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ABSTRACT 

This thesls addresses the ill-posed problem of es~\mating two-dimensional motion 

in time-varYlng Images l he approach proposed h"re uses the theory of stochastlc 

processes at the formulation ~nd solution stages ,Independent Gausslan random 

variables are u5ed lo model the lelatlonshlp betwe\~n motion fields and Images, 

and vector and blnary Markov rdndor,"\ fields are USE'\) to model motion and mo

tion dlscontlnUity fields, respectlvely Tht<;e models, \'omblned usmg Bayes rule, 
, 

result III G,bbs,an a posterlon prolJabillty distribution fr,o'll whlch the Maximum A 

Postenofl Probabdlty (MAP) and the Minimum Expecte.1 Cast (MEC) estimation 

criteria are denved OptlnllzatlOn of t hese criteria 15 f,-el'!ormed using stochastic 

relaxation The MAP estimation IS extended to ll.1ndlc ,I Llrp;e dlsplacements via 

hlerarch,cal approach Determlnlstlc approximations ta SOlnt' of the stochastic al-

gonthms propo5ed are denved and compared wlth thelr stochastic counterparts. 

The colour Information 15 Incorporated Into the estimation process Numerous 

expemnental results are ,ncluded Two of the methods proposed are applJcd to 

lTlotlon-compensated Interpolation and shown ta reduce certain type of errors. 
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SOMMAIRE 

Le présent mémoire examine le problème partiellement drfllll de l'estlillation du 

mouvement bidimensionnel dans les séquences d'lPlages dyn.lI11lques L 'app,o( h(' 

proposée ICI utilise la théorie des processlI'> StochL1<;tl<1Ues .HIX ét.1pes de ILl 1011\111-

lation du problème et de sa solution Des variables ,llé.ltol,es g,H'~'ilen'H"S IIHfépell 

dantes sont utilisées pOlir modéliser la relation entre lec; champs de dépl,lCenH'nl 

et les Images, tandis que des champs aléatoires IllMkoVlen'i, vectorlel'i et bln,llre .. , 

sont utilisés pour modéliser respectivement le champ de drpbct'rnent et le (h,lIup 

de discontinUIté du déplacement Ces modèles. COlllblllés en 1IIdl~,lIIt la ri'gle dl' 

Bayes, résultent en une fonction de répartition de P'Ob'lblltté ,1 pO'(t'I/Ofl d(' type 

Gibbs à partir de laquelle les critères d'estimation de Prob,lblltl(> Il pOC,tt'l/(ll/ M,IX 

imale (PAM) et de Coût Espéré Minimal (CEM) ::.ont obtenus L'optllTll'>.1tloll dp 

ces cntères est accomplie par relaxation stochJ,>tlque A 1',lIde d'une méthode hlér 

archlque, l'estimation PAM est généralisée aux Situations Oll les d('pL1CPrllcnh .,onl 

grands Des approximations déterministes à CNt.llllS (IPs ,dgortthlllPs .,toChJ<;tlqllP<; 

proposés sont obtenues et comparées aux méthodes <,toc.ha~tlqllf'<' (om'~polld.slltl''' 

L'Information couleur est IIlcorporée dans le prOCe'iSllS d'estImation PIIISlf'IJr'i ré 

sultats expérimentaux sont Inclus Deux des méthodes propo,>ées 50nt appllqllées 

au problème de l'interpolation d'Images avec compensation pOlir le mouvement et 

l'on constate qu'elles rédUisent certains types d'erreurs 
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dlsplacement random flr.ld 

norma "zed d,sta nee bet ween t empara 1 pOSitions of the 

displacement field and the prece<hng Image field 

observed Image (data) 

interpolated observed Image at pO'iltlOllS not 011 sampllllg gr/d 

image ralldom f,eld 

random fields III Markov challl '1 
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mcremental dlsplacernellt field 
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estlmate of incrementai dlsplacement field 
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lattlce (sarnpltng structure) of dl~plêl((~rnent field cl, 1If1.Jgf' (/ 
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nUf11ber of vectors ln one dlsplacement field 

number of pels ln one Image field 

nOise samples 
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Chapter 1 INTRODUCTION 

1.1 MOTIVATION 

TIIIS thesis addre5ses the problem of estlmatlng 2-D motion from spatio-temporally 

sampled Image sequences Such a problem IS one of the two aspects of the widely used 

terlll "motion estimation" ln the field of computer vIsion The other aspect is the so called 

3 D motion, whlch illms at rccovery of three-dlmenslonal motion parameters of obJects or 

of an observer There eXlst varlous approaches to estlmatlng 2-D motion from dynamic 

Images, but they can lIslIally be class,f,ed as elther low-Ievel or 11Igh-level computer vision 

,llgonthrns The' clac,s of algonthms presented here belongs to the former group along wlth 

c,uch Illcthùds ,IS block rnatchlng, sp,ülo-temporal gradient or Founer techniques, and IS 

Chdr,lctNlzcd by computation of motion based oilly on simple low-Ievel Image descnptors 

Ilke Illtenslty, colour, contrast etc The hlgh-Ievel methods, not consldered here, relyon 

Illlage ,lI1alysls to extract hlgh-Ievel features of the data, such as edges, obJect boundanes 

ot complete obJects, and lise these features ta solve the correspondence problem Instead 

of IIltenslty or colour Il1Jtchlllg, contours or even Items from a IIst are matched according 

to SOI1H' pre sppclflcd c,yntax 

1.1.1 Importance of 2-D motion estimation 

The go.)1 of 2-D motion estimation IS to obtain a sequence of dense motion fields, 

.1150 called apt/cal flow, falthfully representlllg movements III a time-varYlng image. This 

estunatlon problem has LI wlde range of applications such as 
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1. time-varymg Image processing motIOn -compensa ted Interpolation for 

sampling structure converSion, motlon-compensated fdtermg for nOise 

reductlon, 

2. Image sequence compressIon' motlon-compensated codmg for bit rate 

reductlon, 

3. com puter vIsion (rabotles) structu re f rom 1110tlon for passive navlg.1-

tian, 3-D motion from 2-D motion for passlv€' navlgJtlon and obJect 

tracklng 

1.1.2 Drawbacks of existing methods 

Not surprislngly. Sin ce the problem IS Important. It 15 also dlfflcult The dlfheulty of 

estimating dense 2-D motion fields IS due to two factors ill-posednes5 and (omplexlty 

The problem IS tli-posed sinee many dlfferent veetor fields (al) expldln tlw 5JIlH' d,ltd 11)(' 

complexlty of the proulem IS dept'ndent on ItS dlrnenslOllallty, Wlll,h 1'> hlgh ,>lIlrc typlc.llly 

several thousands of unknowns have ta be computf'd Sltlllllt,llH'Ou<;ly 

Simple estimatIOn algonthrns. hke bloek mJtchlng, frequently fail to produfP gond 

results Such methods rLly on the datd (Images) only and do not attcmpt to exphCltly rnodcl 

motion fields Consequently. everv motion vector 15 computed (rolll local Inh'n'>lly v,llll(,'> 

without any regard to the motion of ItS llelghbourlllg plctllre elelllent., l () OVPf( orne t III'> 

deflclency global formulations have been proposed Instead of rnllllrnlllng a local obJ(·n,vl' 

function, global functlons over the c,)l1lplete ~notloll flcld have b~pn lI,,/'<I Ilorn ,lI,d S< hlirH k 

[41] have formulated sueh a global cntenon a~ a compromise betWCéll an t'rror Jf'rtved from 

the motion constralnt equatlon and a motion srnoothne,>,> error Hddreth 1 {Clj h.l'> Il'''-<\ 

the difference between the measured and the estlmated veloclty cOrnpOIlf>llt orthogonal to 

an Intenslty contour, and allowed smoothlllg only along stlch a contour N'lgel 1691 hd~ 

extended the Horn-Schunck method by uSlng Image structure ln the smoothnrss trrrn, thu,> 

allowlng space-vanant smoothlng 

Ali three approaches can be classlfled as regulartzatlon (of the Original III-p0.,N{ cor 

respondence problem) where the smoothness term expresses cl 'HlO" aS5umptions about 

the propertles of motion The resultlng cost functlonal 15 quadratlc wlth re'>pl~ct to tht.! 

estlmated quantlty, and IS usually mllllmized elther by establlshlng necessary conditions for 
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optlmal.ty and solvlng a set of Ilnear equatlons (Gauss-Seidel relaxation in the Horn-Schunck 

approach), or by dlrectly applylng a general optlmlzatlon method (conJugate gradients ln 

Hrldreth's approach) The major drawback of the Horn-Schunck method IS that the mo

tion vectors are conflned to flxed spatlo-temporal positions, hence to perform sampllng 

structure conversion through motlon-compensated Interpolation, motion fields have to be 

Interpolated too Also, the formulation uSlng the motion constralnt equatlon requlres the 

evaluatlon of data denvatlves, whlch IS an Ill-posed problem Itself Flnally, the method 

farls to work properly for large dlsplacements as the assumptlon of locally Ilnear variation 

of Image Intenslty IS vlolated, espE::clally slnce the r,Jrely temporal denvatlve IS used ln 

the aigontllill These deflclencles frequently resu!t ln erroneous estimates, and ln partlcu

lar cause overestlmatlon of velocltles of hlgh-contrast Intenslty discontlnlllties Due to the 

space IrlvarlJnt srnoothlng operation, the estlmates also tend to be erroneous at the motion 

bOllnd,Hlcs l he major drilwoilck of H"dreth 's approach IS the need to know l ,tenslty con

tours f> g , edge-;, bpfore performlng motion estimation Aiso it IS not clear how I.e propagate 

the boundary estlmates, espeCially If the contours are not closed Nagel's extension suffers, 

like the Horn-Schllnck algorlthm, from flxed spatlo-temporal positions of motion esllmates. 

Howcwr, ht' Il'ied more elaborate Bealldet operators to compute Image denvatlves He 

also sliggested ,1 modificatIOn to the Horn-Schunck algorrthm to avold computation of the 

tempor.!1 II1t(,IlSlty deriVadVe, but dld not glve a Justification for thls modification Nagel 

reported an IIllprovement over the Horn-Schunck rnethod due to the "onented smoothness" 

(space-V<1n.Hlt) operator, however hls motion model dlsregards motion discontlnuitles and 

5t"l causes oversrnoothmg at the motion boundanes 

1.1.3 Multidisciplinary problem 

It 15 clear from the applications listed that 2-D motion estimation is a multldiscipllnary 

ptoblern It mOly be lIsed III tllTle-varymg Image compression for Video, ln 3-D motion 

rt'covery fOI fjasslve navlgatloll as weil as III obJect tracklllg for traffic control. This flrst 

application rnay be classlfled as d part of multldlmenslonal digital signal processmg, while 

the otller two belong to computer VISion and robotlc5 The area of motion estimation can 

beneflt fronl theory developed ln ail these fields, however It IS also constramed by them 
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ln the sense that the goals ta be achleved are spf'Clfled by ,lpplic.ltlons For ex.l111 plt-, ln 

video the Image quality Improvement IS the ultlnlJte goal, ,Incl veloCity oversll1oothlllg ,lt .1 

low-gradient IIltensity edge may not degrade It, whde 1/1 rabatlcs precise motlU/1 bOlllld.Hlt's 

should be known ta reltably recover structure from motion Otherwlse, a robot ,lIlll m.ly 

miss Its target, or eve/1 destroy Il 

Another area wlth whlch motion estllnatlon II1tersects 1/1 thls thesis 15 the tllt'ory of 

stochastlc processes, and 1/1 partlcular Markov random fleld~ Unllke the few prol}(),>t'd 

probabdlstlc metnods of estlmatll1g motion (to be revlewed III St-diOIi ') 3 5), tlll<; thP51'i 

offers a broader vlew on stocnastlc lllodelll1g of motion and sllggests SIOlh,\stlt solutIOn 

method5 to solve such stochastlc formulJtlons 

1.2 STOCHASTIC APPROACH TO MOTION ESTIMATION 

ln the field of apphed storhastlc processes, the MMKOV r,lIHlom held rnodels have \)1'('11 

successfully lIsed for Image modeling [92]. [38} BJsed on <,lIch 1I10d('ls Geman and (IPlllarl 

[26] have proposed a theoretlcal basis for Image re~toratlOn uSlI1g stochastlc ,dax,lllOn 

methods, and have shown ImpreSSlve results FollowlI1g the Idea of Klrkpatrt( k ('1 ,tI 1'>2\ 

they have also formallzed slmulJted annealtng, provlng tlHee Importdllt thf'orém<:. 

T akll1g II1to account the success of Markov randoln field modehng of IIll.1g(· ... il'> w"11 

as the drawbacks of the Horn-Schunck-type algollthrns, thl~ tllf''>I'> dpproa(hf~'> tlte ') D 

motIOn estimatIOn problt'm from il pOint of vlew of stoch.J,>tll. PW(p<:.., tlH'ory 1\ B,ly{,~I .. n 

formulation of motIOn estimation IS proposed, where the motIon (wld., .trI: modl:lpd by ..1 

vector Markov random field, and are related to the Images throlJgh In(kpcndent (ldlJ.,.,ldn 

random variables From these stochastlc model., a cnte. Ion for MdxlmllOl li Po~If'fIO" 

Probablltty estimatIOn IS dertved Since thls cntf'lIon 1<; .J non quadratl r fun(tlon of th,. 

estlmates, and ln general IS Illultlmodal. there eYlst Indny 10(.11 rTlllllrnd and '>\leh mf'thods 

as conJugate gradients, steepest descent etc, will not flnd thr> global rrllntrltUIn l1nlf~"':. ':.t<lft('d 

sufficlently close to thls global optimum To locate the globJ! mlnlrnum II IS propù5(:d ln 

th,s thesis to use 51mulated anneaftng [26J ThiS method, under eertdlll condition':., 1'> able to 

flnd the global minimum regardless of the Initiai state T wo versions of s/mulated annpalmg 
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are denved dlscrete state space and contlnuous state space The dlscrete state space 

algorlthm 15 a stralghtforward Implementation of the Gibbs sampler as proposed by Geman 

,wd Gernan, and does not requlre data denvatlves It can be classlfled as a pel matchlng 

algonthm wlth a smoothness c.onstralnt For the contlnuous state space MAP estimation, 

however, It le, possible to locally approxlmate the non-quadratlc objective functlon Dy a 

quadratlc one This results ln a Gausslan transltlonal probabdlty (lnstead of Glbbslan) for 

whlch randam devlates can be easdy generated This method belongs to a class of spatio

temporal grddlent techniques wlth a mot 'on smoothness constralnt It IS demonstrated 

that thls rnethod IS a stochastlc generallzatlon of Horn-Schunck-type algonthms Aiso 

another Bayeslan formulation, based on the Idea proposed by Marroquln [62], mlnlmlzrng an 

expected I.'rror, IS Investlgated Slmp!rfled to the Minimum Mean Squared Error estimation 

li IS solveel by stochastlc relaxatIOn and averaglng 

To han(lIe large dlsplacernents efflclently the MAP estimation IS extended by incor

poratlllg il hlerarchy of resolutlon levels ln thls way the computatlonal effort is reduced 

slgmflcantly It 15 formally dernonstrated for the 1-0 space-Invanant matchlng problem, that 

low-pass fdtenng of the data results ln low-pass fdtenng of the objective functlon Hence It 

Cc1n b~ concludeel that multlmodal objective functlons can be "smoothed-out" to become 

IInunodal If slIfflCient low-pass fdtenng 15 provlded Consequently, minlmlzatlon becomes a 

trivial task, as IS demonstrated on a 1-0 example ThiS Important r~sult does not easily 

extend to the 2-D space-varrant motion estimation, but the general Idea can probably be 

extrapolated from the 1-D case, as seems to be conflrmed by the practlcal examples glven. 

The globally 511100th motion fields are not sufflclently precise to descrlbe motion ln 

typlcal TV Images Rlgld body motion IS charactenzed by a pieceWl5e 5mooth motion 

field, whlch Includes motion boundanes along contin UOll5 curves A globally smooth field 

cannot acclirately represent sllch propertles The problem IS even more pronounced for the 

hlNarchlcal approach, whlch tends to Introduce over5moothlng at the motion boundanes 

To JCco/lullodate a pl<.cewise sl1100th descnptlon of motion fields, a motion model whlch 

explrcltly allow5 discontlnlllties ln the motion field 15 adopted via the 50 called l,ne process 

(a collpled blnary Markov random field Interleaved spatlally wlth the vector Markov random 

field) ThiS two-Iayer model 15 shawn to ImprO'Je the estlmates signiflcantly. 
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Throughout the course of research 1 found that qlllte frequently the motion cUt' from 

luminance only IS rnsufflclent for rellable motion estllllatlon, and th.lt the rt'sults C.lll bt' ""g 

nificantly Improved by rncorporating other cues Colour IS Investlg.lted .1'> such .111 ,Hld,llon,11 

eue ln the MAP context, and IS shown 10 Improve the estll11.1tes III sOllle sllu.ltIOnc, 

Srnce the stochastlc motion estimation techniques proposed III Ihls thesl~ ,Hl' (h.lI,l( 

terrzed by Increased computatlonal effort, faster deterrnlillstic solution methoo ... werl' .11 ... 0 

rnvestigated Instead of the dlscrete state space MAP estimation, the Iter,lted lO"d,tlon,II 

modes proposed by Besag [111 can be used However th,,> aplHoXlmatlCln 10; c!t'.lIly Illkllor 

If Instantaneous reductlon of a temperatur€' parJrneter to lero IS applred (qUt'flc/IlIlt;) to 

the contlnuous state space MAP estllnatlon, th,s method results III .ln upd,ltt' 1f'<"(,lllbllng 

the Horn-Schunck approach wlth certain modifications Those mod,f,e,ll,ollo;; .lIt' d''>LII.,~('d 

in detarl, and thelr Impact on the estllnatlon procc'iS IS demonstrdted S'lllllI.IIIOIl'i peT 

formed show supenorrty of stochastlc relaxation cOlllp.ned to deterrllllll~tl( lIorn Sdlllfl( k 

type methods for entlcal sequences However, for less dernJlldlllg (or .lInb,glloll.,) d,ILl tlll' 

d,fference between the methods IS slgnlfleantly reduced, somellllle., even not notlc (',11>1(' 

This observation suggests that for more 'blJrnpy" objective f""f tiOIl'>, tht' c!Ptl'rlllll"..,tll 

algorithm IS unable to escape local minima, whrle 5/fl111latrd allllt',dlllg "VOid., tl\l'Ill v/'ry 

adeptly The d,fFerence between estlmates produced by the stoeh.tstl( and detertlllnl,>ll( 

counterparts IS reduced when they are Implemented ln a hlerarchlcal manner nt'arly . .J 

smoother objective functlon Incorporates fewer local mlnlllla, hence f'ven a deterrnlnl,>tH 

algorithrn has a better chance of flndlng the global mlnlmUITl 

1.3 THESIS OVERVIEW 

ln Chapter 2 sorne deflnltlons and assumptlons are presented, followed hy the rl,'>(II""IOn 

of the ill-posed nature of motion estimation and a survey of motion (·,;tlmatlon rTl,·thod.., 

Then, the h,erarch,cal and regularrzatlon methods used ln Image prou:,>r,lng and (ornputr-r 

vision afe dlscussed, as weil as the stochastlc modelrng and (~r,tlrnatlon T hf~ chaptf:r 1'> 

concluded wlth an example of 1-D space-Invarr, nt Signai matc.hlng to dernon5trat~ b"h,lVlfJIH 

of sorne optlmlzatlon methods used ln thls thesls 
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Chapter 3 mtroduces the termlnology, bnefly summanzes Markov random fields and 

Gibbs dlstnbutlons, and proposes the Maximum A Postenon Probabtllty and the Minimum 

Expected Co~t estimation crttena Subsequently, the necessary ingredients of such for

mulatIOn the structura! mode!, the observation model and the dlsplacernent field model, 

are dl5cussed, and the final form of the a postenor/ probabtllty 15 denved Appendix 3 A 

contalns d denvatlon of the Minimum Expected Cost estlmator 

ln (hapter 4 the !>tochastlc solutions to earller formlJlatlons are presented Flrst, the 

Monte Carlo methods are bnefly dec;crlbed, and then more detaded analysls of stochastlc 

fe/aXe/tlon via the Metropolis algonthm and via the Gibbs samplel IS Included Thi!> is 

followed by the diScussion of sJnwlated annealmg to obtaln the Maxlm,Jm A Po~ terion 

Probablhty f'stlrnator and of the Law of Large Numbers for Markov chams ta obt. in the 

MlnllTllJm Lxpected Cost estlmator Then, the contlnUOllS state space Gibbs sampler Îs 

dertved, and the Issue of Image Intenslty Interpolation IS dlscussed The chapter 15 concluded 

Wltl! nurnerou<; expenrnental results obtalned froln vartoLls Image sequences ln appendices 

.1t the end of the chapter proofs related ta bath stochastlc relaxatIOn algortthms as weil as 

the discussion of II1tenslty Interpolation are presented 

Chaptel 5 extends the MaXlIllUm A PostenoTl Probabtllty estimation ta a hlerarchy of 

resolutlons rlfst, the relevance of ftltenng tn a hlerarchlcal app~oach is dlscussed, and then 

tlw algonthm 15 desCflbed Subseqllently the fllters for pyrarnld generatlon are designed, 

,1nd the .1dlu~tlTlent of saille pMarneters accordlllg ta the resolutlon levells presented. Again 

the chapter ends wlth ('xpenmental results Appendlx 5 A IIlcludes the proof of a theorem 

lelatlllg filtl'tlng operations 011 the data and on the objective functlon 

Ch,lpter 6 Il1trodllces the piecewise smooth model for motion Flrst, a new MaXimum 

A Postellll/l Probablhty cnterlon IS formulated, and then, based on the two-Iayer model, the 

,1 postel/ol/ probabtllty IS denved Aiso the Gibbs sampler for the !lne process is discussed 

As llsual the chapter concludes wlth l1umerOllS examples 

ln Chapter 7 colour IS Illcorporated Into the ~tructural and observation rnodels The 

ObJCdlVC fUlletlon IS denved, and sorne expenmental results shown. 

Ch,1pter 8 brtflgs deterrnlnlstlc approximations to the MaXimum A Postenon Proba

btllty estll11atlon fOI the dlscrete and contmuous state spaces Theoretlcal and practical 
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comparisons with the stochastic counterparts are carned out 

ln Chapter 9 two algorithms are applied to motlon-compensated interpolation Thelr 

performance is compared subJectively via visual inspection and obJectlvely - through an 

error criterion. 

Finally, Chapter 10 summarizes this thesls, disclIsses the contributions and indicates 

sorne open questions. 
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Chapter 2 BACKGROUND 

As stated ln the Introduction, thls thesis addresses the problem of estimatlng a 2-D 

motion of plcture elements III a spatlo-temporal (3-D) sequence of Images It IS not the 

intentIOn of thls wcrk to Investlgate the recovery of the motion ln the original 3-D scene 

ln thls chapter sorne ba~lc deflnltlons and frequently used assumptlons will be given, 111-

posedness of 2- [) motloll estnllatloll will be demonstrated, and the major motion estimation 

tedllliques will be rf'vlewed Then, techniques proposed ta deal wlth i"-posedness will be 

d(,sUlbed, followed by a bnef diSCUSSion of hlerarchlcal methods as weil as of stochastlc 

rnodehng Jl1d estimation The chapter will be concluded wlth a simple example of 1-D 

sigiul rn,ltchlng to illustrate the dlfflcultles assoclated wltn mlnlmlzatlon of multimodal 

functlOns 

2.1 DEFINITIONS 

ln order to revlew the eXlstlng motion estllnatlon techniques, sorne frequently used 

assumptlolls and baSIC deflnltlons are glven below 

Images, whlch are the Input for motion estimation, are usually formed by the projection 

of .l three-dllllenslonaÎ scene OlltO an Image plane It IS clear that any perceived motion 

111 thE' Illldgf' can be callsed by sorne true motion (In th~ scene or between the observer 

.Hld the scene), or by a ch.lIlglng d'unl/natlon of the scene ThiS percelved motion IS ca lied 

0ptlC.l1 flow, and IS deflned by Horn [42J as "the apparent motIOn of the Image bnghtness 

pattern' 1 fllS terlll IS wldely used ln the computer vIsion literature Since It IS very dlfflcult 

to dlstll1gul~h betl'v'een the Intenslty (bnghtness) changes due to the true motion and due 

to dlunlll13tlon effects, constant scene illumination IS often assumed With this assumption, 
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the perceivec.' changes in the Image are due only ta sorne true motion, and consequently ,} 

fixed point on a moving obJect should ideally have the SJme Illtellslty III subsequent 11ll,lges, 

unless It dlsappears (Ieaves the field of vlew or IS occluded) Hellet', It 1<; frequently ,ls!>lIll1e(\ 

that image Intensity along the motion traJectones IS coll<;tant 

The 2-D vector field vix. t) of Illstantaneous velocltles ~)f pOlllts III the Ifll,lg(' pl.Hw as 

a functlon of spatial positIOn x -- [.1', .1/1 and tllne l, IS cJlll'd a vdooty f,eld It \~ dl'llIwd 

everywhere ln the Image plane except at the occludlllg motion bOlllldarl(,5 (dl<;contlllllltlt''') 

Given a spatlo-temporal posItIon (x. 1), v(x. t) IS a vector COI1W,tll1g 01 two fOlllpOIlt'llh 

V(X,t) = [1'J(x,t).I'!I(x.I)] (note that v IS il row vectar) For IIll.lgt''> s,lIllplt'd III tltt' 

temporal direction (sampltng tnterval 1'), the concept ot the vrloCity tH'ld 1'> repl.lu'd by 

that of the dlsplacement field d(x./), whlch 15 defilled dS il /l1,IPPlng 01 1I11.lgt' pOint,> fwm 

the Image at time 1 Into the correspondlng Image pOints at tllne 1 f /' 1 he dl C pLIU'llH'nt 

field IS deflned as weil only for pOints .1150 VISible tn the next frMne rhe term lIIot/OlI (/('/d 

will be used ta refer ta elther a veloclty field or a dlsplacernellt fl{'ld 

Let .1 (x,1) denote the Image mtenslty as a functlon of "pace and tlllle flH'll, the 

assumptlcn of constant Image Intenslty along the motion traJectones (an be forllléllly ex

pressed as the zero dlrectlonal denvatlve of 1 (x. 1) ln the dlH'ctlon z 

(~j'(x.l) 

d.~ 
() (2 1) 

where z = [v(x, 1), III Jïï*~)IIT+lls d unit vector III the directIOn of motion and ',,7 

[~, ~ï' gi 1 {' is a spatlo-temporal gradient (note that 'ç 15 a column vector) Sil bc,tllllling 

for Z III the above equatlon, the mot/on constra/nt f>quat/oll [41\, [1'31 can be obtalllc-d 

i) f 
vix.l) \-xf f IJ (22) 

(JI 

where \lx = [~.(~Jf' is a spatial gradient Equation (22) IS wldely u"ed ln dcnvdtlon of 

various motion estimation algonthms 

For images sampled m tlme (1 :..::. J..,/, for sorne Integer J.) It 15 more natural to deswbe 

motIOn in terms of a dlsplacement field d! x. 1) Defme the d/splaccd (rame dtfferf.'flcc dt, 

r f ( d. x. 1) ~.-, f (x -t d ( x. 1 ). 1 -1 1') - f ( x. 1 ) ail (x 1) (/ 1) 

Let d(x.1) be the true motloll field for sorne glven Images d 1<" a contlnuou~ fùnctlon 

of spatial position x and a dlscret~ functlOn of temporal position 1 I,.'/, U nder the 
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assumptlon of constant intenslty along the motion trajectory d, the following relationship 

holds 

ail (x, 1). (24) 

ThiS equatlon can also be used ln denvlng motion estimation algorithms 

A second arder assumptlon wlth respect to the intenslty has been used to estimate 

motion, as weil [881. [9] If the spatial gradient of Intenslty IS constant along the motion 

traJectones, then the dlrectlonal denvatlve of thls gradient should be zero 

'f' 
di\' x.n ; 'f' - -----~- = z· v(v xl) -= o. 

d.~ 
(2.5) 

The vector equatlon above can be rewntten as 

(2.6) 

where 'Vx('Vfj denotes a (spatial) Hesslan matnx. 

V ('V1') = [I~~~" rI/~l (2.7) x x (J- il~' 
() J'I ) Y (j)"? 

5lnce (2 6) 15 a vector eqllatlon, It provldes constralnts for both vector components, hence 

should not suffer as severely from the aperture problem [39] as the scalar equation (2 2) 

2.2 Ill-POSED NATURE OF MOTION ESTIMATION 

fhe estlmatlor of L'-O motion from a sequence of Images is an Inverse problem. A 2-D 

1110tlon ln an Image, whether It 15 a consequence of a proJected 3- D motion onto the image 

pl,lne or It 15 lust a 2-D rearrangement of positions of Intenslty patterns, modifies the Image 

content over tll11e The goal IS to "LInda" that operation and to recover the action whlch 

had prodllced that effect Consequently, th,s recovery operation IS an Inverse problem, and 

not sllrpnslngly has been Identlfled as J/I-posed 

Accordlllg ta Hadamard's deflnltlon. a well-posed problem IS charactenzed by the fol-

lowlng propertles 

1 eXIstence for each data there eXlsts a solution, 

2 umquenes5 the solution IS unique, 

3 continUlty the solutIOn IS related to the data in a continuous manner. 
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f(x,t) f(X.1 + 1') 

(a) 
f(x, t) .n x. 1 • 'J') 

(b) 

Fig. 2.1 Example of ill-posed nature of motIOn estimation (non-umqueness) 
complex motion and possible deformatlon (a), and simple translatlonal 
motion (b) Our experience tells liS that example (b) agrees better 
with what we expec.t 

Violation of any of the above conditions makes a problem tlrposed (Icarly, motion estl 

mation is dl-posed. because 

1 for the data contalning occlusion areas there IS no solutIOn ln c;llch areas 
(violation of eXistence), 

2. for glven data there are many dlfferent motion fields satl';fylng the data 
(violation of unlqueness, Fig 2 1), 

3. for sorne mtenslty structures even slight local modificatIOn of th,s Irlten
sity may cause slgnlflc.ant c.hange ln the computed vector length dndfor 
onentatlon (violation of contlnulty) 
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The non-unlqueness of motion recovery IS IIlustrated ln Fig 21 The Image is simply 

an Intenslty surface wlth one Iso-luminance contour shown Assumlng unchanged inter.slty 

between the Images, Fig 2 1 a shows one possible set of motion vectors explalnlng the 

data, wh de Fig 2 1 b shows another one Both types of motion explClln accurately the data 

(lntensltles), however the field ln Fig 2 1 b seems to agree far better with our expectation 

of actual action ln thls Image Our expenence tells us that thmgs move coherently and 

most frequently those movlng thlngs are ngld bodies, hence we expect nelghbounng pomts 

on the same abject ta move wlth slmdar velocltles ln slmdar directions Concludlng, we 

expected translatlonal motion of the surface (Fig 21 b) rather than complex motion wlth 

possible deformatlOn as III Fig 2 1 a 

2.3 SURVEY OF MOTION ESTIMATION METHODS 

There eXist two classes of motion estimation algor/thms those which extract 3-D 

motion parallleters from a sequence of 2-D proJections, and those whlch estimate dense 

veloclty (dlsplacement) fields dlsregardlng any relatlonshlp between the obJects and the 

camera ln th(' flrst case, a ngld body motion IS usually assumed, whlch can be decomposed 

Into transl<ltlon, rotation and zoomlng components, and relatlvely few motion parameters 

are estlillated from an overdetermlned set of constralnts This class of methods will not be 

exammed here, smce the goal of thls work IS ta obtain dense veloclty fields, and secondly 

the typlCdl TV Irmgery IS too camplex to be closely approxlmated by the simple motion 

Illodels cOllsldered ther(' 

flle followlng Illethods, belonglng to the second class, will be bnefly dlscussed ln the 

next few sections hlstogram-based, transform-domain, matching and spatlo-temporal gra

(hent 

2.3. t Histogram-based methods 

On(' of the early motion estimation techniques was the gradient intensity transform 

Illethod developed by Fennema and Thompson [23] Based on the gradients estlmated 

lIslng the Sobel operator, they computed for each Image pOint a constralnt curve slmilar to 
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the motion constraint line (2 2), but posltlOned in the polar coordlllates The true vclouty 

vector should be situated at the Intersection of ail constralnt (urves evaluated fOi 1Il\.lgt' 

points belongmg to a movlng obJect Smce in practice there are Ilumerous IIltl'r'ipçtHJI1S, 

they partition the polar veloclty space mto veloCity eells and aCClllllulate a count I1l1mbt'l 

of motion constralnt curve Intersections wlth each veloCity cell Once ,III the !lll.l!?,t' pnlllts 

have been analyzed, the peak value ln the hlstogl.w1 IdentlfH's the veloClty {',>tnn,llt' 

This technique works qUite weil for a single obJect undergolllg a ~llllple tr,ln.,I,ltll>ll, 

but it is not weil sUlted for other motions (e g , rotation), and m.ly al"o present lllfht UItH''i 

for images wlth multiple abjects The problern beconles especl,llly dlHlndt whel1 ,>{'v('f.ll 

smaller objects are translatmg wlth the SJrne veloclty From th€' 11I':;togram pe,lk If will 

be Impossible to dlstlnglllsh slIch a case from a single I,Hge obJect, wlth Its ,lIP.! ('qu,ll 

to the total area of the small abjects, movlng wlth the ~,II11e velonty The t('(hlllqlle of 

Fennema and Thompson uses local constralnts Hl the gloll.ll de(lslon, whlch (Jn bl' Vll'Wn\ 

as a bottom-up process Once a declslon IS made there 15 no top down feedback to lI~e 

this global information in reevaillation of the local constralllts The local stru( turf' of the 

constralnts IS lost, hence there IS no dlfference between several small and one largf' obJcct 

undergoll1g the same translation 

Schunck (80] Improved the above approach by clustenng constr.llnt IlIws for J glven 

spatial area of the image He performed 1-0 cluster analysis to exclude contributions 

from across the motion boundarJes HIs technique can dlstll1gulsh multIple obJects dnd 

the background need not be statlOnary He presented somf' resulte; but only for a rnovlI1g 

"random dots" pattern 

2.3.2 Transform-domain methods 

Unllke other methods descnbed ln thls chapter, whlch operate ln the 'lIgnai domJItl, thf' 

transform-domam techniques operate 111 a dlHerent domaln If a transformation 1'> '>tuh thdt 

motion ln the image produces charactenstlc modification of the ,mage transform, thf'n tl\l') 

motion can be detected and sometlmes evaluatcd quantttatively III the transform dornam 

The Fourier transfNrn IS used most frequently, and ItS Shlft prop(~rty 15 the bdW, of the 

Fourier-phase method (37]. [43] Suppose" ("":J ".;,,) IS the FOUrlf~r tran.,forrn of th(~ Image 
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l'Cr,!}) Then, If thls Image undergoes a uOiform translation [dJ"dy ). 

f( 1 - dJ'.lI - d,,) {---;, 1-'( ....... )" .... ',11)' (-j'br(..vJdr+wyd y ), 

The phase dlfference between the Fourier tra nsforms of j ( l',!/) and f( ,1' - dJ" 11 - dy ) evalu

ated over a number of frequenCies rec;ults ln an overconstralned system of IInear equatlons, 

wh,ch can be solved for example by the least squares method ln practlce thls method will 

work only for single obJects movlng across a unlform background Moreover, the positions 

of pixels wlth the obtalned veloclty vector are not known, hence the asslgnment of the 

veloclty to an obJect must be performed ln some other way Also, care must be ta ken 

of the non-unlqueness of the FOUrier phase functlOn slnce the Integral multiples of 2r. are 

md'5tlngul5ha ble 

Another approach IS the spatlo-temporal frequency method onglnated by Gafni and 

Zeevi 1241. [2~]. and generallzed by Jacobson and Wechsler [46J If a tlme-varylng Image 

I( 1'.,11.1) 15 unlformly translatlng wlth some constant veloclty [l',/,I',IIJ, then 

1(,1' . .11,/)- I(,I'-I'J'/,y - 1·//I,O)=/(I',,II,O)ib(I'-I·,/,I.Y-I·//,O), 

where h 15 the Dirac delta functlon and "t" denotes convolution It can be shown that 

the FOIHIN transform of 1 (,1'. ,11./) 15 zero everywhere ln the (w',/, , ""'II' .... ',) space except the 

plane 

'''':,/,l'J' + ..... ,11/ • .11 + <.<-', = (J, 

For each veloclty (l',/" l'!I) a veloCity pol/mg funct/On IS com puted by mtegrating over different 

planes ln the spatlo-temporal frequency space The veloclty correspondmg to the maximum 

of the polling functlon 15 chosen as an estlmate Obvlollsly th,s approach is still I,mlted to 

estllnatloll of a Single veloClty, however Jacobson and Wechsler have proposed the use of 

the spatlo-temporal/spatlO-temporal frequency representatlon via the Wigner distribution 

IIlste.)(j of the spatio-telllporai frequency representatlon via the Founer transform They 

clalll1 that dense veloclty fields can be obtalned from th,s representatlon, but no examples 

of slleh fields are glven ln thelr work The vlabdlty of the method is also questlonable when 

dlscretlZed Images have to be consldered (3-D transform based on only two Images 7). 

The th,rd type of tra nsforll1-domaln methods 15 the phase correlatIOn, frequently used in 

Image reglstratlon The Idea IS to f,rst perform a 2-D FOUrier transform of each Image, then 
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multiply together thelr correspondlng frequency components, Jnd take an Inverse Foullt'r 

transform. The result, ca"ed a correlatIon surface, IS nothlng else but an outcome of fu" 1111-

age matchlng performed ln an effiCient way t The method works very weIl for tlan51.1tlOl1.11 

motion, gives sllb-plxel accuracy and 1<; applicable to the estimation of large dlspl.ICt'lllellls 

(tens of pixels) Multiple movmg obJects can be .1150 handled by thls method. Iwwt'vel 

the problem of asslgnmg veloclty estlmates ta spatial positions Iw, to be CIICUIllVt'1I1t'd III 

a different way e g , as ploposed by Thomas [86] After Identlfylllg possible velo( Ily t'<,ll-

mates as 1/ hlghest peaks on the correlation surface, he uses those candidates to pt'rfollll 

local matchlng operations (e g , black matching) ta choose the locally Of'<;t c.lndld,llt' 1 hl<, 

method is a good example of a bottom-up data aggregatlon (FOUrier tran<;form) for .,ollle 

global decision process, combmed wlth top-down feedback (black IHdtclllng USlIlg glob,lIly 

computed candidates) for reexarlllnation of the local con<;tralnts Unfortllll,ltely, the llH'thod 

does not work weil for motIOns depdrtlng from simple translation e f', , rotation, lmml or 

elastlc body motion ThiS promlslng variation of the trdnsform domalll approach SUfft'r<i 

also from drawbacks charactenstlc of black matchlng (Section 233 1) 

2.3.3 Matching algorithms 

Matchmg techniques have been deslgned ta solve the short- and long-range corre

spondence problem, wh,ch associa tes certain structures ln one IInagp wlth correspondlng 

structures ln subsequent Images Vanous, Image-dependent or 1I11,lgf' Indqlendf!nt, "truc 

tures can be llsed At flrst, these structures are Identifier! ln a rdl'rene f' IITl.tg f ', dnd th('n 

an organlzed search for the correspondlng structures 15 performed ln the followlng IIllagf'., 

Usua"y thls search attempts to optlmlze some cntenon ln arder to flnd thp he"t rnatch 

Since practlcally every motion estimation algorlthrn Involvps n1atchlng expll(ltly or lin

plicltly, It IS not clear how to classlfy some methods (e g, PdqUIIl .Incl Oubol,) [13]) ln 

thls revlew It will be assumed that any method emploYlng sea rchlng to dellve the optllnurn 

correspondence between two (or more) Images IS a matchlng technique 

t Note that the sequence of operations glven above IS equlvalent to a convolution of two Images, whlc.h 
can be also viewed as a cross- :orrelatlon 
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2.3.3.1 Region matching 

A simple Image-Independent structure which can be used to solve thp. correspondence 

problem IS a flxed Sile block of pOints BasIc assumption ln such block matching algorithm 

1'> that motion IS locally translatlonal and slowly varymg The motion vectors are computed 

over a dense gnd (e g, Identlcal wlth the Image gnd) or are assumed constant over a block 

(e g , equal to the Image block) when only a single vector IS estlmated for each block Then, 

an optlmllatlon problem, based on some objective c"terlon, IS formulated wlth respect to 

a dlsplacement estlmate As such an objective cnterlon the following functlons have been 

lIsed 

1 correlation fllnctlon (maxlmlzatlon) [8] t, 

2 mean square error (mlnlmllatlon) [48]. 

3 mean of the absolute frame dlfference (mlnlmllation) [82], 

4 thresholded absolute frame dlfference (mlnlmlzatlon) [72] 

The optllnlzatlon problem can be solved by performlng a very simple exhaustive search: 

computation of the objective functlon for every possible vector from its state space, and 

chooslng the one whlch offers the best value of the objective functlon ThiS Inefficient 

approach flnds the global optimum (wlthln the glven state space) of thls local optlmization 

problem To speed-up the search procedure other methods have been proposed 

1 2D-loganthmlc search [48]. 

2 tfnee-steJ; search [53], 

3 modlfled conJugate directIOn search [82] 

These techniques assume 1110notonlclty of the objective functlon which in ge:1eral IS not 

true For small blocks, however, th,s functlon may frequently be unlmodal 

An IIlterestlng approach to correlation matchlng has been proposed by Anandan [3]. 

[4] He applled !ocal analysl'> of the correlation surface by uSlng prlllClple axis decompo

sltlon, wlmh resulted ln hlgh and low confidence directIOn estlmates He also proposed 

heunstlc confidence measures, wh,ch together wlth the pnnclple directions were later used 

ln forl11ulatlllg the objective functlon to be tnlfllmized (veloCity constralllt error and velocity 

smoothness error) 

Comparative analysis of vanous correlation measures for motion analysis can be found in [14] 
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Block matching IS a very simple technique to IIllplement and relatlvely fast It bt'l'ollws 

much slower, however, when sub-plxel accuracy e g , via bdmear or blquadtatlc IlltelpoLI

tlon, is requlred ln the case of a slIlgle vector estlmate pet block, Il prodllces motloll Vl'ctot 

variations only at the block boundanes To reduce thls effecl and to Slllll"t,lllt'Oll~ly Ilh)l!' 

effectlvely deal wlth the motion boundanes, the olsplacell1cnt block Sile C.ln be rt'dllcl'o ln 

the limlt, wh en vectors are assigned on a pel by pel basls, thls rnethod becomes prohlblllvl'Iy 

expensive and rather than performlng a search for a rnatchll1g block, 1llllllll1lZalion !t'ch 

niques are used, and instead the rnethod should be classlfled J!. ,\ !.p,ltlo-tt'rnpOI.l1 gr.ldll'Ilt 

technique (e g , [71J ln SectIOn 23 4) 

Block matchlng IS usually consldered a sUltable method for the short-range corree;pol1-

dence, whde It IS Inappropnate for the long-range one nlls can be explalned by thl' !.lCt 

that as the state space for each block vector grows, the l1ull1ber of locdl 1ll11l1l11a grows ,\'> 

weil, and the more effiCient search rnethods frt'quently Lili to att.111l thl' global 1llllllJllI/Ill 

whlle the exha ustlve sea rch becomes tao costly 

From the pOint of vlew of Image codlng thls rnethod may oe suffluent as It attl'lIIpt,> 

to mlnlmize a prediction error ln the direction of motion, but the resultlng e<;tltllJte lIlay 

have "ttle ln common wlth the true motion ln the Image whlch IS crucial for appllClitlons 

IIke motion-compensated Interpolation 

2.3.3.2 Feature matching 

The block rnatchlng approach does not take partlcular advantdge of the Itnagf' reglon<; 

wlth high Information content, but uses ail the avadable data equally AnalY'>ls of the 

human visual system suggests that the reglons of hlgh information content very <;Igndlc.ultly 

contribute to the motion perception Thus, the use of more cornplex structuree; th.H1 blode; 

of points, seems promlsmg One of the flrst attempts ln thl~ direction wa~ tfw work by 

PoUer where he attempted to match slmply Intenslty dlscontltlultlec; 1761 dnd ternpldt(~e; 1/ /1, 
and a!so by Aggarwal and Duda 111 who used polygon vertlcPs for matchlng 1\1'>0 other 

high level features su ch as edges, termlnatlon pOints, corners 17], IS8J or eVèn complet f: 

image reglons [lJ have been used to solve the correspondence problem Belng bdS,~d on the 

search for charactenstlc (and usually dlStlllct) features of the Image, feature matchlng IS 
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!:.ultable for the long-range correspondence problem 

Feature matchlng IS a much more complex technique than block matching, since it 

heavlly borrows from scene analysis (segmentation, feature extraction etc). In fact, only 

schemes for analysls of relatlvely simple Images have been proposed 50 far. 

2.3.4 Spalio-temporal gradient methods 

An Important alternative to the techniques presented above are the spat/O-temporal 

gradient methods This c1ass of techniques relies on the relatlonshlp between the spat.al 

and temporal Image Intenslty gradients 

The first attempts to use sllch gradients for motion computation were presented by 

L,mb and Murphy [61]. and Cafforlo and Rocca (17] Both have used a ratio of finlte 

frame dlfferences versus f,nlte element dlfferences to caleulate the veloclty estlmate ln 

later work Netravall and Robb,ns [71] have mlnllnlzed a dl5placed frame dlfference, whlch 

after Itnearllatlon around some Initiai dlsplacernent estnnate resulted ln an Iterative update 

algonthm The direction of th,,> update (for the pel recurslve algorttnm) cOlnc.des wlth 

the negatlvc directIOn of the gradient of the" objective functlon (dlsplaced frame d,ffer

cnce), hence thelr approach can be class.fled as a steepest descent method As the In.tlal 

dlsplacement estlmate at each spatial location they used a hOrlzontally precedlng dlsplace

ment, and tilis Initiai estnnate was assumed t0 be flxed over a black for the dlsplaced frame 

dlfference computatIOn An IInprovernent to thl5 method has been proposed by Paqulfl and 

Dubo.s 173] They formulated a t11l1llrnlzatlon problem, where the objective funetlon was 

il slim (over a certain volume) of the square of ltneamed dlsplaced pel dlfferences They 

obta.ned an Iterative scherne wh,ch d,ffers from the result of Netravali and Robbms ln the 

cholce of the II1ltlal estllnate (temporal Instead of hOrIZontal predecessor) and Its variation 

over the SUllllllatlon volume (variable Instead of constant) Hence, the method provldes 

dlsplacement estlmates at every spatial location and not a Single one per block of pels 

The Important work of Horn and Schunck [41]. whlch will be examlned more dosely 

becJuse of Its relatlonship wlth some methods proposed ln thls thesls, has produeed expllcitly 

the motion constralnt equatlon ln ItS scalar form (2 2), which 15 a direct consequence of the 

constant Image Intenslty assumptlon along the motion traJectories ln thelr paper they gave 
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the geometncal interpretatIOn of the motion constralnt equatlon, whlch IS a constr,lIIlt 111lt, 

ln velocity coordlnates Since an overdeterfllined set of local (01\5tr.1l11t5 frequel\tly f.lll!'> to 

give a unique or any solution, they nlllllmlZed a cOllstralned error The seliM equ,Hlon U .)), 
however. can prodllce only the veloclty component "long the 10c,\1 IIltenslty gl.ldlf'nt To 

overcome thls limitation they augmented thelr original objective fllnctloll (motion COII~tr.lInt 

error) wlth another functlon reflectlng the motion field smoothness l hey forlllul.lted the 

following contlnuous mlnlfllization Ploblem 

(2 8) 

where the motion constraint error ('11 is the left-hand side of (2 2) 

. nI iJ./ iJ.I iJ / 
( HI (v) = v . V' x f + -;-- =- --;--- l'J' t l'II t .- ' 

(JI (),l' ().II' (Ji 
(29) 

and the motion smoothness error IS the sllm of squared magnitudes of gradients of the 

velocity components 

'2 '2 '2 ()l'J' '2 (}"J '2 n"11 '2 dl'II ') 
(,.,(v) = II\'xl'J.!I + !!"xi'iiii '-= (, ) 1 (') ) 1 ( ) ) 1 ( ')' t· 

, (}.1 ( .'1 ( /' ( .'1 
(2 10) 

The dependence of the IIltenslty functlon on (x, 1) dnd of the veloclty fllnctlon on x hlls b('('n 

omitted for clanty of notation The double mtegral ln (2 8) extends over the enttre Imag<>, 

and the parameter ,\ allows a balance between the Impact of the data structure (throllgh 

(III) and the smoothnes5 of motion field (throllgh (~) on the veloclty e"tlmate,> Nl)\{> th.lt 

(28) IS a global mtnlmlzatlon problem, where the objective fllnctlon 15 fOrtlllll,lted ov('r tll(· 

entire Image and entlre motion field At the tlme It was a completely new pprspe( tlVP on 

motion estimation 

From the necessary condition for optlmaltty of the objective functlon ln (2 8), Horn ,lnd 

Schunck have denved a set of two equatlons for each x, and after dlscretlLatlOn of 1 dnd v 

have used determlnlstlc relaxation (Jacobi, Gauss-Seidel) to c,olve that ItneM syc,tern r he 

relaxation algonthm resulted ln the followlng Iterative update 

f' Il 

1 :(1))( .V) '1 
1/-1 --II '" 1 v (1 J) = v ( 1 )) - -- - - - \' ( 1 )) • 

l' (1 J) ( / ) 
(2 11) 

where the subscript (/.}) denotes a dlscretlzed spatial position x, V(/,I) IS a veloclty vec

tor averaged over some neighbourhood of (,. J) [4lj. superscnpt /1 denotes the Iteration 
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number, and \7(1,)) 15 a dlscretized spatial gradient defined as 

" {-[IJ' (li j'f' (1.)). - . (,.))' (1.)) , 

where ./(;,)) and .I1~,)) are flnlte-dlfference apprOXimations of the horizontal and vertical 

derrvatlves of f, respectively The scalars é:(l,j)( r, v") and "(I,J)(J) are defined as follows: 

è(/.))( {, v") = V(",j)) . "(1.)) 1 + (fi.);, 

1'(,1,))( n = ,\ + ""(I.)).rll~, 
(2.12) 

where agaln .1/
1
,)) is a flnlte-dlfference approximation to the temporal derivatlve of f 

(areful examlnatlon of the Iterative update (2 11) and the scalars (2.12), will reveal 

that the solution can be rewrrtten as. 

Il 1 1 _ 1/ l ,,1 ~ (11) 1 >7'1' 2 (-1/ ) 
v( ) - V(I j) - :- \ v" (~V(I j) -.) 1 (/') \'v'(', )('11/ v(i,)) , 

1 .) , 2 (, J ) '. ~ 1 (/.J) . J 

where \' v IS a gradient wlth respect to veloclty v Note that with each Iteration the solution 

advances ln the direction of the gradient of the squared smoothness error and then in the 

direction of the scaled gradient of the squared constralnt error (wlth respect to the average 

veloclty) It IS Ilot exactly the steepest descent method, but It may be vlewed as a two-step 

separable steepest dcscent 

A slmrlar approach has been proposed by Hrldreth [39] As the motion constraint 

error (III she used the dlfference between the measured velo city component orthogonal 

to the IIltenslty contour and ItS estlmate, whrle as the smoothness error c,., she used a 

veloclty varr.ltlon measure (e g , gradient) along an IIltenslty contour Thus, the smoothness 

IS enforced dlrec.tlonally along the rntenslty contour, and not homogeneously in spatial 

(oord,nates She solved the SIIllILuly formulated lInconstralned minlmlzatlon problem by 

the method of conJugate gradients 

fhe relative sllccess of Horn and Schunck's approach spawned a significant amount 

of Interest III the global formulations Nagel III hls early work [68J has mlnlmlzed a sum 

of squares of a qlladratlc approximation (Involvlng second-order derrvatlves of n of the 

dlsplaced pel dlfference rI Later [69J he augmented thls approach wlth a smoothness 

constralnt based on the notion of the gray value corner Unllke Horn and Schunck, he pro

posed to vary the smoothness constrJlnt based on the characterrstics of ~he data structure 
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using second-order derivatives of i ln hls recent work [701 he .ngul'd about the rt'dul! 

dancy of second-order derivatlves in approxlmatlng rr (( III term) ,1IHI 111 welghtlllg V.HllHI~ 

component5 of the smoothlng functlonal (e ,term) HIs orrl'Iltt.'d !>Illoothness IInplt'I1H'Iltt'd 

throLigh a welght matrrx ln the smoothrng functlol1al seellls la COnlJl11 rl'l{'v,lnt Illtorlll,ltloll 

about the data structure, and has a Slglllflcdllt Impact 011 the estllll,ltes .Hound Illtel1slty 

discontinuitles 

Cornelius and Kanade [181 have proposed to relax the Intenslty constal1cy a.,'llImpllOIl 

(along motion vectors) Jnd added a space-varylng offset ta the conc,trJII:t l'not Ct'l1lll'rl 

and Negahdanpour [28] have extended that by addlng a constant Intf'Il<;lty multiplier, .JIHI 

thus allowlng the Image pattern ta vary Ilnearly Jcross tht.' Image Both th(' off .. d ,llld tll(' 

multiplier were constralned by a smoothness operator, and were t'stun.lted .. 1Il111It.lll('(11lC,ly 

wlth the dl5placement5 Also Krause [59] dtd not rely 011 tllf' Intcn<;lty con .. tan(y, bul 

mlnlmlzed a norm of a denvatlve of the Il1tenslty gradient (left-h.1iHl side of equ.tlloll (2 6)) 

The second-order Intenslty derrvatlves reslllting from dlfferentl,ltloll of 1",> obJecllvP fllnctloll, 

have been estlmated from a 2-D law-arder polynOtlll.ll Ilttlng 10 the actll.d Illtf'n"lty 

A different approach to the local veloclty estimation h,)s b(,1'11 propowd by r rdl,1 k .Ind 

Pastor [88] They have also relaxed the constant Intenslty a55lunptlon, but In'ltcMl reqllired 

constèlnt denvatlve of thE' IIltenslty gradient (2 5) Note that thls 1<; a vedol eqlldtloll, 

which results in a vector version of the motion constralnt eqll.ltlon (26) SlrHe lhe' vI'(lor 

equatlon (26) provldes two scalar equatlons, and slllce there are two lInknowll'> /',,1"1' tlllc, 

lillear system IS not underconstralned any more, and the apprtlJrP prol>l,.rn .. 0 ch.ltadf'tlstl( 

of the scalar equatlOn (2 2) 15 slgnlficantly reducecl ThiS can bc explJnlf'd by th,~ LH t thal 

the determll1ant of the Hesslan matrrx (2 7) 15 equal to gdll .... lan ClIrvdtlire of tf)f' Intf'II',lty 

surface at glven l, whlch IS large when local Intenslty r:onlrast 15 large ln ail drredlons (a 

good candidate for veloclty estimation) 

2.3.5 Statistical approach to motion estimation 

The motion estimation methods presented above were based on the determlnl,>tlc rela

tlonships between the estlmators (motion fields) and the observed data (Images), and also 
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assumed no probabllistic models for the estlmators themselves Methods have also been 

developed approachmg the problem statlstlcally 

Schuflck [80J proposed the maximum likellhood e~tlmatll)n of velocity vectors As. 

the IIkellhood functlon he used the probabillty of 2 lille constraint measurements (orien

tation and distance from the ongln) connltlOlled on the direction of motion He derived 

.ln expression for thls functlon assu:nlng a unltorm probabtllty d?nslty of the constratnt line 

Orientation glven the motion direction, but failed ta precisely speclfy the velocity probabllity 

denslty He proposed ta use a set of measurements (assumlng thelr tndependence), and to 

rnaXtrTlIZe the log-ItkeltllOod functlon uSlIlg hlstogram techniques The estlmated directIOn 

permit,> computation of the veloclty from the motion constralned equation Schunck dld 

not demonstrate any expenmental results 

Alc,o Martlnez proposed to maXlmlze the JOint likellhood of motion and local Image 

parametNs [64] From an additive white Gausslan noise model for observations he derlved 

a Gausslan Ilkelthood functlOn, whlch IS quadratlc III Image parameters but non-qdadratic 

ln motlolt vpctors He proposerl to alternately pstlmate the Image parameters (solution of a 

IlIlhH system) and the motion vector') (steepest descent method) He reported good results 

obtalned wlth thls method, however at hlgh computatlonal expense 

2.4 HIERARCHICAL METHODS IN IMAGE PROCESSING AND COMPUTER VISION 

It has bf:'E'n an observation of many researchers that the performance of motion estima

tion ,llgonthms c,ln be 51gnlflcantly Improved by pre-filtenng of Images This observation 

l'JIl be expl.llncd by the followlng InterJctlons 

1 block matrhlng the dlsplaced frame dlfference (2 3) evaluated over a block 

IS lIsUJlly a Illllltimodai fllnctlon wlth respect to the dlsplarement 1 e 1 apart 

from the deepest valley ln such a surface (global minimum for thls local 

problem) there tllight be severallf.>ss deep minima, smoothlng of the Image 

Will resllit ln smootlllng of thls surface too (proof for 1-D matchlng problem 

will be glven ln Appendlx 5 A), wlth slIfflclent law-pass fdtenng thls surface 

will become IQcally unltnodal and any mlnlmlzatlon method Will attam the 

global 1llllllllllHTl of thls new optlmtzatton problem 1 

2 spatto-tempor al gradient mcthod an :mportant assumptlon of locally Itnear 

variation of the Intenslty fUllctlOn, whlch IS used by gradient methods relying 
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on the motion constraint equatlon (22). 15 vlolated when the data struc
ture IS chMacterized by relatlvely hlgh freq LJency content such .1S very shar p 
edges. penodlcal patterns with small repetltlon penod, nOise, srnoothlllg rf' 
dUtt:5 thjs hlgh freqLJency content, and also suppresses nOise, 50 th.:!t tilt' 
data is closer to a locally IIneM behavlOur, rel.lted I~ the prohlelll of rt'll.,ble 
éslimatlon of the Intenslty derlvatlves - suppre'i'ilon of 11Igh frequ€ncu:.>') .IIHI 

nOise makes denvatlve estimation il better-condltloned prohlt'Ill [871 

The above observations have led to the Interest III :lIer,lIc1l1Cal Jlgorlthllls whrch per

form estimation over a pyramld of rncreaslng Image resolu!lons The early exalllpl('~ 01 

hierarchical processlng are from other fields than optle.,1 flow estllll.ltlOIl TlH' pyr ,1I111d.1I 

representation was used for template matehlng (78] and ImLlge H'gl.,tr,ltlon 1<)1\ lei 

zopoulos [83] rnvestlgated the problem of surface reCOn'itrllctlon from "p.u,,{' d.IL' U.,lIlg 

mechamcal models (thln plate and membrane) He solved tlH' IlllnIJllIl.1tIOf) IllOhlt'1ll Il SI Il!?, 

the finlte elements method applled over hlerarchy of Image resollltions Ht' .1\<'o 'lhOWf'd 

how the shape-from-shadtng and optlcal flow problems can be approilchcd ovpr .1 11IerM(hy 

of resol utlOtlS [84} 

Burt proposed h iera rch Ica 1 operators for motion e~tlrnatloll, il nd slIggested corrf·la tian 

and gradlent-based methods (15] He later developed a hler..nchlcdl correidtlOl1 .IIgonthm 

[16]. where a pyramld of band-pass fdtered Images was LI~cd to obtalll motion c,>llIndtet, at 

vanous levels of resol utlon (f req uency ba nds) The estllnatf'S from (llffell'n t levele, h .lVe Ilot 

been combined mto a full-resolutlon field, however ln other work, (JI.uf>r ct ,,/ POl .Il1d 

Anandan [6] have performed hlerarchlcal correlation matchlng over ,1 pyr,ullId of low p .• .,., 

filtered images They used lower resolutlon estlmates for 'iubsf'qucnt estltnatlon ill hlglH'r 

resolutlon levels ln hls later work Glazer 1311 also cxtend,·d Horll dnd S.hunck':. 'Ij>pr<J.lch 

by applylng It in a hlcrarchlcal manner Enkelmann [2:>1 h"., c,lrnd,Hly f'xtf'ndf'd Ih. Ol/t'nlt-ri 

smoothness approach of Nagel [681, 169J 

ln hls early work Burt [13] has developed fa~t algollthme, for gencratlng pyr,HlIldc, of low 

pass or band-pass filtered Images H,s fdtenng relies on sCelle InVdllélflt kf'rnf~ls wlwh ln th" 

limlt approxlmate a Gausslan for low-pass f"terlng and cl l aplacldn for bdnd-pd"" flltPflng 

Another fast algorlthm for band-pass pyramld construction was propoc,ed by (rowley ilnd 

Stern [20] It IS not clear, however, how mueh fdtenng should be apphed to tfw ddtd ln 

order to construct a pyramld sLJltable for motion estimation 

- 24 -



7 

Chapter 2 

The flltertng performed ln a hlerarchlcal algortthm allows It to disamblguate the match

mg problem ta Cl {prtam extent. Reduced h.gh-frequency content also allows It to perform 

matchmg at larger dlsplacements These clear advantages do not, however, speed-up the 

computation process Since the hlgh-detatl data structure has been reduced, It should be 

expected that also such structures will be reduced ln the estlmator (motion field) Hence, 

It becarne apparent that the spatial grld of the motion field may be subsampled ta such 

an extent as to accommodate the local variation of the data ln thls way at low Image 

resolutlon lellel~ the dlspldcement fields would be computed at sparse locations only The 

denslty of the dlsplacement sampllng gnd would Increase wlth the resolution of the data. 

