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ABS'I'RAC'I' 

An exper im'ental technique called Optical Grating Topography 

(OGT) has b~~n developed to provide measurements of relatively 

rough anisotropie surfaces. Using the princip1e of Schmaltz 

~icroscopy, this technique employs multiple scanning to obtain 
, '" . \ 

~~afa for subsequent computation of surface parameters. The 

computational procedure is baseq on Quantitative Stereology, 

and permi ts one to determi ne not ,on ly the conventiona 1 sur face 

roughness parameters, but a1so the mean 'individua1 bearing 

area l (IBA). The la,tter is obtained from the IBA distribution 

det~rmined from the joint expone-ntial density distribution of 
... ~ 

the intercept ("eut") length fo-r the X-y directions. The 

knowledge of the mlan IBA which is a new concept introduced in 

the ~resent work, is essential for the' analysis of the 

functional behaviour of the interface in contact problems. 

Applying the Ga~ssian Random Process theory, the IBA 

dens_ity distribution i.s also determined analytica'11y. The 

comparison with values determined from measurements reveals 

close agreement for heights of asperities at Ra levei and above 

it. It is shown that this IBA can be.flirectly obtained from 

spectral analysis of the given surface. It ,is found. that the 

initial portion of the Auto-eovariance function for the CI 

machined ground surface is of Gaussian forme Using this result 

a10ng with the density of IBA, the possible determination of 

eut-off rel~vant to contact theory is discussed. 
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Une technique eXPl!!rimen~e appelée OGT ('Optical Grating 

RESUME 

Topography') a été développée afin d' obtenir des mesures sur 

des surfaces relativement rugeuses et anistropiques. utilisant 

le principe de la microscopie de Schmaltz, cette technique 

consiste en des balayages-multiples fournissant des don~es 
'(, 

d'au sont extraits les paramètres de surface. La méthode\de 
'-. 

calcul est baSée sur la Stéréologie Qpantitative et permet de 

déterminer non seulement les param~tres de rugosité conven-

tionnels, mais aussi le IBA moye~ ('Individual Bearing Area'). 

Ce dernier s' obtient de la di_stribution IBA a partir de la 

densité de di~ribution jointe exponentielle dans les 

directions X, Y. Une connaissance du IBA moyen, qui est 
" nouveau concept introduit dans le présent ouvrage, est 

esse'ntiel~e po'ur l'analyse du comportement fonctionnel de 

<-l'interface dans les problémes de contact. 

, 

En appliquant la théorie GRP (' Gauss ian Random Process' ) , 

la distribution de densité IBA est également déterminée 

analytiquement. Comparant cette derni~re aux valeurs mesurêes, 

on obtinent un bon accord pour la hauteur des aspérités au 

ni,:eau Ra et au-dessus: Il est montré que ce IBA peut être 

obtenu directement par l'analyse spectrale de la surface en 
", 

question. • 
On' trouve que la portion initiale de la fonction d' aut,o­

covariance pour la surface polie a la meule de la fonte est de 

forme Gaussienne. Utilisant ee r~sultat eombinê l la den.itê 

IBA, la dêtermination possible du 'eut-off' d~n8 le cidre de la 

t~orie de contaet est discutêe .• 
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STATEHEHoT OF ORIGINALI'l'Y AND CONTRIBUTION .\':rO THE KNOWL'EDGE 

~,. ""'. . 
The author of this·the~is claims o.iginality for the following 

contributions to the characteriz!ltion of-surfaces for the 

des c r l p t ion 0 f the i r fun c t i '0 n a 1 b e h a v i 0 u r 0 f sur f ace sin 

contact: 

l. The development of an experimental technique called Optical 

Gratlng Topography (OGT) based on the principle of Schmaltz 

Microscopy wlth the purpose of obtaining the pro'flle 

measurements free from the error caused by stylus 

prof llometer. The machined ground su~rface of Rm ~O.76]Jm 

for WhlCh this technique was developed are too rough for 

thé applIcation of laser based interferometric technIque • 

. 
2. The development of the computational procedure for 3-D 

surface characterization leading to the individual bearing 

areas and their dlstribution. The procedure is based on 

the principles of Quantitative Stereology and Digital 

Signal Processing. It involves the determination of tlte 

joint exponential denslty distribution ~~ intercept length 

which is Ob!"i ned from OGT. '1 
3. The analyEÎ.cal determination of the '3-D density 

'distribution of IBA based on Gaussian Random Process. It 

is found that this density distribution is of the form a* 

KO (a·) where a* is the normalized IBA and KO the 

modified Bessel fune.tion. This density function will 

• allow, in conjunction with the local stress, the 

" . f formulation of the stoehastic qneory of def~rmation. 
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Glossary 

1. Abbott eurve (17): 

2. 

Bearing area fractions plotted as a 
1 

function of height." 

Baire ~unctèon [20]: 

The set Iy of aIl real numbers 'x' sueh that g(x) ~ y 

~hould he a countable union or intersection of intervals 

for any y; onl~ then { Y ~ Y } is an event. If 9 (x) has 

this property, it is called a Baire function. 

3. Functional filtering: 

It is the confinement of the measurement of the profile 

to the portion of the spectrum that takes part in the 

,f une t ion a 1 b e h a v i 0 u r 0 f sur f ace. It involves the 

determination ~f low pass and high pass eut-off • 
. 

4. High-pass eut-off: The eut-off which rejects the long 

wavelengths. 

Low-pass eut-off: The eut-off which rejects the short 

wavelengths. 

5. Lay: The direction of the predominant surface pattern, 

originarily determined by the production method used. 

6. eut-off or meter eut-off [17]: 

7. 

In a profi·le meter instrument, the conventionallYov.defined 

wavelength separating the transmitted from the attenuating 
Il 

components of the effective profile. 

Pass band: The frequency of the surface considered between 
,~ 

" 
the high and low pass eut-off. 
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8. POInt spread function: Consider an object with an 

9. 

irradiance distribution IO(Y'Z) followed by an optical 

system which creates an image Ii(y,Z). The object 

information is transformed into the image by a process 

which can be representedOmathematically as 

00 

Ii(Y'Z) = ff IO(Y'Z)S(Y-y,z-z) dy dz 
_ 00 

where S(Y-y,Z-z) is ca11ed point spread functions. 

In the case of perfect lens system, for example, S would be 

any pattern (simi 1ar to Newton's ring). 

Roughness [17]: 
" 

The irregu1arities in the surface texture which are 

inherent in the production process, but excluding waviness 
~ 

and errors of forme 

10. Waviness [17]: 

The component of surface texture upon which roughness is 

super imposed. Waviness may result from such factors as 

'machine or workpiece deflections, vibration, chatter, heat 
'-

treatment or warping strains. 
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CHAPTER 1 

INTRODUCTION 

1.1 Importance of surface characterization ) 

Topography can be considere~ as a narrow bandwidth of 
/ 

irregu1arities covering the form or shape of the surface. Due 

--- to these irregularities which is the characteristic of the 

basic machining prbcess, the surface is random in natU1:e. 

Therefore, the surface irregularities may be considered to 

exist in the formof roughness or waviness. Moreover, 

dependin9 on the presence of ~e prefe:red orientation of thes~ 
irregularities (direction of lay), the surface becomes either 

anisotropic or isotropiE. From this it is evident that the 

characteristics of the surface are so complex that t'heir 

precise definition with a single parameter is not possible. It 

becomes necessary, therefoie, to characterize the surface in 
, <,Ar 

terms of parameters relevant to the problem so as to pe'rmit 

its use as indices to performance under actual operating 

conditions. 

I~ is known from the experimental work of Abrams and 

KOps (1) that the surface texture (roughness an~r waviness, 

isotropie or anisotropie) influences the manner in which two 

meta Il ~ :t...9h su r faces in con tact i nteract. 1 n add i tian ta 

this, It' s _~ that the tribologieal qualities (wear, 

fri.ct'ion, Iubrieation, fa:tigue, strength, etc.) are aiso 

r 

.. .fS~ ~ •.• : .L. .,,:, 
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directly related'to the surface texture [2]. Hence---the need 

arise$ to characterize the surface texture in such a way that 

it can bé used to describe the functional beha~iour of surface. 

Many studies have been done to characterize the surface 

in terms of the center l ine average (CLA)., root mean square 
• 

(RMS), height density curves, correlation function and spectral 

densi ties [3]. This random process ana l ys i s, however, rests' on 

two assumptions whicjl are unnecessary: _ (1) the statistics of 
'i -, __ / 

tHe surface are the same as the statisti~s of the profile of 

the surface, and (2) the asperities have spherical (regular 

geometrical) c~ps [4]. Osman and Sankar [5] reafïzed the 

inadequacy of these parame,ters and, using the concept of 
t 

stochastic excursion in the form of the 

mean irtTercept 

Obtai~parameters 
length at th mean leve!. This analysis was 

based on the ij t' assump 10n of an isotropie Gau~sian process with 

the statistics of the surface being the same as that of the 

profile. 
J~ 

In many engineering applications involving contact it is 
,-..} 

< 

• sufficient to know the bearing ,area, ,its growth at different 
" ( . \.'\ .. 

levels of 1rregular1tles, heïght and its distribution on the 

surface. This is due to the fact that it is through these 
\ 

discreet areas that the electric or thermal heat flux passes in 

problems related to electric or thermal contact resistance. 

Moreover, if this local bearing area and their corresponding 

probability density function togethlr with the weIl defined 

local stress i.s employed, it is Pfssible to formulate a 

stochastic theory of deformation fq~/th~ solution of an elastic 

2 
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contact probl em. This suggests the necessity of extended 

f ' -surface characterization in terms of individual bearing areas 

. and its distribution for the surface. It is proposed that such 

an approach of characterizirfg the surface in terms of 

individual bearing area and its distribution, and also in terms 

of the parameters like CLN, RMS, Mean slope and cu~vature, 

should be sufflcient to describe the functional behaviour of 
.1 

surface in contact problems. 

1.2 Review of methods used in the measurement of surface 

topography: 

There are vari~us methods available to measur~ the surface 

irregularities. Each one of them possesses its own advantages 
j ... 

and disadvantages. Inherent in the basic design and principles 

involved. The choice of any one of the me,thods depends on the 
1 

following conditions: 

1. Expected height variations in asperities. 

2 •. Height sen.si.tivity required • 
.1' 

3. Type of surface; i.e., specular or diffusive. 

4. Cost and complexi'ty involved in the analysis 

following the measurements made using this technique. 
1 

s. Resolution of~-be-âVailable Methode 
-

The available techniques can be broadly categorize~ iqto: 
V' • 

1. Cont~ct methods. 

2. Non~contact metHOds. 
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1.2.1 Contact methQds: 

Among the contact methods the main inst~ument sti 11 used 
-

extensively is the stylus profilometer. In this instrument a 

narrow diamond stylus ~f finite dimensions traces lightly 

across the sur~ace contour to produce a time varying vol tage 

output whose magnitude is directly proportional to the height 

of the surface contour. This voltage output is of a high pass 

frequency, filtered so as to include only surface spatial 

frequency components above a certain eut-off frequency. The 
J 

period of the eut-off is defined as the ~roughness width' cut-

off. The average absolute deviation of the filtered signal -

from its mean value is then used to defin.e/the roughne.ss of 

surface. 

The other contact methods described in [6] are mentioned 

mainly for their historical significance. They are no longer 

used as measurement techniques. 

1.2.2 Non-contact methods. 

As shown in Table 1, the firs~ and fo~emost technique used 

falis into the category of light section microscopy. This 

method is essentially a non-destructive, non-contacting 

• procedure that is quicker and ~asier to set up. Thi~_principle 

has also been employed in the optical Grating Topography to be 

discussed subsequently. 

Before d iscuss ing ~he inter ferometry method a few 

remarks as to the use of speckle in application of a laser 

1 ight so,y.r~~ to ,the mea~rement of surface topography should 
t -Y">" " 

ge made.! The use of specular reflection measurements for the 

4 
l ' 

... A .•. , .. .' . 

'''!$M , \ 

'~ 



r
.,-:.t:I"l''' ",;-"" 

~ ........ ~ . . 
~. . 

~ 

f 
1 
i -' r' --

'L. 

\JI 

~ 

", 

~ 

'? 

't 

'::' 

,.. 

Table 1 

Techniques for Measuring the Roughness of Ground, Polished and MachinedoSurfaces; 
Roughness Greater Than 100 A rms (6) 

Technique 

Light section microscopy 

FOr i nge contrast rat i'O, Twyman­
Green interferometer 

Single wavelength holographic 
interferometer 

Two wavelength holographic 
interferometry 

Two-beam and multiple-beam 
Frizeau fringes in inter­
ference microscope 

Stylus instrument 

./ 

Comments 

Light sectIon mIcroscope for heights 
1-400 f..IIll with a sensitivity of tO.5f..1Ill 

Laser llluminatlons; end mirrors are reference 
and test surface respectlvely; roughness in 
range 10 A tO À

t /5 obtained from frOm fringe 
contrast ratio 

Interference between hologram and light 
reflected from test specimen; roughness ln 
range 0.05 - 0.80f..lIll obtained from contrast ratio 

Extension of above method for measurement of 
rougher surfaces uSlng coherent light of tJo 
different waVelengths; theory only 

Interfer~nce mIcroscopes of different desIgns; 
gener al roughness range À Q./20 to ÀgJ2 but can be 
rougher for surfaces wlth regular proflles or 
Isolated scratches; lateral resolution depends 
on magnificatlon and numerlcal aperture 

Surface proflles of bead blasted alumlnlum and 
machlned steels; data digitized to yield height 
dIstrIbutIon functloni roughness range 
0.01 - 1.1 f..IIll 
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Stylus instrument 

Stylus instrument 

Llght scatterlng 

Light scatterlng 

Light scattering 
1 

Light scattering 

Optical profilometer 
~ 

White light speckle 

( 
\ 

r' 

'\ 

Surface proflles of ground and sand blasted 
metals; data digltlzed to yield height and 
slope dlstributlon functions; roughness range 
0.5 - 3.0 WIn 

Surface profile of ground steel surface; data 
dlgltlzed to yleld helght and slope 
dlstributions and other surface statlstlcs; 
roughness 0.5~ 

Specular reflectance of alumlnlzed ground gl~ss 
and ground steel; roughness range 0.16 - 1.3~ 

Specular reflectance at two angles of 
lncldence; machlned metals, ground glass, 
sillcon, ln roughness range 0.1 - 10~ 

Specular reflectance of pollshed alumlnlum and 
steel; roughness range 0.09 - 0.08~ 

Total Integrated scatter to detect scratches, 
dlgs, and mlcrorQughness on mlrrors and 
transparent domes 

Small laser beam scanned over reflecting 
surface to detect Isolated surface defects; 
height Sensltlvlty 0.05~ 

Moving rough surface; correlatIon qetween 
speckle contrast ln broadband IllumInatIon and 
roughness when roughness 1S comparable to 
coherence length of llght; ground, polished, 
sanded, and machlned metal surface~ ln 
roughness range 0.1 - 6.4 WIn 

Ct 

\ 

\ 

\ 

c. 
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Laser speckle pattern 

Polychromatic laser 

Laser speckle pattern 

1 \ -..J 

., 

'--

\ 

,-

"\~ 

" 
'--..., 

Mo~ing rough surface illuminated with dlverging 
beam; roughness and correlation length deter­
mined from degree of coherence of traqsmitted 
beam; roughness range 0.4 - 0.9 j.JI1lfor gtound 
glass surfaces; upper limit of roughness 
related to magnitude of beam spread 

Speckle patterns of scat(~ light from ground 
glass correlated with ro~ghnèss; roughness 
range l - 3\.111li no 'correlAtion for 10\.ll1lroughness 

Contrast in monochromatlc speckle pattern from 
ground glass determined by scanning detector; 
roughness range 0.2 - O.SUffi; maximum roughness 
measurable O.SUffi 

• 

~ 
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determination of surface roughness has been Investigated 

earller ln reference [7J. The results show a signlficant 

co~ation of the speculaI reflection measurement with the 

roughness measurements obtained by stylus profilometer. HoweveI, 

thlS correlatIon is constralned due to two assumptlons: 

1. The roughness must be less than 15% of the 

wavelength of the employed illumInatIon. 

