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Abstract

Two aspects of quantum field theory in curved spacetimes are discllssed.

First, the limits for applicability of the equimlence principle in the context of

low energy effective field theories is considered. In particlllar. we find three

classes of higher-derivative interactions for the gravitational and electromag

netic fields which produce dispersive photon propagation. One of these classes

of interactions also produces birefringent propagation. This result is iIIustrated

by calculating the energy-dependent contribution to the bending of light. In

the second part, the divergences appearing in statistical black hole entropy are

analysed. Using a Pauli-Villars regulator, it is shown that 't Hooft's approach

to evaluating black hole entropy through a statistical-mechanical cOllnting of

states for a scalar field propagating outside the event horizon yields precisely

the one-loop renormalization of the standard Bekenstein-Hawking formula,

S = A/(4G), where A is the black hole area. The calculation also yields a

constant contribution to the black hole entropy, which may be associated with

the one-Ioop rcnormalization of certain higher curvature terms in the gravita

tional action. The calculation of black hole entropy is done for a Schwarzschild

black hole as weil as for a Reissner-Nordstriim black hole.
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Résumé

Deux aspect.s de la théorie des champs quantiques en espace-temps courbe

~')nt examinés. D'abord, la limite d'applicabilité du principe d'équivalence est

abordée dans le contexte de la théorie effective des champs à basses énergies.

Er. particulier, nous troUVC>fiS trois classes d'interactions d'ordres élevés qui

produisent une dispersion dans la propagation des photons. Une de ces classes

d'interactions produit aussi de la biréfringence. Ceci est illustré en calculant la

contribution de la déllection de la lumière qui dépend de l'énergie des photons.

La seconde partie analyse les divergences qui apparaissent dans le calcul de

l'entropie statistique des t.rous noirs. En utilisant une régularisation de Pauli

Villars, nous trouvons que la méthode introduite par 't Hooft pour calculer

l'entropie des trous noirs à partir d'un comptage des états d'un champ scalaire

qui se déplace à l'extérieur de l'horizon donne précisément la renormalisation

à une boucle de la formule habituelle de Bekenstein et Hawking, S = AI(4G),

où A "'St la surface du trou noir. Nos calculs donnent aussi une contribution

constante à l'entropie du trou noir, associée à la renormalisation à une boucle

de terues de l'action gravitationnelle d'ordre plus élevé en courbure. Le calcul

de l'entropie est effectué pour un trou noir de Schwarzschild ainsi que pour un

trou noir de Reissner-Nordstrom.
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contributions

The present thesis contains materials that were previously published in

refs. [l, 2]. The ';hapter 1 is a general review. The chapter 2 presents the results

of the paper [I] that 1 have done in collaboration 1". :!h my supervisor Robert

Myers. Sections 2.1, 2.2 and 2.3 are reviews of previous results. Section~ 2.4

and 2.5, is my contribution anrl was discussed at each stage with my supervisor,

except section 2.5.2 which was done by my supervisor.

The chapter 3 presents the results that appeared in [2]. This paper was

done in collaboration with Jean-Guy Demers and Robert Myers. Sections 3.1,

3.2 and 3.3 are reviews materials. The section 3.4 is my calculation, except the

calculation leading to eq. (3.72) which was done originally by Robert Myers. ln

section 3.5, ail the materials were done and discussed by the whofe group but

the calculations of sections 3.5.3 and 3.5.4 were originally done by Jean-Guy

Demers. Finally, the last chapter is the conclusion and was done by myself,

with the advice of my supervisor and the appendices contain sorne calculations

that appeared previously.
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Chapter 1

Introduction

1.1 Purposes of the thesis

The 20lh century has brought two very successful theories to describe the

physical world. On th~ one hand, quantum field theory is the foundation of

the standard model of particle physics and describes the microscopic world

with a great accuracy. On the other hand, General Relativity is the theory

describing physics at very large scales, up to the size of the universe, and as weil

it explains the dynamics of stars and galaxies. It is a classical theory of gravity

and spacetime. It is generally believed that the fundamental framework for

the description of ail fields should be quantum field theory. Therefore, classical

General Relativity is an incomplete theory because it treats the gravitational

field as classical. It is also incomplete because it predicts that singularities

of spacetime arise in the beginning of the expansion of the universe (the Big

Bang) and in the collapse of stars to forro black holes' (see ref. [3)). At these

singularities, General Relativity will break down. It is hoped that a quantum

'Black hales are defined in section 1.2.

1
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theory of gravity will be able to address what will happen at th!'se singularities.

Despite many efforts during the past fifty years. there is still no consis

tent quantum theory of gravity. The procedures to quantize a e1assical theory.

which are very successful for the other interactions, have encountered funda

mental difficulties. The essential difference between General Relativity and

other e1assical theories is the lack of a background spacetime for General Rel

ativity. Indeed, for other interactions, one qual!tizes the fields in a fiat back

ground. On the other hand for gravity, the spacetime is a dynamical field and

one cannot use a background geometry l'rom the start. It seems necessary to

radically change our idea of partieles and spacetime. At the moment, there are

two leading theories to build a quantum theory of gravity: string theory [4] and

non-perturbative canonical gravity[5]. In string theory, one replaces point-like

partieles by strings (we give sorne introductory materials on string theory in

section 1.3). In the canonical gravity, one uses a Hamiltonian formulation of

General Relativity and one is 100 to a quantization of the geometry.

Without a definite quantum theory of gravity, one can still look for a semi

c1assical approximation where the gravitational field is considered c1assically

but the matter fields are treatOO quantum-mechanically. The quantum 1'1'

fects should become important for scales of the order of the Planck length

Ip = (nGId')1/2. The Planck length is so small (lp ~ 10-33 cm, twenty powers

of ten below the size of the atom nucleus) that one should be able to build

a sensible semiclassical theory of gravity. This theory is called quantum field

theory in curved spacetime.

The effect ofquantum gravity should become important near the time ofthe

Big Bang or near a black hole singularity. A black hole is a region of spacetime

where the gravitational attraction is so strong that nothing, l'ven light, can
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escape. The gravitational attraction is produced hy a compact massive object.

A hlack hole can be produccd by a massive co\lapsing star at the late stage of

its evolution. Il is also believed that black holes form the center of gala.xies.

Recently. this daim was confirmed by the observation by the Hubble Space

Telescope of massive black holes in the galaxies l\I8ï [6J and NGC 4261 [ï]. [n

this thesis. we are concerned with the possible applications of quantum !ield

theory in curved spacetime to black hole physics.

The study of quantum field theory in curved spacetime has led to two

important discoveries. First, Hawking discovered[8J that black holes radiate

subatomic partides with a thermal spectrum. As we will see in section 3.1.1,

this result establishes a strong connection between black hole dynamics and

ordinary thermodynamics, that was suspected before from results of dassical

General Relativity[9]. In particular, it establishes the idea that black holes

have entropy, proportional to the black hole area. Black hole entropy should be

related to information loss during its formation and when matter falls inside the

black hole [10, 11]. The idea of analysing black holes from a thermodynamical

point of view is called black hole thermodynamics. The understanding of

black hole entropy, though, is only within a thcrmodynamic framework, and

despite a great deal of effort, a microphysica! understanding of this entropy is

stilliacking. Many attempts ha.ve been made to provide a definition of black

hole entropy using statistical mechanics (we revit;w the different methods in

section 3.2) but in these calculations, divergences appear in the entropy[12, 13].

The second discovery, obtained by Drummonds and Hathrell[14], is the

limit of applicability of the equivalence principle in quantum field in curved

spacetime. By vacuum polarization, point-like photons acquire an effective size

and they are sensitive to tidal interactions. The first consequence is the exis-
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tcnce of supcrluminal motion (without nccessarily the implication of a causal

paradox) [14. 15]. ln the context of string theory. Mende[16] al50 observed

lirnits of the applicability of the equivalence principle and he suggested that

the extended nature of strings should imply an energy-dependent detlection of

light and that it wouId be a c1ear signature of string theory.

These two effects are signatures of quantum gravity that should survive

when the final theory of quantum gravity is found. With the lack of obser

vations related to quantum gravity, these signatures may serve as guidelines

for the construction of a quantum theory of gravity. The purpose of this the

sis is to address two questions related to each effect. First, we want to see

if it is possible to obtain an energy-dependent deflection of light within the

framework of quantum field theory in eurved spacetime. [f 50, this behavior

would not be a c1ear signature of string theory. The second goal is to under

stand the divergences occuring in the statistical black hole entropy. Such an

understanding is essential to make sense of the statistical black hole entropy.

[n the remainder of this chapter, we introduce sorne background material

needed in the thesis. In section 1.2, we review sorne notions of Genera[ Relativ

ity and the Schwarzschilù and Reissner-Nordstrom solutions. Then section 1.3

introduces the c1assical action for bosonic string theory.

The chapter 2 is concerned with the limit of applicability of the equivalence

principle and the construction of an effective action that can describe dispersive

photon propagation in a gravitational field. We start our study in section 2.1

by reviewing the equivalence principle in General Relativity and its implication

on light propagation. We will see in this section that the equiva[ence principle

implies the energy-independent propagation of photons. Then in section 2.2,

we review Mende's idea that string theory leads to energy-dependent light
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d~A~ction. Th~ results of r~f. [14] on the limit of the ~quivalence principle

in quantum field theory in curved spacetime is r~view~d in section 2.3. This

section leads us to try to build an effective action that implies an energy-

dependent deflection of light by a gravitational field. This is done is section 2.4

where we find three classes of effective actions leading to dispersive photon

propagation. Then in section 2.5, we discuss our results with respect to the

uniqueness of the effective actions, to the relation to possible string effective

action and to the magnitude of the dispersion.

In the chapter 3, we study black hole entropy using statistical methods.

We start by reviewing li! section 3.1 black hole therrnodynamics, i. e., the rela

tion between black hole dynamics and ordinary thermodynamics. This is done

for General Relativity as weil as for more general theories of gravitation. In

section 3.2, we present the different methods that were introduced to calculate

statistical black hole entropy. These calculations lead to divergences in the

entropy and one needs to introduce a regularization scheme. To compare with

the divergences of black hole entropy, we calculate in section 3.3 the effective

action for a scalar field in a curved background. Divergences occur in this

calculation and we introduce a Pauli-Villars regularization and then absorb

the infinities by renorrnalization of Newton's constant and other coupling con-

stants. The divergences of black hole entropy are studied in section 3.4 using

the same Pauli-Villars regularization. To calculate black hole entropy, we use

a modification of the rnethnd initiaUy introduced by 't Hooft[12]. We find that

the divergences are exactly what is needed to renormalize Newton's constant

'and the other coupling constants. Then sorne discussion remarks are included

in section 3.5, with respect to possible generalizations of the calculation.

"Finally, we conclude this thesis in chapter 4. Sorne technical rnaterial is
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included in the appendices. Throughout the thesis. we use the convention of

rer. [1.]. where the metric has signature (- +++). the Ri,'mann tensor is given

by R"bed = ()crb.i - àdl"b., + ricrh.J - ridl"i",. with rb., the Christoffel symbol anù

Einstein equation is given by eq. (1.1). We also use unils where h =c = kB = 1

except in chapter 2 where we use units where h =c = G = 1.

1.2 Review of General Relativity

Currently, the accepted c1assical theory of gravity is Einstein 's theory of

General Relativity. The theory was first verified by looking at three predictions

(the so-called c1assical tests) namely, the precession of the perihelion of Mer

cury, the bending of Iight by the sun and the red-shift of light escaping from a

gravitational field. These tests probe the weak-field regime. Since that time,

the theory has been verified with other weak-field observations and also in the

strong-field regime, with observations related to binary pulsars (for reviews on

the experimental verification of General Relativity, see e.g., refs. [18, 19)).

General Relativity is a theory of gravitation and spacetime. Energy gen-

erates curvature of the spacetime. Conversely, curvature interacts with the

energy distribution of spacetime, establishing an equilibrium describerl by Ein

stein field equation

(1.1)

•
where Roh is the Ricci tensor, R is the curvature scalar, goh is the metric, G

is Newton's constant and Toh is the matter stress-energy tensor. If the energy

distribution is expressed bya field action If, the stress tensor can be calculated
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hy

( 1.2)

•

with 9 the determinant of the metric tensor 9ab. Eq. (1.1) can also he written

The motion of particles in free fall is described by timelike geodesics (or nul!

geodesics for massless particles). A geodesic is a curve whose tangent veetor

1'" is paral!el propagated along itself, thus Ta satisfies 1"'vaT b = o.Tb• where

0. is an arbitrary function of the curve. The geodesic can be reparametrized

such that the tangent vector obeys

(1.3)

ln that case, the parametrization is called an affine parametrization. If one

introduces a coordinate system, the geodesic is mapped to a curved xa(r) and

the tangent vector is given by

dxO
1"'=-.

dr

For timelike geodesics, one has 9obToTb < 0 and for null geodesics, one has

9abToTb = O. Eq. (1.3) becomes

(lA)

This is the geodesic equation. The parameter r is the affine parameter. For

timelike geodesics, the affine parameter can be interpreted as the proper time

and the geodesic is the curve between two points that extremizes the proper

time.
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1.2.1 The Schwarzschild black hole

The empty space Einstein equation

(1.5)

admits a spherical symmetric solution. known as the Schwarzschild solution.

The metric is

( r.) 2 ( r.) -\ ? ., ., ? 2 .,= - 1 - -; dt + 1 - -; dr- + r- dO- + r- sin 0 de/!- , ( 1.6)

•

•

where (t, r, 0, 41) describe the Schwarzschild time, radial and angular coordi

nates and r. = 2GAf is the Schwarzschild radius. This solution describes

the geometry around a spherical distribution of matter with mass il;[. The

Schwarzschild metric is asymptotically flat, i.e., it behaves as the Minkowski

metric for r -t 00. A theorem due to Birkhoff states that the Schwarzschild so-

lution is the only spherical symmetric, asymptotically flat solution of Einstein

vacuum field equation (1.5)t. Thus, the field produced in the surrounding rCo

gion bya spherical symmetric mass distribution may always be represented by

the metrie (1.6), regardless of whether the mass is static, collapsing, expanding

or pulsating.

Components of the metrie become zero or diverge at r = 0 and at r = ra'

Numerically, one has

For ordinary objects like the sun or the earth, the Schwarzschild radius is in

side the radius of the body, where the vacuum Einstein equation is not valid.

However, these singularities are relevant for bodies which undergo complete

t For a proof, se<! ref. [3].
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gravitationa! collapse. The divergences can be produced by singll!arities of

the spacetime or by pathologies in the coordinate system. The easiest way

to identify a spacetime singularity is to look for a scalar qllantity describing

the geometry that becomes infinite. [f a scalar quantity is infinite in a cer-

tain coordinate system, it will be infinite in ail coordinate systems and the

singularity will be a true singularity, independently of the coordinate system.

On the other hand, apparent singularities in tensor components may be only

coordinate singularities, produced by a bad choice of the coordinate system.

[n Schwarzschild geometry, the simplest curvature scalar is Raba/fi"""d. From

eq. (A.IO) in appendix A, one obtains

l ,) 2

R
nald _ _T.

qbaltC~~~ - .
T6

This quantity remains finite at T = T. but it becomes infinite al." = O. Hence

the singularity at T = 0 is real and T = T. is probably only a coordinate

singularity. In faet, we will sel' shortly that the latter is the l'vent horizon of

the Schwarzschild black hole. The surface T = T. is also called the static Hmit

surface because on this surface, 91/ = 0 and one cannot remain at rest (with

dT = dB = dt/J = 0). For Schwarzschild geometry, the l'vent horizon and the

static limit surface coincide but in general they are different.

Let us remove the singularity at T = T. by using the Kruskal coordinate

system(20). We first introduce the Kruskal null coordinates

with

u = t -T.

v = t+r.
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where r. is the tortoise coordinate

The original (1. r) coordinates are mapped to -X) < Co < O. 0 :S \0 < :J<)o

\Vith this transformation. the metlÎc (1.6) reads

where r is to be viewed as a function of Li and F 0 The metric is no longer

singular at r = r. (U = 0 or F = 0). ;t is possible to extend the Schwarzschild

solution by allowing U and F to take ail values compatible with the restriction

r > 0, that is, -00 < U, F < 00. \Ve then makI' the final transformation

T = (U + F)/2 and X = (F - U)/2. In this way, we obtain the ma.ximal

extension of the Schwarzschild geometry, given by the metric

( l.ï)

This geometry is illustrated by the two-dimensional spacetime diagram in

fig. 1.1. By construction, the radial null geodesics are 45° Iines in the Kruskal

geometry. Each point represents a two-sphere with radius r. The relation

between the old coordinates (t,r) and the new coordinates (T, X) is given by

In fig. 1.1, the curves t = const. are lines through the origin and the curves

r = const. are hyperbolae. This figure illustrates the bad behavior of the (t, r)

coordinate system at T = X. The singularity r = 0 becomes the hyperbola

T = ±VX 2 + 1. In fig. 1.1, there are four dill'erent regions. The region labeled

1 is the original asymptotically lIat region r > r.. It can be interpreted as the

spacetime outside a spherical body. However, a radially infalling observer can
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r r,
1 . ~

/
1

Figure 1.1: Spacetime diagram for the Kruskal extension of Schwarzschild

geometry.

cross the null line T = X and enter in region Il. Once this observer has

entered in this region, he cannot escape from it. Within a fini te proper time,

he will fall into the singularity r = O. Even light cannot escape from this region

and will fall also into the singularity. Hence, the region II is a black hole. The

null surface X = T (corresponding to r = r.) is a one-way membrane. It

is called the future event horizon because observers in the region 1 cannot

be causally inlluenced by an event that takes place beyond this surface. The

region III has the same time-reversed properties of the region II and it is

called a white hole. Any observer should have started his existence near the

singularity T = -..;X2 + 1 and must leave the region within a finite proper

time. Finally, region IV is another asymptotically llat region, which is causally

disconnected from region 1.

