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ANALYTICAL AND EXPERIMENTAL 

STUDIES nF SOLL CUTTLNC 

by 

R . N .  yong' end C.K. Chen 2 

PREFACE 

Various mcthods of a n a l y s i s  are at tempted t o  prov ide  
f o r  e v a l u a t i o n  o f  t he  cffcccive thrust of blades i n  s o i l .  

Comparisons, using the laboratory mcasurvd va lue s  obtained 
f r m  t h i s  s t udy ,  are  made between t h e  p r ed i c t ed  values obta ined  from 
the a p p l i c e t I o n  of t h e  l i m i t  s o l u t i o n  {dcvelopcd i n  the study) w i t h  
those  given  e lsewherc . 

In tk s tudy  o f  moving r i g i d  blndes  i n  srrils, of t h e  
various m e t h d s  at tempted to provide Lor e v a l u a t i o n  of  Ehe 
e f f e c t i v e  t h r u s t  of the blade in soil, the most convenien t  one 
appears  t o  combine thc measurement of f o r c c s  a c t i n g  on t h e  blade 
(as i npu t  informntioo) t oge the r  w i th  t he  strength prnpert i e s  uf  t h c  
soil. Thus, wh i l e  a s e p a r a t e  measure of t h e  two individual e lements  
{i .e .  r i g i d  bladc and s o i l )  1s made, the f i n a l  form n f  analysis 
a t t emp t s  to pcovldc a rational link betweerr t hc  tu~s .  

The  t h r c c  methods E ana ly se s  which appear  f e a s i b l e  in 
a p p l i c a t i o n  t o  t hc  study of thc m o v h g  b l ~ d c  problem a r e ,  (1) 
methorls r e l y i n g  on d imens iona l  a n a l y s i s ,  e . g .  1 4 ,  [ 51* ,  ( 2 )  r i g i d  
body s t a t i c a l  s o l u t i o n  techn iqucs ,  and (3 )  p l a s t l c l t y  t echn iqucs  
such a s  thosc u s i ~ ~ g  a form of t h e  P r a n d t l  s o l u t i o n ,  s p e c i a l i z e d  fo r  
bear ing  s t a b i l i t y ,  c.g. [ 2 1 ,  131. In applying t h e  f i r s t  technique, 
using l abo ra to ry  model tests,  a requ i red  assumption i s  that soil 
properties car1 be adequately s ca l ed .  The d i f f i c u l t i e s  surrounding 
t h e  s c a l i n g  of s o i l ,  or t he  d e r i v a t i o n  of a p p r o p r i a t e  s c a l i n g  laws 
f o r  s o i l s , s r e  most camplex,[81. I n  addition t o  t he  problems of 
s e p e r e t e  examinat ion of cmpooen t  p a r t s ,  one must recognizc t h a t  
t h e  problem o f  n moving r i g i d  b ladc  i n  s o i l  is an i n t e r a c t i n g  
phenomenon and, thcref o r e ,  should be cons idered  as an in te rdependent  
sys'ccm. The behavior of the  s o i l  mass i n  t h e  f r o n t  o f  t h e  moving 
b lade  is condi t ioned  by no t  o n l y  t he  g e m t r y  of t h e  blade i t s e l f ,  
bu t  a l s o  by t he  d r i v i n g  f o r c c s  a s s o c i a t e d  w i t h  the b l adc .  Zn t u r n ,  
t h e  p rogress  of the blade i n  t he  so i l  i s  c o n t r o l l e d  o r  influenced 
by the mariner i n  w h i c h  the s o i l  w i l l  dcform, the boundary conditions, 
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and c o n s t i t u t i v e  makeup o f  t h e  soi l  i t s e l f .  

