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AMATXTICAL AND EXPERIMENTAL
STUBDIES 0OF S0IL CUTTING

by

R.H. Ynngl end CLK, GhEn2

PREFACE

Various methods of znalysis are attempted to provide
for evaluarion of the effective chrust of blades in soil,

Comparisons, using the laboratory mecasured values cohtained
from this sctudy, are made between the predicred values obrained {rom
the application of the limit solution {developed in the study) with
those given elsewherc,

INTRODUCT ION

In the study of moving rigid blades in soils, of the
various methods attempted to provide for evaluation aof the
effective thrust of the blade im seil, the most convenient one
appears to combine the measurement of forces acting on the blade
{ag input information} topether with the strenpgth properties of che
soil, Thus, while a4 separate measure of the twe individual elements
{i.e. rigid blade and so0il} is made, the finmal form of analysis
attempts to provide a rational link between tho two.

The three wmethods of analyses which appear feasible in
application t¢ the study of the moving blade problem are, (1)
metheds relying on dimensional analysis, e.g. 4], [5]*, (2} rigid
body statical solution techniques, and {3) plasticity techniqucs
such as thosc using a form of the Prandtl solution, specizlized for
bearing stability, e.g. (2], [3]. In applying the first tcchonique,
using laboratory model tests, a required assumption is that soil
properties can be adequately scaled. The difficulties surrounding
the scaling of soll, or the decivation of asppropriate scaling laws
for soils, are most complex,[8]. In addition Lo the problems of
separsfe examination of component parts, one must recognize that
the problem of a moving rigid blade in seoil is an interacting
phenomcnon and, thorefore, should be considered as an interdependent
sSystom. The behavior of the soil mass in the front of the moving
blade is conditioned by not only the gecmetry of the blade ltself,
but also by the driving forccas associated with the blade, In turn,
the progress of the blade in the soil is controlled or influvenced
by the manner in which the soil will deform, the boundary conditlons,
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and constitutive makeup of the soil itszelf,

In this study, the problem of the movipng blade in seoil
is examined in terms of soil-blade inter-relationships. The
s0il in the front of cthe moving blade iz in & state of limit
equilibrium, and the boundary conditions are specified in parc
by conditions imposed by the moviag blade, Thus, the scabilicy
of the s0il mass in the face of the driving force produced by
the blede is examined in relation te the interdependent limit
equilibrium problem, The type of analysis that would arise
utilizes the method of characteristics as a saolution technique,
Momentum relationships and inertia terms can be incorporated in
the analysis following certain simplifications based upon quasi-
static relacionships. With the addicion of velocity terms, the
analysis can handle a wide variety of problems of moving blades
in seils, In the present study, attention is focussed on
predominantly friccicnal soils where cohesion C is small (or zero),
The case involving highly cobesive so0il will be examined lacer,
The results from the associated laboratory tests performed in chis
atudy are compared with the analysis, and reported results taken
Erom ztudies performed by other individuals are also compared with
the limit equilibrium approach,

THEORETICAL CONSIDERATIOMS

The mecthod emploved here for analysis relies on the
principle of limit equilibrium where the stability of the soil
mass is controlled, or affected by the moving blade. The problem
iz reduced to two=dimensional considerstions without any loas of
generality by assuming plane strain conditions, For a generalised
case where the velocity and inertia terms are to be considered, it
is possible to analyse the situation in terms of velocity Eields
associated with the dynamic conditions, and prescribe the appropriate
governing equations.  The resultant formulations become most complex,
and the mathematics arising therefrom do not allow for ready sclutions.

