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ABSTRAQT 

The resonant frequency of the ~35 Nuclear Quadrupole in 

K ~. o
3 

bas been measured as a function of temperature in the range 

6 0 0 l .5 K to 273.2 K. Canparison has been made with Bayerls theory based 

on lattice vibrations, and agreement is excellent below 80°K. It bas 

been frund that the result obtained by Kushida, using an equation of 

state of the solid, is nat e:xact. The possibility of using this tem-

perature dependence as the basis of a sensitive thermaneter also has 

be en studied. 
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INTRCDUCTION 

Long before the discovery of Pure Nuclear Quadrupole Resonance 

in solids by H. G. Dehmelt and H. KrÜger (l) in 1951, many nuclei were 

lœown to possess a quadrupole manent. Nuclear quadrupole effects were 

observed in optical spectra b.r H. Schuler and T. Schmidt (2) as early as 

1935. Kellogg and bis co-workers (3), in the years 1939, 1940, observed 

also the effects for free molecules in molecular beam resonance experi­

menta. Later, in 1946, D. K. Coles and w. E. Good {4) reported quadru­

pole interactions in rotational absorption spectra in the microwave region. 

These interactions were subsequently observed in nuclear magnetic 

resonance. The nuclear quadrupole mcments introd.uced a split ting of 

the nuclear ma.gnetic energy levels and led to a fine structure of the 

resonance lines. By investigation of the spectra, usef'ul information 

was obtained cancerning nuclear spins and molecular structures. 

R. V. Pound (5), in 1950, anncunced that it shculd be possible 

to excite transitions between the nuclear quadrupole energy levels exist­

ing in certain types of molecules in the solid state, without any applied 

external field. He gave the essential feature of the the cry and of the 

experimental difficulties that could be met. For technical reas ons be 

did not observe any resonances experimentally. At about the same time, 

H. G. Dehm.elt and H. KrÏ.iger (1) observed the phenanena in the solid state 

in trans-diohlaroethylene using a super-regenerative osoillator. 

Sinoe tbat time, pure N.Q.R. bas been observed for many nuclei 

in different types of molecules. Fran the observed speotra, valuable 

information can be obtained concerning crystal stm.ctures, the s;ymmetry 
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of molecules and the ratio of quadrupole moments. In some cases, where 

the electric field can be calculated tram approximate wave function~,the 

absolute value of the nuclear quadrupole moments can be determined. When 

the nuclear quadrupole moment is lmown .f'ram another e:xperiment, the 

principal value of the .field gradient tensor can be obtained. 

While workers were investigating the characteristics of the 

new type of resonance, a strong temperature dependance of the resonance 

frequency was observed. H. Bayer (6) gave a theoretical expl.anation 

of this temperature affect. The tbeory, based on lattice vibrations, 

was later generalized b.Y KUshida (7}. It failed, however, to give 

detailed agreement with experiment (8, 9). Kushida, Benedek and 

moembergen (8) have shawn tbat the disagreement was ma.inly due to a 

shortcoming in the theory, to account for the thermal expansion of the 

lattice as temperature increases. The theory should agree with experi-

ment below a given temperature where lattice expansion can be neglected. 

Considering the phenomena, c. Dean and R. V. Pound suggested 

the idea that N.Q.R. could be used as a sensitive thermometer. A first 

investigation of this possibility l:as been made by :Benedek and Kushida; 

0 0 the ir measurements extended from 3 50 K to 77 K. The range below this 

last temperature is important in physics. It is also a difficult range 

as long as accurate temperature measurements are concerned1 since very 

few types of thermometers are available at these law temperatures; a 

gas thermometer or a special thermocouple is used in most cases. 

The purpose of this tbesis is primarily an experimental investi-

gation of the nuclear quadrupole resonance frequency as a function of' 

temperature below 80°K. A review of the theory of N.Q.R. is also given 

as well as a generallzed Ba.yerts tbeory of' the temperature dependance 

of the resonance trequency. 
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Finally, the data obtained in the present experiment is campared 

with this last theory, and the possibility of using the phenamena as the 

basis for a sensitive thermometer is investigated. 
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1. PURE N. Q. R. Theory 

Nuclear Qpadrupole Resonance, henceforth abbreviated N.Q.R. 

is very similar to nuclear magnetic resonance, because both are con-

cerned with the detection of radio frequency magnetic absorption. In 

nuclear magnetic resonance, however, transitions are excited between 

levels corresponding to different orientations of the nuclear magnetic 

moments against an applied external field. No auch field is needed in 

N.Q.R.; the energy levels are created b,y the interaction of a non-

spherical nucleus with a non-homogeneous, axially symmetric, electric-

field existing in certain types of molecules. In that way, the N.Q.R. 

frequency is a f\mdamental property of matter. 

Starting with the electrostatic interaction between the nucleus 

and the neighbouring, electric, field, a theory can be developed, giving 

the energy levels of the quadrupole system. The theory given below will 

follow very closely that given b,y H. G. Dehmelt in a recent review 

article (12) • 

(a) Electrostatic Interaction. 
1 

Consider a nucleus of total charge Ze and charge density f n 

represented on figure 1.1 by an enlarged ellipsoid. A system of co-

ordinates (x', y', z') is attached toit; the z' axis coincides with 

the nuclear axis. Another system (x, y, z), fixed in space, is intro-

duced; an angle 9 exista between z and z' • The z axis coincides with 

the sy.mmetry axis of the molecular electric field produced by the neigh-

bouring ions or electrons. Poth origin~ as well as x and x' axis 

coincide also. In the following classical treatment the nucleus is 

assumed to be an ellipsoid of revolution around the nuclear spin. The 
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electrostatic energy of interaction W of such a system can be written 

as: 

W = j f~ V(x', y', z') dv' (1) 

where V(x', y', z') is the potential at the position (x', y', z') and 
1 

dv is an element of volume. The integral must be ta ken over the who le 

nuclear charge dis tri l:ution. Expanding V (x' , y', z' } in a .tt::Laurin t s 

series near the origin, the energy of interaction takes the for.m: 

W = Jf~ V(o) dv' 

+jf~ f x' V x ,(o) + y' V y' (o) + z' v •• (o)} dv' 

+ ~ ~r~ { x'
2 v 1 1 (o} + y• 2 v 1 1 (o) + z' 

2 v 1 1 (o} JI xx yy zz 

+ 2x'y' V, ,(o} + 2x'z 1 V, , (o} + 2y'z' V 1 1 (o)1 dv' (2) xy xz yz 

where V(o} is the potential at the origin and where V
1
followed b,y a sub­

script)must be understood as the partial derivative of V in respect to 

that subscript. 

z 

FIG. 1·1 SYSTEMS OF AXIS 
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v = ~ 
x'x' d x·2 

... 

The first integral gives a constant value Z e V which is of no interest, 
0 

since it does not depend on the relative orientation of the two axis 

(z, z' ) neither on the size and shape of the nucleus. For the assumed 

symm.etry of the nucleus it can be shown that each term of the second 

integral vanishes. Each term for.ms the components of an electric dipole 

moment and calculation shows that no dipole moment can be associated vith 

an ellipsoidal distribution of charges. This statement is verified ex-

perimentally, since no dipole moment haB been observed for any nucleus. 

We are left with the third integral and terme of higher order vhich are 

neglected here. It will be shown later that these ter.ms are vell neg-

ligible. The energy is thus reduced to 

w =· 2- vi' . , e ci!", J., 
i' j' J ~ 

(3) 

where i' and j 1 hold for any x 1
, y', z • + and e Q i 1 j' forms the components 

of a symmetrical tensor called the "electric quadrupole moment tensor." 

B.Y tensor analysis, it is seen that,for the case where the principal axis 

of the quadric representing the tensor coincide with the axis of the chosen 

system of co-ordinates ,all mixed ter.ms (those where i' # j 1
) vanish. It 

could also be show by direct integration that all mixed integrale 

J x' y' dv' ; J x' z' dv' ; J y' z' dv 1 

vanish for the assumed symmetry of the nucleus. The expression for the 

energy is again simplified to 

w = 2._ 
i' i' 

+ 
e Qi' i • (4) 

The asterisk on top of Q is to remind us that it is evaluated in respect 
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to the figure axis of the nucleus. 

The other terms Vi' j'are also the components of a tensor called 

the "electric field gradient tensor". In the system of axis chosen, this 

tensor is symmetrical
1

since the order of differentiation is meaningless, 

and is not diagonal. Evidently, from equation (4) one needs only con-

sider the diagonal terms. In its principal axis system (x, y, z) this 

tensor will be diagonal. 

