
, > 

c: .. , 

.. 

( 

... / 

\ ' 

SPARGEJ{ STUDY IN ,PLOTAMC9N COLUMNS 
\ 

" 

1 

0/ Manqiu Xu 

, . 

A thesis supmitt~d to the 

Faculty of Graduate Studies and Researeh 

in partial fulfillment of the requirements for 

the deÇj"?e€-ôf Master of Engineer ing 

><\\ 

• 

- Department of Mining and Metallurgieal Engineering 

McG~ll University 

© Oct'. -1987 

J' 

, 1 

.. 

o· 
. ~, 

1 

--~-----------'-----------"";"-----



l 

1" 
1 

• 

ABSTRACT 

A technique of bubble size estimation in a bubble swarm 

is developed from drift-flux and ~asliyah'; hindered settling 

equation with the particular contributions of-Bobby et~al [24J 

aM Yianatos et al [881. The ~~~urements requ i red ,bY the 

_ 1. technique a re super f icial gas, an~ '\1 iquid veloc i t ies and gas 

holdup. predicted and measured (b~ photography) \.3ubble si ze'§ 

~ 

" 1 agree .\",ithin 15% over the tested ra~ge 0.5-1.5 mm. The upper 
'- j . 

bound of applicability is a bubble Reyn91ds number 

approximatzely 500, or bubble size approxima,tely 2 mm;- making 

it weIl suited to flotation studies. In principle, there is no 

lowerbound to qpplicability of the.method (a pfactical limit 

with the present photographie measurements approximately 0.2 

mm)., 

A scale-up model of spargers in coîumn flotation is 

aeveloped. The model provides an effective tool for th~ 

control of bubble size and insight in understanding the ~ffect 

of sparger sizes on bubble diameter. Bubble size is shown to 
c~ 

dep'end dn the fro.ther addition and the surface area of the 

~parger, with a minor contribution from sparger material. A 

sparger des ign cr i t~r ion is sugges ted: the -t'CI. t io of column 

cross-sectional area to sparger surface area (Rs) should be 

0.5 to 1. 
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RESUME 

On a 
'" 

dévelOP~~ une techniqu\ pour estimer la 
, t 

tai lle des . 
bulles dans un essaim 'de bulles en se servant de l' analy~e du . ~~- ~ 

f ~ux de, 91,~S,sement ~t, de l' équa tio,~ ,d,~ sédi~enta ~ ~(o~ "retenue 

developpee par Masllyah.- Cette technlque.necesslt la mesur,e 
( 

des vélocités superficielles du gaz et du liquide," et de la 

fraction gazeuse. La taille prédite des bull~s par le modele 
... 

est en accord avec la taille mesur~e (pa~ photographie) ~ 

±ls%,'" et ce pour des diamètres de bulle de 0.5 à 1.5 mm. La 

tec~nique pourrait s'appliquer jusqu'a des nombres de Reynolds 
> 

(des bulles) de 500, ou des bulles de 2 mm de diamètre. Elle 
f , 

convient donc parfaitement aux systemes de flott~tion. En 

prfncipe, il n'y a pas de limite inférieure à la taille des 

bulles qu'on peut mesurer avec cette technique ( cette limite 

inférieure est de O.~ntrn faites à partir de photographies). 

Nous avons développé un modèle pour le d~m~nsionnemeht 

des disperseurs de bulles. Ce modèle peut servi~ à obtenir la 

taille de bulles voul~e et à mieux comprendre l'eff~t qu'a la 
-

dimension des disperseurs sur la taille des bulles. La taille 

de ces d~rn~ères dépend surtout de l'aire du disperseùr et, 

dans une moindre 'mesure, du matériel duquel le disperseur est 

forme On suggère qué, pour qimensionner un disperseur , le , ... 
ratio (RS) diamètre de la COlonne/aire du disperseur-soit de 

0.5 à 1 • 

. ~------------------------------------------------------------------... 
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a parameter in Eq.[2-16] 
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Ac column cross-sectional area, cm2 

Ao 
1 
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...... " 
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m parameter defined in Eq.[4-3] 

Nd dimensionless vessel dispersion number 
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CHAPTER l 

INTRODUCTION 

1 

Development of Flotation Co1umn 

Extensive research work has been do ne recently on 

flotation co1umns [15, 17-26, 73-88), sorne 20 years after the 
o 

co1urnn was first introduced in Canada [4, 9-10]. Industrial 

app1 ica t ions of f Iota t ion columns are now widespread [12, 14-

15, 261. Following the work of Sast ry and Fuerstcnau [6Q;J, 

Flint and Howarth [27] and Rice et al (57], Dobbyand Finch 

investigated extensively particle collection in . a flotation 

colurnn and the requirernents for f10tation colurnn rnodelling and 

1 

sca1e-up [17-23]. Subsequent1y, Yianatos, Finch and Laplante 

directed attention to flotation column froth behaviour since i 
the froth has a significant effect on column performance [80-• 

85] • Three aspects were stressed: 'froth hydrodynamics, 

cleaning action (rejection of hydraul i cally entrained 
, 

particles) and selectivity (separation between par~icles of 

different hydrophobicity). Meanwhile, Espinosa and Finch 

conducted work on slime "f1otation by co1umn [25-26]. Sorne 

fundarnen tal research concerning f lot,a t ion k i netics [47, 76]. 

a~ aerosol frother 

h~een conducted 

addition and column control [28, 

around the world. 

51, 871 
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2 
1-2 Objectives of the Research Work 

, 
The study is ta investigate bubble generation u~ing 

spargers (bubble generating devices) by determining the 

effects of sparger material and sparger siz~ (surface area) on 

gas holdup and bubble size. In orÇler to'be able to conduct 

this work, a novel method to estimate bubble size was 
f 

developed from the contributions of Dobby et al [ 24 J and , 
, 

YLmatos et al [ 88 J • Using this technique the problem 'of 

photographie measurement of bubble- size wars elimilllated, 

perrnitting the effect of operating variables on gas holdup and 

bubble size to be extensiyely investigated. The ultimate 

objective is to provide a methodalogy of sparger sizing for 

flotation columns. 

1-3 Outline of the Thesis 

The thesis consists "of 10 chapters. Chapter l is 

the general ,introduction and'tlescription of the research 

objectives. The operating fundamentals and new developrnents in 

flotation colurnns are brief1y reviewed in chapter 2. Column 
1 

variables, particle collection kinetics, aolù?nn 

froth characteristics, and column. control strategies are 
)" " 

described and discussed. 

" " In chapter 3, previous work related t~ bubble formation, 

,and the effects of sorne parameters on gas ~ld~p and bubble 

size are reviewed. Chapter ~ proposes a technique for the 

estimation of bubble size which was used in the ne/t chapcters • 

. " 

, 

t 
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, 

Finally, a scale-up model for spargers is developed. 

the experimental system and column 

operation are described. In particular, 

d ~,~ d '1 Al1 presente ~w sorne etal • 

the exper imental 

design is the exper imenta1 

results are pfesented in chapters 6, 7 and.B. The data used to 

verify the bubble size estima1ion t~thnique ~s presented in 

chapter 6. It is shown that the bubl?le size estimation 
J 

technique giv~s a very élose prediction, of bubble size. 
r 

Chapter 7 presents the resu1ts concerning the effect of 

operating variabl~s on gas holdup and bubb1e size. It is Pound 

that the major factors affécting gas ~ and bubble size 

are frother concentration, gas flowrate and sparger size. In 

chapter ,8, the proposed scale-up procedure for spargers is 

examined. It is demonstràted that_ the mode1 provides) a 
~ 

rational explanation,~or the effect of sparger ,size on bubb1e 

size. 

Finally, aIL the results are critically'a{scussed in 

chapter 9. In chapter 10 ~ tqesis . conclusions, with 

suggestions for future work, are presented. 

l , 

. 
U 

, 

'. 
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.CHAPTER 2 

GENERAL REVIEW OF COLUMN FLOTATION FUNDAMENTALS 

2-1 Co1umn Operating Var,iables 
( 

For a flotation column as shown in Fig.2-l, there are 
:' , 

v 

two readily identifiable zones: the collection zone -(aiso 

known as recovery or bubbly zone) and froth zonB (cleanin~ 

\ -
zone) . There ex is t a la'rge number of va r i ables whi ch af fect 

co1umn performance .. A brief description of {hese variables are 

given be1ow. 
, " 

2-1-1 Gas Ho1dup 

Gas ho1dup is defined as the volumetrie fraction of ~iro 

in the \ air/slurry mixture and is used to characterize the 

hydrodynamics of the column [61]. It is a combined function of 

bubble.size and ga~ rate and varies directly with gas rate and 

inversely with bubble size. Consequently, gas holdup can not 

be adjusted independently of bubble size and gas rate. 

2-1-2 Bubb1e Size 

Bubble size is considered to be the most important 

var iable for the physical optimiza t ion of f Iota t ion "[ 8,35] • , 

For example, recent evidence suggests J tha t fine bubbles are 
/ . 

able to float fine particles more effectively than coarse 
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bubbles. Szatkowski et âl [63-65) investigated the flota t ion 

kinetics with fine bubbles and craimed that, critical bubble 

size can be determined as a function of particle size and 
1 

density: 

36 dp /L VSL = o [ 2-1 J 

is the average net downward velocity of slu~ry. 

The critical bubble size is ~eEi~ed as the diameter of 

the smallest rnineral-laden bubbles which sti~l rise to the 

froth rgainst an opposite pulp flow in the E] otat ion 'sy~tem. 

'In stationary water, Eq.{2-1J can be sirnplified as follows: 
C"I 1,J 

1f' ( Ps - PL ) dp 
= [ 2-2 J 

• r 
Ahrned and Jameson [1] investigated the effect of bubble 

size on the rate of flotation of fipe particles and found that 

the rate of fiotation of fines can be accelerated considerably 

using very sma11 bubbles less than 100 ~m in diameter . 
..-. 1'11 1 ~ ( J '" 

Bogdanov et al [8J investigated the flotation 9f martite 

fine particles by different.sized bubbles and found that 

without mixing, the flotation rate of - 10 /Lm particles was 

lowered when bubble siz~ decreased from 0.5 to 0.2 mm. 

o 

. , 

\. .. 
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• The theoretieal work by Dobby and Finch [22) suggests 

thc1t small bubb1es [db<o.5mm] are not effective in ..... flotation .. 
. . 

columns because ~reducing bubble size means the gas f10wrate 

must be reduced. The effec~ is that an optimum bubble ~size 

exists Recent work conducted in to maximize f1otation rate. • 
parallel with this thesis shewed [77] that for padicles 2JL~f 

te maXlmlze carrylng dp < 25 /lm, the optimum bubb1e size 
JI 

capaeity is about 1-1.5 mm. 

There are 1~ l~rge number of factors affecting bubble 

size in a flotation co1ùmn. ~ong them gas rate and frother 

addition are the most import~. Iri general, ~niform bubbles 

with diameter db=1-1.5 mm cap be readi1y achieved in 

flotation columns with gas flowrates Vg=I-3 cm/s in the 
", 
presence ofi frother. 

2-1-3 Gas F10wrate 

Gas is introduced into a flotation column as bubbles 

usually generated by an internaI sparger. Superficial gas 

velocity will be used to describe gas rate since it is 
t. 

independent of co1umn 'dimensions. It is defined as the. 

volumetr le ·gas "flowrate per ;Uni t column cross-seetionai area 

per unit time. 1 Typicai range is Vg=1-3 cm/s [86]. (Gas rates 

are always grv~n here1at standard conditions) 

Gas flowrate is one of the most impor~ant variables for 

f1otatlon colu~n operation. The required gas flowrate must be 
l " 

determined in 1 each case. Gas rate has direct and- indirect 
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effects. For_example, ~as rate directly affects rate constant 

and ~ndirectly affects it by affécting bubble size. Gas 

flowrate has been used for flotation control in sorne Finnish 

and Austra~ian conventional flotation plants [41]. 
," 

J",~ ~!.o,., 
2-1-4 Wash~Water and Bias Flowrate 

Wash 
~. . . '" water added at the top of flotation column has~wo 

functions: (1) tQ provide a downward flow of water which 

prevents hydraulic entrainment of non-floatable minerals, (2) 

to increase froth stabi1ity and a110w a deep froth bed to be 

built (83). 
1 

An estimate of the wash water requirement, ( su pe r ~ ici a 1 

wash water rate Vw, cm/s), is given by [86]; 

, . 
Vg Ec 

Vw = -------- + Vb [2-3] 
l - €c 

" 

where 
"" Vc 

€c = ---------- ~ (2-4] 
Vc + Vg 

li 
and represents the fractional holdup of concentrate at the top 

of the co1umn; Vb is the superficial bias flowrate, Vc the 

supel"ficia1 concentrate rate, . and Vg, the superficial gas 

flowrat~!. 

A positive bias flowrate, ls obtalned by having a 

.tailing volumetic'f1owrate, 0T' slightly greater than that of 

, 

\ 
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~ 

the feed, OF' One way to control this Hi to maintain: . 
~~ 

OB- = • QT OF = constant > 0 [2-5 ] 

..... 

Superficial bias rates Vb = 0.1-0.6 cmls are used in plant 

prac.tice. 

Another way of achievlng a positive bias is to maintain 
Q '0 

a ratio of taili-n,9 flowrate to that of feed constant at sorne 

value greater than one. JI'his is a "bias ratio", Br, Le.: 

Br = = constant > l [2-6 ] 

Br values from 1.01 tO 1.15 are typically recommended --
[181. The relative merits of both bias strategies for control 

<' 

are explored in sorne detail in sectiop 2-4. 
, 

."-

2-1-5 Slurry Downward Flowrate 

A 'flotation column is o~erated in the countercurrent 

""" bubbly regirne. 

determined by 

The slurry ~do flowrate 

the required residence time of 

is rnainly 

polids. rn 

general, the superficial slurry downward flowrate ~ is in 
. 

the range 1-2 cm/s •. The dow~ward slurry velocity has, a 

significant effec~ on gas holdup. 

2-1-6 Residenoè Time 
~-----

9 

Solids residence 
6 

time governs recovery • The typical' 

. ... 

(j 

, 

" ) 
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10 
range of slurry residence time lS 2-10 minut.es in 1aboratory . . \ 

and 10-20 in pfant operations [86]. The Mean residence time of 

slurry, , qln be estimated as: 

1 :: 
't1C L (1- ~) 

whére Ac i5 the column cross-sectional area, L represents the 
• ') 4 

collection zone length (the disbance between pu1p/froth 

interface and air input level). 

In a flotation co1umn partic1e residence time, 1p, 

function of the particle settlin~ velocity 1 (Wp) 
;' 

interstitial liquid.velocity (Ui) [19,84]: 

/ 

~Tp Ui / 
= 

T Oi + ,Op 

\ 
-'1 

i8 a 

and 

where Up i5 the particle sett1ing velocity in a swarm of 

bubb1es and particles. To estimate Up the equation of Masliyqh 
\ 

for hindered se;t1ing in a multispecies particle system can be 
,1 

used [84]. 

2-2 Collection Zone 

A flotation co1umn consists of two flow regimes: the 

collection zone (also known as recovery or bubbly zone) and 

pg m' 
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1 

froth ~~leaning 
functions. 

y 

zone) . The two zones bave 

2-3-1 Collection Efficiency and R~te Copstant 

11 
different 

A mineraI particle is recovered by a 9as bubble in the 

collection zone of a column by one of two mechaI)isms: (1) 

par~ic1~-bubb1e collision fo110wed by attachrnent due to the 

hydrophobie nature'of the mineraI surface (the true collection 

f>rocess) , or, (2) entrainment of the partitles within the 

boundar)'llayer and in' the wake of the bubb1es. In a f1otation 

column, tracer tests ha~ shown that the(e is virtua1ly no 
) , J 
reed water entering the concentrate [19]. This is due to the 

wash water added at the top of a flotation column. 

Consequent1y there is no entrainrnent of particles to the 
. ri 

concentrate [33, 45-46, 72]. 