The complete extended Schwarzschild solution cannot represent the space

Lime resulting From a gravitational collapse because one does not initially have
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1 /

r 0

(origin of COOrdin':at:~"s:.~)E~~~~~

collapsing malter

1

•
Figur~ 1.2: Spac~tim~ diagram for a compll'tl' gravitational collapsl' of a sphl'r-

ical body.

two asymptotically fiat rl'gions with an initial singularity connl'cting them.

One can represent a spherical collapse by the spacetiml' diagram of fig. 1.2.

The regions III and IV are unphysical but part of region Il is produced and

a black hale is formed. The complete gravitational collapse of a spherica! body

always produces a Schwarzschild black hale.

1.2.2 The Reissner-Nordstrom black hole

The Schwarzschild solution describes the Jravitational field surrounding a

spherical distribution of mass which is electrically neutral. For an electrically

charged distribution of matter, one has ta solve the coupled Einstein-Maxwell
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equations.

1
Rab - "29abR = 8r.GTab

''i(hFab = Ja

where JO is the current density and Tab is the stress-energy tensor for the

electromagnetic field. From the Maxwell action

(1.8)

and eq. (1.2), one may calculate Tab

A spherical solution can be found. It is the Reissner-Nordstrom solution, with

the metric

and the field strength

(1.10)

where the square brackets indicate that the expression is antisymmetrized in

a and b with a factor of 1/2 and

(1.11)

is the electric field. This solution describes the geometry around a spher

ical distribution of matter with mass M and charge Q. It reduces to the



•
14

Schwarzschild solution when Q = o. The metric has divergences for T = 0 and

(1.12)

As for the Schwarzschild case, only the singularity at T = 0 is a space

time singularity. This can be seen by calculating the scalar Rabf?U'. Using

eq. (A.li), one obtains the scalar quantity

G"Q4
RabIrb=~

4To2T8

which diverges only at T = O. For GM2 > ~/(4To), the null surface T = T+

is the event horizon and the null surface T = T _ is another horizon inside the

black hole. When G}YP = ~/(4To), T+ = T_ and the two horizons coincide.

This black hole is called extrema!. Finally, for Q2I(4To) > GM2, there are no

horizons, only a singularity at T = O. A singularity without horizons is called

a naked singularity. For the Reissner-Nordstrom black hole, the configuration

Q21(4To) > GM2 is unstable because the electric repulsion becomes bigger than

the gravitational attraction. For general collapse, it is generally believed that

a naked singularity cannot be produced by a gravitational collapse (this is the

cosmic censorship conjecture[21)).

1.3 The Bosonic string action

String theory is a theory that incorporates ;;,-.:avity with the other interac

tions. String theory has a better ultraviolet behavior than the ordinary field

theory and the scattering amplitude should be finite to ail orders of the cou

pling constant. In this way, no infinite renormalization should be needed. In

this thesis, we are studying quantum gravity in a semi-classical approxima

tion. In this line, we need to introduce the classical action for bosonic strings
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(we restrict ourselves to bosonic string for simplicity) to compare sorne of our

results with those coming from string theory.

We begin with the action principle that describes the motion of a point

particle of mass m in a curved spacetime. This action is proportional to the

invariant length of the world line

where g.b is the spacetime metric. If the trajectory is described by the curve

X·(T), with T an affine parameter, the action takes the form

! V dx"dxb
1 = -m dT -gab dT dT . (1.13)

•
This action is invariant under reparametrization T --t T' (T) of the particle

trajectory and 50 does not depend on the coordinate system. The action (1.13)

leads to two difficulties. First, it is non-polynomial and thus it is difficult to

work with this kind of action. Next, it does not apply for massless particles.

To overcome these difficulties, one may introduce an auxiliary field h(T). The

action becomes

(1.14)

h plays the role of a world line metric. One may recover eq. (1.13) by solving

the equation of motion for h

The point-particle can be generalized to a one-dimensional object. To

parametrize the string, one introduce5 a spacelike parameter 0-1• As it moves,

the string sweeps a two-dimensional surface called the world sheet, parametri

zed by 0-1 and bya timelike parameter 0-° (which plays the same role as T in
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the point particle case). Then, the position of the string is givcn by a function

X"( (70, (71). With this, the action (1.14) is generalized to the string action

(1.15)

•

Usually, string theory is formulated in a fiat background and the action is given

by

This is the Polyakov action [22]. The hatted greek indices refer to the world

sheet coordinates (70, (71 ), hÎ'v is the world sheet metric and T is the string ten

sion, with dimensions of (mass? It can be related to the Regge slope parame

ter ci by T =1/(27ra'). The action (1.15) is invariant under reparametrization

of the world sheet (70 -+ (7'0(70,(71), (71 -+ (711(70,(71). It is also invariant c1as

sically under Weyl rescaling of the world sheet metric hpv -+ A((70, (71 )hÎ'V'
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Dispersive photon propagation

We begin our study ofquantum gravity by looking at limits for applicability

of the equivalence principle. After reviewing the effect of vacuum polarization

on photon propagation in curved spacetime, we will show that it is possible to

construct effective actions leading to dispersive propagation, i.e., propagation

that is energy dependent. Throughout this chapter, we use units where li =

c=G=l.

2.1 The equivalence principle

The equivalence principle is part of the foundation of Einstein's theory of

General Relativity. It states that at every point, one can build a local Lorentz

frame and that for an arbitrarily small region, the laws of physics are described

by the laws of Special Relativity. This is the Einstein equivalence principle. It

implies that ail local inertial frames are equivalent and it imposes a minimal

coupling between the gravitationai field and the external fields, i. e., one can

obtain the laws of physics from Special Relativity by replacing the Minkowski

17



•
18

metric by a curved met rie and by replacing ordinary derivatives by covariant

derivatives. There are no couplings hetween the fields and the Riemann tensor.

We will see in this chapter that when we consider interacting quantum fields

in curved spacetime, the Einstein equivalence principle is violated. One can

still build a local Lorentz frame at each point but the local frames need not

ail be equivalent. This is the weak equivalence principle, which is the real

foundation of General Relativity, that is, spacetime is a pseudo-Riemannian

manifold. In more physical terms, the weak equivalence principle states that

the inertial mass is equal to the gravitational mass. In the following, we refer

to the Einstein equivalence principle.

To illustrate the equivalence principle in General Relativity, we consider the

deflection of light by a gravitational field. The deflection of light is one of the

classical tests of General Relativity proposed by Einstein to verify his theory.

Its observation in 1919 [23) was one of the first verifications of the theory. The

deflection of light was measured many times since then and the observations

are still in accord with the theory.* Because of this success, the deflection of

light has become a usefui tool in astrophysics. Gravitationallenses are used for

many purposes (see,e.g., ref. [25]) and particularly for the possible observation

of the dark matter[26, 27].

2.1.1 Geometrie opties approximation

To study photon propagation in a gravitational field, we start with the

Maxwell action (1.8)

10 = -~J d"xJ-gFahF
ah

,

•For the results of the latest measurement, see ref. [24J.

(2.1)
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where Fob = V.Ab- VbA. is the field strength and A. is the gauge potential.

The variation of 10 leads to the equation of motion

(2.2)

The field strength also obeys the Bianchi identity

(2.3)

•

In order to know the properties of photon propagation, it is sufficient to

take the geometric opties approximation (for more details, see appendix B).

In the leading order, one writes the field strength as the produet of a slowly

varying amplitude and a rapidly varying phase

(2.4)

The wave veetor is defined by ka = Vae. Light rays follow eurves X·(T) normal

to the wave fronts e = const. So the wave veetor is tangent to X·. Given an

affine parameter T, one has

dx· ka ab.., e- = . =g Yb •
dT

(2.5)

Sueh eurves are ealled integral eurves. In the quantum interpretation, the wave

veetor beeomes the photon momentum and the light rays beeome the photon

trajeetories.

Let us introduee eq. (2.4) in the Bianchi identity (2.3). In the leading order

of the geometrie opties approximation, ail derivatives aet on the phase

(2.6)

This eonstrains fob to take the form

(2.7)
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for sorne vector aa' The direction of a. indicates the photon polarization. The

field strength is an antisymmetric tensor of rank two, with six components.

Eq. (2.6) imposes three independent constraints and so Jab has three indepen

dent components. From eq. (2.ï), we see that a polarization a. parallel to

the wave vector yields Jab = 0 and thus, it is unphysical. So in fact, the field

strength has only two independent components.

Now, let us introduce eq. (2.4) in the equation of motion (2.2). To leading

order, one obtains:

(2.8)

•
This equation, together with the Bianchi identity, implies that light rays are

null geodesics. Indeed, by multiplying eq. (2.8) by kc

0= kakcrb

= -kakafbo - kakbfca

= -kakafb<. •

Therefore,

(2.9)

(2.10)

and ka is a null vector. Then, taking a covariant derivative on P, one obtains

where we use the fact that ka is the gradient of a scalar function e, for which

'ilakb = 'ihka. The geodesic equation is found by substituting eq. (2.5)

cPxa dxb dxc

dT2 + r:c dT dT =0 .

An important property of the geometric optics results is that the light

cone condition (2.9) is invariant underthe rescaling of ka, i.e., under ka ~ Aka.
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Figure 2.1: Bending of light.

Therefore, in this approximation the propagation of light is independent of the

photon frequency. This may be understood as a direct implication of the Ein

stein equivalence principle. Photons fall frecly along geodesics, indcpendcntly

of their frequency.

2.1.2 Bending of light

To ilIustrate the frequency-independent propagation of light, we consider

the bending of light in a spherical symmetric spacetime. Consider a Schwarz

schild spacetime described by the metric (1.6)

(2.11)

where dn2 = d62+sin2 6 d<fi2 is the angular line element for a unit two-sphere.

For large values of r, the Schwarzschild metric is almost lIat and the coordinates

(r,6,<fi) can be identified with the usualllat space spherical coordinates. We

consider photon trajectories which begin at r -+ 00 in the equatorial plane

6 =n:/2 (the x- y plane) with an impact parameter b, as illustrated in fig. 2.l.

We want to find the change 6.<fi = <fioo - <fi-oo - n: in the angular coordinates
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O. The factor of 7l" is subtracted becallse it is the change in <p when there is no

deflection at aIl.

One can solve the geodesic eqllation (2.10) to find (see eqs. (C.ï) ln ap-

pendix C)

. [( 2M) b2]1/2r =±E 1- 1- - -
r r2

. Eb
</J=2'r

where E is the photon energy and the dot indicates a derivative with respect

to the affine parameter. The minus sign describes the incoming photons and

the plus sign, the olltgoing photons. The spatial orbits of the photons are then

given by

d</J =: ~ =±~ [1- (1- 2M) b~]-1/2 .
• r ~ r ~

To obtain the deflection angle, one integrates over the entire trajectory. The

integral is an even function of r and one may integrate from the distance of

closest approach ro (where T changes sign) to infinity and multiply by 2

Â,p + 1f = 21.'" dr :2 [1 - (1 _2~[) ~:rl/2 .
The impact parameter is related to the di"tance of closest approach ro by

(
2M)-1/2

b=ro 1-- .
ro

The photon energy entered by ~ and T but scales out of ~ and the delleetion

angle is independent of the photon frequency. In the solar system, the gravita

tional field is always weak and one can expand the dellection angle in powers

of Mir. To lowest order, the impact parameter equals the distance of closest

approach and the dellection angle is

(2.12)
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where we have put back the factors of G and Cl. For photons just grazing the

sun, one obtains the standard result[l'. 28]

(2.13)

2.2 Bending of light in string theory

Point particles fall along geodesics. This result is a consequence of the

equivalence principle. For photons, the trajectory is given by eq. (2.10) and

the deflection angle l'an depend only on the impact parameter b. One might

ask what would happen if photons were extended objects, as is the case in

string theory.

As explained in section 1.3, 1.0 describe the propagation of strings, one

replaces the world line XG(T) bya world sheet XG(qO,ql), where qO is the

affine paramcter and ql is a spatial coordinate describing the string. The

equation (2.10) is replaced by

where hil;, is the world sheet inverse metric and Cl is the world-sheet Laplacian.

The hatted greek indices refe! to the world sheet parameters qO and q1.

For point partieles, one l'an choose Riemann normal coordinates (sel' sec-

tion 3.3.2) where r:., is zero along the trajectory. This is the free fall inerti.1

frame. The equation of motion for the partiele then becomes

and there is no apparent local gravitational interaction. The partiele energy

does not appear in this equation and so the trajectory is energy independent.
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For strings. things arc different bccausc in gcncral. thcrc arc no coordinatc

systems wherc rte = 0 over the entire world sheet. Bccausc of their extended

nature. strings always feel tidal forces. The equation of motion is non-linear.

U1timately the energy does not scale out and the trajeclories should be energy

dependent.

This idea led Mende[16] to suggest that string theory would yield an energy

dependent bending of light and that this would be a clear signature of string

theory because there is no such effect in classical General Relativity. Of course,

this effect would be very small, typically of order IpfR, where lp = (Ghfc3)1/2

is the Planck length and Ris the typical curvature scale. Mende further argued

that the energy-dependent bending of light is a consequence of the extended

nature of strings and therefore it should occur independently of the details of

the final string theory.

2.3 Quantum effects in photon propagation

ln this section, we consider point-like photons in the context of quantum

eleetrodynamics in curved spacetime. Because of the vacuum polarization, a

photon exists part of the time as electron-positron pairs. These pairs can then

be influenced by external fields. For example, it was shown by Adler[29] that

eleetromagnetic waves passing through a strong magnetic field will exhibit

birefringence, i.e., the propagation would depend on the wave polarization.

Similar results can be found for photons propagating in a gravitational field.

The virtual pairs give the photon an effective size of O(.\c), where .\C is the

electron Compton wavelength. Because of this effective size, photons can feel

tidal forces and the Einstein equivalence principle is violated. This effeet was
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tirst considcrcd by Drummonds and Hathrell[14] who studicd photon propa

gation in de Sitter, Hobertson-Walkert , Schwarzschild and gravitational wave

backgrounds. For de Sitter space. the curvature is isotropic and Maxwell

equations are modi!ied only by a normalization factor. In Robertson-Walker

geometry, the photon velocity is changed but it is independent of the direction

of photon polarization. More interesting results appear for Schwarzschild and

gravitational wave backgrounds for which the Riemann tensor is not isotropic.

ln those cases, the propagation of photons is polarization dependent. There

is a gravitational birefringence effect. Recently, gravit.ational birefringence

was also found for Reissner-Nordstrom background [15] and Kerr backgroundt

[30]. Similar violations of the equivalence principle were also considered in

refs. [31,32]. In the following, we describe the calculation leading to birefrin

gence in the bending of light for the Schwarzschild geometry, as presented in

ref. [14].

2.3.1 Effective action for QED in curved spacetime

The contribution of virtuai partiele loops in photon propagation can be

obtained by replacing the Maxwell action 10 by a one-loop effective action

1 = 10 + Il, The action Il incorporates electron loops. It is given by

Il = L ~! frIT lf4xn A.... (Xn )]G"I·...... (X ..... ,Xn ) ,

n,eYeD n

(2.14)

where G...,·...... (XIt ... ,xn ) is the SUIn over one-particle-irreducible Feynman

diagrams. Because wc are concerned with the propagation of photons, it is

tDe Sitter and Robertson-Walker backgrounds are two idealized eosmological models

deseribing homogenous and isotropie universes. The stress·energy is provided in the former

by a non·zero eosmological constant and in the latter by a perfeet fluid.
lThe Kerr metrie deseribes rotating black holes.
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Figure 2.2: Diagram for the one~loop vacuum polarization in fiat spacetime.

sufficient to consider only contributions which are quadratic in A.(x). One may

do an expansion of (2.14) in the number of derivatives. The first modification

to the Maxwell action has four~derivativeinteractions. There are four gauge

invariant and coordinate invariant interactions. They may be written

/1 = ~2 f d"x .j-g[nRF.bF"b + bRabF"cFbc

+ cR.balF·b~ + dV.FabVcF"b]. (2.15)

where 111 is the electron mass and n, b, c, d are dimensionless coefficients. To

determine the latter, one may compare the scattering amplitudes given by /1

with the one-loop results calculated for a weak gravitational field theory. The

interaction proportional to d can be found by considering the fiat spacetime

vacuum polarization amplitude of fig. 2.2. The on~shell renormalized amplitude

is given to fourth order in derivatives by (see, e.g., ref. [33])

(2.16)

where 1Jab = diag(-1, 1, l, 1) is the Minkowski metric and Cl< =e2I( 411') is the

fine structure constant. The effective action will yield the same scattering

amplitude to C>(e2
) if
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Similarly, one may ca1cuiate the coefficients a, band c by looking at the

diagrams of fig. 2.3. Using the Feynman rules found in rer. [34], Drummonds

and Hathrell obtained, to CJ(e2 ) [14]5

50
a=--

72011"
b= _ 130

36011"
o

c=--.
36011"

These coefficients may also be obtained by calculating the Green function for

electrons in an external gravitational and electromagnetic background using

DeWitt-Schwinger techniques [14), similar t,o the methods presented in sec

tion 3.3.

The equation of motion is given by

0= 6I
dA.,(:c)

=Vapab - ~2Va [4aRpab + 2b(R"cPcO - /t'cF"") +4cR""a/pal] . (2.17)

The interaction proportional to d has been omitted because VaF"" is of order

e2 , so dVa pab is of order é. Eq. (2.17) is valid for photon wavelengths ,\ >
,\ _ 1c-m-"

2.3.2 Superluminal velocity in Schwarzschild geometry

The Schwar2schild geometry is described by the metric (2.11).

'. (2M) (2M) -1 _". ds2 =_ 1---;:- dt2 + 1---;:- dr'+r2 dfl2
•

It is a Ricci-fiat spacetime with R = Rab = O. The equation of motion (2.17)

reduces to

5The actua! coefficients in ref. [14] have opposite signs because they use (+ - --) for

the metric signature.
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Figure 2.3: Diagrams for the one-loop gravitational vacuum polarization.

with e = o/(901rm2 ). Using the Bianchi identity for the Riemann tensor, one

obtains

VaR:'bcdFcd = [-VeR:'bda - Vdœ&ae]pcd

= [Ve~d-VdK'e]Fcd=O

for Ricci-fiat geometries. Hence

'Let us examine this equation in the geometric optics approximation (2.4).