We now malte use of Laplace equation, which holds at the site 

of the nucleus since the field is produced by external charges, 

= 0 (5) 

and of the fact that 

+ + 
~·x• = Q_y:•yl (6) 

because of the assumed symmetry (ellipsoid of revolution), to transfor.m 

equation (4) to 

We want now to 

W = ~ e Vz•z·l ~ .•• - ~·x·1 
e:xpress t ~· z'- ~· x•} as a function of only one 

(7) 

quantity. 

Using 

r2 = x'2 + y'2 + •• 2 1 • Q+z'z' =ft~ z2 dv' 

we obtain 

ft; x'
2 

dv' = [!~ (r
2

- y'
2

- z' 
2

) dv' 

+ ( , ( 2 , 2) d 1 + 
e ~Jx• = j fn r - z v - e ~'y' • 

or 

From equation (6) we can write 

0 + l. r:, J ( 2 1 2) d 1 

e -x'x' = 2 j / n r - z v 
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and replacing the last expression in equation (7) we finally o btain 

W = l f p, 1 ( , 2 2) d , 4 Vz'z' 1 n 3 z - r v {8) 

The integral defines an inherent property of the nucleus and is called 

+ e Q , the "nuclear quadrupole moment". It measures the departure from 

spherical symmetry. An ellipsoidal distribution of charges elongated in 

respect to its symmetry axis bas a positive quadrupole moment. If the 

ellipsoid is flattened, its quadrupole moment is negative. This last 

case applies to the chlorine nucleus. 

AXIS ~ 

-eQ 

FIG. 1.2 Q.MOMENT SIGN OF · SPECIAL DISTRIBUTION 
OF CHARGES 

We can then write: 

W= l.eri~ 
4 dz'2 

(9) 

We see that the quadrupole moment interacts only with the gradient of an 

electric field. 

Before going any further with the discussion, it is worthwhile 

maldng a few commenta about the order of magnitude of the successive 

terms appearing in the expansion (2) • The ratio of the hexadecapole 
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te:rm, the next non-vanishing te:rm, to the quadrupole term is of the order 

of 

e2 r 4/ 
n r 5 

e 

where rn, the nuclear radius, has been taken to be of the order of 

l0-l2 cm and re, an atomic dimension, of the order of 10-S cm. Hence, 

we are well justified in the neglect of ter.ms following the quadrupole 

interaction. 

The second derivative of the potential in equation (9) has 

now to be expressed in terms of the co-ordinates of the fixed system 

which is identical to the system of axis fixad with the molecule. V 1 1 z z 

is the component of a tensor and a transformation from one system to 

another must follow all the rules of tensor analysis. This is done in 

Appendix 1 and the result obtained is 

(10) 

Replacing in equation (9) 1 one obtains: 

w = l v 4 z z (11) 

This is entirely different from Zeeman effect in which the rate of pre-

cession of the nuclear magnetic moment is independant of the angle e 

between the applied magnetic field and the nuclear axis: 

where at, is the Larmor angular frequency and y is the magnetogyric ratio. 

In the quadrupole system, the interaction gi ves rise to a torque that 

tends to align the nuclear and the molecular axis. The angular momentum 



-10-

/I (I + 1) ~ of the nucleusJwhere I is the spin
1
will respond to the 

torque b,y a precession, the rate of which will depend on 9 in the follow-

ing way. The rate of change of the angular momentum p of the preces-

sing nucleus is given b,y the tw following fundamental equations: 

lll::: 
()t 

Q.;Q,::: 
()t 

wxp 

r == - - .2. V e cl cos 9 sin 9 4 zz 

where r is the torque. Combining these two equations one obtains: 

(.1)- _.2 
4 

fLQ.+ v cos e. 
p z z 

Since p is a constant not depending on 9, we see that the precession is 

a maximum at e ::: o slows down as 9 increases, comes to a standstill at 

9 ==~/2 and reverses its sign to increase between 9 ::: ~/2 and 9 ::: ~. 

QJ.antum mechanically this is reflected by different spacings between 

the energy levels. 

It can be seen from figure 1.3, that the nuclear magnetic 
... 

moment ~ associated with the nucleus is precessing at the same rate 

than the qua.dru.pole moment. In making an absorption experiment, it 

is obvious that appreciable coupling with a rotating magnetic field 

will take place only with the magnetic moment; while the quadru.pole 

moment will not be subject to any appreciable interaction. 

(b) Hamiltonian Operator and ~tum Mechanical Energy Eigenvalues. 

The hamiltonian of the quadrupole system is formed by replac­

ing in equation (11) cos 9 b,y its quantum mechanical operator I /I z 

obtained from figure 1.3. Then 

1. + (3 Iz2 
::: 8 e Q V zz 

1 
2 (12) 
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• ..... . .... 0 •• • ••• •• "' 
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eO 

x 
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FIG.I·3 PRECESSION OF T, JJ- AND eQ. 
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Since the projection of the angular momentum on an axis of quantisation 

is a constant of motion, and since its square is also a constant of motion, 

we can substitute directly the eigenvalues m and I(I + l) for the opera­z 

tol19 I and t in equation (12). The energy eigenvalues are thus z 

(1.3) 

In this equation, as said previously, e Q+ bas been evaluated in respect 

to the figure axis of the nucleus. That differa from the usual defini-

tion of e Q which is to be taken for the aligned state m = I, even if 

quantum mechanical complete alignment is not possible. In that state 

rm = r) is axially symmetric in respect to the axis of symmetry z of 

1 
the electric field. For 9 = o, z coincides with z and equation (8) be-

comes: 

E -· = l V rf (.3z2 - r2) dv = l 
m::;: I 4 z zj / n 4 vz z e Q. 04) 

Equating this with the energy eigenvalue for the state m = I given by 

(1.3), one obtains: 

(I + l) 
(2! - 1) 

Finally, the energy 1evels are: 

E ::;: l e Q V 
m 4 z z ( 

3m
2 

- I(I + l)) 
I(2I - l) 

(15) 

(16) 

For I = 0 the charge distribution is spherically symmetric and from 

equations (14) and (15) the quadrupole moment vanishes. For I = ~ 
equation (16) vanishes. For I ~ l we have energy leve1s which are de-

generate in respect to the sign of m. The energy levels are shown in 

figure (4) for I = .3 (integer) and for the special case of the chlorine 

nucleus where I = l . 2 
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m 
±3 t m 

+3/2 

:t2 
hJI= 1/2 eQVzz 

+ 1/2 !3 +, 
0 

I·INTEGER Ic 3/2 (Cl. NUCLEUS) 

FIG. 1 .4 N.Q. ENERGY LEVELS 

In this figure, for I integer, the spacings are multiples of 

the unit of energy 3 e Q V z /4 I (21 - 1) • From the know experimental 

absorption frequency it is seen tbatJ from a knowledge of Q, the gradient 

of the electric field, V ,can be evaluated. For the case where the z z . 

symmetry of the electric field is only approximate an asymmetry parameter 

may be defined: 

n = 
v -v x x y y 

vz z 

The asy.mmetry can be determined from the observed zero field 

(magnetic) spectrum except for I = ~· Since this is the case of interest 

here, . and sin ce Y) is rather small in potassium chlorate which is the 

studied sample, the effect will not be considered further. 

(c) Zeeman Splitting. 

If the quadrupole system is subjected to a small .magnetic field, 

a Zeeman splitting of the energy levels is obtained and the ±m degeneracy 
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is af'f'ected. Two cases must be considered. 

1. Single Crystal 

If the magnetic field is parallel to the electric field axis, 

the magnetic contribution to the energy levels can be written down at 

once since I is still diagonal. z 

E = E -m Q 

Hence 

The tm degeneracy is thus removed (see figure 1.5). 

(17) 

When the magnetic field makes an angle Q with the electric field axis a 

perturbation calculation (13) shows that the field mixes both states 

m = ± ~ creating two new states 1, 2, given by 

Fbr 9 = 90°1 the new contribution is reduced to 

- ! ~ ( l) ~~ 2 - ± 2 I H I + 2 • 

(18) 

(19) 

Figure 1. 6 representa this other extreme case where 9 is the 

angle between the magnetic field and the molecular axis. 

2. Power 

If the sample is in the form of a power, the relative orienta-

tion of the electric field axis and the magnetic f'ield will be random, 

and a band of closely spaced energy levels will be o btained. . The reson-

ance frequency will then be spread out over a wide range. This spread, 

as it 'Will be seen later, is found to be very convenient. It provides 

a means of modulating the absorption line by the application of a square­

wave, magneticJ field (on-off) on a sample composed of a great quantity 

of small crystals. 



