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LOCALIZATION, COMPLETION AND DUALITY IN BNP RINGS 

ABSTRACT 

1/ 
This thesis is a study of localization, completion 

and duality in HNP rings with results extended to FEN here~ 

di tary rings where possible. Chapter 1 contains a review of 

localization and comp~etion in Noetherian rings with sorne 

special results for FBN hereditary rings. In chapter 2 ia 
\ 

given a new proof of a theorem of Singh on Indecomposable 
, 

injectives over HNP rings. This result ia then extended to 

FBN nereditary rings followed by a discussion of duality 

over these rings. A complete semilocal Noetherian hereditary 
, \1\ ' 

ring has Morita duality (Theorem 2.14). The presence of this .. 
duality ia a powerful tool in Chapter 3 where the ~uthor } 

investigates the endomorphism rings of certain injectives 

over FBN hereditary'rings and shows,that if R is a complet~ 

semilocal Noetnerian here4itary ring and J(R) is the inter­

section of a clan, R = EndR(E(~J(R»). This leads to a new 

prao! of a theorem of Michler on the structure of semi­

perfect Noetherian hereditary rings. 
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LOCALISATION, CpMPLETION ET DUALITE DANS LES ANNEAUX HNP 

r 
RESUME 

Dans cette thèse,bnous étudions la 'localis~tion~ la 
~ ~ 

complétion et la dualité' pour ?--es anneaux hé,rédi -faires 

roeth~riens et premiers (HNP~. Chapitre 1 contient q~elqueS 

résultats sur la localisation et la complétion dans les 
• 

ann~a~x Noethériens et les T-anneaux. Dans chapitre 2 nous 

donnons une nouvèlle preuve d'un théorème de Singh sur les;'; 

. R-\modules injectifs indécomposables où R est un anneau HNP. 

Ce résultat peut être étendu aux T-ânrieaux héréditaires 
, ( , 

(Théorème 2.6), Ensuite, nous étudions la dualité générale , 

et la dualité de Morita dans les T-anneaux hérédi~airesl un 

anneau Noéthérie~ héréditaire, semi-local et' complet possède 

la dualité de Morita (Théorème 2.14). Cette du~li,té est un 

outil efficace dans.chapitre J où nous étudions l'anneau 

J'endomorphisme d'un module injectif sur un T-anneau héré- ,Il 

/. 

_~itaire. Si R e,t un anneau HNP et N un idéal semi-premie~ et 
V' 1\ 

inversible" ~ = EndR(E(~N)). Enfin, nous donnons une 

nouvelle preuve d'un théorème de MiChrer sur la structure 

d'un anneau héréditaire, Noethérien et semi-parfait • 
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PREFACE 
,J 

( 
D 

In rec~nt years, localization of nancommutative rings 

has been studied exhaustively by Goldie, Lambek, Michler, 

Stenstrom, Jategaonkar and Many others. A pirticularlY "nice" 

method of localization his been de~eloped for a semiprime 
Il 

ideal N in a Noettterian ring R(suCh that 'e(N) = ~ c(RI [c]N 

\1 is regular in R/N J satisfies' 'the right Ore condition 1 A 
{ 

1 " good deal _iB kn(twn about the "localized" ring ~ but li ttle 

is known in gerieral about its· completion in. the J(RN)-adic - \ 
A 1 ~ 

topology, ~ "r' 'The .. main resul ts' of this thesis are concerned 

with the st~cture and properties of ~ where R ls a fully 
( 

bounded Noe~herian (FBN) heredita~ rlng and N ie a localizable 
1 ~ 

.intersect~on of non-minimal prime ideale. The problem can be 

'reduced to the case where R ie a bounded (non-Artinian) HNP 
, 

ring aqd N is a maximal invertible Ideal. Our most useful 

tool ~s the tact that ~ has Morita duality with EndR(E(~N»). 

ç Chapte1 1, SI fontainS a review of some -localization 

te~iques. ~OfS whic~ are gi~en are original. ~2 
answers a, quest1on'of Muller for FBN hered~tary rings and 

~j 'i~~devoted to a few results\on completion of which 
. 

Lemma 1.12 is believed to be original. 

The main result of, Chapter 2 ~1 on the structur~ of 
" 

certain Indecomposable injectives over an HNP ring is due to 

S. S ingh b~e gi ve an in de,pen den t proo'f (Th~orem 2.4) and 

show how the result extends ~o FBN hereditary rings (Theorem 
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2.6). It is fundarnental te aIl later results. It is used in 

/ Chapter 2 ~4 te study Morita duality ever FEN hereditary 

rings and the more general'duality theory of Lambek and 

Rattray [22, 2JJ as applied ta these rings. In' Theorem 2.14 

we prove that if R is an FEN hereditary ring and N a local-
ft. 

izable intersection of non-minimal prime ideals of R, ~ is 

a Morita ri~g. Surprisingly, Morita duality (over any ring) 

cannet be described in terme of the Lambek-Rattray theo~ 

as applied to discrete modules (Lemma 2.16). 

Theorem 2.6 and the resulting Morita duality oforro the 

basis for our methode in Chapter J. In ~1, we investigate 

the properties of the endomorphiem- ring, K, of a suitable 

injJctive R-module band use these to establish sorne properties 
À • 

of ~. Then, concentra~1ng on the situatiôn where R is a 

bounded ~p ring and N a maximal invertible Ideal, we show 

~ = EndR(E(~N» (The~rem ?11). It is not difficult to 
4 

extena to the case where N is a localizable intersection of 

non-minimal pri~e ideals in a FBN hereditary ring (Theorem 

3.13). This result generalizes MatIis' weII-known theorem 

for commutative Noetherian rings. Using the .s~e methods, in 

g2 we determine the structure of K = EndR(E(~N» and' we 

obtain from this a,new proof of a theorem of Michler on the 

structure of an arbitrary semiperfect Noetherian hereditary 

ring (Theorem 3.20). 

""'. The author i6 grateful to Professor J. Lambek for his 

criticism, encouragement and patience. Thanks are also due 
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NOTATI.ON AND TERMINOLOGY 

All rings have 1 and all modules are unitary. Morphisms 

are alway,s written opposite scalars. 

-- N ~ M, means N is a submodule of MI 
\ 

N('M 
" 

means N ia an 

essential submodule of M. 

<'1 

E(M) denotes the injective hull of the module M. 

. -- If l ia an indecomposable injective R-module. Ass l 

denotes the associated prime ideal of I. 
: 

{ 
j' ~ ~\ 

, ,li 
;: 

( ) 
If M ls a right R-module, X ~ M i submodule and A~ R {~ 

right ide~l of R, AnnRX = tr Ë RI xr=o]; /Ann~f = f ni E: M \mA=ol. ---~ 
t 
t 
" / 

"Ideal" always means a two-sided ideal and ring proper­
l 

ties wri tten wi ~hout 7he prefi~ left" or "righ~" are under-

stood to ~éan two-sided. 

J 
--00 A ring le semi-local if ~J(R) ie semi-s~iPle ~rtinian 

and ~lJ(R)n = o. 

v 
; 1 

./ 
/ 
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1 

§1. Localization 'of right Noetherian 

rings at semiprime ideals 

In this~section, we summarize those definitions 
. . 

and results 9n localization in right Noetherian rings 
" 

which will be needed later. Proofs are given only where 

they cannot readily be found in thé literatur~. 
~'} 

\ Given a semipr~me ideal N in a right Noetherian 

ring 'R, let ~(Nj ,= {c€.R 1 [c]N is regùl:ar in R/NJ. There 

is an' idempotent fil ter iJN /1 associated wi th '(i5(N) 1 
~ 0 

ON = t H RI V nR r-
1r n '(i,(N) I~] · . UIIIi 

One may also look ê the idempotent fil ter assocr~ 

with E(R/Nh 

~~. = [I~ R 1 Ho~(R/I, E(R/N» = oJ. 
Lambek and Michler [21] have sho~ tha t Drv = and hence 

the y determine the same torsion theory, called the N-torsion 

theory. For any R-module M, TN(M) ::: 1 mE. M l '3 l E:~ ml = ol 
is the N-torsion submodule of M. M ia N-torsion if TN.(~) = M, 

N-torsion free if TN(M) = O. M'~ M ~s ~-dense submodu~e 

if M!M' is N-torsion. M' is an N-cloaed submodule if MlM' 
is N-torsion free. Equivalently, M \s N-toraion if 

HornR(M, E(~N» = O,.M is N-torsion free if M la cogenerated 

" by E(R/N) J. M' ~ M ia N-dense if HomR(M!M', E(RlN) ~ ,F: ?J 
, '. M' ~"M ia N-cloaed if WM' la cogene~ted by E( R/N). Thr 

1 
" 
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N-closure of M'in M iB tm E- M 1 .3 l E..~N ml' 00' J. M is 

N-divisible if E(M)!M is N-torsion free. This is the same 

as saying that whenever A is an N-dense submodul~ of B, 

2 

every R-homomorphism f. A-~)M extendB to Borne gl B~CM. 

Every,module M ha~ an N-divisible null, DN{M), defi~ed by 

DN(M)!OO = TN(E(M)!M)., 

The module of quotients of M with reBPéct to N is given by 

~ = QN(R) is a ring, the rin§ of gu?tients of R at N, or 

the N~localization of R. It is clear that a modu~e M is 
) 

N-torsion free and divisible iff QN{M) = M. 
~ 

There ia a more general not~on of localization 
-. 
which can be applied in any complete additive category 

(Lambek [20J)1 if l is an object of a complete additive 

category A, consid~r the pair of ~unctors 

FI = Hom~ (_, 1) 

Mod-R 

UI =~I- = Hom (_'of) 

The natural transformation 1)1 defined by 'YJ
I

(A)(a)1 f) = f(a) 

VA, VaE. A, V f E. HomR(A, I) Batisfies the universal property 

of a front ad"junction. Let QI~ U IF l = SI be the equal -
2 ' , 

izer vOf 111 SI' SI '"'1 Il SI 3 SI • The following character-

ization of 1<. iB very useful. 

" Lemma 1 .1 (Lambek and·. Ra ttray [22J ) 

X(A). Qr(A)-----;),SI(A) la the joint equalizer, of 

\ 
1 • 

~ 
, 

: 
" 
-

• .,-; 
( J.f,t 

\ 
~$ 

~ 

, 
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) , 

a11 pairs of. maps L.f> ,y. Sr (A)_~~ r for which 

'P.lr,{A) = Y·'I')I{A). 
~, , < / 

J
3 

B~ the~na~lity o~ ~r' ~ISI'~I = Sr~I'~I hence 

J l À 1 id ') QI such tha t K À...= 1) l • 

Le~ 1~2 shows that this 10caiization agrees with the 

more usua1 locali~ation in Mod-R. 

,1 

, '''Lemma 1.2 
," 

oLet l be ~ injective R-module. Let Qo be the 

10calization functor obtained from the usual. I-torsion 

theory on,Mod-R and QI the f~ctor defined above. Then 

\JÀ\E.M~d-R, Qo(A) = QI(A). \ . 

ProofJ 

If 't (A) denotes the torsioTh submodule of A, we 
'--~ 

J!:now Qo(A) = Qo(A/t(A». Also Hom~(L(A), 1) = 0, hence 

HomR{A/t (A'>, ~) == Hom~'{A, I), and so ~Ii"I (A) = UIFI(Ak (A» 

from which fo110ws QI (A) ~ QI (A/'t' (~) ). Hence. w1 thout 

10ss o~ ~enerality, we May ~ssume~(A) = O. By Lemma 1.1 

Q~ (A) is the joint ~qua1izer of a11 pairs t.p. LV a -Si (A >===4 l 

such that'~'~I(A) = ~·~I(A). S1nce A is I-torsi?n free, 
" A 1,s a submodu1e of Qo(A) and ~I(A) is a.monomorphism • 

• 
b By the ,injectivity of l,]! P comp1eting the fol10winga 

- tj .. 

• o', 

-
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-
p is"unique ,sinee Qo(A)!A ~s I-torsion. If"tfp,ljJtJ then 

sine~ ~"tf)I (A) .= y .~ I,(A), fl-'l -LVtJ induces a nonze~o h~mo­

morphism hl Qo(A)/A )SI(A). But this is fmp~SSible 

since Q~(A)/A ie I-torsion. H9nee (up to isomorphism) 

Qo (A) ç QI(A). 

Fot' the reverse inclusion, note that -X {A).-'" (A) = 

'1 I(A) ~ À (A) 1 A .,) QI(A) ia a monomorphism ànd may be 

" though"'t of as incIUSil~1'\. If 0 r f t HomR(QI(A)/A, ~ and 

pa QI(A) ,) QI(A)!A is the canonical projection, 

By construction, gx(A) , O~ Now g X(A) À. (AL = fpÂ (A) = 0 

4 

- 1.e. g.1J:r(A) = O·1JI(A).- Since X(A) IQI(A) ) SI(A) eqpal-
1 .. , _ 

izes the pair g. o. SiCA) ~ )1. g.X(~) = o~ ~on~radietion. 

Hènce QI(A)!A is I-torsion. Sinee ~ ïs a monomorphism, 
-

QI(A) i~ therefore clearly an essential extension of A. 

,It follows immediately from the definition of divisible 

hull'that (up to isomorphism) QI(A)/A C Qo(A)/A. Renee 

QI(A) = Qo(A). 

Defini tion 1 The semiprime (ldeal N ~ R is right localizable 
r - / 

if Vr€.R Vo E. ~(N). 3r'€. R 30' E. ~(N) "re' =t'cr'. 

When N -is'a right.localizable aemiprime ideal, ~ 

1 
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takes a classical form - i.e. there ~s a~ring homomorphism 

hl R~ ~ such that every element of ~ canbe written 

in the fom h(r)h{c)-ll for some ré: R, c E. ~(N)t and h{r) =·0 
. 

~. :3 c E. ~(N) rc = O. There.,.are many ways of characterizing 
, 

right localizable semiprim~ Ideals. The following are only 

somel 

Theorem 1! 3 ([16J. [9J ) 
." 

1 Let N be a se~iprime Ideal of a right Noetherian 
l, 

ring R. Then the following are equivalent, 
- , 

(a) For any R-module A, if A has an essential and N-dense 
l ' 

submodule B such that B le a non-singular ~N-module, then 
~. 

AN = 0 • 

(b) For any cycli~ R-module A. if A has an essential and 

N':'dense submodule B isomq,rphic to a uniform' R/N-right ideal. 

then AN = 0, t 

. (c) Every maxi~l N-closed rlght Ideal of R containe NI 

(d) Por all IIl2lximal N-closed right Ideals l ~ R, l n ~ (N) = pa 
(e) The elements of ~(N) operate regularly on E(R/N) , • 

(f) N is right loca~izable. 
Proo!. 

(a) =-r (b) trivially. --~ 

For the implications (e) ., (f) and (f) ~ (a). see 
1 

Jategaonkar [16J. 

(b) ~ (c). Let K be a maximal closed right ideal 
. 

ot R. Let A = ~K., A is N-torsion free but "every proper 

--~~~~ -------------------------

·r 
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6 

factor module of A ia N-torsion. Sihce }. ia cogenerated 6,by 
/ 

E{R/r!) 301 fi ~, --7 R/N f~r some unif~rm B ~ A. If f ia 

not a monomorphlam, f(B) ~ ~/ker(f}-is N-torsion. contra- ,- .. 
diction. Hénce'B Is (lsomorphic to) a uniform ~N right ideal. 

A/E is N-torsion. th~refore B is N-dense in A. If B'n B = 0 

for sorne B'~ A then B'~ A/B' which is N-torsion. But B i~ 
~ t· 

torsion free, Hence B t
: a 0 and B ié essential in A. !}By " 

(b). AN = 0 :. K ) N. 

Cc) ~ (d). Let'I be a maximal closed right Ideal of RI . 
and suppose In 'G;(N) ~~. By (c), I~ N. L~t N~ N + cR{I 

where c E. ~'(N). By Goldie 1 s Theorem applied to R/N, N+cR 

ts ~-dense. Hence l is N-dense. contradiction. 

