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Abstract

Arithmetic Quantum Chaos is a central problem at the intersection of number theory and
physics. One of the main goals in Arithmetic Quantum Chaos is to study the distribution of
mass of automorphic forms on arithmetic hyperbolic surfaces. In this thesis we investigate
the distribution of mass of holomorphic Hecke cusp forms in certain regions. As a first result,
we show that the fourth moment of holomorphic Hecke cusp forms is bounded, assuming the
Generalized Riemann Hypothesis. This work relies on the seminal work of Soundararajan
and its extension by Harper on obtaining sharp bounds for the moments of the Riemann
zeta function on the critical line. The second result is concerned about the mass distribution
of holomorphic cusp forms restricted to a special one-dimensional subset of the fundamental
domain. More precisely, we compute the so-called quantum variance of holomorphic Hecke
cusp forms for smooth compactly-supported test functions on the vertical geodesic. We
conclude the thesis by providing a short outlook for evaluating the sixth moment of cusp

forms on average.
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Abrégé

Le Chaos Quantique Arithmétique est un probleme central a I'intersection de la théorie des
nombres et de la physique. L'un de ses principaux objectifs est d’étudier la distribution de
la masse des formes automorphes sur des surfaces hyperboliques arithmétiques. Dans cette
these, nous étudions la distribution de masse des formes cuspidales de Hecke holomorphes
dans certaines régions. Comme premier résultat, nous montrons que le quatrieme moment
des formes cuspidales de Hecke holomorphes est borné, en supposant 'hypothese de Riemann
généralisée. Ce travail s’appuie sur le résultat séminal de Soundararajan, et son extension
par Harper, sur 'obtention de bornes optimales pour les moments de la fonction zéta de
Riemann sur la ligne critique. Le deuxieme résultat concerne la distribution de masse des
formes cuspidales holomorphes restreintes a un sous-ensemble spécial unidimensionnel du
domaine fondamental. Plus précisément, nous calculons la variance dite quantique des formes
cuspidales de Hecke holomorphes pour les fonctions de test lisses a support compact sur la
géodésique verticale. Nous concluons la these en donnant un bref apercu de I’évaluation du

sixieme moment des formes cuspidiennes en moyenne.
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Chapter 1

Introduction

1.1 Quantum Chaos

Quantum Chaos is concerned about the behaviour of Laplace eigenfunctions of dynamical
quantum systems that are “chaotic” in nature. Very little can be proved in full generality
but in certain number theoretic special cases, additional symmetries allow us to get a better
understanding. One of the major goals of Quantum Chaos is to study the mass distribution of
Laplace eigenfunctions on hyperbolic surfaces in the large eigenvalue limit. From a physical
perspective this is analogous to asking for the likelihood of finding a quantum particle with
large energy in a certain region of the surface. In the large energy limit the dynamics of
the quantum particle should be reflected by the underlying nature of the classical dynamical
system. If the underlying dynamical system is chaotic (essentially the trajectory of a particle
is very sensitive to its initial conditions), then we expect that the probability of finding the
particle in a specified region is proportional to the volume. In terms of eigenfunctions ¢; of
the Laplace operator we then say that the L?-mass of ¢, is equidistributed (see Chapter 2
for a more precise description). In this thesis we are interested in the distribution of mass

of holomorphic Hecke cusp form on the fundamental domain X := I'\H, where I' := SLy(Z)
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is the set of integer matrices with determinant 1 and H denotes the usual upper half-plane.
The modular surface X is chaotic in nature and we expect similar equidistribution behaviour

for our holomorphic objects of interest.

1.2 Thesis Outline

In the remaining part of the first chapter we introduce and define our mathematical objects
that we use throughout the thesis.

In Chapter 2 we will elaborate on several important questions arising in the realm of
Arithmetic Quantum Chaos, like the so-called Quantum Unique Ergodicity conjecture, the
Random Wave Conjecture and the Quantum Variance. We will also state our main theorems
and show how they fit into the above mentioned set of problems.

In Chapter 3 we prove our first main result: a sharp bound for the fourth moment
of holomorphic Hecke cusp forms (see Theorem 2.2.3). This result was obtained in our
work [Zen21b] and can be seen as progress toward the holomorphic Random Wave Conjecture
(see Conjecture 2.2.2).

Chapter 4 is comprised of our second work [Zen2la]. The main theorem is a variance
computation for holomorphic Hecke cusp forms on the vertical geodesic, i.e. the line
connecting zero and infinity on the upper half-plane (see Theorem 2.3.2).

We conclude the thesis with Chapter 5, by discussing ongoing work on the sixth moment

of holomorphic Hecke cusp forms on average.

1.3 General Notation

Throughout this thesis, we write f(x) = O(g(x)) or equivalently f(z) < g¢g(z) (or
g(x) > f(x)) if there exists an absolute constant C' > 0, such that |f(z)| < C|g(x)| for all

x sufficiently large. The asymptotic equivalence f(x) ~ g(z) means that g(x) # 0 for
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sufficiently large x and lim, .., f(2)/g(x) = 1. We write f(z) =< g(x), if f(x) < g(z) and
g(x) > f(x). The notation f(z) ~ g(x) should only be interpreted informally and indicates
that f(x) and g(z) are roughly the same (up to some technical factors). The indicator

function 1p will equal 1 if the statement P is true and 0 if it is false.

1.4 Holomorphic Cusp Forms

Let H := {z = z + iy|x € R,y € R™} denote the usual upper half-plane and T" := SLy(Z)

denote the full modular group, i.e. the set of matrices

(%

The modular group I' acts on H via Mobius transformations:

a,b,c,dEZ,ad—bc:l}.

az+b
czi= ith I H.
qg-z 1 d w1 gel,z e

For a function f: H — C and an integer k£ > 1 we have the action

(flx 9)(2) = §(g,2) " f(g92), where j(g,2) = cz +d with g € T.

We say that a function f on H is T-invariant if (f|x ¢)(z) = f(z) for ¢ € I". Note that
1

1
(fle V)(2) = f(2) for v = - implies that f(z+1) = f(z).

A holomorphic modular form of weight & is a holomorphic function f on H, such that

(flx 9)(2) = f(2)

and f is holomorphic at oo (see [IK04, p.356] for a precise definition of this notion). A
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holomorphic modular form that vanishes at all cusps is called a cusp form. The space of
holomorphic cusp forms, denoted by Sy, is a finite dimensional vector space and is endowed
with a natural Hilbert space structure via the Petersson inner product. For z = x + iy and
f,g € Si we define

()= [ FOTE

For each f € S we have the Fourier expansion
f(2) =3 ag(n)(dmn) "V e(n2),
n=1

where e(z) := e*™®. For the rest of the thesis we will be mostly interested in L?-normalized

cusp forms, i.e. cusp forms f of weight k such that (f, f) = 1.

1.5 Maass Forms and Eisenstein series

We call a function f: H — C automorphic with respect to I' if it is invariant under the group
action, i.e.

flg-2z)=f(z) forallgel.

We denote the space of automorphic functions by A(I'\H). Let A := —3/2(86—;2 + (.%22) denote
the hyperbolic Laplace operator. Automorphic functions that are eigenfunctions of the
hyperbolic Laplace operator are called automorphic forms, and the space of automorphic

forms is denoted by

As(T\H) = {f € AT\H) | Af = Af},

with A = s(1 — s).
Important examples for automorphic forms are given by Maass cusp forms. Maass cusp
forms are L2-integrable, i.e. Jo 1S (z)|2d§# < 00, satisfy an additional growth condition at

infinity and their eigenvalue is given by A = 1/4 + R?, where R > 0 denotes the spectral



1. Introduction 5

parameter. Similarly to holomorphic cusp on I'\H, Maass cusp forms admit a Fourier

expansion, given by

f(z) =y 3_ ar(n)Kir(2m|nly)e(nz),

n#0
where Af = (1/4 + R?)f and K,(y) denotes the K-Bessel function.
Eisenstein series (see [IK04, Chapter 15.4]) are also important examples of automorphic

forms.

1.6 Hecke Operators

Establishing rigorous theorems in the world of quantum chaos is often very difficult. In
number theoretic special cases, additional symmetries allow us to get a better understanding.
These symmetries are given by the so-called Hecke operators. These linear operators act on
the space of holomorphic modular forms (they can also be defined for Maass forms) and are

explicitly defined by

T)f() = g X a3 f(ED).
N2 ad=n  b(modd)

Hecke operators are commutative, i.e.

T(m)T(n)= Y T(mn/d*),
d|(m,n)
and self-adjoint with respect to the Petersson inner product (see [IK04, Prop. 14.9, Lem.
14.10]). Consequently, there exists an orthonormal basis of the space of cusp forms S, which
consists of eigenfunctions of all the Hecke operators T'(n). We call such a basis a Hecke basis.
A Hecke cusp form, i.e. a cusp form that is an eigenfunction with respect to all Hecke

operators, satisfies the relation T'(n)f = Ag(n)f for all n > 1. The Fourier expansion of a
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Hecke cusp form of weight k, is given by
=ay(1 Z A (n)(4mn)*=12e(nz),

with
9 2>
9P = S, syme )

The constant as(1) arises from the normalization
dxdy
2k
z —— = 1.
J P

The Fourier coefficients of a cusp form satisfy the following quasi-orthogonality relations

(see [IKO04, Proposition 14.5]):

Lemma 1.6.1 (Petersson Trace formula). Let By be a Hecke basis of weight k cusp forms.

For any positive numbers n, m we have

((2) 3 Ag(m)Ag(m) L QWi_kiS(m,n;c) Jk_1<4w\/m>'

(k—1)/12 &5 L(1,sym?g) - p

Here L(1,sym? f) is the symmetric square L-function defined in (1.3), S(m,n;c) denotes the

classical Kloosterman sum and J,(x) denotes the J-Bessel function of order y.

In this thesis we will use a modified version of the Petersson Trace formula for a product
of primes (see Lemma 3.2.2) in Chapter 3 and an averaged version due to Iwaniec, Luo and

Sarnak (see Lemma 4.8) in Chapter 4.

1.7 L-functions

Next we recall some basic quantities in the theory of L-functions. We follow closely the

exposition in [IK04]. We call L(s, f) an L-function of degree d > 1 if we have an Euler
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product representation

with Af(1) =1, Af(n) € C and «a; € C. Moreover, the gamma factor is given by

d
H s—l—/ij

where ['g(s) := 77*/?T'(s/2) and k; € C. The complex numbers a; for 1 < i < d, and &, for
1 < j < d are called local parameters of L(s, f) at the prime p and at infinity, respectively.
Together with the conductor ¢(f) of L(s, f), which is an integer ¢(f) > 1, such that
a;(p) # 0 for p + ¢(f) and 1 < ¢ < d, we can form the so-called completed L-function
A(s, f):
A(s, £) == a()*"* Lo, £)L(s, ).

The completed L-functions satisfies the functional equation

A(S, f) = €(f)A<1 - S,?),

where ¢(f) € C, such that |e(f)| = 1 and f is the dual of f for which Az(n) = Af(n),
Loo(sa?) = Loo<37f) and Q(F) = Q(f)

An important quantity that measures the complexity of L-functions is the analytic

conductor of L(s, f), which we define by
d
C(s, £ TIs + ;5] + 3).
7j=1

Remark 1.7.1. We say that the analytic conductor measures the complexity of L-functions

because one can express an L-function as two partial sums of length roughly C(s, f)'/?
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through the approzimate functional equation (see [IK04, Theorem 5.3]).

The so-called convexity bound of L-functions says that
L(s, [) < C(s, f)1/**, (1.1)

for Re(s) = 1/2. This can be easily shown by the Phragmén—Lindelof principle or the
approximate functional equation (see [IK04, Eq. 5.20]).

Remark 1.7.2. Heath-Brown showed in [HB09] that the ¢ in (1.1) is superfluous i.e. he proved
L(s, f) < C(s, f)Y/* for Re(s) = 1/2.

A major theme in analytic number theory is to “break” the convexity barrier (1.1) and
to show that
L(s, f) < C(s, f)!*7° (1.2)

for some § > 0 and Re(s) = 1/2. A bound of the form (1.2) is termed subconvexity bound
and has often far reaching consequences in number theory. The Arithmetic Quantum Unique
FErgodicity Conjecture for example, on which we will elaborate more in Chapter 2, would
follow from a subconvexity bound for a special degree 8 L-function.

The Generalized Lindeléf Hypothesis (GLH) would show that L(s, f) < C(s, f)¢, for
Re(s) =1/2.

1.7.1 Specific L-functions

We gather now more concrete information of several L-functions that arise in our study of
the distribution of mass of holomorphic cusp forms. We recall standard information as also
stated in our work [Zen21b, Section 3].

Let f be a Hecke cusp form for SLs (Z) of weight k. Furthermore, let A¢(n) denote the
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n-th Hecke eigenvalue of f. The associated L-function of degree 2 to f is given by

o f) = 32200 (120 (B

. p° p°

where a(p), B¢(p) = af(p) are complex numbers of absolute value 1. Since A\¢(p) = as(p) +
Bf(p), we have |A¢(p)| < 2, to which we refer as the Deligne bound. The gamma factor is

given by
k—1

Loo(s, f) = FR(s+ k‘;l)rR(H 1+ 2).

The analytic conductor is consequently of size
C(s, f) = (Is| + k+3)*.

We are mostly interested in the weight aspect of the analytic conductor (and s fixed) and
thus we may also write C(f) <, k?, where the implied constant depends on s.
For Re(s) > 1 we define the symmetric square L-function associated to our Hecke cusp

form f by the following Euler product:

L(s,sym? f) =[] (1 - W) _1(1 - 1)_1 (1 - W)_l. (1.3)

p p? p? p?

The associated gamma factor is given by
Loo(s,sym? f) = Tr(s + D)Ir(s + k — DTgr(s + k).
It follows that the analytic conductor of the symmetric square L-function is of size
C(s,sym” f) < (Is| +3)(|s| + & + 3)*.

L(s,sym? f) is entire, can be analytically continued to the entire complex plane and satisfies
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the functional equation
Loo(s,sym? f)L(s,sym? f) = Loo(1 — s,sym? f)L(1 — s, sym? f),

as proved in work of Shimura [Shi75].
Next we define a so-called triple product L-function. Let g be another Hecke cusp form
of weight 2k with Hecke eigenvalues A\ j(n). In terms of the local parameters we can express

the Hecke eigenvalues at primes again as A\,(p) = a4(p) + B4(p). Then

<1 — W)l(l B @(@)2(1 - Wﬁg@)17

P’ P’

X

with gamma factor

Loo(s, f x f x g) =I'r(s + 2k — 3/2)Tr(s + 2k — 1/2)Tr(s + k — 1/2)? (1.4)

x Tr(s+ &k +1/2)*Tr(s + 1/2)r(s + 3/2),

is the degree 8 triple product L-function of interest. Garrett [Gar87] showed that the
completed L-function is entire, extends analytically to the entire complex plane and

satisfies the functional equation

Loo<37fxfxg)L(SanfXg) :Loo(l—s,fxfxg)L(l—s,fxfxg).
The analytic conductor is of size
Cls, f x fxg) = (Is| +3)*(Is| + k +3)°,

or, when s is fixed, C(f x f x g) <, kS.
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Chapter 2

Arithmetic Quantum Chaos

Quantum Chaos is concerned about the behaviour of Laplace eigenfunctions of dynamical
quantum systems that are chaotic in nature. As mentioned in the introduction, one of the
major goals is to study the mass distribution of automorphic forms. We will now describe

several results and open questions in that regard.

2.1 Equidistribution Results

Let M be a smooth compact Riemannian manifold. Moreover, let A denote the Laplace—
Beltrami operator on M and let ¢; be the corresponding L?-normalized eigenfunctions with
eigenvalue \;, i.e.

Api = \jp; with ||g;l5 = 1.

We denote by du the volume measure on M and define the probability measures

dp; = | |*dp.
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We say that a subsequence ;, equidistributes if the measures du;, converge weakly to

Wd“ as k — oo, i.e for all ¢ € C°(M)

RO b()dp

s o

as k — 00.

Remark 2.1.1. We will be especially interested in the modular surface X = T'\H, which is
non-compact but of finite volume. For a sequence of L2-normalized Maass forms ¢; we then

define the probability measures
dxdy
dpj = ‘¢j|2?7

where dy = djjy is the volume measure on X.

A famous result due to Shnirelman [S74], Zelditch [Zel87] and Colin de Verdiere [CdV85]
shows that if the geodesic flow on a compact manifold is ergodic then there exists a density
one subsequence of Laplace eigenfunctions that equidistributes. A result like this is known as
“Quantum Ergodicity”. Zelditch showed in [Zel92] the quantum ergodicity result for Maass
forms on the modular surface X.

Having established a quantum ergodicity result, it is natural to ask whether every
subsequence of Laplace eigenfunctions equidistributes. The so-called Quantum Unique
Ergodicity Conjecture, introduced by Rudnick and Sarnak in [RS94], predicts that on
negatively curved hyperbolic surfaces every sequence of eigenfunctions converges to the

uniform distribution in the large eigenvalue limit.

Conjecture 2.1.1 (Quantum Unique Ergodicity, compact case). Let M be a compact

manifold of negative curvature. Then the measures du; converge weakly to dy as j — 0.

The Arithmetic Quantum Unique Ergodicity conjecture, i.e. the special case were
additional structure from number theory is present, was solved by Lindenstrauss [Lin06] in

the compact case and for the full fundamental domain X with an additional argument by
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Soundararajan [Soul0O]. Prior to that, Quantum Unique Ergodicty was also shown for
Eisenstein series by work of Luo and Sarnak [L.S95] and by Jakobson [Jak94].

It is natural to consider similar equidistribution questions for L?-normalized holomorphic
Hecke cusp forms f of weight £ on X. To do so we define the probability measures

dxdy
2 k
"y =5

Ay = 1)y =

Holowinsky and Soundararajan showed in [HS10] that the Quantum Unique Ergodicity

conjecture holds for holomorphic Hecke cusp forms, i.e. duy — %du as k — oo.

2.2 Random Wave Conjecture

Another important problem in the realm of AQC is to study LP-norms of eigenfunctions, thus
measuring additional aspects of the mass distribution of eigenfunctions. One of the major
conjectures in this regard is the Gaussian Moment Conjecture, which is a particular instance
of Berry’s Random Wave Conjecture [Ber77]. The Random Wave Conjecture predicts that
eigenfunctions in the large eigenvalue limit should behave as random waves. The notion of
a random wave is not well defined but for the sake of exposition we will think of a random

wave, as in work of Hejhal and Rackner [HR92], as a function on X given by

o0

U(z +1iy) = Y co/yKir(2mny) cos(2mnz), (2.1)

n=1

where the coefficients ¢, are chosen at random, with uniform distribution in [—1,1]. The
above notion is helpful from a conceptional point of view, as we can compare it with our

deterministic objects, (even) Hecke Maass cusp forms f with spectral parameter R, whose
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Fourier expansion is given by

flx+iy)=C Z A (n)y/yK;r(2mny) cos(2mn),

where Af(n) denote the Hecke eigenvalues of f and C' is a normalization constant.

Remark 2.2.1. An alternative definition of a random wave is given in work of Zelditch [Zel09].
For an orthornomal basis {(),} of Laplace eigenfunctions he defines Gaussian ensembles of

random functions

= Z CiPx;

j:)\jGAA
where A, is either the interval [A, A + 1] or [0, A] and ¢; are independent Gaussian random

variables with mean 0 and properly normalized variance.

The Gaussian Moment Conjecture is a particular instance of the Random Wave
Conjecture that predicts that the moments of a Hecke Maass cusp forms agree with the

moments of a Gaussian random variable. More precisely, as in work of Humphries [Hum18]:

Conjecture 2.2.1 (Gaussian Moment Conjecture). Let B be any fized compact set of X =
[\H, so that the boundary of B has u-measure zero, and let g be a Hecke-Maass eigenform
with eigenvalue A = 1/4 + R%, normalized such that [y |g(z)*du(z) = 1. Then for every

nonnegative integer n,
1

Vars(g)"72 Vol (B) JRORIC

converges to

n/2 . .
Qﬁ F(T) if n is even,
2dr =

1 /00 —
— ez
2m I e 0 if n is odd,

as R (the spectral parameter) tends to infinity. Here

Varg(g) = Vol /|g ) dpu(2)
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Hejhal and Rackner [HR92] investigated this conjecture numerically and also provided
heuristic arguments in support of this conjecture. To perform their heuristic arguments,
Hejhal and Rackner use Theorem 3.1.1 of Salem and Zygmund [SZ54], which proves a central
limit theorem for randomized Fourier series.