A simple alternative methed for the generalisad analysis
requiring the super-posicion of inertia and velocity terms an to a
quasi-statiec solution can be used, Since the dynamiec Forces are
small in relation tc the yield stress of the soil, it can be assumed
that these forces do not afifect the associated development of the
streas and velocity fields in the quasi-static condition, Thus, the
associaced stress field is a velocicy field which deseribes the
resultant flow, Using a similar approach, Yong and Japp [7], have
shown that constitutive relations for scil dynamical behavior for
accelerations developed in elay soils of less than 100 g's, can be



adeguately written,

The quasi-static limit equilibrium case for a fully
Erictional material (sand) where cohesion C=0 has heen examined
previously by Yong et al, [8]. In the folluwing, the generalised
case for & cohesion=friction material, {i.e. C-f mixed soil
material) i3 examlned, as an extensicn of the previocus C=0 material
analysie, [6]. The differences here involye the additional
complexity of coheslon Iln soil. These can be apecialized to a
fully frictional so0il by taking C=0 at any stage of the theoretical
development.,

YIELD CONDITIONS

The diagram shown in Figure 1 is a schematic representation
of a blade moving In soil, The s0il mass is assumed to be isotroplc,
homogeneous and incompressible, and obeys the Mohr-Coulomb Yield
Condition:

(G- T + 4T s = (Tr+Gor2i ) suid W

where H = £ ¢ot &

c cohesion

# = angle of internal friction
radial stress

1

5]

r
CTB = tangential stress

’tr"ﬂ‘ shear stress

Flgure 2 showa the polar coordinate system uvaed for the
above notatlom, The angle of fricticrncf between the blade and
soi]l is assumed to be constant.

In terms of polar coordinates, the Mohr-Coulomb Yield
Condition For a mixed soil (C-P) material can be expressed as
follows:

G- = T L} + sind cos 2¢') + c cond cos 24

Jg = TN — Sinctac:.os 2‘1.1.") - caﬁn#coizﬂrzl

Yrp = T-singSin 21 + ccosdsin2y 2
where G - —G:E-iiﬁ =U-l—‘l-2?-2- -~ mean stress



EGUATIONS OF EQUILIBRIUM

The partial differential equations of equilibrium are

a3 fallows:
. Slre G
- = .%g%;. -+ .J:iESEQ =ﬂj:3 cos

+ 4 2% 4 2Tce - _pqsnb

With the use of a similarity golution technique, the
follewing are assumed:

Ap = '(6)

T =pq r s(0) (%)

{3

&

where g — density
r = radial distance
S{B}= stress function

Then subgtitution of equations (2) and (4) into
equations (3} will previde the fallowing equations:

A o cos® - sind cos(2¥+6) — S cos’d
oG 2(s sn 4—iigv.g:;ﬁ;}:)(cugsjzxp._sﬁ“db)

(5)
ds = =swl2y _ skl 24 +6)
a8 &% QJqJ ~sind

It is seen that for C=0, equatiens (5) are those
shown by Yeng et al [8] as:

%ﬂ = 9359—51w¢ca5(1\p+9) ~scostd  _ 4
© 258ind Ccos 24 —Sing)

ds = Ssin2y — sin(ly'+6)
a6 cos 29 ~sme

BOUNDARY CONDITIONS

Referring to Figure 3, it can be seen that the siressad
seil Iin front of the blade is divided into two regions, Region I being
the simple passive Rankine Zone in which the majer principal stress is
in the herizontal direction, and Region II being the Radial Shear Zone,



The boundary conditions in Region I for both 2 fully
frictional or 2 mixed C=9 scoil 2re given as follows:

Ceon B

Sy
5= T_swd , ¥=4-6 (6

vhere & = 1}4 + ‘*?2_

4t the blade, the boundary condition can be established
by the following relationship:

‘-‘CI‘B‘-:- U _h:"-‘“g y whence 5
A.IJl' = o.5Lm —J'—arcﬁin:'ﬂ‘;‘%.]

| Ir now rvemains to establish the stress function S(@), and
1#(9) {6) in relation tg the angle @ . This i3 done by utilising
the boundary equations (6) and {?) and equationz (5}, and the 4th
Order Runge-Kutta methed, With these results, having noted that
YI{8) does InfFluence the value of 5(@), the stresses or forces
accing on the surface of ctle moving blade may be computed trom
equations (2) and {(4).