'The collection process in the collection zone is that of 

countercurrent bubble/particle collision and attachment. 
, 

'Dobby and Finc~ [23] have modelled the process. Collection 
,. . 

eff~ciency, Ek, defined as the fractlon of aIl particles swept 

out by the projected area of the bubble that col~ide with, 
"t 

attach to and rernain attached to the bubble until reaching the '--

cleaning zone was calculated. For a given system, the 

collection efficiency i9 a complex function\of many parameters 
" 0 1 

among whi~h the most obvious are: particle size, bubbîe size 

and particle hydrophobicity. Colleqtion rate constant, K, i9 
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" 12 
relate% to Ek by [36): 

1. 5 Vg Ek 
K = (2-9) 

db 

If Ek does not vary with solids content and bubble loading, 
RI 

~ , 

the collection rate mechanism is first-order with respect to 
1 

particle concentration. It is intuitive that Ek is constant 
.. 

only for a narrow range of partlcle size and for a single 

value'of hydrophobicity~ 

"Fig.2-2 is the simulation results from Dobby [171 and 

shows the effect of gas rate on collection efficiency, rate 
-.~ 

co~stant and bubble size. There exists a peak in collection 

rate constant for a range of gas fl~wrate. Fig.2-3 shows the 

effect of induction time and particle size on collection 

efficiency. As induction time decreases, collection efficiency 
~ ~ 

Ek increases. \ 

2-2-2 Mixing Charateristics and Recovery 

Recovery is de~rm:ned by three' factors: the rate 

constant, the mean residence time of solid particles and.the 

rnixing conditions in the collection zone of a flotation 

column. 

On~ extreme of ~ixing is plug flow, where the resid~nce 

tirne of aIl elements of the fluid and aIl mineraI particles 15 
1 
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the same. Consequently a concen~ration gradient of fioatable 

~ 
" mineraI a10ng the axis of the column exrsts. The other extreme 

is, perfectIy mixed f10w in which there is a distribution of 

partic1e residence time and the ~olid concentration is the 

same throughout the system. For a first-order rate system 

having plug flow and a riEention time, T 

R = 1 exp ( - KT) [?-IOl 

and for a perfect1y mixed first-order system having a mean 

retent ion t ime, T 

KT 
R = [2-11] 

1 + KT 

The flow conditions in a laboratory flotation column 

would approximate plug flow, while the mixing conditions in 
''-4 

i~dustrial co1umns would be between plug flow and perfectly 

mixed flow. The difference in performance between plug flow 
\. 

and perfectly mixed flow is significant. Therefore, it is 

important to know the degree of mixing of industrial flotation 

columns and to relate that mixing to recovery. 
\' 

A dimensionless vessel dispersion number, Nd, and liquid 

axial dispersion coefficient, EL , have been used to describe 

mixing in bubble columns, where, 
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@ê E 
Nd = ------------ '[2-12] 

Ui L 
..; 

" ~. 

and, "~-:., 

VL 
Ui = 

_________ 1-
G[ 2-13] 

l - 8g 

1 
where dc is the co1umn diamete~. Nd = 0 correspods to p1ug 

flow and Nd = 00 correspon~1 perfectly mixed flow. 

The effect of variaus Ph~i~al and operating parameters 

upon the liquid axial dispersion coefficient in bubble columns 

has been reviewed by Shah et al [62]. They conclude that for 

cylindrical columns E is essentially independ~t of 

velocity and liquid propertfes such as viscosity, 

tension and density. \ 

liquid 

sur ftêce 

, Dobby and Finch examined the rnixing chgrateristics ., of 

industria1 f1otation co1urnn and ~roposed (19): 

\ 

:: 0.63 dc [2-14] 

~ 

~ 

with dc in rneters, ELin m /s. Further, they showed from 

particle tracer studies that; 

Ep :.=II:' 

" where Ep is the particle axial dispersion coefficient. ,Et 

(and therefore Ep) is linked with Nd by the following 

.. 



( 

( 

17 
equation: 

\ 

Nd L 
= [ 2-16] 

60 T 

. ' 
For the purpose of sca1e-up and design of f1otation 

co1umns Eq.}2-14] is quite adequate. 
\ 

The objective of measuring the mixing parameters is to 

quantify the effe&t of mixing on recovery. Fôr a first-order 

rate system, the recovery is given by [44]: 

1 
4 a exp ( 

2 Nd 
R = 1 

a a 
(1+a)2 exp (------ ) - (1-a)2 exp ( -

2 Nd 2 Nd 

where 

[2-17) 

2-2-3 Total Recovery and Proth Recovery 

J> 
Recovery in the prevfous discussion is the recovery of 

collection zone. Since a deep froth bed exists in a flotation 

column, sorne p~rticles which have already entered the froth 

zone rnay drop back t,p the collection zone ,fue ta detachment. 

The work done by Yu [79] an Yianatos [8~) shows that the ~ 

recovery in froth zone ca~ be lower than 50% depending on the 

f roth dépth. 
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Defining the froth zone recovery ~f as the'recovery to 

th~ concentrate of particles entering the 'froth zone from 

collection zone then, for a c~llection zone recovery Re, the 

total column recovery Rt is [17]: 

Rc Rf 
Rt = 

1 - Rc (l-Rf) 

2-3 Froth Zone 

2-3-1 Bydtodynamics 

The froth in a mechanical flotation cell" is 

• 
[2-18] 

uns table 

and different from cell to celle ~he froth in ~ flotation 

column is relatively stable du~ to the wash water added at the 
, 

~/ top of the flotation column. The chemical structure of the 

various "types of froth~rs exerts a marked influence on 

frothing power and froth stability [43] in conventional 

froths, and this may be the case in column froths. 
~ 

Fig.2-4 shows the froth bed expansion of a water-air 

system' in a laboratory flotation column [831. As wa~ water 

rate increases, froth depth increases. Thus, wash' water 

addition is an important factor for the stablPzation of column 

froth. Yianatos et al [831 investigated the effect of gas rate 

and liquid downward flowrate on the local gas holdup and they 

l found that an incre~se of either gas or liquid flowrate 

significantly increases the liquid ~ontent in the froth zone 

[81]. The higher liquid holdup in the froth zone will inçrease 

~ 
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the ~ternal liquid drainage and entrainme~t, which may cause 

an increase in the internaI circulating load of gangue and 

weakly hydrophobie minerals. It has also been observed that a 

strong increase in wash water flowrate will drastically change 

the near plug flow reglme of the bubble bed to· a more 
;' 

heterogeneous behaviour including severe channelling and / 

recirculation. 

The experimental data show that the bubbles remain 

nearly spherical as coalescence increases bubble size to 
., 

about 2-3 mm. Fig.2-5 shows the surface loss of bubbles due to 

the coalescence [81]. In this figure, "fractional sttrface" is 

used which is defined as the ratio between the total bubble 

surface per unit time crossing the bubble bed at a certain 
, ~ 

level and the total bubble surface p~r unit time entering the 

froth zone at the interface level. 

Based on the experimental observation and measurement in 
ô ' 

\the two dimensional column, the froth structure shown in 

Fig.2-6 has been proposed [83]. Basically, this structure 

consists of three sections: (1) an expanded bubble bed, (2) a 
. 

packed bubble bed, and (3) a conventional draining froth. 
~ (' 

Q 

(1) the expended bubble bed: 
\ 1 \:7 

Bubbles travel upward from 

the collection zone with very.high rise velocity and enter the 
'> 

~ expanded bubble bed section after collision with the ~rst 

layer of bUbblf~ which define a very distinct interface._)At 

this stage bubbles have a quite homogeneous and sma(~SiZe 
(similar to that of the collection zone, 1-2 mm) and remain 

, 
spherical. Bubble collisions against the interface generate a 

r 
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shock pressure wave w~~ch promote- additional collisions above 

~"3 , 
the interface. ,This phenomenon seems to be, the main cause of 

. 
bubble coalescence~ in a zone where high fract'onal liquid , 

content E:L >0.26) makes natural drainage unlikely as the 

primary cause of film thinning and rupture . 
• 

(2) the,packed bubble bed: The section just above the 
~ 

~
' expanded bubble bed, called a packed bubble bed, extends until 

the wash water a~ditional level. The fractional liquid content 
il is lower than 0.26 and bubbles rernain nearly spherical. Most 

bubbles move upward close to plug flow again~t a we~l 

distributed flow of wash water. In this bed the rate of 
1 

is Lower and is rnainly due to collisions caused by 

motion of larger bubbl'es, which travel upward at a 
. -

city higher than the average. "\ ____ -/ ~ 

(3) th,!=! conventional draining froth: Thi0.s.lction occurs 

. immediately above the wash water input 1evel and consists of a 

coventional draining froth. Typical fractional l~quid contents 

are ,1ower than 0.2 . 

2-3-2 Cleaning Action 

Hydrau1ic entrainment and entrapment of fine ~articles 

into 'the froth -decrease concentrate grade in mechanica1 

flotation cells. Flotation colurnn froths prevent hydraulic 
y , 

entrainment by maintaining a net downward flow of water 
\; 

through the froth. In a f10tation co1umn, tracer tests have-

shown 'that there is virtually no 

concentrate [19,82], indeed litt1e 
~ 

o , 

\ 

feedL1Çlter 
V 

even osses 

enteri~g the 

the interface, 
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as shown in Fig.2-7. The entrainrnent mechansim of fine 

particles are due to feed water recovery into the concentrate. 

Lynch et al [45] discuss this ppint in sorne detail fO,r 

mechanical flotation cells. Fig.2-8 shows the linear 

relationship between water and gangue recovery rates [451. 

This impl~es that an increase ln feed water recovery results 

in an increase in gangue recovery. In Fig.2-9, there lS aiso 

sorne evidence to suggest that an approxirnate relatlonshlp 

exists between the recove ry ra te of valuables and wa te r [ 45 J . 

Elirn~ation of feed water preven1s fines recovèry by hydraulic 

entrainment [33,45,46,73J. Yia6tos et al [83] studied the 

effect on cleaning action of three variables: gas rate, froth 

depth and bias rate. One conclusion was that to have an 

c:- effective cleaning action l rn froth depth is essential and gas 

rate must be not higher than 3-4 cm/s. As gas rate increases, 
v,/e;;(.1iy 

more\ waer in the collection zone will entrain into the froth 

zone and decrease cleaning efficiency. An increase in bias 
, 

rate (Vb>O.2-0.5 cm/s) is~etrirnental due to increased rnixing 

in the froth. The following recommendations were made: 

/ (1) superficial gas rate less than 1.5-2.0 cm/s 

(2) froth depth be at least l rn 
oP 

(3) superficial bias rate less than 0.2-0.4 cm/s 
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2-3-3 Selectivity 

Select i v i ty in the f roth zone of two 
.r' 

1. 
flotation columns\..,nas been examined [53,85] and . 1 

28 

lndustr ial 
') 

in froths 

deeper than l m absolute moiybdenite grade increase of 10% ta 

15% were observed [85J. In shallow froths (less than 50 cm) 
. 

little grade increase was found. The dlEEerence in upgrading 

,between deep and shallow- froths is due to the shallow froth 

belng almost completely mixed. 

â-~ Control Strategies: Current and Proposed 

Process'control in a flotation column can be essentially 

di vided into two aspects: Stabi l iz i ng con t roI and per formance 

or optimizing control. Recently, Moys and Finch reviewed the 

developments in the control of flotation columns [51]. They 
~ 

concluded that the major def iciency of the methods carrently 

used fo() the control of flotation columns is that those 

methods rely entirely on inaccurate and indirect measurements 
a 

of slurry-froth interface an~ bias flowrate. Thus, a new 

technique is being developed by 
. / 

WhlCh more accu rate 
4 

measurement of slurry-froth interface and bias flowrate can be 

obtained. '. '1 

" 
2-4-1 Stabilizing Control 

Current stabilizing control has two objectives: first to 

maintain a net downward flow of wash water (called positive 

bias) shown in Fig.2-10, and second to maintaln a known froth 
" 
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depth. The net downward flow of wash water must be positive to 

ensure cleaning action, but must not be too large otherwise 

unnecessary dilution 'of the underflow occurs. The interface 

level must be maintaine~ near a pre~specified setpoint. If the 
n 

level is too high, insufficient cleaning volume will exist and 

concentrate grade will be reduced, while if the level is lower 

than required, collecting volume is reduced unnecessarily and 

recovery may be reduced.. In any case level must be contro1J'ed 

within limits for stable operation. There are th~e 
stabiliz~ng control strategies which have been us~d and ~e 
summarized in Table 2-1 (3,15,49,72] 

To control bias, Mines Gaspe [15] sets a constant 

difference (QT -OF >0), while Gibraltar [3] sets a constant 

Lornex ignor~s the bias control [49J. The 

difference may be significant. For instance, the Gibraltar 

strategy means a varyin~~water flowrate which could influence 
c':>' 

cleani~g action. No systematic evaluation of these al~ernative 

control strategies has been conducted and it is necessary to 

clarify a situation which confuses users. Fig.2-11 is a plot 

of retention time vs. feed flowrate for/the two bias contrel 

strategies {78]. It is evident tha0 as feed flowrate 

increases, the retention time in the case of Gibraltar 

decreases faster than in the case of Gaspe. Retention time is 

directly related to the recovery and the change in retention 

time may affect recovery, especially, if the system is 

capacity constrained. Fig.2-12 (78] is a plot of wash water 

flowrate as a function of feed flowrate and shows as feed 



TABLE 2-1 

STABILIZING CONTROL STRATEGIES IN USE 

USERS 

GASPE 

GIBRALTAR 

LORNEX 

* 
** 

CONTROLLED VARIABLES , 

BIAS/RATIO FROTH DEPTH 

DIFFERENCE * TAILINGS WASH WATE~ 
" < 

RATIO ** TAILINGS WASH WATER 

NON TAILINGS 

o 

.' 
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flowrate increases the wash water flowrate does ~ot change in 

the, case of Gaspe but incteases in the case of Gi~raltar. 

To control slurry-froth interface level, wash water is 

used as a controlled variable at Mines Gaspe and 

tailings flowrate is used at Lornex [49]. 

Gibral t9.r, 
." 

As pointed out by Moys and Finch [51], the current 

control strategies rely on inaccurate ~nfered measurements for 

the control Nariables: b~as rate and interface level, and the 

control, configurations are inherently susceptible ta control 

loop interactions. F9r examp'le, wash water is used both for 

bias and interface control. 

2-4-2 Performance Control 

The objective of performance control, or optimizing 

c~ntrol ls to control the metallurgical performand~ (i.e. 
\ 

grade/recovery). preliminary work' toward this objecti\{\e has 
t 

been reported [,3, i'~] . At tent ion was focussed on recovery 

because columns, compared ta conventional machines, already 

give higher grades. Two different control loops have been used 

at present and are summarised in Table 2-2. There is not 

much evidenee to evaluate whether a better relationship 

" between gas holdup and reeovery exis~s than that between gas 

rate and recovery. However, it is e~pected that gas holdup may 

be a better indicator sinee tl;le effect of bubble size '- are 

ineluded and bubble size does influence recovery. 
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2-,4-3 Novel Control Possibilitieg,: Use of Temperature 

The common technique for level measurement' 1s the use of 

\ transducers near the interface sensitive to- hydrostatic 

pressure. However, the pressure at a fixed point below the 

overflow lip ~s a function not only of tnterface level (if the 
"1 

interface is above the measurement point) but aiso of several 

other ~mportant variables such as gas rate an6 bubble size ' 
~ 

(which affe~t the holdup of liquid) and solids loa~j.ng (solids 

holdup). Thus, this measurement is subject to su stan~ial 

errors., The error in the manometric measuremeI\t at ,a glven ( , 

level can be as high as 30% [51]. 

A new method for measuring interface and ~ils rate based 

on- measur@ments of the temperature profile in the cleaning 

zone is being deJeloped. It is based on the assumption that 

the wash water (which is generally recirculated from a tailing 

dam, but /COUld be plant make-up water) will be significantly 

cooler thân the feed which has passed through a grinding mill 

and perhaps a bank of a conventional stirred flotation cells. 

Several measurements made on plants in Canada revealed 

te~perature differences of 2-10 C in the spring and surnmer 
} 

months: these differences are expected to increase in winter. 

When this assumpti~.n holds, the tempera ture di s tribu t ion on 
~~) .', Il 

froth zone will be a function of the relat1ve flowFate ~ the 

through i t. Fig. 2-13 and Fig ... 2-14 show the close agreement 

between true leve1 and measured by temperature [51]. 

