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ABSTRACT 

FINITE ELEMENT ANALYSIS OF SOIL CUTTING AND TRACTION ... . ~)" 

A thesis presented by A.W. Hanna in partial fulfilment for the 
degree of Doctor of Philosophy 

, 

Department~ Civil Engineering and ApPlied Mechanics 
McGill unfvers1ty 
~ntreal . May 1975 

The purpose of th1s study 1s to provide a rational analytical 

means for pred1cting the performance of a cutting or a traction tool, 

u~arameters that describe the soi1 ~sponse due to interaction w1th 

the .;tool.' The analytic~l techniques examined have the objective of, 

deriving statically possible stresses compatible w1th kinematically 

possible strains wh11e sat1sfy1ng the boundary conditions. 
" 

Due to the extent of the overal1 problem t the study 1s limited 
1 • 

in scope to the verification of' the val1dity of the appl1'cat1on of the 
, 

fin1te element technique to the analysis of simplif1ed cutting and traction 

elements i~teract1ng with"çohesive ~oils under plane-strain cond1~ions. 

The solùt1un prov1des deta11ed stress and deformat10n fields w1th1n the r. 

lol4ed so11s. as wall as contact stresses at the 5011 tool interface, for 

various taol pos~t1ons. , Consequently, a relat1vely 'complete description' 

of the load-cteformation behavior,' as the tool 'advances in' the 5011, 1s 

Qbtained. 

The .PP11ca~il1tY of the propos8d analyt1cal ~de1 1s ver1f1ed 
- . /-----

by the suscessful pred1ctio," of tool devéloped forces and 5011 jlefotlllat-t6n 
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fields . In addftion, through the applicat10n of th 

c" conservation of energy to the cutt1ng and traction el 

l 

," 

the energy d1ss1pated in the ~011 defonmat10n process 

uS,1ng ·the ~iS10P1a~1C1tY me~hod. • The energy values tained a~ 
shown ta prov1~easOnablY good corr~at1ons with the e per1mentall~ 
mea~ured and the f~n~te elenent calculated energy cOMponents. 
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PRECIS 
1· 

~- L'ANALYSE DE LA T~CTION ET DE LA TRANCHEE DES SOLS PAR 
~~-

.. 

'~w 

\ ~1 t~( 
1 .-. 

. 1 

LA METHODE DES ELEMENTS FIN1S 

~ 

Thêse présentêe,par Alfred W. Hanna faisant 
partie deS, conditions ~equises pour le titre 

de Docteur de Philosophie 

. .. , 

Département de Génie Civil et Mécanique Appliquée 
Uriiversit~ McGil1 
Montréal Ma i 1975 

Le but de cet~tude est de pourvoir-un moyen analytique 
t;.. 

rationnel qui puisse prédire la performance d'un outil de tranchêe ou 

d~ tr~ction~ et cecl en utl1isant dès paramètres qul décrlv:ent la . ~ 

réaction des'"s~ls due à l'interactton avec l'outil. les techniques 

examfnées ont pour ~ct1f de dériver des ~orces statiques compatibles 
1i.l .. 

avec des ~'formations cinématiques possibles, tout~en satisfaisant les 

conditions ~e lim~te. 

Etant donn' l'6tendue d~ prob1ême global, l'étude est l1mltêe 
< ) • 

1 la vfrification de la. villdlté de l'applicat10n de ·-1 a technique des 

fJ6nents f1nis, ·a l'analyse des 'l~nts, simij1f1ês de traction et de 

tranchde et leur 1nteract1on avec des sols cohésifs sottS' les effets de 
l ' ~ , 

d'fOrMations l sÙrface pla~e. La solution donne des forces et-des 

champs de défonna~10n détaill's à l'intérieur des sols ch!rgés, ainsi que 
',' 

·f 

·des forèes de contact à la surface commune de l'outil avec le sol, et ceci 
- , 

,~ùr t1Yerses,po~it10ns de l'out11: Cons6qu .... nt. on obtt~nt. durant 
~' -'\. .... ~t.;A 
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lj'avanceme:t de l.'outil dans ~e sol. '~ne des"erlption 'rel;theoaen\ ~;"'P~ 
des. caracter1st1que~ forces-deforma1:ions; . _------V - ~ 

la validjté du modèle analytique proposé e~t vérff1Îée par la 

'bonne prédiction des forces développées' par l'outil Jet des défonnatio'ns 

du sol. En plus. en appliquant le principe de la conserva~10n'de 

l'énergie au problème et en utilisant la méthode de la plastic1t' visuelle, 
. ' 

on peut calculer l'énergie ~issipée dans le'processus de défonmation du 

so~. Les("eurs de l'énergie ainsi obtenues, do~nent de bonne~s_ corre-

:lations aVec colles mesurées expérimentalement ainsi qu'avec les valeurs . . . 
. . 

obtenues par ,. méthode des éléments finis . 
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CHAPTER ; . ~ .. ~, 

• INTROOUg.ION • -----
, 
• 

"----- ,,1 

1. 1 SUfltARY OF THE GENERAL PRC8~ __ 
---------, , 

cutting and traction'tools are machante.l dev1ces used to , - ~ 

apply forces~o the 50il to cause soma des1red effect such as cutt1~g. 
~ , . , 

o movement of 5011 t~uct10n of adèctuete traction for sU1table " 
~------ " 

trafffcabf11ty. For purposes of dêrtnttion, a"too~ .w111 be cons1dered 

. a single soll-work1ng eJement whereas a~_ 1mpJement or '.~1ne will be 

---~' '" cons1derect 1 group of sotl worktn« el_nts. . Although t111age and 
-------------~ ~--

tr-actton are nearly always affected w1th,a machine, the enphasfs hare . 
will be on the performance of a single tOQl rather than impll1Wmts 

.......... . , 

.nd tra~cles. 1# '. 

~rt1al tement of the ov.ral1 so1l-machine fnteraction .. -~---.' , 

\

Probl. 15 shawn 1n Ffg. 1. It 15 apprec1~tad' that ~is description 

'\.,> . centen on the IIIIn1pu.lation of SO ~ 1IIChan1eal force .. and the 

results of the fin.{ 501i condftfon and Nattion of son to forces 
. " 

'~ . are of pr1Mry 1l1POrtance. Thus, pri.ry sis 1s placed on the 

1011 response ta .n· ftnpOsed set of 101dfng par_te • ' 
i 

l ' 

1-
, 

Trad1t1onal1y. iMPl~t and.track desi~ners.re1t on 
, . 

.,1.-1ca1 ·rule, ta dèvalop .. rth-IIDvfng equfpÎlent and off .. road y fcle •• f 

. , 
i Thise tllPtr1C11 _thods .ra tri.1 and errar at_tu the tool or track 

• t ~ \-
o 1 .. , tJ 

~,.J_t [~erl 1s var1ed in SOM .nner, .... acceptable designs are ' 
i ,.:.' ~, ~ ,fi, 1..... q<> 

.. ' ~'ffiect _ the rtsults .... judged 1:0 be sat1s.'actOry. , Quantitative 
.' .... ..{ li - ~ , :".t»t1"'r ôt ~ .... tat~ons: of the f.t'" lO'il conditions 'art .eldo.. 

l' ~ D~ ~ , ;-
~ , .:~',". ';.~;....--~- 1. 
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used and, in additt6n. the forces requ1red to move the tools or grousers 

a~ frequently not quant1tat1vely aS$essed. Generally, no- effort 1s 

madè to describe the react10ns of the so11. Gill and Yapden Berg (1969) . \ , . 

present an excellent review of the emp1r1cal methods being used at the present 

, tlme for design purposes. The fol1ow1ng 15 a br:,lef st.nNlry of the 

developments as well as the problems encountered in sol1-cutt1ng and so1'­

grouser interaction analyses~ 

1.1.1 5011 Cutting 

The knowledge of 5011 mechanlcs has only been recently app11ed 
. . , 

to the study of the problem of s011 cutting. In the early part of the 
" 1 

century, research in the United Kingdom and the U.S.A. was conf1ned,to 

'the Investigat10n of the draft of tillage implements • 
• 

re~earchers to ISolate the relevant· soil parameters mide 1t d1ff1cult 

for them to visua11ze the poss1b11ity of a theoret1cal analys1s 1n terms 
of • - , 

of class1tal so11 meehanics. 

. ~ 

The h1story of the dtvelopment of a quantitative analysis of 

the action of cutting taols in 5011 has been deseribed by Hettiaratchi 

. (1965). ' F~11OWlng the work of payn:-f,956) on the action of agrlcul· 

: tu".t tines and Bekker's (1956) suceeS'$ wlth the study of vehlcle perfortll­

.ance. ~n (964) shOWed that the ~taln1ng wall theory d.V~10ped ~Y 
• ~e (1938) could aecuratel; pre61ct ~ forces requ1red to eut. w1de 

1 , 1'&. of so11s. 

in· fON to Ter~.9h1·s ._rfng _capactty tquatton. to pred1ct ,e force 
" " -/'" 

actin, on ' •. b1acle. TIlh equet10n WlS later ano.dff1ec1-by Hetttaratcht. . . 
et· .1 ~ (1-966). . A .... ,, __ of the rtportld fnv.stigat1cM. in, 1011 'Cutttlli 
.' , 

, " ' 

" '" , , 

. ~ 
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is presented in Append1x C. . 

\ " 

\ 

1 

\ 

\ 
\ 

In review1ng the l1terature, the vertous methods attempted to 

provi de ~ 501 ut{ on for the b 1 ade prob 1 am appear to' fa 1,. 1 n four groups; 

~thods re1ying on dimensiona1 analys1s [Wismer and Forth (1969) and 

W1smer and Luth (197~], rig1d body statical teéhnique~ [Osman (1964)], 

plasticity techniques such as those using a form of ,the Prandt1 -

solut10n, 5pecfa1ized for bear1ng stabi1tty [Osman (1964) and Reece 

(1965)], and methods relying on the principle of limit equ111br1um of 

,the sofl [Yong et al. (1969) and Yong and Chen (1910)]. 

It must be real1zed that in employ1 

techniques, us1ng laboratory model tests, J requ1red assumpt10n 15 

that 5011 propert1es can be adequately scal!d. The d1fficu1t1es 
'------~ 

surrouryding the scal1~g of 5011. or the der1vatton ofappropriate 

scal1ng '.$ for 50115, are mo'st complex [Yong et al. (1961)J. In 
o! 

addition to the problems of s.parate examtnltion'~f companent parts, 

one must recognize that the problem of a moving r1g1d'blade 1n soil 

15 an 1nteraet1ng phenomenon and,·therefore, shou1d be'cons1dered as 

an tnterdependent system. The behav10r of the 5011 mess 1n front 

of the,mov1ng blade 15 condition&( not only by the geometry of the 

btada ftle", but alsô by the dr1v1ng forc.s associated w1th the blade, 

ln turon. the prôgress of the blad. 1n' th~ so11 t$ controlled or 

1nf1,,~nced ~ ,the .nner 1n wh1ch the sol1 wtll .10 .... , the boundary . 

• 

. 
f 
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intensive invest1gat1ons 1nto the problems assoc1ated w1th soil-wheel 
, ' ", 

interaction [e.g. Reece (1965). Fre1tag (1965). Yong (1969~970~ among 

others]. The same cannat be sa1d for those problems associated ~ith 

soi1-grouser interaction. Sorne attempts have been made at e~aminfng 

the geometry of the fa11ure surface beneath a moving r1g1d grouser " 

[e.g. Bekker (1960) and Haythornthwaite (1961)] but apparently investi­

gations into the mode and mechanismS of fa11ure have been l1mited. 

Intensive research efforts are neceSsery in order to def1ne the influ~ 

ence of such parameters as track ,type, grouser spac1ng. grouser 

geometry and grouser size on the magnitude of the forces exerted on 
-. 

the gr~user plate by the so11. 

, As a consequence of the fact that the locomotive ab111ty of 
, . 

aft.)' vehicle 15 dependent on the so11 response, it wou1d seem 10g1ca1 

that in a~y attempt to describe the overal1 behavior of a tracked 

v.nicle in s011. a clear understand1ng of the fundamental interaction 
- / 
//~/ proces, between grouser .nd so11 15 necessary. The little research 

/ 

/ wh1ch has been done on the probl. hls t;een oriented towards the pre"!' 
1 

diction of IIIcroscopic effects and has been directed more towards 

veh1cula~ response than towards sotl response. 

- Prev10us to the second world ~r. the design of tr.cked 

v.hicl~s r:~largll~ an •• pirtcal process. Ss- res.arch ,..t '\., 

undoubtedlr've been carr1ed out befol"l this. bu·t apparently dS not 
~ ... ! l 

.reporttd,1h • av,l1able liter'tu..... Th. first systeNt,ic attellpt 
, ,'" 

et prOI/idfng • 'lolution to the ~verall probl~ WIll' _de by Mfckl_1t 
, ' ' 

(1144). ...,~ .... tric,al ...,..tion d .. ~rtb1ng tha tr.~1-ve 

~~ '~,bi • ~~ Y"'1cl.·~ Oft soit 1011$, an ..... tton 
, 'it'" 'v ~ \.., ~l \-,. 'i, 
t:~~ ~ , ',:_~l ~.rc ,.t '. ' 

• '''1. 1"' 

," 
" ,.1 . " 

,', ' 

, , 

\ 

. , 
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wh1ch fo~ the basis of design unt11 Blkker (1956, 1960, 1969) 

/ 

6XUl1 ned the prob 1 an froll a more ri gorous poi nt of vi.,. 

1 

With the assumptions that the grouserfplate could ~ approx1-

mated by a str1p footing, ~nd an elast1c strèss distribution in the so11 , 
"1' .. 1 j 

Bekker WIS abl. to derive i theoret1cal expression re1at1ng the hor1zon­
\ 

tll thrust on the grouser to the grou~r' parameters. 8y optim1zing 
; / ' 

the grouser spac1ng and summ1ng the.hor1zo~tal forces operative on .aeh , 
grouser plata in the track. he was t~n abJe to predict 'the horizontal 

thrust ~xerted on a tracked v.hicle by the soil. The &qult1ons for 

~ horizontal and vertical f6rees on a grOuser are g1ven ~s: 

(1 ~ 1) 

- 2 
W • b ('le 1 c + y "q 1 Z + ,Y ft 1 ), cos e 

, . Y 
(1.2) 

'. ,,,,1 et. "'.',~,r . ~ . ~.. . 
" ." ,1 t h" • , 

, . , 
- >';: , 

o 



j" 

'\ 
ç 

~ .. 

1 
H • .- h 

l 
, ,-

Q 

" ,,, '. \~'-

.. _l ~ • :' 

., ' 

~ ~< , \ 
' . . ' , 

1: 
1 ~ ..... , tr 
j-;'>~ 

~' 
, 

7 

\f 

! \ 1 
1 ~ 

.. 2P' 
III 'p 

'" 

< • 
-1/ fi /' 

. ' 
" 
,.,/ 

",,"" k1 

n 

hl 

!, 

,4 J ' 

"," ,';. , .. ,~ 'l : 

•. :J "'". , " ~~"""r i 
~'~.:·,~1 "f/; r~ ... :I:i ~, 

lti?;::~ : .:c~a: .~~;:,: 

. .. ' 

'J,. 

lt 
" 

,< 



os ,_ 

• 1: • 
- t~ J 

• 

8 

e • arc tan (H/W) 

and the bearfng capac1ty of the soi1 undèr the footing 1s g1ven a~ Pp' 

Despit~ the fact that no exper1menta1 evidence was cited in .. 
<1 support ot his t~oretica1 conclusions, Bekker's equat,ions fonned the 

"" basis for the design of tracked veh1cles untll very recently, at which ~. 

time an extete research programme was entered into by the U .S. '~ 

Waterways Experiment Station at Vicksburg. The results to date of 
~ 

thi s p ... og~ ame have dea 1 t 'pr1marily wi th the response of soil s to the 

act10n of rig1d wheeTs [e.g. Fre1tag (1965), (1965a),(1965b).(1968)], and an 

absence of reported data on the response of s011 s to grouser action J s 

still evident on an exam1nation of the ava11able 11terature. A 

SUlmlary of the reported investigations has been g1ven i·n Appendix' C. 

1 _ 2 PURPOSE OF sruOy,* ' 

~st of the 5&11 cutting and traction research conducted·t~ 

date have been based on emp1r1cal approaèhes using the re~ults of a . r .-
large lmount of expertmental data obtain~ from tests to develop methods 

~ , 
b 

of anelysis .. and design,_ Whl1e such appr.oaches mai have been necessary 
, -. 

1n the pa.t. the advent of dtgital cœnputers and the developnl!nt of 
~ 

~ 

tlDdern'methads of numer1cal In&-1ys1s now provide the necessary tools 

tG obiain analyt1ca' s~lut1ons which can replace much of the empirical 
,~ .. 

test1ng carr1ed out 1n the pasto However. such anilytical solutions 

IIIst ~e chec1ced by i selec:ted, but '~l1er n.t»er of experimental 
_ t., " • 

tests to verity 'the1r Icc'uracy, 

The probl. of sol1-macb1ne intèract10n hls bdn the su~ject· , ~ , , 
,~ of'. r1gorous stùdy under a reselrch progr .... in opération at ~he 

. , . 

, t; '... .' 4"', oIJ • 

'" 
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e Soil Mechanics Laboratory .of McGi11 University sinee 1963. This 

prograrrme Can be divided into two distinct phases. Investigation of 

the behavior of soil under driven rigid wheels [Yong and Webb (1969), 

Vong--~îffrunsch (1970) and' Windisch and Yong (1970)], and the study 

of the performance of an 1solated e1ement [tracti,ve or cutting] moving 

-------------. ~~h soil [Yong and Chen (l97P), Yong et al. (1969) and Yong and ----, -----
sylvestre-Will~. 

The present study 15 a continuation of the second phase of 
J 

the overall McG111 prograume. Its purpose 1s to prov1de a rational 

ana1yt1cal means for- predict1ng the perfonnance of a cutting or a 
i ~ 

t~act 1 ve too 1 t us1 ng parameters that descri be the soil response due to 

interaction w1th the'tool. It 1s to be apprec1ated that an accu rate .. 
prediction of machine-soi 1 respon,se behavior wou1d prov1de a soun~ 

bas1s for the eva.1uation of the eff1c1ency and econOfl\Y of so11 cutting 

and mQb1l1ty. Cons.quen~ly, the computer solution t,echnique, dev,eloped 

herein can be used to a1d in "the design1ng of the tool or the inter-'" -"-

,""-

" 

act1ng unit, sinee th~ va~ious mach1ne and soi1 parameters input to the 

computer code can be vari-ed and the resultant output evaluated. This 

. ppl1osophy 1s demonstrated in schemat1c fOnll in Fig. 1-3. 
, 

1 • 3 SCOPE OF sruOy 

The factors çons1dertd pertinent in so1'l cutting and traction . . 

exper1 .. nts 'relate tOJ . ( 

, 
(a) So11. ... Type, densfty, and shear res1stlnce parall18ters. 

(b) Cutting'or -tr:~et1on tool - Geometry" deOh of eut. 

speed ~f tra'Yel and 1nter­

facial character1st1cs. 

!-



-, d 

-- - - ------'j- - ... 

'-

10 

MEED FOR DEVELOPHENT OF A 
RATIONAL PREDICTIVE PHYSICAl-MATHEHATICAL :mOL: 

FOR DESIGN EVAlUATION AND PERFORMANCE 

DEYELOPMENT OF 
MACHINE-SOIL 'INTERACTION MECHANIes 

DEYELOPMEtlT OF R~LISTlC 
aMUTER CODE PROGRAM ' 

CONSISTENT WITH PROBLSM 
. ' 

PERFORJWtCE 
, EVALUATJOH 

iJ"IJ'""" , .. 

\ . 
G' 



--

/ 

o -
/ 

Il 

(c~ Forces - Developed forces [horizontal and vertical]. 

In general, the variations with regard to the above are 
j 

concerned with the specification of the des1red condit1~n, i.e.: 

(1) Spectfied .constant speed and constant' depth of eut. 
" Th 1 s will y 1 el d deve 1 oped f~rces on the tao 1 • .wh 1 ch 

-.y subsequ~ntly be decomposed into 'horizontal and 

vert 1 ca 1 components., 

(2) Spec1fied constant horizontal forcè and constant . 

depth of eut. The measured variables in this 

instance are speed and developed vertical forces. 

(3) Specified constant horizontal and vertfcal forces. 

In this partieular case, bath ~peed and.depth of 

eut are the measured ~ariables. 

To allow for a rational approach in the analys1s of resulls. 
, . -- --------.. 

the exper1ments ',perfonned in the ,course of this study are l1m1ted ta 

the f1rst condition [i.e. spec1f1ed constant s.peed and constant·depth 

of eut]. The procedure employed accounts for meas",~ement"of developed 
, 

forces [bath horizontal and Yertlc~1]" accampanfed by.photograph1c 

record1ng of 5011 d1sto~fon·. • 

. . 
The scope of thfs study is 1f.ft~ ta ver1fyfng the valfdfty 

of the app1fca.tfon of thé f~n~te e'_n~ technique ta the analys1 s of' 

siaple pl"ol)1ans of son-llllch1ne 1nteraction in nearly-saturated 

lcaoltnfte clay un<fer plane 'strain conditfons. C~r1son5 between 
, .... f 

t~ ... t1C41 and expertMn~l results ,are .de ta assess the valfd1ty 

. , 
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The approach adopted can be eas11y extended 

the soil-machine interaction is more cOmplexe 

1~4 ,AHALYSIS OF ]HE PROBLEM 

W1th1n the broad def1nitfop of the,problem. there are 
~ 

n\ll1erous path~ that can be followed accord1ng to emphasis and 
" 

assumptions made. Figure 1-4 shows a schemat1c d1agram of a mlnber 

of ava11able solution procedures. 

If 5011 d~f.onnit1on 1s neglected, r1gid body forces and 

th~fes of classical 5011 mechanics can be used in attempt1n~ to 
" ~ \ " 

calculate the developed reactions. Forces are evaluated by studying 

the stat1 c equil ibrfum 'of an assumed faHure surface wh1ch 15 chosen 

to satfsfy the l1m1tf~g_ stress condition of a Coulomb material. 
, 

These theories, however. neglec~so,1t dèformat1on a~d therefore are 

~t ~UfftCi~tIY ~i1ccep~ble.. : 

/ v 
If thé 5011 1s assumed to,be perfectl~ plast1c'w1t~ a Coulomb, 

or any o~her y1eld Surface, there would be no dtff1culty, in pr1ncip1eJ-- ~-- ---
• c'" __ ----

- in canput1ng riacti~ns. The theoneni of 'lJt!rtt--Ûlalys1s [-uJ)pêr:-;nd , 
. ,- ~ 

lower bound theorellls] will _~1v_e bound on the a~y- Jong et '. '(1969) 

Înd Yong and Che~ave SUCC~~f~û~ed -the of 1imtt 
,- - ,...---, . 

equt1i~rfulII to pred1ct the f~ l'Îqu1rect t 
\ ../ 

/ 

fr1ct1onal Meteriel. Yong~-Syivestre-W1111am~_{1~9) adopted the ' 

sae approach to s~ traction of ~~ers. L "mit equfl 'brit.an 

analys1s uses a stat1cal1y admissible stress f1.1d~ grlbf1ng lower bounds. 
", . - -~ '";' 

,,:., A 1:~ bGuId solutIon requl~.i.u\llPtion ~f • statl~ .------tIII 

- ~, 
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admissible stres~ field, wh1le an up~r bound solution requires a 

kinemat1ca1ly adm1ssible displacement or ve1oc1ty f1eld. In a m1xed 

boundary-va1ue prob1em. there is no apparent independence between the 
\ ,\'" 

• l 

two fields, and eompat1bi1ity between the two fields 1s the essent1a1 

final justif1cation that t~ solution obtained 15, in fact, the 

corree t one. 

"-

Unt1l qu1te recently, an important defect in,the theory of v 

earth pre~sure 1ay 1n 1ts developOent w1thout reference to stress~train 

relations. t~ theory belng based' upon the concept of nm1t1ng equ111-

br1um sat1sfy1ng Coulomb's law,of soi1 fa11ure 1n conjunction w1th an 
, ~, 
extremum principle. this procedure neglects the important fact that 

l' " 

stress-1tra1n relations ire an essent1al ~onstftu~nt of a complete 

th,ory of any branfh of the continuum mechanics of defonmable s01ids 

[Morg~stern and, Eisenstein (197~)]. ~ .. 

Semi-analytieal techniqués such as the, visioplast1c1ty 

method were invest1gated at McG1ll Un1vers1ty. Yong and, webb (1969) 

used this methoc( for detennin1ng the useful output e~~gy for a r1g1d 

mov1ng ~heel. Yong and W1ndisch (1970) used f~ for determin1ng the 
, , 

1nt&r(ac1al and su~sol1 str,esses under a towed ,rigid whee1. In the 

v1s1oplast1city method. the displacement field 1$ recorded exper1ment­

Illy. fram wh1ch a stress_field 1s detenn1ned us1ng a cohstitutive 
___ __. ~ '1.

0 . , 

~lation~h1p. This method 1s only applicable to small scale test1ng 

[asslllling steaely-state conditions] ,and cannot be usec1 to predict 

ffeld 'conditions. 
. ... 

_ f 

d,'-

(Sase on tIM ."'". discussion, 1t wes conclUded that a"--
, • • 0 

'''~tcal '.thod "'"ck~an p1'td~ct' both the ,stress 
~) .., . - . \ 
j-} • . . 

d1st~fbùtfon and 
1 

~ 
%' 

" ,~,j 

ft 

, 

~~ 
~~ 
t. 
~ 

~\ 
.' 
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the sail defonnat1on resulting from a cutting or a tractive tool would 

have a pl,ace in soil-machine mechanics. . Such a method should take 

into Iccount the non-l1near ~ehavior of soi1 and the effect of large 

'deformation due to the implement movement. 
"'" 

1.5 PROCEDURE FOR DEVELOPING A RELIABLE 
NOMERICAÇ TECHNIQUE 

" 

For a given problem. development of a rel1able'numerical 

• technique involves var10us steps as dep1cted in Ftg. 1-5. These 

steps essentia11y represent a tr{al and error procedure which , . 
requires the examin~tion of factors such as fdealization of the problem 

as a discretized body, numerical characteristics and constitutive laws. 

In the Figure, the first t~o factors are 1~icated by dashed l1nes. 

whereas the trial -and error procedure for const1tutive laws 1s shown 

by solid 11nes [Oesai (1972)]. 

A numer1ca1 technique for sglving,so11-mach1ne problems c~n 
t ' 

be deve10pMt in progressive stages. The, purpos~ of the technique 1 s 

to quantitat1vely descr1be the action of the machine on thé soi1. In - , ., 
the initial recognition phase, the action 15 observed and noted to be 

repet1,t1ve. The recognition .phase 1s gra,dually sU'Pplanted by an 

lIequ1 val ent l
;' model. For çompl1cated problems. the 1dealizat10n stage 

can be d1ff1cult and would requ1~e a number of trials befOre a model of 

acceptable accuraey can be evolved. 

after a ntIIÏber:- of'trials. 

The final model may be a"ived at 

, 
( 

~\ The second step of deVfloptng a, solution teChnique 1$ Irr1v1ng 

et a represent.ttvt constitutive llw. A constitutive law for ~so11 15 

... 
:1 
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usually d~perident on a nUmber of factors su~h as density, s~s 

fhistory. water_ content. and exi,~tence of discontinuities. The'~n-. . 
stitutive relation can be estab1is~ed through the application of severa1 

distinct phases of study. First. ~ome specifie beh~v1or )S observed 

and studied. Second. having noted the behavior, factors involv~d in 
. 

the behavior are identified and the1r relation ascertain~ in a cause-

and-effect manner. 'Mathematical equations \~~e required to quantitat1v~ly 
\ . 

descr1be the cause-an4-effect re'ation and. hen~e. the behav1or. Resorting 
, - \ \ 

\ 

to mathematical equations i5 possible only ~hen ~th input and output 
\. 

quantit1es can be expressed in some form of numer1è~l description. 

\. 
With reasonably acc~ratelconstitutive equati ns, a complete 

analyt1cal technique can be d~veloped to descr1be machin actions. A 

specifie machine tool has a-~ixed geometr1cal,shape that n be expres~ed 

by appropriate equations. An overal1 coordinate framework n be 

establfshed in which ~he direction of tra~l and the plth of tG l motion, 
\, -. 

the orientation of the tool. and the.cont1nuous nature and profil of '. 
the ~011 cin be descrlbed. Spec1fying the path of motion of the t 01 in 

1 

the reference'framework thus produces the boundary' conditions necessary 

to define the,problem. Simultaneous solution of. the system of govern-
... ~ '.... J >1 

i'ng4 equations utu 1z1ng the boundary conditions provides a' quantitative 

solution to ,the prob1ar: 

Many numerical techniques can be attewapted in develop1ng a 

solution fqr 1 part1cular so1l-mecb1na interaction prptilem; alOn9 them 

Ire the.l1.1t equ1Ùbrt"" [cl.ss1cal soU MeChan1es J~'~t1on]t the finite 
"". ' 

d1fferenee. and the ffntte el_nt method [F1gUrê~1-4].· 

,1 " 

o , ,. 
~ .................................................... ~~ .... ~~I 
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Adopting the limit equilibrium approach. Sokolovsk1 (1960) 
" ~ 

~eveloped the mathematical methods that made it possi'ble to solvé 

numerically the equations of equilibrium ta obtain the force required 
. 

to fai1 soil by load1ng an interface. In a'plane problem. there are 

three unknown stresses and two equations of èquilibrf~m. If the soil 

is assLII1ed to be"in a state of failure, the Coul,omb relationsh1p could 

therefore be introduced as th~ th1rd equat1on. In three-dimenslonal 

, problems there are six unlmèwn stresses and only four equationsi a 
, 

solution 1s therefore impossible - without the introduction of stress-
~ , . \ 

stra1n and compat1bility relationships. It must be pointed out that . 

if the problem 15 statically detennined [i,.e •• bCJundary conditions are 

on1y g1ven 1n terms of stresses]. the equf11brlum equatfons and the 

Coulomb failure condition are ,sufflcfent to g1ve the stress distr1bu~ion 

w1thout any reference to the stress-~ra1n relations. However, if dis-
1 

placements or velocities Ire spee1fied.over part or 111 of the boundary. 
'~ . 

then the'stress-strain relat1on~ must be used to relate th~ stresses to 
• 

the strafns and the problem becomes much more complfclt~ Ind must 

usually be solved by trial and error. A'stress field satlsfy1ng a,11 .. 
streS$ boundary conditions is assumed. The velocities are then com-

~ , 

puted and a check made ta see if the velocity boundary conditions are 

sat1sfied. If nota the stress field 1s ~if1ed and th~ procedure 15 

repeated as often as neees,sery. In addition to al1 these diff1cult1es. 

the so~ut1on obta1ned 1s valid only for the case of inctp1ent plastic 

flow; onte plasttc flow progresses. 'the shape of the bounderies changes 

considerably and 1t becomes neces$ary,to satisfy the boundary conditions 

on the deformed boundary. This makes 1t v1rtual'y impossible to \ 
, ... ' 

obtain the load-deforMat1on h1story of a continuously deform1ng so11. 
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The basic"difference between the finite difference and the 

finite e1ement methods lies in the approaches used in arrivi-ng at the 

~de point [or discrete mass] equilibrium equetions. In.~]è· ~sual 

finite difference techniques, the govern1ng system ~f diffe~~tial 

equations is approx1mated by difference equattons, )'lMéh in essenCe 
~.~ 

require an assLll1Pt1on of the d1spla~-rônn between neighbor1ng nade 
. -' --~--

points. The restrfêt1ôn appl1ed by this approach' 15 the~relat1ve 

\ uniformity of node point spacing which yields solutions et only a f1xed 

number of points in the domaih of interest. and may require additional 
j , 

interpolation for solutions at other points. Also. the finite 

d1fference method can be cuni>ersome for handl1ng irregu1ar boundaries 

and nonhomogeneities. In the f1nite~ement technique, on the 'other 

hand, the 5011 mass 1s d1vided into variou~ small elements, with each 

element connected to 1 ts néighboring elements at the1r node points. 

Over each element,' approximate di5placement funetions are defined. In 
" 1 

this manner, the finite element method recognizes the continuity of 

masses, and doèS not requ1re separate interpolations for extension to 

other points. The use of separate app.rox1mating models for eâêh' 

/ finite e1ement permits greaier flexibility in tackl1ng masses with 

extensive nonhomogene1ties. complex realist1c geometries and m1xed 

boundary ~ond1t1ons. Since the main advantage of the f1nite el~nt 

method. lies in its capacity of handl1ng re1atively compléX problems, 

the method wei c~sen in th1s study to in.,.stigate the subject of 

51",1. cases of 'sof1-lAIchine interactions. 
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1.6 'ORGANIZATION OF THE T.HESIS 

2. 

The Thesis 1s divided into two, separate parts: 

The first part dea1s w1th Ithe development of the 

analyt1fal model used in thfs s'tudy, together 

w1th the results of the exper1menta1 program. 

In addition, comparfsons between theoretica1, 

èxperimenta1 and ~nalyt1ca1 results are presented 

to assess the va11dity of the assumed model. 
'" .. ' 

~ 

The second part of the thesis. which cohsists of 

f1ve appendices, concerns ftse1f ma1nly w1th .. . 
providing the pe~tinent informat10n necessary 

~ 

for a complete appreciation of the computat10na1 

and exper1mental techniques. . , 

The f1rst part, wh1ch deals mafnly ~th the 1ntrOduct1o". 

apprec1ation, application, and verifieat,10n of the proposed analytical 
... . 

model, is.'subd1Y1ded 1nto e1Qht chapters [see Fig. 1-6].' . 
Chapter l, of which thi~ Section 15 a part. 15 an 

1ntl-octuçtory chapter in wh1ch a 5tatement of the prob1em 15 presented. 

'.,~ Chapter 2 de~cr1bes th~ finite elemén~e and the . ~ . 
proPO,Sed mode 1 adopWd 1 n thf 5 S tudy. 

Chapter 3 prov1des a brief ~escrf~t1on of the exper1mental 
, • ,ç • - ~ ~ 

f"t1it1és and techniques used. tOgether with saRe'in1tial exper1mental 

data. • 

" . Chapter 4. conta\ns' ,results of the cutting _net traction exper1-
. . . 

..... ts .,....10"*,. ud results ,of the strength' tests. In adcIttion"th1s' 

-~ . 
: ' 

f ,0 , ' 

> i 
1 

.. 
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EXPEJUM1ENTAL 
CONSI~ERATIONS 

CHAPTER 4 

., R.ESULTS or SOIL CUTTING AND 
TRACTION EXPERDŒlf,t'S 

• UrLICATION or THE VISIO'­
PLASTICITY ME'l'HOD TO THE 
PRBsÈNT PIlOBLEH 

• 

/" ... ---...,..--~-------------. 
CHAPTER 5 CHAPTER 6 

PRES~ATIOB AND DISCUSSION 
OF THE FINITE ELEHIRT 
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ANALYSIS AND COMPARlSON wIm 
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• ' PRESEN'.tATION) AND DISCUSSION 

'. ' .. 

ltopu. ~(,1-§) 
• 

, 

OF THE FINlTE ELEMENT -
IISULTS OP. TRACTION ANALYSIS 
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, • 1 

1 ' 
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Chapter provides a dtveJopment of the visioplastfç1ty method as applied 
" -

to the present study, together w1th an Appreciation of 1ts applicabiltty 

to the problem by means of the invoked assumpttons. 
! ' 

Chapter 5 is concerned with the presentation and discussion of 

the finite element results of soil cutting analysis, an~comparisons 

with the experimental results. 

Ch~pter 6 pr~s~nts the finite element resu~ts of so11 

traction analysis accompan1ed by comparisons with the experimental 

results. 
~ 

Chapter 7 discusses the app11cability of the proposed 
j 

an~lytical solution by'examining the sign1ficance of implied conditions 

and requirements in relation to observations and results. This 1s 

~'iShed by div1dtng this Chapter 1nto two main Sections: 

1. finit~element analysis, employ1ng the proposed model, 

of a_~ong vertical wall retaining clay, and comparisons 

with a clos~d-form solution scheme, and 

,2:. comparisons of s~11 cutting and tr~ct10n analyti~al and 
. ' 

exper1mental results, obta1ned in this study, wtth 

r~sults computed from ex1st1ng theor1es. 

Chapter 8 cqnta1~s the summary and conclusions. 

The second part of the thes1s 4s COlRp'oSed of the expertmentll . 
and data reduction techniques', as wall as computer program descriptions 

and other pertinent mater1al t"equ1red to prov1de the input for the 

expertmental-theoretical study presen~ in the f1rst part of the thes1s. 

This ~rt cons,1sts of: 
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CHAPTER 2 

i 

FINI1E ELEMENT METHOO 
h , 

AS APPllED TO THE PRESENT PROBLEH 

2. 1 INTRODUCTION 

Analyses of soil-structure interaction probl~ are of con­

siderable importance in investigations concerned with s011-1mplement and 

s011-veh1tle mechan1cs. The calculation of earth pressures on structures 

has been g1ven detaileq attentfon by researchers, and there now ex1sts a 

wealth of both theoret1cal--a-t1d--exper1mental knowledge on this subject. 
, // ' 

These sources are continuous1y be1ng invest1gated w1th a v1ew to possible' 

adaptation ~nd 1mprovement to mee,t the more spec1al1zed requ1rements of 

soi1-machine problems. As an<example of this approach, the famil1ar • 

cases of two~dimens1onal sail response encountered i~ long retlin1ng 

. walls and str1p footings bear a close paralle1 ta w1de cutting blades 
, 

and track-Tay1ng tractor runn1ng gear, respectively. This analogy 15 
l 

not l1mited ta the aetua1 physical s1mi1ar1ty between these structures 
1 ... 1 • 

but 'extends to the more s1gn1f1eant~ttors associated wlth the problem 

boundary conditions. the 5011 mode of deformation end the actual faflure 

surface geCllletry 1 nvo 1 veel. 

It .. st bt "'s1zed. however, that the mechlnies of sail 
- ,-"-

tutti.., and t ... ction is IlUch more cQllPlex then that of the son-structure-
, , 

int .... ction. es there 1$, QIOre than one proc.s~ 'fn'operat1on. The 

resistanGe1JtSOft to the forward IIIOtion of a tocl 15 clused by shear-
, , 

1ng action. friction and adha10n bltween the soi~ and the too). raising 

\ 

, , 
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~nd accelerating the soil, and cracking if the tens11e strength 1s 

exceeded. 

The problem at hand 1s so complex that an acceptab~e general 

solut1o., ,technique capable of handHng a wide variety of soil-mach1ne 

interaction problems 15 not ant1e1pated for sorne time to come due to: 

1] The difference 1n 5011 response t~ the action of an 

1mplement. This can range fram shear fa11ure for 

cohesionless 50115 to brittle behav10r for a nonplastic 

so11 to flow in· the case of wet cohes1ve 50115. 

3] The different funetions wh1ch determ1ne the shape of the 

implements, thefr manner of movement [such as depth and 
1 

speed] , .:rtentattDn and path of moti)n. 

W1thi'n these limits the problem can ra~e~ from 1nvest1gating 

a cise of a simple tool moving in a homogeneous 5011 w1th controlled 

properties to evaluating performance of comp11cated maeh1n~ry des1gned 

to perform in d1fferent $0115. W1th thfs in m1nd. the sc ope of th1s 

study as stated in Chapter 1 15 to' invest1gate a specifie simplif1ed 

problem under certlin established conditions. Whi1e these conditions 
• 
" and hènee tbe approach adop~ed.may seem to be restrictive ".to render 

a solution tàchn1que too specialtzed ta be of immediate pract1cal use, 
• it 15 bel1eved that 1 'proposed technique that posses~es 1 potential 

for extension J s1ml1ar and more ... d1ff1cult problems w1th 'same or . 

littl. modification. will ult1mately have pract1cal usefulness. 
l ' 

Furthennore, such a-technique can be very instrumental in invest1gat1ng 

and understand1ng the fundlllëntal mechanisms involved in the cISe of 

s1MP11fied c~tting and t~~tiv. tools movtng through sGils. 

,: 
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J 

In the specifie problem of a soil-too1 li~eraet1on, an accurate 

analyt1cal determination of so11 reaet10ns as well as the internal stress 

" and deformation fields in the sail mass throughout the load1ng sequence 

is comp1icated by a number of factors. Some of these factors are: 

1] The system 1s eomposed of two materia1s, so11 and meta1, 

hav10g in most instances complex interface geometr~es. 

2] The system has,a continuous1y chang1ng topo1ogy caused by the , 

movement of the tool in the soil. This will have the 

effect of 1ntrOducing crac~s or discontinu1ties in a 

br1ttle or frictional soil or flow in a plastic soi1. 

--'/A 3] The. str~ss-strain relat10nship for so11 15 nonl1near and 

15 a function of many variables. Constitutive re1ationsh1ps 

and fa11ure criteria for 50115 under comb1ned stress states 

are di, ff1 cu 1"t to obta in. 

4] ,: Sol1 behav10r 1 S dependent on 10ad1ng rate and sequence. 

5] The character1stics of the soil-metal 1nterfae\ in terms , . 
of the degree of so11 slip and the nonl1nearity in the . . , 

,relat1onsh1p between .1nterface shear s,tresses and 'shear 

d1sp1acements add to the c~p1ex1ty of the problem. 

.. 

One of- the factors ·that requires special cons1derat10n~ in -the 

construction of a real1st1c analyt1ca1 mode 1 for 5011 cutting and traction 

15 the eff.ct ~f t~e p~eS:1Ye,cutt1ng of the 5011 at the too1 t1p with 

the possible deYelo~nt of fa11ure surfaces wherever the shear st~ng~h 

of the so11 15 exceeded. Figure 2-1 il1ustrates the gen~ral mechan1sms 

Opirlt1ng' in cases of sail cutting [constant depth of eut] and so~l-
\ . 

grouser Syst811S [constant deptli of embedMnt]. 
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In view of the great comp1exit1es mentioned above. the pro­

blem can be classified from the continuum mechan1cs point of v1ew as 

an inelast1c, non1inear analysis of a nonhomogeneous a~1sotropic sxstem. 
- , 

An analysis ta detenmine stresses and defo~tians throughout the soil 

medium by a direct application of the classical theories of continuum 

mechanics can be extremely difficult. Howev~r. if by an adoption of 

a numerical technique such as the finite element method. deta11ed 

stress and deformation fields could be dete~ for various tool positions, 
, 1 • 

studies or the basic interaction behavior would be 1mmeasurably aided. 

2.2 IOEALIZATION 

i' 

ln develop1ng an analyt1ca.J model for problems of so11 machine 

mechan1cs. it 1s essent1al that proper Appreciation be g1v~o the 

mliterial perfonnance and boundary COfiditions. The appropriate frame-

work def1ned by us1ng rea11stic s1m11ar1t1es between p~ys1cal and 
, • .,JtI', 

mathemat1cal, boundary conditions will ensure a h1gher order-of preditta-
" 

bi11ty w1th the developed analyt1cal model. Thè observation of so11s 
o ' 

def~tion and failure patterns dur1ng a 10ad'~ proc~ss often prov1des 
. '" \, ~ 4 

the basis for the developnent of vaUd models Jeading to solutions of 

forces and stress fields. 

_____ . Class1cal 5011 meehan1cs idealizes so11s as a r1gid plastic 
~~ 

fr~ct1onal mater1al [Chapter 1]. ,Thlt·is a material wh1ch supports 
. . . 

loads w1thout any deformation untll a certain shear st~e~ss 1s reached, 

wheNUpon total fan.,re OCClurs. Thf~ .. xi.".. str.s~ 15 ~.scr1bed by 

OoulG1b's equat10ns 

\ 1 

. ( 

'. 

" 
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T III C + cr tan 4> max 

and where the shearfng occu~s against a rigid interface by 

The strength properties of the soil mode 1 are defined by the 
\ \ 

three paraméters. cohesion Ct ' angle of internal friction 4>. and 

dens1ty Y. 6 is the angle of 5011 in~erface friction and Ca soil 

înterfàce adhes10n. As prev10usly mentioned in Chapter l, th1s model . 
as wall as the theory of limit equ1libr1um has been taken to a proper 

10gical conclusion by Sokolovski (1960). F~ilure patterns predicted 

by th1s approach are shown in Fig. 2-24 for a cutting blade and in 

Fig. 2-2b for a grouser. "~ ~ 

It shoCifd be pointed out that the limit equilibrfum modal 

leads to a solution by predict1ng the shape of th~ regions of sail 

sheared off fram the main body. 'In pract1ce, however. the 5011 in 

the fel1ure zone does not sh~r a11 It the Sante tirne. Due to the 
t' 

gradual 1ncrease in the stresses.with increasing strain. the conditions 
1 

for the transition into the passive sttte are not real1zed. In thfs 

event. shear la11ure 'occurs locallyand the slip 11nes do not proPl9ate 
, ' 

to the surface. This type of fa11ure 15 tenned pro9,res'sive fal1ure. 

Furthennore. the limit equl1ibrium IROdel provides a solution for 'the 

/ forces up tG the fow.t1on of the f1rst shear plane or fa11ure su~ace 
J 

with'no provislons for ext.nding the solution beyond thts stage. 
;,' ~r 

Another' limitation, in ttie application of th15 appn-ch 15 tha't ln 

.... tion has to bI made regarding the degree of mob111ation of' the . 
IOi'-r1g1d interface friction and .dheston • 
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While the limit equi1ibrium approach was uti1ized successful1y 

for predictions of forces on cut.ting blades [YO~g et al. (1969)], and 

grousers [Yong ani'Sylvestre-W111iams <l969)],!J
1

t 15 argued that a 41 

t' 
development of a finite element model to handle some o~ the cutting and 

'" traction problems can quite eas11y overc~ ~st of the aboye limitations. 

'. With this background, it 1s now possible to examine the 

deformation mechant,sm operative in a tool-soil system. Figure 2-3 

divides the ~oaded soi1 into three distinct regions for ease of analyt1cal 

treatment. These regions ar~ typified by elements At B and C. The f1rst 

of the se represents an 1nterfac1al element in wh1ch sliding of the 5011 on 

the rig1d interface does occur. The second element [8] 1s a cutting 

element in wh1ch large shear"distortions ceused by the tool cutMng action 

• 

,. 

deyelop. Finally, element [Cl represents a reg10n in which Plast_ic-------\[ 

. deformat1on tates place w1th poss1b111ties of de~l.opent-1~Tëoc;caal1zed or 

general shear\fa11ures. Whii1f~ representat10n may seem to'oversimpl1fy 

the 5011 response behaY1or, such phi~osophy does, in fact. take into account 

al1 the op~~t1ve factors in the deformation proçess. It now ramains to 

1deal1ze these three element$ to arrtye et a v1able finite element model 
\ . 
. ' 

for the p .... lem at hand. 

The/init1al' step in develop1ng an analyt1cal model using the , ) 

oftntte .l...nt 4pproach candsts of 1dealfzat1on of the problèlll by draw1ng" ' 
o " 

" . ./ 

• finite el .. nt· mesh whtch s1.1ates the presence of the 5011 mass? . 

the tocl. The constr~t1on of the f1n1te'.1 ... nt mesh reqU1re~hat the 

. t;ype and ..... r of .• , ....... fncluded should"be adçlat. tG rift th, 

correct flex1b111ty of ~the contin..... ' 

1 



l- e 
J .// 

1/ 
1 
1 -

. / 
/ 

1 

Cvttt", 81acfe 

------
1. 

• l 

~ 

r 
/ -

s, .. & .. ;S .. ": ,'t "~~-~,f1.;.,""fPdf5:XJJ!P'"~--- ... --- r- -,-

" 

.-.....1 

1I/it_7llj;_~ftlal, ~1l 

~?; 
.. 

SUrface 

~ 

-----

~nterlaè:ia 1 
EllNnt c 

~~ 

1 

~"i" 
-~ (8) 1 

~ 

FIGURE 1-1 

_ "-b-~'"t"'~~;,'_._;ri- ~ .. ~~~-",_!!;(:J~ 

~ 
-~ 

1. _, 

.. 

-

~ucceSSive 
a11u,,:,' 
SUrfaces 

1 eIIel1t ~bjected 
ta ShIIr Failure 

utting Surface 

. 

W 
N 

.. 

~ ..... f li -

/ 

f 
1 

1 
~ 

l 
l-
I 
1, 
1 
f 

f 
! 

L 

1 
1 
1 r 
1 (-

\ , 



1 

t· 

l 
l. 
," 

~. 

,~ , 

o 

33 

1 
Ta tdealize a simple so11-tool fnteract10n prob1em by a finite 

element model. certain characterist1cs IIIUSt be 1ncorporated in such a 
__ ~ --------..1 T ' _ 

., 
model 50 that 1t can represent the var10us elements shown in F1g. 2~3. 

Some of these character1sties are: 

J] Relative displaeementsoccur aeross A thin d1scontinu1ty 

-at the 'tool t1p level, f..orv'fool f1xed depth of eri>eânent, 
~~ 

due to the cut~tfon caused by the too1 movement 
~ -

____ ---+n--nlê~sol1 masSa Above this discontinù1ty the s011 15' ------------- ,"'-

---too.LwMJe below ft very little deforma.tfon 

/' 

2] 

occurs.' 

On the interface between soi1 and too', relative displace-
\ 

~ 

ments do occur and play an important role in the interaction 

between the tWb materials. The nature of the interface 

behavior depe,nds upon the roughness of the t001 and the . , , 

fr1:~1on and adheS~~~ Of~the sail. ' Most finite .lament J~ 

analyses hav~.j)eér1 perfo us1ng one of the two fol1ow1ng 
/'. L ,- . 

~.j# 

'11~t1ng assumpt10ns concern the char.cter1st1cs of a 
~'~~.; .- --------~~- \ 

.r' .JJ'~'/' s01'·r1 g1 d 1nterfacêlnteracti. n: 

"':'(1) that the interface 1$ perf .tly rougn, wi-th nCl 

possibrtlity for slip between the r1~1d 1nter-

face and the s01', or 
\ 
\ ' 

(111 that the interface 15 perlectly SIROOth, w1th no 

possi~111ty for shaar stresses wh1eh -,ould retard 

relatfve movanents between the rtg1d i!lterface 

and the sof 1 • 

Exper1_ntel and actuel field 'tvidenee show th.at these 

a.su.pt1ons ara not real1st1c. 
.. 

\ 
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., 

For a rea11st1c analysis of the problem, 1t ois essential that 

-Any' relative displacement or d1scontinu1ty in the dèformat1on field . , 

should'be taken 1nto consideration. 1 It 1s obvious from the above dis-
r . 

eussions thaf tlltf ptane- st~nt1nuum elements used' in the f;fnite 
, ------------element analys1s [constant straln tri~ngular element~r-examip~}-can-

not satisfactorily model the soil deformation behavior in a case where, 
~ . 

~iscontinuit1es may develop. These elements are assumed to be connected 
. - . 

at the nodes preventing any slip or separation behav1or. However,,1f 

an 1deali72d mater1al element that can' transmit shear stress parallel 

to its direction - prOYiding \th1s does not exceed the frictiona1 

. resi~tance - 15 incorporated in the overall model, one will be able to 

adequately 1nclude suchbehavior features as failing in shear and 

development of d1s.continuity surfaces. 

Prev10us attemJ?fs have bee~ 1nade to deve-l9P disct'ete eleme"ts 

ta r.present di.continuiti •• embedded ~. conti~us system' [Goodman 

et al. (l968) and Zienkiew1cz et a~)]. In the follow1ng 

section a rev1ew of the research that has been done ~ simulate a d1s-

cont1nuity in the finite element analys~s 1s presented, followed by 

the approach adopted in' the present study to deal wfth such behavior. 

Id,aliz,t1an of D1scont1nuities 
; i 

Reseirchers in the fields of reinforced concrete and rock , , 

mechanfcs have 'investigated th~ pos~f-modtl!~ng d1scont1nu1ties 
, --~~--, - ~- -

in the deformat1on field by the finite element meth~. In re1nforced r 

v ' 

concret •• the csination of steel and col'tCrete. by 1tself t presents no 

d1ff1culty in the analys1s. However. the melns of lIIOdel11ng the 
", 
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bëhavior aOt the interface between the two ,n~terials,"requfre special \ 

• c \.,. 
aJtent1on. In the f1rst appl1c'a'tion' o.f the 1f~1~nt n~thod lo 

~i"forced co~cretet Ngo and Scorde~.1s (1967) dev~10 ~ a l~n~~g~ ele-

ment'consistfng of two orthogonal springs to wh1ch stiffness~was 

;Scribed to represent other than a'~erfectlY rigid-connec~ion'~en 
, -

two nodes of adjacent elements. This element. shown ln Fig. 2-4. has , . . ' 

. .-' been used by many ~nvesttgators. such as 'Ngo et al. (1967) a.nd N1150n 
, . 

(1968). ta slmulate the bond-slip relatlonshlp between a reinforo1ng 

bar and th~ surroundlng concrete. 

,Wfth respect ta cracking, Ngo and Scordel1s (1967) studied 

thé stress. distribution 1n s1ngly reinforced. simply supported belnls 
',.. ' into whlch they had,t'1ncorporated predef1n~ crack patterns. Nil$on 

',"".-1), '. 

(1968) ex~ended th·e· ... ;.j;,rk by illowi'ng cracking to take place a10ng the 

common et:~ between ~he.~!~~ts ·Where the principal tens11e' stresses 

exceeded th.! modul us, of rvp~ of concrete.. The crack was represented , 
... ,__ 1 

by a1ter1ng:the topol0sY of the d1scret1zation 'by disconnectlng cracked 
, ,'~ 

elements at the1r càmmon nôdes •. Ih addition. H11son 1ntroduced non-
t1 \' • ~ 

11neari~ies in the m1ter1al prop~rties and, in the re'ationsh1p betw~en 

bond stres~ and bond'slip. The load1ng was applied incremental1y and 

,the behav10r ~~died up to thè ~ltimate load. } , 
n ln rock mechan1cs, a nllllbet: of approximate anodels [or theories] 

have been propoS'8d\to represent the behavior of ,jolnted medla. Thes~' ~ 
a • 

. theorles 1ncorporate analyses of intact mat,r1al, pre-ex1sting or'in 
~ '. ~ 

situ joints or fractures~ clos.ing-open1ng and propagation of cracks. 
, . , 

and sliding behavfor of joints 1nterpreted in teris of contact and inter-

lock1n~ of asper1t1as. 

"---- ' 

fI' 

. ( 

-1 
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In order to account for a fau1 t, Al'Iderson and Dodd (1966) used 

a pin-ended one-dimensional element, Fig. 2-5. T~is element can a110w 
, } , . 
transfer of compressive stressesillcross. a fau1t, but cannot sustain . 

she.r or tensile normal stresses~ Duncan and Goodman (1968) P~ed 
three dHferent procedures:- ub1quitous joint, orthotrop1c cot1tinuum 

and single joint analysis, shown in Fig. 2-5. The ub1quitous joint 

analys1s 15 based on the continuum approach 1n.wh1ch the induced shear 

stresses are computed on a 1 arge number of plane orientatioh. Then 

the l1kelil)ood of sl ip or opening of joints that rea11y exist is 

evaluated. The orthotropic continuum approach 1s based on 11near 

e1ast1c the ory in wh1ch equ1va1ent elastic parameters are computed for 

the parent mass 1 nfl uenced by three orthogonal joi nt sets. 1 n the 

single joint analys1s, F1gs. 2-5d and 2-5e, st1ffness formulation 1s 

obh1ned by considering the joint as e1ther one- or 1:wo-dimens1onal. 

The st1ffness of a joint 1s def1ned in tenns of 1ts normal and tangent .. 

hl st1res5e~. This approach 15 a mod1fication of the concept pro-

posed by' figo and Scorde11s (1967) for cracking in concrete e1ements. 

The one-d1mens10nal Single joint proposed by Goodman et al 

(1968) and Heuze et .al. (1971) 15 defined by four nodal points. Fig. 2-5d; 
1 

w1th·1ts thickness 1n the nonnal direction asst.llled as zero. Tb1s joint 
1, 

ellMnt, when 1nserted between two portions of the parent mass. can per- ''" 

l1it large relathe displacenents. Z1.enkiew1cz et al. (1970) have for-

... lâted single joint analysis by us1ng isoparametr'1c: e1ement concept. 
\. 

ln appl1~~tion to '~011~structure interaction- problems. -dough' . 
, a~ Duncan (1971) perfot'med analyses ot retaining Wllls using the one-

, , J 

d1Mns1onal finit. e1_nts to stllUlate. the in~rfaca ~tween the wall 
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(A) PI"~ENDED ELEMENT 
FOR FAOLTS; 

Joint Set 3 
.L to Plane 

of Paper 

r-----~z 

(8) UB!~ITOUS JOItfl' 
ANA YSIS*' 

Joint Set 2 

,(Cl ORTHOTOPIC COtITINUUM 
AHALYSIS** 

1 

a 

1- . t. 1 "-----:- :"-1. 
b 

.IT--f~--IT 

.' a 

, (0) SINGLE JOINT: ONE-DIMEHSlorfAl. ELEMEtfT** 
; 

~~ SINGLE JOINT: TWO-
E8$tœtAL gLEMERf** 

l' 

; 
>-

* Fra;.. Andirson and Dodd (1966) 
..,. ... Dunçel\ -and 600ca.n (1968) 

, " 

fIGURE 2-5 

" . 

YABIOU§ t'MELS fOR rÙSçQNTINUllIEI (JOINTS) \, 

[Aftet C. S. De511 (1912)t] 
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and the baekfi11. The analyses were performed in a series of increments ~ 

adjusting the properties of the interface and the backfi1l in accordance 

with the stresses for eaeh increment to approximate non1inear behavior. 

2.2.2 Ideal1 zation Adopted in the Present Study 

The model adopted in the present study incorporates a prede-

fined discont1nuity at the 1eve1 of the too1 tip. This d1seont1nu1ty 

i5 positioned on the cutting surface shown in Fig. 2-3. The purpose of 

includ1n~ the cutting plane d1scontinuity in the finite element model is 
-

to represent the action of the cutting e1ement, shown as el ement B 1 n 

Fig. 2-3. where severe re1at1v,displaeements and separation of soil 

blockS take place. Such d1scont1nuity can be visua11zed as a thin 5011 
, 

l~er on wh1ch the 5011 above s11des on the soil mass be1ow. This 
o 

sliding behav10r 15 governed by the so11 constitutive shear stress-

" rel athe displaeement relation'shi p. It IIlIst be emphasized here that 

1t 15 essent1al to constder such s11d1ng action 1f an 1nves~lgat10n 1s 

to be made of a cont1nuous so11 defonnation process. . 
, 1 

. . The dlscontfnulty location +s predetel'mlned ln th!s study' 

due to the faet t~at the t001 i5 ISSlJnë'a'~-be mov1ng It a constant 

tlevltion. , ' Such. a predef1ned ;t1scontJnu1ty p~ane 15 not to be ~nfuseEl 

with a fal1ure plane wh1clt.can in1tiate at the tool t1p It any'ang1e 
, 

'w1th respect to the ~or1zontal depend1ng on the direction of the maxi-

mun shear stress. 

• 
1 

" r, 

The _horizontal, moyanent of e cutting or a. tractiQn tool often 

produc:es • series of fenures in the 'soil wh1ch are usually 1nduced from 

the ,level pf the tooJ t1p to the son surface. Whl1e these fenure 

, , 

',' 
'" 
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surfaces could be modelled a1so as discontinuities, a prior spetification 

of failure surfaces will limit the usefulness of the proposed model. 

location of the failure zones or surfaces in the soil medium is deter-\ 

mined in this study, by examining the maximum shear stress induce~ in 

each finite element after each increment of tool disPlace~ ~f the 

stress is found equal to or greater than the'shear strength of th~ soil 

at that location, the stiffness values for this element are reduced to 

small magnitudes, and this element is considered to have failed in shear. 
\ 

It becomes ess~tial now to point out that such an approach for deter­

mination of failure zones or surfaces does not a110w cracking to take 

place, and hence, sliding a10ng a series of failure surfaces ;s not 

'possible. Such behavior was nGt included in the proposed model partly 

'because it did nDt take plaçe in the expe~mentally observed deformation 

field, as will be shown later, and partly because of thelargeamount of 

computer memory and time required for such an ~nalysis. However, in 

case sltding along a failure surface is found to of importar~ in 
\ 

describing the'soil behavior, an approach similar ta 
( , 

,could be adopted in which 'the topology of the discretizat n is ar~~red 
~ , ' \ 

by disconnecting cracked elements at their common nOd~s and i erting~ 

fonm of a joint element, s1milar to those described in the previou 

, \\ $ect1on, a10n9 the cracked e1ements' COI1l1l0~ edge. By al1~ing thes~' 
joint elements to transfer,cômÎPfessive stresses but not shear,pr tensile 

/ 1 • ' 

\ '",1 . normal stresses:'one w~l1 bè able to represent the pro~gation of failure l 

\ Surfaces, and subsequently s11ding a10ng these surfaces. 
~ " , 

-.-r 

,() 
'\~. - • As previ~~ stated~ "~n conventfona1 finite element theory ,J / 

the ~sP1aCements~1'~9 the/ bounda~,tween adjacent finite eleme~~ ~~./ 
(\ \ / . ., ~ ~ 

, \, , \ /, . ~,-, \" . \~. . ~~//~., ~ 
,; \~ \ \ \ ,- ~. 't 

f 1 ~\ dc:s::~" A ' 
211 ,HIIHeu .22_m.7lt>1 

J 

'. 

