
GEOTECH NICAL 

RESEARCH 

CENTRE 
L -- 

GRC STUDIES ON 
MOBILITY AND PERFORMANCE: 

11 a) ROAD SURFACE ROUGHNESS 
b) INFLUENCE OF SNOWPACK I L  

SOIL MECHANICS SERIES NO. 58 

II December 1993 

McG ill University 
Montreal,Que Canada 



The following selection of papers on Mobility and l'erfomnnce: 
a) Road Surface Roughness and b) InFIucnce of Snowpack, has 
recently h e n  published in the Journal of Terrnmechnnics, and in 
the Proceedings of thc 4th Regional North  American Meeting of t h e  
lntcrnational Society for Terrain-Vchiclc S y s t c n s :  

1 .  Xu, D-M, and  Yonu, R.N. (1993) 
Autocorrelation Model of Road Roughness 
Journal of Terri~mechanics ,  30-4:259-274. 

2. Xu, D-M., Hohaned, A . H . O . ,  R.N. and Cnporuscio, F. 
(1992 ) 
Development of C r i t e r i o n  for Road Surrace Rouqhncss based on 
Pouer Spectral D e n s i t y  Function 
Proceedings, ISTVS 4th Regional North Antricnn Mcetinq, 
pp. 3 0 6 - 1 1 5 .  

3 ,  Hohamed, A.M.O., R.H. and Hurcia, A . J .  ( 1 9 9 3 )  
Evaluation of the  Performance of Deep Snowpack under 
Compression Loading using Finite Element Analysis 
Journal of Tcrrnmechanics, 30-4:219-257. 

4. Irwin, G . J . ,  Xu, D-M., Hohnmed, A . H . O .  and vans. 
(1992 1 
~ r a f  f icability Evaluation of necp Snowpack 
Proceedings, ISTVS 4th Regional North American Meeting, 
pp. 259 -265 .  



Journal of Terramechanic.. Vol. 30. No: 4. pp. 259-274. 1593. 
Printed in Great Britain.  erga am on Press Ltd 

0 1993 ISTVS 

AUTOCORRELATION MODEL OF ROAD ROUGHNESS 

DA-MING XU* and RAYMOND N. YONG* 

Summary-Road surface roughners is the excitation source for the dynamic response of a 
moving vehicle system. Driving comfort is indicated by either the driver absorbed power level 
or the vehicle ven ia l  acceleration level. An autocorrelation function model for road 
roughners is proposed to specify the road surface random characteristics. Subsequently, the 
power spectral densities (PSDs) for both road roughness and vehicle response, the driver- 
absorbed power level, are formulated. A road quality index (RQI) in a c c o r d a n ~  with such 
energy considerations is delined to catalog the road grade. The laboratory test results show 
the applicability of the RQI method for road classification using the I S 0  criteria as a 
comparison check. 

INTRODUCTION 

PREDICTION of vehicle mobility over rough terrain has always been hampered by a 
lack of rational tools to assess riding road surface roughness. In part, this is due to 
the problems involved in the complicated measurement of a "true" representative 
road surface profile and the data treatment in regarding to an inherent random 
process, and in part on the development of adequate modelling procedures. During 
the past 30 years or so, various methods have been proposed for evaluation of road 
service condition. Qualitatively speaking, the effects of road roughness on driving 
safety, driving comfort, energy consumption and deterioration to both vehicles and 
roads due to dynamic loading are well known. From a qualitative point of view, none 
of these effects can be properly rationalized except through empirical models. 

Road surface roughness itself is not an easily explained concept even though several 
definitions have been proposed. In the subjective sense, road surface geometric 
irregularity may characterize the road roughnesseessence from geometric point of 

4 
view. It includes the road surface ruts, cracks, patches, irregularities and "bumps", 
developed during service life of the road under traffic flow and weathering conditions. 
This is represented by a road profile measurement. This understanding is still, 
somehow, not precise, so far as the filtering effect is concerned, because what a 

b vehicle "sees" may not be an original road surface profile. This suggests the need for 
an investigation of interaction between a vehicle system and a rough road, which 
considers the vehicle response. It is customary to classify the road surface condition 
into various grades: i.e. very good, good, satisfactory, poor and very poor. Regular 
survey of the road condition is an important and necessary routine task in the 
management and maintenance of highway (road) service. 

The general method for classification of road conditions is based on observation 
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and nlcasurctncnl oi ruts, patches, cracks and irrcgularitics, to obtain a so called PSI 
valuc (I'rtscnt Serviceability Indcx) through a regression cquation [ l ,  21. 'I'hough this 
classical method is  physically sound! one i s  rcquircd to rncasurc toti11 crack lengths, 
crock opcnjug sizes, number uf total ruts and patchcs, a u d  thc slupe variatio~~s in a 
unit r r d  surl'ace arca (normally 1OOO ft2 (13 m2)). This involves considcrablc field 
me;wrtmcnts. 111 the final analysis, ruad surfacc quality is gcncrally deiermined 
(judged) by lhc roads engineer's cxpcriencc. 

'I'cchniqucs for road classification developed in the p ~ s t  30 years are quite 
fascina~ing. Among Ihcm, the panel rating lnethod in Ontario. Canada, and some 
states o l  the II .S.A. ,  the paltern rccognilion methud in N e w  York statc, thc Major 
mcter m r ~  hod, thc awragc slope method, t he awraEc accccler;~ tion r n t ~  hod (rrspunse 
type of nlt.xurcmfnt methods) etc, arc s t i l l  adopted in  road survey practice. 
Hnwewr. the PSD ( P u w r  Spectral Dcnsitr) mefhvd for r w d  classilicarion [3. 41 
based on ruad profile measurement tends tu gct more and more attcnrion. 'I'hc 
intcrn;hlional organization for standardization. ISO, has proprmd a road roughness 
classilication (class a to h) in 1982 15-71 using this merhod. ic.. random process data 
trcatnlcnt. Somc characteristics of thc method. howcver, nrcd lo he furthcr dcvcl- 
oped, c,g. ~hc. assumed linear form PSD distribution over thc spatial lrequcncy 
dorn in  in log-lr~g plot i s  not quite correct (especially for rhc low lrcqurnc): band), 
since fhe are.? under the PSD curve, which rcprcscrlts the mean square valuc, wi l l  
yield intinitc valuc. Additionally, the assumpticm u t  certain lvpcs of distribution of 
PSL) [nay not rcprcscrlt t hc actual road PSD distribution, illid t IIC classification ot  
road gr;ide i s  orily based on the PSL) valuc at spatial frcqucriry C1,, - lj2r (cyclc:' 
meter). 

Thc I'SL) mcthod is  superior to the classic field me:!surement method. as i t  opens a 
wav for road classificatiori withnut invulving much ficld mcasurcment. Furtlwr 
de&plnent of the PSU mekhod requircs m e  l o  providc rnort: physical sense to lhc 
~nathcrn i~ l ic~ l  trealmerit. For example, the physical unil uaed i s  m'icycle, which i s  
neithcr a force unil nor a pclacr unil. hut some strangc unit not frequentlv 
encounterrd in  the engineering field. I '  address ihis problem, the lhcorctical 
devclopmrnt prcsentcd in this study uses energ) reli~tiun>hip> in considering the 
human hod!: at)sorhcd power level in relalion ru rough road surfacrs. 

A fuo-parameter autocorreIation model i s  proposed. One parmrrer  i s  the roo1 
mean square (KMS)  valuc 0 of the rough road height and thc orher i s  An cxponential 
pararncter which specifies rhe currelariun de~ rcc .  I'hc usc o f  luo parameters provides 
unr wilt) a hri1r.r opporlunily l o  represent l h r  rea l  road rr,ughnrss. Suhscqucnlly. 
PSVs for road roughness and vchicle respnse, driver abwrtwd pcwcr lcvel are 
lormula~ed, and a Road Quality Indcx (K01) is used ro classify thc rtwd cnndilion. 

AUTOCOKKII1AIIC)N 51Ul)lil. 

A arhcmatic rcprcscntation o l  a rough road i s  shown in Fig. I. y ( x )  dcnotcs the 
hcight ;it a dirtmcc of x away from the reference, y ( r )  i s  a r:~ridom function and is  
best cxphined as fulluws: with the samc vchiclc. samc spccd, wtne driver and satnc 
weatticr conditions, [or cach driving test (assumirig ;I tut:il of rl  tesrs) on a rough 
m i d ,  ;I diffcrcnt record wi l l  pruhahly he uhfained. 'l'his i s  hccilusc i t  is very difficult 
for ;h vehicle l o  bc driven along an exact rcpealat~le h e .  I t  ih assumed that thc 



surface i s  no1 dcfrmnalde, i e .  the s u r f m  ruufihness i s  cxpeclcd to be rieid - and *ill 
not dislort urulcr 1~)at l .  

'I'hc autocorrclnlinn function is dcfincd as: 

where 11 = spatial difference. The s)mlml E represrnts the mathematical expcctatim 
I f  we assumc that the randwn process ~ [ x )  i s  sta~irmwy, then R ( x ,  p) i s  intlcpendcn~ 
of I. I f  we further assume ihat the randum pruccss ~ ( x )  is crgodic, and using K ( p )  
instwd uf R ( . r ,  ! I ) ,  rrc wil l  have: 

I~hcorctically speaking, L i s  supposcd t r l  apprrlach =. IIrnwver. from an engineering 
puirit v iew.  I .  i s  takcn to t x  sufficiently larp,c l o  ass~~rc that R(j4) i s  r~a ldc .  

The autocorrcl;~[ion hucr ion  H ( p )  has three propcrtics: 

(a) 11 i s  :I[) even functim; 
(b) K ( O )  a t  inanirnutn 2: 
( c )  When 1, reaches =. K ( p )  rcaches 0. 

1-his model satisfies all properlies (a), (b) and (c). I t  invdvzs twr! parameters rr arid 
a, o is thc r o u t  mean square valuc, and prirtrayr thr i rhrn~al i r !n  rm the road surfacc 
"amplitude", and parartie1er rr specifies the correlation dcgrcc. I f  u is s m ~ l l .  Ihc curve 
R ( p j  is "flatter", indicating a tighl corrclalinli. This parameter providcs lhr: frcqucncy 
information-:IS wilt be sccn later in rhc PSI) distribulion. t : i~urr  2 shows the general 
shape of R ( , I ) .  
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X ( p )  and PSL). S,:(R) are paired Fouricr Tri~~isIflrrns. Sincc R ( p }  is  ;in even 
function, w havc: 

S(I2) >peci(ics the power spectral densir? rlistrihution with respect ro road rouehness 
height y ,  which is shown in F I ~ .  3 .  

From equation ( 5 ) ,  il i s  noted that ihc value nf S,(R) is  a function of I2 and two 
parameters o and u .  I f  o is  l ixcd, thcn lor different values of u ,  the S(I.2) curvcs show 
similar shapes-albe~l with diffcrcnl vitlues. 

Onc Ilasic factor necds 10 bc cmphasizcri: the vehicle rcsponse. I f  the vehicle is 
modelled as a onc.degree mass spring-rlashpot system, and if road rrmphncss is 



regarded as an excitation xlurce, then the cxcitalion a vchictr senses lron) road 
roughness i s  also a random process rcgardlcss a f  whether lhe eucilation is represenled 
as il ~ C C  c~ci tat ion or  an acceleratio~l exc~talion. To an ir~rlividual vehiclc, rcsporist: 
exciht io~l  i s  relaled to m a d  roughness, as well as thc vehicle system characler- 
islics -cspeciallx the na~ural i'requenc! of the system. The judgment ul the road 
condition is direclly related 10 vehicle exci~ation rathcr than road rough~~ess ilseIf. 
This argunlctlt suggests it i s  tieczssary t<l consider the I'SD of vchiclr rcspotisc. 

rsu s,.( l l )  OF VEHIT1.E RESPONSE 
The PSD S,, (w)  of the vehicle response r. i s  alst~ n stationary rnnrlom process where 

v denotes thc vihmtiurlal displacerntl~~r o f  a vchiclc syslcm. S,:(UJ) is linked to S,(rr)j i r l  
the fo l low i~~g term: 

whcre H(rr)) is the vchiclc system characteristic furictioll. Frequc~~cy w i s  rclntcd to 
spatial frquenc). 11 as: 

wherc V is vchiclc speed 111 using equations ( 5 ) .  ( 6 )  m d  ( 7 ) ,  wc ohrain S,(Q) ns: 
- 

s,.(n) = [d:(rol: ;:)]rxp [ -  Q.'(~o')]; ~ ( ~ j l : .  (8) 

II a sprii~g-mass-dashpc~ syslem is u x d  lo rntdrl  the vchiclc system dynamic 
bchaviour, the systcrn equation i s  dcscrihcd as: 

The R H S  term is tht  rxcitation term fro111 the road roughness. M. C and K dcnote 
mass? damping coeflicicnt and spring c<msfant, respt.ctiwly. The characteristic func- 
tion i l ( r 1 ) )  i s  tiescribcd as: 

where cy, i s  the na~ural  frequency of the vehicle system. i i s  \::, and ;I is  the 
darnpirig ratio. % and ,t arc givcn hy: 

w, = I:(K.I,M) (11) 

Accordin~ly. tl(w)l' is given as: 

i i ( t ~ ) ~ '  { [ I  - (<I,/(*,)']' - - ! ~ ' ( ( t ~ : r + ) ' } / {  1 - 4:'(<,,;q,)'). (13) 

Equalions (6) and (13) arc written ill timc 1 dvmi~in, and are not corlvenient for 
rough road rcprewr~~ation sincr the vehicle speed V is not unique. They can be 
represcntrd in space r domain according to  he follouing linear transi(~rmation: 

dr  - V d r  (14) 
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and 

&'lH(Q)lZ - 11 + 452(Q/Q0)2Y{ll - (Q/Qd2It + 4t2(Q/Qd2) (16) 

as illustrated in Fig. 4 .  
Thus, in the spalial x domain, the PSD of the vibrational displacerncnt u ( x )  

response is given as: 

The general picture ol SJR)  is illuslrated in Fig. 5. 

VEHlCLE KINETIC ENERGY AND ABSORBED POWER BY HUMAN BODY 

From the problem at hand, encrgy relationships represent the mosi basic sets of 
considerations. Since the rough road conlinuously "excites" the vehicle being trans- 
ported on the rough road surface, thc vehicle is in a resultant stare of forced 
vibration. The driver, who is "altached" lo the vehicle b d y  mass through the driving 

FIG. 4 .  Vchiclc syslern c h a r ~ ~ ~ t i i s t G  hlm~ion HYR}  PI : = 0.2, 0.4 and 0.6. 
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seat, can be assumed to be vibrating in  a similar manner-as i f  firmly "fixed" 4 0  the 
vehicle. Therefore, the kinetic energy of the vehicle mass associated with vertical 
vibrationaI motion i s  extremely importan1 compared with other energy components 
such as the dashpot dissipated energy or the spring stored energy (potential energy). 
The same might be said [or the power lhat a human body in driving absorbs, which i s  
the absorbed kinetic energy in unit time. Experiments have shown that a human body 
wi l l  exhibit considerablt distress i t  the absorbed power reaches 6 watts.' Accordingly, 
i t  i s  useful to classify road roughness according to the level of absorbed power. 

The average excited kinetic energy tor a unit mass of the vehicle in  vertical 
excitation due 10 horizontal travel over a rough road given by: 

where ui(i) i s  i th realization of random process u ( t ) .  Since i t  is assumed that the 
random process of y ( x )  i s  ergodic. ~ ( r )  must also be an ergodic random process. 
Thus, the ternpral average o f  one realization i s  equal to the ensemble average and it 
is unique, i.e. E,= E, (if i i s  not equal to j). For simplicity in mathematical 
representation, a new symbol E, is used to represent this unique value. Accordingly, 
one obtains: 

where E represenis the malhemaiical expectalion and RdUjdldr(r) i s  given as: 

Rdu,dr ( r )  = E[du(~)/df  du(r + r ) /dr ]  

= V I E [ d u ( x ) / d x  du(x + p)/&] 

= V 2 R , , , d p )  (20) 

where r i s  time difference, and p the corresponding spatial difference. Since 

(21 )  

and 

sd,,dn) = n 2 s m  ( 2 2 )  

SdA(SI) i s  the PSD with respect to vibration rate d u / d x .  Substituting equation (22) 
into equalion (21) and subsequently equation (21) into equation (20), we have: 

Wilh [he use of equation (17) ,  we obtain: 

v 2 4  exp I- ~ * / ( 4 a ! ) ]  
[ I  + 4.$2Q/Qo)1] 

dQ. (24) 
{[I - (%'W2I2 + 4 t 1 ( f l / % ) ' )  

'kt Ref. I A ]  on pagc 142: ". . .One of thc principle mearums of ride comlo~l is abrorbed power. which is 
a rntalurt 0 1  lhr  ta t t  al which vibralional cntrpy i r  abmrbcd by a l y p i c ~ l  human. A crilcri0n 0 1  6 H a l U  01 
absorbed powcr has k e n  cslabljshcd as an upper bound of vibrar~un that wi l l  pcrm~l crew m c m k r s  lo 
clfcctivt ly perlorm  heir lahkx." 
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Equation (24) gives the estimation of the kinetic energy for a unit mass of thc vehiclc 
excited under random vcrtical excitation from horizontal motion over a rough rigid 
road surface. 