J 
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CBAPTER 3 

PREVIOUS WORK ON BUBBLE FORMATION AT A SPARGER 

3-1 Introduction 

The bubble formation process is a comp1ex phenomenon. 

Many studies on bubb1e formation from a single orifice and a 

large number of models to describe this formation proces? have 

been proposed [Il, 131. 

The main objective of sparger design and 5cale-up for 

flotation columns is to produce uniform bubbles since non-

uniform Dubbles induces mixing, and larger bubb1es rising more 

rapid1y causing downflow of liquid and smaller bubb1e$ • 
\ 

The 

second objective of sparger design is to avoid the bu .i:'lQi-up of 

solids pa r t ic].es on the sur face çf spargers. ~ 
"" 

Little attention has been paid to the problem of how 

spargers inf1u~nce 'bubble size and what govern5 the formation 

mechanism of bubb1es on the surface of a sparger in a 

f1otation co1umn. This chapter gives a brief review of 

previous work on this subject.\ 

3-2 Bubble'Formation and Effect of Gas Raté 

Gas bubbles suspended in fluids usua11y tend to 

agglornerate (coalesce) identis:ty, and the 

existence 9f srnall bubbles i5 only transitory. When gas i5 

.. 

Î 
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through the or i f ices o'f a sparger, bubbles are formed: 
4--~ 

a process affected by a large number of factors. In general, 
\ 

the formation process is ma~nly controlled by the propert~es 
q 

of liquid, particularly frot~er addition in the case of water, 

gas velocity and sparger design [29,58,67-69,84]. There exist 

a large number of theoretical models proposed to describe 

bubble form~tion in liquids. ~ll are based on a sequence of 

events from photographie observation and depend on sorne form 

of force balance for predicting one or more stages in bubble 

growth. Many assumptions are made for those models, such as 
, 

that bubbles remain spherical. In fact, this assumption i5 

most closely approched in flotation since frother ~s added. 

Fig.3-1 presents the general view of gas bubble formation on 

the surface of a rigid sparger. There are two processes 

affecting bubbles: the formation and the subsequent passage 

through the continuous liquide A-good generation of uniforrn 

bubbles can be achieved only if the gas passes through all the 

possible holes. This cohdition can be satisfied if the Weber 

number based on the diamet~ànd the gas density is equal to 

or greater than 2 [21: 

Weo = 
ô 

[3-11 

where do, Qo are the hole diameter, the gas flowrate per hole, 

respectively. Pg i5 

\".. tens ion of the l iquid. 

the gas density and Ô is the surface 
,.;' 

= 
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Bubble For~ation Mechanism 

effect of gas rate 
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Low gas flowrate High gas flowrate 

Fig.3-1 Bubble FOr:natÎOD 011 Risid Sparger 
the Etrect of Gu Flowrate 
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/ van Krevelen and Hof~ijzer [69] divided bubble formation 

. ~ process lnto ~wo types: the formation of separate bubbles and 

the formation of bubbles in series. They proposed several 

empirical correlations for bubble size, superficial gas 

velocity and ,orifice diameter. ' Recently, Bhavaraju et al [11] 

conducted a more detailed discussion on this subject. On the 

basïs of gas flowrate, three distinct regimes of bubble 

formation can be defined. 

3-2-1 Very Law Gas Flowrate 

In this vegime, bubbles of constant volume are formed 

and there is no interaction between bubbles. (>( i. e. the 

distance between one bubble and another isolarger than the 

bubble size). The bubble size is found to be a function of 

orifice diameter, surface tension and buoyancy. The bubble 

grows until its buoyancy force exceeds the suface tension 

force. A balance between buoyancy and surface tension forces 

yields the followirtg relation for the bubble diameter [llJ: 
\ 

) db = 
[ ____ 6 __ Ô ___ d_O ___ ]~ 

9 ( PL - Pg 
[3-2J 

,JI 

where PL'is liquid density and 9 i5 acceration due to gravity. 

3-2-2 Moderately High Gas Flowrate 

Wit~ further increase in gas velocity, surface tension 

~. 
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becomes less important (even negligible), and bubble size is 

determined by a balance of buoyancy, inertial and viscous 

forces. In this reg ime, a. mass ;, balance resul ts in the 

relationship [11]: 

db = [ 6 00 , ] ~ 
7r F 

~ 

where F is the bubb1e formation frequency. , 

[ 3 -3] 

The moderately high gas flowrate case corresponds to the 
~ 

flowrate used in flotation columns, with superficial gas 

velocity typically around 0.5-3 cm/s [861. 

3-2-3 Very 8igh Gas Flowrate 

. At very high gas flowrate, the formation process of 

bubbles 15 comp11cated. However, flotation colurnns do not 

operate in this condition since flooding, breakup and 

coalescence of bubbles occur [69] which are undesirable for-

column operation. It ls observed that the bubbles are not 

uniform and a number of large bubbles are formed. These large 

bubbles are enriched at the column center and very effective1y 
t, 

collect small bubbles in their wake. This situation leads to 

excessive turb~lance which should be av6ided. 

3-3 Effect of Surfactants 

Gas holdup increases considerably when water contains 

,sorne surfactants. For example, the gas holdup increases in 

_1 

! 
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the following arder [40]:, 

n-butanol > n-propanol > i-propanol 

> ethanol > methanol > water 

The decrease. in surface tension in the presence of 

alcohols was not sufficient to explain this phenomenon. Kelkar 

et al discussed this subject in some detail and, found that the 
1 

number of carbon atoms in the straight chain of) the surfactant 

is an important factor affecting ,gas holdup [40 J. For 

flotation columns, in the presence of alcohols (frother), the 

bubbles become more rigid and hence have lo~ rise velocities 

resulting in a bubbly flow regime up to surprising(J high 

superficial gas velocities (8-10 cm/s) [40]. It is also noted 

that in flotation columns the interaction of frother and 

collector may affect gas holdup and the stability of froth 

bed. , ;' 

3-4 Effects of Spargers 

The effects of sparger material and orifice diameter on 

bubble formation and bubble size have been studied by many 

investigators for bubble columns in chemical 
rI 

engieering. 

Typically those investigators use perforated plates with few 

orifices and with diameters greater than 0.5 mm. Consequently, 

bubble size i9 essentially dependent on the dynamic 

equilibrium among the buoypncy, drag and the gravitational 

forces through the contiribus liquide In contrast, fo 

flotation columns, the spargers usaully have a large number '0 

• . 
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orifices with diameters less than 100 um. There is relatlve1y 

little data on these type of spargers. 

3-4-1 Orifice Size, Shape and porosity 

When bubbles are formed from a sparger adjacent orifices 
4 ~ 

may~affect the bubble size formed at any single orifice. For 

example, several holes may contrlbute to a single bubble. 

Attemptiug to use the correlations developed for slngle 
, 

orifices is rendered difficult, for examp1e, at low gas rates 
o 
when not aIl the orifices are active, and because in typical 

spargers there is a range in orifice size and shape (5]. There 

is no systtîmatic work reported to evaluate 
r' 

the effect of 

oTifice size, shape and porosity on bubble formation and 

bubble size for flotation columns. 

The influence of orifice shape may not be 50 impQltant 

for spargers compared with single orifices. For very low 
~ 

gas flowrates, whère the surface tensio~effect is dominant, 

bubbles appear to form from an eqUiSide~fice, such as an 

equilateral triangle or regularjrexagon, as from the inscribed 

circular orifice. At higher flow rates, an orifice with a 

shape not too far from circular gives roughly the same bubble 

size as the circular orifice of the same area at the same 

flowra te. Ir regular goe~t~ ies, such as elon'ga ted rectangular 

slots, show more complex hehaviour [13]. 

Porosity is the number of orifices per unit area of 

sparger surface/ In general, the porosity of a perforated 

'" 
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plate is qu~te low (less than 5). In contrast, the poroSlty of 

a sparger used in flotation columns is considerably higher 
, 

(more than 50 and up to 150). The effect of porosity on bubble 

size is not known. 
, 
l' 

":1 
Il 

Ji 

3-4-2 Sparger Materials 

The effect of sparger materials on bubble size has been 

reported - by many investiggtors [13,17,22,58-59,70]. The 

flexibility and hydrophobicity of sparger materials may have 

an effect on bubble formation. After studying the effect of 

rigid and flexible spargers on gas holdup and bubble size, 

'Rice et al [58] concluded that rubb~) spargers are inherently 

self-regulating, with hole areâ increasing in direct relation 

to the pressure drop across the sparger. The6ubber sparger 

can ocsillate and deform, thus preventing fine particle build-

up on the sparger which is important in mineraI processing. 

Recently, Rice et al [59] examined thin elastic membrance 

spargers. It see,that high gas holdup and small bubble s!ze 

can be achieved wit this type of sparger. On the other hand, 

if the surface of sparger is poorly wetted with water, the 

bubbles will remain on it longer and this may result in an 

increase in bubble size [13]. 

3-5 Effects of Flow of Continuous Pluid 

If the continuous fluid has a net vertical velocity 
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component, the additional drag causes earlier or later 

detachment of bubbles and hence reduces or increases bubble 

size formed according to whether the drag force assists or 

impedes the detachment. Significantly smaller bubbles can be 

produced by causing the continuous fluid to ffow cocutrently 

with the disperse9 phase [13J. Horizontal component of 

velocity aiso tends to affect the bubble size produced at an 

orifice. At Iow flowrates, there 15 little effect, but larger 

bubbles tend to be formed as the horizontal mean velocity is 

increased [13J. 

, 
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CHAPT ER 4 

TBEORY: bEVELOPME~T OP' BUBBLE SIZE ESTIMATION 
TECHNIQUE AND SPARGER SCALE-UP MODEL 

Bubb1e Size Estim~tion 
" 
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Several methods for measuring bubble size have been 

.propos;d. The most freqU~tlY used is photography either used 

directly or to calibrate a proposed alternat~e method [62]. 

Photography i5 tedious and restricted to vessels with 

transparent walls and r~latively low bubble concentrations. 

Thus, for flotation column work, i t is necessary to have an 

alternative way to estimate bubble size. 

The technique described in this chapter is a further 

"development of the bubble size estimation tech'nique proposed 

by Dobby et al [24J. In that technique the terminal velocity 

(UT ) of a single bubble is first estimated and UT is then 

related to bubble size. A variety of relationships were 

tested, which, oV~J the range of interest, gave similar 

results. The technqiue developed here is similar but gives a 

direct estimate of db. 

4-1-1 Dobby's Method· 

This method used the concept of drift-flux introduced by 

Wallis [74] to relate phase flow rates and gas holdup to 

physical properties of a two-phase system. 
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For counter-current flow of gas bubbles and water in a 

bubble colurnn the slip velocity Us is: 

Vg 
Us = + 

v, . ---------
1 - 8 g 

[4-1] 

where Vg and V are ~e ~rifical gas and liquid velocities. 

respectiviey (both positive quantitiesr. Wallis [72] aiso 

postulated that Us is a function of terminal rise velocity Ur 

of a single bubble and the gas holdup, in the follwing form: 

.ft' 

Us = Ur ( l - 8 9 ) m-1 [4-2] 

As noted by Bhaga [6J this forrn of the relationship satisfies 

two boundary conditions: 

1) as 8g - 0, Us - UT' and 

2) as 8g - l, Us - O. 
!J 

rn is.a pararneter defined aceording to Richardson and 

Zaki (56J, for 1<Re<200 

db 
m = [ 4.45 + 18 (4-3J 

de 

and For 200<Re<50o 

m = 4.45 Re-o.1 [4-4] 
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and the Reynolds number i5 defined [56] as: 

'\ 
db UT Pt 

Re = p. 
{4-S] 

Combining Eq.[4-11 ~nd Eq.[4-Z1 gives: 

Vg 
= ------------- + -----------

8g (1- 8 g )m-1 (1- €g )m-1 
[4-6J 

Eq.[4-61 i5 derived assuming a uniform flow profile and 

uniform bubb1e concentration across the co1umn cross-section. 

For large columns, this a reasonable assumption. For "'sma11 

co1umns, correction factors are required and given by Bhaga 

r (71:' 

Vg 
Ko UT , = 

8g (l_€g)m-l 
+ 

Co (VL - Vg) 

(1- Eg)m-l 
[4-7J 

When gas holdup is uniforrn over the cross section, Ko = Co = 1 

Gas ho1dup measurement~ are made at varying levels of ~ for 

constant Vg. Since bubble diameter increases,with gas rate, 

Vg must be he1d constant. A plot of Vg/Eg(l-E:g>m-1 ·vs ,(~ 

Vg)/(1-€g)m-1results in an intercept = Ko U and slope = - Co. 

In counter-current f1ow, it is difficu1t to estimate Ko, which 

Bhaga [7] has discus5ed in deta~l. Considering the re1ative1y 

low gas rate and sma1l bubble size common to flotation 

columns, the theoretica1 predict~ons of Bhaga 

./ 
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O.95<Ko<1. For this work it is assumed that Ko=O.97, thus, Ur 

can be estimated. 

Concha and Almendra [161 developed an equatl1bn for the 

terminal velocity UT of a spherical partiele for' hindered 

settling, whieh can be rewritten for a single bubble because 

of the similarity in behaviour between smali rlgid bubbles and 

~ solid particles. 

= 

where 
) 

M = 

p 

20.52 M 

db 

3 

4 

[
db 

'( l + 0.092 (--;-)~ 1~-

[4-8J 

Knowing 
/ 

Ur' i t i s easy to sol've ,Eq. [ 4-8] for bubble 
... 

size. 

4-1-2 Developed Method 

Mas1iyah perived a general ~~pression for relative 

pa r t ic1e to f luid veloci ty' (or slip veloei ty) for hindered c-, 

settling of spherica1 particles in a multi~~pecies system 

(5~J. Bubbles and rigid spheres in water have virtually 

equivalent drag coefficient up to Reynolds number (Re) 
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approxirnately 500 [55]. Thus, for Re less than 5~,--: an 

analogous, express ion for bupbles can be wr i t ten ~ 

, 
9 db2 

F (€L) ( 'Pb - Psusp 
Us = [4-91 

18 'IL [ 1 + 0.15 Rebo,887 
0 

where ~. 

db US PL ~L 
R'eb = J .(4-10) 

p. '" 

and (see appendix E for clar~fication) 

F ( Et) = (1 - €g )m-2 [4-11] 

where rn is defined according Richardson and Zaki in Eq.[4-3] 

and Eq.[4-4j. Eq.[4-9] can be simp1ified'for a two phase (gas 

liquid) system, since Pb = 0, to: 

Os = [4-12] 

where - sign means the bubbles are rising. 

The solution for db is by repeated substitution of 

,estimates of db in Eq.[4-12] until the calcu1ated Us in Eq.(4-

12] is equa1 to the measured Us in Eq. [4-1]. (see appendix C 

for the numerical analysis of the solution in detail or refer 
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FigAl in appendix G). 

4-2 Development of Sparger Scale-up Model 

The relation between gas holdup and superficial gas 
fi 

veloci ty, Vg, for a certa in range of opera t i ng candi tians, is 

given by: 

= ex vg(3 [4-13] 

where lX, {3 are empirica1 constants. The value of {3 ref1ects 

the f10w regime in the system [33,61]. A f1otation co1umn 

'" should operate in the bubbly regime where {3 is between .0.7 and 

1.2 [33,61]. 

It has been empirically established that bubble size ls 

a function of superficial gas velocity [22]: 

db -, C Vg" [4-14]' 

where C and n are constants. A modification i5 here proposed 

to account for the sparger size effect, namely: 

( db = C [ Rs· Vg ln [4-15] 

where Rs is the 
, . 

ratio of column cr~ctional area to 

sparger surface are&, 

Ac . 
Rs = (4-16] 

As 

1 
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and Ac, As are the cross~sectional area of a column and 

sparger surface area, re5pec,tively. It is observed that Rs.Vg 

i5 the volumetrie gas rate per ~nit area of sparger. 