, 
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1 

required ta be compatible, i.e., no g~ps may open or relative disp1ace-

ments may occur between adjacent elements. It has a1so been pointed out 

that,8urfng the sail deformation process, relative displacements do occur 

on the interface between the soi1 and the too1 representing a discontinuity 

in the f1n1te e1ernent d1splacement field·. Sùch discont1nufty,ïs presented 

in Fig. 2-3 as element A. S1nce the relative displacemen~s occur in the 

tangential dtrectfon at the interface, the joint e1ement, presented by 

GoOdman et al. (1968). \can' be inserted between the tool surface and the 
1 5011 mass, Fig. 2-6, ta allow for sail slipp1ng a10ng the metaJ interface. 

A sim11ar approach 1s emp10yed ta model the cutting plane dis­

cont1nuity in v1ew of the fact that the deformat1on,mechanism of this 

plane, presented 1n Fig. 2-3. by elernent B, 15 similar ta t~ of a rock 
< 

joint 1n that relative d1splacements occur across a th1n d1scontinuity. , 

the simulation of the assumed d1scontinuity can be the sa me as that 
. 

ea for rock joints where the joint elemen~s are pla·ced to model the 

" f the two blacks of continuum adjJcent to the d'scont1nuity 

surface wh1ch "were 1n1tially in contact. 

Summar1z1ng al1 of the ab oYe .po1nts, the f1n1te element 1dea11z-, 
~ , . 

• tion .d'optad in ~h;s study, s~ in F~g. 2-6, for .'!bllde-so1l system, 

cons1sts of: :.-, ~ ~ 

'1] Contin_ el":~. [constant strain triangl.s~ r.preseMi~ 
the 5011 mISs. . " 

2] Interface dtscontinu1ty employing Joint [interface] elements 
'. , 

to represent the so1l-tool interface character1st1cs. 

3] Cu.tt1ng discont1nu1,ty model1ed by joint [cutting] el~rits . , 

{ i-nserted between ~ c9nt1nWII, .laments to represent the 

, 
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. 
shearing or cutting of the so11 caused by the tao1 

moyement. 

2.3 FORttJLATION OF THE PROBLEM 

The analysis of plane strain problems by the finite element 

method has been fully described in many publ ications [Zienk1ew1cz (1971 )]. 

The deriyat10ns w11l not be presented here-, only the general fonnulation 

and the essential features of the procedure required for the analysis of 

the present problem will be d1scussed. 

From" basic energy pr1nciples. for a body to be in equil1brium, 
/ 

its potential energy expressed as a funct10nal n should assume a 

stat10nary value in a class of admissable variations (~U1) of the d1s-

placements U1 of the equil1br1um state. 

by: 

where 

nEUi ) • y • w . 

y • stra1n energy. al'kl 

W • work done. 

The funct10na 1 n 1 s gtyen 

ln a deta 11 ed fonn the aboye equaU on can be wr1 tten as: 

R(U,)' l lt,.,dV - l f,U1dV - l T,U,èlB 
y y B 

- ' 1', • stH'ss tlnsor. 

E1 • st'ffn tensor. , ., 
\ 
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Fi ,8 body force field 

Ti = surface force field) and 

S, V represents the body boundary and volume, respect1vely . 
...-!" ~ ry 

In a matrix notat1on Eq. (2.1) becomes: 

Us1ng a stress-stra1n relat1onsh1p of the form: 

'[ • C1
,t 

r 

Where Ci 15 a stress-stra1n matr1x .at stress level 1, Eq. (2.2) can 

now be wr1tten as: ù 

Jt(U i ). fi~T ~i ~dV - J ~T ~dV - r ~T IdB 
V V fi 

Assum1ng a displacement field given by: 

U· ~ a . ~ 
where t 1s the co~rd1nate matrix of the nodal points, and a are .. 
. genera 11 zed eoord 1 na tes. 

(2.2) 

(2.3) 

It 1s'poss1b1e to represent CI in terms of t and U by pr~lt1p'y1ng 
• , t 

bo.th 'sides Qf Eq. (2.4) by 1-
1

• gtv1ng: 

\ CI • ,h- U 

whe,.. 
'-1 

h • • . 

The.\tra1n v~tor oan now be ~ta1ned by d~~f~re~t1at1ng ~he d1~Plac,ement 

vactor·. U w1th respect to,' and can be expressed as f" 
... iii _ ~ • .. • 

~ ••• h U .......... _ .. (2.5) 
• t. 

,..' 
. , 



e 

r 

• 

45 

11 

w~re ~I is the! matr1x after the necessary d1fferent1ation. 

Subst1tut1ng Eq. (2.5)'1nto Eq. (2.3) y1elds: , . 

After proper 1~grat1on and conversion of the body forces F and 

surface trac~10n",! to n~l f~rces. Eq. '12.6) can be wrlt;en as: 

(2.6) 

n(~~,.!~T~~_~T! (2.7) 

where f are the lumped nodal point forces. 
l' 

1 

From the theorem of minimum patent1,l energy, in an equ111br1um 

state the variation of the functional fi van1shes, i.e. , 

~fi(U ) • a TI ~Uj) • 0 
,1 a \ (2.8) 

Applying the condition set by Eq. 
1 

(2.8) to E1', ,~2.7), yield$ 

~ 
1 

, \, 
.... 

KU· f / - / 
" / 

where '~ 10 the el_: SMffnrtrlx. 

o\" (2.9) 

, v1ng Eq. (2.9,~ s~ject to the-boundary conditions, provides 
, 1 1 • 

bo h the stress and defonnati~ fields. 
l ' 

t/ ~ 
fnt. El .... t St. fnes$ Fornulation. 

. , 
/ A Joint .l_nt' 'as dev.loped by GoodIIan. Taylor and Brekke 

(l~)'lnd IPP1:Id,to ~, POCk MeChanfes probl ... : slldfng'of joint 

I~, 
-, 

" ,; 
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\ 

w1th a tooth, behav10r of jo1nt intersections, tunnel in a system.of , . 
staggered rocks. Héuze and Goodman (1967) also used 1t to s1mulate 

the behav10r of mine roofs . ... 

The following is a der1vation of the st1ffness propert1es of 

a jo"int element o.-S presented by Goodman et al. (1968). Th1's elament, 

shown in Fig. zf7 in a local coordinate system with the x-axis along 
~-" .< the len9th, has a length, l, but very small widt~. The or1g1n i5 a~ 

the center. 
\ 

The stored energy, t, in such an element 1s due to the app11ed ,. 
forces per unit length acting through th~ dtsplecements and must be 

summed through the eleme~t. Thus, 

f
L/2 

. t • i CAli Pi dx 
-L/2 

,J 
in matrix notation ! 

I
L/ 2 

t • 1 . (~)T (p) ~x 
-t/2 

l' 
tn,wh1ch '.(w). the relative displacement victor g1ven by 

(2.1 0) 

(2.11 ) 

• 

'top 
(a) .. ) 

(2.12) 'c;-

1 
,1 

,\, 

•. the VICtor of force per unit l.-.gth 
'. , (2.13) . , 

, , " 

\ " 

i 
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. , 

T~e vector,(P)~~y be expressed in tenns of a product of unit joint 

st'ffness and d1sp1acement 

, , , , , , .. {Pl. • (k) (w) 
, ~ ..... ~ ..... ~ ...... ~ ... '·~"Io •• 

. ........... ~ ~ 

(2.14) 

.. N .............. ~ ... _ .. ,. ....... 10. 

in which (k) • a ~iagona1 materia1 property matrix expre~~1ni-the e1ement 

st1ffness per unit 1èngth in the nonnal and tangent1a1 directions, 

k 
8 

o k 
n 

11 - " 

Subst1tut1ng Eq. (2-15) in Eq. (2-14), gives 
1 

, t· i ri./2 (oi (k) ("') dx 

-L/2 

The ~1splacement (w) ml.Y be expressed in 'tenns of the nodal pointodi.s­

placanent$ (U) tt1rough a l1near, interpolation f(jnnula~ Let Ui a~ Vi, . ' . 

(2 15) 

(2.16) , 

... • ' • ~ ,Y-

bè~d1splac,_nts in the tangent'fal and normal directfons. respect1vely, 
, 

at nodal pOint 1 along tbe bottom of the element , 

.. 
\ 

• t 

o 
... 

. , . . .;' , 

and ~'0~ the top. of the el~ • 
., / 

1 
, 0 / 

1 .\ . 

1 
,1 

\ '/' 

l + .?f 0 

) 

(2 .17) 
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~, 

2e 
1 ~ :r: 

c -

o 

o 

1 + 2x r 

2x 
1 - T" 

o 

Thus the relative displacement in the element 15 

Top Botto. 1 

0 à W • CI.) -A -8 {} B 
8 • 

(w)- • i ... 

Top Bottolll 
!.Ii -!.Ii 

'ft ft 
0 -A \(r -8 0 B 

-l ... 

~ 
~here c 

,~ 

, 

, 2x and B • 1~' b' A • ,1 - L' -r. 

SydJol1cal1y ... .. ' , 

. (~) • i CD) '(U) . 

in 

. (2-l6) 1ields: 
, , 

, L/2' 
' .• '! t I. l (U)T (D)T (k) 10) (U) dx 
• '; .. t/z'" -/ 

. . 

o 

, 2x 
1 - L 

a 

A 

.' 

0 A 

" 

,) 
I 

1 

; 
\ , -

, 

"-

-
r 

U3 • 

V
3 

U4 

V4 

U, 

V1 , 
U2 

}2 
U3 

V3 

U4 
V4 

, Substitution -~f '\ 

1 • . . 

, , 

( , 

r-
/1 ,q 

~l 
.~ 
~ ~ 

( ,;} 
(2.1B) > • 

:,,4 

(2.19) 

(2·20) 

r, 

(2.21 ) 

è> .. 
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Subst1tut1ng and simplifying, the expans1on-df Eq. (2.21) gives 

~ = i l (U)T (K) (U) (2.22) 

in wh1ch 

2ks 0 ks 0 -k s 

,. 
0 -2k s 0 

0 2kn 0 k n a -k n 0 -2k n 

ks a 2ks 0 -2k s 0 -k s 0 

• l 
0 kn 0 2kn a -2k 0 -k 

( K) n n 
b 

" -k 0 -2k 0 2ks 0 ks 0 s s 

(2.23) 

0 -k 0 -2k 0 2k 0 ' 'k 
n L n n ,~ -n 

l " 
-2k 0 -k 0 ks a 2k 0 

s s / S 

0 -2k 
r'I 

0 -k n a kn 0 2kn 

K • the Joint element stiffness per unit length 

The .1ement.stlffness~t~lX h1s'32 nonzero terms but lt dependo on 

only two quant1t1es. the unit joint stiffne!;s in the norma'l and tangential 

directions. 

·1be-last's~ep in the derivat10n 1s to place the element in a 
~ " 

coordinate systan fo'i the entire structure. Adopt1ng a global coordinate 

'syS,taR X, Y as shawn ,in Fig. 2-5, the tran~format1on takes the fol1dWing 

fonn: <l 

x • [COS;r 
-------- sin e 1 , , 

where 

x and y • 

( 

sin e ] 
cos e 

(2.24) 

. 
f , 

. " 

" 

,~ 

" " 

.' 

1 
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Boundary Conditions 

In the two-dimens1ona1 prob1em cons1dered in th1s study,the 

boundary conditions can be either specifie4 forces. spec1fied disp1ace­

ments or both. Assuming dfrection of tool motion to be horizontal, 

the boundary conditions,at the tool surface are specif1ed horizontal 

displacementsi The top sail surface 1s cons1dered a stress~free 

boundary unless there 1s a vertical load dfstributed-un~form1y on a 
Ir 

grouser ~too' (a) - Fig. 3-1 for exampk]. At a reasonable distance 

from the tJol, the bottom boundary 15 assumed to move only in the x-

,"" direction. whlle the s1des are SIOOoth~Jl'tJhe y-direction but fixed in 

the x-direction. The ass'U~d boundary conditions~are .shown in Fig.2-6. 

T'- If the ~OUndétry condition i s that of an applied load, the 

value of the load 1$, simply added to the appropriate components of the 

vector ! in Eq. \2.9-). Equivalent nodal point forces due tct body 

f~rces and surface tractions are calculated and assembled concu!rently 

with-the element st1ffnesses. The body forc~ in a triangular element .. 
due ta grav1ty are 1 as one- third values at each nodal point 

In case d1splacement ot' kinemetic,boundary conditions arë 

spec1f1,d, as in th~ ·~re~'n~ ~~ucfy, the stiffness matrhc ~ has ta (be 
su1tably .1t,rad to .~count fQ~ the spectf1ed dfsplac8118nts. If the 

1t h- element of the def1ectton v~ctor U 15 spec1fiecl to be - fl, the . 
1 -

correspond1ng row of ~he sURness IIIltr1x b ,Md. zero and the diagonal , , 
1 

te~ 1$ Mlde un1ty, i.e., 

• • • n 

/ 

\ 
\ . 

.. (2.25) 
- J 

., 
'-

, 
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The corresponding force element, fi' 1s_ then set equal 

t to the prescribed displacement value 6. One major disadvantagl of 

this procedure 1s that the altered stiffness matrix, ~ is no longer 

symmetrica1 leading to added storage requirements while solving for the 

unknown displacemeots. An additional modification, however, will 
1 

restore the syrrftl.etr'y of the ~ matrix as outlined below. 

'In addition to satisf-y1ng Éq. (2.25), all eleinents in the 

1th column, except the diagonal element kii' are sei equal to zero 

as in Eq. (2.26)the symnetrical nature of the K matr1x 1s retr1eved. 

.. 

\ k;. "" l 
~ 1 

• • • n 

The force vector f on the r1ghthandside of Eq. (2.9) now 

has to be al tered as: 

,\ 

\ 
_ fj • fj - kji A. for 1 ~ j. j. l, ••••• n 

(2.26) 

(2.27) 

Thus, [qs. (2.25). (2.26) and (2.27>' can be usee! together to achieve the 

des1red purpose. The method is'd1scussed in more detail in Zienkiewicz' 

book (1971); lt ts very easy to program and 15 adopted 1n the computer 

program developed in th1s work. 

. ' / 
, , 

, 4 

1 
1 
j 

1 

,. 

r ~ 

• 
~ 

1 
" , 
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So 1 ut 1 on Method 

Equation (2-9" after being mod1f1ed for necessary boundary 

conditions represénts a set of 1inear simu1tanéous equations. Var;ous 

solution lchemes that utilize certain special characterist1cs of the 

coefficient matrix have been used successful1y in computer programs 

for the f1n1te e1ement. The banded nature of the matrix ha, led to 
... 

the use,of iterative methods of solution with over-relaxat10n factors 

'" [Fox (1965)1. The coefficient matr1x has been decomposed 1nto black 

tri-d1agordl form and subsequently solved~~1m1nation prOcedur~. 

[McConm1ck (1963)]. Recursive techniques ~~also been used [Girijava-

11a~han (1967)]. The direct Gauss1an elimination i$ simple and 

," effect 1 ve to program .[ Z 1 enk 1 ew1 cz (1971)]. .l 
It h,.s been adopted in t~e ,. 

program developed-in'the present study.. A detal1ed discussion of the 

techn1qu~ is presented in Appendix O. 

2.4 . CONSTÎTUTIVE RELATIONSHIP FOR SOILS 
AND FîHîTE ELEMENT ROH[IN~ ANALvSIS 

In the prev10us section, the f1n1te e1emant formulat1~ns were 

d~r1ved assum1ng that the 'stres~-stra1n behavior of the material is 

known. A set of equat10ns that defines tbe stress-strain behavior of a 
" , 

mater1a1 represents the constitutive law for the material. Constitutive 
~ - ' 

relations for 50115 are dertved, based on some s1mpl1f1ed assumptions for 

the bahavior of the mater1a1. The number of variables occurr1ng in the 
\. 

law wou14 de pend upon the complex1ty of the model chosen to s1mulate 5011 

beh.yior. Nonltnear analys1s ~y the finite alament meth~ or other 

• 

~ n.-r1cal techniques w11,l be influ~ncJ by thel,nature qf the model chosen. ! 

In genaral. thè ., .... c.l.x the lIIOd.l. the more the- n ... btr of variables 

, 
1 

.' - ) 

-. 

k 
,Ii 
1 

> 
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• 

to be taken into account and the more involved t~e nunlinear analysis., 

Moreover, for a realistic analysis, it must be possible to obtain values 

for the cons~ inv?lved in the const;tût~e law from laborat?ry 
\ 

experiments. -

2.4.1 Remarks on Constitutive Relations , 

-
Tbe ~impl~~~ ~on&titutive 1aw will be the on~ that assumes 

-that -s-otl, bihavi~r canllbe rellresented by a 11near, elasti c 
\ -rnaterial. This line~r, e1astic mode1 has been used by many research 

-",-- -

workers in their investi ations. Other wàrkers have considered soi1 
• to be,elasto-plastic or no llnearily elastic. 

Th~ elasto-plastic idealizes the stress-strain curve 

for the soil, and uses the equa ions of e1asticity in the elastic r~nge 

and the equations of plastic1ty i the plastic range. The nonl1near . 
elastic approach, on the other han does not idealize the stress-strain 

curve, but uses the equations of eia tic1ty to solve Tor the stress 

state even after yielding has occurre in the s011. Any degree of non­

linearity can be accounted for 1n this pproach. The elasto-plastlc 

approach appears sound from a theoret1caJ standpoint, but the practical 

problems involved in defining a yield li 1t 'and a 110w law are quite a 
~ 

handicap. 'In as InIch as the nonl tnear elastic analysts represents the 

act~al stress-strain relation obtained from tests', it seems reasonable 

" to expect fairly good results from this type of analysis. 

, - ,It ~~ be recognl~ed thai*.nl'~tropy ln moterlals c.~ be of 

'two t.Y11's.- Ma teri al anisotropy r.epresents di fferent e la st ic propert 1 es 

in dtfferent directions. In nonlinear rnàterial s, stress .. i,nduced aniso-
, " 

1 
i 

. 
", 

" ,,' 
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tropy always exists and this n~y be coupled with material anisotropy. 

The principal stresses under a loadèd condition will sel~om ba the 

same, and this will result in different' elastic values in different 

f 

di rections depending on the stress l evel. 'Thi s causes stress-induced 

anisotropy. It is generally difficult to'take this type of anisotropy 

into accQun~ w1thout elaborate testing or simplifying assumpt1ons. 

2.4.2' Solid Elements Constitutive Behavior 

In the computer program developed in this study, the stress­

strain relations obtained from laboratory plane-strain tests were used 

in the finite element analys1s to pred1ct the load deformat10n behavior 
..,f 

of the continuum. 

\ The nonlinear analysis in the finite element method 15 con-

ducted as a ser1e~ Qf 11near ~nalyses by an 1terat1ve or a step-by4step 

procedure. or a cocrbfnation o'f both: (Methpds developed to obtain such 

solùtions are described in the next section. However, bath methods \ . ' 

~ requ1re procedures to compute values of 'E anct \1, elast1c modul us 
and Po1s~on's ratto, for the sail dur1ng any state of load1ng •. The 1 - , , . 
pr~edure that 15 used ta Qbta1n these values fram plane-stra1n test 

results will be first outlined. 

EvÎluat1onJof E and \1 fram plane-stratn tr1ax1al test results: 
( \ 

'Hogkl's la* for an isotropic, l1near. e1,astic material in a 
"" A 

principal plane c.n be wr~tten as: ~ 

l 

, v 
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a 3 V 
e:! • T - Ë (a} + ( 2 ) 

.. \ 

ai (i • 1.2,3) are the major. 1ntermediate and m1nor 

prtnc1pa1 stresses. respect1vely. 

E1 (1 • 1.2,3) .are the major, 1ntermediate and minor 

principal strains, respectively. 

For the case of plane strain 

e: • 0 2 

and the second equation in Eq. (2.28) reduces tb 

\ 

for an 1ncomprèss1ble matar1al v· 0.5. and from the first 
i 

equation of (2.28) tt cln be shawn that 
, t>J 

or 

, .. 

(2.28 ) 

E 3 al - a. (2.29) 

(,' .:. -:: \ 
The '& te""" in Eq. (2.29) represents the slope ET 

1 r 

of the dev1ator stress, (as -~.). versus ~r1nc1P11 strain. -&1' 

curYt. -~s in ~he pl.ne str,1n Clle 

E-tEr (2.30) 
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Joint Elements Constftutive,Relationship 

As mentioned earlier, the cutting phenomenon caused by the 

tool movement in the 5011 mass 1s idea11zed by inserting joint elements 

between the solid elements. In evaluat1ng the st1ffness of these 

elements, it 15 assumed that both normal and shear displacements vary . 
l1nearly a10ng the length of the element, which is compat1ble'w1th the 

1 

external boundary d1splacements or· the continuum elements used herein. , 

The propert1es of these elements cons1st of a normal st1ff­

ne55, kn, and a 5hear 5tiffness, ks ' wh1ch are related to the 

normal and 5hear stresses acting on the element by 

k .6.. cr n n n 

and 

1 

(2.31) 

wh.ra An • average relative normal displacament across the elem~nt, 

and As • average relative shear d1splacement a10ng the element. 
, [ 

The values Iss1gned ta ks can be determ1ned fram the res~lts 
of direct sheer.tests. The nonl1nter tangent1al stress-d1splacemen~ . . '. , ! 
~u~ves shown in Fig.· 2-' may be approx1mated by hyperbolae hav1ng eq~at1o.,. 

of, the form' ,1 

T • Ae 
• + bA . s 

(2.32) 

• 

T • cutting ~t1"aSS. .'. 1 

. '1 • '~$ • ahtar displac:_ntl!. .' \ 

and al! b • -.pirfc:al' coefficients',whos. valvts are detenn1ntcl e.;Cpè~1-:J 

"ntally. ". -\ 0 

• 1 

1 .. . . 
• 

• 
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HorN l Stress 
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The values of the coefficients (a) and (h) may be determined 

most easily if the stress-displacement data are transformed'to another 

set of axes, on which the hyperbolae plot as stra1ght lines. By trans­

posing Eq. (2.32), th~ following relationship may be obtained 

( ., 

If values of ~S/T are plotted against values of As' as 

shawn in Fig. 2-8. the-result1ng variation will 'be a straight 1ine V 

(2.33) 

the shear stress varies hyperbo1ica1ly with displacement. It may be 

shawn fram the form of Eq. (2.33) that coefficient (a) 1s the 1nt~rcept. 

and coefficient (b) is the slope of the straight lin~ on this transformed 

plot. 

The rec1procal of coefficient (a) 1s the initial slope of the 

shear stress disp1acement curve, and is analogous ta the initial tangent,-. \ 

modu1us of a stress-strafn curye. The quantity called here1n the initial ~ 
• ~ ~ 

-s~ar st1ffnes~. Ksi'. has units of force ,p,.r ~Ubic 1ength. or pounds 

par cubic inch:for the curve~ shown in Fig. 2-8. ,The reciproca1 of 
.1-;.--c-~ J t... 

,1, , 

coefficient (bJ 1s the asymptote'apprOlched by the shear stress displace-. 
J~~t curve at very lar~ values of displacement. 

Tangent st1ffness values. represent1ng the slope of a tangent 
, - '" 

to the sheart stress displac-.nent (urye. Illy be readily found ."by 
, -

d1fferent1at1ng Eq. (2.33}-.... 11;b respect ta As' and, el1minat1ng As fram 
p 

• 1 

the ~sult1ng equat~op. the tangent·sttffnels value May be expresséd as 

• . p~' 

l t • l (1 - Tb)' 5 a 
• t 

--" 

c 

4 ' 

-~---~'---

'Y 
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/ . ( 

Possible ~e~ of behavior for the joint element are shown in 

Fig. 2-9. lt can be seen that in the compression and comb1ned modes 

the adjacent continuum e1ements tend to overlap, a condition which occurs 

because compressive stresses require compressive relative dJsplacements 

across the étement, which, for purposes of analys1s. 1s assumed to have 

very small th1ckness. 
" 

The st1ffness values ass1gned to these elements var1ed depend-

1ng on the mode of behav10r and the element ~tresses. For compre~s10n, 

/ the valuF of kn was made equal to t~ initial elast1c modulus of the 

continuum elements. and the value of ks was calculated us1ng Eq. (2.34). 

After an element had fa11ed in shear. w1th the element still in compression, 
(, 

ks wàs reduced to a negl1gible val~e but the value of kn ·was kept.con­

stant. 

Bath the shear st1ffness~ ks, and the shear strength of the 

'cutting zone depend on the value of the normal stfcess ex1st1ng on th1s 

'ayer. The tangent1al st1ffnes~ values ass1gned ta these elements 

var1~d _depending on the etement nonnal stress. This was done by co.nl 

, sider1ng the values of the coefficients (a) and (b) as a funct10n of / 
. , 

the notmal stress ex1st1ng in the element. ,\ .' , 

ln a siml1ar fasMon. the propert~es' assigned ta the 1nterfaOe- -. 

el_nts ."e détenmned frOll the results of ~1"ec't shear t~sts cons1st1ng 
, ' 

par~ly of so11 and partlyof tool mat.rial., Equat10n (2.34) 1~ aga1n . 
~séd to predict the tangent st1ffness modulus prov1ded that (.)~nd Cb) 

,coefficients arl obta'ined fr~ a so11 ... tal 1nteraction test. 

-. 
(, \ 

: ' ---'.' 
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2.5 METHOO OF ANAlYSIS 

( 

1 

J • '_. , 
~ .. " 

t. 
In th1s part1cular study, nonUnearities occur 1'n .~wo d1fferent 

~ 

forms. The f1rst 1s mater1al or phys1cal nonl1near1ty, wh1~h results 

from non11near constitutive laws [Section 2-4]. The second 1s geometr1c 

nonl1near1ty, wh1ch derives from finite changes in the geometry of the 

t deform1ng bod1 [Desai and Abel (1972)]4 . 
t 

1 

. '/1 
,> 

Materia1 nonl1nearity alone encompasses problems in wh1ch the 

stresses are not l1near11y proport1onal to the stra1ns, but in which 
.J 

small displacements and small strains are cons1dered. D1spl,acements 

refer to the changes in,the overall geometry of the soil body, whereas 1 

stra1ns are related to internal deformat10ns. Because of the small 

d1splacements encou~ered in sorne cases, local distortions of an element 

can he 19nored and the areas of the or1g1na) , undeformed element can be 

uSed in comput1ng stresses. In th1s cas~ the 11near strain-displacement 

equat10ns wr1tten fo'r' plane stra1n problems as: 

, 
.Ê.! E • i!: ' t 

EX ," (2 -35) . , ax y 3y 

Y • av 
xy ai' + ,*, 

/' 
,whe~e EX and. Ey are the norma] cQIIJ?Pnents of stra1n J', 

. , 

Yxy 15 the cOliponent of shear stra,in, , 

u and v are the dtsplacement c~nts in the' 
. /,/ 

x~ and y-direc~fons, 

, /-

Probl.s 1nvolv1ng géOIHtric nonl fn •• rity -arise both from non-

l1nur .tra1n-d1splacellent relations, ~itten for a plane s'tr~1n case as: '1.'\,'" 

\, 
\ 

\ 
'1 

"--\ 
\. 
\ ~ 
\ t. 

/, 
; \ 

• 1 

1 

,1 
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.. 
of 

\ 

and fram finite changes in geometry. In other words. th1s categoty 

encompas~es large strain and large d1splacements. 
ci 

The mast general càtegory of non11near problems is the corn­

bination of .the material and geometric nonl!near1t1es. It involves 

.non11near constitutive behavior as well as large strains and finite 
v , 

displ~~nts. T~is Section Degins witn the explanatioR of the 

computational procedure adopted to treat ma~erial nonlinearity. 

followed by a brief discussion on geametric non11nearity. 

2.5.1 Material Nonl1near1ty 
/ 

l ,\ Non11near stress-stra1n behav10r may be approximated 1h 
\ 

'f1nite el~nt analyses by aS$19n1ng d1fferent modul~s values ta each 

of the' elements 1nto wh1ch, the so11 ~,s Subd1v1ded for purposes of 1 
analys1s, as shawn in Fig. 2-6. The modulus value ass1gned to'each 

• If· ~ 

eT_nt 15 sëlected' on\ the buis of -the stress or stra1n in each 
. , 

ellMent. 8ecause the modulus values de pend on the st~esses.arid the 

stJ"esSis in turn depend on the lnOCfulus values, 1t 1s nec:essary to make 

repeated analyses to insure that the ~ulus vàlues correspond ta the 

\ str.ss Conditions for eaëh el'a.nt in the sys-ten. 
, 1 • r 

1 \ , 

1: lWo techn1qufS for. approx1mate nonl1~ .. r analysés by'the 
1 0 

~ f1n1te:.lanent Method have betn tr1ed [Oesa1 and Abel,(1972)]. Tlttse 

-,' ) .;..: 1 

" , . , 

(2·39 ) 

" 

. . . ,. 
, 1 . " 

. , 

" 

1 
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th1s method, the same change in 5011 externa1 
1 

.10ad1ng ~s analyzed rspeatedly. After each analys1s, 
'~ç ~ 

the values of. stress and stra1n w1th1n each element 

are exam1ned to detêrmfne if they sat1sfy the appr~ 
" 

pr1ate nonl1near stress-stra1n-relat1onsh1p. If 

the values of stress and stra1n do not correspond, a 
.' 

î~ ~ t • 

new value of modu1us 15 selected for;f~hat element 

for the next analys1s. The main advantagè,of"th1s 
Q 

technique 15 the capab1l1ty of the proc..dure to 

r~resent stres5-stra1n rélatfonsh1ps in wh1ch the 
\ 

stress decreases w1th increas1ng stra1n after 

reach1ng a peak value. The shortcom1ng 'of the 

1terat1ve procedure.is that 1t can only g1ve the 

solution for the' final level of appl1ed lO,ad, and 

,cannot cons1der the load and defornllt10n histo,y pf 
~j - ~ 

'-

Încr~ ~~hod.'s~ in Fig. 2-11. "In"th1s 

\ .\ procedure , . -on the other hand, the so11 10ad1ng 1$ 
, 1 

cons1dered to· be appl1ed 1n smal1 increme"ts. If 

the J-tate of stress and strain a~. the s~rt Of(an,' 

tnc~lMent fs known in .. ch .lament, the state at .' , , ' , . '. 

-,' t~ end of the fncreMnt can bi fouRd by an 

« adcl1tt1D of hcr~ntal changes~·. The constitutive, 

r.el.t1onsh1p' ta be !lsed for 8Ieh .1tMent may be' 
, 

det~1nid".t,the beg1nnfng of each tnteryal. Thus , ~ 

the nonlfn .. r stress-stratn relat1onsh1p 1s approx1-
• 

• • 

- . r 
/' J 0 

,li' 

Ir 
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FIGURE 2-10 DIRECT'ITERATION PROCEDURE , l' 
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mated by a, ser1-es, of stra1gh( l1nés. The 

princi~l advantage of this procedure 15 that 

1t prov1des a relat1vely complete description 

of the load-deformat1on behav1or, as results are 

obta1ned fot each of the 1ntermed1ate states 
\... ' 

~ torrespond1ng to ah 1ncrement of load1ng. . 

In the present'study, 1t 1s essential that the 60il 

• 
! 

deformat10n and stress fields are obtained and exam1ned as the tool --- - - -­
\ 

advances in the 5011. For th1s pur pose the 1ncremental procedure was 
. 

enployed. " 

• The, tncremental technique adopted in the analysis makes use 

~the Plan .... tr;1n tr
c
1ax1al stress-strÎ1n curvo. to ~ute the, value 

of the elast1c modulus, E, during ~ach 1ncrement. The value'of 

P01sson's ratio v 15 kept constant in the,analys1s. 

the start1ng value of the modulus •. E~. 1s t,ken as ~~ 

1n1t~,J slope of the pllne-stra1n.tri~xial stres5-stratn curves at zero 

conf1ning pressure. W1th t~e assumed value of Po1s$on's rat~o, the' 
" • t. • ' 

stresses or sth1ns 1\1 each el_nt due to ~he 11rs.t 1ncranent of d1,s-
;, 

, '-

placaent 1'5 computed uS1ng the 'elast1c analys1 s. A nw value of the ' 

modulus ~o be used in the' second 1ncrement 15 COfnputed by using' the 
" 

nonlinear euryes. - E1ther the stresses or strains computed in the y . " 

elaments can be used in the non11near'curves to-obtl1n the Evalues. . -

The mod1fied constitutive relation 15 used in the next fncrament of 

d,formatton. The process 15 cont1nued unttl the" des1red total 
"\ 

defonnat 1 on 1 s obta 1ned. 

) 
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The modu1us ~alue, E, 1s ca1culated in each increment as: 

whe~ 1 represents the current 1ncrement state, and 1 ~ 1 rèpresents ~ 

the prev10us fncreme~t~tage. Figure 2-11 111ustrates the 1ncremental 

procedure. 
, -_! 

- - -~ere are severa1 possible ways by wh1ch the solutions 

obta1ned by'the 1ncremental method can be'1mproved. Sinee for every 

1ncrement the elast1c constants used are from the prev10us increment, ft 

'15 necessary that the 1ncremeQts be quite sme11 to obta1n good results. 

~urthe~. if there ar~ abrupt slope changes in the stress~stra1n d1agram, 

the method 1s 1ike1y to give unsat1sfactory results. One of the ways 
, /, , 

to reduce same of theS'e errors 1s to 1terate a few t1mes after each 

1ncrementto br1ng the _ssumed E values close to the actual values. 

This procedure would also a110w taking'larger load incréments in the 
, 

analys1s. The 1ncremental-1terat1ve method $uggested 15 used in the 

developed in thts .stu~y. 
" 

ln most prOblems, 1t. 15 found suff1c1ent to ,1terate two to 

three t1mes st 81ch 1ncrament to obta1n compatible stresses and. strains. 
, . 

The nllllber of fteratfons at each 1ncranent -may be reducld by pred1ct1ng 
) 

the value of .E for a load 1ncrament baséd on the stresses or stra1ns 

atta1ned in the pre910us fncrament, and·by us1ng th1s value of E as a 

f1rst trial '1 n, the c~putatfons. L 1near and paribo11c pred1~t10ns were 

Pf'OIr_d in th1s study and ga.,e very' sat1sfactory performance for a 
... ' ~.' 1 • 

, •. tdeaHzed eXlltple probltlliS·: For sol1 stress-strl1n curves, it· is 
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/ 
// ,/ 

/ ' 

fett/that the pàrabo,l1c prediction will work mueh :better than the 
,'/ ' . 
/,. f ("' ... 

/linear one. Fiiifure 2-12 diagranmatieally l1lustrates the working of 
, / 

.thé linear pfedicti'on method. , 

/. .. 
/ 

~/ Geometrie Nonl1nearity 
( 

li In the prevtous subsèctidn [2.5.1], the material o,r physical 

/ non11nearity ar1 Sling fram mater1al propertieswas cons1dered. It 15 

, 

recalled that in the ,case of material. nonl1neàrity, both.,strains and 

displacew~nts are assumed to be small, but stresses are not proportional 

tO,stra1ns. In th1s part1c~lar study, in addition to~tertal nonlinear­

ity, gèQmetrie ~onl1nearity occurs due ta the finite chang~s in the 

geometr~. of the deformfng 5011 in front of the cutting or traction tool. 

Combination of bath nonlinearities'is particularly simple if an 1nere-rnta 1 pr~ee!ure 1 s adoptee!. 

r If a' full loecf-defonnat1on study 15 requir~d ,it 1s comnon 

.p~ct1ce to proceed w1th smal1 10ad1ng.1ncrements and treat for each 
\ . , , . " 

. such in~rément the probltm as ~ piece-wise l1near one w{th the tangent1al 
\ ~ . 

\ 

st1ffnèsS matr1x evaluated at the start of the 1ncrement. If the nodal \, ',(' 

/ ' 

èoordinates ire continuously/updated the calculat10n fol1ows precisèly 
, 

the sima pattern as used in small d1splacements-1nfin1tesfmal . .' 
stra1n , 

analy~1s. Updat1ng 0/ a plane stra1n case takes the fom: 
1 .f • ' 

..;, . 
il • Xi +(.1 YI • YI +"1 

1 

o 

1 '. ... ... 
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Xi' Yi are the updated' nodal coordinates- at the end 

'of th~ 1 th 1 ncrement . 
, 

xi' Yi are the no~al coordina~es at the beginning of 

the 1th ~ncrement~. • 
uf' vi are the i th d1splacements in the x- and Y-

directions, respect1vely, assoc1ated w1th the 

nodes • 
• 

Str~tns ~re n~ determined by the derivatives of d1$placements w1th 

rèspect ta the updated coordinates. 

It 15 possible to' use the general definition of stra1ns, 

known as the Green' 5 stra1n tensor, wh1ch 15 val1d whether d'1splacements 

or stra1ns are large or small. For plane str~1n case the Green strain 
, ~ , 

15 def1ned·by Eq. (2.36). If d1splacements are small the generil f1rst-
• - r>. ~ arder l1near stra1n approxirnat,1on 15 obtained ti~ neglect1ng the quadrat1c 

terms [Eq. (2.35)]. Because the lold1ng increments,are sma11, 1t 15 

Issumed that the strain fncremants may be regarded as inf1nitesimal in 

the usual sense. In such case. the· l1.,.ar strain approximation 
• -',1 

} "'. . 
[Eq. (2.35)] can be used. tt-ts recogn1zed, however, that the same 

" l ' 

- . 
may not be true of.the accumulated values. In the l1m1t of 1nf1n1tes1mal 

1ncrements of load1ng,' it may be shawn tha~ this pr6dedure g1ves the 50-

·c.11ed . logartthtn1c stra"'ns;. rather than simple d1SPl~cement g~ad1ents 
<' • 

C,ong(lgeS»). Wh11. th1s ts adM1ttedly an approximation to the more 
....... 

fo~l definitton' of la~ $~ratns. ~q. (2.36), the d~ree Of appro~1-

. , .. tt'" .~~ be ~onS1S.tent w1 ~ ~t o,f the overan _hod. , 

., \: 
j' 
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CHAPTE.R~ 

EXPERIMENTATION 

t" 
INTRODUCTION 

-
The analysis descr1bed in he prev~ous Chaptel' solves 

approximately the problem of a s plif1ed cutting or traction ement , . 
. 

interact1ng with,soils. Two kinds of unavoidab1e approxi tion~ were 

1ntroduced into the· analys1s, namely the insertion of the cutting 

- [jo1nt] elements in the !tnite elëment model to represent the t001 

cutt1ng effect,"'and the' adoption of a numerical solutton [1ncremental 

finite element] technique.' The combined effect of all approximations 
i ' 

• ~ ~ - --- '" 1 .~, 
ça~ be 1nvest1gâfed by c~~g the resu1ts of thé analys1s w1th experi-

menta 1 measuremen'ts. 
\ 

TherefQre. the purpose of the exper1mental 

programme carr1ed out dur1ng the course of this study was ~o provide 

data on the interaction of the chosen cutting and traction elements 

'with cohes1ve so11s under plane strain eond1t1ons. wh1ch'could be com­

pared wtth the analytical,results. Mafnly the fol1ow1ng facts were 

1nvest1gated: 
\ . 

(1) The 1 OId-d1splacemen.J. r,spOnse of the so11. ' 
'. 'ff; 

(2) The so1r defonnat1on ffelds. 
1 

. (3)' Fa11ure IlteChan1sms; 1 

" 
, , 

In sflllU'at1ng traverSë motion of • cutting 'or tmttyt 
, ' 

.1_nt.~ 1t 15 COIIIOn pra~t1ce in laboratory exper1IMntat1on to 
~ -

~"trol ;' ,:" J~ t " 
, • M 

'f" 

/ 

" 
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(a) Depth of element travel - i.e. var1able vert1èa1 
, 

, ' force resul t1,ng therefrom. 

(b) App11ed,vert1cal force - i.e.,variable depth of 

e 1 eme~t mot 1 on • ' 

The resultant forces developed for situation (a) are 

obv10usly d1fferent fram those of (b) - due to the different boundary 

conditions developed. 'The actual field problem however involves 
1 

ne1ther situation (a) nor situation (b), i.e. neit~er vertical loads 

1J0r elevat10ns are controlled. ,," 

Whi1e in traction analys~s the constant pressure appro,ch 

. [situation (b)] 1ntends to s1mulate a portion of the vehicle we1ght 

applitd ta the top of the grouser and ma1ntai~ed throughout the 
, 

entire test, ft could be argued that th1s 1s not the case in !,ea11ty 

as the vertical pressure on the grouser ~hanges in magn1tude ~h11e the 

''''~ '"track 15 mov1ng'. And since the actual field situatfon in traction 

1nvolves multiple grousers on a l1nk or a belt system, the pred1ftion 

of mob,1.1ity for track systems l:)ased on single grous~r analysis I1lIst 

su1tably account for multip11ctty of ~rouser action. Track analys1s , . 

however ton 1tutes a separa te problem and 15 not covered w1thin the 

• scope 

. 
t of the work ton. up ta the present t1me on the,analys1s 

, . 
Q'L'tb~ ~1. of ~ol1 cutting aSSLlRls" c:onstant depth of eut [Osman 

" ---<Q - - '--- - '---- -" -,--- -- . 

(1964)·. RHee (1965),. Hett1aratch1 et .i-09661-a'M Yong--et---Il .. ,11~69)]. 
, . ~~, -----._--- - -

TM$ condition WlS Ml1nta1ned 1n bath the cutt1.ng I~ traction test 

strf,s.~ndU~ttc"t~ thb stud,Y. The ...... ,0)1' for adoPting Juch a condition 

" , 

j 

.: /' 

/ 

/ 
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in the traction series, was to apply similar boundarY4:ond1t1ons as 

those assumed for the 5011 cutt1ng case~ thJs obta1n1ng a unif1ed 

method of ana 1 ys 1 s . 

. The tists performed in the course of the investigation ~ay 

be div1ded 1nto two ca~egor1es: 

(a) Cutting tests, in wh1ch a ser1es of stra1ght blades 
.' 

with different ~ngles of inclination were moved 

through the 5011. 'Vertical movements of blades 

were not pérmitted so as to producè a constant 

depth of eut cond1t1o~ 

(b) Traction tests, in wh1ch grousèrs ~1th d1fferent 

geometr11s were moved in the soil at a constant , 

height relative to the initial so~l surface. 

-

In bath case.s, the measured parameters were: the horbonta·l and vertical 

forces, and the tool horizontal d1splacement. All measurements were 

made on a tfme base whteh allowed for the determfnat10n of the 

horizontal carriage veloc1~y. A complete description of the exper1~ 

menta 1 facflt ty and procedures, used in the exper1menta 1 phase of the 

study 1s prov1ded as Append1x A. 

8r1efly. the exper1mental fac111ty consfsted of a .tool-
, -

carr1age assembly MOY1ng through a s011 sample conta1ned 1n a bin w1th 

transparent lue1te sid. walls. Two 5011 types were employed during 

the course of investigation. These were kaol~nfte clay. wfth a.speé1ft, 

grtv1ty 01.2.62 and a lfquid limit and plastic limit of 54.5 and 37.5 
- • ~$ 

'- ,---~ __ ~",ptt' cent. respectively. and an art1f1c1al. 011 bau:1 clay [tr.de·name 

--:Pllit1-ctna~. In all cases. the di.nsions of the test spec'1~s 
-'--.. 

-~----------~--,---- 4' 
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were such as ta permÙ full deve l opmènt of the fa il ure zones w1 thout 
~ , ~ , ,," 

l 

1nterference occurr1ng between the deforming 'zones and t~e ends of the 

sampl e ho lder. 

As a means of spec1fYing the'd~fo~t10n h1story dur1ng the 

deformat10n process. a network of l1nès was 1nscr1bed on'the side sur­

facè of the test specimens". The inscr1IL~~L lines provided a grid of 

one-half-1nch squares and photographs of the deform1ng gr1d were taken 
, 0 

every f1ve seconds of tool motion. , Subsequent plotting and super-

position of the sequent1al photographs prov1ded the h1story of the 

deformat10n process over a range of tool movement of three 1nches .. 

3.2 CUTTING AND TRACTION TOOL GEOMETRIES 

The 1ntent of th1s stu~y 1s not to compare d1ff~rent tonl 

geometr1es for the purpose of es'tabl1shing suitabl1ity, eff1cHmcy or 

perfG.:mance, but rather to develop an analyt1cal method capable of { 

pred1ct1ng the interaction behav10r of a w1de spectrum of cutting and 
.. 

traction element geometr1es. Therefore. a number of tool geometries, 

were chosen and testad to evaluate the app11cab1l1ty of the'proposed 

method of analys1s. 

,.... 

" / ..... , • < 
.../ ,. 

In case. of ~he cutting exper1~s. four alull11num blades each 
....-

measurtng four inehes w1de by f~~ ·rriéhes )png were ut'1l1zed. Th~ 

blad,. _ ~t at angle~lÔ •• 20·. 40· and 50· w1th regard to tl1e 

verttcal. . /,P " 
~ f . 

. , As for the traction experiments. the group1ngs wera separated 
," . . , 

, 

in tems of the shape of the traction el..ent and
o
cons1sted of: 

-; 

/ 

f' 
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(1) R1ght Angle Piate Grousers [R.A.P.G.], [Fig. 3-1a] w1th 

aspect ratios hll of 0.5 and 0.833. The 1ength l 
, 

was mainuined constant at 3.0 1nchlj.s, while h was 

var1ed to provide the differences in h/1. / 

(2) Stra1ght-Edge Wedge Grousers [S.E.W.G.]. On1y one tool 

was uti11zed with a height of 2.32 inches and tip 

angle of 45°, Fig. 3~1b.J· 
, 

(3) Curved.Edge Wedge Grousers [C.E.W.G.]. Two geometr1es 

1 were utl1 ned .to prov1de dffferent boundary conditions. _ 

p · ~ The dimensions of the C.E.W.~. are shown in Fig., Nos. t' 

~/ \ ", 3-1c and'3-1d. 

~ r-' 

. 

These grouser shapes ~1mulate the most common boundary 

conditions of individua1 grousers which can arisé fn praetfce, and 

the results obta1ned from the1r analysis should therefore be 
. .-

representat1ve of the behavior qf the s011 mass under typical load1ng 

"systems . 

3.3 EXPERIMENTAL PROG~E 
1 .' 

~ l The exper1menta 1 research prograltIIIe can be ,subdivided 1nto 

\ ~n phase., n_ly, cuttIng and ~r.ctlv. el __ ~i~ testln!! .. : ancl 

sol1"strength testing. ' 
" \ 
3.3.1 CU-tt1ng and Tractive El_nts Testins ~ 

\ 
1 

/ 

Thfs phase consfs~ed of two distinct groups. The gpoup1ngs 

wera separated in terms of the type~of eXR8r1ment. whether cutting or 

.' traction. ' ln addition. two so11s we~ used: an art1ficfal, 011 based, .. 
" • 

)~ 

'J 

'1. , , 

l," 

. 
" 
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fliUBE.3-1 &BOUSER GEOMETRIES 

-~ 1 = 3.0" "1 
~. 

l' 

T 
..1. 
• q a/s-
T 

h 

1 
~ (a) ital!t ...,,1. Plate (R.A.P.~.) 

1. ., O· , • .. l 

T, 
Z.32~ 

l' Radius-3.17" 
C.E.W. Tue (1) ..... 

1/8 11 

,. 

"T 
rH. 

• --

1. l 7/8- ... 

Radfus-4.66M 

C.E.W. Tne (2) 
...fI-
3/8" - ~ 

(b) Straight tdge~ 6rouser (S.E.W.&.1 (c) 1 

turYed ~dge Hedi' Grgusérs (Ç.E.W.G.) 
(d) ~ 

CJ 

~ 

....., 

'" 

<:> 

, 
j 
1 , 
~ 
j 
1 
1 
1 
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" clay.nd a ka~lin1te clay sail, T he art i fi ci a l clay was preferred in 

the initial test series due to th~ fa1t that preparation of the 

samples did no~ require water content(control as they ~rely required 

moulding in the test bin and subsequent compaction, This pennitted 
, ~ 

the development and debugging of test equipment and experime~tal 

techni ques, The tests were continued'to·prov1de information regarding 
. , \ 

the interaction behavior of a cutting or tractive element with a 

~las~ic material. The conventional éngineering propert1és of the 

kaolinite soi} tested may be found in Appendix A, together with a 
1 ~ ... 

description of the artificial, 01,1 based, clay. 

To mini~ize the number of experimental variables, the tools, 

"wtre tested at constant rate of horizontal movement of about 1.0 inch/ 

minute. The various experiments performed are listed in Tabl~ 3-1 for 

so11 cutting tests, and ·in Table 3-2 'for traction tests. It will be -' , , 
noted ~er'e that the 11or1 zon~a 1 speed fl uctua ted betw~en 0.85 and 1.05 

\ , 

, inches/minut.e,. The torque output produced by the varying speed DC-motor, 
4' . :, ... {" f' ... 

> &- ... ~ 

utilized in the éxpèri~ental ~acility. was found to 'Q~ very sensitive 

to the input current'at low speeds .. mak1ng- it ... difficult, to reproduce . ... '.. " ~~ ... -
any de~t~ed·torque •. This resulted in dffficulties in maintaining the 

,t ri 

Same: ~r1z'ontal sp~ed throughout the durat10n of the expe~"mental 

program. However. the speed WBS constant dur1ng any one test. 
~ ~ r' 

, \\ " "' 

'J • Includecr\t~'J ~a~~~l,,-l and Table 3-2 11a ~?ist1n9- of ,the. appl17" , 

cable bulk densit1.es and ~er con1;ents for el:C~ of the ,eported exper.1--

ments •. Exâminat1ôn of th~'se vys w1ll show'that bath were very . , 

rep~ut1blë over the entire experimental series. F1nally, Fig: 3-2 
, . 

shows the density variations encountered in f 'both the eutting and 
# \. 

trac~1on ~est series for the kaolin1te clay, reported in terms of dry" 

ftl q .. 

.' 
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TABLE 3-1 

INITIAl DATA FOR SOIl CUTTING EXPERIMENTS 

, -, 

TEST ANGLE OF BLADE HORIZONTAL DENSITY WATER 
NUM6ER WITH VERTICAL SPEEO PCF CONTENT 

inch/min. % 

ARTIFICIAL CLAY TESTS 

8 10° 0.85 11 O. cf -
9 10° - 1.084 11 0.90 -

21 10° 0.98 1œ.0 - . . 
3 20° 1.0 109 -
4 20° 0.95 1 0~.5 -

" 1 
" . 12 20° .0.98 r 111.0 -

! 
10 40° 1.05 110.2 - (), 

23 40° '0.95 109.0 -
1 oot 

6 50° 1.0 108.5 -
7 50° 0.97 110.0 -

22 50° " 1.03 109.3 -
• 

NATURAL ~kAOLINITEJ CLAY TESTS 

'2:7 lait 1.05 101.00 53.,75 

30 10° 0.90' 102.80 52.15 

28 20· 1.0 101.80, 51.49 

35 20~ " 1.05" 102.40 52.50 . -; ~ 

26 40° 
, 

0.98 102 t25 50.90 ~ 

36 40° 1.03 99.96 51.30, .. 
29 ' 

- 50° 1.0 l00~80 53.20 

31 50° - "1.0 101.75 53.60 

/1 

.. 
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79 
TABlE 3-2 

, 
INITIAL DATA FOR TRACTION EXPERIMENTS 

e ( 
r 'tf~ 

~ 

Test Tractive Too1 Horizontal Oensity Water 
... Ho. Speed PCF/ Content 

• inch/min S 

" (\ 
18 R.A.P.G. 109.31 ,1.05 

19 R.A~ 0.97 110.0 

20 R.A.P.G. 0.85 110.7 
-!.1 .. 

40 C. Eo W. Type (1) 1.0 10905 

41 C.E.W. Type (1) 1.05 11100 

13 . CoE.W. Type (2) 0.95 108092 

14 C"E.W. Type (2). 1.0 109057 

25 Co E. W. Type (2) 1.0 110.0 
-'--

16 S.E.W. 1.0 110035 ,. . 
17 S. E.W. 1.05 111.21 

24 S. E.W. 1.03 109065 

'NATU 

34 R.A.P.G. 1.05 102040 52.80 

39 . R.A.P;G. 0.95 103.00 53.20 

42 Co E.V. Type (1) 1.05 102.2 52.6 

43 C.E.W. Type (1) 1.0 ' 100.0 51.2 
\l> , 

33 C.t.W. Type (2) 1.0 102.80 53.35 

38 C.E.w.· Type ( 1.0 100.10 50.95 

ç; 32 S • '1.'0 . 101.22 52.57 , .; 

37 .E .. W. 1.05 103.10 _ 51.79 

• ffotes: 
ç 1: 

Traction tools tndicated by the letters .. 

R.A.P.$. - denote R'ght Angl~ Plate-Grouser 

• denote CUrved·Edge Vedge Grouser 
- denote Stre1ght-Edge Nedge Grouser 

," 
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• 
dens f ty. ,In add i t1 ont it 15 Observed that the kao11nite soi1 samples 

\ 

used in these exper1ments genera11y achieved a ~egree of saturation of 

the order of 95 per cent. > 

3.3.2 5011 Strength Tests 

~iqn ,to~ the cutting \n~ tracti on exper1ments t strengttl
h 

1 

tests "were performed on compacted soil sampl es to obta1n the stress­

stra1n relat1onsh1ps ~equired for the ana1ytica1 solution. The results 
\ 

of these tests will ~~'presented in the f01low1ng Chapter, and complete 

descriptions of the techniques and apparatus are given in Appendix A. 

Br1efly, however, two,types of ~ests were perfo~ 

(a) Tests to determ1ne, the stress-strain relat1onships'for the soi1 
represented 6y cond nuum el ement! 1 n He ana 1 yB ca 1 sol ut1 on 

After the cut~1ng ànd traction tests were com~l~ted, und1sturbed 
, ----------

blocks of the s~n fram ,the test b1n at var10us locations 
----- . ~. , 

away fram the region of load:lng. These samp1es were subjected to 

two load1ng conditions, the f1r,st be1hg testing of prismatic samples 

under plane-stra1n conditions in a mod1f1ed tr1ax1al chamber. The 

second cons1sted of the appl1.cat10n ofax1synmetr1c 10ad1ng to a 
, ' 

cyl1ndr1cal 5011 sample pJaced in a standard tria!1al cell. Some 
. 

'pr:el1minary studies were conducted w1th a v1ew to find1ng the 

effect of tbe <rate of strain on the strength prop!!rt1es of the 

son. Triaxi.l tests at thr.e different rates of speed [0.1. 0.5 

,and 1. 0 inch/minute], and three d1fferent conf1n1ng pressures . ' 

[D, 2.5 _nd, 5.0 psi] were ru" on duplicate samples.' The results 

showed SOMe gain tn strength w1th Sp~d,' Fig. A-S. Append1x A • 
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FIGURE 3-2 
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1 V DENSITY-WATER CONTENT tURVES FOR COMPACTED 
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It was therefore decided to use the triaxial test results 

obtained at the same speed at whiçh the ~utt;ng or traction element 

1s loaded in the model test, j,' 

in 

As ment10ned previously [Châpter 2] joint elements are 

util1zed in the analytical solution to simulate the,discontinuities 

1 n the fi n i te el ement mode 1 proposed in thi.s s tudy, The propert1 es 

of tlle joint elements consist of a shear st1ffness, ks ' and a nonnal 

stiffnes~, kn, These coeff1cient~' (K~ and Kn) express the ra~e 
, 

of change'of shear stress w1th shear deformat1on and of normal 

stress withl' nonnal deformation. The nonlinear, stress dependent, 

joint behav10r may be conven1en,tly obtained by perform1ng direct ~ 

shear tests due to th~/f~ct tha~ the relative displacement in' thf~ , 
test ocèur~ al'ong a, Predetennined plan~ which ,can be vi sua11zt!d 'as 

a d1scontinu1ty ref1ecting the behav10r of a joint elementi Two 

" types of direct shear tests were perfonned. 

(1) Cutting tests The 5011 was tested in a direct shear 

machine to obta1ft the stiffness values ass1gned to the 

J91nt .laments 1nserted between the continuum elements 

tG stmulate the taol cutting action. 

(11) Interface tests In the se tests, the lower part of 

the direct shur box consisted of a specimen of alum1num. 

the same material used in the fabrication of the cutting' 

and traction taols. and the so11 wes canpacted in the 

upper part of -the shear box. The ,gap bebleen the 
, Q' \ ' 

. . 

\ 

" 
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upper half of the shear box and the alum1~um base was 
,1 

kept as small às possible, and the tests were interpreted 
, 

assum1ng t~t the relative d1splacements between the upper 

,and thè lower parts of -the box were due entirely to inter-

face movements. ;' 

, Furthermore, to account for the dependence of the shear 

st1ffness modulus, ks' on the nonmal stresses, the nonmal load, in 

both test sertes, was varied through the values 0, 2.5 and 5.0 lb. 
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CHAPTER 4 
- . 

. ' 
EXPERIMENTAL'RESULTS AND ~NALYSIS 

SECTION A - EXPERIMENTAL RESULTS 

4.A.l GENERAL CONSIDERATIONS 

A soil-tool inter"acti.on prediction must be, based on quantit­

ative de5cript1ons of the forc~s·app11ed by the triol and the resulting 

behav-1or of the so11. The actions recognized as being present in 
,.; 

5011 èutt1ng and traction must qe separated into simple behavior. wh1ch 

can be stud1ed. Simple behav10rs 1nclude, for example, stress-strain, 

relations, sofl-metal friction and adhes1on, and yield by she~r. 

-As prev10usly stated, desèript10ns of behav10r can:be 

establfshed through the application of several distinct phases of study. 

F1rst, sorne specifie behavior 1s observed and studied. Second, having 

noted the behavior, factors 1nvolved are 'ident1ffed and the1r relati on 

ascerta1ned in a c~use-and-effect manner. Analyt1cal techniqt;les are 

requfred to quant1tat1vely describe the ca~se-and-effect relation, and, 

henee, the behavior. The sequence adopted in the presentation of t~e 

test resul ts ,and the methods of analyses in the present. ,and the follow-

1ng Chapters are shôWn in Fig. 4_1.
0 

In th1s Figure. ~he separat1;~n of 

the distinct phases of the stu4Y 1s cl •• rly ,vident. 
~.: J , 

" 

one olf thé diff1cult1es -in ~nderstand1ng a soil-tool action 

ts that every behavior iS,-not always operat1ve. A behav10r ma appear 
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1nterm1ttently, and 1ts presence may be d1ff1cult te detect or assess. 

ror example, a dry cemented so11 does'not èxhibit plastic flow 
, 

behav10r o\" even compres~1on fa~ure to any great extent. S1milarly, c' 

a wet saturated soi1 may èxhib1t gre~t plastic f10w but 1itt1e shear 

fa1lure. El1jah and Weber (1968) identified four distinct types of 

so11 failure for flat cutting blades. They were des1gnated as ,lIshear 

pla~" 1 1:f1ow", nbend1n~", 

wu created by the authors 

1nvo(~. They have stated that npred1ct1ng, the type of failure in 

a given so11 w1th a given tool will require sçme new sail parameters, 

ones that will d1stingu1sh quantitat1vely ,some'uf the 5011 characteristics 

that ~re now expressed in qualitative tenns". 

The resu1ts and_lssoc1ated discussions presented in th1s 

study dea1 ma1nly with plastic so11s intèract1ng w1th a number of 

to91 geomètries. The so11 deformat1on behav10r observed dur1ng the 

exper1mentaJ investigat10n 1s of ~, plastic flow nature. The solution 

technique, in turn. 1s or1ented towards Inalyz1ng interaction prob1ems 

1nvo1v1~g·the·plast1c fl~SOi1 fa1l~ré, and therefore :annot.be con­

s1dered a general solut10~hnique cover1ng the wtde 5011 behav10r 

spectrum~ How,ver, in the analytical approach adopt~d it is essent1al, 

that proper appre~iat1on of the constitutive performance 9f the material -
.' l , 

and bounëfary conditions be obta1.n~ a.nd sUbsequently appl1ed. Such 

r1gorous requ1rements shoUld provide for ~re general behav10r pre-

dictions by the analyt1cal method. 
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4.A.2. TYPICAL EXPERIMENTAL RESULTS 
'/

l 
.. , 

4.A.2.1 Soil tutting Results 
. (. 