Hence two Independent pyramlds would be constructed one for the Images and one for the 

dl~placernent field The subsarnpllng of the dlsplacement gnd Improves the convergence of 

the hlerarchlcal algortthrn compdred to the one wlth no estlmator gnd subsampllng. This 

Irnprovement 15 due to two factors 

1 nllmber of vectors to be computed at lower resolutlon level is smaller (e g , 
for Interlevel subsampllng by 2 there are about 4 tlmes fewer vectors to be 
cornputed, the exact number depends on whether the pyramld IS even or odd 

[13],131]), 

2 propagation of the dlsplacement field structure (thls appllf's to methods 
whlch Involve certain relatlonshlps between nelghbourtng vectors) IS faster 
because of the absolute distance between dlsplacement vector positions 

There IS a danger, however, that thls Improved expansion of motion eharactertstlcs may 

cause (>xcesslve smoothnes') across motion bOllndartes (illvisible at such low-resolution seale) 

unrecoverab1e at subsequent hlgher resolutlon levels 

2.5 REGUlARIZATION METHODS 

Recall the deflnltlon of a well-posed problem from Section 22 and Its consequences for 

motion estllnatlon It eomes as no surprise that, Itke many early VISion problems, motion 

estll11,ltlon betng an Inverse problem IS Ill-posed To deal wlth the Ill-posed problems, qUlte 

frequently artSlng ln applled SCIence, two blanches of mathematlcal analysis have been 

developed the theoty of generalized Inverses and the regulanzatlOn theory A concise 

revlew of both approaehes to solvlng the Ill-posed problems as weil as numerous references 
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are given by Bertero et al. [9] Here, only the pnncirlt- lI-te.lS underly ... g both appw,ll hl'" 

will be given in order to refer ta them in sorne later sections of thls thesls 

Assume that functlonal spaces Y and) , as weil as J IUle.H, contullIOll!> opt'rJtor 

from X to )' are given. The task of an inverse problem IS to fin cl , for some glven Il l ) , 

a functlOn d E .\ such that 

Il = l,do 

The direct problem would be ta compute" glven d The theory of generahled IIlvcrses 

attempts to solve the problem by mimmÎzmg a norm of a certain funetlon Inverses CJn be 

c1assified according ta the cholce of that funetlon as follows 

1. Least squares Inverses the followlIlg vanatIOIl.1\ problem 15 solved 

tIltll!!U - h!h ' 
li 

(2 13) 

where II· Ih' denotes the norm ln' This prohlem results III the hne.1r 
system [} [,d = 1/ li (l," IS the adjOint of l,) for whlch the eXistence and 
uniqueness of the solution depend on the propertles of f 

2. Generalized Inverses the solutIOn of (2 13) I!> soughl Sllch that Il IS of 
minimal norm. 

Il:;tI 11<111.\ 

3. C-Generalized inverses' the solution of (2 13) 15 sought such that It 15 

also minimal ln a constramt space 

where C is a linear operator from \' lOto the eonstralnt (functlonal) space 
Z. 

An alternative to the generallzed Inverses are the regulanzatlon methods r he reglll.H 

ization method as proposed by Tlkhonov will be brlefly summamed next, but sorne other 

perspectives on regulanzatlon theory can be fOllnd ln [91 Probably the mûst Invec,tlgated 

technique of regulanzatlon IS the followlng optlmlzatlon problem 

(2 14) 

where the same notation IS used as above The parameter À is ca\led the regulanzatlOn 

parameter, and 11(.' '!!IS the stablltztng functional, whlch usually expresses sorne destred 
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property expected from the solution (e g , smoothness, dlrectlonallty) ,\ weights the com

promise between data approximation and model flttlng (expressed by the stabrl,z,ng func

tlonal) ln splte of eXlstlng theory for the optimal choice of ,\, such cholee IS probably the 

most dlfflcult problem ln regulamatlon 

The theory of generalrzed Inverses and regularrzatlon for non-Irnear problems t, has also 

been rnvestlgated but It IS not well-developed yet The conclusions from existlng results are 

that the solutions may not eXlst, and even If they do, they may be not unique. 

There are nurnerous examples of regularrzed approaches to the early vIsion problems 

[74] ln optlcal flow estimation, the methods proposed by Horn and Schunck [41], Hrldreth 

139]. Anandan 15] are examples of regularrzatlon, where the dl-posedness, also understood 

as the aperture proolem [391. has been treated by Imposlng the smoothness constralnt on 

the solutions (the sllloothest veloclty field IS sought from the set of possible velocity fields 

consistent wlth the llleaSllrelllents) Aiso numerrcal dlfferentlatlon. used ln edge df'tectlon 

èlnd other e.Hly VISion problerns, has been formulated ln the framework of reglliarization 

175]. 1401. where the sta brllzlng functlonal uses the second derivatlve of the approxirnating 

functlon Other eJrly VISion problems approached From the regularrzatlon pOint of view are' 

shape from shadlng 145]. surface Interpolation [32]. [33]. [34J, [85], curve fltting in the 

presellce of Oiscontlllllities [60] 

2.6 STOCHASTIC MODELING AND ESTIMATION 

Varrolls physlcal phenolllena. among them Image acquisition, can be interpreted de

tertlllnlstlc.llly 01 statlstlcally The tOplCS d,scussed above treated such phenomena ln a 

determlnlstlc IllJnner 1 e . It was assumed that the underly,ng phenomenon as weil as ItS 

relatlonshlp wlth the observed data were known wlth probabrllty 1 An alternative to this 

.lpptoach IS to conslder the underlymg process and/or Its -'~Iatlonshlp wlth the observations 

.15 sample5 of sorne r.lndom processes For example, ln Image acquIsition the observed 

Image can be related to the lInderly,ng one through an additive random nOise, and also the 

true underly,ng mlage can modeled for example bya Markov random field 

t l he Ilnea, ope,ator 1 d IS replaced by I(d) where I() IS a non·llnear operator 
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formulation and solution The statistical modellng attempts to mathem,ltlcally p"prl'~" tht' 

behaviour of physical processes based on the probabdlty theory The st.ltlstlcal tor!l1ll1.1tlllll 

relates variou5 phenomena (variables) III a probabrllstlc manner, and tilt ... statlstl(",ll ~ollltll)1I 

rnvolves a probabdlstlc method wh,ch solves the result of the forlllul.ltion stage Nott, th.lt 

the outcome of the statlst1cal solution depends on random number!> lIsed, henct' III prlllLlpll' 

is not repeata ble t 

The best known statlstlcal models 10 image modelrng are alltor('gre~slve (AH), Illovlng 

average (MA) and autoregresslve movlng average (ARMA) models p] The AR model .. 

employa recurslve fdter r.lrrven by a random nOise to app~oxlrnate 5l1ch qll.lntltle~ .1., 11ll.1p,!' 

intensitles [35]. [47] Simllarly the MA models use a lIon- rccur'ilve frlter al~o ('xcltpd by 

random noise The comblnatlon of the two 15 knowlI as the AHMA model A ,Io,>ply 

related concept of a Markov randorn field h.lc; .llso becn usee! ft)! moc/dlng /971 r hl' AH 

equation can be vlewed as a means of generatlng Markov r,lndolll flPld sarnplf'" 1 lit' 

Markov random fields have been lIsed ln the context of COlldltlOnal probdbdltre<; r.ltllt'r thdu 

AR equatlons for texture modelrng [38J, [19J anJ Image rnodelrng 126J AI.,o oth('r r.lIIdom 

fields, with nelghbour probabdlty dependence speclfled by a correlation fllnctloll III,>t(',1<1 of 

the Markov property, have been llsed ln Image nlodelrng [2J 

Usually the formulation stage IS closely related ta the rnodcllflg E:.xamples of forrllula

tion (and modellng) Will be glven for the "near restoratlon problcm 

.'1=/t ... ./ tll 

where .r is the original image, .fi IS the observed Image, /1 IS nOise, " 15 a fil ter Impul,>c r('

sponse and ... denotes !inear convolution Note that the additive nOise and the deternllrll'>tlf 

fllter Il are elements of the model The goal IS to recover 1 frorn the knowledgf" of 1/ .Ind 

sorne add,tlonal information or a~sumptlons The followlng rnoc!pl., dnd tûrrrllll.ltlOn'i (Ml 

be used to solve the above problem 

1 linear regression model - /1 15 a random prOU~"5 wlth known m(~an and 

covartance, formulatIOn - mlnlmlze the mean squaH:d error between 1 and 

t If pseudo-random numbers generated by some algorlthm are used then rA r::ourse the re~lJlts are 
repeatable 
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its Itnear estlmate, results ln the estlmator whlch IS a conditlonal expectatlon 

of l glven 'l, 

2. Wiener estimation model-./ and 1/ are random processeswith known means 

and covariances, formulatIon - minlmlze the mean squared error between .r 
and ItS Ilnear est/mate, results ln the Wiener fdter/ng, 

3 Bayesian estimation model - rand 11 are random processes with known 

jOint probabliity dlstnbutlon jJ( l, lil (from whlch ail marginai distributions 

can be computed), formulatIOn - mlnlnme the condltlonal expected cost 

/';Jjlj!()( Ill], where () 15 a positive definlte functlon, Î 15 an estimate; 

mln;mlzatlon of thl5 cost results ln the optimal Bayeslan estlmator, It 0 is the 

sqllared Euchdean norm, Bayeslan estimation IS slmphfled to the minimum 

mean sqlldred error (MMSE) estimatIon, if () 15 a Dirac Impulse then Bayeslan 

estimatIOn resliits ln the maximum a posteflon probabillty (MAP) estimation, 

and /f addltlonally the a pflon probablhty distributIOn IS unlform then the 

maximum Ilkelthood (ML) estimation IS obtalned 

ln the case of Imear regresslon and Wiener estimation. application of such tools as 

"near algebra and theory of generallzed Inverses (Section 25) results ln a closed form 

50lutlon, lJsually Implemented ln the: Fourrer transform domaln ln general su ch closed form 

solution does not eXlst for Bayeslan estimation, but even when It does, as ln the case 

of MMSE estimation, Its Implementation 15 not stralghtforward (how do we compute a 

condltlonal mean of a 512 by 512 Image7). In su ch a situation stochastlc methl)ds are 

lIscd. for example Monte Carlo methods [36]. which are lIsually concerned wlth estlmatlng 

nllmencal values of ~ome unknown distribution parameters (e g , expected value) The 

pcHtlclilarly weil known example of Monte Carlo methods IS the Metropolls algorithm [65], 

whlch was onglllJlly proposed to study the behavlOur of a many-partlcle system ln thermal 

eqlllllbrllltn A recent example ln thls class of techniques IS the GIbbs samplel developed 

by Gem.Hl and GCl1lan 126] speclflcally to generate samples of Markov random fleids. Bath 

methods can be lIsed for estimation of certain distribution parameters, however they become 

espeClJlly Il,>eful for tntnllllization of objective functlons via slnwlated anneallng [52], a 

stochastlc 11111111111zatlon method whlCh lInder certain conditions 189} 15 able to attaln the 

globaloptllllum Some Illllllmization problems resultlng from the Bayeslan estimation could 

.1150 be solved via determtnlstlc optlnllzatlon tech niques Ilke the steepest descent, Newton 

or conJugate gradients methods However. If thelr initiai state IS not "sufficiently close" t 

1 hls notion depends on the modallty of the objective functlon 
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ta the global minimum, they will be able ta locate only a local 1llllllllHlll1 (Section) 1) 

More detailed and formai discussion of these three fltages wIll be glven 111 Chapters 3 

and 4, 

2.7 FINDING THE GLOBAL OPTIMUM: A SIMPLE EXAMPlE 

ln this section three approaches to an objective fUllctlon Illlllllllllation will be df'llloll 

strated on a simple I-D example of segment rnatchlng It will be shawn hON the dlfflcllity 

with localizatlon of the global optimum performed by a steepest ·descent method (due to 

function multimodality) can be alleviated by uSlng elther the hlerarchlcal or the !.toch.lstl( 

approach 

Let f(l/) and r;(y) be real-valued functlons of the real position '/. and let d be a real 

numberfrom [- 1\, /\'] Conslder the foliowi ng objective fUllctlon t/)( d) as the matchlilg error 

between f and fI over the segment [(l,.\' 1] (d IS assumed constant over tlm segllwl1t) 

.\' -1 

~~(d)= L[!('I') 1/(.r\d)]'2 
.1' :::-0 

To find the optimal displacement (If. the solution to the following rnllllmizatioll problem 

must be found: 

(2 15) 

Ta solve (2 15), the following three methods will be used 

1. Gauss-Newton optimization 
Assume that sorne Il1ltlal dlsplacement do IS known. and tllat Illgher than 
first-order terms III the Taylor expansIOn of y(d) can be neglected, Then 
4>( d) can be approxlmated as follows 

N-l 1 i)I/(.1' t· (0) '2 
cfy(d) ~ L [((,l') - I/(.I'·f "0) . (d -- do)'':---.)'- .]. 

J'=() ( 1 

and from the necessary condition for optlrnaltty (ih:J/;)r! 0) the followlng 
iterative update equatlon can be denved 

d ll = d"- 1 -+ L~\~)~!J~! __ ?~!~ ~.r/II .1 )j'!r/IJ A;'" 1) 

,,\'-I[~!.f/l!..it1" 1)]'2 . 
L. J .:. [) (JJ 

where 1/ denotes iteration number and r/1/ - 1 15 lIsed Instead of rio Note 
that the update term is proportlonal to the gradient of the obJective functlon 
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(/1(d) , hence thls method belongs to the steepest-descent algorithms The 
process stops If total error over ." consecutive Iterations does not exceed 
sorne threshold () This convergence cntenon can be expressed as follows: 

1+.\1 L (d) - d J -1 ):l < 0 
.1=1 

2 Hierarchical Gauss-Newton optimization 
Flrst, a pyramid of low-pass filtered versions of signais .f and g is produced. 
Then the standard Gauss-Newton mlnlmlzatlon deswbed above is applled 
ta the most flltered 1 dnd (f The result of this estimation IS supplied as the 
initiai value do to another Gauss-Newton mlnlmlzatlon but applied to the 
les<; flltered signais 1 and.fl This process IS repeated unt" the full resolution 
estlmate IS obtalned The same convergence r.ntenon as for the single-Ievel 
method IS used 

3 Simulated annealing 
This method will be discussed ln detad in Chapter 4, but It should be men
tloned that sllnulated anneallng IS a stochastic method able under certain 
conditions ta f,nd the global minimum of a C05t functlonal It IS baslcally a 
random search through the state space of the estlmator wlth graduai (very 
slow) lowenng of a "ternperature" parameter, su that after sufhciently long 
evolutlon the only possible mode IS the one correspondlng ta the global 
minimum 

The signais 1 and 1/ were generated by a movlng-average process a~ follows 

1 a sequence 1 of Independent unlformly distnbuted random numbers from t"e 
range [00,10) was generated, 

2 a narrow-band low-pass "near-phase FIR tllter was applled to the random 
sequence 1 to obtaln signai 1 (Fig 2 2), 

3 to avold perfect segment match, Signai Il was generated by superimposlng 
white Gausslan nOise (mean 111-=-005, variance (1'1=004) on random se
quence l', then applylng to the result the same flltenng as 111 2 , and finally 
shlftlng the outcome by the dlsplacement d=100 0 (Fig 22), 

4 to obtaln the "pyramld" of f and .If Signais for h,erarch,cal Gauss-Newton 
approach (Fig 2 3), Inter-kvellow-pass flltenng wlth a linear-phase FIR filter 
denved from Gausslan d,stnbutlon wlth the standard devlatlon of 20 0 was 
used 

Fig 24 shows the objective functlons o( d) for 4 resolutlon levels. Note that ç( ri) 

after Single flltenng of .r and (/ 15 still multlmodal, and only after triple flltering it becomes 

uni modal 
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1 Chapter 2 

For each method the estimation of ri was performed starting from 4 different Initiai 

states (values of do) As the convergence crlterion for the determlnlstic approach the 

stopplng threshold ()-~ 0 001 over ,\1 =-10 Iterations was used Fig 2 5 shows the Iteratlon

wise evolutlon of the Gauss-Newton method It 15 clear that the method IS hlghly dependent 

on the Initiai state, and IS not able to "cllmb" any of the encountered "hllls" The 4-

level hlerarchlcal Gauss-Newton method, as It can be seen m Fig 26, found the global 

optimum qlllte easlly At level 3 It found only an approxlmate estlmate (;:::;1106, for Initiai 

dlsplacement of -200 0), wlllch was refmed at subsequent levels (~105 9, 1010,991) ln 

expenments wlth varlOilS amounts of hlerarchlcal flltenng It was observed that the success 

of the approach IS very dependent on thls filtenng ln the last expenment the method 

of simulated anneallng was used wlth the startlng "temperature" parameter T(J=10,O and 

5% reductloll every 10 IteratIOns The method performs a very random search initlally 

(Fig 2 7), but then It VISltS the correct state more and more ohen until It locks to the 

true dl'iplacE'lllellt Only one II1ltlal state r/()=-200 0 has been tested smce the search 15 very 

random at the begllllling (Independence of simulated annealmg from the mltial state follows 

naturally) Note that no fdtenllg was performed, hence the method IS able to "climb" ail 

the encolliltered "hllls" of the full resollition (') ThiS method will be dlscussed ln detad ln 

Chapter 4, where ItS limitatIOns ln practlcallmplementation will be also repotted, 

The excrcJse preséllted 111 thls section almed at showlng two successful but completely 

dlffelent approaches to rnmlmlzatlon of mllltimodai functlOns frequently encountered ln 

computer vIsion 1 will cOllcentrate ln thls thesis mostly on the stochastlc approach, how

ever 1 will JI~o rresent some determlnlstÎc approximations (to these stochastlc algorithms) 

Implernented hlerardllcally 
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BAYESIAN FORMULATION 
Chapter 3 

OF MOTION ESTIMATION 

Relatively little research has been done ta date in statlstlcal approach to 2- D motion 

estimation. The only statlstlcal estimation method which has been II1ve!>tlgated 15 the 

maximum ilkelihood (ML) estimation 

ln this chapter 1 propose to model the observed Images (C!JL1) ,1'> ralldolll fields (Rf.,) 

via an observation mode!, and the motion (dlsplacement) fldds as Markov ralldom field .. 

(MRFs) - motion (dlspfacement) model These two models are comblllN! Illtn a '>lIlglf.' 

deSCription by application of Bayes rule to the a posteflofl probablilty of obt,lInlllg " certain 

motion field glven the observed Images Two estlnlatlon criteria are proposee! 1ll.IXlmUnl 

(total) a posteflori probablltty and minimum expected cost 

This chapter 15 organlzed as follows Flrst the termmology will be prf."sented, followed 

bya brlef overview of Gibbs distributions and Markov ranclorn fields Then, the ('"tlmatlon 

criteria Will be dlscllssed, followed by the descrrptlon of three models In('Orporat(~d Hl the"e 

criteria Fmally, the a posteflofl probablltty WIll be dertved 

3.1 TERMINOLOGY 

Let Il denote the true underlYlng time-varylllg Image ta be deflned ln SectIOn 14 

The observed image .fi (also tlme-varymg) 15 consldered to be a :',Hnple of d rtlndom field 

(multldlmenslonal stochastlc process) (,', and also to be related to the underlYlng Image Il 

via sorne randorn transformatIOn The Image If 15 assumed to be 5arnpled on a lattlr:t '\'1 

in Il:! (honzontal, vertical and temporal directions) Such a lattlce 15 d collection of sites 

sE I{3 uniquely described by a sampltng matnx [21] 
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Conslder the true underlymg Image Il def!ned over conttnuous spatio-temporal positions 

(X,I) Let Il at tlme 1 'I be called the preceding Image and at t = IL. - the followlng 

Image Excludmg the occlusIOn and newly exposed areas, for l'very pOlOt ln the precedJng 

Image there eXlsts a eorrespondll1g pOint ln the followlng Image Every such pair of pOlOts 

ran bf' (Qnnected by a <>tralght IIne Sinee /1 IS deflned over contlnuous (x, 1), these Ilnes 

will mterc;ect a plane located at 1 (t 1 <"' 1 <: ':d over a dense set of locations ln other 

word'), for (,deh (x 1) there eXlsts a l!ne JOlnlng correspondlng Image pOints at tlmes t 1 and 

I:! Note that these Ilnes cOlnClde wlth the true motion traJectory at the end points (/1 

and ''2), and not nece')sartly between them The true motion traJectory will mterseet (In 

general) the plane at tlme 1 dt location dlfferent from (x./ )t 

Let the 2 D proJf'ctlons of IIne segments between Il and IL on the pldne at tlme 1 be 

refl'rred ta ,)<; the IInknown (true) dlsplacement field d assoelated with the underlying Image 

1/ It 1<; unfeaslble, however, ta compute olsplacement veetors on a continuum of spatial 

pOSitIOns, henee d IS assLlmed to be sampled on a lattJl".:e '\1 ln /(:1 ln the IIterature the 

cases wherc 

1 '\.1 IS a sllb-Iattlce of '\'/ \<1 C '\1/, or 

2 '\.1 IS Identlcal to \'1' '\(1 = '\'J' 

have been rnost frequently consldered ln thls thesls a more general situation, wnere '\1 and 

\" are arbltrary, will be Investlgated Conscquently a displacement vector may be defined 

,It .1 SpJtlO tf'mpolJI pOSItion whlch does not belong to '\fI Clearly, approXimation of the 

truc motion tr,lJcctory by a hne will be precise when \d o=- \," for example ln motlOn

(olllpen<;.lt('d prf'(l!ctlOll ln thf' case, however, wh en \11 f '\'/' as ln motlon-compensated 

IIlterpol,ltloll, therc WIll be an error mtroduced due to a departure of motion traJectory from 

hne.mty 111 the Intf'rvdl (/I.I',!) If t1l1S intervalls small e g , 1/60 sec, such an error should 

be 11lInor 

r he Investigation,> wlllch follow are valrd for any Iilttlces '\'/' .\d. however wlthout 

los5 of gencrallty, It 15 asslimed that they are rectangular lattiees wlth horilOntal, vertical 

10 provlde J more accurate approximation to the true rnotion traJectory, two vectors between Il and 
/. and between 1 and 1; would have to be deflned Then. however. the number of unknowns for each 
lx 1) would grow From ') to 4 and the problem would he severely underconstrained 
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9t-..lf 1~ dt 

K-----~~ '/[1---- _ ,_ 

IE---------------- ~--~;'--,,--
. E A!J o E: \, . ( '\'1 

Fig. 3.1 Definition of the displacement f:dd d, for motion estimation from two 
Image fields (only one vector IS dlsplayed) Sites of lattlce \, (0) Mf' 

also plvotmg pOints for the dlsplacement vectors - every vector 
d(x, ,!) crosses site (x/.I) whlle ItS end., are "free" to move and do 
not necessanly belong to lattlee \" 

and temporal sampllng perlods ( I~~I, I~;. I~,) and ( 1/" 1/, 1;11, H''ipectlvely Con~('qtwntly 

consecutive Image fields are spac.ed by 1;, second~, whde motion fIPlde, Mf' "polf f'd by 1;, 

seconds Each field of the Image sequence contaln~ \/'1 plctur~ elenH'nt<, (pt,I<,), .llHI (',H h 

motion field conslsts of .I/d vectors Let the hOrIZontal and vertlc<ll dlrTH'nSIOns of t ht· fIIotlon 

fields be .\/!I and lI/l' respectlvely (\Id .\//, / \//,) 1 he nurnbulflg order for tllf' pif turf' 

elements (1 =- 1. . \/1/) and the motion vectors (1 

(e g , hOrizontal scan) W,th the above a~sumptlons cl site "'1 !/, I,~I Il,; 1111,,1 ( \'1 (for 

some rnteger 1.10 1.111) 15 an Image pel ln the (/I-th field wlth <'pdtlal (Oord'flJtl' (1.1) 

The true dlsplacement field d(x.!) 15 an array of Vf:'c.tors deflllf'd ()Vf:r thf: l.Jttlf/' \1, 

and IS assumed to be a sample (reallzatlon) from randorn f,(·ld 1)( x 1 J l et ,!Iso d( xl) 

denote any sample field from D(x.l) ln general evpry motion fll·ld (.ln I)f' f'strrJldt,·d 

from /\'/ Image fields Here, however, the case of 1\ l ') will bf> Invf:,>tlgatf:d 1\'>'>IJrrling 

a linear motion traJectory between two Images, as d'S(USSf~d dbûv P , thp dd,n,t,()n ()f th(~ 

displacement field 15 glven below, and also rllustrated ln hg -~ l 

- 38 -



1 

Chapter 3 

Definition: The dlsplacement (motion) field d(x.l) deflned over '\d IS a set of 

2- D vectors such that for ail (x" 1) E '\d the (precedtng) image pOint 

( X,' .J 1 d ( x,, 1 ). 1 - .J 1 1;/ ) 

has moved ta the (followmg) pOint 

(X, +(1 (J.-.J/)·d(x,.I).t+(1.0-.Jf)·7[1)' 

where 

.JI =c: -' - 1-1 J 
1 f' L'I fi 

IS the normallzed (wlth respect to the Inter-Image distance 'l!/) temporal diS-

tance between the motion field positIOn and the precedlng Image position 

Note that the dbove deflrlltlon a"ow~ us to locate the dlsplacement vector at al1y 

~patlo tempordl position ln pdrtlcular conslder the followlng two "mltlng cases 

1 III (1 Il 1 ). '/;" - c: n ;. 11111 __ o.J1 :..:: () (J, and in the hmlt 

the precedlng and the followlng Image fleld~ are deflned as follows' 

(x,./) 

2 III (1.0 ,) /"" c /{ ;. 11111 ,.().Jf "·.1.0, and ln the Iimit 

the precedlng and the followlng Image fields are defined as follows' 

Essentlally both CJses are similar, Slllee the temporal positIOn of the motion field coincides 

wlth the telllporai position of an Image The flrst case desCribes the forward estimation 

where the motion field IS computed from the knowledge of the current and the following 

1I11,lges r lit' second (J~e IS an exarnple of backward estimation motion field 15 obtalned 

trom tht' (lifrent and the precedlllg Images ln order to avold amblgulty, wh en the motion 

field .1nd IIll.lgt: temporal positions cOlnelde, It IS enough to restnct .JI to one of the 

followlng IIltervals [Il li 1 Il) or \(} 0.10] The frrst of these two Intervals will be used here 

let an estltllate of the true dlsplacement field dfor a glven Image sequence be denoted 

by li let ,d<;() the subscnpt f denote the restriction of a random field or of It5 reallzation 

10 tllne 1 l hen. dl IS a reallzatlon of random field Dt (D at tlme t). whlle d(x/.I
J

) IS a 

- 39 -



1 

(h.lptt" 3 

single displacement vector at spatial location XI and tlllle t, Henet'. the tOIlOWlllg Ih)t.ltIon 

will be used: 

n. X. D - random fields observation {llllage) RF, 1I01~t' Rf ,1Ild dlspl.let' 
ment RF, for Instance (;(x/.I.

I
.) 15 J r.lndorn v.HI.lblf' (RV) frOIl! the 

observation RF, 

g,ll,d - samples (reahzatlons) of the random fields (;. \. D respectlvdy, 
for example ,,(XI".!) IS a sample of the observation RF dt (x/.I,) or 
ln other words the cIment valuE' (lnten5Ity) of thf' IJlldorn v.lII.lble 
(,'(x/.I)), 

(G = 9), (S -:::: Il). (D ccl) - understood as follows tht' RF (,' hac; currt'ntly 
the reallzatlon Ille, (,'(x/.I J ) I/(X/,'/) for .111',/, 

G"N"D/"lll,lIl.c1, - subscrlpt 110 any syrnbol of a RF or Its rt'.1117atlon 
means the restriction to the tlme Instant', henct' «,', 1/1) 

/ ) 

(U = ,tl.at 1 =-. ,)}:=- «,'(x/.f)) I/(X/.') ) • .111 1) 

It is assumed that the randolll field (,'l'S deflned over the cllsclete st.1te Sp.Kt' S,/ 

(S~ )A1q > where 5:/ IS the Single pel state space and ( ) \1 denotes an \I-fold c.\Ite<'l<ln 

product. Simllarly, the randorn field D, IS def,ned OVf'r the <,Llte sp,ILe Sd (S:l ),\1,., 

where S:I IS the Single vector state space T wo ca<;es of S:, are LOn~ldt'rt>d 

1 S:l IS a dlscrete state space 1 e , a square 2- D grrd over the range 
[-t/ II /11,/'.t!/I111.11 wlth \" possible levels ln cach direction, 

2 ~I f{') 
~<l c-c - 15 a contrnuollS state space 

Ali state spa ces correspond to a slIfflclently fine qUJntlzatlon of the underlymg (ontll1uou,> 

image Intensltles and dlsplaeements, 50 that therr characterrstlc propertles are preserved 

3.2 GIBBS DISTRIBUTION AND MARKOV RANOOM FIELOS 

The followlng matenalls presented for completencss, how('vcr It ean be round ln VclTlOIIS 

references, fOi example Geman and Geman [261, Besag [111. 1101, K,ndermann and Srll:lI 

[511 

3.2.1 Gibbs distribution 

ln order to deflne the Gibbs distribution the concepts of nClghbourhood systcm, ("que 

and potent/al funet/on are needed For the purpose of th,s chapter let .\ denote a lattlt:.e 
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\ ', -') (j E. .) - -, .. , 

\
:j .) (' 

E.' ,j=')'''''' 

E.VJ,J=l, .. ,G 

E.\'J,j=!),G 

E • \'(i 

Fig. 3.2 Hrerarchlcally organlzed neighbourhood systems of order 1 through 6: 
every ./-th order system contalns ail sItes of systems of order up to 
(J - 1). 

wlth \/ 5It('<;, and let \ be a sarnple fIeld from random field \" deflned over lattice ,\ and 

~tate spacf' S Wlth the above temporary def,n,t,ons a nelghbourhood system 15 defrned as 

follows 

Definition: A collectIon _ \ - of su bsets of \ 

15 a nelghbourhood system on \, If and only If, the nelghbourhood 'I/(Sl) of site 

"', l \ sat,sf,es the followlng cond,t,ons 

1 !'., t/ 'J(!'., l. and 

2 If "', t '/(!'>,). then s, E: 1/(bJ ) for any S, E ,\ 

ln thls thesrs random fIeld models wlth only spatIal (2-D) Markovlan dependence are 

consldered for motIon Hence, only 2- D nelghbourhood systems wIll be Investlgated. As a 

consequence whenever J nelghbourhood IS dlscussed, the tlme coordrnate 1 WI" be omltted 

.llld SOllletlmes spatIal coordlnate XI wrll be replaced by (". Il, slnce X, = (Fr!,. 1 /~l) for 
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(a) (b) (c) (d) 

• (k,/-l) 

• 
• 0 • (k-l,l) (k,l) (kHI) • • • 

• 
• (kHI) 

Fig. 3.3 First-order nelghbourhood system Xl (a), and assoclated one-elelllt"nt 
(b), two-element hOrizontal (c) and vertical (d) cliques Note that 
X, = (L 1) fOI sorne Integer ho and' 

sorne integer k.l Fig 32 shows 2-D nelghbourhood systems.",,/ l, ,n, III hler,lfdll

cal order je" every higher-order structure Includes ail the lower-order ones The flr ... t ordN 

system A:1, also known as the nearest-nelghbour system, IS cornrnonly lISt'd III 11ll.1~f' moc! 

eling, The second-order nelghbourhood system .\'2 comprl~f''i the ">Ites of .\:1, .Illcl .11 ... 0 

additional diagonal sites The hlgher-order systems are con<,truLted slmd.llly Nolp Ih.lt 

a nelghbourhood system deflned over \ needs not be I~otropl( nOI Illeralchic .11 Il "hou Id 

also be pOlnted out that the nelghbourhood system IS shlft-IIlV,lfIant excf'pt at thl' 1I11.lgt· 

boundartes, where It must be redeflned 

Definition: A clique (' deflned over a laUlee \ wlth respect ta the nt'Ighbourhood 

system. V- IS a su bset of ,\ such that 

1 two sites ln a clique are nelghbours le, (I./).U,',I) ( /' and (,./) 1 
(/.'.1)::::;- (1 J) t 1/(1, 'l, or 

2 (' conslsts of a single site 

The set of ail c1tques IS denoted by C Cliques for the flrst- and second-arder nelghbourhoùd 

systems are shawn ln Fig 3 3 and 34, respectlvely Note that the cliques asc,ocldt(·d wlth 

.\-:! contaln ail the cliques assoclated wlth .\-1 

Definition: A Gibbs d,stnbut,on wlth respect to th" lattlee \ and the nelgh 

bourhood system .\' IS a probabtllty measure ;; on 5 <,lJch thdt 

, (\) /, f 

- 42 -

(11 ) 



1 

Chapter 3 

(a) (b) (e) (d) 

• • • (II 1./1) (11.11) (k+l./-1) 

• 
• 0 • • • • (II 1./) (11.1) (k+1.I) 

• 
• • • (II 1.U 1) (11./+1) (k+1.I+ 1) 

(e) (f) (g) (h) 

• • • • 

• • • • • • 

(i) (j) (k) 

• • • • • • 

• • • • 
Fig.3.4 Second-order nelghbourhood system .\'l (a), and associated cliques: 

one-element (b), two-element vertical (c), hOrizontal (d) and diagonal 
(e),(f), three-elernent (g),(h),{I),(J), and four-element (k). Note that 
XI - (J.'.I) for sorne mteger 1.. and 1 

where .J, /: are constants, and the energy funct/On {' 15 of the form 

(' ( \ ) =- L \ (\ ,('). 
l'Ee 

(3.2) 

\ ( \. c) IS CJI/cd a patent/al funct/On, and depends only on those samples from \ which 

belollg ta the clique ( 1. Îs called a partit/on funct/On, and IS a normallzing constant such 

that :;- 15 ,1 probabdlty measure 

3.2.2 Markov Random Fields 

The dlscrete state space MRF .\" 15 a multidlmenslonal stochastlc process wlth the 
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following properties 

1 P( X = \) > 0, V \ E S. 

2 P(X1=\/IX)=\j'VJ:fl)o::JI(Y/--=-\/I\, - \"V/\.. ,/tdl. V" \l S. 

where P denotes a probabillty measure Analogous property .lpplies to tht' lontlllllOU'> 

state space MRF when the probablllties 1) are replaced by ClIllwlatlve dlstllbutlon .. 1" ( \ ) 

Furthermore, assuming the eXistence of the probablilty denslty Il (the dlfferelltl.lbillty of (u

mulatlve distribution 1-"), the above property applles dnectly wlth the densltle,> Il r('pLI(IIl~ 

the probabdltles}) To keep the further denvatlons cleM and simple, the dl<,uete ,>Lltt' 

5pace notation (probabllity distribution l') will be used III thl'> the~ls fx(eptloll 101111'> flllt' 

Will be where expllClt contmuous stale spdce expresSions (probabdlty dl'Il'>lty l') ,lit' ilt·t·dt,d 

ln order to unlquely charactenze a MRF the fllllte-dlmell'>lonal JOint probabdlty dl,>tfl 

butlon IS necessary To expreS:5 thls JOint probabdlty dlstnbutlon of the fOlllpldt' 1.111(10111 

field X ail Initiai and transltlonal (condltlonal) probabdlty dl,>trlbutIOIl'i ,He Ilt't,ded 111I".Ip 

proach 15 cumbersome, becallse the condltlOnal probabliity distribution,> IllU,>t C,.ltl~fy ( "rI .1111 

conslstency conditions [101 (hence cannot be cho~en arbltrardy), <llld Iwr.lll'>p tlt<, (Olllpllt.1 

tlon of the JOint dlstnbutlon from these condltloll," d,,>tnblltIOIlC, 1<; Il'>lI.llly dlfflndl Alv) tilt' 

relationshlp between the form of a cOllc!Jtlonal probabtllty dl~trlblltlOIl clild the rh.II.!( IPIIC,tIC 

propertles of a sample field (e g , smoothness) IS not ObVIOIiS 

Such a clear and Simple relationsillp can be provlded throllgh the H.nnmer"lt'y (Ilfford 

theorem [10] whlch states that If \ 15 a MRF on lattlfe \ wlth n~5r('(t to nelghbourhood 

system .\', then the probabdlty distribution of Ite; sarnple re,dllatlon,> ((Onfly,IH.lII(ln,,) 1" d 

Gibbs dlstnbutlon (Eq 31) This unique charactertzatlorl of cl Mf<f by.l (1Iob" dl·,trlbutl()n 

results ln a stralghtforward relatlonshlp between qUJIILJtlve prop{'rtlC'<' of LI Mf<f dnd Ih 

parameters via the potentlal functlon5 \ ExtenSion of the H.lrnnlPr,>lf'y Clifford ,hf'()rull 

to vector MRFs IS stralghtforward (only a new deflnltlon of a "tate hd'> to he pr(JVldf·d) 

3.3 ESTIMATION CRITERIA 

The goal of thls work 15 to estlmate the true dlsplacernf:nt flf;ld dl xl) corH'spondlng tn 

an underlYlng tlme-varylng Image Il! xl) on the basis of the observations IJ! xl) As Il was 
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as~umed 10 Section 31, the estimation of d(x, 1) will be based on 2 Image fields (/,'/=2) 

To simplify the notation, the temporal positions of the precedmg and the followmg image 

fields will be denoted by 1_ -: 1 .... . .11 . '/~I and 1 + =- 1 + (1.0 - -11) l~/' respectlvely (recall 

that the Image sequence 15 temporally sampled) Let al50 1 ± denote elther f _ or l+. 

3.l. t Maximum a posteriori probability (MAP) estimation 

Tht> objective here IS to determme the "best" or the "most IIkely" displacement field 

«Ii ( Sel glven the observations lit _ . tl/ + Hence, di must satisfy the relatlonship 

- -
/11 '(;'1 - /1/+) ~> fJ(D, == d,Ir,'/. = .tl'_.("'+ = '1/ t ) \Id, (St!. 

T 0 obtam the p05terlor distribution for the dl5crete state space case, Bayes rule for the 

d,screte random variables can be applled as follows 

l'(D, d,Ir,', - III .(,'/+ -:= tfl+-) 0::. 

!'(!~'L-_ ~'.±.lD,_-=_d,J;,_ =91_) P(D, =a,I(,'L =gL) (33.a) 
11

((,',+ == .tI't 1(,',. = 9'_) 

whlle for the contlOuolJs Sil the same rule for mlxed random vanables can be used' 

II/ _ .r,', + - III +- ) -= 

/>((,"t :=II'i ID, =.-d,.(,',. =II'_)'p(d,I(,',_ =9'_) 
---- - -------- - (3.3 b) 

1)((,',+ = !II+ 1(,',_ = .1/,_) 

Agam l' 15 a probabtlity dlstrtbutlon and l' IS a probabdlty denslty Note that since the 

probabliity 10 the denommator of (33) IS not a functlOn of the dlsplacement process D" it 

"Ill be IgnOled. Jnd the MAP estlmate of d, 15 the solution to the followlng optlmlzation 

problem 

Illd'II>(l,·,~ Ilt~lnl -=- dt·(,'I_ = Il'_) ./'(01 =---:: (1,1(,'1_ = fJI.)]' (3.4) 
d r 

To pelfolm thls optlnllZJtlon the explrelt forrn of the condltlonal probabdity distributions 

Illvoived 111(34) l1lust be known 

3.3.2 Minimum expected cast (MEC) estimation 

Another approach to the estImation of d, IS to mlOlmlze the ensemble expectation 

wlth respect to Dt. (,', .. (,', + of some positive defllllte cost functlonal measuring the error 
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between the true and estlmated motion fields (mlnlnlUIll expected cost or MEC estllllJtlon) 

[62]. (63]. Let this functional have the followlng form 

\/,1 

t)(d/.<ltl-: L(}(d(x/./).d(x"t)), 
r-:[ 

where 0(·,·) is a positive definlte functlon The optllllai Bayeslan estllnator cli l Sti IS 

defined as follows' 

FOt,ut_,(,'/-t [H(d,.dill -Illili r'n,.I;, '(;'t[<-)(d,.d,lI 
d, 

(J S) 

where En (;t (,' ['l stands for the ensemble expectJtlon over _111 configurations of D" (,', 
11 _ 1 t+ 

and Ut + Note that the estlmates dl, di are functlons of Ilf and 11/ l ' and can bl' 1 hOllghl 

of as mapplngs from If'.! \/q to ft'.! \/" Expressmg the expectJtlO1l as a slIm (chscrdt' r,lndolll 

variables), and uSlng the posltlve-deflntteness of (J( • ). It cali be shown (for the dellvatlufi 

consult Appendlx 3 A) that (3 5) 15 equlvalent to 

~ll1ill L (I(I·.(-I(x/./))[ 2~ l'(D, d,I(,', 
d(x, ,f) l'ES:

I 
d( d(x,J) l' 

'l' . ( ,', \ l" \ ) 1 V, (36) 

This means that the mlnlmlzatlon wlth respect to the field d, ln (35) can be aChlf>Vf'd by 

Indrvldually mlnlmlzlng marginai expected costs at each position (x,./) 

Any further simplification of (36) requires expllclt knowledge of th!:' functlon () 1111'> 

functlon must reflect "goodness" of the estlmate 1 e , a worse dlsplacPrnent t'stllndt" .,houlcl 

increase the value of (J, and a better one should reduce It The followlng () IS used herf' 

O(d(x,.I).d(x,.I)) lid(x,.I) c1lx,/ll1'2 (1 1) 

where Il.1115 the (2 norm, for mathematlcal tractablltty It (iln be shown (Appl'ndlx '3 A) 

that the solution to (36) wlth () defmed ln (37) 15 

~I*(x,./) = L r[ L l'(D, - d,I(,', III . (,', 1 III \ Jj V" (3 8 a) 
l'ES:! d, dix, ')--1' 

or III other words It 15 the marglllai condltlonal E'xpectatlon dix, 1) of 1)( x/.f) 1 hl'> rp,>,lIt 

cou Id have been Inferred dlrectly from expressions (1 6) and (3 7), Sln(c for thls (hwf: (;f () 

It is the mInimum mean squared error (MMSE) estimation for the contlnt/olls .,tale .,PM'> 

case the optimal Bayeslan estlmator has tht" followlng forrn 

(1/ . (,"t 
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Ta compute the condltlOnal expectatlons from (38 a, b) the a postenori probabllity distn

butlon /)( D,I(,', . (,', +) and denslty p{ d/I(,'! _, (,', + ) are needed 

3.4 MODElS 

Ta dlSCliSS the structural and the observation models, first the true underlying image Il 

must be deflned ln thls thesis the true Image Il 15 understood as an IIluminance pattern ln 

some Image plane obtamed from the observed scene via an Ideal optlcal system Hence, /1 

I!. deflned over contlnuous spatlo-temporal coordlnates (x./), and glven (x" t J)' lI(X , • t J) 

15 a real nllmber 

3.4.1 Structural model 

ln arder to facliitate Inference of motIon from Images it IS necessary to assume a 

certain reldtlonshlp or a "structural" model between rnotlfm vectors and image Intenslty 

values St/ch a model IS fundamental ta ally motion estimation algonthm As reported 

ln SectIon 2 l, It IS llsually assumed that no illuminatIOn effects are present in the scene 

vlewed by the camera Then, the constant Image Intenslty or constant gradIent (spatial or 

spatlo-temporal) of thdt IIltenslty along the motIon traJectones 15 u5ually assumed as the 

"structural" model Note that thls assumptlOn applles ta the true underlYlng Image 1/ The 

cOIl!.tant Image Intenslty model will be lIsed here as follows Since the lIltlmate goal of 

tllls thesis 15 estimation of motlOI1 ln temporally sampled sequences (TV), the notion of a 

dlspl.lcement vpctor will be lIsed Instead of an InstantaneOllS veloclty As~umlng that over 

the tllne Interval [1 .I! 1 the Intenslty of the true underlYlng Image (( along the motion 

traJectory (trlle dlsplacer'lent d) IS constant, the followlng holds 

/1 (x - .JI . d( x . 1 ). t _ ) =: li (x + (l. () - .JI) . d( x. f). 1 + ). (39) 

A more complex model Incorporatlng Itnear variatIon of Intenslty has been devlsed in [88], 

{28]. [59]. however It will not be consldered here Also as .ln open Issue It still remains ta 

Jccollnt 111 thls structural model for the occlUSIons and the newly exposed areas 
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3.4.2 Observation model 

As discussed above, the true underlying Image 1/ IS an effect of ail "Ideal" proJe<.tlon 

of a scene onto an Image plane ln reailty, however, any Im.lge th,lf will be used ht'Il' h.\s 

been acquired through a real video camera t and dlscretlzed llSlIlg SOIlH' electronlc l ulllltry 

This observed image IJ IS a transformed copy of Il aftel the followll1g opt'tatlOns 

1. spatia 1 optlca 1 ftlten ng (non 'Idea 1 optlca 1 system), 

2. spatlo-temporal eleetronle ftltenng (sensor char.lctemtlcs), 

3 vertical and temporal sampltng, 

4. ")-correctlon, 

5 horizontal electronle ftlterlng (band-wldth limitation before horizontal 
sampling), 

6 hOrizontal sampilng, 

7. quantlzation 

ln compaflson wlth the true Image /1 the Image 1/ also IIlcorporates certam nOise .lnd 

distortions Their sources can be Identlfled as the followlIlg 

1 Image sensor nOise, 

2 quantlzatlon nOise, 

3 distortion due to ahaslng 

Ta model the charactenstlc properties of the processes contnblltlng to 1/ 1.., a VNy 

difficult task. Flrst, consider a slmpllfled case where 'l, Il, 1/ are contmuous III value ,1Ild 

defined over contlnuous (x. 1) Let the observed Image 1/ be related to the truf' 1I1l{!f·r1Ylllg 

image 1/ as follows 

,,(xl) l/(x.l)jll(xl). P JO) 

where n(x, 1) are IIldependent Gausslan random variables USlng the structural model (19) 

the following relat!onshlp can be easdy venfled 

.q(x+(l Il -.JI) dlx.I).ft) II(X _.11 d(x.f).1 
(111 ) 

II(Xt-{l.O--.Jf) d(xl)./tl ,,(x .JI dix/)I 

The term on the left hand side of (3 11) 15 known as a dl,>plau·rJ pd dlfff·rence (DPfJ). rlnd 

the one on the nght 15 a dlsplaced nOise dlfference Since the rlght hand side of tf·latlonshlp 

t Except for the test Image 1 (Section 4 7) whlch has been generater' synthetlcally 
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(311) IS a Ilnear combmatlon of mdependent Gausslan random variables, it IS a Gaussian 

random variable Itself wlth doubled variance 

ln reallty other transformations and nOise sources dlscussed at the beglnnlng of this 

section shollid be ta ken mto account tao It is very dlfflcult, however, to theoretlcally 

derrve a DPD model ln such a complex case 

ln order to gain more mSlght mto the statlstlcal properties of displaced pel difference 

(3 11), 1 have performed several simulations as follows 1 have computed a number of 

hlstograms and autocorrelatlon functlons of dlsplaced pel dlfferences obtarned by some ex

l'itlllg motIOn estimation technlq ues 1 chose rehable tnethods whlch made no assumptlons 

as far a,> the statlstlcal propertles of the DPOs are concerned ln partlcular, 1 chose the 

rnethod prorosed by Horn and Schunck [41J Implemented exactly as descrlbed ln the paper, 

and also the Illcthod of Paquln and DuboIs [73J Each method was applred to the test 

Images presellted ln Flgs 49 and 4 10 The hlstograms and the autocorrelatlon functions 

of dlsplaced pel dlHerenee, are presented ln Fig 35 and Fig 36, respectlvely Note that the 

hl<,togr,lI11'> III Fig 3 5 a very closely resemble Gausslan distributions Jnd those ln Fig 3 5 b 

are not too far from Gausslalls too The narrow peaks for zero OPD m Fig 3 5 b are 

dlle to largl> <,tatlonary area (background) ln the test Image 4 Apart from thls departure 

trom "gJUS<'ldlllty" tht' shape of the hlstograms IS qUlte close to a Gausslan distribution 

ObVIOlisly other distributions could have been fltted to those histograms e g , Laplaclan, 

however dUt> to mathernatlcal tractabllity of the Gausslan distribution 1 chose thls approx

Imation ,1S the OPD model Note that the variance of such approXimation depends on 

the Image 111,1tf'lIal and motion estimation technique used As far as the autocorrelatlon 

tunctlollS .Hô' concerned (Fig 36), It can be clearly seen that the Impulse ln the center 

of tht> plot 1'> qUltt' simllar to the Dirac Impulse and Indlcates near independence between 

the dlspl.1Cf'd pel dlfferences Agaln, to a flrst approximation It may be assumed that the 

dlsplaced pel dlfferences are Independent random variables 

B.1'ied 011 above derlvatlon for the slmpllfled case, and on emplrlcal observations, the 

Independent. Identlcally dlstllbuted dlscrete random variables drawn from the Gaussian 

dlstllbutlon wlth variance (T:.!, are proposed to model the dlsplaced pel dlfferences (3.11). 
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Fig. 3.5 Histogram of displaced pel dlfference obtained by algorrthms proposed 
by Horn and Schunck [41] and by Paquln and Dubois [73] for the test 
images 3 and 4 (Section 4 7) 
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(a) H&S. test Image 3 (h) H&S. test image 4 

(c) P&D, test Image 3 (d) P&O, test Image 4 

Fig. 3.6 Autocorrelatlon function of dlsplaced pel dlfference obtalned by 
algorlthms proposed by Horn and Sc.hunck [41] and by PaqUln and 
DuboIs [73] for the test Images 3 and 4 (Section 4 7) 

(ol1!>('quently the equatlon (3 11) can be wrltten ln the followlng form 

Chapter 3 

(3 12) 

whrre agaln //15 dlscrete and (x./) belongs to lattlce \<1, and IId(x./) is the dlscrete random 

v.lIlable desmbed above Since I/,f(x. f) IS an /Id (lndependent Identlcally dlstnbuted) 
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Gausslan random variable It follows InHlledlately from (3 1:) that 

j J ( (-,'t t 1 0 cl' ( , \ = <JI t f == 1· '1 _ =- .<I!_ 

\/,\ 
rrJllld(~(X,+(\O---11\ (l(x,.!),I,) (/(X, ..1/ d(x,.n,1 )) (3 U) 
,=::I 

(~7ra1)- H.I/'!. (--( ,,(lll t \1\1.</1 )/'!.rr l
• 

where Jllld IS a Gausslan dlstrrbutlon wlth vanance (1'2. dnd 1/ derwtt'S .ln IIltel1'>lty V.lltw 

atlocatlons(xj,-.....\t·d(x,.f\./ 1'(X 1 (Ill ..1fl d(X,./\lt\v'\"obtJIIWdhy\olllt' 

interpolation (e g , billnear, blquadratlc) The resultlng elH'fgy l '1 15 de/Illed .. '> tollow., 

.\1<1 

l'!I(.rlftldt.,lJlt)::::: L[~(xi t (III -..1/)·d(x,.I),I,) I!(X, _~I d(x,.Il,t )1'2 (114) 
1-:'\ 

To slm'llify the notation let r denote the dlsplaced pel dlffelt'nct' 

