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ABSTRACT 

The problem of nonrecursive digital filtering of stationary ran~om binary 

, signais is considered. The binary signal is fed into a finite length shift register and the 

waveforms to be analysed are obtained by continuous summation of weighted digits stored 

in the register. 

Expressions for the autocorrelation function and power spectral density of 

a digitally filtered binary signal are ob,tained in terms of the weights at the taps of the 

shift register. A prescribed power spectral density may be approximated by appropriate , 

digital filtering~ The approximation criterion used is the mean-square-error between the 

system function corresponding to the imposed spectral density and that of the digital fi Iter. 

A spacing parameter and a positioning parameter are defined and the mean-sq!Jare-erfor is 

minimizèd with respect to these and the weighting parameters for an arbitrary order shi ft 

register. The particular cases of a Gaussian and a rectangular or Il brickwall il spectral 

density are i lIustrated. 

An expression is obtained for the probability density function, and the Central 

, Limit Theorem is discussed in terms of equal and binomial coefficient weights. A figure of 

merit is introduced as an approximation criterion between the probabi 1 ity density of the 

obtained signal and that of a Gaussian process. Solutions for optimum weights are obtained 

by numerical computation. 
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CHAPTER 1 

INTRODUCTION 

Raridom and maximum~length pseudo-random binary sequences have recently 

become useful for simulation 1,2 and testing
3 

purposes. Pseudo-random sequences,. which 

may be considered as approximating truly randQm binary sequences, have been studied. 

extensively in connection with digital communications, radar, sonar, navigation and tele

metry 4-7. The binary aspect of these sequences, their ease of generation and the exactly 

known statistical properties su ch as autocorrelation function, power spectral density and 

probability density function make them particularly useful for digital applications. In 

order to extend their use for continuous systems, one must modify their properties to be 

more characteristic of random processes and disturbances occuring in analog systems. Sorne 

consideration has been given to this problem i~ the literature 13,35 by using analog filtering. 

ln th is thesis we investigate the effects of digital filtering on random and 

pseudo-random binary sequences. The sequence is fed into a finite length shift register 

and the signal to be analyzed is obtained by continuous summation of weighted outputs 

from each stage of the register. 

4 10 11 12 
It has recently been shown' , , that sorne control of the spectral 

content may be achieved by weighting the outputs of the shift register stages before summa-

tion. In Chapter III an arbitrary power spectral density is approximated by the spectral 

density obtained from a weighted snift register. A mean-square-error criterion is intro-

duced and the weights are optimized to minimize the error. The Gaussian and brickwaH 

spectral density approximations are discussed and nummerical results given. 
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Kramer
8 

and Davies9discuss Othe probability density function of pseudo-random 

and random binary waveforms obtained by equal summation of the digits stored in the shift 

register. The pro~ability density is shown to be binomial for random sequences and approxi-

mately binomial for pseudo-random sequences. Although the binomial probability density 

approaches the Gaussian distribution as the length of the register increases indefinately, 

the approximation is shown not to be optimum for finite length registers. In Chapter IV, 

we extend the results of Kramer and Davi.es to arbitrarily welghted register.s". The Central 

Limit Theorem, as it pertains to weighted registers, is discussed and a figure of me rit. is 
waveform produced by.a 

introduced as an approximation criterion between the probability density of theYweighted 

register and that of a Gaussian process. Solutions for finite length registers are obtained 

which optimize the approximation with respect to the weights. 
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CHAPTER Il 

DIGITALLY FILTERED RANDOM 

BINARY SIGNALS 

2.0 Introduction 

Many of the signais of interest in modern system analysis are non-determinis-

tic in nature. These random or stochastic processes are commonly used for testing and 

simulation purposes. Most conventional noise generators employ Rah:IFally e88t1FiRg noise 

sources such as thyratrons and zener diodes. Although these generators are Il ideal ll in the 

5ens~ that they possess Gaussian statistics, they have the deficiency of being not very 

stable, controllable or well- defined. 

On the other hand, random binary sequences and, in particular, pseudo-

random sequences*, have none of these deficiencies. Although they are not Gaussian, and 

have a definite power spectral density, proper filteririg (either analog or digital) can modi-

fy their statistical properties without losing any of the advantages mentioned in the above. 

We now proceed te discuss the basic properties of random binary signais. 

2. t The Random Binary Process 

The random binary sequence**, shown in Figure 2. l, is a continuous stream 

of statistically independent pulses of width T, amplitude of + l or - l and no assumed time 

* See Section 2.2 

** It should be noted that the process under consideration is not the weil known random 
telegraph wave with random Poisson distributed switching times. 



origin. 

x(t) 
j 

+ 1 

'4 

--~---+----~--~~--~~~---r~--~~~;---~'--v--,'~'~l,~'~'~i~._-t 
r ',' 

1 

1 , . 

- , . : i 
• r . 

- 1 ,--, 

FIGURE 2-1 - RANDOM BINARY SEQÜENCE 

If the probabi lities of the binary sequence x(t) are 

p [x (t) = 1] = P [ x (t) = - 1 ] 1 = "2 

the process is stationary because the probability is independer'!,t of time. Using the 
:\ 

(2.1-0) 

ergodic hypothesis which states that for stationary signais, the ensemble averages are equal 

to time averages, we may write the autocorrelation function as 

Tl2 
R (T) = lim 1 l x(t) x(t +T) dt 

~T 
-l1.?! 

(2. 1-1) 

If the binarysignal x(t) is sh ifted by r seconds, ~r < T, t1en both x(t) and x(t + r) 
1 

will have the same sign for time ( T - r) 1 T, and wi Il have the same or opposite sign 

with equal probability for ail other time. Thus (2.1-1) yi~lds 

R( r ) = ( T - i) /T = 1 - T IT 
for r S T 

(2. 1-2) 
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Due to the symmetry property* of the autocorrelation function, the results of (2. 1-2) 

are also valid for negative T and hence we may write** 
; 

1 

R( T> = - (ri! T for Irl :5 T 

(2.1:-3) 

= 0 for ITi >, T , 

The power spectral d~nsity of the binary signal can be obtained by applying the Wiener-
; , 

Khintchine relationship***. Hence, 

S(~) = 2 J (1 r) 
o 

= ; [ 
1 - cos (w n] = 

!2 
w 

cos (w r) ~r 

T 
• (wT) sm '2 

wT 
-2-

2 

(2.1-4) 

The autocorrelation function and power spectral density are shown in Figure 2-2. 

** 

*** 

The symmetry of the autocorrelation should be noted. Making the change of variable, 
s = t + i , we have from (2. 1-1 ) 

.. Tt! 
j 1 f. R(T) = lim - x(s - T) x(s) ds = R( - r ) 

. y .. oo T "J. 
-.,'2 

For'a more rigorous derivation of the.autocorrelation function of a stationary random 
binary process, see Rice32 or Papou lis 17. . 

00 00 

S(w) = f R(T). -i~T dT = 2J R( i) cos(wT) di 
-00 0 

00 00 

R(i) = ~ JS(~) .j<,JT ch.> = -Ir! S(w) cos (wi) dw 2" -00 0 



-T o 
(0) 

o 

R(r) 

S(w) 

(b) 

T 

2."' 
T 

FIGURE 2-2 - AUTOCORRELATION (a) AND POWER SPECTRAL 
DENSITY (b) OF A STATIONARY RANDOM BIN
ARY SIGNAL. 

2.2 Pseudo-Random Sequences 

6 

r 

IN 

One way of physically realizing a good approximation to a random binary 

sequence is by the use of m - sequences or maximum - length sh ift register sequences first 

described by Huffman 3~. These pseudo-random sequences, although by no means random, 

possess many of the properties of true random binary noise. As will next be shown, the 

statistical properties of these sequences (i .e., autocorrelation function, power spectral 

density and probability distribution) approach those of a random binary sequence as the 

length of the sequence increases. 
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Referring to Figure 2-3, an n - bit digital shift register whose output is 

"scrambled Il by suitable digital logic and fed back to recirculate will produce periodic 

binary sequences. The maximum period length obtainable with "linear" (modulo-2-adder)'" 

feedback is 2
n 

- 1 bits. The reqson for this is that an n - bi.t shiftregister can have 2
n 

different states, but one of these states will merely reproduce it~elf (0000 in the circuit 

of Figure 2-3). 

Clock Pulse (Period = 1) 

' .. 1 ,"" ' 
! 

Initial Condition 

] 

1000 
0100 
00/0 
1001 
1/00 
0110 
1011 
0101 
1010 
1/01 
IIIO! 
1 1 1 1 
011/ 
0011 
0001 
tooo , , 

1 

Ir 

2 
,0 

3 0 4 

~ œ 

P.eriod = 2
4 

- 1 = 15 

0 
~ 

~ Modulo 

)( (t) 
p 

-2-Adder 

FIGURE 2-3 - FOUR-STAGE SHIFT-REGISTER CIRCUIT GENERATING A MAXIMUM 
lENGTH SEQUENCE 

* Modulo-2addition refers to the logic Exclusive - Or i.e., (A+B) d2 =AeB ='AB+AB. 
The corres~onding truth table is the~e~o~e &R 8 " mo 

~~ 
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Before proceeding further, i"t should be noted that the levels of the shift 

register outputs discussed so far have been 0 and 1. This choiee of binary digits was used 

in order to eonform to the usual binary notation. To obtain pseudo-random. binar.y nOise 
. i 

From the shift register sequence, we have merely to shift the waveform down by 1/2 and 

multiply by 2. Thus the modified sequence will have two possible values, - 1 and + 1. 

As already has been mentioned, the. ail zero state does not occur in 'maximum 
• . 1 

length sequences, and herlce in one period of the modified sequence, x (t) is + 1 for 2
n

-
1 

'. ,. p. 

times and - 1 for 2
n

-
1 

- 1 times. Thus the proba~ilities are : 

Writing (2.2-0) as 

and 

[ xp (t) 1] 
n-1 

p 2 
= = n . 

2 -1 

[ x
p 

(t) = ~ 1] '. n-1 
·2 - 1 p = 

p [ x
p 

(t) = 1] = 

p [ x p (t) = -1] = 

2
n 

- 1 

1 2-
n-1 

2 

1 
1 2-
n-1 

2 

.(2.2-0) 

2n -1 
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it is easy to see that 

lim P [x (t); =j 1] 
"..00 .p . 

= lim P [X (t) =-1] =~. 
~~.' p 

which are the probabilities of the random binary signal. 

Korn 
1 

Çlnd Golomb 
6 

have shown that the autocorrelation function of a 

pseudo- random binary sequence is 

R (7) = 1 - 1 r -: k ( 2
n 

- 1 ) TI 
p T 

for Ir - k (2
n 

- l)TI < Ti. 

1 
otherwise. = -

2
n 

- 1 

The autocorre·lation function is illustrated in Figure 2-4. 

R (T) 
p 

( 2
n 

- 1) T 

1 / (2n -1) 

k = 0, ! l, ! 2, ••• 

(2.2-1) 

(~~ .2-2) 

r 

FIGURE 2-4 - AUTOCORRELATION FUNCTION OF A PSEUDO-RANDOM SEQUENCE 
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It is easily seen that as n-oo, the àutocorrelation function of Figure 2-4 approaches tha~ 
• fi . 1 

of Figure 2-2(a). Obtaining the power-spectral density of the pseudo-randomsequence 

in a similar way as for the random binary signal, ût can be shown that 1 

S (CA) = 21r ( 1 ) 2 {- (2n -1) 6~) + r: 2n [sin 1ar/(t'-I)] 2 S [CA) - ,2'1l'k J' 
P 2n - 1 . kIr/ (2n - 1) (2n -1 ) J 

"k=-E>OI . , ' 

where ô(x) is the Dirac delta' function 0 

Thus, due to the periodicity of the qutocorrelation function, the power spectral density 
radians 

is 0 "line " speetrum with spaeing1 /(2
n 
-1)Tv;;d ihl envelope is similor to Figure 2-2. 

l 

ln this thesis, u.nless otherwise mentioned, ail results shQII pertain direetly 

to stationary random binary signais. I~ some cases, modi'fications to these results shedl be 
, 

made in order that they be applicable di.rectly to pseudo-random sequ'ences. Nevertheless, 

it has been shown in this section that as n-.oO, pseudo-random sec:;fuences approach truly 

random sequence, anq consequently ail results are useful. 

l , 

2.3 Digitally Filtered Sequences 

Consider a random binary sequence, as defined in section 2.1, which is 

fed into an n - stage shift register. It is assumed that the binary digits in the register are 

+ land - 1, and also that the clock pulse period of the shift register is T and synchronized 

to the zero crossings of the binary sequence. If the output of each stage is weighted* by 

Wk , k:::: l, 2, ••.• 0 n, and if we sum these weighted outputs continuously, We obtain a 

new random process y(t) which is related to the input binary process x(t). ~ince the output 

~ •. 1 jl 

... It is assumed that the weights may be positive or negative. One way of realizing a negativ,e 
weight Wk is by weighting the complementary output of the kt~ stage with a positive weight. 
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of the k
th 

stage is identicalto the input process delayedby kT, the weighted shift 

register may be looked upon as a tapped-delay-line or in this case a non-recursive 

digital filter. The digital filteris shown in Figure 2~5. 
. . 

'~. 

. n Stage Shift Register 

x(t) . 
random 
binury 
process.! 1 

Continuous Sommation 

y(t) 

.. 
FIGURE 2-5 - CONTINUOUS SUMMATION OF WEIGHTED DIGITS STORED IN A 

SHIFT REGISTER WITH RANDOM BINARY SEQUENCE INPUT 

A simi lar signal y p (t) may be obtained using a pseudo-random sequence as the input 1
0

• 

ln this case, the digital filter may simultaneously be used to ma~e part or ail of the shiff 

register which generates the sequence. Care, however, should be taken not to make the 

length of the digital fi Iter much greater than that of the register generating the pseudo

random sequence, since if has been shown 36,37 that if this is the case, the amplitude 

probability densities obtained will differ markedly From those of the random binary sequence. 

2.4 Output Autocorrelation Function and Power Spectral Density 

Let us now consider the two stage weighted register of Figure 2-6, into 

which is fed the random binary sequence x(t). The outputs of the first and second stages 

a."e delayed versions of the input and are denoted by x( t -T ) and x( t - 2T ) respectively, 
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12 

i : 
where T is the clock period. We ighting the first and second stage output by W 1 and W 2 

respectively, we obtain the signais xl (t) and x2(t) which we sum continuously to obtain 

the output y(t) •. 

CloèkPu Ise (Period =. T) 

, x( t) 

~andom 
Hinory 
Signal! 1 

x( t - T) 
2 1----. x ( t - 2 T) 

FIGURE 2-6 - 2 ST~GE WEIGHTED REGISTER 

We may write the autocorrelationfunction of y(t) as 

R yy (,) = E [y(t) y(t +T) ] 

Substituting xl (t) + x2(t) for y(t) in (2.4-0), we mey write 

Ryy (T) =E {[ Xl (1) + x2(1)] [xl(1 +T> + x2 (1 +T>] } 

and after multipiying out the terms, we have 

= Rx x (,) + Rx x (,) + Rx x (r) + Rx x (,) 
11 12 21· 22 

(2.4-0) 

(2.4-1) 
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Now, since 

(2.4-2) 

and 

we may substitute (2.4-2) and (2.4-3) into (2.4-1) to obtain 

+ W2W1 E [x(t - 2 T) x (t - T +T)l + W2
2 

E [x(t -2T)x(t -2T +r>] 

(2.4-4) 

Oefining R (r - À) as the autocorrelation function of Figure 2-2(a) shifted in r by À, 
o. 

we may rewrite (2.4-4) as 

Ryy<T) = W
1
2 

Ro(T) + W1W2 Ro(T-T) +W2W1 Ro(T+T) +W2
2 

Ro(T> 

(2.4-5) 

Thus we see that the autocorrelation function R (T) is made up of the four terms 
yy 

R (T) = W1
2 

R (T) 
x

1
x

1 
o· 

R (T) = W
1
W2 R (r - T) 

x
1
x

2 
0 

and 

which are shown in Figure 2-7. 