Similarly, we can formulate a conjecture for holomorphic Hecke cusp forms. Inspired by
the heuristic argument of Hejhal and Rackner and the Fourier expansion of holomorphic

cusp forms we consider randomized power series of the form

f(z)= i Cn - a(n)e*™m, (2.2)

where ¢, are again chosen randomly, say with uniform distribution in [—1,1] and suitable
coefficients a(n). A probabilistic model along these lines was also used by Gosh and Sarnak
[GS12] to compute the expected number of real zeros of holomorphic cusp forms. Following
Theorem 3.5.2 of Salem and Zygmund [SZ54], which proves a central limit theorem for
randomized power series, holomorphic Hecke cusp forms should be modeled by complex

Gaussian Random variables with mean 0 and variance 1/ Vol(X) as k — 0.

Conjecture 2.2.2 (Random Wave Conjecture for holomorphic Hecke cusp forms). Let B be
any fized compact set of T'\H, and f a holomorphic Hecke cusp form of weight k, normalized
such that [y |f(2)]*y*du(z) = 1. Then for every positive integer r,

1 — ]
Varg(f) - Vol(B) Jy s R

converges to

1 2|2
—/ \z[Qre_%dxdy =I(r+1),
™ .JC

as k tends to infinity. Here

Vars(1) = g J, IF O

dxdy
y:
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2.2.1 Fourth Moment of Cusp Forms

Recently, there has been extensive work on the Random Wave Conjecture and in particular
on the fourth moment of Hecke cusp forms. The fourth moment of Hecke cusp forms is
of special interest to analytic number theorists, as there is a clear relation to moments of
L-functions via Watson’s formula [Wat08]. Buttcane and Khan [BK17] computed the fourth
moment of Hecke Maass cusp forms, assuming the Generalized Lindeldf Hypothesis (GLH),
and confirmed a special case of the Random Wave Conjecture. In [DK20|, Djankovic and
Khan evaluated the fourth moment of (suitably regularized) Eisenstein series, which provides
the first unconditional result for a fourth moment of an automorphic form. Humphries and
Khan [DK20] proved unconditionally the fourth moment instance of the Random Wave
Conjecture for dihedral Maass forms.

The various fourth moment problems are, as mentioned, related to various moment
problems of L-functions. Depending on the involved L-functions the corresponding
problems vary in difficulty.

A useful heuristic to gauge the difficulty of an L-function moment problem is the
logarithmic ratio of the size of the family of L-functions relative to the size of their analytic
conductor. To exemplifiy this heuristic consider the fourth moment of the Riemann zeta

function

2T
/T IC(1/2 + it)| dt.

Here we average over a family of T' L-functions, and the analytic conductor of the fourth
power of zeta is of size T* (the analytic conductor of zeta is of size T'). The logarithmic ratio
of the size of the family relative to the analytic conductor of the L-function is consequently 4.

As we know how to compute an asymptotic formula for the fourth moment of zeta, we
should also be able to compute L-function moment problems where the logarithmic ratio of

the family versus the analytic conductor is of size 4.

Remark 2.2.2. This heuristic is of course a bit too naive, as different aspect of L-functions
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come with a different set of difficulties.

To compute the fourth moment of Maass cusp forms we need to evaluate an L-function
with analytic conductor of size T®, averaged over a family of size T?. The logarithmic ratio
of these two quantities is again 4, which is why it is reasonable to expect that an asymptotic
formula can be computed. Indeed, as mentioned above, Buttcane and Khan, solve this
problem.

In this thesis we are interested in the distribution of mass of holomorphic Hecke cusp forms
and in particular, we are also interested in the fourth moment of holomorphic cusp forms.
Again, via Watson’s formula the problem is related to an L-function moment problem (see
Lemma 3.1.1). As seen later, we will need to average k L-functions, with analytic conductor
of size k%, and so the logarithmic ratio is 6. Based on the heuristic arguments above proving
an asymptotic for the fourth moment of holomorphic cusp forms is thus expected to be at
least as difficult as proving an asymptotic formula for the sixth moment of the Riemann
zeta function. At the present moment no asymptotic formula for the sixth moment of

43

the Riemann zeta function is known under any “reasonable “ conjecture like the Riemann
Hypothesis. Consequently, we also do not expect being able to show an asymptotic for the
fourth moment of holomorphic cusp forms.

To obtain partial results in the direction of the Random Wave Conjecture for holomorphic
cusp forms it is natural to increase the length of the family, i.e. by considering an additional
averaging over the weight k. This was done by Khan in [Khal4], where he considered a
family of size k% and the L-function’s analytic conductor, as mentioned, is of size k°. The
logarithmic ratio of these quantities is thus reduced to 2, which is in the regime where
concrete results can be obtained.

Without averaging the best unconditional result for the fourth moment of holomorphic
Hecke cusp forms is obtained by Khan, Young and Blomer in [BKY13]. They show that

the fourth moment is bounded by k'/3*¢, while using GLH one can show immediately the

bound [r\g |f(z)|4y2k% < k. Conditionally on GRH we show in [Zen21b] that the fourth
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moment is bounded:

Theorem 2.2.3. [Zen21b, Theorem 1.1] Let f be a holomorphic Hecke cusp form of even
weight k, normalized so that (f, f) = 1. Assuming the Riemann Hypothesis for L(s, f X f X g)

and L(s,sym? f), there exists a universal constant C' such that

dxdy <

y? “

Jo G

for k large enough.

In Chapter 3 we will restate verbatim the proof obtained in [Zen21b] as a main part of

this thesis.

2.2.2 Higher Moments of Cusp Forms

We conclude this section, by mentioning that little is known regarding the Gaussian Moment
Conjecture for n > 4 for any automorphic form. The best bounds for the sixth moment, for
example, often stem from interpolation arguments between the L*-norm and the L®-norm.
One of the major reasons seems to be of course the lack of obvious relation to L-functions.
Unlike the fourth moment of cusp forms, which is related to L-functions, via Parseval and
Watson’s formula, there is no quick relation for the sixth moment.

In the last chapter of this thesis we suggest a different approach to higher moments,
namely directly via the Fourier expansion of cusp forms, as for example in Theorem 1.8
in [BKY13]. In some sense, we already encountered the two distinct approaches to mass
equidistribution, namely one with L-functions and one directly working with Fourier
coefficients, in the work of Soundararajan and Holowinsky on QUE for holomorphic Hecke
cusp forms.

We should also remark that for higher moments of holomorphic Hecke cusp forms it is

important to restrict our attention to compact subsets of the fundamental domain. As Xia
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showed in [Xia07] the L*-norm of a weight k cusp form is large as a function of k, with
large values attained high up (depending on k) in the cusp. These large values get amplified
by taking higher moments, and so higher moments of holomorphic cusp forms on the entire
fundamental domain start to diverge. Indeed, Blomer, Khan and Young [BKY13] extend
the argument of Xia and show that ||F|[} > k%~27¢. In particular, the 8-th moment on the
full fundamental domain will certainly diverge. This is not in contradiction to the Random
Wave Conjecture, which should hold only for compact sets. For the fourth moment on the
other hand, large values attained high in the cusp are still negligible, so that we can integrate
over the full fundamental domain without issues.

In fact, we believe the lower bound of Blomer, Khan and Young should be the correct
size for moments of holomorphic cusp forms on the full fundamental domain. In [Zen21b]

we conjecture

Conjecture 2.2.4. Let f be a holomorphic cusp form of even weight k, normalized so that

(f,f)=1. Let r be an even number and yo > 0 then

00 1 d d ™ 2 1
P (y) = @+ i)y =Y < R — (2.3)
v Jo y? Yo

In [BKY13, Theorem 1.8] Blomer, Khan and Young consider the special case when
r = 4 unconditionally. They relate P,(yo) to a shifted convolution problem. Assuming
square-root cancellation in this shifted convolution problem, which is out of reach
unconditionally, we would obtain the upper bound suggested in equality (2.3). It is easy to
generalize their computation to higher moments (see (5.3) in Chapter 5). If we then
assume square-root cancellation in the resulting summation over the Hecke eigenvalues we

are lead to Conjecture 2.2.4.
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2.3 Quantum Variance

Once we have established the expected value of a quantity (like in a QE or QUE theorem),
it is natural to ask how far the L?-mass deviates from its mean value. This deviation is
measured by the variance.

As before, we denote by M a smooth Riemannian manifold. Let K be a positive number.
We denote by By an orthonormal basis of Laplace eigenfunctions ¢; on M, with spectral
parameter \/)\7 in a dyadic interval of size K, ie. {¢; : K < ,/A; < 2K}. For a smooth

compactly supported function ¢ we define

now) = [ DR and E) = g [ o)

We are then interested in the quantum variance, given by

V(¥) :=,51K‘ S lua(4) — E@)P,

pEBK

as K — oo.

The quantum variance problem was first introduced by Zelditch in [Zel94]. Since then,
many different aspects and variants of the original quantum variance problem for Laplace
eigenfunctions were investigated. In [LS04] Luo and Sarnak computed an asymptotic formula
for the quantum variance of holomorphic Hecke cusp forms on the full fundamendal domain.
The case of Maass forms on I'\H was settled by Zhao in [Zhal0] and Sarnak—Zhao in [SZ19]
for more general observables on the modular surface. Moreover, Luo, Rudnick and Sarnak
investigated the quantum variance for closed geodesics on the modular surface in [LRS09].
In the compact setting, Nelson used the theta correspondence to compute the variance for
quaternion algebras [Nell6], [Nell7] and [Nell9]. Eisenstein series and dihedral Maass forms
were treated by Huang [Hua21] and Huang—Lester [HL20] respectively. Recently, Nordentoft,
Petridis and Risager computed in [NPR21] the variance in shrinking sets at infinity.
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In our work [Zen2la] we compute for the first time the quantum variance restricted to
the a one-dimensional set, namely the vertical geodesic connecting zero and infinity on the
upper half-plane. Before stating the main theorem, which will be explored in Chapter 4, we

digress shortly to equidistribution results restricted to certain hypersurfaces.

2.3.1 Restriction Theorems

We focus now on equidistribution questions for certain submanifolds. Rather than observing
the behaviour of eigenfunctions on the entire manifold, we try to understand their behaviour
restricted to various subregions. Questions like this are often referred to as Quantum Ergodic
Restriction Problems. Quantum Ergodicity problems restricted to certain hypersurfaces were
studied for Laplacian eigenfunction by Christianson—Toth—Zelditch in [CTZ13], Dyatlov—
Zworski in [DZ13] and Toth—Zelditch in [TZ13].

Remark 2.3.1. One of the important applications of these restriction problems is the study
of nodal domains of eigenfunctions. For a manifold M the nodal domains of ¢ are the
connected components of M\{z € M : p(z) = 0}. A fundamental problem in spectral
geometry and quantum chaos is to count the number of nodal domains of ¢ (see for example

the works [JZ16], [GRS13], [JJ18], [JY19]).

In Chapter 4 we analyze the distribution of holomorphic Hecke cusp forms on the vertical
geodesic, meaning the line connecting zero and infinity on the upper half-plane. Young

proposed the following Quantum Unique Ergodicity conjecture for the vertical geodesic:

Conjecture 2.3.1. [Youl6, Conjecture 1.1] Suppose that ¢: RT — R is a smooth,

compactly supported function. Then

s [P L = 2 [, 2.4

where f(z) runs over weight k holomorphic Hecke cusp forms that are L*-normalized.



2. Arithmetic Quantum Chaos 22

To provide evidence for this conjecture, Young relates the left-hand side of (2.4) to a
(shifted) moment problem of L-functions (see Eq. 3.2 in [Youl6]), to which he applies the
recipe of random matrix theory (see [CFK*05]) to evaluate the main term.

Conjecture 2.3.1 is likely out of reach of current technology, which we motivate by the
following standard computation that was done in [BKY13, Section 7]. First recall that the

Mellin transform of holomorphic cusp forms is related to L-functions, i.e. for

272

(D] = T sym? TR

=as(1 Z Ap(n)(4mn) k=D 2e(nz2),

we have

o <Ay s —omny Y
A fliy)y* 'y y—af EZM' 4Wlk1”/1yW” 2 yy (2.5)
n=1

ok/2 1

= af(l)\/E<27T S

L(1/2+ s, f)I'(s+ k/2).
For simplicity we investigate the quantity
T.— / i)y kdy

rather than the left-hand side of (2.4), as the difficulty of those problems is likely comparable.

From the Parseval theorem and the computation in (2.5) we get that

L ITk/2 402 |L(1/2 + it f)?
I‘*/1 2* Tk LLsymf)

Applying Stirling’s formula we get

ID(k/2 +it)|? N <7T>1/22(k2)62t2/k
T (k) oh
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and consequently

T (w)m I eep LO/2+ it P
2k —o0 L(1,sym? f)

We notice now that an almost optimal bound Z < k¢ would imply that L(1/2, f) < k'/4+=.
As the analytic conductor C(f) is of size k?, this would prove a subconvexity bound of the
form L(1/2, f) < C(f)Y/#+<. We do not expect being able to obtain a bound of this strength,
as it would go beyond what is even known for the simpler Riemann zeta function.

Rather than asking for equidistribution of all eigenforms (Quantum Unique Ergodicity),
we settle for the easier question: whether equidistribution holds for almost all eigenforms
(Quantum Ergodicity). In fact, we consider directly the more complicated problem of
computing the quantum variance. This will not only show equidistribution for almost all
Hecke cusp forms (in a large family), but it will also provide information about the
deviation from its expected value. In Chapter 4 we review the work in [Zen2la] and one of

the main theorems:

Theorem 2.3.2. [Zen2la, Theorem 1.2] Let 11,19 and h be smooth compactly supported
functions on RT. Moreover, suppose that v;(y) = 1;(1/y) for i =1,2. Then
kE—1 5
S () T Esy® ) (g 00) ~E @) ) (17 (2)~E(2) ) = V (W, 5) (26

k=0 (mod 2) feHy
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with
7T~ ~ o0 w)ul’t
V (41, 4) =K*?log K - \/§ 77/11 )2 (0 / e {27)r_u du+
. ul/A
+ KT 0)(0) [ gy

e [P gy (Y3 (5~ toata) ) 0100 +

L K32 /OO h(\/ﬂ)ul/"‘d Vor 1
0

v 2w b 8 2mi

[ Pr 25200 = 52)C(1+ s2)dsat

+ 01/1171112 <K5/4+E>7

as K — 0o. Here y(s) := J&°

V(1 /y)y " dy fori=1,2.
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Chapter 3

Sharp Bound for the Fourth Moment

of Holomorphic Hecke Cusp Forms

3.1 Background and Heuristics

We focus now on the proof of Theorem 2.2.3, which was established in our work [Zen21b].
We follow our exposition in [Zen21b| extremely closely.
First, we notice that the fourth moment of holomorphic Hecke cusp forms is related to a

moment problem of L-functions, as seen for example seen in [Zen21b, Lemma 5.1].

Lemma 3.1.1. Let f be a holomorphic Hecke cusp form of weight k, and let By denote a
Hecke basis for the space of holomorphic cusp forms of weight 2k. Then

dxdy 3 L(1/2,f x f x g)
/F\H 7™ v 202k —1) gEZsz L(1,sym? f)2L(1,sym? g)’ (31)

Proof. Since f? is a cusp form of weight 2k, we have the following decomposition in terms
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of Hecke eigenforms g € Boy:

577 =3 (%ol

gE€Bay,

At this point we apply Watson’s formula (see [Wat02, Theorem 3]) to the resulting inner
product of three Hecke cusp forms (see also [BKY13, Eq. 2.7]) so that

_ ™ L(1/2,f x [ x g)
gEZng (759l = 2(2k — 1) gEZB% L(1,sym? f)2L(1,sym? g)

Finally, we drop the complex conjugation bar of f, as the Fourier coefficients of f are real,

and the lemma follows. O]

Bounding moments of L-functions, like the right-hand side of (3.1), is a central problem in
analytic number theory. Based on Random Matrix Theory Conrey et al. [CFK™05] provided
heuristics to evaluate the main term of integral moments of various families of L-functions.
Applying their recipe indicates that the right-hand side of (3.1), and hence the fourth moment
of holomorphic Hecke cusp forms, converges indeed to the constant predicted by the Random
Wave Conjecture (see Conjecture 2.2.2 for r = 2). This heuristic argument can be seen
in [BKY13, Section 4].

It is natural to ask, whether one can evaluate moments of L-functions without invoking
the Random Matrix Theory Conjectures, but say with the help of the Riemann Hypothesis.
Indeed, in the breakthrough work [Sou09] Soundararajan obtained almost sharp bounds for

the moments of the Riemann zeta function on the critical line:

Theorem 3.1.2 (Soundararajan [Sou09]). Assume the Riemann Hypothesis. For every

positive real number k, and every € > 0 we have

2T

T(osT)* < [ 10(1/2 4 it) Pt <. T(ogT)
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Harper built upon these techniques and improved them to achieve sharp bounds for the

moments of the Riemann zeta function:

Theorem 3.1.3 (Harper [Harl3]). Assume the Riemann Hypothesis, and let k > 0 be fized.

Then for all large T we have
27 )
/ IC(1/2 + it)[*dt <, T(log T)*
T

where the implicit constant depends on k only.

The approach of Soundararajan and Harper on bounding the moments of the Riemann
zeta function is based on Selberg’s Central Limit Theorem [Sel46], [Sel92], which shows that
log [((1/2 + it)| is approximately Gaussian with mean value 0 and variance %log logT' for
te[l,2T) as T — 0.

For a Gaussian random variable X with mean p and variance o we have the following

standard computation

E[eoX] = \/% [ e (m— (t ;U§)2>dt (3.2)

— 6au+a202/2

1 o0
V2mo? /—oo P ( a 202
— ea,u+a202/2.
In the setting for the Riemann zeta function with X= log|((1/2 + it)|, p = 0 and ¢? =

1
5 loglog T' we have

1 gor
B(e2X) = T/T exp(2k log [C(1/2 + it)|)dt

= exp ((2]{;)231 log log T)

= (log T)*".
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The probabilistic viewpoint and the techniques of Soundararajan and Harper are very robust
and can also be applied to other families of L-functions. In particular, we adapt such a
probabilistic viewpoint for log L(1/2, f x f x g). We expect that log L(1/2, f X f X g) has

an approximately normal distribution with mean value

y M ) AN (p)? — 4

p<k p

and variance of size

Z As (p)4 _

p<k p
This can be seen from the Euler product represenation of our L-function (see Remark 3.2.1
for more details). Again, following the computation in (3.2) with X=log L(1/2, f x f X g)

and mean and variance given above, we expect

Zh exp(log L(1/2,9 x f x f)) =~ exp ( _ Z Ar(p)* — 4 (p)* + Z ! )

gEBsyy, p<k: 2p p<k
—1
= exp <2 Z >
p<k p

= L(1,sym? f)2

Inserting this bound into (3.1) demonstrates heuristically, why we expect the fourth moment

of holomorphic Hecke cusp forms to be bounded.

Remark 3.1.1. In recent work Shubin [Shu21] used similar techniques as in the following

sections to estimate the variance in Linnik’s problem.

3.2 Proof of Theorem 2.2.3

We come now to the proof of Theorem 2.2.3 that we take verbatim from our work [Zen21b].
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In view of the Petersson Trace Formula 3.2.2, it will be useful to introduce a normalized
summation over a Hecke basis. Let By be a Hecke basis of weight k cusp forms. For any

S C By, we define
2m? Ag(n)

Zh)‘g(n) = k_lzL

geS geES (L Sym2 g) '

We also define the normalized measure of the set S C By by

h 22 1
meas{S} := ) 1:k—1ZL

geS geS (17 Sym2 g) '

Now that we have reduced Theorem 4.12 to bounding an average of L-functions we will
follow the approach of Soundararajan and Harper to control the right-hand side of (3.1). At
first we need to approximate the logarithm of our L-function L(1/2, f x f x g) with a short
Dirichlet polynomial over primes. Working with this Dirichlet polynomial will enable us to
detect the underlying Gaussian behaviour of log L(1/2, f x f x g). To accomplish this, we
use an idea of Soundararjan [Sou09] as adapted by Chandee [Cha09] to our context.

