l 

phase diagram. The theoretical phase diagrarn shown in part b) of figure 3.1 is in 

good qualitative agreement with the experimental phase dîagram. There îs a narrow 

coexistence region between the solid ordered and the liquid disordered phases at low 

cholesterol concentrations, and a liquid ordered phase at high cholesterol concentra

tions. 

Cholesterol dissolves easily in a phase with no crystalline structure but prefers 

the neighboring acyl chains to he in a high conformational order. l' .. result is that 

at low cholesterol concentrations cholesterol prefers both lipid phases equally, but 

at high cholesterol concentrations, it induces conformational order in the flUld state 

and inhibition of the crystalline structure in the low temperature phase and a liquid

ordered phase OCCllrs. At this point the conformation al and the positional degrees of 

freedom are decoupled. The prohlem with the Pink-Potts model is that ît Îs dîfficult 

to interpret the Potts variables microscopically. 

Cruzeiro-Hansson et al. therefore proposed a reduced model which il. correct for 

low cholesterol concentrations and which does not involve the PoUs vaflable~. The 

model was then used to predict the permeability of DPPC-cholesterol systems. lt il:> 

the model used in this thesis to study the chain length dependence of the thcrmo

dynamic quantities and the permeability of lipid-cholesteroJ systems. The mode} is 

presented in the next section and is used to study DMPC, DPPC and DSPC lipid 

bilayers containing small amounts of cholesteroL 

3.1 Model of Lipid-Cholesterol Bilayers 

Cruzeiro-Hansson et al. [5] have studied a simple multi-state lattice mode! that givel:> 

the correct phase behavior at low cholesterol concentrations. The model Îs an extcn-
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sion of the Pink model to inc!ude the interaction between lipid chains and cholesterol

like molecules. The model therefore can only account for the chain melting transition 

but not for the change in the lateraI crystalline structure. We will continue to use the 

terms gel and fluid through the rest of the thesis to refer to the low and high tem

perature phases respectively. The interaction between lipid molt'cules and cholesterol 

is modeled by assuming that cholesterol is a hulky, stiff mole cule with no internai 

degrees of freedom. The cholesterol is assigned an area of 32À 2 • 

In the Pink model, lipid-lipid interactions are written as the product of two terms. 

Each term depends only on the state of the lipid at one of the sites, i.e. the interaction 

hetween two neighboring lipid chains in states ll' and f3 is 

where la is given by equation 2.10. We assume the same form as for the Hamiltonian 

of the pure system, and therefore the interaction between a lipid in state Ct and a 

neighboring cholesterol is assumed to he 

where le is a constant related to the Van der Waals interaction between the hy

drophobie part of the cholesterol molecule and the lipid chain. In an analogous way 

the cholesterol-cholesterol interaction is assumed to have the form 

Emt = -Jo/cIe 

The lipid-cholesterol system has therefore the following Hamiltonian 

• Q • Q 

Jo "" '" Jo ~ 2 -2" L..J ~lalfjCa,Cfj1 - 2" L..J IcCe,Ce, 
<IJ> afj <11> 

- ~o I: 'L1alc(Ca.CeJ + CQ)Cel ) 
(1» a 

(3.1) 

where Cc. is an occupation variable which is defined as 

if there is a cholesterol mole cule at site i 

otherwise 
(3.2) 
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1 
The Hamiltonian in equation 3.1 contains two new parameters Ac and Je relative 

to the Hamiltonian for the pure lipid bilayer (equation 2.8). Je was determillcd by the 

requirement that the phase diagram resemhle that of phosphatidylcholine-cholcsterol 

mixtures for cholesterol concentrations up to lO% i.e. with an extrelllcly narrow 

coexistence region and a very small decrease in the melting temperature. The mean 

field calculation done by Cruzeiro-Hans son et al. [5] and J. Ipsen [14] indicate that 

le = 0.45 is a good choice for the three systems considered in this the~is: DMPC, 

DPPC, DSPC. 

The Hamiltonian in equation 3.1 is not specifie for cholesterol. It can also represent 

any other bulky, stiff, amphiphilie moleeule. 

3.1.1 Monte Carlo Simulations 

As in the case of pure lipid bilayers, Monte Carlo simulations are used to det.ermine 

the thermodynamic properties of the system. The implementation of the Metropolis 

algorithm for lipid-cholesterol systems is described in appendix B. Systems with low 

cholesterol concentrations, Xc = 0.05,0.10,0.15, are studied. 

Figures 3.2, 3.3 and 3.4 show the average area per molecule A of the membrane 

as a function of temperature for severa! cholesterol concentrations. From the figures 

it is clear that the transition beeomes smoother and the difference in the areas of the 

two phases is smaller than for the pure system. Nevertheless, the relation betwcen 

the area and the cholesterol concentration below the transition is quite complicated. 

