
/ 

c 

COMPLETION OF CATEGORIES UND'ER CERTAIN LIMITS 

by 

'Carol V. MEYER 

.. 

A thesis submitted to the Faculty of Graduate Studies and Research 

in partial fulfilment of the requirements for the degree of . 

Doctot of Phi losophy 

Department of Mathematics' 

University McGil1 

Montreal 

© Carol V. Meyer, 1983 

" 

february 1983 

1 
• 1 

~ 

1 
( 
.' 



(: 

( 

,f) 

/ 

• 

ABSTRACT ' 

To complete a category Is to embed.it i~to a larger one which 16 closed _~ 

under 8'given type of limits (or col1mlts). A falrly cl~ssical construction 

.~ scheme,' in which the obje~ts of the new c~tegory are defined as "fprmal limits'" 

of diagréilms of the given one 1 is carried out in two specifie ,exampJes. 

In the case of the exact completion C of a fînitely complete catcgory' C t 

( 

Wfi! look at "formaI coequalizers" of equivalénce spans of C , which end up 

" 

being t'he quotients (in C) of the corresponding equivalence re~ation. The 

objects of C are henc'e objects of·C together with an equivalence span, and 

its morphisms are equi~alence classes of "compatible" mor.phisms of C. Thus 

~\const!ucted. C is an exact category whose structure i5 stu~ied in detail in 

Chapter T, as \.Je11 a,s the universal property it satisfies. 
) 

The second example i'S the category pro-C of pro-objects. or "formal 

cofiltered limits" of C. Its objects are cofiltered diagrams of C. but 

can be characterized in various ways. properties of pro-C are 

summarized 1 extended and uS'ed to lifç~ to 

'properti~s of C (Chapters II & III). 

orne regul~rity and exactness 

".i 

The category' of fini te sets is an interesting example: its' category of 

'i. 
pro-objects is equivale~t to the category of Stone spaces which.is not exact" 

but whose exact completion in the sense of [91is the cat'egory of compact 
-t 

Hausdorff spaces. 
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RESUME '. 
" 

Compléter une catégorie, c ~ est la plonger dans une ca~gor1e pl'us vaste 

qu~ est st~ble. sous un type de limites (ou colimites) dorlhé. Un m~e de COl)tJ'uc-

tion assez cla~sique par lequel ~es objets de la nouvelle ca.tégorie sont définis 

cOIIIIDe "lim!tes formelles" de diagrammes de l'ancienne, est développé ici dans. te. ,J. 

deux cas précis. - ~-

l' 

'. <.~, ,,, 
Dans le cas de la complétion exacte C 

, 

, 

d' une. thtégorie cartésienne (à' 

limites finies) C, il s' ag-it de " coégalisateurs formels" de pseudo-relations 

.d'éqt:ivalenc;e de C qui se révèlent êtz;e les quotients (dans C) de la relation 
, 

. d' êqui va?ence ëorrespondante. • Les objets,de C sont: donc des objets de . C· ,munis 

d'une pseudo-relati9u d'êquivalence et ses morphismes, des classes.d'équivalence 

de morphismes "compatibles" de C. Ainsi construite, C est une catégorie 

exacte dont la structure' est étudiée en détail au Chapitre l, ainsi que la proprlét 

u~iversel1e qu'elle satisfait. 

g, 

,Le deuxième exemple est la catégorie 'pro-C -des pro--obj ers ou "limi tes 

,cofiltrantes formelles" de C. Ses objets sont des diagrammes filtrants de C', 
~ 

mais péuvent être caractérisés de diverses façons; de même pour les morphismes . . 
[1 

Les propriétés connues}.de pro-C sont rassemblées. étendues étutilisees pour 

étepdre à pro-C certaines propriétés" de régularité et d'exactitude de C 'il 

(Chapitres Il & III). La catégorie 4es. ensembles finis est un example 

interessant: la categorie dé ses pro-objects est equivalente ~ la catégorie 

des espaces de Stone ,qui n'est pas exacte, mais dont la complétion exacte 

dans le sens de [9] est la catégorie des espaces compacts>. 
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PREFACE 

,~ 

The object of this thesis' 18 to present a detailed study of the essential 

-\ regularity and exactness properties of two t'ypes of category-completions: the 

l 
e:Jttact .completibn of a fin1fely complete (cartesian) categbry and the category o~ 

pro-abjects. 
r 

/. 

In the first example (Chapter 1), we construct a full extention C of a 
... 

g~ven cartesian category C and prove that C' i8 exact and has the required 

universal proper~y. The definition of C-:morphisms as equivalence classes of, 

"compatible" C-morphisms made it rather difficult to grasp the structure o'f C;" 

sa we were led to give a syst~matic description CÎif .limits, monos, regular epis 

For instance, we point out Detc. of C ustng the cartesian (structure of C 

and use the fact that eve;y cotutative q,iagr.am in C \_ gives rise~ to a diagràm 

in C which commutes modulo sorne equivalence span. The results of th±s. study 

confirm and clarify our original intuition that C is the category of "format 

quotients" of . C -
The basic definitions and properties df equivalence spans and compatible 

i 

morphisms in C are given in section 1. They leap to th~ definition of obj ects 

and"morphisms of C (s~ction 2). In section 3, we give an "extern~l'~ characte-
;' 

rizatioll of (fini te) limits in C , which sJlggest-s a wa-y of "creating" finite 

l'1.mits in C using Hnite limits in C Then, we use it to '~onstruct a 

terminal object and pull-backs in C 
. 

In a similar way, we can characterize monos and regular epis as "injections-

and surjections modulo sorne. equiva1ence span" byanàlogy with the category of 

sets (sectiort 4). The regular st;ructure of C i5 a direct consequence of t~e 

-vii .... 
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fact that (as" in sets) every morphislÎI f of C can be made into a mono by 

choosing the appropriate equivalence span on the domain of f (Le.: the largest 

" equivalence" span making f compatible). 

Finally, we give a construction of a saturated representative of a given 

subobject in C, less properly called saturated subobject (section 5). Then 

we ean characterize equivalenee relations in C and construct quotients in ç 

thfs proves that C is exact (section 6). 

The universal property of C follows from the "internaI chara-cterization 

of objects of C" (proposition 7.1) using diagram"(chasing techniques. 
o 

In the second examp1e (Chapters II & III), we study sorne structural properties 

of the categor'y of pro-:objects. This eategory has been partially studied by 

various authors who use the propertfes of the category pro~~ or its dual 

ind-C as tools for solving various problems in algcbra. algebraic topology. tupons 

theory and logie ([1] , [3J, [4], [10] and others). Sinee pro-objects have 

been previous1y studied and used, many of their elementary properties are fairly 

well-known, although itis usually difficult to find references for them. It is 

even more diffieult to find detailed proofs of these properties, especially when 

Chas no or very little additiona~ structure. 

The purp~se of Chapter II, a JUblished paper (reference [0] ), i8 to give 

an averview of the various equivalent definitions of the category pro-C (sections 

1 lit 2), and ta extend the "unifor~ approximation theorem" stated in [1] in two 

ways. 

" 

-yi.ii- ! 
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Il 



/ 

First, we show that if À ia a fini te loop-free ca tegory, there i6 an 

equivalence or categories hetween 
/}. Il 

(pro-C) and pro-C (section, 3) • 

Then, we prove that if Cart is the category of smalt .finite1y complete 

1:1 
categories and if Il is any Hnite category, then the endofunctors' (-) & 

À
OP 

(-) 

on Cart are adjoint. The generalized version of the uniform approximation theorem, 

where the 100p condition can be omitted provided Chas f·inite limits fo11ows 

as a corallary (section 4). Finally, a counterexample is given which shows that , 

without Hnite limits, the generalized version does not hold 0 (section 5). 

In chapter III, we use tlle uniform approximation theorem to lift sorne 

e:xactness and regularity properties from C to pro-C. In section l, we gi ve 

th~ well-known result that finite completeness (cocompleteness), can be lifted 

from C to pro"'C, This leads to the new (although quite ohvious) "approximation 

r,e;;ult" that every ffnite limiting cone in pro-C can he approxirnated by a 

cofiltered family of limiting cones of the same type ~n C (and dually). 

Then we look at unique-factorization systems M-E in C , 'and discover ~ 

that they can he lifted to a unique-factorization system pro-M- pro-E in pro-C 
~ ." 

in a unique and natura1 way (section 2). In section 3 we prove that the 

stabilit'y under pulling-back c,an he lifted from E to pro-E, and we get as 

(} 
corollary, the fairly well-known result. that if C i8 a regular category, sa 

is pro-C (no refe~e~ce is known for this result, but most elements of the praof 
""(t 

are implicitly prel3ent in [4J) . ... 
We finally look at the lifting of exactness; this fs shawn to work in the 

,/t,( r 
case of a category in which reflexive and symmetric relations are autornatically, ~f'" 

,"1" 

tran'sitive, and to fail in the general case. The proof of the lifting of 

-ix-
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( 

t 

exactness (qection 4) is a typical example of the use of tbe uniform approximafuon 

theorem in its' generalized form.:' we prove that .eve,~Y reflexive and symmetric, 
, 

relation in pro-C can be uniformly approximated by a c~filtered family of 

reflexive and symmetric spans (hence relations) in C. The exactné~s of 

pro-C 
. 

under tnese special conditions follows as an easy consequence. 

The counterexample of finite sets is fairly well-known, although no detailed 
, . ''-, 

proof of the equivalence between pro"':finite sets and Stone spaces iE? available 

in the literature. In section 5, we characteri:ze these two categories as the 

Fix-subcategories of an adjunction. between topological spaces and the opposite 

of the category of functors from finite sets to sets, which are known to be 

equivalent. Sa the category of pro-finite sets is not exact but can be completed 
q. , 

, 
using the aonstructian given in [9]: we get the category of compact Hausdorff 

À spaces. This fact which ends the thesis suggests that, erovided the two 

const,ructions can be internalized in a topC9S, an iqternal concept of compact 

Hj1usdorff space could be. defined given a concept of (internaI) finiteness • 

• 
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CHAPTER l 

1 

. ' 

'EXACT COMPLET ION OF A FINITELY COMPLETE CATEGGRY 

" 

" 
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.... \, 
0) '/ Introduction, . 

" ~ .. "il 

The purpo~e of this chapter le te prave the fo11owipg: ' 

Theorem: The forgetfub functor from the category Ex of exactèategories ta 

the category Cart of flnitely complete categories (sometimes called cartesian 

categor~es) has a 'left p~eudo-adjoint (i.e.: adjoint up to naturai isomorphis~) 

Equivalently: Given any finitely complete category C we can construet 

its exact completion C i.e. .~ category such that: 

1) Je ls an exact category • 
... 

2) There ls an inclusion functor J: cC 1" c ,'> which preserves and , 
'\.. 

Q 

reflec ts fini te limi ts . .-
/ 

3) Given any left-exact functor F: C , B where B' i8 an exac t 1 

, category there exists a unique (up tp natural isom~~phis~) exact \ 

... 
functor F such that 

F ~ FoJ: 

The prQO! of this theorem is constructive in the sense that the ~ategory C 

and tts exact structure i8 constructed step by step using finite limits in C, 

and F i8 constructed from, F in a.similar way •. 

These c;on~tr\JGt;i.ons are done .using a double "internal-extern~l" approach, 

where: 
... 

"internaI" means in terms of diagrams anel finite limits in C (or C) , and 

1 
J 

'! 

'! ". 



t 

·c 

/ . 

Cl 

0 

, .................. y -, ,. '" - ......... - ~. --. ~ 

" 

\.~'S 

--~-

-2-
\ 

l, 
~; 

"external" means in terms of morph~sms' from an arbitraty oblect X of 'C 

into a given C, which can be viewéd as, "X-elements" of C • 

So,"the internaI approach gives the forma! construction of .. 
,. '" C and of its 

strueture,.. and the.external one, gives an intuitive insight into IIwhat 

C looks like" which can otherwise be extremely messy. 

p/" 

For example, in section 2 we define C as the categfry of abjects of C 

(or C-objects) equipped with an equivalence span, and equivalence classes of 
. 

C-morphisms. Now, it results directly ,from the preliminaries of section 1 that 

"X-dements" of a \ C-object C (i.e.: C-morphisms X ----~I C) .. 
sre equivalence classes of "X-elements" of C • 

Hencé every abject of C canbe viewed as the quotient of an object of C 

by an (external~) equivalence relation. Although this fact l.s "internalized" and 

used in section'-7 only, it indicates intuitively that C is a natura! exact 

completion of C , and constitutes a guideline to the whole construction. 

" 

î 
So, this rather long and detailed construction serves the purpose of creating 1 . ,-- ~ ~ 

an appropriate machinery of definitions, l~mmas and propositions of the form 

"T.F.A.E." (thelt0llowing are equivalent), in order ta be able ta actually work 

in this category C and not merely show that "the construction works". 

In particular, it seems that the notion of "/Canonical subobject 11 defined 

by , J. Lambek in [5] èould be lifted from . C to C, which would give a more 

prec~se version of the Theorem'given "'"' above. 
1 

1 

l 
- ... ~4 

, 

~ 
! 

" 1 .... 

" '. , 
< 

.~. r . .. 
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1) Equivalence spans~ompatible morphisms in C: 
• 

a) Preliminarles: \ 

ProposUion 1.1: Given 'a paral1el pair of morphisms of C: A. ao 
1 

T.F.A.E.: 

(1) For ~ny object X of C, the rela~on defined in C(X,Ao) by: 

(U) 

~. 

Note: (T) 

f ...., g ~ ah: X ----+. ÂI S. t. f = ao h & g = al h 

1a an equivalence relation •. 
ao 

The diagram Al ---+: Ao can be completed into a simplidal 

. , 

" where .. A2 i!t the pull-bacl< of ao & al , ad & al being 

the projections, and whlch satisfies the relati~ns: 

(R) 

~5 
(T) 

ao S = SI S ::; 1 
'1 Ao 

ao ~ = al & al 't' = ao 

aoal = aoad 
al '\' = al 'al 
al aJ = ao81 (This square being a pull-back) .. 

can be expressed by the fol1owing commutative diagram: 

• 

.. 

1 
f 
J 

1 
. ! 

i 
l 

1 .. 

1 . 
'~ 



, 

" 

• 

, > 

-4-
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v 

Proof: - We are going to prove that 

a) Reflexivi~y in (i) ... - (R) ih (H) 

b) Symmetry 1n (i) * (S) in (11) 
, 

ci) Trans1tivity in (t) * (T) in (ii) 

a) Re flexiv1ty: 

If· - is reflexive, tpen for X = ft{) , we m~st have 1ft{) ..., lAo 

i.e.: as: &1 1 Al s.t. lAo:C ans = ais (R) 

... : Conversely if (R) holds, then fbr any X and any f: X ----+ &1 • 

we have: f = lA! = ansf = a~8f chenee, f"" f. Thus, "" i9 reflexive. 

b) ~ymmetry: 
1 ... , . If .... 1s symmetric, then for X = Al, ' we have an ,.., a), hence we ;1 

\ 

must have al s.t. al =·801' 

& 8.0' = al T (S) , 
.. : Conversaly if (S) holds an,d if f and g ~e morphisms 

x fIL such that 
~nu 

g 
f .... g l.e~ f = àoh & g == al h 

(for sorne h), then g = 8.0 Th & f = al Th hence g "" f 

Thus, "" _ 1s sYmmetric. 

c} ! Transitivit~: 

... : If is transitive, then for X = lb defined as the pull-back 

of 8.0 and al, f %:: aoad" g = al ad· = ao a1 and h = al al, .. 
we hav.e f .... g and g .... h therefore f h 

i.e. : 3 al,: A2 ' ~ Al such that ao~ = soal, & al al = al al 
0 ~ ... : Conversely, if (T) holds and if fi , f2 and fa: X 'Ao 

(T) 

verity fI ,... f2 and f2 "'" fa, i.e. for some ha & hi:' X =====*~ Al 

we have fI = ao ha 

... 

1 
.\ 
l 



Ct 
, 
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li , . 
Since A:z is the pull-bacl( of ao & 

there exists a ,(unique) 

Now, taking h2 ='alk we have: 

Thus fi - f3, and - is transitive. 

, 
Definition 1.2: Given an object ~ of C, an equiva1ence span 

on &J is such a pair of parallel maps: Al ao --="---+: Ao • 
al 

We will write: f _ 8 (mod Al) or ins teadt' of f 8 in the 

aboye sense •. 

Proposition 1. 3: Glven two objects ka & Ho, equipped with equivalence 
, 

• spans (A~, ao , al ) & (~1 ,bD ,bl) respectively and a morphism f: &J ~Bo , 

T.F.A.E.: , 
For any pair of parallel mornhisms: X 

go 
:&J . 

81 

\ 
(i) 

80 == 81 (mod Al) '* fgo - fgl (mod BI) 

There exists a morphism f' :\ Al 1 BI 

such that: bD D>' = fao & bl f'<:' = fal 

If 'we take X = Al' 

obviously ao == al (mod AI) therefore fao == fal (mod BI) 

x~ ~gL~.J!2 If go - gl (mod AI) there exista an h: X ---+AI 
gl . 

A ~~ such that: go = aoh ~ gl = al h 

l~':' If therefore fgo , = faoh = bof'h & fg l == faah = b l t:'h 

Bl~Bo 
b. Thus: f& E {gl (mod BI) " 

{ 

, j 
1 

1 
) 

, j 

1 

; 

1 

1 

l , 
1 
~ 
l , 
1 
1 
i 

.! 
" 

J 

1 
J 
~ 
t 

1. 
f 
j 

1 
1 



~ , ,. ,,-

{ 
• i 
; 
1 
1 , 
t 
~ 
l-

1 

! , 
i , 
• \ 

~ . 
f 

( 

.. 

.. ::. 

f " 

- - -- - ~ 

_ -6-. 
./. '\ 

\ 
.' 

. 
Definition 1.4: such a ~orph~sm is called, compa.tible witb' Al and Bl- • . 
Proposition 1. 5: Given Ac. and ,~wo 

P.o, T.F.A.E.: (Al ,ad ;al) 
. 

on 

o 
equivalence splfils (AI:8.o ,al) and 

qi) For any parallel pair of morphi~ms of C, f & g: X ===!' Ao , _ 
\ 

f == g (mod Al) ~ f _ g (moa Al) ' • 

(11) 'There ex~sts a morphism Ci,: AI' ~ Al 

(11' ) 

(H" ) 

such that: él(] = ao Ci A 8.0 'Ao 

.~Jr·1 
. , 

& al' = al Ci 

'aCI == al' (mod Ad 
," 

l~ i8 compatible with Al &~ Al • \../ Af 

Assuming (i), if we take X = Al', f = ad 
r 

& "8 = al sinee ad - at' (mod Al) we have aJ' f at' (mod Al) 
'. 

ex'ists ,an 
\ 

henee there Ci verifying ad = ao Ci, & al' ~ al Ci 

" , 
CV) _2.:.:.\..11-_: Assuming (H) , f ";;; g (mod Al) 

... ih : X--Al l l s. t.? f == aJh & g = al'h r 
f == g (mod Al) 

~s obvious by defini~ion. 

Note: The relation defined-by (i).or (ii) ls obviously a preorder relation 
\-,. 

~ ".J 

between equivalence spans on Ac. We will then write Al < Al, 

.' 
b) Properties of equivalence spans & compatible morphism: 

---------------------------------------------------~-

(1) The equivalence of morphisms is preserved by compos{~ion: 
, 1 

(i) on othe right by any morphism k.· 

1. e. : go == gl (mad Al ) => go k == go k. (rnad Al) 
• Il. " 

(ii) on the left by any eomp~ble morphism f. 

L-e.: ( 80 - &1 (mod Al) 8. f compatible with Al & BI] .. 

~ fgo == fg'! (mod BI) 
:

The identity morphism lAQ is comp'atible witn:any equ1valence span Al 

and itself. 

. , 

. 
; . 
.' 
~ 

! . 
i . ~ 

" 



" 

·.1 \ . ' 

. . 

) , .. 
~ . 

" l 
~' 
1 

" 

~ 
~ 

f. 
f (. 

1 
'r 

.' C ~ 

r 
~ 

l 

(3) 

(4) 

(5) 

(6) 

, 
• 1 
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C6mpatib~lity 18 closed under compoaition. 

i.e. : if f 1s compat1b~e' wi~h 

li' • {~} AI & BI ,and g is compatible with 

(gI) , Bl---+Bo 

JI ~lg 
gf BI & _ CI , then gf is compatible 

w!th Al & Cl • 
1 

" 

Cl===!: Co 
1 

FOl: any object ~ of C ," flA = (A, IA,IA) and (AxA," ,rr ') -where, 

1f & rr' are the proj ec tions 1 are two trivi'al equivalence spans on A, 
, , 

and satisfy for.any pair of paraI leI morphisms' f ,. g: X 'A: 

(:J.> 

(U) 

f == g (mod flA)' 
C 

f =:.g 

(mod AxA) 

Furtnermore, if Al is any equivalence span on A, we have: 
. 

AA < Al< AxA as shown in the foll~wing diagram where: 

ao~ = lA = al S , 50 that (1) comtn~te5 
A 

that (2) ~[~ 
A 8 _ 1 Al <ao.a? 'AxA 

'Ir< ao , al> = ao & 'Ir' < ao , a, > = a1 , 80 

commutes • . 
Hence ~~ __ i§_~1~i~~! __ ! __ ~~ __ ~~!!~~1 for this preorder. 

, 1 

If A1 & Al are two equivalence spans ?n ~ satisfying Âl< Al & Al< Al, 

th.en: . f :: g (mod Al) ~ f:: g (mod Al). Yet AI' & Al need not be 

i80morphic. We will then calI them ~Iequivalent". 

But if Al & Al are relations (i.e.: if <ao, al> & <ad, al> are .monos), 

then they are isomorphic. Thus: "< Il restricted to relations, 18 

an order relation. .1 

For a moprhism f,: ~-----+. Ho , if f i:s compatible with Al & BI 

then: ) 

(i) ~ is a1so compatible with any Al < Al" BI 

(U) f" 1s' dso compatible w!th AI and any Bl';>Bl. 

.. tt 

. ' 

., 

~~ 

:f 
. ,1 

1 
,J 
; 
~ 
~ 
1 
t 

~ 
j 

~ , 
4 
~ 
'{ 
~ 
J 
';; 

J 
'~ 
i 
1 . 
! 
i 
1 

i 

i 

1 
1 
~ 
; 

1 



" J 

l' 

.. 