3.4.3 Displacement field model 

It can be observed that ln most scenes motion IS d res"lt of pO<'ltlOn (hange of 1I~ld or 

almost rigld bodies After projectIOn onto the Image pianI", tholt thrN' dlfllf'n<"o!\.d fIlotl<J11 

becomes a two-dllllenslOnal motion of ~orne 2- D objet ts r Ilf' optl( ,II flow 11\ '>II( Il .111 IIl1.I!!,!· 

conslsts of patehes of simllar (oflentdtloll alld 1(,Il~th) VI'( t()r~ Will! po..,..,!!JI/, div ()IIII1I1II!I'''' 

at the motIon boundanes ln ÜlIS chaptPf 1 will div li..,', CJllly d (Odr~l' dpprwQrnolllCJII If) 

such motion propertles 1 e , no motion dll)Contlllllltlf'" will h" IlirtHI)(Jrdt/·d IlltC) Ihl' IIIIJ!IIJII 

model The d,scontlnuous motion case will b~ cI!',>( f1bpd Irl Ch.tpl,'r 6 1 h"rf'!u[f', Il will 

be assumed here that motion fields Me srnooth fun( tl(Jfl<, of '>pol t 1.1 1 P()~ltlon x (fl/l'cI 1) ln 

fact dlx.l) IS slgnlflcantly smoother than Hlf' Itrlage It",·lf Bols/·r! (HI Ihl'> ()bV'IVdlll)1I d[ld 

on successful application of Markov randorn flf'ldc, (Mf<f s) If) 1rT1dgl' IIl(Jd/·IHII?, Il~t l)fJl, 

propose here to model the d,splacenlent flf·ld d,,, l, by d ) IJ Vl'I tr)1 Mfif (VMf/f) /)/ 

Slnce Cl VMRF d,ffers fram a ')Cdldl Mf<f (Jnly by th,· dr-flllltlUTI ()f d ,>LIU' (f' fI,. If! //1 

Instead of li), the propertle!> desulbed ln (Section '3 2 /) f]()ld {(;r VMf"r., tr;l; Dul' tl) 

the Hammersley-Chfford theorem the Gibbs distribution nI) 15 a (If'ar and pfff~(lIVP way te) 
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charactefllE' a random field D, A vlrtually unrestncted cholce of potentlal functlons \:1 t ln 

thls distribution provldes a means of approxlmating local propertles of D, ln thls thesis the 

flrst- and <;f':cond order nelghbourhood systems .\:\ .\:1 deplcted ln Figs 33 and 34, will 

be tnvestlgated The flrst-order system conslsts of 2-element vector cliques (Fig 3 3 c, d) 

Ch {Id {XI' X JI XI -- x
J 

~.:: r rh Ill} 
l d' j 

C, {, d {XI'X)} XI x, _-0 [II. I/tl} (3 15) 

('" , J ' '} 1 ( " l) (, • (XI' Il. (x ,.11 (- \1\ 

whlCh repre<;ent only ramontal and vertICal blndlngs (C(II :: C'u) The second-order system 

Jugrnents the above cliques wllh two-element diagonal, as weil as three~ and four-element 

dlques ln Ihl,) thesl'), however, nelghbourhood .\:1 wlth only hOTIZontal and vertical (3 15), 

.wd dlJgon,tI (1lques (Fig 34 c,d,e,f) 

f 
l' cl XI - x, =- [//'. I/ll} 

x/ X / -: [- J J 1 ~'ll} . 
(3 16) 

1"> Investlgal€'d (l',) 

fhe cholet' of the polf'ntlal functlon \ cl def,ned over a clique 15 cruCial to charactenza

tlon of thl' VMHF model ln genf'ral thls potentlal could be a functlon of d and (l, hence 

III(orpor.ltlllg the Ifll.lgf' Information Into the motion model ln thls chapter, however, 1 as

'>lIfll<' the ,>Lttl!'>tH .Illl1df·pendence of the motion model from the 'mages (or ln other words, 

fllllt tlon.!1 dqWlldf'lll e of l d ollly on d) A more complex model, taKmg such a relatlonshlp 

IIlto d((Ollllt, Will bf' dl!'>(I1!'>!'>ed III Chapter 6 

1 (hoo'>t' the followlng potentlal functlOn \ cl over a two-element cirque t'cl t: Cd 

(d -= {x/.x.!} E c .. 
(3 17) 

where li 1: I~ a Ilorrn III I{~ e g , l'! (note Ihat the surnrnatlon ln (32) IS now over 1 and 

1) t hls p,lItl(lIlar potentlJI captures the smoothness of the dlsplacement field process D" 

lor d( ',. / \ d( " t) the pot ~f1tlal 's zero and the probabliity of such a configuration 15 

1 he genr,al conapts of nelghbourhood nelghbourhood system clique set of cliques, potenllal etc, 
prl"sented ln Sl"ctlon l ) 1 will b~ us~d now for tandom field Dr and will be id~ntlfled by subscTlpt tI, 

for example '1,\ . \ ~I ,',\ (',1 \.1 
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high, while any devlatlon from thls equallty caust's a smooth reductlol1 ln the proklblhty l,1 

su ch an arra ngement 

ln thls chapter It Will be assumed that the knowledge 01.1 ,>mglt' 11l1,1~t' (e g , (,', ) dl.w .. 

not provlde any informatIon to computatlOI1 01 the 1110t\<)11 tleld d( \. 1 \ 11\1'~ 1\ .\ 1 tl.\I't' 

apprOXimation. slnce sometlmes knowledge of 011(' IllIdge 11I,IV Ilt'Ip III e\IUll,ltllll!, .\ Illt)t IIlIl 

field (for example ln a untform II1tenslty area It 1'> lInllkl'ly to h.\v(' ,1n ,ll>llIpt ch,\n~(' III It'ngth 

or Orientation of motion vectors) This apprOXlmJtlon wrii be IllIplOved upon III { h,lplt'r 6 

by usmg a more complex motion model Wlth the dbovp ,1':.c,llmpllnn Dt ,llItI l,', ,Ht' 

mdependent and the probabdlty /'( D, d, i(,', 'II ) WIll h,wl:' tilt' fllilowlng C,hh\ 101111 

IJ(D, d,I(;, __ - 'l') ;-;-(<1,1 1 ( 1,\ 
/,1 /,; 

, :: d' '.1 \ .\(.1, '.IlI 1.\ ( 1 IH) 

wnere the set of cliques l'd IS equal to l','1 for ,\",\ "1 \"' 1 1 or l:1 01. ,', nI t lt' 1 on\1I1II01I'> ,>Lltt' 

space case the probabllity denslty /1\ d,II,', '/1 ) h,l'> t hl' <',IIlH' 101111 ,)\ 1 h,lt III ( ~ 1 H) 

To demonstrate that VMRF IS J VJltd rnodpl fDr dl"pl.tc!'[lII·lIt 111'1<1·" 1 gt'lIl'l.lIfod '>t'V 

eral unconstramed VMRF sarnples (unconstrJlned by Imag(' IlIt('I1<,III(''» J hf' <"lIlIpl(',> Wi'rp 

generated by the G,bbs sampler (to be de!>(rlbpd III Sl'( 1101\ 4 ') 1) trI/Ill the" pl/Ofl (1Ibb., 

distribution (318) wlth potentldl (117) Roth f,r.,t .lIld ,('(ulld (lIdl'r II f 'Ij.',hboltr!t\lod <'Y'> 

"actlvlty" (the hlghet i", the morf' dctlVP Uf C!l.lotlc tl\!' ".lltlpl,· ttdd) TIl(' (1,/JIl,> .... 1111 

pler was supplled wlth a rJndorn conflgurdtlon .1'> thf' 111/11,11 "Llfl' Afl"f <'Idlre 11'111 Iml/' 

It produced only the most Ilkely samples, whlch for ';,111,111 V,lltlf' {JI id W!'H' !JOf1)tJ/!"'Ilf'{)lI' 

fields of Identlcal vector", (due ta the form of tllf' potf'ntl,tI fllll( 11011 (~ 11)) 1 1 If' "VI·f.lf,' 

length of these vectofs shoule! be approxlrndt"ly Cqlldl to th,· 1'''''Pf'I tl,rI v,dllf' 01 11\f' 111111.11 

configuration The sLlte space S:, for f-'.tdl Vl;( tur Wd, dls( 11·1 f' wilh IlldJ"1 TT Il 1 III dl·.pI.H" 

ment dllil/ 1 20 and \, 17 pO<''>lble lev!;\<; ln l'd( li d,rf'{ tlUIi 11/1' w'rlf'rdlHlg dl',! nLllt l'ili 

1 e , unlform over l dl/ I •IJ • .!./II: and (:'/11 "/1/111: wlth prubolbrllty (J ~) (Jf f.dling Ilito .lfly (Jf 

the II1tervals It can be easdy venfled that such dl,>tflbutlon h.1S rrlf'dll (·qll.11 to III, .tlld hl 

III = () It becomec, a unlform distributIon over the rJngf" ,11/11// d"lilJ 1 

Ftgs 3 7, 38, 3 9 ;l,Id 3 10 show VM F?F ~dmplr·., h)1 tW() dlffl:rl'nt VdlUf'C, (A .Id lift,.r 

50 Iterations of the Gibbs sampler The sample frorn Fig '~7 has bf'f:n g':neratr'd wlth th~ 
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Fig. 3.7 VMRr samples for potentlal funetlon (3 17), n.:'lghbourhood system 
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Fig. 3.8 VMRr samples for potentlal funetlon (3 17), nelghbourhood system 

. \ J and two values of pararneter id, Inltlallzed by a 

piecewise-uniformly dlstnbuted field wlth mean 111-=(05,05) 
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Fig. 3.10 VMRF samples for potentlal functlor, (3 17), nf'lghbourhood "y.,t'·!Tl 
.\:1 and two values of parameter id, Inltlallzed bya 
plecewise-unlformly dlstnbuted field wlth Illhln III (0 f),O 5) 
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fm.t-order nelghbourhood system .\:1 from a unlformly dlstnbuted Initiai configuration wlth 

rnean 1/1 (0 0,0 0) For .id 1 0 the sample field conslsts of qUlte random vectors, only 

locally "smooth", whde for .1" -0 1 the vectors are weil "ordered" but much shorter The 

... ample field from Fig 3 8 has been also produced wlth the flrst-order nelghbourhood system 

.\:1 but frot!l d plecewl5c-unlforrnly d,stnbuted Initiai configuratIOn wlth mean 11/=(05,0 5) 

Note that the Influence of 1d 15 slmrlar to that ln Fig 37, but the vectors for .i.} = () 1 

osullate dr()(Jnd the mean value of the Inlt,al conf'guratlon Figs 3 9 and 3 10 present 

sillular rpslJlt5 except that the second-order system '\:1 wlth cliques from Ct) was used 

Agam the Influence of 1d 's sllnllar as before, but the vectors are more ordered now ThiS 

'5 due to th(· Incredsed Sile of the nelghbou;hood system (added diagonal cliques) m Spi te 

uf the f.l( t th,lt stdl only two-elernent cliques are bemg used 

r he VMHr s.1l1lples shown in the figures slJggest that the values of .1d smaller than 1 0 

glve slllooth dlsplacernent fields, and the values above 1 0 produce more "chaotlc" fields 

r hus, to model a slowly varyll1g motIOn 'd '5 of the order of 0 1 should be used, however 

,)11 eXJt t value canl10t be establlshed 

3 5 A POSTERIORI PROBABILITY 

USlng ('(lll,ltions (3 13) and (3 18) ln (3 3) the followlng Gibbs form can be obtained 

for the PO<,tPrlOI prob,lbdlty distribution 

III (;I~ - (11+) =- II(D, = dll(,',_ = (/I_J,',+ = .iJ'+) 

1 -
--- _I--{(dt"!t_!lt+) 

/. 

(3 19) 

wht'Ie 1 IS .1 new 110rmallzlng constant (rncorporatlng the probabdlty 1>((,',_. (,'f+) from 

(3 ~) 0 
.. "1 0

' \!~I"T~\ ,I!~ frol11 (313) and /" from (318)) The new energy functlon 

{ (d,. 'II 'II 1 ) 15 defll1ed as follows 

\fol 

{(d'.'11 III.) 
\ ~ - - .) . 

\,, .L.....,[Tid(X,.ll.x/.f . .Jf)l~ -+ \1' ((I(d,l. (3 20) 
ICC" 1 

Jnd \" 1/ -id Agaln for the continuOU5 state spa ce case, the mlxed a 

poster/OfI probabdlty denslty functlon has the same form as that ln (3 19) The nelghbour

hood systt'1l1 tOI tllls new GIbbs distribution IS the same as that for the a prtOrJ dlstrrbutlon 
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P(Dt = dtl(;t_ = m_) sinee the DPO model 15 bJsed on the Illdependently dlslllbult'd 

nOise random variables Should thls model be correlated (e g , fdtered nOI!.e), tht' llel!!,h 

bourhood system would need to be redeflned appropflJtely [261 

The exponentlal a posterlon probdbtllty dlsttlbutlon (3 19) H''iult<; \Il the folloWlI1F. tonll 

for the MAP estimation (34) 

Il!ÎII{'(d,.!//.I/'1) --111111[\,/ ("/(/II,ld/. 1/ 1t ) 1 \1 ( t\(dtll ( 1 !1 ) 
dt dt 

Note that the energy functlon ( ln (321) consists of two terms The f\f<;t on(" (',/1'> ,\ <;\1111 

of squared OPDs over the entne Image, and attempts ta de<;crtbe the Ill,\hhtng ploblt'Ill of 

the data /11_, 1// t by the motion field d As <;lIggested ln Section') !. thl5 COlft'<,pont!PIHt' 

problem IS Ill-posed The second term ( d III (3 :?1) 15 responslble for (oilforllllllg to tht' 

propertles of sorne J pflO" model (Section 3 4 ~) 

The two-term formulation of the energy fUllctlOIl (3 :l0) C.lJl be Vlf'w(·d .lS rt'j!,III.HI!.ltIOIl 

of the original eorrespondence problem (DPO only), as deflned 111 Tlkhonov's fOlmlll.llloll 

(SectIon 25) Then. ( tI plays the raie of a st,lbdlZlng fIlI1CIIOfl.\1 .-Ind \'1/ \'/ 1'> .\ rt'J.!,11 

lanzatlOn parameter Hence, the Bayesl.ln formllLltlon COlIllHI'>f''>, ,J,> .1 ,>,wctflc C .IW, tilt' 

regulartzatlOn, whlch has been frequently used ln COIl1JHltf'r VI'-,Iüll (St'ctlon ) ':l) 

ln order for the condltlonal " posteflon prob,ïbdlty of .ïn (',>t,lll.lte (~ 1 (n 10 1)1' hlgh, th!' 

energy (320) must be low. hence thls estllnate IllU'>! wl'll pxpl.lIll ÜW ddt.\ .lnd (nldoml to 

the motion model charactenstlc propertles For the model ploposf'd by potf'l1tl.l1 ( 1 1 () '>111 h 

a property IS smoothness of a dlsplacement field Oue to thl5 addltlon.1i (OI1':>tl.1l1ll. thl' /,,,11 

matlon problem becomes well-posed Refail the example of motion <',>tllll.JIIOI\ "1 pr)<,l'd!lI''>':> 

from Fig 2 1 Now, wlth the dlspl.lcement field Sllloothnf's<, [pqulP,d C,lIl1ltlt.Hlf'CJI!'-,ly wllh 

the data matchmg. It IS easy to Sf'e that tflf' trd nsL,llolidl fIlotlrm (f Ig ï lb) will pHllllr\.' 

lower total energy (3 20). and sholJld be chosen .le, tflf' bettN (III the VI/'W of d""llflll·d 

model) solution 

ln the formulation (3 21) the ratio \11'\'1 plays an Imp()rtant Iule wel~htln~ thf' ((1rI 

fidence ln the data and ln the J prrofl model A modification of ,\s ha<; an eH,·( t on th,: 

estlmator, however the magnitude of thls effeet IS hlghly ol'pendent on the ddta It <,,,If f<e 

cali that (1'2 IS a variance of the dlsplaced pel dlfference (Causslan) moof:1 Its valu" (_dn be 
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tstlmated glven a dlsplacement field. however the other parameter "d. which charactenzes 

dlsplacement fIeld "actlvlty", .5 far more d,ff.cult to compute Th.s parameter embodies our 

prlor expectatlOn as to the degree of randomness whlch the est.mator should Incorpora te. 

When MRFs are u.,ed ln est.matlon of such observables as Images or textures, 1tl can be 

est.mated by analyzmg a number of samples (training process), and then used to perform 

estimation on some \)ther data The success of the estimation 15 hlghly dependent on the 

slmllartty b(·tween the real data and the model (the training data) ln the case of estimatlng 

an unobservable motion, a computation of ';d 15 not pOSSible (at least up to now) It must 

be chosen dd hoc " Consequently there .s no po.nt ln estlmatlng 11~ C\s may be chosen 

Instead) 
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Appendil 3.A. DERIVATION OF MEC ESTIMATJR 

ln thls appendlx the optimal (dlscrete stat€' spac~) Bayeslan estllllator wlth respect to 

a positive deflnlte cost functlonal (-) will be derlved Let thls functlo!'-'i\ be of the followlng 

separable form (as proposed ln SectIOn 332) 

\/,\ 

(-) ( dl . cl () - L () ( d( x, . Il Il ( XI' f) L (3 Al) 
1 1 

where 0(·,·) is a positive deftnite functlon, and d" dt are agaln the hue dlsplact'ment tlt'ld 

and its estimate, respectively The optimal Bayeslan estlmator di l Sol IS a dISpl.I(Clllcnt 

field defined as follows 

(1 A 7) 

where 1,'0 (; (' [115 the ensemble expect atlon ove! ail conflgllr.!tlol1<; of 1 )" (,'( .Incl 
l, ,_. '1+ 

(,"+ (1 __ and 1 + are temporal positions of the precedll1g ,1nd the tollowlng Il TI ,lg(>'i , rtH'I)(>C 

tively) Note that an estlmator wlth the "mallest exp!'cted co.,t (Ill tht' <;(>11<'(' of (») 1'> belllll. 

sought over ail possible configurations of the datd (,' Jl1d of the dl'>pl.lccnH'111'> 1), 

The followlng theorem. wl1Ich IS a 2-D verSIOIl of that propo<;pd by M,lffoquln 1621. 
extends hls results to the vector MRFs 

Theorem: Glven a positive def'llite cost fllllrtiondi (-). thp optlrll.ll (tllllllllllllli 

expected cost) estlmate of a vector field d, wlth rf'~pect to (-) LHI be obLIIIH'd by 

mlOlmlzrng rndependently the marginai expected cost for eadl Vf'ctor, 1 e . 

a*(x,./):::: fi E S:l ' L ()(r,q) /)(J)(x i 1) .. 1(,', 
1 (S:I 

L () ( l' - Il )) 1 ) ( () ( XI' 1 ) 1'1 ( ,', IJI '(,'" (II,) 

l'ES:, 

for ail p t <t (p c S:I)' and for 1 -- 1. . "d 
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Prao { 

5mce the fields d" (//_ . III t have dlscrete fi nlte state spaces the expectation will be 

expressed ln terms of flnlte surnmatlons rather than integrais (the contmuous state space 

case) Then, uSlng the Bayes rule the expectatlon (3 A 2) can be expressed as follows 

";1) (,' (; [(-)( d, d, il . , 1 • , 1 

tl,b'.J 
fit _ Il, + ("~~'J 

L [L (-)(dl,~I,) ·/l(D, = d,j(,',_ = 9'_,("1+ == fl'+)] 
[1/_ ,!I,+ ES" ",ES" 

. /l((,',_ = f/I_ J,',+ = Y'+) = 

L (.l, (d,. III _ . .'1,+)·1)((,',_ = 9/_, U,+ = 9' .. ) = 
!I,_ . 'it + (S,/ 

1,.'(,',. '(;'t- [(!dd,. Il'_ .11'+ l], 

where the functlonal (l, 15 deflned as 

L (-)( d,. (-1,) 1'( D, :-.= d,l( :,_ = .(1,_, (,'/ + = YI + ). 
", (Sol 

(3.AJ) 

(3 A.4) 

SlIlce (-) IS pO'iltlve defmlte and Il IS a probabllity measure, QI is positive definlte too The 

estl/nator d, IS a mapplng from spa..:e S" x S" Into spaee St!' and also IS a functlon of the 

da!.l '1/ ,'1/ 1 1 ln other words, dl depends on the data 'II. , '11+ but the cholce of d, for 

dlfferf'nt d,II.1 IS Independent The same Independenee applles to (2, The expectatlon in 

(3 A 3) 15,1 Ilnear eomblnatlon of positive deflnlte funetlonals (2" hence the mlnimlzatlol1 

(.ln bt' p€'rformed wlth r€'speet to the funetlonals (!, Independently for dtfferent data 

111111 ,.' n, . ( ,', . . ( ;'.f [(-) ( d, . cl, ) 1 :: Il! III F(;, _ . ( ", 1 [(l Ji d, . '11 _ • Il + ) ] 
d, d, 

(3.A 5) 

Usmg ln (3 A 5) the deflnltlon of (!, from (3 A 4) and the deflnltlon of separable (-) from 

(3 A 1), and then <lpproprlately expandlng and grouplng the summatlons (the summatlon 

wlth respect ta field d, IS expanded as a multiple sumrnatlon wlth respect to Its mdlvldual 

for wnpllcltv of notation the dependence of estlmate (Î, and of the optimal estlmate ;'i on the data 
'/r "" has been omltted 
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vectors) it follows that. 

nlin Q J{ dt, 91 _ ' !l+ ) = 
dl 

.\1,1 
Tllin L L(}(d(x"I).d(x,.I)).!)(Dt:-dtlc,'t, -",lit .(,'f t -'!llt)o-, 

dl ~rES<l'=! 
.\/<) 

BlinL L L O(r,d(x,.I)), P(O, -,'dtl(,',. --,l//"(,"t - .III t )· 

dl /::::!1'ES:1Ilr d(X,.I)=l· 

,\III 

lllin L L O(r.d(x,./)) !J(D(x"f) - 1'1(,'1. 'l' ,(,'1 1 111 1 )' 

dl i=!l'U;:I 

(3 A 6) 

where the marginai condltlonal probabillty of dlsplacement vector posltloned at (x" f) 15 

defined as follows' 

", d( x, .t ) . r 

Deflning another functlOnal Ch as 

Ch(d(x,.I),'JI_.,II'+) '--= L O(I',d(x,./)) IJ(D(x,.I) 1'1(,', 
l'(~S:1 

permits the following modificatIOn of the mlnlmlzatlon (1 A 6) 

".1 
lIlill (Jt!~II.,I/' _. Y-Il -' llllil 2..: (h( d( x,.!) III .IJI ~) 
dt dt , 1 

\f,1 

=- L Inill (h(d(x,./),11/ ,11'1)' 
,-: 1 d( X, ') 

(3 A.7) 

The last hne follows from the fact that the functlOnal (h 1., posItIve deflnlte (() 1 .... a pO'>ltlve 

definite functlon and JJ IS a probabdlty measure), and also that for eVf'ry l, (h Ir, d fUtI( tlOn 

of only one estlmate vector cl(x,.I) Fmally, the nllnltnlzatlon ln ('3 A 7) 15 equlvdlpnt to 

the Inequdllty conditIOn glven ln the theorem evaluated at cach 1 [] 

Note that the contlnuous state space case 15 very 51lllddt, th!" tlH'orem and thf' proof 

will hold wlth the summatlons over d, and l' rf'placed by mte?,ràls, and wlth probabllttlf:'S 

J) replaced by denslty functlons Il 

ln order ta complete the denvatlon of the MEC estlmator, the functlOn () mur,t be 

known explicltly ln thls work 1 assume the followlng form for {) 

, :l 
d( x" 1 )11 . (3 A 8) 

- 62 -



Chapter 3 

where 11·1115 the ';2 norm, since It reflects the "goodness" of the estimate and also since it 

IS mathematlcally tractable USlng the deflnitlon of () and the above theorem, the optimal 

Bayesian estlmator ;I*(x,,/) = q t= S:j (7 = J, .. , .\1d ) is defined as follows 

L Ilr CJII~' IJ(D(x,,/) = r/(,',_ -= .fJ'_ ,r,'ft = .fJf+) -::; 
1'( 8:1 

L /Ir - pI::!' IJ(D(x,./):-:: r/{,',_ = Yt_.r:t+ = Yt+), ail P E Sd!P"I- q, 
1'( 8:1 

or after expandmg the /,'2 norm and applying some arithmetic: 

Vp E S:I'P i= q, 

where i' denotes the condltlonal expectatlon of r glven the data. Hence the MEC estimator 

cl· (x,./) Cf (1 oc, l, ... , :\1(.) is equal to the following marginai conditlOnal expectation 

d*(x,,/}:::.(ï(x,./):= L r[ L /)(0, =d,I(;,_ =9'_,(,"+ =.9'+)] V,. 
l'€S:, (1/ tI(x,.'}=1' 

Again, for the continuous state spa ce case (S:l = H) appropriate MEC estimatc.r can be 

expressed as follows 
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Chapter 4 
STOCHASTIC SOLUTION 

TO MOTION ESTIMATION 

ln Chapter 3 the motion estimation problem was formlilated on the b-l'>IS of thr theory 

of stochastlc processes This chapter will dlSCLISS some solution method,> ln P,lI Ilull.H, 

stochastlc methods will be proposed to solve the MAP ,wd the MEC rstltllJtlOIl probl~'ll's 

The chapter starts wlth a brlef overvlew of Monte (.u/o IHo«("dllre'i, follow(·d by J 

detailed description of two examples of such procedures the Metropolls algol/film .llId th" 

Gibbs sampler Then, a general optlmlzatlon rnethod cdllpd 5lf1wlat('d <lllflI1.lfmg l', (11,>( Il'>'>t'1! 

and shown to be applicable to the MAP estimation, followed by Ill(' '>011111011 of tl](' MI ( 

estimation uSlng the Law of Large Numbers for Markov chalfl~ The followlflg spdlon5 

dlscuss a continuous state spa ce MAP estlrnatlon and the SPilil,d Irnagf' IlltNpoldtlon for 

computation of motion Flnally, numerous estllnatlon results are presented 

4.1 MONTE CARLO METHODS 

Monte Carlo methods constltute a branch of expenrnental rndtherndtlcs conrerllf'(j wlth 

experiments on random numbds Out of the two typf'S of problelTl'> hilndkJ by MOllir' ( .nlo 

methods - probabdlstlc and determlnlstlc (accordlng to whether (Jr not ttwy Mf' dlrf'dly 

related to stochastlc processes) - the former type will be consldf'red 111 thl'> th"'>I'> 1 h(~ 

simplest Monte Carlo approach to the probabil,stlc problf:rn 15 t0 ob'>('rve randOfll nllmb,-r,>, 

chosen ln such a way that they dlrectly simulate the phY<;ICll rdndom prorp')') of thp (Jrtgln.J1 

problem, and to Infer the deslred solutIOn from the behilvlolH of the')(: random nurnbpr,> 

Most Montp Carlo work IS concerned wlth estlmatmg the unknown nurm~rt(_dl valuf: of a 

parameter of some distribution ThE' ultlmate goalls to flnd <in unbla,>ed, minimUm-Variance 
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f: .. tlmat<Jr (II near or non Ilnear) There eXlst vanous approaches to Monte Carlo estimation 

136] e g , <rude Monte Carlo, strattfled samplmg, Importance samplmg, control vanates, 

clfltlthetlc varl.1tes etc 

The fUllddrTlental d,fferences between the above approachLs can be explamed on the 

f'XcHllplr· of f'xpec.tf:'d value ec,tlmatlon for some glven dlstnbutlon Assume that thls dlstn

butlon 1'> ,>uffl(wntly romplpx to prevent standard analytlcal treatment Then, Monte Carlo 

nlf'thod" (.In be applled to obtaln the mean 

ln th\" ((udf' Montt' Carlo method, the estlmate IS obtalned by random sampllng of 

ttlf' drgltrTH'nt dorn,lIn, LOrnputatlon of the d,stnbutlon functlon values at these pOints and 

(olllpuLltlOfI df the ('.,tnHate The argument domaln sJrnples are drawn from the unlform 

dlc,trdllltl()f) 

III "tr.1ldled samp//Ilg the argument domaln 15 dlvlded Into submtervals (strata) and 

('Mil of th('c,e Intprv.1ls IS assigned a nurnber of samplE' pOints Subsequently, the crude 

Monte ( Mio Ill"thod 1'> ,1pplled to each of the 5trata The speCification cf the strata may 

1)(' ,1'" "lInpll' d', Intervab of l'quai length A belter way, however, IS to choose the strata 

"0 th.!t thl' V.Hldtlun of d,<;tnblJtlon functlon 15 the same ln each 5ub,nterval The number 

ul ,>.Imple plllllf<.. pt'r ,>tr.ltUtll ~hollid also be proportlOnal to the VJrlatlon of the functlon 

over thl<' ,>Ir.lllllli r ht· relative efllclency (product of labour ratio and vanance ratio) of 

..,tr.lldl!'d .,.llllpltllg 1'> ,lIlOut 10 t wlth re'ipect to crude Monte Carlo 

//IIpo{I./I)el' '>.If1lplll)g .1150 Jttf'mpts to 1ll0dlfy the argument domaln sampllng ln order 

to provldt' 11Igllt'r Idl.lbdlty of the estltnate The Idea 15 to concentrate the distribution of 

tht' '>"!lIplf' pU':lh III tlw,,!:' p.nt<, of the domaln fhat Jre of hlghest "Importance" Instead 

ut '>JHt'.lCftllg tlWfll {lut t'veilly ln ofder not to b,a!> the estlnlJte, thE' appropnately modlfled 

d,<,trthllt,on fUfH tlon (non Illltforrll d,strlbllt,on of the sample pOints IS taken Into account) 

1'> Il'>t'd ln tht' e<;tlfll,ltlon plOC e!>s rather than the unmod,f,ed one The relative efftclency of 

1t11Jh1rt.Hh t' ,>.lI11pllng ,<, ,Ü10llt 10, .1150 wlth respect to the crude Monte Carlo method 

((1f1I/l1/ V.l"'ltt'~ I~ ,mother method attemptlng to redllce the variation of the distribution 

fUf1CtllHl A Simple fUIlCtlOI1 (cont/ol vJl/ate) su ch that 

It C.1'1 be tre,lted lt1 the lIsual analytlcJI way (e g , Integration), 

lor tvplL.l1 problen1s [~hl 
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( h./I'tt'( .J 

2 It closeiy "mlmles" the distribution tunetloll IIndel IIlVt'sllg,ltlon, 

15 chosen Obvlously tllese two requlrements Jre cOlltllctlng "IIlU' the dl.,tllblltllHI tllll< tllHl 

cannat be treated analytleally (assumptlon ,lt tht' bt'~lllnlll~) ,11)(1 ht'Illt' tlll' (ontll,1 V.III,lft' 

cannat follow It exactly Assullling th.!t the e.,tllll,ltll)11 JHlH t''>" 1" .1 11111'.11 Opt'I.lhll (1' ~ 

integration) It can now be performed tndependently tür tltt' (lll1trol V ,HI ,1 Il' (.ln,llyl\( ,dly) ,lIld 

for the dlfference between the distribution fUl1ctlon ,wo the colltlol V,III,ltt· ( rudt' MOlltt' 

Carlo) The relative efflClency of the control varl.ltes n1t'thod 1" ,Ihout )() wlth I(">pt'll tn 

the cru de Monte Carlo method 

The antlthetlc vaT/ares method IS sunlLn to the cùnlrol V,l/I,lft,,, Il .Ipplrt>,> ,1 (()Iltlnl 

funetlon to "/11I/11IC" the behavioui of the dlStlibutloll tUllctl\lll, but It .11.,0 IWllI1l1lt· ... t!H' 

order of sublntervals ta make th ... varldtloll of 111f' '>111ll (lI tllP re,III.1ngf'd flln( tlUIl'> .... 

constant as pOSSible Its rel.!tlve efflCiency IS hlghly dt'pelldellt \)n the pl'fIllUt.lllOfl typP, 

but It ranges from about 30 ta several thall'iand" 

Only a few Simple examples of Monte (aria (n,tllll,lIron h,IVf' IH'f'lI bw·tly dl .. ( U ..... N! 

above, however It 15 clear that Monte Carlo f"stlln .. llon 1" 1I10r(' .ln dplltO.l( h th,11l .Ill .llp'o 

nthm The cholce of the method le, 11Ighly df'pl'l1déllt un th!' p,obklll wh"" "()flll' Ilwthod .. 

may be of It1SUfflClent speed and/or preCISIOn for.! glvell ,l[lplj( ,Illon, thl' otllt" 11111''> lIl.ly 

be very sUltable for thls partlcul.n case ln the followlng <,ectlon two t'X.lIllP"'·) (Jf MOlllt, 

Carlo metllods will be dlscl/ssed 

4,2 STOCHASTIC RELAXATION 

Stachastlc relaxation 1') an Iterdtlve, site replau~ment praceduff' for generdtlng .. Mil plI' 

configurations from a MRF dfscnbed bv d Glbb,> dl,>tnbutlon i", 11)1' (h.Hdrtpr!<,tl( I/rolll'rty 

of every stoehastlc relax.lIlon scherne 1'> thdt conflgurdtlon (h,ltIV/., rl'<,lJltlllg III l'Ill rgy 

increasE' are permltted Sy rontrast, deternlilll"tlr algorrthrm (Jl1ly ,lllfJW lII()dlfl(,J!I()I!" of 

states leadlng to reductlon of energy. and hen(e arf' mO'itly trapp('d ln I(J( JI mln,,",j 

4.2,1 General form of Metropolis algorithm 

The Metropohs algoflthm was onglnally In'Jented to <..tudy u'rtalo problf'ms III "tatl"tl( <II 

mechanlcs {65} ln partlcular, the gOdl was to calculate the propf~rtle.., rA any ..,ub..,tt1nce 
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whlch may be consldered as composed of numerous mteractmg Indlvldual elements (e g , 

molecules ln a gas or atoms ln bmary alloys) The systerns stud,ed eonsisted of hundreds 

of IdentlCdl, Interactlng components, whlch precluded the usual analytlcal treatment The 

Metropoll~ algonthm, belng an example of Monte Carlo estimatIOn, permltted the study of 

thf' f'qulldJrlurn propertles (e g , ensemble averages), tlme-evolutlon and low-temperature 

b(·h.IVlour of st/ch large sy~tprn5 

Defln~ 1 to be a stafe random variable, ", to be astate sample and !? to be a dlserete 

phas~ SpJ( f· or state "pace for ", (these deflnltlons will be generallzed ln the followlng 

<,('c t Ion) 

If a system 15 ln thf'fmdl eqUilibnum and ItS state -1 has energy f 'h)' then the probabdlty 

dl,>tnbutlOn ln phase spaee of the pOint repre5entlng " 15 proportional to 

(4 1) 

where Î 1. T. r 15 ab50lute temperature of the 5urroundlngs, and 1. 15 the Boltzmann 

(Onc,tdnt A( (ordlng to ergodlc theory, the proportion of tlme that tl'", system spends ln 

.,1,11" " 1'> .11.,0 proporllonal to (4 1) U5ually one needs to compute the expectatlon <f> 

of ..,onu' ..,1,111' flll1(tlon Il - ) 

~> 1(",1, -/ (i)/1 
- -

\'.f /(',)/1 
. 1 . (42) 

l ,could t)f' ev,lluated by the crude Monte Carlo estImatIon. but the exponential factor 

llle,Hl'> thd! IlldJor pJrt of the 5umrnatlon IS concentrated ln a very small reglon of the 

phdst· spart· r IlPrpfore Importance sampltng should be used Instead. and samples from the 

prob.lbdlty dl,>t Il butlon 
tir', ) / i 

(43) 
\ '. ( -- 1 (-;) / 1 
...... " 

'ihoutd be generated Direct lise ot (4 3) IS ImpOSSible slIlce the denommator IS unknown, 

but the dlgollthrn proposed by Metropolls et al [651 elrcurnvents thls problem 

let ~ li. 1 •. '. be the Itf'ratlOn number III the evolutlon of a dlscrete chain Let the 

.,tate rdndo/ll vMlable ,1t Iteration T 1 be 1 (T 1 J, and the proposed (new) state random 

v.lllable .1150 ,lt Iteration ~ 1 be 1 • \ T 1) Let ~ be a sample state from the phase-

spa( e, Jnd 
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where ~f == ['l~) 1 \..,) 15 the energy d.fference between the two stdtes Wlth tilt' 

above notation the general form of the Metropo/Is a/gollthm IS F,IVt'1I be/ow 

General Metropolis algorithm 

1 If 1 (T - 1 )== Î select a new state 7 l !) from a prob,lbtllty distribution " '>IH h 

that 
0-- :::/'(I"+(T , ,~ 1 ) :7 i r( ;- 1 ) " ) 

1 l( 1 • (T - 1 ) Î JI' ( T 1 ) :-,- ) ch'Î' 

2 If ..). ( :::; () ta ke 1 (T) - .... , 

3 If ~( > () take 

1'( T) -= {~ wlth probab.hty ( .\1 1 j 

wlth probabtllty 1 ( 
:),,1 / j 

The condition ln 1 sllllply reqUires from probablltty dl"tllbutlon "th,lt the tr,III'>ltIU/I,tl 

probabllttles be symmetnc It remalns ta demon.,tlate th,lI tht' ,\bovf' .ll,""or/thm p,ellf'r,lt l ''> 

a Markov cham wlth the steady-state (hmltlllg, equtllbrllllll) prob.lbtllly dl"tllbullOIl :! 01 

10 other wards, that It generates .. amples hom tht' dl"\nhullnll,, 111"\, 1\ 1'> lit" p,>".IIY 

ta show that ;;- 15 a unique Invariant nH:'asure of Markov Ch.llll 1 gl·llf'f.lINI by 11if' • .t)OVP 

algonthm The proof, based on the work by Hamrnf>rslpy .llId fbnd'.< olllb PhI. 1" prf''.('ntt·d 

ln Appendlx 4 A By the standard result from t' _ 1I1(~ory of M,lfkov (1I.lln<, ([ 1t"orf'!1I 1 ~, 

Chapter 3 ln [49]) It follows that slnee the 5tate spMe 1'> flnltf', dnd .I1c,o '>IIIU' Ih(· (b<llli 1'> 

irreduCible (r.(-,) ,J O. \j-, ( ~l) and aperlodlc by con'ltrU(\f()\), tllf' IIlv,lrI,mi dl,>ll1blltl()11 Il 

IS also the steady-state probabdlty dl;trtblltlon of tlw Mdrk()v (11.1111 1 

Fmally, note that the onglnal Metropolls illgorltlim 16~J11'. cl "P/'( Idl (d':.f> of tll/' dlf,<lflthlII 

presented above The tranSition probabtlltles (!',:::- Hl th..!t dlgoflthrn <.Hf' Indf'pendpnt of thf' 

prevlous state 1'( T -- 1) and also are unlform 

::;:-11 (T 1 ) -; ) 

(j :;;_, = J J (1 • (T - 1) -: Il (T 1) :;.-;) 

(2-;-; ::.: Q~ . 

hence satlsfylng the symrnetry requlrement 
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4.2 2 Metropolis algorithm for motion estimation 

rhe Metropohs algorlthm descrlbed ln the prev;ous section can be adapted to generatlng 

random vectors (2 D random variables), and used la ter ln motion estimation through the 

JOint prababliity dlstrtbutlon (3 19) wh,ch IS Glbbslan 

T 0 accommodate the more complex case of motion estimation the symbols l'. ~,.:;:. n 
Introdllced ln the preVIOU5 section will now be redpflned Let Y be a chain (dlscrete-tlme 

proct'~s) wlth the 'itate space (set of ail possible configurations) 0 deflned as follows 

Clearly, Î l'i a possible configuratIOn of chain y, and 15 also a set of Indlvldual states 

(vectors) ',/ assigned to spatial pOSitions XI - can also be vlewed as a sample motion field 

tram the st.lte spau> (phase space) 0 Let:<:" be a Single sample state (vector) from S:I 

Df'flne -, (',~ 1 J to be a configuration Identlcal to configuratIOn -, except at position J where 

ItS value IS -;' 1 e , 

_,' 1 :;:- ,} ) ( ~ ~ _ ~ ~) 
: 1· . . '1 1· -~ . ! J-+ 1 ... . 1 \/" . f 

~, 

or some :;: E ..')(1' 

let dlso 1 {l' l, l':,>, ,1' \/.1 f be a set of random vectors (blvanates) or a random field 

wlth pOSSlblf' stat(>s ln 0 

1 h{> Metropoll~ algorlthm produces a Markov chain su ch that after long enough evo

IlItlon Itli .,Lltes Me dlstnbuted accordlng ta the invariant measure;;- The values of 

tltt> Iter,ltlUll Illdexed randorn field 1 (7") of th,s chain are complete motion fields 1 e , 

" \/01 l After sufflclently Innt, evolutlon of the chain Y motion 

field s.Huples of hlgher prob,lblltty will occur more frequently tllan those of low probabtllty 

fhe gener,lted states will contaln valuable mformatlon as to the statlstlcal propertles of the 

motIOn fields T he subsequent Illvestigations of ;;-(, ) Will also apply If the condltlonal dlstn-

but Ion ~{'\r(,'1 III ,( ,', i 1ft.) 15 used Illstead Since the sll1gle state "; corresponds to 

d field ot vectors deflned over J lattlce, It IS not clear how to select a new candidate state 

It two or ll10re v\'ctors are nlod,f,ed at a tlme thelr effects I11lght counteract, however wh en 

one vedor 15 fllod,f,ed dt a tlme, only ItS Impact on the energy value counts Hence, ln 

order to propose a candidate motlor} field, flrst, a random location (unlformly d'stnbuted) 
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ln thls field IS generated. and second, a randolll venor (unltofmly dlstllbuted) 1'> pfl)dll~t'd 

Then. correspondlng energles of the old and new st.ltes .lIe c.lkubted and comp.Ht'd Il 

the new state reduces the system energy then It 1') Ul1lOIHhtll)J1,llIy ,lcceplt'd l)theIWI'>t'll 

IS accepted wltn probabdlty ( -..}.I ,/ -1 Tlle Metr~)pohs ,11[',,)lItl1l11 fUI Ilh)tlün l',>tIIlLltlt)1l 1'> 

given below 

Metropolis alçorithm for motion estimation 

1 generate a random umformly dlstnbuted spatl.!1 pmltlon 1 (( x ,./) \ '\,1) 1 t' , 

sucn tnat 

l'(x.!. ) 1'( X \/,1 ), 

wnere l' IS a proba blilty, 

2 for location 1 generate a unlforrnly dlstnbuted vector :z' 50 thal the nt'w .,Lltt' 

IS 1 (:::- J), 

3 compute the energy Increment _\t {'( -,( -;:-,Jl) {( Î 1 resllltln~ from (h,IIIf!,III)!, 

the state of ,-th vector frorn Î 1 ta ::;:, 

4 If ~I '.- Il change the ~tate 1 f', set l'(r) -,(:;- J) 

5 If ~{ > (J change the state wlth probabtllty 1 ..}.I / i 1 e , 

wlth prob,lbtllty 1 \/ / f 

wlth probdllliity 1 .\/ Il 
1 (T) 

The energy lC1crement, fundamental to the Metropolls algortthm, (.111 ~)(' al,>o l'XIH,·,,,>,·d 

ln terms of d Ispl acement vectors d ( XI' 1) Let:: ( '-":1 (:: -;.) derHI!'" '>Oltlt> nf'W p ropo',f'd 

vector (state) at spatial posItion liT Recdll thdt only Olll' vl'ctor 1'> IIl(Jdtflf,d dt ,1 tlllll', 

whlle the other ones remaln unchanged TIt{'n, lISll1g the l'llergy flllldion C~ ïO) fOIll(Jlltf'd 

in Section 35, the energy ,"crement at /l T can be expre')~f'{l .1'> f()lIow~ 

\ '( z. dix l' 1 ) ) (dIXI/, 1) d(x/ /))1 
(4 4) 

1 x,r '/01 1 x", J 

If the new vector :: reduces the energy {' (j,{ / ()), thel1 It 1 .... ac(eptf~d uncondittonrllly If 

~(r > 0, the vector Z IS accepted wlth probabtllty 1 _~I Il Henu:, thr' IcHger tht> \( l, the 

less likely IS the acceptance of such astate, 
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4,2,3 Gibbs sampler 

1 he G,hbs sampler 15 another method of generatlng samples from the Gibbs distribution 

n (3 1) Unllke the Metropolts algonthm, whlch was proposed ln 1953, the Gibbs sampler 

15 il relatlvply new technique It was developed ln the early 1980's by Geman and Geman 

1261 It t .ln !Je cla,>stfled, wlth rf'''pect to the Monte Carlo methods, as an examplt> of 

Importanu' samplmg, sinee rdther than produclng unlformly dlstrlbuted states of a Markov 

chain, It w~nerates samples from the Gibbs distribution After sufflclently long evolutlon 

of thl'> Ch,JlIl, the Gibbs sampler, IIke the Metropolls algorlthm, produces more frequently 

.,Ileh ,>ta tes whlch have hlgller probabdlty of occurrence and les5 frequently those of lower 

likelthood 

The followlng de~Cflptlon of the Gibbs sampler Will be presented dlrectly ln the context 

of VMRF., Slnlf' ortglnally [26] It was tntended to generate MRF samples, whlch was not 

the (<Ise for the Metropolls algonthm Let the symbols 1. l'. -,. :z. H Le deftned III the same 

W,lY ae; III )f'C!IOIl 4 2 2 Let r denote agaln the Iteration nLimber ln the evolutlon of the 

Markov c:l1,1I1l r :hen, the evolLltlon l'(T - 1) -,1'(;-) of the Gibbs sampler IS described 

by the followlng relatlonshlp 

Il VI) Ti (1 Il, Î Il Til'l .::.. 1 J' 1 f 1/ T ) , 

I)~':ÎJ.J fl/r). (l,): (x/.I).(xJ,/)E'\l). 
(4 5) 

where 1/ T IS the spatial position at whlch the replacement takes place at Iteration T It 

IS clear from (45) that at each epoch only one site undergoes a possible change, hence 

conflglHatloll!> "( il) dnd 1 (T) Me elther Identlcal (no change) or they dlffer at coordlnate 

", f\ Ilew ,>t.ltf' 15 cho,>en at coordlnate /lT by drawlng a sample from the local condltlonal 

char.Htertstlcs of distribution;; More spectflcally, astate :11, E SI! IS chosen from the 

condltlon.!1 ulstrlbutlon of l', , glven the observed states of the r.elghbourtng ~Ites 1'/( T --

1) VI :\./ l '/d(X1/, ) 

Hence the evolutlol1 of the chain 1 can be defmed by the transition probabtllty matnx 

::::(r) .1t Iteration T TllIS matnx 15 everywhere zero except for the entnes ((.,) (( - row, 

" rolumn) sLlch that ( - _,\:;:-,11,) for some ~ E: S:l 
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If; :l:.',II.) for some::.' t 8:.,lI r 

othl:'twlse 
(4 h) 

From the above construction of the chain T It follows thal It 15 ~I Malkov ch.lIn 1111'> 

cnaln has a flnlte state space, and IS apeflodlc Jnd nreduCible (;;-( -;) ,() fOI .111 ") \ 0) 

The transition probabdlty matnx ::::: of the chain '( 1') tlllle depelldent (henç(' l 1'> 1I01l 

homogeneous) whlch can be demollstratecl as follows Conslder tht, t,.1115111011 tlOI11 .,I.ltt· 

( E Sil to another state 1 \:: "\1 at Iteration r ASSlill1f', Wlt!lout In.,~ 01 gt'Ilf'I.tltty, th,lt 

( = i(:;:I,11 1) for some :\7 ( 8:, such that :::: / (II" hellCf' J (h.lnge of ,>l.ltt' t.lk~,., pl.I( (' .lt 

liT Since every state from the state spate S:, has non-/l'rt> prob,tbdlty, thl'> tr.tll"ltlllll h.l'> 

non-zero probabdlty =" ;(T) . II Now. move to thf' Ite.ltlon 1 1 l ,1IHI (otl'>Hkl .1t!,,1I1l th,. 

transition from ( to - SlIlee already ( "II --:- Il.) (:. / l,I/,). III order to obLlI1l tll(' ,>t.llt' 

Î the transition (II. ..:::: at Il T must take place But at Itelatlon T \ 1 only tr.III ... IIIOIl .It 

coordmate "nl IS allowed, hence:::::~ i(r 1 1) Il whde -.- ... ;(r) 

transition probablhty matnx ::: on Iteration number (01 evollltion tllm') 1 follow,> 

It can be shown (Appendlx 4 B) th,ll the InV,HI.lnl d,,>trlbutlOll of the (hJIIl 1 I~ tlH' 

Gibbs distribution h 

:L/J(I(T) -,,11((1) ~) h((j (4 7) 
i, 

The proof of convergence of the Gibbs sampler ((onvergpnce of tlH' dl,>tnblltloll of 1 (1 )) 

Îs quite complex, and can be found ln the paper by (Jetlldl1 and (Jern,11I [761.n tllf' pro(jf of 

Theorem A It 15 also shown thf're that the f-qUII'brlllfll (li..,t "blltIÙf) (jf tlH' (llbl.)') ,)dlllpll·r 1'> 

equal to ItS Invanant dIstribution whlch by Pqlldtlon (4 1) 1') (Jlbb"ld Il 

ln arder to cornpletely speclfy the Gibbs sarllplcr the tr.!Il'iltlon probdbtllty rrtdtn/ mu,>t 

be known S,nce the equtllbnum dlstnbutlon 1<; Glbbsl~I\, It fol!ows that (BayfH
; rulf' and Ü\f' 

law of total probabtllty), 

(X".I) ( A.t) 

(48) 
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The relatlonshlp (48) will also hold If the Gibbs distributIon r.h) IS replaced by a 

condltlonal Gibbs dlstnbutlon T 0 slmpllfy the notation A,'S shall b,e used for motion vectors 

I05tead of d's Then, the a posteflort probabdlty dlstnbutlon (3 19) can be expressed as 

follows 

r.(;I(,'I, = 1/1_. ("1+ = 91.;) = ~ , (-l'h.YL .f/I+). 

where the energy functlon (r IS deflned as 

\/" 
(:(î·(!f .!ll t ) '.\.,'2:.)r(-,/ x/.I . .J/lj:! + \\ 2: \~\(-)'.c(t>. 

1 1 l"IEe! 

(4.9) 

Wlth the above notation the condltlonal probabdlty (48) takes the following form' 

( 4.10) 

The energy funetlons from the numerator and denomlnator can be decomposed as follows' 

\ /,1 

"(î,'II",'II+l ,~.\(, (L [rh)"x).I . .J/)f+ [T(ÎIIT·Xl/r,I,.JnfH 
J'" 

Jf./Ir 

\1 . L \ ;, ( -:.('I! ) + 
('<1 XII T f/: 1"1 

\, ' L \ d ( i .l'd ) (4.11.a) 
(',1 XI/TCl,1 

(411,b) 
l'tI x". t,( d 

The tir st term ln (4 11 b) IS clea rly 1 n d ependent of::- SI nce the sum in the thlrd term 

extends only over the cliques WPlch do not contam x llr ' thls term 15 also independent of 

:-i: Hence. Jppr0pnate exponentlell factors can be extractp.d from under the summation in 

the denOmlllJtor of (4 10) Jnd cancelled wlth Identlcal factors ln the numerator Then, the 

condltlonal probabllity (4 10) ran be wntten as 
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1l'{l'll r = 111 r Il', := Il. 1 i liT. (,', ~ .'It, (,', t 'It 1 ) 

--,\" [f(1".,X .. ,./,.Jt)J'- \,1 \~ " t \.t{~""I) t 'f L. ~, \1 ",. .1 

Since 71"(11(,',_=9,_,(;,+=111+)=/1(1), d,I(,', 'It ,( i, l '1/ 1 ) the orlp,IfI.11 Il l) LI 

tion using d's can be used now, and the final form of the conditIOn al prob.~bllity drlvlIl~ tht, 

Gibbs sampler 15 

. . 

/-( .':r(d(xlI,J)itlt,Yt "'II) 
(4 11) 

2-= ( ·1 ':; r (zld t ,/It ._ .'It 1 ) 

ZE ... ":. 

where the local (condltlOnal) ~nergy functlon 1','1 for dlsplacement vector update 1'> df'flnpd 

as 

\ (z. d( x ,,/)) (4 n) 

Note that the partition functlon /. does not appear Ir, the con(lJtlonal probabdlty f'XIHf·C;.,IOIi 

(4 12), hence there IS no need to evaluate It ln order to ",arnple from tlllS dl<,trll>lltloll tht' 

energy for each possible z c 8:1 must ue cornputed (Appendlx 1\ C) r tH' llIorf' <,t.lt(><, tlH'I(' 

are in the stat"-' space 8:1, the more computatloll'> Me needed tu ev,tluatf' (4 17) 1111'> 

allproach will not obvlously work for the contlllllollS statp '>pM!'" 8:1 l hiC; LI'>!' Will IH' 

tackled via a dlfferent approach later 

Practlcal Implementation of the Glbhs sampler III the (d'>P of the VN t(Jr MI<! '> 1<, IlIOff' 

complex than that of scalar MRFs [26]. [621, a,ld can be fr:llHld III Appendlx 4 ( 

4.3 SOlVING THE MAP ESTIMATION: SIMUlATED ANNEALING 

The stocÎlastlc relaxation schemes descrtb<::d ln the prevlOu,> ",cetlons can generate 

samples from VMRF D, dlstnbuted accordlng to the (Jlbb., tnf~a5lH(" r. (d,) Hf'nre, the 

more likely samples will be frequently encountered and the less Ilkely on es will show up 
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rart:ly Thl~ 15 not enough to f,nd the state (or states) maxlmlzlng the poster/or probabd

Ity /)( D/ d/I(,'/ 1//. (,'/. /// 1 ) rr( d,) The ultlmate goal would be to devise an 

algorlthm f'/~n('fatlng '>dmples from D, dccordlng to a unlforrn distribution on the set of 

c.onflglHdtlonc:, attdlnlng the global minimum of 1 Such an algonthm, proposed for the flrst 

tlme Independently by Klrkpatnck et.J1 [521 and by Lerny, IS genl"rally known as slmulated 

annpaltng, but other narnes like Monte Carlo anneJ/tng, stat/st/cal cooling or probabdlstlc 

htl' (ltmbmf, have dic:,o been IIsed 

l hl" sllTlulated anneallng algonthrn IS based on the analogy belween the process of 

annealtng of ~o"d~ and the problem of solvlng large combmatonal optlrnlzatlon problems 

ln phySIC5, anneallllg denotes a process ln wlllch the temperature of a sol,d ln a heat bath 

15 Iflcred5/"d to a pOint at wh,ch ail partleles of the sol,d randomly arrange themselves ln the 

liqllld plw,E' , followed by cool mg through slowly lowenng the temperature of the heat bath 

If the Inltldl (rnaxlIllulll) ternperature IS sufflCiently hlgh and the coolmg is sufflCiently slow, 

tht' pdftl( It''> <lttalll the conflguratlOlI of the IIlll1lrnlim energy 

S'llrl' the thermal eqlllllbrwrTI of Cl system ln a state ~f wlth energy ['hl is described 

by the Boltnnallfl cI,.,tnbutlon (4 1), the anneallng process can be descnbed as follows For 

every temper,IÏlHf' value T the sol,d IS a/lowed ta reach the thermal equdlbrlllm Whtle the 

tf'lllpt'rature de( rease~, the Boltzmann distribution concentrates around the states of the 

low(H.,t l'npr~,Y ,1 na evelltud /ly, once the temperature approaches zero, only the minimum 

ellt"fW ..,t,lIt'S Il,lve nOIl-zero probabdlty of occurrence If, however, the cooling IS tao rapld 

1 e , tht' c,ulld IS nllt allowed to reach the thermal equddmurn for each temperature value, 

defecb ('.ln lH' . frozen" Illto the soliel and metastable amorphous structures can be reached 

r.lthpr th,lll the low en('rgy crystalline lattlce structure ln a process known as quench/ng 

the tempel,lture of thl' heat bath IS reduced Instantaneously, resultlng ln partlele freezlng 

ln ~11111d<ltf'd ,lnl't'.lllllg the behavlOur of the solle! IS slillulated by gel1eratlng sample 

conflguratlullc, frO/ll the GdJbs (Boltzmann) distribution wlth the energy functlon sUltably 

cr.lfted for glven ùptllllllation problem whde the temperature T IS replaced by the "tem

per.lture" p,Harneter T, wh,ch IS reduced accordlng to sorne annealing schedule (e g , loga

IIthnllc) ln the ren1lnder ot tilis thesis the parameter T wdl be referred to as ê:. temperature. 
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Stnce the transition probablllties depend on the temperatllre T two formulations (lI tht' 

algorithm can be dlstlngUished 

1 a homogeneous algorlthm descnbed by .1 sequence ot IhHllLlgt'neou!> M.II 
kov chalns, each cham IS generated at constant v.lllH' 01 T wlllch 1" 

changed only between subsequent chalns, 

2 an mhomogeneous algonthm descnbed by J Single Inh'HllogeneolJ!> M.Hkov 

chain, the value of T IS changed between sllu.,eqllent tr.ln~ltlons 

ln order to deflne the annealmg schedule the followlng p.lralllftt'r,> h.lVe to be speufled 

1 inItiai value of the temperature, T(I, 

2 final value of the temperature, T J' 

3. length of Markov chain,>, 

4 a rule .ç for changlng the ternperature, Til r'(Tl) , Il) 

There IS no clear advantage of one algonthm over the other ln the case of tIlt' ho 

mogeneous algonthm, the number of Iterations olt edch valut" of T I11I1')t tH' dt"ftnt'd (thls 

number will depend on the decrements of T) r or the Inhomogen(,oll'> '>lIllUl.lted ,1I11lC',1Ilng 

the ternperature decrement between subsequent t,.Hl')IIIOIIC, li",> to 1)(' "'pl'uflf'd II/', " 1 

shows block dlagram of the Iflhomogeneou':> sllIlulatf'd aflll(·.llllig 

1 will follow the approach of Geman and Gernan [/61 r hey h.lvP lI,;pd the InholTloge 

neous algonthrn, and have proved (Theorern B). that " every replacprnent '>11f' I~ VI'>lted 

tnfinitely often (In practlce It means that It IS not onllttf'd) and If 

1 T(I)-+Oas/-."and 

2 T(I)::::.\f ~/ loi!, 1 for ail 1 :' 'Il (10 '!) - , 

then wlth tlme 1 --~ ,. the chanl will converge to the global optlHlum for .Iny ,>t;nllng 

configuration ln the above expressions \1 dcnote5 the ntJrnber of f·lprnent", III <JII!' MHI 

sample (e g , number of piXelS 10 an Image) and _\ 15 th':! l.ngee,t db"olllte dlffl'rf'n( f' III 

energles associated wlth states dlffenng at only Ollf' coordlnat~ Not!, th,d dllf' to tl)(' 

logarithmlc decrements of the temperature. In arder to redlH f' the Irlltldl valu(' T( If) J by 

a factor of 1.-, (lo)k IteratIOns (full scans of d dlsplacerw:nt flf:ld) art: reqlltrf·d SlIlf f' thf' 

interestlng range of temperatures (at whlch the structure IS wdl (;rg.HlI/N1) falle, ~)f'k!w 1 0, 

tne initiai temperature value \/...:. 15 qUlte Impractlcdl Morf' tlght b(Jllndc, on Ülf' initiai 

temperature have been also obtalned [89], but st:1I are Impractlcal As a comrnon prdf.tlce 
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NO 

Fig. 4.1 Block diagram of the Inhomogeneous r;imulated annealing algorithm 
based on the Gibbs sampler 

the 1I11tlJI tt'mperJture IS chosen ad hoc Runnlng several expemnents wlth different values 

of that ternperature, one can flnd the srnallest one such tl1at it does not degrade the solution 

compared wlth the larger ones 

Another prdctlcal problem IS posed by the loganthmlc anneallng ~chedule, as proposed 

by Gema)) and Geman ln order to obtaln a "very organlzed' solution, the final temperature 

T J Illl/st be 'lUIte smalt, Independently of the ChOICF' of the inItIai temperature, for example 
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Fig. 4.2 The loganthmlc and exponentlal (0 0980) anneahng scht:dules 
starting at To= 1 0 over 200 Iterations 

P.OO 

of the order of 001 Unfortunately, the H>qlllreJ number of Iteration') to att,lIn llw final 

temperature Tf from the Initiai ro grows exponentldlly wlth Til/T j If the Inltl.d tPIllI){:r 

ature cannot be lowen-d dny more wlthout affectlng tllf' qll.llity 01 thf' ')ol"llon, tlH'11 ullly 

the annealing schedule can be rnodlfled ln the expcnllwntc; Involvmg <'lmulatNI .11l1lf'allllF. 