(d) ~ (t!) 1 If ec = 0 for ao~e 0 1 et: E, c E. C6{N), thel 

AnnRe n G? (N) ~ ~. Hence lAnn~ is not Icontained in any maximal 

closed right ideal, and therefore AnnRe~ i)N and TN(E(R/N~) 

1 0, contradiction. 
J 

. . 
Proposition 1.4 [32J 

'. ' 

Let N be a 

right Noetherian 

representation as 

right'localizable aemiprime Ideal of a , 
n . , .. 

ring R and let N = iQl Pi be its" unique 
• a finite irredundant intersection of prime 

ideals. Let h 1 R-~) ~ d,efina the ring o'f quotients of R 

at N. Then 

(a) RN ls right Noetherlanl 

(b) J(~) = h(N)~ and ~/J(~) ls semiaimple Artin,ianl 

(c) ~(N) = ~ (Pl)n ••• Il ~(Pn) and if CiE G5(Pi) 
>tb-

L 
- . 

o 

511 •• 
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n 
'vi i = l, 2. • •• ,n then .J riE R F=1 ·c i ri É ~(N) J 

(d) The prime ideals of ~ are eXactly those h(Q)~ such 
\ . n 

that Q is a ,prime ideal of R and Q ~ i~l Pi' 

The "n[icest" localizations are those which most closely 
\ 

parallel the ~ommutative situation. This leads one to impose 

further conditions on N. 
\, 

" 

Definition (Müller). 'Let N be a right localizable semiprime 

ideàl of the rigrrt Noetherian ring R'. Then N la right 

classical if NRN = h(N)~ has t~e right AR-property - i.e. 

for every right ideal 'A of ~. J' n~ NI A n (N~ n) ~ AN~. 

Note before Theorem 1.5. The canonical monomorphlsm 
f 

R/N( )~/N~ is essential ~ Mod-R. Hence ER(~/N~) ~ 

ER(~N). The latt~r is an ~-module,which ls an ~-essential 

extension of~/N~J therefore, in Mod-~, E~/N~)~ 

E~ (~/N~). Since E~ (~/N~) ls clearly an R-~~sential 

/extenslon ,of ~/N~, ER(R/N) ~ E~ (~/N~). 

q Theorem 1.5 [16 " 2~ 

For a right localizable semiprime ideal lr in 

Noetherian r~g~ t~~ following ~~e equivalentt 

(a) N ls right Cl~CalJ 
00 

(b) E = E(R/N) = nl.J1Ann~n, 

a right 

(c) For.any cyclic R-~dule A. if A has an essential 
~ ~ 

'f." "' li 111l_,' TlOlill 
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submodule B which is isomorphic ta a uniform ~N-right 

ideal, then ] n ANn = 0, 

(d) For any eyclic ~-module A', 

sub~odule B' wh~ch is -isomorPhic 

/ 

/ 
if A f has an essential/ 

to a uniform, ~/I:i~-

right ideal, then ] n AIN~n = O. 

(e) Evéry right ldeal of ~ ls ~losed in the ~-adic 
00 / 

1 

topologyl nfJl (A + Nn~) = ,A V A ~ ~. . '\, 

Proof. 

For the equivalence of (a), (b) and (e) see Lambek 

and Michler [211. 
(b) =}. (ch see 'Jategaonkar [16J. 

(c) ~ (d). Suppose A' ls a cycl\c RN-mod~~e containing a 

8 

! • 

submodule B' satisfying the assumptions of< (d). If A' ~ a~, 

consider the submodule aR.f A. Applying (b) to B'n aR ~ aH 

3n aRN
n = ° :.aNn = o. Henee a(NI1r)n= 0, therefore A(N~)n=~. 

(d) ~ (e). If not aIl right ideals 'of RN are closed i~ the \ 

N~-'adic topology, 

are not (sinee ~ 

1 A. If C 1 A then 

let A be maximal among right ideals which 
00 

i5 right Noetherian). Let B = n~l (A + N'~ n) 
00, 00 

C = nfJ1 (C + N~,t) ~ nrJ1 (A + N~) = B. 

Rence B/A is a simple flN-module and ~/A is uniform si~ce 

A la meet-irreduclble. Now ~/N~ ia semisimple Artini~. 
hence B/A is (isomorphic to) an RN/N~ right-ldeal which 

ls essentlal in the cycllc RN-module ~. By (d), 3n ' 
n " [1' ]AN~n = 0 which implies N~ ~ A, contradiction. 4~ 

o 
In keeping wlth our conventions, a semiprime ideal in . 

-
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a 

a,Noetherian ring R is localizable and classical if it is 

right and le ft localizable, right and l~ft classical. The 

\terms "localizable" and ""classical" May also be applied 
n 

to the set lP l' .... , P n} wh~re N = l~l P i ia the unique . ' 

representation of N as a fini te, irredundant intersection 

of prime ideals and N is localizable and classical. A 

minimal localizable. classical set of prime ideals is 

called a clan. When R is an HNP ring, there is also the' 
1 , 

/ 
/ , 

notion of a "cycle" of prime ideals introduced by Eisenbud 

and Robson [121. They showed that when R i8 HNP, X is 

max~mal among invertible ideals of R iff X is the inter­

section of a cycle (see Theorems 2.4 - 2.6 of [1~ ). 

(Recall that all non-zero primes in an HNP ring are maximal 

[2]). Müller has shown that for an HNP ring, the notion 

of a clan coincides with that of a cycle. In fact, a semi­

prime ideal N in an HNP ring ia right localizable iff it 
1 

is invertible. In that case it is localizable and classical 

[i2J. In general, two questions naturally arises (i> are 

different clans disjoint? and (ii) does every prime ideal 

belong to a clan? Both questions have been answered for 

HNP ringsl for any HNP ring, different clans are disjoint 

and 1 if R is right bounded~,~very prime ideal belongs to a 
/ 

clan (Eisenbud and Robson [12J. Lenagan [24J>. An example' 
;' 

is known of an HNP ring which ls not right bounded and for 

which the second question has a negative answer (Robson [34J). 

'\ 

" 
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Definition 1 A right Noeth~rian ring ~~ right fully 
1 

bounde~ (r.FBN) if every prime factor ring is right bounded. 

Equi valently (Krause [17J), the map I~ AssL of isomorphism / 

classes of inde composable injective right R-modules to prime 

Ideals of R lB bijective. 

Classically, in Noetherian commutativ~ rings, one 

lOf the uses of localization is to deduce information ab~ute. 

R from facts known about aIl Rp (P a prime ideal). The 

techniques used can be carried over to non-commutative FBN 

rings wi th enough clans Ci. e. every prime ideal belongs to 
g', 

, a clan). S-ince aIl proper factor rings of an HNP ring are 

Art.inian, any bounded HNP ring iB an FBN ring. Thus we have __ - J 

Borne FEN rings with enough clans. This leads naturally t~ 
1 ~ 

the questiona does every FBN ring have enough clans? In 

view of Robson's example. we cannot expect to drop the 
1 

condition of fully boundedness. The next section provides 

a partial answer to this question. 

~2. Localization 01 Noetherian hereditary 

rings 

A Noetherian hereditary ring ls a direct sum of 

Indecomposable> Ideals each of which as a ring is ~ ~ 
HNP or Artinian hereditary [3). This prompts us to investigate 

localization in a finite product of rings. Let R c Rl~~ RZ 

( 
/ 



1\ 

r· 
( 
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! 

t 
n 

and let N' ~ iQlPi \be a;semiprime ideal. Each prime Pi 

contàins one of Rl or R2 and if Pi j Rj'~ Pl il Rj ia a pri!'le 
\ ' 

ideal of Rj (possibly 0). 

ProJ?osition 1.6 ~ /"-

Let N be a right iderl -0; R. 

( a ) N = N 1 ~ N 2 l '''. :{i'tf-

,(b) R/N = Rl/Nl @ R/N2 ' 

( c) ER (R/N) ~ E
R1 

(\R1/Ni) @ E
R2 

(R2"N 2) where each direct 

summand on the right band side'is given an appropriate 
• 

R-module structure. 

Proof'. 

(a) Js clear and (b) follows immediately trom (a). 

(c). Let y€. ER (Ri/Nf) and rE. R. Write r lIE ri + r 2 where 
i 

· ri f.. Ri,. Def'in: yr = yri • This agrees with the R-module 

structure already opera ting on R/N i' For B?Y right ideal 
, ' 

D of R and any ff.. HomR(D. ER (Ri/N i» there exists a ~ g f-
i 

Hom
Ri 

(R, ERi (Ri/Ni» extending f. If g is right R-l,inear, 

we are done. Let s, r €. R. Write r = r 1 + r 2 , S = sl + s2~ 

g(a)r = g(s)r i = g(sri ) = g(Sirl)' On the other band, 

g(sr) '= g(slrl) + g(s2r2)' Now for j ~ i, if g(s.r j ) ~ 0, 
J ' 

] t i E Ri g( S jr j) t i is a non-zero eilement of Ri/N'i' But 

g(Sjrj)ti = g(Sjrjti ) = g(O) = 0; co~tradiction. Hence 
. ~, 

g E HomR (R, ER). (Ri/N i»' ERi (Ri/N i) Is 'R-injecti ve and 

Is clearly an R-essential extension 'of Ri/Ni' 

11 
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Let-N ~ iQ1Pi be a semiprime ideal of R = R1$ R2 , Let 

N." = Nn R., If bath N. FR., then (x == x1+ x 2 with X.E. R. 
1. 1. 1. 1. . . 1. 1. 

and X,E 't3{N» # (xi E' ~Ri (Ni) ~o~ 'i = 1, 2), I~ N2~ = R2 

then (x"= Xl + x2'\E. ~(N» # (Xl E ~R (N1}). 
1 

Proof. 

Assume both Ni ~ Ri and suppose x = x1+ x2E 'e(N). 

If for Borne r.,E. R., x. r. E Ni then xr. = xir. E Ni ( N 
1. 1. 1. 1. 1. 1. 

=» 
ri EN., Hence xi E ~ R' eN. ), Conversely, if both x. E. 

1 il,' 1. 

and xr EN, then Xi ri f.. Ni for i ::: 1, 2, hence rE.. N, 

If N2 ~ R2' a similar proof works, 

Corollaty 

(a) If Ni 1 Ri for i = l, 2, then N iB righ~ localizable iff 

each N. i5 right localizable in R., 
1." 1. 

(b) If N2 = R2' N is right':localizable in R iff N1 is_ right: 

localizable in R1 , 

Proof, 

{a} 1 Assume N i6 right localizable. Let Cl E.- G;(N1 ) fond rl\E. R
1

, 

By the right Ore condition for ~ (N),] C' f. ~(N) and r'E. R 
1 

such that (c1+ e2)r' = rlc' (~here 1 , e1+ e2 ), By the 

uniqueness of representations, c~rl' = r 1cl ' and by the 

lemma cl' E. ~R (Nl ), 
1 . 

Conversely, assui.ing, each Ni is right localizable in 

R., let C E 'e(N) and rÈ RI' For each i, find c.' E. ~ R (N.) 
1. 1. i l. 

and r.'E Ri such that cir~' = r c' Clearly r' = r ,+ r • 
1. ... i i • . 1 2 

m 

\ 

) 
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- ... -

and c' = cl' + c2 ' will do. ,1' 

(b) If N is'right localizable and Cl€~ é;R (Ni), rlE: 
1 

let C'é. t;;(N) and ri E. R be sllch that clr' = rlq,I. Then 

clearly, 'if d =cl ' + c2 ' and ri = r l ,' + r 2,t, we have 1 

- , 

clrl ' :: rlc l '. Cenversely. assuming Nl i8 right localizabie 

in Rl' given c E. "g (N) and r f R, wri te C :: cl + c 2 land r = r l +r2·• 

Then cl E ~ (N l ) and J r l ' E. Rl and cl' E ~ (N't) S\.~ih that 
. 

c l r 1 ' :: rlo l '. Putting r': ri+ 0 and c' :: Cl' + 0, we have' 

c'E.. e(N) and cr' = rel. 

Il ,1 

Lemma 1.8 

(a) If the right ideal D ls N-dense in R, then for each l, 

Di = nn Ri is Ni - dense in Ri' 

(b) If for each i, Di i6 an Ni-dense rlght ideal of Ri' then 

~he right ideal D = Dl ® D2' is N-dense in R. 

Preof: 

(a) 1 - Assume r- 1D n ~(N) ,. ~ V r E. R. Given riE.. R. 3 Cf. ~(N) , ~ 

'ric = r.e. E:.DnR. (where c:: Cl + c 2 ). Hence r.-1D.n C;(N.) 'IS. 
~ ~ l. ,~~ ~ 

(b): Let r = r l + r Z• Let ri ci E Di where ci E. (gR. (N i)' 
, ~ 

Then elearly r(c l +c2 ) = r l cl + r 2c Z ! D. 

Corollary 1 

If Ni r Ri for i == 1.2, then TN(R) = T
N1

(R1 ) ®TN2(R2~ 

R/TN(R) ~ Rl/TN (Rt ) ® RzlTN (Rz). If N2 = R2' then 
1 2 

TN(R) :: TN (Rt ) Cf) R2 and R/TN(R) ;: Rl/TN (Rt ). 
; 1 

1. 

and 

--------'~_.- ... ------------------.... ; -_ ......... -.; _.M .•• Mtmrllil-Ml", 
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Corollary 2 

If Ni'" Ri' TN (Rl ) = TN (Ri) • 
i " 

L~cal1zation preserves finite direct sums. Hence 

Lemma 1.9 
; 

In Mad-Ri' DN(RrlTN (Ri» = DN (R1/TN (/i»' 
i i i/ 

Proof. ' / 
1 

/ 

We shall show / 
/ ;/ ... ~ 

(i) DN(Ri/TN. (Ri) is an Ri-esaential e~tensloh of Ri/TN. (Ri)' 
~ / l 

(ii) n_(Ri/TN (R.) )/(R .. /TN (R.» is N ./-torsion, -N 0 l ~ • ~ l. 
l. l / 

(iil) DN (Ri/TN i (Ri» ia Ni-di visi bl~/ in Mad-Ri' , ~'J 

(i) 1 Given 0 '1 XE.. DN,(Ri/TN i (Ri» ~/r E. R 0 '1 xr f. Ri/TN i (Ri)' , 

In that case, 0 Ji xrei Ë R/TN i (RiÎ and \ sinee rei E Ri' (il ~OldS. 
(ii), Given X~DN(Ri/TNi(Ri» J'DE ~ suoh that xDÇRi/TNitRi)" 

. Then x(Dn Ri) ç Ri/TN. (Ri) and nn RiE J(JN • 
, l i 

, .( iil) 1 Let Dl be an N1-dense right ideal of Rt, ,Then 

D = Dl ~ 1\ E. Ç0~. RlD ~ Rl/Dl ~ Dl la 'N-dense in- R1 (consider-

ed as R-modules). Let fi Dl ) DN(R1/TN (R1» be R1-1inear. 
. 1 

Dl la an R-module in the.obvibus way. The R-structure on 

!>ri (R1/TN 1 (Rl » has ~/~e pro~erty tha t for x ~ DN (Rl/TN 1 (R1 » 

and r 2 t R2' xr

2i 
=O~ It follows that f ia R-linear. hence 

extends, ta an R_l o èar gl Rl ---7DN(R1/TN (Rl ». Since g 
. 1 

ia obviously Rl -, inear, ,the reault la proved. . 

f 
--_.----'---------~ F. Hillil 

" , 

.' 

" 

., 
, 
" 
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Corollary 

If Ri 1 Ni for i = 1, 2, then and 

'" if R2 = N2, ~ = RiN • 
.1. 

Proposition 1.10 \ 

If ~ings Ri and R2 have enough cians, then R = Ri~ R2 
1 

-h does also. 

Proofs 

" 1 

Let P be a prime ideal of R. Assume P;;> R2 • Let Pl- P fi R1 • 

Then Pl is a prime ideal of Rl so belongs to a clan 

PiE. l:. Pl' Q2 ' • • • ;~~ • Then P = P 1<f) R2 belongs to the clan 

i Pl~ R2' Q2® R2,···, ~<f) R2J· 

Corollar:y 

A fully bounded Noetherian hereditary ring has enoug~ 

clans. 

Proof. 
, 1 

If R i8 bounded IHNP and P la a non-zero prime idea,l. 

we know P belongs to a'clan. The primr ideal 0 be~ongs to 

the clan tO} by Goldie's theorem. If R ls Artinian hered~ary 

and indecomposable, J(R) ia the only localizablé aemiprime 

ideal [32J 80 every nonzero prime belongs to the clan whose 

intersection la J (R). Finally t li' R is Artinlan heredi tary 
1 

/ and already prime, Goldie's theorem shows that fol ie a 

clan. Rence if R is a fully bounded Noetherian.hereditary 

ring, it 18 a direct sum of rings with enough clans, hence 
f 

o 

l -~/ 
-_._-_\~,--------------------~ 
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has enough clan-s. 