, " 
~ 

(7) 

(8) 
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'5Q, "&iven f:' Ao----+' Bo , 

A
i. 

spans l, on Ao such tha t 

and Bi' the class of equ1valence 

i 
f is compatible ",,!th AI & BI 1s a 

lower class (property'6(i» that has a~1nimal element, namely ~A. 
\ 

It also has a maximal one, the "largest equivalénce span that ma~es 

. f comp,aÙble with BI '7, wh'1ch' 1s t}:le pull-back At' = (fxf)-l (BI) : 

or 
equivalently: 
A. 

{ 

where (2) is a "short-hand" for (1) ('''dl " means that the 

/ 
squares wit~ same index comm1ite and tha-t we have the corresl?ondidg 

'\, 

udiversai property. '\ole will call it 'a"joint pull-back"). 

Al is an equivalenc'e span because. (fxff
l
(-) is a left-exact fùnctor t -

and maximal by the pull-bàck property. 

This result can be'generalized to a finite number of morphlsms 

fi: Ao----t-' -+1 ~, i ,; l, ... ,n where each ~ ls equipped with a given 

i· equivalence span BI Then there ls an Ai which ls the largest 

equivalenc~ span that makes each fi compatible with Bf 
For this we Just have to take Al in the above diagram in which we 

replace: 

~~ 
by Btx~ x •••••• ~ P! bo b bd )( hg x •••••• x 

n 
bo. 

by Bl xB1 
n 

bl 

J Y ri 
bl )( ....... x br . BI x ••••••• x BI b bl x 

y 

f by < fI , f:h ......•• , fn> 

Note: Since < i8 only a preorder, the maximal element defined in -(7) & (8) 

is not unique as such, but Ails "canohical" in the sense tha t it ;i.s defined 

Î 
internally by a pull-bac-k, and therefore is unique (up to isomorphlsm). 

any,two such maximal, elements are equlvalent as in (5) • 

" ' 

.l· 
" 

(-

l 

1 
1 

1 
1 

1 
1 

t, 
1 

j 

l 

1 



, 

.. 

d 

" .. 

" 
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(9) 'If Al & BI are equivalence spana on ~ & 130 respectively, 

then Al x BI is an equivalence span on ~ x Bo satisfy1ng: 

, , 

oQ 

(i) <f ,g> =-<h,k>(mod AI x, BI) ~ f == h(mod Al) &. g == k(mod BI) 

(i1) 

9' 

for 'any pairs: f ,h:,X,,-, __ ~: Ao & g,k: X -.-__ ... : Bo • 
< i;\ 

"AI' x BI' .,.;;; AI x BI l. ~ AI' ~ fAI & BI' ~ BI 

for any other equivalence spans Al' & BI' on ~ & Bo respectively. 

(10) An eqdiValence span on ~ is a specïal type of span from ~ to 

. 

t: 

/ 

as defined in [6] and using the (abreviated) notations of [6J 
'\ 

p 

and our preorder relation (where Al> ~ BI is equivalent ta:' "there 
\ 

exists 'g morphism of spans 'from Al ta BI"), we have' for a span 
...... 

(A! ' ~, al) on ~ 
../' 

(R) ~ 
(h , 1 Ao "/1 ~ ) " (Al, ao, ad 

~ 

(S) ~ (Al, al, ,80) ~ (Al, ao, ad 

, (T) (Al = * Al, ao a<i. al aI ) : CO; (Ao ai>, ad ~ Al ,> 

It is also known ([6J, proposition 3.3)~that ,if C 
) + 

category, the image Al of a span On + 
~ is a relation and that 

~ . 
is a functor (in fact a reflector) from spans to relations qn ~ , 

hence a c~osure operation for our preorder. 

Sa, (R) & (S) are preserved by + , and so-D..~>(T) because using 

lennna 3.5 of [6J we have: 

b*A~ . <;; + + + + + + + 
Al '* (Al * Al ) <;; Al =+ _Il * AI <;; (Al * Al ) t:: 

+ +" t 

= 'Al * Ad CO; Al 

+ /Thus: If,)q ia an equivalence span on il\o then Al i8 à relation 

on Ao satisfying (R), (S)]y ct) 

'C[;J l (5.5». 

\ 
\ 

, 1 

hence an equivalence relation . 

l 
,,~ 

l 

1 

,. 

, 
1 
1 

1 
î • 

! 
j 
1 

i 
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';> 

, .... 
2) ~ Definition· of the Categorl C: 

! 

al .!-=':_~~_~:!~~=_~~!~':':;':_~~':~2~':!L~=!!~~ ___ E.!.!_=~_!~!!~!~-= 
(i) : Obj (Cl) = {A 1 A = (h ,Al ,ao, al) , where ~ E Obj CC) 

& (Al,ao ,al) ls an equivalence span on ~}. 

(:il) If A= (\,~) & B= (Ba ,BI) are objécts of C, then 

Çl (A, B) = {f E C (h ,Ba j 1 f i8 compfltible _with Al & BI } 

ls obvious1y a category wlth the Bame identities and composition 
'. 

as in because identities are compatible and compatibility is preserved 

by composition (properties'2 & 3). 

Note: Às above,_ we often write A= (Ao ,Al) , thus omitting to specify Sa & al, 

or even just A wh~n no confusion Is possible. 

(i) Obj(C) = Obj(Ct) 

(H) C(A,B) =C1(A,B)/= 'where B = (Ba ,BJ) 
i -BI 

i.e.: a morphism of. . ~C< (or C - morphlsm) ls an equlvalence class 

modulo BI of morphisms of C (~ey will ~ay~ be written (8 such) • 

Or f: (Ao ,Al) 1 (Bo ,BI) i a C - morphism f and on1y if 
o • 

f={g: Ac IBo 1 g is compatible wlth Al & BI 
\ -

.... 
C ls obviously a category because Cl 18 one, and because equality 

of morphisms in ,C is-preserved by composition (on either side, py a fixed 

( 
morphisme 

• 
i.e.: if f, go, &1 & h are C-morphlsms: 

• • • 
A 

f lB BQ 
: C 

11 ID 
4 

. gl \ 

1 

1 
'1 
1 

1· 
1 
1 

f' 
~ 

1 
J 
i 
1 

,: • I-

i 
l , 



f 
\ 

, 
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• • • A ~ -----.---' 
then: go f = g1 f & hgo == hg1 (property 1) 

c) ~_~~~E~!~~ __ ~_~~_~_~~~~_~~~~~~~~~!l: 
- ~tl (, 

'(i), For each object A of C, (A,t.A) i6 an abject_of C. 

(H) For each C-marphism f: A ~ B 

(*) f is compatible with t.A & t.B 

(**) f ={ f} because f == g (modb.B) ~ f = g 
"" 

Therefore {f} is a C-mo:r.phism: (A,t.A) , (B,t.B) and the 

functor J: C ---~ C i8 full and faithful 
" 
A~---+· ·(A,t.A) 

f 1-1 --~, {f} '. 

d) Conventions & Notations: 

(i) We will usually identify objècts & morphisms of C with 

their images in C. 
'J 

(ii) -We will denote C-morphisms by f or g etc •••• , thus 

emphasizing that they are equivalence classes of, C-morphisms. 

,; Then, given f, f will automatically denote an arbitrary 

representative of f. 

- '\ 

3) Limits in C: 

f: Co --+Ao a Ç-morphism, then T.F.A.E.: 

(i) f coequalize6 Co & Cl modulo Al • 
u 

(H) f i6 compatible wi th Cl & Al 

Proof: It obviously follow6 from the diagram: 

Al ___ .... : 110 ' 

1 
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d'"' 

Corollary 3.2: If(Co ,Cl) is an object of C, and Cl an equiva1ence span 

1 on Co s. t. Cl' .;; Cl , then (Co ,Cl) i8 the coequaIi~er of CO & Cl 
"1 

Co lCo 
Cl = (Cl ,6CI ) (Co ,Cl') 1 (Co ,Cl) . 1 el 

Proof': (i) Since Cl' lIiiô; Cl ICo is 1 " 
If 

compatible, therefore lCo '" (ÂIJ·.At ) 

is a C-morphism • 

(ii) Obviously Co= Cl (mod Cl ) , hence 1eo coequalizes Co & Cl 

(iii) If f (Co ,Cl') • (Ao ,Al) coequalizes Co & Cl (in C) , 

\, 
then ! : Co IÂIJ coequalizes Co & Cl (mod Al) (in C) . 

Therefore fi 18 compatible wi th Cl & Al , hence de fines 

a C-morphisu{ f (Co ,Cl )----------+(Ao ,Al) , which makes (1) obvious1y 

commutative. 

. 
Note that the two morphisms f and f in (1) are not actually egual, 

.. 
but satisfy f C f 

. 
i 

If (A )iEI 
.... 

is a Diagram of type l in C 

i i i 
(where A. = (AO ,Al) for, each i) , and L = (Lo ,LI) an object of C, 

as follows: 

(i) L lim Ai .with projections • L 1 Ai = Pi: 
~ iEI 

(H) (a) (In 
Pi 

14 
)iEI is an Al-cone in c, or cone modulo 

i 
Al=(Al ) iE l 

i. e. : 'la: i ---+) j in 

commutes modulo A~ 

o 

o 
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O(b) Pi is compatible with LI & Af for each i, and for any 

Âl-cone (X 
xi ~ i 

1\0)18 in C, 

there is an LI-unique morphism x: X 

i 
for each s. t.: x. == Pix (mod Al ) iEI: 

1. 

xl~i 
10 lAiJ 

Le.: if x': X ~1o a1so verifies xi == Pix ' (mod Ah ViEl 

then x == x' (mod LI) • 

(Hi) (a) 10 is the vertex of an Al -cone (as in (H) (a» . 

x. 1 i -
(b) . for any Al -cane (X ~ 1\0 ) i Er ' there is a t 1eas t a morphism 

i 
x: X '10 S.t. Xi == Pix (mod Al) for each i (as in 

(ii)(b) , except for Li. - uniqueness) • 

{c) LI is a largest equiva1ence span on 10 that makes the' 

Furthermore: 

projections Pi compatible. 

i 
if (A) i El is a fini te diagram, then we a1so 

have !!!!2_~_!!!2 

Proof: (i) q (ii) is obvious because (ii) is the expression of (i) in C, 
---------- ù ,\ 

in the particular case of canes having their vertex in C. 

~!!2_~ __ ~~2: We ,want ta prove that this restriction can ip fact be 
o i 

done without 10ss of generality.", , .• ' 

AS8uming (ii), 
f 

if [(Co ,Cl) _I:.=i---+I (AJ- ,Ah] i El is a cane in C, 

then [ (Co-i--+14) ] 
iEI 

there i8 an LI-unique f: 

each i in 1. . 

i8 an AI-cone in c. 
CO-----+I 4> S. t. 

Now since fi i8 compatible with Cl & Al-
i 

Co & Cl modulo Al 

\) 

Therefore by (ii)(b), 

for 

, f. coequalizes 
1. 



i 

r 
t, , ' 
'y' 
e, 

i; 
< 

1-r: 
d, 
tt' 

! 
"-

l' 
r 
f' " 

~t 
Il 
'~ 
y, , .' 
~ 
~ 
)1 
f. 
Il , 

è , 

t 

o' 
~.~~"*' J !<mfQ!!tï!t&b4P.,.,~ ... _....,....._......-. ..... ____ ~_-.~ J _ 

, 

• 

o 
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are 

At -equ1valent At -cones • 

Bence, there exists an LI-unique g 

1 
s.t.: Pig :: fico:: fici (m9d Ai) but 

1 . 
. since fi == Pif (mod AI) , we have: 

i 
P1g == Pi fco == Pi!el (mod Ai). 

',- But g 1s Lt-unique . So ,g == fCo == fCI (mod LI) 
;"""'" 

- Therefore f coeq"valiies Co & CI modulo Il) 
... 

- Therefore f 1s compatible with Cl & LI . 
Thus f 1s a C-morphism: (Co ,Cl) -----_t (10 , LI ) 

, 
such tha t Pif = fi for each i El ,and f 18 un1que -b.ecause·f i~ LI -unique. 

~ 

(!:!L~_1!!:!l: Assuming .. (ii) 

equivalence span on ~ that makes each Pi compatible: then Pi coequalizes 

" & ~l' modulo LI (Lemma 3.1): 

LI =::=====:!: Lo Therefore as above, (Pi1!d)iEI & (Pi~niEI 

'ar~qUiValent Al -cones, hence there 

,1s an LI-unique h: L{ ------tlo 
.- , 

-, i 
s. t. ' p/J;= P1h;;: Pi9.1 (mod Ai) 

II 

So by LI-uniqueness we have ~d == il (mod Ld which means that 'LI < Li , 

as desired .. 

Thus .Lt 'is ~ largest equivalence span çm 1.0 that makes the projections 

Pi \ compatible •. 

J' 

that there is at J,:east one morphism x: X --+Lo s.t~ 

" for each i. 



. 
} 
1 

f •• 

" a, 
-, 

t' 

~ 

1:-

~ 
" 

t 
'f c " 
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AlI we need to prove is that X lB in f act LI -unique. 

But if l Is fini te (Obj (I)={, 1,2 •• ' .• n }) , we can construct the 

canonica! 1argèst equivalence span LI' making the projections compatible. 

'" So LI is equivlllent to LI (LI' -<; LI for the sarne reason as in (11) .. (lii» • 
~ 

Hence, we only need to prove ~ha t x is LI' -uni,que because for any 

x' : X ---+, 10 , ~ x == x' (mod LI) x == x' {mod Ln . 

, , 

So let x' verify Pix' == Xi == Pi x (mod Ah for each 1. 

i.e.: li 1EI , li hi: X - ~i, s. t. Pix ' = a:hi & Pix = afhi 

hence taking 
t 

h ::::< br, .••• ,h > n 
we have: 

~ 

Ll=====:::! 
:::!J $ll 

< Pl , .••• ,p > n 

< Pl , ••••• ,P > x' = ao h n 

& < Pl , •.... ,P > x = al h 
n 

dl n 
where ao = ad x ••... xao 

& 
n 

al = al x ••••• xal 

A/X •••• xAr Sa 
1 Adx •..• x~ 
1 

al 

Bence there exists a (unique) k: X ----'·Ll 

B. t. : x' = RJk . & x = 1llk 

i.e. : x == x' (mod LI ) 
. 

Hence x is LI-unique therefore LI-unique witp the property that 

, . 
. . \ 

\ 

\ 

' .. 
j 
,f 

1 • 'l, 
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c) 

l 

(i) !~~!~~!_~~i~~!: If we look 

propositi'on 3.3 (which is equiva1ent to (i) 

lit condition (Ui) of , 

& (ii) in the fini te case) 

our terminal object T = (To ,Tl)' must satisfy: 

(a) nothing particular • 

" 
(b) Ta il'l non-empty; Le.: C(X,Tb):I:<p for every object X in' C. 

(c) Tl is the largest equiva1ence span on To 1. e.: 'Tl = To xTo ~ 

. 
This will be satisfied if for instance To = l (terminal object of C) 

and 

Bence: T = (1,1) i8 a terminal obj ect in C. 

Note: T can be defined in m~ny different ways (one for each non-empty 

object of C) • which give rise to many different isomorphic copies of T in C.: , 
But (1,1) 18 "canonical" because it 1s entire1y def~ned in terms of 

" 
limits in C. ~ ~. 

(11) Pull-backs: Given two C-morphism,s f & g with same ----------
-

codoma1ns, their pu11-baek D = (Do ,Dl) must satisfy (p'roposi tion 3.3 {iii» : 

(Ho ,BI) (a) fp == gq (mod Al) 

/~ 
D = (Do ,D.) (1) (Ao ,Ad 

i . e.: fp = Ba h & gq ~ al ~ for 

sorne h: ~--~-_, At 
o • 

~I" 't 1 

:k'e.: < fp, gq>:::<ao ,al> h 

~/ 
J - , 

.. i.e.: (fxg)< p,q> = <'80 ,al> li 

i.e. : (2) 1s commutative: 

<p,q> 
, 

Do 'Boxee, 

/ 

(h) ior a~ pair of C-morphisms 
- '~BO 

x & y: x ___ _ 
y ~Co 

{ (2) If,g 
<80 ,al> 

Al 'Aox ~ 
. 

. s.t.': fx == gy (mod Al) , i.e.: (fxg) <X,y>=<~ ,al> k 

there exists a 

, 
'j 
l 
1 
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(a) &J (b) will be satisfied if we choose Do, s. t. : 

(2) 'is a pull-back (then.f. ls unique satisfying < p ,q> .f.=<x,y>" 

(c) > I>J iB a largeBt equivalence span making the projections compatible, 

for instance the canonical one: 

Dt = « p , q > x < p , q > ) -1 (BI x Cl , ) 

Rence: (Do" Dl) is the pull-back of f & g in C. 

Note: Rere a1so the~. are possibly Many different abjects like Do sa tisfying 

(a) & (h) and equivalence spans like Dt satisfying (c.) , giving rise to 
, \ 
(' 

different isomorphic copies of the desired pull-back, but like the terminal 

abject, (Do,DI) iB "cananical" for similar reasons. 

(iH) 

So C i8 a category with Unite limits. 

It is ohvious that' if is a diagram in C, then: 

i 
L = l1mi El A in C 

i i A 

(L,bL) = limiEr (A ,6A ) in C. 

This is an immediat~ consequence of proposition 3.3 if we observe that: 

i'" , 
(i) equivalence modulo 6A in C coiincides ~ith equality in C, 

(ii) bA-cones in C wi th vertex in C coinc.ide with canes in C. 

(iii) bL-uniqueness in C coincides wi th uniqtieness in C. 

Conclusion: C is finitely complete and the inclusion funètor C ('---...... C 

-preserves & reflects aIl limits that exist in C. 

1 

1 . 
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4) The regu1ar structure of C: 

/ 

. ~ 

Proposition 4.1 (Chliracterization of Monos): If f: (&, ,Al )\---.... (Bo ,BI) is 

a morphism of C then T.F .A.E.: 

(i) f is a mono in C. . , 

. (H) for every pair ~f C-morphisms x,y: X --~. Ao 

fx == fy (mod B1 ) * X == Y (mod Al ) 

(iii) Al is a largest equiva1ence sp~n making f compatible, 

a 

Le.: Al i6 equivalent to Ai , the canonicallargest equivalence 

spa~aking f compatible (in the sense that Al< At' & At'.s;; Al) • 

. . 
Note: ... in (U) & (iii) f i8 any fixed, but arbitrarily ého~en 

representative of f, since if f == g (mod BI ), then obviously: 
, 

• 
(1i) for f ~ (U) for g .. 

Therefore in arder ta prove that f i6 a mono we will only need to 

prove (11) or" (Iii) for any one representative f of f. 

Proof: l!L=:-_l!!L: i8 trivial because (H) is the "exterital" expression 
,- t 
of (i) in the case of two morphisms x & y havlng thefr domains in C. 

i8 a1so obvioU8 becau8e in the definition of equality 

in C, only the equivalence span of the codomain is taken into consideration: 

, ' 

• 

for any pair of C-morphisms gl & g2 

f =======:: (li(, ,Al) ----=------+~ (Plo ,BI) 

(if) * (Hi) ; (*) Since f 18 compatible with Al & B·l t 

we mus t have: (by deUnition of An . 

- - -----------------

III. 

1 

1 
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r " 

(**) Since f is compatible with M & BI t 

f coequalizes ad & at'l modulo BI (lenuna 3.1): 
~ f 

AJ'===2.<=======::::::: Ao-------------t-J Bo ' 

hence by (H) 
at' 

with 
! 

x = At' x = ad & Y = al we have: 

1 
fad == fat' (mod BI) ... ad a a9 (mod Al) => Al <; Al 

(!!:!J. ____ i!!L: -It suffice~o prove that Al satisfies (11) because, 

if Al is equivalettt to Al and Al satisfies. (H) then: 

fx == fy (mod BI) '* x == y (mod At') "* x == y (mod· Al) • 
• l ' 

so we assume tha~ ~x == fy (mod BI) 

Le.: ~: X ---+) BI S.t. fx = boh \. fy'= br h as in the following diagram: 

then by the joint pull~ack property, 

f 

• Bi =====:::: Bo 
bl 

Corollary 4.2:Given two monos: 

m<n * :lIt: Be 'Co s.t. 

Proof: Il .. " 18 trivial because: --
m<n ... :!k: Bo ,Co S.t. 

there exists a (unique) k 

6 • t.: x = ad k & Y = al' k 

1. e.: x == y (mpd M ) 

(Bo ,BI ~ r-
.y,{Ao ,At) , 

(Co "Cl "J'f'; 

m == nt (mod Al) 

t i6 compatible with BI & Cl 

• 
" 

& m==nt 

Il <= ": we on\y need to prove that t 1s compatible lII1ith BI & CI. 

So let· x & y be C-morphisms: X --------+. Boo 
, 

then:· x· == y (mod BI) .... mx == my (mod Al) because m 1a compatible' 

.... otx = oty (mod Al) because m == nt (mod Al ) 

'* tx == ty (mod Cl) beduse n is a mono • 

" Bence t 1s compatible (proposition 1 - (ii» 

.., 1 

\ 
\ 
l 

\. 1. 

.. 

-- ~ -- ----~~~q< .. ~ --- ~ -~ .......... ~ ....... --.. --I-....... -------_·_---

. . 

1 

1· 

1 
i 
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, 
Conseq uence : Given an object· (Ba ,BI) of C,. every C-morphism f: Ao---+ • Bo ' 

can be made into aC-mono f: (Ao ,Al )}I----..... (Ba ,BI) by choosing as Al' 
, 

the canonical largest equivalence span·making f compatible. Renee f defines 

a (un~ue) sutob~ect (Ac! ,Al) )~--=f~_+ (Bo ,Bd in C. 
;/ .... 

Every subobjeet (Ao ,AJ ) )I-_m=-_ ..... (Ba ,BI) in C de termines 

a unique ~ -eq'uivalence class of C-morphisms into Bo , where two morphisms 
l •. 

are said to be Bt -equivalent if eaeh one factors through the other modulo BI 

F urthermore : This one-to-one correspondence·préserves the order relation 
16 

"factoring through". 

b) Factorization in C: -------------------
fi • 

Let f: (Ao ,Al )_-....:;;:f __ • (Bo , BI ) be a C-morphism 
... 