,~.rr,. 

\ ; .' . -' 
The soil cutting tests wh1ch ~re earr1ed out in the.course 

of the exper1mental programme are 11sted in table 3-1. Pr10r to 

presentation and exam1nat1on of t~st resu1ts some points should be 
~ . 

discussed in order to arrive at a better ins1gbt and evaluation of 

, ,these resu1ts. 

t • The ent1re test se~1es was performed at a constant rate of 

blade mo J_10n [about 1'.0 inch/m1nut~]. Although many stud1es have 

shown that the forces acting on so11-engag1ng to01s 1nerease w~th the 
, 

1ncrease in speed [Rowe and Barnes (196l). Qlsen and Weber (l966) and 

others]. ~o sitisfactory explanat10r of this phenomenon has been 
!~ . 

reported. This inérease in fore . .! ha~ been attr1~uted to Acceleration 

of the 5011. 1ncreased shear strength. and 1ncrease in length of the 

fa Oure pa th [S 1 emens (1 963). ShtSne (1 956) ] • 1 Rowe and Barnes (1'961) 

and Olsen and Weber (1966) studied 'the effects of speed on the draft of 
, . ' 

an 1nc11ned flat b1ade and conc1uded that 1ncrease in draft w1th increase ' 
-

fn speed was pr1mir11y'due ta 1ncreased so11 fhear1ng strength. Some , , , 

of the conclusfons reached by Olsen and Weber were: • 
1. leee18rltion of the 10aded 5011 s.ent was oot a 

. / 

s1gn1f1elnt contr1but1ng factor ta the 1ncrease . . 

in tool force ."th 1ncrease in speèd. 

2. thete wes no 51gn111clnt ch«nge in 1ength of the 
. . 

fanure Pa,th or angle of inclination of the , 
. ' . 

tanure plan, wfth eharfge of speed for the 5011 

ttsW. and 

.. \ ' 
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,,~e' shape of the s~ress-strain cU~,ve of, soi 1 )eems to 

be a determining factor in the gnitudé-of the 

1nc.rease in tool force witch? ncrease ~eed. 

. / 
In view of the above f1ndin • 1t was argued that there was 

no need for examining the effect of ~~ed on the developed fo~ces since 
~ ..... , 

.such effect 1s alread~ 1ncluded in lat1ng the stress to the stra1n 

for the so11 useer in. ,t~e exper1ment 1 investi gat10n. It will be 

. recal1ed that the stres~-sir~~ r;1at10ns obtained from laboratory pl~ne-
/, , , 

stra1n tests. performed at the same speed at wh1ch the cutting or traction 

element moved in the soil. are U$ed in the finite element analys1s to 

pred1ct the 10ad-deformat1on behav10r of the so1l'.' Whl1e r'l1Zing 

that the stra1n-rate dependence of a certain sail may vary with the 

test constra1nts [i.e., the d1fference"between the boundary conditions 

of a plane-stra1n triaxial test and the model tests] wh1eh may leed to 

sorne error in prediction, suçh error should not dim1n1sh the 

effect~venes~ of the above technique, since by adopt1ng a more 
, \ 

appropriate framework defined by u$1.g more sim11arit1es in boundary 

conditions ensures a h1gher order of Ipred1ctab111ty. 

The draft force 1s usua y teken as the max11111m force produced 
• c 

\ during the cutting operation. t 15 OI'Y to~e the draft force 

\

1f thè mater~~l fa115 in shear' (the,draft-~1sPlacement curves exhib1t 

,~eak values st 511411 d1splaceme ts. However. if' the draft force 

g~d~11y 1ncreases w1th tool' d1splaceMeot. the cutting forces should be 

ca.~ed at a spec1f1~-value of d1splacenent. ,Contrary to most of the 

prevt~ reseatch wh1ch was d1r~t\d t9WlrdS ~he measurement and pred1c~1on 

" . 

, 
1 

, 
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" ' 
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of the-maximum draft ~orces regardless of the displacements at wh1ch 

these forces were attai~ed, the' present study 1s concerned with the 
1, 

prediction'of the forc~~d1splaçement history. For this p~rpose, the 

tool was moved in the soi} for a distance of 3.0 1nches, and·the forces 
t 

. and di sp 1 acements we~e reco'1'ed. . 

. ~~ ~ It has been previo ly mentioned that the model ,.t{sts were 

performed for the p~rpose of ecking the validity of the analytical 

approach. WÙh :this in m1nd, the exper1mental resul t:S~l~ be 
- 1 - , ..• ,~. . . 

v'1ewed not as a ~tudy:àf".the various factors 1nf,luenc1ng so11 cu~ting, 

but' rather as data gathered for the purpose of ver1fying the appli-

• cab11ity of the predictive technique adopted. 

.. 
\ 

A sample of the results sh~1ng measured horizontal and 

vert1~al forces for blades w1th inclination angles of 10°, 20°. 400 and 

50° with the verUcal ire' shawn in F1gs. 4-2 and ~-3 for the . ka 01'1 ni te 

clay, and in Appendix A for the ~rt1f1c1al, 011 biSJKf, clay. It 

/ should be noted here that the ,,blades' employéd in thiS s,tu~y wene of a 

constant length of 4.0 1nches w~. res~lted in -8 depth of CU~Y1ng 

w1th the blatte incl1nat1on--a1i91e. S~Jat1on in the depth of cu·t \,,- . . 
makes 1t d1ff1cU1t to compare the fore~s developed by the various blades. 

, 
It"1s argued thit a normalization of the results by compar1ng the forces "" " -, 
per unit depth of cut fs not a ~fable approaeh s1nce interact1~n forces 

-
cannot be assullM!d, without experi",ntal ev1dence-. ta be 'directly 

proport10nal to the depth of eut for a 'par.t1cular 'blade. Arry conclusion 

derl~.1rom ~nnal1zat;on t~hntque ";ja,rtng SUth a~ assumptlon,.wlth-

, out exper1mental verification. ean be greatly misleading. 
~ 

1 
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It has been ment10ned in Section 2.2.2. [Chapter 2] that 

during the cutting'process no distinct failure planes were developed 
. 

in the 10aded soi1; instead continuous fai1ures took the form of 
, / 

bulg1ng. Such behav1~r was observed dur1ng the deformation process 

using the glass-sided soil bin [Chapter 3], a~d is confirmed fram the 

plots of draft forces versus displacement, Fig. 4-2, for the various 

b1àde5 employed in this investigation. The~~ plots Show a nonlinear 

10ad-d1sp1acement relationship exhib1ting no peaks that can 1nd1cate 

the forrnat1on of shear or fai1ure planes. Yong and Cher (1970) 

observed in their investigati,on that the fotce-disp1acement plots for 
'. 

cutting b1ades 1n sand and C - t 50115 exhibited a first peak 

representing the major or maximum force development at first fa11ure 

and subsequent perturbations wh1ch 'genera11y .shaw-hfgher values, corres­

ponding ta the subsequent deve1o~nt of secondary sh~ar planes. In 
. ~ . 

the case of clay soi15 tested 1n this study, no such peaks were recorded 

and the draft values are shawn ta keep on increasing with blade movement, . . 
-'an indication of the surcharge accumulation effect in front of the 

mov1ng blade. ' 

The deve10pnent of the vertical forces, presented'1n Fig. ~3 t 

shows thet the sense of the vertical force çhenges from downward . ~ 

[positive] On the blades with inclination. angles great~t than 100 to 

upward '[negati.ve] for the .100 incl1ned blade;, Such behav10r -15 

cons1st~nt with the concept put forward by Osman (1964) stating that in 
, 
~.t~. absenèe of much bIade friction .. [or adhes10n] the vertical force 

\ 

, aets d()WnWards for s.n b1ade rake angles. chang1ng to u~ards at a - . . .. , 

certain -point as the rake angle 1ncreeses. 'The fr,ct1on [or adhesion] . \ . } " 
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farce always acts 4Jpwards a10ng the blade becaOse-this is the direction 

of relative soil movement. The effect o~_frictlon [or Adhesion] is 

therefore to d1minish the downward force on low rake b1ades, 'ncrease 

the upward force on near vertical blades. 

, ... 
The influence of the angle of b1ade inclination on the 

developed horizontal and vertical forces at 1.0 inch dfsplacement is 

illustrated in Fig. 4-4', for both' kaolinite and artificial so11s. 

Discussion relative to the above and a1so the fol1owing results will be 

developeG in Ghapters 5, 6 and, 7. For cont1nu1ty, the mater1al 

presented at th15 point w1ll relate primarily to the presentation of 

results. 1n a form which 15 amenable for examinat10n and eva1uation. 

4.A.2.2 Traction Results 

Regarding the traction test results, while the lntent of the 

exper1ments 15 similar to that of b1ade test1ng. the re.sults [in tenns 

of developed forcf:ts and 5011 deformation] must be v4ewed from a 

di fferent perspective. The purpose of uslng 1ug5 or grousers on . , 

traction devic~s, 1s ta cause deformation of 5011 in a certain manner 

as to develop adequate traction capac1ty for a grouser. . The defo'rmatlon 
-

of a part1cular 5011 plays a very import~nt role in the production of 

adequate traction for a single grouser. The deformatton character~sties 

could be man1pulated by changing the geometry of the traction tool in 

orcier to produce enough interaction\ for efficient perfonnsnce, To th1s 

end. the'purpose of perfOrlning the traction' ex..,lments WBS to1nvestl-
, . ' 

gate the influence of the tool boundary conditions on thé interaction 

proçess in order to arr1ve at desfrable developad fortes for efficfent 

. 
, ' 

, 
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conversion of traction into pull. 

This study is concerned w1th the mechanics of a single grouser 

acting on clay 5011s as a phase of the study of track-soil interaction. 

Agai", the ~ntent here is ta provide information on th~ physical 

behavior of the action of the moving grouser in order to formulate the 
r 

necessary mathemat1cal model and boundary condit'ons. Grouser action 

i5 defined in this study as ~~e motion of the grouser in the soil ta 

create a failure condition 1n \~he 501'1. Thus, ,the limits of the magni­

tudes of the horizontal and vertical forces def1ned for the action of 
, . 

the grouser serve to ident1fy the maximum forces thJt can be ~pplied ta 

provide for forward motion of the tracked vehicle. Hav1ng established 

the v1ab1lity of a certain predictive technique. further studie~ on 

multiple grouse~s can ~e in1tiatèd. The en~urpose of ~ultiple grouser 

study 1s to determine optimum spacfng to ~eve best total aggressive 

grouser motion. 

, With this apprec1ation of the problem. 1t wH1 be recalled 

that grouser tests may be divided into two categories [Chapter 3]. viz: 
, , 

1. R?nstant vertical load tests \ 

_ ~n this type of,test a constant vertical 16ad 

1ntended to,s1mUlete a portion of the veh1cle we1ght 
'. ' 

15 appl1ed to the top. of the grouser and mafnt81ned 

throughout. the antire test. Sinee the gr,ouser 15 mounted 

on a carriage.'1t 1$ fret ta translate both vert1cal1y 

and horizontally but 15 restratned 'agafnst rotation. The 
, . 
aeesurtble response paraMIters durlng th1s ~pe of test 

J. 
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are the horizontal d1splacement, the'~rizontal force 

and the vertical displacement. 

2. Constant elevat10n tests 

ln' this' typ~ of test, the grou'ser 1s re~rained 
in~he vertical direction and 1s on~ translate . / 
hor1zontal1y. The method of restraint is ta keep the 

grouser at~a constant height 1n relation to the initial 
, ~ 

surface throughout the duration of' the test. 

T~ese two types of tests simulate most situations which arise 
, 

1n practice and the results obta1ned therefrom should be representat1ve 
, 

of the behav1Qr of the s011 mass under the most common 10ad1ng systems 

wh1ch can be appl1ed to a grouser. As previously ment1oned, in th1s 

stuây the l!tter ~pnd1t1on was chosen f~iC1ty in spec1fying the 

boundary conditions. ' 

Typical i"esults frOltt_:the. traction experiments listed in 

, Tab1e 3-2 are shown in Figs. 4-5 and 4-6. , In Fig. 4-5 both the hori· 

zontal and vertical fo~es developed on the pl ôte' grous~rs'LR.A.P.G.J 
, ' 

are plotted as a function of the distance travelled. In th1s Figure 

Othe results are ,shawn for two grousers w1th aspeCt ratios (h/1) of 
~ 

0.5 and 0.833. tested in t~e kaolin1te clay. Sim11ar results are 

shawn for the"'art1f1c181 ,clay in Appendix .A. lt IIIIst be noted that 

whn, the lMIber of grousers testad does not perMit a good cÔllplr1son 
.. 

of the developed forces based on the aspect ratio (h/1). the resul ts 
o , 

shOwn t~1C1te that therl seans to be no 11n8l1"'. correlation betwM.n 

the. gt'OUser aspet ratio (hl1) .nd the d-veloped fOl"'Ces. In Fig. 4-6 . . ~ 

'" 
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simNlar plots are shown for the C.E.W. and the S.E.W. grousers tested 

in the kaolin clay. The corresponding plots for 'the artificia1 clay 

\ are shawn in 'Appendix A. 

. \ . 

Table 4-1 presents a compàrison of typical forces developed 

on the various grousers employed after a trav~l distance of 1.0 1nch. 

TABLE 4-1 
V 

TypicaT Developed Foraes (in lb) for Various 
Grousers Tested at 1.0 inch 01splacement 

(Constant Elevation Tests) 

Kaolin Clay Art1fic1al Clay 
Grouser Type Horizontal Vertical Horizontal Vertical 

Force Force Force Force 

R.A.P.G.(n/l)· 0.5 38.5 18 30 11.5 

R.A.P.G.(h/l}- 0.833 47.0 25.5 40 18.2 

C.E.W. type' (1) ~ 45.5 22 38.2 17.5 
. 

. S.t.W. 
. 44.0 19 35.5 ~ 14.9 

C.E.W. type (2) 40.0 13.5 '33.6 11.0 

W1th t~ ~cept1on of the R.A.P .G. w1th an aspect ratio. (h/l) :' 

of 0.5 [ha l.5", 1a 3.0"). the rest of the grousers employed in this 1nvest~-

gat10n have a~prox1mately the same depth of eut [2.5 inches for the ~ 
4. " 

R.A.P.G. w1th hll of 0.833 and 2.32 inches for 'the wedge gro~sers]. Con-

sequently~ direct ~risQn of the developed forces as a fUhction of 

grOuser geoMtry is possible. It 15 shawn from Figs. 4-5 and 4-6 and 

Table 4-1 that the plate grouser [hll • 0.833] develops maximum traction. 

1~e;. horizontal as .,_, as vertical forces. J'he development of the 

la,," forces May be attributed. to ~ sol1 d.fonaat1on behav10r' in front 

." 

1 • 

t 
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of this grouser. F~om an examination of the disp1acement patterns as 

we11 as the velocity fields of the gr1d nodes [shown in a later section 

of th1s dissertation], 1t was noted that the soi1 conf1ned b~ the pl~te 

grouser ~VéS coherently with the grouser, 1eading to d1fferential 

deformation between th1s and the surround1ng 5011: This effect 1s 

siml1ar ta the "dead" zone postulated by Terzagh1 (1944) in hi! anal'ysis 

of beari ng capacity. and to the "dead" zone postul ated by Yong and 
- , 

Sylvestre-W111~ams (1969) in study1ng grousèr thrust on sand, see 

Fig. 2-1{t"J .. It 1s belfeved that the f!xistence of ,8 s1mflar, "dead" zone 

in the present investigation extended the 'region of, influence of the 

grouser result1ng in larger developed forces. On the other hand, the 

wedge grousers' deformation fields 1ndicated .very smal1 or no "dead"­

zones, and, the regions of influence of 5uch grousers were found ta be 

smaller than those of the plate grousers. 

Compar1ng the forces developed on the,wedge grousers, 1t is 

noted that the C.E.W. type (1) grouser produ~es the 'largest forces [bath 

horizontal and vertical). While the depth of,embedment is the same 

for al1 the wedge grousers, the contatt surface area 15 larger for the 

t.E.W. type (1) grouser due to the wedge tlrvatwre and also due to the 

contact of the top horizontal plate wtth the sot,. see Fig. 3-1. 

rlsult1ng-in more 5011 1nterlct1ng with the tool. 

The effect of the curvature of the grouser interface on the 

d.Yelo~ forces can be se en tram a c:omper~$OI\ of the C.E.". type (1) 

'grouser r.sult~,w1th those of the S.E.W~ 'grouser. 80th systems ~re 
... .. v 

.' Ir. - . 
st.1lar in d1..nstons axeept for the c:urvature of the C~~.W. ty~ (1) 

grouser surface. < This cunature results 1n'an 1ncrease in developed forces. 
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. 
It ,seems, however. that the effect of the grouser top 

'0 AI 

horizontal plate being in contact with th~ soil on the developed forces 

is'much more pronounced~ C.E.W. type (2) grouser shown in Fig. 3-1(q) 
. " 

has a curved interface but the top horizontal plate ·does hot touch the 

soil surface. This grouser produces the lowest forces. 

Finally. from examination of the d1splacements of the surface 

gr1d. the geometry of the def~rmed sotl mass subjected to the aggress1vé 

action of the different grousers showed no development of distinct 

fal1ure surfaces in tht! initial three inches of grouser travelo This 

behavior resembles the deformat1on observed 1n the cutting tests wh1ch , 
1s attr1buted to the plasticity of the 50115 tested. 

, . 
4.A.3 .STRENGTH TEST RESULTS 

" 
" 

. , 
For many s01l-structure interaction problems, 1t 1s necessary 

to know. or t~pred1ct w1th a reasonable· degree of accuracy, the strength ' 

and deformation character1st1cs Of'so11 under load. The acceptab1lity 

of a theory for pr~icting the stress-stra1n r~lltionshfp for so11 

depends on the accuraey of the assunpt10ns and the àr~Ox1mat10ns made 

r~ard1ng the actual behav10r 'of the .so1T. The ~~Plest assumpt10n 

that can be made 15 that a g1ven so11 cl~,be class1f1ed as l1near 

elast1c, r1gid plast1c.~ elasto-ptast1è.-, H ver, 5011 beMvior, . / , 

15 • functton of II1neral cœqJOs1tion. stress 1 el, density, strain 
t; 

cond1~1OftS •. etc., ancl, unl1ke MOst engtneerin '!'It.~1 .. 1S. can ne1th~r 

.' be lt .... r nor c~t1b'e. t(tth .last1c, pl .• s ,_c, or ~~~to-PlaS~1c 

~U~flœ~~. . . ~ 
, 
:\ 

" \ 

• 
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. (a) r Plane-stratn and aXisr::ntric~ 
triairtal test resu s . , 

" 

li 1-,-
"', It was feTt that the best way ta ineorporate a. constitutive 

behavior was ta perform tests tfiat reproduee as mueh as possible 
~.... .. 

the assumed conditions dur1ng the cutting ~nd trïc~ion testf' 
• l, 

For th1s purpose. pr1smat1c samples of nearly saturated remol 

è1ay were prepared, and tr_iaxial tests were conducted unde plane 
'" ' 

\ ~ 

strain 'conditions. A g1v~n,sample was inslalJed into a modifi d 

triax:al cel1 between two ~11shed and lubrifated brass plates. 

The axial [vertical] load was appl1ed throug~ a lubricated 
. 

rectangular .,platen of the SI. dimensions as :the,,~nitial sample 

section. The apparatus, used~ together with the procedures, 1s 

described in Append1x A'. The test1ng was conducted under 

dtfferent conf1n1ng pressures of 0, 2.5 and 5.0 lb/in? and &t . , 

axial strain-rates of 9.1,0.5 and 1.0 inch/minute. Typ1cal 

1;e5t results are (shown 1n/1g. 4-7 for kaoHn1te clay and in 
j • 

. Appendix A for the art1f1c1al _cl~. • Analogous uisymnetri'c, 
, 

tr1ax1~1 tests were performed on cylindrical samples 1.4 taches 

in d1ameter. These tests were performed in order to ver1f~ the_ 
~ - ~ 

. faet that the nonexistencè of 1 well d.fined f.l1ure condition 

i.e., absence of stra1n soften1ng behav10r, 1$ not a result of .. 
the plane stra1n. -True Tri.xia'·, test restreints (Fig. 4.B). 

It Ct no~tCed thlt tilt I~,.straln curves do IlOt " 

e.xh1b1t, a ctef1nite put, def1. fll1u .... but ,,,stad the stress 
..' ; ~ "." t: 

d~ffe-:enc. (01 - a,>~. i1JCNstng wtth «xial stra1n for 

. bOth sons tesW. ~ the f1nt .l .... t .... lnia in t".,' investt-

, ptton fsu 'P.t.te1-...i b'. ·fl ...... tll rW9é.~. and 1f1'such 1-
. ' 

, . 
" .. 
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f 

~aset it is difficult to account fpr ~ drooping stress-strain 

curve . The observed rising of the stress-strain curves eliminated 

. the need for an approximation to the stress-sttain curves 'to avoid 

the nUlllerical di fficul ties ari si ng from strai,n softening behavi or. 

Since,no definite peak was evidenced, an axial strain pf 20% was 
A 

chosen to define failure. 

There are two common procedures for incorporating a 

nonlinear stress-strain law into a finite elePlent formulaUQJl for 

digital computations. 
. -.. 

The stress-strain law derived from a 

laboratory test can be used directly in a tabular or digital forme . 
Severa l points on the curve are selected and are input in the form 

\~ -

of number pairs dénoting stress and strain at those points. The 

variab 1 e -materi a l p~rameters such as E and '" are obta i ned fr~ 

such curves by su;table interpolation. If the behavior ;s 
" j- ... 

rep~esent~ by' a single stress-strain curve~ stresses are obtained 
'\ 

by interpolation for a calculated state of s~rain. If the 

behavior 1s represented by several curves, lnt~rpolation must also 
, 4 

be done between tw.o c.urves for different conf1ning pressures. 
'" 

~ lo' 
qn the alternat1ve p~ocedure, the labotatory stress-strain 

, 0 

relâtionshtp 1s expressed 1n the form of a s~itable mathematical 
.< 

function. The material pa~meters for the nonlinear analysis are 

agaln obtained on t~e basis o~ the state of .tréss or stra1n. 

The tabular or digital procedure was ut11ized in tH1s . 
~ ' . 

. study~to represent the constitutive beha~or of the· s011 modell~ 
, , " 

.b~·cont1nuum [tr1aogular] elements in the analyt1cal solution. Ta _..... .. ~ 

• 
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start the analysis. initial values of the modulus of elasticity, 

Eo' and Po;sson.'s ratio \i, are required. The clays used can 

be con~idered to be fa1rly incompressible as they were nearly 

saturated. Therefore, it would be reasonable to choose the 

value of the Poisson's ratio of the soils close to 0.50. In the 

\. present study. v, was assumed to be 0.48 for boththe kaolinite 

and artificial clays. Furthermore, the value of v was assumed 

to remain constant throughout the entire deformation process. 

Similar assumptions have been made b~ others earlier [Clough and 

Woodward (1967), Girijavallabhan and Reese (1968)]. The non-

linear ana1ysis was based directly on the plane-strain triaxial 

curves. The starting value of the modulus. Eo' was taken as 

the initial slope of the stress-striin curve at 4ero confining 
# 

pressure. This value, obtained from Fig. 4-7, is 90 lb/in~ 

for the kao li ni te clay. 

. 
In an axisymmetric triaxial stress condition, ~e 

intermediate and minor principal stresses are the same, and the 

c'onfi ni ng pressure for the samp 1 e i s equa l to the mi nor pri nc i pa 1 

stress, <1. In the actual problem, however, these conditions are 0 

l . . 

.nQt strictly valid às~ i~.gener~l. the ~magnitudes of the inter- ~ 
• 

mediate and minor principal ~tresses in an element will be different. 
.~ - . ' 

This is' particularly true in a plane-strain' condition where the., 

- interrned1ate principal stress is given by the relation: 

(4.1) 

.' 

For special cases oniy will ,Eq. (4.1).yield 02 li: a,_ 
o ' 

• 

, ( 
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However, ft seems r~asonable to express the confinement in an 

element, for the sake of computations, as"the average of the 

magnitudes of the intennediate, O 2 , and minor, 0 3 , principal 

stresses induced at the centroid of the e1ement. The ~naly'sis 

deve10ped in this study adopts this appro)t<imation.-

, The finite element analysis flrst"computes the values 

of the stresses, strains, and confln'lng pressures in each elernent. 

In a general case, three interpolations are required ta compute 

the state of stress (al - 0",) corresponding ta ~ state of strain, 

El' in an e1ement from a set of nonlinear curves. Interpolations 

are performed to compute intennedlate va,lues in 8 c!)rve and 81so 
l • 

between curves at diffet~nt confinfng pressures. In the computer 
" . .,. 

program "MAIN .. 2" developeO\ in th1 s study, stress val ues were 

computed from straln values obta1ned in the analys1s,. The details 

of the computer pror~are given 11) Appent;lix E. 

(b) Direct sheàr test resul ts , 

As prevfously mentioned 1n Chapter 3. two types'of 

direct shear tests ',.ere 'performe<j ta determ1ne the properties of 

the joint eléments used in ideel1z1ng the cutt1~g and the interface 

,'beha,ior. The ffrst. ~pe was a convent1onal direct shear test 

, wb1ch 1s referred, to as a sol1-to-soil ~ear mode, wh'fl é ,the 
-

second test typ~. was conct~cted wfth the lower part of the shear , , 

box cons1st1ng of an alum1num plate represent1ng a soil-to-metal 

shear mode. 
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The shear stress-displacement curves for the sail-to-soil 

mode a~re shown in Fig. 4-9, and ,for the soil-to-metal mode in FiC'J. 

4-10 for the kaolinite clay. ln both Figures, it 1S s.een that 

the shear stress values increase with increasing displacement 

reaching maximum values for relative displacements of approximately 

0.2 inch, after which the shear stresses remain nearly constant. 

It may also be ~oted that both the steepness of the stress-displace­

ment curves and the maximum values of shear stresses increase with 
\ 

incr~as1ng normal stress for both the soil-ta-soil and sail-to-metal 
, \ 

modes, Fig. 4-11. 

The ratio of the péak stress ih the soil-to-metal mode 

t6 the peak stress reached in the soil-to-soil mode fs plotted in 

Fig. 4-12 as a function of the applied nonnal load. The 

relationsh1p '1nd1cates that the ratio, ~pproaches unit y at zero 

normal load, and decreases with increas1ng nonlial 10ad up to "a 
\ , 

po1nt,after wh1ch 1t rerna1ns constant. Wh11e the feason for such 

behavior is not obvi()us, it appears that at low nonllal stresses 

the shearfng does not occur at the soi1-metat interface where the . " 

angle Ç)f metal friction 1s operat1ve. but rather 1n the- soil ltself. 
~ 

This resll1ts.11l a· cDndition approaching that of-the so1l-to-soil 
w , 

shear1ng mode, account1ng·for the h1gh ratio. Increasing the 

norme l load forced the soil to s11de on the metal surface and a , 
-

consttn~ ratio of peak stre$~es 1s'ach1eved. 

, '\ 

The nonl1near shear stress-d1splacement behavior shown 

in F1gs.4-9 and 4-10 may beoconven1ently represented by a 
• 

r~tangular ~perbola. Eq.(2.32). repeated hare 'for conven1ence: 

1. 
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whère (a), and (b) are parameter~ whQse values de pend on the material 

tested ~nd the normal stresses app11ed (the symbols i~ the above 

equation are defined in Chapter 2). As explained earlier, the above 

equation can ~ s1mplif1ed by expr~Ssing 4s/t as a 11near function 

of As' wh1ch would enable dfrect evaluation of the parameters (a) and 

, {b} as depfcted in Ffg_ 2-8. The' l1near fonn of Eq. (2 _ 32) 15 given­

as Eq. (~_33). and repeated here: 

A 7-. ft + b~ 
\ 

\ 

where (a) 1s the 1ntercept and (b)" 1s the sldpe ~f the line. Thus by 

plotting the e~perimental data in the trensformed form, the correspond-

1ng values of (a) and (b) are ea511y obtafned. The results of 

Figs. 4-9 and 4-10 plotted in the transfonned' form are shawn in . .. 

~19_' ~-l'l for the SOl1l-tO\O~ mode, and tn Fig. 4-14 for the sol1-to- ' 

m~ta1 mode. As can be .$ee~. 'the observed p01~ts can be approx1mat~ 
by • stralght 11~ for a~ a~lled no~l load and, .therefore, the 

';".Ass\Iq)tfon of a hyperbol1c shear ,\tress-displacement relat1onsh1p 
,:, ,"''1 

throughOU' the entire d1splacement range 1s ~a11d. 1able 4-2 li5ts 
~ 

the values of the intereept (a) and the slope (b) of the straight lfne 

in the transforMed plot as obta1ned from'Figs. 4·13 and 4-1. . " 

. . . 

, , .\ ". 
- . '. 

' .. 
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TABLE 4-2 

PARAMETERS (a) AND Cb) FOR THE CASES OF 

SOIL~TO-SOIl AND SOIL-TO~ETAl SHEAR MODES 

HORMAllOAD 

mode 
Soil-tO-S(l1 

'----" 

Soil .. t~-Metal 
moae.,....: -

J 
. 

, 

1 
, 

, 

, '~' 

"' 
\ 

o lb 

a 1: 0.'022 
b • 0.78 

~ 0.025 
• O~81 

.-

. , , " 

, " 
1..« -• 

2.0 lb 5.0 lb 10 lb 
, 

0.02 0.0185 0.017 
0.695 0.64 0.60 

- 0.024 0.023 - 0.77 0.75 
-1 , 

" 

- ~ .. 
0 

, 

: 

'/1 ' 

"15 lb . 

'0.015 
0.59 

0.02 
0.72 

, . 

J' , 

'! 

1 
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SECTION B - EXPERIMENTAL IAlfALYSI,S 

4.8.1 APPLICATION OF THE METHOD OF 
VISIOPLAsfltlTY To 'mE PRESENT PROOlEM 1 

. .' • 0 ,j 

I~ an 1nteractfon,~tudy, 1t 15 reasoned that the ,forcing 
, . 

funct10n [i.e. blade or gFOUs.r load pattern] and the respanse 

funetion [i.e. so11 response behav1or] are su1tably re1ated and 

mod1fied through sorne corre1at1rig funetion. ' Thus, if one ean describe 

or evaluate the response function eharaeteristics, and if t~e corre­

lation funetions are known, it becomes obvious that ~he surficial load 

parameters will be identified and accounted for~ 

In view of' the d1fferences in the defonnation proeesses 

occurr1ng ln the faces of various cutting and traction toors, a 

solution must be sought in terms of a common parameter which will be 

relat1vely unaffected by the geomètr1tal changes in the deformation 

fields I.nd bOrnda~ cgnd1t1ons. The..energy fields ex1st1ng in these 

defonmat1on prOfesses represent a parameter commer'to a11 systems. 
, ... 

Moteover, this 'parameter i5 a sel1ar quant1ty and as sueh ,the work out· 

put of two dissimiler systems, eXh1bit1ng differences 1n their, stress ' 
• , " .. 0 

• . fields .and boundary conditions. -can be cqmpared w1thout expl1c1t .. , 
account'be1ng taken of ~h«se d1ffer~nces. 

Experience has shown that the sol1 respc)nse to an imposed 

loa~1ng can &e de~è:r'i~ in tems of the conseEV on of energy of, the 

system. Resul ts reported 'by Yong and Webb (1 9) in41c:ate that the " 

application of this principle t~ the r1gid wh! l-soÙ S1st", allows ~ 1 • , . 
,for goed predictions of the useful work output or dràwbar-pul,. A 

" 1· l ! • 1 
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s1m11ar phi1osophy can be adopted for the tool-soil system. In this 

case, the sutement of the conservation of energ,y will be, of th~ form: 

o + 1 

or Work Input =' Oefonmat10n + Interfacial 

where : 

, , 

_ energy 10ss energy 10S5 ' 
r 

'F • appÜ~ load or developed force 

,s • distance trave11ed. 

Unl1ke the wheel-sojl interaction Problem, there appéars to 
, 1.. ' 

be very lit~le slip energy [interfacial energy] 10ss vis-a-vis tool-
• 

(4.2) 

soil interfac1al performance [slip 105S in a track system however still 

exists]. , Thus, in terms of analytic modell1ng, the prime require~ent 

1s i'n regard to a proper description of the deforination energy 10ss. 
f " 

o 

, In order- to des.cribe the ~'issi~t1on process assoc1ated with 
, 0 

the plastic defornlation of the $011 in the face' of a cutting or a 

traction.tool, the follow1ng field equations are necessary:· . 
, , \ 

(a) 'a. 11eld '~r1terioft-4escÎo1bing~the stress Stâi)exist1ng in . 
, . 

the 5011 at y1ard! ' 

~) a·cons~1tut1ve relat10nship betweén the stress and 
, 1 ~ • 

• 

,,, associàted strai" in the loaded 5011. and 

(c) cont1nu1ty cond1~1ons.o 
• 

.. , . ~ 

The lack of an applicable load-deformet1on 'relat1onsh1p relating the .. , -' , 

: stresses and str.1ns in th. sofl 'necess1tates the use of empir1cal 
o ~. 1 ~ 

relationships in. mode .. to"ealculate the operative stress and energy fields. , 

, d 

" 

" 
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Moreover. with the knowledge that clays undelr0 or sustain irrecover~ 

a~e deformation under very small applied loads. and according to jthe 

definition of yield [i.e. onset"of irrecoverable·deformatfon]. yieldipq 
, , ~- . 

.therefore may be considered to begin virtuall~ at the onset of shear 

stressing and continues throughout the loadfng process [Yong and 

Warkent 1 n (1966)]. For '-the above two reà sons! i t 'may not be. unrea sonab le 

to assume the mater1al to follow a rigid perfectly-plasti,c model. This 

_ food'el was adopted by Yong and Webb (1969) in study1ng the plastic 

deformatiJn of clay sail under the action of a moving rigid wheel. and by 

S;'lvestr~-Wifliams (1973) in ana1yzing the energy dissipation in indenter-soil 

systems. This model demands the following conditions: 

(a) the application 'of a yield criterion", 

(b) the measurement of a deformation field from 
)\ 

experiments and calcul~tions",bf the resultant ',- -strain rate fields within the loaded soil. and 

(c) selection of~lasticfty flow rules consisten~ with . . --
.Il 0 

the chaice of the yfeld criterion, 

An examination of these requirements su~gests that the method of visio­

"plasticity 15 d1rectly app-,icable to the present problem. The method, as 
, 

developed by Yang and Thomsen (1953) and ~eported by Thomsen et al. (1965), . , 

15 descr1bed in FjgJ 4-15. It 15 apparent that the theoretical development 
, ,,' 

penriits t~e calcu1at1on of the plastic work r~te, and hence the deformation , , 
energy, e1ther d1rectly or by means of a prior determ1nation of 'the stress '. . 
'distribution w1th1n the so11. These two paths are denoted as (1" and (2) 

'l- • 
" ' . 

1 n Fig. 4-15. The subsequent theoret1cal development fol1ow$ the former ; ~ . , 
path. 

. . 
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-' In the next severa1 subsections, the variou$ e1ements shown 

in Fig: 4-15 will be developed separately. 

4.8.1'.1 Definition 9f Strain Rate Components 

In order to fo11ow the deformation history of a g1ven point, 

one of two coordinate systems may be used. The f1rst of these, the 
'-

Lagrangian space, d~scribes the instantaneous particle locatioJ in 

terms of its original position. The second system, known a~the 
Eulerian description, specifies the partic1e position in terms of its 

current coord1nates. lhus, for a point with initial coordinates 

(al' a2 , a,] movtng to new coordinates [Xl' xz' x3] in time t, a lagrangian 

description wou1d be of the form: 

where x -1 are sing1e-va1ued cont1nuous functions. The-Euler1an 

/descri ption would use [Xl' x
2

' x,;-~ 
variables ~FUng_~~~ -;-- _--__ 

In ,the present 1nsta~ce. the 1ncremental velocitfes and strafn 
4 , 

'rates are more readl1y detennined if expressed in tenns of the original 

- coordinates ofJ Any g1ven point rather than as a function of the 

instantaneous position of that point. As a result, a lagrang1an space 

i5 selected, in preference toan Eulerfan sPace, as a means of follow1ng 
, ' . "... ............ 

the deformatiQn Mstory of a selected point. 

In terms of C&rtes1an coord1natés within this space, the 

strain rate c:dnponentsoare writtèn as: 

, \ . 



1 
1 

i 
1 > 

1 , 

.' 

n 

where 

122 

Ë • 1. (~U + av) + 1. (~ au + av av) 
xy 2 ay ax 2 ax . ay -ax· ay 

lU • ~ s 1nstantaneous part1e1e ve10c1ty in the 
X-coor.d1nate direction • . 

v =~. fnstantaneous partie1e ve10c1ty in the 
Y-coordinate .direction. 

It has been noted IThomsen et al. (19~5), Mtndelson (1968)] 

that if the der1vatives o~ the velocity co~onents Sh~R in Eqs. (4.3) 

are ~11. the stra1n rate components may be approx1mlted by Cauchy's 

. -~~finitesima1 ~train rate tensor.'given in plane stra1n as ! 

( ., 
. -

Thomsen et al. (1965) have shown that the possible error of 

(4.3) 

(4.4 ) 

--------------- ' ~_ es~lved in neg1ftt1ng the qua~rat1e tenns ot' Eqs. (4;.3) 1$ of 

-:~( theri ... of 0.51 per 11 ln~ .. s •. of 'straln rate. The straln rates . 

../ \ encountered in the present stucly are suff1c1ently sma11 to ensure tha(t 

• th_ errers 1nvolved in the est1.at1on qf the strain rate fields are'of 

aèceptabl •• gn1tude tof the orcier of IS]. As a resuIt, Eqs. (4.4) 
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arl used in preference to Eqs. (4.3). By melns of these.re1ations the 
~ 

strain rate distributions within the 10aded 5011 miSS can be obtained ' 

fram the exper1mental1y measured defonnation patterns • .. 

4.8.1.2 Selection of a Yield,Crfterion • 

In the present study, the soil 15 assumed to forro a part of 

an undrained system, in the 1ight of the rapid 10ad application. As a 

conse.quence, the loaded sail, assumed ta be 5aturated, will show no 

dependence on the mean normal stress [Yang and Warkent1n (1966)] and ft 

can further be assumed that the behavior will be ent1rely cohesive with 

~ • 0, i.e. a total stress analysis 1s va1id. 

I,nvoking these assumptions requires that the material exh1bit 

no pe~nent volume change eff~t5 on load application. The s1m11arity . 

between th1s type of 5011 behav10r and the behavior of ductile metals 

has been po1nted out,by several 1nvestigators (HaythOrnthwafte (1963), 

Bfshop and Henkel (1957) and Abbott (1966)J. Consequently. 1n v1ew of 

the w1de1y 5uccessful application of the von Mises yfeld criterion in , 

th~ field of metal p1asticity, ft 15 reasonab1e ~to assume that the 

stress state in the loaded sail, at y1e1d, 1$ adequate1y descr1bed by 

this condition. 

The von M1ses theory [also Issoc1ated with ~cky} assumes 
~ - , 

that yielding occùrs when the distortion energy ~qual$ the distortion' 

energy at y1eld in simple tension and 15 expressed as: 
, .. 

2. - " 2. 2. z' ,1[(<11 -,°1) +(02·~i) +(o,.CJ1)]-00 

, .. 

(4.5) 

,. 
\ 
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.. 
where 

00 ~ yield stress in simple tens1on. 

-- -

Owing to the difficu1ty of conducting~$imp1e-teRsion tests on so115. 
, - __ ~------ 19 

0
0 

has general1~~~~tnéd as the y1eld stress in compoess1on, in 

so11 mec-ha-fi1és [Webb (1969)]. Equation '(4.5) may then be rewritten 
" , 

as: 

(4.6) 

Equation (4.6) can be a150 wr1tten as: 

J • ~ 0& 2. ,,0 . 

2. 

• k (4.7) 

, 
where J2. 1s the second invariant of the stress deviator tensor and the 

sca1ar constant' k ~ay be 1dent1f1ed as the y1eld stress in pure~shear 
[Mendel son (1968)J. 

. . 
The magnttudes of the Ictùa1'volume changes e~countered in the. 

test progrUllle are presented in Section [4.8.3]. It will the" b\ . ' 

IPPA",nt that they are SIRIll enough 50 as. not to 1nval1date the 

Issunpt10ns. 

4.8.1.3 Selection of Associlted Pllst.city Relations 

The Llvy-M1ses eqUitions of.plast1c1ty' have beeÂ shawn ta be 
., 

~~d ~r ductile mater1a1Swhere ,he .l,lstic c t of the strain 
'. ~ -

inc .... nt' vector 15 of neg11.g1ble tude 111 (195Q).~nd Mfndelson 

(1968)]. The equat10ns are given 

.. t_~. 

;., 

" , . 
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. ' 

, '. 

d€fj • dÀ aij (4.8) 

where dÀ 1s a non-negat1ve sca1ar constant wh1ch may vary throughout 

the loadfng h1story a~d wh1ch relates the stra1n fncrement Yec~or to 

the gradient of the 10ading surface defined.by the y1eld function: 
~ 

f(J , J ) • 0 
2 li 

-. (4.9) 

Sim11ar equations may be der1ved tram the ~elat10nsh1p between the strain 

rate vector and the 1nstantan'eous value ~f the ~s dev1at10n,' vil: 

In unabridged notation,' under conditions of plane stra1n, the Lévy-Mises 

equatfons are written as:. 

t • ~ ~I X X 

•• f 1 

't • A (1 Y Y 

" where 
• > t:, 

.y • 2 t Il (~+ av) . 
1.1. .xy 3y -rx . . .. 

'r 

rep~se"ts t~_ total ~heal'" distortion 'exper1enced by any ~1nt w1th1n 

tt. defonntng sa..,le .. 

(4.10) 

, St can be r_ny shown [Mendebon ..(1968)] that the compl1ance 
~ , • ~ Dl fi> 

l Js 'gfYen by:,. .' r 

i 3 t-'-. A. • ".. ... .., ..... 
~~- ---.. ra ---....~ 

.~ -~~ 

(4.11 ) 
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-
where, Ë and a' are Hencky'.eff~ctive stress and stra1n rate parameters " 

1 given as: 

, 

, " . 
~ , • .1. [(a _ a )2 + {a _,,)2 + (~ _' a )2 + 6('[ 2 

.'! x y y z z x xy 

2' 2.1 +. + )]2 
" 't'xz 't'yZ 

• v1J': 2 

't' Ë 2 + Ê: 2 )]i 
yz zx 

• It I~ 
~, 

l 

" 

J2 and 12 ,re the second in'variant of the stress dev1at~r, ten.sor and 

the second 1nvar1ant of the s~rain rate tensor, respect1ve1y. Com­

b1n1ng Eqs. (4.11), (4.10) and (4.1) y1elds: 
, • "'II . 

• y • xy 
2~ 
-'t' 

K. 1.1 • 

If refere~. ts "de ta F1'g. 4-15, ft can be seen ~,hat the 

thtOret1cal .. ans <of spec'fy1ng the stra1n rate distributions-have now . . , 
been provided. In addition, l, ,a1td y1eld functfon, IS well 15 the 

(4.12) 
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plasticity equat10ns associated with this yield funct1on, has ' now been 

" 

spetified. With these elements, ft fs .now possible to d~velop the 
4 • 

equations necessary for the calculat10n of the plastic work rate and 

hence of, 'the deforma ti on energy. 

4.8.1.4 .Plastic Work Rate Determination 
i 

. 
The rate at which stresses do work in ·connection w1th thé 

plastic distortion of an incompressible mater1al is given as: 

The rate of t6?tal energy dissipa'tion 'with the 5011 15 then: 
.-

6 • f W dV' 
v 

in plane strain, where b 15 the w1dth of the samp1e under test. 
... 1 

Substftuting Eqs. (4.12) into Eqs. (4.14) yfelds: 

\ 

" • [dx 
2 
~ + dy 

2 
~ + 2Txy 

2 ~J t . 

fil: [ 1 2 1 2 ~2~" 
• (1 + (1 + ~1'_ .. ~ X Y xy ........... 

" 
, 

The,second invariant of the, stress devi.ter tensor ean be wrftten 

for the case of plane strain as: 

(4.13) 

(4.14) 

(4,15) 

...'{ 

, 
~- ' 

" 



e\ 

\ 

• 

-

., .... 

'. 

\ 
\ 

1 
1 

\ 
___ • __ ---L-.--____ ...--...:..,.. __ . __ ~_ ~ ~ ....... ~ ... ~--- ... ~ ~ 

128 

Equatlon (4.15) ca~ n ... ~ltten as: 

W'2klf, ~~ . 
- . 1 

and by lntegratlon ln tlme. the total work~~ence the energy 
--. . 

d1ssipated i~ccompl1shing plastic deformat1on, 1s found ta be: 

) 

o = 2b {t2 [X2 [Y2k 1f2 dx dy dt 

tl . Xl YI 

ts sufficient to calculate tbe deformation energy çom­

t,of the total energy in the tool-so11 system, prov1ded that the 

sample are experimental1y 

spec1 fi ed. r 

4.8.2. DATA REDUCTIQJ4 TECHNIOOE 

(4.16) 

(4.17) 

Accepting that the praposed vis10plast1c1ty solution 1s a 

val1d one, ft becomes necessary to obta1n data in an expedtent and 

acturate manner in order to satisfy th,.theoret1cal requ1rements. The 
·r 

'system of data retrfeval used ta reduce the expe~}mental results of the 

so11 cutting and trac~1on tests requ1red~the manual plott1ng of the 

sequential positions of a numPer of gr1d nodes fram projected 35 mm 
~' . 

negative $11des. Figure 4 -16 ShOW~ partiele pat~ trrtes 

.(translat1on .patterns] for à R.A.~G, - 5011 ~nteract1on process, The 
, . 

coordinate pairs corrèsponding to elch 'of the plôtted points were then 
, ) 

obta1ned with, the aid of an x';:y"r,~rder and a process' control canputer. 
. " 

'" 

The result1ng data were input to a c(lllp~ter routine,. l1sted in o' 

/' 

Append1x E 1$ program. "FIT-, ~1~h th1f routine. ,the corrected ~rtîéJé 
.. <,P 
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coordinates" the incremental partiele velocities, the instantaneous 

5train rate components and thé rate of plastic energy diss1pation were_ 

" calculated. ,A schemat1c 'of the procedure used in the calèulat10n 1s 

shown in Fi~. 4-17. )' 
An examination of Fig. 4-17 will s.how that the developed 

procedure provides a rapid and e~ped1ent means of obtain1ng data from 

·the measured experimentar'results. A more comprehensive account of 
-~ --

the data réduction technique 1s prov1ded in Appendix B. 

4.8.3. HO V8tUME CHANGE ASSUMPTION . - \ 

, The assumptions énd constra1nts inherent in the Vi5io~lasticity' 

technique have been d1scussed in .Section 4. D.1. .. It was' noted that an 
,~~. ... . , .. 

essential requ1rement of the theory ~.~t the sail exh1biGno permanent .--

volume change when loaded. As a means of ver1fying the 
/ 

i5 assumpt1on. the actual volume changes occurr1ng during 

t~ tests were obta1ned from the exper1mental1y measured tooI-soil 

defonnat1on ffel,ds. .In order to obta1n t'he requ1rëd data. the 

principle of conservation ofmass was app11ed to elemental areas 

within the deform1ng field. These elements were each def1ned by four 
• 1 

adjacent node points of the 1nscribed grid"and were followed throughout 

the deformat1on h1$tory of the four r,levant points. The method 15 

shawn schemlt1cal1~ in Fig. 4-18. 
" , 

... 
" 1 , , ~ \ 

Appl1 cati o"i 0'1' 'the ~'nc1ple ,of conservation of mas\s t6. the se 
. ~ .......... , .. . ,,'-

araaS results in: • 
(4.18) 
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1 

----------

~ 

~ 

1 
". 

2. CALCULATIOH OF INCREKENTAL 
D:P;PLACEMElfIS AND VELOCITIES 
nOM PAllnCLE PATHS 

. 
3. CALCULATION OF INSTANTANEOUS 

STRAIN RATES (EQUATION (4-31» 
J.' 

~----------------.---------------~" 

4. ESTIMATION OF VOLUME CHANGES 
FROM PARTI~LE PATHS 

5. CALCULATION OF POWER OF 

DEFO~tION (EQUATIONS (4-14) 
4 

AND (4-1S) 
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. Equation (4.18) can a1so be written as: .. 
1 

(4.19) 

where 

Pi = mass density or specifie mass of the ith e1emental area. 

Ai z area of the 1th element. 

Machine computation of the areas, carried out by program "FIT'" 

shawn in Append1x E, a1lowed for a compar;son of the mass densities of 

the deforming sail through successive gr1d positions. The results of 

these computations. are shown in Table 4-3 for the various kaolinite 
""-, 

clay tests perfonned~ 
Q 

The permanent volume distortions reported are in tenns of the 
r...' ',' 

average value over the entire deforming.field, throughout the deformation 

process. ..Evidently, the average values do not necessarl1y reflect the , . 

magnitudè of the peak local values s1nee positive ~nd negattve values 

may tend to compensate eac~ other .. In Fig. 4-19, the volume changes 
"\ '+ 

computed 1ndicate loca' valume changes up to five per cent. In the final .' 
anllY515, however, the overall influence of the volume'change on th! 

ex~1b1ted behav10r bf the ~ool-S01l system 15 a functionJof t)fe entire 

de~ornrtng field a~d. consequently. the average values reported in 

Table 4-3 should be representat1ve of th1s' influence. In v1ew of 

th1s, the ~ll values reported here'. of the order of two per cen~ -

. iMPl~ that the c~nsta~t YQlume assumption~1nvoked in the theoret1cal 

'developme,t 11 à just1f1a~e. 
" . 

l ' 

'1 

" 
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(1) Positive volume c~nges denote dilat1on. 

(2) Negative volllll8 changes denote canpress1.Qn. 

; Qi 

(3) ,Average values reprisent the algebra1c. a~erage 
OYer four 1_ge5. 

l 

" 
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4.8.4. DETERMINATION OF THE LIMITING SHEAR STRESSES 

Th'e strength parameter, k, 1s defined in Eq. (4.7), viz: 

Here J 2 i5 the second invariant of the stress deviator tensor and the 

above equat10n can be written in detail as: 

F or the ~a se of plane s tra in deformat ion, wi th no permanent volume 

change occurring, the intermediate principal stress is given by 

[Mendel son t1968)): 

J., 

Use of these "two equations, together with the experimentally measured 

stress-strain curves. perm1ts ,the c~lculation' Of k. An ajial. strain 

, of 20% was chosen ta'define failure sincé no definite peaks were 
• 

avlde.ced 1. the, , .... sured stress-~tral. curves" Fig •. 4-7 at 4-8 . 

........ '" 
, 4.8.5. PREDICTION OF THE DEFORMATION ENERGY ay V 1 SI09LASTICI1'y-" 

The influenc: of the tool geometry on the I("ergy requ1red for 
"<. 

motion 15 shawn in Fig. 4-20 for the cutting b1ades and in Figs. 4-21 
1 . , 

and 4_22 for the R.A.P.G. and the wedge grousers, respect1vely. The 

curves represented by solid lines ind1cate measured values obta1ned 
" r' 

fran the 'Integration of the ar.eas beneath the experimentally measuréd . . .. 
forcè-displacement curves., ln addition, the theoretical,ly ca1culated 

, , 

•• ,o,s of the dissipation tnergy are shown for compar~t1v~\Purposes by 
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broken lines. These values were obta1ned by means of the application­

of Eq. (4.17) together with the appropriate values of le obtained from 

the results of the plane-strain triaxial t~sts as outlined in the 

prev10us section. Comparisons of these results with those obtained 

from the measured force-displacement curves are a1so shOWn in Table 4-4\ 

for cutting tests,and in Table 4-5 for traction tests. The comparisons 

are made 1n terms of measured and ca1cu1ated values, referring ta those 

results obtained from exper1menta1 curves and by ~ans of Eq. (4.17), 
, '\, 

respectiv~ly, and are ~eported at 0.25 inch interva1s over a disp1acement 

of 1.0 inch. The deviations between the two sets of values, expressed 

as a percentage of the appl1cab1e experimenta1 values, are a1so shown 

in these Tables. , 

Exam1nation of these data indJcates that the analyt1,cal solution, 

as expressed by Eq. (4.'17), provides reasonable est1mate of the energy 

d1ssipated in the soi1 for tool d1sp1acement ,in excess of 0.25 inch. For 

displacements in excess'of 0.25 inch, the average enror 1n energy pre­

diction 1s of the order of ten ~r cent, wh;le the maximum error 1s of 

the orde\ of 20 per cent. However, at 0.25 inch displacement the error 

of ,est1mate 1-5 s1gn1f1cant. w1th ~naverage of 36.S'percent, \'oIh11e the 

mai1mum error 1$ ~ome 75 per cent. These differences'can be attri­

buted to errors due to the assumptions made in 'the determfnation of the 

l1m1t1ng sh~ar stres~es. Since no.definUe peaks were ev1denced in > , 
the measured stress-stra1n curves, F1gs. 4-7 ~nd 4-8, an axial strain 

of 20 par cent was chosen to def4ne fa 11 ur~ The stress va 1 ues corres-
" p, 

ponding ta the fal1ure strain were used to calculate the value of the' 

von Mises 'y1e1d funct1on, k~ Wh1~e this procedure 1mpl1es a ,r1g1d 

plastic mater1a'1, the stress-stra1n curves. Figs. 4 .. 7 .and 4-8, show a 

) 
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TABlE 4-4 .-- -----

CÔU'ARISoii-"lJf ~ED NI) CALCULATED VAlUES D'" 
DEFORMATION ENERGY Fœ CUTTIJs-TfSl'S-

\ 

-1tSl--AIClE OF \ . ., DE~ORP1ATIOH ENERGY I".LBlI".WIO~ , 
110. 8lADE VITH 

VERTICAL Mtesured Calculated.D1fference Measured-Ca1~ula"D1fference ~sured Ca1culate4 Difference 
,~ S ' & S ' ., , 

, 1001 UtS21'CIllelR:a·u.z~ ;1r1Cn' d • O.W 1~n 
- d • 0.75 fnch 1 . . 

- \ Artfffcf.l -Clay Tests ./ . . . 
21 10- 1.47 1.90 +29.2 4.05 .. 4.45 \ + 9.87 .1.03 7.90 

12 20- 1.42 1.80 +26.7 - 3.81 ~.1 + 7.61 6.28 6.68 
23 - 40->;- 1.10 1.40 +27.2 2.91 3.2 5.02 5.48 . 

'22 W 1.05 1.30 +23.8 2.6 2.9 
\+ 9.96 

(1.53 4.3 4.85 

-

0 

J . 
Matural llaol1n1tel Cla,x, 

\ , - \ i 

21 
30 

-2$ 

35 
26 
36 

29 
31 

!!!!!!: 

10- 1.32 1.95 +47.7 3.92 4.60 .+p.3 ' 7.65 8.35 .~ 

10· . 1'.2 : 2.05 +70.8 3.86 4.56 +\8.1 7.40 8.25 .. 
-Ù.3 2Cr' 1.'01 1.72 +70.2 3.194 . 2.83 6.0 6.93 , 
+ ~.4 20- 1.15 1.60 +39.1 3.33 3.61 6.31 7.00 

'" 40- 1.061 1.39 +31.0 2. 3.10 + 6\.9 5.12 5.61 
40- 0.97 1.20 +Z3.71 2.96 3.27 +10~4 . 5.00 5.60 
so- 0.92 

~ , 1.23 +3'3.6 2.436 2.737 +12.\3 4.3 4.95 
50· 0.88 1.17 ' +32.9 2.65 2.91 + 9.81 4.1 4.65 

1 .... ..,. 
, 

(1) Measured values denote values~ined fram the exper1mental fotce-d1splacement curves. 
(2) Calculated"values'denote ~ca11y calcu1ated values obtainéd from Equation (4.17). 
(3) Oifferénce expressed in percentage of measured values. 

, 

, 
..7 

S 
. 

+12.3 
+ 6.36 
+ 9.16 
+12.7 

l-

+ 9.10 
+11.48 
+15.5 
+10.9 
+ 9.57 
+12.0 
+15.1 
+13.4 

• -;' 

./ 

Measured Calculated Difference 
S 

d • 1.0 Inch 

10.24 11.32 '+10.5 
9.14 9.816 + 7.39 

7.36 7.99 + 8.55 

6.16 6.899 + 7.39 

12.05 1-2.62 . + 4.7 

11.71 12.50 . + 6.7 

9.42 10.5 +'1.4 
9.55, 10.7 +11.4 
8.0 8.5 + 6.25 
8.3 8.7 + 4.81 
6.S7' 7.50 +14.1 
6.90 7.55 + 9.42 

tI 
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TEST" &IOOSER 

No. 
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)'ABl.E 4-5 

COfARlSON Of MEASUREO ~ CAlCULATED VAlUES OF 
DEFORMATION ENERGY FOR TRACTION TESTS' 

DEFORMATION EHERGY IH.lB/IN.WIDTH 

Measured é.leulated Difference Measured Calculated Difference Measured Ca1culated Difference 
e . S . % S 

J001 1)1Se!acemen~: d-U.2!> 1nch dao.50 1nch d"'O.75 lnch 

Arttfieta' tlal Tests ';\ !-
la R.A.P.6.h/l-D.83 /l.7 2.11 +24.1 4.42 4.67 \ +10.6 7.21 7.79 + 8.04 

19 R.A.P.G.h/l.0.~ 1.29 1.56 +20.9 3.17 3.12 \ - 1.5 5.18 5.45 + 5.2 
\ 

40 C.E.V.type(l) .0.94 ' 1.33 +41.4 2.99 3.14 1 + 5.0 5.5 5.84 + 6.18 
14- C.E.V.type(2) 0.69 1.02 +47.8 2.33 2.56 + 9.87 4.48 4.76 + 6.25 ... 
16 S.E.II. 0.83 1.15 +38.5 2.69 2.80 + 4.0 5.02 5.25 + 4.58 • 

, 
Matural (lCaol1nitel C11l . . ~ , 1 

34 R.A.~.G.h/1·0.81 1.56 \ -1.90 ( +22.06 4.26 4.445 + 4.34 7.343 -8.l55 +12.41 

39 R.A.P.6.h/l·0.5 1.33 \ 1.44 + 8.27 , 3.51 3.36 j -'4.27 6.015 6.24 + 3.70 
\ , 

42 C.E.W.type(1)\ _ 1.22, \1.74 +42.6 3.75 4.07 + S.53 6.79 7.~6 +11 .31 
\ 43 C.E.V.type(1) , 1.31 ~8 +37.4 3.65 4.15 +13\.6 6.5 7.32 +12.6 

33' C.E.W.type(2) 1 ,0 •. 821 1 44 - +75.3 2.76 3.36 +21.,7 5.278 6.24 +18.22 
38 t.( ••• type(Z)- ~ 0.95 1 ~34~ +41.0 3.1 3.4 + 9.6 5.91 6.35 + 7.45 

li \ 

S.E.V. 1.31 1. 70 +29.8 3.79 3.97 + 4.74 6.72 7.38 + 9.82 -
37 S.E.W. 1.42 1.19 +26.0 3.4 3.9 +14 .. 7 6.51 7.12? + 9.37-

Notes: {l} ~SUred~' alues denote v,lues obta1ned from the experimental forc~-d1splacement curves. 
------ 2 ta1cu1at values deriote theoretica1ly ca1cu1ated values obtained f~ {qua1tion (4.17). 

3 Differenc expressed in percentage of méasured values. 0 

< \ 

~ \ 
\ , 

" \ ' 

\ o 

t 

Measured Calculated Difference 

10.03 
7.29 

- 8.2 

6.85 
7.55 

11.14 
8.85 

10.57 . 
10.7 

8.57 
8.70 

10.29 
10.6 , 

d-J.O Inch 

11.13 

7.79 
8.99 
7.33 
8.02 

12.70 • ~ 
9.60 

.11.63 
1l.33 

9.6 
9.4 

'11.35 
11.71 

S 

+10.9 
+ 6.85 
+ 9.6 

+ 7.0 
+ 6.22 

+14.00 
+ 8.47 

+10.0 
+ 5.60 

+12.0 
+ 8.04 

+10.3 
+10.4. 
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N 
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nonlinear behavior w~ich cou1d be idea11zed by a work-hardening material . 

With the adoption of the stress values corresponding to 20 per cent 

strain, an overprediction of the dissipated energy would be expected. 

