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ABSTRACT 

Ear oximetry is a technique used to determine the oxygen satura­

tion of arterial blood in the intact man bya measurement of the absorp­

tion of red and infrared light passing through the ear. The withdrawal 

of an arterial sample of blood is not required. 

A theoretical investigation has revealed some of the sources of 

error inherent in present earpiece optical arrangements which have 

limited the overall accuracy of the technique. These errors cannot 

be corrected for in practice but may be eliminated or minimized by 

improved earpiece construction. Several methods of evaluating the 

accuracy and reliability of both instantaneous and continuous absolute 

oxygen saturation measurements are suggested. 

An analog computer for use with an existing ear oximeter to permit 

the continuous recording of oxygen saturation is also described. 
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N<l1ENCLATURE 

Chapters 1 2 2, and 3 

Subscripts (except where indicated be1ow) 

i\ wavelength 

i infrared wavelength(s) 

r red wavelength(s) 

X oxygen saturation 

o fu1ly reduced (X • 0) hemog1obin or whole blood 

1 fu11y oxygenated (X • 1.0) hemog1obin or who1e blood 

Main Symbols 

À wavelength, in millimicrons (mf-) 

1 light intensity (watts/m2) 

10 incident light intensity (watts/m2) 

A area (cm2) 

E absorption coefficient of hemog1obin or whole blood 
(1itres/milli·mole/cm) 

C concentration (milli-moles/litre) 

d mean depth (cm) 

X relative oxygen saturation (by volume) 

~ }eartesian eo-ordinates (em) 

E photocell voltage output with low resistance load (volts) 

E0 photocell voltage due to incident light (volts) 

vi 



Main Symbols (cont.) 

G(~) relative spectral response of filter 

H(Â) relative spectral response of photocell 

J(Â,y,z) light intensity distribution (wattslm2/unit wavelength) 

J 0 ()..,y,z) incident light intensity distribution (watts/m2/m~) 

àx(y,z) deviation of total depth from the mean depth d (cm) 

A€<">-.> deviation of absorption coef~icient at wavelength ~ from 
that at a particular wavelength (litres/milli-mole/cm) 

vii 



CHAPTER I 

INTRODUCTION 

A knowledge of the per cent oxygen saturation of arterial 

blood in vivo is necessary in studies involving the circulatory system 

in man, as well as in other areas of medicine. Several methods are 

now available which enable this determination to be made to a reason­

able degree of accuracy. The principles involved are not new, the 

earliest use of colorimetrie techniques being made by Drabkin 2 * in 

1932. 

The most precise measurements of oxygen saturation are 

obtained by gasometric methods. The oxygen is chemically removed 

from the hemoglobin and is collected in gaseous form. The volume of 

gas is accurately measured and compared with that volume which the 

sample of blood would hold if it were lOO per cent saturated. This 

method is generally accepted as the standard today and is credited to 

Van Slyke and Neill 1 in 1924. 

Several disadvantages are inherent in the Van Slyke tech­

nique although the resulta can be exceedingly good. One is the 

necessity to withdraw an arterial &ample of blood which involves either 

an arterial puncture or catheterization of the heart. This procedure 

is time consuming and may be rather discomforting to the subject. The 

Van Slyke analysis itself, once the blood sample bas been obtained, 

· * Reference to bibliography 



requires about 20 minutes to one half hour to complete. 

In an attempt to develop new methode which are more suited 

for cl~nical use as well as research, many investigators have turned 

to the use of the principles of colorimetry. Blood, when fully oxy­

genated, is bright red in color and when fully reduced (zero oxygen 

saturation) is very dark. A measure of the "color" of the blood is 

thus related to the relAtive oxygen saturation. Millikan 6 in 1942 

developed an instrument using this principle to record continuously 

the oxygen saturation of blood in man. Others in succeeding years 

have expanded the method and improved its accuracy. 

1.1 Spectrophotometric Methode 

2 

Speétrophotometric etudies of blood can be made by considering 

a thin film (about 0.1 m.m.) suspended between two glass plates as illus­

tratéd in Fig. 1.1. Light of known wavelength and intensity is passed 

through the arrangement and a photoelectric cell is used to record the 

transmitted intensity. This arrangement is called a cuvette. With a 

knowledge of the light-absorbing properties of the blood in the cuvette 

it is possible to calculate the oxygen saturation of the sample from 

the light intensity measurements. A large number of experimente have 

been carried out by several investigators, mainly Drabkin, and have 

resulted in a sound basis for using colorimetrie methods to determine 

oxygen saturation. One of th- difficulties encountered is that measure­

ments on whole blood have been dependent upon the specifie instruments 

involved. Because whole blood is not a homogeneous light·absorbing 



Incident 
Light 

blood film (0.1 mm typ.) 

glass bolder 

Fig. 1.1 A Cuvette Arrangement. Light of known wave­
length and intensity is passed through 
a thin film of blood suspended between 
two glass plates. The photocell is used 
to measure the light intensity. 

substance, but cellular in nature, the light passing through the blood 

is scattered by the red blood cells (erythrocytes) to some degree 

3 

dependent upon instrument geometry and the initial scatter of the light 

source. Each instrument, therefore, must be individually calibrated 

against Van Slyke measurements. 

One of the disadvantages present in the above method is also 

inherent in the Van Slyke analysis -- namely the procurement of an 

arterial blood sample. The measurement time, however, is greatly de-

creased. Also determinations must be made at discrete time intervals 

unless the cuvette is attached to the circulatory system in such a 

manner that the flow of blood is continuous. 
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1.2 The Ear as a Cuvette 

To eliminate these inconveniences, the pinna or thin upper 

section of the human ear may be used as a crude cuvette. The blood is 

mainly arterial in this tissue when it is flushed, as very little oxygen 

exchange takes place. The advantages of such a system include no blood 

withdrawa1, rapid and continuous measurements along with no discomfort 

to the subject. Various exercising tests, etc., may then be carried 

out which are not possible with cuvette or Van Slyke analysis. The 

advantages offered by ear oximetry indicate that due consideration be 

given to this technique. 

The first instruments indicated only a relative measurement 

of oxygen'saturation and were described by Millikan 6 and Goldie 7 in 

1942. Other investigators produced instruments of similar design unti1 

1949 when Wood 16 used a slight1y different approach in exc1uding the 

blood from the ear by pressure to obtain an initial light intensity 

reading. This enabled an absolute measurement of oxygen saturation to 

be made. The accuracy and consistency in measurements are greater with 

the Wood type of oximeter. Sekelj 25, in 1951, considered that the ratio 

of the 1ight intensities transmitted through the ear tissue (excluding 

the blood) in the two light bands employed (red and infrared) was a con­

stant, invariant from ear to ear 44 Absolute oxygen saturation measure­

ments were then obtained without the necessity of excluding the blood 

from the ear, although a venous b1ood sample was required. Since the 

early 1950 1 s new developments have been mainly concerned with improving 

the quality of the measuring equipment. 
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1.3 Reflection Oximeters 

Reflection oximeters were first described by Brinkman and 

Zylstra 4 in 1938 as a method based on measurements of reflected light. 

The withdrawa1 of blood is sti11 required, a1though the quantity is less 

than that for either Van S1yke or cuvette measurements. Rodrigo 29 in 

1953 developed a theoretical treatment of the ref1ected light system 

and estimated that the errors involved were in the order of eight per 

cent. In recent years (1960-1962) reflection oximeters using glass 

fibre bund1es to carry the 1ight have been described 41, 47 Measure-

ments may be made in vivo, since the bundle of glass fibres is very 

sma11 in diameter and may be inserted into the circulatory system 

through a Cournand arterial needle or a catheter. Thus, more detai1ed 

circulatory studies may be obtained where an ear measurement would not 

suffice. 

1.4 Limitations in the Accuracy of Oximetry 

Since the early papers on the spectrophotometric measurement 

of oxygen saturation, many instruments of similar design have been built 

and evaluated by independent groups. Certain characteristic resu1ts 

appear to have been obtained in each case~ In cuvette oximetry there 

are errors which primarily arise from a combination of the instrument 

itself, and the failure of whole b1ood to behave like an ideal 1ight 

absorbing medium. For a specifie instrument, these errors may be mini­

mized by proper calibration. In ear oximetry additional errors are 

introduced due to a combination of the instrument and the nonuniformity 
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of the ear tissue including the distribution of arteries and veins, etc. 

Since each ear is different, the latter errors cannot be eliminated by 

calibration. They may, however, be minimized by the proper design of 

equipment. 

The results obtained from ear oximetry are less accurate than 

those from cuvette etudies, a Van Slyke analysis being used as the stan­

dard in each case. An error of t 5% in oxygen saturation from ear oxi­

metry is not uncommon and in some cases the errors can be higher. 

The main objective in the following chapters is a theoretical 

examination of some of the errors in oximetry and how to minimize them. 

The behavior of the measuring system itself in relation to accuracy is 

discussed along with some of the limitations in using the ear as a 

cuvette. 



CHAPTER II 

FUNDAMENTAL CONSIDERATIONS OF SPECTROPHOTOMETRIC 
MEASUREMENTS ON BLOOD AT DISCRETE WAVELENGTHS 

The analysis of narrowband or monochromatic measurements 

on:uniform films of blood is a special case of the general treatment 

developed in Chapter III. It is presented here as a summary of that 

theory found in the literature which is most often used as a basis 

for calculations in oximetry. This approach is extremely useful as 

it is applicable to practical cuvette measurements, and aids in the 

understanding of the technique as well as the errors and limitations 

of oximetry. 