If Al=is the canonical largest equiva1ence span on Ao that makes 

f compatible, then, we have a trivia\ factorization of f: 

f 
. (Ao ,~l ) t (Bo • BI ) 

where f: (Ao .Al) - (Bo ,BI) is a 

.~/ mono (proposition 5) and lAJ (Ao ,Al )- (Ao ,Al) 

(Ao ,Al ) a regular epi (corollary 3.,2) 

Note: If we choose another representatlve g of f then we get another ' 

equivalence span Ali 
1 , but Ai .& Al' are, equivalent because if f == g (mod BI), , 

then f ls compatible with At" lx BI if and only if gis. therefore 

any largest ~quivalence span making g compatible ia a1so a largest one making f 

compatible. In that case, (Ao ,Al) & (Ao ,Al') are isomorphic. 

So, this factorization does not depend (up to isomorphism) on the 

~f representatives for f. 

We claim tha~ this factor~zation ls in fact unique but bef~re we prove 

uniqueness, we shall see sorne equivalent characterization of regular epis. 

". 
'1 
; 

·1 , 
f 
,; 

" ~ 
; 
r 
i 
i 

"1 
'~ 

r 
~ 

1 
t 

1 
,~ 

1 
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# " 

tJ l 

j Prqposition 4.3: for a C-morphism f: (Ao,Al) --, (Bo,Bd 
• . 

1'.F.A.E.: (i) f is a regular epi 

(ii) for any C-morphism y: X'---+· Bo there is , 
an x: X ---1-+. Ao s. t. fx == y (mod BI) 

C-morphism -' ~ ~ Ao (tii) there exist a 

s.t. fg==lBo(modBd 

(i v) f: (Ao ,An--'--'I (Ba , BI) 1s an isomorphism 

i.e. : f . ia equivalent ta lAc, (Ao ,Al) ----.... , (Ao ,At') 

Proof: Let f be a regular epl, coequalizer of P & q • 

After factorin~ we get the fol1owing ~iagram: 

We daim that (Ao,M) fs a1so a coequalizer of p & q, and therefore, 
" 

f: (Ao ,Al') ---~I(Bo ,BI) ls an isomorphisme 

Indeed, sincE!t· f: (Ao ,Al ) ---+t (Bo , BI ) i8 a mono we have: 
1 ... . . . ... . •• • fIJS = fp = fq = fl~ ~ III = 1~ • sa lAo coequalizes p & q • And if 

s: (Ac ,Al )----.-----+~ (Do ,Dl) coequalizes p & q there exists (a .. 
unique t: (Ho ,Bl) ---~ (Do ,Dl) 8. t. tf = s (outer trian'&lEi) .. 
Thus: ~ = tf: (h, ,At') ----+,(~ ,Dl} 18 thE: unique morphism s.t. s = hl

Ao 

ia obvious becauae we have proved that 1 AJ (ÎI{) .Al )- (Ao ,N.I ) 

18 a regular epi • (Corollary 3.2) 

c 

1 
1 

1 
i 

J 
j 

1 

1 
1 

J 

1 
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ig- a1so obvious by definition of 

f· , . (Ao ,Al )---+, (Be> ,BI) being an isomorphisme 

assume that g satisfies fg == IBo (mod BI) 

Claim: g i8 compatible with BI' & A\ , g . 
~, 

x Indeed, if x & y are C-morphisms: ~ 'Bo ~ X 
f· 

then X == y (mod BI ) .... fgx == fgy(mod 
Y 

Bd (because fg == IBo (mod BI» ... 
... gx == gy (mod Al') because f is 'a mono: (Ao ,An -----, (Bo ,BI) 

hence g is compatible with BI & Al, by proposition 1. 2 

,Thus: we have the fo!lowing diagram in C: 
g 

(~,An ~----------+I (80 ,Bd = B ... f 
with ,fg = lB and f is a monp 

. .... 
80 

... 
hence 

Thus f & g are inverse - of e~ch other, hence f i8 an isomorphism as c1aimed. 

is obvious because: 

(iil) i9 a particular case of (ii) with X = Ba & Y = IBo ' and 

tlfen g is the x: Bo----' Ao of (H), 

and given y: x:~----+~ 80 then x = gy .'where g is given in (iii» 

\ satisfies fx = fgy == lB5 = y (mod BI) in (ii). 
fi, 

Conclusion and remarks: We have successively proved that= 

(iv) .... (i), (iv) <'t (iii) and (Hi) ~ (ti) , hence the equivalence of a11 

theàe possible character1zations o:f regular epis. 
",,' 

Note that (ii) expresses that every object of C 1s projective in C, 

or that regular epis are surjections with respect ta C-indexed elements. , 

Also, (iv) expresses that every regular epi is equivalent to one of 

the forro lAo: (Ao ,A.), ---;:----, (Ao ,Al) • 

l' 
1 

j 
\ 
l-

I 
l 
j 

1 
\ 

l 
1 
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• 

. , 

Proposition 4.4: Every C-morphism f: (Ao ,Al ~I--_-~-_. (Bo ,BI) 

has a unique (up to isomorphis~) mono-regular-epi factorization. , 

Proof: 
--'-

As we have seen, f can be factored as: 

f ~ 
A = )<Ao,A}) .. /.(Bo ,Bi )'= B 

l~(Ao ,A~) = ImÛ):r f . . 
Now, if Af!t---.::;.e ___ ,,-+. l __ m=--_,+l B i8 ano~her mono-re.gular-epi 

.. 

factorization of :t , 0 then by (iv) of proposition 4.3. ê is equivalent to 
.. 

in the sense that there is an isomorphism <~ ,Al') ~ l (namely e) for sorne 

lAc ' 

equivalence span .t;.r 8uch that ~ = ;ii.o as in the following diagram (lower-left 

triangle) : 

(Ao ,Al 
f (Bo,B I ) 

~.A;J 
~. è~ 

l 

hence me:- (Ao ,Al') , (Ba, BI) 1s a mong ; 

hence ~ is a largest equivalence span making me compatible • 
• . . . ... 

But f = me = mel
Ao 

f == me (mod BI) 

A---- (Ao,Af)----+1 1------+, B 

So 

Therefore A~' is a largest equivalence span making f compatible • 

Menee A" 1 j'ls equivalent to A: , 
isomorphisme 

i.e. 
. ' 
lA: {Ao ' Al> '-""'., (Ao ,Ar> 

o 
i8 an 

J 
l 

J 

1 
1 

, 
1 
1 

·1 

1 
q 

1 
i ., 

1 

1 

< • 1 

.~ (Ao ,A:) which- -shows uniqueness (up to isomorphism)~ 
! 

We thus have: 

Proposition 4.5: Regular epis are stable. .. 
Proof: Since by (iy) of proposition 4.3,regular epis are equivalent to one 

of the ~orm lA-: (Ao ,Al) -----+. (Ao tA:) where ~ Al é; A; 
o 

" we only, need to 
1 

r 



, 

~ .. 
i 
k: 
l, 

f .., 
.j 

l 
c' 
:t 
i' 

Cl 
il' 
~'B 
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b 

prove that; the inverse images of those are regular epis. 
. 

So eonsider lAo : AijJ (Ao ,Al' • (Ao ,Al) = A' (where Al <; Al) 
, 

and let g: C = (Co ,Cl) 1 (Ao,Al) be an arbitrary C-morphism. 

Let us construct the pull-back D = (Do ,Dl) of lAo 8. g: 

So we waht to prove that: . . . 
-1 ) , 

,q = g (lAO' 18 a regular epi. 

From section 3-c we know that Do i6 construct~d as the 

pull-back (2) below and q ls the second co~pObent of the 
~ ~ 

firat projection: q = 1r '0< p,q > 

Now if we look at the two C-morphisms < g,1 > and g'" we have': 

f'" h 

Cl6 = co S = leo (proposition 1.1) and 

ad g' = geo & a1 g' = gCI (g is compatible) 

Renee <a&,a/>g'a=<adg's ,algs >= <geos,gCt s > 

(2) 
=< g,g>=(lxg)< g,lc > 
/', 0 

Al------· Aox Ao 
Renee there exists a (unique) h sueh that: <ad ,al> 

<p,q> h =<g,l> ) 
r 

in particular we have qh = leo hen~e qh E lc (mod Cl) • 
o· 

, .. 
Therefore, by (Hl) of propôsition 4.3, q f8 a reg,ular epimorphisJIl. 

,. 
Conclusion: C i8,8 finitely complete category with unique f~ctorizations and 

stable ~egular epis, '" hence C ls a regular 'category. 

1 

, , 

! 

1 

1 

î .. . 
j 

1 
j 
1 
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e) Canonical ImageR of C-morphisms: 
f 

If f 1a a C-morph1sm: A ----+, B , f has an image iI;l C bf the 
_ "~"I. _, .. n_ 

form (A,A'), whe~ A' can'~b~'~hosen to be A' = (f x f) -1 ( ÂB) which is an 

equi~alence relation on A, and in fact the equivalence relation 

defined by f (i.e. th~ kernel pair of f in C), as shown in the 

followin~ equivalent diagrams: 

ÂB -------+. B x B 
< 1,1 > 

Definition 4,6: If 

1 

1 
'1 

\ 1 f: A ---"r-'---+I B )-

, . 

A ---f::------+. B 

1s a C-morp~ism, and At its kernel 

pair, then (A,A') 16 called the Canonicai Imagé of~ f ( in C) 

) 

f 

o 

1 

1 
1 

1 
l 

1 

1 

i 

1 
1 
~ 

l ; 
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5) Saturated C-morphisms and subobjects in C: 

a) 

Proposition 5.1: 

T.F.A.E.: 

(i) 

.. 

Given (Ao ,AI) an obje~t of C and a C-morphism ~ S--1t(J 

For every pair of C-morphisms x & y: X -----, AcJ , 

1 
1 

1 
1 

[ x'= y (mod. Al) & x factors through S] .. y factors t:hrough S • Î 

(11' 
-1 

~Jpo: ao ~S) -----+, A.t-l----.... Ao factors through S , 

-1 
where 80 (S) & Po are ·defined by the pull-back: 

ql 

_l'~ 
ao (S~ •• S 

if the "straight" square lB defined . i.e. : 

Po to be a pull-back then there exists 

a ql such that the "rounded" square 

is commutafive. 

_1 ./ 
Take . X = ao (S) , x = 80 Po & Y = al Po, then x == y (mad Al ) 

by definition, x factors through S because 8opo =llqo (couunutativity of the 

"étraight ~quare") • Therefore y shou1d factor through S a1so: 

i f 1'1::-1 (S) S ,e. y = al Po = llqt or sorne 'Ql: -v ---, 

g'~1 __ ~ __ ~i): Let x & y: x-------+, Ao satisfy x == y (mad Al) 

i.e.: x = ao h & Y = al h for some h: X---...,IA1 , and x factor through S 

i.e.: x = UCl 

~ 

for sorne ex as in the following diagram, in which a11 the 

"straight" and "rounded" squares 

and triangles c;:ommute: 

So looking at the "straight" 

triangles, we have: 

x= INY (upper one) 

x= (lower one) 

d 

- -- ~. 
;0 t~ qo S~ "-. " 
l " 1 \ 

1 Po \~ = ql k 

\ ao \ 
\ 'Al 1 
\ 
\ 1 

1 
/ 

, 
1 

i 
,\ 
1 

1 
1 

! 
j 
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-1 
Renee there existe a (unique) k; X ..,-,----__ 1 ao (S) 

s. t. h = po k ( & Cb qo k). 

So, if we now look ·at the "rounded" square and triangle we have: 

y = al h = al Pok = llql k hence taking S = qt k , we have y = Ils 

Hence y factors through S ,arso. 

Definition 5.2: Such a C-morphism (S, l.1) will be called saturated for Al 
" 

or Al - sa turated. 

P'roposition 5";j: Given (Ao ,Al) everr C-morphism t: T -----+1 ArJ is 

Al -equivalent to an Al -saturated- one \.l S -'-----__+t Ao 

T .~ 1 S 

.~~; 
~ & (3 i. e.: there exis ts a pair of morphisms 

s.t.: tG: == lJ & Ils 

Proof: Looking at (H) of proposition 5.1, it i8 natural to take 
-1 

5 = ao (T) 

, p 
and lJ= al P where p i5 the proj ection S ----I-I Al as in the diagram below: 

(i) , 
, 

(S. Il) i8 satura ted -------------..... --- ....... 

Assume that: xay-

satisfy x == y (mod Al)' 

and x fac tors through s . 
,«1 • 

s.t. 

We first c1aim that x:: tqk (mod Al). 

Indeed ,x = alpk (~ tqk = aopk 

\ 
because the square ~J a pull-back • 

il 
/ 

1-
1 

\ 
'\ 
x 

1 

TherefOl"e , -bftransitivity we have: 

/ ' " x == y & x ==/tqk. (mod Al) hence 'Y == tqk (mod Al ) 

/ 

/ 

q 
IT .", S -------i' 

i.e.: :[ h: X -----1 Al s.t. y = al li & tqk = ao h 

t 

i 
1 
1 

1 
1 
! 

1 
1 

l 
1 
,~ 

1 
1 
! 
i 

! 
1 
l 
l 

1 
1 
l 
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\ 
Thus: sinee qk & h satlsfy t (qk) = SC) h, there exists a 

(unique) t: X ----+1 S s.t. h = pt & qk = qt 

80 Y = 8J. h = al pt.. Ji. 

Renee y f~ctors through S. 

(5,"'1l j 18 thus satu;rated : 

~~!_l.Û.,_~ __ .t!:.!.~L~!~ __ ~!.:~9ui~~i!:!!E 

Taking a = q:" S ----+1 T we iiave 11 = al P & tq = ao p by definition 

of (S ,11) ; hence li ~ tq = ta (mdd Al ) as req'1lired • 

For' S: T --~I S observ~ that if s is the ref1exivity morphism 

of Al (Le.: ao s = al s = lAo) , th en we have: 

ao st = 1110 t = tlT 

hence'by the pu11-baek property, 

there exists a (unique) P 

s. t. : st = pI3 

Sowehave t=aost & ll"3=aIP13 =at st(=IAi=t) 

~ t =' II 13 (mod At ) 

Conclusion: (S,ll) ls A1- saturated and Al-equivalent to (T,t) as requlred. 

Note: 

() 
1) We also have 'pS = t hence t factors through 5 exaetly 

(and not on1y modulo Al) • 

2)' We have a1so proven that qà = lT i.e. 

split mono & a a split epi in C. 

Def' ini tion 5 • 4 : We calI (S,ll) the ~-saturation of 
... 

Lemma 5.5: Given(Ac, ,t\) in C and two C-morphisms: 

x: X ---,------,ttflÀo and li: S ----.....,Itfl!,o ' 

cvf3 = l hence (3 ls a , T 

'(T, t) . 

is $aturated 

then: (x' factor's throtigh S modul~ Al)' .. (x factors through S (exactly) in C) 
," 

Proof: Assume that . x factors through S modulo Al ' 

i.e.: aa,: X ---~I 8 

diagral,l1: 

s.t. and construct the following 
t , 1 

1 
1 

1 
1 

! 
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,) 
Where: "(1) li qo = SOPo (pull-back) 

«S; li) ~s saturated) 

(ll a;;; x (mod Al ) ) 

(4) Ba k = u a ( ua == x (mod Al » 
but (4) .. l~ h S.t. (5) & (6) where: 

(5) qoh = ex 
, 

(6) Poh = k 

So: (3) & (6) & (2) .' 8lpoh = x =~qlh 

Thus x factors through (S,~) in C as required • 

Coro1lary 5.6: The Al-saturation (S,li) of a g1ven morphism (T,t) 1s the 

"smallest" ~ -saturated morphism through which t factors. , 
l 

Proof: If (S', li') 1s another saturated morph1sm through which T factors 

then we have: 

li = t Cl (mod Al) 8. t = li' a 

sa, II _ li' 6" a (mod Al) 

hence., aince p factors through ~' 

modulo Al, and S' ie 8aturated~ 

\..1 factors through S' exactly. 

1 

Note; Here a1so (like in sett!on 2), sinee "f-&:toring through" i8 only a 
, 1 

preorder, the "smal1est" Al-saturated morphism through 1thich t fac.tors 

is not u~ as such, but the À1 -saturation of t 1s ·"canonical" becausEl 

it ia defined as a pull-back in C . 

, " 

, 
, 

" 

j 
l 

~ 

\ 
,j 
" 
a 
'" 
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Corollary 5.7; If two C-morphisms are ~-equivalent, their , 
respective Al-saturations are equivalent (i.e. each one factors 

l' through the other exactly) • 

Proof: Ob~ious because At-equivalence between saturated morphisms 

implies (~xact) equivalence. 

b) 

.... , 
Let f: (Co, Ct) ----+1 (Ao ,At) be aC-mono (we can assume that 

~, ls the canonieal largest equivalence span ~aki~g f'compatible) , and 

let (50, cp) he the At-saturatfon of f (where f 15 a fixed b~t arhitrary 
1 

representative of f) • cp can,be made: into a C-mono cp : (So ,St)- (Ao ,At) 

by choosing the appropr~~te (canonieal) St. 

Proposition5.8:C=,(Co,>CI) and S= (SO,SI) are isomorphie in C. , 

(hence define the same suhobj ect of ,(Ao ;Ad). 

Proof: We know (proposition 5.3) that there exi~ts a pairs of , 

C-morphisms a & ~ s,. t. f = Cj1S & cp == fa (m6.d At) 

S~Co o a 
,~ 

.... . 
Sa first observe that C{ & P are compatible qeeause 

" 

f g • , cp are C-monos: 

(i) Given 'x & y: ,X-,----: Co, we have: 

x == y (mocÎ Cl) ... fx ==_ fy (mod Ât) ( f 18 compatible) 

, . 
... ~x == ~y (mod Si) (~ls a 'mono) 

(11) Given JI: &'y: i- ; So , we have: 

x== y (mod 51) .... cpx == cp y (mod Al) ( cp i8 -compatible) 
\ 

.... fÇ(x == fay (mod Al)' (-cp ==f a (mod Al» 
, . .. ax ==Cly (mod Cl i (f 15 a mono) ,. 

\ 

, 
J 

i 
~ 
1 , 
, , 
1 
" 

1 
1 

i 
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'" . 
Secondly we.have: in C because f = I9fJ & IP;: fa (mod AJ ) 
\. 

Therefore sinee f & ~ a~e monos: --le = .afJ 

Thus are isomorphisms, so e ~ S as required. . . 
Definition 5.8: 

... 
a) Given an object (Ao ,Al) of C, a saturated suhobject 

• (S, II ) of CAo ,Al) 1s a C-mono . S = (50' SI ) 1 (Ao ,Al) II . 
such that: 

(i) (So ,ll) i8 an ~ -satarated C-morph1sm . 
(li) SI' is the canoniea1 largest equivalence span making 

lJ compatible. 

d 
b) Given a C-morphism f: (Co ,Cl) 1 (Ao ,Al) a saturated 

image l of f 18 a saturated subobject (la ,Il) - (Ao.,Al) 

of (Ao ,Al) in whieh 10 i8 the saturation of a 

representative of f 

Conclusion: If we summerize the definition ând properties of saturated 

C-morph1$ms and subobjects in C we get the fo11owing: 

Proposition 5.10: 

1) Every subobject in C cao be represented by a saturated one 

(the saturation of a representative m, of a mono m that 

represents it with the 

2) If (S,ll) '& (S', Il') 

object (of C) then: 

appropr,ate equiva1ence span). 

are saturated subobjects of the 

s .:; S' (in C) * II factors through SJ (in C) 
... 

same 

3) Equivalent (i,e, isomorphic) subo~jects (in C) are represented 

by equivalent (but not isomorphic!) saturated C-morphisms • 

l • , 
1 
,j , 
; 
i ... 

-i 
1 
f 
1 
f 

, 
1 0 

! 

1 

\ 

1 . 
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.J • 

. 8 Thus -' the correspondance between subobjects of (Ào,AI) (1n C) , and 

their saturated representations ( viewed as C-morphisms) 18 a one-to-one 

arder preBerv1n~ correspondance betwJen: 

(i) ,-' 8ubobj e~s of (Ao ,Al) , 

and (ii)' equivalence classes of saturated C-morphisms into Ao 
( 

... 

1 

, 
~;~ 
'l ,. 
" 

<li 

.. 

. 
G 



1 

:i 

t 

1 

.... 
6) Quotients in C: . -

. ,. 
a) Equivalence relations in C: ------------------j-------- ,. 

An equivalence relatibn (S,PO,PI) on A = (Ao,AI) in C can 

be defined as an equivalence span such that < ~O,~l> 
\ 

is a , 

C-mono: S >~---""I AX Â 
,./ 

or equivalently, as a subobject of AxA such that 
. .... ,. 

for any object C of C, C (C,S) ~,.--.-----I C(C,A) x C(C,A) ls an 

equiva1ence relation (in sets) ( [4], l (5.5». 

But, as we have seen previously every subobject çan be represented 

by a saturated 9ne (proposition 5.10). We then have: 

Proposition 6.1: • • 
If <lIo ,~l> S=(So,St} ----..... AxA is a saturated 

G 

subobject, th en T.F.A.E.: 
,. 

(i) (8, Po f Pl) iB ~an equiva1ence rêlation on A in C • 
... 

(ii) (SO,~O,PI) iB an equivalence s~an-on Ao in C 

... 
Proof (!2 __ ~ __ ~!!2: If S is an equivalence re1dtion (in C) , then 

... ... ... 
for any object C, of C, C (C,S) 1 C (C,A) x 

~ 
equivalence relation in sets ~hich we will note 

... 
C (C,A) ia an 

" ,.t, " Bllt if we 

take C = X an Qbject of C, .t. dehnêB a new equ1valence relation C 

on ,C(X,Ao~ as follows: 

given x & y: X -----..... 'Ao, . . . ..... 
x .... y'" x "''Y '* <x,y> factors through S in C (1) 

.. <x,y> f.actors through Somodulo Al x Al ,(2) 

But since <!Jo ,]Jt > 1s a saturated C-morphism: 

(2) .. < x,y > factors through ~ exactly (3) 

~: x "" y .. < x,y > factors ·through So , 

, 
" t. 

,f 
,r. 

1 
~ 
1 

l 
J 

!, 
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Sa by proposition 1.1 and by definltion 1.2 , 

(So ,\Jo, \JI ) lS an equivalence span on AD (in C), and 

x == y (modulo 50) x ...., y • 

• 
Now , since ..t.. 18 reflexive,we have for any x & y: X IAo 

1 

x == y rS~odulo At) x-y 

x == y (modulo 50) 

Hence by proposition 1.5: 
ô 

If (So,lJO,lJI) is an equiva1ence span on Ao 

s.t. then for any object X of C, the relation ~ defined 

on C(X,A) by: 

x == y (mod So) is an equiva1ence relation 

(Note that ~ i8 well defined and reflexive because At <; So) and 

we have for any pair of C-morphisms , x & y: X lA.> 

x == y (mod So) * (3) <=> (2) <=> (1) -<=> Y .:.. Y as above 
.... ... 

