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To complete a category is to embed.it into a larger one which is closed

\

under a given type of limits (or colimits). A fairly cldssical construction

]

schefne,' in which the objects of the new category are defined as "fprmal limits"’

of diagrams of the given one, is carried out in two specific .exampdes.

«
k| K

-

In the case of the exact completion C of a f&nitely complete category: C ,

.
we look at "formal coequalizers" of equivalénce spans of C , which end up

being the quotients (in C) of the corresponding equivalence re%acion. The

s

objects of C are hence objects of $C together with an equivalence span, and

its morphisms are e uivalence classes of "compatible" morphisms of C . Thus
q

a' constructed, C 4dis an exact category whose structure is studied in detail in

N
' a?

Chapter I, as well as the universal property it satisfies. ,

o

-

The second example i% the category pro-C of pro-objects, or "formal

cofiltered limits" of C . 1Its objects are cofiltered diagrams of (, but |

a

can be characterized in various ways. The knowt\ properties of pro-C are

14

summarized, extended and used to lifg to pro-C Fome regularity and exactness

‘properties of C (Chapters II & III). . -
. F .

~

3

}
The category’of finite sets is an interesting example: its category of

. ! -
pro—objects is equivalent to the category of Stone spaces which.is not exact, -
but whose exact completion in the sense of [9]is the category of compact

o .

-

Hausdorff spaces,
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Compléter une catégorie, clest la plonger dans une caﬁgorie plus vaste

qui est stable sous un type de limites (ou colimites) dorhé. Un made de contruc-
. ,
tion assez classique par lequel les objets de la nouvelle catégorie sont définis

comme "lin{tes formelles" de diagrammes(‘de 1l'ancienne, est développé ici dans,

Y

’
.

deux cas précis.

5
Al ’

S

b

Dans le cas de la complétion exacte C d'une éBtégorie cartésiemne (3°

’

limites finies) C, il s'agit de '"coégalisateurs formels" de pseudo-relations
d'équivalence de C qul se révEélent &tre les quotients (dans C) de la relation

[N ~

fiy - . - . ’ 4 . =
d'équivalence correspondante. Les objets.de C sont donc des objets de .C munis
. ~

4
d'une pseudo-relation d'équivalence et ses morphismes, des classes,éd’'équivalence

v ~

de morphismes "compatibles' de C . Ainsi construite, ( est une catégorie

13

exacte dont la structure est étudiée en détail au Chapitre I, ainsi que la propriét

»
universelle qu'elle satisfait. 5

‘

1
.

’
*

] - R

Le deuxiéme exemple est la catégorie pro-C des pro-objets ou "limites

.

cofiltrantes formelles" de C . Ses objets sont des diagrammes filtrants de C°,
mais peuvent &tre caractérisés de diverses fagons; de méme pour les morphismes,
fl. ° ' Ty . "

Les propriétés connues}de pro-C sont rassemblées, &tendies &t utilisées pour

étendre 3 pro-C certaines propriétés de régularité et d'exactitude de C s

#
N

(Chapitres I1 & I1I). La catégorie des.ensembles finis est un example '
intéressant: 1la catégorie de ses pro-objects est equivalente 3 la catégorie

des espaces de Stone qul n'est pas exacte, mais dont la complétion exacte

dans le sens de [9] est la catégorie des espaces compacts:

1)
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. pro-objects .

PREFACE

The object of this thesis’'is to present a detailed study of the essential

regularity and exactness ﬁrOperties of two types of category-completions: the

%
e

- ’ N
egact completion of a finifely complete (cartesian) category and the category of

~

- ‘ /v

In the first example (Chapter I), we construct a full extention C of a
I3 o A‘
given cartesian category C and prove that C 1s exact and has the required

- ‘ N a

universal property. The definition of C-morphisms as equivalence classes of,
&

"compatible'" C-morphisms made it rather difficult to grasp the structure of C ;-

v

so we were led to give a systematic description df .limits, monos, regular epis
etc. of C using the cartesian /structure of C . For instance, we point out

and use the fact that every comnutative diagram in C gives riseito a diagrdm

.

in C which commutes modulo some equivalence' span. The results of this study

confirm and clarify our original intuition that C is the category of "formal

quotients" of 'C . - D

.

The basic definitions and properties of equivzilen“ce spans and compatible
&

morphisms in C are given in section 1. They lead to the définition of objecté

and.morphisms of C (section 2). 1In section 3, we give an "external" characte~
4 [

rization of (finite) limits in C , which syggests a way of "creating' finite

-~ - [
Fmits in C using finite limits in C . Then, we use it to -construct a

terminal object and pull-backs in C .

In a similar way, we can characterize monos and regular epis as "injections-

4

and surjections modulo some. equivalence span" by andlogy with the category of

sets (section 4). The regular structure of C is a direct consequence of the

bl

—-yii~

+
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fact that (as. in sets) every morphism £ of C can be made into a mono by
choosing the appropriate equivalence span on the doméin of f (i.e.: the largest

equivalence span making f compatible) .

5

Finally, we give a construction of a saturated representative of a given
subobject in C, less properly called saturated subobject (section 5). Then

-~

we can characterize equivalence relations in ( and construct quotients in C

~

th¥s proves that C is exact (section 6).

The universal property of C follows from the "internal characterization
of objects of C " (proposition 7.1) using diagram-chasing techniques.
o L

)

a

In the second example (Chapters II & III), we study some structural properties

of the category of pro-objects. This category has been partially studied b,'y
various authors who use the propertjies of the category pro-(" or its dual

ind-C as tools fgr solving various problems in algebra, algebraic topology, tupes
t£1eory and logic ({11, [3], [4], [10] and others). Since pro-objects have

been previously studied and used, many of their elementary properties are fairly
well-known, although itis usually difficult to find ref‘érex‘lées for them. It is
even more difficult to find detailed proofs of these properties, especially when

~

C has no ot very little additional structure.

- -
"
o

°

The purpose of Chapter II, a published paper (reference 0] ), is to give
an overview of the various equivalent definitions of the category pro-C (sections

1 & 2), and to extend the "uniform approximation theorem" stated in [1] in two

ways.

—yidii-

Pin O RN



First, we show that 4f A 1s a finite loop—freé category, there is an
equivalence of categories between (pro-C)A and pro-CA (section 3).

Then, we prove that if Cart is the category of small finitely complete
categories and 1f A 1is any finite category, then the endofunctors- (—)A & (_)AOP '

on Cart are adjoint. The generalized version of the uniform approximation theorem,

where the loop condition can be omitted provided C has finite limits follows

¥ |

as a corallary (section 4). Finally, a counterexample is given which shows that

without finite limits, the generalized version does not hold-(section 5).

In ch.apter IITI, we use the uniform approximation theorem to 1lift some
exactness and regularity properties frc;m C to pro-C . In section 1, we give
the well-known result that finite completeness (cocompleteness).can be lifted
from C to pro-C . This leads to t};e new (although quite obvious) 'approximation
‘r\e;,ult" that every finite limiting cone in pro-C c;ln be approximated by a
cofiltered family of limiting cones of the same type in C (and dually).

Then we look at unique-factorization systems M-E in C , and discover
that they can be ligted to a upique—i{actorization system pro-M— pro~E in pro-C
in a unique and natural way (section 2). 1In section 3 we prove that the
stability under pulling-back can be lifted from E to pro-—E- » and we get as
corollary, the fairly well-known 3esult.that if C is a regular category, so

is pro-C (no reference is known for this result, but most elements of the proof

\\) .

<
are implicitly present in [41]).
-~

Y

We finally look at the lifting of exactness; this is shown to work in the

' A
case of a category in which reflexive and symmetric relations are automatically (,{/

transitive, and to fail in the general case. The proof of the lifting of

Il

—ix~-
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"exactness (section 4) is a typical example of the use of the uniform approximation

theorem in its generalized form; we prove that every reflexive and symmetric,

-

relation in pro-C can be wuniformly approximated by a cofiltered family of

-

reflexive and symetric spans (hence relations) in ( . The exactness of
2
pro-C under these special conditions follows as an easy consequence.

The counterexample of finite sets is fairly well~-known, although no detailed
Y,

-

‘ . i

proof of the equivalence between pro-finite sets and Stone spaces 1s available

in the literature. In section 5, we characterize these two categories as the ‘

3
-~ A ¢

Fix-subcategories of an adjunction between topological spaces and the opposite

of the category of functors from finite sets to sets, which are knqwn' to be
equi}{:itlent. So the category of pro—finite sets is not exact but can be completed
using the construction given in [|9] : we get the category of compact Hausdorff
spaces. This fact which ends tﬁe thesis suggests that, provided the two’

constructions can be internalized in a topes, an internal concept of compact

Hausdorff space could be.defined given a concept of (internal) finiteness.

.
3
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The purpose of this chapter 1s to prove the followipg: “ ¢

.
3

e

e

Theorem: The forgetfu}, functor from the category Ex of exact categories to

the category Cart of finitely complete categories (sometimes called cartesian

categories) has a left pseudo-adjoint (i.e.: adjoint up to natural isomorphism) .

~

L]

t

a

»

Equivalently: Given any finitely complete category C , we can construct '

its exact completion C 1i.e. .a category such that:

*. . The proof of this theorem 1s comstructive in the sense that the category C

and its exact structure is constructed step by step using finite limits in C ,

K

-~ @
‘

1) 'C is an exact category .

2) There is an inclusion functor J: C (C_ . , C "’Whigh preserves and
- -

reflects finite limits . e i

. /7 - 3

3) Given any left-exact functor F: C(— B where B - is an exact,
. ’ !

category there exists a unique (up tp natural isomdrphism) exact \ \1!

- L - . - ’ !

functor F such that cc a1, ¢ . '1

. “ / k )
> ‘ In 3

F = FoJ: : . F >~ /F . . ;

. / i

v :

voBre B « !

® ?

N

s
{
v ' 3
@ . . 1

and F 15 constructed from F in a_ similar way. . . ) )

where: . : !

These qonstruét}ons are done using a double "internal-external® apprbach,

’

"internal" means in terms of diagrams and finite limits in C (or C) , and

-




ts,
LY

"external" means in terms of morphisms’'from an arbitraty object X of C

-

into a given C , which can be viewed as. "X-elements" of C .
Ly

So:\the internal approach gives the formal construction of C and of its

structurey and the .external one, gives an intuitive insight into "Ghat

C looks like" which can otherwise be extremely messy.

-

L) M/
For example, in section 2 we define C as the categpry of objects of C

FURUPSPI

(or C-objects) equipped with an equivalence span, and equivalence classes of

C-morphisms. Now; it results directly from the preliminaries of section 1 that

-~ ~

"X-elements" of a ' C-object € (i.e.: C-morphisms X ———— Cx) o

LS A S U

are equivalence classes of "X-elements" of C .
@ \

Hencé every object of C can be viewed as the quotient of an object of C
by an (external!) equivalence relation. Although this fact is "internalized" and
used 1in section,7 only, it indicates intuitively that C is a natural exact

completion of C , and constitutes a guideline to the whole construction. !

-

~ <¢

b
’

]

So, this rather long and detailed construction serves the purpose of creating
» R §

1

;
!
{
i
{
;
!

an appropriate machinery of definitions, lemmas and propositions of the form

)
N ’

"T.F.A.E." (ﬂuzgpllowing are equivalent), in order to be able‘to actually work

in this category C , and not merely show that "the construction works".

> 1 v «
-

In particular, it seems that the notion of canonical subobject " defined

R Y UG

, by ' J. Lambek in [5]couldbe lifted from .C to C , which would give a more
prec{?e version of the Theorem given above. -

r
D

s . :
v
,
%\ v 4 t
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1) Equivalence spans’:r}compatible morphisms in C: { LN

¥

a) Preliminaries: 4

ot P s S . e s G

Proposition 1,1: ' 5 : —L0_y :
p Given a parallel pair of morphisms of C ) Ay = aAu:
T.F.A.E.: _

(1) For any object: X of C, the relattdon defined in C(X, Ao) by: l ,
f~g 9311: X —4; s.t. f=aoh&g arh ;

3’

. is an equivalence relation. ' ~
ag 3
(i1) The diagram Ay ——— Ay can be completed into a simplieial 3
a1 . . ,

LAWY

‘ - ,diagraﬁ; of the form: .
) /QL@ -
____’QQ_____,

Az——31———> A1 a Ag

~al T N,

where *A; 1s the pull-back of ap & a; , ad & a being : L

the projections, and which satisfies the relations:

R = =
(R) ags 81 s 1Ao

. ¢ .
. - ' ’ Qg) aT =2a; & a3t = a9 ’ '
$
. (T) . apaf =aoad -’ ’
. . . a 81' = aja
’ - a,a§ = apad (This square beilng a pull-back) ;

Note: (T) can be expressed by the following commutative diagram: ;

»

) . A

»




R . .

_I_’_x;gg_f_:l We are going to prove t:h;t
a) Reflexiv;g:y in (1) ';' (R) in (41)
b). Symmetry in (1) <. (8) 1in (ii)l
¢) Transitivity in (i‘? « (T) in ’(;.i) .

a) 1‘ Reflexivity:
= : If ~ 1is reflexive, then for X = 4&;, we must have le ~ le

* Tleeer ds: A A sit. 1, =208 =ais () v
€ : Conversely if (ii) holds, then fbr any X and any f: X — A,
we have: f = lAéf = apsf = a;vsf ‘hence, f ~ f. Thus, ~ ;Ls reflexi\'re.
b) gmetry_: s
If ~ is symmetric, then for X = A;, ' we have a9 ~ a3, hence we /;

- (:5

e

must have a; ~ ag 1.e.:dT: A — A; S.t. @& =80T

& ao, = aiT (S)

v

¥ .
" 4= Conversely if (S8) holds and if f and g age morphisms
. X—-—-f——+ Ao such that f~g 'i.e‘ f =ah & g=ah
g , , .

(for some h), then g = agth & f: ajth hence g ~ £ .
Thus, ~ .is symmetric.

c) A Transitivitz:

= If ~ ig transitive, then for X = A defined as the pull-béck

of ap and ‘ay, f = apad, g = a1ad = apal and h = a1af,
& b

we have f ~ g and g ~ h therefore £ ~ h

i.e.: 3 al,: A——4A such that apal = apaf, & ajal = ajaf (T)

X —4Ap

. . .
+ : Conversely, 1f (T) holds and if £, f» and f3:

verify f; ~ f, and f2 ~ f3, i.e. for some hs & h{: X ——3A

»
s

we have f; = aphs
fa = ajha= gof), .

f3 = é.] hi

T vttt o AR

P Bt ]t b n N, T

~

EIBL P Y

P s



N .“ . N
Since Az 1is the pull-back of ap & a5

there exists a (unique) k 8.t.:

.
T e ekt AN ol i .
1

adk =hs & al k = hy |

e 4
. b
Now, taking h, = afk we have: e '
i
fi = ao hsa = apadk = apalk = aphy’ )
Ao . C
f3 = aihy = ajalk = ajalk = athy

Q v M

Thus f£; ~ f3, and ~ 1s transitive.

e e

! Definition 1.2: Given an object Ay of C, an equivalence span (A ,a0,8;) -

\

‘on A ‘is such a pair of parallel maps: A ——ED—*Ao . !
ai LI

We will write: f = g (mod A;) or f EAxg inst:ead!.of f ~ g 1in the

g aboye sense, .

Préyosition 1.3:Gilven two objects A & Be, equipped with equivalence

.spans (A ,ap,a;) & (B1,bo,b1) respectively'and a morphism f: Ay ——Bo ,

)

TIF.A.EO: ln )
\ P N '
, (1) FPor any pair of parallel morphisms: X "—‘:89‘—*—'1% :
o ' . g 3
) go = g1 (mod A;) = fgo = fg1 (mod By) ]
(113* There exists a morphism f':\ Ay — B, é

such that: bof' = fap & bif' = fay

Proof (1) = (i1) : 1f we take X = A, 8o =' a and g1 = a1 ,

o e L

obviously ao = ar (mod A;) therefore fap = fai (mod By)

ioeo: Hf' Sot. fao =, bo’f' & fa[ = b]f' . >
h gﬁ (1) = ({d) :+ If g = @ (mod 4;) , thel:'e exists an h: X ———*A;
81 . i
A ai!g, ™ such that: pgo = ah & g1 = ah
f! f therefore fgo .- faoh = bof'h & f£g = fash = b £'h ) 3
B __b_'giBo ‘ :
1 b‘ ThuS: fgo = fgl (mOd Bl) . . F

' 1
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e T
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C Definition 1.4: such a fmorphi{s:n is called. compatible with Ay and By .

I3

, . Proposition 1.5: Given Ap; and }wo equivalencé spans (A; Jap,a;) and

v

(Al,ad;al) on Ay, T.F.A.E.: ’ U
. ﬁ : ) " For any parallel pair of morphigsms of C, f & g: X —* 4, _
, f = gmodAl) = £ = g (mod Ay)-.
(11) ‘There exists a morphism o: Af ——A,

f such that: aJ = ag¥

? ' - & aj = ao

§ (11") ‘ad =aj (mod A)

g . (14i") le is compatib:ie with A & 4y .

T

' . Proof (1) = (ii): Assuming (i), 1if we take X = A/, f = af
& g = af , since aJ = af (mod Af) we have af = af (mod Ar)

kY
.

: hence there exists an o verifying aj = a3 ®. & a x a@ .

1

i (4i) = ..(1) : Assuming (i), f - g (mod A]) 3’
p h |
= Zh: X——*Al“s.t.v) f=alh & g=
= f - ah & g = a;th = f=g (mod Ay) . '

- : ' ‘ (i) ® {i') = @{di™) s obwious by definitionm.

Note: The relation defined-by (i) or (ii) is obviously a preorder relation

AR A S S R N O e e L Ry s rer 1n

- %)
< L ] o
between equivalence spans on Ag. We will then write Af < A;. C W
b) Properties of equivalence spans & compatible morphism:
1) The equivalence of morphisms 1s preserved by co'mposi'_tion: '

¥ on.the right by any marphism k, -
o h 1k .
i.e.: go = g1 (mod Ay) = gk = gok (mod A) . :

L t

4

i

g' 5ﬂg1 (11) on t:he left by any comp‘:}t\ble morphism f,

; A3 e[ go =g (mod Ay) & £ compatible with Ay & By] =

¢ A l,f w -

? -

{ - ==%Bo = fgo=fgy (mod By) . .
(} (2) - The identity morphism le is compatible with any equivalence span A

and itself,

.
. .
{g
E . » :
3 ’

ORI I F ok

.
N
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-

i e
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(3)

(gf) ' By—Bo |gf

7 » S L3 y e
- f - + . . ’»‘X
v

1
CEY

Compatibility is closed under composition.

~Al—-—4Ao— i.e,: if f 1is compatible with

- £ f Ay & B;,and g is compatible with ,

¥ v

Bi & €, then gf is compatible
g g ‘ with A, & C . '

v v -
L3 Cy—Cp & ’ 5

v

’ 3 <
For any object 4 of C,‘j AA = (A, lA’lA) and (AxA,7,m') -where,
T & 7m' are the projections, are two trivial equivalence §panson A,
and satisfy for.any pair of paraliel morphisms' f & g: X —A:

€9 £
(11) "4 f=.g (mod AxA)

g (mod AA) *® ofzvg

-

Furthermore, if A; 1is ény equivalence span on A, we have:

”

~ P
AA € A< AxA as shown in the following diagram where:

A— A

aos=1A=als' » so that (1) commutes A ,
n<ap, a> = a0 & 1'<ap, a>=a , so that (2) (1)” (2 X
| - s <ag,ap> AxA

@

commutes,

e e e e e o s e e e T e e e e e e e e e e e e e

If A;& A} are two equivalefice spans on Ay satisfying A< A & A< Ay,

then: f =g (mod 4y) © f=g (mod A). Yet A & A; need not be

kS .
isomorphic. We will then call them "equivalent", ‘

But if A{ & Ay are relations (i.e.: if <ag, 1> & <ad, a> are monos),

-~

[

then they are isomorphic. Thus: "<" , restricted to relations, is .

%
an order relationm. p

>

For a moprhism f: Ap————*Bo, if f 1is compati‘blé with A; & B,

then: / . ' o Al )
“ Ao
(i) R 15 also compatible with any A/ <A'% By "Ax -
)l £
(i1) f£Mis also compatible with Ay and any Bf»B;. 'I*Bl
. of Bo
. B -
. " .

Tk 0t VR Benit i e 4 St e TR R e T e T A2 s P
" R s e R R M A T s

FA e B e e o SR A e e S

e

b R .

- N Dend i b snainis s N
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yiooteny b ga M e . '_ a R <~ -
- s '
. N s
N ) - / °
. - —8- - ) - g /
f

) ‘ g‘
. ‘ ] , ‘ 1
. (N Se, ~given f: Ap Bo, and B,, the class of equivalence :
X ‘ . spans A,i', on Ay such that £ is compatible with Ai[ & By is a . ‘
" ) ~ e '
R lower class (property 6(i)) that has aminimal element, namely AA.
& ' \

It also has a maximal ome, the "largest equivalence span that makes

| o “f compatible with By", which'is the pull-back Af = (fxf) (B;):

Al Agx Ao ' ‘ Af Ao

l

, |

* “ ,¢‘";" R __J 14 7 ~ %
or N ;

¢D) fxf equivalently: : (2) Jgf %

‘ <bo,bi>, ¥ B N ® b, 3

By Box Bo By Bp ' Iy

by
where (2) is a "short-hand" (for (1) ('™ _J " means tHat the

FR

e

. ' squares with same index commute and that we have the correspondirfg
A

universal property. We will call it -a“joint pull-back").