~ :3. 'Completions 

\\ i n 
Assume that R is Noetherian and N .. {~lPi is a local-

izable classical semiprime ideal~ It follows from the AR-, 
co , 

property of N~ that n~lN~ n = o. Hence the N~-adic topology 

on ~, whose basic open igh urhoods of' 0 ~re f NRri n] n:1 ' 

is Hausdorff. Let te the completion of RW in this 

topology. 
/ , 

Theorem'l.11 (Müller [32]) 

Let N s iQ1Pi be a localiz~ble classical\ semiprime 

ideal of R written as a finite irredUndant intersection ot 
" 

o 

prime ideals. There is a one-one correspondence between 

localizable subsets ~f 1P1 .-••• , PnJ and central idempotents 
'" 1 

of ~ given by 

J 'A /\ '" 1Pi , ••• , Pi ~ e ,where T~ +J(~) = e~ and T=Pi (\ ... DPi -1 's ~ 1 s 

Corollary 
j 

~ 

If ;3 = l Pl' • ••• P J ia a localizable classical Bet of 

prime ideals of R then0 ls the disjoint union of clans in' 

a unique way. A subset ':1 Ç, J is localizable iff i t ls the 

union ot 'some ot these clans. 

1\ 

In particular. when {Pl .. •••• ~J is a clan, ~ is ring-

c, 
p 

.jf Ct , 4 q , 

-, 

l_ 



" 

'\, J' 

J 

- ~ -

17 

directly indecomposable. 0 

Müller's theorem shows that in some sens~ the de-' 

composi tion of ~ as a sum of indecompo,sable ri~gB reflects 

the decompositlon o~fPl"'" PnJ into clans. In a B~milar 

vein. Lemma 1.12 shows that if R is a direct sum of rings. 
A 1 

R 1: Rl, $ .•• (t) Rn' tl)en in sorne sense ~ alao reflects 

-that ~irect Bum decompositlon. As in section~2,·let R=R1$R2, 

Lemma 1.12 

~ Th~ N~-adic topology on RN coincides with the product 

1 topology induced by the NiRiN. -adic topologies on Rl' R2 
respeetl~ely. 

Proof_ 

1. 

'A typical. basic open neighbourhood of 0 in the N~-
o 

adic topology oh ~ i~~~o~e power NS~= (N~)S ," A typ4.cal 

element of such a nelghbourhood is a fini te, sum of elements 

of the form r l r 2, •• rs where eaeh rjE. N~. For each j, ~et 

r t- r 1 j + r 2j wl th r 1j E. RiNL • Since R1Nl. n ~2 Nz. = 0 and .be-

cause of the·,~~'~9ïlt i~~.~~~-,I,~~~,-,an-l~,:;,~.'l._l>ÀI!\,qA~~!;!,:,.àt· ,,~, ",_'~, ,,' 

is easy to see that rir 2,.·rs = rllr12··.rls + r2~r22 ••• r 2a 
. i . S s 1 wh1ch, s an element of N'lR1N1 + N2Rz

Nz 
• .e. we have 

shown N~ s ~ Nl RiNtS ~ N2~ Hz. s. The reverse inclusion ls 

obvious. It tollows that t~e N~~adlc topology 18 contained 
t (i "---_(~_--
'in the produêt topolop. ~ 

, ' 
Conversely, a basic product-topology neighbourhood 

o 

.. _ ilMP T F .W_ . " 

• • 



• l,' 

1 

f' 
1-

l' 

[ , 

, fI 

l '-

1 ~ 
, . 
: t ; t 

~~ . 
• $ . ~ 

i~ 
t~ 

1 

1 

/ 

( 

-- - ... -
- ,-- -----/--
" ;' 

, . 18 

8 1 ~ ,92 in S G 8~ S of the form N1R1N
L 

N2R~Nz conta s N1R1N~ N2RzN2 -NRN 

for S 1 sl' s2. Hence the product topology is contained in 

the N~-adic. \ 

Corollary 
.. 

l'v 1\ 1\ 

Rl N ~ Rz N where ~ N. le understood to be the 
1 4 ~ 

completion of Rt N. in the Ni 1\ Ni -adic topo16gy and both 
1. ,,_ 1'\ 

Ni , Ri· If N2=R2, then ~ = R1N1 • 

Proof. 
• 

, Assume Ni' Ri for i = 1, 2. First we show every 

Cauchy sequence in R... has a limi t "in R.t~ Cf) >~z N • If t Xn1 n:l 
, -li \ .t.. z-

is a Cauchy sequen~e in ~, write ~ ~ x1n+ x 2n with Xi € .~N! • 
.'" 
Given s, for suffic.iently large ~and 'm, ~-Xmf N~ St hence 

'X in - x!'m E. N i ~ N. s. Thus ~Xld;l and ~X2n];l are Cauchy 
1 l A /\ 

sequences wi th limi ts xl and x2 in Ri Ni. and ~:z N
4 

respecti vely. 

Cleat'ly x = xl + x2 :1 ~!!! xn· Hence -~,ç; It Ni. ® ~ N;z.. The c 

reverse inclusion ls trivial. 

If N2 = R2' the result is obvious. 

,U," J"t -tu-me out· ·that It COinCid~S"li th the bi'ëômutà.tof . ~ - -li . 

ot E x E(~) [19J. Since E ia N-torsion free divisible. 
\. 

there ia a unique way of making E an RN-module'an~ because 

of the way this ie done, it is easy to verify that E iB an· 

H-~-bimodule where H = ,EndR(E). ~ ~s then naturally 

o ,embed~ed in S ~ Bic(E) = EndH(E). There are three topologies 

on RN' t~e N~-adio described a~oveJ the E-adic, whose basic 

IV --~-_.-- - -~--------__ -._---~--- 1 

-, 

ua 
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open neighbourhoods of 0 are of the ~orm ker(f) where 

fa ~ > Ef1 for some n. and the fini t~, whose basic open 

neighbourhoods of 0 are, of the form {qt ~ 1 ilq= ••• =inq=O] 

for some set hl' ••• l' i {.ç E. By Lambek [19 , Proposition JJ ,-
I! n , ' . 

the finite topology agrees with the E-adic on S, hence on 
• Q , 

~. By Lambek and Michler [21 Proposition 4.3J, since N is 

localizable and classical , the E-adic topology agrees with 
1 

the N~-adic topo~ogy on ~. 

"-

Lemma 1.1) 

Every N-torsion t'ree factor module of (~)R le d~visible. 

PrOD!' 

{i)1 Every N-torsion free factor module of (RN)R i$ 

an ~module. Indeed, let f. ~ ) M be an R-epimorphism. 

Let h. R )~ define the ring of quotients of R at N. 

Define mh(a)h(c)-l = f(q~(a)h(c)-~Where f(q) = m. Thi~ lS 
wel.l defined sin~e if f(q') = 0 and f(q' h{al)h{ C )-1) F 0 

for some h(a)h(c)-l theH f(q'hCa» f 0 sinee M ia N-torsion 
1 

:f'ree and N ie localizable. Hence f(q' )h(a) '1«,0 so f(q')'" O. 

It is straightforward. .. check that this JIlakes M into an 

~-lIlodule • 

(ii) 1 Every N-torsion free ~-module' is divisible a,s • 

an R-modulet S1nce every element of ~(N) becomes invertible 

in ~A we haV,e IVDf.~~ h(D)~ = ~. Let'M be an, ~-modUl_e which 

ia ~-torsion fr~e as an R-module' and suppose f f: Ho~(D, M) for 

some D E. ~. Extend f to gl h{D)Rw > M by defining 
, 

lTUiI 
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g(h(d,J.h(c)-l) '" :f(d)h(or~' h(d)h(c)-l", 0 ~ h(d) c 0 ~. .' 

=:1 C"E ,?$(N) such that do' 0 ~ ~t~)CI = 0 ~ f(d)E TN(M)=O. 

Renee g is we11 ,def~ed. _ Since ~~~ h(D)~, g(h(l» Is 

defined. Defi:ne an extensiOn f of f by f(r~ III g(h(r» \irE R. 

Corollg.a 

~ Is dense in S. 

Proo!1 

~he conditions of ,Lambek JI~9. Prop. 2J are satisfied. 

, ' A 

It fo110ws lmmediate1y that ~ = S a Bic(E). Notice 

that if l is any 1njectiv~à-mo~U1e which is embedded in a 

, fini te direct eum of copies of E and whlch aiso cogenerates 

the N-toreion theory, then the sarne arguments show that 

~ = Bic(I) • 

, 

/ 

! 

! 
1 

1 , 
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1 
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Chapter 2 

In4ecomposable injectives over bounded 

HNP rings 

~~\sume'now that R ia a bounded, not primitive, HNP 

ring. Then R is fully bound~d. Let Il be an indecomposa~le ' 

injective ,oR-module Md let Pl == AssI l '1- O. B.y Proposition 
1 : , ' 

'1.10, P1 belongs to a clan ~Pl' P2 , •• ",. Pn1 whose intersect-

ion 18 an invertible semiprime ideal N. Let Ii be the unique 

(up to isomorphism) Indecomposable injective with associated 

prime ideal Pi" The main theorem of this section concerna 

the structure of each Ii. '" 

LemIna 2.1 

~ach AWl.i Ne is('simple and nôn-zero. 
~çt-t$.r0.1 ... ï'l lJ1S i 

Proofl 

Let Mi be a maximal right ideal of R containing Pi. 

Then Ii Îi E(R/Mi ). Since (R/Mi)N = o. Annr.N 1- o. Since 
1 

AnnI N ia an R/N -module and R/N i8 semisimple Artinian, 

~I~N ls a di:ect su~ of simpl~ R-modules. But Ii is 

uniforme Hence Annr N must be simple. 1 \ v 

. i 

1 

Lemma 2.2 

--...21 

1· 
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Proo:r 1 
. 

(a) follows immedlately from Theorem 1.5 

(b) 1 Suppose Ann
I 

Nm = Annr Nm+1 ~ Then for all s ~ m+l , 

(Annr NS )( Ns- m':' l X ~m+l) 1. O. Ther!fore, 

i (Ann NSX Ns- m- l ) ~ Ann Nm+1 = Ann Nm 
Ii. Ii Ii \ 

(Ann NSX Ns- m- 1 }Nm = 0 
, Ii 

(Ann N s)( N s-l) = 0 • 
Ii 

ETC. 

Proceeding in this fashi~~'one shows IiNm = O. By Goldie·s 

theorem, let XE: Nm be a regul.ar element. Given any 0 ~ j ~ Ii 

map xR >Ii by xrl )jr. Extend this to a map hl R .)I i 
and let h(l) = y. Then yx = 0 because YXE.liNm• But yx'l 0 

d'," 

because yx Il h(x) = j. contradiction~ 

LemIna 2.3 

, (a) The submoduies of Ii are linearly ordered (c~ Singh 

[38, theorem 4 ) 
,,{,:;; ,\ 

(b) Ii/AnnI.N is an indecomposable injective R-module i80-
1. - n 

morphic to one of fI jJ j=l' - _ , ' 

( c) {Il' ••• ' In J ={rl/AnnI N, Ii/'AnnI N-,. q. IriAnnr N}. 
. 1 2 n / 

Proofl \ 

{a} 1 It is enough to show that if x. yf. Ii 'then 

xR ~ yR or yR <;;,xR. The ring R 1Il R/Ann(xR+yR) is a propH' 

factor ring of R. hence le serial (Eisenbud and Griffith 

[if]) whlch implles that the ~~m~dule xR+yR ie a direct Bum 

of uniserial modules. But xR+yR 5; Ii ia uniforme Therefore, 

lW p.'M' 
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", xR+yR is uniserial and either xRÇyR or yRÇxR. 

,. -

( 

(b), By (a), AnnI.N i8 meet-irreducible. Hence Ii/AnnI.N 
1 . 1 

ia uniforme But over a right heredi tary ring, factor modules 

of injective modules a~e injective. Hence Ii/AnnliN'is an • 

indecomposable injective. Since (AnnI. N2/Annr. N)N = 0 and 
1 l 

fp 1": • J pJ are the only primes containing N, the aS,sociated 

prime ideal of ItfAnnI N must~be Pj fo; some j~ tl, •••• n}. 
i " 

Since R i8 FBN, Ii/AnnliN :: l j' 

(cb :8y (b). I1/AnnI N :: Il or Ir for sorne j Il. In the ,. , 
1 ,~ 

second case. re-number if necessaty" so that\'-'I
1
/Annr N -= 1

2
, 

, , 1 
By (0) again. I2/AnnI N = Il or 12 or (possible after re­

Z 
numbering) 1), Thus it ia possible t~ re-number the Ij so 

that~ 

Il/Ann1 N :: 12 , I~AnnI N :: 1) •• , •• I/AnnI N :: Il for some 
1 2 s 

s~n, Suppose s:/=.n. We shall show that S = Pl n ... nPs 

is 'localizable by showing that condition (b) of Theorem 1.) 

is sati~fied. A uniform ~S-right ideal u/s ls certainly 

a uniform R-module. Hence ER(U/r) is an indecomposable 

injeotive. Sinee (u/S)S = 0, the associated prime ideal of 

ER{U/S) ia one of Pl. P2' •••• Pst Hence ER(U/S) = Ij for some 

j ~ tl, 2 ... ,. aJ. u/s i.8 (isomorphic to) a finitely generated 

R-l5ubmodule of l j 80 by (a). 0" U/S il yR ç l j' If u/s i8 

an essential and dense submodule of a cyclic R-module zR. 

we may assume x t. l .• Now yS = 0 implies yN :1 0 -9 yR=,AnnI N 
J j 

by LemtlUll 2.1. If xR ., yR then, by (b), l j/AnnI N 2 xR/yR d 
Z . j 

AnnI N IAnnI N. Hence 0, ~yR lB N-torsion free, contra-
j j 

---_._ .. _. -., --
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diction. I~ follows that xR = yR and xRS a O. ThuB the 
~ 

condition for right locali~ability le satisfied and this 

implies S is invertlble. Since ~Pl"'" Pn} la a clan, 

n = s and (c) ia proved. 

. Theorem 2.4 

Let R be a bounded HNP ring, Il the indècomposable 
-T 

injective with associated prime Ideal Pl 1 o. Let Pl bèlong 
~ J n" 

to the clan tPl , ••• , Pn and N = iQIPi' Then Il is the union , 
of S?bmodules 0 ~ Bl ~ B2 ~ ~ • , ~ En'f Bn+1 ~ ••• where 

(a) Bi = Ann; Ni, 
1 

(b) eaeh Bi/Bi_l is simple. 

(c) each Bi lB c~cliel 
~ 

(d) there are no other submodules of Il' 

(e) Bi/Bi_l ~ Bj/B~_l iff i = ~ (mod n). 

Notel Si Singh haB obtained a similar theorem but the pr~sent 

proo! was obtained independently. 

Proo!. 

ea). If Bi = AnnI1N
i

, we know Il • ~lBn and Vi, Bi~ Bi +1, 

(b) follows from the tact that Bi/Bi_l is an ~~-module, 

therefore a finite direct sum of simple,~-modules. But at 
, . 

the same time,~Bi/Bi_l is a submodule of one of the Ij' 

and these are all uniforme 

( c) ~d (d) 1 We proceed by induction. Any 0 1 y E. B1 must 
\ '. 

genera~e Bl by Lemma 2.1. Assume Bi _1 • Yi_lR and select 

any Yi E. Bi" Bi_l' By Lemma 2.)(a), sinee YiR ~ Yi_lR, we 

1 -----J __ ._ .......... _" .. _ .. rw ___ - ,_ -='11'''. UPHT:!a • 
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, . 

must have Yi_l'1R ç YiR. YiR III :8; now follows from (b). 
@)\. ... 

(e) fol~ows from ~emma 2.3(c). Indeed Bi/Bi_l = Bj/Bj_l 

iff Il/Bi _l : Il/Bj_l a~d this happens iff i = j (mod n). 

Corollarv 1 

Let l be any finite direct sum of copies' of the Ii 

such that each Ii appears at least once. Then l ia Artinian • 
• 1 

l is also a self-cogenerator - i.e. every submodule, 'c, 
ot a factor module of some lm is cogenerated by I. In 

particular. Ho~(C, I) ~ O. 