Hence for any obj ect X of C, C(X,S)'> 1 C(X,A) x C(X,A) i9 

of) an equivale~ce relation in Sets. 

~ ~ 
Now if C = (~,~I) .is rn arbitrary object 0: C, we claim that: 

f - g * < f,g > factors through ~ in C 

~ < f,g > factors through So in C 

Le. ! f == g (modulo So) 

(1' ) 

(3') 

(the graph 

i!e.: we have the same situation as above «1) .. (3» but this time 

for compatible C-morphisms, f & g , and therefore, that ~ i8 an 
.... ... 

equ~valence r~lation on C(C,A) C C(Co ,A) as above. 

Proof of claim: (1') (3') is trivial. 

(3')' ... (1' ) : -------------- Suppose that < f,g > factors through So 

i. e. : lIa: CO----+I So s.t. 

AlI we have to prove is that ~ ls compatible with CI& SI. 

" 

1 

1 
~ 

1 
" f 

\' 
~ 

1 
l 
;~ 

i , 
1 

j 

1 
1 
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But si~ce S 1s a saturated subobject, .SI 1s the largest equivalence 

span on So making <llo ,lll> compatible. So we have the 'diagram below 

, 
" " 

Cl 

,() . 
" 
~SI----~S~o------~ 

dl 

, 

< f, g > == < ~o , ~1 > a 

< f,g >co = (ao)( ao)< f' ,gr> 

& < f,g >Cl = (al)( a1)< fI ,gr> 

(because f&g are comp"atible) 

So <J.'o ,\.11> (aco) = (ao x 80) < f',g'> 

Renee by the joint pull-back property, there exists a (unique) a , : Cl-SI 

such that a Co = Boa' & ac) = s) (), (upper parallelogram commutes) 

50 a is compatible, and a 1s a C-morphism C -----+, 5 

such that <f,g> = <po ,ill> a (1') • 

Definitio~ 6.2: We will calI such a subobject, a saturated equivalence 

relation (keeping in mind that every equivalence relation can be assumed 

to be saturated). 
iii 

... 
b) 2~~~!!~~!!~~_~!_g~~!!~~!!_!~ __ f: 

Given a s"aturated equivalence relation S = (So ,SI) on A = (Ao ,Al), 

we know that S is an equivalence span on Ao (in C) such that Al < So • .. 
Therefore (Ao, So) i8 an object of C, and lAA (Ao,Al)------+· (Ao,So) .. ~ 

a C-morphism. We claim that (Ao,SoJ i8 the quotient of A by S in C, 

and hence that S 18 effective: 

proposition 6.3: If S= (SO,SI) is a 8aturated equ1valence relation on 
\ 

A = (Ao~Al) , then the follo~ing diagram i8 an exac~ sequence: 

\.10 1 lAo 
(SO,SI)-------+1 "(Ao,Al)---~-_t (AotSo)-

\ 
1 

"1 1 
1 

i 

l 

1 

1 
1 
J 

1 

1 



" 

" 

, 
~ 

t 
f 
t' 
t-,~ 
~t 

~ 
j? 
!t' 
~ , e " , 
k 
~ 

t-.. r:, 
~ 

r 
~~ 

l 

Le.: (1) 

(11) 

Proof: (i) , 
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o 

1
Ao 

18 the coequalizer of llo & 111 

(80 ,SI). is the kernel pair of lAo' 

is similar to Corollary 3.2: 
... 

That (Ao ,So) is 'an abject of C, and lAo a C-morphism results 

from Proposition. 6.1 as previously remarked; and lAo llo = 1 Ao)JI 

1. e. : ilo == il 1 (mod 50) i8 trivial. 

Naw if f: (~,AI )---__+1 (Co ,Cl) coequalizes ~o & ~I 

then f caequalizes llo & 111 mad CI hence, by 1emma 3.1 app1ied ta 

(Ao,So) & (Cet ,Cl) , fis compatib1ewith So & Ch 
.. ... 

So, f 
~ 

is a C-morphism (Ao ,So )---~I (Co ,CI) such that 

and i8 obv10u~1~ unique with that property. 

(1i) Using the characteriz~tionof a kernel pair given in proposition 

3.3 (iii), we have: 

(a) 1 Ao llo == lAo III (mod So) (as in (i» 

-Cb) Given an abject X of C and two C-morphisms , 

x & y: X ----'Ao, 

1
Ao

":: lAo Y (mod So) .. ah: X • So S.t. x = lloh & Y = 1Ilh 

.. ah: X ---++ So s. t • x == lIO h & Y == 1I1 h (mod AI) 

" 

Cc) Since SI,is the canonical largest equivalence span on 

So making <'\lo ,1.11> compatible (with AI x Al) , and <1I0 ,lll> compatible with 

* '\.10& lllcompatible with Al. SI is a largest equivalence span 

making Jbe projections '\.10& )JI compatible. 
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, 
Thus: Conditions (iil) of proposition 3.3 h" satisfied. 

Hence (50 ,1I0 ,1I1 i is the kernel pair of lAJ (Ao ,Al) ---+1 (Ao ,50) 

which i8 the coequalizer of ).lo & Pl 

![" (Ao,So) i8 the quotient of A by S • 

Conc~usion: Since every equivalence relation in C is equivalent to a 
• 

saturated one 5' which always has a quotient AIs = (Ao,50) t we have: 

Corollary 6.4: Every equivalence relation in C 18 effective. 

i.e. : C 18 an exact category. 
, ( 

" 

-f. 

1 
'j 

1 

1 
l 
1 
1 

! 

~ •• ..J.'~_"lt_, _____ • __________ .,-- - ~ ~ ... - --

... fi .. II. L VPl -
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7) Universal property of the category C: 

. 
Given a lait-exact functor F: C -----+1 B , where B is 

an exact category, we want to prove that there exists ~ urtique (up to 
• 

isom orphism) exact functor F: C ---+1 B , such that: F = FOJ where 

J is the (left-exact) incl~sion functor: J: C 

.... 
Lemma 7.1: Every object (Ao,A,) of C is the quotient of ~ by the 

canonical image (Al ,Al) of < ao ,a2> (Definition 4.6) 
• ! 

Le. : The "horizontal".part of the following diagram (1) is an exact sequence. 

• 
Proof: From corallary 3~, we know that (Ao,A,) is the coequa1izer of 

ao & a2 : A,===::: Ao, hence also of ao & a, : (Al ;Al) ==:Ao, because 

lA, ia a (regular) epi. 

So, we only need to prove tha t (A, ,Al') ===:::::;: Ao is the kernel 

pair of lAo: Ao---....... • (Ao ,Al)' 
tl 

For that, let us verify the condition (11i) of proposition 3.3 

" (a) lAo ~ = lAo 8'l *' ao == al (mod Al) which is trivial 

(b) If x & y X 'Ao are C-morphisms then: 
, ' 

lAo x E lAo Y .. XE Y (mod Al) .. 
, 1 

X = aoh & Y = at h 
~ . 
. (c) Al 1s the (canonical) largest equivalence .span making ao & a, 

c~mpatible (section 4 -e). 
o 

-1 

i 
1 

l 

1 



, , 
~' , 

'~.~ . 

, 

, 
{ 

o 
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.. 
,. 

50 (Al ,Al) is the kernel pair of lAo; Ao 

coequalizer of ao & al : (Al ,Al') ---+ Ao • 

--, .... '1 (Ao ,Al) which 1s' the 

-

Therefore (Ao ,Al) i8 the q~otient of Ao by the (canonical) image of its 

equi valence span (Al ,Ba ,al) • 

... 
Civen the left-exact func,tor' F: C ---+~ B, we want F to 'be an 

... 
exact extentlon .?f F to C i.e.: 

(i) F (A) = F (A) for every abject A of C 

(ii) F (f) = F (f) for every C-morphism f 

(iii) F preserves a~l fini te limits 

-nCiv) F preserves monos and regula;r epis 

Therefore: 

(v) F preserves quotients i.e. exact sequences 
... 

50 wè have: 

Lemma 7.2: If F exists, it is unique1y defined on objects by: 

F{Ao ,Ai ) = FAo lIA ' where h = lm F < Ba ,al > 
~~- . 

Proof: From lemma -7.1, we know that: (Ao ,Ad = Ao / (At .At') == Ao /Im < ao, 

But 

(v) 

Çiv) 

(i) 

(ii) 

.... 
F (Ao ,Al) = FAo /F(Im < ao ,al» 
~ .... 
F (lm < ao ,al » := lm F<ao ,al> 

FAo = FAo 

\ 

81 > 

'1 
A 

l 
1 
J 

1 
J 

1 
J 
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1 

\? ' Corollary 7.3: F (Ao, Al) ia (also) the coequalizer of Fao & Fal, 
, 

and, F (~Ao) is the proj ection PA as in the dia~ram (2) below, image 

\,\" (1) by F: 

FAI Fao 1 FAo 

FciA~IX 
1, A 

... , PA = F(lM 
---=~---==----HF (Ao ,At ) 

1 

6h , 
'" B 

(2) 
1 , , 

... 
Proof: q F (Ao ,Al) i8 the coeq;talizer of 00 & al (wh:Lch equal 'p(so) & F.(al ') 

, '" 
respectively), witp PA as proj~ction. 

So, if f: FAo ----+t B is a B-morphism,' then 

.. 31: F(Ao ,Ad----· B s.t. f = hp~ • 

Lemma 7.4: If F exista and f~ (Ao ,Al) ----_t (Bo ,BI)- i8 

a C-morphism, then F (f) i8 the unique morphism making the diagram (3) 

below commutative: 

PA ... 

~F~ 
•• F(Ao ',At ) 

1 
1 ,. • 

", 

PB 
1 F: (f) (3) 

... ~ 

: FBo fit 
•• i'(Bo ,BI) 

FAt===F::éll!=====::: 

1 
Fa! 

Ff' 

FBl----~F~b~o--------_+ 
Fb! 

~ ) . 
F,urthermore F(f) do es not depend on the chotce of the repre8entative 

f of f • 

Proof: (i) (3) is the image by F of the following diagram: 

'i 
Al aD Ao 

Ao • (Ao ,Al) , fIl al 

lf lf 
bD ~ lBo 

BJ BeY '" 
• (Bo ,BJ ) 

'- ' 

~, bl 
" 
" 

;; 

-=-- ., 

i , 

\ 

1 
~ 

, 
l, , 

, 
1 
1 

1 

\ 
Il 

\ 

1 
.1 
:~ 
~ 
j 
Il , 
1 

1 

1 



a 
) . 

. ' 
,l' 

~, 
:If 'c 

, ~ 
.! 

Il'.," ., 
.. /tl 

if" 
> ' ., 
f~' 