In order to observe the effect of cholesterol on the lipid chains, wc calculate the lipid 

area per lipid molecule AL given by 

A - xeAe 
AL = ----

1- Xc 

where Ac is the are a of a single cholesterol molecule, A il> the total arca per IIlolcc ulc 

and Zc is the cholesterol concentration of the system. Figures 3.2, 3.:3 and 3.4 l>how 

that cholesterol has an expansion effect in the gel phase and a contraction effed in the 

fiuid pha.se. This is aIso indicated by the average nematic order parametcr of the lipid 
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Figure 3.3: Total area per molecule, lipid area per l%p%d molecule and lzp,d order parameter of DPPC
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Figure 3.5: Energy per mo/eeule of DMPC.eho/estero/ btltlyt'rs 

chains shown in the same figures. Cholesterol induces lipid chaills with COllfOflllatioll.d 

disorder below the transition temperature and with high collformational orelt'r allCJVt' 

the transition temperature. This is why the lipid area per lipid Illolecult' Il\( f('''''C'' 

below the transition temperature and decreases above it. 

Figures 3.5, 3.6 and 3.7 show the average energy as a function of tcllllH'ratllrt' 

for three different cholesterol concentrations. Again, the broadening t'fr('( t of t Il!' 

cholesterol is observed. The low temperature phase has a higher t'Il('rgy titan tl\l' (lllrt· 

system and the high temperature phase has a lower energy thall the pur<' :,y:-,t l'Ill. 'l'II«' 

model therefore predicts that cholesterol makes the membranc morc di~()rdert-,d ill tll«' 

low temperature phase and more rigid in the high temperature phiLbl'. 

Figures 3.11, 3.12 and 3.13 for the isothermal lateral comI>re~~ihility alld fi~lIf('" 

3.8,3.9 and 3.10 for the specifie heat show that the peak in tlte~c respollse fllflctioll" 

decreases with the addition of cholesterol, but the addition of chole:>terol illert'a:,,,,, 

the thermal fluctuations at the "wings" of the transition. 

As in the case of the pure lipid bilayer, the rcsponse function!> were calculated fr(IIII 

fluctuations in the area and the energy using the equatiuns derived in iiPpt'lHlix l\. 
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3.1.2 Effect of Acyl Chain Length 

The results for the effect of the chain length in pure lipid hilayers in section 2.2.1 are 

basically the same as those in this section. 

For aIl the cholesterol concentrations studied, the s'aorter the chain length the 

smoother the transition. As can be seen from the figures 3.17,3.18 and 3.19 for the 

total area, lipid area and lipid chain order pararneter. AIso, the ener~y differcIIres 

between the two phases is smaller for shorter chain lengths as ean he seen in figures 

3.14, 3.15 and 3.16. 

For aIl the cholesterol concentrations studied, the peak in the specifk heut c1c

creases for decreasing chain length. But an enhancement is observed nt the "willgs" 

of the transition for decreasing chain length as is shown in figures 3.14, 3.15 and 3.Hi. 

This indicates that the larger the cholesterol concentration the larger the nuduat.ioll~ 

at the "wings" of the transition. An enhancement in the isothermal luterai comprcss

ibility at the "wings" of the transition is observed for decreasing chain It'Ilgth il!> is 

shown in figure 3.20 for all cholesterol concentrations studied. 
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3.2 Passive Permeability of Lipid-Cholesterol Bi

layers 

The model for the passive permeability of lipid-cholesterol hdaycr!> [f>] I!> Il dired 

extension of the model of pure lipid bilayers [6] studied 111 ~ectlOlI 2.:~ 2. 

The probability of an ion crossing a membrane 15 no\\' given by 

(3.3) 

where the interfacial contribution had been separated in two }>.Lrth, the part of the 

interface formed by lipids and the part formed by cholesterol. The inter faCial regiolll> 

formed by the lipids are considered to have high probability of tramfcr beccl\l!>(' of the 

same arguments of section 2.3.2. However the lIlterfacial reglOm formet! by cholt~S

terol are not assumed to have a high probability of transfer SIII(,C, at low cholesterol 

concentration the cholesterol molecule prefers both hpld phases equally aIld thcrefon' 

will not behave like an interfacial defect. 

3.2.1 Analysis of Configurations 

In the case of the pure lipid bilayer where there are unly chaiIlI> III gel or 1lI till/cl 

conformational states, a cluster was defined as a set of chams l/l the Illilloflty phaM' 

connected by nearest neighbor bonds. In the case of lipid-cholesterol bIlayerh ther(' IS 

no unique way to define the clusters. We must therefore make il deciblOll ill> tu how 

the cholesterol rndecules are c1assified. It is cxplained in the next par.lgraph how thil> 

is treated in this thesis. Aga.in for simplicity we Will refer lo fluid clust<,r!> iIl a gcl 

phase bulk, but the same definitions apply for the high temperature phase wlth thc 

exchange of the words gel and ftuld. 