Proo!s 

That l i6 Artinian follows immediately from the 

theorem. lm is a 
m' • 

direct sum k~lEk where Ek ~ Ii for some 

If y~ lm then lm/y is, injective sinee R 

is hereditary. It is also Artinian, hence is a finite 
" " direct sum of indecomposable injectivesl say· lm/y = li~···$.[' t', 

Let 1t'j 1 lm/y ) l j be the eanonieal pro jection and 

xkl ~ ~Im,the canonical injection ~ith pl lm ) Im/y 

representing the canonieal surjection. If 1l1.P xk ::: 0 Vk 

then 1CJ> ::: 0 :·711= o. Henee ]k sueh that HO~(Ek' 1'1) ~ O. 

Sinee 1'1 i8 indeeomposable, sinee any homomorphie image 

if Ek ie injeetiv~, ~d since the only submodules of Ek 

are the AnnF_ NS 3 s l '1 ~ Eli~ N~ ~ 'Ii for some i E-
l -K k 

11. 2 ••••• nJ. Similarly eadh l' j =,Ii(j) for some i(j)~ 
ç J m x . l1 t 2, .... , n • Hence l yy~ l fOf' some XE. NI. It follo!s 

. that any submodule, C. of lm/y is cogenerated by l and 

, ' 

1 
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HO~(C, I) '1 o. 

Corollary 2 

Vx ~Il' HomR(I1/X, Il) , o. 

Proof. 
'" 

By the theorem, X = AnnI N8 for sorne s, hence 
~ 1 ~~ 

I 1/X = Ii for some i E:,tl, 2 f, ••• , n}. Th~n Ii/AnnI iN = Il 

for some t and the composite Il/X: Ii----7,I i/Ann
Ii

Nt ~ Il 

ie a non-zero homomorphisml Il/X > Il. 

These results can be extended to fully bounded 

Noetherian hereditary rings/ as long as we restrict our 
1 

attention to non-minimal p'rime ideals. Recall that in a 

Noetherian hereditarY'ring, any chain of prime ideals 

consists of at moat two elements [2J. 
\ 

Lemma 2.5 

Let R be a Noetherian hereditary ring and assume 

• R = R1 '$ R2 c$ ••• ç"~ Rm 

',where each Ri ia ei ther HNP ,or AI"tinian heredltary. Let 

{Pl •••• ' Pn} be a clan of prime ideala. 1 

(a) If Pl1. Rl then Pi "1 Rl for all i = l, 2 •••• , n. 

(b) If Pl ia a'minimal prime. ao are all the Pi. 

(c) If Pl ia a maximal ideal, so are all the Pi" 

(d) If Pl ia both minimal and maximal, so are all the Pi. 

Proof •. 

(a) 1 Suppose Pl;? Rl. Let R' = R2 @ ••• '(f) R • By mo 

26 
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n 
the corollary to Lenuna 1.7, N n R1 = i Ql (Pin Rl ) is -localizable. 

supp~se tha~ 'only :1 ~ p 2' • • ., P 5 i Ri· Then each c~ntains R' , 

so ir;;;l (Pi (\ Rl ) = i~\ {Pi (\ Rl ) Is localizable and iQl (Pi (\ R' ) 