'. C> 

~~~ 
) ~ .. 

)~' 
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(ii) But we also know from corollary 7.3 that the two 

horizontal subdiagrams 
( 

of (3) are coequalizers • 

... . 
~ there exists a unique F(f) making the righ~ square f (3) 

'conunuta tive. 

Furthermore, if g 
.. 

i8 another representative of .f ,-then 

"f = bo h & g = bl h for some h: AcJ ------+1 BI 

Sa f and g determine the same· Fef) • 

\. 

\ 

Conclusion: F Is uniquel:y: determined" on objects and morphi ms, and 

, therefore, using the characterizations given in Lemmas 7.2 & 7.4 as definttion, , 

.. 

F preserves identities and 'composition. 

Thus: 

c) 

... 
F ls a. functor: .. c ------+'8 S.t. f = FoJ 

Exactness properties of F: 1--------------------------
Lemma 7.5: E preserves products. 

i ... 
Giventwoobjepts (AcJ,AI) & (Bo,BI) of C, wehave: Proof: ------

(AcJ ,Al) .: (Ba ,BI) = (Ao;Bo, Al xBI ), and < ao xbo, 81 xb1>= < aO,aL >.x < bo ,bl> 

/ 
Sa, sinee F preserves pvqducts, F < SoXbo, ~l xbl> =;< Sa ,Bl>:F< ~o ,bl> 

Rence: ... lm F < B()xbo, alxbl > = ... ~m F <- B() ,al> xlm F <+0 ,b~> = IAX lB 

Thus: F[(Ao,Ad x (Bo,Bd] = F(AoxBo, ~lxBd = (FJ'.o FBo)/IAx lB 
y. 

\. = F(Ao ,Al) x F(Bo ,BI) 

.. . \ , 

l 
1 , 
) 

l 
i 
" 

1 
! 
~ 

1 
-j 
! 

1 

. ) 

.. 
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Lemma 7.6: F preserves monos: 

Proo!: Let f: A = (Ao ,AI) --------+1 (Ba ,BI) be a mono ( where 

A.,. is eanonical, Le. Al = (f xf)-I<bo,bl» , and let x & y: X---+:F(A) 

be morphisms s. t. Ffà x = Ffo y (in. B) • 

We want to prove that x = y • 

For that, consider the following diagram: 

q P 

Zu Il ,YJj -.,.,.--------...... X 

\ 

\ 
~ 

\ 

\ 

"" 1 
/ 

'x' y' 
hl , 

~ F~ 1 PA 
FA1----.... ' ........ ......,."----+: FAo---=-----IIFA 
dl Fal' < ' 

1 

y 

'" Ff 

.Y~~ , 
Ff 

FBl ~Fao--------~"FB 
Fbl 

In this' diagram, Y i8 defined as tPe vertex of the pull-back 

'<~x,y>op = PA 0 <x',y'> (drawn as a joint pull-back above). Therefore, 

we have: 
, 

(i) P is a regu,l'ar epi because PA 18 0I?-e and B ls exact • 

, (ii) 

" 

Hence, Binee lB ia the kernel pair ~f PB' there exists' a 

(unique) h: Y,------+, lB such that Ffox' = aoh & Ffoy' = alh • 

If we now define Z as the vertex of the pull-back pq = qB q', we have: 

(i) q is a regular epi because qB i8 one and B is exact 

(ii) !?fox'oq = 60h q = SOqBq ' 
, . 

& Ffoy'oq = 61h q = ~lqBq' 

.' 
::Fbooq' 

1 

:: Fbloq' 

, l 
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, ... 
But, Binee f i8' a "canonieal" mono and F preserves pull-backs 

(hence joint pull-backs), FAI 1s t~ verte~ of a joint pull-back and 

", 
therefore, _there exists a (unique) k: Z -FAI s.t. ,Fqook = x'q &, FalOk:= 

, t 

Thus: xpq := PAx'q = PAo Faoo k = ptFalok = p Ay'q =:' ypq 

but P & q are (regular)' ep1s: 

henee xpq = ypq x=y 

COi"ollary 7.7: F preserves equalizers. 
.... 

Proof: Let E'= (Eo ,El) . be the equalizer of the two C-morphisms 

f & g: A =(Ao ,AS> ----+1 (Bo ,BI) = B 

J 

\ . 'A=:tB .. E 
e , 

~. 

, g 
It is easy to see that we' an ehoose Eo & e as in the pull-baek: 
.- 'f • 

IAo ~ / 1 / l <f,g> r / 
, < b9,bl> 

\ f 
1 

BI 'BoxBo 
~ 

and El as in proposition 3.3 (Hi) . 
Henee, s inee F preserves limits, FEo 18 the vertex of a joint pull-back 

in the diagram below: 

~ 

q / 
p ~ 

!!X' ,. 
t,... ..... ---: 

..... ..... ,.. '- ... ~,.. 

FE~ Fe 
~A • .... 

n FA 

.... 
Ff Fg Ff Fg 

o 
PB .... --______________ -*"FB 



, 

f 

, ' 
" 
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.. 
And by'propoa,itbn 7.6 above, Fe ia a mono because ë ia one. 
". 1 : • ~ w 

Now if x: X ----+1 FA satisfies, Ffo"x = Fgo x and if we construct 

y as the vertex of the pull-back xp = p y' we have: 1 
A 

(i) , 

. (fi) 

P is a regular epi 
-1 A. ~~. "'. 

PB~ F.fo y ;:::: Ffo PAo Y ~ Ffo Xo p =,' F80 Xo P = F'lP P ~o y ::: PBo Fgo yo • 

Bence~, since lB ie the kernel pai~, of ~B (Lemma 7 , J,.) ,there exis ts 

a (unique) h: Y '''------+1 1:8 ,s:t. Ffoy =Boh and Fgo y = el h • 

If we now,çonstruct Z, as the vertex.of the pull-back hq = qBq ' we have: 

(i) q is a regular ep,i 

(ii) 'Ffo yo q = f30 hq =' ~~ qBq ' = Fboo q' ... 

Rence, s Ince FEo ia the vertex of a joint pull-back, there exista a 

..G: s • t • q' - Fr, t &' ~ yq = Fe. t . (unique) l : z 

~: Fêopt'~ = PAoFeol = PAoyoq == xpq as i~e commutative square 

below.: 
.pq 

z --------------~~ X 
l' ,-

r/ 
,-

,/ 

,-
,/ t 

.... ~ Fë 

,/ 
,-

,- x 

FE >~--------+I'FA 

in which pq 1s a regular epi and Fe 

a mono. 

Renee, by the diagonal property, there 

existsaunique t S.t. x=Fëot 

... .... 
Conclusion: FE is the equalizer of Ff & Fg,. 

LelJl1D8 7. 8 : F preserves regular epis. 

From proposition 4.3, we know that every regular. epi f is equivalent , 

to one of the form lAo as in the diagram: 



c 
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A= (Ao ,At ) f 
~ (llo .Bl ) =B " 

1-
"0 

~ lAo 

(}.u ,Al) = A' 

. Therefore. sinee every ~unetor pres~rves isomorphisms, it suffices to show 

that F(lAo'> 18 a regular epi: FA "FA' ,in B, Le. that 
... . 
F(IAo} 1s the eoequalizer of 1ts kernel pair. 

.... . 
So let (K.ko ,kJ) be the kernel pair of F(1Ao) 

diagram below: 

1 
/, . 

/ 

/ 
/ 

,,/ 

/ 

hr'" 
,,/ 

-- - ~K 

1 
1 PA' ... / FaO 

FAI ==~:::===::: FAo --------u"FFA' 
Fal 

,. . 
'Ye have: PA' = F(lAo)oPAo1FAo 

and pA,oFad = PA,oFai 
"""" , " A • 

henee: F(lAo)oIA1FkFad = F(lAo)oIAIF~Fa/ 
.... . 

and consider tpe, , 

Hf:!nce sinee K 1s the kernel pair of F(lAo) , there exista a (unique) 
o 

h: FAI • K s. t. koh = tIf: IFAo oFad & klh= IA lFAo 0 Fal 

ThuB, if x: FA ---, X is sueh that xko ""xkl 

- -'-



c 
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Bence, sinc~ PA" ',is the coequalizer of Fad & Fal , there exists 

a unique y: FA t _____ ..... 'X 

hence yoF(l
Ao

) = x (ainee PA 18 an epi) 
,. . 

So F(lA4) i8 the eoequalizer of its kernel pair henee ls a regular epi • 

... 
, 

Conclusion,: F is a exact funetor and the unique extension (up ta isomorphism) 

of the left-exact functor F: C ----....... B 

which termina tes the proof bf the theorem. 

( 

, . 

·f 

. " 

to the exact category C, 

_1/ ___ _ 
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0) Introduction. 

Il est connu que tout foncteur F d'une catégorie C dans les ensembles 

est une colimite de foncteurs représentables: F· colim C(C,-) où diagr(F) • 

> 
~ 

v Diagr(F) 
(CIF) est appelé le diagramme de F. Par consé'quent, si on identifie C à une 

1 
~ 

sous-catégorie pleine de (EnsC)oP 
1 

par le foncteur d'Yonéda, F est une limite 

d'objets de C (à isomorphisme naturel près). 
1 
j 

1 
1 

Nous nous proposons ici de nous cOncentrer sur le css où F est un pro-

objet de C, c'est a dire une limite cofiltrante d'objets de C. Dans ce cas, 

l'jl dans laquelle ~ 

~ 
nous montrons que si est une catégorie finie sans bouclet (i.e. 

le domaine et le codomaine de tout morphisme qUi~'~t pas une identité sont 

distincts), nous avons une équivalence de eatégo es: 
". 

~ â ~ 
~_ Pro-C E!! (Pro-C) '\ 

Ce th~orèm. est une extention du "théo~ d'app~Ox~tion uniforme" cité 

dans (1], et dont une esquisse-de démonstration es! donnée. D'après ce théorème, 

tout diagramme de type ~ dans Pro-C peut être "approximé uniformément" par une 

famille d~ diagrammes de C. 

Il 
Il est intéressant de remarquer que les catégories équivalentes Pro-C et 

~ (C~) (,EnsC) Il CIt_ EnsC)(1l (Pro-C) sont des sous-categories pleines de Ens et 

respectivement, qui ne sont pas équivalentes en général. 

Du point-de-vue pratique, ce résultat peut être utilisé pour étendre à 

Pro-C des propriétés de C comme l'existence des limites et co1imites finies, 
., '-

ce qui est fait dans [ 1 J . 
Dans le cas où C est une catégorie cartesienne (à limites finies), nous 

étendons ce résultat au cas où Il est une catégorie fin~e quelquonque, en 

utilisant une d,émonstration c.omplètement diffé'rente: nous montrons que-les 
\ op 

f (_) Il et (_)A endo- oncteurs de Cart, la grande categorie des catégories 

, 
l 
i 

i 

j' 
.1 
1 

1 
1 



~. . 
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1 

\ 
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cartesiennes sont adjoints (à droite et à gauche) l'un de l'autre," et nous en 

déduisons le résultat cherché en utilisant le fait qu'un pro-objefâe C est un 

foncteur exact à gauche C ----.. Ens, donc un élément de Cart(C,Ens). 

Finalement, nous donnons un contre-exemple dans le cas où en' est pas 

cartésienne et où Il a une boucle (6 - 7l/
2
'll.)' 

L'auteur tiêllt ~ remercier Andr~ JOYAL d'avoir SUpE:L'v.i.sl: la r';dôcUor. du-

présent arctic1e, et ~ns lequel sa publication aurait été impossible. 

1) Concepts fondamentaux. 

Définition: Une catégorie 1 est dite cofiltrante s1 et seulement si elle 

vér1fie les deux conditions: 

(1) Pour tout couple d'objets i et j de l, il existe 

un troisième objet k et deux morphismes: 

k 
~i 

~j 
(ii) (unicité essentielle) pour tout couple de morphismes 

parallèles a et B: i ---+- j il existe un objet k 
----+' 

et un morphisme k --+- 1 qui égalise a et B. 

Propriéte caractèristique: Une catégorie lest cofiltrante si et s'eulement 

si tout diagramme fini est la base d'un cône. 

Demons tr a tion : Remarquons d'abord que (i) et (ii) sont des cas particuliers 

la propriété caractè-ristique. 

Pour montrer la réciproque, considèrons un diagramme fini Il de 1. Par 

r€curence sur le nombre d' obj ets de Il et en utilisant la propriéte (i), nous 

pouvons dominer tous les objets 6
1

,62"", ô
n 

par un même objet k de 1. On 

obtient un nouveau diagramme: 

1 

1 • . 
j , 

1 

1 
j 

1 



l 
l' 
i 

t 
r ., 
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." k 

Maintenant, pour chaque morphisme a de on 

obtient un triangle: k 
YI 

I~ 
qu'on peut rendre commutatif en appliquant l'unicité essentielle (ii) à 

aoy
l

• En r~pètant (récurence) cette opération successivement pour tous 

morphismes de Il, on obtient un cône de base Il. 

Yz et 

les 

'Remarque: Cette construction permet d'ajouter un sommet "pseudo-initial" k 

au diagramme Il, dans le sens qu'on peut construire k et des morphisms de k 

vers certains obj ets de Il J mais pas nécessairement tous, et rendre certains mais 

6
2 

• 

On peut ~linsi complèter Il en un diagranune fini de type quelquonque III 

telque: 

1) 6. est un sous-diagramme plein de Ill; 

2) k es.t un sommet pseudo-initial (~l ne contient pas d~ nlorphisme de 

codomaine k), 

Définition: Un fonpteur F d'une catégorie cofil trante l dans une catégorie .J 

est dit cofinal si et seulement s'il vçrifie les deux conditions: 

1 
! 
j 

1 

i 
l 
i 

1 
! 

, 
'1 
1 
l 

. l 
1 

~ 
~ 

j 



.' 
: 

., , 
.~ 

t 
~. 

" ~~',. 
\~: 
:~, 

~~, r7, 

f ?:" 

'. , 

~~. 

't 
5· 

. , 
l) 
~~ 

1:. , 
: 
;t) 
\ 

,~ 
1 

"" f; 
t .-
f " ft 
'fi" ' 
{ 
~ 
t· 
té{, 
î? ,,' f;.'~ . 
.' ,'''r1 

:~ : 
:~~ 

., 
L 

" l·,' 
~~ 
,f;. ' 
r{~' 
g. 
1:-
\ll 
~' .' ," 

i c 
~. 

~ '~ 

1 ,~ 

., 
l 
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pour .tout objet j de J, il ex1ste un objet 1 de 1 et 

un morphisme F(i) ,+ j. 

(11) Pour tout;' couple de morphismes parallèles a,B: F(i) ===t j, il 

existe un objet k '\le 1 et un morphisme y: k'" 1 tel que 

F(y) égalise a et a: F(k) F(y) 1 F(i)~ j 
-a 

-1) Dans ces conditions, J est aussi cofiltrante • 

7) Si l est une sous-catégorie pleine de J,alors, po~r le 

foncteur d'inclusion, '(i1) est une conséquence de (i). 

Propriété caractèristique: Un foncteur F: l ---+- J est cofinal si et 

seulement si pour tout foncteur L de J dans une catégorie telle que lim LF 

existe, alors lim L existe aussi et le morphisme canonique 1im L ---.. lim LF 

est un isomorphisme . 

La démonstration de cette proposition, dont une variante est donnée dans [2, 
~ 

Ch IX, §3] et [1), est 1ais,sée au soin du lecteur. 

Note: Les concepts de catégorie cofiltrante et de foncteur cofinal sont les 

concepts du aIs de ceux de catégorie filt"rante et de foncteur final qui sont 
...... 

étudiés dans un cadre plus général""dans (2). 

, . ~ 
1 

1 

j 
î 

1 
j 

,1 
l 

1 
1 

1 

1 
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2) La Catégorie Pro-Cl 

Etant donnée une.catégori~ quelquonque C, notre but est d'ajouter 

(de façon universelle) les limites cofiltrantes d'~jjets de C que nous 
, < 

• appellerons pro-objets de C. 

a) rrenière caractè~lsation de la categorie P~o-C: 

• (i) Un objet d,e Pro-C (ou pro-objet de C) est un diagramm~ cofiltrant 

de C, c' eS't-à-dire un foncteur X: I ---t- C où I est une (petite) 

catégorie cofiltrante. 

Nous écrivons: 

(ii) Si X = (Xi)i€I et Y = (Yj)j€J posons: 

(Pro-C)(X,Y) = lim colim C(X1,Y
j

) 
bOP lOP 

Au lieu de vérifier que Pro-C est une catégorie, nous allons la caractèriser 

comme sous-catégorie· pleine de (EnsC)oP. 

b) Deuxième caractèrisation de la catégorie Pro-C: 

Proposition: Pro-C est équival~nte à la sous-catégorie pleine de 

dont les objets sont des_colimites filtrantes de foncteurs représentables dans 

C Ens ou des limites cofiltrantes de foncteurs représentables dans (EnsC)oP. 

Demonstration: 

x = (Xi)iEI /- X(-) = c~!~m CCXi' -) /- X(-) 

(ii) Soit X = (Xi) iEI ,et Y = '(Yj ) JE:! 

alors:' (Ens C)"op (x( -) , Y( -»- 5!! Pro-C (X, Y:) puisque:. 

f: coUm (X
i
,-) ( 

lOP 
colim (Y

j
, -) 

OP" J 

= Hm C(X
i

, -) 
1 

--....---------------------- (lonéda) 

coUm (Xi' Yj ) 
IOP. 

j 

, 
P 
'f 

1 



, 
1 

. , 

• Conclusion: En identifiant les objets C de 

C(C,-), nous obtenons la situation suivante: 

c 
C ~ Pro-C 

représentables 

(EnsC) op 

où tout pro-objet est une limite cofiltrante d'objets de C. 

c) Troisième caractèrisation -des pro-objets de C: 

" Proposition: Si X(-) est un foncteur C --4~ Ens, X(-) est un pro-objet si 
o 

et seulement si son diagramme Diagr(X) est filtrant où Diagr(X) ='(CIX) est 

défini par: IDiagr(X)1 = {(C,a): cflCI, a€X(C)}, et un morphisme 
, 

de Viagr(X), f:(C,a) -----+I(C' ,a') est un morphisme de C; f: C' ---. C 

Démonstration; 

telque X(f)(a') = a 

Puisqu'on a pour tout foncteur X: 

C 
X = colim C(C,-) dans Ens 

Diagr(X) 

on a aussi: X =; 1im C(C,-) dans (Enl)op ~ 
(Diagr(X»op 

donc: Si Diagr(X) est filtrant, (Diagr(X}) op est 

un pro-objet. Si X est un pro-objet: 

à 'C(X
i
,-) dans 

C op 
(Ens) , on a encore: 

x = lim i 
l 

X = linr C(C,-) 

(Diagr(X~OP 

est identifié 

= lim C où 
{X+C} 

CDil.agr (X») op 

On a donc: 

est vu comme la catégorie des mo~phismes: X -----:--... C. 

. .. 
lim Xi a Jim C 
id {X+C} 

or l5!!! {X --41 X } 
i tE:! 

----+. (Diagr (X) ) op 

donc le foncteur· d'inclusion est cofinal et par conséquene la catégorie 

(Di~gr(X»op est cofiltrante. 

q) Quatrième cara~tèrisation dans le cas d'une catégorie 'carté~ienne: 

Proposition: Si C est cartésienne et X est un fçmcteur: C ~ Ens-

alors, 
f • 

X est un pro-objet" X(-) est exact à gauche. 

Démonstration: (1) Si X est un pro-objet,alors X(-) = coUm C(X
i
,-) 

lOP 

dans 
< C' 

(Ens ) où 1 est cofiltrante donc lOP est filtrante. Mais chaque 

i 
1 
i 
i . ~ 

\ 

1 
~ 

i 
1 

f , 
1 
1 , , 
J 

j 
~ 
1 

1 
i 

1 
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',' 

C(X
i
,-) 

lOP 
pr~serve les limites finies et le foncteur "colim!l.1:e f~ltrante": 

Ens ---+1 Ens y commute (Voir [21, Ch. IX, § 2)," Donc" ~(-) est exact à 

.gauche. 

(U) Si X(-) est exact à gauche alors: , 

Si (C,a) et (C',a') sont des,objets de (Diagr,(X~oP .. (CIX)oPalors les 

proje.ctions: 

c 

( 
... 

c' 

sont préservés par X(-) donc on a: 

xC 'If) (a, a') = a 
1 

X('If'){a,a') ... a' 

'If et 1f' sont donc des mor,phismes de (diagr (Xf'. ~.~ tIi~meJ si f et g 

(C,a) ~ (C',a') sont des morphismes ,de (Diagr(X~o~, étsi.E;;. m • C 
1- Q 

est l'égalisateur de' f et g dans C, alors a€X(E}Cr~" 1 X(C) . puisque 
,..' X(m) 

X(E) est l'égalisateur de X(f) et X(g) • /,,/,/ 
,./ 

m V ' 'Donc: (E,a) ;;. 1 (C,a) : (C' ,a') est un diagramme 

de' Diagr(X)' où f m .. g m. La catégorie g (Diagr(xrP est "donc cofiltrante, 

et par conséquent Diagr(X) est filtrante • 
'. 

. , 

\ ,-

1 
1 
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3) Le Théorème d,' approxitnation uniforme: 

Remarque préliminaire: y la sont des pro":'obj ets 

de C indexés par la même catégorie l et si f G (i)ie:I e~~ une famil{e 

compatible de morphismes: f • un morphisme de 

pro-obj ets: f: X-v-+Y. En d' aqtres termes, on a une inclusion: 

{ 
1 
! 
i , j 

CI(X. Y) C pr)-c(x. y) ( C ! 
Dan~ c~s bJn particulier, on peut clire que f st une limite co filtrante ~ 

des morphismes fi (de C) ou .bien que f peut être approximée par des morphismes . j 
de c. '1 

1 , 
Dans le théorème d" approximation uniforme, n us ~ontrons qu'étant donné 

J 
un morphisme (ou un diagramme fini) de Pro~C f: ---+- Y on peut ré-indexer i 

1 

équivalent à une famille ;0-1 
22 ,. 

à un pr~bjet de C: 

X et Y par une même catégorie K de sorte f 

filtrante de morphismes (ou de diagrarmnes) de C, donc 

X 
f y 

Il ,0 -~ 

(\>kE:K 

(f
k

) 

• (Yk)ke:K 
k€K 

.. 

1 

1 

1 ... 
Plus précisément, K va être la caté.gorie de~ ID rpMsmes de C qui repré.!j.entent 

f dans le sens suivant: \ 
f " Définition: Si X = (Xi) id ---=---.-+1 Y '" (Y ) e:J est un morphisme de pro-

obj etBj alors un morphisme de C 

Il 

n 

représente f si et seulement si le diagramme suivant 'commute' dans Pro-C: 

X 
f 

Y 1 

l G \ l 
Ql 

Xi 1 Y
j 

En fait, nous montrons un résultat plus fort:~..-
( 

j 
.- - --1- --------.-----~ 
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Théor~me d'approximation uniforme: Si A est une catégorie finie ne comportant 

pas de boucles (i.e. chaque morphisme qui n'est pas une identité a un domaine et un '< 

• ~ codomaine distincts) alors le foncteur suivant définit une équivalence de 

catégories: 

Démons tr a tion : Nous allons montrer successiV,ement .que: 

a)' !A ~~!_~~~~~!!~!!~~~~!_~~!1~~!!!· 

b) !A ~!!_E!~!~~~~~!_~!~~!~' 

a) Supposons comme hypothèse de récurence que po~r toute catégorie, finie sans 

boucles A' ayant n objets le foncteur FA '1 est essentiellement surjectif. 

Soit A une catégorie finie sans boucles ayant n+l pbjets. Puisque A 

n'a pas de boucles, il est possible d'y trouver ün objet pseudo-initial 0 ~ns le 

sens que A --ne contienne pas de morphisme de codomaine O. Soit alors A' ia 

sous-catégorie pleine de A . obtenue en supprimant l'objet O. A est donc 
, 

"décomposable" en 0, il', et quelques morphistnes (un nombre fini) de 0 vers 

certains objets de A'. SYmboliquement nous écrivons: 

h =(0 .~-----+ b ,) 
Soit D -' (X

6
) 6€A un diagra~e de 'pro-obje,ts que nous décomposons: 

(
OÔ M.!!.') D. = X ------+ (X ) 

hè d ~ , di (Xo)o€!!.' - D' Par hypot se e recurence appliquee au agramme - de type 

A' (qui a n sommets), nous savons que Dt est une limite cofiltrante de diagrammes 1 
t 

de C: en d' autres termes il existe une catégorie cofil'trante J telle que 

D' ~ (D') dans 
j ié:J 

A' 
(Dj>j€J € Pro-C • 

D'autre part X
O est une limite cofiltrante d'objets de C: 

1 cofiltrante. 

.1 

j' 

i , 
l 
1 

i 
J 
j 

t 

~ 

1 
i 
1 , 
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Soit K la catégorie dont les objets sont les triplets (i,j,D
ij

) où 

A 
ifI, jfJ, DijfC et Dij 

o ' est formé du sommet Xi' du diagramme Dj et de 

o ' morphismes Xi ------+ D j à raison d'un morphisme 

h hi f: Xo ----+ x6 caque morp ame 1 de D, tel que 

cp: XO 
---+1 x

j
6 pour 

,i 

~ représente f. 

Notons que le diagramme Dij représente D. Les morphismes de K sont 

définis de façon naturelle: 
.1. 

est la donnée 

de trois morphismes: a: i ---+ i' de l 

a: j ----+1 j' de J 

1 Di'j' de CA 

tels que: 
O' 

Xi 
0 

Xi' dans C 

et D' 1 D' A' 
j j' dans C 

" 
Prop. 1: K 'est cofiltrante: 

(i) Soient (i',j',Di,j') et (i",j",Di"ju) deux objets de K. 

puisque J est co filtrante, il existe un j et. deux morphismes: 

.. 

dans J donc D' 
• j 

(f' 

Dans la catégorie Pro-C nous avons le diagramme suivant: 

A' Dans la partie droite de ce diagramme, les sommets sont les .objets de ~ où 
D ., 

A' ( 1:.' de Pro-C - ~. (Pro-C) • 

1 • 

;~ 
'Ilf 

1 



1 

1 

, 
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On a donc pour chaque 6fA' un diagramme: 

x1;(4: 
~Xj" 

\ " 

En cbmposant-lés projections X
6 
--_. x~ 

morphismes (du diagramme donné D) XO ------+. x6, 

(par exemple) avec les 
, 

on obtient: 

Œ> \ 

Maintenant, si on réunit en un seul diagramme (fini) tous les diagrammes 

du même type que <D pour tous les morphismes de D: X
O I-X 6 6lâ', ainsi 

o 0 que Xi' et Xi" avec leur projections, on obtiellt un diagramme de la catégorie 

( Xo,e) i fil' i Xo bj (XOjC) "::!- (Diagr(Xo)o qu est co trante pu sque est un pro-o et et 

Par conséquent, ce grand diagramme est la base d'un cône dont on appelera 

le sommet 

o 
En fait, comme nous l'avons rem?rqué, nous n'avons pas besoin qu~ ~i soit 

< 

le sommet d'un cône. Nous pouvons nous limiter ~construire un morphisme: 

pour chaque X
O 

-----..... X6 de D, de sorte que le diagramme 

XO --------+- D' soit de type â. 
i j 

" Conclusion: Nous obtenons finalement le diagramme: 

; 

. . 

1 



1 

/ 
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qui définit un objet (i,j,Dij ) de K et deux morphismes 

/ (1',j',Di 'j') 

(i,j,Dij) ~ 

(i" , j " , Di" j If) 

(ii) Etant donnés deux morphismes parallèles: 

de faço~ 

Cf.' .D' 

analogue, nous obtenons d'abord un diagramme D' et un morphisme de 
j 

. j + Dj' qui égalise les deux morphismes: D' ~D' j' ___ ....... : j Il , 

et ensuite un objet X~ et des morphismes tel qu'on ait le diagramme 

suivant: 

XO ----------.----------------+ D' 
! '-.. ~ ~--------.... D j"'--1 
xOÎ--------------------\~D' i' i' 

1 1 
X~If---------------------------+ Di" 

On a donc un -morphisme de K: (i,] ,D
1j

) t (1' ,j' ,Di 1 j 1) qui égalise les 
t ,. 