2. The helght dlstIlbutlon should be a Gaussian 

dIstrIbutIon. 

It should be noted that when any rough surface is 

llluminated wlth spatially coherent l ight and observed with 

a flnlte aperture> optical system, speckte can be observed. 

Such speckles ale produced because the light is recelved at 

each pOInt in the image from several dlfferent points on the 

o b J e c t, due t 0 the l i mit e d r e sol u t ion 0 f the s y ste m. The pat h 

length of the light from each pOInt on the surface depends on 
/ 

the height of the surface at that particulaI point. If the 

height varies significantly across the width of the point 

spread function, interferencè effects wi 11 occur known as 

speckles. The size of the speckles is known to be related to 

the Numerical Aperture (NA) of the observing system. These 

s pee k les a I;.~ the mai n r e a son for no tus i n 9 the co h e r e n t las e r 

l ight source in the case of optical section microsçopy. 

Furthermore, these speckles mix with the grating image and 

hence cause reduction in contlast which is not favourable for a 

faithful reproduction of profi les. 



c 

Most of the holographie interfero~etric techniques reported 
-

so far have been for measuring the depth contour of large 

surfaces, i.e., generation of contours of constant depth or 

for the measurement of the root Mean square (RMS) roughness 

only. Even for pol ished specimens no good agreement could be 

reached [8]. Moreover, the re_quirement of paraI leI wavefronts 

in the holographie interferometry is the main draw-back, as 

this involves expensive devices not necessary for the range of 

measurements encountered in the rough ground'surface. The 

other interferometry method like the Mirau interferometry [14] 

is a good means of measuring surface topoqraphy as it gives 

sharp 1 ines. with good contrast (unI ike holography), but is 

limited in measuring surfaces having specular reflection 

characteristics. 

The three beam interferometry [9] is perhaps the 

Most sensitive for the case under consideration, since it 

depends upon the i ntens i ty changes in the inter ference bands, 

wh i c 11-- i sam e a sur e 0 f the i r reg u 1 a rit i es 0 n the sur fa ce. The 

principle in this technique is based on the common path three 

beam shearing interferometer in which the outer beams act as a 

reference while the middle beam scans the surface. Though one 
\, 

of the best ways when employed to measure film thicknesses, i t 

has limitations as far as measureme~ of surface roughness is 

concerned. It requir •• two ref,\renJ.urfaces having the same 

intensity of reflection as that of the surface under study and 

using the same source of light. In spite of this it has a low 

NA. 
Al'I.other method developed by Sato and Hori [10] aims at 
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determining the profile of the surface roughness by integrating 

the intensity of back scattered electronic signals. TQ.e 

disadvantages are: 

1. 1 t requ ires Scann i ng Electron Microscope (SEM) for 

observation equipped with two or probably three 

integrators. 

2. The sample must be supplied with a conductive 

coating. 

3. It is very time-consumlng. 
,) 

Al though 1 ight sca t ter i ng methods represent s imp le and 

straight-forward implementation of surface characteristics, 

they do not measure the s4rface structure directly. The 

simplest instrument of this type is the glossmeter (IS02812 or 
. .', ....... 

ASTM 0523), which measures the specular reflectance of the 

surface [11]. Specular reflectance, however, increases with an 

increase in the refractive index and is also influenced by the 

smoothness of the test surface. Hence the gloss data obtained 

are not a sole function of the surface topography; ~t best they 

can give only an average surface topography • 

. Clarke and Thomson [11] have developed a laser scanning 

analyser [LSA] system, whereby a laser beam is reflected from a 

polygonal mirror rotating at high speed down onto the surface 

of a workpiece. It i5 then reflected into a fixed 

photoconductor receiver with a wide aperture that is used to / 

measure defects. It also cornes with a narrow slit for the 
~ 

measurement of surface roughness. Considering a minimum spot 

10 



c size on the surface, of 200\.Jm, LSA method measures the angular 

reflectance or scattering from the test surface over an angular 

range of 30 0 • Unfortunately, this sc~ning technique measures 

a specifie angular reflectance at different locations on the 

surface and thus represents only an average angular reflactance' 

of the test surface over the scanning range. It is from this i 

that the RMS roughness and other informations like CLA can be 

deduced. 
~»' ' 

,j.' 

It is seen that these techniques inherently average over 

a region of the test surface, and thus cannot directly obtain 

the actual surface profiles. The accurate measurement of 

scattered light over Many orders of magnitude from the specular 

direction is quite difficult and time-consuming. Further, a 

surface preparation is important for the measurement of very 

smooth surfaces. For very rough sur faces, a more compl Ica ted 

vector diffraçtio~~~heory must be used in order to predic~ the 

actual surface structure. 

Bennet [6) has developed an interferometry system 

employi~g multiple beam fringes of equal chromatic order 

(FECO). FECO are formed when a collimated beam of wh!te light 

undergoes multiple reflections between two partially silvered 

surfaces, one of which is the surface whose profile i9 being 

measured and the other is a ~uper-smooth reference surface. 

Using a TV camera for the detection of the positional 

displacement of the fringes, this. technique yielded accuracies 

of the order of 0.8 nm RMS for the measurement of surface 

profiles. Latera~ resolution of this system ~s been reported 
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t 0 b e b et w e e n 2 and 4 \..1 m 0 ver a 1mm pro fil e 1 en 9 th. Sig n a l 

averaging in the system increases -the measurement time, and 

th~refore severe environmenta l precaution~ must ~e taken to 1 
. ' ~ 

ensure the accuracy of measurement. Al so, the system requ ires 

that the surfaces being analysed have high reflectivity. 

Both the "Differential Interference Contrast" (DIC) and 

the "Nomarksi polarization interferometer" techniques (12) are 

useful for qualitative assessments of surfac:...e toaography; 

however, quantitative results May be difficult to obtain. 
-. 

While interferometers of this type are easy to operate, and 

essentially insensitive to vibration, they have the 

disadvantage that they measure the slope of the surface 
~ If' 

lrregulariti~s only, rather than the irregularij:ies themselves. 

Furthermore, since they measure surface slope irregularities in 
( 

one direc~ion only, the sample orientation is~~mportant. 

• Recent advances in the field of electrical engineering 

have resu l ted in jhe development of a topogr"l-.f i ner (3). l t. 

consists of a servo controlled non-èontacting field emission 

which maintains a constant current between a conducting 

specimen and itself. The motion of the probe is amplified and 

displayed forming an isometric picture as the surface is 

scanned in a series of parallel traverses. This instrument has 

a high resolution, but is restricted to very small specimens 

and has the added disad:Nlantage of requiring conducting 

specimens in a high vacuum. 

Another class of measurement technique belongs to the 

'~ategory of focus error detect-lon developed by Mitaui, Ozawa 
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and'Kohno. Herein the change in focus of the optical system 
< • 

due to change in height of surface irregularities is detected 
, 

by the principle of astigmatism [151. While this method can 
, J 

give high resolution (O.Ol~m), it can be used only on 

specular surfaces like diamond machined surfaces. The other 

1 disadvantage is in the effect of diffraction figure which is 

inherent in any focus error detection techni~ue. 

1.3 Evaluation of available methods. 

Various methods for the measurement of surface and the brief 

description of its advantages and disadvantages was discussed 
t .LI. 

in the last section of this chapter. From this it is evident 

that not a single instrument can be universally accepted to 

measure all the types of surfaces encountered during machining. 

Styl us prof il ometers ha ve very good sens i t i v i ty (O.Ol~m), but 

have disadvantages due to the effect o~ stylus size and load. 

Distortion of the profi le due to finite dimensions of the 

.L st Y 1 us tip [161 is as shown in Figure 1.1. The effect of st Y 1 us 

tip radius on measured roughness (161 as shown in Figure 1.2 

also shows how the stylus profilometer can give results 

devi'àting from the actua1 value. The other sources of error, 

1ike fi1tering due to skid and the effect of stylus geometry on 

its dynamic response, are discussed in reference [17]. 
'C 

~ecent1y De Vries and Chenq-Lih ~'i [18] have tried to solve 

this problem due to S~y1Ufi g~croefry by developing suitable 

algorithms covering th'! range of 12.5 - 2.5lJm stylus radius 

size. They developed kinematic and geometric algorithms to 
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compensatè for" stylus geometry so as eo present a better 

picture of the tr:ue surface profi le. The extent to which the 

compensation could be achieved is as shown in Figure 1.3. 

The optical method employing the principle of Schmaltz 

microscopy is perhaps the simplest and most elegant [19]. 

Observable detail with the Schmaltz projection m~thod depends 

on the resolving power of the microscope objective. The major 

source of error in this technique arises from the diffraction 

that takes place at the edge of the shadow. However, the 

height of shadow can be estimated tq a very small error for 

irregularities of maximum depth greater than .76 llm [19]. 

Moreover, by using a concept simi lar to Biernawski's mUlt1ple 

shade topography [20], one can apply multiple scanning of the 
.. : 

surface for 3-D surface characterization as discussed in the 

nex t chapter. 

1.4 Outline of the thesis: 

The main purpose of this thesis is to characterize the surface 

in terms of parameters necessary to describe the functional 

behaviour of surfaces in contact. In many engineering 

applications 1 ike the determination of electric and thermal 

contact resistance and the,analysis of deformation of interface 

formed by two surfaces in contact, it is sufficient to 

determine the local bearing area and its distribution on the 

surface. For it is through these discreet areas that most of 

the electric or heat flux passes. The subsequent computation 
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of the digitized data obtained by using OGT leads... to ,the 

{ determination of not only the conventional parameters like CLA, 
'-... 

RMS, Mean slo~ and curvature, but also the individual 

bearing area and its distribution. This procedure of 3-D 

characterization is described in three steps. 

In order to statistically determine the individual bearing 

area and its distribution the OGT was developed. The first 

step, therefore, is the literature review of the measurement 

techniq~~ _~')Lailable for profile description of surfaces. This 
l ")1 __ 

was alread~'described in the last section of this chapter. 

The second step is in the description of the Optical 

Grating Topography technique for measuring the surface. Having 

obtai ned the profi l es of the sur face, they ha ve to be d ig i t i zed 

and processed to obtain the paraméters. The technique and 

computational procedure is described în Chapter 2. 

Review Of~ existing models describing the surface 

character i za ti on forms the ma in C'ontent of the Chapter 3. Thi 5 

chapter discusses the various models that have been develo~ 
in the past to obtain parameters. Finally, as a last step, the 

extended characterization of surfaces and the proposed 

application to contact problem is discussed in Chapter 4. The 

analytical determination of the parameters in terms of the 

moments of the statistical function forms the main part of this 

chapter. Its correlation with the exp.erimental results 

obtained by using OGT is also discussed. 

Finally, Chaptér 5 states the conclusions and 

recommendations which arise from this study. 
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CHAP'fBR 2 

OPTICAL GRATING TOPOGRAPY 

2.1 Ietroduction 

. ;, 
The character ha t ion of sur faces for the descr ipt ion of the i r 

functional behaviour in contact problems, like those in machine 

tool joints, requires a measurement method which could be free 

from the er ror c.aused by the styl us of a prof i l o~eter. The 

relatively high surface roughness of machined ground surfaces 

in the case under study precludes the application of 

profi lometers which use a laser based optical interferomet;er 

techn ique. Other optical techni,ques, which rely on the 

specular reflection of the surface or us~ special coatings to 

enhance the intensity of reflection, are a 1 sa not sul tab1 for 

the sur fa c Els wh i cha r eth e su b j é ct 0 f t ~ e p 1'""e sen t 

inve&tjgation. 
~/ 

To obtain a detailed description of the surface 

to b~~udied, perhaps the best way is to obtàin a profile 

section or a contour section of the surface. Although this 

sounds logistically feasible, difficulties can be visualized in 
'<- • 

doing it. While the introduction of distortion in the 'profile 

when taking sections can in no way be ignored, the destruction 

of the surface in doing so discourages us in adopting methods 

underlying this. principle. To circumvent this difficulty a 

German scientist, G. Schmaltz, cited in (19) developed a purely 

optical means of obtaining a profile curve based on the 

principle of optical eut. This is i lluûrated in Figure 2.1. 
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The optical system Qs~d is also shown in Figure ~.2. The -' 

" illuminator projects an image of a straight edge, or a slit, on 

the surface in the field of view of the microscope. Both 

objectives in microscope for observation aqd illumination are 

alike. The 45 0 angle between the observation and illimination 

s1~tem resul ts in: 

( 
1. maximum intensity of light entering microscope 

objective • 

2. correct focus over the entire illuminated band. 
l' 

3. magnification in the dire'ction of height and depth. 

Since it is intended to multiple ~scan the surface, a 

concept similar to Biernawski's multiple shade topography, sorne 

modifications were made to the set-up originally used by 

Schmaltz. These modifications were in replacing: 

l" 1. a slit by a transparent grating of 330 lines/mm 

2. fixed illuminating objective by a' movable ot;>jective 

which permits adjustment for obtimum brightness and 

, contrast of grating Unes, 
.r' 

and, 3. a fi xed observation objecti v~ by an e.e.ip lan obj ecti v~ 

(with greater working distance than cQnventional' 

objective) mounted on a focussing gear. This permits 

obsérvation of other grating 1 ines . on the surface 

without moving the workpi~ce or set-up. 

Subsequent profil~ computation both acrdss and along 

mac~ined lay direction leads to the determina~ion of surface-

parameters for the surface. In part icu lar, the OGT method was 
' .. 
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used to define parameters of the bearing area, essentia1 in the 

contact prob1em. 80th the ana1ysis and the computational 
\ 

procedure is presented in this chapter along with the 

description of tJle measuring technique. 

2.2. ~escription of the OGT system 

Refer~ing to the diagrammat~c sketch of the OGT given in Figure 

2.3, it can be seen that the al'pa"ratus consists essentially o'f 
, 

two optical arrangements: illumination and observation. The 

~arious components that makes the OGT system are: 

1. Light source: Light, used for this technique was 

ord inary whi te 1 ight. This type of 1 ight was necessary 

since, as discussed before, the coherent 1ight source 

like 'Laser' causes !ipeckle which distorts the grating 

1ine image and interfers with the edge of,the~e 1ines. 

" 2. Collecting lens: The sys \;em of l enses (con v ex) 

colleces the light from the source and lets it pass 
! 

through the microscope body ~r the illumination of the 
1/ 

grating. 

3. Transparent grat i ng: The transparent gra ti n9 . pl ate 

consisting of 330 lines/mm was placed behind the movable 

objecti ve. The 1 ines from this grating were projected 

on the surface of the sample to obtain the profiles for 

measurement. 

4: Traversing objective Mount: This is a movable 

(x,y) mouat which carries the illuminating objective on 
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one slde and a gratlng plate on the other side. 

5,. Objective for lllumination: Tll-is obJective i5 flO, 

.25 NA used for proJecting the gratlng llnes on to the 

surface of the sample. \ 
6. Specimen moutlt: ThlS mount is an x,y p05itioner for 

holding the specimen or workpiece. The workpiece cou ld 

b e m 0 v e d a 1 0 n 9 x, y a x i s for me a sur e men t 5 ~ t. d 1 f fer en t 

locatlons on the surface. J 

7. ObJectIve for observatIon: ThIS conslsted of an 

epiplan objectIve f16, 0.35 NA wlth greater worklng 

dlstance than the conventional objective of the same 

class. ThIS obJective lS used for both transmlSSlon as 

well as ref lectl ng mlcroscopes. 