Eq.[4-l5] can be deriv~d theore~ically. Assuming that 

the orifices are uniformly distributed on the surface of a 

~parger and have a diameter, do,' then any change in sparger 

surface area will no~ affect the orifice diameter and 
" 

poros ity, ~o For a single orifice, the following equation 

\ can be obtained f rom the gas volume balance: 

Qo = 
6 

where 00 is orifice volumetrie gas flowrate, 
\' 

volumetrie - fiowrate Og into a eolumn divided by 

number of orifices N: 

N = <Po As 

oefining a superficial orifice ~as velocity: 
). 

c..:...-----

Qo 
Vo = 

Ao 

and noting that, 

/, 

Qg Ac Og 
------ = ------ --7---- = Rs Vg 

As As Ac 

(4-'17] 

1. e. the 

the total 

(4-181 

[4-19] 

( 4 - 20 ) 

/ 
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thus, 

Rs Vg 
= (4-2lJ 

6 

From experimental observation, it is not possible to 

measure F. However, ~re bubble formation freq~ency is mainly 

determined by the orifice gas velocity, Vo, orifice pressure 

drop, Apo and surface tension,ô ~ . It lS here proposed that F 

as a function of Vo, 

Eollows: 

F = 

Apo and Ô 

P. Ao Vo'/) 

{) ~Po 

and can be expressed as 
1"1 

(4-22] 

where 1/1, cp are constants. 

The pressure drop across a single orifice is [29]: 

~Po 
PL veS [4-23] " = 

2 9 crf 

where CD is the orifice discharge coefficient. 

Combining aIl the equatïons from Eq. (4-17] to Eq.[4-23], 

the following expression can be achievèd: 

db = [ J 
3-CP 

RS'Vg -3- [4-24] 

/ 
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Comparlng Eq.(4-l5J wlth Eq.(4-24J, then 

~ 

c = (4-25] 

3 - 'P 
n = " [4-26] 

3 

From Eq.[4-25J and Eq.[4-26], it can be seen that for 

constant operating condition's, a change of sparger surface 

area will not affect constants, C and n, since the change of 

sparger surface area does not affect any term in the two 

equations, Eq.[4-25] and Eq.[4-261. 

ç. 

( 

) 
" 1 

) 



( 

57 

CHAPTER 5 

EXPERlMENTj 

r--<--
5-1 Laboratory Co1umn Yet-up 

Fig.5-l shows the laboratory column set-up. The column. 

was constructed from Plexiglas tubirrg. For most of the tests, 
1. 

water was the only feed and was fed through the wash water 

inlet. Water flow rate was controlled by a variable speed pump 
\' 

(Masterflex), and the discharge flowrate was controlled by a 

Moyno pump. Compressed air was introduced into the column 

through a variety of spargers; A flowmeter, calibrated at 20 

psi, was used to regulate gas f1ow. In order to investigate 

the scale-up of gas spargers, four columns of different 

dimensions were cdnstructed: 3.8 cm, 

(circular) and 2.5*?d cm (rect~ngular). 
5.71 cm, 10.16 cm 

var~ous combinations 

of the sparger type, size and co1umn size were obtained ta 

test the effects on gas ho1dup and bubble size. Fig!5-2 shows 

a particular design of sparger system for the scale-up study 

of sparger/ 

5-1-1 Measurement of Gas Ho1dup 

Gas holdup is one of the most important pararneters which 

character ize the hydrodynarnics of bubble co1umns [61,62]. The ,/ 
j/ 

techniques for the rneasurement of gas holdup can be classified 
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60 
into two categories: local and global measurements. 

Of the local measurement techniques, the most Erequently 

used are based on either electrical conductivity or X-ray 

absorption which depend on the concentration of each phase. 

There are two giobal methods, bed expansion and the manometric 

technique based on pressure drop along the column. In this 

study, global measurement were used. Each measurement of gas 

holdup was repeated at least three times and the average is 

pr~sented in aIl the following figJres. It was found that when 

no froth zone exists at the top of the column, the two global 

methods are in good agreement (within 3%). AlI experiments 

were performed at room temperature (293±2K). 

5-1-2 Measurement of Bubble Diameter 

The cornmon way to measure bubble size is by photography 

which is aceurate only with dilute bubble systems and which 
\ 

\ 

can not be used with s1urri~. A Plexiglas box filled ~ with 
1 

water was placed around t~e column for 
\ 

photographie 

measurement of bubble size. ~he water-filled box reduces 

optieal distortion due te the curved wall of the column. 

Bubble size distribution and bubble shapes were determined 

using 4-5 times enlargement. Counting and measurement of 

bubble size was done manua1ly or automatically using a Zeiss . 
Digitizer. Aceuraey was getter than +0.1 mm. A minimun of 400-

600 bubbles were ceunted. 

• 
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5-1-3 Morphology of Sparger Types 

was 

pore 

Scanning electron microscopical analysis of each sparger 

conducted. This gave an idea of morphology and permitted 

size and porosity to be estimated. Fig.5-3 pr~senls a 

general illustration of the sur~ace and shape ~f spargers used 

in this work: 

(1) Steel Sparger 

This type of sparger is made from stainless steel and is 

available through the Flotation Column Co. of Canada Limited. 

Fig.S-4a shows the holes and the distribution of hales. The 

number of orifices per unit area (porosity) is quite low with 
~ 

re~pect to the dead area and the orifices are distributed 

randomly. The enlargement (Fig.5-4b) indicates the holes are 

not circular and there is a distribution of hole sizes. The 

average diameter is approximately 50 ~m. The number of holes 

per unit area is difficult to estimate. 

( 2) 
il Rubber Sparger 

This type of sparger was recommended by Wheeler [73]. 

For example, it i5 used at Mines Gaspe. Fig.5-S shows the 

regular distribution of holes. The estimated porosity is 

around 42 and average orifice diameter is around 80 ~m. 

_( 3) Ceramic Sparger " 

This sparger ~as obtained from Fisher Scientific Inc and 

/ 
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is often used in laboratory columns [86]. The average orifice 

diameter i5 60 ~m. Fig.5-6a shows ,that the distribution of 

orifices ;9 random and porosity is higher in comparison with 

steel and rubber spargers. Fig.5-6b indicates the ,shape of 
.. 

orifices lS not circular. 

~4) Filter Cloth Sparger 

This tY'fbe of sparger is common in "home-made" columns 

(e.g. Gilbraltar). It has the attraction of being cheap and 
J 

easy to build.' Fig.5-7 shows, as expected, the structure is 

completely different. It is not possible to estimate hole • 

size: it is int~restin~'to note that there is no ~~entifiable 

hale at all. 

From this rnicroscopical observation of the spar~er 
r 

~l~ 
surface, 'sorne 

o. 

information was obtained and is summarized in 
" 

Table 5-1. 

5-2 Operation of Laboratory Column 

-Th~ laboratory operation of a column ts relatively 

simple. Manual control of froth/slurry interface is realised 

.by adjusting wash' water flowrate with tailing discha~ge~ 

f+owrate at a. set value. If wash water. flowrate has to be set 

constant; tailing discharge flowrate can be' regulated to 

control the interface level. Before taking any rneasurements, 

steady state operation h~S to be reached. 
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T.~LE 5-1 

DESCRIPTION OF SPARGERS 

USED IN THIS WORK 

.. . 
-------------------------------------------------------------~---

TYPE ORIFICE DIAMETER SURFACE AAEA POROSIT'x' 

J.Lm cm2 (*) l/cm2 

--------------------------------------------------~--------------

STEEL 50 20 - 60 10 

RUBBER BO 56 42 Î1 

cwrn ** 37.8-213.63 ** 

CERAMIC 60 19 - 57 140 -

--------------------~-------------------~-------------~---------

* 
** 

the range of sparger surface area tested 

Lmpossible ta estimate 

a: 

"-, 

-.; 

~\ 
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5-3 Experimental Design 

The experimental work was essentialry divided into three 

indiv~dual parts. The first dealt with the bubble size 

estimation technique, second with the effects of operating 

variables on gas holdup and bubble size, and the last with 

testing the sparger scale-up methodology. 

5-3-1 Verification of Bubble Size Estimation Technique 

For the verification of the bubble size estimation 
~ 

technique, three columns were used. A summary of these column 

characteristics is' given in Table 5-2. Bubbles were generated 

either with porous stainless steel or ceramic spargers, and 

bubble size was controlled by a variety of frothing agents. 

~he test lange of superficial gas velocity and liquid velocity 

with different frother is summarized in Table 5-3. For each 

test series, pressure drop (gas holdup) was manomet r i.ç'cllly 
'\ ' 

measured and bubble size was measured from photographies. 
t 

5-3-2 Effect of Operating Variables 
on Gas Holdup and Bubble Size 

After the bubble size estimation technique was 

developed, the effect of operating variables on gas holdup and 
'1 

bubble size was extensively investigated. The test conditions 

are summarized in Table 5-4. AlI the work was,carried out in 

two columns: the 3.81 cm and 5.71 cm diameter columns. 

44 

\ 

( 
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TABLE 5-2 

OOLUMN CHARACTERISTICS FOR VERIFICATION ~ 

OF BUBBLE SIZE ESTIMATION TECHNIQUE -

------------------------------------------------------------------ 1 

COLUMN 

1 

2 

3 

SHAPE DIAMETER 
(cm) 

circular 3.81 

circular 5.71 

r,ectangular 2.5XI0 

HEIGHT 
(cm) 

200 

200 

180 

SPARGER 

ceramic 

ceramic 

steel 

TEST SERIES 
(*) 

1,4,5 

3 

2 

----------------------------------

* Test series number is presented according 

to the type of frothers and different column 
1 

r' dimensions (refer to T~ble 7-1 results) 

70 
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TEST SERIES 

1 

2 

3 

4 

TABLE 5-3 

TEST CONDITIONS FOR VERIFICATION OF 

BUBBLE SIZE ESTIMATION TECHNIQUE 
'0\ 

FROTHER· (*) Vg 
( crn/s) 

'Y.-
r:x:M 5-25 1.0 

r:x:M 10-25 1. 5-2.1 

[)()"I 15 0.5-1.8 

TES 5-25 1.0 

VL 
(cm/s) 

0.7-1. a 

0.3 

0.3-1. 3 

0.8-1.0 

5/~ MIBe· ~O-7 5 1. a O. 9-1. a 

--~-----------------------------------------------------------
! 1 4 

* r:x:JroI l.))wfroth 250C (polypropyle.pe glycol methyl ether) 

TEB Tr i ethoxy butane , 

MIBC: Methylisobut~carbinol (methylamyl alcohol) 

71 



SPARGER 

steel 

ceramic 

cloth 

rubber 

l 

TABLE 5-4 

TEST CONDITIONS FOR THE EFFECT OF OPERATING 

VARIABLES ON GAS HOLOUP AND BUBBLE SIZE 

FROTHER CONCEN. 
PPM * 

15 

5-30 

15 

15 

Vg 
(cm/~) 

0.5-1.8 

0.5-1.8 

0.5-1.8 

0.5-1.'3 

VL 
(cm/s) 

1.0 

0.9-1.0 

1.0 
;-

1.0'" 

---------------------------------

* I:Qwfroth ~5Ôc 
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5-3-3 Testing Effect of Sparger Surface Area 

(Sparger Scale-up) 

In order to examine systematicelly. the effect of sparger 

design on gas holdup and bubble size and to test the sp.arger 

scale-up model (refer to Chapter 4) , var ious sizes of spargers 

were constructed from three type of materials: ceramic, 

stainless steel and Eilter clotho Table 5-5 presents the 

sparger surface areas. In the case of ceramic spargers, two or 

three individual spargers were cornbined (Fig.5-2) and calledi 

Tespectively, sparger #2 and sparger #3~ For the stainless 

steel sparger, part of sparger surface was sealed with tape ta 

generate different surface areas. Filter cloth spargers were 

horne-made and various sizes were built. 

The important purpose of the expe~imental design here is 

ta obtain a wide range of Rs the ratio of column cross-

sectional areà to sparger surface area. Table 5-6 summarizes 

the colurnn and sparger combinations. 

For all the test work in this part, froth depth was 0.5 

m and collection zone length was 1.5 m. The frother 

concentration was 15 ppm (Dowfroth 250C) ahd superficial 

liguid ~_o\1nward flow,ra,~er'(discharge f1owrate) was 0.3 cm/s. 
,;,/_ 1 

AlI the test work was ,carried out in three columns: 3.81 cm, 
\ 

5.71 cm and 10.18 cm in diameter. 

/ 
5-4 Plant Test of Pilot Unit 

J 

In order to see the effect of sparger surface area on 

the metallurgical performan~e of co1umn, plant tests were 
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~ 

". 

TABLE 5-5 

SPARGER SIZES FOR TESTING SPARGER SCALE-UP 

CERAMIC SPARG'; 

SURFACE ~'- (cm2\ 

u' (*) 

19.00 

#2 

38.00 

~3 

57.00 

-----------------~-------------------------------------------~--'''\ 
STEEL SPARGER 

SUFFACE AREA (cm2 ) 

#4 

20.00 

#5 

40.00 

#6 

60.00 

------------------------------------------------
CW1'H SPARGER 

SURFACE AREA (cm2 ) 

CLCmi SPARGER 

SURFACE AREA (cm2) 

#7 

37.80 

#10 

144.51 

t8 

81.07 

tll 

213.63 

1 

#9 

113.10, 

~-----------------------------------

* sparger number fOr,~~ication 

14 
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TABLE 5-6 
" 

SPARGER AND COLUMN COMBINATIONS 

FOR TESTING SPARGER SCALE-UP 

--------------, -------------------------------------
Rs COt:UMN #1 COLUMN #2 ....... COLUMN \#3 

\ __________________________________________ 1.-_____ 
1 

spargec #1. No. 1. (*) 0.6 NO.2, 1. 35 (**) No.3,! 4.23 

spargec #2 No.4, .675 No. 5, \ 2.13 

#3 No.6, 0.45 No.7, \ 1.42 

#4 No.8, 1.28 1 No.9, 4.05 

#5 No.lO, 0.64 No.ll, 2.03 

#6 No.12, 0.43 No.B, 1.35 

#7 No.14, 0.68 No .15, 2.14 

t8 No.16, 0.316 No.17, 1.00 

19 No.1B, 0.72 

UO No .19, 0.56 

tll No .20, 0.38 

---- .---- ----------
* test number, will appear in results analysis 

** Rs 

( 
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conducted at Brunswick Mining and Smelting. Fig.5-8 shows the 

column set-up in plant. The total length of column was 7.5 m 

and the column diameter was 5,71 cm. The plant operation was 

relative1y difficult due to difficulties in observing the 

froth/slurry interface. 

1 

) 
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RESULTS: 

CHAPTER 6' 

VERI~ICATION OF BUBBLE SIZE 
ESTIMATION TECHNIQUE 

6-1 Photographie Measurement of Bubble Size 

18 

Since bubbles generated by spar~ers in flotation col~mns 

usually have a size distribution rather than a unique size, 
. 

~here are a number of ways to define the mean bubble ' diameter , 

r 61 J • 

Sauter mean diameter: the Sauter mean diameter is the most 

consistent representation of mean bubble diameter obtained 

from various techniques according to. Shah et al [61] ,and. lS 

defined as the volume-to-surface mean diameter: 

" dbs = (6-1] 

~ 

Volumentric mean diameter: the volumentric mean diameter i5 

also used to present mean bubble diameter [17] and lS defined: -

dvs = 
V __ L_n_i __ db_i_3_ 

ni 
[6-2) 

op 

5 = 



1 

" . . 
( ... , . 

.. 

• 

" 

,l 

" • !J. 

Fig.6-l 
\ 

shows th~ bubble size distribution obta1ined 
79 1 

by i 

photography' ,if) tbe collection zone. Little difference was 
~ 

noted between, two mean diametters. This is" expected since the 

range in size'distribution i5 small, ~ypical relative standard 
.J 

/,4 

, .deviation i5 about 20%. 
~ 1 

. / 

6-2 Compar~son between Dobby's method, Developed 
Method, and Photographie Measurement 

For the 
, ,(' 

estlmatl.On of bubble size by dr i ft-flux 

analysis, gas holdup 'measurernent has to be made at varying 

• values of liquid downward velocity at constant gas velocity. A 

typical plot of gas holdup vs super f icial gas, veloci ty for 

different liquid 
" 

velocity i5 shown in Fig.6-2. Plotting 
1 

Vg/" €.q~ i -€q) ~-' 

the" intercept 

, vs' (VI. -Vg)/( I-Eg)m-1, as shown in Fig.6-3, . .... , . 
....... ~.I '~..,. 

can be estimabe'd". Thereforé, the terminal 

veloeity of a single bubble can be calcu1ated by a'ssuming Ko = 

0.97. Using Concha and Almendra' equ~tion [16] ( Eq. [ 4 - 8 ] ) , 

bubble size is eomputed. 