T h c  integration in  equation (24) can be performed i f  the residue theorem is  
employed (see Appendix A). This leads to: 

Ek = ( ~ ' o ' o ' f i / t ~ ) ~ ' e x ~  [ -  &cos 8](cos [ B~ sin 9 - 8/2J 

+ 4~~ cos  sin 8 - 36/21} ( 2 5 )  

where 

and 

The thcorelical relalionship ktween E,  and Qo is shown in Figs 6-9, at 
V = 100 km/h Parame~cr o has three values, 0.4. 0.6 and 0.8, while parameter has 
four valucs, 0.15, 0,3, 0.45 and 0.6. From Figs 6-9, we notice that: 

(1) When is  about 0.3. the global level of El, is s.mallcst compared with others in 
Figs 6.  8 and 9. l h i s  indicates thal rhe vchicle design should adopt a damping ratio ui 
about 0.3 for the vehicle system. 

(2) Ex i s  propor~ional l o  4, the mcan square value of the rough road heighl. 
(3) For the parameter o,  a peak value of E, a t  S2, = 2a (approxirnakly) i s  

obtained. For a specified rough road, parameler a has a certain definite value. I r  
rencc~s the resonance in the spatial frequency domain. 

For Ro = % / V ,  where yl i s  the natural frequency of the vehicle sysiem. wc note 
that no is retalcd l o  V,  vehicle speed. I n  general, y, is around 1 Hz for passenger 
vehicles. As V increases from 0, Go decreases from m. A t  spccd V = 100km/h 
(27.78 mls), 61, is = 1/27.78 (cyclelm), or the wavelength is 27.78 m/cyclc. This 
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FIG. 8. Kinetic cncrgy E,  vs 51, a1 F = 0.45. 

FIG. 9. Kinetic cncrE: E,  vs I& at j = 0.M. 
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highlights a commonly recognized important conclusion, i.e, that the long wavciengths 
o f  a rough road surface higher than a limit around 50 rn are  of marginal eilect. 

The relationship between EL and V is shown in Fig. 10, where @ is taken as 1 Hz 
(=  1 cycleh = 2n rad/s) while parameter a has live values 0.2, 0.4,  0.6, 0.8 and  1.  
From ihe figure. we observe: 

(1) The peak value of El, for any value of o appears to be a constant for the same 
vehicle system with the same primary natural frequency tq) and damping ralio e .  This 
can tK approsirna~ely shown as (see Appendix B): 

The peak vaIue appears approximarely at V = ( V  El, is not monoLon- 
icall y increasing with V. bul decreases after this speed. 

(2) For a big u value, the peak Ek value appears at an earlier speed V .  

(El),1, can be used as an indicative parameter for road classification, inasmuch as 
il represents lhe maximum kinetic energy of a unit vehicle mass in motion over a 
mugh road surface. 

To evaluate the absorbed power for the human body (driver or passenger), we have 
to investigate how the energy is absorbed in unit time b)- the human body. When the 
vehicle mass vibrales, Ihe bod)- receives the vertical motion through the connecting 
sea1 and seal hel!. Since the human body is by no means a simple "slructure", but a 
very cornplicakd system which is neither homogeneous nor isotropic from a malerial 
viewpoint, some assumptions need to be intraduced if a simple "model" treatmen1 is 
to be provided. 

To model ihe  absorbed power (energy in unit time) Pa, we assume there is an 
average viscodamping coefficient C,: 

Pa = ~ ~ ~ [ ( d u l d t ) ' ]  (30) 

where E is the mathematical expeclation. Cb dujd t  is the damping force. cbdu.:'dr du 
is the work the vehicle b c d y  does lu the human body (inversely lhc h u ~ n a n  body 
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absorbed energy in  time dr due to v ibrahnal  moiion) and ~ ~ [ d ~ / d r ] ~  is the power 
[hat the body absorbs. Hence, we obtain the average absorbed power as: 

Pa 3 2CbEk. (31) 

The value of C, i s  taken as 300 Ns/m (see Ref. [a]). From equations (29) and (31), 
we have: 

P I  = 2 )  = 1 .  + 2 ) / ' (  - I - 2 2 ) ] .  (32) 

I t  i s  seen that the maximum human bcdy absorbed power (Pa),,,, depends on: 

(a) rough road height RMS value d -from the externaI road condi~ion; 
(b! vehicle system characleristics-the primary natural frequency c% and the 

damping ratio f. 

Since i t  has been chosen that ,'= 0.3 i s  the op l im im damping ratio (to be chosen), 
the significant factor is c%. If increases. (Pa),,, also increases, indicaiing thereby 
the effect of the primary natural frequency of the vehicle system. A n  increasz in the 
mass of vehicle, or a sofi suspension spring, or a decrease in the inflation pressure of 
tvre, will reduce the vibration energy level. 

APPLlCATlONS FOR ROAD CLASSIFICATION 

(a) M~thod 
To classify the road quality based on human body abwrbed power P,, i t i s  

reasoned that when Fa reaches six watts (=  0.612 kgm!s = 6 . W N m , k ) ,  the bady i s  in 
distress, i.e. ihe road is  unacceptable. Below h watts, the road s~irface characteristics 
can be sequentially graded as very poor, poor, satisfaclory, good and very good. One 
lherefore needs to find a way to  dislinguish the road grades according to a Pa value. 
The sirnplest way is to divide 6 watts into five inlervals. In considering human body 
sensation in a non-linear fashion and "borrowing" from signal analysis, we divide 
road grades in the following way: i f  Pa i s  over 6 watts, ihz road is unaccepiable: i f  Pa 
i s  within 3-6 waits, the road is very poor. where 3 watts is half of 6 watis; i f  Pa i s  
between 1.5 and 3 watts, then road grade is poor; so on so i o r~h .  Since each grade 
reduces the Pa value in half from the previous value, this yields a linear decline in  log 
units. The corresponding road grades are shown in Table 1. Furthermore. Road 
Qualily Index (RQI) i s  defined as: 

RQI = (20/log 2) log (6  (watts)/P,) 
= (20/log 2 )  log (6.004 (N m / s ) / P , ) .  (33) 

When P, i s  6 watis. RQI  is 0: when P, = 3 watts, RQI = 20; etc. 
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In general, Pa is a func~ion of a ,  o. V and the vehicle system characteristic 
parameters and :, as lorrnulatt.d in equation ( 2 5 )  and (31). This consideration 
includes too many parameters. Selecling (P,),,, in equation (32) as a representative 
value of P,. we can use equations (32) and (33) lor road claxsification. By using 
equations (32) and (33), we build a relationship between road qualitv index. RQI, 
and d, the RMS value of road rough surface height, which is given by: 

This i s  an approximale formula. For = 0.3 and yl = 1 Hz (= 2;r rad:s), we ohlain 
(Ek), , ,  from equation (29)-a neat analytical formula: 

and 

RQI  = (?O;log 2 )  log (6.003!(598.4$)}. (36) 

As seen lrom Appendix B, Iormula (29) i s  approximate. In using a numerical 
program through more tedious calculation, a more accurate value (&),,, = 35 o' i s  
ohtained. The differencc is within 3%, which i s  marginal. 

Thus, (Pa),,, = 2Cb( E, ) , ,  = 22800 & ( ~ m j s ) ,  where o i s  in meters. For 
(P,),, = 6. 3. 1.5,  0.75. 0.375 watts. the correspondinl: valucs of a arc 0.0162. 
0.0114. 0.0081, 0.0057. 0.0031 and 0.0028 m respcctively. The ROI i s  given as: 

RQ1 = (2Ojlog 2 )  log {6.002d2213002]) 
= -238 - 57.710go. 

The proposed method for road classificalion i s  solely dependent on the value o f  o .  
The relationship between tllc RQI and o i s  shown in Fig. 11. 

The RMS value o of  the rough road surface is the root mean square valuc o l  the 
road surface height viewed from a vehiclc mass cenire. This is because a one-degree 
system has been used to model the vehicle system. Disregarding the lac1 that the 
vehicle system is a multi-degrce syslem, which includes pilch angle motion, the 

Flc. 11 Koad Quahty lndtn (RQI) vr RhIS voluc ul  rough road h t i ~ h t ,  u 
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reference line to measure thc rough surfacr: height i s  the line connecting rhe centres 
of  the front wheel and rear wheels. 

( b )  Loburorory teas 
Laboratory lesls for road roughness classification were performed in the Gcotech- 

nical Research Centre of McGill University. Four rough non-deformable surfaces 
were used as les t  surfaces: (a) flat and smooth surface; (b) rough 1; (c) rough 2; (d) 
rough and sinusoidal. The ultrasonic wave apparatus (called ultrasonic distance 
dctecior) was used to measure thz rough surface profile amplitude. I t  was pre- 
calibrated to convert the distance data into electronic voltage. The relationship 
between vollage and distance is vcry linear. 

In the tests reported by Eiyo [9] the measured profile data wcre continuously 
recorded on a magnetic tape and the FFT (Fast Fourier Transform) was used to 
calculate the PSD of each profile. The sampling interval i s  chosen to be 3.5 nlm and 
the number of data points was 1024. Because of the limitation of  profile surface 
length ( a b u t  5 m) in the laboratory. the low frequency component was not expected 
to be accurate. T h e  measured original profiles were calculated to obtain PSD curves, 
and subsequently classified according lo ihe IS0 method. 

According to the developed model, the RQI  method is  used to classify the surface 
condition. The results are compared with thc I S 0  method, and are shown in Table 2. 
This demonstrates the applica~ion of the R01 method. The rating is similar to that 
using the IS0 method. However. there is a major differencc between them-the 
simplicity. I n  using the IS0 method, a lot of data trcatrnent jobs need to be done: 
Ff'T (Fast Fourier Transform) to obtain PSD (Power Spectral Density) etc. In using 
the present RQI method, only o-the RMS (root mean squarc) value of the road 
profile-is needed. I t  is not only vcry easily understuud by the road service 
technicians (compared with the concepl of PSD). but also involves much less time for 
the data treatment process. 

SUMMARY AND CONCLUSIONS 

Road classification dcals with a road roughness stochastic process. The interaction 
betnmeen the vehicle dynamical system and the rough road surface profile determines 
the ride quality. 

In r he present investigation on road classification, the PSD mrihod is  adopted. The 
autocorrclation function for the road roughness random process is described in an 
analytical form which involves two basic parameters: o and o. Subsequently the 
power spectral densities for road roughness profile and the responses of vehicle 

TAHLE 2. ROI VALLIES FOH FOLPR SLPRFACE PROFILE 
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system, the vibration energy, the human absorbed power and the vibration level are 
formulated. 

In regard to road classification, the principle of human body absorbed power is 
used to set the standard for judgment oi rhe road conditions. A RQI (road quality 
~ n d e x )  is  also defined. I t  is shown that the RMS value cr is the most significant value 
for road classification. 

. 4 ,~knowl~d~rntna-Thc  autborl wiih 10 thank Dr Furn~haru E~yu. Dr A. M. 0. Muhan~cd and M r  F. 
Caporuwio for rhc~r  asrrvancc. Wc would l rkt  lo cxrcnd w r  graliludc l o  D r  M. Pehlivanidir and Mr B. 
Pc~ilcleic ( h i ~ n i t r y  of Tramport ul  rh t  Guucrnnwnl ul  Quehcc) lor their gencrous suppurl. 
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APPENDIX A ( K t  inregre/) 

L', is given by cquatiun (24) .  L t t  

a = QjQ 

Thc rnlcgral uf cquatiun (24) i, given as: 

E, = [ t . :u:~:! (*uvT) l~  
and 

T h e  berm Q,:,!(J~:) ir  urually small. Hence integrals are dominarcd by thc potcs. To carry on w t h  
~n~cgrat iun of I ,  the Heriduc Thcorem is used: 

I = lair residues ol : ' e x p { [ - ~ , ~ ! ( 4 ( l o ~ l ] z ' } [ 1  + 4::::l.{(:' - I), + 4=,-: j  5. 

[ovcr thc u p p r  ha l l  : planci 

where I i s  a ccrnpltx vatiablc. 
Palcr arc obtained from: 

( z !  - 1): + 4>'-: = 0 , . 
There arc lour polcs, namrd 11. 12, r3 and 24, and they arc glrcn by: 

zl = cxp [(B/l)i] 

12 = cxp [ -  (B/l) i ]  

23 = - cxp[ -  (O/ l j i ]  
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and 

w k r e  

:I i s  sonjugstc with :2. so is :3 wllh : 4  Ovcr the lop half : plrnc, rk residues arc wilh rt%pccl to lhc 
poles :I and :3, but no[ :2 dnd :.I. rmcc they arc in the l o w r  hall : plane. 

Rcsiduc I = e ~ p [ ( # _ Z ) i ]  cxp { [  - R ~ : ~ ~ O : ) J C R ~ I & ' ~ ) }  

% [ 1  + ~ : ! C X ~ ( U ~ ) ] ~ ~ & ~ V ' ( I  - :!)I (A.  10) 

and 

Lcuina 

(, = :\!(I - ::I (A .14)  

and 

B = R,,!(Zo) (A .15)  

wc wrll obtain: 

E.  = [ ~ ' o ' o ~ ' ~ ; < ~ . I ~ ' c a ~ [ -  B:cos8] 

x {coslH:slnrt - uj2] + 4::cm[#:rln8 - W?]} 

(fur 8 < I ) .  ( A  16) 

7 7 1 s  i s  forrnu[a (25)  in rlw main body of lhc papcr 

APPENDIX B 

The condillon to find the maximum valuc of  EL wrth ierpecl lo diilcrcn~ o \;llucr rr: 

I]( E.  );do = 0. 

F r m  equaliun ( A  1 3 )  i n  Appcnd~x A ,  EL is  g l v m  approximalely .IS 

El -- [1':0~;;18][( 1 + 4e:)/rII Cxp ( -[%!(?a)]: ~ 0 %  U ) i a .  

In  using sondillon IB I ) .  one ob~ains. 

- I;d + ( l . :u ' ) (~,~cor  V):? - O 
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DEVELOPMENT OF ClUTERION FOR ROAD SURFACE ROUGEhTSS 
BASED ON POWER S P E m  DENSlTY FUNCTION 

D.M. XU', kM.0 .  Mohamed', EN. Yongl, and F. Caporuscio' 

The study has demonstrated that non contact acoustical transducer is a reasonable 
sensor for rcflccting the road roughness profile, and it is much faster in detecting the road 
surface roughness as compared to other measurcrncnt devices. Thus, i t  s a very promising 
sensor with regard to road rouglums measuremen!. Furthermore, the IS0 may be used to 
class@ the road grade. However, the assumed linearity in the PSD on a log-log graphical 
representation may nor be true inreality, especially in the lower frequency band. Therefore, 
a new approach to classify the road surface roughness is to be dcvtIoptd. 

When a vchide is operated on an uneven road surface, ride quality diminishes and 
factors such as vehicle vibration, fatigue o l  vehicle frame and changes in vchicle traction 
induced by excitation horn the ground surface, and contribute to unsafe driving conditions. 
Other problems arising from vehicle-road interaction concern dynamic loading of the road. 
The greater the roughness OF the road surface, the morc intense is  the dynamic loading of 
the road. Deterioration of the pavement slab and subgradc can be acccIerated because of 
dynamic loading from the vehicle, thus increasing the frequency of repair. 

A critical issuc is the abiliry to dctcrmine a prcvcntivc maintenance schedule to avoid 
catastrophic deterioration and dangerous consequences. The question of effect of road 
surface roughness on acceleratrd road deterioration needs to be answered. To evaluate the 
repair time and plan a schedule of road maintenance, as wclI as to set an  acceprance 
criterion for newly paved roads, it is necessary to Erst obtain a correct road surfact profile. 

