GEOTECHNICAL
RESEARCH

——| L CENTRE

GRC STUDIES ON
MOBILITY AND PERFORMANCE:

) ROAD SURFACE ROUGHNESS

' a
|l b) INFLUENCE OF SNOWPACK

SO MECHANICS SERIES NO. 58

| December 1993

WEW n n -
O McGill University
N Montreal,Que Canada

wAT10.5

865

no.56

1993 ISSN 0541-6329
|

PSE




FOREWORD
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AUTOCORRELATION MODEL OF ROAD ROUGHNESS

Da-Ming Xu* and Raymonp N. Yong*

Summary—Road surface roughness is the excitation source for the dynamic response of a
moving vehicle system. Driving comfort is indicated by either the driver absorbed power level
or the vehicle vertical acceleration level. An autocorrelation function model for road
roughness is proposed to specify the road surface random characteristics. Subsequently, the
power spectral densities (PSDs) for both road roughness and vehicle response, the driver-
absorbed power level, are formulated. A road quality index (RQI) in accordance with such
energy considerations is defined to catalog the road grade. The laboratory test results show
the applicability of the RQI method for road classification using the 18O criteria as a
comparison check.

INTRODUCTION

PrepicTiON of vehicle mobility over rough terrain has always been hampered by a
lack of rational tools to assess riding road surface roughness. In part, this is due to
the problems involved in the complicated measurement of a “‘true” representative
road surface profile and the data treatment in regarding to an inherent random
process, and in part on the development of adequate modelling procedures. During
the past 30 years or so, various methods have been proposed for evaluation of road
service condition. Qualitatively speaking, the effects of road roughness on driving
safety, driving comfort, energy consumption and deterioration to both vehicles and
roads due to dynamic loading are well known. From a qualitative point of view, none
of these effects can be properly rationalized except through empirical models.

Road surface roughness itself is not an easily explained concept even though several
definitions have been proposed. In the subjective sense, road surface geometric
irregularity may characterize the road roughness~essence from geometric point of
view. It includes the road surface ruts, cracks, patches, irregularities and *‘bumps”,
developed during service life of the road under traffic flow and weathering conditions.
This is represented by a road profile measurement. This understanding is still,
somchow, not precise, so far as the filtering effect is concerned, because what a
vehicle “‘sees’” may not be an original road surface profile. This suggests the need for
an investigation of interaction between a vehicle system and a rough road, which
considers the vehicle response. It is customary to classify the road surface condition
into various grades: i.e. very good, good, satisfactory, poor and very poor. Regular
~survey of the road condition is an important and necessary routine task in the
management and maintenance of highway (road) service.

The general method for classification of road conditions is based on observation

*Geotechnical Research Centre, McGill University, 817 Sherbrooke St. W., Montreal, Quebec, Canada
H3A 2Ke6.
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260 MA-MING XU and B, 5. YONG

and micasurement of ruls, patches, cracks and irregularities, to oblain a so called PSI
value (Present Serviceability Index) through a regression cquauon [1, 2] Though this
classical methed is physically sound, one is required to measure total crack lengths,
crack opening sizes, number of total ruts and patches, and the slope vanations in a
unit road surface area (normally 1000 f1* (93 m?)}. This involves considerable field
measurements. [n the final analysis, road surface quality is generally determined
{judged} by Lhe reads engineer’s expernience.

Techniques for road classification developed in the past 30 years are quite
fascinauing. Among them, the panel rating methed in Ontario, Canada, and some
states of the 1.5 A, the pattern recognilion method in New York state, the Major
meter method, the average slope method, the average acceleration method {response
type of measurement methods) etc. are still adopled in road survey practice.
However, the PSD (Power Spectral Density) method for road classification [3, 4]
hased on road profile measurement tends to get more and more attention. The
internalional orgamization for standardization, 180, has proposcd a road roughness
classihication (¢lass a to h) in 1982 [5-7] using this method. i.e. random process data
treatment. Some characteristics of the method, however, necd 1o be further devel-
oped, ¢.g. the assumed lincar form PSD distribution over Lhe spatal lrequency
domain in log-log plot is not quite correct (especially for the low lrequency band),
since the area under the PSD curve, which represents the mean square value, will
yield an infinite value. Additionally, the assumption of cerlain types of distribution of
PSD may not represent the actual road PSD distribution, and the classification of
road grade is only based on the PSD value at spalial frequency € - 1/2r (cycle/
meler),

The PSD method is superior to the classic field measurement method, as it opens a
way for road classification without involving much field measurement. Further
development of the PSD melhod requires one 10 provide more physical sense to the
mathemnatical treatment. For example, the physical unil used is m'jeycle, which is
neither a force unil nor a power unit. but some strange umt not {requently
encountered in the engineering field. To address this problem, 1he theoretical
development presented in this study uses energy relationships in considenng the
human body absorbed power level in relation to rough road surfaces.

A Iwo-paranmeter autocorrelation model is proposed. One parameter is the rool
mean square (RMS) value ¢ of the rough road height and the other s an exponential
parameler which specifies the carrelation degree. The use of two parameters provides
une with a benter opporlunily 10 represenl the real road roughness. Subseqguently.
PSDs for road roughness and vehicle response, driver absorbed power level are
formulated, and a Road Quality Index (ROI} is used 1o classify the road condition,

AUTOCORKEL ATHON MODEL
A schematic representattan of a rough road 15 shown in Fig. |, v{x) denotes the
height at a distance of 1 away from the reference. y(x) » a random funcion and is
hest explained as follows: with the same vehicle, same speed, same driver and same
weather conditions, [or each driving test {assuming a total of s tests) on a rough
raad, a different record will probably be objained. This is because it 358 very difficult
for a vehicle 1o be dnven along an exact repealable lane. It is assumed that the
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Fici. L Schematic of a vehicle moving on a rough oad suriace,

surface 5 not defarmable, 1.e the surface roughness 15 expecled to be nigid and will
not distort under load.
The avtocorrelation function is defined as:

Rix, g} = E[ytx)yte + )] (1)

where u = spatal difference. The symbal £ represents the mathematical expectation.
If we assume that the random process y(x) is stationary, then R{x, ) is independent
of x. If we further assume 1hat the random process yix) 15 ergodic, and using R(u)
instead of Rix, p), we will have:

Lt
Riu) - (I,)-[ﬂ yxiy{x + pyde. {2)

Theoretically speaking, L is supposed ta approach . However, from an engineering
point view, L is taken to be sufficiently large lo assure that 8{u} is stable.
The autocorrelation function R{p) has three properties:
{a) Tt is an even funchion;
(b} R() at maximum = a°;
{¢) When u reaches oe, Rip) reaches 0.

Based on the above praperties. Riy) is modelled as:
Riu) - oexp|-a'ut). {3}

This model satishies all properues (a}, {b) and {c). It involves two parameters o and
a. ¢ 15 the ool mean square value, and partrays the information on the road surface
“amplitude’, and parameter ¢ specifies the correlation degree. If a is small, the curve
R{j0) is “flatter”, indicating a tighl correlation. This parameter provides the frequency
information—as will be seen later in the PSD distribution. Figure 2 shows the peneral
shape of Riu).
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Rip?

Fuie 2. Autocorcelatan (unction &{u).

PSD FOR ROAD RUUGHNESS
R{g) and PSD. 5,.{Q} are paired Fourier Translorms. Stnce R{p) 15 an even
funcrion, we have:

5,(Q) = —!I Riujcos{Qu)du (4)
o

where € is the spatial frequency in rad ' m. Subshituting equation (3) into equation (4).
we bave:

$.AQ) = [ 720V 7)) exp - QLda)). (5)

5{€2) specilies the power speciral density distribution with respect 1o road roughness
height v, which is shown in Fig. 3.

From equation {5}, il 18 noted that the value of 5,(£2) 15 a function of €2 and two
parameters o and a. If @ is fixed, then for different values of o, the S(§2) curves show
similar shapes—aibeil with different vitlues.

One basic factor needs to be emphasized: the vehicle response. If the vehicle is
modejied as 2 one-degree mass spring—dashpot system, and if road roughness s

4 0. (w'rad)

Fiei. 3 Fower speciral densivg 5.(52).
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regarded as an excitation source, then the excitalion a vehicle senses from road
roughness is also a random process regardless of whether the excitation is represented
as a force excitation or an acceleration excitation. To an individual vehicle, response
excitation 15 relaled to road roughness, as well as the vehicle system characler-
istics -espectally the natural (requency of the system. The judgment of the road
condition ts directly related to vehicle excitation rather than road roughness itself
This argument suggests it is necessary to consider the PSD of vehicle response.

PSD 5,.(52) OF VEHICLE RESPONSE

The PSD §.(w) of the vehicle response v is also a stationary random process where
v denotes the vibrational displacement of a vehicle system. 5.{w) is linked to S, (@) in
the following term:

S.(w) = S Hiw)* (6)
where H (o) is the vehicle system characteristic function. Freguency w s related to
spatial frequency 2 as:

w=¥Q )
where V is vehicle speed. [n using equations (3), {6} and {7}, we obtain 5,(8) as;
$AQ) = [d2aV ) exp[- Qda")]) HIQ)I (8)

Il a spring—mass-dashpor system 15 used 1o model the vehwle system dvpamic
behaviour, the system equation is described as:

M dPuidr? = Cdeddx = Ko = Cdy/dr + Ky. (¥)

The RHS term is the excitauon term from the road roughness. M, € and K denote
mass, damping coeflicient and spring constant, respectively. The characteristic func-
tion £f(e) 1s described as:

Hiw) = {[1 — (wlan)] ~ 23/ an)i} ) + 25 (wian)i) (10)
where ay i the natural frequency of the vehicle system. i s V-1, and ¥ is the
damiping ratio. ey and & are given hy:

g = Y (K M) (11)

and
E= VKM (12)
Accordingly, | H ()l is given as:
Hiw)' Al = (ofan T ~ 45 (wfun) ) /{1~ 45 (wfwy)'}. (13)

Eqguations (6) and {13) arc written in time { domain, and are not convenient for
rough road representation since the vehicle speed V' 15 not unique. They can be
represented in space ¥ domain according to the following hinear transformauon:

dr — Vdt {14)
and we have
twiay = $2782 {13)
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and
INH(QY? = [1 + 48 (Q/Q)P VL — ()] + 4E3{Q/Q0)} (16)

as illustrated in Fig. 4.
Thus, in the spalial x domain, the PSD of the vibrational displacement o(x)

FESPONSE IS GIVEN as:
$,(R) = [*/2aV 7)) exp [~ /(4aM)){1 + 4EH(Q/Q)*)
x {[} = (Q/Q)] + 4EHQ/2)} 1. (17)
The general picture of §,(£2) is Hlusirated in Fig. 5.

YEHICLE KINETIC ENERGY AND ABSORBED POWER BY HUMAN BODY
From the problem at hand, encrgy relationships represent the most basic seis of
considerations. Since the rough road conlinuously *‘excites” the vehicle being trans-
ported on the rough road surface, the vehicle is in a resultant state of forced
vibration. The driver, who is “attached” 10 the vehicle body mass through the driving

L7HE (3})

8 i 2 gt

Fic, 4. Vchicle system characteristic funciion H{£2y at £ = 0.2, 0.4 and 0.6.

Svif)
2 ]
HB=1{rad n
az.2
i L
A
.6
. B
B 1 1
-2 -1 ' ] 1 2 /An

TFic. 5. Power speciral density 5, (£2).
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seat, can be assumed te be vibrating in a similar manner—as if ficmly “fixed” to the
vehicie, Therefore, the kinetic energy of the vehicle mass associated with vertical
vibraticnal motion 15 extrémely important compared wilh other energy components
such as the dashpot dissipated energy or Lhe spring stored energy (potential energy).
The same might be said [or the power that a human body in dnving absorbs, which 15
the absorbed kinelic energy in unit time. Experiments have shown Lhat a human body
will exhibit considerable distress if the absorbed power reaches 6 watts.® Accordingly,
it is useful to classify road roughness according to the level of absorbed power.

The average excited kinetic energy for a unit mass of the vehicle in vertical
excitation due 1o horizontal travel over a rough road given by:

dein) |
E, = ( 2 T)f [ (18)

where v {f) is ith realization of random process o{f). Since it is assumed that the
randem process of y(x) is ergodic, «{r) must also be an ergodic random process.
Thus, the temporal average of one realizatwon is equal to the ensemble average and it
i unique, ie. E =E {f  is not equal to j). For simplicity in mathematical
repreésentalion, a new symbc-l E, is used to represent this unique value Accordingly,
ane obtains:

E, = 1/2 E[(de/d1)?) = Ray:(0) (19)
where E represents the mathematical expectation and Ry, .4,(1) is given as:
Ryvail{T) = E[de{n)fdt de(r + 1)/d!]
VIE[de{x)/dx du(x + p)fdx]
= VERdu,."d.r{lu:l (20}

where ris time difference, and u the comrespanding spatial difference. Since

1l

Ruiar(0) = | _Sam()0Q (21)

and
Sdu.lrd.,l‘(g:' = stutg} (22]

Suvia-($2) is the PSD with respect to vibration rate du/dx. Substituting equalion (22)
inlo ¢quation (21) and subsequently equation (21) into equation {20), we have:
2

J Qs (Q] . (23)

? |H[Q}Iz
Wilh Lhe use of equation {17}, we obtain:

1 + 451Q/Q4)?

f Q2 exp (- Q¥ f(4a")] [1 + 457Q/%) ]

dQ.  (24)
{[1 = (UQY) + 4EH(Q/Q0))

[(zav'_ )

“See Ref. [8] an page 142: .. .One of the principle measures of ride comiort 15 absorbed power, which is
a measure of the rate al which wbrauunnl cnergy is absorbed by a Iypical human. A criterion of & wans of
absorbed power has been eslablished as an upper bound of vibranon that will permn crew members Lo
clfectively perform their 1asks,”™
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Equation (24) gives the estimation of the kinetic energy for 2 unit mass of the vehicle
excited under random wvertical excitation from horizontal motion over a rough rigid
road surface.

The integration in cquation {24) can be performed if the residue thecorem is
employed (see Appendix A}. This leads to:

E, = (Via*a® 7 /c)) B exp |- B  cos 6] {cos [ Bsin 8 — 8/2]

+ 4&%cos[Bisin @ — 38/2)} (23
where
o =50 -8 (26)
8/2 = arctan (5/V (1 - &9 (27}
and

B = OQpf(2a). (28)

The theoretical relatienship between E, and £2; is shown in Figs 6-9, at
V = 100 km/h. Parameler @ has three values, 0.4, 0.6 and 0.8, while parameter £ has
four values, 0.15, 0.3, 0.45 and 0.0. From Figs 6-9, we notice that:

(1) When & is about 0.3, the global level of E; is smallest compared with others in
Figs 6, 8 and 9. This indicates thal the vehicle design should adopt a damping ratio of
about 0,3 for the vehicle sysiem.