This explains the higher values obtained from the analytical solution 

in a1most al1 the calcu1ations performed. 

.. 

Finally, Fig. 4-23 shows the distribution of the deformation 

energy as a function of depth for the various blade inclinations adopted 
• 

ln the experimenta1 investigation. These distributions are instantan-, 
, " 

eous quantitie~ in that they re~resent the def~ation: energy distri-

butions at the spec1fied 1nstantaneous b1ade positions. In Chapters 
, 

5 and 6. the soi1 deformation energy resu1ts obtained by the method of 

visiop1asticity as ~.1nEMY1n this-Section,are compared to the_worl< t 

input computed fr6m the integration ~f the areas under the exper1-
. 

mental1y measur~ load-displacement ourves as well as the work output 
, - -

as determined fram the fin1te e1ement model proposed in this study . 

. ( 

" 
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CHAPTER 5 

FINITE ELEMENT A~LYSIS OF 
!lIL CUTTING PROBlEM / 

.,/' 
// 

Fo11ow1ng fram ~i~. 4-1, th1s Chapter prov1de~ the development 
. . 

and presentation of the results of the f1nite element model used for 

solution of the stated problem, and a discussfon of these result.s. ln 

addition, compar1sons betWeen the finite element results of the soil 
, 

< cutting problem an~ the experimental results prevJously repor~ed in 

Chapter 4 will be ~de. Further appreciation of the solution technique 

1s achleved in Chapter 7 through a parametr1c study of the familiar case 

of two'-d i mens i ona 1 soil response encountered in long reta i ni n9 wa 115 , 

wh en yield1ng in a passive sense. 'Recognizing that th(~~ning wall 
l ' • \...... 

"-

problem bears ~ close paral1el to w1de cutting blades mov1ng in 50i15, , 

it 15 bel1eved that by,compaf'?ng thê resul'ts obtained fram the analY5is" 

w1th the clàss1cal earth pr~ssure theory. a better ins1ght into the 
.,' , ) 

'rat1onality of the so~~ion technique ~i11 be accompl1shed. In the 

second part of Chapter 7. _01T cuttfng and traction analyt1cal and 
. .. 

exper1mental resul ts reported 11'\ thts thes1s are compared with the 
( , 

results oomputed, from ex~st1ng theories. ,-

-~.1 ,-MEiHESrMO BOONOARIES 
• 

.'- The cu~t.1ng t~st~ .. descr1bed in thé prev10us Chapters were ,/ 

~Jled ~Y the finite el.emén~, method for solut1o~ in 'the digital. 

C:OIIIPUter [Chapter 2]~ The boundary conditions for the probl en! are .. . 
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easiJy fixed sil')ce the laboratory tests were done1n'a box of known 

dimensions. 
.- - .... 

.. -----~ _.-_.-- .. 
• l 

- ·:rhe-·n!èshesadopted for the 10° and 50° inclined blade 
r, 

. ~rob1ems are sho~n 1 n Figs. 5-1 and 5-2. In the ideal1zation of the 

10° blade prob1emt ~66 elements. and 176 nodal points were used~ while 

199 elements an~ 13~ nodal points wer,e used for model11ng the 50° 

b1ade problem. The ,mesh patterns we!e 50 arranged that smalle~ 

eJements were employed near the blades and larger elements in regions 

. away from them. 

As ment10ned ear11er, constant strain triangle elements were 
, . ,'" . , 

• 

empl,oyed in these models to represent 1:he so11 mass with joint [interface] 
f ........ 

elements inserted between the s011 an&the blades to s1mulate the inter­

face characteriSt1c,. . In 'addition;l.joint [c~tt1ng] elements were , 

placed on the pline 0" Whfch cutting progresses, as shown 1n Ffg. 2-6 • 
"', ,: ' 

(., J ;, • \ 

S1nce the s1des and the bottom of the box cbnta1ning the s011 
'\ " . , 

were greased', it 1s reasonable to assume tliat these boundaries are smooth. . . \ , . 
In the finite e1,ement 1deal1zation. the boundar1e,s were p1~ced on rollers 

50 tt@t the hor1zontà1 movement was' restrafned on the s1des ~nd the 

verttcIl movanent on the bottom boundary. The lOld setup in the 
. \ \ 

laboratory was SQ des1gned a5 o to insure un1form blade'movement in the 
r . , 

50fl. In thè analys1s, the blades were considered rigide Uniform, 

hor1~ontll rfg1d dfsplaCebents were appl1ed It all nodal points. The 

" d1splacements were increased in 10 equal 1ncrements of 0.10 inch for a. , . 
. -' ..' . . / 

total d1splaeament of 1.0 inch •. The self we1ght of the so11 was con-
.. , 

s-1der"ed 1n all the analyses illide •. . , 

. . ( . 
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5.2 DISPLACEMENT AND VELOCpTY PATTERNS. 

The displacement fields in the 5011 mass are computed from the 

magnitudes and directions of the vertical and horizontal displacements 

at the nodal points. Figures 5-3 and 5-4 show the displacement fields 

for the 10° and 50° inclined blades, r~p~~ctively, at a displacement of 

0.50 inch. 

" The displacement patterns indicate the ex1st~nce of two 

zones. Jn the zone above the cutt1ng plane, the sail ~ndergoès large 
1. 

deformat10ns resulting from the blade motion. In this region, the 
\ . /' 

soi1 is moved forward and upwafd relative to the ~rigina1 b~ade position. 
~ \ 

These ~tions indicate that shear distortions occurred throughout the 

zooe. On the other hand, the region belot the cutting plane 1s shown 

to exper1ence very little deformation. The discont1nuity in the 

deformation field is shown to oc~ur on the cutting plane, discontinuity 

that results from the relative displacements between the top and the 
'" - ' bottom surfaces of the'cutting [joint] elements. It must be noted, 

however. that accor,dfng to the asswned model, the soil 15 d1splaced 

by cont1nuous defo~t10n rather,than. by sliding along a series of 

specifie faflure surfaces., Furthermore, 1t i5 seen that such a model 

al10ws for a bu11d up of 1 surcharge 'as the blades progress'in the sail. . . , 

. 
_ The deformat19n patterns for the 10° and 50° inc11ned bJades " ' are generally. the same. However., the zone of shearing defonnat10n 

-----------adjacent to,the b~~~ found to be larger fo~ the 10° inc1tned blade 
J 

byapprox1mately the volume of the 5011 'enclosed within the 
" 

projection of the blede face. 
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Regardi::ng the interface dfsplacements, it is shown in Figs. 

5-3 and 5-4 that a certain degree of slip occurs between thè blade 
"" 

surface and the adjacent soi1. At 0.50 inch of blade disp1acement. 

the interface element nodal points attached to the tr1angula,r elements 

move upward r.elative to 'the nodal points fixed to the bl.ade s'ùrface. , 
tn the case of the 10° blade deformation field, the magnitude of th~" 

soi1 s~ip fs sma11er near the blade tfp and increases a10ng the 
( 

surface of the blade. r~aching 0 maximum at the intersection of the 

~soi1 surf~ce with the b1ade. On the other hànd, the magnitude of the , . 
soi1 slip along the 50° blade surface appears to be more uniforme Such 

'difference in the slip behav10r 1s attributed to the difference in the 

~ tangentia1 stress. distributions developed in the interface elements 
, 

a10ng both the 10° and 50° inc11ned b1ades. The contact stresses 

w4l1 be presented 1n a later section w1th a discussion on the observed 

dtf:( erences • ' ( 

-Finally, the plots of the horizontal and vertical components 

of the nodal point veloc1ties are shown 1n F1g. 5-5 for the 100 1nclined 
. 

blade,and in Fig. 5-6 for the 50° inc11ned blade-soi1 system. These 

1so-ve10c1ty contours serve to show the effect of the insertion of the 
, 

.... 
cutting elements on the devefopment of discont1nu1ties in the veloc1ty 

'fields. In Sect10n [5.6.2] the displacement f1elds obtalned by means 
• 

of the f1nite element model proposed will be cOmpared t~ those obtained 
~ 

from the exper1mental analys1s descr1bed 1n Chapter 4. in order ta 

establ1sh the stm11arity between the corresponding f1,elds. 

• 5 •. 3 S'TRAIN RATE DIRECTIONS 

1 .• 

The directions of the principal stra1n rates are ~bta1ned on. 

2 

" 
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J 

CalCU{ated by dividing the t e baS1i of the strain rate components, 

ncremenfal strain components ÔE
X

' 6Ey and 
1 

or 

6<r by' the time incre-

1 

1 

and 

T 
/ 

(5.1) 

H,oWèvef, due to the approximations i'n l-ved in the fonnulat1on of the 

constant strain triangle elements ployed in this study, 1t is logical 

to use some average value of strayn [or stress] as representat1ve for • 

the elemer.t. The most common ~thod of averaging is to use the strain 
/ . 

at the centroid of the, elemen~~ sinee the stra1ns [or stresses] are 
, " , j 

constant over the element.,/ For better averaging, an altefnative . / 

proc.,:fure 15 admissiblel Instead of averaging the str.ain [or s.tress} 

over the element to obtain a centroidal value. the strain at a parti­

cular node may be taken as the average value at that node among all the 
. 

-adjacent elements. This procedure has the double advantage of: 
~ 

1] avoiding unacceptable discont1nu1t1es in the stress, 
;..-' 

velocity and stra1n tate ,fields: most elements 

currently in use exh1bit discontinuities in stresses 

from one elament to another, although the stresses 

in two adjacent elaments often straddle the true 

stress curve [Zienkiewicz (1971)]. and 1 
o li.'" 

2] , s1mp11fy1ng data interpretations and presentations" as '~? 

• 1t 'S easier to visu.lize the results at' the nodal 

points rather than'at the elemen~s' centro1ds. 

In the present study all the stresse~. strains. strain rates and 
" 

velocities are averaged at the nodal points. The averaging procedure 

" 
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is carr1ed out by subroutine "AVER II in program "MAIN -2", in 

Appendix E. 
1 

At every nodal point the strain rate components are calcul-
~ ~ 

ated by Eq. (5.1), and the directions of the principal strain rate 
.. , 

components as we11 as those of the maximum shear stratn rates are 

determined as shown in Fig. 5-7. The network of the principal strain 

rate an~ the maximum shear strain rate directions are shown in 

Figs. 5-8 and 5-9 for the 10° and 50° blade prob1ems, respect1vely. 

r", 
Since the soi1 undergo1ng deformation in front of,a moving 

b1ade const1tutes ess~nt1al1y a closed system a~ far as water content 

1s concerned. the 10ading being charactertzed by 1ts short duration, . -. 
it 1s relevant, as discussed previously, to base the analysis on a. 

'total stress appro&ch with the friction parameter ~,taken as zero. 

This reasoning- indfcates that the simllarity in mechan1ca1 behav10r 
, 

of clay in front of à moY1ng tool and ductile meta1s has a rational 
•• \ 1 

• basis. Acco,rding to these considerations, Saint Venant's postulate" 

a1read~ accepted to be va1id for ductile meta1s can a1so be accepted 

for c1ays subjeéted to short duration 10ad1ng conditions. The 

postu1ate states, that: IIIn â plastic mater1al,the principle directions 

of strain rate coinc1de w1th the prinQipal directions of stress". The 
. . 

directions obtained in Figs. 5-8 and 5-9 can therefore be assumed to 
.- ..... 

coincide wit~ those of the principal stresses and JIll.xin,m shear stresses. 

\ 1 

5.4 STRESS ANALYSIS 

The distributions" of tl)e horizontal: vert1cal and shear so11 

• 
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stresses in front of a moving cutting b1ade are presented in this 

Section. The stress contours for ,the 10° and 50° inclined b1ade .. 
prOblems are plotted at displacements of 0.1 and 0.50 inch. 'The 

stress contours for the 10° b1ade problem are shawn in Figs. 5-10 and 

5-11. For the 50° b1ade case, the contours are p10tted in Figs. 5-12 

~f 

.. 

, 

and 5-13. The ~.J~ inch b1ade,dtsp1a~ement is .typica1 of stress distrf-

/but1ons in the e1ast1c range, wh11e the 0.5 inch plots are considered 

to indicate the distributions in the plastic range in tbe vicinity of 

the ultim~te stresses. 
,v 

The co~ours shown in these Figurés seem to maintain the same 

. general shapes with iricreas1ng biade_ displacement. Furthennore, the 
" 

re~ults clearly 1nd1cate the d1scont1nuity Jn the stress distribution 

·within thé 5011 mass due to the effect of the cutting [joint] elements 

fnserted at the 1evel of the ~la~ps' tip~. It ~st be kept in m1nd, 
-

'-

however, that these elements were inserted, in the f1rst place, te ~ 

produce discont1nu1ties in the stress and defo~at1on fields simiiar ',>" 
to those oc~ur1ng in the physical situation. Correlations between the 

analytical and ~xperimenta' r~sults are the final justification that 

the assumed analytical model w1th its assumed d1scontfnuit1es can b~ 

employed w1th reasonable accuracy ta, predict the phys1cal response. 
1 

. Correlations between analyt1cal results and the expertmental re~u~ts ' 

obta1ned from the model tests perfonned aré attempted in Section 5.6. 

~ , 
Examfnat10n of Figs. 5-10 through'5-13 leads ta the foJlowfng 

'. 

ob1rvat1ons: , . ~ . 

i 1J Stress concentrat1oas at 'the t1p of thÊ(blades are 
1 . ' 0 
1 

! 0 1nd1cated in all cases. Hortzontal,.~x', vert,'k:al, f!y' 
l , 

i 
j 

. ~ , 

~ 
J 

, 
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, " 
and shear,/~y, stress values are H1ghest in the 

// 

vfc1n1ty of ~he blade t1p. Such concentrations .,. 
, /âre a150 charàcterized by a sfngular,behavior , ' , 

where a change in the magnitudes and,,1n some 

instances, in the directions of tne stresses aboye 

and below the blade ttp-po1rit result. 
J 

2] Compar1son of the patterns of ,the horizontal stress, 

0x d1stri~u~1on in front of the 10° and 50° inclined 

~lades shows no s1gnif1cant differences. However, 

.whlle the stress.values in the v1c1!l1ty of the blades_ 

are sim1lar in the two cases, it may be noted that, 

distant fram the blade. the sail 1s subjected to 

higher horizontal st~esses 1n,the case of the 10° 
, 

blade than in the 'case of the 500 tncl1ned blade. 
~ ~ 

3] Tbe"effect of the plane of cutting elaments. on the 
• \ 1 , , 

horizontal stress distribution 15 to d1vide the streis 
" / 

f<4eld into two d-1fferently stressed regions: . / 
1 

(a) The upper f1eld, where th~ cOll1press1ve stres,ses 
. / 

are hi gh neart~ ~J-«lde· surface and decr,a,e 

w1th di$ta~ from that surface;' ~ 
, ~' / - / 

• (b) _)Ile' lôwer f1e,ld, where lower stressey., partly 

~~ / t.ns~le I~ partly ~resstve. are' develoPect. 
/~ / 

~~ ,// 

/-------
The èoInpresshe stJ'lSse$ 1,~ease w1t~ distance 

, • of 1 

, ~/~ 

----- .. / 
.. 
K. .. 

A /'j--;. " • (J 

, 

f 

/ 

1 / 1// 
/ 

i" 

/ 

! 
1 

.. 

/ 

1 
\ 

l 
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4] The vertical normal stress, 0y' distributions, shaw 

the existence of a zero vertical' stress contour in 

,the upper part of the s011 mass in ,both the lO~ 

a~d 500 ,blaAe di tr1butions. With ~he blade prOg~SSin~ 
in the 5011 15 contour sh1fts downward, resulting 

<- , 

1,n .larger zones of vertical tens1le stresses. This 

behav10r i s attr1bùted to the restra1~1ng influence 

df the fÙ~~ vertical end boundary wh1ch induces 

action that results in larger zones of tensile stresses. 

As in the case of the horizontal stress field, the 

lower part of'the's011 mass [below the cutting plane] 
t 

experiences a change fr~ tens11e stress below the 

blade t1p to compressive stress away fram the blade. 

5] Thè shèar stress contours, 1nd1cate a zone in front of 
~ 

~ .. 

the blade,t1p experienc1ng h1gh ~heir str~s5es. The 
1 

shear_stress~s in th1s zone ,re pos1t1vé, thus the 

5hear1ng 15 a cl~kw~se shea~1n9 ac~10n as would be 
, 

expeeted. These ZOnes eoul be tet1ned the "active" 

sh~ar zonès as the shelt str ses~~p on 1ncrea51ng 
. 

w1 th b 1 ade movement. he "ac1;1ve ll shear zones, 

ther~ exi'sts zero shear stras 
( ~ 4- ~ 

• 
\ 

contaurs w1.th zones ,of 
1 .{ 

n~7f~ shep~ stres~.~. i.e. 
. r1 .~ 1 

w1 se above the zer~ contQur. 

shear1 9 15 ant1clock-

These ones are found 

to ~pand w1th lal'ger negatfv values in the 0.5 inch 

plots. fndltat~~an .~rcÎ a llcin ,t axplalns the . 

fo~tion of the surcharge. . \ ". i' 

l "C. , 

Il l' 

# • • 
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, 
i Figures -14 through 5-19 demonstrate the behavior of the, 

1 1; , 
Jb1nt ,ements pla ed on th~ cutt1n~ plane at 0.1,0.3. 0.6 and 1.0 

1~h 0.1 blade d1sp acement for the 10° and 50° incl1ned blade models, 

~éspe ~1vely. Fi ures 5-1'5 and 5-18 shOw how the average re"ative' 

f~~r dtsplacement at ~I\e centr.ids of the cutting el .... nts vary as 
1 1 1 

a fun 1;1lon of the ~or1zontal distance fram the blade 1ead1ng edges. 

1 r1fhe y t1aUon of the tangentiel stress. '[t,as obta1ned from the hyper-
1:. .. 
ibOÙ ~q. (2.32) w1th the coefficients (a) and (b) obta,ined fram" e"'" 

:'/ !F19. 4~13, is plotted in Figs. 5-14 and 5~17. The variation of the 

1 
1 

1 

'/ 
1 

1 

1 tang nt1a1 st1ffnes~ v'alues, ks' 1s presented in F1gsf. 5-16 and ,...19. 
"\ 
\ ~ -

i' 
As 1nd1cated in Chapter 2, the relationsh1p be~een shear 

~tre $ and relative disp1acement on the interface between blade and , . 
5011 15 nonl1near and dependent upon the deve10ped normal stress. In 

other words, the constitutive relàtionship for the y1eld point in sail 
, , 

She~~ade-sol1 ,1 nterface 15 asstned to ~aJ<e the form '[ s (P, ~s)' 

P 15 the ~onna1 presstlr~'~,ct1ng on. the fnterfàce and As" 1s ~he rel~tive' . -
displacement between (he 5011 and the blade surface. The tangent1~' 

stress~ T, ean then be def1ned in the fo'low~ng'œanner: 

fTI ~lTS(P. âs) ,(5..2) 1: 

This fol'lows because the shear strQs of a point 1n,{he, th1n surface 
... e : , • ------- ______________ ~ 

layer of son adjacent to the b1.de ,o§urface 15 1ess' t-han-Q!L~ ~l1pp1ng 
..;'" -........,----

. surface at th1s point. 'The eq~l1ty ho1ds if the surface of eont;èt----------·-~ __ , -
""" 1$ a slip s(arface~ tha,t 1s, ~e .x, .... value of the tangentf~' stress 

fs thén ~y the relation: ,. 
> -, 

;' ' -~ 
l' ~ TS(P, â,), (5 .. 3) 

" 

, , 
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The res~ t~ demonstrat~ng the behav10r of the interface 

elements in the finite element analy~i5 of sail cutting are shown in 

Figs. 5-20 and 5-21. They st:l~ the shear displacements and the 
1 t. 1 

stresses in'the 1nte~face el~ents [inserted between the ri9,id blades 

and the clay soil] at blade displacem~nt§ of'O.l, 0.3, 0.6 ~nd 1.0 inch, . , 
, . 

. , 
respectively. As mentioned previously, the interface e~~nts were 

assigned properties dêtermined from the direct shear test results of 

~the' soil-meta1 mode, shown in Fig, 4-10. The hyperbolic formulation 

[Section 7.4:3] was again included to allow the stiffness of these 
, 
elaments to simulate the fntèrface behavior. 

, 
1 

It i s àbserved from Figs. 5-20 and 5-21 that the di stri-

butions of the tangential relative d1splacements and stresses along 

the interface eleménts are markedly different in tne two cases. In 

bath cases the 5011 moved up the blade surface. Whereas in the case 

of the 10° 1nc11nèd'blade the tangentia1 disp)acements and pressures 

are minimum near the blade tip and increase with distance from the 
/';' 

blade t1p, the distributions of the tangeot1al d1splacements and - .. 
stresses .10ng the 50° incl1ned 1ntertace are shown to ba very nearly 

uniforme In other wards,'the 5011 1n the case of the 50° inclined 

blade ,moved un1form1y upward along the blade surface, while in the . . , 

case o~ the 10°'-blade. wh1ch penetrated deeper in the so1,l, the 5011 

near the· surface moved ufrlard IlLIch more than th"sol1 nea", ,the b lade' 
.J " "1 4 

't1p, creat1ng a situation of variable slip rate '410n9 the surf~ce of 
~ .. 

~he b1ade. T~ese' résults conf~ the observat10ns !"Ide by Kostri'tsyn 

(1956,) Whor'noted 'that near the surface, soU .. would rupture or move 

Y.rd, but at duper depths the MOYalent was parallel to. the direction 
, . 

'j 

of trave 1 of -the cutter. ...-,,' 
• 
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(Positive values i~cate upward displace­
ments and stresses on blade surface) 

, 
DISTRJBUTION OF TANGENTIAL STRESSES AND 
DISPLACEM~NTS IN INTERFACE ELEMEI'rrS ON 

THE 10° BL~DE SURFACE~ 
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As mentione9 earlier, failure zone~ are located by examintng 

the maximum shear stress induced in each element after each increment. 

If this s-tress 1s equal to or greater than the shear strength of th~ 

5011 at that location, the modulus value, E, for the element 1s 

reduced to a small )p!gnitude indicat1ng failure. Thus, the extent 

of the fai~ is establ1shed on the basis of these elements in 

which the induced stresses equalled or exceeded the limiting stresSéS 

at 20% stra1n 'Obtained fram, the stress-strain curves presented /ff) 

Fig. 4-7. 

1 

It must be emphas1zed, however, that th1s presenration 1s not / 

SI indication of the establ1stJnent of failure or s~al.(~n surfaces 

\ . 
! ' J -'. 

-sinee the criterion of exceed1ng the shearing str'ength 9f ithe 5011 1s '. 

/ 

obtafned fram the plane strain test results wher~/ihe_ strength of the 
l , 1 

~til 1s taken as the maximum value obta1ned at 20% stra1n. In the 

strength tests, ,the samples did not fal1 along d~stinct planes but 

exh1~1t~ bul~'ng deHr'IIIiA(on. The failed elements s~uldf therefore, 

be cons1dered as the elements whe~e (a11ure planes 'would develop if the 

,soil exh1bited failure al~ng shear planes rather than flow. 

The deve10pment of~the failure zones for the 10° and 500 
, 

• • • 
1ncl1ned'blade 1deal1zations are shown.1n F1gs. 5-22 and 5-23, 

respect1yely. The elanents fal1ure started in 1nerement No. 7 [0.7 'Ù1ch 

~f blede' d1sPlacemen
itl for ~he 10° bhde problesn~ Ilnd"~n 'l.:1'ncrement No. 5 , 

[0.5 inch of blade dfsp,lacemetit)' for· thé 500 blade 1deal1zatfon. Tbe 

fal1ure patterns show'that ~e fal1ed 'elements s.rted at the leadfng 

edge of the bl~~rd the 'SO~l surface. '- The effect 

of the blade 1ncUnat1on on the shape and progrt!ss of the' fan,! zones 
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I,NCREHENT No. 7 - BLADE DISPLACEMENT· 0.70 inch 

.... 

INCREMENT No. 8 - BlADE DISPLACEMENT • 0.80 inch 

j • 

INCREMEMT .. ~ 9 - BLAD~ OISPLACEMENT • 0.90 tnch 
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'INCREMENT No •. 7 - BLADE .DISPLACEMEtfT • 0.70 inch 

1 

<1 l ' r· 

INCREMENT No. 8 ~. BLADE DISPlACEMENT • 0.80 111ch, 

\ 

• 

INCREMENT No. 9 • BLADE DISPLACEMENT • 0.90 inch. 

F·I'UBi 5-23 (COHT ~D) DEVELOPMENT OF FAILURE ZGNES FOR THE 
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1s clearly demonstrated 1n,these Figures. While in the 10° b1ade 
, . . 

case the e1ements are shown to fai1 in c1usters startfng at the blade 

t1p and progress1ng toward the so11 surface~ the 50° blade figures 

show single elements fa11ing a10n9.a wel1-defin~d plane. The 

correlation 01 ~hese fa11ure zones and actua1 exper1mental observations 
, 

needs further documentation; however. they appear to be indicative,of 
, ~; 

actua1 progressive. failure. 
. . 

5.5 NORMAL PR~SSURE DISTRIBUTION 

Normal pres~ures on the surface of the blades. as,displacements 

are increased, are sho.wn in F1gs: 5-24 and 5-25. Figure 5-24 shows 
~ . 

the d1~tributions for the 10° 1nclined bl~ije at d1splacements of 0.1 t 

0.3, 0.6 and 1.0 inch. The normal pressure d1st~1but10ns. in this 

case, are seen to be un1form over about three-quarters ,of the blade 

surface. Haar the bl~de'ti~t however. the pressure 1ncreases to 
/ . 

about 145 to 165 per cent of the average pressure over the who1e 
''''. as 
surface. The'shape of the distribUtion 'curve remains the samè 

throughout the .~ntfre loading ran'ge. Figure 5-25 shows the normal 

pressure dist,1but~ons on the '500 1ncHned blade at sim11ar d1.splace-
c, 

ments. In th1s case.,th~ normal pressures increase near the t1p of 

the blade to abOut 200 to 300 per cent of th~ average pressure over the 

. whO'e blade surflce. 

Another look et ~1gs. 5-24 and 5-25 will show that in the' . 
case of the 100 tnèl1ned bled •• the pressure 1ncreases proport1onally 

.,th tnctlls1ng blade d1$placement. HOwever, this 1s not the case 

for th,e 50~ ~lid ••• s, the"essure 1s shawn to incre.se at a RIch h1ghe} 

-. 

• 
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rate near the tip than in the midd1e and upper locations) E'urthermore, 

the data shown indicate that tne upper one-half of the 50° blade does . 

not materially add to the draft. while in the case of the 100 blade 

thé who1e surface contributes to the deve1oped·fo~ces. 

In gèneral, the smal1er the forces or pressures developed on 
l 

the cutting to01 the better the perf~nèe:~ But the extent of soil 
, -- . . \ 

manipulation must a150 be considered because it may alter any 

conc1usiors that are based on pressures a10ne. At the-present time, 

no information 1s available to 1nd1cate what magnitude or distribution 
, 

of pressure can be considered to be good performance. Certain1y, 

however, criteria cou1d be developed and performance measured in terms , 

of the distribution and magnitude of pressure ~n the soi1-en9agin~ . 
surface of cutting tools,' p~ovided that the degree of sail manipulation 

15 taken into consideration. 

5.6 COMPARISON Of ANAlYSIS WITH EXPERIMENTAL RESUlTS 

This Section presents cdmparisons between .the sail cutting 

e~pertme.nta 1 data reported 1 n Chapter 4, and the fi ni te el ement ana lys 15 

presen~ed in the previous Sections of thfs Chapter. 5uch comparisons 

permit a rational ~ssessment of the admissib11ity and' v1ability of the 
, 

fi~e e1ement method as a means of pred1cting the performance of a' 
" . 

cuttin~ ~01 - the $tated a1m of th.e\current study [~hapter·1}. In 

addition. th1s Section examines" the c~strafnts and requ1rements , , ; " ,. 

impl1ed by the proposed analyt1cal technique. ,The dis~repanc1es 

between the theorettcal model and the ~hYs1cll condit1ons are a1so 
'. . 

luated and the1r si~if1cancé d1scussed. ..# ~" 

\ 

J 
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earlier [Chapter l]. the problem at hand 1s a 
, . 

mixed boundary value pr blem with·the boundary conditions specif1ed 

in tenns of both disp1ac ent and stress. In such prob1.ems. the ~tress 

and velocity fields must b compatible l as there 1s rio apparent independ­

ence between the two fields 'Therefore, it is eS'Sential to establish 

separate correlations of bot • the stress di stribut.1on and the soil 

defonnation w1th the physical measurements, before the technique is 

judged to be satisfactofY. In the present study, the correlation 1s 

done~ in t:,e fOllowing tash1on: 
" ~, 

1,. The calculated blade react ns [both vertical and 
... "!~-- -

horizontal] .obtained from the ffnft'e element 
1 

" ! 
solutjon are compared wfth the ~xperimentally \ 

'(" or 

measured forces. Such correlation 1s an indication of -' ... 
.' 

the exten,t of s1mi lari ty be~ween th~ stress fields. 
1'. 

"-
; 

/ 

2.- Thé contours of the nodi!l displacements Obtained 
1 

f~om the finite e~~nt model proposed ~re superimpos~ 
" 

onl the contours obtained fr~ the recorded grid jf 

deformat1on to demonstrate the similarities 4~J 
discrepancies in the defonnati-on patterns . 

3. F1nal1y, as differences 10 the stress and deformation 

fields are .reflected on 'the scalar values of the / 
1 

energy field, 1t 15 reasQMd that the examinat10n / 

of'~é def~~t10~ elUf~y values wourd '~rOV1de a , 
/ 

1 

rational ' . and expedient means o.f eY,luati~g and 

co-paring the analyti,.l sOlution wfth the values 1 

• 1 . .; , 
obtafnad froll exper1ments and "exper1mental analys1s. 
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5.6~1 . Comparison of Measured and Calculated Forces --
The load'-:displacement curves as obtained from the fini.te 

element ana1ysis based on the propos'ed model 'are shown in Fig. 5-26 

for the horizontal force and in Fig. 5727 for the vertical load for 
, 

bath the 10° and 50° inc11ned blades, :~spectiv~ly. The experimental 

,results are'also plotted on the same Figures for compar1sori. 

ThE agreement between the experimenta1 and the finite etement 

resu1t} i~ very satisfactory in -the tase of'the horizontal forces for 

the·two~blade inclinations ana)yzed. In case of the 50° blade, the 

\ d1fference 15 about 3 poun~s over the whole displacement range 

analyzed, with the analytical results lying-always below the experi-
T 

mental curve. For the 10° blade, the errors are found ta be almost 

neg11gible\ up' to blade d1splacement of 0.4 inch, beyond which the 

analytical and test results diverge, with the predicted results 

again lying ow the experfmental values. 
-~ 

vertical forces computed fram the f1nite element analy~is, 

shown 1 Fig. 5-,27, are ,seen to be smal1er than the mea~ured values. A 

lete compar1son of the analyt1cal results with those obta1ned 

the mea,sured force-d1splacanent curv<~s 1s presented in 'Tabl e 5-1:­

are made in terms of measured and pred1cted values and 

.... """ .. ·1'64 at 0.25 inch 1ntervals' ovèr a total blade d1splacement of 

The deviations between the two sets of values, expressed as 
< •• 

of the applicable exp,erimental values, are a150 ind1cated. 
1 

, ;J ," • 

No analyses are p~esented\here fol", b)ade,1nèli~ations lyin~ 
, , 

b_twa.n the 10° and the 50° angles. I~ ~s reasoned that these angles 

, 
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50° Blade 

( 

CQMPARUOtj OE MEASLtiEO AND PREPICIED 

.~iUI8.QtNgES5~i~L1:~~;tioE~RCE ON 

<KAQLINIIE CLAY) 

, " 

. . , 

Bl.ADE DISPLACÈMEHT - INCHES 
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. TABLE 5-1 \ 

- ... - -...... -----. --- .. --. . ________________ Of OEVElOPED _______________ .... - -- _____ H __ '\ __ 

\. 

Test Angle of Tool Horizontal Force (lb) Vertical Force (lb~ 
No. Blade with D1splacement ~ 

Vertical (d) inch Measured Predicted % Difference Measured Predfcted % Diffe~nce 
-

27 10° 0.25 ~ 29.8 31.6 + 6.0 -2.13 - 0.8 -62.4 \, 
0.50 . 40.8 42.46 + 4.0 -2.75 - 1.75 .. 36.3 \ 
0.75 52.0 49.5 - 4.8 -2.85 - 2.05 -28.0 

. 1.00 , 56.1 54.07 - 3.6 -Z.7 - 2.15 -20.3 
-

30 10° < 0.25 30.5 31.6 + 3.6 -1.95 , - 6.8 -64.1 
\ 

\ , 
{).50 44:0 42.46 - 3.5 -2.13 :'\1.75 -17 .8 

0.75 53.5 49.5 - 7.47 -2.25 - ~05 - 8.9 
~ 1.00 60'.0 54.07 - 9.9 -2.30 - 2.\5 - 6.5 . 

\\ ~9 
. 

8.1 \\ 50° 0;25 20.0 17 .5 -12.5 9.3 -12.9 
0.'50 24.0 21.25 -1--1.45 12.2 10.9 110.7 

- 0 .. 75 26.0 24.2 - 6.92 13.8 12.3 \ , -10.9 
( \ \ ' 

, \- 1.00 28.2 26.07 - 7.55 ' 14.2 13.2 ,- 7.0 
\ 

31 ' 50~ . 0.25 20.5 17.5 - -14.6 12'.0 8.1 -l~.5 
- . - , 0.50 24.3 21.25 -12.6 \ 13.1 10.9 -16 .. 8 

0.75 26.5 24.2 - 8.7 ~3.8 12.3 -10.9 , 
1'4.. 13 1.00 29.0 26.07 -10.1 13.2 - 6.6 

\ -. 
- -

Notes 
(2) Difference expressed in percentage of measured values. 
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represent ~ bound on the verification of the proposed mode 1 , and, if 

the technique 1s found suitable for these inclinations, it could be 

• 
1 
1 
" 

! , 
• 

assll11ed thai it may be used succe;sfully for any blade inclination within \ 

these l imits. ~ 

Examination of t'he data in Figs. 5-26 and 5-27 and Table 5-1 

1ndicates that the ana1yt1ca1,model provides reasonable estimates Qf 

t~e developed forces on the cutting too1s analyzed. This is particularly 

true of the horizontal forces, in which the average error of estimate is 

of the arder of 8%, wh;le the maximum error is some 15%. For the 

vertical fo~ces, the ~alues obtained from the theoretical solution are, 

however, more subject ta variation fram the experimenta11y deduced values 

espec1ally in the case of the 500 inclined blade. 5uch differences in . ~ 

the vertical forces can be attributed ta the effect of the soiT 

deformation behind and be10w the blades, effect that has not been con­

sidered in the finite element idealization. 

com~rison of Ana1lt1~al and Experimental 
De ormat1on Fiel s' ) 

It ~11 be recal1ed that photographie record~ wer~ made of 

the deform1ng gr1d at'S-second intervals of tool motion. W1th the 

a1d of an x-y plott,r and a process control computer, the coordinate 

. pairs correspond1ng to each of the plotted points were obtained. 

T~ partiel. d1splacements. over successive gr1d pos1~10ns. were then 

calculated on dt. bas1s of the ~hange of the partiele' po~1tion in the 
, 

coordinate d~ ... ect1ons. These calculat1ons, were perfOrmed by the 

initial section' of pro,gr. ~'FITIt Appendix E. A.lIIOre canprehens1ve 

" 1 

., 
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account of these techniques are provided in Appendices B and F. 

The exper1mentally measured displacement fields are plotted 

in F1gs. 5-28 to s:.31 together 'ith the analytical fields obtained from 

the finite elements nodal disp1a~ements, f~r a tool disp1acement Qf 
,1 

1.0 inch. These deformat1on fields are presented in terms of 

horizontal and vertical disp1acements and are shown for the 10° inc1ined 

b1ade in Figs. 5-28 and 5-29, and for the 50~ 1nc1ined b1ade in 

F1gs. 5-30 and 5-31, respective1y. As a means of faci11tat1ng cOOlpari-
, . 

sons; the resu1ts are illustrated in contour forms plotted in the 

undeformed position. 
1 

ln these Figures, the d1scont1nuity 1n d1splacements at the 

level of the blade tip 15 clearly demon5trated~ the experimental 

plots. However, a close examinat10n of t~rizontal displac~nt 
, ' \. 

fields reveals that the contours are only d1scontim-!ous 1n t~e v1cin1ty 
.' , \, 
of ~he blades, wh11e at a distance they1are seen to be contfnvous above 

, and below the cutting plane. Such behav10r 1mplies that the discontin-

ùity propagates with the blade movement. This 1s not the case 1n the 

f1nite element solution where the d1scont1nu1ty 1s assu~ ~o extend 
- . 

al1 the way to the.end boundary. Moreover, the dev1ation bétween the' 

exper1mental and t~ analyt1cal horizontal d1splacement f1elds 1nd1cates 
'--" -..,.. 

thit the f1n1te .rament solution underest1mates tbe horizontal diSP1T~-

ment~ in the zone nea" the 5011 Surfac~. wh1,. 1t ov~rest~mates "w:.J 
so11 .. SI situated d1rectly abole the cutting pl~ne. >, .~, 

\ Eum1,~tfon of ,the verUc,l disp.~CeMnt f.~dSot Figs. 5 .. 29 

,and 5--31, 1nc11cates a $1gnft-1cant dev1at1~ in the loc.at10n of the zer9, 

1.. 

J 

, . 
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vertical displacement'contour div1ding zones of upward and downward 

movements. lt is shown that the experimenta1 zero contour lies above 

the cutting plane for both the 100 and 500 inclined blades. The 

corresponding 11ne from the ana1ytica1 analysis, however, takes a 

different shape and 1 i es belqw the exper1menta l,one f?r both cases. 

Neverthe 1 es s, the qua li ta ti ve agreement between the two f'f.e l d s 

[experimental and analy-t1cal] 1s se en to be genera1ly satisfactory. 

5.6.3 - Pred 1 ct 1 on of Deforma t 1 on Energy' . 

It has already been noted [Section 4.B.5] that the deformat10n 

ener~ results shown so far have been experimental in nature, in that 

they were obta 1 ned by: 

1. the ap~11cation of the vis10plasticity method ,to the 

experimentally recorded deformat1on fields w1th 'the 

assUmpt10n that the stress~deformat1on behav10r of 

.. ". -. 
the so11 can be descr1bed by ~,rigid plastic model. , , 

"This 'mod~l in turn d.nds the fOllow1ng conditions: 
. , 

(a) the application of 'a yield criterion, 

l, (b), the measurement of a de~t1on field 

fram exper1ments and caleul.tians of 

the resul~"t stra1n rate fields w1'thin 

the loaded sol1. and 

(c) the Sélection of'plasticity flow rulls 
/ 

/ 

/ con si sûnt w1th the choie. -of ~he, yield 
fttf 

criterion • 

-' 

1 

" 

1 
1 
l 
1 

l 
l 

f 
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2. the 1ntegratjon of-the areas under the 

exper1mental1y measured force-d1splacement 

curyes. 

J twill be rlca 11 ed tha t the proposed energy budget' for the ' 

tool-sol1 system, ~1ven as Eq. (4.2), was written as: ' 

f F ds· 0 

c-CWork r~put) • (Defo~t10n) 
î energy 10S5) 

+ 1 

+ (Interfacial) 
energy 10$5) 

\ 

\ 
As the system 1s in a state of dynamie equl1ibrium such that the input \ . \ 

energy 15 expend~ completely in producing plastic deformation w1th no 

work oûtput and w1th neg11g1ble lnterfacial energy losses, the 4bove 

equat10n can be r~uced to: 

-f F ds • P 
s 

Energr models for the analysis and the prediction of tool-soil 

~n~eract1on performance will rely on the ab111ty to measure [or deter­

mine] response funct10n performance. So, wh1le the results of 1ntegrat1ng 
'>-

the areas under the experftnenully measured force-d1splacement curves' , , 
can,be consf<lered as a "'sure of the work input, the response functiorl 

is characterized by the work olltput or' the ,nergy dissfpated in the , 

" 5yst8n. '1 The wort output 15 detenn1ned ~ two me.tho<ls: one by using 
. " 

th. v1sioplast1c1ty I118thod, the other by u51ng the ftmte elément stress 

and stnin f1tlds • .. 

,~. / 
, .. 

" ,", 

" 
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F1rst MethM 

h1ch fol1ows the von Mises yield criterian, 

the total work done., and" hence the total energy d1ss1pated in plastic 
", - . 

, '\ , 

_----=-,.~"'~."':.:..;""::.::n~t~ion ~!'5~er Plan~~t,:"ain conditions was expressed previously by 

Eq. (4.11). . rep.ated ~or conveni.nee as: 

, ' D· 2b t 2 f2 I
Y2K lY2 dx 'dy dt: (5.4) 

t 1 Xl Yl 

Second Method 

_", The defpnnation' energy durin'g a t1me 1nterval can be . , 
~. , 

evaluated fram the finite element solution by the following equation 

[Desai and Abel (1972)]: 

\ 

O· f I[~]Td(t]_ dtdv 
v t' 1 

• 
[a],. el~nt str~ss matr1x. 

d[E) '. el~t 1ncremental strafn mat~1x. 

t ,. iner.nt durat1an. 

v~ • elament volume. 
, 

\ _r 

,Thè~. ~thodS a~ used to c.lC~la~e, the-deformetion 

energy of the tool-soil system. The results obta1ned from thefr 

(S.5 ) 

IPPl1~~10n are stWJwn in Ftg~5-32 ~nd 5-33 for" the 10· aM 50° 1~ltnÎd 
bled, prabl.s. respective1yoo COIq)Ir1sons of these results w1th those 

, ' 

-ob1:l1.i. frOll the-1~tegr.t1on of .... as und.r the experf1P8ntally " 

, 1 , .~ 

i , 

... 

• r" 
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C~PARJSON OF MEASURED ANO CALCULATED 
VA).UES·OF DEFORMATION ENERGY FOR THEl 

10· INCLINED BLADE - KAOLIN" CLAV SYSTEM 
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; 

measured force-displacement curves are a150 shown. The information 

is reported in Table 5-2 at 0.25 inch intervals of too1 displacement of 
• 

1.0 inch. The deviations between the values obtained from the 

application-of ~he two methods'outlined above, ex~ressed as a percentage 

of t~ appl~cabl: measured input energy, are indicated in Table 5-3. 

As pointed out earlier in Section [4.8.5]. the visioplast1c;ty 
\ method which assumes a rigid plastic model overpred1cts the deformation 

~nergy, e~necially in the initial stages of the deformatiOR process. 
j 

-
It 15 reason~ that replac1ng the. work-harden,1ng form of the stress-

stra1n curves -shown in Section [4.A.3] by a r1gid plastic fdealization 

should be exp~ted to result in the overestimation of the deformation 

energy, partitularly in the present case of gradual load applfcation. 

In the finite element analysis of the present problem, 

the 'so11 was treated as a no~-lfnear-elastic-:.stra;n hardening material 

,subject to boundary conditions of an incrementat forro, thus permitting 

ca1culatiQns ta be made .for the descript10n of the growth of stresses 

with1n the loaded s011 fram in1t1a1 ta f1nal stâte~. A solution qf 
" this form should be expected to prov1de better estimates of the energy 

!-./ 

d1ss1pated w1th1n the so11, 5ubject to the approximations made ,n the - . \ 
theoret1cal deve10pment. Compartsons of t~~finfte element calculated 

l w1th the e~'Per1menta11y obta1ne,d energy vilues demonstrate that the 
• D .tt 

~ 

developed analyt1cal model prov1de5 reasona~le prediction of the energy 

diss1pated in, the 5011. The average error of estimate 15 of the order 
" 

of JOSe while the ~1l11\111error 1$ 18S. 

!l. ... 

\. 
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TABLE 5-2 
,-.-

'. 
aJlPARfSOft OF THE OEFœMATION EHERGY VAlUES OBTAINED BY VARIOOS METHODS 

Fœ THE 100 AND 50· INCLINED BlADE PR08LEMS 

. 
Deformation Energy in.lb/in.width Angle of Sl.de . , 

vith Yerticil Tool D1sp1acement 

-

-
. d • ~.25 inch d .. 0.5 inch d • 0.75 inch , d c 1. 0 inch 

-
a b' te. C a b c a b c a b c 

-
ur . 1.32 1.95 3.92 4.60 , 7.65',8.35 12.05 12.62 

t 1.39 4.06 7.32 11.04 
100 1.20 2.05 3.86 "4.56 7.40 8.,25 11.71 12.50 

~--+---

~ 

29 

31 
!> 

. ~. 

i , 
l j • l 

\ fl v...tes'. 
\.... "" . 1 

"-

.~~ 

(1) 

(2) 
(3) 

50· 0.92 1.23 2.436 2.737 4.3 -4.95 6.57 7.50 
, . 0.79 ?17 3.83 5.61 soo 0.88 1.17 2.60 2.91 4. l 4.65 6.90 7.55 . 

- . --~ ~ , .. 

Col ... s he~ed with the letter (a) denote values obtained from the exper1mental force-d1s-
placement cunes.· . 

Collans head.ec:t w1th the letter (b.} denote calculated values obtained from Eq. (4.17). 

Columns headed with the letter (c) denote values obtained from the finite element solution. 
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'" TABLE 5-3 
, 

[MORS OF ESTIMATE~ OF DEFORMATIOrt -ENERGY VALUES FOR THE 100 AND 50 0 INCLINEO S,LACE PR08LEMS 

Test Defonnati,on Energy in.lb/fn~fdth 
No. Measured Error of Estf.te Measured ,[~g~ gf ~'mate Measured ErrOl- of ESl1mate Measurèd ~IIgI Qf E~tj!!lAt~ 

Values V1s1o- Finite Values V S 0- nHe Values -- V1s1o-' F nhe Values V1s1o- F1nfte 
plast1c1ty Element plasticfty Element plasticity Element plast1c1ty Element 

'" 
d • 0.25 1nch d • 0.5 inch d • 0.75 inch - d = 1.0 inch . 

27 1.32 + 47 .. 7 + "5.3 3.92 + 17.3 + 3.60 7. fI) + 9.10 - 4.13 12.05 + 4.7 - 8.40 . , 
. 

30 ;1.20' + 70.8. + 15.8·, 3.86 + 18.1 . +- 5.20 7.40 + 11.48 - 1.1 11.71 + 6.7 - 5.70 
1 . 

'29 0,,92 ' + 33.6 - 14.1 2.436 + 12.3 - 10.75 4.3 +.15.1 . -10.9 6.57 + 14.1 - 14.6 
- , 

. . 
,31 -- 083 • > + 32.9 - 10.2 2.60 + 11.92 - - 17.4 4.1 + 13.4 - 6.6 6.90 + 9.42 - 18.71 

o , . 
~ 6 

~-_. 

Motes: - .... 
Cl) Errors expressed 1 n percentage 'of measured _ va 1 ues. 

(2) Measured values refer~to values Obtained from the integration of the areas beneath the exper1mentally 
~sured forc~fsp1acement;curves. 
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CHAPTER 6 • 
FINITE ELEMENT ANALYSIS OF SOIl-GROUSER 

~ IftTERACTION PROBlEM 

A solution of the traction prob1em - that is, obtain1ng 
'J 1. 

adequate traction at a suitable spéed in a pract1ca1 manner and at 8: , 

reasonable cost - lies in an understandfng of: 

1. the manner in which stresses are appl ied to the so11 , and 

2. the rea.ct10n of the so11 to the app11ed stresses. 

Bearing in mind this understandi!,g, whkh 1s necessary to dea1 with an 

interaction process, a direction of approach may be establ1shed. 

As previously mentioned [Chapter 4], wh11e soil cutting and 

traction prob1ems can be considered to be one problem in principle, [both 

situations requiring analyses of 5011 stresses and deformations, as we1l 

as the evaluation o.f developed react10ns on the cutting or traction 

devices], the purpose of a traction device 15 to cause deformat10n of 
" , 

so11 in a.certain manner as to develop adequate traction capacity [optllllim 

developed reacttons]. To Ichiave this, 1t 15 necessary to change -the 

, geanetry ~f the traction too15, or, in other words, the 1nterac~1ng 

boundary col\41t1ons, in order to reach 'the manner of soi1 manipulation 

for 'the production of adequat,e traction. The importance of accurate 
#II " '. 

'specifications of boündary conditions cannat be overempha~1zed. 

t 

" , 
, , 

Three illu'strat1ve exemples are studfed in this Çhapter to 

d.,nstrate the ,al1dity of the proposed Method. Three grouser . ' 

gtélRetr1as were chosen for model1°ing by the finite e1ement method. 

These grousers are the plate grouser [R,A.P.G.] with an:aspect ratio 

(. ': 205 
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[h/l] of 0.833, ~he C.E.W. type (2) grouser, and the S.E.W". grouser, 

shawn ta scale in Fig. 3-1, Chapter 3. ~ The reason for the cnoiee ~f 

these grousers was based on the'fact that they represent different 

geanetrfes and therefore different boundary conditions. 

6.1 MESHES AND BOUNDARIES 

The meshes adopted for~he three grousers chosen for the 

fi ni te el ement ana lys 1 s are show" i" Fi gS • 6-1. 6-2 and 6-3. , The 

matel"1al is aga1n asslIIIed ,to be non11near elast1c with constitutive 0 

behaviordderived'from the stres~-strain resu1ts'discussed in Section 

4.A.3. The initial modulu~ 4 elast1city. Eo' ts assumed to be equal 

to the slope of the initial tangent of the ~erQ_~onf1n1ng pressure 
- ' 

stress-stra1n curve shCMn in Fig,' 4-7, and the Poisson's ratio, \J, 1s 

kept constant at 0.48 through the entire deformation process. 
'\ 

As mentioned earl1er.' plane strain condition 15 assumed in 
:: 

cross-section, and constant strain triangles are employed ta represent 

the sail masse Soma -object~ves in subd1viding the mass by C.S.T. 

(constant strain triangle] elements are the followfng: 

(a) Slna11 triangles in the areas of rnost 1nterest •. 
. . 

(b) All triangles approx1mately equ1lateral. 

(c) Less then 400 total triangles and 200 nodes ta keep, 

, cœputer starage requtrements down. 

(d) Ho MOre than six _ elemen~~ incident to any on~ node 
-

ta Il'''' computer storage. requ1 ~ts down • 
... ib'l4' • 

"~(el Unifonn IIItshes IS to fact l1tate plottfng and fnter-

pol.tian of results. 
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\ 

In all the ideal,izations, Figs. 6-1 to 6-3, cutting [joint] 

e1ements are placed on the plane where the cutting 1s antictpated. 
, 

This cutting plane 1s assumed ta start in all cases at the leve1 of the 

grouser tip. It 1s rea11zed that such an assumption can lead to"a 

certai n degree of êrror as the so11 '1s forced to separate off a parti cu­

lar plane having a fixed position ,and direction. Comparisons ,w1th the, 

ava11a~le experimental deformat1on fields, as well as the overalljper­

formanee, are essent1al before judging the extent of the val1dity of 

such an a~sumpt10n on'the solution technique. 

Figure 6-1 presents the ideal1zation adopted for the R.A.P.G. 

w1th [h/l] ratio of 0.833. As previously, ment1oned, observations of ' 

both the exper1mental 5011 displacement and velocity patterns indicated 
". 

that the 5011 situated in the rectangle formed by the two sides of the 

grouser experiences very little d1splacement relative to the grouser, 

w1th v1rtual1y no 5011 slip on the g~ouser interface. This zone was 

tenned the '~dead" zon~ in Chapter 4 and 15 presented in Fig. '6-4 as zone 

'ASCO'. This no-s11p condition ~11minated the need fo'r plac1ng in~er-

'face el~nts be~wee~th, soil and the grouser' interfac~. However,1t 

was obser~ed tha'. wh11e the dtld zone does not ekperi~nce'any appreci­

able slip on t~e',rou~~~ interface, relat1~e diSPlacem~nts_[or slip] do 

otcur between the \5011 in the "dead" zone and the surrounding sail mass. 
\ " ' . 

.These relative displacements OCCI.Jr on the outer edge of the IIdead ll zone 
'" 

represented b,Y plane 'BC' in Fjg. 6 ... 4. It was found out that in order ~ 

to Iccount for such 1 discontinu1~ in the deformation field, joint 

[interface] elaments must be 1nserted on the plane 'BC'. Fig. 6-4. A 
\ 

coaputer Ina1ys15 perf~rmed on the 1deali~at1on that did not inclu~e 

. , 

\ 
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such discentinuity showed that both the deformation field and the 

predicted forces do not corre1ate 'with the. experimental results. 

In Fig. 6-2, the idea1ization of the C:E~W. type (2) grouser­

soil system is shown with interface,~lements inserted on the grouser-

soil interface. In model11ng the S.E.W. grouser, Fig. 6-3, it· was . ( 

. found that---.interface elellent$ are not required as the~hor1z~fttal plate 
- ""\ 1 

placed o~ top of the grouser creates a no-slip Condition( sim1lar ta 

that observed in the R.A.P.G. case. ' 

, 
The sides and bottom boundary co~ions are s1milar to those 

adopted in the 5011 cutting analysis. It 1$ ass,lII1ed>that the side and 
t> 

bottom boundaries are placed on roll ers. The horizontal movement is 

,restrained on the sides and the vertical movement is prevented on the 

bôttom. Uniform horizontal displacement .s applied tp 'al1 the nodes 
, v 

1 \,,~ 

on the grousers' surfaces. The displacements,are increased i.n;ten 

" equal increments of O.~ ,inch each for à total d1splacenent o of' 1.0 inch. 
~ ,,'" \ 

OISPLACEliENT AND ~ELOtITY PATTERNS ~ . 

The nodal d1splac~nt patterns for the R.A.P.G.-soi1 system 

are shawn in F1gs. 6-5 and ~-6 for grouser displacements.~f 0.5 and .1.0 

inch. respective1y. From these plots the displacement patterns could 

be divided tnto three distinctive zones: 

1. The "dead Il zone. 
-Ob 

interface i5 seen to ve &5 a rigid body with very 

<little deformation. The r1g1d body zone can ~e 

approxt.tely defined as the material occupying the 
'fi 
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\, ii. 
triangle 'ACO' in Fig. 6-4. In the !i~1'nd~r ' 

• i ' 

of the "dead" zone 'ABC' in Fi g. 6-4, the noda 1 
1 

d1splacements indicate compression of miter1al 
- 1 

w1t"h downward motion. 

2. the 5011 occupy1ng the area above t~ cutting pline , 
... ~ . .. 

between the 'ldead Il zone and the si de- boundary., 

The nodal d1splacements 1nd1cate most1y an upward 

movement w1th the exception of the area adja~ent 

to ,the "dead" zone where the nodes are seen to 

continue moving' downward. The 4pward motion of 0 

~ 

th~ top surface nOdes' in this zone c1early tnd1cates 
\ 

the gradua1 fonnat1,on of surcharge. 

3. The so11 1,y1n9 be10w the cutting plane. This materia1 

exper1en~es very l1ttle deformat10n w~t~ downward ~ot1on 
, 

b~low the "dead" zone"and ~pward d1sp1acement for the 

5011 s1tuated i on the r1ght. 

The general d1splacement pattern suggests that the so11 

l' 

1 ~ \_ 

. defonnat1on, cttange~ from dOWllward mot1lQn,,1n the grou$er v1c1n1ty to . ' 

upward mot1on'away fr~ 1t, and the cutting plane seems to d~form 
, . , 

-accord1ng1y. Also. the.effect of the 1nterfice,elemen$ p1aced on 
't 1 ~ • 

'i plan~ "SC'. Fig,' 6·4, 0.., the displacanent pattern 1s ev1dent-in the 
'\ nodal- dfspl~cement plots, Figs. 6-5 and 6-6. In These Figures 1t is 

r • 

"shown that the ~on on the rightt1ands1de ,sl1des upward on 'this plane 

} [BC]. creat1ng a 'd1scont1nuity in the defonnation f .. 1eJd which is 

cOMpatible with experimental observ4tions as will be shown in a later 

Section: .. 
,. 1 -

t , 

1 
;'\ 

Q 

~ f> 
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) 
A11 of these findings cou1d be c!nffnned from the plots of. the' 

hor,1zontal and vertical nodal points' velocity contours shown in Fig~ 

6-7'. ,~hese velocity contours represent t~ soi1 ve10city d~ring the 

first increment of 1lefQnnation [0.1 inch grouser displacement]. It can 

be alsQ seen that the vertical interface elements create a ~iscQntinu1ty 
, 

in the horizontal velocity field. This behav10r 1s to be expected since 
• 

,the direction of the velocity vector outside the "dead" zone changes to 
1-

-
an upward position result1ng in a sudden reduction of the horizontal 

veloc1ty component. From the vertical velocity plot 1t 15 shown t~at , 
the velocity i5 downward 1n the Il dead Il zone, with the zone confined by 

,the two sides of the grouser experiencing negl1gible velocity [rigid 

body z~ne defined in Fig. 6-4 by ar~I]. 

1 The horizontal and vertical velocity contours for the C.E.W. 

type (2)' and the S. LW. grou5ers arè Ptotted in Figs. 6-8 and 6-9. 

From these Figures the following observations could'be maaé: 

1. 

-\, 

• 

o 

In the' case of the e.E.W. type ·(2)-grouser, the 

horizontal velocity aboye the cutt1ng plane 1s shown 

to decrease wfth increasing d1stance from the grouser 
" 

. 
, interface. Below the cutting plane, the s011.velocity 

~ 15 1n the di,rection of the grouser. I11Otio"( The hi ghest 

velocftY occurs in a zone near t'he grouser tip, wi th 
. \ 1) 

decr~sing values beh1nd ~he' grouser and'close to the 
l' • 

,,_' righthands ide boundary. 

'F~ ~~ Pl
l

ots of the vertical 'velocit; ;1;ld of' the C. E.W. 

typi'~~11 sysUm. Fig. 6-8, 1t may be seen that ~ 
• r 

.. contour bf z,,"o vertical vèlodty intersects the grouser . 

r 
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HORIZONTAL VELOCITY FIELD 

/ 

\ 

d 

1 
/ 
1 

/ . 
1 

FIGURE 6-7 HORIZONTAL AND VERTICAL VELOCITY FIELDS FOR 
THE PLATE GRQUSER (R. A. P. & .) - so 1 L S'STEM 

DURINe THE FIRST DISPLACEIENTo INCREMENT OF 0.10 INCH 

, 

(Contour Values ~~e in inches/minute) 
(Gt'OÛSIr V.locity • 1.0 1nch/1l1nu,tl) 
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HORIZONTAL VELOCITY FIELD 

-

0.025 

5 

YIItTItAI.. YA9ÇITY fIELD 
, / 

filUBE 6-8 'HORIZONTAL AND VERTICAL VELOCITV FIELDS FOR 
THE C,. E. W 1 TYPE (2) &ROUS ER. - siu L SYSTEM ' ' 

DURlNG THE FI"IT DISPLAe"iINCREMENT Of 0.10 I-NCH 

\ (C4II1'OOR YAWE$ ME IN ItOIES/M1JIJTE) 
(lRCIIsa yaocm • ~1.0 rlli!MtlllTE) 
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0.25 ' 
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fOUZONTAl VElOCITY FIELD 

-

0.05 

YEI\TICAL VELoctrv FIElD. 

HORIZONTAL AND VERTICAL VELOCITY 'IELD~ FOR 'tHE 
S.E.W .• 8ROUSER - .OIL SYSTEM DURtHG THE FIRST 

DIIPLACEMENT INCREMENT OF 0;10 INCH 

- , 
(CONTCIUR YALUES ·ARE IN INCHES,"I~E) . . 
(.œs~ VELOCITY • 1.0 INCH/MIME)' 
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( 1 nterface. Below the cutting plane, th1s contour 

15 d1splaced ta the r1ght due ta th~ influence of the 

éutting action. Below'arid behind thése zero vertical 

veloc1ty contours the mater1al exper1ences downward 

motion while above and in,frontthe soil moves upwa~. 

3. The plot of the horizontal velocity of the S.E.W. grouser­

sail system. Fig. ~9. indicateS the existence of a small 

"dead ll lone located between the soil-grQuser inter-

'face and the top horizontal plate. W1th the except­

ion of this "dead" zone, the x-velocity field for thi s 

grouser 1s s1m1lar in pattern ta that of the C.E.W. 

typè (2) grouser. However. the horizontal veloc1ty 

at any specifie distance tram the soil-grouser inter­

face 15 fou~ be lower ~or the case of the C.E.W. 

type (2) grD\Jser system, when cOOIpared with the values 
.> J.J ,"\ \ 

of thè S.E~W. field. This 1s agai~ attr1buted to 

the existence of a "dead" zone in the S.E.W. system 

wh1c~ creates a rig1d body zone. having ab~ut the 

~ velocity 15 the grouseç. 