For the measurement of the road surface height profile and roughness, many methods 
have been employed, or are currently srill being used, depending on the objectives. They 
are classified as the conventional method, profilometer method, servoseismic methud,slope 
in t c~a t ion  method and f h h  wheel method. However, these mcthods are generally tedious, 
or need relativeIy large data processing capability. In addition the measured data by contact 
methods, excluding the conventional method, may k somewhat distortcd because of the 
enveloping efftct of the contact devtlopmcnt with the pound surface. To  avoid this, a 
methodology and non-zontact acoustical transduce art required to accurately measure the 
road profile, and to perform quick processing of the road profilc information. 

Gcutechnical Research Centre, McGill Univzrsiry, 817 Shcrbrooke St. West, Montreal, 
Quebec, Canada H3A 2K6 



Thjs s~udy  is designed to: (1) use a noncontact acoustical transducer to measure 
surfacc pro6lc and roughness in the laboratory on manufactured rough road surfaces as well 
as in the field on actual rough road surfacu; (2) use the power spectral density function 
(PSD) to evaluate and classify road surface roughness, and (3) develop a correlation 
between (1) and (2) using PSD along thc lines of the IS0 classification. 

SURFACE ROUCE!TSS ClURA~I1IZATION 

Zn the early studies of vehicle performance on a rough road, simple function such as 
sine waves, step function or triangular waves were generaUy applied as disrurbanccs horn 
the ground. While these inputs provide a basic idea for comparative evaluation of designs, 
it is recognized that thr road surface is usually not reprcsentcd by these simplified functions, 
and thcrtforc, the dctcrministic irregular shapes cannot serve as a valid basis or studying the 
actual behaviour of the vehicle. In this study, a real road surface, taken as a random exciting 
function, is used as an input to a ride-road system. Since the main factors in a loading 
function are frequency and amplitude, the geometrical characteristics of a non-dciorrnablt 
terrain need to be described by these two quantities. me excitation frequencies are directly 
related to vehicle translational speed and the wavelengths contained in various waveforms 
of the rough surfacc profile. This illusr rares the problem of the expression of roughness, i.t., 
randomness of surface profile. 

It may be notcd that the main characteristic of a random function is uncertajnty. That 
is, there is not way to predict an  exact value at a future time. The Function must be 
described in terms of probability statements as statistical averages, rather than by explicit 
equations. Four main me [hods can be used to describe the basic propcnies of random data: 
1) root mean square values; (2) probability density function; (3) auto correlation function, 
and (4) power spectral density function. In this study emphasis will be given ro power 
spectral density analysis. 

POWER SPECTRAL DESSITY FCNCIION 

The power spectral density (PSD) function far a stationary record represents the rate 
of change of mean values with frequency. It is  estimated by computing the mean square 
value in a narrow hequency band at various centre frequencies, and then dividing by the 
frequency band. The total area under the PSD curve over all frequrncics will be the total 
mean surface value of the record. T h e  partial area under thc PSD curve from frequency 
f , ,  to f, represents the mean energy value of the record associated with that frequency range. 

The autocorrelation function and the PSD Function are Fourier transforms of tach 
other (Wiener-Khinchine relation), and therefore furnish similar infomation in t h e  time 
domain and frequency domain, respectively. Most importantly, the PSD function may satisfy 
the rcquiremcnts of road vehicle studies since both amplitudes and frequcncies, which are 
essential factors for vehicle vibration dynamics, a described in terms of energy density. Thus 
it may be suitable to express the road surfacc profile (representantion of surface roughness) 
by a spectral description such as the PSD function. The PSD function wilt contribute lo a 
response analysis which will dcscribe, with adequate precision, the motion of the system 



expressed in most of displaatmnt, acceleration or stress. 
Since the terrain surface roughness under consideration is a spatial disturbanat, rather 

than a disturbance in time, it is desirable to define the PSD in terms of the spatial kequency, 
0 ,  in cycles per meter, rather than in terms of the conventional time frequenq, f, in qcles 
per second. Sptial kequency is another description of kequency in the spaat domain. 
Then road surface roughDess can be expressed in a concrete mapntr, disregarding the effect 
of various operating spteds of the vehicle, In terms of the spatial kequency argument, the 
PSD of the road surface is dehed in the following manner 111 

where: S,(Q) = on sided PSD of the road surface file,(m3/c); 0 =spatial frequency (c/m); X 
= length of course (m); x = horizontal distance over surface (m); and y(x) = surface height 
profile kom a reference plane (m) 

CLASSIFICATION OF ROAD SURFACE ROUGHNESS 

Several attempts have been made to classify the roughness of a road surface. In this 
study, classification based on the International Organization for Standardization (KO) is 
used. The IS0 has proposed road roughness classification(Classes A to H) using the PSD 
values, Figure 1 shows the classiFrcation by IS0 [2] and the corresponding range of PSD 

1 values at a frequency of - clm. I t  is observed that the smoother surface possesses less 
2a 

power over a whole bequGcy range than the rougher surfaces. In the IS0 proposal, the 
amplitude of PSD function of the road surface can k appr~mated by means of two 
straight lines with different slopes, since the PSD curves of many road surface show 
concavity. The a p p r h a t e  forms of smoothed ED'S (one sided) are given as fo110ws: 

where: n, and n, are LO and 15, resptctively, in the IS0 draft. These two values are 
determined bom filed measurements. A more simplified mathematical form is suggest4 
as f0Uows [3], . 

s,(n) =G,Q* 13) 

Where: Go and n are positive constants. 

Eq. 3 represents a linear relationship between log S&Q) and log 0 ,  which can be 
seen if the log operation is applied to both sidcs of the equation. However, Eq. 3 is 



questionable for the following reawning It k hcwn that the irrvem Fouricr hamform of S,(Q 
gives the auto correlation function as: 

Ltf p=O, the Eq. 4 is reduced to: 

S,(Q) has the. following three propcnics: (1) S,(P) is positive dehi te ;  (2) 
Sr(Q) -, 0 when 1) + -, and (3) the area covered by the Sy(Q) C U N e  is equal to root mcan 

2 square value, 0 . 
Substituting Eq. 3 into Eq- 5, one gets: 

Since n is  gcneraIly around 2, !he integraiion reaches , an i t c  I of . T ~ L  

, - J  

problem is noticeable at the low trcquenq band. It is  known that the power spectral density 
is always an evcn function with respect to Q-0, ie., the left side is  symmetric to the right. 
At P -0, the slope of the power spectral density function is always zero. Htnce, the PSD 
shape is more Wtely to be fiat at Iow kequencies in the viciniry ot 0-0. Results from Eyio 
and Yong [4j, which were carried out at the GeotechnicaI Research Centre for four 
artificially made rough road surface height profiles, do not likcIy tosupport the IS0 relation 
presented by Eq. 3. 

MODEL DEYELOPMENT 

Based on the properties of the autocorrelation functioq R(p), as wcll as the 
txperimental data kom Eyio and Yong 141- the following auroconclation function is 
proposed: 

Eq. 7 has the following properties: ( I)  it is an even function; (2) R(0) is the root mean 
square value ((13, and (3) when p -t -, the function approaches zero. The autocorrclation 



function proposed by Eq. 7 involves rwo parameters ' 0 '  and 'a' which need to be 
determined. 

The physical meaning of parameter o is rather simple. It denotes the statistical value 
lor m e w  average rough road amplitude. This is an important quantity which species the 
road surface roughness. As the o value increase, the road surface roughness i n c r e ~ e s  
proportionally. W e ,  the physical meaning of parameter "a" is not as obvious. It is related 
to the wave shape o l  the rough road surface profile. 

Bared on the proposed autocorrelation function given by Eq. 7,the corresponding 
PSI), Sl(U), is  obtained by: 

It can be seen from Eq. 8 that "a" is small, the term cxp (:22) - decrcasrs rapidly with 

0, indicating a narrow frequency band. 

EXPERIMENTATION 

The primary cornponenu of the road roughness measurement system are an 
acoustical transducer and  a ranging circuit buard. Together these units are capable of 
detecting and measuring the distance of objects (surfaces) within a range o l  approimately 
275 mm to 427 mm. During oprration, a pulse is transmitted toward a targel and  the 
rcsuhing echo is rcccivcd. The elapsed time bctween the initial transmission and the echo 
detec~ion is thcn convened to distance with rrspcct to sound. The principal component is  
rhe acoustjcal transducer, which acts hoth as a loudspeaker and a microphone. The polaroid 
transducer was dcsigncd to transmit the outgoing signal and also function as a n  electrostatic 
microphone in order to rcceive the  reflected signal (rht echo). 

When the unit is activ:!trd, the transducer emits a sound pulse, then waits to receive 
the echo. The emitred pulsc is  a high-frequency, inaudihlr  "chirp", lasring approximatcly one 
millistcond and consisting of fifty-six pulses. After generating the "chirp", the operating 
mode of the transducer changes from loudspca ker tu microcomponent detect the returning 
echo. The transducer then converts the echo sound energy to clcctncal energy, which is 
amplified by the analog circuit, and then detected by the digital circuit to produce the echo 
received signal. T h e  received signal is then fed to a distance to voltage converter and, 
subsequently, the recording system. 

During the 1990 field testing progam, the xoustical transducer war mounted on the 
rear axle (on the drive side) with a special " U  type mount. The transducc was positioncd 
305 mm above the pavement. All the required electronics, plus the AC power for the data 
recording syswm, were installed in a van. The van was driven ovcr a specified areas at a 
speed of 6 7  k m h .  The data was recorded tmth on a trip chat? recorder and a magnetic 
tape machine. The magnetic tape was thcn convtned from analog to digital, copied onto 
floppy diskettes, and then input into a personal computer for data reduction. 



RESULTS Ahill DISCUSSlON 

T h e  road section (pistr) number and the corresponding location of the tested road 
scctions are shown in Table 1. T h e  length of each road sccrion was 300 m. In comparison 
with laboratory test conducrcd by Eyio and Yong [4], field test were representative of the 
real situation in tenns of the length of cach road section, as well as the surface roughness. 
It should be noted that lor field conditions the minimum spatial frequency is 0.0033 cyclelm 
(for cach 300 rn length), while for the laboratory test the minimum bequency was 0.25 
cyclclm (for each 4 In Iength). Therefore, fieId conditions provide mote input in rcIation to 
the dynamic behaviour in the lower frcqucncy range. 

In considering the fact that  there might be different road roughness within the 300 
rn section, the PSD caIculations were carried out  for a window length of 50 m. T h c  choice 
of 50 m as the basic length is  attributed to thc tollowing reasons. First of all the lwcst  
spatial hequency is 0.02 cyclelm, whch is quite small compared with the specific spatial 
frequency (0.16 cyck trn) used in the IS0 method. Therefore, it will provide a more 
accurate PSD value at a spccific special frequency. The second reason is rcIated to practical 
considerations. For road reparation, a distance of 50 m is considered lo be an adequate 
Iengr h. Thcrelorc, for each piste, one has 5 basic lengths, which are: ( a )  from 0-5Om; (b) 
from 5-100 rn; (c) from 100-150 m; (d) from 150-100m; (e) from 200-250 m, and ( f )  from 
230-300m. 

Due to a sirnilariry in data analysis, piste number 13 is only prcscntcd in order lo 
iflustrate the roughness condition, as wcIl as the method of classifica~ion. Figure 2 shows the 
rrltasured road surface roughness profiles for 0-300 m for ihe 50 rn subsections, whilst Figurc 
3 shows thc caIculated PSD curves for pistc n m b c r  13. According to the IS0 method of 
cIassiLcation (i.e. at spatial frequency 0.16 ffclelm), the road is classified as good for all 
subsec~ions (a) to (0. 

Table Z summarizes the road classific~~tions frx all 10 pistes acctirdinc 10: ( I )  PSD 
evaluation; ( 2 )  Internationn[ Rou~hnrss lndcx (IRI), and (3)  lirnperical ~ n l l i &  Cotfficitnt 
(KR). It can br concluded from Table 2 that all road section are in good service condition. 
IIowver,  the worsl subsections arc: (a) pistc 7, srctlon (f) - LC., from 250-300 m and (b) 
pistc 28, sections (a) and (b) - ic. from 0-1110 rn. Ihese subsections are graded average 
according to the 150 method of c1;lssification. However, they art: still in fair senicr 
condition at the prcscnl time. 

CONCLUSION 

The salient Features covered in this study m a y  bc concluded as foIlows: 

(1) the acousticaI transducer is a reasonable sensor for refleciing the road roughness 
pro!iIc, and i t  is much faster in detecting the road surface roughness as compared to 
to other measurement devices. Thus, i t  is a very promising sensor with regard to road 
roughness measurement. 



the IS0 method may bt used to claulfy the road g d c .  The assumed l i n e  in the 
PSD on a log-log graphical rcprcstntation may not Ix true in reality, espcchDy in the 
lower frquency band ' 

the proposed PSD function is governed by only two parameters: (I) parameter "a" 
which are directly related to the wave shape of tbc rough road surface pro&, and 
(2) parameter " 0 "  which denotes a statistical d u e  or mean average rough road 
amplitude. Thc parameter o i s  U-te most imponant parameter for characterizing a 
rough road suriacc profile. The dynamic response increases as a increases. 
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Table 1 Road sections' (Pistes) and Their Locations 

Road Sccrion (pure) Location 

3 Rlc. 171-0144 Sourh 

4 Rtc. I714lI-40 Nonh I 

Table 2 Road Classifications 

1 
- - 

7 Rlc. St-kmt (36iSO) Sourh 

:j 1 R:c. !:Y.O1- i l o  Wear I 
? Y  1 R:c. S[-AmO (363HO) Nunh I 

I 

1 
I, 

h e .  2 l 3 . C  'At\: 

19 Rte. 315530 h t  

j 5  1 RIC. St-&mi (96380) Sou~h 

36 Rtc.  Sr-Am* (86380) Yornh 

i 7  I k c .  ::!-OI-?O ycr:h I 
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EVALUATION OF THE PERFORMANCE OF DEEP 
SNOWPACK UNDER COMPRESSION LOADING USING 

FINITE ELEMENT ANALYSIS 

A.  M. 0.  MOHAMPD. R. N. Y m t  and A. J .  MUHCIA* 

Summery-Thc rcnpc of rh~s s~ully exlends to the dcvelopn~ent and v.didation of a cnmpulcr- 
ized numerical m d c t  predicting the load-sinkage relal~onship of .I rrgid strip lwl ing on decp 
m o w .  T h c  crealion or such a model f ~ u s e d  on the volume changc and shcar charac~enstics or 
ihc maltrial and thcir rela~ionship l o  the ovcrall khavlor undcr p l a ~ t  loading condilionr. I t  
lhcrclort bccamr necessary l o  ohrain inrorrnation on ihr rc>punsc of snow undcr the 
lullowing conditions: l a )  volume changc onl): (b) rhcar only, and (c )  combmation of borh 
volume change and shcar Mcurnng simulrantuurl). Thc conhncd cumprc~ion rcrr war lhz 
obvmour choice for in+rst~gaiinp rhe rolume change behavior or comprcr~ihdity of the snow 
(condition a) uhcrcas thr dirrcl shcar lcs l  was sclecred ro characrcnrc lhe rnatcr~al rcsponsc 
I" pure shear (condition b). T h e  rigid platc. or fourlng rc%r, was vrlurmcd in order lo arrcrs 
~ h c  balld~ty of thc mtdcl Through a cornpatiron of tapcr~mcnlall) obla~md curves a d  rhox 
p t d ~ c i c d  by the cornpuler model baled on ihe properhc% of lhc mu* martnal in cornpreumun 
and shear. Thc 3alidity or lhc proposed mudel is *ctificd lhruugh a compatiwn of predkled 
and cxpcnmcnTally obtalncd rcsulls. Most resulla oblamed from lhc frnmtc clcmcnl model are 
luund lo  bt in rcawnably pooll agreemenl wilh the experrmcntal data uhdc some drxrcpan- 
cmcs are found ro ex i s l  belxeen specific types of resulls. 

INTRODUCTION 

THC MECHANICS of snow formation and precipitation is a complex subject involving 
many factors and is governed by the  laws of physics, chemistry, thermodynamics as 
well as by meteorological conditions. In general,  snow precipitalion occurs provided 
sufficient atmospheric moisture is  present in thc air and that ihe climatic environment 
is suitable to initiate and maintain the mechanism by which this moisture is converted 
into snowfall. Condensation of water vapor in ihe  atmospherc results in ihe  formation 
of a cloud within which, provided the lemperalure drops below freezing, droplets join 
to generaie ice crystals. Continued growlh of an  ice crystal Ieads 10 the formation of a 
snow crystal, which is a particle sufficiently large lo be visible lo the naked cye. A 
snowflake is produced as a result of a g r e g a t i o n  of several hundreds of snow crystals. 
Snowflake sizes vary from a fraction of a millimeter 10 several czntimeters. Normally, 
larger snowfiakcs are  generated when the ambient lemperalure is near O•‹C and size 
decreases with decreasing temperature [ l ] .  