(2.4-6) 



',' 

-T T r - T, o 

(0) (b) 

--w 2 
2 " 

2 
- - Vil 

T 

;', . 

14 

.,", .. 

: .. 
. . : . 

. . 
. " .' .: . 
, ": . " .... 

--------~~-------+--------~---------~----------~~--r . .... '.': :.,':':: ·-T 

(c) 

FIGURE 2-7 - OUTPUT AUTOC0RRELATION FUNCTION (n = 2) 

ln generol, for a register of length n, we may write 

or 

Ryy<rl = E {[ itXj(tl ] [,JI Xj(t+nJ 1 
= 

R (T) = 
yy 

n 

I: 
i,j= 1 

. , .... : ... " . ;.', 

' ..... ' " 

. -, . 
" . " -"," .... 

' ..... 

'-. ': 

(2.4-7) 
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Now considering the case when i ~j, we may write 

R (T) x.x. 
. , . 

IJ 

Similarly, 
• <1 • 
1 -r J . 

R (Tl x.x. = R (-T) x.x. J 1 IJ (2.4-9) 

= 1 WiW
j 

Ro ['-or + (i - j) Tl 
. ~,': .'.: ". .- " 

................... si~c~ the autocorrelation is an even function, we may write (2.4-9) as· 
.. :. ~<:":~"::.. .;..". '. . :. ' .. : .: .. 

....... . :.,' ..... 
..... :.,' . 

" ..... 
:.' ...... ::> .. :: .. : .. >: > .. : ..... R . (IT) 

.. ' . ' 
.. ,::",.< x.x . 

. ' .' ..... : .. J 1 
',:\. 

:~.,: :.//"', ~ , . ' '. . 

;=' W.W.R . ['r' ~ (i -'Ü' T]. 
. J 1 0, .u.' ..••. 

. '. ".' ',,' '.;. ',",,' ::.,. 
. . . ~ .:. '.:' . " 

. " :.' i:'.: "'" ',: : , '; 
.' ,.:". 

. .~,' " .. Int~rc'hanging i andj in (2.4-10) we obtain . .. : .!; :'.~ ';' .' .: . " ,,: :' .. 

. . . ! .', \ . ", .. ~.~. ("," . 
.... : ... 

. "'.: . 

'.:' ..... ;.:;.,' " 

R CT) x.x. 
IJ 

. :.: ',.:, .;' .. 
::: . .' :,'. 

;.which·is the same as (2.4-8). 
:' ... . 
..... .... ;. :':." 

. .: result i ... 

,:.-

: ..... . 

.. . ',' ~ 

. R(r) -'. yy . 

','" . 

n. . ". . 

\W.W. R [rr-g - i) Tl L IJ 0 . 

i,j = 1 

, ," .:" L .. :: 

" . :":. :",::. : .,:':, .. 
. '.' 

";,":,': . .::', ":'." 

~':' .. " . " 1. .' . 

'(2.4~12) 

;:::.From (2.4-12) it is easily shown that the autocorr~lation function Ryy< r) is a piecewise 

straight line symmetrical curve as shown in Figure 2-8. 
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': " 'OUTPUT AUTOCORRELATION FUNCTION'- RANf)6~'~INÀR~:~·;Gl~~L:\.':' ,,:,': '. '>.; 
·:).t:t,~~'~·~silybe shown that l : '.',':," . ",:::'::),';.)::/::::' .;~:~::>;::;;:,:;>" 

~ = W 2 + W 2 + + W· 2 
t'o 1 2 n 

131 = W1W2+W2W3 + .• ~ 

,132 =,,!1 W3·~W2W4 + ,.;.~ 
'" . .... , " .; - . .",' 

.. " ...... 

, . . . . .. 

..... :', " ...... , 

13 . '. 
, n - 0" . '. .' 

;: :," ", ':.':', ',: ~ "': .. ," .' : . . . : '. ::' . ,:,: ~ . ~ : .... 

By substituting Rp{ r) (as defined in (2.2-2) and shown in Fi9ure2-4)forRo( T) in 

(2.~-12)t we obtain the autocorrelation function corresponding to a weighted pseudo~ 

random sequence generator'which we write as 
n 

'" :':,':' 

R{) (T) = L W~W. R [T + (i - j) T] (2.4-14) 
p yy .. 1 1 J P 

ItJ= 
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ln the same way as for the random binary se'9uence, it can be shown that the autocorrela

tion function.of (2.4-14) is a pelJ1"odic piecewise straight line curve as shown in Figure 2-9 • 

" , 
:,,:,,:,,- : .......... : '. .,'. 

"."! •• ' •• 

, ,,' ': .: ...... ",', . 
"': " 

'. ':;", : . .... : ..... : .... ' .. 
,.; ....... . 

" 

" '.: .....: '.~' .~ ';:;- . ;:' ,', :~',.'.: ,,: 

'. ,"" ' . .... '. . :. 
, ' 

O' T 2T3T 
':/ 

, 1. 
< , 

.' ' 

- .. ' 
" .' 

:'", " 

T 

. " . 
: .. ~: 
. . ~ . .... ,':'; ", 

(2n~ 1)1" , 

FIGURE 2-9 OUTPUT AUTOCORRELATION FUNCTION - PSEUDO-RANDOM 

BI NARY SIGNAL 

ft ',can:also be shown that 

~ = 
2n _ 1 

(2.4-15) 

k = 0, 1, .... n 

and ~k is as defined in (2.4-13). 

The power spectral density corresponding' toa random binary process being 

fed into an arbitrarily weighted shift register may be obtained by using the Wiener-Khint-

chine relationship on (2.4-12). However, we shall first evaluate the spectral density in 

another manner by making the following useful observations. 
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Let us consider a signal W{t) which is a sequence of pulses separated by a 

period T , 

where 

00 

W(ll = I ok 8 ( 1 - k T l 

k=-oo 

Ok is either + 1 or - 1 

and satisfies the" uncorrelated .. properties *38 

t~ 
n ~oo"2n 

1 

n 

l 
m-=-n 

Papou lis 39 shows that the" autocorrelation of "W(i). is 

from which the power spectral density is fiat 

i • e .,W"{t) is Il wh ite noise". 

_ 1 
Sw (w) - T 

= 1 ; k = 0 

= 0 ; k 1 0 

(2.4-16) 

(2.4-17) 

(2.4-18) 

(2.4-19) 

(2.4-20) 

i 

The signal" W"(t), its autocorrelation function and spectral density is shown .. 

in Figure 2-10. 

* A sequence of uncorrelated numbers satisfying (2.4-17) and (2.4-18) is given by Wiener
38

• 



W(t) 

"; . 

..;.1 
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l 1 ,1 
'0 

0 

". - f ;,.r 

~ 1 .-1 ' -1 ' . .:. 1 

...... " 

. ~ .. -', " " .~ 

r 
s (w) 
w 

] T 

w 
FIGURE 2-10 - SEQUENCE ,OF UNCORRELATED PULSES, ITS AUTO

CORRELATION FUNCTION AND POWER SPECTRAL DENSIïY 
• , '.' . j I~. 1 

Now if W(t) is fed iritoo zero order hold
40 

with imp~l~e' ~~sf>0nse function 

h
1

(t) = H(t) .:., H( t.·: T) (2.4-21) 
; ... . . .. , .. 

'. ~. " . ':. ","'. ": ;'.::.":: :;,:.. ' .. " ',,;' '. 
. • '. • • . 18 ,23, ••.. : ~., ';,':" .". "." ;:::··';::-:'::'~":»:."i:::;'::'::::?",'~: 

whereH (t) IS the HeavIside step funchon ' 1 It IS easdyseen thot theoll~P\Jtv.:dJ be ':::,>:"" i: :;", 
. '.-' . . " :.' , ". .' '. ;. '; .. : , '. ~. ..:: " ,~.' 

. the rondom binary signal x(t) of section 2.1. Thus 0 rondom binory signal may beconsi-

dered as white noise being fed through a system hoving th,e il'!lPulse response ,function 
.. , .' .. '/ . j 

h1.( t) ~f (~.4-21). 
,', , . " . 

M k· f h fI': () a mg use 0 te,' oct .... ,,:, ,1 ,', : ~ , thot continuous summation of digits 

, stored in 0 shift register is equivolent to non-recursive digital filtering, the overall impulse 



20 

response function may be written as 

~ (t), = hl (t) * h
2

(t) 

:'" .,' .. 

= }1(1) h2 ~I -1') dT 
-1'0 ' 

(2.4-22) 
. ,', -,., 

,,'. ','. ':' .. ' \. :, . :c ;:<'::;'~".::.; ''': .. ,.':, ., .... ; :., .,. . . '. 41 
where h

2
(t) is the impu Ise' resporisé 'fti~ction,:of the' digital fi Iter.,.wh ich is siroply 

h
2

(1) = i. >k' 8:<:~'~"~;'" ·····"c:" (2.4-23) 
: t. 

k=l· , • • ,,0. ~ < o' ' 

." ~ . 
~". 0 

Substituting (2.4-23) and (2.4-21) into (2.4-22) and evaluating the integral, we obtain:,·:' 
. ~.' ' 

(2.4-24). " 0 

18 
where we have made use of 

00 J t/J< s) 

-00 

(2.4-24). 

= 

s (x - s ) ds = t/J(x) 
, o'. 0 

, . . . ' 
~ ".l", 

c' " 

.' 
, ' .. ' 

", 



Taking the summation sign outside of the integral, we may write 

~(fIl) = y. . 

= 

n 

Lwk 
k=l . 

e -jfll(k+ 1) T _ e -jfllk T 

- jfll 

, • :., .' ,co. 

which cian,b~'r~ducéd, withso~e manipulation, to 
.~ " .'-••• ,0; • 0" .•• ~. .". '. • ' .. : . • .. 

"J' .: 

2sin( fil 2T ) '::j fil T 
n 

L "', ":-jfllkT :Ji: (fil) 2 = e W~ e . 
y fil 

k=l 

21 

2 sin~ fIl2 T ) ~j fil T 

{ n n} 2 LWk cos (",kT) - j LWk sin (",kT) = e· 
fil 

k =1 ' k = 1 . 

(2.4-26) 

Now 1 using the weil known result for linear systems namely : 

s = 13-1" (fil) '" 2 S. (fil) yy Y w 
(2.4-27) 

," wemay s,u~stitute (2.4-26) and (2.4-20) into (2.4-27) to obtain the result 

2 
1. (fil T ) 
s'".2 

(~T ) 
[ rWksin<WkT) J 2 

1 k=l . 

(2.4-28) 



Using a different notation, we may write 

which reduces to 

• ICi) T) 
s'"\2 

(~) , 2 

2 
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ri..,,".· ..... ,. .,' L W k W m [COSC"k T}cos("m~+ Si"("k~Sinf.Jm 1 
k

l 
rn=l' ',' , 

'" 
• t "" 

.' 
, 2 

c':'~ ,,," 1) 

sin~) 
(Ci)2

T
) 

r, '. ,-,' n L Wk Wni 
cos [(k-m) "T] 

k,m=l 

(2.4-29J 

As already has been mentioned, the sorne result may be obtained by taking the Fourier 

transform of the autocorrelation function of (2.4-12). 

* Making use of the translation property of Fourier transforms' , the transform " ' 

of (2.4-12) may be written as 

.(2.4:"30) 

k, m=l 

where $(w-) is the spectrum of (2. 1-4), 

and can easily be reduced to (2.4-29). Although the last method of evaluating the power 

* If W [f(t)] = F(Ci), then 

1f[f(t -a)] = e -jaw F(Ci)) 
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spectrum is much more efficient, the usefulness of the first technique shall become evident 

in Chapter III. 

l 

Substituting 5 (car) of (2.2-3) for S(Ca)") in (2.4-30), the power spectral 
p .. 

. .. d~n~Hy corresponding to a weighted pseudo-random noise generator. becomes 
.,. 

, " . " 
,1 , ~ ":,,' . 

5 (p}yy 

. ".,:, ',.'" 

= 2n'-~}2{ -(2"- l lS(Wl+)? r$} S [W-(2:-~lrJ' x"\: 
~ IJ 'k=-OO~ j 

.' ,'" 

·0 

. , 

(2.4-31)' , , 

," . 
oC -~ :" ~ 0 0 • 

_. '" 0 .,' ~ • " ,::., .', "' : ,):' '_. ,~' "/ 

.. - .. ".' 



: 1- 0 ' 

~.: .' " 
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CHAPTER III 

SPECTRAL DENSITY APPROXIMATION 

3.0 Introduction 

ln Chapter Il, we have evaluated the autocorrelation function, power 

,spectral density, impulse response function and system transfer function resulting From a 

stationaryrandom binary process being fed through an n - stage arbitrarily weighted shift 

"regis'fer. It shall be of interestinJhis chqpterto approximate ,a prescribedpowerspectral 
" :,- \,;. . 

density with that obtained From the weighted register. The problem remains, hciwëver~'" 

to find a suitable error criterion so that we may optimize the weights for a finite length 

register to obtain a good approximation to the imposed spectral density. 
, , , 

" : ,> ': , ,,' '---

:','",;':·.>:·Î~::~~~t.i6~·,2~·4~"'~~·have ~hown that a random binary process fed through 
" ,':. :, ~ .: ", :. 

a weightê,é;i:'shift"'r~~ister is equivalent to passing white-noise of the type shown in Figure 
. .' '... '. . l ' 

" ..... . 

2~l'Q,'th'rough'a system with system transfer function~ (L)') given by (2.4-26). Since the 
;'. ':,,:': y, .. ' 

.. " ·.,.::;?, .. ·:~~wer spectral density associated with white noise is a constant, we may use the result
39 

,,:,' :': ',.'.,." 
'-':'" ;' 

.:",". : ,::<'<.ih~t. given an arbitrary positive function S(t.)), we can find a functionj-t(L)') such that . " .. \ .. 

" .... 

K lm .. ) 1
2 

= S (w) (3.0-0) 
. ", ".':.' 

',:".f"." :,' 

-:':'~',:.:;>:":.":. '.: i;:.' :":" ..., ," ,''', 
. • ". .... ~"u 

wh~re ,K'i~:·ë:;'.positive rea 1 constant. 

... ,'" ,'," '. 

• ':',1', 

Ther~fore, if Kis set to equal Sw(w) or + ' andS(w') is the prescribed powe~ spectral 

density, there exists a corresponding system transfer function Ji(w-) wh ich we want to approxi- , 

mate. The approximation criterion discussed in th is chapter shall be the mean-square-error 

between the system function corresponding to the imposed spectral density and that of the 



··'>'i .. 

weighted register, which we define as 

00 

1= J I~) -.1fy (n, o.) 1 2 do. 

.,00 

25 

(3.0-1) 

. · .. where3r(n,w) is the system function of (2.4-26). The il isinserted in the parentheses 
'_po.' y. ' ' 

·t()inclicate that ~ is a function of the register length n • 
....... '.",.. .. ,.:, .. : ... ":,' .. :. "':':. Y 

.' 
", . ;." '"'-'. ;:::',:.::' ," 

.... . ... 3.1' ' .. ' .. '. ÎmpÜlse Respons~ Approximation 
.. . - .... "'.: :,', :". 

Since spectra centred àbout a frequenc)~ w . may be obtain~d by modulating 
C . . . .. ".:' '. :.' :' 

a low pass spectrum onto the carrier frequency, we shall restrict our discu$sion':t~ 'Iow~~s~ 
. ,"::-,.. " 

system functions resulting in power spectral densities centred about zero-frequenty. 
. ',". :" ..... ..;: ... 