Lemma 3.2.1. Let f and g be Hecke cusp forms of even weight k and 2k, respectively, for
the full modular group. Assuming the Riemann Hypothesis for L(1/2, f X f X g), we have

for any x > 2

Ar(p)*Ag(p) log(z/p)
log L(1/2, f X f x g) S};c p1/2+1/lig:v log

Y () = 4N (p)° + (A (p?) = 1) log(/p?) | logh®
) 2pi+2/logw log x log x

+0(1).
2§$
Proof. We express the Hecke eigenvalues A(p) of f and g in terms of their Satake parameters

a(p) and B(p), more precisely A¢(p) = ay(p) + B¢(p) and Ag(p) = ay(p) + By(p). Now we can
directly apply Theorem 2.1 in [Cha09] with ¢ = 1 and get
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P)* + B4(p)* + 2)(g(p)* + By(p)) log(z/p")
gp(%+@)f log

log L(1/2, f x f x g) Si Z (o

=1pt<z
log k° 1

+ =2 o (—).
log log” z

Here we used that the analytic conductor of L(1/2, f x f x g) is of size k®, which can be

seen from the gamma factor Lo (s, f x f x g) in (1.4). By the Deligne bound |Af(p)| <
2 the contribution of the prime powers p® with ¢ > 3 can be shown to be O(1). Since

ap(p)®+B8;(p)*+2 = Ar(p)?, () +Br(0)*+2 = As(p)* =42 (p)* +4 and ay(p)* + B, (p)* =
Ao(p)? =2 = X,(p?) — 1 the lemma follows. O

Remark 3.2.1. Notice that on average over g the coefficients \,(p) and \,(p?) are close to 0.
Consequently, we expect the mean value of log L(1/2, f X f X g) to be essentially

5 —(Ap(p)* = 4Xp(p)® +4)
2p1+2/10g1’

p?<z
Since A\,(p)? is close to 1 on average, the variance should be

M)A 0) M(p)!
Zh(zw) ~ 3 e

g€Bo \p<z p<z

3.2.1 Detecting Randomness

In his proof, Harper detected the randomness of the harmonics Re(p~*) with Proposition
2 in [Harl3]. For our harmonics A,(p), the role will be played by the following version of

Petersson’s Trace Formula:

Lemma 3.2.2 (Petersson Trace Formula). Let k be large and let n = p*---p& < k?/10%,
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where the p; are distinct primes and o; € N for all i. Then

S T M) = haln) + O(K*e ™) (3.3)

gEByy, 1=1

where

d Lojq, - (a)!
=z

in particular, hi(n) = 0 if any of the exponents «; is odd.

Moreover, if n = pfl - pPr <k /100, with p; distinct primes and 5; € N for all i, then

> HA pi)% = hy(n) + O(k*e™™),

gE By 1=1

where

H Z ( > K (2(62 ))
i=10=0 ( )'(5z_€+ )
In particular, ha(n) = 0 if B; = 1 for some i, and hy(n) < [1i—, 3% in general.

We also have the following combined result: Let a = pi*---pir, b = qlﬁ1 g with

a-b* < k?/10%, p; and q; all distinct from each other. Then

> H Ag(pi)™ H Ag(03)7 = hi(a)ha(b) + O(k°e ™). (3.4)

gE By 1=1

Remark 3.2.2. Notice that h; is a multiplicative function supported on even numbers. This
is reminiscent of the correlations of powers of independent Gaussian random variables. The
multiplicativity of hy; should be interpreted as quasi-independence and the support on even
numbers reminds us that odd moments of Gaussian random variables vanish. We also
highlight the condition that n < k?/10*. The total number of available harmonics is k,
hence the length of the square of the Dirichlet polynomial should not exceed k2, so that the

only contribution comes from the main term. The bound hy(n) < [T, 3% follows upon
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noting that |\, (p*)| < 3 by the Deligne bound.

Proof. We want to use the Petersson Trace Formula in the form of Lemma 2.1 in [RS06]

which says that
h
ST A BN (1) = Ly + O(e™), (3.5)

gEBay,

if k is large and ¢ and u are natural numbers with tu < k?/10%.

To do so we need to express A\, (p;)® in terms of \,(p’) for 0 < ¢ < ;. This can be
achieved via the Hecke relations of the Fourier coefficients. An easy computation, as done

in Lemma 7.1 of [LL11], shows that

/2 a/2—1

A (p) = (Aa +ezca(e)xf(p%))12,a + (Bo)\f(p) + ; Da(é))\f(pﬂﬂ))lgaﬂ (3.6)

with
()!

o= ey 0=

(these coefficients only appear in the expression of A\¢(p)® when « is even)

()20 +1)
(a/2 =) (a/24+r+ 1)

2(a)!

! ()20 + 2)
((a = 1)/2)/((a + 3)/2)!

Ba = ((a—1)/2) = Ol((a+3)/2 + 0)!

and D, (¢) =

(these coeffiecients only appear in the expression of A\(p)* when « is odd). It follows that

the left-hand side of equation (3.3) is given by

r 041'/2 051'/2—1
h
Z H {(Aai + Z COti (gl)Af(p?&)) 12|oci + <Bai/\f(pi) + Z Dai <£2))\f(p?£+l)> 12(%4—1)}'
gE B 1=1 l1=1 lo=1

We apply identity (3.5) and get the main term

r B r (al)'
L Aetare = e a2 1y 2

=1 i=1
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since the primes p; are distinct for different 1 < ¢ < r. To bound the error term we first
notice that A, < 2%, ZQ/Q Co(l) <2* B, <2-2% and ZE,ZI)/Q D, < 2-2% Consequently,

the error term is bounded by
O(e_k 14 2%’) — 0.
i=1

Here we also used the crude bounds 4" < k and [[}_; 2% < k?. This shows the first part of
the lemma.
The second part of the lemma follows similarly upon using A,(p?) = A\,(p;)* — 1 and the

binomial theorem. More precisely, we have

ST = X TTO,

gGngz 1 gGBQk =1

e (g@'><_wpi>m-a

gEBoy i=1¢=0

13 (1)) 5 Tt

=1 ELZO EZ gEBQk =1

At this point we use relation (3.6) to rewrite A, (p;)*#~%) in terms of \,(pf) for 0 < £ <
2(8; — ¢;). Again, an application of the Petersson Trace formula (see formula (3.5)), yields

the main term

TS (Lpy B =O)
2 VGG =

i=1¢=0

as desired. The error term is given by

( - ﬁZ ( ) : <A2(m—e> +&ZZC2(@'—€>(W))> = 0( R H5Bi>7

i=1¢=0 m=1 =1
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as Ag(gi,g) < 4Bi—t Z Cg(ﬁ ) ( ) < 48—t and

Bi )
2 (i’)ﬂﬁ—f — 5%,

=0

So the contribution of the error term is given by

O (e‘kQ’” 11 5&) = O(e " k).
i=1

Finally, the last part of the lemma, namely equation (3.4), follows in a similar vein. The

main term is, as desired, given by

12@ (cv;)! = (B 25 =)
1;[ 22 (/24 1) HZ( ) (ﬁj—f)!(ﬁj—wrl)!'

7j=1¢=0

The error term is now given by
O <e—’“27”+8 IT2*-11 5@) = O(e "k?).
i=1 j=1

This concludes the proof of the entire lemma. O

Lemma 3.2.3. Define the function hy as in Lemma 3.2.2 and let u(p) be any real numbers.

For any numbers x1,xo > 1, we have

Z Mhl(pl "+ Pn)

T1<P1;---5 Dn T2 DPr--Pn

§2n/2?n!/2)!< 2 U(p)2>g 0

z1<p<w2 p

if n is even and 0 if n is odd.

Proof. Let U denote the sum on the left-hand side of the desired inequality (3.7). Recall

that h; is supported only on squares. In particular, n has to be even and we write n = 2/,
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so that

U — Z u(pl) .. .u(p%) h1(p1 N .p%).

Z1<P1,..,P20<T2 Pr---Pa
We now write py---pa = ¢i"* -+ ¢, where the primes ¢; for 1 < i < r are distinct and

a; > 1forall 1 <¢<r. Then U equals

3 S S N - )

1<r<20 a1+ +ar=20 £1 <q1<...<qr <z2 o

where the multinomial coefficient counts the number of representations such that py - - - pyy =
[Ti<i<rg;"- Since h; is supported only on squares we see that a; for 1 <7 < r is divisible by

2 and consequently r» < £. It follows that

Uv=>% > > <a1, 2604) u((h):l @)™ g g

1<r<lai+Far=20 1 <q1 <...<qr<T2 ar
2|C¥i

_ Z Z Z ( 20 > u(Ql)wl " 'U(QT)%T H (28;)!
1<r<t Bit-+Br=L w1 <q1<...<gr <2 261, -, 20, %Bl g 1<i<r Bil(B; + 1)!

i

We simplify and use the bound (3; + 1)! > 2% so that

251 .« .. 26r 1
g(g Z Z Z < l )U(Ch) . uﬂ(fg ) .-
1<r< 14+ Br=C z1<q1 <...<gr<a2 Biy- By qy - qr .

[l

:<25>'< > u<q>2>?

71<q<T2 2q

This concludes the proof of the lemma. O

Lemma 3.2.4. Let w(p) be any real numbers such that |w(p)| < C and define the function
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hy as in Lemma 3.2.2. Then

Z w(py) - w(panr)

2 <prpay<2mtt P17 P2M

(3.8)

@M (72c2\M
w(5)

- ha(pr -+ 'pQM)‘ <

Proof. The main difference to Lemma 3.2.3 is that the function hy is supported on integers
that are divisible by squares, rather than integers that are squares. This leads to more
difficult combinatorics. Let W denote the sum on the left-hand side of inequality (3.8). As
in Lemma 3.2.3 we express p; - - - pays in terms of distinct primes, i.e. py---poprs = [T ¢i".

Then

LRl NP VI P P b e EUE

a1
1<r<M ai+-+ar=2M 2m<q <...<q.<2m+1 qx r
a;>2

Here we used that ho(qi™ - - - ¢2) is zero if a; = 1 for some 7. Next, we apply the crude bound

ho(qi™ -+ q27) < Tli<icr 3% and [b(p;)| < C for 1 < i < r. It follows that |W/| is bounded by

sy oy (M) oy

aq
1<r<M a4ty =2M om<gr<...<gr<zm+t 11 r
a;>2

We omit the ordering of the primes and drop the condition that they are distinct so that

2M 1 1
LUESCID DD ( ), 11 ( > )
1<r<M a1+...+g§:2M Ap,...,0p ) T 1<i<r \ 2mcg<2m+1 q;

o (2M)! 1
oM
@O Y 2 9m2M ol ol !

1<r<M ag+-4ar=2M
a;>2

SR 23 DD S

|
1<r<M ay+-tar=2M -
ai22

2777//‘

Comparing the ratios of consecutive terms of the sequence 2" /r! we see that the sequence
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is increasing and so its maximum is attained when r = M. Together with the trivial bound

1<r<M ai+-+ar=2M
a;>2

we conclude that
(2M)! 1

2\M
Wl < (r2e2 MR

which completes the proof of the lemma. O

We know that the expectation of a product of independent random variables is equal
to the product of the expectations. The following lemma reminds us of this fact in our

specialized setting.

Lemma 3.2.5. Let u(p), w(p) be any real numbers such that |u(p)| < p*/? and |w(p)| < C <
p, for a constant C' > 0. Suppose k is large, fix the real numbers 1 < y;, 1 <y; for1 <i <1
and let ng, m, M be positive integers such that 2m+D2M T 4™ < k2/10%. Moreover, let

M < 2™ and 2™ < yo if M # 0, then

SIL( xRy w(qu))W
1/2
gEBoy 1<i<I \y;—1<p<y; o2m g g<omt+l q
g ! up?\? M) (ree\" .,
i K.
< I 50672 ( 2 Ml \om ) TR

1<i<I yii<p<y; P

Proof. We want to apply the Petersson Trace Formula to detect the random behaviour of

the coefficients \;(p) and \,(p*). We start by expanding the n;-th and 2M-th powers.

gEBap 1<i<I \y;—1<p<y; 2m < g<om+l q

g€Bak 1<i<I \y;—1<p1,...,pn; y; 1<r<n; 2Mm gy, qonr <2m+1 1<s<2M ds
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Next we expand the product over ¢ and interchange the order of summation. We get

XY c@p@- X" T1 1T M) IT Aolad): (3.9)

gEBoy, 1<i<I 1<r<n; 1<s<2M

where

c)= T ( I “0) aa p@- 1"

1<i<I \1<r<n; Dil 1<s<em s

with p = (p171,p1,2, o Pingy P21y - - P2ngsy - -pl,m) and q = (Qh .. ~Q2M) . Each component of

the vectors p and ¢ is prime and they satisfy the conditions
Yirt <Pigs--sPip <yi V1<i<I and 2™ <q,...qn < 2™

By our assumption [[_; g/ - 20mFD2M < £2/10% and since 2! < y, the primes p;, are
distinct from the primes ¢,. Hence we can apply the Petersson Trace Formula, namely

Lemma 3.2.2, and get

SUTT I M) 1 Ag(q§)=hl< 1 1II pi,r>-h2< I1 qs>+0(k5e—’f).

g€EBo 1<i<I 1<r<n; 1<s<2M 1<i<I 1<r<n; 1<q¢<2s

It follows that expression (3.9) is equal to

S @@ b I T wo)ha( I @) +0(eH T IC@DP@I).
PR 1<i<I 1<r<j; 1<s<2M 5 a7
To bound the main term we notice that there is no dependency on the cusp forms g anymore
and so we can analyze the sums over p and g separately. We begin with the summation over

p and use the multiplicativity of hy(n) so that this part of the main term equals in absolute
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value

(3.10)

e -n( 11T )

p

H ( Z (p ,1) (p , ) . h1<pi,1 .. .pi,ni)> ’
1< \yi1<pityping<ys  VPisl ™" Pin

s 1] wlp)2\
H 27}1/21 /2)< Z (p)> ) (3.11)

1<z<I Yi—1<p<y; p

by Lemma 3.2.3. Similarly, for the sum over ¢ we get

h2 < H QS> ‘
1<s<2M

w e W
= Z (Q1) (QQM) 'hz(ql o Q2M)
2m gy, qopy <2mHL qi - qom
@M (7202\M
= 12
=T\ ) (3.12)

where we used Lemma 3.2.4. It remains to control the error term, which is given by
(e L X Ic@D@) )
poaq
n; 2M
P u(p)l \ ™ w(q)|
ol (x M)y

1<e<I \y;—1<p<y; om < g<om+tl q

=0(e " k7).

In the last line we used |u(p)] < pY%, |w(p)] < p and the condition
[T,y - 2m+D2M < k2 /10%. Inserting (3.11) and (3.12) into (3.9) together with the error

term calculation concludes the proof of Lemma 3.2.5. O
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3.2.2 Setup

Recall that Lemma 3.2.1 tells us essentially that

L1/ £ 5 g) esp (50 AA0D) oy (52 Q)= 4Af<2122 £ 007

p<z

(3.13)

exp (3 F O - t)

p?<zx

We want to average the right-hand side of expression (3.13) over g. Since the third
exponential in (3.13) is independent of g, we can delay its treatment until the very end of
our main proof (see Section 3.2.6). On the first two exponentials we will perform a Taylor
expansion and so it is important to control the size of the corresponding Dirichlet

polynomials. This is quite technical, and here it is how we do it precisely:

For k large enough, define the sequence (5;);>0 by

20i—1

=0, Bi=——=
fo B (loglog k)?

for all 7 > 1, (3.14)
and

I =1, :=1+max{i: 8; <e 1000}
To simplify notation write

Ar(p)? log(z;/p)

2
pUGoER) log <As(p)”. (3.15)

zj =k and wy(p) =

For each 1 <1 < j < [ define

G (9) = Z Ar(p)*Ag(p) log(z;/p) Z M

pl/2+1/(Bjlogk) log x; - p/?

zi—1<p<zT; zi—1<p<w;
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Let us now define the set of cusp forms for which a given Dirichlet polynomial is smaller

than a suitable threshold by
G=Gi:={g€Bu:|Gunlg) < s foralli=1,2...1}.

Finally, we define the exceptional sets where the given Dirichlet polynomials are large. These
sets build the complement to G and the argument to handle these exceptional sets will be

different. For 0 < j < I — 1, we define

E(j) = &(5) =={g € Bar: |Gun(9)| < 57" forall 1 <i < j, foralli <<,

but [Gip1(g)| > 8" for some € € {j+1,...,T}}.

Note that the variance of a Dirichlet polynomial of the form 3, )2‘091(/’;) is of size loglog k.

Hence it is a rare event that such a Dirichlet polynomial is larger than (loglog k)3/2, which

is roughly 5, 3% This motivates the choice of the parameters above.

The above definitions complete the required setting for the first Dirichlet polynomial on
the right-hand side of expression (3.13). To handle the second Dirichlet polynomial of
expression (3.13), where the summation ranges over the primes squared, it will be
convenient to introduce the following notation:

wy i(p) = (Ar(p)* = 4Xs(p)* + 4) log(z;/p*)
£3\P) = 2p1/(6J log k) log x;

<2 (3.16)

and
Pu(g):= > wrrP)s(P) (3.17)

om <p§2'm+l p
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Furthermore, define for m > 0 the set

P(m) :={g € Baox : |Pnlg)| > 27™'°, but |P,(g)| <27/ for all m+1 < n < logk/log2}.

(3.18)

In particular P(0) is the set of g € By, such that P,(g) < 27/!° for all n. The philosophy

behind this definition is similar to the definition of the sets £(j). The variance of P,,(g) is

roughly of size 2™, hence it should happen rarely that this Dirichlet polynomial is larger
than 27™/10 say.

The following lemma, whose proof can be found in Section 3.2.5, will be used to show

that Dirichlet polynomials of the form (3.17) are negligible.

Lemma 3.2.6. Let k be large enough and define P(m) as in (3.18). Suppose (loglog k)? <

2mHl < xp = kP, then for any 1 < j < I we have

w A (p?
Zh exp (2 3 f1<p)9<p)> < (log k)~%.
9€P(m) p<2mH p

The next lemma allows us to replace the exponential series of a Dirichlet polynomial with
a finite series. The truncation error is negligible, provided that the Dirichlet polynomial is

small. In fact, this is the reason why we defined the set of Dirichlet polynomials G.

Lemma 3.2.7. Let S C Bayy be a set of cusp forms and let u(p),w(p) be arbitrary real
numbers. Let m, M be any non-negative integer and fix the real numbers 1 < y;,_y < y; for
1 < i < I. Furthermore, suppose that 2™ <y, if M # 0 and

A _

1/2
Tj—1<p<wj
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forany1 <753 <1I andge S. Then we have

ooy MPA0) (5 vPAEYT

geS To<p<zT; 2m < p<omtl p
n; M
L u(p)h(p) )" w(p)y(*)\’
R T
n 1<i<y ""geBg 1<i<j \x;—1<p<z; p om <p<ogm+1 p
where n = (nq,...,n;) and each component satisfies n; < 2[505{3/41.

For the proof we refer the reader again to Section 3.2.5.

3.2.3 Main Contribution - Treating ¢

We are now in the position to establish our main lemmas. The following lemma resembles
the computation E[exp(X)] = exp(u + 02/2) for a Gaussian random variable with mean p
and variance o2. We can think of our Dirichlet polynomial G, as a random variable with
mean g = 0 and variance o2 = dop %@4. We do not know how to integrate exponentials, so
we write them as finite sum using Taylor’s theorem (see Lemma 3.2.7). Since our Dirichlet
polynomials do not take large values, we only need a few terms in the Talyor expansion,
so that the resulting Dirichlet polynomials have manageable length. Having done this, we
can change the order of summation, which reminds us of the linearity of expectations in

a probabilistic setting. The lemmas in the previous sections then allow us to deduce the

desired random behaviour.