Thc accumulation of snowflakes on the ground leads to the generalion of the 
snow-cover. Evidently, characteristics of thc snouv-cover, such as crystalline structure 
and densitv, are  highly controlled by the lype of weather during precip~tation ( i .e.  
temperature,  wind speed, humidity, e tc . )  and are  likely to change with time according 
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to the meirurological conditions prevailing aftcr deposition. Propertics of the snow- 
cover such as strength, stiffness and density are of particular interest to transpmtion 
engineers concerned with trawl over snow in northcrn countries. Transportation of 
supplies and goods to remutt: cumrnunities, niincs, construction sites, etc. is heavily 
dependent on the cffic~ency of over-snow vzhiclcs. Proper dcsjgn uf such vehicles 
requires no1 only a sound mechanical engineering basis but adtquue undersianding of 
the response of snow under loading. Since engineering design essentially and 
inevitably invrdvts a mathema~ical idcalizaiiun of the real problem at hand, t h t  
problem of dcscrihing thc bchaviur uf snow under loading arises. 

Various subjccts on snow mcchanics have hccn studied over the years in order to 
develop a methodology to analysc and predict the stability uf a snow mass and i t s  
rcsponse when subjected to external loading. Rzspcctive examples arc avalanche 
prediction, which has been studied by Perla and Martinclli 121 and Fraser [3] ,  and 
&er-snow travel problems for which Iiarrison (41, Yong (s] a n d  Brown [i have 
proposed approaches and solution techniques. Strength analyscs of snow are-cifficuh 
because uf the nature of the material at hand but a theoretical evaluation has been 
proposed by Uallard and McGaw 171. 

The analytical prcdic~ion of the load--penetration curvc of a rigid iuuting on snow is  
a complcx pruhlm involving a series of smss  analyses of a highly compressible 
material under a given set of boundary conditions. The determination of strtssrs and 
deformations within a mass of material is a highly starisiically indeterminate problrni. 
the sulutiun uf which rcquircs satisfying the following conditions as dictated by basic 
mechanics uf materials: 

(1) equilibrium of the mass is maintained: 
(2) cumpatibility of drforma~ions (i.c. deformation field is cnntinuuus within the 

mass and is geutnet rically consistent with the imposed boundary conditions); 
(3) the constitutive relationship (or equations of marcrial behavior) is respected ai 

any point within the mass. 

In  so far as the material is assumed to bc a cuntinuum, thC solution uf the problem 
can be investigated through continuum mcchanics. The classical theory of linear 
elasticity constitutes a puwerful ~uul fur solving many such problems. The method is 
purcly analytical and consists in solving equations of stress with a particular set of 
boundary conditions. 'Ihc above iheory invulvts many ~~~~~~~~~~~~s regarding the 
behaviuiuf thc material undcr study. The most significant arc: 

(a) ihe material is isotropic and homogeneous; 
(h) the malerial is linearly elastic; 
(c) small strain theory applies; 
(d)  rhc dcformatinn field is conrinuous such that n o  gaps or relalive displaccmcnts 

hciwcen paris of the body occur. 

The analy~ical sulutiun of continuum rncchanics problcms is only possible for simple 
cases of loading and boundary cur~ditiuns. The problem of determining the load- 
sinkage response of a footing in the type of deep snow considered in this study is 
already con~plicatcd by the presence of shear stresses alung the sidcs of the prcssurc 
bulb gcrlcratcd by the platc penctraiion process. Moreover. the deforina~ion field 
along thc sidcs of the bulb is not continuous duc tu the diffcrtntial vertical 
displacrmrnt of points o n  cirhcr side of i h s  planes of shear. Assumption (d) ahovc 
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therefore auioma tically rules oul  the possibilit p of using classical ehstici  t y  as a 
solutiun pmccdure .  ' l h e  facl ihal lhe  malcrial is highly compressible and  that large 
deEorn~ations occur during tlic pIatc penctralion process also opposes assumption (c).  
In  addit ion,  snow is a non-lirlcar marerial whose stiffness increases viith m l u n ~ c t r i c  
strain and therefore,  in this case, assumptiun (b )  is vinlatcd. FinaIly, i t  is also evident 
lhat  nu  material is perfr'ctly &tropic and  homogenous t u l  asswnptirm ( a )  i s  a 
juslification always applied for idealization fur  ~ h c s e  types a f 'p r th lcms .  

In light of the above ,  il is obv,ious that  simulation of the p l a ~ e  p c n e t r a t i o ~ ~  process 
cannot b c  performed by pureIy analytical means. 'I'he method required shouId be able 
to easily handlc material nun-linearity. a s  w r 4  as large and  discontinuous dctorma-  
~ i n n s ,  T h c  finile clement n w h o d  was thus judged as suilcd for the present problem. 
An incrznwntal approach,  according to which thc rigid plalc is displaced duwnwards 
in s k p s  f o r  each of which material properlies a n d  deformatiuns a rc  updated, is 
selecled. Accordinglv. the prohlcm is divided intu a series of linear elasticity prohlcms 
(the ~na tc r ia l  is 1101 elastic hut all ekrnzn ts  a r e  esscnlia[ly undergoing loading such 
that rctwund of the material is nut allowed) fu r  which a Einilt: element solution is 
o b ~ a i n c d .  T h e  method is t lcgant in thal tlw body analysed ( i .e.  the snow hencath the 
 netr rating plale) is  assumed to bc composed of a series uf triangutar plaies uf 
material o r  elements for each uf u-hich stresses and  strains, correspunding l r j  each u f  
ttic plate displacemcnt increments intruducc. abuve.  a r e  known.  Similarly, onc-dimcn- 
sional r lcmcnts  rcpresznting the shearing mechanisms dc\,r loped along the ver~ical  
sides of t t~c pressure bulb a rc  also i l m r p r a t e d  into i h r  analysis. Stresses and 
d i sp lac tn~ents  fur t hew  clcnwnts arc also updaicd with plntc displacemt.nt. 

f o r m d u ~ i c ~ n  uf {he yroblrm 
Ttw simultaneous s l w r  and  volunle change mechanisms that  occur during plate 

pcnciratiun.  as cvprrimrritally d m o n s ~ r a t e d  by Mctaxas [HI, arc  schematically 
illustrated in Fig. I showing the shcar and  c o n ~ p r ~ s s i o n  actions undergune by 
clemen[s A and  R, respeclivrty. Thr stresses associatrd ivith thew actions a rc  
controlled by t h e  sliffncss and  strrngth uf the  snuu which are a function uE snuw 
density. Thc success r l f  the sululinn procedure lhus rtlit.5 on the abilit!: lo determine 
the dcnsity d i s k i b u h ) n  beneath thc plate, frum which siiffness and  slrenglh values 
can  hc correctly assigned lu any given point u-ithill and along the sides of ihe  prcssurc 
bulb as a iunclion or platc pcnctratiuri. 'I'hc knowledge uf the r rmlt ing system 
stiffness a1 a giwn plate sinkage then permits the cal rula~iur i  u t  i r~crc~ncnta l  reactiun 
forces on the plate from which a load - p e n e t r a ~ i o n  curve can be c o ~ ~ s t r u c l e d .  

'I'he problem thus involvts ihe  d r l r rmina t ion  of the load -deflcciion relationship of 
a ncm-lincar system in which thc lotal stiffness h' is a function of dcflection and  
dtfleclion r a t e  'I'hc mechanics of the systcm suggesl ihal  the rcaction force on the 
platr a1 a penclration is composed tmically nt two parts (Fig. 2a): ( a )  a force Pv due 
I(> the volumc change resistance o l  the snow within thc prcssure bulb,  and (h)  a force 
f', resulling f rom the resistance of ihc snuw lo shcar along the failurc. planes. 

T h e  naturc of the problem thus implies that, i n  fact, these Iorccs are  also a function 
o l   he platc penc~ra t jon  7 ,  as ;I rcsull of the variation of properties u i  the material 
(i e .  stiffening elfecr due  lo snow dcnsifjcalinn and suflening c f k c i  due to local shr;lr 
failures alrme lh r  planes uf cutting shear) as p h t e  penetration proRresscs. In  addition. 



I .  I Volurnc changc on3 culting shear mechani- undcr pidw l o a r l i n ~  

the penetration speed of the plate u constitutes a rmt t~er  paramctcr  to cunsidrr since, 
for a viscous malerial such ar snow, the velocity ficld g c n e r a ~ c d  has  a direct effrcf on 
material properties and hence, o n  the reactiun force. The fotal system stiffness can 
thus he expressed in terms of the volume change and shear  components  as fullow?.: 

where: P ( z .  u )  - total rracticm forcc OII thc plate as a function of plate penetrations 
and platc pcnc t ra~ ion  ratc 1 1 ;  1 ' , (2 ,  11) = r c a c t i ~ n  force a n  the platt. duc to volume 
changc rcsistancc of snow, and P i ( : ,  1 1 )  = r cac~ ion  force o n  the platc duc. tu shear 
resistance of snuw. 

Differentiating thc abovc cxprcss io~~ with rcspecl to platc penctratiuns and r ex r i f -  
ing it in differential furm: 



DEEP SNOWPACK UNDER LOADING 

FIG. 2. (a )  Forccs on plalc due to volumc change and cuuing shrmr mechanisms: (b l  rhcrnatic rcprcsent- 
ation of  the rclalionship bctwccn sliffncss funcliun of load (P)-pcr!crralron ( I )  curve. 

where: K , ( z ,  u) = tangent volumetric stiffness function (Fig. 2b), and Kt(<, u) = 
tangent shear stiffness function (Fig. 2b). 

Equation (3) is the basic relationship that numerically represents the process of a 
rigid plate penetrating into a snow mass at a constant rate. 

Sol~~tion 
The solution of the problem thus requires knowledge of the volumetric and shear 

stiffness functions K J z ,  u) and K , ( i ,  t i )  boll1 of which are essentially dependent on 
the plate penetration z and the penetration rate 11. The load-penetration relationship 
can then k determined by integration of equation (3): 

The foIlowing two sections discuss the above functions in more detail. 
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Volunre~ric srif f t ten functiorr KO(& u) 
For a given plate penetration rate, the volumetric stiffness function in the present 

model is controlled by density distribution within the stress bulb due to the variation 
of the compressibility of the snow wi th  density. Prior to any penetration of the plate. 
the snow deposit in rhe situation under study has a more or less uniform density, As 
penetration proceeds, the snow directly below the plate compresses somewhat more 
than that further below due to the simultaneous action of shear stresses along the pair 
of planes of cutting shear. A given pIatr: penetration therefore yields a density profile 
in which density is highest near the plate and decreases with depth until attaining the 
original value corresponding to the unloaded stale. Therefore prior to any plate 
penetration, the snow exhibits uniform volumetric stiffness properties but as penetra- 
tion increases, the stiffness at a given p i n t  in thc snow mass changes and therefore 
affects the subsequent density distributions which, as a result, causes a change in the 
votumetric sliffness function K J i .  u )  with plate penetration. 

Consider an infinitesimal element of snow, of type "B" in Fig. I ,  wi th in  the 
pressure bulb, after a plate penetration 2, and having a volume dV in which the 
density is y and the instantaneous strain rate is k (Fig. 3). Also let the compressive 
modulus, defined herein as the ratio of srress to strain under pure axial deformation 
conditions, be E J y .  u )  for the density y and the strain u .  Upon an additional 
increment of plate displacement AZp+ both axial and shearing strains r,, E,, P,, 

develop, the latter due to the distortion effec~ of shearing stresses generated along the 
planes of cutting shear. The strains are then related to stresses through the 
compressive modulus delined ahove and the Poisson's ratio of rhe material. The work 
done in deforming the given snow element is then: 

dW = ( u , ~ ,  + q,e,  + o,,.r,,)dV. ( 5 )  

d A - .. .. 

! 

I 
. , - -- - . - . . . . . 

PC 
-4 

F l c .  3 .  Strejsc$ ~ntluccd in mow nihh\ duc 10 incrcn~cnlel plulc displacemcnl. 
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Integration of the above expression over the entire pressure bulb yields the total 
energy spent in compressing and distoning the sno* for the given pla~e incremental 
displacement. Due to the parlicular boundary conditions of the present problem and 
ihe low Poisson's ratio of the material, the energy involved in the distortion of the 
snow mass within the pressure bulb is small rclaiive to the volume change energy. Lt 
can ihercfore safely be slated that evaluation ol thc integral of equation (5) over the 
volume of the pressure bulb is basically equal to ihc volume change energy 
component due lo an increment of plate penetration 2 :  

A E ,  = volume change energy = ~,'\op~p;o,E. + o , & ,  + o . , ~ , ~ ) d i d y d r  (6 )  

Assuming plane strain conditions and realizing that the pressure bulb depth is, in 
general, a function of plate penetration Z,: 

wz., PL 
A E .  = P W ~  b (u,r,  + uy5 + o,,r,,)d.rd:. (7) 

The above quantity is equal to the work done by the incremen~al force P,. 
Therefore; 

From which the volume change stiffness function evaluated at a plate penetration 
2, can be obtained: 

Substituting lor E ,  (equation 7) in equation (9), the volurnrtric stiifness function is 
ahus: 

The key in the determination of the function K,( Zp.  u) thus lies in defining ihe 
foIloaing functional relationships: 

(1) distribution of incremental stresses and strains, density, strain rate and pressure 
bulb deprh as a funclion o i  plate penetration 2,. These functions can be determined 
from the proposed finite element mcdel and are thus obtained by numerical 
computation. 

(2) comprcssivr modulus of snow as a function of density and plate penetralion 
rate. This function is a characteristic describing the compressibility of the material and 
therefore nerds to be obtained through tests. 

Shear ~ t i f f n c s s  funcrion K,(z, u) 
The shear stiffness function is linked with the effect o i  shear stresses supporting the 

stress bulb along the two planes of cutting shear described belore. As lor the volume 
change component, the shear stiffness of the system is dependent on the amount of 
plate penetration, density distribution and penetration rate. 

When the plate penetration process is initiated, high vertical shear stresses dcvrlop 
&low both edges of the plate so t h a ~  the shear strength oi the snow material at these 
points is likely to be exceeded thus starting the cutting shear mechanism. 



I f  one considers that the two planes of shear are composed ol  a series of elements 
of the "A" type in Fig. 1, it i s  clear that, as the plate begins to penetrate into the 
snow mass, such an element located immediateIy below one of 1 he edges of the plate 
eventually undergoes a shear deformation sufficient to cause a shear slress build up 
and consequently, failure of the element. Other elements further below are subjected 
to smaller displacements which, depending on the stiffness and strength of the 
material in shear at the density across the plane of deformation, may also imply 
failure. However, at a certain distance below the edges of the plate, these displace- 
ments and stresses are eventually insignificant so that failure does not occur. Upon an 
additional increment of plale penetration, the shear elements may or may not fail 
depending on the respective cumulative shear stress and shear strength assmialed 
with them. The failure condition for snow in shear is therefore defined by considera- 
tion of the cumulative shear stress in a given elemeni and the value corresponding to 
hilure, determined by the shear resistance of the snow material at a density equal to 
that along the plane of shear: i.e. failure occurs i f  T, :, r,(y), where T, = cumdative 
shear stress in the given shear element; .I = snow density along the shear plane of the 
element, and r,(y) = shear resistance of the snow at a density equal to that across ihe 
plane of shear. 

Failure in the present context refers to the poini of breakage of bonds between 
snow parlicles, corresponding to the n ~ a x i n ~ u n ~  or peak shear stresses that the snow 
material can resis~ at a given density. At larger strains, the behavior of the material is 
somewhat questionable. In  the case of a relatively rapid shearing action (i.e, high 
strain rate) the material exhibits a strain softening behavior with a steadily decreasing 
residual shear s~rength due to the self-polishing action (heat generated due 10 friction 
melts down particles) of the two surfaces rubbing against one another. 