I n  t h i s  s tudy,  t h e  problem o f  t h e  moving b l a d e  i n  soi l  
i s  examined i n  terms o f  s o i l - b l a d e  i n t e r - r e l a t  i onsh ip s .  TRe 
s o i l  i n  t h e  f r o n t  of t he  moving b lade  i s  i n  a state o f  l i m i t  
equ i l i b r i um,  and t h e  boundary c o n d i t i o n s  are s p e c i f i e d  i n  p a r t  
by c o n d i t i o n s  imposed by  t h e  moving b l a d e ,  Thus, t h e  s t a b l l i t y  
o f  t h e  s o i l  mass i n  t h e  f a c e  of t h e  d r i v i n g  f o r c e  produced by 
t h e  b l a d e  i s  examined i n  r e l a t i o n  t o  t h e  i n t e rdependen t  l i m i t  
e q u i l i b r i u m  problem. The type  o f  a n a l y s i s  t h a t  would ar ise 
u t i l i z e s  t h e  method of c h a r a c t e r i s t i c s  as a s o l u t i o n  technique.  
Momentum r e l a t i o n s h i p s  and i n e r t i a  terms can  be i nco rpo ra t ed  i n  
t h e  a n a l y s i s  fo l lowing  c e r t a i n  simplifications based upon quas i -  
s t a t i c  r e l a t i o n s h i p s .  With t h e  a d d i t i o n  o f  v e l m i t y  terms, t h e  
a n a l y s i s  can  handle  a  wide v a r i e t y  of problems of moving b l ades  
i n  soils. I n  t h e  p r e sen t  s t udy ,  a t t e n t i o n  is focussed  c i ~  
predcminant ly  f r i c t i m a l  s o i l s  where cohesion C i s  small ( o r  zero) .  
The case invo lv ing  h igh ly  cohes ive  soi 1 wi 11 be  examined later. 
The r e s u l t s  f r m  t h e  a s s o c i a t e d  l abo ra to ry  tests performed in  t h i s  
s t u d y  are compared w i th  t h e  a n a l y s i s ,  and r epo r t ed  r e s u l t s  t aken  
from s t u d i e s  performed by o the r  i n d i v i d u a l s  are a l s o  compared wl th  
t h e  l i m i t  e q u i l i b r i u m  approach. 

THEORETICAL CONSIDERATIONS 

The method employed h e r e  f o r  a n a l y s i s  rel ies on t he  
p r i n c i p l e  o f  l i m i t  e q u i l i b r i u m  where t he  s t a b i l i t y  of t h e  s o i l  
mass i s  c o n t r o l l e d ,  o r  a f f e c t e d  by t h e  moving blade.  The problem 
is reduced t o  two-dimensional c o n s i d e r a t i o n s  wi thout  any l o s s  of 
g e n e r a l i t y  by assuming p lane  s t r a in  cond i t i ons .  For a  g e n e r a l i s e d  
c a s e  where t h e  v e l c c i t y  and i n e r t i a  terms are to be cons idered ,  i t  
is p o s s i b l e  to a n a l y s e  t h e  s i t u a t i o n  i n  terms of v e l o c i t y  f i e l d s  
a s s o c i a t e d  w i th  t h e  dynamic c o n d l t l o n s ,  and p r e s c r i b e  t h e  a p p r o p r i a t e  
governing equa t ions .  , TRe r e s u l t a n t  fo rmula t ions  become most complex, 
and t h e  mathematics a r i s i n g  t he r e f rom do  no t  a l l ow  f o r  ready  s o l u t i o n s .  

A s imp le  a l t e r n a t i v e  method f o r  t he  g e n c r a l i s e d  a n a l y s i s  
r e q u i r i n g  t he  supe r -pos i t i on  of i n e r t i a  and v e l o c i t y  terms on to a 
q u a s i - s t a t i c  s o l u t i o n  can  be used. S ince  t he  dynamic f o r c e s  are 
small i n  r e l a t i o n  to t h e  y i e l d  stress of t h e  s o i l ,  i t  can  be  assumed 
t h a t  t h e s e  f o r c e s  do  n o t  a f f e c t  t h e  a s s o c i a t e d  development of t h e  
s t r e a s  and v e l o c i t y  f i e l d s  i n  t h e  q u a s i - s t a t i c  cond i t i on .  Thus, t h e  
a s s o c i a t e d  stress f i e l d  is a v e l o c i t y  f i e l d  whlch d e s c r i b e s  t h e  
r e s u l t a n t  flow. Using a slmilar approach, Yong and J app  [ 71,  have 
shown t h a t  constitutive r e l a t i o n s  f o r  soi l  dynamical  behavior  f o r  
a c c e l e r a t i o n s  developed i n  c l a y  s o i  1s of less than 100 g 's, can  be  



adequa te ly  writ ten .  

The quasi-static l i m i t  equilibrium case for a f u l l y  
f r i c t i o n a l  material  (sand) where cuhesion C=O has been e x m i n e d  
previously b y y o n g e t  aL, 161. In the folluwlng, t h e  g e n e r a l i s e d  
c a s e  for  a c u h e s i o n - f r i c t i o n  m a t e r i a l ,  ( i  . e .  C - 6  mixed s o i l  
m a t e r i a l )  i s  examined, as an ex t ens ion  o f  t he  p rev ious  C=O material 
analysis, [ 6 ] .  The di f f erences  here involve the add i t i ona l  
complexi ty  of cohesion i n  soil. These can be s p e c i a l i z e d  to a 
f u l l y  f r i c t i o n a l  s o i l  by tak ing  CYO a t  any  s t a g e  of the t h e o r e t i c a l  
development . 