: .

A! is an equivalence span because (fxf)_l(—) is a left-exact functor,

4

and maximal by the pull-back property.

(8) This result can be‘generalized to a finite number of morphisms
A 1 : i
f: Ap— By, 1 =1,...,n where each By 1is equipped with a given )

o - equivalence span B;i . Then there is an Af which is the largest

e serusakr A AR b i e

equivalence span that makes each fi compatible with B;i . -

- 7
For this we just have to take A in the above diagram in which we .
replace: A |

!

Boby B{)XB?) x......\:\B‘I)l » bo bybo' xng...--.xb(r)l,
_ s g

By by BixBi X....... xBl , b by bi" x bI%.....0% by v
N |
f by<fy,fa,........ , fn> j

1 ' Note: Since< is only a preorder, the maximal element defined in (7) & (8)

is not unique as such, but A; is "canonical" in the sense that it is defined i

s \ ‘ s

c%‘ internally by a pull-back, and therefore is unique (up to isomorphism). ;
. ’ R ¢ 1
- ' Furthermore, any-two such maximal elements are equivalent as in (5) .

P . .o
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g
sz
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4

(9) - If Ay & By are equivalence SPans on Ay & By respectively,

'

then A; X By 1s an equivalence span on Ay * By satisfying:

e

.

(1) <f,g> =<h,k>(mod A; X By) * f

i

h(mod A, ).&, g = k(mod By)

Ji

for any pairs: f, h X— A & g,ki: X———Bp .
. :,, . .
(ii) Af X Bf <A X B ¢ A <?A1 & B SB

& . . -
(10) An eqdiValence span on Ap 1is a spec‘ial type of span from Ap t:o

Ap as defined in [6‘3 and using the (abreviated) notations of [6]

\

and our preorder relation (where Ay S By is equivalent to ""there
LY

exists a morphism of spans’'from A to B;"), we have' for a span
- .
(Ay, a0, a1) on Ay : 4(‘

<
AOQ’lAOD) (A1, a0, a;)

(S) g (AI, a, .aO) < (Aly ao , al) N

(R) © (Q,1

AT) ® (& = A *A, a0 2¢,313y) 'S (A1, ap, a1)
( It is also known ([6], proposition 3.3)ithat , if C 1is a reéular
} b + 7
) category, the image Ay of a span on Ag is a relation and that

is a functor (in fact a reflector) from spans to relations on A ,

hence a closure operation for our preorder.

+ "~
So, (R) & (8) are preserved by , and so 1s ™>(T) because using

, lemma 3.5 of [6] we have:

.

: + + +o+ +
A < A P (MFA) < A = ?l A < (4 *A1+)+ =

+ +- 4
= (A1*A) < A :
. +
“Thus: If A; 1is an equivalence span on #p then A is & relation
t on Ap satisfying (R), (S)}/(T) hence an equivalence relation

(4], I (5.5)).

L}

for any other equivalence spans Al & Bf on Ay & By respectively.

’
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2) .

.a)

as in

by composition (properties'2 & 3).

Note:

T s O o e et v o i e e et e

10~ 9

% v : ”

Definition of the Category C: . ;

a

. 3
Let us define a. first category, called C,, as follows: P

o vy s e . e s B

(1) . 0bj(C) = {al a- (Ao,Al,ao, a;) , where Ay € 0bj(C)

& (A1,a9,a) 1is an equivalence span on Ay}.

(12) If A::(AD;AI) & B=(B,,B,) are opjécts of C, then ’ .

¢

Ci(A, B) = (f &C(Ao,Bo) | £ is compatible with A; & B } |

Ci 1s obviously a caﬁegory with the same identities and composition

(9 N
€, because identities are compatible and compatibility is preserved

q

3
.

As hbove{ we often write A= (Ap,A1) , thus omitting to specify ay & a;,

i
1 or even just A when no confusion is pbssible. B i
» 7 - YR
b) Let us def ine__tbs__ce_t_e_ssry___C___éf__fs_l_lgyf_' 9 ( |
; 3
s 1 Obj(C) = 0bj(C1) " : ¢
R (11) . C(a,B) =(h(A,B)/_ ‘where B = (Bg,B;)
/ “By -
v e

W

of morphisms in

) morphism.

modulo B; of morphisms of C (they will lways be written (s such) .

i.e.t a morphism of :C (or C - morphism) is an equivalence class

.

f: (AO :Al)

®e

f={g: Ao—Bo I g is c\ompati{ble with A & B,

~ ?
(Bo,B1) iAga C - morphism Yf and only if o

Or

y

~

& g=f(mod By) } .

”~

C is obviously a category because C; is one, and because equality

C is preserved by composition (on either side. by a fixed ]
{ ' 4

i.e.: if f, g0, 81 & h are C—morphisms- ,\}

9

‘. - 81 \
. , ;




‘ g ‘ . -11- D
- [} . . T . ’.\ —_ v
Ve o .
then: go = g1 = gof = g1f & hgo-hgs (property 1)
~ G
!: - c) C contains C as a full subcategory:
k2 G

- )
! ' y ' (). For each object A of C, (A,AA) 1is an object_of C.
) (11) ' For each C-morphism £f: A —B ,

(*y £ 1is compatible with AA & AB

T(F%) f={§} because fz g(modAB) * f=g

' _Therefore {f} is a C-morphism: (A,AA)y—— (B,AB) and the

~

E functor J: C——— ( is full and faithful .
“ . AP (4, 08)
' £ —— {£}
P d) Conventions & Notations:
,r/ . , .
' ) (1) We will usually identify objects & morphisms of C with
. . their images in C. . o
. (i1) -We will denote C-morphisms by f or g etce...., thus
* -
emphasizing that they are equivalence classes of | C-morphisms.
4 Then, given f, f will automatically denote an arbitrary
¥ » . !
\ representative of f, \
: )
3) Limits in C: o
- a) Preliminary observations:
- ’ Lemma 3,1: If (Cy,C;) and (Aq,A;) are objects of C ‘and
F f: C —*4Ay a C(-morphism, then T.F.A.E.:
¢ 9 .
. (1) f coequalizes c¢o & cy modulo A; .
] « ¢
* (i1) f dis compatible with C; & A, :
:
: Proof: It obviously followsnfrom the diagram: -
3 EE— Co

Ci—GC

hef! f

A A .
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o

Corollary 3.2: If(Co,C;) 1is an object of C, and C/f an equivalence span

/’ o on C s.t. C <C , then (G ,C) 1is the coequalizer of co & c.:, :
= . .
€1 = (C1,AC) —-————--———>?o (Co»Cf) 1C° = (Co ,C1)
. _l_’g_o_g_fi: (i) Since C/< C , lC:l is ' £ (1) ;f
compatible, therefore ]."Co (Ao:Ax)

is a C-morphism .

(ii) Obviously <p=cy; (mod C;) , hence 1, coequalizes ¢ & ¢ .

Co
(ii1) 1If £ : (Co,Ct) (Ap,A; ) coequalizes cp & cy (in O),

~2 Y

then f: Co——Ap coequalizes co & c; (mod A ) (in C)

Therefore f' is compatible with ¢ & A; , hence defines

~

a C—morphism/ £ . (Co ,Cy )~ >(Ag,A1) , which makes (1) obviously

commutative.

[}

Note that the two morphisms f and £ in (1) are mot actually egual,

but satisfy £ C f

~

b) External caracterisation of limits in C :

Proposition 3,31 If (Ai)ielf is a Diagram of type I in C

(where Ai= (Aoi,Af') for, each 1) , and L = (Lo,L1) an object of C,

then (1) < (4) & (A1) = _ (iii) where (1),(11) & (1ii) are defir.led

as follows:

(1) L = lim Ai _with projections f)i: L—————~—+Ai
3 iel '
| Pi 1 1
(i1) (a) (Lb A )ieI is an Ai-cone in C, or cone modulo Alz(Al)iEI

i,ee: ya; 4 —jin I, pj = A‘ipi (mod Ai]) , so that:

commutes modulo Ai] .
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o(b) Py is compatible with L; & A;i for each i, and for any

4
A -cone (X—-—-*Ao)iEI in C,

.

there is an Lj-unique morphism =x: X-——1

S.t.: X; = pX (mod Ali) for each i€l:
X
. \
P $
i i
Lo Ay

i.e.: 1if x': X —= 1y also verifies xiz Pix'(mod Ali)Viel ,

»
3

then x= x"(mod L;) .
(iii)(a) 1o 1s the vertex of an Aj-cone (as in (ii)(a)) .
X, | - - p
(b) .for any A;-cone (X — i)iEI , there is at least a morphism

X: X—1Ly s.t. X; = PyX (mod Aii) for each 1 (as in
(ii)€b) , except for Li - uniqueness)
{¢) L1 1s a largest equivalence span on 1o that makes the -

projections Py compatible.

i

Furthermore: 1f (A7) is a finite diagram, then we also

ier
have  (1ii) = (i1) .

Proof: (1) = (i1) is obvious because (ii) is the expression of (i) in C,
- . gy

3

in the particular case of cones having their vertex in C.

(1) ® (i): We want to prove that this restriction can in fact be

f

done without loss of genmerality..’ . ., -
f 3 ~
Assuming (i1), 41if [ (G ,Ci1) —i (Aoi,Ail) ]iEI is a cone in C,
£ .
then [ (Co 1 Ag“) ] is an Aj-cone in C. Therefore by (i1)(b),

ier
there is an Lj—-unique £: (g

o s.t. fis pif (mod AiL) for

eaph i in I.

v

Now since fi is. compatible with Ci & Axi ’ fi coequalizes

co & c1 modulo A} .
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So (f,c0)

1er ¥ (Ee)ieq eare

Ay —equivalent A; -cones . .

o

Hence', there exists an Li-unique g P

5.t.: P8 = éimg fici (mod A;i) but

* since = pif (mod A1i) , we ha:re:

fi
_ i

Py8 = pifc() = p/i'fcl (mod A1).

»=But g is ILi-unique . So g = fco= fcy (mod Ly) .

e .
- Therefore f coequalizes ¢y & ¢y modulo 1% . ~

- Therefore f 1s compatible with C;l & L; .

Thus f 4s a C-morphism: (Co,C1) - (Lo ,L1)

Ed

such that kpif = fi

,ﬁ

- et

(11) ® ({i1): Assuming - (11) , if (L{,%¢,8{)' is another

equivalence span on Lo that makes each Py cofnpatible: then Py coequalizes

. .
26 & %' modulo L; (Lemma 3.1):

Li —— — 1o " Therefore as above, (pigd)iel & (pizl')iEI
‘ .ah’equi\ralent A -cones, hence there

p; s an Li-unique h: Lf * Lo

g.t. PiQJOE pih’-:é p;Q,' (mod Ali) .

Ao — o

]

So by L;-uniqueness we have 23 = £ (mod L;) , which means that I{ <L,

as desired.

1

Thus I; is a largest equivalence span on Lo that makes the projections

Py compatible, ’
I C k a

S .
(11i) = (11): Given any A;-cone (X ——1“——+Ag‘ ) 1er * ve know

v

. ) , i
that there 1s at least one morphism x: X-——ILo s.t. x, = P;X (mod A1)

for each 1. L0

for each 1i€I, and f 1s unique.hecause-f dis L;-unique.

- v e

4T et

ann e
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All we need to prove is that x 1is in fact L'x -unique. . .

But if I dis finite (obj (12)=£1,2..'. 0 }) , we can construct the
canonical largest equivalence span Iy making -the projéctions compatible .
So 1L{ «is equivhlent to I; (L < L; for the same reason as in (11) = (111)) .
Hence, we only need to prove that x 1s Lf~unique because for any
x': X—Ly ,» x=x' (mod L;) ®» X= x.' {mod L{) .

So let x' wverify pix' = x = pi'x (mod Ail) for each 1.

i.e.: V1i€I,3 hi: X -"-*-’Ali , 8.t. pix' = ag'hi & PyX = alihi

hence taking h=<hr,....,hn> , we have:

?

- <p1,.....,Pn>x'=aDh -

&<p; ,.....,pn>x = aih

h ad o
wnere ap = X+ s eo X80
<p1,---°9pn>

& a = afx-..-.XaP

4 n

X, .. XAg

<

Al%. .. XA

P
"y
——

ai
Hence there exists a (unique) k: X —— 1,
g.t.: x'=2k.& x=270k

i.e.: x= x'" (mod L) .

t

Hence x 1is Lf ~unique therefore Ij-unique with the property that

PyjX = X, (mod Af’) for each 1. ) . .

. o

3

TS LS
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x

‘ ' ’ c) Construction of finite limits in_ C:

€9) Terminal object: If we look &t conditio;x (111) of

:
£
.
|
1
;
1

proposition 3,3 (which 1is equivalent to (1) & (4i) 4in the finite case) ,

s ,
our terminal object T = (Tp,Ty). must satisfy: j\
(a) nothing particular . f
(b) To isp mon-empty, i.e.: C(X,T))#¢ for every objezt X in”C. 3
? (¢) Ty is the largest equivalence span on Ty i.e.; Ty = ToxTp \ 3
¢ This will be satisfied if for instance To = 1 (terminal object of () ]
and T =1xl=1 . ;
I
Hence: ‘T = (1,1) 1is a terminal object in E ) ;
Note: T can be defined in many different ways (one for each non-empty j
object of C) , which give rise to many different isomorphic copies of T in Cx
But (1,1) is ‘'canonlcal" because it is entirely defihned in terms of

limits in C.
(i1) Pull-backs: Given two E—morphisqs f & g with same i

codomains, their pull-back D = (Do,D;) must satisfy (proposition 3.3 ({1ii)):
(B ,B1) fp = gq (mod Ay) ]
e.: fp = aph &lgqﬁall"l for
. some ~h: Do Ay P *g
D=(Do,D) (Ao »A1) :Qr’e : < fp, gq>=<ao,a,>.h . ]

<d.e.: (Fxg)< p,4> = < a,a1> B
.t (2) 4is commutative: -
(G, ) Do LA

S 1
(b) For a@ pair of C-morphisms h (2) fxg :
/Bo <ap,ay> .
x & y: \)Co - A *Ao x Ao - :
"s.ts: fxzgy (mod 4) , i.e.: (£xg) <;:,y>=<ao,al> k for some k: X—*4,°
‘ " there exists a C-morphism f:X——Dy s.t. < p,;>£ =<x,y> (mod By X (o




LS

(o}

.presaerves & reflects all limits that exist in C.

-17-

(a) & (b) will be satisfied if we choose Dg, 8S.t.:

(2) 'is a pull-back (then £ is unique satisfying<p,q> £=<x,y>’
(c). D; is a largest equivalence span making the projections compatible,
for instance the canonical one:

Dy = (<Pp,g>*<p,g>) " (8, %C.)

Hence: (Dy-,Dy) is the pull-back of f & g in C.
Note: Here also the)e,are possibly many different objects Iike Dy satisfying

(a) & (b) and equivalence spans like D; satisfying (c¢) , giving rise to
. A

¢
different isomorphic coples of the desired pull-back, but like the terminal

object, (Dy,D;) 1is 'canonical” for similar reasons.

nd L bttt

(111) Exactness properties of the inclusion functor 4

So C is a category with finite limits.

i

It is obvious that if (A7) is a diagram in C, then:

iel

_ i 1,1 .
L=lm o A inC <« (LAL) = lim . (A,087) in C.

This is an immediate consequence of proposition 3.3 if we observe that:
(i) equivalence modulo AA:L in C coincide\s with equality in C,
(11i) MA-cones in C with vertex in C coincide with cones in C.

(1ii) AL-uniqueness in C coincides with uniqueness in C .

Conclusion: C is finitely complete and the inclusion funétor C C— . C

b

e —————

E] ¢

. \
-~
-
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N

4) The regular structure of C(C:

’ /

a) Monos in C(:

e o S . e 00 S s S

T

Proposition 4.1 (Characteﬁzation of Monos): If f£: (A ,A )—> (B ,B; ) 1is

a morphism of C then T.F.A.E.:

1) f 4s amono in C. .

,

(11) for every pair of C~morphisms x,y: X —— 4 ,°

fx = fy (mod B;) = x=y (mod 4A)

-

(111) Ay d1s a largest equivalence span making £ compatible,

i.e.: A; 1is equivalent to 4 , the canonical largest equivalence

sparhnaking f compatible (in the sense that AS A & A< 4)) .

‘¢
N “

Note: * in (1) & (1i1i) £ 4is any fixed, but'arbitrarily choden

) &

representative of f, since 1f f = g (mod B, ), then obviously: '

3

° (ii) for £ & ‘(ii) for g

-

Therefore in order to prove that f 1is a mono we will only need to
i »

prove (ii) or (iil) for any one representative f of f . 5 -
Proof: Ei) = (1i): is trivial because (ii) is the "external" expression
-

\
of (1) in the case of two morphisms x & y having their domains in C.

(11) = (1): is also obvious because in the definition of equality

it e e o g e ey o S

-~

in C, only the equivalence span of the codomain is taken into consideration:

v for any pair of C-morphisms g & g :
: {

g1 £
(COsCl) A;(AO :Al) A’(BO :Bl)

¢

4o

. £2 .
fgr =fgs = fgi=Ffg (mod By) = gy =g (modApY = gi=g8 .

(]
(i) = (i41); (*) Since f 1is compatible with 4 & B+,

we nmust have: A< A (by definition of Af) .

¢

S b ket s RaA i

I

[
'

3
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(**) Since f is comPatible with A & B; ,

1]

f coequalizes af & a' modulo B (lemma 3.1):
ad f
Af pa > Ao > By
’ a,‘ - — , :
hence by (ii) with X - A/ , x=a & y = al] we have:

e e s

fad = fa! (mod B;) = ‘'al = afL:mod A) = A <A .

(1ii) (11): "It suffices to prove that Al satisfies (i1) because,

e g s e e e S s st

if A; is equivalent to A/ and A/ satisfies.(ii) then:

fix = f.’y (mod Bj) ® x = y (mod A/) = x=y (mod A1) °

fy (mod Bi)

so we assume that f£x

i.e.: Th: X——B; s.t. fx =beh \IL fy = brh as in the following diagram:

e e By Bt S ML Tk it e

then by the joint pull-‘sack property, ;

there exists a (unique) k
s.t.: x=alk & y=a'k

i.e.: x=y (mod Al )

e = s

(Bo ,Bs ),ll\) I~

Corollary 4.2:Given two monos: (Ao ,A1) ,
(CO rcl ’y

m<n ® %: B————+C 8.t. mz= nt (mod A1)

Proof: W= " 4g trivial because:

~

m<n *® %&: Bp————Co s.t. t is compatible with Bi1& C1 & m=nt (mod Ay);

W= oye onoly need to prove that t 1is compatible with Bj& Ci.

So let ‘'x &y be C-morphisms: X > Bo-

[Pwepwr]

then:- x=y (mod B1) ™ mx = my (mod A1) because m is compat:ibie‘

= ntx =nty (mod A1) because m = nt (mod A1)

= tx=ty (mod C1) beefuse n 1s a mono . N ¢
\ A !
Hence ¢t is compati?:le (proposition 1 - (11)) .

/
{
|
\\‘ -

—
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Consequence: Given an object' (B,,B;) of (., every C-morphism f: Ag——* B

can be made into a (-mono f: (Ag,A;)>——— (By,B;) by choosing as 4,
the canonical largest equivalence span'making f compatibie. Hence f defines
a (untque) subobject (4 ,Al))——-—f-—-—-—* (Bp,B;) in C.

- o -~
Conversely: Every subobject (Ay,A; ))--——-1-‘1-—-—-b (Bo,B;) in C determines

a unique B -equivalence class of C-morphisms into By , where two morphisms

b . .
are said to be Bj-equivalent if each one factors through the other modulo B, .
3 o .
F urthermore: This one-to-one correspondence -preserves the order relation

———————————— %
"factoring through'. g\

FPos
.

b) Factorization in (:

o » -~
Let f: (Ag,A) £ (By,B;) be a (-morphism .

If A{—dis the canonical largest equivalence span on A, that makes

f compatible, then, we have a trivia]g‘ factorizationof f£f:

: -

.(AO ’A\l) (Bo lB]) R .e
. where f: {(A,A]) —/> (By,B;) 1is a
o £ : ‘
mono (proposition 5) and le: (Ao »A; )™ (A9 ,A{)
v (Mg Al ) a regular epi (corollary 3.2) \K
Note: If we choose another representative g of £ , then we get another

equivalence span Af', but A/ & Af' are equivalent because i1f f =g (mod B,) ,

then f 1is compatible with A & B, if and only if g 1is, therefore
any largest eqdivaler'lce span making g compatible is also a largest one making £
compatible. In that case, (Ap,A]) & (Ap,A{") are isomorphic.

So, this factorization does not depend (up to isomorphism) on the

choice of representatives for f, ' .

We claim that this factorization is in fact unique but before we prove

uniqueness, we shall see some equivalent characterization of regular epis.