= RI. By Lemma 1.7, îp1, ••• , Pa} i5 localizable and by Theorem 
~~~ I,~ 

1.11, it follows that s = n. 

(h). Now assume Pl is minimal and suppose P2~ Q 

where Q 1s 

Hence P = 2 

a prime ideal. Since P2 ''1 Ri' :. Q 1R1 .'. Q 2R'. 

( P 2 n R1 ) <fl R" and Q c (Q n ~1) $ R 1 ~ P 2 n Rt f Q n Ri • 

Since aIl primes of an Artinian ring are maximal, it follows 
, 

that R must be HNP and in that case, Q {\ Rl = 0 because ~ll 

non-zero primes of an HNP ring are maximal. But then 

Pl n R1 ?\ Q n Ri .' . Pl = (Pl (j R1 ) <fJ R' ? Q. By minimali ty of 

Pl~'Pl = Q~ P2. This contradicts the irredundancy of the set 

1: Pl' '. • ., P n} • 

(c), Assume Pl is maximal 'and suppose P2~ Qwhere Q is 

a (proper) prime ideal of' R. Since P2:2 R' :. Q 2 R' Q 1Rl. 

Then in R1 we have primes P 2 0, R1 ~ Q n Rl and thi's .forces Rl 

ta be HNP and P2 nR1 = 0 as in (h). Then P2 = R''; Pt which 

again,contradicts the irredundanèy • . 
(d) follows immediat~ly from (b) and (c). 

Since we are assuming R li: R1 $ ••• ~ Rm le a' fu~ 
bounded Noetherian hereditary ring, a non-minimal prime 

ideal ~1 will contain aIl the direct summands to R except 

for (say) Rt, and Pl n Rl must be a non-zero prime of R1• 

Hence R1 must be bounded HNP-. If P 1 belong~ to the clan 

• • 1 p • r 
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n 
Pn1 and N = i Q1Pi' we know ER(~N) = ER (Rl /N1 ) 

1 
to ER 'RI/Nt) we conclude 

1 ' 
Applying Lemmao 2.3 (Prop.1.6). 

that if Il ia the indecompoasble injective R-module with 

associated prime ideal Pl it is also the indecomposable 

injective R1-module withassociated prime ideal Pl n R1 ,. O. 
--- \ ,. so has a~ only Rt-submodules ,the chain 

( )n )n+l o f Annr N n RI ~ • • • 'i Ann I N n RI Cf AnnI (N (\ RI ?i. • • • 
111 

As R-modules. 'these coincide wi th the chain 
n n+lc o ~AnnI N ~ ••• ~ AnnI N ~ AnnI N ::t=- •••• The arguments 

1 1 1 
used in Lemma 2.J(b) and (c) still work because Lemma 

2.5 assures that all the P. are non-minimal and oe-
~ . 

cause over a FBN ring, every localizable aemiprime ideal 

ia classical [J2]. Hence we have 

Theorem 2.6 

Le,t R be a FBN heredi tary ring and Pl a non-minimal 

prime ideal of~. Let Il be the indecomposaple ·injective 

wlth associated prime ideal Pl' Then Pl belongs to a clan 

{Pl' P2"'" pJ of non-minimal prime ideals whose inter-, 

section ls a localizable (classical) semiprime ideal N. The 
, n 

only submodules of Il are 0 i= AnnI N ~ ••• ~ AnnI N ~ ••• a 
00 n 1 +1 1 

I 1= n~lAnnr N r each factor AnnItNn/Annr1Nn ia simple a 

each AnnI NA is cyclic. and the factors AnnI NS+1/Annr NB 
1 1 1 i' 

and AnnI Nr+l/Annr Nr are isomorphic iff s :: r (mod n). 
1 1 

Corollary 

If Ii is the indecomposable'injective R-module with 

,--_ ...... ' .... '----. •• O:-.. --.""-•• ----'~ ..•. --------
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s 
associated prime ideal Pi and 1 = Il 1 ~ 

\. 

••• 
s 

(f) l n for 
n 

some s. ~ 1, the corollaries to Theorem 2.4 still hold. 
\ 1. 

§"2. Duali ty in FBN heredi tary rings 
/ 

29 

Definitiona Consider arbitrary rings S and T and a bi­

module SIT' For any 'l'-module M (resp. S-module M), define 

M* = Ho~(M, 1) (M* = Homg{~, 1». There is à natural 

homomorphism M A )M** where (f)m = f(m), Call an S-module, 

M (a T-module ~) reflexive if M**= M. If S = EnI~(IT) , 

T = Ends(SI) and SI and IT are injective cogenerators of 

S-Mod and Mod-T respectively, then the functors Homg(_, 1) 

an~" H0n1tr (_. 1) induc,e a duali ty between the categories of 

reflexive S-modules and reflexive T-modules. We say that 

SIT induces a Morita duality between S and T and call them 

Morita rings. The 7eflexive ,subcategories are closed under 

submodules and factor modules and contain sS and TT resp­

ectively [29J. 
o 

Let R be a fully bounded Noetherian hereditary ring 

and N a localizable semiprime ideal which is an intersection 
'"' 

'of non-minimal prime ideals Pl"" , '; P n' Let Ii be the 

unique (up to isomorphism) inde composable injective with 
- n 

assooiated prime Pi and let 10 = i~lIi' Denote by l any 
1 

finite direct eum of copies of the Ii such that IoÇ l -
s1 s 

i.e. l =,-11 $ ••• $ In n for some si).1. Let Ko= EndR(Io) 

and;K = EndR(I}. Let HN be the localization of R at N and 

-------_. 
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) ~ the completion of ~ in the Nl\i-adic topology. l can 

he vieW~d as an ~-module\in the following way. if c E. ~(N) 

then cR is N-dense. It Is ~en ~asy to oheck that it g ~ 
extends the map f(cr) = ir to all of R, lc- 1 = g(l) is 

A 

well defined. Now any element q E.. ~ can be thought of as 

q = ft~~ ~ where ~E. ~. Given 0 ., 1 €. I, sinee N ls classica'l. 

3no such that iN
n = iN~n = 0 Vn~no' Since q = ~!~~, 3n1 

n 1-
such that ~- ~ E. N~ 0 V m. n ~ n 1• Clearly iq = i~ a: i~ 

. 1 
'cf n ) ni' and HO~ (I. I) 1: Hom~ (I, 1) = Ho~ ( l ~ 1) = K. 

By the remarks following Lemma 1.13. ~ = En~(KI). Hence 

one of the conditions for a Morita duality between K-Mod 
1\ 

aQd Mod-~ is satisfied. 

Proposition 2.7 

KI i8 ap injective cogenerator for K-Mod. 
,'.', 

proo!.' 

Step l, l ia semi-injective (Sandomierski [37J). 

Let B be a finitely generated left ideal of K. For some m 

there is a surjection Km ) B -----70. Let Km ~ (Km)** 

and B B ) B** be the natural homomorphisme. Since the 

sequence °O~ B*----} (Km)* is exact and IR ls injective, 
.' 

the following dia gram is oommutative with exact rowsl 

But 0\ 18 an isomorphlsm. hence ~ ia an ~epimorphis~--the 

----=--
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:,other hand, ~B is cogenerated by l - indeed B ç K • I*Ç II 
~ . ~ 
-1d i t follows that f3 le a monomorphisme Hence B = B~*., 
To how KIls seml-injectlve, it i8 enough to show that 

K*'--7B*--;--70 ie exact ~n Mod-R. If not, let C be such that 

K* "7 B *--;---7 C 10 ia exact. Then 

o --7 C*~ B** ~K** 

III III 
0 ~B ) K 

has exact rows and commutès. Hence C* = H0Pla ( C, 1) ':s O. 

But CR ia a factor module of a submodule, B*, of (~)*I= ~ 
'Since IR i8 8:, sel1'-cogenerato~. C = o. 

, ,~ 
Step 21 l is injective ae a K-module. Let B be any 

.." 

,left ideal of K, g E Ho~(B, 1). Le1; [BjJ j €. J be the 
.tt - ' 

:f'amily 

has lan' 01' all finitely generated submodu1ee ot B. Each ~ 

ex1:~Sio'; to gj ~ HoUX (K. or). Now AnnrB = Ann; ( r;.; BJ) = 

j ~ FIBj = j'J. pAnnIBj tor som~ finite subset PÇ, J sinee 

IR ia Artinian. ~e.nce AnnIB = j ~ pAnnIB j a AnnI ( ~ pB j) = 
. , 
AnnrBj for some jo€.. J. Clearly. if Bj"2 Bj'. then since 

o ' 0 
gj and gjo,both agree with g on Bjo' we,have 

,Bj «,l)gj - (l)g. ) = o. \' 
, b Jo . 

But AnnrBjQ = AnnI ' B ~ 'AnnrBj Ç,~rBjo' ThuB _B]t{~j-(l)gjo) 
c: O. Le.- gj lB = gj 1 B • Sipce ~ = L::Bj. it 'to110ws thàt 

j 0 j. -p,.?'E>.. 
'1 J )0 

gjo B ~ g.' .. 

Step 31 EYery simp1~ K-module lB cogenerated by Kr. rt 

la suff~cient to show that if L ia a proper maximal 1eft 
) 

. ideal. of K then HO~(K/L. r) " o. Now' f ( )f [1} defines an" 

r, 
?:;;.fi!~~~ ,&>: 

.. 
e 'i 
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isomorphism between HO~(~L. 1) and AnnIL. AnnIL == 0 
t 

~ f~Lker(f) :: 0 ~ {~1k,er(fi) :: O_,for some fi~ L since 

IR i6 Artinian. Hence ml l ') rt defined by m(y) = 
. -

(f1 (y). f
2

(y) ,' ••• , ft(y» iB a monomorphism., Let j c: 

(jt' j2'···. jt) be a.maVrrom I t ~~ l such that jm:: id 

(ji E. K). For any y (1 we have y, == jm(y) == ?~i jif i (y). 

Hence 1 = .F-l ji fiE. L, contradiction. The~efore AnnIL ~ 0 

and Hon;c (K/L, 1) '1 o. ,,' 

. ~ 
Note that step .3 really shows that i~ IR is any 

.32 

/" Artinian injective module t.bJen every' simple K-module is 

contatned in 1. I~ additionally KI i8 injebtive. it i6 ~' 
injective 'cogenerator. We shaLl see that the conclusion o~ 

Proposition 2.7 is also true for Il and ~ = :ndR(It>. 

We firet need the, following Lemmal 

Lemma 2.8 

Kt is a local domaine J(Kt ) 1: K1q1 for some ql€' Kt' 
m ' and the only left ideals of Ki are K1 q1 V m. 

Proo!. 

Kl is local s~ce it i~,the e~4omorphism ring of an 

indecomposable injective. For any ff EndR{It ), f(I l ) i8 an 

inj!!ctiV~ (, Il' H~ce f(I t ) = Il' lf gf c: 0 and f ., O. then 

g(I1 ) ::,gf(I1 ) = 0 =9 g = O. Hencé K1 is « domaine If 

f (. Kt is not an isomorphism, i t ,is not a monomorphi8m. 

therefore ker(f)2 Ann
I1

N, hence f induces a map f(1~lj/~~'Il i 

l _;ç---- ~~ __ --~--______ ~ .. h .. __ --------~--~-----~~I--------.... a _ .& 
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Sinee AnnI N2/AnnI N 1s simple and not isomorphic' to AnnI N, 
() 1 ' 1 (2) 2 1 

ker(t 1 ) 2 AnnI N2/AnnI N so induc,es a map t • Il/AnnN --71
1

, 
1 1 

Proceeding in this way, we see tpat in tact, ker(t)~AnnI Nn • 
, 1 

Hence, if Ql' Il ~ Il/AnDI Nn :'11 denotes the composite, 
. ' . 1 1 . i 

ker(t) 2 ker(Qi)' We May therefore define a map hr Il ) Il 
, , , 

by h(ql (y» = f{y) V y E. Il- Thus ~e have proved J(Ki ) = Ki Ql' 

Given any b f. Kl' if b is not already a uni t, we can wri te ' ; 

b 11: u~l m for some unit u E. K1 and some m€: NI • Hence Kt b. = 'K1 Qlm• 

The proof is now complete. 

Lemma 2.9 

Il ia injective as a Kl-~odule. 

Proo!. 

If L ia any left ideal of K1' by Lemma 2.8, L.= K1Ql m 

~ K for some'm. To show K Ii is injective, we .need to 
1 1 

Bh~w HO~(Kl' Il) '> H0D1:K
1 
(L,Il) ) 0 i,s exact, If i t 

is not, let, K1 *----)- L~~ C ~ 0 be .e?Œct ~here X~=HO~(X, Il)'' 

Then "as in the proof of Proposition 2.7, c* = ~. But C is , 

a :racto:t· module of L* == K1 *,:1 Il' By the Corollary to Theorem 

2.6; HomR(C, Il) = c* ; 0, contradiction. / 

,1. 

Corollarv 

Over an FOO' hereditary ring R. i! Il ls an indecompos­

able injectiv~ with non-minimal associated prime ideal Pl 

and K1 ~ EndR(I1), ~hen K Il ls an injective eogenerator. 
1 

.' . . 
" , 
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Lemma 2.10 (cf. Matlis (261) 

Wi'th the same assumPt!o1~ on R, for any submodule 

BR f:IR 

)4 

\ (a) AnnKB :: Hom~(I(B, l), 

(b) ~AnnKB = ~omR(B, l), 

te) AnnlAnnKB = B. 

Proo!. 

(a}a Detine 'fa AnnKB ) HomR(I!B, l) by <f(k)li]= ki. 

Converaely. given f E É:omR (liB. I). if PI' l > rlB 1':. the 

canonic~l projection, define ~(f) = fpé. AnnKB. We have 

~fP)[i)= fpi and y(~k» = f(k)p ='k VkE."AnnKB, and clearly. 

~ and ~ are K-homomorphisms. 

(b). ~ince IR is injective, the following diagram 

has exact rows and commutes. 

0 > H-omR ( liB f l) ----r? HomR ( l , l) )'HomR(B, I)--?- 0 

III ~ . III 

0 7 AnnKB ) K >K/AnnKB )-

The uo known isomorphisms induce an isomor~hism between 

~AnnKB and HomR(B. l). 

(c) 1 Obviousijy AnnIAnnKB ~ B. If XE AnnIAnnKB"" B, 
l , 0 

AnnR lX] B is contained in sorne maximal right ide"l M of R. 

Since xN
m = 0 for sorne m, one of P1 ~ • • • ~ Pn ~" N!. ~ince 'f 

is t'ully bounded and the Pi are maximal, E(R/M) = Ii for 

sorne' i' t1 ,2, ••• , nl. Consider 

1· lx] R ç) RlM( )I i ..... ( -~:>I Ir' ..:' --- -., 
hl/B _ - - ;... - :3 3 .. 

r 
'..... ',. 

0 

1 .,;, 

am.1 ." 
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1 wh~re f( [X]Br) = ,~r]M and gl[xJR = f. On' the one hand, 

gp(x) ='fp(x) 1 O'but on the other, 'since gp~ AnnKB and 

XE.AnnIAnnKB, gp(x') = '0, contradiction. 

Simila;ly one provesi 

Lemma 2.11 

For any right icieal A f. R, 
, 1 

(a) An~IA ;; HomR(,R/A, l h 

(b) I/AnnIA ~ HomR(A, l), 

(c) If'AfNm for sorne m, AnnRAnnIA = A. 

~ 

Lemtna 2.12 

For anY
I 
1eft submodule KC.{" KI 

(a) Anni. C ;: ko~(I/c, I)" 
1 '" - -~ '" 

(b) ~/Aml~ C = Ho~(C, .I). 

(c) AnnIAnn~ C = C. 

Lemme: 2-.13 

For any 1eft ideal L (" K 

(a) AnnI;L ;: Ho~(K/L, l), 

(b) I/AnnIL ~ HOmx(~' l), 

(e) Ann~IL = L. ~ 

1 

.' • 

35 

• t 

Consequently, there are one-one order-inv~rting cor­

respondances between. (a) right ideals of R containing Nm 
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and ~~ft K-submodu1ea of AnnrN~ ~ml and (b) 1eft ideals of K 

and right R-submod,,:1es of r. In 'particu1ar, ~m K(A\nnrNm) ia 

., Artinian and K is 1eft Noetherian.' Then in K-Mod, KI~ Y_ 
~A 

where ~ Y.".. is indecomposable injective. IIf A ie infinite and 

Vi=<'y,) €.. l (where a11 but fini te1y many y ... are zero) we let 
"'~A 

<y)eof. =(0, •••• roc: • Ch-.l. f (e)J (~)! is an infini te set of ortho-

gonal idempotents in ~/J(~) ~ ~/NRN which is a,Noetherian 

ring - contradiction. Hence KI ie a finite direct sfm of in­

decomposable injectives, KI=Y1$ ••• ~s. By the corollary to 

Lemma, 1.9 and eince for an HNP ring Q with invertible semiprime 

ideal S Qs ia HNP. ~ ia a fini te' direct aum of HNP rings. 

Hence ~;J(~)t~~/N~t is serial Vt. From th~B we see that the 

submqdu1es of ei ~ are linearly ~rdered Vi=l, ••• , a'. Byo Lemmas 1\ 

2.12 and 2.1;. the K-submodules of Yi are also linearly or-

< dered \fi. Since Vi. V ~ é. Yi' Ky is Artin,i~ (for y'- AnnINm for 

some m), KI is Artinian. Applying the argument of Proposition 

2.7 to KI one sees, that I~ is an injective cogenerator of 

'" Mod-~ and hence we have 
.1 

~Theorem 2,14 

Let R be an FBN hereditar,Y ring, N a localizable inter­

section of non-minimal pr~e ideals, I. K, etc. as before. 
i 

Then KI~_ indùces a M~ita' duality between K-Mbd and MOd-~. 
-"N Il 

.. 
Definition (Sandomierski [37])- Let XR be an R-modul~ (R any 

ring) and fxjJ j<J a ~"lection of,submodules of X. Then the 

\} 
l! 

1 
1 

l, 

. -~._'--------------------------------~--~-- Il Jll 
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-system ot congruences ~x;;x. (mod X.) 1 ls finli tely solvable 
J J i 

if for every fini t~subset _F ç J JXF f- X such that ~j E.. F. 
~ ) 

XF-Jx j E: Xj , The system is solv~ble if 3xoé: X such that, Xo-X{,X j 

V j' E J, X is called linearly compact if every fini tely sor~ble 

system of congruences in X is solvable. 

It is known that in the presence of a Morita duality 
. ) 

between rings Sand T. the reflexive modules are exactly the . 
::nearlY compact oner" I~ particular, in our present situation, 

~ is right linearly compact and K is left linearly compact. 

'" Also fhere are dualities between Noetherian right ~-modules 
f\, 