2.1 Transmission of Light Through an Ideal Absorbing Medium 

The uniform cross-section of an ideal light-absorbing medium 

(Fig. 2.1) is subjected to a light source of wavelength X and intensity 

I
0

" (watts;m2 ) at its surface. At a thin section, dx, the light inten· 

sities are I,., and I,_ + di,_ as shown. 

The quantity of light absorbed by the section dx is given by: 

-di.,._ A : 1;.. Adx €.71. (2.1) 

where Ex is the coefficient of absorption (m-1) for that particular 

substance at wavelength À • An exponential variation of light intensity 

with depth resulte from the solution of the differentiai equation (2.1), 

i.e.: 

(2.2) 



Incident I 0 " 
Light 

Uniform 
cross-sec­
tional area 
A 

0 dx. 

0 

Fig. 2.1 Absorption of light by an ideal light 
absorbing medium. 

d 

This latter expression is known as the Bouguer-Lambert Law of Absorp-

ti on (1729) • 

2.2 Transmisaion of Light Through Hemolyzed Blood 

8 

Hemoglobin is the substance in red blood cells (erythrocytes) 

wbich givee them their characterietic red color and their oxygen-carrying 

capability. The degree of red coloration of a cell will depend on the 

fraction of the total hemoglobin that is oxygenated. Cells which are 

darker in color contain lese oxygen, i.e., oxygenated hemoglobin. 

Whole blood consiste mainly of plasma and erythrocytes which 

may be separated by centrifugation. When the red cells are suspended in 

distilled water they swell and burst due to osmosis and the hemoglobin 

solution inside is released. If necessary the cell debris may be removed 

by centrifugation. The.resulting hemoglobin solution is called hemolyzed 

blood. 
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Hemoglobin itself is a complex organic molecule with a mole-

cular weight of 66,800. lt has .been shown that a solution of hemoglobin 

oehaves as an ideal light-absorbing medium following Beer•s Law (Bouguer-

Lambert Law applied to solutions). Expressed quantitatively 

(2.3) 

w"ttere: 1
0

,._ and 1?.. are the incident and transmitted light intensities, 

.; respectively (watts/m2) 

d is the depth of the .solution (cm.) 

C is the concentration of the solution (milli-moles/litre) 

E. X).. is the absorption coefficient of pure hemoglobin and is a 

function of wavelength and oxygen saturation as indicated 

by the subscripts À and X. (litres/milli-mole/cm) 

Since a molecule of hemoglobin may be either oxygenated or reduced, it 

is possible and convenient to determine the absorption coefficients for 

these two states as a function of wavelength. This dependence is shown 

in Fig. 2.2. At 630 mf (millimicrons) there is a large difference in 

the absorption coefficients for oxygenated and reduced hemoglobin, while 

at 805 mf they are equal ( isobestic point). 

2.3 Transmission of Light Through Whole Blood 

The transmission of light through whole blood has been shown 

through cuvette studies 15 ho deviate somewhat from equation (2.3). 

These deviations are thought t;o arise primarily from the reflection and 



Absorption 
coefficient 

E.)(.?\ Oxygenated Hemoglobin (HbO) 

-~ 
Reduced Hemoglobin (Hb) 

\ 
\ 

1 \ 
';:-:------- ~ 

E ""' -1 '-L ----------.1- _.._ __ _........_~....,__.~ 
'"' - - - -:- - - - -.;..- -

__ ... 

805. ;.. 

10 

red infrared milli-
- microns (mf) 

Fig. 2.2 Absorption coefficient of oxygenated and 
reduced hemoglobin solutions as a 
function of wavelength (millimicrons), 
the concentration of the solution being 
constant. 

refraction of light passing through the cellular suspension. They are 

dependent upon the degree of scatter in the incident light as well as 

on the depth and particle concentration of the suspension. Thus the 

geometry of the cuvette and the rate of blood flow will have some 

effect on the behavior of the light transmission through whole blood, 

but for a fixed cuvette arrangement and constant flow these effects can 

easily be determined experimentally~ The reproducibility of results 

among cuvettes of similar design will no doubt_depend on the tolerances 

to which the instruments are matched. 

At small cuvette depths and/or erythrocyte concentrations 

light is reflected and refracted through the blood and consequently 



more light is passed through the suspension than is predicted from 

Beer's Law. At large depths and/Or concentrations the suspension 

behaves more like an ideal absorbing medium and the application of 

equation (2.3) becomes more valid. 

This suggests that Beer's Law be modified to some extent 

incorporating the deviations disc~ssed above. If the cuvette depth 

is denoted by d (cm) and the hemoglobin concentration (proportional 

to the erythrocyte concentrâtiOn} by C (milli-molestlitre), then we 
' .. 

may write 

11 

(2.4) 

as the modified form of equation (2.3). 

The expression f~(C,d,X) describes the behavior of the ab­

sorption coefficient for whole blood at wavelength À. as a function of 

concentration C, depth d, and oiygen saturation X. For hemolyzed 

blood f~(C,d,X) is equal to 1.0. We have used this form of correc-

tion on the absorption coefficient E;,.x as it allows us to express 

more easily the deviation of calculations on whole blood from those 

on hemolyzed blood. 

It should be noted that the scatter of the incident light, 

as well as the geometry of the cuvette and the blood flow, are included 

in f,._(C,d,X). Consequently fxCC,d,X) will not be unique but depen-

dent on the equipment used, and the correspondence among instruments 

of the same design could only be evaluated by experiment. 



2.4 Calculation of Relative Oxygen Saturation From Cuvette 
Measurements 

1. Hemolyzed Blood 

12 

Light intensity measurements are made at two discrete wave-

lengths; 630 mfl and 805m~ in the red and inftared bands respectively. 

Let the a~sorption coefficient in the infrared band be E. i (Fig. 2.2). 
..... ~. 

it -:,1.$" tl'ae same for oxygenated and reduced hemoglobin. The absorption 

coeff.:i.cients E. 1 r and E. 0 r in the red band are for oxygenated and 

reduced hemoglobin, respectively, 4à denoted by the subscripts 1 and 

_o. If a uniform cross-section of hemolyzed blood is considered, as 

i_llustrated in Fig. 2.3, the relative oxygEm saturation by volume, X, 
.• 
is given by 

(2.5} 

1oi ... t• 
" 

E.· 1. 
____...,Ii 

oxygenat~d .. 1 reduced 
hemoglobt,n 1 hemoglobin 

lor ... €1r 
1 

€o"' . ____...,.Ir 
1 
1 
1 

uniform glass Ld1 ~ d0~ cross- sec ti on 

Fig. 2 •. 3 Measurement of oxygen saturation in hemolyzed 
blood at two discrete wavelengths • 

:~-- . i 



where: d1 is the depth of oxygenated hemoglobin solution (cm) 
,. 

d
0 

is the depth of reduced hemoglobin solution (cm) 

d = d1 + d0 is the cuvette depth (cm) 

ln the infrared band equation (2.3) becomes 

and in the red band since the exponents are additive 

Taking logarithme of (2.6) and (2.7) we obtain 

and 

Eliminating the product dC from (2.8) and (2.9) yields 

thus 

ln Ir - ln lor = __ 1_ [< € _ €. ) x _ €. J 
ln Ii- ln loi E.i or lr or 

ln Ir -ln 10 r 

ln li - ln 10 i 

13 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

(2.11) 
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If readings of I 0 r and loi are made before the blood is inserted 

into the cuvette then X may ble evaluated provided the absorption co-

efficients are known. Alternately, since the relation of X with 

On Ir- ln lor )/On li- ln IQi) is a linear one, the constants may 

be determined empirically .from •'calibration curve using a gasometric 
. : , .r~, ; 

measurement for X as the standard. 

2. Whole Blood 

(2.11)· for calculating the dX.ygelt s.aturation of whole blood gives 

less accurate resulta than thos~ o~tained from hemolyzed blood. This 

is due to the absorption coefficients not being constant but rather 

functions of cuvette depth, blood cell concentration, and oxygen 

saturation. Since the deg;ee of interdependence of these three 

quantities is not yet fully knowri or understood, the superposition 

of exponents as in equation (2.7) cannot be assumed valid, although 

from experimental results the error should not be too great. Con-

sequently for an accurate description of the oxygen saturation of 

whole blood, equation (2.4) uust be used as a basis for any deriva-

tions. 

For a specifie cuve~t;~!&Trailgement of constant depth !the 
~;(:~· _<~-

the. ig~F&ted· wavelength is dependent on con-transmission of light at 
,, .. , 

centration only and is described by 

(2.12) 
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since the absorption coefficient is independent of oxygen saturation. 

Similarly the relation at a red wavelength becomes a function of con­

centration and oxygen saturation, viz: 

(2.13) 

We are required to know the concentration to evaluate both fi(C) and 

fr(C,X), and thus the use of two wavelengths to eliminate the depen­

dence of oxygen saturation on d and C is redundant. X may be found 

from (2.13) only. 