:!fig.6-4 presents the cornpar ison of .ithe bu'bble si zes by 

Dobby's method, the developed rnethod and photography. There ia 

• A'~ little differenee noted between the two' m~thods and both are 
~ Il' ,'1 

in good agreement with photographie meàsurement • 
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• Dobby's method 
Il . 

, 
0 Proposed metho~ 

Q 

- Measured by photography 
,;>. 

.. 

" 
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J 
Superficia' gas velocity ~g. cm/s 

Bubble size 
comparison 
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method. 

vs. superf.icial gas velocity, the 
of measured bubble size with those 

by Masliyah's equation and Dobby's 
Conditions shown in Flg.6-Z 
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In Flotatio~ Col~mns 

Table 6-1 co~ares 

84 

measured bubble size with that 

calculated by the developed methotl and the method used by 

Dobby [2~]. Fig.6~5 sûmmarizea tpe excellent agreement between 

measured and ~alculated bubble size in flotation columns. 

, 

6-4 In> Mechanical Cells 

Table 6-2 presents the data obtained from, a mechanical 

cell by Szatkowski (65J. The liquid ~ownward velocity in this 
... 

case is zero (batc~ system). This table provids aIl the 

~ information necessary for computation of bubble size. The 
. 

calculated bubble size is presented in Table 6-2 and compared 

With the measured bubble size. Fig.6-6 plots measu~ed vs. 

calc~lated bubble size and shows a good agreement ·between 

values. 
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TEST CONDITIONS AND RES~LTS 
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'RESULTS: 
f 

~ 

:: 
; , 

. ·CHAPTER 7 
. 

EFFECTS 'OF OPERATING VARIABLES 
ON GAS BOtDUP AND BUBBLE SIZE 

" ;' 

\ " . 
Gas Ho1dup and the Ef fect of Gas - 1 
F10wrate and Frother Addition 

. 
89 

+. 

Fig.7-1 

columns gas 

and Fig.7-2 show clear1~ 
Q' 

holdup is proportional to 

that in flotation 
~ 

superficial gas . 
velocity. That is, from Eq. [4-13] {3 is equal te 1. l t i8 

noted in F~g.I-2, for the same chemica1 conditions and the 

same sparger, gas holdup in (he ,smaller column is larger than. 

in the large~ column. The ~ffect of column dimension on gas 

holdup ls due ·to the difEerence in the , parameter , Ra, othe 

colum~". cross-sectional· area to sparger surface area ratio. 
~ 

0 

This implies that for the larger c~lumn, a larger sparger siie 

,may be required to~achieve a simi1ar gas holdup. The effect of 
) . 

f~other concentration o~ gas ho1dup can be found in Fig.7-3 . 
.!' 

In 'Flg.7-3. gas holdup ls plotted as a function cof frother 

concentration •• Gas ho1dup increases'with frother to a certain 

concentration above 

(maximum) . 

, 
\ 

J 

, 
\ 

which the gas holdup is constant 

.. 

• 

• -= .. 

! 

. ) 

( 
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7-2 
\ 

Bubble Formation and the ImpaQt of 
Gas Flowrate and Frother Aqdition 

93 

As 

cm/s) , 

shown in Fi9.7~, at very low gas ve~OCi~Y (0~O.6 
bubble size inqr'eases with gas velocity, al though the 

total change in bubble size is less than 0.1 mm. 

noted that there exists a ~lativelY large ,. 

f" 

It should be 

error in the 

measurement of gas holdup when gas holdup is small «5~). This 
• 

is refered by the error bar on db in Fig-.7-5. It was observed 

that at very low gas flowrate, the gas only goes through the 
~ 

large r holes on the top of the spa rger. (There i s a limita t ion 

for the' lowest gas flowrate. If gas flowrate is less than 0.03 

cm/s, no gas discharges in this, case). Once, gas flowrate 

increases, the smaller orifices begin to work. An effort was 

~ade to measure the pressure drop inside the sparger, it was 

l" found to be very small (less than 2 psi). 

Fig .• 7-5 shows the photographv. taken of the colleèt ion' . 

zone in the column, revealing the :shape, size and <;iensity oF 

gas bubbles with and without frother addition. The frother 

addltion is an important factor affecting bubble siie ~nd 

shape. It can be' noted in Fi9?7-5a that the interface of 

froth/~lurr~ is readily identified when frother is added. 
,1 

Fig.7-p s~ows that in the same che~ical environment 

using the same superficial gas velocity qnd the same sparge~ 
the bubble size is smaller in the small column than in the 

,;':l 

large colu~n (corresponding to the gas holdup being larger in . , 
the small column than in the large column, see Fig.7-2). The 

51 

... 
, 

j 
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reason for 
\ 

increases, 

this" i5 that as the column 
97 

cross-sect l on 

the volumetrie Elowrate of gas also increases iE 

the same superEicial gas velocity is to be maintained. As a 
..9 

result, the gas fllowrate per unit area of sparger increases, 
. ' 

which ) 

produces larger bubbles. By plotting bubble size vs. 

Rs.Vg (gas' flowrat~ per unit area of sparger) as shawn in 

Fig.7-7, the relation between bubble size and gas rate is 

independent of the column dimension. This implies that Eq.[4-

15] does take into account sparger size. 

7-3 The Influen~e of Gas Sparger Types on Gas Boldup 
and Bubble Size: Preliminary Findings 

The bubble size without frother addftion for the four 

type of spargers is presented in Fig.7-8. Cusual inspection 
t 

suggests that the bubbles produced by th~ rubber sparger are 

the largest and by the filter cloth are the smallest. Fig.7-9 

is the bubble size distr ibution for thp. four type of ~pargers .. 
wi thou t 

. 
frother addition. The maximum difE~rence in size 

between and- smallest /' is 3 the largest .qubbles up to mm. In 

tery other word5, the distribution of bubble size i5 wide. The 

bubble size distribution with frother açdition for - steel 

sparger i5 shown in Fig.7-l0. In general-the distribution is 
~-#.. 

< • 

very narrow· 4fter frother is added. T~ge in 
rJ • 

bubble size 

becomes less pronounced after frother' ls added. An 

bubble size (diameter) now becomes a useful parameter. 
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102 
Fig.7-11 is a plot of ~as noldup as. a function of 

superficiaJ: gas velocity for the four type of' spargers' u under . 
the same candi tians. ' Fig. 7-12 is bubble s ize vs. super,f icial 

gas velocity based 

.parallel, irnplying 

on. Fig.7-11. The curves are nearly 
~ j 

that the n valûe for êach sparger is about 
, 

the same. By plotting bubble size vs. gas flowrate per unit 

area of sparger, Fig.7-13 is obtained. It is séen.from this 

figure that the correlation betweèri bubble size and ga~ rate 

can be approximately /generalised by Eq.[4-15]. From this 

preliminary study, it can be concluded that the major effecto 
\ 

of the sparger on gas holdup and/bubble size is the sparger 

surface ar~a, rather than'sparger'material. 
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RESULTS: TESTING THE EFFECT OF SPARGER SIZE 
A SCALE-UP MODEL ,.. 

\ 

~ From the work presented in chapter 7, it was found that 
p 

sparger size is one of ~he important pararnete~s affecting gas 

holdup and' bubbl~ size. This is important for selecting 

sparger size, i.e. scaling-up of spargers. 

Q' 

8-1 Laboratory Studies 

8-1-1 Minimum Gas F1owrate, Gas~pis
tribution and Bubble Coalescence o , 

When gas flowrate reaches zero, gas holdup should be 

zero., How~ver, from ~bservati~n ~ min~mum $uperfici~l gas 

velocity exists below which no gas emerges from the. spar,ge.r 

(i.e. gas holdup is zero). Th~re is a'difference in this 

minimum flowrate 'depending whetHer the gas rate is bei~g 

"" increased or decreased. ~is hysteresis is illustrated in 

is noted that ~~ease of spar?er surface area Fig.8-1. It 

will slightly increase this velo~ity . 
. 

Gas maldistribution was observed for the sparger~ used 
t . 

this work, particularly for the home-made (ilter cloth 

spargers. Gas maldistribution may be evidenced ,by jetti~g 

oC'Cur ing 

~lnactive. 
at sorne orifices while other orifices remain 

6 
It is importan~ to avoid gas maldistribution since' 

/ 

\J. 

, v 

, . 

/ 
! 



Fig. 8-1 Minimum superficial gas velocity:, the effect of 

sparger surface ar •• 
, 

l, 

\ 



, 

1 

l' 

c 
• J 

~ 
108 

~ i t affects 'the generation of uni form bubbles and very ser ious 

gas âldistribution leads to poor column performance. Gas 

maldist r ibut i ori can be avoided to sorne exten t by using 

spargers which have a uniform orifice distributlon and uniform 

orifice size. Gas maldistribution was eliminated by careful 
~ . / 

ad]ustrnent (avoiding any sudden change p of gas flowrate in 

this work. 
~\ 

, . 
Fig.8-2 shows one effect of gas maldistribution on gas 

holdup for' the horne-made filter cloth sparger. When gas'-

maldistributio~ occurs, gas holdup no longe r ext rapola tes to 

zero with decreasing gas rate. 

/ 
Bubble coalescence assoc iated wi th sparger design may 

occur when several individual spargers are used; In the 

present wor;( , for sparger #2 and #3, ser ious bubble 

coalescence was found and was eliminated to sorne extent by 

using baffles between each sparger (Fig.5-2). When bubble~ ( 

swarms )trom two or more indlvidual spargers meet, bubble 

coalescence may occur. This would explain the increased bubble 
\ 

size and reduced gas holdup wi th the unbaffled sparget"s in 

Fig. 8-3. Most work pr~sented here ls for a single sparger. 

8':'1-2 Ceramic Sparger Series (Tests No.1 to No.7) 

Gas holdUp vs. superficial gas veloci ty is plotted i,aP'" 
\.--. 

Fig,. 8-4. It i s' seen from this figure as Rs i ncrease$, the Gas 

holdup reduces. Wh~n Rs>1.42, i,\ this c:se, :~e relation 

between gas holdup and superficial gas veloci ty deviates from 

a straight Une. Bubble size as a function of superficia1 gas 
r 

a 
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fig. 8-4 Gas holdup vs superficial gas velocity for 

ceramic sparger series. 
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velocity is shown in Fig.8-5 based on the data in Fig.a-4. It 

.ls c1ear that as~he sparger surface area decreases (or Rs 

increases) bubb1e size increases. If bùbble size (excluding 

those curves, 3,5 and 7 in Fig.8-5) is rep10tted as a function 
~ 

of (Rs.Vg] as shown in Fig.8-6, aIl the data represents a new 

curve which follows Eq.[4-15] with n=0.18. If aIl bubble sizes 

are included, n will be 0.32 

8-1-3 Steel Sparger Series (Tests No.a-No.13) 
J 

Gas ho1dup as a function of superficial gas velocity for 

the steel sparger series is plotted in Fig.8-7. In this case, 
{ 

when Rs>1.28, the relation between gas holdup and superficial 
r 1 

gas velocity is changed from a straiqht line to a curve. 

Bubb1e size as a function of gas flo~te per unit area of 

sparger is plotted in Fig.a-8 (excluding those curves, 9, Il 

and 13 in Fig.a-7). The regression of the data in Fig.a-9 

represents a new curve which follows Eq.[4-15] with n=O.~ . If 
, 

curves 9, Il and 13 are 1nclu~ed, n will be 0.37. 

\ 

8-1-4 C10th Sparger Series (Tests No.14-No.20) 

Fig.e-9 presents gas holdup as a functio~of superficial 

gas velocity. In this case, litt le deviation from the straight 

line ·between gas holdup and superficial gas velocity occurs 

when Rs> 1. Bubble si ze as a funct ion of gas flowra te per uni t .1 

area of sparger is plotted in Fig.8-10. Fig.a-lO does not 

include the bubb1e size calcu1ated from curve 15 in Fig.8-9. 

Constant n in this case is 0.28 when excluding curve 15, and 

56 
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0.365 when including aIl the data • 
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../ 

Sorne plant t~st work was performed at Brunswick Mining ( 
~ 

and Smelting, the stream~tested mainly œontained sphalerite 

and pyrite. Th~bjective of the flotation is to separate z~ 
from 'FeS2. The· reagent condi tipn,ing was the same as in the 

plant operation. To avoid the pro~em of 
,- Jt; 

car:I.yi ng 
-

capaqity 

limitation [25], the ~ed ~as diluted to 10% by'~eight. Fig.8-

~l plots mass fraction to concentrate vs. sU~rtiCial ga~ 

velocity ~or two different sparger sizes. Fig.8-12 plots 

recovery of zinc and iron vs. superficial gas velocJty. 

Recovery was 5% highe~ after doubling the sparger size irr this 

"case. 
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CBAPTER 9 

DISCUSSION 

• 
BuQ..b1e Size Estimation Technique 

1 ~.r '-~ 

The technique of bubble size {estimatiOn developed in / 
~ 

work is a direct adaptation .of the particle hindered 

settling equation of Masliyah which gives the method a 

----~fundamlntal basis. Its development' has been rnadt, possible by 

1" 

" repetitive substitutions of db using a numerical approach 

and gives the direct prediction of bubble size. Fig.6-S and 

Fig.6-6 show that the predicted bubble size i5 within 10 to 
1: 

15% of the rneasured size, which is about the limit of , 

experimental error. This accuracy is' adequate for most 

purposes. 

In principle, there is no lower bound to ~pplicab1lity 

_ of ,the method (a practical lirnit with the present photogaphic 
\. 
rnea'surement of db is approximately 0.2 mm) • The upper bound is 

approx,\a tely 
\ 

db 2 mm. Above 2 mm bubbles are no longer 

spherical and rise along mpre tortuous paths [ 33 ] • The 

possible application of jhe method in mechanical cells is very 
~\ 

encouraging, although th work by Raya et al [38] shows a more 
1 Il 

complex situation exists in agitated cells than in flotation 

colurnns. Mechanical agitation tends to give\a non-uniform 

axial distribution of gas holdup [37-39), and recirculation of , 
0/ 

,~ 58 
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-<jas- bubbles 
". 

by the impeller action may cause an increase in 

gas holdyp without affecting bubble size. It is not possible 

at the tlme te claim general applicàbility of the approach to 

mechanically agitated vessls. Nevertherless, the success 

shown in Fig. 6-6 should encourage fur ther eva l uat ion to t he ,;~ 

estimation technique in mechanical flotafion machines . 

9-2 

• 
.. 

Effects of Operating Variables 
on Gas Boldup and Bubble Size 

1 

The bubble formation process in a; flotation column is 

very cpmplex, and no one single model can fully predict bubb)e 

size. • The work presented in chapter 7 shows that the major 
-,04 , 

variables which influence gas holdup and bubble size are 

frother addition, gas flowrate and sparger surface area. The 
t 

following two factors in order are the most important for 

bubble Size control: 

(1) frether addition 

(2) gas flowra~e per unit area of sparger 

The effect of various types of frother on gas holdup and 

bubble size has not been fully explored. ,For Dowfroth 250C, 

gas holdup increases as ïrother c~ncentration incre~ses to the 

point where maximum gas holdup i9 reached. 

59 
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The effect of gas flowrate on gas holdup is strong and 

t~ere exists a linear relation between gas h~UP , and 

'" superficial gas rate for relatively low gas flowrate in 

flotation columns provided Rs<1.5 (or. Rs.Vg<4.5). When gas 

Q flowrate is too high, the flow regime is changed from bubbly 

flow into churn turbulent flow which is not desirable in 

column flotation. 