As in section 2.1.1, ail deriv.Ltives act on the phase in the leading order which

yields

This equation is invariant under rescaling ka -7 Aka• Therefore, the trajectory

will be frequency independent, just as in General Relativity. However, the

Jl""cdkafcd term does violate the Einstein equivalence principle.

To solve the equation of motion, it is useful to work in a local orthonor

mal frame by introducing the vierbein el'a = diag(U, 1/U, T, Tsin 9) satisfying
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el'aevblJ"" = g.b, where U = (1 - 2~I) 1/2. The greek letters represent the or

thonormal coordinates (0, 1,2,3), associated with (t, r, e, t/». We also introduce

the bivector

Uab _ e Ge b _ e be a
IW-P&J' l'v-

One may choose the three independent components of the field strength to be

fOI = ~fabUo~ and similarly 123 and f03. Then, the equation of motion can be

•

put in a matrix form

P+d2 0 0 fOI

0 k2 _ em2 0 f23 = 0,

~-d·p -em'p k2 f03

where

~2M ( 2Me)-1 ~2M
e = -3- 1 + -3- = -3-+ Cl(e4) ,

r r r

(2.18)

(2.19)

lb - U,abk
- 01 a mb - U,abk- 23 Q (2.20)

In terms of local frame components, we have

(2.21a)

(2.21b)

To have a non-trivial solution, the determinant of the square matrix in eq.(2.l8)

must vanish

(2.22)

Each root yields a modified light-cone condition, and Cl specifie polarization

is associated to each. Eq. (2.18) determines the polarization vector to Cl(eO)

and so it is sufficient to consider the classical propagation equation for the

polarization vector. From the results of appendix B, the polarization vector is
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parallel transported along the rays and thus its orientation (emains constant.

For a given trajectory, two of the light-cone conditions describe physical polar

izations while the third is unphysîcal. To llnderstand the implication of these

modified light cones, we consider two limiting cases.

(i) First, we look at radial trajectories given by k9 = k</> = O. From

eq. (2.2Ia), one has m2 = k~ + ki = 0 and {2 = k~ - ki = _k2
• The

first root yields k2 + d 2 = k2 (1 - e) = 0 and by eq. (2.18) it describes

photons with radial polarization <la = "ah which are unphysical. The

second root and the third root are degenerate and yield the llnmodified

Iight-cone condition k2 = O. They describe the two independent phys-

ical polarizations. Bence, the photon velocity remains llnity for both

polarizations

• I
kOI = 1 .
kt

•

(ii) Next, we consider the opposite case where kr = k9 = 0 and k" =1= O.

Using eq. (2.21a), the first root yields the light cone

(1- e)(-kn +ki = 0

and the photon velocity is

where e = 0(e2). From eq. (2.18), this describes radial polarization. In

the same way, the second root yields

-k~ + (1 - e)ki = 0

which leads to a photon velocity

I
kOI e- = v'1=E = 1 - - + O(é)
k3 2
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and describes the transverse po\arization ab = 068. The third root k2 = 0

descibes the unphysical polarization ab = 01.1>'

Substituting (2.19), one obtains

I~:I = {1 + 30~:'
1 - 30m:Zr3

for radial polarization,

for epolarization.

Hence, the propagation of light is polarization dependent and one obtains

gravitational birefringence.

The two previous cases are useful to analyse a general motion of propagation.

In faet, one can always choose a coordinate system such that the trajecto

ries remain entirely in the equatorial plane e = "Ir/2 with kO = k2 = 0 (see

appendix C). Then the cases analysed previously represent the two limiting

cases. Now in general, one has /2 =F 0 and m2 =F 0 and the root of eq. (2.22)

k2 = 0 describes the unphysical polarization ~ = Akb, which yields Job = O.

Moreover, the velocity of light is greater than unity for the polarization tangent

to the equatorial plane and it is less than unity for the polarization normal to

the equatorial plane. It is only for purely radial motion that the light cone

remains k2 = 0 and the velocity unity.

The velocity is greater than unity for the polarization tangent to the equa

torial plane. The existence of superluminal motion suggests the possibility of

violations of causality. It is weil known that if an observer A sends a spacelike

signal (with k2 > 0) to B, then there exists an observer C for whom B happens

before A. Then by the equivalence of Lorentz frames, B can send back a signal

to A that arrives before the emission of the initial signal. In the present case,

the effect is produced by a tidal effect and 50 ail Lorentz frames are not equiv

aient. Therefore the second step in the construction of the causal paradox is
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missing, and hence, the violation of the Einstein equivalence principle allows

"faster than light" motion without necessarily implying a causal paradox.

2.3.3 Birefringence in the bending of light

To show that there are real physical consequences behind the previous

analysis, one may consider the bending of light produced by the new equation

of motion. For photons with polarization Iying in the :r-y plane (the equatorial

plane 0 = rr/2), the light-cone condition reads

In a Schwarzschild geometry, the equation of motion reduces to

where we are using ka with spacetime coordinate indices. The easiest way to

determine the deflection angle is to consider the wave vector ka as a null vector

in an effective metric

with

(
2M)-1 ( M )A(r)= 1-- 1__a~

r 15m2r 3

B(r) = (1 _2M) (1 _ aM ) .
r 15m2r 3

(2.22a)

(2.22b)

Expanding A(r) and B(r) in powers of a and keeping only the linear term, one

obtains the modification to the deflection angle for photons with a polarization

lying in the equatorial plane

86.if>z- = _~ (>.<)2 4M .
y 45rr ra ro
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where ro is the distance of c10sest approach and Àc = [lm is the electron's

Compton wavelength. For the other polarization parallel to the z-axis, the

magnitude of the modification is the same but the sign is the opposite.

o/1,p: = ~ (Àc)2 4M .
45" ro 1'0

Putting back factors of c, h and G, the two polarizations acquire a separation

angle

'''-_ 2a ( h )2 4GM
o'/' 0- 45" mao roc2'

For solar parameters, this angle is unmeasurably small:

o,p = 3 X 1O-47 /1,p .

(2.23)

To get an observable angle, one would need a small black hole with radius

of the order of the electron's Compton wavelength. The deflection of light is

still frequency independent. In ref. [34], they reported a frequency-dependent

deflection angle for this effective action but it was an erroneous result, as

described by ref. [14].

2.4 Dispersive photon propagation

The first quantum corrections to photon propagation produces gravita

tional birefringence but the bending of light remains independent of the photon

frequency. In this section, we want to find if it is possible to build an effective

action which yields dispersive bending of light in the context of interacting

quantum field theory. This is important in order to understand whether string

theory is the only possible theory with this prediction.
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2.4.1 Six-derivative interactions

To have dispersive results then, the leading-order equation should not be

invariant under scaling of ka. Thus one must consider interactions with more

derivatives, and in particular, the interactions must contribute to the electro

magnetic equations of motion with more derivatives of the field strength. With

this in mind, a natural extension of eq. (2.15) is

(2.24)

where (3 is a dimensionless coupling constant, and ,\ is the (length) scale asso-

ciated with the effective interaction. This action may be a curved spar.etime

modification to the effective action coming from the diagram of fig. 2.2. Com

bined with the Maxwell action (2.1), this new term leads to an equation of

motion

and in the leading order of the geometric optics approximation, one finds

(2.25)

Multiplying by kg and antisymmetrizing over band g, one finds

(2.26)

where the square brackets indicate that the expression is antisymmetrized in

b and g with a factor of 1/2. We will assume that the effective action is

constructed perturbatively in the coupling (3. Within such a framework, even

though eq. (2.26) is not invariant under scaling of ka, the light-cone condition

remains k 2 = O. The second factor in brackets would define spurious char

acteristics which are nonperturbative in (3. Alternatively, one may say that
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perturbatively we wish to calclliate the modification of eq. (2.9) al. order ,B,

and so expect to find k2 = 0(,8) in general. Substituting the latter into the

term proportional to f3 in eq. (2.25), we in fact have k2 = 0(,B2 ) and so there

is no perturbation of the light cone 1.0 the order which we are calculating.

There are other six-derivative interactions similar 1.0 12 where the indices

are contracted in dilferent ways, but in the equatioils of motion, the higher

derivative terms are proportional 1.0 k2 or 1.0 k.rb , which are both higher order

corrections. Thus we found that there are no six-derivative interactions which

will produce a dispersive light-cone condition. To obtain an energy-dependent

result, one needs 1.0 consider interactions with both more derivatives and more

background curvatures in order 1.0 avoid the above contractions.

2.4.2 Dispersive interaction without birefringence

From the last subsection then, we have learned that in order 1.0 produce

a dispersive modification of the light-cone condition, we need an interaction

which is quadratic in the field strength, has two derivatives of the field strength,

and has more than one background curvature or derivatives of the background

curvature. In the remainderofthis section followingthese criteria, we construct

a number of eight-derivative interactions, and show that they lead 1.0 energy

dependent photon propagation.

We begin with a simple extension of eq. (2.24), where a second curvature

tensor is introduced.

(2.27)

where f3 and À are the coupling and scale, as above. The equation of motion
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for the electromagnetic field becomes

'<7 F ab _ 8,6 V V (nolabR e9h~ F. ) - 0\'0 ,A 11dn-- c Vegh-

Introducing the geometric optics approximation,

(2.28)

•

As desired, these equations are not invariant under scaling of the wave vec

tor, and the higher order term is not. proportional 1.0 k 2 or 1.0 kaf"b. Hence

these equations produce dispersion, and should lead 1.0 energy-dependent light

deflection in a gravitational potential.

We now turn 1.0 the Schwarzschild background to display such dispersive

deflection of light. Using the method of section 2.3, we introduce the vier

bein el'a = diag(U, 1/U, r, r sin 0). The Riemann tensor can be conveniently

expressed as (see appendix A)

oabed M [ ac bd ad bel 3.M u.abu.cd 3M UabUcd
fi = -;3 9 9 - 9 9 - -;:J 01 01 + -;:J 23 23'

with the bivector

[Tab _ e ae b _ e be a
pV-P" plI·

The equation of motion (2.28) becomes

(2.29)

where (= 1813~:M' and we have dropped terms of the form (k2= 0(,62) which

are higher order terms.

We choose JOl> 123 and J03 as independent components of J.b' One can

project eq. (2.29) over these components by multiplying successively by lb, mb
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and Pb, defined in eq. (2.20). The equations can then be put in a matrix form

k2 + (1' 0 0 fOl

0 k2 + (m' 0 123 =0.

(121. p (m2m.p k2 f03

The determinant condition is

(2.30)

To find the polarization associated to each light-cone condition, we consider

a general motion (with 12 =F 0 and m2 =F 0) in the equatorial plane, with

k8 = k2 = O.

(i) Taking the root k2 + Cl' = 0, eq. (2.30) leads to

(2.31)

which is the polarization in the x-y plane.

(ii) The root k2 +Cm' = 0 describes the polarization in the z direction.

(2.32)

(iii) For the root k2 = 0, the solution of eq. (2.30) is

(2.33)

This polarization is not physical because the field strength is then iden

tically zero.

In fact, both light-cone conditions are equivalent because m2 = ki + k~ =

[2 + k2 = [2 +0(,8). Hence, the interaction /3 produces no birefringence.
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Now we ca1culate the modifications to the deflection angle. In the Schwarz-

schild background using spacetime coordinates. the generalized light-cone con

dition is

Working perturbatively in (, it is suflicient to use the classical value for I2 =

koko - kikI = E2b2/r2above, where E is the photon energy and b, the impact

parameter (sel" appendix Cl. The deflection angle may be found by considering

the wave vector k" as a null vector in an effective metric

with

A(r) = (1- 2~1) -1 (1- Ç~;b2)

B(r) = (1 _2~1) (1- Ç~;b2)

The deflection angle is then given by eq. (C.9)

[ ]

1/2

tlt/J + 'Ir =21"" dr A(r)
r r' 8(ro) _ 1

"0 ~ 8(,,)

where ro is the distance of c10sest approach. Expanding A(r) and B(r) in

powers of ç and keeping only the Iiaear terms, one obtains an integral for the

modification of the d..flection angle 8tlt/J

8tlt/J = 1"" dr [ M(r) _ r
2

8B(ro) - 8B(r)]
ro r (;;. -1)1/2 r~ (;;. _1)3/2

o 0

Inserting 8A(r) = 8B(r) = _18(3).6M2E2b2/r8 , one obtains for both polariza-

tions

(2.34)
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Note that this result is a lcading order expression, corrected by terms which

are higher order in AtIro.

A second interaction which produces similar dispersive results is

(2.35)

In this case, the equation of motion for the electromagnetic field becomes

Inserting the geomelric optics approximation (2.4), one obtains

One may now follow the procedure used above to determine the modified

light-cone conditions for photons in a Schwal'l!ischild background. A simpler

approach for this specifie case yields a generallight-cone condition, namely use

the Bianchi identity (2.6) on klQ f"]h to find

rh ( kQ + (:}~6 Rcge"g:deQ kd1...!Jk") = 0 .

To have a non-trivial solution, the expression inside brackets must vanish, and

this leads to a generallight-cone condition describing ail polarizations

(2.36)

Therefore, there is no birefringence in any background. In the Schwal'l!ischild

background, this light cone becomes

(2.37)

where as above, we use ( = 181l~M', 12 = kl- kf, and m2 = ~2 + k;. To

leading order, k2 = O((:}) and m2 = 12 + O((:}) and so eq. (2.37) reduces to

k2 + ~14 = O. Hence up to a factor of two, we have recovered precisely the
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same dispersive light cone as in the analysis of the interaction /l (for the

physical polarizations). The modification to the defledion of light is therefore

one half the angle obtained in eq. (2.34).

2.4.3 Dispersive and birefringent interaction

A final eight-derivative interaction which produces dispersive light propa

gation is found by extending eq. (2.24) by introducing extra background deriva

tives, rather than an extra curvature tensor

ls = _(3:6 JQ!xv'-gv(cvd)œ""9VcFabVdFeg (2.38)

where V(cVd) = (vcVd + VdVC)/2. After adding ls to the Ma.'Cwell action

(2.1), the equation of motion for the electromagnetic field becomes

We then insert the geometric optics ansatz (204) to obtain:

(2.39)

To calculate the light-cone conditions in the Schwarzschild background, we

followed the same method that was used in the analysis of 13 above. If we

consider photon trajectories in the plane (J = 'Ir/2 and we apply k2 = 0((3) in

the second term of eq. (2.39), we find:

•

k2 + 7J/2A

o
-7Jk1kl A

27Jk1k3 /
2B

o
k2 - 27Jk~/2B
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The determinant condition yields the modified light cone

As before, the root k2 = 0 describes the unphysical polarization 116 = Akb•

The second root k2 + 1J/2( = 0 describes photons with the polarization (2.31),

tangent to the x-y plane and the second root k2 - 1J/2( = 0 describes the po

larization (2.32), in the z direction. Since the light cones for the polarizations

a11
) and a12l differ, this last case provides an example of gravitational birefrin

gence. Calculating the deflection angle as above, we find an energy-dependent

contribution

(2.40)

where the plus sign corresponds to the polarization in the x-y plane a11l and

the minus sign, to the polarization in the z direction a12J • Note that this result

is one order lower in the Miro expansion than the previous result (2.34). This

reduction occurs since the present interaction (2.38) involves a single Riemann

tensor, while the previous interactions have t'Wo curvature tensOTS.
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2.5.1 Uniqueness of the interactions

We have found sorne explicit field theory interactions that produce disper

sive photon propagation, in the context of an effective field the'.ry where the

Maxwell action is modified by higher-derivative terms. Such dispersion was

not observed in eartier studies simply because the effective actions considered

previously did not include sufficiently high numbers of derivatives. The final

case also provides a new example of gravitational birefringence.

If one considers the post-geometric modification to the General Relativity

detlection (2.12), one also finds a dispersive scattering. This detlection is the

usual wave-like effect of diffraction. Contrary to the present results, dilfractive

scattering is proportional to the photon wavelength ("ph' )( 1/E) instead of

to the photon energy. Therefore, the two results have the opposite energy

dep"ndence. Moreover, the post-geometric modifications are small when the

photon wavelength is much smaller than the typical curvature scale and also

much smaller than the scale of variation for the amplitude tif the wave front.

One may ask whether there will be other eight-derivative interactions which

will produce dispersion, and clearly the answer is yeso However, the three

interactions that- we have considered are represe'ltatives of three classes of

interactions, which produce the same leading order equations in the geometric

optics approximation. It is not difficult to verify that eqs. (2.28), (2.36) and

(2.39) are unique. For instance, there is only a single way to contract three

wave vectors and one field strength with a double derivative of the background



•
43

curvature tensor, and this ls the combination appearing in eq. (2.39). Thus,

leads to precisely eq. (2.39) as the (eading order equations of motion. The two

interactions, /5 and /~, differ by total derivatives, "nd also tcrms which do not

contribute to these (eading order contributions (i.e., they do not contribute to

the dispersion).

2.5.2 String effective action

In eqs. (2.34) and (2.40), we have found contributions tJ the dellection

angle of light rays, which depend on the square of the photon energy. This

behavior is tl>e same as that found for string theory by Mende. One may

then ask if interactions of the form discussed here appear amongst the higher

dimension interactions included in the low-energy effective string action.

There are two alternative approaches to build these low-energy actions.

The first method starts with a string theory in an external background[4, 35).

For example, in the case of the bosonic string, one works with the action (1.15)

(2.41)

The two-dimensional field theory based on the action (2.41) is called the non

linear u mode!. Classically, the action (2.41) is invariant under the Weyl

rescaling of t~e two-dimensional metric, hiW -+ A(u)hPv• To be consistent,

the u model as a quantum field theory should remain locally scale invariant.