(2) E, is proportional 1o g, the mean square value of the rough road height,

(3) For the parametler a, a peak value of E, at Q=22 {approximalely) is
obtained. For a specified rough road, parameler a has a certain definite value. It
reflects the resonance in the spatial frequency domain,

For Q; = uy/V, where ay is the natural frequency of the vehicle system. we note
that $2; is related 10 V, vehicle speed. In general, wy 15 around 1 Hz for passenger
vehicles. As V¥ increases from 0, €, dccreases from «. At speed V = 100 km/h
{27.78 m/s), £y is = 1/27.78 {cycle/m), or he wavelength is 27.78 m/cycle. This

Eks (LT 4E)
g
damping ratio:=M.L5 '
4 1
3 i ‘
i
2 |
|
| |
A
8 .8 16 2.4 3.2 o

Fic. 6. Kinenic energy E, vs Gy al £ = 013
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Eksi{Utgt)
&

damping ratio=P.3H

B.&
8.4 \
e i L !
1.b 2.4 .2

Fic. 7. Kinene encrgy £, v $p a1 3 = 030

Eh/ ()
5

damping ratio=f. 45

Fic. B. Kinetic enerpy £, vs £y a1 § = 11,45,

Ek- LT}
]

4

danping retio=a,.6A

3.2 o

Fiz. 3. Kinctic encrgy £, vs L a1 § = 0.60.
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Eksat (M. .nyl]

48

0 F

a A 40 &8 H8 Yika

Fio. 10. Kinetw energy £y 5 speed V.

highlights a commonly recognized important conclusion, j.e. that the long wavelengths
of a rough read surface higher than a limit around 50 m are of marginal effect.

The relationship between E, and V is shown in Fig. 10, where oy 15 taken as 1 Hz
(= 1cycle/s = 2m rad/s) while parameter g has [ive values 0.2, 0.4, 0.6, 0.8 and 1.
From the figure, we observe:

{1} The peak value of E, for any value of g appears to be a constant for the same
vehicle system with the same primary natural frequency wy and dammng ralig £ This
can be approximately shown as (see Appendix B):

Erear = 0.19004 wle” {1 + 4ENEV (1 - EW( - 2801 (29}

The peak value appears approximately at ¥V = ayY cnsﬁ,:’("ufa‘]. E, is not monoton-
ically increasing with V', but decreases after this speed.
{2) For a big o value, the peak E, value appears at an earlier speed V.

{ Ei)maz c2n be used as an indicative parameter for road classification, inasmuch as
i1 represents the maximum kinetic energy of a unit vehicle mass in motion over 2
reugh road surface.

To evaluate the absorbed power for the human body (dnver or passenger), we have
to investigate how Lhe enerpy is absorbed in unit time by the bhuman body. When the
vehicle mass vibrales, lhe body receives the vertical motion through the connecting
seat and seat belt. Since the human body is by no means a simple “slructure™, but a
very complicaled system which is neither homageneous nor isotropic from a maternal
viewpoint, same assumptions need to be introduced if a simple “model” treaiment is
10 be provided. '

To model the absorbed power {energy in unit time) £,, we assume there is an
average viscodamping coefficient Cy:

P, = C,E[(duv/dr)?] (30)

where E is the mathematical expectation. G, de/dt is the damping force. ¢, de/dr de
is the work the vehicle body does o the human body (inversely the human body
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absorbed energy in time di du¢ to vibrational motion) and Cy[dp/d¢]’ is the power
that the body absorbs. Hence, we obtain the average absorbed power as:

P, = 2C,E,. (31)

The value of C, is taken as 300 Ns/m {see Ref. [8]). From equations (29) and (31},
we have:

(Podmay = 2Co{ Edmax = 114.02(1 + 43)/EV(1 - EHV (1 - 289 Jwpe®.  (32)

It is seen that the maximum human body absorbed power ( P,),, depends on:

(a) rough road height RMS value o —from the external road condition:
{b) vehicle sysiem charactenstics—ihe prnimary natural frequency «p and the
damping ratio 5.

Since it has been chosen that £ =03 is the oplimum damping ratia (to be chosen),
the significant factor is wy. If ey increases. (P, )n,, also increases, indicaling thereby
the effect of the primary natural frequency of the vehicle system. An increase in the
mass of vehicle, or a sofl suspension spring, or a decrease in the inflation pressure of
tyvre, will reduce the vibration energy level.

APPLICATIONS FOR ROAD CLASSIFICATION

(a) Method

To classify the road quality based on human body absorbed power P, it is
reasoned that when P, reaches six watts (= (.612 kg m/s = 6.004 N m/s), the body is in
distress, i.¢. 1the road is unacceptable. Below 6 watls, the road surface characteristics
can be sequentially graded as very poor, poor, sanisfaclory, good and very pood. One
therefore needs to find a way to distinguish the road grades according to a P, value.
The simplest way is to divide 6 watts into five intervals. In considering human body
sensation in a non-linear fashion and “borrowing” from signal analysis, we divide
road prades in the following way: if P, is aver 6 walts, the road is unaccepiable; if P,
15 within 3-6 watts, the road is very poor, where 3 watts is half of & watis, if P, is
between 1.5 and 3 watts, then road grade s poor; so on s¢ forth. Since each grade
reduces the P, value in half from the previaus value, this yields a linear decline in log
units. The corresponding road grades are shown in Table 1. Furthermore. Road
Quality [ndex {(RQI) is defined as;

RQI = (20/log 2) log {6 (watts)/F,)
= {20/log 2) log {6.004 {N m/s)/P,). (33

When P, is 6 watls, ROl is 0; when P, = 3 watts, RQI = 20, etc.

Tapre |. Roan orapes anp RO valyes accoRDmvG 1o P vable

MNa. P, (wans) RO Srade

1 = & = ) unaceeptable
2 3-6 0-20 YTy POUT
3 1.5-3 26-40 poor

4 0n75-1.5% -5 sansfactory
5 0.375-0.75 &0 -20 g

L < [L375 = 80 very good
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In general, P, is a function of @, ¢. V and the wvehicle system charactenistic
parameters on and £, as formulated in equation (25) and (31). This consideration
includes 100 many parameters. Selecuing (Pylma ID €quation (32) as & representalive
value of P,. we can use equations (32) and {33) for road classification. By using
equations [32) and {33), we build a refationship between road guality index, RQI,
and @@, the RMS value of road rough surface height, which is given by:

RQI = (2010 2) log (6 003(N m/5){114.02{1 + £V (1 - E)
x V(1 = 280 |whe? JeNm/s). (34

This is an approximale formula. For £ =0.3 and wy = 1 Hz {= 27 rad/s), we oblain
{ £4)max from equation (29} —a neal analytical formula:

{Ep)man = 39.370° (1/5%) (35)
and
RQI = (200g 2) log {6.004/(598.40°) ). {36}

As seen [tom Appendix B, formula (29) is approximale. In using a numerical
program through more tedious calculation, a more accurate value (Eydp,, =38 a* K
obtained. The difference is within 3%, which is marginal.

Thus, (P )mae = 2Cu( Exdmae = 22800 o(Nm/s), where ¢ is in melers. For
(P =6, 3, 1.5, 075, 0.375 watls, the corresponding values of ¢ are 0.0162,
0.0114, 0.0081, 0.0057, 0.0041 and 0.0028 m respectively. The RO is given as:

RQI = (20/10g 2} log {6.002/]2280007|}
= 238 - 81 7log 0. an

The proposed method for road classification is sciely dependent on the value of o.
The relationship between the RQY and o is shown in Fig. 11.

The RMS value o of the rough road surface 15 the root mean syuare value of the
road surface height viewed from a vehicle mass centre. This is because a one-degree
system has been used to model the vehicle sysiem. Disregarding the fact that the
vehicle system s a multi-degree system. which includes pitch angle motion, the

mi

1o

8 4 B 12 16 rimal

Fiz. 11 Road Quality lndex (ROT) v3 RME value of rough 1oad height, o
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reference line to measure the reugh surface height is the line connecting the centres
of the front wheel and rear wheels,

(b} Laboratory tests

Laboratery lesis for road roughness classification were performed in the Geotech-
nical Research Centre of McGill University. Four rough non-deformable surfaces
were used as lesl surfaces: {a) flat and smooth surface; {b} rough 1; (¢) rough 2; {d)
rough and sinusoidal. The ulirasonic wave apparatus {called ulirasonic distance
detector) was used to measure the rough surface profile amplitude. It was pre-
calibrated 10 convert the distance data into electronic voltage. The relationship
between vollage and distance 18 very hinear.

In the tests reported by Eivo [9] the measured profile data were continuously
recorded on a magnetic tape and the FFT (Fast Founer Transform) was used to
calculate the PSD of each profile. The sampling interval is chosen to be 3.5 mm and
the number of data points was 1024, Because of the limitation of profile surface
length {about 5 m} in the laboratory, the low frequency component was not expected
1o be accurate. The measured original profiles were calculated to obtain PSD curves,
and subsequently classified according le the ISO method.

According to 1the developed model, the RQI method is used to classify the surface
condition. The results are compared with the ISO method, and are shown in Table 2.
This demonstrates the application of the ROl methed. The rating is similar to that
using the ISO method. However. there 15 a major difference between them —the
simplicity. In using the ISO method, 2 lot of data treatment jobs need to be done:
FFT (Fast Founer Transform) to obtain PSD {Power Spectral Density) etc. In using
the present RQI methed, only o—the RMS {root mean square) value of the rpad
profile —is needed. It 15 pot only very easily understood by the road service
technicians {(compared with the concepl of PSD), but alsa involves much less time for
the data treatment process.

SUMMARY AND CONCLUSTONS

Road classification deals with a road roughness stochastic process. The interaction
between the vehicle dynamical system and the rough road surface profile determines
the nde quality.

In the present investigation on road classification, the PSD methed is adopted. The
autocorrelabon function for the road roughness random process is described in an
analytical form which involves two basic parameters: ¢ and a. Subsequently the
power spectral densities for road roughness profile and the responses of vehicle

Tane 2, ROI vaLUES FOR FQURA SURFACE FROFILE

Casec oim)  ROI{10-*mljoycie} Road class

R 150
{2) {1022 = 100 vory good very good
(b 0.0045 7 good good
{c) {1 (0BS » satisfactory satisfaciory

(d} 10144 6.7 Viry proof very poor
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system, the vibration energy, the human absorbed power and the vibration level are
formulated.

In regard to road classification, the principle of human body absorbed power is
used to set the standard for judgment of the road conditions. A RQI (road guality
index) 15 also defined. It is shown that the RMS value o is the most significant value
for road classification.
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APPENDIX A (£, imiegrol)
L, is given by equation {24}, Let

a = D0y (A
thus,
di2 = Gy da. (AL
The inicgral of equation {24) i given as:
Ei = [V:aQidav v )| (A.3)
and
] [L+ 98] (A.)

J= . - !I.l_i 1 x
J_,'z exp {{ -R34aY)]a }[“ — oty + 4tial

The jerm Q.ﬁ,-’{-!a!j is wsually small. Hence intcgrals are domnated by the pales. To carry on with
miegration of £, the Residue Theorem is used:

F=2aiE resdues of Drexp {[ -0 7)1 + 4ETTLMET - 1P+ 4517
{ever the upper hall ¢ planc) {A5)

where 2 35 a complex vafiable,
Poles are obtained from:

(z2 - 177 + 45720 = 0. (A 5]
There are four poles, named z1, 12, 23 and 74, and they are given by

tl = exp[(H/2)] [A.Tal

12 = exp[— (H/2N] (4 Tbi

2} = — exp[— (B/D] (AT
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and
Mo - e [(872] {A.7d)
where
272 = arcian{§ V(1 - £] (A.B)
or
= arctan[28V(1 — EN AL - 28], (A.9)

:1 i5 conjugate with 22, 50 is 23 wilh 34, Over the (op half 2 plane, the residues are with respect to the
poles 21 and 23, but not ;2 and 4. since they arcan the lower hall ¢ plane,

Resdue | = eap (823 exp {[ - Q4 tHa} eapt 8i))
% [1+ a5 exp{#D)18EVT - £} (A.10)
and
Residuc 2 = exp[- (8/2}] exp {| - S3y/ida’}| exp (- 85)}
x [+ 48T exp{—68LI8IEV (L - B, (A1)
Hence, £ 05 given by:
£ = Vie'aVz  [tbal\ (1 - £9)
x {exp{8/2) expl - Qyt4atyexnp (6]
+ exp{—ﬁ,-’!:’jeup|—ﬂi.f[4a=}c:p{-ﬂf}]}. {A 1D
By expanding and collecteng terms, (his can be expressed as:
£ = Vol r ABaE VIl — &) ]exp-QRidat)cus 8|
% {cus (44 sin @ — 6] + 45 cos[Qida)siny = 362

(lor £0:{227 < 1. {A.L3)
Thé terms i the ymaginacy part cancel out cach ather.
Letting
o =58 {1- ) (A1)
and
B = fhAia) (A5

wi will obirain:
E = [Vigta\ g /e |Bieap{— 8 cosd]
W o leos | Hiandt — B2] A% cos[Hinin - 3G}
{fur 8 = |} (A 16}

This is formula {25) in the main body of the paper

APFENDIX B
The condinon to find the maximum value af £, with respac 1o differem g values )5
Ji Ecbida = 0. (B.01
From equation {A '3} in Appendix A, £, is given approximataly as
£, = [VIorn w8l 4 430) 0] exp | - [ 28)) cos Uhia. {B.2)
In wsing condinon (B 1), one omains.

-+ (L HQcos 1} - 0
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or
a = 0 ons 72 {B.3}

or
8 = QuWcas V2 (B.4}

Returning this valug back into (B.2), we have:
(Euim ™ [V AV2H | exp (0.5 V7o ][L + 48 W eaicos )]
= 0.19004 (1 + 4E3) {07}V cos 8 )
= 0.19004ago? {1 + 48 EVIL - FIV I - 280 ). (B .5}
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DEVELOPMENT OF CRITERION FOR ROAD SURFACE ROUGHNESS
BASED ON POWER SPECTRAL DENSITY FUNCTION

D.M. XU', AM.O. Mobamed', R.N. Yong'!, and F. Caporuscio®
ABSTRACT

The study has demonstrated that non contact acoustical transducer is a reasonable
sensor for reflecting the road roughness profile, and it is much faster in detecting the road
surface roughness as compared to other measurement devices. Thus, it s a very promising
sensor with regard to road roughness measurement. Furthermore, the ISO may be used to
classify the road grade. However, the assumed linearity in the PSD on a log-log graphical
representation may not be true in reality, especially in the lower frequency band. Therefore,
a new approach to classify the road surface roughness is to be developed.