deux morphismes donnés/L~qui prouve l'unic:tee~sentielle et termine la "démonstration 

de la proposition 1. 

Prop. 2: Les foncteur tlprojection" Pl: K • 1 et 
(i,j,D;J.j) ~ i 

sont co finals • P2: K -------, J 
(i,j ,Dij) 1 1 j 

Démonstration: (i) MOntrons qu'étant donnés i'! et 1 et j'(J "il existe 

un k· (il ,j1' Di j ) 
1·1 

et deux morphismes: 
1 

En utilisant le fait 
.;, 

que la catégorie 

complèter le diagramme XO 
----+ D'en: 

\ .! ! 
X - D' 

i (j 

" 

(x<' r C) est cofiltrante, nous pouvons 

1 
1 
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ce qui détermine l'objet k· (11,j,Di j) 
. 1 

avec Di j • X ---+ D' 
1 il j 

Cici, 

Les morphismes cherchés sont il , i, induit par Xi --... , X1 et 
1 

l' 1dentité: j " j. 

(i1) Etant donnés rEl, j'EJ, (1,j,Dij ) € K et les morphismes: 

a,a~:i ---+ i' et a, 13': j f j 'J nous pouvons égaliser séparément -----+. , 

a et a' par al! il ' i et a et 13' par. 131:' jl --.... j puis 

utiliser (i) pour obtenir le diagramme: 

X
O -~-~--------~------------------+ D' 

" Dè .j[ 
° Xi' D.J, 

On a donc un objet 
/. 

(a1oaz,Si) . (i2,j,Di j ) et un morphisme 
Z 1 

(i2,j1,D
i2

,jl) (i,j ,Dij ) de K tels que: aloaZ égalise a et 

~t 131 égalise t3 et t3' •. 

Conclusion: . Considèrons la 'famille (çofiltrante) (Dk)kEK oh pour chaque 

a' 

k - (i,j,Dij ), Dk ~ Dijz(D~ ----~ Dj). La proposition 2 nous permet de conclure 

- A' ( A' 
qu'on a des isomorphismes naturels de pro-C et pro-C 1 (pro-C) : 

! 

'. 

} 

1 
1 
1 
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(Xà ~ ~ ~~id X fI (k) kd{ 1 ., , 1 , 
1 1 1 1 1 1 

" ~~2(k»)kfK - fy jEJ 
et D' 

De plus, à cause de leur naturalité, ils forment des carrés commutatifs 

avec tous les morphismes que constituent les flêches pointillées. 

6 On a donc un isomorphisme naturel de (pro-C) 

F â ~D Pl (k) P2 (kJ kEK) ------ D 

ce qui prouve que 
.. 

F 11 est essentiellement surj ecUf • 

b) FA est pleinement fidèle: 

Voyons comment F6 agit sur les morphismes: 

11 Soit f: D ---+ E, un morphisme de pro-C . 
t 

f 
622 est un objet de (Pro-C ) 

J 
~ 

,1 
\ 

est la catégorie, ~ 
( 

Par conséauent, r ,) = (1 ~ 2), qui n'a pas de boucle. où 22 

en appliquant la Dartie a) du thp.orème à F 22: pro~'cl1) 'l1.) __ (Pro_CA) 22, on oeut 

pro~cl1)22) tel qu'on ait un isomorphisme de construire un p~o-objet C = (Ck)t" K f 
. 11'll f f 

(Pro-C) : q,: F 22 (C) ~ (D -- ),-

Bien entendu on a pour chaque kfK: C
k 

=(Dk, ___ f_k __ +~) dans CA et on a 

le diagramme: 

. .. 

qui est commutatif puisque ~ est un isomorphisme naturel. 

-
1 •• 
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On a donc aussi: Dk = <X:)6EA et ~ = (y~)6EA 

cp: F fJ (D) 4 F A{ (Dk) kEJ = «~) kEK) ôEA 

el "': FA(E) ..s,F'A«Ek)k€K) = «Y~)kEK)6EA 

f (fô)6EA fkE (CA) 1l et: k = k puisque 

par conséquent, il est naturel de prendre: 

FA (D) 
1 
1 
1 

FA(f): 
1 
1 
'fi 

FA (E) 

cp 
Il: 

Avec cette définition, il èst elair que si 8 

-1 après composit1ion avec cp 

est un morphisme 

et ~ on obtient une 

définie de manière unique, donc un unique morphisme~ 

(Dk) kEK -----+ donc un 

II~ 
D -------+1 E 

1 

,. , , 
" ,. 

i • 

ConcluSion: FA étant essentiellement surjectif et pleine~ent fidèle,c test t 
une équivalence de catégorie: Pro-CA ~ (pro-C)A. 
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4) Cas des Catégories li limites finies 

Dans le cas où C est à liœ!tes finies, le résultat (pro-C)A ~ Pro-CA 

est valide pour toute catégorie finie A. De plus, il peut être pémontré comme 

corollaire d'un théorème plus général: 

Théorème: Si Cart est la catégorie des catégories à limites Cà gauche) finies 
A op 

- i fi i l 1 d f (_)u et (_)A est une categor e n e, a ors es en 0 oncteurs et si tJ. 

sont adjoints (à droite et à gauche) l'un de l'autre. 

Démonstration: Pour preserver la symétrie entre ces deux foncteurs nous allons 

tJ. AOP 
utiliser la caractèrisation de l'adjonction (-) ~ (-) par unité et co-unité. 

1) unite: 

2) co-unité: 

n: 1 ------+ (_)AxtJ. 

tJ.xtJ.op 
t)A: A---~A 

op 

A t-I --=---+1 AA (-, -) 

E: 
op 

(_) tJ. xtJ. ____ ..... 1 

F(-,-) t-I ---~~ IF 
où: IF est défini par: f 

3) 

(i) 

(i1) 

a 

1im 
fd 

..... ...... ......... 
F(a,eS) . - • 

...... 
.... F(6, 6) 

Nous devono vérifier que les composés suivants sont des identités: 
Il (OA)tJ. 6xlloPxll t(A,t) tJ. 

A • A· A 

A(-l) 1.-----+ A(- )tH-P - 2) 1-( ---..... J A(- )~\(-l'-2) = A(- ) 
3 3 1 

2,3 

B 
AOP 

B(-l) 1-1 ---+~ B("l~A(-2'-3) rI -----+~ J ' 
1,2 

, f 
1 
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Nous voyons que (11). est la transformee de (i) en changeant A en AOP , 

ce qui était prév1sible puisqu'on obtient (i1) A partir de (i) en interchangeant 
---

les roles des 2 foncteurs. 

Vu que A est une categor1e finie arbitraire, il suffit donc de montrer 

(i), c'est A dir.e: 

A(eS) 

Pour prouver cette égalité nous allons prouver que pour un x€A arbitraire, 

on .:, Hom(X.A(6»" Hom (X. fA(-)A(6.-~ ce qui revient A dire que A = Ens puisque 1 
Hom(X,lim F) ~ lim Hom(X,F) et Hom(x,A(T)A(eS,TJ ~ Hom(x,A(T)~(~,T) • j 

Un élément x de !AC-)t.(O,-) est donc une famille (x) ~ 1 
u u:6-+ • 

• dAI 
et la relation de compatibilité: sat1~faisant'~ E A(codom u) = A(T) 

• U 

pour tout f: a ------.., T 

,-
A(O)A(eS,o) 

J 

, 
" 
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'"~ 
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par consëquent on a: 

Vfeâ(a,T) VveA(ô,a} A(f}x • xf v °v 

En particulier, si on pr~nd a a Ô et v· lô i on a: 

VT€lâl, Vf€â(ô,T) A(f)x
l

• xf 
6 

On a donc une correspondance bi-univoque: 

A(ô) ---_+_I I A(_)â(ô.-) 

all------+-

Conclusion: On a bien f A(_}â(ô,-) ~ A(ô) ce qui termine la 

démonstration du théorème. 

Corollaire: - Si C est une catégorie à limites ~ gauche finies et Il est une 

catégorie finie, Il Il on a: Pro-C ~ (Pro-C) 

Démonstration: A ca'use de l'adjonction précédemment démontrée on a: 

(Pro_CIl)op ~ ~~~EnS) ~ Cart(C,Ensâop) (1) 

\ 

n'autre part, on a auasi une équivalence: 

- ll.op ll.op 
C~rt(C,Ens) ~ Cart(C,Ens ) (2) 

qui est la restriction aux foncteurs exacts à gauche de l'iquivalence: 

1 
.,0 
'1 

J 
--~ - -y---

f 

{ 
l' 
,1 
,1 

j 
1 
1 , 

• 1 

1 
1 
j 
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Finalement" le lemme suivant nous fournit une troisième équivalence: 

Lemme: Si A et 'B sont deux catégories, on a un foncteur involutif 

donc une équivalence: 

• 

En appliquant ce lemme à A D Cart(C,Ens) et oB - Il on obtient: 

Conclusion: En combinant les équivalences (1), (2) et (3), on obtient: 

donc: 

Il (1) Il (2) 
(pro-C )op ~ Cart(C,Ens op) ~ 

(3) 
Cart(C,Ens)ôoP ~ 

1 Pro- < Cil) ~ (Pro-C) Il 1 

Démonstration du lemme: ~ est défini de maniére suivante: 

(1) 
(BOP) 

Pour F € A ,~(F) - F: 

{

B 1 1 F(B) 

f ~I --+- (F(foP»oP 

Notons que si f € B(B,B') alors fOP € BOP(B',B), donc 

«Pro-C) Il) op 

F(foP) € A(F(B'), F(B» et (F(foP»oP € AOP(F(B), F(B'») 

on a donc bien: F D ~<F) € 1 <AoP)BI 
., op 

(ii) Pour, ~ € A(B )(F,G), ~(~) • f: t(G) --+ t(F) 

est définie par: 

.... 
Vérifions que ~ - t(~) est naturelle: 

Si f E B~B,B'), alors ,foP E-BoP(B',B) donc 

'. 

\ 
1 

" 
J 

(3) 

i .' l 
1 
f' 
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,. , 

,on a: 
CPB' 

F(B') ---=--.... G(B') donc: 

op 
CPB' 

FCB" )'Tf --=----- GCB') 
r 

. 'jG(fOP) 
dans A 

__ -'cpB~_--"1 G(B) 

, 

ex. 
dans AOP 

cpB op 
F(B) +-f ---=--- GCB) 

. " 
Le 4euxième diagr~mme pouvant être ré-!crit: 

- CPB' 
F(B')4 

.... 
G(B' ) 

- ..., 
F(f) G(f) 

. ' . 
..., CPB ..., 
F (B) +-01 --'---=------::..- G~B) 

.. 

il montre que est une transformation naturelle t(cp)': t(G) --+- t(F). 
1 

Conclusion: 

involutif; 

est bien un foncteur 
qui est visiblement 

c'est donc une équivalence. 
, 

.L 

.. 
• r 

,-

. ; r , 

.' 

r 

.. 
" o 

.: . , 

1 

1 
\ 
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5) Càntre-exemple dans le cas où â a des, boucles: 

Nous donnons ici un contre-exemple de la propriété duale: 

. Ind!.(Câ
) e! (lnd-C)li ,dans le cas où li est l~ catégorie Zl2:~ .:)0 où 

2 . 
(1 ~ 1. e~' C1 " 1* 

Ici lnd-C est la catégorie des lnd.-objets de Cc' est à dire des 
~, Cop 

colimites filtrantes de foncteur r~préséntàb1es dans ,Ens qui contient 

C 'par le f~ncteur d'Yon~da. , , 
" 

Nous considérons la catégorie B dont 'les objets sont les boule's 
, 

~ 

unité de toute dimension nE:1N e,t dont les morphismes sont les inclusions i 
n 

'r 

• < 

" 

s· i : B 
'n' n . n 

i 
n 

s : n, 

1, _ x 2 2) 
1 .... xn 

1 (-xl"'" -xn' 

i et 8. 
n n 

t 

Pour allég~r les notations, naus écrirops i et s, au lieu de 
1 

Notons que: 1) lm( i) C S , n & Im(s) C S 
n 

, 

2) i
2

(Xl' ••• xn> '" (Xl" ••• ,Xn,jl - X/.,. ... Xn
2

' 0) 

- \ 

i 

1 

1 
... s2(x1 , ... xn> III (xl'··· 'Xn~ JI 
i'os(x1,···,xn) ~,soi(xl,,··,xri) 

fô} 

221 
- xl·'·· -xn ' O} i 
( J

~1--~2---x~2 l. 

= -x1,,~·,-xn" - - xl ••• n l 

-j 

1 
~,J 

3» 

On a donc les relations: i 2 = s2 = -ios = -soi 

et -i == s 

~ 

1 Il es't évident que la catégorie" B n'a'pas de colimites finies puisqu'elle 

n'a ni coproduits finis, ni coégal~sateurs. Par contre, on peut remarquer que les . , 
1 

idempotents y sont trivialement scindés puisqu'il n'yen a p~s d~autres que les 

identités. 

. 1 
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o 

Considèrons la sous-catégorie filtrante 

morphismes s: 

Soit S 

\ 
IX> 

B 
,0 

... colim B 
n 

i , i 

" 

... {(x) JN ·x = 0 V 
n nE: n .'n 

Comme le montre le diagramme ci-dessous, 

B et la fa~ille des morphismes s dêfinit un 

a: S ----+1 S , 
co CIO 

qui est en fait 

1 

B~' 
i 

Bl~S' • 

B~ 

B
2 

B
2 

>! 

1 
1 

'-

e B obtenue en supprimant les 
J> 

0 et 

--.... , B 
n 

00 

1: 
2 ... 1 } x 

0 n 

, 
" 

s 
00 

définit un ind-objet Bur 

involutif 

antipode. 

~ 

B3 • ---+'5 . .... ... 
!a 

, 
B3', . -+ S 

~; 
B i 1 

.' BO~.' 
o 1 

1~ 
BI 1 '. B2 --1----+, B3 -;-+ Scx> 

" '.' 1 

& SE:B(B,B +l)CcolimB(B ,B ) ~ 

., 
" 

donc 

, 2) 

3) 

~e'diagramme est commutatif puisque 

aEIhd-B(S , S ) = lim c~lim\.o(B 0 ,B ~ 
co 00 n p 1 ~n p 

oZ = 1 puisque sos = ioi 

n n n, p J . L 
S 

CIO 

puisque s = -i et s(x) = -i(x ; i(x). 

Conclusion: ' cr est donc un endomorphisme de i dobj ets involutif mais qui n'est 

pas représentab1~ par' une famille d'involutifs uisqu'il n'yen a pas de non-

triviaux. , 

, . 

.. 
"'-, 

) 

1 
î 
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0) Introduc tian 

In this chapter, we look more closely at some regularity and exactness 

properties that can be lifted from the 'category C to the category pro-C·. 

lt is known for instance that finite limits and colimits that exist 

in C also exist in pro-C «(1) , section 4) • The proof of this lif~ing 

was the motivation for the "Uniform approximati6n theorem" &'iscussed in the 

previous chapter. 

. After a brief overview of known lifting results (section 1), we look 

at the lifting ~f the unique-factorisation system M-f in C to pro-M- pro-E 

111 pro-C ,where, pro-M and pro-f are defined in a natural way (section 2). 

Then we look at the lifting of regularity properties, and prove ~hat if 

E 18 stable under pulling-back in C , then sa is pro,E in pro-C .• The~t 
.... 

looking at the particular case where M & E are respective1y the classes of 

aIl monos and aIl regular eptmo~phisms, we get aS'corollary the fact that if 

C ia a regular category, then so is pro-C (section 3), • 

Finally, in sections 4 and 5, we look at the lifting of exactness, 

which warks in aIl fttegories in which transitivity 18 redundant for 

equiv~lence relations. This proof i~ an application of the uniform approximation 

theorem in tue case of a fini te category with loops, wbieh allows us to 

approxima te any reflexive an~ symmetric relation in 'pro-C by a cofiltered 

, 

, 
J) 

" 1. 

i 
{ 
l 
~ 

·1 

1 

J , 
~ 

" 
r 

l , 
r 

1 
1 
~ " 
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family of reflexive and synnnetric relations in , C 

The éount'erexample given in sec tion 5 ia quite well-known: we give 

a direct proof of the equivalenc-e between pro-finite se"ts and Stone spaces 1 

which do not form an exact category., Then we show that the exact completion 

of the category of Stone spaces is the category of compact Hausdorf spaces. 

For that, ~e do not use the constructiqn described ia. Chapter l because it 

,da.es not preserve the regular structure of the category of Stone spaces; 

înstead we use the construction given in [9], which elÇtends a regu,lar 

category C to art exact one Q(C) in a universal way. -

'/ 

1 1 _ 

... 
\ 

. , 

, 
---" 

) 
; 

,/ 

. '" 

, ,-

\ 

\ 
\ 

\ 
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1) Pro-morphisme & pro-diagràms 

Let 1 he a small cofil tered ca tegory and C be any ca tegory. There 

.exists an obvious func.tor: 'C pro-C which is an 

inclusion on objects, but i6 neither full, nor faithful • 

For instance, the counterexample of the previous chapter provides us 

with a morphism C1 in (lnd-B) (S.;., S..J which cannat he defined as a 

filtered family of B-morphisms O'n: Bn-----+· Bn because the on1y 

endomorphisms of B are the iden tities. 

But the unifgm approximation theorem gives us a "pseudo-fullness" 

condition as remarked in Section 3 of the previous chapter namely: every 

pro-morphism is equal (up to natural isomorphism) to the cotil tered family of 

morphisms that represent it. 

. . 
Faithft4_Aléss a1so fails. In fact, we have the following: 

Lenun( 1.1: Two cofiltered families (fi) i E 1 & (g1) i E 1 

fi ., 
with Xi • Yi 

gi f 
define the same pro-morphism (i.e.: f = g) if and only if for a~l i in 1 

p .'< 

there is a j and an a: j , i in 1 such that fioXa = 81
0Xa 

" 

" , 

5 
; 

"",r' t 

f~' 1 

t 
l 

f 
~ 
~ 

1. 
1 
1 , 
1 , 
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r 

f=g 
X - _____ ~--+I Y Indeed, 

'\ f .. 8 .. qif = qi8 for a11 1 ~ 1 

Pi *' fiPi 
:; 'giP1 for a11 i ~ l )aXJ 

fi .. f oXa = g oXa for some 
i 

Xi -------.... -+ Y1 
+ i 

a: j -- i in 1 
8 i 

Note that in the last step, we use the tact that there is a cofinal functor 

l ---t- Diagr(X)op the category of a11 pro-morphisms 'x ___ - ... t C 

where C is any object of in [1] ~ propos1 tion 2.7) • 

PropoBi~ion 1. 2: The above func tor; Cl ----.... pro-C C01lDDutes wi th 

al~ finite limits and calimit6 that exist in Cl 

The proof is the same ,as the one ,given in [lJ (proposition 4.1) 

Corollary 1.3: 

~ (an epi) .in pro-C 

A cofiltered family of monos (epis) in C ls a mono 

Praof: A cofiltered family (fi) i ~ 1 of monos (epis) in C ie a 

mono (an epi) in Cl henee ln pro-C sinee the functor: Cl ---_t pro-C 

commutes with pull-backs (push-outs) that exist ln Cl, hence preserve monos 

(epis) • 

CarollaIT 1.4: 

th en so ls pro-C 

If C 16 closed under finite limita (collmits), 

--Proof: 
? ' 

W'e on1y need to construct products and equali2:ers te have 
--

finite limits (and the dual for colimits),. 

'Fqr equalizers, for instance. given a pair of parallel pra-morphlsms f & g , 

by the uniform approximation .theorem,we. can assume that they are represented by 

, .. 

.; 
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a cofiltere~ family of parallel morphisma: f = (f ) 
i i € l 

Now, by proposition 1.2, the family of equalizers Ei of fi & 8 i 

ia the equalizer of f & g in pro-C 

f 
E 

In fact, we have the following: 

Pt;oposition 1. 5: If Chas finite limits, then given any limiting cone 

L • D in pro-C where D is a finite pr~-diagram, then there exists ,a 

eofiltered family of limiting cones (Li 

D e! (Di) id & L ~ 0'1) iE! 

1 Di) iEI in C such that 

The dual results hold for finite eolimits provided either D has no loops 

or Chas finite limits. 

Proof: !3Y the unHorm approximation theorem" there i6 a coÙltered family 

hence if Li = lim Di ' then by proposition 
J( 

Henee: 

Note that if D has no loops, l i8 in fact the category of diagrams 

representlng D in C • 

" Remark: We have shown that iimiting cones in',pro-C can be approximated by 

\ limi~ing cones in C , but this result cannot be extended ta' an arbitrary hnite 

diagram D such that one vertex ls the limit of a subdiagram of D •. In 

sections ~ & 5, we will see a typical counterexample. 

, 

1 
, 

______________ ~---- -______ -""'_:t..t.:.../_ 

1 
"~., 

i -
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2) Faetorization in Pro-C 

Let C be a f1nitely complete category. 

Definition 2.1: A unique factorizat1on system in C is given by 

a class M of monos and a class E of ep1s, bath containin& aIl isomorphisms 

such that: 

(1) Every C-morphiam f 1a the composite f = me where m € M & e f: E 

f 

X • Y 

~/ z . 

(1i) (Diagonal property): If f, S, m, e are morphisms such that m t lof , 

e f: E & mf = ge : 

Then: 
1 

there exixtls a (unique)' t: Z • y 

such that g = mt (henee f ... te) ; 

1 

Note: (1i) it equ1valent to the uniqueness of the factorization in (1) 

(up to isomorphism). 

The object Z (or the subobject of Y defined by m) 1s called the 

image of f: Z = lm(f) (or lm f) 

M and E are just classes of morphisms, a1though they can be viewed as 

subcategories of C 1l • 

'1 

1 
t 

J 

1 
! 
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, 

Proposition 2.2: If Chas a unique- factorization system M-E 

and if pro-Id & pro-E are classes of pro-morphisms defined as fo11ows: 

m € pro-/.{ (e € pro-E) if and only if the category of morphisms 

representing m (e) has a cofinal subcategory whose objects are in M (E) 

then 

pro-lA pro-E ia a unique- factorization system in pro-C 

By defini tion, every pro-morphism of pro-M can be represented 

by a cofiltered family of morphisms of M which ar; monos, hence lB a mono in 

pro-C (Coro11ary 1.3). Similarly, every pro-morphism of pro-E is an epi. 

Also, if f: X • y 1a an isomorphism and if X = (Xi)i € l ' then 

the fall!~ly of isomorphisms (IX1) i € l is a cofinal f:iubcategory of the 

category of morphisms fi representing f: 

Henee, stnee ~ € M (f) 
, i 

f é7 pro-M (pro-E) 

So, we only need to prove the properties (i) & (H) of defini tion 2.1 

(i) If f ia a pro-morphism which we can assume to be a eofiltered fam11y of-

morphisms: fi: ~------+. Yi ' tlten eacb fi bas a- unique 
... ~ ~ ~, ." • .. ' i " 

(M-E) -factorization 

1 

lit 

'tl 
i 

" -. 
t 
" '1 
" • 

1 
i , 
,l 

i 

1 



1 

'~~'_Ili;kl!i.j"=..,_ 

l, 

'. 

-76-

FUJ'thermore, if a: i ------_t j is an l-morphism. then we have 

the following diagram (in C) : 

Since m
j

o (eJoXa) = (Yaom
i

) Dei there 

exists a unique t: lm(f!) -Im(f
j
) 

'. 

S'ft. : te
1 = ejXa and 

fi 
Xi -----------=~----------+. Y 

~Imfi~i , 
1 t 

mjt, = Yami 

Hence if we set: (lm f) 1 = lm(fi ) 

and (Im f)fl = t for a: 1---' j w~ define a 

functor lm(f): l, ------_t C and two-natural transformations e & m 

s.t.: 

x ________ ~e~ ______ ~n lm f >~-------=m-----____ +tY 

l 
m € lA 

Hence the respective 'images of lm f, e & m , 
1 

by the functor: C -pro-C, 
\ 

which sends MI to pro-M and El to pro-E" 

factorization of f in pro -C : 

gives a ..(pro-M - pro-E) -

X • 
,. f 1 Y 

~. 
l, lm f 

(we use the same letters to denote the objects & morphisms of Cl and pro-Cl • 

, ' 

, 
" 

f 
J 

f 

l 
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(11) To prove the 'diagonal property, we firet observe that every pro-morphism 

m 1n pro-M can be represented by a cofiltered fandly of morphisms of lA • 

hence that 1ts 1mage lm (m) 18 isomorphic to i ts domain. 
" 

, Similarly, if e (ô pro-E- th en lm (e) ia isomorphic to Hs codomain. 

So, given the outer square D of the. following pro-diagram (1) 

where m (ô pro-M 

y~ 

f/e1~ x/ (i),)m~l 

~
/ 

e lm"e (U) 

\ m' 

e (ô pro-E 

Z 

by the uniform approxima,tion theorem ,D can be as.sumed to be (up to isomorphis~) 
"'tl •• 9 

a cofiltered family of dia~ralIlS of the sà!'le type: ri = (Di) i € l' Thus, for 

. " 
each i in l , we can con~truct the fo~lowi.ng diagram (2): 

l , 

Where mi & ei do not need to be 

re8pectiv~ly in Id.& E , but can be 
1 

fBctored. 

So, there exists a morphism ui 

lm e i lm mi 

making (1) & (11) commutative. 

, " 

----_._--~- - ------------

'1 
'1 

:l 
~ 
1 
t 
J 

f 
1 
• i 

1 
1 

, l 



t 
f • 
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IJ 
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Thus, sincé m = we have (diagram U»: 

lm e hence u 

a pro-morphism u: lm e lm m making (1) & (1i) commutative ln 

the pro-diagram (1). 

Thus, sinee lm m el! Y (let e' be the isomorphism) 

and lm e el! Z (let m' be the isomorphism) 
. 

the pro-morphism t = e ,-1 0 U 0 m,-l is the required diagonal morphism 

such that: m t = g and t e = f 

Conclusion: Pro-M - pro-É 1s a unique- factorization system in pro-f 

and satisfies for any cofiltered category 1: 

l 
lM 1 C pro-M 

class of c6mpatible l-indexed familie~ of morphism of M(E) ) 

In particular, if 1 is the one-point catego:ry, we get M C pro-M 

& f C pro-E 

Bence 

pro-M - pro-E 1s a natural lifting of the .unique- factorization. system 

M-f 

------I-n- -fact,--i.t--ls-un1que-in--the--fol-lowlng- sense: .~ 
o 

Proposi tion 2.3 : If M' -E' is a unique-factorization system in pro-C 

such that for every (small) cofiltered category 1,IMll C M' & lét C E 
, , 

then M' = pro-M & E' = p-ro-E '. 

Proof: If m E: pro-M, then m can be represented as a cofiltered 

f~1ly 

, 
(m ) where mi 
iiel" 

€ M for each i in I . i 

hence m ~ IMII C M' so pro-M C Mt 

similarly pro-E C E' 

t , 

,; 
J .. 
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Conversely: If 111' E: M' , then by the con,f;J truc tlon ab ove , t\le 

(pro-M - pro-E)- factorlzation of m' is given by 

Ill' 0:: (m' i) i E l = (mi e i )1 E l = (m1)'i o 
E: I 

where m = (mi) 1 E: 1 MIl c M' 
E 1 

and e = (ei )l € 