andrArtinian' left K-modules and between Artinian right ~-

modules and No~therian left K-modules. 

In the following example, we see that such a Morita 
) . 

duality does not necessarily exist for all FEN hereditary 

rings. 

Examplel P. M, Cohn [8J has shown that there exiat division 

rings Dl' D2 such tHat [D2 ID1Jr =' 2 and [D2IDl1e= 00, 

(
Dl ·0) ~ Put R = • R ls an Artinian heredi tary ring, 

"D2 D2 
hence is certainly FEN heredi tary. ~\a a le ft R-module. 

\ ( 0, D2) __ ER ( 0 0) is indecomposable injective, 
o D2 0 D2 

, But it la not finltely generated as a left R-module. Hence 
a 

no injective cogenerator for R-Mod can be Noetherian. If 

R has a Morita duallty with'a ring S induces by REs' then 

l-i -..-.----~-------'-----:_---____ 1I_1 _____ • __ ---------
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~ince "R ia Artlnian, J(R)n = 0 for some n. It follows "J'that . 
J(S)n = AnnSÂnnEJ(R)n ~,O (see Müller [29, Lemma 6J). Since 

the category of reflexlve S-modules ls closed under suh- e, 

l ' 2 2' 
modules and factor modules, J(S)/J(S) • J(S) /J(S)J, •• ; 

are reflexive and semi-simple. But re!lexive modules must 

be finite,dimensional (Sandomierski [37]). Hence Ss is Art­

inian and by the duality, RE is ~oetherian~ contradiction. 

, Lambek and'Ratt~y have recently developed a categ-1 

orical approach to duality which encompasses Many classical 
, 0 

duality theorems [20, 22, 23J. Their results are general1y 

important as tools for finding new examples of duali ty. A 

concept fundamental to 

X-injective 'objecta 

this al~ach 

/ 
is that of a co-small 

\ 

Definition. Let! be a/éomplete additive category, l an 
/ 

object of A. Cansid~r the functors 

~ = Hom(_, I) 
/ 

, 2 
Let ( • x), be the equalizer af ~IUIFI' UIPI~I!UIFr==t(UIFI) • 

l s called JI( - in j eoti va if 'ri fi QI (A) ) l there exista 

gl UI'I(A.) )1 such that gX(A) '. f. l is co-small if F1 b 
< 

takes products in A to coproducts in (E-Mod)oP where 

E =:r A(r. I). Bquivalently. l is co-small if \:IfaTIA )1 
- x~ x 

in A. there exists a :tini te subset F ~ X and J f' • TT Ax ) l 
, x~p 

1 . _i~_' __ ------_____ '_V ______ '_' ___________ ,~; ____ __ .. 
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"-

such that f = f'1l , F (where 7\p is the canonical projection) • 

'In Cont"'lR. the catego'ry whose abjects are topological 

Z-modules euch that ~ultiplication by elements of R ie \' 

continuous and whose maps are continuous,R-homomorphisms, 

any q~a~i-injective R-module eq~iPped with the discrete 

topology is co-small and x-injective (Lambek [20. Prop. 4.3]). 

The following Proposition then applies to the situation we 

have been studying • 

. \ 

Proposition 2.15 (Lambek and Rattray [23]) 

Let l be an injective Artinian right R-module with the 

disc~èt~ topology. Let E = EndR(I). Then the adjoint pair 

F = Cont ( ,,.-1) 

Cont-R (E-MOd)oP 

U = HomE(_. I) 

induces a duality between,discret~ Artinian R-modules which 

are I-torsion free divisible, and finitely generated E-modules 
, 

which are cogenera:~ed bl" El. Moreover, for any A ~~Cont-R, 

th~ following are equivalenta / 

(a) A is a filtered limit of discrete Artinian modules which 

are I-torsion fr~e divisible. 

(b) A ia a limit of discrete Artinian modules which are I­

torsion free divisible, 

(c) A f. ;;t'(I). the smallest subcategory of Cont-R containing 

l and closed under limita. 

\ 

, , li FI 

"-

• 
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Examplen, Let R be an FBNe heredi tary ring, N a lo~alizable 

intersection of non-mini~l pri~e ideals. Let Ii' I. K, etc. 

be as before. By Theorem 2.6, l is Artinian. Give it the 

discrete topology. Then there ia a d~ali ty b'etween the 1imi t 

c10sUre of l in Cont-R and the full subcategory of (K-Mod) 

cogenerated by KI. But by Proposition 2.7, the latter is 

a1l of K-Mod. l1so. by Proposition' 2.15,' ;t(I) ia the set of 

al1 limits of discrete Artinian modules which-are I-torsion 

free divisible. But fRN-modules] = \R-mOdules which are 1-

torsion free divisible}. Hence we have a duality between 
, 

K-Mod and pro-Artinian RN-modules (i.e. ~-modules which 

are filtered limits of discrete Artinian modules). Further, 

-if A is a discrete Artinian ~-modu~e , ] n Kn > F(A)~ 0, 
~j . n 3 '1\ m 

hence A == UF(A)( 1 )1 and so VaE.A m aJ(~) K O. 
-

Thus every discrete Artinian ~-module can be viewed as 
A 1 

, an ~-module and as sueh, is still discrete Artinian. 
. 1\ 

Conversely every discrete Artinian RN-module is a discrete 

Artinian ~-module because every ~- submodule ia already an 
/\ 
~-submodule. 'Thus we also have a duality between K-Mod and' 

1\ > 

pro-Artinian RN-modules. Similarly, ainee KI ia ~ cogenerator, 

all K-modules are ~I-toraion free divisi~le and there i8 a 

in " 1\ duality between pro-Art 1an K-modules and Mod~BN' The 

findings of this ehapter on duali ty for .rFBN heredi tary 

rings (and Ïn particu~ar, for bounded HNP rings) are swnmar­

ized on p. 41. 
• !, 

~ . G..J 
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K-modules)op ~ 
If -

[Reflexives} 
li 

flinearly compact 
.... 

modules} --' 

J 
tSubmodules of factor 

modules of InJ 

(Noetherian K-modules)oP 
- Il,, J -

[Artinian ~-modules --

'" 

.... 

~ ... 

-
lfIIj 

'1 

~ 

'-, 



, - 1 - 'Ir 

( 

" 

Our final result in this chapter shows that, strangely 

enough, Morita duality in Mod-R cannot be obtained by. theae 

methods. In tact there are no non-trivial co-small injectives 

in any module category. 
. \ 

Lemma 2.16 \ 

Over any ring.R, if l ia co~s~ll and weakly injective 

(i.e. "lB Ç, IX, HO~(IX, 1) ) Ho~(B, I) is onte), then 1=0. 

Proofs 

Let 0 f; i E. I. Consider· the element CE. IX defined by 

7(x(c) = 1 VXE. X where X iB an inf'inite set and 1r'x is the 

projection associated with x. Derine flcR + ~l >1 by 

f(cr + y) = ire This is weIl defined since if cr( ~I. say 

y = c~. then ~x(y) = 0 f~r all but finitely many x. hence 

ir = O. By the weak injectivi ty of 1. extend l' to gl IX > l 

and sinee 1· is co-small, factor g as g = g'~F w~ere F ls a 
, . 

finite subset of X and~F ia the canonieal projection. L~t 

'j be the canonical' .Injection ~ )! ... k the canonical 

injection IF ) cR + lEx! and l' he inclu~ion of cR + frxI 
in IX. We have v ' ,~ 

cR + ~I f )1 

i' r XE.F--t...>I ~ 
IX~ F 

. , 

g , , 

-On the o1}e hand, gîk = gj = g'1LF j = g' ;. 0 sinee g = g'1C~ O. 

On the other band, gÎk = 0 by construction, contradiction. 

- \ 
.) 
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Chapter 3 

n 
Assume that R is an F.BN hereditary ring, N • ~lPi 

1 
ia a localizable intersection of non-minimal prime ideals, 

l, l '\ K, Ko' etc. are as in Chapter 2. Using the Morita 
o / /\ 0 

duality between K-Mod and Mod-RN we shall inveatigate the 
A 

properties of the rings K and RN- oth turn out to be semi-

perfect; fully bounded Noetherian h reditary rings which 

are complete and Hausdorff in th Jacobson radical topology. 
A 

In fact, K ia Morita equivalen~ to ~-

Proposition 3.1 (Miller and Turnidge [28J) 

~et R be a ring, IR an injective self-cogenerator and 

K = EndR(I). Then the following are,equivalent& 
1 

(a) K ls 19ft semihereditaryl 

(b) whenever yç l ia auch that I/Y is embedded in a :t'mite 

product of copies of If I/Y ls injective. 
} 

Corollary 1 
n 

If R ia an FBN heredi tary ring and N = .(I1P. Is a 
1.1:: 1. 

localizable intersection of non-minimal prime ideals, then 

J( la 'left heredi tary and ~ is right he;eJ;~~'~' . ;", 

Proof. 

Since R ia hereditary, condition (b) of Proposition 3.1 

• 1IIIi,q" ç If tt ------- - '-'----IiiIII·_ ••• 1IiII7?1lIili'IiIHilllliill''''IiIiNrUl'i*t •• 
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ie c1early true for IR. Hence K is 1eft semiheredi tary. 

By Lemma 2.13, since IR i~ A~i~ian, K ia left'Noetherian. 

hence K ls le ft ~ereditary. In that case, condition (b) 
< 

of Proposition J.1 holds in K-Mod and KI i8 an injectfve 
'" cogenerator. Then as above, ~ is right hereditary. 

Corollarv 2 
A 

~ ia left Noetherian and·left hereditary. 

Proof. 

Becauae of the symmetric assumptions on Rf RN = NR. 
-'\ 1\ 

hence ~.= NR which is 1eft Noetherian and le ft hereditary. 

Proposition 3.2 

With the same assumptions on R, N, r and K, 

AnnrN
n 

C AnnrJeIOn '= AnnrJ(~)n \ln., 

Proofl (Müller [29. Lemma 6J) 

The proo! ;s by induction. When n = 1. by Lemma 2.11, 
t 

since ~N = ·~l~Mi for some maximal right ideals Mi of R, 
l. t . t ~", 

AnnrN c HomR(R/N, 1) == i~lH0tna(R/Mi' 1) - i~lAnnrMi' Each 

AnnrMi ie either simple or zero as a K~module and AnnIN is ' 

a finite direct sum of simpl~ K-modules. Hence ~INÇ AnrirJ(K) • 

Similarly AnnrJ(IC) ç AnnIN. 

Assume AnnIJ'(K)n = AnnrNn • Then J(K)n Ç Ann~INn, 

and N~Ann~IJ(K)n. A typical el~ment of 'J(K)n+1 ls a 

fin:i~e SU~-O:f eleme~s ~t the form st where s ~ J(K)n and 

t E.J(K). Then t(AnnINn+1 )Nn Çt(AnnIN) li: 0 and so' 

,. 
------ -" 'S 7~1 Ùit 
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t(Ann
I

Nn+1 ) ç AnnINn • Sinc~ s E J(K)nÇ Ann~INn, 

~t(Ann~Nn+l)ç s{AnnINn ) = 0 

... J(K~n+1ç Ann~INn+l ......,...... (1) 

4.5 

n+1 ()n+l' , Similarly, N • ~ Ann~IJ ~ ••••••••••• (2). 

By (1), Ann
I
J(K)n+12 AnnIAnn~INn+12AnnINn+lo 

,By (2', AnnI Nn+1 ? AnnIAnn~IJ(K~n+1;? AnnI J(K)h+1,o / 

The statement AnnIJ(K)n = AnnIJ(~)n V n is p'roved similarl;r.: 

Proposition 3.1 - , 
~ 

Under the same hypotheses, K is complete and Hausdorff 
( J 

in,thé J(K)-adic topology. 

'Proo!. 
~ 00 

By Proposition 1.,5, l = ~lAnnINn = n~1AnnIJ(K)n. It, 
00 

f~llows that n~lJ(K)nÇAnnKI ::1 O. Renee K is Hausdorff in 
00 

the J(K)-adic topology. If [~n-l is a Cauchy sequence in 

K we want ta l'find a limit kE K. Define k(O) • O. If 0 ! i~ l, 
n 

there exists a least no such ,that iE AnnIJ(K) ,0 and: 'there" 
c ,n 

also exists a least m sueh that n, m ~ mo a:) k - k E: J(K) o. 
. 0 1 n ln 

Define k(i)'~ k~ (i). As in [19.~ProP. ,J. k ls well defined 
. 0 ( 

and ~!! kn c k. ..o~· 

That ~ isl 'complete and Hausdorff in the J(~)-a(:lic 

topol0Q' was shown in Chapter 1. 

lie ,hall assume from'now on that fP1 ,P2, .... ' pJ 18, 

a c4n. Then as we have sèen, if R =- R{~ ••• ~ ~ (possibly 

after re-numbering), P l' : • •• P n f R1 and ~ • Rl. N nR
1

' Thu8 

,,,, -.----------...... III!I, -----.,"t~-------.... -~-~------_.J 
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we may also assume without loes of generality that -R ls 

a ~on-Artinian bounded HNP ring. BJeause of; the Morit~ duallty 
/\ 

betwee'f!>. K-Mod and Mod-~, in particular, because l la an 

" injective cogenerator of Mod-~, Lemma 2.11 holds for a right 

ideal A ~ ~ with~ut thj! assumption in (c) that A"? J(~)m for 

some m. Hence, we have 
~ 

Lemma 3.4 

(a) Every non-zero ideal'of ~ 'contains some J(~)m. 
(b) !very non-zero ideal of K contains some J(K)M. 

\ 
Proo!. 

~ 

(a), Work with l = I1~ ••• <±lI .'If 01- A is an o . n 
/1 -/, 1\ Mw A" m ideal of ~ and A;f J (~) v m, by Lemma 2.11, AnnI ' A ~ Annr J(~) . n A m nO . 0 m 

V m. Now Mnr A = i1flAnnr.A. and AnnI J(~) = i~lAnnI J(~) 
o ~ i , i 

so it follows that for some i, liA a O. Say I1A = O. Let 

Pi 1 Il )I1/AnnI Ni -1:; Ii be the composition and let f. E K ~ 
1 , ,1. 0 

be defined by the rule fi(x1"", Xn) • (d, ••• , Pi(x1) •••• , 0) 

Vi. By its construction, f i (I1) = Ii' Hence I1A • 0 ~ 

fi ( l lA) • 0, ~ fi ( I l )A ~ SJ V i ~ lA = 0 ~ A 0'" O. 

1 ( b) i If 0 1- B is an ideal of K then AnnIB ia a proper 
A 

K-Rri-submodule of I. ,hence Ann~ AnnIB lis a non-zero ideal of 

~: By (a), AnnIt_AnnIB ~ J(~)m 'for some m. Henc~ lnnrB = 
-"N • .).... 

fI '()m ~ ()m AnnIAnnRN AnnIB ~ AnnIJ K '. B :.:; Ann~fD '4 ,J K •. 

" 

CorollarY 
. n c 

If R la an FBN' heredi tary ring and N i iQl Pila the 

Ui • 



1 

1" 

<-'. ; 

fi' 
,1 

~l' 
li 
} 
'1 

~ i 

S' 
/ 

1 

~. 

if; 

~ 
t, 

1 l' 

/ 

47 

J\ 

intersection of arclan~o~-m}nimal prime ideals theh ~ 
• 1 

and K are prime. each proper factor ring of K is left'Artinian 
1\ 

and ~ is HNP. 

Proo!. 
s 

J\ 
By the Lemma. an~ product of two non-zero ideals of RN 

,(resp. ,K) contains a po~er of J(~) (resp. J(K)}, hence is' 

non-zero~ Every proper factor ring of K is a factor ring of 

K/J(K)m for some m and these are left A~~ian by the duality 

(SinC~ Mm~J(K)m iS, a ,Noetherian R-module). 

Note that ~ ie not primitive. hence ia bO~de~ HNP b2, 24J. 

LemIna 1.5 
m 

Write l = s~1Es where each Es = Ii for some i~fl ••••• nI. 

"If L ia an essential 1eft ideal of K. then AnnE L ~ .Es Vs. 
s 

Proo!. 

Let es€.K be,defined,by es (x1 ••••• ~)={O,.~ •• xs , •••• 0)., 

Since L ls essential in 1<:. Jké: K 0 , kes (L. If LEs': 0, then 

~e have 0 1 kes(I)~LEa= 0, contradiction. 

Corollaa 

K 1s left fully bounded. 
" Proo!. 

, Every proper prime factor ring of K ls left Artinian, 

hence 1eft bounded and K i tself la left bounded Sinc~ L ~. K 

. ~ AnnrL ÇAnnrJ(K)m for Bome m -r L ~J(K)m. 

/ 
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These conditions on_K aré sufficient for us to prove. 

directly-that K. ls HNP but the following yields a better 
, ~ 

result. We specialize further to the case where l = E = 
, . 

E(RIN} and H = EndR(E}. We have already n,oted that ER(R/N} = 
ERr-t (~/N~). Since '~/N~ =, ~/J(~) and E~ ia injective, 

we conclude that E~ = ERN'(~/J(~». We shall therefore 

assume wlthout loss of gene~lity ~hat R ls bounded HNP, 

complete and Hausdorff in the J(R)-adic topology and N = J(R) 
G' r-

is the intersection of a c~an - i.e. ~= R • R has Morita 

duality with H induced by ~R.' In particular, X~Ann( )X 
1 

de scribes a one-one, order-inverting correspondence bétween 

left id~~lS ,of H and R-submodulps of E and between right ~ 
ideals of R and H-.submodules of E. Since W ia Artinian 8" .l-

and H is left Noetherian, we may write , 1 

1 

~ = Yl ~ Y2 G) ••• (±) Ys 
. 

where the H(Y j ) are indecomposable injective H-modu1es. As 

each Yj Is also Artinian, H(Y j ) has unique simple submod~le 

H(C j ), If necessary, re-number the Yj so t~t Cl = ... = C