A choice of whether to use (2.13) or (2.11) with a correc­

tion factor can only be made once the functions fr_(C) and fr<C,X) 

are known. In a practical system the overa11 accuracy as well as cost 

and ease of operation will be factors in deciding upon a one or two 

wavelength measurement. 



CHAPTER Ill 

THE EFFECT OF BROADBAND MEASUREMENTS ON 
NON-UNIFORM BLOOD FIJ#S - AN IDEALIZED APPROACH 

The pinna, or thin upper section of the ear, may be con-

sidered as a crude cuvette. The blood is contained in the extensive 

vascular bed of small arteries, capillaries, and veins lying through-

out the ear tissue. That part· of the ear which does not con tain 

blood will be called the 11bloodless ear". For example, the ear would 

be considered bloodless if all the blood were replaced by a saline 

solution. This state can never be achieved in practice (in the human 

ear) but it is nevertheless a .useful concept. 

The blood contained in the flushed pinna is mainly arterial 

since there is little oxygen exchange with the ear tissue. If it were 

possible to make absolute light intensity measurements on the bloodless 

ear then the principles of a cuvette would apply directly and one might 

be able to consider equation (2.11) for calculation purposes. In 

practice such measurements are difficult ta achieve without intro-

ducing seme errer, since the blood must be excluded by pressure. 

Distortion of the bloodless ear' under pressure, as well as the fact 

that all the blood cannat be removed, will lead ta errors in the 

measurement of oxygen saturation. 

The problem of the bloodless ear is considered later. The 

analysis in this chapter will be concerned with the effect of non-

monochromatic measurements on the nan-uniform blood films which arise 
' 
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from the uneven distribution of b1ood vessels and the inhomogeneity 

of the ear tissue. 

3.1 Measuring Systems with Reference Co-ordinates 

In Chapter II we dealt with measurements at discrete wave-

1engths. Many of the instruments presently emp1oy broadband detecting 

deviees as they have an adyantage with respect to size, cost, and com-

plexity of equipment over narrowband systems. The simplest and most 

useful detector is a solid-state photocell with the output short cir-

cuit current directly proportional to the incident light intensity. 

A light filter with an appropriate passband is used in front of the 

photocell to select the required wavelengths. 

An illustration of a typical detector arrangement is shown 

in Fig. 3 .1. 

y 

Fil ter 

J(~,y,z) 

x 

Photocell of 
area A 

+ 
E 

Fig. 3.1 Typical photocell dete.ctor arrangement with 
incident light intensity distribution 
J(À,y,z). 
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Light of intensity distribution J(À,y,z) (watts;m2;unit wavelength) 

is incident on the filter-photocell combination. The load resistor R 

of the photocell is sufficiently small so that the output current of 

the cell is a linear function of the incident light intensity over 

the range considered. Thus the voltage E is also a linear function 

and may be evaluated from the expression (see Appendix 1) 

E : k J J G()'.) H("1\) J()'.,y,z) d~dA 
A i\ 

(3.1) 

where: G("1\.) is the relative response of the filter, assumed con-

stant over its surface, 

H("1\.) is the relative response of the photocell, assumed 

constant over its surface, 

J(X,y,z) is the incident light intensity .distribution, and 

k is a constant for the particular filter-photocell combina-

tion. 

The area integral is evaluated over the surface of the cell and the 

wavelength integral is evaluated over all wavelengths involved. It 

should be noted that the incident distribution J(). ,y ,z) is considered 

to be normal to the surfaces of the filter and photocell. If the 

light arrives at an angle then equation (3.1) may not directly apply. 

lt is possible, however, to minimize this in practice by the use of a 

suitablé light collimating arrangement. 

;~_ 
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3.2 Transmission of Light Through the Pinna 

The depth of blood through an element of cross-section area, 

dA, of the pinna will change with position (y,z) over the surface. 

If we assume that measurements can be made on the bloodless ear alone, 

then we may consider the depth of blood as removed from the ear since 

superposition of optical densities applies. Fig. 3.2 illustrates the 

depth distribution of blood over an area A of the pinna. 

L z x 

cross­
section 
area A 

Cartilage 

Bloodless 
ear Blood 

1 1 
Oxygenated 1 Redude 

1 1 
1 1 
1 1 
1 
1 

1 
1 
1 
1 

Ax(y ,z) ....__ 
1 
1 

: J("A,y,z) 
1 • 
1 
1 
1 
1 
1 

~+~ 
Fig. 3.2 Idealized Cross-Section of a Typical Pinna. 

Th' c!toss-section is in the y-z plane 
normal to the incident light. The depth 
of blQod is less in the area containing 
the é•rtilage. J 0 (X,y,z) is the light 
intensity distribution from the bloodless 
ear and J(À,y,z) is that for the complete 
cross-section (bloodless ear and blood). 

+ 
E 



The total depth is given by [ d + Ax(y ,z)] where d is the mean value 

of the total depth over the JU:ea A • The depths of oxygenated and 

reduced blood are expressed in the same manner as l d1 +A xl (y ,z)] 

and [ d0 + A.x0 (y,z)], respectively. lt may be shown that 

20 

(3.2) 

and 
(3.3) 

The voltage output of the photocell for the bloodless ear 

is expressed as 

E : k ( f G(À) H(Â) J 0 (X,y,z) dXdA 
o JA ~ . 

(3.4) 

and for the total cross-section including the blood as 

E: kt J>. G(Â.) H(À) J(À,y,z) df..dA (3.1) 

If we assume that Beer's Law.applies to the transmission of light 

through an element of area containing blood, dA, then it is possiblè 

to express J(À,y,z) in terms of J 0 (À,y,z), i.e. 

J(X,y,z) = J
0

().,y,z)exp [- E._'X(À) C {d +A x(y,z>} J (3.5) 

where €~(À) is the absorption coefficient of blood at saturation X 

and wavelength À • We have not included the effects of light scattering 
1 

since this behavior is probably not the same as that for cuvette studies 
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(equation (2 .4)). In the actual ear the blood vessels are "inter-

mixed11 with the tissue and the scattering of light may be difficult 

to evaluate. 

3.3 Evaluation of Relative Oxygen Saturation 

The most'gerteral case, that of two photocells sampling two 

different cross-sections of the ear in the red and infrared bands, 

...will be considered first. The subscripts i and r for infrared and 

red, respectively, will be used to denote which of the cross-sections 

.and photocells are being considered. For the outputs of the bloodless 

ear we have from equation (3.4): 

(3 .6) 

and 
(3.7) 

A combination of equations (3.1) and (3.5) will yield the outputs 

when the blood is included, viz 

(3.8) 

and 



22 

Er • kr L J..Gr(f,)Hr(},)J0/À,y·,~)eitp [-c te1 <'-> [d1r+ Ax1r(y,z>] 

' ~0 ().) [dor > àx0 r(y ,z>J}] dl\dA (3 .9) 

These expressions are a more general statement of Beer's 

Law and they reduce immediately. to the simplified forms in Chapter II 

when monochromatic wavelengths and uniform depths are considered. lt 

is obvious that in practice these equations cannot be evaluated, but 

it is possible to express the deviation of X as calculated from the 

general equations (3.8) and (3.9) from that value which would be 

determined if monochromatic wavelengths and uniform blood films were 

used. Although these deviations themselves cannot be evaluated, we 

are able::.t:lo see what form they take, and thus how to eliminate or 

minimize them. 

Consider first the absorption coefficients E1(À) and €
0

(À) 

for oxygenated and reduced blood respectively. These are shown as 

functions of wavelength in Fig. 3.3 and may be expressed as 

(3.10) 

and 
(3.11) 

It should be noted that € lr and €. or are the absorption coefficients 

at some monochromatic wavelertgth in the red band. The same holds true 

for €. i. We may now evaluate equation (3 .8) which becomes: 



Fig. 3.3 Absorption coefficients E 1 (~) and E
0

(À) for 

oxygenated and reduced blood respectively. 

They are expressed as 

El (11.) = €1r+à€lr(')..) = €.i +.&u (À) 

E.o(À) = E.or +A.Eor(}..) = E.:i +AEoi()\) 

À. (J\)1') 



+ LE~ +AEot,(~]L<!ot + A-:&Q\.l'j1"L)1)] dl\dA (J.l2) 

= et.p [- ce,(d,, + d..:)] fi., I L G,(>.) H,(., .. n,,('>.,~ .... ) •Xi> [- c 

The re fore 

(3.14) 

Where 

(3.15) 

Similarly for the red cross-section: 
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E.r ~ ~. l I Gr(-..) Hr(Â) 1or (Â,tj,Z.) e:>:-p [- C. ft. êor + l!.E 1r(Â)][d.,.+ À -:x."(~, ... )] 

+ [E.or + àe.or(>.) ][dor + b.'Xor(lj 11.)] 1] ct"~d A 

= ex.p [-c(e,.d, • ...e.,.d.,.)] i.r l \ Gr('ll) Hr(ll) 1.,.(-x,j,-..) e"'''. [-c Aj~ . 

The re fore 

(3.16) 

Where 

Rr = 

(3.17) 



Beer•s Law is now immediately recognized in equations (3.14) 

and (3.16) with the addition of terms Ri and ~ respectively. These 

modifying terms will be called the effective errors. 
.. 