5
7
5
g
1
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c) Characterization of regular epis in_C

~

/ Proposition 4.3: for a C-morphism £: (4,A; ) —— (By,B;)

T.‘F.A.E.: (1) f is a reg;xlar epi n -
(i1) for any C-morphism y: X—By, , there is
{' 'an :c: X = s.t. fx =y (mod By)
" (i11) there exist a C—morphisﬁ’“g‘: ) — A

)

s.t. fg= lBo (mod B;)

(Av) £:  (Ao,A[) (Bo,B;) 1is an isomorphism

LY

i.e.: f .18 equivalent to iAo : (Ap,A1) - (40 ,4))
Proof: (ii = (iv): Let f be a reg;lar epi, coequalizer" of p & q
:
After factoring. we get the following diagram:
(Co,C1) P — (B0 A1 ) > (Bo , B)
; N4 -
: N a7/ ‘ ; |

. ] /
. By
. (Do ,D1) (\
We claim that (Ao ,A') f£s also a coequalizer of p & q , and therefore,

f: (A ,A') ——(Bo ,B1) 1is an isomorphism.

Indeed, sincé* f: (& ,Af) (Bo,B1) 1s a mono we have: 'y

et @ . e »

flAg = fp= fq= flAgl = 1Ag = l&&)l . So le coequalizes p & q . And if

s:  (Ag,Ar) — (Do 4 D1 ) coequalhizea P & q there exists ‘a

unique t: (By,By) —> (Doy,Dy) 8.t. tf = .; (outer triangle)

Thus: h =tf: (& ,A') ——(,D1) is the unique morphism s.t. 8 = hle

=

» 4 N R

dv) = (1 is obvious because we have proved that 1 Ao : (Ao A1 )— (Ap ,AY)

is a regular epi . (Corollary 3.2) \

Ko,

4 et
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( satisfies fx .- fgy=1
o

£: (Ao,Al)

Claim:

then x =y(mod By) = fgx= fgy(mod By)

-

hence

Thus:

Thus

(i11)

tHen

and given y: X

Conclusion and remarks:

—22-

(1v) = (4ii)

' 18-also obvious by definition of

(Bo,B1) being an isomorphism.,
(111) = (dv) assume that g satisfies fgs= 130 (mod B;)
g 1is compatibie with By & A}y . . ‘g
‘ ) RS
Indeed, 1f x & y are (-morphisms: Ay 3 — By 6——=% X

(because fg =

&
v

gx = gy (Jmod Af) becauée f 1is'a mono: (Ap,Af)

&

g is compatible with By & A}, by proposition 1.2

we have the following diagram in C:

P 4
(Ap :Al') g =

with fg = lB

4(&),31):3

£ -
and f is a monp

80 f.gf = 1Bf = f](Ab,Al')
hence gf — l(AO,Al‘)
f &

i

is obvious because:

e o e e e e et e e

is a particular case of (ii) with X - By & y = 1Bq

g 1s the x: By Ay of (i1) .

Bg' =y (mod B,y) in (11).

We have successively proved that:

Yy
1Bo (mod B1)) =

(BO s Bl.)

g are inverse- of each other, hence f is an isomorphism as claimed.

, and

By then x = gy .(where g is given in (iii))

(iv) * (1) , (dv) ¢ (d4i) and (iii) ¢ (#1) , hence the equivalence of all

these possible characterizations of regular epis.

Note that (4i) expresses that every object of ( is projective in C,

or that regular epis are surjections with respect to (-indexed elements.

the form 1, :

Also, (iv) éxpresses that every regular epl is equivalent to one of

(Ao A1) — (A0 AD) .

Ao

4
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d) . Unique factorization and stability:
Proposition 4.4: Every C-morphism f£: (4,A;) ~—— (Bg 4B,)

has a unique (up to istorphisﬁx) mono-regular-epi factorization.

Proof: As we have seen, f can be factored as:

£ 1

. A= (8,4)) 3 (By,B,) = B ,‘
' £ <A°,A;>=zm<{s)'*"/'f" ’ %
Now, 1f 4 & 1 n — B is another mono-re&gular-epi %
v . factorization of s;, s o t}}en by (iv) of proposition 4.3,. é‘ is equivalent to iAo , ;
in the sense that there is an isox;xo‘rphism (A ,AfN =T (namely ;) for some i
equivalencg span A," s, such that e = elAO as in the.following diagram (lower-left
triangle): .
(Ao ,Ar ) —; (B, B;) ’
. .

’ .Il

hence me: (4g,A]")

(Bg,B;) 1is a mong ;

hence A]' 1is a largest equivalence span making me compatible .

' . ee e

Ve W e ] o Byt 3R I i S & 2 e

But f=ine-_-mele : A (Ag,A") > I —> B ,
So f = me (mod B,) . . . . .
‘ Therefore AJ' 1s a largest equivalence span making f compatible . ! )
. Hence Al' /is equivalent to A} , i.e. le ({&Q,A{)_\_f\_;,(Ao »Al') 1s an f
isomorphism. . . ;
We thus have: T = (Ao,;&,") & (Ag,A}) which -shows uniqueness (up to i480ﬂ10lfphif-sm)j

' 5
N H

Proposition 4.5: Regular epis are stable.
- - N 1 &

Proof: Since by (iv) of proposition 4.3,regular epis are equivalent to one

of the form lA(,: (A,,A)) —— (A,,A]) where.A < Aj , we only need to

’
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and let g: C = (Co,C1)

Conclusion: C

L e aa kot . e, ey AT

- i
{
:

prove that the inverse images of those are regular epis.

RS W

Ag (Ao ,Ai)—— (Ao,Af) = A" (where A< AY)

hS
B

d ] :
So consider 1 Ao i
(Ao ,A!) be an arbitrary C-morphism. .

o b s -

Let us construct the pull-back D = (Dg,D;) of le & g

el BRI

So we waht to prove that:
g"l (lAg " 1s a regular epi.

Al From section 3-c¢ we know that Do 1s constructed as the i

~
=
S

pull-back (2) below and q 1is the second compchent of the

first projection: q = m'0< p,q > i
{

Now if we look at the two C-morphisms < g,1 > and g'. , we have:

L3
.

C18 = Cos =lC0 (proposition 1.1) and

ajg' = g0 & algd= geci1 (g is compatible)

Hence <ad,al>g%=<adgh ,algs >= <gcos,gc18>

1xg =< 887 =)< 81>

<
ad,al > by A Hence there exists a (unique) h such that:

<p,q> h =<g,1> )

[

s
in particular we have qh . lco hence qhz= 1Co (mod C1) .

o

by (11i) of proposition 4.3, q is a regulér epimorphism.

P
U -

Therefore,

’
ot A gt

4

~

is a finitely complete category with unique factorizations and

stable }egular epis, hence C is a regular category.
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e) Canonical Images of C-morphisms: l "=
- - ¢
R  If £ is a C-morphism: A——B , f has an image in C of the
£ oy T _
. form (A,A'), wher'% A' can bet chosen to be A' = (£x£f) ! ( AB) which is an
‘i equivalence relation on A, and in fact the equivalem’:e relation
'y
;3'; defined by f (i.e. thg kernel pair of f in (), as shown in the
'éf‘g following equivalent diagrams:
q..;?{& q -
B '
"‘kt
N AN <x,y> :
z, AN ¢
; \h
{ \ ) *
< > ‘
: ‘ALJ 2031 »AX A _
. <fx,fy> ' :
P fx £
AB : +Bx B
<1,1> f

Definition 4,6: If f: A -Ay/—'B is a C-morphism, and A' its kernel

pair, then (A,A') is called the Canonical Imagée ofs £ ( in C)
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5) Saturated (-morphisms and subobjects in C:

a) Saturated (C-morphisms: .

t
i

Proposition 5.1: Given (Ay,A;) an object of C and a C-morphism M : §— A9

TIF.AnEQ:

|
(1) For every pair of C-morphisms x & yi: X———— Ap é
L. [ x= y(mod Ay) & x factors through S]1 = y factors through S .i
- 1
(11) aipo: ap "(5) > At + Ay factors through § , i
« where a;l (S) & pp are-defined by the pull-back: i
qx |
y |
ay (S S : {
i.e.: 1f the "straight" square is defined ;*
to be a pull-back then there exists '

a q such that the "rounded” sciuare

A Ao is commutative.

‘ -
Proof (1) = (ii): Take:X= ap (S) , X = {opo & Y- a;po, then x= y (mod A;)

by definition , x factors through S because appp =1qy (commutativity of the

oarnrbten e e

"straight ‘square") . Therefore y should factor through S also:
i.e. y= a;pp=uqy for some -q;: ao (§8) ———— S .

(1) = (1): Let x& y: X—————— A, satisfy x= y (mod A;)

. e o S e e e e St s S

4, , and x factor through §

i.e.?! X = ah & y=ah for some h: X

i,e.t x = o for some @ as in the following diagram, in which all the
} L

* "gtraight" and "rounded" squares

L

and triangles commute:

So looking at the "straight"

triangles, we have:

X = po (upper one)

!}

x aph (lower one)

Dt
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(4

" -1
Hence there exists a (unique) k: X -—————g (5)

. s.t. h = pok ( & 0= q°k>.

So, if we now look ‘at the "rounded" square and triangle we have:

Dy arh = a,polg = pqtk , Thence faking B=49gik , we have y = 18

= =

ey

é:j ‘ Hence y factors through S .also. ’
L Definition 5,2: Such a  C-morphism (S,u) will be calleed saturated for A,
; or A~ saturated.
¢ - p
5;}‘2%’ ‘ - Proposition 5,3: Given (Ao,A1) , every C-morphism t: T A is
i’“ Aj—equivalent to an Aj-saturated one 4y : § —! — 4 , i
’ l.e.: there exists a pair of morphisms « & B : T, . u *S
; o
. ‘ s.t.:t& = yu & uB Et_ggnodAls . t ‘
‘ fo”
N Proof: Looking at (i1) oflproposition 5.1, it is natural to take S = a;l (1)
) and uy=a; p where p is the projection § -—ll—+ A; as in the diagram below:
‘ v
¥- (1) - (5,y) 1is saturated
L ' ;
f:? . Assume that x &y~ T
%1 satisfy x =y (mod Ay)
i‘:\g and x .factors thgougt} s . -
%1 i,e,: Tk s.t. }li= K = alﬁk .
We first claim that x = tgk (mod Ap).
L}% Indeed . x = a;pk (& tqk = aopk
Z because the square i}’ a pull-back .
8- ‘ o
f?j Therefore , by transitivity we have: ‘
%:: X=y & x =/tqk. (mc;d A;) hence ¥ = tqk (mod A; )k i
j'i':j ‘ "{,e.: gh X ———— A; s.t. y=ah & tgk= agh
N .

gty L, ey Zra ©
B e T
»4«.:1“‘ B 7 e T
.
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1

, Thus: since gk & h ‘satisfy t(qk) = aoh, there exists a

S s.t. h=pf & qgk=ql

(unique) £: X
_Si y = alh = 41 pe - ).ll’.
Hence y factors through § .

(5,'u) is thus saturated .

(11) (S, u) & (T,t) are A -equivalent
Taking @= q: S ———7T ve Rave ¥y=ap & tq = app by definition
of (S,u) ; hence ¥ 2 tq=t® (mod A1) as required .
For B: T———S , observe that if s is the reflexivity morphism
of A (L.e.: ags = a18 = le) , then we have:

aost:=1Aot=t1T g )

<

hence’ by the pull-back property,

_there exists a (unique) B

s.t.: 1 =g & st=pf
T ao
So we have t = gpst & Y=g pp= a8t (= 1Ag:=t) Al\/Ao
aj

Hence t =B (mod A;)

Conclusion: (S,u) 1s Ay~ saturated and A1-equivalent to (T,t) as required.

Note: 1) We also have yp =t hence t factors through S exactly
) . .
( (and not only modulo A1) .

4

i.e. “5=1T hence B is a

I3

2) We have also proven that gqf = lT

split mono & o a split epi in C,

Definition5,4: We call (S,u) the A -saturation of (T,t) .

Lemma 3.5 : Given(a,,4, ) in C and two (C-morphisms:
x‘: XAy and u: S——A, , 1if (S,u) is saturated
then: (x - factors through S modulo A;) = (x factors through S (exactly) in ()

Proof: Assume that ‘x factors through S modulo 4,

f.e.: W; x5 s.t. x=¥d (mod A;) , and construct the following
oo f

] diagram:

'
™, - -

AT ey
€ RELRT ¥y

e

g

ity
~ ~ <
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Where: #(1)
(2)

(3)

(- (4)
but (ﬁi

4

(5)
(6)

Thus

¥ qo = 80 Po
M = 81 P
a|k=lx
ak =po
= 3! h s.
qQh = &

poh = k

(3) & (6) & (%) = a;poh

x factors through (S,u) in C asrequired .

Corollary 5.6 : The A;-saturation (S,u) of a given morphism (T,t)

t factors.

J

((S, u) is saturated)

(pull-back)

(ua = x (mod A’l ))
(ua=x (m;:d Ar))

t. (5) & (6) where:

X =uqi1h .

is the

P
N

"smallest" A -saturated morphism through which
Proof: If (8',u") is another saturated morphisﬁ through which T factors ,

then we have:

p=ta (mod 4) & t = p'g

80, u u's'a (mod Ap)

hence, since y factors through §'

modulo 4;, and S' 1s saturated,

u factors through S' exactly‘. —-

1

Note: Here also ({like in section 2), since "fact

t

oring through" is only a
t

preorder, the '"smallest" Ay-~saturated morphism thro{xgh"hhich t factors .

is not u7d:que as such, but the Aj;-saturation of t 18 "canonical because

it 18 defined as a pull-back) in C.

'

|

AR

R

L T

cnitaw,

el

P W
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Proof:
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Corollary 5.7: If two

-30-~

C-morphisms are

4 respective A; -saturations are equivalent

4 through the other exactly).
implies (exact) equivalence.

Satutated subobjects dn (:

Let

1
H

1)

. (11)

kisiing

(CO ’Cl)

representative of f ) . ¢ can be made’ into a C-mono ¢

-

C-morphisms « & 8 s.t. £ = ¢8 & o=

Se

Ay —equivalent , their

¥
(i.e. each one factors

Obvious because A; -equivalence between saturated morphisms

<

(Ag ,A1) be a C-mono (we can assume that

G 1is the canoﬁical largest equivalence span making f ‘compati')ble) , and

T

let (So, 9 be the A -saturation of f (where f is a figcc;d but arbitrary

>

by choosing the appropriate {(canonical) ;.

Proposition 5.8:C = x(C“;. , 1) and S = (S0,S51) are isomorphic in C.

~ (hence define the same subobject of (A ,'Al-)).
Proof: We know (proposition 5.3) that there exists a pairs of

fo (mod 4)

Co

W

=y (mo&_C;) - fx
= ¢oBx

= fx

:
.

P

Py

So first observe that a&f are compatible hecause f &‘6 are (-monos:

"Given ‘x & y: G, we have:

. fy (mod A1) ( £ is compatible)

n

" 9By (mod &) ('f=9h)

i

By (mod S3) ( ¢ is a mono)

gi;ren x &'y: X————Sy, we have:

[ SUN 4

x=1y (mod S1) = ox
. ‘ =~ fox

=9y (m\od A1) (¢ is -compatible)

i

fay (mod A1) (9=f« (mO‘d A1)

=ay (mod Ci1) (f is a mono)

"

: (S0 351 )— (A0 ,A1 )

T i b a0 S RSS2 SIS sl i w as .
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Secondly we have: f = QM 9= fao in C because f=9¢f & o= fa (mod 4A;) .

Therefore since f & ¢ are monos:

= af & 1S = ﬁé

-
.

Thus @ & f are isomorphisms, so C = S as required.

Definition 5.8:

~

a) Given an object (Ap,A;) of (, a saturated subobjéct
(5,5) of (Ao,Ar) 18 a C-momo " i : § =(So,8) ——— (Ao +Ar)
such that:
(1) (Sy,») 1is an Ay -satorated C-morphism .
(ii) Sy 1s the canonical largest equivalence span making

u compatible.

d
(Ao ,4A;) a saturated

~

b) Given a C-morphism f£: (G ,Cy)

image I of £ 1s a saturated subobject (Ip,I;) — (4.,4;)
of (Ap,A;) in which Iy 1s the saturation of a

representative of f .

Conclusion: If we summerize the definition 4nd properties of saturated
- . /
C-morphisms and subobjects in C we get the following: ;

Proposition 5.10:

-~

1) Every subobjéct in C can be represented by a saturated one
{the saturation of a representative m, of a mono é that
represents it with the approprjfate equivaience span).

2) If (S,r) ‘& (8',u') are saturated subobjecté of the éame
object (of 6) then:
$K<8' (in 6) “ u factors through S (in C) .

3) Equivalent (i.e. isomorphic) subohjects (in E) are represented

by equivalent (but not isomorphic!) saturated C-morphisms .

N o S M TR o £ ST TR AR
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4, . B
‘ V .

Thus the correspondance between subobjects of (Ao,A1) (in C) , and

their saturated representations ( viewed as C-morphisms) is a one-to-one

order preserving correspondance betwden:

(1) - subobjects of (Ao ,A1) .
and (11)* equivalence’classes of saturated C-morphisms into Ao .
( .
(’ .

[4
3
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6) Quotients in C:

a) Equivalence relations in C:

H

An equivalence telation (S,l.lo,ﬁl) on A= (Ao,A1) in C can
be defined as an equivalence span such that < fio,l1> is a .
- 5 .
C-nono: S >"—'*—"A>‘é or equivalently, as a subobject of AxA such that

~ M ~

for any objecf C ofC, C (c,5) » : —* C(C,A) * C(C,A) is an

equivalence relation (in sets) ( [4], I (5.5)).
But, as we have seen previously every subobject can be represented .
by a saturated one (proposition 5.10) . We then have: v

Proposition 6.1: 1f <ﬁo,ﬁ1> t 8=(S0,51) —* axp is 5 saturated
3

subobject, then T.F.A,E.:

(i) (S,ﬁo,ﬁl) is-an equivalence rélation on A in C.
(11) (So,to,11) is an equivalence spanon Ao in C

s.t. A < So

Proof (1) = (4i): If § 1s an equivalence reldtion (in C) , then

for any object C of C, C (c,8) —C (C,A) ¥ C (c,A) 1is an
‘ A
equivalence relation in sets which we will note " ~ " . But if we

take C =X an object of C, ~* defines a new equivalence relation

~ on C(X,Ae) as follows:

glven x & y: X — Ao,

x~y ® x~y & <x,y> factors through § in C ¢))

* <x,y> factors through Sgmodulo A; X 4; (2)

P
1

But since <yg,u; > 1s a saturated C-morphism:

(2) # < x,y > factors through So exactly (3)

Hence: x~y ¢ <x,y > factors through § .

A Lt iy ™ Sy
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?
* «
So by proposition 1.1 and by definition 1.2 , N
‘ (So ,u0,H1) is an equivalence span on As (in C), and

Xx=y (modulo S¢) *® x~y.

3
Now ,

8ince * isreflexive,we have for any x & y: X — 4

El

X=y fmodulo &) =* x=F = x~*§ * x~y

Hence by proposition 1.5:° Ay < S .

s.t.

-

= x =y (modulo So)

(11) = (1) : If (SosMo,m1) 18 an equivalence span on Ao

Ay € S , then for any object X of C, the relation =~ def

on E(X,A) by:

x~vy @ x=y (mod So) 1s an equivalence relation

(Note that ~ is well defined and reflexive because A1 < So) and

we ha

XEy

ve for any pair of C-morphisms , x & y: X—4

(mod Sp) © (3) © (2) © (1) <® y~y as above .

a

et 1 B i e 4

£ o e meE s aa Do KA 0 A 7 6 S

ined

M e e

Hence for any object X of C, C(X,8)>—— C(X,A) x C(X,A) is (the graph

of)
Now

f~g

i.e.t

ile.:

an equivalefice relation in Sets,

~

D v ~
1f C = (Co,C1) gis r’ﬁ arbitrary object of C, we claim that:
@ <f,g> factors through S inC an

# < f,g> factors through So in C 3"

f~g *® =g (modulo So)

we have the same situation as above ((1) * (3)) but this time

for compatible C-morphisms .f & g , and therefore, that * 1is an

equi'v

Proof

alence relation on C(C,A) C C(Co,A) as above.

i.e,:

.
RIS s S B m 7 9 e

of claim: ay = (3') dis trivial .

(3') = (1"): Suppose that < f,g > factors through Sp

da : Cop——* Sy s.t, <f,g> = <y ,u1>'oz

All we have to prove is that « is compatible with Ci& 83,

s b

-




iR

TR S U

T e

(: : But sifice S 1is a saturated subobject,

span on Sp

making <y ,u;”> compatible.
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.Sy 1s the largest equivalence

So we have the 'diagram below

>
n >
N
-

<f,g> = <py,m>«

<f,g >co=(aox a )< f',g'>

A x Ay

Hence

such that « ¢ = 504" &

20 -8 \<f,g>
| &< f,g5c= (a1 a1)< £',g™
— <up . us> (because f&g are compatible)
]
So <o ,u1> (@co) = (ag* ap) <f',g'>
2o X% Q'Ao::Ao & <po,m> (@) = (a1 * a) <f',g'™>
a; x & -

b‘y the joint pull-back property, there exists a (unique)@': Ci—5;

acy =s;0'  (upper parallelogram commutes)

So & is compatible, and @ is a C-morphism C-— §

such that

Definition 6.2:

<f,g> = <fo,m~>a

relation

".

We will call such a subobject, a saturated equivalence

(keeping in mind that every equivalence relation can be assumed

to be saturated).

g

<

b) Construction of Quotients in C:

Given a saturated equivalence relation

S = (S0,51) on A = (Ao,A1),

we know that S 1s an equivalence span on Ao (im () such that A1 < So .