INTRODUCTION

When a vehicle is operated on an uneven road surface, ride guality diminishes and
factors such as vehicle vibration, fatigue of vehicle frame and changes in vehicle traction
induced by excitation from the ground surface, and contribute to unsafe driving conditions.
Other problems arising from vehicle-road interaction concern dynamic loading of the road,
The greater the roughness of the road surface, the more intense is the dynamic loading of
the road. Deterioration of the pavement slab and subgrade can be accelerated because of
dynamuc loading from the vehicle, thus increasing the frequency of repair.

A critical issue is the ability to determine a preventive maintenance schedule to avoid
catastrophic deterioration and dangerous consequences. The question of effect of road
surface roughness on accelerated road deterioration needs to be answered. To evaluate the
repair time and plan a schedule of road maintenance, as well as to set ap acceplance
cnterion for newly paved roads, it is necessary to first obrain a correct road surface profile.

For the measurement of the road surface height profile and roughness, many methods
have been cmployed, or are currently still being used, depending on the objectives, They
are classified as the conventional method, profilometer method, servoseismic method,slope
integration method and fifth wheel method. However, these methods are generally 1edious,
or need relatively large data processing capability. [n addition the measured data by contact
methods, excluding the conventional meihod, may be somewhat distorted because of the
enveloping effect of the contact development with the ground surface. To avoid this, a
methodology and non-contact acoustical transduce are required to accurately measure the
road profile, and to perform quick processing of the road profile information.

! Geotechnical Research Centre, MeGill University, 817 Sherbrocke St. West, Montreal,
Quebeg, Canada H3A 2K6
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Tius siudy 5 designed to: {1) use a noncontact acoustical transducer to measure
surface profile and roughness in the laboratory on manufactured rough road surfaces as well
as in the field on actual rough road surfaces; (2} use the power spectral density function
{PSD) to evaluate and classify road surface roughness, and (3) develop a correlation
between {1) and (2) using PSD along the lines of the ISO classification.

SURFACE ROUGHNESS CHARACTERIZATION

In the early studies of vehicle performance on a rough road, simple function such as
sine waves, step function or triangular waves were penerally applied as disturbances from
the ground. While these inputs provide a basic idea for comparative evaluation of designs,
it is recognized that the road surface is usually not represented by these simplified functions,
and therefore, the deterministic Uregular shapes cannot serve as a valid basis or studying the
actual behaviour of the vehicle. In this study, a real road surface, taken as a random exciting
function, is used as an input 10 a ride-road system. Since the main factors in a loading
function are frequency and amplitude, the geometrical charactenistics of a non-deformable
terrain need to be described by these two quantities, The excitation frequencies are directly
related to vehicle translational speed and the wavelengths contained in vadous waveforms
of the rough surface profile. This iilustrates the problem of the expression of roughness, i.e.,
randomness of surface profile.

[t may be notud that the main characteristic of a random funcrion is uncertainty. That
15, there is not way to predict an exact value at a future time. The function must be
described in terms of probability statements as statistical averages, rather than by explicit
equations. Four main methods can be used to descnbe the basic properties of random data:
13 root mean square values; (2) probability density function; (3) auto correlation function,
and (4) power spectral density function. In this study emphasis will be given 1o power
spectral density analysis.

POWER SPECTRAL DENSITY FUNCTION

The power spectral density (PSD) functien for a stationaty record represents the rate
of change of mean values with frequency. It is estimated by computing the mean square
value in a narrow frequency band at various centre frequencies, and then dividing by the
frequency band. The wotal area under the PSD curve over all frequencies will be the total
mean surface value of the record, The partial area under the PSD curve from frequency
f,, to f; represents the mean energy value of the record associated with that frequency range.

The autocorrelation function and the PSD function are Fourier transforms of each
other {Wicner-Khinchine relation), and therefore furnish similar infoemation in the time
domain and frequency domain, respectively. Most imponantly, the PSD function may satisfy
the requirements of road vehicle studies since both amplitudes and frequencies, which are
essential factors for vehicle vibration dvnamics, a descnbed in terms of cnergy density. Thus
it may be suitable to express the road surface profile {representantion of surface roughness)
by a spectral description such as the PSD function. The PSD function will contribute to a
response analysis which will deseribe, with adequate precision, the motion of the sysiem

ez



expressed in most of displacement, acceleration or stress.
Since the terrain surface roughness under consideration is a spatial disturbance, rather
than a disturbance in time, it is desirable to define the PSD in terms of the spatial frequency,

3, in cycles per meter, rather than in terms of the conventional time frequency, I, in cycles
per second, Spatial frequency is another description of frequency in the space domain.
Then road surface roughness can be expressed in a concrele maaner, disregarding the effect
of various operating speeds of the vehicle. In terms of the spatial frequency argument, the
PSD of the road surface is defined in the following manner [1)

_tin 2 | [ X, -2intx
S,(o)-hﬁilj;y(x)e dx[? (1)

where: $(Q) = on sided PSD of the road surface file,(m’/c); @ =spatial frequency (¢/m); X
= length of course {m); x = horizontal distance over surface (m); and y(x) = surface height
profile from a reference plane (m)

CLASSIFICATION OF ROAD SURFACE ROUGHNESS

Several attempts have been made to classify the roughness of a road surface. In this
study, classification based on the International Organization for Standardization (ISO) is
used. The ISO has proposed road roughness classification(Classes A to H) using the PSD
values, Figure 1 shows the ¢lassification by ISO (2] and the corresponding range of PSD

values at a frequency of zl ¢fm. It is observed that the smoother surface possesses less
1,

power over a whole frequency range than the rougher surfaces. In the 1SO proposal, the
amplitude of PSD function of the road surface can be approximated by means of two
straight lines with different slopes, since the PSD curves of many road surface show
concavity. The approxmate forms of smoothed PSIY's (one sided) are given as follows:

- ap L
Sy(ﬂ) S,(Q){Q‘] Jor Q<0 ch!m o

Q —hy
SF(Q)=SF(Q)[EG] Jor >0,

where: n, and n, are 2.0 and 1.5, respectively, in the ISO draft. These two values are
determined from filed measurements. A more simplified mathematical form is suggested
as follows [3).

5,(Q)=6,Q™ ®)

Where: G, and n are positive constants.
Eq. 3 represents a linear relationship between log §(Q) and log {2, which can be
seen if the log operation is applied to both sides of the equation. However, Eq. 3 is
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questionable for the following reasoning. It is known that the inverse Fourier transform of S5,(6)
gives the auto correlation function as:

_1 - Hn0p
R(w)=> [ S,(@)e %40 “
. fo S (Q)cos2xOp dQ

Let u=0, the Eq. 4 is reduced to:

R(O)=["5,(0)d0 (%)

8,(0) has the following three properties: (1) 5,(0) is positive definite; (2)
S (R}~ 0 when Q + =, and (3) the area covered by the 5(Q) curve is equal to root mean

square value, o2,

Substituting Eq. 3 into Eq. 5, one gets:
- G . G
G,f a"dQ=—2-0""|7-— lim Q! (6)
0 -n+1 n-1 oo

Since n is generally around 2, the integration reaches é], an infinite value of 6%, The

problem is noticeable at the low frequency band. It is known that the power spectral density
is always an even function with respect to Q=0, i.e., the left side is symmetric 10 the right.
At =0, the slope of the power spectral density function is always zero. Hence, the PSD

shape is more likely to be flat at low frequencies in the vicinity of Q=0. Results from Eyio
and Yong [4], whuch were carmied out at the Geotechnical Research Centre for four
artificially made rough road surface height profiles, do not likely to support the [SQ relation
presented by Eq. 3.

MODEL DEVELOPMENT

Based on the properties of the autocorrelation function, R(u), as well as the
experimental data from Eylo and Yong {4], the following autocorrelation function is
proposed:

R(u)=0" exp[-a?u? )
Eq. 7 has the following properties: (1) it is an even function; {2) R{0) is the root mean

square value (g%, and {3) when p — =, the function approaches zero. The autocarrelation
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function proposed by Eq. 7 involves two perameters "o’ and ‘2’ which need to be
determined. :

The physical meamng of parameter o is rather simple. It denotes the statistical value
for mean average rough road amplitude. This is an important quantity which species the

road surface roughness. As the o value increase, the road surface roughness increases
proportionally. While, the physical meaning of parameter "a" is not as obvious. It is related
to the wave shape of the rough road surface profile.

Based on the proposed autocorrelation function given by Eq. 7,the corresponding
PSD, 5 (@), is obtained by:

02

5,(Q)= expl -(*N4a?)} (8)

it

2

Itcan be seen from Eq. 8 that "a” is small, the term cxp{iﬂ—z] decreases rapidly with
4a

{1, indicating a narrow frequency band.

EXPERIMENTATION

The primary components of the road roughness measurement system are an
acoustical transducer and a ranging circuit board. Together these units are capable of
detecting and measuring the distance of objects (surfaces) within a range of approxmately
275 mm to 427 mm. Dunng operation, a pulse is transmitted toward a target and the
resulting echo is received, The elapsed time between the imitial transmission and the echo
detection is then converted to distance with respect to sound. The principal component is
the acoustical transducer, which acts both as a loudspeaker and a microphone, The polaroid
transducer was designed to transmit the outgoing signal and also function as an electrostatic
microphone in order to receive the reflected signal (the echo).

When the unit is activated, the transducer emits a sound pulse, then waits 10 receive
the echo. The emitted pulse 1s a high-frequency, inaudible "chirp”, lasting approximately one
millisecond and consisting of fifty-six pulses. After generating the "chirp”, the operating
mode of the transducer changes from loudspeaker to microcomponent detect the retermng
echo. The transducer then converts the echo sound energy to electnical energy, which is
amplified by the analog circuit, and then detected by the digital circuit to produce the echo
received signal. The received signal is then fed to a distance to voltage converter and,
subsequently, the recording system.

During the 1990 field testing program, the acoustical transducer was mounted on the
rear axle (on the drive side) with a special "U" type mount, The transduce was positioned
305 mm above the pavernent. All the required electronics, plus the AC power for the data
recording sysiem, were installed in a van. The van was driven over a specified areas at a
speed of 6-7 kin/h. The data was recorded both on a trip chart recorder and a magnetic
tape machine. The magnetic tape was then converted from analog to digital, copied onto
floppy diskettes, and then input into a personal computer for data reduction.
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RESULTS AND DISCUSSION

The road section (piste) number and the corresponding location of the tested road
sections are shown in Table 1. The length of each road section was 300 m. In comparison
with laboratory test conducted by Eyic and Yong (4], fleld test were representative of the
real situation in terms of the length of each road section, as well as the surface rouphness.
It should be noted that for field conditions the minimum spatial frequency is 0.0033 cycle/m
(for ¢ach 300 m length), while for the [aboratory test the minimum frequency was 0.25
cycle/m (for cach 4 m length). Therefore, field conditions provide more input in relation to
the dynamic behaviour in the lower frequency range.

In considening the fact that there might be différent road roughness within the 300
m section, the PSD calculations were carried out for a window length of 50 m. The choice
of 50 m as the basic length is atnbuted to the foliowing reasons. First of all the lowest
spatial frequency is 0.02 cycle/m, which is quite small compared with the specific spatial
frequency (0.16 cycle /m) used in the ISO method. Therefore, it will provide a more
accurate PSD value at a specific special frequency. The second reason is related to practical
considerations. For road reparation, a distance of 30 m is considered 10 be an adequate
length. Therefore, for each piste, one has 5 basic lengths, which are: (a) from 0-50m; (b)
from 5-100 m; (¢) from 100-150 m; (d) from 130-100m; {¢) from 200-250 m, and (D) from
250-300m.

Due to a similarity in data analysis, piste number 13 is only presented in order 10
illustrate the roughness condition, as well as the method of classification. Figure 2 shows the
measured road surface roughness profiles for 0-300 m for 1he 50 m subsections, whilst Figure
3 shows the caleulated PSD curves for piste number 13. According to the 1SO method of
classification {i.e. at spatial frequency 0.16 cycle/m), the road is classified as good for all
subsections (2) to (f).

Table 2 summarizes the road classificatiens for afl 10 pistes according to: (1) PSD
evaluation; (2) Interpational Roughness index (IRI}, and (3} Emperical Rolling Coefficient
(KR}. It can be concluded from Table 2 that all road section are in pood service condition.
However, the worst subsections are: (a) piste 7, section (f) - i.e., from 250-300 m and (b)
piste 28, sections (a) and (b} - Le. from 0-100 m. These subsections are graded average
according to the 15O methed of classification. However, they are still in fair service
condiuon at the present time.