This requirement is non-trivial and defines the low-energy string equation of

motion. Unfortunately, u model calculations involving background metric and

gauge fields have not been carrie-.: out to sufficient order to detect terrns of the

form suggested here.
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Alternatively, one can use string theory to compute the tree-Ievel scattering

amplitudes for the massless particles and then build an effective action which

reproduces the S-matrix[4, 36]. This method is similar to the method used

to find the QED effective action, presented in section 2.3.1. The calculation

can be done perturbatively in powers of o'p2, where p2 represents a typical

momentum from the scattering process. Interactions of the form (2.27), (2.35)

or (2.38) would contribute to a scattering amplitude of two photons and two

gra~itons - the contributi:m of ls to a two-photon and one-graviton ampli

tude vanishes on-shen. A sufficiently detailed study of the k. "-energy effective

action for hetcrotic strings has been made to detect terms of the form discussed

here[36], but unfortunately, one finds that these terms do not appear in this

action. This suggests that Mende's dispersive effect, which should be universal

to an string theories[16], must be produced by an interaction at an even higher

order in the 0' expansion (or the expansion in numbers of derivatives) than

considered in the present paper. So one would expect that the dependence on

the ladius of closest approach is even more dramatic than the ro6 appearing

in eq. (2.34). Additional Riemann tensors would also increase the power of the

central mass appearing in the dispersive contribution to the dellection angle.

If one considers studies of low-energy string actions, there is one eight

derivative interaction which is known to be universal to an string theories[37,

38]

((3)0'3 JD ( bic """". • 1 kl al' , b)16= 5121l' d xJ-g 2R"bklRj jLl.---'RJai + R.blclR;j Er' 'RJai

where ((s) is the Riemann zeta function. Wc have also indicated that this ef-

fective action is in D dimensions, since typically string theories are constructed

for D > 4. If the spacetime is then compactified down to four dimensions via

a Kaluza-Klein ansatz[39, 40], then new vector particles will appear in the
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effective theory arising from off-diagonal components oi the metric, which mix

the four-dimensional spacetime with the compact directions (e.g., g.s ~ A.).

The D-dimensional Einstein action provides the standard Maxwell action (2.1)

for these vectors upon compactification. Similarly one finds thal. upon com

pactification the above interaction yields interactions of the form of eqs. (2.27)

and (2.35) (e.g., using RScab ~ -kvcF.b + ... ). Therefore the above string

interaction produces dispersive propagation as described in our present anal

ysis for these Kaluza-Klein vector fields. The latter, of course, correspond to

particular modes in the string spectrum.

2.5.3 Magnitude of the dispersion

Fi!lally, we consider the magnitude of the deflection angles that we have

calculated. Ultimately, we expect that this dispersion would only be observable

in very exotic circumstances, but to begin let us evaluate eq. (2.40) with solar

parameters for which the leading order deflection angle of General Relativity is

given byeq. (2.13): 6.ifJ = 1.75". The length scale À is the microphysical scale

assoeiated with the processes that induce our effective interaction. Here, we

will choose the interaction scale to correspond to the Compton wavelength of

the electron (i.e., À = Àc ~ 2.4 X 10-12 m) as it wOl'.ld be if eq. (2.38) arose as

a higher order term in the derivative expansion of the one-Ioop effective action

for QED - c1early the effect will be more suppressed if wc choose a shorter

length sca!e, e.g., the Planck scale in".i: string effective action. In this case, it

is natural to choose the 'dimensionless coupling constant to be of the 'lrder of

the fine structure constant (i.e., f3 ~ a). With these choices, the dispersive

deflection angle for a photon with polarization tangent to the x-y plane grazing
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• over the limb of the sun (i.e., "0 ~ ï X 108 m) is given by

56.dJ [0-89
--' ~--6.d> - Xl

. ph
(2.42)

where Àph is the wavelength of the photon measured in angstroms. So the

visible spectrum ranging from four- to seven-thousand angstroms would be

spread over an angle of about 6 x [0-98 arcseconds. Clearlyas such, dispersive

propagation of light would be unobservable.

Now we also wish to consider situations in which the dispersion would be-

come more pronounced. If we consider eq. (2.34) or eq. (2.40) with ,\ and f3

fixed as above for the QED (i.e., À = À, and f3 ~ a), there are three op-

tions: increase the photon energy, decrease the radius of closest approach or

increase the central mass. With any of these options, we are limited by the

approximations entering into our calculations. The deflection of much higher

energy photons is certainly greater, but one must remember that the applica

bility of the effective action is limited to photon wavelengths greater than the

interaction scale À, which we are here considering to be the Compton wave-

length of the electron. Thus one could only consider photons up to the X-ray

portion of the spectrum. The deflection is also increased with a reduction in

the radius of closest approach ro. This radius would be minimized by con-

sidering a black hole for which one might achieve ro ~ M. ~uch a scenario,

though, runs into conflict with another approximation made in our scattering

angle calculations, namely Mir;; « 1. In principle, one could carry out those

calculations in more detail if one wished to consider Miro ~ 1. With this

choice then, one would actually want to decrease, rather than increase, the

mass, M. Here the limitation is the validity of the geometric optics approxi

mation, which requires thaf :,ne photon wavelength be much smaller than the

radius of curvature of the spacetime geometry.. In a Schwarzschild geometry
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then, one demands that ..\;h < rUM ~ M 2. Thus at least M must be greater

than ..\.. which was a lower bound on the photon wavelength. Certain!y, one

could imagine then that dramatic dispersion would be produced for X-rays

by a black hole of M ~ 1018g, for which the gravitational radius would be of

the order of the Compton wavelength of electron. lt seems, though, that such

an object (with M ~ 10-15 M0 ) and the dispersed X-rays are unlikely to be

observed. lt may also be interesting though to consider photon propagation

beyond the geometric optics approximation. lt may be that effective interac

tions of lower dimension than considered in section 3 couId produce dispersion

in situations with large and rapidly varying curvaturp.s, as could possibly be

created by gravitational collapse. ln conclusion, white the dispersive photon

propagation appearing in the present analysis in principle presents a violation

of the equivalence principle, it appears to be beyond the practical limits of

observation.
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Chapter 3

Statistical black hole entropy

The final part of our study of quantum gravity is concerned with black hole

entropy in the context of statistical physics. This entropy should be related

tG information stored inside the black hole horizon but its exact statistical

interpretation is still lacking. Previous calculations in statisticai mechanics

of black hole entropy produced divergent results[12, 13]. My :;oal is to relate

th€se divergences to the divergences that appear in the gravitational effective

action.

3.1 Black hole thermodynamics

3.1.1 Laws of blaclc hole dynamics

Intensive work on General Relativity and specifical1y on black holes in the

60's and 70's culminated in the four laws of black hole mechanics [9, 41].

48
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Starting with " the surface gravity" . the zeroth law states that the surface

gravity is constant over the horizon of a st:üionary black hole. The first law

is concerned with how the black hol.. mass changes when a smail stationary

a,xisymmetric change is made in the solution:

"JM = , G M + nJ.1 ,
tlrr

(3.1 )

wher.. M is the black hole mass, G is Newton 's constant, A is the black hole

area, n is the angular velocity and .1 is the angular momentum of the black

hole. The first law has the nice property of relating variations of quantities

measured at infinity (the mass, the angular momentum) to the variation of a

geometric property of the horizon (the area). The second law is known as the

area law [42]:

M>O,

namely, the area of a black hole never decreases in any physical process. Fi

nally, the third law states that it is impossible to achieve " =0 by a physical

process.

These laws are very similar to the ordinary laws of thermodynamics (sel'

table 3.1). The analog quantities are: E ++ M, work terms ++ no.1, T ++

al> and S ++ 1/(8rrGa)A, where a is a constant. In fact, the black hole

mass represents physically the total energy of the system and the term n0.1

corresponds to a work term for a rotating body. Bekenstein took seriously the

idea that black holes have an irttrinsic entropy given by Sb" = "'(A/I~ [10, 11),

where "'( is a constant and lp = ../GIi./c3 is the Planck length. He suggested

to replace the ordinary second law of thermodynamks by a generalized second

"The surface gravity tan be interpreted as the acceleration of a fiducial observer Dloving

just outside the horizon. A more precise definition appears in eq. (3.23).
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law

(3.3)

This is rnotivated by the following idea. Having fallcn through an event hori-

zon, a system cannot interaet with the outside universe. If a system with a

non-zero entropy is dropped into a black hole, the entropy is then unobservable

from the outside and so the entropy dccreases for that part of the universe.

However, because of the area theorelll, the area of the black hole increases at

the same time and one might expect the combination (3.3) increases for "1 of

the order of unity [10). At this stage, the physical interpretation breaks down

because classically the black hole absorbs everything and emits nothing. Hence

one must interpret its temperature as being exaetly zero.

Further insight came from Hawking who showed that a black hole emits

thermal radiation when one takes into account quantum field theory in the

black hole background[8). This discovery revealed that the laws of black holes

dynamics are probably just the ordinary laws of thermodynamics applied for

black holes. Hawking's result was that black holes emit thermal radiation with

Law Thermodynamics Black holes

Zeroth In thermal equilibrum, T is For stationary black hole, " is
.

constant throughout the body constant over the horizon

First oE = T oS + work terms OJ',,/ = 8:0 OA +n0.7

Second oS :::: 0 in any process oA :::: 0 in any process

Third Impossible to achieve T = 0 in Impossible to achieve " = 0 in

physkal process any process

Table 3.1: Analogy between thermodynamics and black hole dynamics.



(3.4)

•

•

51

temperature T = "/(21r). Taking eq. (3.1) as the ordinary tirst law, one then

obtains the Bekenstein-Hawking entropy

~ A A
~BH = 41~ = 4(; .

The generalized second law (3.3) should also hold for processes involving Hawk-

ing radiation. In that case, the energy needed to produce the radiation cornes

from the black hole mass which decreases and so the black hole area decreases

but the radiation emitted is thermal. Hence, the black hole entropy decreases

but the entropy of the surroundings increases at the same time [43, 44].

3.1.2 Euclidean methods

To go further in the l'.nderst.anding of black hole entropy, one needs to

consider the statistical mechanical origin of these thermodynamic relations.

For this, it is useful to introduce a partition funetion. For gravity, this step

was introduced by Gibbons and Hawking [45, 46] using Euc1idean methods.

In statistical physics, the starting point is the definition of a partition

function at temperature T = l/fJ

(3.5)
n

where il is the Hamiltonian. The I!~efulness of Euc1idean methods cornes

from the analogy between ordiuary field theory at zero temperature and finite

t"mperature field theory. In orôinary field theory, the amplitude for a con-
,

figuration 1/>1 at time tl to propag?te to a configuration 1/12 at time t2 can be

written in the Schrodinger pieture

<1/>2, t211/>1o tl> =< 1/>2Ie-ilÎ(12-1d ll/>l >

=! D[I/>] eiJ[<I>] ,
(3.6)
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where 1[6] 's the action. If we rotate the lime axis to imaginary time T = -il

and we pU'. 12 - II = -i,13, 62 = 6 1 = 6 then sum over a complete set of states

'"" 'I-Jill ' Z~ < 9n' <Pn >= ,
n

where we used eq. (3.5). From eq. (3.6), the nartition function has the path

integral representation

Z =1 D[d>] e- lsr4>i ,
pcriodic

with lE = -il the Euclidean action and the integral is over fields periodic in

imaginary time T with period f3.

TI) illustrate this approach for gravity, we introduce the Schwarzschild met

ric (2.11). (The same method can be used for other black hole solutions [45].)

with r. = 2GNI and dn2 = d02 + sin2 0 dt/J2. The Euclidean Schwarzschild

metric is found by setting T = -il

Using the change of coordinates x = 2r. JI - r./r, the metric becomes

ds2 = x2 (d
T)2 + (r:)2 dx2 +r2dn2 .

2Ts Ts

(3.7)

(3.8)

Near r = r., the x - T part of eq. (3.8) is like the origin of polar coordinates

if one identifies the coordinate T with period 41rT. = 21f/"t. With this choice,

the metric (3.8) is free of singularities for x ~ 0, 0 ~ T ~ f3. In the Euclidean

f'lrmalism, the periodicity in T refers to the inverse temperature of the system.

tFor Schwarzschild metric, ,,-1 = 2r••



• Therefore. th.. Euclidean formalism leads naturally to T = 0./"2;; for the black

hol.. ternperature.

The next step is to calculate the partition function

(3.9)

where cP represents some matter fields. One expects that the main contribution

to eq. (3.9) should corne ffC\rn metrics and fields which are near a metric go and

fields <Po which are solutions of the equations of motion. From this point of

view, one may expand the Euclidean action as a Taylor series in the fluctuation

fields 9.b and -;p

where g.b = gOab + {job. cP = "'0 + li> and /2 is quadratic in {job and li>. The linear

term is absent because the first derivative of the action yields t.he equations of

motion and the background fields are solutions of these equations of motion.

The free energy is

The first term is the contribution of the background to the free energy and the

second term is the one-Ioop contribution. As a first approximation, we keep

only the zero-loop contribution of the Schwarzschild ba,-kground with cPo = O.

The free energy reduces to the action of the background

(3.10)

•
The action for General Relativity in Euclidean space \s the Euclidean

Hilbert action

(3.11)
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wherl' Ris thl' cnrvatIl rl' scalar. This action contains tl'rms which arl' lill<'ar in

thl' sl'Cll!ld-ordl'r derivativl's of tll<' rnl'tric. To obtain Einst ..in cqllation from

l'q. (:1.11 J. the ult'tric aud the normal derivat ive of the mt't ric havl' to vanish

at the boundary. ln field theory, the condition on th., uorrnal dl'rivativc of

the metric is too strong to bl' implemented. The b.'st way to take carl' of this

problem is tt> add a surface terrn that will cancel the contribution coming from

the normal derivative al. the boundary. This surface term l'an be calculated

by taking variation of eq. (3.11) under variations of the metric g.b (sel' l'.g.,

ref. [4iJ)

The ~urface term comes from gaboR.b, which l'an be written ,\,ava , with

Using Gauss's theorem, one l'an write the surface term

where M is the manifold, na is the unit normal to the boundary âM and h

is the deterrninant of the induced metric hab on aM. Using g.b = ha~ -;. nalib,

we have on â.~

nava = nal" [V,,(ogabl - Va(ogbcl]

= nahbc[Vc(09abl - Va(ogbcl]

= _nahbcVa (ogbcl ,

where we use hbcVc(ogabl = 0 because hbcVc is the derivative along the bound

ary and ogab = 0 on the boundary. The right-hand side is related to the vari

ation of the trace of the extrinsic curvature of the boundary, K = Kaa =
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dI< = habd(Yanb)

= ~habgbd[Ya(dgcd) + Yc(d9ad) - Yd(d9ac)]nC

= ~hadnCYC (dgad) ,

where we used the symmetry of the induced metric hab = hba. Therefore, the

complete gravity action is

(3.12)

The extremization of Ig yields the Einstein equation when one imposes dgab = 0

at the boundary, without any conditions on the normal derivative of the metric.

This action is weil defined for spatially compact geometries but diverges for

non-compact ones. To define an action in the latter case, one must choose a

reference background go, which is a static solution to the field equations [48].

The physical action is then

This action is finite for a class of fields 9 which asymptotic;·lly approach go.

For asymptotically fiat spacetime, the appropriate background is fiat space,

with R =0, and Ip reduces to

(3.13)

where [(0 = [«77Gb), is the extrinsic curvature of the boundary when it is

embe':'led in fiat spacetime.

We are now ready to ca1culate the free energy for the Schwarzschild black

hole. For the Schwarzschild geometry, R = 0 and the free energy is given by

eq. (3.10)

(3.14)
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At this stage, we see that the surface ter~. :~ cssential, oth~;·.. ;.;c! he free en~rgy

would be zero and there would be no tl·ermoJynamics from this zero-ln,,!,

approximation. To ~valuatc eq. (3.14), we choo>c 52 i8I [O,,8J dS the boundary,

where 52 is a sphere with radius T»T,. The integra! of I{ is givcn b;; the

derivative of the surface as cach point of ô.VI is moved an equal distance along

n [45;, the outward unit normal to ÔJ\If

•

•

For a sphere, the unit normal n is along the T-axis

!- = (1 _r s ) 1/2 .!!-
ôn T ÔT

and the area is

r rf3 J ( T) I/,l (T )1/2
JOM d~x.Jh= Jo dT dflT

2
\1- ; = 4rr(3r

2
1-;

The integraJ of the extrinsic curvature (3.15) is given by

where we use eqs. (3.16) and (3.17). In the same way,

fa ( r )1/2 Ô
cfx .JhKo = 4rr(3 1 - ~ JL r 2

8..\;( r ur

(
r ) 1/2

= 4rr(3 1 - ; 2'T •

Using eqs. (3.18) and (3.19), the free energy is given by

1[3 (r )1/2]F = - 2G 2r - 2r• - 2r 1-;

r. (3------ 4G - 16rrG '

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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where we have used 13 = 4r.r•. Given the free energy, different therm~clynamic

quantities can be evaluated. By differentiating the free energy with respect to

13, one obtains the expectation value or the energy

& j3
<E>= &(3 (f3F) = 8'irG .

This confirrns the relation between the mass of the black hole and the inverse

temperature M =<E>= f3/(8r.G). One can also calculate the entropy

132 AS=a«E>-F) =-=-. 16lTG 4G

where A = 4lTT; is the area of the event horizon. The entropy and the tem

perature are exactly the same as was needed in section 3.l.! to identify the

laws of black hole dynamics with the laws l')f therrncdynamics applied to black

holes.

3.1.3 Thermodynamics for gE.neral theories

As described above, the relation found between black hole dynamics and

thermodynamics was shown for black hole solutions to General Relativity. The

final theory of quantum gravity is not known but it should lead at low energies

to a general cn-anant effective hction with higher curvature interactions. Such

effective act:':.:;s occur naturally in the context of renoi"malization of quantum

field theory in curved spacetime (see section 3.3 and ref. [49]) and in string

theory (see e.g., ref. [4]). in that case, one might ask: Does black hole ther

modynamics arise" as "'Poli or is it particular to General Relativity? This is an

important question tliat has stimulated a great deal of research recently. In our
.

study, it is important to know if black hole entropy is defined for more general

theories and if in particular the Bekenstein-Hawking formula is modified.
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In general, bla-:k holes do emit thermal radiations at a temperature T =
,,/(2.) because Hawking's result is a property of black hole solutions, inde

pendently of the field equations. Moreover, Wald [50) found a derivation of

the first law for general theories invariant under diffeomorphisms using a La

grangian method. His first law takes the same form as eq. (3.1) but the entropy

is modified. However the latter is given byan integration over a spaceIike cross

section of the event horizon of a function of local geometric quantities.