Consistent with the pure lipid case, ollly threc or Tllore f1uid cllaim are cOIIl>ldercd 

to form a cluster. If a cholesterol molecule 15 a neare~t lIcIghbor of a lipHj chaill 

forming a cluster, it is considered as part of the cluster. 2 If a cholesterol molecul(· i~ 

2ThiS is different from the work of CruzelTo-Hansson In her case If li chol('~tcrol molt'cule IS 11 
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1 
a nearest neighbor of a site forming a cIuster that is occupied by another cholesterol 

molecule, it is not considered as part of the ciuster. The definitions for interface and 

bulk arc the same of section 2.3.3 for the pure lipid bilayer. 

3.2.2 Model Permeability and Monte Carlo Simulations 

As in the case of a pure lipid bilayer, the cluster analysis of the configurations obtained 

from the Monte Carlo simulations permits the calculation of the fractional areas 

occupied by the clusters, the bulk and the interface. 

A eut-off of 14 is chosen implying that clusters occupying less thall 14 lattice 

sites were considered as part of the bulk and clusters of clusters (defined on page 29) 

smaller than 14 lat1ice sites were considered as part of the cluster. 

The dependence of the fractional areas on temperature is shown in figures 3.21, 

3.22 and 3.23. As in the case of the pure lipid bilayer, as the transition temperature 

is approached from either side, the area occupied by the cIusters increases and has a 

peak at Tm. The area of the bulk decreases and the lipid interfacial fractional are a 

increases as the transition is approached. However a decrease of the lipid interfacial 

fractional area occurs for DMPC and DPPC very close to the transition temperature 

for the cholesterol concentrations studied, when approaching from the high temper

ature phase. This is again related with the fact that cIusters are aggregating to 

form larger clusters. The fractionallipid interfacial area has a peak at a temperature 

higher than Tm. For aIl the systems and ail the cholesterol concentrations studied the 

clwk5Leroi interfacial fractional area is extremely small but lIlcreases as the transitIOn 

tcmpcraturc is approached from both sicles and in most of the cases It clecreases at 

tcmperatures very close to the transition. 

As can be seen in the same figures, the higher the cholesterol concentratIOn the 

higher the cIuster and interfacial fractional areas and the smaller the bulk fraction al 

area. This indicates that cholesterol induces the formation of clusters above and 

nearest nelghbor of a lipid cham fornung a cluster, It IS not consldered as part of the cluster but as 
part of the mterface. 
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1 
below the transition temperature and consequently causes the amount of interface to 

increase. Snapshots of configurations of DSPC are shown in figure 3.24 for severa) 

cholesterol concentrations. For the figure the temperature is fixed at a value above 

the transition temperature. The gel phase regions and the cholesterol sites are shown 

in part b) of the figure. In part a) of the same figure, the interfacial regions consistent 

with a cut·off of 14 and the cholesterol sites are shown. Note that the number of 

sites forming clusters and the number of sites in the interfacial regions increase with 

increasing cholesterol concentration. 

The model of section 3.2 for the permeability of lipld-cholesterol bilayers requires 

the knowledge of the transfer probability of the interfacial region containing choles

terol. In order to avoid the introduction of new pararneters, the interfacial probability 

of transfer at sites f"',-rupied by cholesterol molecules is assumed to be equa.l to the 

bulk probability of transfer below the transition [5], i.e. the smallest value for a 

probability of transfer used in the model for pure lipid bilayers. 

Figures 3.25, 3.26 and 3.27 show the relative permeahility as a function of tem

perature for the cholesterol concentrations studied. 

An enhancement of the relative perrneability as the transition temperature is 

approached from both sides is obtained for aU the cholesterol concentrations studied. 

A peak in the relative permeability is obtained at a temperature above the transition 

temperature. This is a direct consequence of the behavior of the interfacial fractional 

area as a function of temperat ure. 

As a consequence of both the assumption of a high probability of transfer to the 

lipid interfacial regions and the increase in the amount of interface for increasing 

dlOlesterol concentration, the model predicts an increase in the membrane perme

ability for increasing cholesterol concentration for aU temperatures in the transition 

region, the effect being more pronounced at the "wings" of the transition.3 This is 

one of the main predictions of the mode!. The validity of the model is subject to 

·With the choice made by Cruzeiro-Hllnsson for the classifica.tion of cholesterol molecules (see 
foot note on page 61) the sarne qualitative behavior lS obtamed, except that the increase in the 
permeability lS enhanced with the chOice ma.de in this work 
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l Figure 3.24 Snap8hob of confiyuratlOn8 for 8everal cho/elterol concentratIOns of DSPC at T ::; 
228.88K are shown on the previous page. 
a) Interfacial regions consistent with a cut-off of 14 and cholesterol sites are ~hown 
b) Regions with the gel phase and cholesterol sites are shown for severa] cholesterol concentrations. 
The upper left figure corresponds to Xc = 0 00, the upper right corresponds to Xc = U 05, the lower 
left corresponds to Xc = 0.10 and the lower right corresponds to Xc = 0 15 
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Figure 3.25: Relative permeablllty of DMPC-cholesterol bllaycrs The units are arbitrary. 

experimental confirmation. The model for the permeability of lipid-cholesterol hilay

ers should he valid if an enhancement of the pdssive ion permeability is ohserved for 

lipid-hilayers containmg small cholesterol concentrations when increasing cholesterol 

concentration. 
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3.2.3 Effect of Acyl Chain Length on the Pernleability 

As was seen in section 3.1.1, the thermal fluctuations increase at the "wings" of the 

transition as the chain length decreases for all the cholesterol con cent rat iùns ~t.udi('d. 