Lemma 3.2.8. We follow the notation from Section 3.2.2. Let u(p) be any real numbers
such that |u(p)| < p'/? and let S C Bayy, such that

> “(]232(]’) Sgﬁf’/“ (3.20)

Tj—1 <p§l‘j
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forany 1 <j <1 and g €S. Then we have for k large enough

> e ( 3 M) <on (3 T 1EE)

geS p<zr p<zs p

Proof. We abbreviate

U= Zhexp<z W)-

ges p<zy
Using our assumption (3.20) we can directly apply Lemma 3.2.7 with y; = 2; = k%, M =0

and see that

v I Y (X ) (3.21)

n ].<7,<I gEsz 1<i<j \x;—1<p<lx;

with n; < 2[508; /%],
Note that

H :E?z — H kﬁznz < H k,200ﬁi1/4 < k4005}/4 < k,2/104 (322)
1<i<T 1<i<I 1<i<I
for k large enough. Here we used that 61-1 /* form a geometric progression of ratio 201/ > 2.
We can now apply Lemma 3.2.5 to the right-hand side of (3.21) and see that U is bounded
by

S g 5 Y ol I L)

n 1<i<I Ti—1<plz; n 1<z<[

The error term is negligible since

Ve Y I S<ke* [T Y o <kletd <ibe (329

— n n
o111 1<i<TI <2006*3/4

Writing

Y1 gt )( > “(p)Q)””Q:eXp (;Z u<p>2>

n 1<i<I Zi—1<p<T; p
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completes the proof of the lemma. O

Now that we have considered the case for generic coefficients u(p) let us focus on our
Dirichlet polynomials of interest G; 1, together with the Dirichlet polynomial that arises from
summing over primes squared. The proof idea for the following lemma remains the same as

for Lemma 3.2.8, albeit the proof being a bit more technical.

Lemma 3.2.9. Let k be large enough and follow the notation from Section 3.2.2, then

A A, (p? 1 2
Zh exp( Z UfJ(pR/zg(p)) exp( Z wy,r(p)Ag(p )) < exp ( Z uz1(p) ) (3.24)
g€y p<zr p p2<zr p 2 p<zr p

Proof. Recall the definition of the set P(m) in (3.18). The left-hand side of (3.24) is bounded
by

S 3 exp<ZW>eXP< > W)-
(m) P »

0<m<logk geGNP(m p<zs 2<wg 2p

If g € P(m) then clearly
2
Z wf,](p))\g(p ) O(l)

2m+1 <p§ /7331 p

In particular, if g € P(0) then 3 2, %)‘g(pz) = O(1) and Lemma 3.2.9 follows directly

from Lemma 3.2.8 after setting w(p) = uys;(p). It thus suffices to bound the quantity

h us,r(p)Ag(p wy,r(p)Ag(p?

Z Z exp(Z f(1)/29( )>exp< Z f(2) g( ))
1<m<logk geGrP(m) p<er P p<aml P

Splitting into the sets P(m) enables us to show that the contribution from the primes squared

part is negligible. We start by looking at the case when m < (2/log 2) loglog log k. Consider

the following quantity for ¢ € P(m), which is a sum of the small primes of our Dirichlet

polynomial over primes together with the primes squared Dirichlet polynomial:

1 2
pSQ"”H p / p<2m+l p
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We use the triangle inequality and the Deligne bound for the Fourier coefficients, i.e.

lur.1(p)Ag(p)| < 8 and |wy (p)Ay(p?)] < 6, to see that (3.25) is bounded by

8 6

oo —+ Y —<2m21 0.
p§2m+1 \/I_? p§2m+1 p

This computation is useful so that P, (¢g) and the prime Dirichlet polynomial are running

over disjoint primes, as we have an application of Lemma 3.2.5 in mind. We have

m) — b ex uy,1(p)Ag(p) ox wy1(p)Ag(p®)
o= 5 o £ R0 o & )

geGNP p<zr p<am+tl 2p

< 3 exp< 2 W)

geGNP(m) 2m+l<p<ar

<e" 3 (2 10Pm(g))2M exp ( ) uf’l(mw)’ (3:26)

Y 2mtlap<lzr p1/2
where M is any non-negative integer. We choose M = |2%/4] and this choice will become
apparent in a calculation below.

Now we want to replace the exponential with a finite series. Since g € G and 2™ <

(loglog k)? we have that

5 ug1(p)Ag(p)

uyr(p)Ag(p) —3/4
pl/2 Y | <26

< |Gunlg)l+
< [Gun(o) o

2m+1<p§11 p§2m+1

and the conditions of Lemma 3.2.7 are satisfied with y; := max{2™"! z;}. Note that since
m < (2/log 2) loglog log k, we have that y; = x; for 1 <4 < I and yo = 2™"!. An application
of Lemma 3.2.7 to (3.26) shows that 7'(m) is bounded by

ey [ LS () Ly WW)M

~1<i<I Mige By, \1<i<t \ zi_1<p<a; 9m < peam+1 p
(3.27)
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The next step is to use the random behaviour of the coefficients \,(p) and \,(p*) when
averaged over g € By, as we did in Lemma 3.2.5. Note that 20")'M < (loglog k)?'8logk =

kD) and so we have, as already seen for inequality (3.22),

20 TT g < o) 1005 < g2 /10!

1<i<I

for k large enough. We can therefore apply Lemma 3.2.5 with u(p) = us(p) and w(p) =
wy,r(p) < 4 so that T'(m) is bounded up to an error term by

m/2 1 ug )2 ni/2 (2M)! (288
o2 /2 ymM/5 2\m £I\D
2 .

n 1<i<I T;—1<p<lz; p

e *]. The mentioned error

with 7 = (nq,...,n;) and each component satisfies n; < 2[500;

term is bounded as in inequality (3.23) by

KTe k. 2" PomMsN™ T — R (3.28)

n 1<7,<I

and is therefore negligible. Rearranging the Dirichlet polynomial over primes into an

M
exponential and applying Stirling’s formula, giving (2M)!/M! <« (@) , we see that

/2 1 2 om/5 . M. 1152 - 2\ M
T(m) < ¢ exp ( > W) : ( ) : (3.29)

omti<p<a, P €

By our choice of M = [25™4| we have

om/5 . gsm/4 . 1152 . g-m\ 2] < 2
€
(&

and so

m m 1 2
T(m) < e /2_o3m/4 - exp ( Z W)

2 p<zr p



3. Sharp Bound for the Fourth Moment of Holomorphic Hecke Cusp Forms 48

Summing T'(m) over m < (2/log2)logloglogk concludes the proof of the lemma in the
given range of m.
In the remaining case, when (loglogk)? < 2™+ < logk an application of the Cauchy—

Schwarz inequality will be enough to conclude the lemma. We have

T(m) = Z:)exp<zw>exp< 5 ww@W)

geGNP(m p<zr p<2mtl 2]9
1/2 1/2
U 1 w I p
g€y p<zr geP(m) p<omtl

(3.30)

Using Lemma 3.2.8, the first factor of (3.30) is bounded by

exp ( 3 >‘f§9p)4> < (logk)*'

p<wr

For the second part of (3.30) we apply Lemma 3.2.6. Combining these two bounds we see
that T'(m) < (logk)™*® for m such that (loglogk)? < 2™+ < logk. Summing over m we

have

> T(m) < (logk)™'7

(loglog k)2<2m+t1<logk

which is clearly negligible and so the claim of Lemma 3.2.9 follows.

3.2.4 New Exceptional Set Contribution - Treating £(7)

In this section we treat the exceptional sets, i.e. those cusp forms where some (possibly all)
parts of the Dirichlet polynomial are large. In this case we cannot apply our techniques from
the last section. Although these large values cause some trouble, they are very rare. With

a Markov inequality type argument, we can indeed show that the measure of these ‘bad’
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sets is so small, that the entire contribution is negligible. Unsurprisingly, the argument will
remind us of the treatment of the primes squared part in Lemma 3.2.9.
Recall that we are now interested in the set of cusp forms, where the corresponding

Dirichlet polynomial might get large. For 0 < 7 < I — 1, we defined

E(j) = &(5) :={g € Bar: |Gun(9)| < 57" forall 1 <i < j, foralli <<,

but [Gis10(9)| > 874" for some £ € {j+1,...,I}}.
Lemma 3.2.10. For k large enough and following the notation in Section 3.2.2, we have

meas{E(0)} = 3" 1 < e~ Uegloek)?/C
g€&(0)

with C = 2°-10/e. Moreover, for any 1 < j < I —1 we have that

2 2
Zh exp ( Z W) exp ( Z U}J”,J(ng)‘g(p)) < exp (; Z W) €(4Cﬁj+1)*1logﬁj+1'
p

9€€(j) p<z; 2<z; p<z; p

Proof. We treat the primes squared part as in the proof of Lemma 3.2.9. By the exact same

reduction as in Lemma 3.2.9 it suffices to control

Sm):= " exp ( 3 W) exp (pz “)fu'@)%(pz))

9EE(H)NP(m) p<z; 2<a; p

<3 " exp ( > W) (2P, ()M (3:31)

1/2
geg(]) om+1 <prj p

for m < (2/log2)logloglogk. By the definition of the set £(j) and Markov’s inequality
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S(m) is bounded by

DY > exp( 2 W)-<zm/lopm<g>>w (3.32)

(=it1eBoy: |G ) (9)|<B7 ¥ *vi<i<y, 2mHl <p<az;

4
|G41,e(9) >8]

mi2 o h uri(p)A : 2L 2M
D S S D S e [T R CREAT)

= +1 .
(=i+1g9e Byyi|Gi ) (9)1<B; 2mH <p<w;
V1<i<j

(3.33)

where L is any non-negative integer, which we choose to be L = |(CB;51)7"], with C' =
25.10/e. Now we are again in the position to truncate the exponential and proceed as in

Lemma 3.2.9, more precisely by Lemma 3.2.7 we get that S(m) is bounded by

ST S 3 | I ol ( 2 W) G Enlg)™

l=j+1 7 1<i<j ZQGBQk 1<i<j \z;—1<p<w;

with 7 = (n4,...n;), and each component satisfies n; < 2(5061-_3/41. Again we use Lemma
3.2.5 to capture the random behaviour of the coefficients \,(p) and \,(p)?. This lemma is

applicable since

o(m+1)2M . ]+1 H 2 <k.o . g2/C H klOO,Bil/‘l §k2/104.

1<i<y 1<:i<I

Then the main term of S(m) is bounded by

I wr (D)2 ni/2
2m/22mM/5B;5£{2 Z Z{ H 2nl/i?”z/2) ( Z fu(p) > }

=j+1 5 \1<i<j wia<p<z; P

| <25>!< > uf,jmp)?)? (2]%)! (2;”8>M

T <p<Tjt1 p

As in Lemma 3.2.9 we write this in terms of an exponential and we use the bound
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urir1(p) < Ap(p)?, so that S(m) is controlled by

2" T — ) exp (; > ”f’J;p>4> . (2L)!< > M W>L. ML (25"

LT | m
p<as 2L L) vy<pe;en P M! 2

The error term arising from Lemma 3.2.5 is again negligible by the same computation as in

(4.2). Together with a Stirling estimate this computation yields

S(m) < ¢ (I—j) exp (12“1”’]'(79)2).(5?421'% 5 )‘f(P)4>L,<2m/5-M-1152-2—m>M
2 » .

p<z; € rj<p<zj1 P €
(3.34)
In the case 1 < 7 <1 —1 we have by the definition of §; and I, that
L loa(Bi/8) _ los(1/5)
log20 = log20
and
)‘f(p)4 < 9] _ o4 4
> < 2%(log Bj+1 — log B + o(1)) = 2*(log 20 4+ o(1)) < 2% - 10.
kP <p<kPi+1 p
Consequently,
4 5%21 2L As(p)* ’ log(1/8)) , si/2\1/(C-8;11)
I=0- |7 X 0| S g B (3.35)

kPi <p<ikPi+1

The right-hand side of inequality (3.35) is bounded by

6(40'6]'-0—1)71 log Bj+1
)

which is small since 8;11 < 8 < 206107, Summing over m as we did in Lemma 3.2.9 shows
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that (3.35) is bounded by

2
exp [ 3 urg () Lac ) og Bar.
2= p
P>y
The remaining case when m > (2/1log 2) log log log k is negligible compared to the main term.
As in the proof of Lemma 3.2.9 this can be seen by an application of the Cauchy—Schwarz
inequality and Lemma 3.2.6. This finishes the proof of the lemma for the cases 1 < 7 < I—1.

It remains to show the first assertion of the lemma, namely

Zh 1< o~ loglogh?/C
g€&(0)

Note that from the definition of I we see that I < logloglog k. Moreover,

1
(loglog k)?’

4
3 Afg’) < 2'log log k.

60:()7 51:

p<k!l/(loglogk)?

Following the argument from before for 1 < j < I without the exponential factors we see

that

3/2

Zh1<<1-< Ly Af(pyl)

9€£(0) € e P
3/2

L
2L
< logloglogk - (1 - 2*loglog /{:)
e

< e—(log log k)2 /C

by our choice of L and C'. This finishes the proof of the entire lemma.
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3.2.5 Technical Lemmas

In this section we quickly prove certain technical statements that were used in the section
before. We also gather some additional technical lemmas that are needed in the final proof

of Theorem 4.12.

Proof of Lemma 3.2.6. Since |\, (p*)| < 3 and |wy;(p)[* < 2 we have that

2
2 Z —bf’l(p)kg(p ) < 12loglog 2™

pS2m+l p

An application of Markov’s inequality yields

)

geP(m p<2ml geP(m)
< (log 2m+1)12 Zh(2m/1OPm<g))2M (336)
9€Bay,
for any non-negative integer M. We apply Lemma 3.2.5 (with n; = 0 for 1 < i < I) to

evaluate the above moment and get

I 2, om/5\ M
" (2M).<72(J 2 ) | (3:37)

B(m) < (log2™tH)12. Vi 5
provided that 20m+12M < k2 /10 We first investigate the case when loghk < 2™+ <\ /z7.

In this range we have

—IOOOOM

and so M = 100 is certainly admissible. By our choice of M and taking into account the

size of 2™ we see that

B(m) < (log k)'227400m/5 « (log k)12 - (log k)~ = (log k)%,
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Next we consider the case (loglogk)? < 2m™! < logk. Since the primes p < 2™+
are smaller in size we can afford to take higher moments. We pick M = [23™/*] so that
2mHD2M < (Jog ;) (esk)* « ko) < }2/104. Together with the Stirling bound (2M)!/M! <
(4M/e)M we see that B(m) is bounded by

M - 4608 - 2m/5
e-2m

M
(lOg 2m+1)12< ) < (log log k)156723m/4

< (loglog k)'? exp(—(loglog k)*/?)

< (log k)~%.

We used that 27™/20 . 4608 < 1, if k is sufficiently large and therefore also m is sufficiently

large. This completes the proof of the lemma. m

The following lemma, due to Radziwill and Soundararajan [RS15, Lemma 1], will be

helpful in the process of replacing the exponential series with a finite sum.

Lemma 3.2.11. Let ¢ be a non-negative even integer, and x a real number. Define

ij

Eg(l‘) = - .
=0 J!

Then E,(z) is positive and for any v < 0 we have Ey(x) > e®. Moreover, if x < {/e?*, then
we have

exp(x) < exp (O(e ™)) Ey(x).

Proof of Lemma 3.2.7. Our goal is to truncate the exponential series exp(z) and replace it
with a finite series up to ¢. During this process we incur a negligible error term, provided

that z is smaller than ¢ ( see for example Lemma 3.2.11). This is the case for our Dirichlet
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polynomials by assumption (3.19). With ¢ = 2[505; 3/ *] we have

ZheXP( 2 W)( 5 UW@)>M

ges zo<p<w; om < p<om+1 p
2M
h u(p)Ag(p) w(p)Ag(p®)
S oy MRy
gES 1<i<; wia<p<e; P am<p<aml p
h 100534 1 u(p) A (p) \" wp)Ag ()"
o T form) g 45 (g o
geS 1<i<j o<n<t ™ \ oy <p<a; p om <p<ogml p
h 1 u(p)rg(p)\" w(p)A, (p?) )
X'y ooz M)y e (339
ges 1<i<jo<n<t ™ \z;_<p<w; P am <p<am+1 p

In the third equality we used assumption (3.19) and Lemma 3.2.11. Note that >o<,<, >0

nl

for every x, as ¢ is even. Using this positivity, we replace the sum over the restricted set

Z’;E s with the full sum de B,,- Additionally, we expand the product over i and so (3.38) is

equal to
Z H 1 Zh Z u(p)Ag(p) Z w(p)Ag(p?)
n E D
n 1<i<y ""g9eBa, \xi—1<p<z; o2m < p<om+l
with . = (nq,...,n;) where each component satisfies n; < ¢. This concludes the proof. [

For technical reason in the proof of Theorem 4.12 we will need the following lemma

Lemma 3.2.12. For any 1 < i < I and write z; = k%, then we have

exp (1 3 Ar(p)? logQ(Ii/p)> exp (_1 3 Ar(p)* log(zi/p?)

=0(1)
2 < p1+2/ log x; 1Og2 T 2 S p1+2/ log z; log x; >

Proof. At first we investigate the primes up to /x;. We want to estimate

p1+2/ log z; 10g2 T 92

exp (; A g /) 1 M) 1og<xi/p2>>

- 1+2/log x; .
P</Ti PV p ¢ loga;
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After expanding the smoothing of log(z;/p) for both sums, we see that the only contribution

that is left comes from

1 Ar(p)* (logp)?
exp (2 Z p1+2/1oga:i (loga:z)2 .

p<\/T;

4
We bound ’Q\f l(f )z‘ 08P trivially by a constant (here we use the Deligne bound for the Fourier
p /log z; log x;

coefficients) and see that

exp @ > logp 1 ):O(l).

p</Ti b logxz

It remains to show that

exp (1 s ) 1og2<x,-/p>> (3.30)

142/ log z; 2
2\/967<p§x¢p+ /lesei - log” ;

is bounded. Putting absolute values, and using again the Deligne bound, expression (3.39)

is controlled by

23
exp ( Z ) < exp (loglog x; — loglog \/z;) = O(1).
VZi<p<z; p

Hence, the lemma follows. O

Lemma 3.2.13. Assume the Riemann Hypothesis for L(s,sym? f). For any 1 <1 < I we

have

1 22 (p)? — 2
5 g €XP Z =0(1)
L(1,sym? f) v P

Proof. This is a small modification of Lemma 2 in [HS10]. Instead of the zero free region we

use the Riemann Hypothesis for L(s,sym? f) to bound the contribution of the zeros. O]

The next lemma is a crude bound for the second moment of our degree eight L-function.

The ideas are from [Sou09] and adapted to our context.
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Lemma 3.2.14. Let f and g be Hecke cusp forms of even weight k and 2k respectively for
the full modular group. Assuming the Riemann Hypothesis for L(1/2, f X f X g)

Zh L(1)2, f X f x g)* < (log k)"

gEBa

Proof. Define S(g,V) :={g € Boy : log L(1/2, f X f x g) > V'}. Notice that

S L(1/2,f % f % g)? /O:Oewmeas(S(g, V))dV.

g€ Bay,
It suffices to investigate

/loo e*Y meas(S(g,V))dV (3.40)

0309 loglog k

as otherwise we trivially have the desired result.