The effect of sparger size on gas holdup is complex. In 

g~neral, the increase of Rs (the decrease of sparger size) 

decreases gas holdup as shown in Fig.a-4, 8-7 and 8-9. Th~ 

parameter lX of Eq.[4-13] is plottèd as a function of Rs 
ÇI 

1:n 

Fig.9-1. It i5 noted from this figure that for the t?ree type 

of ~pargers tested, a decreases as Rs increases. That i5, lX is 

inversely proportional to Rs. 

obtained but the trend ia clear. 

1 

No simple correlation ls 

\. 
\ 
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9-3 Spar<jer Scale-up 

The sparger scal~-up model pre~ented in chapter 4 is 
• 

semi-theoretical since it was based on the observed fact that 

db i5 proportional to [Rs.Vg]. The importance of the method 

correctly scaling-up the sparger is illustrated by Eq.[2-9]. 
4 

For scale-up of flotation columns, it \s essential to malntain 

similar flotation rate constants. To achieve this, lt is" 

required to keep constant Vg and db. Vg can be easily 

controlled by setting a constant gas flowrate. Bubble size ls 
, 

first controlled by frother addition and secondly by 

ensuring the same gas rate per unit area of sparger. Sparger 

scale-up is therefore in direct proportion with seale-up of 

column cross-sectional area. 
~' 

The data presented in chapter 8.includes two parts. The 

first was to demonstrate the importance of avoiding gas 

maldistribution and' bubble coalescence sinee both result in 

breakdown of bubbly flow. rt is'seen that from Fig.8-2 and 

Fig.8-3 once gas maldistribution and bubble coalescence occur, 

gas holdup decreases and bubble size increases. 

Second part was to test the sparger scale-up model. For 

each series of tests, the effeet of sparger size on bubble 

size can be weIl deseribed by the model. Fig.9-2 is a plot of 

log(db] vs. log(RS.Vg] for the ceramic sparger. The"-slope of 
\ 

the regression line is the value of n. The other two eurves 

presents the 90% confidence limits of the regression line: n 

i5 in the range: 0.05<n<0.3. 

" 
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Similar analysls for steel sparger shows n is in the 

Eollowing range: 0.05<n<0.35 and for fiiter c10th sparger, 

0.05<n<0.4, as shown in Fig.9~~. Thus, the difference in n 
o 

value between each type of sparger is not statistically 

significant. 

The results from chapter 7 for the fou~ type of spargers 

used in the two columns show n=0.25, and the results from 
1 

L chapter 8 suggest an average n=0.24 for the three types of 

spargers used in the three co1umns. This suggest the fo1Iowing 

equation is generally adequate: 

db = C [Rs. Vg ]0.25 [9-1] 

.. The other possible explanation for the difference in .--the value of n may be due to the initial bubb1e size of each 

sparger. Initial bubble size is the bubble size ~t the minimum 

gas flowrate (gas holdup is zero). It is not possible to 

confirm this exper~mental1y because of the difficulties in 

measuring this bubble size. 

At the end of chapter 8, sorne plant test resul{s were 

presented to demonstrate the effect of sparger size on the 

metallurgica1 performance of flotation columns; lt is expected 

this effect can be more'pronounced in industrial columns • 

.' 
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• 
CHAPTER 10 

CONCLUSIONS AND SUGGERSTIONS FOR FUT~ WORK 

10-1 Summary of Conclusions 

10~1-1 Bubble S1ze Estimation Technique 

Generally speaking, in three-phase flow, i.e. gas-

liquid-solid, it is e~ely diffic~lt ta measure the size of 

the discontuous phase such as gas bubbles. The technique 

developed in~ this thesis provides an excellent means to 

estimate bubbl~ size in, flotation columns. The technique 

adopts Masliyah's particle hindered settling equation and 

gives a direct prediction of bubble size. It ,is easy to use 

" since what is necessary for the computation of bubble size can 

be simply and precisely measured. The application of this 
, 

approach has proved to be very accu rate ,.in flotation jOlUmnS 

(which do not have agitation) and the use in mechanical 
~ ~ 

flotation 

encouraging. 

~ 

cells (which have agitation) ~iS aIse very 
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. 10-1-2 Effects of Operating Variables 
on Gas Boldup and Bubb1e Size ~ 

Bubble f0rmation by a sparger is a suprisingly 

process. There are a large number of models developed for this 

pr~cess, but noneofrthem can exa:tly predict bubb!e size. The 

reason is because all of them are based on a sequence of 
-ri 

events from photographie observations and depend, pn sorne 

form of force balance including many assumption. There ari 

two major factors affeeting gas holdup and bubble size: 

frother additi~n and gas flowrate per unit area of sparger. 

10-1-3 Sparger Sca1e-up Model 

The sparger scale-up model developed in this work 
-provides an effective tool for the scale-up of spargers and 

explains the effect of sparger size on bubble size. Based on 

this model, Rs has to be kept constant to have a similar JJ 

bubble size for the scale-up of a flotation column, and in 

general, O.5<Rs<1. 

"" 10-2 Suggestions for Future Work 
( 

10-2-1 Bubb1e Size Estimation Technique , 

The bubble size estimation 'technique has been 

successfully used in flotation columns. The 'potential 

"It-

" 
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application in mechanical flotation machines ls worth sorne 

attention. 

. 
10-~ Sparger Design and Scale-up 

For sparge~ design and scale-up in an industrial 

Elotation column, ~rangement ~dividual spa 

be investigated, particularly giyeA the ·p~elirni~ary findings 

that combining ceramic spargers caused coalescence. t has to 

be pointed ,out that the life time of a sparger in practice rnay 
. ~ 

becorne a design criterion and his to be taken into account. 

10-2-3 Wash Water Distributor Design 

For the effective washing~df flotation froth, which 

ensures the elirnination of entrainment of fine hydrophilic 

'" partiC'les, itl j,s important to design wash water distributor 
l 

properly. The temperature profile in the froth bed of a 

flotation " , column provides an effective method to explore 

design of wash water distributors [51]. 

10-2-4 N~eri~al Analysis of Flow 
Mechanism in a Plotation Column 

the 

Numerical analysis provides a powerful tool with whi~h 

,to study the flow rnechanism and mass transfer in Many processe~ 

> 6 
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processes suc41 as bubble rea'ctors and.J heat exchangers is 

possible. The possibility applying numèrical analysis in 
~ \ ... ~ 

~lotation columns is quite exciting since'this approach rnakes 

use of the fundamentàl principles ~nd boundary conditions 

which govern the process and takes • advantage of di rect 

numerical calculation. 
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APPENDIX A 

Complementa,ry information for Fig.2-l2 and Fig.2-l3 

In order to analyse bias and ratio control loops .and 

find out which one is better, ~t is assumed that a column, the 

dimension' of which is O. 9XO .9X10 m~ wi 11 be tested. 

bias = 0.2 m3 jmin at Gaspe 
.>, 

Gibraltar ratio = 1.2 at 

Qc = 2 m3 jmin 

Table A-l shows the calcula't ion of reten t ion time 

.;.t 

Table A-l 

at Gaspe at Gibral tar 

Qf T min Qw rn3 jmin T min Qw m3 /min 

1.0 6.75 2.2 6.75 2.2 , . 1 

1.1 6.23 2 • 2 6.14 2.22 

1.2 5.79 ' 2.2\ 5.63 2.24 

1.3 5.40 2.2 5.19 2.26 

1 . 1.4 5.06 2.2 4.82 2.28 ,) 

1 

11 1.5 4.76 2.2 4.50 2.30 

--------,------ ----------



( 

.- . 

; 

( 

142 

APPENDIX B 

Som~ experimenta1 data se1ected 

Table B-l [Fig.6-2] 

---------------------~--------------------------~-----------
Vg 

crnls 
V, 

cm/s 
8g 
% 

'\ Vg 
crnls 

Vt 
cm/s 

8g 
% 

-----------~-------------------------------------------------
0.5 ,i,' 0.377 9.20 0.8 0.377 13.4 

0.65 9.78 0.65'" 14.8 
0.825 10.8 0.825 15.8 
1.00 11. 8 ~ 1.00 17.0 
1.092 .7""13.0 1,,092 18.0 
1.17 13.8 1.17 18.8 

-1.26 14.5 1.26 20.0 

1.0 0.377 16.4 1.2 0.377 19.4 
0.65 17.8 0.65 20.5 
0.825 19.0 0.825 22.0 
1.00 20.2 1.00 23.4 
l.092 21.2 1.092 24.5 
1.17 22.0 ~ 1.17 25.6 
1.26 23.0 1.26' 28.0 

---------------------------~------- -----------------~-------
1.5 0.377 23.7 1.8 0.377 28.0 

0.65 25.~ 0.65 30.5 
0.825 26.s7 . 0.825 32.0 
1.00 28.0 1.00 33.5 
1.092 29.2 1.092 34.0 
1.17 30.6 1.17 24.5 
1.26 33.0 1.26 35.6 

.' 

1 

\ 
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Table 8-2 [Fig.6-4] 

Photographie measurement of bubble size 
i 

Dowfroth 15 ppm ') 

sparger steel / 
/' 

--.,/ ~I eolumn diameter: 5.71 em 

liquid veloeity: 1.0 em/s 

. -------------------------------------------------------------
Vg N dbs s* dvs s** 

cml s cm .... cm em cm 
----------------------------~---------------------~----------

0.5 400 0.62 0.10 o .62 " 0.08 

0.8 384 0.67 
li). 

0.10 0.65 0.07 

1.0 386 0.70 0.11 0.69 0.08 

1.'2 339 0.74 0.10 0.74 0.07 

1.5 368 0.81 0.11 0.80 0.08 , , 

• 1.81 359 Ô.88 0.11 0.88 0.08 

---------~--4-----------------------------------------~----

N number of bubbles eounted 

dbs Sau,ter mean diameter 

dvs volumetrie mean diameter 
!1;.1 • 

s* standard deviation of dbs 

s** standard deviation of dvs 
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APPENDIX C 

Computer program for the e$timation 
of bubble size by the developed metHbd 

100 REM THE SECANT METHOD FOR THE ESTIMATION OF BUBBLE SIZE 
110 'REM THE ESTIMATlOO IS BASED 00 MASOLYIAH SETTLIOO EQUATION 
120 REM WRITI'EN BY SHEN G()(I(j AND MODIFIED BY MANQIU, APR.2.1987"-
130 CALL - 936: VTAB (8) , . 
140 PRINT TAS ( 5); 11****************************" 
150 PRINT TAS ( 5); 11** BUBBLE SIZE **" 
160 PRINT TAS ( 5); n** ESTIMATION PRO::;RAM U" 

170 PRINT TAS ( 5); "****************************" 
180 PRINT: PRINT 
190 PRINT TAS( 8); "WRI'rI'EN BY MANQIU XU" 
200 PRINT TAS ( 19);"GCN:i SHEN" 
210 PRINT TAS( 19) i "APR.2.1987" 
220 VTAB (23): HTAB (10): INPUT "ENTER Y TO CONTINUE ?";Y$ 
230 IF Y$ < > "y" Garo 130 ' 
240 lia-1E 
250 VTAB (5): HTAB (4): INPUT" (1) SUP GAS RATE (OVS):" i~ 
260 'lrAB (7): liTAB (4): INPUT "(2) SUP LIQ RATE (OVS) :"iVL 
270 'lrAB (9): HTAB (4): INPUT "( 3) GAS HOLOUP (%):" ; EXJ 
280 'lrAB (23): HTAB (12): INPUT "ARE INPUT DATA CORREcr ?" iY$ 
290 IF Y$ < > "y" GOl'O 250 
300 EG = rx; / 100 
310 Ha-1E 
320 VTAB (5): HTAB (7): PRINT "OB 1S BUBBLE SIZE (t-'M)" 
330 'lrAB (7): HTAS (3): INPUT "(l)ENTER FIRST GUESS OF DB (roM) :"iXl 
340 VTAB (9): HTAS (3): INPUT "(2)ENTER SECa-m GUESS OF DB (roM) :";X2 
350 VTAB (13): HTAB (12): INPUT "ARE INPUT DATA CORREcr ?" iY$ 
360 IF Y$ < > "y" GOTO 330 
370 li<l1E 
380 G ::1 980 
390 UL ::1 0.01 
400 PL ::1 1 
410 PRINT 
420 l ::1 l 
430 X ::1 Xl 
440 GOSUB 750 
450 FI ::1 F 
460 X ,; X2 
470 GOSUB 750 
480 F2 :II F 
490 XN ::1 (Xl * F2 - X2 * FI) / (F2 - FI) 
500 X ::1 XN 
510 GOSUB 750 
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1 520 F3 = F ' 
530 PD = ABS (F3) 
540 IF FD < 1.0E - 6 T'HEN Garo 620 
550 IF l > '60 T'HEN GqTO 730 
560 Xl = X2 
570 X2 = XN 
580 F1 = F2 
590 F2 = F3 
600 l = l + 1 
610 Garo 490 
620 \/TAS (9): HTAS (7): PRINT "SUP GASJRATE: VG = "iVOi "CM/S" 
630 \/TAS (11): HTAS rl): PRINT "SUP LIQ RATE: VL = "iVL; "CM/S" 
640 \/TAS (13): HTAS (7): PRINT "GAS HOLDUP : EG = ";EG ,* 100i"'" 
650 \/TAS (15): HTAS (7~: PRINT "BUBBLE SIZE : DB = "; INT (X * 10000 + 0.5) / 1000; "M 
660 PRINT ~ ;~ 
6?0 \/TAS (17): HTAS (5). PRINT "THE MAXIMl.M DIFFERENCE IN SLIP" 
680 \/TAS (19): HTAS (5): PRINT "VELOCIT'i BE'IWE~ MEASuru:D AND" 
690 \/TAS (21): HTAS (5): PRINT "ESTIMATW IS ";FO 
700 \/TAS (23): HTAS (3): INPUT "00 'fOU WAND A HÀlID COPi' OF THE lY\TA ?";O$ 
710 IF 0$ = "Y" GOTO 1070 
720 Garo 740 
730 PRINT "PLEASE CHECK INPUT DATA ." 
740 END 
750 VS = VG / EXi + VL / (1 - EXi) 
7<\9 GOSUB 800 
770 BS = G * X '; 2 * (1 - EXi) " (M - 1) * PL / (18 * UL * (1 + 0.15 * ~B ... 0.687» 
780 F = as - VS 
790 RETURN 
800 REM THE SECANT METHOO FOR M 
810 Ml = 2.2 
820 M2 = 0.9 * Ml 
830 M = Ml 
840 GOSUB 1000 
850 Tl = FM 
860 M = M2 
870 GOSUB 1000 
880 T2 = FM j 
890 MN = (Ml * Tl - M2 * Tl) / (T2 - Tl) 
900 M = MN t 
910 GOSUB 1000 
920 T3 = FM 
930 IF ABS (T3) < lE - 6 THEN GOTO 990 
940 Ml = M2 
950 M2 = MN 
960 Tl = T2 
970 T2 = T3 
980 GOTO 890 
990 RETURN 
1000 RES = X * VS * PL * (1 - ~L 
1010 CRE = X * VS * PL / (UL * (1 - EX;) A (M - 1» 
1020 Z = 4.45 * CRE A ( - 0.1) 
1030 FM = Z - M 
1040 'Il'AS (5): HTAS (11): PRINT "œ=";X * 10 
1050 'Il'AS (7): HTAB (11): PRINI' "M =";Z 
1060 RETURN 
1070 0$ = CHR$ (4): REM CHR$(4)=CTRL-D 

.. f 
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1071 PRINT 0$; "PRtl" 
1080 ~ PRINT TAB ( 26) i "DB=" i X * 10 
1090 PRINT 
1100 PRINT TAB( 26)i"M="i Z 
1110 PRINT 
1120 PRINT TAB{ 22);"SUP GAS RATE 'VG = ";VG;"Qw1/S" 
1130 PRINT' 
1140 PRINT TAS ( 22); "SUP LlQ RATE VG = "; VL; "Qw1/S 
1150 PRINT " ' 
1160 PRINT TAS ( 22); "GAS HOLOUP EG = "; EG * 100; "% Il 
1170 PRINT ~ 

144b 

1180 PRINT TAS ( 2~) i ~BLE SIZE DB = "; INT (X * 10000 +'Ü.5) 11000i"r+1" 
1190 PRINT ... 
1200 PRINT TAS ( 20); "Tl:iE MAXIMLM DIFFERENCE IN SLIP" 
1210 PRINT 
1220 PRINT TAS ( 20) i "VELOCITY' BE'l'WEEN MEASRED AND Il 

1230 PRINT "' 
1240 PRUIT TAS ( 20);"ESTI"'1ATED IS ";FD 
1250 0$ = ~$ (4): REM CHR$(4)=CTRL-D f 
1251 PRINT 0$; "PRIO" 
1260 END 
1270 PRINI' TAS ( 26); "DB=";X * 10 

". 
.. 
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APPENDIX . o 

~ Regression pro9r~m for experimental data proc~ssinq 

8000 Garo 8064 
8002 PRINT 
8004 . FOR S = 1 ID N 
8006 FOR T = S ID N 
8008 IF A(T,S) > < 0 THEN GOTO 8016 
8010 NEXT T 
8012 PRINT "NO UNIQUE SOLUTlOO" 
8014 Garo 8062 
8016 GœÙB 8036 
8018 C = 1 / A(S,S) 
8020 GOSUB 8048 
8022 FOR T = 1 ID N 
8024 IF T = S THEN Garo 8030 
8026 C = - A(T~S) 
8028 GOSUB 8056 
8030 NEXT T 
8032 NEXT S . 
8034 Garo 8062 
8036 FOR J = 1 ID N + 1 
8038 8 = A (S,J) 
8040 A(S,J) = A(T,J) 
8042 A(T,J) = B 
8044 NEXT J 
8046 RETURN 
8048 FOR J = 1 ID N + 1 
8050 A(S,J) = C * A(S,J) 
8052 NE)IT J 
8054 RETURN 
8056 FOR J = 1 ID N + 1 
8058 A(T,J) :2 A(T,J) + C * A(S,J) 
8D60 NEXT J 
8062 RE'l\JRN 

.. 