Consequently there are more clusters and there is more interface al. il givell V<l.lue 

T/Tm for a. shorter chain than for a longer one. The clust.er and lllt.erf,lci,t! fractiollal 

areas are larger for shorter chain lengths at a given value of Tj1'111 III the "wings" 

of the transition. A concomitant decrease in the bulk fractional area Îs ob~('rvcd for 

short chains at all the cholesterol concc:ntrations studicd, a~ l'aIl he M'en 111 figufes 

3.29, 3.30 and 3.31. Snapshots of configurations fOf three chain kngt h~ il re ~howll ill 

figure 3.28. In this figure, the reduced temperature T /Tm is fixed to be above thl' 

transition temperature and the cholesterol concentration is also fixed. The gel phase 

regions and the cholesterol sites are shown in part b) of the figure. The interfacial 

regions consistent with a eut-off of 14 and the cholesterol sites arc shown ln part a) 

of the figure. Note that the number of sites forming the clusten, and the iuterfadal 

regions decrease for increasing chain length. 

The results for the relative permeability are similar to those for pure Ilpid mem

branes in that the relative permeability increases with decreasing chain length for il 

given value of T /Tm. This happens for ail cholesterol concentrations studicd and can 

be seen in figures 3.32, 3.33 and 3.34. 
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a 

b 

Figure 3.28: Snapshots of configurattons for seve rai cham lengths at T/Tm = 1 003 and Xc = 0 10. 
a) Interfaclal reglOns consistent wlth a cut-off of 14 and cholesterol sites are shown. 
b) Reglons with the gel phase and cholesterol sites are shown. The figure on the left corresponds 
to DMPC (m = 14), the central figure corresponds to DPPC (m = 16) and the figure at the right 
corresponds to DSPC (m = 18) 
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Flgure 3.29' FractlOnal areas of bzlay(rs wlth Xr = 0 05 
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c DMPC o DPPC • DSPC 

Figure 3.30· FracÜonal areas of bzlayers w!th Xc = 0.10 . 
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Figure 3 31: FractlOnal areas of btlayers wtth Xc = 0 15 
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3.3 Discussion 

In the present work a minimal model for the passive ion permcability is applit'd to 

lipid bilayers of three different chain lengths and four small cholrsterol COllrt'lIt rations. 

The formation of clusters and interfaces is related to fluctuatiolls. This il> t!te rea~oll 

why the model predicts larger permeabilities for lipid-chol<,stcrol Illt'mhrallt'~ forlllt'd 

by shorter acyl chains. Our approach is different. from that of Georgallas et !Il. whirh 

directly relates the permeability to the fluctuations in the area4 [10]. In our lIIodt'111 

is the local event of the formation of an interface rather than tht' total IIIH tu.tI iOIl~ in 

the are a which induces an en han cement of the passive ion pt·rllll'.dHlity. TI\(' ditlt'r

ent predictions of the two models are evident when sllliLll alllollnb of dlOh·~lt'rol ,Irt' 

present. In the model used in this thesis, an enhanccll1cIlt of tht' rt'Iative pI'rJ\\t'abtlity 

of low cholesterol content lipid membranes IS prcclIctcd for inn('a~illg choll',>lt-rol IOll

centration. The enhancement is observed at the transition templ'rtLturl' rC'~ioll ilnd lJ1 

the "wings" of the transition, the effect being more pronounced ill the "WIII/-,;"". By 

contrast, when our results for the fluctuations in the area at difrerent chol('~t('rol C()II-

centrations are substituted into the ll10del of Georgallas et al. ,a larg(' derf(·:t~(' in f III' 

passive permeability at the transition region for increasmg chole~t l'roi (011<"1'11 t mllOIl 

is found. 

The model used in this thesis prcdicts that for sIIlall chole::,terol rOIll'('lItratioll'> 

the permeability increases with increasing cholc:,terol concentration dut' lo t 1\1' IlfI''>-

enee of gel-fluid interfaces. At high cholesterol concentrations ('xperÎIIII:I1b ,,!tow Ihal 

cholesterol decreases the passive permcability. This is bccau~c al high cholt-~t.('fol rOIl

ccntrations there is no phase transition. In the context of the mode! Ilsed in t hi" l"I,,>i~ 

this implies a decrcase in the permeability due to the absence of interfa('e~. J\bo, al. 

high cholesterol concentrations chole~tcrol tends to increase the chain conformatÎollill 

or der [12] and therefore causes the permeability to dccrcase. 