1 will use elther the optimal logarrthmic schedule 

log :! 
ç(To,lI) -- T()· 1 

ilL', (/1 1 1) 

where 1/ is the iteratlon number, or the exponentlal schedule 

'(T T (1/ 1) ç I),/I} IJ'fI , 

where o.n < ri < ',.0 The exponentlal schedu!e allows to attdlt1 the flrldl tempèrdllHf> Ir) a 

reasonable number of Iterations, bllt hac; to be uc;ed wlth (autlon SltlU' a I.Hge tf'lllpf'C.ttlHf· 

decrement between Iterations may trap the chain ln a local mlnlmllm Botb ',( hf·dulf·') f(H 

initiai temperature To -1 0 are shown ln Fig 42 (ri 0980 f()r Ülf: f>xponpntldl <,dH·dlll f ') 

Note- that after 200 IteratIOns the loganthnllc schedule Jttalnr:d th(' f,ndl tf'rnp('ratllre {JI 

0.1307 whrle the exponentlal !'chedule ga Ile 00179 
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The optimality of the loganthmlc schedule has been provt'd only for the Gibbs S.llll

pler, and hence it is not necessanly optimal for the Metropohs algorlthlll As descnbt'd ln 

Sections 422 and 423 the Metropolls algonthlll accepts or reJects st.,tes samplt'd hom 

a uniform distribution, wh"e the Gibbs sampler generdtes such states tram a local cond,

tional distnbutlon This suggests that the convergence rate of the Gibbs samplt'I tow.lrds 

the steady-state dlstnbutlon IS faster, however ItS complexlty IS hlgher On the other h.1nd 

due to Its slower convergence rate, the Metropolis algorrthrn requnes that the tcmper.·ture 

modification be Jess frequent (between the temperature changes. a hOlllogcneou!> Markov 

chain is generated), and hence more Iterations oe perforrned. but It IS mt/ch s:rnpler COIllI'U 

tationally Companson ~f the complexltles per update for scalar MRFs can be found 111 1621. 
however an overall conclUSion as to the total efflclency IS dlfhcu/t becau~e the Nlulvalent 

lengths of Markov chalns cannot be easlly establlshed 

4.4 SOlVING THE MEC ESTIMATION: UN FOR MARKOV CHAINS 

It is clear from the construction of the Markov chain '1 that It 15 also a regeneratlve 

process, and that the Iteration numbers of the returns to a glven state Î ( 0 con!>titllte 

a renewal process Now the Law of Large Numbers (LLN) fOf Markov chams (Proposition 

5.9 and Theorem 5 10 ln [79]) can be applled Taklng the functlon j'(.\) III [791 as Identlty 

1 11-1 
- L Î 1 ( T) --) (1 ( X" 1 ) 
/1 T=(J 

(lI·trx.,) (4 14) 

where Î'(T) IS the configuration generated by the Gibbs sampler at Iteration T Hence, run 

ning the Gibbs sampler or the Metropolls algorrthm (or for that matter any other algorlthm 

generating approprlate Markov chain) sufflelently long, and taklng separately the Iterdtlon

wise averages at spatial locations X, Will approxlmate the eondltlonJI Illeiln of the vector 

d(Xi) i) (remember that the generatlon of ~: 's IS condltloned on the ob~ervdtlons (/1 ,1/11) 

ln other words, the chain IS ergodlc and ensemble expectatlons can be approxlmat(~d by 

Iteration-wise averagmg 

The clear advantage of the above approaeh over the ~Imulated annealrng algorlthm I~ 

that it requires no anneallng schedule, slllee the generatlon of samples happens dt sorne 

- 79 -



1 

Chapter 4 

Lonstant temperature T Instead of the four parameters of the schedule (initiai and end 

temperatures, length of Markov chain, and temperature change rule) now only one tem

perature, at whlch the process evolves, 15 necessary ThiS temperature, however, controls 

the state-reJectlon rate of the generatlon algonthm The hlgher the parameter T the higher 

the reJectlon rate and the more chaotlc the generated samples The lower the T, the lower 

the reJectlon rate and the more orderly the structure of the generated real,zations 

4.5 GIBBS SAMPlER FOR THE CONTINUOUS STATE SPACE Sd 

ln Chapter 3 the a poster/on probabdity denslty /1(d,I(,',_ =m_,(,'t+ =gl+) was de

rlved It has the same form as the a posterlon distribution for d,screte dt's. 5mce Sd = Il'2 

IS contlnuOllS the dlsplacement Gibbs distribution 7ï( d,) become5 a denslty Multiplied by 

the hkehhood IlU,'" II/,ID, c--d,.(,',_ =11'_) It results in the a p05terion probabdity 

denslty II(d,I(,', III '("" -:=.(/I~) 

The condltlOnal denslty dnvlng the Gibbs sampler will have the same form as the 

condltlonal probabllity (4 1/) The d,fference IS that sample vectors from the continuous 

state space St! U'.!. have to be generated rather than from a d,screte one The dlscrete 

state space Gibbs sampler must compute the complete condltlonal distribution (4 12) at 

each (XI' /) (for explanatlon consult Appendlx 4 C) ThiS 15 a hlghl~1 time-consuming task 

Ta sample SIl wlth Inflnltely small increments 15 even less feaslble, henl-e a dlfferent approach 

must be used 

Rf>call the local energy function f (II of the condltlOnal probabJlity driving the Gibbs 

sdrnpler (4 13) Note that the flrst term IS quadratlc wlth respect to displaced pel dlfference 

j" while the second one IS quadratlc (glven the potential (3 17)) ln d, Ifthe first term could 

be approxllnated by a quadratlc form ln (1" then ( :1 would be quadratic and the conditlonal 

denslty wou/d be Gaus~lan There eXlst effICient techniques for generating normal bivariates, 

hence su ch an approach would slgnlflcantly speed up the estimation proce5S. 

Assume that an approxlmate estlmate ~ll of the dlsplacement field IS known, and that 

the Image mtenslty 15 locally approxlmately /Inear Then, uSll1g the first-order terms of the 
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Taylor expansion the dlsplaced pel dlfference r can be expressed as follows 

"d(Xi' n, X" f, ...\/) ~ r(d(x/, t). XI' f,.J1) + (cl(x l , 1) - ;f(x" 1)) \Il"c"l(x" 1). x,.I. "'\/). 

(4.15) 

( 1 . tl - -lI) J. 
(1 tl _~/) 

(4 16) 

To minimize the total energy l' v;a simulated anneallng the ternperature T IS slowly reduccd 

to zero Including the ternperature T in the welghts ,\:, and \:1 defll1ed as follows 

permits to wnte the local energy {':I dnvlng the Gibbs sampler at location (x" 1) as: 

. - ~ l' 
U:1(d(Xi.l)ld/,.lJL.fll+) -;::;:,\,' [r(d(x,,').x,.I . ...\/) 1 

( ~I ( x,. 1) - ('l( x, . 1 )) . v tl f( ;1 ( x, , 1 ), x" 1 , ....\ 1) l:! ~ 
- -

\'(d(x).I).d(x,./)). 

(4.17) 

where d is fixed. The above local energy 15 quadratlc wlth respect to d. It can Le shown 

that the conditional probabdity denslty (4 12) wlth the above energy 15 a 2-D GausslJn wlth 

the following mean vector at location (x" 1) (for the denvatlon of the mean vector and the 

covariance matrlx see Appendix 4 0) 

where the scalars E, and 1', are deflned as follow5 

êi = "d(Xi,l).x,.I,...\/) + ((j(x,.I) -- ;lIx,.I)). \1"11('l(x
"

I),x l ,l,d/) 

. _ À~l ,- ' :! 
III - ~1)1 + II\1é'id(xl .l).x,,/·.J/)II . 

g 

(4 18) 

and d(Xi, 1) IS an average vector 

(4.19) 
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where t" l'Id (x,)1 denotes the size of nelghbourhood '/d(x,) e g , 4 for the neighbourhood 

system JV;~ Note that a nelghbourhood does not Include the central vector. The horizontal 

and vertical component variances fT;, 11~, as weil as the correlation coefficient (J, which 

compnse the covanance matnx M, have the followlng form 

[
fT1:]_ 1 [f,'~ + [rl'(cO'(X,./J.X,., . .JI)Fj 

:.1 - ·)t \' ..\' . ° 2 
11.'1 -<""d'l, f,,~+W(d(x,./l.x,.I . .J/)J 

- ,.,. ( (°1 ( x, . 1). x,. 1 • ..1 t ) r/l ( (°1 ( x, . / J. x,. 1 . ..Ji) 
(lfTJ.fT.'I = ---------

~f,"\:l/', 

The initiai vector ;, can be assumed zero throughout the estimation process, but then 

wlth Increaslng dlsplacement vector estlmates the error due to Intenslty non-lineanty would 

slgniflCantly Increase Hence, It IS better to "track" an Intenslty pattern by modlfymg cl 

accordlOgly An mterestlng result can be obtalOed when It IS assumed that at every Iteration 

of the Gibbs sampler (0, - cl 1 e, the initiai (approxlmate) dlsplacement field IS equal to 

the average from the prevlous Iteration, and also that the nelghbollrhood .\':1, resulting in 

f" -4, IS IIsed Then, the estimation process can be descnbed by the following iterative 

equatlOn 

-'''-1 1 - --1" c-, '/- -II • 1 
C (x,,1) -- ( (x,./) - -'Vd'id (x,./),x/./,..J./) + n" 

l', 
where 1/ denotes the Iteration number, and 

t-, = ,,(ï"(x,./).x /.I . ..1/) 

l', cc_- I\! -t lI\d,'((ï"(x/./).x/.I . ..1/)II:!. 
'\/1 

(4.20) 

(4.21 ) 

n, IS a Gallssian blvariate wlth the following component varianCes and correlation coefficient: 

[
"] [1.1.t+[-I/(--,.II( 1) 1 Il)]'1] {T.7. __ T .\', r ( XI' .X, .. ..J. ~ 

{T~ ---x~\:V~~ If, + [i'I'((ï//(x,.I).x,.I . ..1/lF 

I/(T J.{T1j _::: __ T ~Ij(ï~' (~L·.!l~· l, ..11 )r~@" (x,. 1). x,, , . ..1/) 
. X\II', 

The Gibbs sampler for the contlnuOliS state space 5(1 descnbed above results in a 

spatio-telllporai gradient estimation method, whtle the discrete state space Gibbs sampler 

from Section 423 15 an eXJlllple of exp"clt (pel) Illatching algonthm. This important 

dtfference IS due to the Taylor expansion used ln approximatlng the dlsplaced pel dlfference 

;'In (4 13) by the "near form (415) 
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Note the simllarity of the Iterative update ('quatlon (4 20) to the lIpdate eqll,Hlon ot tilt' 

Horn-$chunck algorithm (2 11) Except for the dlsplaced pel ddTert'llce rrpl,lCIng the mot'l)Jl 

constraint equatlon and the Inclusion of the random vallable "1 they are IdentlC.ll ln t,let Il 

one applied the same Gibbs sampler procedure to a dlscretlzed version of objective functlOll 

(2.8). the Horn-$chunck algonthm would be obtalned wlth apprOpll,ltr b'V.lllate tt'rm "1 
It is interestlng that simllar update equatlons result from two dlff{>rcnt appfoJclws Horn 

and Schunck establlsh necessary conditions tor optllllaltty and solw> them by <klernlllll<,llc 

relaxation. whde here a 2- 0 Gausslan distribution 15 fttted Into tilt, COlldltlon,11 phJb,lblllly 

drivlng the Gibbs sampler For T ~ 0 dnd (·1 d the contlflllOll'; ~t.lte "p.H.e Gibbs ~,II11plt'r I~ 

equivalent to a variatIon of the Horn-Schunck algortthrn. or ln othN words thell ,lIgorll"'" 

can be vlewed as Instantaneous freellng Instead of slow temperature decay Mor(> d(·I,lll., 

on this slmilanty will be glven ln Chapter 8 

At the beglnnlng, when the temperature IS hlgh, the randorn trrm 11, h,l~ IMf!'!' V<lIl,\IIU: 

and the estlmates assume qUlte random values secklng the optllllllill A~ the tpllllH'ratul(' 

T IS reduced to zero, the variances and the correlation coefficient gel ~1lI,"kr, thll., H·du<ll\j!, 

the random term of the estlmate ln the I,m,t the algonthlll perforrn5 a deterrnllll.,tl( upd,llt' 

Note that the variance (Tf of the hOrizontal component for flxed \., and l H d('{fe,l~(," wllh 

growlng fol' It means that when there IS slgnlflcant hOrIZontal grad,Pnl (detall) ln tlH' IIlI.lge 

structure the uncertamty of the estlmate 10 hOrIZontal dilection 15 <;111.111 l he same appll{'s 

to (T~ Hence, the algonthm takes lOto account the Image structure ln deterllllning tltt' 

amount of randomness allowed at a glven ternperature 

4.6 SPATIAL IMAGE INTERPOLATION 

ln the practlcallmplementatlon of any motion estimation algortthrn operatlng wlth <;ub

pixel accuracy the Image Intensltles at locations (x / .I!)1 \'1 (r(·call that '\/1
'

'> tlw 1I1l,1J.',I' 

lattlce) must be known Such Intensltles were denoted by fj, for f'xdlnple ln th(~ enf'f~W 

increment (4 4) of the Metropolls algonthm or ln the local f:f1f'rgy (4 11) dfIVlOg th(~ ()Ibb~ 

sampler. In thls section spatial Interpolation algortthm<; romplltlng fj Will be IIlv r·c,tlgat N I 

The values of f] can be elther Interpolated or approxlmated from Il Let (XI", ) be a 

spatio-temporal position at whlch the Image IIltenslty IS H~qutred flle Interpolation proces'i 
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performs local modellng of the mtenslty ln such a way that 

(x//t) E '\!I ==;- .~(x,.I±) = 1/(x,.I±) 

ln the approximation process, however, a surface flttlng IS performed and this relatlonship is 

not satlsfled (In general) Such a flttlng can be consldered a low-pass filtt'nng and will not 

be pursued ln thls section since flltenng of the Intensltles will be dlscussed ln Chapter 5 

An interpolation scheme sUltable for motion estimdtlon should be charadenzed by the 

followmg propertles 

1 eHlclency, since It will be repeated hundreds of thousands of tll .. 1es for 

each motion field, as the consequence It should be sImple and ha\1 \' only 
local support, 

2 contlnulty wlth respect ta the Image Intenslt!es 'J,50 that a small ch,~nge 
of the known Intenslty (on ,\,,) will not result /ri a large chan'ge of 'the 
mterpolated Intenslty (or Its denvatlve), 

3 contlnUity wlth respect ta the position x, so that a small change of tl~e 
position e g , x -- x, .JI d( x, 1), will not resliit ln a large change <l'f 
the II1terpolated Intenslty (or ItS denvatlve) 

The constralnt on the Image Intenslty denvatlves IS not relevant ln the case of stochastlc 

estimation via the dlscrete state space GIbbs sampler, slnce the denvatlves of gare not 

Involved However, for the contlnuOllS state space Gibbs sampler dlscussed ln the last 

section, the constralnt on Image Intenslty derlvatlves iS Vital 

Conslderll1g the above reqlllrements, such complex schemes as the spline Interpolation, 

whlch reqlllres spline computation for each set of data, have ta be excluded ln arder 

to satl~fy the efflclcncy rcqlllrement, the separable low-order polynomial mterpolators will 

be used A separable 2 0 spatial Interpolator can be constructed as a cascade of 1-0 

hOrizontal and vertical Interpolators, hence IS more effiCient than a full 2-D Interpolator. 

1- 0 Interpolators of l-st, 2-nd and 3-rd arder will be dlscussed here 

From now lInt" the end of thls section 1- 0 notation will be used Let ll' be an input 

Signai deflned over a lattlee \, and li· be an Interpolated value of Il' defined over H. Let 

.l, .Ill li be arbltrary pOSitions Let \ have a sampling per/od (~ so that \={.l'' 1'=)0.) E 

I}, where 1 IS a set of IIltegers If ll'J ,\ denotes the nearest lattlee pOint from .1' with 

sn1aller or equal coordlllate 
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then ... h = .l' -l.l'J.\ is the distance from the s.te ./' to the nearest precedmg I.ltt.ce P~)"lt 

With the above notation the 2".3- and 4-pomt Lagrange .nterpolators can be dt'scllbt'd 

by the followlng equat.ons 

1. linear. n.n :::; .J./' ...:. 1.0 

lÎ·(.r) = (1 - -.\.1') . Il'( l.l'J \) + .J./' . II'( l.rJ.\ + b), 

2. quadratic: -O.:> ~ ...l./' < o.;) 

'iÎ'(.I') =~ -.\.r( .J.I' - 1) . Il'(l.!' 1., - li) 

- (-.\.1' -- 1 )( -.\.t'·t 1)· Il'( L·I' 1.\ ) 
1 

+ 2-.\'/'(~·/' + 1) . II'( l·I'J.\ + b), 

3. cubic: 0.0 :5 .J./' < 1.0 

i·N.1') = - _(1 . .J.I'( .J.l' - 1)( .J.I' - ~) . Il'( l.1' 1.\ - h) 
) . 

1 + 2 (..1.1' + 1 )( ~.I' - 1)( ...\.1' - :.n . II'( l·l'J " ) 

1 
- 2(~·1· -t I)...\.I'(.JI' --:,n ·"'(lrl., 1- h) 

1 + (;(...\.,' + 1 )...\.l'{-.\.I' - 1)· If'( l.l'l.\ -1 ·~b). 

(4.22) 

(423) 

(4.24 ) 

The above equations. sUltable for .mplementatlon, are not very useful ln the analys.s of 

continuity of the interpolators Cons.der the interpolatIon process from the systems palOt 

of view Assumlng that only IIOear (.n the systems sense) IOterpolators are cons.dered, the 

following convolution can be used to descnbe the lnterpolator operatIon 

1/'(.1') = L 1/'(.11) III 1 .- 1/). 
1 ( '" 

(4 25) 
IIC.\ 

where il) 15 deflned Gver li and 1/ 15 the Impulse response of an Interpolator ("near fdter) 

defined over li Note that also a denvatlve of il' at arbltrary position .1' can be compllter! 

as follows (due to the hneanty of convolutIOn (4 25)) 

1 C If. (426 ) 

From the equatlons (4 22), (4 23) and (4 24), and the convolution (4 25), the Impulse 

responses 0(.1') of the mterpolators can be denved (Appendlx 4 E) They are p.ecewl'le 

polynomials of the flrst-, second- and thlrd-order, respectlvely, and are plotted 111 FIg 4 1 
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Fig. 4.3 Impulse responses of the "near, quadratic and cubic interpolators. 
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- 86 -



- --~- ---------------------------------------. 

Ch.lptt" 4 

1.1r---~--~----~--~----~--------~--~----~-~ 

0.8 

,.... 
X 

'-J 

tU 0.4 

-2 -1 o 

x 

Fig. 4.5 Impulse response of cublc mterpolator wlth (d-contmuous impulse 
response proposed by Keys [50] 
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Fig. 4.6 Impulse response derlvatlve of cublc mterpolator wlth (' I·continuous 
impulse response proposed by Keys [50} 
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Note that \~h"e the linear and cublc Interpolators have contlnuous Impulse responses, the 

quadratlC mterpolator 15 dlscontlnuou~ at 1'=--1 5,-05,05.1 5 The derivatives of o( r) 

(Appendlx 4 E) are plotted ln Fig 44 Note that the denvatlve of the Impulse response 15 

dlscontlnuous for the Iinear (/' -1 0,00,10) and cublc (1 -:::.-1 0,1 0) Interpolators 

By chooslng the separable low-order polynomial form for the Interpolator, the reqUlre

ment 1. posed at the beglnnlng of th,s section, has been sat,sf,~d Aiso the leqUlrement 

'2 15 fulfilled, as the Interpol3tor IS a I,near d,screte fdter wlth coefficients from the range 

III Il, I.(J] (eqllatlons (4 22), (423), (424)) ln order to satlsfy the thlrd reqUirement, the 

mterpolator Impulse response must be contlnuous 

The problem of deslgrllllg ("-contlnuous (contlnuous up to the f,rst derivatlve) Impulse 

respollses of I,near Jnd quadratlc Interpolators 15 overconstralned It IS, however, possible 

wlth the cub,c Interpolator, slnce there are 8 unknown coefficients 111 the pleceWlse polynn

mlal dt'smptlon of ItS Impulse response Jnd only 7 constralnts provldlng contmulty of u(.I') 

and ()tI(.1 )/111 (Appendlx 4 E) ThiS one degree of freedom has beell used by Keys [501 to 

dt'slgn .1 (" -contlnuOlis cub,c Interpolator such that Its output signai agrees wlth the f,rst 

three terms of the Taylor series expansion of the Input sIgnai The Impulse response of this 

optImal cub,c Interpolator and Its derrvatlve are shawn ln Flgs 4 5 and 4 6. 

4.7 TEST IMAGES 

The algorlthms descrtbed 111 thls chapter have been tested on a number of synthetic 

and natllraillnages wlth synthetlc or natural motion The next 3 sections describe the test 

IInages used throllghout th,s thesls 

The ultlmate goal of the motIon estimatIon IIlvestlgated here IS ItS applIcation ta TV 

II11Jgt'S. hrnct' ail the test Images used subsequently had been ,tored ln a displayable Ilne

Interlaced fOI mat Such format conslsts of fields separated 111 tl~e by T(d=1/60 sec, and 

contalfllng 106 Ilnes wlth 256 pels per I,ne The odd fields are offset vertlca"y by half of the 

Inter-I,ne distance The estimation IS performed on the Inter-fIeld basls, hence the terms 

field and Image are lIsed IIlterchangeably Th~ theoletlcal dynamlc range of the lumInance 

cornponcnt IS 10.255]. whde ln practlce It IS usually limlted to [40,200] Unless otherwlse 

- 88 -



l 

(h.lptt·' ..J 

indicated only luminance fields are used The test Images shown subsequently III tht' tlf,urt' ... 

and referred to as fields number O. are ln fact two rnterleaved fields nUl11ber 0 ,,,HI d''>pl.\yt·d 

as a frame The white rectangular contours enwcle the .lrea ,lctually IIst'd III the l·.,tIl Il ,1 t1011 

process 

4.7.1 Test image 1: synthetic data. synthetic motion 

To provlue a quantitative test for the motion estllll,ltlon algonthrm propos(·d ht'rt', 1 

used a pattern based on the concept of a randol1l dot stercogr,lI11 Fig 4 7 show .. the 0 th 

field of a 24 field sequence whlch Will be referred ta ilS the te!>t trn.lge 1 TIl(' 0 th field 

conslsts of random, unlformly dlstnbuted numbers from the range [40,2001 TI\(· slIb .. eqlll·nt 

even fields ar-: exact copies of the 0- th field, except t h,lt ,1 50 by 70 ,)('1 H'rLlIlglt' (1101 t' 

that due to lhe mterlace, the effective aspect ratio of tlH' rp(Llllgle 1<; .HOII/HI 1) 4) III tilt' 

center of the enclrcled arl'a has bren rnovl'd by <l, (20,1 0) wlth r(,"ped to tht' IHeVIOll'> 

even field The odd fields are exact repllcas of the prect'dlng {'Vf>1l fields The white fralllP 

encircles the area of 77 by 49 pels subseqllently llsed for estllll,ltlon 

4.7.2 Test image 2: natural data. synthetic motion 

This test Image provides a synthetlc motion of natural data obtêlined from a Vldt'o 

camera Fig 48 shows the Q-th field of i1 24 flrlel ~eqllPnce whlch Will be rf·h·rred to .1'> 

the test Image 2 The background IS provlded by the te~t IlTIag{' 1, whrl(' tlJ(' 4r
J by 70 pl'l'> 

rectangle in the center IS obtalned from another Image as followc; Thdt Ima)?;e h,HI 1)('('11 

first preflltered by a 2- 0 low-pass separable Ilnear-phase FIR fdter ta tnlnlrllile dlla<,lllg ,dtpr 

the subsampltng Then It was subsampled by 4 produCing il contracted ropy of tllf' (Jrrgln .. 1 

image. In subsequent fields of the test Image 2 the Sdrne (c,tatlonary) backgmund 1II1dg" 

was used, whde the movlng pels ln the rectangle were obtJlned frorn approprrdtf'\y "~lIftf·d 

pels ln the prefdtered Image The subsampllng factor of 4 provldes the 1/4 p(·1 prN.It,l<m 

of dlsplacement vectors Unllke ln the test Image 1, thls test patt(:rn permlts non mt(!gf!r 

displacements in whlch case there IS no perfect data matchlng (more reallstlc situation) 

The white frame enCircies the area of 77 by 49 pels 
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Fig. 4.1 Test Image 1. field number 0, a 50 by 20 pels rectangle in the center 
moves by d.~=-(2 0,1 0) \'VIth every even field, the odd fields are 
Identical to the precedlng even fields, the white frame enclrcles the 
area used ln estimation 

Fig. 4.8 Test Image 2. field number 0, a 45 by 20 pel!' rectangle in the center 
moves by db=(O 75,0 25) with every field, the white frame encircles 
the area used ln estimation. 
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Fig. 4.9 Test Image 3, field number 0, the white frame enwcles the area used 
for estimation. 

Fig. 4.10 Test image 4, field number 0, the white frame encircles the area used 
for estimation. 
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4.7.3 Test image 3 and 4: natural data. natural motion 

Figs 4 9 and 4 10 show t~e O-th fields of two 24 field sequences obtained wlth a video 

camera No fdtenng or any other processing has been applied to those sequences after 

thelr acqul~ltlon The acquIsition process included as usual camera filtering, samphng and 

quantlzatlon as deswbed ln Section 34.2. There IS some allaslng present in the data due 

to IOsufflCient fdtenng before sarnphng 

4.8 EXPERIMENTAL RESUlTS 

ln thls section some experimental results will be presented. First the results of applica

tion of the MAP and the MEC estimation to ail four test Images will be discussed. Then, 

sorne results for the test Images 1 and 2 corrupted wlth nOise will be also shawn 

Note that, as deflned 10 Section 4 3, an Iteration means a complete scan of a dlsplace-

nient field 1 e, '\Id M/i x .1 Iii attempted modifications of dlsplacement vectors The 

stochasttc relaxation lIsed to prodllce the results ln thls chapter has been based elther on 

the dlscrete state space 8:1 wlth dl/lll.I'=2.0 and .\',,=17 levels in eaeh direction or on the 

contlOlIolIS state spaee Unless otherwlsf' Indleated the parameter ).<1 IS set to lOin ail 

expenrnents Of course only the ratio \1(\/, provides a welght between matehlng and 

srnoothlllg, however the absolute values of \1 and \, have slgnifleant impact on the choice 

of the InltlJI ternperature T o 

The motion estlmates presented ln the followlng sections have been obtained from pairs 

of Images (fields) separated by 1;, = 2T(iO, and with ..11=0 a (i.e., forward estimation) and 

\11 \,' 

Sinee the true motion fields are known for the test images 1 and 2 (except for the 

occlUSion and newly exposed areas), It is possible to assess the quality of motion field 

estllnates The Mean Squared Error and th(' blas measunng the departure of motion field 

estlnlate d from the known motion field d." are deflned as follows: 
- ,) ~ ~ 

.\I."oïè' = ";[(d" -- d)~] ~ L [d,,(x/.t) - d(xl,t)] 
x/ER 

In//.>; = ['.'[d s -- d] ~ L [d,,(x/, /) - d(xj, t)], 
x,CR 
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where n denotes the spatial rectangle to which synthetlc motion had been appl!ed \J ...... J.' 

and bw<" are computed for test Images 1 and 2 only, Jnd are shown below ,lppropn,ltt' 

motion field estlm<Jtes 

Due to the Interlace the vertical distance between nelghbollrlng pixels III a fIeld IS about 

twice larger than the hOrIZontal distance This effect IS taken Into i!ccount ln thc pott'ntl.ll 

function (3 17) by multlplymg the vertical components of dlsplacement vectol,) by 20 

Consequently there IS more welght glven ta the vertical components wlllch IS ref!t'ded III 

the mean squared error 

4.8.1 Results for test image 1 

The two Images used for estimation match exactly except fOf the newly exposed and 

occlusion areas The match occurs at the dlsplacement (00,00) ln tht' background, ,lIld 

at (2.0,1 0) ln the center rectangle Due to thls almost perfeet matclHllg, the C.,tlln"tl(11l 

should strongly rely on the data while very Iittie on the model ln fart It <;el'ms th.!t eX({'pl 

for those newly exposed and occlUSion areas. Just the data should be ,>ufflClcnt fOf motion 

recovery. Consequently in the expenments wlth test Image 1 the parameter .\" W,lS set to 

10, and -\1 was vaned. 

4.8.1.1 MAP estimation 

The results of MAP estimation based on slmulated anneallng wlth the discrete statl' 

space Gibbs sarnpler as descnbed in Section 43. aprlied ta the test Image 1 art' show" HI 

Fig.4.11 The synthetlc dlsplacement applled to the 50 by 20 pels rectangle ln the (('ntN, 

which the estimation process attempts to recover, 15 shown ln Fig 4 Il a Thp ec,tlrnatpc, 

from Flgs 411 b, c, d have been produced for \1/ '\'1 - 00, 005. 10 respectlvely, wlth 

the first-order nelghbourhood system ,\:l and billllear spatial interpolation of the Image 

The exponential annealmg schedule wlth T():=l 0 and 1/ 0980 OVN 200 Iteration., ha" bpf'n 

used in ail three cases Such schedule results ln final temperdture Tf 00179 

For the ratio /\tI À!I=O 0 (Fig 4 11 b), the estimation process dlc,rf:g;Jrded the dlsplace

ment model completely ThiS result II1dlcates that trustlng Just the data may be IlllSleadlllg, 

which IS not unexpected. slI1ce the algoflthm uses only Single pel rr.atchlng and not blacks of 
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.\/..;/.;=- 00181.00081 . /'/(1'= 00120.00093 

(c) '11/\/=005 (d) '\dl À!I=l.O 
Fig. 4.11 Discrete state spa ce MAP estimates: test image 1, neighb. ,;VJ, 

bilrnear tnterp , exponential schedule, To=l.O, (/=0 980, 200 iter. 
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pels, in whlCh case the estlmate would be closer to the trlle motion Slnet' there IS /10 nwdt'I 

constraint the process seeks any vector mmtmlZlng J DPD, and hence It IS tll-po<;ed 10 (t' 

strict the class of admissIble solutions a (weak) adhelenee to ,1 dlSpl.lcernt'l1t lllodt,l .,IHluld 

be enforced Fig 411 c shows the estlmate for \11 \" 0 0') {wl>ak modt'I (On~tt.ll11l), 

whlch is a dramdtlc Improvement compaled ta the prevlous re'iult, both ~ullJl'(llvl'ly .lnd III 

terms of .\I . ..,'F RelYlng to a nlgher degree on the model deteflor.ltf's the {'stllll.IIt', .1'0 (.lIl 

be observed in Fig 4 11 d for \,1-\" 1 0 It turn~ out th.lt thls deally suboptllll,lI ,nlIlIIOIl 

15 due to the interaction between the welght ratio \t! \" and the tell1per,lture T Wllh 

-\lf,\!1=l 0 the local energy l'ills hlgher (complete dlsplacemel1t encrgy conltlbut(, .. to Iht· 

local energy) than for small \t! \, and hence the rebtlve teIl1IH'ratlltt' IS ,>m.lllpl llr.11 

this departure of the estlmate from the true motion 15 caused by ,1 low rel,ltIV(' !t'I"PN,IIlII\' 

rather than dlrectly by a hlgh ratio 'dl '!I has been confrrilled by cornplltl/1g a /Ilot Ion 

estimate for \t!,\., =10 and To--=lO 0 The result tl/med out to be almost Idt'lltlC.11 10 

that from Fig 4 11 c 

Note that the estlmate from Fig 4 11 C IS very unlform rnslclc of the reetanglf' wh!'r!' 

It attains exactly the value of the synthetlc dlsplacernent The two Icftmost COIUIllIl'> .l/Id 

the top row of the rectangle are the newly exposed Jrea~, while the two rlghtlllo,>t colun"l'> 

and the bottom row are the occluded areas Slnef'.J./ 0 0 the Il1t('I1<,ltl(''> f,a III 1/( x, 1 ) 

are belllg matched wlth those at /-t ' and unreltable estlmate,> should be eXpf'rtNJ in tllf' 

occlusion areas (the motion model does not take sllch an efrect l11tO arcount) 1 hl'> 1'> 

exact/y what happens ln Fig 4 11 c Obvlously for.J./ 1 0 (bJckward estimation) the 

newly exposed areas would be troublesome, and both occlusion and new/y f'xpoc,f'd are.lc, 

wou/d play a role when 0.0 < .JI < 1 Il 

Aiso the Inhomogeneous slmulated anneallng Implemented Vlél the Metropoll'> a/grmthrn 

has been app"ed to the test Image 1 As dlscussed ln Section 4 1 the Metropoh" dls;onthrn 

15 simpler per update tha n the Gibbs sampler, however It reqlllrec, more Iteration,> 1 h.tVf· 

apphed the Metropolls algonthm over 15,000 IteratIOns wlth the e)t'ponentlal ternpf>félttlTf' 

schedule modlfled every 75 Iterations SubJectlvely the re,>ult wa,> almCJst Identl(.J1 ln thr> 

estlmate obtalned wlth the Gibbs sampler (Fig 411 c), however the attalned enf~rg"'S 

were slightly hlgher The companson of the computatlonal effort for both methodr, 1'> not 
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5tralghtforward (what IS the minimal effort to obtam glven result 7), however the measured 

CPU tlme was very slmdar ln both cases 

USlng other exponentlal annealing sc"'edules and also lowenng the initial temperature 

TI) to as low value as 0 01 (wlth -'cIl Ail =0 05) had negllglble effect on the final r ~sult This 

suggests that the objective (energy) functlon for titiS partlcular data has rather few and not 

very deep local minima, wfllie the global minImum IS probably very deep This observation, 

later conflrmed ln Section 8 l, IS not surprlSlng because the data cue IS very strong due ta 

the "gray value corners" at almost every spatial location 

ApplicatIon of the contlnLJOUS state space MAP estimation to the test image 1 resliited 

ln an estlmate whlch had !tttie ln common wlth the true motion This IS not surpnslng slnce 

as a spatlo-temporal gradient technique It relies on the relatlonshlp between the spatial and 

temporal Intenslty gradients, and those are absollitely unrelated ln the test Image 1 (the 

random dote; are statlstlcally IIldependent) ThiS, however, IS not the case for the test image 

2 as It will be demonstrdted ln SectIOn 4 8 2 1 

4.8.1.2 MEC estimation 

fig 4 12 shows two MEC estlmates obtalOed wlth the dlscrete state space GIbbs sampler 

for constant temperatllres T=--l 0 (a) and T=O 1 (c) Agam .\J bdinear Interpolation and 

200 Iterations were lIsed The tlme average, whlch approxlmates the ensemble expectation 

(Section 44), has been computed over the last 150 Iterations Note that due to the 

averaglng process the dlsplayed vectors have contlnuOllS rather than dlscrete components 

The correspondlng d.splacement fields after qllantlzatlon to the closest of Sil states from t le 

1 dl/I<I.I. lilI/lU 1 range are shown ln Fig 4 12 b, d Note slgnlflcantly fewer SpUflOUS vectors 

111 the statlonary background, espeCially ln Fig 4 12 d The resultc; demonstrate that MEC 

estimation can also provlde rellable estlrnates wlthout the need to use an anneallng schedule 

A constant temperature T at whlch the Markov chain evolves, however, must be speClfled 

TllIS ternperature controls dlrectly the randornness or "chaos" ln the estlmates the lower 

the ternperature the more organlzed (spatlally) the estlmate IS Too Iowa temperature, 

however, may prove Sliboptllnai because only the most IIkely states will be produced rather 

than a who\e range of states 
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(b) T c::-l O. quantlzed 
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M8B=(0 0172,0 0062 , bllH= 00216,00088) AI 'i/~-o;c(O-ÔïflO,O-O()(;i)j, ï;,~,,= (001''1 Ô 60') 1) 

(c T =0.1 (d) T -0 1. quantiled 

Fig.4.12 MEC estimates: test image 1, )."/)..,1I-=-O 05. neighb Ar:\, bllinear 
interp .. 200 iter. 
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4.8.2 Results for test image 2 

This test Image contalns the natural data ln motion hence there IS no perfect matchlng 

and consequently the estimation process should rel y to il hlgher degree on the a prion 

motion mode1 Assumlng that the data contalns nOise wlth vanance (TL. of the order of 

1 0--10 O. and that the motion field samples should be charactenzed by the "actlvlty" l'cl 

of the arder of 0 1-10. the ratio "'Ji \'1 should be of the arder of 200 Obviously the 

exact value cannat be established. however It will be demonstrated that even a 2 orders of 

magnitude change ln the ratio \tI \, will not !ncur dlsastrous effects 

4.8.2.1 MAP estimation 

Fig 4 13 a shows the dlsplacement applled ta the center rectangle which the algorithms 

try to recover Flgs 4 13 b. c. d show the results of dlscrete state space MAP estimation 

applled ta test Image 2 for three values of the ratio \i/'\'I 40 (b). 200 (c). 1000 (cl). 

nClghbourhood system .\:\. Keys blcublc Interpolator and exponentlal anneallng schedule 

startlng at T(I 1 0 wlth 1/ 0 980 over 200 Iterations Clea rly the result from Fig 4 13 c 

IS smoother than the one from Fig 4 13 b. however no dlsastrous effects can be observed 

Even more srnooth. but very feaslble. field can be seen ln Fig 413 d for \Ii ,\ '1 ratio of 

1000 It shows that the adJlIstment range for the ratio \,/ \!I IS qUite large 

SlilCe there IS no perfect rnatchlng between the Images. the spatial interpolation type 

.,houlcf have an Impact or the results Fig 4 14 a shows the MAP estimate obtalned for 

the same paramf'ters as those used for the rl'sult from Fig 4 13 c. except that bdinear 

spatral Il1terpol,ltlon was used Instead of the Keys blcub,c Interpolation Observe that bath 

subJectlvely (smnothness) and obJectlvely (mean squared error !n the center rectangle) 

thls estlflldte IS Infellor to the one from Fig 4 13 c To demonstrate the role of the 

.lnneahng schedule ln slmulated anneallng. Flgs 4 14 b. c show the estlmates obtalned 

for the standard set of p.lrameters but dlfferent annealtng schedules Fig 4 14 b shows 

the estlmate produced for To--=O 1 Clearly the estlmate IS subJectlvely suboptlmal. as IS 

.1150 conflrllled by the hlgher total energy 1 ln another expenment. also a hlgher Initiai 

temperature T ll 300 has been used. wlth no slgnlflcant subjectIve or objective (energy) 

effect ln practlcal Implementation an Important parameter 15 the final temperature Tf. 
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Fig.4.14 Discrete (a,b,c) and continuous (d) state space MAP estlmates test 
Image 2, \1/\,-..:200, nelghb .\~l, brlrnear (a) or Keys blcubic 
(b,c,d) rnterp , exponential (a,b,d) or logarrthmlc (c) schedule, 200 
(a,b,c) or 1000 (d) Iter 
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which theoretlcally should slowly attam 00 The vaille 00 (,lnnot be IInplenwntl'd, bllt hl! 

Il=O 980 the final temperature after 200 Iterations IS T r 00179 Further redllctloll of tht' 

temperature to 0 001 dld not result III slgnlflearH ch,lllgrs Tao hlgh .1 f,n.ll trlllpl'r.ltllrt· 

may leave the process ln a farrly ehaotlc state Fig 4 14 c shows .Hl (,'itll11.1te obt.lIlll'd Wllh 

the loganthmic temperature schedule (Section 4 3) trom Til 1 Ü, WhlLlI .lfter ,100 Ilt·r.ltlull~ 

attains T f=O 1307 (Iearly the process IS on Its way to an e'itlill lte probably .lt Il'.)',t .1'> 

good as the one from Fig 4 13 b, however a too hlgh filial tt'mper,lture IC.lvr" nlllllt'rull'> 

vectors still trylng ta sample ~,ome sub-optll1lal states The fudher "neM rrductlon of Iht' 

temperature ta attaln T J =0 01, produees an estlmatt' very close to tht' olle frorn 1 Ir. 4 l ~ ( 

Aiso the contlnuOliS state space MAP estimation (Section 4 5) !rJ'i bf'eJl ''I>pll('d lo tht' 

test image 2 The result IS shawn ln Fig 4 14 d for the ~.ltlle pJrarnett't~ ,1S tho,>(' .Ipplled 

to obtaln the result from Fig 4 13 e exeept for the f'xponentl,ll olnrH'allng sch('(lulf' wlllc h 

started at T()=5 0 and used 1/--099441 over 1000 It('ratlons -, hl' nel,d for hl~tr('r 111111.11 

temperature can be explamed by the fact that 111 th(' cOlltrrlllOU'i o;t.lte 5p')«> Cl'>!' Ilot oilly 

the intenslty interpolation IS Involved but .1150 the Inten51ty dcrrvJtlvt' comput.IIIOIi (whlch 

IS an dl-posed problem Itself [74]) The false vector estlmatps Lan 1)(> dup lo both Ihl' 

Intenslty value and ItS derrvatlve, hence a hlgher Initiai lC'lllpf'rdlurf' le, rH'('ded tu ovpr< 01111' 

ail the local minima That the contlnuous stale spa ce ease IS more "e/dlcate" (rpqlllf{'" 1(-.,., 

abrupt state changes), especlally at low temperatures, seerns ta !Je conflrmed by the 1I(·pd 

ta use long annealmg More abrupt temperature changes rcsult ln suboptlm.11 ('.,llrn.llp,>, 

especlally ln the trrangle (center of the movlng rectangle) contallllng vertlf.d b.tr~ Will! 

hOrizontal repetltlon perrod close ta the dlspl,:lCement p!.'r fram~ 

Also the Metropol,s algorrthm has been applled to the test Image') Implern('nted (iVl'r 

15,000 iteratlons It produced a slmriar estlmate ta thdt from Fig 4 l'~ c, however wlth 

somewhat hlgher energy Sinee for slmriar computatlonal effort It result~ ln hlghn (~nergy 

values, only t~e Gibbs sampler Will be used ln subc;equent (,yperrments 

4.8.2.2 MEC estimation 

t ThiS cholce of (/ has been d,ctated by the final temperature T J 00119 used ln the dlscrete slale 
spa ce simulated anneallng ln order to compare the results Il has not been optlmlzed ln any way 
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Ch,lptt" ,1 

Figs. 4.15 a,.C show the MEC estlmate obtalned for temperatures T 10 ,1I1(f 01, 

respectively Other relevant parameters are the saille as for the result from Fig 4 13 ( 

The time average has been computed over the last 150 Iterations The estl/l1ate for T 1 0 

seems to be better subJectlvely, since for TOI there IS a fHollollllced triangle \)1 "1lI.IIll'l 

veloclties III the center of the rectangle Also the Illean squJred error for both COl1lllOlll'llh 

15 significantly smaller for T =1 0 That the ternperature TOI I~ too sm.lll St't'Il", tn Ul' 

confirmed by a poor MAP estimate commenclng at To 0 1 (Fig 4 14 b) For T 1 0 tilt' 

estimate IIlslde of the rectangle IS close to that ~hown ln Fig 4 13 h, howev('1 It 1'> Ilot 

in the statlonary backgrounn, where small ch,lOtleJlly onented vectors <He presellt Alter 

quantÎzatlon of the MEC estlmate to the 025 pel precIsion (as used by the Glubs s.lIllpler III 

this case), the result IS dramatlcally IInproved ln the background as shown III Figs 4 l~ h, cf 

4,8.3 Results for test images 3 and 4 

The test Images 3 and 4 contaln camera captllred scenes wlth movlllg slIbJe( ts Silice 

th~ data IS natural, there IS no perfect matchlng, and conseqllently the estimation fH 0 Cf''''" 

should rely ta a hlgher degree 011 the a pnon motIOn Illoclel Llkt' III the prevlou,> c,('( tlOIl 

the ratio -'tii \,' of the arder of 20 0 seems to be a reasonable cholce 

4.8.3.1 MAP estimation 

Flgs 416 a, band 4 17 a, b show dlserete and contlllllollS state space MAP ('c,tlilldtec, 

obtained from the test Images 3 and 4 ln both cases \tI '\'1 200, the fllst order IlPlgh 

bourhood system .\:i and exponentlal temperature schedLJle were Il')ed The dlsc r('I(' (·~tl 

matlon used bdlnear Interpolation and Initiai temperature T() 1 0 wlth 1/ 0980 over :>00 

Iterations, whde the contlnuous estimation used Keys blc.ublc Interpolation ilnd ,>ch(~dllit 

startlng at Tw=-5 0 wlth 1/ - 09944 over 1000 Iteration,> K(~ys 1)I(IIbic Inll·rpol.ltlon Il')('d 

111 dlscrete state space estimation resulted ln almast Idr-:ntlcal {',>tJrllatf~<, as tflf: ()fIl''> fr()fT1 

Fig. 4 16 a and 4 17 il This seems to canflrm the c.lrller ob~ervatlon (Section -1 ü) that 

slilce the dlscrete state space Gibbs sampler uses no Intenslty denvatlves It shollid be rn()rf~ 

robust to Image Intenslty Interpolation Llke ln the rase of test Irndg(~ 2, the contll1lJùlJS 

state spa ce estimation requlred hlgher Tu and longer anneallng sch dule to dttdln r(:c,lIlt.., 
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(b) contlnuous, Keys bicublc mterp , To-=5 0, (/C-O 9944,1000 Iter. 

Fig. 4.17 Discrete and continuous state space MAP estlmates test Image 4, 
\I1 >'y=20 0, neighb .\'(1, exponentlal schedule 
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simllar to the dlserete case Note, however, that due to smaller eomputational effort per 

IteratIon, the eontllluous state spaee estImation with Keys b,cub,c inteq.olatlon, whieh has 

much hlgher complexlty than bd,near interpolation, was still about an order of magnitude 

faster than the d,serete state spa ce estimation 

Ail estlmates are smooth wlthln movlng obJects and th,s smoothlng is also applled across 

motion boundafles This can be explailled by the faet that motion boundanes (inferred from 

the data) arf' not as strong as ln the test Image 1 Note that the eontlnuous state space 

estnnates are smoother than the d,serete state space results, espeelally on thE' neck ln 

the test Image 3 The motion boundanes, however, are more oversmoothed too The 

smoothness of the contlnuous state space estlmates IS confirmed by signlflcantly lower total 

energy than for the dlserete state space, whlch IS due ta longer anneallng sehedule 

It must be added that the test Image 4 IS rather d,ff,cult for estimation, because the 

IlIullllnatlon effeets are not negllglble there (the shadow of the halr on the forehead) and 

beeause of strong newly exposed areas (the halr suddenly exposed from behind the nght 

ear), both not aecounted for ln the motion model 

The Influence of a too low initiai temperature To on the motion estimates frnm the 

test Image 3, dS weil as an example estlmate early Into anneallng can be found in {54]. 

4.8.3.2 MEC estimation 

Figs 4 18 a, b show the MEC E'stlmate obtalned for temperature T =1.0 Other relevant 

paral1lf'trrs are the SJmc as for the results from previous section. The time average has 

been computed over the last 150 Iterations, and dlsplayed without quantization Note that 

subJectlvely the MEC estllnates are very simtlar to the MAP estlmates from Fig. 4.16.a and 

4 17 a Theil energles are hlgher, however, whlch IS not surpnslng ~ince the MEC estimation 

does not ilttempt to lllaxtnllZe the a posteriori probabtlity (minimize the energy fT), but 

rather to InllllrlllZe the mean squared dlfference between the true motion and Its estimate. 

4.8.4 Results for test images land 2 corrupted by noise 

T 0 test the robustness of bath algonthms ln the presence of noise, additive white 

GallSSIJn IlOlse wlth the vanance iTH =200 has been superimposed on the test images 1 
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(b) test Image 4 

MEC estlmates' test Images 3 and 4, \1/)..'/ 
bilinear interp , T --=1 0, 200 Iter 
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(a) MAP, To-=20 0, (/=0.965 (h) MEC, T=2.0 

Fig. 4.19 MAP and MEC estlmates from data corrupted by white Gaussian 
nOise ((i~=20 0) test Image l, \rI'\I/= 1000, neighb .\J bilinear 
Interp, exponentlal schedule (a), 200 Iter 

and 2 Since the nOise IS white wlth varrance 200 and .Jd has been chosen ln the range 

o 1-1 D, the orrglnal ratio \rI'\I/ should be augmented by '2rT~/,jd valued at around 100 0 

Figs 4 19 a, b show, respectlvely, the MAP and the MEC estlmates of motion from 

the test Image 1 corrupted by additive white Gausslan nOise ln both cases the flrst order 

nelghbourhood system .\'J, the brlrnear Interpolation and \tf'\q= 1000 were used The 

MAP estllllation lIsed the exponentlal anneallng schedule wlth Initiai temperature T()=20 0 

and u 0965, whde the MEC estlmator was produced for T =20, both over 200 Iterations 

Note that ln splte of slgnlflcant nOise ((i11=20 0) both estlmates are qUlte close to the 

corrcspondlng estlmates obtalned from the Images wlthout nOise (Fig 4 11 c and Fig 4 12 c 

respectively) These resllits demonstrate that both the MAP and the MEC estimation are 

qUlte robll~t to nOise The ratio \II'\!I could have been chosen dlfferently srnce the value 

of id IS not known, however even as Iowa value of .id as 0 1 dld not incur dlsastrous 

effects Wlth the value of 0 4 used here, the results for noisy and nOlseless data are quite 
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comparable. 

Fig 4 20 shows the estlmates of motion from the test image 2 also corruptt'd by 

additive white Gausslan noise The f,rst order nelghbourhood system .\'.\, the Keys blCllblc 

interpolation and the ratio \JI \,,= 120 a have been llsed ln e.leh case The dl.,(,t'lt' 

state space MAP estimatIOn from Fig 420 a llsed the exponentl.ll .wneallilg sch('dult.' wlth 

To=20 0 and //=0 965 over 200 Iterations, whde the eontll1110US st.lte spaee MAP trlllll 

Fig 420 b was produced for 0----0 993 over 1000 Iterations The MEC t'<;tllll,ltion trom 

Figs 420 c, d used the constant temperature Tl) 1 a over 200 ,teratlOns The {'C,llIll,llt's 

again resemble quite weil the corrcspondlng true motion fIelds, howf'ver they .Hf' Ilot as 

good as the estlmates from nOlseless data (mean squared error) Poorer lH'rform,lllce for 

the nOise corrupted test Image 2 IS not surprlSlIlg, slnee the motloll CII(' 15 mueh weakrr hel(' 

than ln the test Image 1 Subsequently Imp0.,ltlon of slgnlfleant nOI<;e (rT~ 200) ""l.!!,b" 

the motion to certain extent ln the test Image 1, however, due to the "grdy vdlue cor liNS" 

almost everywhere, such masklng efFeet IS mueh less pronounccd 

Note that both MAP estlmates are qlllte slmllar except for tlw upper part of the 1ll0VIIlg 

rectangle where the contlnuous state space MAP estmlate outperforms the dlsc H'te .. t,lt!' 

space estlmate ThiS IS conflrmed by the mean squared error, howl'ver the piH.HlH'trlllllg 

energies are qUite slmllar 

From the above expenments, as weil as from the expennlents wilh 1l01C,y test Irll.lgf' 1 

[55]. it was concluded that the MAP and the M EC e~tlnlates are 51rl1liar No SlJrH'rlonty of 

the MEC estimation ln nOlsy enVIron ment has been notleed as observed by Marroquln 16::>1 

with respect to scalar MRFs apphed ta Image reconstruction ThiS rnay be due to the Llct 

that only nOise wlth vanance of 20 0 has been tested, and also thal th€' state spacf'c, lJ<,pd 

were much larger here than ln hls case 
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Fig. 4.20 MAP and MEC estlmates from data corrupted by white Gausslan 

( 
') ) . -1 

nOise (T,~=-20 0 test Image 2, \1/\'= 120.0, nelghb .• \Id' Keys 
blcublc IIlterp , exponentlal schedule, To=20.0, ((=0.965 over 200 
Iter (a) or 0=0993 over 1000 iter (b) or T=l 0 over 200 iter. (c,d). 
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Appendil 4.A. INVARIANT DISTRIBUTION OF THE METROPOLIS AlGORITHM 

ln this appendlx it 15 shown tl1at the Gibbs dlstnbutlOn ';" IS the Invariant dlstllbutln/l 

of the Metropolts algontnm presented 10 Section 4 2 1 The reasomng below follows th.lt 

presented in [36] 

Let ni= be defined as the followlIlg ratio 

_ ~(~) __ --l'(:;;)/3tf'(,lf,J _ -~l'Ii~ 
n 1=-1T('))-t -1_ 

Following the notation from Section 421 note that (J,:;;'s are transitional probabilitlcs Jnd 

are symmetric (by assumptlon) Hence they satisfy the following relatlonshlps 

(4 Al) 

A little reflection shows that the Metropolls algorlthm descnbed in Section 4.2 1 can be 

described by the followlng probabllity expressions' 

Î' = cv : 

/> _ {CJîlZ' nit;:] If 
11Z' - (). ~ If 

.: 1'-'-

'\1 =: (Jîi i 
(4 A 2) 

~1'1 ... <.,·""1 

That 1\r;;:;'5 really constitute a stochastlc matnx can be concluded from the followlng 

1. I\w ~ 0 since (h-:;:; ~ 0 (transltlonal probabditles), 7rh),1T(r:v) :. 0 (71" IS a 
probability measure) and by (4 A 2), 

2. Lw Pî~ = 1 sinee 

L J\Q = 1\"1 + L l\r;;:; 
W r;;:;:f:."1 

= Q, 'i + 2:: (h -:;7 • (1 - o., t:V) + L Ch w . n.,:v -t L f.h w 
iZJ 0...,,,, < l '" Il...,,,,.:' 1 W ft-,,,, ;. 1 

= Q-n + 2: (hw + L (hw 

= Qi"l + L (J1 W 

iZJi-..., 

= LCh;:;:7 = 1. 
-:;7 

ln order to show that 7r is the unique invariant measure of the generated Markov chain 

it is enough to demonstrate that 

1r ( -::v) = L 70 ( ~,) 1 J'I W • 

'1 
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Consider the following three cases 

1 H-fw = ). then by (4.A.2) it follows that 

1)-;-:;:; = (h-:;:; = (J-:;:;i = P,'Q, 

and therefore 7r(-y) 1\ -:;:; = r. (r;;) . fJrZ ", • 

2. tr·,w <' ). then also by (4 A 2) 

and therefore 7r( -1) . 1\0 = 7r( w) . P::;;J"'r' 

3. n,w > ): again by (4 A 2) 

Chapter 4 

Consequently the balanc.e equatlon 7rh )/\v:J = r.(:;;)I)v:Ji holds for ail values of" tv. and 

sJnce 1), iN 's form a stochastic rnatrix. it follows that· 

o 

Appendix 4.B. INVARIANT DISTRIBUTION OF THE GIBBS SAMPlER 

USlng the same notation as ln Section 4.2 3 It will be shown here that the Gibbs 

distribution Ir IS the Invariant distribution of the Gibbs sampler [26]. 