Before reviewing Wald's proof, we need to introduce some concepts of dif-

ferential geometry. An isometry is a change of coordinates x -t x' that leaves

the form of the metric gal> unchanged

(3.20)

In general, eq. (3.20) is a complicated restriction. To simpIify, one can look

at the special case of an infinitesimai transformation x'a = xa + Ex"(X) with

E « 1. Eq. (3.20) then reduces to

Xa;b + Xb;a = .1:)(gab = 0 , (3.21)

•

where .1:)( is the Lie derivative along the vector X (see, e.g., ref. (47)). This

equation is called the Killing equation and the vector Xa is called the Killing

field. In Wald's calculation, one takes also .1:)(1/1 = 0 for 1/1 the matter fields so

that the entire solution is invariant under the Killing f1ow. A spacetime is said

to be stationary if there exists a Killing field Xa which is timelike at infinity.

This Killing field generates a one-parameter group of isometries, whose orbits

are timelike curves. This group of isometries expresses the time translational

symmetry of the spacetime.

A horizon h+ is a Killing horizon if there exists a Killing field ea which is

normal to h+. In the context of General Relativity, there is a theorem that
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states that the event horizC'ns of any stationaty black hole are Killing horizons

[3]. If in such a stationary spacetime, the Killing field X· is not normal to

h +, then this theorem implies that Lhere exists another Killing field ~. which

is. It can be shi>wn also that a linear combination ,p. of e and x· has c10setl

orbits. Hence, stationary black holes for which X· # ~. are axis-symmetric.

One defines the angular velocity of the black hole n by

~. = X· + n,p· , (3.22)

•

where ,p. is normalized such that the orbits have period 2rr and x· is normalized

by imposing X·X. = -1 at infinity. With the Killing field ~., one defines the

surface gravity t;.

(3.23)

Using Einstein equations, one can show that if the generators of h+ are

geodesically complete in the past and if the surface gravity is non-zero, the

Killing horizon contains a two-dimensional spacelike cross section ~, called

the bifurcation surface, on which ~. vanishes [51]. Snch a horizon is called a

bifurcate horizon. The presence of such a bifurcation surface is a consequence

of the zerot.h law. If the surface gravity is constant on the horizon, then the

horizon must be a bifurcate Killing horizon or the surface gravity vanishes.

For more general thei>ry of gravity, there is no general proof of the zeroth

law but recentl~·.l.icz and Wald have given a proof with the condition that the

twist form field w. is zero at the hori?on [52], where w. - E.6ed~bVce and E.6ed

is thE' Levi-Civita tensor. As a corollary, the zeroth law holds for static black

holes and stationary axis-symmetric bla.ck holes possessing a t - tP refiection

isometry. These black holes have a Killing horizon that can be extended (if

necessary) to a bifurcate horizon.
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In the following, we review Wald's method[50J for general theories in four

dimensions. (The generalization ta other numbers of dimensions is trivial.)

Wald starts with a Lagrangian L(if') describillg a general theory invariant

under diffeomorphisms and built out from the metric and matter fields, collec

tiveiy namedr/;. It is useful 1.0 take the Lagrangian as a 4-form (for a review

of forms, see e.g., rer. [53]) instead of the usual scalar density. Under a general

field variation fJ1/1, the Lagrangian varies as

fJL = EfJr/; +de , (3.24)

where in the first term of the right-hand side, a summation over ail fields

(including contractions of tensor indices) is understood and E = 0 are the

equations of motion. If fJ,p is chosen as a symmetry of the Lagrangian (i.e.,

fJL = 0) then e is the corresponding Noether current 3-form, locally con

structed from or/; and fJ°,p. When the equations of motion are satisfied, the

Noether current is conserved, i.e., de = O.

Let 61/1 be a diffeomorphism transformation generated by a Killing vector

~., 61/1 = .1:(1/1. The Lagrangian variation is

where we use the formula for Lie derivative on differential forms

.I:(A=~.dA+d(~·A) . (3.25)

ln eli. (3.25), the "." denotes the inner product. In this case, the Lagrangian

variation does not vanish but it is a total derivativc. The action will be invari

ant if the fields satisfy appropriate boundary conditions.

One can build an improved Noether current 3-form J which is conserved
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when the equations of motion are satisfied

J=0-f,·L

dJ = 0 when E = o.

(3.26)

•

When E = 0, one can show that there exists a globally-defined 2-form Q [54]

such that the Noether current is given by J = dQ. Q is called the Noether

potential 2-form relative to f,". The integral of Q over a closed surface yields

the Noether charge Q relative to f,".

Now consider a stationary black hole with a bifurcate Killing horizon h+

and a bifurcation surface~. Choose f," to be the Killing field that vanishes

on ~ and is normalized as eq. (3.22). Then le1/; = O. Choose '\7" to be the

covariant derivative operator for this background. Let J.,p be a variation of

the dynamical fields away from the background solution 1/; such that J1/; is

an asymptotically fiat solution of the linearized equations. Then the Noether

current J changes as

5J=d(f,.0) ,

where we used eq. (3.24) and eq. (3.26) as weil as J:e1/; = O.

(3.27)

Because (1/; + J'I/-') is still a solution of the equations of motion, (jJ = dJQ.

To obtain thl~ first law, one integrates eq. (3.27) over e, a spatial thrce-surface

stretching f~om asymptotic infinity to an interior boundary at ~.

0= rd(JQ-f,·0)= r(JQ-f,.0)-1 (JQ-f,.0),Je J~ ~
(3.28)

•
where 00 is a 2-sphere at infinity. At infinity, it is naturai to assodate the

Noether charges associated with f," to conserved quantities in the manner of
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• refs. [55, 56J .

<lM = ( (JQ[xJ - \·0)
Joo

J:J = - L,îQ[4>] .

(3.29)

(3.30)

ln eq. (3.30), 4> . 0 = 0 because <pd is take:J 1,0 he tangent to the sphere at

infinity. Using eqs. (3.28), (3.29) and (3.3Ù) and the fact that ~d = 0 at the

bifurcate surface, one obtains

J rQ = JIV - flJ:J .
j.1J

(3.31 )

•

Q is a local functional of the local fields (the metrie and other matter fields),

and also of the Killing field ~. and its derivatives. Higher derivatives of ~.

may be eliminateJ using the identity for Killing fields V.Vb~c = -R.bcd~d,

leaving Q as a linear combination of ~. and V.~b' One cali eliminate ail the

dependence of the Killing field at the bifurcation surface 11 since there ~. = 0

and V.~b = ';;E.b, E.b being the binormal to 11. Thus on the bifurcate surface,

the Noether potential 2-form depends only on the local fields.

The first law is found by expressing Q as Q = dj [50], where Q is the

Noether potentia\ 2-form build from the Killing field ~. normalized to have

.mit surface gravity. Using this and eq. (3.31), one obtains the first law of

black hole dynamics for general theory invariant under diffeomorphisms

variations of geometric properties of the horizon.

Thus, the first law still relates variations of quantities measured at infinity to•

with

,;;
21l' oS = oM - flo:J ,

S = 21Tl Q.
13

(3.32)

(3.33)
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There are three kinds of ambiguities in the definition of the Noether po

tential 2-form. First, an exact form can be added to the Lagrangian. Second,

an exact form can be added to El in eq. (3.24). Finally, one can add a closed

form to the Noether potential. These ambiguities do not change the entropy

(3.33) for stationary black holes [5i). It can aiso be shown that for stationary

black holes, one can integrate over allY spacelike cross section of the horizon

and the entropy is still a local function of the metric and other matter fields

[5i).

To calculate the entropy for a generic theory invariant under diffeomor-

phisms, one needs to calculate the Noether potential. An inductive algorithm

has been given in ref. [54] and the enlropy has been calculated for a wide class

of thecries using Walcl's method [57, 58) and Euclidean method [59). For a

theory described by a Lagrangiar. scalar density L built out from the metric,

from m derlvatives of the Riemann tensor and from 1derivatives of the matter

field <p (with symmetrized derivatives)

the entropy is given by

where

gal> and Va are kept fixed and the integral is taken over any spacelike cross

section of the horizon.
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We finish this section by an example of the calculation of black hole entropy

for a theory described by the action

j .. r-:::f 1 ct.,:3 b , bed ]l = a'r V -; : --R+ -R- + -' Fr' Rob + -Fr' R obedL16roG 4rr 4" 4"

This action occurs in the context of renorlllalization of quantum fields in curved

spacetime (see section 3.3). The entropy is given by

Introduce a unit. timelike vector no and a unit spacelike vector vo, both normal

to the horizon with n . n = -l,v' v = 1 and n . ·v = O. The binormal is given

by €ob = noVb - nbvo and the entropy redl1ces to

(3.34)

in the normal subspace tn the cross section of the horizon. The first term in

(3.34) is the usual Bekenstein-Hawking formula and the second term is the

modification due to the higher-derivative interactions. It will be important to

take into account these modifications in black hole entropy when we consider

the statistical entropy.

3.2 Statistical entropy

The concept of black hole entropy described in the previous section is in

terms of thermodynamics. Black hole entropy cornes into play from the first

and the second laws of black hole dynamics and the analogy with ordinary

thermodynamics. One would also Iike to understand black hole entropy from

a statistical point of view. Despite a great deal of effort, this understanding is
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still incomplete. Various methods have been proposed to calculate the entropy

by sorne counting of microstates of the black hole system.

York considered a dynamical black hole with no external fields [60]. Because

of the fluctuations of the geometry, the black hole emits radiation. These

fluctuations induce a shift of the event horizon inside the static limit surface.

(We recall that the static limit surface is the surface where an observer cannot

be at rest and the event horizon is a null surface defined by the outermost

locus traced by outgoing photons that can never reach infinity.) The region

between the two surfaces is called the quantum ergosphere. York proposed

that the entropy is then given by the logarithm of the number of wars that the

quantum ergosphere can be excited during the black hole evaporation. This

model is unsatisfactory because it is non-local in time. The entropy depends

on the entire future evolution of the black hole.

In the membrane paradigm [61, 62], the entropy is hypothesized to be the

logarithm of the amount of information that one loses under the stretched

horizon. The entropy is located at the event horizon. Put differently, the en

tropy is the logarithm of the nurnber of quantum mechanically distinct ways to

generate the black hole total mass, angular momentum and charge by injecting

quanta.

A similar method was introduced by 't Hooft [12], where the entropy is

obtained by counting the number of states of a quantum field propagating just

outside the horizon of a fixed black holp. The model was initially defined in

four dimensions but it was generalized for other dimensions in ref. [63]. The

number of states a particle can occupY diverges at the horizon because of an

infinite blue shift factor. To avoid this problem, 't Hooft introduces a "brick

waU", where the field vanishes, at a coordinate distance h from the horizon.
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• The entropy found becomes

s-~
- 360h .

If one replaces the distance h by an invariant proper distance (

l '·+h l'·+h dr r--->(= ds= y'1_!>:::::2 v r.h,
~ ~ r

the entropy is

., l, r; j 1
~=-=---90(2 4 90rrl'! .

(3.35 )

•

•

The entropy is l'quai 1.0 the Bekenstein-Hawking entropy if one chooses l =

Ip /v90rr = y'G/(90rr). It is natural to take a cut-off of the order of the Planck

length. However, the entropy diverges if one allows the cut-off to vanish, i.e.,

l -+ O.

Another method to define statistical black hole entropy is the idea of entan

glement entropy [13,64]. In this approach, entropy is due to loss of information

in a region outside the observation. One can study this in fiat spacetime by

introducing an imaginary sphere n that mimics the black hole. One starts

with the ground state

where rPin and 4>001 represent. the degrees of freedom inside and outside the

sphere n, respectively. For a black hole, we cannot. observe the degrees of

freedom inside the event horizon and we must trace over these degrees of

freedom and build a density matrix

Alternatively. one can trace over thE' degrees of freedom outside n [65). The

results should be equivalent if one starts with a global pure state [13]. By
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diagonalizing the density matrix

! D[et>'] p[qi, et>']Jn[et>'] = Pnfn[et>] ,

one ean ealculate the entanglement entropy

s =- L Pn ln Pn .
n

(3.36)

The entropy (3.36) uiverges and one needs to introduee a eut-off. Rer. [13]

uses a lattiee and obtains for the entropy

r 2

S = 0.30 ~ ,
a

(3.37)

where a is the lattiee spacing. The entropy is proportional tf) the area and

if one takes the eut-off to be of the order of the Planck length, eq. (3.37) is

of the order of the Bekenstein-Hawking formula. The entangle!Ilent entropy

(3.36) has a thermal eharaeter, independent of the quantum field theory [66].

The latter implies that eq. (3.37) is equivalent to the entropy found using

't Hooft's bri::k wall model, although the actual divergent coefficient is scheme

dependent.

Instead of taking the eut-off to be orthe order of the Planck length, one can

interpret these entropy formulae as the one-loop correction to the Bekenstein-

Hawking formula [67, 68, 69]. In this sense, Susskind and Uglum suggested [67]

that the divergence in the entropy could be absorbed in the renormalization of

Newton's constant. This is an interesting suggestion because both divergences

are quadratic (for the divergence cf Newton's constant, see section 3.3).

ln the rest of this chapter, we are concerned with this suggestion. Because

the value of the divergent coefficient is scheme dependent, it is important to

do both calculations (the divergences in G and in S) with the same regulator.

With this concern, we willlirst use Pauli-Villars regularization in the calcula

tion of the divergences thlit appear in Newton's constant in section 3.3. Then
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we will use 't Hooft's method to calculate black hole entropy in section 3.4 but

we will replace his brick wall by the same Pauli-Villars regulator.

3.3 Renormalization of the effective action

The divergence of Newton's constant appears in the context of quantum

field theory in curved spacetime, where one considers quantum fields that prop

agate in a fixed curved background [49J. It is a semi-clas.<ical apprcximation to

the unknown theory of quantum gr<:.vity where the gravitational field is treated

classically and the matter fields quantum mechanically.

3.3.1 The effective action

To quantize the matter fields, one may use the path-integral formalism.

The starting point is the generating functional Z[JJ that gives the transition

amplitude from the initial vacuum 10, in > to the final vacuum 10, out> in the

presence of external sources J(x):

Z[J]=<O,outIO,in>J=! D[tP] exp [iI[tP]+i! cL4xJ(x)tP(X)] ,

where tP(x) represents collectively the matter fields and the metric and 1 is

the total action. The connected time-ordered Green funetions are obtained by

differentiation

. 1 â"lnZ[J] 1
< O,outIT(q,(xd" .q,(xn))IO,m >c= . 8J( ) 8J() ,

ln Xl··· Zn J=O

where T is the time-ordering operator. In lIat spacetime, Z[O] =<010> is a

constant that can be normalized to unity. However, particles can be created in

curved spacetime by the background gravitational field and 10, in >=1= 10, out>

in general, even without the external sources J(x).
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In the study of the divergence of Newton's constant, we may set J(x) = 0

and study the generating functionaI Z == Z[O] for a fixed background 9 and a

scalar field </>:

wherc I g is the gravity action and lm is the matter action. One defines the

effective action by

I.mg] = -i ln Z[g] = Ig[g] + W[g] •

where W[g] is the scalar effective action

(3.38)

(3.39)

The effective action represents the gravity action after taking into account

the contribution of the matter fields to the geometry. The gravity action is

modified. Let us illustrate this by choosing the Hilbert action as the gravity

action and neglecting the surface term

The equation of motion for the gravitational field is obtained by taking varia

tion of I.lf mth respect to the inverse metric gab

M.1f = °
=-l-fd"x.,;-g (Rab - ~gabR) ogab

16l1'G 2

+ 1. f D[</>] oIm e;rm{g,~Jogab .
<0, out10, m> ogaf>

The variation of the mati..::.r action yields the matter stress tensor Tab 

-A :~. Therefore, the equation of motion is

~ _ ~gabR = SlI'G. / D[</>] Tab eilm[g,~J
2 <0, outlO, m>

8 G <O,outITabIO,in> S G -"T'= li' = li' ,.ab>
<0, outlO, in>
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Hence, the variation of the effective action (3.38) leads to the semi-c1assical

Einstein equation, with the stress tensor replaced by its expectation value.

We want to calculate the scalar èffective action (3.39) for a single free scalar

particle described by the action

(3.40)

where m is the mass of the scalar particle. For the gravity action, one needs to

add to the Hibert action a cosmological constant and higher-order interactions

because these terms may be induced by the scalar effective acti::m W. Thus,

we start with the gravity action

19= f crx"f-g [-8~B + 16:CB+ ~;R2

+~~R.d ~;R'""'" R.baI + ...] , (3.41)

where AB is the cosmological constant, GB is Newton's constant and OB' f3a

and 1'B are dimensionless coupling constants. The subscript B indicates that

the quantities are bare ones that will be renormalized shortly. The ellipsis

indicates that the action may contain other higher-order interactions but only

the present terms will be of interest in the present calculation. The scalar field

effective action W is a gaussian integral that can be evaluated exactly

Using an integration by parts, the exponent can be written

-~f crxcrx' ..j-g(x)..j-g(x')rjJ(x)K(x,x')rjJ(x') ,

wherc K(x, x') is a symmetric operator

(3.43)

(3.44)
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The operator K(x, x') is the inverse of the Feynman Green fllnction CF. where

CF is defined by

(
") , S(x-x')

Oz-m" Cdx,x)=- .'
V-g(x)

(3.45)

•

Using eq. (3.43) and eq. (3.44) as weil as CF = K- 1• eq. (3.42) bacomes

IV = -ilnJD[,plexp{ -~Jtrxtry V-g(x)yC-g(y),p(X)K(X,y),p(y)}

i i
= - (det K)1/2 = -2' Trin (CF) . (3.46)

3. ).2 Asymptotic expansion of the Green function

The scalar effective action (3.46) is only a formai result. To obtain meaning

fui information, one needs to introduce a representation for the Green function.

ln fiat spacetime, the behavior of Green functions are studied using momentum

space techniques. In curved spacetime, the homogeneity required for a global

momentum space is lacking in general. However, it is possible to introduce

a local momentum space to study the ultraviolet behavior of Green functions

[70) using Riemann normal coordinates [71). Riemann normal coordinates are

valid in normal neighborhoods of the origin in which the geodesics from the

origin do not intersect. They should describe the ultraviolet regime because

the latter involves arbitrarily short distances scales.