4The permeability mode! of Georgallas et al. IS bascd \Jl part on that of Doniach [81 wh,) plonl'eTed 
the use of two dimenslOnal mteraction model~ for the description of the IIpl<l 11I!tlYl'f /Lnd IIIlJllolaY"r 
phase transitions. 
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R(~!>lIlts predicted in this thesis for small cholesterol concentrations suggest that 

intcresting properties are caused by the presence of small amounts of cholesterol. It 

woulcl thercfore be u~eful to make an experimental study of the passive ion permeabil

ity of lipid membranes at very low cholesterol concentrations, where the liquid-ordered 

pha~c is not present. It is also important to study bilayers with lipids of different 

chain Icngth since there are no systematic permeability experiments. 
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Appendix A 

Isothermal-Isobarical Ensemble 

Consider a system in contact with a reservoir wlth which the system cali illterchallgt' 

energy and volume. In equilibrium, the temperature and the pressure of the system 

and the reservoir are the same and have a constant value T and p reSpt'( tivcly. Tht' 

total energy of system plus reservoir is a constant ET == Es + EIl' éHH] t1lt' total 

volume is also a constant VT ::::: Vs + VR • The probability of tht· reservolr havl!Ig an 

energy ER and a volume VR 1 is givcn by 

(A.1 ) 

where k is the Boltzmann constant and S is the entropy. If the system i~ s/llall 

compared to the rest>rvoir ~ ~ 1 and tÇ ~ 1 and we can expand S(En, VR ) aroullù 

ET, VT in the following way 

(A.2) 

according to equations A.1 and A.2, for a system at constant temperature anù pressure 

the probability of the system having energy Es and volume Vs i!> given by 

(A .:~ ) 

lThe probability of the reservoir having an energy ER and a volume VIt 15 the prolJablhty of the 
system having an energy Es and a volume Vs. 
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In the rest of the appendix, E and V will refer to the system energy and volume 

respectively. The partition function of the system is given by 

(A.4) 

where N(E, V) is the degeneracy (the number of configurations in phase space with 

volume V and energy E) and G is the Gibbs free energy. Let us define the enthalpy 

of a configuration as Il = E+pV.'2 The ensemble average of His the thermodynamic 

enthalpy given by 

(A.5) 

This can be wri t ten as 

< H > = - (~ log Q) = t3 (~~) + G 
p p 

(A.6) 

The Gibbs free energy has a total differential given by dG = V dp - S dT , from 

which it follows that the entropy is given by 

S = - (~~) 
p 

(A.7) 

The specifie heat is by definition given by 

(A.8) 

It can be rewritten in the following way differentiating equations A.6 and A.7 

(A.9) 

The specifie heat can be calculated with the fluctuations in the enthalpy in the fol

lowing way: first, rewriting equatioI' A.5 as 

~) < H > _H)Ne{3[G-H] = 0 (A.lO) 

'The word enthalpy is used here in the same sense as in reference [26J, page 51. 
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which is possible because I: Ne i3 [G- H l = 1. Differentiating equatwll A.IO with rcsped 

to f3 at constant pressure we have 

( a ~: > ) p + D < H > - H)!\' e"IG-HI [/3 (~~) p + G - Il] = (J (A.11) 

and using equation A.6 we obtain 

(
O<H» 

ô(3 p + < « lJ > _H)2 >= 0 (A.12) 

which permits to calculate the specifie heat with the fluctuations in the cntluùpy as 

1 [2 2J Cp = kT2 < H > - < II > 

The volume of the system is calculated as 

< V >= LV NeJ3IG -J/l (A.14) 

which can be rewritten as 

< V >= _~ (ÔIog Q) = (BC) 
f3 Bp T Bp T 

(A.15) 

The isothermal compressibility is defineà by 

K.
T 

== _ 1 (8 < V » 
< V > Op T 

(A. Hi) 

Following the same procedure as for the specifie heat, we can write KT in tenus of 

the fluctuations in the volume. Differentiating 

L:)< V > _V)Net3lG - Hl = 0 (A.17) 

with respect to the pressure at constant temperature wc obtain 

(A.I~) 

and using equation A.15 we obtain 

(
8 < V» 

8p T + f3 < « V > - V)2 > = 0 (A.19) 
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which permits to calculate the isothermal compressibility with the fluctuations in the 

volume as 

1 [2 2] ~T = kT < V > < V > - < V > (A.20) 

For two dimensionaI systems, all the equations derived ill this appendix are valid 

if V is replaced by A where A is the area of the system, and p is a force per unit 

length or lateral pressure. 