Therefore (Ao, So) is an object of C, and lAé (Ao,A1)— > (A0,S0)

a C-morphism. We claim that (Ao,So) is the quotient of A by 8§ in C,

and hence that S is effective:

Proposition 6.3 A

Cé A = (Ao,Ay) ,

If S= (So0,51) 1is a saturated equivalence relation on

then the following diagram is an exact sequence:

llo 1

+ Ao
(So0,S1) : * . (Ao,A1)
' Uy

= (Ao,S0)

-

o td i




‘ ' i.e.: (1) le is the coequalizer of uo& 1 !

R, e -

- , (11) (S0,S1) 1s the kernel pair of 1Ao°

Hn

Proof: (1) 18 similar to Corollary 3.2:

That (Ao ,S0) 1is %an object of C, and le a C-morphism results

from Proposition.6.1 as previously remarked; and leuo = leux

1.e.: po=upy (mod So) 1s trivial. >
(Co ,C1) coequalizes o & W1,

Now 1f f£: (Ap,A)

then f coequalizes ' Ho & g mod C; hence, by lemma 3.1 applied to

PRFSUSRRFLNR. 2 LR SR RE VR SUE L RRFORE R A

(Ao,S) & (Co,C1) , f 1is compatible with S & G

So, f 1s a C-morphism (Ao ,So) (Co ,C1) such that if.le.-= £, ;
@ !
and is obviously unique with that property. }
{
(11) Using the characterizationof a kernel pair given in proposition ;
. ! |
3.3 (iii), we have: :
(8) 1, wo=1,ui(mod So) (as in (1)) *
(b)  Given an object X of C and two C-morphisms
X &y: X—Ao,
] IA.O'XE ley (mod S¢) = Th; X—*So s8.t. X = Hoh & 3'=“‘.h
‘ = gh: X—Sp s8.t. x=doh & y=1h (mod 4)
) - Ho . le !
So — A — b
: 3 H ;
~N X “_ .
, o 1) E
N y ;
N
X
! B (e) Since §8;.is the canonical largest equivalence span on

So making <uo,p,5 compatible(with A; x A;) , and <ug,u;> compatible with
. v

Ay x A,‘ * ol u;éompatible with A1, S1 18 a largest equivalence span

-

making éxe projections yuo& 1y compatible.

°

‘741“’;‘%?3'.':‘;‘:~»-:}'~= LG Al N S i o

:
|
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i1
" ‘ Thus : Conditions (111) of proposition 3.3 is satisfied,

Hence (So syo,H1) 1is the kernel pair of le: (A0 ,A1) =/ (Ao ,50)

LR

' vwhich is the coequalizer of o & 1y T

FEPE=TS

| 5¢-  (Ap,So) 1is the quotient of A by S .

! ~

5 Conclusion: Since every equivalence relation in C is equivalent to a
. »

3y

g saturated one S which always has a quotient A/S = (A0,So) , we have:
g Corollary 6.4: Every equivalence relation in (C 1is effective.

] i.e.: ¢ is an exact category.
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7 Universal property of the category C:

Given a left-exact functor F; C —————+B , where B is

an exact category, we want to prove that there exists 8 uriique (up to

~ -~ ~

isom orphism) exact functor F : C —B , such that: F = FeJ where

J 1s the (left-exact) inclusion functor: J: ¢ ———C .,

~

a) Internal characterization of objects of _g:

Lemma 7.1: Every object (Ao,A1) of C is the quotient of Ay by t};e

canonical image (A; ,Al) of < ap,a;> (Definition 4.6)

P

i.e.: The "horizontal".part of the following diagram (1) is an exact sequence.

; 2o lAQ
(A1 ,A7) 2 Ao (Ao , A1)
. aj
‘[lAl ag
Nl .

»
Proof: From corallary 3&2, we know that (Ap,A;) is the coequalizer of

ap & a; : A Ao, hence also of ap & a3 : (A ,’A;') —> Ay, because

1, 1is a (regular) epi.

A 18 (regular) ep | . ’9
So, we only heed to prove that (4;,4A)) Ap 1is the kernel

a3

(AO)Al)- ‘
¢ .

For that , let us verify the condition (iii) of proposition 3.3 :

pair of le: Ao

(a) leao = 1Aoaq # gy = a; (mod A;) which is trivial .
(b) If x & y: X——4 are C-morphisms then:

= - = A =
lex ley x =y (mod A1)

+ {

= Fh: X—*A; s.t. x=ah & y=ah.
{c) Al 1is the (canonicai) largest equivalence span making. ap & a

ct;mpatible (section 4 -e).

tmdn s o an Moa g aad

R PP

T




R g

-,

Lo R TS U e OB IR
- - e

e

R % X
R R B R O O & 4 T T e Bt e, 3120 o

"- umg
. :

oom et

a

So  (A;,4) is the kernel pair of le: Ay — (Ag,A1) which 1s'the

coequalizer of gy & a : (A ,4) — A .

Therefore (Ap,A;) is the quotient of Ay by the (canonical_) image of its

equivalence span (A; ,a80,31) .

b) Description and uniqueness of F :

Given the left-exact functor F: C ——B, we

-~

exact extention of F to C {i.e.:

= F (A)  for every object A of C

1

preserves all finite limits

preserves monos and regular epis

@ F @
(i1) F (£)
(111) F
) ¥
Therefore:

-~

W ot

-~

want F to 'be an
A\

F (f) for every C—morphism f

(v) F preserves quotients 1.e. exact sequences

So we have:

Lemma 7.2:

If F exists, it is uniquely defined on objects by:

F(Ao,l\i)=FA¢/IA , where ;t». =ImF < a,a >
£ ,

Proof : From lemma /.1, we know that:

,Hence (v)
But (i)
And (1)

(11)

o
=
=

=5

AN

F (AOaAl) = FAO/F(Im<aO)al>)
F (In< ap,a>) = Im F<ap,a1> _
FAp = FAp

‘F<ag,a;~ =F<ao,a15

-

v

So: F(Ap,A) = F&;/F(Im <ag,a >) = FAo/In F < a9 .ax>=Fon/IA

-

(AO,AI) = AO/(Al :Al') &= Ao‘/Im< a0, 81 >

e E et mee e e Vet S Tl
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‘ ‘ QCorollary 7.3: F (Ag, 4Ay) 1s (also) the coequalizer of Fap & Fap,
' ; and. F' (le) 18 the projection P, as in th:e diajram (2) below, image )
‘[ ° -~
] | \oc (1) by F: : . |

i = F(l PO
| % pA F( Ag

+F (Ao 1A,) = FAo /IA'

e e por i ey R A = -

e Bl el S BN A . T

. - EA Fag ' Fho
. : Fa, .
N b o
. = « v |
. . F(le) q I 7 % 3 -
4 ' . 4
.;-' . N Proof:” F(Ao,A1) 1is the coequalizer of ag & a1 (which equal Flao) & F(ay) -
\‘;f‘; “ f . 3 > o»
& respectively), with P, as projection.
0y | ' :
%%,, .. ; So, 4f f: FAy — B i1s a B-morphism,' then
B, oo -
%«:‘ ‘} fFap= fFa; = fapq=foy q = fuoo = fa; ™
‘l Jf = th: F(Ao,A) B s.t. f = hpA '
i’.. ) ,! ' Lemma 7.4: If F exists and f: (Ao,4) — (Bo,B1 ) 1is
}G_‘r' ~ ' -~ . ) -
| a C(-morphism, then F (f) is the unique morphism making the diagram (3)
o / below cotimutative:

& P - .
5 F .
& FAq 2 — Fho A -+ F (Ao, A1)
# Fay -
. S j Ff' Eo. | E(£) (3)
* o B - ¥ ..
F '
5 FBy L > FBo - » (B ,By )
;s;‘ i Fby
. , y
e o Furthermore F(f) does not depend on the choice of the representative —
% T . -
* . " - £ of £ . '
jit Prpof : (1) (3) 4is the image by. F of the following diagram: . S,
%‘é o a | d‘& .

A ;‘: — A + (K0 ,A1) -

f'l | Jf ; e
. b N\ Bo :
B; - — By < ~ (By ,B;) ‘

by

S e e .
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- (1i) But we also know from corollary 7.3 that the two

B . N /

. . horizontal subdiagrams of (3) are coequalizers. \

B N . /:\ S~

_S_O_: pBo FfoFap, = pBo Fbpo Ff' pBo Fbjo FE! =‘ pBoFfoVFal |

8 Hence there exists a unique F(f) making the right square pf (3)

ki commutative. 4

i Furthermore, if g 1s another represent‘étive of .f , - then

ﬁ: f -~ bph & g=Dbh for some h: Ay — B

" ‘ )
13; ' hfance: pBo Ff = pBo Fbgpo Fh = pBo FbjoFh =~ pBo Fg

}'f / S0 f and g determine the same. F(f) .

{ Conclusion: F is uniquely determined: on objects and morphisms, and

‘ ., ‘therefore, using thecharacterizations given in Lemmas 7.2 & 7.4 as definition,
f ~ \ s o

- F preserves identities and composition.

- ro- Thus: F is a functor: ( ——————B s.t. F =TFoJ . .

i

;ﬁ . e Exactness properties of F: .
7 ¢ === - < Lk,
N Lemma 7.5: F preserves products. ' .

Proof: Given twoobjects (Ao,A;) & (By, B;) of C, we have: «
(A0 ,A1) ¥ (Bo,Bi) = (AoxBo , A1xBy), and <agxbg, ayxb;>= <ag,a, >* < bo,b>
ig S0, since F preserves products, F < agxXby, a1><b1>=P/<aa »ag>xF<bg ,b;>

;‘ Hence: Im F < aggxbp, a;xby> = Im F < ap,a> xIm F <'by,by> = I,x IB

§’£ﬁ‘ -~ -~ . +

B Thus: F[(Ao,A1) % (Bo,B1)] = E(AoxBy, ArxBi) = (FpoXFBo)/I,x I

% Y- -

% - © = Fao/I, x FBy/Iy

\2.}' Al ) ~ ~

gg’f o, \ = F(AO ’Al) x F(BO )Bl) ’ ®

‘,i @ iy 'y §
¢ - |

";"‘,,r;;A

M"\f!;;,f (Ea.;m-..m. <3,
1
R

"
. . . - -

Ao el

M, s,

krxas o
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Lemma 7.6:'

Proof:

A; 18 canonical, i.e,

Let f: A= (AO,AI)

-~
F  preserves monos:

> (Bo )Bl)

Ay = (f x£) ! <bg,b>)

be morphisms s.t. Ffox = Ffoy (in.B).

We want to provetthat X =Y .

For that, consider the following diagram:

be a mono ( where

q P
A jf
»~ ) !/
/
/ x' y t y
b,
¥ Fag ,/ L 2 7 pA -
FA ) — FAo ~»FA
] Fay/ ¢
/ ! .
Ff v Ff - IFf
I
B _Bo ‘
g
/ R Py
FB, Fbo > FBo - —»FB
Fbl i

, and let x & y: X——

In this‘diagram, Y 1is defined as the vertex of the pull-back

we have:
1)

, (11)

< X,y2op = Py © <x',y'> (drawn as a joint pull-back above) . Therefore,

p 1s a regular epi because Py is one and B is exact .

pBoFfox' = Ffoxop = Ffoyop = pBOFfoy'

Hence, since IB is the kernel pair of Py there exists a

(unique) h: Yy — IB

such that

If we now define Z as the vertex of the pull-back hq =

1)
(11)

N

9y

Ffox' - Boh & Ffoy' = B1h .

q', we have:

q 1s a regular epl because g is one and B is exact .

Ffox'oq = Boh q = Boqyq" = Fbooq'

& Ffoy'oq = Bh q = f 451" = Fbiog'

F(A)

-
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il

t But, since f 1is a "canonical” mono and F preserves pull-backs

<

N
N
e 3 -

{(hence joint pull-backs), FA'I is the vert:ex' of a joint pull-back and

e on e,

therefore, there exists a (unique) k: Z —FA; s.t. vF‘aook =x'q & Fajok =y'q

-~

Thus: xpq = pr'q = PAoFaook = pAoFalok = pAy'q ; ypPq

but p & q are (regular) epis: .

hence =xpq = ypq = X = y 3

-

Cotollary 7.7: F preserves equalizers. ]

Proof: Let E = (E,E;) .be the equalizer of the two C-morphisms

f & g: A =(Ag,A) —* (Bo,B1) =B .
TN ' '
é \\f 3 N , 4 i

E -+ A —* B N ‘

e g \ 1

It is easy to see that we'can choose Eo & e as in the pull-back: ?
o . : ' % ) PN !
-» AO ;

EO__J //‘
3 r ] <f,g>
l /< b@abl>

B, +Bo x Bo .
and E; as in proposition 3.3 (iii) . '

Hence, since F preserves -limifs, FEo 1is the vertex of a joint pull-back

in the diagram below: T




And by-propoé'itien 7.6 above, }-‘é is a mono because & is one.

s
~ ~

Now 1f x: X ——FA satisfies Ffox = Fgox and 1f we construct

Y as the vertex of the pull-back xp =’pAy‘Lwe have: '’ - - :
i

k)

(1), p is a regular epi

r

~y - ~a

"
¢

I (11) ~ 4pBSF.foy= FfopAoy; Ffoxop =’Fgoxop= FgopAoy}: pBoFgoy, . 3
Hence, since IB 1s the kernel pair of Pp (Lemma 7,1) , there exists
a (unique) h: Y——— IB 8.t. Ffoy =Bh and Fgoy=681h .

. If we now construct Z , as the vertex of the pull-back hq = qu' we have: ;

’

Y1) g 1is a regular epi
Fbooq’

> 1)
Bo 959

it

(1) Ffoyoq fo hq

and Fgoyoq = B;hq = B; qu‘ = Fboq',

T T ety e il e 4
\

Hence, since FE; 1is the vertex of a joint pull—back, there exists a

- (unique) £ : 2 — l@ s.t. q' = Frol & yq = Feo £ .
Hence : TFeéo pEo[: = Py Feol = Ppo¥Yed = Xpq as in—jihe commutative square
below:
. 'pq ‘-
) Z *'?,X in which pq is a regular epl and Fe
: . . ’
. s
a mono.
PEZ Pd x
A
e t Hence, by the diagonal property, there
i ~ ;
P Eé exists a unique t 8.t. X = Féot .
FE > —FA §
. -~ .‘1
Conclusion: FE 'is the equalizer of F¥f & Fg .. _ j
) Lemma 7.8: F preserves regular epis. ]
- From proposition 4.3, we know that every regular.epi f 1s equivalent !
N E:

" to one of the form 1Ao as in the diagram:

PROEQT T
-

—

-
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A= (Ao ,h) £ (Bo,B;) = B .
le j/f

(AO )Al') =

* Therefore, since every gu'hctor preserves isomorphisms, it suffices to show

~

that F(l ) 1is a regular eplt FA———»FA' - in B, i.e. that

F(l } is the coequalizer of its kernel pair.

So let (K,kp ,k; ) be the kernel pair of F(le) , and consider the .

diagram below: - .

//
-~
h -~
P ko| | ki
L - _ .
/
/ P -
/ Fio A wE
/ , \
/ )N F(1 >/"x : -
X s
’/ J Pyi v 7 y
Fag a
FA{ — Fig EA'
Fa;‘

‘We have: Ppr = F(l )°PA FAo

and pA,OFad = pA,oFal'

S

hence: F(l )OpolFAgFad F(1 )opolFAgFaf

Hence since K is the kernel pair of F(le) » there exists a (unique)

Q

y
h: FA{ *K s.t. koh= %olFADOFad & kx"\— pOIFADOFax'

Thus, 1f x: FA—X is such that xko =xki

o - )
Thent xopolFAn Fad = mpﬁlFAoJa‘

(

bt oot T G I a1 in A

14

e e s SOt s
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Hence, since Pyt . is the coequélizer of Faj & Faj , there exists

o*' _;) P
a unique y: FA X s.t. YoPys “prleAo

i.e.: y oF(le)opA = XoP,
hence"be(le) = X (since Py is an epl)

~ .

So F(le) is the coequalizer of its kernel pair hence is a regular epi.

-~

-~

Conclusion: F is a exact functor and the unique extension (up te isomorphism)
of the left-exact functor F: ( — B to the exact category C,

which terminates the proof of the theorem.
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- 0) Introduction.

I1 est connu que tout foncteur F d'une catégorie ( dans les ensembles

x

est une colimite de foncteurs représentables: F = colim C(C,-) ou diagr(F) =
v Diagr(F)
(C}JF) est appelé le diagramme de F. Par conséquent, si on identifie C A une

s‘ous-catégorie pleine de (‘x‘;nsc)c’p par le foncteur d'Yon&da, F est une limite
d'objets de C (2 isomorphisme naturel pras).

Nous nous proposons ici de nous concentrer sur le cas oi F est un pro-
objet de C, c'est a dire une limite cofiltrante d'objets de C. Dans ce cas,
nous montrons que s1 A est une catdgorie finie 8ans boucled (i.e. dans laquelle

le domaine et le codomaine de tout morphisme qui 'egt pas une identité sont

4

distincts), nous avons une équivalence de catégories:

B oo mb .
e Pro-C~ 2 (Pro-(C) \

Ce theoréme est une extention du "théoréme d'approx;tion uniforme" cité

dans [1], et dont une esquisse-de démonstration est donnée. D'aprés ce théoreme,

t

tout diagramme de type 4 dans Pro-C peut &tre "approximé uniformément" par une

famille dé diagrammes de C.

- - A
Il est intéressant de remarquer que les catégories équivalentes Pro-C et

. A
(Pr:o-C)A sont des sous-cat@gories pleines de Ens(c ) et (_Ensc)A = EnscxA

respectivement, qui ne sont pas €quivalentes en général.
Du point—-de-vue pratique, ce résultat peut €étre utilisé pour étendre a

Pro-C des propriétés de C comme l'existence des limites et colimites finies,
@ s
ce qui est fait dans [lJ. |

Dans le cas ou C est une catégorie cartésienne (3 limites finies), nous

étendons ce résultat au cas ot A est une catégorie ‘fini,e quelquonque, en

utilisant une démonstration complétement différente: nous montrons que-les
\

op
endo-foncteurs (--)A et (—)A de Cart, la grande cat&gorie des cat&gories

I%

5
“
b
§
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cartésiennes sont adjoints (2 droite et & gauche) 1'un de 1'autr;=,‘et nous en
dédt;isons le résultat cherché en utilisant le fait qu'un pro-objet de C est un
foncteur exact & gauche C —— Ens, donc un él;’ament de Cart(C,Ens).
Finalement, nous donnons un contre-exemple dans le cas oi ( n'est pas
cartésienne et oi A a une boucle (A = Z/ZE)'
L'auteur tieut & remercier André JOYAL d'avoir supervisé 1a rédaction du-

présent article, et sans lequel sa publication aurait &té impossible.

1) Concepts fondamentaux.
Définition: Une catégorie I est dite cofiltrante si et seulement si elle

vérifie les deux conditions:
(1) Pour tout couple d'objets i et j de I, il existe

un troisiéme objet k et deux morphismes:

)3’ - "k/
~.,

(11)  (unicité essentielle) pour tout couple de morphismes
paralleles a et B: 1 —— jJ 1l existe un objet k
et un morphisme k —— i qui &galise o et B.

Propriété caractéristique: Une catégorie I est cofiltrante si et seulement

sl tout diagramme fini est la base d'un cOne.

Démonstration: Remarquons d'abord que (1) et (ii) sont des cas particuliers de.

| 4
la propriété caractéristique.

Pour montrer la réciproque, coﬁsidérons un diagramme fini A de I, Par
récurence sur le nombre d'objets de A et en utilisant la propriété (i), nous
pouvons dominer tous les objets 61,62,..., dn par un méme objet k de I. On

obtient un nouveau diagramme:




R et

-~ n

e s SR i ol B R

i

TRy P g

(oY

IRt iy

5
TR

DA gy -

R

R

5
4

RN F W VTS SN A 0 W gk

™

‘.47_‘4'%

oy e TR i

-49-

Maintenant, pour chaque morphisme a de A4, a:él'————r 52 on

obtient un triangle:

)

qu'on peut rendre commutatif en appliquant 1'unicité essentielle (ii) & Y, et

N

ae Yy - En rép2tant (récurence) cette opération successivement pour tous les

morphismes de A, on obtient un cOne de base A.
‘Remarque: Cette construction permet d'ajouter un sommet "pseudo-initial" k
au diagramme A, dans le sens qu'on peut construire k et des morphisms de k

vers certains objets de A, mais pas nécessairement touslet rendre certains mais

3

pas nécessairement tous les triangles k —* § commutatifs,

TN

1

B 2

On peut ainsi compléter A en un diagramme fini de type quelquonque L\1
ﬁelque:

1) A est un sous—diag;“anfme plein de 4, N

2) k est un sommet pseudo-initial (Al ne contient pas de morphisme de

codomaine k),

3) |A1| = [a] U {x} .

Définition: Un foncteur F d'une catégorie cofiltrante I dans une catégorie J

est dit cofinal si et seulement s'il vérifie les deux conditions:

AL st o B e st e v =

e ety o) ALl

kit = s

e S

T by o e

R N P
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v

(1) pour :tout objet j de J’ 1] existe un objet 1 de I et e
un morphispe F(1) ~» 3.

(11)  Pour tout;‘lcouple de morphismes paralléles a,B: F(1) —J, 11
existe ur; objet k 4e I et un morphisme y: k + 1 tel que

F(Y) égalisea et B: F(k) ﬂﬂ—»p(i)__‘!_,j
B

. Notes: 1) Dans ces cionditions, J est aussi cofiltrante.