-15-

11 

m= + 3/2 

-.25 k.c. 
Zl: 28,213,2 7 0 c.p.s. ( 0 °C.) 

m=+l/2 

r~======I-IIok.c. 
5 10 15 20 H oerated 

FIG. 1·5 Q.S .. ENERGY LEVELS 8= 0° 

m=± 3/2 

Il= 28,213,270 c.p.s. ( QOC) KCI 0 3 
( Cl35 ) 

m=±lt2 / 

......: -16 k.c . 

-

5 10 15 20 H oersted 

FIG. 1.6 Q.S.ENERGY LEVELS 8=90° 
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2. N. Q. R. TEMPERATURE DEPENDENCE THEQRY 

Soon after N.Q.R. bas been discovered in solids (1), a strong 

temperature dependance of the resonance frequency was observed. A theory 

whose objective would be an accurate explanation of the phenomE:ma, would 

have to consider many factors, because a change in temperature will be 

accompanied by the following affects: 

(i) The amplitude of the lattice vibrations increases with 

increasing temperature, decreasing subsequently the average 

value of the maximum principal axis of the field gradient tensor. 

(ii) The accompanying increase· in volume affects the lattice 

dimensions, changing the field at the nucleus. 

(iii) Due to the precedent change in the lattice dimensions, the 

constants of the lattice, like the restoring forces on each 

molecule, are modified. The frequency spectrwn of the lat-

tice vibrations is then changed and the first effect is altered. 

The effect (i) investigated first by Bayer (6) for a special mode of vibra­

tion and later generalized by Kushida (7) for all lattice and molecular 

modes, answers for the general form of the temperature dependance. The 

increase in volume which accompanies an increase in temperature is mostly 

effective only at inter.mediate and high temperature~ as will be seen from 

the resulta of the present experiment. This seems reasonable since the 

ther.mal expansion is not expected to be constant at all temperatures, but 

should decrease in the same manner as specifie heat at low temperatures 

(14, 2.3). The effect bas been studied by Kushida Benedek and Bloembergen 

for K Ct 0.3 and similar substances, at temperatures above 77°K (liquid 

nitrogen). Since from their data the affects (ii) and (iii) seem to 
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decrease quite rapidly with temperature, and since the present experiment 

0 has been done, mostly below 80 K, only the first effect will be considered. 

The theory given here will follow closely the one given by Kushida (7), 

except that no approximation for high temperatures will be made. 

In this theory it is assumed that the field gradient tensor is 

caused to fluctuate by the vibrations of the lattice. These vibrations, 

12 -1 as given by Raman spectroscopy, are of the order of 10 sec 1 the 

6 -1 N. Q.R. frequency being of the order of 10 sec 1 we are allowed to con-

aider only their average over time. Let us consider a general mode of 

oscillation of the molecules, say w1• The principal axis of the field 

gradient along the z direction, which is the only one effective on the 

energy levels > when the asymmetry parameter is zero 1 will then vi brate at 

that frequency. In K Ct o
3

, the asymmetry parameter is not zero, but 

is small and its variation will be neglected here. Let us call V 1 00 

the maximum value of the principal axis of the field gradient tensor. 

A (x'y'z') system of axis is fixed to the principal axis of the tensor, 

and follows it in its motion due to thermal vibrations. Another system 

called (x, y, z) is also fixed with the principal axis of the tensor at 

its equilibrium value. It is clear that V is always equal to V 1 1 00 z z 
if this last one is not affected in length by the vibrations. We can 

then use equation (10) 1 transforming it for the se two new systems (see 

Appendix 2) • 

(20) 

' where 9 is the angle between z and z and the brackets mean that we 

must average over time. Vz'z' is also put into brackets, since it is 

fairly obvious that a distortion of the molecule due to the lattice vibra-

tions will also be effective on its magnitude. For small amplitude 
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FIG. 2.1 FIELD GRADIENT TENSOR ELLIPSOID 

cos 9 ~ 1 - e2 and equation (20) becomes: 
2 

v =tv , ·> (1 - l2 (;i) ) . z z \ z z 

Replacing in equation (16) 

_ 3m
2

- I(I + 1) /, ) l/,2) 
Em- e Q 4(2I- 1) I ~z'z' (l- 2 ~ /) 

Assuming l::Jn = ± 1 and I = ~ for the chlorine nucleus, 

J) = e Q (vz• z•) (l _l (e2/) 
2h 2 

(21) 

We can nov e:xpand 9 aDi V 1 , in terms of the normal co-ordinates of the z z 
1attice vibrations Si 

9 = f (~;i) s ~ + ~ 
0 

0 

Assuming harmonie lattice vibrations, we can write 
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(ro. t + ~ 
~ 

where ~iis a phase angle; 

oaloulated: 

the averages of 92 and V 1 1 are then easily z z 

<s2)= fÇ~i aJ fi~J) 

where ak stands for ( # k) and bigher te l'IDs are neglected, being con-

Voo 
sistant with the approximation tbat e is small. Renee 

~2) = ~ 12 a. 2 ~ 02 
+ cross terms 

i ~ ~ 
(22) 

For non-degenerate modes (roi '1 roj) the cross terms vanish>when they are 

averaged over time. For degenerate modes (ro1 = roj) the cross terms are 

of the form 

Owing to random fluctuations (lifetime of a mode being 10-ll seo) (7) 

(~1 - ~j) will be oompletely averaged out over a Lar.mor frequenoy of the 

nucleus, and we oan put: 

With similar considerations on<:vz• z}>' one obtains 

(::.· • .) = voo f ~ ou f/2 
(23l 

where 0 ii stands for ( o~W . The resonance f'requency is then, re­

voo 
plaoi ng equations (22) and (23) in equati on (21): 

(24) 
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where 

and ~ = e Q V /2h is the resonant frequency at zero amplitude lattice 
0 00 

vibrations. The amplitude Si2 
is then obtained by assuming that the 

mean energy of each normal mode is equal to the mean energy of the corres-

ponding Planckls oscillator: 

l 2 (? io2 = cl + 1 2 00i ~ il c.oi 2 --=---_-1 ) 
e~ 

kT 

(25) 

Replacing S ~2 in (2.4) 

v = v c1 _ 1 2_ ~ cl + 1 > 
0 2iù.1, 2 ~ 

exp kT - 1 
(26) 

The physical meaning of Ai is not simple in the general case of molecular 

vibrations. But for special modes, like a torsion of the molecule around 

an axis perpendicular to the z axis we can write (see Appendix .3) 

= ®..-1 Ai l. 

where ~i-l representa (moment of inertia)-1• In K Ct o
3 

the field 

gradient at the position of the nucleus is produced primarily by ionie 

and covalency bonding in the Ct Oj group with a few percent ionie con­

tribution from the K+ ion (S). The K+ vibrations should then contribute 

very little to the temperature dependance of the resonance frequency. 

The K Ct o
3 

Raman spectrum can be divided into a high and a 

low frequency group. The for.mer corresponds to interna! vibrations of 

the Ct o
3
- ion. Kushida (7) bas shown that these interna! oscillations 

do not contribute much to the change in the resonance frequency. FUrther-

more, owing to the appearance of w. in the denominator and the exponen­
l. 

tial te:rm of equation (26), the contribution from the high frequency vib-

rations is much smaller than that from low frequency. 
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W9 can then reduce the summation to one over modes correspond-

ing to a torsion or a tilting of the Ct o
3

- group as a whole, a.J:1d write 

®i -1 the m.ome.nt of inertia associated with these types of motion instead 

Thus, we have: 

(l + 1 >) 2 e~ - 1 

(27) 

The rate of variation of J) with T can be o btained directly by differentia-

tion of (27) 

(28} 

-mw 
From this, we see that, at low temperatures, the important term is e kT. 

So J the rate of change of l) with temperature should decrease in the same 

m.anner as tbat given by Einstein for the specifie heat of a solid. Ii' 

an experiment could be worked out at sufficiently low temperatures, it 

would be possible to verify this last equation, and by the same fact the 

consistency of the whole theory. Unfortunately, as will be explained 

later, resonances are difficult to obtain below 15°K, and equation {28} 

cannot be verified accurately. 

