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Abstract 

The filtration mechanics of the slip castmg and filter pressing ceramic formillg 

pro cesses are analyzed so that better c mtrol can be achieved over these plOcesscs. 

The rheological behaviour of alumina suspensions with dlfferent solids loadmgs, par-

ticle size distributions and amounts of deftocculant as weIl as the effects thal lhcsc 

suspensions have on the filtration process were studied. 

During slip casting the formatiOn of the filter cake occU! s as Ct rcsult of tht' 

capillary suction pressure of the pores in the plastel' of Pal is molds. Thetcfore, th<, 

mold microstructure, density, permeabiIity, suction pressure and the effccts tbat thes(' 

mold properties have on the filtration process are analyzed as a function of thc pleL<i-

ter 1 water ratio used to form the molds. 

During filtration, as the cake thlckness increases with casting time, fine partlcl<'~ 

can be carl'ied along with the filtrate and deposited within the filtcl ccike and/ol filtel 

medium thereby clogging and reducing the permeabilities of the POI()U~ mecha Thl~ 

in turn affects the growth rate as well as the permeabihty, density and pOJ'O~ity of 

the cake. Evidence of cake and filter medium c10gging was obtained by' (1) SEM 

analysis of cakes and filter media, (2) surface area measurements of CI'OS~-scctIOU~ of 

cakes, and (3) measurements of cake thickness as a function of ca5ting tlmf'. 

A computer model consisting of a network of tube~ wlth a random ~ize dlstri· 

bution has been developed to simulate the filtration procesC). The mode! accounb 

for porous media clogging due to: (1) fine particles depositing on the porc walls and 

gradually reducing the pore radii and (2) pores trapping particles larger than the pore 
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( openmgs. The network mode] shows that the perrneability of the porous medium is 

dependent upon its pore size distribution rather than its average pore size. The mode} 

also illustrates that minor changes in the pore size distribution due to clogging can 

significantly affect its permeability and casting rate. 
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Résumé 

La mécanique de filtratioll des procédés de formatioIl de céramiques par ('oulage 

et par passage au filtre-presse a été analysée afine de pdrvellll à 1I11 IllcdleUI lOlllrôl(' 

de ces processus. On a donc étudié le comportement rhéologiquC' df> SUSpeI1SI011~ 

d'alumine avec différentes teneurs en solides, granulométries et quantItés de déflo( ulants, 

ainsi que les effets de ces suspensions sur la filtration. 

Pendant la coulée en barbotine, la formation du gâteau de filtre-presse résultf' de 

la tensIOn ('api lIaire des pores dans les moulesrn plâtre de Pari~ 011 a don( analys(' la 

microstructure des moules, la densité, la perméabiltté, la pl(,!'.~IOIl d'asplrat.ioll pt l(·~ 

effet.s que ces proprieétés des moules ont sur le procédé de filtration Cil tenant COlllpt.t> 

du rapport plâtre/eau utilisé pour former les moules. 

Pendant la filtration, l'épaisseur du gâteau augmente en fonction du temps; de 

fines part.icules peuvent donc être entraînées avec le filtrat et s'accumulel à }'lIItérieul 

du gâteau et(ou) du milieu filtrant, ce qui plOvoque UII cugOlgcllIcn\. ct J'(:d III t la 

perméabilité du milieu poreux. Ce dernier phénomème aff('cte à son tour le taux de 

croissance ainsi que la perméabilité, la densité et la porosité du gâteau. Nous avons 

démontré qu'il y a engorgement dans le gâteau et le milieu filtrant par (1) analyse au 

microscope électronique à balayage des gâteaux et milieux filtrants; (2) me~u/(' de la 

superficie de coupes de gâteaux; (3) mesure de l'épaisseur du gâteau Cil fOflC\.101l d(· 

la durée de coulée. 

Un modèle informatique consistant en un réseau de tu be~ de dmlCllsion~ répal lie!'. 

de manière aléatoire a été mis au point pour simuler le procédé de filtration. Ce 
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• modèle tient compte de l'engorgeme'lt rlu milieu poreux dû: (1) à l'accumulation de 

fines particules dans les parois des pores et à la diminution graduelle du rayon de 

celles-ci; (2) à J'obturation des pores par des particules de taille supérieure aux pores. 

Ce modèle de réseau montre que la perméabilité du milieu poreux est fonction de la 

répartition des pores selon leur taille plutôt que de la taille moyenne des pores. Le 

modèle montre également que de petites variations dans la répartition de la taille des 

pores par suite de l'engorgement de celles-ci peut avoir un effet appréciable sur la 

perméabilité et le taux de coulée. 
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Chapter 1 

INTRODUCTION 

Advanced, structural ceramics exhibit valuable properties such as high strength 

(ofteIl at high temperature), and resistance to abrasion and corrosion. The fabrication 

of ceramic products of high reliability involves four basic stages: (1) raw materials, 

(2) forming well-compacted shapes (green bodies), (3) densification and (4) final 

mclchinÎlIg. At present ceramic shape-forming is the most poorly understood in a 

~cientific context This is the most unforgiving stage of the overall process, because 

mlclOst lllctUl al defects present in the green body cannot be easily eliminated. and 

thel'efore carry through to the subsequent two stages, resulting in a defective ceramic 

article.l. 2 

The present thesis studies the filtration mechanics of slip casting and fiIter 

pltssillg of alumina (AI20 a) powder. Slip casting is a shape forming method now 

beillg llsed ill the advanced ceramic industry to produce high strength products \Vith 

complex shapes. The ceramic green body is formed by pouring a slip composed of 

micron sized powder and liquid into a plaster of Paris (gypsum) mold. The mold 

behaves like a sponge and withdraws the liquid (filtrate) from the slip to form a 

consolidated compact (also referred to as a cake) on the surface of the mold. The 

cake thickuess and the depth of penetration of the filtrate mto the mold both incl'ease 

with casting time. Once the desired cake thickness is achleved and the ex cess slip is 

poured off, the cake is removed, dried and then sintered to obtain the final ceramic 
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product. The selection and processing of the powder as weIl as the slip and Illold 

preparation aIl greatly affect the overall process. At present, slip casting is still 

somewhat of an art, therefore, to reliably reproduce advanced cel'amic produrts a 

clearer understanding of the filtration mechanics must be achif'\'cd. Filter pressing is 

a shape forming process similar to slip casting except that an external air pressure 

or a vacuum is applied to the slip and a permeable membrane is used as the filler 

medium. 

During the filtration process, the filtrate may transport fine parti des through 

the fil ter cake. The fine particles may be completely leached out 01 may be le­

deposited and cause clogging in the cake. 

';he objectives of this research work are: 

1. To study the rheology of alumina (AI20 3 ) slips with differenl particle size dlSlli­

butions. 

2. To study the effect that slip rheology and mold preparation have on the cake grecn 

densities and rate of cake growth. 

3. To obtain qualitative and quantitative evidence that the filtcr medium can be­

come clogged due to particles depositing in its pores and that the cake can become 

clogged due to fine particles migrating through the cake and accumulating near 

the cake-filter medium interface. 

4. To develop a random tube model to simulate the filtration process taking into 

account clogging. 

This thesis is divided into eight chapters and the presentation is as folloW5. 

Chapter 2 provides a literature review of the ceramic fabrication pro cess and filtratIOn 

theory applied to tilter pressing and slip casting. Chapter 3 presents an experimen-
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tal study of the rheological behaviour of alumina slips with different soIids loadings, 

particle~size distributions and amounts of deflocculant. Filtration experiments and 

their results are discussed in Chapter 4. Chapter 5 provides quantitative and quali­

tative evidence of cake and filter medium clogging. A description and l'esults of the 

randorn tube computer model to simulate filtration are presented in Chapter 6. In 

Chapter 7 the tube mode} is developed further to simulate the cake build-up pro-

cess taking into account the clogging effects. Chapter 8 is a summary of the thesis 

and sorne sample computer programs that were developed to simulate the filtration 

process are listed in the appendices. 
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1 
Chapter 2 

LITERATURE REVIEW 

2.1 THE CERAMIC FABRICATION PROCESS 

The ceramic fabrication process can be seen as consisting of three stages. The 

fabrication process begins with finely ground powder. The ceramic powder is then 

consolidated into a green body (or green compact). The green body is then forrned 

into a dense product by sintering. 

2.1.1 ALUMINA 

The raw materials and their preparation are critical factors which affect the 

forming and firing pro cesses of ceramic components. One must be concerned with 

both the particle size and the parti cie size distribution of the raw materiais. Naturally 

occurring mineraIs can be refined or new compositions synthesized so that they are 

of highly controlled composition and structure. 

Alumina (AI20 3 ) is the ceramic powder that was used for aIl of the experimentai 

work presented in this thesis. Alumina is the most universally used and the cheapcst 

of the high-temperature single-component ceramics. Melting at 205W'C, it rernaJIlb 

refractory up to 1900°C and is not attacked by molten metals and slags. It has good 

mechanical strength and abrasion resistance and has excellent electrical properties 

(high electrical resistivity and high dielectric strength).3 
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Most alumina powder is produced from the minerai bauxite by the Bayer pro­

cess. Bauxite is primarily colloidal aluminum hydroxide (Al(OH)3) intimately mixed 

with iron hydroxide (FeOH) and other impurities. This process involves leaching 

with a soùium hydroxide (NaOH) solution to produce sodium aluminate (NaAI02 ) 

followed by controlled precipitation of aluminum hydroxide through careful seeding 

which has a purity of 99.5 to 99.8%. The resulting fine-particle-size aluminum hy­

droxide can then be thermally converted to alpha alumina powder.4 

2Al(OHh (2.1) 

Several comminution (particle size reduction) methods such as: baIl milIing, 

attrition milling, vibratory milling, shatterbox milling and fluid energy milling can 

be applied to produce tine-grailled alumina powders. 

2.1.2 SHAPE FORMING METHOnS 

The ceramic industry employs many formillg methods such as: pressing, injec-

lioll and extrusion mol ding, tape forming, slip casting and filter pressing. Pressing, 

slip casting and tilter pressing will be presented in the following sections. 

2.1.2.1 Compaction by Pressing 

Most polycrystalline ceramic product~ (non-clay based) are formed by dry uni-

axial pressing, where less than 2% moisture is present and a pressure between 20-150 

MPa is applied. Other pressing processes include: (1) dry isostatic pressing (less 

than 2% moisture) where a pressure between 30-700 MPa is appliedj and (2) semidry 

pressing which is often used with 5 to 20% moisture where a pressure between 7-100 

M Pa is applied. 
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1 Uniaxial pressing involves the compact ion of powder into a die by applying 

pressure uniaxially. With this method production rates as high as 5,000 pieces/minutc 

with dimensional tolerances to + /- 1% can be achieved. The disadvantage of this 

process arises from lack of uniformity in green-density caused by friction at the die 

walls. 

With isostatÏC' pressing, the powder is contained in a flexible mold and pressure 

is applied through a fluid. The absence of die-wall friction leads to a uniform density 

throughout the sample. Furthermore, long tubes and rods can be readily produced 

because the pressure can be applied across the long axis. The prirnary disadvantages 

of isostatic pressing are a lirnited production rate and difficulty in achieving close 

tolerances. 

Complicated shapes cannot be made conveniently with isostatic and uniaxial 

pressing.5, 6, 7, 8 

2.1.2.2 Slip Casting and Filter Pressing 

Slip casting of clay wares is generally conceded to have originated somewhere 

between the years 1700 and 1740.9 Alumina was the first non-clay material to which 

slip-casting was applied. It was documented in a patent by Count Schwerin, published 

in 1910.3 Slip casting of advanced ceramics offers the possibility of producing complex 

shapes with precise tolerances. Furthermore, slip cast pieces often have a higher and 

more uniform density than pressed ODes. 

Slip casting refers to the filling of a pl aster of Paris mold, a negative of the 

desired shape, with a slip consisting of a suspension of fine (micrometer size) ceramic 

powder in liquid. The porous nature of the mold provides a capillary (suction) pres­

sure in the range of 100-200 kPa10, Il. 12,13 and this capillary action causes liquid 

(filtrate) to be withdrawn from the slip. As the liquid penetrates th,. mold, a cast 
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(also referred to as a cake) is simultaneously formed on the pl aster surface. The 

depth of liquid penetration into the mold and cake thickness both increase w:·h time. 

Figure 2.1 illustrates schematically the slip casting process. Sometimes to increase 

the casting rate, an air pressure is applied to the slip (pressure casting). The selec­

tion and processing of the powder as well as the slip and mold preparation must be 

carefully controlled to reliably reproduce advanced ceramic products. 

The slip casting process may be divided into two classes: (1) drain casting, 

in which the slip is poured into the mold, left a short time, and then drained out, 

leaving a thin shell against the inside of the mold (see Figure 2.2); and (2) solid 

casting, in which the mold is filled with a slip and left until it casts into a solid piece 

(see Figure 2.3). 

About 30 years ago there was a controversy about whether casting of clay slips 

could be attributed to both the physical capîllary action of the mold and a chemical 

interaction between the mold and slip that leads to local flocculation of the latter by 

migrating calcium ions from the mold to the developing cast.14• 15, 16 The chemical 

process, however was shown not to play a major role in the development of the 

cast. 11 , 15, 1 i Currently it is accepted that slip casting is a dewatering process. 

Filter pressing is a shape forming process similar to slip casting except that an 

external air pressure or vacuum is applied to the slip and a permeable membrane is 

used as the fil ter medi um. l1 Filter pressing is commonly used by chemical engineers 

to l'emove unwanted solids from liquids (or vice versa). The green compact formed 

by the chemical engineer is frequently discarded as waste. Despite the different uses 

that the chemical engineer and ceramist have for the compact they share common 

goals with slip casting and filter pressing. The ceramlst's goals are to maximize green 

density and casting rate and similarly the chemical engineer wishes to minimize water 

7 



-J ;, 

Ca) (b) 

Figure 2.1: Slip casting: (a) fill mold with slip; (h) mold extracts liquid, forms 
compact along mold walls (After Ref. 4). 

l 

(a) (b) 

T 

Figure 2.2: Drain casting: (a) ex cess slip is drained; (b) and <.asting is removed 
after partial drying (after Ref. 4) . 

...... 
(b) 

(a) 

Figure 2.3: Solid casting: (a) casts into a solid piece; (b) and casting is removcd 
after partial drying. 
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content in the cake and maximize the filtration rate. Because of the similarity in the 

pro cesses the ceramists have recently become interested in fil ter pressing and can 

borrow theory and techniques from the chemical engineering filtration literature.18 

2.1.3 DENSIFICATION 

Green compacts are converted into a dense polycrystalline solid by a process 

known as sintenng. Sintering is essentially a removal of the pores between the starting 

particles which results in: (1) shrinkage of the compact, (2) growth of the primary 

grains and (3) strong bonding between adjacent particles. The primary driving force 

for densification of a compacted powder at high temperature i5 t.he reduction in 

surface free energy. DifferentiaI surface curvature causes material to be transported 

to the contact region between touching particles and is described by the Gibbs-Kelvin 

equation: 

1 1 
flC = "V V. (- - -) 

" m R2 RI 
(2.2) 

where flC is the change in free energy on going across the curved interface, "fil i8 

the surface energy per unit area, Vm is the atomic volume of the mobile species and 

RI and R2 are the radii of the surface curvatures of the particles and the contact 

al'ea between the two touching particles, respectively (see Figure 2.4). The radius R2 

is negative and small and RI is positive and large, therefore the free energy of the 

system will decrease (AoC is negative) when mass is transferred to the region where 

the two particles contact one another.2 This mass transport will lead to shrinkage 

and densification. As sintering proceeds a grain boundary forms for particles that are 

crystals. 

Once Îllitially touching particles sinter, adjacent sintered grains will have dif· 

fel'ent radii of curvature that will drive interparticle mass transport and will result 
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Figure 2.4: Schematic illustration of material transport. 

in grain coarsening (grain growth). That is, smaller grains will disappear as largCl 

grains grow. Therefore in a great majority of cases, two basic macroscopic aspects 

of densification may be distinguished. In the initial stage, adhesioll of initially loos!' 

grains increases and a decrease in the volume fraction of pores take; place due to 

rearrangement of grains in the powder. The grains become more closely packed. At 

the next stage, pores are completely eliminated by the approach of grain centcl'S and 

incl'ease of the area of contact between the grains, due to mass transport from the 

intergrain contacts towards the pores. 

Diffusion can consist of movement of vacancies along a surface 01 graill boundary 

or through the volume of the materiaI. Surface diffusion may contribute to an increase 

in area of the grain contacts and, in this way, to greater cohesion of the ~semb)y 

of grains. Surface diffusion can change the pore shape only and not the volume 

fraction of the pores (i.e., no shrinkage). Volume diffusion whether a)ong the grain 

boundaries, or through the bulk volume of the grains, does resu)t in shrinkage (see 

Figure 2.5).19. 20. 21 
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Figure 2.5: Surface and volume diffusion during sintering (after Rer. 19). 

2.1.3.1 Effects of Particle Size and Green Microstructure 

When sintering, the particle size and size distribution are important variables 

for achieving the optimum properties in the final powder compact. Typically, the 

tiner the powder and the greater its surface area, the lower are the temperature and 

shol'ter time required for densification. This can be shown by the mathematical model 

developed by Kingery which determines the sintering rate. lg 

(2.3) 

where f:>.L/ Lo is the linear shrinkage (i.e. sintering rate), ae the atomic volume of the 

diffusing vacancy, D* the self-diffusing coefficient, k the Boltzmann constant, T the 

tempel'atUl'e, 7' the particle radius (assuming equal-size spherical starting particles) 

and t is time. 
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porosity 

green microstructure sintered microstructure 

Figure 2.6: Schematic representation of a uniform green microstructure and the 
resulting uniform sintered microstructure. 

Fol' various Bayer alumina powders, a tenfold reduction in particle slze reducc& 

the sintering temperature by approximately 200 Oc (with ail else held constant )22 

and 0.01 J.lm powders will sintcr 106 - 108 times faster than mIcron size powders. 23 A 

long time at a high temperature results in increased grain growth and lower strength. 

To optimize strength, a powder that can be densified quickly with minimal grain 

growth is desired. 

In most cases the objective of the consolidation step is to achieve maximum 

particle packing and uniformity, so that minimum shrinkage and minimum resid ual 

porosity will result from sintering. Figure 2.6 schematically illustrates that a uniform 

green microstructure can result in a dense sintered ceramic with the grain size sIightly 

larger than the particle size. 

A controlled optimum particle size distribution is required to achieve maximum, 

reproducible strength. The strength is cOlltrolled by fiaws in the material. A single 

pal'ticle which is significantly larger than the other particles in the distribution can 
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become the critical ftaw that limits the strength of the final component. Similarly, a 

large void resulting from a nonhomogeneous particle size distribution or from particles 

too close to the same size may not be eliminated during sintering and may become 

the strcngth-limi ting flaw. 

Submicrometer-sized particles are sintered to reduce the sintering temperature 

and to obtain a fine-grain microstructure. A major problem of submicrometer-sized 

particulate technology is that in this size range particles spontaneously agglomer­

ate due to van der Waals attractive forces. As a result, when these aggloPlerated 

units are used as the building blocks of a green compact, wide variations in pore-size 

distribution are inevitably introduced into the compact. Hard agglomerates retard 

sintering. Large voids result, caused by poor packing around aggregates (bridging.of 

aggregates). Such voids, much larger than the surrounding grains, cannot be removed 

during sintering; as there is no driving force for elimination of such oversize porosity. 

luhomogeneous sintering results due to a non-uniform packing density. Figure 2.7 

schematlcally illustrates the effects that a non-uniform green microstructure has on 

the sintered microstructure. The small particles tend to dissolve into the larger ones, 

and allows the grain boundaries to pull away from the pores. Around isolated ag­

gregates, the inhomogeneous shrinkage creates local microstresses which can lead to 

crack formation. 24. 25 

2.2 COLLOIDAL SUSPENSIONS· 

The formation of ceramic components with submicron size particles requires 

control over particle-particle interactions. In dry shape forming pro cesses the particle­

particle interactions are difficult to control because submicron size powders in the dry 
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porosity 

green microstructure sintered microstructure 

Figure 2.7: Schematic representation of a sintered microstructure with dense and 
porous regions resulting from a non-uniform green microstructure. 

state spontaneously agglomerate due to van der Waals attractive forces which can 

result in heterogeneous microstructures. 

Filtration of colloidal suspensions allow control over partlcle-pal'ticlc mterac-

tians. The stability of a suspension with respect to ftocculation dcpends on the rel-

ative magnitude of the attractive and repulsive forces of the particles mvolvcd. The 

state of dispersion of colloial suspensions influence particle packing during filttation 

and t.he resulting microstructure development during sintering. 

In a poody deflocculated suspension individual particles cali form .tgglomel'ate:, 

that are referred to as "first-generation" agglomerates and aggregates of the~c first-

generation agglomerates Corm "second-generation" agglomerates and sa on. Thi~ COII-

cept of hierarchical agglomeration is schematically illustrated in Figure 2.8. Ascending 

levels of agglomerate hierarchy respectively associate with ascending sizcs of intcrag­

glomerate pores. Schilling and Aksay26 have shown that multi-generatlOn agglorn-

erates formed ID the suspension can relain their shape in the filter cake:, and the 
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Figure 2.8: Schematic illustration of hierarchical agglomeration. 

resulling sinlered microstructures uDiquely evolve according to the particle packing 

of the green microstructure. WeIl dispersed suspensions produce green microstruc-

tures mainly with first-generation pores that subsequently evolve during sintering into 

a dense cerarnic with grains slightly luger than the particle size. In contrast, floc-

culated suspensions produce fewer first-generation pores and more second-generation 

pores resulting in a less densely packed and more open framework. 

Orten deflocculants are used to disperse a ceramic suspension. Defiocculants 

ean he in the form of an electrolyte, polymer (long-chain molecules) or polyelectrolyte 

(ionie polymer). Therefore, a suspension can he dispersed through particle-particJe 

repulsive {orees resulting {rom electrostatie interaction, the interaction of polymers 

or a comhination of hoth.27• 28 
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2.2.1 VAN DER WAALS FORCES 

London showed that an attraction exists between aIl molecules (van der Waals 

attraction). The van der Waals force may he visualized by the following. In a neutral 

molecule the electron~ genelate a rapidly fluctuating dipolt' moment The frequency 

of the fluctuation is of the order of 1015 
01 1016 pel' second. Intclaction of thesc 

fluctuating dipoles hetween molecules leads to attraction. 29 

The van der Waals attraction energy between two spheres of the same nature, 

with radius rand center-to-center distance de, is given hy:27 

-HA 2r'2 2r2 d~ - 47'2 

VaU = -6-(0: _ 4r2 + d~ + In( d~ )) (2.4) 

where HA is the Hamaker constant, which depends on the properties of the particles 

alld dispersion medium. !ts val Uf! generally varies hetween about 10-20 .J and 10- 19 J. 

Fol' the shortest distance d between the sphere surfaces not greater than 10 nm to 

20 Hm and when d « r, van der Waals attraction energy can be approximated by:30 

(2.5 ) 

2.2.2 ELECTROSTATIC FORCES 

In most cases, when an electrolyte is added to a suspension, the colloidal par-

ticles will possess an electrostatic charge due too a tightly adhering layel (Stem 

layer) adjacent to the particle surface which contall1s adsorbed iOll&. OXld<.. surface5 

in an aqueous medium are generally charged positively under acidic and negatively 

under basic conditions.28 However, a colloïdal solution as a whole must he eleclri-

cally neutral because the charge of the particles is neutralized by an equal amount 
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Figure 2.9: Electrically charged particle surrounded by a diffuse double layer. 

of counter-charges (or counter-ions) in the system. The excess of counter-ions will 

be centered around the charged particle, forming a so-called diffuse double layer or 

electrical double layer around it (see Figure 2.9).31 

When two of these such particles approach each other, their double layers start 

to overlap, giving fise to a repulsive force which increases with the inverse of the dis-

tance between the particles. As illustrated in Figure 2.10, the electrostatic repulsion 

falls off as an exponential function of the distance between the particles. The distance 

at which the repulsive forces become significant increases with the thickness of the 

electrical double layer, 1/1]:32.33 

(2.6) 

where é o is the permittivity of the vacuum, ê is the relative permittivity· (= dielectric 

·for water é = 80 
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Figure 2.10: Schematic representation of the diffuse double layer model. 

constant) of the dispersion medium, MR is the gas constant, T is the absolute tem-

perature, F is the Faraday constant, n, and z, are the concentration and the charge 

number of the ions of type i in the dispersion medium. For symmetrical electrolytes 

(only one electrolyte with ions of charge number +z and -z), 

at T = 298 J( (2.7) 

where ni is in units of moles/liter. For small zeta potentîals, ( and smaII values of 

exp( -"d) an approximation for the electrostatic repulsion is:27 

(2.8) 

The zeta-potential is the potential at the plane of shear. It is assumed that liquid 

18 



" 

t 
within the plane of shear is bound to the surface. The plane of shear and Stern plane 

are nearly identical. l, 34 

The higher the zeta potential of the particles, the larger are the repulsive forces 

between two approaching particles. A simplified relationship exists between (, the 

surface charge, Ja , and the diffuse double layer thickness for spherical partides:30,35 

(2.9) 

As the electrolyte concentration in a suspension is increased the surface charge density 

will increa.<;e (thereby increasing 0 if the potential determining ions are of the same 

charge sign as the particles. However, this causes the diffuse double layer thickness 

to decl'ease (thereby decrea-sing O. Therefore, there is an optimum amount of an 

electrolyte that can he added to a suspension to produce maximum deflocculation. 

2.2.3 FORCES DUE TO POLYMERS 

Adding polyrners to a colloidal suspension affects the stahility of the suspension. 

Adsorption of polyrners onto the particles either stabilize or destabilize the dispersion. 

When two polymer-coated particles approach one another repulsion (steric hindrance) 

can occur due to two effects: (1) If the length of the dangling chains or loops is 

larger than the distance between the surfaces, their segment density distribution 

and segment configuration will change (volume restriction effect). This will lead 

to a decrease in entropy (i.e .• decrease in disorder). (2) Furthermore, because the 

concentration of the polymer will he higher in the gap than in the solution, there 

exists an osmotic pressure difference between the gap and the bulk resulting in an 

increase in enthalpy. In general the quantitative influence of the osmotic effect is the 

more important of the two. The change in the Gibbs free energy, t..G, of the system 
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is given by: 

(2.10) 

where EH is the enthalpy, T the absolute temperature, and Es the entropy. The force 

between two colloidal particles in the presence of a polymer can he found from: 

-d~G 
FT! = -d-x- (2.11 ) 

Repulsion increases with the chain length, with the quality of the solvency of the 

dispersion medium for the chains and with the number of chains per unit area. 

Polymers can lead to attraction rather than repulsion jf the particles are only 

partly covered with a pol ymer, and the adsorbed polymer forms a rnacromolecular 

bridge by adsorbing on two partlcles simultaneously (bndging flocculation). Attrac-

tion can also occur if the partlCles are suspended in a poor solvent where the in 

tramolecular expansion factor, X IS less than 1. The intramolecular expansion factor 

is a measure of the solvency of the dispersion medium for the stabilizing polymcrs. At 

x = 1 the repulsive potential is O. A decrease in solvency of the dispersion medium 

leads to contraction and increased entanglement of the polymer coil 

Polymers may have no affimty to the surface of a colloidal particle and Jenlain 

Cree in the solution. RepulsIOn will occ.ur between two approaching partJcles because 

the free polymers must he squeezed out of the gap between the particles (depletion 

stabilization). However, at small separations the gap con tains no polymer and t.here-

fore an osmotic~pressure difference exists hetween the gap and solutioll. This results 

in an attraction hetween the particles due to the liquid wanting to lcave the gap 

(depletion flocculation). 36 
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2.3 THEORY OF SLIP CASTING AND FILTER 
PRESSING 

The theory of slip casting and filter pressing is governed by the laws of tlow 

through porous media.37• 38 During filtration, the solid particles originally suspended 

in the filtrate are deposited at the surface of the filter medium while the filtrate passes 

through it. A pressure gradient across the filter cake and medium is required to drive 

the filtrate through the two porous media. In filter pressing the pressure gradient can 

be due to an externally applied pressure. In slip casting the pressure gradient results 

from the porous structure of the mold. The frictional force due to the filtrate balances 

the driving force due to the pressure gradient. The friction al forces, therefore control 

the flow rate and rate of cake deposition. An understanding of the interplay of the 

hydl'aulic pressure, flow resistance and flow rate are essential to the theOl'y of slip 

casting and filter pressing. 

Sorne of the earlier studies ~ealing with the mechanics of colloidal consolida­

tion incorrectly treated the case as a diffusional process.39• 40 In 1957, Adcock and 

McDowali ll were the first to analyze the slip casting pro cess as a filtration problem. 

However, their model only considered the flow of the filtrate through an incompress­

ible cake and negiected the flow resistance of the mold. DaI and Deen12 1ater improved 

tlle slip casting model by taking into account the resistance to flow that occurs due 

to both the cake and mold. Their model was Iater verified by Aksay and Schilling. 13 

Tiller and co-workcrs have also studied and analyzed the internaI flow mech­

anism in cakes formed by slip casting41 and filter pressing. 42- 50 Tiller has furthel' 

extended the slip casting mode} to account for cake compressibility. 

ft is customary to divide the mathematical analysis of fil ter operations into two 

parts; (a) the mechanism of flow within the cake and (b) the external conditions 
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Figure 2.11: Schematic diagram of (a) a compressible and (b) an incompressible 
cake structure. 

imposed upon the filter cake by the filtering system.44 In analyzing the internaI flow 

(i.e., within the cake itself) it must be recognized thal the distribution of hyclraulic 

pressure, PI and cake porosity are functions of distance through the cake, x whereas 

the volume of filtrate per unit area, W and cake thickness, Lare functions of lime, t. 

It is weil established that flocculated slips always result in a cake that is more 

loosely packed at the cake-slip interface than at the filt.er medium-cake interface. The 

compressible cake is characterized by variation in porosity with distance through the 

cake. However, deftocculated slips result in a more uniform density throughout the 

thickness of the cake.28 

Figure 2.11 illustrates schematically a flocculated (compressible) and a cleRoc­

culated (incompressible) cake structure. Flow is from the slip through the cake and 
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through the filter medium. For a compressible cake (Figure 2.11(a)), maximum poros­

ity occurs at the cake-slip interface (x = L). The drag force imparted to the particles 

results in a compaction process that causes the porosity to decrease; thus, the poros­

ity is a minimum at the filter medium-cake interface. For an incompressible cake 

(Figure 2.11(b)), the porosity is constant throughout the cake. 

2.3.1 PRESSURE DISTRIBUTION 

The applied pressure, P or more specifically for slip casting, the capillary suction 

pressure of the mold, causes the filtrate to flow into the mold leaving behind layers of 

deposit (cake) through which subsequent liquid must flow. The hydraulic pressure, 

Pt drops throughout the cake and mold due to the liquid flowing frictionally past the 

pal'ticles of both the cake and mold. The positive pressure developed at the cake-slip 

JI1terface due to the head of the slip is negligible compared to the suction pressure. 

Therefore, the drop in hydraulic pressure from the cake-slip interface to the liquid­

vapor interface in the mold (or tilter medium) is equal to the suction pressure of the 

mold (or applied pressure). This pressure drop is the sum of the drops across the 

cake, APc and mold, APm : 

(2.12) 

Figure 2.12 shows a schematic diagram of the pressure distribution. 

2.3.2 VARIATIONS IN CAKE DENSITY 

The particle size, shape, size distribution, solids content of the slip as well as 

the degree of stability (in terms of flocculation) aU affect the cake density. Cakes of 

t'quivalent masses may have different volumes. Th erefore , a material balance based 

upon volume is required for the slip, cake and filtrate. 
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Figure 2.12: Schematic diagram of the pressure distribution across the cake and 
mold for an incompressible cake. 

The volume of slip must equal the volume of cake plus the volume of filtrate. 

A volumetrie balance on a unit cross-sectional area gives: 

Wc Wc W (2.13) -=-+ t., t COtl 

and 

Wc = fcav L (2.14) 

where Wc is the volume of solids per unit area in the cake, L is the cake thickness, (al 

and f C1I1I are the volume fractions of solids in the slip and cake, respectively and W 

is the volume of filtrate per unit area. Substituting equation (2.14) into (2.13) and 

l'earranging yields: 

(2.15) 
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For slip casting where the filtrate is permeating a distance Lm into a rnold: 

(2.16) 

where f m can be considered to be constant and is the volume fraction of water in 

the wetted part of the mold. The cake thickness can be related to Lm by combining 

equations (2.15) and (2.16): 

(2.17) 

These volume balance relationships are combined with flow equations in the following 

section to obtain an expression for the growth rate of the cake thickness. 