CONCLUSION
The salient features covered in this study may be concluded as follows:
{1}  the acoustical transducer is a reasonabie sensor for reflecting the road roughness
profile, and it is much faster in detecting the road surface roughness as compared to

to other measurement devices. Thus, it is a very promising sensor with regard to road
roughness measurement,



()

(3)

the 1SO method may be used to classify the road grade. The assumed linearity i the
PSD on a log-log graphical representation may not be true in reality, especially in the
lower frequency band.

the propased PSD function is governed by only two parameters: (1) parameter "a”
which are directly related to the wave shape of the rough road surface profile, and

{2) parameter "o" which denotes a statistical value or mean average rough road
amplitude. The parameter o is the most important parameter for characterizing a
rough road surface profile. The dynamic response increases as ¢ increases.
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Table 1 Road Sections (Pistes) and Their Locations

il
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| 38 I Ree. 2[3412-107 Wen: |
Table 2 Road Classifications
Methad 8 I RITT ’ IRI* | KR~ F
§
() () ) w ol e ) \ |
it50 m SO-1 m | 100150 o | 156200 m | 200-2300m | 2502300 m
ey L I I _ N
13 P powd o pood nured grind 153 &5
3 very pond | oexcellem | excellent eycellznt exuellem exvellenr 1.2% 95 !
! wreellem wxceltem WUy Wiin] penul excullem vace luen bai? W
7 gonnl il pernl prund gl ave e £ 41 !
4 Iverige nvelide gl gl powd i 857 44
My very woud | very vinnld grod wvery pood | sxcellent very gooxd 226 K3
15 yetol wery good | wery good | very gond fewnl wery gooud 19y | R2
I cacellient powsd punl JUELH gevocd orwwd 560 fi3
a7 viry prand yuid axcellenl excellent very govikd | very gond 17| 86
M Lri Wﬂt_]ﬂtl o g e very ginul pownd LT __5:‘1
*valoes prowvided by Ministey of Transpor
313



i

§9|1j0id 99o€}ing peoy painsesyy g 'Bid

=] = pommpih
[ b 1] R T -
T - L
Huvi-
- I
K
_ ____ _ _ — _ T 11 ?w-.. "
=
- It
w 0l = CE wwiel -
cL# e
[LPEL L
L 1w [
T r oo~
- -
E L
Lﬂ?—ﬁ—m: ar
\4\ SN
- 7L
L2

a
- g

o1 F ey

[ bk A

St} Pl

0S| Ag uoyedjIsse|) ssauybnoy peoy | 'B1d

> poLiE H

re:9k e3i2E-Ch18 9

1100 Zelg-arid i

r20% aroe-gss joaod LAy 3

532 ZIs-gel {xod 0

ry B21-2L [piEAuTY]

41 cE-8 jreed] 1

r B> (pev3 Lawg] ¥

ki 1 am0g | ey »
5 [iNS  Esawbhod Jo a3dhag SRIL) hend
@y 3Sus[BADy,
1 a-1 oot 0 o071
' cuy/m1040) Adumnoedy 15 130ds :u_.
gomﬂnq .B..._..-. T .ﬂ_...__..__...qn_— T ﬂnﬂ.mﬂ
LO=31
1 9031
4 50-31
1 r0-31
EO-31
(FERE TETRLY T Y} 1 2D-31
1
///

L 16-31

051 43 udp3Toliieent)

(o/caam)y A3jsucg 1o3oeds Josoy

314



("JUOD) S3[0Id S0B)ING peOoY painsealy 2 Bid

[ b

TeEL [T T} oL
! L}

3%2

1 e |

Wl - dH wx]

CLF mE)g

Iy & e
L g 1] [ = ] ou
T v u

WOBET - OGOC e

cL A esig

[ -} ol

L

"

Lo

) el gl

ey gy ey

I = il

ER L]
T T

LY ]
F

=

\

il = b by

ClL £ eid

() = e

bm) M
T T

i
T

ef;.?
B

-

L4 ]

-

=

LL

L]

Lh

b L e i PRI

cl £ misg

Do) Hobemy S

[ PR L R LT

ls



Journafl of Terramechanics, Vol. 30, No. 4, pp. 219-257, 1943, 0022 -4898,53 56.00+0.00
Prnted in Grear Brtain. Pergamon Press Lid
€ 1993 I5TVS

EVALUATION OF THE PERFORMANCE OF DEEP
SNOWPACK UNDER COMPRESSION LOADING USING
FINITE ELEMENT ANALYSIS

A M. O Mouamco, R N. Yong and A. J. Mukcia®t

Summary—The scope of this siudy exiends to the development and validation of a compuler-
ized numerical madel predicting the load-sinkage relanonship of a nigid strip lowsling on deep
snow, The creation of such a3 mode] focused on the volume change and shear characienstics of
the malerial and their relauonship 10 the overall behavior under plate loading conditions. i
therelore beoome necessary to ohiain information on the response of snow under the
follgwing conditions: (a) volume change only; (b) shear only, and (o} combination of both
volume change and shear occurning simultanecusly. The confined compression rest was the
obvious choive for invesuganng the volume change behaviar or compressitality of the snow
feondition a} whercas the direct shear lest was selected ra charactenze 1the matenal responss
i pute shear {condition b). The rigid plate, or footing test, was performed in order to assess
the vahdity of the model thraugh a comparison of expenmentally obtained curves and chose
predheied by the compuoter model based on the properiies of the snow matenal in compression
and shear. The validity of the proposed model 5 senfied through a companson of predicied
and experimentally ebitained resulis, Most results obiained [rom the fimite element model are
found Lo be in reasonably good agreement with the expenmental data while some discrepan-
cies are found 1o exisi berween specific types of resulls.

INTRODUCTION

The MECHANCS Of snow formation and precipitation is a complex subject involving
many factors and is governed by the laws of physics, chemistry, thermodynamics as
well as by meteorological conditions. I[n general, snow precipitalion occurs provided
sufficient atmospheric moisture is present in the air and that the climalic environment
is suitable to initiate and maintain the mechanism by which this moisture s converied
inte snowfall. Condensation of waler vapor in the atmospherc results in the formation
of a cloud within which, provided the 1emperature drops below freezing, droplets join
o generate ice crystals. Continued growih of an ice crystal leads 10 the formation of a
snow crystai, which is a particle sufficiently large 10 be visible 10 lhe naked cye. A
snowflake is preduced as a resull of aggregation of several hundreds of snow crystals.
Snowflake sizes vary from a fraction of a millimeter 1o several centimeters. Narmally,
larger snowflakes are generated when the ambient 1emperawre is near 0°C and size
decreases with decreasing temperature [1].

The accumulation of snowflakes on the ground leads to the generalion of the
snow-cover. Evidently, charactenistics of the snow-cover, such as crystalline structure
and density, are highly controlled by the type of weather during precipitation {i.e.
temperatore, wind speed, humidity, etc.) and are likelv to change with time according
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ter the meteorclogical conditions prevailing after deposition. Properties of the snow-
cover such as strength, stiffness and density are of particular interest to transportation
engingers concerned with travel over snow in northern countries. Transportation of
supplies and goods 10 remote communities, Mines, construction sites, elc. s heavily
dependent on the efficiency of over-smow vehicles, Proper design of such vehicles
requires nol only a sound mechanical engineering basis but adequate undersianding of
the response of snow under loading. Since engineering design essentally and
inevitably involves a mathemalical idealization of the real problem at hand, the
problem of describing the behavior of snow under lcading arises.

Various subjects on snow mechanics have been studied over the years n order to
develop a methodelogy to analyse and predict the stability of a snow mass and its
response when subjected 1o external loading. Respective examples are avalanche
prediction, which has been studied by Perla and Martinelli [2] and Fraser [3], and
over-snow travel problems for which Harnison (4], Yong {5] and Brown [6] have
proposed approaches and selobon techmiques. Strength analyses of snow are difficuli
because of the nature of the material at hand but a theoreticat evaluation has been
proposed by Ballard and McGaw [7].

The analytical prediction of the load--penctration curve of a rigid footing on snow is
a complex problem involving a series of stress analyses of a highly compressible
material under a piven set of boundary conditions. The determination of stresses and
deformations within a mass of matenal 15 a highly stapstically indeterminate problem.
the solution of which reguires satisfying the following conditions as dictated by basic
mechanics of matenals:

(1) equilibrivm of the mass is maintained:

(2) compatibility of deformations (i.e. deformation field is continuous within the
mass and is geometrically consistent with the imposed boundary conditions);

(3) the constitutive relationship {or equations of material behavior) is respected ail
any point within the mass.

In 5o far as the matenal is assumed to be a continuum, the solution of the problem
can be investigated through continuum mechanics. The classical theory of linear
elasticily constitutes a powerful tool for solving many such problems. The method is
purely analytical and consists in selving equations of stress with a particular set of
boundary conditions. The above theory involves many assumptions regarding the
behavior of Lhe material under study. The most significant are:

(a) 1the material is isotropic and homogeneouos;

(b} the maierial is linearly «lastic;

(c} small stramn theaty applies;

{d) the deformanion field is continuous such that no gaps or relative displacements
bewween parns of the body occur.

The analyiical solution of continuum mechanics problems is only possible for simple
cases of loading and boundary conditions. The problem of delermining the load-
sinkage response of a footing in the type of deep snow considered in this study is
already complicated by the presence of shear siresses along the sides of the pressure
bulb genecrated by the plate penctranion process. Moreover, the deformation field
along the sides of the bulb is not continuous due Lo the differential vertical
displacement of points on either side of the planes of shear. Assumption (d) above
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therefore auvtomatically rules out the possibility of using classical elasticity as a
solution procedure, The fact that the malenal is highly compressible and that large
deformations oceur during the plate penetralion process also opposes assumption (¢},
In addition, snow is a non-linear material whose stiffness increases with volumetric
strain and therefore, in this case, assumption {b) is violated. Finally, it is also evident
that no material is perfectly 1sotropic and homogenous bul assumption (a) is a
justification always applied for idealization for these types of problems.

In light of the above, it is obvious thal simulation of the plate penetration process
cannot be performed by purely analytical means. The method required should be able
to easily handle material non-linearity, as well as large and discontinuous deforma-
tions. The finite clement method was thus judged as suiled for the present problem.
An incrementai approach, according to which the rigid plae is displaced downwards
in steps for cach of which material propertes and deformations are updated, is
selecled. Accordingly, the problem is divided into a series of linear elasticity problems
(the material is not elastic but all elements are essenlially undergoing loading such
that rebound of the material s not allowed) for which a finite element solution is
oblained. The methed s e¢legant in that the body analysed (i.e. the snow bencath the
penetrating plate} is 2assumed to be composed of a series of triangular plates of
material or elements for each of which stresses and sirains, corresponding to each of
the plate displacement increments introduce above. are known. Similarly, one-dimen-
sional elements representing the shearing mechanisms developed along the verlical
sides of the pressure bulb are also incorporated into the analysis. Stresses and
displacements for these clements are also updaled with plate displacement.

MODELLING

Formulation of the problem

The simultaneous shear and volume change mechanisms that occur during plate
penctration. as experimentally demonstrated by Metaxas (8], are schematically
ilustrated in Fig. 1 showing the shear and compression actions undergone by
elements A and B, respectively. The stresses associated with these actions are
contralled by the stiffness and strength of the snow which are a function of snow
density. The success of the solution procedure thus relies on the ability 10 determine
the density distribution beneath the plate, from which siiffness and sirength values
can be correctly assigned (o any given point within and along the sides of 1he pressure
bulb as a funcnon of plate penetration. The knowledge of the resulling system
siffness al a given plate sinkage then permits the calculation of incremental reaction
farces on the plate from which a load -penetration curve can be construcied.

The preblem thus involves the delermination of the load -deflection relationship of
a aon-linear system in which the total sbffness K s a function of deflection and
deflectien rate. The mechanics of the system supgest 1hal the reaction force on the
plate at a penetration 15 composed basically of two paris (Fig. 2a}: (a} a force £, due
10 the volume change resistance of the snow within the pressure bulb, and (b} a force
£, resulting from the reststance of the snow 10 shear along the failure planes.

The nature of the problem thus implies that, in fact, these forces are also a function
ol the plate penctration z, as a result of the vapation of properties of the material
{i.e. stiffening elfect due o snow densification and sofiening effect due o local shear
faitures along the planes of cutting shearj as plale penetration progresses. In addition,



222 AM, O MOHAMED ¢ 2l

Load

Snow surface

N
|

I
T 77

I

1

.

|

7

] ——)———— - = .
'

_1:_

Rl

Elemeant A Elamant B

Fie.. | ¥Wolume ¢hange and cutting shear mechanic: under piane loading.

the penetration speed of the plate u constitutes another parameter to consider sinee,
for a viscous malerial such as snow, the velocity field gencrated has a direct effect on
material properties and hence. on the reaction force. The total system stiffness can
thus be expressed in terms of the volume change and shear components as follows:

Plzou) = Pz, u) + Pz, ) (1)

where: P{z,u) = total reaction force on the plate as a function of plate penetrations
and plate penetration rate u, £,(2, u) = reaction force on the plate due to volume
change resistance of snow, and (2, u) = reaction force on the plaie due to shear
resistance of snow,

Differentiating the above ¢xpression with respect to plate penctrations and rewrit-
ing it in differential form:

dP(z, Pz,
dP(z, u) = _"’(__ u) dz + Md: (2)

-~

"
ol (&)

dP(z, u) : [Ko(z,w) + Kz, u)]dz (3)
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where: K ,{z, 1) = tangent volumetric stiffness function {Fig. 2b), and K (z,u)=
tangent shear stiffness function (Fig. 2b).

Equation (3) is the basic relattonship that numerically represents the process of a
rigid plate penetrating into a SnOw Mass al a constant rate.

Solution

The solution of the problem thus requires knowledge of the volumetric and shear
stiffness functions X {z,u) and K.(z, v} both of which are essentially dependent on
the plate penetration z and the penetration rale k. The load-penetration relatienship
can then be determined by integration of equation {3}

P(z, w) = [ [Ku(z, ) + Kifz, w)lde. @)

The following 1wo sections discuss the above functions in more detail.
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Volumeiric stiffness function K, (z, u)

For a given plate penetration rate, the volumetric stiffness function in lhe present
madel is controlled by density distribution within the stress bulb due to the vanation
of the compressibility of the snow with density. Prior 1o any penetration of the plate,
the snow deposit in the situation under study has a more or less uniform density, As
penetration proceeds, the snow directly below the plate compresses somewhat more
than that further below due to the simultaneous action of shear stresses along the pair
of planes of cutting shear. A given plate penetration therefore yieids a density profile
in which density is highest near the plate and decreases with depth until attaining the
priginal value corresponding to the unloaded state. Therefore prior to any plate
penetration, the snow exhibits uniform volumetric stiffness properties bul as penetra-
tion increases, the stiffness at a given point in the snow mass changes and therefore
affects the subsequent density distributions which, as a tesult, causes a change in the
volumetric stiffness function K.(z. ) with plate penetration.

Consider an infinitesimal element of snow, of type "B in Fig. 1. within the
pressure bulb, after a plate penetration Z, and having a volume dV in which the
densily 15 ¥ and the instantanecus strain rate is ¢ (Fig. 3). Also lel the compressive
modulus, defined herein as the ratio of stress to strain under pure axizl deformation
conditions, be E.(y.u) for the density y and the strain u. Upon an additicnal
increment of plate displacement AZ,, both axial and shearing sirains £, £, ¢,
develop, the latler due to the distortien effect of shearing stresses generated along 1he
planes of cutting shear. The sirains are then related to stresses through the
compressive modulus deflined above and the Poisson's ratic of the material. The work
done in deforming the given snow element i5 then:

AW = (0,6, + 0,6, + 0,.6,)dV. (5)
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Integration of the above expression over the entire pressure bulb yields the total
energy spent in campressing and distorting the snow for the given plate incremental
displacement. Due to the particular boundary conditions of the present problem and
the low Poissan’s ratio of the material, the energy involved in the distortion of the
snow mass within the pressure bulb is small relative 10 the volume change energy. [t
¢an therefore safely be stated that evaluation of the integral of equation {5) over the
volume of the pressure bulb is basically equal to the volume chanpe energy
component due 10 an increment of plate peneiration Z:

D, PW , FL
AE, = volume change energy = In J'n jﬂ (a.e, + a6, + o, )dxdydz. (6)

Assuming plane sirain conditions and realizing that the pressure bulb depth is, in

general, a function of plate penetration Z:
DLZ.PL
AE, = PW A ) (0.6, + 0,8 + 0,,,)drd;. (7)

The above quantity is equal tc the work done by the incremenmtal force P,.