A.1 A Comment About the Notation 

In this thesis we study systems with two HaIl1iltonians, the Hamiltonian for the 

Pink model (equation 2.8, page 18) and the Hamiltonian for lipid.cholesterol bilayers 

(equation 3.1, page 40). Both Hamiltonians have the form 

There are two different but equivalent approaches to this problem. The fir8t is to treat 

II as a parameter of the Hamiltonian that, although it has units of pressure, is not 

the pressure of the system. The system IS at constant temperature T and constant 

pressure p = O. The internai energy of the system is E =< 1-{ >=< El + rrA >. The 

enthalpy of the system is equal to the internai energy of the system H = E + pA = E 

and the Gibbs free energy is equal to the Helmholtz free energy G = E + pA - T S = 

E - TS = F. The specifie heat is given by the fluctuations in the energy as 

1 [2 2] Cp = kT2 < 1t > - < 11. > 

The second approach is to treat il as an external pressure. The system is now at 

constant temperature T and constant pressure n. The internai energy of the system 

is E =< El > and the enthaIpy is H =< 1-{ >=< El + rrA >. The specifie heat is 

given by the fluctuations in the enthalpy as 

1 [2 2] Cn = kT2 < 1t > - < 1-{ > 
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The latter approach is normally used for monolayer systems where au exterual 

lateral pressure is applied. For bilayer systems SOIl1e aut hon; prefer the former ap

proach because bilayers form vesicles and there is no external pressure applicd to the 

system. 

Because we are working with bilayers in this thesis, the notation used in t.he tcxt 

corresponds to the first of these approaches. 

In both cases the ensemble average of a quantity g is given by 

(A.21) 
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Appendix B 

Monte Carlo Integration 

A Monte Carlo method to evaluate integrals consists of integrating over a random 

sample of points instead of over a regular array of points. There are many Monte 

Carlo integration methods, and the sample mcan rnethod is described here. It is based 

on the Mean Value Theorem for Integrais which states that if f is eontinuoul> on the 

interval [a, bl the integral 

F = lb dxf(x) (B.l) 

is determined by the average value of f in the interval, multiplied by the interval size. 

In order to determine this average, ranclom numbers x, are choSCJI from a unifofm 

distribution in the interval [a, bl and the value of f( x) is sampled. The estimated 

value of the integral for m trials is 

l m 
Fm = (b - a)- L I(x,} 

m 1=1 

(B.2) 

This method is more suitable for th, "!valuation of multi-dimensional integrals where 

other numerical methocls are dîffieult to apply. The generalization of the samplc mcan 

method for the evaluation of the integral 

is straightforward and the estimate of F for m tIials is given by 

1 m 

F.,. = (bl - ad'" (bn - an )- l:f(Xl11'" ,X m ) 

m'=l 
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where Zh, ... , Zni are independent random numbers from uniform dist,.ibutions in the 

intervals [at, bd,· .. , [an, bnJ. 
There is another way to e .. 'aluate the integral in equation B.l called zmportance 

samplmg method. We rewrite F as 

(B.5) 

where p(x) is a positive function such that J: dzp(x) = 1 and we evaluate F by 

sampling the value of ~f:~ according to the probability distribution p( x) and by con

structing the sum 

Fm = ~ f f(x,) 
m 1=1 p(x,) 

(B.6) 

Note that, in the case of a uniform distribution, p(x) = (b~a) and the importance 

sampling evaluation of F (equation B.6) reduces to the sample mean evaluation of 

F (equation B.2). The method is generalized for multi-dimensional integrals in a 

straightforward way by rewriting F in equation B.3 as 

(B.7) 

where p( Zl, ••• ,zn) is a positive function such that J:: ... J:: p( Xl, ••• , Xn) = 1. We 

can now evaluate F in equation B.7 by sampling according to the probability distri

bution p(X1!'" ,zn) and constructing the sum 

(B.B) 

The numerical methods described above are taken from reference [lIJ. In the next 

section a particular case of an importance sampling method is described. 

B.I Metropolis Algorithm 

The Metropolis algorithm [20] was originally proposed for the canonical ensemble 

to calculate thermodynamic quantities of a .:iystem at constant temperature and 

constant volume. For ensembles other than the canonical ensemble such as the 
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isothermal-isobarical ensemble or the grand-canonical ensemble, the gcneralization of· 

the Metropolis algorithm is straightforward. In the case of the isotherIllal-isobari~al 

ensemble the algorithm is exactly as described below with the substitution of E by 

E + pV (E + pA for 2·dimensional systems). For simplicity, it is presellted herc in 

the eanonieal ensemble. The equilibrium value of a thermodYllamic quantit)' in the 

canonical ensemble is given by 

(D.9) 

where k is the Boltzman constant, T is the temperature of the reservoir in thermal 

contact with the system, E is the energy of the system, n is the Humber of degrees 

of freedom, N( E) is the degeneraey of the system 1 and ql,"" q" are gencralized 

variables. For a fluid system with N particles, n = 6N and the gcneralizcd variables 

are the positions and momenta of the particles. For a magnetic system with N spins, 

n = N and the generalized variables are spin variables. In the case of IIIodcls with 

discrete values of the spin variab)es such as the Ising moôel, the integral is replaced 

by a sumo For a lipid monolayer with N lipid molecules, n = N and the generalized 

variables are conformation al variables ( In the case of the Pink model where cach lipid 

chain can be in one of 10 conformational states the integral is replaced by a ~llm). 