F.rom these lattice vibration effects one can see also the 

possibility of determining with what type of motion of the molecule, one 

mode, observed in Raman spectroscopyJ can be associated. This is due to 

the fact that, as will be seen later, only two normal modes out of tbree 

of the ct o
3

- group vibrations, are effective in modifying the N.Q.R. 

frequency. These normal modes are approximately of the same frequency; 

the same moment of inertia can be associated wi th them. From an analysis 

of the experimental data one can fim the ~ that gives the beat fit and 



-22-

compare it to the closer value in the Raman spectrum; then, in the case 

of K Ct o
3

, Na Ct o
3 

or similar substances 1 this frequency can be associated 

to a til ting motion of the Ct o
3

- group as a who le. 
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3. APPARATUS 

(a) Qenera1 Considerations. 

Among the various ways of detection of nuclear resonance in 

solids, the simplest is the marginal oscillator method described bere 

and used in the experiment. In that type of detecter the sample is made 

the core of a radio-frequency coil which is paralleled b.y a variable air 

capacitor. The canbination forma a resonant circuit to which energy 

is supplied by a vacuum tube circuit incorporating positive feedback. 

The amplitude of oscillation is maintained at a very low level. The 

purpose of this is twofold: first, a small field applied to the sample 

will not lead to an equalization of the population of the energy levels, 

i.e. saturation, wi.th a subsequent decrease in signal strength; secondly, 

any small change in the Q of the coil, due to nuclear absorption, will 

be reflected by a relatively great change in the level of oscillation. 

The absorption line is obtained by either frequency or magnetic 

field modulation of several times its width, and is observed on an oscil­

lograph. It can be displayed, also, by recording techniques like that 

used here. 

Although the marginal oscillat or method is one of the most 

sensitive in nuclear magnetic resonance, the same statement is not true 

for nuclear quadrupole resonance. In this last experiment, short re­

laxation times permit the use of a rather large sample and a large amount 

of power. It is found that noise increases with the r.f. level in a 

marginal oscillator; in practice most workers use a super-regenerative 

oscillator which can operate at high r.r. level without a proportional 

increase in noise. The marginal oscillator was used here because of its 

greater frequency stability, even if poorer signal to noise ra~os were 

obtained. 
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{b) The Oscillator. 

The oscillator employed in this ex:periment was a version of 

the Pound-Knight-Watldns, marginal oscillator (15, 16) suggested by 

Cowen and Tantilla (18). In this circuit, the oscillator made use of 

a 6-J-6 double triode, and the signal was detected directly at the plate 

by an appropriate bias on the cathode. The r.f. was by-pas sed at the 

seme point. The audio signal was then amplified by a double triode 

(12 AX7). The level of oscillation was controlled by the application 

of a negative d .c. voltage on the second grid of the 6-J-6 oscillator 

tube. Sana modifications were made in the suggested circuit. First, 

the capacitors of the audio amplifier were found to be too small and 

introduced phase lags. Since phase detection was used in a later stage, 

these had to be avoided, and the coupling capacitors were increased. 

Furthermore, a motor-driven condenser with different sweep rates was 

introduced. This last deviee permitted a very convenient way of sweeping 

the oscillator frequency through the resonance line at different speeds. 

In building auch an oscillator one must take care of many 

factors. One of its qualities is a good frequency stability, as was 

said previously. This is very important in the ex:periment, since great 

accuracy is needed in the determination of the frequency of the line 

centre. The stability was turther improved by using a cbassis made of 

3/f!Jl brasa plate, and by lœeping all leads as short as possible. The 

filament current was taken frcm a 6 volts d .c. accumulator, and a charger 

was al ways clipped across its terminale. For the B+ a À. regulated power 

supply preceeded by aSorensen line voltage regulator was used. The 

frequency stability obtained with this arrangement and the probe des-

6 cribed below was better than 1 part in 10 when frequency was swept at 

a rate of 3 kc per minute. The present system has be en preferred t o 
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the usual detecter incarporating an r.f. amplifier far its simplicity. 

The signala observed were strong enough, and good determination of the 

frequency of the lina centre could be made. 

{c) The Probe. 

The purpose of the present experiment being a. study of the 

N.Q.R. frequency at low temperatures, the design of a probe must talee 

care of many technical details. The most important of these are as 

follows: 

{1) In arder to avoid heat conduction to the refrigerant, the 

coaxial cable connecting the coil to the chassis must be of 

low thermal conductivity. 

{2) At temperatures below 77°K air liquefaction may talee place 

between the inner and outer conductors of the coaxial cable. 

Due to the air condensation, changes in the dielectric constant 

may occur between the two conductors with subsequent change in 

the oscillator frequency. Hence, the space between the two 

conductors must be filled with an insulating material. 

O) For reason of frequency stability the cable must be rigid. 

(4) Finally, the r.r. coil must be shielded from external affects 

and still have a high Q for greatest sensitivity. This part 

should also form a big maas, so that variations in temperature 

for relatively long periods of time would be small. 

A probe which fulfils in great part the preceeding requirements bas been 

built. The outer conductor of the coaxial cable was made of a monel 

tube, which has small thermal conductivity and relatively good electrical 

conductivity. The inner conductor consisted of a small capillary copper 

tube; the space between them was filled almost entirely with a glass 
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cylinder, and bath ends were sealed with plastic. The r.f. coil was 

soldered at the end of the coaxial cable, and was shielded by a 1 mm 

thick, 4 cm long brasa tube, farming the potassium chlorate container, 

and giving a filling factor near unity. As seen in (b), the probe gave 

good result with respect to frequency stability. The thermal conduc-

ti on was very small. Nevertheless, the Q of the coil was not found to 

be very high, but the signals were strong enough to make accurate measure­

ments. The reduction of the Q was ma.inly due to a loss of energy to 

the brass shield. 

(d) Modulation. 

The onset of nuclear resonance causes the oscillation level 

to decrease by reason tbat energy is absorbed fran the r.f. coil. A 

d .c. technique could be used to detect the change of the oscillation 

amplitude. Nevertheless, it has a serious inconvenience since d.c. 

amplifiera are not stable and drift. The nuclear signala are small 

and could be masked by these drifts. In N.M.R., where a magnetic field 

of several thousands of oersteds is applied, the absorption signal is 

easily observable: an a.c. camponent of several oersteds is superimposed 

on the steady magnetic field. The nuclear absorption th~n appears as 

a modulation of the radio frequency kept fixed, while the Larmor fre­

quency of the nuclei is swept by the a.c. COJli'onent of the magnetic 

field. After detection, the signal can be amplified by an a.c. techni­

que and observed on a sc ope. The magnetic field modulation is easily 

done in practice: a pair of Helmotz coils are wound around the two peles 

of the magnet. The necessary current is small,. and no serious problems 

are encountered. 

In N.Q.R. a magnetic field is not applied except in the special 
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case where Zeeman splitting of the energy levels is observed in a single 

crystal. A special technique had to be employed in the experiment since a 

power wa.s used. 

A simple method to detect the N.Q.R. signal is a frequency modula­

tion lesa than the line width. The derivative of the absorption line is 

observed on the recorder chart. That method has a serious drawback: it 

is rather difficult to determine the centre frequency at any instant since 

the r.f. is modulated. Because the frequency is counted with an electronic 

counter, the time at which the gate of the counter opens or closes may take 

place anywhere in the modulating cycle • An uncertainty of the width of 

the modulation should then be expected on the frequency. 

The first resonances, however, were observed in the laboratory 

with two different methods of frequency modulation: a vibrating reed (17) 

and a 11 hypersensitive voltage variable capacitor diode 11 Çl.9). The first made 

use of a relay switch; a d.c. current was superimposed on the modulation 

for the following reason. The magnetic foree exerted by an a. c • current 

on an iron reed has no polarity, and always acts in the same direction 

whatever the sense of the current; a mcxiulation of twice the applied a.c. 

frequency is thus obtained, and cannot be detect·ed by the phase sensitive 

detector. When a d.c. canponent wa.s superimposed to the a.c. field, the 

effect disappeared, since the magnetic force was no longer exerted in the 

same direction for the positive and negative parts of the cycle. The 

vibrating reed wa.s placed across the tank circuit of the oscillator, and 

frequency modulation was obtained. The second frequency modulatar was 

essentially made of a diode whœe capacity is sensitive to the applied 

voltage. When it was cannected in parallel with the main capacitor of 

the oscillator and an audio voltage was applied to it, frequency mcxiula­

tion appeared. Basides the inaccuracy in the frequency determination, 
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Figure .3 • 5 & lmotz Coil Assembly 
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anather defect was inherent in the described systems: a strong leak.age 

signal output was observed and saturated the following amplifiera unless 

the mcxiulation was reduced to a minimum. 

The methcxi described below has been used extensively by ather 

workers (81 111 12, 15) and has proved best in the present experiment. 