{7)

The results of the computarions for q}(G} and 5{(@) feor
a material with £=38" and C=0 and other values of (=5 and 10 psi.
are presented in Figures 4 through 8. It is significant to note
Lhat while the presence of cohesion C materially affects W/1{9),
the stress fraction S(@) remalns relarively unaffected ~ so long
az # is sufficiencly large, With decreasing values of f and
increasing values of C, it i{s seen that S5(@) will become more
sensitive to the presence of C,

SLIP LINES

If reference is made to equations {5) it can be shown that
the denominators of the right-hand side of these equations vanish

when :
P -t
where .2“.- .!TJ-. -Cb

The numerators may vanish aimulbanecusly, or they may be
different from zero,




The two sets of slip lines gbrained are:

]
TE+ = l""g. axpjfx.rf(’l}:+}l)¢ﬁ9 = T characteristic (@)
9

e
I'"s_.. = T"JE L}cf?fﬂ Cot{'q}-}a'.)dﬁ' = IT characteriscic {9}

where £ = blade angle
rE = contact length of blade-scll interface

This is illustrated on the Mohr-Coulomb diagram shown in
Figure 9,

The results for the computation of the I-characteristic
{i.e. failure surface in the physical body) (rgt) for low values
of cogesion C and $=38" are shown Iin Figure 10 for a blade angle
of W7, Comparisons between the I-characteristie and actual
fajlure surfaces for the tears conducted show that the surfaces and
the characteristics do coincide for all values of 7, # and C considered,

DYHAMICAL CONSIDERATIONS

By comparing the theoretical develcopment with cthat of
Youg et al {6], for the quasi-static case, it has been shown
experimentally that the failure asurfaces, computed slip lines and
characteristics are the same for both a § and C-P material, so long
as limit equilibrium is generated throughout the stressed soill, The
major difference in caleulating the normal and sghear stresses for
theae two types of material, ix that for & C—f material the term
contalaing € has to be algebraically added to the values obtained for
these stresses for a C-® material, [refer to eguation (2)].

To obtain the total forces, the forces arising from inertia
have to be computed, and added to the forces obtained for the quasi-
static case, Three possibilitiea are suggested:

1. The so0il is assumed to act as a fluid with the blade
ecnsidered as an inelined surface moving through the
fluid,

Since the blade is inclined at an angle P to the vertical,
the absclute velocity of the sofl (acting as a fluid

and moving along the blade} would be ¥V sin B, 1f

friction of the scil aleng the blade is neglected,

The change in welocity of the soll Is therefore:
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v (1 --s'-nﬁ) (10)

The welght of the soll reaching the blade per second
would be:

Dbg

depth of cut
width of blade
veloclty of blade
density of soil

wherc D
b

[X

Therefore, the change of momentum per second, or the force:

nounmn

Fy - ”—Eﬁﬁ v& (1-Stn B) (11)
Fy = EEEE- v Cos P (12)

A second possibility considered is to assume that the soil

acte as a rigid mass within the fallure surface, and moves

with the blade, and with che same velocity in the direction
of the motion of the blade,

If W is the weight of the scll within the Eallure surface,
the momentum of the failed soil mass is E;v. If the
acceleration of the blade is E-"f-th\a herizontal Eorce is

dt
Ll :: , Lhere being no vertical force since there is no
3

vertical component to the horizontal velocity,

A third possiblility thac can be considerced is to assume Lhat
each particle of soil acquirca a velocity in the direction
of the failure plane as the blade moves through the spil,
The failure plane is assumed to make an angle of Ag 23
with the horizontal, Figure 1l shows the velocity diagram
for this case, If W is the weight ¢f che seil within cthe
Failure surface, and U is the assumed velocity of the seil
along the blade, it can be showm that if rhe acceleration is
known the horizontal and vertical forces are:

= _ =% ) 508 Y dv
F-H %!(f s'Tn(Dq. +{32'+ ®/a)/ 4t 1

- W/ sn( T4 - ¢/1)ca dv
Fv q ( sS4 18+ 34) )E? (14)




The first method is not considered in this scudy as
evidence shows that the scil does not act in this
manner . The second method does not have a vertical
component of force, [When observing a test with a
glow-moving blade, che upward movement of the failing
501l mass in front of the blade can always be seen].

The third aystem of velocities 15 cons{dered to be
most suitable, as in observing low velocity it was
noticed that for 2 small movement of the blade the
scil mass within the falling surface moved upward
during failure.