For a flxed Iteration number T and sorne ( E n It folloVlls that: 

( 4.8.3) 

The last surnmatlon extends over ail possible iZ" E S:I Note. hGwever. that the transition 

probabllity of gOlng from state :<:' at site IIr (Iteration T) to a new state )II
T 

does not 

depend on the state of the site 1/ r. but only (Jn the states of its neighbours. Hence the 

followlng relatlonshlp holds. 
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Since this summand is independent of the previous state :.. it can be considered <1 C0115t.lI1t 

in the summation, and It fol/ows that 

(r.=(r)), ==,(t1.IIT),,(r). L r.(")(::-.,,~)) 
::-E8:1 

( for any d f 8:1) 

=r.(l'71 T = 1/1,11', = ," YI: (Xi. t) C \,.1 i IIr)' 

r.(I', = li. YI : (xl.f) E \1.1 =1- 1/ r) 

(4.B.4) 

Appendix 4.C. IMPLEMENTATION OF THE GIBBS SAMPlER FOR VECTOR MRFS 

ln practlce the Gibbs sampler for Vector MRFs dlffers from tl1at for Scalar MRFs The 

way It has been Implemented for the purpose of thl5 research IS presentrd below 

The conditional probabillty fI( D, -=: (I,!< ,',._ -.1/' _ . (,', t -. l', 1 ) dnvlng the Gibbs sam

pler has a non-quadratlc local energy {I,'{ wlth respect to the dlsplacement vectors d, (due to 

the displaced pel dlfference) This precludes the use of a Simple transformdtlon of lIll/forll! 

or normal random variables effleiently generated by sta ndard routllles Hence the complete 

probabillty distributIOn (local energy) must by computed at each location (x" f) 

Sinee the states to be generated are 20 vectors, let the state space S:. of (',Kh vector 

be the Carteslan product of state spaces ln hOrizontal and vertical directions (S', and S'l 
( l, ( Il 

respectively): 

where IS:I 1 stands for cardlnality of set 5: •. Let z be a vector from 5:1 Let also ::, and ':J 

be any two members of S') and S', ,respectlvely Then the cumulative distributIon arrays 
( " " 

A (2D) and /1 (ID) are computed as follows 

130 = () 

For j = l, ... , /\lI' compute 

A(O,J) = 0 

For i = l, ... , M" compute 
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A - A + ('-(!I(Z,!It_·!Jt t l 
( i ,j ) - ( 1- 1 ,J ) -

Continue 

IJ) = 0)-1 + A(M".) 

Continue 

The new vector w r: S:I IS obtained by generating two pseudo-random uniformly dis

tnbuted number5 (J'h' 1,,) Flrst, 1'" is generated ln the range (0, n.H, ]. and w' 15 assigned 

the followlng value 

l' 
W = Zj' l'" E (l3j-l' I1J (4.C.5) 

Then l'h 15 generated in the range (0, A(M",))] (for.J from (4.C.5)), and vJl is assigned the 

value 

vii -- z,. (4.C.6) 

Appendix 4.0. MEAN AND COVARIANCE FOR THE CONTINUOUS STATE SPACE 
GIBBS SAMPlER 

The notation lIsed here IS that of Section 45. Let the subscripts .l'and li denote 

hOrizontal and vertical components of approprlate vectors i e, cl = [dJ.,dy] and ci = 

Id'/";'.'I1 USlI1g the deflnltlon of potentlal (3 17) rewrite the local energy (417) as follows 

l'i,(d(x,./lld"It_ .Yf t ) = .\;,' [1'(~I(x,.I).x,.I . .JI)-

,..,. ( ;, ( XI' f ), XI' f . -1 t) , ;, J (x 1 • 1) - r'i ( ;, ( XI' 1 ). XI ,1 . ..J 1) . ;, il ( XI' f) + 

r'/' (:'( x,, 1). X" 1. -1f) dJ,(x/.1) + r'/( ;I(x,. 1), X" f, ..)f) . dy(Xi, f)f + 
- - 2 - - 2 

\:1' L [dJ.(x,.t) - dJ,(xJ.tl] + [cly(x,.l) - d!J(Xj, 1)] , 
.1 XJ E1/<I(X,) 

To simplify the notation the dependence of rI' and r" on (d(x" 1). Xi, l. -1t) as weil as the 

dependence of I/J' and If!! on (XI' t) will be ornltted for the rest of this appenàix. After 

sorne anthmetlcal manipulations (':1 can be rewritten as 
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where the parameters A, B, C, n, 1'; are deftned as follows 

\ \ ' (~. )') c \' 
/ :=, JI'" - + ,-" ", 
Il \ ' (-1/ )') c \' 

:= , 9 r - + ,-, Il' 

( "' - .) \' -::J'-rl} 
- -' fI'" , 

J) "1 \' -::J' - -J' " -',',) • \' -, 1 =_,yr(r--"IJ,-rl!1 --~",,(J" 

/ ' - ')[ \' -'1 - ~' '{ -"" \ ~ -- _ , !Ir (r - r ( J' - r 1 .'1 

and F is a consta nt dependlOg on the neighbounng estlmates (d( x ,,/) . x J i x,), .1 pprox

imate estimate cl and dlsplaced pel dlfference at {ol The vector d IdJ., ~I!ll denotes the 

average over the neighbounng estlmates, and has been deflned ln (4 19) 

A bivariate Gaussian distribution of the vector cl can '1e descnbed by the followlIlg 

expressIOn 

p(d) = ~ ___ I __ I (--~(,-I-IIl)H-I((-1 Ill)' 

'27r( d, 1'" P 
where 111 = [U/J.,111U] is the mean and the Inverse of the covariance matnx IS deflned as 

follows 

~/-l 1 [rT~ -flrTJ'rT,,] 
11 - ~ l '!. ,/. 

(JJ.a,ll(1 -- (J) -flaJ,rTu fT; 

(J'~ and (J~ denote the variances of horizontal and vertical components respectlvely, and l' 

is the correlation coefflcÎent 

The exponent of this blvanate Gausslan dlstnbutlon can be expresc;ed 10 the saine forln 

as the local energy (4 D 7) After sorne manipulations and cornpanng approprlatc terrns It 

can be shown that , 
;\ = ') '1. (1 _ l)' -(Jx fi 

JJ= 1 
') '1.(1 _ 'L)' -(J'y fi 

C - ___ f!. _____ -
- (JJ,{j!J(1 __ (1'2)' 

/) = 1 _ (!!_~I-'I. _ '_~ J~ ), 
aA 1 - fi'2) rT.'I aJ , 

I~' = __ ' __ ._ ( (JI" J' _ ~'!."- ), 
ay( 1 - fi'2) rT J' rr,} 

Since F can be dropped (it IS just a constant scahng the distribution 50 that it 15 a 

probability measure), there are 5 equations and 5 unknowns Some laborlous manipulations 
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will show that the means, the variance!> and the correlation factor are described by the 

followlng expressions 

Appendix 4.E. 1-0 INTERPOLATION 

ln thls appendix the Impulse responses of linear, quadratlc and cubic interpolators will 

be computed from the Interpolatlng equations (Section 46), and a Cl continuous eu bic 

Interpolator will be denved The notation will be that lIsed ln Section 4.6. 

4.E.t Impulse response of an interpolating filter 

Note that the convolution (4 25) can be wntten as follows 

Il'( ,r) - " -+(/(.r -- l·I'J.\ -+ /l) . 11'( l·I'J.\ - h) + a(.r - l.rJ.\) . ll'{ l ;z:J A)+ 

(/(./' - l·rJ.\ - tS)· Il'( l.I'J.\ + b) + ... , .r E R, 

where l·I'J.\ E .\ as defined in Section 46. Slnce .1' - l.rJ.\ = ..1.1', the above equation can 

be rewntten as 

Îl'(.1') = ... +(/(-l.1' + b)· 11'( l.l'J.\ -Ii) + (/(..1./,). u·(l.rJ.'d+ 

a(-l.1' - /1). 1/'( l.rJ.\ + h) + .. ,. .1' E R. 

Comparison of the two terms of equation (4.22) for the hnear interpolator with appropriate 

terms of the above equation will result ln the following expression for the interpolator 
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(h,/ptt" .J 

impulse response a(.r): 

{ 

0 for .r <. - 1.0 

() 
1 + .1' for - 1 Il <. .r ....... () () 

a .1' == -
1 -.1' for Il () s: .,. ~~ 1.0 
1 +.r for 1.0 ~ .r 

Similarly it can be easily venfied that the Impulse response for the quadratic IIlterpol.ltor 

15; 
o 

(/(.1') = 

1 ( .'2 + ') . -t '») 'l .1 01.1 -

-=-./,L + 1 
1(.'2 '). t- '») '2.1 - .).1 - -

o 

for .1' '-.. 1 .. -' 
for --1.:1::- /", Il.;) 

for -Il.;; S ./' " Il..'l 
for o.:) S: ./' <: 1.;) 
for 1':) S .1', 

and for the cubic interpolator: 

o for .r < -'l.U 

a(.I') = 

t(.,.;! + (i.I·L + Il.1' + (i) 
1 ·\ .) 

-- '2 ( .,.' +:l r -.r -- :l) 
l '\ ') 

1J (./" - ~ l' ~ -- .r -t :!) 

-=-t (.,.:! -- (i./' L + 1 1.1' - (i) 

o 

for - :l.1l :s .1' < - 1.1l 

for· 1 Il " ./' .: 0.11 

for Il Il, r· 1 1) 

for 1 Il < r', :!.O 
for:! 0, .r 

The derivatives of the impulse responses follow Immediately from the above expressions 

The impulse responses and thelr denvatlves for ail three Interpolatars are shawn III Figs 4 3 

and 4.4 of S~ctlon 46, respectlvely 

4. E.2 (' l-continuous impulse response design 

To design a ('I-contrnuou5 thlrd-order piecewise-palynomiai Impulse response, the co-

efficient vector [/1),13), ('). /JI. /1'2. /J'l. ('L' 1 )'2] of the followlng funetlon 

(J for /. ~ li 

- /1'1.,.:1 + 0'2''''1 - (''2/ + 1)'2 for ~ (l, /' ,- 1.0 
-/1\.,.;\ + lil.,.L - ('1" -1 /)1 for 10" J .- 0 Il 

a(.r) = 
"\1''':\ + HI"'2 t- ('1.1' -1 /)1 for" ().' 1 10 

.~ '2 
/\~I' -t- IJ.2." + ('',!/ \ /)'2 for 1 Il .-- / <' '2 0 

o for '2.0 .' ./ 

must be computed Note that due to the requlred symmetry of the Interpolatof (lincar pha~c 

filter) only 2 polynomlals are independent To Insure that the above Impulse response 1<, a 

valrd interpolator and to provlde the contrnulty of thls response, the following constralnts 

have to be satisfied. 

1. a (J' = 0) =- 1. 0 ~ f) 1 = l. 0 
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2. a(.r = 1-) = (Ln ~ A) + /JI + (:1 + Dl = 0.0 

3. 0(.1' = 1 +) = 0.0 ~ A:.1 + th + (''). + th = 0.0 

4 a(.1' = ~-) = 0.0 :::;. HA'). + tjfl'). + :2(':.1 + f):.1 = 0.0. 

Moreover, ta provlde contlnuity of the impulse response derivative also this set of constraints 

has to be satlsfled 

1 0'(.1' =--= 0-) = (/'(./' = 0-+) = 1.0 => ('1 = n.n 
2 ,,'(.1' == 1-) = (/'(.1' = 1 +) = 0.0 => :J:11 + '2/11 + ('1 = :JA2 + 2B2 + C2 

3. tt'(.,. == :r) -= (l.U => 1:2/1'). + IJJ2 + (''2 = 0 Il 

There are only 7 constralnts whde 8 unknown coeffiCients, hence 1 degree of freedom 

allows ta speclfy one coeffICient accordlng to sorne extra criterion, for example as proposed 

by Keys [50J He expressed ail other coefficients ln terms of :\'2 and chose it so that the 

output (1Ilterpolated) signai agrees wlth the flrst tlHee terrns of the Taylor senes expansion 

of the Input signai ThiS entenon resulted ln '\'2 =- -(J.:'), and provided the following Impulse 

response 

II(./') -= 

() 

0 . .1.,.:\ + :Ll.l''). + ·1.0.1' + ~.O 
--1 . .1.1':\ - :2 . .1.1''2 + 1.0 
1 . .1.,.:1 - :!.5.,.'2 + 1.0 

() r: 1':\ L') r:.2 1 f) . + ,) 0 .- .01. -r ~ . .).I -'..1 ~. 

() 

for.1· < -2.0 
for -:2.0 ~ .1' < -1.0 
for -1.0 s:: l' < 0.0 
for o.n s:: .r < I.n 
for 1.0 ::; .1' < 2.0 
for ~.() ::; .1' 

The impulse response and its derivative are plotted in Figs 45 and 46 of Section 4.6, 

respectively 
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Chapter 5 
HIERARCHICAL BAYESIAN 

ESTIMATION OF MOTION 

ln this chapter the Bayesian estimation based on the MAP crlterion will be IIlcorpor.ltt'Cj 

into the hierarchlcal framework Many motion estimation methods, WIHCh cannot estllllate 

large displacements due ta violation of certain underlYlng assurnptlons (ltke ItIH'anty of Illlage 

tntenslty), must use a \1lerarchlcal approar:h ln the case of the dlscrete state spare MAP 

estimation presented ln Chapter 3, however, the only cOllcern IS LOmplltatlon.ll effiClellCY 

It will be demonstrated that a MAP estlmator can attall1 the sallie optlmlllll .lt .1 single 

scale, however at slgnlflcantly Increased computatlonal cast 

ln the next section 1 wtll explaln why the low-pass ftltenng of Image,> IS 50 helpful ln 

matching. Then, the hlerarchlcal MAP estimation over dlscrete and contmuolls state spaccs 

will be presented, followed by the discussion of ftlters used for Image pyrarnld g('neratlon 

and of adJustment of parameters ,\ The chapter wdl be concluded wlth some (>xpcnmental 

results 

5.1 WHY ODES IMAGE Fil TERING HElP IN MOTION ESTIMATION? 

The beneflt of Image pre-ftltenng before performlng motion estImation has been ob

served by numerous researchers (see Section 24), however uSIJJlly It has becn explalnNI on 

the basis of Informai reasonlng Here 1 wdl show why the ftltenng h(~lps tn li more rI~oroll<' 

way 1 wdl conslder the simple 1-D example of signai matchlng presented ln Scctlon 2 7 

Wlthout 1055 of generallty conslder two Inflnlte-Iength sIgnais / and (} When matchlng 

of two signais IS performed, they are usually assumed to be closely related rather than betng 
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c.ompletelyarbltrary Hence, let g be a transformed and shifted copy of f . 

.'1(.1") = .... (.r).t {(.I" - dol. 

where .... (.r) 15 an Impulse response of a Ilnear operator, t IS a "near convolution and do is a 

known dlsplacement This dlsplacement between the signais .f and 9 can be estimated by 

minimlZlng the following obJectivl' function. 
-x., 

fiJ(;J) = L U( 1") - .cI(.r + d)f, 
J'=-'X 

whlch expresses the quallty of matchlng 1 e., the better the match, the smaller <p. To make 

the problem tractable mathematlcally assume that the estlmator d IS constant over the 

whole domaln (independent of .r). Let f' and .rI' be the fdtered versions of f and g: 

f' ( .,.) = 11 ( .r) T .f ( .r) 

!J' ( .1') = li ( ./') :+- .IJ ( ./' ) , 

where h(./') is an Impulse response of an LSI fllter Consider now the same objective function 

Ill, but applled to the filtered data, and denote It by d· 
.'-. 

, - "", 1 ~:2 
(Î> (d) = L LI Cr) -.'1 (.1' + d)] . 

USlng the above notation the relationship between ~?(d) and 9'(d) is established by the 

followtng theorem 

Theorem: If 1/(1') 15 the frequency response of the hnear shift-invariant filter 

"(.r) wlth reai-vailled coefficients, then the Founer transforms <I>(v) and (]>'(II) 

of I:J(d) and (')'(d). respectlvely, are related throllgh the following equation: 

where l' IS a Dirac impulse and .-1, A' are constants dependent on signal f and 

operator .... 

The proof of thls theorC'nl is given ln Appendlx 5 A 

The above equatlon shows that 0'(1/) IS eqllal to a OC term plus 6(d) convolved with 

a tllter If h(.r) IS a zero pha5e fdter i e, 11(.1") = li(-.I'). then multiplication by 11l(1J)1 2 

ln the frequency domaln corresponds to a cascade of two 11(./') filters ln the time domaln. 
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Hence, applying a low-pass fllter to the data results 10 a double low-pass filtellllg \)1 the 

objective funetlon (.'J, If the data IS sueh that lÎ 15 multllllod.ll .lnd has nUIlH'I\,II" kK.11 

minima, the low-pass flltenng operation Will srnooth-out some of tho.,(, local 1111111/11.1 If tilt' 

low-pas5 flltenng IS 5uffiClently severe, for example .) cascade of f"tels 1" .1Pplred to Lonstlllrt 

a pyramld, then only one minimum may be left Recall the 1-0 eX.II11plt:' from SE'ctlnll .) 1 

Fig 2 4 shows the objective fu nctlon (,'J OVN a hier a re hy of 1 e.,olllt lom obLlIIlf'd th ro ugh I\)w 

pass ftlterrng Note that after single fdtenng (, 15 still lllultll110d.ll rV1.'1l If It 1'> ddlill/lt to 

see, thls 15 the case after two fllteflllgs as weil (a simple rUIl of the GJlI"'~ N",wton .llgo"thlll 

from the initiai dlsplacement du - -2000 COnflrlllS that) Gilly dlter thl.' thtrd Iritellllg dm'" 

cjJ become unlmodal, allowlng the optlmlzatlon dlgorrthm to qUlckly lo( ate tht, optlllllllll 

There is. however. no certarnty that thls Single InHllmllln of the obJclllV(' flllldlOIl lor tilt' 

filtered data will correspond exactly to the global mlnlmllm of the unfdtpred d.ILl 1lf'1l( t', 

the pOSition of the optimum must be reevaluateo at the hlglleT r('sollltlOl1<; of thf' d.lLI hy 

running the same optlmlzatloll algorrthm startlng from tllf' lowf'[ [f,.,ollltion estllll.!te IIH' 

above procedure descrrbes the very prrnc pie of hlerachlcal dppro.lrh 10 m.ltclllllg. motion 

estimation or any other sUltable problem 

The flltenng applred ta the data makes the objf'etlve functlon (III the hmlt) 1I1ll1ll0ddi 

It can be al50 vlewed as an attempt ta make tl1ls funetlon convex ThiS oraws an IIllIlW(!Jatt· 

parallel wlth the Graduated Non- Convexlty algonthm proposed by BI"ke and 71~N~rIllJn Il)1 

They overcome the non-convexlty of thell objective functlon by c.oll5tructlng il S('qllf'll( f> 01 

apprOXimations of the original objective funetlon At one end of thp ~('qupncf' 1'> .1 (O[lVPX 

apprOXimation whde at the other end IS the original non eonvex ol)jecllve funetloll, Wlt" 

some compromlslIlg functlOns between The hlerarehlcal appro.lch (an be VlI'wf·d frurn 

thls perspective as a sequence of objective funetlons for varlable-resolutlon déité!, wlth thf> 

Irmitmg case when the objective functlon 15 evaluated for averages (DC values) 

5.2 HIERARCHICAl EXTENSION OF MAP ESTIMATION 

5.2.1 Discrele stale space 

The computatlonal requlrement of the dlscrete state space Gibbs sampler employed 
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elther ln MAP or MEC estImatIon IS Ilnearly proportlonal ta the size of the single displace

ment vector state spa ce 5:1 Recall that d1ll(lJ' denotes the maxImum allowed horizontal 

and vertIcal dlsplacements Then, If ;, denotes the step slze in quantlzation of the state 

space S:l' ItS slze can be expressed as follows 

1
<:,1 l ,,1) 

... ~d = . (1-

Note that the spatIal iHea covered by the state space 5:1 IS (-dlll(l.l.· . dllWJ" -dmax : d!n(lx) 

wlth .'\/(7 sampllng pOints Increaslng elther the maximum allowed dlsplacement or reducmg 

the step size by /l, will IOcrease the computatlonal effort by approxlmately 1I~ t Hence, in 

arder to handle the large dlsplacements efflclently, whrle marntalnlng sufflcient precision, a 

hlerarchlcal tec.hnlque must be devised for the Gibbs sampler The approach 1 propose here 

IS the non- recurslve mllltlgrid (coarse-to-flne resolutlon) algor/thm The general pnnciple 

of thls method can be explalned as follows An Image pyramld of \tarylng resolutions IS 

constructed for example from the lowest resolutlon at the top ta the full resolutian at 

the botto/ll of the pyramld The estlmators (dlsplacement fields) also form a pyramid of 

Vdrylng resolutlons The e~tlmatlon starts at the top of the pyramld (coarse resolution), 

where the number of dlsplacement lattlce sites IS srnall and the equrllbnum state IS located 

very qUlckly Then, the estlmate from thls coarse level IS Interpolated to a flner resolutlon 

level, and IS used as a coarse solution ta be further reflned ThiS hlerarchical process is 

repeated untll the full resolutlon estlmate IS obtalned 

The necessary Ingredient of the Illerarcllicai approach IS data fdtenng, however spatial 

sllbsamplrng IS not The data and/or estlmator pyramlds do not have to be spatially sub

sampled (from the bottom to the top) The data can be Just flltered, wlthout subsampling, 

and the estllnators can be deflned over the same full-resolutlon lattlce .\tt across the com

plete pyrarnld The algonthm w"l work perfectly weil, and will be st"l valuable for su ch 

estImation methods whlch cannot compute large dlsplacements due to violation of some 

underlYlng asslIlllptlons (e g , Intenslty lineaflty) ln th,s form, however, It will not speed up 

the computations It IS the spatial subsarnpllOg of the dlsplacement fields (mov!ng up the 

t For the maximum dlsplacement d"',1J ==-2 and the step SIle "'=0 2~ pel. the size of 8:1 IS 17x17=289. 
whde for ,1 •. "" -~-4 the size will grow to 33x33=1089 
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pyramid) which provide5 the computatlonal gain At the top of the pyramld the nU/llber of 

vectors iü be estimated 15 relatlvely small, thus reqlllrlng only a fraction of the compllt.l

tional effort (compared to the bottom of the pyramld) Moreover. the IIlCre.lsed absoluh' 

distance bctween the vectors enforces qUlck propagation of the sllloothness constl.lInts OVt'r 

large distances (to proragate the saille constralnt at full resolutlon over the s.lIne .lbSl)llIh' 

distance would reqUire many more iteratlons). and hence addltlon.ll1y IInproves the con 

vergence rate of the alr,onthm This solution IS used at the next 11Igher resolutlOll If:'vel 

as, for example, the initiai state At thl5 level more vector') are IIlVolved, but ~IIHe the 

approximate solution 15 known the convergence IS fast The prou's,> 15 repeated unt" tht' 

bottom of the pyramld is reached Note agam, th.1t 111 prl/lCIple the I/llap;eS do not have to 

be subsampled when movlllg up the pyramld Subsamphng 15 JII')t a way of reduClllg thf' 

storage requlfementr:; for the data pyramld, whlch IS an Importa nt conSideratIOn for h.Hd 

ware Implementations It causes, however, data 1055, sinee to obtaltl ~lIb piXel .I(ClJracy at 

a glven level spatial Image interpolation must be used fram prevlollsly slIbsamplf'd d.ILl 1 

will use here a "constant-wldth" pyramld for Images and d reglJliH pyramld for dl'>pl.1( {'Illf'nt 

fields. 

There are two types of pyramlds. even and odd ln both, the lower r{'sollltion level 

is constructed by spatial subsampling of appropnately fdtered hlgher resolutlon level nI(> 

difference IS that ln the even pyramld the lùwer resolutlon samples are shlfted by half of thE' 

sampllng per/od of the hlgher resolutlon levpl, whde ln the odd pyramld there 1') no c)lIch 

shift (Fig 5 1) 

Let 1\'[ be the number of resolutlon levels The followlng sequence of sample helds 

will denote a "constant-width" pyramid of images Natllrally, I/~\ denotes the full rcc;olutlon 

images, and the Image fJG: is obtained by fdtenng the Image Il;'j 1 The Gausc,lan (Iow- PdSC, 

flltered) [22J and La plaC/an (band-pass flltered) [61 pyramlds of Imagf:5 have been used ln 

hlerarch/Cal motion estimation Also other fllter.., sueh as NyqUl':>t Ilke low-pa.,., 20 wpardble 

FIR fdters can be lIsed [551 ln the next section 1 will dlseuss two typl:s of low pae,e, flltNs 

wh/Ch will be used la ter 
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(a) even pyramld (b) odd pyramid 

Fig. 5.t Schematic (l-D) representation of even and odd pyramids for 
hlerarchlcal data representation (the odd pyramid is used for 
displacement fields)· h =0.1,2.3 or x ,0,_,<>. 

Let also the sequence of sample fields 

denote an odd pyramid of dlsplacement field estimates at various resolutlon levels Note 

that the fdtenng operation is not applicable ln the case of estlmator pyramid Let .~" denote 

the spatial subsamplmg factor of dlsplacement field at level h wlth respect to level 0 Then, 

the Sile of the field dÎ IS (1 ( ,,/, -- J )j..,,, J + J) x (li .\I(/l - J )j..,,,J + 1). 

Once an estlmate IS obtalned at level l" It must be transformed to the higher resolution 

level for subsequent IIllprovement This operation can be viewed either as a "parent-

chlldren" propagation or as an InterpolatIOn 1 will conslder the latter approach Let the 

interpolation II> between levels h and" - 1 be expressed as follows. 

(5.1) 

where <17 denotes the final estlmate at level h, and b;,-I , called here the base displacement 

field at level (h 1). IS the result of Interpolation Ih' 1 Will investigate two types of 

interpolation for the odd pyramld 

1 simple repetltlon of h -Ievel estlmates at the mlsslng positions of level 
(/, - 1) ("sample and hold"), 

2 blltnear Interpolation of ,,-Ievel estimates to obtain complete (h - 1 )-Ie\lel 
field 

Usually hlerarclllcai motion estimation algonthms use the prevlous-Iellel estimate as an 

IIlltlal state at the subsequent level and allow arbltrary vectors (wlthtn a given state spa ce) 

after. Then, the spatial area covered by state space S:l of each vector IS identlcal at each 
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Fig. 5.2 Consecutive single-vector state spaces for hlerarchlcal estimation wlth 
1\1=3 and '~h =--2 (" -=0,1,2) 

resolutlon. This strategy IS not sUltable for the dlscrete state "pace Glbb~ ,>a111 pler , becau'it' 

the key problem is to speed up the computations or equlvJlently to re~tflct 18:" lIowPvf'r, 

if the solution from the prevlous level IS close ta the optImal Olle, only a III1lItNI <,p.ltl.ll 

area arullnd thls initiai solution can be sedfLhed for the ncw estlmate Let ":'''flJ df'llote 

the maximum allowed dlsplacement at level " and let (\" speclfy the dl'lpl.lcenH'nt "lf'P <'IZt' 

at level" If the ratio d~"IIJ./b" 15 constant for ail l,. then a c,equcnu' of c,t.lI(> 5p'\(''> wlth 

constant XI!. but coverrng smaller and smaller areas wlth decre.J!>lng 1., rcsult,> (lig Ij?) 

ln other words at the top of the pyramld a search wlth large step '>1[(', thll5 (OVPllng largf' 

spatial area, IS performed, while at the bottom only a small area I~ covered but wlth Iligh 

prt'clslon 

The base dlsplacement field hÎ wIll not be used at level " rnerely as the InltlJI stale, 

but as a coarse solution whlch IS flne-tuned at subsequent lev(>ls The field h,' IS a flxl'cl 

array of vectors, and is used to Identlfy the centers of new stngle-vector 5tat(> C,PdU-') al 

level ". as deplcted in Fig 5 2 ApplIcation of the MAP estimation algortthrn ylf'ldr, .ln 

incrementaI dl5placement field hÎ, 50 that the final estlmate at level /, 15 glven by 

('J 2) 

ln this manner obviously a non-homogeneous total state space St! ha5 been generated It 

has a finer precIsion around the expected final estlmate d, 
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The new energy funetlon for the hlerarchical MAP estimation can be expressed as 

follows 

Md 
( 1 ( Î. Î, h Î . .fJ' _ , .fil +) = >.~. . 2)7" ( h Il ( XI' 1) + b 7 ( XI' f ), x,, f, .:.l t)] 2 + 

1=1 (5,3) 

>':i,{f«l(ÎIÎ + bÎ). 

where the incrementaldlsplaeement vectors Îlh(x/./) are variable, whlle the basedlsplaee-

ment vectors hÎ (XI' 1) are f,xed for glven t. fJ' IS the dlsplaced pel difference as before but 

evaluated for Images IfÎ
1 

Fig 5 3 shows the flow graph of the algonthm far h,erarch,cal MAP estimation of 

motion based on the above Ideas The Initia! base dlsplacement field IS denoted by .;" the 

Initiai incrementai dlsplacement field at resolutlon level h 15 il,', and the Initiai temperature 

at level /. IS T" 

The cornputatlonal gain provlded by the hlerareh,eal approach campared to the single

level method can be evaluated as follows Recall that the full-resolutlon dlsplaeement field 

Sile IS .\1/, by \/(', If 1\/ resolut,on levels are used then the total maximum dlsplacement IS 
• ~ /\ / 1 /" 
,) -/0 Il 'I//(I./ Consequently the computatlonal effort Involved ln performlng one Iteration 

of the srngle-Ievel m€:thod 15 

.) 1\ /- 1 
H Il \/" - '1" L (1 =. Il x. d x ( 1 + hO L. (I/,UJ') • 

t. =() 

As far as the multl-Ievel method IS concerned reeall that the rnter-Ievel subsampling at level 

/. is denoted by "1. S,nce the dlsplacement field slze at level /, 15 U J/!i - 1 );'~hJ + 1 by 

1 ( \ f" . Il 

IS 

1 li '1.1 t l, the computatlonal effort assoclated with /\'rlevel hlerarchical algonthm 

1\ / '- 1 \ 1 h _ 1 \/1 _ l ,) 
. \... l Il 1 l' Il J) - 1" L c., /\ / =- ( ------- J + 1) x ( + 1 x (1 + - ( max) . 

I~) St. S" (JI. 

The maximum allowed dlsplacernent at level il is related to the maximum displaeement at 

full-resolutlon level 0 as follows 

h 

d~IIIJ' = d~)II'IJ' ' II -'" 
I=() 

where obvlollsly -,~ 'CC 1 The dlsplacement vector step slzes c~f> can be arbitrary, however it 

IS reasonable to Increase thls step size at iow resolutlon levels to speed up the algorithrn. 
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Fig. 5.3 Flow graph of the algorithm for non-recursive hlerarchical MAP 
estimation of motion based on simulated annealmg 

- 127-

Ch.lpter 5 



1 

Chapter 5 

Here 1 will assume constant state space size 15:11 = N(] over the hierarchy of scales. Hence, 

the step slzes will be deflned as follows. 

h 

Il K = hO. II .~ i. 
1=0 

This results ln d~/(IJ';t/' = d~~/llJ'/lJ(J, and consequently 10 the state space size IS:11 = NJ 

wlth Nd - 1 -t '!.d~~/(1J /lJo 

The computatlonal gain provlded by the hlerarchlCal approach is clearly dependent on 

dlsplacement field Slze, requrred maximum dlsplacement, step slze and inter-Ievel subsam

pltng For the followlng set of parameters (used ta produce sorne results of this chapter) 

,\," =-.- .).) 1 
'd --. I I " - ('() . Il - ". If) 

('11(/.1' --= 1 • .... 1 = ,',:! = 2, 

the ratio (,/(/\/ equals 304 By uSlOg more resolutlon levels or larger inter-Ievel sub

sampling thls ratio can be IOcreased Even with these modestly chosen parameters, the 

computatlonal gatn IS qUlte Impresslve 

5.2.2 Conlinuous slale space 

The Ideas from prevlous section, tncludlng the block diagram from Fig. 5.3, apply 

also to MAP estimation over the contlOuous state SpelCe of dlsplacement vectors. The only 

dlfferellce IS the actuallmplementatlon of the Gibbs sampler Recall that at every resolution 

level only the IncrementaI dlsplacement hÎ IS vartable wh de the base dlsplacement bl' IS 

conc;tallt USlllg the relatlollshlp (52) III the Iterative update (420) It follows that the 

update III the hlerarchlcal algortthm can be descrtbed as 

1 ',)"11. 1)-(-1")/1· ) -"'(. ) 1"(' ( 1 (XI' --- 1 (XI'! + ) XI'! - ) xl.t)-

-~~~ \" ~I/' li ( Iï" ) Il ( x,, t) + ï)" ( XI' 1). XI' 1. .J 1) + ni, 
1'1 1 

Vi 
(5.4) 

where (h")" denotes fi at resolution level " and Iteration 1/ b dnd ïï denote averages of 

h and Il respectlvely (SectIon 4 5) The constants ~-I and l'l' and the covariance matrix 

are deflned exactly as ln SectIon 4 5 wlth (Iï")" -+ h" replaclng ~l'I and /\~', /\:J, replacing 

\". \. respectlvely 

Except for the way the incrementaI displacement field IS computed, other Ingredients 

Ilke ftltenng, Inter-Ievel Iflterpolatlon etc, are Identlcal to those used in the discrete state 
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space version. The computatlonal savmgs due ta the hlerarchlcal structure of the algollthlll 

come from the reduced number of lattlce pOints at lower resolutlon levels and sllb~t\qllelltly 

from faster convergence at hlgher re!>olutlon levels becallse of the knûwl1 coarse estllll,ltes 

Unlike in the case of the dlscrete state space algonthm, the state sp,lCe Sile 15 not a conet'fIl 

here, hence the algorithm IS much less involved computatlOnally 

5.3 FIL TER CHOleE FOR HIERARCHICAL ESTIMATION 

Most frequently the low-pas5 Gausslan and band-pass LaplaClan fdters have becn used 

ln motion estimation [311, [6), [221 It IS not qUite clear, how('ver, Wh,lt frequenry rr.,poll!>{' 

(or other propertles) such a fllter should have The estlmator 15 subsampled spdtlally by 

factor 8K between eaeh two resolutlon levels or ln other words Its re,>olutlon 1'> Il'duc.ed by 

8K' Hence, It IS reasonable ta requlre that the data resolutlOn dlso b(' redllc.ed by "t., tor 

example by filtenng wlth 1f.",,-band fdter [55] Such a fdter will ,lssure 110 ah,I~IIlF, eflt·( t<i 

in the subsampled data, whlch can slgnlflcantly deterlor,lte the qUJllty of motion e.,tllll,lt('!> 

Here, desplte the fact that the Image pyramld IS Ilot subsJlllpled spatlally, 1 will still USl' 

this type of fllter. 

Two significantly dlfferent (frequeney response) low-pass fdters will be used ln tllerar

chical MAP estimation 

1. separable Gausslan filter with 5 independent coeffiCients and variance 25, 
slmllar ta that used by Enkelmann 122]. 

2 separable low-pass fdter wlth 13 IIldependent coeffiCients, edch 1- 0 corn 
ponent fllter IS an approximation of the appropllate Nyqlll<,t filter, hen((~ 

It will be called sllbseqllently a Nyqllist-like tilter 

Ta generate the Gausslan pyramld the 5ame filter 15 apphed between every two consec

utive resolutlon levels Hénce, a fdtenng operation from leve\ /. ta level f, 1 Il IS eqlllvdient 

ta II-fold Gausslan fdtenng The frequency rE:sponse magnltude5 for the Single and dOllbl(· 

Gaussian fllters are shawn ln Fig 54 The Nyqul5tltke fdtPrlng ha,> be('n Implenwnted III 

a parallel manner 1 e , the resolutlon level 1 IS obtalnf;d frorn If'vel 0 by apprCmnldtlon to 

half-band filtenng ('''te =2), level 2 from level 0 bj approxlmatloll to quarter-band filtf:nng 

etc. The frequency response magnitudes for both fdters are al50 shown ln Fig 54 Note 
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o., 

that the Gausslan fdters have slgnlflcantly lower eut-off frequency than the correspond

Ing Nyquist-like fdters Since the Nyqulst-Ilke fdters must compromise wlde bandwidth 

for maximum signai fldellty and Immunlty to allaslng 1 chose to design the fdters wlth at 

most 25% power allased Into the baseband (50% roll-off at half- and quarter-Nyquist rate 

re~pectlvely ) 

The beneflts of data fdtenng for hlerarchlcal estimation are counteracted by "distor

tions" Introduced ln the occlusion and newly exposed areas Recall that the motion model 

does not dl~tlnguish such areae;, and that It relies on Intenslty constancy along motion 

traJectones Conslder ail Image wlth an object movmg across a unlform background and 

sliddenly dl!>closlng a structural dlscontlnulty ln thls background The fdtenng operation 

applied to the Images IS Shift-Illvariant and wdl produce dlHerent Intensity patterns 111 both 

11ll.1ges III the vlclnlty of the object border due to dlfferent background types ln splte of a 

posslbly perfeet Intenslty match at full resolutlon (except for the exposed and occluded ar

e.3s), It wdl Ilot be t~e case for hlgher levels ln the pyramld, and the assumptlon of constant 

Intenslty along motion traJectones wdl not be satlsfled The extent of thl5 violation will de-
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pend on the severity of structural discontlnulty in the uncovered and occluded background, 

and on fr/ter charactenstics (coeffIcIent values, mask slze) Slnee the prlllClple .1sslImptloll 

of algorithms presented here will not be satlsfled III slIeh case, SeriOllS dlfflcultles .lt lower 

resolution levels can be expected As wtll be demonstrated ln Section 5 5, some 1I11.\gt's .He 

more prone to such problems, like the movlllg randolll ullcorreiated dots, wh de in tYPIc.11 

TV Imilgery sueh effeets are less pronounced 

5.4 DATA-MODEl COMPROMISE AC ROSS THE RESOLUTIONS 

ln this section the problem of parameter ratio \:'1/ \:; adJlIstll1eflt wlth ch,lIlglng d,lt.\ 

resolutlon will be dlscussed 

The need for such an adjustment Gin be explarned Informally as follows The r,ltlo 

"'dl /\~ reflects the amount of smoothness to ue expected from the estlmator ln tilt' 

hierarchlcal approach, settlllg ,\V,\:; to a flxed value across tfw rangl' of rt'solutlons '>{'l'IlI'> 

to be incorrect, slllee at lower resollition levels (top of the pyr,llnld) the d,ILl 1<; ,>moolhpl 

and as such will produce smoother estllnates t Slnee saille rnhetent vertar Slllootlllllg 1., 

due to the smooth data, the ratio \:',/.\:; should be adJustpd at lower resolutlon level., .. 0 

that oversmoothed estlmates would not be produced 

Recall that the dlsplaeed pel dlfferences rare modeled by /Id GausslJn random V,trl

ables. For such a strlCtly statlonary (and consequently wlde-sense statlonary) dlsuote-sp.H(· 

stochastlc proeess, the power spectral denslty S( ___ 'I'''',,':!) can be deflnea as follows 

,1 ! 

S(--." .• 4:~) = L iT 

/II c: - \1 IIC_ - ,\1 

where {R(/II,II)}. 1//,/1 = n.l . ... \1 IS an autocorrdatlon .,equf:nce, and (v..'I,IJ':'.!) 1<; tlll' 

2- D angular frequency If the lower resolutlon data IS obtalned IJslng a fllter Wltl! frf:qIH:nr.y 

response 11("""1, ".::2), then the power spectral denslty SIl ~'I . v .. ::,!) of the ftltered data (<ln be 

computed from the followlng relatlonshlp 

t The fact that a smoother Image will result ln a smoother motion estlmate can be e/plalned by looklng 
at hlgh correlation of Intensltles ln such an Image and hence hlgh correlatlf.}n of the gradients and 
displaced pel dlfferences ln a spatlO temporal gradient e~tlmatlQn a hlghly (J,rrelated gradient Will 
not produce uncorrelated motion vectors 1 he same applle<.. to matr:hlng algr.mthms 
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Consequently the vartance (1J of the f,ltered data is defined as. 

but slnce for;'d random variables the power spectral denslty is fiat (S( ..... l, ... ':,d = 0':2) 

:? l '2 /71" 171" :? (1 f ::: ---:l . (J III ( ...... ' l ' , .. ,.::! ) 1 Il ...... ,, Il.......,,'2' 
,Ir. . --71" -71" 

(5.5) 

The above relatlonshlp establishes the dependence of dlsplaced pel dlfference variance on 

filter char<.lcteristlcs The narrower the fllter bandwldth the smaller the variance O'J' and 

consequently the smailer the ratio '\:l(.\~ 

The relatlonshlp (55) evaluated for the fi/ters from Fig 54 results in the following 

values of rrj 

1 

2 

3 

4 

one Gausslan fdter rrj-::-O 034·rr'2, 

') '1 
two Gausslan flltE'rs rrr-=O 017·rr"", 

half-band Nyqlllst-like fdter (J"]=O 216·(1'2, 

quarter-band Nyquist-like fllter (1;'=0052'(1:1 

Accordlng ta the above values theuretlcally the variance of OPOs for filtered images is 

.lpproxlmately renuced by 30 and 60 for one and two Gausslan fllters respectively, and by 5 

and 20 for half- and quarter-band Nyqlllst-like fdters ln reallty the filtered OPO variance 

(T] may slgnlflcantly depart from theoretlcal values because. 

1 the OPOs are not exactly mdependent, hence thelr power spectral density 
S\""I . .... '2) 15 not constant ln the [ - ;;-. ;;-l range, 

2 slnce the flltenng operation IS shlft Invariant It may destroy the match 
around motion boundanes espêClally ln presence of covered or occ/uded 
structural dlscontlrHJltles. 

3 seventy of the distortion descnbed above IS Increased at lower resolution 
levels where the d,scont'lllllt,es are closer ta each other 

To estlll1,lte the seventy of mlsmatch between theoretical and practical reduction of 

variance, 1 have applled estlmates from Flgs 4 16 a, 4 17 a to the original and flltered 

Images respectlvely For single GausslJn fdtenng the variance went down by about 2 0, 

whde for half-band Nvquist-hke flltenng It dropped by abolit 1 5 Interestlngly, after another 

GJusslan filtenng and after quarter-band Nyquist-ilke fdtenng the vanance remalned almost 
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unchanged. This can probably be explalned by the fact that no other efTects th,ln ,HidltIVl' 

noise have been IOcorporated Into the observatIon model and c.onsequt'Iltly Into the DPD 

model. Those other effects reported ln Section 342, howevel. are present ln the 1(,.,1 

Images 2. 3. 4. and contnbute ta pel matchlng erraIs ln pr.lCtlce the varlan( e Il'dlletloll 

may be much smaller, and much smaller modlflc.atlons of smoothne~s welghts ~holiid IH' 

applied. 

The ratio ..\~iI,\g also tnvolves the constant .Jd from the Gibbs d,stribut,on 7r(dtl 

which charactenzes the propertles of dlsplacement field cll It 15 not ea'iy ta e!'t,lhll,,1t Ihl' 

relationshlP between /id's for d,fferent resolutlons 111 a general ca"e Glcb!> POl lI'lnl,', tht' 

renormallzation group approach showed LInder certain assurnptlons the rel.ltlollshlp 1H'IWl'l'lI 

Ising model parameters at dlfferent resolutlons (sc3Ies) For I~otroplc 2 0 ISing Illodt-l, .ln 

equivalent of ,id Increased by 1 21 between each two resolutlon leve\s (spatial .,lIb.,alllpllflg 

by 2) That reslIlt cannat be dlrectly extrapolated to compute -Id here, Itowever It IIIdlC .11 t'" 

the order of change to be expected from (1" Moreover, SIIl(C the tlH'orellcal rl'dlletlon of 

DPD variance due ta ftltering IS exaggerated, It must be ('stabll~hcd .Id hor i1nyw.ly HC'lIct' 

even a precise modification of .JI! wOllld leave tllf' over,)11 r;ülo ad hoc 

Since at the top of the pyraJllld the algortthm "tart'> wlth 110 Inforrn.ltlon about motion, 

while movmg downwards It lises the prevl(]lJs-level cstlrllatcs, It 15 rCJ,>onablc ta rcqlllfc tll"t 

the temperatllre T ln slmlliated annealtng be reduccd tao ln thls way dC(~PN lo( ,II mlllllll.! 

can be avoided when there IS less confidence ln the estlJllate 5ur:h an approilc Il h.l., IH'('II 

used in image restoratlon over a hlerarchy of scales vIa stochastlc rf'IJXiltlon Illethod., 1621, 

[29]. 

5.5 EXPERIMENTAL RESUlTS 

ln thls section some expenmental results for hlerarchlcal MAP e~tlmatlOn will be pre

sented The test Images from SectIon 4 7 will be used wlth temporal spaCll1g betw('f>r\ 

Images lJI_ and .lJ1 + of T" =4T(j(J for test Images 1, 3, 4 or 'L, 6T(,1) for test Im,jg(~? ln 

descnblOg the results for hierarchlcal algonthms sorne paramf'tf;rs hk~ ratIos ,'~'I/ ,\:" Inl 

tial temperatures Ti) etc, varylflg wlth the resolutlon levpl, will be [Hf;senterJ as vectors 
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For example To :- (1 0,2 0,4 0) will mean that the initiai temperatures at levels 0, 1, 2 

are 1 0, 20, 40 respectlvely Taking Into account the measured variances of flltered data 

and the 1 21 factor between ,1<1'S at nelghbourlng resolution levels the ..\~tI/\~ ratios of 

(200,9 0,7 0) will be used for Gausslan fllters and (200.12 0,100) will be applled in the 

case of Nyqlllst-like fdters 

5.5.1 Results for test image 1 

As wa~ explalned ln Section 5 3, certain classes of images are not weil suited for hier

arch,cal motion estimation The test Image 1 turns out ta belong to such a class Slnce It 

conslsts nf uncorrelated rJndom dots, the newly exposed and occluded background areas are 

ln no structural relatlOnshlp wlth the rest of the background Hence, the flltenng 0peratlOn 

will modlfy thf Intf'nslty pattern around obJect borders dlfferently for both images Even If 

at full resollltion there 15 a perfect matchlng of pels belonglng to an obJect, dfter fllterlng 

thls will not happen ln the band around the border affected by the background pels For 

the test Imelge 1 the background conslsts of uncorrelated pels hence poor matching can be 

expected ln sorne areas 

Fig 5 5 cl shows the synthetlc dlsplacement to be estlmated ln Fig 5 5.b the d,s

crete state space MAP estlmate Implemented at one resolutlon scale IS presented, while 

Flgc; 55 c, d show the results of h,erarch,cal MAP estimation over two resolution levels 

(/\[ 2) ln bath cases the .\',~ nelghbourhood, billnear Interpolation, exponentlal anneal

IIlg schedule and maXlnlUrn dlspldCement 11\)1/11.1' -=-4 a (.\',,= 33 for (~()=O 25) were used The 

slngle-Ievel estlmate was obtalned for ,\:V,\~;=- 005 wlth T()=l 0 and 0=0980 over 200 

Iterations The Illerarchicai approach used the Gausslan fdters and '\~lr\~ = (005.100) 

to offset the Introduction of ollSmatch due ta fdtenng as dlscussed above To avold lo

cal Illlllima due to the filtenllg. exponentlal annealmg schedule wlth Tô=(l 0,10 0) and 

Il (09625,0 Q80) over (50.200) Iterations was used. The singie-ievei method attained 

very slmdar solution ln 200 Iterations wlth about tnple computational effort of the 2-level 

method ThiS relatlvely small computatlonal galll of the 2-level approach is due to the 

bct that slgnlflcant estllnatlon errors are expected at level h =1. and III order ta recover 

from those errors, a I.nge state space ( \1'-=33) must be used at full resolutlon The gain 
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or hlerarchlca!' , 200 Iter for ! p, exponentlal approach sing e-gnd and (50 ,200) 
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IS due ta faster convergence at full resolutlon assured by knowledge of a coarse estlmate 

from level 1 ln more typlcal situations, where occlUSion and newly expC'sed area effects are 

less pronounced, smaller state spaces can be used wlthout degradatlon of estlmate quallty 

resultlng ln hlgher ~omputatlonal gain 

ApplICation of the NyqUist-like fdter caused even stronger effects ln faet the second

level estlmate was far from the estlmate from Fig 55 c, whlch can be explalned by the size 

of fllter ma.,k Recall that such a fdter extended over 25 pels by 25 pels area Since the 

'>Ize of th" rnovlng rectangle IS 50 by 20 pels, there IS no single pel wlthln the rectangle not 

affected by the background exposure or coverage Consequently no perfeet match eXlsts 

10 the flltercd Image Note that the Gausslan flltered Image IOciuded perfeet match areas 

Slnce the ll1.Jsk Sile was only 9 by 9 

5.5.2 Results for test image 2 

Fig 56 d shows the synthetlc dlsplacement field from test sequence 2 ta be recovered, 

whde Flgs 56 b, c, d show the d,screte state space MAP estlmates at levels h =2.1,0 

re<,pertlvely NyqlJlst-like fdters wlth \;,/ \:, - (200.120.10 0), as weil as nelghbollrhood 

.\J Key., blClIblc Interpolation and exponentlal annealmg schedule wlth TIl= (1 0,20,4 0) 

.1Ild Il 0980 over 200 Iterations at each level were used Since the mlsmatch due to 

flltf'rIIlg Hl the newly exposed and occlUSion areas IS much less severe than ln the test 

Image L sllldiler stdte spaces wlth \/ -- f} and 1\11 - 0 25 were lIsed at eaeh level resultlng 

IrI furthet wmputatlondl gain Fig 5 7 a shows the slngle-Ievel estlmate obtalned for the 

saille set of parameters except for the state space whlch extended over dll/ ti ,' =-5 wlth 

\'" 41 .Incl the annealmg schedule wlth Til -,10 0 t and (/:---0 980 over 300 Iterations The 

Illerarclllc.11 estlrllate IS charactenzed by a hlgher energy, and IS a Iittie oversmoothed at the 

rectangle bounuarles compdred ta the slngle-Ievel estlmate Most Importantly, however, 

It was Incapable of correct estimation ln the left-top corner of the rectangle, unllke the 

singie-ievei method ln that area a bflght background 15 uncovered 111 the second Image and 

causes Image breakup The slngle-Ievel method wlth sufflclently hlgh Tu 15 able to estlmate 

the motion correctly, however the hleratchlcal method cannat becau5e of the fdteflng. 

t 1 or T,I 1 0 over 700 Iterations the Single lellel method atlamed a sub-optlmal solution 
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exponentlal schedule, Tt . ..:::(10,20.4 0) and 200 Iter at each level 
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For the above set of parameters the computatlOnal gain of the hlerarchical method 

wlth respect to the singie-ievei approach was 156 Note, however, that the total maximum 

dlsplacement for the hlerarchlcal method was 7 pels, wh"e for the single-Ievel method It 

wa!> only 5 pels If the maximum dlsplacement r1"1I1J were set ta 7 pels for the single-Ievel 

approach, then tht.> computatlOnal gain would be about 30 

Aiso the Gausslan fllters from Fig 54 have been used wlth ,\:11 ,\~ =(20.0,9 0,7 0) and 

other pardmeters unchanged The estlmates resembled subJectlvely the results from Fig 5.6 

very closf'ly at each resolutlon level The dlsplacement energy 1 li and the image energy 

1 '1 at full resolutlon level were hlgher, however, than for the estlmates obtalned wlth the 

NyqlJlst- like fllters t For bath f"ter types a Ilmlted variation of ratios '\dr\~ as weil as 

dlfferent anneallng schedules had neglrglble effect on the final result Obvlously the varylng 

ratio \:11 \;; affected the estlnlates at 1> ·0. but then the algonthm was able ta recover 

{rom any C,lIb-optlmalltles at subsequent hlgher resolLltlon levels ThiS conflrms that, unllke 

ln thf' test image 1, the occlUSion and exposure effects are not extremely pronounced ln 

typlcal TV Imagery Also, the bdlnear Interpolation, Instead of repetltlOn, of dlsplacement 

{'stlmate'i between consecutive resolutlon levels has been used but had almost no Impact at 

,111 on thf' flndl-Ievel €c,tlmate 

f Ig ... ~ 7 b. c. d show the contlnuous state space MAP estlmates for levels ,,=2,1,0 

obt,lInec! wlth tht.> same parameters as the results from Fig 56 except for 11=0992 and 

500lter,ltlOns Also ln tlllS case varylng welght ratios and anneallng schedules had minimal 

e{t('ct on the flndl level estlmates Fnst of ail note that there are numerous small vectors 

ln the st,ltlonary background (perfect match), whde there were very few ln the discrete 

st,lte sp,lce c.lse ThiS effect can be explalned by the Inaccuracles ln Intenslty denvatlves 

rnmpuLltlons III the contll1lJOUS case versus a SImple Il1tenslty match ln the dlscrete case 

ApMt tWill the background effect note that for h --1,2 the estlmates are smoother ln the 

feeLlngl!' background transition reg/on than ln the dlscrete case, due ta local averaglllg 

lIsed to compute a new estlmate There IS no expllclt averaglllg ln the case of the dlscrete 

state space Gibbs sampier The energles for the contilluous case were significantly lower 

Ihe tntrgles for h ;0 cannot be compared slIlee ,\"s are dlfferent 
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Fig. 5.1 Single·level dlscrete and hlerarchlcal contmuous state "pace MAP 
estimates test Image 2, 1\'1 - 3, '\:i(\:j (200.120,100). nelghb ,\'f~' 
Keys blCUblc interp , exponentlal schedllle, r· (10.20,4 0), 500 
Iter at each level 
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than for the dlscrete case at h =2, somewhat lower at h=l and slrghtly higher at tt=O The 

full resolutlon results slightly dlffer subjectlvely as w~1I 

5.5.3 Results for test images 3 and 4 

Figs 58, 5 9, 5 10 show the level 2, 1. 0 motion estlmates respectlvely, obtained from 

the test Image 3 usmg the 3-level dlscrete and contlnuous state space MAP estimation 

wlth Keys blcublc Interpolator, Nyqulst-like frlters and ,\~d \~i = (200,12 0,10 0) ratios 

ln both cases exponentlal annealrng schedule wlth T"::- (1 0,2 0,4 0) was used, however 

wlth Il 0980 ovpr 200 IteratIons ln the dlscrete estimation, and wlth (/=0992 over 500 

IteratIOns ln the contlrlllOUS estimation Agaln Imllted variations of the ratios ,\;)/ ,\~ as 

weil as of the annedllng schedule and Inter-Ievel rnterpolatlon had small effect on the final 

re!JlIlts, however the constant ratio '\:Ij,\~ '-''(200,20 0,200) resulted ln significantly poorer 

1I10tion e,>tlll1atp both SUbJfctlvely and ln terms of the parametnzlng energles As before, 

the e<,tm1dte obtalned wlth the Nyqlllst-like fllter resulted ln slgnlflcantly lower energy values 

Ih,11l wlth the GJu')slan fi/tel. however subJectlvely the estlmates were qUlte slmi/ar 

Note that both dlscrete and contlnllOUS state space estlrnates are very slmi/ar at the 

full rf'solutlon level ln splte of some dlfferences at the lower resolutlon levels, espeCially 

for /; :2 when the contlnllOUS state '>pace estlmate was slgnlflcantly smoother Observe 

dlsu th(J ('valutlOn of motion field structure wlth mcreaslng resolutlon At level ,,=2 only 

CO.1rse motion 1'> cOlllputed, whlle at lev el /, ,--1 the motion boundarres are already qlJlte 

weil l'sLl!Jllshl'd At full resolutlon more detarls, Ilke the boundatles of the hand and of the 

Lw.' show Up. however there are strll slgnlflcant srnoothlng effects Irke above the hand or 

111 the occlu'ilon between the hand and the face As far as the energles are concerned the 

llmtlllllOLJS statl' space estlmate attalned lower values due to a longer annealing schedule 

As shown olt the end of Section 5 2 1 the computatlOnal gain of the hlerarchlcal approach 

over the slngle-Ievel method 15 around 30 Of course If the maxrmum dlsplacement ln the 

1 t 1 \ ' 1\ ; 1 1" Image 1'> p,>s 1J n , _ f, (1 1 /l1I/J 7. then a smaller slze state space can be used, however 

l'ven for the worst case 3-level estimation (dlsplacement of 3 25 pels) the gain rs still around 

7 The motion estlmate for test Image 3 obtalned wlth the smgle-Ievel method has been 
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Fig. 5.10 

(h) contlnUOIJS state space, 1. 0 

Hlerarchlcal dlscrete and contlnuous state space MAP estlrTlates tf:,>t 

image 3. 1\/=3. ,,"=-0, ,\,)(\,' (200.12 0,100). nelghb ,,\} Key,> 

bicubic Interp , exponentlal schedule. p. (10,20.4 0),200 (a) or 
500 (b) Iter 
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almost Identlcal to that from Fig 5 10 a [55] conflrmlng the ability of the single-Ievel 

discrete state space MAP estimation to compute also large dlsplacernents. 