They arise from 

the use of a broadband spectrum and non-uniform blood depth distribu-

tions. 

ln order to calculate oxygen saturation we need only con-

sider equations (3.14) and (3.16). Let the difference in the mean 

blood depths of the red and infrared cross- sections be à. d. Thus 

(3 .18) 

(3.19) 

and equation (3.14) becomes 

(3.20) 

From (3.16) we obtain 

(3.21) 

Eliminating dr from (3.20) and (3.21) and so1ving for X yields 

x = __ E....;o;;..;:r;___ (3.22) 

This relation for X should be compared with equation (2.11). Under 

conditions similar to those for which (2.11) was derived the effective 



errors in (3.22) reduce to zero. 

Since we are interested in evaluating the deviations due to 

the error terms from the ideal behavior of X at discrete wavelengths 

and uniform blood depths, we may write (3.22) in a more convenient 

form. Let us define 

(3.23) 

An alge~raic manipulation of (3.22) yields 

x = E. or Et . (1 + à.d)R - F(X) 
Eor - E.1r E.or - €.1r ëÇ 

(3.24) 

where 
E.i (1 + Ôd) lnRr .. (X - E.or ) lnR1 E.or - E..1r dr €or- E.lr 

F(X) : (3.25) 

C E.i dr (1 + Ad>_ lnR. cç 1 

From (3.24) we see that if we do not use discrete wavelengths, uniform 

blood depth distributions, or equal mean blood depths in the red and 

infrared sections, then X is described by the addition of two terms: 

(1 + Ad) and F(X) • These terms are impossible to evaluate in practi­
dr 

cal measurements on the ear. In cuvette measurements it should be 

theoretically possible to correct for these errors although highly 

impractical. The term F(X) is a function of oxygen saturation, not 
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only as indicated in (3.25) but also through Rr and R1 as will be 

shown in the next sections. 

3':4 The Effects of Practical Measurements on Qxygen Saturation 

Oxygen saturation, X, must be determined from readings made 

on the ear. These are E.r' Ei' E0i~ and Eor' which are incorporated 

into the parameter R in (3.23). The unwanted terme, (1 + À d) and 
dr 

F(X), constitute sources of errer from the commonly used expression 

(2.11). They are unwanted because they are impossible to correct 

for in practice. We can show, however, the effect of each of the 

sources of errer separately and also indicate methods of minimizing 

or eliminating them. 

1. Error from sampling two_different cross-sections 

One result of sampling through two different sections of the 

pinna in the red and infrared bands is immediately evident from (3.24). 

The relative errer âd/dr may be either positive or negative and will 

vary with position on the pinna as well as from ear to ear. It cannot 

be accounted for in practice but may easily be eliminated by sampling 

through the same cross-sectional area in the red and infrared bands. 

The qualitative effect is one of generating less confidence in lower 

values of oxygen saturation, giving rise to a larger spread in this 

area. This is illustrated in Fig. 3.4. This term also appears in 

F(X) but its actuel effect is difficult to interpret since F(X) depends 

on many ether factors. 
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x 
(True value) 

ERROR DUE TO DIFFERENT MEAN 
BLOOD DEFTHS IN THE RED AND 
INFRARED CROSS-SECTIONS 

1.0 

R = lnEr - lnE0 r 

lnE1 - lnE0 i 

Fig. 3.4 The variation of the true value of oxygen 
saturation X against the measured 
ratio:·; R • The difference in the mean 
blood depth in the red and infrared 
cross-sections gives rise.to a lack 
of confidence in R • The ·change in 
slope of (3 .26) is shown by the dotted 
lines. If the same cross-section is 
used for each band, then all calibra­
tion points should lie along the solid 
line (neglecting other sources of 
error). 

2. Error from non-uniform blood depth distributions 

The effects of Ri and Rr on oxygen saturation measure-

ments are difficult to interpret by inspection since the expressions 

are rather involved. By considering practical measurements made 
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through the same cross-sectional area A at appropriate nearly mono-

chromatic wavelengths in the red and infrared bands we may simplify 

the error term F(X} to include only the effects of non-uniform 

light intensities and blood depth distributions. For the infra-

red cross-section under these assumptions equation (3.15) reduces 

to 

(3.26} 

since by definition 

{3.27) 

(3.28) 

J
0
i(y,z) is the incident light intensity distribution on the blood over 

the sampled area A at the nearly monochromatic infrared wave.length 

( 805 mr ) . s imi lar ly the red term ( 3 .1 7) becomes 

(3.29) 

If both the effective errors R1 and Rr are equal to 1.0, 

then F(X) in the expression for X, (3.24), is zero and oxygen satura-

tion may be accurately determined from the measured ratib R • Thus 

Ri and Rr as given by equations (3 .26) and (3 .29) should l;'epresent 



the main sources of error under the above assumptions, provided, of 

course, that the initial readings on the blood film, E
0

r and E
01

, 

are accurately obtainable. ln fact E0 r and E01 will depend on 

the bloodless ear tissue itself and can only be obtained in a true 

sense by replacing the blood in the ear by a non-absorbing medium. 

Because the ear tissue {without blood) is nonhomogeneous it is 

difficult to assess the effect of the size of the sampled area 

on F(X) • However, by examining the very special case outlined 

below we may see qualitatively the behavior of the effective errors 

Ri and Rr and their relation to the size of the sampled area A • 

Let us consider the behavior of an ideal esr. We shall 
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assume that the bloodless ear is itself homogeneous and has through­

out the sampled volume a constant coefficient of absorption, o< , in 

the infrared band. Only the analysis for infrared wavelengths is 

attempted here as that for red wavelengths is similar. Further, 

let the total depth of the ear, de, be a constant independent of 

position (y ,z). This is illustrated in Fig. 3.5 A. Several regions 

with blood densities above and below the average value are shown 

(shaded areas). When the bloodless ear and the blood are considered 

separately (Fig. 3.5 B ), the total depth de through any element of 

cross-section must equal the sum of the depths of the bloodless ear 

tissue and the blood. To simplify the calculations we shall let 

the incident light intensity distribution on the ear, J~i , be a 

constant independent of wavelength and position. The depth of the 

bloodless ear is thus de - [d + À x(y ,z)J and from the law of light 



area A 

--- blood 
area A vessel 

1-4------1• ----'------ de ~J 
Fig. 3.5 A Cross-section of an ideal ear of uniform 

depth de in which the large shaded 
area represents a region containing 
less blood. The incident and trans­
mitted light intensity distributions 
are J~i and Ji(y,z) respectively in 

· the infrared band. 

absorption 
coeff. o<: 

de- [ d+~x(y ,z)] 

bloodless ear 

Joi(y,z) ... 
bsorptio 
coeff.€.i 

blood 

àx(y,z) 

Fig. 3.5 B Cross-section of Fig. 3.5 A separated into 
sections of bloodless ear and blood. 
The mean blood depth of the non-uniform 
blood depth distribution is denoted by 
d. 
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transmission applied to the bloodless ear we have 

Substituting (3.31) in the expression for Ri (3.26) yields 

exp[(o<- C€i)Âx(y,z)J dA 

_!_ r exp[o<Âx(y ,z)J dA 
AjA 
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(3 .30) 

(3.31) 

(3.32) 

and by considering the first three terms in the expansions for the 

exponentials in (3.32), the term Ri reduces to 

1 .. 

(3.33) 

since by defini ti on of the mean blood depth d , 

l Àx(y,z) dA = 0 (3 .34) 

The integrale in equation (3.33) describe the variance of 

the blood depth distribution over the sampled area A . This variance 

will always exist and will be different for each ear sampled. There-

fore Ri will always be different from 1.0 and consequently will con-

tribute an error, even for ideal ears, We observe that the larger 



the sampling area A , the smaller the spread in the variances over 

a large number of sampled ears, provided that the frequency distri~ 

bution of Â x(y ,z) over the area A is roughly the same for each 

ear. ln the case of ideal ears, then, a smaller spread in the 

effective error Rt would be expected over many subjects if the 

sampling area were made large. It should be noted that sampling 

a very small area would, as this area approached zero, make R1 

equal to 1.0 and thus eliminate completely the error discussed 

above. ln fact if the area sampled is sufficiently smaller than 

the smallest deviation of 1::::. x( y ,z) then R. should always be close 
1 

to 1.0. 

For real ears, r:l.. wi 11 vary throughout the ear although 

this variation will be minimized if the sampled area is small. 

lt also appears that since bloodless ears are nonhomogeneous the 

dominant error when large areas are sampled may be due to the 

bloodless ear rather than the blood depth distribution. In a 

practical system these effects can only be investigated by experi-

ments using different sampling areas. At this point no definite 

conclusion can be drawn, except that the optimum sampling area, 

if there is any, may depend on the actual instrument involved 

since the initial light intensity distribution on the ear will 

probably not be a constant, nor will be the response of the photo-

cell over its surface. Fig. 3.6 shows the effect these errors have 
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on the determination of oxygen saturation. For a true oxygen satura~ 

tian X there will be a lack of confidence in the abscissa of the 



x 
(True value 

...... . ...... 
......... 

........ 
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....... 
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......... 
....... 

........ 

ERROR DUE l'O NON-UNIFORM 
BLOOD DEPTH'DISTRIBUl'IONS 

-----=r ....... ....... 

1 ......... •1 ......... 
~ ........ 