.. . 

8064 HCME: PRIN'!' "FUNCl'ION: y.. A + Al*X1 + A2*X2 + A3*X3+ A4*X4 + 
8065 PRINT "INPUT NUM. OF VARABLE N" 
8066 INPUT N 
8068 PRINT 
8070 PRINT" INPUT NUM. OF DATA Mit 
8Q72 INPUT M 
8074 PRINT 
8076 DIM F (N,M) ,A(N + 1,N + 1) ,B'(N + 1,N + 1) ,W(N) 
8078 PRINT"READ 'fOUR Q.\TA Y ••• ,X •• .,r': PRINT 

( 

" . • •• • 
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PRINT 
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~/( 

"-"-

C- a080 PRINT "Y:" 
8082 FORI"=OTON 
8084 IF l = 0 THEN Garo 8088 <tif 

8086 PRINT "X:" " 8088 FOR J = 0 1'0 M - 1 
8090 REA!) F(I,J) 
8091 PRINT F(I,J), 
8092 NEXT J 
8094 PRINT : PRINT 
8096 NEXT Il 
8098 FOR I = 0 TO N - 1 
8100 U4 = 0 
8102 U5 = 0 
8104 FOR J = 0 1'0 N - 1 v 
8106 Ul = 0 
8108 U2 = 0 
8110 U3 = a 
8-112 FORK=OTOM-1 
8114 Ul "" U1 + F(I + 1,K) 
8116 U2 = U2 + F(J + 1,K) 
8118 U3 = U3 + F(I + 1,K) ." F(J + 1,R) .J"- o 

8120 NEXT K J 

8122 IF J < l THEN Garo 8128 
8124 A(I + 1,J + 1) = U3 - (Ul .. U2) / M 
8126 A(J + 1,,1 + 1) = A(I + 1,J + 1) 
8128 NEXT J 
8130 FOR [{ = 0 TO M - l 
81"32 U4 = U4 +" F (I + 1,K) ." F(O ,K) 
8134 U5 = U~ + F(O,K) @ 

8136 NEXT K 
8138 A(I + 1,N + 1) "" U4 - (U5 ." Ul) / M ~ 

8140 NEXT I J 

8142 FdRI=1TON >' 

8144 FORJ=lTON+l 
8146 B(I,J) "" A(I,J) 
8148 NEXTJ 
8150 NEXT l 
8152 GOSUB 8002 
8154 FOR l "" 0 TO N ". 
815$ W(I) ,. 0'0 
8158 FOR K :; 0 TO M - 1 
8160 WeI) ,. WeI) + F(I,K) 
8162 NEXT K 
8164 WeI) "" WeI) / M % 

8166 NEX'T l, 
8168 L = 0 
8170 FOR l ,., 1 TO N 
8172 L =- L + WeI) * A(I,N + 1) 
8174 NEXT 1 

' - ! 
8176 BO =- W(O) - L 
8178 PRINT "'{=-" IBO; 

C 8180 FORI:alTON 
.. 

8182 PRINT -l, + ";A(I,N + 1);" X"iI; 
8184 NEXT l 
8186 PRINT '\ 

<;", 

8188 U - 0 
8190 FORI""l'l'ON 



8192 U = U + A(I,N + 1) * B(I,.N + 1) 
~194' NEXT l, 
~Ü96 Ul = 0 
8198 U2 = 0 
8200 FOR K = 0 TO M - l 
8202 U1 = Ul + F(O,K) * F(.O,K) 
8204 NEXT K 
8206 Q = Ul - (US * US) / M - U 
8208 S = SQR (Q / (M - ,N - 1» . 
8210 R = SQR (1 - Q l (Ul -' (US" US) / M» 

, 8212 Fl = (M' - N - 1) * U / (N * Q) 
8214 PRINT "U="; U 
8216 PRINT "Q="; Q 
8218 PRINT "F="; F1 
8220 PRINT "S=";8 
8222 PRÜrr j'R=";R 
8224 END 

..... \ .. 
8226 ~TA 25,~1,36,33,70,54,20,44,1.4,41,75 , 
8228 ~TA 110,184,145,122,165,143,781.129,62,130,168 

\ , 

/.< 
\ 
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APPENDIX E 
\ c 

derivation of F ( E:, ) = (€t, )m-1 

< ' 

but, 

The defination of F( -E:,,) is introduced by Masliy~ [52], 

no general express~on is given. An expression J~n be 

der ived fram Richardson and Zaki [561. They developed an 

empirical correlation for the relative velocity between fl'_iq. 

and solid, Us~ and the terminal velocity of la single bUbb1' Ur 

Us 

since 

1 

and, by definitioA 

-
Ps - Psusp :. Ps - Ps (l-€,,) + Pt €, 

or, 

then, substituting Eqs.[2], [4} in [1] yields 

Cdmpartng Eqs. [4-9) and [5], then F( E:. ) ,is 

F(€t> .. € m-2 , 

1 

[E;;;'l] 

[E-2 ] 

[E-3 ] 

[E-5 ] 

! 

{E-6 ] 

j 
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which is equation (4-11] 

For Re < 0.2, m = 4.65. Consequent1y, for low Re, Masliyah 

= 
, 

For high Re (Rf> 500), 

€m-1 
1. 

'" 
'" Î 

[ E-7] 

m is again çonstant (m=2.39)~ For the 

bubb1es of interest here (ug to 2 mm) Re is intermediate, and 

m is a function of Re. 

. . 
-
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( APPENOIX F 

Gas flowmeter calibration 

t 
\ 

'\ 

\ 

20 PSI 
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, 
10 PSI 

FLCNttETER FM - 082 - 03 
('1 , 

o 20 40 60 80 100 120 "- 140 
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ABSTRACT 

The collectioo zooe of a flotatioo colurm shco.J'd be operated in 

the bubbly flow regime. This imposes 1 imits in the al lowed bubble 

size and gas rate carbinatlOOs. A mcxlel of bubbly flow is used to 

explore these comb inatioos. lt Is shawn that the superficlal bubble 

surface rate ( an2 bubb 1 e / s / cm2 co 1 umn cross-sect 10'1 ) 1 s max i lTl.JI1l 

in the bubble size range 1-1.6 mm. Carrying capacity Is related to 

superficial bubble surface rate. Using a mode 1 of bubble laadlng it 

i s shawn that fer part ici es 1 ess than 10 um J carry i ng capae j ty 15 

max i mum fa-' bubbles in the range of 1-1.6 mm. For larger 

part1cles, carrying capac1ty increases w1th 1ncreaa1ng bubble s1ze. 

The 1 oad i ng mode 1 assumes that the bubb 1 e has suff ici ent ratent j m 

t i me ta' reach i ts equ 1 i br 1 um, or full load. lt 1a noted that 
t[ 

retention time increases as bubble slze decreases and this need8~to he 

cons1dered in test1ng the effect of bubble s1ze. 

- J 
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INTRŒlCTICN 

,~ 

Th~ col 1 ect I<::ln zcne in a flotation colurm should be operated ln 

the bubb) y fi ow reg 1 me CDcbby et a 1 J 1985]. Th 1 S requ 1 rement 1 mposes a 

minirn.;m bubble size at a glven gas rate (or cO'wersely a i'naxirrum gas 

rate at a given bubble size). Attemptj'ng to go below this bubble slze 

wi Il move the collecti01 ZQie into th~ ~urn-turbulent fi~w regime. 

With 1ncreaslng gas ratel the minimum bu~ble s.ze Increases. 

Th i s i nteract ion between bubb 1 e si ze and gas rate has • mpcrtant 

consequences f 0'" co 1 urrn fi otat 101. lJd:)by and Fi nch L 1986a J showed i t 

laads to an optimum bubble slze to maximise the collection rate 

constant. In this cctm1..Jnicati01, the effect 01 sol Ids carrying 

capacity in the collection Z01e is analysed. The analysis is achieved 

by i ntrcduc i n9 and determ i ni ng the max i rrun superf i e j a 1 bubb 1 e surf ace 

ratai which carOlnad wlth bu6ble loading definas the "max irrum sol ids 

carry i ng capae 1 ty, • The i mpaet of bubb 1 a 1 oad i ng 01 the min i lIUT1 bubb 1 e 

size is also eonsidered. 

~ Œ SU8BL y flOW 

Oescr i pt,lon 

The moda 1 e01st i tutes two equat i O1S fer Ube 1 the re 1 at i va bubb 1 e 

to slurry velocity (or slip velocity> in a bubble swarml which must be 

sat 1 sf i ad si mu 1 tarvarus 1 y. (The mode 1 has been descr j bed in fu 1 1 

154 
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elsewhere) CYlanatos et al J 1987], 

Uba ( ~: + 
J.L 

(1 ) (1-(3 ) 

2 - m-1 
Ub.:::I 9 db (1-(g) <pb - pSL ) 

~'? ,1 8 }JSL (1 +0 , 1 5REg~ 687 ) 
(2) 

Eq.(1) is the definatlon of si ip veloclty ln counterourrent flow, and 

Eq.(2) is an adaptation of the partiele settl Ing equatlon due ta 

Masl iyah C1979J, and is appl icable up to db = 2 mm, The symbols are 

def-i ned 1 n the notat ion. 

Determinat im of Min Irrun Bubb 1 e Si ze 

The method of solution is il lustrated in Figure 1, for JI = 1.2 

1 
cm/s and JL = 0.5 cm/s (no sol Ids r:resent). The Ub. From Eq.(1) Is 

"\ 

plotted aga i nst Es:- The actua 1 Uba, E 8 çarb i nat 1 al depends on db. The 

Ub. From Eq.(2), therefore, is plottad against Es for various db. 

Where the two curvas 1 ntersect 9 i vas the Eg for that db. (There appear 

to be two solutiOïS but only the cne at lower E8 la P"lysically 

real isad> , rhus for db = 1.0 mm, Eg Is about 10i., for db ~ 0.6 mm, E. lB 

about 307.. There is no soluticn for db- < 0.6 mm. Thus at Jg .. 1.2 cm/s, 

..JL :::1 0.5 cm/SI the minirrun bubble size dbaun is about 0.6 mm. <r, 

eonversely at db = 0.6 1Tm, the maxirrun Js :::r 1.2 cm/s. 

\ 
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l 
The locus of dbmin for ~rlous Jg and JL calculatad ln th,s manner 

is shawn ln Figure 2. The result IS comparable ta that found by DobbV 

and F j nch (1986a) f.an a dr 1 ft-f 1 ux mode 1 ~of bubb 1 V fi ow. \ 

~perimental validation of the dbm1n est ,mate IS d,ff,cult. This 

is due to problems in accuratelv·determlnlng visual IV the transition 

from bubbly to churn-turbulent flow and the Inabll Ity to ind~dently 

manlpulate db and Jg (db Increases as Jg Increases). Figure 3 

il lustrates that Jgmax does decrease wlth increasing frather 

dosage i.e, decreasing bubble size. Bubble size was astimated 

photog-ap, i ca 1 1 V at 1 5 ppn frother concentrat i cri ta be about 1, 35 rrm. 

~t JI = 3,5 cm/s, JL = 0,5 cm/s, Eg = 327., the calculated db from the 

mode Ils aboot 1, 35 nm wh i ch i s qu i te cr ose ta Wle photogr::-a 

measur,ed bubble siza, Ho~ever, at Jg = 3,5 cm/s, JL = 0,5 cm/s, 

calculated dbm1n (as opposed ta db) from the mode 1 is 

appear ing at El = 537., 

SUPERF 1 CIAL BUBBLE SURF AŒ RATE 

The superficial bubble surface rate, JI., is the surface aree of 

bubb 1 Qg pel'" un i t t i me rnov i ng through the co 1 Lm"I per un j t co 1 um 

cross-section. It 15 derived as fol lowSI 

<3> 

) 
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'Mhere Qg i s the vO 1 umetr je f 1 ~ate of g8s and Nb i s the m .. nt)QI'" of 

bubbles per unit time. 

Therefore, the surface area rate i s 

/",,;ch en s~ for Nb becc:mes 
,. 

= 6 Qg 
db 

Dividing by the column cross-sectlonal .area l Ac glves 

or 

Jgs = 

JIS S 

-

69« 
db Ac 

6 JI 
db 

The maximum Jgs Is 

.J8SJIaX = 

L 

.,,/ 

(5 ~ 

(6 ) 

(7) 

Eq 0 (6) 15 pl ottad in Fï gure 40 'ri i thout "respect i ng the restr 1 ct i 01 

~ cri db 1 .Jgs calt i nues to i ncrease w i th dQCt"e8s i ng db. Howevar 1 mpos; ng 

157 
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dbm1n / Jgsmax actual Iy decreases wfth decreaslng db. 

CAARY 1 HG CP-? H: 1 TV Ca 

u 
8ubb 1 e Load i ng 

Assum i ng s~er i ca 1 part j c 1 es each occupy i.(1g dp2 of sp-,er 1 ca 1 
\ 
\ 

bubble surface CSzatkowski and Freyberger/ 1985J and that the maximum 

"-
158 

, ~ 

loading is SOi. of a monolayers [James01/ pers01al cc::mT1.Jnicati<n. 

1986]. then the mass of particles par bubble is/ 

(4) 

Threfore, the mass of sol ids per unit area of bubble is 

:1 -fi- dp pP 
1 

Th i s rn.J 1 t i pli Qd by ..J,s 9 j ves the mass of 50 1 i ds carr 1 ad per un i t t Une 

,pcif'" un j t co 1 um crosS-S&Ct 1 ~, or carry i ng cap&c i ty J c.. 1 

Ca • 11 ..JI dp nt. 
2 db ~r 

(8) 

Eq. (8) w i 1 1 be raf&rad to as carry i ng capac i ty coostra i nt 1 to 

distlnguish it fran a s&cc:nd possible coostraint coosidered belôw. The 

max i rrun in carry i ng capac j ty 1 CaJDaX J occurs at lb.in 1 



8ubb 1 e Dens i ey and dbœin 

Khowlng the mass of particles per bUbble.<Eq,(8», the mass per~ 
' ... 

bubb 1 e vo Il.JI1'Ie can be ca 1 cu 1 a ted, Assunl ng dp c'I( db, th 1 sis 'equ 1 va 1 ent 

to a bubble/particle aggregate density, pb 

> ,/ 

(11) 

The tcrm pb in Eq, (2) is nO"'mally takliJl"'\ as Z&ro. As pb Incraas., 
.. 

dbain i ncreases, ail other parameters ba j ng ca'lstant. Tha dbw.1n can 

be solved in a siminar manner to that descrlbed in Figura 1, An 

illustration is\given in Figure 5, The Interpretation Is that at pb ~ 

O. 56 SI cm3 , dbmi n at the g i ven cood i tiens 1 s 1 rrm. 1 n centrast fcr pb 

= 0, db.in is, abOJt ,0,6 nm (Figure 1), 
" 

8y comparing Eqs,(10) and (11), It Is evidant that 

f 
Eq. (12) Is carry Ing capacity cc:nstralnt 2. 