Figs 5 Il, 5 12, 5 13 show the level 2, l, 0 motion estlmates obtalned from the test 

Image 4 us,ng the same parameters as for the test Image 3 The same relative insensitivity 

to the welght and annealtng schedule adjustment has been observed as for the test image 

3 

Agam both dlscrete and contmuous state space estimates are quite similar at the full 

resoll/tlOn level ln splte of sorne dlfferences at the lower resolution levels Also here the 

evolutlon of motion field structure wlth Increastng resolutlon can be observed, however the 

motion boundartes are not as weil deflned as for the test image 3 This IS due to mostly 

rotatlonal motion of the head unltke the translatlonal motion of the arm, hand and face 

ln the test Illlage 3 The contlnuous state space estlmate attalned lower energy than the 

dl<,crete state space estlmate, but as before thls IS due to a larger number of iterations 
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Fig. 5.11 

Ch.Jpter fi 

-----------------_._-

• 

... .. 

(a) discrete state space, h'=:2 

1 

.. 

.... .. "'- ... - . 

(h) continuous state space, l, 2 

Hierarchical dlscrete and contlnllOUS state space MAP estlmates test 

image 4, I\'r= 3, ,;=2, \tI Àg --: (20 0,12 0,10 0), nelghb .Al Keys 

bicublc Interp , exponentlal schedule, r· (1 0,20,40),200 (a) or 
500 (b) Iter 
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Fig. 5.12 
(b) contlnuous state space, ,. = 1 

Hlerarchical dlscrete and continuoLJs state space MAP estimates test 

image 4, 1\'1~3, ,,=1, \Ii\,,= (20 0.12 0,10 0), nelghb .\l Keys 
bicubic Interp , exponentlal schedule, T"=(l 0,20.4 0),200 (a) or 
500 (b) Iter 
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Fig. 5.13 
lIb) t t t 0 con Inuous 5 a espace, 1. 

Hlerarchlcal dlscrete and contlnuous state space MAP (stlrTlates test 
Image 4,1\',=3,1\=0, \11,\,,= (200,12 0,10 0), nelghb ,/V:l, Key,> 
blcublc IIlterp , exponentlal schedule, Tt. - (1 0,20.4 0), 200 (a) or 
500 (b) Iter 
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Apptndill S.A. PROOF OF THE THEOREM FROM SECTION 5.1 

The notation used here follows that used ln Section 5.1 Let the waveform !J be il 

transformed and shlfted copy of the waveform ./. 

ql.l') ,- .,(.r) -+0 .1(.( - do). 

where .~( ,1' J 15 an Impulse response of a Ilnear operator, *- is a linear convolution and do is 

d known dlsplacement dt) can be estlmated by mlllimlzlng the objective funetlon: 
x 

",(;,):~ 2: [f( r) -1)( r + d)]:!, 
J''''- _. :x. 

Assume that the estlmator il IS constant over the whole domaln (independent of .1'). let 

f' and If' be thf> frltered versIOns of 1 and fi 

l ' ( .r) .: li ( l') • .1 ( 1 ) 

.tI'(.I') = h(.r).t y(.l). 

where hl.r) IS .ln Impulsp response of an lSI filter Deftne a new objective function applied 

to the- ftltt>red data 
.... 
~, , ~ 2 d(d).:::: L.. [1 (.1') -.1/ (.1' + d)] . 

1 he tf'latlonshlp between ('J(/i) and c:/(;/) IS establlshed by the followlng theorem 

Theorem: If lit l' 1 15 the frequency response of the "near shlft-Invariant fllter 

11(,/ l wlth reai-vailled coeffiCients, then the Founer transforms (1)(/ ' ) and <\)'(/1) 

of "/(dl Jnd (/(t/\. respectlvely, are related throllgh the followmg equation 

1 1 .) 'l 
:;.:.('(1 1

)' (.1 - :l·I"(O)!-) -1- (j>(I/)·I"(IJ)1 • 
-" 

where (\ IS J Dirac Impulse and. \. :1 ' are constants dependent on signal f and 

operator .... 

Proof 

Let I(.r.t!) he deflned as follows' 

"(.1'. cl) ::: /(.1') - 9(.1' + d). 

Jnd let Ut •• ·. Ii) be the FOUrier transform of T'(.I'. d) with respect to .r. Then. since!l is a 

shlfted and ftltered copy of 1 (Section 5.1) it follows immediately that 

(5 A 1) 
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, 
î 

where F\ ... ,) and . ..,'( ..• .') are the Founer transforms of It 1) and .'ll), tespectlvely 

Using the LSI property of the filter !t(./') and Palseval's theorem. the objective functlOn,. 

o and 0' can be expressed as follows (note that ./ IS dlscrete) 

'-

ç'((/) =- L i' (I.dl]..! 

art' consequently 

<P(I!) = .r: LJ
7l' /~T IU( ... .,;!)I·.!/' ..... ]·/ jI/titi:, 

<1)'(11 ) = !_: [J" fïT
T 

1 Il ( ..... )I:.! 1N( ... ·.dll~t! .... ·1 ( wddd. 
(5 A 2) 

where ~ and (t>' denote the Fourier transforrns of ,', and (./ respectlvely, and l' IS a "dlspl.Hf' 

ment frequency" From (5 A 1) It can be shawn that the sqll .. IICU magnitude of U("".fl 

IS 

IH(",-·;!)I:'? :::= In .. ,:)I:'? {I -1 .~'i(( .... :) 1 .""7("'.:) ·~S/(( .. ,:)( thl .. \:(I' dldl 
(!> A 3) 

t ~·"·/( .. ·':)~'III· .. dd t/oll\. 

where Sn( .... ·) and S,( .... :) are the rt'al and ImagmJry parte, of ',., .... ') Re.Hranglllg the order 

of integration, the expressIons (5 A 2) cali be rewnttcn .1'> follow'i 

(5 A 4) 

where (((...J.1 I ) IS the Fourter transform of lue .... :. dll:! wlth respect to tI Based on (5 A ~) 

It can be !lhown that (J( ..... :. l') takes the followlng form 

t ( l' ) 

[ ..... U( ... ,.:) (( o'o .... :tll) + .~III .... ·t!IJ) t S, (....:) . ( - (11 ....... ,..:t!f) t ·.,,,, .... ,"0)1 . Il( l' (,.,.,) 

[SU(",,_:) ((o ...... :do - ,,,,,,.,.:,11)) -f .',\',1..4:)' (('(), .... ·"o ~ .,I/I ..... do)j·Ii(11 1 ....:)}. 

where b denotes a Dirac Impulse It 15 cleM that the spectrum of (.!(~. Il) 15 concentratPlJ ln 

the narrowpenctls along the ..... <lXIS (t(~.)), and a!(Jng 14':," a)(~5 (hl/I "",.) and hl Il 1 (.0,,)), 

as can be seen ln Fig 5 A 1 
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Il 

Fig. 5.A.1 2-D frequency occupancy by the ft/nct/on (/( .... ,',11 ). 

Flnally, uSlng (J( ..... '.I') ln (SA4) and performing the integr~tion wlth respect to v,,' it 

cOIn be shawn that 

. 1 { \ (1 ( l') 
'!Tr 

,V(I')I:.! ·I.'-I'nl/') (('(/,,,,,t/o + ''''III,do) -t S,l/I)' (-W,"/It/O + ,"/lIlJ(/())]- (S.A 5) 

ln -l')I:!' [,""U(I')' (('WH/tin + ...,/lIJdo) + .... 'J~/I), (co ..... 1Jrlo - ..,iIlVdo)l), 

and 

1 1 { f (1)(1') -' \ '/1(/')_.' 
:!7f 

where 

'FlII)I:!' [.""ul/')· (('m'l'do + ,~II/11do) + ,,",'{(11). (-('O.~I)"O + -"I11/n/O)] _11/(//)12_ 

IF(· l')I:.!· [,""U(I')' (('(J""dO + -"I1t/ l do) + ,,",'/(1 / ) • (m,,,,do - ,"/I/lN/O)] , I"( -1')I:l}. 
(5.A 6) 

{11' ,) ,) :.! 
:t = .1-11' IF( ...... )\" . [1 + ·..,'Îl( .. ·.') + SI ( ...... )J,/...: 

1 (11' ') :.! '2 2 
. \ = .. 11' 1 F ( .... ' li- ' [1 r S /( ("",) + S / ( ",,' ) 1 . III ( ... .' ) 1 ,/".). 

The first terms in (5 A 5) and (5 A 6) are Just DC offsets, whtle the next two terms are 

~ome spectra over frequency l' Note that the last two terms ln (5 A 6) are equal to those 

111 (5 A 5) Illultlplted by the squared magnitude of the filter frequency response. Under the 
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, .. tontlble assumption that filter co~fficients tlre real It follows th .. t 

1 1 
-/1(11 ).(-, 

:.br 
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Chapter 6 
PIECEWISE SMOOTH 

MaDEL FOR MOTION 

As was demonstrated ln Chapter 3 the homogeneously smooth model for motion over 

the complete Image 15 InsufflCient for accu rate representatlon of motion properties ln many 

1 V Image !>f'quences If such a sequence IS charactenzed by a rlgld body motion, Its motion 

field should conSI')t of patehes of simllady onented and long vectors D/scontmultles between 

thase patdH's are known .lS motion boundartes, Jnd usually correspond ta occlusion bord ers 

ln Hus (hap! el a t wo byer model COfll p rtSlng a V M RF model for motion vec tors (SI m Il Jr ta 

thc.lt presented ln Chapter 3) and a blnary MRF (BMRF) model for motion dlsconttnultles 

will be prer,ented 

ln the /lt'xt section a stochac;tlc process Illodehng motion dlscontllïultles will be def/ned, 

,IS weil as Ils sJll1pIJng structure and ItS state space Then, the MAP estlCnat/on 'tenon Will 

bl' dellved, tollowed by the desCrIption of the dlsplacement field model w/th dlsc.ontlnUitles 

,Ind of the Illle field model Itself ln the subsequent sectIons the cl posteriOrt probablhty and 

the G/ubs s,lmpler for cOl/pied VMRF-BMRF model will be descnbed The chapter Will be 

loncludf'd wlth expertmental results 

6.1 TERMINOlOGY 

To deslIlbe sudden changes ln motIon vector length and/or onentatlon 1 will use the 

concept of motion dlSCOl1tll1Ulty The true motion d/scontlnultles are deflned over contlnuous 

SpJtlo-temporal coordlnates \ x./), and are unobservable like the teue motion fields They 

Jre Just a Illeans of deswblng the motion ln an Image and can be understood as mdlcator 
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functlons (e g , bmary) for each (x.l) Let the unknown (tIlle) field of sllch d'SllJntHllIltle .. 

be denoted by 1 Let 1 be a sample fram a R~ 1 .llld let 1 be .H1V s.l/nple l)f 1ll0tl~)/1 

discontlnUitles drawn from 1 Let an estlmatt' of 1 be denoted by 1 l he RF 1 wdl bt' l.llIt'd 

a 'me proces5, ItS sample 1 will be ealled a Ilne flcld wh de Ind,v,dual d'''lOntlllllltlt'~ ftum 

1 will be named hne elements 1 assume that the "ne el(,lllents .He defll\ed OV('I ,1 Uilion 

of cosets (shlfted lattlees) [21l \V 1 - l'I,l J / 'l, where / 'l, ,lnd /'/ Mt' olthogoll,11 (Owh ot 

honzonta 1 and vertlea 1 I, ne elemen ts, resp eet Ively T hase (osets .., (' (It'flllt'd a~ tollow .. 

l, 'II \ 1 1 l', I,'t!:!, Il]' 

/ " \ 1 t [/;'{I:!. O. Il]' . 

where rh and rr have been def,ned ln Section 3 1 and slIl)erSCfll)t /' denalf''> .1 tr,ln'\ll{) tI ,1 

s.tion Consequently there are \l,. \/!, y ("/1 1) t (".'1 1 ) 'A ".', hOriLOntal and vert" ,II 

"ne elements 

It IS assumed that the random field / .e; dd.llf·d ovel the' (Ii..,( rdl' ..,t.ltt' "p,1( (' '''':, 

(0$;) "l, where agaln S; 15 the Single Itne elempnt ~t.lte "'PM!' r or thf' pllrpo .. !:' of till'> wot k 

.t .5 assumed that RF 1 15 blnary and ':', con'>I~I,> of two <,1.ltl''> 0 ,lb'>t'IlCl' of ,1 1J,1t' 

element (no mC' lùn dlscontJrlll.ty) and 1 -- d I.ne elenH'llt "turllf'd on" (I!lotloll dl'>( Olltlllll 

Ity), Possible extensions of th.s stdte "pace to 11011 bllltHy "P,l(f''> (f'?, III(C)rpOr,ltlll? tht· 

dlfeet.onal,ty of "ne elernent)) are not cons.dered III thls the,>.c;. but (<111 bl"' t(JUlld III püj 

6.2 ESTIMATION CRITERION 

The objectIve here 15 agatn to flnd the true dlsplacernent field Il( xl) wrre..,pofldHig tu 

an underlYlng tlme-varylng .mage II( x.l) on the bas.s of the observat.ons II( x ,) SIIH,.. 

the IIne field l( x. f) .s assumed ta ald ln descnblng the true mot.on field d( xl), It nlll..,t bf' 

est.mated, too 

ln arder to determ.ne the most Itkely d.splacprnent field d; ( S" .tncl "nf' f,f·ld ,; ( ...... ', 

glven the observations 1', ,(/1 + ' a pair (di. Ii 1 wh,ch satl,>flec; thf' rf:Litlon~~lIp 

'II. ) 
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must be found Applymg Bayes rule for dlscrete random variables the followlng postenor 

distribution can be obtalned (agam sample fields d" I" 1/,_,1/1+ are omltted) 

ln Chapter 3 It WdS assumed that the random field D at tlnle 1 15 statlstlcally inde-

pendent of the observation (,' at tlme f - 1 e , that the knowledge of a single Image field 

provldes no Information about the motion Consequently, slnce no IIne process r, was used, 

the probabdlty 1'( D,If ,', ) could be slmpllfled t() 1'( D,) That wa!> a coarse approximation 

ln the model, becau!>e ln sorne clrcumstanccs certain single-Image information can be used 

ln motion computation For example, It 15 unllkely to have a motion dlscontlnulty ln a 

constant Intf'nslty Image reglon, and such an occurrence should be penalized However, it 

1<, pOSSible to bve a motion discontlnlllty at a pOSitIOn wlth slgnlflcant appropnate (hon

zontal or v(Jrtlc,d) gradient, ,1nd slich occurrence should not be penallzed ln th,s chapter 

1 .. tlll a~~lIrne no dltect dependence between DI and (,', ' however 1 assume an Indirect 

dependencf' through the Ilrle process l, 

Not!' that SInCt' the probabdlty ln the denonllnator of (6 1) IS not a functlon of the 

dlsplacernent process D" It can be Ignored when mawlllZlng nD/.I.,I(,"_.(,'t+) wlth 

respect ta (d,. Id, and the MAP estlmate of the pair (dl. l, ) 15 the solutIOn to thE' followlng 

optlll1ll.ltlon problern 

111.1\ 1"( (,', t 

(d,,/, ) 

6,] MODElS 

(62) 

S,nee tht' new charJctenzatlon of the dlsplacement field affects only the a prion knowl

edge of motion. the !lame structural (Section 3 4 1) and observation (Section 342) models 

.15 before .1Pply Consequently only the models for motion and ItS dlscontlnUitles will be 

dlsclIssed 
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6.3. t Displacement field model with discontinuities 

1 n Section 3 4 3 a globa lIy (over the corn piete Illl.lge) Sllloot h dl'ipl.lcelllent flt'Id mode! 

has been proposed, and a 20 VMRF D/ has been used to model the motion fll'ld~ d, Su,1l 

a homogeneous smoothness assurnptlon, however, 1<; vlOl,Hed .lt the blHlIld.lllt'S of 1l1Oving 

obJects For example two vectors posltlonecl Jcross J motIon bOlllld.lIy are slIbJt'l tt-d 10 

the same smoothness constralnt as other vectors Ilot posltlolled .Il /0.,., such .\ 1)1)\1 Il d,II V 

Wlth tl1l5 Simple model the motion vectors ln the VICll1lty of .1 IllOtllJl1 bound,uy h('tOlllt' 

oversmoothed ln order to reduce thls efrect d blnJrv MIU fllodt-I for dl,>contll\lI,tlt-~ ,'> 

introduced Into the motion nwdel The Idea of Illodehng dl,>contlllllltle,> by J collpl(·d MW 

has been Introduced by Geman and Geman \::?6J fur Ifll,IF,C rt'<,IOI,lllun, .1 mi 'iubwquenlly 

used for boundary detectlon [27] and segmentation of 1ll0VIIlg pl.IIl,1r ,>urt.IC(", Ihl! " 
determlOlstlc version of hne field has been llsed ln optlc.ll flow COlllpllt.ltlon 1441 VI.} non 

stochastlc methods 

1 wlll model the vector field -- hne field pair (d, l,) by the vector-blflary MRf flf'ld pair 

(DI. l,) ThiS pair bemg JOlntly Markovlan 15 charactl'rlzed by thf' C,bbs d,,>tnhlltloll .1'> 

follows 

1 l '(dl l, II, ( 
1 

/, 

where (' 15 an energy functlon, and 1., j are constJnts as LJslIal Usrng the Bayes rul(' thls 

probabrllty can be factored as follows 

/'(D,II.,) l'(f/). 

whlCh corresponds to decomposltlün of th€' energy f 1 d/ l,) Into two terms l' (cI,I/,) ,Hlel 

(' (If) [26J If ( '( d,II,) and 1'(/,) are both non- neg,ltlvP ('Ilf'r~y fundlot)';, then "( »,11./) 

and 1)( /',) are Glbbslan, and D, glven r, as weil as l, by Its(·lf ;Ht' M .. rkovl,Jn 

As far as the probabdlty f}(Dt, /,1(,', ) from (62) le; concern{'d, It CJn bt> fM.tored as 

follows' 

(6 1) 

Due to the assumed dIrect mdependenCE: between 1)/ and (,', ' "f I>,! /". (,', ) 15 equal to 

1)( Dt/ Ltl and consequently IS Glbb~la ri Aiso If l' ( l, /:/ 1 l'l deflned ln 'luch a Wdy t hat 
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It equals /)( /.,). f - )-:: \'11, where \ II 15 a non-negative potentlal, It will be Glbbslan (recall 

that /)( rd 15 Glbbslan) Consequently 1/(0,. '-11(;1_) IS also Glbbslan 

Let /)( D,II.I) be deflned as folloW5 

;r(d,l/tl == _1.,-I',ddtl1tl/ 1,1 
I::'d ' 

(64) 

where /'d',1c1 hdve the !lame meaillng as before, and the condltlonal energy /1.1(cl,IId is 

deflned a!. 

/'d(d,l'tl·= L \c1(d l ·(dJ [1 --/«x,.xj>.t)], 
( .... lx/.x,}.C .. 

(6 5) 

Agam 1 Il 15 a vedor clique, whde C,I 15 a set of dll vector cliques deflned over '.1 Only 

two-element cliques will be con51dH~d here \ t! I!'. the same potentlal functlOn as before, 

and ( XI' x) , 1) ( \V, denotes a site of !lne elemE'nt located between vector sites XI and 

x.I whlch belong to '" 

lhe energy funetlon (65) can be understood as follows There exists a cost \ d(d l . ('tI) 

.l.,,,,oCl.ltt'd wlth ('ae/) vector clique 1 tI whICh Increases If a motIon field sample locally departs 

from the as<,urned d pT/O" model ThiS model 15 charactenzed by Jd and \ d If, however, 

the IlIle elellH'nt separ..ltlOg the dlspldcement vectors from clique (cl IS "turned on" (11< 

\:/. ~ l '. Il 1), there IS no cast assoclated Vith the clique ( d ln this way there IS no 

IH.'n.llty for IlltroduCing Jn abrupt change ITl length or Orientation of a dlsplaeement veetor 

The .IDtllty to zero the cost assoclated wlth vector cliques by Insertmg a hne element 

Illust Df' pt'Ildlized, however Otherwise a Ilne field wlth ail elements "on" would glve the 

zero dlsplacell1ent energy (b 5) ThiS penalty IS provlded by the !lne field model dl~scrlbed 

ln the n(')(t section 

To sp('ufy the .) pnofl dlsplacement model (and henef' the distribution) the neighbour

hood system. '"(t! 'l' cliques 1 d and the potentlal funetlon \ Il have ta be speelfled ln this 

ch.lpter the flrst order nelghbourhood system "~,l.l/) deplcted ln Fig 6 1 a, whlch consists 

ot 2-clement vector cliques (Fig 6 1 b, 6 1 c) deflned ln Section 343 15 used Note that 

evely dlsplJcement vector has 4 vector nelghbollrs and 4 Ilne nelghbours The potentlal 

functlon over (II 15 deflned as before by (3 17) 
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(a) (b) (e) 

(k,'-l) 

x • 
• x 0 x • (k-l,/) (k,/) (/(+1,1) 

. ')( . 
X • 
• (k.l+ 1) 

Fig. 6.1 First-order neighbourhood system. \'(Itl 1) for veetot field d, dehnf'd 

over \. wlth dlscontlnUltles (hne elements) l, deflned over IV,(a), .wd 
assoClated hOTlZontal (b) and vertllal (e) cliques (0 - (t'nter vector 
site, • - vector site, x - hne !>Ite) 

6.3.2 Line field model 

The "ne field model 15 based on a binary M RF /,', and 15 descnbed by the Glhbs 

probabllity dlstnbutlon 

(6 6) 

with XI and ,'i, as the usual constants l', is the line energy functlon deflOed as follows 

L \ t(/', 'it ,1/). (6 1) 
, 1 ( C, 

where q is a hne clique and CilS a set of allltne cliques deflllf'o OVf'r Il' 1 fhe 11111' potelltlJI 

functlon \, provldes a penalty assoClated wlth Introduction of J III1{, dernellt 

The nelghbourhood system for the "dual" sJmpltllg c;tructurf' 11/ / IC, shown III r,g /) Î 

Note that since the union of cosets IV 1 l 'h 1 ) 1 , IdelltlfH:C, pusltlons of hOfllont.ti .lnd 

vertical "ne elements, two nelghbourhood systems Mf' defilled (r,ge; 6:> a, 6 Î b) f v"ry 

hne element has 8 lin€' nelghbours and? vector IH."lghbolJrs -f her,. arf' two typf'c, (Jf fOllr 

elem€nt "ne cliques The cltques from Fig 6 2 c are the SoJlIlf:' d'> ue, ... d Hl (7(JI ,H1d .!IIn 

at modellng the shape of motion boundarles, wh",. thp (11(jIJl''> f'(Jm fig ()) ri fO/f lurl,· 

isolated vectors The two-element vertical cliques of hOfl/fJnt;1I IIII!' "I,:rnf'ntc, (Ilg fi ï f') 

and the hOrizontal cliques of vertical l'Ile rlernénts (Fig 6 2 f) Mt 1J'>f·d aftf~r M.trr(Jquln 

[62] Possible configurations (up to a rotation) and relatt:d (ost .. Mf' ..,hown ln fig 6] J f()r 

the four-element cltque from Fig n 2 c and ln Fig 6 3 b (fJr th,: tW(J J:!,·rn,:nt dlqu p Note 
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(*) (b) 

x x 

x • )( x )( 

X 1 X X • c,) • x "; 

x • x x x 

x x 

(d) (r) • ff) 
x • x x 

x x • x • • x • x • 
x • x x 

• 
Neighbourhood system. \j for Ilne field l, deflned over \{J ( 
nelghbourhood of hOrizontal (a) and vertical (b) Ilne elernent, and 
assoclated four-element (c),(d) and two-element (e),(f) cliques (:')
center "ne site, Y: - "ne site, • - vector site) 

that slIch potentldls encourage absence of Ilne elements (1/1---0 0), s"ghtly penahze stlalght 

"nes (\/1 04) <lnd corners (\/1 08), and more heavdy penallze ends of Ilnes (\/I=-c=12) 

as weil as tlH' Ihree-elt'ment (\ /1 1 2) and the four-element (\ l, =.::20) Intersections The 

"double edges" dnd sharp turns are dlscouraged by the hlgh penalty (\ 1:: =-3 2) assoclated 

wlth thp two element dlques The four-element cirque from Fig 6 2 d IS used only to 

t'xc/ude Isoldted vectors by JS51gning \ Il "' when ail four hne elements are "on", since 

other conhgur.ltlollS are Ineorporated ln the cllqlle from Fig 6 2 c The boundary conditions 

tor the hne ("ques are handled 111 sueh J way as If there were a frame of hne elements around 

the motion field 111 tlm way motion boundanes extelldlng beyolld the field are dlscouraged 

l"lle~s thert' I~ a strong elle from the data ta do 50 

50 fJr the IlIle model has been deflned based only on the relatlonshlp between the hne 

elemellts ,lfld Ihf' dlSplJct'fTlent vectors Note. however. that the a pf/Ofl probabdlty of the 

11Ilt> ptO(e5~ (66) 15 condltloned on the observations Il means that one should take rnto 

JCcouot tht' Illlage InformatIOn lit when computlng the hne sdmples l, If Indepelldence 

between l, Jnd (;, were clalmed, then only /)\ 1,1 =---:7( l,) (ould have beell used, and the 

motion dlscorotlnultles would have been mferred only hom the dlsplacement field d, It IS 
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(1) • • • • • • 

• • • • • • 
00 1.2 0.4 

• • • • • • 
- - - -

• • • • • • 
08 1 2 20 

(b) • • , • - -
• • • • 

- -
• • • • 
00 00 00 32 

Fig. 6,3 Costs \ Il' \ {J assoclated wlth vanous c.onflguratlons (Ill> to a rotdtlO/l) 
of the four-clement (a) and two-element (b) clique.. (. - vector 'iltt', 

- - hne element "turned on" ) 

clear, however, that there eXI')ts a relrttlonshlp between Image Intenslty .,nd motion d,<,( Oll 

tllluities ln general a 3D scene glvlng rlse to a motion dl.,contrnlllly will dl.,o (ont'Iblll/' 

to an rntenslty edge Only under speclflc lIrnlllll)t.lll({'S will a motion dl,>(onIIJllllly Ilot 

correspond to an edge of Intenslty Hence, 1 d~I)IJIllP th,tt .In Irltrudll( IIOIl of a h,lf' f'lf'IIWIII 

should cOlnclde wlth an IIltenslty edge, and 1 will use thp followlng polf'ntldl flllif lIOn ICH 

one-element clique 

for hOrizontal (1 {x,. x) 1 
for vertl, al / 1 { x, x,}. 

(68) 

where 'h ./, are hOrizontal and vertical hne elements, \-'1 '\, are hOIlZ(IIIL.l1 .lIld Vf'rtl( dl 

components of the spatial gradient at pOSitIOn (, X, X J • 'J, and (1 II) ,,(onst.ult tJe)tr· 

that the potentlal \ Il IS non-negatlve. hence J'( 1,,/;, ) from (6]) 1'> (Jlbbo,ldn "kt Iif r, J 

The above potentlal rntroduces a penalty only If d "ne (~If:rnf.:nt 1'> "()n" and thp dPIH(JIHI.tt,. 

- 159 -



Chapter 6 

gradient IS relatlvely small For example with fi =100 a vertical element at a positIon 

wlth hOrizontal gradient "V" - 50 will cause a penalty of 0 4 1 e , equlvalent to the smallest 

penalty of a non-zero Ilne element (two In-hne elements), whlle If \'11-=100 the penalty will 

drop to 0 1 

The total potentlal functlon for the Ilne field can be expressed as' 

v,:hereo \ Il and \ i,. are tabulated ln Fig 6 3, and \ Il IS glven above 

6.4 A POSTERIORI PROBABILITV 

Cornblnltlg the condltlOnal hkehhood 1)((,',+ =.tJ/+ID,=dl,I,/=Î"nL =.rJI_) from 

(313), the d,'>pl.lcelllent .1 pflOfl probabdlty I)ID, =d,II.,=i,) from (64) and the line a 

/moll prob.lbillty l'II, l,II,', ,t/,) from (66) via (6 1) the followlng Gibbs form of the 

01 postello" proba bdl ty ca n be obtal ned 

1'( D, d,. l, . 1 1 -f 'Id l '1 '1 ) (6 9) , III ,("+ ,C' 111+) =- -M(;-;:'Ti~) '~( t, l"~ ,-, '+ . 

where /' IS d new normaIJzlng constant, and the new energy functlon ( '(d" Ît,.f}I_ .. tll+) 15 

- -
1 (d" l,. tl/ ,11/ t) \" ( "C'/I t Ici" Il'_) ,1 '\d ,[ d(dil/,) t- ,\,.[ ',(111.111_). (6.10) 

rht' londltlondl energles III the above relatlonshlp art' deflned ln (3 14), (6,5) and (6 7) 

rt'spectlvt:>ly, .Ind \., 1 /( :!,T:! l. \1 1/ Jd' \, 1/ JI 

Havlng .,howll that the poster/or distribution (6 1) IS Glbbslan, It follow5 that MAP 

e~tllnatlon (an be Jchleved by means of the followlng mlnlmlzatlon 

111111 \" ("ll/"Id,.tll lt'\1 [d(~IIIÎtl+'\I·(·[{ÎtlfJL) 
Id(,I( f 

(6.11) 

Note that thf' functlOnal under rmnlnllZatlon IS agaln ln a regularized form, where \1 . 

1 d(d,l/, \ f \/ (/(/,1111 ) IS a stabillzlng funetlonal and 1/\'1 IS a regularrzatlon parameter 

1741 

The objectIve functlOn ln (6 11) IS slmdar to that used in [44J. whlch 15 derived from 

the onglll,11 formulatIon of Horn and Schunck [41] wlth addltlonal determlnlstlc motIon 
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discontinuity model 1 pursue the stochastlc approach by using two cou pied Mf\f ~ .11Hl 

the displaced pel difference ta solve the '>D correspondence problem !llste.Hi of the nwtl~lll 

constraint equatlon Aiso the hne cliques are shghtly dlHerent and tlw pendit y tOI mIro 

ducing a Ilne element IS conttnUOll5 (Illversely propoltlonal to th(' sqll.Hed magnitude ot the 

spatial Intenslty ~rad!ent) rather than blnary [44) Most Irnportantly, however, 1 will use a 

stochastlC relaxation algonthm for mll1lmlzatlon (6 11) 

6.5 GIBBS SAMPlER FOR MOTION MODEl WITH OlSCONTINUITIES 

Since by Theorem A from (26) the SGll1lllllg order 1'> IIreievant for the COIIVl'rp;r-nc(' of 

1!'(.) ta sorne steady-state distribution, the unknowns CJn be ()r~Jn\/Pd '>0 thJt 1",,\ 1 hl' 

d's are updated and then the /'s ln arder ta Implernellt the Gibbs <;,llllpler tll(' fll.HF,IIl.11 

conditlonal a posteriori probabihtles for dlsplacement vectors and for 1 Ill{' eknH'nts IlllI,>t 

be known Note that due to the Markovlan property the condition th,lt 1 ! 1 1'> f'(\lIlV,II('II! 

to jEl/d(x,), where I/d(X,)C.\-d SlIlldarly as III 5.'ctI01i 4') 3 It can be !>hown Ih.lt III(' 

condltlonal probabliity of a dlsplacement vector at location XII, (.\11 be pxpr('<;~ed Je, follow<, 

L (-{ ':;r (zld, ,1,,9, _ ,YI t) 

ZFS:. 
(6 1 Î) 

For the potentlal functlon (3 17) the local dlsplacement energy functlon f '::1 dflvlng th,· 

Gibbs sampler 15 deflned as 

(1:1 r ( zl ~II . Î / . .tJ / _ • . (I! + ) ::= \, • [11 z. X /1 r • 1 . _\ 1 ) 1 L -1 

j X)(I/oI(X"T) 

It can be also demonstrated that the condltlonal probabdlty of a hne element at location 

(Yll T ,t)EIj//IS 

!J(f>(Yll r .t) =Î(Yllr.t)I/'(Yj.t) =- ÎIYj't).j 1 liT d,.IJ, ) 

_"['T(Î(Y"r ,1)\1, d, rit ) 
f 

~ -f !,T(::i~X(,,-~)-

::ES; 
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where for the Ilne potentlal funetlon \ / the local "ne energy funetlon (';" is defined as 

L 
1 Xl x.1 

<xJ x.>;:;Y"7 

'~/' L \i(:::·fJ,_,('{) 
(', Y"TE(', 

Note that the local Il''le enf'rgy IS conditIOn al on the data and the dlsplacement field, 

ThU<i, ln order ta expect reasonable dlscontlnUlty €stlmates, the dlsplacement field must be 

known to ,>orne extent ln practlce It means that the Gibbs sampler for the dlsplacement 

ftpld .. hou Id run for a numbPr of Iterations wlth no dlscontlnulty field untt! a coarse estimate 

1'> obtalned Only then c;hould the Gibbs sampler for the Ilne elements be turned on, and 

,>ub'ieqllently Intetleaved wlth the dlsplacement Gibbs sampler 

6,S,l Gibbs sampler for the discrete slale space Sel 

ln (ltdpr to genet.lle dlc;pl.m:flH'nt field samples from the probabiltty distribution (6 12) 

tht, ".llIlt' prtHf'dllre .1<, th.lt desulbed ln Appendlx 4 C. but wlth the local energy { :1' 
dl'tlll('d 'n tllf' prf'VIOII'> sedlon, c~n be lIsed Llne elements from the probablltty distribution 

(h 1 n .Hf' O!JLlllled by c:omputlng the probabtlltles assoCiated wlth pOSSible states of a "ne 

f'lement (0 or 1), dlld generatlng a random devlate accordlng to these probabtlltles, 

(; 5,2 Gibbs sampler ror the J>nlinuous stale space Sel - /(!. 

Ac; III litt' , .l'>t' 01 ~ "contlllllOllS stJte sp.1(e Gibbs sampler for motion model wlthout 

tbrolltlllllltl(''> (S( ~1 4 1)) .1 fnst-order Taylor expansion will be applied to the dlsplaced 

pel dtflt>tI'lh t' r It wtli be demonstrated that glven the Ilne process estlmate l, the con-

dltlOO.ll prol'.lbtllly (6 l,1) (ail be approxlmated by a Gausslan dlstrtbutlon, thus allowlng 

Sllllpll' grllf'r.ltlon of a :- 0 'ft'ctor devlate Generatloll of a hne sam pie accordtng to the 

lond!tlondl prob.lbtllty (6 13) IS ObvlOllSly the same as ln the prevlous section 

Reelll the .lpprOXltll.1t,oll (417) of the local energy for the motion model wlthout 

discontilluities Taklilg Iflto account the .J posterlOrt energy (6 10) of the model wlth such 
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discontinuitles thls approximation can be expressed as follows 

r:1(d(x,.!)ldt.ll (/1 __ ,<11+ ~ ~ 

.\;, [T(~I(x/.t),x/,I . ...1t) 1 \(I(x;.1l ("I\x/.Il). \,11'("f\x/ll.X/.I.-.lnf! t 

'\~l' 2: \ (d(xj,l).d(x/.!\)·[1 1\, x/'x, .,1\] 
J X)CI/.t{",) 

(6 14) 

Given the hne proceS5 Il. thls energy 15 agam qlladr.ltlC III li .. lnd ag,lln It (;111 be !>hoWJI th.lt 

the cond/tlOnal probabdlty den51ty (6 12) 15 a blvMI.lte Gall5sl.111 Note th,lt the IOl ,II t'fll"!!.Y 

(6 14) dlffers from the energy (4 17) by tht' Il ne elemel1ts l ht· ",IIlIt' IIpd.!tt' t'qll,IIIOIl. / 

and l',. as weil as the means and the COVallJIlCe nl.ltnx ,1" tlHl'>1.' dl'I\wd 11\ St·\ tlon 4 1) ,111\\ 

Appendlx 4 0 apply, except for the deflllitions of (/ Jl1d d Il (.111 b(' ... howll th.11 LI KUI!!, 11110 

account the hne proceS5. ~I IS dehned as tht' folloWII1p, "'\l1ll of hile t'\elllt'nh ov('r 'Idl x/) 

c 
<.,/ il (6 11)) 

instead of betng the card/nallty of '/tI( XI) It can be .11<,0 pac,t!y demon,>trJt('d th,ll tilt, 

vector cl denotes the fùllowlng welghted average OVf'r I/cI( XI' 

(6 ) 6) 

Note that thls deflnltlon IS dlfferent flom (4 19) TIll'> tllOdlfled dehllitioll (JI ,1Vf'r,lf,lllp, Llh., 

tnto account the IIne elements and simply does not allow to perforr1l <,u(h opet.ittof\ .te f(l"" 

a line element If sllch an element 15 dssoclated wlth a motion b011l1d.try (It "hould 1Jf'), IIIf' 

averagtng will not take effect acros~ a motion bOlllld,HY, whl( Il ,'> ,\ (h",lI,d)\p ptopt'rty 

6.6 PIECEWISE SMOOTH MOTION MODEl OVER HIEPARCHY or= RESOLUTIONS 

Recall the Image and dlsplacrment pyramlds d(·flned ln (hdPU·r fJ • .Inrl r!'·!lflP.1 dl"((Jflllfllllty 

pyramld wlth llne elements spatlally tnterl(·av(>(J wlth approprlatr· dlspl,jC ('If\f'nt VN tr)r., (J'Ir Il 

motion dlscontlnultles may not be as w(~11 ddltll·d a<., at thp full rf'<,olutlrHl dllf' If) tll,' ftlt,'wd 

data and consequently smoother dlsplaumtnt flf..:ld f <,tllrldtf' Ol\~ (dn hfJpp, hrJWP\/f>r. tllat 

introduction of such dlSc.ontlnllltles at low resùlutlf}n Ir:Vl:ls Will Imllt '~/fJ'''''Ive srT!oothlng 
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.uos!'. movlng edges Even If not precisely posltloned, these dlsconttnUltles can be corrected 

at sub<iequent tl/gher resolutlon lel/els 

If 'r denotes the dlsplacement dlscontlnulty estlmate at level ", thf"n the following 

mlnlmllatlon problem wlth respect to the paIr {hî. Îî f can be formulated at resolution 

level " 

111"1 '\'1 1 yll/i'lltt;- ! hî·(/Î H \1 1 <llh; + hîl/.;- i- III /l+ \,,{',di+'I/ÎlfJÎ_l, (617) 
Ill; 1; 1 

Note that fIIi' denotes a base IIne fIeld and /.i' IS an Incrementa/hne fIeld Recall that the 

b.,sf' dlsplacf'rnent 15 flxed durlng the mlnlmizatlon and 15 only updated dunng inter-level 

IIIterpolatlon rh", e~,tlmate It has to be .1150 tran5ferred to subsequent resolutlon level 

/, 1 One pO'><;lb"lty would bp ta slrnply pase; the Ilne elernents from level " ta level ,,-l, 

e~peclJlly If the even pyrarnld 15 used (FIg 5 1) The nllSslng Ime elements would have to 

be sornehow IntrrpolJted from the eXlstlng ones wlth eventual ald of the data (e g , the 

rnten!>lty gr,ldlent) f or the odd pyrarntd situation IS a httle mf)fe complex slnce the position 

of a hne elelllent at levrl " cOlncldes wlth a vector pO~ltlon at level/,-l A "parent-chlldren" 

pJOpagdtloll (Ollid be perfol med, thus generatrng two 'chtldren" from each "parent" !lne 

f'1f'nwflt If ther(' 10; d 11Igh penalty assoclated wlth slich nelghbourlflg paralleillne elements. 

tIH'Y will qlllrkly dlsappear torrnlng LOntlnuOliS !:>lIlgle-element contours 

1 here 1'> ,1nothrr alternative, however Sinee at lower rf'SOllitlon levels the motion 

discontlllulty f'stlrnatt."s may be sornewhat unrellable, It Olay not be useful ta use them 

expllc/tly dt the subsequent resolutlOll level In",tead, they can be used ImpltCltly through 

the motion tlpld 1 f' . the dlscontlnultles "eneoded" Into the motion field are passed through 

1 h(' dISpIMf<lllf'nt Hlterpobt'on stage- 1 he Ilne process IS absent for a number Iterations 

dnd IS turnec! on one e J COMS€' dlsplJcerncnt e':>tlmate IS known This IS consonant wlth 

tht" ea/llt" rl'rll.nk th,lt the dlscontlllLJlty t."stllllation should be sta rted only after certain 

knowledge ot the motion field had been acqulred This approach will be used for tille 

proceS5 Interpolation ln the hlerarchlcal estImation 

6.1 EXPERIMENTAL RESUlTS 

ln thls section some expenmental results of motion estimation based on the piecewise 
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smooth model will be presented Introduction of Jnother layer III tht> motion model rt'qullt''> 

specification of the welghtlng coeffICient \{ The sdectlon of \[ 15 not tn"I.11. t'!aPt'II,IIIV 

that in thls formulation It must glùbally de5crlbe the trade ~)ft lH't'vveen tilt' dl .. pl.1I t'mt'Ilt 

and IlOe models \, deflnes a threshold between V.1l,,~tl\)n<, of VI'\ hll'> beklllgtng to tilt' ".1Il1t' 

patch of vectors and variations of vectors tJken trum ddft'rt'I\t p.lll ht'~ (.I(fO"" .1 IlH)tlllfl 

boundary) It means that \1 and " should S.ltlSly tht' h)III)Wlng IIH'qll,lllty 

\1 \". 

where \ ~t denotes the maxImum value of the dISplacl'rl1l'llt pot!'tltl.ll for two vet tor" con 

sidered to belong to the same patch and \ tI I!) the Illlnlllllllll v,llllt' of thls polt·"tl,11 for 

vectors from two dlfferent patehes (.1rr05<; J motion bUllfld,ny) \ 1· dt'Ilott'''' tllf' 11I111I1ll.II 

value of hne potentlal assoclated wlth the IIltrodwtlun of unf' 111\t' ~·lt·II1!'lIt, ,Iflt! 101 \'t'1I.11 

tles proposed 111 Fig 6 3 It IS equal to 04 for .111 III 11111' t·lptllf'1l1 lwtllllg 1111' th"".,hllid 

accordlng to thl5 rule will glve the requlff'd b,~Llnu' lH'twl't'l\ tlw Il \If' IlI'ld ',1\ tlvlly' ,IIHI 

the dlsplacernent fIeld srnoothness for a detcrflllnl<,tlc .llgotlt h,,, ~III( P .Jt thlo., pOlllt 1 h,l\Il' 

no better way of estlmatlng the value of \( 1 will lI,>e thl'> flJlf' for "tcH h.l.,tl( .llgollthlll'> ,1'> 

weil 

ln order to perform estimation of motion dl!>COllllllllltll'" ,II h,.!.,1 .111 .lpproxlIll,itf' .",IIIII.lt" 

of the motIon field must be known Hence, the 11Il€' proee" ... 1<, tLlrtled on only .dtf·1 .1 ff'W 

dozen of Iterations The number of Iterations h.!') bef'n (ho.,PIl III .III 1 ht· f·XP"!llIlf·"t., III 

su ch a way tllat the Initiai temperature for tht> "t1f' ptO(f''''' ,'> MOllnd 0 S 

ln order to save spa ce. whenever a motion field 1<; 'lpdrSP pnough j thf' IHu' f 1'·III1·nt., will 

be dlsplayed on the same graph 

6.7.1 Results for test image 1 

As already demonstra!ed ln Section 4 8 1 thE' tP'lt Irnag(' 1 UHlt.llnC, J very .,tHH1Jl, filoll(JfI 

cue ThiS IS further conflrmed here by relative Insenc,ltlvlty of tht:: algürlthrn tu th,.. dHJI( f' 

of ,\/ Since the d'splacernent vectors for the te':.t IlTldgf: l,Hf' (20,1 0). It le;. f"'l"ol\,jI;I,.. 

to assume that \ ct - 0 25'2 + 0 2Ç (two vector,> wlth hOflzonLil .Jnr.l vf'rtlcal ((Jrnprlof'ntc, 
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""".' (0 üOOO 0 00(0) l",;:, (OOoOo-o'o(irxij" -, - _., 

(a) dlspl field (b) hne field 

fit. 6.4 Dlscrete state space MAP estlmates with plecewlse smooth motion 

mode! test Image 1, \1/\" 0 05, .\, / \1 ,c:. 1 2, nelghb • \~l, billnear 
Interp , exponentlal schedule, To 1 Q, 1/,09866,400 Iter 

cllffer,nR by Jt most 025 pel) and \ d 1 0:.' t 1 O'! COllsequently \, should be chosen 

Itom the IIlINVJI (03125 \1,50 \d ln Fig 64 the dlsp1acement and Ime fields are shawn 

for the ,>,une set of parameters as used ln estimatIOn wlthout the "ne model (Fig 4 11 c), 

('x( t'pt tor J longer .lnnl>alll1g schedule of 400 Iterations Vl/lth 1/ 09866 The I, ne process 

Wol'> Introduceo Jfter 60 Iterations Aiso \, 1 2 \, 006, correspondtng to a threshold 

equlv.llent tu ,1I)()ut () 5 ppl J,fference ln veetor components, was used The "ne model was 

speClfled by the potf'nllJls dlscussed ln Section 6 3 'J, except for the potentlal \ '1 whlch 15 

l1lll1tted (II 0 U) Sillef' II1tenslty values lack spatial correlation ln ÜIIS image 

AUer 300 IteratlOlls, for wtllch /1 09866 was Intended, the result was very good, but 

the total energy WJ~ ,>tlll decllnlllg ThiS was conf,rmed by a few Isolated Ilne elements 

Another 100 Iterations brought the temperature down to 0 0046, and ta the estmute 

delllonstr,lted ln Fig 64 Due to the very strong motion eue ln the ddta, the Improvement, 

wmp.Hed to the motion field estlmate from Fig 4 11 c, IS rather mlnor a few vectors dose 
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ta the top and \eft motion boundanes have dlsappeared The me.Hl '>quMed t'ifni .Ind tilt' 

blas, however, have been reduced to zero 1 W,thm the rect.lngle the estunatt' I~ t'X.H tlv 

equal ta the true motion 1 Note that the weil deflned Ilwtlon boundMY .1long tht' lop .Hld 

left edges of the rectanglf 15 correctly estlmated by the .\lgOflthl1l 1 he otlwl two t'd):!.t·., 

correspondlng to the occlUSion border. where the 1I10tll.)1\ bOlll1d.llv 1') not weil dt'llIlt'd l , .lft' 

charactenzed by numerou~ hne elements splttting tht' nu IU'>lon It'/?,Ion .. Inlo ,>m.lll p.IIlIlt'<'. 

and th us dlsallowlng slgnlflcant contllbutloll from Vf'l tOI" loeJtt'd tlwH' to the dl'>pl.1\ (,Il!t'Ilt 

energy Note that !.Jnce the motion model dcH'S Ilot t.Jkt' th!' Dl dll'>IOIl ,llId t'XPl)'>Ult' t'lIt'll'> 

,"to 3ccount, poorer performance of the alp,urlthln III ',U( h .JIt',I., l', n()t 1/lIt'XIH·t tpd 

The results for \, 0 3125 \1 and \, 50 \01 W{'te very '>11Il11.1t to Iht, f·,>tllll,lIf' tr01l1 

Fig 64 They dlffered ln the ocdu'>lon a't',),:> only r or " 0 ~ 1.1') \,. wh" Il ,\1,>0 ft' 

qurred sllghtly longer annealrng schedule. the p,lttitlonlll~ 01 tho,>p .Iml'> W,I'> fllH'r, Whrlf' for 

\/=-5 a \\ It was coarser 

6.7.2 Results for test image 2 

Flgs 6 5 a. b show the dlsplacern('nt and IlIle fH·lds obt.\lned by th(' d,,,oetf> .. Litt' "p.lft' 

MAP estnnatlon wlth the same pararneters .lS thoc,p u,>/·d III f',>trnlJIIIIIl WltlWlI1 Ih,. 11I1f' 

model (Fig 413 c), except for the length of th" ,llIlIe,lllJIg ,>d\f'dulf' An ")(11',\(\.·1\ ,>(h,·dult· 

of 300 Iterations, 1/ 09866 as weil as \,/ 'cl 1:) Wf-re Il'>l'd .• If:d tlw 11I1f' pr\)( "',,> W.I'> 

Introduced after 60 Iterations Note that 11I1f' elt·rJ1I'IIt ... '>IJrt{jlJlld tllf' Il)(JVIII~ r"( Lill?I,· ,Itlr! 