s1

' 

Cs +1 ~' ••• ;; Cs ••••• Cs . +1 ;: ••• :: Cs _and auch that' 
1 2 m-l m 

the Cs are pairwise non-isomorphic for i = 1. 2, •••• m. 
1 

~.Sin"e Yj = EH(C j ) 1/:, i 
= y El • ••• • Ys +11:· • • 

2 m-l 
Mi = AnnRCs 18 a maximal 

haV~1 Y1 = ... = Ys ' Ys +1 • ••• 
11. 

~ Ys ). For each i K 1. 2 ••••• m, 
m 

right Ideal of R. If we let 
i 

Di = Cs +1 ® ••• (±) Cs ' since R • En~,(E), we have Cjr -= Cj 
1-1 1 i ' 

or C j r :z 0 for a11 r E.. R and ~all j = 1. '. • •• s. Hence DiR = D .• 
> ' 1 

It follows tpat AnnRD i 18 a tWo-s~ded ideal of R contained in 
~ 

. -, ----------------------------------------------------' - -,-.-----...... , --
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Vi = 1. 2, ..... m, AnnIDi ' ia a pr~mi tive ideal of R 

and these are all the non-zero prime ideals of~. 

Proof. 
/ 

Let B ~ Mi be any two-sided ideal. Then AnnEB is a right 

R-S\lbJllodule of E containing Cs • Hence ~B ~ Di" By Lemma 
i . 

2.11, B = Ann~~~~RDi' Therefore Qi = AnnRD i is the 

largest ideal contained in Mi' so is primitive. Now 
s s .. 

J(HX j~lCj)' = 0, hence j~lCj ~AnnEJ(H) = ~J(R). Also 
s s 

A,nnEJ(H)" sOCHE == j~l C j' hence P-l C j = AnnEJ(H) = AnnEJ(R). 
m s 1 -

We have i Q1Qi ~fAnnR( '10j) lm AnnRAnn EJ(R) == J(R) and 
m 

conversely, i Q1 Qi ~ J(R). Since m all non-:ero primes of Rare 

maximal, it follows that lQi1i=1 is the set of a~l non-zero 

. prime ideals of R. Henceforth we shall assume Pi=Qi=AnnRDi , 

Corollarv 
n \ . 

If N ~ ~lPi thera are' exactly n isomorphism classes 

of simple H-modules. 

ProOf. 

It follows from the lemma" that 1 m • n and sinee ~ . 

• . ie a cogenerator, it contains- a copy of e+er,y simple H-module. 

1 

Let (1'1 • • •• , ys)f j = (O ••••• yj ••••• 0) where y j C Y j • 
, 

Then ~tl' 1'2'· ... fa] la a set of local ort~ogonal idempotents 

/ • 

, ____ j-------~--------___ ._T ____ ..... ~.~ .. ,~--.. ------------~--·~--------..... IJ •••• 
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of R whose sum ia 1. By passing to the factor rings ~Jm 

for aIl m and remembering that proper factor rings of an 

HNP ring are se~ial [12], one sees that the only ~ubmodules 
, , 

;> m f m+l v ot f jR are f j~ ~f jJ:f ••• ~ f jJ ~ jJ ? •• v j. 

LemIna 3.7 

Proofs 

1 

. If k. Jkn/1;+l ;0 R/J ani E(R/Jkn+l)= E(R/J). 

\ 

R/Jkn+1 :: .t 1 Rif 1 Jkn+l Cf) ••• ® f sRif sJkn+1. Sinee 

f 1 R/f 1 Jkn+l 'is uniserial, i t has 'lî'nique simple submodule 

,~,kn/flJkn+l whieh is annihilated by J. NO~ R is FBN and 

{Pi 1 i=1 •••• , nT is the set of aIl non-zer~ prime Ideals 

, ' 

of R hence E( f 1 Rif ~ Jkn+l') :: Il (possi bly after re-numbering). 

In particular 'f 1 R/f 1 Jkn+l ~ AMI Jkn+l since i t is" obviously 
1 

contained in ArtnI Jkn+l ~~t not contained in Ann1 J~. We 
1 ' 1-

assume that the other Ii ~re indexed such that Il/~ J ~ 12, 

12/Ann J = !J',' · · , ~t/Ann ,J ~ Il~ By restrieting to 

f 1 Jkn Ifi Jkn ,1. we have f 1 Jkn/f 1 Jkn1~ :a AnnI 1 J and we also have 

indueed ~somorphisms f 1R/f1J kn ~ Ann~Jkn+1/Ann~J ~ Ann
I2

J kn 

f R/:r Jkn-l i Ann Jkn/Ann J = Ann Jkn-l 
1 1 12 12 ~ IJ 

• • 
• • • 

f Rif J(k-l)n+l;: Ann" J(k-l)~+2/~ J • AM J
Ot- lh+1 

1 1 In, ' Il Il 
Proc~eding in this fashion. we eventually reach 

f 1R/f1J == ~I J 2/AnnI ' ,J ~ Annr J 
1 n 'n 1 . 

. 1 H~nce flJkn/flJlm+l ~ f 1R/f1J 8.Qd th~s is independent of k. ); 

( 

( -
, .'" .... 
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1 

The same argument works 1Qr all the f.1 It follows that 
J ' 

'vt R/J :: 11R/f1J <±' Il' ® fsR/fsJ 

=\ f 1 Jkn/ f l Jkn+l (f) 1 "' ffi f aJkn / f sJkn+1 

= Jkn/Jkn+1 

and E(R/J):: E(flJkn/flJkn+l)"tt) ••• ® E(fsJkn/fs Jkn+1) 

,== E(f1R!f1Jkn+1 ), r±) ,' •• $l E(!sR!fsJ:m+1) \ 

== E(R/Jlm+1). 
"1f' . 

/ 

Proo!. 

51 

By the lemma, Jkn Jkn+l is essential in R/Jkn+1 , henee . 
contains Soe(R/Jkn+1). On the other hand, J kn/Jkn+1is r direct 

sum of simple modules, henee ia eontained in Soe{~Jkn+l). 

'1 

Lemma ".8 \ -

Under the same assumptions, J P( R such that Jn = pRe 

Proo:f. 

By Lemma J. 7, sinee Jn/Jn+l ~ R!J J P i R s~eh that 

Jn= pR + Jn+l. Then Jn+l = pJ + Jn;'2, Jn+2 • pJ2 + Jn+J etc. . - -
Henee Jn, = pR + sn+~ =- pR + pJ + .f1+2 = pR + f1+2 - .pR + pJ2 

/' 00 

'+ Jn+; = pR + Jn+; :1: •• ~. .... i.e.- Jn = ~1 (pR + J~). But J 

ls loealizable and elasslcal BO by Theorem 1.5. we have 

/ sn =- .n1 (pR + JUl) := pRe 

Note that~p ls tegular Binee Jn lB essential. Henee 

r 
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'. n 
Jn = pR =,R. By aymmetry Jp'~ R sueh that J = Rp' ~ R. 

\ 
' 

" 

Also note that Jkn = p(RPX Rp) ••• (Rp)R-f p~pR) ••• pR ~ pkR ~ Jn~ 
, . 

Lemma 3.9 f 

( a) '\1 k, RI J kn+1' ~I Ann
E
Skn+1 

(b) 'yi k, Jn/Jkn+l, ~ R/J(k-l)n+l 

Proof. 

( a). As in Lemma .3. 7. RI Jkn+l == f 1 Rif 1 Jkn+l ,~. •• EfI 

fsR/fsJkn+l. V j = 1, .... s Ji(j) such that E(fjF0fjJkn+l)==Ii(j)· 

Clearly f jRlf jJkn+1 ç AnnI . Jkn+l and sinee (f jR/f jJkn+l)rknIO 
, k + 11 ( j ) kn+l, 

it follows that fjR/fjJ n ;: Annr J • The result now 
i(j) 

'fôllows from Lemma 3.7 
Il> 

Q(b)~ Consider fi Jn/Jkn+l > ) R/J(k-l}n+l where 

f[prJ= Cr]. If prE: Jkn+l = (Jn)kJ = pkRJ = pkJ then r(pk-1J 

= (Jn)k-1J :II J(k-l)n+l., Thua f ia well defined. It is clearly 

a su~jectron and ré. J(k-l)n+l ::r (~)k-1J = pk-1J ~ prf pkJ ;: 

, kn+l 
J • Henee f is an isomorphisme 

Lemma 3.10 

3 LZk 1 k .' 0.1,.. ,.] ç E sueh that zkR = HZk :II., AnnEJ kn+1 V k 

'and zkP:l zk_l 'Vk>; 1. zoP :II O. 

Proofs 

The proof ie -by induction. When k = O. Lemma 3.8 shows 

']Zo~ E sueh that zoR = AnnEJ and AnnRzo = J. Sinee AnnRzo 

• AnnRHzo - J. we have Hzo = H(AnnEJ). Clearly zoP :II O. 

Assume that zo ••••• zk_l have been found with tpe 

1 
-1 

1 

> 

. __ ----------~--------------~~.-.• :.~"'~1,.i,i~.~.~,-,----~----~.~"7"·--~--------..... [. >' 
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desired properties. Consider the composite 

t
k

_
1 

r Jn/J\kn+l ) R/J(k-l)n+l )1 Ann
E
J(k-l)n+l 

[pr] 1 ) (r] \ ) zk_l r 
V ~~ ~~l 

Extend t k- 1 to gk 1 R/J ). E. ~hen lm gk ç AnnEJ--rr • 

Since Jn/Jkn+l ~s an essential submodule of' R/Jkn+,l , if gk 
1 kn+l 

is not a monomorphism we have ker gknJn/J = ker t k_1 , O. 

contradiction. Now AnnEJkn+1 is the R/Jkn+l-injective hull of 

R/J so by Lemma .3.9. gk(R/Jkn+1 ) ~ R/Jkn+1 is a' direct 

su~d o~ An~EJkn+l. If gk La not· a surjection. this 
, ~ 

contradicts the Krull-Remak-Schrnidt-Azumaya theorem. Henc9 gk 

is an isomorphisme Define z~~ = gJ 11. Then by construction 

zkP = gk[P] = zk_l: and sinee AnnRzk=: AnnRHzk = Jkn+l, 

HZ
k 

= ~EJkn+l. ' 

m Notation For all m, denote AnnEJ by Am' 

Cot"ollanr 

J(R)n = pR = Rp. 

iroof. 

J(R)n = pR was shown in Lemma .3.8. éhoose any pr€ Jn. 
9 

The map ,hl ZoSff-_~~z~rs of Al . )Al is ~e11 defined sinee 

AnnRzo = J=AnnRzoR~AnnRZor. Extend h to h', E '>E. 

, Since' h'(An+1) ~ An+l = z1 R, ] r l E. R SUC? that h( zl )aZl r 1 • 0 . . .. 
Then zlpr = zor :1: h(zo) • h(Z1P) = zl r l P, Hence pr-rlP~ 

Ann
R

z
1 

= Jn+l. Thus we have shown Jn = pR ~ Rp + Jn+l. \ 

Since J is left localizable and 1eft c1assical, by Theorem l.5~ 

'" 
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00 

we may conclude Jn = ~l{RP + Jm) = Rp. 

Theorem 3.11 
n 

If R 18 an FBN hereditary ring and 0 1 N = lQl Pi is the 

interse~tion of a clan of non-minimal prime ideals. E = E(~N) 

" and H = EndR(E). th~n ~~~. 

Proo!. 

By the \ corollary Iito Lemma 1.12 and the earlier resul ts 

of this chapter, we May assume without 10ss of generality 

" that R = RN ' a bounded HNP ring complete in the J(R)-adic 

topology and N = J = J{R) ia the intersection of, a clan. 
'~ , 

We 

shall construct a consistent system of isomorphisms 

À k,lV'J(H) kn+l > R/J{R)kn+l \;fk "90. 

Given hE H. 't:J k h{~k) é ZkR. hence 3 f~k 1 k~O .1 • • • .J such that 

, h(.zk) = zkrk' 

Define Ao(h]J(H) ~ [rO]J(R)' h-li~J(H) and h' (zo)=zoso 

~ ro-so '€J(R). Hence· "0 ia independent of the ehoice of 
-

x:epresentative of [ h1 J(H) and of the choiee of r sueh that 

h{zo) = zoro Obviously \0 prèserves O. 1. +. -. If h(z )=z r 
- 000 

and h"(zo)= zos~ then hh"(Zo)=h(zos~)=zorO's~. Henee Ào 

preserves produ,ets •. Ao[h] = 0 ~ h Ei J(H) = ~Hzo' hence 

Îlo ia a monomorphisme Fina11y, given [rl~R/J, define a map 

ho' z~R ).toR by h~zoa) = 'zors and extend ho to a map , 
hl E ~ E. Clear1y. Ào[ h] ~ Cr1, hence Ào is a ring isomorphism. 

To construct "k Vk~ 1, ainee pR=Rp, let rkP=psk(kll s(k)p=ps(k) 
, . - k-l k-2 

1 • 

• • • s~k~ =- ps~k). Defme ÀJh]J(H)n~l = [s~k)l J(Rflk+l • 

\ 

J , 1 ,J. r. 
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We must show that~k is independent of the choice of re­

presèntative of (hlJ (H)nk+l • independent of the choice of 
, 

r such that h( zk>" = zkr and independent of the choice of all 

the sik ); that it lB a ring isomorphisma and that the 

followlng diagram commutes. 

H/J( H) (k-l >n+_l_À.....::.k--=-l:...----')) R/J( R) ~ k-l )n+l 

'<-i 1 T lt'._~ 
~J(H)kn+l ) R/J(R)kn+l 

"le, 
Now if [hL(H)nk+l == rh'] J(H)nk+l and h' (Zk) = Zktk 

then (h-h')(Z,k) = zk(rk-t) ="0 =9> (rk-tk)~Jkn+l. Let 

s~k) be ehosen as indieattd. Then,rkpk = pks~k). S'eleet 

any Uo SUQh that tkPk = pkuo' The~ (rk-tk)~ Jkn+l ~ 
{rk-tk)pk ~ J2kn+l ~ pk(s~~)_ uo)€: J2im+l = p2kJ .This 

implies (s~k)-UO)E pkJ = Jkn+l. Thus "'k ia weIl defined. Àk 

clearly preserves +, -, 0, 1. If h"(zk)=zktk ~d t~p = pu~~lt 
(k) _ (k) h t'p:ll r '(k)'_ (k) (k) 

,.,. u1 P - ~o ,we ave r k k kPUk-l ~ psk_luk_l.···." 

s1k)~1~_)p = ps~k~u~k). Henee >-k[hlh, = À.k[l\) i\-kfh1. 'l'hus Àk 

is a well defined ring.homomorphism,' If Àk[h] c[s~k})~ 0 

then sàk)c Jkn+l and ps~kt ~+l)n+; Henee s(~)p. s(~)p •••• 

rkPE: J(k+l)n+l = Jkn+lp. It follows\ that rke J kn+1 (sinee p 1 

is regular) and Î\k ia a ring monomorphisme Given. àny 

[ s ] E. RI J (R) kn+l. let ~1 p==ps, t 2papt1 ••••• (tkP 1: ptk: 1 (s inca 

_pR=RP=J1). Define ho(zk) = zktk l ZkR~zkR (ho Is well 

defihed sinee AnnRZk == Jkn+lf. A:mRZk t k ). Extend ho 40 some h~ H. 

Then clearly Àk[ h] = [~J and 80 'Â.k is a ring isomorphisme 

• 
'-·----------~----------------.. ~,.PS----.. ------------ï\~;----------......... 8UI 
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H = lim ~J(H~+l ~d 
~ 

R = lim R,!J{R)kn+l and the r.k induce a ring isomorphism H=t R. 
~ 1 1 

Specificàlly. given hE. H. we kl10w [h J kn~ [Sk kn+l 
, J(H) 00 J 

(for some Bk) and it is easy to verify that fsJ k=O is a 

Cauchy sequence in R. It has a limi t r e..R. Then h~r defines 
o ~ 

the isomorphisme 

\ 
We would like to ext'end these resultà to any localizable 

classical intersection of non-minimal pr.ime ideals in an FBN 
e- n 

hereditary ring. If N = i Q1Pi is,such an intersection, then 

~~ lPl ••••• Pn3is ~iquely a disjoint union ~f clans t l ••••• 

~t with intersections 51 •••• , St.~ E{R,!N) ~k~lE(R,!Sk)' 

'\ 
Leng. 3.12 

'(a) Wi th the same 'notation as. befori' H(E(R,!Sk» ç E(IV:Sk ) 

'tJ k=l .2 ••••• ,t and as"an H-module ~ == ~(R,!Sl)<3:) •• • <f1.rE(R/St)' 
, ~ 

(b) If Hk = EndR(E(R/Sk»' then H :: Hl G) ••• <±> Ht and each 

Ht ia a semilocal' bounded non-Artinlan ~p ring complete and 

Hausdorff in the J (l1t) -adic topology. 

~ , 
~ .~_u. __ .--------------______________ ~~ ____ ~------__ --~ • LI 
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Proof. 

(a) 1 If Ii is a direct aummand to E(R/Sk) then rJh~ H. 

Jn. such that h(Ii)~I.!ker h ~I./AnnI Sk
ni 

by Theorem 2.6. 
1. 1 1 i 

an~ the latter ~s also a direct summand to E(R/Sk)' Hence 

\i kt °H(E(R/Sk» ç E(R/sk)' '\ 
- ~ (b). Consider primes Pi and Pj and suppçse fi Ii )Ij 

,is non-zero. Then f(I i ) ~ Ii/ker(f) ià inject}ve and since 

Ij is indecomposable, f(I i ) = Ij = Ii!ker(f). By the proof of 
( 

Lemma,3.2. this would imply Pi and Pj belong to the ~ame 

clan. Hence if Pi ~d Pj belong to different clans. 

Ho~(Ii" ljo) = o. ~t follows that Ho~(E(R/Sk)' E(R/Sm» ,= 0 

V k ~ m f. fi .... , tl Hence we have 
'), 

H = EndR(E(R/N» -
t Q 

:: ~dR(k~lE(R/Sk» 

== k~l EndR(E(R/Sk» 

~ -Hl~" .EBHt I, 

where hl >(hI E(R/Sl) .... ' hIE(R/s't»' It ia easy to verif'y ... 

that ~his is a ring isomorphisme That each Hk is semilocal 

boundèd HNP, complete and Hausdorff in the J(~)-adic topo­

logy follows from Theorem 3.11 and the corollary to Lemma 3.4. 

\ Proposition 1.8 shofis that 

~. :: H E(R/Sl j® ••• ~ E(R/St) ~ lf=(R/sl )$ ... ~(R/St)· 
1 t , ' 

Proposition '3.13 

~ Under the same asaumPtion~ 'on- R t ~; kil H
S k 

Proo!. 

If 

" 
" 

~ 
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~ We know ~ ~ EndH(E(R/N» and \ik = 1, ••• , t, 

~ = Endrr (E(R/sk». Now if for k ;. m, f f HomH(E(R/sk) ;'E(R/Sh1» 
k Iv 

and if th~/identity~of H is written 1 ~ e1+···+et ~~k~ nk' 
we have foi::,any y E.E~R/Sk) yf ;:: em(yf) = (emy)f = (O)f ,= 0 , --
and it follows that Ho~(~(R/sk)' E(RlS.» = a for k ~ m. 

Renee r~ (r IE(R/S )"'.' r IE(R/S }) ls an isomorphism of __ , 
/\ t 1 t ' 
~---7 kf l EndH(E(R/sk» as in Lemma 3.12. The result follows. 

~ 
~orollaO' 

If R ie an FBN hereditar,y ring and N is a localizable 

intersection of non-mini~l prime ideals. ~let E = E(RlN) and 
, ~ 

) 
..., 1\ 

H = EndR(E • Then H = RN-
Proo!a 

Let tPl"'~' Pn~be the disaoint un,on' of clans 
,~----

~1"" • J,t w!th intersections S1",··' ~t respectively. 

By Lemma 3.12 H -~ ~.Œ ••• Cf) Ht at:ld by Theorem 3.11, \t'k. 
'" 1\ , ~ =-Rs

k
• In Proposition 3.13 we have just shown that 

1\ '" t 1'\ 

~ = k~l ~S • T~e Corollary follows, 
k ' -

- J 

It ns qrig~lly our purpose to ~tudy the properties 
\ El 0 8-

of K = EndR(I) where l = Il 1+, •• + In n for some natural 

numbers 8i :r 1. 'In addition to the properties alre~dy found 
• 0 ' 

in Propositions 3.2 - J.5, we can now say that K i8 hereditary 
• < • " , 

Noetherian and (when N iB a cIan) prime, as a consequence' 
... ' 

of the following theorem due to Vâmos [39J.-

.i 
! 

) 
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• l, 
. . 

Th§orem "3,14 .:, 

If R has Morita duality with ringspK and H then K 

is Mor-ita equivalent to H. 