Zero based magnetic field pulses, also called 11 on-off'' field mcxiulation1 

were applied to the sample. On the 11 on" part of the cycle, the reson­

ance line was spread out over several kilocycles for the reason given in 

section l(c).; on the "off" part, transitions were excited between the 

nuclear energy levels by the r.f. field, and absorption was taking place. 

The resonance line was then displayed by sweeping the radio frequency 

aoross it: in most experimenta the sweep rate was 3 kilocycles per 

minute. 

The on-off field was created by two Helmotz c oils of 1000 turns 

of No. 30 copper wire each. The current necessary to obtain pulses of 

20 oersteds was about lOO m.a. supplied by a Tektrœic Square Wave Generator 

No. 105. '!he experimental rise-time observed far auch an arrangement was 

approximately 2 milliseconds, wbich is relatively short canpared to the 

dùration of half the 35 cycles mcxiulatim wbich is 14 milliseconds. A 

rotation of 360 degrees cculd be made arcund the r.f. coil, reducing the 

leakage signal to a minimum, when this r.f. coil was at right angles with 

the Helmotz coils. 

(e) Detecticn and Recording of the Signal. 

Since the N.Q.R. signala are nat strong and are comparable to 

the noise of the oscillator tube, a special technique far an accurate 

determinaticn of the frequency of the line centre had to be used. The 

reduction of the noise was first accanplished by a selective amplifier 



-34-

tbat rejected all rut the mcxiulating frequency. This was done by in­

carporating a twin tee network in the feedl:ack circuit of an ardinary 

audio amplifier. This amplifier was followed by a phase sensitive 

detector whose synchranrus signal was taken fran the square-wave generator 

supplying the œ.-off field to the sample. A d.c. rutput proportional 

to the amplitude and phase of the input signal was obtained. The noise 

was reduced by the use of long time-cœstants in the phase sensitive 

circuit, and strong absorption lines were observed. In most experimenta 

a time-canstant of abrut 5 seconds was used. The whole unit, often called 

11lock-in amplifier", was available since it already bad been built in the 

laboratory. (20) 

(f) Ereguency Measurements. 

The frequency was measured with a Hewlet Packard 524B electronic 

crunter. A coil was placed inside the oscillator cbassis and interacted 

very little with the spectrameter. A small r.f. signal was induced in 

this coil, and after suf'ficient amplification the frequency was crunted. 

A dicxie and a microammeter were also incorporated to indicate the oscillator 

level. 

While the frequency was swept slowly through the resonance 1ine 

and the recarder was tracing the line shape, the gate of the counter was 

opened manually at certain characteristio points of the chart. The 

gate closed autanatically after l/10 of a second. If linear frequenoy 

sweep is assumed, the reading was an average of the frequencies at the 

start and at the end of ccunting. Hence, a pericxi of time ilt existed 

between the time the needle of the recarder crossed a characteristio point 

œ. the cbart and the time at whioh the frequency would have been read if 

it bad been ccunted instantanecusly. The frequency error was (v1 - J)m) 
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or ~ ~ lJ where lW w.s the change in frequency per second. When the 

line centre was determined while the frequency increased,JJ(T) plus an 

err or 

w.s read directly on the chart. ~l{ was the frequency err or intrcduced 

by the time-constant of the phase sensitive detecter. The apparent 

Une centre J) . read on the chart was thus 
a~ 

t 

{ .. 2~t 
tz 

FIG. 3.6 LINEAR FREQUENCY SWEEP 

1 

v 'Il 1 

110 V ai. llo '~~ad. 
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FIG. 3. 7 LINE CENTER DETERMINATION 
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When frequency was decreased the apparent line centre was 

Vad =l/(T) - !a ~JJ- ~\{, 

The true line centre was then simply 

~(T) =Jlai ~ Vad • 

Bence, two measurements, one while the oscillator frequency was increased 

and another while it was decreased, gave the true line centre. 

Due .to an error in the time of opening the gate of the crunter, 

fluctuations arose in JJ (T) • By repeating the line 8 times at 0°C the 

6 
r.m.s. deviation fran the mean was ± 11 c.p.s. which is 1 part in 3 x 10. 

The temperature of the bath, however, was not known to better than 

± 0.5°K. This corresponds to a possible variation of ± 1000 c.p.s. of 

the resonance frequency at 60°K, because the N.Q.R. change of frequency with 

2 temperature is about 2 x 10 c .p.s .per degree kelvin at that temperature. 

(g) Low Temperature Dewar Vassel. 

For temperatures near that of liquid air, no problems are en-

countered in practice. A simple Dewar vessel is sufficient to keep an 

appreciable amount of liquid far several hours. 

An important part of the temperature dependance of the N. Q.R. 

frequency occurs in the range l0°K to 70%.. At these low temperatures 

a double Dewar vessel must be used. The inner vessel containing the 

sample is first cooled down by filling the outer vassel with liquid air. 

Then being sufficiently cold, its walls are evacuated and it can be filled 

with liquid He. 

Many deviees are described in the literature for the purpose 

of obtaining intermediate temperatures between l0°K and 50°K. One of 
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the simplest is a desorption system in which the sample is kept at a 

low temperature by cold helium vapeur.~ This vapour is desorbed from 

same activated charcoal placed at the bottom of a Dewar vessel and saturated 

with helium. The temperature of the sample is then stabilized at a fixed 

value by controlling the rate of flow of the helium gas; this is done 

by reducing the pressure over the charcoal. 

The system had been built, but difficulties were met concerning 

the rate of pumping to be used. Nevertheless, since the sample tempera-

ture was increasing at a rate lesa than O.J<>Jc per minute, measurements 

could be made while the sample was heating up. 

0 Liquid nitrogen was used to obtain temperatures between 58 K 

By reducing the pressure over the liquid, any temperatures 

could be obtained between these two limita. 

(h) Temperature Measyrement~. 

0 The temperature of the sample below and above 77 K was measured 

with a thermocouple Au-Co, Au-Ag. calibrated at M.I.T. against a gas 

therm.ometer. It has the advantage of being rather sensitive in the 

range below 77°K (still 4 ~v per degree at 4°K). Its accuracy is ex-

0 pected to be better than ± 0.5 K. The e.m.f. was measured with a Leeds 

and Northrup ~ potenticmeter, on which readings could be made to ± 0.25 ~v 

assuming enough sensitivity from the galvanometer (null indicator). 

The thermocouple junction was soldered to the brasa shield of 

the coil containing the sam.ple and was also covered by a brasa plate: 

bence, the temperature re ad was the true temperature of the a ample and 

not of the neighbouring gas or liquid. The reference function was placed 

in a liquid nitrogen bath. When the inner Dewar vessel was filled with 

liquid N2, an e .m.f. of about 12 ~v was observed, whose polarity was auch 
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that it meant that the sample was at a higher temperature than liquid N2• 

After 5 minutes the e.m.f. was reduced to 10 ~v, and after an hour it 

wa.s lesa than 2/J.v. In general we can tlm.s say that the sample was not 

at the temperature of the neighbouring liquid, and tbat the thermocouple 

was reading the temperature of the sample and not of the liquid. The 

same effect observed at liquid helium temperature was far more marked. 

The thermocouple read 8°K a few minutes after the vessel had been filled 

with helium. 0 After half an hour it read 7 K. The thermocouple leads 

were not eut at any places~ that way no spurious e .m.f. should have been 

obtained. The liquid N2 experiment is verifying this statement. The 

fact that it took a long time for the sample to cool down may be explained 

by the presence of a big mass of charcoal and a heavy sample container 

having large heat capacities. 
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4. EXPERIMENT AND RESULTS 

(a) Purity of the sample. 

The N.Q.R. frequency, as said previously, is a fundamental 

property of matter, depending only on temperature. This statement is 

true within certain limita. other workers (11) have found that the 

impurity content of the sample was broadening the resonance line and was 

accanpanied by a shif't in the resonance frequency. Fortunately, the 

affect was negligible over a certain purity of the sample. 

The purity of the substance is easily determined in practice 

by the width of the resonance line. The lina 'Width depends on three 

main factors: 

l) presence of chemical impurities, 

2) presence of mechanical strains, 

3) affect of the earthts magnetie field. 

When the line width is less than 1000 c.p.s. after affects 2. and 3. have 

been eliminated, Benedek and Kushida (11) have verified that the first 

effect was negligible as far as shifts in frequency were concerned. 

The sample used in the present experiment was a powder made of 

very small crystals, taken fran an E. + A. tested Pu.rity Reagent lot 

No. 443, 121 which contained less than 0.01% of impurities. 