2) 84 I est une sous~catégorie pleine de J alors, pour le
foncteur d'inclusion, '(ii) est une conséquence de (i).

Propriété caractdristique: Un foncteur F: I —+ J est cofinal si et

seulement si pour tout foncteur L de J dans une catégorie telle que lim LF

existe,alors 1lim L existe aussi et le morphisme canonique 1lim L — lim LF

\ ?

est un isomorphisme. ©

3

La démonstration de cette proposition, dont une variante est donnée dans [2,
Ch IX, §3) et [1], est laissée au soin du lecteur.

A

Note: Les concepts de catégorie cofiltrante et de foncteur cofinal sont les

concepts duals ie ceux de catégorie filtrante et de foncteur final qui sent

étudiés dans un cadre plus généralrdans [2].
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2) La Catégorie Pro-C:

Etant donnée une, catégorie quelquonque C, notre but est d'ajouter

(de fagon universelle) les limites cofiltrantes d'opjets de C que nous
/ b1 v

appellerons pro-objets de C.

a) Trenidre caractérisation de la catégorie Pro-C:

.(1) Un objet de Pro-C (ou pro-objet de () est un diagramme cofiltrant

de C, c'est-a-dire un foncteur X: I —— C oli I est une (petite)

catégorie cofiltrante. | .
oA

(
)

Nous écrivons: X = (xi)iel

(i1) Ssi X = (xi)iel et Y= (Yj)jeJ posons: .

(Pro-C) (X,Y) = 3%% c;%%m C(Xi,Yj)
Au lieu de vérifier que Pro~C est une catégorie, nous allons la caractériser

comme Sous—catégorie’pleine'de (Ensc)OP.

b) Deuxidme caract@risation de la catégorie Pro-C:

-

Proposition: Pro-C est équivalente 3 la sous-catégorie pleine de (Ensc)op

dont les objets sont des colimites filtrantes de fohcteurs représentables dans

Ensc ou des limites cofiltrantes de foncteurs représentables dans (Ensc) P,

(i) Mpro-C| C—-s IEnscl = I(EnsC)OPI

Démonstration:
X = (X)) T X(=) = cgg%m Cx,, =) l‘———* X(-) = lim CXyv-)
‘ (i1) Soit X = (Xi)iEI l&t Y = (Yj)jel
alors: (Ensc)OP(X(—),Y(—)I 2= Pro-C(X,Y) puisque: .
£: C;%%m (Xyp=) °‘;%%’«n (Yj,-)
- f
() 3¢y oD eoffm (¥, Ll 0
(Yonéda)
o S . .0

(fj)jeJop ol fj € c;%%m (xi’Yj) ,

o
f ¢ ;%g c;%%? (xi’Yj)

.
e o ettt md A eliw

S NI ey s Bl AR it D bl P, oo Sutn b

Pt R P2, it ol
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b‘
! Conclusion: En identifiant les objets C de C aux foncteurs|représentables
- . ! - C :

‘ C(C,-), nous obtenons la situation suivante: C ©“— Pro-C (Ens ) °P

oti tout pro-objet est une limite cofiltrante d'objets de c.

¢) Troisi®me caractérisation des pro-objets de C: ; ;

Proposition: Si X(-) est un foncteur C ———+ Ens, X(-) est un pro-objet si

* et seulement si son diagramme Diagr(X) est filtrant ot Diagr(X) = (C|X) est :

défini par: |Diagr(X)| = {(C,a): Cel|C], aeX(C)}, et un morphisme ;

de :Diagr(x), f:(C,a) —————(C',a") est un morphisme de C; f: ¢' — C

Co

telq‘ue X(f)(a') = a

p ot et LI AT ¥ IR e e AP

Démonstration; Puisqu'on a pour tout foncteur X:

) X = colim C(C,-) dans EnsC ‘ ;
i Diagr(X) T S

on 8 aussi: . X = 1lim C(C,-) dans (Ensc)op R
. . (Diagr(}())c'p

i,
2
Wt
ks
ife
5
fer)
0
-

donc: Si Diagr(X) est filtrant, (Diagr(X))op est cofiltradt donc X es

1

- un pro-objet. Si X est un pro-objet: X = lim 1
: I

a ~'C(}{i,-) dans (EnsC)OP, on a encore: X = lim C(C,-) = 1lim C ol
(Diagr(x))op {x:c}

(»D:lagr(x))op est vu comme la catégorie des morphismes: X —— C.

ieC  est identifié

s
G Wﬂ{#‘!&‘ffmm o R e O, " T

On a donc: . ' lim X; = lim c*
5; - iel {x+C}
i , I {X— X} ————+ (Diagr(x)°P ,- ;
9 oF - 1'iel agr ’ ]
(« N ‘ - I
¥ donc le foncteur d'inclusion est cofinal et par conséquent la catégorie ;
i (D:I.'agr(x))OP est cofiltrante. . g
i\
‘5" d) Quatri®me caract@risation dans le cas d'une catégorie cartésienne: :
’ i
g' Proposition: Si C est cartésienne et X est un foncteur: C — Ens— %

Fesp:

alors, "X est un pro—objet <+ X(-) est exact 2 gauche. .

5
Foragt

Démonstration: (i) Si X est un pro-objet;alors X(-) = co%ri)m C(Xi,-)
I

dans (f}nsc) oi I est cofiltrante donc I°P est filtrante. Mais chaque

7B,

1

s
TR

jasntis ekl
S
’
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- 6 ‘
C(X,,-) préserve les limites finies et le fonc\teut Meolimdte filtrante":
op '
EnsI ——+ Ens y commute (Voir [2], Ch, IX, § 2)." Donc  X(-) est exact & °

.gauche,

4

(ii) Si X(-) est exact & gauche alors:

si (c,a) et (C',a') sont des objets de (Diagr‘(x))ol) = (CIX)OP alors les

/

prgject:ions:
n c )
/ * cxC' *
. m c' .
sont préservés par X(-) donc on a: . » N ‘ R
X(m)(a,a') = a ‘ -
oo  X(n")(a,a") - ) .

0 .
T et 7' sont donc des morphismes de (diagr(xa r. Ige m?me,si f et g

‘(C,f) —— (C',a") sont des morphismes 'de (Diagr(x))()p), étgi E >
o - v .
est 1l'égalisateur de' f et g dans C, alors aeX(E}YC—— X(C) . puisque
A7 X(m)

’

. X(E) est 1l'égalisateur de X(£f) et X(g). /,/’
. 5 ,
‘Donc: (E,a) —2 (C,a) £, (C',a') est un diagramme
’ -~

: ) P N )
de’ Diagr(X) ot fm = gm. La catégorie (Diagr(X))oP est donc cofiltrante,
et par conséquent Diagr(X) est filtrante. ’

-
b2
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3) Le Théorime d'approximation uniforme:

su . e N T
Frner i B kb

eto Y = (¥ i) 1 SOnt des pro-objets
de C indexés par la m€me catégorie I et si f = (-i)ieI ekt une famille

éfinit un morphisme de

Remarque préliminaire: Si- X = (xi)ieI‘

i

Sy

St v

compatible de morphismes: fieC(Xi,Yi) y alors f°

pro—objets:

f: X — Y. En d'autres termes, on a|une inclusion: .

CI(X,Y) C Prq-C(X,Y)

Dans ce/Js b}gn particulier, on peut dire que f est une 1im4-t: cofiltrante -

des morphismes fi(de C) oubien que f peut 8tre approximée par des morphismes

a

de C.

Dans le th&oreéme d'approximation uniforme, npus mentrons qu'étant donné

—— o,

——+ Y on peut ré-indexer
1

i
‘

un morphisme (ou un diagramme fini) de Pro=( f£:
X et Y par une méme catégorie K de sorte f |soit &quivalent & une famille co-

o i

donc 3 un prozpbjet de C i
~ i
|
j

filtrante de mbrphismes (ou de diagrammes) de C,

’ X ‘ y Y .
ig U | *ES | l
N B \ .
(£,) -
k
(xk)keK ‘ ek * ek “ ¢

Plus précisément, K va @tre la catégorie des morphismes de C qui reprégentent
Y
— ) hisme d '
= D R ey o = -
51 X (Xi) il Y= (Y e est un‘ morphisme de pro

b

f dans le sens suivant:

¢

Définition:

objetsyalors un morphisme de c,
: S — .
9 Xi Y i

|

o

représente f si et seulement si le diagramme |suivant commute’dans Pro-C?

. oy f ¥
] ]G
. xi 9 Aij

£

En fait, nous montrons un résultat plus forts .|
* ' ‘ ¢

- g e
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Théoréme d'ggprogimation uniforme: S1 A est une catégorie finie ne comportant i
pas de boucles (i.e. chaque morphisme qui n'est pas une identité a un domaine et un ‘
codomaine distincts) alors le foncteur suivant définit une équivalence de ?
i
catégories: ) Fy: Pro-ct = (PltO—C)A {
’ L0y Bel 6 deb 6, 8en ?
: - 0y =
Fpt O yer = (P! (XD yep) (x)
3
Démonstration: Nous allons montrer successivement gque:’
a) ’ EA est essentiellement surjectif. )
b) EA est pleinement fidele. . o i
a) Supposons comme hypothese de récurence que ﬁogr toute catégorie, finie sans ;
. !
boucles A' ayant n objets le foncteur FA% est essentiellement surjectif. §
Soit A une catégorie finie sans boucles ayant n+l pbjets. Puisque A ;
n'a pas de boucles, 1l est possible d'y trouver un objet pseudo-initial O dans le !
sens que A -ne contienne pas de morphisme de codomaine 0. Soit alors A' Ia ?
sous-catégorie pleine de A .obtenue en subprimant I*objet 0. A est donc
"décomposable" en 0, A' et quelques morphismes (un nombre fini) de 0 vers
certains objets de A'. Symboliquement nous écrivons:
A =<b*— ————— + Ai) 4
’ \
Soit D = (XG)GeA un diagramme de 'pro-objets que nous décomposonss i
Al ' ' 0 P
D =(X° N (XG) sSeA)
g i
Par hypoth@se de récurence appliquée au diagramme (XG)6€A = D' de type z
!

A' (qui a n sommets), nous savons que D' est une limite cofiltrante de diagrammes

de C: en d'autres termes 11 existe une catégorie cofiltrante J telle que

1]
D' = (D:'j)ieJ dans (Pro-—C)A et D3 =‘(X§)6€A' €
Al o ’ ,
(Di)jeJ € Pro-C™ . . .

D'autre part 1° est une limite cofiltrante d'objets de C: X° = (xz)ieI

AT
C” vjeJ . On a donc

I cofiltrante. .
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q‘"‘ ’
. ‘ Soit K 1la catégorie dont les objets sont les triplets (i’j’Dij) ol
iel, jeJ, DijeCA et Dij est formé du sommet x:, du diagramme D; et de
morphlismes x: ———— b D; a raison d'un morphisme ¢: x‘; ———t xj pour

chaque morphisme f£: L — X6 de D, tel que ¢ représente f.

Notons que le diagramme Dij représente D, Les ﬁorphismes de K sont

H

définis de fagon naturelle: h: (‘i,j,Dij) — (1"j"Di’j") est la donnée ‘
’. ’ -
de trois morphismes: a: 1 -—1' de I )

' B: J—3' de J

A A3
TS D\ij — Di'j' de C
tels que: / P=x; X¥——o1x° dans ., C ;
a” i 1! : :
A - - A'
et t =D,t D! ——— D! dans C

B* 3 h

Prop. 1: K 'est cofiltrante:

(1) Soient (1',3',n1.j,) et (i",j",Di..j..) deux objets de K.

Puisque J est cofiltrante, il existe un J et.deux morphismes:

3 - D},

j/ dans J domc D} / da(n; il
\j" ‘ | \Djn o | - |

Dans la catégorie Pro-C nous avons le diagramme suivant:

Rkl

x° - D
_ \ ) /
X, —_ DS.
- i /'
\ , . D! .
. h]
\4' .
. ) xgn - - ' i D:i“

]
Dans Ja partie droite de ce diagramme, les sommets sont les ,objets de QA oil

& de Pro-CA' C————»_(Pro—C)A' .
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SR o e b S

On a donc pour chaque &eA' un diagramme:
7
N .
£
En composant.les projections X6 —r— Xg (par exemple) avec les
morphismes (du diagramme donné D) Xo —_— XG, on obfient:
Xo N 6 1
& ) xj'
| 8 / .
X , j
o y |
) . §
\ s \
xj,, .
Maintenant, si on réunit en un seul diagramme (fini) tous les diagrammes {
~ !
du méme type que (:) pour tous les morphismes de D: x° ——-———+ﬂx6 Ses', ainsi !
que X;, et X:" avec leur projections, on obtient un diagramme de la catégorile
(XO]C) qui est cofiltrante puisque x° est un pro-objet et (XOIC) g'(Diagr(xp))OF

Par conséquent, ce grand diagramme est la base d'un cOne dont on appelera

le sommet x:. v
. - 3
En fait, comme nous l'avons remarqué, nous n'avons pas besoin que x: soit

4
le sommet d'un c¢One. Nous pouvons nous limiter 3y construire un morphisme:

X:‘—————~*.x§ pour chaque X — X6 de D, de sorte que le diagramme
X: —————— -+ D3 soit de type A, ]
o g
Conclusion: Nous obtenons finalement le diagramme: 'igi
x° N ]
X
A \\\ y i
X
xill ) >
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TP TR

qui définit un objet (i,j,Dij) de K et deux morphismes
(i"j"Di'j')

Y (1,3,D,,) <
\\’(1".5".1)

E—
SR,

Bttt At

n)

1"
(11) Etant donnés deux morphismes paralléles: |
(754D g0) ———— ",3", Df'y-)-
d de fagon analogue, nous obtenons d'abord un diagramme Di et un morphisme de
CA"DS —_— Dj' qui égalise les deux morphismes: Ds, 2, D&n ,
et ensuite un objet X: et des morphismes tel qu'on ait le diagramme
suivant: :

e

S
x’(—-- —- i>Di. |
1/ 1 f

i" ——— -+ Din

On a donc un morphisme de K: (i,},Dij) —t (i',j',Di,j,) qui &galise les
t .

deux morphismes donnés,¢equi prouve l'unic"@e§sentie11é et termine la démonstration

de la proposition 1.

Prop. 2: Les foncteufﬁﬁprojection“ P;: X — T et
Pyt K - J  sont cofinals.

Démonstration: (i) Montrons qu'étant donnés i'e et T et j'eJ il existe

un k= (4 ,§.,D ) et deux morphiémeﬁ' i i et j, —3:
; 1’71 111 1 1
En utilisant le fait que la categorie (X0 { C) est cofiltrante, nous pouvons -
complater le di%gramme X° —=~—— D' en: ) S — f‘
_x _ 'Il)' \Xi S + D . . %
i rj / 1 j
‘ M . e
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ce qui détermine 1'objet k (il,j,«Di j) avec Dilj xil --*Dj (ici, jl 3.

1

Les morphismes cherchés sont il —— 1, induit par Xi — X1 et
1 ‘1‘

1'identité: j — j.

(1i) Etent donnés {feI, j'eJ, (i,j,Dij) € K et les morphismes:

a,a':f —— 1i' et B,B': J —— j', nous pouvons Egaliser séparément -

o et a' par ali il —— 31 et B et B' par. Blz'jl ——+ § puis

utiliser (i) pour obtenir le diagramme:

o N
-—p

X —— - + D' A
\ o\ )
, X g
?\\\ b
Al 7 \\
~
. . 2 3
. & N ) xi 1
1 |
. o
u 1
v 1 :
X -
(o] 0 ) 0 ] ]
xa Xa, DB DB'
o]
xi' ¢ D5l

dhdeRgsa it

On a donc un objet (iz,j,Dizjl) et un morphi;me (alouz,ﬁi),

) —— (41,j,D,,) de K tels que: a,°a, &galise a et a'

(i,,3,,D
2’1 iz,jl 1j
et Bl égalise B et B'.. )

Conclusion: ' Considérons la ‘famille (cofiltrante) (Dk)keK ofr pour chaque

- = = o ____‘ 7) .
k (i,j,Dij), D, Dij (bi - Dj . La proposition 2 nous permet de conclure

- ] t
qu'on a des isomorphismes naturels de pro-C et pro-—CA (-——-——+(pro-C)A :
!

A,

3 -
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o=
: ?l(k) keK 1 1el ¥
] o
' B e 3 ' — '
et (Dpz(k)) keK — é;) jel — D )

De plus, 3 cause de leur naturalité, ils forment des carrés commutatifs

avec tous les morphismes que constituent les fléches pointillées.

On a donc un isomorphisme naturel de (pro-C)

S

g (Dpl(k)l’z(k9 keK ? -

ce qui prouve que FA est essentiellgment éurjectif.

b) FA est pleinement fidéle:

Voyons comment FA agit sur les morphismes:

Soit f: D ——— E, un morphisme de nro-C°. f est un objet de (Pro—CA)

/

oi 2 estla catégorfet Z = Par conséquent,

(1 — 2), qui n'a pas de boucle.

en appliquant la partie a) du théoréme a FZZ: Pro«((C — (Pro—-CA)2 , on oeut

construire un pro—-objet C = (C ) € Pro<((CA )tel qu'on ait un isomorphisme de
&

(ro-chZ . ¢ 5 © & (D—'—* )
£

Bien entendu on a pour chaque keK: Ck =(Dk -—-—l-‘“—-+ Ek) dans CA et on a

le diagramme: ¥
\ D —-’—\—-—-—={— O ek

1 P rex 3
E __—/—:}___—:/_: (B

qui est commutatif puisque ¢ est un isomorphisme naturel.

o

P

AV,

[T

;
]
]

|




g,

==

PRRRERI BT AR e e

kE:

P

Bor
v

T e T e DR L2 g S, B S

i S .

-61~

Seh et Ek - (Yz)GeA

[ £ - 6 6
0 FA5F (), )= (X)), )°°

ot ¥: FB) SF((ED, ) = (B

’ = §
On a donc aussi! Dk = (xk)
A

)GeA

et: £ (fl‘i)‘seA puisque fke(c“)”

par conséquent, 1l est naturel de prendre:

9
. "'lo 5 6€A° = 6 Sed
AU G I e N AL (),
E § Sed
Py (0] (£, )
v ¥
-3 [ el

Avec cette définition, il est c¢lair que s1 g est un morphisme

apreés composition avec ¢ et Y on obtient une

g: FA(D) I FA(E)’

famille (gi)iii définie de maniére unique, donc un unique morphisme:

., 8, 8el
= {
51 (gk)keK T

(Ek) donc un

g8 ¢ (Oyex KkeK

N

unique By D

Conclusion: FA gtant essentiellement surjectif et pleinement fidéle,c'est

tel ?ue FA(gz) -g.

une &quivalence de catégorie: Pro-Cl = (Pro—C)A.
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4) Cas des Catégories & limites finies

b N b gt

Dans le cas oi C est 3 liddites findes, le résultat (Pro—C)A = Pro-CA

est valide pour toute catégorie finie A. De plus, 11 peut &tre démontré comme

iq

corollaire d'un théoréme plus général:

[S¥ ANV Sy N0

Théoréme : Si Cart est la catégorile des catégories & limites (& gauche) finies
op
et 81 A est une catégorie finie, alors les endofoncteurs (—)A et (-)A'

sont adjoints (& droite et & gauche) 1'un de 1'autre.

Démonstration: Pour préserver la symétrie entre ces deux foncteurs nous allons Q
op E

utiliser la caractérisation de l'adjonction (--)A ~ (-)A par unité et co-unité.
axa°P +
1) unité: n: I ——m——— (=) . i
op 3

ng: A ———— AP
AC-,-) :
Al—-—-—__————* A T /j
op
2) co-unité: ¢€: (-)A > I ;
op ;
RS eg’ gt 8 -+ B - :
i
F("’_) % ~ JF \
ou: IF est défini par: £
(6,0 — 8)

F(o,0) _F
A
o"/’ !
[F= lim ; F(g,6) . ,
fed >~ / ‘
° A ;
£

T F(5,8) TFo ——> 6,0)

3) Nous devong vérifier que les composés suivants sont des identités:

(ny)8 op €44
(1 A A PLEL N (A7) A

3
E:

[

p!
;
ﬁ
E.
g

AG-) /> A(—3)“'1"z’ oy [ A(-3)“‘1"2’ = A=)
2,3 B
op

" )
op n,%F - op op (eq) op

A~

B(-l) — B(~1)A('2'”3) ——— J ! B(-l) 2"5)1 = B(~

1,2
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Nous voyons que (1i) est la transformée de (i) en changeant 4 en AOP,

ce qui était prévisible puisqu'on obtient (ii) & partir de (i) en interchangeant

1

EIR

PRES

s <
S it w oy

Fip o

EF AN L S e e

R

R, Fad
e

oy

R

RS

et

R R AT G TR < e

B IS I TR, e SRR T e

les roles des 2 foncteurs.