Using Parseval's formula, which states that if f(t) and F(w') are Fourier 

transform pairs, i.e., if f(t) ~ F(Lr), then 

. ',-.,: 

dw 1 

"(~Ll-O)' .' ..... . 

',:," .... :: ............ : 

-00 -00 

and substituting the integrand of (3.0-1) into the right hand side of(3~1~O)'"weobtain' 
CO 

1= J 1 jt(,,) - 3fy (n, o.) 1
2 

a. = 
-00' , 

. A 
where h(t)~jt«(.) and h (n, t)-:rr (n, lA)'). 

y 

00 

2u J 1 h(t) . - ~(n, t) 12 
dt 

-00 

(3. 1 -1) 
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From (3.1-1) we·see that the approximation is transformed into the time 

domain and the critel"Ïon is therefore the mean-square-error between impulse response 

functions. 

The impulse response function of (2.4-24) is illustrated in Figure 3-1. 

A 
. h(n, t) 

W 
n 

T 2T 3T 4T (n-1)T nT (n+1)T t 

FIGURE 3-1 - IMPULSE RESPONSE FUNCTION CORRESPONDING TO A 

. WEIGHTED SHI FT REGISTER 

From Figure 3,:", l, it may be seen that the problem is reduced to approximating an arbitrary 

real finite* function of time with anequally-spaced discrete-step function of finite length. 

The mean~square-error between the two functions are minimized by finding the optimum 

weight parameters. Two other parameters are optimized, namely the ~pacing between steps 

(i.e. the clock pulse period T ) and a translation or " starting point Il parameter. The 

.* It is meant by finite that the function h(t) is square or lebesque integrable; 
. (JIO 2 

i.e., JI h(t) 1 dt < 00 

_01' 
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latter parameter is equivalent to the delay of the impulse respon'se function. For con

venience* we abandon the causality requirement that~(t) =.0 for t < 0, and thus we are 

free to find the relative position of the two impulse response functions which minimizes 

the mean-square-error. 

3.2 General Mh,imum Solution 

Let f(t) be an arbitrary impulse response Lnction, which is real and Lebe

ques integrable. Letting s and À be the spacing and tra'1slation' parameters respectively, 

we may write the mean-square-error as 
00 n 

, 

l = iLl ',wk [ H (t - ks -~) - H (t - (k+l)s - ~)] - f(t) 2 dt 

Expanding the'~qU~r~d termin the integrand and making use of 
,.'. : ..... " ' .. '.' . 

" '," 

2 . 
H (x) = H(x) 

we may write 
00 

1= J 
-00 

n 

\'.W 
L";i!;k 

[H(t - ks - À) ... H ( t ... (k + 1) s ... À] f(t) dt 

k=l 

00 

+1 
-00 

(3.2-0) 

(3.2-1) 

* A delay in the impulse function does not affect the absolute value of the system function, 
and since we are not concerned with the phase of th·e output signal in relation to :the input, 
the causa lit y restriction is not required. ' 



which may be written as 

n 
(k + 1) s +}.. 

wtf dt l = L 
k = 1 

ks +À 

and can be evaluated to yield 

l' = 

x 

(k+ 1) s+À 

- 2 f Wkff(f> ?t 
k=l . 

ks+À 

. where F(x) - .. ff(l) dl . 

-00 

28 

(3.2-1) 

DifFerentiating (3. ~-1) withresi;ect t~ ~J< ~n~eqU~ting to zero·, we· obtain. the optimum: 

weights 
. :.,' 

w~ = 
F [(k+ ·1) s. + .x] .:. _ .. F·[ks:·· +À] 

. ~:' 

k = l, 2, ..... o· •. n· . 
. . ",' .:,' ';, . :. 

for any spacing sand any translQtioh· pàrci·ni~te~À.~ 
, '. " :.... '. " .. 

Substitûting (3.2-2) jnto(3.2- l)i weobt.ain the minimum mean-square-
. . . 

. .' . 

·error for arbitrary 5 ~nd À. Thus 

s t {F [,( k + J) s + À ] - F [ks + À ] 

k=l 

2 
00 

l = f f(I)2 dl 

-00 

(3.2-3) 

'" " 
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To find the optimum s and À with the constraint that ail the weights are optimized in the 

manner of (3.2-2), we"differentiate (3.2-3) with respect to~s to obtain 

" , n' . , '.' " ' , 

-f l {F [( k + '1). H J - F [k. + ~ J}" {(k + O'f(k + 1) '.+~ J':' k fI"- +X]}: 
k=l ' . 

o (3.2-4) 

and with res'pect to À to obtain 
, ' 

~.l 2, 
JÀ = -

5 
t ( F [(k+ 1) • ~ ~] - F [k • +À] }( f [(k + 1) • +A] - f [ k H ~] } 

_. 0 (3.2-5) 

Inge'neral we cannot find a closed form solution for:S and À; however, we may find the 

optimum values using numerical optimization techniques. Direct search methods such as 

described in Appendix F can be used to minimize (3.2-3) with respect to the parameters 

5 and À. If, however, f(t) is continuous, we see that the gradient vector comprised of 
, 

(3.2-4) and (3.2-5) is also continuous and we may use more quickly convergent techniques 

such as the method of conjugate gradients 42 or that of . Fle~cher and Powell
43. 
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3.3 Solution for Even Impulse Response Funotion 

The problem is simplified if we assume\the impulse response function f(t) 

is even. Consider the symmetrical function and the discrete step approximation in Figure 

3-2 • 

f(t) 

12 

t 

FIGURE 3-2 - EVEN ORqER APPROXIMATION TO IMPULSE RESPONSE 
FlJNCTION 

Assumingthat the approximation is also an even function of t, we see that 

the problem of finding the optimum À of (3.2-3) is eliminated. Two cases shall now be 
1 

considered. 

Case 1: n is even 

When the length of the shift register is even as in Figure 3-2, due to the 

symmetry, we need only to evaluate the first or last n/2 wei'ghts. Letting m = ~ and 



rerlumbering the weights so that 

W (new) 
k 

= W (old) 
'm+k 

we can, write the mean-square-error ~s 

k = l, 2, ....... m 

, 2 

.:ven = 2 [{ ~ Wk [ H [ 1 - (k-l), J - H [ 1 - k, J]- f(I)} dl 

Expanding the integral in the same way as in (3.2-1), we may write 

2 
E 

even 
= 

Differentiating (3.8 .. 1) with respe:ct to W
k' 

we obtain 

= 

and differentiating again, we obtain 

2 2 
~ le 
___ e~v::-en_ = 4 s 

~ Wk
2 
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. (3.3-0) 

(3.3-2) , 

(3.3-3) 

Since s, the spacing, is always positive,setting (303~2) to zero will result in a mini-

'2 
mum of e with,. respect Wko We thus o~tain 

even 

= 
F[ks] ~ F [(k-1) s] (3.3-!+1) 

s . 

for k = 1, 2, ••• 0 • m 
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which yields optimum weights for arbitrary s • 

Substituting(3.3 .• ':4;) into (3.S'-1), differentiating with respect to s 

as in (3.2-4) and equatingto zer~, we obtainthe result 

s = 

~ . 2 

'L (F [k St) - F [ (k-l) s t J) 
lu. 1.' . 9P op 

opt 

which may be solved for s t using iterative methods. Thus, to find the optimum weights, 
op 

we first evaluate s t using (3.3-5), substitutes t for s in (3.3-i+) and eva'luate 
op op 

W
k 

using (3.3:- '4\), for k = l, 2, • ~ •• m. The mean-square error will be 
opt. 

2' 
E 

even 
= 

Case Il: n is odd 

Similar results may be obtained when the number of shift register stages 

is odd. When this is the case, we see that the spacing corresponding to W1 is 

is shown in Figure 3-3 . 
f( t) 

Ws 

n = 11 

m = 6 

s "2 as 

FIGURE 3-3 - 000 OROER APPROXIMATION JO IMPULSE RESPONSE FUNCTION ' 



Letting m = n;l , we modify (3.3-0) to be 

Proceeding in the same fashion as for Case l, weobtain the results 

and 

3.4 

= 

00 

J 2' 
f(x) dx 

o 

F [(2k-1) s ] _ F [(2k-3) $ ] 
. 2 opt 2 opt 

2 
s t W1 op 

2 

s 
opt 

s 
opt 

(k = 2, 3, ...... , m) 

Gaussian and Brickwall Spectral Densities . 

33 

(3.3-~) 

(3 .~_.~) 

(3.3-10) 

ln a recent note, the author
12 

has shown that an approximation to a 

Gaussian spectral density can be obtained by weighting the shift register with the binomial 

coefficients. It is of interest in this section to approximate the same power spectral 
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density using the error criterion discussed in this chapter. Defining the spectral density 

as 

5(1.) = e 
2 -t.) 

a choice for jf(w) in (3.0-0) may be 

-t.) 
2 .1f(t.) ) = e 

2 

(3.4-0) 

(3.4-1) 

which is also Gaussian. Taking the inverse Fourier transform of (3.4-1), we obtain the 

. impulse response function 

00 2 _t 2 
-t.) 

2' 
_1 f e 

"2 • t 
h(t) e Jt.) dw e = = 2i! ~ 

(3.4-2) 

-00 

which is also a Gaussian pulse. Since (3.4-2) is an even function of time, we may make 

use of the results of section 3.3. Letting 

Z(t) = 

and 

P(t) = 

-t 
2 

2' e 

-(2.;; 

t 

f Z(x) dx 

-00 

(3.4-3) 

we may substitute P(x) and Z(x) for F(x) and f(x), respectively, in the equations of section 

3.3. 

Appendix A consists of a computer printout of the optimum weights, 

spacing parameter and mean-square-error for even and odd n up to 50. Due to the sym-

metry of the apporximation, only the last n/2 and (n + 1)/2 weights are Iisted for even and 

odd orders n respectively. ln· Graph 1 the normalized Gaussian system transfer func-

tion is i lIustrated, and compared to the optimum approximations for n = l, 4, 6, 8 and 48 
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in \ Graphs. 2, 3, 4, 5 and 6. In Graph.7. , the optimum order 50 impulse resporl$e. 

approximation to a Gaussian impulse is shown. A plot is made of the mean-square-error, 

for n up to 50, i,n Graph' 13 • 

Similar resuHs may be obtained for the brickwall spectral density which 

may be defined as 

S(L) = 1; lrùl ~ 1T 

= 0; lrùl > 1T 

Thus a convenient choice fod-t(rù) in (3.0-0) may be 

(3.4-5) 

(3.4-6) 

which is the system transfer function of an ideal brickwall filter. The impulse response' 
1 

corresponding to the system transfer function of (3.4-6) may be shown to be 11 
1 

00 

~ " J jf< .. ) J"I a. = si~ (1) 

-co 

h(t) = (3.4-7) 

ln the sorne way as for the case of a Gaussien spectral density, we let 

f(x) = st (x) = sin (x) 
x 

(3.4-8) 

and x 

!Si(l)dl F(x) = Si (x) = 

-00 

(3.4-9) 

and use section 3.3 to obtain the optimum weights. 

ln Appendix B, we list the optimum weights, spacing parameter and 

mean-square-error for even n up to 50. It is interesting to note that the optimum spacing 
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parameterdoes not· decrease uniformly as the order of the approximation is increased*. 

This is due to the oscillatory nature of the si function of (3.4-8) which gives rise to 

multiple eigenvalues for equ~tion (3.3-5). This effect can best be seen in Figure 3-4 

where the mean-square-error is plotted versus the spacing parameter s. The curves are 

not drawn. to scale in order to emphasize their behaviour as the parameter.n is increased • 

. ·Mean Square Error 

,-
e 

.-...--------~~--------------~~----~------------------~-s 
Spacing Parameter 

FIGURE 3-4 - BEHAVIOUR OF MEAN-SQUARE-ERROR FOR BRICKWALL SPECTRAL 
DENSiTY APPROXIMATION 

* From Appendix B we see that the optimum spacing parameter increases between orders 6 
and 8, 14 and 16, 26 and 28 and between orders 40 and 42. 
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CHAPTER IV 

PROBABILITY DENSITY APPROXIMATION 

4.0 Introduction 

The probabi lit y density function of pseudo-random and random binary 

waveforms, obtained by equal summation of the digitsstored in the shift register, has 

been studied by Kramer
8 

and Daviat The probability density thus obtained is the bino-

mial distribution. Davies extends this resiJl't"to mufti level s~quences~ -Dut ~9ain, only for 
! 

the equally weighted case. 

ln th is chapter, we wish to extend these results by finding the output 

amplitude probabil ity density function of an arbitrarily weighted shift register fed bya 

random binary sequence. It can be shown that a random process obtained in th.is way 

will satisfy the conditions of the Central Limit Theore~, provided that the weights satisfy 

certain conditions
14

, 29. Thus, although the probability density approaches a normal or 

Gaussian curve as the number of shift register stages increases indefinately, the problem 

of finding the best approximation to a normal density still exists when the number of shift 

register stages is finite. An approximation criterion between the probability density of 

an arbitrarily weighted shift register and a normal density is introduced, and the weights 

are optimized to minimize the error. 
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4. 1 Amplitude Probability Density for Arbitrary Weights 

'We againdefine the random binary process x( t) by 

,{ + 1 if binary signal is 1} 
x(t) = , 

.' - 1 if binary signal is 0 
(~:- 1) T ~ t < N T 

for N = 0, + l, + 2, .:!: 3, + .•... 

and 

P [x(t) = 1] = p [ x( t) = - 1] = 1/2 

(4.1-0) 

(4.1-1) 

We also den ote x.(t) the random p~ocess associated with the event f ,th 
, 1 

stage of an :;,1 stageshift .register being on } 

! 'W 'f h .th • 1 • 1 tel stage 15 on 
1 

x.( t) = th 
1 . _ W

i 
if the i stage is off 

(n - 1) T ~ t <:: n T 

for n = 0, + l, + 2, .:!: 3, .! ..... 

and 

where W. is the weight of the i
th 

shift register stage and T is one period of the dock 
1 

frequency. When t is fixed, we may consider the fami Iy of stochastic processes 

(4.1-2) 

(4.1-3) 

x
i
( t), i = 1! 2, •••. n, as a fami Iy of random variables .x

i
• The probabi lit Y density 

f.(x) of x. is shown in Figure 4.1. Since x. is a random variable of discrete type, with 
1 1 1 

only possible values W. and - W" we can define the characteristic function 15 of x. as 
1 1 ; 1 
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(4.1-4) 

Substituting the probabilities of (4. 1-3) into (4. 1-4) we obtain 

(4.1-5) 

Since the random variables x., i = 1, 2, ••••• n are independent, their 
.1 

characteristic functions are independent 16, thus 

cP (L>l' ••••• ·L>n) = E {exp[j (L>l X l + .•• + L>nxn)]} 

= CPl(L> 1 ) cp 2 (L>2) •••••• cp n (L>n) (4.1-6) 

where cf> (L>1' •••• ·L>n) is the joint characteristic function of the random variables xi" 

We now wish to find the characteristic function cPz (L» of th~ density 

f {x} corresponding to the random variable z 

(4.1-7) 

We have from (4.1--6) 

'cp Z (Ll) = E {exp (jLlz ~ = E {exp [jLl(x1 + x2 + •••• + '!ri) J} 
= t:P (L>, L> ••• pL» = CPl(L>} (jJ 2 (L» ••••• CPn(L>) (4. 1-8) 

Substituting (4. 1-5) into (4. 1-8), we can show that 

n 
= n cos ( Wk L» (4.1-9) 

k==l 
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ln order to faci,litate the mathematics, we shall now introduce sorne new 

notation. 

let b
k 

be an n dimensional vector, k = 0, 1, •••• , 2
n 

- 1, whose ,n 

elements are the ordered digits of the binary number cC"rresponding to k(e.g., ~,.4 = [0111]). 