8. F'ocus control: The entl re microscope was mounted 
, 

on a precision focussing gear to observe the gratlng 

line images. 

9. Binocular phototube: This was meant for manual 

observation of the grating line image prior to using 

camera. This facilitated the control ofl"e focus. 

10. High eye point eyepiece lOX. 

11. ACM microscope: The microscope body was used as it 

could carry all the above mentionéd components and also 

the polaroid camera. 

12. Camera with automatic exposure control. 
Q 

13. Collect ing 1 ens tube: Th i s tube was necessary for 

two reasons: (1) to carry the system of collecting 

lans, (2 ) to maintain alignment of the axis of 

19 

\~ 



o 

lb.,,~ '. 

• 

collecting lens and the objective forming the 

i Il umi na t i ng a r rangement. 

2.3 Operation of the OGT system. 

The operation of the OGT 15 schematica lly "shown in Fig. 2.5. 

It 15 evident from thlS flgure that it essentially consists of 
\ 

two main procedures: 

2.3.1 

1. Establlshing the geometry of the optlcal system and 

observlng the effect of the grating lines on an 

optically flat mlrror. 

2. Malntalning the same geometry and repeatlng the 

procedure on sample surfaces for measurements. 
\1 

\ 

Establlshing the optical geometry: 

From Figure 2.1 lt is clear that the parameters WhlCh Influence 

the .observatlon of the topography of surface are: 

1. the angle of observation and, -... 
. h If' \. d fI' h 11. t e ang e 0 lncl ence 0 lnes on t e 

surface of the sample. 

Moreover, the amount of dellneation of the grating line depends 

on: 

, - , 

i. the above two parameters describlng the geometry of 

OGT and, 

ii. the amount of variation~in depth of surfaces. 

Therefore, by knowing the amount of delineation in the grating 

line image due to the known step height or depth which is 
\ 

obtained from the photograph, it is possible to get the two 

parameters describing 'the geometry of the OGT. 

/ 
,./ 
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geometry of QGT is esta~lished, it is now ready to measure the 

surface irregularities that might exist ln the form of either 

roughness or waviness. 

2.3.2 Measurement Procedures: 

WIthout disturbing the projecting part of the system, the 

grating lines are now made to faii on the surface to be 

examined. It is possIble that in the first attempt the gratlng 

Iines on the surface of the sample may not be sharp. The 

sharpness lS obtained by adjustIng the workplece distance from -

the illuminating, objective and observation objectIve. After 

thlS adjustment for maximum brightness and contrast, the 

grating line lmage obtained on the surface of the sample is 

photographed for further processing. The effect of the 

optically' fIat mirror on the grating line image photograph 

obtained from QGT is shown in Figure 2.6. When compared with 

Figure 2.7, which is the grating line image photograph obtained 

by applying QGT on the machined ground surface, it is clear 

that the delineation of the grating line as seen in this figure 

is due to the effect of surface irregularities. Measurement of 

this delineation in the grating line with respect to that 

obtained from optically flat mirror gives the heights of the 

surface irregularities. 

Some more examples of the application of the OGT are 

given in Figure 2.8. The measurement of the one thousandth of 

an inc~'step obtained on the sample by surface grinding is 

shown in Figure 2.8a. It can be seen that the measurement 
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a cc u r a c y i s 0 f the 0 rd e r 0 f O. l~ m. Figures 2.8b and 2.8c show 

the surface irregularities obtained ~y applying OGT technique 

on belt grounded surface and the ground surface obtained by 
,ft 

surface grinder respectively. The difference in heights ~f 

lrregularlties is clearly noticeable. Figure 2.8b not only 

shows surface irregularities in the form of roughness, but also 
\ 

the waviness which is not observable on the ground surface in 

FIgure 2.8c. 

2.4 Speciflcation of OGT 

The speciflcations of the OGT employed to measure the surface 

topography are: 

1. Resolution: The limit of resolution lS the minimum 

distance, 'd', of two structural elements, e.g., 
( 

two adjacent hairs if they' arJ to be imaged as two 

separate elements instead of one. There are two types 

of resolution relevant to the present technique. The 

, a x i a 1re sol ut i on i s 1. 6 ~ m ,[ 211 and the lateral 

resolution for the objectives used is O.65~m [141. , 

2. Limit of useful magnification: When the smallest 

object detail of magnitude 'd', resolved in the image 

formed by an obJective of given NA, has been magnified 

by the combined performance of the objective and the 

occul~r (eye piece) 50 that its image has the same 

magnitude as that of the smallest detail which the eye 

can resolve, the limit of useful magnification (L.U.M.) 
\ 

has been reached. 
iL. 

The L.U.M. (Lm) for OGT is 2666. 
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2.5 Computational Procedure. 

For the determina tion of the s~r face character i st ics requ i red 
. 

• in the description of the surface irregularities which includes 

the concept of individual bearing areas (IBA), it may be 
1 

instructive to discuss first the computational flow chart to be 
" 

used in conjunction with the obtained observation by the OGT 
.. 

~technique. This flow chart is shown in. Figure 2.9. The 

observed delineated grating line obtained due to surface 

irregu1arities present on the surface is magnified 1000X. This . 
is as shown in Figure 2.10. The magnified photograph is then 

digïtized in 640 KB IBM-'lf'C .with HIPAD DT 114-S digitizer and a 

07-11-1109 stylus with O.lmm resolution. Digitization of the 
" 

contour 1 ines of the grating and the subsequent proce.ssing of 

the digitized data is achieved through the interface with 

AMDAH~ 5850. The processing of the digitized data consisted of 

statistical and power spectral analysis. The latter leads to 

the determination of parameters 1ike variance of height slope 

and curvature. 

Since the surface under consideration is highly 

anisotropie, the concept of Quantitative Stereology is used to 

ex t r a c t the SOI calle d • 1 i ne a 1 f r a c t ion' 0 f the pr 0 fil e i n the 

direction of scanning, i.e., in the machining direction 'X' or 

transverse to it in the 'y' direction. If not a11 scanning 

lines have been inc1uded, the program is sent back for the 

above outlined computation. If the digitizi~n and Quantitative 

e . 
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Stereological principles have been completed for all tne 

scanning lines of the test sample the program is concluded by 

the calculation of the probability distribution function of the 

area (IBA). The detailed scanning and computational procedure 

is discussed below. 

2.5.1 Statistical Analysis. 

The statistical analysis involves the determination of the 

denslty distribution of heights of the irregularities of the 

surface. This analysls is necessary in order ta check t~e type 

of distrlbution of surface heights. The density di~tribution 

was plotted for both along the direction of grlndlng and 

perpendicular ta the direction of grinding. The dens i ty , 

distribution as obtained from the measurements taken from OGT 

for a typical profile is as shown in Figures 2.11 and 2.12. 

- The density distribution looks slightly skewed because of the 

ef~ct of the sampling (22). It can be shown that even a 
~ 

random sample from Gaussian population when sampled and 

histograms plotted would give a statistical scatter and could 

give skewness. In order to check the type of distribution the 

chi-squared goodness of fit [23] was employed and the null-

hypothesis was accepted as true. The difference between the 

observed and exp~ted values was not the least significant, and 

could have occurred with a probability of greater than 10\ by 

chance alone. The Gaussian model was therefore acce~ted. Six 

profiles were checked and almost all showed typically similar 

results. One of the tabluated results ls shown below as an 

example. 
J 
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A chi -squared test y ie',ll ds a quant i ta t ive measure in 

terms of the probability of the differences between observed 

and expected values being explained by chance. Chi-squared is 

found by using the equation: 

X 2 "" 
(0-E)2 

(2.1) 
E 

;, 

whele 0 - observed frequencies 

E - expected frequencies 
Clearly, close agreement between observed and expected values 

Il 
result in small values of X2• At the outset the null hypotl}esis 

was assumed that both observed and theoretical results come 

from the Gaussian distribution. In calculating the theoretical .... 

frequencies the mean and the total frequency of the observed 

results were employed, thus imposing two conditions or 

restrictions. The number of degrees of freedom was thus 

11=9-2...:.-7 

Referriog to stan~ard 'ables the value of X2 for 7 degrees of 

freedom was 12.02 at probability fevel of 0.1. 

The tables shown below are self-explaoatory. Here (z/D) . 
is the standardized height of asperities and other symbols have 

the usual meaning as discussed earlier. 
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Table 2 

Determiniation of goodness of fit for measurements 

obtained perpendicular to the direction of grinding 

.' 

z/O 
" 

0 E O-E (O-E) lE 
~ 

v 

r 

-1.06 36 30' 6 1.2 . 
-0.83 15 12 3 

~ 
0.75 

-0.606 17 12 5 2.0 

-0.378 Il 16 -5 1. 56 

-0.151 24 18 6 2.00 

-9. 07 5 13 
,-

12 1 small very 
... ~ ) 
, 

0.3 25 24 1 " 

0.53 10 16 -6 2.2 

0.757 49 50 -1 " 

.,. 2 

o = 200 a nd X Il 9. 61 

As calcu1ated value of 9.61 is less than 12.03, the null 

hypothesi~ is accepted as true. 

Applying similar procedure for data obtained 

from ~GT for profiles along the-direction of grinding we 

get, 
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Table-) 

Determination of goodness of fit for"measurements 

obtained a10ng the direction of grinding. 

~, 

z/D 0 E O-E (O-E) lE 

•• tI 
-0.8 16 21 25 1 

-0.5 15 9 36 4 

. 
-0.2 12 12 0 0 

0.175 16 14 4 0.3 

0.4 13 12 1 very small 

0.7 7 10 9 0.9 

1.0 9 11 
" 

4 0.3 

1.9 6 11 25 2.3 

2.2 6 3.4 6.76 2.0 

2 

o ~ 100 a nd X = 10. 86 
(t " -

Here again the value of X2 is 1ess than 12.03 and therefore the 

hypothesis is accepted as true. 

This is an important experimental observation because 

the derivation of parameters as described later is based on 

this finding. It is to be noted that the density distribution .. 
of heights of asperities have been determined for a C.I. ground 

surface. The grinding was done using the grinding wheel of 

type A-24-H-Vl~ The other properties of the C.I c1ass )5 are: 
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(1) Brinel Hardness B.H. • 200 

(2) Modulus of Elasticity E ~ 105 GPa 

(3) poisson's ratio • 0.29 

2.5.2 Spectral Analysis 

Nayak [24] has shown that useful statistical parameters can be 

obtained to ch~racterize the surface if their power spectral 

density or amplitude function is known. It lS weIl known from 

the observation of the ground surface that the irregularities 

are more closely packed in the direction perpendicular to the 

lay than along the direction of grindlng. For lack of a more 
.. 

precise mathematical descrlptlon it can be said that ~he firat 

one lS closer than the second one. This leads to the questlon, 

is there any other way that we can get more quantitative 

description? The answer to this question can be given by auto-

correlation function. To construct this function a pair of 

ordinates separated by a horizontal distance 'À' is considered 

as shown in Figure 2.13. If 'À' is large it is unI ikely that .--
these ordinates will lie on the same peak or valley. 

Therefore, ~~e product of the ordinates at two points on the 

profile separated by a distance 'À' is equally likely to be' 

positive or negative. And if their sums are obtained, the mean 

value will tend to zero. 1 f on the other hand, a pai r of 

ordinates whose separation is amall is considered they are very 

likely to lie on the same peak or valley. Moreover, their 

product will be positive and the mean value of a large number 

of such products would be finite and positive. Therefore, one 

can define a statistic for a signal length 'L', i.e., 

28 
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G(x) =- lim 
L 

L 

f Z (X) 

o 

L 

Z(X+À )dx (2.2) 

, t. 

, .... ." 
in which Z(x) • z(x) ... <z (x» which can be considered as a 

figure of merit of geometrical relationship. It will vary 

continuously with 'À', falling gradually to zero from an 

initial positive value a t À .. o. Its value' at any given 
)) 

separatiÔ"n will be a measure of the avtge physical 

relationship of pairs of points on the profile with that 

separation. The length which it takes to decay to 
'-" 

insignificance will be a measure of the average size of a peak. 

From the "Figure 2.14 it is clearly evident that the'''')auto-

correlation function dies down faster for across the lay than 

for along the grains (lay). 

It is a familiar concept that any profile, however 

complex its waveform, can in principle be represented by 

Fourier analysis as the sum of the number of pure sinusoids. 

Because 0 f the 1 arge number 0 f te rrn.t, (Four i er) needed 'i n ., 
. practise to describe the random surface, the graph obtained 

'with amplitude against its frequency would be coptinuous. By 
1 • , 

analogy with other frequency distribution (light~ sound) it is 

called an amplitude spectrum. Since the amount of labour 

involved in calculating the large number of Fourier terms (even 

for a computer) is very great, it is desirable to consider the 

power over a sm~ll range of frequencies from f to ~f and with 

29 . 
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the limit of tending to df. This function can be defined as 

Power spectrum A(f). The r e for e , ,~h i s . Fu n ct ion 9 ive s the 

information about the frequency distribution on the surface 

considered. The area under the power spectrum between two 

• gi~en frequencies is the total power present in that frequency 

band and is statistically known as var iance. 

it can be written as 

A(f) = (2n) 1G(x) exp(-,T2nfx)dx, 
-00 

2 'TT 
in which f = , w = radial frequency. 

w 

f 

In general, higher moments can be expressed by: , 

m 
n 

n 00 n 
={(2)'TT} ! ( A(f)df. 

.. 00 

Mathematically, 
) 

(2. 3) 

(2.4) 

( In the 

de~~e)bY: 
p'resent stud~ .... o<~ significant parameter [24] ls 

'~ 

a = (2.5) 

This defines the width of the power spectrum df the random 

process ~brming the surface from which the profile i8 taken. 
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2.5.3 PracticaL Comoutations. . .. 
'Che estimatIon of the r"Oughness spectrum A(f) for the random 

• prccess Z(x) • ... as done by computing first the ACF and then 

ItS Fourier transfor:n. This procedure was ad'opted because of 

the following reasons: 
. 

(1) T~e computation of the ACF as· an intermediate 

result a1lows the incorporation of a lag window W(x) 

wh l c h é 0 r r es po n d s t 0" a s p e c t r a 1 win d '0 w w ( f ) i n the 

spectral do~ain. 

( 1 1 ) It'lS possible to perform an arbitrary amount of 

smoothlng in the spectral estimate. 

Referring to Figure 2.15, the met.hod ,[251 can be described as 

follows: 

(a) The $equence z(j) (supposed to be a power of 2) is 
l 

sp1ik in N/M gequences of length M. 
o 

(b) The sequences zi (j), i=1,2, ••• , q is considered of 

1ength 2M overlapping by M. 

(c) At each sequènce zi (j), the sequence zi 0 (j) is 

associated, i.e., 

o 
zi (j) for j = 0,1, , M-1. 

o for j :! Mo, ••• 1 2M -1 • 
........ - ----
(d ) 2 Mdi 5 cre' e ~t Fou r nie r t r ans for ms ( D FT' s ) Z i (f) and Z i (f) 

ate computed. 

(e) 
i-q 

X(f) • E 
i-l 

o 
Z i (f) Z i (f) i s f 0 rmed • 
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(f) By using the FFT algorithm 

GFT(m) .. DFT- l [X(f»), m .. 0,1, 

is computed. 

. . . , 2M-l 

(g) To obtain M auto-correlation points the 

last half of GFTm is discarded. 

i, 

(2.6) 

In order to estimat~ the roughness spectrum A(f) from 

G(x), a smoothing window W(x) (26) must be used to reduce the 

undesirable effects of using a finite length record (i.e., M 

values of ACF) instead of the infinite dorrelation 'se~uence. 