The tGnn pb j s sanei: 1 lI'lQ used as a maasure of carry 1 M$( capac 1 ty 

since lt is equivallirlt to the mass of sol Ids carrllild I*",unlt volune 

of gas. 
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RESLlTS 

& 

F' i gure 6 shows the carry i ng capac i, ty ca 1 cu 1 ated fran Eq. (10) 

.' ... 
(ccnstra 1 nt 1) and Eq. (12) (cO"lstra i nt 2). Ccnstra i nt 1 shows the 

. -
Increase in Ca with decrearlng db corresponding to the increase in Jgs 

Il 
(F' j gure 4). 1 n the obs~ce of constra i nt ;'2, the max 1 nun C~ax WOJ 1 d be 

at thlif 1 ntercept of CO"lstra i nt 1 'and the vert i ca 1 dashed 1 i ne (at db, = 
-1.18 rnn). AllOIVing fcr constra';'nt 21 the mininun db increÇlses 51 ightly 

~ 1 ch has the effeàt of sI i ght 1 Y reduc lOS the max i rrun CAmax • 
'~ 

Th i s rnethod of determ i ni ng Cauaax was repeatad fcr var i rus Jar at JL 

,. 1 cm! s. The resu 1 t 1 s 9 i ven in F' i ve 7. Ca..ax i spi otted as a 
" 

functlO1 of db, fer var/ws partlcle s/zes. Fer fine particles (dp< 10 
1 

lMTl) the opt 1 rn..m db 1 s between t - 1 • 6 nm. For coarser part ici es 1 the 

opt 1/1"l.Il1 appears to sh i ft to 1 arger, blbb 1 as 1 bubb 1 e si zes abave the 

range ccverad by the model. 

.. 
, 

( 

.. , 

, 
1 
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DISCUSSlœ t 

The mode 1 of bubb r y f 1 dw used here has' been ver 1 f i ad f CI""' the 

'2-J:i"lase gas-wa'ter systan by showing good agreement between estlmated 

and measured bubb 1 e SI ze CV 1 anatos, et al, 1987]. The mode 1 1 suse 

enab 1 es the exper i menta 1 1 Y mcre d 1 ff i cu 1 t 3-J:i"lase (gas-water-so 1 id) 
J 

system to be exp 1 crad . To make the so 1 ut Ion mere tractab 1 e, i t was 

assumed here that psL = 1 g/an3 and JjSL = 0.01 poise (i .e. as If thfire 

were no sol Ids in suspensien). The effect of sol Ids in susp"ènslen Is 

"to increase psL ,and ~SL whi~ hâve opposite effact~ on dbmin . 
,> 

The ana 1 ys i s revea 1 s an opt i rrun bubb 1 e si ze range fcr max i ml z 1 ng 

the, superficial bubble surface rat~. This ln turn leads to an optllTUTl 

range in db to maximize çaDW( 'NMich is si ightly modified by the effect 

of pP on (Hbmin • The deJ?S1denee of JgS, en db i s an ,unavoidab I~ \ 

1 i mi tat i on to the carry i ng capae i ty . 

Trans 1 at i ng Jgs to Ca 1 nvo 1 vas arguab 1 e assunpt i ons regard i ng 

"'-. 
loading of the bubble. No Justification of the ass~tlens used 18 

161 

offered hera, other than>'that they have beea. used esl ewt'lere, 
/\ ' 

Experimental verificatlcn of Camax is not feaJlble\ It can'(1ot be 1 
- " 

proved that the bubb 1 e has reached i ts max i rrum load ( El. g. 507. of a 
... ~ 

rI'lCI10 1 ayer aS assuned here) and i t i s not "i)oss i b 1 e to ho 1 d bubb 1 e s j ze 

at the dbœ1n fer the 9 i ven Jg. Measurement of Ca (as opposed to Caaax ) 

fer sP 1 ums i s bacon i ng i ncreas i ng carmen as the 1 1 m i tat l,en i t . ~ 

places on eapacity is gaining in aweèlaticn. Tabla 1 givas a Sf1t of 

results fer Ca fran Espinosa et al [1988J. The estimated Ca is ln 1 

/ ' 
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to 1 erab 1 e agreenment 9 1 ven ~e mea~red Ca 1 S for a co 1 urm W 1 th a 

froth zene and the proo 1 em of est i mat 1 ng dp (taken as 0.3 of the ciao 

of the co 1 1 ected part 1 c 1 ~) and db at the top of the froth (taken as'" 2 

d 

t 1 mas the bubb 1 e SI ze j n the co 1 1 ect 1 en zooe [y i anatos 1 • et ai, 1 986 J ) . 

The mcdel here is fer the collectloo zone, the froth zcne can be 

expected ta place added restr i ct 1 0'1 en carry j ng capae 1 ty Ca. 

The analysis has revealad that ft<:r dp ~ 10 }JIT1 (approximately dao :s; 

30 l-/m) the ~PtlrTl.Jm bubble size to maximise CAmax is 1 - 1.6 !Tm. This 

j"S simllar td the range famd by Ocbby and Finch (1986a) to maximise' 

the collectioo rate constant. this bubble size is readi Iy cbtamabl,e 

by the avai lable spargers and seems to obviate the need to design 

soP1l st 1 cated spargers W 1 th the target of p-oduc i ng db < 1 rrm •. 

There 1 s, however 1 a poss 1 b 1 e advantage w i th f i ner bubb 1 es not 

cons i dered here. As bubb 1 e si ze decreaSe5 1 bubb 1 e retent ion t i me in 
) 

• the co 1 1 ect 100 zone i ncreases. Thus the load en fi ner bubb 1 es may more 

close 1 y approach the max 1 mum (equ i 1 i br j un) 1 oad i ng. Tyurn 1 k9VB and 

Naumaov (1981) used the argument to exp 1 ai ned i ncreaSed carry 1 ng 

capac 1 ty YI i th f i ner bubb 1 es. Certa 1 n 1 yin any measurements of carry i ng 

capàc i ty YI i th bubb 1 e s 1 ZQ 1 " th 1 ski net i c factor rust be CCJ1S i dered . 
\ 

• 
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CEHQUSICNS l 

.J 1, A mode 1 of bubb 1 y f 1 ChI i s usee! te determ i ne the max i lTl..Jf1l 

, 
superf ici a 1 bubb 1 e surf'ace rata as a funct Ion of bubb 1 e si ze, Th 1 S 

9 i vas .an apt i rrum bubb 1 e s i ze of aboot 1 - 1,6 rrm, 

2. Uslng a mode 1 of bubble loadlng the ~alysis Is extended ta ,. 

determ i ne max i nun carry i ng capac i ty as a fi.Jnct j on of bubb 1 ao 51 1 za, F"er 

particl~ lass than 10}JTÏ, tha optirrun size Is 1 - 1.6 rTm) "fer largQr 

part je 1 as, the cpt i nun ~ubb 1 e si ze appears ta J ncraase, 

3. The bubble loading modal assumes that the bubble will hava 

suff ici ent retent i en t i ma in tha co 1 1 act j al Z01e ta reacH 1 ts --
equi 1 ibrium load. Retenticn time incr~ses as bubble size decreasQS, 

Î 

and th 1 s needs to be cens j derad in exper j menta 1 1 Y test 1 ng carry 1 ng 

capacity vs. bubble size. (' 

.. .,. 
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HOTATIOO 

è. carrying capacity, mass of sol Ids earrled per unlt,tlme 

per un j t co 1 unn cross-sect 1 cna 1 area, gl s . an2 cr gl min. c:m2 

Camax maximum earrying capaclty, the Ca value at the minimum 

bubb 1 e SI ze ail owed fer the 9 j ven operat 1 ng ecnd i toos 

db bubb 1 e di ameter, nm 

dbmin minimum bubble size allowed fer the giverl cooditons, rrm 

dp particle size, ~ 

dao SOr. passing size of a particle size distribution, ~(~-

9 acceleration due to gravit y, am/s2 

, Ji superf ici a 1 ve locI ty of j:t1ase i, cm! 5 

wnere 1 =g ( gas ), SL ( si urry ), L ( 1 i qu id) 

max irrum superf ieial gas velocity at dbmin ' anis 
, ~\ 1 

Jgs superficlal bubble surface rate, ~/s/~ 

JSSmax maximum superficial bubble surface rata at dbm1n 

·m parameter in Eq. (2) 
, 

Nb 

Qg vo h .. metr r e f 1 awrate of gas, am31 s 

REb. bubb 1 a RQYno r ds nuroer 

UbS si Ip velocity between bubbles and slurry, amis 

Es fraetional gas holdup 

pb bubble/particla aggregate density, 9/cm3 

pi densityof phase il' g/om3 
1 where i=p (particle), 

SL(slurry)~ L(I iquid) 

~SLJ}JI.. slurry, 1 iqu id viscos ity, poise 
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Table l 
/ 

• 
Comparison in Carrying Capacity 
Between Measu~ed and Sstimated 

-----------------------------------------------------~--~-----

Meas. Ca Consi:taint 1 

g/min/cm2 

PSI ' 

g/cm3 

dao (*), Jg Js 

um 
----------------------------------~---------------------------

'" 1.97 3.71 4.25 16 \ 2.9 1. 21 
r--... 

5.03 6.22 4.55 25 2.7 0.76 

1.28 1.35 4.11 6 2.8 0.70 

2.2'4 
.. 

2.47 4.11 .11 2.8 0.70 

2.'69 4. 08 4.98 15' 2.9 1.00 

3.75 6.24 6.73 11 2.6 1.10 

--------~-----------------------~----------~------------------

* . • 

". 

dP ....... • 0.3 X dao 

,' .. " ... '~.t ~;(J. .. , 

(80% passi'ng Bize) 

~~ .... 't ,. b~. 

• J . " 
__ ~ 1" 

.. --" ., .. 1 

.' 
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AP1}ENDIX~ H 

'i 
\, Computer program for the estimat}on of the 

m~ximum bybble/partic1e aggregate density 

. 
100 REM ESTIMATlOO OF THE MAXIMLM BUBSLE LOAD:::'~ 

,,/ 110 G = 980 
120 UL '" 0.01 
130 INPUT "ENTER nIE DENSIT'i OF SLURRY P[;:"iPL' 
140 INPUT" ENTER 'niE LIQUID VELOCIT'i VL (01/S)' VL=" i VL 
150, INPUT "ENTER THE BUBBLE SIZE (01) DB=";œ 
160 ·:tNPUT "ENTER THE GAS VELOCI'lY VG (CM/S)1<VG 
170 PRINT: PRINT : PRINT, .~ 

180 INPUT "PWl' STEP (0-2·70) =";D 
190 INPUT "PB STEP (0.01-0.1) =";W 
200 HCOLOR== 3 
210 K3R 
220 HPLOT 0,0 'lU 270,0 TC 270,150 TO O,lSg(TO 0,0 
230 HPLOT 0, 75 TO 270, 75 
240 FOR J ::: 1 'lU 100 
250 PB =, J * W 
269F FOR l ::: 1 'lU 270 STEP 0 
24'6 ex:; = l 'le 3 / 800 
28q GOSUB 1170 . .. 

1' ... , ,. 

290 us = 3 * US: us = 3 '" us 
300 IF US > 75 THEN US ::: 75 

." .. , ~ 

',. 
310 IF us > 75 mEN UB = 75 
320 FF '" us - UB ,.-
330 IF FF > 75 THEN FF = 75 ~ 

. ...' 
350 PRINT "US = "lUS / 3; TAB( 20);"UB =-", / 3". < 

340 HPLOT l, (75 - FF) ~ 
(J •• , -.(J.. .. 

360 PRINT"m =";EXi; TAB( 20);"PB~"JP8.;Ë{'~ •.•. "~. 'oJ/, # 4~ 
370 NEXT l . ~ 
380 INPUT "Sl'OP ? (1/0)";Q 
390 IF 0 :II 1 'J.'HDI Ga1'O 410 
400 NEXT J 
410 REM 'lliE SECANT METHOD .,. st 
420 INPUT "00 YOU.WANT TO sOLVE THE ROOT ? (1/0) ";A 

, " 430 ; If A = .(}·.~:'I!voo , 
.: - 440 INPUT" Em'ER THE FIRST 00-"; Z 1 
'. '~50 INPUT riENTER THE S~ ,EG=";Z2 

460 INPl1l''' mrER TIJE ESTIMATED MAXIMlM PB-"; PB 
470 Pa '\- PB + 0.0001 

\ 480 Xl ;; Zl:X2 • Zl * 0.9: GOSUB 640 
490 SI :li XN 
500 Xl '" Z2:X2 "" Z2 'le 1.1: GOSUB 640 
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1 

510 S2 = XN 
520 SS = ABS (51 - ?2) 
530 PRINT "Sl=";Sl; TAB('20);"S2="iS2 
540 IF S8'< 0.01 THEN Garo 570 • 550 K = K + l 
560 GOTO 470 
570 PRINT "5S= "iSS 
580 PRINT "PB= "i PB. 
590 PRINT "STEP ="; K tI 

600 PRINT Ir . 
610 INPUT "amER ROO'I'S ? (lJO..t" ;pp 
.~20 IF pp = l THEN Garo 440 ""-
630 END 
640 l = 1 
650 X = Xl 
660 GOSUB 1160 
670 Fl = F \ 
6,80 X = X2 , 
690 GOSUB 1160 
700 F2 = E' 
710 XN = (Xl * F2 - X2 * Fl) / (F2 - Fl) 
720 IF XN < 0 OR XN .> 1 THEN GOl'O 850 
730 PRINT" EXl=" ; XN 
740 PRINT "PB=" i PB 
750 X = XN 
760 GOSUB 1160 
770 F3 = F 

- 780 ID = AaS (F3) 
790 IF FD < lE - 6 THEN Garo 840 
800 IF l > 60 THEM Garo 880 
810 Xl = X2:X2 =. XN:Fl = E'2:E'2 = F3 
820 l == l + l 
830 GOTO 710 
840 RETURN 
850 PRINT "ro="iXN 
860 PRINT '''PB=niPB 
870 END 
88G PRINT ~"PLEASE cHECK INPl1l' DT\TA .. 
890 PRIN'!' "EX;=";XN 
900 PRINT "PB="; PB 
910 REM 'mE SECANT METHOD FOR M 
920 Ml = 2.2 
930 M2 = 0.9 * Ml 
940 ft! = Ml 
950 GOSUB 1110 
960 Tl = FM 

. 970 ft! = M2 
980 GOSUB 1110 .. 
990 T2 = FM 

-
1000 MN = (Ml * T2 - M2 * Tl) / (T2 - Tl) 
1010 M = MN "'-
1020 GOSUB 1110 
1030 T3 = FM 
1040 lE' ABS (T3) < lE - 6 THEN 00l'0 llOO 

c' • 
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1050 Ml :: M2 
1060 t;12 :: MN 
1070 Tl :::1 T2 
1080 T2 :: TJ.... 
1090 GOTO 1000 
11 00 RETURN " 
1110 RE = DB * US * PL * (1 - EG) / UL 
1120 CRE = US * DIJ * J)L /, (UL * (1 - -Ex:;) .. (M - 1» 

.. 1130;Z = 4.45 * CRE (- 0.1) 
1140 FM = Z - M 
1150 RETVRN, ' 
1160 EX:; = X 
1170 US = VG / EG + VL / (1 - EG) 
1180 GOSUB 920 

. '\
,1 

177 

1190 UB = G * DB .. 2 * (1 - EG) .. (M\- 1),* (PL - PB) / (18 * UL * (l, ~ .15 * RE ... 6E 
1200 XI = 1 + 0.55 * EG 
1210 US = ua / XI 
1220 F :: us - ua, 
1230 RETURN 

.. 

. \ 

( 