-Let Vk,n be defined as 
..... 
V 

k,n 
--- ~ = 2 b

k 
- u ,n n (4.1-10) 

... 
where u ' is the n dimensional vector with ail elements equal to unity. thus, we see that 

n 

~ --V
k 

is b
k 

with ail zero elements replaced by - l. 
,n ,n 

Using the above notation and the ordinary definition of the scalar product, 

we can write (4. 1-9) as 

2n_1 

Lexp [ j" <V;;,n'-W)] 
k=O 

-. , 

'where W is the n - dimensional vector with elements W., i = 1, 2, •••• n. 
1 

.To illustrate (4.1-11), considern =2. Then, 

Q> z(") = ! {exp [j" ( -W1 - W2) 1 + exp [j" (-W1 + W:zl 1 
+ exp[j" (W1 - w:z>l + exp[J" (W1 +w:z>l} 

which yields the sa me result as would (4.1-9). 

<
~ ~) n 

Thus it may be seen that Vk,n' W for ail k = 0, •••• 2 -1, is the 

combination of ail summations of + W., i = l, 2, ••• n. It should be noted that for any 
- 1 

function G, 

(4.1 ~11) 

(4.1-12) 



41 

2n_1 2n_1· 

LG [ <~.n.'w>] = LG[-<~.n.'w>] 
k=O k=O' . 

Using the inversion formula 17, the density f (x) of (4. 1-7) can be expressed in terms of 
z 

CPz{rJl) by the integral 

f (x) = 
z 

1 -'" 2n 

Substituting (4.1-11) into (4. 1-14) and using (4. 1-13), we obtain 

(4.1-13) 

(4-.1-14) 

2n_1 00 . . 

L ~ J exp { -j" [x + < Vk. n' W)] d.J (4.1-15) 

k=O -00 

f (x) = 
z 

1 

18 
Based on the property 

00 

2~ J exp{ -jrJl x) drJl = 6 (x) 

-00 

of the Dirac delta function 5{x), (4. 1-15) reduces to 

~!'-1 

f (x) = _1 \ 6 (x+(V
k 

.,W» 
z 2n L ,n.. 

1<--0 

(4.1-16) 

{4. j -17) 

The result obtained in (4. 1-17) is the amplitude probability density corresponding to a weighted 

random binary process. To mcdify this result for n
th 

order maximum length pseudo-random 

binary sequences, we make the following observations. 

ln section 2.2 it was shown that in a maximum lengt~ pselido:-raridom binqry 

sequence, the ail zero state in the shift register does not occur and that there are only 2n
_ 1 

possible states. This undesired state can be shown to correspond to k = 0 in (4.1-17). The 

amplitude probability density corresponding to an m - sequence can therefore be written as 

2."-1 L li ( x +<~.n. w») f (x) = 
zm 

1 
(4.1··18) 

2n-1 

k=l 



42 

4.2 The Central Limit Theore~ and Equal Weights 

The Centrcil- Limit Theorem states that, under certain conditions f (x) of 
z . 

(4. 1-17) apprbaches a normal curve as n increases : 

exp f (x) .~ 
z 

l 

2 .... 
where cf i is the variance of x., which can easily be shown to be* 

1 

2 
= w. 

1 

(4.2-0) 

If X is properly scaled (i .e., with 1/{n so that the limit ~f the resulting variance is finite), 

then (4.2-0) becomes (m equality for n ~oo provided: 

(a~ 

(b) 

n 

'W.2~ 00 LI 
k=l 

For some a > 2 

f.(x) dx < C = constant 
1 

where f.( x) is the probability density of x •• 
1 . ' 1 

* ".2 __ { 2} 
VIE xi 2: [ ] = w. p x. = w. 

1 < 1 1 

2 2 
= W. x 0.5: + (- W.) x 0.5 

.1 . 1 

(4.2-1) 

(4.2-2) 
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These are not the most general conditions for the validity of the theorem. However, they 

cover a wide range of applications. We note that (4.2-1) is satisfied if (fi ;> CI,> 0, 

where CI is sorne constant,and this is certainly the case if the random variables x. have 
. 1 

equal var,iances, i.e., if the weights of ail the registers are equal. Similarly, condition 

(4.2-2) is satisfied because the densities f.(x) CIre zero for lx 1 > W •• 
. 1 1 

Now for eqlial weights W. = W, i = l, 2,' ..... n, (4. 1-9) may be written 
1 . 

as 

n cos (W(,)) 

.. jWU -jW(,) n' 
= (e . + e ') 

2
n 

(4.2-3) 

and using the binomial theorem, we may write 

jnWfJ 

(4.2-4) e =---
2n 

where 1 ~l are the binomial coefficients. 

Using the inversion formula (4. 1-14) and property (4.1-13), we obtain, 

with sorne manipulation 
n 00 

f (x) I: 1 ~l 
1 J exp { - jw [W(n - 2k) + x ]Joo :: 

21T z 
2

n 

k;:() -00 

and making use of (4. 1-16), 
(4.2-5) 

we obtain n 

f (x) = . 
2

n I: (~l 5 [ W{n - 2k) + x] (4.2-6) 
z 

k=O 

which is a binomial probability density with zero mean. 

This result is the same as that obtained by Davies
9

, except that the density 

. is centred about zero. This of course, is simply the consequence of defining the off state 
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of the ~egister as - 1 instead of zero. 

Using (4.2-6) and the previous discussion, we obtain the weil known result 

that the binomial density approaches the normal or Gaussian densityas n ~ 00. 

4.3 Binomial Weights 

Before considering the problem of finding the weights which correspond to 
, 

the best approximation to a Gaussian probability density function, it would be of interest 

to discuss the probability density which results from using the binomial coefficients as the 

shift register weights. It has been shown 12 that a binomial weighted register produces 

a power spectral density which approximates a Gaussian, and the approximation becomes 

exact as the length of the shift register increases indefinately. We shall now consider the 

resulting probability density. 

Oefining the weights of an n + 1 stage shift register* as 

W = 
k I~), k = 0, 1, ..... n (4.3-0) 

let us determine if the conditions for the Central Limit Theor.em. are met. Although we can 

see that the binomial weights satisfy condition (4.2-1), they do not satisfy (4.2-2). As it 

was mentioned earlier, however, these are not the most general conditions for the theorem, 

and we shall now prove the Gaussian convergence of the probability density directly. 

Although this result may be obtained using characferistic functions as in 

(4. 1-4), we prefer to use moment generating functions. 'We define the moment generating 

1: • 19 f runctlon 0 x. as 
1 

* We t::onsider an n+1 stage register because the binomial expansion of order n hes n+1 terms. 
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M.(Ia).) = E{exp ola).x.J 
1 1 1 1 

(4.3-·1) 

Proceeding 0 in the same manner as was done for the characteristic function 

and substituting the binomial c()efficients for the weights, we can show that 

(4.3· .. 2) 

Before proceeding further, we must standardize the random variable, i.e., modify it to 

have zero mean and unit variance. 

Using the moment genercting function property 19 1 namely 

[ 
l Mz (la) ] = ... ': 

d 
r r 

la) 0...,=0 
(4.3-3) 

where ... 1 is the /h moment about the origin, we can show that the mean is given by * 
r 

... ::: 0 
Z 

(4.3-4) 

It can also be shown thct the val'Ïance is given by** 

(4.3-5) 

= t ( ~I tcnh [la) ( ~)] TI cosh [w (~)] 
1a)=O r.o k =0 

= 0 ... ::: 

1a)=O 

** t (~12 
r=O 
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Making use of the theorem
20 

for standardizing a random varia~le; namely, 

M{ )~ (w ) = exp l _. (~w/6')] M ( ,.,/d) 
x-~ ct x (4.3-6)' 

we obtain 

[~:' ] 
n 

M (w) = n cosh zs 
r=O 

(4.3-7) 

N °th ° fD D' "d .. ° 21' ow uSlng e ln I",t.e pro uct expansion 

cosh (Z) = ft [1 + 
k=l 

(4.3,;,8) 

and substituting in (4.3-7), we obtain 

n 00 [ 
Mzs (,.,) = fT n 1 

r=O k=l 
(4.3-9) 

Oefining the second 'moment generating function as 

(4.3-10) 

and taking the logarithm on both sides of(4.3-9), we obtain 

tI _ {. 4,,,2 (n)2. } 
'J.Izs( (al ) - 1 ~9 TI n 1 + ---::---::::--r ---= 

- r .. o k=1 ' (f z2 1? (2k _ 1)2 

(4.3-11) 

.' 



Making use of the logarithmic expansion, namely, 

log ( 1 + x) = 

= 

2 x. 
x - 2' 

00 

3 
+ ~ 

3 

-2:: 
q=l 

4 
x 

- "4 

for sufficiently large* n we may write . 

and with some manipulation,we obtain ., 2 

~OO=l )qOO=l: q{ - Jjq 4
q

.,2q . ~ (~) q = 

z 
~q 1r

2q (2k-1)2q 

Making use of the exp'ansion for Bernoulli numbers**22 namely, 
00 . 

B = 2(2q) 1. \' ___ _ 

q 1r
2q 

(22q - 1) ~ (2k - l)2q. 

with s~me manipulation we obtain from (4.3-12) 

--

• Il con eosily ~e seen, by subslituting ~lnl2 for c1
z 

2
, that 

4 2 (n) ~ r 
x = fi) 2 r 2 2 will approach zero as n ~ ·00. 

d 1r (2k-1) 
z 

Therefore, for sufficiently large n, I>cl will be less than 1. 

** 
For example, 1 1 1 1 5 

B 1 = 6" B2 = 30 ' B 3 = 42' B 4 = 30 ' B 5 = 66 etc. 
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(4.3-12) 

(4.3-13) 



After substituting (4.3-5) into (4.3-13),. we may write 

where 

'i'zs (1.\» = 

A· = 
q 

2q(2q)~ 

Now for q > 1, i. e., q = 2, 3 •••••• 

'" . '2 
[ [(n). ] q 
.... 0 r . 

n~oo t!~l ;[ t I~(] q = 0 

. r=O r=O 

and therefore from (4.3-14) - (4.3-16) 

lim '1'(w) -
n~OO 

2 
w = "2' 
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(4.3-14) 

(4.3-15) 

(4.3-16) 

(4.3-i7) 

Using the fad that the limit of a logarithm equals the logarithm of the limit 

(provided that these limits exist), we see, from (4.3':'10)that 

lim M ( w) = exp (w
2 

/ 2 ) . 
n ~oo zs (4.3-18) 

, 

which is the moment generating function of the standard Gaussian density20. 

Referring to the uniqueness theorem
20 

according to which a moment generating 

function, when it exists, determines a unique probability density, we can now say that when 

n ~oo the standardized probability density, resulting from using binomial coefficients of 

order n - 1 as weights for a shift register of length n, approaches the standard Gaussian den-

sity. 

The results of this section, coupled with those of the author
12 

reveal that we 
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can use binomial coefficient weights to approximate a signal which is Gaussian both in the 
l ' 

frequency and time domain. Such a spectrum isuseful for simulation purposes, and parti-

cularly for doppler radar simulators. 

4.4 ,Approximation Criterion 

As already has been shown in (4.1~7)theprobabilitydensity resulting from . . . . , 

a weighted register is of discrete type. On theotherhand~the Gaussien probability density 

is continuous. This incompatability between the densitiesimplies théruling out of sorne of 

the approximation criteria commonly in use, sllchasthemean~square~error* or the mean-

absol ute":,,error** between the densities. 

* The mean-square-error is 
. . ..... . ; . 

6(x + <~I',vt»-

where Z(x) is the standardized Gaussian curve, i.e., 

, '2 
Z(x) = exp(-x!2)/V2tr. 

z (xll 2 dx 
J 

Expanding the squared integrand gives rise to te~s_~j the form 6
2 

( x + A), where A is a 
constant, and can be shown to have no meaning , " ~ 

** The mean absolute error, written as 
2n_1 

jl~n L 
-00 

6 ( x +<Vkp' W» - Z( x) dx 

k=O 

can be shown to equal 2, irregard!ess of the weight vector used. 
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Let us consider the integral of the probability density resulting from a weighted 

shift register, Le., the probability distribution function. Taking the integral of (4.1-17), 

it is easy to show that 

F (x) = 
z 

where 

2n_1 

= _1 :1:0 00000 H(x + (V
k 

,\fT») 
2n 

0 ,n 
, 0 

k=O 
)( 

H ( x) = f S(t) cJt 
-00 

is. the Heaviside step function. Writing the Gaussiandistribui"ion* as 

x 

P( x) = f Z(t) dt 

-00· 

where Z( t) = exp (_t
2
;2) ;-Y;;-

(4.4-0) 

(4.4-1) 

(4.4-2) 

we shall define the error criterion as the mean-s'luare-error between (4.4-0) and (4.4-1). 

Using as a simple example the two stage shift registerwith weights 1/2 and 3/4, we illu-

strate the probability distributions in Figure 4.4. 

* This function is similar .to the well knownerrorfunctionand the following relations may 

be written : 

P( x) = 

x 
erf..:j2" + 1 

2 

erf( x) = 2 P ( x-f2) - 1 
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Thus the integral to be evaluated is 

~ 

E( W) 

Before we praceed further, 'let u$ci~;ang~thei2"n';mb~rs~artespanding ta <~ ,iN), . ..... - ..... '" ,n 
n .. ' '. '. . .••...•..•.. . 

k = 0, 1 •••• 2 - l, in ascending order,andletuscall these numbers "Tl
p

' , 

n h . p = 1, 2, ••••• 2 , w ere 

(4.4-4) 

We shall now i Ilustrate "Tl p by using the example cHad before. Let n = 2, W 1 = 1/2 

and W2 = 3/4. Then, 

<~,2' W)' , " (-1,-- 1 >( t~) = - 5/4' 

<V;,2 ,Vi) 
"'. 

= , (-1+1 > (1/2) 
•...... ..•.. '. 3/4 

= + 1/4 . 

<~2'W> = ( + 1 -1) (1/2) , , 

.... 3/4 

= - 1/4 

<Va,2' w) '= (+ 1 ,+ 1) ('/2) 
3/4 

= +5/4 

and 711 = - 5/4, "Tl2 = - 1/4, 713 = + 1/4, and 114 = + 5/4 

From th-e above it may be noted thatfor any n, k, 

71 =--71 
k ' 2n _ k + 1 

(4.4-5) 
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Thus, we may write the integral (4.4-3) as 

... 
E(W) (4.4-6) 

Oefining. n = - 00 and r, 0 Tl = +00 , it is easily shown that (4.4-6) is 
"'2n + 1 

equivalentto 

2n llk+1 II[; -....., 
E(W)· -

2 

P (x) ] dx (4.4-7) 

k=O 7l k 
Using the indefinite integral solved in Appendix C, we may write (4.4-7) as 

n { 
EiJj) = I 2~~ 1/ ktl +. lIk+l P

2
(1/k+l) + 2 p(71k+1) Z(71k+l) 

k=O 

-j P Nf7lk+1) - ;-1 71 k+1 P(71 k+l)- 2~-1 Z(71 k+l) 

; 

k .+
n-1 

2 

where Z(x) is as defined in (4.4-2). 

(4.4-8) 
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With sorne manipulation and cancellingterms*, we may write 

.". 
E(W) -- [ P(~)] . 1 - 2k + .. \ .k + 

22n 2n- 1 

l 
--{if (4.4-9) 

Making use of property (4.4":5), we can reduce the. number of summations 

. in (4.4-9) by half. We write (4.4-9) as 

... l 
+ r {~ [' -2k 

P( ~ k)] . + Z(~ k) } 
E(W) = --..[if + 

k 22n n-l n-1 
2 . 2 

k=l 2n . 