2.3.3 FLOW THROUGH PCJROUS MEDIA 

Flow through porous media is described by Darcy's law: 

dp, - = IJq/K 
dx 

(2.18) 

where p. is the viscosity of the filtrate, q is the apparent flow rate per unit arca and 

dp, / dx is the pressure gradient. The proportionality factor K is called the perme-

ability and only depends on the structure of the porous medium. The flow rate, q is 

the same in both the mold and cake. By integrating the above equation over the cake 

thickness the pressure drop across the cake, ~Pc is determined: 

10 dp, = ~Pc = IL l'q/Kdx = pqL/Kc 
-Pc Jo (2.19) 

where Kc is the permeability of the cake. Similarly, by integrating equation (2.18) 

over the depth of penetration of the filtrate into the mold, Lm the following expression 
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is ohtained for I:l.P m: 

j -PC 10 
dP, = P - I:l.Pe = MI J( dx = JLqLm/ Km 

-p -Lm 
(2.20) 

'Nhere J(m is the permeability. By dividing equation (2.19) by (2.20) and solving for 

APc yields: 

(2.21 ) 

Substituting equation (2.17) into (2.21) yields: 

(2.22) 

For compressible cakes, Tiller has considered !(c and fcau to he unique functions of 

l:lPc. Equation (2.22) shows that !:l.Pc is independent of time and is therefore a 

constant. As saon as liquid penetrates the mold and a cake begins to form, the equi-

librium A?c is reached and remams constant throughout the process. Consequenlly, 

(cau and Hc also remain constant. 

ln filter pressing, the medi um (tilter paper) has a constant rcsistance (LnJ 1\ m) 

sinee Lm is constant but the cake resistance (L/ He) increases with time. As the cake 

builds up, !}.Pc increases with time. 

2.3.4 GROWTH RATE OF CAKE THICKNESS 

Using Oarcy's law a relationship for the variation of cake thickness with time 

can be found. From equations (2.15), (2.19) and (2.22) it is found that: 

dW dL P 
q - - - -(f. /f/ -1) - --~--:------ dt - dt cav, - L(tcav/t.c- 1 (_))+ ..L)' 

JL tm hm I\c 

(2.23) 
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Integrating the above equation shows that the cake thickness is proportional to the 

square root of the casting time: 

2Pt/ Il 

(2.24) 

where B is a constant. 

2.4 MIGRATION OF FINE PARTICLES 

The filtration process is Ilot a. .. stralghtforward as the above theory indicates. 

As described by Heertjes66 , two important conditions that can lead to results different 

from those predicted by theory is: (1) The filter medium resistance is not just that 

of the medium but results from cake and filter medium interactions at the start of 

filtration. (2) Fine parti des can migrate in the cake. 

The beginning of cake filtratIOn is usually different from the rest of the proce,;;s 

and depends on interactions bet Wt."CII the particles of the slip and filter medium. ln 

general, the filter medium is inhomogeneous. The pores of plaster of Paris molds or 

filter paper are not uniform in sil(> and are unevenly distributed over the surface. 

Therefore, over the surface of the filter medium, the local flow-rate of the filtrate will 

show large differences leading lo mhomogeneity of the cake. 

Durillg filtration the perlTleaLility of the tilter medium need not be constant. 

Sorne pal'ticles, depending on the ratIO of pore diameter to particle diameter can either 

enter a pore 01' cover the pore opening. Clogging of the filter medium pores will cause 

a decrease in filter medium permeability. The filter medium permeability will also 
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decrease if particles that are very smaU with respect to the pore diameter adsorb onto 

the pore walls and reduce the pore radii. A derivation of the so-called blocking laws 

for filter media are presented by Hermia.67 Rushton and Hassan68 have studied filter 

medium clogging and bridging as a functior. of the medium porc structure, filt.rat.ion 

velocity and slip concentration. They found that medIum clogging is reduced \Vith 

increase in slip concentration and filtration velocity. 

Another effect which perturbs the simple theory is that of the migration of fine 

particles. The filtration theory assumes that when a suspension is rassed through 

a filter medium the solid particles are deposited layer upon layer to [01'111 the cakc. 

However, fine particles present in the slip can migrate through the cake. TheM' 

particles rnay he completely leached out or rnay re-deposit in the cal\(' étnd/ol fillcl 

medium. The re-deposited fines can clog the free flow paths of the cake and/or filt.PI 

medium and thus influence the cake and filter medium permeabilities. 

Tiller and co-workers44• 45 have shown that during the filtration of liquefied 

coal: (1) The permeability of the filter medium can decrease throughout the entll'e 

filtration process. (2) Variation in local cake permeability can oeeur due to depo5itioll 

of small partlcles rnigrating through the pores. 

Notehaert et a1.69 as weIl as Karr and Keinath 70 have studied clogging in filb a· 

tion experiments. They observed deviations from straight line plots of total reslstancc 

versus volume of filtrate These deviations were a result of cake and filter medium 

clogging. 

At present clogging during filtration is not fully understood. To aCcollllt fol' 

migration and deposition of fine particles Tiller and Chow42 have only suggested 

sorne empirieal equations to describe the cake and fil ter resistances and no analyses 

of clogging during slip casting has yet been developed. 
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Chapter 3 

RHEOLOGY OF ALUMINA SLIPS WITH 
DIFFERENT PARTICLE SIZE 

DISTRIBUTIONS 

It is widely recognized that the characteristics of the slip plays a major role in de­

termining the characteristics of the green microstructure formed during 

filtration. 15. 62-65 Uniformity of the green microstructure is essential for producing 

a compact with a high uniform density. Sintering of ideally packed green microstruc­

tures results in significantly reduced sintering temperatures, very little grain growth, 

reduced defect size and most importantly, a reliable final product. Control over the 

rheology (i.e., dispersion) of the slip is required to obtain a uniform microstructure. 

As discussed in the literature review, deftocculants in the Corm of an electrolyte, poly­

mer or polyelectrolyte can be used to disperse colloidal suspensions. Particle-particle 

repulsion belps assure bath the breakup of the soft agglomerates held together by van 

der Waals forces and the formation of a well-dispersed suspension. A knowledge of 

the rheological hehaviour of susp !nsions is essential to gain quality control over the 

stability of the suspensions. 

An experimental study of the rheological behaviour of alumina slips with dif­

rerent solids loadings, particle-size distributions, and amounts of deflocculant will he 

presented in this Chapter. Filtration experiments will demonstrate that the rheology 

of a slip greatly affects the green density and growth rate of the cake. 

29 



... 

..... 

100 
1-
Z 
W 
u 80 0::: 
W 
a.. C-71FG 
(/) 

60 (/) 

< 
~ 

w 
> 40 g 
::l 
~ 20 ::l 
U 

0 
0.1 1 10 100 

EOUIVALENT SPHERICAL DIAMETER (#lm) 

Figure 3.1: Particle size distribution curves for the fine and coarse alumina 
powders. 

3.1 POWDER CHARACTERISTICS 

A coarse (C-71FG), fine (A·16SG) and a mixture of these two grades of alumina 

powders were used for the rheological study and filtration experiments. Th(· particlc 

size distribution of each powder as measured by X-ray sedimentation (i.e., sedigraph) 

is shown in Figure 3.1 The roarse and fine J>owder~ had medléln partI cie slzes of 

4.2 flm and 0.4 flm, respect.ivel)'. Table 3.1 is a summary of the charactcristics of the 

a.lumina powders. 

Two types of deflocculants were used: (1) sodium polymethacrylate in an aque-

ous solution (Darvan 7), and (2) hydrochloric acid (Hel). Viscosity measuremcnt~ 

were carried out to analyze the state of deflocculation of the alumina shI':' A model 
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Table 3.1: Properties of aluminas 

1 Powder Grade "C-71FG 1 A-16SG 

A120 3 , % 99.5+ 99.5+ 
Na203, % 0.3 0.08 
Median Particle size- 4.2 0.4 
Surface Area, m 2 jg 1 9 
Thermal Reactivity nonreactive reactive 
Purity intermediate high 
Supplier Alcan Alcoa 
-Measured by X-ray sedimentation 

Source: Adapted from references 51, 52, and 53. 

115 Rheomat viscometer, titted witll a cup and bob was used fol' the viscosity mea-

surements. 

3.2 DEFLOCCULATION AND VISCOSITY 

Viscosity IL is defined as the ratio of the applied shear stress, i to the shear 

rate, 1': 
i 

Il = -; 
1 

(3.1 ) 

Figure 3.2 shows different types of rheological behaviour. For a Newtonian fluid such 

as water, the viscosity is a material constant; there is a linear relation between i and 

i and its "iscosity is low. If d small amount of particle!) is added and if they stay weil 

dispersed in the watel' then Cl lo\\' Newtonian viscosity is still measured. 

When the concentration of the suspension is increased, there are two possibili-

ties: 
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Figure 3.2: Different types of rheological behaviour. 

(1) The system is an unstable, floceulated suspension, which means that t.he parti-

des are aggregated. A shearing force bas to overcome the structural forces. If this 

happens at a critieal value of the shearing stress (i.e., the yield stress beyond whieh 

flow oceurs more readily) a Bingham type of ftow, or plastic behaviour occurs, If the 

structural forces are less weU defined, a more continuous eurve is measured and this 

type of flow is referred to as pseudo-plastic (or shear thinnlflg) 

(2) The system is deflocculated and for low rates of shear the fluid shows Newtonian 

behaviour, as no structural network is built up. However, with inerea<;lllg shear rat(· 

the viscosity increases. This flow behaviour is referred to as dilatancy (or shear thick-

eoing). Dilatancy oceurs when the concentration of a stable suspensioll is increa ... cd. 

A high shearing force presses the particles together in an Irregular pattern and, as a 

resuIt, the resistance to flow increases quickly with shearing stress, 
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Thixotropy can occur both in stable and in unstable suspensions. During flow 

there is continuous disruption and re-linking of interparticle bonds. The re-linking 

has a certain relaxation time and at high shear rates no re-linking occurs, resulting 

. d .,. Th t th"" d "d "h t h ln a ecrease ln VISCOSlty. erelore, e up an own s ear ra e versus s ear 

stress curves differ because of time effects. In many ceramic suspensions there is a 

combinat ion of the different types of rheological behaviour described above.54 

Deflocculation depends on the forces of attraction and repulsion between the 

particles. The suspension viscosity changes with the amount of deflocculant added. 

The lower the yiscosity of a suspension for a given solids Ioading the better defloc-

culated it is because decreased flocculation increases the amount of liquid available 

in the slip for shear. Anderson and Murray55 have shown that a low viscosity of a 

suspension is associated with a high zeta potential (i.e., well deftocculated) of the 

particles and vice versa. 

3.2.1 ALUMINA SUSPENSIONS 

To explain the rheological behaviour of alumina slips an understanding of the 

chemistry of alumina-water systems is essential. Particles present in the suspensions 

can be diyided into two classes: those particles having colloïdal dimensions that affect 

the rheological behaviour of the suspension upon addition of a deftocculant, and those 

particles largel than colloidal size that are inert and act as a filler in the suspension. 

A colloid is considered to be approxÏI·~~teJy 1 pm or Jess but this upper limit is 

somewhat arbitrary. 

Each particle of alumina of colloidal size holds an attached water layer, and 

possesses a net charge at the outer edge of this layer due to the presence of prefer-

entially adsorbed ions on the surface of the particle and counterions in the medium 

surrounding the particle. 
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" In an acidic slip the preferentially adsorbed ions are hydrogcn ions (H+),56.57 

In a basic slip, the hydroxyl ions (OH-) are preferentially adsorbed or, for car­

boxylated (COO-) based polymers it is the carboxylate ions that are prcfcrcntially 

adsorbed.58• 59 

3.2.1.1 Hydrochloric Acid 

The surface crystal structure of alumina is shown in Figure 3.3. When hy­

drochloric acid (HCI) is added to the alumina suspensions, HCI dissociates in the 

presence of water to produce hydrogen cations (H+) and chloride anions (CI-). As 

the acid is added to the suspension, the hydrogen cations are adsorbed onto the 

surface of the alumina particles and the chloride anions act as the countcrcharges 

forming the diffuse layer surrounding the positively charged alumina particle; (see 

Figure 3.3). This system gives rise to repulsive forces between particles and, under 

proper conditions, deflocculation results. 

3.2.1.2 Darvan 7 

Darvan 7 lS a sodIUm polymethacrylate ln an aqueous solutIOn (I.e., polyelec­

trolyte) and has a pH of approximat.ely 10. The chemieal structure of sodium poly­

methacrylate 60 is shown in Figure 3.4. Because this ionic polymer has ionizable slde 

groups (COONa) it will deflocculate the alumina suspensions both by elcctrostatic 

effects and polymerie adsorption. 

Vpon the addition of Darvan 7 to the slip hydroxyl (OH-) as well as the poly­

mers wiH tend to be adsorbed onto the alumina. The carboxylate l (;00- ) amons and 

sodium (Na+) cations will dissociate producing charged polymer side groups and will 

give the particles a negative surfa.ce charge. Since the suspension as a whole must be 

electrically neutral, the excess of positive ions (Na+) over negative ions (COO-) that 
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Figure 3.4: Chemical structure of sodium polymethacrylate. 
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Figure 3.5: Schematic illustration of alumina suspension deftocculated using 
Darvan 7. 

exist in the solution will surround the particles to form a diffuse layer of positively 

charged ions (see Figure 3.5). Thus, under appropriate conditions this system will 

produce repulsive forces between the particles. 

3.3 SLIP RHEOLOGY 

Figures 3.6, 3.7, 3.8 are graphs of viscosity versus volume concentration of 

Darvan 7 for A-16SG (fine powder) slips with different volume solids loadings, f,l. 

Volume concentration is defined as the volume of detlocculant per unit volume of slip 
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Figure 3.8: Viscosity versus deftocculant concentration for A-16SG slips; f.,1 = 0.47. 

and solid~ loading is defined as the volume of solids per unit volume of slip. The graphs 

show that slip viscosity initially decreases with increasing concentrations of Darvan 7 

and, after a minimum in viscosity is reached (i.e., maximum deflocculation), a levelling 

off followed by a gra.duaI increase in viscosity occurs. The viscosity versus deflocculant 

concentration curves for the C-71FG (coarse) powder and a 50/50 mixture of the 

coarse and fine powder had similar shapes to the A-16SG curves. 

An increase in the amount of Darvan 7 added to the slip can result in two 

opposing electrostatic effects: (1) an increa.c;e in the zeta potential (i.e., decreases 

viscosity) because of an increase in the surface charge density and (2) a decrease in 

the zeta potential (i.e., increases viscosity) because tbe diffuse layer is compressed. It 

is also known that for adsorbjng non-jonie polymers there is a compromise between 

attractive and repulsive forces. The repulsive forces arise from changes in entropy of 

tbe system when two surfaces coated with the polymer approach one another, begin to 
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interpenetrate a,ld compress during the collision process. The attractive forces result 

from polymer bridging (segment-segment interaction). As a result I)f the opposing 

attractive and repulsive forces due to electrostatic and polymeric effects there is an 

optimum amount of Darvan 7 that must he added to the alumina slips to maximize 

deflocculation (i.e., minimize viscosity). This is illustrated in Figures 3.6-3.8. 

The additIOn of Darvan 7 has much less effect 011 slip viscosity at a high shear 

rate (curve (2) in Figures 3.6-3.8). The differences in the viscosities for the two 

curves can he attrihuted to the shear-thinning (i.e., Ji. decreasing with increase in 1') 

hehaviour of the slips. Shear thinning can be a characteristic of a flocculated slip 

sillce, under low shear rate conditions, liquid is immohilized in the interparticulate 

void space of the flocs and floc networks. As the shear rate is increased, the flocs and 

fioc networks break down and the entrapped liquid is released.61 This shear thinning 

behaviour is illustrated in Figure 3.9. It is a graph of viscosity versus shear rate for 

A-16SG slips that contained an amount of Darvan 7 that maximized deflocculation 

(curve (1)) and poorly deHocculated the slip (curve (2». Curve (2) is shear thinning 

to a much greater extent than compared to curve (1). 

The viscosity is also dependent upon the solids loading, é", of the slip as shown in 

FIgure 3.10. The A-16SG slips in Figure 3.10 are at maximum deflocculation. With 

an increase in (.", the effective separation of the particles is reduced and increased 

interference between the particles causes an increase in the viscosity. The graph also 

shows that the slips are aU shear thinning and this behaviour is more pronounced 

with increase in solids loading. Despite the large repulsive forces, the formation of 

flocs and floc networks is unavoidable under conditions of high solids loadings and 

low shear rates. 

A-16SG slips were also deflocculated with hydrochloric acid (Hel). Figure 3.11 
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is a graph of viscosity versus Hel volume concentration. As was also found for Darvan 

7; viscosity decreased with increase HCI concentration and after a minimum viscosity 

was reached the viscosity gradually increased with increase in Hel concentration. 

The minimum viscosities obtained for the Darvan 7 and Hel slips are approximately 

equal. 

The A-16SG powder has a larger proportion of colloidal-size particles than the 

C· 71 FG powder (Figure 3.1)j therefore, each powder and the mixture of powders 

exhibit different rheological properties. Figure 3.12 sbows viscosity versus shear rate 

curves for the three grades of alumina powder. Tbe slips wel'e at maximum defloccu-

lation. 

The slip that consisted of coarse (C-71FG) powder (curve (1» was shear thick­

ening. Shea.r thickening can be attributed to the solids forming a close-pa.cked system. 
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Figure 3.12: Viscosity versus shear rate curves for slips containing different sÎze 
ranges of aluminai E .. l = 0.43. 

Therefore, when the slip is subjected to a shear stress, the solids packing is disturbcJ 

and the padang density decreases. The liquid must flow through the narrow passages 

and fill the voids. At low shear rates, this occurs easilYi however, at high shear rates, 

the fiow becomes disordered, leading to an increase in viscosity.56.61 The particles 

must be deHocculated and be able to move freely over one another to assume these 

closed packed positions. The slip was weIl deflocculated due to the small fraft ion or 

colloidal particles in the C-71FG powder. Shear thickening was found to be more 

pronounced with increase in solids loading as a result of the smaller particle-partlclc 

separation distances. 

Slips that contained a 50/50 mixture of coarse and fine alumina were initially 

shear thinning with an iDcrease in the shear rate, reached a minimum viscosity, and 

then began to slightly shear thicken (curve (3)). This would appf'ar to hf> Il C'omhi· 
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nation of curves (l) and (2), as might be expected. 

In the following chapter it will be shown how the rheologlcal properties of these 

slips affect the green microstructure and casting behaviour during filtration. 
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Chapter 4 

EXPERIMENTAL INVESTIGATION OF 
PARAMETERS THAT AFFECT THE 

FILTRATION PROCESS 

4.1 SLIP CASTING AND FILTER PRESSING 
EXPERIMENTS 

To analyze the slip casting process one-dimensionally, beds of plaf>ter of Pari~ 

about 70 mm deep were cast in 25 mm dlameter glass tubes (sec Figure' 4.1). The 

tubes with the beds of plaster were dried at 80 oC to constant welghts before use. 

During filtration, due to the difTerence in solids concentrations betwcclI the slip and 

cake, the slip-cake interface could be seen with the aid of a bright hght. To analyze 

the rate of cake growth, the slip \'t'as poured into the tube and measurements of the 

cake thickness, L, as a function oC time, t, were made. Ailer the proccss had hecll 

allowed to continue for 1 hour. the excess slip was poured off the c,-.kc The cake and 

the glasf tube were dried and then the cake was removed from the tube so that It~ 

green density could be measured. 

The experimental filter pressing assembly consists of a 40 mm (inner) diameter 

clear Plexiglass tube fitted with a perforated Plexiglass bottom plate. Filtel papCI 

rests on top of a metal grid that rests on top of the perforated Plexigla~<j plat(·. The 

top of the tube is capped bya horizontal plate that hai> an air inlet and d slip inlet. 

The slip inlet is sealcd by a plug after the slip has been poured into the filter pre~s 
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Figure 4.1: Slip casting apparatus. 

(sec Figure 4.2). The filter pressing operation is carried out by applying a steady 

ail' plessure ta the top free surface of the slip. The filtrate drains out of the slip 

through the perforated bottom plate and the cake deposits on the filter medium. 

The lower section of the apparatus can be easily separated from the upper section 

to facilttate removal of the cake. Again, as with the slip casting experiments, the 

boundary between the cake and slip could be seen wlth the aid of a bright light and 

thelefol'e the cake growth rate could be studied. 

ln tills chapter, results of slip casting experiments will be presented and in the 

following chapter most of the results pertain to filter pressing experiments. 
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Figure 4.2: Filter pressing apparat us. 
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4.2 PLASTER OF PARIS MOLDS 

Pl aster of Paris is prepared commercially by calcining naturally occurring gyp-

sum (calcium sulphate di-hydrate; CaS04 . 2H20) at approximately 160 Oc until 

about three-quarters of the water of crystallizatlon has been dflven ott, leavmg cal­

cium sulphate hemi-hydrate (CaS04 . O.5H20) as the product:71• 72 

(4.1) 

Molds are Cormed by mixing water with the hemi-hydrate. At room temperature 

the solution is super-saturated with the calcium sulphate di-hydrate and so thf> di­

hydrate crystallizes out and sets into a porous solid. The microstructure of the mold 

p1ays a vital role in the slip casting process because it is the mold pore structure that 

provides the capillary suction pressure and thereCore affects the growth rate of the 

cake. 

Capillary pressure is e'i uaI to: 

p = U w cos IJ/m (4.2) 

where (Tw is the surface tension oC water, cos IJ delines the degree of wetting of the 

capillary walls and m is the hydraulic radius of the pores. The hydranlic radius, m 

is defined as the quotient of the volume and the internai surface area of the pores. 

Therefore, for complete wetting (coslJ = 1) of a circular tube of diameter, dt: 

(4.3) 

ln general, the liner the pore structure the greater the capillary pressure . 
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4.2.1 PLASTERjWATER RATIO 

The microstructure of the mold 15 affected by the amount of water mlxed \VIth 

the plastel of Paris powder (i.e., plasterjwatel ratIO) and abo by the ~tllllllg latt· ami 

stirring time. i3 Figure 4.3 shows that the mold density incleases siguificantly with 

the plasterjwater ratio. 

The microstructures of molds with different densltles wcrp examilled to obsel VC' 

qualitatively what effect the change in mold denslty had on tlH' pOf{' ,>tructuJ'(' Fig-

ure 4.4 shows SEM rnicrographs of molds with three different densltl('!'l. Th(, gypsum 

crystals of the mold with the low plasterjwatcr ratIO of 0.9 (Figure 4 4(A)) havt· the 

largest aspect ratios and these lath shaped crystals are randomly std<.ked in bUll-

dies. However, the crystals of the mold with the high plaster jwater ratio of 2.1 

(Figure 4.4(C)) have much srnaller aspect ratios and have a more disorderly crystal 
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packing arrangement. 

Experiments were carried out to examine how the plasterjwater ratio (i.e., mold 

density) affects the suction pressure and hence the filtration process. 

According to Darcy's law, the suction pressure, P can be determined if the 

permeability, Hm of the mold and the flow rate, q of water through the mold are 

known: 

(4.4) 

The flow rate can be expressed as: 

(4.5) 

where {m, as defined earlier in section (2.3.2), is the fraction of water in the wetted 

p rt of the mold. Hence, the suction pressure can be expressed by the ratio of the 

square of Lm and time, t: 

p = L~ . J.lfm • 

t 2l(m 
(4.6 ) 

To obtain values for L~jt and f m , water was poured into the glass tube and 

mold assembly. Measurements were then taken of the depth of penetration of the 

watel', Lm, and drop in head of water in the tube, (Ho - HI) as a function of time, t l 

(sec Figure 4.5). The volume fraction of water in the wetted section of the mold, f m 

is given by the following ratio: 

(4.7) 

The permeabilities of the saturated molds were measured by using a method 

similar to the "falling head" permeability test used for fine-grained soil permeability 

49 



l 

Figure 4..1: SEM rnicrographs of cross-sections of molds former! by II<;jl1~ 
plastel'jwater (gjg) ratios of (A) 0.9, (B) 1..5, and (C) :!.l. 
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Figure 4.5: Depth of penetration of water into the mold, Lm. and drop in head of 
water in tube at time. t •. 

measurements.74 The experimental set-up is shown in Figure 4.6. The molds were 

tested in the glass tubes that they were originally formed in. The length of the mold 

is Lm and has a cross-sectional area A. A cork with a standpipe of internaI area Aa 

is connected to the top of the tube. The tube rests on a coarse wire grid and sits 

in a dish filled with water. The water drains into the dish and spills over its sides. 

The dish serves as constant level reservoir. The standpipe is filled with water and a 

measurement is made of the time t l for the water level (relative to the water level in 

the dish) to faH from Ho to Hl' At any intermediate time t the water level in the 

standpipe is given by H and its rate of change by -dH jdt. At time t the difference 

in total head between the top and bottom of the mold is H. Thel'efore, applying 

Darcy's law: 

(4.8) 
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Figure 4.6: Schematic diagram of experimentaJ set-up for plaster of Parj~ mold 
permeabi}ity measurements. 
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and applying the limits of integration yields, 

_ l HI dH _ A/(mÎ lotI 
Ali H - L dt. 

Ho J1. m 0 
(4.9) 

By integl'ating equation 4.9 it is found that: 

(4.10) 

Figures 4.7-4.10 show graphs of L~/t, f ml !(m and P as a function of mold 

density, respectively. With increase in mold density, L~/t, f m and Hm ail decl'ease. 

Figure 4.8 shows that the values of f m are lower than the mold pOl'oslties· implying 

that aIl the pores are not completely filled with water. The mold pOl'osities are 

°denslty of gypsum = 2.32 g/cm3 
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FIgure 4.10: The suction pressure, P of the mold as a function of mold density. 

represented in Figure 4.8 by the dashed line. The experimental data for the suction 

pressure results are in the range of 100 kPa (sec Figure 4.10). The results imply 

a slight increase in pressure with increase in mold density but these results are not 

totally conclusive due to the large scatter in the data. 

During slip casting part of the suction pressure is required to overcome the 

l'('~i..,tance to f1o\\' in the pores of the mold. Equat,ion(2.21) of section (2.3.3) showed 

t.hat the pressure drop across the cake, l:l.Pc , or in other words the pressure available 

fOl cake formation is equal to the following expression: 

p 

~Pc = (LmJ(c)/(LKm) + 1 
(4.11) 

This expression shows that the larger the permeability of the mold the greater pro-

( portion of the suction pressure is available for cake formation. 
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Fine pores exert a high suction pressure but also 11 high resist aner to flo\\' 

thereby reducing the fraction of the suction pressure available for cake formation. 

Hence the rate of cake buildup, (L2 It) does not necessarily increase with suction 

pressure. The ratio, (LmKc)/{LKm) is critical to determining the extent to whlch 

the suction pressure contributes to cake formation. 

A-16SG slips were cast using molds formed with different plaster/water ratios to 

examine the effert,> the different mold mÏ<'rostrlldnrrt; hô\'r on thr filtréltion prn('('.;:<; 

The experimentally measured permeabilities of the A-16SG cakes are of the order of 

1 x 10-16 m2 and ratios of Lm/Lare typically about 2. The Km versus mold density 

graph (see Figure 4.9) shows that Km ranges from about 200x 10-15 m2 to 3x JO- 15 

m 2 for mold densities ranging from about 0.7 to 1.1 gfcm3
• The low mold densities 

have significantly higher permeabilities than the cake permeabilities and therefore the 

suction pressure exerted by the mold is almost completely utilizcd for cake formatioll 

(see Table 4.1). However, with increase in mold density the mold resistance becomes 

Table 4.1: tlPc{p· for different values of Km 
Km X 1015 (m2

) 200 100 10 5 1 0.5 0.1 

tlPc/p • 0.999 0.998 0.980 0.962 0.833 0.714 0.333 
• Lm/ L :: 2 and Kc = 1 X 10-16 rn2 

mGre significant and more of the suction pressure of the rnold is used to overcornc 

flow resistance in the mold. 

Figure 4.11 is a graph of constant B (= L2/t) and cake density versus mold 

density for A-16SG slips. As the plaster/water ratio increases (i.e., increase in mold 

density), cake density remains constant and constant B showed only a very slight, 

if any, trend of an increase. There was sorne variability in thcsc rcsults as \\'0.'; also 

found for the suction pressure results. Figure 4.10 showed tbat the increase in suc-
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Figure 4.11; Effect of mold density on the cake green density and constant 
B(= L2jt) for A-16SG slips; (.sl = 0.39. 

lion pressure with mold density was minor but still more significant than what was 

round for constant B. A possible explanation for this is that as the suction pres-

sure increascs with mold density, the fractio'1 of pressure utilized to overcome flow 

l'csistance in thc mold becomes more important at the higher mold densities thereby 

ncgatmg the increase in pressure available for cake formation. 

4.3 INFLUENCE OF PAR'I'ICLE SIZE DISTRIBUTION 
ON CAKE DENSITIES 

The porosity for randomly packed unagglomerated mono-sized particles is ap­

pl'oximateJy 40% regard Jess of the parti cie diameter.5 However, mlxing fir..e particles 

\\'ith ('oarser pal'ticles allo\\'b the fines to fill the voids bet ween the coarse particles. 
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Figure 4.12: Cake green density versus slip volume solids loading (mold formed 
using a plaster/water (g/g) ratio of 1.5). 

The wider and more continuous the parti cie size distribution, the lowel thl' V()I<J~ 

volume of the system. 

Figure 4.12 is a graph of cake density versus slIp volume solids fractioll, (al 

for the coarse (C-71FG), fine (A-16SG), and 50/50 mixture of the coarsc and fiue 

alumina powders being analyzed. Ali the slips contained an amount of DaI'V,Ul 7 that. 

plOduced a mmimum !Tl viscosity. As expected, this graph .,bows that the comprtct~ 

coutainillg a 50/50 nllxtllle of tht' alumlI1rl powder~ glve the IlIp))('~t. grecn d('ll~ltJ('S 

fol' all slip solids loadmgs. 

The degree of flocculation in the slips also affects the cake green dell~iti{,f>. 

Hauth57 has analyzed the variation in alumina cake green d( nsitif'~ (produ( l'd hy 

slip casting) with the change in degree of flocculation in the !>lip~. Wlth ail f'h,(. 

held constant, it appears that the greater the flocculatIOn III li slip, t/J<' hig/Wl 1<' the 

porosity él.1d, tllcrefol'e. the highel the cake permeabibty alJd JOWP! t./lf' g!('(,Il d(,lI~lty. 
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c As discussed in Chapter 3, the A-16SG slips, at minimum viscosity, were found to 

be shear thinning, which could suggest that sorne degree of fiocculation exists. The 

8hear-thinning behaviour increased with an increase in solids loading. This explains 

why the densities of the A-16SG cakes decrease with an increase ID t s /. 

The densi! :es of the C- ïl FG cakes lllcrease with an Increase in solids loading. 

In Chapter 3, slips containing an amount of Darvan 7 that produced a minimum in 

viscosity showed shear-thickening behaviour, and this behaviour became more pro­

nounced as the solids loading was increased. Shear-thickening behaviour is él charac­

tenstic of a slip that forms a c1ose-packed solids arrangement. Therefore, the cake 

gleeu density lncreases wlth ail IIJcrease HI sheaJ-thlckenlIlg behavlOur. 

Equation (2.24) of secllOlI 1:.?3 ·1) implies, ln general, that constant B should 

incredse with fsl or /{c or decrease wlth cake density with ail else held constant. Plots 

of constant B versus slip solids loadmg are presented in Figure 4.13. The rates of 

cake buildup for A-16SG slips IIICrt'a.o,c. due to ftocculatlOn, with solids loading; this 

i~ the cntIcal parame ter causl/Ig ttlf' cake density to decrease. 

The rate of cake buddup of C· 71 FG slips increases shghtly with solid~ loadlllg, 

eV!:'1l though the cake densltle~ art' also increasing. It is important to note t.hat an 

illcrease in cake density does not alway& assure a decrease in [(c. Permeability is very 

sensitive to the pore slze distribution. In Chapter 6, a computer mode) will show 

that two cakes with the same porosity and mean pore size can have very different 

permcabilitics The model foulld that the \Vider the pore size distribution the lowel' 

the cake permedbihty. Thereforc, the very slight increase in constant B for the C­

ï l FG slips can possibly be attnbuted to two factors: (1) the increase in tsl is more 

cl'itical in affecting constant B than is the cake density and (2) even though the cake 

deusity is increasing with t,,/, cake permeability may not be decreasing. The denser 
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packing arrangement may also be more uniform, negating any decreàse in lie' Th(, 

cake density and constant B values are relati vely constant for the 50 j 50 alulIulIa 

mixture due to a combmatlon of effects' (1) the C·7lFG POWdt>1 fOl'llllllg rl tlght('1 

packing arrangement and (2) the A·16SG powder forming more !iocs wlth inn('as(' Jrl 

solids loading. 
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Chapter 5 

EXPERIMENTAL OBSERVATIONS OF 
MIGRATION OF FINE PARTICLES 

Experimental work that has been carried out :,hows qualitatively and quanti­

tatively that a cake and/or filter medium can become clogged due to fine particles 

migrating through the cake and accumulating near the cake-filter medium interface. 

This in turn will affect the growth rate of cake thickness as weIl as the permeability, 

density and porosity of the cake. 

5.1 SEM CAKE MICROSTRUCTURES 

Slip cast and filter pressed alumina cakes were examined using a scanning elec-

tron microscope (SEM) to illustrate cake clogging. 

Three grades of alumina powder were used for most of the filtration experiments: 

(1) a coarse powder (C-71FG), (2) a fine powder (A-16SG) and (3) a wide particle 

size distribution powder (A-17). The A-17 powder is commonly used for slip casting. 