The shear s~iffness function K, ( z .  u) is determined by the following analysis. 
Consider a shear element of surface area dA. as s h o w  in Fig. 3 in which the snow 
density and instantaneous strain rate at its center are y and E ,  respectively, when the 
total penetration of the plate is 2,. If the plate is further displaced downwards by an  
amount A Zp, a shear strain develops, whose value is related to a corresponding shear 
stress r through the stiffness of the material in shear, which, in general, is a function 
of density 7, strain F and strain rate i.: 

The total shear force developed in the process is: 

The toial area of shearing consists of the two vertical planes of cutting shear 
passing through the edges of the penetrating plate. Therefore, integrating the above 
kquatibn over this area yields the shear force due to an incremental plate displace- 
ment A Z,: 

D PW 

AP,  = 2 1  i d y d r .  
0 0 

(13) 

For plane strain conditions, and setting the stress bulb depth D to be a function of 
the plate penetration Zp: 

WZ,I 

AP. = Z P W ~  r d z .  
0 
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Thc. shear stiffness function evaluated a1 a plalc penetration Z,, is then 

Again. as [or thc voIurne change stiffncss function, ihe  determination or the shcar 
stiflness [unction thus rcquircs investigation uf lwo types of functions: 

(1)  distribution uf shear strcsscs along the plancs of cutling shear  as a function of 
plate penctratiun Z,,: i , e .  r ( 2 ,  .Zp) This  function is obtainable thruugh the finite 
clcment form uf analysis proposed in this study. 

(2) parameters dcscribiog the shear slrrss-%[rain behavior as a [unction of dcnsity 
y, strain E and sirain rate &: i .e .  (a)  shear  strength: r , ( y ,  u ) ,  and (b) shear  modulus: 
G ( y ,  t-, i), 

FINITE ELEMEKI' ANALYSIS 

Ideo1i:ariun 
The  solution oi enginwring problems always implies a c c r ~ a i n  degree of idealization 

of the material considered. I n  the prcscnl sludy, snow is assumed to have thr 
following proper~ies:  (a) the material is homogeneous and isotropic: (b) the material 
is weightless; (c) Poisson's ratio is 0; (d) ihe  material exhibits a linear-plastic 
hc1ravinr in pure shear such that stress increases linearly with slrain until failure and 
remains consIan1 afwnvards, and (e) the material is nun-fric~ional (i.c. shcar  stresses 
and strength arc  indepcndcnt of normal stresses). 

In  addition, the material is known to e x h i b i ~  the iol low~ng charactcristics: ( a )  thc 
material is non-linear and highly compressible thus implying large strain behavior; 
(h) the material exhibits a stiffening r y - t  of stress-strain cuwc in compression such 
that its stiffness increases with strain, and (c) thc shear strcngth of the material 
depends o n  density and shearing velocity. 

Furrher assumpiions conccrning the sulutinn schcmc iiseli can be  summarized as 
follows: 

(a)  the plate penctration prohlcm can be treated o n  a pl i~ne strain basis. This 
seem rcasunable in thc 11gh1 of the loading conditions imposed during testing i n  
which the snow deposit IS constrained to dcform in basically two directions; 

(h)  body furces due  lo graviiy are  ncglccted since stressrs. strains, reactions, etc. ,  
duc  to cxlcrnal luading only arc of interest: 

(c) the material fails in %hear when the cumulative shcar  stress at  a given point 
along the shearing plane exceeds the shcar strength correspunding to the dcnsity at 
that same point: 

(d) the stiffness uf snow in compre~< ion  is directly dcpcndcnt o n  accumulated 
volumc change and. hence o n  dcns i~y ;  

(e) the planes or cutting shear  passing thruugh the edges of the plate are  vertical 
and symmetrical with respect to thc platc; 

( f )  the cffcct of strain rate is  included in ihc  analysis only through thc use of 
material propcrtics in compression and shear curresponding to a deformation vclncit! 
equal to that of the pcnctratjng plate; 

(g) t t ~  shear s~iffncss paramctcr K, is kept constant throughout the  analysis 



althuugh it is recogriized that K, is in general a fumtion of dcmi ty ,  sirail1 alld strain 
rale.  

hilt e l m e n /  mesh und hu~inrlary condirions 
The i ~ ~ i t i a l  step in thc finite e l e m c ~ ~ i  solutior of a given pmhlem is the drsigri u f  a 

mesh physically rcprcsenting thc body under study with proper  consideration uf 
11uu11dary conditions. In  thc prcscnt casc, thc body in question is thc snow mass 
rxteridi11~ sufficiently far from thc plate tu cuvcr ihc maximum prcssurc bulb depth 
and coniained hetween the twu shearing planes passing through thc cdgcs of the 
platc. In  additiuri, a layer of snow just outside the shear  planes is inclwled fur a more 
realistic represcntatiun. 'I'tiis body is dividcd irito co11sta11t plane strairi t r imgular  
elements and joint elements [9] arc  used to modcl thc cffcct of vcrtical sticar stresses 
s u p p u r t i ~ ~ g  thc pressure bulb along its walls. D u c  to ihc symmctrical naturc o f  the 
prohlcm, unly une half uf the bulb is considered in the finite e lement  andysis.  'I'hc 
[ncsh used in this study is shuwn in Fig. 4 .  

T h e  chuice uf displacemerit 1)ouridary coriditioris, r ~ t t i c r  ttian load boundary 
conditiuns, for ttic finite clcmcnt a~lalysis is motivatcd hy iwo main factors pcrlairiirig 
tu the naturc of thc prohlcm at hand: (a)  in thc platc pcrictration tests, displacemcnt 
oi thc plate is curitrulled by the constant pcnctraiion rate and the corresponding 
reaction iurce UII the p h t e .  T h e  use oi displacemcnt buund;~ry  conditions c o m h e d  
with the i~lcrcmcntal  finitc clcrncrit technique used in itiis s iudy,  in which t l ~ c  platc is 
progressively displaced into ttic snow matcrial and  corrcspunding reactions a rc  
computed from nudal displacements, therefore renders the numerical s im~ila t ion that 
much more re;~listic, and (11) a hetter cuntrul un  the largc strairi hcti ;~vior of the 
material is achieved with ttic d i sp l accmc~~ t  h o u ~ ~ d ; ~ r y  c o ~ ~ d i t i n n  approach which, in 

Movable rigid boundary 
(rigid platel 

Bottom boundary 
(fixed) 

/' 

No, of nodes - 497: No. of elumnnts = 770 

1 . I luundary cu~!ditiurlr t u r  thnilc clenlenl al!alyris 



addition,  enahles thc constanl updating of material properties (both in compression 
and  shear) as plate penetratiun progrcsscs. 

1:urthcrmore. the selection of relatively small inc ren~enls  of displacement no1 only 
enables t h r  handling of 1hr br i t~ le  behavior of the material in ~ h c i j r  hut also prcservzs 
the validity of ihe  small strain assurnptiun induc td  in t he  stiffness mamix formularion 
uf thc constant s ~ r a i n  triangular elements. ConsequcntI>. the  detrimental effect of 
geometric not)-linearity is also diminished by the use of such an incrementid 
procedure. 

T h e  boundary condilions assumed for !he solution of the p r r s rn l  problem art. 
schem;iiically described in Fie. 4 .  ' t h e  top of lhc  mesh,  representing the snow surface, 
rigidly moves rluvmvirlrds, thus simulating pcnt.lriltiun of the pliiIc in the muw. 'I'hcsc 
surfacc nndes are  however free to displacc horizonlally thus in~plyirig a smooth platc. 
i.c. displacemcnfs are  allowed in both vertical and  horizonlal directions. T h e  left-hand 
side b o u n h r y ,  buunt l i~lg  rmc u l  the layers just oulside the p l ~ n e s  of cutting shra r  is 
fixed, i . c ,  at  a dislancc 0.016 m from the plalc, bolh horizonla1 and vtrtical 
displacrmcnls are sct  to zero.  Joint clement nodes, at the edge of the p l a ~ c ,  are  
alluwrd to move freely in h e  vertical direction while horizuntal motion is p rcvenkd ,  
i e ,  h o r i m n ~ a l  displacements are  zero. 7-he bot tom h o u n h r y ,  which is located 
sufii~itmtly far away from ihe plate in urtirr to minimize bot lcm huundary effects, is 
also fully restrained, i . 2 ,  holh hurimnlal  and ver~ ica l  displacements at  each node are  
zero.  Motion of the nutlcs alung lhc  right-hand side (i.e. thc plane of s y m m r l v )  is 
consirained t o  be  vcrlical only due  tu considcraiions ul symmeiry uf the p r u t k m ,  i.e. 
displacements a rc  allowed in the vcrtical directiun and restricicd in ihe  horizontal 

S n l d o n  yroccdrlre 
The finite element algorithm used in ihe  solution of i h t :  problem is  dcr ivtd  from a 

computer  program dcveloperl by Iianna 1101 and  begins wilh the initializa~iun u f  
malerial properties according to thc inilia1 density uf the snow, i.e. belure ;ITIF plate 
p e n e t r a ~ h n  occurs.  7-he stress-strain properties uf snow in comprcssinn and  shcar are  
funclions uf density and plale penetration speed  so that the c o r r c ~ p u n d i n ~  p;tra- 
meters, E , ( y ,  u )  (compressibiliry!, and r,(y. u! (shcar slrength) ubtiiinerl from 
corlfined cumpression and  vane shcar tests rcspectivdy, are  all initially defined 
according thc rcsults from tesls perIorrnetl un snow at the initial densily, More 
specilically, thc value of modulus of r l :Ac i l y  ini1i;rlly assigned at  the Iriangular 
cnnlinuum elcnlenls is equal t o  the <>[her [angent nlodulus of the stress-strain curve 
in the confined compression test a l  zerv strain. ' Ihc  v:due of Puisson's ratio is set  tu 
t e r n  and is k z p ~  constant ~ h r o u ~ h o u i  the entire analysis. Sin~i lar ly ,  thc shcsr stiffness 
of join1 elernenls 1s initally assigned a value. which is assumed to rc tm~in corirtallt, 
and other maximum slresses tolcratrd by these clements correspond lo the shear 
strength uf the snow at  thc initial density. ' Ihc normal stiffness is irrrlrvanl in lhc 
present analysis, since ttie nurm;ll disl)lacerneni of joint elcmcnts is prevented 
according to  the specified buundmy conditions, bu l  is arhilrarily given ;1 value of 
IOU 000. 

[ ' h e  size of ihe specified increnlental platc displ;~ccment ( i . c .  2 m ~ n )  used in the 
finite element analysis is detcrnlincd simply by dividing the maximunl p h t c  penclra- 
tiun ( ; ~ ~ ~ r o x i m ; l t e l ~  70 rnm) hy lhe  total number  uf increments. which. in the prugriinl 
presented in this study, is se l  lo 35. 



UU A. M. 0. MOHAMED el dl .  

The proposed n m h o d  of s f h t i o r l  thus  consists of a series of finite element 
analyses, each applying tu an incrcment of plate displacement of 2 mrn, for which 
material propertics in the for111 of stiffness par:!Inelers, a rc  obtained from character- 
istics derived from tesl results. The nun-linearity of thc matcrial impIics the use of an 
i~e r a t i ve  technique,  developed for the triangul;hr e k m c n t s ,  as discussed hy Zicnkie- 
wicz 1111 and  Yong cf a l .  [12]. 

I d l o w i n g  a particular incrcment of plate displaccrnenr, stresses arid strains in 
triangular e lements  a r e  c o n ~ p u t c d  from the  rcsulling incremei~tal  nodal displacemenis 
and  the non-linear analysis p r w e d u r e  nic~it ioned ahovc is undcrtakcn and is carried 
through for  a maximum of 12 iterations. LJpor~ coniplction of the algorithm for  
1n;ltcrial non-linearity, strcsses in joint clemerlts arc cmmincd .  Failure in shear  at 
various po i~ l t s  along thc vertical cutting shear planes ir reflected, in the prtlpclsed 
model, by a tofal o r  cumulative shcar slress in a given joint e lement  grcalcr than that 
tolerated by the snow material at  a density cqual tu that across the plane of shearing. 
When  failure docs occur ,  a vcr) small valuc ( i -c .  [I.(XHII) of shcar stiffness is assigned 
to thc e lemcnl  and shear  strcsses subsequently remain constant at  the failurc valuc 
accortling to the idealized stress-strain c u n e  in shcar.  As a result, aftcr  failure of a 
given joint c lement ,  thc difference hctwccn the cumulative shear  stress and  the smess 
corresponding to failure rnusl he "rclcascd" back into the snow mass o n  both sides of 
the plane of shear .  This is done  by converting the exccss shcar  stress i r i t r >  a n  
equivalent systcm of vertical forces [12] which are  then applied 10 nodcs o11 cithcr 
sidc of thc plane(s) of shcar .  A finite clcrncnt analysis, alsu including the no11-linear- 
i1y algorithm. is perfor~r lcd for this luuding s i t ua~ ion  whilc krcping the p l ~ t c  
s ta t ionary  T h e  resulting rcactio~is on thc plale provc to be opposite to  those 
generated during the incrcmcnts of plate penetration. Idcally, [he stress release cycle 
should he repeated until the excess shear stress in any joint e l e ~ n c n t  is zcro,  but, 
becausc of computcr  timc costs, additional analyscs a rc  under takrn only i f  the last 
increnicnl (negntivc) reaciiun load on the plate is of significant magnitude with 
respect to the value corresponding to thc  prcviuus strcss relcasc cycle. Incremenral 
reactions due  10 ei ther plate penetration o r  excess shcar stress releases a r e  deter- 
mined by summation of the indiv~dual  vertical reactions exerted on the nodes 
rcprcsenting the plate-snow interlace and multiplication of the rcsults by the plaw 
width PW (Fig. 3) as a rcsult uf the assumed plane strain condition. T h e  resulting 
value is lhen  doublcd since, as it can bc recalled, the finirc clement analysis 
performed applies t o  onlv half of thc plate. T h e  total updated load o n  thc plate is 
then computed hy summation o l  the incremental reaction loads or the plate 
computcd for  each plate displacement ir~cremcnr o r  excess shcar slress analysis. 

At  the. end  of cvery irlcrcment of e i ther  plate displacemen1 or shcar  stress rclcasc 
cyclc, the nodal coordinates a rc  tllcn updated simply by a d d ~ n g  the incremental 
horizontal a n d  vertical displacemcnt tu the coordinates at  thc e n d  of thc previous 
incrernen1. T h e  density distribution beneath thc p l a k  can thus he obhir icd.  T h e  basis 
fu r  computing density is the change in area  of the triangular clenients as dcforniations 
occur .  T h e  area of thcse e lemcnts  at  any stage of  plat^ pcnc~ri i t ion is ca lcu la~cd  from 
the  updated coordinates nf lhc ntrdcs. Since the initial area of each element in the 
original. undeformcd finite c lement  mesh is conlputcd and  stored in the finite element 
mesh generaling suhruutine,  the ratio of de fo r~ncd  tu untleformcd clement areas can 
kc determined. D u e  to t he  plane strain condition i m p r w d  o n  the p r o h l c n ~ ,  thcsc 
ratios are  also the volume ratios from *hich clensity is obtained through t h r  folluwiog 



expression: 

where:  y = updated dcnsily in a given elenienl;  A, - initial area of undeformcd mesh 
coordinates; A = a r e a  of deformed clement  ( i .e .  a rea  computed from updatcd nudal 
coo rd inaw) ,  and  yo = in i t id  snow dcnsily (snow d e n s i ~ y  prior tu p l a ~ e  penclra!iun). 
I'rurn the resulting density distributiun within the snow mass, a n  equivalent average 
strain in each triangular element is then deiemjined in o rder  lo prepare the non-linear 
analysis i n  the next increment. 

Thc shcar s k s s  in failcd joint e l e ~ n c n ~ s  is thcn rccordcd in o rdcr  tu maintain the 
buokkeeping on the updatcd s ta tc  of shcar strain in joint clcnlent subjrctcd to  
s u t w q u e n t  excess stresses which must then be ternuvcd leading to the stress release 
elfccl discussed earlier. 

The finite elcmcnl algorithm procccds tu anolher  incrcnient of platc displacc~ncnt 
equa l  io 2 m m  and the entire analysis is repealed,  each timc with proper considera- 
tiun uf the variation of malerial properties wilh density distribution. which is 
dependent o n  the total platc penctratlon.  T h e  procedure  is terminat td  when the plate 
pcnelraliun equals a valuc srleclcd ;iccurding to the ~ n a a i m u m  plate penctratiun 
achieved in the experiments (aboul  70 mm). 

Sample prepororion 
Artificial snuw material was used in this study t3ecause of the critical need to  

rcpliclitc tcst sanlplcs u l  s ~ l o w .  Snow was produced by crushing M a y  old icc with a 
pulverizing machine in a cold room of insillc avcragc lempcraturc -13 "C: with 
f luclua~ion of +3 '1: due to dclrosting cycles. T h e  ice crushing process was r r p a t e d  
thrcc  time^ in order  to  achieve a snow density of approximately 0.35 ~ ~ I r n ' .  Two  
Lypes of m o w ,  distinguishztl by (he numhcr  of i~geing days in thc cold room wcrc 
u w d :  ( I )  4-day-old snow, and  (2) 30-day-old snow.  Snow samples wcre aged in the 
same cold ruom inside which [he snow was produced.  The grain site distributions of 
the mow used as a functinn or ageing timc a r e  shown in Fig. 5. 