YIELD CONDITIONS 

The diagram shown i n  F igure  1 is a schemat ic  representat ion 
uE a blade moving i n  s u i l .  The s o i l  mass is assumed to lx i s o t r o p i c ,  
homogeneous and incompressible, and obeys t h e  Hohr-Coulomb Yield 
Condi t ion: 

where H - C c o t  0 
C = cohesion 
0 = angle  of i n t e r n a l  f r i c t i o n  

a, = r a d i a l  s t r e s s  

Cjg = t a n g e n t i a l  stress 

Tr, - shear stress 

Figu re  2 s h o w  the polar coordinate system used for the 
above notation. The angle o f  f r i c t i o n  d between t h e  blade and 
s o f l  is aseumed t o  be conatant.  

I n  terms of polar coo rd ina t e s ,  t h e  Mohr-Coulmb Y i e l d  
Condi t ion for a m l x e d  soil (C-@) m a t e r i a l  can be expressed as 
f 0  llous : 

where 
W l + G 2  

2 2 
- mean stress 



EQUATIONS OF EQUILIBRIUM 

The p a r t i a l  d i E f e r e n t i a l  equa t i ons  of e q u i l i b r i u m  a r e  
a s  fa l lows:  

With t he  u se  of a  s i m i l a r i t y  s o l u t i o n  technique,  t he  
fo l lowing  are asslnned: 

q' = 4'b) 

w h e r e p g  d e n s i t y  
r = r a d i a l  d i s t a n c e  

SIB)= s t r e s s  f u n c t i o n  

Then s u b s t i t u t i o n  o f  equa t i ons  ( 2 )  and ( 4 )  i n t o  
equa t i ons  (3) w i l l  provide t he  fa l lowing  equa t i ons :  

It is seen  t h a t  f a r  CEO, equa t ions  1 5 )  a r e  those  
sho rn  by Yeng e t  a 1  181 as :  

BWNDARY CONDITIONS 

R e f e r r i n g  t o  F igu re  3, i t  can he seen  t h a t  t he  s t r e s s e d  
soi l  i n  f r o n t  of t he  b lade  is d iv ided  i n t o  two r e g i o n s ;  RegLon I be ing  
t he  s imple  pass ive  Rankine Zone i n  which t he  major p r i n c i p a l  stress i s  
i n  t he  h o r i z o n t a l  d i r e c t i o n ,  and Region I1 being t h e  R a d i a l  Shear Zone. 



The boundary condirions  i n  Region I for both a f u l l y  
f r i c t i m a L  or a mixed C-6 s o i l  are g i v e n  as fo l lows:  

A t  the blade,  the boundary condi t ion  con be e s t a b l i s h e d  
by the f o l l o w i n g  r e l a t i o n s h i p :  

It nou remains t o  e s t a b l i s h  t h e  st ress  function S ( D ) ,  and 
I $ ( @ )  (6) i n  relation t o  the angle 8 . T h i 3  19 done by u r i l i s i n g  
the boundary equations ( 6 )  and (7 )  and equations ( 5 ,  and [he Lth  
Order Runge-Kuttamethcd. With these  results, having noted that  
@le)  doe^ inf luence the value of S(@, t h e  s r r c s s e s  or f o r c e s  

n c t i n g  om the surface of t h e  moving blade may be c m p u t e d  krom 
equatiora (2) and ( & I .  

Zhe resutt% of the computations for q(e ,  and S ( W  tor  
a material w i t h  b38 and C=O and other valuea o f  C = 5  and 10 p s i .  
are  presented i n  Figures 4 through 8 .  lt is s i g n i f i c a n t  to note  
Lhat w h i l e  the presence o i  c o k s i o n  C m a t e r i a l l y  a f f e c t s  * ' I@) ,  
t h e  s t res s  f r a c t i o n  S ( 0 )  remains r e l a t i v e l y  unaf fec ted  - s o  long 
ns b i s  sufficiently large. With decreastng values  of b and 
increasing values o f  C ,  i t  i s  seen that  S ( @ )  ut 1 1  becane more 
s e n s i t i v e  t o  the presence of C, 

SLIP WNES 

If re ference  is made t o  equat iom ( 5 )  i t  can be s h m  that  
the d e n m i n a t o r s  of the right-hand side of these equations vnniah 
when : 

The nlnaerators may vanish s imultaneously ,  or they may be 
different from zero. 



lhe two s e t s  o f  s l i p  l i n e s  obtained are: 

= I c h a r a c t e r i s t i c  (8) 

where = blade a n g l e  

r~ 
= con t ac t  l eng th  of b l ade - so i l  i n t e r f a c e  

T h i s  i s  i l l u s t r a t e d  on t h e  Mohr-Coulomb diagram s h o w  i n  
Figure 9. 