The C- ilFG, A-16SG and A-1 i powden, have meuid.u VdolLH..le :,i.t'::::' uf 4.2 t'tu, UA 

pm, and 3.0 - 3.[1 pm, respectively. The slips had a volume solids loading, f.l = 0.39 

and were deflocculated with Darvan 7. 

SEM micrographs of alumina microstructures illustrate that a higher concentra­

tion of fine particles can accumulate at the bottom section of a cake. Figure 5.1 shows 
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micrographs of longitudinal cross-sections of a green cake consisting of 90 % coarse 

and 10 % fine alumina. The slip was fiiter pressed at 345 kPa (50 psi). Micl'Ograph 

(A) shows an are a near the top surface of the cake and is relatively frce of fine par­

ticles. Micrograph (8) is of the same magnification and shows a cross-section al tlw 

bot tom of the cake near the interface with the filter paper. The fine particles tbat 

have percolated to the bottom of the cake are quite evident. FIgure 5.~ IS a micro­

graph of a top view of the powder that has remained on the filter papel after the cak{> 

was separated from the fiIter paper. The micrograph shows that a large amount of 

fines have accumulated at the cake bottom. Figure 5.3 is a micrograph of the powdcl 

that passed through the filter paper along with the filtrate. The nllcrograph shows 

that most of the powder that passed through the fil ter paper is fine. Dunng the 

filtration process, a cloudy filtrate was observed indicatmg that powdel wa. ... passlIlg, 

through the fil ter paper along with the filtrate. 

The micrographs in Figure 5.4 show longitudinal cross-scctlOns of a green slip 

cast A-17 cake. These micrographs again show that a higher concentration of finc!> 

has accumulated at the bottom of the cab. Presint.ered and sintc:-ed filtcr pre!>!>('d 

A-17 cakes were also examined. These cakes were sectioned and pol15hed pl JOI tü 

SEM exarnination (see Figures 5.5 and 5.6). The micrographs show that a thlIl layer 

(about 10 Jlm) with a higher concentration of fine particles has accumulatcd at the 

cake bottom. Above this layer the cake mIcrostructure is quite uniforrn. 

To further illustrate the percolation of fine particles during filtration 5!JpS COIl­

sisting of 20% unground yttria (Y203) and 79% C-71 unground alurnincl alld J % C-

71FG alumina were slip cast. Composite slips were cast 50 that by usmg SEM bcick 

scattering imagery and carbon coating the samples the yttria and alumilla could be 

distinguished on the micrograph. Yttria was also chosen to be combined with alumina 
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(B) 

zr; f """ fUUU 

Longitudinal cross-sections of a cake (A) near the top surface and (B) 
Ill'é\!' the bùt.tolll surface (90% C-71FG and 10% A-16SG, filter {laper 
pore size = 2.5 pm). 
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a. 

Flglll'e ,).2' Top vic\\' of powdcr remclilllllg 01) filh')' P'lI)('! (HO!: ( , ï 1 H; dl Il 1 1lJ', i 
.\-lGSG, fillel paper port> size' = 2 ,"j 11IJl ... lld /) = ,11,-) LI)"I 

Figure ,5.3: Powdcr that passcd throllgh filtel pilpe! (<)(J'X, C-ilFC <tlld 10% 
A-16SG; filter paper pore size = 2.5 11IIl, clIld P:= :Hj kPa). 
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Figllre 5.-1: LOllgitudinal cross-sections of a slip cast A-li cake (A) near the top 

( 
st\rface and (B) near the bottom surface. 
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l 

Fig,lll (' 5.:): Longi t uiIlaJ cl'O~s-se<J,iol\~ (A) neal' tilt· llIidl! 1(' :llld (1 ~) 111'<11 Llw 

bottom surface of an A-17 cak(~ The cake wa~ p['('..,illl.<'J(·d ,LI. j.j(J(J Oc 
for one haut' (filter paper porc sizc = 0.1 /LIll, alld IJ == :~,I') kl'a). 
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1 .. 

Longitudin cross-sectIOn of an A-li 

011<' hOIl/' (filler paper pore size = 0.1 fllTI, and P = 

1 
towards 
bottom 

!J('('dIlSl' (Jf the,,· ~l/llllcu' detiocudatlOn behaviol/l' and relatively similar dCl1"lties. Yt-

t 1 ia ,,"d ,dlllllll1<1 heive deno.;itlcs of .5.01 gjcmJ and :3.98 gjcmJ , /'espectJ\cly. A "mali 

dtnollnt of C· ï 1 FG ))o\\'d(,1 WilS ùdded to the slip to help hold the cast togcther. Flg-

111'<'.) ï shows Illinogl'ilphs of longitudinal sections near the midclle (microgl'aph (A)) 

.1IId bottolll (Illicloglclph (13)) of the cake. The atomic numbers of alull1inul1l alld 

yI \ 1111111 <11\' I:~ dlld :J~l. /('''pcct1 \'('Iy. Vttna ~hows L1j> as tlI(' ltght cololcd po\\'d(>led 

cl/HI .dUlllillcl <1" tilt' dar" po\\'dC'r on the microgl'itph as il l'e~ult of yttnum luwing 

cl hlght'l éltUIIIIC 11111111)('1 titan allll11inul11. The partlcle size of the yttria po",dcl' hl 

clpproxilllately 2 Illll and has agglomcl'a.tes of the order of 10 pm whcrcas the size of 

t 1)(' agglollll'I'<lIt,s for the unground C- il powder are of the order of 100 Jlm. The mi-
" 

(Tograplts ch-ad\' .,lw\V that t hele IS a much higher concentration of the yttria powdcr 

and ('-il Fe po\\'dcr in micrograph (B). Again, these results illustrate that some of 

67 



.. t ~ 

- 50 p,m 

" 

I-:---i 
50 p.m 

... "'"rI, _ 

Figure .5.Î: Longitudinal cross-sectIOns of il. slip c(tst élltllllillil.-yttlïit (,d\(. Il('il! (,\) 

the midclle anJ (B) bottom of t.he cak(· Th(· ligllt (oJ()llI('(J pO\\'lb i~ 
-- yLtl'Îa. 
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FIgure 5.8: Particle size distribution curves for a longitudinal cross-section of a 
C-71 FC cake. 

the hller powder (I.e., yttna and C- ï1FG) can percolate through the cake and deposit 

lIedl the cake-filter medium interface. 

5.2 QUANTITATIVE ANALYSIS 

5.2.1 SEM IMAGE ANALYSIS 

A cake consisting of C-71 FG powder was sli p cast 50 that q uantitati ve data 

could be obtaincd for the concentration differences of fines in the top and bott.om 

sections of the cake. Curves (1) and (2) in Figure 5.8 were obtailled by using image 

analysis on SEM micrographs. The curves illustrate that there is a shift from a 

coal'~er tü a finer particle size distribution from the top to the bot tom of the cake. 

This analysis also confirms that fine particles can be transported by the filtrate to 
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1 the bottom of the cake leading ta non-uniformity in the cé'.ke dCllSlty. 

5.2.2 SURFACE AREA MEASUREMENTS 

The concentration gradients of fines from the top to the bot tom of filLer prcsscd 

cakes were analyzed by taken "single point BET" surface area measuremcnts of cake 

sections. 

The ratio of the filter medium pore size to dlameter of fUies wIll deternullC 

whether or not the fines will pass through the fil ter medium. Therefore, the type of 

medium used will affect the migration of fines during filtration. 

Slips consisting of 20% A-16SG (fine) and 80% C-71FG (coarse) alumina powder 

were cast using dlfferent filter pressures and filter papers with different mean porc 

sizes. The slips had a volume solids fraction, f..1 = 0.39 Each cake was then dlvidcd 

transversely mto ~el-tJOns from the b('t.tom to the top 01 the cake. Ille t>urldce dtCd~ 

of the sections were then measured. Figure 5.9 is a graph of surface are a v~rsu~ cake 

depth. A cake depth equal to zero rerers to the cake-filter paper interface (i.e., cake 

bottom). The filter papeI had a mean pore size equal to 0.1 /lm. The sla~s were cast 

using a fil ter pressure of 140 kPa (20 plji), 275 kPa (40 psi), and 550 kPa (80 psi). Ali 

three cases show a trend of having a higher surface are a near the cake bot tom than in 

the rest of the cake where the surface are a is rather constant. The tllgher surtace arCd 

at the cake bot tom indicates that sorne of the fine particles have migrated througb 

the cake ta its bottoIn. 

Figure 5.10 is also a graph of surface area versus cake depth. However, for these 

experiments, a coarser filter paper was used. It had a mean porc size of 2 .. 5 J.lm. The 

graph shows that the cake has a. higher surface area near its bottom for the slips 

pressed at 35 kPa (5 pSl), 140 kPa (~O pSl), and :l75 kPa (4U pSI). The surtace areas 

of the particles near the cake bottoffis in this figure are not as high as for the surface 

70 



-

,-.. 6.0 - - - - not tilter pressed 
0\ Ge9E*) 140 kPa ........ 

l3BBBf] 275 kPa N 

E )fM~UU( 550 kPa 
......... 5.0 

~ 
0::: « 4.0 
w 
() 

~ 3.0 0::: ---- ----------------::> 
U') 

2.0 
0 1 2 3 4 5 6 7 8 9 10 

CAKE THICKNESS (mm) 

Figure 5.9: Surface area versus distance above cake bottom 20/80 mixture of 
A-16SG/C-71FG powder. Filter paper pore size = 0.1 ItITI. The dashed 
line shows the surface area for powder beîore being fiIter pressed. 

areas near the cake bottoms in Figure 5.9. In Figure 5.10 the surface areas of Hl!' cake 

pressed at 550 kPa (80 psi) are relatively constant across the depth of the cake. As a 

result of using coarser filter paper sorne of the fine particles wl're drivell right t1110ugh 

the fiJter paper and others only penetrated and clogged the filter paper. During the 

filtration pro cess it was observed that the filtrate was cloudy indicating that powder 

was passing through the filter medium along with the filtrate. 

Surface area measurements were taken for the A-16SG and C- 71 FG powder. 

A 20/80 mixture of the A-16SG/C·71FG powder has a f>urface area of 2.7!i m'l./g. 

This value is shown by the dashed !ine in Figures 5.9 and 5.10. Both these figures 

show that the surface area measurements are higher than 2.75 m 2 /g ncar the cake 

bottom and are lower than 2.75 m2/g further out in the cake. In Figure 5.10 thcr(' 

is only a small increase in surface area Dt:ar the cake bottom. Howevcr, the surface 
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Figure 5.10: Surface area versus distance above cake bottom. 20/80 mixture of 
A-16SG/C-71FG powder. Filter paper pore size = 2.5 Ilm. The 
rlashed /ine shows the surface area for powder before being filter 
pressed. 

areas are less than 2.75 m 2/g further away from the cake bottom, which implies that 

some of the fine particles have migrated through the cake and into and/or through 

the filter medium. Surface area measurements were also found to be higher near the 

cake bottom for A-17 cakes as shown in Figure 5.11. 

To illustrate the migration of fine particles through filter paper, a slip consist-

ing of a 50/50 mixture of the C-71FG (coarse) and A-16SG (fine) powder was filter 

pressed at 550 kPa (80 psi) (see Figure 5.12). This mixture of powder, prior ta b0ing 

fllter pressed has a surface area of 5.32 m 2 /g ~nd is shown by a dashed line on the 

graph. The tilter paper had a lilean pore size of 0.22 /lm. The pore size of the paper 

is large enough to allow the fine particles to pass through the paper but smaU enough 

ta prevent the larger particles from passing through the paper. The graph shows that 

there was a smaU increase in surface area near the bottom of the cake. With 50% of 
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Figure 5.11: Surface are a for an A-17 cake versus dlstan f2e above cake uottom. 
Filter paper pore size = 2.5 J.lm. The dashed line shows tht' surface 
area for A-17 alumina powder before bemg fil ter pressed 

the powder being fine, enough filtered through the medium (~0.05 g, 0.125% of the 

original weight of the solids) to en able a surface are a measurement to be taken. This 

powder had a surface are a of 10.67 m 2 jg or an equivalent partlcle diameter sizf> equal 

to 0.14 J.lm implying that sorne of the fine particles did percolate tlll ough the cake 

and filter paper. The particle size distribution of the slip as well as the pore size of 

the filter medium affects the filtration process. 

5.3 FILTRATION EQUATIONS 

In Chapter 2 (section 2.3) it was shown that: 

(5.1 ) 
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and 

C-71FG and A-16SG powder. Filter paper pore size = 0.22 JLm. The 
dashed line shows the surface area for powder before heing filtered 
pressed. 

(5.2) 

ln this analysis it will he considered that the resistance to filtration of the filter 

medium, Lm/ J\m is part of the cake. The 2.5 /-lm and 0.1 JLm pore size tilter papers 

that \Vere used for the filter pressing experiments have permeabilities equal to 1.5 x 

10- 14 m2 and 4.5 X ID-16 m2, respectively. The permeabilities of both filter papers 

are greater than the cake perrneabilities and it takes no more th~n a couple of seconds 

before the cake becomes thicker than the filter paper. Therefore, the resistance to 

filtration of a filter medium that is not clogged is neg:Jgible compared to the resistance 

tü filtratioll of the filter cake. If the filter medium is clogged it is in fact due to the 

na t ure of the slip. It is therefore logical to add this extra resistance to the overall 
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1 resistance of the cake. Hence, equation (5.1) reduces to: 

dW (/ )dL PKave "& = f cnv ~sl - 1 dt = pL (5.3) 

where Ko.ve is the permeability of the system. Assuming that Kave and fcav are 

constant and integrating equation (5.3) yields: 

(5.4) 

where Bis a constant. The cake thickness squared, L2 is proportion al to time, t. This 

equation is only valid for an incompressible cake that has a constant permeability or 

in other words when no cake clogging occurs. In the analysÎs to follow of clogging 

during filtration the cakes are assumed to be incompressible sinee the cakes were cast 

from well deflocculated slips. 

5.3.1 CAKE THICKNESS VERSUS TIME 

If no cake or fil ter medium clogging occurs, then a plot of ln t versus ln L data 

should produce a line with a slope equal to two. Slopes different from this can 

infer that cake and/or filter medium clogging has occurred due Lo deposition of fine, 

mÎgrating particles. 

Figure 5.13 is a graph of lnt versus InL. The slips consisled of 20% A-16SG 

(fine) and 80% C-71FG (coarse) powder and had a volume solids loading, {sI = 0.39. 

The filter paper used had a mean pore size of 2.5Jlm and the slips were filter pressed 

at different pressures. The slopes obtained for these four plots varied from 1.83 to 

2.26. Figure 5.14 is a graph of ln t versus ln L. For this set of experiments the filter 

paper had a mean pore size of O.IJlm. The slopes in this figure are aIl greater than 
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Figure 5.l3: Time, t versus cake thickness, L for cakes consisting of 20% A-16SG 
and 80% C-71FG powder. Filter paper pore size = 2.5 Jim. Slopes of 
lines for ln t versus ln L data are indicated on the graph. 

two. The pores of the filter paper are finer than the fine particles and therefore the 

fine~ should not be able to penetrate the filter paper. 

The physical meaning of the difference in slope, n of the graphs of ln t versus ln L 

needs to be addressed. A slope inferior to two could imply that the filter medium 

and/al cake is clogged very carly during pressing while a stope greater than two 

coulcl imply progressive clogglOg. To explain this concept further the permeabilities 

01 the cake and fiIter medium will be considered for the following three cases (see 

Figure 5.15): 

(1) No Clogging 

(2) Progressive Clogging 

(3) Rapid Initial Clogging 

The medium and cake permeability will remain constant throughout the filtra-
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Figure 5.14: Time, t versus cake thiekness, L for cakes conslstmg of 20% A-16SG 
and 80% C-71FG powder. Filter paper pore size = 0.1 Illll Slop(':-, of 
lines fitted for the ln t versus ln L data are mdlcated 011 th/' graph. 

tion pro cess if no clogging ln the cake or filter medium occurs. The aV<'l'c1gp !J('I'II\(,-

ability of the system will almost be equal to the cake permeability becélus(' tlH' filt.el 

medium permeability is mueh greater than l<C (sec Figure 5.15(a)). 

If the fine particles are larger than the pores of the medium, the CGiuscr particle~ 

will brm sorne larger pores and the fine migrating particles can progrcsslvC'ly rlog 

the pores near the bot tom of the cake. The pores near the cdke botto[lJ wtll g(·t 

smaller and sm aller thereby tending to decrease the permeability wlth increas(' III 

time. Progressi ve clogging will result in a slope greater than two for a plot of 1" l 

versus ln L (see Figure 5.15(B)). 

If particles are equal to the diameter of the pores of the filter mediUm thel>c 

pores can become rapidly clogged in the initial phase of filtration result:ng in a sbarp 

deCl'ease in pel'meability of the medium. As the cake gels thicker les5 allu les5 clogging 
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Figure 5.15: Schematic illustration of filter medium and cake permeability as a 
function of increasing cake thickness. 
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will oecur in the filter medium and therefore the medium permeability will become 

constant (see Figure 5.l5(c)). A slope less than two can a1so accur if the bottom 

layers of a cake becomes rapidly clogged in the early stages. As the filtration velocitics 

decrease with time less particle migration and c1agging can occur. 

It is very possible for cake and filter medium clogg:ng to occur at the same time. 

Therefore, a slope greater than, equal to, or less than two can result dcpending upon 

which clogging mechanism is most signifieant. 

5.3.2 PERMEABILITY 

From the graphs of ln t versus ln L it was shown that: 

(5.5) 

where C and n are constants. Differentiating the above equation and substituting it 

into equation (5.3) yields: 

(5.6) 

Experimental constants were found for C and n fOT the data prp"('ntNl in FIg 

ures 5.13 and 5.14 by using regressional analysis. The slips had a solids loading, 

f$/ = 0.39. The solids loadings of the cakes, fcav (~ 0.58) were determined by rnca­

suring the cake densities. Figures 5.16 and 5.17 are graphs of cake permeability as a 

function of L for the experimental data presented in Figures 5.13 and 5.14, respec­

tively. The filter paper used for the experiments in Figure 5.16 had a me an pore size 

of 2.5 pm. Two ofthe permeability curves are decreasing and t wo are increac;ing wit h 

L. Figure 5.16 implies that both cake and medium clogging ca.n occur. In Figure 5.17, 
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Figure 5.18: Perrneability !(ave versus filter pressing pressure, P for cakcs 
consisting of 20% A-16SG and 80% C- 71 FG. 

where the filter paper had a rnean pore size of 0.1 J.lm, the curvcs imply that the Lcl.k(>~ 

were progressively being clogged. 

Tables 5.1 and 5.2 }ist values of n, C and equations fOI Kave for difrerent filtel 

pressing pressures and Figure 5.18 is a graph of f{av~ versus filter pressing pressult' 

(at L = 5 mm). ln Tables 5.1 and 5.2, filter paper pore sizes of 2.5 Ilm and 0.1 /llll 

were used, respectively. The tables and Figure 5.18 imply that f{ave IS mdependellL of 

filtration pressures between 70 kPa to 550 kPa Both tables suggest that cake c1oggjll~ 

has occurred but It appears that more medium clogging resulted wlth tlll' laI gel' po)(' 

sized filter paper. These results imply that the permcabih tics are indepclldclI t of the' 

filter pressing pressure, and that there can be sorne variabihty lJl permeability Iesult., 

from fun to rUll. Figures 5.19 ana 5.20 show the variability in pcrmeability, fol' filtcz 

pressing experiments repeated under the same conditions. 
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Table 5.1: Values of n, C and gave as a function of L. 

e FILTER PAPER PORE SIZE = 2.5 !-lm 

PRESSURE n C r* \ ave 

(kPa) (secjmn) (m 2 ) 

70 1.94 9.08 x 107 4.03 x 10 17 L+0.06 

140 2.26 6.76 x 107 1.03 X 10-17 L -0.26 

205 2.04 6.00 x 107 1.94 x 10 17 L -0.04 

275 2.07 3.36 x 107 2.55 X 10-17 L -007 

345 1.99 1.94 x 107 3.69 x 10 17L+001 

415 2.09 3.07 x 107 1 85 X 10-17 L -009 

480 1.95 893 x 106 5 83 X lO-li L +005 

550 1.83 2.12 x 106 2.29 x 10 16L+017 

• L IS ln umts of m 

Table 5.2: Values of n, C and Kave as a function of L. 

FILTER PAPER PORE SIZE = 0.1 fJ.m 

1 PRESSURE n C r" \ aVE 

1 (kPa) (sec/mn) (m 2 ) 

70 2.51 9.08 x 108 3.12 X 10-1I1L-051 

140 2.03 6.59 x 107 2.66 X 10-17L-003 

205 2.29 9.95 x 107 1.04 X 10-17L-029 

275 2.17 7.50 x 107 1.10 x 10-17L-017 

345 2.40 2.24 x 108 2.65 x 10-18 L -040 

415 2.22 9.55 x 107 5.59 X 10-18L-022 

480 2.32 8.55 x lOi 5.12 X 10-18L-032 

550 2.32 7.20 x lOi 532 X 1O-18L-032 

• L IS ln Unit!> of m 
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Figure 5.21: Longitudinal section of 2.5 pm pore size filter paper. Used to filter 
press an A-17 slip. Arrow indicates paper/cake interface 
(P = 345 kPa). 

5.4 FILTER MEDIUM CLOGGING 

lt will be shown in this SEM study that the 2.5 /Lm filter paper can become 

cloggcd due to particles penetrating and filling the pores. After the cake \Vas filter 

pressed, the filter paper was separated from the cake. The filter paper was then 

vacuum resin impregnated and a longitudinal section was polished and prepared for 

further SEM cxamination. The micrographs showed that the particles were pene-

trating the filte!' paper. The depth of penetration however was only approximately 

10 pm - 20 pm (see Figure 5.21). In section 5.1 the microstructures of the cakes were 

found to have a layer about 10 /Lm thick at the cake bottom with a high concentration 

of fines. Clogging appears to occur very close to the cake-fil ter medium interface. It 

is this thin clogged layer that i5 e5sentially determining the filtration rate. The per-

meability CllrVeS were shown to tend to level off early in the filtration proce5s (after 
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Figure 5.22: Top views of three layers of 2.5 IlIll pOle sizl'<! filLer palH'1 art.el' Ill'ill.l', 
used 1,0 filter press (at 345 kPa) .t slip with cl 20!XO Illixtlll(' of :\-lbS<: 
and C-ï1FG powder. (A) Fir8L layer (i.e., laver in lOllt;uL \\'ltl1 (;,,,(') 

approximately 1 mm). The pIOCf'~s 18 VCI)' sl'Ilsiti\,(' 1.0 t.h(' <1<'11,1('(' or (IU).!,).!,III).', IIt.II 

occurs in the cake-medium interface regiol1. 

5.4.1 FILTER PRESSING WITH MULTI-LAYERED FILTER 
PAPERS 

Till'ee layels of 2 .. j /Lili pore parer \Vas llscd dllrillg lillC'1 pl'<'S!'>llIg 1,0 ~llldy 

whcther ))ortlclcs pas!:> through the filt.('l pclpt'r alld coll('( t 011 t 1 If' 10\\'('1 filt('1 P"P('1 

layers leading to clogging of the ~ystell1. Thcse f'xperilltellh dl<' ,Ill l'cl!'>\' \Vay 1.0 dll.d"z(' 

the clogging that could OCClU in a plaster of Paris mold during slip castillg. Vigil 1'<' -1.~~ 

shows top views of micrographs for the threc laycrs of paper. 'l'hl' second a/ld tltir<1 

Iayel's of the fiiter medium showed tItat srnall amollnts of powder clic! accumula!.(· 011 

the paper. The permeability results (sec Figure -5.2:3) arc siTllilar to the I(·sult:-. wlwJ'(! 

only 1 layer of paper \Vas lIscd (l'dcl tü Figllre~ .=j.Hi ,wd .1.19). T!Jcrc!olp, Illust of 

8.5 
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Figure 5.22: (B) Second layer (i.e., middle layer). 

( Figure 5.:n: (C) Third layer (i.e., layer fUl'thest away t'rom cake bottom). 

.. 
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Figure 5.23: Permeability, Have versus cake thickness, L. Threc layers of 2.5 1.LIll 

pore sized filter paper was used to filter press (at 345 kPa) a slip wlth 
a 20/80 mixture of A-16SG and C-71FG powder 

the filter medium clogging occurs in a very thin layer (approximately 10 IHII - 20 11111) 

at the cake-filler medium interface. 

Wheu two layers of filter paper were used; the top layer beiJlg the 2.5 ILITl pOle 

paper and 0.1 Jlm pore paper being the bot tom layer, it was found that some of the 

fine particles percolated through the upper layer and deposl ted on the 0.1 IHn pOl e 

paper. The micrographs in Figure 5.24 show top views of: 

(1) The sicle of the 2.5 Jlm pore paper that was in contact with the cake (micrograpb 

(A)). 

(2) The sicle of the 2.5 /Lm pore paper that was in contact with the bottolll filt<'J 

paper layer (i.e., bottom sicle) (micrograph (B». 

(3) The sicle of the 0.1 J.Lffi pore paper that was in contact with the top filte)' papel 

layer (micrographs (C) and (D)). 
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Significantly more particles deposited on the second filter paper layer (0.1 f.lm pore 

paper) than did in the previous experiment where the same pore sized filter paper 

(2.5 p.m) was used for aU the layers. When the same pore sized filter paper is used 

for all the layers the particles that percolate through the top filter paper layer also 

tend to be transported f1ght through the other layers. Thi~ is due to the much lower 

concentration of particles being filtered in the lower filter paper layers compared to 

the parti cie concentration of the slip. Initially, during filtration many particles are 

arriving at the same time at the cake-filter medium interface resulting in blocking 

arrl bl'ldging of the pores of the filter medium. With the very di lute suspension being 

filteled in the lower filter papel layers eal..l particle moves separately from the others 

and will easily follow the strearnlines of flo\\' direct.ed towards the pores in the fllter. 

The result will be that a particle, depending on the ratio of pore diameter to particle 

diameter, will either enter and pass through the pore or will cover the pore opening. 

Thcrcforc, more particles were deposited on the second layer of the 0.1 f.lm pore paper 

<lS compared to the 2.5 p.m pore paper. The permeability results (see Figure 5.25) for 

tlll~ expel'llTlent 51lOW that pIOgressive clogging has occurred. 

Experiments were also performed using a coarser filter paper (Whatman 1) that 

has an Il f.lm particle size retention for the top layer, a 2.5 f.lm pore paper for the 

middle layer and a 0.1 p.rn pore paper for the bot tom layer. Micrographs of top views 

of the filter papers are shown in Figure 5.26. Powder penetrated the top layer paper 

alld sOllle powdel' migrated through the top layer and deposited on the 2.5 ILm pore 

paper. Furthermore, sorne of the powder has also migrated through the middle layer 

and deposited on the 0.1 f.lm pore paper. With the coarser fil ter paper used in this 

experiment significantly more parti cie migration through the filter medium occurred 

compared to the experiments where a 2.5 f.lm pore sized filter paper was used for 
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Figure 5.2'1. (C) Second layer - 0.1 pm pore size filter paper. 

Figme 5.2·1: (D) Second layer but at a lower magnification than for 
micrograph (C). 
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Figlll'e .1. :W. (B) Se('ol1d la) (,l' - '2 .) Illll pOl C "liW fd t Cl' pa pel'. 

(C) Thild layer - 0.1 Jan pore SIZC tiltel paper (i.e., layer furthest 
ét\\'ay t'rom cake). 
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Figure 5.27: j{av~ versus L. Tinee layers of Il /-lm, 2.5 /-lm. and 0.1 /lm filLer 
paper used (A-l i ~lip, P = 3,15 kPa) Da~l\('d rurv(' - olle layel of:!.G 
J.lIn filter papel. 

the top layer of the filter medium The permeability results (see Figure 5.27) show 

thal progressive clogging has occurred. In Figure 5.26 the slip was filler presl-lcu fOI 2 

hours. Slips were also pressed for shorter times to illtlstrate the continuOliS migratloll 

of particles through the top and rniddle filter paper laye[s. Figure~ 5.28 and 529 show 

top views of the middJe and boUoIn paper layert> for slIp:, cast fOI on<' Illinute amI 10 

seconds, respectively Figures 5.28 and 5.29 show that partlcle. have accuHlula.tcu 011 

the middle and bottom paper layers, howevcr significantly more parti cie migration 

has occurred in Figure 5.26. 
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Figll('(' ,j :2~' SE~I of filter paper after being used to filte!' pIC:':; (rlt :31.:) kPa) dl! 

,\-1 ï .,llJ) fol' Olll' minute. Thc h)p. 11l1d<ll(' éInd bottOlll hlter pdpcr 
layen; had pore sizes of 11 Ilm, 2.5 ILllI and 0.1 ILIll, respecti vcly. (A) 
Tup \ il'\\' of the llliddle fil tel' paper layer. (B) Top \'iew of the bottOlll 

layer. 
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Chapter 6 

RANDOM TUBE MaDEL TO SIMULATE 
FILTRATION 

6.1 PERMEABILITY OF POROUS MEDIA 

Darcy's law in Chapter 2 showed that the superficial velocity, q is proportional 

to the ple~sure gradient, dPl/dx and inversely proportional to the viscosity, J.L of the 

filtl'atc' 
I{ 

q = -dPtfdx 
Ji-

(6.1 ) 

whel'e permeability, !( is the proportionality constant and only depends on the struc-

turc of the porous medium. The above equation implies that resistance to fiow Îs 

l'Iltlrely duc to VISCOUS drag. Darcy's law has been found to be valid for laminaI' 

fIow wllel e the particle Reynolds number, ~ is les~ than approximately 20 or for a 

modlfied ReYllolds number. ~m less than 2.3ï. 75 The Reynolds numbel and modified 

Reynolds number are defined as: 

(6.2) 

and 

(6.3) 
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1 where dp is the particle diameter, Pi is the density of the filtrate, v is the poroslty 

and So is the specifie surface (i.e., surface area per unit volume of solid). 

Reynolds number, lR is employed in the following equation to emphasize that 

the resistance to flow is entirely due tü viscous drag: 

(G.4 ) 

where CI i8 a constant and :F is the friction factor: 

(6.5 ) 

From Darcy'slaw, it is found that K has units of (length)2 and Equation (6.4) implics 

that K i3 proportional to the square of the particle diameter. However, othel lcaturcs 

of the porous media are aiso important. The Kozeny·Carman equation dcscribes K 

in terms of the porosity, v specifie surface of the porous medium, Sa and the Kozeny 

constant, h:75. 37.76 

(C.G) 

If the porous media is an assembly of spheres then: 

(6.7) 

and therefore, 

(6.8) 

The Kozeny constant, h is made up of two terms, a shape factor and the tortuosit v and 

it is found in practice that h is approxirnately 5.0 for many different systems.76 The 

Kozeny-Carman equation was first derived by a5sr.lming that the fiuid flow through the 
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l consolidated layer could be modeled as a bundle of capillary tubes using Poiseuille's 

Law modified in terms of a hydraulic radius and an assumed tortuosity of flow. An 

important limitation of the Kozeny-Carman equation is that the pores must be ran-

domly distri buted and be reasonably uniform. 

Quite often tilter cakes can have a distribution of pore sizes and an average 

pore size should not be used to describe the flow through filter cakes. Furthermore, 

experimental work has demonstrated that during the filtration of ceramic powders 

there i5 a certain unpredictability about the pro cess even when a knowledge of the 

size distribution and the physical chemistry of the powder is available. 

6.2 RANDOM TUBE MODEL 

A computer model has been developed to simulate the filtration process. The 

filtration model takes into account variations in cake microstructures by using a two-

dimensional ne+,work of tubes with different radii size distributions in a regular square 

lattice arrangement. An example of the netwark used in this study is shawn in 

FIgure 6.1. The network setup was fi1'st proposed by Leitzelement et al. 77 to model 

deep bed filtl ation. Deep bed filtration is an engineering process in which a large 

volume of llquid containing a small concentration of fine particles in a suspension 

i8 clarified by passage through a bed of granular material such as sand (e.g. water 

purification ). 

Fluid flow in the network can be calculated on a computer by solving a series 

of simultaneous equations derived by using a matrix expression for Darcy's law and 
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Figure 6.1: Two dimension al tube network . 
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applying electrical network theory: 71, 78 

(6.9) 

where the column vector [Q] contains the flows in aIl n loops in the network, [Pl 

matrix is a column vector containing the imposed pressure drop as the first element 

with aIl the other elements being zero and [Z], a square n x n matrix, is an operator 

which acts as the resistance of the whole network. 

The number of solutions required for the flow distribution in the tubes is equal 

to the total number of loops in the network. One can see that this method is feasible 

for a small network but the size of the network is limited by the RAM memory of 

the computer. For example, using a computer with 6 megabytes of memory, the 

largest network which can be handled is one that has 55 rows and 6 loops per row, a 

total of 715 tubes. This is a rather small network and is not sufficiently large to be 

representative of fluid flow through a cake. 

An alternative approach using the Hardy-Cross Method79, 80. 81 was ch os en to 

solve the network. 

6.2.1 HARDY-CROSS METHOD 

The Hardy-Cross Method is a method of successive approximations based on 

satisfying the following conditions (see Figure 6.2): (1) At any node, the total inflow 

must equal the total outflow. This condition satisfies the continuity equation. (2) 

Between any two nodes the total pressure drop is independent of the path taken. 

Therefore, the SUffi of the pressure drops around each Ioop must be zero. 