From Lemma 3.2.1 we have for any x > 2 that

) Ag(p) log(x/p)

log L(1/2, f X f x g) <Z

p<1_ p2 loga: ].ng
— 4\ + 4N (p*) —1)1 2 log k©
Ly O )+ D0(7) = Dlog(e/r?) | logk
p<f op' T Togw log x log x
1 6 log k
<Z g o(p) log(z/p) + 6loglogx + °8 + O(1).
p<$ p2 log x log log xr

Here we used that |[A\;(p)| < 2 and |A\,(p)| < 3. If we pick z = k'%V and notice that
6loglogk < (6/10%°)V, then
1
log L(1/2, f x f x g) < 3" (p)*A(p) log(z/p) | 3V

p<x p2+10g1 IOg.Z' 4

+0(1).
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Hence if g € S(g, V) then

3 Ar(D)*Ag(p) log(z/p) _ V.
< p%+@ logz — 4°

By Markov’s inequality, we have for any non-negative integer n

meas(S(V, g)) < o Zh <Z )‘f(p)2>‘lg(p) log(x/p)>2n‘

o VZH p%+logz log xXr

g€Bay, \p<z

By Lemma 3.2.5 this is bounded by

e YA (3.41)

V2n  92npl e P

provided that z?" < k?/10*. From our choice of z we see that n = |V/20] is admissible. By

Stirling and the Deligne bound quantity (3.41) is controlled by

2%nloglogk\"
VZ.e '

This in turn is bounded by

28 ! 3V
<20 - 103Oe> e

by our choice of n and the lower bound V' > 10%°loglog k. We see that the contribution of
the integral in (3.40) is negligible and consequently the result follows. O

3.2.6 Proof of Theorem 4.12

Proof of Theorem 4.12. Note that

I-1

{g€Bu}=GUJEG),

J=0
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hence our goal is to show that

n L(1/2, f x fxg) & <=r L(1/2,f x fxg)
— 0(1). .
gezg L(1,sym? f)? * jz::‘) gezf,'(:j) L(1,sym? f)? (1) (3.42)

At first we approximate the L-functions with Dirichlet polynomials. Lemma 3.2.1 gives for

r=ux; = k%

log L(1/2,f x fxg) < > 1/2212/)1%(”) log(x1/p)

vm P log x;
— 4\ 4) (N, (p?) — 1)1 6
* Z 2f(1+)2/?:gx2( o) =0 Ogiéﬁafp ) E+O( )
p<VZI P gxr 1
Consequently, the first sum in (3.42) is bounded by
A (p)*Ag(p) log(x1/p)
ﬁ/ﬁ[ f g . 4
gezg exp (pzm:l 1/2+1/logzs IOgZ‘[ (3 3)
4_y 2 4 21 2
e OO ) b))
P<ET §Y ogxy
(- 3 OO Do)
e 2pit2/logar log z; L(1,sym? f)?

By Lemma 3.2.9 the contribution of the first two exponential sums is bounded by

exp (; 5 As(p)* log (xf/p))

1421 2
ey PI2ET (log )

The last exponential factor of (3.43) can be written as

eXp(_; > Ar(p)* 1og(x1/p2)> .exp< > (2X\s(p) — 2) log(:pl/pz))'

1+2/logx 142/ log x
plgier DT log pige PR logay
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Therefore (3.43) can be bounded by

e5/P1 exp (1 5 Ar(p)? logQ(xI/p)) -exp(—; 3 As(p)? 10%(901/]72))

2 o p1+2 logzy (10g II)Q pever p1+2/loga;1 IOg Tr
> (2As(p) — 2) log(z1/p%) ) 1
peer pHHese log g L(1,sym? )

Since [y is bounded, Lemma 3.2.12 and Lemma 3.2.13 show that (3.43) is of size O(1).
We now treat the exceptional sets from the second term in (3.42). We begin, as before, by
approximating the L-function with Dirichlet polynomials. Lemma 3.2.1 with z = x; = k5

shows that
3 L(1/2,f x f x g)
L(1,sym? f)?

9€&(j)

is bounded by

e9/%. 5 " exp ( 5= M) log(xj/p)) (3.44)

o2 l) ot p1/2+1/loga:j log x;
Mr(p)* — 44X (p)? +4) N, (p?) 1 /2
.exp< 3 (Ar(p) 112(%()) j )Ag(p®) log(z;/p )>.
P<VT; 2p 8% log z;
-exp<_ > Af(p>4_AIMJDP+410g(rcj/pQ)>. !
P 2pit2/log; log L(1,sym? f)?

for 1 < j < I —1. By Lemma 3.2.10 the sum of the first two exponentials in (3.44) is
bounded by

4 2
o5 O )
2 p % (logz;)

Pz
with C' = 25 -10/e. Similarly as before, we use Lemma 3.2.12 and Lemma 3.2.13 to show
that expression (3.44) is bounded by

e8/Bi . (ACB; 1) log By 6/8;j+log(Bj+1)/(80C8;)

=€ .
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10°

Moreover, since ;11 < 8r < 20e™" we have

¢5/BiHow(B141)/(80C8;) < (6/8;-10/8; _ ~4/B;

The sum over these values from 1 < 57 < I — 1 remains bounded and so we conclude the

proof of the theorem for these exceptional sets.

The only case that is left is when j = 0. In that scenario, we win because the measure of

£(0) is tiny. By Cauchy—Schwarz we have

s L2 x I % g) ( 5 1>1/2, ( s LU/2 X T x 9)2)1/2_ (3.45)

gES(O) L(1? Sym2 f)2 965(0) gEBoy, L(l, Sym2 f)4

Note that L(1,sym? f)~! <« logk (see [HL94] and [GHL94]). Lemma 3.2.10 and Lemma
3.2.14 show that the right hand side of (3.45) is bounded by

6—(log10gk)2/(20) . (IOg k)(1030+4)/2.

For k large enough this is clearly bounded and therefore the theorem follows. O]
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Chapter 4

Quantum Variance for Holomorphic
Hecke Cusp Forms on the Vertical

(Geodesic

In the subsequent chapter we will discuss the proof of Theorem 2.3.2 that we obtained in our
work [Zen21a]. Again, the introductory section 4.1 follows extremely closely our exposition
in [Zen2la]. Section 4.2 is taken, up to minor notational changes and the correction of

typographical errors, verbatim from [Zen21a).

4.1 High Level Sketch

The proof of Theorem 2.3.2 involves many technical details and so we begin by sketching
the main ideas of the proof. First, we relate the quantum variance problem to a shifted

convolution problem

i (4.1)

Y

LT S anrou(h)

0<|¢|<k1/2+e n=1 n

M)~ > Y

K<k<2K fcB
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which follows quickly after using the Fourier expansion of f(iy). If we show that M(¢) =
o(K?) then we could deduce a Quantum Ergodicity result for the vertical geodesic, i.e.
equidistribution on average. We could try to bound M(v) by detecting cancellation over

the summation over n and forgoing any cancellation over the shifts ¢, i.e.

2

S () nM)w(i)

n=1

M) < Y Z

K<k<2K feB

>

0<\£|§k1/2+5

Obtaining square root cancellation over the summation of n, which is of length £, would
then lead to the bound M (1)) < K*™¢. Consequently, this crude estimate is not sufficient to
obtain equidistribution on the vertical geodesic; we need to detect further cancellation over
the shifts ¢. It is also natural to expect square root cancellation over the shifts £. In that
case we would have M(¢)) ~ K3?2. We prove an asymptotic formula for M(z)) confirming
this heuristic.

To obtain an asymptotic formula for our averaged shifted convolution problem M%),
we open the square in (4.1). We then apply the Petersson Trace formula, which detects
orthogonality relations between the Hecke eigenvalues. We are left with a diagonal
contribution D that is easy to evaluate and an off-diagonal expression OD, involving
Kloosterman sums. The diagonal term is easily seen to be of size K3/2. The off-diagonal

term OD is roughly given by

1 S(ny(ny + £1),ne(ne + £a); ¢

T Z Z Z 1(m 1), (o 2) )60(2\/721(711+€1)n2(n2+€2)),
0<|€1|,‘€2|§K1/2+5 K<nino<2K cKK* \/E

where S(n,m;c) denotes the classical Kloosterman sum and e.(n) = e?*"/¢.  Putting

absolute values everywhere and using the Weil bound for Kloosterman sums we would get
OD = O(K?*). To improve upon this bound, and consequently breaking the
equidistribution barrier, we need to exploit further cancellation over the shifts /1, £5.

We notice that the summation range over the variable ¢ in OD is very short. To reduce
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the complexity of our exposition consider therefore the special case when ¢ = 1 (from a

conceptional point of view not much is lost by this reduction). Then

OD =~ & > > 61(2\/n1(n1 + ly)ns(ng + £s)).
0<M1 |,|f2|§K1/2+5 K<ni;,no<2K
When the shifts ¢, {5 are of size v/ K, which is the critical range, the exponential is oscillating
rapidly and we expect further cancellation. Indeed, subtracting the integer part of the phase

function and using a Taylor expansion we get

f(na,ma, b, 6s) » = 2\/”1(”1 + l1)nz(ng + £2) — 2ning — nily — noly
_ 6162 16%“2 16%711 4

2 4 nq 4 N9
Since

@ng f% 82 36%77/2 1
(nl,ng,ﬁl,@) ~ Tn% — 4712 =1 and ain%f(nbn%glagﬁ ~ = 271? K’

ony

we expect to detect square root cancellation when summing over the variable nq, by a classical
Van der Corput estimate (see [IK04, Corollary 8.12]). We highlight here that the “stationary
point” of the phase function f(nq,ng,¢1,¥s) arises on the diagonal, i.e. when n; = ny and
¢, = l5. A precise version of this argument will show that OD = O(K?3/?%¢), as desired.

To compute an exact asymptotic formula for our quantum variance we keep track of the
variable c¢. After an application of the Poisson summation formula and a stationary phase

argument, which captures the square-root cancellation mentioned above, we need to evaluate

T(c) = Z Z S(ai(ay + b1), as(as + by); c)es(2aras + arbs + ashy).

a1 (mod ¢) by (mod c)
a2 (mod ¢) bz (mod ¢)

A quick computation shows that T(c) = c3p(c), where ¢(c) denotes Euler’s totient
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function.  This simple expression allows us to evaluate the off-diagonal expression
asymptotically. Putting the off-diagonal term and diagonal term together we arrive at our

desired expression for the quantum variance.

4.2 Proof of Theorem 2.3.2

4.2.1 Setup

Recall from the introduction that v, h are smooth compactly-supported functions on R*
and By denotes a basis of Hecke cusp forms of weight k. We want to compute an asymptotic

formula for

k—1
V(1,12) = h{——— L(1,sym® f){ pp(n) —E(@r) ) - (pr(02) — E(1o)
2 M) B st ) (i )
with
pp(e) = /Ooolf(iy)\Qy’“/%(y)dy and  E(¢y) = i/ooo w(y)cfyy-

Here the symmetric square L-function is given by

Af(n?)

n

L(s,sym? ) = €(29) 3

for Re(s) > 1. The Fourier expansion of a normalized Hecke cusp form is given by

ﬂd:MDiMWMMW”%W%
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with |as(1)]* = ijmgf) arising from the normalization ||f||3 = 1. Similar to Luo and

Sarnak in [LS03, p. 877] we define the function ¢(s) by

h(s) = /Oow(y“)ys’ldy-

0
Then 1 is entire, and for any integer j > 0 and any vertical strip a < Re(s) < b, it satisfies

Y Lany (|| +1)77. Mellin inversion yields

V(y) = — /(U) @(S)ysds, for o > 0,y > 0.

271

4.2.2 Reduction to a Shifted Convolution Problem

To evaluate the variance V (11, 1,) we first use the Fourier expansion of f(iy) and write

|f(iy) ‘ Z)‘f 47m (k= 1)/26_2””‘”’2.

We then expand the square, seperating the terms with m = n from those with m # n. The
terms with m = n agree up to a small error term (which we will call £, below) with the
expected main term E(¢)). The terms with m # n lead to a shifted convolution problem and

this quantity will be denoted by Sy.

Lemma 4.2.1. We have

= dy 3 [~  .d

o= [T vl Xyt 2 TS )
o 1 ~ C(s)L(s,sym? f) (k4 s — 1)
L(1,sym? f) '27”'/(1/2) ~ DTy (2s) NG
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Proof.

0 d
/ Y)Yy |af Z)\f %(47n) k= 16_4“”y—y
0

Yy
B o2 1 % ts —dmny Y
“T(k)L(1, sym2 f) sz ZAf ) (dmn)* 1/0 yrre n
- 272 1 ~ C(1+3)L(1+s,sym f)F(k+s)d
Py R D v e s Y

We used that we can write the Rankin—Selberg L-function in terms of the symmetric square

as
C(s)Ls,5ym? ) _ & Ay(n)?
g(23> n=1 ns '

We then shift the contour from Re(s) = 2 to Re(s) = —1/2 and pick up a pole at s = 0 with

L(s, f®f)=

residue
2 ~ L(1,sym® f) 3 [ dy
L(1,sym? f) 0) Arc(2) %/o ( )Z'

The lemma follows by making the change of variables s — s—1 for the new line integral. []

The term &, should be seen as an error term that is of size K ~1/2 (compare for example
with [LS03, Section 5]). The off-diagonal term on the other hand is given by a shifted

convolution (which we denote by S,,) of size K~'/4 as the following lemma indicates:

Lemma 4.2.2. We have

00 d
Sy ::/O Y)Yy |af (1))? Z Ar(n )(167 nm)(k_l)/26_2“(”+m)yyy (4.3)
n#m

. Ar(n)As(n+0) ocn [ k02 k 1/94e
_2L<1jsym2f>e;)zn: n(n + 0) p< 2(2n+€)2>¢<2ﬂ(2n+€)>+Ow(k 7).

Remark 4.2.1. Since 9 is smooth compactly-supported on R, we see that (2n + ¢) < k.
The exponential factor limits the size of ¢ as otherwise we have rapid decay. It follows that

{ < k'?*¢ and consequently n =< k. These observations show that the off-diagonal term is
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related to a shifted convolution problem of the form

Ly S nm o).

0<|f|<kl/2+e n~k

Assuming square root cancellation in n and the shifts ¢ the expected size of Sy, is f1/4te,

The main part of the paper is attributed to showing this statement on average.

Proof of Lemma 4.2.2. First, we show by elementary means that only the terms satisfying
n +m =< k contribute to the main term of Sy. Since ¥ (y) is compactly-supported, there
exist real numbers 0 < a < b such that ¢(y) is supported in [a,b]. We write L(y) =
—2m(n +m)y + klogy and set yo = k/27(n + m) so that L(y) attains its maximum at yp.
Suppose that yo < a/2. Then for all y in the support of ¢ we have

L'(y) = =2r(n+m)+ k/y < =2m(n+m)+ k/(2yo) = —m(n+ m).

Hence,

/ / L0, ~(y—vo)r(ntm) Y
0 y

<y e L(yo) o —(a—yo)m(m+n)

<<1/) 6L(yo) e—aﬂ(m—i—n)/Q )

It follows that the contribution from n,m such that k/(27(n +m)) < a/2 to S, is bounded
by

2 [
27T Z d(n)d(m) (2 > —am n+m)/2 (44)
L(1,sym? f) by V/nm n+m
(n4m)>k/(am)
Here we used the Deligne bound |As(n)] < d(n), where d(n) is the divisor function.
Expression (4.4) decays exponentially in k& and is thus negligible. Similarly, we treat the

case when o > 2b. Note that L”(y) = —k/y* < —k/b* for every y in the support of .
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Moreover, (y — yo)? > b?. We then have

o0 d o0 d
@Sl < [T et
0 Yy 0 Yy

<<¢ €L(y0)€_k.

The contribution from n,m such that k/(2w(n +m)) > 2b to Sy is thus bounded by

272 s dmdim) (2\/W>'“6—k7 (4.5)

L(1,sym? f) s V/nm n+m
(n-+m)<k/(4rb)

which decays exponentially in k.
Subsequently, we restrict our attention to the case a/2 < yy < 2b and in particular,
n +m < k. We start by performing an inverse Mellin transform on ¢ and evaluating the

integral over y as a Gamma function:

h d
| arWF 3 A () (1672 m) /22 2
0 n#m Yy
272 1 "
- /\ 16 (k=1)/2___ / / k+s —2m(n+m)y ~J. ds
L(k)L(1,sym? f) n;ﬂ 5(n T nm) i ;
£l - 1 7 1 C(k+s)
Ag( ) (162 nm) k12— / () n
L(l sym? f) n;m s 2mi J(2) (27r(n i m))k+s (k)

Similar to [L.S03, Eq. 2.3] Stirlings formula yields that for any vertical strip 0 < a < Re(s) <
b,
I'(k+s)

O k(14 Oap((1+[s)%kH). (4.6)
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Using (4.6) we have

%:44JL47§: m»mm,(¢%§@< k ) (4.7)

2L(1,sym? f) T V/nm n+m 27(n 4+ m)

1 3 nd(m) (2%)’9)

@)
* w(k L(1,sym? f) vnm n—+m

n#m

k
The factor (iﬁf) is forcing m and n to be close (roughly |m—n| < k'/?*¢). More precisely,

note that

In particular,
<2v ) O(jm—nf2/k)

n—+m

and the contribution from m,n with |m — n| > k¥/?*¢ is exponentially small in k. When

Im — n| < k%% we have as in [BKY13, p. 9
(2\/mn>k _ (1 _m—np +O(|m—n|4)>k
m+n 2(m +n)? (m+mn)4
[m —nf? Cm—n%»
= k1 l—-——=+0(— ) ).
P ( o8 < 2(m +n)? * (m+mn)4

By a Taylor expansion it follows that

m Ap(m)A(n) ( Mm—mw < k ) 172
Sy = - Oy (k™12
S et 2, v P\ 2w ey ) O
The lemma follows upon writing m = n + ¢. O

Subsequently, we only consider the case when m > n and thus ¢ > 0 as the case with

m < n is exactly the same upon relabelling the variables.
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4.2.3 Cancellation in the Shifted Convolution Problem

Our goal now is to detect cancellation in the shifted convolution sum Sy (in an L? sense,
when averaged over k and f € By). To do this we will use an averaged Petersson trace

formula:

Lemma 4.2.3. [ILS00, Twaniec, Luo, Sarnak, Lemma 10.1] For any positive numbers m,n

we have
k —1 271'2 )\f(m))\f(n)
) 2h< ) ) = (4.8)
k=0 (mod 2) K Jk—1 feBy, L(1,sym? f)

=h(0)K Lyen — 7/ (mn) /4 KTm (6_2’”/ i i W (2v/mn)h <87rc\[/(2_ >)
+ 0<\/_

o i(v)|do + 1m:n),

where h denotes the Fourier transform of h and h(v) = [ ?}Q e“du.

Remark 4.2.2. We kept the dependency on h explicit in the error term, as our weight function
will depend on n,m and K. Similar computations are also done by Khan in [Khal0] (see for

example Lemma 2.6 and expression (2.29) therein).

Remark 4.2.3. Integrating by parts several times shows that i(v) <4 v~ for any A > 0. In
particular, the second term on the right hand side of (3.2.2) is absorbed in the error term if
cK?/\/mn > K¢. In our case mn will be of size K* and so this effectively restricts the range
of c to c < K°.
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4.2.4 Variance Computation

Now we compute the main term of the variance V' (11, 1), which is given by the averaged

shifted convolutioin problem

M) = X h(S) S L s S, (4.9)
k=0 (mod 2) JEB
with
T Ar(n)As(n+0) — k02 k /24
S =L sym? f) #0; wnto) T (2(2n+€))¢(27r(2n+€)> + Op(k)

B T Ar(n(n+¢/d)) —ke? k /2t
S 2L(1 ) Zzn: dn(n + £/d) =P <2(2nd + €)2>w<27r(2nd + €)> O (72)

B Ar(n(n+m)) km? k 1 /ote
_m%:;zn: d(n(n+m))1/2 b ( a 2(2n+m)2)w(277d(n+m)> Oy (kH279).