Consider the Green function defined by eq. (3.45) and introduce Riemann

normal coordinates ya with origin at the point x'. One has [71)

1 / 1 / h
gab = 7I.b - "3Ra/hg y y9 - 6Ra/I>g;h y y9y

+ (-2~Ra/""'hi+ 42sR/a91R'hbi)y/y9iyi+ ... (3.47)
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lR ab lR abc
!J = l - 3" ab Y Y - 6" ab;cY Y Y

+ ClSRabRcd - 9l0RlabkR,cdk- ~OVdVcRab)Y·lycl+ .... (3.4S)

where the coefficients ~.re evaJuated at y = 0 and 'lab is the Minkowski metric.

Ali indices in the right-hand side of eqs. (3.47) and (3.48) are raised with the

Minkowski metric.

Olle may define

nates using eqs. (3.49) and (3.50) to obtain an equation for 9(k) that can be

where k· Y = T/abkaYb' With this, one can expand eq. (3.45) in normal coordi-

•

and its Fourier transform

9( ') - J d
4
k ik'Y9(k)X,x - (2rr)4€ ,

solved by iteration. This yields

9(k) ~ (k
2

+rn2t 1 + ~RW+m2)-2+ t2R;a8~a W+rn2)-2

+ ~a 8
2

(k2+ m 2)-2 + [2- R2 _ ~ab ] (k2 + m 2)-3
3 ab 8ka8kb 36 3 b ,

where

(3.49)

(3.50)

(3.51 )

3 R 1 R 1 R dR 1 R nde 1 nde/ R
aab = - 40 ;ab - 40 0 ab + 30 a db - 60 daebn~ - 60 n- a de/b,

and ~ means that this is an asymptotic expansion. The Green funetion (3.49)

corresponri :; to a time-ordered produet if one uses the usual replacement m2 -+

•
m2 - if. Substituting eq. (3.51) in (3.50), one obtains

9(X,X')~J(~~4eik'Y [ao(x,x
l
)+a1(x,x

l
) (-a:2)

+a2(x,x') (a:2) 2] k2 + ~2 _ic (3.52)
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where

ao(x, x') = 1

and, 1.0 fourth order in derivatives of the metric

( ') 1R 1 R • 1 • b
al x, x = 6 + 12 ·;.Y - '3aabY y ,

( ') 1 2 1 ba2 x,x = -2R - -a b .
1 3

(3.53a)

(3.53b)

(3.53c)

To evaluate the integral in eq. (3.52), il. is useflll 1.0 introduce the integral

representation

1 = i ["" ds e-ü(k'+m' - ••)
J,..2+ m2_i. Jo .

The int.:gral on d"k is th.m a gaussian integral. Il. can be evaluated 1.0 obtain

• S( ') i [i ds [. 2 oj' ] n( ")x,x = (4l1')2 0 (iS)2 exp -lm s - 2is l' X,X ilS , (3.54)

where u = ~y.y. is half the geodesic distanc~ between x and x' and m2 -t

m2 - ie is understood. To fourth order in derivatives ')f the metric

F(x, x'; is) = ao(x, x') + isa)(x,x' ) + (is?a2(x, x') . (3.55)

The Feynman Green function is found using eqs. (3.49) and (3.54)

G ( ') i.!l(x,x') [ ids [. 2 . Ul l'

F X,X = (41l')2 0 (iS)2 exp -lm s - 2is. F(x,x ilS) ,

where .!l(x, x') is the van Vleck determinant

.!l(x, x') = _ 1 det(-â.8"u(x.-;')] 1
J-g(x) . J-g(x')

(3.56)

•
which reduces 1.0 .!l(x,x') = l/J-g(x) in normal coordinates. The represen

tation (3.56) for the Green function was originally derived by DeWitt [72, 73]
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fo!lowing the work of Schwinger [74]. The representation is exact, but the func-

tion F(x, x'; is) is not known exactly. It can be expanded in an asymptotic

series
00

F(x, x'; is) = L an(x, x')(is)n .
n=O

The coefficients an (x, x') are given by recursion relations [75J.

3.3.3 DeWitt-Schwinger expansion

With the representation for the Green function CF(x, x'), we can find a

representation for the scalar effective action W[g). In eq. (3.46), CF can be

viewed as an operator acting in the space of vectors lx> such that CF(x, x') =

< xl CF lx' >. The vectors lx > are normalized by <xlx'>= S(x-x')/ .j::g(x)

and thi! trace of an operator 0 is given by• TrO = fcrx J-g(x) lim < xlOlx' >
.r-+z'

(3.57)

(3.58)

One may introduce the proper time representation of the Green funetion

CF(x,x') = K-1(x,x') = i 1"" dse-i.K(z,z') .

If one compares eq. (3.58) with eq. (3.56), one obtains

e-i.K(z.z') = -i~(x,x') exp [-im2s-.!!.-] F(x x"is)
16'lr2s2 2is" .

(3.59)

(3.60)

Then, assume that K has a small negative imaginary part (the -if) anà con

sider the integral

1"" ds -i.K E ('~K)-e = 1 lu ,
• s

for 0« 1. E1(x) is the exponential integral. For small values of the argument,

E1(x) has the expansion (see, e.g., ref. [76))

E1(x) = --y -In(x) +O(x) . (3.61)
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Take 8 -+ 0 and discard a metric independent infinite constant to obtain the

logarithm of t.he Green function

1 1"" ds . - ,InGF(x.x ) = -ln l\(x,x') = _e-uh(z.z) •
o S

(3.t\2)

where eqs. (3.60) and (3.61) have becn uscd. Substit'lte (3.59) in (3.62) to

obtain

1 G ( ') .tl(x,x') 1"" ds [ .., (7 ] , .n FX,X =-1 2 JCXp -;m-s--.-. F(X,X;IS).
1611' 0 S 21s

(3.63)

The DeWitt-Schwinger expansion of tl.e scalar t'lfedive action is found using

eqs. (3.Si) and (3.63) in (3.46)

l ! 1"" 1SW = --.-. cl'x J-g(x) lim --tl(x,x')
327T2 ,z'-.,,z 0 S"

x exp r-im2s -~] F(x,x';is) .
L 2lS

For x i x', the integral over s converges because for s -+ 0, the factor

-(7/s in the exponential plays the role of a damping factor and for s -+ 00,

the damping factor cornes from the replacement of m2 by m1 - if. Taking the

limit x' -+ x, and using the asymptotic expansion for F(x,x';is), the scalar

effective action is

W = -32~2! cl'x J-g(x) [~:e-im"f>n(x)(iSt,
o n=O

(3.64)

where an(x) = limz'-->z an(x,x') and tl(x,x) = 1. The integral over s diverges

for -n :5 2 !:-ecause therc is no damping factor for s -+ O. Therefore, one needs

to introduce a regulariz..tion to properly define W.

3.3.4 Regu1arization and renormalization

In the following, we are only interested in the divergent parts of W to see

how Newton'5 constant is renormalized. Therefore, we consider the three first
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tNtnS in the expansion of Ir

• 1 f'" ~1"" ds [ ()' "]Il''iv = -. ')_2 a.r V -9 Ci' ao.r + /sad.r) + (lsta2(.r)
J_11 0 ~

where the coefficients an(x) are ~ivl'n by

ao(x) = 1

1
al(x) = (iR

[bal lb 1 l,
a'l(x) = ISaR" R.b<.I- ISOR" R,b+ ao OR + i'l R-.

where we used eqs. (3.53).

(a.65a)

(3.!,,jb)

(3.65c)

•

The effective action may be regulated using many different methods [49J,

but in the present calculation we adopt a Pauli-Villars regularization scheme

[17, iS, mJ. In general, such a scheme involves the introduction of a number

of fictitious fields with very large masses set by sorne ultraviolet cut-off scale.

Sorne of these regulator fields are also quantized with the "wrong" statistics,

50 that their contributions in loops tend to cancel those of the remaining fields.

The number, statistics and masses of the regulator fields are chosen in order

to render ail of the ultraviolet divergences finite. The potentially divergent

terms are functions of the fictitious partiele masses. To avoid the production

of fictitious partieles and to remove the regularization, the masses are allowed

to go to infinity nt the end of the calculation.

ln the present four-climensional scalnr field theory, one introduces five

regulator fields: </>. and </>2, which are two anticommuting fields with mass

1nl,2 = J p.2 + 1n2; </>3 and </>4, which are two commuting fields with mass

1n3,4 = J3p.2 + m2; and </>5, which is an anticommuting field with mass ms =
J4p.2 + m2 • Tht, total action for the matter fieids is

• 5

lm = -~L!cl'x ';-g [gabVa</>iVb</>i +mfd>~] ,
1=0

(3.66)
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1/

where the original scalar is included as <1>0 = d> with mass mo = m. Now. each

fjeld makes a contribution to the effectiv,' action as discussed in section 3.3.3.

except that as a result of the anticommuting statistics for </Jt. 1>2 and cPs.

their contribution to the effective action has the opposite sign, i.e.. W(g) ::;

} TI 10g[Gr(g. mm. The divergent part of the scalar effective action is then

IIrdiv = -3.)1 2 !d:'x J - g r ~: [ao(x) +isa,(x) + (is)2a2(x)]
.. 'Ti Jo s

x [e- im'" _ 2e- i(p::l+m')s + 2e-\(3p'+m').s _ e- i(4pJ +m2).s]

= 32~2 ! d:'x J-g [-C ao(x) + B al (x) + AaAx)] .

(3.67)

In this expression. A. Band C are constants which d('pend on m and Il. and

which diverge for Il .~ 00:

Combining the scalar one-loop action with the original bare action in eq. (3.41),

we can identify the renormalized coupling constants in the e!l'ective gravita

tional action

1.ff = 19 + W

! [ 1 ( AB C ) R ( 1 B) R2 ( Il )= d:'xJ-g - 811 GB+ 411 + 1611 GB+ 1211 + 411 aB + 57611

+4~R.J,~ (.BB - 14~1I) + 4~R.bcd~ ('lB + 141011) +... ] , (3.69)
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where in this action. we discard the total derivative term 0 R occurring in a2'

In particular from eq. (:\.69), we obtain the renormalized Newton 's constant

lIB
-=-+-.
(;R C:H 12iT

(3.70)

In eq. (3.69), divergent renormalizations also occur for the cosmological con-

stant A. and the quadratic-curvature coupling constants a., 13. and , •.

AR A. C-=-+
GR G. 411'

A
,6R = ,6. - 144011'

A
a R =a. +=

<>1611'
fi'R = ,. + 144011' .

(3.ïla)

(3.71b)

•

•

For large values of p., the constants fi, Band C grow to leading order as

In(p./m), p.2 and p.4 respectively, but they alsu contain subleading and finite

contributions. The higher order bare coupling constants (beyond those explic

itly shown) would receive finite renormalizations from the finite terms in the

one-loop action (3.64), but they will play no role in the present analysis.

3.4 Renormalization of the entropy

In this section, we calculate statistical black hole entropy and we identify

the divergences with the di;ergences due to renormalization of Newton's con-

stant. To calculate the black hole entropy, we follow the work of 't Hooft [12),

but we replace his brick wall by a Pauli-Villars regularization. This method

calculates the entropy by counting the number of states of a scalar field prop

agating just outside a fixec! black hole horizon. We consider a Schwarzschild

black hole given by the metric (1.6)

2 ( ra) 2 ( ra)-I 2 2 2ds = - 1 - -:;: dt + 1 - -:;: dr +r dU .

In section 3.3, we saw that one has to introduce higher-oràer interactions

in the Lagrangian to be able to absorb the infinities that arise from the scalar



• dfective action. However, as seen in section 3.1.3. these higher-order interac-

tions modify the black hole entropy. From eq. (3.34), the modified entropy for

a Schwarzchild black hole is

JI f"" bcàSB = -C - "YB ri-.xv hR:' fabfcd,
4 'B

where wc use the fact that for Schwarzschild black holes, R = Rab = O. Also

the integration is uver •• spatial cross section of the event horizon r = r•. We

can introduce the unit timdike vector Ila and the unit vect.or t'a such that the

binormal fab is given by fab = Ilat'b-Ilbt'a' Using the symmetry of the Riemann

tensor, we obtain

where (0,1) correspond to the Lorentz coordinates ass" c;ated with (t, r) (see

appendi."< A). From results of appendi."< A, eq. (A.9) yields RO IOI = -r./r3
•

Therefore, the bare entropy is

JI
SB = 4G

B
+ 1611',B •

3.4.1 The density of states

(3.72)

We calculate the entropy in three steps. First, we obtain the density of

states. Then, we define the free energy of a canonical ensemble. We then

obtain the entropy by differentiation of the free energy.

In 't Hooft's method, one starts with the Klein-Gordon equation

(3.73)

where
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Expanding th~ fi~ld in splwrieal <"oordinates 0 = "iEI f( r )}i",(IJ. <:». the KI~in-

Gordon ~quat.ion b~eom~s

( r,)--,., 1 [.,( r,)O ] [l({ + 1),]1--;:- E-f(r)+r20, ,.- 1--;:- ',f(r) - r~ +m- f(r)=o.

(3.74)

This equat.ion can be solved in th~ WKB approximation, which is similar to

t.he geometric opties approximation used in chapt~r 2. In this approximation,

one sets f(r) = p(r)ciS1d , wher~ p(r) is a slowly varying amplitude and S(r)

is a rapidly varying phase. To leading order. the real part of eq. (3.74) yields

the radial wave number k( r, l, E) == o,S:

k(r, l. E) = (1 _.~) -1 [E2 _ (1 _ :~) (l(lr; 1) + m~)]1/2 , (3.75)

an~ the imaginary part yields a differential equation for the amplitute p(r)

that .::an be solved 'CO yield

.J(r) = ~ [E2 _ (1 _r; ) ( f((r~ 1) + m2 ) ] -I/·t ,

with e a constant of integration. Theamrlitude is finite at the horizon but

because of the infinite blue shift, the phase diverges at the horizon. To avoid

this, 't Hooft introduces a brick wall cut-off at a distanc~ h to the horizon

q,(x) =0 for:;; < r. + h , (3.76)

with h «·r•. To also rernove infrared divergences, en" puts the black hole in

a box such that at sorne large distance L, the field al~" vanishes

q,(x) = 0 for x;::: L .
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The radial modes number Il is found by counting the number of nodes in

the radial wave function

;;Il = r dr k( r, /', El .
lr.+h

To obtain the total number of modes with energy less than E, one sums over

the angular degeneracy of the radial modes

i L dr
g(E) == L(2t+ 1) -k(r,/',E).

1 r.+h ii"

If we replace the sum over l by an integral (which is a good approximation

because we are in the large quantum number regime) and we use eq. (3.ï5),

the number of states becomes

•
11 lL ( r)-Ig(E)=- dl(2t+l) dr 1-...!
rr .~+h r

[E
2 (1 r s ) (l(l+ 1) 2)] 1/2X 4 _. - - ') +ln ,

r r-
(3.ï7)

•

where the inter;ral o..~r l ranges for the values of l for which the square root

is real.

3.4.2 The free energy

We consider the free energy of a thermal ensemble of scalar particles with

an inverse temperatur~ f:J
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whprp fI: is thp cknsity of statps with PrINgy E. Intpgrating by parts and using

(''1. (;1.77) to dett'rrninp tlw ,knsity of states. Wt' obtain

F = _1"'" dE !liE)
ocdE - 1

1l X> if' l L
1f( -.1 r".. ,

= - ::dE dr (1 - -:- ) di( 2t + 1)
Il tJ l, - l r~ <1 h 1

X [E 2
- (1 - ~') C( Ir~ 1) + m

2
) t 2

Thp intpgration over f can bp evaluated to yield

.) 1"" lE l L
_., J .. '., _ l '} r",,"., r.,., -/ ..

r=-- dE . drr-(l-"':') [E---(l--)m-]
311" 0 e - l ,••h r r

where the remaining integrals are still taken for values where the square root

is real. To examine the divergences, we introduce a new variable. s = 1- r,lr.

The horizon corresponds to s = 0 and r -+ 00 corresponds to s = 1. In terms

of s, the free energy is

2r~ 1"" dE iL' ds [., ., ]3/2F = --' ---- E- - m-s
311" 0 eilE - 1 h' s2(1_ S)4

(3.78)

•

where L' = l-r.IL and h' = hl(r,+h) ~ hlr,. The necessity of the brick wall

cut-off is clear at this point sillce the integrand diverges with a double pole

at the l'vent horizon. Thus, for small values of s. we have Jh' dsls2 ~ -IIh',

which diverges as the brick wall is pulled back to the horizon, i.e., as h' -+ o.

The integrand also diverges as r -+ 00 i.e., s -+ 1. Taking s ~ L', the main

contribution in the infrared regime is

2L31"" dE [. 2] 3/2
FlR~-- E--m

971' eilE - 1m

This result is just the usual free energy of scalar particles propagating in fiat

spacetime and confined to a box of volume L3 , The subleading divergences are

modifications due to the curvature of spacetime.
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ln order to separale 1he two types of di,-ergt'nces_ W" writ" th" tirst factor

in th" int"grand as

(1 - 8)<

Because we are only inlerested wilh diwrgences thal come from Ihe horizon.

we drop the \"Dlume-dependent contribution which has no poles at the horizon.

and we take the limit of the infinite \"Dlume L -+ <Xl. The part of the free

energy that diverges at the horizon is

2r: 1'" dE 1\ .1+ 48 [2 2 ] 3{2Fuv = -- d~ E - m 8
3« 0 EdE - l h' 52

One can then integrate over 8 and E to find the brick wall regulated free

energy, which then yields the 't Hooft entropy (3.35).