Vu que A est une catégorie finie arbitraire, il suffit donc de montrer

| »
(1), c'est & dire: B A(t)A(G’T) .
’/,” w » .
VeA: A(6) = lim -~ A(T)A(B,o)
f:o»t ~ . :
'\\\ ) A(f)A(G,c)
~ A(O)A(G,o)

Pour prouver cette égalité nous allons prouver que pour un XeA arbitraire,

on a: Hom(X,A(8)) = Hom(x’IA(_)A(s,-)

Hom(X,1lim F) = 1lim Hom(X,F) et Hom(X,A(T)A(‘S’T) =] Hom(x,A('r)) (8,7) .
u:b =1
. ’ Tela]
satisfaisant 'Ixu € A(codom u) = A(t) et la relation de compatibilité:

Un élément x de IA(-)A(G’—) est donc une famille (xu)

pour tout f: ¢ —m—— 71

A(T)A(S,T)

IA(_)A(G,—) . «

(xfov)v
n. I ~
(D) (x ), ORI
]
xv)vzd-ro
) A(O)A(G,a)

e 1w et

ce qui revient a dire que A = Ens puisque

e’

T TR et b Rt
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TIeT T X T,

Sy B, 5 e A

presesTs

R S T

oA = s i e e vt o

par conséquent on a:

\

' VfeA(o,T) VveA(6,0) A(f)xv = Xeoy

En particulier, si onprend o =6 et v = 16; on a:

Viela], VfeA(S,T) A(f)x1 = Xg
)

On a donc une correspondance bi-univoque:

\

A(S) ——————— f a(-)8(6:)

a b (A @55 1y = ®Duencsn)

Conclusion: On a bien I A(—)A(G’-) = A(S) ce qui termine la

démonstration du théoréme.

catégorie finie, on a: Pro-—CA 2 (Pro—C)A .

Démonstration: A cause de l'adjonction précédemment démontrée on a:

(Px':o-CA)OP =3 a;;(CAEEns) = Cart(C,EnsAoP)

\

D'autre part, on a aussi une &quivalence:

Cgrt(C,Ens)AOp = Cart(C,EnsAoP) .

qui est la restriction aux foncteurs exacts & gauche de 1'équivalence:

(Ensc)A°p = EnsCxAOP =% (EnsAoP)c

(6 o (C » F©)) + ((C,8) » F©))) > (€ » (61 F(C)))

[

b b
i #

4

<
o ey IR TV T

Corollaire: - S1 C est une catdgorie & limites 2 gauche finies et A est une

(1)

(2)

!
!
|
!
j
3
|

i
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Finalement, le lemme suivant nous fournit une troisiéme &quivalence:

Lemme: si A et ‘B sont deux catégories, on a un foncteur involutif

donc une équivalence:

op
ABT) = (uomByer |

¢“

En appliquant ce lemme & A = Cart(C,Ens)

Cart(C,Ens)AOP 2 ((Cart(C,Ens)oP)A)OP ex ((P!:o—-C)A)Op

et ‘B=A on obtient:

En combinant les &quivalences (1), (2) et (3), on obtient:

(1) (2) . 3
(Pro-C°P = Cart(C,Ens®®P) = cCart(C,Ens)?°? = ((Pro-C)%)°P

Conclusion:

donc:
Pro-(CY) = (Pro-c)2

Démonstration du lemme: ¢ est défini de maniére suivante:

op ~
AB) e =F: [Br—— F(B)
‘ £ — (F(£°P))°P

(1) Pour F ¢

Notons que si f e B(B,B') alors fF ¢ B°15(B',B), done

F(£F) ¢ A(F(B'), F(B)) et (F(£7))°P ¢ A%P(F(B), F(B'))
on a donc bien: '1?: o(F) ¢ |(A°p)3|
(11) Pour ¢ € A(Bop)(r,c), 8(q) = ¢: $(C) — &(F)

est définie par:

pour chaque B € B, ;B = ¢§p € AOP(G(B),'F(B)) ' .
Vérifions que ; = ¢(¢p) est naturelle:

Si £ ¢ B{B,B'), alors ‘fOP e'BoP(B',B) donc

-

(3)

I -

DALY e g sk sa

e oy

T Tl 0 e A s e
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. Q’B' . ‘PB. P * 1
on a: F(B') ———— G(B') donc ¢ F(B" )+ G(Qf)
’ l ’
F(£°P) o 6(£°P) F(£*P)P C c(£P)F
. dans A dans A°P ]
9 9, Op 2
F(B) B a(B) F(B) +——2 G(B) H
‘n . £
Le deuxizme diagramme pouvant &tre ré-écric: | : ;
~ mB' ~ o “ ;
’ F(B')+ : G(B') o :
ar 4
s "y ’ N , ¥
) 15203 , ()
b (:’;1 . '
~ ~ ‘PB ~ » '§
F(B) + —— 6{B)

il montre que ¢ = ¢(9)

S

est une transformation naturelle @(m) 0(6) — ¢(F).

i
i
Conclusion: ® est bien un foncteur A( ) ((AOP)B)Op qui QSt visiblement !
involutif; c'est donc une &quivalence. g
&L
o ®
;& 2
1 . ,JC\‘:}:
[ ' .
8 ‘ )
¢ L |
o " e
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5_) Contre-exemple dans le cas oi A a des boucles:

©

. Nous donnons ici un contre-exemple de la propriété duale:

-

u

T

;o Inal(CA) = (Ind-C)A .dans le cas oi A est la catégorie Zzzb *Do o

* eF o # 1, ¢ . . “

Ici Ind-C est la catégorie des Ind-objets de C <c'est & dire des
Q E Op

! Y] ' *
colimites filtrantes de foncteur représentables dans Ens

02;-1

qui contient

¢

éda.

'

\ C 'par le foncteur d'Yon

: .
Nous considérons la catégorie B dont les objets sont les boules

unité de toute dimension nelN et dont les morphismes sont les inclusions in .

dét leurs opposés s = -i .,
n “n

1

' n Y] v
B = {(xl,...,xn), X;i < ;} ’

n

v[ n 1..41 3

R a 1:B ————— ’
' L. ‘" gn’in Bn Bn+1 !
. t , N - ‘ : i ' i 2 2 é
. | ) ,4 h in. (xl,...,xn) e (xl""’xn“/ 1 .xl e X ) §
' ) 2 2,

* Ae Snv. (xl, .o -,Xn) I'_——* (—xl’ ‘e c,_xn’ -J 1 - Xl .s .xn ) g

» i

¢ °

Pour alléger

¥
S ¢
o D

+
Les notations, nous écrirops 1 et s,  au lieu de in et sn.
)

4

Notons gue:h 1) Im(1i) C'Sn; & Im(s) C 5, 3
S 2 [ 2 2
‘ 2) i (xl,...xn) = (xl""’#n’ 1 - L SRETERRE S 0) :
2 . p) 2 3
=8 (xl,...xn) (xl,...,xn,Jh.- Xy oeee XL, 0 - ' ’

, .
’ - 3) i@s(xl,...,xn)qﬁ‘soi(xl,...,xd) = (—xl,.;.,-xn, —JG.- Xy X

On a donc les relations: 12 = 52 = —jog = -goi

’ ° et] -1 =38
(k] ‘

I1 est évident que la catégorie, B n'a-pas de colimites finies puisqu'elle

N

n'a ni coproduits finis, ni coégalisateurs. Par contre, on peut remarquer que les

. L !
idempotents y sont trivialement scindés puisqu'il n'y en a pas d'autres que les

identités. . ' : '
‘ . _f& . ' e

A L

v
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Considérons la sous-catégorie filtrante de B obtenue en supprimant les

-4
N
2
y
i
v
f
#

morphismes s: >~
i i :
B - - - N
B Bl ‘ B2 ..... Bn s
' ‘. ° ! oo 2 6
Soit § = = : = >3 ‘ =
o w = colim B L {(xn)nem , X 0V >0 et g x 11} 1
PR Comme le montre le diagramme ci-dessous, |S_ = définit un ind-objet sur . ]
B et la famille des morphismes s dé&finit un émdomorphisme involutif
0: §_——5_, qui esten fait 1'application antipode. ’
-
B —L + B 1 + B + B, ——— ..... —*S$ !
o 1 2 \ . 3 . hod 25
\ \ X 10 i
B T ‘B L - B + B, —* ..... —; S ”
'] 0 1 2\ 3'1 ©
B, 1 B 1 B i B ' ™ e

1) Le 'diagramme est commutatif puisque ies = sei & seB(Bn,Bn+1) CcolimB(Bn‘,Bp)f

donc oeInd-B(§ ,8 ) = 1lim colim\B@ ,B)mi .
w? "o n P . n’p .

[ e

" 2) (J2 = 1S pulsque sog = {ei 4 ‘ “

3) o # 1S puisque s = -1 et s(x) _=—i(x) #1i(x).

w
Conclusion: + ¢ est donc un endomorphisme de indobjets involutif mais qui n'est 4

@ u

pas représentable par une famille d'involutifs puisqu'il n'y en a pas de non-
C ’ A7

triviaux. , _ . )
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REGULARITY AND EXACTNESS PROPERTIES OF THE CATEGORY OF PRO-OBJECTS
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0) Introduction '

i
¥
#

A, har, i £

In this chapter, we look more closely at some regularity and exactness

st

properties that can be lifted from the category C to the category pro—C' .

It is known for instance that finite limits and colimits that exist

Y
K

in C also exist in pro-C ([1], section 4) . The proof of this lifting

was the motivation for the "Uniform approximatién theorem" discussed in the

previous chapter.

"After a brief overview of known lifting results (section 1), we look

e | 3 e

at the 1ifting of the unique~-factorisation system M-E 4in C to pro-M— pro-E

P

in pro-C , where pro-M and pro-E are defined in a natural way (section 2).

Then we look at the lifting of regularity properties, and prove that if

f

E 1is stable under pulling-back in C , then so is prosE in pro-C.. Then,

looking at the particular case where M & E are respectively the classes of

all monos and all regular epimorphisms, we get as -corollary the fact that if

i

C 1is a regular category, then so is pro-C (section 3) . .
o4 3

f Bty
%

Fina}ly, in sections 4 and 5, we look at tize lifting of exactness,
t:lh:lch works in all é:(ategories in which transitivity is redundant for
equivglenée relations. This proof ig an applicatipn of t;he uniform approximation i

- theo{'em in the caser of a finite category with loops, whieh allows us to

approximate any reflexive and symmetric relation in 'pro-C by a cofiltered
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' family of reflexive and symmetric relations in .C .

!
.

The ¢ounterexample given in section 5 is quite well-known: we give

a direct proof of the equivalence between pro—finite sets and Stone spaces ;
which do not form an exact category, Thenwe show that the exact completiorl
A of the category of Stone spaces ‘is the category of compact Hausadorf spaces. -
For that, we do not use the construction described in Chapter I‘because it
~does not preserve the regular strdcture of the category of Stone spaces;

' instead we use the construction given in [9], which extends a regular ;

category C to an exact one Q(C) in a universal way. -

Cn N RN s

ot
—

’%
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1) Pro-morphisms & pro-diagrams

Let I be a small cofiltered category and { be any category. There

exists an obvious functor: el ————— pro-C  which is an o

inclusion on objects, but is neither full, nor faithful .

R =,

For instance, the counterexample of the previous chapter provides us

with a morphism ¢ in (Ind-B) (S5, S,) which cannot be defined as a

filtered family of B-morphisms o,: By—— B, because the only

endomorphisms of B are the identities. )

i -
-
‘ i
i
¢

]

But the uniform approximation theorem gives us a "pseudo-fullness"

condition as remarked in Section 3 of the previous chapter namely: every ;

pro-morphism is equal (up to natural isomorphism) to the cofiltered family of
CB

morphisms that represent it.

Faithful ness also fails. In fact, we have the following: .

Lemsd 1.1: . Two cofiltered families (fi)i e I & (gi)i e I
\ . fi = :}
with X, N A o

8 ¢

define the same pro-morphism (l.e.: f = g) if and only if for all 4 inl

there is a2 J and an a? 3 -—-:‘:_.’ i in I sgch th‘at fioxu = gioxa

\ .
]
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\ o f =g = qif = qig for all 1¢l

. I
B4Py for all 1€

gioxa for some

o
[y
Mr>§
(2
o,
7Y
|
P
v-1
e
$ 3
Lo T o Y
H&v:u
>
R
] [l

A,Yi a: j—+1iinl
81 . L]

Note that in the last step, we use the fact that there is a cofinal functor

X ——— C

I— Diagr(){)()p the category of all pro-morphisms

where C is any object of C (a8 in [1], proposition 2.7) .

i’roposi;:ion 1,2: The above functor; CI —~—————— pro-( commutes with

all finite 1imits and colimits that exist in CI .

The proof is the same as the one.given in [1] ('pr0position 4.1) .

Corollary 1.3: - A cofiltered family of monos (epis) in C is a mono

, (an epi) in pro-C . . L ;

Proof: A cofiltered family (fi):l I of monos (epis) in C 1s a
wono (an epi) in (;I hence in pro-C since the functor: CI —————— pro-C
commutes with pull-backs (push—-outs)‘ that exist in CI, hence preserve monos
(epis).

Corollary 1.4: If C 1is closed under finite limits (colimits),

then so is pro-C .

TJ‘\ . .
-~-Proof: We only need to construct products and equalizers to have

finite limits (and the dual for colimits).
‘For equalizers, for instance, given a pair of parallel pro-morphisms fsg,

by the uniform approximation theorem we can assume that they are represented by

by

YV 2

P s SN LAt MY AT e

PPV R

WU,
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L3R

a cofiltered family of 1 c f = =
d family of parallel morphisms: £ = (£,), [ & 8=(g),

Now, by proposition 1.2,_ the family of equalizers Ei of fi & g,

is the equalizer of f & g in pro-C . ‘

>

E = - o N
By e 1 XDy e 1 X — Y Oy et
(fi)i € I
In fact have the following:
n fact, we g )] . 1

Proposition 1.5: If C has finite limits, then given any limiting cone

L ——>D in pro-C( where D 1s a finite prq—diagram, then there exists a

cofiltered family of 1imiting cones (Li~-—-—'—'--""Dj,_)1'sI in C such that

D = (D &L = (L) -

i)ieI
The dual results hold for finite eolimits provided either D has no loops

or C has finite limits.

By the uniform approximation theorem,.there is a cofiltered family

(Di)iEI such that D = '(Di)i'EI hence if Li = lim Di , thﬁ:;l by propositior;
1.2, we have (Li)ieI = lim(Di)ieI = 1im D in pro-C .
Bemce:  (Ly)yey = L - L

Note that if D has no loops, I is in fact the category of diagrams

representing D in C . -

* Remark: We have shown that limiting cones in'.pro-C can be approximated by

limiting cones in C , but this result cannot be extended to an arbitrary finite

diagram D such that one vertex is the limit of a subdiagramof D .. In

gsections 4 & 5, we will see a typical counterexample. ! .

T

(RPN

bt s s e v, L

i Y el S S bl
5
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2) Factorization in Pro-C

Let C be a finitely complete category.

Definition 2.1: A unique factorization system in C 1is given by

of monos and a class £ of epis, both containing all isomorphisms
4

a class M

such that:

(1) Every C-morphism f 1is the composite =me where me M & e e E

b 4
+ Y

Z .

(11) (Diagonal property): If £, g, m, e are morphisms such that me M ,

eeE & mf =ge :
Then:
|

such that g = mt (hence f = te) .

prdal A
4

[}

P
\

- ! -
Note: (ii) 1§ equivalent to the uniqueness of the factorizationin (i)

(up to isomorphism).

The object Z (or the subobjact of Y defined by m ) is called the
image of £f: Z = Im(f) (or Im £)
M and E are just classes of morphisms, although they can be viewed as

subcategories of c2 .

' 4

R T P
- ',le‘i‘x}*"{ﬁi‘mg}’_'"" T

there exixts a (unique) t: Z —Y

S At o g v

el

[ —

s

SR
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M-E

Proposition 2.2: If C has a uniqué-— factorization system

@

and 1f pro-M & pro-E are classes of pro-morphisms defined as follows:

m ¢ pro-M (e € pro-E) 1f and only if the category of morphisms

representing m (e) has a cofinal subcategory whose objects are in M (E} ,

then

pro~-M — pro-t 1is a uniqtie- factorization system in pro-C

can be represented

Proof : By definition, every pro-morphism of pro-M

by a cofiltered family of morphisms of M which ar:: monos, hence i8 a mono in

pro-C (Corollary 1.3) . Similarly, every pro-morphism of pro-E is an epi.

then

Also, if f: X —— Y is an isomorphism and 1f X =‘(x:l)i .

the family of isomorphisms (lx )i e 1 is a cofinal subcategory of the
) i

category of morphisms £ i representing f:

X £ >y
Hence, Since e M (BE) t
Mtz
f e pro-M ro-E) )
’ P (p lx xi
E fi
R | £, v
Xi 'Yil

So, we only need to prove the properties (1) & (ii) of definition 2.1 :

If £ 1is a pro-morphism which we can dssume to be a cofiltered family of-

1)
morphisms: fi: X — Yi , then each fi has a unique
(M-E) -factorization : = . . i
' fi Vo
- Xi Yi
. \ n
: Im(f 1)

——— 3 i o D el
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t

Furthermore, 1f o: { ——— j 18 an I-morphism, then we have

the following diagram (in C):

X Y

£, )
¢ i i
Since m,° (e,°X,) = (Yy°m,) ce, there \ '
i

exists a unique Lt Im(fi) ——"’Im(fj)

svt.: te, = e/X and ,xﬂ

B , v
mjt = Yam1 . . Im fi
, j m
/f . N
y 4 ~>
J

Hence 1if we set: (Im f)i

I
Fe Y
1 a

L
o €

e

i
"
=]
~
h

and (Imf), = t for a: i —+] we define a
functor Im(f): I, —————— ( and two natural transformations e & m

X = — Tm f > L Y

S.t.: meMI &eeEI .

. -

Hence the respective images of Im £, e & m , by the functor: CI—+pro—C,
’ \

which sends MY o pro-M and El o pro-E , gives a -(pro-M— pro-E) -

factorization of £ in pro-C :
, £ .

7

e Rl
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S
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y
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' (11) To prove the diagonal property, we first observe that every pro-morphism

m in pro-M can be represented by a cofiltered family of morphisms of M ,
hence that its image Im (m) is isomorphic to its domain,
N

' Similarly, if e e pro-E , then Im (e) is isomorphic to its codomain.

' So, given the outer square D of the_ following pro-diagram (1)

where m e pro-M

e ¢ pro-t

by the uniform approximation theorem , D can be assumed to be (upv to isomorphism)

L

a cofiltered family of diagrams of the same type: D = (Di)i e1” Thus, for

e;ich 1in 1, we ‘c‘an construct the following diagram (2):

. Where m, & e‘:l do not need to be

respectively in M&E ; but can be
|

factored,

So, there exists a morphism uy’

Imei ; — Immi

" making (1) & (1i) commutative.

soe

P
“

RN

AR e B o, AR e TR AT S 1 T
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e
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e
£a
%
f

(mi) & e = (ei)i e I we have (diagram (1)):

Thus, since m = i€l -

Im m =(Immi)ieI‘& Ime = (Im ei)ieI , heqce u =(“i)ieI defines~

a pro-morphism u: Ime ——— Imm making (1) & (1i) commutative in L
g , the pro-diagram (1). ' w
Thus, since Imm = Y (lc;t e' be the isomorphism) ) . *
L :
and Ime = Z (let m' be the isomorphism) f’;

‘the pro-morphism t =e''oueocn'?' is the required diagonal morphism ;

such that: nt=g and te=f . :

¢

Conclusion: Pro-M — pro-f 1s a unique~ factorizétion system in pro-E

-
R
4

I ielly
IMY| € pro-# & |E'| C pro-E (vwhere [M°| (JE"]) 15 the

IR

H

and satisfies for any cofiltered category I: . g
1

|

i

!

class of_cémpatiﬁle I-indexed families of morphism of M(E) ) .
In particular, if I 1is the one-point category, we get M C pro-M

& E C pro-f . \

S o, R

o

" Hence

pro-M — pro-E 18 a natural 1lifting of the ,ﬁnique- factorization system

M-E ‘e
' 4
+ - ——7In fact; —it-is-unique in-the-following- sense: —

Proposition 2.3: If M'-E' is a unique-factorization system in pro-C

N
such that for every (small) cofiltered category I,lMI' c M & IEI{ C E ,

o

_then M' = pro-M & E' = pro-f . \
' t ? ) ’
Proof: If m e pro-M » themn m can be represented as a cofiltered

7
3

| family (n;i):t . g vherem c M for cach 1dnT . ‘ -
hence m eIMI| c M 80 pro-M C M’ ' ;

similarly pro-E C E'

o
|
i
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Conversely: If n' ¢ M' , then by the congtruction above, the

/ (pro-M — pro-E)- factorizationof m' is given by : i

2 e
= N

L 1 = = R =
B L) PR, medi e = @)y () g =me

I3

EXRn
~

= I !
where mn (mi)ieI e lMic M

o e T S
N R

= N 1 !
and e (ei)ieI el c E

' So, m'= me is also an (M'-E’)— factorization , hence e 18 an isomorphism

and thus: m' € pro-M .

S ’ (Note that in a unique- factorization system +M-E the classes M & E are

. [

T e v s L
TR0l it s R < 550 e B S st 7 Sttt bt A5 EiT 0 L

. closed under composition.) t

Ty ’

é“ So, we have to prove that M' C pro-M , o
i

g; similarly: E' C pro-E . o

§: Therefore M = pro-M & E' = pro-E . - : l
B ‘

g,‘;[ ~

’}5 Conclusion and remarks: If M & E are viewed as categories then we
; ) still have: M C pro-M & E C pro~E but the functors ME — pro-M and .
;%:‘ ' £l —pro-f are not full and faithfull as remarked in section 1 .