Confined compre,ssion testinx 
Confined compression tcsh basically consisted u t  cmtprcssing,  at a yxc i f i ed  

deformatiun rate,  cylindrical samples of snow from its initial dcnsity lo a r ind  
s p e c i f i d  dcnsily of apprurti~nalely 0 .6  ~ ~ l m '  whilc recording lhc load-dcformatiun 
rcsponsc. T h e  ratc of deformation uscd was  (1.58 rnrn;s. Teats were  conducted using 
plexiglass cylinders ut 3H mrn inner diameter. 6 mm wall Ihickncss and  I78 rnm height. 
perforated hy small holcs tu allow for air  extruhion during conlpression or snow 
sa~np l e s .  Artificially przparcd snow wns d e p u s i ~ c d  i n k  the cylinders with a 2.4 mm 
s i x  sirve from a height of 100 m m .  T h e  initial density of snow, dctcrmined using a 
Ohaus triple beam balancc with a prtcisian of o.1  g, was mure o r  Iess cunslanl and 
equal lo 0.35 ~ ~ / r n h  1.2% Ageing of sampl t s  tuok pl i~ce inside the cold room in 
thermally insulatcd buxcs to avoid temperalure  change cffccts duc tu defrosting 
cycles, Thest boxes provided protection t o  the  samples From air movement,  humidity, 
light and  o ther  facturs possibly influencing the  ageing process. 

Each individual lest h c g m  by placing a cylinder containing a snow sample cm the 
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compressian machine pistnn, just small enough to f i t  inside the cylinder. Friction 
between the piston and the interior wall of the cylinder was thus minimal. The 
compression machine was then started moving the piston upwards at a constant 
specified rate, thus compres~ing the snow. Friciion between the snow and the cylinder 
wall was negligibly small due to both the self-lubricating properties of the snow and 
the smoothness of the plexiglass material. As the piston moved, the Load-displace- 
ment response was recorded on the chan recorder. The compression machine was 
stopped at piston penetration of approximately 76 nun, corresponding to a density of 
about 0.6 ~ g / m ' .  

Shear mring 
The shear strenglh of snow was investigated through vane shear lests on snow 

compressed lo a given density. More specifically, these tests were performed o n  the 
snow co~npressed during the plaie penetrat~on process. Once ihe desired maximum 
plate pknetration was achieved. the plexiglass boxes were lurned on their side and the 
front side wall removed. Samples were then extracted from the snow mass using thin 
walled aluminum tubes for determination of density. Density was calculated from ihe 
weight of the samples and the volume of the tubes. A portable hand vane was then 
utilized to determine the shear strength of the snow a1 approxi~nalely the same 
loca~ion from which the snow samples were taken. 

Plare y~tretra!ion resrirtg 
Speed controlled plate penetration tests were performed on deep snow of 

0.35 ~ g / m '  approximate inilial densiiy and aged for a specified number of days in the 
cold room. Plexiglas boxes, measuring 0.54 m in length, 0.79 m in depth and 0.1 m in 
width, contained the snow sampIrs for plate penetration testing. The lengih and depth 
ni  the boxes were chosen in relalinn to the Lwading plate length and maximum 



pcnclralion deplhs t o  avoid kid? and butlum effects respcclivrly . A 7 1 X 71 mm 
stluarc ptatu uI  13 mnl ihickncsh was uwd. 

'I'csl began I)!: p l ~ ~ l l l f i  :1 g ivw  CIIO* box on the plalform a n d  sclting the 
dclorln:~liur~ rntc control s w i ~ c h  lo lhc  p s i l i o n  corresponding to ltic spcciiicd value V L  
pl;~~t'rmri spced. Thc luad ccll and displ:~curne~~t transducer rccordcd thc rcaction force 
o n  the plaw and  the p l n t l o r ~ ~ i  displi~ccmenl ruspectivcly. S i~r~ul in r~cous ly ,  phorographr 
o l  rhu  grid, drawn 011 ttic stlow surface durinc sarnplc prcp:ir:~linn using fine black 
sand. u u r c  laken at  givcrl l i l r~c inlcrvals thus. recording lhc dcfnrmniior patterns 
hclow [he  laic inducfd by thc ltmtlit~p process. A schc~niitic rcprcscnhl ion of ihc  
appnralus used for plaic pc.nclr:~ticm ~ c s l s  is shown in F ~ F .  6 .  

>IATFR[AL PAK:%ifFTF.RS 

The prupuscd ri~eillod ul :inniysis described previously rmplics assumplions a11d 
appruxirnntirms neccssilry 10 thc forrnulaliun and  s d u i i o r ~  ui thc prusunt p r o b l e m  111 

1 Swlich bar  6. Dtspiacemerlt transducer 
? Spccd corllro unit 7. Moviriy plalforrn 
3 Load ce:l 8 .  U r ~ v f n y  system 
4 Rigid plate 9 Rccordrrby syr;fcm 
5 Snow box 



addition. [he components of the proposed model require the fullowing char;~cteristics 
uf the snow m~ter ia l :  

(I) co~nprrssibility as a func~ion of density ( i~ai ;~l  slress-sr rain rclalionship for fully 
canfined conditions). 

( 2 )  shear stress-strain respnnse as a function of drnx~ty. 

I n  view of the above, the experimental prograrr curried out during the course of 
[his study was  designed lo provide rcquired material input paramciers as well as fur 
ver~ficat ion purposes o f  the proposed model. 

Tvpical results from h e  tlirce types of tea t \  are shown and discussed in  the 
fdl&ing sections. 

Cmfirrrd cotnprc~ssiur~ rrspxise 
I n  a confined compression test. [he rr~itlerial undergoes an axial delormalion whilc 

la~cral  diqdacemcnts are prevented. For a matcrial with a relatively high Poisson's 
raiio, a lateral pressure dci-elups and tt~ereforc the confining stress on the sample 
increases due l o  the restriction of lateral movement hy the rigid wall uf ihc ptexiglass 
conlainer. I%r soils, Lirrks- *train bchav~or ir  dependent on confining prcssure and 
wnsequently, n confined compression test yields infurmalion of questionahlc value 
since the contining pressure varies throughout the i c a .  I loucvcr .  when a malerial 
wiih a low Poisson's ratio, such as the snow iypes used in   he present study, i s  lrstcd 
in similar conditions. lateral defurrnahns ore minimal and thus lateral pressure i s  
small i n  reration to The axial pressure. I t  can hercforc he deduced that for such ;I 

material, the cffrct of confining pressure is insignificanl 
Stress-strain relationships under confined mmpression conditions wcrc ot)t;~i~lcd 

frum test  results sirilply by dividing the recorded load and p is~on displaccmcnt values 
t)y tlic cross-scclional area and original height uf the samplc, respectively. An 
example of a typical curve is illuslraied in Fig. 7(a), showing a generally incrrasinp 
slope, i . e .  charackristic of a st~flcning ~nalerial, and the presence of microfractures 
also referred to as ihe "saw-tooth" cffect and prcvinusly r t po r~ed  by Yong and 1:ukue 
[13]. This microfracluring behavior i s  reflective of local hilures caused by fraclurr of 
bonds hctwcen snox- particles due 10 local stresses exceeding the hunt1 slrengih, A 
resulting load iransfer to  uthcr bonds occurs unril their strength is in  turn exceeded, 
cliw to stress superposition. A stress release is  exhibited whcnever hmds arc broken 
and a subseqtrent stress build-up occurs as uthcr bonds acccpl a share of the load 
transferred 10 tt~ern, Thc process, however, also causes packing of the snow part~cles 
which ~ h c n  ol fcr  more and mare resis~ance to furlher cornpression. Their eflzcl secmi 
to be dominant as the shape of the s~ress-srrain curve, including both the h n d  
fracture and drnsificativn mcc-hanisn~s, is typically concave up thus implyin6 lhat the 
material becori~cs stronger as load increases. in  spite of the increasing number of 
broken bonds. I t  can also he seen from the slrrss strain curve ihat continued 
compression eventually producer a condition in which m~crofracturing cvenlually stops 
thus seeming to indicate that bonds breakage becomes nrgl igihk after a wrtain point. 
'This condi~ion arises when ttic snow material, having undergone a given vulumelrii 
strain, rcaches the "thrcst~old density", also discussed by Yong and Fukue [13]. 
Threshold densitv can be lorrnally defined as thc snow density a t  which no 
microfrac~urin$ will suhsequcntly dcvelop when ihe snow is  sut+c!cd l o  contrulled 
confined compression testing conditions and depends on the deforrna~ioti rate. 
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Reyonti the v o l u m e ~ r ~ c  strain, correspond in^ to ihe threshold dcnajly, s l r w  incrcascr 
rapidly wiih respect lo slrain as microfracruring n o  longer occurs and as the degree uC 
panicle packing incrrasrs. Ullimatzly. turthrr cumpression would pruducc a high 
dcnsity snow (0.611 and grcaler) with a higher Poiwm's ralio and thus lor 
which the cuntining stress during confined comlmssion l c s l i n ~  ran no longer br 
disregarded. 7-he analysis uf the Ilchavior of such a ty lx  of snow k, however. beyond 
Ihr scopc u l  ihc presenf sludy. 

I n  the present work, results from confined compression lcsls ore viewed simply as a 
c l ~ : ~ r ~ c t e r i s t i c  t o  b t  lnputtcd in the d ~ v c l n p c d  finite c l c n w ~ ~ f  mtldel.  T h e  dntn 
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describes the stress-strain behavior in conlpression or conrpressibility of the snow 
material. The amplitudes o f  the mess releases observed during tests were seen to be 
small with respect to the stress values themselves so th i~ i ,  consequently, the 
"saw-tooth" effect due to microfracturing is ignored as a parameter describing !he 
slress-strain response. An average curve was thus fitted through the center of the 
recorded peaks and iroughs, as shown in  Fig. 7(a). The  r e d l i n g  stress-strain 
relationships obtained for the two snow tvpes ( i-e. age 4 and 30 days) are shown in  
Fig. 7(b). Ageing of snow increases the degree of bonding and, as expec~ed, the stress 
crxresponding to a particular value of slrain increases with the nunlher of ageing 
days, lhus demonslrated in  the higher res~stance of older snow. 

Rr.rponse irr slwar 
In a vane shear test, i t  i s  assumed that the snow is tested at essenlially conslant 

density. The fact that the failure plane is  predetermined i s  consistent with the 
idealized version of the real situation of plnle penetration in which the locaiion of the 
shear plane is  known ( i -e .  vertical planes through the edges o f  the plale). Although. 
in realily, the failure plane develops progressively as opposed to being established 
conlpletely prior 10 loading as in  the analyiical model, i t  was felt that resulrs from 
vane hea r  tests could be useful in  the description of characteristics representing the 
behavior of snow at points where the material is acting principalIy in  pure shear ( i .e. 
along the failure planes). 

Results horn vane shear tests essenhlly consisted of shear strength-denshy 
relalionships, corresponding to the given deformation rate, for the two lypes o f  snow 
used. Shear sirength of  snow was compurcd from the vane reading and a calibration 
laclor. Results, illustra~ing the effecl of age, are praphicalIy displayed in Fig. 8. A 
general pattern i s  observed according ro which, as expected, shear strength of snow 

Shear srrcnplh 

_ . .-A 02k-n 0 ,  OM 5 0.60 
Density lMg/rnJ1 

FL H. V m c  shcrr Icsr ~esulls  w l h  agc cffcct. 



incrcascs with dcnsity i ~ s  wcll as with lht) riumber u f  ageing days  T)uring the vane 
shear tests pcrformcd during the siudy, i t  was nu1 possible tu mrasure [he shcar 
resistance as a tut ic~iur~ of vane rotariuri s i w e  the recurdrd vane reading cor- 
respunded to ihe niaxintunl shcar stress tievelnpcd ( i x .  thc shear sirengh). This. 
houcver, did nor cause man)- problems in  ttlc fornulation of thc prcsrnl mudel as the 
post-peak bctlariur in  shear was actually idealized in this study. Since the proposed 
mudel does require a stiffness paramclrr or snow i t1  shcar, which can only bc 
obtained from a shear slrcss-dcforn~atiw curve. such a number was thus assumcd 
and considered as ;In aJditiunal parameter in the present srudy. 

Shcar tests 11111s provided mcans ro determine the shear rrristance o f  snow ar a 
given density hut uiher pararnclcrs tlcscrihing the shear s~rris-deformation curve\ 
required in ihc rl~utlcl had to be obraincd Frnm other sourccs due to limitations u f  rhr 
experimental lacility. 

I'lare pen~rrtr t ior~ rcspvnst? 
A plil lr pmelration rest rcprcsenls A hadin3 situation in which bolt1 voll~rnc changc 

awl shear n~eclianism uccur simul~dnruusly. As pcncrratior of the plate in  tt~r s r ~ t ) w  
sa~nplc progrrssrs, a reaction load on the platc develops because o f  the resistance 01' 
thc snow bcneatt) the plaic to undergo volume change m d  shear along thc vertical 
plancs uf cutring shear passing thrnugl! the cdgcs or the platc. The rrctuded 
load pn t l r a t i un  respume uf a given snow type corresponding tu a given penr1riifion 
rate rs thrrcforc lhe results of the co~nhincd action of t11c rwo rncchanisms m m i i o r ~ r d  
a bow. 

The load-perwtratiun curves for ;iges 4 and 30 days arc sl~ou'n in Fig, O(;j) anrl (b) 
rcspcciivt.ly. The "saw loo th" c'ffccr . obsemed in conl'incd compression tests, i s  also 
cxhibitzd due l o  elemcnts o f  sriow u i lh in  thc srresh bulb beneath thc platc. k i n g  
subjt.c~rd ro a lnading condition similar to that u f  confined compression as ,I rrsult of 
the low I'oisson's ratiu of the niatrrial. As ihc platc penetrates dccper inro the snuu. 
more and more u t  these elernruts are it~volvcd in the volume changc procexs, i e .  the 
wcss hulh extends deeper as pcnctration progrcssrs. This reasoning scrnls l o  hc 
supptmrd by the fact that rhe amplitudes of strzhs retcasc increases with plate 
sinkdgr. due to a greater amount o f  snow milttrial undergoing the bunt1 breaking 
n~echanisnt. 

.45 mrnrioned earlier, a plafc load-penetration curve reflects thc con~hiticd i~cl iun 
of vr>lunle changc and shearing mechanisms and, therrfure. it can hc cxpccted i l l a t  i t s  
shirpc i s  govcrnetl by the iridikidual charactcrisrics, describing the behavior in volunie 
ch i lngmnd pure shrirr, as ohtamed from conl inc~l  compression and shear iesls. 
rc'sprctiuely. During platc pcnct ra l iu~~ in deep s r i w v ,  the depth u f  the pressure bulb 
hrncarh the platc i s  corltrrdled by the n~ i~gr~ i tudc  nf shcar slresses supporiing il along 
i t s  sides. As the platc sinks into the snow, tlic shear slrength of snow at ilny point 
along [tic plancs ot  curt in^ shear could bc cxcczdcd depertding on the dcnsit): of ihe 
snow mid cumulative shrirr <tress at that point. I t  i s  thcrefore obvious that inaximurn 
>tress hulh suppurl in  terms of side shear action occurs at rhe bcgiririirig oC lllc plalc 
pcnctratinu process and decreases as mure snorr ~rlaterial i s  slrcsscd beyond i t s  shear 
s t rcngh Since rhe sriifiless in shear or snow elen~cnrs luca~cd along the plancs uf 
cutring shear i s  reduced tn a ncgligiblc kalue ;~fier shear failure uccurs. i t  lhus 
becomes evident that t t~c  tuhl stiffness of the sy iem in shcar decreases with 
increasing plate pznrtral iun 
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O r 1  the other hand, the volumc change mrcha~iism occurs simultaneously during 
which the density nf snow -,ithir~ the stress lwlb generally increnses. As a resull. :irtd 
rcferririg back iu the stiffening 1)rhaviur of snow under compressiun loadillg, thc 
resistance of the system to volumc change increases ( i  . e ,  comprersitdity decrearer!. 
The shi~pc oi a given plate penelration curve therefore depends on two mechanisms 
~mith opposite e[frc~s, i . e  suftcning effect in shear and stiffening effect in volume 
change. A plate 1o:id-pc[wtr:~tion curve of thc soltening types ( i .c .  tangent slope 
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decreases with increasing plalc penetration) therefore represent a situation in which 
the cutting shear  mechanism aluug (he Failure planes i s  dominant over  ih r  vo[urne 
change action of i h r  snow within the stress h u h  bencalh [he plille. Similarly, a curve 
of ihe  stiffening type ( i . e ,  langent slope increases with plate penetration) indicates 
thai ihe  vulurnc change effect  is more significant than the cutting shear  e f fcc t .  It is 
suspected that l h r  first case applies to relatively old snow w i ~ h  a high degree of 
bond in^ (high shear  strength) and luw cnmpr&hility whereas rhe wcund case is 
typical of fresh o r  low age snow, charac~crizzrl hy a low shear strength and high 
cornprcscibility. Following ihc  same type of reasoning, a rclalivcly hnaar plate 
load-penetraliun curve reflcctli the situation in which both volume change and shear 
mechanisms p a r ~ i c i p a ~ e  equally in the vertical u p p u r l  of the pressure bulb and thus 
tend to coun t e r ad  one anulhcr .  T h e  validity of the a h o w  statements is demonslratcd 
by the results of ihe  plate pcnetraliun tests. T h e  load-penelration curvcs f rom a test 
performed on 4 day old snow (Fig. 9a) show that lhc response is cssenliallv linear 
whcreas resuIts from the tests performed on older snow, aged 30 days, shows a strain 
su f~en ing  behavior (Fig. 9b). T h e  plate penc~ ra l i on  hchavinr for the two snow tb-pcs 
considered is thus as rxpecled.  T h e  curvcs fi t ird through [he eaper immial  plots i n  
Fig. 9{a) and  (h) serve as reference for cumpara l iw purpuscs with analyticat 
prrd~ct ions .  