For large systems with for example N r'V 1023 molecules it is almost impossi

ble to compute integrals by usual numerical methods, and wc use Monte Carlo in

tegration methods. The Metropolis algorithm is a special case of an importance 

sampling method in whieh configurations are chosen with a probability distribution 
B 

l' oc N( E)e- .T. The thermodynamic quantities can then he estimated a~ 

(B.10) 

Equation D.IO states that the ensemble average of a thermodynamic quantity 9 is 

simply obtained by computing the value of 9 for eaeh configuration chosen with proh

ability N(E)e-!T and calculating the arithmetic mean. The Metropolis algorithm is 

lWe are using the notation N(E) for the degeneracy and N for the number of partldes, spin!> or 
molecules. 
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outlined in tht" next paragraph and a proof that the method chooses configurations 

with probability N(E)e-1r is given later. 

A microstate or configuration of a system is determined by a set of fixed values of 

the variables which describe the state of the particles or molecules of the system. Let 

n, denote the values of the variables associated with the i th particle of the system. 

The configuration of 3. system is then completely specified by a = (nI, fh, ... ,nN). 

The Metropolis algorithm can he stated as follows: 

(1) Choose an arhitrary initial configuration 0" 

(2) Choose a trial state n· 
(3) Calculate the change in energy dE = E(n·) - E(n 1

). If AE < 0 the 

transition to the trial state is accepted n 3 = n·. 
(4) If dE > 0 the move is allowed with a probability e- ~: in the following way: 

- Choose a random number e from a uniform distribution in the interval [0,1] 

- If e ~ e- t1 the move to the trial state is accepted and n3 = n· 
- If e > e- tI- the move to the tr:...J. state is rejected and the old configuration is 

counted as a new one n 3 = n" 

( 5) Choose a new trial state n· and repeat the procedure 

a" is the initial configuration, n~ the configuration after applying the algorithm 

once, etc .... 

Let p~. be the a pnori probability of going from a glven state n~ to a trial 

state n., i.e. Pu is the probability of choosing n. as the trial state given that the 

actual configuration is n~. If P ... is ergodic, the algorithm will lead to a sequence of 

configurations that will reach any point in the configuration space. This algorithm 

does not tell us, however, how fast the system evolves in time. 

In order to prove that the configurations are chosen with probability N(E)e- "BT 

we will show that if the algorithm is applied to all the systems of an ensemble and 

microscopie reversibility is assumed, the ensemble has a distribution N(E)e-fT. Sec

ondly, assuming that the ergodic hypothesis2 holds, it follows that the algorithm will 

'The ergodic hypothesis says that an ensemble distribution is equivalent to a tlme distribution 
providing that the time is long enough. 
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lead to a sequence of configurations with a distribution N(E)e-fi. 

Consider first an ensemble of systems and then a new trial configurat.ion for each 

system in the ensemble. Assume that the energy of a certain configuration l' is 

greater tha" the energy of a configuration s, i.e. Er > E,. Let l/n denote the number 

of systems in state n before the trial change. According to Metropolis algorithm the 

number of systems going from state r to state s is 

because according to step (3), the transitions to the trial states are acct'pted if 

E. - E" < O. The number of systems going from state s to state r is 

because according to step (4) of the algorithm, the transitions arc allowed with prob

ability e-
IIr.:i" . The net number of systems moving from r to s is therefore 

If we assume that p... = Par (microscopic reversibility) we can write the num ber 

of systems in state r after the Metropolis algorithm has been applied once to each 

system in the ensemble as 

The sum over all the states of the a priori probability Pro of going from r to s is unit y 

and therefore v; can be rewritten as 

The number of systems in the ensemble in state r is therefore proportional to 

e-tf;. This result together with the fact that the probability distribution Pro is 

ergodic implies that, after applying the algorithm many times, the system will have 

a probability distribution 

-~ 
V r ex: e ArT 
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This is the number of systems in a microscopic state r with energy Er. There are 

many microscopic configurations with the same energy E. The number of systems 

with energy E is given by 

where N( E) is the number of different microscopic configurations with energy E 

B.2 Implementation for Lipid Systems 

For systems in which a large n11mber of states are regrouped into a smaU number 

of states, each with its associated degeneracy, the implementation of the Metropolis 

algorithm must take this into account if one wishes to sample from the small set of 

states. 