In order to calculate the acceleration for the
experiments, i1t can be assumed that the blade
aceelerates from zero lonitial velocity te ita final
velevity v when the soil fails. It {8, therefore,
necessary to find the time of failure, and from this
the acceleration,

For the associlated ewperiments, tests conducted at the
Caterpillar Tractor Company, at speeds of frum 0.25 fr/faec,
to 1 ft/sec., the inertial effect was found to be very
small, It was thus possible te conclude thar the force

at failure was to all intents and purpouses equal to the
quasi-static force,

EXPER TMENTATION

The test system used to conduct the moving blade stody
consisted of a glass-sided box which allowed for wisualisation of
the grid markings placed on the soil, (see Figure 12).  The material
used was a silica sand with a frictional angle of §=38", and a
friction angle between sand and aluminum blade of 29°, In general,
the material was maintained at a constant dry density of 100 lb. per
cubic foot,

The aluwuinum blade used to simulate the cutting blade
measured & inches wide by 5 inches igng. The blade angle with
regard to the vertical varied from 0 to 407, and the depth of cut
was either fr’i inches or 335 inches. The horizontal speed of the
blade was varied for aach series of tests,

Two experimental conditions were mailntained for measvre=
ment of forces acting on the blade: {1) measurement of horizontal
Force at a constant depth of embeddment, and (2) measurement of



horizontal force at a constant vertical pressure acting on the blade,
Only the first series need be reported on sinece these tests con-
stitucte a more complex seb of experimentation, and if che limir
eyullibrium selution is co held, the more critical case for
oxamination would be the variable vertical and Tesultant variahble
horizental force. Typleal horifzental force-displacement diagrams
{drafr Force) are shown In Figure 13. The First peak represents
the majlor or maximum Force development at [irst faflure, and the
subsequent perturbations which generally show higher values,
correspond to the subsenuent Jevelopment of secondary shear planes,
The higher walues are in general attribucable to the accumulation of
gurcharge at the face of the moving blade. Examination of all the
horizontal force-displacement diagrams shows that wirh a smaller
depth of cot, this increased surcharge effect can contribute a force
increase as much as one=half of the first peak Fforce. This effect
will be discussed at a later stage,

The analysis developed Iin this study refers only to the
First initiation of shear failure (as a condition of limit
equilibrium} and pays no attentign to the surcharging effect.
Thus, for comparative reasons, both from this study and with eCher
test results, the First peak will be taken as 4 basis (or examination
of this theory, It must be mentioned hcre that it is not alwaya
poasible to obtain information on first peaks in many reported studics
for comparative information, It is expected that the perturbating
asymptotic value may be the one generally used, since rhis in all
probability represents a steady state condition. In that regard,
the limit equilibrium approach tg the analysis ¢f the problem
would in general under-estimate the total draft or horizontal [orce
in view of rhe absence nf the surcharging term in the analysis,

DISCUSSION OF RESULTS

In associated experimental tests conducted at the
Carecpillar Tractor Company soil bin facility, with different experi-
mental constraints, it is seen that the measured and the predicecd
or computed values for both the horizontal and vertical forces
appear to agree closely, (See Figure l4}. The method for
computation of the theoretical or expected vertical and
horlzontal foreces for the quasi-stacic condition {assuming no
tnertia and velocity terms} has becn reported previcusly [6].  The
sireas Functlons 5 and 5 at points A and B (refer to Figures 4
through 8) for theaparticular value of biade inclination, f5, end as
a function of # and € are obtained from Figures 4 and 5. Corrcopond-
ingly the values for Y ', uj' are also obtained from Fipures &
through §. From the Filgures, the streas function can nhow be used
to calculate the mean stress{ given in cquation 4, This value can
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be Further examined in terms of the vertical and horizontal
companents of forces acting on the hlade.