To make a selecti~n from among the collection of possible 

windows, i t i s necessary to app 1 y sorne good ness cri ter i on or 

figure of mer i t for wi ndows. Unfortuna tely, no si ngle figure 

of merit could Jsuffice for all possible underlying spectra and 
1 

no s ihg le wi ndow' can be bes t wi th respect to a 11 the poss i b 1 e 

criteria. In practice it has been found that when the sample .. 
size is large enough to achieve adequate resolution with good 

stability most of the windows yield comparable estimators when 

proparly matched for resolution and'stability. After Many 

attempts the,simplest of windows, namely, the Bartlett window 

was chosen, 

1 - lxi/M, lx 1:;. M 
W (x) • , 

0, Ixl>M 

whîch yields in the spe~tral domain, 

, 2 
w(f) • M[sin(fM/2)/(fM/2») 

1 
, 

1 

" 

.. ~ .. "': 

... :.~ .. : . -~ )'" ' 
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ln order to determine the number of lags M for which the 

ACF's have to be computed, the variation in the spectral 

estimates was examined as the truncation p-oint wàt; increased. 
,u 

If onl~ _minor changes occur in the es~ates wh~n M is .... changed 

beyond cert~in value M* then it cfn be concluded that the 

window closlng procedure has revealed most of the detail in the 

~rum. Flgure 2.16 shows t'he spectral den5ity obtalned by 

using M = N/4 WhlCh is perfectly sUltable according ta Jenklns 

and Watts [27]. The parameters obtalned from thlS spectrum are 

as shown ln Table 4 WhlCh 15 presented in Section 2.6.2. 

2.6 Determination of mean lntercept lefigth and ltS distributlon. 

ln order to obtain the mean lntercept length and its 

distribution, a '"test section of ~OO x 500 m~s2was selected. 

This section was considered as best to represent the whole 

surface on the assumption of statistical homogeneity. Before 

90ing into it~ experimental determination~ it would be 

worthwhile ta consider Figur'e 2.17. Thi·s figure shows a slJla l 1 

test section scanned by eight lines using OGT technique. 

Another increment along 'XI-direction results in the total scan 

of 16 1 ines. It is ta be noted that this procedure is 

necessary as a single line cannat represent the whole surface. 

It is evident from the figure that the asperities are more 

closely packed along Y-direction than along X-directi~n, this 

shows that the surface is anisotropic in character. lIa order 

to ana~yse this type of surface ta yield paramete5s, 

Ouantitative Stereologica 1 principles are in voked. 

t 33 ~ 
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2.6.1 Application of QuantItative Stereology: 

The prlnciples of quantitative sterology [28J involves the 

determlnation of 3-D characterlsticf from 

measurements. It determines the rela~onShiP 
two dimensional 

between the pOInt 

fractlon,.-.J,lneal fraction, areal fraction and volume fractIon. 
-- -r,._"IT 

In the study of surfaces the relatIon between the llneal 

fractIon and areal fraction lS important. ThIS lS because the 

llneal fractIon 15 determined for a test sectIon uSlng OGT and 

uSlng the proper relatlonshlp wlth the areal fractlon, the mean 

bearlng area could be determlned. Therefore, before 

proceedlng with the determlnatlon of areal fractIon It 19 

necessary to determine the relation between llneal fractIon and 

areal fractlon. 

Con 5 1 der a c u bec 0 n ta 1 n i n 9 a 5 p e rit 1 e son the sur f ace, and 

let lt be cut by a plane pas':tli1g acr09S these lrregularities at V 

any height from tne mean lU"IE:. The Figure 2.18 represent5 the 

square cross-sectlO:1 of Area !~ = L 2 parallel to the x-y plane 

WhlCh contalns the irregulariy shaped areas, and a thln strlp 

of wldth '6x' across the ~ection parallel to the y-axIs. The 

area of contact in the thin strlp 15 given by 
6AC ::: r. x 6x x (AA)C 

ana;' for '6x' sufflclently small by 

MC ::: 1 X (x) n x ( 2 • 8 ) 
where ix(X) is the length of bearing lntercepted by strips as a 

functlon of strlp position 'x'. ix(x) may vary with 'x' as 

indlcated ln Figure 2.18, and the average value between 'Q' and 

'L 1 lS 

L 
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f i x (x) dx 

o 

~ i 
x 

(2.9) 

In the limit, the total bearing area in the test section 

l S 9 l ven by 

L L~ 

f AC = dAC C!leXI dx 

'0 

(2.10) 

which becomes, 

AC = L lx (2.11) 

dIvIdlng both sldes by AT we get, 

AC lX 
= or AA = LL = À (2.12) 

AT L 

) Thus, i t ca . be seen that the fractional 1 ength of 11nes 

through the irregularities gives an estimate of areê.-l ...... -fraction 

of the slh face. 
<l 

An example [29] demonstrating this relationship can be 

given (as referring to, Figure 20): 

line density of contact a10ng 'XI-direction 
'J 

= (0 + 0.5 + 0.25 + 0.5)/4 = 5/16 

lino/density a10ng 'y' direction 

= (0 + 0.75 + 0.5 + 0)/4 = 5/16 

~ 

The d.eviatlon of the lineal fraction can be given by the 
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eq u a t Ion [ 28 ] : : 

2 2 
DO.) 1 
---- }. = 

o ( 1 ) 

À N. 1 
~ 

where 1 = mea\n 1 n tercept leng th 

O(i) = standard devlation of the intercept length 

N. = No. of intercept length 
1 

DO) = deviation of the lineal fractIon 1 

À = llneal length fractIon. 

(2.13) 

Dependlng on the degree of or lentatlon of the irregular I ties 

which determines the degree of anisotropy, the parameters like 

the areal fractIon and deviatlon would change. Incorporation 

of this term or factor lS also pOSSIble and is discussed in 

reference [28]. 

Thus the characterization of surface however anisotropie 

ma~ be done uSlng the theory of quantitative stereology. Even 

though this does not give the nature of dIstribution Qf the 

b e a r i n 9 l en 9 th, the par am ete r s de ter mIn e d~ far cou 1 d 9 ive 

en 0'\.1 9 h des C't i p t ion a b 0 u t the m 0 r ph 0 log y 0 f sur fa c e for val i d 

comparison and probably provlde the type of information needed 

in surface systems. 

2.6.2 Density distrlbution of intercept length and bearing 

area. 

Havlng discussed the concept of quantitative stereology, its 

relevance in the characterization of surface would' be clear 

when the intercept length and l ineal fraction i5 defined. 
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c Referring to Figure 2.19, the intercept length is the length of 

the line intercepted by the crest of the profile at any height 

'z' from the mean line of the profile. The sum of aIl the 

intercept lengths divided by the total length of line scanning 

the surface is the lineal fraction i.e., 

À 
ix 

Ày 
iy 

x = , a ---- (2.14) 
L L 

' .. using the principle of quanti tat i ve stereo1ogy 1 ~ne gets 

Àx or Ày à Af (Area1 'fraction) • 

The distribution of the intercept length a10ng 'x' and 'y' 

dIrection is as shown in Figure 2.20. The intercept length 
) 

distribution has been obtained at the mean level. Referring to 

the Figure 2.29 it can be seen that the lineal 1ength fraction 

along ·x' or 'y' direction is given as: 

L x n J (2.15) À 
x = 

where 
f 

L • length of profile along 'x' direction 

.. 200 microns 

n • number of lines scanning the surface 

.. 16 
1 

2176 (. . Àx • -------- .. 0.68 
200 x 16 

Similarly, 

À 
iy 

Y • -----
L x n 
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5248 
~------ = 0.656 • 

500 x 16 

.1 

Therefore, the areal fraction can 
/ 

ab 
AA = ----- = 0.67 

A 

be given as, 

(2.16) 

On the assumpt i on of the standa rd Gauss ian Process, i t has 

been shown by Papou li s [30] tha t the number of i ntercepts/un i t 

length 'N iXf~ can be expressed ln the following form: 

N l Y = Py ( Z) E {i Z ' (y) 1 } 

(2.17) 

1 

i n wh i ch Px ( Z), P y ( Z ) are the pro b a b i lit Y den s i t Y fun c t ion 0 f 

the 'Z'-coordinate heights, Z'(x) and Z'(y) are the firat 

derivatives of the variation in heights of the random profile 

and 'E' their expected values. Knowing the number of intercept 

length it is possible to determine the mean~ntercept length 
~ 

along 'X' and 'y' direction. This cao be used to determine the 

mean individual bearing area. Thua, for any surface the mean 

iodividua1 bearing area can be given as: 

ab = c ( ix (2.18) 

where 'c' "" shape factor depending on the shape of individua1 

bearing area. For example, for an isotropie surface it wou1d 

be n/4 with <ix> ~<iy> • 

From the Figure 2.20, the mean intercept 1ength a10n9 'X' 

axis ia equal to 28~m and that a10n9 'Y'axis ia equa1 to 13 ume 

Thérefore, ab- 1T/4 x 13 x 28 • 285.7~m2. It ia seen from the 

same Figure 2.20 that the intercept 1engths fixe and 'iy' are 
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random varlables and hence its denslty distribution have been 

obtained. The density distrlbution of intercept length at 

varlous scan levels is shown ln F1gure 2.2l. 
-\ta 

In order to 

arriv~J at a slngle denslty functlon 1:1 te!:~s 0: t:1e èensity 

funct10n of Il 1 and li • and tl1e shape factor, 1t lS necessa::y x y 

t 0 0 b t a l n the J 0 l n t den 5 l t Y 0 f Px ( lx) a n à Py ( l y)' 1. e. , 

Pxy(lx~l = P2(lx) . py(lyl (2.19) 

The calculatlon procedure of t~e J01nt dens1ty and hence 

t ne den s 1 t Y dis t r 1 but l 0 n 0 f l n è ! "/ l d u a 1 b e a :::- 1 n 9 a:: e a 1 s 9 l ven l n 

Appendix A. The dens1ty dlstrlbution of 1ndlvldual bearlng 

area ... as shown in Figure 2.22. From this f1gure one cao 

observe that the mean value of the IBA is equal to 301\.lm 2 . 

USlng equation 2.16, the total IBA is given by, 

= Af x 500 x 200. 

= 0.668 x 500 x 200 

= 66800~m2 

The total bearing area can also be obtained from Figure 2.22. 

Since the mean IBA is equal to 301\.lm 2 , the total number 

isgivenby 

0\ IBA 

() 

66800 
n = -------

301 

n = 222. 

Other parameters like the CLA, RMS, mean slope and c~rvature as 

obtained usi~9 spectral analysis is shawn in Table No. 4. The 

Table No. 5 shows the-statistical value obtained for the 
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Table .. 

Numerical values of surface parameters of a cas~ing lron gound surface. 
Dimensions in micrometers( ). 

l 

Variance Variance Var lance CLA Mean Mean Bandwidth 

. * of slope * * of helght of curvature Ra slope curvature 
f~ " 

. 

3.371 0.03 0.00394 
\ 

1. 46 0.123 0.09 14.75 

.~ 

5.682 0.0692 0.0052 1. 78 0.209 0.16 6.17 

_ .. _ ..... _ .. -_.-
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Table 5 

Comparison of values obtained from the 

OGT technique and the Ta1ysurf profi1ometer. 

Description OGT Ta1ysurf 

, 

Sampl ing 1ength, ~ m 250.0 250.0 

CLA 1.78 1. 27 

RMS 2.23 1. 56 

Mean intercept 1ength 11. 37 12.25 

Mean s10pe 0.209 0.211 
. 

No. of crossings/ ~m 0.031 0.22 

No. of IBA/mm2 2220.0 

M~n IBA, lJD2 3010.0 
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surface using Taylor-Hobson surftronic 7 machine. The 

methodology adopted in using the OGT technique was not applied 

using Talysurf profilometer, and hence the last two values have 

not been determined. 

2.7 Error Analysis of OGT. 

The errors introduced in the measurement of OGT were mainly due 

to: 
(i) the effect of diffraction at t,he straight edge of 

the shadow; 

(11) the effect of digitizatlon due to O.lmm resolution 

st yI us of HIPAD DT 1145; 

(li i) the effect of calibration. 

2.7.1 Effect of diffraction at the straight edge of the 

shadow. 

It is we1l known that, due to diffraction, when a ray of 1 ight 

passes through a slit or a hole, it bends at the edges of the 
0'1, 

slit causing a graduaI variation in the intensity of 1ight; from 

the 1 ight band to the dark region of the screen. This region, 

also ca11ed the grey region, is formed due to .the wave nature 

of light. The extent to which the grey region exists depends 

on the wavelength of light used, width of the slit and the 

distance of the slit from the image on the screen. Therefore, 

this grey region iB the cause of lOBs of sharp~ss ~t the 
1 

straight edge of the sha~ow. While doing the profilometric 
/ 

trace of the delineated grating profile obtained from OGT, 

42 



r"'~~'J,~~"';' .. \~.::: ' 

" 

;- if 

l "",'" ", ....... . 

- ; 

tnere lS an uncertalnty ln the reproduction of the profile due 

to the grey reglon. The a:nount of uncertainty can be determined 

referrlng to ~:-:e Fl; 2.23 obt31ned from reference [19 J. lt 

c:ln ce seen t~d:: fer lrregularlt~es .ï6_o deep, the blurring of 

f rom th l s cau se o,c<; 'J r 5 0 ve::: are 9 ion 

so:ne .76 ... ::lIN l èe. HO'Ne'Jer, the he!gnt of the shado· .... can ,be 
... "'~J-

est 1 mat e d t 0 a con 5 1 è e ::: a:) lys mal 1er e r :- 0 r (5 _" = o. 1 2 7;.. m), a'5 

w111 be see:1 ::c:n ::güre 2.23. There:o::e, t:1e èlffra:::tlon at 

the edge would see:n to 11:nlt the use of thlS techn:que to the 

S;Jèy of the shape of lrregularlties of depth greater than 30:J" 

/ 
2 . 7 . 2 E f f e c t 0 f d i 9 l t i z a t l 0 nus i na O. l mm.. r e 5 0 1 u t ion s t y l u 5 • 

The photograph of the de1ineated gratlng prof11e obtal:ned by 

u5ing OGT i5 magnified lOOOx. T~1l5 photograph i5 then 

considered for the digitization of the delirteated grating 

pro f 1 1 e. The d l g i t i z a t ion pro c ed ure i n v 0 1 v e 5 the us f' 0 f st y 1 u 5 

of O.lmm resolution. 
" , 

Since the magnif1cation '\5 1000x, the 

error due to stylus is O.11Jm l which corresponds to 2% (for a 

maximum height of rough ground surface = 5wm). The error5 due 

to digitization and diffraction can be furtlier minimized by the 

proper use of filters (either optica1 or in the image 

proceSSi~/' The use of filters (digital) in the 

image proces-sing of such photographs has been discussed in 

reference (31). The technique employed by Kaneko·S. et al 

cou1d be usefu1 in the automated digitization of grating line 
. 

image and a1so in the minimization of errors due to 

diffraction. 
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2.7.3 Effect of calibration. 

As discussed earlier, the delineation of grating line is 

obtained due to the effect of observing the grating 1ine at an 
, 

angle to the incident light. Therefore, the accuracy of 

measurement of the de1ineated grating profile depends on the 

accuracy of measuring the incident and observation angles of 

1ight raye In order to accurately a5sess these angles, known 

ste psi n the for m 0 f h i g' h l Y a c c ~ rat e r e fIe c t ion t y P e 

diffraction grating and slip gauges were used. The angles 

determined this way were then used to determine the unknown 

steps. The accucacy with which these measurement5 were made 

were,of the order of O.l}..1m. One typica1 example is as shown 

in Figure 2.8.a. 
,1 

Calibration error i5 caused by diffraction 

and as such' it is included in the error due to the latter. 