The results fo r  t h e  c anpu t a t i on  of t he  I - c h a r a c t e r i s t i c  
( i . e .  f a i l u r e  s u r f a c e  &n the p h y s i c a l  body) (re*) for low values 
of cohesion C and 6=38 are shown i n  F i g u r e  10 for  a blade angle 
of  30 . Comparisons between t he  I - c h a r a c t e r i s t i c  and ac tua l  
f s i l u r e  surfaces fo r  the t e s t a  conducterl show t h a t  the surfaces and 
the c h a r a c t e r i s t i c s  do co inc ide  f o r  all va lue s  of :, fi and C considered. 

WNAMICAL CONSIDERATIONS 

By canparing the theoretical development 4 t h  t h a t  of 
Yong e t  a1  161 ,  f o r  t he  q u a s i - a t a t i c  c a s e ,  i t  haa been shown 
expe r imen t a l l y  t h a t  t h e  f a i l u r e  s u r f a c e s ,  computed s l i p  l ines  and 
c h a r a c t e r i s t i c s  are  the same fo r  both a b and C-6 m a t e r i a l ,  so long 
a s  l i m i t  e q u i l i b r i u m  is genera ted  throughout the s t r e s s e d  s o i l .  The 
major d i f f e r e n c e  in  c a l c u l a t i n g  the normal and shear s t r e s s e s  for 
these two types  of material, is  that  f o r  a C d  n a t e r i a l  t h e  term 
c o n t a i n i n g  C has  t o  k a l g e b r a i c a l l y  added t o  t h e  v a l u e s  ob t a ined  for  
these  stresses f o r  a C-6 material, [ r e f e r  t o  equa t i on  (Z)]. 

To o b t a i n  the t o t a l  fo rces ,  the f o r c e s  a r i s i n g  from i n e r t i a  
have t o  be computed, and added t o  t h e  forces obta ined  Lor t h e  quasi- 
s t a t i c  case .  Three p o s s i b i l i t i e s  are suggested: 

1. The soil is assumed to a c t  as a f l u i d  w i t h  t h e  blade 
cons idered  a s  an i n c l i n e d  s u r f a c e  moving rhrough rhe  
f  h i d .  

S i n c e  t h e  b lade  i s  i n c l i n e d  st a n  ang le  P t o  t h e  ver t ical ,  
t h e  a b s o l u t e  v e l o c i t y  of t he  s o i l  (acting as a  f luid  
and moving a long  t h e  b lade)  would be V sin B, i f  
f r i c t i o n  of t he  s o i l  a long  the blade  is neg l ec t ed .  

The change i n  v e l o c i t y  of t h e  soi l  I s  therefore:  



The we ~t of the soil reach ing  the b l a  de p e r  secon 

Dbfi 
wherc D = d e p t h  of c u t  

b = w i d t h  of blade 
v = v e l o c i t y  of b l ade  

p g = d e n s i t y  of soil 

Therefore ,  the change of mMoentum per second, or  t h e  f o r c e :  

2. A s e c o n d  p o s s i b i l i t y  considcred is to a s s u m  that the soil 
a c t s  as a  r i g i d  mess w i t h i n  t hc  f a i l u r e  su r facc ,  and moves 
w i t h  t he  b ladc ,  and w i t h  thc same v e l o c i t y  i n  t he  d i r e c t i o n  
of  the motion of the blade. 

If W i s  t he  weight of the s o i l  within t h e  f a i l u r e  aurface, 
W 

t h e  m m n t m  of t h e  f a i l e d  s o i l  mass i s  - v. I f  t h e  
dv R 

acceleration of the blade is t h e  h o r i z o n t a l  Eorce i s  

U dv -- t h e r c  b c i n g n o v e r t i c a l  E o r c e s i n c e  t h e r e  i s n o  
g d t  ' 

v e r t i c a l  canponent t o  the h o r i z o n t a l  v e l o c i t y .  