To solve the network, flows are initially assumed for each tube so that continuity 

is satisfied at each node. Then a successive computational procedure is used to correct 

100 



....... 

+ 

Figure 6.2: Flow conditions for the Hardy-Cross Method. 

the assumed flows ta satisfy condition (2). 

Laminar flow through circular tubes is described by the Hagen-Poiseuille equa-

tion: 

(6.]0) 

where Jl. is the viscosity of the filtrate, L the tube length, R tube radius, Q volumetrie 

flow rate and I1P is the pressure drop. Therefore, the flow resistance is proportional 

to LI R4
• To calculate flows in the network it has been assumed that the length of 

each tube is proportional to its radius. Thus, the flow resistance is proportional ta 

In any individual loop, the total pressure drop in the clockwise direction is 

the sum of pressure drops in ail tubes that carry flow in the c10ckwise direction 
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l 
(subscript cl) around the loop, 

E~Pcl = ECn ~~I 
cl 

(6.11) 

where en is a constant. Similarly, the 1055 of head in the counterclockwise direction 

(subscript cc) is, 

EÂPcc = ECn ~;c • 
cc 

( 6.12) 

The difference between Equations (6.11) and (6.12) is the loop's clos ure error of the 

first trial. One must determine a flow correction 6Qj which when subtracted from 

QcI and added to Qcc will equalize the two pressure drops. Thus, 6.Q must satisfy 

the following equation: 

(6.13) 

From this relationship we may solve for f:j.Q: 

(6.14) 

A second approximation is estimated for the flow distribution using l1Q. These 

successive corrections are found for each loop in the entire network until ÂQ and the 

difference between ~Pcl and 6Pcc becomes negligibly smal!. 

After having solved for the flows, the permeability of the network can then be 

calculated by applying Darcy'!, Law: 

p,q 
dPJ/dx = [(. 
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The permeability, K is normalized relative to the permeability of a network with all 

tubes having a tube radius of 1.0 Ilm, Ko: 

l/fj,P 
K/Ko = l/!l.Po (6.16) 

where DaP is the pressure drop across the network and ÂPo is the pressure drop 

across a network with the same total inRow rate and same network grid size as for 

the network in question, but with aIl tubes i:. this network having a radius, Ra equal 

to 11-'m. The pressure drop, ÂP across the network was calculated along each column 

i and then averaged: 

(6.17) 

where j is the tube layer, J is the total nurnber of layers, 1 is the total nurnber of 

columns and R,. and Qj. are the radius and flow rate, respectively of tube Ji. The 

pressure drop, !:::t.Po is equal to the following: 

(6.18) 

where Qo is the Bow rate through the tubes for a network with aIl the tubes having 

a radius, Ro == l.Ollm. Therefore, the following expression is obtained for J( / /{ 0: 

K/l(o == 
Da Po 
!1P 

1 1 J 1 
== (1J R3 QO )/CL L R3 QJ') 

o 1=1 )=1 JI 

1 J 1 
- (1JQo)/(LL R3 QJ')' 

,=1 J=1 JI 

The computer prograrn is listed in Appendix A. 
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The main advantage of the Hardy-Cross Method is that large networks con-

taining more than 10,000 tubes can be modeled using a microcornputer with only 

640 kilobytes of RAM memory and thus this network size IS more representative of 

flow through a porous cake. The Hardy-Cross Method, however due to its iterative 

approach to solve for the flows in the network still requires a lot of CPU time. Sorne 

of the computel programs that will be presented in later sections to describe the fil-

tration process can take approximately three days to run on an IBM mlcrocomputer 

with an 80386 processor. Because of the slow speed of the microcomputer and the 

large number of runs that were required most of the computer runs were performed 

on the CRAY X-MP (with 8 megabytes of memory and 2 processors) supercomputer 

locat.ed at the Dorval Weather Station. The CRAY solved the networks on the order 

of 200 timcl'l fastel than compdlcd to the 80386 microcomputel 

6.3 RANDOM NUMBER GENERATOR 

Tube radii of the network having the following size distribution functions \Vere 

studied: (1) Gaussian (normal), (2) log-normal and (3) Rayleigh. A l'andoIn num-

ber gellel'atoI function was incorporated into the computer program. The 1 andom 

numbers were generated using the rejection method.82 The rejection method requires 

choosing a finite comparison function, f(x) that is everywhere greater than the prob-

ability distribution, p(x) that one wishes to generate. It is essential to choose a 

comparison function whose indefinite integral is known analytically, and is also ana-

lytically invertible to give x ru, a functlOn of the al'ea lIllder the companson function 

to the left of x. Select a random uniform deviate betweell 0 and the total area, AloI 

under f(x) and use it to obtain a corresponding Xl' A second uniform deviate be-
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second random 
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Figure 6.3: Rejection method for generating a random deviate x from a known 
probability distribution p(x) that is everywhere less than sorne other 
function f{x) (after Ref. 82). 

tween 0 and f(XI) is selected to obtain the YI coordinate. Now, if P(XI) is greater than 

YI then the Xl value is accepted. If P(XI) is less than YI! the Xl value is rejected and 

the selection pro cess is repeated until the Xl value is accepted. Figure 6.3 illustrales 

the procedure. To choose uniform random deviates between 0.0 and 1.0 a "portable" 

function routine based on the algorithm of Press82 was used. 

6.3.1 DISTRIBUTIONS 

Ra.Ddom tube sizes were generated for the following three probability density 

functions:83. 84 

(6.20) 
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where /lm and u are the mean and standard deviation, respectively, of the variate. 

1 1 ln x - ).m 

[ ( ) 2] Log - normal: PI(X) = J'ii~x exp -2' ~ O:S;x<oo ( 6.21) 

where Àm and ç are the mean and standard deviation, respectively, of ln x. 

( 6.22) 

whel'e 0-
1 = ~/lm is a charactenstic tube radius. 

The comparison curve, f(x) chosen for these distributions is: 

( 6.23) 

where aa, Co and Xo are con~tant!>. The total area under thi& curve IS: 

( 6.24) 

Therefore, 

(6.25) 

where U is a uniform deviate between 0 and 1. Equation (6.25) is invertible to give 

r 
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l, 1 as a function of the are a under f( x) to the left of :Z'I: 

Xl = ao tan ((U - 1/:2) 11') + :Z'o (<i, :Ui) 

Therefore, the x-coordinate of an area-uniform random point under f(x) is givcll by 

Equation (6.26) or more simply if a phase shift of 1/211' is applied one can use the 

following equation: 

(G ~ï) 

The constant,s ao, Co and Io are chosen such that f( x) is everywhere grcat<'1 thall 

p( x), The ratio of accepted to rejected points is the ratio of the area undcr ]1 Lo the 

area between p and J, 

To verif)' that the random number generatOl' gl \les good 1 e[)I'('sentat 1011 0.; of t.1lt' 

theoretical pl obabi 1 i ty densi ty fUllctions, frequency Iw,to!!:, dlll~ WCI (' ~t>II(-,' att'd USIIl!!, 

the random number generatol'. Figures 6.4, 6.5 and 6.6 show eXdlllples of fn'quelley 

histograms along with the theoretical probability density curves. For each histogram, 

2000 numbers were generated. The figures show that the random Humber gcneratol' 

generates numbers that fit the density function curves very weil. 

6.4 FLOW CALCULATIONS 

The network model was analyzed with various tube slze distflbutions. Figure (j.7 

shows examples of a Gaussian, log-normal and a Rayleigh distribution, eacl! wltb <l 

mode = 1.0 J-Lm. The permeabilities, J( calculated for the three example~ aIt' aIl 

different and the reasons for this will be discussed in the folIowmg se(tlon~ TIH' A 

values in the figure are given relative to the permeability of a network ill wliic..h ail 

107 



i 
'\. 

( 

1~----------------------------------'----------~ 

o RANDOM NUMBER - DENSITY FUNCTION 
OENERATOR 

0.8 -- -.. -- -- -.-. - -------------- ----------------------
NORMAL 

,..-r-

-)( -0-

V ...... 
-- - --- -----/--

/'r-
17'1"-

0.6 ~~~------------------------~ 
~~f\ 

0.4 
r7 --- ---2 ~ 

~ ~-'='-'---------- --

.L-v 
0.212 

~~ 
~--------

1 ~r-

~ 

OUU~ILU~~IIUU~UI~+UUù~LUU~ILUUII~~IYJII~~I~Ù~ILP~~~~ 
o 0.5 1.0 1.5 2.0 2~5 3.0 

X 
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Figure 6.7: Permeabilities for networks with Gaussian, log-normal and Rayleigh 
tube size distributions (mode = 1 /lm) 

the tubes have a uniform size of 1.0 /lm, Ko. 

6.4.1 GAUSSIAN DISTRIBUTION 

The tube radii of the networks were filled with Gaussian distributions. Each 

lIetwork had a modal and mean radius = 1.0 pm but different standard deviations. 

r~egative tube radii OCCUT for the distributions with standard deviations greater than 

0.3. Thel'efore, tube radii were restricted to the l'ange between 0.05 and 1.95 /lm. 

By choosing thi!> l'ange, negatlve tube radii are avoided and the modal and mean 

tube size of 1.0 !Jffi is still conserved (see Figure 6.8). Figure 6.9 is a graph of 

the dimensionless permeability, KI/(o versus the number of tubes in the network. 

The calculation for each KI Ko value was repeated 10 times and then averaged. A 

different seed number was used in the random number generator for each repeated 
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Figure 6.8: Gaussian probability density functlOns. 

run. Figure 6.9 shows that the results for each standard deviation slabilizes only whclI 

/llore than approximately 2000 tubes are used in the nctwork. Thereforc, a IlctwOl k 

with at least 2000 tubes should be used to obtam meaningtul results. FigurC' b.9 cd:,o 

illustrates that the permeabiIity values of a network for the saille median pOIt' ~iz(' 

depends on the standard deviation of the pore size distribution. As the stalldard 

deviation of the distribution varies from 0 to 1.0, the permeability üf the uelwork 

decreases by a factor of 1.37. 

It is interesting to note that the mean resistallce of Üw tubes in the II('(.WOI k. 

1/ R3 is very diffel'ent from the resistance to filtratio/l of the networl-, H,J J\'. Fig­

ure 6.10 shows graphs of Ko/J( and liRa versus stalldald deviatioll fol' IIctwolk!-

consisting of 199 rows and 49 tubes per row (i.e. 9751 tubes). The graph shows that 

1/ R3 increases at a much greater rate than /(0/ J( with increase in standard deviatioll. 
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distributions with different standard deviations (Pm = 1.0 pm). 
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Figure 6.11: Histogram of li\(' Ult'élll flow rates in a Iletwork \VIth a (;aussÎall t.ube 

size distribution whl'f(, flm = 1.0 J.Lm and CT = 0.2 (ndwork !>ize = 
199 rows and 49 tubes per row). 

Figures 6.11, b.12, and fi 13 arc histograms of the mean volumetrie flow rate, Cd 

through tubes in the netwOl k" fûr a glven tube sizc elass The netwOl ks W(~\e filled 

\Vith different Gaussian tubt· "1/(' dl!>tnbutiolJ~. The Q v(dlle~ ill the figule ... éll(' gIV('1l 

relative to Qo where Qo i!> the \'OlulI1etne flow rate in a tube Il ail tubes III the llf'twOl'k 

had a uniform size of 1 J1.m. ln gcneral. as would be expected, the me an volumetl je 

flow rate, Q increases with the tube radius. These network results are compared with 

Q /Qo values for tube radii arritllg('d in parallel in a single layer (sec Figul('!-> (1 14 

and 6.15). Figures 6.14 and (, 1~) .,ho\\, hlstogram<, fOI (;élu,><,i,111 dl<.;trihutioll" with 

standard deviations of 0.2 élnd J (J \\'Ith the tube~ anélllged III ()dlalI(·!. The' IC::'UIt ... 

were calculated based on a flo\\' resistance of L/ R4 where L = 1.0 Il.m and 1/ Il'j a~ 

was used in the network model since the mode} assumed L to be proportional tn R. It 

is interesting to note that the Q / Q 0 values for tubes arranged in parallei are smallel 

113 



r 

2~---------------------------------------------' 

GAUSSIAN 

mean • 1.0 

O· 0.5 
1.5 ~ 

o o 
1 t-10 

0.5 1-. ..- --

-,....-

-- - .. -- .. -.--_.'._' ----,--

-

_ .. _---_._-,....-
,.--

1- 19ure 6.1 '2: Histogram of the mean fiow rates in a network \Vith a Gaussian tube 
size distribution where J.Lm = 1.0 J.Lm and (1 = 0.5 (network size = 
199 rows and 49 tubes per row). 

2 

GAUSSIAN 

m •• n • 1.0 

0- 1.0 
1.5 --- - ~ 

_____ M _______ • 

1------ - .• ----------

0.5 -- - - - ---- - --------
r--

-

o 
o 
I~ 

1 1 
0.25 0.5 

,....-r--" 

r--r-

-
..-

r---"" 

r-

• . 
1 

0.75 1.0 1.25 
TUBE RADIUS (p m) 

r---
....-~ 

• 
1 

1.5 1.75 2.0 

Figure 6.13: Histogram of the mean flow rates in a network wIth a Gaussian tube 
size distribution where Pm = 1.0 J.Lm and (J = 1.0 (network size = 
199 rows and 49 tubes per row). 

114 



" . 

10r-----------------------------------------------~ 

GAUSSIAN 

TUBES IN PARALLEL 
8 -- -------- ---------- - --- ----

mesn • 1.0 

o • 0.2 

" --------------- ----------------------------------- -- ----

2 --------------- ------------.--- --- -----

O~~~~~~~~~~~LU~~um~LW~~~~~~~ 

o 1.76 2.0 0.25 0.75 1.0 1.25 
TUBE RADIUS CI' m) 

1.5 0.5 

Figure 6.14: Histogram of mean tube flow rate fOl 9751 tube!> arraIlged in parallel 
The tubes have a Gaussian size distribution wltl! IL," = 1.U ILIII é\110 

(J = 0.2. 

5r---------------------------------------~ 
GAUSSIAN 

TUBES IN PARALLEL 
4 ----------------------------.------------- -----. --'----. 

mecn -1.0 

a· 1.0 

3 ----------.---,--.---------------------

cl' ....... 
10 

2 --------.. ----------------- --- --- --- -- - -- --

1 1--. _ .. - - ----- --- -- - - ----- -- -------------- -- ---

o~~.~~~~~~~~~~~rl~r~~~~~~l 
TIl 1 

0.25 0.5 0.76 1.0 1.25 1.6 1.76 2.0 o 
TUBE RADIUS CI' m) 

Figure fU5: Histogram of mean tube flow rate for 9751 tubes arranged in parallel. 
The tubes have a Gaussian size distribution with Jlm = 1.0 pm and 
(J = 1.0. 

115 



1 

( 
'\, 

0.5 

GAUSSIAN 

mean - 1.0 
0.4 (1- 0.2 -- -

0
0 r--

r--- r--
....... 

10 0.3 
f--- r--

...-- l"- r--0 r--

> -
0 
00.2 

0.1 ~ 

o 1 1 1 1 
o 0.25 0.5 0.75 1.0 1.25 1.5 1.75 2.0 

TUBE RADIUS (" m) 

FIgure 6.16: Histogram of coefflrit-nt of variation. COY of mean flow rate versus 
tube radius. Gaussian tube size distribution, /lm == 1.0 !lm and 
(J' = 0.2 (network slze = 199 rows and 49 tubes per row). 

in the sm ail tubes and increase lo much larger values in the large tubes compared 

to the results obtained in the network mode!. Again, these results illu3trate that the 

pore size dIstribution and pore arrangement can significantly affect flow rates. 

There can be large variallOlI!I ill the flow rates in the tubes for a given tube 

Slze. Figures 6.16, 6.17 and 6.18 are histograms of the coefficient of variation. COY 

of Q /Qo versus tube radius. For a narrow tube size distribution (0" = 0.2), the 

COV versus tube radius histogram is quite uniform with a COY of about 0.3 (see 

Figure 6.16). With increase in the tube size distribution spread, the COY values 

incl'ease. Furthermore, with a wlde distribution the COY values are the greatest 

fol' the small tubes (see Figures 6.17 and 6.18). The distribution with a standard 

deviation of 1.0 has a COV of 1.4 for tubes between 0.05 and 0.15 Ilm and then 

tends to level off to about 0.85 with increase in tube size. These COV values are 
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significantly higher than found for a narrow distribution. 

In general, flow through the larger pores are favoured, thereby reducing the 

effect of the high resistance to fiow in the smaller pores, howevel the high COY val­

ues for wide tube size distributions show that sorne of the small tubes have fairly 

high flow rates causing high pressure drops in these tubes and therefore reducing the 

ovcl'all permeability of the network. The spread of the distribution in the network 

affects the f10w pattern and in filtration theory it is insufficient to know only the 

average pore size or average pore reslstance to flow. The configuration of the network 

must be included in the averaging procedure. The fiow in a given tube depends not 

onlyon the size of the tube being considered but also on the size of the tubes around it. 

6.5 LOG-NORMAL DISTRIBUTION 

Often cerarnic pow( ~rs have log-normal size distributions. It has been found 

that the pore size distribution can be correlated to the particle size distribution 

for random-sphere packings. For a narrow particle size distribution the pore size 

distribution has a similar, if not wider, size distribution.85 Under filtration conditions 

the log-nolmal distributIOn mimics the pore size distribution fairly weil. 86, 87. 26 

Log-normal tube radii distributions, with different standard deviations, were 

used in the networks. The median of each distribution was determined so that the 

peaks of the distributions aIl occurred at 1.0 Ilm (see Figure 6.19). Figure 6.20 shows 

curves of 1\01 J(, the mean resistance, 1/ R3 and the resistance to flow calculated from 

the mean pore size, 1/ R
3 

versus the standard deviation of the ln (tube radius) for the 

log-normal distributions. Even though the curve for 1/ R3 is increasing, the Ku/I\ 

curve is decreasing. Furthermore, the graph shows that 1/ R3 
decreases at a much 
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gleater rate than /\0/ J{ with increase in standard deviation. By introducing a few 

large)' tubes to the network the filtration resistance is decreased substantially. On 

the other hand, as illustrated in Figure 6.20, introducing a few smaller tubes to the 

network still has a significant effect on the filtration resistance. Even though the 

1\0/ H curve is decreasing due to larger tubes being introduced to the network the 

A'o/ H values are still gl'eater than the 1/ R3 
values for a particular standard deviation 

due to the smaller pores. 

Figure 6.21 is a graph of [{ / /(0 versus standard deviation. The curve decreases 

with standard deviation. The distributions aIl had a mean tube radius = 1.0 pm 

(see Figure 6.22). \Vith increase in standard deviation the modal tube size decreases. 

The mean tube size remains constant however with increase in standard deviation 

smaller tubes are introduced to the network and even though the larger tubes help 

120 



l' 
z 4.0 MEAN = 1.0 p,m 
0 
§ ~ = .1 
al 
il: 3.0 li; 
ë 
-1 

~ 2.0 
0:: 
0 
Z 
1 

(!) 1.0 a 
..J 

0.0 
0.0 0.5 1.0 1.5 2.0 2.5 3.0 

TUBE RADIUS (p,m) 

Figure 6.22: Log-normal probabihty density functions. Mean = 1.0 /lm. 

reduce t.he effect of the high resistance crealed by the smalt tubes it is Ilot suffice to 

prevent the permeability of the network to drop. These results agam emphasize that 

distributions of pore sizes cannot be simply accounted for by an average porc size. 

Schilling and Aksay26 have illustrated how processing parameters sueh as ill-

terparticle potential and particle size distribution affect the cake permeability alld 

microstructure evolution throughout ca.sting. As discussed III the literature review 

they found that weB dispersed suspensions produced a bimodal pore size distribu-

tion refiecting the presence of first-generation agglomerates sUlTounded by Recolld-

generation pores. They suggested that densel)' packed indl vidual partlcles form first-

generation agglomerates, and aggregates of these first-generation agglomcrate~ fOI 1JI 

larger second-generation agglomerates. A poorly dispersed suspension produced a 

cast that exhibited larger second-generation pores and a smoother distribution of 

pore sizes. The pore size distribution curves are shown in Figure 6.23. Due to the 
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Figure 6.23: Pore size distributions for partially sintered slip cast alumina 
specimens prepared from weIl dispersed and poorly dispersed 
specimens (after Ref. 26). 

larger second-generation pores the permeability of the cast prepared from the poorly 

di~persed 5uspension was found to be approximately 60 limes greater than the per-

Illcability of the cast prepared from the weil dlspersed suspension. As shown earlier in 

Figure 6.20 as the standard deviation of the distribution increased, which simulates 

an increase in flocculation of a porous cake, the permeability increased. 

The network model was used to study the effects that first and second-generation 

agglomerates have on permeability. Figure 6.24 shows two distributions both with a 

median tube radius = 1.0 Jlffi, mean = 1.3 pm and maximum peaks occurring at 0.5 

(.Lm. The permeabilities however were found to be quite different for the two cases. 

The permeabilities, ]{/J(o were equal to 0.501 and .946 for curve (1) and (2), respec­

tively. Curve (1) which produced the lower permeability had a greater proportion 

of first-generation agglomerates whereas curve (2) had a smooth distribution with 
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a few larger pores. These results show that only mmar variatIOns in the pOle siz(' 

distribution are required to affect the permeabihty and thlS, In turn, influellces the 

casting rate, as was shawn experimentally by SchJlling and Ak~ay. 

6.6 BEHAVIOUR UNDER FIXED POROSITY 
CONDITIONS 

As shown earlier by the l\azeny-Carman cquation (refel' to Equatioll (G.G)) tlH' 

poroslty of a pal'aus medium afrect~ the perlllcabIlity. Sa fm, tbe lIetwOl k permeabIlll.y 

results presented in this thesis have been calculated based UpOlI d fIxcd numbci 0/ 

tubes in the network. However, by varying the pore size distributions and using a 

fixed number of tubes the total tube pore volume will vary and this wIll chalIge the 
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porosity of the system. 

In this section, permeability results for different pore size distributions will be 

presented. But, rather than the networks being comprised of a fixed total number of 

tubes the networks will have a constant pore volume. 

6.6.1 METHODOLOGY 

In order to obtain a fixed tube pore volume the following procedure is performed 

on a network with a fixed number of layers and tubes per layer: 

(1) The total tube volume of network is calculated. 

(2) Tubes are blocked off so fiow can not pass through them. 

(3) Tubes are blocked off until the volume of tubes remaining to participate in flow 

equals the desired fixed volume. 

The computer programs use different schemes for choosing the tubes to be 

blocked off. The scheme chosen depends upon the number of tubes required to be 

blocked off. One program attempts to achieve the desired network volume by using 

the following scheme. Even numbered tubes at specified intervals are selected to 

be blocked off (see Figure 6.25). The interval at which the tubes are selected at is 

decreased until a sufficient number of tubes are blocked off. The smallest interval 

being every second tube in every second layer where the even number tubes in the 

first and last tube of each iayer is not removed. If with this scheme an insufficient 

number of tubes are blocked off the following alternative scheme is employed. Four 

tubes that meet at a node are blocked off. The nodes are chosen at specified intervals 

(see Figure 6.26). If enough pipes are still not removed then this network volume 

is further reduced by removing 24 (or 112 if necessary) tubes that are concentrated 

around anode (see Figure 6.27). See Appendix B for a sample computer program 

listing. 
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6.6.2 RESULTS 

Networks were filled with Gaussian tube radius distributions and the tube radii 

were restricted to the range between 0.05 and 1.95 l'm. Tubes were blocked off until 

the network tube volume, V was equal to Vo where Vo is the volume if aIl tubes in the 

unblocked original network had a radius = 1.0 l'm. Figure 6.28 is a graph of KI/(o 

versus standard deviation of the tube radius, u. Again as in previous sections the 

calculation for each KI Ko value was repeated 10 times and then averaged. A different 

seed in the random numb~r generator was used for each repeated run. Figure 6.28 also 

shows a graph of the P' ;rcentage of tubes blocked off in the network versus standard 

deviation. With increase in standard deviation the percentage of tubes blocked off 

increases and KI Ko decreases. These permeability results are substantially lower 

than the results presented in Section 6.4.1 where the network model was based on a 
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Figure 6.28: Graphs of permeability and percent of tubes blocked off in the 
network versus standard deviation of the tube radius, (1 for Gaussian 
(normal) distributions (network size = 49 rows and 49 tubes per row). 

constant nurnber of tubes rather than on a constant network volnmf' h,,, mort' "ncl 

more tubes are blocked off with increase in standard deviation of the tube radius, 

inevitably more and more tubes will be connected in series. Therefore, the smaller 

tubes will play an important role in determining the permeability of the network. 

Networks were also filled with log-normal tube size distributions. The networks 

aU had values of V Iv;, = 1.0. Figure 6.29 is a graph of K / Ka versus the standard 

deviation of the ln (tube radius), ~ where the radii were restrictcd ta value~ lc<,s thall 

3.0 pm. The log-normal distributions would have a median = 1.0 pm if there was 

no restriction on the maximum tube size. The graph shows that there Îs a large 

rt;duction in permeability with increase in standard deviation. 

Figure 6.30 shows graphs of K/Ko versus standard deviation for two types of 

log-normal distributions. For curve (1), the distribution had a modal value equal to 
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1.0 pm, average radius of 1.0 Jl.m and tubes were restricted to radii less than 1.85 

pm. For curve (2), the average radius was 1.0 pm and tubes \\'erC' ff'strided to radii 

less than 5.0 pm. The modal value for curve (2) decreases with standard dcviation. 

Again, Figure 6.30 shows that the permeability decreases with increasc in standard 

deviation. Figure 6.30 shows, however that the reduction in perrncahility is much 

greater for curve (2) even though the distributions for both curves had an average 

radius = 1.0 pm. This is a result of the wider distribution and decrease in the modal 

value with increase in standard deviation for cur\'(' (~) 

The permeahility results demonstrate that for a given porosity the permeability 

results can differ greatly depending upon the pore size distribution. 

Figure 6.31 is a graph of KI K 0 versus VIVo for log-normal distributions with 

different standard deviations where the average radius = 1.0 pm. As would he ex­

pected KI Ko increa.ses with VIVo and for a given V/Vo value, KI Ko drops with 

increase in the standard deviation. 
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Chapter 7 

RANDOM TUBE MODEL OF CLOGGING 
DURING FILTRATION 

During slip casting and filter pressing it has often been assumed that thcre is 

no motion of fine particles wlthin the cake as it builds up with lIme. In oUler words, 

the particles are deposited layer upon layer with no relative motioll bctweell thcm. 

Experimental work demonstrates that fine partlcles can be carned along wi th 

the filtrate and deposited within the cake and/or filter medium thereby cloggiug and 

reducing the permeabilities of the porous media. This in turn will aff(·ct the rate of 

cake growth as well as the density and porosity of the cake 

Permeability reduction due to cloggmg can occnr lf- (1) partides larger in SIZ(' 

than a given pore size are trapped by the pore thus reducing ils area and/or (2) as a 

result of fine particles depositing on the pore walls and gradually reducing the pore 

radii (see Figure 7.1). 

A computer model consisting of a network of t.ubes with a log-normal tube siz(' 

distribution was developed to simulate the cake budd-up proces<; takJl1g into aCLQunL 

the clogging effects. The model will illustrate that rnlIIOl change ... in the pOle ~iz(' 

distribution due to clogging can significantly affect its permeabilily ami casting rdte. 
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(1) - Pores trap particles larger than 
the pore openings. 

(2) - Fine particles deposit on pore walls 
and gradually reduce the pore radii. 

Figure 7.1: Schematic illustration of porous medium clogging. 
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7.1 CAKE BUILD-UP MODEL 

To simulate the cake build-up process, initially a fixed number of rows and loops 

per row are used in the network to represent a unit cake layer. The fluid flow and 

the permeability in the network is calculated using the same algorithm as was used in 

Section (6.2.1). Then addit,ional tubes are added to the network and the fluid flows 

through the tubes and permeability of the network are again calculated. The process 

continues with more and more tubes being added to the network to simulatc the cake 

build-up pro cess (see Figure 7.2). 

If no clogging occurs the permeability, J( should be constant with increase in 

network length as shown in Figure 7.3. The J( values are given relative to the perme-

ability of a network with ail tubes having a uniform SIze of 1.0 p.m, 1\0 The tube radii 

of the network were filled with a log-normal distrIbution havmg d stalld<ud dt'vlatioll, 

~ equal to 0.6 and a median=l.O Ilm. Computer runs were carried out. using six rows 

by 49, 101 and 201 tubes per row as a unit cake layer. The curves tend to become 

constant after approximately three layers. The graph shows that the computer model 

is accurate except in the very early stages (i.e. less than three layers) duc to the small 

numbe!' of tubes in the network. The model will be further developed JO th<, followHlg 

sections to account for clogging during filtration. A unit layer cOJlslstiug of SIX rows 

and 49 tubes per row will be used in the following models. 

7.2 PROGRESSIVE CLOGGING DUE TO 
DEPOSITION ON PORE WALLS 

The rates of deposition of particles within a porous medium are determlTled by 

the forces of interaction between the porous medium (i.e. cake and filter medium), 
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Figure 7.3: Permeabihty versus number of layers. No clogging. 

the carrier ftuid, and the suspended particles.88 Such interaction occurs duc Lo: 

1. London-van der Waals attraction, 

2. Double-layer repulsion, and 

3. Hydrodyn::..mlc forces. 

Adsorption of colloidal partlcles in porous media is very sensitÎw to the tYJl{' 

of interaction bet ween the eJectrostatlc double layers surroundmg tlH' pal'tlcles and 

the porous medium. Furthermore, this sensitivity depends, in addition, 011 the COll-

vective field that carries the particles.89 The case where the forces of ITILeraction élrc 

cornpletely attractive or where there is no appreciablc energy barnci (Vael < lOk'!') 

will be used in the mode}, 

When the forces of interaction are completely attractive the dorTIIllant resls-

tance to particle transfer lies in the diffusion boundary layer. The partide flux tu 
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the capillary surface is provided by the perfect sink solution derived by Levich for 

Poiseuille flow, 90 

( 
2 ) 1/3 

j' = O.67pD D~p (7.1 ) 

where Ur i5 the mean fluid velocity in a pore of radius R, and Ip is the distance along 

the pore. The derivation of equation (7.1) is given in Appendix C. The number of 

pal'ticles per pore volume, p is defined as: 

p = number of particlesj1fR2 L 

where L is the length of the pore. The diffusion constant, D is given by: 

kT 
D=-

f 

(7.2) 

(7.3) 

where k is the Boltzmann's constant = 1.3805 x 10-23 JjK, T is the absolute tem-

perature and J i5 a friction coefficient. For spheres: 

f = 61fJjr (7.4) 

where r 15 the particle radius. The diffusion constant, D is the proportional to ljr: 

D 
__ 2.161 X 10-]9 

(m 2 jsec) 
r 

(7.5) 

w hen T = 298 K. Equation (7.1) can be integrated over the pore surface area to 

obtain the fraction of suspended particles depositing per second: 

À = - D _Ur 1-1/ 3 (2 R)dl fo
L 2 (? ) 1/3 

o 3 p DR p 1f p 
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RL 
(ï.6) ). -

The fraction of suspended particles depositing per pore, ).' is given by: 

(7.7) 

The fraction of suspended particles depositing per second increases with inter-

stitial velocity. However, it is suggested that there exists a critical velocit.y, U e such 

that particles of size r can no longer adhere to the walls of the pores in the filter 

cake.91 Hydrodynamic forces in the direction perpendicular to the ftow, Ffi, will exist. 

for non-spherical particles. It is assumed that the upper bound of this force is equal 

to that in the ftow direction and is given by:91 

(7.8) 

When FH reaches a critical value F*, the particles of size r can no longer deposlt 0/1 

the surface. The dominant force in adhesion is the London-van der Waals force of 

attraction.92 Using the flatplate-sphere system, the London-van der Waals forcc, FA, 

can be represented by: 

(7.9) 

where do is the distance of closest approach. Typically, the Hamaker constant, Il A is 

of the order of lO-19 - lO-21 J.93.94 The particles are slightly separated from th{~ pore 

wall due to the adsorbed electrolyte and tberefore the distance of closest approach· 

is generally about 4-10 Â.92.95 For smootb surfaces Visser94 found that the shear 
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force F* needed to dislodge a particle was equal to the London-van der Waals force. 

Therefore U c is gi ven by: 

(7.10) 

In the computer model values of 1.5 x 103, 15 X 103 and 150 X 103 /lm/sec were used. 

As a first approximation it is reasonable to assume that Uc is independent of 

particle size. However, the situation in a filter cake is more complex than c()nsidered 

here in this analysis. The fluid velocity is zero at the pore surface and increases as 

one moves away from the surface towards the middle of the pore. Larger particles 

protrude further into the flow and are therefore acted on by faster moving fluid. This 

implies that the deposition of large particles will decrease before that of small ones. 

The model only considers the London-van der Waals forces of attraction and 

hydrodynamic forces. The model do es not ta.ke into account the effect of double-layer 

forces. Rajagopalan and Tien96 have shown that as long as the double-laver forces 

are not too large, it is safe to ignore them. 

Another weakness of the model is that it takes no account of deposited particles 

being dislodged, despite the fact that experimental studies of deep bed filtration 

indicate that this can occur in porous media.97, 98, 99 Despite the weaknesses of the 

model, the results are still very useful in illustrating how porous media clogging can 

affect the slip casting and filter pressing processes. 