2.7.4 Resu1ts of error analysis. 

To summarize for the types of error introduced and their effect 

on profile measurements, the following can be stated: 

1. Diffraction at straight edge limits the measurement to 

the surfaces of R ~O.76}..1m (30l.! "). The error introduced m 

into the prof i le measurements is of the order of O.25}..1m 
" 

max (5-16)1"). 

2 • Di 9 i t i z a t ion i n t r od u ces an e r r 0 r 0 f ab 0 u t 2 , 0 r 0.1 }..1 m 

for Rm = 5 lIm. 

3. The combined inaccuracies amount to O.35\,Jm (0.25+0.1) 

wh ich is the max imum range of nt er ror. ',: 
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~.8 Discussion of results obtained from OGT. 

The density distrib~tion of heights deterrnined using OGT 

technique yielded Gaussian type ,of distribution. Thi s 

was confir'~ for both a10ng the 'direct1ion of grinding and 

perpendicular to it. This substantiates the earlier c1aims 

[32J (33J made in this context. However, based on this 

distribution rnaqy other useful parameters have been otained 

using the spectral analysis. Referring ta Table 4, it c'an be 

seen that the characteristics for X-direction are different 
, 

cornpared to those a10ng Y-c;irection. The bandwidth pararneter 

for X-scan is almost double compared to the value, for y-scan. 

This suggests the degree of openness of irregular'i ties al ong x-

scan as compared to that. a10ng y-scan. Moreover from the 

spectrurn obtained along these two directions" it can be seen 

that the higher frequencies and larger arnount of power exists 

in 'Y'direction as cornpared to that a10ng 'X''1Iirection. This 

"le' obvlous, from the anisotropie eharacter of the surface. The . 
character i za tion of sur faces i n...tumB-Of the pa~~meter s 1 i ke 

CLA, RHS, mean slope, mean curvature and correlation function 

is not sufficient fo( its use in the functiona1 beha,viour of 
-

surface. This is due to the fact that it ia possible to 

-generate millions of types of profiles having simi1ar­

characteristics. Therefore, the charaeterization of surface in 
, ~, -

terma of intet:cept 1ength and its distribution is necessary. 

!'t:om this it ia quite obvious that tbe potential contact areas 

can be eas i Iy assessed for the description of funetiona1 
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behaviour in contact problems. The intercept length 

dIstribution as sho'Wn in. Figure 2.20 sh'o"wo/s that it is of an 

exponential ty.pe. The exact na.tu,re of tne è:5~::lbutlon will be 

èet:er:nineè later 'when the nature of dist:!bu~:on is èeter:nined 
• 

analytlcally. Referring to FIgure 2.20, i: can be Sêen t~at 
9 

t~e rnean Inter,cept length along 'X' aXIS is a??ro:<l:rTc}tely t'NIce 

""" as large c'o:npared to that along 'y' direction.-

The density dIstribution of indlvidual bearIng areas 

obtained by 'uslng the exponential dens:ty dIstributlon of 

J intercept length along 'X' and ':i' dIrection agaln shows the 

exponentlal characteristrics with mean arounè 300_m. T!1us,' 

the results so obtained experImentally can be used for the 

des cri p t ion 0 f fun c t ion al. b e h a v i 0 li r 0 f ~u r f ace i n con tac t 

problerns. The com'put'ational procedure described in this 

chapter is qu~te general in nature, and can be used for both 

Gauss ian as well, as non-Gauss i a n sur faces. 

2.9 Surnmary. 

The OGT technique was descd~ed along witt) its" advantages and 

limitations. 

to surfaces 

I~ found that this te~hnique Wé1S best suited 

ha VJ n 9 a ver a 9 e he i 9 h t -0 f i r reg u 1 a rit i es 9 r e a ter --
J::~an 30)J" (0~762 ~mY. subsèquent computation oi~ .. the digitized 

data obtàined by this technique yïelded not onlyp the 

conventional '\>arameters l ike CLA, RMS, and correlation ,~ 

fun ct ion, but aIs 0 the den s i t Y, dis t r ,i but ion 0 fin div id u a 1 

bear i ng areas. The latter was determined using the principle - , ' 

... 
l , . fI . .'-"'-
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of Ouantitati ve Stereology. Other parameters can be obtained 

using this principle for the study of morph<ology of surfaces. 

T h i st i s n 0 t dis c.u s s e d h e r e a s i t i sir rel e van t t 0 the 

character i za t ion of sur faêes for the descr ipt Ion of funct i onal 

beha'Viour of surfaces in contact. 

Having obtained these parameters, it is now necessary 

to review the earlier approaches ta charaèterization of 

surfaces. This l iterature survey will naw be the main 

substance of the next chaptel. 

47 



o 

o 

---~ -'-T-.~---"--'" ,",,' ~~~~--~-----'-'----"~~!i 

CHAPT BR 3 

REVIEW or SURFACE CHARACTERIZATIOH MODBLS 

3 • l l nt r od u c t ion. 

Recognizing the characteristlcs of the surface and assessing • 
them numerically in the form of paramaters is essential to 

des cri b i n 9 the fun ct l 0 n a l b e ha v i 0 u r 0 f sur fa ce. 5 l ne eth e 

surface is consldered to be random, the number of parameters 

required to describe the surface completely is very large. 

Therefore, it is essential that the characterization be done 
1 

\ 
taking into consideratlO-n its relevance to the application. 

Here an attempt will be made to describe previous models which 

characterizes the surface to describe its functional behaviour 

in contact problems. The characterization is achieved by 
.. 

numerical assessment of two main types of descriptors: 

1. Profile descriptors: 

2. Surface descriptors. 

3.1.1 !?rof i le descriptors. 

l t i s well known that the pro flle can be character i zed by means 

of two componentsi one of them varying vertically about the 

rn e a n 1 i nec a-l ~ e d ver tic a l des cri p t 0 r s , and the 0 the r 

horizontally which describes the openness and closeness of the 

prof Il e, ca lled as hor i zonta l descr iptors. 

The two most widely used 

pararneters belonging to this category are the root mean 
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square (RMS) and arithmetic or 
'1 . 

Ra. The RMS WhlCh lnvolves 

centre line 

mini;;'Zing 

average (CLA) or 

the s u m of the 

squares deflnes the same Mean as the Ra condition of equal 

areas or volumes of surface and void, above and below the 

Mean [22]. Of these two parameters, the RMS roughness is 

not as extensively used as the Ra value. The Ra value May 

be defined mathematically as: 

l 

L 
.... 

L 

fi Z dx 

o 

( 3. l) 

where'Z' is measured from the Mean line and 'L' is the 

profile sample length in 'x' direction. This parameter can)~ 

a190 be considered as the first moment of the pr,obability 

density Q{stribution of heights of the profile to be 
f) 

di9cussed later. It can very well be seen that one can 

describe millions of different types of profile having the 

same average roughness value viz. Ra or CLA. Therefore, 

its usage in the contact problem and surface 

characterization is highly restricted. 

B. Hor i zonta 1 descr iptors': 1 n order to study the opennesl; 
8 

or closeness of the texture, it is necessary to describe 

the profile in terms of horizontal descriptors. The most 

• common approach is to study the number of peaksjunit length 

of profile or the zero crossing density of the profile. 

Unfortunately, neither of t~m is the intrinsië property of 

the profile. It is because they are the function of the 
I~,. 

~-~ 
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measuring instrument. Therefore, to circumvent this 

difficu1ty an average wave1ength as a parameter [341 was 

introduced. Average wave1ength for sorne typica1 surfaces 

are shown in Figure 3.1. It is interesting to note that 

this corresponds to feed mark of the tool used in the 

manufacturing process and is particu1arly noticeab1e in 

. ,'i'?Si 

turned surfaces [221. 1 t can be shown that these r<+ 

parameters are not tru1y representative of the surface and 

are not sufficient to describe functional behaviour of 

surface. Thus, statlstical methods were introduced [24] to 

obtain more useful information about the profile. The 

statistical methods to evaluate the profiles in terms of 

vertical and horizontal descriptors are: 

1. Probability distribution functiona. The probability 

function P(h) asaociated with the random variable 'z' 

which cou ld take any va l ue between - <XI and <XI i s def ined 

as the probability of the event Z(y) e'I z(x)~ h and 'ia 

written: 
P(h) .. prob [Z~h1 ( 3 • 2) 

P (- <Xl) .. 0 and P ( <XI) • l 

2. Probability density function: If the probability 

-function P(h) iS,differentiated, the probabi1ity 

density function ia obtained. Thus, 

d P (h) 
p(Z) • ------ (3.3) 

dZ 

Obtaining the distribution of heights of the profile in 

the probabilistic sense gives the following information. 
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a. the mean value of the profile heights as the 

first moment of the density. 

b. the measure of the spread of the distribution 

and therefore of the data by means of the variance 

which is the second moment of the density. 

c. the measure of the skewness and the peakedness 

of the distribution (Kurtosis) which are the third 

and the fourth moment of the density respectively. 

The skewness and Kurtosis effect obtained from 

density distribution could be attributed to the 

sampling process itself [35]. Therefore, its 

usage as the significant property of the profile 

i s restr icted. 

d. the bearing length curve or the Abbott curve, 

as shown in Figure 3.2. 

The probability distribution curve can be used to get 

the bearing length fraction for the profil~ as first 

suggested by Abbot,t and Firestone [36]. The-

information obtained from this curve gives sorne 

description of the profile horizontally, but its usage 

is still restricted as it cannot give information about 

deviation to arrive at th\nature of distribu~ion of 

the be.rlng lIne fraction. ) 

3. Auto- covariance or Auto-correlation functions: The 

description of the profile by means of correlation 

function has been the most popular way of" representing 
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spatial variation. Whitehouse and Archand [37] derived 

their significance from the distance over which it 

decays. Peklenik [38] used this decay length (auto 

covariance length) to classify typology. It will be 

seen in the next chapter how this function was used to 

determine the cut-offs relevant to the contact problem. 

Another significant use of parameter called auto­

covariance length and the rms also obtained from this 

function is ln the experiments related to the theory of 

scattering and its conversion to surface plasma 

oscillation of photons normally incident upon rough 

surface (39]. 

their usage 

The mathematical properties of ACF aL 

in the analytical determination of 

intercept length will be discussed in the next chapter. 

Usually, in order to obtain the useful parameters 

characterizing the profile, power spectral density 
-r---

(PSO) is used which is the Fourier transform of the 

ACF. 

4. Power Spectral Oensity Function (PSDF): The spectrum 

is another form of spatial representation which is 

~seful when the aim is to use the infotmation as the 

harmonie input to a physical system [40]. The 

parameters like mean slope and mean curvature are 

obtained from this PSOF in the form of second and 

fourth moment of this function. This significance of a 

various moments of PSOF in surface studies was obtiined 
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by Nayak [4]. The cross correlation analysis [24] is 

applied in the context of surface description 'which 

will be described later. 

3.1.2 Surface descriptors. 

The statistical parameters obtained for a profile cannot 

actually represent the surface. This is evident in the case of 

anisotropie surface. Moreover, a profile will more often than 

not pass over the shoulder of an asperity on the sufrace 

instead of its summit. The shoulder will, neverthel~ss, appear 

as a peak on the profile, though one of reduced height. Thus 

the profile indicates the pre~ence of far fewer high peaks than 

are actually existing on the surface. A simi lar error occurs 
" 

in the determination of the Mean surface gradient. Therefore, 

MOSt of the existing models are based on two assumptions: 

(i) The statistics of the surface are the .safl)e as the 

. statistics of the profile of the surface, and 

(ii) The asperities have regular geometry (asperity 

models) • 

Based on the second assumption, there are various moqels 

wherein the surface is replaced by spheroids, paraboloids, 

elliptic paraboloids and hyperboloids. 

Replacing the irregularities (asp~rities) with simple 

geometric shapes facilitates easy solution for an elastic 

contact problem. The derivation of bearing area corresponding 

to each load acting between two surfaces in contact is based on 

basic solutions for the governing elastic equations existing 
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for these shapes. Therefore, the description of the surface in 

terms of population of these simple shapes has been the most 

popular approach. 

The most ~portant contribution was made by J.A. Greenwood 

and J.B.P. Williamson [41]. In thei,r model the rough surface 

is represented by a population of identical paraboloids having 

a Gaus~ian distribution of peak he~hts. For the contact 
\ 

between this."surface and a smooth fIat, composed entirely of 

elastic micro-contact, they derived an express~on for the total 

normal load and contact area. This expression was the function 

of the distance Id l between the fIat ~nd the mean peak level 

and in terms of three topographicai parameters: 

a. peak radius of curvature 

b. standard deviation of peak heights, and 

c. number of peaks/unit area. 
L 

/ 

Greenwood and Tripp [42] extended the model to take into 

account the random misalignment of each pair of contacting 

peaks, and derived contact area andrloads as functions of 
~ 

distance between the mean peak levels of the tw,o surfaces. 

The sim~fications in the above two theories of using a 
<' 

constant radius of curvature was removed by Whitehouse and 

Arhard [43]. Experimentally, it was ·found that on an average 

higQer summits are sharper than the lower ones. This. was 

incorporated into the surface statistics. Their theory was 

based on the assumption that surface ~ofiles have an 

exponentiar auto-correlation function. 
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For an isotropie random Gaussian surface defining each peak 

by its height and its two principal curvatures, Bush et ~l [441 

derived, in effect, the joint probability density distribution 

of the se variables. Each peak was repl aced by ell iptic 

paraboloids having the same height and two radius of 

curvatures. The elastic contact of the population of the 

elastic ell iptic paraboloid with a smooth flat was 

investigated. The res~lting tunctions 'a ' contact area and 
. ( 

'w' load were expressed in terms of the standard deviation of 

height, slope and curvature. Finally, they even investigated 

the elastic contact with flat surface for an anistropic 

surface. This investigation is mathematically attractive, but 

they come into the category of asperity models where in the 

peak shape is a deterministic function. 

, Hisakado and T. Tsukizoe [451 attempted to resolve this 

problem by working backwards from a Gaussian surface height to 
'"' < 

derive the peak height probability density function, given a 

deterministic peak shape function- either paraboloid or 

conical. It was assumed that both the paraboloid radius and 

the eone slope are independent of height. However, this 

approach resulted in an unrealistic probability density 

funetion of height distribution which is strongly dependent on 

the peak shape. The distribution was negatively skewed for 

heights les~ than zero with paraboloids and for heights less 

than the standard deviation of heights with cones. This shows 

that the basic assumption of having asperity models does not 

validate the true representation of the surface. 
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Pe:rhaps the most remarkable effort made in the surface r-

profile characterization was by Nayak [24]. , , 
He discussed the 

importance of structure function or ACF in surface studies. He 

proposed the model of surface roughness based on the theory of 

sta t i st ica 1 geometry developed by Longuet-H igg i ns [46] for the 

ahalyslS of ocean surfaces. The v~lidity of this theory is 

dependent on one assumption, namely that the surface heights, 

slopes and curvature possess a multi-Gaussian probability 

dens i ty. In order to assess the non-Gaussian and/or anlstropic 
..-

surface, he~suggested the cross-correlation technique, which is 

dl scussed 1 a ter. 
-~ ..... ...,. 

Osman and Sankar (5] employed the theory of 

stochastic excursion to characterize the surface texture in 

terms of vertical descriptors and mean intercept lengtn. This 

was a good step in the characterization ofrsurface, but the 

analysis fails for non-Gaussian surfaces. 

Later on, Elgabry, Osman, and San kar [47] proposed a 

simplified probabilistic model to represent th~ intercept 

length of crest and valleys for surfaces machines by grinding 

or lapping processses. This procedure is based on three 

assumptions. 