Therefore;
AE, = APAZ, (8)

From which the volume change stiffness function evaluated atl a plate penetration
Z,, can be obtamed:
AP,  AE,
aZ, (AZ))

Substituting for £, (equation 7) in equation (9), the volumetric stiffness function is
thus:

(9)

K{Z, u)=

INZ . PL
Kz, u)= _PW fn (0.8 + a,¢, + 0,¢, ) drdz. (1m

fi‘«.{zﬂ}2 0
The key in the determination of the function K. {Z,.u) thus lies in defining the
following functional relationships:

(1) distribution of incremental stresses and strains, density, sirain rate and pressure
bulb depth as a funclion of plate penetration Z,. These functions can be determined
from the proposed fimte element model and are thus obtained by numencal
computation.

{2} compressive modulus of snow as a function of density and plate penetration
rate. This function is a characteristic describing the compressibility of the material and
therefore needs to be obtained through tests.

Shear stiffness function K (z, u)

The shear stiffness function is linked with the effect of shear stresses supporting the
stress bulb along the two planes of cutting shear described before. As for the volume
change component, the shear stiffness of the system is dependent on the amount of
plate penetration, density distribution and penetration rate.

When the plate penetration process is iniliated, high vertical shear stresses develop
below both edges of the plate so that the shear strength of the snow material at these
points is likely to be exceeded thus starting the cutting shear mechanism.
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[f one considers that the two planes of shear are composed of a series of elements
of the “A" type in Fig. 1, it 1s clear thar, as the plate begins 10 penelrate into the
snow mass, such an element located immedialely below one of the edges of the plate
eventually undergoes a shear deformation sufficient to cause a shear siress build up
and consequently, failure of the element. Other elements further below are subjected
1o smaller displacemenis which, depending on the slffness and strength of the
material in shear at the density across the plane of deformation, may also imply
failure. However, at a certain distance below the edges of the plate, these displace-
menlts and stresses are eventually insignificant so that failure does not occur. Upon an
addilional increment of plale penetration, the shear elements may or may not fail
depending on the respective cumulative shear stress and shear strength associaled
with them. The failure condition for snow in shear is therefore defined by considera-
tion of the cumulative shear siress in a given element and the value corresponding to
failure, determined by the shear resistance of the snow material at a density equal to
that along the plane of shear: i.e. failure occurs if 1, > v,{¥}, where 1, = cumulative
shear stress in the given shear element; ¥ = snow density along the shear plane of the
element, and r,{y) = shear resistance of the snow a1 a density equal to that across the
plane of shear.

Failure 1n the present context refers to the point of breakage of bonds between
snow panicles, corresponding to the maximum or peak shear stresses that the snow
material can resist al a given density. At larger strains, the behavior of the material is
somewhat questionable. In the case of a relatively rapid shearing action (i.e. high
strain rate) the material exhibits a strain softening behavior with a steadily decreasing
residual shear sirength due to the self-polishing action (heat generated due to friction
mells down particles) of the two surfaces rubbing against one another.

The shear suvffness function K. (z.u) 15 determined by the following analysis.
Consider a shear elemenl of surface area dA, as shown in Fig. 3 in which the snow
density and instantaneous strain rale at its center are y and £, respectively, when the
total penetration of the plate is Z,. If the plate i5 further displaced downwards by an
amount AZ_, a shear strain develops, whose value is related 10 a corresponding shear
stress r through the stiffiness of the material in shear, which, in general, 1s a function
of densily v, strain £ and strain rate &

K, = Gly, u). (11)
The total shear force developed in the process is:
dP, = rdA = rdydz. (12}

The Iotal area of sheanng consisis of the i1we vertical planes of cutting shear
passing through the edges of the penetrating plate. Therefore, integrating the above
equation over this area yields the shear force due to an incremental plate displace-
ment AZ .

O rW
AP, = zjﬂ jﬂ rdy dz. (13)

For plane strain conditions, and setting the stress bulb depth D to be a function of

the plate penetration Z:
D(Z,)
AP, =2PW|  tdz. (14)
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The shear stiffness function evaluated at 2 plate penetration £, is then

I
= 2PW T (15)
AZ, 0

Again, as for the volume change stiffness function, the determination of the shear
stifiness function thus requires investigation of lwo (ypes of functions:

K(Z, u)=APJAZ,

(1) distnbution of shear stresses along the planes of cutling shear as a function of
plate penctration Z,: ie. 1(Z, £,). This function is obtainable through the finite
clement form of analysis proposed in this study.

(2) parameters describing the shear siress—strain behavior as a function of density
y. strain € and sirain rate & i.e. {a) shear strength: 7.(y, 4}, and (b) shear modulus:
Gly, €. £},

FLHTE ELEMENT ANALYSIS

{dealizarion

The solution of erginecring problems always implies a certain degree of idealization
of the matenal considered. In the present siudy, snow is assumed to have the
following properties: (a) the material is homogeneous and isotropic: (b) the material
is weightless, (c) Poisson’s ratio 15 0; {d) 1the material exhibits a linear—plastic
hehavior in pure shear such that stress increases linearly with siraim until failure and
remaing conslanl afierwards, and (e) the material is non-frictional {1.¢. shear stresses
and strength are independent of normal stresses).

In addition, the material is known 1o exhibit the lollowing characteristics: {a) the
material is non-linear and highly compressible thus implying large strain behavior;
(b} the material exhibits a stiffemng type of stress—strain curve in compression such
that its shiffness increases with strain, and (¢} the shear strength of the matenal
depends on density and shearing velocity.

Further assumptions concerning the selution scheme itself can be summarized as
follows:

{a) the plate penclration problem can be treated on a plane strain basis. This
seems reasonable in the bight of the loading conditions imposed during testing in
which the snow depasit s constrained (o deform in basically two directions;

(b) body forces due Lo gravily are neglected since siresses, sirains, reactions, etc.,
due to exlernal loading only are of interest,

(c} the material fails in shear when the cumulative shear stress at a piven point
along the shearing plane exceeds the shear strength corresponding to the density at
that same point;

{d} the stiffness of snow in compression s directly dependent on accumulated
volume change and. hence on density,

(e} the planes of cutting shear passing through the edges of the plate are vertical
and symmetrical with respect to the plate;

{f) the effcct of strain rate 15 included in 1the analysis only through the use of
material propertics in compression and shear corresponding 1o a deformation velocity
equal to that of the penctrating plate;

{g) the shear stiffness parameter K, 1s kept constant throughout the analysis
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although it is recognized that K is in general a function of density, strain and strain
rate.

Finute element mesh and boundary conditions

The imbal step in the fimte element solution of a piven problem is the design of a
mesh physically representing the body under study with proper consideration of
bpundary conditions. In the present case, the body i guestion is the snow mass
extending sufficiently far from the plate to cover the maximum pressure bulb depth
and contained between the two sheanng planes passing through the edges of the
plate. In addition, a layer of snow just outside the shear planes is included for a more
realistic representation. This body is divided into constant plane strain Iniangular
glements and joint elements [9] are used to model the effect of vertical shear stresses
supporbing the pressure bulb along its walls. Due to the symmetrical nature of the
problem, only one half of the bulb is considered in the finite element analysis. The
mesh used in this study is shown in Fig. 4.

The choce of displacement boundary conditions, rather than load boundary
conditions, for the finite element analysis 18 motivated by two main factors pertaining
to the naturc of the problem at hand: (a} in the plate penctration tests, displacement
of the plate is controlled by the constant penetration rate and the corresponding
reaction force on the plate. The use of displacement boundary conditions comtuned
with the incremental finite clement technigque used in this study, in which the plate 15
progressively  displaced into the snow matenal and corresponding reactions are
computed from nedal displacements, therefore renders the numerical simulation that
much more realistic, and (b) a berter control on the large sirain hehavior of the
material is achieved with the displacement boundary cendition approach which, in
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addition, enables the constant updating of material properties (both in compression
and shear) as plate penetration progresses.

Furthermore, the selection of relatively small increments of displacement nol only
enables the handling of the brittle behavior of the material in shear bul also preserves
the validity of 1the small strain assumption induced in the stiffness matrix formulation
of the constant sirain triangular elements. Consequently, the detnimental effect of
geometric non-lincarity is alse diminished by the use of such an incremental
procedure.

The boundary conditions assumed for the solution of the presenl problem are
schemarically described an Fig. 4. The top of the mesh, representing the snow surface,
rigidly moves downwards, thus simulating penetration of the plaie in the snow. These
surface nodes are however free to displace horizontally thus implying a smooth plate,
i.e. displacements are allowed in both veruical and horizontal directions. The left-hand
side boundary, bounding one of the layers just culside the planes of cutting shear is
fixed, i.c. at a distance 00l6m from the plate, both horizontal and vertical
displacemenis are sel to zero. Joint element nodes, at the edge of the plate, are
allowed 10 move freely in the vertical direction while horizental motion 1s prevenled,
i.e. honzonial displacements are zero. The bottom boundary, which is located
sufficiently far away from the plate in order to minimize hottom boundary effects, is
also fully restrained, i.¢. both horizomal and verucal displacements at each node are
zero, Motion of the nodes along the nght-hand side (i.e. the plane of symmeiry} is
constrained 10 be vertical only due to ¢considerations of symmerry of the problem, ie.
displacements are allowed in the vertical direction and restricied in the horizontal
direction.

Safution procedure

The finite element algorithm used in the solution of 1the problem is derived from a
computer program developed by Hanna [10] and begins with the initialization of
malerial properties according to the inilial density of the snow, i.e. belore any plate
penetration occurs. The stress —strain properties of snow in compression and shear are
funcuons of density and plale penetration speed so that the corresponding para-
meters, E.y,u}) {compressibility), and r.(y.u) (shear sirength) obtained from
confined compression and vane shear tests respectively, are all nitially defined
according the results from 1ests perlormed on snow at the initial density, More
specifically, the vaiue of modulus of elasliciny imnally assigned at the Iriangular
confinuum elemenls is gqual to the olher tangent modulus of the stress—strain curve
in the confined compression test al zero stram. The value of Poisson's ratio is set to
zero and is kept constant throughout the entire analysis. Similarly, the shear stiffness
of joinm elements s initally assigned a value. which is assumed 1o retnain constant,
and other maximum slresses tolerated by these clements correspond 10 the shear
strength of the snew at the initial density. The normal stiffness 15 irrelevamt in Lhe
present analysis, since the normal displacement of joint elements is prevented
according to the specified boundary conditions, but is arbitrarily given a value of
100 060,

The size of the specified incremental plate displacement {i.e. 2 mun) used in the
finite element analysis 1s deternuned simply by dividing the maximum plate penetra-
tion (approximately 70 mm) by the total number of increments, which. in the program
prescnted in this study, 1s set 10 35,
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The proposed method of solution thus consists of a series of finile element
analyses, cach applying to an increment of plate displacement of 2 mm, for which
matenal properties in the torm of stiffness parameters, are obtained from character-
istics derived from test resulls. The non-lincanty of the material implies the use of an
jterative technigue, developed for the tnangular elements, as discussed by Zienkie-
wicz [11] and Yong e of. [12]. ’

Followsng a particular increment of plate displacement. stresses and strains in
triangular elements are computed from the resulling incremental nodal displacements
and the non-fhinear analysis procedure mentioned above is undertaken and is carned
through for a maximum of 12 rerations. Upon completion of the algorithm for
malterial non-linearity, siresses in joint elements are examined. Failure in shear at
varipus pomnts along the vertical cutting shear planes is reflected, in the proposed
model, by a 1otal or cumulative shear stress in a given joinl element greater than that
tolerated by the snow material at a density equal to that across the plane of sheanng.
When failure does occur, a very small value {i.e. 0.0K0)]) of shear stiffness iy assigned
to the element and shear stresses subsegquently reman constant at the failure value
aceording to the idealized stress—strain cunve in shear. As a resull, afier failure of a
piven joint element, the difference between the cumulative shear stress and the siress
corresponding to faillure must be “released” back nto the snow mass on both sides of
the plane of shear. This is done by converting the excess shear stress inle an
equivalemt system of vertical forces [12] which are then applied o nodes on either
side of the plane(s) of shear. A finite element analysis, also including the non-linear-
ity algorithm, is performed for this loading silvation while keeping the plate
stationary. The resulting reactions on the plate prove to be opposite to those
generated dunng the increments of plate penetration. Ideally, the stress release cycle
should be repeated unul the excess shear stress n any joint element is zero, but,
because of compuler time costs, additional analyses are undertaken ooly if the last
increment {negative) reaction load on the plate is of significant magritude with
respect 10 the value corresponding to the previous siress release ¢ycle. Incremental
reactions due to either plate penetralion or excess shear stress releases are deter-
mined by summation of the individual vertical reactions exerted on the nodes
representing the plate-snow interface and multiphication of the results by the plate
width PW (Fig. 3) as a tesult of the assumed plane strain condition. The resulting
value is then doubled since, as 1t can be recalled, the finite element analysis
performed applies 10 only half of the plate. The total updated load on the plate is
then computed by summation of the incremental reacthon loads on the plate
computed for each plate displacement increment or excess shear stress analysis.

At the end of every increment of either plale displacement or shear stress release
cycle. the nodal coordinates are then updaled simply by adding the imcremental
horizental and vertical displacement to the ¢oordinates at the end of the previous
in¢rement. The density distmbution beneath the plate can thus be oblained. The basis
for computing density is the change in area of the tmangular ¢lements as deformations
occur. ‘The area of these elements at any stage of plate peneclriation is calculated from
the updated coordinates of the nodes. Since Lhe imitial area of each element in the
onginal. undeformed finite element mesh is computed and stored in the finite element
mesh generating subroutine, the ratio of deformed to undeformed element areas can
he determined. Dwue to the plane strain condition imposed on the problem, these
ratios are also the volume ratios from which density 1s obtained through the following
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CXPIEssion:
Y = (Ad/A)y, (16}

where: y = updated densily in a given element;, A, — imtial area of undeformed mesh
coordinates; 4 = area of deformed ¢lement (i.¢. area computed from updated nodal
coordinates), and y, = mnitia) snow densily (snow density prior to plate penelration).
From the resulting density distribution within the snow mass, an equivalent average
strain in each triangular elenent is then detepmined in order Lo prepare the non-linear
analysis in the next increment.