The observed line width was 950 c. p.s. at roan temperature 

'Withcut elimination of the third affect; sufficient purity could be 

assumed and the resonance frequencies observed should be the fundamental 

frequency of the et35 nucleus in K Ct o
3

• 

0 The resonance frequency was deter.mined at 0 C as another veri-

fication of the quality of the sample. The frequency was 

l}(o0 c) = 28, 213, 270 ± 11 c.p.s. 
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This figure does not agree exactly with the value given by Benedek and 

Kushida for a sample obtained by double recrystallisation. They found 

~(0°C) = 28, 213, 345 ± 10 c.p.s. 

The disagreement can be explained: the temperature of a bath made with 

ice and water is not reproducible with great accuracy. The difference 

between the two resonance frequencies corresponds to a difference of 

0 0.016 K between the two baths; this is certainly better than expected. 

(b) Line centre determination versus temperature. 

The low temperature experiment was carried out in two parts 

for two different ranges of temperatures. 

1. Fran liquid air to solid nitrogen temperatures. 

The resonance frequency was first determined at liquid air 

temperature. The thermocouple indicated 82.4 ± 0.5°K. This is reason­

able since liquid air is a mixture of liquid oxygen at 90°K and liquid 

nitrogen at 77°K. Liquid nitrogen evaparates raster than liquid oxyge~ 

and any temperatures between these two limita can be expected fran a 

liquid air bath. 

A measurement was also made with a liquid nitrogen bath. The 

thermocouple e .m.f. was lesa than 3 JJ,v with the reference junction in 

liquid nitrogen. This corresponds to a difference of 0.1 °K between the 

two baths. 

Finally, four measurements were made between 77.4 and 58°K; 

these temperatures were obtained by pumping over liquid nitrogen. The 

accuracy obtained by repetition of the line is given in table 4.1. The 

0 0 72.8 K and 73.2 K measurements were made while the temperature was drift-

ing; hence, lesa accuracy should be expected fran these last readings. 
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The temperature difference between two measurements necessary to determine 

a line centre was less than O.l5°K. This difference corresponds to a 

change of 270 c.p.s. in resonance frequency at these temperatures. The 

possible accuracy on the determination of the resonance frequency at 

these two temperatures is thus assumed to be ± 270 c.p.s. 

The lowest temperature obtained by pumping over nitrogen was 

At this temperature the nitrogen was solid. In that 

state the temperature was not as steady as it was in the liquid state 

under stmospheric pressure. 

2. Fran liquid helium to solid nitrogen temperatures. 

No resonance has been observed at liquid helium temperature; 

resonance appeared only at around 15°K. The fast increase in spin-

lattice relaxation time at temperature:~ below 20°K explains this phenomena. 

Theory predicts a spin-lattice relaxation time of more than two hours at 

liquid helium temperature • Dautreppe and Dreyfus (9) have found a re-

0 la:xation time of lOO sec at 15 K for a sample made of para-dichlorobenzene. 

Absorption lines were observed above 16.5°K up to 5J.4°K while the sample 

was slowly heating in an atmosphere of cold helium vapour desorbed fran 

the activated charcoal. The rate of increase of the temperature was 

around O.J°K per minute in the whole range covered. Because of this slow 

increase in temperature, one can assume that thermal equilibrium existed 

within good limits between the thermocouple junction and the sample. 

Temperature gradients would have existed in the sample if thermal equili-

brium had not been·obtained. These gradients would have been reflected 

by a relatively large broadening of the absorption lines. A line broaden-

ing was observed. It is difficult, however, to separate a natural broaden-

ing at low temperatures, as observed by Wang (22) for similar substances, 
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from a broadening due to a gradient of temperature. At roan temperature 

the line width was 950 c .p.s.; in liquid air where no temperature grad­

ients should exist, it was 1.4 kc; in the helium vapour, it did not 

much exceed 1.6 kc. One can conclude that temperature gradients, if they 

existed, were small and that the thermocouple, soldered to the r.f. coil 

0 shield, was giving the temperature of the sample to an accuracy of ± l K. 

Another observa ti on in fa v our of the accuracy of the measurements 

can be made: the experimental curve of the resonance frequency as a func-

tion of the temperature is smooth (see fig 4.J). If a large error in the 

temperature measurements bad existed the curve would be broken at the point 

of junction of the two separate parts, one being obtained while tempera-

ture decreased and the other while temperature inoreased. 

The difference in temperature between two measurements necessary 

to determine a line centre, except in a few cases, did not exceed half a 

degree. In each case, this difference corresponded to a change in the 

resonance frequency. This change is the figure given in table 4.1 as the 

accuracy of the measurements. 

(c) fiesults &nd theory. 

The equation of the resonance frequency of Ct35 in Keto
3 

as a 

function of temperature has been obtained in the theoretical section: 

It bas be en suggested that only a motion of the eto
3

- group as a wh ole 

should be effective on the ebange of the resonance frequency with tempera-

ture. Following this consideration, the constant Ai was replaced by 
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TABT.E 4.1: Experimental Resu1ts 

J)(T) ± ~l.l(max) 
c.p.s. c.p.s. 

16.5 ± 1°K 29,038,530 200 

17.9 n 29,038,376 200 

20.8 Il 29,037,699 200 

22.2 Il 29,036,905 125 

23.7 Il 29,036,588 200 

26.5 Il 29,035,368 200 

28.8 Il 29,034,590 500 

30.4 Il 29,033,688 300 

.31.9 Il 29, 0,31, 702 125 

32.4 Il 29,031,112 250 

34·9 Il 29,029,440 400 

36.6 Il 29,027,781 200 

,38.0 Il 29,026,416 400 

43·3 Il 29,020,580 600 

46.6 Il 29,015,622 800 

49.5 Il 29,011,853 300 

![53.4 29,005,497 

58.0 0.5 28,995,306 120 

64.9 0.5 28, 981,.3.3.3 120 

72.8 0.5 28,963,849 270 

73.2 0.5 28,962,555 270 

77.4 0.1 28,952,763 36 

82.4 0.5 28, 9.39, 838 25 

273.16 ±0.02 28,213,270 11 

x this reading is not corrected for the 111ock-in11 time constant. 
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0 

IONIC + COV. 
0 

0 
IONIC 

FIG. 4. 1 MOLECULE 

Œfi 1 the reciprocal or the manent or inertia or the eto
3

- ion. The 

K Ct o
3 

molecule is shown on figure 4.1. The arrangement of the molecules 

in the crystals is such that they form a lattice very similar to Na Ct o3 
extensively discussed by Kushida, with the only difference being that the 

crystal structure is monoclinic rather than cubic. 

The eto
3
- group forma a trigonal pyramid whose figure axis coin­

cides with the principal z-axis of the field gradient tensor. Three 

normal modes can be associated with the motion of this ion. These are 

ahiildered rotation about the symmetry axis or the molecule and two torsions 

arow:ri two orthogonal axis both perpendicular to the z-axis. 

It seems obvious that the hindered rotation about the symmetry 

axis of the molecule will not affect the gradient of the field at the et35 

nucleus, since the field is very nearly symmetric (t'\= 0.006) (24). We 

are lert with the two other mc:xies correspond.ing to a rocking motion of the 

ion. These are show on figure 4.2. 

Kushida bas calculated the manent of inertia of such a pyramid 

for each mc:xie. He has frund, for three magnitudes of r (see fig 4.2), 
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values between 83 and 89 x lo-47 kg m2 • 

Since the manent of inertia is alm.ost the same for the two modes 

and since the restoring forces in the solid state should be approximately 

equal for these two modes, equation (27) can be written with the sum over 

i (l) replaced by a multiplying factor two: 

V(T) = l)
0 
f l- j~ (~ + ~ ·)\. l m m ek'T - l '~ 

@m is the mean value of the two mcments of inertia around the two axis 

and rom is the mean of the two possible vibration frequencies consistent 

with the previous remark an restoring forces. 