~2. Structure of K -and ~ 

n 

\ 

Let R be a bounded HNP ring and N 1: ir:l1Pi the inter-
, 

secti,on of a clan ot prime ideals (P t o ). As always. Ii 

denotes the indecomposable injective with assoèiated prime 
sk s~ ·1 

Ideal Pi' l = Ii \j; ... ® In n tor some S{7 [1 and K=Erid<R (1) • 
, 1 

Our aim in this section is to describe the structure of K 

(Theorem ).19). This will give as corollary the structure ~ 

of ~ for ~y FBN heredi~ry Ting and any ,localizable 

'intersection of non-minimal pr~~o ideal-s~. \fe shal1 " 

then extend our resul t!il to arbi trary semiperfect HNP rings 

thus obtaining a new proof of a theorem ot Michler (Theorem' 
, \ 

).20). 
" 

Lemmp 3.15 

Let Q be a local ring. Suppose Qa • J(Q).for some a~ Q 

'and that J(Q) ia finitely generated as 8: rlght ideal. Then " , ' 

Qa = aQ == J (Q) • 

P;oof. 
If 

Conslder the rlght Q-module Qa/aQ. Olven any qa E: Qa, 
• 0 

ei ther _ q E J(Q) or l:~q 6 J(Q). If q E J(Q) th~ qa and aqE J(Q)2 

= QaQa ç Qa2,ç ~ (Q) 2 • H~ce qa-aq ::a
J 

q' a2 ' tQr some q ~ E. Q _ 
, \ 0 

\ ' 

. 

,\ 

l • 

. , _. ---r-:-__ -----------•• -------------------

• 

, 

" 
-~ 
~ 

~ 
~~ 

,~ 
'il! 
-~ 
~-' 
l,; 

~ 
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[qaJaQ~'=[q'a2~Q' IfA-q t:J(Q) 1:he~ (l-q)~ =' a-qaE=J(Q)2 = ,Qa2 
, \ ' 

'- i.e. a-qa = Q"a2 for Bome q"E" Q and SOl çqa JaQ ='[-q"a ~aQ' . ' . 
vWe have proved Q~aQ = (Q~aQX J(Q». Since Qa is finite1y 

generated as a rlght idea1, by NakaYama t s lemma Qa=aQ=J(Q). 

. .... 

Let I:: E1Q;) ••• ij;Em where for each s = ~.Z, ••• , m, 
1 

Es = Ii for,some 1(fl.2 ••••• nJ. Let e.(xl ••••• Xn) = 
lo •...• xs"'" 0). ClearlY~~sKea = EndR(Es )' Since'E~ 

is ~decomposable. esKes ' la local. In fact {el ••• ." em, 

is a set of local orthQgonal idempotentslo! K whose 'sum ie 1.; 

Lemme 3.16 
~ 

.. \j s, e sKe s ls a complete, local N oetherian domain 

whose only one-sided ideals are the J( esK~s)m \;j m. further 

Jqs €. eaKes such .tha1: J( eaKes) ':= qsesKes :: esKesqs' , 

Proof. 

e sKe 8 la her~di tary by [;1 • .' L~mma 4.4]. By Lemma 2.8 

we already know that eaKes ls a local ~omain whose Jadobson 

'radical ls principal a~ a 1eft idea1 and whose only left 
,- , 

ideals are [J(esKes)ml m:l • Glven a rlght ideal C ~ esKes ' 

'" Let CesK, = ~ K +, ••• + ~K :Sinee K 18 right Noetherian. For. 

each i, we can wri te Xi • '&i cikes ~ . for s~me t k '- K. 

'l'hen clearly t c ik 1 i - 1..... nI, k c l, ••• , nJ ganerates 

C in eaKes ' Hence esKes 18 Noetherian •. If J(esK~8) -

(esKes)~t we,see by Lemma ).15 that J(e.Kes ) ··qs(esKes ), 
. . ~ ( 

and py the argument u8ed~ in- Lemma 2.8, the \l'only right ideals 

1 .. t 
lB a· 
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In particular. EndR(I1 ) satisfies these properties. 

In the terminplogy of Lambek and Michler [21J. it 18 a 

complete discrete rank-one valuati~ r~g which we shall 

,. henceforth denote by D. Consider now the ring T of all 

mat~iees of the form 

f 1t f 12 • , , f 1m 
i 21 f 22 , • , f 2m 

• • •• • 

Im1 f m2 , • • f mm 
MJltiPlication can be deflted in the usua,l way sinee if ,. , 

, " 
f su E- HomR (Eu" Es) and ~t E- HomR (Et' ,Eu) then the composite . 
f su~t' Et ) Eu )Es is def~ed and the usual matrix 

./'"" 

product (fstX gst) • ( ~lfs~~t) is again of the same forme 

il 
Proposition ),17 

With R. l and K as usual and T as above, K = T, 

Froo!. 

Let Kt' Et ) l and 1(SI l 4)E
s 

be the tth inj.ection' 

and s th pro jectlon respect! vely. Conslder the map f. where 

<pC k) !Ir (?t'sk~). Clearly f preserves 0,. +. 1. 1'0 check whether. 

or not y; preserves productsl consi4er ~k)tp(k') • 

1('1 k 1(1 '1t 1 k x2 • • 1(1k 'Xl ." . • 1(1kl )(. 

• • • • , • • • • • 1 

• • • • • • 1 • • • • • • • • 1 • l' 1 • • • 
1( mk Xl 1t,mk ~ • • , "R'mk l 'Xl • • '7( k'x 

1 m m 

. , 

• 
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• • • • • • 
= • • • • • 

1 

p 

• • • • • • 

~ 'itmkXu1tuk' X-. l 

m . 
F=11LmkXu71uk'X2 • • • t;, ~kxu 1tuk'Km 

Si~ce tt /{u~u = 1, we have l.P<k)~k') = \.f/{iç.,k' ). If k r 0, . 

the1'\, k x.t 1 0 for some t and ft sk \0 r 0 for some s. Hence f 
i8 a ring monomorphisme Pinally, ,if (fst)E. 1'. de~ne kE. K 

'by ~he rules 1ts~t • f st and the universal pro;ertfetl" of . 
tfts~' r)(t~' Then' clearlY'f(k) = (fst ) E. T and Cf i8 a ring 

,<> 

isomorphisme / 

/' 

Proposition J.18 
J 

(a) ~ i = 1, •••• n EndR(I i ) • EndR(I1 ) as rings • . 
(b) if' 1 ~ i <. j', n, HO~{Ii' l j) • ~~R(Il) as' Abelian groups, 

(c) if' 1.>:; j< i~ n, HO~(Ii' Ij) ~ J(O) as Abe11an groups 
'fi) 

(where D • EndR(I l ). " ~ '. 
Proofr 

~ . i 
. ~a) l, "rj i. let Bi 1& Ann~N and let 1(i 1 l1/Bi_l~I1/B-i 

be the, canonical p~ojection. Any map f. I 1/81_1 ) I 1/B i _1 
l , 

~1nduces a map f", It/Bi. )Il/Bi where 1'1(1 • 'iti.r. Sine • 

~i i. an epimorph~sm.·r' 18 uniquely determined by t. Clearly 

0' • O. II = 1, (f+g)' • f'+g'. Further (tg) (]( 1 • 1( i (tg) ., 
, 

'. 

f'1t'ig • f'g'Îli ~ f'g' • (fg)'. Assume that the Ii are 1nd~x.d 

such that l 1/B i _1;8 I ir . Then :rI >t' induc,s a ring .homo- / 

. morphlsm', EndR(I i ) >EndR(l i +1 ) V i. Ir t' (It/Bi ) • .0 then 

f(Il/Bi_l)CB1/Bl_1 sc) f(l1/B i ':1 )N si 0 ~l l 1N! • 0 which Is 

'~-'--~------~----------~~""~,(~4~ .• i~."------------------------""".'.; ..... ~ '" .. 'L ~ ~,w. 

\ 
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1 
(' 

/1 .. 

.. , 

" impossible by Lemma 2.2. Hence fI ..... 1 -?)f' la. a ring monomorphism 

of End
R 

( ! i ) ) End
R 

( 1
1
+1) 'ri 1. 4' 

, The composite EndR(I1 }"p EndR(I2)~ ••• -4 EndR(I1/Bn ) 

ls a ring monomorphism which takes fI-l -~> f where 

f1( •• .1(1 1: 'TC ••• 11"'1 t • n ' n 
It ()( 111----7 Il(Bn denotes ~he known isomorphism, recall, 

th~t Cll :1: 0< -
l1tn" : Tr

1 1 Il ~ Il/Bn ) Il generates J(DY 

as a le~ and as a right ideal (2.8 and 3.16). An R-homo-

morphlsm gl Il/Bn 0 ) Il/Bn glvas rlse to 'g c: o(-lgo<-a11~1l' 
By Lemma 3.16 ]g* ql g* -= 'iCl1' Then 

-1 r.t' * *,...., -1 -1 A'r' 
0( 'ft'n" ./11 g = ql g = gql a ex go<O< ll'n'" III 

• 
1tn • • • 17:'1 g* s: glln'" 1f'1 

g = g* 
\\ ... 

This lmplies f~ f' is a ring' isomorphism ot 

EndR(In ) â EndR(Il/Bn_l)-~EndR(Il/Bn)' :: EndR(r1 ). 
b. 

Similarly EndR(!i) 'il EndR(I i +1 ) :1: ••• :: EndR(I l ) ~ i. 
D 

, (b) and (c),' ~or any 1 ~ i. j ~ n. eonsider 

By the argument used in Lemma 2.8. sinee ker 1i.' n ... fijf 2 Bt/B i-l, 

t induces fa Il/Bn' )Il/Bn BUch that f1t"n ... 7Ci a1i n ••• 1lj t.-

~~ Bl" (a). 3! t' aI1 \ >11 BUoh that 'itn •• ,7['lt ' • f1t'n' ".1tl. . . , 

f~ t elearly prelterves 0, +, - so that it le an Abelian 
/ 

i ~ 
~ _u __ --------____ ~------____ ~ .. ____ ~I ~ .. ~~ __ ~-
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then f = O. hence ~"'~jf = 0 
1 r 

i.e. ttl/Bj_l)Nn-j ::1: 

J 

f(Il/Bi_l)Nn-j= 0 whieh ia impossible by Lemma 2.2. Henee 
, 

f'\-, -~)f' i8 a monomorphiaml HomR(I i -. Ij> . >EndR(I1 ) = D. 

Now assume 1 ~ i <. j f: n and gl Il ')11 is any R-homo-

morphisme Then g induees a homomorphism g*1 I1/Bn >Il/Bn 

sueh- tha t g*"f{ ••• 1(1 = 'ft' ••• 7(lg • If, g* :II: f for some homo-n ' n 
morphism 1'1' Il/Bi_l > l liB j-1' we will know f ~ f' ls an' 

isomorphism of Abelian groups 1 HomR(I i • Ij) / )EndR(I1 ). 

Detine l' by fUi_1"'~1 - rtj_1"'~lg. This is well defined 

,ainee x E. B~_l ~ g(X)E Bi-1,Bj_l:'itj_l" .it1g(x) - o. Smee / 

lln",itjf1Ti':'1··,1l1 :ll:1T'n·,·1r'j 1l'j_1 HI11'lg = g*1rn · ··7L i 1r'i_l,··1r'l 

and sinee 'ili_l".lLl is an epimorPhiBJÎl.1(1'\~ •• iLjf = g"iTn"./ti , 

Henee ~ == 1. It follows .. that if i <. j. fi ) fI----? f' i8 an 

Abelian group isomorphisml HomR(I i , Ij> )EndR(I1 ) = D. 

If 1 < j (.. i '- n and g. \ Il "> Il is in J(D) then ker g?-Bn' 

Renee g induces g+.I1/Bi _l > ) Il sueh tbat g+'ili_l" ,1ti c g. 

Let l' = 1t'j_l" .'ill g+ 1 I 1/Bi _1---7 ~l/B j-l" If. g*1[n' .. 1(1 =1t'n" ,71'1 g 

then g*1tn • • ·1(1 = 'il n ' , .11''{il''i-1 • • .1'i g 

= 11' n' , • 1l"jg 11' i-l • • .1l' 1 
+ 

• 1T' no' ' .11' j 17' j-l • • ·11'1 g 11' i-1 ' • ,'lr1 

- ir n' • • 'Il''t- f 17' i-1 • • .111 • 
S~ce 11'1_1" .17'1 ia an epimorphism 

g*" , •• '1I'i := -r. ••• 1rjf • t7t'. ••• 11'i n n n . 

g* =- f. ~ 

Sinee for j l.. i. Im(fJ..-..4f') ~J(P), fl----!>f' is an Abelian group 

isamorph1sm of HomR(I i • :j) )J(D) ~ J(EndR(I1j~ 

\ 

/ 

"'--------__ ------__ ------~ .. ~~~)~,~~~ ... --~----~.7,,~ï\ ~,~,~ __ --........... 
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Theorem '3.19 
" n" 

~ssumîng R = ~ and N = i''t P f • 
la a clan. let l = El ~ ••• \ ~ Em whare 

• 
• 
• 

Es +1:: Es' +2= 
n-l n-l 

••• 

Let K = EndR{I). Then 

D J(D) s xs 
Sl,X81 '/ 1 2 

K* D 
s2xs1 

D ' 
A2xs2 

• • 
• • 

• 

OS X$ D 
n 1, snxs2 

Proo!. 

\ 
J(D) s xa • • • 

1 J 
, 

J(D)l xs 
1 n 

J ( D) El xa • • • J ( D) B XE 
2 J 2 n 

• · .., • ,* • • • • , 
• ••• 

· '. . 
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/ 

It!Bi_l 

'!In ... 'il" J. 
Il/En 

'By defini tion, 

Il 
= r;u~t1C'n" .1Y i m 

Henc: (f'8u~t-), = r;u~t' Hence y( (1'at X gat» :1 (~1 ~at(:r-s,u~t» 

= (~'t'eu(~su)~ut(~t» = Y(fat ) \f(get) - i.e. LV le a ring ',. / 

homomorphisme Bl" Propositio~ :3 .18 t it: 1 ~ s ~ sl t 1 {. t t.., 8 1 then , \ 

lfst(HO~r~, Es» = D. 11' 1 ~ a~ al' sl+1~ t~ sl+s2' then 

Et =I2 and Es;I1 80 Yst(HomR(Et , Ea» = J(D). Similarly • 
• 

Vt>sl an~ 1 (sfs1, l.fJst(HomR(Et.Es » =- J(D). If sl+1 ~s,sl+s2 

and l' t'~ al then Et ~Il and Es~I2' therefore 't1 st (HomR (Et' Es» == 

,0. If 81+1 f: t ~ 8 1+82 , then' Et~Il;Es and so Yst(HomR(Et • Es» • 

D. H,.owever, if sl +~ <. s ~ sl +s2 and t > ~2 then Et~Ii for some *. 

i> 2 while Es;I.2 sd by, Propos'ition '.18, LYst(HomR(Ett, Es» • 
" ' el / 

J(D). Proceeding thus, we see , 

D J(D)a xi • • • J(D)axs 
"" saxsl K :r 1 2 ,ln 

• • • • • • • • • 
D 0 • • • 0 . 

snxBl snxs2 i snX8n 
- -

,. ,j j ,.: '., 

~ 
, 
, 
1 

~~ 
~ 

J ", ~ , 
" 

~~ 
." 

d 
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, (That ~ is an isomorphism follows immedi~tely from Proposi­

tion J .18) • , 

Corollary 

Let R be an FBN heredi tary ring and N 
1 

intersection of a clan of non-minimal prime ideals. Let 

Ii be th~ unique indecomposable injectiv~ with asaociated 

prime ldeal Pi' Suppose E = E( R/N) = Il t 1 + • • • + In 'tn • 

Then 
" , 

Dt(Ct; J(D)txt J(D)\X\ • J(D)\xt
n 

• • 
1 2.. 

" ,.. 
Dt(Ct Dt{tt " J(D)~t • J(D)~t • 

~ = • • 
• 4 

• :a.. • 3 • • • • '1 

• • • • • • 
• . " ... . 

Dtxt Dtxt··· Dtxt 
if- a. " !I " n 

DVCt 1. 

where D = EndR(I1 ) ia 

ring'. If tP1 t' • •• Pn1 

a comPleti rank-one dlacrete valuation 

la, the disjoint union of c ans ~l'···' ~ r 
~ . 

a product of r such matrix rings. , 
1\ 

tJ'.len ~ is 

Etctension ta an afbi trary semiperfect HNP r . 
We sketch here a new proof of a theorem of. Michler [27 J 

on the structure 'of an arbitrary semlperfect HNP ring,R. If 

R is primitive. it is already semi-simple Artinian. so ia a 

full ring of nxn matrices ov~ some d~ision ring. If R iB not 

primitive, it le FBN, hence' nf"d1J(R)n • 0 and R~R. L'et 

1 = f 1+ ••• +fm wh~re the fj are local ~rthogonal idempote~ts in 

R. Then the f j remain local orthogonal idempotents th R . 
because ~J(R) ~ ~J(â). As uaual, let EaE{R/J) and H=EndR(E). 

( f 

l'II ,\ 
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Since ER is Artinian, R has Morita duality ~ith H induced 

~ ~R ttheorem 2.14 ) • Considered as an H-module, E ls a, 

ffinite direct sum of indecomposable injective H-modules, 
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E = Y:1® ••• (t) Ys which give rise ta local orthogonal idempo­

tents tei,\ 1=:=1, ... ,8] in R whose sum i~ 1. Then Dl =e1Rel ~ 
, 

EndH(Yl) is a complete discrete rank-one valuation ring by 
, À 

Proposition J.16, and by J.18, Dl=eiRe i Vi ~ 1. 2 ••••• s. 

From the general theory of semiperfect 'rings (ll8. Prop.3. 

p. 77J) we also know s=m and Dl~fjRrj Vj=l. 2, •••• m. Let D=flRft' 

Clearly Dl is (isomorphic to) the completion' of D in the J(D)­

adic topology. It ls equally clear that Vi,j =,1 ••••• m, 
1\ 

f iRf j n R = f iRf j' Beca~se of the one-one correspondence 

be~een right ideals of R and left H-submodules 01 E. 

AnnE ( j'i e jR) ia an indecomposable direct, summand of ~ so '" 

we may assume without loss of generality that ei=!i and 

Yi=ArmE(j'ifjR)'Vi:= l ••••• ~. Given rE.f>lRfl • it May be 

viewed as the H-homomorphism Y1r--7Y1~ of Y1~Yl which 

induces (Y1]1~ [Yl r] from Yl/~ J(H~ j~ Yl /Ann J(H) j V- j. 

In other words. if Yi ~ Yl/Ann J(H) i and ~irflRrl=EndH(Yl)~ 
En~H(Yi)~fi~fi is the isomorphism found in Proposition J.18. 

, 1\ ' • 

Im(<Pi'f Rf )"Ç. RnfiRfi ~ fiRf i 'fi. 
1 1 j'<. /\ 

Hence the isomorphisms f 1R!l ~,fiRfi induce isomorphisms 
t 

f1Rfi ~ fiRri Vi = 1, •••• m. Similarly one sees that for 
"'" 1/~ ni <. no f m fiRf

J
o=flRfl (as Abelian groupS') and for 

J , 

. 1 ~nj <.ni (m fiRfj~(f1~f1)' It ls then a matter 'of straight-
1 

f~rward verification (cf. Proposition 3.17. 3.19) to see that 

---~ / 

Il F ; Il 



" - r . ,~ 

1 . 

( 

C" 

D J(D)t xt · '. • J{D)t xt t 1}Ct1 1 2 . 1 r 

1 
D ~. D 

J(D)t xt -,., t 2xt1 t Zxt2 • • • R IZ • , , • '. • • 2 r 
• • • • . . ' '. .. . 

Dtrxtl ~trxt2 ••• Dtrxtr 
~ , 

D is a "heredi tary local N oe'therian domain (cf. the proo! of 

Lemma 3.16) and sinee el is a' local idempotent,-by passing 
. ~-

to the factor rings D/J(D)n it ia easy to show that D has 

as only one-sided ~~eals D ~J(D) 1 J(D)2 ~ ... ~J(D)m ~. ~ •• 

It follows from thla that J{D)n = Dan. anD for some (any) 
l. 

,a (J(D)'- J(D)2. Thus we have proved 

Theorem 3.20 (Miehler) 

Let R be a semiperfeet Noetherian hereditary ring. -.. 
Then R ia a fn:i te product of indecomposable rin~s Ri where 

~ -
,Ri ia either a full rine(o!-n~ matrices ove~ some division 

ring Vi or 'Ri,has a Di,J(Di)-upper triangular matrix struc-
, 1 

ture described above for some discrete valuation r1n$ Di' If 

~ is compléte. each Di may be chosen to be complete, 

. '" 

1 
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