} L ll k [ 1 - 2q P( 11 ) 
] + 

Z(ll ) 
+ + 9 9 

22n n-l 2n- 1 : 2 

q=2n- 1+1 

Substituting (4.4-5) and making use of the properties 

P( - x) = 1 - P(x) end Z(-x) = Z(x) 

we moy write the last term of (4.4-10) as 

[ 
1 - 2( 2

n 
- 9 + 1) 

22n 

(4.4-10) 

* Terms 2, 3, 4, 8, 9 and 10 inside the summation sign of (4.4-8) will appear twice when 
expc:rnding (once with a plus sign and once with a negative sign) and therefore they wi Il 
cancel for 011 except the end terms. 



and substituting k for 2
n 

- q + 1 we obtain, with sorne manipulation, 

E(W) = 1 

4.5 Optimum Weights 

n-1 
2 

I 
k=l 
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(4.4-11) 

ln this section, we wish to optimize the weights; in ~other words, we wish 

to find the shift register weights which minimize (4.4-H). Although we may be able 

to obtain analytical solutions to the minimization problem, it has been found to be im-

" 
practical for values of n greater than two (solutions for n equal to 1 and 2 are given in .. 
Appendix D and E, respectively),. Plots of E('W) for the 1 and 2 dimensional case are 

given in Figure 4-5 and 4-6, respectively. 

The difficulty in finding analytical solutions for large n ca n' be shown in 

the following example. , Consider n = 4. From (4.4-11) we obtain 

E(W) = !. f"{n [1 -2k 
.4 ~ ·'k 32 

k==l . 

We shall assume, as in Appendix 0 and E, that 

1 
-V 1T 

This does not impose any restrictions on the weights since, due to the symmetry of 

(4.5-1) 

-(4.4-3), we may interchange any of the elements of the weight vector Wi and also due 
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• 
to (4.1-13), we may multiply any weight element by -1. Thus 111,712 and 71

3 
are 

uniquely determined in terms ofW
1

, W
2

' W
3 

and W
4

' namely: 

111 
= _·W -W -W -W 

··1 2 3 4 

112 
= + W

1 
-W

2 
-W

3 
-W

4 

713 
= -W 1 ~ W 2 - W 3 - W 4 . 

Now 71
4 

may either be 

_·W -W +W -W 
1 2 3 4 

(4.5-2) 

or . + W
1 

+W
2 

-W
3 

-W
4 

(4.5-3) 

depending on whether W
3 

is less or greater than W
1 

+ W
2

• 

Oetennining the values of 71 ~ for larger values of k, necessitates more 

assumptions, (one way or the other), and, in order to find the optimum solution, we 

must examine ail regions of the "weight space Il corresponding to the different constraints. 

Before proceedi ns t9 fi nd the optimum we ig hts numeri ca IIy, i t i s i nteresti ng 

\ 

to note the non-uniqueness of the solution. Assuming the existence of a solution for order 

n, where in general, the weights are not equal, i.e., 

'/Il f W k p for f:1 ~ = 1, 2, 000 on 

due to the symmetry of (4.4-6), there are 2
n 

x ra! solutions. The 2
n 

factor results from 

taking ail ~ combinations of the weights, and the ra ~ factor results from interchanging 

elements of the weight vector in ail possible ways. From this result we may see that 

although the weights are optimized with respect to the probability density function, there 
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is still sorne freedom to interchangethe weights in ord~r to obtain 2
n 

x n ~ different 

power spectral densities. We shall now discuss numerical'methods for finding the uncon

strained optimum weights. 

Numerical optimization. techniques can be classified into two broadcate

gories: techniques based on conventional mathematical methods and direct search tech

niques. The mathematical methodsuse,: in sorne way or another, the gradient of the' 

function to be minimized and hence require the evaluation of the partial derivatives of 

that function. Although (4.4-U) is continuous, it is not differentiable at ail points, and 

therefore gradient techniques are not appropriate. 

The main advantages in using direct search techniques for this application 

is that they do not require derivatives of the function. Furthermore, ail that is required 

is a way of finding functional val~es, and there is no need for having thefunction avail

able in algebraic form. 

Three similar direct methods were tried. The method.by Hooke and Jeeves
26 

(also described briefly in l:.avi and Vog127, and Wood
28

), and that by Powell
25

, were 

found to be satisfactory, although the convergence rate was extremely dependent on the 

initial weight parameter estimates. The method exhibiting the best behaviour for this 

application was one by Flooc:f and Leon30 • A brief description of this method together 

with a flow diagram is given. in Appendix F. Appendix G contains ci short list of optimum 

weights for orders n .up to 10, together with the corresponding probability density error. 

ln Graph 9, we plot the errors of Appendix G versus n • Aiso included in Graph 9, 

are similar plots corresponding to equal weights, binomial weights and the Gaussian 

impulse approximation weights, discussed in Section 3.4. These latter weights (i .e., equal, 

binomial and GQussian impulse approximation weights) are normalized in such a way as to 
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minimize the probabilitydensity error(as defined in this chapter) with the constraint 

that the ratios between the weights rem~ins unchanged. 

Graph 9 indicates that a great improvement over the equally weighted case 

is obtained when using the optiml:Jm weights to approximate a Gaussian. spectral density. 

The relatively .Iow errors which result when using the Gaussian impulse approximation 

weights indicates that these weights are better suited for si!,"ulating doppler spectra than 

are the binomial weights discussed in Section 4.3. It is interesting to note that for bath 

the Gaussian impulse approximation weig, ts and the binomial weights, the line joining 

the probability density errors corresponding to odd orders of n is below that of even .., • 

This result is useful for design purposes, and it implies that odd order approximàtions are . 
generally advantageous in meeting cost-performance criteria. 
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CHAPTER V 

CONCLUSIONS 

Chapter Il contains the solutions to the problem of the autocorrelation 

function and power spectral density of an arbitrarily weighted shift register with a 

random binary process as the input. These results are extended for the case of maximum 

length pseudo-random shift register sequences. It is also shown that the autocorrelation 

function and power spectral density of a signal obtained in this manner is equivalent to 

that obtained by passing white noise through a' non-recursive digital filter with a sample 

and hold. Using this property, we are able to simplify the problem of approximating a 

prescribed power spectral density in Chapter III. The Gaussian and brickwall power 

spectral density are considered in greater detail, and the optimum weights for both 'of 

these particular cases are listed in Appendix A and B. 

ln Chapter IV, we consider the probability density function of arbitrarily 

weighted registers. An approximation criterion Îs introduced between the p roba bi lit y 

density of the weighted register ,and that of a Gaussian process. Solutions for the weights 

which minimize this error are obtained by using direct optimization methods. The errors 

corresponding to thesc optimum weights are compared to the errors of equal, binomial 

and the Gaussian spectrum weights discussed in Chapter III. The results as plotted in 

Graph 9, indicate that a great improvement is obtained over the equally weighted case, 

discussed by Kramer
8 

and Davies
9

, by using the optimum weights listed in Appendix G. 
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THE MEAN-SQUARE-ERROR l,S 5. 723.33E-04· •. 

THE SPACINGPARAMETER FOR CRnE~ 26 15 2 ~'00066E-oi 

'AND THE h'EIGH1S ARE~-:,----' 
3.S6291E-Ol 3.80BOa~~Ol 
~.E5929E-Ol 2~17a41E"'Ol 
S.~254SE-02 6'.5822.5,E~Oi 
l. 7é45 2E-02 

Tf.E ~EAN-SQUARE-ERRO~ IS 

3,.51598E~Ol ' 
1. 71470 E -01 
4.41691E-02 

5.34l:47E-04. 

3.11939E-Ol 
. 1. 29691E-Ol 
2';84798E~02 

THE SPACING PÀRAMETER fOR GROER 27 15 1.93659E-Ol 

AND lHE ~EIGHTS ARE ------
3.S8317E-Ol 3.90~39E-Ol 
~.~5352E-Ol ~.4~615E-Cl 
1.2040ïE-Ol B.16219E-02 
2.tSB82E-02 1.bS12éE-02 

THE ~EAN-SQUARE-ERRGR 15 

3.6,9626E-O 1 
,2.03221E-Ol 
6.14311E-02 

5.00491E-04 • 

.;:s. 36939E:"Ol 
, 1.593 7.9E';";Ol 
4.14859E-02 

. A- 6 

'-':J', ", 



..... ', . 
... .'!'.' , 

AND ThE WEIGHT S ARE ~-~-~- , ' ", " , , 
3~S66iZE-(H' 3. 8Z925E-Ol, ,:3.S6954E:4l1 ":, , '3.21Z59E-Ol 
2,.1~156E~Ol' " '2. 34200E-OV',l.S9706E.-01. 'l~;48359E';;"Ol 
1.,!20Z1E"';OI" "B.16644E~02,:', 5.1,4793E~OZ3 ~90610E-,OZ' 
~. 56Z71E';"OZ 1 ~6Z3ft5 E--OZ', " 

" , 

,,' THE' MEAN-SQUARE~ERR'OR' lS:', '~4~ 69468E~04·. " 
1 - , •• .; 

'.:, : " ' .. '.,', i; , 

" .. ~ • 1" ' 

THESPACING PARAMETER fOR'b~,riERZ9::IS ' '1.8Z069E-Ol 
", '\'.:', 

AND THE WEIGHISARE. -...;~":"'...;-
'3. S S3'8'2E-O,1 "<~. 91 etAE--Ol' " '3.7Z,902E-o 1'" 
3~05BI2E-012.63542E~OI "2.1.9730E~Ol 

, ' . 
3.43328E~OI 

". : 

'l.77244E~Ol 
1.,~S3Z3E-Ol 'h04439E-ci, '7.6Z908E"':OZ 
3.68652E-OZ 2.43B67E~OZ :1.'S6075È-OZ 

THE MEAN-SQUARE-ERROR IS .. 4 .• 4154()E-04 • 

ThE SPACING PARAMETER FOR CROER,30is 

AND ThE WEIGHTS ARE ----~-
3.S6B6SE-Ol 3.84693E-Ol 
~.90564E-Ol 2.4E624E-Ol 
J.~S17SE-Ol S.15121E-02 
3.4872~E-02 2.32510E-C2 

ThE MEAN-SQUARE-ERRGR IS 

3.61431E-Ol 
2.06205E-Ol 
1.14361E-02 
1.5027ZE-OZ 

4.1590BE-04 • 

THE SPACING PARAMETER FORCRDER 31 IS 

AND THE ~EIGHTS ARE ------
3.SB446E-Ol 3.92626E-Ol 
3.14793E-Ol Z.75707E-Ol 
J.55ZZBE-Ol 1.Z0B43E~Ol 
4.1715€E-02 3.305€5E-OZ 

ThE MEAN-SQUARE-ERROR IS 

3.75655E-o 1 
2.3446BE-O 1 
9.13436E-OZ 
2.2Z106E-02 

3.i:j2630E-04 • 

5.39168E-OZ 

1.76804E-Ol 

3. 29162E"';Ol 
1.65773E-Ol 
5.06954E-OZ 

1.7184EE-O,l 

3.48983E-Ol 
1.S3609E-Ol 
6.70409E-02 
1.44894E-02 

; ': 

:"', . 

, . 
. 'r, 

", '. 

A- 7. 

. ;. ~, ,,) 

" ;,.' 



..... l~E SP~CING PA~AME~E~ ~OR CRDER3~ 15 1.6711.éE-Ol:: . 

AND "TLIE' Id'E'}: G' H'] c: ····A :R':E' --~-~~:" :" .:' .: . ..,. '.' , " . .. . . " . 
,.- ! n _ .... , " ',. .' .', ,: ;:" ,. r. ~ , • ~ ~;' " <, • "':'.' " 

. ' " , ',: "'" . ':,' ,'", ( .. . . ,"' "a', t,' ."." ,'.,' .: . 

. 3. S 10S 2E-OI . ·'3.S6172Er-Ol·. ,"3~65·221E.-Oi.' 3~.·,359.20.E-Ol 
, .-:3.0046JE.i.ol· '2~ 6136'éE~Ol '.. cti{2t.102:E";'Ol·'·~" '·1.:"81900E~(Ji· 

. 1.45532Ef-O.l '1.13232E:---Cl. ~~56'8(;flE~O~ ...6 ~.304.~5.E'~'O'2. .' . 
4.:511 S3E~02.3 .140C1 E...;02't·.12·522E~02"·;·,1. 39881E~02 -"'''', , 

,'" '"".,' .' ,'.' .. ",'.' , .. -. - ."" ". 

,. . . '.'.i', , ' ,; ".1 .. 

. , 
, ' .. 

"- . 
1 • (l' • ~ 

," .' .' '.' 

ThE SPACING PARAMETER ·fOR'.OROER . 3315, 

. ANO THEW~lGH~SARE ~~~---
3.S8485E-Ol' 3.93212E-Ol 
3.2254aE~Oi 2.8é375E-Ol 
1.71033E-oi le 36616E-Ol 
5 .S414 2E-02 ' .. 26S61E-02 
1. 35211E-02. ', .. 

IHEMEAN:-SQUilRE-ERRCR IS. 

3.11984E-Ok . 
2.47625E~Ol 
1.06219E-Ol . 
2. 5a825E~02 ..... ' 

" "",.' 
.. , ..•... ",' , ': . .' 

3.~2025E-04 • 

;,.,", ' 

3~'538 ~3E-()i 
. 2 .08534E-Ol 
8~05205E-02 
2.03681E~C2 

THE SPACIf.JG·PARAMETE~ fOR GROER 34 15'. 1.,!i8592E-Ol 
. , 

AND· THE kElGHt:·S. A.RE -:..----
3.~7217E-Ol 3.€742fE-Ol 
3.09094E-Ol '2.12639E .... Ol 
1.60S4éE-Ol ',,!1.2S405E-Ol 
5.60S83E-02 4.0~731E-02 
1.30S10E-02 >0 • 

lHE ~EAN-SQUARE-fR:R04<" l S 
>',,;' .. 

3. 68462E-o 1 
2.34522E-Ol 
9.99033E-02 

.2.84816E-02 

3.33480E-04 .' 

.,.:: 

3.41136.e-Ol 
1.56137E-Ol 
1.58017E-02 
1.95461E-02 

THE SPACING P~RAMEtERFO~ LROER 351S 1.54631E-Ol 

AND THE hEIGH)~"ARE--~~~~ • 
3.S853SE-Ol 3.S3Bl-9E-Ol :"," 3.19S72E-Ol 3.57967E-Ol_':. :",0" 

3.2S283E-Ol 2.95755E-(1l, .. ,,2.~9375E-Ol 2.22111E-().l:-,: 
1.E5713E-Ol 1.51619E:-Ol·, ·~.20;864E~l,e ... ~ .• 4.011'lE-',Q2 . 
7.14S8tE-02 5.30S8CE";'C2 " .. ~.84450E-o·a ..... 2.719991:,;;,,02 .' 
1.8790~E-02 1.26744E-02 

TEE MEAN-SQUARE-ERRGR 15 3.1'700 SE-Olt • 

. .: ,~, 

A- 8 

" '; 

" " ."" 

.0-

'",. , .. ,' 
• . • ... 1", \ 

.' ",', . 
j' Il 

" " 
,-' ~,' " 

. " 

. .... 

,1":" 

, 
\. '. 

., . 
'J' 1 

, ~~ ... 

"t,' 
O'. 1) , 



'., \ 

",;' . 

, :' 
'., , 

, :' .... '. " 

'., , 

" " .":., 

THE' SPACING 'PARAMETE~,'FOR '. CROER 3,6, 15 . , i~.50882E~01 

,:··.L ' 

lHEMEAN~SQUARE-ERROR IS, ·:~~oi46~~~04,~ . ~ ":; 

'::, ' . :: ; l ~ \ '. ....' ).':; , 

" '. 