For the second equality we used the Hecke relations

M)A (n+0) = 3 Af( ”dM))

d|n,d|¢

and replaced n by nd. For the third equality we wrote ¢;/d; = m;. After expanding Sy, , Sy,
we see that the main term of M (11, 15) is equal to

% k—1 271'2 1 )\f(nl(nl + ml)))\f(ng(ng + mg))
2 2 h(K)k 1ZL(1sm2f) 1/2
"1 n2 k=0 (mod 2) feBy » SY d1d2 (nl (n1 —+ m1>n2(n2 + m2)>

dy,d
mi, m2
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h'* (t) = :11,n2,d1,d2,m1,m2,K (t)

—h(t)tK@b( tK >¢< tK >eX (_ tKmi  tKmj >
N 8 ! 27rd1(n1+m1) 2 27rd2(n2~|—m2) P 2(2n1—1—m1)2 2(2n2+m2)2 '

We can now apply the averaged Petersson trace formula (Lemma 3.2.2) so that M (1)1, 1) =
D + OD with the diagonal

1n n mi)=n2(n m T%
D=K Y R RV A () (4.10)
e dydy (nl(nl + ma)na(ng + m2))
my,ma2

and the off-diagonal

OD = —/7KIm (e—zm/g > S(na(m + m1)\,/'f£2(”2 +ma);c) 60(2\/751(711 + my)na(ne + ms))-
ni,n2 c=1

1,42
mi,m2

(4.11)

1 . cK?
X 3/4 -h ( ) )
dyd, (nl(nl + mq)na(ng + m2)) 87r\/n1(n1 + ma)ng(ny + mo)

where i*(v) = [5° h:/g%) e™du. Now that we have established the formula

M(¢1,12) =D + OD, (4.12)

we start by evaluating the diagonal term.
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4.2.5 Evaluating the Diagonal

Lemma 4.2.4. If D is given by (4.10) then

V2 h(v/ayu!/s

D =K*?log K - du+

S0 (0)02(0) - [

32 21
T~ ~ 00 w)ul’t
#RYITE 0)(0) [ gy
o0 w)ut/ T —~ |~ T !
ek /0 h(\/;jwdu- (‘/E} (27— log(47r)>w1(0)1/12(0) + \/1% 01(0) 0 (0))+

00 4
—|—K3/2/ h(y/u)u d _\/§7T 1
0

- m/(l){/;(—52>@<52>g(1—32>g(1+32)d32+

+ Owl,llm (K1+E)7

as K — oo.

Proof. To evaluate D (see (4.10)), we first show that most solutions to ni(n; + m;) =
no(ng+ms) arise from the diagonal, i.e. ny = ny and m; = my. We assume that ny # ny and
my # my, as otherwise we are done. By completing the square the condition ny(n; +m;) =

na(ng + my) is equivalent to

(2n; +m1)? — (2ny + mg)? = m? — ma.
Since m; < K'/?*¢ there are at most K'*% choices for the integer M = m? — m3. Once
M, mq, ms are fixed, n; and ne are determined up to K¢. To see this abbreviate A =
(n1 + my + ng +my) and B = (ny + my — ng — my). Then M = 4AB and there are at most
K¢ choices for A and B (as there are at most K¢ divisors of M). Now A, B,my,my are

determined and so are ny,ny. It follows that there are at most K+ off-diagonal terms,
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whose contribution to D is bounded by

K Z 1n1(n1+m1):n2(n2+m2) . E;( )<<1,0171/)2 K1+25+8l.

1/2
sy 41782 didy (711 (n1 4+ mq)na(ng + m2)>

Hence,

V2 K? 1

16 ny,dy,d2,m dld?”l (nl + ml) ‘

x /ooo ML, (%dlﬁK ) (27rd2\/ﬁK )) P ( - (\/Mmi)du

2mu (nl + m1> (le + mo 2nq + mq)?

D —

+ Oy o (K1),

Since m;d; < K'Y?*¢ and m;/n; < K'Y**¢ for i = 1,2, we can simplify the expression

for the off-diagonal D by a Taylor expansion and get

o _V2rK? 1 /wh<ﬁ>ﬂ¢<ﬁff) <ﬁK)eXp<_ﬁKm%>du

2 1 2 2
16 n1,d1,de,mi dldgnl 0 21U 47T7’le1 47T7”L1d2 4”1

+ O?/)lez (KH_&)'

To evaluate the main term of D asymptotically we perform an inverse Mellin transform on
the smooth compactly-supported functions 1,1 and the exponential function. We then

shift the contours and collect the residues. The main term of D is equal to

Vi (2mi)3 /1/2+5 /1)/ / 1/’1(51)1/’2(52) (s3)-

! (\/_K> <\/_K) ( 4n% )SgdudS]_dSQng.

dldgn% 47Tn1d1 47Tn1d2 \/ﬂKm%

ny,d1,d2,my
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This is turn can be rewritten as

\4 27TK2 1 / / / /OO h(ﬁ)\/Eu(sl—l—sg—sg)/QKsl—i-sg—s;; (471')_81_52483'
16 (27m)3 Jajz+e) J) Jay Jo V2T
A (51)P2(52)T (83)C(1 + 51)C(L + 82)C(2 + 81+ 82 — 253)C(253)dudsdsadss.

We start by shifting the contour from Re(ss) = 1/2 + ¢ to Re(s3) = 100. The integral on
the new line Re(ss) = 100 is negligible by the rapid decay of 1y (s1), 1(s2) and the Gamma
function (it contributes at most Oy, 4, (K~?)). The simpe pole at s3 = 1/2 + 51/2 + $2/2

yields the residue

/ / / \/_ (/2 Hs1/2+52/2)/2 o~ 1/2+51/2+32/2<47T> s1—s2g1/2+s1/24s2/2
27?2

(4.13)

. &1(81)%(82)1—‘(1/2 -+ 81/2 + 32/2)C(1 + Sl)C(l + 32);((1 + 51+ SQ)dUdSldSQ.

Next we move the line Re(s;) = 1 to Re(s) = —2 + ¢ (stopping just before the pole of the
Gamma function), picking up simple poles at s; = 0 and s; = —sy . We use again the rapid
decay of 1 (s1),15(s2) to show that the new line integral is bounded by Oy, 4, (K<), At

s1 = 0 the residue is

2
27"K 21 / / \/_ u(~1/2+s2/2)/2 Fr— 1/2+52/2(4 ) so1/2+s2/2 (4.14)
i

: wl(O)wQ(SQ)P(l/z +s0/2)C(1 + 32)2;@6@2.

We follow up with the shift from Re(sy) = 1 to Re(s2) = —14¢ and pick up a double pole at
s2 = 0. The error term from the line at Re(sz) = —1 + ¢ is again Oy, 4, (K'*¢). To compute

the residue at the double pole we use the expansion (1 + s3)* = S% + 2?7 + -+ for sy close
2
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to 0, where v is the Euler-Mascheroni constant. The residue is then given by

V21 K32 /oo h(y/u)u'/t ’ (2 <K\/_
0 521§0 ds °

16 U A2 > U (s5)T (1/2+51/2)'(1 +21+ >)du

The limit is equal to

lim (K\F)f (210 (Kﬂ)%(sz) (1/2 4 2/2)+

s9—0 47‘(2

1o (52)T(1/2 + 52/2) + ;%(SZ)F’(UQ + 59/2) + 271a(52)0(1/2 + 32/2)).

We evaluate the limit, using I7(1/2) = /m(—v — log4), to

VT 5a(0)los K + Y 00) o+ v/700) oy — los(im) ) + v (0)

Thus (4.14) is equal to

2~ —~ o0 w)ul/
K og K ST [V g

3 2\/_7T h(y/a)u'/*
+K°/ 61 ¢()¢2()/ ~oru

prcon [SAVD ) 010 + Y2 05 0)

0 21U 16

log(u)du+

+O0yp 0 (KF).

This is our main term. There is another term of size K%? coming from the residue of

expression (4.13) at s; = —sy. This residue is given by

K3/2/°O h(uwpult Vo 1
0

5 16 2mi /1) Y1 (—89)1a(89)C(1 — 82)C(1 + s2)dso. (4.15)

This completes the proof of the lemma. O]
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4.2.6 Auxiliary Lemmas

In the following section we record some lemmas that we use to compute the off-diagonal term
asymptotically. We start with some observations regarding the function A(v), appearing in

the off-diagonal term. For any complex number w define the function
0 fy
hie(v) :/ ﬂuw/z cos(uv)du.
0 V21mu

For w = 0 this is the real part of h(v). The Mellin transform of this function and its
properties were evaluated by Khan [KhalO, Lemma 3.5] (and also Das-Khan [DKI18, sec.
2.6]). Note that Khan and Das-Khan treat f,(v) but the observations also go through for
the real part that we consider. As in [DK18, sec. 2.6] we have by repeated integration by
parts the bound '

SR (@) < (14 fu) ol (4.16)

for any non-negative integer j, A and the implied constant depending on Re(w),j, A. We

denote the Mellin transform of AR® by

v

v .

Be(s) = [ he e

The bound (4.16) implies that the Mellin transform is absolutely convergent and holomorphic
for Re(s) > 0. Integrating by parts several times and using again the bound (4.16) shows

that the Mellin transform deacys rapidly. More precisiely we have
Ry (s) < (14 [w) AR 4 |s[) 74,

with the implied constants depending on Re(w) and A. By Mellin inversion we have for

c>0
1 ~
Re _ Re —s
hyt(v) = 5 /(C) Ry (s)v™*ds. (4.17)
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As in [Khal0, Lemma 3.5] we can explicitly evaluate the Mellin transform of AX® within the

range 0 < Re(s) < 1. There we get

hie(s) = /OOO hvu) u/*T(s) cos(ms/2)du.

2mu
The next two lemmas will be useful to treat the exponential sum in the off-diagonal term.

Lemma 4.2.5 (Poisson summation). Let f be a rapidly decaying, smooth function, then

> = oA (%)eclan).

n=a (mod c)

where f(€) = [*_ f(x)e(—z€)dx denotes the Fourier transform of f.

Proof. This follows immediately from the classical Poisson summation formula and noting

that n = a (mod ¢) is a shifted lattice of Z. O

We detect cancellation in the off-diagonal term with the stationary phase method. We use

the following version of Blomer, Khan and Young, which is a special case of their Proposition

8.2 in [BKY13].

Lemma 4.2.6 (Stationary phase). Let X, Y, V.V1,Q >0 and Z :=Q+ X +Y + Vi +1, and

assume that

1/40
3/20 QZ
Y > 277, VlZVZW‘

Suppose that h is a smooth function on R with support on an interval J of length V1, satisfying
hU(t) <; XV

for all j € Ny. Suppose f is a smooth function on J such that there exists a unique point



4. Quantum Variance for Holomorphic Hecke Cusp Forms on the Vertical
Geodesic 80

to € J such that f'(to) =0, and furthermore
/> YQ2 f9U)<,YQ, forj>1andtcJ

Then

2mif(to)

/OO h(t)e? W gt = esen(f" (to)) mi/4 e

. -2 2/3 12
(o) (V=i )))'

In particular, we also have the trivial bound

h()eX™ Ot « =X 41,
| e e

Proof. See Proposition 8.2 in [BKY13], with § = 1/20 and A sufficiently large. We bounded
the contribution of the non-leading terms in the asymptotic expansion of [BKY13, Eq. 8.9])

trivially by O( Y3/2 (V + (Y2/3/Q2)>) ]
The last lemma we need concerns the Kloosterman sum over arithmetic progressions.

Lemma 4.2.7. Let S(a,b;c) denote the classical Kloosterman sum, then

Z Z S(ai(ay + by), az(as + ba); c)ec(2a1as + arby + azby) = c*p(c),

a1 (mod c¢), b1 (mod ¢),
a2 (modc) bz (modc)

where @(c) is Euler’s totient function.

Proof. Let us call T the sum we must calculate. First we open the Kloosterman sum and

get

T = Z Z Z (al aq + bl)l" + CZQ(CLQ + bg)!lf + 2a1a2 + a1b2 + CLle)
a1 (mod c¢), b1 (mod ¢), z (mod ¢)
a2 (modc¢) bz (mode) (z,c)=1
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Here 27 = 1 (mod ¢). Since (z,c¢) = 1 we can substitute a; with a;z and b; with byxz. We get

T= > > > ec(af:l: + ar1byx + a3z + ashex + 2a1a27 + arbox + azblx)
a1 (mod ¢), b1 (mod ¢), z (mod ¢)
az (modc) bz (mode) (z,0)=1

= Y Y Y eflata)r+ (a1 +ax)(by + by)a)

a1 (mod ¢), b1 (mod ¢), z (mod ¢)
az (modc) bz (mode) (z,0)=1

= Ay(c).
To obtain the last equality we used orthogonality when summing over b; and by, i.e.

¢ if (a1 +a9)xr =0 (modc
> ec(b(al—l—ag)a:): (01 + a2) ( )

b (mod c) 0 otherwise

and so a; = —ay (mod ¢). O

Remark 4.2.4. We highlight here that the additional summation over by, by (that originally
stems from averaging over the shifts) is crucial here. In contrast to that, Luo and
Sarnak [L.S04, Appendix A.2] work for the full fundamental domain with fixed shifts. The
corresponding summation over the Kloosterman sum then reduces “only” to an expression
involving Salié sums. Lemma 4.2.7 might be seen as the reason why we can obtain a

comparably clean formula for the quantum variance of the vertical geodesic.

4.2.7 Evaluating the Off-Diagonal

Our goal is to obtain an asymptotic formula for the off-diagonal OD given by
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_\/Hm<€—2m'/8K Z Z Z Zs(nl(nl+m1)’n2<n2+m2);c)ec(2n1n2+n1m2+n2m1)-

dy,da M1,m2 m1,m2 C \/E
(4.18)

€c(f(n1,n2,m1,m2)) cK?

dldg (nl(nl + ml)nQ(ng + mg))3/4 o 87T\/n1<n1 + ml)n2<n2 + m2)

where

f(nl, Ng, My, mz) = 2\/711(711 + m1>n2(n2 + m2> — 27?,177,2 — N1Mo — NoM

and

2
o ( i ) - (4.19)
8 /na (1 +ma)na(n + my)

[8( /ooo h(\/\/z%/%1 (27rd127/1?[—(k ml))% <zﬂd2$ﬁ ) )

2 2 . cK?
M) eXp ( . \/EK%>elu&r(nl(n1+m1)n2(n2+m2))1/2 du
(2%1 + m1)2 (2712 + m2)2

><exp<—

This task requires several intermediate steps.

First we will detect square-root cancellation in the exponential sum

> o f(na,ma,mi,my))

nl,nng

when mq, msy are large. To see that this is possible, it is helpful to keep the critical ranges
m; < VK and n; < K for i = 1,2 in mind. We then have the following heuristic that guides

our further analysis:
miny  miny

f(nl,ng,ml,mg) = +...

B 2711 2712
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2 2 2 2
min m 0 3min 1
172 2 112
—f(ny,ne,my,my) = ——==<0(1) and —=f(ny,ng,my,mo)~ — = —.
on, (11, 7, 71, 112) n? 2n9 (1) on? (1, 72, 1, m2) n? K

From these bounds on the derivatives we can see that we expect square root cancellation in
the summation over n; (see [IK04, Corollary 8.12]). To make this heuristic precise and to
compute an asymptotic formula for the off-diagonal OD, we will use the Poisson summation

formula and the stationary phase method, which is the subject of the following lemmas.

Lemma 4.2.8. Let OD be defined as in (4.18). Then

: S b ba);
OD — —ﬁKIm(e_%”/SZ Z Z (ay(ay + 1);)/(122(@ +02); ¢) eo(2a1as + arby + ashy)-
¢ by (modc), a1 (modc), ¢
b2 (mod ¢) a2 (modc)

1
Y Y Y ST dids)
di,dz 12 m1=b; (mod c) na=as (mod c) vEZ
ma=by (mod c)

with

00 ec(f(x,ng,ml,mg) —v(x +a1)) . < K2

Iv(n27m17m27d1ad27c) ::/ 1 >d.ﬁ13
)3/4 oz 87T\/x(x+m1)n2(n2+m2)

= dydy (2(x + m)ma(na + my)
(4.20)

Proof. We work with expression (4.18) and split the variables ni,ng, my, mo into residue
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classes modulo c. The off-diagonal OD is then given by

S b bs);
—ﬁKIm( iy gy Slala Fh) aaae 100 o) 0L g, +aghy).
¢ by (modc), a1 (modc), \/E
b2 (mod¢) az (modc)

(4.21)
€c f(nb Na, My, m2)
XD > > ( ) 3/4 (4.22)
d1,d2 m1=b; (mod ¢) n1=a; (mod c) dldQ (nl (?7,1 + ml)ng (TLQ + mg))
ma=by (mod ¢) n2=az (mod c)
K2
x ki ¢ . (4.23)
dy,d2
87T\/n1(n1 + my)ng(ng + ms)

Here we used the fact that the Kloosterman sum only depends on the residue classes modulo
c¢. The lemma follows now upon applying the Poisson summation formula (see Lemma 4.2.5)

to the summation over n;. ]

Next we will analyze the quantity

S Y Tu(ng,ma,ma,di,ds, ) (4.24)
na=as (mod c) vEZ
with the stationary phase method.
We record here some restrictions on the variables that will be useful for the further
analysis. Since h, 1)1, 1y are compactly supported on R* we have that n;d; < K for i = 1/2.
Additionally, d; < K° for some § > 0, as noted in Remark 4.2.3. Indeed, if d; > K° then

n;, < K and cK2/\/n1(n1 +my)na(ng +my) > K? and the off-diagonal term can be

absorbed in the error term. We will choose § = 1/32 for convenience. From the observations

in Remark 4.2.3 we also have the condition ;f( < K°¢. The exponential functions ensure
that m; < n;/K'/?7¢ < K'?*°  as otherwise we have exponential decay. For technical

purposes we also impose a lower bound on m;. If both variables my, msy are small then the

exponential ec(\/nl(nl + m1)na(ng + my)) is essentially smooth and the analysis is similar
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as in the case of full fundamental domain (see [LS04]). If m; < K'/® for i = 1,2, then we
can bound OD trivially by K%t which is smaller than the expected main term of size
K32, In our stationary phase analysis we will only need one of the variables m; to be large.
Since OD is symmetric in m;/n; we can assume without loss of generality that m;, > K8
The most important case is of course when both m; and msy are of size VK and so one
should view this restriction only as a technical convenience. To summarize, we will work

subsequently under the following conditions:

nid; < K and d; < KY3% fori=1,2, (4.25)
KY8 <m; < KY** and 1< m, < K'Y, (4.26)
cK? . .
< K° and in particular ¢ < K°. (4.27)
ning

A stationary phase analysis leads to the following lemma:

Lemma 4.2.9. Let Z,(ng, my, my,dy,ds, ) be defined as in (4.20). Then

ec<a1v+ %(U—i-mg — \/(v+m2)2+4vn2>>6_”/4\/5 ( K2 )

I’U Y J 7d 7d ? =
e e ) P ()2 - n?

8mnax(ns)

+ O(K2%%)

mi v+mo+2na

with x5(ny) = % ( -1+ —(v+m2)2+4m?> )
Proof. We now need to check the conditions of the stationary phase Lemma 4.2.6 so that we
can apply it to the quantity Z,(na, my, me, di, ds, ¢) . The stationary points z(ny) for fixed

v are the solutions to the equation

0

%(f(x,ng,ml,mg) —v(r — al)) =0
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and are given by

_ 2
7 (1) = ml(mz +2ny +v \/(v +mo)? + 4vn2) _ ming .(1+O(K—1/2+1/32+5)>‘
° 2\/(v+m2)2—|—4vn2 \/(v+m2)2—|—4vn2

(4.28)

From a Taylor expansion of f(x,ny,my, msy) we see that

1 ngm% 1 xm% mime 1 m%mg 1 m%ml

4 4 no 2 8 =z 8 mno

f(.r,ng,mth) -

and thus
o) Lnem? 1m2  1m3my

%f(x7nl7m17m2) - -

= - K°e.
4 22 4ny 8 a2 T

From the bound on the first derivative of f it follows also that v < K*¢. The second derivate
of the phase function f is given by
0? m? | ng(ng + mo)

@f(x,ng,mhmﬂ Y m

We note here that

m%nQ

xrlti

0? m2ns
8x2f<x7n27m17m2) = 1

<5

(4.29)

aj
and — f(x,ne, my, m
IS ‘ 83}] ( ) 27 17 2)

for any integer 7 > 2. If we evaluate the second derivative at the stationary point x; we get

v m22 VN9 3/2 v m22 vn2 3/2 —1/24¢
f,,(x:):_((Jr )"+ dvng) (v +ma)” + duny) A1+ O(K~Y*9). (4.30)

2m1n2 (m2 + TLQ) 2m1n%

After a tedious computation we see that the exponential evaluated at the stationary point

equals

ec(f(x;‘;,ng,ml,mQ) —v(z) — a1)> = ec<alv + %(v + my — \/(v +mo)? + 4vn2)>.