1. The probability density distribution of heig~ts is 

Gaussian. 
-

2. The surface profile is considered to be a series of .. 
attached linea.-r se_gments whose slopes w.r.t. the 'X' 

direction could be positive or negative. 
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3. The stylus faithfully follows the asperities on the 

surface. 

Having obtained Mean intercept length and its deviation by the 

procedure developed by Osman and Saukar [5], they determined 

the scale and shape parameter of Weibull distribution. They 

assumed that the distribution could be of Weibull type. It is 

interesting to note that the distribution developed 

analytically in terms of moments of PSDF in the next chapter 

was of Weibull type for heights'of asperities close to the 

peak. Their usage in surface studies is restricted because 
~ 

profile statistics does not giv~surface statistics, which will 

be evident later on in this chapter. 

In order to characterize the surface which is 

anisotropic and non-Gaussian, Nayak [24] proposed a cross-

correlation technique to obtain useful parameters. The method 

involves the determination of correlation function for profiles 

obtained at various angles to each other. The resulting 
.. 

Imoments from the PSDF then gives parameters, as in the case of 

isotropie Gaussian surfaces. 

3.2 Surface and profile characterization based on PSDF 

A simple example of an isotropfq surface shows that the profile 

PSD can seriously distort the spectral content of the surface 

roughness by giving undue weight to long wavelength at the 

expense of short wavelength. The relation between the surface 

and profile PSD is due to Nayak [24]. 
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Auto covariance function may be definel-as [24]: 

(3.4) 

where r = (>. ~ ~ À ~) 1/2 

Z(X1,~2) is the height of the surface at xl and x2 posltion in 

the cartesian plane and < Z (xl,X2) > - O. 

The PSDF of the profile 

00 

1 

J (3. 5 ) G(r) exp(-Twl r)dr 

-00 

and that for the surface: 

00 00 

= 4-;2- J J G(Xl,x.2)eXP((-T (W1X +W2 X2 )) dX l dx 2 

_ 00 _00 '" (3.6) 

If the auto covarlance functlon is consldered as 

- B (r) 
e [37 J (3.7) 

B 

Ap(Wl) = ~--------- and, (3.8) 
22) 71 (B +wl 

1'" 
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(3.10) 

In general, the PSD for these two cases lying in the range 

(lwOI, Iw O+ dwol) will'be given by: 

Therefore, 

Il ~s ( w ) rr w 0 

( B 2+ 2 w o 
and, 

'IT /2 as w 0 -+ 00 

(3.11) 

(3.12) 

--------- :::. -------- \ '(3.13) 
Il Ap ( w ) o as w 0 -+ 0 

From this relation it is clear that the profile di'storts the 

surface in such a way aS,to gi~e undue weight to long 

wavelengths at the e~pense of short wavelengths. AlI the 
a 

models discussed so far, -thus, /emphasize the p~i~ 
, 

characterization rather than the surface characterization. In 

"order to char acter i ze the anisotropie surface i t is necessary 

to examine the cross-covariance of parallel pro~fi les. This 

will be the subject of investigation in the next chapter. 
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3.3 Summary. 
• • 

It was observed that the characternation of surface is 

different from that of the profile. 
1 

Mo st 0 ~ the ex i st i ng .;. 

models desl with either profile characterizatio'b -nr asperity 

models for the surface. Nayak has shown that cdbss-covariance 

pf the parallel profile should be examined in order to obtain 

uS,eful parÇlmeterS for surface characterizati,on. 

Experimentally, it i9 difficult to determine the two-

diI!'ensional ACF. Therefore, it is passible. to deal with one-
. 

dimenRional ACF in which co-variance is determine~ over a line 

inst,ad of an area. This is consistent with our assumption of 

i sot:Bopi~ sur face sta ti stics'. 1 f sur face s tat ist i cs a're not 

isotropie, valid results cao be obtained by averagin'g over a .. --' \~ 

large numb~r of lines scanni~ the surface. It is.this method 

which has been adopted to charactérize ~he anisotropie surface 
.... 

which will: be the substance of the next chapter., .... 

The exper i,!!lental determina tion of intercept l,ength and, i ts 

--
distribution have been otained using the OGT techniq';le. The 

other conventional parameters "have a1so been determined using . . 
, . 

the concepts a1ready discussed. But the exact nature of the 

dis..tribution 0; ulnter''cept lepgth and individual bearing area 

" . 
have not ~een determined. 

\ 
Therefore, the next chaptercwil1 be 

concerned with tne det~!mination of these parameters. Their 
~ 

() application in determining- the high and low p"ass cut'-off and 

.... ~ hence, i ts usage in contact problems, wi 11 a-1.ao be discuaaed .. 
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CHAPT BR .. 

3-D CbaraèterizatioD of Surfaces Based on lndividual Bearing 

Area. 

4.1 Introduction. 1 

/ 

" \ 
Il 

In racent yeats an axtended surface characterization of 

machined surfaces has been the subject of considerable interest 

due te its possible applications in the description of 

surface funétional benaviour. In general in the 

phenomenological approach to the functional behaviour~ 

pa-rame,ter,s like area of contact, curvature and slopes of the 

surface asperities become significant. However, these 
. . 

quantities are random in natur~, and hence must be determined 
,. 

from the probability density distributions in terms of their 
1 

well-defined local values. This chapter considers the required 

parameters for the surface characterization in form of the 

probability density distribution of heights, curvatures, 

slopes, bearing lengths and bearing areas. The latter is 

referred to as local bearing areas orpi~dividual bearing areas 

.(IBA). It has been shown that these par~eters can be obtalned 

experimentally by using "Opticàl Grating Topography." It was 

est a b lis h e don the bas i s 0 f st a t i st i cal a n a lys i S 0 f t h.e ma d e 

observations that the probability density distribution of 

heights are Gaussian. Hence, it is possible to define a 

"Bandwidth" parameter and intercept lengths' between peaks of 

the profi le by employing the mu! tip!e scanning methoq of the 
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OGT technique. The determination of these parameters and their , 

significance for their subsequent surface characterization is 

di scussed. 

4.2 Auto-covar iance Function (ACF) of the sur face., 

.. 
It is evident that t~-machined ground surface considered has a 

topography as indicated schematiça11y in Figure 4.1. Any po~nt 

on the surface chosen at random can be analytical1y 

characterized by its surface co-ordinates .(x,y) and its 

posi tion as a function of heig-ht co-ordinates 'z' measured from 
~ 

a chosen datum surface. l t has been d iscussed in the prev i ous 

chapter how, by double scanning procedure, it is possible to 

characterize surface asperities with reference to a mean value 
• 

of the height co-ordinates. Thus in the double scanning 

procedure an 'X' or 'y' scan is performed at a certain scan 

level (Zl) indicated in Figure 4.1. It is also apparent that 

the scanning' which is performed in a discreet manner leads to a 

sur face Jcharacter i zati on in terms of "adj acent po ints AA' " on 

the surface. Considering that z~A) is a random function, the 

auto-covariance functio~ G( AA' ) can be given as 

G(IAA' 1) Il <z(A)z(A'»-<z(A)1 <z(A'» (4. 1) 

or in terms of (x. ,y) coordinates by: 

G[(x 2 +y2)1/2] ~ <z(x',y) z(x+x' ,y+y»-<z(x',y»qZ(x+x',y+y'P 
(4.2) 

The variance of the surface height function z(A) can be 
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expressed in terms of G-function by -0 
G (0 , 0) = [z ( x', y') ] 2 - < z ( x', y') > 2 (4. 3 ) 

i n wh i ch z (A) i s ta ken w. r • t. an ide a 1 in fin i tep 1 an e "AT Il a t 

the level <z (x,y) > = 0 or for the height function: 

1 l ,. , 1 

Z(x,y) = z(x,y) - <z(x,y» ( 4.4 ) 

"The above auto-cova~iance function wi th respect to the ideal 

surface 'AT' (extending to 00 can also be written as: 

l , 

G ( x , y) = < Z (x, y) Z (x + x', Y +y , ) > 

l J !Z(X,y)Z(X+X"Y+Y')dX dy ( 4 • 5) G(x,y) = lim 

'~ere • AT' is the area of test sample considered. 

1... It was mentioned earlier that 2-dimensional ACF is difficult to 

obtahn experimentally. Therefore, a given sample of surface is 

scanned by 16 lines which corresponds to double scan of OGT 

technique. This test sample surface then is assumed to be 

statistically homogeneous over the entire sample surface. This 

sU9gests the application of the parameters so obtained for 

surface stud ies as more representati ve than those obta ined by 

profile characterization. Hence by ustrfgequation (4.5), the 
-1.. 

auto-covariance foi: a profile if cônsidered to be a continuous 

funêtion over the sample length or when datum l ine is taken to 

be infinite along x-direction is given by: 
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L 

G(x') = lim ~--f 
o 

Z(x)Z(x+x')dx' (4.6) 

L -+ 00 

. in which Z(x) = z(x)- (z(x» (4 • 7 ) 

Due to the finiteness of the test sarnple and, hence, of a 

finite 4fitum area AT, the calCU~tions 

from discreet data as obtalned f om OGT. 

have to be performed 

(J=l, •.• , N) the mean height wi l be: 
\ 

(z) = 

j=N 
l 

L 

N 
Z· 

J 

and the d1screet form of equation lS, 

N-M .. l 

G (m (:-, ) = ----- L: Zj Zj+m 
N-M 

J-1 

each line 

Î 

( 4.9 ) 

where 'tJ.' denotes a chosen digitizing distance and the nurnber 

of correlated points is m = 0,1,2, ••• ,'" M. The ~CF i s then 

calculated for severai regularly spaced lines on the 

anisot~opic surface. On the appl ication of the OGT rnethod to 

the surface under consideration, the total number of points 

were 200 with a digitizing distance of IlJm. The ACF for the 
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surface lS as ~hown ln Figure 4.2. The dashed curve lS the 

GauSS1an functlon: 

(-1. 10) 

ThlS lS an ~lmportant :l:1ding aand is use:ul ln surface studies 

ta deter:nine the cut-o::s releva:1t to tne ap~llcatlon WhlCh 1S 

~ 5 C U S s.ed lat e r • The val l dit Y 0 f the observatIon is also 

d1scussed separately in this sect10n. 

For the further characterlzatlon of surfaces it becomes 

necessary to flnd the variance of the slopes of the prof11e 

which leads to the so-called intercept lengths that for:n the 

bearing areas. Thus considerlng the f1rst and second 

der i vat 1 ve 0 f G ( x ) den 0 t ed b y G' (le) 

CJ~ be obta'lned from equatlon (4.6) as follows: ' "'" 

ar:d G"(x) these.", qUantl~\,S , ~"" , 
l 

G' (x) = 1im 
L 

L -. 00 

L J Z ( X ' ) Z' (x + x' ) d;< 

o 

dG(x) dZ(x+x') 
itt which G' (x) = ------ and Z· (x+x') = --------

dx dx 

(4.11) 

(4.12) 

Letting 0 = x+x', one obtains the ACF a10ng the x-direction: 

1 L 

G • (x) = 1im --- nI ,Z' (a )Z(8-x' )dO 
.. L 0 

L ... 00 

1 lJ 
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A second differentiatlon and introduclng anoth\ change 

of var1ables, Le., x = 0 - x' yields 

G" (x) 
/If(" 

L -+- IX> 

z' (x) Z' (x+x' )dx. 

\ 
(4.14) 

in which G;'(x) represents the ACF of the slopes of the profIle. 

The variance of the slopes being given by G"(O). 1 n an 

analagous manner the ACF of heights and slopes of the profile 

along 'yI direction can be obtained. 
" 

4.3 Power Spectra l Dens 1 ty Funct 10n (Amp 11 tude spectrum) of the 

surface. 

The significance of this function in surface studies and 

the computational procedure of determining tnls function was 

al ready di scussed in Chapter 2. In this chapter the changes 

observed in th~ 

considered. 

amplitude spectrum as: 

the sur f aJ e :i 0 ad e d a x i a l 1 Y i s 

ntext it irti'rthwhlle to consider th: 

in which f = 

00 

A ( f) = (2 TT ) n J G ( x ) exp (- T 2 TT f x) d x 

21T . 
w 

, 

- 00 

w = radial frequency. 

and, the higher moment can be expressed by 
CD 

_ 00 
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The a:nplltude spectr:Jm for varlOUS loaès lS as S:"lown in Flgure 

4.3. The corresponèing density èlstrlbu:ion of he!g:1ts for 

dlfferent loads lS s~ow~ ln Flgures 4.9. 

, 
4 • 4 0 ete r;Tl i na t 1 0 n 0 fin ter ce 0 t le n 9 ~ han è l t 5 dis t rl but l 0 n • 

':'!1 e co m? u ta,: :. 0 na l pro c e è ure 0 f ,d ete r:n l n l :1 ; the 

distribution of lnd.,vidual hearing areas has been discusseè 

prevlously. However, it 'Illght be lnstructlve to brlefly 

mention the lineal fraction, its èe'/iation and nurnber of 

intercepts/unit lengt!1, which leaès to the èenslty distrlbu'tion 

of intercept length in terms of conventlonal parameters. Using 

the concept~of Quantitative Stereology, the lineal fraction (\ 
x 

1<). :nd i ts dev iation can be ~xpressed L 
iy 

= ----~ (4.17) 
L L 

(4.18) 

.. Wh.) 'AA ' is the area fraction. 

In accordance with the assumed Gaussian process, the 

lineal fraction can also be written as (48]: 

À 
x • f p~(Z)dZ • 

Z 

1 

2 

Z 
ll-erf( ------ )] 

~ 2G x (0) 
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=fpy(Z)dZ 
1 Z 

~-y = [l-erf( ----- ) 1 
-..... 2 ~2Gy(O) (4. 20) 

./ Z 
T:1e devlatlon of the Ilneal fract10n :s glven :)y 

r~:r 
1 { 

~ 

o ( 1) 2 

l 
1 

D ( À x) 1 
+1 (4 . 21 ) = = { -

1 NlX 
i 

where 1"1 1 l S 
''"1 X the number of Intercept/scannlrlg llne.' 

t~ 1 X = Px (Z) E { : Z ~ (x) (4.22 ) 

1 F!!:Gx(O) 
-------

Gx(O) 

exp = 

2G x (0) 

In terms of these functlons WhlCh are obtalnable from the 

AM' or the amp 11 tude spectr urn as al ready di scus sed, t he a ver age 

lntercept length in x, y scann+ng directIon will b: 
" 

\ 

~J 
(1) -1/2[l-erf ----- ]/Px(Z)E {I ZI (x)l} 

x - ~2Gx (0) 
(4.23 ) 

, ' 

and correspondingly for the 'yl",d1rection, 

Z 

<ix> -1/2[l-erf -- -- ]/Px(Z)E {lZ 1 (y) I} (4.24) , 
~2Gy (0) 

\. 
In order?to extablish a distribution of the intercept length 

required for the definintion of individual bearing areas, it i5 

to be recognized that the Oth monent and second moment as 

obtained from the power spectrum are now. designated for the 

(x,y) scanning direction as by mox • Gx (0), m2x • Gx (0), mOy • 

~, 
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When 'z' is ve-ry.....large, the length of the intercept made , 

by the profile Z(x) at any level 'Z'. i.e., Z(x»Z is very 

short. The intercept length starting at x = xl is to' a second 

degree of approximation, 

= --------- (4.25) 