In order to ascertain the validity of the method used
for prediction or computation of the forces acting on the blade,
the theoretical development allows for an examination of the
failure surface generated upon development of the first peak stress.
This utilises equarion (8) and the values for 1y' . With the
glags-sided box and high-speed photography, it is possible therefore
to examine the actual failure surface generated upon development of
first peak stress, and compare with rhe predicted walues, It has
been shown by Yong et al [6), that the correapondence between
computed apnd measured failure surfaces do agree wery closely,

In additicen to the above comparison of predicted and
measured faflure surface for a cheek on the theory, a further
computational procedure may be used to cstablish the validity and
applicability of the theory, Recalling that the limit equilibrium
approach requires the admissibility of the Rankine condition, the
simplest considerations would show that the horizontal forece or
the horizontal component of the total ferce acting on the blade would
be proportional Lo the square of the depth of cut, This 1a
obtained from the following relationship:

s L yat
F'_I-l :.Jf k: (15)

where d depch of cut
& - soil density
K = coefficient of stress transmissibllitcy

Assumping thar the coefficient of transmissibilicy K and cthe denaities
are comstant, it becomes cvident chat FH varles in direct propertion

to dz. In Figure 15 the measured valuecs For horizoental forces with
regard to blade anglc inclination variatien are pletted for the Lwo
depths of cut, As sccn, the forces developed for the &Ji inches
cmbedded depth of eut, d, are higher cthan the 34 linches depth, Thus,
in ctheory:

Pt ¢ 2 %) (3.50"

[

- T = = 0.605
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In actual fact it is seen that:

Frceaw
— - 5.610
Fucak © ’
(17)
Fveaky - 620
Fviak)

The Rankine condition is thus satisfied, and since this is a
necessary requirement for the development of the limit equilibrium
approach to the problem, the viability of the analytical technique
used 13 assured.

The analytical methods suggested by Reece, (3]}, Osman, [2]
and Hettilaratchi et al [1] for computing the theoretical forces may be
examined, using the test results obtained from this study as a base
for comparison, In Figure l&, these comparisons are shown together
with the present limit equilibrium apprcach {(labelled as “McGill"™)
computations for values of forces acting on the blade, It is seen
that the predicted horizontal forces using the other methads do not
agree with the values obtained from this present study. Hoewever,
cthere appears to be a fair degree of correspondence in prediction of
vertical forces wigh Reece's method, For blade inclinations (to the
vertical) up to 20,

The limit equilibrium analysis has been applied to predict
Osman's test results (Figure 17}, In the other comparisons shown,
the predicted vertical values are also given, although no vertical
force values have been reported. It is apparent that the limic
equilibrium approach i{s sufficiently successful in predicting
Osman's test results, It is perhaps instructive to noce that
while the Osman [2]} method of prediction is sufficifently valid for
his own study, his method of analysis does not allow for a reasonable
prediction of the test results obtained in this study (McGill), as
shown in Figure 16, On the other hand, it is seen that the limit
equilibrium approach used for the MeGill study can predict both the
McGill test results and Osman's results, [2].

In Figure 18 a comparison of the predicted values from the
limit equilibrium approach and quasi=-static conditions is wmade with
those reported by Wismer and Forth [4]. This comparison has been
separated from the previous ones in that the wvelocity of 19 inches
per second reported in this study are sufficiently high, and
provides a basls For examination using either the quasi-static
¢ondition, or the "dynamic" approach. In the same Figure the
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theoretically computed quasi-static values are shown together with
the "dynamic" solurien, and compared with those reported by Wismer
end Forth [4). If the assumption 15 made that the quasi-startic
condition ignores the inertia effect ete., the 'dynamic" spproach
shown in the dovelopment of the theory which has becen adopted,
shows that the additlon to the force calculations is less than 2%
for the velocities used, Thus, a closer agreement 18 seen to be
established with the reported results,

CONCLUS TONS

The results from this study show that for condictions
where limit equilibrium in the soill is approached, and for the
purposes of predicting first fallure in the soil vnder the action
of a moving blade, the analytical technigque developed, using the
method of characteristics for selution, shows a good correspondence
between computed and measured values.  Comparisons with reported
values from other studies shaw the applicability of cthis method of
approach to the solutien of the praoblem. The fundamental point in
conslderation is char conditiona for and relating to instability
in soil ls a function of the forces imposed by the moving blade,
Thus, the examination of prablems of 50il cutting should account
for inter-dependencies established between the movement of the
blade and the soll constitutive relationships,
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