1 1....... ....... 
1 

. ....... ....... 
1 ....... ~ 

1 
........ ........ 

1 ........ 
1 1 

1 1 
1 1 

F(X) 
R a lnEr " lnE0 r 

lnEi - lnE01 

Fig. 3.6 The true oxygen saturation X plotted 
against the ratio R •.. Er, Eor' 
Ei, and E01 ,are "measured" values. 
The· possible error in R due to non" 
uniform blood depth distributions is 
denoted by F(X). A resulting cali­
bration curve as shown above would 
have sorne uncertainty due to this 
effect as shown by the dotted lines. 

instrument calibration curve, and a quantitative estimation of 

these deviations can only be arrived at by experimental measure-

ments. 

3. Effects of non-monochromatic measurements 

An analysis of the effect of broadband measurements is 

possible if the depth distribution is constant. This is the case 

in cuvette measurements for which Àx
0

i (y ,z), À xli (y ,z), à x0 r(Y ,z), 
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~x1r<y,z) are each zero. Further, let us consider that the same 

cross-section is being sampled at each wavelength so that di = dr • d • 

Then equation (3.15) reduces to 

(3.35) 

_l f-.ci (À) Hi ( ).) J 01 C'-,y ,z) exp [-Cd ~ ~ E li('),) - 6 E01 ().~ X ~ 6 E01 (Â)}] d'MA 

- J A J~ G1 (Â) H1 ().) J 01 ('À,y ,z) dÎ\dA 

To further simplify (3.36) let us assume that J01 (~,y,z) has the same 

spectral distribution over the surface of the blood so that 

J
0

i (Î\,y,z) ,. j(?\) J(y,z) (3.37) 

where j(Â) is the relative spectral distribution. Since we are 

sampling the same area in each band then {3.37) applies equally well 

in the red. Thus for the infrared, equation (3.36) becomes 

and in the red band we similarly obtain 

L Gr(')..) H, (À) j (À) exp ~Cd~~{> € 1 /Î\) - AE0 r ( '1\l] 

(3 .39) 
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Also from (3.25) and (3.24) 

€.1 lnRr + (X - Eor ) lnRi 
F(X) = E.QI - Etr eax: - e1x: 

Cd€i - lnR1 

and 
x = Eor E.i R - F(X) 

e.or - elr eor - E.,1r 
(3. 41) 

If we now plot the true value of X against the measured ratio R 

we shall not obtain a linear relationship as (2.11~ indicates, but 

instead we must subtract F(X) from the intercept with'"the ordinate. 

This is illustrated in Fig. 3.7. As narrower bandwidths are used F(X) 

becomes smaller and smaller until at discrete wavelengths the straight 

line ·relation resulte. 

4. Behavior of Cumulative Errors 

The cumulative effect of the errors in the last three 

sections is difficult to evaluate in a quantitative sense. However, 

we may expect that from the result of many oxygen saturation measure-

ments the net behavior is some superposition of Figs. 3.4, 3.6 and 

3.7. In practice this has generally been the case. The relation 

for X vs. R is curved the curvature being less pronounced at 

narrowband measurements. More confidence is obtained for values 

of oxygen saturation near lOO per cent than near 60 per cent. In 

general there is a lack of confidence over the whole range of X , 

and some of the possible reasons for this have been outlined above. 

·. ··' 
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x 
(True 

value) 

ERROR DUE TO NON-MONOCHROMATIC . 
LIGHT MEASUREMENTS 

~ 
:.--... 

' ' ' ' '-.,.3 1 
' F(X) x _____ ----- 1 Straight Line 

1 '-....._ . ~ Relation (eq. 
: ~ (2.11)) 

1 ' 1 
1 
1 
1 
1 

R 

Actual expt. 
behavior (eq.(3.41)) 

Fig. 3. 7 The behavior of oxygen saturation X with 
the measured ratio R • The experi­
mental curve is shown as the solid 
line. lt is obtained by subtracting 
F(X) in equation (3.41) from the 
straight line relation of equation 
(2.11). 

Fig. 3.8 illustrates the typical spread predicted above and 

obtained over the years in the literature. 

3.5 Optimum Measuring System 

The analysis presented in the past sections concerna 

only ideal systems. Accurate cuvette measurements may approach 

this in practice -- certainly measurements on the ear do not. 

R 

However, we can do no better than measurements on an ideal system. 

The light scattering effects of blood and tissue, as well as the 

problem of the bloodless ear, will increase our lack of confidence 



x 

Fig. 3.8 Experimental behavior of X and R. This 
curve resulta from a superposition 
of Figs 3.4, 3.5 and 3.6. The dashed 
lines show roughly the e:x:tent of the 
lack of confidence in the relation. 
(Drawing not to scale.) 

in this method. 

Several things have become apparent, and are listed 

below: 

1. The only practical spectrophotometric relation which is 

useful in evaluating o:x:ygen saturation is R (eq. (3.23)). 

R 

2. Correction of the linear relation (2.11) for non-uniform 

blood depth distributions and broadband measurements is probably 

impossible. 

3. The error terms can be significant. For e:x:ample, at 

mono.chromatic wavelengths and uniform depth distributions, if 

Âd :: t • OS dr (this certainly is not unreasonable when sampling 

through two different cross-sections of many ears), we immediately 
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have a t 5% lack of confidence in R from equation (3 .24). 

4. For continuous computation of X a straight li~e relation 

. is destrable. 

S. It is impossible to clearly evaluate other potential 

sources of error, such as light scattering and the problem of the 

bloodless ear, until the above errors are minimized or, preferably, 

eliminated. 
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CHAPTER IV 

THE PROBLEM OF THE BLOODLESS EAR 

The analysis carried out in Chapters II and III has been 

based on the following fact: oxygen saturation can be determined 

from two measurements made with the photocell in the red and infra-

red bands, one before a film of blood has been introduced into the 

light path, and one after. The difficulty in using the ear as a 

cuvette is in obtaining true readings when the ear is "bloodless". 

These readings will always be in errer since the bloodless ear is 

distorted under pressure and all the blood cannet be removed by 

compression. We shall assume in this section for purposes of 

analyzing the bloodless ear that an instrument is available which 

eliminates or minimizes the errors discussed in Chapter III. 

Therefore, under these conditions oxygen saturation may be 

expressed as 

x = Eor lnE - lnE r or (4.1) 
E.or - €.1r €or - €.1 r ln.Ei - lnEoi 

providing Er, Ei, E0 r and E0 i are accurately measureable. 

4.1 Instantaneous Measurement of Oxygen Saturation 

By an instantaneous measurement of oxygen saturation we 

imply that the measurement is made sufficiently fast so that the 

arterial oxygen saturation do~s not have time to change. The problem 

of detecting and measuring changes in oxygen saturation on a continuous 
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time basis will be discussed in the next section. 

It is reasonable to assume that as the flushed ear is 

being compressed, distortion of the bloodless ear by pressure will 

be a minimum at small pressures. Thus we should expect that the 

film of blood displaced from the vessels in the ear at small 

pressures would provide a more accurate determination of oxygen 

saturation than that quantity of blood displaced when the ear is 

highly compressed. In fact it is possible to compute oxygen satura­

tion on a continuous basie as pressure is being applied by using the 

light measured on the uncompressed ear as an initial reading. At 

very low pressures the amount of blood displaced is small, and con­

sequently measurements would be more susceptible to error from 

instrument limitations. At high pressures the instrument errors 

are smaller, but distortion of the bloodless ear will predominate 

and cause an inaccurate determination of the ratio R . There is 

sorne range of pressure, then, for which we might expect the highest 

accuracy in the oxygen saturation measurement. This behavior is 

illustrated in Fig. 4.1. 

In the region of highest accuracy X should be reasonably 

independent of pressure. For experimental investigation purposes 

the curve of Fig. 4.1 may be~ computed with the ratio R (equation 

(3.23)) as the ordinate .. instead of X. If, during a test, it is 

possible to determine the region of highest accuracy with ease (i.e., 

visually), then this value of R may be associated with a simultane­

ously determined gasometric value of X to obtain a calibration eurve 



x 
as measured 
by eq. (4.1) 

gasometric 
value 

0 

Errors Region 
due 14- of best 
mainly toi accuracy 
instrumen~ 
limita- 1 tions 1 

1 
1 
1 
1 
1 
1 

--JJit 
1 
1 
1 
1 
1 
1 
1 
1 

Errors due mainly 
to distortion of 
bloodless ear 

Pressure P 
(mm. Hg) 

Fig. 4.1 Variation of measured oxygen saturation 
with pressure applied to the pinna. 
The initial readings in the red and 
infrared are determined at zero pressure. 
The Van S1yke determined value is a1so 
indicated and should coincide with that 
measured in the region of best accuracy. 

for the instrument. If, on the other band, there is no region of 

constant R that is well defined, other methods must be used to 

evaluate the optimum calibration curvet and also to determine that 
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pressure range at which the highest accuracy in measuring X is most 

likely. In any event the results of studying a large number of such 

test eurves should enlighten the knowledge of the effect of distor-

tion in the bloodless ear. 