Now, rather than considering a single scalar field, we repeat 't Hooft's

calculation for the Pauli-Villars regulated field theory introduced in eq. (3.66).

Each of the fields makes a contribution to the free energy as in eq. (3.iS), and

the total free energy becomes

3 5 \ .

Ë' = - 2r. ~ A-1"" dE 1d 1+ 4s [E2 _ 2] 3/2
3 ~ u, I3E 1 s 2 sm"

11"_ oe- h' s.=0
(3.i9)

•

where /),.0 = /),.3 = Ô< = +1 for the commuting fields, and /),.\ = /),.2 = /),.5 = -1

for the anticommuting fields. The free energy of the anticommuting regulator

fields cornes with a minus sign with respect to the commuting fields, as is

required since the role of these fields is to cancel contributions of very high

energy modes in the regulated theory. The integral is taken for the values of

E and s for which the square root is real. The exact domain of integration is

presented in fig. 3.1.

Consider the free energy Fi that cornes from the field tP. with mass mi. The
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Figure 3.1: Integration domain for the free energy.

integration over scan be evaluated to yield

F,. = _2r:D. i [ ~{(E2 - mW)S/2 _ (4 _3mf)
• 311" m,& e13E- 1 E2h' 2E2

x [~(E2 _ m2h'\3f2 + 2E2(E2 _ m2h')1/2 + E3ln E - ,jE2 - mfh'] }
3" • E+,jE2-mW

_ 2r:D.; 1'X> ~{(E2 - mf)S/2 _ (4 _3mf)
311" m, e13E- 1 E2 2E2

x [~(E2 _ mf)3/2 + 2E2(E2 _ m~)1/2 + E31n E - ,jE2 - m f ] } .
3 E+,jE2-m;

(3.80)

The second integral in eq. (:ï.llO) is independent of h' and therefore, it does not

diverge when one takes the Iimit h' -t O. It also becomes vanishingly smal\

for the Pauli-Villars fields in the limit Il -t O. Hence, we drop it. The first

integral has Iinear and logarithmic divergences, as h' -t O. To isolate the form

of the divergences, one may expand the integrand in a Laurent series around

h' = o.

F; = _ 2r:D.i L'X> dE [E3 _ (4 _3mf ) E31n m;h' + C)(h'O)] . (3.81)
311" m,& e13E - 1 h' 2E2 E2



:'\egkctin~ CJ(h"') contributions. one is frl'l' to intl'gratl' from () instl'ad ofintl'

grating from mm. without changing the di\"{'rgl'nt parts. Onl' l'an thl'n sum

o\"{'r t hl' scalar fidds. Thl' linl'ar di\"{'rgl'ncl' canct'is out bl'causl' L~=o ~i = O.

Th,' logarithmic di\"{'rgl'ncl' also cancl'Is out bl'causl' L~~o ~.mf = O. Therl'-

forl'. Wl' arl' frl'l' to rl'mo\"{' 't Hoof!"s brick wall by taking the limit h' -+ O.

Thl' sum o\"{'r i yidds tht' samt' rt'normalization constants introduct'd in

5 ")
Tll~

L~·ln E; = -.·1.
i::;:D

Nott' that tht' t'nt'rgy E drops out of tht'st' sums. Ht'nct'.

F = _ '2r: 1"" dE [~BE 4.4E3]
311" 0 eiJE: - l '2 +

[
- 8-

3
]3 Il "

= -r. 6{32 B + 45{34 A . (3.82)

We emphasize that eq. (3.82) neglects contributions to the integral which do

not diverge as J1- -+ 00.

3.4.3 Statistical black hole entropy

Given the free energy of the black hole system, the entropy may be calcu

lated using the standard formula

(3.83)

Choosing the inverse temperature f3 to correspond to the Hawking temperature

of a Schwarzchild black hole, we set

{3 = 4:rr. ,



• Ilpon which th~ ~ntropy (:1.8:1) \wcomes

, AB .-l
:J= --+-

·1 12.. !lO
(:\.8·1 )

where JI = 4..r. 2 is the surface area of the l'vent horizon. Thus we set' that th..

entropy contains the constants A and B. which givc precisely the dependence

on the regulator mass Il appearing in the renormalization of Newton's con-

stant and of the quadratic-curvature coupling constants. In fact we s~e that

eq. (3.84) can he interpreted as the one-Ioop correction to the bare entropy

(3.72). The total entropy is then the sum

where we have used eq. (3.70) for the renormalized Newton 's constant and

eq. (3.71b) for the coupling constant 1" Thus both terms in the scalar field

entropy (3.84) account for precisely the scalar one-loop renormalization of the

•

S'o'al = S8 + S

= ~ (~8 + 1:1r) + 161r (-Y8 + 14:01r)
A

=4G. + 161r1'. , (3.85)

•

full black hole entropy.

A priori, one might not have expected the Pauli-Villars scheme to regulate

't Hooft's entropy calculation at ail. In fact, though, not only do we find

that the Pauli-Villars scheme regulates the latt~r calculation, our results are

in complete agreement with the suggestion of Susskind and Uglum. The diver

gences appearing in 't Hooft's statistical-mechanica! calculation of b:lack hole

entropy are precisely the quantum field theory divergences associr.Lted with

the renormalization of the coupling constants appearing in the expressions of

the entropy. This identification includes both the divergent and finite con

tributions in the renormalization of the couplings, Gs and 'Ys. This precise

equality, including the finite terms, occurs because the combinations of masses
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')' ~,m"lnm" and ') ~,In rTl-,' ",risp naturalh' in hoth ca!culations. \Ve haH
~ 1 J o.....J ~

not considerf'd ht,rt, any of t Iw· rf>mainin~ t1nitf' contrihutions arisin~ in tht" fret'

prlPrgy (:~.'9). It should Iw possiblp to id,>ntify thp com>sponding contrihutions

to the black hole l'n!.ropy with tinite renorlllalizations of the higher curvature

tprms arising from finitp terms in the onp-Ioop action (:3.H4).

3.5 Discussion

ln this last section. we discuss our resliits and look for possible extensions

of the above calculations.

3.5.1 Definition of the density of states

We have defined the density of states of scalar fields by imposing a brick wall

near the horizon. We have then removed the brick wall or more specifically,

we have pulled back the brick wall to the horizon. The free energy has a

smooth limit in this process. It is implicit that there is still a brick wall,

but at the horizon. We still have to impose 4>( r = r.) = 0 to produce a

well-defined density of states. We assume that the results from this limiting

procedure coincide with those arising within the canonical quantization of the

Pauli-Villars regulated theory.

3.5.2 Robustness

One would like to know whether the present results hold for arbitrary field

theories coupied to gravity, rather than for just a minimally coupied scalar

field. One simple extension of our calculations would be to consider a non-
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minirnally couplcd scalar til'Id. l'hl' origina\rnalll'r action in 1''1. p.·IO) is lhl'n

[1 is wl'Il known [.l!)] lhal the additiona\ coup\ing oflhc scala. ficld 10 the curva-

turc modifil'S the adiabatic expansion coefficien~s in e'ls. (:l.li.'i). and therefore

it affects t hc renormalizations of the barc l'ollpling constants. For examp\c.

eq. (3.•0) for the renormalizcd Newton's c.>nstant is replaced by

On the other hand. if wc repeat the ca[culation of section 3.4 for the new scalar

field theory, we find that the resulting cntropy is completely lInchangcd. The

new cOllpling constant ~ enters the new equation of motion, (0_m2_~R),p = 0,

which replaces eq. (3.•3). The remainder of the calclllation is unmodified,

though, because R = 0 for the background Schwarzschild metric. Given that

Newton's constant is renormalized as in eq. (3.86), the entropy in eq. (3.84),

which is independent of ~, does not properly account for the renormali7.ation

of the Bekenstein-Hawking formula.

1'0 cure this, one probably has to take into account the degrees of freedom

at the horizon using the methods introduced by FlIrsaev and Solodukhin [80,

81,82]. We saw in eq. (3.8) that the Schwarzschild Eudidean action is similar

to polar eoordinates when one identifies the imaginary time T with a period

2rr/K. = f3H' Without this identification, there is a eonieal singularity at the

horizon and the eurvature sealar is not zero but it is given by

where aI; is a afunction normalized as
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and in~t"'~ration o\"er ~ j:-; ;11\ intl~qratioll o\"pr a spacl'Iikf' cross :-ll~rtion of the

horizon. To calndatf· tht' l'tltropy.olH' rH't'd~ tn take dt'ri\"atin's with rt'SPf'ct tn

j and tfwff·fon' ont' ha...., t:l ron~ldl'r tnt'trics \\"ith inVf'rSf' tf'mpt'ratun' slightly

diff"rt'llt lhall .in. Bp,·au:;.' Ih .. cun'aIUrt' is Zl'ro l'x...'pl at Ih., horizon for

ronÏ<"al m..lrics. il is plausihl.. lhat th., lll'I'd..d r..rlOrtnaiizatioll com.'s from

hehayior of tl1l' horizon.

ln our calculations. tilt' cOllical singularity dops not coml' into play because

the hrick wall fixes tbe scalar field away from th,' horizoll. To sl'e the conical

singularity. we may replace the conical metric with a rt'gularized metric and

consider 't Hooft's calculation in this background. This problem may also have

some relation with the definition of the density of states. i.e .. that we impose

ç(r = r.) = O. In any l'vent, these questions require further study.

One may also want to verify the calculations with fields of higher spins. For

this purpOSe, We need to solve the problem associated \Vith the non-minimal

coupling of the fields with the curvature because there is always such a cou

pling for fields with higher spins. For example, the Dirac equation in curved

spacetime is

(ir'Y, +m)'Ii = 0, (3.8ï)

where "Ii are the curved Dirac matrices. obeying hi. "Ii} = 2gii and Vi is the

covariant derivative for the spinor 1/J. Multiplying eq. (3.8ï) by (iriYi + ml,

one obtains

( -0 + m
2 + ~R) 1/J = 0 .

This is Klein-Gordon equation with ~ = 1/4. In the same way, Ma'<Well

equation in curved spacetime can be written

(DO> Rii)Ai = 0,
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wh",,' .-\1 is 1flP spin-ont' field .

3.5.3 Reissner-Nordstrôm background

Another plac" wh"r" on" may wanl to g"n"raliz" the pr"sent calculation is

10 do it in a dilf"r"nt background. In this sens". w" can consid"r our ca1cu-

lation in a Reissn"r-Nordstrom (RN) background. The background includes

a metric and a F( 1) gauge pot"ntial. Th"r"fore. the gravit)" action should be

supplemented with a Ma.xwell term and in general. additional higher-derivative

terms. like in chapter 2:

Despite introducing a background gauge field, we consider only a neutral scalar

field as above, and therefore, in the effective action, the gauge field interactions

are completely unaffected by the ~calar one-Ioop contributiol;s. (An obvious

extension of the present an..lysis would be to repeat the ca1culations for a

complex scalar field which couples to the gauge potentia!.)

The RN metric (1.9) can be written

2 ( r _) ( r +) 2 [( r -) ( r +)] -1 2 2 2ds = - 1--;- 1 --;- dt + 1 --;- 1--;- dr +r dO .

This black hole has an l'vent horizon at r+ = GM + ../02M2 - GQ2/(47r) and

an inner horizon at r_ = GM - ../02M2 - GQ2/(47r), where Q is the black

hole charge. In this background, the Ricci tensor is non-zero and the bare

entropy (3.34) is given by



. (3.89)

•

•

•

!1I

,\s Iwforp, introdu('ing th" unit timelike \'l'('tor Il,, and th" unit spa('e1ike \'Pel or

t~I1tropy is giVt'Il hy

A
S =,(;. - ,~;;u.j. + lli;;( 1 -:lu):. '

when' we Uset'"s, (:\.13) and (:\.lti) and u = r jr. = (;Q!j(·l;;r:).

Now. wc repeat 't Hooft', cakulation as dt's('rihed in section :1.4. Wc

consider a s('alar fidd. which satisfies the Klein-Gordon equation (:1.73) and

we introduce a hrick wall near the t'vent horizon hy ,cUing o(.r) = 0 for

r ~ r~ + h to define the density of states. Then. the radial Klein-Gordon

equation is solved within the \\iKB approximation and we ohtain the number

of modes with energ)' not excet'diug E:

g( E) = ; 1:+h dr [ ( 1 - r;) (1 - r;)] -1 Jdi (2i + 1)

x [E2 _ (1- rr-) (1- r;) (l(lr; 1) +m2)f2
One can introduce the free energy of a thermal ensemble of scalar particles at

inverse temperature [3

and introduce the same Pauli-Villars regularization as previously. Then, we

are free to remove 't Hooft's brick wall and the free energy becomes

- 2r~ [ dE iL' dsF---
- 311' 0 e13E -. 1 0 s2(1 - s)4(1 -u +Us)2

5
'\:"' 3/t
~ ~i [E2

- s(l- u + us)m:]
i==O

Now, integrating over sand E, we focus only on the divergent contributions

at the horizon and find

- 3 [11' 4~(2 - 3u) ]
F':::!. -r+ 6(1- u)[32 8 + 45(1- u)3[34,4
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where .-1 and B are the same constants given in eqs. (3.68). Thl' entropy is

then given by

, _ 3,JF _ J [ ;r B 16(2 - 3u);rJ ]
;)- --r + .\

83 ~ 3(I-u)3 45(I-u)J3J '
(3.90)

Choosing the inverse temperature ,3 to correspond to the Hawking temperature

of a non-extremal RN black hole, we set

upon which the entropy (3.90) becomes

, A B (2 - 3u)A.
:; = 412. + 180

(3.91 )

•
where A = 41rT; is the surface area of the l'vent horizon. Combining eq. (3.91)

and eq. (3.88), we obtain the total entropy

S'D.aI = ~ (~B + 1~"') -8l1"U ({jB - 14:0rr) + 16rr(1-2u) ( 1B + 14:0. )

A= 4GB + 8l1"U{jR + 16rr(1 - 2uhR ,

where eqs. (3.ilb) have been used. In this case, both terms in the scalar

entropy account for precisely the renorrnalization of the black hole entropy, in

cluding the contribution of the Ricci tensor squared in the bare entropy (3.88).

In the RN background, the divergences appearing in 't Hooft's statistical

mechanical calculation of black hole entropy are precisely the quantum field

theory divergences associated with the renorrnalization of the coupling con

stants appearing in the expressions of the entropy, including both the divergent

and finite contributions in the renorrnalization of the couplings, GB, {3B and

1'8. Thus the RN background allows for a more sensitive comparison between

the renorrnalization of the effective action and 't Hooft's entropy calculation

than the Schwarzschild background.



•

•

3.5.4 Extrema! Reissner-Nordstrom

It is not difficult to rt'peat our calculations for the case of an extremal RX

hlack hole with T~ = T_. ln this case. 't Hooft's brick wall cut-olf leads to

ill-defined results [8:1J. The prohlem is that th., coordinate cut-olf. h. cannot

he converted to a proper length cut-olf hecause any point which is a fixed

coordinate distance outside of the extremal horizon is in fact an infinite proper

distance from the horizon (on a constant time hypersurface). No such problem

arises with the covariant Pauli-Villars regulator. However, precisely at the

extremal limit li = 1. the structure of the smail s divergences in eq. (3.89)

changes. and hence we must re-evaluate the integral. Wc find that the divergent

part of the free energy is given by

and the entropy which follows is

3 [21l" 1611"3]
S... =T+ 3f3B + 9,133 .4 (3.92)

•

Here A and B are the same divergent coefficients (3.68) that appear in the

scalar one-loop action and in the non-extrema! entropy. Hence, with a covari

ant regulator, we find that the extremal entropy has no stronger divergences

than appear in the non-extremal case. In fact, the entire result has essentia!ly

the same fonn as the non-extremal entropy in eq. (3.90).

To proceed further, one must fix the inverse temperature in eq. (3.92).

Using the standard fonnula T = ,,-/(211") [8], one finds that the temperature is

zero since the surface gravity vanishes for the extrema! RN black hole. Thus,

the inverse temperature f3 diverges, and we find that Sezl vanishes. The same

result is round when using the brick wall regulator [83, 84]. This result is in

accord with the recent discovery [85, 86] that extrema1 black holes should have
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\'anishing entropy. since one tht'n expects that 1. ht' renormalization contribution

lIlust also vanish: sinct' tlll' valut' of t'ntropy is indept'ndent of the coupling

êonstants. the renormalized valut' of zero is st ill zero.

On the other hand, the recent investigations of extremal black holes [85. 86]

also suggest that an extremal black hole can be in equilibrium with a heat bath

of an arbitrary temperature. Hence, one might consider leaving the inverse

tempe,dture arbitrary in eq. (:3.92). In this case, one h,.;; the curious result that

S... appears to represent the renormalization of sorne finite entropy expression

for an extremal RN black hole. For example, the first term in eq. (3.92) would

represeut the renormalization of S = 4~ 8';•. Previous calculations have given

no indication that such an entrcpy arises for extremal black holes, and so one

may conclude that one must use {3 --7 00 in this case. Alternatively, it may

be that 't Hooft's model does not capture the full physics of extremal black

holes as for non-minimal couplings, and that the correct result should still be

S..I = 0 even with a nonvanishing temperature.

3.5.5 On-shell versus off-shell

Most of the discussions and derivations of black hole entropy focus on

black hole backgrounds which are solutions to the equations of motion. For

example, the method of Noether charge presented in section 3.1.3 calculates the

entropy using the equations of motion. In our method, we calculate the first

quantum correction to this entropy and therefore, it is an off-shell calculation.