The shear stress in failed joint elements s then recorded in order to maintain the
bookkeeping on the updated state of shear strain in joint element subjected to
subseguent excess stresses which must then be removed leading to the stress release
elfecl discussed earher.

The finite element algorithm procecds to another increment of plate displacement
equal 10 2 mm and the entire analysis is repeated, each time with proper considera-
tion of the wvanation of material properties with density distribution. which is
dependent on the total plate penetration. The procedure is terminated when the plate
penetration equals a value selected according to the maximum plate penetration
achieved in the experiments {aboul 70 mm).

EXPERIMENTATION

Sample preparanon

Artificial snow material was used in this study because of the critical need to
replicate test samples of snow. Snow was produced by crushing 3-day old ice with a
pulverizing machine in 2 cold room of inside average temperature —13°C with
fluctuation of +3°C due to defrosting cycles. The ice crushing process was repeated
three times in order to achieve a snow density of approximately 0.35 Mg/m®. Two
types of snow, distinguished by the number of ageing days in the cold room were
used: {1} 4-day-old snow, and (2) 3)-day-old snow. Spow samples were aged in the
same cold room mside which the snow was produced. The gratn size distnbutions of
the snow used as a function ol apeing time are shown in Fig. 5.

Confined compression testing

Confined compression tests basically consisted of compressing, at a specified
deformation rate, cylindrical samples of snow from its imual density lo a final
specified density of approximately 0.6 Mg/m® while recording the load-deformation
response. The rate of deformation used was .58 mm/. Tests were conducted using
plexiglass eylinders of 38 mm inner diameter, 6 mm wall thickness and 178 mm height,
perforated by small holes to allow for air extrusion duning compression ol snow
samples. Artificially prepared snow was deposited into the cylinders with a 2.4 mm
size sieve from a height of 100 mm. The initial density of snow, determined using a
Ohaus triple beam balance with a precision of 0.1 g, was more or less constanl and
equal (o 0.35 Mg/m* £ 1.2%. Ageing of samples took place inside the cold room in
thermaily insulated boxes to avoid temperature change cffects duc to defrosting
cycles, These boxes provided protection to the samples from air movement, humidity,
light and other factors possibly influencing the ageing process.

Fach individual test began by placing a cylinder containing a snow sample on the
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compression machine piston, just small enough to fit mside the cylinder. Friclion
between the piston and the interier wall of the cylinder was thus minimal. The
compression machine was then started moving the piston upwards at a constant
specified rate, thus compressing the snow. Friction between the snow and the cylinder
wall was negligibly small due 1o boih the self-lubricating properties of the snow and
the smoothness of the plexiglass matenal. As the pision moved, the load-displace-
ment response was recorded on the chart recerder. The compression machine was
stopped at pisten penetration of approximately 76 mm, corresponding to a density of
about 0.6 Mg/m’.

Shear testing

The shear strength of snow was investigated through vane shear tests on snow
compressed to a given density. More specifically, these tests were performed on the
snow compressed during the platie penetration process. Once the desired maximum
plate pénetration was achieved, the plexiglass boxes were turned on their side and the
front side wall removed. Samples were then extracted from the snow mass using thin
walled aluminum tubes for determination of density. Density was calculated from the
weight of the samples and the volume of the tubes. A portable hand vane was then
utiized to determine the shear strenglh of the snow at approximately the same
location from which the snow samples were taken.

Plare penetration testing

Speed controlled plate penetration tests were performed on deep snow of
0.35 Mp/m* approximate initial density and aged for a specified number of days in the
cold reom. Plexiglass boxes, measurmng 0.54 m in length, 0.79 m in depth and 0.1 m in
widlh, contained the snow samples for plate penetration 1esting. The length and depth
of the boxes were chosen in relation to the loading plate length and maximum
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penetration deplhs to avoid side and bottom effects respectively. A 71 X 71 mm
square plate of 13 mm thickness was used.

Test began by placing a given snow box on the platform and setting the
deformation rate control switch 10 the posimion corresponding to the specified value ol
platform speed. The load cell and displacement transducer recorded the reaction force
on the plate and the platform displacement respectively. Siimullancously, photographs
of the grid, drawn on the snow surface during sample preparation using fine black
sand. were faken al given tune inlervals thus, recording the deformation patterns
below the plate induced by the loading process. A schematic representation of 1he
apparatus used f[or plate penciration 1esis is shown in Fig. 6.

MATERIAL PARAMETERS

The proposed method of analysis described previously amplies assumplions and
approximations necessary 1o the formulation and solution of the present problem. In
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addition, the compenents of the proposed model require the following characteristics
of 1the snow material:

(1) compressibility as a function of density {axial siress—strain relationship for fully
confined conditions},
(2} shear stress—strain response as a2 function of density.

In view of the above, the experimental program carried oul during the course of
this study was designed 1o provide required muaterial input parameiers as well as for
venfication purposes of the proposed model.

Typical results from the three types of tests are shown and discussed in the
following sections.

Confined compression response

In 2 confined compression test. the material underpoes an axizl deformation while
lateral displacements are prevented. For a material with a relatively high Poisson's
ratio, a lateral pressure develops and therefore the confining stress on the sample
increases due to the resttiction of lateral movement by the rigid wall of the plexiglass
container. For soils, stress-strain behavier is dependent on confining pressure and
consequently, a conlined compression test yields information of questionable value
since the contining pressure vanes throughout the 1est. However. when a matenal
with a low Poisson’s ratio, such as the snow Lypes used in the present study, is 1ested
in similar conditions, lateral deformations are mimimal and thus lateral pressure is
small in relation to the axial pressure. [t can therefore be deduced that for such &
material, the effect of confining pressure js insignificant.

Stress—strain relationships under confined compression conditions were obtained
from test results simply by dividing the recorded load and piston displacement values
by the cross-seclienal area and criginal height of the sample, respectively. An
example of a typical curve s illustrated in Fig. 7(a}, showing a generally increasing
slope, i.e. characteristic of a stiffering material, and the presence of microfractures
also referred to as 1the “saw-tooth’ cifect and previously reporied by Yong and Fukue
[13]. This microfracturing behavior is reflective of local failures caused by fraclure of
bonds between snow particles due to local stresses exceeding the bond strengih. A
resulting lead 1ransfer 10 other bonds occurs untld their strength 15 1p turn éxceeded,
due [o stress superposition. A stress release is exhibited whenever bonds are broken
and a subsequent siress build-up occurs as other bonds accept a share of the load
transferred 1o them, The process, however, also causes packing of the snow particles
which then offer more and more resistance to further compression. Their effecl seems
to be dominant as the shape of the stress-strain curve, including both the bond
fracture and densification mechamisms, is typically concave up thus implying that the
material becomes stronger as load increases. in spite of the increasing number of
broken bonds. It can also be seen from the stress strain curve that continued
compression eventually produces a condition in which microfracturing eventually siops
thus seemung t¢ indicate that bonds breakage becomes neghgible after a certamn point.
‘This condition arises when the snow material, having undergone a given volumetn
strain, reaches the “threshold density”, also dwcussed by Yong and Fukue [13]
Threshold density can be Jormally defined as the snow densiy at which no
microfracturing will subsequently develop when the snow is subjected o contrelled
confined compression testing conditions and depends on the deformation rate.
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Bevond the volumetnc srain, corresponding 1o the threshold density, siress increases
rapidly with respect 10 sirain as nucrofracturing no longer occurs and as the degree of
particle packing mncreases. Ullimately, further compression would produce a high
density snow (0.60 Mpg/m® and grealer) with a higher Poisson's ralio and thus for
which the confining stress dunng confined compression lesling can no longer be
disregarded. The analysis of the behavior of such a type of snow 15, however, bevond
the scope of the present study.

In the present work, results from confined compression tests are viewed simply as a
characteristic to be nputied in the developed finite element madel. The data
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descnibes the stress—sirain behavior in compression or compressibility of the snow
matenal. The amplitudes of the stress releases observed during lests were seen o be
small with respect 1o the stress wvalues themselves so thal, consequently, the
“saw-tooth’ effect due to microfracturing 1s ignored as a parameter describing the
slress—strain response. An average curve was thus fitted through the center of the
recorded peaks and 1iroughs, as shown in Fig. 7{a). The resulting stress—-strain
relationships obtained for the two snow types (1.e. age 4 and 30 days) are shown in
Fig. 7(b). Ageing of snow increases the degree of bonding and. as expecied, the stress
corresponding to a particular value of sirain increases with the number of ageing
days, thus demonstrated in the higher resistance of older snow.

Response in shear

In a vane shear test, 1 15 assumed that the snow 1s tested at essentially constam
density. The fact that the failure plane is predetermined is consistent with the
idealized version of the real situation of plale penetration in which the location of the
shear plane is known {i.e. vertical plancs through the edges of the plaie). Although,
in reality, the failure plane develops progressively as opposed to being established
completely prior to loading as in the analytical model, 11 was felt that results from
vane shear tests could be useful in the description of characteristics representing the
behavior of snow at points where the material is acting principally in pure shear (i.e.
along the failure planes).

Results from vane shear tesis essentially consisted of shear strength-density
relalicnships, corresponding to the given deformation rate, for 1the 1wo 1ypes of snow
used, Shear sirength of snow was computed from the vane reading and a calibration
facior. Results, illustrating the effect of age, are graphically displayed in Fig. 8. A
general pattern is observed according to which, as expected, shear strength of snow
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increascs with density as well as with the number of ageing days. During the vane
shear tests performed during the study, 1t was not possible to measure Lhe shear
resistance as a ftun¢hion of vane rolation since the recorded vane reading cor-
responded to the maximum shear stress developed (i.e. the shear sirength). This.
however, did not cause many problems in the formulation of the presemt model as the
post-peak behavior in shear was actually idealized in this study. Since the proposed
model does require a stiffness parameter of snow n shear, which can only be
oblained from a shear strexs—deformation curve. such a number was thus assumed
and considered as an additional parameter in the presenl study.

Shear tests thus provided means to delermine the shear resistance of snow at a
given density bul other paramelers describing the shear stress-deformation curves
required in the model had to be obtained from other sources due 1o limitations of the
experimental facility.

Plare penetration response

A plate penetration test represents a loading situation in which both volume changpe
and shear mechanism occur simultaneously, As penetration of the plate in the snow
sample progresses, a reaction load on the plate develops because of the resistance of
the snow beneath the plate to undergo volume change and shear along the vertical
planes of cutting shear passimg through the edpes of the plate. The recorded
load penetration response of a given snow Lype corresponding to a given penetcation
rate »s therefore the results of the combined action of the two mechanisms mentioned
above.

The load -penetration curves for apes 4 and 30 days are shown in Fig. 9(a) and (b)
respectively. The “saw t1ooth™ effect. observed in conflined compression tests, 1v also
exhibited due 10 elements of snow within the stress bulb beneath the plate being
subjected 1o a loading conditton sinniar to that of confined compression as a result of
the low Poisson’s ratio of the malenial. As the plate penetrates deeper into the spow,
mor¢ and more of these elements are involved in the volume change process, i e, the
stress bulb extends deeper as penetration progresses. This teasoning seems w be
supported by the fact that the amplitudes of stress release increases with plate
sinkage . due to a grealer amount of snow matenal undergoing the bond breaking
mechamsmnt.

As mentioned earlier, a plate load-peretration curve reflects the combined action
of volume chanpe and shearing mechanisms and. therefore. it can be expected that its
shape is governed by the individual characteristics, desceribing the behavior in volume
change and pure shear, as oblaned from conflined compression and shear 1ests,
respectively. Dunng plate penctration in deep snow, the depth of the pressure bulb
beneath the plate 15 controlled by the magnitude of shear slresses supporung 11 along
its sides. As the plate sinks ioto the snow, the shear strength of snow at any pomt
along the planes of cutling shear could be exceeded depending on the density of Lhe
snow and cumulative shear stress at that pomt. [t s therefore obvious that maximum
stress bulb support in lerms of side shear aclion ¢ocurs at the beginning of the plate
penetration process and decreases as more snow material is stréssed beyond its shear
strength. Sioce the suffness in shear of snow elements located along the planes of
cutting shear 1s reduced to a negligible value afier shear faillure occurs. it thus
becomes evident that the total stiffness of the syslem in shear decreases with
mcreasing plate penetration.
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(On the other hand, the volume change mechanism occurs simultaneously during
which the density of snow within the stress bulb generally increases. As a result, and
referring back 1o the suifening bebavior of snew under compressien loading, the
resistance Of the system to volume change increases (i.e. compressibility decreases).
The shape ol a given plate penelralicn curve therefore depends on two mechanisms
with opposite effects, i.e. softening effect in shear and sliffening effect m volume
change. A plate load-penetration curve of the soltening types (1.c. tangent slope
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decreases with increasing plale penetration) therefore represent a sttualion in which
the cutting shear mechanism along the failure planes 15 dominant over the volume
change actien of the snow within the stress bulb bencath the plate. Similarly, a curve
of the stiffening type {i.e. langent slope increases with plate penetration) indicates
that the volume change effect s more significant than the culting shear effect. Tt is
suspected that the first case applies to relatively old snow with a high degree of
bonding (high shear strength} and low compressibility whereas the second case is
typical of fresh or low age snow, characlerized by a low shear sirength and high
compressibility. Following the same type of reasoning, a rclatively linear plate
load-penetralion curve reflects the situabon in which bath volume change and shear
mechanisms participate equally in the vertical support of the pressure bulb and thus
tend to counteract one another. The validity of the above stalements is demonsirated
by the results of the plate penetration tests. The load-penetration curves from a test
performed on 4 day old spow (Fig. 9a) show that (he response s essennially linear
whereas results from the tests performed on older snow, aged 30 days, shows a stratn
soflening behavior (Fig. 9b). The plate penetralion behavior for the 1two snow types
considered is thus as expeclted. The curves fitted through the experimental plots in
Fig. ¥a) and (b) serve as reference for comparalive purposes with apalytical
predictions.