For the case in which R is not reasonably constant over 

some range of pressure (this range of pressure should be reproducable 
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from ear to ear) we may proceed in the following manner to determine 

the optimum calibration curve. Suppose n experimenta are · performed 

in which curves of R vs. pressure as well as gasometric determina-

tions are obtained. For each value of pressure we may compute the 

scatter of the points about the line of best fit on a calibration 

plot of R vs. the gasometric value of X • If we now plot the scat ter 

against pressure we may arrive at that pressure range which is associated 

with the most probable value of oxygen saturation. 

In practical use the earpiece would be fitted to the ear, 

readings made in the red and infrared, pressure of a pre-determined 

magnitude applied and final readings made on the partially compressed 

ear. Oxygen saturation is then easily computed from (4.1) since the 

constants have been pre-determined through calibration curves. 

4.2 Continuous Measurement of Oxygen Saturation 

Continuous time measurements of oxygen saturation are 

always less accurate than instantaneous ones for the following 

reason. In an instantaneous measurement we considered a film of 

blood introduced into a beam of light. As long as light readings 

were made before and after the insertion, oxygen saturation could 

be calculated. If, however, the initial light reading changed 

while the blood film was being inserted, then the calculated value 

of X would be in error. This same situation will occur if con* 

' tinuous measurements are attempted. If the initial light reading 

is to remain unchanged it is required that a true reading on the 
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bloodless ear be obtained, since any blood present in the ear when 

the measurement is made may change in oxygen saturation at a later 

time and thus effectively alter the initial reading. 

The problem, then, becomes one of obtaining a suitable 

reading for the bloodless ear. lt is obvious that any investigation 

must be experimental for each individual will have ears somewhat 

different from the next. 

Let us consider a test which might aid in evaluating the 

readings taken on the fully compressed bloodless ear. Suppose that 

as the ear is being partially compressed we obtain an instantaneous 

measurement of oxygen saturation in accordance with the previous 

section. (We have assumed that the method outlined in section 4.1 

is satisfactory and yields re sul ts of acceptable accuracy.) Call 

this value x1 • The ear is now fully compressed and readings are 

made in the red and infrared on the distorted 11bloodless ear11 • The 

ear is allowed to become flushed once again and measurements are 

made on the complete cross-section including the blood. Let these 

latter readings be Erl and En • During this interval we assume 

that the value of the arterial oxygen saturation has not changed. 

Thus the best estimate of oxygen saturation is the instantaneous 

value, x1 , which is given by 

where c1 and c2 are constants (previously determined) and A and B 



are the true readings on the bloodless ear in the red and infrared, 

respectively, which may or may not correspond with the expeTimental 

values previously obtained. 

The oxygen saturation of the subject is now changed to 

a new value, x2 , determined by another instantaneous measurement 

when the ear is again compressed. As before 

lnE - lnA 
Xz = c 1 - c2 __ r~2;;,._ __ 

lnE12 - lnB 
(4.3) 

where Er2 and E12 are the readings in the red and infrared before 

the ear is compressed a second time. Assuming that the blood flow 

to the ear bas not· changed, th en E1 1 = E12 = E1 • Sol ving ( 4. 2) and 

(4.3) simultaneously for A and B yields 

A : (4.4) 

and 

(4.5) 

Thus the readings on the bloodless ear may be calculated if x1 and 

x2 are sufficiently accurate. These 11more accurate" bloodless ear 

readings may now be compared with the measured values obtained at 
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the start ot the test to see if there is any characteristic point 

in the pressure vs. photocell output curves which, over many subjects, 

gives the best estimate of the true bloodless ear readings. 

4.3 Experimental Evaluation 

It should be emphasized at this point that the preceding 

discussion is not necessarily directly applicable to the design or 

operation of practical measuring equipment, but serves only as a 

basis for evaluating the maximum absolute accuracy of the ear oximeter 

technique. The experimental data required may be conveniently ob-

tained from a small number of tests in the following manner. For 

each test curves are obtained in both the réd and infrared bands of 

photocell current (or voltage) against pressure, which may be con-

veniently displayed on a two-pen X -Y recorder. In each case the 

pressure would be run sufficiently high so that the ear is fully 

compressed and all the blood excluded, except for that amount which 

is trapped regardless of how high the pressure is raised. Along 

with each set of curves a gasometric measurement of oxygen satura-

tion would be obtained to serve as a standard for the test. 

For analysis purposes the curves may be described numeri-

cally in a point-by;point manner and a digital computer used to 

statistically evaluate the relation discussed in sections 4.1 and 

4.2. In this way the absolute accuracy of all phases of the tech-

nique may be investigated from a single set of curves for each 

test. 

,, 
,,,..,,·, 
"~' f (;;. 



The best form of oximeter for clinical use will no doubt 

depend on the experimental evaluation of various systems. Instan­

taneous measurements might employ an analog computer to obtain the 

oxygen saturation X and display it as a function of pressure on 

an X- Y recorder. This visual display would indicate any irregu~ 

larities in the determination and allow a better estimation of the 

true value of X from the "best estimate" section of the curve. 
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CHAPTER V 

MODIFICATION OF EXISTING OXIMETER 
FOR CONTINUOUS RECORDING 

An existing instrument for the measurement of oxygen 

saturation bas been described by Sekelj. The operation and theory 

of this instrument differ slightly from that previously discussed 

and have been fully outlined in the American Heart Journal and 

other publications. Only a brief summary of the system will be 

given here along with the resulting modifications. 

5.1 Existing Oximeter 

The system consiste of an earpiece, which contains the 

light source along with the appropriate filters and photocells, 

and electronic voltage amplifiera which provide sufficient gain 

to enable recordera and other instruments to be used. The ear-

piece itself is constructed so that different cross-sections of 

the ear are sampled in the red end infrared spectrums. Each cross· 

section is about 0.5 cm. in area. Gelatin filters are used in 

front of each iron-selenium photocell to select the proper light 

bands. 

The main difference in this method is the assumption 

that the ratio of the true bloodless ear readings in the red and 

infrared is a constant, i.e. invariant from ear to ear. Th us if 

the initial light intensity distributions incident on the ear are 

J~r(~,y,z) and J~i(~,y,z), and if we describe the bloodless ear 



as an ideal light absorber (i.e. homogeneous tissue) so that its 

absorption coefficients are o(r(À.,y,z) and o(i ()..,y,z), then the 

following ratio is assumed constant: ' i '., .... 

kr rA J .. Gr('>-.) Hr(;..) J~r(?\,y ,z) expto<r<'X,y ,z) xr<Y ,z)] dl\ dA 
J " • const. 

ki JA L..,Gi(f..) Hi(1-.)J~i<;..,y,z) expt«i(f..,y,z) xi(y,z>] d).dA 

(5.1) 

where xr(y,z) and xi (y,z) are the depths of the b1oodless ear 

in the red and infrared light paths respectively. Other parameters 

have been previously defined. If the absorption coefficients are 

functions of depth in the bioodless ear (as they probably are) 

the above relation must be modified accordingly. 

5.2 Quantitative Evaluation of OxYgen Saturation 

The expression for oxygen saturation is evaluated in 

much the same manner as that in Chapter II. The distributions 

with respect to wavelength and position are not considered~ We 

define the following: 

I 
r 

I rs 

E.lr 

the red photocell output of the bloodless ear. 

the infrared photocell output of the bloodless ear. 
(lt is not necessary to obtain these measurements 
if this method is employed.) 

the red photocell output of the flushed ear. 

the red photocell output of the fully saturated (X: 1.0) 
flushed ear. 

the infrared photocell output of the flushed ear. 

the absorption coefficient of fully saturated blood in 
the red band. 

the absorption coefficient of fully reduced blood in the 
red band. 
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éi the absorption coefficient of blood in the infrared band. 

the depth of fully oxygenated blood. 

the depth of fully reduced blood. 

the total depth of blood in the ear. 

X the oxygen saturation of the blood. 

.,. 

K the ratio of the bloodless ear photocell outputs in the 
red and infrared bands. This is considered a constant 
for a particular earpiece. 

The followingrelations must therefore apply (analogous to those 

in Chapt er I 1) : 

(5.2) 

(5.3) 

(5.4) 

d • dl+ do (5.5) 

x • dl (5.6) 
d 

K = lor (5.7) 
1oi 

The oxygen saturation may be algebraically determined from these 

relations, and is: 

X : 1 - do 
d 

X = 1 - ~i - Elr. lnlrs -lnlr 
€0 r - € 1r lnlrs - lni1 - lnK 

(5.8) 

(5.9) 

51 



An empirical relation has been found to exist between 

(5.10) 

where a and b are constants for a particular earpiece and H is 

the hemoglobin concentration of the blood under test (gm/100 ml.). 

The value of H is determined from a venous blood sample. A sim-

plification may be made since b is small and may be neglected. 

Thus (5~~0) becomes: 

(5 .11) 

Combining equations (5.9) and (5.11) and defining 

(5.12) 

and 
(5.13) 

yields 
x • 1 - c + C (ln Ir - ln li - lnK) 

ln aHL 
(5.14) 

K 

The experimental calibration curve arising from a plot 

of the gasometric determination, X, vs. the measured ratio 

(lnirs - lnit->1 Unira - lni1 . - lnK) re sul ts in a non-linear rela­

tion (Fig. 5.1). This may be approximated by a straight line with 

an ordinate intercept of X0 • Thus equation (5.14) must be modified 
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x 
(gaef>­
metric 
valuè) 

~ 
1.0 

0 

.... 