I.ond penefrariorr curves 
The plate penelration curves are  expressed in terms of stresses on [he  plale as a 

function of penctration. P l a ~ e  stress is obtained by dividing the reaction load by i h c  
area u f  thc plale. T h e  stres%-penetration relalionships for  4-day-old m o w  obtained 
from the platc test and  pred ickd  by the finite element model a r e  dcpicied on the plot 
in Fig. 10(a) for  cumparison purpuses. T h e  experimei~tal  c u r w  s h o w  in the same 
figure is iht: same as that filted through the expcrimcntal graph (Fig. 9a) which 
passed appruxirnately half-way betwccn i he  mean ut the band of the t c s ~  c~ i rvc  a n d  
lhu luwcr boundary of the came curve. The reason for the sclcctiou of such a 
reference curve is due lo the fact that the finirt clemenl model prcdicis the plate load 
afier stress release caused by failing shear elements.  It1 the actual c a w :  the stress 
vibrations o b s e n e d  are  produced by hoth the microfracluring of snow while con-- 
pressed and the stress reltasc e k c i  mcntiaried ahuvc .  It is lhereiore difficull to 
affirm that ihe  lowest boundary of the platc penelration curve represenls t l ~ c  
hehaviuur afler shcar  el em en^ stress release since the rnicrofracluring effect is also 
incorporated inlo the response with lhe  result that i t  i >  impossiblt to separate thc lw,o 

componenis.  Similarly, t h ~  mean valuc uf the some curve does nor necessarily 
reprcscnl the response that can be compared to the f i n i~c  ulernenl prediclion because 
of the stress release cffecf although the laiter is not suspected to cause largc drups in 
plate stress, l ' he rc for r ,  due to the ahove argumcnls,  a curve in the model of the 
mean uf thc hand and  the lower boundary was selected as the refrrencu exprnmentnl 
curve. 

In the prcdjcted response,  the effect of shear sliffness is included. Fu r  the valuec of 
K, considered, the agreement hrtwcen experimental and  finite element resulls is 
reasunable (Fig. 10a). T h e  shape of both expenmenial  and prcdictcd curves is similar 
in that thc r c l a h n s h i p s  are  characterized by a bi-1i1lear type of brhavior such ihat the 
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response i s  essentially linear, starting at a given slope, then followed by a decrease in 
slope. 11 should also be noted that the predicted stress-pnerration response is 
so mew ha^ sensitive to the value of shear stiffness K ,  and thus different values of K, 
generate different curves. In  the set of curves shown in Fig. lU(a), the relationships 
pertaining to h', = 4500 and K ,  = MKK) seem 10 give the res l  results or clow 



agreement with the experitriental curve. 'I'hc curve corresponding to K, - 3W 
overestimates the response, whereas ihai for K, = 15000 tends to underestimate it. In 
general: the plat an Fig. 10(a) implies that an increase in A', lowers thc predicted 
curve whereas a decrease in K, tends to raise ii. 

The reaction uf the curve to a change in shear s~iffness can he explained as follows; 
a low value uf h', irl~plics a "ductile'! behavior of snow in shear so that elements of 
the material along thc iailure planes, and thus acting principally in shear. tolerate 
rclativcly large displacc~nents before rrlohilizing the full  shear strengtt~. In  such a case, 
if the value of K ,  is ruo low in the model, the tr~tal shear stiffness of the syicm (i.e. 
the stiffness contributed by the shear elements along the planes of shear) changes loo 
s lody,  as compared lo the real situation, since few clements have failed for a given 
plare penetratiun. (:onvcrsclp, a high value of shear stiffness results in a "bririlc" 
behiiviour in shear such that failure occurs at a small shear deformation. A high value 
of K, in the modcl causes a rapid progressive failure o f  shear elemenis resulting in a 
ION, viluc oi the shear stiffness of the s)-stem starting at a srnall value of plate 
penctratiou and thus applying for most uf the penetration process. 

The corresponding plate stress-penetration curves fur 30-dal--old snow are shown in 
Fig. !O(b). The agrcerncnt between experimental and predic~ed cunes is nut as good 
as for tlic 4-day-old snow especially fur the h i g h  values of K,, hut K, 45132 yields 
rclativcly good resulis. Again. the predicred curves arc bi-Iincar, hu t  to a lesser 
degree than those for 4-day-old snow. The analytical model is consistent in that its 
sensitiviiy parameters are sindar to those fur 4-day-old snow: an increase in k', 
results in a lower plate stress-penetratiun response and vice versa. It is also 
intzres~ing to note ihai, as for 4-day-uld, predicrions arc quiic good when the shear 
siilfness parameter K, is 4500 

!'(I rlition of 1ow1 pk~w r e x i , x m m  
In iht: iiniit: elcnient model, pruvisions were made for determining thc individual 

compownts of plate pe~ictration resistance: 

(a )  rcsista~lce due to shear along thc planes of shear: 
(b) resistance due to cumpression of snow inside the pressure bulb, i.e. snow 

beneath the plate and hounded by the shearing planes: 
(c) resis~ance due la coriiprrsiou uf snow outside the shearing planes. 

The prcdicled distribution of the ihree components of plate penetration resistance 
for both types of snow is grilptiicaHy displaycd in Fig. !!(a) and (b) for the best 
predicted curves. For both types of snow, lhe greatest component of plate rcsistaucc 
is ihal of cornprrssion bencalh lhc plate followed by thiit due to shear along thc 
failure planes. Comprrsrian oulaide ihe shrarmg planes slays pr;~clically constant iind 
corilributes very li~rle to thc total plale rcsis~ancc in both cases. 'lhc rclalivc 
magniturlrs pertaining to compression and shcar vary with the age of the snow and 
~ : i t t ~  plate penetratiun. For Way-old snow, the plate rzsistiince due ~u shear is 
approximately half u l  thai due lo co~npression beneath the plale for low pcnctralion 
values and decreases to abuui 20% of the latier value at the highest penciraiion, 'I'his 
is a result of less had  being carr~ed in shear as more sheiir elements have failed at 
h i ~ h c r  pla~e pcnetralion. In  the case of 30-day-old snow, the shcar strznglh of ihr 
snow is higher and plate resistance due ro shear coniributes ;I greater percenlage of 
ihe mral response as shown i n  Fig. 1 l(h). 
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The above relative amounts of plate resislance due lo compression and shcar are 
consistent w i th  results oblained by Melaxas (81. 

L)tsplncemenr fields 
In  this study, the similarity between experimentally ohrained and predictrd dis- 

placement fields i s  eslablished in terms ni vertical displace men^ proiiles only. 
Observations during plate rests and grid line photographs showed that. h!: and large, 



huriznnlal displacrmc.n1s in  the snow mass were negligible and could thcrcfurc hc 
onlit t rd fmm the colnparalivc stud!-. 

The expcrilnrntd and predicted cumula11vr vertical displacc~ricnl under twu poir:ts 
hrl t lw h c  plate crutcr for +day old mourn at pcne~rat io~;~ of 36 mrn and &i mk are 
shuwn in Fig. 12(a) and (h) resprctively. l'rcdictcd vertical dihplacen~ent prcliilcs were 
ohtamed l rom thc displacemen! of  sclcctcd nodes originally l oca tc i  at a given 
disrancc array fmrn the platc. For both plalc pusitiuns, the ajyeement hetwern the 
cxpcrimcntal and analytical values i s  gooti rspecially for puints originally Icss than 1.5 
platc lengths away lrom the o r i~ ina l  snow wrlace. Evpcrilrwntal and prcdictcd valur:, 
diverge from e x h  other fur somc dislancr helow and thcn sccrn l o  converge again. A 
similar cu~nparistm between vcrtica! di~placcrric.nl profiIcs under a point some distance 
away fro111 the pl;lle ccntcr for the saliw plate penetration$ i> illustrated in  Fig. 12(c) 
and ((1) rcsprc~ivcly. Fur a plalc displace~nent of 36 rllln, the agrcernenr bctuccn 
experimental and predicted valucs i s  again very good for p i n t s  originall! locatcd less 
h a n  1.5 plaw len~ths  lrom the urigilial s n w  surfacc 'I'hc ahnvc diverge-convcrge 
elfecI herween experimental and prrdictcd displacclnent v:ilucs i s  also ohscrvcd in this 
case. Fur a plate penetration of N lrm,  the discrepancy is ltmrc u ~ ~ i f o r n l  a l o n ~  the 
uurve(s). 

11 should hc nutcrl that for a given plare penrrratirm. hmll experimental anti 
prcdictcd displacement profiles are essentially linear up to a certain dep~h. ~ h u s  
simplifying :i ur~il'rmrl vcrtical srrair) d i~ l r i bu t i on~  anti are characterized by a chan~e in 
gradient belrw that depth. Thr  char~gc in slupc of the displacement prolilc i s  ri~sinly 
due to thc variation in  stilfncss of  the srstenl in shrnr. As d~suussed earlicr. >hear 
e lenw~r*  alurlp the plale of cutling shcar fail progressively so thal for il givcn platc 
penctratim. snow has l a i l e r l  above a certain point a rd  has r lu~ lailed helow the sitme 
point. 'Tht stiflness lo ttw S~SICIN ib  thus lower above Ihe given point nnrl highcr 
hclow so thai displacemcn~s arc alw crpecled to be h i ~ h e r  for the region o f  lower 
s~iffness. As a result, ihe grarhenl r l l  the displacr~~icnt profile, or sirain, i s  also 
expected lo be higher for thc Icss stiff snow ant i  lower for [he rr i l fcr snux. Ttle 
changc of displacement gradicrjl is  partiuuli~rly ohvious in the prolilcs shuwn in Fig. 
12(a) and (c) .  The above argulrlents thus secrn to imply a relatiunship hrtween the 
point of chanpc in displacclnenl gradien~ arid thc p i n t  abuve which the SIIUW has 
failcd co~nplctely, i . e  dcpth of full shear. 

The predicted displaccment profiles in  Fis. IZ(a)  l o  Id) alstl stlow t t~c i r  sensitivity 
to the hhear stiffness paranwtcr K,. which in a l l  Eases, proves tn hc relatively srr la l l  
and, i n  ;lny case, lower than thn( observed lor the plate stress-pcneiration curves. 

T h e  rlisplaccn~ent prufjlcs ohhincd for Wday-uld >now beluw l w n  diflrrent points 
on rhc plate and for lwo pl;lte penetrations arc shuwn in  Fig. 13(;i) IU (t i) .  The 
agrretnent betwecn cupcrimenlal and prcdiuted v;rlucs car! hc SWII 10 he very gucld. 
As inr 4-dav-old snow, the displacement prol'ilcs ;ire lincar fur some dcpth and then 
fca~urc n change in slopc.  he reasons for which have alrtatiy bcen previuusly 
diwusscd. Also. as fur 4-dapold snow, il appears that h e  sttcar sti lfr~tss parilnlctcr 
K ,  has less effec~ on rhc resulting displacrtnrnt prolile than on plate pcnetratioll 
rcspousc. 

I)<-ptlr of full sllrrur 
lhr  depth or full stwar [Ii i s  a descrjplinn of the plate-snow syslern which 

quanl~f i rs the progresrivc shear failure rnect~anisln ger~cratcd by thc p l i~ le  penelralion 
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process. Tht' predicted valws of depth of full shear D, are ohtairied from thc f i n i~c  
element ani~lysis which, for each incrcnicnt, updatcs the valucs of total shear 
deformation for cach joint clcrnent along the plntc of shear. T t ~ c  dcpth of full shear 
value D, i s  obtained hy searching the deepest c lcmen~ for which the total shear 
deformation is greater or equal to the original dep~h. 

For 4-day-old snow. a con~parison hctwecn expcrimcntal and prcdiclcd valucs o f  D, 
for various villucs of thc >hear stiffness pararnewr D, is  presct\ied in  Table 1 .  Thc 
tabulated values are consistent with the sensitivitv analysis perfornmd for the plate 
penetration rcsponsc c ~ f  the 4-day-old snow in that t i w e  exists an optimum value oi 
K ,  which gcticrntes a shear depth value quite slow to ihc experi~ncntnl one ohtainctl 
from plate penelration test photograph\. As for thc plate stress-penetration response.. 
reasonable agreemenr bctween experimental and predicted valucs i s  oblained for (he 
range of h', values considcred. Best ore obtained for valucs of K, = 4500 and 
Fi, = 3IKIO. For thc itwicr val~re o f  shear sliffncss, the predicted shcar depth implies 
t ha~  tllc failing mechanism along the plane5 of shear dues not extend as deep as for 
lhe actual plate penetration test  ~ h c r e a s  thc oppositc applics for the higher K ,  value 
thus indimling tha t  the best prediction o f  n, would bc using a K ,  vnl~rc in b e t w c n  
h e  ahove ~ H O  values. 

Depth of full shear valucs for 30-day-old snow are sho*ri in Tahle 2 .  For a plarc 
pcnelrarion of 24 mnl, the discrepancy b c t ~ c c n  experimental and predicted valucs i s  
considcrable for t w h  values of shear stiff~less K, considerctl whereas ltjuch heftcr 
agrccmcnl i s  obtained for a platc penctralion equal to 36 mnr. Notc that For 
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30-day-old snow, the sensitivity analysis intentionally involves fewer values o f  ihe 
rhear s~iffness K, since information about reillistic values of K, was already available 
from the computer runs for 4-day-old snow. 

The relationship between the p i n t  of change i n  gradient of the displacement 
profile and the depth o f  full shear can now be verified. For the 4-day-old snow. 
inspection of Fig. 12(a) and (c)  show  that for A plate displacrmrnt of 36 mm, the 
point of change of displacemenr gradient in the case o f  the actual experiment occurs 
at  a depth of approximately 1.9 plate length whereas o f  this prediction. this value i s  
ahour 1.5 plate length. From Table I, the exprrirnental value of depth of shear i s  
81 mrn to which the plate penetration value o f  37 mm musi be added for a proper 
cnn~parison with the values obtained from displacement profiles. The resuliing d u e  
is therefore 118 mm or 1.67 plate length. Predicted values of depth of fulI shear from 
Table 1 corresponding to  a plate displacement of 36 nlm is about 95 inm which when 
added to the plate penerration value yields a value o f  131 mm or 1 .Rh plate lengths. 
For a plate displacement o f  6.1 mni, Fig. 12{b) and (d) indicate that the change in 
slope o f  the displacement profile. although no1 ss obvious, occurs at a distance 
between 2.0 and 2.25 piate length for both the actual case and the prediction. Table 1 
shows experimental and predicted values o f  depth of full shear of 135 mm and about 
165 mm respectively which, when adjusted for plate prnetrarion, yield values of 
I W rnm (2.82 plate length) and 224.0 m m  (3.24 plate length). 