PREDICTION AKD COMPARISON

l.oad penetration curves

The plate penetration curves are expressed in terms of stresses on the plale as a
function of penetration. Plale stress is obtained by dividing the reaction load by the
area of the plawe. The siress—penetration relationships for 4-day-old snow obtained
from the plate est and predicled by the finite element model are depicied on the plot
in Fig. 10{a) for comparnison purposes. The experimental curve shown in the same
figure is the same as that filted through the experimental graph (Fig. 9a) which
passed approximately half-way between the mean of the band of the test curve and
the lower boundary of the same curve. The reason for the selection of such a
reference curve is due 1o the fact that the finite elemenl model predicis the plate load
after stress release caused by failing shear elements. [n the actual case, the stress
vibrations observed are produced by both the microfracluring of snow while com-
pressed and the stress release effect mentioned above. It is therefore difficult to
affirm that the lowest boundary of the plate penetration curve represents the
behaviour afler shear element stress release since the microfraciuring effect is alsp
incorporated into the response with the tesult that it is impossible to separate the 1wo
components. Similarly, the mean valuc of the same curve does not necessarily
represent the response that can be compared to the finite element prediction because
of the siress release effect although the latter is not suspected to cause large drops in
plate stress. Therefore, due 10 the above argumenls, a curve in the model of the
mean of the band and the lower boundary was selected as the reference expenmental
curve.

In the predicted response, the effect of shear stiffoess s included. For the values of
K, considered, the agreement between experimental and finite element resulls is
reasonable (Fig. 10a). The shape of bolth expernimenial and predicted curves is similar
in that the relationships are characterized by a bi-linear type of hehavior such that the



240 A M. O MOHAMED er al.

250 Plaia panatralion — apo 4 days
HUE
230 < Expanmantal

220+ 2 FEM prediclion — K, = 3000
g&g[ o FEM pradiction — &, = 4500
190 FEM predwction — K, « B0
170} ¥ FEM pradiclion — K, = 15000

180t

160 ﬂ
150

140~

130: F,un"’

120-

1100
100+

L1

Frate stress (kFal

40

¥.— | J— L r 1 1 1 i [ [ R T R |
0 5 Wih 202530354045 B0 E5 606570 TS5 B0
Flate panetration (mmi

{a)
5N Plate penelralion — pge 310 days

450 < ExpenmeEntal
425. & FEM predciion -~ Ky < 4500

4001 o FEM predichion — K, = 9000
it FEM precscioon - - W« 15000

Plate stress | kFal

; P T T T " S R TR Rpa U |
5 10156 20 2930354045 5055 60 6570 75 BO
Plate panatration lmm)
(b}

Fic. 10, {a)} Expeoimentally obiained and predicted plare penpcteation curves: age 4 days: (b)Y experimentally
ochiancd and predicied plate penctration curves: age 30 days.

response is essentially linear, starting at a given slope, then followed by a decrease in
slope. 1t should alse be noted that the predicted stress-penetration response is
somewhat sensitive to the value of shear stiffness K, and thus different values of K|
generale different curves. In the set of curves shown wn Fig. 10(a), the relationships
pertaimng to K, =450 and K, = 6000 seem 10 give the test results or close
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agreement with the experinental curve. The curve corresponding to K, — 3000
overestimates the response, whereas thal for K, = 15000 tends to underestimate it. In
general, the plat on Fig. 1(Ka) implies that an increase in X, lowers the predicted
curve whereas a decrease in K, lends to raise il.

The reaction of the curve to a change in shear stiffness can be explained as follows;
a low value of K implics a "ductile’” behavior of snow in shear so that elements of
the matenal along the failure planes, and thus acting pnincipally in shear. toierate
relatively large displacements before mobilizing the full shear strength. [n such a case,
if the value of K is too low in the model, the total shear stiffness of the svstem (i.e.
the stiffness contributed by the shear elements along the planes of shear) changes oo
slowly, as compared 10 the real situation, since few clements have failed for a given
plate penetration. Conversely, a high value of shear stiffness results in a "“bninle”
behaviour in shear such that failure occurs at a small shear deformation. A high value
of K; in the mode] causes a rapid progressive failure of shear elemenls resulting in a
low value of the shear stiffness of the system starting at a small value of plate
penctration and thus applying for most of the penetration process.

The corresponding plate siress—penetration curves for 30-dav-old snow are shown in
Fig. 10{b). The agreement between experimental and predicted curves is not as good
as for the 4-day-old snow especially for the higher values of K, but K, 4500 yields
relatively pood resulls. Again, the predicted curves are bi-linear, but to a lesser
depree than those for 4-day-old snow. The analytical model is consistent in that its
sensitivily parameters are similar to those for d4-day-old snow; an increase in K,
resulls in a lower plate stress—penetration response and vice versa. It is also
interesting to note that, as for 4-day-old, predictions are quite good when the shear
slilffness parameler K, 1s 4500

Partition of total plate resistance
In the finite element model, provisions were made for determining the individual
components of plate penetration resistance:

{a) resistance due to shear along the planes of shear:

(b) resistance due to compressitan of snow inside the pressure bulb, ie. snow
beneath the plate and bounded by the shearing planes;

{c) resistance due 1o compression of snow oulside the shearing planes.

The predicied distribution of the three components of plate penetration resistance
for both 1ypes of snow is graphically displayed in Fig. 11{a) and (b) for the best
predicted curves. For both Lypes of snow, the greatest component of plate resistance
15 that of compression beneath the plate followed by that due to shear along the
failure planes. Compression outside the sheanng planes stays practically constant and
coniributes very little to the 1otal plaie resistance in bolh cases. The relauve
magnitudes pertaining 1o compression and shear vary with the age of the snow and
with plate penctration. For 4-day-old snow, Lhe plate resistance due to shear is
approximately half of thar due 10 compression beneath the plate for low penctration
values and decreases to abour 20% of the latler value at the highest penctration, This
is a result of less load being carred in shear as more shear elements have failed at
higher plate penetration. In the case of 30-day-old snow, the shear strenpgih of the
snow is higher and plate resistance due (o shear conlributes a preater perceniage of
the 1o1al response as shown in Fig. 11(b).
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The ahove relabve amounts of plate resistance due 10 compression and shear are
consistent with results oblained by Metaxas [8].

Displacement fields

In this study, the similanty between experimentally obtained and predicted dis-
placement fields is eslablished in terms of vertrcal displacement profiles only.
Observations during plate Iests and grid line photographs showed that, by and large,
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horizonlal displacements in the snow mass were negligible and could therefore he
omitted from the comparalive study.

The experimental and predicted cumulative vertical displacement under two points
below the plate center for 4-day old snow at penetravions of 36 mm and & mm are
shown in Fig. 12(a) and (b) respectively. Predicted vertical displacement profiles were
obtained (rom the displacement of selected nodes originally located at a piven
distance awav from the plate. For both plate positions, the agreement between the
experimental and analvocal valugs s pood especially for points originally less than 1.5
plate lengths away [rom the oripnal snow surlace. Expernimental and predicted values
diverge from each other for some distance below and then seem o converge again. A
similar comparison between vertical displacement profiles vnder a point some distance
away from the plate center for the same plate penetrations is lustrated in Fig. 12(c)
and (d) respectively. For a plate displacement of 386 min, the agreement bhetween
experimental and predicted values is again very pood for points originally located less
than 1.5 plate lengths from the oripimal snow surface. The above diverge-converge
effect between experimental and predicted displacement values is also ohserved in this
case. For a plate penetration of 64 mm, the discrepancy is more uniform along the
curvels).

It should be noted that for a given plaie penetration. both experimentsl and
predicted displacement profiles are essentially linear up to a certain depth, thus
simplifying a4 uniform vertical strain distribution, and are characterized by a change in
gradient below that depth. The change in slope of the displacement profile 1s mainly
doe 1o the vamation in stulfness of the system in shear. As discussed earlier, shear
elements along 1he plale of cutling shear fail progressively so that for a piven plate
penetration, snow has failed above a certain paint and has not lailed below the same
point. The stiffness 1o the system is thus lower above the given point and higher
helow se that displacements are also expecled to be higher for the region of lower
stiffpess. As a result, the gradient of 1he displacement profile, or sirain, is also
expected ta be higher for the less stiff snow and lower for Lbe stiffer snow. The
change of displacement gradient is particularly ohvious in the profiles shown in Fig.
12{a) and (¢}. The above arguments thus seem Lo imply a relationship between the
point of change in displacement gradient and the point above which the snow has
failed completely, i.e. depth of full shear.

The predicted displacement profiles in Fig. 12{a) to {d) also show their sensitivity
to the shear suffness parameter K, which in all cases, proves to be relalively small
and, in any case, lower than that observed for the plate stress—penelration curves,

The displacement profiles obtained for 30-day-old snow below wo different poinis
an the plate and for lwo plate penetrations are shown in Fig. 13(a) 1w {d). The
agreenment between expenimental and predicted values can be seen o be very good.
As for 4-day-old snow, the displacement proliles are lincar for some depth and then
fealure a change in slope, the reasons for which have already been previously
discussed. Also, as for 4-day-old snow, il appears that the shear stiffness parameter
K. has less effect on the resulting displacement profile than on plate penetration
response.

Depth of full shear
The depth of full shear D) is a descripton of the plate-snow system which
quantifies the progressive shear failure mechanism generated by the plale penetralion
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process. The predicted values of depth of full shear 2, are obtained from the finile
element analysis which, for each increment, updates the values of total shear
deformation for ¢ach joint clement along the plate of shear. The depth of full shear
value D; 15 obtained by searching the deepest element for which the total shear
deformation is greater or equal to the original depih,

I'or 4-day-old snow, a comparisen between experimental and predicted values of D,
for various values of the shear stiffness parameter D, is presented in Table 1. The
tabulated values are consistent with the sensitivity analysis performed for the plae
penetration responsce of the 4-day-cld snow in that there exists an oplimum value of
K., which generates a shear depth value quite close 1¢ 1the expenimental cne obtainesl
from plate penelration test photographs. As for the plale siress—penetration response.
reasonable agreement between experimental and predicted values is oblained for the
range of A, values considered. Best are obtained for values of K, =4500 and
K, = 3N0. For the lower value of shear stiffness, the predicted shear depth implies
thal the failing mechanism along the planes of shear does not extend as deep as for
ihe actual plate penetration Llest whereas the opposite apphes for the higher K, value
thus indicating that the best prediction of D, would be usiag a K, value in between
the above two values.

Depth of full shear values for 30-day-cld snow are shown in Table 2. For a plate
penetration of 24 mm, the discrepancy betwceen experimental and predicted values s
considerable for both values of shear stiffness K, considered whereas much besier
agrecment is obained for a plate penctration equal to 36 mm, Note that for

Tarmirn |, ExXreRMESTAL AND PREDICTEN DUFTH OF FULL SHL 3K AGE 4 [v 475
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J0-day-old snow, the sensilivily analysis intentionally involves fewer values of the
shear stifiness K, since information about realistic values of K, was already avalable
from the compuler runs for 4-day-old snow,

The relationship between the point of change in gradient of the displacement
profile and the depth of full shear can now be verified. For he 4-day-old snow,
mspection of Fig. 12(a) and (c) shows that for a plale displacement of 36 mm, the
point of change of displacement gradient in the case of the actual experimenl occurs
at a depth of approximately 1.9 plate length whereas of this prediction. this value is
about 1.5 plate length. From Table |, the experimental value of depth of shear is
81 mm to which the plate penetralion value of 37 mm must be added for a proper
companson with the values oblained from displacement profiles. The resulling value
1s therefore 118 mm or 1.67 plale length. Predicted values of depth of full shear from
Table 1 corresponding to a plate displacement of 36 mm is about 95 mm which when
added to the plate penetration value yields a value of 131 mm or 1.86 plaie lengihs.
For a plate displacement of 64 mm, Fig. 12{(b) and (d) indicale that the change in
slope of the displacement profile. although not as obvious, occurs at a distance
between 2.0 and 2.25 piate lenglh for both the actual case and the prediction. Table 1
shows expenimental and predicted values of depth of full shear of 135 mm and about
165 mm respectively which, when adjusted for plale penetration, vield values aof
199 mm (2.82 plate length) and 229.0 mm {3.24 plate length),

Similarly, in lhe case of 30-day-old snow and for a plate penetration of 36 mm, Fig.
13{b) and (b) show that the change in gradient of the displacement profile occurs at a
depth of approximately 1.75-2.0 plate lengths below the original spow surface.
Consultation of Table 2 indicates experimental and predicted values of shear depth of
98 mm and approximately 90 mm. which, when correcied for plate displacement,
correspend to 134 mm (1.9 plate length) and 126 mm (1.8 plate length). For a plate
displacement of 24 mm, the agreement belween depth of full shear and point of
change of displacement gradient 15 quite poor.

The above comparison between the point of change of displacement gradient and
the depth of full shear is summarized in Tabie 3 and shows that in general there
seems to exist a relationship between the two pararmeters.

Density profiles

Density profiles derived {from the change in area of square elements of the grid
photographed during plate penetration tests and those predicted by the fimite element
model are displaved in Fig. 14{a)-(h)} for both types of snow used. As shown in the
plots, the experimenial profiles feature a considerable scantering of the points

Tanre 3, Drrn pULL SHEAR VERSUS POINT OF CHANGE OF DISPLACEMENT GHAIMEN]

Afpc Plate Depeh of full shear Point of vhange of
of show penctration L dsplzeement profile
{davs) {mm] {plate fengths) [plate lcngihs)
Exp. Bred. Exp. Pred.
E| 36 1.67 [.86 1.9 1.5
| B 282 324 2.0 =235 2.0 -225
3 4 0.% (.9 1.5 -1.75% 1.5 -1.75%
30 36 1.9 1.B 1.75-2.0 1.75-2.0
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although following more or less the same paltern as the predicted ones, 1.e. density
decreases with depth. The predicted density profiles are, of course, more clearly
defined and in all cases, are characterized by a more or less constant value for some
depth below the plate followed by a decrease towards the initial density {prior 1o
loading). This is therefore consistent wilh the predicted {(and expernimental) displace-
ment profiles which followed a similar pallern by which a linear displacemem profile
implies a constant degree of strain. Since in the present loading situation a
relationship between verlical sirain and density clearly exisis, it is hence not surprising
to observe a uniform density of some depth below the plate.

The agreemenl between the experimental and the predicied density profiles can be
said to be sausfactory m so far as the trends are similar. The scautering of
expenmental values, mainly due to the probably non-unmiform density distribulion of
the snow deposit prior 1¢ loading, does not allow an accurate comparison belween
individual, experimental and predicied density values along the profiles.

Load distribution on the plate

The developed model has the capability of predicting the load distribution on the
plate as a function of plate penetration. Load at a given point along the plate is
computed as the product of 1the reaction on a given node representing the plate-snow
interface in the finite element mesh and the plate width since the problem is analysed
in terms of plane strain conditions.