, 
The joint probability dens.ity of Z(x) , Z'(x) and Z"(x) can be 

given as (49], 

p(Z(x),Z'(x),Z"(x» = 

1 

{ -~~~~~~---
mO xm4x-m2x 

Z2 (x) Z" (x) 
exp 

2 

z (x) 
+ ----- + 

2x 

~~~~~~:~~~:~~~- } 
mOxm4x ..: m2x 

(4.26) . 

• 
Since Z"(x) is a random var able whose mean value -m2Z is 1 arge 

compared to the standard d viation, we may put, using equation 

4.25, 

----~-- (4. 27) 
m2x Z 

The probabi li ty that, Z (x) wi Il pass upwards through the va 1 ue Z 

in the interval xl, xl + dx with a slope between Z' and Z'+dZ' 

ia equal to the probability that, at xl ' Z(x) lies between Z 

and Z-Z'dx and has a slope in Z', Z' + dZ'. This probability 

is: 

J •• 
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o 
) 

Z'èx(dZ') l Z2 
exp --- (---- + 

2 mOx 
(4.28 ) o ( Z , â'i (x)) = 

~ f · 
----------
2 ~:n 2:< :nO x 

0 :, shows t!la ~ - - x t:1e prcbè=::~:y of Z(x) 

3/2 

m2x z2 lX àlx;èx 
-----------------

3 -

_Z2 

exp( ---- -
2:nO x 

m2x z2 1 2 

---------- ) (4.29) 
8 

'l'he p::cbabill~y èe~sl~:! f::r t!le' intercept lengt!l :x o~ t!1e Z(x) 

=z 'z' very large lS o::>ta:r.eà by: 

3/2 
m2 z2 1 

x X _Z2 m2x Z2 1 2 

exp( ---- - ----------
2:nO x 8 

----------------~ 

--------------------------------~ 

" -z 2 
exp 

2 7T (4.30) 

Z2 . 
m2x lx 

2 
-Z2 m2 1 

exp ( ------~--~- ) = 
8mox 

Similarly, that along the 'y' direction is gyén by: 

,m2y\ Z2 
2 

iy -Z2 m2' i ) p (iy) = ---------- exp ( ------~--~ 
4mOy 8mOy (4.31) 

The densi_ty' dist~i--t1t1tion of the in_tercept length obtained 

experimentally is compared with thé density distribution of 
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-9 lntercept length obtained analytlcally in ter:ns of the moments 

of PSD in FIgures 4.4, 4.5, 4.6. 

4.5 Determlnation of lnëiV'ldual bearlng area and l~S 

distrIbutIon •• 

Having obtained the distribution of the random varIables ix and 

ly, it lS now necessary to determine the density of the 

function g(i ') ) e X,l'j' •• , 

iy (4.32) 

Since ix and iy is a random variable, ab = g(ix,i y ) is also a 

random variable and the function is a Baire function (see 

. Glossary). 

l t s val u e ab ( Z ).. =, g ( i x ( Z ) , i Y (Z ) (4.33) 

In order to determine Pab(a) for: a gi ven a, it is necessary to 

determine the probabiJ. ity of the event {ab'; a }. 

.-
02 the region of the (ix,i y ) plane s.t. 

• r 

It ~s easy to see that 

9(ix,iy)~a 

Denoting by 

(4.34) 

(4.35) 

(4.36) 
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'A 

The density p(ab) can be found by differentiating P(ab) or 

directly, by determining the regiqn 02 of the ix iy plane 

s.t. 

Since, 

therefore, 

therefore, 

< (' < a 9 1 X , i Y ) a +d a 

a<ab<a+da 
1 

= 

1 

1 
1- • 
1 

p(a)da = P { a< ab~ a+da} = 

p(a)da = P {a < ab< (a+da) } 

Pxy(ix,iy)dix diy' -
J 

For the sake of slmplicity, assuming the area to be of 

elliptical shape, let 

(4.37) 

(4.38 ) 

(4.39 ) 

(4.40 ) 

The distribution of ab i5 now obtained by using the 

transformation given by equation (4.40) in the distribution in 

equations 4.30 and 4.31, i.e., 

(4ab) 
KO ( -----) 

TTK1K2 
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where Kl • 4mOx2 K2 Il _~~~~~_ 
m2yz2 

where KO ls the second order modified bine1 function. The 

derivation is shown in the appendix [50] {51]. Normalizing the , 

area yields 
.' 

a* ... 
2 ab. Z I{ m2xmOy} 

-------------- ({.42) 

. . , * * * f (a ) • a KO (a ) (4.43 ) 
, 

where a* is the normalized individual bearing' area. It can be 
, , 

seen tha t this is a densi ty since the total area = 1 • .. 
The normaliz~-density distribution of individual bearing 

~ 

area is as shown in Figure 4.7. 

, 
4.6 Determination of Mean intercept length and density 

distribution of bearing areas for different loads. 

There are a number of factors to be considered when dea 1 in9 
'. 

,with surfaces in c~ntact. The,twoTt -i-mportant of them are 

. . '-l""'~ 

(i) the effect of surface film ~ (ii) the effect of size on· '\ 1 

strength properties.~h these factors may have a "pronounceà ...,.... 

. -

effect on the real si tuation ..a-s wi 11 be discussed later. 

The simplest model on/e\can consider to describe~ the -- . . , 

d.e~ormation of the. irregu1a.rities tasperities) is when the 

plastic flow occurs. It turns out that the local plastic yield 

. pressure 'y' is very nearly constant (52], and is compaJ;able to 

the in~entation hardness of the metal. Under these conditions, 

"f' 
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the total area of contact formed fer two surfaces in cont~ct 

CCln be 9 i veJl' as: 

Ac • W/H [52] (4.4.4 Y 

where Ac = total area of contact 
• r 

W = total normal load 

li = hardness of the metal surface .. ,. 

It i5 to be noted that this ia a very simple model assuming 

ideal physical p~operties that extend·to tpè outer~e 
, . . 

l,ayers. Tt}e sample having a nominal CSA of 40QmJ'II-2 was loaded 

up to 77.3MPa. Knowing the ~istt;ibution of the individual 

bearing' area at various scan lev.als of the surfac~, it is 

possible to get the contaEt area growth with ~oad ,appliad. To 

arrive at the con.tact area, one can consider two distinct ways 

of deformation [52]. 
a 

(1) The nUlJlber of asperities in contaçt rernains constant. 

(2) The average area of each asperity remains constant ,and 
/ 

only the number of re~ions of cont~ct increas~s'with 

load appreciation. 

Referring to the Figure 4.8, it is seen that the growth of the 

number of crossings is fairly fIat over a wide range exee·pt the 

\initial portion. This suggests the àpplieability of the first 
. 

case as suggested by Tabor • For example, the mean cQntact 

- " 
(W/H) x n x A 

;where, 

,-

, .~ 

--
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4 

1 

o 

• 

~---

, . (' 

r > 

A = nomlnal CSA in mm 2 

10.5MPa , H = 200BHN 

n = number of contacts/mm 2 • For W • 

n = 221 and A = 400mm 2 , ac = 2'3. 7~ 

whlch corresPQnds"to a &can level of 0.8 ~ m. 
1 , 

The z:e r 0 s c a n lev e 1 c ~ ~r e s p 0 n d S t 0 the lev e lof P 0 i n t 
1 _ 

conta,~t ,between t.wo surfaces ln contact. Therefore, the mean 

plastic deformati-t~ is equal t..o 0.8~m. Similarly, the 
, 

variation of the lntercept length wlth va,rious scan lev~ls" and 

hence load is shown ln Figure 4.10. The probablllty density 

dlstribution of IBA corre'spond/ing to these loads lS shown in 

Figure 4.11 and the variation of ab in ~"igure 4.12. , 

v , 
'4.7 Determination of cut-offs. 

It was shown by Attia [53], and then by Abrams [54], that it is 

necessary to confine measurement to the portion of the spectrum 

of wavelengths which is relevant to the deformation of the 

interface •. For example, at very high loads it is obvious that 
.,J , 

the irregularities h~ving short wave!e~ths, and hence higher 

frequencies, will be flattened out' and' will disappear from the 

spectrum; ~ This is evident from the Figure 403. Moreover, , 
! 

/investigations of machine tool joints when subjected to many 
1 

>~ad reversa!!; (see Archard (55» have shown that whilst an 
/ \ t-

inltial plastic defor4on in the contact surface will occur, 

the materia! response nevertheless will be an elastic one as 

long as the initial load is not exceeded. T~erefore, from )he 

point of view of present analysis it is impof'tant to recognize 
~--
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a certain frequency of the o?curring asperities below which the 

contact problem between two surfaces can be analyzed in terms 
• 

of, elasticity theory. Thus individual bearing areas as defined 

earlier which depend on the frequencies of the oCGurring 

, asper i ti@s wi 11 ha ve to be considered as contact area tn...,g~h 

... - ... 

whieh a cdnta~t force can be trarl1lmitted. This partieular 

''0 
frequeney for a given load is known ~s a eut-off frequency, and 

therefore the probl em reduces to the determi na t ion 0 f thé' cu t-

OfLS which define the pass-band. 

\ The cut-off .. which rejects the long wavelengths is the easier 

one to select, as it clearly must be relate,? to the largest ... 
hor i zonta l dimension of the surface interaction. 

i <-

, 
In Many 

contact problems, usually the high pa~s cut-o~f is set by the, 

dimensions of the normal contact area of the size of spectrum. 

On the other hand, the 16w pass cut-off is rather difficult to 

determVhe. In the context of the contact problem one can 

obtain sueh a eut-off by assuming a certain initlal plastic 

contact. The knowledge of th~ distribution of bearing area 

permits t~etermination of the extent of the plastic 

deformation that can take p-lace for a given load. It can be 

further assumed that all asperities with dimensions of a 

tbearing area smalle, than that corresponding'to an a~e.a capable 

of holding the part\cular load will be deformed plastically • 
with reference to the interface in the contacting bodies. 

Hence, it will disappear ,-from the power spectrum. 
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•• 7.1 Low pass eut-Off: 
! 

P As discusseè ear1ier, the hlgh pass eut-off can be given by 
o t\ 

[56) , TT 
(4.46) 

where d s = diameter of specimen. 

Instead of considering the bandwidth between wH and w L (~ow 

pass-cu t-off) of a spectrum of unknown cons tants, by fi 1 ~eri ng 

at wH the problem is redu"ced to that of a bandwidth between 0 

and W 0 of the spectrum when constants are known or can be 

'" determined provided that G(x) function continues to hold. 

Before proceeding to the determination of low pass eut-off, 

it is nei'essary to det~rmine the density of contact spots for 

that particu1a.r 1oad. This relation bet:ween thè hardness 

H(BHN), and the yie1d strengt,h of the material .. given by Tabor 

[57) is, 

H = 2. 7Y 

total area supported by load 'w' 

, " / 

,. W x 2. 7/H 

(4.47) 

, (4.48) 

The know1edge of the distribution of individual bearing area 
• 

permits the determinabion of height of asperities at which the 

total bearing area is equal to that given by equation (4.48) • 

• K n 0 win 9 th i s he i 9 h t 0 f a s p e rit Y 'Z~, 0 nec a n cal cu t a te the 

densi ty of contact spots 

1) 
N = ::;l-- ( 

( ~2 

1/2 
m2x m2y ) 
--------
mOx mOy 

N from equation (4.22). 

Z 2 Z 2 
e~p ( _ c __ = __ ) 

2mOx 2moy 
(4.49) 
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. Having calculated the density of contact spots corresponding to 

a particular lcrad, it is now necessary to determine the moments 

of the PSDF valid between limits '0' and wL. According to the 

equation (4.10), the ACF ia given as: 

G ( x) = G (.0) exp ( 

1 

-x 2 
= D2 exp ( - ) 

6 2 
(4. 50) 

where 'B' is the auto-covariance length. 0 = total RMS 
r' 

~oughness of the surface. 
~ 

Taking the Fourier tran4~m of the equation (4.50), 

• 
A(f) = 0 2 .1n ,8 exp(-f2 82 /4) (4.51) 

where f = frequency in IJ rn-le Therefore the moments of the A (f) 

can be given as:. 

(4.52) 

U sin 9 e qua t ion s' ( 4 • 51 ) , '(4 52) mO m2x can be determined • , x' 

knowing G(y), and can be used in the equation ~.49 to determine ' 

the unknown Wt. ~herefore, corresponding to this pass band of 
~ 

, WH and wL, the moments so obtained can be used to determine 

the individua1 bearing area distribution,. This distribution 

can be employed together with t'he well defined local stress to 

formulate a solution fOÇJ the elastic contact problem using the 

concept of probabilistic mechanics [58] to take care of other 

factors like the effect of size and surface fi lm. 
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. 4.8 Discussion of results. 

Referring to the Figure 4.2, it can be seen" that the initial 

portion~~e ACF for the surface is of the form 

G(x) ... G(O) exp(-x 2/B2) (4.53) 

This curve is the most repr~sentative of the entire surface and 
. 

this determines the behayiour of A(f). For it is the initial 

portion of the ACF (G(x) curve that determines the shape and 

magnitude of A(f). Most of the difficulties associated with 

the exponential ACF [3] do not exist with this form of the 

i ni t ia 1 portion of ACF. Thi scan be proved by ,cons ider ing the 

Gauss ian or more genera lly, a Gauss ian cur ve ACF mode 1, 

G(x) = 0 2 exp(-x 2/ 62 ) cos(a x) d>O. (4.54) 

, The F.T. of this equation gives: 

4 

= 7f3/2 0 2 • B{ exp(-(f +0 )28 2 ) + exp-[(f-a2)1 (4.55) 

J --4-- --48-2 

In this case, it can be verified that f 2Af .. 0 as f .. 'Il 

Now, if we consider the ~eneral cosine ACF, i.e., 

G(x) ... Ae e-b~x)1 cos(ox) (4.56) .. 
and obtain its F.T., . , 

A(f) = 41rAe b [f2 +-- (b2+a 2)1/[f4+2(b2-a 2 )f2 + (b2-to 2 )2] (4.57) 

" 
1 t can be seeh- t hà t f 2 A (f) does no t approach zero fo r 1 arge K. 

Therefore, G",(O) which is the var iance of slope 9 i ven by 
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=-_:-J f 2 "'A(f) .df, 
. 

G" (0) tends to large value 
7T (4.58) 

0 

'In bot~ cases, t!1e :noèels give similar results w~e:1l' and 

is equal to zero, whic!1 represents the true Gausslan and 

--exponential ACF respectlvely. Simi lar observation was made by 

Nayak [4 J. It can be shown that by introduclng equation 

(4.56) into eguation (4.52) for a random process with 
... 

exponentlal ACF, the moments m2 and m4 are undefined (theory of 

Markoff Process). It is to be noted that this result was 

obtained using OGT whose resolution is of the order 0: O.5_m 

and wavelength range of irregularities of the order of 4 ms. 
;# 

Accordlng to Nayak, it is clear çhat the Whitehouse and 

-Archand's modei' does not allow slopes and curvature to exist, 

though they proceed to obtain these data from profiles. The 

reason why this does not amount to a contradiction in practise 
,f • . 

is that their sampling interval is finite; the effect of finite 

sampling interval is to filter out small wavelength components, 

and to change the behaviour of the ACF at the origin (4]. 

Considering Figure 4.9 for different loadi~gs, it can be 

seen that as the load in~reases beyond lO.5NPa, the density 

di str i bution of he ights tends to be m.or~e and more exponent i aL 

This suggests the range of application of the Gaussian model 

for the surjace character ization irn contact problems. Since, 

the static loads usually encauntered in the engineering 

appl ica tian rar'ely exceeda 8MPa [541, the Gauss ian assumpt ion 

ia valid for all practical purposes. 
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The intercept analytically is 

compared with the distribution obt~ined experimentally in 

Figures 4.4. It is interesting to note that the distribution 

is exponential, and the experimental as well as theoretical 

results obtained matches fairly well for higher value of levels 

f r om the me a n lin e (C LA) • The disparity between the ~wo 

which results at lower value is due to the assumption made in 
1 

the analytical development of the distribution (i.e., for large 

value of Z (x) and for Gaussiari random process). This does not 

restrict its usage in contact pr<Jblems. This is due to the 

fact that at loads less than lOMPa, the first encounter between 
v 

asperities takes place at its peak, and the knowledge of IBA 

distribution near to peak is' m~re relevant than that much 

below.· Since the moments of the PSD of the profiles scanning 

the surface can be easily computed, the iiltercept length and 

IBA di'Stribut:ion can be directly obtained from the equation 

(4.30) • 

If one looks carefully at the equation (4.30), it is clear 

tha t ~ t can al so be represented as 

(4.59) 

.. 0 elsewhe~ 

i lti 

where, parameters Cl w and _B w of Weibull distribution are greater 

than zero. From the equation (4.30), ls equal to '2Z'. It ia 

interesting to note that similar observation was made by 

Elgabry, Sankar and Osman (47]. It is, therefore, quit. 

;~ ev ident that in spi te of using a better resol u ti6n- techn ique of , 
81 
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"'" optical methods, the results obtained by "them using Taiysurf 
1 

profilometer is similar, and hènce, intercept length 

d istr ibution in genera 1 can be 9 i ven by equa tion (4.30). Thi s 

is an important finding as this facilitates the determination 

of individual bearing area distribution. 

The area distribution as shown in Figure 4.7 is of the type 

a*Ko(a*) which has been derived in Appendix A. 1 t 'i s 

interesting to note that one c~n again arrive at this 

distribution by simply determining the moments mO and m2. This 

is again an important finding useful in contact mechanics. 

The Mean in~ercept length, mean bearing area and its 

distribution calculated for different loads shows that th~ 

contact area approaches the nominal area as the load increases. 

However, as the load increases the deformation at the interface 

might be so large that the asperities might overlap with the 

neighbouring asperities, distorting completely ori.ginal 

profiles obtaitd before loading. Even though this case is 

rarely encount red in practise, it is not difficult to find 

1 

\ " 
such .!arge plastic flow in contact problems re'lated to high ?1 

heat transfer rates (nuclear industry») I~ that case i t is to 
1 

J be n<?ted that the mè&el developed here .is not valide 

The two factors discus$ed in context to the simplified model 

presented to obtain the Mean intercept length and mean bearing 

area greatly affect the contact between solid surfaces. The 

firet factor is concerned with the presence of surface films 
""" 
(oxide layer, for example). These May undergo 1 arge 
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d e for mat ion a t _ the reg i q,.n 0 f con tac t. 1 f the -s u r fa ce fil mis 

ductile they will deform wi,th the metai and retain their 

integrity. In case of brittie .surface, they will crack and 

metal will tend to flow through the cracks. These films are 

especially important in adhesion and fricti,on but 

unfortunately, it is not easy to specify or quantify their' 

strength and yield properties. 
\ 

_The second factor is concerned with the effect of size of 

the asperij-ies on local material JProperties. Size has little 

effect on elastic properties, but it can have a marked 

influence on brittle strength and plastic yielding (52]. If 

the vol ume bei ng deformed i s very small, i t may not conta i n any 

mobile dislocations; and, in that case, Gane [59] has shown, 

the pla s tic y i e"l d s t r e s s m a y r e a c h ver y h i 9 h val u e s 

representative of the Itïdeal" crystal lattice. This implies 

that asperities may undergo much larger elastic deformafion 

befor~ plasti.c flow occurs, and the area of true contact may be , 

appreciably less than that calculated from bulk values of 'y". 

Moreover, from the PS~ curve obtainéd for different loadings it 

is apparent that the amount of plastic defor;mation ist very 
l ' 

small. This shows that the disappearance of asperities dt 

higher frequencies at higher load ls rather small and could be 

attributed ta the statistical scatter Inherent i~ the sampling 

process. 
1 
) 

This gives furth~r credence to:the oc.c':1~rencèof',of 

elastic contact at loads less than lOMPa. 

There are no theoretical model s of contact betwe"en sol ids 
't 

that take these factors into account. 
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4.9 Su~ary. 
,- ..... 

It héls.béen·shown that the distribution of the intereept length 

det'e~mined analytieally on the basis'f Gaussiim Ramdon Proeess 

'is i'*2 ~xp(-i*2), where i* is the normalized in~ereept length 

obtained from ~GT/fOr hei$1hts ,of asper i t ies a t or above the Ra 

value. Using.the joint exponential 8ensity distribution of 

intercept leng'th along 'x' and 'y' direction, the IBA 

"distribution was aiso determined analyti'caI1Y: It was foun~ 
" c 

that i.t was of the form a* KO(a*), where a* is the normalized 

IBA and KO the modified benel function. From equation (4.30) 
j 

~ 

it is clear that the IBA distribution ana hence t1te mean IBA, 

can be deterlJlined at various ~-,vels$ knowing the 'zero' and 

'second' moment of the PSDF. The moments of\the PSDF are the 

average "of the moments of all the profile PSDFs seanning the 

test area of the surface'. " 

The d ete r min a t ion 0 f AC F 0 f t~ e ~1l r fa cel e a d s t 0 the 
- . 

evaluation of eut-offs whicll\speeifies the pass band 'tak'ïng 
, 

part in the Phenomenon'u~)investigation. Th~ dependenee of 

~pplication of load on eut-off reveals tha·t as the load 

incxeases, the importance of considering the waviness increases. 

This suggests that there i~ an upper and lower bound of 
/ 

frequencies of PSD which wi Il have to be considere~ to describW'. 

the functionàl behaviour of surface. It is weIl known that as 

the length or area of the sample is increased, one observes 

longer wavelength features. As a rand'om process, this type of 

structure represents a form of non-stationar1ty that is termed 
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J'stationary wlthi~ an interval t [ 2 5 l • 'Ï' h i s s h 0 W s ,t h a t 

\ 
depenèing on- the upper and Iower frequeneies of PSDF, the 

moments of PSDF w.ould aiso change. Ther.efore, "to determine - . the,se moments eorresponding to the .pass -bé!nd defined by the 

app1 ieation of Ioad, the higher and' lower pass eut-offs are 
1 .",. ... 

.. J ' 

determined using the initial portion of ACF which is found to 
\ 

be of the Gaussian form. 
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5.1 Conclt:lsions 

CHAP'l'BR 5 
,> • 

" 
çoHC~SIONS. MID RBCOMMBHDA'l'IOHS 

.. 

.~ i .... · ." ,.. ~ .,; ......... _. (1 

,,-

• 

On th~ basis of the pre!?ent study,' the f0l.J.0win~ conclusions 

can be made: 
.J 
On Surface Characterization: 

"'" 
The characterization of ~urface in terms of Ra, RMS, 
'f .. \' 

mean slope, mean curvature and in terms of correlation 

function is not sufficient to describe i ts functional 

behaviour. 
" 

Extended characterization in terms of I~ 

and its distribution, a~d not by simple geometric 

.shapes (like spheroids, paraboloids, etc.) is -J 

necessary. The latter models give statistically . 
unsound results as the peak shape function is 

d~tern\inist'jc • 

2. It was proved that the statis~ics obtained from a 

prof i le cannot represent the sur face and that for 

effective characterhation a .representati ve test area 

be scanned by series of paraI leI profiles. 7h~ surface 

; and pr~file PSDF show~d that the profile distorts the' 

______ surface in such a way as to g i ve undue wej,.ght to long 

wavelengths ~t the expense of short wavelengths. 

On Optical Grating Topography: 

3. The OGT techniq~e can be used to d~termine the 
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4. 

. 
'·,ëhe surface irregularities. Thécharacterization of 

sUJ!-façe~in terms of \orre1ation function is a1so 
-/ , 

possible as the basic requirement of series Qf parallel 
( 

profiles with a ,common origin ·and can be obtained by 
~ ~ 

th i s tec'hnique. 
" 

The profile measure~ents can be obtained for surfaces 
-.; .-

h a vin 9 'Rm: O. 7 61J m ( 3 0 )J ") • Th e mà x' i m um r e sol ut i o-il 

obtained using objeètive of NA 0.35 was O..A"lJm. 

'. ' 
On Computational Procedure: 

5. 

# 

6. 

~ , 

Computation of the digitized data obtained by using OGT 
, ' 

yie1ded parameters in the form of: r 
(i) the mean intercept 1ength and its , 

distr ibution; 

( i i ) the mean individual bear ing area and its 

,J> distribution. 

The computat~onal procedure is quit~ general 
\ 

It i~ applicable to surfaces ShOwing\: 

(i) isotropie or non- isotropic; 

in na tur'e. 

(ii) Gaussian or non-Gaussian characteristics. 

7. The intercept length distribution obtained from profile 

measurements showed that it ia of exponéntial type~ 

,8., The-application ~f -princlples of Ouantitative 

"stereology also yielded the areal fraction and' its 

deviation. The" areal fraction gives the fraction of 
\ 
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the nominal cross-section-area which is the total 

bear ing area at the chosen' level. 

9. The Auto-covariance Ful'lction (AFC) of the surface 

J 

determined by scanning and then averaging over the test 

area of the sur face yi elded a Gauss ian form, i. e. , 

_x2 62 

= G (0) exp( ------- ) 
4 

G (x) 

• 
It was shown that thlS funct;ion is the true 

representation of the surface. It did not dlsplay any 

o-f the bas i s l imi ta t l ons possessed by the exponent ia l 
1 

ourve. ~ 

On Analytical Procedures: 
.. 

10. The analytical determination of distributl-on of 

intercept length showe4 that it is of 'the form i * exp(-.. 
'*2) 1 , where li·' is the norll'alized intercept length. 

'JI h i s wa s ob s e r v ed tom a t ch we 11 w i th t he , me a sur ed 

values obtained from OGT for heights of irregularities 

> R • = a 

-, 

11. From the- dens,i ty d istr i but ion of i n,tercept- leng tl1, the 

distr ibùti on of IBA was determined. 

it was of * * a KO(a), where • a *. is the normalizéd 

bearing area. Moreover, it was found that this , 

distr ibution can be easi-~ determined from t1'ie moments 

, of the spectrum. 
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bearing area. Moreover, it was foun<ft'that this 

distribution can be easily determined from the moments 
/ 

of the spectrum. 

On Applicatlon to Contact Problems. 

12. wlth the knowledge of the denslty of IBA and Inlt9a1 

portion of ACF, the low pass eut-off rel~vant to the 

contact prob 1 em can be determi netl. By knowing thls 

eut-off, it lS posslble to determine the wavelength of 

\ surface asper Ities WhlCh actually contrlbutes to the 

formation of contact area on the application of load. 

13. It was shown using a simpllfied model that as the load 

i ncreases the contact area i ncreases as i t tends to the 

nominal area. The spectral analysis reveàls the 

persistence of asperities and importance of waVlness 

w i th the i ncrease of load. / 

r 

:L4. The density distribution of heights obtained for the 
1 

surface subjected to increasing 10ads showed (\:hat the 

" distribution exhibits the deviation from Gaussian 

character istics and becomes more skewed (exponentia 1). 

Therefore, the Jeoret ica l inves t igat i on of i ntercept 

length and ~ring area which ia based on Gaussian 

Random Process is not va1id for very heavy loading 

(greater than 10MPa). 

" 15. Using the individua1 bearing areas (IBA) and their 
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corresponding probability density function, together 

with the well-defined local stress, a stochastic theory 

of deformation can be formulated for the solution of an 

elastic contact problem. 

5.2 Recommendations 

1. It is recommended that OGT technique be au~omated to 

glve the direct compu~er~zed read-out of par~meters. 

2. In the present study the density distrlbution of IBA 

can be used to predict the deformation of the interface 

formed by two surfaces in contaçt. It IS recommended 

that the properties of the interface, for example 

stiffness and damping, be investigated using the 

concept of IBA and its distribution. 

3. There is no theoretical model which takes into' 

consideration the effect of size of asperities on the 

material properties. It is recommended that by 

defining a local stress with local material properties 

a stochastic theory of deformation be formulated for 

the solution of contact problems. 

'4. It is recommended that theoretical study be undertaken 

to characterize the surface which is anistropic and 

non-Gaussian. The effectiveness of cross-correlation 

techniques to arrive at useful parameters for such a 

type of surface should be verified through OGT 

measurement. 
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5. Using the 3-D characterization of su~face developed in 

this work with the concept of IBA, the study of the 

interfacial behaviour relating to the following is 

recommended: 

1. the thermal contact resistence 

2. the frictional behaviour of surface 

3. the bonding properties of the interface. 
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APPBNDIX A 

From equation ~.30 we get, 

A.l 

This is the probability density distribution of bearing lengths 

'lx' a10ng the direction perpendicu1ar to the direction of 

grinding. 

Let 'Kw." 4m02 
so that 

tJ 
equation A.l becomes 

1 
f(ix,Z) .. ix • exp 

-i 2 x 
• • • -A. 2 

Similarly, letting 'K2' .. so that 

we get, 

1 -iy2 
• iy • exp ( ---- ) • • • A. 3 

K2 2K2 

as the p~obability density distribution of bearing lengths 

'iy' a10ng the direction of grinding. 

Considering the bearing area to be elliptica1 given by 

A.i 