3 .  A t h i r d  p o s s i b i l i t y  that  can be considered i s  t o  aasume t h a t  
e ach  p a r t i c l c  of s o i l  a c q u i r c s  a v e l o c i t y  i n  t h e  d i r e c t i o n  
of the Eai lure  plane as t h e  b l a d c  moves through t he  s o i l .  
The fa i lu re  plane is asslrmed to w k e  an ang l e  oE 
with  the horizontal. Figure  1 1 s h o v s  t h e v e l o c i t y d i a g r a m  
f o r  t h i s  case .  I f  U i s  t hc  weight  of t h e  s o i l  w i t h i n  the 
f a i l u r e  s u r f a c e ,  and U is the assumed v e l o c i t y  o f  t h e  s o i l  
along the blade, i t  can be s h m  that  i f  t h e  acce l era t ion  i s  
known the h o r i z o n t a l  and vcrt ica l  forces are: 



The f i r s t  m t h o d  i s  not cons ide r ed  i n  t h i s  study a$ 
evidence shows tha t  the  s o i l  does not a c t  i n  t h i s  
manner. The second method does  no t  have a v e r t i c a l  
component of force. [ m e n  obse rv ing  a test with a 
slow-moving b lade ,  t h e  upward movement of the f a i  lit~fi 
s o i l  mesa i n  front o f  the b l ade  can always be seen]. 

The t h i r d  system o f  v e l o c i t i e s  i s  cons idered  t o  be 
most s u i t a b l e ,  as i n  observing lor v e l o c i t y  i c  w a s  
noticed t h a t  f o r  a smal l  movement o f  the blade t h e  
s o i l  mass within the f a i l i n g  s u r f a c ~  moved upward 
during f a i l u r e .  

I n  order t o  c a l c u l a t e  the a c c e l e r a t i o n  f o r  t h e  
exper iments ,  i t  can  k assumed t h a t  the blade  
a c c e l e r a t e s  fran zero i n i t i a l  v e l o c i t y  t o  i t a  f i n a l  
velocity v when t h e  s o i l  f a i l s .  It is,  t h e r e f o r e ,  
necessa ry  t o  Eind t h e  t i m e  of Eai l u r e ,  and from this  
t h e  a c c e l e r a t i o n .  

For t h r  a s s o c i a t e d  exper iments ,  tests conducted a t  the 
C a t e r p i l l a r  T r a c t o r  Company, a t  speeds  of Erum 0 . 2 5  f t / s e c .  
to 1 f c / s e c . ,  t h e  i n e r t i a l  effect was found t o  be very 
smal l .  It was thus  possl  blr to conc lude that  t h e  f o r c e  
a t  failure was t o  a l l  i n t e n t s  and purpuses equal t o  t he  
q u a s i - s t a t i c  f o r c e .  

The t e s t  system used t o  conduct  ttw moving b lade  s t udy  
c o n s i s t e d  of a glass-sided box which allowed f o r  v i s u a l i s a t i o n  of 
t h e  g r i d  markings placed on t h e  s o i l ,  (see Figure 12).0 The m a t e r l a l  
used was a s i l i c a  sand wi th  a f r i c t i o n a l  ang le  of 6=28 , end a 
f r i c t i o n  angle between sand and a luminumblade  of 2 9 .  I n g e n e r a l ,  
the mater ia l  was main ta ined  at a cons t an t  dry d e n s i t y  o f  100 lb .  per 
cubic f o o t .  

The a l m i n m  blade used t o  s i m u l a t e  t he  c u t t i n g  b lade  
measured & inches  wide by 5 inches  18ng. The b lade  ang l e  w i t h  
regard  to the  v e r t i c a l  varied frm 0 t o  40•‹, and t h e  dep th  of c u e  
was e i t h e r  4 4  inches  or 34 inches.  The horizontal speed of t h e  
b lade  was varied for  each series of t e s t s .  