Isol~te the motion vectors rnsloe frorn tht' ,>t.ttll)rLHy b"c kp,rcJIllld r Ill'> rl'(,ul", III .1 IlI(Jlloti 

field that IS slrghtly smoother Inslde the rectdngle. P'>P"I I,dly (Ic),>,- tu Il'> b(Jllrrddtl/·,>. Mid 

consequently the Image energy 15 dnven down by abnut 10% l'osltlf)l\lng ()f !lUIlIIIOII'> hllf' 

elements IS Incorrect, however, and thf' me,lil ,>qUMI',j prrOf 1'> 11l( rl·,l",.d «()trlpdff'll Ir) Hw 

result wlth no hne elements Flgs 6') l. d "how .ln '-"'ltIl.ll'- ,dtr'r dridill/!, th,· 1)f)t/·lItl.1I \ l, 

defmed over slngle-element cliqlles T he constant " W,j', (hrN-1l tl) IJf' 100 t() (l!"((Jlltd?,r' 

formation of !rne elements ln the drCd'> fJf unlfrjrnl mt('II<'lly ()It]l" IlIghf'f " IfIdrrf'f tly 

mcreases the overall hne energy, the ratio \JI \,j W,I'> reduff·d tu 08 8y f'f\f(Jrqn~ the 

t This motion bouncary IS not weil def,ned ~tnr_e ln the ()ul'J~"Jn a!p.l~ (If) the fllI;ht and tr, Ih~ t,fJ\tfJm 

of the rectangle) the motion Itself IS not weil deflned 
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Chapter 6 

(b) 

J 

(d) .\J1\l :=0.8, 0=10.0 

Fig. 6.S DI5crete state space MAP estlmates wlth piecewise smooth motion 
modl'I test Image 2, \1/ \,..:.. 20 0, nelghb . \ J Keys blcubic Interp • 
exponentlal schedule. Tu:::l 0, l, -::09866.300 Iter 
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gradient penalty, the mean squared error was dllven belùw th.1t tr~)1ll r\~. 4 13 (, (''''Pt'll.llIy 

for the hOrizontal component, and also the ImagE energy w.\s redlllfd Dy .lbout 1~oo '11I~ 

result is exactly what was expected from the pleceWlse slllooth dlspl.h __ t'Iot'nt IlhHIt'1 Il' 

reduce the Image energy wlthout sacrlflclng motion silloothlll'''''' 

Slmdar results for the contlnllOllS state sp.)({> MAI) e ... tllll.lthHI Wllhollt ,lIld wlth tilt' 

Ime model are shown ln Fig 66 The same pJr.1lllptt'r~ ,15 ,llh)Ve .lit' u ... t>d, t'XI t'pt hH tht' 

anneallng schedule As ln the estimation frolll hg 4 14 d, Til ~ 0,,, 0 qq44 ,lIld )(lOO 

Iterations are app!led, and the "ne process 15 Introdllced ,dtt'r 400 111'r,ltlOn.. Ag.IIIl tht' 

mean squared error IS lncreased (comp,Hed ta the rt'slilt Ir'JIll Iig 4 14 d) If 110 gl.Hlll'llt 

penalty IS Introduc~d, but It IS reduced shghtly aftf'r Illtlodll< flOll ut .. II( h ,1 pen,llty Nuit, 

that some hne elements are rlllssing from tlH' rp( t.lnglp bOlllld,lIY 1111 ... t'flt,( 1 1 ... (.lII',I.d 

by a small Intenslty gradient ln sOllle p.lIt., of thf' H'c Llngll' {1l1l!Ollr III blllh {,I .. '· ... Iht' 

Image energy IS reduced by over 20~o, how('vpr tllf-' 1l11"pl'}1 (.<1 dllcl dl .,1I,I(lf'd (h ... untlllllity 

boundarres ln Fig 66 b cause substdntlal IIlOf'.!<,e trI thf' hile f'1lt'Ij',Y 

Fig 6 7 shows the contlnuous 5tate sp.lcr MAi> f',>tlrlldÏt' wlth tlll' PIP( ('WI'>" ... lIIoot" 

motion model over a fllerarchy of resolutlons ThF' '),llIH' p.!ldllldl·r,> h,}v!' bt'I'II uwd " .. lOI 

the estlmate from Fig 57 Since the dlC,pl.ltPtllf'llt ,., I.Hgl'r (1" h",It) tilt' I,ltlo \JI \, 

has been Increased to 18 The hile prou',>" 1'> tllllll·t! on ,If"'r (I(JO, l',O,.JOO) 111'1.1111)11'>, 

dt respective resolutlOn levels. to rnalntJln ~lInddr IlIltl,.1 t"Il'lH'r,dIHf' "t 1',11 Il Ir·VI·1 ~'fI( f' 

to generate the Image pyramld low-pas') fdtf'rtllg Il.1'> IWI'fI .lpplll'd th,. III1,tg!''> for 1. /,1 

contaln murh less spatial information T ",king th,<) IIlln .1(( (JIJIlI thp IOIlSt.lllt /1 III ({Jill 

putatlon of the slngle-element clique pf'll.1lty ha,> fJf'('n f(·d'ICf'd dt '>ldJ""qllf'ilt n'''{JI"tIOIl 

levels as follows (100.3 0,1 0) l tnlltet! ddJlJc,lnH'llt of thf-'>p v,dlJpe, (hd Ilot 1IIIlIrr d,.,,,., 

trous effects Note that the d,,>( nntlllltlty f'~llrn,ttf''''' ,II Ir vl·l .... /, / .!lld ), rh'"pl!f' 1.,1 k (Jf 

preCISion, stdll,m,t the splead ut 5rlloolh,j(~S'> a(r l )""" 111f: rf'ltdngl .. I·dg!· rh!' p"II",11II111 

posltlonlng of Irne elements 15 1I1Iproved dt th,· full rr;,>()lllt,IJll l'·VI·I wh"rf', f'/fl'pl tf)r (JIl/' 

area, It IS exact ThiS ImpreCISIon IS due to th". trnagr- brf',jkltp III tltf' I"ft trJp f(Jrn' r (Jf thf' 

rectangle, dlready dlscussed ln Section') 5 2 Obsf·rve d drdlT}dtlc drop ln th,· mp.nl ')qUdff·d 

error compared to the correspondlng hlerarcfwal f:<,tllrldtf: n'JI u'>lng th(· IInf' prr)(f'')') frlJIII 

Fig 5 7 The estlmate from FIg 6 7 C le; very clOt,f: to th", truf' fIIr)tll)n, dic,o V!',Uillly Th,,) 
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(b) ,\d'\1=1.2. n=O.O 

r-

(d) ,\iI \1 =0 8, 0=10.0 

Fig. 6.6 Contlnuous state space MAP estimates with piecewise smooth motion 
model test Image 2, '.,j,\y-= 200, nelghb .\:\, Keys blcublc interp., 
exponentlal schedule. Tll :.::-5 0, (/=09944, 1000 Iter 
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1'> furthermûre conhrmed by a 50% reductlon of the Image energy, agaln compared to the 

rec;ult from rlg 5 7 

61.3 Resulls for test images 3 and 4 

E XCf'pt ff)r thf' LdlneJf IIltflrpolatlon. the same parameters as used ln the prevlous section 

h<lv!' bN'fl dpplled ta the test Images 3 and 4 Fig 6 8 shows the dlsplacement and hne 

fteld" obtallied through the dlscrete state space MAP estimation wlth the gradient penalty 

Observ{' the weilldentified motion boundanes of the movlng palm of the hand, of the face 

and of parts of the Mm lJrge fragment~ of motion boundanes are mlsslllg. probably due to 

m"iliffIUf'nt wtf'Il\lty grddlellt there, however rnotlon boltndarles cOlnCldlOg wlth substantlal 

Iflt/'Il\lty grddlf'ntc; Jrp f'dsdy deted/'d A., ln the case of test Image 2, the Image energy IS 

It'dllled hy ,!I)üut l)oé lompared ta the result wlthollt the IlOe model (Fig 416 a) but the 

dl"pl.J({'fIIf·llt flflld IS at least as smooth as ln Fig 4 16 J 

r Ig b () c;hows the (ontmuolls 'itate spJce MAP estlll1ate wlth the same parameters 

1 h(' contour,> fo!med L,y hne elern('nts Jre even more 511100th ln thl5 case Note the weil 

I<ftolltdlt·d burder" uf the Illovlng hand, face and artn The Image el1ergy 15 also substantlally 

!edu(l'd whd(· Ih/' lJlotlon field rt'lllcllllS snlOoth ln sorne other expenments 1 have also 

,q>plwd th,· MAI' estllll,ltlon wlthout the gradient penalty ln both CJ'ies (dlserete and 

(ontll1lJou,» tllf' motion boundanes were IllISpl.lced and ill-positioned The dlserete state 

., l' ,1 C{' t'stlln,lte performed only shghtly poorer ln terms of the energles (compared to the 

e"tlfll,ltt> wllh the gradient penalty), but the contlnllOLJS state space result produced mLJch 

Inwt'r Illldg(' energy .lt J cost of boosted line energy Over,lIl, It performed slgndlcantly 

pUlll!'! thdll Ill(' ('.,tlln,lte \'VIth the ~radlent p('nalty C onsequently, only the model wlth 

1>.)1('1111.11 \ /, will Ill' u<,ed 

fa dt'lllonstrJte the ImpJet of I,ne proeess on the srnoothness of motion field ln the test 

11ll,I~e 3, Fig 6 10 ~hows Windows of 60 by 30 veetors taken from the central parts of motion 

fields presented 111 Fig 4 16 b and Fig 6 9 a The two estllllJtes dlffer only by the motion 

mode\' whtlt> oth~r Dar ameters are Identlcal Note the sharp tranSitions between the palm 

of the hand ,1nd the background or the face ln Fig 6 10 b ThiS tranSition is responslble for 
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(h) Ilne field 

Discrete state space MAP e~tlmates wlth plf'ceWI~e srnooth motion 
model test Image 3, \1(\',:::" 200, ,\iI"., () 8, Il 10 O. nelghb _\'.\, 
billnear Înterp , exponentlal schedule, Tf) 1 0, fi 09866, 100 Îter 
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(a) displacement field 

o o 

o 

_______________________________ ..J 

(b) Ilne fIeld 

Contlllllolis state space MAP estlmates wlth plecewise smooth motion 
model test Image 3, \II \!I c= 200, .\tI\r= 08,0=100, neighb 

.\j. Key!> blClIblc IIlterp , expollential schedllle, To=5 0,1/=0.9944, 
1000 iter 
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(a) globally smooth model (b) pleCeWIS€ !.fHooth llIodpl 

Fig. 6.10 Central parts of contlnllOliS state space MAr e5tlln<lt{'~ Wilhout .1IId 
wlth p,ecewl<;e 5mooth motion model from Flgs 4 16 b .Inn 64 .l, 

respectlvely (no spatial subsampllllg of ver tore, 1'> applled) 

more precise motion portrayal .Incl slgndlc.:lnt rt:'clu(tlon of Irll •. gl' (,/H'rgy wlthout .1ff(·ctlfl~ 

smoothness of the motion fteld wtthln movlng obJec.t!": 

One may expect that due to the introduction of a two byer motion mode! tlw ,>rnootlltllj?, 

can be Irtcreased substantlally without effects across motion bOllndarlf's I\n l·x.Jln~)I<, of 

dtscrete state space MAP estlmnte wlth the ratio -'cd \,' 1000 for test un,lge 1. cOllhlllllll)!, 

thls observation, Cdn bE' fOllnd III [57J 

Figs 6 11, 6 12 show the contlnuOllS state space MAP (StIIllJtI'S wlth the plf·((·Wt.,,. 

smooth motion model over J hlerarchy of resQlutlons The .-,ame p.H<ltllf'ter5 h.lv(' bpf'n \l',f'cI 

as for the estlmJtes from Figs 5 8 b, 59 b. 5 10 b 511lce the dle,placement le, <,(Hlll'wh.tt 

larger due to the temporal distance between Im.lges /"1 47{,(" tfv~ ratio ,'JI \1 h.l', bf'l'lI 

IIlcreased from 08 to 10 The !tne process 15 turned 011 dfter (100,11)0)00) Itl'r,ltl(Hl'> tu 

mamtaln slmtlar InItiai temperature at each level Note that the dl')cüntlnlJlty ,·"tlm"l/·') Jt 

levels h ==2 and 1 are not very preCise, however they Ilmlt th,· '>pr(·"d of SrT\(Jotltnf'<,e, rH rI)"''' 

the hand and face contours The preCISion ln pO<;ltlonlng of Itne (·lernf'nt'l 15 rrnproVf·d dt 

the full resolutlon level when the contours of the hand, far e and part,> of th" arrn are qUltF' 

weil establlshed The Impact of the two-Iayer motIon model le:, further (.onfmllf;d by th,! f<lf:.t 
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that the motion field is as smooth as the one wlthout the discontlllllltics model, but tilt' 

image energy 15 reduced by over 25% 

The same model and estimation parameters have bcell ,1pplled to tht> test IIll.lgt' 4 

and shawn ln Figs 6 13, 6 14, however as expected It f.ltled ta proeillet> .1<; good r(''>tilt<; ,15 

ln the case of other test Images The reasons afe twofold FIr~tly, tlw piecewise '>lI1ooth 

motion model will work weil only wlth Images where 1ll0VIIlg ahJf'ct~ gl'lH'ratt' weil dt'fllwd 

motion boundaries ln the ca!>e of test Image 4, howevpr, the 1I10tion 15 pllfllarrly rot.ltIOIl.ll, 

thus it does not contaln well-deflned motion boundallc!> Sccondly, ;1'> .llrt'ady rt'IHlItpd, tilt' 

illumination effects are not negllglble becJuse of the h.1H sh.1clow<; on the torelle,H! 111(, 

Image energy was reiuced slgnlflcantly, but numerous bne elernents are not p051tloncd Oll 

real motion boundanes 
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Fig. 6.12 

(h./ptt" Il 

(a) dlsplacemcnt field, /, 0 

(h) hne field, " - 0 

Hlerarchlcal contlnuous state space MAP estlmates wlth picceWISC 
smooth motion model test Image 3, 1\', 3, /, 0, \,/),,/ 200, 
)..dÀcl= 10,0=--=10 0, nelghb X,I, Key., blCllblc Interp, exponentlal 

schedule, T(J~--=(1 0,20.4 0), fi -09944, 500 Iter at each level 
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(b) dlspl + Ilne, h =1 

Fig. 6.13 Hlerarchical contlnuous state space MAP estlmates with piecewise 
srnooth 1110t1On model test Image 4, /\',=3, ,,=2,1, \tI'\!I= 200, 

\11\1' 10. n:.:cclO O. nelghb .\]. Keys blcubic mterp , exponentlal 
schedule, Tl) : (1 0,2 0.4 0), 1'=09944, 500 Iter at each level. 
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(a) dlsplacernent field, /. - 0 