~~~~'<~"':~~"'~." __ ~I- ~ •• ,~.l" _' .. i. .. . ,l_-~ J"~~ ""-._ .-.' ........ _~..,~~'-t-~ •. ;of~.~.:.J",w: , , 
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TI 
ix iy , \ • • • A. 4 

4 

the distribution of 'ab' is now obtained by using the 

transformation given by equations A.4 on the distributions in 

equations A.2 and A.3. This is obtained by substituting -ly 

so tha t 1 x = 4ab/1Tw ,there fore, 

4 
1 J 1 = 1TW • • • A. 5 

Now, after proper substitutIon, we get the distribution of 

bearing area as, 

00 

2 

f(ab) jï~~~; - _!::_-) dw 
2K2 

• • • A. 6 

o 

let ting y = w2 50 that dy = 2 wdw we get, 

00 

16ab 

f 
1 -16ab 2 l y 

f(ab) = ------- - . exp ----- dy · . . A.7 
2 TI 2KlK2 Y 21T 2Kl Y 2K2 

0 

considering the generalized inverse Gaussian distribution 

whose probability density function is 

(W /f) 4> ,-1 
(dx) • -+.-1 • X't' • e -1/2(T x- l + tlJ x) 

which has the property of infinite divisibility, > 0, > O. 

A.H 



1. 

l6ab 1 
For ~ . a (in this case) and T = , 1Ji= 2K K2 1 

we get the solution of A.7 as 

16ab 4ab 
f (ab) = -2----- Ka 

rr (KIK2) rr KI K2 

\ 

" 
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APPENDIX B 

The distripution of heights 'z' and curvatures Rx and Ry is 

given by Gaussian distribution. Therefore, the joint­

distribution of these two varlables are given by: 

1 Rx 1 

( 2 TI 1:1 m ) 1/2 x 4 
exp 

1 

2 t:. x 
• • • B. l 

2 
where t:. x = mO xm4x-m2x 

The distribution of the curvatures of peaks in conbtact for 

different values of Z/ l''fnOx can be given by: 

00 * 
f (R x / z ~ H) = f f ( Z , R x ) d z 

H 

* 

~ 0 * * 
f i f (Z , Rx) dZ dRx 
H-"O 

where Z a Z/lmO x 

expressing B.l as 

equation B.3 can be written as, 

A.lv 

r ~ .. '" .~'" .,,: ... tH. - ~,.t" .. , 

8.4 
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l 1T 
f(Rx 

2 

... . - ~ . 

C31\c-4C2C4RX 

C2 

- ..... ~ .. t .t .... , .. -" .. ' ,~ 

-

e 
{erfc (CiI--<:3Rx) 

IC2 

··-'·'i~ 

erfc(H) • . . 8.5 

Similarly we can get the distribution of curvature at any 

height along the direction of grinding from 8.2. 
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