0 

A 

FIG. 4 .2. TWO NORMAL MODES OF VIBRATION 

OF THE CIOi GROUP 
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Negligible variation of the volume should be expected for the 

range of temperature covered. In consequence, we can assume that am is 

a constant and write 

where 

.J (T) - J)(o) = - ~--a;;,.__ 
ft.Qn 

elë'T' - 1 

.v ( 0) = J) (1 - 12 ~ ) 
0 0) ~ 

a = JJ/o n 
ro@ m m 

m m 

(29) 

(JO) 

(Jl) 

Transforming equation (29), writing tlm for ~ and taking logaritbms on 

each side, one gets 

tn A~ (1 - e- tln/T ) = tn a - ~ 

where AvT has been witten for v(o) - V(T). The last equation is recti­

fied when the lert sida is plottad against l/T. The slope of the lina 

is 11~ and its intercapt is 11tn a". The exponential term is a function 

of ~ but is rather small for the usual Raman frequency. :FU.rthermore, at 

85°K, an error of 10% an an assumed trial value for this ~will be reflected 

by an error less than 0.1% on the logarithm; this error should decrease 

as T decreases since the exponential term becomes smaller. The procedure 

to follow for an evaluation of ~ is the following: one assumes a first 

trial value for em obtained fran the resulta of other workers; the straight 

line then gives a new tlm which must be nearer the true value than the pre­

virus tlm assumed. 

Kushida bas found that his data was in agreement with an appro:xi­

-12 mate equation gocd for T~~when a value of 217' x J.08xl0 c.p.s. was chosen 

for 0) • The closest line in the Raman spectrum is 27T x 2. 94 x 1012 .c. p.s. m 
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Inserting this value for rom' one gets 

Evaluating e -e/T for each temperature considered, the correction to ~~ 

can be worked out. The only uncertainty is reduced to the extrapolation 

to 0°K, to obtain Y {o). At temperatures above 45°K, AvT is already more 

than 20 Kc. Hence, an error of a few hundred cycles in J{o) do not affect 

much the logarithm, and all the high temperature points should ooincide with 

a straight line. The err or in J) ( o) may be more effective at low tempera­

tures where A~ is reduoed to a few kilocycles or less. By a first graph 

with a trial V{o) one will find>at low temperatures,.marked deviations fran 

a straight line coinciding with high temperatures points. The deviations, 

however, will have all the same sign and all the points may be made to 

coincide wi.th a straight line by a correction an v(o). 

The procedure has been used for interpolated values of v (T) at 

avery 5 degrees fran 15°K to 85°K. The best value of Y{o) fa.md for a 

straight line fit for all these points is 

j) (o) = 291 0.38,270 c.p.s. 

0 The slope is ~m = 141 K coinoiding with the assumed Raman line. The inter-

cept is 

tn a = 6.1 =)> a ;::::; 445,860 o .p.s. 

This last figure shruld not be e:xpected t o be very accurate since an err or 

d K 1\ "'\ of 2p an tn a is reflected by a relative error of 1.3% on a. It will be 

seen below that a better accuracy can be obtained with a least square analy-

sis of all the points. 

Having fa.md the em which gives the best fit to the observed curve, 

this value can be used to make a least square analysis of the e:xperimental 
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points. Equation (29) can be written simp1y as 

V (T) =.V (o) - aX 

where 
x = 1 

eQw"T- 1 

This is again a straight line whose slope is "a" and whose intercept is 

Jl(o). Eva1uating X for each eJCperimenta1 temperature, one gets frcm a 

1east square analysis (assuming T e:mct1y known) 

v(o) = 29,037,800 c.p.s. 

The figure differa by 1ess than 0.00'2% fran the value assumed to obtain 

em. It is on1y O.OG25% 1ower than the last measurement at 16.5°K. The 

s1ope of the line is 

a = 440.903 c.p.s. 

This 1ast value is expected to be more accurate than the one found by 

the first method, since it is obtained direct1y fran a slope and not frcm 

a 1ogaritbm. The two values do not differ by much more than 1%. 

The value of v' 
0 

can be obtained in the following way. Frcm (3 0) 

and (31) we can write 

It gives 

,/ .1 aoœ 
v =v (o) +-o obs 2 

~ = 29,258,321 c.p.s. 
0 

This value would be the resonance frequency obtained at 0~ if the modal 

used in equation (25) had been classical instead of quant~chanical. 

In other wards, it would be the resonance frequency observed at 0~ if atcmic 

vibrations obeyed classical rather than quantum mechanical laws. 



-5J-

Il K.C. 

29,0SO r-

29,030 

29,010 1-

28,990.,. 

28,970 

28 ,9SO 

28,930 1-

28,910. 

28/390. 

1 1 1 

0 10 20 30 4o so 

FIG. 4.3 II(T) vs. T 

6'o 

FOR 

\ 
\ 
\ 

70 80 

KCI0 3 

\ 
\ 

\ 

\ 
\ 
\ 

l 

\ 

90 

\ 

\ 

( CI3S) 

1 

f 
\ 

100 T o • 



-54-

7 

4 

e 
2 

e 

e 

0 

FIG. 4.4 DETERMINATION OF 8 



-55-

1 
1 

i 
1 

1 

1 
i 

J 
1 

0 

1 
! 

l 
.,c 

i 
0 

u 0 • 0 
~M o .. o .. 

0) 0) 
N N 

1 
• 

0 
G) 

0) .. 
G) 
N 

1 • 
" 1 

0 
CD 
0)., 
G) 
N 

• 

• 0) .. 
G) 
N 

0 
0 
0 
N 

0 
0 
co 

0 
0 
N 

0 
0 
G) 

0 
0 • 

0 

0 
z 
<t 

~0 

LL 
0 

z 
0 
t-
<t 
z -
~ 
œ: 
LLI 
t-
LLI 
0 

lt) 

~ 

<.!) 

LL 



-56-

The accuracy an V is rather difficult to calculate, but it 
0 

should be high: ,) (o) is known to approximately 0.003%, and "a" being 

obtained fran a slope shruld be as much accurate. This slope, however, 

depends on .em* an errer of 1% on this last one is reflected by an error 

of mare than 1% on the slope. .e is thus the determining factor, rut 
m 

the precision on this parameter should be high since it is also obtained 

fran a slope. Fran (34) it can also be seen that an error of 1% on "a" 

is reflected by an errar or only 0.008% on V. 
0 

The manent of inertia of the eto
3

- group can be calculated frau 

(30) and (31). 

@ 
m 

It gives e = 112 x lo-47 kil rl. m 

which is far fran the calculated value. The calculation made by Kushida, 

however, is applicable to a free eto
3

- ion. In the situation encruntered 

in a real crystal, the ion is ba.md t o other at ans. For instance, in 

the Na Ct o
3 

crystal, which is similar to K Ct o
3

, Kushida suggests that 

each "O" of the eto
3

- group is coupled ionically to two neighbouring sodium 

atans. With this pioture it is then difficult to give an emet meaning 

t o the manent of inertia. 

Knowing the value of "a" and J)
0

, one can extrapolate to find 

what would be the resonance frequency at higher temperatures if lattice 

expansion was absent. Evidently the thearetical and the experimental 

values will not ooinoide since lattioe expansion is not negligible at high 

temperatures. For emmple, at 0°C the difference between theory and e:xperi­

ment is already 20% of the whole change in resonance frequency fran 0°K. 
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Kushida, Benedek and m.oembergen bave studied this lattice expansion affect 

0 at temperatures higher tban 77 K. They bave measured the resonance fre-

quency as a function of pressure and temperature in that range. Construct-

ing an equation of state and knowing the thermal e:xpansion of the substance, 

they have transformed their isotherms v'(T) versus P to isotherms ,; (T) versus 

v. They could then calculate what would be the resonance frequency, if no 

thermal eJq>&nsion was taking place. These are shown in table 4.2, canpared 

with the theoretical extrapolated values, calculated with .V(o) and 11 a 11 ob-

tained fran the present e:xperiment. 

It is seen that the theory and experiment are in excellent agree­

ment below 80 °K. Except in one case the difference does not exceed 1 kc 

which corresponds to 0.00.3%. Marked differences exist at high temperatures 

between the values obtained by Kushida ani the values obtained here. On 

the basis of the excellent fit at low temperatures, it cc:uld be believed 

that a transformation through an equation of state of the solid, not being 

absolutely wrong, is not as accurate as one would expect. The disagree­

ment e:xplains the difference between Kushida's ~ and Œfn and the figures 

famd in the present e:xperiment. (Kushida (8) bas calculated c.o and ® m m 

to be respectively 2tr x 3.08 x 1012 and 84 x lo-47 kg m2 • A calculation 

done by the present writer with his data gave 95 x lo-47 kg m2 far ®. ; m 

the lattice vibration frequency was found to be in agreement with the pub-

lished value.) 