4,. ,In the vertical veloc1ty plot of the S.E.N. system. 

Fig. 6-9, ~e zero vertical Véloctty contour i5 

seen ta surt from thé 1 eadi n9 edge of the tQp 

horizontal plate. creating a larger zone of down-, . 
, ' 

$ , 

, ward IIOvtng so11. Again. all the material below 

and' behincl the zero contour maves downward. whi1 e 

Above and in"' fr.ont the so11 MOves upwarct. 
. . 

" 

, , 

\ , 
l 
~ , 

. ~ 
1 

1 

1 
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411 6.3 STRESS ANALYSIS 

/" 

" 

As was discussed in Section 6.1, 1t was foùnd fram the examin-
1 

at10n of the experimentà1 d1sp1acement fields that there 1.s no need for 

placing interface elements a10ng the soil-meu1 1~terface for the R.,A.P.G. 

systah. The interface boundary co~dftions are assumed IS f1xed in the 

x-and y-directions for the nodes connected ta the vertical side of the 

grouser. HOwever" the nodes attached to the hor1zontal interface are 

assuméd to be fixed on1y in the vertical d1rection, but free in the 

hor1zontal direction. It was reasoned that these assumptions for the 

tnterface conditions wou1d 1ead to reasonable stress d1stribut10ns and 

consequently developed reactions. The d1str1butions of the horizontal, -vertical and shear_stresses in the so11 Obtained for the finite element 

idea1~t1on of the R.A.P.G.-s011 system shown in Fig. 6-1 are p10tted 

in F~9S. 6-10 and 6-11. Figures 6-10 and 6-11, show. res~t1ve1.y, the 
" ' 

stress contours for grouser d1sp1acement of 0.1 inch and 0.5 inch. 

A close looK at.these plots will reveal the fol1owing 

illustrat1ve points; 

1. Tbe largest horizontal compressive stresses occur in 
.' 

the "deai:l" zone w1th stress concentrations at the . -
, \ 

bottom of the vertical interface. 
-' . , 

2. In,dd1t1on to the d1scont1nufty in the hori'zontal 

s~ess f1e~d occurring across the cutting plane 

'.l .. nts, the vertical interface e1,ements plane 

[placed on plane 'BC' in Fig. 6-4] produce anoth~r 

d1scont1nuity. Such d1scontinu1tl~· how~ver. satms 
/ 

to result in no suclden change 1ft the horizontal 

stress magnitudes •. 

" 

': 
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3. It 1.s ~hown that whl1e the hor1zontal compressive .. 
# 

stresses above the cutting plane decrease with 

increasing distance fram the grouser-soi1 inter­

face, the reverse occurs below the cutting plane. 

This behavior 1 s attributed to the fact that the 

material located in the zone directly underneath 

the grouser 1s subjected ta hor1zon~l tensile 

stresses. These tens11e stresses gradually 

change into c~pressive'stresses wh'ch 1ncrease 

until they reach values sim11ar ta the' stresses 

developed above the cutting plane near the r1ght­

handside boundary. 

-, ,4. It 15 1ndtcated that the material conf1ned by the 

grouser s'ides 15 subJfctêd to very h1gh vertical 

compressive stres,ses (Oy)' Figs. 6-10 and 6-~1. 

OutS1~ the "dea~" zone the $tresses suddenly drop 

to • l1tt'~ more than half the magnitude. Further, 

t 

~. 

the shape of the contours in the "dead ll zone ind1cates 

the influence of the grouser sides. whl1e outs1de it 

the contours change to a shape s1ml1ar· ta what would 

~ expect~ from'. mater1al ~ith • free top surface 

bouncltry. 

An eXaminet10n of the shear $tress plots. 1nd1cates . 
tha~othe 'zone 'AC~~. in Fig. 6 .. 4 exPert.nces very 11tt1e 

",.'. \. ' 

-5h11r distortion. A zer9 shear stress d1v1de 1 

shcM1 to OCCUr ,on, the boundary ~of th1s ~onei , 

'.ft the atlria.1 15 shear1ng in a clockwise 

ts 

1thl] 

-
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~1rect1ont whl1e to 1ts right the shear 15' 

negative [ant1clockwise, direction]. 

6. The zone of max1mum shear stresses 1nit1ates at a 

tance fram the grouser toe level in the 

oad1ng stage, Fi'g. 6-10, a'hd 15 

1ng forward w1th 1ncreas1ng 

g.rouser displacemen tf1'g. 6-11. From the 

'plots-orne fa11ed elemen 

will be establ1shed that the zone 

sl1ear stress mayes outs1de the !ldead lt zo ; 

et la~ger grouser displaéement$. 

. , 
\ 

'" 
The distributions ,of 0x' 0y' a~TXY stressH for both" the 

C.E.W. type (2) and t~e S.E.W. grouser-s~~st~s are presented in 

Figs. 6-12 to 6-15. Aga1n •. thé stress co tours for these SYst~ are 

plotted at 0.1 and 0.5 inch of toot d,splaceme s. Exam1nat1on of 

the horizontal and verticàl stresses of ~he tWo sys suggests that, 
...... 

w1th the 'exception of the zone adjacent to the grouser interface, the 
"-.. ~ 

hor,1zontal, as well as the vertical' 'Stress distributions seem to b~ 

siml1ar. Moreover. ~he contours ma1n'tain the sa_ general shapes' 

w1th 1ncr8ls1ng grouser d1splac_nt. 

CoIpIr1sons 'of the stress fields in front of both grousers . 
show that the stress values near the tOI of the S.E.W. grouser are 

. " 
u , 

h1gher then those occurring in front of the C .. E.". type (2) grouser.; 

\ The"d1fference in stress magnitudes 15 attributed to the d1ffèrence 1~ . ' 

the grouserl' toe ~r1es. The attaé~ angle [angle between boi~om 
, portion 'of the interface and the e~tt1ng plinl] of the C.E.W. ~ype (2) 

"" 

.' \, 
" ,"j. 

." 'f4' 
i' 
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.. 
grouser is 9<1°, whiTe it, is only 67.5° for 'the S.LW. system, Fig.3-l: 

\ 

') Due to this variation, onê would expect higher stress concentrations 

for the acute grouser~ attack angle. Another dissimilarity is the 

higher horizontal .ang. vertical stresses d~veloping'\nder the top· hori-

zontal plate of the S.E.W. system. These stresses are caused by tbe 

confining influence of this plate on the adjacent material. 

~FinallYt the, plots of th~ shear stresses, Txy' for the S.E.W. 

system, Figs. 6-14 and 6-15, show a zero shear s~ress divide which 
---------------------

indicates the existence of a small II/dead" zone similar to the one 

observed in the R.A.P.G. stress fields. This zone can be approximately 

defined by the area located between the grouser interface and the 1ine 

connecting the grouser toe with the leading. edge of the top horizontal 

plate. IIns'1?e this area the material 15 shown to have negative shear 
" 

[i.e., c1ockwise] values - near the grou\er- interface. No indication 

of any similar zone is observed in the C.E.W. type (2) gqbuser stress 

fields. 

\. 

The development of the fal1ure zones fOt the R.A.P.G., the 
• C.E.W. type (2), and the S.É.W. grouser-soi1 sys~ems is shown in 

, 
Figs. 6-16, 6-17 and 6-18, respectively. For the R.A.P.G.-soi1 system, 

yie1ding occurs in t~ different locations, F1.g. 6-1~. Pl the toe of 

~~e grQuser, the adjacent element fails in increment No.S. In subse· 

quent increments, only one âdd1tional element 15 added to,th1s zone • 
• 

This sûggests that this zone represents a local fzed shear area caused 

by $tress concentr,tlons due to the cutting act1o~. The Ihain fal1ure 

1'n t'he mater1.1 OCCurS outs1de the so-ca lled "dead zone". 'It 15 seen . .---., .. 
that fal1ure starts in two elements Just outs1de the '''d_d'' zone in 

, . 
1. 
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(INCREMENT No. 8 - 6ROUSER OlSPLACEMENT c: 0.80 inch) 

-- -- ------

9 - GROUSER DI SPLACEMENT • 0.90 1 ne h ) 

-------------------~----

/ ' 

fllURE 6 .. 1§ 

(INCREMENT No. 10 - GROUSER DISPLACEMENT. 1.'0 inch) J 

DEYELOf71ENT OF FA IlJIRE Z,QNiS FOR THE PLATE 
'BAIISEI (s ,A, , , G , ) - KAOll N CLAy· SYSTEM _ 
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(INCREMENT No. 8 - GROUSER DISPLACEMENT = 0.80 inch) 

(INCREMENT No. 9 - GROUSER DISPlACEMENT .. 0.90 inch) 

.< 

(·INCR.EMENT No. 10 .. GROUSER OISPLACEMENT ~ 1.0 inch) 

~EIzO"Iitfi OF' FAILURE ..laMES EOR THE C. E.W. TYPE (2) 
, GROUSER - KAg," lM CI Ay SYSTEM' 
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1ncrement No.S a~d then moves upward and forward with increasing grouser 

disp1acement. Whi1e in the shear stress plots of Figs. 6-10 and 6-11 

the region of maximum shear stresses 1s 10cated with1n the lower part of 
fi -

the "dead" zone" it i5 shown ta be mC>ving forward w1th 1ncreasing grouser 
, 

disp1acement. The actual fa11ure occurs outside th1s zone starting in 

increment No.S. 

For the C~E.W. type (2) and the S.E.W. system, the failed 
"'-

ton~s, as shown in figs. 6-17 and 6-'8~ do not start at the grousers' 

toes, but at approximate1y the same distances where regions of maximum 

shear stresses occur, [Figs. 6-12 to 6-15). Of interest is the loca1ized 

failed areas near,the point of intersection of the grouser intejlace witb 

the free 5011 surface. Again these zones can be cgnsidered as 10calized 
, 

areas of maximum shear due to stress concentrations. However, it 1s 

seen that in increment No.10 these 10ca1ized fa11ed are~s jo1n w1th the 

main f i1ure 20nes. Another point of ~nterest is the extension of the 

fai1ure z e back to the grouser toe in the case ot the C.E.W. type (2) 

non that is not exhibited in the S.E.W. system. This 
l 

observation subst tiares the fact that a small 'lIde.ad" zone experienci n9 , " 

very lHt1e shear dis rUon ex1sts in front of the S.E.W. grouser. 

The n~nnaP pressure d tr1butJ0ns -on the R.A.P.G.-soil inter-
\ ' 

e are p tted in Fig. 6-19 et g~ser dtsplacements of 0.1, 0.3, 0.6 

,1.0 inthl\TheSe roulis ar' Ob~ned/Yd1v1d'1ng the react1ons' 

de,e peel .It 'h:.\lntellfaee nod'l polnt~Y the a~ of Influence Of' .; 7~1\ . he plob ,t"ldlC4te ~het the "".1_ pressure' on , 

\\ \ \ , r , 
\ \ \, > 

\ 
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• , 
t~ vertical side of the grouser occurs at the grouser toe where a region 

of stress concentration develops. At a distance of approximately h41f 

an inch aboye the toe, the nonnal pressur~ 1s found to drop to appro~i'';-') ... 
\ 

mately ha1f the v~ue of the cutting pressure. ' 1t 1$ a1$0 seen r 

this Figure that in the initial s~ges of defonmat10n 

displacement] no pressure peak develops on the horizontal interface. 
" However, with tncreasing grouser displacement a pressure peak starts to 

form on the leading edgt This behavior 15 attribùted to the -fonnation 

of a stre.:iS concentration zone, below. the leading edge, éaused by the 

confining effect of the horizontal interface. ~~ tangentjal stress 
'-' ~ , 

distributions are drawn for this grouser for ft was assumed that the 

nodes on the horizontal interface are free to move in the horizontal 

direction [smooth boundary], resulting i~ zero tangent1al stresses on 
~~ 

th1$ interface. The values of th~ tangential stresses on the vertical 

side were found to be of very small magnitudes. 
\ ----_.,----

F1.gures 6-20 and 6-21 show the normal pressure distributions 

on the C.E.W. typ~ (2) and the S.E.W. grousers, respectively. The 
~ 

,- C.E.W. type t2) grouser normal pressure d~stribut1ons are of parabol1a 

shape wi,th peaks at the toe and at the leading ~ge. Larger peak 

values develop on the lead1ng edge, accou'nt1ng for the apl?~ar~o.cenL--------
- ------~---------

fa11ed .1aments near t~ edge before the toe faUure conrnence5-.~-- __ ~_ 
,Q ~ 

r~'" Fig. 6-17. the sa.. arg";;ènt 1s true for the S.E.W._ sys~emt f.ig. -6-21, .., 

w1th the exception tha~ the lead-'ng edgl; 1n---thts-.pa~~~r~c~-:-f5----:--:--~-~--~ ---

, the top horizontal plate. \ ~:---- ----

. . ~ 

The ~orrespond1ng .tangential stress distributions on 

.. 
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grousers are plotted in F1gs. 6-22 and 6-23. ln both systems the shear 
~ 

stress changes direction at a certain point on the soi1-grouser inter-

face. But. while the shear direction is negative [antic1ockwise] on 

the bottom ha1f of the C.E.W. type-(2) grouser interface; an~ posttive 

on the top part, the,reverse occurs on the S.E.W. grouser interface. 

As the tangential reactipns are obtained fram reso1ving the horizontal 
"'. ~ . 

and vertical react10ns 1n the tangential d1rectio~, the direct10n of the 
". r 
, tangent1a1 reaction 1s expected to depend upon the relat1ve magnitudes 

of the x- and y-reaction components. The curvature of the C.E.W. type 
\ , 

(2) interface results in a cont1nuous variation 1n the angles made 

between the x- and y-reactions and the interface. This causes a change 

in the magnitudes of the tangent;al components contr1buted by each of , . 
. -

the Wor1zonta1 and vertical react10ns a10ng the curved~interface. More-

over; the presence of the top horizontal plate in the S.E.W. system 

influences the direction of the react10n on the 1nterface nodal points, 

re~u1t1ng 1n a negative [downward] $hear a10ng approx1mate1y the top two-

. th1rds of the 1ncl1ned intérface. 

\ 
. 6/5 CCMPARISON OF ANALYSrs WITH EXPERIMENTAL RES4LTS 

~.5.1 Comp!rison of Measured and talculated Forces 

~ 'forçe-d1sp~ relltlottS obtalned froin the f~n1.t~ 
el_nt analys1s for the ~~OU$ grouser-sol1 systems are shown 1n 

F1gs. 6-24 ta S:26, 1ncTuSiV~ The 1dealiz,t1o~st' assumptions, and 

the boUndary conditions adQptèd for the c6ilyses of these sys~ems were 
,"' 

, r 

diseussed in Section 6.1. PTotted on the SIMa figures are typical~ 

'-/ load*displace.nt ~r.eOrcts obtained fr~, the tract1~ series ... , For the 
~ 

r \ 
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sake of comparison. both the analytical and experimenh1 forces are a1so 

reported in Table ~-l aï 0.25 inch in~~rvals over a total grouser dis­

placement of 1.0 inch, together with the differençe between the two sets 
~ 

of values expr~ssed as a percentage of the>experimental vaTûe. 

The agreement between the experimental and the fin1te element 

results, cons1der1ng the numerous assUmpt10ns made, 1s generally very , \ 

satisfactory. The analytical and test results, however, show better 

agreement in the case of the hor'zontal forces, for which the percentage 

d1fference rarely exceeds 10%. In the case of the vertical forces the 
,.. 

average error of estimate 1s in the order of 20%, wh11e the maximum 
, ~ 

error 15 some 40%. It must bé noted that the trend of better predicti ons 

of horizontal forces was a1so observed in the soil cutting results, 

Sect; on 5.6.1. .. 

6.5.2 - Compar1son of Ana1xt1cal J"d . 
~perime"tâ' De~o['!lt1on 1elds 

,Typ1cal deformation fields 'for the traction test series are 

-shown inf1g5. 6-27 to 6-32, plotted at 1.0 inch grousêrd1splacemen-t.-----
1 

The analyt1ca1 fields obta1ned from the finite element nodal d1splacements 

are al so plotted on the same F1gur~s for compari,son. 

y Figures 6-27 and 6 .. 28 111ustrate the horizontal and vertical 

displacement fields for the plate grouser-so11 system. From the 

e~aminat10n'~res the'fo11ow1ng observat1oQs could be m,de: 

L Generally the corres~nden~e between ~be ana~ 
and ~"e exper1 men ta 1 fields for bath the horizontal . 

... 
af\d verttcal d1splac_nts 15 sat1sfactory. The 

/ ; 

\ 

ll. 
" '", 

~ 

";\ , 

,.., 
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TABLE 6.;r1-

,COMPARISON OF MEASURED AND PREDICTED VALUES OF , 
DEVELOPED FORCES FOR TRACTION TESTS 

GROUSER GROOSER DISPlACEMENT HORIZONTAL FORCE (lb) VERTICAL FORCE4.!_b) 
TYPE 

(inch) Measured Predicted Difference Measured Predicted Difference 
1 1 

""- -
R.A.P.G. 1 0.25 33.5 32.4 - 3.3 13.1 17.20 + 31.3 
(h/l • 0.833) 0.50 41.2 41.47 + 0.6 18.0 23.63 + 31.3 

0.75 44.5 48.0 + 7.9 21.8 27.43 + 25.8 
N 1.00 47.0 52.5 + 11.70 25.2/ 29.43 + 16.7 ~. 
0\ 

~ C',E.W. ty~(2) 1 
1 

7.9 - 11.2 33 0.25 21.0 26.0 + 23.8 8.9 
0.50 32.0 "34.88 + 9.0 11.0 12.71 + 15.5 
0.75 38.0 40.4 + 6.3 12.2 14.9 + 22.1 
1.00 40.0 43.78 + 8.63 13.6 15.4 + 13.2 

38 1 C.E.W. type(2) 1 0.25 26.0 
'J 

8.5 7.9 7.0 23.0 + 13.0 -
0.50 31.0 34.88 + 12.5 11.7 12.71 + 8.6 
0.75 37.3 ' 40.4 + 8.3 13. 1 14.9 + 13.7 
1.00 41.3 43.78 + 6.0 14.3 15.4 + 7.7 . 

1 S.E.W. 
-

32 0.25 30.0 29.,0 3.3 9.70 13.9 + 43.2 
0.50 38.8 37.98 - 2.1 14.7 18.2 + 23.8 
0.75 42.5 43.8 + 3.0 16.4 20.9 + 27.4 
1.00 44.0 46.97 + 60;8 19.0 21.53 + 13.3 ., 

31"" 1 S.E.W. 1 < 0.25 27.0 29.0 + 7.4 11.3 13.9', + 23.0 
0.50 35.0 37.95 i:- 8.5 15.9 18.2 + 14.5 ' .. 
0.75 41.1 43.8 + 6.6 18.8 20.9 + n.f -1.00 42.9 - 46.97 + 9.4 20.1 21.53 + 7.1 

,-

l' 
" 
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, 

f1nite element model~ however, is seen to possess 

""more rig1dity fn the x-direction, and more flexi­

bi11ty in the y-direction, when comparing·nodal' 
, 1 

displacements with those measured during the test 

• series. 
! 

lhere appears to be no d1scont1nutty in the measured 

horizontalcd1splacement fields, Fig. 6-~7, across 
, 

the position of the interface e1ements placed at 

the outer edge of the rectangle formed by the two 

s1des of the grouser, 11ne Be, Fig. 6-4. Such dis-, ~ 

" . cont1nuity 1s shown, however, to occur in the, experi-

mental vertical d1splacement field near the 5011 
~ , 

surface, Fig. 6-28. Such performancé 'substantiates 

the reasoning for plac1ng interface elements ort- t~s 

plane. 

3. Examf,nation of the exper1mental vertiçal displacement 

field conf1nns the fact that the 5011 l,~ated be.l~ ~'t 

the grouser moves-~ownward. wh11~ the 5011 in front ... 
" of the -g1"Ouser myes upward. Such parfomance 

corresponds ta that obta1ned tram the analyt1cal 

solution, shawn 1n .Figs. 6·5 and 6-6. -,- A s1gnificant 
~" -;;. . 

deviation betWeen the two f~eYer. 15 $h~n 

in the loc;ation of the zero vertical dfsplacement 

cOntour dfvfdtng zQnes of upward and downward move .. . . . ~ 

Ments • 
• 
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In cOf!Iparing the computed deformati,on fields with the measured 

• ones ~or both the C.E.W. ty,e (2) grouser and the S.E.W. grouser-soil 

systems, Fjgs. 6-29 to 6-32. the following points could be made: 

1'\ 

1. The computed horizontal deformat1on fields (or the .. ... 
two systems are shown to correspond very closely 

with the experimentally me~sured fields, with 

the f1n1tè element results again ind1cat1ng 

higher model r1g1d1ty than that of the physical 

system. 

2. From the vertical displacement plots. F1gs. 6-30 

and 6-32, the downward motion of the C.E.W. type 

(2) system 15 sh9Wn t_o be l oca 1 ized in a very , 

small reg10n b~Jow the toe of the grouser. wh1le 
< ...------

in ~~ase of the S.E.W. system the correspond-
~ , 

~ , 

//~ 1ng region 15 shown to be much larger. s19n1fy1ng 
// 

// the conf1n1ng e~fect of the top horizontal plate. 

'r 

Fig. 3-1. 

3. The loéaiio~ of the .zero vertical d1splacement con­

tour-line for both-systems 1s aga1n shown to d1ffer 
. ~ 

when compar1ng the computad w1th the measurad fields. 
1 

~~ ~asurld, field

t
1nd1cata 'larger zones of d~wn-

wlrd motion tha", sa obta1ned from the ana lyt1ca 1 
1 . 

~.,. This 1s bel1eY~ t~ ~ dtte to the pre-

def1nition of,the cutting pJané d1seont1nu1t1es in 
, ' . 

J • 

thè finite el.-nt model. 
.#' 
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6.5.3. Prediction of Defonnation Energy 

As out11ned in Section 5.6.3, the deformation energy of the 
, 

too1-soil system is Obtained by var'ous methods. These methods were 

class1fied as fo1lows: 

Experimental - by 1nt~gration of the exper1mentally measured force-
, ~~ 

------ , _____ ~-,,---------- disp1acement relat1onsh1ps, 

____ ~~-analyt1cal - by application ~f the vis1op1âst'city method to the 

/~/ ~ - exper1~ntally r~Ord'ed deformation fields, 

Theolet i ~al ! - by cal cu laU nd t~o defonnati on onergy of the fi n He 

_ \ e1ement 1dealizat1ons proposed 1n th1s study. 
\ ,v 

The resu1ts computed us1ng t~ese methods are p10tted in Figs. 6-33, 
1 
1 " 

6-34 and ~-35 for the plate (R.A.P.G.), the C.E.W. type (l) and the" 
1 
1 

S.E.W. grbuser-soi1 systems~ respect1ve1y. In Table,6-2 the ener~y • 
values are reported at 0.25 inch 1nterva1s of tool displacement of 

1.0 inch. The dev1atfons between the semi-analytical and theoretical 

values of deformation energy. expressed as a percentage of the values 

obta1ned ftom the intégration of ~he areas under the measured force­

d1splacement curves. are shawn in Table 6-3. It 15 seen fram these 

results that, as in the case of the s011 cutting compar1sons', S,ecti"on 

5.6.3, the v1s1oplast1city method overest1mates the deformation energy 
... , 

in all cases, whtle the f1nite elament results show'a better correlation 

"wtth the measured input energy. T,he reasons given in S$Ct1on.5.6.3 
... 

o 

for the d1screpa~c1.s betwlen the twb predictive methods ~lso apply to . ' 

, ' 
the above results. 

., 
, 

" 
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COMPAR ISON OF MEASURED AND ,CAlCULATED 
VALUES OF DEFORMATION ENERGY FOR THE 

~LATE GROUSER (~.A.P.G.) 
(KAOLIN CLAY SYSTEM) 

(Grouser Aspect ·Ratio (h/1) = 0.833) 
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COMPARISON OF MEASURED AND.CALCULATED . 
VALUES OF DEFORMATION ENERGY FO~ THE 
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TABLE 6-2 

~ 
oP CoMPARISON OF THE DEFORMATION ÊNERGY VALUES OBTAINED 

e> 

8Y THE VARIOOS MET HOOS,.f OR TRACTION TESlS 
" \ 

, 

• 

, . 

$T' GROUSER b-' 
, 

No. TYPE 
ÀÏ :--1001 Dfsplacement 

<'. - d * 0.25 inch . 1 

1 

- \a'~ 
'-=..... • \.......-

34 R.A.P..G. 
(h/l • 0.833) 1.56 '1. 90 1.40 

~ 

33 C. E. V. type(~) 0.821 1.44 
, - 1.09 

• 
.38 C.E.W.type(2) 0.95 1.34 

JI 

32 S.E.W. 1.31 1.70 
, 1.35 

37 - S.E.W. > 1.42 1.79 
'. 

~ 

- .DEFORMATI~ ENERGY IN.lB/IN.WIDTH 
-

Taol Displacement Too1 Displacement 
d z: 0.50 inch~ d ~ 0.75 'inch 

1 -
/' a b c a b c 

. 
4.26 4.445 4.05 , 7.343 8.255 7.21 

2.76 3.36 5.278 6.24 
3.32 6.01 

3.10 3.4 5.91 6.35 , 

3.79 3.97 6.72 7.38 
" --

3.77 6.70 
3..4 3.9 6.51 7.12 

-~ -- -_. -_._. - .- --- ---~ 

Tao1 Oisplacement 
d zr 1.0 inch 

a b c 1 

11.14 12.70 10.~ 

. 8.57 9.6 
, 9.05 

8.70 9.4 -

10.29 11.35 
9.94 

10.6 11 .71 

N 
U1 
\D 

Notes: (1) 

(2) 

(3) 

) , 

Columns headed w1th the ~etter (a) denote values obtained from the experimental force-displacement curves. 
Oolumns headed with the letter (b) denote calculated values obtained from Equation (4.11): } . 
Columns headed with the letter (c) penote values obtained from the finite e1ement solution. 

l' 

1 . 

• 
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? T~8tE 6-;3 
~. 

ERRORS OF ESTIMA TES ~ DEFORMATION ENERGY VALUES 
FOR TRACTION TESTS 

TEST No. DEFORMATION ENERGY IN.LB/IN.WIOTH -
J 

\0 
, 

C ~ ~ 
Measu~ .. Errer of Estt_tes Measured Error pf Edi.teS Measured Errpr pf Estimates Measured Euor of Estjmates 
Values V1s1o- F.E. Values Visio- F.L Values' Vis1o- 'F.E. Values Vis1o- F.E. 

plasttctty plasticit? . plastici ty ( p1astici ty 

d· G.2S inch d" 0.5 1nd;'~':: d = 0.75 inch d Il 1.0 inch 

34 1.56 +22.œ -10.25 4.26 + 4.34' ~ 4.95 7.343 +12.41 - 1.8 M1.14 +'14.0 - 2.6 

33 ~.8~ . '+15.3. +32.7 2.76 +21.7 +20.1 5.278 +18.22 +13.8 8.57 + 12.0 + 5.5 

38 O.95~ ~ +14.7 3.10 + 9.6 + 6.51 5.91 + 7.45 + 1.70 8.70 + 8.04 + 4.0 

, 32 1.31 . +29.8 + 3.0 - 3.79 + 4.74 - 0.5 6.72 + 9.82 - .30 1'().29 + 10.3 - 3.4 
, . 

37 1.42 ".)~6~O .. 4.9 3.4 +14.7 +"10.8 S~51 + 9.37 .+ 2.90 10.6 + 10.4 - 6.2 
Ji': 1 

-i 

1 
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6.6 

I,t 1s recalled that the stresswstrain relationships for the 

so11 represented bi'the continuum elements in the finite élement . 
, . 

solution were obtained by subjecting pr1smatit samples to a plane-strain 
, # • Iolr , 

, l~g condition in a modified triaxial cell [Append1x ~]. These 

" . ' 

1 tests wer,e performed in arder to ~eproduce as, closely as possible the 
... 

plane strain conditions applicable to the'soil cutting and traction 
. . ". -

exper1mentdl boundary conditions adopted in thfs study. In addition 

to these tests, an axisymmetric loading condition was applied to 
/ 

cylindrical samples placed in a standard tr1axial celle The main 

objective for conduct1ng ~he ax1symmetr1c tests was, aS\mentioned 
"-

\ \ 

pr,viously, to ~er1fy the fact that the nonexistence of a well-define~ 
( oN ", 

,fa~lure c'ond1t1on 1s not a,resUlt of the plane stra1n "True T~~1" 

test cons,traint [Section 4.A.3. J. '" 

The app11cat1.on ofax~s,Yl,Tl1letr1c triax1al Joad1ng condition 
1 • '1 • 

\ 

15 considered a standard testing procedure, requfring no $·pedal " 

devices. This i5 not the c~se w1th the plane stra1n laad1ng,cond1t1on ~ 
~, / 

which 1$ Vi~ed Ur a special type of test. . Due ta th~s fact, it 15/ 
of 1nterest to examine the sensit1v1ty pf the proposed finite element 

analys1s to the str~ngth test 10ld1ng~condit10n. as ~r as its effect 
'. 

For thfs purpose .the artiffc1aJ clay~grouser oh the predfcted results. 

i~teractian problems were analyz~, empl0~g the ~~put stress-stra1n 
1 • , ~ 

curves of bath laa,ding conditions. The stress-stl'a1n curves obtained 

from both the axfsymmetrfc a~ plane stratn load1ng conditions for the 

artificial cl~ are 'shawn in F1g~ A-6. Appendix' A.' The aTt1f1c1a' clay' 

1 

/ 
/ 

! 
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. ~ , , Ir'. " 
was chosen for the sensitiv1ty analysfs as the pe~formance of this clay 

'is not 1nfluenced by the magnitude of the cO)1fining pre.s'!ur.e. Appendix A. 
>f , 

and hence one stress-stra1n curve 1s emplqÇed for each loading cbndition.' 
, ". 

'Moreover, sueh anaTYsis leads to further ~eriffcat1on of' the validity of , 

~e proposed analytical technique when' applied to tool interaction with 

/ a. purely plastic ~ter1al. 
'. 

It has been shawn in Section 2.4.2 that for a plane strafn 

loading co~dition of an "incompressible material (v • 0.5), HQoke's Law, 

Eq. (2.28), gives: 

, 
with the tenn (al ',", a.)k

1 
repreSjtnt.1ng t·he slope of the secant modulus, . 

'l' , " • 

(ET)' of t!* d,eviator stress, (al - as), versus principal stra1n, El' 
/ \. . , / 

curve 1ta1ned under plane stra1n 10ad1ng co""f.tion. Equation (2.28) 

S1~r'i,f1es to: 

E • ! ET (6.1) 

, . ~ , 
It should be po1nted out hare that E represents the elast1c modulus 

1 ~ 

of the· miter 1 al whfch 15 a material property and should not depend on" 

~ the lolid1ng eondtt1orh On the other hand, the modulus ET' 15 obta1ned, 
" 

in thts caS', fram the stress dev1a~r-princ1pal strain curve 'resulting . 
fram plane strain load1ng. 

ln the ~,,'s,1llllletr1,c tr1ax1al comprus1~n test, .. 
1 and 1 

al • a, E2 • '. <!> 

.. ' 

.' 
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. 
Apply~ .,»ooke i s La~ for an 1sotropic, linear, eUstic mater1a.l, in a 

, . 
principafplane, Eq. (2 .. 28) reduces to: 

(6.2) 

a. 
E • e: • ....,..-.-- r" (0' 

Z 't. 1 
+ '0' ) 3/) (6. 3). 

For an incompressible material " r= 0.5. and froml Eq. (6.2), 

(6.4 ) 

Also, in an unconf1ned compression test a, = 0, and from Eq. '(6.2),. 

(6.5) 

Equat1,ons (6.4) and .(6.5) represent the slope ET of the deviator stress, 

(0'1 - a,), versus principal strain t El for the axisynmetr1c triaxial 

and unconf1ned compression curves, respect1vely." Thus in these two 

cases, 

(6.6 ) 

Employi~ Eq. (6.1) and Eq. (6.4) together with the appropriat~ 

stress-stra1n curve fo~ the artificial clay, shown in Fig. A-6, App,nd~x At 

'- the problems of the R:A.~.G •• the C.E.W. type (2). and the s.~.~; 9.F.ÔUse~IH ... 

I~ere analyied. The i4ea11zat1ons presented in Section 6.1, F1Qs.6-1, J.ft 

6-2 and 6-3~ wére adopted."· The predtcted forces, obta1ned from:(l) the . , 

~, ~ analys1s 'employ1ng the ax1symmetr1c stress-strain curve and Eq. (6.6), 
~ 

f l, 

, .. , ,. (2) 'the 111411515 uSfng ~e Plane-st,af: cur~e and Eq. (6. i). and (3) th. 

~I'~ exper1ments"are plotted as a funct10n Df grouser d1splacement in 

Figs. '6-36, 6-37 and 6-38 for the three grouser~. It dln be seen from 

1 . 
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, ' 

these Figures ,that employing the plane strain curve results in lower 

'pred1tted horizontal and vertical forces when comparéd wi~h those r
: 

obtamed from the analysis adopting the ax1synrnetr1c triaxial curve'. 

This behav10r can be explained by the fact that while thè plane 'strain 
• 

loading condition produces a stress-stra1n curve exh1b1~ing h1gher 

stresses, Fig. A-6, Appendix A, the~elastic modulus, E, in the fi~ite 
t 

element analysis employing the plane strain curve 1s taken equal to 
'\ 

three-quarters tha~of the curve secant value. ET' Eq: (6.1). ln case 

t,oi t11e .na:ysls using the aX1symnet,ri~ curve, on thè other hand, the E 

\ values are taken equal to the seç~nt, values, of thEfaxisynmetric curve, 

Eq-. (6.1). This resulted in slightly lower' E values for the plane 

strain case. and hence lower predi~ted forces. The d1fference 1n E 
. 

values result1ng fram the two loading conditions 1s attributed to t~ .,. , ~ 

non-unffarm and",d1ssiml1ar d1strib~t10ns of 'stresses and stra1n~ w1tn1n ~" 
the cyl1ndr1cal and p~ismat1c sample,s 'd'ue ~he effect of the end "- -... 

restr!in~and side restraints in the case of p14Qe st~a~n load1ng 

condition. FinallYlI It 15 of Interest to note that 'Wtf11e both techniques' 
) 

, . 
, pred1c·t hori zontal forces which ag,ree closely w1th the mells~red values, 

, ~ 

the ver~lè~;/~r,~l-~~ ~talned f~om the a~alYsÙ, employ1ng the ~]ane strain 

curve, correlaté~~e~ter wlth the~measured vertical, forces. 
. . , 1\, , , , 

i~ 
, J 

1 
4~ 

1 
1 

, 



, 
"-

CD! 

'" 

--

\}/ 

" ) 

." 

~"/ ""''''.11:'" 
'1' 

,,' 

• .. 

FIGURE 6-36 N OF MÈASUR 
ZONTAl.AND V 

(H/L = 0 

AND PREDICTED VALUES OF D~VELOPED 
ICAL'FORCES ON THE R.AtP.G. 

,. 

c. /' 
r 

/-
""" 

\ 

\' 
( 

'" , 

)1 IN A~TJFICIAL CLAY 

1 --0-
. 1 
, Î 

, 1 ; 
---o~ 

:1 

--e--

. ----

Pr~1ct1on based on ax1symmetr1c 
(stress-strain) curve. 

ed1ct1on based on plane stra1n 
(ttress-strain) curve. 

~ 

==0-- Q------------~a 
.--~====~.~~ .. ~==== 

_________ 1 0- 0 -- i - • ", . - , _::"'-

• o 

'. '.. 1 III 
i • Vertic« rJrce 1 ~' 

0-= 1 _0 ~ d' r ... , _ 1 D 0,-----

_0----.-1-,'-0 0 0 D a 1 -- 0 D 

l ' • 
1 1 
1 1 

"7"0 ,.). ,- i ~- ',-.- -... • 
• "'" .-:'" _.- 1 /-

.. -

0.2 

~' 1-
"'- 1 

" 
0.3 0:'4 '0.5 

G~OUSER DIS~.C~Etrr, INCHES 
'\ 

~ 

Direction of ~ert1cal Force 15 Upward 

0.6 

. i -
f 
f 
$ 
f 
i 

. 
, ~ "::" i 



: J 

.'r 

) 
• 

41 

,~ 

, 1 - " 

~ 
\ 

l 

l , , 
,.~:' 

...... 

" \ 

~ ~f ~ --.-.~~-ytit~~rn~ ~-"--~~.1i- _n_...,..... --
:;. 

... o 
/" , ~~ .. ~-" s 

( " 

COMPA~,JSON O,F kEASUREn AND "REDICTEn V'LUES OF DEVELOPEJ) 
HORIZONTAL AND VE,RTICAL FORCES OH THE C.E.~I. TYPE (2) 

r,ROU~ER IN A~TlflClAL CLAY . , 

,. 
---12--- Prediction ~sed on axisymmetr1c 

. (stress-strafn) curYe. 

.---~Pred1ct10n based on plane stra1n 
,(sJ{ess-stra1n) curve. 

_....=:.. Experimenta 11 y measured 
, . 

... 

r 

. " _. ~or.tal Force 
~_____ a- ~.- , ~ . .:.. -5? --------=. -. _. __ ....-.;Q,.:::; .. ----a---· 
~.~ " . ' 0 ---- =~.;:.:==-: ..... ----• 

, 0 Q 
• P 

o -o. 
o -

N 

~ 

, Vert1ca 1 Fem " 
_ a CJ a .' 12 a. a a 

.~a_-~---. 0 0 0 0 9 
~o 0 0 • 

fi -. • 
.",.--. . ---

ft .. • .f( 

\ 

," 

Dfrect10n .of VerUèaf Force 15 Upward 

0.2 0.3 . 0.5 '{O.6 ' 0.7 0.8 0.9 .0 

l !,-

\ 
., 

GROUSER DISPLACEMENT. IHCHES " 

~ 
" ~~.., 

'P \ 
.. ., .' -, :." .. <'~~~ti._,---

, ~ 

~ 

\ 
\ 

1 
• 1 . 



-
'. 

(~ \ 
. '\<- ., 

---- '--

, 

\ 

• 

o 0.1 

w • ,0 ,# 

\ 1 \, , 

\ 
, \, .... ~ ,', ,\ , 

\ COMPA~I.ON OF ~EA~UR~D AND PREDtcTED VALUES OF DEVELOPED 
;, .HOR IZ#L AND -VE Tl CAL, FORC ES ON THE SIE 1 W,I, GROUSER J N 

1 \ : Il W - l i oARïIFIClAL CLAY .~ 

\ 1 \ 

\ . ~ \ 
, l, \ 

1 

\ 
\ , , 

\-
\ 

" 

\ 

ri' 
\ '1 

'\ 

~ 

\ 

\ 

" Prediction based on axis,Ylllletric 
-D- (stress-strain) curve. 

, Prediction based on plane stra1n· 
'---0--- (stress-sirlin) curve. 

_.- Experimentally measured. ~ 
, ;.. .. 

, 

Jc-' 

\, 

Vertica.l Force ~ \_" V<II '" 

cl -' 0 D'- ~'D __ ---g-__ .:...--~ar-_-l--~o~ 0 0 ~ 
" --=0 __ ... : -t • i!<. -------. \ 

Direction 

\ 

N 
0'1 

'" 

0.2 O ~. . ., 0.4 0.5 0.6 .0 

GROOSrn DISPLACEMEtIT. lOCHES 

\. 

~ 

f 
l 

\ . 

6 

o 

-, 

l'ft%. 2 a . '$. ç • ..,.:-, $ ~.... ---&.. ... ., .. ~-,,- --

\ , 



.... 

, , 

• • WI! 

CUAPTER 7 

COMPUTER SOLUTION AND COMPARlSON WITH 
ANALYTICAl RESULTS 

• 

7 • 1 1 NTRODU CT ION 

:' 

. 
In Chapters 5 and 6 the results of the so11 ~~tt1ng and tract10~ 

experiment'~, conducted during the course/of th1s study, were compared w1th 

the' f1n1tf. -elem4U'lt apl11yses. The agreement was found to b,a sat1sfactory. 
. . 

Follow1ng from Fig. 4-1, the purpose of th1s Chapter 15 to estab11sh the 

val1dity of,the ~eveloped solution technique by presenting a number of . . , . 
ver1f1cat10~s of the s~,lut1on aga1nst convent10nal methods based' on 

closed-form solution schemes. 

lold-deformat1on character1st~cs of a long vertical réta1ning wall w1th . 
50'1 mass on one side. 0,,3' The ,detenn1natton of the-.ac:tual earth) pressure 

.. .,~" ,,.... ~ 

-.._·· .... ·tin>~e"wall 15 ~~treÎnelj compltcated, because it depends on the relative 

.,-.nt of the Wall and thé, soil. This relative movement mobil1zes 
~ 

frictional and/or adhesional fQrces along the soil-wall interface wh1ch . 
• 1 _ 

affect the earth pres$ure magnitude and direction. Although mariy . ' 

.xper1ments have bee~) ~arr1ed out ... on the lO'ad-defo~'~ion charact!tr1st1è's 

of w~l1s, there 15 no widaly accepted the9~Y\, to detenn1ne the load-
< , 

d.formation r.lationship. 

, " . ~~. -,' ~' Whl1. "the :~rése':t ~~d; i~ ~1~1'~ concern~ w1th 'the"'anaryses 
~ . '. 

of simple so11 cutt1ng'""~ traction problems, the f.111lr case gf two- , 
'\ -

. d1Mns1onal sail -response encounterecf in long retain1ng walls ~.n 
, , 

'. 
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y1eld1~g in a passive sense bears.a close paral1el ta w1de cutting 

blides mov1ng in 5011. This 15 part1cùlarlY t~ue ·~s· the tenn -;'pass1"ve ' 

, earth pressure". in the broadest sense. ind1~ates t~e resistance"'of Il 
" . 

mess of '5011 aga1nst d1splacement by lateral pressure. Bear1ng this. 
1 • , .-

in mind. the passive earth pressure beh1nd '4 mod,l reta1ntng wall has / , 

b.en~calculat~ by Il nonl1near analys1s w1th d1ffer1ng boundary 
e 

- conditions employ1ng the developed computer progràm.· T'he results 

obta1ned from this analys1s are compared 1n th1s Chapter w1th results 
• 

obta1ned (r~ the class1cal theory of earth pressure. 
y 

The aS$.8ssment 

of the admissab1l1ty a.n~ viabi11ty of ~he solution technique 1s 

carr1ed out through a parametr1c study ta estab11sh the relative 
~ 

1mportance of the various features and assumpt10ns 1mplemented in the 

f1n1te'element technique. 

The second part of th1s Chapter 15 devoted to compar1sons 

of ~o11 cutting and traction analytical' Ind '.Jtper1mental res~' ts 

obta1ned 1R th1s study wllh results COC!Iputed f.rom ex1st1~n~ .theor1es. 
s.j 1 

The sequence 1n presentation of results and related d~scüss10ns for 

th1s part 1s'cons1stent w1th the earl1er. separa~1on of the overall 
" . -

problem under study 1nto _pwo p~'nc,pal parts, i.e. so11 cutt1ng and 

tract10n. 
'. 

, . -. . 
7.2 lOAD-DEfORMATION CHARACTERISTJCS fOR A 

SiRI' OF CtRi VERTttAC WAtt RrntNINii. CLAY 
- . 

", l.:.!:l" Background . 
. ' ... 

T~ CISI o~ i s111)P.le retaini!'g .',' tfKl its intera'ction w1t~ t 

a ~soi1 was treated. by Coulomb (1776) .• ACt RanUne'.(1é57). Ines 'the 

\ 

.' 

~' 

\:1 
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th~Qries developed have continued to be us~d wfth remarkable success 
'" 

Q up to the .present .time as t~ most ~orrmon. basis for the èleslg" of 

:re~ai ni ng wa 11 s. F'rom thëse theori es the resultant' of the earth 

. pressure acting on the wall ~t some 11miting conditions can be 

'ob~i~ed, wi~hout, howev~r, any information ~s tq the deformation of 

the wall or earth. In.both-theor1es the earth mass 1s assumed to 

tielJave as.a r1gid-plast1c IRêterfa'l governed by a t1ohr-Coulomb fa1lare .. 
criterion, and the structure itself is assumed perfectly rigid. 

Only through experimental work such as that of Terzaghi (1932, 

1934. and\1~36) and more recently Rowe ~nd Peaker (1964), and James and ~ 

Bransby (1970). an insight was ga1ned into the wall deformations 

associated with the limit conditions'and,the dependence of earth 

pressure on mode of wall deformation. Ta account for the effect of 

the mode of wall deformation. more sophist~cated li~it theories have 
., 

'. . 
- been d~veloped [Hanse" (1953)", Drucker (1~53), and Soko1ovsk1 (1%5)] . \ 

.' r which have application to a much w1der cl~ss of p~brems than the simple 
~ . 

retaining wall. Elastic solutions have al 50 been der1ved which can 

account for the flexibil1ty of the structure [Hetenyi -(,1964)' and Finn 

(1963)]. In either type of solution however, the material behavior 

is highly idealized; in the first instance the earth maS5 i5 assumed 

to be.~ rigid-plast1c mater1al go~~ed by a Mohr-Coulomb fa11ure 
, .:;,. • 0 

, \ 

criterion, wh1le 1n the second 1t is assumed to ne homogehous.' isotropie 
v 

and l1nearly e1astic. regardless of the stress level. \ 
\ 
\ 
\ 

G1r1javal1abhan and Reese (1968) f1r~t demonstrated the 
" r 

successful s1mulation -of ~ retaining wall p.,oblem by finite element ' 

techniques. . They analyzed two model retaini~wall test~ in which 
, , 

, . 

/ 

,1 



" 