L~r~~ntal linear approximation 

relation 

lnlrs - lnir 
lnlrs - lnli - lnK 

Fig. 5.1 Linear Approximation to experimental 
oximeter calibration curve. 

to include X0 as the intercept rather than the theoretically 

calculated value of 1.0 in equation (5.9). This resul~s in 

where 

X = B + l CaHL (lnlr - lnli - lnK) 
n_ 

K 

B : X - C 
0 

(5.15) 

(5.16) 

The expression (5.15) for X is easily evaluated as 

follows: assume the constants B, C, a, and K have previously been 
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determined from the calibrati~n curves (Fig. 5.1 and equation (5.10)) 

and that H is known from a blood test. The earpiece is now placed 

on the subject 1 s ear and Ir and Ii are read. X is then calculated 



from (5.15). ·It should be noted that before the earpiece is 

placed on the ear the outputs of the photocells are adjusted to 

pre-determined values with a standardizing filter in place. The 

gains of the amplifiera must then remain constant throughout the 

experiment. 

Consider the amplification of the signals. Let 

and 

so that equation (5.14) becomes 

X = B + - lnEi - ln (K 2L ) J 
. ~ 

If the base of the logarithm is changed from e to b then 

and 

x = B + 

= B + 

where 

C ln b 
[ log bEr - logbEi - 1ogb ( K ~ ) J aH1 ·ln-

K 

A[»+ logbEr- logbEt] 

A = C ln b 
aH1 ln­

K 

(5.18) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 

(5.23) 
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and 
D = -1ogb (K~) 

J3 
(5.24) 

Equation (5.22) is now in a form convenient for electro-

nic analog computation and a block diagram of the setup is shown 

in Fig. 5.2. Three operational amplifiers and two logarithmic 

function generators are employed. 

Lr1 ......_ __ __. 1 

existing 
oximeter 

ampli fiers 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

1 

A 

Fig. 5.2 Block diagram of simple analog computer 
for oximeter. 

5.3 Logarithmic Function Generators 

A 

S1nce the accuracy of the computing system depends to 

a large extent on the log function generators these will be 
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discussed in detail. The most efficient use of equipment resulta 

if the log generators are employed at the outputs of the two ampli-

fiers in the red and infrared channels. A diode network is used 

as a voltage divider to approximate the function, as illustrated 

in Fig. 5.3. 

Fig. 5.3 Diode network used to obtain a piece­
wise linear approximation to a 
logarithmic curve. 

The first consideration is the choice of the logarith-

mie base b • Since the output voltage of the log network can 

never be greater than the input voltage the choice of b is res-

tricted. To improve accuracy we would, however, like the change 

in the output voltage to be as large as possible for a change in 

input voltage. Fig. 5.4 shows the log curve and its straight line 

approximation. 

The limiting value of b may be determined as follows: 

the log curve is described by 

y = 1ogb x (5.25) 
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y 

0 

:mx O<m<l.O 

x 

Fig. 5.4 Straight line approximation to curve 
y = 1ogb x. 

and the first straight line segment by 

A simultaneous solution for the tangent point P yields 

therefore 

mx = 1ogb x = ln x 
ln b 

ln b ln x = . ··.tlllC 

(5.26) 

(5.27) 

(5.28) 

At this tangent point the slopes of the curves must be equal, i.e. 

m • 1 -- (5.29) 
x ln b 

and thus 
ln b • ln x ln b (5.30) 
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for whieh x= 2.718 regardless of the base b. Thus if we restriet 

m to values 0 <m < 1.0 and eonsider m = 1.0 as a limiting value, 

b may be found from (5.28), vi• 

whieh gives 

ln b .. ln (2. 718) 
(1.0){2. 718) 

b = 1.445 

(5.31) 

(5.32) 

To inelude a safety factor for diode leakage b was ehosen as 1.5. 

The breakpoint eo-ordinates (xi,yi) were ehosen on an 

absolute error .basis and this is shown in Fig. 5.5 where ~y ii the 

error between the straight Une segment and the eurve ·ye = 1ogb x. 

x 

Fig. s.s Straight line approximation to logarithmie 
eurve sbowing the error of approxi­
mation. · 

The maximum. error is ~Ymax = E. We may write the equation for 

the straight line as 
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(5.33) 

and that for the curve as 

(5.34) 

= ln x (5.35) 

where 
f3 : ln b (5.36) 

Now 
À y = Yc - y (5.37) 

= lnx _ ~i - m(x - xi) 

13 
(5.38) 

Ô y is a maximum when 

d (Ày) 
= 0 (5.39) 

dx 

or 
x= _1_ (5.40) 

mp 

therefore 
= E = ln <mJ-> ~ yi - _!_ - mxi 

~ f3 
(5.41) 

so that 

(1+ REt ~yi) - ln(_l_) 
,.., ~rn 

(5.42) 

Si nee E = Yi+ 1 - Yc 1 
X = Xi+ 1 

(5.43) 



y 

i ~ 21 
0 0 0 
l. 3.2642 2.9377 
2 4.6800 3.8262 
3 6.7090 4. 714'• 
4 9.6179 5.6028 
5 13.7808 6~8 
6 19.7539 7.3778 
7 28.2878 8.2634 
8 40.5010 9.1486 
9 57.8687 10.0287 

10 82.6464 10.9077 

0 8 12 16 20 24 28 32 36 40 44 48 
x 



E ;o yi + m (xi + 1 - (5.44) 

we may solve for xi+ 1 to give 

(5.45) 

thus 
(5.46) 

A numerical solution for all breakpoints was obtained 

on an IBM 1410 digital computer using iterative techniques and 

equations (5.42), (5.45), and (5.46). The first breakpoint (x1 ,y1 ) 

is obtained by setting x1 :. Yi • 0, in which case 

m = 1 (5.47) 
~ exp {1 + f3 E) 

Fig. 5.6 shows the straight line approximation for the following 

values: b • 1.5, E = 0.02. 

The log network components are now obtained in the 

following manner. If we consider the ith section of the network 

shown in Fig. 5.3 we may express the parallel resistance looking 

back into the (i - 1) sections as 

(5.48) 

where 
(5.49) 
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The G's are the conductances of the resistive elements with the 

same subscripts. The slope of the tth section is given by 

mi = 
yi+ 1- yi 

(5.50) 
xi +1- xi 

= 
Ri1lR i 

R + RifRpi 
(5.51) 

Solving for Ri yields 

(5.52) 

thus if Rl' R2 •••• R1 _ 1 and mi are known~ R1 may be calculated. 

For the first section R
8 

is specified and R is determined from 

(5.53) 

The breakpoint voltages E1 are found from 

(5.54) 

where V is the approximate forward breakpoint voltage of the 

silicon diodes used. These calculations are convenient for pro-

cessing by digital computer. 

The network illustrated in Fig. 5.7 results when R
8 

= 1 

Megohm and V : 0.35 v. The breakpoints are those calculated and 
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Fig. 5.7 Logarithmic Function Generator. When properly aligned E0 • log1 •5Ei 
(2<Ei<lOO v.) to within an error of'! 0.02 v. in E0 • All 
resistors are ~ watt and the diodes are silicon. 
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shawn in Fig. 5.6. A step-by•step alignment is finally required 

to calibrate the log generator. 

5.4 Analysis of Computer Accuracy 

The overall accuracy of the computer is independant of 

the initial component tolerances once the log networks have been 

calibrated. Errors will arise due to changes in temperature, power 

supply voltage, amplifier drift, and any drift in the existing oxi­

meter associated with the earpiece. The high voltage power supply 

employed is rated at 300 v. t 0.033% at lOO ma. maximum and this 

.drift was considered sufficiently small to be neglected. For 

this reason the power supply was also used as a reference bias 

source for the diodes in the log network. 

A block schematic of the computer is shawn in Fig. 5.8. 

The input voltages from the existing oximeter are denoted by 

Ii+ Ali and Ir +Air, where 6I1 and 6Ir are the drift errors 

associated with the oximeter. If we let the long term operational 

amplifier drifts referred to the input be ba volts, and the error 

associated with the log networks be bL volts, the output of the 

computer is 

x= B+ A~+ log1 •5 {o((Ir+ Alr)+o<.Sa} +~L 
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- logl.S {peri+ A Ii)+ f>baJ +bt] (5.55) 

Also since Er =oC. Ir and E1 = p I 1 we have from (5 .55) 



1 
>-...__---1 1os1. 51---.....l\.rv1v.,..-..., 

+ 300 v. 

A 

x 

1 

logl.S. t 
~1ogl.5 t c<.(Ir+Alr)+o(~a} + bL 

Fig. 5.8 Bloek schematic.of computer showing 
the accumulation of errors. 

(5.56) 

where the error 'in oxygen saturation is <ô , which for the worst 

case (all errors additive) is less than 

(5.57) 
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The first two terms refer to the error due only to the computer 

itself. The worst case occurs for the following values: 

Thus 

A : 0.4 

bL : 0.02 v. 

oC. = /!> = 100 

Er : E1• 5 v. (5.58) 

(5.59) 

(5.60) 

The maximum error for the computer is thus less than ! 2% in the 

calculated oxygen saturation X , of which the major contribution 

comes from the log networks. An improvement in accuracy may be 

obtained if the log function generators are made more precise by 

selecting a smaller design error. Two per cent was cons ide red 

sufficient for clinical use. It should be noted that a consider-

able error may occur from drift in equipment associated with the 

earpiece as the per cent drift in each channel is essentially 

added to the possible error in X • The only way this can be mini-

mized is by the use of stable and drift free amplifiera. 