7.2.1 COI'.1PUTER MODEL 

Initiallyas each cake layer is added to the model the Bow through aU the pipes 

in the network is determined. Then suspended particles are introduced to the mode!. 

With each additionallayer added to the network, fine particles are entrained with the 

fluid in this top layer. 
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The number of suspended particles per pore is proportional to the flow volume 

and no particles percolate through pipes with baekflow. Applying Darcy's law for 

one dimensionallaminar flow through the porous medium, the filtration velocity, q is 

given by: 

Q 1\ 
- == q == dPI/dx­
A 11. 

(ï.l1) 

where Q is the volumetrie flow rate and A is the cross-sectional area of the medium. 

If cake and fil ter medium clogging is ignored and a uniform po rosit y of the cake is 

assumed, ]( will be constant and therefore: 

q ex 1/ L (7.12) 

However, if clogging occurrs the permeability will change with increase in length: 

(7.13) 

where Gc is a constant, bis t be number of cake layers and J«(b-l) is the permeability 

of the network with (b - 1) layers. The values for Ge used III the network model 

were chosen 50 that the filtration veloeities are in the range of the filtration velocities 

experimentally measured while filter pressing alumina slips. 

Alumina suspensions, with a volume solids loading, (.1 = 0.39, filter presscd at 

275 kPa (40 psi) and using filler paper with an average pore size of 0.1 J.lm as the 

filter medium had permeabilities in the range of 3.5 x 10-17 m2. The experimentally 

rneasured filtration velocity, 

KP 
q=­

pL 
(7.14) 

was found to be in the range of 9.7 x 103 J L p.mJsec where L is given in J.lm. Due to 

139 



1 the resistance of the fiIter paper there is a limiting maximum filtration velocity. The 

fil ter paper has a permeability, Km = 4.5 X 10-16 m2 and a thickness, Lm = 120 J.lm. 

Therefore with P = 275 kPa the filtration velocity of water through the filter paper 

is equal to 1.03 X 103 pm/sec. Setting this velocity equal to q in equation (7.14) we 

find an equivalent minimum cake thickness equal to 9.4 J.lm. In the computer model, 

the thickness of each cake layer, AL, was fixed at 10 I-'m. Values for Ge between 50 

pm2/see and 1 x 105 pm2/see were ehosen to explore a range of filtration velocities. 

The velocity through eaeh tube, u(i) is calculated by applying the following 

equation: 

( ') Q(i)A"N u z = q 
Qm!A(i)v 

(7.15) 

where " is the porosity, Qin! is the total network inflow rate, N is the number of 

tubes per network row, Ap is the average tube area, and A(i) and Q(i) is the area 

and flow rate of tube z, respectively. A porosity of 0.42 was u~ed in the mode!. 

If u( i) is greater than U e then all the suspended particles in tube i are trans-

ported through the tube. If u( i) is less than u(' then the number of particles deposited 

in tube z is: 

(7.16) 

where À' $ 1, <1>( b) is the average number of suspended particles per pore in layer b 

and Qt1tIr: is the average tube volumetrie flow rate. The volume of particles deposited 

on the pore wall is equal to the reduction in the volume of the tube radius. The tube 

radii are allowed to be redueed to a negligibly small but finite value of 0.05 J.lm to 

simplify the network computations. Therefore, a limit is imposed on the volume of 

fines depositing in a pore. 

Once the tube radii have been reduœd due to particle deposition, the perme-

ability of the clogged network is then solved. Then an additionallayer is added to the 
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network and the process is repeated until the network has a total of 30 layers. The 

volume of fines that percolate through a layer is the volume of fines that is enlrailled 

with the fluid in the layer below it Nhen the pro cess is repeated with an additiollal 

layer added to the network. 

One can realize that particles are continuously flowing through and/or bcing 

deposited within each layer. Furthermore, it is possible for sorne of the pcrcoJating 

particles to make their way to the bottom layer. Two situations were studied: (1) the 

migrating particles that make their way to the bottom layer are free to filtcr out along 

with the fluid (i.e. no clogging due to the filter medium) and (2) the particles which 

make their way to the bottom layer are arrested in this layer. Often if a 11n(' por(' 

sized filter medium IS used, fine particles passing through the cake will be stopped at 

the cake/medium interface. 

7.3 MODEL FOR CLOGGING DUE TO PORES 
TR.APPING PARTICLES 

With this model the suspended particles can pass through pipes that are larger 

than the size of the suspended particles, r. and a fraction of the particles wllI be 

trapped by a portion of pores smaller than r,. It is é:l.Ssumed that a particle, once 

trapped, blocks a pore. The clogged pore is reduced to a negligibly small but finitc 

value of 0.05 J.lm to simplify the network computation. 

Initially, as an additional cake layer is added to the model thr flo\\' t hrollgh 1'111 

the t.ubes in tht> network is determined. Then suspended particles are introduced to 

the model. Fine particles are entrained with the fluid in the top layer. The volume of 

migrating particles that pass through a layer witbout being trapped is stored and this 

141 



1 volume of particles is entrained with the fluid in the layEI below it when the process 

is repeated with an additionallayer added to the network. 

The number of suspended particles per tube is proportional to the flow volume. 

The volume of small tubes (i.e. tubes sm aller than r,) in layer b that is clogged is 

given by the following equation: 

(7.17) 

where Q( b).o is the sumrnation of the positive volumetrie flow rates of unclogged 

srnall pores in layer b, Q( b )tot is the summation of the total positive volumetrie flow 

rates of aIl the pores in layer band V(b).u. is the volume of suspended particles in 

layer b. Small tubes in a layer are clogged at randorn until the surn of the volume 

reduction of the small clogged tubes in layer b equals V(b),c. After the perrneability 

of the cIogged network is solved an additional layer is added to the network and the 

process is repeated until the network has a total of 30 layers. 

This model as does the mode} for progressive clogging due to particle deposition 

on pore walls examines the following two situations: (1) the migrating particles that 

make their way to the bottom layer are free to filter out along with the fluid and (2) 

the particles which make their way to the bot tom layer are arrested in this layer. 

7.4 RESULTS FOR CLOGGING DUE TO PARTICLE 
DEPOSITION 

Network permeabilities were ca.lculated for networks clogging due to fine parti­

des depositing on the pore walls. The tube radii of the networks were filled with a 

log-normal distribution with a standard deviation (of the ln (tube radius)) equal to 
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Figure 7.4: Permeability versus number of layers in network, r. = 0.01 Jjm and 
q. == 500/ L Jjm/sec. 

0.6 and a median of 1.0 Jjm. The unit cake layer length, ilL, was set at 10 l'm (sec 

section (7.2.1)). 

Three suspended particle concentrations, C. (i.e., average number of suspended 

particles per pore) were studied. The concentrations were determined 50 that the 

average number of suspended particles would fill 1 %, 10 %, and 20 % of the volume 

of a pore witb a radius of 1 pm. 

Figures 7.4 to 7.7 are graphs of K/Ko versus the number of cake layers. The 

critical velocity, Uc , was set at 15 x 103 l'rn/sec. 

ln Figure 7.4, the suspended particles had radii of 0.01 pm and an initiai su· 

perficiaJ velocity, q" equal to 500/ L pm/sec. Two conditions were examined: (l) 

the migrating particles that make their way to the cake bot tom were free ta filter 

out with the fiuid (i.e., no clogging due to the filter medium) and (2) the particles 

that migrate to the cake bot tom were arrested in the bottom layer. With increase in 
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Figure 7.5: Permeability versus number of layers in network, r. = 0.01 pm and 
q. = 10 X 103/ L pm/sec. 
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Figure 7.6: Permeability versus number of layers in network, r. = 0.05 pm and 
q, = 500/L pm/sec . 
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suspended particle concentration, C, (i.e., average nurnber of suspended particles pcr 

pore) K decreases. The additional effect in reducing K due to particles bciug arrestcd 

at the bottorn layer is nil at a low C, and only rnmor al the 11lghe1>t COllcelltl'atlOll ot 

suspended particles. 

The conditions for the permeability results presented in Figure 7.5 are the same 

as for Figure 7.4 except that the initial superficial velocity is 20 time~ grcater (I.c., 

q. = 10 X 103/ L p.m/sec). Again, as in Figure 7.4, the additional effecl of reducHlg 

K due to particles being arrested at the boHorn layer is nil at a low C. Howevcr, 

at the higher suspended particle concentratJOns, the addltlonal effect 10 rcduclllg 1\' 

due to particles being arrested at the bottom layer is very significant. The5e results 

demonstrate that clogging at the cake bottom due to the filter medium can be very 

detrimenta.l to tbe filtration rale. Witb tbe bigher superficial velocity bcing uscd in 

the model, one observes that the cake bottom and filter medium can become c10gged 
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very rapidly if there is a high concentration of suspended particles. In the very early 

stages of filtration, the filtration velocity is high and therefore many of the suspended 

fine particles will be transported to the cake bottom-filter medium interface. In the 

initial stages, many pores at the cake hottom are free and therefore the rate of clogging 

is high. The permeability decreases rapidly. There appears to he a critical numher of 

clogged pores that causes the permeability to decrease sharply and then once severe 

c10gging has occurred the permeability levels off. 

In Figure 7.6, q. = 500/ L Jlm/sec and r~ = 0.05 Jlm. Again, as in the previous 

graphs, the permeability of the network decreases with C~. There is no additional 

redudion in J( due to clogging of the bottom cake layer wh en Ca = 80. The additional 

effect in reducing J( due to particles being arrested in the bottom layer increases with 

C" The drop off in K due to clogging of the cake bottom is not as dramatic as in 

Figure 7.5 and the permeabilities for the cases where particles are free to pass through 

the cake bottom are higher than in Figure 7.4. The radii of the fines are larger than 

for the results presented in the previous two graphs, tberefore more of the fines will he 

migrating through the pores rather than depositing on the pore surfaces for a given 

flow velocity. However, the drop off in K due to the fines being arrested at the cak\~ 

bottom is not as dramatic as in Figure 7.5. With the lower velocity more particles are 

deposited in the upper layers of the network and less are transported to the bot tom 

layer. 

In Figure 7.7, q. = 10 x 103/L Jlm/sec and the radii of the suspended partlcles 

are 0.05 pm. These results also show that a higher velocity causes a rapid and 

dramatic drop off in K due to particles being arrested al the cake bottom. For the 

cases where the fines were not arrested at the cake bottom. the drop off in 1< was less 

than in the previous graphs due to the larger radii of the fines (0.05 pm) and higher 
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Figure 7.8: Permeability versus number of layers in network, C, = 80 and 10000. 

velocity. 

Figures 7.8-7.13 illustrate the effects that q. and the radii of the fines have 00 the 

permeability. In Figures 7.8-7.10 fines are prevented from passiog through the bot tom 

layer whereas in Figures 7.11-1.13 fines are free to pass through the boUom layer. In 

summary, Figures 7.9 and 7.10 show that the greater velocity (ql = lOx 103 / L /lm/sec) 

and larger fines (0.05 p.m) cause the permeability to drop rapidly and dramatically 

due to clogging of the bottom layer. Figures 1.12 and 7.13 show that the smallcr 

velocity (ql = 500/ L J'rn/sec) and the smaller suspended particle radius (0.01 pm) 

causes clogging to occur more within tbe cake as it increases in thickness. Figure~ 7.8 

and 7.11 show that at a low suspended particle concentratIOn the deposition of fines 

on the pore walls has very Httle effect in reducing K. 

The effects that tbe different initial filtration velocities, q. &ud critical velocities, 

Uc have on the clogging of the network was analyzed. Figures 7.14 and 7.15 are 
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Figure 7.9: Permeability versus number of layers in network, C, = 800 and 100000. 
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Figure 7.10: Permeability versus number of layers in network, C. = 1600 and 
200000. 
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Figure 7.11: Permeability versus number of layers in network, C. = 80 and 10000. 
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Fjgure 7.12: Permeability versus number of layers in network, C, == 800 and 
100000. 

149 



l' 