E: l 

1 El 1 c E' J 
,1 

! 
50, m' = 'm e 1s als(.> an (M' -E')- factorizat10n hence e 18' an isomorphism 1 

snd thus: m' € pro-M 

(Note that ln B unique- factorization system 'fi' M-E the classes M & E are 

closed under composition.) 

50, we have to prove that M' C pro-M 

similarly: E' C pro-E , . 
Therefore M' = pro-M & E' ::= pro-E 

Conclusion and remarks: If M & E are viewed as ca tegories the..n we 

still have: M C pro-M & E C pro-E but the functors MI ---+t pro-M and, 

é , pro-E are not full and faithfull as remarked in section l • 

é However, since pro-M &'pro-E , viewed as categories are exactly the 

categories of pro-objects of M & E respe~tively, every object of pro-M(pro-E) Q 

18 a cofiltered limit of objects of M(E). SO, we have in fact: 

Theorem 2.4: Every unique- rBctorization system M-E' in B category c 

can be uniquely extended (up to isomorphism) to a unique--factorÜation system '); 

pro-M- pro-E of ,pro-C such' that pro-M & pro-E 
, 

and are closed under cofiltere~)limits. 
, '1» 

, . 
" 

1 

(( 

contain 
1 

M & E respec t1 vely 

, 
t 

1 
1 
J 
l 
'i 

f 
1 , , 
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, 3) Regularity properties of pro-C 

Definition 3.1: A category C iB said to be (M-E) -regu1ar if J and 

only if it ia c10sed under Hnite limits ana has 'a unique-factorization systém 

M-E satisfyiJ;lg (as weIl as (i) & (U) of 2.1) the following condition: 

(iH) E is stable under pulling back. 

Note: It results .from 2_1 that M 1s at.\.tomaticaIly stable under 

pu11ing back. 

Tbeorem 3.2: If C is (M-E) -regular, then pro-C is (pro-M -pro-E)-re~ular. 

Proof: --- We have to prove that if E i8 stable under pulling baek 

in C ,then pro-E 
,0 

ia 9 ta~le under pull1ng back in pro-C 

Let then, D be the pro-diagram: 'e y ---------=-------~i~ T 

8uch that e € pro-E If 
z 

Sinee ~ € pro-E • e can be assumed .to he (up to isomorphism) a cofiltered 

family of mOrphisms of E: e = (ej)j € J 
\ 

So, if we reproduce the proof of the uniform approximation theorem for D using 

Z as "ini~ia1" vertex, we can prove that D i9 isomorphic to the cofiltered 

-
fami1y (D ) of diagrams representing D 

k k € K 
such that the morphism e

k 

representing e in Dk i9 in E 

Note: We can a1so prove directly t~at the category of diagrams representing 

D such that the morphism representing e i9 in E i9 a cofinal 

subcate~o't'y of the category of aIl diagrams representing D . 
) 

1 
! 
1 
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Bence 

by proposition 1.2, the pro-object = (~)k! K where. \ 1s 
" 

the pu11-back of Dk in C , ia the pull-back of in pro-C And if' 

Then 

Bence 

Thus 

= (qk)k c; K are the projec ions as shown below:' 
<' 

q 

(~)k ! K ~ 

p 

Q X' 

qk ! E. for each k ,p.nce C ia M-E-regular 

pro-C ia (pro-M-pro-E)- regular • 
., 

e! Z 
K 

" 
f 

.( 

Defini tion 3.3: ~ ca tegory 'ls said to be regu1ar if and only if ~s i t 

(M-E) - regular where: 

M ia the class of all monos 

E ia the class of aIl regular epis 

., 
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If C 1a regular then ao"1a 'pro-C ( • 

If C 1a regular, then we know that pr~E 1a 

Corollarx"3.4: 

proot-:-., -" 
:le the clasa of all mono~\(1\egUlar ep1s) (pro-M '- pro-Ê) - regular wbere M (E) 

~' 
""-:._ .. // 

of C 

So, al1 we have to prove 18 tbat: 

a) pro-lof is the c1ass of a11 monos of pro-C 

b) pro-E 1s the class of aIl regular epis of pro-C 

a) We already know that every e,lement of pro-lof is a mono in pro-C • 
o ' 

Conversely, let m = (mi) 1 E: J: X::>>--...----+I y be a mono in pro--C and 
~ 

let Z :::. CZ:l)i E: l be ibs kernel pair, . P = (Pi)i E: 1" '& q ... ('11 )1 E l bèing 

the project:lons (in Cl hence in pro-C) • 

Now, since m 18 a mono, the proj ec tions p == ('p i J '1 e: 1 & q 

are equal (and in fact isomorphisms). Hence'by L~mma 1.1, for each 1 

there 1a a ,1 in l and a morphism a: j 

as in the diagram below: 

'J ~ 1 Such that: Pi IIZa 0:: Q10Za 
o 

Z 

1~ ç; 

~r 
Zi: 

~f 

p 

Sa, 1f we take the Image of m
j 

we ge t a déCOmpO$! tion mj - m' j oe' j where 
~ 

(1) ,m'j is 8, ~~o 

(:l1) e'~ _ 1s a régular ep1, 'hence the coequal1zer of its kernel pair 

1 . / 
wh1.eh :ls the same as the kernel pair'-of mj namely Zj "/' 

, 
, ' 
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/ 

Thus, looktng et the left-lower"square, ve 

, Y- 0P
j 

-= P oZ ."0 1. Cl 

henc,e there exists a (unique) h : "lm m
j 
----+1 Xi 

sueh tha t Xa ... h e' , j 

eoequalizes & 

So, m' j:' lm m
j 

~ , Y
j 

1a a mono representing m that "dominates" mi' 
ft 

Hence, the category of monos representing m i8 a cofinal subcategory of the 

category of al1 mo~phisms representi:pg ID, Le. :" m E pro-M 

b) for regu1ar ~p1s, it is obvious that a cofi1tered faroUy of regular epi 

l 
C -- pro-C preserves both e . = (ei):l. € 1 .i.s a regular epi: sinee the functor 

, 
coequalizets and kernel pairs, <::;e is the eoequalizer of the family of kernel 

pairs of ei , which is the kernel Rairs of ~. 

Conversely, if~is a ~egUlar epi in pro-f" and ~i a morphism 

:Lt', we_get after factoring e:L ' the following diagraro: 

( 

where e' i8 a regular epi:Ln C 
i 

hence in 

and ro' 1. 

hence in 

pro-C 

is a mono in c 
pro-C 

But in any category, the diagonal property holds for monos and regùlar epis. , 
Q 

Hence thei;e exi.sts a (unique) h: Y 1 lm ei (such that: 

(1) h e = t i.e. et represents e iXi 1. 
e 

(i1) m' h 0:;= 

i 
y. 

i 
i.e. e' 

:1. 
tt domina tes" e i 

..... 

, D 

f 
V'-
f 
i 
i 
1 
i 
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S". the c:ate8ory of re8ular epis repre.senting' tf 18'! ,-çofinàl 8ubc:ategory 

~BOry';f aU morphisas repre ••• ting '. ., 

i.e. . e € pro-E \ 

Conc:lusio~ 
7 ) fi • 

r.espectivelyf equal to the c4asses of' monol and regular, epis of pro-:-C 

Thus we have proved that p'ro-M & pro-E are 
'. ,If' 

Thus -
pro-C lis regulal>. 

,. 

", 

) 

r . /\ 

; . 

) 

;> 
1 

• 1 



.. 

1 

, 

e 

. , 

0 

.. 

. ' 

4) 
y" 
,~tne88 ~f prOTe under special conditions 

. ' 
'lt ie know ([lJ proposition 4.5) tnat abelianness (and additiveness) 

can be lifted fram A to pro'-4. This class of examples, in T,,1hich .exactness 

. / 
(W)iiCh 18 part?f t~e ~~l±an 8tructure~ can'be liftèd, i8 special in'the 

Sense that in an abelian category, 11 rel'htion only needs to be reflexive in 
• 1. 

order to be an equi ~alence rela tion. 

In this section, ~r that under the supplemental condition that évery 

relationwhich is reflexive and symmetric is an equivalence relatio~ exactness 
o 

can be 11fted from C to pro-C . -
il. 

Thls result is based on the fOllowing: 
, '. 

Lemma 4.1: 

relation in pro-C 

I;;.C ls a regul~r càtegorYt eVery_~~lexive & symmetric 

can be represented by a coflltered family of reflexive and 

\ 

symmetric relations .in C 

More precisely: Given a, reflexive & symmetric relation R on X in, pro-Ct . ' 
\ 

• there exists a cof:f..ltered c~tegory 1 
1 • 

and two pro-abjects 

& (Xi) 1 t: t' el X 

for each i in 1 • 

such that R' is a reflexive & .symme tric rela ~ion on 
. i 

Proof: Let X be a pro-object and« a reflexive and symmetric. 

relation on X, :f.. .e. a subobjelK of XxX such that the two' ptojections 
~ 

r X can be embedded, i~a diagram of' the form: R 
r' . satisfying the relation~: 

<C&~X 
... , . 

ra :: r's ... lx 
1 8 

rT = r' a. r'T -= r 

~ " 

, 

.. 

r 
1 
! 

i 



'" 

, 

. 
,," 

o· 

• 

1 ·-r5'f· ~, • 
" R 
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~' 
We want to apply the uniform approximation theorem for finitely cômple4 

. 
categories to 

d 
the free category generated by th1s diagram, and for that, we 

~ - --- - ~ \\ 
have to prove that it is finite- 1.ei· that a1l non-identity end9morphisms', 

namely '(, sr & sr' generate only a finite .number of 'distinct morphisms •• -

In Jact we have: 

(i) T is an involution: 

< r, r' >'(2 = < r't"2 , r''(2 > 
\ 

< r, r' > 18 a mono (i.e. 

T2 = IR 

! 
,(11) -sr & 

(sr)2 

sr' are idempotent: . . 
= srsr = sr 

\ 
J 

=- < r'T, r't">· = 

R 1s a relatiQn) . 
11 

6 

and similarly for" sr' 

'. 

.. 

So this diagram is isomorphic (in the category of pro-:d!agrams of that type) 

. 
to a cofiltered family of diagrams of the same type, i.e. of reflexive and 

symmetric "spans (not necessarily relations): 
. , ;) 

C ri 
Tf. Ri ----=---~-+. 

" Now, < ri' r' i > 

Ri = lm < ri' r' i > , we ~et a 

(Chapter l, section lb (lO).tSee aIs 

" 

,-----where i 1s an .arbitrary object of 

some cofiltered category 1, 

a mono, but if we·take its image 
1 

which is a1so reflexive and syrmnetric 

propositio,!l 3.3), 

S~, if we consider the family of relations R' = (~' i):f, € l we get 

a pro-object which 18 the image of t < or, r! > hence R' e! R • 

) 

j' 
1 
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" , , 

1 -
: 1 

'. R' 2! (R') , 
i 1. ( l Conclusion: .1 • 

r \ • 
1.(! .• : R can,-De i:'epresented by a cof1ltered- fand:ly ilf-uflex-ive'-and- -" -' ---

.-'> 

symmetric relations. . ' .,... 
1\ 

, . .. 
1~ C - :la an exact ca tegory in which" every reflexi ve . -"Corollary 4.2: 

and symmetric re'latiC?n is" also transitive, then pro-C 1s also exact 

(and h~s the,sarne property as ~) ) • ,1 ,. ~ 

Proof: ~ J.et X be a .pro-object and .. Il an e~uivalenee relation on X 
1 

(~n tact R only needs to be reflexive and symmetr1c). then by Lema 4":1, 

there exista. a cofiltered family of reflexi've and symmetric relations 
p • 

i 
(R~:I:" ===p=,~=~::::: 

i 

such that: 

< U;t)1 el!!! X ,.' (R\>{ E: l !!! Ji " (Pi)i e 1 == r =; 'r' , . 
. . , ~ 

So by assumption, R' 
1 

i8 an equivalence relation on Xi for each i ~n l , 

and therefote, s,ince C 18 exact, R' i ~s the, 'kernel pair of the' coequalizer 

-

(wh:1ch ex:1s~s in a exact category). Thus, the fol1owin~ 
') 

di~8ram 18 an exact sequence 1n C : 

R' 
,Pi 

Xi_ 
qi 

ft Ki i· -
p' 

i 
-

Henee 1f we set K = (K:l~i E: 1 & q = (qi)! (r the following pro-diagram 

l 18 an exact: sequence :1n t C henoe in pro::C (since by pt'oposi tian 1.2 the 
, , 

, 1 \ 
funetor C -~r'''''' ---+. pro-C ïs exact) 

"!,t\ ,-
---,' p"----... * X 

J, 
---q.L---i.~. K R 

• p' 

Conclusion: R is effective (therefore 1s ah equivalence relation even . 
. if,. we assumed i t to be only reflexi ve and s}'lllllletr~c). 

l'hus: '. pro-C is ~xac t 
r r 

. / 
"... ~ 

./ 

" 
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The key to the previous p*,oof was that > reflerlvity ~. synnnetry of a relatto'n 

in 
• ~ • j • • 

pro-C can be'expressed in terms of commutative diagram~ (Chapter I, 
, .' 

, 
proposition 1.1) henceG'ce.n be approximal:ed by diagrams of the same type in-

c . . q 

• Now,' if we .attempt 'to appro)(imate an equivalénce relation which invo'lves , 

the diagram (l)' hel0.1l,. where T· ie fihe pu11-back of r & r' <.~' & t~ being 

the projections) ~ and, tJ 'satisfies the relations:' 

then: . 

(1)· 

a) 

b) 

The uniform approximation theorem ~11 provid$ a cofiltered family of 

diagrams-of th~ same type (w1th the commutation relations called 

'" (R), CS) & (T) in chapter l, 1.1) bu~ Ti will not nec~ssarily be .-... 
the pull-bac1c of ri. & r' i " • 

1 

P~opo~on. :1.~. cannot be applied ~e~ause of the morphtsm tl and the 

relati.ons .CT) ft'must satisfy (as remarked after proposition 1.5) • 

In f~ct, the next section gives an example of aJ;l exact category . Eo such 

that pro-Eo 
<1 .. • 

is nQt ~exact,. which actually {'roves that proposition' 1. 5 can-pot 

" ---hé extended to -arbitrary fin:lt:e diagrams in which some vertex la a lint'! t of' a . 

subdiagram' of the origi.nal dlagram. 
< 1 

. , 

• 

'; ,1e __ ."liIIlidtlll ••• IIIUiill' _ ...... ----------...----:-~-.~._; 

\ 
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Coûnter-example of 

.j,"" 1 

\\ 
the gen~~~1 

l'" 

S) case: finite 's~ts and Stone spaces 

, . 
Lét St be the-eategoFY of Stone spaces (compact Hausd,?rf tC!ta1~y: 
f li " 

disçonn'ected ~opologiq~l spaces) and let, fo " b~ tbe categ~ry of Unite set; .. . . , 

(~iewed a,s finite discrete spaces~1: .' 
, , 11· . , . . 

i l; ta show tha# t 'S ~ The ilUrpose of thI.s· sec tian ~ "- Il!! ,pro - fo . ~i, e : : 

, " i 
eveX'y 'pro-finite set 1s isomorphic' ta some Stone space and conve]:se1y). and that 
~ ., 

S~ iS'n~t\~a~, bqt it':l exact compiet~o·n is the cat-egory CH· of compac;t. j 
v' 

Hausdorf, "spaces. 

,(""l 
') 

Proposition 5:1 st:. 
, 

5!!! pro - Et, 

Proof: 
~ .' 

Consider the 'follo$l1îo . diagram: 
~ . '·.T . ' 

. , ~op • , -f! 

u . . . - " 

" 

~ = Fix(UT, ~Tl) F1x(TU; E) =,Pro, - Eo . 

We are going tô d~fine an adjunction (T, U, Tl, E:) such 'that ~he. full 

su~c~tegofY Fix(UT, n) and Fix (TU , f:) wbich are....known to be equ1valent, 

are respective1y equal to st and Pro - Eo • 

" ') . 
. 1'_ .... I:. •• 
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• 
- . , .' 

n(p) = lim F , . op 
(F, a~ € . (Diagr P) 
(fo, ~) of' P - po;Lntea finite, sets (F, a) 

whet'e For .p E 

ls the comma category 

with a €" PF, and p.- ppint pre~erving functions. Rence by Yci~eda lemma;~ _, 

(Diagr P) op is èqui;alent to the category ~~f (En6 ~; op - 'morPhisms, .. . ,< 

from P to some representable functor Eo (F, -) usually Identified with' 

~ 'li 
tt,e finlte set F, whic~ la here equifPed with the dlsc'rete topology. 

" 

,If l/J p' 

U ia defined on morphisms the natural way: 

. "\.. 

-.------+1 P ls a morphism of (En6 fa) op 

,'. _t.", ls a natura! transformation: P(-) 
T' 9' • 

------+1 p' (_) 

then 

hence there ls a unique U(1jJ~: l~--F,V--o------"";"--+I llm r ;, 
'yiagr p') p (piagr p) op 

auch that: Pa 0 U(l/J) = P:"F(a)J: i . 
'1' , ,'P~ , 

F 

-- '-~ 

For X E Top T(X) = .Cont(X, -) 
" .' ,-

l,e. : If F ia a finlte set;, TX(F) ls the set of con tinuous f,onctions 

'. r'~ 

fr6m X into' the discrete space F -'" 

And if f: X 1 Y ls a cont1nuous function, 
i- . • 

T(f) : Cont(Y, -) 1 Cont(X, -) is define~ as .. 
TfF : Cont(Y, F) 1 Cont(X, F) , , 

'\ 
1 Il 1 a 0 f 

0« 1 
(lii)· For X € Top , ni: x UT (X) = lim F 

a € Cont(:lt, F)' 
'lA 18 deflned by: xl (a(x) )aECont(X, F) 

.' . ..... -- ~~. ,--~~ - _. - -~"""-~----------~ ....... -...... , . 

<II' 
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* r 
1 
i 
Ô. 
~~ 

" 1 

~ 

~ 
~; 
~ .' " ~ 
~ , 
(1 1 

/; 

~ 
~ 

I~ 
~, 
~ :fi 
il. 

t. - ' 

' .. 
" 

, 
'. \ r 

, 

!r 

1 

, ~ 
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(ly) 

" 

Note that UfU> 
" " a '"€ Cont (X, F)· 

. = {(x) X~F 1 Je E: F 
a a.: (' a, 

, , . 

& Je == ) fa 
f(x } 

a 

l -

, e:.p la 8 natural 'tra~sforma tion :" 

s.p: P(-) 
é 

<Il E: pE : peE) • 1 
7. 

a 1 

--~---"-';;'---I Cont(lim 'F'" - ) op , 
(F, a) ( (Diagr P) , 

'-----.1------_1 Cont(lim P. , E) 
(P, a)'( (D1agr P)op 
(ainee(E, a) ( (Diagr P)op)\' ------------~-----+. Pa~ 

.1 

Proof of Clai1l1 1: 
, . 

lie 'will, éheek the- equatio1'l.s: . . " - / 
'l 

.. 

,(a) Fox' X' € 

. TrI 
TX X 

(b~ Ut 'If 1) =: 1 
U 'U 

we want to, prove ~hat e: 0 
TX 

E: ' • TUTX _, ___ TX:::.=.. ___ -+ 
+ TX 

1 

== l' 
",TX 

in 

• Cont(l1m F , -) Tnx. • 
Cont(X,-) in 

a:X-tF 

E)"--~--' (- . Cont(X, - 1 Cont 11m 17 ,E-) 
a:X-F' • 

• Cont(X,E)' in 

,8 .~I---------~~ Pa 
, 

1 Pa 0 llX 

Pa [ 

~ ar- p. lE 1\ ~: Pa o 11 =: 8: X , 1 
X c, 

: X-F . 
xl (a(x),)x:x~p"1 l'a(x) 

,So: E:
TX 

0 TnX = ITX 
~ 

(EK6 fo yoP 
• 
EfI.6..fo 

enl» 

~~ 

.. ~ 
D 

" 

l la' ' 
·,;r,;~·"'-lL.C.;;_$.I .... ,!Ii!'I"I""-------tsé,--"'''--'- -:-_. ----'~,---------,- -. -"c' -;------;'-'-,,---::;:. - ,'-,~--:--------""'_,~'" 
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~ 
f. r, 
r 
1 

(t. , -

" , 
~. -
;, . " . 
• , 
.' 
" ,1 

:r 
r 
r 

-' 

.. 
... 

J 

• 

..-
2,. 

, (b) 

fi 

For P E: En6 Eo, we want to" pr~ve that UEp 0 Tlup 
Tlup UEp 

UP --....;:;;.;"-------+. UTUP -------=-----+1 UP 

=~ 

1 B D 
lim F ----~--+I lim E - lim F 

p 
a • F 

a E: PF f e Cont(l1m' F , E) a E: :PF 
1 

aE: PF 

(x) 1-------+· (f«x) »fl--------------+.x 
a a a a , a 

Since. by definition of U on morphismB,_ we have for 

P o Ue: = p = P \ a P E:pF(a) Pa. 

= x 
a 

we a1so have: 

\ 
a € PF: ) 

(Note 
" ~ 

that (xa)a stands for (x a) (F. a) € (Diagr P) op) 

= -(~ ) a a 
f 

Hence ' .,(UEp 0 nup) «Xa)a) 
" 

~ i.e. : ~\p o Tlup = 1" 
UP 

... ,-~- ) ~" 

r 

Claiur--21 : Fix(UT, n). C St l' 

Proof; Observe that Im (U) C St. • 

Indeed, for ~ny P in (En6 Eo )oP, U(P) is a limit of Hnite discrete spaces 

. which are totally disçonnected. Thus, si~ce St. 

U(P) È: ~ for any functor P . 

i5 closed under limits, 

Hence, if X € Fix(UT, n) , i., e,: i~ l1X ia an isomorphism, then 

X i8 isomorphic ta UT(X) which is in S.t , hence X € S.t't 

" 

". 
'_JW ... _iJl .. ~.lJbi:ii.~ t,...~~ ... _-....,..,....._~. __ .. ____ "-~ ." --_. -.... -"'· ........ "'-'-......,n .... ~"""_ ... m __ ...... lijlllip .... IIII_., ~ 

-. 
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F1x(TU, E) C Pro - Eo 

- -. 

1 

As above we have Im(T) C Pro Eo 
\, 

, , 

Indeed, for any X ih Top t T(X) = Cont(X,.:-) 'preserves Hnite limita, 

~ 

hence la a pro-finite set. , 
p 

Hence if P E Fix(TU, e:} i.e. : if is an isomorphism, then 

ia isorlorphic to TIf(P) which ls a pro-finite set, hel1ce 
,"-' 

l' 

P € Pro' - Eo • 
'1 

Claim 4: Fix (UT , Tl) :::> St 
)' 

Pr,.oof: 
-"./ 

"-
(a) First observé that if X 

~j 
1s tota~ly disconnected and----) 

Hausdorf .. then nX ia injective. J 

functiôn 

function 

, 
Indeed, if x '1= y in X, then there exists a cloBé'n 

. 
A U B = X such that x € A & Y € B , hence a continuous 

X 1 {X, y} into the two-point set_, namely the collapsing 

8 (i.e.: such that 
J' 

8(a) = x 
() 

& s(b) 

Hence, sinee 
nX 

a(x) 

x--------------~--

= x =F 

lim F 
a:X-F 

we have then: nix):;f:. nX(y) 

y = 
\, 

= y for a11 aEA (, bEB) . 
sCy) and s = PsoTlX : 

Ps ( 

( " x,y} 

1. e.: The s-components of TlX(x) & nX(y) are different so TlX(x) & nX(y) 

are theinselves different. 
'---

'- J 
(h) Then observe that if X i§ compact, then nX is surjective; 

Le. : if x E lim F then -1 {x} =F ~ 1 Tlx 

" 
a:X---F 

For that, -" be an elemen t1'of lim F. 
a:X~F 

: 
J 

j 
! 

r 
,1 



'" 

~ 

, 0 

~ 

J 
/ 

/(', 

l( 
/) 
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{x} = H: ~ x 1 a(~) = 

= ()' 1-1 {x' } 
~:X--+f a 

So we want to prove that () a-tb} 
a:X--F a 

,. 

x for: a~l 
8 

(Le.: 

1 

,;/ 
1 

a: X IF} 

n a- I {xa ) ) 
(F ,1 a) € (Diagr X) op 

, l 

g 

For that, we first observe that for each a: X -F a- 1'{x } 
a 

,Indeed, if l :::::; Im(a) we have the diagram: 
"-

a 

#= ifJ. 

X 1 F x ~r. a = ia' so x = i(x ,) =x 
a a 

:- siljlce i, is the inclusion. 

a' 

lf - So ~ have 8- 1 {x } = at-! {x ,} '* t/> 
a a 

"-
l X

a
, beCaUS~\ a' .,...1s surjective . 

, , , :.. 
( . ,; 

Secondly, we prove that a- I '{x } n b- t {~} '* ~ for ilny two ,\on tinuous , a , , 

~ functions: 

4" a: X ·F 

b: X • Ft \ 

. 
(Diagr X) op 1a Indeed, sinee Cont(X, -) preserves finite limita, 

'cofiltered and: -" ,-
< a t b> : X 1 FxF' which is in (DiagrX)op verifies: 

~. x == (x , ~) in FxF' and therefore: <a, b> a 

In a similar way, we prove that for every finite subfamily of (DiagrX)op 

(8) _ where 
i i - 1, .. ,n 

, we have: 

\ 

\ 
\ 
\ 

'i)! 
'~ 

p , ! , 

., , 
" 
'~ 

, 
II, 
" : 

1 
-1 
J 

J 
:1 

" 

1 
l 
! 

'1 
! 
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Finally, since X is compact and a-i{x~} is closed for each continuous 

a.. we c~n cODclude tha~ 

Thus :. 

nX is surjective~ 

() ~Cl b:} ri: If> 
a:X-F a 

;( 

-Conclusion: , If X ls a Stone spc~ce, then ',l'lX 18 bath injective and 

surject,ive hence it ls an .isémorphism:' X é! ÏJT(X) • 

Le.: Fix (UT , Tl):::> st 

~ 

Clalm 5 Fix(TU, e) ::> pro-Eo 
1 

Proof: Let P = (F i)i Elbe a p,ro-finlte set and l'"t 
.. 

• Fi be the projecti:oDs. l'hen the functor: i 1---' (Fi" Pi) i8 B 

. . op 
cofina! funator: I --...... (Dlagr P), • so that we in fact have,: 

U(T) 1 = lim' .. F 
(F,a)€(Diagr P)oP 

So, if E. i8 an arbl~~ary ~te set, we want ta fraye that EpE 

18 a'bijection, whe~e : 
\ 

EpE 
. P(-E) ~ ef (Pro~» (P, E) . -----+-1 ,Cont(U(P). ;E) 

For tbat, we prove ,the following step8: 

, 
(a.,..: P 'E) 11-----I(Pa: lâl F ---t'E) . 

(F,a) 

, " 
a) P .... (Fi!i/~. 1 . e!:_ .(Ei )! E 1 vhere-the frojec~1ons 

• • • [f 1 

qi: P -...:..... Ei are regular epis!n pro:Eo and 

v .' 

... 

'. 

9 

1 
1 



/ 

': , 
" . 
~' 

1 
", 

~. 
1:1 
~{/ 
" ~ 

f J. 

l' 
\' 

, 

~' 

f 
[ 
:t 
!ri 

(. 
" 

1 
l 

." 
" 

G 
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b) the - transi tian map / / Ea: Ei.----t> Ej 

/ 
't. 

s~rject1ve • . 

for each 

" !!MiII! lM te 4 lt.""""'."It; .... .,.liItJ!1JltJU;i!l~ 
1 

\ 
a: 1 --...... j le 

. con~equentl', the category Iocan be repl~ced by a partlal1y ordered. set. 

c) The cprresponding projection maps Pk: 

are surjective. 

. 

U(P) 

\ ... 

d) For every flnite setE Cont(L, 1) 18 iRjective. 

e) For every flnlte set E EpI is surjective. 

Proof of step a): We prove that for every (fixed) k in 1 
" 

, the image ,of 
, \ 1 

Pk (in prô-Eo) is in fact a finite set ~,. and therefore that (Ek)k~ l ls a 

pro-obje~ isomorphic to P 

Indeed, by definition, 

morphisms :epresenting Pk: 

where' J is the category of 

, . ~ . 
1 "-

i.e. For" each j in J , there i.8 an obj ec.t '0 (j ~ in l and a map 

1 Fk 8uch that the followlng diagram commutes: .n /p . 
, • 0 PD(:.! ~ . 

'" Ci, F 
'o(j) • k 

" 
CI 

• 0 a ~rph1sm of _ J i8 then· a morp~ism a: O'(j) - o(j ') of 1 

sucoh that, qj ,.0, . a - Cij . 
Note that cs. which 18 :1:1) fact the "projeçtion functor" (Chapter 2, . 
'0 

section 3) is,cofinal 80 that: 

'. 

. , 
,~t:~"·--;S.C_J '~ •• lM'.· •• s ........... r ""il';'" _ ..... 1_1If ____ -:-_ 

~. _"" ,.! " ,.7*,' 
~~~._--~---~--~---