We do not refer to any equations of motion for the backgrounds, even if the

backgrounds used may be solutions of the bare equations of motion. However,

we use the usual entropy expression (3.34) to assign a black hole entropy to the

backgrounds, within both bare and renormalized theories. Hence, we suppose
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That thi=-- ("ormula i;-; yalid ()!r-~..;Jlt'Il. Thi:-, i:, :'lIggt':-'lt'd in n>f. [:--i:?). wilt'rt, thf'."

d"tllonst rat." ('q. \ ;t:~·l) wit hOllt any n-fPrt'llci' 1Il ('{jUilt jOri:-' Ilf TIIot iOIl .
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Conclusion

In this thesis, we have considered quantum gravity from a semi-c1assicaI

point of view, where gravity is anaIysed c1assically and the matter fields quan

tum mechanically. With the smail size of the Planck length with respect to

other Iength scaIes of nature, the semi-c1assical treatment of gravity should

yield sensible resuIts, even if it is not the complete final theory of quantum

gravity. In this scheme, interesting results have emerged and especially one

finds that the equivaIence principle is vioIated and also that black holes can

be analysed in terms of thermodynamical quantities.

The Einstein equivalence principle states that ail Lorentz frames are equiv

aIent and there is no coupling between the matter fields and the Riemann

tensor. It implies that photons fall freely along null geodesics, independently

of their frll'-luency. We illustrate in section 2.3 with a review of the results of

ref. [14] I,hat this principle is violated when one considers interacting quan

tum field theory in curved spacetime. In particular, birefringence appears. In

section 2.4, we consider effective action for the electromagnetic field in curved

spacetime with higher-order interactions to obtain new effects. In this way,

96
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we are able to build three classes of eight-derivati\'e interactions that produce

energy-dependent light deflection. One class also produces birefringent prop

agation. The lirst important conclusion of this thesis is that it is possible to

produc~ energy-dependent deflection of light in the context of quantum field

theory in curved spacetime. Hence. the c1aim of ref. [16] saying that such

behavior would be a c1ear signature of string theory is false.

Having given the possible dispersive interactions, the next task would be

to calculate the one-!oop effective action for QED in curved spacetime up to

eight derivatives to see if these interactions are generated and if so, what their

actual coefficient is.

The magnitude of the dispersive deflection found is unmeasurably small

for the solar parameters which of course is no surprise. With the weakness

of the gravitational field, one cannot hope to observe quantum gravity effects

in the solar system. Like ail of the quantum gravity predictions, one would

need small black holes to observe the effect of dispersive propagation. In that

regime, our calculation is not directly applicable due to the approximations we

have used. However in principle, we should be able to do the calculation for

the strong-field regime as weil.

The second investigation in this thesis was concerned with the statistical

interpretation of black hole entropy. The thermodynamic interpretation of

black hole entropy is weil established. It cornes into play from the first law

and the second law of black hole dynamics and the entropy is proportionai to

the black hole area. However, the statistical interpretation remains unclear.

One problem tbat arises in this context is the appearance of divergences in the

entropy. Tbe understanding of these divergences is essential to make sense of

the statistical black hole elltropy calculation. The suggestion by ref. [67] tbat
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statistical black hole entropy should be viewed as the one-Ioop modification

to the Bekenstein-Hawking entropy SBII = A/(4G) is interesting. In this way,

the divergences may come from the renormalization of Newton's constant that

appears in the Bekenstein-Hawking formula.

With this in mind, the renorma!ization of the gravitational effective action

is presented in section 3.3. To regularize the calclllation, we introdllce a Pallli

Villars regularization. This rtogularization is manifestly covariant. To absorb

ail the infinities that arise at one-loop, one needs to introduce a bare action

with a cosmologicaI constant and with four-derivative interactions. As noted

by refs. [57, 58, 59], these higher-order interactions modi[y the black hole

entropy by a constant.

The statistical black hole entropy is calculated in section 3.4. We use the

method introdllced by ref. [12) but with an important modification. We replace

the brick wall regulator by the same Pauli-Villars reglliarization introduced

in section 3.4. In this way, the regulator is manifestly covariant and we can

compare directly the divergences appearing in the entropy with the divergences

of the effective action.

The second important conclusion of this thesis is that the divergences ap

pearing in the statisticaI entropy are the divergences needed to renormalize the

Newton's constant and the coupling constants of the higher-order interactions.

We have done the calculation for the Schwarzschild geometry in section 3.4 and

the calculation was generalized to Reissner-Nordstrom geometry in section 3.5.

ln the near future, 1 would like to generalize the calculation to non-min

imally coupled scalar fields and for fields of higher spin. For this purpose, it

is important to consider the degrees of freedom at the horizon. The methods

of the conicalsingularity introduced by refs. [80, 81, 82) might he usefuJ. One
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strategy would be to smear the horizon curvatllre over an extended region 50 its

effects could be felt at the brick wall, even when the latter is still away from the

horizon and then pull back the brick wall to the horizon after a Pauli-Villars

regularization. It might also be lIseflll to consider the effects on the density

of states arising from the horizon boundary condition which we impose on the

field.
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Appendix A

Calculation of the Riemann

tensor

In this appendix, we calculate the componcnts of the Riemann tensor for

the Schwarzschild geometry and for the Reissner-Nordstrom gcometry. We use

the method of the orthonormal frame (sec, c.g., refs. [17] or [47]).

A.t Spherical symmetric manifold

Consider a spherically symmetric manifold described by the metric

This metric is not the most general metric for spherical symmetric mani-

folds but it is general enough to describe both Schwarzschild and Reissner

Nordstrom geometries. We introduce the vierbein

el'a = diag(U, 1/U, r, rsin6)
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satisfying l/p"C PaC"b = gab. Thc greck letlers descrihe the orthonormal com-

ponents (0.1.2.3) and t.he roman leHers d,'scrihe the spacetilllP n>mponent.s

(1. r. O. 9). We also introduce the dual hasis BP
= '0",. dJ'a:

-0
B=F(r)dt

-( 1
B = --dr

U(r)
...2
B = rdO

-3
B = r sin 0 dd> .

With this basis, the metric reads

(A.2a)

(A.211)

(.-\.2c)

(A.2d)

•
The computation of the Riemann tensor is done in two steps. First. one

calculates the connection one-form wP" lIsing the Cartan torsion-free structure

equation

(A.3)

The conneetion one-form is related to the connection in the orthonormal frame

-.\
w

P
" = r~"B (A.4)

The condition that the covariant derivative is compatible with the metric (i. e.,

V.Yb< = 0) implies that the connection one-form is antisymmetric Wpv = -w"p.

For the metric (A.l), one obtains

-0
dB = U'(r) dr /\ dt

dB1
= 0

-2
dB = dr/\ dO

-3
dB = sinOdr /\ d4J + rcos OdO /\ d4J .



•
102

By comparing this result with eq. (A.3) and using the definition (:\.2) and the

antisymmetry of t.he connect.ion one-form. we obt.ain

WOI =W1o = U(r)U'(r)dt

W2 1 = -W12 = U(r)dO

WJl = _WIJ = U(r) sin Il d,p

3 2
W 2 = -w J = cos Il d,p .

(A.Sa)

(A.Sb)

(A.Sc)

(A.Sd)

For the second step of the calculation, one calculates the curvature two

form RI'v using the second Cartan structure equation

RI' -d " + " A P&1- W &1 W pl\W v. (A.6)

•
The Riemann tensor in local coordinates is rcadily obtained by using the iden-

tification

(A.i)

From eqs. (A.5), we calculate the curvature two-form

ROI = _(U/2 + UU")'/ A it

R d UU/O-O 0-2
2 = --- Ar

Rd UU/O-O 0-3
3 =--- Ar

R I UU/O-I 0-2
2= --- A

r

R
I _ UU/o-I 0-3

3 - --- A
r

R 2
3 = \(1- U2

){/ A{/ .
r

Using eq. (A.7), one obtains·

RO lOl = _(U'2 + UU")

° ° 1 1 UU'R 202 = R 303 = R 212 = R 313 = --r



The other non-zero cOlllponents are found using the syrnmetry of the Riemann

tensor

A.2 Schwarzchild geometry

(A.8)

For the Schwarzschild metric, one has U(r) = JI - 2a..~1 and the Riemann

tensor reads in local coordinates

(A.9a)

(A.9b)

Using eqs. (A.9), one rnay calculate the scalar

(A.10)

The Riemann tensor l'an be expressed in a useful way by introducing the

biveetor U~: = o~o~ - o~o::

RIWP" _ GM [ ,.p ~<r l'<r ~p] 3GM u."~uP" 3GM U"~UP"
- --- TJ TJ - TJ TJ - -- 01 01 +-- 23 23 •

~ ~ ~

This relation l'an be transformed in spacetime components with the help of

the vierbein

R"ba/ =l',.ae~bepce<rd R"~P"

_ GM [ ac bd ad he] 3GMuabucd 3GMu.abUcd- --- 9 9 - 9 9 - -- 01 01 +-- 23 23'
~ ~ ~

with

(A.ll)

(A.12)
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A.3 Reissner-Nordstrom geometry

The non-zero eomponents of the Riemann tensor for the Reissner-Nord-

strom metrie with

('( )_VI 2GM GQ2
IT_ ---+--.,

r 4jjr"

is given by. in loeal eomponents

(A.I3a)

(A.13b)

(A.13e)

The other non-zero eomponents are found IIsing the syrnmetry of the Riemann

tensor (A.8). The Riemann tensor ean be expressed as

~ = -(A - B) [gacg6d - godle] - (3A - 4B)l.io~U;t + (3A - 2B)U;;U;;

(A.14)

with

A=GM
r 3 '

GQ2
B=-44'

ll'r
(A.15)

The Rieci tensor can also be calculated. The non-zero components are

GQ2
Roo = -Ru = R22 = R33 = -- .

41l'r4

From eqs. (A.13), we can calculate the scalar

G2Q4
R:'"Rab = 4rr2r8 •

A.4 Derivatives of the Riemann tensor

(A.16)

(A.17)

)

In section 2.4.3, we need the second covariant derivative of the Riemann

tensor for the Schwarzschild geometry. In local frame, the first covariant deriva-
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ti\"e is given by

(:\.18)

The non-zl'ro componl'nts of thl' spin connl'ction arl' found using eqs. (A.4)

and (A.5)

r" _ ri _ GU ( _ 2GM) -1/2
01 - 00 - ') 1r- r

r 2 __fi _ ~ ( _ 2GM)
"1 - 'J') - l... .... r r

r 3 _ ri _ ~ (1 2GM)
JI - - 33 - ---

r r

3 2 coti!r 32 = -f33 = -- .
r

(A.19a)

(A.19b)

(A.19c)

(A.19d)

•

•

Thns, using eqs. (A.9) and (A.19), one obtains the non-zero components of the

covariant derivative of the Riemann tensor in local frame

(A.20a)

(A.20c)

The second covariant derivative may be calculated in the same way

From eqs. (A.20) and (A.19), the second covariant derivative can be found.

The result is a lengthy express.ion that we will not explicitly write.
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Geometrie opties approximation

in eurved spaeetime

In this appendi."l:, we present sorne resuIts of the geometrie opties approx

imation in General Relativity. More details cao be found in ref. [li). We

analyse the approximation in terms of the veetor potential. One ean easily

obtain the field strength from this analysis.

Consider the wavelength of the eleetromagnetie wave, >., as measured by

a typieal Lorentz frame. Let L be the typieal length over whieh the ampli

tude, poIarization and wavelength vary (like the radius of the wave front for

exemple). Consider also R the typieal radius of the eurvature of the spacetime

through whieh the waves propagate. Geometrie opties approximation is valid

when>' « R and >. « L. Then the waves are loeally plane waves propagating

through spaeetime of negligible eurvature.

The vector potential ean be written as the real part of the produet of

a slowly varying eompIex amplitude and a rapidIy varying real phase. If one

holds fixed the seale of the amplitude variation Land the seale of the spaeetime
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rurvatur.. R whil.. making th.. wavdt'ngt h shortt'r and ,hortt'r. t Ill' pha.,;.. will

mry more and lIlort' rapidly but th.. ampiitud.. can rt'main almost unchang..d.

Thus. one may write

(B.1 )

•

where the real part is understood. The coefficients b- ar:d c- art' post-geometric

optics corrections (which would be necessary to realize the full wavdike char-

acter of the solution. like diffraction and interference) aud E is a dummy ex-

pansion parameter that keeps track of how rapidly various terms change as

,\jL ~ O. with L the minimum of Land R.

We define the \Vave vector k. = v_8, the scalar amplitude a = (a.li")1/2

and the polarization vector ra = ,,-;a, where li" is the ccmplex conjugate of

the amplitude. Light rays are defined to be the curves x·(r) normal to the

surface of constant phase 8. Since k. = v.8 is normal to this surface, the

light rays are

Consider the source-free Maxwell equation (2.2)

If one introduces the vector potentiai defined by

•

one obtains the wave equation for the vector potential

-DA· + N'hAb = 0 .

We use also the Lorentz gauge condition

v·A =0.

(B.2)

(B.3)

(BA)
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To leading order. the field strength is given by

Ifwe insert eq. (B.1) in eq. (BA). we obtain

The leading order yields

(B.5)

or similarly

Hence the polarization vector is orthogonal to the wave vector. The post

geometric opties modifies the orthogonality between the amplitude and the

w!ive vector

Next, we insert eq. (B.I) in the wave equation

o= { [.!..k2 (aQ + ébQ + é2C
Q

) _ 2i k6'h(aQ + ébQ
)

ô2 é

- ~V·k (a
Q +éb

Q

) - Da
Q + R"6ab + C)(é)]} .

To leading order, one obtains

(B.6)

The wave vector is a null vllctor. To order lié, we have

(B.7)
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Thp ordf'r :_ù yields t hf' first po:,t -~f'omet ril" opt ie:"' mn<iilirat iOll

-21 ( '(·'T,.h" -'- ~(, . k 1h") - Da" + W,.a'· = () .

Th,> "'1S. (Rtl) and (B. ï). t og"t h,'r wil h "'1' (H.;') art' 1h.. hasis of th,' g,'ol1l"t.rie

oplies approximaI ion in cllrn'd span'tinlt'. 10'1, (B.tl) It'ads 10 th.. g,'odl'sic

,'quat.ion for tht' wan' ,·,'ctor (Sl'l' St'ction 2.1.1)

\Vriling a" = ara. ou.. l1lay ohtain propagation ..quations for a and ra s..p-

arately. Fsing eq. (B.ï), one obtains

2ak°\'..a:.~ k°\'(a2 ) = abk"\'oal' + ~k°\'..ab

l,
= -:;'.k(a·a + a·a) = -u-\'·k

Hence, the propagation eqllation for the amplitude is

For the wave vector, one obtains, using eqs. (B.7) and (B.8)

1
0= kOvo(af") + 2'(v. k) af" = akovo[b .

(B.8)

Thus, the polarization vector is parallel transported along the trajectory

kOvo[b = 0 . (B.9)

Therefore. if we impose the conditions k2 = 0, rl = 1 and k· f = 0 at one

point, they will he satisfied along the entire trajectory because from eqs. (B.6)

and (B.9) as both vectors are parallel transported along the trajectory.
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Null geodesics in spherical

symmetric geometry

In this appendix, we find the null geodesics of spherical symmetric space

time. They are used in chapter 2 to calculate light deflection in a gravitational

field. We use the methods presented in ref. [87].

In the geometric optics approximation, one obtains that light rays are null

geodesics satisfying k2 = 0, where ka = vae is the derivative of the wave

phase. For a general asymptotically fiat spherical spacetime described by the

metric

the iight-cone condition becomes

l (86)2 l (8e)2 l (86)2 l (86)2
- B(r) 7ft + A(r) Br + r2 8(J + r2sin2(J 8r/J =0.

(C.2)

We have assumed that the metric (C.I) is independent of t and r/J. These

isometries imply the existence of two Killing vectors ea = 6i and x" = 6;
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which give rise to two conserved qllantities

(C.3a)

(C.3b)

The quantity E has the physical interpretation of the total energy and the

quantity 1., the azimuthal angular momentum, as measured by a static observer

at infinity. Introducing eqs. (C.3), the light-cone condition becomes

(CA)

The geodesics can be found by solving eq. (CA) by a separation of variables.

Writing 8 = 8,(r) + 86(0), one can introduce a separation variable L such

•
that

(
a8)2 1.2_ + __ =L2

aa sin2 0
2_1_ (88) __1_E2 __ !:..

A(r) 8r B(r) - r2 '

(C.5a)

(C.5b)

The constant L has the physical interpretation of the total angular momentum,

as measured by a static observer at infinity. Using eqs. (C.5) and (C.3), one

obtains the equations of motion ki = xi = yiikj , where the dot represents

derivative with respect to an affine parameter.

• 1 Et=k =-
B(r)

[
E2 L2 ] 1/2

10 = k' =± A(r)B(r) - r2A(r)

1[ 12]1/2· 9 2 ,-
O=k =±- L ---

r 2 sin2 0

· 1.
I/J=k"'= .

r 2 sin2 0

(C.6a)

(C.6b)

(C.6c)

(C.6d)

The equations of motion (C.6) apply for any photon trajectories. We can

simplify the analysis by restricting the trajectory to the equatorial plane 0 =
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"/2. In that case the azimuthal angular momentum l'quaIs the total angular

momentum and we have k 9 = il = O. Therefore, the entire photon trajectory

lies in the equatorial plane. The trajectory can be specified by the impact

parameter b = LIE and the energy E. The photon momentum is then given

by

kt = EB(r)

[
1 b2 ] 1/2

k
r

= ±E A(r)B(r) - r2A(r)

k</>= Eb
2 •

r

(C.ïa)

(C.ïb)

(C.ïc)

The light defiection angle is found by integrating along the trajectory

f d<jJ f k</>f!.<jJ + 11" = dr - = dr -
dr kr

[
b [1 IJ ]1/2

= 2 ro dr r2 B(r)A(r) - r2A(r) ,

where ro is the distance of c10sest approach, where kr vanishes. Hence

2
2 ro

b = B(ro) .

Replacing b by ro, one obtains[28]

[ ]

1/2

f!.<jJ + 11" = 2100

dr A(r)
r r'.B(ro) 1

ro r.B(r) -

(C.8)

(C.9)

(C.lO)

For the special case of Schwarzschild metric; one has B(r) = A-1(r) =

(1- 2GM/r) and the defiection angle is

100 b [ ( 2GM) b2]-1/2
f!.<jJ+1I" =2 ro dr r 2 1- 1- -r- r 2 '

with

(
2GM)-1/2

b=ro 1--- .
ro

(C.11)
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