Figure 4.6 is an overall view of the resonance frequency of et.35 

in K Ct o3 as a function of temperature. The curve called Dehmelt approxi­

mation is the temperature dependance that wruld be observed if the Pl.anckts 

oscillator mean energy in (25) was replaced by the mean classical energy 

! kT associated with every mode. At 0°K the resonance frequency would be 

J)O• 
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TA'RI.Iij 4.2: Canparison between theory and e:xperiment 

T v(T) v'(T) v'(T) Difference between 
c .p.s. c.p.s. c.p.s. !J ( T) calculated 

(observed) carrected by Kushida calculated with and JI(T) observed 
for lattice e:xpansion Bayer • s equation c.p.s. % 

16.5 29,038,530 29,037,714 + 816 0.0028 

17.9 29,038,376 29,037,649 + 727 0.0025 

20.8 29,037,699 29,037,299 + 400 0.0014 

22.2 29, 0)6,905 29,037,026 - 121 0.0004 

23.7 29,036,588 29, 0)6,650 - 62 o.oo02 

26.5 29,035,368 29, 035, Cfl4 -6C6 0.0021 

28.8 29,034,590 29,034,475 + 115 0.0004 

30.4 29,033,688 29,033,798 - llO 0.0004 

31.9 29,031,702 29,032,430 -728 0.0025 

32.4 29,031,112 29,032,046 - 934 0.00)2 . 

34.9 29,029,440 29,029,904 - 464 0.0016 

36.6 29,027,781 29,028,234 - 453 0.0016 

38.0 29,026,416 29,026,738 - 322 0.0011 

43.3 29,020,580 29,020,120 + 460 0.0016 

46.6 29,015,622 29,015,314 + 308 0.0010 

49.5 29,011,853 29,010,667 +l,l86 0.0040 

~3.4 29, 005,4Cfl 29,004,913 +584 o.o02o 

58.0 28,995,306 28,995,184 + 122 0.0004 

64.9 28,981,333 28,981,188 + 145 0.0005 

72.8 28,963,849 28,963,508 +341 0.0012 

73.2 28,962,555 28,962,582 - 27 0.0001 

77.4 28,952,763 28,960,000 28,952,750 + 13 0.0001 

82.4 28,939,8.38 28,940,581 - 743 o.oœ6 

196.0 28,550,000 28,610,000 28,618,678 -8/fl8 

2Cfl.6 28,090,000 28,280,000 28,310,310 -)),310 

357.7 27,750,000 28,080,000 28,123,367 -/A367 
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5. N. Q. R. THERMQMETER 

Owing to the observed temperature dependance of the N.Q.R. 

frequenoy or ct35 in K Ct o
3

, it is seen that, following the suggestion 

made by C. Dean and R. V. Pcund (10), an aoourate thermaneter oan be built 

using the effeot. As mentioned in the theory, this is due to the faot 

that, if suffioient purity is attained, the resonance frequenoy is a tune-

tian only of the temperature, insensitive to variationsin the atmospheric 

pressure. 

This possibility bas been studied by Benedek and Kushida far 

0 temperatures higher than 77 K. It is studied here far lower temperatures. 

Fran the experimental curve V(T) versus T a sensitivity ourve 

0 0 has been derived and is shown in figure 4.7 for the range 15 K to 140 K. 

Far higher temperatures the sensitivity increases almost linearly. The 

numbers written an the right band aide or the graph are figures represent-

ing the aoouraoy with which the temperature could be determined, assuming 

a line centre determination or ± 10 o .p.s. It is seen that below 60°K 

the sensitivity drops very rapidly, being only 200 o.p.a. per degree at 

20°K. This woo.ld correspond to a temperature determination or ± 0.05°K. 

It ooul.d be added tba.t if the thermaneter does nat seem to be 

very praotical to measure temperatures, it could be used, arter aocurate 

calibration bas been dane, as a labaratary secondary standard. Its 

obaracteristics would be: 

1. Gocd sensitivity over 20°K. 

2. Precise reprcduoibility sinoe below a definite inpurity cant-

ent, the resonance frequency is a fundamental property or matter. 

Purity is easily determined by the line width. 

3 • Absence of hysteresis. 
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The last two statements have been verified by Benedek and Kushida1 and 

the first one is deduced fran figure 4. 7. 
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6. SVMMARY AND CONÇLUSIONS 

Nuclear ~pole Resonance frequency or the et35 nucleus in 

K Ct o
3 

bas been measured as a functiœ of temperature fran 16.5° to 

27J.2°K. Estimated accuracy of the temperature measurements made with 

0 0 a thermocruple was ± 1 K far temperatures lower than 50 K and better than 

0 ± 0.5 K far higher temperatures. The accuracy an the resonance frequency 

determination was in most cases better tban ± 300 c .p.s. At 0°0 it was 

measured to ± 11 c.p.s. 

Below 80°K agreement between theory and experiment was found to 

be better than 0.004%. Above this temperature where thermal expansion is 

no longer negligible the agreement is not as goai: near 1% at roan tempera-

ture. The transformation thrrugh an equation or state made by Kushida to 

account far the thermal expansion, was frund to be not as accurate as it was 

e:xpected, and deviations are observed fran the high temperature, extrapolated, 

theoretical values. 

With the accuracy obtained, a very gocd value far the gradient 

of the electric field at the et35 nucleus can be calculated. Knowing this 

value, a canparison cruld be made with the theoretical one obtained fran 

approximate wave-functions. 

Finally, it bas been seen that a useful thermaneter can be built 

using the temperature dependance of the resonance frequency. 

wculd be ± 0.003°K at l20°K and still ± 0.05°K at 20'1<:. 

Its accuracy 
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APPENDIX 

1. Tensor T.ransfar.mation 

The fundamental relation for a tensor transformation is 

A(l) 

where the a(s) are the directional eosines of the primed system of axis 

in respect to the system fixed with the molecule. In tbat notation it 

should be understocd tbat a subscript appearing twice must be summed; 

i
1 

j
1 

and i j hold for any x', y 1
, z 1 and x, y, z. Hence, fran 

figure 1.1 

ax'x ax'y a, 0 x z 

ay'x ay'y ay'z = cos G 

az 1 x az'y a, 
z z sin G 

Fran A(l) one obtains the canponent v 1 1: z z 

=a, a, V +a 1 a V +a a V • z x z x x x z y z y y y . z' z z' z z z 

All V ij = 0 when i # j for the assumed symmetry of the field. Thus 

vzl z' 
2 

= sin G v • z z 

Using Laplace equation and the fact tbat 

v =v x x y y 

0 

A(2) 

A(J) 
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one obtains 

A(4) 

which is relation (10) written without proof. 

2. In the discussion of the theary of temperature dependance it bas been 

stated that the relation A(4) was symmetrical. This is easily sean here 

since all the directiooa.l eosines hold, whatever the "new" ar "old" system 

is. Bence, a relation can be written at once 

2 v = v 1 .sin e + v 1 1 2 n zz y y z z cos ~ 

The tensar ellipsoid is now fixed with the primed system of axis and we 

have 

One can write 1 2 v = ") v , • (3 cos e - 1) z z 1:. z z 

which is relation (20). 

3. Special mcxle of vibration. 

In figure 2.2 is shawn a special mcxle of vibration of a molecule. 

In that case it can be shown easily that Ai can be interpreted as a (mcment 

of inertia)-1• The displacement of the atcms in a molecule ar in a crystal 

can be expressed by the superposition of the displacement of all normal co­

ordinates. · Call xi yi zi, the displacement co-ordinates of the ith atan. 

FIG. 2.2 SPECIAL MODE OF VIBRATION: BENDING 
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Then we can write 

~ = ~ ~1 + al2f2 + ~.3 ~.3 + • • • 

yl = bll ~ 1 + ~~ 2 + al.3 ~ .3 + • • • 

zl = 011 S 1 + cl2 ~ 2 + cl.3 ~ .3 + • • • 

where the coefficients must satisfy the normalizatian comitian imposed 

on the kth normal c~ordinate 

The ai in Ai is simply 

and G is a functi an of all the displacements 

Following these considerations one can write 

For the special type or motion shown in figure 2.2 corresponding to a 

tilting motion of the molecule 

since xj ~ rj G. 

Far j = l and using the normalization condition we have 

0(.1 = ~l ~ = 
1 
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or 

The term ~ii which is related to a stretching motion of the molecule, 

can be shown in a similar way t o have the order of magnitude of a (manent 

-1 of inertia) • 

+ -K and Ct o
3 

• 

In K Ct o
3 

this stretching motion would take place between 

Since the contril:ution of K+ to the field gradient is nat 

expected to be greater than a few percent (8), its variation should have a 

negligible effect and we may neglect that type of contribution in the case 

of interest here. Hence 

- e.-1 
Ai - i 

which is the wanted relation. 
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