5.5 Computer Performance 

A schematic circuit diagram of the completed computer 

is shown in Fig. 5. 9. Bef ore the performance of the computer can 
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be assessed it must be calibrated with respect to supply voltage 

and the log function networks: The Philbrick power supply used 

was found to have a drift of less thant lOO mv. from its set 

value of 300 volts, which was within the manufacturer's specifi­

cations. The log function generators were next aligned by 

trimming the potentiometers in the network of Fig. 5.7. It was 

found that the most convenient and accurate method of aligning 

the diode networks was to use a dry pen X- Y plot ter with the 

straight line segments of the log curve approximation pre-drawn 

on the co-ordinate paper. The static accuracy of the recorder 

used was rated at t 0.15% of full scale which, on the ten volt 

range, gave a maximum error of 0.015 volts. This was considered 

adequate for initial tèst purposes since the design accuracy of 

the log networks is t 0.02 v. The alignment procedure itself, 

after the equipment had been set up and calibrated, required less 

than five minutes. The resulting log function generators were 

matched to within a visible accuracy of 0.01 volts, and the experi­

mentally recorded curve is illustrated in Fig. 5.10, 

Since the diode breakpoints are rounded and not abrupt 
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the curves are quite smooth, and it should be possible with accurate 

measuring equipment to improve on the t 0.02 v. maximum design error. 

This was one of the reasons why more diodes were not used to achieve 

a higher accuracy in approximating the curve. 

With the calibration of the oximeter complete, tests were 

made using filters to simulate ear·s of various oxygen saturà.tions. 
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The electronically computed value was compared with the value manu-

ally calculated from equation (5.15) and the outputs of the existing 

oximeter. Three filters were used, each of which bad different opti-

cal densities in the red and infrared bands thus simulating three 

different oxygen saturations for an assumed hemoglobin concentra-

tion of 14 gm/100 ml. The first filter (A) was used as a standard 

for calibration of both the comp~ter and oximeter, while filters B 

and C were used to provide checks on the outputs in each channel and 

on oxygen saturation. With the oximeter and computer carefully cali-

brated the results shown in Table 5.1 were obtained. 

Existing Oxi~e'ter Electronic Computer 
Fil ter X manually calculated x electronically computed 

1 

Ir li . X% E r Ei X% 

A 
54.7 27.0 (standard) 101.0 98.0 64.0 101.0 

B 41.5 23.5 86.0 75.0 55.5 86.5 

c 28.5 16.2 85.0 51.6 38.8 84.5 

Table 5.1 

The calculation of X for filter B was made with the following 

values (constants of the existing oximeter except for B): B = 1.0, 

C = 0.6625, a: 1.75, H: 14, K = 1.0. Thus from (5.15) 
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x = 1.0+ 0.6625 (log 41.5 ~ log 23.5 ~ log 1.0) 
log 1. 75 los 14 

1.0 

: 0.8585 

: 86.0% (5.61) 

In all cases where the system was accurately aligned the electroni-

cally computed values were within two per cent of those manually 

calculated. Drift in the computer was negligible and the output 

remained within t 2% of the initial value, these changes being due 

to a slight drift in the existing oximeter amplifiera. 

Several tests were made on a continuous time basis with 

the subject breathing various mixtures of air and nitrogen. These 

are illustrated in Fig. 5.11 A. Other experimente involving breath-

holding were carried out and the results are shown in Fig. 5.11 B. 

Fig. 5.11 C gives an indication of the step response of the recorder 

alone and the system as a whole when the light source was suddenly 

switched off. The overall system rise time is in the order of 1.5 

seconds. 



CHAPTER VI 

CONÇ.LUSIONS 

The analysis car'ded, out in Chapters I, II and III 

attempts to explain some of the errors which have been present 

in ear oximetry measurements since the method was initiated by 

Millikan in 1942. These errors arise from non-uniform blood 

depth distributions, non-uniform light intensity distributions, 

non-monochromatic light measurèments, and the sampling of two 

different cross-sections of the pinna in the red and infrared 

light bands. Experimental verification of these resulte bas been 

found in the literature over the past two decades, and essentially 

the same behavior bas been obtained by many independent investigators. 

It is unfortunate that these errors do not lend themselves to correc­

tion -- in fact it is difficult to estimate the relative magnitude 

of some of these effects without performing many experimenta, and 

even then it is doubtful if an accurate estimation could be made. 

We do not need to know the relative magnitudes, however, since the· 

study indicates the proper steps to take in order to eliminate or 

minimize these errors in a pràctical oximeter. 

Another potential source of error is the effect of light 

scattering, which bas been mentioned only. Its exact behavior is 

not fully known or understood even in cuvettes, and until an oximeter 

is developed to minimize the errors previously outlined it is doubt­

ful if any experimental evidence concerning its effects in the ear 



could be obtained. 

The concept of the 11bloodless" ear in deriving the equa-

tions of ear oximetry is necessary and of course only truly valid 

if the ear is considered ideal. As yet the effect of the "blood· 

less11 ear on oxygen saturation me•surements has not been fully 

assessed since published data 'concerne ears pressurized aboversys-

tolle value in an attempt to remove all the blood. lt is hoped 

tha.t the method and approach suggested in Chapter IV will be of 

help in evaluating the effect of compressing the ear as a source 

of error in the use of oximeters. The method used by Sekelj could 

also be evaluated by the data obtained in the same test. 

The computer outlined in Chapter V was constructed for 

use with an existing Sekelj oximeter. Its performance is within 

the designed accuracy although the resulting output is a linear 
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relation rather tha.n the experimental curve i llustrated in Fig. 5 .1. 

To coœpute the exact experiœental relation it is necessary to add a 

correcting diode function generator to the output of the summing 

amplifier in the sa.me manner as the diode log networks were employed. 
' ' . 

Such a network has not yet been incorporated into the computer just 

described. 

From a clinical viewpoint the use of ear oximetry as a 

technique for obtaining and monitoring the oxygen saturation of 

arterial blood is highly desirable. It is evident that there will 

always be sorne uncertainty. in readings obtainéd by this method, but 

it appears that the absolute accuracy of the technique itself can 
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now be evaluated. From this evaluation the design of a clinical 

instrument should take the following points into consideration. A 

first requirement is that the accuracy and consistency of the deter­

mination be acceptable. Secondly, the instrument must be stable and 

simple to use, preferably by untrained personnel. To be fully effec­

tive it should also be easily portable. 



APPENDIX I 

LIGHT AND PHOTOCELL RESPONSE 

From energy considerations of light falling on a black 

body one may obtain the power density spectrum at a point, J(À) 

(watts/m2Junit wavelength), as shown below. 

J(À) 

watts/m2/"'f 

This may be expressed as 

millimicrons (mfl) 

where j(À) is the normalized response. In general the power den-

sity spectrum may be a function of position (y,z) over an area 

A(y,z) under consideration. Thus we may express the power density 

as 

J('X.,y,s) = Jm j((\.,y,z) 

where j(~,y,z) is the normalized response with respect to position 

and waveltng~~~ The total radiant power available over the area A 



is 

wp : L J'>- J(">-,y ,z) d~ dA 

If a photocell with a relative response H(f..,y,z) intercepte this 

light then its short circuit current in the linear range is given 

by 

i • k 5 S H(f..,y ,z) J('h.,y ,z) d'>. dA 
A ;.. 

where k is a constant. In terms of the total radiant power avail-

able 

SAJ H(?-.,y,z) j(Â,y,z)d?-.dA 
1 : kW )... · 

P JA J~ j(f..,y,z) d?-.dA 

: k WP [Relative Effeeti veness of Photocell) 

In practical measurements with photocells one usually 
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assumes a con•tant characteristic response over their surface. Also, 

the spectral distribution of the incident light is independant of 

position and constant in magnitude over the area covered by the cell. 

Under these conditions: 

and 
H(À,y ,z) : H(\) 



The radiant power density (wattstm2) over the surface is therefore 

w = J). J('I..J d'l.. 

= Jm I j('f...) d'}.. 

~ 

The photocell current is 

i : kt J.. H(')..) J(').) d'X dA 

: k.AW 
J'>. H(Â) j (À) d).. 

i j ('~) d'X 
"). 

= k..AW l Relative Effectiveness of the Photoceu] 

where A is the area of the cell. 

Manufacturera normally specify curves relating i and 

W for a particular j(Â) (usually the spectrum of the sun, or day­

light) as well as bhe relative response H('X) of the photocell. 

These are shawn below • 

i 

1.0 

w 
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If a filt.er of response G(Ï\,y ,z) is included between the light 

and the cell then the current is 

J A f.,._ G(f.. ,y ,z) H('~,y ,z) j ('1\,y ,z) d'1\dA 

i: kWP s -
A Jr..j{ï\ty,z) d?.dA 

: k Wp [Relative Effectiveness of the System J 
For light incident on the photocell at an angle these 

expressions must be modified unless all measurements are made at 

that angle. 
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