( 

( 

1.4 

1.2 

1.0 
0 
~ 
" 0.8 
~ 

0.6 

0.4 

0.2 

0.0 0 

~~~....,. 

4 

FINES CAN PASS THROUGH 
BOnOM LAYER 

..... q,=50p/L JJ.m/s rs=O.05JJ.m '1==1600 
aeeoo q,= 1 0 IL ",mIs rs=O.05",m Cs= 1600 
lHteBEl q,=50p/L JJ.m/s rs=O.Olp.m Cs==200000 
b66tr6 q,=10 IL p.m/s rs=O.Olp.m Cs=200000 

8 12 16 20 24 28 
NUMBER OF LAYERS 

Figure 7.13: Permeability versus number of layers in network, (\ = 1600 ann 
200000. 

graphs of K/ /(Q versus number of layers. The fines had a radius of 0.05 ""m and 

C~ = 800. The fines were prevented from passing through the bottom layer. The 

critical velocity, uc , was set at 1.5 X 103 !Jm/sec, 15 x 103 !Jm/sec and 150 x 103 

!Jrn/sec for both Figure 7.14 and 7.15. In Figure 7.14 filtration velocitie; of 50/ L 

""rn/sec, 500/L ""rn/sec and 5000/L !Jm/sec were used. In Figure 7.15 velocities 20 

times greater than in Figure 7.14 were used. For both graphs, U c had very little effect 

on the permeability results. However, in Figure 7.14 there is a sharp drop off in I< 

for q. = 5 x 103/L p.m/sec and in Figure 7.15 the sharp drop off in j{ occurs for 

q. = 10 X 103
/ L #lm/sec and 100 x 103

/ L !Jm/sec. These results show that at high 

values of q. many of the suspended particles can percolate right through the cake and 

therefore clog the bottom layer. 

ln Figures 7.16 and 7.17, the fines had a radius of 0.01 /Jm and C, = 100000. 

The velocities in Figure 7.17 were 20 times greater than in Figure 7.16. In Figure 7.16 
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Figure 7.14: Permeability versus number of layers in network, r, :::: 0.05 pm and 
C, = 800. 
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Figure 7.15: Permeability versus number of layers in network, r. = 0.05 pm and 
C, = 800. 
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Figure 7.16: Permeability versus number of layers in network, r, = 0.01 #lm and 
C, = 100000. 
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Figure 7.17: Permeability versus number of Jayers in network, r, = 0.01 l'm, C. = 
100000. 
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FIgure 7.18: Permeability versus number of layers in network, Ta = 0.05 J1.m and 
Ca = 1600. 

there was no drarnatic decrease in K. However, in Figure 7.17, at the highest filtration 

velocity (q, = 100 x 103 /L Jlm/sec) there was a sharp decrease in f(. Comparing 

Figures 7.16 and 7.17 with Figures 7.14 and 7.15 one can observe that the reduction 

in f( was more severe due to the coarser suspended fines (0.05 J.lm). Thcsc coarscr 

fines adhere less to the tube walls and therefore more percolate to the cake bottom 

and clog the bottom layer. The filtration conditions in Figures 7.18-7.21 are similar 

to the condjtions used in Figures 7.14-7.17 aside from using higher suspended particle 

concentrations, C,. The concentrations were fixed at 1600 and ~OOOOO for fines with 

radii of 0.05 Jlm and 0.01 Jlm, respectively. With these higher C6 values thcre is a 

more rapid and greater drop off in J(. 

The situation where the suspended particles are free to filter out of the cake 

bottom was ruso analyzed for different values of Ue and ql' Figure 7.22 confirms that 

K dp.creases with decrease in q •. As q. decreases more particles deposit on the tube 
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Figure 7.19: Permeability versus number of layers in network, f, == 0.05 JLffi, C, = 
1600. 
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Figure 7.20: Permeability versus number of layers in network, r, = 0.01 J.lm and 
C, = 200000. 
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Figure 7.21: Perrneabilit.y versus number of layers in network, r, :::: 0.01 ILm, C, = 
200000. 
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Figure 7.22: Permeability versus nurnber of layers in network, r, = 0.0l l'm and 
C, = 200000. 
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walls and clog the network. It is interesting to note that at a high q, (50001 L I1m/sec), 

the permeability results are affected by UC' After 21 layers, there was a sharp decrease 

in J( for the two curves with U c = 15000 I1m/sec and 150000 J1.m/sec but not for the 

curve with Uc = 1500 I1m/sec. With a low U c and high q, sorne of the particles are 

preventsd from depositing on the pore walls. 

The permeability results illustrate that the networks can be severely clogged due 

to particles depositing on the tube walls and reducing the tube radii. The reduction 

in tube volume during c10gging was analyzed. As each layer of tubes is added to 

the network and before particle deposition occurs, the tube volume of this additional 

layer, Vop is calculated. Then, after particle deposition occurs, the tube volume for 

each layer, Vc, 10 the network is recalculated. The ratIo of the unclogged tube volume, 

Vcl to Vap was calculated as the network increased in length. 

Figures 7.23-7.27 are graphs of VcllVop versus number of layers. Six curves are 

shown OIl each graph. The results are plotted for a network consisting of 5, 10, 15, 20, 

25 and 30 layers. The suspended particles had a radius of 0.01 J1.m and C, = 200000. 

In Figures 7.23 and 7.24, q, = 5001 Land 10 x 103
/ L J1.m/sec, respectively. For 

both Figures the particles were prevented from passing through the bottom layer. In 

Figure 7.23, VcdVol is fairly constant with the top most layer having a slightly higher 

VctlV(lP value (i.e., less clogging). With q, = 5001 L J1.m/sec most of the particles 

deposit in the upper layers of the network. In Figure 7.24 however, the tube \'olume 

reduction i5 significantly higher in the first (i.e., bottom) layer. With this higher 

velocity (q, == 10 x 1031L J1.m/sec), during the build-up of the first 5 and cven]O 

layers a significant volume of the fine particles percolates through the network and 

deposits in the bottom layer causing a dramatic drop in K. After the first 10 layers 

have been formed an insignificant amount of particles percolate to the bottom layer. 
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Figure 7.23: Graph shows fraction of original tube volume of layer available for 
flow after particle deposi tion has occurred (q. = 500; L /llll; sec, 
U c = 15 X 103 J1.m/sec, r. = 0.01 J1.m and C, =. 200000). 
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Figure 7.24: Graph shows fraction of original tube volume of layer available for 
fiow after parti de deposition has occurred (q. = 10 x 103

/ L /-lm/sec, 
Uc: = 15 X 103 J1.m/sec, r, = 0.01 J1.m and C. = 200000). 
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Figure 7.26: Graph shows fraction of original tube volume of layer available for 
flow after particle deposition has occurred (q. = 10 X 103

/ L p.m/sec, 
Uc = 15 X 103 l'rn/sec, r, = 0.01 pm and C, = 200000). 
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FIgure 7.27: Graph shows fraction of original tube volume of layer avadable for 
flow after particle deposition has occurred (q. = 5 X 103 / L JLm/sec, 
Uc = 150 X 103 /lm/sec, r, = 0.01 /lm and C, = 200000). 

In Figures 7.25-7.27 the particles that percolate to the boUom layer are frc(' 

to filter out with the filtrate. In Figure 7.25 where q. = 500/ L p.m/sec, again the 

curves are fairly constant due to most of the particles depositing in the upper nctwork 

layers. In Figure 7.26 where q. = 10 X 103 J-lm/sec, VcdVap decreascs III the bottom 

layers (i.e., first couple of layers) as the network increases in its number of laycrs. 

Particles are depositing in the entire network length and sorne are bcmg transportcd 

right through the network and filtering out with the filtrate. 

In Figure 7.22 where r, = 0.01 J-lm, C, = 200000 and the particles can pass 

through the bot tom layer the decrease in K is more gra.dua! at the highcr filtration 

velocity (q. = 5 x 103/L J-lm/sec). The graph of Vd/Vop versus number of layers for 

this case is shown in Figure 7.27. The results show that the Vcl/Vop values decrease 

for the curves with network lengths of 5, 10 and 15 layers. The high velocities were 

initially filtering sorne of the particles out of the network and depositing the rest 
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throughout the network. 

Figures 7.23-7.27 show that the VcI/Vop values are near 0.9, however in the ear­

lier graphs it was shown that sometimes the permeability can drop by more than a 

factor of 100 due to clogging. Therefore, these VcdVop results illustrate that only a 

small reduction in pore volume is required to cause severe clogging. 

7.5 RESULTS FOR CLOGGING DUE TO PORES 
TRAPPING PARTICLES 

Network permeabilities were calculated for networks that clogged as a result of 

tubes trapping particles larger than the tube openings. Three volume concentrations 

of suspended particles, Cv = 0.005, 0.01 and 0.05 were studied. The volume con-

centration, Cv is defined as the volume of flowing particles in a layer per total pore 

volume of the layer. 

Figures 7.28-7.30 are graphs of K/Ko versus the number of layers in the net­

works. The tube radii of the networks were filled with log-normal distributions with 

~ = 0.6 and a median of 1 l'm. In Figures 7.28, 7.29 and 7.30 tubes with radii smaller 

than r .. = 0.4 l'm, 0.6 J.lm and 0.8 /lm could be clogged, respectively. The suspended 

particles that make their way to the cake bottom were free to filter out with the fluid. 

The results show that for a small r, (= 0.4 /lm) the clogging of these small pipes have 

very little effect in reducing K. As expected, for a larger r, (= 0.8 l'm) clogging can 

significantly reduce K. The larger r, the greater the effect Cv has on decreasing f(. 

In Figures 7.31-7.33 the bottom layer arrests the particles that migrate to the 

bottom of the network. AlI other conditions are similar to the ones in Figures 7.28-

7.30, respectively. The drop in K is most severe for tbe case where r, = 0.4 pm. 
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With decrease in ra, more particles wiII percolate to the bottom layer and severely 

c10g it. In the initial stages there are still many open pores in the bottom layer and 

the rate of clogging is high. The reduction in permeability is rapid and drastic. Once 

the bottom layer is severely clogged, the permeability levels off with increase in the 

number of layers. The extremely low permeability of the bottom layer controIs the 

permeability of the network. 

With a higher r 3 (= 0.8 l'ID) more of the particles are retained throughout the 

network rather than percolating to the bot tom layer. At a high Cv (= 0.05) severe 

c10gging of the bot tom layer still occurs, but at lower concentrations the reduction 

in permeability is more graduai due to progressive clogging throughout the network 

length. At a higher Cv (= 0.05) the severe clogging of the bottom layer occurs but at 

lower concentrations the reduction in permeability is more graduaI due to progressive 

c10gging throughout the network length. 

In Figures 7.34 and 7.35, the standard deviation of the ln (tube radius), ç = 

0.4 and 0.8, respectively. Tube radii sm aller than 0.6 J.Lm could be clogged. The 

suspended particles were free to pass through the bottom layer. In Figure 7.34 very 

little clogging occurred due to the narrow tube size distribution. Therefore, most of 

the suspended particles percolated right through the network. In Figure 7.35, more 

c10gging occurred due to the wide tube size distribution. With increase in e the modal 

tube size decreases and therefore the suspended particles block more tubes. 

In Figures 7.36 and '1.37 the suspended particles were prevented from passing 

through the bottom layer. AIl other conditions were similar to the ones in Figures 7.34 

and 7.35, respectively. In Figure 7.36, the decrease in K is only severe at the concen­

tration, Cv = 0.05. However, in Figure 7.37 where tbe network has a wide tube size 

distribution the clogging is rapid and severe for all suspended particle concentrations. 
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In general, the higher flow ~ates are in the larger tubes and the lower flow rates 

are in the smaller tubes. Therefore, with a wide tube size distribution the larger 

tubes transport larger volumes of suspended particles 'han the smaller tubes. Eveil 

though suspended particles block the smaller tubes the tugh ftow rates in the larger 

tubes transport many of the suspended particles to the bottom layer resulting in 

severe clogging of the bottom layer. With a narrow tube size distribution the flow 

distribution is also narrow. As a result, the c10gging of the boltom layer is slowcr 

with a narrow distribution than compared to a. wide distribution Figure 7.38 IS a 

graph of the fraction of clogged tubes in the bottom layer versus the total numbcr 

of layers in the network. The curves show that for ~ = 0.4, the tube cloggmg ill the 

bottom layer is much slower and far less severe compared to the resu!ts for é == 0.8. 

In both cases where (1) the suspended particles can pass through the boltom 

layer and (2) the suspended particles are prevented from passing through the bot tom 
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Figure 7.39: Fraction of originaJ tube volume of a layer available for flow after 
particle deposition (r. = 0.6 pm. Ct! == 0.01 and e = 0.4). 

layer the permeability reduction due to tube clogging increases with the standard de-

viation of the tube size. The reduction in tube volume during clogging was analyzed. 

Figures 7.39-7.44 are graphs of YcdVop versus number of layers where Vc, is the tube 

volume of a layer during clogging and VOl' is the tube volume of a layer before clog-

ging occurs. The results are plotted for a network consisting of 5, 10, 15, 20,25 and 

30 layers. In Figures 7.39-7041 the suspended particles are Cree to pass through the 

bottom layer. The volume concentration, Ct! = 0.01 and r, = 0.6 JLID. The tube size 

standard deviation, e = 0.4, 0.6 and 0.8 for Figures 7.39, 7.40 and 7.41, respectively. 

For aU three figures, VcdVop is nearly constant with increase in network size and is 

close to 1.0. In Figures 7.42-7044 the conditions are the same as for Figures 7.39-7.41 

except that the suspended particles are prevented from passing througb the boltOID 

layer. The results for the three figures are very similar. The tube volume of the 

bottom layer decreases with increase in the network length. The tube volume of the 
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Figure 7.43: Fraction of original tube volume of a layer available for flow after 
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Figure 7.44: Fraction of original tube volume of a layer available for fiow after 
particle deposition (r. = 0.6 p.m, Cv = 0.01 and e = 0.8). 

layers above the bot tom layer are quite constant and are close to 1.0. Though the 

tube volume results are very similar for different tube size standard deviations the 

permeability resuIts are ve!:y different. These fin~ings can be explained by analyzing 

the number of tubes that are clogged with change in e. 
After each layer of tubes is added to the network, the number of tubes that are 

blocked due to trapping of suspended particles is rt:-:orded. The ratio of the number of 

blocked tubes in the layer, Nb to the number of tubes in the layer, Ntot was calculated 

as the network increased in length. 

Figures 7.45-7.50 are graphs of Nb/N,oc versus number of layers where Cv = 0.01 

and r. = 0.6 p.m. Again, the results are plotted for a network consisting of 5, 10, 

15, 20, 25 and 30 layers. In Figures 7.45-7.47 the tube size standard deviation, ~ 

is equal to 0.4, 0.6 and 0.8, respectively. The suspended particles were free to pass 

through the boUom layer. These three figures show that the rate of pore blocking 
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Figure 7.47: Graph of fraction of clogged tubes per layer for networks consisting 
of different numbers of totallayers (r .. = 0.6 J-lm, Cv = 0.01, ç =0.8). 

increases with ç. In Figure 7045 where ~ = DA, Nb increases from the top layer to the 

bot tom layer (Le., layer 1) and more tubes are progressively blocked with increase in 

the network length. In Figure 7047 on the other hand, where the network has a wide 

tube size distribution (ç = 0.8) the results are more dispersed. The six curves in this 

figure are very similar except for the first few top layers of each curve. These results 

show that dogging of the tubes sm aller than r. = 0.6 p.m occurs rapidly and is far 

less graduai as compared to Figure 7.45. With increase in e, clogging had little effect 

in reducing the tube volume. However, Nb increased suhstantially accounting for the 

decrease in permeability with increase in e. The conditions in Figures 7.48-7.50 are 

the same as in Figures 7.45-7.47, respectively, except that the suspended particles are 

prevented from passing through the bot tom layer. The curves in Figures 7.48-7.50 are 

similar to the ones in Figures 7.45-7.47, respectively. However, the bottom layer (i.e., 

layer 1) in each curve has a greater number of clogged tubes. Referring back to the 
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Figure 7.50: Graph of fraction of clogged tubes per layer for networks consisting 
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perrneability results it was shown that for the conditions where Cil = 0.01, r, = 0.6pm 

and where the fine particles were prevented from passing through the bottom layer 

for ~ = 0.4 (see Figure 7.36) the decrease in K was very graduaI and only dropped 

to HI Ko = 0.74 for a network consisting of 30 layers. For ~ = 0.6 (see Figure 7.32) 

there was a sharp decrease in ]( between networks with 14 and 18 layers followed 

by a levelling off at approximately KI/(o = 0.01. For e = 0.8 (see Figure 7.37), J( 

decreased rapidly down to HI](o = 0.002 for the first 4 layers. It appears that there 

is sorne critical Nbl N tot value that causes a drastic drop in permeability. This critical 

phenomena can be explained by percolation theory. 

7.5.1 PERCOLATION THEORY 

Percolation theory deals with the effeds of varying, in a random system, the 

richness of interconnections present. An important aspect of the percolation model 
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Table 7.1: Applications of percolation theory (after Rer. 100). 

PHENOMENON TRANSITION 
Flow of liquid in a porous medium Localfcxtended wetting 
Spread of disease in a population Con tainment f epidemic 
Communication or resistor networks Disconnccted 1 connected 
Conductor-insulator composite materials Insulator j metal 
Composite superconciuctor-metal materials Normal.supcrconducting 
Discontinuous metal films Insulator j metal 
Stochastic star formation in spiral galaxies Nonpropagationjpropagation 
Quarks in nuclear matter Confinemen t j nonconfi nernent 
Thin helium films on surfaces NormaljsuperflUld 
Metal-atom dispersions in insulators Insulator j metal 
Dilute magnets Parajferromagnetic 
Pol ymer gelation, vulcanization Liquidjgel 
The glass transition Liquidjglass 

is the presence of a sharp phase transition at which long-range connectivity suddenly 

disappears. This percolation transition, which occurs with decreasing conncctednes~ 

makeb percolation a natural model for describing a diversity of phenorncna. lOO Ta-

ble 7.1 lists sorne physical situations to which percolation ideas have been applieJ. 

As an example of a percolation pro cess consider the electrical network experi-

ment illustrated in Figure 7.51. The electrical ndwork is represented by a very large 

square-lattice network of unit conductors (bonds). The bonds are then randomly cut 

until there is no e1ectrical conduction between the two bounding electrodes. There ex-

ists a sharp transition at which the long-range connectivity of the system dlsappears. 

This basic transition, which occurs abruptly as the composition of the system is var· 

ied constitute') the percolation threshold. In this example the percolation threshold 

corresponds to the disappearance of the electrical conduction between the two bound-

ing electrodes. Starting with all conducting bonds present in the network and then 

rlUldomly cutting bonds, the current, Je drops as more and more bonds are eut as 

indicated by the curve in the lower part of Figure 7.51. Denoting the fraction of un-
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cut bonds remaining as bu, Ic{ bu) continues to decrease as bu decreases until a critical 

bond concentration, denoted as be, is reached at which point the current Je vanishes. 

For bu < be, there exists no connected path of conducting bonds that traverse the 

network from one electrode to the other. A well-defined bu at which, with d('creasing 

bu, the electrical network becomes an open circuit requires a very larg(' nctwork. The 

distance L between the electrodes must greatly exceoo the bond length h: (L / h) ~ 1. 

For a fini te system, repeated experiments will yield a spread of observed thresholds 

which bracket be• It is known that be = 0.5 is the value of the percolatIOn threshold 

for bond percolation on a square lattice. The percolation threshold is knowli exactly 

for a few other two-dimensionallattice arrangements, but not for any lattlees in three 

(or higher) dimensions. 

There is a variation in be from one lattice arrangement to another due to the. 

sensitivity of be to the local structure. The more highly connected a latticc or in other 

words, the higher the coordination nûmber the lower is the concentration of unblocked 

bonds needed to sustain long-range connectivity. Lattices in higher dimensions are 

more highly connected than those in lower dimensions and therefore the trend is to 

decreasing be with increasing dimensionality. 

The above ex ample is termed bond percolation. A network is composed of sites 

(intersections between bonds) and bonds (connections between sites). There are two 

basic types of percolation processes on networks: bond percolation and site percola­

tion. In bond percolation, each bond is either connected (which occurs with proba­

bility p) or disconnected (which occurs with probability (l-p)). In site percolation, 

each bond is considered to be connected and it is the sites that carry the random­

connectivity character of the structure. Each site is either connected (unblocked) or 

disconnected (blocked), with probabilities p and I-p, respectively. 
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Table 7.2: Bottom layer values of Nb / Ntot for networks of criticallengths, Le. 
ç r 3 Le Cv Nb/Ntot 

0.4 0.6 10 0.05 0558 
0.6 0.4 4 0.05 0.393 

0.6 19 0.01 0.464 
4 0.05 0.487 

0.8 4 0.05 0.517 
0.8 0.6 6 0.005 0.442 

4 0.01 0.510 
2 0.05 0.586 

In 1957 the mathematician J. M. Hammersley provided the original motivation 

for the use of the term percolation for the connectivity threshold by considering the 

passage of a fluid through a. network of channels, with sorne channels being randomly 

blocked (disconnected). 

In essence, our random tube network model describing clogging due to sus-

pended particles blocking tube openings is a bond-percolation process. The perme-

ability results showed that there is sorne critical ratio of the number of tubes blocked 

in the layer to the total number of tubes in the layer, Nb/ N tOh that causes a drastic 

drop in permeability. Table 7.2 lists bottom layer values of Nb/ Ntot for different val-

ues of ç, Cv and r,. The N b/ N tot values were calculated for a critical network length, 

Le· The critical network length, Le is defined as the number of layers at which point 

there is a sharp drop in K. The Nb/ Ntot values are near 0.5 as is predicted by per-

colation theory for a square lattice network. As stated earlier, bc = 0.5 in the limit 

(L/lb) - 00. Since a unit layer in the network only bas six rows of tubes there was a 

spread of Nb/ N tot values that bracket 0.5. The bot tom layer was the only layer that 

was critically hlocked whereas the upper layers \\ .:re much less clogged. However, the 

critical clogging of the bottom layer controlled the permeability of the network due 

to its severe drop in K. 
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FIgure 7.52: Permeability versus percent of randomly blocked tubes (network sizc 
= 49 rows and 49 tubes per row). 

To further illustrate this percolation phenomena, networks consisting of 49 rows 

and 49 tubes per row were filled with log-normal tube size distributions with ç = 0.4, 

0.6 and 0.8 Tube radii were blocked randomly. The radii of the blocked tubes wcre 

reduced to 0.05 Jlm, a negligibly small but fini te size to slmplify network computa-

tions. Figure 7.52 is a graph of KI Ka versus percent of blocked tubes in the nctwork. 

These results show that the percolation threshold is at approximately 0.5 as predicted 

by theory. 

7.6 PORE SIZE REDUCTION AND PORE BLOCKING 

Network permeabilities were calculated for networks clogging duc to the corn-

bined effect of: (1) tubes trapping particles larger than the tube openings and (2) 
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Figure 7.53: Permeability versus number of layers in network. Curve - (1) Ct} = 
0.005, T, = 0.6 l'm. Curve - (2) C. = 100000, r. = 0.01 p.m and 
q\ = 500/ L p./sec. 

fines depositing on the tube walls. The tube radii of the networks were filled with 

log-normal distributions with e = 0.6 and a median of 1 l'm. The suspended particles 

were prevented from passing through the bot tom layer. The computer program is 

listed in A ppendix D. 

Figures 7.53-7.56 are graphs of K/Ko versus number of layers in the network. 

Tubes smaller than 0.6 p.m could be blocked and 0.01 p.m fines could deposit on 

the tube walls. The fine suspended particle concentration, C. = 100000. The critical 

velocity, u" for the fine suspended particles was set at 15 x 103 p.m/sec. In Figures 7.53 

and 7.54, Ct} = 0.005 and q\ = 500/ L p.m/sec and 10 x 103 p.m/sec, respectively. The 

length of the network, L, is given in l'm. In Figures 7.55 and 7.56, Ct} = 0.01 and 

q, = 500/Lp.m/sec and 10 x 103 pm/sec, respect i vely. In Figures 7.54 and 7.56, 

tube size reduction due to particle deposition was greater than in Figures 7.53 and 
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7.55, respectively. In Figure 7.54 the added effect of tube size reduction due to tube 

blocking caused a sharp drop off in K to occur at the critical network layer nurnber, 

Le = 28, whereas for the pore blocking and pore reduction curves there was no sharp 

drop off in K. In Figure 7.56, Le = 18 for the tube hlocking curve. The added effect of 

tube size reduction due to tube blocking however caused Le to decrease to 15. These 

results again illustrate that there is a critical number of blocked pores that cause a 

sharp drop in K. 

183 



....... 

Chapter 8 

SUMMARY AND CONCLUSIONS 

1t is essential to acqUlrc a bettcr understanding of the filtration mechanics 

involved in filtration pro cesses so that the advanced ceramic industry can reliably 

reprod uce high strength products with complex shapes. In particular, the industry IS 

cOI1cerned with forming a green body with maximum particle packing and uniformity 

f'O that minimum shrinkage and minimum porosity will result. durmg ~illterllJg élud 

densification. 

Slip casting and fillel pressl/Ig expenments were calrÎ('d out 1.0 ..,t.udy how t)J(' 

growth rate of thickness and the microstructure of the cake are affected by va.rious 

processing parameters. The properties of the ceramic suspensions gl catly affect tlw 

filtration process, therefore il was important to control the rheology of the suspell-

sions. A coarse (C-71FG), a fine (A-16SG) and a mixture of these coarse and firw 

alumina powders were used for the rheological study and filtratioll Cxpcl'llIIcnt::.. 

The ViSCOSlty measurements showed that for a glvcn ~olids lOddillg, the vi~c()sity 

of the slip decreases with increasmg concentratIOn of deflocculant. Aftel il. millll1lUm 

in viscosity is reached (i.e., maximum deflocculation), a levclling off, followcd by il 

graduaI increase in viscosity occurs. At maximum deflocculation, the A-16SG ~lipll 

were shear thinning and the C-71FG slips were shear thichenillg Thf' "lip" that 

containetl a 50/50 mixture of the A-16SG and C-71 FG powdel were lllllia.lly shcal 

thinning with an increase in the shear rate, reached a minimum ViSCollity, and thell 
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hegan to shear thicken slightly. Shear thinning is a characteristic of a flocculated 

slip whereas shear thickening can he attributed to the solids having a tight packing 

arrangement. 

Filtration experiments showed that slips containing a mixture of C-71FG and A-

16SG powder produced higher cake green densities at aIl solids loadings compared to 

the C-71FG or A-16SG slips. For the A-16SG slips the cake green densities decreased 

and the cake thickness growth rate increased with the solids loading of the slip due 

to increased flocculation. 

The microstructure of the plaster of Paris mold plays a vital role in the slip 

casting pro cess because it is the pore structure of the mold that provides the capillary 

suction pressure and therefore affects the growth rate of the cake. lt was shown 