',: ' 

ThE. SPAC.INGPARAMEIERFO'R)'{j'R'DER,37'TS .•...... l,.4:732~E;OÎ' 

AND" THE kEIGhTS' ARE';"~:--:-7""~' 
,3.5B565E....;Ol 
3~35ifOE-Ol 
1.99271E:-Ol' 

,,08.31,112E-02 
2.49001E-02 

.' 3. 94293E.~Ol 
3.04024 E-Ol 
1. 65154E";'C! 
6 • .38573E-02·· 
1.74164E-02 

.3. 81.f71E~Ol ··:','3.61558E~01 '.' 
. ,'.2. 69'876{-OlZ .3.4424E-Ol 

: 1.34922E-O 1 " 1.07412E';"Ol 
4.76943E-O:2 .' .3 .4836'SE-02 
1.1~208E-02 

, l~E l'.E AN-S QUARE-ERROR IS .2.' B7436E-04. 

THE SPACJNG PARAMETER FOR· (ROER 38 1 S ' 1.43924E-Ol 

AND ThE WEJGHTS ARE -~-~....;-

3.9756fE-Ol 3.B9429~Ol 
3.23300E-Ol 2.91541E-Ol 
1.€eS4BE....;Ol 1.5677BE-Ol 
7.92~67E-02 6.05SSSE-02 
2.3SStl<;E-02 1.6B02SE-02 

THE ~EAN-SQ~ARE-ERROR 15 

. 3. 73661E-o 1 
.2.57524E-Ol 
. 1.,2749,3E-O 1 
4.53370E-02 

·1.lS'806E-02 

2.i4118E-04 @ 

3.51178E-Ol 
2.22,823E-Ol 

.f.015S4E-Ol 
3. 32462E-02' 

ThE SPACING PARAMETER fOR CRDER 39 lS 1.40689E-Ol 

AND THE hEIGH1S ARE.----~-
3.SBtOBE-Ol 3.946BBE-Ol 
3.40324E-Ol 3.11372E-Cl 
~.11800E-Ol 1.7g053E-Cl 
S.60B33E....;02 1.50~2aE-c2 
3.17716E-02 2.29323E-C2 

THE MEAN-SQUARE-ERRO~ 15 

3. 83171E-O 1 
2. 79304E-O 1 
1.48405E-Ol 
S.74794E-02 
1.62275E-02 

2.61907E-04 • 

3.64700E-Ol 
2.4S633E-:-Ol 
1.20598E-Ol 
4.31S92E-02 
1.12584E-02 

..• A~ 9' 

, ..... 

, 
; ~:' ' . 

'. . " 

. " ,", '.';, 

,'-, 

.. ', 
"' .. 

. .. \' , 



,'::" :' : .. '; ',:, ' . 

Tt-;E SPACING· PARAMETfR fOR CRDER 40 IS .', l'~3i613E-Ol 
", ,: 

AND THE kEIGtil SARE--~---'" 
3. Slt~5E-01 .3.90235E-Ol , ,3.75756E~O 1· .. , 3.55042E-Ol 
3.2·9115E-Ol . 2.9S.4BIE-012.67365E~1 ·i.34218E~Ol .. ' 
2.C1340E-Oll.6.S83~E~Ql'l. 40579E;';'O l ·...1 .14180E-oi'· 
9.1CC2éE-02 7.11124E':':'02· .·5~:46i90E·-02 " 4.i1316E-02. 
3.03S43E-02 .. 2. 203.91~02 ·.l~ 56816E~02'. 1.09487E~oi .," '- . , .. , ., 

, ":" 

, , "." 
. ' ...... A-lp·· 

l,.' 

. :, :.,1 ,' .... 

" " _1",- • , 

, """: 
" "1 ' '," .~. :' .'. . ',' • ".' ' ., 

, .',''' . 

. '. 
,.. .. ' 

THESPACl,NG· PARAMETER fOR OROER .·411S· 'l~34666E-Cl" 

ANC THE WEïGH~$ARE~-~~-~. 
3.SB625E-Ol . 3.~9.50.!::3E~,CJ 
3.44880E-013.118S1E-Ol 
~.2~324E-Ol 1~914~)E-~1 
).CE231E-Ol - ~.Q~1~2E-(l2 
3.S2t31E-02 . ·~~91230E~02 .. 
1.OftO fE-02 -

,.' 

ThE MEAN-SQUARE-~RROR IS 
: ....... 

. . 

. 3~84459E-Ol,·, 3.67451E-Ol 
·2. E7159E-O,l· 2 ~5~5808E-Ol 
1.61206E-O'l ..... 1 ~33295E-Ol 
é.(594,3E-:02 . 5.19861E-02 
2.12135E-O~.1.51750E-02 . 

2.39591E'-04 ... 

ThE SPACING ·FARAMET~afOR CRDER 421S 1.31851E-Ol 
. - ... 

ANt ThE kEIGHT~ ARe.~~-~--
3.S11E3E-Ol' 3.90S47E-Ol 
3. 34394E~Ol. 3 ~06 5S8 E-Ol 
~.1293~E-Ol 1.82137E-Ol 
).C~10fE-Olc S.195S2E-02 
3.i525éE-02 '2.79361E-C2 
1.G3B51E-02. 

l~E MEAN~SQUARE-ERROR IS 

3. 77l:05E-Ol . . 

2.76270E~Ol 
1.53110E-Ol 
6.42759E-02 
2.04395E-02 

2.2S47SE-04 •. 

3.58444E-Ol· 
2.44654E-Ol· 

. 1.26495E-Ol 
4.S5405E-02 
1.46965E-oi 

ThE SPACING PARAMETER fOF GRDER 43 IS 1.29155E-Ol 

AND ThE kEIGH1S ARE ------
3.Sft51E-Ol 3.95360E-Ol 
3.48922E-Ol 3.23728E-Cl 
2.33942E-Ol 2.03051E-Ol 
).2015~E-Ol S.7568tE-02 
4.7~721E-02 3.59124E-02 
1.42474E-02 1.01251E-02 

THE MEAN-SQUARE-ERReR IS 

3.85603E-ol 
2.95387E-Ol 
1.13338E-O 1 
7.79189E-02 
2.68311E-02 

2.20148E-04 • 

3.69876E-Ol 
2.65074E-Ol 
1.45522E-Ol 
6.11989E-02 
1.97152E-02 

;'.1" .,; . 

. :',,: 



',', 

'" 

:TtŒ SPACING PARAMETÈi1 o"fOR" crWER441S ,,1.265,67E-ot, ,',,' 
, " . :," 

AND"THE ,WEIGH1S "ARE ~~';'~'::'_"" " 
3'.Ç7B76E~Ol' ,: 3'.91.5:l:fE~(1l ",3. 7924QE;"Ol 

.' 3'. 39062,EioO,l',: 3.'129,S2E+Ol, ,:,2~ B4348E':'Ol' 
~. 23683E~Ol 1.936B7E~Ol, ,··1~6505'3E';;'of 

,,1. i4241E-Ol ", ,9~27915~'027.,4r704'~02 
'4.51t9'5E-:02:3.44143E~C2, :Z'.'SB02BE-Ô2" 
,,'l. 3B26éE-02, s. 88062,~~C3 ',," " 

o' " 1 " '. \ ~ " l • • 

3'~61462E-Ol, 
.·':'2;~·542··2··OE~;Ol .,' .. 
, '1~38419E-ol, 
'i,5.~3't66E~Q,2 '" " ' :.' 

'f~90:3~8E":'02 ' 

.. ,;;'. 

,THE 'MEAN-SQUARÉ";;ERROR',IS.', ~.'li299E~04: .":' ' . . .' , 

,',l', . 

,'.: ,", . ~, ','.,.,', 

" ."o" :":'" ,," 

, THE' SPACINGPARAMETERfO'RCRO'ERo45 IS>,:1.2410SE-Ol " " 

3.S8683E-Ol 
3. 525,2i;E-O 1 
2.4369BE~Ol 
1. ~ 1 715E-O 1 
5.SéS7éE-02 
1.E387SE-02 

'3.SS627E~Ol 
. 3.28c344E;;"Ol 
~ .13 B33E:-()1 
1.0.f67éE-Cl 
4.31820E":'OZ 
1.3,4 14 fE":'OZ 

THE MEAN-SQUARE-ERROR IS 

,3.86612 E-O 1: 
. ·3 .• 02260E-O 1 

. 1. 84.7.59E-Or . 
8. 8296'SE~02 
3.2990SE-02 
9'. 63119E-03 

2.03192E-04 .• 

-'3 .• 72020E~al -
2~73503E";'Ol 

. 1.5720'SE-oi.' 
7.06/t50E-02 
2~48iolE-02 

thE SPACING PARAMEJER fO~ CRDEJ 46 IS 1 .. 21724E-Ol 

ANC T~E MEIGHTS ARE ------
3.~7Ç50E-Ol 3.9211~E~Ol 
3.43220E-Ol 3.1€140E-Cl 
~.~35geE-Ol 2.04472E-Ol 
1.~5472E-Ol i.D3514E-Ol 
S.3184SE-02 4.13S~3E-02 
1.77913E-02 1.30385E-C2 

THE MEAN-SQUARE-ERRGR IS 

3.80679E-Ol 
2.916S9E-Ol 
1. 76345E-O 1 
8.41438E~02 
3.16642E-02 
9.41541E-:-03 

1. S,532 8E-04 • 

3.641S0E-:Ol 
2.é29S9E~Ol 
1.4S854E-Ol 
6.73935E':"02 
Z.39185E-02 

, 'A-ll< 

, . ' 

, ."'; 

1,'" 



.,.;" 

, .THE, SPAC1NG PARAMETER fGR,'CRDER4,7, I,S , , i.l'9447E:"OI " 
, , . 

l' . , 

A";D, THEkEIGHTS ARE~-~-';" '. . . .,',' 

3. SS69 5E-013. 9'SS75 E';"O 1 " 3.'s7503E'-o l' ,3.7394ZE-Ol ", ." 
3,.,55747E-Ol , 3.33650E~'Ol . 3~',08493E-01.2 .8iz06E-Ol " 
~~527.00E-Ol 2.23812E-Ol,·' , 195526EO'11.6a353E~Ol 

"'i. 4290éE-Ol 1.195Se~CJl.' ',: 9'; 865951:=02' ' ". ,8.02411E-,02 
(,..~ 3378E-02 5.0 f56 ïE-02 ~.96316E-02·· ,,' 3 .04413E~OZ 
:(e30601E-OZ 1.72171E-02,,' '1.26742E-02 .,9~19767E-63 

. • ! . • • 

• Tt-:E MEAN;"SQUARE~ERROR IS' ' ·'j.S7952E":'04 •. 

'l' 

ThE SPACING, PARA~ETER FOR OROER ~8 IS 1.17247E-Ol ' 

ANe lHE kEIGHTS ARE -~---
3.S8023E~Ol 3.9i607E-Ol 

'3.4éS65E-OI 3. 23938E-Ol 
~.42790E-Ol ~.1456SE-Ol 
1.3638SE-Ol 1.140SCE-Cl 
6.15028E-02 4.S6SS1E-02 
~.~2é4~E~02 1.66867E-02 

ThE MEAN-SQUARE-ERReR IS 

3. 81961E-ol ' 
2.9a3Z4E~1 
1.87040E-O i' , 
9.41390E-02,: 

·3.80345E-oZ 
1.23360E-02' 

3.66557E:-Ol 
2,.70984E-Ol 
le60816E-OI 
7.66150E-02 
2.93003E-02 
8.'99556E~03 

THE SPACING FARAMETER FOR 'CRDER' 49 IS 1.151~2E-OI 

ANt lHE WEIGHTS ARE ------
3.S8707E-Ol 3.S6ceSE-Ol 
3.5Sé39E-OI 3.378S2E-Ol 
2.60991E-Ol 2.33205E-Ol 
1.53é64E-Ol 1.30220E-Cl 
1.~IS7éE-02 5.S8304E-02 
2.820S6E-02 2.15021E~02 
6.7S562E-03 

THE MEAN-SQUARE-ERROR IS 

3.8830 8E-o 1 
3.14161E-Ol 
2.05é38E-Ol 
1.08903E~O 1 
4. 66611 E-o 2 
,l.61749E-02 

1.74562E-04 • 

3.75654E-01 
2.88244E-Ol 
1.78945E-Ol 
8.C;8172E-02 
3.65212E-02 
1.20012E-02 

. ' ' 

'.' . 

A-IZ' 



" . . , ,", , n 

TI-iE:,SPACÛ"G' PARAt-1EiER fOR 'CROER 501S : 'l.131èOE~(1l;' 

'ÀNO THE wEIGHT,S ARE'~~~~~"'; 
, 3.~S090E-Ol' 3.93Q36E-Cl" 3è,B3129È-ol 
3. 50:340E-O l~. 2é662E';';'Ol' : 3. 04400 E:':"O 1 

, 2. 5130,9E-O l " 2;.240C6E~Ca:,,: '1.97136E~Ol 

, , 
, ' 

1.~6C;37E-Oll.2444~~"'Pl" .. , 1.04064E.;.ol, 
7.00267E"';02, .. 5'.63540E~02"" 4.47751E-o'2 

,2~7202,t~~02', 2.QBOOOE"';C2 ,"l~57027E~O.2 

3.;6â710E~Ol " 
2.78356E-Ol', 
:1.71288E-Ol 
8.'59123E"';02 '. 

:: 3~51230E-02 ',' < 1.170:43E:-02,' 
, 8.61289E-03 " "'1,:1' :,' 

" , . , , , 

THE MEAN~SQÙÀ'RE-ERR'OR: Is', 1.f8Ui3E"';C4 • ' 
!', ' 

" .(", 

.' , r 



'. ',,' 

, " 

; , 

,,. 

,,' " 
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. : APPENDlX " B 
tl. _,1" 

',l, ,~ '",' 
b' "J '"', ,\ ' ",,' 

", ',::, 

, OPT l~tJt{.~EïGHJ.SfbR BEST' APPROXIMATION" ",; 
, TOA ',BRICKWAllPCh'ERSPECTRAL,'DENS'lTY 

',,( E,VEN CRDE.R'APp'ROXlfiAT Je N J "'" 
" 

" '.1 ' \~. 

r.<,. "", ,,', .' 

" :, 
,.r.,", " 'j " . ", . ; .' <: 

** *' .:.,.,' 

, ",*******~*~,*#***' " . ~. : '. ' 

" *, '" ',"."'**',' '.' .. , ' .. ', . 

. ,: 

'THESPAC1~G PARAMETER FO~ CRDER 2 IS 
. . , . . 

", .: 

AND ThE hEIGHT IS -~-~----, 
1.7552éE-Ol 

", ,; 

2.i53,43E 00, 

THE MEAN-SQUARE-ERROR '!S 5.51279E-Ol .' 

ThE SPACING PARAMETER FOR GRDER 4 15 

AND HiE hE IGHT S ARE -,--~--' 
9. 15492E-Ol 4.974Q9E-Ol 

THE ~EAN-SQUARE-ERROR IS , 3 .99265E-O 1 ~ 

THE SPACING PARAMETER FOR OROER 6 lS 

ANt ThE hEIGHTS ARE ------
9.56259E-Ol 7.1B120E-Ol 3.49124E-Ol 

THE MEAN-SQ~ARE-ERROR IS 3.53S73E-Ol. 

HiE SPACING PARAMETER fOR CRDER 8 IS 

AND ThE hEIGHTS ARE ------

1.26311E 00 

8.98097E-Ol 

1.3268BE 00 

9.C7203E-Ol 4.5725éE-Ol -3.66434E-02 -2.00249E-Ol 

THE MEAN-SQUARE-ERReR 15 2.92617E-Ol • 

B-l 

~, . '- ' 



" , [0 

,!, '0..: ' 

, , , 

AND, THEWE H;Hl S'ARE --..;...;;--' 
9.35549E~Ol " 6 •. oioS7E~Ol 

-1.~95~4E~OI . . . '. 