4. Quantum Variance for Holomorphic Hecke Cusp Forms on the Vertical

Geodesic 87

For the stationary phase analysis we also require bounds on the derivatives of the weight

. . cK2 . ..
function Ay, ;4 (8ﬂ(z(x+m1)7g(n2+m2))l/2)’ defined in (4.19). Conditions (4.25), (4.26) and (4.27)

yield

Y 2
aa J 1 3/4 h:;hdz( i ) (431)
v (x(x + my)na(ng + mg)) 877\/37(55 + ma)nz(nz + mo)

< 1 (1 Km? N cK? )j
x3/2n3/2 x x3 Nnox?
1 KNI
()
x3/2n3/2 T

for any fixed integer j > 0.

We are now in the position to determine the required parameters X,Y,V,V;, Q) and Z of

Lemma 4.2.6. From the bounds on the derivatives (4.29) and the fact that z < K/d; we see

that Y = % and Q = Z-. From (4.31) we see that X = &P PRV =V = K;;E
Qz1/40 .

and 7 < K'tet1/32 With these choices we also see that the condition Vi > e

satisfied, as long as dy < K 1/32 say. Indeed, with the lower bound on m; > K 1/8 we have

QZY0  KVeKZV© K KA KY® < K FU/6AH1/304e-1/8 17 fe1/16.

< <
Y1/2 dlmlwng dl my dl

We can now apply the stationary phase lemma (Lemma 4.2.6) and see that

ec(f(a:;j(nQ), Ng, My, My) — v(xk — al))e_m/‘l\/E
F7(@3(n2))] - (23(n2) (23(n2) + ma)na(na +my))

cK?
x R O(K™?).
(87\/1:3(712)(95;(712) + mq)ns(ne + m2)> O )

T, (ng,mi,ma, dy,dy, c) = 3/4

Since z}(ng) < ny we can simplify the above result slightly by using a Taylor expansion and
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conditions (4.25), (4.26). We get

€c <a1v + %(U +ma — \/(U +mg)? + 41]712))6_“/4\/6

1 <CK2>
| (25(na))| - @ (ng)3/2 - 3 W8\ 8wy (ns)

T, (n2, my, my, di, dy, c) =
+ O(K ).
This completes the proof of the lemma. O

We expect the main term of (4.24) to come from the O-frequency, i.e. when v = 0.

Lemma 4.2.10. Let Z,(ng, my, ma,dy, ds, ) be defined as in (4.20). Then

1 h*( cK?my

min3

Z Io(nlaml,mz,dhd%c) _ 677”/4\/2_6 Z

na=asz (mod ¢) na=asz (mod ¢)

) +0(x+)

8mn3m,

Proof. This lemma is a direct consequence of Lemma 4.2.9, specialized to the case v = 0.

For v = 0 the stationary point is given by zj(n2) = 222, From (4.30) we see that

3 3
My My

177 (i) (1+ouce).

B 2ming(ng + ms) - 2myn3

Moreover, a direct computation gives
€C<f(x8(n2)7n27m17m2)) = 60(0) =1

and thus the claimed result.

]

On the other hand, the contribution of the non-zero frequencies, i.e. when v # 0, is
negligible. To show this we will need to detect further cancellation in the summation over

Tno.
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Lemma 4.2.11. Let Z,(ngo, my, ma, dy,ds, c) be defined as in (4.20). Then

d2
Z, ,dy, do, —2 4.32
nﬁa;mdc);) (ne, ma, ma, da, dy€) K s (432)

Proof. Let ET (for error term) denote the left-hand side of (4.32). First we use the Poisson

summation formula for the summation over ny. Together with Lemma 4.2.9 it follows that

—mi/ o0
BT =¢ : 5 Z/ ec<a1v + @(u +mg — \/(v +mg)? + 4vy) —w(y — az)) (4.33)
¢ w A0 T 2
Ve 1 [ cK? o
dy + O(K 4.34
i (aan O (Sragtpy )+ O™ (430
with

‘) ml(mg+2y+v—\/(v+m2)2+4vy> K (435)
zi(y) = = —. :
2\/(U + mo)? + 4vy dr

As in Lemma (4.2.9) we perform a stationary phase analysis on the integral

(e 9]

Ve 1 L[ cK?
(o) O (S

T, ma, v) = / €c( G (y) — w(y — az))

—00

with

m
gml,mz,v(y) =a1v+ 71(?) + Mo — \/(U + m2)2 + 41}y)

It is again useful to have the critical cases in mind when y ~ K and m;,my ~ vV K.

7

m1,m2,v(y) is of size

The first derivative g, ... (y) is then again roughly bounded, while g
1/K. Consequently, we again expect square root cancellation in ny (see for example [IK04,

Corollary 8.12]). We now perform the stationary phase method on the integral over y of
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expression ET. The stationary points are given by the solutions to the equation

5 (o) = (w = a2)) = -

miv

—w=0.
\/(U+m2)2 + 4vy

Since a% Gmy.maw(y) K K¢, we also see that w < K¢. Moreover, we have the following bounds

on the higher derivatives:

0? Amqv? 07 myv?
29m17m2,v(y) = and ‘gmlumZ;U(y) <
dy ( oy’

j—1/2°
) (4.36)

(v+mg)? + 4vy) / ((v +mg)? + dvy

for 7 > 3. From the computations in the proof of Lemma 4.2.9, in particular equation (4.28)

and (4.30) we have

|f”(a::(y))! x5 (y)3/2y3/2 B may?

\/E 1 \/% i (1 +O(K_l/2+1/32+8))-

Similarly to (4.31) we will need bounds on the derivatives of the involved weight function

with respect to y. It is useful to first compute

o, myv? "t (m3 + vy) KLy
aT/](xv(y)) < (4vy + (mQ + U)2)1/2+j ! dy (y) .

Using the chain rule, a similar computation as in (4.31) yields

aj\/g_ch*( cK? )<<j Ve K<K6)]<<\/Ed%< d )j. (4.37)

Oyl myy? \8mai(y) -y miy? y Ty K O\K!l-¢

We can now again establish the various required quantities for Lemma 4.2.6. From the
computation (4.37) we can see that X = /cd%/(m;K) and V = K'¢/d,. From the bounds
(4.36) we find Y =m, - \/(v +mg)? + 4vK/dy and Q = ((v+ma)* +4vK/ds)/v. The trivial
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bound of Lemma 4.2.6 yields

jw<m17m27v> < (438)

XQ _ Veds VO +m)? + K[\ Jod
\/? vK ( ) < vK

my

(v+m2)2+4vK/do
mi

Here we used that

= 1, which can be deduced for example from the size of

the stationary point (see (4.35)).
From the bounds w < K¢, v < K* and (4.38) it follows that

2

ET
<<\/_K1€

This concludes the proof of the lemma. n
Using the previous lemmas we will obtain the following formula for the off-diagonal OD:

Lemma 4.2.12. Let OD be defined as in (4.18). Then

oD Z Iyy >

¢ dy,do M2 mMi,m2

X/Ooo h(\/_)\/_w ( VuKmy ) ( VuK )eXp(_ ﬂKm%)COS (u Cszz)du

2mu Armyding Ardany 4n?3 8mmin3
2 3

d1 d2m1 n2

+ O(K°*),

Proof. Combining Lemma 4.2.8 and Lemma 4.2.10 we obtain the main term of the off-

diagonal OD given by

—V27KIm (e‘mﬂ >y > Slar(ar +br), na(na + bo)i ) ec(2a1ay + arby + aghy)-

¢ b1 (modc), a1 (modc), ¢
b2 (mod ¢) a2 (modc)

1 cK?ms
D T S i)
d1,d2 m1=b; (mod ¢) n2=a2 (mod c) d1d2m1n2 o 87Tm1n2

ma=ba (mod ¢)
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with

. cK?ms,
i (S =

2
8mmins

oy O T PSP 7 S P (R e

m1n2 d
2mmady(2ng + mo (2n9 + my) (2ng + my)? o

On the other hand, by Lemma 4.2.8 and Lemma 4.2.11, the error term is bounded by

Y Y% 3 |S(ai(ar + b1), na(ns + bo); )| D> dy  pes

2
¢ by (modc), a1 (modc), ¢ d1,d2 m1=b; (modc) 1
b2 (mod c) a2 (modc) mo=by (mod c)

We thus have

. b bs);
OD = —/2rKIm (6_7”/2 Z Z Z S(a(@ 1 by, nalna 1 ba)i ec(2a1as + arbs + ashy)-

¢ b1 (modc), a; (modc), ¢
b2 (mod c¢) a2 (modc)

1 cK?m,
XYy () o
d1,d2 m1=b; (mod c) na=as2 (mod c) dlemln% o 87Tm1n%
ma=by (mod c)

Note that % < K¢ as otherwise we have rapid decay (using integration by parts).

Additionally, we have the derivative bounds

o’ K? KeN\J -
h< ¢ m22) < K- () < K- K72 (4.39)
ond  \8mmnj N2
J K2 KeN\J )
? h( < m22) < K- () < K- K916 (4.40)
om] 8mmyns my
and
10 cK?mey Kmy  cK?\J ,
R K- K- K18, 4.41
om, (87rm1n%) (m1d1n2 n3 mm%) < (4.41)
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With the Poisson summation formula we see that

Z 7271217612 y

2" dy,d2
na=as (mod c) d1d2m1n2 —00 dldell'

L ( cK*m, > _! - L ( cK*my >ec(—u(az—a2))dm.

8wmyn3 S8mmya?

Repeated integration by parts and the bounds (4.39) show that the non-zero frequencies are

bounded by O;(K~'%). For the 0-frequency we have

*

—00 d1d2m1x2 di,d2

1 ( cK?ms 1 ( cK?ms

1 *
)dZE: EZ 2hd1,d2

5 d1d2m1n2

) +0;(K0)

&mm,x? 8mmn?

again by the Poisson summation formula. We proceed in the same way for the summation
over my and mg, using the derivative bounds (4.40), (4.41) respectively, to bound the non-
zero frequencies. It follows that the off-diagonal OD is up to a negligible error term given

by

ct

b by):
— 27TKIII1< —mi/2 Z Z Z Slar(e +b), a2(a> + ba)i ) ec(2a1as + a1bs + ashy)-

¢ ay (modc), b1 (mod c),
az (mod c) bz (mod c)

ckK?*m
x Z Z Z d1d2m1n2 d1 d2<22)>

di,da M2 mi,me 87rm1n2

We now use Lemma 4.2.7 to simplify the summation of the Kloosterman sum over arithmetic

progressions and see that

. 2
Rt

i cK?m
/zz Z Sy d1d2m L8 d2(22>> +O(K™Y.

di,do M2 mi,m2 87Tm1n2

By a Taylor expansion, using (4.25) and (4.26), we see that

. (cK2m2> _/OOO h(ﬁ)ﬁ%( ﬁlﬁm) (ﬁK )eXp( me2> oy

2
d1,d2 87rm1n§ V21U 4mmy d1n2 47Td2n2 4712

+ O(K1/2+E),
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so that the lemma follows upon evaluating the imaginary part of OD. ]

Finally, we are in the position to evaluate the off-diagonal OD asymptotically. To do so
we will relate OD to a complex contour integral over several variables. We then evaluate

this contour integral with the residue theorem.

Lemma 4.2.13. Let OD be given by expression (4.18). We have

op = K. [T IO, ] 577 ., P01 50)C(1 = sa)dsy + O(KP),

0 2mu

Proof. From Lemma 4.2.12 we see that

OD:@KQECjw DI

dy,do2 M2 mMmi1,m2

X /0Oo h(\/@\/ﬁ%( Vukms ) ( Vulk > exp ( - ﬂKm%) cos (u cKZms >du.

V21U 47rm1d1n2 2 47rd2n2 477,% 87rm1n§

d1d2m1n2

To evaluate this expression asymptotically we perform an inverse Mellin transform on 1)1, 9y

and the exponential function. Then OD is equal to

Z Iyy >

dy,da M2 M1,mM2

—~ —~ Kmgy 51 K 52/ 4n’ )53
T .
27Ti 3 /1/2+€ /2 /1+5) w1(51)¢2(82) (83)(47Tm1d1n2> (47Td2n2> (Km%

cK?m
u(Isits2—s3)/2 oo <u 2 )dud81d82d83
Wman

4.42
d1d2m1n ( )

S

Finally, we also perform an inverse Mellin transform on

U) u(1+51+52—53)/2

it (v ::/ —
1+s1+52—53( ) 0 m

cos(uv)du
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as indicated in equation (4.17). We arrive at

VIrk? 1 — .
- T(s5) R :
8  (2mi)* /(1+g) /(1/2+35) /(2) /(1+3a) Va(e0)Pa(s2)l (500 ts,sopss(54)

EN 3 it (emdn) i) (k)

2
i e Aidemun3 \dmmading ) \4dmdan,

2\ s4
X ZQO(C) (87rm1n2> duds,dsydssds,.

¢ \ cK?%ms

OD =

c

We were allowed to interchange the order of summation and integration by the absolute
convergence of the integrand in the given ranges. We now rewrite the various summations

in terms of zeta functions and get

V2rK? 1 . s B
o= (2mi)* / / / / T(53)M1' s, 4055 (54)° 4.43
8 (27TZ)4 (1+¢) J(1/2+43¢) J(2) J(1+3¢) r (Sl)wg <32) (83) 14+s1+s2—53 (84) ( )

X (14 51)C(1 + 52)C(2 4 814 52 — 253 — 254)C(1 + 51 — 84)C(—51 + 283 + 54)-

x ((84)/C(1 + s4)(4m) 51752458 ()% K 51527587284 g dydsydsy.

The zeta functions ((1 + s1) and ((1 + s2) arise from summing over dy, dy respectively. The
summation over ng yields ((2 4 s; + sy — 2s3 — 2s4), while summing over m; gives rise to
C(14s1—s4). The my-variable leads to the factor {(—s;+2s2+s4) and finally the summation
over c gives ((s4)/C(1 + s4). Here we used that 3. % = % for Re(s) > 2. To evaluate
expression OD asymptotically we will iteratively shift the contours and pick up poles.

We start to compute the contour integral (4.43) by shifting the line from Re(sy) = 2 to
Re(sg) = —100. We pick up a simple pole at s = 0 and sy = —1 — 51 + 253 + 2s4. The

new line integral is negligible by the rapid decay of YZL JQ, % and the Gamma function. The
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residue at s, = 0 is given by

Vit o Lo Lo o, PO R (50 (1.49)

X C(L+51)C(2 4 51— 253 — 254)C(1 + 51— 54)C(—s1 + 253 + 54)C(54) /(1 + s4)-
X (4) 751453 (8)*4 K51 587254 5 dsgdsy.

Moving the line Re(s1) = 1 4 2¢ to Re(s;) = —100 yields poles at s; = 0 and sy = s4. First,

we consider the residue at s; = 0, which is given by

V2rK? 1 —~
0)12(0)T(s3)h1'® 4.45
0 e o eny PHORAOT )R, (52) (4.45)
X ((2 — 253 — 254)C(1 — 54)C(283 + 54)C(54) /C(1 + 54)4%8 (87) %4 K ~%3~ 254 d53ds.
Expression (4.45) is negligible upon shifting Re(s3) = 1/24 3¢ to Re(s3) = 100 and the rapid

decay of i and the Gamma function. On the other hand the residue of the pole at s; = s,

of (4.44) leads to

\/%K /1+5 /1/2+25) ! 84)w2( ) (83)ﬁ1§—is4—33<54)' (4.46)

27rz

X ((2 — 2s3 — $4)C(253)C(s4) (4mr) 5147 (87) " K~ %1 ds3dsy.

This integral is again negligible after sending Re(s3) = 1/2 + 3¢ to Re(s3) = 100, as we pick
up no poles and we can bound everything trivially. In total we found that the contribution

from poles that arise after sy = 0 is negligible. We now evaluate the residue of (4.44) at the
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pole s = —1 — s1 + 253 + 2s4. We get

V2rK? 1 ~ =
- —1 — 51+ 253 + 254)(s3) i - (447
5 i oo pas vy P11 = 514 2854 200Dl (sa): - (447)

X C(l + 81)C(—81 + 283 + 284)C(1 + 81— S4)<(—81 + 283 + 84)C<S4>/C<1 + 84)'

X (4m)! 2587254458 (8 )5 K153 g dsadsy.

Next we move the line Re(s3) = 1/2 + 3¢ to Re(s3) = ¢ (stopping before the pole of the
Gamma function) and capture poles at s3 = 1/2 + s1/2 — s4 and s3 = 1/2 + 51/2 — 54/2.
The new line integrals contribute at most O(K'*¢). The residue at s3 = 1/2 + s1/2 — s4 is

given by
V2rK? 1 ~ ~Re
8 (2mi)? /(1+s) /(1+3s) (s (001724 51/2 = S4>h?/2+81/2+84(84)' (4.48)

X Q1 52) 5001+ 1 = 50)C(1 = s)C(50)/C(1+ 52)

X (d)"orgt o2 @y KRR g g sy

We then shift Re(s;) = 14 3¢ to Re(s1) = —14¢ and pick up simple poles at s; = 0, $1 = s4
from the zeta functions and the simple pole s; = —1 + 2s4 from the Gamma function. The
new line integral is clearly negligible. The residue from the gamma function contributes at

most O(K). The residue at s; = 0, given by
VorK? 1
8 (2mi)?
1
X 5C(1 = 54)*C(sa)/C(1 + sa) 41275 (8 K12 dsy,

[, POBAOT (12 = 1) (1) (.49
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is clearly also negligible. At the pole s; = s4 the residue is given by
VorK? 1
8  (2mi)?
1 —84 41/2—54/2 s —1/2—s4/2
X Ef(l — 84)C(84)(4m) "4 /=THE RN K 12dsy,

/(1+E)%(54)%( )T(1/2 — 54/2)R 1/2+3/254(34) (4.50)

which again contributes only to the error term. It remains to compute the chain of residues

of (4.47) starting with s3 = 1/2 + s1/2 — s4/2. At this point we get

5 s oy PHOTIT /2 01/2 = 5D g (451)

1
X C(1+s1)C(1+ s — 54)§C(54)(4#)_31_3441/2“1/2_54/2(8%)34K_1/2+51/2_S4/2d51d54.

We then shift Re(s;) = 1+ 3¢ to Re(s;) = 2¢ and pick up a simple pole s; = s4. The new
line integral is bounded by O(K'*¢) and is therefore negligible. Our expected main term,

the residue of the pole s; = sy, is given by

V2r K3/2 1

8 271 /(1+€) %(84)%(54)F(1/2)ﬁ1§f2+254 (54)C(1 4 54)C(84)(2m) **dsy. (4.52)

We now shift the line Re(ss) = 1 + € to Re(s4) = € to simplify this expression. Note that
the residue of the pole at s, = 1 is 0, since h3/2( ) = 0. On the new line Re(sy) = € we can

explicitly evaluate hl/e2 195, (84), leading to

K3/2./°° h(\/ﬂ)ul/“d Ver 1
0

50 3 97 / 1/11 S4) 1/12(84) (s4) cos(ms/2)C(1 4 s4)((84)(2m) **dsy.

(4.53)

Finally, we use the functional equation

C(1—s)=2(2m) *cos(ms/2)'(s)((s)
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so that the off-diagonal is up to an error term of size O(K®°/4*¢) equal to

00 1/4
K3/2-/0 MV, {6ﬂ21 / Y1 (sa)ta(sa)C(1 + 54)C(1 — s4)dsy.