Two e x p r i m e n t a l  cond i t i ons  were m a i n t a i ~ ~ e d  for measure- 
ment of forces a c t i n g  on t h e  blade: 1 measurement of h o r i z o n t a l  
f o r c e  a t  a constant depth of embeddment, and ( 2 )  measurement of 



h o r i z o n t a l  f o r c e  at  a c o n s t a n t  v e r t i c a l  p re s su re  a c t i n g  on the b l a d e .  
Only t h e  f i r s t  s e r i e s  need lm repor ted  on sincc these  t e s t s  cun- 
s r i t u c e  a more c m p l e x  se t  o f  e x p e r i m e n t a t i o n ,  and i f  t h e  l i m i t  
e q u i l i b r i u m  s o l u t i o n  is to ho ld ,  t h e  more c r i t i c a l  case f o r  
uxamination would be the v a r i a b l e  v e r t i c a l  and r e s u l t a n t  v a r i a b l e  
h o r i z o n t a l  f o r c e .  T y p i c a l  h o r i z m t a l  fo rce -d i sp lacement  d iagrams 
( d r a f t  f o r c e )  are  shown i n  F i g u r e  13. The f i r s t  peak r e p r e s e n t s  
che major or maximum f o r c e  development a t  f i r s t  f a i l u r e ,  and t h e  
subsequen t  p e r t u r b a t  i o n s  which g e n e r a l l y  show higher values, 
cor respond  to t h e  subsequent  drvelopment of secondary shear p l a r ~ e s .  
The h i g h e r  v a l u e s  a r e  i n  g e n e r a l  a t t r i b u t a b l e  t n  t h e  accumulation of 
r u r c h a r g e  a t  the f a c e  o f  the moving b l a d e .  E x m i n a t i o n  of  a l l  t h e  
horizontal fo rce -d i sp lacement  diagrams r h o w  t h a t  w i t h  a smaller  
depth of cut, t h i s  increased s u r c h a r g e  effect  can  c o n t r i b u t e  a f o r c e  
i n c r e a s e  a s  much as one-ha l f  o f  the f i r s t  peak fo rce .  T h i s  effect 
w i l l  be discussed a t  a  l a t e r  s t a g e .  

The a n a l y s i s  drvclopcd i n  t h i s  s t u d y  refers o n l y  t o  t h e  
f i r s t  i n i t i a t i o n  o f  shear f a i l u r e  (as a condition of l i m i t  
e q u i l i b r i u m )  and pays no a t t e n t i o n  t o  t h e  s u r c h a r g i n g  e f f e c t .  
Thus, for  cnmparntive reasons, both  f rmr  t h i s  erudy and with ocher 
t c s t  results, t h c  f i r s t  peak w i l l  be  taken as a basis  lor examina t ion  
of t h i s  thca ry .  It must be mentioned hcre t h a t  i t  i s  n o t  a lways  
possible Lo o b t a i n  i n f o m a t i o n  on f i r s t  peaks i n  many r e p o r t e d  s t u d i e s  
f o r  comparative inCormatlon,  It i s  expcc ted  t h a t  t h e  p e r t u r b a t i n g  
asympto t i c  v a l u e  may be the  one g e n e r a l l y  used, s i n c e  th i s  i n  n l l  
p r o b a b i l i t y  r e p r e s e n t s  a s t e a d y  s t a t e  condit ion.  In that regard,  
t h e  l i m i t  equilibrium approach t o  t h e  a n a l y s i s  o f  the problem 
would i n  ~ e n e r a l  under -es t ima te  the t o t a l  d r a f t  o r  hor izonta l  Iurce 
i n  view of t h e  absence  of  the s u r c h a r g i n g  term i n  t h e  analysis. 

DISCUSSION OF RESULTS 

I n  a s s o c i a t e d  e x p e r i m e n t a l  tcs ts conducted a t  the 
C a t e r p i l l a r  T r a c t o r  Company s o i l  bin facility, w i t h  d i f f e r e n t  e x p c r l -  
mental c o n u t r a l n t s ,  i t  is seen t h n t  t h e  measured nnd t h c  p r c d i c t c d  
or computcd v a l u e s  f o r  b o t h  t h e  horizontal  and v e r t i c a l  f o r c e s  
appear  t o  a g r e e  c l o s e l y .  (See Figure  14) .  The nethod f o r  
canputat ion of t he  t h e o r e t i c a l  nr rxpecred v e r t i c a l  and 
h o r i z o n t a l  f o r c e s  f o r  t h c  q u a s i - s t a t i c  c o n d i t i o n  (assuming no 
fnertia and v e l o c i t y  terms) has becn r e p o r t e d  p r e v i o u s l y  161. The 
Ytreas funct ions S and S at points A and B (refer to  Figures 4 

b t h r n u g h  8) f o r  t h c a p a r t i c u l a r  value of b:adr i n c l i n a t i o n ,  P, end a s  
a function of b and C a r e  o b t a i n e d  Erom Figures  4 and 5. Corrcspond- 
i n g l y  t h c  values for 9 '*, @ I B  act. a l s o  o b t a i n e d  Erum F i g u r e s  6 
th rough  8 .  From t h e  Figures, thc stress f u n c t i o n  can n o u  be used 
t o  calculate the mean s t r e s s u  aiven i n  cquat ion 4 .  This v a l u e  c a n  



be Lur ther  enmined i n  terms of t he  v e r t i c a l  and h o r i z o n t a l  
c m p o n e n t s  of f o r c e s  a c t i n g  on the hlade .  