·lHE.MEAN~SQUARE-ERROR IS 

" ' 
() ',;' 

1.096t4E"OO 
.'~, , 

, :.', 

,2.49393E-Ol • 

THE SPACINGPARAMElER'fOR CRDER 12 ,1 S . : •. 9.33952E-Ol .. 

ANP' THE·' WE1GHl S,ARE' ---~~' 

( "', 

9. 52790E':"OI 6.97795E~Ol ,,3.11312E';"O l' -3 ~099a9E-02 
, . ,:,,1~SC;Ot4E-Ol -1. 7260ï.E-01 

,THE "'EAN-SQUARE~ERRCR lS , . 2.23.138 7E-O 1· • 

THE SPACING PARAMETEfl fOR CRDER 14 IS " 8.13155E-Ol 

A~C THE WE,JGHTS ARE -----
, 9.t3·985E-Ol 7.64437E-Ol 4.39999E--Dl , 1.06695E-Ol 
-1.2S51tE-Ol -2.11176E';;Ol~1.55976E-Ol 

THE MEAN-SQUARE-ERROR lS 2.07641E-Ol • 

THE SPACING PARAME TER fOR CRDER 16 15 1.05155E 00 

ANC THE hEIGHlS ARE ------
9.40568E-Ol é.2f515E-Ol 

-2.02569E-Ol -8.16538E-02 
1.92040E-ol .-.1.28220E-Ol 
7.17212E-02 ' 1.21191E-Ol 

THE MEAN-S~UARE-ERROR 15 1.S6089E-Ol • 

THE SPACING PARAMETER fOR CRDER 18 IS 9.41882E-Ol 

ANC THE hEIGHTS ARE ------
9.~1409E-Ol 6.8~7S7E-Ol 2.96764E-ol -4.45315E-02 

-2.02t55E-Ol -1~63752E-Gl -2.09704E-o.2 9.87437E-02 
1.17425E-Ol 

ThE MEAN-SQUARE-ERROR lS 1.78701E-01 • 
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' .. :,,',':',' "", 

;), " 

'THE, SPACINGPARA't-1EnfR'Fo'~O~DER 20 ,lS ' '8.62204E-O(' "'>:,,, 
, " 

.. \ ',' 

" AN'OTHE 'kE IGtfISARE --...;~~~,' 
, ,,' 9~5961CE-O 1:.l.38022E~Ql 
~1.t5811E~01 -2~0494~E~01 
'1~13~92E-Ol ,l.i2~~6E~Ol 

'3.87378E-o 1 . 4.6'6648E:"02' 
~1~10322E~Ol :2~5~345E~oi' 

, . " ' ' .. 
,,' 

,THEMEAN~SQUARE':';ERRC,~Is ," 1~t58,42E-O,1., 
,.', l, 

, ,(' 

.. , .... 
, \ " 

" ' 

7~E'~PACINGPiRA~E~E~ ~ORQROE~22 IS '7.90456F-Ol 
,",:, ' " 

AND THE WE IGtiT S ARE ..;-~-..;, 
9.t5931E";,,Ol' 7.7,6331E-CJl 

-1.V7251E~Ol , -2.0a919E~Ol 
6.0227SE-02 ' 'l~21902~Ol: 

4~64379E..;..Ol 1.36150E~Ol 
-1.13828E-ol,,:,5~85351E-02 ,. 

i.06301E-Ol 

THE MEAN-SQUARE~ERROR lSl.56018E-Ol • 

ThE SPACING PARAME TER fORCRDER 24 IS '1.2959IE-Ql 

AND THE WE1GHTS ARE -----
~.70895E-Ol 8~C7102E~Ol 

-3.81500E-02 -1'. 8520SE-Ol 
-1.40138E-02 8.,45075E-02 

THE ~EAN-SQUARE-ERROR IS 

" 5. 29420E~O 1 
, -2.06581E-Ol 

1.25233E-ol 

1.48497E-Ol • 

THE SPACING PARAME TER FOR OROER 26 IS 

AND THE kEIGHTS ARE ------
9.7485SE-Ol 8.32110E-Ol 
3. 4~,495E-02 -1.43269E-Ol " 

-S.t5825E-02 2.21539E-02 
9.51231E-02 ' 

THE MEAN-SQUARE-ERRGR IS 

!;. 84344E-O 1 
-2.12035E-O 1 
1.Q1263E~Ol 

1.42496E-Ol '. 

, , 

2~19537E-Ol 
-1.30800E-Ol 

1.00574E-Ol 

6.77355E-Ol 

2.95146E-Ol 
-1.80981E-Ol 

1.25713E-Ol 

.. ",' 

., '. ,; .-," .\\. ,. 1 

, " . ' ' 

,) ~'.' } > " ': t" 

", .. ,',' , '/' 

.,". 



, ; '. ~ 

,:,',' 

THE SPACIN~ PARAMETER'FO~ORDE~c28,lS 8.30753E-Ol ". 

'"AND IhEWE IGHT S ARE~-'-~~,"': .', .' ' 
9.62442E-Ol ,,7.55Q6SE~Ot" '4.21(J95E-Ol'8~45636E"":'02 

,-1~4326tE~01 ' ~2.10624E"';(Jl' -1'.40542E-Ol"';9.65782E~03 . " , 
9. 58813E:-02 '1. 23151~(Jl" ,,7~,25283E~2, ',-1.24623E-OZ' ,." 

-7 ~6357.9E-02' ,,-8~46184E"';(J2," .' 

n'\I~MÊAN-SQUARE~ERRORIS ,:' 'l.~(J9'16E':'Ol • ,: .,< , 

, . ..... , 

,'" 

'THE SPACINGPARA'ME,TERFOR OROER' 30:(5' 7{'80007È-Ol 
. . . . 

, AND THE l'fE IGHT 5 ARE ----..;.;- , 
9~ 6680SE-O 1 7.81731E-Ol 

-9.66234E-02' -2.06711E-01 
4.8S7Q7E-02 1.18522~-01 

-3.14734E-02 -8.2561 SE-C2 

THE MEAN-SQUARE-ERROR1S 

4. 75592E--D 1, 1.50029E-Ol 
-1~81139E-01-7.1369~E-02 
1.li696E~ l ' '4.831 78E-02 

, ,~8. 2l155E-02 

1.29954È-01 •. 

ThE 5PACING PARAMETER FOR CRDER 32 15 7.34924E-Ol 

AND THE kEIGHISARE -~----
9.1047 SE-Ol 8.0447 SE-Cl! 

-4.4f844E-02 -1.883S3E-Ol 
-6.€1083E-03 S.S4405E"';02 

2.5639CE-02 ,-4.6580~E-C2 

Tt:E ME oD.N-SQUARE-ERROR 1 S 

5.23755E-Ol 
-2.047521:-01 

1.25 491E-0 1 
-8.64l96E-02 

1. 24170E-Q 1 • 

2.12005E-Ol 
-1.24864E-Ol 

, 9~60352E-02 
-7.93487E-02 

THE SPACING PARAMETER FOR OROER 34 IS 6.94660E-Ol 

AND THE WEIGHTS ARE ------
9.13576E-Ol 8~23976E-Ol 
9.0142ZE-03 -1.594C7E-OI 

-6.~4750E-02 4.53361E-02 
1.66594E-02 5.35005E-C3 

- 1. t 53:3 1 E- 02 

THE, MEAN-SQUARE-ERROR lS 

5.66277E-ol 
-2.12872E-O 1 

1.13521E-ol 
-5. 84209E-02 

1.19320E-01 • 

2.69168E-Ol 
-1.66239E ..... Ol 

1.21725E-Ol 
-8.86074E-02 

'.~ ; 

~I ':'. 

,',8-,4 
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\ i,' 

'. ". , '"o." 
.":'. " 

. . 

THE ~PACING"PARAMEfEH fOR' '~RbER"36,IS> 
: .) .', '. '"j: .; ' ... ', ... ',:, ., '", 

'6~585 J..2E~O 1 ,," 
, J " '., .\. ,:)' 

AND THEWEIGHISARE', -";,-~~'~ "'., . . " .' 
,9.16220E~of;':' ,';", 8~'40789'e~Ol, .6.03842E"1';" .. ,,.3.23ô1ie-ol 
·ê.30485E-02 ,~1~2317'6E~OF '-2.07930E~l: ,':"1~94375E"';Ol ' 

·-·1~12125E-(fl..:'-5'e'20631E~;03: . 8.32101E:...oZ, ''1,~24491E-Ol ' 
,1.'i1159~Ol .c'5 .61227E::-02 ' '~1;.2299aE~OZ,::~6'~75915E-02,. ' 

~8. S604éE~OZ':: -,74i\3)45:4E-C,2, ,.' . <, .' •..... , < 

': ,·THE ME'A~S~ÜAR~dERR'd~~,'lS > ,l~ ~52i2E-Ol., ',:' " 
~ ,',: . . . . ," 1 

. '., ' .: .. : ..... . 
;' . i' : ~.' . . 

!" 
: ,'" . 

'l, ,. 
" ',',,::'" .' 

" ... ,::,.' '::, ,\ ' :: .... " ..... 
THE SPACING~ARA~~TER'FO~CRD~~ 38 IS. 

. '. ., . 
6.25895E-Ol 

"! 'f ' ',:," ",-

'c " "', '.' 

AND, THE hEIGHT S ARE ...;--~ ,'" .. ' .. ' ..... " 
C;.,18490E"';Ol ' 8. 55371E~Ol . 6. 31081E-o 1 . 
1.15891E""O 1 -8~22904E:'""02; -1'. 92566E~0 1 

-1. ~2632e-Ol '-5.5650(J E~02 , A.19322E"';02.· 
1.25732E-Ol 9.667S6E.;...023.74814E~02·· 

-1. 45S81E~02 -8. S1473 E"":02 .~7.10531E-02 , 
. , 

THE MEAN-SQUARE-ERROR 15 1.11702E-Ol • 

3.71982E-Ol 
-2.09813E-,Ol 

1 ~07977E-Ol ',' 
, -'2.73702E-02 

THE SPACING PARAMETER FORCRDER 401S .5.S6330E-Ol 

AND THE WEIGHTS ARE ---~~-
9~80452E-Ol 8.68C82E-Ol 
1.~672éE-OI -3.S7B48E-02 

-1.82766E-Ol -1.01614E....:Ol 
1.~160aE-Ol ~20172E-Gl 

-4.00154E-02 -1.98788e-02 

THE MEAN-SQUARE-ERRriR lS 

6.66573E-Ol 
. -1.69244E-Ol 
-4.11082E-03 

B.02834E-02 
-8.92776E-02 

1.086B3E-01 • 

THE SPACING PARAMErER FeR ~RDER 42 15 

AND THE ~EIGHTSARE ------
9.72763E-Ol 8.18838E-Ol 

-6.07414E-03 -1.68327E-Ol 
-4. 73940E-02 5.85919E-02 

f.3S170E-02 -9.66617E-03 
-é.14928E-02 -1.768S8E-02 
6.~2140E-02 

THE MEAN-SQUARE-ERRGR 15 

5.54 968E-O 1 
-2.12037E-ol 

1. 19001E-O 1 
-6.870 14,E=-02 

3.47171E-02 

1.05469E-Ol • 

4.16672E-Ol 
-2.13946E-Ol 

7.76079E-02 
1.S6035E-02 

-6.B4634E-02 

7.05426E-Ol 

2.54134E-Ol 
-1.56042E-Ol 

1.16950E-Ol 
-a.S4127E-02 

6.60179E-02 

. ; ;" 

-'.") 
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" 

. ' 
" 

",' 

", . 

". ;. :,:',': . 

'" >. 
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THE· SPACINGPARAMETER fOHOR'OÊR 44 'IS . " .' .,' 
6.75480E-O,i '. " " ", 

.' AND THE.kE;IGHT;S.A~E\~~~";'~~'. '. . .... ,. .'.. . ..' ,1. 

9. 74996E-O l , . 8.32~89E:-Ol":.'i5. 8629~E-Ol' 2.97912E-Ol ' 
,'3'.10553E-02 " ';'14t413e:5.~Of:·,'"é"2~.ll180E~1 ... 1.82445E~Ol', 
. :- 8&,5 168CE~02 .'1. ~518~E702. .' 9~ 96863E-021.25858E-Ol . 

.,' 9 .69275E~023. 28353E";'0273.58411E:-O 2 " ~8~09115E-02 
'~8~11124E";'02 . -5.'651oiE-02. ·:~5.73210E~03: . '" 4~2'2241E;"02 
. " .6.'7B533E"';02" ·:t.2671:BE-02 ',,' . 

1· :', " • , 

. 'lHEMEAN-SQUA~È~ERRriR'is," i:~oi9i2E~ol,~'" 
":<\:,:' . .' ' .::-' . 

',': 

HŒSPACING PARAMETEf(fORO'RDfR.46 IS6~4.7906E-Ol·· ' 

~Nn THE hE1GHJS ARE ~--~--
S.16970E-Ol 8.45594E-Ol , 6.14726E-ol 3.38912~tl1 
).S8302E-02 -1.10720E-Ol -2.04104E-Ol, -2.00540E";'Ol 

-1.25928E-Ol -2.131t5E .... 02 1.11502E-02 .' .1.21139E-Ol . 
1.178C;1E-01 7.08514E~02 3.54589E~03 -5.64133E-02· 

,-8.76035E-02 -a.17320E-02 ";'4.51456E-02 ' 5 .05462E-03', 
4.81(030E-02 6. 90056E~(2 . ,6.10425E-oZ 

. ' . 
THE MEAN-SQUARE-ERROR IS 9.88045E-02 • 

THE SPACING PARAME TER FOf(.CRDER48 1S 6.22453E:-Ol 

AND ThE hEIGH1S ARE ------
9.78723E~Ol f.56875E-Ol 
).~lt80E-Ol -7.7534éE-02 

-1.56516E-OI -6.10628E-02 
1. 2t146E-O 1 1.00159E-(l1 

-7.15210E-02 -8.9849SE-02 
1.4t685E-02 5.34604E-C2 

THE MEAN-SQUARE-ERROR IS 

6.40553E-ol 
-1. 90316E-0 1 

3.69226E-02 
4.27524E-02 

-1.42912E-02 
6.96334E-02 

9.60500E-02 • 

3.71112E-Ol 
-2.10805E-Ol 

1.05111E-Ol 
, -2.22510E-02 
-3.38.890E-02 

5.94142E-02 

: l, ' " :., 

j •• , 1 

"" . 
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, ',.', . 

THE .SP.ACINGPARAMEJEf< FOR ORDER.50IS 

'AND,THE ~EIGHTS.ARE ~~-~-- • 
.. '3.8028 éE-Ola.'b70CCE-Ol 6.64043E-Ol '. 4.12790e .... Ol 
.1. é2219E-0 1 ":4.27~C SE-02 . -1~71l:i5E:"Ol ". -2.13994E-Ol' .. ' 
~). e046 se;;;.o 1 -9. 7.'1141E-02 6~5Za8:,;ie":'05 . 8.01806E-OZ· 

. ·1.~2é6~E~011.1 E764E-Ot '.' 7~68808E~Z . ·1.5.3586E-02 . 
. -4.:37272E~02 . -e~1694fE";'02' -S.a6422E-02 -6.55901E~02 
:~2~ 3065SE~02 .'.; . . 2. 3 16. 1.4 E-:02 5~'l569BE~O'2' ,6.ge568E~62 

\ " , 5. 7.~103·E~02: " ., ,'. .' l, ,,\', .. :.," , ;,': . ,' . .', 

THE~EAN~SQUARE";'ER~GR . l S.··, ç. 36034E:';&2 .• ' ." . 

',: .. ' 

• .' ":', :;:)" 1 

. . . 
.. ' 

", '. 