that with increase in the plaster/water ratio the mold density and suction pressure 

increa1led but. the mold permeability decreased. A-16SG slips were cast using molds 

prepal'ed with different plasterjwater ratios. The cake thickness growth rate only 

mcreased very slightly with increase in plaster /water ratio. As the suction pressure 

increases with plasterjwater ratio, the fraction of preS5ure utilized to overcome flow 

resistance in the mold becomes more important at the higher plasterjwater ratios 

thereby negating the increase in pressure available for cake formation. 

As the cake thickness increases with casting time fine particles can be carried 

along with the filtrate and deposited within the cake and/or fllter medium thereby 

c10gging and reducing the permeabiIities of the porous media. SEM micrographs con-

fhm that fine particles can migrate to the cake bot tom and accumulate there. SEM 

micrographs also show that sorne of the fines can pass through the filter medium, 

depending upon the ratio of particle size to medium pore size. Surface area measure-

ments, likewise, showed that a higher concentration of fine particles can accumulate 
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at the cake bottom. Wh en cake and/or filter medium clogging occurs the permeabil­

ity of the system will vary with cake thickness and therefore the traditional filtration 

equations that assume a constant cake and filter medium permeability are not valid. 

A computer model consisting of a network of tubes with a random tube size 

distribution was developed to simulate the filtration pro cess and accounl for porous 

medium clogging. Fio\\' through the network was solved using the Hardy-Cross 

Method. The results of the model also emphasize that porous media with the same 

average pore size and porosity but with different pore size distributions can have very 

different permeabilities and therefore permeability can not be defined in tenns of an 

average pore size. 

The model consider~d clogging to occur by two means: (1) as a result of fine 

particles depositing on the pore walls and gradually reducing the pore radil and (2) 

by pores trapping particles larger than the pore openings. The mode! showed that 

the permeability of porous media can decrease gradually with increase In clogging 

but then at a criticaI ratio of the number of dogged pores in a layer, Nb to the 

total number of pores in the layer, Ntot a drastic drop in permeability OcCUI'S. This 

critical phenomena was explained by percolation theory. An important aspect of 

percolation theory is the presence of a sharp phase transition at which long-range 

connectivity suddenly disappears. In essence, the model that incorpora tes c10gging 

due to suspended particles blocking tube openings is a bond-percolation process 

The critical Nb / N!o! values calculated for the networks were near 0 .. 5 as predicted hy 

percolation theory for a square lattice network. 

The reduction in network tube volume during clogging was also analyzed. The 

ratio of the clogged tube volume, Vd to the unclogged tube volume, Vop for each 

network layer was calculated as the network increased in length. It was shown that 
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depending upon the tube size distribution, with Vcl/Vop values as high as 0.95 the 

permeability still decreased by more than a factor of 100 compared to an unclogged 

network. Filtration experiments and the network model results showed that cake 

permeability can vary as a function of cake thickness and from run to run due to 

minor changes in the local and overall cake microstructures. 
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STATEMENT OF ORIGINAI.lITY 

Filtration casting behaviour of ceramic suspensions is an arca still not fully 

und~rstood. The filtration experiments that were carried out to explore how particle 

siz,_s, particle size distributions and solids volume fractions of slips affect the growth 

rates and the green densities of the filter cakes have given further insight into the 

filtration forming processes. This is the first time that the plaster of Paris mold 

microstructure, density, permeability, suction pressure and the effects that aIl these 

mold properties have on the slip casting process were analyzed as a function of the 

pl aster / water ratio used to form the mold. 

Surface area rneasurements as weil as SEM analysis of longitudinal cross-sectIOns 

of filter paper and cakes were novel approaches used to find evidence of cake and 

filter medium clogging. A computer model consisting of a two-dimensional network 

of tubes with a random size distribution was developed to simulate the increase in 

cake thickness during the filtration process. The mode! analyzed the effeds that the 

tube size distribution, porosity and clogging had on the permeability of porous media. 

Clogging was modelled based upon two assumptions: (1) particles larger in size than 

a given pore size were trapped by the pore thus reducing ils area and/or (2) as a result 

of fine particles depositing on the pore walls and gradually reducing the pore radli. 

The Hardy-Cross Method was incorporated into the program to solve for the flows 

in the network tubes. The advantage of this approach compared to solving series of 

simultaneous equations is that large networks couJd easily be modelled. For example 

10000 tubes could be modelled using less than 640 kilobytes of RAM memory and 
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thus the large!' the network size the more representative the model is of flow through 

a filter cake. The results of the model show that an analogy can be made between 

porous media clogging and percolation theory. 
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C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

C 

C 

******************.*** •••• *** •• ****.****.***.****** ••• *.* 

* RAMDOM TUBE NETWORK MODEL * • * 
* PROGRAM CALCULATES THE PERMEABILITY OF THE NETWORK. * 

* * 
* PRO GRAM NAME = HARDYDEC. FOR * 
* **.*********************.*.**************************** 

EL = # OF ELEMENTS/ROW 
N .. TOTAL # OF LOOPS 

TEL = TOTAL # OF ELEMENTS 
ROWS - # OF news 

LOOPS - # OF LOOPS/ROW 
TOLQ .. ERROR TOLERANCE FOR Q 
TOLH - ERROR TOLERANCE FOR HEAD LOSS 

Q_INT = Q INFLOW 
IDUM .. SEED FOR RANDOM NUMBER GENERATOR 

PERMEAB = PERMEABIL!TY 

REAL R(20000), Q(20000),SUMH,SUMZ,QDELTA,QINT 
REAL LOSSAVE 
INTEGER RRUN,LOK,ROWS,LOOPS,EL,N,TEL,LO 
COMMON ICOUNT 

do 2000 icount = 1,2 
lf (icount .eq. 1) then 

rows-200 
100ps=24 

RESULTS ARE WRITTEN TO FILE = "RESULT_l" 
open (l,file- 'RESULT _1') 
write (1,*) 'file - RESULT_l' 
wri te ( 1 , *) 'program name - HARDYDEC. FOR' 
wri te (1,.) 'LOGNORMAL DISTRIBUTION' 
wri te (1, *) 'std=O. 6 median=l' 
wnte(1 ,*) 'Xo=1. 0 Ao-0.5 Co=3.0' 
write(1,*)'x=0.5*tan(pi*randx)+1.0' 

end if 
if (icount . eq. 2) then 

close (1, status= 'keep') 
rovs-200 
100ps=24 

open (2,file= 'RESULT_2') 
write (2,*) 'file-RESULT_2 same as RESULT_l except' 
write (2,*) 'LOGNORMAL STO -= 1.0 MEDIAN = 1.0' 

199 



1 
c 

c 

write (2,*) 'Xo=0.4 Ao=0.8 Co=2.0' 
endif 

RRUN=O 
LOK = 0 
QINT = 1 
EL = 2*LOOPS +1 
N= LOOPS*(ROWS-2) 
TEL = (ROWS-1)*EL 
TOLQ= 0.00001 
TOLH=10000 

write (icount,*)'rovs= ',rows,' loops= ',loops 
write (icount,.)'tolq = ',to1q, 1 tolh = ',tolh 

C THE NETWORK IS SOLVED 10 TIMES EACH TIME USING 
C A DIFFERENT SEED 

do 1900 11=1,10 
vrlte (*,*) 'run cycle' ,11,lcount 

rrun=O. 
idum=-100*1l 
iidum=idum 

C FUNCTION IIRLOGNOR" 15 USED TO ASSIGN Tl; ~E RADII WITH 
C A LOGNORMAL 5IZE DISTRIBUTION 

DO 100 I=l,TEL 
R(i)= RLOGNOR(IDUM) 

100 CONTINUE 
DO 200 I=l,EL 

Q(I)=QINT/EL 
200 CONTINUE 

DO 500 I=2.(ROWS-l) 
IF «MOD(I,2» .EQ. 0) THEN 

DO 300 J=«I-l)*EL+l),(I*EL-2),2 
JJ=J+1 
K=J-EL 

KK=K+1 
Q(J)=.S*(Q(K)+Q(KK» 
Q(JJ)=Q(J) 

300 CONTINUE 
J=i*EL 
K=J-EL 
Q(J)=Q(K) 

ELSE 
J=(I-l)*EL+1 
K=J-EL 
Q(J)=Q(K) 

DO 400 J-«I-l)*EL+2),«I)*EL),2 
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400 

500 
C 
C 

JJ=J+1 
K=J-EL 

KK=K+l 
Q(J)=.5*(Q(K)+Q(KK» 
Q(JJ)-Q(J) 

CONTINUE 
ENDIF 

CONT~NUE 

550 continue 
C START BALANCING 
C LOK = NUMBER OF LOOPS BALANCED 

LOK=O 
do 600 I=1,(EL-2),2 

J=1+1 
5UMH=(-1/(R(I)**3»*Q(I) 
5OMZ=1/ (R(l) **3) 
5UMH=SUMH+(1/(R(J)**3»*Q(J) 
SUMZ=SUMZ+l/(R(J) **3) 
QDELTA=SUMH/SUMZ 
Q(I)=Q(I)+QDELTA 
Q (J )=Q (J) -QDELTA 

IF «ABS(QDELTA).lt.TOLQ).AND.(ABS(SUMH).lt.TOLH» THEN 
LOK=LOK+l 

ENDIF 
600 CONTINUE 

if (rovs .gt. 3) then 
1=2 
do7001o=1.n 

J=l+el 
sumh=(-1/(r(i)**3»*q(i)+(-1/(r(j)**3»*q(J) 
sumz=1/(r(i)**3)+1/(r(j)**3) 
k=i+l 
jj-j+l 
sumh=sumh+(1/(r(k)**3»*q(k)+(1/(r(jj)**3)*q(jJ) 
sumz=sumz+l/(r(k)**3)+1/(r(jj)**3) 
qde1ta=sumh/sumz 
q(i)=q(i)+qdelta 
q(j)=q(j)+qdelta 
q (j j )=q (jj )-qdel ta 
q(k)=q(k)-qdelta 

if «abs (qdelta) .1 t . tolq) . and. (abs(sumh) .1 t. tolh) )then 
lok=1ok+l 

endif 
if «mod(lo ,loops) .eq. 0) . and . (mod( (lo/loops) ,2). eq. 0) )then 
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700 

800 

900 

1000 

else 

endif 
contlnue 

end if 

i=i+2 

lf (mod(rows,2) .eq. 0) then 
do 800 i=(tel-el+2), (tel-l),2 

j=i+l 
sumh= (-l/(r (1)**3» *q (i) 
sumz=l/(r(i) **3) 
sumh=sumh+( II (r(]) **3» *q (J) 
sumz=sumz+l/ (r(j) **3) 
qdel ta=sumh/ SUDIZ 

q(i)-q(i)+qdelta 
q(J)=q (j )-qdelta 

lf «abs(qdelta) .lt. tolq) . and. (abs(sumh) .lt .tolh» then 
lok=lok+l 

endlf 
contlnue 

endlf 
lf (mod(rows, 2) .gt. 0 ) th(·n 

do 900 i=(tel-el+l), (tel-2), 2 
j=i+l 
sumh=( -1/ (r(i) **3» *q(i) 
sumz=l/ (r(l)**3) 
sumh=sumh+(11 (r(j) **3) )*q (j) 
sumz=1/ (r(j)**3) 
qdelta=sumh/sumz 
q(i)=q (l)+qdel ta 
q(J)=q(j )-qdel ta 

lf «abs (qdel ta) .1 t . t olq) . and. (abs (surnh) .1 t . tolh» then 
lok=lok+l 

endif 
continue 

endif 
rrun =rrun+1 
if «lok .lt. (n+2*loops».and.(rrun .lt. 3000» then 

go to 550 
el se 

write (lcount,*) 'it took ',rrun,1 lterations' 
headloss=O. 

do 1100 j=l,el 
do 1000 i=j,tel,el 

headloss=headloss+(1/ (r(i)**3) )*q(i) 
continue 
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1100 continue 
lossave=headloss*el/ (rows-l) / el 
permeab-1. / (lossave) 

write (icount,*) 'seed ',iidum,' k ',permeab 
endif 

1900 contlnue 
2000 continue 

end 
c 
c LOGNORMAL RANDOH NUMBFR GENERATOR 

function rlognor (ldum) 
real median 
cOlDDlon icount 

if (icount .eq. 1) then 
std=0.6 
xo-1.0 
ao-O.S 
co-3.0 
median=l.O 

endif 
if (icount .eq. 2) then 

stdz 1. 0 
xo-0.4 
&0=0.8 
co=2.0 
median-l.o 

endif 
10 randpran1 (idum) 

c 

if( (rand! .ge. .494). and. (randx.le .. 54) )then 
go to 10 

endif 
xxz ao*tan(3. 141S9265*randx) +xo 
yyz ranl (idum) *co 
yy.yy / (1 +( (xx-xo) **2)/(ao*ao» 
if (xx .le. O. 0) then 

go to 10 
endif 

px -(1.0/ (sqrt (2*3 . 141S9265)*std*xx) ) 
px ·px*exp( (-.S* (log(xx)-log(median) )**2)/(std**2» 

if (px .ge. yy) then 
rlognor = xx 

else 
go to 10 

endif 
return 
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c 

11 

end 

function ranlCldum) 
dimension s (97) 
1nteger ma,ial,icl,m2,ia2,lc2,m3,ia3,lc3 
ml=259200 

ial=7141 
ic1=54773 

III 2= 134456 
ia2=8121 
lc2=28411 
m3=243000 

la3-4561 
ic3=51349 
data lff 101 
lf (idum .lt. 0 .or. iff .eq. 0) then 

iff=1 
ixl=mod(ic1-idum,ml) 
ixl=mod(ia1*lxl +1cl,ml) 
ix2=mod(ixl.m2) 
lx1-mod(Ia1*lxl+icl,ml) 
lx3=mod(ixl.m3) 
do 11 J=l,97 

lxl=mod(ial*ix1+1cl,ml) 
ix2=mod(la2*ix2+ic2.m2) 
s(j)-(float(1xl)+float(lx2)/m2)/ml 

continue 
idum .. 1 

endif 
ix1=mod(ial*ixl+icl,ml) 
ix2=mod(ia2*ix2+ic2.m2) 
ix3=mod(ia3*lx3+ic3,m3) 
J=1+(97*lx3)/m3 
if (j .gt. 97 .or. J .lt. 1) then 

wrlte(.,*) 'error' 
endif 
ranl=s(j) 
s(j)=(float(ixl)+float(ix2)/m2)/ml 
return 
end 
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COMPUTER PROGRAM FOR RANDOM 
TUBE NETWORK MODEL Wl'rH A FIXED 

NETWORK TUBE VOLUME 
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1 
c 
c **************************************************** * 
c 
C 
C 
C 

* RANDOM TUBE NETWORK MODEL WITH A FIXED NETWORK 
* TUBE VOLUME (l.e. CONSTANT POROSITY) 
* 
* PROGRAM BLOCKS OFF TUBES 50 FLOW CAN NOT PASS 

* 
* 
* 
* 

C * THROUGH THEM. EITHER 4. 8 DR 16 TUBES THAT * 
C * MEET AT A NODE ARE BLOCKED OFF UNTIL THE VOLUME * 
C * OF UNBLOCKED TUBES EQUALS THE DESIRED FIXED * 
C * VOLUME. THE TUBE BLOCKING SCHEME CHOSEN DEPENDS * 
C * UPON THE REDUCTION :N TUBE VOLUME REQUIRED. THE * 
C * PERMEABILITY OF THE NETWORK IS THEN CALCULATED. * 
c 
C 

* * PROGRAM NAME = VOLUME.FOR 
* 
* 

c ****************************************************** 
c 
C EL = # OF ELEMENTS/ROW 
C N = TOTAL # OF LoOPS 
C TEL = TOTAL # OF ELEMENTS 
C ROWS = # OF ROWS 
C LOOPS = # OF LOOPS/ROW 
C TOLQ = ERROR TOLERANCE FOR Q 
C TOLH = ERROR TOLERANCE FOR HEAD LOSS 
C QIN! = Q INFLOW 
C 1DUM = SEED FOR RANDOM NUMBER GENEkATOR 
C PERMEAB = PERMEABILITY 
C 
C 

C 

C 

REAL R(26200), Q(26200),SUMH,SUMZ,QDELTA,QINT 
REAL LOSSA VE 
INTEGER RRUN,LOK,ROWS,LOOPS,EL,N,TEL,lo 
COMMON ICOUNT 

do 2000 lcount = 1,3 
write(*,*)'icount = ',icount 
if (lcount .eq. 1) then 

rows=200 
loops=24 

RESUL TS ARE WRITTEN TO FILE = "VOLUME_lOI 
open (l.hle= 'VOLUME_l') 
wrlte (1,*) 'file = VoLUME_1 
write (1,*) 'program name = VOLUME. FOR' 
wrlte (1,*) 'PIPES REDUCED 4,8 AND 16 AT ONCE' 
wrlte (l,*)'LOGNoRMAL distrlbution' 
WRlTE (1,*) 'VOL RED. = l*(ROWS-l)*EL' 
write (l,*)'std=O.6 median=O.8353 no mlnimum R 1 
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c 

c 
C 
C 

c 
C 

vrlte (1,*) 'Xo=0.46 Ao=0.5 Co=3.0' 
vrlte (1,*) 'x=0.5*tan(pi*randx) + 0.460' 

endif 
if (icount .eq. 2) then 

close (1, status= ' keep') 
rovs=200 
loop~=24 

open (2, f île= ' VOLUME_2 ' ) 
vnte (2,*) 'file = VOLUME_2 sarne as VOLUME_1 except' 
vrite (2,*)'lognormal std=0.8 Xo=l. Ao=1.3 Co=1.' 
vrite (2,*)'median=1.896480879 peak=1.0 1 

vrite (2,*)'lf r>2*median another l.S chosen 
endif 
if (icount . eq. 3) then 

close (2,status='keep') 
rovs=200 
loops=24 

open (3,file= 'VOLUME_3') 
vrite (3,*) 'fîle=VOLUME_3 same as VOLUME_l except' 
vnte(3,*)'lognormal std=1.0 Xo=1.0 Ao=1.3 Co=1.' 
vnte(3,*) 'median=2. 718281828 peak=1.0' 
vrite(3,*)' if r>2*median another is chosen' 

endlf 

RRUN=O 
LOK = 0 
qlnt = 1 
EL = 2*LOOPS +1 
N= LOOPS*(ROWS-2) 
TEL = (ROWS-1) *EL 
TOLQ= 0.00001 
TOLH=10000 
IXX=16 

vrite (icount,.) 'rows= ' ,rolls, 1 loops= ',loops 
vrlte (icount,.)Jtolq = ',tolq. 1 tolh = , ,tolh 

THE NETWORK IS SOLVED 10 TMES EACH TIME USING 
A DIFFERENT SEED 

do 1900 11=1,10 
vrite (. ,*) Jrun cycle' ,ll,icount 

rrun=O. 
Idum=-100*1l 
iidum=idum 
volume=O.O 

FUNCTION "RLOGNDR" IS USED TO ASSIGN TUBE RADII 
WITH A LDGNORMAL DISTRIBUTION 
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100 
c 
C 

DO 100 1=1 ,TEL 
R(i)= RLOGNOR(IDUM) 

CONTINUE 

C CALCULATING AVERAGE RADIUS AND TOTAL VOLUME 
RAD=O. 
DO 110 l = 1 , TEL 

RAD=R (1) +RAD 
11 0 CONTINUE 

AVERAGE=RAD ITEL 
WRITE(ICOUNT ,*) 'AVERAGE ',AVERAGE 
WRITE( * 1 *) 1 AVERAGE " AVERAGE 
Da 120 1=1, TEL 

VOLUME=VOLUME+R (1) **3. 
120 CONTINUE 

write(icount,*)'volume ',volume 
C 

lred = 0 
c IRED = NUMBER OF PIPE REDUCTIONS 

volred=vol ume 
c 
c NOTE: PIPE RADIUS IS BEING CHANGE TO PIPE RESISTANCE 
C 

do 150 i=l. tel 
rel) = 1./ (r (l.)**3.) 

150 continue 
c 

200 
c 

DO 200 1=1,EL 
Q(I)=qint/EL 

CONTINUE 

c NEED TO FIND OUT HOW MANY PIPES NEED TO TAKEN OUT 
C 

IX='.6 
220 CONTINUE 

volred = VOLUME 
IRED=O. 
1X=IX-2 
DO 280 1=2. (ROWS-2), 2 

DO 250 J=«1-1)*EL+1), (I*EL-2), 2 
IF (MOD(J, IX) .EQ. 0) . AND. (I .LE. (ROWS-2» 

+ . AND. (J.NE. (1+(I-1) *EL» .AND. (MOD(J ,EL) .NE. 0) )THEN 
volred=volred-1/R(J) 
IRED=IRED+l 

ENDIF 
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250 
280 

c 

CONTINUE 
CONTINUE 
IF «volred.GT.1*(ROWS-1)*EL).and. (ix.ne.2» THEN 

GO TO 220 
ENDlF 
if «volred.le. 1*(rows-1)*el).and.(ix.ge.2»then 

vrite(icount,*)'ix ired ' ,lx,ired 
write(icount,*)'USE PROGRAM "UNI2HAR.FOR" INSTEAD' 
goto 2000 

endif 

c TRYING DIFFERENT PORE REDUCTION SCHEMES 
C 
C 
C INTIALIZING THE Q'S 
c 

DO 282 I=(el+1).TEL 
Q(I)·l. 

282 CONTINUE 
c 

285 

290 

.. 
+ 

IF «IX .EQ. 2) .ANO. (volred.GT. 1* (RoWs-1) *EL»THEN 
IXX-6 

CONTINUE 
volred-VOLUHE 
IREO=O 
IXX=IXX-2 

DO 295 1-2, (ROWS-2) ,4 
DO 290 J-«I-1)*EL+1),(I*EL-2),2 

IF «HoD(J,IXX).EQ.O).AND.(I.LE.(RoWS-2» 
. AND . (J .NE. (1+(1-1)*EL» 
.AND. (HOO(J,EL) .NE.O» THEN 

JA-J-1 
JB-J-l+EL 
JC-J+EL 
volred=volred-1./R(J)-1./R(JA) 

-l/R(JB) -1!R(JC) 
IRED=IRED+4 

ENOIF 
CONTINUE 

295 CONTINUE 
IF «volred .GT.l*(ROWS-l)*EL).ANO.(IXX.NE.4» THEN 

GO To 285 
ENOIF 
IF (volred .LT.l*(ROWS-l)*EL)THEN 

ICH01CE-2 
vrite(icount,*)'ichoice = 2' 
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300 
310 
c 
C 

320 
330 

c 

ENDIF 
ENDIF 

IF( (IXX. EQ .4) . AND . (volred.GT. 1*(ROWS-l)*EL» THEN 
volred=VOLUME 
IRED=O 

DO 310 1=2, (ROWS-3),4 
DO 300 J=«I-l)*EL+3) ,O*EL-2),4 

JA-J-1 
JB-J-l+EL 
JC=J+EL 
volred=volred-l/R(J)-l/R(JA)-l/R(JB)-l/R(JC) 

Q(j )=0. 
q(ja)=O. 
q(jb)=O. 
q(Jc)=O. 

IRED=IRED+4 
CONTINUE 

CONTINUE 

endwhile 

IF(volred .LT.l*(ROWS-l)*EL) THEN 
ICHOICE=3 
vrite(icount,*)'ichoice = 3' 

ENDIF 
k=3 

imered=ired 
volnew-volred 

"hile «volne" .gt. (1. (rows-l)*el» . and. (k. ge. 2» 
k=k-l 
volnev=volred 
iredaimered 

DO 330 I=4,{ROWS-3),4*k 
DO 320 J=«I-l)*EL+5),(I*EL-2),4 

JA=J-l 
JB=J-l+EL 
JC=J+EL 
q(j)=O. 
q(Ja)=O, 
q(jb)=O. 
q(jc)=O. 

volnev=volnev-l/R(J)-l/R(JA)-l/R(JB)-l/R(JC) 
IRED-IRED+4 

CONTINUE 
CONTINUE 
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( 

( 

c 

c 

332 

c 
C 

i-4 
while«volnew .gt. (l*(rows-l)*el» .and. (LIe. (el-5») 

q (i)-O. 
q(i+l)eO. 
iredc ired+2 
volnewevolnew-l/r(i)-l/r(i+l) 
i-i+4 

endwh1le 

if(mod(rows,2).eq.0)then 
1.(rows-2)*el+3 

elseif(mod«rows-l),4).eq.0)then 
i=(rows-2)*el+4 

elseif(mod( (rows-3) ,4) . eq. O)then 
i=(rows-2)*el+2 

else 
write(* ,.) 'somethlDg lS wrong ' 
write(icount,*) 'something is wrong , 

endif 
while( (volnew.gt. (1* (rows-l) *el» . and. (i .le. (tel-2») 

q(i)-O. 
q{i+l).O. 
ired-ired+2 
volnew-volnew-l/r(i)-l/r(i+l) 
i-i+4 

endwhile 

ihad-O 
do 332 i=l, tel 

if(q(i) .ne. O.)then 
ihad=ihad+l 

endif 
continue 
wnte(. ,*) 1 ired ihad I,ired,ihad 

CASE WHERE 8 PIPES ARE REMOVED AT A TIME 
IEIGHT=O 
volend-volnew 
kab=4 
imered=ired 

while(volnew.gt.(1*(rows-1)*el+20).and.(kab.ge.2» 
lElGHT=1 
kab=kab-l 
ired·imered 
volend-volnew 
do 340 i-2, (rows-7) ,8*kab 
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335 
340 

342 

c 

+ 
+ 

do 335 j=i*el+5. «i+l)*el-5),8 
q(j)=O. 
q (j+el+l).O. 
q(j+el+2)=0. 
q(j+3)=O. 
q(j+2*el+l)=0. 
q(j+2*el+2)=O. 
q(j+3*el)=0. 
q (J+3*el+3)=0. 
volend=volend-l./r(J)-l./r(J+el+l) 
-1. Id] +el+2) -1./r(J+3) -1./r(j+2*el+1) 
-1./r(j+2*el+2)-1./r(j+3*el)-1./r(j+3*el+3) 

ired:ired+8 
continue 

continue 
endwhile 

volnev=volend 
ihad=O 
do 342 l=l,tel 

lf(q(l) .ne.O.)then 
ihad=lhad+l 

endlf 
contlnue 
vrite(*.*)'volnew ired ihad '.volnev,ired,lhad 

kka=3 
imered=ired 
volend=volnev 
while «volend.gt.(1*(rows-l)*el+20».and. 

+ (kka.ge.2» 

+ 
+ 

kka=kka-l 
lred=lmered 
volend=volnew 
do 355 i=6.(rows-7).8*kka 

do 350 J=(i*el+9).«1+1)*el-5).8 
q(J)=O. 
q (J+el+l)=O. 
q (J+el+2)=O. 
q (J+3)=O. 
q (J+2*el+l)=O. 
q (j+2*el+2)=0. 
q (j +3*el) -O. 
q(j+3*el+3).0. 
volend=volend-l./r(j)-l./r(J+el+l) 
-1./r(j+el+2)-1./r(J+3)-1./r(j+2*el+l) 
-1./r(j+2*el+2)-1./r(J+3*el)-1./r(j+3*el+3) 

212 



i 
ired=ired+8 

350 continue 
355 continue 

endwhile 
volnew=volend 
vrite(*.*)'volnew ired l.volnev,lred 

ihadcO 
do 360 i=l, tel 

if(q(i) .gt. O.)then 
ihad=ihad+l 

endif 
i2had=ihad 

360 continue 
WRITE(ICOUNT ,*)'8 VOLNEW IRED IHAD KAB KKA " VOLNEW, 

+ IRED,IHAD,KAB,KKA 
c 
c CASE WHERE 16 PIPES ARE REMOVED AT A rIME 

ISIXTEEN=O 
KHH-3 
IMERED=IRED 
VOLENO-VOLNEW 

WHILE«VOLENO.GT.(1*(ROWS-l)*EL+l00».ANO.(KHH.GE.2» 
ISIXTEEN-l 
KHH-KHH-l 
IRED-IMERED 
VOLEND=VOLNEW 
00 400 1-4,(ROWS-13),16*KHH 

DO 390 J-«I)*EL+ll),«I+l)*EL-l1),16 
JA=J 

00 365 JINT:.1,8 
Q(JA)=O. 
VOLEND-VOLEND-l/R(JA) 
IREO=IRED+1 
JA=JA+EL+l 

365 CONTINUE 
JA=J+7 
DO 367 JINT=l,a 

Q(JA)=O. 
VOLEND-VOLENO-l/R(JA) 
IRED-=IRED+1 
JA=JA+EL-l 

367 CONTINUE 
390 CONTINUE 
400 CONTINUE 

VRITE(.,.) '16 PIPES VOLEND IRED KHH ' , VOLENO,IRED,KHH 

1 ENDWHILE 
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C 

410 

415 
425 
430 

c 

+ 

+ 

VOLNEW=VOLEND 

WRITE(ICOUNr,.) '16 PIPES AT ONCE VOLNEW IRED KHH '. VOLNEW • 
IRED.KHH 

KHI=3 
IMERED=IRED 
VOLEND=VOLNEW 
WHILE«VOLEND .GT.(1*(ROWS-1)*EL+120».AND.(KHI.GE.2» 

KHI-KHI-1 
VOLENO=VOLNEW 
IRED=IMERED 
DO 430 I=12.(ROWS-13).16*KHI 

DO 425 J~I*EL+19,(I+l)*EL-l1.16 
JA=J 

DO 410 JINT=l,a 
Q(JA)=O. 
VOLEND=VOLEND-l/R(JA) 
IREO=IREO+l 
JA=JA+EL+l 

CONTINUE 
JA=J+7 
DO 415 JINT=l.a 

Q(JA)=O. 
VOLEND=VOLENO-l/R(JA) 
IREO=IREO+l 
JA=JA+EL-1 

CONTINUE 
CONTINUE 

CONTINUE 
ENOWHILE 

VOLNEW=VOLEND 
WRITE(ICOUNT,*)'16 VOLNEW IREO KHI lB 116 ',VOLNEW,IREO,KHI 

,IEIGHT.ISIXTEEN 

c PUTTING PIPES BACK IN 
ik=O 

C NOTE : BE CAREFUL NOT TO DUPLICATE PUTTING BACK PIPES 
C THAT HAVE ALREAOY BEEN PUT BACK I.E. IF IK=24 
C AND I=IK,(ROWS-3),4 THINGS WOULD BE OUPLICATEO 

IF (ISIXTEEN .EQ. 0 .AND. IEIGHT .EQ. O.) TH EN 
while(volnev.lt.(1*(rows-l)*el-20.).and.(lk.lt.(rows-3-8» 

+ .and. (lk .le. (el-9-B») 
ik=ik+8 

do 435 i-ik,(rovs-3),20 
do 433 j-«i-l)*el+S+ik),(i*el-2),16 

q (J )=-1. 
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433 
435 

440 
C 

c 
c 

+ 

q{j-l)=l. 
q(j-l+el)=l. 
q(j+el)=l. 

volnew-volnew+l./r(j)+l./r(j-l)+l./r(J-l+el) 
+l./r(j+el) 

ired-ired-4 
continue 

continue 
ENDWHILE 

endIF 
WRITE(ICOUNT,*)'VOLRED IRED K IXX ik ',VOLNEW,IRED,K,IXX,ik 

ihad-O 
do 440 i=l,tel 

if(q(i).gt.O.)then 
ihad=ihad+l 

endif 
continue 

END IF 
IF(volred.LT.l*(ROWS-l)*EL)THEN 

ICHOICE=4 
wrlte(icount,.) 'lchoice = 4' 

ENDIF 

c REINITIALIZE FIRST ROW OF Qs 
IONE-O 

DO 443 I=l,EL 
IF(Q(I).NE.O)THEN 

IONE=IONE+l 
ENOIF 

443 CONTINUE 
DO 447 I=l,EL 

IF(Q(I).NE.O)THEN 
Q(I)=QINT/IONE 

ENOIF 
447 CONTINUE 
C 

do 500 i=2,(rows-l),2 
do 450 J=«1-1)*e1+1), (i*el-2),2 

lf( (q(J). eq. 0). and. (q(j+1) .ne. 0) )then 
q(J+1)=q(j-el+l)+q(j-e1) 

endif 
if( (q (j) .ne. 0). and. (q(j+1) .eq. O.) )then 

q(j)=q(j-el)+q(j-el+l) 
endif 
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.... 

450 

470 

500 
c 
570 
c 

if «q (j) . ne. 0) . and. (q (j+1) .ne. 0) )then 
q(j)=O.5*(q(j-el)+q(j-el+1» 
q(j+l)zq(j) 

endif 
continue 

q(i*el)=q«i-l)*el) 
IF(MOD(ROWS,2).EQ.O)THEN 

q(i*el+l)=q«i-l)*el+l) 
do 470 J=(1*e1+2),«1+1)*e1-1),2 

if«q(J) .eq.O) .and. (q(j+1) .ne.O»then 
q(j+1)=q(J-e1+1)+q(J-el) 

endif 
if( (q(j) .ne.O). and. (q(j+1) .eq. 0) )then 

q(j)=q(J-el)+q(J-el+l) 
endif 
if( (q(j) .ne.O) . and. (q (j+1) .ne. 0) )then 

q(j)-O.S*(q(j-el)+q(j-el+1» 
q(J+1)-q(J) 

endif 
cont1nue 

ELSE 
WRITE (* , *) 1 CHOOSE tlROWS" MULTIPLE OF 2 1 

ENDIF 
continue 

contlDue 

c NOTE: WHEREVER YOU SEE R( ) IT 1S = 1./(PIPE RAD1US)**3. 
c 
c 

c 

+ 

START BALANCING 
LOK=O 

BALANCING FOR 151 LAYER OF LOOPS 
do 600 I m1,(EL-2).2 

J=I+1 
if(q(l).ne.O .and. q(j).eq.O)then 

sumb--r(l)*q(l)-r(l+el+l)*q(l+el+l) 
sumz-r(l)+r(i+el+l) 
sumh-sumh+r(j+2)*q(j+2)+r(J+el+1)*q(J+el+1) 
sumz-sumz+r(J+2)+r(J+el+l) 
qdelta=sumh/sumz 
q(l)=q(i)+qdelta 
q(l+el+l)-q(i+el+l)+qdelta 
q(j+2)zq(J+2)-qdelta 
q(j+el+1)=q(J+el+1)-qdelta 
if«abs(qde1ta).lt.tolq).and. 

(abs(sumh).lt.tolh»then 
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r 

600 
C 

c 

+ 

+ 
+ 

+ 

+ 

lok=lok+l 
endif 

endif 
if«q(i).eq.O).and.(q(j).ne.O»then 

lok-lok+l 
endif 
if«q(i).ne.O).and.(q(j).ne.O»then 

SUMH--R(I)*Q(I) 
SUHZ-= R(I) 
SUHH=SUHH+ R(J)*Q(J) 
SUHZ=SUHZ+ R(J) 
QDELTA=SUMH/SUMZ 
Q(I)-=Q(I)+QDELTA 
Q(J)-Q(J)-QDELTA 

IF «ABS(QDELTA).lt.TOLQ).AND. 
(ABS(SUMH).lt.TOLH»THEN 

LOK-LOK+l 
ENDlF 

endif 
CONTINUE 

if (rows .gt. 3) then 
i-2 

BALANCING FOR ALL THE LOOPS 
do 700 10-1,n 
j-i+el 
if(q(i).eq.O .or. q(i+l).eq.O) then 

lok-lok+l 
elseif«q(l).ne.O.).and.(q(i+l).ne.O).and. 

(q(i+el).eq.0.).and.(lo.le.loops*(rows-3») 
then 

IF(Q(I+2*EL-l).NE.O.)THEN 
]=i-l+el 
js=j+el 
jss=]s+el+l 
sumh--r(i)*q(l)-r(j)*q(])-r(js)*q(js) 

-r(Jss) *q(jss) 
sUDIz=r(i)+r(J )+r(j s)+r(j ss) 
k=i+l 
jj=k+l+el 
jk=JJ+el 
jkk-jk+el-l 
sumh=sumh+r(k)*q(k)+r(jj)*q(jj)+r(Jk)*q(Jk) 

+r(jkk)*q(jkk) 
sumz-sumz+r(k)+r(jj)+r(jk)+r(jkk) 
qdelta=sumh/sumz 
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C 
C 
C 

C 

c 

q(i)-q(i)+qdelta 
q(j)=q(j)+qdelta 
q(js)=q(js)+qdelta 
q(jss)=q(jss)+qdelta 
q(k)-q(k)-qdelta 
q(jj)=q(jj)-qdelta 
q(jk)=q(jk)-qdelta 
q(jkk)=q(jkk)-qdelta 

if«abs(qdelta).lt.tolq).and.(abs(sumh).lt.tolh»then 
lok=lok+l 

endif 
END IF 

IF THIS ELSE1F STATEMENT 1S TRUE TH EN LOOP IN 
BOTTOM LAYER 15 BALANCED 
elself«q(i).ne.O.).and.(q(l+l).ne.O.).and. 

(q(i+~1).eq.O.).and.(lo.gt.loops*(rows-3»)then 

lok=lok+l 

elseif«q(i).ne.O.).and.(q(i+l).ne.O.).and. 
+ (q(l+el).ne.O.).and.(q(l+l+el).ne.O.»then 

sumh=-r(1)*q(1)-r(1+el)*q(1+el) 
sumh=sumh+r(l+l)*q(l+l)+r(l+l+el)*q(l+l+el) 
sumz=r(l)+r(l+el)+r(l+l)+r(l+l+el) 
qdelta=sumh/sumz 
q(i)=q(l)+qdelta 
q(i+el)=q(i+el)+qdelta 
q(i+l)=q(i+l)-qdelta 
q(i+l+el)=q(i+l+el)-qdelta 
if«abs(qdelta).lt.tolq).and.(abs(sumh) 

+ .lt.tolh»then 
lok=lok+l 

endif 
END1F 

c THIS 1S FOR THE CASE WHERE 8 PIPES ARE REMOVED AT A TIME 
1F«Q(I).NE.O.).AND.(Q(I+1).NE.O.).AND. 

+ (MOD(LO,LOOPS).GE.2).AND.(LO.LT.LOOPS*(ROWS-9».AND. 
+ (MOD(LO,LOOPS) .LE.(LOOPS-2»)THEN 

IF(Q(I+2*EL-l).EQ.O .. AND.Q(I+4*EL-3) .NE.O.)THEN 
J:zI-l+EL 
JA-J-l+EL 
JB=JA-HEL 
JC-JB+EL 
JD=JC+EL+l 
JE=JD+EL+l 
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( 
JF=JE+EL+l 

C 
JG=I+2+EL 
JH=JG+1+EL 
JI=JH+1+EL 
JJ-JI+EL 
JK=JJ+EL-l 
JL=JK+EL-1 
JM-JL+EL-1 
SUHH·-R(I)*Q(I)~R(J)*Q(J)-R(JA)*Q(JA)-R(JB)*Q(JB) 

+ -R(JC)*Q(JC)-R(JD)*Q(JD)-R(JE)*Q(JE)-R(JF)*Q(JF) 
SUMZ=R(I)+R(J)+R(JA)+R(JB)+R(JC)+R(JD) 

+ +R(JE)+R(JF) 
SUMH=SUMH+R(I+1)*Q(I+1)+R(JG)*Q(JG)+R(JH)*Q(JH) 

+ +R(JI)*Q(JI)+R(JJ)*Q(JJ)+R(JK)*Q(JK) 
+ +R(JL)*Q(JL)+R(JM)*Q(JM) 

SUMZ=SUMZ+R(I+1)+R(JG)+R(JH)+R(JI)+R(JJ) 
+ +R(JK)+R(JL)+R(JH) 

QDELTAzSUMH/SUMZ 
Q(I)zQ(I)+QDELTA 
Q(J)-Q(J)+QDELTA 
Q(JA)=Q(JA)+QDELTA 
Q(JB)-Q(JB)+QDELTA 
Q(JC)-Q(JC)+QDELTA 
Q(JD)=Q(JD)+QDELTA 
Q(JE)-Q(JE)+QDELTA 
Q(JF)=Q(JF)+QDELTA 
Q(I+l)-Q(I+l)-QDELTA 
Q(JG)=Q(JG)-QDELTA 
Q(JH)zQ(JH)-QDELTA 
Q(JI)=Q(JI)-QDELTA 
Q(JJ)zQ(JJ)-QDELTA 
Q(JK)=Q(JK)-QDELTA 
Q(JL)zQ(JL)-QDELTA 
Q(JH)=Q(JM)-QDELTA 
IF«ABS(QDELTA).LT.TOLQ).AND.(ABS(SUMH) 

+ .LT.TOLH»THEN 
LOK=LOK+l 

C WRITE(*,*)'8 PIPES LO LOK ',LO,LOK 
ELSE 

C WRITE(.,.)' QDELTA LO 8 PIPES ' ,QDELTA,LO 
ENDIF 

ENDIF 
ENDIF 

C 
( C CASE WHERE 16 PIPES ARE REHOVED AT A TIME 
~ 
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.. \ lF«Q(l).NE.O.).ANO.(Q(l+l).NE.O) .AND . 
t 

+ (MOD(LO,LOOPS).GE.4).ANO.(MOO(LO,LOOPS).LE.(LOOPS-4» 
+ .AND.(LO.LT.(LOOPS*(ROWS-16»»THEN 

lF«Q(I+2*EL-l).EQ.O).ANO.Q(I+4*EL-3) .EQ.O.)THEN 
SUMH=O. 
SUHZ=O. 
IA=I 
DO 610 JINT=l,8 

SUMH=SUMH-R(IA)*Q(IA) 
SUMZ=SUMZ+R (lA) 
IA=IA+EL-l 

610 CONTINUE 
IA=I+8*EL-7 
DO 615 JINT=1,8 

SUMH=SUMH-R(IA)*Q(IA) 
SUMZ=SUMZ+R(IA) 
IA=IA+EL,+1 

615 CONTINUE 
lA=I+1 
DO 620 JINT=1, 8 

SUMH=SUMH+R(IA)*Q(lA) 
SUMZ=SUMZ+R(IA) 
IA=IA+EL+1 

620 CONTINUE 
IA=I +8*EL+8 
DO 625 JINT=l,8 

SUMH=SUMH+R(lA)*Q(iA) 
SUMZ=SUMZ+R(IA) 
IA=IA+EL-l 

625 CONTINUE 
QOELTA=SUMH/SUMZ 

lA=I 
DO 630 JlNT=l,8 

Q(IA)=Q(lA)+QDELTA 
IA=lA+EL-l 

630 CONTINUE 
IA=I+8*EL-7 
DO 635 JINT=1,8 

Q(IA)=Q(lA)+QDELTA 
IA=IA+EL+l 

635 CONTINUE 
lA-I+l 
DO 640 JlNT=1,8 

Q(IA)=Q(IA)-QDELTA 
IA=IA+EL+l 

4\t< 640 CONTINUE 
,q.Jt. 
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645 

c 

c 

+ 

IA=I+8*EL+8 
DO 645 JINTz:l,8 

Q(IA)-Q(IA)-QDELTA 
IA=IA+EL-l 

CONTINUE 
IF«ABS(QDELTA).LT.TOLQ).AND.(ABS(SUMH) 

.LT. TOLH) )THEN 
LOK=LOK+l 

WRITE(*,*)'16 PIPES LOK LO ',LOK,LO 
ENDIF 

ENDIF 
END IF 

1f«mod(lo,loops).eq.0).and. 
+ (mod«1o/loops),2) .eq.O»then 

1=i+4 
else 

i=i+2 
end1f 

700 continue 

c 
endif 

if (mod(rows,2) .eq. 0) then 
do 800 i=(tel-el+2),(tel-l),2 

j=i+l 
if«q(i) .ne.O) .and.(q(J) .eq.O.»then 

sumh=-r(i)*q(i)-r(1-el+l)*q(1-el+l) 
sumz=r(1)+r(1-e1+1) 
sumh=sumh+r(j+2)*q(J+2)+r(1-el+2)*q(i-el+2) 
sumz=sumz+r(j+2)+r(1-el+2) 
qdel ta=sumh/ sumz 
q (i)-q (i)+qdelta 
q(i-el+l)=q(i-el+l)+qdelta 
q(j+2)=q(J+2)-qde1ta 
q(i-el+2)=q(i-el+2)-qdelta 
lf«abs(qdelta).lt.tolq).and. 

+ (abs(sumh) .1 t. tolh) )then 

endif 
endlf 

lok=lok+l 

if( (q(i) . eq. O.) .and. (q(J) .ne. O.) )then 
lok=lok+l 

endif 
if «q(i) .ne. O.) • and . (q(j) .ne. O.) )then 

sumh=-r(i) *q (i) 
sumz= r(1) 
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c 

c 

sumh=sumh+ r(j)*q(j) 
sumz=sumz+ r(j) 
qdelta=sumh/sumz 
q(i)=q(i)+qdelta 
q(J)=q(J)-qdelta 

if «abs(qdelta) .lt.tolq).and.(abs(sumh).lt.tolh»then 
lok=lok+l 
WRITE(.,.)'LOK LAST ROW ' ,LOK 

else 
write(*,.)'qdelta sumh',qdelta,surnh 

endif 
endif 

800 continue 

c 

+ 

end if 

lf (mod(rows,2).gt.O ) then 
do 900 i=(tel-el+l),(tel-2),2 

J=1+1 
if«q(l).ne.O.).and.(q(j).eq.O»then 

sumh=-r(l)*q(l)-r(l-el+l)*q(i-el+l) 
sumz=r(i)+r(i-el+l) 
sumh=sumh+r(j+2)*q(J+2)+r(1-el+2)*q(1-el+2) 
sumz=sumz+r(J+2)+r(1-el+2) 
qdelta=sumh/sumz 
q(l)=q(l)+qdelta 
q(l-el+l)=q(l-el+l)+qdelta 
q(J+2)=q(J+2)-qdelta 
q(1-el+2)=q(1-el+2)-qdelta 
lf«abs(qdelta).lt.tolq).and. 

(abs(sumh).lt.tolh»then 
lok=lok+l 

endif 
end if 
if«q(l).eq.O.).and.(q(J).ne.O.»then 

lok=lok+l 
endlf 

lf«q(i).n~.O.).and.(q(J).ne.O.»then 
sumh=-r(l)*q (1) 
sumz= r(i) 

sumh=sumh+ r(J)*q(j) 
sumz=sumz + r (j) 
qdelta=sumh/sumz 
q(i)=q(i)+qdelta 
q(j)=q(j)-qdelta 

if (abs(qdelta).lt.tolq) then 
lok=lok+l 
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endif 
endif 

900 continue 
endif 

C 
rrun =rrun+1 

IF «lok.lt.(n+2*loops».and.(rrun.lt.3000»then 