o 
t 

1 

J 



t 
1 
r, 

" [ (, 

.' 

1 

c 

1 

o \' ') 

o 

" 

J 

Now consider tbe family 1 . - (lm qj) j'~ J of subsets of Fk 

in J , there is an object ~d two morphisms: . . 
, . 

G1ven the'two objects j & j' 

"'\ a: i ---+ jw-'~ 6: 1 --+ j'in .] sucb tbat: f 

q 0 .... F 
j . a 

!a(j' ) 

Renee: 

Thua, tbere exists an objéct 

= Ek ./ 

in ~ sucb thet for 

Bence, given# any j in J , there exists a j'.-> and two 

j,.~j 

~jO 

So: - . 
Consequently: 

" 

in J. 

If we 

..... .--"" 

Bence: = ~ ~hich means tbat tbe full 

subcategory 
.~ 

J'of J whose objects j' satisfy 

~m qj' =-11t 1.s ,cofinat. 
J 

/ 

conSi~er th~ pro-objett '(E1)!'~ l • we ~now t~,\t the 

6 

category of couples (Fi' P1? . 18 a cofinal 8ubcategory, of (Diag~ P)op , hence 
, 

so 1s the category of couples (Ei"qt) i.e.: 

\ for any q: P - E 
o . 

in (Dia gr P) P t the 
• Q 

dia gram (l) commutes for so~e . 1 in l 

(1) 

' .. 

\ 

l ~ 
~ .. ~.1"'L~ ___ ". ___ .,.;7_-_'_~ ':". '-:-:-,_~ __ ----:--------';"--------:--~---_:-_""'7 ......... _ ~:; \. 

" 



r: !Il. 
0 

f{t{( 

1 ~, 

[ l , 
,/ , 
,f a {Y,. ' 
~r, f" $" 
~ij 
~,t. , 
fi:' 
~i 
;fi, 

.. 
" 
" .' " :' 
1 

l 
"J 

), 

~ 
f.. i; 
î:, 
;fi 
~\ 

[, -. 
r; 

f 
,~ 

, , 
", -
,l 

, 
" 
~; , 

1 

.~ 

JAIl ri 
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Proof of,step b) 
\ 

Given any a i --.. 
\. 

commutative diagra.: 

where E is uniquely defined by a 
~ 

the diagonal property and i8 an 

epi '(hence a surjection) '. ) 

~se qj i8 an epi • 

So tf E & a L Ea both satisfy: E 0 qi = qj a 

because ~,i i8 aD ep1. 

So', if we replace 1 by the category having 

" 

j in l we have the 

= . E 0 qi then E = Ea a a 

aame objects a~ l , but 

. 
~ ~ 

1 • 

where aIl morphis.s with same domain and codomain are identified, we get the same 

,ro-object P, but the Indexing category i8 a pârtially ordered set. 

Thu8 we ~an assume that P = (Ei)i € Ï where 

(i) 1 18 a dlrected par~ial1~ ordered set ; 

(U) the transition maps are surjective as well as the . 
1 ~ 
projections P -Fi 

, th»' sets F lare mutually disjoint ; 
." , " 

(ili) 

(iv) the category of couples (~i' Qi) ::I.s a cofinal subcategory of 

(Dia gr P)op 

Therefore: U (p) 

We will denote by P::l. 

= I1m, F 
(F, : a) € (Diagr P) ~p 

" 
the project1~n: L ~E 

" 1 

= L 

ra ther 'than 

Proof of step c).. Let' c be a fixed elemet;tt of \ (where k € 1 . ha 

"' fixed index) , and çonaider ,the se,t E .. - U E prdered by <: defined as 
, \ leI i' 

fo~lows: 
.. I{j, 

.. 
" 

, 

1 : . 

1. 
1 1 

1 

1P t' .. 

'" " ".\,~------



. 

~ 

1 

"i'I~"'l!!-~~ •• !\!!I.~_~_b,J!i_IJ1 •• "IIIIIlI!li!iWlAl"IU_Jt";;_a_. ---" ""--------=--- __ ~ __ ~ ____________ . ______ .. __ ~ .. __ .. 

a 
~ 

• 

·Given xi ~ E:1 C E & x
j E Ej 

.... 
<: 

. 
* : 1: xi x j 

3;a 

. 
X li Y in E- then x=x i li y=x 

j 

Now let C -------rx -€ E f x<c 

-99..J1 

C E 
' " 

~ . . , 

• j such ,that _Ea(Xi ) ,c x
j 

(Le.: Given 
. 

xi < :~} for, some ! li j in l • so x<:y ... 
} and, let f be the fil ter generated by 

C and .. 
is itself the base of li filter' and given :l: (and k)

t . 
there i8 a ,j such that j <: i & j <: k so if a is the morphism 

'II 

j - k then. since Ea' is surjective, there is an Xj E Ej C Fi S.t.: 

every 
p 

r= C i.e.: "'Xj . <: c "hence 

C n Fi + ~ . So i in I 

X
j 

€ C n Fi ' which shows that:' for 

F exists and therefore there i9 an ultrafilt~r /. 
·U finer'than F Le.: such that, C e: U and Fi E U for each i in 1 • 

Now. for every i in J. let: 

Ei = { , .. ·"·eu } \ 
el 

A = { x.({ E 1 x <; ep ' } for p=l.2, •. ,n p 

~: Û . Û 
Fi' = Al A" U •••• A e U 

n 

Hence, there 18 éxactly one index p sucb tbat Ap E U1 which de termines a ... 
-

unique element xi ~ 8p . in each Ei 
But for • i-= k we know that C EU. 

Also, if j < j ass~ng tha t: 

Bence ~ = ,c == ;, 

== 

i.e.:A cC. 
p 

}' 

. 1 

Ej { dl ,·t·,dm } • . "-.:... . 

we_~e for any p & q: 
o 

and 

dq 

dq 

• 

< ep , 
Ap 

B' ,q 

• 

* dq 

* B 
q 

== { X E E 1 x <: dq } Cor q=l,··,m 

'. 
E A ... B C A 

p q - - p 

n A 
c '''' p 

J#nCl&;5:i~~--J---~-",_ .. - ~-~ - _ .. -



'" ~'''''f4!1t __ __ , " 
r~_""" _' __ ..:....--= __ ..,;,. ___ ..:..._ ... L ... na"'.......-_ ... =aIIl4I!J!St~.lQJ!!I!tWlt'I!\~~1!S'l~1I!II!O~~IQt"P .. 

" 

1 

\ 
< ' 

Bence if A 
P 

Thus, 

E U and B E U 
q' 
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, then ~j' 

U defines a (unique) element 

Pk (x) = xk = c as d'es,red. ,""-

~c 

... dq < 
\ . 

(:Kt)i E l 

l' 

ep - 'Xi • 

of L such that 

~ 

Note that there maYJbe many sueh elements x (one for each U that 

contains f) , but our construction, which essentially depends on the axiom 

-of,choice, proves the existence of one of them. 

Proof of step d) Let a & b be two pro-morphisms: P ~ E (where E 

1a a g.iven finite set) such that Pa c- Pb: L - E 

, 

Since the category of couple\s (EpPi ) 1s a ~ofinal subcat'egory of (Diagr P) op 

and cof;t.ltered, there are abjects 1,j & k of- 1. and rnapB S.t.: the diagram (1) 

commutes: . 

" 

Sa, 

a 

b 

E~.Ek 
g 

(1) .. 
t~t (2) ls also COnDnU ta t~ ve. 

~b 

\ 
(Note '" that f denotes 

in bath diagrams, and similarly for g: ~-E-E ) j - k 
Sa, fo Pk = Pa = Pb g 0 Pk . 
Renee f = g aince Pk ia surjective (i. e. : 

. Therefore, in diagram (1) we have as required:, 
- i 

an 

J a = f éI qk 

p 
'. a 

(2) 

the map: 

. 

ep1) 

-= 

- - - - - ----- ------

f 

l1c. -+E -E , 1 

~ 

• 1:.'11""' 1""" _."v . 
r P liait 1''1 

,,' 

t 
1 
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1 

1 • 

1 

•• 

. . 

e 

- .':( 
-J' '. 

.' 

Proof of step 'e) Let f: L --"";'-~I E be any continuous fonction .. -
into an arbitrary .finite set E -=:. {Xl " ••• ~Xn } ". 'I-t is sufficient to show 

that. f .factprs throug~ Ei for som~ i in I~. 

. 
1 

Indeed, if f =. h 0 Pi as be1ow, then taking a' = h 0 qi we get:' 

. f \ ") L------~--------+ 
, a p--------,.- E 1 

} 
So (E" a) ia an object and h a morphism of (Diagr p,>oP h: (Ei , qi)--+ (E.' a) • 

HenDce Pa~ = h 0 Pi = ~ ali required • 
( 

Now, in order to prove that, f can,actually be factored, we look at the 

~ " 1" .' .1opên partj.t~on' L = C {Xl} U ••••• U r {x.n} defined by f 
.. . . 

< Since f ia con tinuoua and E .. is discrete, then ri {Xi} . is ac~ually a 

clopen subset of L .. 
AlI we need to show :Ls that given Any Unite clopen partition L = A Ù •• OAn ' 

., 
there' is a partition BI 'ù ••• Ù B 

Il 
= Ei -of some E

i
, s.t.: A = P -1 (H ) 

p L P 

for every p =, 1,2, ••• ,n 
\ ~~ 

Indeed, if ~l {xp} = Pi-1 (Hp) fpr the above partition of Ei then 
.. 

the map h: Ei----+I E defined by: , 1 

h(e) = lep ... fi ~ B~ for p = l, .•• tn satisfies a1so: 

h(Pi(x» ... Xp ... Pi(x) E: B ... X l Pi - 1 (B ) = ri {~} 
P . P 

"'-
... f(x) .. xp 

Bence f -ho Pi as des:tred. 

~ 

" 
.. 

i 
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" ". 

1 -

Now let: us look at c10pen sets in L •• Fçr ~bat, we reca11 that every 

open set: A in L' (wb1ch 18 1ndexed on a directe(l set) 18 the' foilll:, 

A = P -1 CB) 
1 ' f?r some open .B :C 'Ei ([7] § 4.4 propDsition 9). 

But aince Ei - 1s discrete., B can be any suba~t of il and .i~ automatica11y 

clopen hence A i8 a1so clopen. 
p , 

" 

1 
then ç qpen .. C = U ~ 

~ keK 
Now if C 1s an arb1trary clopen subset of L 

where ~ 18 a basic open set and K is any set; and 

1s compact .• 

C c10sed .. C 

l 

'Rence: C = li A. 
j=l -ltj 

for some -= l, ... ,p,." 

But f1nite unions _pf basic open (henee c1open) sets are a1so basic open sets • 
. 

Bence: C = Pjl-l (B) foi; some 

"" , we proeéed by .Fina1ly induction 

partition L = L . . 
Adsuming the result for n ,. if 

B C'E . i 

on n • 

L = Al 

.-
For n :::; 

. 
•••• Ù A U 

n 

1 we haye a trivial 

ù An+l 
,p 

i8 a clopen 
• • • 

partition of L, th en uthere-exists an :1 in 1 and a' partition Ei = BI U •• UB
n 

, 

" auch' that: 

= 1 •••• ,n-1 

but ~since 1s c10pen, there ls a j in 1 and a ,B C Ej < su~ that 

and hence if B' - Ej - B 

~ 'ù ••• Û A = 
n 

1 

Now, by eofi1teredness, there is a k and two morph1tsms: 

.~Ei ., 

. 
such that . B~ 0 Pk = Pi _p a . 

k 
1 B8' 0 Pk 

L.: a~ 
and .. Pj 

~ ,/ 
'. Ej 

~ 

~ 

. ' 

• 

-~ - --.;-- O'-~""""""''''~~---------______ ''''',.~' 
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Hence for q- = l,.,.,n we have: 

= = 

.. , 
and for q = n+1 

Thus: \If we set : A. Cq = 'E -1 (B ) nE -'(B') 
(1 q e 

"and cr ' == 
n+1 

E -1 (B ) n E -1 (B) 
an' B 

Then, • gi ven '1t€ Ek ' "le = ( P-k(x) for some x in 

hence Ea(xk) = Pi(x~ € B for q exactly one 
~ 

and EB(xk) = Pj(x) ~ n u. B" = Ej 

and E!a(xk) € B .... Ea(xk) € 

, 
B - n 

50, X €' C k q fo~ exactly one q € {l, ••• ,n+l} 

. " 

\ 

for.afl-Y q = 1, ••• ,n 

. 
L (Pk is surJective) 

q 
'f ., 

If 

Conclusion: • E1t = 

8uch that Aq = Pk- 1 ~Cq) 

of proposition 5 ~l • 

Cl Û ••••• Ù C· LI c 
~ I,l+1 is a partition of 

for each q ~ {l, ••• ,n+l} which ends the proof 
1 

" t 
, } 

Consequêntly: . 
We have an e~mp1e of an exact cate~ory Eo' such that 

.. pro-EQ - ~ S:t :ta not exac t. 

"" 

We could complete it using the construction described in Chapter I, but 

wéknow (cor011ary 3.4) that ~ 

"that its 'regular structure is tot 

• 
18 a regular category, and it ~an 

pr~ved/by t~ co~struction. 
, 

be seen . . 

• 

. Inst;ead, we ~se the construction given by R. Succ! ([ 9]., section 3), which \, 

extends every regular category Cinto an exact' category Q(C) in a universal 

_ '!i'sy • 
\ 

, . 

, . 
____ oI.t:, .. ".. 

7 

., , 
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But in fact, wé hâve the following: 

'Proposition 5.2: Q(pro-Eo ) /~ Q(S;t) ~ CH~ where CH denotes the 

category of ,compact HaOsdo~f topological spaces . 

Proof: . ( 

Claim 1: CH is an exact category. 

Irldeed, given an'objèet X of C~ and an equivale~ee relation R 

on X in CH , then R 1s a compact suffspace of XxX hence ·closed. Rence 

by the'Alexandroff\heorern ( [8] ; 3.2.11). "the quotient space X/R i5" 

comp~e t Hausdorf 1) i, e. : X/R 
~ , " 

i5 the quotient of X by R in the ca'tegory 

CH ...... 
. ' , 

Every comp~ct ~ausdorf 5paee X is the quotient of sorne 

" 

C1aim 2: 

Stone spaee Y by an'equivalence rel~ion S. (whieh i8 also a Stpne 'spaee) 
, 

The proof i8 a cons~quenee of the f~~}owing:, 
1 

:!!!~~!~_LL~LL~.:.~:.~.:): Every compact Hausdorf' spac~ of weight m > ~, . ~ \ 

is • eontinuous i~age o( a closed sub5pace of the Cantor cube Dm. 

Hence'if the weight m of X 15 infinite, i:e.: if X has a basls ofe 

• 
op~n sèts having infini te cardinality m th en there exists a closed henee 

compact subspaee C of the Stone spacs 
f 

Dm , and a eontinuous surjection f: 

C Il X • 

Sa" i[ S 18 the~equlva!ence relation defined by f , then by, ~ 

Aléxandroff theore~ mentioned in Claim.(:,. " S . 15 c10sed h~nce eomp~ct. 
Sa S is a Stone subspace of CXC. and X ~ C/s as required. 

'" 
~ 

Now' if X has finite weight, then it'is finite hence disèrete , 
( [8]' TheorEM 1.5.l ). 

,.7 
ia itself a . ...8tone êpace. 

( 

.. 

, 

-~----_._-----(~j ------- . - --~-----_. , _ --e= 
, '1. 
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,; / èla11D.3: 
~ 

CH satisfies the universal property of 

Q.(St): The inclusion ~nctor Stt...c __ ..-.::»~ QISt) . is exact. and eVFct ,-

functor G: St ---> 8 (where 8 i~ a~y exact catégory) can b~ U~:1qUelY 
extende~l'~(up ta isOIllorphbm) to an exact func;tor Q(G): CH - > 8. 
~ 

Indeed. by c1aim 2 ~e ~now that every compact Hausdorf space X . 
1s of the form X ~ C/S , where C and·S are Stone spaces. 

SOt giverrG, the functor Q(G)' defined on.objects as: 

Q(G) (X) ~ Q(G) {ctS) - G(C) / G(S) 

is an obvious extent)on o~ , G 
'1 • 

.. 
Conclusioq..: Q(prl!>-Eo ) 

1 

.\ . 
, 

p 

,j 

to the category CH J, 

, 
/ 

E! Q (ST) E!t cil 

" 1 

" 

'. l' 1 Il 1 F 
' .. jrmr 

q 

- 1 

.,..-, 

\ 

( 
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