* However, since pro-M & pro-E , viewed as categories are exactly the
B

categories of pro-objects of M & E respectively, every object of pro-M(pro-E)

AR

is a cofiltered 1limit of objects of M(E) . So, we have in fac't:

Theorem 2.4:  Every unique-factorization system M-E ' in a category C

can be uniquely extended (up to isomorphism) to a unique—-factori'z‘ation system 3

pro-M— pro~E of .pro-C such that pro-M & pro-E contain M & E respectively

e ' !

and are closed under cofiltere&glimits. ® !

B
»

b . RN AT R NS X e
~

o
: N ¢

T T . R

!
1
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< 3) Regularity properties of pro-C
s , ' ‘ '
/ ] Definition 3.1: A category C 4s said to be (M-E)-regular if, and

) oo only if it is closed under finite 1imiﬁs and has a unique-factorization sysf:ém
M-E satisfying (as well as (i) & (ii) of 2.1) the following condition:

(111) E 4is stable under pulling back.

/

Note: It results .from 2.1 that M is automatically stable under
pulxling back. :

- Theorem 3.2: If C is (M-E) -regular , then pro-C is (p;ro~M —pro-E)-regular.

21_'_(_)9@_: We have t;o prove that if E is stable under pulling back

in C , then pro-E 1isg stable under pulling back in pro-C .

Let then, D be the pro-diagram: Y ‘

H"

& < such that e e pro~E . | o .

Z
Since e ¢ pro-E , e can be assumed to be (up to isomorphism) a cofiltered

family of morphisms of E: e = (ej):l cJ ° .

So, if we reproduce the proof of the uniform approximation theorem for D wusing

Z as "initial" vertex, we can prove that D is isomorphic to the cofiltered

¢ family (Dk)k ¢ K

representing e in Dk is in E .,

of diagrams representing D such that the morphism ey

o

Note: We can also prove directly tl\at the category of diagrams representing
[' D such that the morphism representing e is in & dis a cofinal

c subcateFory of the category of all diagranms repres'entivng D .

A
"

i
e - - L ~ . - A Sk Bh % B TIRed « ©

e ——

PO

ok s PO

o~

. R WP 5

ey

Bk e b g, =
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%
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1
S
&

" Hence \
‘ by proposition 1.2, the pro-object = (xk)k € K where. )S( is .
the pull-back of le in C, is the pull-back of in pro-C . And if~ j
P = (pk)k € K &8 q = (qk)k ¢ g 2re the projectiions as shown below:ll' ‘
(e) ' g
o ke K N - 5
Yo @y x : Teer ® T ]
/T\ /N A ! N %
s } g
» é,
: P Py e x E ex |E
- A
L !
. * y fx
o v - l (9 ¢ x ) ,
T X _(Xk)k‘el( o k€ K :"
i
H
Then -
q € E. for each k since C is M-E-regular ’
Hence . < B
q.=(q), g € pro-t . = , 1, PR
Thus ‘, .
pro-C is (pro-M-pro-E)- regular ., ‘ ‘ : ' ‘ 1

+

Definition 3.3: A category s said to be reguiar i1f and only 1f is it

(M-E)- regular where: T ‘ p
' \
M 1is the class of all monos ‘ \
E 1is the class of all regular epis . \\
3
J
Y \ -
- ‘ . -t : - ‘L-‘L«- R R e
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Corollary ‘3.4: If C is regular then so~is pro-C (\.
Proo*}q If € 4s regular, then we know that pro g is

(pro-M’— pro-"E)-—'regular where M (E) is the class of all mono;\(qegular epis)

qf c . . . \\\
< \\;;.E..// :

So, all we have to prove is that:

a) pro-M 1is the class of all monos of pré—c

)

b) pro-E 1is the class of all regular epis of pro-C
a) We already know that every element of pro-M is a mono in pro-C .
= r~ P s e -y )
Conversely, lef m (mi)i e i X Y be a mono in pro-C , anz

let z = (21)1 e I be its kernel pair, ' p = (p:l)i e ¥ a4 = (4;11):l - being

- -~

the projections (in CI hence in pro-C) . ’ s
) . [ 9

Now, since m d4s a mono, the projections p = 61)1011 € 1 & q = (-qi):l el

= Lk ot $ gahdthiton Gl . = s -
e R e VR e ot Gt il e i £ 450 -
L LS R TS R N R R e Y N
»

are equal (and in fact isomorphisms). Hence by Lemma 1.1, for each 4 inI ,

there is a ‘1 in I and a morphism a: J —— 1 such that: Pi"zo. = qiozm

o

-

as in the diagram below:

o

a

r
]

© zZ, + X — Y
q R 7,,:::L,/”" .
4 J
) Imm
Zof - ~ X B’ Yo
. e
rd
v P v e , m . <+
] 7, i S — 4 » Y
Q X Pl s v i i
qi . ¢

So, if we take the Image of mj we get a decomposition mj = mn' jee' j vhere

Y

(i)a m', is & mono

j .
(1i) e' y- is a régular epi, hence the coequalizer of its kernel pair

©

/. -

which is the same as the kernel pair of m, namely ‘Z:l .

2

|




. .
: S s e e e+ = e . - : g PN S

Thus, looking at the left-~lower.square, we éee that Xy coequalizes p 4 & q 4

; xu‘Pj - Pi°za = Qiozq_ =‘ xuoqj e

hence there exists a (unique) h : Im m, — Xi

such that X, = h e'

b

So, m'j:' Im mj> %Yj is a mono representing m that "dominates” m,.

Hence, the category of monos repres;nting m is a cofinal subcategory of the

category of all moz"phisins representing m , 1i.e.:. m e pro-M .

b) For regular epis, it is obvious that a cofiltered family of regular epi

' I
e’ = (ei)i e T is a regular epi: since the functor C —* pro-C preserves both

coequalizers and kernel pairs, <e is the coequalizer of the family of kernel

palrs of ey , which is the kernel pairs of ¢ .

-

Conversely, if e ~is a regular epi in pro—Ew and e, 8 morphism

representing it, we get after factoring e 4 the following diagram:

Y

¢ £ “'iY '
- , where e 1 i8 a regular epi in C
-, ) .
L hs hence in pro-C

x 4 y

i Im e 1 and n' is a mono in C o N

N )
Jl e my Jr " hence in pro-C .
X Y ’
i i -

/ .
But in any category, the diagonal property holds for monos and regular epis.
- A

Hence there exists a (unique) h: Y ———— Im e isuch that:
' = T '
1L he e' X i.e. e i represents e

(11) m'ih=’ Yy i.e. e'i "dominates" ey

s
~— 4

P sk el
K




° ~

Sg, the category of reguiar epis representing ' € is' a-cofinal subcategory

Ay

@'m({goq of all l;xorphisms representing e .. | ' ‘
i ) S ~

.e.?! e e pro-t

-

A

Conclusion: Thus we have proved thaf: p;ro-M & pro-E = are

.

J - N ’ - ) v
respectively( equal to the classes of monos and regular epis of pro-C o~ -~

Thus

-

[ v

pro-C ‘is regulax .
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4) * Exactness of pro-C under s;;eciel‘conditions

i

‘It is known ([1] proposition 4.5) that abelianness (and additiveness)
can be lifted from A to pro-A . This class of examples, in which .exactness
(wyich is part of the abel‘:tan structure) can’ be lifted, is 8pec:la1 in - the

sense that in an abelian ,category, a relation only needs to be reflexive in

order to be an equivalence relation. ’ ) . s

i ~

4

-

In this section, w?m/ve that under the supplemental condition that every
L A \

relation which is reflexive and symmetric is an equivalence relation, exactness

can be lifted from C to_ pro-C ..

8.
This result is based on the following: -Ji
Lemma 4.1: If~ C is a regular category, every LQflexive & symmetric
/ e —

relation in pro-C can be represented by a cofiltered family of reflexive and

*
1

symmetric relations in C .
) More precisely: Given a reflexive & symmetric relation R on X in pro-C,

+ there exists a cofiltered category I and two pro-objects (R'i)i e I ‘™ R -

& (Xi) ]f. & X such that R' is a reflexive & symmetric relation on Xi

i
fpr each 1 iInI . - "y
Proof : Let X be a pro-object and "R a reflexive and symmetric L

relation on X, 1i.e. a subobjelt of XxX such that the two'projections

R rm X can be embedded: in&/a diagram of 'the form: ,
r' O, . .
;_ . satisfying the relations: e
an — S S i , _ ,
L - ' d
I8 r's = 1x .

r' .
, 8

rT =r' & r't =1

-~

—
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We want to apply the uniform approximat:lon theorem for finitely comple& )

categoxies s: the free category generated b“y this diagram, and for that, we
P —

have _to prove that it is finite'

¢
l.e;- that all non-identity endgmorphisms,

namely T, sr & sr' generaFe only a finite .number‘of'distinct morphisms., — -1
In fact we have: | - . # ] .
(i) Tt 48 an 1nvolution:l | . B - .
<r, r' >'r" = < r:'ll'2 ,'T?> = <r't, x1> = <o, r'> - ’
. ’ . . .
<y, r'> is a mono (i.e. R .':s a relation) : A .
' © = 1R - ®
. J ® .
(1) -sr & sr' are idempotent: . . ' c
(sx)® = srsr = slyr = sr and similarly for “sr' . ’ .
®

’

So this diagram is isomorphic (in the category of pro—diagrams of that type)

i.e.

to a cofiltered family of diagrams of the same type, of reflexive and -

symmetric 'spans (not necessarily relations): ,
) ° r _.~where 1 1is an .arbitrary object of

i N
: 'ri some cofiltered category 1 .
S B <
i _ | \
Now, < Ty r'i> need not to a mono, but if we ‘take its image
R'1 = Im < L r'1> , we iet a relatidn which is also reflexive and symmetric
(Chapter I, section 1b (10).'See also/[6] proposition 3.3).
EA o ’ .
So, if we consider the family of relations R' = (R‘i)i e Ve get

a pro-object which is the image of <7, r!> 1, hence R' = R .

<




- /_..,_ s LN .~ - 3 - ——— - s
¥ ] L
) . e “‘WW‘
. -87~ fo- '
* . 1 / 1] ) -‘ »
" , ) x ! ,
. —'
:+ R = (R' ° . : ’
Conclusion: ( 1)1 I .

' I A\ L4 .
i.pe.: R can'be tépresented by a cofiltered family of-reflexive-and- — ---

-

L
symmetric relations. . .
. _: . ) e . /\

» . s
+ TCorollary 4.2: If C_ is an exact category in which®every reflexive
F

S

and symmetric re'létiqn is also transitive, then pro-C is also exact
(and has the,same property as [) -

13

Proof:.: ,Letl X be a Ppro-object and R an e'quivalence relation on X

]

S

(in fact R only needs to be reflekxive and symmetric), then by Lemma 4.1,

there exists a cofiltered family of reflexive and symmetric relations
P . !
1
> h that:
= Xy g Such the

pY R
i . : ] ] C

’ 1
2 4 (Ri-

) - ' 3 3 ' o =4 ’ = ’ \J . = ‘p! -
LA M SR P SO CT) PP A D P

’

. 4 . q
So by assumption, R'i is an equivalence relation on X:L for each L in I,

‘and therefore, since C 1is exact, R' N is the kernel pair of the coequalizer

Ky

digéram is an exact sequence in C ¢

of p 1 & p' i ’(wh:lch exists in a exact category). Thus, the following

' ! —p —eee B
R — X, » K,

Hence if we set K = (Ki)-i e & 4= (qi):£ eI the follo‘.aing pro-diagram
" 1is an exact sequence in ,CI hence in pro~C (since by proposition 1.2 the
functor CL ——»L————f pro-C 'is exact) :

5 - : ,
. R - - > X —» K

—

<

a " [ ]

p

Coyclusioni R is effective (therefore is an equivalence relation even

'ifln we assumed it to be only reflexive and symmetric). l - -

~ _Thus: . pro-C 1is exact . . an ’ .

- r a ’
s

. .
. .
- - .
- K
. . -
4 ) ~
.

@ N .




g s I
»

o

PR B v, et
%

>y

R T

= NPT P R R P TR L R e
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o = A WINPT
) ©, . * . ¢
r o . '
"88" “ ‘ .\ LA
) ) - 4 ! * @" [} .
. . - M ) X ' %
.. Generalizatifn attempt} e T s “ ~
The key to the previous pioof was that reflexivity & symmetry of a relation
in pro-C can be'expresseq in terms of comut:ative'diagramql (Chaptfer I, ,~
p'roposition 1.1) , henceicgn be approxima?:ed by di.agrams of the same type in- w:
. Now,\'if we .attempt to approximate an equiva_lénce relation which involves
the diagram (1) below, where T. ig the pull-back of r & r' (to & t; being
the projections), and - t; satisfies the relations:- . -
. 1 H rt; "= 3 rto &r'ty = 'I"tz / ¢
J— ! - _— to . T N L L4
m ) ' ) <] e - '
tl ‘-I——*—;—"——' . A
- , I T ‘ A R bod N X )
’ w N_/ ’ *
then:" - . ’) .
a) The uniform approximation theorem will provide a cofiltered family of
’ ‘/\ *
¥ diagrams of the same type (with the commutation relations called
(R), (S) & (T) in chapter I, 1.1) but T, will not necessarily be
Al A -
o s the pull-back of r, & r'i« . ' '

i

— !
cannot be applied because of the morphism t; and the .

b) Proposdtion 1,5

.
t

relations (T) itmust satisfy (as remarked after proposition 1.5) .

; —
“

' In fia'ct, the next section gives an example of an exact category 'Ep such
that pro-f is imt '.ex'éct,' which actually proves that .proposition' l.'S cannot
-be extended to-arbitrary finite diagrams in which some vertex is a limft of'a
subdiagram of the original diagr;m. pre q

. o | 3,

«/

3
F 1




geneﬂal case:

<
3

finite sets and Stone spaceo

Counter~example of the

) . . - - 3

-

P N

“ r

Léet St be the category of Stone spaces (compact Hausdorf totally

I
S disconnected topological spaces)

o

, = (viewed as finite discrete spaces)ﬁ.ﬁl‘
. - R

. " v e | .
! The purpose of this section i}g to show that S£ = _pro -E .(i,e.:

- . A

N
voe - H

Housdorf ] ‘hspaceo . .

Proposition 5.1 S;t =

N , '

Proof:

-

and 1et. Eo ~

k]

pro -

Consider the follow:{&g diagram:
,'r '

be the category of finite 8

8

-
-
~ 1

I

- - a : ; P
St 1a'nq£¥xa,oq, but its exact compiet@on is the category CH - of compact

v

~ “A

ry

By

St = Fix(UT, n)

b . - -

-

' Al
<+ subcategory

.
B,
.

" are respectively eq'ual to St and Pro - .

P d -
Fix(TU, €) =Pro - Eo -

w

'

s

etE

'

: . . : ’
. every pro-finite set is isomorphic-to some Stone space and conversely) and that

N
/ .
P « +

. We are going to define an adjunction (T, U, n s €) qsu'ch ‘that the full

Fix(UT, n) and Fix(TU, ¢) which are known to be equivalent,




N

AR R T AT g s T

R LR

T e DT Tl TR AT T TR TR LT

¢

*(11) For X € Top ' ,

~

e T i oStk S

(1)

) ~-90~ _
[ 2 . ‘
. ! . . - ¢ g . ,'
x ’: ‘', N * ’ i
élaim“l:. The_foflowing dai:a 'actually define-an adjunctién:
B , r N » . . R . -
For P € EMFO o ﬁ(P) = 1lim F - *  where

Diagr P is the comma category (Eo, P) of

’

with

(Diagr P)

from P to some representable functor Eo (F,

] .
the finite set F,which is here equ:l'ped with the discrete topology.

‘2

If P e

‘@ ¥y 1is

. . - , * .
P' - +P is a morphism of (EMEo)op , then
a natural transformation: P(-) ———— P'(-) i
. ¢ -
hence there is a unique U(Y): 1 »F‘/ - - * 1im F
' iagr p')°P . (Diagr p)°P

such that:

a ¢ PF,

. by ° *
P 4g équiwvalent to the category of (EME‘O)OP— forphisms .

(F, a) e .(Diagr P)°P
P - pointed finite sets (F, a) .

anq P--point preserving functions. Hence by Yoneda lemma,-

e

-) usually didentified with’

U 41is defined on morphisms the natural way:

1

P, © u(y)

’

- %Fgaf'

.

Cont (X, ;-)

Tgx) =

F dis a finite set, TX(F) 1s the set of continudus functions

i.e.: If
> \ /':
frém X dinto the discrete space F .’ o ' o
‘— And 1f f£: X —— ¥ 1s a continuous function, ‘
4 » v
T(£): Cont(Y, =) — Cont(X, —) is defineg as = ©
‘ @
) - TfF: Cont(Y, F) ———— cCont(X, F) . \;
/ o | * a o f -
- \ F
® ) .
o ' - . o /
(111) For X ¢ Top , ng: X * UT(X) = 1lim F e
. a ¢ Cont(X, F)’
- is defined by: x | +  (a(x))aecCont (X, F)

P

o e e




2 - y -
“ B . c & \
| L. R Y
w = o i
y , . s . -
le‘ ’ 1 ., ) ’ ~
7 » . R
& . - ’ -~01- [y
5 °
v . » ) - \ - B -
. . «-” * .
o - . . . . . ! R
. s .
- . 4
A ; : ~ Los
n R
o . R J(E R , .
§, - Y
s

7
®
¢
3
[}

f' ’ ' v, b4
i - Note that URX) = lim " F Cer L L ] .
;o : , © ra’e Cont(X, F)- = o
‘ Co. = vi: F F'}
/ PR i DT {(xa)a.:X“-’F lx, e & Xga £0x,) /‘
. . . > - I4 . ) . ., a fa
" / _— SN » ¢ ‘
<§ . . 4 ) . .~ ,. . p
' {(iv) ' For P ¢ (EME )(Jp T, €p is a natural "traﬁ‘sformatiqn : N
© ept P(-) -~ —— > Cont(lim ~F O op* ) -~
) - , e T . (F, a) ¢ (Diagr P) ‘
R LN P(E) ° 75 + Cont(1lim F . op * E)
\ o o ‘ T, (F, a) ¢ (Diagr P) P do N
?{ . a | — ~+ p,- (since(E, a) ¢ (Diagr P)P)\
& . - ' - . . . .
3 2 u . .
; .. . Proof of Claim 1l: , , . . ) . \
5 ’ rx) ¢ X . s\ - v ° . . . J 4 3
3 We will.c¢heck the equations: o / '
. ) . W * = ' “‘ ) 4
. , N (a)t . ep * TN 1, . -
d . ”/‘ . .
* = . s
L . () Ve *ny= 1, ' -
fa) For X e Tjop we want to, prove that €rx ° Tnx ='-‘ 3Tx
-, - Tn € K o
- . X Ax—,v : » TUTX - IX — TX ‘ in (E:'MEO)’OP
.. . ETX ] . In Eq ’
", comt(X, -) —Z—cont(lim F ,-) —%+ cont(X,-) in Ens
) . - a:X—F -
S . . e
Cont(X, E) —Cont(lim ¥ ,E) ——> Cont(X,E) in Ens
a:X—¥F" .
’ 2 - — pa : n‘>Pa°“}i‘\, b
N R _ ’ 1 pa ) \ .
p _B__"it_: ‘pa ° nx = a: x _-_f.;———* ‘1?‘ F' ——_—-———"E\‘
¢ X—F .
, x ——— (a(®)y,x—p H—2(x)
- ' ® S ~
S0:  epy° Tng = loy ] ~ . A
D ] . t
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A
B

»

m{ﬁiﬁﬁym TR 5 e P . oy o e o it e gr s e N A £ ST 1 3 SR e
1 : -92- " 3
.‘( o \\\ — v N ;
» . , — \_\ . 3
s |
(b) For P e EME" we want to prove that Ue, o n._ = 1UP %
. ' P UP g
i . . "UP Uep 3
¢ UpP » UTUP — UP 3
} / ' I . n P g
: lim F —~ lim E —— 1lim F —2oF i
S a ¢ PF f e Cont(lim F , E) aePF . ' )
L. ae PF i
™ "o |
; . . ' + | —
: (xa)a l (f((xa)a))f.\ x\a
é‘ ! " Since, by definition of U on mc;rphisms,a we have for a € PF ¢ | i
ke Ty / -
L . o Ue. = = p have: i .
? ' Pa €p pePF(a) Ppa‘ s we also have ‘
A B =
f ’ (B, © Vep = mp) (Gr)) = o ((£((x)))p) \
3 a
\ { -
~ € . = p, ((x)) .
= x _
A3 a
4 t
?" N . ’ P )/’.\V"'
- . (Note that (xa)a stands for (xa) (F, a) ¢ (Diagr P)°P
4 ) j Hemce ° (Ug, ° “UP) ((xa)a) = ¢ a)a . )
: i.e.: N"UﬁP °nyp = Lip f
i . S/ y
’ ' . a
. Py ) . . ‘ - q;
— - Claim-2 : Fix(UT, n). C Sz P
> ‘
Proof; Observe that Im (U) C St. -
. - ~ Indeed, for any P in (EMEo)OP, U(P) 1is a limit of finite discrete spaces
which are totally disconnected. Thus, sit;ce St d1is closed under limits,
U(P) € St for any functor P .
Hence, if X € Fix(UT, n) , i.e.: If Ny is an isomorphiém, then
& N -
X is isomorphic to UT(X) which is in St , hence X e S%j
€
o y ) ’ °
o 1) -ﬂ
"W s e o TomTmTe s e = T AR,
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Claim 3: Fix(TU, ¢€) ,C Pro - E . .
> " Proof: As above we have Im(T) € Pro - E .
-y - N -
Indeed, for any X ii'x Top &, T(X) = Cont(X, -) -“preserves finite limits,
) hence is a pro-finite set. . ' .«
Hence if P ¢ Fix(TU, ¢) , 1.e.: 4if tp is an isomorphism, then \
P is isomf:rphic: to TU(P) which is 5 pro-finite set, hence P ¢ Pr/c‘j“s- Eo .
\,—.
Claim 4: . Fix(UT, n) D St ’
) :
Proof: N s
= , NS S
(a) First observe that if X is totag.ly disconnected andw-f—\)
Hausdorf, then n, 1is injective. /
¥ ) Indeed, if x# ¥y in X, then there exists a clopén
A .
- péz}tition AU B =X suchthat x €« A & y e B, hence a continuous
function X + {x, y} into the two-point set, mamely the coﬂapsipg
Q
function s (i.e.: such that s(@) = x & s(b) = y for all aeA & beB) .
- .k , , )
'II Hence, since : s(x) = x ¥ y = s(y) and s Pg°ny :
Ny . % Pg { :v{x;
X —— lim F — {x,y])
p ' a:x—7F ,
S we have then : n(x)+# n_(y)
« : X X
i.e.: The s~components of nx(x) & nx(y) are different so nx(x) & nX(y)
L
' are themselves different.
° o
. N {
(b) Then observe that if X 1iB compact, then Ny is surjective;
- d.e.: if xe 1im F then n™' {x} # ¢ . /
v v  aiX—™F x ‘
— Y
. For that, let x (xa)a:X—'*F be an element of lim F . _
. . a:X—F
s - *
4 :.’,.4/_ b
y v’
2 -
d

TOPT BMNR e iz e v PR

et

;!g';:# k‘l‘fa; ﬁ—l S Had 5. BT o AT S g0 s
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’ ) “ ' ’ R P
Then : " ’ - . t“2 Ll
ng' {x} = {£eXla@)= x forall a:X—F} 5
. = N g"{x‘} (1.e.: g a"’{xa} )
: a . op
‘ a:x—F 0 (F, a) e (Diagr X) ;
& ¢ ‘
So we want to prove that N a™'{x} +# ¢ . '
- . a;Xx—F '/

3 "
g 7 T
.