.~ 

" , .1 

• 

- ~~~------~------------

271 

, 

the wall was forced 1nto f'irst ft loose, and then a 'dense, backfill 'by , \ 

pure t\tans1àt:fon. A non11near e1astic model was entployed for- the 

sol1 and the interface ~,ween the wall,.and the backfi11 was, 'assu,"ed 

perfect1y smooth. Remarka~le agreement w,as obtained when, com~aring 

the pred1ct~ and observed resutts. 

Morgenstern a'1d Eisenstein (1970) conductéd fi,nite element 

analyses to 1nvest1gate the effects of the foundat1on d~format1ons as 

wel1 as those of excavation on retain1ng wall behavior. Two problems ", , 

wer; analyzed J in the f1rst, the wall was assumed smoot'h and unmoving, 

the 1 nteriaèe between the so11 and the wall smooth, and the 50 il to be 

l1nar e1ast1c •. The f.oundat10n layer underly1ng the wall varied from 

zero th1ckness to a thickness equal to the he1ght of the wall. 
, . . 

Rela~1ve to a nonnal 1,1near ko djstr1bu~fon, the1r~naly~~ S owed 

that t~e éarth pres~ure near the bottom of the wall was 1ncreas d and 

\ , 

at the top d'ecrèased, in 'sOme cases go1ng 1"to tension, as the t 1ck­

ness of th~ foundàtion layer
1

increased. I~ the second set of nalyses, 
, , 

the Wall was aHow~ to y1el~ in .an acttve and passive sense by 0.0025 

of waJl height. In this ~.se they'nQted t~at th~ boundar1,condit10nS1\ 

between the foundat1~n laydt and the rig1d base.have a signif1cant 

effect on the earth pressures. the pressure'~fStr1but1on on the,wall 
. 

becoming nonrtnear. w1th ,a rough boundary for bath' the I,ethe and pa'ss1ve 

analyses., \J {, 

~ 

, ~;Analys.s of reta1n1n"walls weré performed by Clough and 

DunCln (1971) 'us'ng the onè-d1~nsionll element Of-Goodman et al. (1968) 
f 

" . 
to s111111a~ the interface betWém the wall and 'he b«ckf111. The wall 

- . 
was ~ssUMed to he e1ther perfectly rough (~ •• ). perfectly smooth'(6 • 0) 

, ' 

, 

·f 
-,,' 
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or moderately riJugh (6 = 2/3 </». and it was di$placed by rotation and 
1 

translation in both the acttve and passive senses. The minimum 

active and maxlmum passive pressures calculated in these ana1yse5 .. ~~, .. 

were found ta be in good agreement'with' the results of the c1assical 
~ 

earth pressure theory. and'the amount of movement requ1red to reach 

the full active and full, passive condit10,ns were found to be in agree-
, ' 

ment with the'results of the model reta1ning wall tests perfonned by 

Terz~gh1 (1934). 

7.2.2 Finite Element AnalfsiS of the 
Reta1n1ng WaH"Prob an 

1 

! 
(a) Idea li zation: Severa l ana lyses were collducted to 

eva1uate the effectiveness of the analysis. procedures dcscribed 

previous1y, us1n9. the rig1d wall and backf111 shown in Fig. 7/'. 

81g1nnin9 from initial at-rest pressure condition,. the wall was 
l , .. 

moved toward the baekf111 'n a series of 1ncrements, adju$t1ng the 
• 

propert1es of the elements in accordance w1th the stresses for each 

increment to approximate nonl1near behav10r, [Chapter 2]. The w,n 
l ' ' 

was a$sumed to be e1ther perfectly~rough [i.e. no poss1bi~1t~ for slip 

between wall and 5011]. ·pe~fectly smooth [no shear stre"es at the 

tllbrlace]'. or moderately rough (soil-wall adheslon ,ie':!ioy';:ned by 

nonl1near. stress ciepende~t 1nterface behavior]. The moderately, 

rough ['Soil-wall adhes1on] case was s1nulated in the finite ~l~nt 

analysis by insert1ng interface elements bebleen the 5'011 .and the wall, 
i ... .,! 

Fig. '7-': 'The boundaries were placed on roller~ such-that 'horizontal' 
, ., " 1:. '.. I..~ . 

d1splacements were preven~ed on the sides and no, vert'lc:.al moij'ement wa5-. 
allowed on the r1gid base. 

\ 
! 

/ 

/' 

" 
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Ta examine the influence of the cutting plane ado~ted in the 

finite element idealization on the developed farces,and pressure distri-
, ~ 

butions, on~ of the ideal izations analyzed did not include',;' cutting 

plane. It ~Uld be recalled that these planes were included 1n the 

formulation ta accaunt for the severe relative disp1acements at the L 

wall base, especially at large wall deformat1on. 

An lncremental-1terat1ve methad of non11near~nalys1s was 
o 

utilized to solve the problem. This method of analys1s was described 

in detail in Chapter 2, and used in the s011 cutt1ng and traction 

ana1yses~ The non11near plane-strain tr1ax1~ stress-s~a1n~urves 

shown in Fig. 4"7 for the kaoHnit. Clay wer. u~ in fe ll~IIY~1s to 

represent the constitutivé behavior of the constant strain tr1angular 
. , 

e1ements. For the interface and cutting e1ements the hyperbo11c 

relat1onsh1ps of the tange~tial stress-disp1acement eurves. shawn 1n 

Fig. 4-13, for the soi1-to-so~1 mode, and in F1g. 4-1~ for the soi1-to­

metal mode, were utilized. the shear strength of the clay ~as about 
1 

1 

1.16 psi, and an initial ela~tic modulus of 90 psi was, adopted. Th~ • 

P01sson l $ ratio, \1. was kept constant at 0.48 in al1 the p~ob1ems. 

A total wall movement of"o.11nch was appl1ed 1n ten equa1 increme~ts,,: , 

of 0.05 1n<:Jl ~h. Three terat10ns were performed dur1ng each f~c~nt. 

" j ''/ 

(b) Variables 5 One of the purposes of ana1yz1ng 

the 'retaining wall .problem was to study the influence of the boundar) 
/ ' 

conditions on earth pressu e and 5011 deformat1on: Knowledge of the . 
~ /' .\ ~ " ; 
~ndlry c,ond1t1ons 15 as sent1al-for the reHable est1mate of latera' 

'~~ads and defbrmat10ns as th the initial conditions and the constitutive 
! 1 re1atl~~. These boundar conditions 1IIIst represent the Interaction // 

I~'./ J _ / . f ' -~; . 
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1 

between the son and the wall rather than be simple analytical, conditions . 
such as "r1g1d, per.fectly rough" or "perfectly smooth" [Clough anCl Duncan 

• (1971)] • ,. 
Anot~r purpose of this 'study 1s to demonstrate the sign1ficance 

of spec1fy1ng tJe boundary conditions at the basè of the wall. ~In view -

of the marked difference in the soil deformation above and below the 

level of the wall base, a discont1nu1ty in the finite element idealization 

must be incorporated at this level in oYder to account for the relative 
" 

d1$placements occurr1ng in the so11 media, espec1ally at large wall 

defonnation. Such discontinufty is essent,ial as there is no provision 
(\ 
~ , 

in the oonvent1onal fin1te element theory ftor relative d1splacements to 

. occur between adjacent elements., It will be recalled that the dh­

~nt1nuitY behav10r as adopted in th1s studY 1s governed by the so11 

constitutive shear stress-relative displacement r.lat1onsh1p. 

The sign1f1cance of prov1d1ng such' d1scon~1nu1ty can be 

danonstrated w1th reference to Morgenstern and Eisenstein (1970) results. 

Figure 7-2 shows a set of results 'obtained for conditions 'of passive 

pressu~e where the will is pushed into an elastfc med1~ by a distance 

equal to 0.0025 of wall he1ght. lt 1s seen that the passive resistance 

1s 1ncreased substant1ally by the presence of a rough r1g1d base at the 

bottom'of the excavation, Moreover, the influence of conditions along 

. the rig~d base decrelses w~th 1ncrels1ng distance fram the bottom of the 
, 

excavation. Morgenstern and Eisenste1n concluded that the boundary, 
J 

concUt1ons between the r1g1d 'base Ilnd the f<Sundation layer have li s1'g'nif1-.. 
, ~ ---e ~-fT'" 

cant ~fect on, earth pressures, the ~u~~.,.dtstr1but1on on the wall . 
t.. ,J 

becOIItng nonHn .. , w1th • rough boundlry. It 15 argued, here that such 

, ,! 

l 
\} , 
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l" ,,-~ . ~ 
an effect resulted from inadequacy of the'proposed f1nite ~lement mod~l 

ta deal w1th relative displacément at the bott9m of .~he excavation. 
• l' 

" 

In their model the wall MS to drag all the foun~ation. l'Ayer as it 

maves. which results in ve~y high pressures at t~e base of the wall as 
1 

, j 1 

shown in their pressure distributions. More ~pp~ec1ation of this point 
! 

hw111 be"ge1ned in the next section with thet~resentat10n of results and 
, __ ". t# 

related discussion. 

i _, \ . 
With this understend1ng of the problem. fdùr analyses of walls 

; .. '.,.,.. --
.~ .. transl~ting in "",passive sense were performed. Table 7-1 l1sts the 

different schemes employed·in the analys1s of these problems. 

Results and Discussion 

(a) Total lateral pressures: '" The tata l 1 atera 1 pressures, 

for a 4.0 inch model reta1n1ng w~l1 are plotted in Fig. 7-3, as a func-t1on 

of the wall displacement 'toward the backfill. Each of the pressure d1s-
. , 

placement curves 1s label1ed accordiog ta the problem boundary conditions 

adopted (Table"7-1]. On the sarne Figure the classical passive earth 

pre~su~e value for a smooth wall is.also plotted. According ta the 

Coulomb and the Rankine theor1e5. a 5011 with no friction (+.,0) but 
) . 

w1th cohesion (C > 0) will offer res1stance to lateral d1splacements " . , 

expressed by: 

p • t y HZ + 2CH p . 
,~ , 

, At depth h below the 5011 

, 
;'. 
> 
'11 

P~ 

(7.1) 

surface, the lateral res1stanee w111,be , 

/~. . . (;Ci::J 

, 

• 
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Cutting 1 Total 1 No. of 
Plane 'No. of Interface 

Elemen~ El~s 

-
No 302 .. 

Rough ~. r Yes - 1 316 

-11111 adhes,ion 1 Yes . 1 324 8 

SIIooth. 'Yes '316 . 
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PRESSURE RESU~TANTS ACTING ON WALL 
CALCULATED FROM THE CLASSICAL EARTH 

{ 

, PRESSURE THIORY AND THE FINITEELEMENT_ 
HETHOD PLOT1ED AS A FUMeTION OF:WALL 
DISPLACEMEN'. • 

Class1cal Earth PresSure 
, 1.. 

Max1wun Force for, Smooth Wa 11 ~ 

legend' 

Finit. Element Results 
" ---- --~.-..., 

• 1 Smooth wal" ~ c~tttng plane 
, 
" 

~ 1 'Plrfectly rough. wall - cutting plane 

--<:>- Wall adhes10n - cutting plane 

'. ,Perfectly rough wall - no cutting plane 

. 
. J 
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Pp • total l,ateral pressure on the wlI;l1. lb. "- "-

y • sMl den~ ty, pcf. 

H • wall height, f~et . 
. 

Ph • lateral pressure ,at depth h below the so11 
-
surface, psf. 

The data in Fig. 7-3 show that the classical passive earth 

p~es,ure 1s reach~ at d1fferent values of wall movement. depending 

on the boundary condit10ns assumed. 'At an 1nward mOvémènt of the wall, 
'" - . :' , 

f 6, of on1y 0.11 inch [or at a 6/H ratio of '0.'0275J. the perfectly rough 

wall-no cutting plane \OOd~l reaches the ·value pred'icted by the clas'sical 
, 1 l ,.' ~ 

." . 
_~~~~~es-stWe-theory; For the smooth wall-cutting plane model, the 

, • .... 1 1 

passive condition 15 reached at the largest wall movement 6 of 0.05875 of 

wall hefght~the perfectly rough wall-cutt\hg ~lane and the wall adhesion-
'\-

cutting plane models lie in between the above two limits. 
. .. 

\ - ---;- - . 
. ______ ---Iabl-e 7 2 pnsents a sUIlIMryof the total lateral pressures' 

-- --------" 1 

calculàted by the finite element analyses as a pèrcentage,of,the classical 

earth pressure value for a" smooth well. 
, 

From th1$ Table, and al~o fr'OIfl • 

Fig. 7-3, the follow1ng observations can be made: ~l, - --

1. The e"fect of the cutting plane '1s to reduc'. the total 
, . 

----_\ la~eral pressure o.n the well. The reduct\on varies from r -----
- ,...)' 

32.51 for AtH of 0.025" to 28.51 ~or ~/H of O~125. Su~ / 

r~uction ,1s çaused. by the decrease )n the magnitude of 
'. 1 \ ' 

. .' pressure develop1ng at the bb~tom of the wall ~shown in 

the Pressure distribution dtagrams. Figl. 7-4 a~ 7-5]. 
- \ 

'f) 
\ .. 

I~,-. . 
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, 
2. As would be expec.ted, wall, translation with '11, 

adhesion [perf~t1y rough case] incrèases pressure 

on the back of the wall. whj1e the.case of no wall 

adhesion [smooth] gives the minimum pressure. The 

wall adhesfon [f.e. interface element] model 1s seen to 
• 

11e between the ~wo lim1tin~ assumptfons. 

(b) Wall pressure distributions: The lateral earth 

pressure distributions for the four" cases be1ng discussed are shown in 
, . 

Fi,9S. 7-4 to 7-7. inclusive. These pressure distributions are plotted 

for v~rious amounts of wall translation and each of the pressure-depth 
. \ ) 

·curve shown 1s label1ed accordi09 to the amount of inward wall movement 

1::., as ,a ratio of wall height, H. In the$'e Ffgures the latera1 passive 

earth pressure dfstribut10~ computed from the classfcal theories of 

Coulonô and Rankine, Eq. '(7.2).15 &150 plotted. 

It 15 'of 1nterest ~ note that a stron'gly nonlinear distribution 
. 

arises in the case of a perfectly rough wall wfth no cutting plane, 

Fig. 7-4. Suth nonlinear1ty 15 shown to be due ta the development of 

svbstantia1 lateral pressure along the base of the wall. This ,distrf­

butfon.wh~n compared w1th the distribution of the perfectly rough wall­

model, Fig. 7-5, indicat~s close s1m11ar1ty for the upper 

three-qUart~~s of wall he1ght. \' In the lt)Wer q.u~rter of the wa11~a ,- 1 

reduct1~ in pressur,e of more than 501 resulted when 1nclud·1ng. a , 

plane in the ftn1te elament analys1s.~ It 1s seen that, without taking , , 

1nto consideration the ~~1' 1nterfa~e Character1stics, the cutting plane 
. ' 

.adet 1ndfcates closer agreeMent with the classical theory d1str1but1on. 

• • l 

~ 

.~ ,. 
,. , 
." 
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PliURE 7-6 YARIUIOI Of HORIZONTAL WALL PRESSURE DISTRIBUTIONS e "II" RI' 'liVE WAIl MOVEJ!tiNT 
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F lIURE 7,.7 _ VAR UII,ON OF IiOR IZONUL WALL PRESSURE . 
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Examination of figs. 7-5; 7-6 and 7-1, discloses the influence 

of soil-wall interface characteristics on ~he shape of the lateral 
"''--

pressure distribution. The main difference between the various shapes 

15 exh1bited in the nonl1nearity of the d1agrams near the soil surfa~e. 
, . 

Wh en the wall is considered perfect1y rough the pressure.reaches a 

minimum near the wall mid-hei ght and then i ncreases approaching the so11 

surface. In the cases of the smooth wall and the wall adhesion niode\.s, 

the pressures are seen to be minimum at the 5011 surface, with lower 

values fo y the smooth wall. Closer agreement between the pressur& 

distribution of the wa 11 ,adhesion case and the classical distribution 

15 aga 1 n ob served. 

The tangential pressure distributions are plotted in Figs. 7-8, 

7-9 and 7-10 for the perfectly rough-no cutting plane, perfèctly rough-

cutting plane and wall adhesion-cutting plane models, respectively. It 

15 seen from these figures that the direction of the tangential pressure 
\" Il 

15 mostly downwlrd except at the base. of the wall where 1t reverses t 
" , \ 'Ir 

upward, The existence .of a cutting plane 1s shawn ta reduce the ward 

tangential stresses at the wall base. Fina,lly, the wall adhe on I1IOOe1 

15 seen -to exhib1't very l1tt1e ,uJ*ard pressure ~t the wa 11 J"se .. and 

sna 11 er tangentia 1 pres sures along the wa 11. / / 
, / 

(c) Stresses in· sol1: 1nce ~he str ' s distr1butign ,IMtY 

be used as t~ buis for predi 1n9 the locatio 

it 1s of 1nterast to compare the influence 0 the boundary 
)( 

- " 
on the 41str1but10n ,9f' stresses in the 50 

-~ 

Three exaples of contours of hor1 zon 

/

1 

/ 
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FI6URE 7-8 
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FIG~RE 7-9 VARIATION 9F rANGENTIA~ PRESSURE DISTRIBUTIONS 
WITH RELATIVE'WALL MOVEMENT 
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FIGURE 7-10 VARIATION OF TANGENTIAL PRESSUR~ DISTRI-
-, BUTIONS WITH RELATIVE WALL MOVEMENT 
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are shown in F1gs. 7-11 ta 7-13 fo~-ttlê~perfect1y rough-cutt1ng plane, 

wall adhesion-cutting plane and smooth-cutt1ng plane models,- ~ -_. 
. ,~ 

These examples are al1 for wall movement, 6 of 0.05 of wall hefght, and 
·r 

therefore the d1ffèrences arise f ~ ~the bo~ndary conditions. It is 

t substantia1 d1fferences exist in the stress 
') . . 

d1str1but~' the three caSéS. The hol'boota-l, veni-c-al aM- ~ar 

---- .' ~ses deve10ped for the case of perfec,tly rough wall are shown to ~ . 

~~ much h1gher than those developed in front of a ~th wal" w1th the \1-

stresses ~or the wall adhesion case lying in beJween. Also. wh11e the 
, ------~ 

contours of the horizontal normal s~..ess:;' crx' seem ta ma1nta1n the 
~------' . same general shapes for the~ree cases, the vertical stress, cr, d1stri-

~------ y ~ , 

but10n for the ÇJ.se"ôf a smobth wall differs from the other two cases. 
~---

A large zon~ of the;sai1 in front of the smooth wall ~pèriences zero 
-' 

vert'ical stresses or very slight tension. was also' 

Observed in case of cutting blades, Section 

. 1 , 

placement of 0.5 inch. 

analyses w~re performed ___ 

alled that all the cutting ~lade _____ 

interface elements which sUSlge5..L..IJU~~~-----,-

effect of,the roughness of the moving elament [on the upward tangent1al 

stresses] 1 s to retard the formation of zones of vert1ca) tensl1e stresses. 

In case of shear stress distributions, it 1~ se en that the 

'stresses developed in the wall adhesion case are Véry s1ml1ar to those 
, 

exist1ng in front of the perfectly rough wall. Much lower4shear 

stresses are developec:l when the wall 15 smooth.. It 15 clear fran the 

above discuss'1on that the affect of soil-wall interface condition 15 

very pronounced on the development of stresses in the. so11 mass • 
. ' 

.. 
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IN psI 
C<»WRESSIOH(-) 

(a) PERFECTLY ROOGH WAlL - o;f'FTJIli PLANE SCH9tE 

-1.20 

(~WAl.L ADHESION (INTERFACE a.amrrs) - ~TTING lUNE SCH91E , 
." .. ' 

f11Ùl17""11 ....... TAL HOII1M. maH. CJx,· Il 1 ELIt fOI THI " 
VM10US SCHIMII EMPLOYED IN THE' A.LYIII 

OF THI RITA IIIINI WALL PItGILIM 

·,( .... ..,.IIENT. • 0.05 H) 

. . 
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-OJ!i/ 

. 
IN PSI 
CtJi1PRESSI 

'(.) PERFECnV ROUGH W,L .. CUTTI~ PLANE SCHBlE 

o 

- .~o 

IN pst 
• 

(b) WALL ADHESJM. (JNTEltFACE ELEMIIm) - CùTTINS PLANE SCHl'ME 

V8TICAL _w. ITRE8', 0,, FIELDS FOR. THE 
VAR JOUS ICI •• IS a.t..OYID. IN THE AllAL VII S . , 

OF THE RETAININ6· WALL PROBLEM 
- (WM..L MWIbrr A • O.a H) 

/' 

" 

, 
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.. 
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+0.25 

IN PSI 

(a) 'P.'EllY Rœ8H WALL • CUTTl .. PLANE SCHEME 
.. ~ l, 
« 

+0.50 

~ f -, 

~ 
............... _..J ~. 

+o.Z 

.. fA_7~» 

IN PSI 

(a) WN.L AlHSIOM (IMttIIft,cE ELlIIBtS)-ctmIM PLANE SCHEME . , 

1 

./ 
IN riI 
o 

(cl .... 1MLl- QlTTI. 'PlME !Qt8I[ 

ItIIAR ·1TIt1"~ '5c1' ·F laDS FOR TIË VAR 10US 
. Kit ••• 8IPLOV1I'i IN THE A.LYSII OF THE 

RITA" ........ , f'ROILEM. 
aaL ", •• rr A • 0.81 ft 

\ , . 
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7.2.4. 1 Sunmary 

" 

\ , , , 

>. 

. 
The study descr1bed in th1s Section was ,përfo~d tO,obta1n 

comparisons between,the fin1te element results derived fram the 
-

1dea11zat10ns and the solution techn1q~e developed w1th a convent10na1 

method based on a cJosed-fonm solution. To th1s end a typiçal 

example of a nonl1near problem of a long vertical retaiil1ng wall w1th 

cohes1ve so11s on one side was analyzed. Four schemes were adopted 

to examine the influence of the sail-wall interface c~cteristics 

and the effectiveness of 1nsert1ng a cutting plane at the base of the 
, 

excavation. ,Examinat10n of the resul ts reported in this Section 

shows that: 

(i) The effect of the cutting plan'e 1s found to reduce the 

'magnitude of the high pressures,developed at ~he Will base 

, caused by the'1nadequacy of the convent1ona1 finite 

'element idea11zat1on to account for the 5011 relative 

displacements at the bottom of the excavation. 

(b) The so11 stress distributions are shown to de pend on the ' 

soil-wall interface condition. The so11 stresses, for the' 

case of the perfectly rough wall are shown ta be the 

- h1ghest, followed by the soil-wall adhesion case, and 
-

then the SIIIOOth ~ 11 scheme. 

(c) Vith reg~d to the ~1~ pressu~~ ~~~!~~b~:ion as 1nfluenced 

by the d1fferent schemas of SOi1tw111 interface charaeter-
,\ ~~~ . 

. 1stics. it has been ~hown that'the sail-wall adhesion 
. . 

fint~ .1 ... n~ schema [employ1ng interflce elements] 9ro-

vides titi closestcorrespondence to the c11551el1 Mrth 

press,," ~1str1butfon. 

l 
,~ 

", 
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7.3 SOIL CUTTING PROBLEM -
COMPARlSONS VITH RESULTS C04PÛTED FRŒ4\ 
THE PREVlOUS THEORIES OF SOIL CUTTI"_ \ 

,~ - ~ ~- .. ..... .....". -

• 

\ 

The prOb1ems of s011 cutting have been studied by severa~ 

tnvest1gators [Append1x C].. Most of the theories leveloped to pred1ct 
r 

the forces on-two-d1mensional cutting b1ades were bâsed on the assumpt-

10n of a slip surface along wh1ch the fai1ure of the 5011 mass takes 

place. Osman (1964) has shown that the ~thod due to Ode (1938) for 
• the solution of the plastic equi1ibrium of the mass of soi1 within a , 

curved fa11ure ~oundary yiel1ed accurat~ correlation w1th exper1menta~ 

o~'servat10ns in three types-)~f ~0f1 [vh. a purel'y frictional t a purely 
• 

cohes1ve, and a C-+ type of 5011]. A s1milar 1nvest1gat10n.carried 

out b~ S1emen's et al. (1964), when re-assessed on the sQtl values 

worked out by Bal1ey (1964). a'150 showed tbat the logar1thm1c spiral 
• ~ ! 1 

methOd gave good correlation with exper1mental observations. S~e of 

the widely used' rel~tions are due to Reece '(1965) and Hetti~ratchi et 
, 

o al. (1966), whtch a150 use the analytical solution due ta Ode- for com-
1 

pu~ing the forces on blades.. In this Section, the results 0l)ta1ned 

fram the finite alIMent analysis and the experimental data will be com­

pared w1th those obta1ned fram Reece .00 Hett1aratch1 et al. methods of 
, . , 

cQllPUtatfon. (-',') , '.,' , . 
~ . 

Reece (1965) proposed ln equat10n sfmflar to that of Terzagh1's 
i . , .,..4' .. 

bar1ng capàc1tyrlèluat1on [Terzaghf .Ù944)]. ta capute the draft f~rces 
• J - \ 

on 1 ~1I11nSfoft"" blad.~' This equat10n has the fonn: l'\. 
!l.. ... 

F lb/ft'· 2CbN + 2b i yN + 2bqN + C bH c y 'q. cs 

'.J : \ 

(7.3) 

.. 
/ 

, , 

.' 
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F • force per unit wtdth. 

b • 1 characteristie dimension.' 

C • eohesio","--
.) 

y -,so11 density. 

" q - surcharge pressure. 
, 

Ca - s011-metal adhes10n. 

• 

Nc.Ny.Nq.Na • d1mens10nles~ faeto~s depend1ng' on shape of so11 

(a11ure surf~~e. --, 

-

'1' 

( 

In Eq. (7.3) the four terms on the r1ghtbandside represent the 

eff«t of the ~ol1" s cohesion, '1t~ wetght, :ny...,surChargi~O~~ that 1s 
1 ' ~., 

present., and the adhes10n that develops between the s011 and the blade 

surface. Th, X-factors are d1mens1onless Dumbers descr1b1ng the shape 
._ ".k>;{-\ 

of the so11 "à1lur~ surface. They. therefore. depend on~the angle of 

internal fr1ct10n.~.t the angle of wall frictton.6. and thè shape of the 

structure and ,~o11 ~ss 1nvolve4 1n the system~ 
, 

It must be pointed out here thlt Reace's eqult10n 15 not bas~ 
, . ~ , ~1 \ 

on any r1go~ous mathemat1cal p~oof~ ~n 'ddit1on. 1~e,fa11ure-zorié 
\,.../ ! ..6) 

. chosen" as Reece adMits, dOIS not even fulfl1 tht.. 1tions of .static 
, ~'~ . ~. 

equi1ibr1um rit resulta in an impossible $tress,s1tuai1~ ~t the aetual 

blldé surface], let .lone kin_tic ~~(iU1rements. The simple four-part 
• . r' ~ 

~!:- ~ equation [Eq.(1.3)] w1th 1ts di.nsfonless N .. factors are shown ta be 
:,1- :~:< :~ 

" \·""'·':.:~·depenc1lftt on t~ .1n variables [dens1ty 'Y. cohesion C, ad~Ca' an~ 
'~ 

\ su.rçba.-,e qJ, , .. d~,n9 to a certatn degree of error. The 'magnitudes of 
'. .. , ' 

error in predfct1ng the forces on cutting blades, employ1ng Reece's 

.tton. "' ... "al~ted by t:tett1ar.tcHf et al. (1966). / 

.\ 

, , 

, 
'. 

1 

! 

f 

, . 

l , 

; 
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• 

While Eq. (7.3) includes terms for soil-metal adhesion and 

surcharge effect, Reece (1965) presented charts·for the determination 

~ the Nc and Ny factors' on 1 y [1..,. sa t1 we 1 ght ~nd cohesion .ff et ts,) , 

The cohesion valu~ for tha.kaolinite c1ay used in this study 
, , 

was fO~\d to be 1.16 psi [Fiq. A-5, Appendix A]. This value, together 

, with an· average value of soil dens.ity of 0.060 lb/1n~ was used' for the 
l 

calcul'atiàn ~f forces on the blades employing Eq. (7.3) t with the soil 
, 

adhesion ~nd surcharge terms om1tted. The computed horizontal and 

vertical forces are compared w1th the finite element and exper1mental 
~ 

results, in fig. 7-14 and Table 7-3. 1 
Examinat10n of these résults are 

\) presented later on'in th1s Seeiion. 

An investigation was undertaken by Hettiaratch1 et al. (1966). 

to check, the solution of the passive earth pressure problem as proposed 

by Reace (1965) and to present computed values of his N-factors for the 
, 

solution of stmple two-d1~nsional soil cutting prob1ems. Briefly, the 
-

logarithnic spiral method as, ltsed by the authors assumes a composite" . 
failure boundary composed of Il curved part 'BC' [Fig. 7-15] and a plane 

'section 'CD".. • The, latter 15 the last ~l1p p1anè of 'the, Rànkine passive 

zone 'ACD' which joins up w1th the failur~ pline contain1ng the lower 

Mge of the 10aded interface. Th'us 'CO' and 'AC' mak.e an angle of 

• 

(.45, - .(2) w1th the horizontal free $O~ 1 surface. The curved Part 'BC' " 
~t i __ \~ 0 

js assumedj \ to be part of a loglrithm1c spiral represented by r • r 0 e~tan~. 
// ~" " . 

where ri 15 the initial radius 'OB' and ,CA! 1s ~he spiral ,anglèo ' BOC l 
• 

,the, pole' 0 of the SptnlJs ISs&lll8d to 11ne on 'CA" o~ 'CAfe prOduced .• 

·"'.·<~;d ... tiy th .... 1$ an Iqflnl;;·..,.;.... of ~S~I.dle fll1ur~ s~rfac.s for .~ l ' 

-~~ 1nt.ri.ce gecIIIItry consistent with the location of the pole at 

l':~ ". '" 
" 

'. 

, 
1 

; 

, ~ 
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R Reece 
U Hett1aratehf et al. 

o Exper1ment,1 

A Finite Element 
t 

t 

HOr1 zonta 1 Eor,c-es 
• 4 

~ert1cal Forces 
Il. 

.. D 

3(} 40 • 

Angle of Blade' 

" 
1 nè ,11 nat 1 ôn (begrees) 

1 • 

"c 
0 

A 

PLOTS Of. HORJZ.OJ'TAL AND VERT ItAL FORCES 
.~ VS ANGLE OF' SUDE INCLiNAT ON FROM' 

EXPERIMENTAL RESUlTS, REECE, ,ETTIARATCHI 
ET Al~, AND F INlTE E MENT 

•. METHODS OF COMPUT ION" , ' 

, , 

"~ 

"'~ 
"~~ 

'i)~ 

f: li 
~ 
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CCJlPARlSON OF HORIZONTAL AND VERTICAL FORCES OH 
SOIl-CUTTING BLAnES BY DIFFERENT METHODS 

, 

HORIZONTAL FORCE 

es 

~ 

~ 

VERTICAL FORCE) 

ANGLE OF BLADE INCLINATION-DEGREES ANGLE OF BLACE INCLINATION-DEGREES . 
Of 

10 20 40 . 50 10 20 40 50 
, 

Reece's Équation . 32.2 27.8 20.6 18.8 - 9.9 .: 6.2 - 2.8 - 1.45 . 

!+ 
Hettiaratchi et al. 

Equation 40.6 36.8 25.95 22.05 - 8.45 - 2.94 + 1.73 + 2.38 

Finite E1..nt at . . 
0.5 inch Displac..ent ' 42.46 - - 21.25 - 1.-15 - - +10.90 , 

Experf_nt et 40.8 39.0 '27.8 24.3 - 2.13 + 0.50 + 7.90 +12.2 
0.5 inch Displacement 44.0 ·35.5 ~.O 24.0 - 2.75 + 1.20 '+ 7.0 +13.1 

Finite Element at 
1.0 inch Displacement" 54.07 - - 26.07 - 2.15 - - +13.2 

Experiment-it 56.1 49.0 32.1 29.0 - 2.3 + 1.7 + 9.3"' +14.2 . 
1.0 inch D1spl~cement ' 60.0 46:4 36.3 28.2 - 2.7 + 4.1 +12.4 +14.13 

L-~ ____ ,_ 

, - Negative values 1nd1cate upward forces. 
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FIGURE 7-15 DETERMINATION OF PASSIVE EARTH PRESSURE BY 
D1~AR ITHMIC SPIRAL ~METHQD . 
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A 
some po1Qt on 'CAl. The required failure surface boundary 1s the one 

,that g1ves the m1n1~JBh force on the loaded interface IAB I• Tous, for 

'"any gi ven location of the pol e 0 at a d-istance say À frem A a10ng 

'CA,I, the total 5011 react10n' P 9n the plane 'AB' can be evaluated by­

cons1der1ng the equfl1brium of the 5011 w1thin the segment 'ABCE'. The 

correct value of Pean be found for that val~e of À wh1ch sat1sf1es 

the Cond;tion ~. O.· As the ca1culatfon of ,P f~r even a single 

value of ~ i5 extremely ted10us, the authors proposed an alternative 

mèthod. From Fig. ?-15. P 15 found to be equaf to the SlIIl of 

P y t Pc ' Pa and P q J or 

, 
p=p +p +P +P 

y c a q 

.. YZ2N + CZN + C ZN + qZN 
t y c a a q 

where P~, Pc' Pa' Pq are the 5011 reactions on the interface due to 

weight .. cohes"1on, adhes10n and surcharge. respect1ve1y. 

The value of N , in the above equation, can be obtained 5imp1y y. . 

'by cons1der1ng a 5011 w1th no cohesion, adhesion or' surcharge. Thus, 

the force P acting on a part1cular interface under these conditions 

1 can be computed f~r arb1trary values of y and Z over the eht1re range' 
, .. 

of variables [ft ~ and Zl. Values of Nt can be obta1ned by calculat-

1ng fresh values of p, tak1ng 1nto account cohesion as well as we1ght. 

In a s1mf.1ar .nner values of Na and "q" a'7 obta1ned. ,Hettfaratch1 

et al. (1966) computed the four N-factor$ for a complete range of values 

of' • for the,two èxtrllrie valu.s of 6, that t$, ~. 0 and 6 • .t for 

values of rake angles varyfng ff'Olll 45 - ./2 to 135 .. • /2.· They .1$0 
~ 

produced su1table interpolation fo,..,lae alKl graphs showing the rupture ' , 
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distance as a. function of the sail and blade variables. 

, In applying the method suggested by Hettiaratchi et al. to 

the problem under study, the fo11owing 'values are used: 

So11 properties: C • 1.16 psi 41 • 0 * Y· 0.060 lb/in? 

So11-metal values: t5 • 0 Ca .. 1.16 psi 

'The horizontal and vertical forces computed, using the N-factors presented 

by Hettiaratchi et al., are plotted in Fig. 7-14 and shown in Table 7-3, 

as. a 'functi on of blade inclination ang1 e·. 

According ta the math~t1cal model of limit equilibrium, the 
" ' 

5011 1s r1gid up to the point of failure, whereupon it flows steadi1y 
. , 

at constant stress. 'This would result in a definite fa11ure load at 

zero d1splacement, wh1ch then increases 1inear1y with the displacement 

as the surcharge builds up. The 'theory wo'uld predict the initial force • 

value. In pract1ce, however, this is not {he case. The force-d1splace-

ment results shawn in Fig!. 4-2 and 4-3 indicate that the force records 

reach their maximum values et very considerable values of strain. More-

over, the force records hive no peaks, 1ndicat1ng failure at maximum den- . 
~ ~ 

• .sity. nor valleys, s1gn1fy1ng reduced res1stance offered by the sail 

after it has failed. 

ft wa.s thought that 'a dec'1s1on as to which point on the foroe 

.... ecord should be talten c~ld perhaps be .. de by nottng when the ftrst 

shear plane emerged at the surface. However. as mentioned'ear11er, the 

s011 ~stad dtd not exh1bft,d1st1nct fatlure planes. 

, { . ,. ,",- . 
It ... st tiI I!II"t1oned 11er. thlt 1t 15 not ~:lt:f4.Ys pos$ible to 
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.. 

Obtain information on first peaks,~n'many reported studies for compari-
l 

son purpose5. It 15 expectëd that the asymptotic valu~ of the force 

record may be the one generally used. In that regard, the l1mit equili-
. ' 

br1um approach to the analysis of the problem would in general under-

estjmete the total draft or horizontal force in view of the marked change' 

in the geometry of the deform1ng so11s. 

" For lack of a more def1n1te criteria to def1ne fa11ure in the 
~ experiment::.l force records reported in this study, computed forces using 

Reecels and Hett1aratch~ et al. l1mit1fl9 equi11br1um approach are corn­

parèd with the f1n1te el~nt'&nd experimental forces obtained at 0.5 

and' 1.0 lnch of blade' displacements. Wh11e such a choice may raise 

questions, any other fanure def1n1tion' 1s just as arbitrary. Such in­

ab11ity to correlate between forces developed in a cont1nuou5 deformat1on 

process and forces pred1cted by the lim1t equ111br1um theorems 15 due, 

as po1nted out ear11er. to the development of'the lim1t· equilibrium 

approach without referenee to the stress-strain relations. and kinemat1c 

considerations. 

The analytical Methods suggested by Reecl (1965) and He~t1ara~ 
~ , . 

tch1 et al. (1966) for comput1ng the theoret1cal forces may be examined, 

us1ng the test results Obta1ned f~ th1s study as a base for comparison. 

ln Fig. 7-14 and Table !-3. these cQlPlr1sons are shown together with 

the present f1ntte el~nt approach cOMPUtations for forces acting on 

the 100 and 500 fnc11""""ades. It 15 ~n that thf! predicted hori­

zontal forces using Hettiar~tch1 et al. .,ta show good agreement wfth 

the: forces obtatned 'l'an. the aetual test results as _11 as the f1nite 
, 

e'..nt lnalysis obta1ned .t 0.5 inch of blade dfsplac_nt. On the ~ 
l ' ~ 

~--------~---------~ '\ 
" 

_~.~' •• L__'_______~ • ___ ~~_~ 



e --

. " 

--
o 1 

.--~-~. 

305 

other h~dt Reece's method is found to under.estimate the draft forces. 

The divergence between Reece's and Hettiaratchi et al. results 

can be accounted for by considering the follow1ng factors: 

.. 

1. While Reece presented Eq. (7.3) wit~ the tour terms 

represent1ng the gravitational, cohesive, Adhesive 

and surcharge components'of th~ sail reaction, he 

~nly prov1ded data for:obta1nfng ~ and Nc' 

Thus. Eq. (7.3) reduces in fact ta the fol1ow1ng 

fom: 

" 

p • yzt"r + CZNc 
Whereas the surcharge effect can be cons1dered to 

be negl1g1blé in the present case, elim1nat1ng the .,. ~ . 
soi l-met" adhes ion tenn 1 eads ta a 1 arge error, 

especially when dealfng w1th i pur~ly cohes1ve ,. ; 

5011 às in the present investigation. The value 

of the adhes'on tenn CaZMa' wfth the magnitude 

of Ha obtafned'from Hetttaratch1 et al. charts, 

WB' added ta Reece's results. 'This resulted in 

a very close agreement w1th the horizontal forces 

obtlfned fram Hetttaratch1 et al. data ,for th. 100
, 

and to a certain extent, the 200 1ncl1ned blades. 

HMve~, 1n!case of the 400 and 500 1nclfned blades' 

apprec1able differences rema1ned'even after add1ng 

the adhes10n term ta Reace's equat1on • 
• 

' .. 

J', , 
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2. In the case of a cohes1ve sail, the largest con­

tribution- ta the draft force resu1ts from the 

cohesion. tenn CZNe .' The Ne. values obta1ned 

for the different inclined blades are as follows: 

B1ade angle 
with vertical 10° 20° 40° 50° 

Ne [Reece] , 1.75 1.45 1.00 0.90 

Nc [Hettiaratchi 
1.75 1.65 1.45 1.35 . et al.] 

It 15 seen that whi le the Ne values obta1ned 

trom the two methods are the same for the 10° 

blade" ~eecels Ne values ar~ smaller than 
b 

those of Hetttaratchi et a 1. for the rest of 
1 

the blade an91es. The deviation between the 

Nc v~lues 15 seen to increase w1th the b1ade 

inclinat1on. .'This results in lOwer values for 

Rèece's cohesion term (CZNe). and hence smaller 

predicted forces. 

The above t.o reasons account'ful1y for the difference between 
". , " 

the forçe5' predieted by Reece' s data and those obta1ned using Hett1arat-. 

eh' et al. lllethod of e~uta.t1on. 

ln coraparfng the developed forces· o6ta1ned frœ the l1m1 t equ1-

lfbr1um approach [Reeee and Hetttaratchi et ,al. methodsJ" Table 7-3 1ïsts 

both tbe exper1ment41 and the finite e1f!111e1'lt results /lt 0.5 and 1 .. 0 inch 

of'blade disp1aeements. A closer exam1nat1on of the values in th1s Table 

reveals that ~he forcis reported-at,0.5 inch of blade d1splacement are 

seèn t~ provfd~ • ,'ttter dttree"pf correspondence with. thos~ computed 'Ilsing 
1 

~ ~, 

'. 

'J 

.' 
' . . .. 
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the limit equO ibrium metl1ods. As pointed out earl1er in this Section, 

the 11mit equil1br1um approach assumes that 'the so11 is r1gid up to the 

po~nt of failure. This would result in a definite failure load at zero 

blade displacement which then increases ~1th dispJacement as the sur­

charge bu1lds up., Such an assumpt10n 1s not real1st1c espec1a1ly in 

the case of a plastie $011 where"the fa11ure occurs at a yery consider­

able value of stra1n. Taking th1s consideration 1nto account, ft was 

decided that the 0.5 fnch blade dfsplacement fs large enough to pro­

duce fa11ure conditions similar to those of the 1im1t equi11br1um model, 

and is sma1l enough not to 1nèlude the, surcharge effect. 

From Fig. 7-14 and Table 7-3 ft i5 noted that whi1e both the 

exper1menta1 and theoretical horizontal forces [deve1oped at 0.5 inch 

, of blade displacement] reported in thfs study do Agree w1th tho~e com­

puted by Hett1aratch1 et al. method, ft 1s not the case wfth regard to 

the vertical forces. It 15 perhaps instruct1veat'th1s point to n~te 

that Reece's equa~ion [Eq.(7.3)] computes the tota1 resultant force P 

par unit w1dth of the 1n~face. Fig. 7~15. This force acts at angle 

6' w1th the normal to the in~rface. If, however: the vertical force 1s 
. t 

requ1red, ft 15 computed as the resultant of the vertical component of 
. "', 
the force p, and the' ~ppropriate camponent of the Adhesion force Ra 

, ,-
Ffg. 1-15. whfch IctS. uJJWlm ~long the interface. The adhes10n force 

, --- -------------------
Ra fs equil ta:· ------------~--

whare Ca • adhe$ion, lb/1n! 

1 • length of bled •• inches. , 

! 

" i, 



ou 

, 
- < 

.. 

• 3 

308 

.. 
ln the application of the limit equi11brium approach it 15 assumed that 

r 

the 5011 d1rectly in front' of the blade 1s in a state of fa11ure and 

that the full Adhesion value, Ca' is developed a10ng the interface. 

Harrison (1973) has shawn t~àt this 1s often not 50. The adh~ion valu; 

of the kaolin clay, as measured by the soil-to-meta1 direct shear test 
""".... ....~ 

presented in Section 4.A.3, i5 shawn to be lower than the çlay strength , . 
or the cohesion, value, Fig. 4-11. It has also been found that the tan­

gential stress values, or adhes10n,o on the soil-metal interface increases 

w1th incr~as1ng d1splacement reach1ng maximum values at relative dis­

placements of approximately 0.2 inch, Fig. 4-10. ~oreover. the 

Adhesion values are'shown to depend on the normal stre~ses, ranging 

from 93% of the cohésion value under zero normal load to about 82% for . , 

à nonnal load of 5.0 lb or more, Fig. 4-12. Whil.the adhes1v~ forces 

shou1d be independent of the normal load, it should be r~alled that 

such dependence was already shaWn to be due to the change of failure mode 
1 

a10ng the interface- from a soil-to-sol1 shear under low nonnal stres'ses to 
" 

a so11-to-metal fa11ure when the normal stresses are 1ncreased. 

Apply1~g al1 the se ffnd1ngs,to the problem et hand~ it has been 

made èlear fram the f1nfte .lament analys~s that the mob111zation of the 
. . 

s011 adhesion 1s a funct10n of the relative displacements between the 

'sofl'and the bl.de, or,'in other words. a function of the blade displace­

ment. Figures 5-20 and 5-21 show that the full value of Adhesion 1s 

mobilfzed at a blade d1splacement of about 1.O·inch. These'Figures also 

show that the mèb111zation of the so11 Adhesion 1s a functton of the 

blade rake angle as the d1str1~ut10ns of the tangential stresses are 
8 

RIIflkedly different along the 100 and 50° 1ncl fned blade surfaces. Such 
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complex behav10: sheds ddubt on the valfd1ty of Hett1aratchi et al. 

assumptfon of con~ta~t.un1form adhes10n along the blade surface, a~d 

hence the computéd vertical forces. 

7.4 SOIL-GROUSER INTERACTION PROBLEM - (' 

/ COMPARISONS WITH RESULTS COMPUTED FROM THE j . 
PREVIOUS THEORIES OF SOIL-GROOSER INTERACTION ;-

.' Most of th. res .. r~h don. ~ date on th. gro~s.r-sol1 ln~.r-
actfon problem has been or1ented towards investfgatf'.ng· the performance 

of'the plate-grousers, efther 1nd1v1dual1y or in groups, Appendi~ ~ 

The intensfve research D~ the interaction of thfs g~ouser with.S~l iS' 

ma1nly due to the wfde use of such in tracked-veh1cles. As 

warr~nted as thfs may be, ft is s i11 nece~sary to examine o~her grouser 
, 

geometr1~s and thefr tractive effo. s. .. It 15 prec1sely. i.n this area 
, . 

that there\~ars"to be a great laçk exp~rfmenta 1 9r theoretica 1 
/ 

research work. Bear1nglthfs fn mind. the amfnatfon ahd comparison . 
~ 

- • 1 

of the traction results ~fll be divided into two parts,-those of the 

•. wedge grouse~s [1.e., C.E.W~ and S.E.W. grousersJ, followed by those of. 
1 • 

the plate~grousers [R.A.P.~.]. 
.' . • 

'J'" , 

, -
" -a) ~9! Grousers < 

. The wedge grousar-soll ll1terectlon procas;; can J consld-. . 
• red a5 a lateral earth pressure probl. 1nvolv1ng backward rak~ 

- . 
5011 interfaces [1.e., r,ke angle> 90°]. In other words. the 

anal1S1S can be perfo~ cons1der\ng the grousers as cuttfng 

elements w1th thefr l'owe~ edges tra11fng._ Hèttfaratchf et al . 
1{~ \ , 

(1966'.po1nted out that lateral earth pressure problems involv1ng "',. ,". 

" '\ 

.il 

f 

. ~ 



• - .... ~'1'''1,.~ ..... ,_. ____ ..... 

• 
( 

\ 

\' J 

e. 

---- j 

• 1 

310 

backward raked so11 interfaces [~ > 90°, Fig.' 7-16], have not yet 

been invest1gated experimenta11y, and that therefore the soil 

fa11urè mode 15 not known. They postulated that under these 

conditions the interface "convertsll itself by means of so:ll 

wedge ['~G', fig. 7-16], into a perfectly r()ug~ interface 'AG' 

having a smaller rake angle • a . They proposed that the solution 

•. ~ A~~~~ 

FlGURE 7-16 
.., 

HETTIARATCHI ET AL., (1966) PROPOSED FAILURE 
SURFACE FOR LATERAL EARTH PRESSURE AT. LARGE 

, RAKE ANGLES _ 

o " 

to tMs problem could- be obtained uS1ng the1r method [Section 7.,3] 

tn conjunction with an appropriate modification factor. They a150 

stated tbat suttable mod1f1eattens and simplificat10ns are requir,ed ------------ , -- in
D 

using the1r 1nethod of soluti,on to deal w1th problems of c:;urvèd._ 

elements. 

, 
Investtgatfng the draft ~f curved blades, O~~ (1964) 

• 

consf dered ani:,~f,Jrved b 1 ade' toNoflff or a -iâlilily of b lades of i n- --
: «- .... ''1 --- ; ---

.. 

'cr"1tng curv~JI.~ stert1ng frOII the stra1ght blede fO",,1ng, th~,' 

chard b~tween the cutting edge and the so11 surface. Wh11e-real1z-
c , 

1ng thlt 1ncreas1ng curvlture will cause 1ncreas1ng drift because 

shlar stra1ns IUst "otcur throughout the 5011 IIIlS$ 1n fr,pnt of the 

. , 

.. ' 
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blade. he post~lated that the draf~ cannat increase beyond that 

required ta cause the sail to flow up the straight lin& forming 

the ihord across the blade between the cutting edge and the top 

o ,edge. This 15 because 1t 15 pos",le fo~ the soil to f111 .up . 
". . 
'" the curve, transforming the blade ,.into a straight one with the 

'. same depth and rake angle, which resu1ts in a condition where 

6 • ~ and Ca • C. Such reasoning eoabled Osman to put forward 

and experimental1y verify the hypothes1s that the draft of a 

curved blede must lie between two 11m1ts. The )ower 1im1t corres· 

ponds to a hypothetical pl~te blade forming the chord across the 

curved blade and havin~he friction and adhes10n values of the 

curved blade surface. The upper l1mit is represented by t~e same 

straight blade but with the angle of soil-metal friction increased 

to ~ and the adhesfon', Ca' to the valu'è of sail cohesion, C. 
" 

Bi cons1der1ng the wedge~,grousers to Act as cutting 

" elements with~ackward raked sail interfaces, the predictive 
1 .. ""' .. 

methods of Reei~ (1965) and Hettiaratchi et al. (1966) [Section 7.3] 
,;) 

~y be used to compute the develo~ forces on these elements to 

compare wi th those reported in tM 5 study .. , F or the curved-edge 
• •• 

wedge grousers (C.E.W. type (1) Ànd C.E: .. W. type (2), Fig'. 3-'1], 
, ' ' 

)/ 

the./h,Ypothes,i s made by Osman (1964) 15 adopted to Ilccount for the 

/~ffect Of. element curvlture on the developed forces. It 'must be 

, 

- c • 

) , 

po1nted out ~t this stage that these methods will not acco~nt fo~~ !~ i 

the ef~êCt qf'the horizontal plat!,. Pl~n .top of the 5.E:\I: ~.:a.~~" j 

the C.E.W. 'type (1) grobsers. on the {evelOPed forces. T~e, . 
. . 

influence of these p~ates 15 to change the problan boundary concl1t- ' 

" 

'. ,) 

-" 

}~ 
,. 

., 
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~' ,-

-, 
': 
~È 
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ions from those s1m11ar th a lateral earth pressure problem where 

so11' fallure takes place due tG-- a horizontal movement' of the soi1 

interface, to a problem ~omb1n1ng the effect of lateral pressure 

with su~fac~.bearing capactty •• Such·change in boundary conditions 

should be expected to lead to errors in prediction. 

, 
In applying the methods of Reece and Hettiaratch1 et al. 

1 

for predicting th, forces on the wedge groùsers, the following 
, . , ' 

assumr-tions a~ lpproximati~ns are made: 
• 1 j 

u 

1 •. 
l ' 

The .fai:lure boundary 15 compose<;t\of a c~rved part I~CI 

Fig. 1-15. and'a ~ane section 'COI. The latter 1s 

the lest' slip plane of ~e Rankine ~ss1ve zOne IACO I 
'-- - - -- - ----- ------ ~--- - - -- ...... ~ 

which joins up with the failure plane containing'~ 
• l '-

1 \ 
lower edge of the loaded' interface. This assumption .. ' 

___ 1 $ :sJ.lbjeçt to "urther ':!xperimenta 1 ~idence: 

2. The curved gtouser-soil 1nt,rfaces are~eal1ze~ by flat 
1 • • 

, _ ' i __ ~ .. ~-

. surfaces"havi'ng the S!11e depth and, ràke an9le~n 
\ 

• '1 . -..(1964)] • 
1,-

1 

3. 
e 

Th~ $01l-~tal ad~sion fs equal to.the value of the soiJ . 
cohesion;' and the angle of metal friction ~ • O. Accord-

1ng to Osmanls hypo~h'sis, such an assumpt10n represents 
.' \ 

(. ~n upper bound on the draft values. , 
1 • 

-
The results comput~ enploy1ng Reete's and Hettiaratch1 

'. , 
et al •• thods, w1.th ~~,ad.option of the ~bove approx1l111lt1ons, are \. 
. . " . 
s,,-" in Table, ~"'4 ~~ the 'threé wèdge grousers analyzed in this, 

< A. __ \ 

st.udy. ~er w1th'~he fi;nfte .1_t resulîS"'ncs the ~XPer1ménta" 

" 
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\ 
.4 

measurements obta i ned at 0.5 i(ch of grous~~ di sP"lacement. 
,) 1 

reasons for the choice of the 0.5 in~h grouser ~isp1acement 

The 

cr1t~n for compar1son with the 11mit eqy11fbr1um rèsu1ts wer~ 

d1scussed ear11er 1n Section 7.3 • 

.....-
Exam1nat1on of the resu1ts in Table 7-4 shows that, as 

... 
in the case of soil cutting d1scussed in Section 7.3, Reece's 

/ 

method pr~dicts sma11er forces than those computed from Hettiarat-

chi e~ al. data. The lower values obtained from Reece'g ana1ysis 

are a9a1n attributed to the omission of the soi1-metal adhesion term, 
Iô 

CabN ,; and to lower values of the cohesion' term"CZN , Eq.'(7.3). a / c 
It 1s a1so observed that Reece and Hett1arat i et al. methods of 

computations, with the adoption of Osman' hypothes1s. g1ve the 
• 0 

sante forces for both the S.E.W. and t C.E.W.'type (1) grouser-

5011 systems. The same forces on oth systems r~sultéd s1nce. by 

adQpt1ng Osman's hypothes1s, the 

1dealized by a f1~t surface, w 

/ 

• E.W. type' (1) gr,ou ser, when - . ' 

/ ave the geome~~y of the S. E. W. 

grouser. Moreover t he assumpt10n ,of the metal-soi l 

adhes10n value equal ,5 11 cohesion, wh1ch 1s süpposed to g/ve 

an upper bound on --the m asur forces, thé computed horizontal force 
, , 1 

for the C.E.,W. t,YRe ) gro ser 15 sh~ 'tc be less than the measured 
'- " !\ , 1 _ 

one.. ObYi~SlY,,' .~~ __ ~.ésu1ts â're /n contr~iiction w1th Os~nls 
'hypothes1s 1n~ t~t theAncre.ase of ~lement surface curvature increases 

, 1 / 
" . / . 

® the sol1-met,x con~t are.. ~nd consequent1y. the stra 1 ns and stresses . 

devel~ped f t"1"~ll. wll1c~should l,.ad to larger cCIIIPUt~ draft 

forces., It 1.s only in case the soil-metal adhesion value 1s con .. 
/ 

s1derabl1, less then the 5011 cohesion would such a hypothes1s lead 
~ ~~-... . 

~ 

\ 

1 
,! 
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TABLE 7-4 

... 

'-

~ / 

.. COMPARISûN OF HORIZON1AL AND VERTICAL FORfF.S ON 
WEDGE GROUSERS BV DIFFERENT~tTHOOS 

." 

" HORIZOHT~l FORCE VERTICAL FORCE 
• 

GRQlJSER 'F1PE GR~SER TYPE 

S.E.W. C.E.W. C.Ë.w. S.E.W. C.E.W. C.E.W. , 
Type (1) Type (2) Type (1) Type (2) o 

-
Reece • s Equa t i on 24.92 24.92 23.19 -22.91 -22.91 -22.61 

Hett1aratch1 et al. .. Method 33.42 33.42 32.04 -26.43 -26.43 . -25.86 

-0 

-
F1nite Element at 
0.5 inch D1splacement 37.98 - 34.88 -18.2 - -12.71 

.... 
\5.0 'Experiment at 40.0 31.0 -15.9 -16.5 -11.0 . , 0.5 inch Displacement 38.S. 39.0 32.0 -14.7 -17.2 -11.70 

" " -

- Negative values "1~diCa~e upward forces. 

--... 
'I~ p ~"ii'''' -~ " 
'~~:'.} ( ... ~} .. :., -,.w:::-,..-~;~~~ _./~"...f...:~$~\ ~'-~_ ·-~_~_rt~_~-~~_.~ -1.'" 
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to"an upper bound on the draft f-orces. 

[, 

Comparing the developed forces computed by the various 

methods, with all the above points taken into consideration, it is 

seen that the 'horizontal forces predicted by Hettiaratchi et al. 

method show a fa1rly good degree of c~rrespondence with the experi-

mentally measured horizontal forces. However; the method is shown 

. to overestimate the vertical forces. The reasons for such diver-

gence were previously discussed in Section 7.3 and can be summarized, 

with regard to the traction results. in the following points: 

1. Wfi11e the methods of l1mit equ111brhll1 assume full 

mob11izat1on of the sail-metal adhesion forces, 

2. 

5 

it has been shawn that the,mo~ilization of adhesion 

is a function of the relative dfsplacement between 

the 5011 and the metal 1nterface. Sect,1on 7.3. . 

It has been shown from the finite element analysis, 

F1 g. 6-2,2 ,nd 6-23. that the shear stresses' on the 

sol1-metlll interfaceS"c~nge direction at a certain 

point on the interface. This f1nd1ng 1s in contra­

diction w1th t~e l1m1t equ111br1um models p~oposed 
, 

by R~e and, Hett1aratchi 'et al. in which the adhesion .' 

force 1$ assumed constant and acting upwards alon9 

the 1 ntarfate. 

F1nally. in general 1t is observed that the agreement be­

t.en the finite elament and the exper1111ental results 15 very 5ath­

factory {br the two sol1-grouser systems analyzed by the fin.1te .1_t methOd. ' 

1\ 

w 
'1 
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b) Plate Grousers 

, Regarding the developed forces on .t-he plate grousers, 

results computed from Bekker's equations [Bekker (1960)] are com~ 

pared w1th both the theoretical1y computed and the measured 

vaJues in Table 7-5. In the Bekker equations [Eqs. (1.1) and (1.2) 

in Chapter 1 and also in Appendix C], the horizontal and vertical 
, '~ 

forces, H and W, are not expressed exp11c1tly in' terms of system 

parameters but are rather proport1onal to an angle e defined by: 

e • aretan H/W " 

where 

H • b{n lc + yn lz + yn lI) sin e c . q c y 

W = b{nclc + Ynqlz + rny12) cos e ) 
l , 

It 1s seen that Band W are dependent on ,. suèh dimensfonless 

traff1cab111ty factors as nq' ne' and \. all of wh1ch 1n themselves 
" ~ " 

are dependent on " e and the ratio of l/h,' (Fig. t-2). 

" In v1ew of the above cons1~erat1àns, the two equattons . ,. 
~ for H and W do nPt permit a direct determinat10n of these forces 

but fnstead, ,must be solved by an 1terat1ve process. see Appendix C. 

In the ca~e of a grous~r mov1ng at a constant'elevat10n, an est1mate 

for either H or W must be made t~ arrtve at an- est1mate for e. 

The exper1mentally measured values al the vertical forces 0~ta1ned 

at 0.5 inch of grouser displacement _re subst1tuted in Bekker's 

eqUat~ons. and the correspond1ng horizontal forces were computed. 

The results of these computations afe shawn in Table 7~5, and 1t 1$ 

seen that the dev1at1on between Bekker's and the exper1mentally 

AIIasurod value,' l, of ,o~er of 61 for grau,er .spect ratio hll 

'., 

/ . , 

"' 
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• 
of 0.5 and about 18% for grouser w1th an aspect ratio (h/l) of 

0.833. 
• 

Harrison (1973) developed a theory that predicts the 

pass!Ye-Pr~;-rough two-dim~siOn&l lnter~ ~ith one e~ge 
~ --------

-------- in the'soil surface. The theory 1s based on S11P11nef~ 

• 

cluding wedges of so11 that are in equi'librium, not fa1Hn9, but 1n~" 
~ 

a stress state of 1nc1pient fa il ure. The slip li ne fields vary 

with the interface angle a and the angle of internal shearing 

resistance ~t and are a function of the direct1on'~f motion of the 
, , 

," , 

interface e. The detai1ed mathemat1cal express1on~for the hori­

zontal and vertical forces acting on a plate grouser are given in 
, ' 

Appendix C. forces compu~ed from Harrfson's equations [Eq. (C.3), 
, 

Appendix CJ. are compared in Table 7-~with bath the f1nite element 
) 

and the exper1mentally measured,forces obta1ned at 0.5 inch of 

grouser displacement. From-th1s Table, ft 15 shown that H~rrison's 

resul,ts dev1ate apprec1ably fram, the measured values. It i s / 

1nterest1ng to note that when exam1ning Harrfson's results for the· 

ca~e of constant ,grouser elevat10n [i.e. e • 0], large dfscrepancies 

ar~ found between the measured and the theoretically calculated 

forces •. These d1screpanc1es are reported in bath the loam and 

clay series, ',whl1e in the sand series good correlations are obtafned. 

This bebav10r suggests that ~rrtson's hYPothesis of the existence -

of a wedge-shaped zone of so11 f1 xed ta the 1 nterface 1 lonn1n9 pseudo 

interface a10ng wh1ch actuel fai1ure occu~red, 15 not val1d for the 

Cise of constant elevat10n tests in cohes1ve $o11s. 

., 

.. 
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.TABlE 7-5 

. . 
C(I4PARISON OF HORIZONTAl: AND VERTICAl FOPCES 

oN filM ANGlE' PlATE GROUSrftS ey DIFfERENT M~ODS 

,-, ~ 

'Ijr" • Grouser Aspect Ratio hll Il 0.5 Grouser Aspect Ratio h/1 • 0.833 z 
Horizontal ~Force Vertical Force Hori lonta 1 .Force Vertical Force 

. 
\ 

Hamsonls Equation -48.62 , - 81.16 58.57 - 64.0 . 
. 

Betkerls Equation . 35.60 . . - 49.84 -COI 

f . • 
Ffnite Eleaent at , - - - 41.17 - 23.63 
0.5 fnch'Displacement 

~:1..nt.t~ 0.50 

r 
. , 

l 

3~2 - 13.9 41.-20 .- 18.0 
inch Dfsplacement .. . 

34.1 - 14.3 43.0 - 19.2 
: ) . 

--~ .... _.- - ------ -_.~- _._-~ -- - ~ -- ----- ._~ ---

j~ 

- Negative V~lues Ind1cate Upward Forces -;"'\ .,. 

~ 

/~ 4 

j,- J' ft • oz , 1 

<AI ... 
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! 
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8. 1 SUft1ARY 

- " 

CHAPTER 8 

) 

SUMMARY AND CONCLUSIONS 

, 
! 

/ 

" 

The primary goal of the prob1em examined in th1s siUdy was to 

look into the possibi11ty of prov1ding a rati~analytical means for 

predicting the, performance of a number of cutt~ng and traction too1s, 

using parameters that descr1be the soi1 response due to interaction 

with the too1. The rewiew of past work revea1ed t~ need for an 

analytica1 te~hnique that can b~ efficient1y emp1oy,ed in pred1cting 

both the stress distribution and the 5011 deformation resùlting from a 

cutting or a traction too1 10ading, by taking into consideration the 

non11near behav10r of soi1 and the effect of large.deformltion due to 

impl~nt movement. \ 

\ ' 

The field of re$earch was shawn to be extensive a'nd of Many 

dimensions. The scope of ,the study was therefore lim1-ted to verifying 
\ 

the valfdity a~ applfcabflity of the suggested ana1ytfca1 model (fin1te 

elament model] to~the analys1s of the prob1em of simp1if1ed cutting and 

tractiol) elements ~teracti.~9 w1th a nearly-sat~rated kao1tnf~e and an 

.artfficia1~oil based"clays unde ... plan_-~tra1n ,conditions. The p,~rpose 

of the exper1mental program waSt therefore. to provide data on the 

1nteraction process whfch cou1d be c~red wfth the analytfca1 resu1ts. 

The experfmentll fnvestf~tion was d1vided into çutting tests and ' , 
. ' 

traetJon tests. In the fOrMer phase a series of flat blades with 

~ '~1f'erent angles of inclination were ~ved through th& s01l~\ On the 
" ' " 
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oth~r hand. the traction study was concerned w,th the influence of , 
grouser geometrieS on the developed forces. 80th phases' of the study 

were performed at spec1f1ed constant speed and constant depth of eut. 

An ana1ytica1 mode1 was deve10ped using the finite e1ement 

method tQ provide a t~eoret1ca1 solution to the soi1 'cutting and 

traction prob1ems. The deve10ped mode1 takes into account the effect 

of the progressive cutting of the soi1 at the too1 tip, with the possi-. 
b1e deve1o~ment of fai1ure zones wherever the shear strength of the 

so11 1s exceeded. The solution provides detai1ed stress and deformat­

ion fields within the loaded so11, and contact stresses at the soil-

too1 int~rface for various tool positions. Consequent1y, a re1atively 

complete description of the load-deformation behavior as the too1 advances ----
in the soil was obtained. 

The main features of the finite element model adopted in thfs 

/ , 
study can be summar1zed as follpws: 

'a) Idea 11z8t1on 

1. The model incorporates two d1scontinu1t1es. A 

cutting plane discont1nuity pos1t1oned at the 
, > 

leve1 of the,tool t1p,represent1ng the action 
> \ ' 

of the cuttlng e1eme~. where severe relative 
~. if> ' 

d1splacements and"separatjon of so11 blacks take 

place. T~e secOn~ d1scontinuity 1s a sai1-taol 

interface discontinu1ty'represent1Qg the relative 

d1splacements occur1ng ~tween the 5011 ànd the 

t00.1 surface. 
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• The soi1 mass 15 mode11ed by plane-stra1n 

continuum elements represent1ng a region 

in which plastic deformat10ns take place 

with possib11ities of loca1ized or ~hear 

fa 11 ures • 

b) Boundary Conditions 

c} 

. The boundary conditions for the analytica1 model 

can be e1ther specif1ed pressure, specified d1splace­

ment, or bath. Thus, the mode1 1s ca~b1e of hand1ing 

mixed boundary value problems.. Moreover, relative 

d1sp1acements oCcurrifl9 across a th1n d1scont1nu1ty are 

1nc1uded in the fonmu1~t1on ta a~count for different 

degr~es of 1nterfac1a1 slip. 
\' 

Nonl1near Analysis \ \ 

In the mode1 d~veloped, the stres~tra1n relations 

obtained fram lab~ratory tests are used 1h ~he analysis 

. to pred1ct·the 10ad-defonmation behav10r of the $011. 
, ' 

'The tabular [direct digital) fonm 15 used to 1ncorpprate 

the constitutive law into the fin1te element mode1. The 

solution 15 obtatned ·by·the'~ncremental metho~of analY5is 
\ ',' 

1mproved by 1terat1ng a ~ew times in ~ch 1ncreme'n.t 'of 
, 

loading. l " , ~~ • 

. !'. 
The application of energy conservation ~ri~ciple$ to 5011 cut-

~ \ 

t ......... : 

t1ng and 5011 traction problems provided a technique, fo a check on the 
"", li .. 

\ 

\ 

\ 

, 

. , 

" 

_ Application of the V1s10PlaSti~-t~ ~thod to 

. , . ' '~~'~"'~' / 
. -............ 

. . ') . 
. "'.,,. 

finite element solut10~. 

ç t. .. 



'--

, 8.2 
~ , . 

/~. 
e -

- -

'. 
322 

the exper1menta11y recorded deformat10n fields, w1th the assumption that 

the stress-deformation behavior of the sail cou1d be descri~ by-a. rig1d 
\ • II 

plastic model. enabled the c~lculations of the defonmation energy fields 

of the-10a~ 50ils. These energy values were compared to those obtained 
\,r) from the finite e1ement model. 

i 

The applicability of, the proposed solution tethn1qu. was further 

examined in order to assess the sjgn1ficance of the 1mpl1ed conditions and 

requ1remel'.ts. The examinations were conducted by: 

. Firstly, applying the solution technique ~o the fami1iar 

problem of a long reta1ning wall, yiJfding in a passive 

sense. This corlSt1tuted a parametric study to estab11sh 

. the relative importance of"the various features and , , 

assurnptions implemented in the finite element technique. • 

Th~ results were compared with the conventional solution • 
.­
o. 

A summary and f1ndings of th1s study are presented in 

Section 7.2.4, Chapter 7. // 

Secondly. 'comparing th.e'-'sol1 cutting and traction [analyt1cal 

,and experfmental] results presented in this Tbesis with 

results computed frôm existing theories. 

cOftTR 1 BUT ION 
'~' , 

This Study contr1butes to the f1e-ld .1n1y by hav1ng shown that / 
~ ! 

the _~o' f'tuUj ng 'and traction prob 1 ans can be dea 1t w1 th: through an / 
, - ~ / ana_~~t~~~l a~proach whtch has the o~!ect1Ye of deriv1ng statically / / . 

poss16'l11'stresses compatible w1th k1n .. t1cally possible strains whftte.' 

J 
/ 

/ 

.' -

/ 
7 

" J .. 

, . . 
~ 
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at the same time, satisfying some average boundary conditions, even though 

numerous assumptions and approximations needed to be made, especially 
> 

regarding the mathematical modell1ng of the deform1ng medium . 

1. 

2. 

Specifie contributions are~ 

The development of an a_halyti~al technique for the 

detérminat10n ~f, the 5011 stress and deformation 

fi elds as well, as contact stJ:esses on the soil-
-> 

tool interface, thus providing a relatively complete 

de,scri ption of the load-defonnatfon behavior as the' 

tool advanc~s in the soi1. 

The successful application of the method of finite 

element to ttie study of soil cutting a'nd traction, . ' 

and the verification of correspondence between 

measured an~,tomputed values. 
t. 1 If 

3.· The successful appl1'tatfon of the principle of ,energy 
• u 

conservation to the cutting and traction element-soil 
• 0 .. • ,r 

systems, The deve10ped solution, us1ng the method 

Of vis10p1ast1c1ty, provides reasonably' good pre­

dictions of the \e~perimental1y measured energy 
: G 

canponents. 

~~ ••• thdr!~ know~edge. the aboYe has not tieen ••• ll.bl. 

" in past pub 11 shed .WOl'k and. in the author's opinton, contr1bwte~ to.the 

field,of soil-lichine interaction analysis •. 

1 • 

,. 
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," 

8.3 CONCLUSIONS 

.\ 

On a long, tenn basis, the present study may be looked upon, as / 

a step~in the direction of an improved method for soi1 maC~ine-inter-,/ 
, \ . 

aC,tion analysfs. In fts fnmediate appl1catibn, the proposed method 
, . 

may 'contr1bute" to a sys,tematic study of cutting and traction e1ements 

travelling in clays b.Y a rational scanning of a11 pertinent parameters. 
, 

Eventually, it could be attempted to ratfonalize the defonmation patterns 

and stress fields in terms of signtficant 5011 and tao1 f,parameters, an~ 

hence estab11sh a complete and unffied theory for cutting and traction 
~-, 1 l. ' 
in clay sbils. \ 

. 
The following 1s a short summary of the conclusions arrived at 

, , 

in thfs, studl concern1ng the 5011 cutting and traction problems: 

A. Sail-Cutting Prob1em 

Regard1ng the 50il cut~1ng developed forces ft was found that: 

J. The agreanent between the experfmentally measured and the 
•• 

finite element calculated forces 1s very satisfactory in the 
" . case of the,horizontal forces for both the blade inclinations 

analy~ed; the average error of estimate is of he order of 

8S. whl1e the .x1n.mt error 1~ some 15%. 

ver'f1ca'l forces. the values obt4fned "from . " 

h rega rq ta the 

analyt1cal 

solution are. however, more sUbject ta v iation. The , . 
\ ' -

d1fferences in the yertical forces can e attributed to the 

.' aff-=t of the so11 deformat100 bahi and balow the bla.des 

/ wh1ch has not been considered 10 the f1n1te e1ement idellHz-'. . 

• 

l, 

- \ \ ,.\ i 
t 

... 
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1 

Regarding the deformat1on fields 1t was found that: 

1. ~ The disconUnu1ty in d1splacement at the level of the 
~ , , 

, . 

blade tif ,[on the cutting plane] is clearl~ dernon.strated, 

fram the 'exper1mental plots., However, .~he experi~ntal 

horizontal disp1acement fields reveal that the disp1ace­

ment ~ontours are only discontinuous in t~e v1cih1ty of 

the blade whi1e at a distance they are shown to be'con. 

t1nuous above and below the assumed cutting plane. 
, 1 

"" ,~ 

Such behavior 1mp1ies that the discont1nuity in disp1ace-

," ment propagates with the b1ade movement. 

2. Examinat10n of the exper1mental and the analyt1cal hor1z-

, ,j on ta.' disp1acElIIIent fields indicatès that the finite element 

solution underest1mates t~e horizontal d1splacements in 

l '0 

! 

the zone near the so11 surface, wh1le it overest1mates 

in the soi1 mass s1tuated directly above the cutt1ng plane. 

3." in the vertical displacement fields a deviation between the 

, 4. 

N 

expertmental and ana1yt1ca1 fields was observed in the 

location of the zero vert1cal'dfsp)acemen~ contour div1ding 

zonés of upward and downwa'rd 'movements. 
-2: 

Th~,.qual,tat1ve ag~eement between the exper1mental and the 
4O'l.. ..... ,.,.! • 

analyt1cal deformat10n fields, tàk1ng a11 the above points 

into consfderation, i5 fo~nd to be very sat1sfactory. 
\ " 

~t 

J 

, .. 



,­. 

( ) -

, . " 

/" 

... 

--

326 

, "~ 

RéQ!rding 'the defonnation ~!\,er9Y fields ~.t wis found that: 
. 

The v1s10plast1c1ty méthod as applied in thh study, wi~~h . 
, • • J .- ' , 

the" ass<lJI1ption of a' r1g1d plas~ic mOdel, overpredi'2ts 't'he 

deformet10n energy calcullted"from the 1ntegrat1on of the 
• ~ 1 • • , 

experimenta11~ measured load-d~formation relationship, . . 
, espèc1ally in the initial S'tages of ~e d:eformation 

, • ~ ... \ ... ....a ~ 

proeess. .n'thé other, hand, the f~n e element model 

developed in this ';heS1~t wh1ch treats t 5011 as a non-. . . : 

l1near strain~hardening materiâl suBjeGt to ,boundary 
• Pli, 1 --

cond1t{on$ of an i ncr emen ta 1 form. J)rov1des better , " 

.. e$t1mates of the ener91 d,issfpated wi thin the so11. The 
• ~c~ • 

\ .1 ~nite element aver:age error of ,estimate, compared to the 
\ ~.(. -. . 

, ex~er1me~~ lly obta 1J)ed energy vq lues s .1 s of the' 0rder of 

J~" The max1nm' dev1at1on ,is ,bôut 18%. 

Compar1son w1th result~~computed fram the prev10~$ theor1es 
, " 

of $011 cutting ind'1cated that: 
* - . , 

l " 

" " 

1." rhé pred1cted hor,zontal forees using Aettiaratch1 et al. (1966) 

data ~how good agreement w~ the-forèes, obtained from the 

test results as weIl as from-the finite el~nt analys1s at. 
\ . . . 

4.., .' 

" , 

(1 ~ ,~ .) J 

/
~>.~ ':. n •• 5 inch of plade d1splacement., ~n the other hànd, Reet,e"s .: 

• • "'-l"~ ~ 4iI 

method 1s found tQ underest1mate the draf\ f9rces. . # 

2. The vértfcal forces [exper1mental and ana'yt1ca11 deviate, 

sfgnif1cantly fram those computed from Hett1aratch1 etJ.al. -
. . "\ 

method. This deviat10n 1$ attributed to the fact that the 
. l ' 

mobi11zat1on of th~ so11~blade adhe$10n 15 a function-Qf: 
1\ 
'1 - ) 

1-
/ ' . 

,. 

1 

, , 

\ 
" 

.. 
•• • 

~J 

, 

1 
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the relative d1splacements between the soil . " 
4- ,'t 

and th~ blade, or in other words, -a function 
" 

of blaqe displacement, and 
\. 

the blade rake angle. The distributions of 

the tangential stresses are markedly different 

along the 10° and 50° inclined blade surfaces. 

This" finding is in contrast to Hettiaratchi 

et al. and Reece's assumptfon of constant ' 

uniform a~sion alon9 the blade surface.-

Soil-Grouser Interaction Problem , 

Regard1~the devèlaped force. on the var1au. grousers 1t 

wu foun tha t : 

1. Concerning the measured developed forCés on t~e var10us 

grousers employed in thi s study. the plate grouser. 

, r'R.A.p.G.] w'lth an aspect ratio hll of 0.833 was ~ound 
to deve\lop the highest horiZontal as well as vertical 

forces ~hen compared to ttte wedge grousers.· Thi sis 

Itt,r1buted to the 5011 deformatfon behav10r .in front 

of the 'pll~e grouser where 1 r1g1d zone t simflar to ~ 
, ~ 

the "dead" zone postullted by Terzaghi (1948) for bear1ng 
- " 

capàciti, was observed. The c~pression in thfs zone ~ 
, , 

extends the reghm of influence of the grl!Juser, resulting - , 

in larger developed forces.. In' the wedge grouser experf-

~~~~very smll ~ r1g1d zones wefe obse~ved. and 

the regions of influence of luch, gro,:,sers were' four)d to 

>:be smaller than thos. of the ~te grouser [R.A'.P.G~]. 