2T

This matches exactly with term (4.15) from the diagonal, if we suppose that ¢ (y) is even,
i.e. ¢n(y) = ¢1(1/y) and thus v (s) = ¢ (—s). O

4.2.8 Proof of the main theorem

Proof of Theorem 2.3.2. Recall the definition of &, (se (4.2)) and Sy (see (4.3)). The work
of Luo and Sarnak (see [LS03, Section 5]) shows that

3 h(k’[_{l) S L(1,sym? f)|Byf? < K. (4.54)

k=0 (mod 2) feBg

Moreover, we have

k
V(i) = h(K > L(Lsym® £)(Sy, + Ey,)(Sy, + Ey,)
k=0 (mod 2) feBy
k—1
= Z h(K Z L 1 , Sym f)(S%Swz + S¢1E¢2 + Sszibl + Eleiﬁz)
k=0 (mod 2) feBy

We evaluated the main term

M) = 30 h(k;(l) S L(1,sym? £)Sy, Sy, = D + OD,

k=0 (mod 2) f€B

in Section 4.2.4 with Lemma 4.2.4 and Lemma 4.2.13. Theorem 2.3.2 follows then from the
Cauchy—Schwarz ineqality and the bound (4.54). O
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Chapter 5

Future Directions

Finally, we want to discuss further ongoing work regarding the Random Wave Conjecture

for holomorphic Hecke cusp forms. To do so consider

Pul) = [ [T wwlse Pyt 5.)

where [ denotes a holomorphic Hecke cusp form of weight k£ and ¢: Rt — R* is a smooth
compactly-supported weight function.
The quantity P,,.(f) can be interpreted as a 2r-moment of a Hecke cusp forms in a strip

of the fundamental domain.

Remark 5.0.1. The definition of P, (f) might seem a bit artificial but helps in concrete
computations and should nonetheless lead to a better understanding of the Random Wave

Conjecture. Alternatively, we could try to evaluate

2r del’dy
Jo PR

with ¢ a smooth compactly-supported test function on the upper half-plane. We would then

expand 1(z) into so-called incomplete Eisenstein series and Poincaré series and proceed with
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a similar (although more difficult) analysis.

Remark 5.0.2. We are now considering also higher moments of holomorphic Hecke cusp
forms, i.e. v > 2. It is therefore of increasing importance to restrict the integration range
to a compact domain, in order to avoid large values of holomorphic cusp forms high in the

cusp.

The following conjecture is a special case of Conjecture (2.2.2).

Conjecture 5.0.1. Let f be a holomorphic Hecke cusp form of weight k, such that (f, f) =1

and let : Rt — R be a smooth compactly-supported test function. Then

dxdy
27’ rk ~T 1
Var (P Vol / / Iy Y2 (r+1),

where

val(p) = [ [ m(wjz — (1),

dzdy 3
V. . / / Py Y 2
ary(P) Vol A%y y? s

as k — oo. In particular, we have

Pulf) ~ T 1)+ (2) 500,

T
as k — oo.

Remark 5.0.3. We highlight here that the computations in this chapter should mostly be
regarded as heuristics. In particular, we ignore error terms for the sake of exposition, unless

they are of conceptional importance.
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5.1 The 2r-th moment and shifted convolution sums

We begin our analysis by relating P,,.(f) to shifted convolution sums. To do so, we use the

Fourier expansion of f (similar to [BKY13, Section 3]).

Remark 5.1.1. For convenience of notation we will often suppress the summation range and

write Y, a(n) for the summation 7%, a(n).

1 roo 2r dxd
P2r(f) :/ / 'QZ)( Z >‘f 47m (k— 1)/26_27my6(n[£) yrk x2y
Y
2r
I‘(lf ’2r Z H)\f 471'71 (k= 1)/2/ ((an Z )SL’)dl‘
N1,ee5M2r 1=1 j=r+1
< [Tl Sy
0 y?
Integrating over the variable x yields
2r 00 dy
P2r(f) :‘af(1)|2r Z H )\f(ni)(47rni)(k_1)/2 . / w(y)e—Qﬂy(n1+‘..+n2r)yrk—l7
N1y 2 i=1 0 )

ni+...4+nr=nr41+...+n2p

We then perform an inverse Mellin transform on ¢ and interpret the integral over y as a

Gamma function, so that Ps.(f) is equal to

2r 1 _ - dy
1 2r <)\ i 4 i (k—l)/Q)/ / —27ry(n1+.-.+n2T) rk“_l—"_sid
lay(1)] m,..z.,nz,. E #(n;)(4mn;) o (2)¢(3> i e y : .

ni+...4+Nr=Npr41+...4+n2p

A\ T(k=1)/2 A\r(k=1)/2
e > Ar(n1) -+ Ap(n )((nl"'n’“)l/ ) <(nr+1"'n2r)1/ )
— (47r)7"—1 T FARUY! AU (m 4. .nr>(rk—1)/2 (nr+1 + .. _nQT)(rk—l)/Z
n1+...+nr=np41+...4+n2,
1 ~ I'irk —1
X 7/ ¥(s) r ) sds.
27TZ ( ) (47T<n1 + . e + nr))
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Note that from Stirling’s formula, for fixed r, we have
D(k)" ~T(rk — 1) - (rk — 1)(v2r) =t~/

and (similarly as in [LS03, Eq. 2.3]) for any vertical strip 0 < a < Re(s) < b,

I(rk—1+s)

Ty = R (@ Oupr (L4 1sD*RT). (5.2)

Remark 5.1.2. The error term as stated in (5.2) is in general not good enough to be
considered negligible. In practice this is not a problem, as we can easily compute an

asymptotic expansion and evaluate the lower order terms.

Since |a;(f)|? = W’;mgﬁ, we see that the main term of Py, (f) is equal to
7T(T+3)/27’7'71/2 k)(rfl)/Q 1 Z )\f (nl) PN >\f(,n’27“) v (5 3)
20r=5)/2  rk —1 L(1,sym? f)r o (ng+...+mn,.) 1 '

ni+...+nr=nry1+...4+n2p

(7"(7”&1 ...nT)l/’/‘>T(k1)/2(7f~(nT+1 ...n2r)1/T)7'(k1)/2 ( rk —1 >
W (T Te) " .
A7 (

ny+---+n, nr+1+--~—|—n2r 77/1—1-"‘—1-77,7«)

In the following sections we use expression (5.3) for r = 2 and r = 3 to analyze the fourth

and sixth moment of holomorphic Hecke cusp forms on average.

5.2 Fourth Moment Revisited

Aimed with the general computation for P,.(f) we sketch the evaluation of the fourth

moment in vertical strips on average.

Remark 5.2.1. Khan [Khal4] computed the fourth moment of holomorphic Hecke cusp forms
on average on the full fundamental domain. His approach is based on Watson’s formula and

the evaluation of an L-function moment problem on average. In Chapter 3 we treated this
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moment problem without averaging but under the assumption of the Generalized Riemann
Hypothesis.

Before we begin with our analysis we notice the factor L(1,sym? f)="

in our expression
(5.3) for Ps,.(f). In view of the Petersson Trace formula (see Lemma 1.6.1) it will be helpful

to analyze the average

9 kN C(2)-12 )
77 () T 5, M 7P,

k=0 (mod 2)

where w: RT — R* is a smooth compactly supported function and W =[5 w(z)dz.
Inserting the factor L(1,sym? f)"~! will affect our computation only by a constant. Indeed,
as seen in the works [Luo99], [Roy01], [CM04] on the distribution of the symmetric square

L-function at 1 we have for example for r = 2

mr X () BT s )~

k=0 (mod 2) feBy

and for r = 3

K—QVV Z w(;‘;—) C(Q)k 12 fezB:k L(l,sym2 f)2 -~ <<3C>(<6)(2>, (5.4)

k=0 (mod 2)
as K — oo.

Conjecture 5.2.1. Following the notation in the previous section, we have for Py(f), defined

in equation (5.1),

v EO%M)W(;) 212 2 LLam® DP(S) ~ (22 (i)zi(n, (5.5)
as K — oo.

We know sketch a proof without providing details.
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Proof sketch. From (5.3) with r = 2 we see that the main term of P,(f) is equal to

/2 5 Ar(na) -+ Ap(ng) (2(n1n2)1/2)’“1<2(n3n4)1/2>’“1¢< 2k — 1 )
47

VEL(1,sym2 )2 w0 ny + ng ni + ng n3 + N4 (n1 + n2)

n1+n2=nz+ng

Using the Hecke relations

M) = 3 (M)

d|(n1,n2)
and relabelling the variables, we obtain (up to an error term)

5/2

> > Ap(ning)Ay(nang) y

\/EL(l, Sym2 f)2 di,do N yeeny N4 dl (nl + n2)
di(n14+n2)=d2(n3+n4)

y <2(n1n2)1/2)k’_1(2(n3n4)1/2>k_1¢( 2k — 1 )
nqy + no N3 + N drcdy(ny +ng) /)

As a first step to evaluate the left-hand side of (5.5) we use the Petersson Trace formula (see

P4<f):

Lemma 1.6.1), which leaves us with a diagonal term D and an off-diagonal term OD. The

diagonal term is given by

5/2 i i Z 1 <2m)2(k—1)w<47rd1(2k>

d1 1ni=1ng= p di(n1 4+ n2) \ni + no ny + ns)

Similarly, as in the computation for the quantum variance, the expression

(2(711%2)1/2)2(’“‘” (5.6)

n1+n2

leads to exponential decay if [n; — ng| > k275, We could then perform again a Taylor
expansion of the quantity (5.6) and obtain a similar shifted convolution sum as in the
quantum variance case (notice that we have here the additional constraint

di(ny + ng) = da(ns + ny)). For the sake of exposition we choose here an alternative
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approach, that seems to be better suited for generalizations. Rather than using a Taylor
expansion, we directly compute an inverse Mellin transform for (5.6).

For Re(b) > 0, 0 < ¢ < Re(b), we have the integral representation (see [OLBC10, p. 143,
Eq. 5.13.1))

1 1 D(a)T(b—a)ng™®

b / ()T(b=a)ng 7, (5.7)
(m+mng)* 2w T(b)  m

First, we perform an inverse Mellin transform on v, and then we use formula (5.7) to see

that

5/2 1 2 2(k—1) 1 . 2k s
p_T" ( V”m?) 7/ ¢(s)<) ds
k a nime dy (n1 + ng) \ny + ngy 21 J(3) drdy (ny + na)

K s 92(k—1) | oGOt
k ; 27” / /k+2 (27T) st (nang)™" - ng

ni,n

['(a)l (1+3+2( —-1)—
(1+s—|—2( - 1))

T o 70 (55 ) 2+ )0 = (k= D)1 5+ (k1) )

r( )F(1+s+2(k: 1) -
T T tst2k—1)

@) dads

X

@) dsda.

Next, we evaluate the complex integral above by shifting the contour of s and « to the left
and computing the residues of the poles that yield the main term. Since we only sketch a
proof here, we ignore integrals that should be negligible compared to the main term.

We shift the line Re(s) = 3 to Re(s) = € and pick up a pole at s = —(k — 1) + «, whose

residue is given by

_ (k—1)+a
e [, et ()

Shifting the line Re(o) = k42 to Re(a) = k —14¢ we pick up a pole at o = k. The residue

22=De(2 — k + Q)WC(Q — (k —1))da.
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of this pole is given by

()2t W o (2) o) 59

27 I'(2k) T
as K — oo. There are two choices for n; to obtain a diagonal term (either n; = ng
or n; = ng). Once n; is determined, the other variables are also determined. Taking

this into account we see that the result in (5.8) matches exactly the constant predicted by
Conjecture 5.2.1.
Consider now the off-diagonal term OD that is roughly of the form

Ki/2 Z Z Z S(m(m + 51)\,/7612(712 +6)ic) €c(2\/n1(n1 + 01)na(ng + 52)).

0 0o<VK ni,no<K cKK®
- 2n1+£1=2n2+42

Upon using the Weil bound for Kloosterman sums (see [IK04, Chapter 16])

1S(m,n;c)| < (m,n,c)?d(c)c"?,

1/2+¢

we see that the off-diagonal expression OD is bounded by K~ . Compared to the main

term (5.8) that is of constant size, this is negligible, thus finishing our sketch of proof. [

Remark 5.2.2. Note that the diagonal and off-diagonal term for the fourth moment and the
quantum variance, treated in Chapter 4.1, are very similar. The major difference is the
additional condition 2n; + {1 = 2ny + {5, arising in the computation of the fourth moment of
holomorphic Hecke cusp forms. The variable n, can then be expressed in terms of ny, £y, {5,

thus reducing the complexity of the problem.
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5.3 A glance at the sixth Moment

We will now continue with an investigation of the sixth moment, which is still work in
progress. Unsurprisingly, the problem comes with a steep increase in difficulty. From a
technical perspective the number of variables complicate computations considerably. The
elevated “intrinsic” difficulty can be seen in the off-diagonal term, where it is necessary to
detect significant cancellation.

In view of Conjecture 5.0.1 and equation (5.4) we propose the following averaged

conjecture:

Conjecture 5.3.1. Following the notation in the previous section, we have for Ps(f), defined

in equation (5.1),

2
KW

BN C(2)- 12 ) B3R 3\ -
> w(g) T X Lt PR ~ S 6 ()00,
k=0 (mod 2) K k fEB, ¢(6) Q

We conclude this thesis by sketching basic ideas for the treatment of Conjecture 5.3.1.

First, we use again (5.3) with r = 3 to express Ps(f) as a shifted convolution problem.

We have

Po(f) :7r3~35/2 k 1 3 Ap(n1) -+ Ap(ng)
4 3k—1L(1,sym? f)3 e (n1 + ng + n3)?
ni+...+n3=nq+...+ne
y <3<n1n2n3)1/3)3(k—1)/2<3(n4n5n6)1/3)3(k—1)/2 . < 3k —1 >
ny + ng + ng Ny + ns + ng 47t(ny +ng +n3)/’
Note that

1/3+ 3(k—1)/2
(3@1”2”3)) <1 (5.9)

ni + No + N3
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From

3
27n1n2n3 :(m + N9 + 713)3 — 5(711 + N9 + ng) ((nl — n2)2 + (711 — 713)2 + (712 — n3)2)

— (n1 +n2 — 2n3)(ny — 2n9 + n3)(—2n1 + Ny + n3)

and a Taylor expansion, we can see with a bit more work that the left-hand side of (5.9) is
decreasing exponentially in k, unless |n; — ny| < K¥2*¢ |n; —ng| < K'/2%¢ and |ny —ns| <
K'/2%e Rewriting no = nq + {1, ng = ny + s, n5 = ng + f3 and ng = ny + {4 we see that

Ps(f) is “morally” equal to

[;2 ) > Ap(nu)Ap(na+L0) A p(na+L2) A p(na) Ap(na+E3) A p(na+Ly).

61,22,63,€4<<K1/2+5 n1,ng =<K
3n1+L1+l2=3n4+03+L4

Assuming for simplicity that the Hecke eigenvalues are completely multiplicative, we need

to investigate

;2 3 3 Ar(ni(na 4+ 61)(na + o)) A p(na(ng + €3)(na + £4))

I ,62763,f4<<K1/2+5 n1,naxK
3n14+41+l2=3n4+03+Ly

on average. As usual, we would then apply the Petersson Trace formula, leading to a diagonal
term D and an off-diagonal term OD.

It is reasonable to expect, though not trivial to show, that the diagonal term D arises
when ny; = nyg, ¢ = ¢3 and ¢, = ¢4,. Under this assumption we see that the diagonal is

essentially bounded:

D%ﬁ > Y 1<K

gl,g2<<K1/2+s ni =<K

Our next goal will be to show that the off-diagonal term OD is also bounded by K¢. It
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will be comfortable to introduce the following polynomial in three variables:

p(r,s,t) :=r(r+s)(r+1t) (5.10)
1 51, /1 253 1 , 1, 28
:(3(s+t)—|—r> —g(s —st+t)<3(s+t)+r>+27—93t — g5t o

(; (S—i-t)—i-?")g_B(sat) (:1)) (S+t)+7”> +C(s,1)

with
B(s, 1) = (s*—st+t*) and C(s,1) 28 1o Loy 20 (5.11)
s, t) == (s —s an s, t) == — — —st* — —s —. )
’ 3 ’ 271 9 9 27

The off-diagonal expression is then roughly given by

1 S(p(ny, b, by), p(ny, £3, £4); €)

OD =~ K7/2 Z Z Z \/E
f1,£2,é3,€4<<K1/2+5 ni,na~K cKK1te

3n14+41+l2=3n4+03+Ly

X 66(2\/p(n1,€1,€2) -p(n2,€3,€4)).

Upon expressing ny in terms of nq, ¢4, ls, ¢35, 4 and using the Weil bound for the Kloosterman

sum, we see that a trivial bound for OD is given by

0D « . (K1/2+5)4 VKL RME g2

K7/2

In particular, we need to save K2 over the trivial bound, in order to show that the sixth
moment on average is bounded by K*.

From

2Vab = /(a+b)2 — (a—b)2 = (a+) 1—(212)2

and a Taylor expansion we see that 2v/ab ~ (a + b), provided that a and b are sufficiently
close. We want to apply this principle with a = p(ny,¢1,¢3) and b = p(ng, 3,¢4). The
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condition 3ny + €1 + ¢ = 3ny + €3 + ¢4 and the polynomial representation (5.10) imply that
p(n1, €1, ¢3) and p(ny, l3, ¢4) are indeed “close” in a precise quantitative sense. Ignoring error

terms, it is thus sufficient to consider

1 S(P(nh51752),p(n4,£3,g4)§C)
OD ~ .
K7/2 Z Z c<<;+g \/E

81,52783,€4<<K1/2+5 ny,ng~K
3n14+41+l2=3n4+03+Ly

X €c(p(n1> 01, 02) + p(ny, Cs, 54))-

Next we express the variable ny in terms of nq, ¢4, ls, {3, £, . In particular, since 3n,+/0,+/¢; =

3ny + U3 + ¢4 we have

1

3
1 3 1

= (3 (El + 62) —+ nl) — B<€3,€4) (3 (fl + gQ) + n1> + C<€3,€4),

p(na b, 2) = ( (05 + 1) + n4)3 ~ B(ls, () (; (b5 +03) + n4> +C(ls, £2)

where B(s,t) and C(s,t) are defined as in (5.11). Now that OD only depends on the variables

ny, ¢; with 1 <4 <4 and ¢, we split n; into residue classes a; modulo ¢ and obtain

1
OD ~ KT/2 > > Tle),

01,0003 04 KK 1/2+e c K1t

with

T(C) = Z S(O,? — B(gl,gg) -ap + C(gl,gg), CL? — 3(83,64) . 0(63,&0, C)'

a1 (mod c)

X ec(a? — B(ﬁl,gg) -ap + C(él,gg) + G? — B<£3,£4) . 0(63,64))

When c is a prime, which should be the most difficult case, 7 (c) can be interpreted with the
formalism of trace functions over finite fields (see [FKMS19]). We will not elaborate more

on trace functions at this point, as this would go beyond the scope of this thesis. We just
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remark that the Kloosterman sum as well as the exponential function e.(-) can be interpreted
as trace functions of the variable a; associated to special f-adic sheaves.
A key feature of trace functions is that they satisfy quasi-orthogonality relations of the

form

> tila)tz(ar)| < Chypy - /P (5.12)

a1 (mod p)
where C}, 4, is a constant that depends on the so-called conductor of the trace functions
t1,to but is independent of p. This quasi-orthogonality feature is based on deep work of
Deligne [Del80] on the Riemann Hypothesis for finite fields. For our purpose, it is best, to
think of ¢1(a1), t2(a1) as complex numbers of bounded size and so relation (5.12) amounts to
square-root cancellation, unless there is an obvious obstruction.

The quasi-orthogonality relations applied to 7 (p) for a prime p, and trace functions

ti(ar) = \/1]—js<f(al)7g(al)§p) and  ty(ar) = ep(f(ar) + glar)),

for some appropriate polynomials f, g would imply that
T(p) <p.

Here the implied constant only depends on the degree of the polynomials f and g but not
on their coefficients.

In the case when c¢ is not a prime but a composite integer, usually more elementary
methods suffice to prove good results (see [IK04, Chapter 12]). It is therefore reasonable to
believe that one can show a result of the form 7 (¢) < ¢!'*¢ for primes as well as composite

integers c. Under these assumptions we would have

1 T(c)
OD ~ K7/2 Z Z

01,02,03 04 KK/ 2Fe cK1Te \/E

< K*,
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leading to a sharp bound for the sixth moment of holomorphic Hecke cusp forms in a
compact interval on average. In ongoing work we intend to prove such a sharp bound for
the sixth moment on average rigorously. With more work it might be even possible to solve

Conjecture 5.3.1.
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