Similarly, in  the case o f  30-day-old snow and for a plate penetration of 36 mm. F i g .  
13(b) and (b) show that the change in gradien~ of ihe displacement profile occurs at a 
depth o f  approximately 1.75-2.0 plate lengths belo* the original snow surfacc. 
Consultation o f  Table  2 indicates experimental and predicted values of rhear depth of 
Yltmm and approximately 90rnm. which. when corrected for plate displacement, 
correspond to 134 mm (1.9 plate lengrh) and 126 rnm (1.8 plate length). For a plate 
displacrmznt of 24 nlm, the agreement belween depth of full shear and point of 
change of displacement gradient is quite poor. 

The abave comparison between the point of change of displacement gradient and 
the depth of ful l  shear is summarized in Table 3 and shows that in genetdl there 
seems to exist a relationship between the two parameters. 

Demiry profi1t.s 
Densi~y profiles derived from the change in  area o f  squnre elements of the grid 

photo~raphed during plate penetration tests and those predicted by the finite clement 
model are displayed in  Fig. lJ(a)-(11) lor both types of sno* used, As shown in the 
plots, the experimental profiles feature a considerable scattering of the p i n t s  
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4 P C  Platc Dcpth ul full shear Poinr of ihar!gc d 
of rnuw pcnctralion D. J~aplacemcnt profile 
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although following more or less the sanw paltern ns the predicted ones, i . e  density 
decreases with depth. The predicted density profiles are ,  of course, morr clearly 
defined and in  all cases, are characterized by a more or less constant value for some 
depth below the plate followed by a decrease towards the initial density (prior to 
loading). This is therefore consistent with [he predicted (and experimental) displace- 
ment profiles which followed a similar pallern by which a linear displacemrnt profile 
implies a conslant degree of strain. Since in the prexnt  loading situation a 
relationship between verlical strain and density clearly exists, i t  i> hence not surprising 
to observe a uniform density o f  some depth below the pla~e. 

Thr apemen1  between the experimental and the predicied densiiy profiles can be 
said to be sniisfactory in so far as the trends are similar. The scat~ering of 
experinlenlal values, mainly due to the probably non-uniform density distribulion of 
the snow deposit prior to loading, does not allow an accurate comparison between 
individual, experimental and predicted density values along the profiles. 

Loud disrrihrctiotr otr rhe plow 
The developed model has the capabili~y o f  predicting the load distribulion on the 

plate as a function of p la~e  penelration. Load at a given p i n t  along the plait is 
computed a> the produc~ of ihe reaction on a given node representing the plair-snow 
interface in  the finite element mesh and the plate width since the problem is  analysed 
in terms of plane strain conditions. 

The load dislribulion on the plate for several levels o f  plale penelralion and for 
both types of snow used are shown in Fig. 15(a) and (b). I n  both cases, the 
distribulions folluw rhr s ~ ~ i i c  trend in  that [he portion of load carried increased [rum 
the cenler lo ihe edges of the plale. Points near the plate center arc subjected ro 
reactions resulling from the resistance o f  ihe snow to undergo volume change. At or 
near the edges, the snow tends lo sirnullaneously compress and shear along the failure 
planes so that an additional resisling force is  involved. The predicted bthavior i s  
therefore as expected. 

CONCLUSIONS 

On the basis of ihe k s i s  performed and the results of the developed predicting 
analytical model, the following concIusions may be drawn: 

( I )  The compressive modulus of snow, as shown in by confined conipression tests, 
increased with density. A stiffening type o l  curve was obtained for all tests on both 
iypes o f  snow used. A s  expected, the response of 30-day-old snow was stiffer due to 
the higher degree of sintering. 

(2) Tbe shear strength of snow increased with age, due to the greater strengih of 
bonds between particle>, and with densily, as demonslraled by results o i  vane shear 
tests. 

(3) The experimental plaie stress-penetration curves were essentially bi-linear with 
a change of slope occurring relatively early in  the pmelration prc-zess. Significant 
stress vibration due l o  microfracturing was observed. 

(4) A method to model a highly compressible non-linear material which failed 
according l o  a punching shear type o i  mechanism was developed. The model includes 
the effect on non-linearity and strain hardening behavior in compression as well a5 the 
eftecr of shear stresses generated along ihe vertical sides of ihe pressure bulb. The 
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maxirrium shear siress tolerated by a shear clcn~ent was l irr~itcd by i t s  shear rrrength 
which in turn dcpendcd on dcnsity. Provisinns were rnade to siniulate this effect su 
that the model includes an algorithm by which excess shear slress in Failing joint 
ele~rlents are redistributed wilhin the snuw mass. The shear stress in any shear 
eleinent nevcr exceeds the value correspclnding lo i l s  shear strength. 

(51 The plate resistance-penetration curves as predicted by the analytical model 
crmpared raiher well with the cxperiri~cntally obtained unes. The predicted respunse 
WAS sorr~cwhat sensitive i o  the single value of shear stiflncss cmpluyed in  the iriudcl 
bul  a value uf 4500 fur this parameter gave satisfactory results for buth typcs o f  snow 
uwd. As cxpecrcd, the predicted value for 30-day-old snow is  higher than thal for 
4-day-uld snow. The good agrce~nrrit b e t w c n  predicted and experimental platc 
stress-penetration curves detrionstratcs the ability of rhe propowd mudcl to simulate 
[he pcuetralion mechanism 

(61   he predicled displacement depth pmiiles below the plaie were, in  general. in 
puud agrccmeni with th t  unes derivcd frum ewperimetital data. In huih cases, the 
displacement profiles were found to be linear with a change ol' slupc wcurring at 
some depth Inure or less related to the degree oi failure exhibited alunp the planes uf 
cutling shear. Tlisplacen~rnis and strnins w r e  found 10 bc grcatcr in  the snow above 
the point o i  displacement gradient chaugc. The clisplaccmeni profile prcdiclion was 
less wnsitive than the plate penclralion respurlse l o  the change in shcar siifflwss. 

(7) Thc predicted values o i  dcpth oi Iull shcar. which arc represcr~mtive u t  the 
degree or failure along l h r  planes o l  cutling shear sere,  in general, in  relalively good 
agrec~netit with thosc ohtaincd from analysis of expcrinwntal data. The proposed 
rrlatiunships betweer~ the values arid the point or displacen~ei~t gradicnl change was 
es~ablished. 

(H) Uensily prnfilcs obtained expcrimenlally yield scalterrd results probably due to 
the iniliid nnn-uniforo~ density distribution with depth a r ~ d  the nun-horiqeneity of 
the malerial. Predicted density profiles were slnouth continuous cuwcs who= shape 
was cunsistent with i t i e  predicted displace~nent prufiles. Colnpariwn oi experimcntnl 
and prcdictcd resulls was difficult due to i h r  dcgrcc nC scalteri~ig oC exprri~ncntal 
puints. Uut predicted curves, in  general. fitted the points rrasonably well. 
(4) The predicted load dislributiun on the plaw was such that a greater portion of 

the reaction load u'as carried by thc edges nf the platc. This i s  mainly due tu the 
additional resistailcr of the snow l o  shcar along the failurc planes. T h e  effect was 
mure pronounced fur 4-day-old snow 

(10) ~iscrepancies between predicted and ckpcrimcnlal valuer o f  parameters de- 
scribing the plate penetration n~rchanisrn were due to combincd effects ui  thr 

(a) nepnsitiun of snow in the deep boxes was perfurnled with care bul 
nrverthcless resulted in a non-humogcneous layer or non-utliform dcnsity. In 
addition, snow is no! is~Mropic in reality. 
(b) The presence of sume friction be twen  the snow and lhc sides of  ihc 
plexiglas boxes and that existing between the snoum sample and the wa11s of lhe 
coniined tornprrssion test  cylinders. 
(c) The problem i s  not exactly plane strain since. i n  reality, stresses, strains. 
displaceriwnts, etc., also vary across the u id th  of the plate. 
Id) ' lhc behavior of stlow in shcar i s  pnssibly such that shear stiffness is not 
constan1 and may actually vary wit t i  density. The stress-dcfnrmation curve in  



shcar may thus bc non-lincar Also. during vanc shear test, snow i s  not 
shcarcd at an absolutely constan1 value o f  densitv due to the compressing 
action of the blades o n  the snow upon rolalivn vC the vane. 
(e) The viscous nature of (he material is such that its response is quite 
sensitive to strain rate, particularly in thc casc of shear. A n  implicitly assumed 
uniform strain raw field jirncratcd i n  ihe snuw may be an additional source ui 
error. 
(0 The algurilhm developed on ihe basis of the finite clcmcnt method 
invulves assump~ions and idealiraliuns. such as thc handling of the large 
volume uhangt. behauior of thr material by a stress- strain curve updating 
proccdure . 
( a )  Chud rrplication of snow samples i s  very difficult due to thc  rhcrmo- 
dynamic activity o l  the matrr~al  and i t s  ser~sitirity to variation in surroundinp, 
conditions such as trmpzra1urc. humidity. wind and light. 
(h )  Similiuly. thc wrresporidence of snow pruduced for confinctl compression 
and plate prnetratlon tests is questionable due to the diffcrcnt thcrmal 
isolal~on conditions. 



TRAFFICABlU7Y EVALUATION OF DEEP SNOWPACK 

GJ. In*inl, DM. xut, A.Al.0. A1obamedZ end R.N. Yon2 

This study examines the relationship between measured decp snowpack properties 
and developed vehicle sinkage as a measure of traffrcabilily. A snow model which makes 
reference to a plate footing is proposed for the purpose of obtaining basic parameters of 
snow from pIate footing data. Basic to the model is the analytical calcularion of the depth 
of t he  pressure bulb formed below the plate footing. From a prediction of deep snow 
trafficability infered by the model, vehicle mobility may be waluated. 

Since the* terms "mobiIity" and "rrafficabilirj" a re  often erroneously uscd 
in~erchangeably by many individuals, i t  is useful to indicate that the terms refer to specific 
performance requirements for vehicles and the supporting deep snowpack. The term 
"mobility" is  uscd in the context of a vchicle and refers to the demonstrated ability of a 
vehicle to perform a surface traverse over a designated route, whereas the term trafficability 
refers to the supporting snowpack required to provide flowtion and traction for the surface 
traverse of a vchicle. Obviously, the vrhide that is required to perform tire rravcrse is  the 
common link between mobility and trafficability. 

The trafficability of deep snow has traditionally been a major concern in cold climates 
with heavy precipitation where vchick operators want to be avsured of a GO capability. The 
c o n s e q u c m  mobility of a parf~cular vehicle ionfiguration is rhus basic to the quality or 
efficiency of job completion when wans i~ ing  between points. Vehiclc footing is, through 
design, dimensioned to control sinkage yet achieve sufficient substrate strength as to develop 
the necessary traction for mobiliry. This paper addresses the problem of load-deformation 
relationship; how they are affected by decp snow conditions and how a solulion may lead 
to a confident prediction of GO or NO GO pcrformance of over snow vehicles. 
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Gtotechnical Research Centre, McGill L'niversity, 817 Shebrooke St. 
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TRAFFlCABLLITY EVALUATION 

The assessment of snow trafficability, i.e., the mearurement of its ability to support 
a vehicle and provide adcquare friction for traction, has involved several experimental test 
techniques. Namely these include load application by a plate fmting, by indentation with 
a cone or Rammsondt or by a vane shear apparatus. The results may be complicated by 
a size dependence on the testing equipment. Asuitable mcdel of snow deformation would 
relate snow basic mechanical properties such as compression and shear parameters wirh the 
test method. Through experience the use of the plate fmting is considered to be the 
preltrred test method as  i t  yieIds data of relarively low variability in a given snow condition. 

MODEL FORMULATION 

Plate Fmting Test In field condition the plate footing test is conveniently conducted 
manually and involves the vtnical penetration of snow usually with a circular rigid plare (Fig. 
1). Load and sinkage arc recorded a! intcmals. As supponing information, a standard snow 
classification is conducred so as to include profdes of temperature and density with depth 
along with stage of metamorphic developmcnr. The latter mighr be age of layers since 
deposition, or ahernatively snow grain shape, size and nature of intergranular bonding. The 
size of plate chosen should be as large as will permit rhc attainment of a limiting maximum 
density during comprrssion of snow while the range of applied pressure covers the expecud 
ground pressure of a given vehicle. [n Figs. 2 and 3 one may compare the elfcct of ageing 
on the pressure4nkage relationship. Natural snow is relatively insensitive whiIe 
manufactured snow implies a limiting density (or displacement) by the sharp rise o l  the 
curve in Fig. j. 

M d e l  Development During plate indentation, resistance to load is developed within two 
areas of the deformation zone or pressure bulb as illustrated in Fig. 4 111. h e a  "A" is 
identified with shearing resistance at r h t  zone periphery and B indicates the resisrance of 
compression within the zone. The balance of forces may be presented thus: 

where: H i s  rhc pressure bulb depth, t is thc periphtra1 shear stress, p is applied  pressure,^ 
is norma1 stress resistance at any level inside the bulb and D is  plart diamertr. 

Snowcover is  considered deep if snow detorrnalion, i.e., the lower edge of the pressure bulb, 
does not intersect the base of rhe snowpack at ground level. 
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F ig .  5 Force equilibrium for snow d z  element 

Basic Assumptions The model is developed based on the following assumptions: 

1. T h e  zone of failurt by slip i s  vertical at the plate edge, 
2. Analysis is one dimensional and hence assumes that o is unilormly distributed on any 

level cross section, 
3. The depth of  the pressure bulb corresponds to the applied Ioad, 
4. Outside the immediate zone of failure by slip, the snow medium is unaffected, 
5. Snow obeys Coulomb's Law, and 
6. Ageing does not affect natural snow. 

Fquations nnd SoIutioo Taking an infinitesimal slice dz within the prcssurc bulb to analyze 
force equilibrium (Fig. 5): 

da(z)-4r(zl 
& D 

(2) 

Solving for 0 Md 2 and taking proper account of boundary condition, the depth of the 
pressure bulb, H, may be written as follow (2): 

H= PD (3) 
W+P tan 4) 

where p is applied plate pressure, c and 4 a r t  Coulomb shcar parameters applicable to 
initial snow density neighbouring ihe peripheral slip failure zone. It should be emphasized 
that these parameters may be determined by using: (1) experimental data from plate footing 
tesrs, and (2) numerical technique for minimization. Sinkage, 6 , is givcn by: 



where  c is compressive strain. Ln tu rn  

where p(z)is snow density within the prcssure bulb at depth z below the plate and p, is 
initial density before disturbance by the plate footing. Through continued compression, snow 
density may be brought to an upper l i m i ~  pc,at applied plate pressure, o ~ .  Bared on 
cxpcrimentaI data, the relationship beween density and pressure may be expressed as: 

whcrt pc is the criticaI density of snow; pois snow initial density; p is snow density at any 
applied pressue, p; O~ is maximum applied pressure which corresponds to p,, and kcis a 
snow material parameter. From experimentat data in laboratory and field, the value of k 
is 0.25. The resulting relation berween sinkage, 6, and snow parameters p,pc.ac, and k 
yields [Z]: 

Correlation A best fit to fhc b -p curve of Fig. ? yields c-3 kPa, 4d.7" and or=425 kPa. 
The theorerical curve presented by equation (7) agces wtll with experimental curves for 
natural snow of varying ini~ial density. Cri~ical density, p,, is experimentally observed [3] to 

be 600 kg/m3. The values of c and $ above compare favourably with those reported by 

Blaisdcll ct al. (41 as c = 2.14 kPn and 4-6.8'. 

For the prediction of traficability for a tracked vehicle, equation (7) may be 
employed with the assumption that the track acts like a plate with uniform ground pressure 
distribution. From erprcssions for H, o(r) and r{z), stress distribu~ions and rhc dcprh of 
the pressure bulb may be calculated. A similar approach may be taken for a pneumatic 
tired vehicle in which the rubber footing deforms to a footing area dependent on load. 
Mobility evaluation of a vchicIe may be derived horn a knowledge of sinkage and bulb depth 
ISl- 



. 
REMARKS AND CONCLUSIONS 

The proposed plate fooling model is intended to Link snow basic parameters with 
prevalcnr vchicte features To date only a single value of snow densiry expiicitIy represents 
snow condition alrhough criticaI density, critical stress and snow parameter, probably 
depend on additional qualities of snow. I t  is to be noted that: 

1. predictions of the mode1 are in good agreement with plate footing t a t  data; the basic 
paramertrs of c and + obtained for natural snow are also in agreement with orhcr 
work [4], 

2 in dcep snowpack, pressure bulb depth, H, is a usefuI concept which is tIoseIy ljed 
to critical density, 

3. the plate disk footing appears to be an effective too1 for assessing snow trafficability 
and coulkd prove very practical when carried to remote locations. 

Contract suppon by arrangement with Depanmenr of Supply and Services in acknowkdged. 
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