C ALL LOOPS ARE STILL NOT BALANCED 

go to 570 

C 
C 

1000 

1050 

c 
c 

ELSE 
vrite (icount,.) 'it took I,rrun,' iterations ' 

NOW CALCULATE PERMEABILITY 
headlossll:O. 
iaveaO 

DO 1050 JlI:l,EL 
IF (Q(J) .NE. O.)THEN 

lAVE=IAVE+l 
IHEADII:J 
DO 1000 1-1, (ROWS-l) 

IF(Q(IHEAD) .NE. o. )mEN 
HEADLOSS=HEADLOSS +R(IHEAD)*QCIHEAD) 

ENDIF 
IF (Q(IHEAD) .EQ. O .. AND.MOD(IHEAD,2) • EQ .O)THEN 

IHEADaIHEAD+l 
IF (Q(IHEAD) .EQ.O.)THEN 

VRITE (1 COUNT , * ) 'Q SHOULD NOT EQ 0' 
ENOIF 
HEAOLOSSII:HEADLOSS+R(IHEAD)*Q(IHEAD) 

ENDIF 
IF(Q(IHEAD) .EQ. O .. AND.MODCIHEAD,2) .NE.O. )THEN 

IHEAD-IHEAD-l 
HEADLOSS=HEAOLOSS+R(IHEAD)*QC1HEAD) 
IF(Q(IHEAD).EQ.O.)THEN 

WRITE(ICOUNT,*)'Q SHOULD NOT EQ 0' 
ENDIF 

ENDIF 
IHEAD=IHEAD+EL 

CONTINUE 
ENDIF 

CONTINUE 
lossave=headloss*el/(rovs-l)/iave 
permeab=l/(lossave) 

write(icount,*) 'seed ',iidum,' lossave • ,lossave,' k ' ,permeab 

VOLUME 1S THE TOTAL PORE VOLUME BEFORE ANY PIPES ARE REMOVED 
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c 

C 

vri te (icount. *) 1 volume :: I, volume.' reduced volume = '. volnew 
vrite (icount,*)lixx. ired iave I,ixx.ired,iave 

ENDIF 

1900 CONTINUE 
2000 CONTINUE 

c 
c 
c 

c 
c 
c 
C 
C 
c 
c 

C 
10 

wr i t e (*, *) 1 PRO GRAM TE:RMINATED 1 

END 

LOGNORMAL RANDOM NUMBER GENERA TOR 
function rlognor(idum) 

rayleigh number generator 
functl.on raylelgh(ldum) 

NORMAL DISTRIBUTION MEDIAN = 1.0 
functl.on rnormal (ldum) 

real median 
integer tel 
common iCoUNT, tel 

if (icount . eq. 1) then 
std=0.6 

endif 

xo=O.46 
ao=O.5 
co=3.0 
MEDIAN=O .8353 
RHIN= 10000. 

if (i count . eq. 2) then 
std=O.8 
xo=1.0 
ao=1.3 
co=1.0 
medlan=1.896480879 
rmin= 1 . 896480879*2 . 

endlf 

randx=ran1 (idum) 
if «randx .ge. .494) . and. (ranclx .le .. 54» then 

go to 10 
endif 

xx-AO*tan( (3. 141592654) *randx) +XO 
yy-ran1 (idum) .CO 
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( 

c 

11 

( 

yy-yy/{1 +( (xx-xo) **2)/(AO*AO» 
if«xx.1e.0.0) .or. (xx .gt. rmin»then 

go to 10 
endif 

px-=( 1. 01 (sqrt (2*3.141592654) *STD*xx» 
hyy-=- .5* (log(xx) -log(median» **2 
hyyg hyy/(std**2) 
px=px*exp (hyy) 

if (px .ge. yy) then 
rlognor = xx 

else 
go to 10 

endif 
return 
end 

function ran1(idum) 
dimension s (97) 
integer ma,ial. icl,m2, ia2,ic2 ,m3, la3 ,lc3 
m1=259200 

ial-=7141 
icl=S4773 
m2=134456 

ia2-8121 
ic2=28411 
m3=243000 

ia3=4561 
ic3=51349 
data iff lOI 

2 lf (idum .lt. 0 .or. iff .eq. 0) then 

ixl=mod (icl-idum,ml) 
ixl=mod (ial*ixl +icl,ml) 
ix2=mod (ixl.m2) 
lxl=mod(Ial*ix1+icl,ml) 
ix3=mod (lxl .m3) 
do 11 j-l,97 

ixl-mod(ial*ixl+icl,ml) 
ix2-mod(ia2*ix2+ic2.m2) 
s(j )-(float(lX1)+float(ix2)/m2) Iml 

continue 
idum -= 1 

endif 
lxl-mod(ial*ix1+icl.ml) 
ix2=mod(ia2*ix2+1c2.m2) 
ix3-mod(ia3*ix3+ic3.m3) 
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j=1+(97*ix3)/m3 
if (j .gt. 97 . or. J .1 t. 1) then 

write (*, *) 1 errer' 
endif 
ranl=s(j) 
s (j )-(float(ixl)+f1eat(ix2)/m2) Iml 
return 
end 
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'. 

Appendix C 

DERIVATION OF PERFECT SINK SOLUTION 
OF PARTICLE FLUX TO THE TUBE 

SURFACE 

The general equation of convective diffusion is given by: 

(C.I) 

where the gradient, V' = (:1" ~, fz) and the Laplacian, V'2 = ~: + ~: + ~:. The 

concentration, p is defined as the number of particles per tube volume, D is the 

Difr usioll constant and u is the velocity. 

The Poiseuille velocity profile is given by: 

(C.2) 

where 110 = (R2~P)/(41'1p) is the maximum velocity at the axis of the tube (r = 0), 

tlP is the pressure drop o. ft the distance IJI and R is the tube radius. Since the 

vclocity distribution is a paraboloid of revolution, its volume is one-half that of its 

circumscribing cylinderj therefore the average velocity, 

Ur = 110/2. (C.3) 
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r Diffusion occurs over small distances from the wall, where r ~ R. Therefore, by 

introducing a new variable, 

y = R - r, (CA) 

Equation (C.2) can be approximated by: 

(C.5) 

Fol' our problem the equation of convective diffusion takes the fonn: 

2uOy 8p = n 82p 
R 8x 8y2 

(C.6) 

where x is the distance along the tube. The boundary conditions for the maximum 

diffusional flux are: 

p - Po as Y - 00 

p = 0 ai y = o. 

Equation (C.6) is solved by introducing the dimensionless quantity: 

Therefore, 

( 
Uo )1/3 y 

t/J = DR X1/3· 

8p ap 81/J = -.-
8x al/; 8x 

-y (Uo )1/3 8p 
= 3X4/ 3 DR· 8l/; 
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C 

(' 

and, 

ôp ôp ô'IjJ 

ôy - ôt/J . ây 
tP ôp 

-
y ôt/J 

and, 

ô2p Ô [>1> ô p] a>l> = --- .-ôy2 ât/J y ôt/J ôy 

= (1/J2) â2
p 

y2 Ôt/J2 . 

Substitute equations (C.9) and (C.ll) into equation (C.6): 

1'0 solve for p integrate the following: 

f â(ôp/ô~') = 
ôp/Ôv' 

In( ::.) -

f ôp = 
p = 

f _~tP2Ôt/J 
2 

-9",3 + constant 

r. Bexp (-2/91jJ3)ât/J 

L.v B exp ( - 2/9t/J3 )8p + D 

(C.IO) 

(C.ll ) 

(C.12) 

(C.13 ) 

whel'e Band D are constants of integration. By applying the boundary conditions 

(equation (C.7)) we find: 

B = Pol Jooo exp (-2/9t/J3)Ôp 

D = O. 
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1 
Therefore, 

Po fo'l/l=(lI.o IDR)I/3'11lrl
/
3 exp (-2/91/-,3)81/> 

P = fooo exp (-2/9t/J3)81j1 (C.15) 

The diffusional flux to the wall of the tube is given by: 

./ 
D (Ôp

) , = J 

ôy 11=0 

= 
Dpo (2Ur )1/3 1 

X1/3 DR fooo exp (-2/9tjJ3)8t/J 

= 
Dpo (2Ur ) 1/3 • (0.23)1 /3 

X 1/ 3 DR 0.89 

= ( Ur r/3 

O.67PoD DRx . (C.16) 
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Appendix D 

COMPUTER PROGRAM FOR SIMULATION 
OF FILTRATION PROCESS 
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1 
C 
C ***************************************************.********** 
C * SIMULATION OF FILTRATION PROCESS * 
C * * 
C * PROGRAM SIMULATES THE CAKE BUILD-UP PROCESS AND TAKES * 
C * INTO ACCOUNT THE CLOGGING EFFECTS. CLOGGING 1S * 
C * INCORPORATED BY TWO MEANS: (1) FINE PARTICLES DEPOSITING * 
C * ON THE TUBE WALLS AND GRADUALLY REDUCING THE TUBE RADI1 * 
C * AND (2) TUBES TRAPPING PARTICLES LARGER THAN THE PORE * 
C * OPENINGS. SUSPENDED PARTICLES ARE PREVENTED FROM * 
C * PASSING THROUGH THE BOTTOM LAYER. THE PERMEABILITY IS * 
C * CALCULATED AS THE NETWORK INCREASES IN LENGTH. * 

~ 

C , * * 
C * PRO GRAM NAME = B1GSMNEW.FOR * 

"-
C ************************************************************** 

" 
C 

t C EL = Il OF ELEMENTS/ROW 
~ 
" C N = TOTAL # OF LOOPS 
i C TEL = TOTAL # OF ELEMENTS 
~~ 
·t C ROWS = # OF ROWS '. , 

C LOOPS = Il OF LOOPS/ROW ~ 
r c TOLQ = ERROR TOLERANCE FOR Q 
t" C TOLH = ERROR TOLERANCE FOR HEAD LOSS • t, 

C QIN! ,.. Q INFLOW • 
t' , C A = RADIUS OF FINES (um) , 
• C 1DUM = SEED FOR RANDOM NUMBER GENERATOR : 

C PERMEAB = PERMEABILITY 

! C l LAYER = Il OF CAKE LA YERS 
1 C NUMPART = INITIAL AVERAGE NUMBER OF SUSPENDED )' 

:' C FINE PARTICLES IN TUBE 
C CONSVEL = SUPERFICIAL VELOCITY OF FILTRATE (um/see) 
C VELCRIT = CRITICAL VELOCITY (undsee) 
C LENGTH = CAKE LAYER THICKNESS (um) 
C FINE = TUBES SMALLER THAN "FINE" CAN BE CLOGGED 
C PARTICLE(ICAKE) = (VOLUME OF FLOWING PARTICLES IN LAYER 
C ICAKE)/(TOTAL PORE VOLUME IN LAYER ICAKE) 
C CLOG = FRACTION OF SMALL PARTICLES THAT WILL CLOG 
C THE SMALL PIPES 
C 
C 

REAL R(20000), Q(20000),SUMH,SUMZ,QDELTA,qint,lossnor 
reallossave,VOL(20000),qerit,volexc,rr(20000) 
REAL SMALL(lOOO),partnew(500),partlcle(500),brvol(200) 
real perconew(1000) ,percolate(200) , srvo1(200) 

"",,", 

real permeab, a ,pereo, POREVOL, length, veloel ty 
real big(1000) ,perm(lOO) ,kold 
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C 

real absmend(lOO),alittle(lOO),aclog(lOO),aneg(lOO) 
INTEGER RRUN,LOK,ROWS,LOOPS,EL,N,TEL,lo 
integer ipipe(20000),bsm 
common icount 

do 2400 lCOunt = 1,2 
if (icount .eq. 1) then 

a = 0.01 
rows=7 
10ops=24 

C RESULTS ARE WRITTEN TD FILE = "CLDG_l lt 

open (l,flle= 'CLOG_l') 

C 

c 

vrite (l,.) 'file = CLOG_l program = BIGSMNEW.FOR' 
write (l,.) 'simulates experlments, units in mlcrons' 
WRITE (l,.)'CLOGGING DUE TO DEPOSITION OF FINES AND' 
WRlTE (l,.) 'PORE BLOCKING DUE TO TUBES TRAPPING PARTICLES' 
wrlte (1,.) 'partieles ean NOT pass through bottom layer' 
wrlte (1,.) 'cake steps • 200 um & 10 um FINES = 0.01 um' 
wrlte (l,.) 'superf1c1al v=10E+3/L um/sec ' 
wrlte (l,.) 'velcrlt • 15E+3 um/sec numpart=100000' 
wrlte (l,.)'LOGNORMAL dlstrlbutlon' 
write (l,*)'std=O.6 medlan=1.0 rlognorm=r 
wrlte (l,.)'r < 0.6 can be clogged' 
write (1,.) 'Xo=1.00 Ao-O.S Co=3.0' 
write (l,.) 'x=0.S.tan(p1.randx) + 1.00' 

endif 
lf (lcount .eq. 2) then 

close (1, status· 'keep') 
a = 0.05 
rows = 7 
loops =24 

open (2,f11e= 'CLOG_2') 
write (2,.) 'CLOG.2 same as CLOG_l except' 
write(2,.) 'fine part1cles = 0.05 um' 

end if 

do 2350 ichange =1,2 
if(ichange .eq. l)then 

length = 200. 
elseif (ichange .eq. 2)then 

length = 10 
endif 

llayer=30 
THERE ARE 6 ROWS/LAYER 
rows://:7 
loops-24 
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C 

qint = 1 
numpart= 100000 
consvel=10e+3/length 
velcrit=15e+3 
TOLH=10000 
fine=O .6 
A=O.Ol 
rave=1.0 

write (icount,*)'rows= , ,rows,' loops= ',loops 
write (icount,*) 'delta length = I,length 

C THE NETWORK IS SOLVED 3 TIMES EACH TIME USING 
C A DIFFERENT INITIAL "PARTICLE(ICAKE) Il VALUE 

C 

do 2300 11=1,3 
kold=1.0 
ib=O 
rows=7 
loops=24 
wrlte (*.*) 'run cycle ',ll,lcount 

rrun=O. 
lok=O 
qbig=O. " 
bsm=O 
ibigend=l 
ismaend-l 
ibl=O 
el=2*loops+1 
n=loops*(rows-2) 
tel=(rows-1)*el 
Idum = -100 

lidum=ldum 
area=O.O 

C FUNCTION "RLOGNOR" 15 USEO TO ASSIGN TUBE RAOII 
C WITH A LOGNORMAL SIZE DISTRIBUTION 

DO 100 I=1.TEL*11ayer 
R(i)= RLOGNOR(IDUM) 
area=area+r(1) •• 2 
ipipe(i)=O 

100 CONTINUE 
C 
C AVAREA = AVERAGE AREA PER ROW 

C 
C 

avarea=area/«rows-l)*llayer) 

NOTE: PIPE RADIUS 15 BEING CHANGEO TO PIPE RESISTANCE 
do 150 i-1, tel 
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f 

( 
... 

150 
C 

------- ----------

r(i) = 1./(r(i)**3.) 
continue 

DO 2200 ICAKE =1. Hayer 
qint=1.0 
tolq=qint* .OOl/el 

DO 200 I=l.EL 
Q(I)=ql.nt/EL 

200 CONTINUE 
C 
c 

300 

400 

500 
C 
C 

DO 500 I=2.(ROWS-1) 
IF «MOO(I.2» .EQ. 0) THEN 

DO 300 J=«I-1)*EL+l). (I*EL-2).2 
JJ=J+l 
K=J-EL 

KK=K+l 
Q (J)=. 5* (Q (K)+Q(KK» 
Q(JJ)=Q(J) 

CONTINUE 
J=l.*EL 
K=J-EL 
Q (J) =Q(K) 

ELSE 
J-(I-1)*EL+l 
K=J-EL 
Q (J)=Q(K) 

DO 400 J=«I-l)*EL+2). «I)*EL).2 
JJ=J+l 

ENDIF 
CONTINUE 

K=J-EL 
KK=K+l 
Q(J)= .5* (Q(K)+Q (KK» 
Q(JJ)=Q(J) 

CONTINUE 

C NOTE: WHEREVER YOU SEE R( ) IT IS = 1./ (PIPE l'lADIUS).*3. 
C 
C START BALANCING 
C 
C 

540 

IBALANCE = 1 
irepeat = 1 

continue 
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1 C 
C 
C 
C 

irepeat = l+irepeat 

NOTE: l REPEAT THE BALANCING SCHEME AFTER l DEPDSIT SDME OF 
THE PARTICLES IN THE CAKE LAYERS 

rrun=O .0 
550 CONTINUE 
C 

LOK=O 
do 600 I=l,eEL-2),2 

J=I+l 
SUMH=-R(I)*Q(I) 

SUMZ= Rel) 
SUMH=SUMH+ R(J)*Q(J) 
SUMZ=SUMZ+ R(J) 

QDELTA=SUMH/SUMZ 
Q(I)=Q(I)+QDELTA 
Q(J)=Q(J)-QDELTA 

IF «ABS(QDELTA) .1t.TOLQ) .AND.(ABS(SUMH) .1t.TOLH)) THEN 
LOK=LOK+l 

ENDIF 
600 CONTINUE 
C 
C 

li (rovs . gt. 3) then 
i=2 
do 700 10 - 1. n 

j=l+el 
sumh··r(l)*q(i) - r(j)*qCJ) 
sumz· re 1)+ r(J) 
k=l.+l 
jJ=J+l 
sumh·sumh+ r(k)*q(k) + r(J)*q(JJ) 
sumz·sumz+ r(k) + r(J) 
qdelta-sumh/sumz 
q(l)zq(l)+qdelta 
q(J)aq(J)+qdelta 
qCJJ)·q(jj)-qdelta 
q(k)cq(k)-qdelta 

if «abs(qdel ta) .lt. tolq) . and. (abs(sumh) .1 t. tolh» then 
lok=lok+l 

endl.f 
lf (Cmod(lo,loops).eq.O).and.(modC(10/loops),2).eq.O» then 

eise 
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l 700 

c 

800 

c 

900 

c 

c 
c 
c 

+ 

endif 
continue 

endlf 

if (mod(rows,2) .eq. 0) then 
DO 800 i=(tel-el+2),(tel-l),2 

j-i+l 
sumh--r(i).q (i) 
sumz= r(i) 
sumh-sumh+ r(j).q(j) 
sumz=sumz+ r (j ) 
qdel ta=sumhl sumz 
q(i)=q(l)+qdelta 
q(J)=q(J)-qdelta 

if «abs(qdelta) .lt. tolq) . and. (abs(sumh) .lt. tolh» then 
lok-Iok+1 

endif 
continue 

endif 

if (mod(rows,2).gt.O ) then 
do 900 i- (tel-el+1), (tel-2),2 

J=1+1 
sumha-r(i)*q(i) 
sumz- rel) 
sumh=sumh+ r(j).q(j) 
sumz-sumz + r(j) 
qdelta-sumh/sumz 
q(l)-q(l)+qdelta 
q(j)-q(j)-qdelta 
if«abs(qdelta) .lt.tolq) .and. (abs(sumh) .lt. 

tolh» then 
lok-lok+l 

endlf 
continue 

endlf 

rrun -rrun+1 

c •••••••••••••••••••••••••••••••••••••••••••••••••••••••• 
C •••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

if «lok .lt. (n+2*loops».and.(rrun .lt. 3000» then 
go to 550 

else 

237 



.' 

\ 

l 
~ r 
~ 
~ , 
1. 
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f 
f 
~ 

t 

C 
C 

"rite (icoWlt,*) 'it took 1 ,rrun. J lterations' 

C ********************************************** 

C 
C 
C 
C 

940 

C 

if (ibalance .eq. 1) then. 
TOTALVOL-O .0 

NOTE: l'M ASSUHING • OF SUSPENDED PARTICLES/PORE IS 
PROPORTIONAL TO flo" volume 

NOTE: FIND AVERAGE FLOW VOLUME 
QSUH-O .0 
DO 940 I=(TEL-(EL*6)+1).TEL 

QSUM=QSUH+Q (1) 
CONTINUE 

QAVE=QSUH/(EL*6) 

VOLSHALL=O .0 
QSMALL.:O.O 
QTOTAL=O.O 
ineg-O 
JSM=O 
DO 950 I=(TEL-(EL*ô)+l).TEL 

IF«R(I)**(-1./3.).LT.flne).and.(q(1).ge.O.»THEN 
JSH=JSM + 1 
QSHALL=QSMALL + Q(l) 
VOLSMALL=VOLSMALL+(1./R(I»-O.05.*3. 
SHALL(JSM)=I 

E1SE 
if«icake.eq .1) . and . (q(l) .ge.O.) )then 

if(r(i)**(-1./3.) .ge.flne)then 
bsm=bsm+l 
qblg=qbig+q(I) 
blg(bsm)=l 

endlf 
endlf 

ENDIF 
if(q (1) .ge. O. )then 

qtotal=qtotal +q (i) 
elseif«q (i) .1t.0.) . and. (r(i)** (-1./3.) .ge .. 051) )then 

ineg= ineg+ 1 
endif 

950 CONTINUE 
C 
c 

FRACSMALL=QSMALL/QTOTAL 
c 

238 



{ 

( 

C 
C 
C 
C 

PARTICLE • (VOLUME OF FLOWING PARTICLES IN LAYER ICAKE) / (TOTAL 
PORE VOLUME IN LAYER ICAKE) 

l'M ARBITRARILY CHOOSING IT 

lf(ll.eq.l)then 
PARTICLE(lcake) = 0.005 

if(lcake .ge. 2)then 
partlc1e(lcake-l)=0.005 

endif 
e1sei1(11 .eq. 2)then 

particle (icake) -0.01 
if(icake .ge. 2)then 

particle (icake-l)cO. 01 
endif 

e1se11(11 .eq. 3)then 
partlcle (icake) -0.05 

if(icake .ge. 2)then 
partic1e(lcake-l)-O.05 

endif 
endlf 

WRITE(ICOUNT,*)'PARTICLE(ICAKE) ',PARTICLE(ICAKE) 
CLOG • FRACSMALL*PARTICLE(icake) 

C CLOG • FRACTION OF SMALL PARTICLES THAT WILL 
C CLOG THE SMALL PIPES 
C 

VOLUME = 0.0 
DO 980 I=(TEL-(EL*6)+O, TEL 

VOLUHE=VOLUME + l/R(I) 
980 CONTINUE 

C 

VOLCLOG 1: CLOG*VOLUME 
lf(icake.eq .1)then 

volbot= (particle(icake) -clog) *volume 
endif 

WRITE(ICOUNT ,981) VOLUME 
981 format('TOP LAYER CAKE VOLUME',f18.7) 
C 
C RANDOMLY CHOOSE SMALL PIPE TO CLOG 
C 

VOLRED=O.O 
clogbotcvolbot 
ib-O 
IF (VOLCLOG .GT. (VOLSMALL»THEN 

DO 1020 IK 1: 1, JSM 
IA-SMALL(IK) 
VOLCLOG=VOLCLOG-(1./R(IA»**(1./3.)+ 0.05**3 
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" 

1020 

R(IA)-1./(O.05**3) 
ipipe(ia)=l 

CONTINUE 
ib=jsm 

C WRITE(* ,*)' JSM = # OF SMALL PIPES " JSM 
lf(icake .gt .1)then 

partnev(icake-l)=PARTICLE(lcake)+VOLCLOG/VOLUME-clog 
endif 

ELSE 
1022 if(volclog .gt. O.)then 

+ 

C 

1JS=JSM*RANl (IDUM) + 1 
lA=SMALL(IJS) 

IF(ipipe(la).eq.O)THEN 
VOLCLOG=VOLCLOG-(1./R(IA»+O.05.*3 
R(IA)=1./(O.05**3) 
lplpe(la)=l 
lb=ib+1 

ENDIF 
go to 1022 

endif 
if (icake. eq.1)then 

excess=O.O 
lb1=ib+lbl 

VOLBOT-VOLBOT+VOLCLOG 
c1ogbot=volbot 
qadd=O.O 
DO 1030 IX=I,bsm 

IL=BIG(IX) 
lf(q(i1).ge.O.)then 

VOLDEP=VOLBOT*Q (IL) /QBIG 
qadd=qadd+q (11) 

e1se 
voldep=O.O 

endif 
IF (VOLDEP .LT. O.008)THEN 

EXCESS=VOLDEP+excess 
ENDIF 
IF«(VOLDEP+EXCESS) .LE.(1./R(IL)-1.25E-4» 

. AND. (VOLDEP .GE. 0 .008) )THEN 
CLOGBOT=CLOGBOT-VOLDEP-EXCESS 
R(IL)=1 ./Cl./R(IL) -VOLDEP-EXCESS) 
EXCESS-O .0 

ELSEIF( (VOLDEP+EXCESS) .GT. (1 ./R(IL)-l. 25E-4) )THEN 
WRITE(ICOUNT.*) 'PIPE IS TOO SMALL 1030' 
EXCESS=VOLDEP-1./R(IL)+1.25E-4 +excess 
c1ogbot-clogbot-1./r(i1)+1.25e-4 
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( 

1030 

C 
C 

r(il)-8000. 
ibl-ib1+1 

ENDIF 
CONTINUE 

endif 

if (icake .gt. 1)then 
partnew(lcake-l)=PARTICLE(lcake)-CLOG 

endif 
ENDIF 

C WRITE(ICOUNT,*)' JSM • • SMALL ct: • CLOGGED &: • neg , 
C + JSM,IB, lneg 

if(icake .eq. l)then 
C wnte(icount ,*) 'lof big pipes in bottom layer " bsm 

endlf 
C 

brvol (lcake)-O.O 
do 1040 la-(tel-(el*6)+1),tel 

brvol (icake)-brvol (icake)+l/r(la) 
1040 contlnue 
C write(lcount,*)'brvol(icake) - ',brvol(icake) 
C 
C 
C CLOGGING DUE TO FINE PARTICLES 
C NOTE: 1'M ASSUMING • OF SUSPENDED PARTICLES/PORE 1S PROPORTIONAL 
C TO FLOW VOLUME. THE FINE PARTICLES DO NOT ENTER PORES THAT 
C HAVE BEEN CLOGGED DUE THE BIG PART1CLES 
C 

C NOTE: F1ND AVERAGE FLOW VOLUME. l 'M ONLY USING PORES THAT HAVE 
C NOT BEEN CLOGGED BY THE BIG PARTICLES. 
C 
C 

c 

QSUM-O.O 
Ipos-O 
percolate(icake)-numpart 

lf (icake .ge. 2)then 
C NOTE: USE NEXT STATEMENT BECAUSE LATER ON lN 
C PRO GRAM "PERCOLATE(icake-J+l)" IS "PERCOSUM tI 

percolate(icake-1)-numpart*el*6 
endlf 

C 
srvol(icake)-O.O 
DO 1045 I-(TEL-(EL*6)+1),TEL 

1F«ipipe(i) .eq.O) . and. (q(i) .ge.O. »THEN 
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1045 
C 
C 
C 
C 
C 
C 
C 
C 
C 
C 

c 

C 

QSUH=QSUH+Q (I) 
Ipos=-ipos+1 

ENDIF 
CONTINUE 

PERCC = • OF FINES THAT ARE DEPOSITED IN LAYER 
PERCOSUM = SUM OF FINES TH AT PERCOLATE THROUGH LAYER 

SUMDEP = SUM OF FINES THAT ARE DEPOSITED IN LAYER 
DIFFUSION = DIFFUSION CONSTANT (um~2/sec) 

+ 

+ 

+ 

+ 

+ 

KOLD = PERMEABILITY CALCULATED FOR NETWORK 
WITH (ICAKE-l) LAYERS 

QAVE-QSUM/Ipos 
percolate(lcake)=percolate(lcake)*el*6/1pOS 
PERCOSUM=O.O 
SUHDEP=O.O 
D!FFUSION=0.2161/A 
do 1047 1=(tel-(el*6)+1) ,tel 

IF(lplpe(i).eq.O)THEN 
veloclty=(consvel*avarea*q(l»/ 
(icake.0.42.(r(I) •• (-2./3.») 
velocity-velocity*kold 

if (veloclty.lt.O .. or. veloclty.ge. 
velcrlt)then 

perco=O .0 
volperco-O.O 

if(q(l).gt.O.)then 
percosum=percosum+(percolate(icake)*q(l)/qave) 

endif 
endif 

if(velocity.gt.O.O .and. veloclty.lt. 
velcrlt)then 

perco=(2**(4./3.».percolate(lcake) 
*(dlffuslon •• (2./3.» 

perco=perco*(veloclty**(-2./3.»*(r(1)**(2./9.» 
if(perco .gt. percolate(lcake»then 

perco=percolate(lcake)*(Q(I)/QAVE) 
else 

perco-perco*(Q(I)/QAVE) 
percosum-percosum+(percolate(lcake) 

*q(i)/qave-perco) 
endif 
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( 

C 

C 
C 
C 
C 
C 
C 

c 

c 
c 
C 
C 
C 

C 

+ 

sumdep=sumdep+perco 
endif 

volperco-perco.(a**3.) 

NEW PIPE RESISTANCE 
SMALLEST RADIUS THAT TUBE CAN BE REDUCED 

TO = 0.05 um 

lf (l./r(l) .le. volperco) then 
percosum=percosum+(volperco-l/r(i) 

else 

+1.25E-4)/(a**3) 
r(i)-aooo. 
PIPE VOLUME SMALLER THAN VOLPERCO 
srvol(icake)-srvol(icake)+l/r(l) 

R(I)=l./(l./R(I) - volPERCO) 
srvol(icake)=srvo) (icake)+l/r(i) 

endlf 

WRITE (ICOUNT,*) 'TOTAL' OF PERCOLATING and ' 
vrite(icount,*) 'deposited partlcles from cake layer' 
WRITE (ICOUNT,*) ICAKE,percosum,sumdep 

depositedasumdep 
ELSE 

srvol(icake)=srvol(icake)+l/r(i) 
ENDIF 

1047 continue 
C 

c 
c 

c 
c 

lf (icake .gt. l)then 
perconev(icake-l)-percosum/(6*el) 
vrlte(*,*)'perconev(icake-l) ',perconew(icake-l) 
wrlte(icount,*)'perconew(icake-l) ',perconev(icake-l) 

endlf 

lf(icake .eq. l)then 
qtot-O.O 
srvol(icake)=O.O 
do 1048 i=1,el*6 

if«q(I).ge.O.).and.(r(i).le.7999.9»then 
qtot-qtot+q(i) 

endif 
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1048 continue 
C 
C 
C 
C 
C 
C 
C 
C 

C 

SUSPENDED PARTICLES CAN NOT PASS THROUGH BOTTOM LAYER 
SMEXC • EXCESS VOLUME OF "FINES" THAT NEED TO BE 

DEPOSITED IN BOTTOM LAYER 
DEPBOT c VOLUME FINES DEPOSITED IN BOTTOM LAYER 
DEPSMA = VOLUME FINES DEPOSITED IN TUBE "1" IN BOTTOM LAYER 

smexc=O.O 
depbotcpercosum.(a**3) 
do 1049 1-1.e1.6 

if«q(i).ge.0.).and.(r(1).le.7999.9»then 
depsma-percosum*(a*.3.)*Q(1)/qtot 

else 
depsma=O.O 

endif 
if«depsma+smexc).le.«1./r(1»-1.25e-4»then 

depbot=depbot-depsma-smexc 
r(l)=l./«l./r(I»-depsma-smexc) 
smexc=O.O 

eIse1f«depsma+smexc).gt.«1./r(1»-1.25e-4»then 
wrlte(lcount •• ) 'plpe lS too small' 
smexc=depsma-(1./r(i»+1.25e-4+smexc 
depbot-depbot-1.1r(1)+1.25e-4 
r(i)=8000. 

endlf 
srvol(icake)Ksrvol(icake)+l./r(l) 

1049 contlnue 

C 
C 
C 
C 
C 

C 
C 
C 

C 

end1f 

ISMAEND = • OF UNCLOGGED TUBES IN BOTTOM LAYER 

IF (ICAKE .GE. 2) THEN 

WHEN ALL TUBES ARE CLOGGED IN BOTTOM LAYER TH EN 
LAYER ABOVE BOTTOM LAYER BECOMES NEW CAKE BOTTOM 
1f(lsmaend .eq. O)then 

lend=lcake-l 
else 

iend=icake 
endif 

DO 1095 J-2.Iend 
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l 

C 

1050 
C 

C 

+ 

volume-O.O 
volsmall-O.O 
QSMALL-O.O 
QTOTAL-O.O 
JSM-O 
qbig-O.O 
bsm-O 
ineg-O 
iclog-O 

DO 1050 I-(TEL-(EL*6*J)+1),(TEL-(EL*6*(J-1»)) 
IF«R(I).*(-1./3.).LT.fine).AND.R(I)**(-1./3.) 

.GT. O.051)THEN 

ELSE 

if(q(i).ge.O.)then 
JSM-JSM + 1 
QSMALL- QSMALL + Q (I) 
SMALL(JSM)-I 
volsma11-volsmall+(1./r(i»-O.OS**3. 

endif 

if«J.eq.lend).and.(r(1) •• (-1./3.).gt. fine»then 
if(q(i).ge.O.)then 

bsm-bam+1 
qbigzqbig+q(i) 
big (bsm)-i 

endif 
endif 

END IF 

if «q(i) .1 t.O.) .and. (r(i)**(-1./3.» .gt .. 051)then 
inegz ineg+1 

endif 
lf«j.eq.iend).and.(r(1)**(-1./3.».lt.O.051)then 

iclogziclog+ 1 
endif 

if(q(i).ge.O.)then 
QTOTAL-QTOTAL + Q(I) 

endif 
volumea vo1ume+l/r(i) 

CONTINUE 

if(j.eq.iend)then 
ltotbsmabsm 

end if 

FRACSMALL-QSMALL/QTOTAL 
CLOG-FRACSMALL*PARTICLE(icake-j+l) 
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C 

1060 

1062 

C 
C 

+ 

VOLCLOG=CLOG*VOLUME 

lF(jsm .eq.O) then 
lf«icake-j).gt.O)then 

partnew(icake-J)=particle(lcake-J+l) 
endif 

ELSEIF (VOLCLOG . GT . (VOLSMALL» TH EN 
DO 1060 IK =1,JSM 

lA-SMALL (IK) 
VOLCLOG=VOLCLOG-(1./R(IA»+0.OS**3. 
R(IA)=1./(O.OS**3) 
lpipe(ia)=l 

CONTINUE 
if (j . eq. iend)then 

lbl=lb1+jsm 
endl.f 
if«lcake-j).gt.O)then 

PARTnev(lcake-J)=PARTICLE(lcake-J+1) 
+volclog/volume - clog 

endif 
ELSEIF(VOLCLOG .LT. (VOLSMALL»THEN 

ENDIF 

if(volclog .gt. O.)then 
l JS=JSM*RAN1 (IDUM)+l 
IA=SMALL(IJS) 
IF (lpl.pe(la).eq.O)THEN 

VOLCLOG=VOLCLOG-(1./R(IA»+0.OS**3. 
R(IA)=1./(0.OS**3) 
lplpe(u)cl 
if(j.eq.icake)then 

ibl=lb1+1 
endl.f 

ENDIF 
go to 1062 

endlf 
lf( Cicake-J) .gt. O)then 

PARTnew(icake-J)-PARTICLE(icake-J+l)-CLOG 
endl.f 

lf(iblgend .eq.O)then 
is=(el*6+1) 
ie=is+itotbsm-1 
iy=2 
ifinish=icake-1 

else 
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'1 
is-1 
ie-itotbsm 
iy=l 
ifinish=icake 

end1f 
C 

if(j.eq.ifinish)then 
volbot s (particle(iy)-volclog/volume) *volume 
volbot=(particle(iy)-clog)*volume+volclog+excess 
cIogbot=volbot 
excess=O.O 

C 
DO 1070 1X=15,le 

IL=BIG(IX) 
if(q(il) .ge.O.)then 

VOLDEP=VOLBOT*Q(IL)/QBIG 
else 

voldep=O. 
endif 
IF (VOLDEP . LT . 0.008)THEN 

EXCESS=VOLDEP +excess 
ENOIF 
IF«(VOLOEP+EXCESS).LE.(1./R(IL)-1.25E-4» 

+ .AND. (VOLDEP.GE.0.008»THEN 
CLOGBOT=CLOGBOT-VOLOEP-EXCESS 
R(IL)c1./(1./R(IL)-VOLDEP-EXCESS) 
EXCESS-O.O 

ELSEIF«VOLDEP+EXCESS).GT.(l./R(IL) 
+ -1. 25E-4» THEN 

ib1-1b1+1 
EXCESS=VOLDEP-1. /R(IL)+l. 25E-4 +excess 
clogbot=clogbot-1./r(11)+1.25e-4 
r(il)c8000. 

ENOIF 
1070 CONTINUE 
C 

ENDIF 
C 
C 

brvol(icake-J+1)=0.O 
do 1075 ia=(tel-(el*6*j)+1).(tel-(el*6*(j-1») 

brvol(lcake-J+1)=brvol(icake-j+1)+1/r(ia) 
1075 contlnue 
C 

srvol(lcake-j+1)=O.O 
.{ Qsum=O.O 
> 
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'i-

l 

960 
C 

C 

Ime=O 
do 960 i=(tel-(el*6*j)+1),(tel-(el*S*(J-l») 

if«ipipe(i).eq.O).and.(q(i).ge.O.»then 
Qsum=Qsum+Q(I) 

endif 
continue 

sumvolperco=O.O 
sumdep=O.O 
percosum=O.O 

C FROM EXPER1MENTS FOUND SUPERF1C1AL VELOCITY (I.e. consvel) 
C APPROX. = 10.E+3/LENGTH (um/sec) 
C USE POROS1TY = 0.42 
C 

C 

C 

C 
C 

+ 

+ 

+ 

If(ipipe(i) .eq.O)then 
veloclty= (consvel.avarea*q(i»/(lcake 

.O.42*(r(1)**(-2./3.») 
velocity=veloclty*kold 

If(veloclty.lt.O .. or. veloclty.ge.velcrlt)then 
perco =0 
volperco=O. 
IF(Q(I) .GT. O.)THEN 

percosum=percosum+(percolate(lcake-J+l) 
*q(l)/qsum) 

END1F 
endif 
if(velocity.ge.O .. and. velocity.lt. velcrlt)then 

perco=(2*.(4./3.»*(dlffuslon**(2./3.» 
perco=perco*(veloclty.*(-2./3.»*(r(1)**(2./9.» 
perco=perco*percolate(lcake-]+l)*Q(1)/Qsum 
vrlte (lcount •• )'veloclty PERCO • ,veloclty,perco 
sumdep=sumdep+perco 
If(perco .gt. percolate(lcake-]+l)*Q(l)/qsum)then 

perco=percolate(lcake-J+l)*(q(l)/qsum) 
else 

percosum=percosum+«percolate(icake-J+l). 
q(l)/qsum)-perco) 

endl! 
endif 
volperco=perco*(a.*3.) 
sumvolperco2 sumvolperco+volperco 

REMEMBER R(I) 1S THE PIPE RESISTANCE NOT PIPE RADIUS 
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t 
c 

c 

c 

C 
970 
C 
C 

c 
c 

c 
c 

996 
C 

ELSE 

if (l/r(l) .le. volperco) then 
percosum=percosum+(volperco-(1./r(i»+1.25e-4) 

l(a**3) 
r(i)=8000. 

else 
R(I)=(l/r(i)-volperco)**(-l) 

endif 

srvol(icake-j+l)=srvol(icake-j+l)+l/r(i) 

srvol(lcake-j+1)=srvol(lcake-j+l)+1./r(i) 
ime=ime+l 

ENDIF 

CONTINUE 

VOLUME=O.O 
lf (icake-j .gt. O)then 

perconew(icake-j)-percosum 
endif 

ISMAEND • # OF UNCLOGGED PIPES IN BOTTOM LAYER 
lf (lsmaend . eq. 0 )1.hen 

J.s=el*6+1 
J.e=ls+2*e1*6- ~ 

else 
J.s=l 
ie=el*6 

endif 

IF(icake .ge. 2)THEN 
IF(j.eq.iend)THEN 

qtot=O.O 
do 996 J.=is, ie 

lf «q (l) .ge. O.) . and. (r(l) .le. 7999.9) )then 
qtot=qtot+q Ci) 

end if 
continue 

depbot=percosum.(a.*3.) 
do 997 i=is,le 

lf(q(l) .ge. O.)then 
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1 

997 
C 

depsma=percosum*(a**3.)*q(i)/qtot 
else 

depsma=O.O 
endif 
~f«depsma+smexc) .le.«1/r(1»-1.25e-4»then 

depbot=depbot-depsma-smexc 
r(1)=1./(1./r(1»-depsma-smexc) 
smexc=O.O 

elself«depsma+smexc).gt. «1/r(1»-1.25e-4»then 
smexc=depsma-l./r(l) il.25e-4+smexc 
depbot=depbot-l./r(~)+1.25e-4 

r(l)=8000. 
end if 

contlnue 

srvol Üend)=O. 0 
do 1005 l=ls,le 

srvol(lend)=srvol(iend)+l./r(l) 
1005 contlnue 

C 
C 
1095 
C 
C 

1097 
C 

c 
c 

ENDIF 
ENDIF 

CONTINUE 

do 1097 Jd=l,lcake-l 
percolate(Jd)=perconew(jd) 
partlcle(Jd)=partnev(Jd) 

contlnue 

ENDIF 
********************************************** 

ibalance = 2 
ENDIF 

C ********************************************************* 
C ********************************************************* 
C 
C 

if (irepeat .eq. 2) then 
goto 540 

endif 
headIoss=O. 
do 1100 M=l, el 

do 1000 i=M,tel,el 
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- ~---------------------

headloss-headloss+ r(i)*q(i) 
1000 continue 
1100 continue 

1200 

1ossave=headloss*el/(rovs-l)/~1 
permeab=l./(lossave) 
perm(icake)·permeab 
kold=permeab 

wrl te (l.count, *) 'seed ',lldum,' layer ',icake,' k ',penneab 
wrlte (*,*) 'seed ',lldum,' 10ssave ',lossave,' k ',penneab 

endif 
wnte(l.count,*) 'percolate(J) J srvol(j) partl.cle(j) 

+ brvol(J) iclog lsm iblg lneg' 
do 1300 J=l,l.cake 

meg=O 
lclog=O 
Ibsmend=O 
lllttle=O 
do 1200 l=(eL*6*(J-1)+1),(el*6)*J 

l.f(r(l) .gt. 7999.9)then 
iclog=lc1og+1 

endif 
if«(r(i).lt.7999.9).and.(r(i).ge.1./(fine**3.»)then 

if(q(l).ge.O.)then 
lllttle=ilittle+l 

endlf 
endlf 
1.f (r(i) .1 t.1. / (fine*.3.) )then 

l.f(q(l.).ge.O.)then 
ibsmend=lbsmend+1 

endlf 
endif 
l.f(q(i) .1t.O.hhen 

lneg=lneg+l 
endlf 

contl.nue 
aclog(] )=lclog 
allttle(J)=lllttle 
absmend(J)=lbsmend 
aneg(J)=lneg 

wnte(lcount,1310)percolate(j),J ,srvol(j) ,partlcle(j) ,brvol(j), 
+ aclog(j) ,alittle(J) ,absmend(j) ,aneg(j) 

1300 continue 
1310 formatCe16.10,i4,F12.3,e12.4,F12.3,4f4.0) 
C 
C ICLOG = # OF TUBES CLOGGED IN BOTTOM LAYEr. 

lclog=O 
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c 
C 
C 
C 
C 
C 
C 

1400 
C 

NOTE: 

C + 

2100 

2200 
C 

2250 
2300 

ibigend=O 
ismaend=O 
ineg=O 
do 1400 1=1, e1*6 

if(r(i) .gt.7999.9)then 
iclog=iclog+1 

endlf 
If(r(i) .1t.7999.9)then 

if (q (i) .ge.O. )then 
lbigend=lblgend+1 

endif 
endif 

ib1gend and ismaend are equal but before 1 had a cond1tlon 
that allowed the flnes to clog the pIpes ta r=O.OOS and 
the big part l.cles to clog the plpes to r=O. 05. l' m 
Ieaving the setup thl.s vay 50 l can change the condItIons 
lf l want to later on. 

lf(r(l) .lt.7999.9)then 
l.f (q(l) . ge. O. )th en 

ismaend=ismaend+1 
endlf 

endif 
1f(q(l.) .1t.O.)then 

l.neg=l.neg+1 
endif 
contlnue 
wnte(l.count ,*) 'lclog,lbig,lsmall,lneg , ,lcIog, 

lblgend,lsmaend.ineg 
If(lcake .lt. 11ayer)then 

rows=rows+6 
tel= (rows-l) .el 
n=10ops*(rows-2) 
do 2100 1=(te1-S*e1 +1),te1 

iplpe(i)=O 
r(i)=1.0/(r(1)*.3) 

contlnue 
endlf 
contlnue 

write(icount,.)'icake k 
do 2250 i=l.ilayer 

write(icount,2360)i,perm(i) 
continue 

continue 
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1 

2350 cont 1nue 
2360 format (i3,e15. 5) 
2400 continue 

c 
c 
c 
c 
c 

c 

C 
10 

c 

c 

end 

log normal random number generator 
funchon rlognor(idurn) 

real Median 
common lcount 

if (icount . eq. 1) then 
std-0.6 
xo=1.0 
ao=0.5 
co-3.0 
median-l.O 

end1f 
lf (lcount .eq. 2) then 

std=0.6 
xo-1.0 
ao-0.5 
co-3.0 
median=1.0 

endif 

randx=ranl(ldum) 
lf«randx .ge .. 494) .and.(randx .le .. 54»then 

go to 10 
end if 
xx=ao*tan«3.141592654)*randx)+xo 
yyz:ran1 (ldum). (co) 
yy=yyl<1 +«xx-xo) •• 2)/(ao*ao» 
if (xx .lt. 0.0) then 

go to 10 
endif 

px=(1.0/(sqrt(2*3.141592654)*std*xx» 
px=px*exp«-.5*(log(xx)-log(median».*2)/(std**2» 

if (px .ge. yy) then 
rlognor = xx 

eIse 
go to 10 
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........ 

c 
c 

11 

endif 
return 
end 

function ranl(ldum) 
dlmenSlon s (97) 
lnteger ma,lal,lcl,m2,la2,lc2,m3,la3,lc3 
ml=259200 

lal=7141 
lcl=54773 
m2=134456 

la2=8121 
lc2=28411 
m3=243000 

la3=4561 
ic3=51349 
data Iff lOI 
lf (ldum .lt. 0 .or. lff .eq. 0) then 

If!=l 
lxl=mod(lcl-1durn,ml) 
lxl=mod(lAl*lXl +lcl,rnl) 
lx2=mod(lXl,m2) 
lxl=mod(Ial*lxl+1cl,ml) 
lx3=mod(lXl,m3) 
do 11 J"1,97 

lXl-mod(lal*lxl+1cl,ml) 
lx2-mod(la2*lx2+1c2,m2) 
s(J)-(float(lxl)+float(lx2)/m2)/rnl 

contlnue 
ldum - 1 

endlf 
ixl=mod(lal*lxl+1cl.ml) 
ix2=mod(la2*lx2+1c2,m2) 
ix3=mod(la3*lx3+1c3.m3) 
j=1+(97*lx3)/m3 
if (j . gt. 97 . or. J .1 t. 1) then 

wrlte(*,.) 'error' 
endl! 
ranl=s(J) 
s(j)=(float(lxl)+float(lx2)/m2)/ml 
return 
end 
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