;-
: 

~ ., 
" ~ 
~ 

. '. 

t-
" 
~ 
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2. The agreement bet~een the exper.1menta lly measured and 
v 

the f1n1te element calc.ulated forces, cons1dering v 

the assumpt10ns made, 1s generally very satisfactory. / 

The analyt1cal and test results, howeY~~, show bett~ 
agre~nt in the case of the ,horizontal forces, for 

w,h1ch the percentage difference rarely exceeds 10%. 

In thè case of the vertical forces, the average error 

or estimate 1 s of the order of 20%, wh il e the maximum 

error 1 s sorne 40%. 

II. 

Regard1ng the defonnation 'fields it was found that: , 
General1y the correspondence between the analyt1cal and 

the experimental defonnation fields for both the 

horizontal and vertical displacements is judged to be 
-

("'Sati.sfactory• The finite element model, however, 

15 found to possess_ more regidity in the x-direction 

_ and more flexib111tYM in the y-d1rect1o~, when compar .. 

1ng {ffsp1acements w1th those measured. 

Regard1ng the deformat1on enétg.y f1élds it _$ found thet: 

'. .lin the cas'e of the so11 cutting comparisons, the visio-

1 

. \ 

plast1city method o~eresti.tes the deformation energy 

in all cases, whl1e the fin1te e' .... nt results show a 

better corrélation w1th'thé me~sured input energy. 
1 

.' . , . , , 
1 i 
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Comparison with resu1ts computed from the prev10us theories 

of 501l-grouser interaction ind1cated that: 

1. 8y considering' the wedge grousers to act as cutting e1ements 

with backward raked 50i 1 1nterfa~es t the predictive 

methods of Reece (1965) and H~tt1lratchi et al. (1966). 
" 1 

together w1 th the hypothesh put forward by Osman (1964) 

to account for the effect of element curvature, could be 
" 

use<!- to compute the developed forces on these elements. 

\ , 

2. The horfzontal forces precflcted by Hett1aratch1 et al. 

Q1ethod of computation show Il fa1rly 900d degree of corres­

pondençe w1th the measured forces for the wedge grousers. 

W1th regard to the vertical forees, Il significant dev1at1on 

1s obta1ned between the calcu1ated and the measured values. 

The dev1at1on 15 attr1buted to the facts that: 

il }Jte.9!0b111zation of adhe510n 15 a funct10n of 

the relat1vè displacement between the 5011 and 

the meta1 interface. . 

11) ,The ~r s~resses on the .~-t,:J interflces. 

change direction at a certain point on the 
. \ 

interface. 

3. When c~ing the developed forces on the plate grouser '" 

, . [R.A.P.&.] with Bltker's equltion~t the dev1at1on 

betw .. , Sekker 15 and the experimenta 11y Dl8asureèl 

va lues 15 fpUftd ta be of the order of 6S for 

grouser. aspect ratio [h/1] of 0.5 and about 18S 

for the trous ... wlth a ratio- [hl1] of'0.833. . ~ . 

, , 

.............. ------~.j~---
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4. Forces cOOIputed from Harr'1son's equat10ns (1973) dev1ate 

'. 

cons1derably from those measured or computed. However. 

when exam1n1ng Harr1son's resu1ts for the case of con­

stant grouser e1evat1Qns, large d1screpanc1es were,also 

found between h1s measured and his ca1culatecl values., 

This sheds doubt on the va11d1ty of h1s hypothes1s for 

the 'case of grousers tested under constant elevat10n , 

tond1t1on in coheshe so11s. 



APPENDIX A 

SECTION A/ 

/ 
// 

EXPERIMENTAL CONSIDERATIONS 
t 

A.l DESCR~tPTION OF THE TEST FACILITY 

• 

/ 

/ 

.-: : 

~ / Apparatus 
l ' 

1 

As constructed. the apparatus consisted of a tool plate 
l ' 

rig1dlr attached ta a carr1age wh1ch allowed 1t to translate both 

horlzJntally and vertlc.lly but whlch permltted no angul.r rotat:;r' 

Fl,f-l and Plate A-l.' • " 

-~ The carr1age 1tself was mounted on roller bear1ngs wh1ch , 

/Âravelled in 'P01'1shed guide rails. . The '~àil$ were machined to.a ~ ') 

/ 

~fl~rance ,of 0.003 inches. and as a consequ~nce ~he-..,fr1ct1onaF 

~es1stance of the system was reduced to a minimum, the force 

requ1red to overcome this resistance being typ1cal1y of the order of 
-

/ two per __ 5~ to four pe~ cent of the total melsured hor1 zonta,' ~orce. 

------
, ~"t-....... 

'---T~~1ve an1sm of the apparatus cons1sted of a 
" 

threaded shaft wM~h was, in fec~. a WOrlll gear. t This was driven by 
~ 1 

• 1I2 .. ~orsepower va~~ng ~pé~ ê:Tectric' mtor and a Y ... belt pullay 

assenbly throug~ a systemlof g~ars. ~ 

The earr1age and tool .'semb1y J""'ted on a frame in , 
such • position ,that 1t WlS dfrectly abo'. a son bfn -wbose dimenSiOns _ yinS. x 41~s: in ,PllllfOIj'l and 1Ih1ch usuall,\' accoamdated • 

al t 
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depth of clay of the order of nine inches. The bin was equipped with 

removable lucite side wall$ and was mounted on castors to facilitate 

its removal from under the carriage. The carrfage and bin are shown 

in Fig.'A-l. 

A.l.2 Measuring and Recording Deviees 
;; 

IAll forces and displacements were measured by mean~ of 

electricai transducers. The horizontal and vertical forte trans­

ducers wer~ of 0-100 lb capacity, and were manufactured by the Oynisco 

Division of the Abex Corporation. They were both ~xcited by a 6-volt 

direct current voltage and had a full range sensit~v1ty of the order 

of 3.5 mv/volt ~f excitation. 

The horizontal displacemeht transducer was of the linear 

displacement type, util~zin9 a movi~g core in an electro-magnetic 

field. Thi~ ~ransducer a150 required a 6-vo1t qirect cu~rent 

excitati~n s19na1 and had a maximum 5troke of 1.5 inches. 

The outpùt of the transd~cers were fèd 1nto a 6-channel 

Sanborn Series 850 Recording ~ystem. The s1gna1s from the force 

transducers were fedt into ser1es 850-1800 preamptifiers with a 
, , 

sens1t1v1ty range of O-lOQ,mv/cm of deflect1on. whi1e the d1splacement 
: 1 
itransducer sJgnal was fed 1nto series 850-1300 preampl1 f1 er with 
1 ...., 

!sensftfvjty range of ()..SO "volts/an fn ten" steps, "-_ 

') A 35 l1l\I 'pentax type SV ,Camer~ wf th Kodak Plus-X Panachr_t-i, 

film was used to record gr1d distortions • 
• 

" 

(' 

, , 
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A.2 SAMPLE PREPARATION 

,The soil was prepared for placement in the soil bin by the 

following ste~ • 

Soil Mix1ng [in the case 'of the naturai' kaolin1te clay]. Dry 

ka~lin1te in powder form [stored in approximately 
" . 

50-pound bags] was.deposited in 50-pound lifts forming approxi~_ 

mately two inch deep layer in a batching reservoir. Each lift 

was sprinkled with sufficient water te bring the soil to the 

desir~~ater content. The water was allowed to soak in and the 

next lift was added. The wet soil was allowed to s~and in the 

batching btn for seven days. At the 'end of this per10d the soil 

was meohanically mixed to improve homogeneity. . ' 

Soil Pl~c1ng The removable side of the bin ~as first tak~ off 

and the" 1noer surf~ces of the rema"1ntn1 ope~/~boX were 

, coated wi th vasel1'ne. Remoulded kao1int~e oj-~er ~ntent of 
, ,/ j-

52:.5% ± 1.0% was manually ciepost~ed in smal1 lumps, 'tamped and· 

rolled 1n one 1nch lifts. When the sample th1ckness was a little 

over,t~e th1ckness of the b1n, the excess was tr1mmed off with a 

w1re saw and the surface smoothed over with a trowel. 

Gr1d Plac1ng Once the s011 samPle ha~ b~en prepared, the 

, selected tool [cuttTng b1ade ,or gr~ wai embedded 

~n the clay at a spec1f1ed l~~~us g~ousers 
employed dur1ng the course~f th1s 1nvestiga~1on are shawn in 

" ../ ' 

Plaies'A~2 ~A-4, inclusive. A gr1d network of one-half-1nch 

squares was then mad~ ,,~ the 5011 surfaee with a black pen and a 
p • 

., 
... 

, 

\ 
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PLATE ~-2 THE C.E.W.TYPE (-2) GROUSER , 1 __ 

'!:ATE A-3 

r . 

... 

THE C.E.W. TYPE (1) GROUSER (LEFT) 
AND 1HE S.E.W. GRpISER (RIGHT) 

, . 
• 

.-

"'JJ" 

, 
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• 
PLATE A-4 RIGHT ANGLE PLATE GROUSERS (R.A.P1G.) 

, ' 

w1th (h/l) RATIOS of 0.833 (lEFT) and 0.5 (RIGHT) . ' 

j 
, . 
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, . 
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plotted lucite sheet. <:::'''§il1fr-s was done by first plae,ing the plotted 
\ 

lucite sheet in one direction and draw1ng lines in the slots. 

The lucite sheet was then turned 90 degrees, and the procedure was 

repeated until a grid of one-half-inch squares resultld. The bin 

lucite frbnt was'th~n lubricated w1th vaseline and placed on' the 

5011 surface, and the a1uminum frame bolted ba~k on. 

A.3 TESTING PROCEDURE 
.., 

Conce the 5011 samp1e had been prep~d, it was place~ under 

the carriage and the tool was attached ta the carriage system by a nut-
. 

and-bolt syst~m. Care was tàken not to disturb the sample during this 

operation. 

"-
At this point, the too1 speed desired [generall1 1.0 ,inch! 

'. -m1nut~] ~as reset q~ the motor·control box. A~ initial photograph 

of the unde d, gr1d was ta ken and the carr1age wu then set in 

motion. further photographs of the 
J, 

defonning grid were taken at five-second 1ntervals.' 
\' 

~ photographie 

"record of a so11 cl;ltting test 1s shown in Plate A-5. 
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EClION B 

'" / ~ 

f ~ 
The ~atural cl~y used in both phases of ~thè experimental study 

[Le. cutting and traction tests] was an "Engl1sh China Clay" formerly 
• 1 ~ • 

des1gnated 1I~-187" and how known as "Lee t~oor SPS". The predominant 
J , . 

clay mineral constituent was kaolinite, as .shown by the chemical a~alysis' 

of s~mples. The complete) c ~mi ca J analys1s. by we1ght, as provided by 

the supplier. 15 given as: 

Si02 47. 39%~ \ 
\ 
\ 

Al 203 
1 

37~94( 
" 

Fe203 0.36% ~ 

, 

1 ri°2 0..pS% ... 

MgO 0.18% 
~ \ -.. 

cao 0.32% 

K20 1.17% 
'\ 

Na2O. P.07% 
, c 

, 

Loss on ignition 13.02%·~ 
p. 

An X-ray d1ffr~é't1on revealed that the clay wa~ pr1marfly kaol in1te 
'- (\ 

[approx1matèly 93% by we1ght] w1th sc:wne 111 i tè [abou~~ 7%]. " 
} f 

, él ... 

.. The 5011 wes 1~o part donated by,. and in part pure ased from 

Domtar Ffne Papers Ltd. and Was found to have the fol1ow1n eng1néer1ng 
, . " 

1 

propert1es.'as determ1ned from'laboritory tests: . " 
" 

,:<, 

. , ; ;t'I. 

S';:· . ;': . \ . 
, . 

, . , . 
'. r 
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Liquid limi t 

Plastic limit 

Specifie gravit y 
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54.5% 

37.5% 

2.62 

., 

Particle size distribution 74% finer than 2 mtcrons 

'f{ complete grain size distribution is- shown in Fig. A-2. 

- , 

The artifioial clay e~ployed dur1ng the investigation was 

II~Plasticine" ~trade name] as manufactured by Harbutts Ltd. of England. 

Although the manufacturer', s speci fi çations stated that the material was 

temperature 1nsensitive, such~did not prove to be the case with regard 
• i 

to stress-strain performance. For this reason al1 the tests were con-. 
ducted within a temperature range of 70°-75°F. A smal1 amoun~ [about 

3% by weight] of petroleum jelly was added to the clay to reduce its 
, ~ 

strength. 

The static stress-strain curves of the ~if1~1al clay are 

shbwn in Fig. A-6. The particle size distribution of the solid residue 

reported by Japp (1967) 15 shown i'n Fig. A-3. 

" mately 20% by weight 1s of clay size fraction. 
, 

Japp found that approx1-

An X-ray diffraction 
'.. 

!le study revealed)that no clay mineral~ present,. and that the solid 

phase was primari ly quartz. 

' ... 
At a loading velocity of 1.0 inch/minute, triaxial tests were 

<l 
conducted on,conf1ned and unconfined specimens. The results of these 

1 f 
tests revèal~d that the performance of the artificial clay is not 

1-

1.nfluenced by the IIIgnitudè of t aa-eM~ "1ng pressure and hence a ~ = 0 

af)~'ys1s is vàl 
'- \ t. 

" 

.. 
, ' .. 
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SECTION C 
2 

• SHEAR STRENGTH TESTS 

"True Triaxial" tests were perfonned under plane strain . 
condttions in arder to reproduce as close1y as possible the assumed 

con~itions exist1ng in the cutting and traction tests. In this case, 

pr1smatic samp1es [2 1ns. x 1 1/2 1ns. x 4 1/4 1ns.] of bath artif1cial 
f ' 

~ clay and nearly sa~urated remou1ded [kao11nite] clay were prepared ,~. 

a s1mi1ar manner to the compacted samples used in the cutting and ~~ 
traction te$ts. . The prepa~ed sample was placed in a modif1ed triaxial 

c~amber bet~een two pol ished, brass plates [see Figi'A-4~. . The 1 

~1stance between the plates was adjusted so that no mater1al deformation 
1 

of the sample, normal to'the plates. was pennitted. The samples were -
then placed \n a testing machine and axial loads applied. The test$"· 

were perfonmed at three d1fferent cell pressures [0, 2.5 and 5.0 psi] 
". 
and at axial 10ad1ng ve10c1ties of 0.1, 0.5 and 1.0 1ns/min. The 

" 
results of the tests on the kaol1n1'te clay have pr'ev1ous1y been shown 

as Fig.. 4-7. 

Similar tests were performed on cy~1ndrica1 samples. These 

simples were 1.40 1n5. in d1ameter and 3 1/8 1ns. in length. Ax1-

symmétr1c tests were p~formed in order to verify t~t the nonex1stence 

. of a well-def1ned fa11ure conditions, 1.e. no strain' soften1ng behav10r, 

15 not a result of the plane stra1n, uTrue !r1\x1al"~ test restra1nts. 

The res~lts have been included in Fig. 4-8 for the natural kaol1nite clay 

.and in Fig. A-6 for the art1f;ic1al clay emp10yed durfng the 1ntt1al . ., 

stages of the exper1mental progranme. Figure A-5 stlows the effect' of 
. \ 

) 
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the lpading rate on the shear strength values for the kao11nite clay. 

, t1nally, direct shear tests were performed on the compacted 
..... 

soil in bath the sail-to-soil and th~'S911-to-metal modes. Sample~ 
, 

were eut from clay compacted in the test bin'~d these were tr1mmed . 
~ 6 

and tested, Section 4.A.3. The direct shear test results are shawn 
~ '. 

1~Fi9. 4-9 for the soil-to-soil mode and in Fig. 4-10 for the so11-to-
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SECTION 0 

" 1 ARTIFICIAL CLAY CUTTING AND TRACTION TEST RESULTS 
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APPENDIX B 

, 

DATA REDUCTioN TECHNIQUE~ 
1 

" The basic s~eps adopted for data reduct10n of the sail cutting . 
) and traction experiments are described in this APPrndix. The techniques ._ 

, . 
~re descr1béd br1efly in Chapter 4 [Section 4-8-2]. The method adopted ' 

in this study 1s sim11ar ta those prev10usly reported bYiChen (1972) ~nd 
u • 

by Sylvestre-Williams (197·3). "A flow chart/of the var10us steps followed, 
, ' 

in the reduction of experimenta' data, shown as Fig. 1;17, is g1ven in 

Fig. B-l. In a~hronolog1~al order'these steps Ire: '. 
, . ., 1 • 

P10tting of successive gr1d no~es. 
, , 

Transfer 'of grid coordinate" locations to 
Process Contrôl Computer. 

Grid adjustments . 

. Calculat10ns of d1splacement and velocity components. 

Calculat10ns of stra1n rates' ~d effective s~r.a1n r~tes. , 

Estimation of volume changes. '.' 

Calculat10n of power·of def~rmltion. 
/ 

These steps are d1scussed in detail 1~i~ubse9uent sec~iops of 

thb 'Appendhç. i, .. 

Selec:ted frames froo the photographie record of the gr1,d nodes 
• 

w .... e p~t~"and' the gr1d. ~1splac.anent, patterns et successive t1me 

\ 1nterva1s, tbgethe~ with the tao1 [blade or grouser] pos1tjons'at these 
1 • 

1 t1",s. were plotte(! on paPer [Fig, 4-16] ... ,The gr1d nodes we~é taken 
l , . '. 
1 U ... J 

, 
) 
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as the points of intersection of the horhonta1 and vertical l1nes. 

The plotted field for each image cons1sted of a network of ten horizo.,:· 

tal points spacad a~ one inch i.tervals by 14 vertical points spaced a~~ 
one-half inch intervals. This resulted in a rectangular netwçrk-ttâVing \ cl 
a size of nine 1nches by six and one-half 'nches w1th the top lefthand­

side point taken as the closest node ta the po1nt of tool intersection 

w1th the original 5011 surface. As pointed out earl1er. f1ve 1mage 

positions were recorded. representingo respectfvely the initial position 

plus four subsequent positions at 0.25. 0.50. 0.75 and 1.0 inch tool 

d isp lacement. These fi v~ images were then superposed on each ather ta 
• 0 

provfde a deto11ed description of the nodal dfsplacement trajector1es 

over a tool horizontal displacement of 1.0 1nOO. 

8.2 TRANSFER OF GRIO COORDINATE LOCATIONS 
TO PROCESS CONTROL COMPUTER 

The p'otted· grW images were placed Qn Il Mo.seley -AutogràJ)h 
~ . . 

. '-- Model 2D-2AM-X .. Y recorder whfch was connected to Il Canad1an Gêneral 

. . 
, . 

Electr1~ Process Control Computer. model GEPAC 4020. The plotted images 

PIper wu fixed in pos1ticm on the X-Y recorder and tht! carrfage needle 

moved manual1Y, by adjusting two potentianeters: to each 'node location . .': 
, , 

'. 
The, gr1d points werf' then plotted row by row, fmag, by 1mag,. The 

vol tages correspond1ng ~. the horizontal and vertical coord1nates of uc" 

.location were input to .an integrat1ng digital voltmeter wttjh fect into ' 

the cOMpUter logfc ci.,cu1ts:· 8y means of·progrlllM [2SY.shown in . 
, . 

~ j"l \ 

~_~t~ Et th.· fnput voltages produced by t~ X-Y rec~er were converted 
. ~ / 

fnto c{)OrCl1nate values [X a~ y] in cent1met}'rs. The resu1·tfng coord1n 
, 4 J \ \ 

ate valu" WItt tMn temporlrl1y, stored on 'a .-gn.tic di~from wh1ch· 
~' ;' 

.. 

/ 

Î 

,i 
,', . 

;. 
/: 

J, 
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they were transferred,to an IBM Magnet1c Tape at the end of each test 

plot. The coordinate values stared. on the ,magnet1c ta~ were then"" 

transferred to punched cards by trieans of progranwne "TAPE 25" shawn in 
, _ 0 

Append1x E. 

'B.3 GRID ADJUSTMMS 

/ 

)' As can be seen from Ffg. 4-16, the undefanned grfd 15 usualTy 

in.a sl1ghtly distorted state. The distortion" 1'5 due in ~rt ta th 

manual grtd placing technique and so11 heterogene1ty, but 1~ 15 mai ly 

caused by the preparation and manipulation of the clay sample aft r the 
/ 

1 

gr1d 1s placed. In order to ensure' a regular 1nterval betweel'1l 
, . 

~ 

adjacent gr1d nodes wh1ch greatly facil1tates the ca1culat10nr'of 
..., 

ve1oc1tyand strain rate components, the initial u,ndefo~1 and sub-

sequently deformed ,Plott~ grfds were 'S~bj~ted to IPP#, itnet~ ge~ 
metr1cal,adjustments shown in ,Fi9. 8-2. The method a 0 tecl by' 

" 

Wind1sch ,(1~69) cons1sts of the specif1cation of .rb1t arily def1ned . '. . . 
grid coordinates to'prov1de an adjusted undeformed 9 id of regular . 

hor1%àn~1 and verttc~ 11neso; ,ThiS" network' rresponds as <:105e1.5' 

as pos'tble to the. 1 t1a' undefonned gr1d. Ut izi~g t~e follawing 
< 

,~:~~on. the prociuf~ 15 detaÙed bel~:1 :" / 

/. . XI. Yi- ort~1nal ,unde~~1'IIIICI coori1"ate5 
1 XIA. Y - adju5ted. undeformed' coordinates 

/ , ' xx. Iv - ori l1nal defO~ çOOrdi'Ntes ' 
, 

. XXA~ YVA - .djus~ed deformed ~~1nates' 
t /; , 

~ adjustMnt to ~he ,absctssa of an undeforNd gr ~1nt [I.~"~] 15 --'\ 

livl" as: ." 
" 
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0) • XIA(I,J) - XI(I,J) 
. ' ' 

This value 15 then .appl1ed r a fi rst adjus:tment to the correspond1ng 
/ ~ 

grid point absc1ssa. Th~rate of adjustme~t a10ng row J 1s: , 
1 Il 

! / 
Cl _IXIA (!±l.J) + XI (I.J) .. iXIA (IJJ) - XI (I+l.J>1 

/ XI (1+1, J) -,XI (I.J) 
/ ,- ' 

If the constant. /,ct' ,s'regard~ as be'ing a grad1enva~ong row J 
, ,', / 

be:twe adjace~t points. a second adjus'tment can De made to t~ abscisse 
/ , 

of e defonnéd ,grid poi nt. vi z: ' ' 
, . 

/ / ' 

,/ lit - (XX H.J,JS) - XI O.J)] Cl 

Here JS represents the image at 0.25, 0.50. 0.75 and 1-.0 inch tool . 

d1splacement. and 'corresponds ta the indices two, three, four and five. 

/ 
The adjustment of Any g1ven gr1d point will. by necess,fty, 

deptnd on,the 1~cat10n of adjacent undeformed gr1d points in the fol10w-

1ng row. Hence, the rate of adjustment of the abscissa 110ng row J+l 

can he expressed as: 
'0 ' 

~ • XIA (1+1, d+ll - XI (1+1. J+l) - 'XIA (I,J+1) + XI (I.J+1) 
.1 b XI (1+1, J+'J. XI (I. J+l) ( 

.. . .. 1- .'r 

, FrO,m this •• '~urther adjustment 15 illide (0 the deformedc:oord1nate, of 
. . 
, r.9ft i tua: ' 

,1 

. 
" 

o! • [XX (1, J~l, JS) • XI (1, d+l)] CI 
~ . 

.' . 

A th1rd correction ts, the result of adjustments in the ord1nate d1rect101i 
o ~ _ .,. ~ 

of tftê gr1d point, v1z: 
"~ 

". ~ '0 '. (Ol:,~ 0 ) YY (l, d, dS) • YI (I, d) , 
'-~ ,~ v • ~ 1 YI (J. il.') - YI (I. J) ," ' 

ni. 'ftMl adJusted ablchsa 'valu~ 'of the ~efOnned gr1d point 

t i tIMIn ~.;,.II' : . . . '~. \ 
! f 

/ 

'/ 

__ -'-----L!--..;. __ ~~____.:..._~~. . 
---..,,' 

, 
l 

1 
i, 
1 
'~ 
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, . 
XXA (J,J,~S) • XX (J,J,JS) + Dl + Oz + D, 

\ 
, , 

S1m1lar a~jus~nts are performed on the plotted ordinate values ~f the, 
\ 

gr1d nodes. 

The above calculations '" ~fven by Eq. (8.\) and by an analogous 

equat10n for thé ord1nate values, are performed by, the first part of the 

Computer progranme "FIT" g1ven in Appendix E. It should be noted that 

1n this .computer)routine, the fol1owing sub!t1tut1,ons of symbols are madé: 

U (1 ,J). xx (I ,J, 1 ) 

YI (I,J). YY (I,J,1) 

X lA (I ,J) -, XXA (I ,J. 1 ) 
lit 

VIA (I ,J) - YYA (I ,J.l ) L 

8.4 VELOCITY CALCULAtIONS 

The partlcle valoc1t1es. over successive gr1d positions, were 

calculat~d on the basfs of tbe t1me rate of change of the part1cle'pos1tion' 

in the coordinate directions. The v~lot~ty campon.nts are g1vèn as: 

U • XXA (I.J~ k+l) - XXA (J,J,k) 
JJK ' TT 

\ 
? Vi. YYA CI ,J, k+1) - YYA (J ,J,k) 

IJK TT 

"\ 

I.~ • column and row 1nd1cestres~t1Yely 

, XXA; YVA • adjusted coordinat.s 

k .. 1 .. ge number '. " 

U,V • v.~o~ty cOlftPbnents 1,n the x- and 1.- ~o'Ord1nate 
-directions. respeçttvely 

~B.2) 

• 

\ , 
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....... -... 

,TT • t1me 1nterval 'between success1~e ,1~ges. 

8.5 STRAIN,RATE COMPONENTS. 
\ . 

(. 

:. The stratn .~te components were calcu1ated by the a~p'1_fcat1o" v 

of Eq.· (4-4)' re~ated as: • 
\ 

~'Êx·~ -., 

Ë. .• av 
y r,-

i • Hau + av) xy ay ax 

(8-3) 

However. in the actuel calculet1on~ carr1ed où. by the dfgital prqgramme 

/lFIT" ,shown in Append1x E. the strain rate components ~re detennff)ed, ' 

to be the average value of the quant1ties calculated for adjacent rows 

or columns • .,Thus, Eqs. (8-3) are written as: 

(t"') - • i U (1+1, J,k) - U {I,J.k~ 
x XN,YN ' XXA (J+l.J,k) .. XXA .(I.J.k) .-

whera 

.; 
,:1 

tU (I+l.J+l.-kl .. U (1. J+l. k) 
)(XA U+1. J+l. k) ... ' XXA (I .J+ l,k) 

(Êx)XH,VN .,~ a,t the point (XN,YN) located at the anter oY area of 
':' , . 
tfte qUldrl1atera1. formed by the.points (I,J,k). '(I+T,J.k), . /\ - . 
(I+1, J+l, -k) al)d (l, J+l. k).· 

1 -

. 
l ,J .• vcol .... and row IUlbers. -respectivèly 

, 
Je • tlnl~ n&lflber 

U • Plrticl. veloeity in the x-dirtct1on 

" , o 

i 
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. 
S1m1lar equations .were used ta determine' the.val~es of the 

other stra1n rate components~ 
... ' 1 

~ ~ 
The effect1ve stra1n rate e was obta1ned fram the calculated 

stra1n rate components, v1z: 

8.6 VOLU.jE CHANGE CALCULATIONS . 

/ 
T~e method by whièh the permanent volume changes were est1mated 

has been described in detail.in Section 4.8.3. The results of these 
." 

calculat1ons, perfonned by,progràmne "FlTil in Appendix Et have béen 

presented as Table 4-3. In su.)'. hawever, the method makes use of 1 .' 

the pr1nciple of the conservation of mass [Fung ~1966)]. app11ed to the 
1 

el amen ta 1 .rees w1th1n the defortning f1eld.. 'If referènce 1S' made to __ .c-----.....;...,...:...,,.. , 'l 0 # 

F1g. 8-3. 1t will Qe seen that the applfcatfon of th1s prfne1ple results . , 

/ 
/ 

/ 

." 'i 
,\ 

,tor plane ,trairi deformation • Theseëquatlons 7be ~ltten as. 

(B.6) 

. . 
/ 

.J( 
'/ 
" ' 

,of . " , . 
Pi , •• '$ dlftsft,y Of" ItSlci11e l1li15 of the 1'th el_ntal ar.e •• 

.... - . \ .' ' ' 

Ai • a .... of-;the ftfl el"-. 
.' . ~ 

" 
. " .. 

,~ 

'. '., .. , 
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Machine cOlJ1putat1on of the areas, carr1ed out by programm~ "FIT". 

permitted a c par1son of the'mass densit1es of the deformJng so11 t 
' . 

through succ ssive gri,d, positions. Est1matès of the VOlt111t, charges 

were thus obta1ned. 1 

8.7 CALCUèATION OF POWER OF DEFORMATION 
AND tDTAl DEF~TION ~NtRftY 

: , . 
1 

" . 
, _----~~ deformation at the coordinate location [~N, YN] 

15 Obtèinf.~ from the application of Eq. 14,16) repeated as: 

~ • 2kt"T; 

to fotm the produc t : 

.. 
PO-WxA 

\ 
.wh~re 

\ 
l " 

PD •. power of d,formation at coordinate location! [XN, YHJ. 

A • area of quadr11ateral surround1ng the point [ 

ka -.Jz • second invlr1a~~ ~the stress dev1at1on . 

. ~ 
. 1

2 
- second 1~~~~~ strain rate tensor. 

., ("/l' ..::....-:::--
\"~.. ~ " ~lj'""" ___ J;-l , " 

/ 
, , 

The slllfttfon o( the valun-:Of -PD èalculated at'the var40us points . . ' 

" . 
viven by eX". YN], 1$ car"ed out b~ mtans of Simpson!s rul. [Hildebrand . , . 

(1965)] to y1.ld ~ total en.'tr d~SS1pated, in the pla~tic defor.mlt~~ 

of. the sof1~ 1 fi' ~ '. ", ' 
• / fi .... . . ~ 
/ 

// . 
/ ' 

/./ . 

/ 

/ 

, 
1 

-, , 

, 
)~ 

/ ' 

'èJ , 
0 

" 
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o 

\ 
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APPENOIX C 

, ) 

REVIEW OF PREVIOUS WORK 

'\" . 
A. 'INVESTIGATIONS ON SOIl CUTIING 

, , 

• 

" 

\. Our1ng the early part of the 'centu'ry ,[1918 to 1939] t 

résearchers in the Un1te,d K4ngdom and the U.S.A. ,apparent1y conf1ned 

their work ta the investigation of the draft 6f tillage 1mplements. 

They coul~ not, however, isolate the relevant 5011 parameters from 
1 '" . 

" 

class1cal 5011 mechan1cs was possible. 

An 1mpor.tant and not1ceable feature of al1 ,r,.:ent wo~k in' the \') 

field of sail cutting 15 tt1e application of the th.ries of clàss1,cal ~~. 

. >SOi!. mechanics ta greatl~ s.1mpl1f1ed ~~~11 ~9-tOOls. lt wes fe.lt 

by mast research.rs~hat once t~ese ~s were understood. it would 
. ." 