I n  o r d e r  t o  a s c e r t a i n  the v a l i d i t y  of t he  method used 
Ear p r e d i c t i o n  or  c m p u t a t i o n  of the f o r c e s  a c t i n g  on t h e  b lade ,  
t h e  t h e o r e t i c a l  development a l l o w  for an examinattoil  of t h e  
failure s u r f a c e  generated upon development of t h e  f i r s t  peak stress. 
This  utilises equetion (8) and t he  v a l u e s  for ~ 1 '  . With t h e  
glass-sided box and high-speed photography, i t  i s  p o s s i b l e  t h e r e f o r e  
to e x w i n e  t h e  a c t u a l  f a i l u r e  s u r f a c e  gene ra t ed  upon d e v e l o p n t  of 
f i r s t  peak stress, and c m p a r e  w i th  the p red i c t ed  values.  It has  
bcen shown by Yung et al 161, t h a t  the correspondence &tween 
computed and mcavured f a i l u r e  t turfaccs  do agree very c l o s e l y .  

I n  a d d i t i o n  t o  t he  above comparison of p r ed i c t cd  and 
measured failure s u r f a c e  for a check on t h e  t heo ry ,  a f u r t h e r  
computa t iona l  procedure  may b? used t o  establish t h e  v a l i d i t y  and 
a p p l i c a b i l i t y  of t h e  theory .  Reca l l i ng  t h a t  che l i m i t  equt librium 
approach r e q u i r e s  t h e  a d m i s s i b i l i t y  of the Rankine cond i t i on ,  t h e  
s implcs  t cons idc r a t  ioris would show t h a t  t he  h o r i z o n t a l  f o r c e  or 
t h e  h o r i z o n t a l  cmponcnt  of the t o t a l  f o r c c  a c t i n g  o n  thc blade  would 
be p r o p o r t i o n a l  t o  the squa re  o f  thc d c p t h  of cu t .  Th i s  i s  
obEeined from t h e  fo l lowing  r e l a t i o n s h i p :  

where d  = dep th  of cu t  
,) - s o i l  d e n s i t y  
K = c o e f f i c i e n t  o f  s t r e s s  t r 8 n s m i s s i b i l i t y  

As9ming t h a t  t he  c o e f f i c i e n t  of t r an s rn i s s i b i  l i t y  K and t he  d c n s i t i e r  
a r e  c o n s t a n t ,  i t  bxomcs  cv iden t  t h a t  F,, varies i n  d i r e c t  p ropo r t i on  - 

L 
~- 

to d . In Figure  15 t h e  measured va lucv  for h o r i z o n t a l  f o r c e s  w i th  
regard  t o  blade ang lc  i n c l i n a t i o n  v a r i a t i o n  are p l o t t e d  for the two 
dcp ths  of c u t .  As sccrt, t h e  forces developed for the 4 4  inches  
cmbedded dcp th  of c u t ,  d ,  a re  higher  than  thc 3f;; inches  d e p t h .  Thus, 
i n  theory :  



In a c t u a l  f a c t  i t  i s  seen  t h a t :  

The Rankine c o n d i t i o n  is thus s a t i s f i e d ,  and s i n c e  t h i s  is a 
necessary  requirement  f o r  t h e  development o f  t h e  l i m i t  e q u i l i b r i u m  
approach t o  t h e  problem, t h e  v i a b i l i t y  o f  t h e  a n a l y t i c a l  t echnique  
used is aseured.  