-

For that, we first observe that for each a: ¥*——F , a""{xa} #* ¢.

* .Indeed, if I = Im(a) we have the diagram: . “

. R

X —F

- A = =
where a = ia' so X i(xa,) X0
siqee i:. 4is the inclusion.

 So Ve have a"'{xa} = a'"’{xa,}¢¢

» i——_->m>€

~
a' becauséx a' _is surjective.

L. ’ {
{ Secondly, we prove that a"'{xa] Nnp-1! {xb} #* ¢ for 5’:1y two gontinuous
| : ..

bc;

) - functions:
X ——————F

b: X ———F' !

Indeed, since Cont(X, -—S preserves finite limits, (Diagr X)OP is

cofiltered and: o
, <a,b>: X FxF' which is in (DiagrX)°P verifies:
il - ' : “
x<a, b> (xa, xb) in FxF and therefore:
S | s g~ = i -1 = ~1° :# .
& {x}N b {xb} <a, b> {(xa,xb)} = < a,b > {x<a;b N
In a similar way, wé prove that for every finite subfamily of (Diagr}()op
: X ———r have: '
(ai)i =1,..,n where a, X Fi 3 we a;re

S
™ . \

-5

[P i i s oo & it e e Ao 3 s
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~?

-t \ ‘ ~-3 ; = -1
Qg 131 {x,} = <ay,.,an > {(x, ""xan” KA, .an > x s+ 80 >} 7 ¢

A

Finally, since X is compact and a-! {x;} is closed for each continuous

a_, we can conclude that : N al{x}) # ¢
a:X—F

N L]
@) ©  Thus :. ‘ ‘

&

Ny is surjective.
A

o l'd
o -

rd
TConclusion: If X is a Stone space, then B ny is both injective and

surjective hence it is an isomorphism:’ X & UT(X) .

: : 7
i.e.: Fix’(U'l‘, n o> St

o AT T RN ;.
.

L]

; Claim 5 : Fix(TU, &) D pro-Eo . |
¥ . / ,
¢ . = -—

; Proof: Let P (Fi)i €I be a pro-finite set and 1?3: .

¥ . ~

b py: P -———-—-*Fi be the projecttons. Then the functor: i |— (Fi‘, pi) is a

cofinal funator: I ———-—-*(Diégr P)o.p , 80 that we in fact have:

-
o

WD ,= lm - F = lm B = 1 . )
(F,a)e(Diagr P)°F g eI - . - l
So, 4f E 1is an arbitrary gtat'e set, we want to prove that € . .
is a'bijection, where : - | °
' epg ¢ PEE) & (Pro-Eo) (P, E) ——— Cont(U(P), E) .o
. - ; ' - (3’: P ‘ﬁ‘E) I - *(pg: lim F ——E) |
. - , (F93)

) For that, we prove the following steps: . . |
) = /v’ N E ¢ ! " N *
a) P (Fi) 1fe 1 . (Ei) {el where.- the projections
. - A )
9 P -+ Ei are regular epis in pro-fy and ; , 1
ot . - ' T
Lo . - .

. -
¢




6!4 ' ¢

N, | - .
Ve ' ’ !

. b) the transition map / Ey: Ef — Ej for each a: 4 — j is
@ .
surjective.
; ) Con'é'equently, the category I-can be replaced by a partially ordered set. ;
‘i oL ! . ] Y . .
. : - ' . o ' —_—
‘ ¢) The corresponding projection maps Py u{p) L = l:hni eI E E, ]
' are surjective. ”
d) For every f?lnite set E , eppt P(E) — Cont(L, E) 1is irjective.
. : 1
- . » . M 1
e) For every finite set E , €pp 18 surjective. : -3
' p.
’ Proof of step- a): We prove that for every (fixed) k in I , the image of
§ ! B . o %
i 1% (in pro-E¢) 1s in fact a finite set Ek ,” and therefore that (Ek)ke 1 is a
G \ y b7
L pro-—objeq&, isomorphic to P , ~
Ez ) ) Indeed, by definition, Im P = (Im qj>j e where J 18 the category of
% morphisms representing P’ . . .

~
i.e. For~ each j in J, there is an object o(j) in I and a map

S

{'ﬁ .
f-‘ j c 1) — Fk such that the following diagram commutes: P .
# . . o :
s (, : ' ’°°<3/ N‘
g‘ - . " ' . ’ . . q
:fk' ~ Y ‘ ‘ © -——.j—Q
2 S RPN oy Tk
"o a morphism of J is then-a morphism a: o(j) — o(j') of 1
such that q ;5 o Q - q y - / .

Note that o , which is in fact the "projection functox" (Chapiet 2,

section 3) :l's,céfiﬁal B0 that: )
¢ - . e ° ’ ’ [=1
z Elier ® Fo@)sea

. i3
- 1 »
£
n . . a
R .
. -
4 .




<

f s -
2 e —— — - Rt itk - - o O RO L il

~97-

S —

Now consider the family 1 = (Im qj)J-€ 3 of subseté of 1?k . '
Given t;'he‘ t:wo objects 3 & 3' in J , there ‘19 an object f“and two morphisms:

N1 { ——s j’v'*\& g: 1 — ' inJ such that:

¢ S ” —_— \
C YR T gt g Ty ‘

Faid .

Fu qj -
a9y
Fo(i) Fk X

Q4 P

m 1 .

- Faum

Hence: Im qy C Imq, N Im CITIE

]

So, I is the base‘of a filte; an Fk which 1s stationnﬁry because I!k
is a 'fin.i’te set. .
) - -
Thus, there exists an object Jo im J such that for every fa: } —-’jo"d\r: J,

Im qj =_’Qm qjo = Ek . u

Hence, given any Jj in J , there exists a }' _ and two morphisms o & B :

4 e

j . .
: Im = which ns that the full
‘1"9/' . Hence qj' Ek ch means tha e fu
\ . subcateggry J' of J whose objects 3' satisfy -
Jo ' ” :
Im = is cofinal.
: qj A Ek v N ) ‘:, s \
3\ /
s = £ - . 7 .
So: Impy = (Imap)dy = (madyqg & B ‘ ,
Cons'equently: If we consider the pro-object "(E :l.) 1e1 *. we know thdt the

1 .

category of couiiles (F:[’ pi) "is a cofinal subcategory of (Diagr P)o » hence

so is the categoz.'y of couples (Ei,wqi) i.e.: : P
q a ’ ~
i . [s] v . pi‘l
\\for any q: P — E in (Diagr P) P » the .
: e . . Ep—F,—E
diagram (1) commutes for some "% in I . . 1
. ,- o (1) J 5
So P = (Fp)y o Edier -
) [P
ot r ’

R,
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Given any a : i —+ 3§ in1I we héve_th’é —

Proof of,step b)
\

]

commutative diagram:

where Ea is uniquely defined by

the diagoﬁal property and is an

epi ‘(hence a surjg@tion) F.

hecetise 9 is an epi .

So tf E & E

="E

8 both satisfy: Ea° 9y qj Bo qy then Eu= EB

because 9 is an epi. -
So, if we replace I by the category having same objec—ts ag I , but

L]

where all morphisms with same domain and codomain are identified, we get the same

gro—object P , but the indexing category is a partially ordered set.
‘ Thus we gan assume that P = (Ei)i ¢ i where :
(1) I 1is a directed par;:ially. ordered set ; ,
the transition maps are surjective : E ———'EJ as well as the

(14) i

’

1 »
projections P —-——-’F:L 3

are mutually disjoint ;

(111) th® sets F,
R e

. o

LT
) (iv) the category of couples (E 4 qi) is a cofinal subcategory of . C ;}“
) L
| (piagr B)°P .
Therefore: U(P) = 1lim , SR = lim E =1
(F,"a) ¢ (Diagr Y7’ .  1e1 :
We will denote by Py the pfojecti&n: L -'*3—-‘121 ‘rather 'than. pq T N

i
\ \
L4

-

Proof of stei: c) " Let’ ¢ be a fixed element of Bk (where k e I i\s a
fixed index ) , anfi consider the set E =~ U
’ : L 1eX
follows: :

Ei ,» ordered by < defined as




E e AU Y GO A

. . I . T 99w 7 '

u ' c c

' . Given x, € E1 E & xj € Ej - E
N . . ,

. \ , x, < xj

x &y in E then x=1x & y=xj for some 1 &3 in1I, so x‘<y - xi""(j)

* da: &—> j such that —Ea(xi) = xj (i.e.: Given

Now let C = { X €E l x< ¢} and let F be the filter generated by

) = U E, . -
C and {Fi }ie I:where Fi = 4 ‘

_Notice that { Ti}:l: eI is itself the base of a filter and given { (and}c}

such that j < 1 & j < k; so 1f a 1is the morphism )

~

there is a J

13

3 —* k then, since E,.is surjective, there is an x.1 € Ej C Fi s.t.:

Ea(xj) = ¢ {.e.: xj < ¢ vhence xj ec N Fi , which shows that for

So F exists and therefore there isanultrafilter

every.i :[nI,CnFi#cﬁ. ‘
v / 3

‘U finer than F di.e.: such that, C € U and F, ¢ U for each {1 in1.

Now, for every 1 in I 1let:

. ' ] \
r Ei = { e ,...'.en]'
@" .
Ap = {xfeEl x<ep} for p=1,2,..,n
[ ] . ) ’. . ]
., + B > Theﬂ: ' . , Fi' = Al U AQ U noloU An E‘ u . »

such that Ap € U, which determines a

Hence, there is exactly one index p
. . - §

unique element x, Tep ‘in each E:l' . . ”

4 But for "1 =k we know that C ¢ U . Hence xk=.c = e i.e.:Ap = C.

a

= Ld] "}..'dm }"' \;
. B = {er|x<dq}f%r q=1,: -0

Also, 1f 3 < j assuming that:

"~

we hZ:re for any p & q:
o

A} ‘_ o E
and dg ¢ a, = B ’n A,

3

%
s T




e

Hence if Apeu and Bq‘e U , then xg. = dqg < ey = x4 .
Thus, U defines a (unique) element (x:,_)i’€ I of L such that

Pp(x) = X = ¢ as desired. "~

\

contains

of choice, proves the existence of one of them.

Proof of step d) Let a &b be two pro-morphisms: P — E (where E #

" Note that there may /be many such elements x (one for each U that

Fr,

. B
T R P R I TR T W

A3

L)
4

but our construction, which essentially depends on the axiom

.

a ' A

- .. o 3

1s a given finite set) such that p, = Pt — E .

r . ) o
Since the category of couples (Ei’pi) is atgofihal subcategory of (Diagr P) P
‘ 3

and cofiltered, there are objects i,j & k of I.and maps sa.t.: the diagram (1) .

commutes: .

So, that (2) Is also é:ommutat:[.ve. (Note that f denotes the map : Ek""*Ei—"E

in both diagrams, and similarly for "g: Ek—'——»zj:—-»Ek ) . : - -

~ So,

.

[,

1

fepe = Py = Py T B° Pk . )

Hence f

‘Therefore, in diagram (1) we have as required:’

e \ ! (2)

a
= g since py 1s surjective (l.e.: anepi) . =

’8=f°l‘lk=8°Qk"'b




(3]

L4
RSO AT |

) the map h: E

\ o N ~i01-

“
‘e

y
- . — -«

2 v

Proof of step 'e) Let f: L ————E be any. continuous fonction

- ¥

". into an arbitrary finite set E -= { X1 aeeepXp } .. It is sufficient to show

-

that. £ factors through Ei for some 1 in I.. }

So (E, 'a) is an object and h a morphism of (Diagr P)OP h: (Ei' qi)-‘—* (E..a) .

-

Hence p; = hep; = f ag required .
~ * {

Now, in order to prove

AL

-

-

ra

» ] -7 .

<

Indeed, if £ = h o Py as below, then taking a = h o qq e gets

~

Ey

|

.

that f can actually be fabtored, we look at the

glopén partjtion’ L = f'{x}VU.....U0 f'{x,} definedby £ . -

. Since‘ f is continuous and E is discrete, then f} {:E;l} is act;ually a

¥
clopen subset of L . N

-

L

v

<

All we need to show is that given any finite clopen partition L=AU, -O'An ’

there is a partition By U.,..Us = Ei -of some Ei. S.t.: Ap = pi'" (Bp)

n

.

for every p =-1,2,...,0n .

ur

L

-

Indeed, if £ {xp} = g~ (Bp) for the above partition of E, , then

.

i E defined by:

® -

h(e) = xp - é € Bp fOt p ? 1,-.&.“

©

P

8 .

satisfies also:

Bp () = % % ) eB % xep @) = £1ix)

-«

\

Hence £ = h o 1"1 as desired.

£(x) " - Xp

e




et iy -

g S0 Ll
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Now let us look at clopen sets in L.. For that, we recall that every

set A in L (which 18 indexed on a directed set) is the form:

-y

open
A = pi'" (B) for some open B ' C "By ([71 5 4.4 prop:osition 9).

and is automa tically\
.Q

)
i E:I.

clopen hence A 1is also clopen.

But since E, ~is discréte, B can be any subset of

ror

Now if C 4s an arbitrary clopen subset of L tf\e}: c Qpén = Cc=U Ak '
, - keK

v )

-
o

where Ak 1s a basic open set and K 1is any sei:; and C closed = ‘C

J.

is compact . ‘
B k, € K ’ j
Ay X

for some =1,0..,p. .
j=1 ' j i

-] . 3
But finite unions pof basic open (hence clopen) sets are also basic open sets.

»

"Hence: C =

Hence: C = i

4

p}i'" (B) for some B, C' E

- Finally , weprocéed by induction on n. For mn = 1 we haye a trivial

L
v

partition L = L . . ' -

A8suming the result for n , if L = A 0....0 A—n UAn+1p is a clopen

-
* 7

part:ﬂtion of L, then there-exists an 1 in I and a partition Ei = B U..UBn

i
of E, such’ that:" ‘ . ' f
= -1 ¢ = - s = -1 B A
j i Aq Py (Bq) for -q l,...,n~1 and AnUe An+1 Pi ( n) |
but since A is clopen, there is a 1 in I and a _B’ C E, such that
: - n+l I~ . ) — ' 3 ‘
if B' = Ej - B then An+1 = pj'-" (B) and hence . U ‘
. . ' . e
| U = -1 1 e -
A U. ve An pjv ( Bﬁ ) . | . yi }
Now, by cofilteredness, there is a k and two morphisms: k o .
E . ﬁ\, :
p /‘ 1 3
. 1 /& :
such that : E o pp = py Py o R
/) omes LT ‘- |
and _- Eg°opPk = Py S EB
/ 3 %
r\ ' ) Ej
L] A */_




VLA p{w
-
i
7
-

we have: : -7

» Hence for qg = l,.,.,n
I * LA = e (BY) NpyTHBY = ekt (BTNB)) Nop(BgTT (B ?
, _ = pt (B NOEETAY) T,
"and for q = nt+l N - ,_' .
- 14
. = 1 - _ - - .
A Ant1 Py (B) Npy™ (B), = pi™' (B, (B) NEG™ (B)) .
' Thus: {If we set 3 G = E,~! (Bq) NE™ (B') for. any ¢ = 1,...,n, -
yo ¢ e -1 -1
i and Gy = By (B ) NES (B) -

Then, .given x, € Ek » Xy =( p_k(x) for some x in L (pk is surjective) N

hepce Eo(x) = py(x) € B‘;l for exactly one ¢
. ,'.-f af
and Eg(x) = pj(x) ¢ BU.B" = g4 .
y amd Ey(x) e B = EB(xlg) € ]'Sn .
~ - — .
- So, xi € Cq for exactly one q € {1,...,n+l}
» Id 4 h 3
Conclusion: * Ek = v.....9 En U c;‘,-1~1 is a partition of Ek‘

e such that Aq = pk" (Cq) for each qe€ { 1,...,n+1} which ends the proof -

of proposition 5.1 . )
- ! N 19 +
9 : . —

Conse.quently: We have an example ‘of an exact category £, such that
)

A —

--pro~Ep - & Si 3¥s not exact. . °

We could c¢omplete it using the construction’ descriqu in Chapter I, but

*

! we kt(miw (corollary 3.4) that Sji is a regular category, and it can be seen

. : # ! .
that _its ‘regular structure is not prw‘t/ved by the comstruction.

» %

. Instead, we use the construction given by R. Succt ([ 9], section 3), which v

extends every regular category C into an exact' category ¢(C) in a universal

_way. .
# -

c;
|
™
o - N ) . N ' - ! ._‘C‘~P ) . i
N
e e TN M
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_But in fact, wé hdave the following: Co .

'Pfoposition 5.2:  Q(pro-Ep) = Q(St) = C(H{ Wwhere CH denotes fhg ’

[

category of compact Haudsdorf topological spaces. .-

» N A
[ i L]

G

~

’ " Proof: ) o Q

Claim 1: CH is an exact category..

— Iideed, given an'objeéct X of CH and an equivalence relation R

]
b -

on X in CH , then R 1is a compact suBspace of XxX hence ‘closed. Hence .

by the' Alexandrgff\t‘heorem ([8]; 3.2.11). , .the quotient space X/R 1is *
" K.E 8 » . . ) - :
compact Hausdorf0 i,e.: X/R is the ‘quotient of X by R in the category

CH o

" 1 ;o N ) Claim 2: Every compfct' Hausdorf space X is the quotient of some

- r

C‘: ! ’ Stone space Y by an'equivalence relsation S. (which is also a Stone ‘space) .
é ~ . .

e ?

P

<

- ' The proof is a consequence of the fo“l’}owing:
' ) ® . ! {

Thebrem ( [8] ; 3.2.2.): Every compact Hausdorf ‘space of weight m 2 .
w . \ - t

1 . { is A continuous image of a closed subspace of the Cantor cube " . .

. Hence if the weight m of X is infinite, i.e.: 1f X has a basils of-
. ; opén sets having infinite cardinélity m , then there exists a closed hence

compacf: subspace C of the Stone space p" , and a continuous surjection f: .
¢ f B a o .
¢ ——»X ., .

3.

So, if § 1is the equivalence relation defined by f , then by the

Alexandroff theorem mentioned in Claimg ~ 'S +is closed hgncé compa:ct.

\

So § is a Stone éubspace of CxC, and X = C/S as required.
2 § ! .
Now if X has finite weight, then it is finite hence disérete
r

([8] Theorem 1.5.1 ). So/ X 1is itself a _Stone 3pace. .
: f

hd - )




e e R AT

o ke g
Rl
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Claim 3: CH aatisfies the univetrsal property of ; )
Q(St): The 1nc1usion fynctor SutC-——--—-> Q(St) {8 exact, and every exact '

functor G: St —> B (where B’ is any exact category) can b uniquely
extendea"‘o(up to isomorphism) fo an exact functor Q(G): CH > B.
. - o
Indeed, by claim 2 e know that every compact Hausdoxrf space X
is of the form X & C/S , where C and *S are Stone spaces.
N So; given G, the functor Q(G) defined on. objects as: )
Q(G) Xy = Q) ‘(C/S) = G(C) / G(S)
"is an obvious extent/ion of G to, the category C‘H A
s
) f
AN Vi ] ) -
Conclusiong Q(pro-Eo) = Q(ST) = cH . g ) ‘/
I -
- ’ ’ i
’ ‘v
¢ o/ o ¢
s 7, . L~
. B ) - . \ —
- * /
p [y
i ‘ )
g \
i . .
- \, .
. — — S 'a )
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