L-

~-r-v~~ ~~ 

~~) ~ 

~~~ 
(b) Ilne field, /. ° 

Fig. 6.14 Hlerarchical contmuous state space MAP estlrnates wlth plcceWI<;e 
smooth motion model test Image 4, /\',- 3, /, 0, \1 nll 200, 
>"d\l= 1 0,0=100, nelghb .\'J, Keys blcublc Intrrp, exponentl.J1 

schedule, To=(l 0,20,4 0), 11- 09944, 500 Iter at each levf~1 
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Chapter 7 
COlOUR CUE IN 

MOTIION ESTIMATION 

The algorlthms presented 50 far have used only the Image IUn1HlanCe to compute motion 

fields There eXlst, however, other cues wlllch may be helpful III recovering 2-D motion 

For f'xilmpk, Wohn rt al [90] proposed il multlconstralnt method \l1corporatlng luminance 

a,> wf'1I as dlrcctlonal denvatlves of that IUflllnance to compute ml tian They have also 

sugge<;t('d U.,"lg colollr Information (R-G-B Signai) for motion reCO\i\'ry, however failed t0 

glve rlny (h'Llils or show experimentJI results Mltlche et al [66] propo~ed a multlconstralnt 

Illcthod whllh combines th", luminance wlth l11ultlspectrdl functlons (e g , R-G-B Signai) or 

wlth the output 01 spatl:11 opera tors applled to the luminance (1' g , co.,trast, entropy) to 

cornputt:-> optl('11 flow, but JI50 dld not provlde eXilmples for colour Imagts 

ln thls (hapt<'r 1 will dI5CU~" the extension of MAP estimation to IIlciude the colour cue 

Sonll' reslIlh of application of thls method to Imilges III Y-CI-C2 format will be presented 

7.1 INCORPORATING COLOUR INTO THE A POSTERIORI PROBABILITY 

Up to tlllS pOint the II1lJges whlch 1 have used for computation of motion contalned 

IUl11ln.1nct' only Scenes cJptlJred by a camera, however, are colorful and wlth a sUitable 

Imaglng sy.,te!11 thcse colours can be reglstered tao Dependlllg on the type of system, 

f\-G-B (red, grt'cn, bille cOlllponcnts) or Y-CI-C) (IUrlllnilnCe and two chromlnance com

ponents) for m,Il can be ll~ed to represent colour finages The R-G-B format contalns three 

b,lSIC colours wllich are sarnpled wlth the same rate, whde Y-CI-C2 contalns chromlnance 

COlllpollt'nts Cl. C2 subsarnpled hOrlzontally by 2 compared to the luminance Y Conse-

- 181 -



-------------------------------

quently the Y-CI-C2 format reqlllres 2/3 ~f the storage necessary for the R-G R h)/lll.lt 

but at a cost of reduced chromlnance resolutlon 

Does colour, apart from the pleaslng elrect, IHovlde .1ny lIsdul per(eptu,llllllorlll.ltlon ? 

Th,!> question has been tackled ln many ways, hert' howl'vt'r 1 .1111 Illtl'r('~tnlln th,,, qllt"ltlllllill 

the context of motion perception A simple eXpelll1lCnt \VIth ~Wltl hlll?, oH the (hrUIllIIl,lI11l' 

on a colour monitor will show how mueh InfollllJtlon 1'1 I()~t trom ,lIl 11ll'1I."C For t'x.1Illpll', 

certain contours and edges may dlsappear Slllee the '1ame Illtell'>lty C.11l h,lv{' ddft'rl'Ilt hUt'" 

Also texture may look more pronounced III ealour th.lll III bl.1I k .lnd white Wlth thl" 

extra Information from the colour cue one rnay hope for pO'>~lblc IIllprovement<. III Illotlon 

computatIOn by applylng an algorrthm to ail thrce cornpollPnt'1 

To generallze the subsequent dellv.1tlon denote the thrpp COlllpOIlPIlt<. of .ln IIll.l!?,!' by 

(II, fJ'2 and 1/:\ Recall the a poster/orl probabrllty (3 1) !rOIll Ch.q)tl'r ~11lf' Irkl'I,hood 

/)( (,', + =.I1t t 1 D, -- d, (;, - 11/ ) expresses the IUllllndllU! 1ll.ltdllllR ht'twf't'Il two l/ll.lgl'''' 

captured at Instants 1 and 1 t Assurnlng that eolnur<, Illove co!J('rPlltly wllh IUtlllfldll( l', tll!' 

same matchlilg should apply to both ehrollllll.!IICl'S 1 pt (; denote" ~~ [) V('t tor rdllllulIl fldd, 

and let g be a sample field from (; def,ned over tlH' l.lttl( t' \" IIH'Il, g (,1111)1' 1I11c!('r"to()d 

as a sample Image Wlth three components (a 3-D vretor) at l',lcl! .,p,tIIO lelllpor.d p<J',Itloll 

follows 

J)(D, = d,IG,_ ::..:: g,_.G,~ = g,+) -

/)(G,+ -=: g,+ID, = <1,.(;, - g, ) /)(1), (7 1) 
--~-- -- -- ----

Note that now the Ilkehhood /)( G, f- g, f ID, - d, (;, g,) exprpc,se<, the prob,tbd 

Ity of obtalnlng the three-eomponent signai [III- 'l'.!. 'l,d, + frorn dl'>placernpllt dl xII) dnd 

1.(11, .(}'2. Il.d, _ Def,ne the 3- D dlsplaced pel d,fference vcctrJr r- de, follows 

If the same hne of reasonlng as for the lumlnance-only DPD model C~ 4 2) 1') applt,~d, then 
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(hapter 7 

for the true motion field d ~he components of rare Gausslan RVs deflned as follows 

rJ(dlx, 1).x,.I . .J/) 7"(I)(X, + (1 () -- .JI) dlx,.I).I+)

Il,(X, -.JI d(x,.I).I_) 

:..-II)(X,./j. J = I.:!.:L all/. 

The /1 J (x,. 1 J's have been assumed Independent for each 1 glven ) It also seems reasonable 

to assume that they are tndependent for dlfferent l 's, for example Il 1 (x/./) Independent 

of /I.I( x, 1) for any' Let ,7; be the variance of Gausslan nOise ") for component !I) 

(onsequently the IlkeldlOod /)1 (;, t g, t ID, d,. G,_ == g,_ ) can be expressed as the 

followlng prouuct of Gausslan distributions 

where the energy ('g IS deflned as follows 

:I~ l "!~ 
(g(g'tld,.g,_)::: 2.:: .~-~ 2.Jr,(d(x/.I) x,.I·.Jl)f· 

F= 1 _rr) ,:_ 1 
(7 3) 

H.lvlng deflned the IlkeldlOod (7 2). the JOint a poster/on probabdlty can now be wntten ln 

the GI bbs for III 

where / 15 .1g.lIn a cOIl~tJnt Jnd the energy ( 15 deflned as follows 

.1 \/" 
- \ ~ \" 

L-.. 1 ~Jr,(d(x,. 1). x,.I . .J/)f + \. '['(l(d,) 
) - 1 

.\ Id :\ 

, 1 
(74) 

, ..... ,~ ,'. . L ,~ 

L __ ~ ,\", [r,(d(x/./).x,.I . .JIl] + \ •. [ d(dd. 
'cc 1 J - 1 

The dlsplacernent energy ( d wa5 deflned ln (3 18). wh de the constants '\(1) are equal to 

1 !:!'T; The dlfferellCe between the above energy functlon Jnd the one denved ln SectIOn 3 5 

15 that here three compollellts c. f the Image Jre n1atched slrnultaneously tnstead of one The 

welghts between those three component5 are agaltl Inver5ely proportlOna! to the variances 

of OPO rWlse rnodels for IndlVlduJI cornponents 
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The condltlOnal (marginai) probabdlty dnvlng the Clbbs 5,lrllpler (,ln be 1l0W lOllllllltt'd 

from the total energy (74) It has the saille form ,15 defll1cd by ('xpres~lOn (4 L'). <'''tt'pt 

that the sample field 'IlS replaced by the vector 5,11llple field g 

. . 
.{ :;'ld(x". Illd.g, g't 1 

~~ (-1 :;'(.::Id g, )!;, t ) 

Zf-"S:I 

. (' gl . '1, 

The local energy functlon 1 :,' 15 dlfferent. however, Slflce Il II1corpor,lh's matdlln~ wlth 

respect to three-components 

:\ 

L \"1 '[r)(z xlI,.I . ..J/)f 1 \, L \ (z.d(x/./)) (1 b) 
1 l , X J ( 'l,!! XII, 1 

Consequently the dlfference between the Gibbs 5,lmpll'1 Illlplf'tnellted for tht' ,l!love luet! 

energy functlOn and the one descnbeclln SPc!IOll 4 7 31'> III Ih,' [)l'!) (Olllpllt.1I1011 111 .. 1('.1(1 

of one DPD appllecl only to the IUIllIIl,lllce COlllpOllt'lll. tlH'II' .111' DI'[),), OlllplllPd fur l'd! h 

component of the Image e g, y, Cl and C2, zlilCl dppropn,ltl'Iy wI'lghted 

Note that the use of three ImJge Cotnpol1l'nt'i II1"t(',HI of ulle will Ilot "Hel 1 IIIf' two 

layer motion modellncorporatlng OI5contltlllltll''l. ex(ppt for th" pOlf'lltl.tI \ Il (Cl H) d,.flllf'd 

over one-clement Ilne cliques Thl5 potcntlal rellcs on thf' "(jIIM/'d tll,lgllltlld{· (Jf dpprOptl.tlf· 

mtenslty gradient to penallze occllrrence of Ilne f>lf'nif'lll'> Wlth.1 thr/'f' (Ompoll/llt Inldp,f' 

It seems natural to welght the squared ITIJgnltll(ks uf gr"dll'Ilh (,ht.llllI'd from IlIdIVldu . .! 

components as follows 
.\ 

L IJ} (\'.'1" )'.! (1 1) 
) 1 

where~. denotes appropnate component of the gradient from (68), and IJ) le, a w"lghtlng 

coeffiCient The squared gr,lClient componcnt <omput(·d abov(' can be IIs('(j HI tl\l' orlf' 

element clique potentlal to perforrn e5tllTiation from d"ta III th(· Y (I·() formolt 

7.2 EXPERIMENTAL RESUlTS 

ln thls section some expenmental results of MAP motion estimation from colour se· 

quences ln Y-CI-C2 format will be presented The algonthm will not be dpplled to the t~st 
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Chapter 1 

Image 1, Sln( e <)5 wa,> demonstrated ln Chapter 4 thls Image contalns a very strong motion 

tue, and the resultlng estlmates had been already close ta the true motion. Aiso the test 

Image 4 will be omltted 

7.2.1 Results for test image 2 

Fig 7 1 compares motion estlmat'ès obtalned from the test Image 2 via the MAP erl

terlon (dlsode '>Îclte "pace Gibbs sampler) based on IlIrl1lnance rnatchlng only (a,b)t, and 

b<lsed on Y (1-[2 matchlng (c,d) Bath e5tll1lates have been obtamed for the nelgh

bourhood .\~l. Keys blClJblC Interpolation and exponentlal annbdlng <;r:hedule startlng at 

Til 1 0 wlth Il 0 <)80 over 700 Iterations The estll1late from Fig 7 1 a has been obtalned 

for '.JI \,' :)0 O. while the estlrnate from Fig 7 1 ( wa':> computed for \JI,\,,; ---- 6667, 

1,7, ~ ln olllf'r warde; III bath C;15('S the sflloothlng welght wa':.::O 0, Jnd It was unlformly 

dl,>tnbuled dlllon?, the thrf'e cornponents ln estimation wlth colour Flgs 7 1 b, d show the 

vertor I,del., of ddft'rpnce betwcpn the synthetlc dlsplacernent field <!- from Fig 4 13 a, and 

tltt' motion fll'Id.., !rom Fige; 7 l a. c. respectlvely Note th.1t the estlrnate obtalned w/th the 

colour (IH' 1" '>l11ooth('r than th(' one wlthout the colour, wh,ch IS conf,rmed by the lower 

M~( dl,>pldyt'd bplow tllf' held Jnd .1150 by fewer erroneOU5 vectors ln the central rectangle 

of tht' ddferl'ne l' field 

,1\1.,0 tht' motion fllodellilcorparating d,scont,nultles has been tested on Image 2 Fig 72 

.,how., the Y ( 1 C-' l'stlrllate of motion field and of motion dlscontlnultles field obtalned wlth 

the S,IIlH' p,lt,lI11etf'r~ ,15 for the resulte., from Fig 7 1, plus equally welghted (l'r-O 333, VI) 

'>qu,lIcd Ill.lgrlllllde., of gr,ldlt'nts of the component signais used ln the potentlal (6 8) Note 

,\ slgndlLlnt IltIprOVCIlH'llt ovpr th(' no-colour estlmate from Fig 7 1 a ln terms of motion 

tlt'Id Sllwotlrfle..,., III tht' (clltr.!1 rectangle Tilis estlmate IS also slgnlflcantly Improved over 

tht' Orll' Ir,)111 fig / 1 C III the VICllllty of recL1ngie bord ers where the vectors are very unlform 

on the 1rl<;ldt' ,lnd Chs,lppeM 011 the olltslde (tlllS effect 15 sOlllewhat less pronounced around 

the IIgh! rdg(' OCclll~IOIl) Flnally. comparee! ta the alre,ldy very good result from Fig 65 

(no colour. wlth hne process). the estlmate fram Fig 7215 supenor ln terrns of veetor field 

t 1 hl.' rt'sult ln fig 1 1 J IS rl.'pealed from rlg 4 13 c 
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Ch,lptt'l 7 

Fig. 7.1 

dlff from d,~ 

Luminance and Y-C1-C2 dlscrete ~tate space MAP ec,tlmates tf'o:,t 
image 2, \II'\'I--=-20 0 (a,b) and \11'\'1) 6667 (c,d) for J 1,2.3, 

(c) Y-CI-C2 (d) 

nelghb ,\'(~, Keys blCUblc Interp , exponentlal ~(hed ,T(/ 1 0, 
(J =0 980, 200 Iter 
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(a) dlspl field 

Chapter 7 

(h) Ilne field 

Fig 7.2 Y-CI-C2 dlscrete state space MAP estimate wlth pleceWlse smooth 
motion model test Image 2, \tI'\"J 0:6667 and /1)=0333 for 

/ 1,2,3, \tI\1 -08, Il::.-10 0, nelghb .\:1, Keys blcublc mterp , 
exponentlal sched , TI) -la, Il: a 9866,300 Iter 

'>rnoothness wlthln the rectangle, and dlso ln terms of the mean squared error This estimate 

1'1 very close to the true motion field presented ln Fig 4 13 a The artllacts are mostly due 

the 0((11I'>lon areas whert' motion IS llndeflned The fldeltty of the estlmate 15 conflrmed by 

'>Igndlcdntly rt'dUCt'd Illcan squarecl error wlth respect to the estnnates from Flgs 7 1 a, c 

1 he IIIlP ftl'Id frolll Fig 7 2 b, whlch Ideally 5hould be a rectangle, IS st"l ImpreCise, however 

Il cle.lIly (Olltnbllted to the reductlon of MSE Note that the parameters used ln estimation 

w('re not optlllllZf'd 1 e , the Sdme set of values as for the result wlth no colour (Fig. 7 1 a) 

h.l'> bl'l'Il uc,(>d. ,lIlcl only the llildorm contribution of Indlvldual components has been added 

1.2.2 Resulls for lest image 3 

Fig 7 3 show~ nlotlon e5tll11.1tes obtamed from test Image 3 uSlng only luminance 

(.1)1, .1nel three components (b) The same parameters as ln the prevlous section have 

t AgJIf1 the result ln fig 1 3 J IS repeJted from fig 4 16 a 
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(b) Y-CI-C2 

Luminance and Y-C1-C2 dlscrete state space MAr f~<,tllTlatIOti tl!st 
image 3, \I1,\y=20 0 (a) and '\d/)..!I) 6667 (b) for J 1),3, nelghb 

.\'ri, bilinear mterp , exponentlal scheel Tf) 1 0, 1/ 0 980, 200 Iter 
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(a) dlspl field 

, 
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-------'~ 

-- - - -- -- -- --------------------------' 
(b) Ime field 

Y-Cl-C2 dlscrete state space MAP estlmate wlth pleceWlse smooth 
motion mode! test Image 3. \tI\/) =6 667 and 1,)=0333 for 

,-1,2,3, \JI \1 --0 8, 1\=10 O. nelghb • \J bllinear mterp , 
exponentlal sched , T ll =l 0, Il: 09866, 300 Iter 
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(h.lptt'I / 

been used, extept for the biline::H Interpolation Note th.lt although bath t'sllln.lte,> .Hl' 

similar at the flrst glance, a closer inspection will reve,ll th,ll the f'stlrn.ltt' from Fig 7 3 h 1" 

slightly smoother Numerous Isolated vectors flom the IU1l1I1l,11lCe only e"tllll,lte (f If, 7 J ,1), 

d.ffering slgnlflcantly from thelr nelghbours, have bl't'Il ,llrgned wlth tho<,t' 11l'lghbolilS III tht' 

three-component estltnate ln splte of the SJllle smoothlng welght u~('d ri"" <;Illoothlle"" 1 ... 

conflrmed by the dlsplacement energy tor the tl1lee cornpont'Ilt t" .. tllll,ltIlHl wilich 1<, ,lboul 

a half of the energy for lumlnance-only estimation 

To make the tests more complete, the two-Iayer model wlth l'.,tllll,llIOIl trom Y Cil .l 

data has been also applled to the test illlage 3 The rl'sult 15 IJlP'>l'llted III fig l 4 Wltl! t hl' 

same set of parameters as those used for Fig 7 3 plus ulldorlll contribution of the thll'(' 

components to the Image energy (\t1'\'11 c 6667, VI) ,wc! to tilt' <'CJu,Ht'd 1l1,lgnlllld(' of Iht' 

gradient (1'1=0 333, ail;) The ImprovenH.'llt IS Ilot JS '>Ignlfll,lnt.l<' for Ihf' h·,>t 1I1l.1P,(· 'J, 

however a closer Inspection Will dernonstrate t hJt the e"t IIllJle 1<; <,mooth('r thall t IH' Ollt' 

fram Fig 7 3 a and simllar to Fig 7 3 bAba cornp,lIt'd to the r(''>1I1t frolll ~ Ig (> 8 IIH' 

motion boundanes are better deflned and le55 ch:lOtlc, bllt therl' dl{' f('WN of tltt'Ill 
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1 

DETERMINISTIC APPROXIMATIONS 
Chapter 8 

TO STOCHASTIC MAP ESTIMATION 

Stochastlc methods based on the MAP and MEC estimation criteria (Chapters 3, 4) 

flnd the global optima of the appropnate cost flJnctlons provlded that certain conditions are 

c;atlsflcd Dllf' to these conditions the methodc; are charactenzed by slgnlflcant computa

tlOnal efforl, (''>peu,llly tll(' dlsode state space Gibbs sampler whlch requlres computation 

of the complete local londltlOIl.11 probJbillty distribution ln thls chapter 1 will Investlgate 

dplerrrllrll<,tl\ opllrnlzJtlon l1H'thods to JpprOXlnlilte the dlscrete and contlnuous state space 

MAP estll11,ltIOIl 

III the next .,('('tlon the maXlnlllm marglnill condltlonal a postel/ort probabliity estlma-

tlon will he IIlve~tlgJted, illld the rcsults of Ils Jppllcatlon ta the test Images will be shown 

ln thp fullowlng s('ctlon the (:;,lt1SS- N':wton optlmlZJtlon method wdl be IIsed ta minlmlze 

thp M!\P ('.,11111,1110n (ntNlùll It will be shawn thilt tilis apprOXllllatlon IS J nlOdlfled version 

of tltt' ,1lgorlthlll propmcd by Horn and Schullck [41J AI~o il determlillstic approximatIOn 

to the Stochil~tlL nwthod Illcorporatlng motion dlscolltlnultles will be dlscussed The re

<;lIlt~ prOdtll ed hy t hese methods will be compared wlth the ones obtalned via stochastlc 

optllllllatlOI1 

8.1 MAXIMUM MARGINAL CONDlTlONAl A POSTERIORI PROBABllITY (MMCAP) 
ESTIMATION 

8.1.1 Aigorilhm description 

Recall th,1t the Gibbs s:Hllpler descnbed ln Section 42.3 generates dlscrete devlates 

from the 111.1 rglll a 1 conclltlonal d postenofl probabdlty distribution deflned in (4 12) Those 
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deviates are used to gUide the chain towards the st,lit' of the glob,ll OptllllUIn 1 hl' 10',11 

probability distribution de~cnbes the likeldlOod Of.l .,tdte ,1t Clltlt'Ilt IH)"ltIOIl, p,IVPIl tht' "LItt'" 

at neighbollrlng positions and the d,lta Due ta r,llldoll1nl'~" (,ldll.llly p"t'lIdn I.IIUh)IllIl\"''') 

Involved ln thls algonthm, the states obt,wlt'd do not h.lve tn lllfrC"pl)IH! Il) tht' 1l1,1\lrlllllll 

probabillty Moreover, sometlmes they can even corrp"lwlld tl) ,1 Vt ry Il)W Ilkt'ldll'lld 1111" I!-> 

the very pnnclple of stochastlc rt'laxatlOn But Whdt wOlild h,IPP('fl .t the r.lI1dUIlHlt'''.., Wt'!t' 

ellmlnated, and for example ollly the s1.lt('<; corre.,pollllillg to tht' lll,l"'llllllll 01 tht' 1ll,lIglrl,tI 

condltlOnal probabillty (4 12) were reLlllled ï ln thls W,IY the prou'.,., would rOllVt'lgt' Il11H h 

faster tllan ln slrTlUlated annealmg, howev{'r It wOlild not plllvI(k (Ill g('I\('r,lI) tilt' glob.11 

optimum ln the sense of the MAP clltenon 

The approach descrrllf.·d above has been orrgln<llly sllp,gc.,ted by !1p..,,,g Il 11 ,llld tt'lllIl'd 

by him fterated condlt/Ofla/ modes (ICM) He argued th,ll <,lllce Il 1" dlfll< Illt to llI,lXltlll/(' 

the JOint a pcsterlùrl probablilty over the eomplet(' lield, ,IIHI ',Ifll (' "olnl'lltlU'" Il 1<, nul 

profitable to do 50 (7), the random field (e g, dl<;pI.Hl'fllPlIl) ..,I]OlIld IH' dlvltl(,cI Il1to d 

minimal number of diSJOint sets slleh th,lt dny two rdlldulll Vdlldbi("> fwm .1 glV('1! ~l'I drf' 

condltionally IIldependent glven the states of the oll1("f ',('1'. Il 11lt' flf'ld l'. ddlllf'cI uv!'r .t 

laUlce (e g , ,\,j) thase set., beCOtlH' (05e15 [:>11 5111(( tllf'V Mf' frt'qlll'Illly dl,>lllIglIl'.llI'd 

by asslgnl'g a dlfferent colollr to each of them, S()rnC'tllllf'~ tllf' n,II1)(' (odmM (()/()II/~ l', 

used Fig 81 shows two cosets (colours) neeesc,ary to proVlrIf' thl' IIlCkpf'lldf'llf(' I()r tllf' 

}!J nelghbourhood system Besag also reconlmends 10 LIS!' d MdXIIIIlJm 1 Ikf'ldlOOd (Mt) 

estlmate as an initiai state for the ICM estlrnatlon 

SlIlce the random variables wlthln one colour (HP cCJI!C!itIOIl.llly IIlc!r'pI'lIdeflt )!,IVr'lI olllf'f 

colours, they can be optlnllZed IncJlvldually 1 e , the fol/owllig Illlrllllli/dtlr)l] pr{JIJlf'rn 1.111 t)f' 

solved 

)l1ilX 1)( D(xl.l) 
d(x,.t) 

d(x"/)IJ)rx J 1) d (x JI). J 1 1 (,', If' (,' , 
, t IfI 1 ) 

(8 1) 
Ij 1 ( one calollr 

MaxlmlzlIlg ail probabdltles for every (alour results ln a cOMplete IU~ratlon If D, 1<; modo 

eled by a M RF wlth nelghbourhood system. \J the conrlltlonal probabdlty ln (8 1) (an 
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Fig. 8.1 Independent cosets (colours) , and 0 for rectangular lattlee Aù and 

ne.ghbourhood system .\':\ random variables associated "".th any two 
s.tes from the 'lame coset are cond.t.onally tnnependf'nt glven the state 
of the elements of the other caset 

be replacf'd by the marglndl condltlonal a postenon probabillty (4 12)t EqUivalently, mm

Imlzatlon of the local energy { /1 (4 13), wlllCh IS a non-quadratlc functlon of dlsplacement 

vectors (via DPD~), (Jn be perforrned Sinec the state spa ce for the dlsplacement vectors 

1'> dlscrete, t'Ither an exhaustive search or one of the efficient search techniques descnbed ln 

Section') 3 3 l IllU~t be applled Standard optlmlzatlon methods Itke Newton or conJugate 

gtddlenb art' Ilot ~lfltable, sinee thcy provlde contlnuous Instead of dlscrete solutions If the 

dl'>plaeed IH'I ddff'rell«(> a'l.l functloll of dlsplJcement vector d(x"/) possesses more than 

one 1ll11l1l11Ufll, the t.l~t sl'Jrch procedures rnay Ilot be able to locate the smallest one, and 

lonsequcntly will not provldc a MMe AP estlmate Hence, 1 will use the exhaustive search 

proœdure 1 e , the local ellergy { il will be computed for each possible vector from S:l' and 

the vector wlllLh mlnlnllles thls energy will be consldered the estlmate 

ln tlw 1.1IlgU,lg(' of statlstlcal mech,lnlc5 the above proce5S IS equlvalent to quenching 

cr IIlc,L1nLlllfOllS freezlIlg. III whlch the ternperature 15 reduced to a minimum extremely 

r,iPldly fhl'> pruces~ sollddles a maten,ll very qlllckly, howfver there remaln va nous artlfacts 

"frozen" Illto the solld and ItS state 15 far fram the energy global minimum 

One should expect th.lt the algorlthm will converge ln few IteratIons, and that the 

rrsult Will st.ly uilchanged from then on, rather than 05clliate Ilke for the MAP or MEC 

'hls resliits ln M.1xlmum Marginai Condltlonal A Postef/of/ Probabrllty (MMCAP) estimation 
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8.1.2 Experimental results 

Fig 82 shows the MMCAP estlmates of motion 111 the test Image, 1 ,1Ild.) 1 ht' 

estlmate from Fig 8 2 a was cbtatned for \11 \" 0 05. IIrst-order nt'Ighbourhlh)d ... y ... tt'Ill 

.\'<1 and bdmear interpolation The .llgo/Ithrn. belilg ,111 t'Xh.lll~tIVt' '>t'.Hth. nt'('dt'd lHdy 7 

Iterations to converge Note that the estll1l.lte 1') very do"p ln th(' IOIlt''>IH)nd,llg dl'>llt'tt' 

state space MAP estlmilte TI1I5 rail be expl.lllled by the 1.1, t tiLt! tht'rl' 1" Vt'ry lit lit' 

interaction between nerghbourrng veeto/s, henre the e~tlrn.ltl()n 1<; b.l'ot·d prrm.udy on pt'I 

matchlng ln the Irmltlllg case, when \1/ \,' 00, the JOlllt prob.lhdily 1 '( 1 ),1 '1/ • '1/ t ) III 

MAP estimation can be expressed as a product of Illargllloli Ilkeldll)()d., .1., III ( ~ 1 ~), will( h 

can be maxrmlzed ,ndlv,dually COllsequently both th(> MAr) .Incl tlH' MM( AI> (",tllll,1I101l 

mlnlmlze the same objective funetlol1, <lne! the ollly dl!t('r('l1( (' ,,, tl!.lt MAP (H,tllll.IIIOIl do!'" 

It randomly If the motion eue IS strong" <;lllldar [1" 'lIte, rn,IV hl' l'Xpt'( ll'd lor \dl \,' ! 

Othis IS not the case, but srllce for the value 0 OS tilt' Illtpr.ldlOll ht,twt'('rl dl'>pl.lif'Il\f'llt 

estlmates IS small, the MMCAP f'stlillilte still rp~(,l1lbl{'s tltt' MAfJ ""IIIlLtl" qllltl' w!·11 11lf' 

meiln squared error for the MM CAP ~Stltl1<ltE', howl'vcr, 1'> <;Igllrfl( .1lllly hlgh('f th.\11 1111' ('lIor 

for the correspondrng MAP estllllJte (Fig 4 Il r) 

The use of hlgher-order spatial d.lta Interpolation (e g , b,( li 1)1( ) Iwl fll.trglll.t1 (,Hf'( t on 

the MMCAP estimation, as expected, sinec thf' truc motion [lOII1!'> lu tllf' e,p.lfl.dlol .. troll'> 

at '+ wh,ch belong to \'/ Also the second-order Ilf'lgldèOlrrhood ,>y,>tf'IlI.\-;·; dlc! llo1 1111 PrcJVf' 

the results slgnlflcantly, since due to the strong (leit" (Uf' lite lllotlOIl 1l10c!f,1 pl.tyr., .t rlllll()! 

raie The slmllarlty of the MMCAP and MAP estllllatf''> sUI',g"s!<, tlr.!1 the übJI'( IIVI' IIIII( tr()11 

for the test Image 1 IS close to a unlnlodJI on(' Allotlll'r w.ly 01 lo()klilg dl Il l', II) nul(' 

that the data consist of "gray value cornE'rs" f~verywhf'rf', Ilf'wP .l/f' l'd''y t() m,II ( Ir 

Fig 82 b shows the MMCAP estlmate of rllutlOIl Ir(!llI th" tl'St IIJld/'," :;> I(Jr Ih(· Sdml' 

set of pa rameter!:; as used for the rl'sult frorn Fig " 1'~ c (1f',lIlv IIIf' 1f'<'ldt bdc., 11111(, IfI 

common wlth the true motion field, dnd also 1':> vpry far fr(!I1l Hw grJ(jd (·r.,tlm,-ltftS pr(jvlr!"d 

by the MAP and MEC estimation, what IS conllrtncd by th(~ IlIgh rnpan <,qIJ,lrH! ('mJr 1111'-. 

shows that unless the data provldes a very strong motion ClJf~ th(> MM( Ar) ('strrlldtIIJn moly 

provlde very false solutions As explalned before, MMCAf' (·',tllllatl(jn lS JII<..t a <"lrllplrfl(<ltlrJII 
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(a) test Image l, \JI'\I{=O 05 

\hl (J<lIlR-tf9llo<ïfl';,,, -(1773308938) 

(c) test Image 1 t nOise, \tI'\II-= 
1000 
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Chapter 8 

.\1 ..... /;·=(09408.01599). /'((,,=(08100.03467) 

(b) test image 2, \JI /\1/=20.0 
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\/8L'=(13877.0 2166). /'((1'=(11025.04436) 

(d) test Image 2 + noise, \lf,\y= 
1200 

Fig. 8.2 MMCAP estlrll.ltes test Images 1 and 2. nelghbourhood .\'J, bdinear 
(,1.C) and Keys blcublc (b,d) Interp 
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of MAP estimation, and does not attempt to maXlmlze the JOint a postenon probabillty 

but only loccll marginai condltlonal probabdltles Concludlng, a global rather than a local 

estimation cnterlon should be used for motion computation 

Even paorer performance of j he MM CAP estimatIOn can be observed ln the presence 

of nOise, as shown ln Flgs 8 2 c, d The estlmates for both test Images do not resemble the 

truc motion at .111, and dl,>u are very far from the MAP and MEC estlmates for the same data 

and pardrneters The mean squared error 15 ,1150 much hlgher than for the correspondlng 

estlrnates from th{' nOl5eles5 odta 

Fig,> 8 3 a, b show the MMCAP estimation results for the test Images 3 and 4 The 

.tlgonthm converged ln 18 and 30 Iterations, respectlvel" The results are poorer than for 

the stocha"tlc relaxation, ec,peCially for the test Image 3 Note that the algoflthm faded to 

compute (orrectly the motion of the forearm and of the Mm, except for the dlsplacement 

vectors along the pclge of the slmt sleeve Aiso the vectors on the neck and parts of the 

Llce suggcc,t thJt th('rf' 1'> no motion, whlch IS Incorrect The result for the test Image 4 15 

'iOmewhdt IlPtlf'r. however .1150 there patches of very short or absent vectors do flot reflect 

the true motion ln the Image 

ln ;111 the rf'c,ldts pre<;ented above the zero dlsplacenlf'nt field has been used as "n Initiai 

.,t.lte 111 othf'r expcnrnrnt,> ML estlmates (\tI \/, -00) have been cornputed and used as 

,1 ~t.lItll1g pOlllt for MMCAP estlfnatlon (as suggestecl by Besag) The ML estlillates were 

charactf'rJ7t·d by subsLHltlal randomness 111 vector lengths and orientations, whlch can be 

rxplalllE'o by the lack of a prlor model The fillai MMCAP estlmate~ were Infenor to the 

e.,tlmates presented above (wlth zero Initiai state) both subJectlvely and ln terms of MSE 

(onclu(l!ng, the quahty of motion estlmates obtalned wlth the MMCAP estimation 

dt'pends on the data, howcver even for moderately dlfflcult Images It IS clearly Inferior to 

the MAP ('~tllTlatlon Implemented via stochastlc relaxation 

8.2 GAUSS-NEWTON MINIMIZATION OF THE MAP CRITERION 

8.2.1 Aigorithm description 

Description of the contllluoUS state space apprOXimatIOn will be dlvided into three 
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subsections. The flrst one will descnbe the basIc algonthm, the second will bnefly (h"cll~" 

the hierarchlcal extension, while the tlllrd one will Jugment the IHeVIOIJS two by Illrlll(hll~ 

dlscontmultles ln the motion model 

8.2.1.1 Basic algorithm 

Recall the mlnltllization probler.1 (3 21) resultlng from the MAf' t'stIl1l.1tlon, .11ld It'Wlltt' 

It expliCltly ln terms of the dlsplaced pel dlHerences and potentl.11 fUIH tlon~ 

\/d 

1l1ill2::[\,.[T(d(x,./l.x,.I . .J/l]:! t \1 
dl ,= 1 

L \ (d(x,.Il.d(x,./))! 
1 XJ ( 'I.dx,) 

Note that due to symmetry of cliques \ (d(x,./l.d(x j ./)) e<lIl;1I.., \ (d(xj.l).d(x,.Il) 

Consequently, \1 should be redllced by the size of dlqlle Il dl, wl'lt il fOI Ill'Igilbollrhood 

system .\~IIS equal to 2 The functlol: IInder 1l111lllllllJtlOll 1'> Ilot qllddl,lIl( III Il'1 Ill'> of thp 

dlsplacement field estlmate d" hence a general optlllll/.JtIOIl plon·dllll· mu.,t 1)1' I/I.,,'c! 1 wrll 

approach the problem similarly as 111 the case of the COJltlnuou,> ... 1.11(' "'p.Hf' (.Ibb' ..... lIl1pl('1 

(Section 4 5) wh,ch 15 l'qulvalent to applylng G"lI<,c,-Nf>WtOIl 1l11l1l1l1l1'.lt10Il 

Assume that an approxlmate estllllatp ('l, of the dl,;pl.j({'IIH'llt ftf·lcI 1'> kn()wlI. dllcl Ih.11 

the Image Intenslty IS locally slowly varylng U<,lllg the flt.,t (lIcier krrll'> of t hl' I.'ylol 

expansion lineame the dlsplaced pel d,ffelellce .1'> 111 (4 1')) wlth t 111' ",pdll,tI gr"dlf'lIl (Jf 

,. deflned ln (4 16) USlI1g tl1l5 I,neamatlon of 7' and .. 1<'0 the· dl,flllltlOIi (Jf tlJ(' poll'Illidi 

functlon (3 17), the mlnlmlzatlon problem above Gin be apprnxltrldtt-d by th(' fullowllig 

form 

\f .. 

1l1111 :L['\Y'[T(('l(x,./J.X,.I . .J/) j (dlx,./) dix, IJ) \7d7~d(x, IJ.x, 1 .\fJI:!j 
dl ,:::1 

Since the functlon under mlnln1lzatloll IS now quadratlc wlth re'>pert to d" m:·(f·';<,.Hy (011-

dltlons for optlmality can be establ,shed by dlfferentlatlflg till,) fllnr::tl()f1 wlth /f,{,Pf'(t te) 

;1(x,./l for each 1- 1, ,\Id The resultlng (:quatlon<; havr.' th(~ frJlk)Wllig fmm 

~ .• \ '1 '\ /1 ri ('1 ( x, . 1 ). x,. f .J 1) [ ri :1' x, 1) x, f _\1 J ,Ici ( x, 1) cl ( x , 1)) 

Vd"cl(x,.I) x,.1 .Jlil+.! \1 (, [d(x,l) dlx,l)' (J ./, 
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where agaln d, defmed ln (4 19), denotes the average vector computed over neighbourhood 

'/d (x, j, and ~/ 1'/d(X,ii 15 the SIZt:' of thls nelghbourhood Solvlng the above vector 

equatlon, and assulnlng as before (Section 4 5) that (', :- (1 at every Iteration, the estimation 

proce<,s can be desCribed by the Iterative update 

d" 1 1 f X/ 1) d"( x/.I) (8 2) 

wlth ., and l'/ deflned Hl (418), and 5upersCript 1/ denotlng the Iteration number To re

semble the Gibbs sampler as close as possible, the Gauss-Seidel relaxdtlOn (site replacement 

procedure) will be used ln (82) rather than the Jacobi relaxation 

Note thdt thls Iterative equatlon le; exactly the SJme as equatlon (4 20) for the flrst

order IlPlghbolJrhood system .\~I i and for ni 0 ln slich a casc there 15 no uncertalnty 

Involved ln the estimation procer,s, and slmilarly as ln the case of tflf' MMCAP estimation 

(d/serete state ~pd(e) the above algol/thm IS an example of quenchlng 1 e, IIlstantaneous 

reduc.tlon of ternper,lture T to zero Consequently, tlllS rapld temperature reduetlon may 

Ilot allow the '>ystelll to attaln the globalllllnimum of the energy funetlon 

Clearly, th{· detcltlllrll::,t'c approximation to the contlnuous state spdee MAP estimation 

15 a sp.IIIO tt'llIpcHdl grdchent technlqlle wh'ch can be vlewed as a modlfled version of the 

Horn and Schullck algol/thm descllbed ln Sectloll 234 There are dlfFerences, however 

1 tlle nlOdlfled algor/thm (8 ~) allows cornput.1tlon of dlsplaeement vectors 

for dlbltrary \.1 (arbltrary spatlo-temporal positions (x.I)) LJnllke the 

ol/glnal Horn ,lnd Schunck algonthm ln whlch \<1 -- \'1 !-[O 5,05,0 5JI', 

2 the scalar 1 15 equal ta .] dlsplaced pel dlfferencc ln the modlflecl version 

rather thJn ta a motion constr,11l1t equdtlon, both evalu.1tecl for J(x,./), 

consequently, no temporal dellvatlve IS needed, 

3 the sP,ltl,d Intens,ty denvJtlve<, are computed from a sepdrable polynomial 

IIltenslty modelill both Images and apploprlately welghted (4 16), Instead 

of tl1(l flnlte differcilce approximation over a cube as proposed ln [41] 

The abrllty to estlmate motion for arbltrMy \<1 IS crucial for motlon-eompensated inter

polatloll of sequences The original Horn-Schunck algor/thm would requlre 3-D IIlterpolation 

of motion fields to obLlln estllllJtes at arbltrary position (x. 1) 

Rec.lll th.lt for the Illst order ne,ghbourhood system :;, equals 4 and:, and Il, are deflned ln (421) 
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The use of the dlsplaced pel dlfference r Instead of the motion cùn!>tr,llnt t'qu,II Il)!) III 

E, is Important because It allows Intenslty pattern trJcklllp, thus perllllttlllg mott' .ll(Ut.ltt' 

mtenslty denvatlve computation, and also excilldes tH'(P"'olty ln lOtIlplltl' Iht, 1t'lIlJltll.11 

denvatlve (actually, "IS an approximation tn thr dllt'clll)l),ll dt'tIV.lIIVl') 1111' Pilldy lt'IllPllldl 

denvatlve llsed ln the Horn-Schunck algortthrn I~ ,1 [Pll.lbll' IlIC.I'.UIt' (lf lt'rnpol,11 IlIlt'Il'olly 

change due to motion only If <,mall dl~pl.1u:ll1ellh ,lit' ,lppllt'd t\l Illll',lIly V,Hylllg IIllt'Il'olly 

pattern If the dlsplacement~ ar(' not snl,111 or If the IIlIl'Il'>lly p,'ltt'lll l'. LlI frl)1ll Itlll',lIlly, 

slgnlflcant errorc; result, for examp!e an overestlmallon ,11 1l10VIJlg l'd~('" of IlIgh (\llllr.,,,1 fi. 

replacement of the motion constramt equatlon ln 1 by a dl"pl.)ced pel ddl('rt'IH t' h.l" Ilt't'I\ 

proposed by Nagel [69]. however he dld not provlde ,1 Ju~ldlC.llllll1 fur '>lI( li tlloddll.llllllI 

He suggested computlng l' dS an average frolll /,',> of Iht' Ilt'lghbolJtlllg Vt'( 101'0, whllf' hf'lt, 

It 15 evaillated olt d(x/.1) 

The spatial denvatlve computatIOn from .Ill Illtl'Il~lty 111l)(kl dppll(·d .rI tlll' f'nd" of Vt'( \tH 

d(x ,./) IS more g,=neral than that proposed by Horn ,IIH\ S(hllllck Not\', l!ow\'vl'r, th.lt 

it IS Important to have a (,I-colltlnuous mode! ,l" ~tre,><;('d III <)t'( tlon 46 III pdrll l \lI.lI, 

for blltnear Interpolation, \1 \, 1 If) 5,0 5,0 c>]' alld dr x, 1) 0 tiH' tlllll(' <ldll'rf'lI( f' 

apprOXimation over a cube as proposer! III [41j r(,'lult<, 

8.2.1.2 Hierarchical algorithm 

Recall the hierarchlcal contlnt/ous state ~pace MAP e~tllilation frulll Sf'(tloll ,) ') 7 

USln€, the same notion of the base dlsplacernent ileld h, and ('llInlll.ltmg tllf' randolll v,III"blf' 

ni' the followlng determlnlstlc relaxatIOn can he perforrrlf'd 

1 )', ( x,I ) 

: / '\' '1 (1 /, 1/ ( 1 /, ( \ ) -- "1 r ( 1 1 X 1 f) , ) ", 1) X / 1 " 1 
l', 1 

As before, the base dlsplacement field h, 15 constdnt olt gl'J':Jl rp"(JIIIIIUf] /I·vI·I, dncl (Jllly 

the incrementaI field h, 15 modlfled The base dl"pldCf~rn(~nt 1" up(btul only thr()II/?,1t th<· 

Interpolation stage between two nelghbollrlng 1f",(JIIJtl(;n l"vl·l" ()tf!"r ((JrnpfJll(·IIt>. of th" 

hlerarchlcal approach, hke fdtenng or Inttr-lr:Vf:lmtr:rp(;LltICJn, Jrf' th,. ,),Hllf' d'> th()',I> uv·rI 

ln the stochastlc approach (Cha pter 5) 
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This algorlthm IS related ta the hlerarchlcal methods proposed by Glazer [31J and 

Enkelmann [22] Both of them use d more sophlstlcated multdevel control algortthm, wilde 

here sim ply a non-recurSlve, top-bottom procedure 15 used Aiso the pyramld structure for 

the data IS dlfferent as weil as the Interpolation scherne u~ed for computation of Intensltles at 

non Integer positions Aiso Enkelmanr" followlng Nagel's ortented smoothness constr3lnt, 

uses vartablf: "pace ~rnoothlng Both formulations, however, are based on the Horn-Schunck 

approdch ,llld are smldar to the one proposed here Also the Iterative updates are qUite 

dltke 

8.2.1 3 Aigorithm incorporating motion discontinuities 

f<ecdll the Iter,dlve equJtlon (420) for the contlnuous state space MAP estimation. 

Wlth the dl'flllltlOIl'> of ~, and li glven ln (6 15) and (616), respectively, It IS also the 

IIp(Lltt' ('qU,ltIOIl lor the model wlth motion discontllllllties Agûlr after dlsregardlng the 

r,Hlc/om tprrll n, that lIpdate eqllatlon becomes the eqllJtlon (8 2) The only dlfference 15 

th,lt ~, and d .He cornpllted throllgh (6 15) and (6 16), IOstead of (418) and (4 19) 

1111'> dl'lerrnlnlstlc apprOXlrllJtlon 15 related to the algortthm proposed ln [441 and based 

un the Ilorll S( hllillk approach wlth JddltlOIl of detf'rmlnlstlc motion dlsconttnuitles The 

Ill,ljor d,fferclH (,S,He III the lI'iP of the dl5plaeed pel dlfference here Instead of the motion 

(Onc,tr,llnt t'qll,ltIOn.1'> III [44]. ,lnd ln the cholee of Illle potentlals ln partlcular, the potentlal 

\ l, for Single ('I('ment cliques 1<; b.IlJry (0 or '- ) ln [44]. wh de It varies contlnuollsly accordlng 

to thf' 10cII Illtellslty gr.1cl!ent here Otherwise the rnethods are Identlcal 

J hl' ('xtenslon of thls determlillstic a";->roxlnlatloll to a hlerarchy of resolutlons 15 

,>tr,lIghtlnrw,nd ,ltter dellnlng ,1pprOpriate pyrarnlds as dlscussed ln SectIOn 66 

8 2 2 Experimental rcsults 

ln tlm ,>ectlOll sorne expenmental results of application of the determinlstic approxima

tion to the COlltlllUOIiS state space MA P estimation wdl be presented The test Image 1 

wdl not be lIst'd sinee It consists of uncorrelated pels, and as su ch results ln uncorrelated 

Illtenslty gr,Hhellts Since every spatlo-ternporal gradient method relies on a close relation-
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ship between the spatial and temporal gradients, sucn J method 15 not expected to work 

weil in the case of the test image 1 

8.2.2.1 Basic algorithm 

ln Fig 84 a the resllit of the onglnal Horn-Schunck method, ex,lctly Illlplt.'lllcnted .1S 

suggested ln thelr paper, applled to the test Image 2 IS shown tor the 1.ltlO \11 \,' 20 0 

after 50 Iterations Rf'call that for thls rnethod \d 

compare thls result wlth other methods, Fig 84 b shows the dcterlllllllsllL applOXlIllatloll 

to the contll1110US state spa ce MAP e5tllnatlon as descnbed above, whdp rlg 84 c IH{'~t'llt<; 

the continllous state space MAP estlmate Itsclf III both C.lse,> \11 \" ~)O 0, Key,> bl< Il hl< 

interpolation and \1 = ,\" +[05,0 5,Cl 511't hélve been usee! rhe detprtlll:ll,>tH tJll'lhod h.l.., 

used 50 Iterations, whde ln the stochastlc tl)ethod Til ~) 0, /1 () C)1)44 over 1000 Ilt'I.IIIO/l'> 

have been applleci Note that the Horn-Schutlck algorlthtll produ«',> Ihp wor..,1 rf',>,dt, !Joth 

slIbJectlvely and ln terms of the MSE The motion tetld" to bl' uv('rt',>llIll,!tl'd .lt ~trotlg !'<lge,> 

(due to the purely temporal gradient), whde It IS ulldl'rf',>tllll.l!l'd III ulltforlll .l1t'.I'> IIH' 

determlnlstlc apprOXimation has produced a slgnlflc..llltly lower MSI , dllcl dl.,o '>(11»)('( tlvt'Iy 

the estlmate IS more lInlforrn Except for the vIsible tll.lngle uf IIIHI('le'ltIIll.ltf'd dl,>pI.ICf> 

ments, the motion has been qUlte weil computed Supetlorlty of the "tO( h.l,>ll( .lppro.l< h 15 

clear from Fig 84 C The MSE IS the IOWP'lt of th!' tllrc(' ('''11111.111''), .lllel ,Jlc,o "ubjl'rtlv(,ly 

this estlmate is closest to the true motion The Iflidge et1('rgy, .1'> defltll·d III C~ 14), (.lllilot 

be used as a parameter ln the case of the Horn-SclIlIllf k .IpprO,-j( Il Ill'Cdll"" till', ;!Ig(jrtthrn 

does Ilot mlnlmlze It ThiS energy IS sllghtly Iligher for the ctorhd,>tlC re')ult frotll fig H 4 ( 

compared to the deterrnlnlstlc apprOXlnl.ltlOfl Iram Fig [) 4 b It (an Iw rl·dll( I·d, hOwl'vl-r, 

below the value produced by the determlnlstlc algorlthrn by flirtlH'r IHlllrtlon of Ill!' t/'III 

perature to 0 0001+ Thl~ I<::::.lllt IS very slgnlflcant, 'llorl' 1l()1 (Jnly tflf'flrdlc.dly, but 011':.0 

ln practlce, It may be profitable to slowly attaln low U·lllpeldturr . ., rdther than 10 1)I~rf()rrn 

Instantaneous freellng ln other words, u'>lng J ,>toch.lstIC Icla/allo" rdtlH'r thdll d dl.ter-

---------
t This results ln .Jt=O ') '/:, 

t Note that addltlonal Ite'atlons ln the determlnlstlc algorlthm WIll not drive the Image energy rjfJwn 
after a statlonary pOint had been attalned, whtle the stocha~tlc method has anfJther degre.: of frl!edrHr' 
via the temperature and unless It IS already zero, further energy reduo:tlfJn 15 possible' 
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ministlc one does provlde sorne gain, espeClally that III case of ,1 contllluOliS SLllt' .,P,h t' 

the computatlOnal overhead IS not very large (Section 4 S) 1\1 .. 0 ,lllothf'r very IllqHlrt.lllt 

observation ean be made After thls extra temper,lture It'dll, IIl1l1 hClI Il t'Ilt'rg't'" ( .. Ill( h,I .. II, 

and determlnlsllc algonthms) ,11(' slIndar, howf'vf'r slIbJl'LtIV/'lv Iht' V('( lM flt'Id., ,11(' qllltt' 

dlfferent ThiS suggests that the objective fUllctlon (J .10) 1" Illllltlllwd,II, ,lllcl hl! tht, ",II1H' 

value of thls funetlon qu!te dlfferent solt/tlons C,lll be Obt,ll1H'd 

Observe that the deterllllfllstic t'stlln,ltf' ,1<; weil ,)<; 1 Ill' r t''> li Il provldcd by 1 lit' Ilor Il 

Schunck algonthrn have no vectors ln thf' klCkgrolilld, wlllic 1111' ,>tU( 1t,1,>11( p .. t"",,lt' h.l'> 

numerous small and dlfferently orlel1ted vcctors The,>!' vpctor,> Ill.ly bt' 1l1lH Il "'Il.dlt'I Ih.lIl 

the actual arrow Sile SIlice only the zero length Vl'ctor,> .lIt otl1ltted willk .III nI h('1 0111''> 

have Identlcal slze arrows Most of the klckgrouild vPclnt'> III thl' ,>tO( !J,I',llf ",>11111.11(' will 

eventually dlsappear wlth further reductlon of tht' telllpt'r,llllrf' lu lt'IO 

Fig 84 d shows the determlnlstll e~tllnat(' obt,lIIH'd fr011l tht, IHJI<.,y lf'<.,1 1111.1/;/' :> for 

'\<1 = \fl and \11 \, 120 0 after 200 Iteration,> ('ol1lpdrl,d ln t 1](· l orr(,,,pOl1dlfl~ ,,!l)( h""tlt 

estlmate (Fig 420 b), the determlnl<,tll re<,lIlt 1'> qllltp good '>lIb,t'( IIVt'ly It<., 1\11'.111 '>qu.lll'd 

error IS much hlgher for the hOllzontal cornpollPflt, whl( Il 1<., vl"lbl/, III the (!'III!.d p,lrl of 

the rectangle ln some other expenrnent" It ha" bl'l'll C onflrnH'd 1 h.11 1 h(> df'lf>rllIlfll<,ll( 

algonthrn performc; qlJlte weil for hlgh ratios \tI '\'1 1 e , for '>I/!,Il Ifi ( .1111 '>llIoothlllg Ac, 1.11 

as the energles are concerned, the conlmuolls .,tate sp,lce MM) ('"llIn.dt· fr011l Iig '1 ïO b 

has a hlgher energy than ItS cletermlillstic approxltndtlofl Howt'vl'r, ,dlt'r <"Iowly Il'dllflllg 

the temperature to 00001 over another 1')0 ItelJtlOfl'>, the ,>tO( h.l<.,ll( dlgrHlthllI .ltt.llrtl·d .Ill 

energy shghtly lower than that of Its deterl1lllll"tlc COl/ntl'rpdrt 1 h,<., tl'nqwrdtlln' rt·dllr IIOfl 

dld not notlceably change the sllbJf'ctlve qlldllty ilf t hl' V( (lfJr f,,·ld 

Simllarly the three algorrthrns have becn (lpplfcd 10 t!lf' tr·.,t Inl.lgl·'~ Fig ~ 1) .\ <.,how,> 

the estlmate re<;ultlng from the Horn-Schllnck dlgeJflthrn. and ~ Ig 0~) Il IHP"f'f!!<, 1111' f(",lIlt 

of determlnlstlc approximation to the contlnuous state '>pau' MAI) (',>tllllatlon, bolh wlth 

the same parameters as for the test Irnagp 2 Note Jg:lIrl th,lI III th!" (d"e of th" !lorn 

Schunck method the motion vectors are OVu(.:'..tlrnatr·d dt thr· I:dgf' CJf ,>hlrt sl( l'Vf' .!Ild 

are underpstlmatE:o ln tir!" urllbrrn dféd tr) t hl' tI)~ht lire df·t"f 1IIIIII',!I( :JP!Jf(l/lIfldtl()n 

performs sllghtly better It IS more unlform and has -;rnaller edgf' r:fff~Cts Both, how(>vf~r. 
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(6) deterrnlnlstlc approxrrnatlon 

Estlrnates for the Horn-Schunck algonthm and the determlnistlc 
olpprOXlrnatloll to the contlnucus state S~Jce MAP estimation for 
\11 \,' 1 [0 5,0 &,051 J test Image 3, \1j,\!1=20 0, nelghb .\'J, 
Keys blcublc Interp , 100 Iter 
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Fig. 8.6 Contlnuous state space MAP (,5tllnate for \11 \'/ lin s,n S,O ')I/' 
test Image 3, \1/ \,: - 200, nelghb .\:\, Keys bICII!)IC IIltcrp ,Tf) ri 0, 
1/=0 9944, 1000 Iter 

are absolutely mfenor ta the contlnuou'i 5tate spacf' MAr) {'"tlilldte VIti '>111I1I1.'1/·d ,11l1lf'."II\~ 

shawn ln Fig 8 6 The estllllate IS 5rT1ooth, and no edge cfl('(h ,\II' pn',>pnt Ag,1I1l thl' 

determlnlstlc estlmate 15 charactenzed by a hlgher Image cnergy t hdn tht· stochd<,llc MA P 

estimate 

8.2.2.2 Hierarchical algorithm 

Fig 87 shows the determlnlstlc apprOXimations to the contlnUOI/') .,tate "P,Ht> MAI> 

estImation at three resolutlon levels for test Image 2 Flr"t-ordf'r rH'lghbourhood ',y',lr'm, 

Keys blcublc Interpolation and 200 Iterations at each resolutlon II·vr.:I havI' In'('fI U"f.r! Ob 

serve that, compared ta the stochastlc hicrarclllcai ('stlrndtl' frotrl r-Ig r) l, Il ft,t,> d frllJ( ft 

higher MSE for the homontal component (due to thl> Image br(:.J~up) but c,lrnd,H (-trrJr f()r 

the vertical one SubJPctlvely It 1<; slmdM tn thl' c,tochastlr. r:<,tlrndtr' f'/'Ctpt frH tfll' Idt l(Jp 

rectangle corner where the Image brea kup oCClirred, Dut Ifi tf'rrll', ()f tftl~ Hnclgf' f'1l1'rgy It 

performs slgnlflcantly poorer 
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Fig. 8.7 Det:>rlllInlstJC approxImation to the hierJfChical continuous state space 

MAP estImation test Image 2, /\',=3, \11\,= 200, neighb ,,'/J, 
Keys bicublc Interp . 200 Iter at each level 
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Fig. 8.8 Deterministlc apprOXimation to the hlerarchlcal contrnuous state space 
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" -::-0 
Fig. 8.9 Delermlnlstlc approximation to the hlerarchlcal contlnuOllS state space 

MAP estlllldtlon test Image 3, 1\/-.-3, h =-0, \Ji,\,/=20 0, nelghb 

.\:\, Keys b,cub,c Interp , 200 Iter at each level Nyquist-like ftlterlng 

fig,> 8 8, a 9 show (',>tllllates at three resolutlon levels obtJlned by the determlnlstlc 

.1pproXilnatlOll Implemented ov{'r a hlerarchy of gnds for te5t Image 3 The estllnates at ail 

I!:'vels .11 t' very 'iinlll.H to the '::Jrrespolldlng stochastlc estlll1ate,> from Figs 5 8 b, ~ 9 band 

1 ht' Illl,lgC ('Ilrrgle,> Jrc Jiso Lornp.nable, however after allother few dozens 

ot Iter.1tIOI1<' the l'!lergy of the stochd'itlc estlmate can be reduced below. Agalll, a clear 

,>upellullty uf tiw stOL hastlc approach at sIngle lesolutlon level, IS less pronounced when a 

h,('r.H( hy 01 re<,ollillOPS IS lIsed 

8.2.2.3 Aigorithm incorporating motion discontinuities 

ln IIIIS "el lion sorne expelll1lentJI resliits for deterll1lnlstlc algonthrn wlth the two-Iayer 

1II0tion model wdl bt' prt'':ipnled ln nUlllerOllS eXpertfllents wlth th,s algonthm 1 h,we ob

,>t'rved Ih.ll il) Obt.lll1 results comparable wlth the stochastlc estlrnates, the ratio 'iI\1 has 

ta tH' ~Iglllhc.lntly rpdllced The v<lllles around 00·1 0 produced very few Itne elernents 

TIll" 1ll,1Y be t'\pIJlfled by expllClt dveraglng used III the determlillstic algorlthrn The contm-
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uous state space MAP estimation uses simllar avelaglng, but It ~llso IIlVolves .1 l.ll1dollll1(·"" 

factor thus allowlng switchlng Ilne elements off ,1nd on, even If 1110tlOil dl~contll1l1lfy dnt''; 

not q Lllte allow it 

Figs 810 a, b show the determlnlstlc estlmate fOI tht' test 1111.1,1',(' 2. l he p,lI.llllP!t'r ... 

used are the same as for the stoch,lstlC estlll1Jte from Figs 66 r, d t'xcept fOI tht' I.IIIU 

,\tI\1 whlch was 0 15 Note that bath slIbJectlvely ,1Ild 111 tcrrm of thf' MSr Ihe dt'!t'r 

mrnlstle estlnlate IS clearlv Inferror The motion field III IIlt' ((,111el ot 1 Ill' I('l Llllê',lt' 1'> IHlI 

estlmated correetly and the motion bounrl.trIE·S .1It' qUlte Ir,lgllll'illed 

Figs 8 10 e, d show the determlnlstlc approxllllatlon to the lOIlIIllUOII" "Llt(' "p.ll p MI\P 

estlmate wlth the pleceWlse smooth motion model over .) IlIer,ltchy of rp.,ollillon,> (oilly Ihl' 

full resolutlon motion field IS shawn) Agalll Idf'ntlc.ll p.lI.1nH'tl'r~ h,lVt' 1)(>(,,, u,>('<1 .1'> Iho,>" 

for the stochastlc. estlmate from Fig 6 7 ex(ept fur \,/ \.( whlch W.I'> 0 ~ 1 Ill' (',>tllll.Jlt· 1'> 

eharacterrzed by a much hlgher tllean sqlJ.:Hed errar th.ln IIH' "lo(h.I.,11< 1('')ldt SlIbj('( Ilvely, 

however, except for a sllghtly mort' pronollll«'d cl!stortloll III 1 he trollble"OtlH' It·11 lop (01l1l'r 

of the rectangle, and sorne Inconslstency III thp bottuill Iight corner, It 1'> tiH' '>,111)(' .l'> tlll' 

stochastlc estlillate, clnd ve,y close to the tnle motloll 

Fig 8 11 pre~ents the deterlllllllstlC ('')tlrnate of motion from t('')t 1I11.lge 3 obt (lllleel 

wlth the same pararneters as for the stochastlc result from rlg 69 except for tllf' r.dlu 

,\11\1 whleh was set to 0 15 Smaller valués of thl5 ratio resulted ln rn.lny SpllrlUII" 1111(' 

elements not reflectillp; r'ltlon bOllndJrle<;, whde hl,f',f'r v.llllC''> prf'VI IIlt·rI forrn,lIlotl ()f ',lIfli 

boundanes where they shoulcl actually be Cornparf'd wlth tll!' sl(J,h".,Ilf, r(''>lrlt frfJll1 f II!, () () 

It rs charactenzecl by slmdar Image energy, howc:ver th(~ (""tlmdlpd nlul Ion bOUlld.III'·.., ;jIf' 

very fragmented and frequently unrelated to the trlle ,"otlOIl bOIJlHI,HH'C, 

Tc complete the tests Fig 812 shows the full rt'solutloll df~tr'rrnlrll'>Ilr: f'Stll!ldtf' Wltlr 

piecewise smooth motion model over a hlérarclry of rpsollltlO!lS Nf'"dl,:ss tu .,.lY t Irdt tir,. 

same parameters as those used for tire result from fig 6 1') havf~ I)t'fn dppllf·d 1 hf' 

estimated motion boundarres are still fragmented, but c,llbjNtlVf,ly Iim "strrrldtr' 1'> tIf)t vf'ry 

dlfferent from the stochastle ré')ult 1 hf: ddjuc,trnent of rdtlo -'rIi.\" t(JwMd., larv,f'r va 1111", 

resulted ln more contlnuous boundarres, but slmultalleously rnany of thf:rn wr::re rnl<;<;lng 
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Fig. 8.10 Determinlstlc approximation to the contlnuous state space MAP 
estimatIOn wlth piecewise smooth motion model test image 2, 

Chapte r 8 

\d/\" - 200. \d\F:: 0 15 (a.b) and 050 (c,d). nelghb .• \:{j. Keys 
blcublc Interp , 1000 Iter (a ,b) and 500 Iter at each level (c.d) 
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t h./ptt" 8 

Throughout the expenments 1 have observed that the deterllllnlstic algonthm 1 ... Ilh)rt' 

sensitive to modifications of ratio the \JI \,' than the ~tOchL15tlC mcthod. and .llsn Ih.ll 

obviol!s supenonty of the stochastlc algonthm at one resolutloll level IS dlllllllished 01\((' 

the hlerarchlcal estimatIOn IS lIsed 
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(a) dlspl field 
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u 

r, 
t . 0 • L r9r 

;<Ll~ 
( j 

,-J 

(b) hnefleld 

Deterrnlrllstlc approXlmatloll to the contlllllOUS state space MAP 
estlmatloll Wlth pleceWlse smooth motion model test Image 3, 

J 

\1/ \" 200, \J!\1=0 15, nelghb .\'j. Keys blcubic interp , 1000 
Iter 
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Fig. 8.12 Determlnlstic approximation to the contlnuous state space MAP 
estimation wlth piecewise smooth motion mode! üvu hlerarchy ùf 
resolutlons test lm;jge 3, /\', 3,1. 0, ),dr\,/ 200, ,\t!,\,f 020, 

nelghb ..\J Keys brcub,c rnterp , 1)00 Iter at each level 
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Chapter 9 
MOTION-COMPENSATED 

INTERPOLATION 

ln prevlous chapters motion estlmates resultlng from different algonthms have been 

cornpdred sl/bJectlvely by evaluatlng the vector fields, and obJectlvely, If the true motion 

h.HJ beell kliOW/l, by computlllg the meall squared error The ultlmate tests for the algo

rltbm,>, however, are application speclflc For exarnple, ln robotlcs It will be Important how 

fr('ql/c/ltly,l robot ,Hill ITlISSeS cl target due ta Imprecise velo city estlmates or Incorrect local

Ilatlon of /llotlon bOl/nd,Hlee; ln tlllie-varylng Image processlng and III Image compression, 

tll!' qu,lIlty of the fillai dlspl.lyed Illlage IS relevant Thus, the: qUdllty of motion estlmates 

will IH' ,t",,('<,r,ed ln tlllS ch.tpter by applylllg thelll tu motlon-compensJted Interpolation 

ln tlH' next <;ecllon 11l0tlon-col11pensated II1terpolatlon will be descllbed Then, two of 

the 1ll('lhod" reportl'd III earller cllapters will be applled ta the te~t images 2 and 3, and the 

rl'slIlts will be comp.Hed 

9.1 MOTION -COMPENSATED INTERPOLATION 

MotlOIi (oillpenr,ated Interpolation IS a technlq ue whlch computes Image intensity val

lICS '>peufll'd 011 il s,HllpÎlllg glld e g, \d' from known Images (Image fields) speclfled on 

J/lother l.lttlce \", SLJcÎl th,lt \d 1 \'1 ThiS technique can be used ln tllne-varying Image 

compression va tempor,ll subsJmpllllg, or III sampltng structure conversion e.g , conversion 

bdwt't'Il North Amr1/C,111 ,111(1 EuropeJIl TV c;cannlng standardc; 

If there IS no motion ln an Image c;equence, then a Ilnear Illterpolatlon along the purely 

ternpur,ll dilection wrll provlde Illlssing fields for ..JI i 00 For misslng lines or pels at 
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-1t=O 0, elther spatial interpolation or pureiy temporal Illtt'rpOl.ltlOIl trom tilt' prt'n'dl/Ig 

and followlng images, can be used 

If there IS motion ln an Image sequence. however, Pllrely tl'mpnr,llllltcqh)l.ltll)1l f,lIl" tl) 

provide good results For .JI--O 0 the IHlsslng hnes Jod pel., C.1I1 bC' lUlllplltt'd, ,1\ It'dll~t'd 

resolutlon, by spatial InterpolatIOn, but for _\/ ! 0 0 1ll0tl\)11 Illll"t bt' Llken Inlo ,H lOlIllt 

Recall Fig 3 1 where the deflnltlon of dlsplacemellt field dl 1'> pUllr,lycd If (OIl"t.lll! 1111-

age intenslty along motion traJectorics IS satlsflcd, thl'Il the 11l1l'1l'>lly v,dllt' ,lt ('\" /) ,>hOlild 

beldentlcaitotheliltensltyvalucsat('(, ..J/<Il'\I'/) 1 ),llld('\/I(I Il \1)11('\1. 1),/1) 

Obviously ln practlce such equallty holds oilly apprc)XItllatcly, ,1lHI " dlllflllll.ltlOIl ,,'> weil .1" 

occlusion effects are not negllgdJIf' the crror moly be qUltt' blgt' !\.,'>lIflllllg, Itowt'vl'r, th,1I 

the mtenslty values at both end" ot the dl<,pl.lcClllcnt V('ctOl d('\I,t) .Hl' <'lllId.lI, tlw III 

tenslty value at (xl.l) sholiid be closely relJted to <,1I(h IIltell'lltll'<' -rite f()lIovvlllg IIIH'.H 

interpolation along dlsplacement vectors d( x/ 1 \ will be lI,>C'd ln '>lIb<,equl'llt PXpt'lllllPllh 

Ij(x,./)---(IO--.J/) ({(X, .\/ d(x"I)./ )1 

-11'1/(X, 1 (Ill .JI) d(x/,/) '1), 

where!l is the new rnterpolated IIltenslty field deflned over \.1 

9.2 EXPERIMENTAl RESULTS 

To test motlon-cornpensated Interpolation the algonthm hac; bepn apphed to two ?4-

field image sequences whlch had been prevlOusly tempor,dly SlI!JC,,l Il1plf!d rllesf' ',eqllencf'S 

will be callee! the Input sequences Thus, motion fldels ~lrc rc(ovI'rf'd from tf~rnp()r.llly "lM!'>" 

data, and used ln the Interpolation algonthm Thret' seCjIlPIl((·" dtl· P/,t!cldted fr,r '>1I1)Jf'ctIVf' 

evaluation 

1. Interpolated (output) Image sequence for 1 SI/ch that .j/ / (J 0 rTlO 

tlon compensated Interpolation IC; used, otherwise Input fl(~I(j., die (hrf~dly 

copied to the output sequence, 

2, dlsplaced fIeld dlfference scqucnce for / SlIch thdt • \1 / 0 0 dl"pldCf'{j 

pel dtfferences f', offc;et by 123 to accommodatf: pr)',IIIV r' dlld nf'gdtlvP 

errors, are wrrtten at approprrate location XI' otllf'IWI"(" d f'f,ld wlth lu'('d 

luminance of 128 15 Sllbstltutf~J, 

3 origlnaljlnterpolated dlfference sequenu dlfferr;fI( (, f)f'tw(~pn th(~ Input 

and output sequences 15 created 
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Chapter 9 

The sequence of Interpolated fields ,s used for direct companson with the ortglnal 

(mput) sequence Sometlmes It 15 dlfflcult, however, to precisely locate the enors, hence 

dlso thf' dlf(~~ren(e sequence IS created This sequence Identifies areas where an algortthm 

Lliis to falthfully rqHoduce tht onglndl Image sequence The DPD sequence shows the 

spdtldl distribution of Imdge energy ( " whlch 15 an IIldlcator of a mlsmatch between the 

unage" from whlrh rnotlon had been estlmated ln an Ideal case, when full correspondence 

betWf'f'n tlt,· undge<, eXlsts, It should be z(-'ro Of course 111 reallty, due ta illumination effects. 

occ!u'>lon probleills or vloldted assumptlons of Imear motion traJectory, local Itnearity of 

IIltenslty functlon ptc . SU ch lero-valued field does not occur To enhance the visiblitty of 

the error,>, the DPD and (orlglnal/lnterpolated) dlfferencc fields presented Il' the followlng 

,>('rtlon<, h.lvP been Illllltlpllcd by 3 0 before addlng 128 

r 11(> followlng algorlthrm have been lIsed to generate motion field sequences, and then 

.Ipplled 10 rnotlon-cornpensated interpolation 

1 deterllllillstic ,lpprOXitnatlon to the contllHloUS state space MAP estÎma

tlon (or the rnodlfted Hürn-Schunck algorlthm) over a hlerarchy of resolu

tlons 1\/ 3, "JI \,' (200.120.100). flrst-order nf'lghbourhood system 

. \J Key" bl( 11h11 Interpolation, Nyquist-llke ftltenng, 200 Iterations at 

each If'vel. 

2 contlllllOllS state space MAP estimation via stochastlc relaxation wlth 

pleceWI~(' smooth motion model over a 11Ierarchy of resollitions !\'{=3. 
\d\" (200.12 0,100). '\'/\1- 18 (test sequence 2) or 10 (test se

qllellœ 3), Il (100,30,1 0), fll<,t-order nelghbourhood system .\'(\, Keys 

blcublc II1terpolatlon, NyqUist-itke filtenng. T()=(l 0,2 0,4 0). 1/=0 980, 

200 IteratlOI1S dt each level 

ln the followlI1g 'iectlons the above algonthrns will be called 1 and 2. respectlvely Th,~ vector 

tlt'I(I'> ohtailled by both ,llgortthll1s are very slmtlar to those reported in Sections 6.7,2,6.7 3 

,llld g ,~ ] ~, ,wo will Ilot be presented here 

9.2.1 Test image 2 

ln ,mil'! to SIfl1ulate realistlc data (no perfect matching) the temporal subsampllng 

f.1c.tor h,lS been chosen to be 6 1 e 1 1:,=6Tlj(l. Thus from every 2 Image fields 5 motion 

fl(,lds are romputed 
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{ 11.Iptl'f () 

Flg5 91 a, b show the dlsplaced field dlfferences fOI both alg()lllhms fül Illl)tll111 tll'Id~ 

number 2 The Image energles ( '1 per pel are glvell below the 11ll,1gt'~ Nok the Slglllfll.lflt 

reductlon of the DPD error for algonthll1 :2 comp.lIed to ;dgl1flthm 1. bath <;Ilblt'l tlvt'Iy ,llId 

ln terms of 1 Il Aigonthm 1 has produced slgnlffcant DPD l'If,)f'> whlch ,lit' dl..,tr!lHltt'd 

unlformly across the rectangle Jr(,d, and vl<,lblt> 111 P,lItiCIlI,1I ,11 the rp\ LHlglt' bOUlld,lIlt''> 

There are rather few srgnlflcant OPD errors produced by ,llgollthtn .), ,llltl tht'v ,Ippt',lt 111 tht, 

Image breakup arei'l (top-Ieft corner of th(' reet.lnglt') and III the ocdll"roll dlt'.l (.!long Iht' 

nght edge) Unllke III the case of algorlthlll 1, tht' leeLlllglt, t'dgt'., ,Ile h,mlly VI'>lhl" 1111" 

15 exactly what the hne prac.€ss was suppo<,ed ta provrdt' I('dll( tlon 01 1111'>111.111 h ('n/t)f( l'cl 

by oversmoothlng of vectors at motion bOllndane<; Matchlllg cOII<;tr,lll1('d hy "p.ltl.ll VP( lOI 

smoothness no longer has ta be performt'o Wlth <,Ilffl( Icnt IIIfulm,lllon ln Ih(' d.i!.l, tlll'-. 

smoothness IS broken and uilconstrained rn,ltchlllg c<ln bl' (drrll'cI olll 

Flgs 91 C, d show the ollglnaljllllerpol.i1ed dlflt'n'n(!' llt'Id .. 1l1l11l1H'r .) lor both .llgo 

nthms The mean squared error IS dl'iplaycd 1lf'I()w bolh 1I1l./gr',> 11H' M()I for the .llgoltthm 

2 IS lower than that for the Jlgortthm 1 Tlm I~ dl<,o ronltrfllf'd III tlrl' IIILlgtH; NOlt'.1 '>pll 

nous pattern extendlng fram the rectangle boul1cbry Int() tiH' <,t.tlIOIl.Hy b,l( kgrolllld III 

Fig 9 1 C ThiS pattern IS due ta oversrnootllf'd vpctorc, extcllcl!ng Into tll!' b,1( kgrol/lld 

where motion IS absent Observe tlldt thls pattern dl<;.IPP(',II'> cOlllplddy III III', !) 1 d 

along the top and bottom edges, and IS 51gfllflcantly rf'dll(er! alung titI' Ipft ,Incl rlght t'dW''> 

Due to the Ilne proce5S, a sudden tran'>ltlon frolll v('clC!fS 1f!<.Id!' 01 thl' ff·(t.llIglf' If) no 

vectors outslde IS permltted, reduclng errors I>nforll·d by.l <,rllo()tllrH".<, (UIlc,trdllll,d Il/dteh 

mg More pronounced effect 111 the vertical direction (.)n hl' l'Xpl,IIIWd by d "1/-',llf'r VI·rtle.JI 

smoothlng resultlng from tWlCe larger Illtpr-itne than Illter-pl'l dISLlfl((' (.tlrf',Hly dl',( l/<,<,t·d 

III Section 4 8) 

Wh en evalu3tlng the movlng plrturps, wlth flO !:rrnr b()(J'>t, thl' dll'(!') rl'·',(rtll!·d ,dJ(Jv!' 

have been Icss pronouflced l he redllctlon III IIIP DPI) l'ne;r W,j', ')1111 <llJlU' rlr,trlldtl(. h(Jw 

ever the onglnaljlnterpolated dlfference was alrnost the '>drft!: I(Jr Iwth dlg(Hilhrf!'-, ln f.H t, 

when compaflng both Interpolated sequences wlth th,: orlglfl.d, (frL-lin .Htlfdft., rf ffI"lnf,d 

ln both, and there was no VISible dlfferencP betwf;(n tllé twu ,jlgcmthrns f'lu'pt f()r !JI(' 

occlUSIon areas These areas contailled numerOLJS annoymg error,>. but n(:lthf~r ()f thf: Int"r. 
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(a) DPD, alg 1 (b) DPD, alg 2 

,:::. ~ ~ .' '"... \.::::: 

S { j::~ ",,\ ~~ ~ "'~""t' 

~,': 'l:,;~" ~'~ ~",' 

(d) Dlft, alg 2 

Fig. 91 DI'ipbceci field dlfference (a,b) and Interpol3tedjonglnal dlfference 
(cd) {or te5t Illlage '; (fIeld l1ull1ber 2) 

pol.lted seqllPllces couic! be consldered hetter These observations suggest that ln splte of a 

'>lgl1lflcant Illlprovements 111 the DPO and dlfference (boosted) errors, the problem of vector 

l)V('!Slllooth1l1g 15 not entleal Sincr oversllloothlllg oCClIrs at the motion boundanes, and 

thest' u,>u,ïlly C0l11C10e wlth occlUSion borders, r,1ther gentle oversmoothlng errors tend to 

bt' 111,1.,ked by more pronollilced OCclllslorl t'rrors Errors duc to oversmoothlng are gentle, 

lH'l,lllSt' If sufhClE'nt data structure (e g , strong texture) IS present ln the background, the 
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vector couplrng 15 le5S strong (elther reduced dlsplaced pel dlfft'rence " III the kll,ll l'Ill'rgy 

(413) or increased update term rn Iterative equatloll (4 20)) 

9,2.2 Test image 3 

For test Image 3 the temporal subsampllng rate was chos(,11 hl be 4 lie, 1;, 411111 

Consequently, from every 2 Image fields 3 motion ilelds are (ompllted 

ln earller work [56] 1 have compared the quallty of IIlterpol.1tf'd 11ll,lge "l'qUt'llt l'\ 1 

and 4 compensated for motion llslng algonthrn 1, wlth slIllplt' lldd repetltlOn ,lIld Wltl! 

Ilnear interpolation III the temporal direction l he seqUt'IH \'~ Il'>lllg flt·ld rf'pptltloll Wt'It' 

charactenzed by very annoylng l11otl0n Jerkllll'''5 11115 efk~ 1 W,j'> ',Iglldl\ .llllly r('du( t'tI III 

the Ilnearly l'lterpolated sequences, but blllr and rllultlplf' edg('<, 11'111.1111\·<1 1 ht' ""qlll'IH \'" 

produced uSlng algorrthm 1 were clearly ~llp(,lIor t() the ,t!10VI' IlPIl (OIllIH'llo"ltt'd .,( IIl'II](''> 

and also when compared wlth simple block matchll\!', algorithme, 

Fig 9 2 shows the dlsplaced field dlfferenc('<; for both algoflth.ll'> for motloll fl/·ld., 

number 1 The Image energles { " per pd agalll (ollflrlll <'Iglldlc,lnt f('dllctlol) of 1 hl' l)!ll) 

error for algonthm 2 compared to algorrthlll 1 C;urh rt'du( 11011 (.ln 1)(, ."'>0 CJb'>t'rvI·d III 

the Images, where the errors for algorrthlll 1 Me ll10re l,fOIlOtllle pd MOlliid III(' h,lllcl .Jlul ,II 

the face contours ln partlcular, there 15 a 51i!,lIlflC.lIlt IrrllHOVPlllUlt III tlil' .HP" lll<,t ,dlOVf' 

the palm of the hand, whlch IS suggested ta nlUVP .Iccordlllg to ,dgorlthlll 1 whrlp Il 1'> 

almost statlonary accordlng to algorrthrn ') Note .11'>0 Illdt ,dgurllhm ') 1ll,\lI,I):~('d 10 dVUld 

signiflcant errors at the motion boundarres dut" to the hdlirl ,Ind fd(f' trlOVI·lIIf·nl<. 

Fig 93 shows the ddferences betwef'1l tl1f' orrglll.ll .ind If1tupoLtlf'd fll·ld., 11111111)/'[ 

Note that there IS very Ilttle dlfference belWf'(,fl tlr,~ two ,tlg0r1thfll'> M()rr~over. ,!lgor/th," ') 

has even Introduced few more pronoullu·d error,> at Ihe (JcclIJWJfI !J(Jrr!(·r':. (Jf tlif' p.rlrn 011111' 

hand ThIS IS conflrmed bya slrghtly hlgh!'[ meall s(\IJ.Jr .. d ('rror f(ir ,tlg()rrthrn ') ()ldJJ' (IIVI' 

evaluatlon, however, has revealed no clear prdprence betWf'l'lI tlll' two dlgr)rrllllllS 1 1 If' 

Interpolated sequences looked allke ln splte of sorrlf' dlfff'rt'f1(I'" cornp.Ht'd to dlf' fir1Y,lIldl 

sequence. both presented very good Image qlJa/lty Major arttfd(t~ (Ollid 1)1' Ob"f·[VI·d ln 1~1f' 

occlUSion and newly exposed areas The Irnpr(jVf·nl(~nt dUf; tr) th,. tW() layN rJl(JtIOf] rtIodd. 

very stnklng when vlewlng the DPD sequence, had b.J,)lcally no Irnpar.t ()n th,· qU.Jllty d 
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the mterpolated sequence As remarked ln the prevlous section, any Improvements due 

to a reductlon of oversmoothlng are elther mlnor or masked by nearby occlusion artlfacts 

Agaln, If the background structure were st ronger such that one mlght hope for vIsible 

Improvt'mentc" then less oversmoothlng would have been present due to su ch a structure, 

and the occlusion errors would have been rnuch more pronounced ln any event, the 

Interpolation errors due to motion field oversmoothlng are not a major source of distortion. 

Errors due to occlusion areas are more Important, and have to be glven attention if one 

hopes for Improvements to motlon-compensated Interpolation 
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(a) Jlgortthm 1 (1 '1 3 /fOI! 3/ pd) 

(b) afgonthrn 2 (f '1 281?CJjprl) 

Fig. 9.2 Displaced field dlfference for test Imag'! '3 (fl r Id flllmb( r ]) 
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Fig 9.3 

v " 
~ ( 

" ; 
> • ) 

(a) alg0r1thrn l ( ,,:< F R 5307/ pel) 

(h) algoflthm 2 (\{';/8 7770jpel) 

Orlglll.ll/interpolated dlfFerence tor test Image 3 (fIeld number 1) 
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Chapter 10 CONCLUSIONS 

10.1 SUMMARY 

ln thls thesls 1 have presellted a stochastlc approach to the e~tlrndtloll 01 ) [) 111011011 

from a sequence of spatlo-temporally s.::lnlpled tlllle-varylllg Illlage,> 1 h(' MdXlfllll1II 1\ Pm 

tenon Probabdlty (MAP) Jild the Mllllrllllrll E,'pected Co'-.t (MH ) nlt!'tl,> h.lV!' 1)('('11 11'>l'd 

to formulate the estimation problpm Both cnterla requltf' the kl1owl(·dgl' of tl,,' " pO',ft'/lo/l 

probabdlty!'(D, d,I{,',_ 'l' '(,"t Il'1) to "pf'(dy d f()"t Illllltloll,,1 tot optlllll/dtlOIi 

ThiS probabdlty can be factored uSlng Bayes rllie 11110 t('tllle, wllI( Il .tIf' r{'ptt''>f'Ilt.ilIV(· (lI t Ill' 

models used The observation model, relatlng the lInderlY"I!', dlHI the ()!J'>f'rvI·d 1111.1).'.(''>, dlHI 

exptessed as additive Gausslan nOI,>e, 1<; corrdJIIIl·d wlth th(' e,trllf tlltdl IlIudf'1 .1'.'.111111111', (011 

stant Image Intenslty JIang motion trdJectOtics As tllf' dlspl.ll ('Illellt fl(·ld rllor!f·1 d V('( tot 

Markov random field has been uspd, resu/tlng ln d Clbbs d pllO/l dl·.tnblltlull (urnl>ltlf·d 

via Bayes rule, these distribution,> provlded a regul,Hlled (O.,t 1IIIIe tlonal to 1)(' IIIIIIIIIII/Pr! 

The mlnlmlzatloll prob/cm, Illvolving sever,tl thOllSoHHls of llllkll(JWII'>, Ild'> 1)( /·tI '.IJIVI·r! 1I'.llIg 

slrnulatecJ anneallng Two stochastlc relax.Jtloll dlguflthrw. thl' Mdr(Jp{Jll'> dlgrJtlthlll ,llIrI 

the Glbb~ sampler, have beeq usecJ to genu.ltc Markov rdlHI(JllI flf Id <"trflpll'<' d( ((Jrdillv, to 

the a postenofl probabliity It WdS concluded that dlf' Glbb., <.oIll1pl(·t hdd prl)VII!' ri '>llghlly 

better performance, hence It has been used SUb.,f:qllclltly fll',(J till' "Ilottl • .! IIII( rIJ(Jl.tll(JII of 

Images to provlde ~amples at non-Integf:r IO(dtIOI\S hd'> bef'll Invf·.,tlg,tff~d 1 hl: Ifllpr)tldlJ((' 

of ('I-contlnuous Image models, espeCially for 5patl()-t(~rnpOrdl grdrllf-nt tf'Chnlquf'c, hdc., bf'en 

demonstrated 
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Flrst, the MAP estimation algontnm for vectors deflned over a d!screte state space has 

been denved Thl'> algorlthrn was an extens'on of rnethods proposed for Image restoratlon 

Wlthln the motion estimation context, It was Identlfled as a pel matchmg algorlthm wlth 

motion srnoothncss constralnt Then, the posslbdlty of solvlng the MAP estimation over a 

contlnuouc; ... tate space has been Investlgated Llnearrzatlon of the dlsplaced pel dlfference 

l' resulted ln a Gausc;lan dlstrrbutlon drrvlng the Gibbs sampler, and thus provlded a much 

more f'fflclPnt c;pdtlo tenlporal gradient algonthrn Tilis algorrthlll proved to be a stochastlc 

extension of Horn-Schunck-type method,> Both the dlserete> and the contlnuous 5tate space 

"tO(hil~tl( Mf\P c<,tlrnatlon rec,ultpd ln very good rnotlon estlm3tes 

The M[C ec,tlrndtlon problern ha,> been solved by applylng the Law of Large Numbers 

lor M,Jfkov chall1s ln practlce, an Iteratlon-W!Se averagrng has been performed wlthout the 

need for ,III dnnealrng schf'dule, whlch IS an Important Ingredient of slmulated annealmg 

fhe pt'rTOtlllaIHf' of MF( l'stllll.ltion hile; becil shown to be slmdar to that of the MAP 

('.,tlll1,ltIOIl III d 1101<,Y enVlrOlllllent, however, the MEC pstllnator dld not provlde better 

p('rfotnlal]((' Ikll1 the MAP Pstlll1.1tur, as found by MarroqLlln [62] The reasons could be 

twofold 1 tire ..,!dle spaces used here were rnuch larger than ln Marroquln's expenments, 

and thll" II1lglrt hdve needed many more Iterations to show dlfferences between the two 

,dgonthlll"',.) Iht' <"Nf~ V,lII1C W,lC, tnuch hlgher hete 

Jo lH'rLHIll t'trl(lent estimation of large dlsplacements, a hlerarchlcal non-recurslve 

.lppro,lch hdC, IWCI, ptop05t·d fùr the MAP estlrnatlon cnterron An Important theorern for 

1 D ..,hlft Invarr,lnt slgn.ll Illatchlng has bet'n proved, whlch relates the frltenng operations 

on tlll' d,ILl ,Incl on the co,>t tunctlonal Extrapolated to 2-D motion estimation, thls 

tlH'ot(,1ll show~ why low-pass preftlterrng of Images Improves rellabrllty of motion estimation 

T wo evc'Il pyt,ll1lldo; have been used ln the hlerarchlcal approach a constant-wldth Image 

pyralllld, Whllh Inere.lses preCISion of Interpol.lted Intensltles at il cost of Increased memory 

"'Ize. ,Incl ,1 st.llldard Vd!l,lble-wldth dlsplilcement field pyramld Simple repetlt!on as weil as 

btllllt'dr Interpolation have beell Illed 10 Interpol.lte dlsplacement fields between subsequent 

rt'~l.)IIIIIOIl It'vcb wllh 110 dlfft,tcllce III performance 1 he hlerarchlcal approach has been 

shawn 1O glve gooa qU.lllty motion estlmates on sorne test Images, however It dlsclosed 

c,lIbst,)ntl,ll problems on the other ln general, It can be concluded that the occlUSion 
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and exposure effects present ln an Image are enhanced by the fdtellllg operation f vell il 

a good matching (expllclt or via spatlo-tempor,ll gr.ldlent) "lll be pt'rfornlt'd .It the full 

resoJutlon leveJ, thl5 may flot be the case at Iligher Icvcl., of the 1I11.1gt' pyr.llllld Vln!.lllllli 

of the assumptlon of constant Image Intenslty Jlong motll)1l tr.1Jprh)IIt'<' 1., "ple,HI by tilt' 

filtenng, th us dlsallowlng correct estimation, wlllch lll,lY not br rl'covPf.lblp ,lt klWt'r It-Vt,l .. 

of the pyramld Anotller problem chdrJcterlstlc ot hl<'r.lI' hk,iI lIlt'thlld., 1'> Ilhltlllll Ill'id 

oversmoothrng acrOS5 the motion hOllllcl.lrres 

The problem of estlmatlOll JUO<;S motion bOl/nd,Hle,> IJ"" bet'Il LI( kled by 1111 rodlllllll?, 

a two-Iayer motion model The ongll1al vectol MHF model lm IllotlOIl flt'Id., h .• " 1H'1'11 

augmented wlth a cOllpled blnary MRF Illodellng motion dl'>COllllllllltH'<' AIIDlller MI\P 

estimation crltenon has been proposed, dlld a thrf'p-h'rm r(·gll!.l1l/ed (O',! tllll( 1101I,t! df'rlvl'd 

The motion dlscontlnUlty mod('1 h,IS been o.1')cd 011 fO\lr-, \WU .11\<101\(' i,lcfllf'nt IIIH' (IIqlll"> 

to encourage formation of 511100tl1, contlnllOll<, bOlllld.IfI('" dt 101,111011" (hdrd( 1('fI/l'd hY,1 

substantlal spatIal gradient ThiS model hds beell ..,hoWIi to IfllprOV(' tht' "lIbJf'( Ilv,' qll.llrly 

of motion fields, as weil as to recillee tht' mC,HI <;qllMed f'rror (Iltl'> (rllf'IIf)1l dpplle,> only 10 

the test sequences wlth synthetlcally gener.llcd motIOn) 

Througholl\ the researeh 1 have observed that C'ther elll'') (than mtpn':.lty) moly IH' Il')('1111 

ln motion est"natlon The MAP enter/on has becll P;df>IH!ed 10 .llc,o IrH Illd,· Ih(· (ol(llIr 

Bath th.:: one-layer Mid the two-Iayer motion model., ll'>lng ,nlollr h.îVt' ,,11()wn ~111)':.ldlllldl 

Improvements ln performance eornpared to the ('c,tllllat!',> b.\<,,,d 011 1I11(~II':.lty ollly 

The advantages of uSlng stoch.1stlc IIl,>tead of ddf'rrnlfll<,tl( rf'1.1y,ttloll hdV(' I>"('n .,,~() 

investlgated The MAP estimation cntenoll over .l dl<;cr.-~e ':.tdt" .,Pdf P li,J') 1)1"'" optlrTll/l'rj 

by exhaustive search for the maxtrnUnl of the' local rnari',lnal «()l\dltlon.1I prob,dllhtl"<' 1 hl'> 

method has been shown to be Ir1ferlor ta the sto,ha~tlr optlrlll/dtlOfi ln till' (dC,(' (If d 

contlnuous .,tate spa ce, the Galls'l-Newton optlnli7JtlOr. hds fH·r'tl 11<,1·<1 Hy p('rf(lrrrlln~ 

IIlstantaneous fr('ezlng ta obtaln a deterrTIlrll'ltlc dlgollthrfl, th" '>Ir1f!,lr· rr-C,(llllIIIHI r!lf-tl!(HJ 

has been demonstrated to be a modlflcJtlun to tltf~ Horn Sr:hllnck rllf-thod [411, wh",· .l 

hlerarchlcal approach has been shown to be rplatf~d to tf)f' rnl~thr)d<, pr(lpu<.HI by (IL,/f'r 1'11\ 

and Enkelmann [22J It has been also foune! thdt the det'~rrT1IIlI"II( ilppreJ/lrnJtl01l wlth tliP 
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two-Iayer modells very slmtlar to the method proposed by Hutchlnson et al [44J Note that 

ail these methods are spec.lal cases of a general stochastle MAP formulatIon and solutIOn 

ln numerou,> expenments It ha,> been observed that the stochastlc solution methods 

provlde suprnor pprformanee at one resolutlon level ,he dlfterence ln performance IS slg

nlfleantly dlrlllnl,>hed, however, once a hlerarchy of resolutlollS IS used ThiS observation 

le; ln agreement wltn the theorem fram Chapter 5 extrapolated to 2-D space-vanant mo

tion estimation Slllfe low-pass fdterlng smooths-out the objective funetlon, wlth sufflclent 

.Hnount of fdtcrlng thl,) functlon rnay become nearly unlrnodal ln su ch a case any opti

mllatlon t('(hnlquc will attaln the local (and henee the global) minimum at thls resolutlon 

Irvd ReprtIIIV(' e,>tlrnatlon at ,>ubseqllent resollltion Ievels, startlng frorn the prevlous-Ievel 

C'itlrnate 'ihould eJstly loeate the global minImum at the full-resolutlon level No stochastlc 

c,earch ,>holiid be needrd These remarks a re consona nt wlth observations of Slmchony et 

.II 181] r lH'y lI<,pd the CNe (llgortthrn for the IlIlage restoratlon problem, and obtatned 

"llllllar rp<,ltlh to those produced by SII1lUI3tt'd anneallng As dc':>cnbed earller, hlerarchlcal 

method" (,1\1 \H' VI!::wed as ex.1lllples of the GNC algonthm 

FIIl.1l1y, two ('stnn.llion aigorlthlll5 proposeoln thls thesl'> have been applled to motlon

lCHl1IH'ns.lted l\1terp\)latlon 80th (hlerarchlcal) algorlthms have performed very weil pro

dUCIng gond qlJ.lllty Intf'rpolated sequences The stochastlc algonthm (2) Incorporatll1g the 

Iwo I.lycr 1I10110n rnùdel lias perforrned substantlally better ln terms of the dlsplaced field 

dlff(>renu' (>tror, bot h slIbjectlvely and obJectlvely, than the determlnlstlc algonthm (1) wlth 

glob.llly '>l11ootll motion model The reductlon of oversrlloothtng ertor ln the Interpolated 

sNlllencp .... Il.1$ becn minai, however, comp:ned ta the occlusion artlfacts S.nce the error 

due to 111\)IIOn oVNsllloothlng IS never very severe, and ~Ince It IS always located close ta 

Oullision borders, It tends to be rnasked by occlUSion effects and IS not a major source of 

distortion (ollcludll1g, the two-layer model dtd not provtde Improvements ta the quallty 

of Ilwtlon-lOlllpeliscl ted Interpolation Not everythlng IS lost, however The !Ine elements 

,Ile lISlI,llly t,)rnH'c! "t the motion boundzHlcs, and as SLJch freqllcntly sllrround the occlUSion 

.He,IS, or t'Vl'n p.lrtltlon them Into snlaller sllb-areas The véctors ln such areas are dlsttnctly 

di/TeTe!)t from thelr nelghbours. whlch IS allowed by the Ilne elements Since there Îs no 

correct 1lI,1tch ln the occlUSion area anyway, these vectors will usually provlde substantlal 
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DPD error. Thus, If a vector belongs to an isolated (by I,ne elrlllt'l1ts) .11 t'a , .lnd If Ih [Wl) 

is substantlal, It 15 very Ilkely that tlllS vector 15 trylilg to flncl .J Ill.)tch h,r .) pel wh'lh '>"1I 

ply dlsappeared Knowlng that, d,Herent prOCf'5slIlg l.11l bl' perf,)rfllt>d .11 the Illtt·rpol.ltloll 

stage For example, a sOllght after pel C.lll be L1Ken from the P't'I l'ding or the h'''I)Wlllg 

image at appropnate spatial locatloll, rather th.ln JverJgt'd from the two Illlage,> Idt'ntdl 

cation of the motion boundanes thus (an bp helpfl/lln motion 1OIlqH'Il'>,ltl'd Illterpol.lIlon, 

as weil as in robotlcs or computer VISion Note .1150 thl1t dlle to II '>lgndlc.ll1tly redUt t'cl DPI) 

error such an algorithm can further reduce the bit rztte ln mol Ion conqwl1s,ltt'd pn'dlc IIVt' 

codmg schemes 

10.2 CONTRIBUTIONS 

ThiS thesis has contrrbuted ta the theory of 2-D motion ('stllll,ltlon, ,15 weil .15 to 

practical Implementation of the algorrthms Th(' m.lJor contribution,> uf Ih,,) work un 11(' 

summanzed as fo"ows 

1 2- D motion estimation h.:!s been forrnulatre! .1'0 .1 B.lY,·(,I,lll ('"llllldtIOIl !)I(Jb 
lem The formulation has bepil pxtelldrd 10 IllforporJte ,1 11IeraH hy of 

resolutlons The basIc motion model h,lS been .lllgillented Wllh .1noll1l'r 

layer to ,nclude motion d,scontmult,e') 

2 The Influence of vanOllS parameters on the behavlOlir of the proposed 

stochastlc relaxation algonthms has been Idelltlfled throllgh nUllwrow, ex 

penments 

3 Vanous €xlstlng motion estimation nH:thorh hdve bpf'1l dWWIl to be "[)priai 

cases of the stochastlc solution whell IflsLllltdn(,(JlI" fr('('/lilg 1" .lpplll'rI 
Consequently, the stochastlc formltldtlon and solution (an IH' vlewcd ;\" ,1 

generallzatlon of vanous deterrnlnlstlc rnethods 

4 It has been shown for 1-D sh,ft InVdrlant ,)Ignoll nratdllng, tltat low pa')., 
fdtenng alds ln obtalnlng unlrnodallty of thp obJPctlvP funetlorl, and thw, 

helps ln rel,able shlft estimation 

5 It has been demonstrated that at Single resolutlon If'VI~1 thf; stqCh,l,>tIC rnl·th

ods offer substantlally better performance titan trlf~ u!rIf'"pIJndlng df'tf'rrrlin 

IstlC algonthms Th'5 Improvement 15 reduced, 11Owf~vf'r, wllf'n d hlcrMchy 

of re~olLJtlons IS used It has been .,hown tll3t thl; stCJChd.,t,( and tllP h,!!r

arch,cal approaches are two effective but (()IlCl~ptllally d,f!f;rf'nt rrlf;thod" ()f 

flndlng the global optimum of 3 rnultlrnodal funetlon 
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Chapter la 

6 It has been shown that the colour information in an Image should not be 

dlsregarded as a cue for motion estimation Also the Importance of uSlng 

a (' I-contlnuous luminance and chromlnance models has been mdlcated 

7 It has been demonstrated that Image matchlng error due to motion ovel

smoothlng acro~s motion boundanes can be substantlally reduced by usmg 

a plecewlse 5mooth motion model It has been also concluded that su ch 

oversmoothlng 15 not a dominant source of artlfacts ln rnotion-compensated 

InterpolatIon The most severe errors are due to Interpolation across occlu

sion borders It has been suggested to use hne elements ln Identification of 

SlJch bord ers 

10.3 OPEN QUESTIONS 

10.3 1 Regularilation parameters 

1 he COIl,>t.lnts \'1' \1 and \, have been chosen here emplrtcally It may be important to 

dloos/' tlw<,e con5t;1nt5 opttrnally It 15 not clear how to estlln:1te th~ DPD model variance 

Ileces<,ary tu {OrnrHlte \,' AI.'>o the oth~r Ys are not eastly computable Training data, 

{'xtf'Il<'lvely lIsed III texture ~egmelltatlon, dOéS not apply slnce bath motion and motion 

bOUlld,IIH'S Me Ilot observable 1 Estllnatlon of the Ys seems to be a challenglng task. 

10.3.2 Hierarchical approach 

r htl.'(, Ill.1JCH problrllls are reldted ta the hlerarchlcal approach Flrstly, It 15 not clear 

wh.!t killd of ftltetlng should be appll(.d to cOllstruct the Image pyramld (eHiclency Issues 

,Islde) ln thls thesl'> Nyquist-hke ftlters have been proposed ta mlnlrnlze altaslng errors 

.Iftel <,p.lfl.ll <'UbS.Hllpllllg They provlded better perforillance for thls partlcular application 

th.1l1 the G.llJ<'~IJIl ftltc'rs whlch tend to unnecessanly oversmooth thE' data Followlng the 

lOllllllcnts 011 the theorelll from Chapter 5. It Illay be asked whether there exists an optimal 

ttlter for .) glven t'~tllll.ltIOIl method, SLJch that ln a 1\(level Image pyramld the lowest-

It'solutlon Cl),>t tUllctlOl1JI will be ullllllodal 

Secondly. the ftltertng operation shvuld be adaptlve to avold spreadlllg of occlusion and 

t'XpOSLJte effects ,it the top of the Image pyramld Flxed fdtering used so far enhances the 
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occlusion effects by contnbutlng to violation of the constant IIlI,lgf' Intt'ilsity .1long 1ll01lllll 

trajectories in the vlclnlty of the occlUSion areas 

Thlrdly, the hlerarchlcal approach seems to bl' rd,llt'd ln Iht' CN( ,dgl1f1thlll propo'>t'd 

by Blake and Zisserman [121 It may be profitable to u~e GNC type "lgo7Ithm'> !ln nwtlOIl 

estimation 

10.3.3 Piecewise smooth motion model 

The motion boundary mode! Investlgated here was very simple MIIIII I('vd lI1!'t".ld of 

binary line cliques could be Implernented to Identlfy dllt'ctlon~ of IlIlt' t,I('Ill\'nh f(lr bt'll\'r 

rendltion of motion boundartes Aiso the single clement 111It' rltqu(' rt'I.ltlIIg the Il1UII\)1l 

boundary to an mtenslty edge could be nnproved, e<,pecl,llly for lernpor,ll position,> ddft'IPnl 

from Image positions 

10.3.4 Motion-compensated interpolation 

The very Important problélll of ocduded and newly cxpo<;ed .1Ie,lS III IlIIage '>f'qlll'IH { • ., 

remalns unresolved It seerns, however, that the piccewise SllIooll, rllotloll model 1ll.IY IH' 

helpfulln Identification of such areas Vectors llllJble to ,II Clin low DPD ('rror<; ,1 Il ri 1',ul.ll{·d 

by hne contours trom other vector pdtches wherc tlH~ DPD crror l', .,Ill.dl, drl' vI'ry Ilkl'ly 

to belong to occluded or newly expo,>f'c! .lied., If tlley Cdn !J(' Id!'lIt Ifwd p·lldhly, 111('11 

approprlate processlng can be applled ta reduce errors due to dVf'raglng d( ro.,., O( (11I')lon 

bord ers 

10.3.5 Multiple-frame processing 

This thesls has dddressed the problem of motion estlflldtlOIJ and motlon-C()rnppn5,1Ied 

interpolation based on two Images only Motion pstlmatlnn, alld ln partl( ular Idf<ntlfl( dll(Jn 

of occlUSion areas, can be done much more rellJbly by Il',lng rntJltlpll' IrTldge fr,Jlllf'" (flf·ld',) 

Accumulatlng the hlstory of abjects over sev(-ral fram l 'i Slir)llld ,tlkJW ~'d<'I(~r J(jf~ntdlcJtI()1I (JI 

whi'lt IS new ln the Image and what dlsappeared As rprn.;rkr·d "cHll!'f thls klnd of IIlforrnatl(Jn 

IS of crUCial Importance for Occluslon-ddaptlve procec,c,lng 
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Chapter 10 

10.3.6 Other structural models 

Here. only the constant Image Intenslty structural model wlth respect to luminance and 

two chromlnances has been developed It should be possIble to extend this approach to 

constant Intenslty gradIent (or even hlgher-order denvatlve of the Intenslty) Also other 

cuee; than used here coulcl be Investlgated, for example contrast It would be also mterest

Ing to compare Y (1-(2 and R-G-B formats wlth respect to thelr appllcabdity to motion 

estImatIon 
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