", 

, ~)'. 

'" ,~ ,', ~ 
')' ' 
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APPENDIX C 

EVALUATION OF AN INDEFINITE INTEGRAL 

An integral which appears when analysing the probability density of weighted 

shift registers is 

l(x) =f[ A - P(x)] 2 dx 

where A is a constant, x 

P(x) = fZ(t) dt 

-00 

and Z( t) is the standardized Gaussian curve 

Z (t) = 
2 

exp ( - t /2) 

-y-;:;-

Ignoring the constant of integration, we expand (C. 1) to obtain 

(C .1) 

(C.2) 

(C.3) 

(CA) 

We assume that the second integral in the right hand side of (C A) may be written as 

Jp (x) dx = (A +B x) P(x) + (C +Ox) Z(x) (C.S) 

Differentiating both sides of (C .5) with respect to x, and making use of 

. we obtain 

d P(x) = 
dx 

Z(x) and 
d Z(x) = 

dx 
- x Z(x) 

P(x) = B P(x) + [A +0 + (B-C) x - ox
2

] Z(x) (C.6) 
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ln order that (C .6) hold true, we must have 

B = C = l, A = 0 = O. (C.7) 

Substituting (C .7) into (C .5), we obtain 

. f(X) dx = x P(x) + Z(x) (C .8) • 

Simi larly, let us assume* that the third integral in the right hand side of (C.4) may be 

written as 

!p2
(X)DX = (A +Bx) ~(x) + (e +Dx) P(x) Z(x) + E P r:V2 x ) 

(C.9) 

Differentiating both si des of (C.9), we obtain 

p2(x) = B p2(x) + [2 A + 0 +(2B-C) x + 0(1 - x
2)] P(x) Z(x) 

+(C+Ox) Z2(x) + EF Z(Fx). 

Making use of 

(C. 10) 

* There is no logical reason for making these assumptions other than the fact that they lead 
to the solution for the integrals involved. 



we may write 

2' 2 [ '2] P (x) = 8 P (x) + 2 A + 0 + (28 - C) x + 0 ( 1 - x, ) 
", 

+ (C + 2V:;-E + Ox) Z2(x) 

ln order that (C .11) hold true, we must have 

fr?m which we obtain 

8 = 1 
2A+O=O 
2 8 - C = 0 

D = 0 
C+.2fiTE = 0 

1 
8 = 1, C = 2, E = - - , A = 0 = 0 • 

-ifTf' 

Substituting (C.12) into (C.9), we obtain 

C-3 

P(x) Z(x) 

(C .11) 

(C .12) 

} p(X)2 dx = x p2(x) + 2 P(x) Z(x) - _1 p(fi x) (C.13) y;-
Since f 2 2 

A dx = Ax (C.14) 

we find, by substituting (C .8), (C. 13) and (C. 14) into (C .4), that 

I(x) = fA ~ P(x) )2 ilx 

= A 2 
x + x p

2 ( x ) + 2 P( ,d Z(x) -~ x) - 2 A x P(x) - 2A Z(x) 

(C • 15) 

which is the solution of the required integral. 
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APPENDIX 0 

PROBABILITY DENSITY SOLUTION - OROER 1 

Although evaluation of the optimum weights istrivial for a one stage register 

(n = 1), it is useful for obtaining insight Cls to the behaviour of the error criterion 

. functional. 

Assuming the weight W is positive, it is easy to see from (4.4-4) that 

711 = - W ; 71 2 = W 

From (4.4-11), we see thQt for n = 1 

Mak i n9 use of 

and 

(D.l) reduces to 

l' 

E(W) = 2 {-W [- .!. + 
4 

P( -x) = 1 - P(x) 

Z( -x) = Z(x) 

3 W 1 
E( W) = 2 W P(W) + 2 Z(W) - - - -

2 yrr 

Differentiating with respect to W and equating to zero, we obtain 

d E(W) 3 
dW = 2 P(W) - 2" 

- 0 

(0.1) 

(0.2) 

(0.3) 
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Thus we see that 

P(W) 3 = 4 (0.4) 

from which we may obtain, using mathematical tables,24 . 

W = 0.67449 (0.5) 

which satisfies the condition W > O. 

ln order to see whether (0.5) gives rise to a maximum or a minimum of E(W), 

we differentiate (0.3) with respect to W. Thus 

= 2 Z(W) (0.6) 

which is greater than zero for ail W in the domain of interest; and t.herefore the value 

(0.5) gives. rise to p minimum as desired. 

Similarly, for W < 0 * , 

'Tl 1 = W, 71 2 = -W 

and from (4.4-11) 

E(W) = 2 {w[- ~ + P( w>] + z(w>} - .!... 
-{1ï 

which reduces to 

E(W) 2 W P(W) + 2 Z(W) -
W 1 = "2 - -

VTï 

* As explained in Chapter III, a negative W can be realized by weighting the complementary 
output of the shift register stage with a positive weight. 



After differentiation, we obtain 

d E(W) 

dW 
= 2 P(W) - ~ = 0 

From which P(W) = ~ or W = - 0.67449. 

Thus, for n = l, the optimum weight is 

+ 0.67449 • 

0-3 
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APPENDIX E 

, 
PROBABILITY DENSITY SOLUTION - OROER 2 

For n = 2, we make the following assumption for the weights ; 

W2 >W1>O (E.1) 

Thus, from (4.4-4) we find 

711 = -' W 2 _. W 1 ' 712 = - W 2 ·t W l' 113 = W 2 - W l' and 

114 = W2 +W1 
(E .2) 

From (4.4-11), we obtain 

711 
- 8 -

1 

-{if 
(E.3) 

Taking the partial derivatives of (E.3) with respect to W1 and W
2

, we obtain 

P( 71 2) P( 111) 
1 - = :4 

P( 71
2
) + P( 711) 

1 
= 2 

(E .4) 

where we have made use of 

è> 111 ~ 111 ~ 112 ~112 . 
= - . = -1;-=+1. 

èJ W
1 

'i) W
2 d W2 

()W1 

From (E .4) we get 

. P( 111) P( 112) 
3 

= 8' = 
8 

(E .5) 
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Thus we fi nd
24 

711 = - 1.15035 

112 = - 0.31864 

and using (E .2) we obtain 

W
2 = 0.73445 

(E.6) 
W

1 = 0.41590 

ln the same way as in Appendix D, the following assumption will yield other 

pairs of solutions. 

For example, 

etc. 

W
1 

= 0.73445 

W
2 

= 0.41590 

W1 = - 0.73445 

W
2 

= - 0.41590 

W
2 

= - 0.73445 

W
1 

= - 0.41590 

Ali told, there are 8 solutions symme~rical about the W
1 

W
2 

axes.as is shown in Figure 4.6. 
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APPENDIX F 

DIRECT OPTIMIZATION TECHNIQUE - METHOD OF FLOOD AND LEON 

This method is fully described in two papers written joint/y by M.M. Flood 

and A. Leon
30

• It may be described briefly as follows
31 

Il 1 • 

Il 2. 

Il 3. 

Initialization. The optimization process is initiatedby picking up, as the 

starting point, an arbitrary point inside the operating space. Il 

Order of Analysis. Once the function has been evaluated at the starting 

poi nt, the i ndependent va riabl es to be changed are changed i nan order 

selected initially by the experimenter. Il For the purposes of evaluating the 

optimum value of (4.4-11), the order of analysisis unimportant due to the 

symmetry of the function with respect to the weight parameters. Thus, for. 

convenience, the weight parameters are analysed in their natural sequence. 

One-at-a-time search. Afterdeciding upon the order in which to search, 

the one-at ... a-timesearch is initiated. Let Wl (1) be the first variable 

under studYi this variable is incremented by an amount il, holding the other 

variables at their initial values. If the functional value at this point is 

better than the one at the precedi ng point, there i s some reason for tryi ng 

further in the same direction. A larger step sizeis now used, taken equal 

to X 6. (where X> 1), and if a better functional value (comparing against 

the immediately previous one) is obtained, a step of length X2 il is used 

next. This is continued in the same direction of powers of X unti 1 no further 

improvement is obtained. Assume that step xn+1il was the first unsuccessful 

one; in this case the preceding base point is kept, namely, the one obtained 

by step Xn il and a new sequence is started From this point with initial step . 

size equal to 6. following the same scheme as before. If a stepof â in the 

positive direction does notbring a better point, th en a step of length 6. in 

the negative direction is tried; if this happens to be a successful step, th en 
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À 8 is tried in the some negativedirection continuÎng in the same fashion 

as was done in the positive direction. Finally, a point is reached where 

no improvement is obtained by movingthe variable Wl(l) either 8 or -8;, 
this point is considered to be the best temporarily for variable W1 (1). After' 

the best point in theW1 Cl) direction is found the secpnd variable W1 (2) '1 

is ready to be analysed. The process isrepeated unti 1 ail of the n variables 

to be analyzed have been studied and a point 'W2 presenting the best ~unc
tional value of the round is reached. 1I 

Pattern Move. If the functional value F2 at the end of step 3 is better thon 
~ 

the initial one F1 then the pattern move is tried. The coordinates W2 of the 

F2 point are incremented by an amount proportional to the change experienced 

for the coordi nates in goi ng from F 1 to F2. Th i s rate of change wi Il be greater 

thanone. If F3, after the initial pattern move, happens to be better than F2, .. 
a new step of 1 ength À Dis taken in the same di recti on • The process here 

follows the same scheme explained in phase 3. As before, when a point is -reached where no improvement is obtained by moving the vector either D or -- D, this point is considered the best of this series of pattern moves. 

If the point obtained after a series of pattern moves is better than the point , 

atthe beginning of the series (i .e., at the end of the one-at-a-time round), 

a new round of the one-variable-at-a-time phase, as it was previously 

described, is attempted,. and the process is kept going unti 1 no better points 

are found.lf the pattern movephase happens to be a failure, a one-at-a

time round will be tried, resulting either in the final point, i.e., the opti

mum searched (as far as· the t~chnique can tell), or in the continuation of the 

optimization calculation Il. 

A simplified flow chart of this subroutine is illustrated in Figure F-1(a) and 

~ 

detailed in F-1(b) and F-1(c). In Figure F-2, the flow chart for FMIN (i.e., E( W ) 

of (4.4-11) is given. 



INITIALIZE Wl, Fl, N, IPRINT, >..,6 

ONE AT A TIME SEARCH 
DEFI NES F2, W2 

YES 

PATTERN SEARCH 

---. DEFI NES Fl, Wl 

{o} 

NO 

F-3 

WRITE FINAL 
. ....po 

F2, W2 

FIGURE F-l - OPTIMIZATION SUBROUTINE METHOD OF FLOOD AND LEON 

{o} Simplified Flow Chort. 



WRITE 

F2, W2 

'M=M+1 
F2 = F3 

F2 = F1 
~ ..... 
W2 = W1 

K = 1 

M=' 0 

MX= 2 

MZ = 0 

SAVE = W2(K) 

W2(K) =W2(K) +( -1 )MX * À M * 8. ... 
F3 = FMI N (W2) 

Yes 

No 

>--~ W2(K) = SAVE 

WRITE 
>---~ FINAL 

F2, W2 

TO PATTERN SEARCH 

(b) 

F-4 

D(K)=W2(K)-W1 (K) 

t-----I .... RETURN 

FIGURE F-1 ... OPTIMIZATION SUBROUTINE METHOD OF FLOOD AND LEON. 

(b) , Flow Chart For One' At A lime Search. 



Fl = F2 
-.. ~ 
Wl = W2 

M = 0 
MX = 2 

~----------------~~ ~ 

WRITE 

Fl, W1 

W5 = Wl 
.-------..-t MZ = 0 

No 

M=M+l 
Fl =F3 

Wl = Wl +{_l}MX ~ XM * 0 .... --t MX = MX + l ..... 
F3 = FMI N { Wl } 

No ... ---Wl =W5 .---.-

f 
[SACK ra ONE AT A] 

TIME SEARCH 

{c} 

FIGURE F-l - OPTIMIZATION SUBROUTINE METHOD OF FLOOD AND LEON 

F-5 

{c} , Flow Chart for Pattern Search. IPRINT is a parameter which is set to an integer 

greater than 0 if ail intermediate values of FMI N and the weight vector are to be 

printed. If IPRINT is set less or equal to 0, only the final values are printed. 



1 = 
2 n-2 

1 Define N, -;1 

Use Statement Functi ons T 0 

Define P{x) and Z(x) 

Find ail 2n- 1 possible value~-
ofW1 ~W2~W3'" ~ Wn 

Take the negative of the 
absolute value of each of 

n-1 . 
these 2 numbers and set 
each number equa 1 to B(k), 

n-1 k = l, 2, •.... 2 

Sort the numbers B(k) in 
ascendi ng order and ca Il 
these numbers N(k) 

n-1 Find: - FMIN 
2 

L {N(kl {'l - 2k 
21) + 1 

k=l 

è 
+ P[N(kl]} 

F·-6 

+Z [N(kl]} 1 - -
1F' 

FIGURE .F-2 - FLOW DIAGRAM OF FMIN, (PROBABILITY DENSITY ERROR FUNCTION 
TO BE MINIMIZED). 
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·THE OPTIMUM WEIGHT fOR OROER 1 lS~~~':"'~ 
" .,', , 

0.6745 . 

AND THEMEAN-SQUARE-ERROR IS . '. 7~1364E~02 ... 

n~E OPTIMUM WE IGHT S fGRCRDER 2 ARE---';'-

0.7344 0.4156 ' 

ANC ThE MEAN-SQUARE-ERROR IS 

lhE OPTIMU~ wEIGHTS FeR GRDER 3 ARE----

0.6SB3 0.5227 0.3232 

AND THE MEAN-SQUARE-ERROR IS 5.9124E-03 • 

THE OPTIMUM WE IGHI S FORGRDER 4 AR E---

0.6129 0.5247 0.4276 0.2730 

AND ThE MEAN-SQUARE-ERROR IS 1.7.972E-03 .' 
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0 •. (;(133 0.4896' 0.4033 .0.3121 0.2466 . : ~ 
,,' .. '\' 

. . 

", ~N D THE.MEAN-S QUARE-E~ROR 'lS 6.6593E-04 •. 
..... ' .. . ,:: . :'> .,:. 

".; 

. >' . .'. 
',' ,.: 

,'" 

, , 

THE OPTIMUM ,WEIGHTSfCRCRDÈR6'ARE~':"~ 

0.54540 .• 5046 0.'4033,0.34250.2701 '0.1860' 

',:', : 
., , 

.: 1 
.. ' ,,'." . 

, .... " : ' 

. ,1:' ",/..",. 
.. ' 

, ,.' ,. '.~ .' 

.. AND THE MEAN-SQUARE-ERROR IS ,2.64'23 E-,04 • 
. ". 

THE OPTIMUM~EIGHIS fOR OROER 7 ARE;"'---
. . . 

Q.~312 O~4445 0.3894 0.3649 0.3052 0.23760.1907 

AND THE MEAN-SQUARE-ERROR IS 1.2664E~04 .• 

ThE OPTIMUM WEIGHTS fOR CRDER 8 ARE----

0.4949 0.4292 0.3784 0.3546 0.33200.2628 0.2263 0~1727 

AND THE MEAN-SQUARE-ERROR IS 6.9365E-05 • 

THE OPTIMUM WEIGHTS fGR GRDER 9 ARE---

0.4607 0.4019 0.3639 0.3541 0.3383 0.3161 0~2515 0.1744 0.1378 

AND THE MEAN-SQUARE-ERROR lS 4.5374E-05 • 

lHE OPTIMUM WEIGHTS FOR CRDER 10 ARE----

0.4529 0.3812 0.3383 0.3219 0.3176 0.3039 0.2700 0.23080.2194 0.1732 

AND THE MEAN-SQUARE-ERROR IS 3.1747E-05 • 