The load distinbution on the plate for several Jevels of plale penetration and for
both types of snow used are shown in Fig. 15(a) and (b). In both cases, the
distributions follow the same trend in that the porven of load carried increased frem
the center 10 the edges of the plale. Points near the plate center are subjected to
reactions resulting from the resistance of the snow o undergo volume change. At or
near the edges, the snow tends 1o simultaneously compress and shear along the failure
planes so that an additional resisting force is involved. The predicted behavior is
therefore as expected.

CONCLUSIONS

On the basis of the 1ests performed and the results of the developed predictling
analytical model, the fellowing conclusions may be drawn:

{1) The compressive modulus of snow, as shown in by confined compression tests,
increased with density. A stiffening type ol curve was obtained for all tesis on hath
types of snow used. As expecied, the response of 30-day-old snow was stuffer due to
the higher degree of sintering.

(2) The shear strength of snow increased with age, due to the greater strengih of
bonds between particles, and with density, as demonstraled by results of vane shear
tests.

(3) The expernimental plate stress-penetration curves were essentially bi-linear with
a change of slope occurring relatively early in the penelration process. Significant
stress vibration due 1o microfracturing was observed.

{4) A methed to model a highly compressible non-linear matenal which failed
according 10 a punching shear type of mechanism was developed. The model includes
the effect on nen-linearity and strain hardening behavior in compression as well as the
effect of shear stresses generated along the vertical sides of the pressure bulb. The
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maximum shear siress tolerated by a shear element was himited by its shear strenglh
which in lurn depended on density. Provisions were made to simulate this effect so
that the model includes an algenthm by which excess shear siress in failing join
elements are redistributed within the snow mass. The shear stress in any shear
element never exceeds the value corresponding to its shear strength.

{5) The plate resistance-penetration curves as predicted by the analylical mode]
compared rather well with the experimentally obtained ones. The predicted response
was samewhat sensibve 1o the single value of shear stiffness emploved in the model
but a value of 4500 for this parameter gave satisfactory results for both types of snow
used. As expected, the predicted value for 30-day-old snow is higher than that for
d-dav-old snow. The good agreement between predicted and experimental plate
stress—penelration curves demonsirates the ability of the proposed model 1o simulate
the plate penetration mechanism,

(6) The predicied displacement depth profiles below the plate were, 1n general, in
good agreement with the ones derived from experimental data. In both cases, the
displacement profiles were found 1o be hnear with a change of slope occurring at
sume depth more or less related to the degree of fairlure exhibited along the planes of
cutting shear. Displacemenis and sirains were found 1o be grealer in the snow above
the point of displacement gradient change. The cisplacement profile prediction was
less sensilive Lthan Lthe plate penelration respense Lo the change in shear stiffness.

{7 The predicted values of depth of [l shear, which are representative of the
degree of failure along the planes of culling shear were, tn general, in relatively good
agreement with 1hose oblained from analysis of experimental data. The proposed
relationships between the values and the point of displacement gradienmt change was
established.

{8) Density profiles obtained experimentally yield scattered resulis probably due to
the initial non-uniform density distribution with depth and the non-homogeneity of
the matenal. Predicted density profiles were smooth continucus curves whose shape
was consistent with the predicted displacement profiles. Comparison of experimental
and prechcted resulls was difficull due to the degree ol scaltering ol experimental
ponls. Bul predicted curves, in general, fitted the points reasonably well.

{9) The predicled load disiribution on the plate was such that a greater portion of
the reaction load was carnied by (he edges of the plate. This is mamly due to the
addilional resistance ol the snow 1o shear along the failure planes. The effect was
more pronounced for 4-day-old snow.

(10} Discrepancies between predicted and expetimental values of parameters de-
scribing the plate penetravon mechanism were due o combined effects of the
following:

{a) Deposition of snow in the deep boxes was performed with care bu
nevertheless resulted in a non-homaogeneous laver of non-uniform density. [n
addition, snow is not isotropic in reabty.

{b) The presence of some friction between the snow and the sides of the
plexiglas boxes and that existing between the snow sample and Lthe walls of the
confined compression Lesl cylinders,

(¢} The problem 15 not exactly plane slrain stace. in reality, stresses, slrains,
displacements, cl¢., also vary across the width of the plate.

(d) The behavior of snow in shear is possibly such that shear stiffness s not
constan! and may actually vary with density. The stress—deformation curve in
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shecar may thus be non-linear. Also, during vane shear test, snow is not
sheared at an absolutely constant value of density due to the compressing
acticn of the blades on the snow upen rotation of the vane.

{e) The viscous nature of the material s such that its response is quite
sensitive Lo strain rate, particularly in the case of shear. An implicitly assumed
uniform strawn raie field generated in the snow may be an additional source of

eITor.
{f) The algornbm developed on the basis of the fnite element method

inyolves assumptions and deahizalions, such as the handling of the large
volume change behavior of the material by a stress- strain curve updating

procedure.

(g) Good replication of snow samples 1s very difficult due to the thermo-
dynamic actvity of the matenal and its sensitivity to variation in surrounding
conditions such as temperature, humidity, wind and light.

(h) Similarly. the correspondence of snow produced for confined compression
and plate penctration tests is questionable due to the different thermal
isolation conditions.
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TRAFFICABILITY EVALUATION OF DEEP SNOWPACK

G.J. Irwin', D.M. Xu?, A.M.O. Mobamed? and R.N. Yong?
ARSTRACT

This study examines the relationship between measured deep snowpack propertics
and developed vehicle sinkage as a measure of trafficability. A snow model which makes
reference to a plate footing is proposed for the purpose of obtaining basic parameters of
snow from plate footing data. Basic to the model is the analytical calculation of the depth
of the pressure bulb formed below the plate footing. From a prediction of deep snow
trafficability infered by the model, vehicle mobility may be evaluated.

INTRODUCTION

Since the terms "mobility" and ‘“wafficability" are often erroncously used
interchangeably by many individuais, it is useful to indicate that the terms refer to specific
performance requircments for vehwcles and the: supporting deep snowpack. The term
"mobility” is used in the context of a vehicie and refers to the demonstrated ability of a
vehicle 10 perform a surface traverse over a designated route, whereas the term trafficabiiity
refers to the supporting snowpack required to provide {lotation and tracuon for the surface
traverse of a vehicle. Obviously, the vehicle that is required to perform the traverse is the
common link berween mobility and trafficability.

The trafficability of deep snow has traditionally been a major concern in coid climates
with heavy precipitation where vehicle operators want 1o be assured of a GO capability. The
consequent mobility of a particular vehicle configuration is thus basic to the quality or
efficiency of job completion when transiting between points. Vehicle footing is, through
design, dimensioned to control sinkage yet achieve sufficient substrate strength as to develop
the necessary traction for mebility. This paper addresses the problem of load-deformation
relationship; how they are affected by decp snow conditions and how a solution may lead
to a confident prediction of GO or NO GO performance of over snow vehicles,

1 Defence Rescach Establishment Suffreld, Military Engineering Section,
P.C. Box 4000, Medicine Hat, Alberta, Canada T1A BK6

2 Geotechpical Research Centre, McGill University, 817 Shebrooke St.
West, Montreal, Quebec, Canada H3A 2Ké
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TRAFFICABILITY EVALUATION

The assessment of snow trafficability, i.e., the measurement of its ability to support
a vehicle and provide adequate friction for traction, has involved several experimental test
techniques. Namely these include load application by a plate footing, by indentation with
a cone or Rammsonde or by a vane shear apparatus. The results may be complicated by
a size dependence on the testing equipement. A suitable model of snow deformation would
relate snow basic mechanical properties such as compression and shear parameters with the
test method. Through experience the use of the plate footing is considered to be the
prefecred test method as it yields data of relatively low variability in a given snow conditiop.

MODEL FORMULATION

Plate Footing Test In field condition the plate footing test is conveniently conducted
manually and involves the vertical penetration of snow usually with a circular rigid plate (Fig.
1}. Load and sinkage are recorded at intervals. As supporting information, a standard snow
classification is conducted so as to include profiles of temperature and density with depth
along with stage of metamorphic development. The latter might be age of layers since
deposition, or alternatively snow grain shape, size and nature of intergranular bonding. The
size of plate chosen should be as large as will permit the attainment of 2 limiting maximum
density during compression of snow while the range of appiied pressure cavers the expecied
ground pressure of a given vehicle. In Figs. 2 and 3 one may compare the effect of ageing
on the pressure-sinkage relationship. Natural snow is relatively insensitive while
manufactured snow tmplies a limiting density {or displacement) by the sharp rise of the
curve in Fig. 3

Model Development During plate indentation, resistance 10 load is developed within two
areas of the deformation zone or pressure bulb as illustrated in Fig. 4 [1]. Area "A" is
identified with shearing resistance at the zone periphery and B indicates the resistance of
compression within the zone. The balance of forces may be presented thus:

P [£4D—2]=t{1tDH} HJ[ 1:4.[)2] (1

where! H is the pressure bulb depth, ¢ is the peripheral shear stress, p is applied pressure, a
is normal stress resistance at any level inside the bulb and D is plate diameter.

Snowcover is considered deep if snow deformation, i.e., the lower edge of the pressure bulb,
does not intersect the base of the snowpack at ground level,

260



’ l * « yppiled normal load
Original lavel

dlaplazamant (S)

[

-r I i ; h
H 4 L o Tr T

z :[l‘{r[r]lr presaure bulb

-]

Bras of apnowpuch

5w ainkage: T+ shaar reslstancs; o - panatration resletance ; 0 - fogting plate diameter
H = dagth of prasaud bulb, and Mg - original depth af anow covering

Fig. 1 Force Equilibrium after Footing Penetration

Pressure kPa

Agelmg Tima e 4
400 - T 2 daym ;: aE g,
i -4 [
I w o i
ao- o . c
== Humarical a
200
100+ L
G.' H 1
o &0 100 150 200 250

Displacement mm
Natural Snow; Init. Dens. » 340 I-cgﬁ'rn3

Fig. 2 Pressure - Displacement Relations
for Circutar Footing (D = 101.6 mm)

26l



resgsure kP
rog P a

aog - Agding Tirea

—— 1 hours

EQQ'+ 1 day T ox
—¥— 3 davw

400 4 days

- o
“H- 3 dayns
400 M —— 18 aays

200 -

100

0 25 &0 75 100
Displacement mm

Manufactured Snow; init. Dens. = 480 kg/m 3

Fig. 3 Pressure - Displacement Reiations
For Circular Footing (D = 101.6 mm}

123 150

Load

Rigid plota
Srow surfocs : 1 e P

] 1/ 1T

IF%"//XJ/!////////////P// A

|

T B N S L i
] H{@-
| | vt sl B N
| 1 EllI\‘._r—'El

{ 1| _:L—Iﬁ'__...
11 e S
1

B i
P |
o L

Elsmenti A Element 8

Fig. 4 Fallure modes in snow during the penetration of
rigid plate

262



5 {2)
L L LU LLLLLL

dzzlz}

Hﬂmﬂﬂnmnﬂnn
o {z « d4z)

Fig. 8 Force equilibrium for snow dz element

Basic Assumptions The model is developed based on the following assumptions:

o

The zone of failure by ship is vertical at the plate edge,

Analysis is one dimensional and hence assumes that o is uniformly distributed on any
level cross section,

The depth of the pressure bulb corresponds to the applied load,

Qutside the immediate zone of failure by slip, the snow medium is unafiected,

Snow obeys Coulomb’s Law, and

Ageing does not affect natural snow,

L

A

Equations and Solntion Taking an infinitesimal slice dz within the pressure bulb to aralyze
force equilibrium (Fig. 5):
da(z) _4x(z) )
dz D

Solving for o and z and taking proper account of boundary condition, the depth of the
pressure bulb, H, may be written as {ollows [2]:

L (3)
2(c+p tan $)

where p is applied plate pressure, ¢ and 4 are Coulomb shear parameters applicable to
initia) snow density neighbaouring the peripheral slip failure zope. It should be emphasized
that these parameters may be determined by using: (1) experimental data from plate footing

tests, and {2) numerical technique for minimization. Sinkage, &, is given by:
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H .
8={"¢ (4
[ e
where ¢ is compressive strain. In turn
e=[ P&y (5)
Po

where p(z)is snow density within the pressure bulb at depth z below the plate and p, is
initial density before disturbance by the plate footing. Through continued compression, snow
density may be brought to an upper limit, p,2t applied plate pressure, o,. Based on
experimental data, the relationship between density and pressure may be expressed as:

P-P, =( r3 ]“ ©)

P.mF, \©

[

where ﬁ{ is the critical density of snow; p,_is snow initial depsity; pis snow density at any
applied pressue, p; o_ is maximum applied pressure which corresponds to p,, and k,is a
snow matenal parameter. From experimental data in laboratory and ficld, the value of k
is 0.25. The resulting relation between sinkage, &, and snow parameters p_p_o,, and k
yields [2]:

_1{ PPy [ pD ¥ ' %))

3 p, ¢+ptan ¢ )| o,
Correlation A best fit 10 the &-p curve of Fig. 2 yields ¢=3 kPg, $=5.7° and o =425 kPa.
The theoretical curve presented by equation (7) agrees well with experimental curves for
natural snow of varying initial density. Critical density, p_, is experimentally observed [3] to

be 600 kg/m’. The values of ¢ and ¢ above compare favourably with those reported by
Blaisdel! et al. [4] as ¢ = 2.14 kPa and $=6.8°.

For the prediction of trafficability for a tracked vehicle, equation (7) may be
employed with the assumption that the track acts like a plate with uniform ground pressure
distnibution. From expressions for H, o(z) ard 1(z), stress distributions and the depth of
the pressure bulb may be calcuiated. A similar approach may be taken for a pneumatic
tired vehicle in which the rubber footing deforms to a {ooting area dependent on load.
Mobility evaluation of 2 vehicle may be derived from a knowledge of sinkage and bulb depth

[3)-
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REMARKS AND CONCLUSIONS

The proposed plate footing model is intended to link snow basic parameters with
prevalent vehicle features, Te date only a single value of snow density explicitly represents
snow condition although critical density, critical stress and snow parameter, k, probably
depend on additicnal qualities of snow. It is to be noted that:

1. predictions of the mode! are in good agreement with plate footing test data; the basic
parameters of ¢ and ¢ obtained for natural snow are also in agreement with other
work [4],

2 in dce[p ]snﬂwpack, pressure bulb depth, H, is a useful concept which is closely ued
to critical density,

3. the plate disk feoting appears to be an effective tool for assessing snow trafficability
and coulkd prove very practical when carmed 1o remote locations.
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