The Pink model and the model for lipid-cholesterol hilayers consider thousands of 

possible microscopie configurations for a lipid chain, but aU of them can he regrouped 

in 10 conformational states cach with an associated degeneracy. If when applying 

the Metropolis algorithm we replace E by E - kT log N(E) and sample from the ten 

conformational states, the result is the same as if we sample from aH the configurations 

grouped in the 10 conformational states. The degeneracy of the system N(E) is equal 

to the product of the degeneracies of individual sites. N(E) = II. Lo DoCo• in the 

case of pure lipid bilayers and N(E) = II. [La DoCo• + Cc.] in the case of lipid

cholesterol systems.3 Therefore if for example we wish to calculate the diffcrence in 

the quantity E - kTlog N(E) between two configurations that are identical except 

for the conformational state of one lipid chain at one of the sites, the change is given 

by 
, N(E) , D 

E - E - kT log = E - E - kT log -
N(E') D' 

where E - E' will be calculated from the corresponding Hamiltonian and g, is the 

ratio of the degeneracies of the conformational states of the lipid chain in the two 

lIFor notation see pages 18 and 40. 
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Figure B.l: Periodic boundary conddlo·~". In the figure a system of 4 x 4 is shown. 

configurations. The implementation of Metropolis algorithm for lipid systems is de

scribed in the following paragraphs. In aIl the cases, when the algorithm refers to a 

change of energy, it implies a change in the quantity E - kT log N(E). 

Consider a two dimensional triangular lattice in which each site of the lattice 

is oc cu pied by a lipid chain in one of ten different conformational states. Per:odic 

boundary conditions are imposed on the system in order to minimize the finite size 

effects. The boundary conditions used in this work are illustrated for a system of 

4 X 4 lattice sites in figure B.l. In order to implement Metropolis algorithm for the 

pure lipid membrane, we proceed in the following manner: 

1. Choose a lattice site i randomly. 

2. Choose a random trial state (from 1 to 10) for the lipid chain at site i and calcu

late the change in energy involved in the change of state according to the Hamiltonian 

in equation 2.8, page 18. 

3. Follow steps (3) and (4) of Metropolis algorithm (section B.1). 

When this algorithm is applied N times where N is the number of sites in the 

system, the system is said to have evolved one Monte Carlo step. A single Monte 

Carlo step is our unit of time, but it may not be related to the real time in a physical 

system because the dynamics of a physical system is very different than that used in 

Monte Carlo simulations. 

For a. lipid membrane containing cholesterol, the sites of the tria.ngular lattice 

can be occupied either by a. lipid chain in one of ten conformational states or by a 
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cholesterol molecule. 

To implement Metropolis algorithm for the lipid membrane containing cholesterol, 

wc proceed as follows: 

1. Choose a lattice site i randomly. 

2. If the site i contains a lipid chain, follow steps 2. and 3. of the procedure for 

the pure lipid membrane. 

3. If the site i contains a cholesterol molecule, select one of its six nearest neighbor 

sites j randomly . If the site} is occupied by a cholesterol molecule, return to step 

1. of this proced ure. If the site j contains a lipid molecule, select as a trial state 

the state with interchanged molecules for sites i and j and compute the change in 

encrgy according to the Hamiltollian 3.1. Follow steps (3) and (4) of the Metropolis 

algorithm described in section B.l. If the trial state is rejected return to step 1. of 

this procedure, if it is accepted follow steps 2. and 3. of the procedure for the pure 

membrane for the lipid chain at site l. 

When this algorithm has been applied N tirnes the system is said to have evolved 

one Monte Carlo step. 

The rcsults from Monte Carlo simulations presented in this thesis are for a system 

of N = 100 x 100 lattice sites and in most cases are averages over 50 equilibrium con

figurations. 4 In order to average independent configurations, configurations separated 

by 200 l\1onte Carlo steps are averaged for temperatures far away Crom the transition 

tcmpl'rature and configurations scparated by 1000 or even 2000 Monte Carlo steps 

arc averagcd in the transition region. The nurnher of Monte Carlo steps therefore 

lh-pends on temperature. For temperatures far away from the transition region the 

total number of Monte Carlo steps is 10000 and for temperatures very close to the 

transItion region the total nurnber of Monte Carlo steps is about 50000. 

Tht' dynalllics invobed in the procedure for the pure lipid membrane consisting 

only on a ch,U1ge of state (in this case a change of conformational state) at one site 

is known as Glauber dynamics. This type of dynamics involves a change in the order 

4The only non averaged quantity presented in the thesis is the maximum cluster size. The 
mnXlIlIlI1lI du~tl'r ~Ize I~ defined as the largest cluster round within the 50 equilibrium configurations. 
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parameter of the system. In the case of a lipid system it invol\'{'s a. C'han~{' 111 tht' 

area. 

The dynamics involved in the procedure for the lipid membrane witl! cholesterol 

which consists of the interchange between two sites land J is called Kawal-akl dy

namics. This type of dynamics conserves the order parameter of the syst(·I11. 

The procedure for the lipid membrane containing choleskrol invo\ves il l'olllbi

nation of both types of dynamics, whereas the procedure for the pure \ipid systt'lll 

involves only Glauber dynamics. 
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