. .,eSt be unreasonàb1& to extend the study .to. mor 'complex and real1st1c 

~~~. : 
• a ~. 

" Bas1'cIlly, the foundation of this ~~.k 'wa. laid by çoul.~b" 
and the fol1ow1ng' factor~ were.1nvolvecH' 1-":' ~.: > 

· ' .. , .~l ... SoI~· ""r~';"s :UC.h as COhe;ID11. ._1 ··'rlctl:n. d~nsftY. 
h) Sol1-118tal properties such as ,soi -.tal friction and adhes10n. 

~ 1 
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c) AssLinpt10ns that the 5011' was r1?1d ,and • .,1n~ompress1~,le. 

'" Forces were evaluated by studyinQ the 5tat1c equ111br1um of an assumed 

fal1ure surface which was chosen to satisfy. the lim1t1ng stress conditf 

ion of a Coulomb material. 

~ , 
Payne (1956) first conf1ned h1s investigations to vertical 

tines. He classifieeS narrow tines as those h-av'ing a shape factor 

[depth/w1dth ratio] greater than unit y, and blactes as those w1th shape 

factor.s Ip:is than 0.5. Al though he 'ana1yzed the forces of h1 s pro-
. 

POsed complicated fa" ure pattern in front of a narr.ow tine, he did not 

produce a solution in a read11y usab)e form.' Furthermore, the very 

comp1icated ex.pression he der1ved for the force on the t1ne was for l'n 
1 • 

'" arb1trary fan'ure surface; al 50 such an expression IIhas to be furt~er 
..... \, ",-

~... subjected to trial computations required in a m1n1m1z1ng process for 

confQrm1ty w1th thé requirements of a minimum value postulate before 

the final value is obtained." [Hett1aratch1 (1965)J. Payne'"s work was 
, ' 

later._ extended by Payne and Tanner (1959) t and by Tanner )1960) to' cover 
, , 

the behav10r Qf naf'row t1nes over a w1de range of rake angles. Exper~-

men~Obs.rvations wer~ in good agre,ement with the' cornp1 ex fal1lJ're shape 
"~I '. 

proposed by Payne. ' :' , 
1- ~ 

Osman (1964) ana1yzed very thoroughly the w1de ~de cutting 

'_ problem. ln his investigations, Osman U$ed w1de blades with vary1ng 

,~ ""kt angles. By us1ng w1de ~lades t he sfl'llpl1f1ed the,stress,-f1eld ta 

a simple two-dfmens1onal one, and ~fs exper1mental 'work was carr1ed out 
... . . ' 

on dry sand, st1ff clay. and a C-+ type of soHo He atternpted to ehkk 

two theOr1es for passive pressure: . 
~ 

t 
. ') , ' 

, 
" l 

" 

~; 

l 
t 
~ ;l' 
~ ,!, n 

\" ,; 
':~ 

l~' 
,;~, 

:< !, 
" 
1", 

~ 
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a) C-oulomb's solution' for ,a granular material, and 

o b) Ode's logar1thm1c spiral method . 

• He conclud~d that Coulbmb's 'wedge solution was' ,onlY goo~ for s'mooth 
," 

blades of smaJ 1 rake angles working in COheSi~nle9S s'o11 s, and showed 

. that Ohde's SOl~t1on'~cOUld accurately predfc·t the forées re~uired to . . \ 

eut a w1de range of so11 s. . r 

" , It has been pofnted out by (')sman that the uS,efulness of his 

analysis 1s 1imited, in that 1t ~s a function of a large number .. of 

v~r1ables and ft 1s necessary to have access to a computer to solve 'for ~ . 
each tndfvidual case. W1th a v1ew to overcom1ng th1s difficulty, 

, 
1/ Osman made use of dimensional analysis and was able to wr1te the follow-

, 1n9 equation: 

where 

o 

D/yz. • ratio of draft' to grav1ty forces 

C/YI • ratio of coh!s1ve to grav1ty forces 

8 • so11 to metal frictional angle 

• • angle of interna1 friction '" 

~ • rat10 of Adhesive to gravit y forces 

~ • rake ângle, degrees 

h • height of surcharge, inches, a~d 
, . 

z • blede depth. 1nçhes·. 

/ 

• 

) 'III , , 

o and h/z ~escr~~ the geometry of .thè ~'ade and the s~r9~ . 
. , 

• • ~. 
" a 

, 



p • 

\ . 

. , 

, , " 

, 
1 

~~ 1 " , , 

i. e • • 

~Osman presented charts t~at would enable the calculation of 

draft forces to be ma~e for a range of 5011 types of pract1 ca l 
\ 

, 
1nterest. 

• 1 

Siemens and his col1eagues (1964Î--conducted similar 1nvesti-
- ~ 

gat10ns but w1th fewel;' experimental, va~1ables. an~ t.hey used a com-
l , 

1 b1nat1on of Ode ~ s reta 1n1ng wall theory an'd a Jlfres, b~d~" th~or{,~;:o . 

" ( 

compute theoretical loads on the blade .. "f.here was.·however. poor agree-
/1 ~ • 

ment between pred1cted and experimental observations, the former being 
, 

higher itl value than the latter. This seemed to cast doubt on the 
-

valJd1ty of the Ohde 10gar1t'hmic _spiral sol uti~n. Subsequent.. measure-
, 

rnents Of 5011 parameters revealed that too h1gh a value of cohesion had 
~ ""'" . .' '- . 

been u~d in the original computation. Predicted forces util1zing the 

rev1sed value for cohesion showed ,good agreement w1th e~perimental 
, 1 

.results. 

Selig and Nelson (1964) conducted qualitative invest1gat.ions 
. 

into the mode of fa.l1ure of three types of 5011 under the action pf 
fla~ bl~des. and: genera~lY. the1r observations supported !he id~a that . ~ . . 
the failure geometry ~s in occordance with the postulated logarithm1c 

• • /1 

spiral solution 'for re~ainirig ..wall 5 • 

,1 

Reece (1965) proposed that t~ cutting force acting on a ~ltde 
~ "> . 

could be expressed.by means of the following equat1Qn: , . , '\,' r' 
a 0 Il' yZ 2N + CzN + C ZN J + qzN 

y c a a q 
, 

where .. 
\, 

D • cutting forc~ p~r unit width of blade and Ny~ N~. Nq 
. "'1:. 

are d1men$1on'.ss.n~bers representing the boundary con-
• . . 

, 
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d1tfons of the fa11ure surface and funct10ns of~, ô, 

b1ade geometry and fa11ure boundary. • 

q'. the we1ght of the un1form1y_~istributed surcharge due 

to p11ed-up SQjl . .... ~, 

, \ 

·Reece's equat10n 15 not only simple but ft also applies to 

the computa Uon of thé force requ 1 red to produce fa 11 ure' 'of the 5011 , , 

beneath any form of 10ad1ng structure w1th a two-dimens10nal fai1ure 

.~ttern. 

HOWéver, as pointed out by Hettfaratchf (1965), this 

equat10n 15 not' absolutely correct1
• Hett1aratch1 et al. (1966) com-

, . ! 

puted the four ~ N factors for a camp 1 ete range of va 1 ua of ~ for 

the two extreme values of wall friction. 6, that 15, ô· 0 ond 
, ~ 

15 • +. for values of rakI angle vary1ng fram (45°-41'2) to/,(135°-./ 2)' 

.. They 1150 produced su1table interpolation fOnllllae and graphs 'show1ng 
, . . . 

the rupture distlnce as ,a funct10n of the 5011 and blade variables. 

1 
/ O'ClJl •. ghan and Farrell~ (1964) der1ved a s1mpl1f1ed express1c;m 

for the draft per unit w1dth on t~e basis that two distinct regimes of 

deformat1on oçcur 1n~ert1cal and horizontal planes. This expression 
" .. , 

appearea to gtve good correlation for cohesive sol1~ but fa11ed in 
cohestonless so1·1s • 

... tt1 ..... tchf 6nc:t ReÎce (1967) att.pted to provide a usefu1 
, 

solution whic~ would anable cértain s)'IIIIetr1cal three .. dimens1onal so11 
• ~ :a 

fanUl'. probl_ to be .. analyzed rapidly by the us. of chirts descr1b'ing 
. " 

~ faih.re g_try. t.tht~ wfth SCIlle s1""l. tr.t9Qr1OI1ttr1cal f.ctors. 

.. . 

. -
" 

, 1 , 
Î 
1 

" 
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Certa in s1mpHfying assumpt ions were made and their l1mitations 

po1nted out. However, IOOre exper1mental support was needed as ~o1nted 

out by the authors. 

El1jah ancÎ Weber (1968) COnduC~Xper1~entS. u$ing model and 

full-scale flat blades in artificial and field 50115 to detenn1ne the 

so11 fal1ur.e patterns and the distr1but10n of normal and tangent1al 

pressures on the blede surface. These blades were designed so that 
~ , 

the cuttin!1 ed'ges were separated from the blade surface.' In th1s work, 

They were des1gnated four d1stinc:t--f-Hl-~ patterns were 1dentffied. 
- - - ~______ 1 

as "shear plane", '.'flow", "bend1ng" and "tensl1e" fa 11 ures. E11jah 

/ 
/-

and'Weber po1nted out that there was ft need for def1n1tfon of new so11 ~ . . / , . / 

parameters in order to pred1ct when these patterns will occur and ~ 

tool forces Ire 1nvo1ved. ,They foun~ that the pressure d1st'r~on 

on the blade surface 'Ylr1ed with the, loca,tion on the blade CS with the 

type of soH. .Reasonably f. agre8llènt was obtalned en the 

pressures ~ere integr'at~~ 'InCl used ta pred1ct the ~cutt1ng force 

actfng ,on thEf"'blade for the various 5011 s. 
1 

) 

reèce (1969) pofnted out 'that 11e' the methods of classfcal 

so11 ~h~nf.es "can solve the ~bl of wide cutting- blade, time has 

COIIIt to ~ke use o( the th~y plast1c1ty. with. a .proper description 
j • 

of the r.lltton between s.tl" s and strain, tn developing son machine 
.. -' '/ 

IIIChJntcs. " - . 4' , ~:., __ 

, ~ 

Vismer Forth (1969) and Wf_r and luth (1970) derived 

pr,edict1o~ tions for, the draft, -Incl vertical' forces. on bledes 
" . 

ope ... ting n bOth sand and .satur.~ cl.y. Thesi «lUlt1ons ~re 

• ! 
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\ ' 
. -

deve1 application of dimensional ana1ys1-s and non1inear curve 

fi to exper1mental results for a wide range of blade siles, angles-,' 

nd ope'rtng speeds. In the se exper1ments cone penetrome,ter measure-

ments wer made to detennine the properties of the s'oi1,- aM the soil 
i . 

strength w expressed in terms of the cone index of! a standard cone 
,e, ,! 

1nstead of the more convent1on~1 terms of cohesion ,nd angle of internal 
o. 

1 • • 

fr1ct10~. For th1s reason, no quantitative compar1s0ns with other 
1 

investigations can be made s1nce the relat1onsh1p Ibetween the cone 
1 ~ 

index and the convent10na 1 strength parameters del,Pends on the-.:.,so11 
} ! ," 

t,)1)e.. 1 

.. .... 

1 

Yong e~ al. (1969) ~nd Yong and Ch~(19~O) employed the ............ 

pr1nciple of l1m1t equilibr1um where the stabfl1ty of the so11 mass 1s 

contra 11 ed or aff.ected by the mov 1 ng bl ade. 1 The deve 1 opment of the . , 

solution technique WI$ based on. the followhlg assumpt1dhs: ~ 

The stressed s~11 in front of th~ blaele 1s dhided 1nto 

two reg1ons: R~g!on 1 bei", the radial' shear zone and 

Region II ~he simple passive Rankine zone, Fig. 2-2-A. 

2] The so11 mass 15 incompressible and 15 assumed to obey 
o • 

the Mohr-Cou1omb yfeld funet1on. 

·Wi~h the 10Ise of a sfml1arfty solution technique, the eq tions of • ... 

equ111brium. and the Mohr ... Coulomb y1eld condition; they were abl1.t 

pred1ct the fo;eis on cutting bled.s ,in both cohes1onless and C-4' 50115. 

Yong Ind Chen (1970). showeéi thlt for conditions where l1m1t 
, \ 

equ111br1_ in the sol1 1$ apt)roached, and for the purposes of predict-
" " .. ~ . 

1ng ffrst fànure in thè 10.11 uncler ~h. action of a IIOv1n9 blade. tbe 

'1 
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, -
ana1ytical technique deve10ped, utilizing the method of eharacter1st1cs 

for solution, gave a good-correspondence between cOmputed and measured 
" .... " . 

values. Moreover, comparisons wi,th reported va~ues from other stud1es . , 

showed the app11clbi11ty of the method tp the solOtion of the problem. 

INVESTIGATÎONS ~ SOll-GROUSER tN!ERACTI~ 
\ 

The f!rst systematic attempt,!o prov1de a has1s from wh1ch 

reliable predictions of vehicle behavior could be made was carr1ed oùt 

by,Micklethwa1t .(1944). Based on his exp~r1mental work. Mfck.1etJ1waft 

proposed a-nequat1on express1ng .the max1mlln tractive effort of a tracked 

v.hi,~~ coheshe 5011s of the form: 

where' 

e 
, H .' ble + W !an, . 

H • gross,tractive effort in lb 

b • track w1dth in inches 

l il trIck 1ength in',fnéhes 
. , 

c • cohesion in,psi 

W • vehicle wight 1n 1~ 

This equation 15 very rarely ~sed at the present t1me, but was the bas1s . , ' . 
of vehfcular ,design unt11 Bekklr (1956, 1960) examined the problem of 

so1'-grouser interaction frqm a theoret1cal point of vfew. Bekker con-
, .. /.A"_ 

, f. \ 

s1dered that M1ck1eth~tt's equat10n wes incomplete in that several para-

meters were not tak~n 1nto account. As a ".sult. a pair of equatton's 

were proposed. the f1'rst of 'wh1t:h es~fbecl the hor1 zontal thrust 
T \ ,/ 1 - . . 

devlloped by a grouslr in te~' /~/track geqmetry. veh1cular we1ght and 

the rite of S11P~}fs ).s ~.e.V.10ped .for U,se W!t~ th. conven-

! . 

i 
\ 

" 
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l~ " l tlo.aI lI.ked t1ack• where a 'COndition referred to U "grip fallure" 

-...{ resuJts. Fig. C-L This çondition occurs at very high values of the 
/ 

ratio of horizontal ta vertical forces'(H/W) and rupture occurs a10ng 

interface ab with t~e forces acting as shaWn. The re1ationsh1p 
1 

between H and W for th1s caSjl1S given s: 

, 2 
H • W h + S tan ~ + C h + (C-1 ) ,. 

/ / 
S -: h tan , . ,5 -~ n~ ~ 

The second of these equat10ns was ,~ppl1cable to a s~c8'd l1nk track, 
• 1 

. 

/ 

/ 

a system ~1c,h . analog;;~ to a series of, isOlated, grousers mo'ling 

through a so}1. The condition of fai1ure in th1s case was referred to 

".5 tlgr~Llnd ft ilure". This equation expres5ed the hor1zonta l thrust in 

terms of t~~ gro~5er g.~try ~nd" 5011 parameters. and was based on' the ~ 
, 

"'"" assumptlon that ~t~e grouser plate could be approx1mated by a str1p foot-
, :~. ~ 1 

1ng 1ncl1ned ta the horizontal at'an angle given by: 
\ 0 

e • arc tan {H/W} 

wh ... e 
'. 

H • hor1zoQtal thrust develaped by grouser 

W' • applied vertical' load 
, 

As a cODs~uence of th1s assumption. the developm t of th~ equation 
, 

f~11ows the ~ethods propOsed by'T.rzaghi ,(l944) in t t d1mensionless 

The 

l' ", 
~ . " . 

" 

\ 
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f 
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Equation (t-2) 15 used to plo~ a traff1cabllity curve, Fig. C-2. The 

curve from point A to point B 1s generated by plott1ng polar coord1nates 

of 2P
p 

at e over cartesian coordinates of H and 'W. Point A 1s 

determ1ned by the intersection of Eqs. (C-l) and (C·2). and point B' 1s 
~ 

the u1t1mate bear1ng capacity under vertical ~oad. From the traff.ic- . 
j 

ability curve one may obta1,n the optimum values of W and H for any 

,.g1Yen W/H ratio and for the plate grouser and sail strength parameters 

used. 

Harrison (1973) pointed out two main objections to the 
. ' 

- approach proposed by Bekker. The fallure pattern chosen 1s not compat-
\ 

1ble w1th the propert1és of a rigid Coulomb mater1al, and ~he forces 

assumed to act on planes with1n the pattern are not reasonabl e. Never­

theless, the investigations ~arried out by Bekker represent an amb1t10us 

attempt to supPly solutions ~ some of the problems associated w1th the 

soi1-veh1cle interaction process. Unf~rtunately. there appears to be 

a lack of f1rm exper1menta1 support of these theor1es reported in the 

readi1y'accessible literature. 
j • 

Haythvnthwaite '(1961) considered the problem of a grouser 
, ! '. 

be1ng dr1~en through a 5011 poss.ssing both cohesion and friction. In 
- iI., " 

h~S analys1s, .~rth0rnthwa1te uti1ized t~e methods ~f lim1t plasticity 

developed ~Y Drffker and Prager c (1952). ~ith the assumPt1ons~of: 

~) a 5011 possèss1ng both cohesion and fr1~t1on, 
J 'F,J 

h) the Co"!J. yield criterion, , 
, 

t • C + ~\tan • 
, ~, 

.; 

descrfbing the stress conditions at fa11ure. and 
l , 

el 'a we1~ht,.ss. perfect1y plastic JIIIOd~l . for the so11. 
\ 
\ 

\ . 
\ 

\ 

Il 

" 
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, , 
~ 

a stat1cal1y admiss1blt stress d1stribut1ôn was postulat d by means of 
. . 

wh1ch a lower bound solution was obtained. An upper b und solution 

~as then 1riferred by calculating the dissipated energy long an assumed 

fa11ure surface. , 
Examples of upper and lower bound condition~ as des-

\ 

cr1bed by Haythornthwaite are shown in F1gs. C-3a and C-3b respectively. 

A nurner1cal solution to "these assumed conditions is shown in Fig'. 3-3c. 
1 .' 

~ j' In this approach t~rp gh soph1s1cat1on of the stress and flow pattern, 
.',.1 1 ~ , 

~ i.' 'the lower bound 1s x1m1zed and the upper bound 1s m1nim1zed untl1 the 

.' 

curves shJwn in Fi . C-3c coinc1de. A more sophist1cated upper bound 

rodel chosen by ~ythornthwaite 1s presented~ .. h(Fi9. C-3d. " 

The solutions arrived at by Haythornthwaite are severe1y res­

trictive. The calculation of the dissipation energy function for the 

upper bound was based on the failure hypothe51s proposed by Drucker and 

Prager (1952) and 15 only val1d for a mater;al possess1ng cohes1~n. For 

/a non-cohes1ve mater1a1, the dissipation energy and hence the upper. bound 

i5 zero. In addition_ as a cOhsequence of the aS5umption of a perfectly 

plastic mater1al, the solution will only be'va11d for 50115 wh1ch possess 

. a V"y .. 11 angle of internal friction, ,. since ••• lia mater1al is 

orr{y plastic to the e~tent that ft' 1s not fr1ctional." [Druck'er (l961)]. 

A main objection to the applicat10n of ,the 11m1t analys1s 

theorems as stated by Harrison (1973) 1s "The degree of probab111ty that 

the two bounas can be ~d. to coinc1de w1th1n a reasonable numbér ôf' 

assumed flow and stress options. The intuition requ1red to cause the 

upper and lower bound solutions to converge would conce1vably require a 

considerable number ,of solutions or a koowledge o{ the stres5-stra~n 

• 
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behav10r of 50115 uncOIYIIIOn to the ord1nary researcher." . 

The Îlmlt equl11brlum approach has bea. succassfully used ly 
Yong' and Sylvestre-Wnl1ams (1969). The analyt1cal mode' adopted 15 

. 
shawn in Fig. C-4. ~he follow1ng Issumpt10ns wer~ made: ' 

1] Adm1ssibi1ity of the Mohr-Coulomb failure criteria . 
• 

2] R1g1d1ty of block ~BCO. 

3] Full failure development in the entire mass def1ned 

.by zone CDE. 

4] Insignif1cant volume change in zone ~BCED. 

In analy~ing such a model, a s1m11ar approach to that of Yong 

et al. (1969) and Yong and Chen.(1970). [a' simi1ar1ty solution technique 

. together w1th the inethod of characterist1ts] was followed .. "Integration 
, '\ 

of the stresses over the length of CD [Fig. C-4] prov1ded the forces on 
~ , 

the grouser. Conf1nmat10n between analyt1cal model 'prediction ànd physi-

cal perform49Ce was obtlined. for grousers moving at controlled depth or 

under constant vert·ical loads in sand, by: 

a} match1ng phys~cal fa11ure surface due to grou$!r action 

,w1th theoret1cally computed fa110re tharacteristic, and 

b) ma~ch1ng canputed forces w,1th phys1cal values. ; 
.' , 

Compar1ng the1r results w1th those c puted from Bekker's equations 

[e.g,. Eq. (1.1) and (1.~1n Chapte '1] showed little agr~nt. ,., 

) 
" 

'} 1 

i 
- Harrison (1913), on co"si .ration of°the discropancies -bat .... , 1l! 
exper1 .. ntal1y observed slip l1ne fields and thôse pred1cted by the theory. ~ 

_____ ~ ~ 0 ~~i 

_-?ml' Ilia,,,,, the' co~lus-ton (hat these d1str'~panct.s ~re_ to a large' extent. - - 'l~ 
due to the. existence of • wedge-shipeéi ZOI'l of· sol1 

'--~ 
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form1ng A p~eudo-1nterface âlong which actual failure occurs. He 

postulated that the interface shear zone transfonrted itself 1nto a wedge 

if the d1rection of mot~ of the lower edge of the interfac~ ~as at a ' . " 
l , 

smaller an~le to t~e horizontal than the slip l1nè at that point. Con-

,- sfderirrg Fig. C-5a;'..,.. wedge will form if the interface 1s driven forward 

at an angle smaller tha'n Sc' where ec Ir 90 + 41-a, Fig. C-Sb; otherwise 

the normal slip line will apply. .. 

Having made this postulate, Harrison analyzëd the plate-grouser 

problem using a comblnation of Ohde 's retafning wall theory o.nd a "free 

body" theory to compute the loads on the grouser. The mathematical 

solution 1s based on the relationship,between the horizontal force H. . -. 
the vertical ~orce V, and the direction of plate-grouser movement e, 

-
for a'9iv~ set of soil strength param~ter~, and a given plate-grouser 

. 
conf1guratiori. The-solution reqùires that either V or e be known. 

The horizontal and vertical forces are given by ~arrfson as: 

where 

~ -. 2 
H • lYS 'ky stn (a-à) + CS[kc st" (a-à} + tan à cot ~}) 

r 
2 \ • " 

V.-. lyS [kyçOS( (a-A) .:. tan al + CS[kc cos (a-à) 
, ' ~ 

,- tan a tan À cot ,J 

'Ok. ~lft',f~) ',{. 1 !e3wtan41 
y COSI a~~t"-,,~~-'-A) 8 sfn

2 
41+1 _ . 

.g. 

. 
. , 

(2;S1n~('1df.2\,sin;» + 3 tan .. sin (e .. ,) + cos (e-,) 
. , cos 'P., . . '" ... ., 

.. sin (~-,) cos (B+e-t )} 
sin (13+6) cos • 

(C'-3) 

, . -

1 

i 

1 
1 
1 
\~ '. 
" 



- l, 

.' 

0, 

\~ 

r 

• 
.r 

/ 

1 
f 

" 

; 

, " 

l.I., '".' 

~ " 

$4 • • 4$ 

0-

. -

.",A 

.1 

\ ~B) 

, ~I iURE C-5A tOMPlTIOMS OF WEDGE' FORMATION 
- ,:,;, -

'A" 

'- <, 

1 
-'l,' 

1,' ; 

;, 

~ .. 
,Ir' , • r 

, .:.,-'>" { 

HARRtSON tlml] 



-1 

" " 

, ~; . 
\ 

l -
4/--

382 0, 

'---------. ' { 1 • elW tan .-1 + elW tan • 
kc • cos B sin (â+e-,-6) s1n + 

, sin' (a+e) • cos (6+9-+)[1, • cot • ~I\]}' 
A • arc tan sin el sin' 

, + cos el sin. 

el. 2(a+6) -'(90~) 

W • E+6 .'45-+/2+8 

- • an~le between spec1f1ed rad1i of log spiral 
\ 

111 • angle 45++/2 degrees-
>1 

B • characterist1c angle of a plate-grouser [degrees]. Fig. C-5c. 

e • 1nstantaneous d1rèCt1on of p1ate-grouser mov~nt w1th 

the horizontal at soil fa1lure [dégrees] 

'" S • plate len9th in inCheS; 
. -, 'J y • so11 bulk density. lb/1n~ '1 ' 

~, 

C • apparent cohesion. psi, 

• • .angle of so11 shear1ng' res1stance [degrees]. 

Harrison conclucted exPtr1ment~ on qu1te large ~users driven 1"to a 
"" J 

~turated clay, a, dry sand and ln 1ntenReCl1àte 10Ul. The exper1mental 
, , 

obs.rvations ver1f1ed the postulated slip 't1ne fields. ' Moreover. theu 

.~~ f81rly good agre_t between ~ ~1Cted f~rces~ the .experl­

Mntally measured ones. wtth the exception of the case.af a'hor1zontally 
" _ 0 t --;-. 

) 1I)V1ng grouser [1 .e. ~] dr'ven in ~o .... and ,clay where the d1fference 
_.~ -, 

\\ fletween t~ ~1C~ li.d the .... surtd'Va~u.~ :~. 'very s1gntf1c&nt~ 
l : • 

l"vut1,gat,~g the probl •. of tr~t1on frolt .. _~roscop1c 

point of vt ••• gr .. ' _" of wort has ~ clone 1 ft rac.nt y .. r~ bY 

f '-.' 
.i, ., 

" . - . 
, " 

, 
~ '. 

.~ 
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• the U.S. Anny et the Waterways Experimental Station in Vicksburg and at 

the OTAC, at the DetroH __ arsenal. Stud1es on the traff1cabl1ity of 5011 s 

by, both wheeled and tracked veh1cles have been'carried out by W.E.S., and 
.' ( 

a great deal of work has been done on the problen of 5011 wheel inter-

action. In the course of the1r research, W.E.S. haveTproposed formulae 

for the determinat10n of a d1mensionless MOb11ity Index based on' the 

determi~at1on of the cone penetration resfstance of the 5011 in question. 

The Mob111ty Index 15 an 1~dicat1on of the ab11fty of the soil to al10w 
, 

f1ftY!1pas'..e~ of the veh1cle under consideration witho~t tha~, veh1cle 

be1ng stuck. Sorne attempts at correlating the theor1es proposed by 

Bek'ker and 'the trafficabl1ity theor1es proposed by W.LS. have been made 

by traff1èab1l1ty research team5 of the Israel1 A~ [traff1cab111ty 

research team 1961] whl1e Seia (1961) has prov1ded a theoret1cal solution 

to 8ekker's tractive effort-slip relat1o~sh1p. 
t. 

It must be po1nted out that most of t,he research done to date 

on the trackecl vehicle-s01) ,interaction problem has been or1ented towards 

the prov1sion of "go/no-go" 'criteria for 9iven vehicles 1" given sol1s. '. " 

As .rranted as thfs may bat ft 15 .still necessary to understand. the 

fundamental tnte~.et1on procesl" and it 15 prec1sely in th1s area that 

there appears to be a J,rat lack of exper1memtal ~r theàret1cal research 

effort. 'In addition, rev1ew1ng the aval1able l1te~ture "ft i5 ev1dent . , 
r 

that very little !CJrk has been done in 1nvest1gat1ng the 1nteract1on of 

, grousers ~th.r thln ·that of the plate-grouser wfth soil. As the pro-

bl. of tr.ction 1$ related to the 1nteraction of stress between the 
~ . 

grau"" and, the load1ng 'area, and the MOtion res1stance depends on the 

relation bttNten stresses and stra1ns. studf.~ of the ëffett of grouse" 
-' ' 1 • , 1 

1 

-

\ 
i· 

.. , 

) 
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• t 

• ft • 

geometr,1es on the loaded sol1 I8IY lead ta a grouser shape that produces 
... '::~ 

a' rather s1gn1ficant improv,ement in trait1on .. 
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.' SOLun~N Of UNEAR EQ!lATIONS, t,\\\ III 
'IV DIRECT GAUSSIAN ELIMINATION METHOO ~ 

The aqu111brh.n equat10ns for a cant'lnuIII systal! lIIl.Y be ~ftt.n 
in the f'011ow1ng fom: ).1 .. , 

wher. 

. . . . 
• , +~ .• BI 

• , + A • B 2 2 

. . . . 
. . ,. . . ~ . . . . . . . . . . . . . . . . . . 

[A] • the st1ffness .matr1x. 

, [X] '. the 'unknown displae..nts 

[a] • the appl1ed loads. 

.. '''' , 

C~-la} 

(O~lb} . 

«O ... lc) 

(D-1 ) 

, 0 
Th, ffrst .tep in the, solutf. of the abova set of, equat1ons. ' 

~11 to. ~lv. tet. (0-1.) for ~l ~ Gr 
. '. Xl • BdAll .. (Al'I/Au.>Xa·· (AulAu lX. . .... (AIWAu )XN (0-2>' 

~ . ' 

If iq. ~o-2) 1. sabst1tuttd fnto Eqs. (D-lb. c •. " 
• ,H) Il mod1f1ed. set· 

, , 

of"11-1 ''''t1- t. "r.a11 •. 

' .. 

" 

,1 

"1 
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(D-Ja) 

. . ~ ., . 
1 

(O:'3b r---___ -1 

/~/~ J 
~ 

where 

'/. N (O-~) 
, ~ 

i • Z, , N (D-411) , _~-- ~ , , . . ~ -~ 

rv"Amt1"le 15 used to el1m1nate Xl from Eq.' (0-3), etc, 

A general algor1thm for the el1m1nat10n 0: Xn may be written 

as: 
Xl. (8n- I /An- I.) .. ['(An-1/An-1)X j • n+1, , N ' (0-5) n, n ,nn,' nj nn, -j 

1:; 
, ,1 

An An-l An- 1 
1j. 1j .. 1 n (An-l/An-l)~ 

n~ nn . 1,j • n+1, , , , , N (0-6) l' 

'Bn · Bn- l An: 1 
1· 1 - in 

(Bn-I/~-l) 
n n 1 • n+1, o , • • N (0-7) 

'Equations (0-5). (D-6), and (0-7) !MY be rewr1tten 1'" compact fo"": , ~ 

: 
Xn • On - L HnjXj / , 

j , 
j • n+1 •• , , ,H (0-8) 

'\; . 
An An-' ~_l H 1.1· 1j - n· nj 

t(~ 

1.'> f -f,j • n+l, • " , • N \0-9) 

'" 
an • an- J _ A~l D 
1 1 ,in n 

1 • n+1, ••• ',H (D-1ttT ~-- ,v , 
\" 

whtr. 

o • Bn-I I~I 
ft .-~, 

_~ • ~1/A,Tn1 

, , 
" 



p • . . ;u • 
• """11 "''' -: ....... '"''''1-....- T~,. 

-~/ 
, 

387 , 

{.I / ' 

- 1 

Aft'er the abov~ proCedur~ is appl1ed "-1 t1mes. the original set of 
'" equat10ns 15 reduced to the fo11ow1ng si~le equation: 

whic 15 solved d1rectly for XN 

r \ 
\-- \ 
s: 

x • B~-l/~ .. l 
H N 'li"~ 

,~ 
______ ~ e' " 

I~te '~1he pr.ev,ro-ûs; rftat1 ons. this 

~~ XN • ON 1 \~ 
-~""~--~ rhé .... lnlng unknown~1 are determlned ln reve~~e rder ~ the repeated 

-• 

\ 

application of Eq. (!!"8). ït. j; 1 

SI PlIFICATU)H FeR BAND ° MATRIe '- j" .. 
For ~~ situation. lt. 1. ~SSlble:~o" lace'thel stlffn~ss 

, matr1~ in a "band '1 fo"" wh~ch results in ,the ~1centrat1o~ ~f tje " .r 

elements of the stiffness matr1x'.lpng the malh d1agonal·l, /~refore; 1 
~ follOW.1ng S1mpl, tftcatiorts in the gener .. l a,~gor~t~ [~s. (0-8). (0-9) / 

ç, 

and (0-10)] are possible: 1. ' __ • '/ • ! / 
Xn o. On"" t:H~Xj , j If ~+1;--: .. >--. niN-l '(0-12) 

1 

, n n-l.' n-'I" 
1.:1 • n+1, AU • A1j :' ~. Ain "n3 • • 

, :J • 

." ~ t.- 1 An-, ri 
-. • t - 1" n 1 ~ 1\+1. •• • 

• • • n .... -1 

• • • nfM .. l 

of ( , 

, (DrU) 
7 ' 

;' 

/ (0-14) 

t ' , 

.... M • the band width of •• trhc. 
1 

\ 

\ / • 
Q 1 

_ .. '._ '. _ .' "4~~.,,,,>I,. ~t . ~ 

/ 

1 
/ 
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s)4lllRltr1co Accordingly, Eq. (0-13) .. y be replaeecl by the followin§ 

equat10n: 

" . 
1 1 ""-'-'II • n+ ',0 ••• ~,;,-l 

(0-15 ) 
j • t • • 0 • , n+M-l 

Sinee 

The "lIRber of n .. rical oP.eratidns requtred for the solution 

of 1 band :llIt,.1x 1$ proport10nal to tf42 I~S cOnqsared ta H3 which 15 

requ1red for the solution of a full .atr}x. Also, the computer starage 

required by the band .tr1~_procedu,.. 15 ,.. as compared to .N2 requ1red , . . , 
by a set of N arb1trary equat1ons. Equation (0-15') 15 utflized in 

Subrout1ne "SOLVE" of progra"*le "MAIN", Appenclfx .E, to solvi for the 
• ".. CI " • .. 

unknown finit. elements nodal d1splacements. 
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COMPUTER PROGRAMS - MAIN SERIES \ 

Durihg the course of the present study, several computer pro­

grams were developed to solve generat nonl1n~ar plane-stra1n problems 

occvrring in 5011 mechan1cs. The progr~ms were grouped under a series 

named "MAINil and were based on Zi enk1 eWi c:z 1 s program (1971). A 11 the 
, 1 

'\ 

. ~rograms can handle nonl1near material propet:'t1es, and the di'fferent 
, 

methods used to perform the nonl1near analys1s and 1dealize the cont1nr 
\ , 

'uum usua11y classified the type of the program. 
t!I 

"MAIN 1 Il and "MAIN 2" {Figs. E-1 and E:-2] use an incrementa 1-
'0 --____ 

1terathe method without ~r~ons [Cha.pter 2]~-to solve nonl1near 

probl~s ~1~. "MAIN 1" 15 ~ general routine ,deve1opeci to hand1e 

prOblems w1th no di$continu1t1es~J e defonnat1'on field, the joint 
------analysis waslncorporated 1 MAIft2" ta handle such problems. , The 

programs were wr1tt~n in .the Fortran language for use on the .IBM 360/75. 

cClllputer. A brlef outl1ne of thll wor\lng of'~he "MAIN 2' program 1$ , 
giv,n here. A listing of the progl'am,\ogether w1th general flow ,~ 

, , 
c,..rt. for the vlrious routines are 1ncluded. A number of comment 

• '0 
, 0 

~.rds .... added 1n the l1sting for bettar undtrJtand1ng of the rnechïnics 
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> ',.' " ':,', ,.,. ~ter U. ...... 1!'1d for a' probl. u$ually depends on 

.:e';'{.:~."f tt"'ts afId. , ... ~. pOint. 'Vsld tft the id.Hzltion of 
,~-:~l~;[ ~'~ ,.', ~ . ~ ,\ ' .. • 
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PROBL91 
OE$CRIPlIOlll 

Cutting bla.de-1OO 
wfth vertical 
Cuttiflg b lade - sa-
,w1t1\ vertical 

,ï:"&' -11/1 • .833 
.A .. P.6 .. - hl" 

• 0.833-
s. E. W •. Gl-àustr 

C.E.W. Grouser " 
-.1 t ,... ~ ':---p.,. ,.. 

~. OF eST No. OF JOINT No. OF ,lWID Ho. OF No. OF ITERATIONS CCI4PUTER 
ElEMENTS ElEMENTS MODES "lUTH INCREMENTS.. WllHIN EACH TIME* 

- INCREMENT (Minutes) 

237 29 176 78 10 3 9.1Q 

175 24 136 7. 10 3 7.10 

22S 17 156 ~44 10 
t 

3 7.33 

228 22 162 44 10 3 . 7.45 ' 

205 13 139 38 10 , 3 5.30 

199 18 144 36 10 3 5.45 
1 

7 . Rmining _l1-Roug1t 302 118 58 10 - 3 9.25'~ 

8 

l-..terflCe-Jio cutting 
plld11 1 , 
Retatbtag .al1-Rough 
Int.'ftce-cutting 

302 14 - 193 58 '10 . 3 
ftJ/~ 
'~ . " // " plane 

9 _intng ~11-Inter- 302 ," 22. 202 58 10 3 . t6.75 
face .l_nts-cutting \ ',1 . 
plane, ,~ ~\ _ \ / 

....... ' i \ t'" 1 
1 t \ ; *. > \ / 

, Does not 1nclude cOllPl1ation time of 40' seconds. \ ! 

j 
t~--:--! .. ~ \ 

r TABlE E-1 
• J 

C04PUTER TIME 
~. ----: 

/ 
\ 0 

/ \ 
Il i ."i1J: ... :! ' , "l f"" , .~'" •• ..' ~ '; ~,,,,,,,"' .. '!"~i> " Z'IIII_ ? ta sb" ........ •• ,", 

W 
\Q 
N 

,/ 
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1 
f. 
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• A. 1 GENERAL OUTLINE Of PROGRAM "MAIN 2" 

'. 

r"e "M~IN 2" program cons1sts of severa1 subrout1nes and a 

brlef descript1on' of the subroutines 1s ghen be1ow. 

Mai n Program - "MAIN 2" 

This 15 the IIIln driver routine of the program. It calls 

two subrout1nes to hand1e the input da~a and cal1s several others to 
\ 

exeeute the problem. This rout1ne init1a11zes all nodal and e1ement 
1· 

arrays, ar.d spec1f~es the si~e of the 'oading' 1ncrement. All outpvt 

w1th th'e exception of the reacti ons are pr1nted out in the subroutines. 

... 
Subrout1nes "GOATA 1 Il and "GDATA 2" 

1 

S1nce\ th1s program dea1 s wlth nonlinear I1)àterial 
, , 

/ 

pro pert 1 es , 

it was!ound most appropriate to provlde two dat~ input routines. 
, " ! 

Subrout1ne "~DATA 111 reads the basic data. wh1çh are: 
. ,,, 1 / 

, 1) ~nct1on Coordinates an1l .elemen~ c~rl~te,r1st1cs. ~ 
•• J 1 

~ __ 21 In1tial mater1al properties for each, ~lement type. 
------==--' .' "~--

~---- ~ 
3) Boundary cond1tlons:,.!.--::-~=~ 

~<.o(,~_...?",--..,,'.r l' --- ...... 

4) Humber-of- 1hcranent.$. and .J1~r of 1ter.tions 1n 
- 1 - 1 

every 1ncr_nt rlquired fOl' execution of the problem. 

, 
l ' 

J./ l,l 
1 

1 

. , 

/ 
! 

J 
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ha'lf reads data for the joint ~lements nonlfnear prop!!!ti es. The in-

put data ~ in this case. are 'the hyperbol1c coefficients <a> and (b), 

Eq. (2.32) for each nonmal pressure. 

---- -
5ubroutine "5TIFT 1 (N!1, and "STIFT 2(N)" 

o ' 

( 

The purpose of these two routines· 15 ta crea te the element 
- l , 

st1ffness coefficients appropriate to the problem. They have al1 . 

n.~.ssary data transmftted ta them through èommon storage and~s.s 

the element stiffness matrix bac!< to the call1ng routine "FORMK' \ 

The element st1ffness matrix, 15 generated using the constitutive " 

relations of the mat-enal and the geometrx.. of the e1enrnt; $ubroutine 

~~TIFT 1 (N)" computes the st1f~ness matr1x for a .fôTriÎ element [cutting 

or interface .lement]. In case,the element 15 -of the constant',strain 

triangle typ;,' subroutine nSTIJ 2(N)n 1s 'called ta generate the st1ff-
'. .. 

ness matrix. 

~ub!lVt1nes, uFORMK" and "MOOIFY" 
, 

1 

The Il FORMK1' routine assembles the total stiffness matrix for 

,the' ent1re continul.lll us1ng the direct stiffness .thod. ,Because of1,·. , , 
the bonded form of the result1ng total st1ffness matr1~, only the main 

- . 
diagonal el_nts and the lôwer trfangle- elements art stored in a 

, . 
rectangu1ar aetr1x tttth al41~th of half the band, [Z1ettkiewicz (1971)]., -, 

, 
" 

The MF~Kn routine also g.ner.te~ the t~tal nodal force 

vector. The appl1ed nodal forces are added d1rectly, wh~e total 
\,\ 

stiffn.sl _trtx 15 modif1ed for the appl1ed disp1acllllnt, èond1t1ons· 
.. ~ r' ~ 'l~ 

[Chlpter 21.us1ng sub~~1~ "MODIFY". The- body forces due' to grav1ty . , 

• r 
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Subroutine "SOLVE" , 
( 

This ~outine uses Gaussian elim1nation method [Append1x D] 

, ,nd salves fo'r the,un~own d1spla~.ements f~ the s~t of stiffness 
1 

equat10ns generated 1 n "FORMK". 
" 

~Ubroutini "smESS" a~STRESII 
i / 

.. 
These routines cOmpute the stresses and stra1ns at the center 

of each elèlnent ustng the nodal dfsplacements obtained from "SOLVE". 
... ~ , 

Subroutin~ "STRESS" 1s called for the detenninat10n of stresses and .. . 
5 ~ra i ns 1 n the lleST: e lernents . The routi ne a 150 computes the 

principal stresses and principal strains in each "ÇST" element. More-
" 1> 

over .. ft calls subrout1nè "NONLIN(N)II to 'update the IICST" elements· 

~1ast1c ·propert1es. 

Subrout1ne IIJSTRES" 15 used for the computations of the 

average incremental shear and normal stresses across the Joint el8f1!énts j 

~nd the ac~umulati~e torresponding valuéS. " This routine cal1s subI. 

routine "J"ONL(N)II for updat1ng th. st1ffness values of, the joint 
. 

• laments to be used in the subsequent 1ncrements. 

". >'. 'v !. 
SUbrout1nes "NONLIN(N)" and "JNQNLt~)n 
i 

.. 

The nonl1near lnalysis fs pérf9rmed in these subrout1nes. 

ln "HOfl.JN(It)" routine. va;ues of f a~ v are c_puted for e.ch 
o 

, , 

ëleaent 'roll the ~1tnear stress-stra1n curves depending on the state 
c " 

of strain and'conf1n1ng pressure' fn eaçh .1..-nt. This nonlinear 
t 

" , , 
MMltine can ha~'e "vèr.' nonl1netr cunIS. for any n..,er of different 

1 -. -

;.-.,.,. b,v,suftah11 al'tering the di.",ion sta~t~. ? 
- • ' • ,/ ( , ' : ~ , ... • , II/ri 

; • ,~ ., .. , 1 l'i 
1 r ,1 • lI! 

, " 
/ 

, f / 
~" 1 

, 

~ 

. r r 
t, 

1 
~ , 

\ 1 

c' 

, , 
1 

1 
j 

1 , , i , , 
; 

" ~7\ 

\ , 
" 

~ 

1 4 

~, , 

I
~~ 

, 
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. ' 
Subroutine "JfmNl(N)" inter,polates- for shear stiffness 

va-lues (ks) fr~ ~he, hyperbol1c shear stress-relative displacement ---- ------ ~, ...., 

relat-ilHlships. Values of the C'oefficiénts (a) and (b) ,iEq. (2.32). 

are cqmputed for each cutting or interf~~e element depending. on the 
, 

state df sh~ar displlcement a~d the normal pressure in the element. 

A Aglin 'thiS ";.buti.ne can hand'le several nonline~r c~rves for any " 

~~erent joint behavlors by suitably alterlng the 

dimension statements. , 

Sybroutine' UR~CII 

The 1eactions at certain nodal points result1ng from specify-

109 41SPlacement bou~ary'~ndltlons for these n9des are deterMlned ln 

th1s routine. The reactions at the desired node ,are 'obta1ned by 

multiplying th~ odal d1splacement vector of the element by the stiff-
! 

nes(s val~es of, t e ~rticuJ,ar node. The reactions obta1ned for Any . 

part i cul ar \ 1 net" . , ' 
nt are then1added tri the cUIIIJlat1ve vafues obtained 

, 

in prev10us incr nts to'Obta1n total rea~t1oos. 
\ 
\ 

Subroùtine IIAVER" \ . 
\ ' ' p -. 

. , In ~h1s. sulM"out1ne output result.s are averaged at the nodes. 

, T~:st~'s~S. t~/sJ~lns. and t~ straln r.te~ of .11 th~ el .... nts . 

c~nneeted to,l/node a~ suaMed Ind d1vided by the number of elements. 

"" 
~ 

/ . 
. .1 

SUlrouUne ,lLARDEF" 
Il ~ 

, 

After elch 1ncreMnt, the elanent nodal coord1nates .re 'up-
~ ~ , 

- ' . 
dl:ed., This 15 done in ,s~routtne "~~ bY, ,a~d1ng the nod,,',d1s-

pJacanents to the el."t nodal coordtJi(tes, to obta1n
o 

new coordinates. 
, . j .t 

for the next 1,ncr_~~ [~ha~ter 21. In addition. the veloc1ty Cœl-

1 

1 
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ponents of the nodal points are determined tog~ther vith elements 

stra1r,-rate cOIItPOnentS and the1r principal vall,Ae5 and directfons • 

.The "lARDEFII routine ai50 cOIQputes the fncremental defonnation ènergy 

and power of defonnation and adds them ta prev1ous1'y ob~1ned values 

for deterafnat1onof total ~efonnat1on energy and power of d,efonnat.1on. 

Subroutfne "PRIN" 
1 

) This routine evaluates the princ'1pa1. stres~es [or strains] 

from.the '-,lDWn nodal va lues • 

. ." 

" 

J\. 
/ 

, ' 

. ~ .' , " , 
.' 

\' 
\ 

\ 
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. ' , 

A.? FLOW CHARTS 

PRQ§RAM HAIN 2 ' . 

ft 
STAAT , - . 

. - . 
-READ NlMlER QF PRœLEMS 

, 

, . 
LOOP -ON NlMlER OF PROB L EMS 

'" \. , 

CALL GMTA 1\ , 
, 

r , READ INPUT GEtJ4ETRY AND 
PROPERTIES . 

DETERMI NE BAND WIDTH .OF 
TOTAL STIFFNESS MATRIX • 

" 
\ "~ .... ~, 

\ , , 

~,,' CAU GMTA 2 .~ 
~" READ NOHLINEAR STRESS-STM N 

''''~OATA \ 
- .'~ . \ . 

" 
.INI~~~ ALL STRESSES AND \ 
STRAINS, ZERO 

, 
~'-- 0 ,\ • 

1"--" 

1.1'I'IALltt MTERIAL ~~ . INITIAL VALUES OF E MD FOR ' , 
CST ,ELEMENTS. KS AND te,. FOR 9 , -
JOINT' ELEMENTS, \ ,. 

" \ 
IHITIALIZE ÂLL NODAL DISPlACEIE~ 1'0 ZERO 

\ 

.. . u' 
, , \ 

, ' , • , 
0 \ . . " , , , 

'. 
\. 

" .~ .-' ' . 
. \" :, • ":' 1 J 

\ < l 't ' f 1 ~ h, \ ..:. ." ,'.- ' '. :.".;~; " . . ~:.~ "Î"<::::" ~' \ ' , 'l,"'01, .. ! \, , 

\ ~ ,- • 1<: ~!f > \:r ~, ~. 

, ,\: ::".' 
l ',,,',, i'J, ':!':'\x 1 r-A, ", 1"'i ' - " .. \ . , 

t ~ ~~,. \ \r~;-.\' • : \: " ~;:" '.\~~L :' ,,~~.~ /-~~ ~~~':.} f. - \ ",o/_h,~,~,~' .• ~", .• :,' __ . ~1t'.Mt '1. ~:t; ...... ~:-: • ..Jifj"""..~.'" ",-' ..... ",,,.r,"~~ ~ . ~ " ' ~~_ . "k.' ... ~ : •. : .... . 
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< 

INITIALIZE ALL REACTIONS TO ZERO 

• SP.ECIFY SIZE OF INCREMENT' 

./ 

LOOP ON NUfe18ER OF INCREMENTS 
" 

LOOP ON NUfeER OF ItERATIONS 
, , 

,f 

-

CALL FORM STIFFNESS 
SWROUTINE FORMK 

" . 
• CALL eQUATION SOLVER 

SUBROUTI~ SOLVE 

. . 
" , 

CALL STRESS OUTPUT -, 
SlBROUTINE STRESS FOR eST ELEMENTS' 
StBROUTINE JSTRESS FOR JOINT ELEMENTS 

END LooP ON ITERATIONS , 

,-
0 ; " 

DETERMINE AND WRITE REACTIONS 
. ';SlBROUTlNE REAC . 

, ' 

UPMTE MODAl COORDlNATES . 
CALL sœROUTI NE LARDEF 

" 

" 

AVERA&E \$TRESSES. ST1WftS AND 
STRAIH ~TES IN ADJACENT ELEMENTS 
AT MODES' . 
CALL SœROUTINE AVER " 

" 

• 

.\ " 
,- -

\ 
\' ,- . 

, -
". 1,7 , , 
- , 

j. .... :\/ 

. .:""'",c:. ~). 

~' 

1 

'! 
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END LQOP ON INCREMENTS 
. 

END LooP ON PRœLEMS 

END 

" 

J .. 
- .., 

" 

'. 

, 

4 

'-

" 

,. , 

i '. 
\ ,~ -
" 

" 

/ 

i> 

. 
'1 
~ 1 

,li 

, 

( .' ~ 

. 
,', 

" 
\,'1 
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, SlBRQUTINE GDAJA 1 

\, START 
-

, 

READ AMO 71.NT C~NTROL DATA 

1 .. 
READ AND PRINT MATERIAL PROPERTIES 

. ' . , \. 
READ NODAL tOORDlNATES 

READ ELEMENT COMMECTrON AND TYPE 
-' 

READ LOAD AND DISPLACEMENT 
1 SpuNDARY CONDITIONS 

( 

. READ TODL VElOeITY AND, TRAVEL 
DISTANCE 

READ PRESSURE 80UNDARY CONDITION~ 

. ~[) NlJeER QF INCREMENTS AND 
, ), It tUBER OF ITERATIONS . . 

1 , 

'ES SKIP PRINT,HG OF INPUT Dl\TA 
, 

NO 
-

PltJlT .,... ~~NA~ . 
., l, 1 

, 

l 
. 

-- .. 
; • 

", " 
, ' i, 

r . . .. " - • ! . "~ ';" " .. . .. -' 1 

J . , . . ' , 
j ~ 

, . 
: , 

" , 
" < , . , , 
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" 

. 
1 

, PRINT ELEMENT CONNECTIONS 

" 

PRINT LCAD AND OISPLACEMENT 
BOUNDARY CONDITIONS , 

, 

1 PRINT PRESSURE BOUNDARV CONDITIONS 
r 

PRINT'ToOl VElOCITY' AND TRAVEl 
DISTANCE 

., 

" . 
PRINT NUMBE~ OF INCREMENTS AND 
NlMIER OF ITERATIONS 

, 1 RETURN 

,', 

, 
i 

, p r \, 
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START . 
1-------

, 

---------------. 
~ 

READ AND PRINT THE NONLINEAR STRESS-
S'fRAIN DATA IN TERMS OF POINTS ON 
THE (al- a~) VS (ed CURVE FOR EACH 
CONFIN NG RESSURE 

, 
0 

READ,AND PRINT THE INPUT VALUES OF 
THE ~OINT ELEMENTS NONLINEAR 
P-ROPERTIES ·IN TERMS OF THE HYPERBOLIC 
COEFF 1 C 1 ENTS (a) AND Cb) FOR -EACH' 
NORMAL PRESSURE 

, 

~ETURN 
~ 

. , 

," 

- • - .~~' : •. _~, 1 !'.,. 
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\ 

o SlIJROUTlNE FQBJJK 

STARl C , 

ZERO STlfFNESS MATRIX 
1 

/ . 
~ LOOP ON ELEMENTS 

r 

CALL ELEMENT STIFFNESS SUBROUTINE 
IF JOINT ELEMENT CALL STIFT1(N) 
If TRIANGLE ELEMENT CALl STIFT2(N) 

/J ,-

STORE ELEMENT· STIFfNESS IN 
RECTANGUlAR FORM 

END LOOP ON ElEMENTS , 

,1 
.' , . 

, . . ADD CONCEHtRATED FORCES AND LOADS 
DUE TO BODY FORCES TO LOAO VECTOR 

. " . - , 

APPLV tœlfY ROUTINE 10 AL~R ~ 
STIFFNESS MATRIX TO -fAkE 1 0 
ACCOONT DIS9l.ACEMENT BOUJtOARY 
~OlTIONS, 'iJ 

~ , . i ~ 
\ 

, . , . , 

lEttRé 
1 
/1 
l, 

l, 

• 

, , 

.' 
". 

{J .... , 
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• SliROUTINE ~IlUMN) 

START 

1 
LOCAlE NODAL CONNECTIONS 

, 

1 
, CALCULA1E ELEMENT DIMENSIONS • 

1 
. 

\.... 

GENERATE EL~MENT STIFFNESS 
MATRU IN LOCAL COORDINATES 

0 l, \ 
GENERATE TRANSFORMATION -MATRIX 

1 
TRANSFORM ELEMENT STIFfNESS' 

_____ MATRIX TO GUMIAL COORDINATES . . 
1 

RETURN , 

) 

.... 
. , 

-- 1 
~ 

~ : J 

• 
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/ , 

// 
// 

/ 

/ 
, 

/ 
/ 

,,' ~I 

/ 

" , - , 

, 

/ 

., 
< 

. 

, 

1 

,1 START 

1 " 

LOCATE NODAL CONNECTIONS 

- 1 
CALCULATE ELEMENT DIMENSIONS 

"" 
1 

CHECK FOR CONSISTENT 
NtMlERING 

-- f 
TRUE 
1 

GENtRATE STRAIN-
DISP~ACEMENT MATRIX 1 
~J J 
GENERATE STRESS~RAI. 
RELA TI ONSH 1 P 

1 
CALCULATE STRESS MATRIX . 

1 
STORE STRESS MATRIX ON 
TAPE NT4' . 

. -' 1 
CALCULATE ELEMENT STIFFNESS 

r . . . -
g 

RETURH 

• . 

( 

\ ( 
, 

. 

• L 

j 

FALSE ' 

WRITE ERROR 
MESSAGES 

) 

\ 
\ 

" 

1 
r 
: f , ' 

î 

'- . . 
~: " " , 
, 'i 

(. ,'" ~ \: . ~ ~ 
, , , 

, , , ,-
, , 
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1 
1 

/ 

, 00 '2, ~AND 

Il 1 

MODIFY FORCE VECTOR COMPONENTS 
AS B(K) = 8(K)-SK(K,M)XU WHERE 
U IS tHE SPECIFIED NODAL 

-»ISPlAtEtENT S 
~:--- , ' . " 

~ ~SET A~l ,'OFF-DIAGONAl :'ElEMENTS 
, OF. TH STIFFNESS MAT~IX (SK) 

'I0 ZÊJtO, 

/ 

. 

-

-

\ 
\ 

• 

\ 
, ( 

---
~ 

~ 

~ 

-, 

-

/ 

v\ 1 
, / 

1 

SEt R~I~GONAL ELEME"T OF ($1<) 
MATR X 'TO UN1TY / , 

---'\ '/ 

1 a 

SET OISPLACEfI1EN COMPONENT 
CORRESPONDING TO DISPLACEMENT 
BOUNDARY CONDITION • SPECIFlED 
DISPLACEMÈNT 

RETURN TO FORt« 

. 

ENI) , ., 
n. 

. ' 

/ 

1 

\ 

~ 

c 



, 

" 

;/1 

\ START, 

• 
. , o 

(ooP ON- EACH EQUATION 
.. . , 

COMPUTE' fiil)DIFICATIONS TO TERMS " WITHIN SQUARE OF BAND 
(APPENIlIX D) , 

. 

f«>DI FY LOAD VECTOR 
" 

. 
, 

END LOOP ON EQUATIONS ~ 

0 

," 

v 

LooP BACKWARDS OH EACH EQUATION 

-' , . . -
BACK-SUBSTITUTE FOR EQUATION 

J SOLUTION (APPENDIX D) 
. 

[ . , 

,.. • 
, 

~ END LOOP 9" EQyATIOftS 
" 

• 
;.. 

. .. . , RETURH 
\ 

-
~ .\ 

\ 

\ . \ 

----
.. ~;;a • 

. -f 

"'---'-:~\l 
h ,.. t \ 

,< 
'\ 

" " . \. ,z 
" 



• 
. . 

, . 

" 

,<, 

, , 

u 

409 
'\ . 

" SlIRQUTINE STRESS 

. ,. 
~--------------------~ START 

PRINT NODAL DISPLACEMENTS OF 
. CURRENT INCREMENT 

COMPUTE TOTAL NODAL DISPLAC'EMENTS 
BY ADDING INCREMENT OlSPLACEMENTS 
TO PREVIOUS VALUES 

__ ....... LooP QN est ElEME!4TS 

READ STRESS BACK-SUBSTITUTION 
.MATRIX " 

CAleULA~E ELEMENT STRESSES ANP 
STRAIHS l',DUE Ta ONE INCREMENT OF 
OISPlACEMENT 

1\ . 
CALCULATE PRINCIPAL STRESSESvAND 
STRAINS ANQ tHEIR DIRECTIONS OO~ 
TO ONE INCltMEkT OF OISPLACEMENT 

", 
r,.,. • 

. COMPU!.~L!~T~L 'STRESSES AND STRAINS 
lM Et~T BY_ AIlOlHG INCREMENT 

\ 
VALUES TO PaEYtOOS STRESSES AND 
S~INS : 

CALCULATE TOTAL PRINCIPAl STMSSES 
MD STRAIMS IN ELEMENT AND tHEIR 
Dt~CTIONS . 

• 

/. 
1 

e,' 

! 
l, 

. 
,1 

• 

" 

. ' 

.. ' 



.. . 

, .. 

1 
t 

1 . # 
1 l ,. 

1 

,1 , 

, \ ,e' 
~: • 1 • 

f ( 

- ----- --

~ 

..... 

-. . ',-. ~, . , 

41'0 ." 
/' A~ , 

-~ 
f" , 

.,.. . 
~~ 

~~CULATE f ELASTIC MODULUS IN ...,. 
E EMENT FROM INC~EMENTAL . 
STRESSES AND STAAINS . .. 

, 

,'--~ 
CALL SlBROUTINE NONLIN(N) 

" 

PRINT EI,EMENT CONFINtNG PRESSURE, 
THE ELASTIC f«>DULUS 'OBTAINED FROM 
THE INPUT STRESS-STRAIN DATA, AND 
llfE RASTIC frDULUSI CALCULATED 
FROM INCREME TAL STRESSES AND 
STRAINS 1 

: 

END LOOP ON eST ELEMENTS 

RETURN . . 

" 

~ l , 

. . 

" ' 

' . 

. ( 

'j 
/ 

c . 

" 

l .. • 
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SlIRQUTINE -JSTBES 

,~ START 

LOOP ON JOINT ELEMENTS 

, 

FORM MA1ERIAL' PROPERTY MATRIX 
. . 

GENERATE TRANSFORMATION MATRIX 
( EQ • ( 2 • 24) ) 

... 

CALCULATE ELEMENT NODAL 
DISPLACEMENTS IN LOCAL AXES 1 

, 

.' 
GENERATE RELATIVE OISPLACEMENT-

·NODAL DISPLACEMENT ~TRIX 
(DESIGNATEO AS ~TRIX (0) IN -... 

EQ • (2.20»' . 

- FORM RELATIVE DISPLACEMENT 
VECI0R DESIGNATED AS (w) IN 
EQ. (2.19) .. 

, " 

-
-

AVERAGE RELATIVE DISPLAC~NT 
~ECTOR AT ELEMENT C~~TROID . 

--...'" . 
CALCULATE SHEAR AND ftOlML 0 

STRESSES 1" ElEMENT (EQ. ( 2 • 14) ) 

1 

• 
PRINT HAit MD NORMAL STRESSES 
IH ELEMEtIT . 

. 
" . 

, 4 

. 

r ~ , ' , , 
, . _.~.. .., .. . 

. '" 

.. 

.. , 
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v 

\ 
t- END LOOP ON JOI~T ELEMENTS -.. 

\ . 
~ 

r LOOP ON JO INT ELEMENTS 
c 

, 

COMPUTE CUMULATIVE STRESSES 
AND STRAINS IN ELEMENT SV 

\ ADDING INCREMENT' mUES TO 
'PREVIOUS STRESSES ANÔ'STRAINS 

, \.,../~;:.# , 

CALL'dOINT NONLINEAR SUBROUTINE 
(JNONL(lt}) TO MODIFY THE ELEMENT 
STIFFNESS VALUES 

1 " 
1 

~ ... , 

PRINT' CUMULATIVE ST~ESSES'AND 
,/' STRAINS AND THE NEW SlIFFNESS"', 

VALUES TO BE USED IN N(XT , 

INCREMENT 

\ " 
\ 

'I 

END LOOP ON JOINT ELEMEN!,S L\ 
' -/"-,. 

RETURN ... , 

1 
- 1 

.5 
• 1 • 

\ 

l , 

l; 

" , 
~. ___ ._.~ __ .--' ___ ._ ~ _~ _.~~_~""------. __ ~ __ .~_.~_ •• __ • _______ •• _L~_.~ __ _ 

! 

/ 
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1 
1 

! 
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1\ 
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\ 

\ 
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li . 

o \ SWBQUII NE BEAC 

START -

, 

LOOP ON CSl !LEMENTS • 
~ 

. CAlL eST ELEMENT STIFFNESS 
SUBROUTINE'SiIFT2(N) 

. 
LOCATE NODAL CONNECTIONS 

1 

, 

LOCATE ELEMENT NODAL -. 
OrSPLACEMENT VECTOR OF CURBENT' ~ 
INCREMENT 

", 

" 
} 

"'-

CONPUTE REACTIOHS ON DESIREO " 

NODE BV MULTIPLYlNG THE ElEHENT 
NODAL OISPLACEMENT VECTOR BY " 

"' THE STlfFNESS VALUES OF THE NODE 
.. 

. 

~ AOD REACTION VALUES DUE Ta THE 
CURRENT INCREMENT TG V~UES . OBTAINED FROM PREVIO~' -INCREMENTS 

, - . 
END LOOP ON eST ELEMENTS .. 

" 
~ 

J 

C. 
0 

l 
LOOP ON JOINT ELEMENTS 

~ , . 
'CALL JOINT ELEMEHT STIFFNESS . 
"SUBAOUTINE STIFT1(N) 

t " . : • '- . --) , . 
{ 

'. 
" ~ . 

, • . , . - --~._--~--
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" 

LOCATE NODAL CONNECTIONS 

LOCATE ELfMENT NODA~ 
DISPLACEMENT VECTOR OF, CURRENT 
INCREMENT 

. 

COMPUTE REACTIONSI ON DES IRED 
NODE BV MUl TI PL YI HG TH E ELEMENT 
NODAL DISPLACEMENT VECTOR BV THE 
STIFFNESS VALUES OF THE NODE 

• ., 
, -

ADD REACTI~N VALUES OBTAINED 
FOR THE NODE DUE TO THE 'CURRENT 
INCREMENT TO VALUES OBTAINEO FROM 
PREVIOUS INCREMENTS 

END LOOP ON JOINT ELEMENTS 
, 

RETURN 

,21-

i 
, , 



-
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SUB BOun NE LARDEE 

-
START ... 1 , 

, 

IJ 

LOOP ON NODAL POINTS. 

, , 

ADD INCREMENT NODAL DISPLACE-

1 
MEHTS TO CURRENT HODE COORDIHATES 

, 

" 

COMPUTE HOI\lZOHTI L AtW VERTICAL 
VELOCITY COMPOHENTS FOR EACH NODE 

. 
t 

1 
, 

END lOOP ON NODAL POINTS n . . . 

- PRINT NODAL COORDINATES. NEW NODAL 
COOROIHATE~ AND VELOCITY ,COMPONEHTS 
FOR ALL NODES , 

• 
1 . ( 

1 

LOOP OH CST ELEMENTS. l. . , \ 

. 
\ COMPUTE STRAIN RATE CQMPONENTS. 

PRINCIPAL STRAI. RATES AND 
- DIRECTIONS FOR EACH eST ELEMENT i" 

... , 
~ 

END LOOP ON eST ELEMENTS , 

, 

" 
1 LOOP ON All ,El.EMENTS \ . .. 

" 

e / ;, 
- " 

-~ , 

.. . . 
, 

. 
1 

,> 
't 
r ., . ' , 

..,.i~, ':, , " , 
~-- '-
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1 
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, 1 . 

. 
CALCULATE DEFORMATION EHERGY 
AND POWER OF DEFORMATION DU~ TO \ 

-- CURRENT INCREMENT 

î 

OBTAI~, TOTAL DEFORMATION ENERGY 
AND POWER Of. DEFORMATION IN 
OVERALl SYSTEM DUE TO CURRENT 
INCREMENT -\ 

~ \ , 

1 

END lOOP ON ELEMENTS 

'"'" 
, COMPUTE CUMULATIVE DEFORMATION 

. ENERGV --AND POWER OF DEFORMATION 
IN OVERALL SYSTEM BY .ADDIt~ ~ 
tURRENT INCREMENT VALUES Ta 
PREVIOUS VALUES 

. 
, . ' ' 

RETURN 

, .......... 

. , 

\ 

, t 

• 1 .. 
" .. ," 

. . 

" 

".,.' . 

-, 



.... 
, , 

o SœROUTlNE NONLIN',), 

~ START 

COMPUTE CONFINING PRESSURE 
IN ELEMENT 

~ . 

/' 

F~~~xntIMPRINCIPAL STRA'IN 
. (t., IN ELEMENT 

\ 
\ 

DETERMINE 1WO ADJOINIHG .~ 
. CONfININ.G PRESSURE DEPENDENT 
CURVES DEPENDING. ON THE 
CONFINEMENT OF THE ElEMENT 

) 

'\., 

--, 
~ 

INTER~TE FOR STRESS 
DIFFEREKCE (al - a3) CORRESPOHDING 
TO (&t)' . , 

, 

l' 

'COMPUTE (E) VALUE FOR ELEMENT 
fOR THE NEXT LOAD INCREMENT 

• , RETURN 
t 

, 
-- -

• , .. ~... '1., 

(. 
\ 

~ 

1 

! 

'e 
~ 

~ 
' ... ,;: 
~ 
" 

" 

i 
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SYBRoyTINE JNONL{N) 

START , 

INTERPOLATE FOR HYPERBOLIC 
COEFFICIENTS (a) AND (b) 
CORRESPONDI HG 10 NORMAL 
PRESSURE ON ELEMENT 

\ 

DETERMINE OL TlMATE SHEAR 
STRENGTH VALUE DEPENDING ON' 
NORMAL STRESS IN EtEMENT 

, 

CHECK WH ETH ER SHEAR STRESSES 
IN ELEMENT HAS REACHED 
ULTIMATE VAlUES 

. NO 
-

COMPuTE SHEAR STI FFNESS 
f()DULUS VALUE FOR ELEMENT 
FOR THE MEXT LOADING INCREMENT 
(EQ. (2.34» -

RETltRH· 

< , 

, . 

t' 

'II 

~ 

YES---

REOUCE TME SHEAR 
STIFFNESS MODULUS 
TO A SMAlL VALUE 

. , 

\ 

J 
J 
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-~ ~ 
START -

, 

LOOP ON NODAL POIKTS,"' 
-

, 

INITIALIZE ALL AVfRAGE 
INCREMENTAL NODAl STRESSÉS AND 
STRAINS TO Z~,RO :r-

-

~ALUES OF STRESSES AND 
ST INS FOR ALL eST ELEMENTS, 
CON CTEO TO THE NODE , 

~ 
. 

AVERAGE V~ SY DIVIDING BV 
Mute ER OF NEtTED eST ELEMEHTS 

1\ 
CALCULATE AVERAGE~EllENTAl 
AND, TOTAL PRINCIPAL STRESSES ' 
AND STRAIN5 AND THEl DIRECTIONS 

l \ 
ENO ".l.OOP ON NOQAl.' POINTS 

1 : , 
~",. 

Pi\INT NODAL. INcREMENTAL AND TOTAL 
STRESSES AND ST.AAI MS . 

'> . . 
:REtURH 

." \ 

, , 

, 
,', . ~l • . ,-_ ":-:+ .. ~ \~~. 

/ 
/ 
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o A.3 IDENTIFIERS USED IN THE "MAIN 2" PROG 

r" ,! /' 

Symbols and arrays' appear1ng in the v 10us routines of/fhe i 

program are listed bel"" ln the order -ln whlch they a~pear. .:, ./1 
C(JI4()H BLOCK/CONTIV /' , 

/' /, 'i 
Word title Arraye 

Humber of noda 1 poi nts . 1 / l , 

Humber of elements. 
\ 

Humber of restra1ned boundary nodes. 

/ 
/ 

l ' 
: Humber of, degrees of freed~ per nodé. j,// 

: - Maxl~ nUlllber of nodes per ~\ ...... ~~,/~' 
NOF 

NCN 

: Humber of load cases. ~_~ 

\: """,b~r of el ement ma tertiS 1 ;~es • \ \ , . 

\~ber of, Bllu,atl.on:s ln the system'\ / 

\ ~oad case coun~er. \ . l, \ 

: \ Lo~lcal .tp~~e ~lce ftUIIbers. 1\ \ 
: ! \ . . . ,t , \ 

ber of i b~undary pres Jure cards. \\ 

. ' r of t'ST" el-.,{ ... tèrl~l t,yp.s', 

\, \\ " ,1 ~ - - 1 -. / \ 
- _ / C=vN BLOC!<[DATA , 

NLO 

tf4AT 
\ " \ 

~SZF ,) \ . 
Ll. 

..HT4 ! 

NT5 

NOPC 

NCMAT/ 

, (} 

" \~ :,,~·---=t7·-' .-L ~l~."I1~ .• t.r.1Al- t,)1lLarr-Q_- ,----
, \ ~ "_ ~ .-.( r _~ _ 

: \ ,HBC""~ R.stra1ned boundary node manbers. 

\ \ CODE C~e for: var10u$ boundary ~ondit1ons. 

\ 

• 0.0 specifieeS load in bot'h X and y directions 

o ~S~1f1ed d1splaçanent in, x-d1rect1';" • . 

'\ load 'in Y-clirec:t1on. 

-\ . 

.. , ,-

Il 
'1 

, 1 



1 

! 

1 / 

/ , 

, 1 

1 

/ 
1 , 

/ 

/ '" .' 
1 

/ 

ux 
.. 

UV 

IBC 

JBt 
PR 

T 1 

XDEN 

VDEN 

ORX 

ORY 

PRCORQ 

--~~~~----~--·------------------~9----
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= ~.O spec1fied load in X-direction, displacement 

in Y-dfrection. 

• 3.0 specified displacement in both X and Y directions. 

X-force or displacement at t~e nodal po1nt. 

Y-force or d1splaéement at the nodat point. 

Nodal point 1 for the boundary pressure. 

Nodal point J for ~ boundary pressure. 

Boundary pressure bet~een 1 and J. 

Element t~1cknéss array. 

Body forces in X-direct1on. 

Body forces in Y-direction. 1 
/'" 

/ 

X-coord1nate of element centroid •. 

Y-coordinate of element ce~tro1d. 

Noda' point coord'1nate at previous increiaent. . , 

\ 

C~N BLOCKlANALt 

NOl Ne 

KoolfT 

NTEs.r 

LTEST 

. MOITER 

"tlm'~ 
.' (VÈL 

THD 

- , 
~ . " \ 

NUMber of 1ncrementl. 

Counter for nunmer of' inè ..... nts •. 
ù 

~ Alphanumer1c identif1er of type of probl~. 

• 0 for ~ 1near JH·Oblem • 

• ,1 -for1 nonl1nearprqblem • . 
Alphanumer1c input to spéc1fy whèther p~oblam' 15 

linear, or no"l,1ne.r~ 

: .... r' of 1teraUons • 
\ . 

: ·èounter for rKIIIber of 1tef'attOns executedi . 
. T001 veloc:1ty. 

: Tool ,total 'hor1zontal d1splaclllftt. 

. . 

'=--'--=/ 

'. 

, 
• "1 

:4; 
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CoMMoN BLOCKISTIFF/ 

ESTIFM 
". 

A 

B ~ 

. SK 

AREA 

C 

R 

H 

Stress-stra1~ matrix, later us~ for elenent st1ffness 

matrb. 

Stra 1 n-d fsp 1 aeement ma tl' b . 

: Stress back-subst1tut10n matrix. 

Rectangular matr1x for equations • 

Area of element. 
, 

In1,~tally conta1ns nodal force yeçtor for the total 

st1ffness matr1x, but d1splacement solution'vector 

replaces it. 

Vector of element nodal d1splacements. 

: " Nodal dhplacement vector of joint elements in 

local·coord1nate~. 

WBAND Band ~idth of the stiffness matrix. 

o Nodal force·veçtor fqr the. tOto 1 st1ffness matr1xi 
<., if 

replaces vector C before~1fy1ng for d1$p1ac~t 
boundary conditions! 

Nodal .react1on array. ' 

C<M«lN 8LOCYSTRESI 
'. 

DISTO : Total nodal displaceMent vector. , . 
SIGTO 

STRTO 

, SMAXTO 

SMlNTO 
a 

~TO, 

" , , 

~~1 el_nt stre~s vec~r. '. 
Il 1 

: Total el_nt stra1n vector.' 

:. Total IIIxillllll'l pri ne 1 pa 1 stress,. 

: Toùl" .. 1n1 ... pr1nc1'pal stress. 

: eiockwlse angle fraM vertical ta' 11ne of Iction of total 
, " ~ MX" pr:1m:1pal' stress. • . , ' 

r' _:11. 
, , 

• ~ 1"" ~ F J~ ,. ~ o 
",;J <> 'Sj- i) 

/ 

.' 1 

, 
<J' 

::?:l ~:,~~.~ .' ".' l,. ·:~~~t._.: ::'. " .:':' .. ,,' . I.,~ ~ 

. ) 1 , < 

! 

1 

! 
( , 

C1 

1 



." 
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o 

~ ... # J .. PWt~'Jy.. """"""-"' ___ ........ ......-... ..___ ... _~_~ .... _. _____ , ____ ~. __ ~_,_--

o 

--< 
>. 

, ,0 

.. , 

... 

EANGTO 

EMAXTO 

EMINTO 

FORCE 

STR 

PSIGTO 

PSTRTO 

PDISTO 

423 

". Clockw1se angle from vertical to lfne'of actfon .. 
of tota 1 max11111~ prt nc 1 pa~ s tra 1 n. 

Total maximum principal stra1~. 

Total minfnun prtncipa.l str..afn. 
" 

Vector of element 1n'cr~ntal' stresses. 
Q , 

,Vector of element fncremental strains. ~ 

To.tal "el'~nt .~~:~ss v~tor at previous '1 crement. 
. -' " '---", 

Total element~stra1n vector at prev10us increment. 

Total nodal dfsplacement vector at prevfous 1ntrement. 

COft«)N BLOCK/HONLX -
) «. 

, 
/ 

HeUR 

CPR 

NPTS 

EG 

SAM,­

EY 

PRESTR 

PREOEV 

Ç(WtPRE 

;, , " 

r' 

Vector of numbers of oonlinear,curves ivput for each 
1 •• mater1al. 

Conf1~1ng pressut;.e ~or 1 nonl1.near curve. 

:0 ,Humber o~ po1nts on elch nonl1n,ar curve. 

: St~ss c~Ord1nate'of the nonlinear curve fQr data. 

:,' Suai" coordfrtate ~f the nonl1near curve foi- data. 
• ; 1 " 

,Stress "coordinate qf the nonli9ear curve. 

• ES X ·~t ~' 
~ " .Q . 
Stra1n coo~fnate of the 'nonl1nea~ cU-rVe. 

( / ' .~ 
• &AM ~' AXJIIJL2 1 " '" ,Ji. . , , " .1 

t .! , , \~ 

0: Prtncipal' strain ,It prevt9~ 1ncr~nt. \ ~ 
; 

\1, .. 

Principal stress dfff.~nce (al - a.> It previous 
,! 

tnc:reMnt. ' .. , , 
J 

J 

,,, '.\ 
( 

r 

) . 
. ~ 

"=,. .• / 

J, " 
rJ;' 

/ ; , , . • 
. ' 

. -
'lt~ ',i -'trj",~,~· 

., (.\ 

t.. "tàt 1 fi .... ·~ " .. 

, , 

" 

,. 

\. 
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COMMON-BlOCK IDEf/ 

/' 

"'J 

, 

OX 

DY 

VX 

VY 

EPSX 

EPSY 

GAMXY 

EPSI 1 

EPSI '2 

PSI 

CSUMPD 

CSUMPW 

'. 

X-d1sp1acem~nt Qf"nodal point for a looding incremen't. 

Y-displacement of nodal point for a loading increme~t. 
." , 

Horizontal velocity of nodal point for a loading, ;ncrement. 
l, 

Vertical velocfty of nodal point for a loading increment. 

Horizontal strain rate for a loading increment. 
------ ~ \ 

Vertic§l stra1n rate for a loadfng increment. 

Shear stra1n rate for a 10ading increment. 

Major principal strain rate for a loading increment. 
'-

Minor principal strain rate for a loading increment. 

Clockwise angle fram vertical to line of action of 

major principal strai~ rate. 

Total deformation energy. 
~. 1 • 

Total power of deformat1on. 
1:' 

,C(M4()N BLOCK {ELAS/ 

E 

ENU 

EE\~ 
\ 

EC \ 
\ 

\ • \ 

DKSIJ 

L' DICNIJ 

DKSIl· 

"'\, 
~. 
~ 

" 

Sta17ting IIOdulus of elast1city for the material . 
. . 

Poissonts ratio for ~the mater1al. 
, 

Array of values of E modified for nonl1near analysis. 
1 

: Array of ~Ilues of, E dete~ined frœ 'stresses and 

strains caleulated' hl increment. 

o S.tart1ng' tangential stiffness value for cuttfng .., 
.Joint el_nts. 

. 
Sta~t1ng norMal stfffness value for cuttfng joint 

el..,.ts. " 

: Start1ag tangent1àl ltiffn •• ' value for fnt,rf.ce' 
\ , 

"', 

)~Int .. l-ts. 

,;. .. , ' 

o " .--/ 
• 

• , . 

/: 
\ 

1 • 
-J 

- \ 1 

~ 
1 

", , 
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,Start1ng normal stiffness value for i'nterface 

joint elements. 
'< 

CCJM)N BLOC!<IJOINT{ ,J • /, 

T l Joint element transfonnation matr1x from local 

el ement axes to g loba 1 axes. f. 

BL 

AL 

ANG(N) 

DKS(N) 

DKN{N) 

" SO 

W(N,l) 

W(N.2} 

PCN,l) 

P{N,2) 

V(N,l) 

V(H,2) 

AVP(H,l ) 

AVP(N.2) 

CV(N,l) , 

CV(N.2) 

·CAYP(N.l ) 
~ 

_ÇAY~(J •• 2) 

, \ 

" . 
\ 

~ 

WOrk1ng matr1x for the transformation process. 
.... ~ . 

Element length. 
~ 

Angle element N ~king w1th horizontal. 
!Il Tangential stiffness coefficient for element N. 

Norme 1 st1ffness coeffici,nt for element N. 

A diagonal material property matr1x expressfng 

the joint st1ffness per unit length in the normal 

,nd tangen~1al directions. 

l lneremènta,' shear and normal dfsplacement~ 

for element N, respect1vely. 

j 
Incremental 'shear and normal stresses, 

for elellmt N. respect1vely. . , 

l Averag4!, 1ncremental shear and nonna 1 

d1JplaceMents for element N. respectively. : l Average 1ncrementa1 sttear and riorma 1 

:--.. ,lresses for e-lament N, res~t1v ly. 
iL 'j Cululat1ve average shMt- and n 

d1spllcedlnt~ for ele.ent N. res t1vely. 
, .. 

~ c...lat1ve average shear and no... . 

~ st,.s~es, for e1tlmtnt N. reSpeCti~'Y" 
. 9 " \ 

, 
/ ., . 

1 
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o 

o 

PCV(N,l) 

PCV(N,2) 

PCAVP(N,l) 

PCAVP(N,2) 

Bl 
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t, 

l Working vectors for 

.the 'sumnation p!'ocess. 

~"Work~ng vestors for 

~ the sumnat10n process 
.. 

Relative element d1splecement-nodal displacement 

matr1x. [Des1,gnated as matrix 0 in Eq. (2.20)]. 

CCMtON BLOCK/JNONl/ , 
"-

l, 
i 

~ 1 

\ 

~L Vector of numbers of nonlinear curves input 
,for each joint materia.l. 

CHP Array of normal pressures for nq.nl inear curves. 
.' 

AH ': Kyperbol1c coefficient (a) array. 

BH Hyperbo11c coeffitient (b) array. 

C<M40N BlOCK IAVRGI 

AVSMAX 

AVSMIN 

AVANG 

AYSMX 

AVSMM 

t 

Average incremental maximum principal stress. 
1 

Average incremental minimum principal stress. 

Clockw1se angle fram vertical to line of action 

~----of 1ncremental JIIIx111\1m pr1n~.ipal stress. 

Avérage total maximum principal stress. 

Average total min111U1D pr1nCipal\stress. 

C1OC~1s~ angle fram vertical to ~fte ~ action 

of Iyerage total max1l11.1m' pr1nc1 ta 1 stress. ' 

Average tncremental IIIIxtlIIIIII principal stra1n. 
, ~ 

\ AYSA. 

'Average tncremental minimum principal ~tra1n. 

Clockwise angle frGIII vertical to line of action 
1& J . 

of average 1ncranental .xflllUm ,rincipal stra1n., 
\, 

" ... ~Y$1MX 
'\. 

Average, total ax1_ PMAC1pal str.1n.' 

, 

,,' 



o AVSTMN 

AV STAN 

AVPSI 1 

AVPSI 2 

AVPSI 
l, 
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Average total minimum principal strains. 

Clockwise angle fram vertiçal to lin~ of 

action of average total maximum principal strain. 

Average incremental maximum principal strain rate. 

Average incremental minimum principal strain rate. 
• 

Clockwise angle from vertical td line of action of 

average incremental maximum principal strain rate. 

J 
VARIABLE D~FINITIONS 

PROGRAM MA 1 N 

fIl 

SANGLE 

\ 
. 

Namber'of problems. 

Counter on number of problems. 

t Con,trol t of input data. 

Angl e of cutting blade fcml.t:.!n ease" of sol1-cutt.1ng 
. '~'-

analysis] with vertical • • 

SUBROUTINE GDATA 2 

'l'MAl 

AXJIJLl 

ADIJl2 

" 
Type of material'. 

/ -

Multiplier for the stress coord1nate of the non-, " ~ 
11near cUrYe. ,::;' 

" 
:- 'Mult,ipl1er for the strain coorcf1natè of the nan-

11near curv •• 

SUIRCJJTlNE S11fT t (II) 
• t 

I, J. K, L : 

, , 
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SUBROUTINE STIFT 2(N) 

1, J, K 

AJ,BJ,AK,BK 

Element connections. later used as loop coun ers. 

Local coordinates of triangles. 

SUBROUTINE FORMK .. ! 
NRONB l 
NCOL8 Variables defining location of e~ment st1ffness matrix. 

) 1 
NCOL} / 

/ 'v 
SUBROUTlNE SOLVE 

N 

G 

Equation counter for e11m1nati n and back-substitut1on. 

Working variable for the e11 

SUBROUTINE STRESS /' 

DIS : Vector~f d1splacement. / ' 

, EQUIvk.EIICE stat,ement all Ws array 0515(2,2001 to be 

us~ for the solution ve tor C(4OO). 

SMAX 

SMIN 
'. 

ANG -

EMAX 

, DUN 

,1 

. l ~imum prinC1~1 stres for ~lement N. 

: ~inimum princ1 1 stre s'for element N. 

;/ Cl\kwise a~le fr e'rt1cal t~ line of action 

/ of IIilx111ll11l principal stress for element N. 

Maximum principal train fo~ element, N. 

: Min1muM 'principal strain for element N. 
, 

EAN6 : Clac 1sl.ngte fr. vertical to l1ne of action 

Jl.~2.Kl. 

IC2,ll.L2 

... 
1pa1 ,strain for elament N. 

"/ . ,( 1 
: j El_nYhor1.zcmtal and vertical r.ctton 

; 1 directtons correspond1ng t1, nodes. , 

.. 

-. 



, 
" , 

/ 
/ 

. / 

j' 
/ 

0 
/, 

.. 
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ô' 

\ 

U Vector of element nodal displacements. 

SUBROUTINE LARDEF 

SlI4PW 

SUMPO 

DUP 

DUPV 

PDOF 

Incremental deformation energy for the 

entire continuum. 

Incremental power of defonma~ion fOr the 

entire continuum. .~ 

Work1ng variable for calculat10n of· deformation 

energy for element N. 

Incremental deformation ~nergy for element N. 

Incrementa 1 power of deformat10n for element N. 

\ . 

5UBROUTINE AVER 

SFORCE Working variable for summat10n of fncremental 

stre~s in elements conn.ected at no-de. latér used 

for aver ge tncremental stresses at node. 
. ' , 

SSIG 0 Wor~ing variable for summet10n of total stresses in 

SSTRTO 

SSTR 

1· 
SESPSX 

SEPSY . 
SGAMXY' 

.() 

elements connected, at node,later used for average 

total stresses at node. 
1 # 

·Working variable for sWlllllt10n of total stra1n~ in 

elements connetted at node, later used for ~verage 

total strains at node • 

Work1ng variable ,for sommation of incremental strains . . . 
in el ... s conbected at node. ,later used for average, 

1ncreaental stra1ns at node. 
.. # 

~ 

. . 

! 
WOrk1ng variables for s ... t10n of ineretnental . 

. horfzontal, .-1fC.l and shur su .. !n !'lites, respecthely, 

in elants connected at, node; 1-.ter use~ for tverage . . . . , 

\~ Y.l"l8~ nod~. ., , ' 

. 1: 

!' 

,j 

'~ 



~ 

, 

Q , 
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NOEL Counter for n"",ber of elements attached to node. 

SUBROUTINE HQpLIN 

EPRE 

PRsno 
Ne 

BOTSTR 

E-value of an element at previous 1ncrement 

Princ1 pa 1 stra in (E:b). . 

Honl1near curve numBer. 

) ~ 

o TOPSTR l lntermed1ate values in interpolation "for 

• 

\ 
\ 

STRNEW 

OZNOM 

fUMER 

.; , 1 stress dlfference (°1 - ".> correspondlng to straln, E,. 

SUBROUTINE JNONl 

TOWM 

NY 

AHI 

SHI 

~ 

\ 

\ 

. 
'..... . ... 

. 
--

,1 
..-". ~ " . ,-

" 

Ultill1lte strength of jOÙlt nater1a'1 

hyperbol1c~ rmulation. 
, ~ 

~ 

Non1 tnear curve n 0 , 

emp l o}'1 ng the 

'\\ 
'\ 

llnterpo'lted' (a't Ind (b > ~flclents, Eq. .<2.33 > • 

" 

• 

, .. , . 
!> ' 

.. ,'" - " 

> 

, . 

" 
,;~ 

• l, 

t' 

, , 
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