The a n a l y t i c a l  methods suggested by Reece, [ 3 ] ,  Osman, I 2 1  
and H e t t i a r a t c h i  e t  a1 [ I ]  f o r  computing t h e  t h e o r e t i c a l  f o r c e s  may be 
examined, us ing  t h e  test r e s u l t s  ob ta ined  f r m  t h i s  s t u d y  as a base  
f o r  compariaon, I n  F igu re  16, t heae  comparisons a r e  shown t o g e t h e r  
w i th  t h e  p r e sen t  l i m i t  e q u i l i b r i u m  approach ( l a b e l l e d  as '%cGillW) 
computations f o r  v a l u e s  of Forces a c t i n g o n  t h e  b lade .  It is seen  
t h a t  t he  p r ed i c t ed  h o r i z o n t a l  f o r c e s  u s ing  t h e  o t h e r  methods do not  
agree w i t h  t h e  v a l u e s  ob ta ined  from t h i s  p r e sen t  s tudy .  However, 
t h e r e  appears  to be a f a i r  degree O F  correspondence i n  p r e d i c t i o n  of 
v e r t i c a l  f o r c e s  wibh Reece's method, f o r  b lade  i n c l i n a t i o n s  (to t h e  
v e r t i c a l )  up to 20 . 

The l i m i t  e q u i l i b r i u m  a n a l y s i s  has  been app l i ed  to p r e d i c t  
O s m n ' s  tes t  r e s u l t s  (Figure 17).  In  t he  o t h e r  comparisons shown, 
t h e  p r ed i c t ed  vertical values are a l s o  g iven ,  a l though  no v e r t i c a l  
f o r c e  v a l u e s  h m e  been reported.  I t  i s  apparen t  t h a t  t h e  l i m i t  
e q u i l i b r i u m  approach is s u f f i c i e n t l y  s u c c e s s f u l  i n  p r e d i c t i n g  
O s w n ' s  test r e s u l t s .  It i s  perhaps i n s t r u c t i v e  to no t e  t h a t  
w h i l e  t h e  Osman I 2 3  m e t h d  o f  p r e d i c t i o n  i s  s u f f i c i e n t l y  v a l i d  f o r  
h i s  am s tudy ,  h i s  m e t h d  OF a n a l y s i s  does  n o t  a l low f o r  a reasonable  
p r e d i c t i o n  OF t h e  test r e s u l t s  ob ta ined  i n  t h i s  s t u d y  (McGill), as 
shown i n  F igu re  16. On t h e  o t h e r  hand, i t  i s  seen  that t h e  l i d t  
equ i l i b r i um approach used f o r  t h e  McGill s tudy  can p r e d i c t  both t h e  
M c G i l l  test r e s u l t s  and Osman's r e s u l t s ,  [ Z ] .  

I n  F igu re  18 a comparison O F  t he  p r ed i c t ed  v a l u e s  from t h e  
l i m i t  e q u i l i b r i u m  approach and q u a s i - s t a t i c  c o n d i t i o n s  is made w i t h  
t hose  r epo r t ed  by Wismer and Fo r th  [ 4 ] .  This  camparison has been 
s epa ra t ed  from the  prev ious  ones  i n  t h a t  t h e  v e l o c i t y  o f  19 inches  
per second r e p o r t e d  i n  t h i s  s t u d y  a r e  s u f f i c i e n t l y  high,  and 
provides  a b a s i s  f o r  examinat ion u s ing  e i t h e r  t h e  q u a s i - s t a t i c  
cond i t i on ,  or the"dynamic"approach.  I n  t h e  s a m e F i g u r e  t h e  



theoretically computed q u a s i - s t a t i c  values are shown together with 
the " d y n a i c "  solution, and canpared with those reported by Wiamer 
and Forth [ 4 ] .  If the assumption is m d e  that the quasi-static 
condition ignores the inert in effect e t c . ,  thc "dynamic" approach 
shown in the dcvelopment o f  the theory which has h e n  adopted, 
shows that the addi t ion  to the force calculations is less than 2% 
for t h e v e l o c i t t e s  used. Thus, a closer agreement la seen to be 
established w i t h  the reported results. 

CONCLUSIONS 

The results from this study show that for condtcio'ne 
where limit equilibrium in tlte sot1 i s  approached, and for the 
purposcs of predicting first failure in the soil undcr the action 
of a moving blade, t h c  analytical technique developed, using the 
method of characteristics for solution, shms  a good correspondence 
between computed and mcasured values. Comparisons with reported 
values from other studies shaw the applicability of this method of 
approach to the solution of the problem. The fundamental point i n  
consideration is that conditions for and relating to instability 
In soil 1s a function of the  forces imposed by the moving bladc.  
Thus, the  examination o f  prcblc~ns of soil cute ing should account 
for inter-dependcncics established between the mcvement of the 
blade and the soil consc i tu t ivc  relationships. 

The author5 acknowledge the experimental and financial 
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the assistance of R. L. Sullivan (Caterpi llar Tractor Company), E. 
Desmier and P. Chan. 
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