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Abstraet 

-
. In the présent thesls, we solve the problem of computlng the 

-
reachability reglons ln two convex polygons for the endpolnts of a ladder, 

whlch ls allowed any motion provlded that' each enqpolnt rematns wlthtn 

the bQundartes of lts respectIve polygone 
.. t) 

Uslng exlsttng algorlthms, thls problem can be solved ln O(n logn) 

tlme, where n ls the number of polygon vertlces. However, by taklng 

advantage of the convexlty -of the polygons, we can reduce thJs tlme 

complexlty and we propose an algorlthm ,lIneàr ln the Input slze. 

The computation of these reglons, aCter havlng determlned thelr 

exlstenée, ts done ln twC? main steps : ftrst the calculatlon of the 
f} 

unreachabilitll region ln each pOlygon, If lt exlsts, then that of tlleo . , 1 

~a6ilitY re-gio ... 
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R:ésumé. 

.' 
s"' 

Dans la présente thèse, nous calcu.lons les réglons d'acct!ssi6ilitt, dans 
• 

deux pOlygones convexes, pour les ~olnts extrêmes d'un segment, auquel 
" 

, " 1-

tout mouvement est permis 'avec cependant ta contrainte que ces points 
( , 

extrêmes restent chacun a rtntérleur de leur polygones resl>ectUs, 

Utlllsant les algorithmes existants, ce problème PElUt être résolu en , 

, temps O(nlogn), n étant le nombre ,de sommets da~s les polygones, Or, 

profit.ant de la" convexité de ces polygones, ,nous pouvons rédulre' la , 

complexité en temps et prop~ns un algorithme linéaire en fonction du 

nom bre ~e sommets.' , 

1 • 

Le calcul de ces réglons, après avoir determlné leur existence, est fait 

en deux étapes: d'abord le èalcul de la région d'inacct!ssibiliU dans chaque 

p~lygone, s'II existe, puis celui des régions d'ac,~essi~ilitt. 
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CHAPTERQol 

1.1.1 .. The K~eya problem 

One of the flrst geometrlcal problems Involvlng the motion or a lIne' segmeftt 

ls the Kakeya problem, [Besl, [eun], [Sch]. In lQ17, the Japanese mathematlclan 

s. Kakeya posed the rollo~lng problem : Let U = AB be a unIt l1ne segment ln the 

plane. What 18 the least possible area swept by U Ir we were to move U from a 

positIon AB back to Its original posItion wlth Its endpolnts reversed so that the 

jJ flnal posItion Is BA ? Refer to figure LI . Kakeya conjectured that the three-

cusped hypocyclold H or figure 1.2 Inscrlbed ln a cl1'cle or dlameter 3/2 , wlth area 
, 

n/8 Is the mInimum area ln whleh U can be turned. Ten ~ears later however, A . 
, ~ 

Beslcovltch'establlshed that the swltchtng of the endpolnts of the segment U= AB 

can be done wlthln an arbltrarlly small ar~a. 

1.1.2 .. More reeent motion problems 

','" 

Stnce then, other types of problems have arlsen, ail leadlng to a more , 

Interested study or the theory of m, vement ln gen~ral and varlous Instances of It 

ln partlcular. Research ln areas sueh as robotlcs , computer graphies, VLSI, Imaie 
, 

processlng and artlftctal lntelllgenee has stlmulated considerable Interest ln the 

theorettcal aspect or the--,'exlstlng problems and ln p8tlcular. attention and 

Importance has been g'ven to the computatlonal complexlty of the problems • 
• '""'s; 

( 
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. . 
The algortthms rpr the motton problems onen requlre and use results, rrom the 

.., 
'areas ot computattonal geometry and graph t.,heory. Examples or classlcal 

algorlthms are the computatton of the convex hull, trtangulatlon, tntersectton 

(0 
detectlon , Voronot dlagrams, vlstbtl1ty gl'aphs, potnt locatton and short est path. 

In contrast to BtaUe geomelry, where the obJects are Inhel'ently nxed and 

wlt)lout mobll1ty, there ls aIse kinetic geometry. Remalntng tn"" the context of 
• 
computatlonal geomett-y, the word klnettc lends to dtfTerent Interpretations. One 

could be that, tbë solvtng or a statlc geometry problem Involves an tmpl1ctt motIon." 

M an example, Imagine Jarvis' march or gtft-wrapplng process ror the 

computatIon of the convex hull of a set of poInts, [Jar]. the other, more dIrect 

tnterp.retatlon, ls the attrtbutlon of an expltctt ~ovement to the geometrtcal 

obJects of the proble~. And a large ,class or problems , catled motion planning· 

problems come ln the latter catel.tory. The motion' planning problem has been 

addressed ln severa! dlsclpltnes and Is known by other James ln the Itterature: 

ftndpath problem, obstacle-avoldance, coll1slon-avoldance or movers' problem. 

" ~ ..... ' Many recent papers look at thls problem trom a computatlt'mal geometry 

vlewpotnt: 

• motion planning Is thus rormulated purely tn geometrlc terma. ThIS allows a 

deeper study or the Inherent mathemattcal structure or the problems • 

• 'also varlous asymPtotl~allY emclent techntques drawn trom the ,dY of l , 

algortthms and data-structures are employed. Complexlty theory also sheds 
• 4 

consIderable nght on the Inherent comple:Clty or the motion IlIannlng probJem • 

, 
" 

o 
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For a survey ot recent algorlthms and eomplexlty results for motion plannln$ 

c '---
together wlth an emphasls on the computa;lonal geometry Issues, reter to [Whl]. 

, ... 
Also ln [Yapl], Chee Yap presents a study of slgnlficant f,h~q,r,et1cal advaQees ln 

algorlthmlc motion planning,.. wlth an emphasls on two "unlversal" techniques, the 
.. 

decomposition and the retraction approaehes, respeetlvely, tbat have been used to 

solve sueh problems, [YaplJ. 

Definition : 

The Mouer's problem, or Findpath : glven the Initial and deslred final 

. 
configurations ot an objeet ln 2- or 3-dlmenslonal spaee , and glven a description ot 

the obstacles, determlne whether there exlsts a contlnuous motlQn of the object 

from the one configuration to the other, and ftnd such ~,motlon If one exlsts. 
\ 0 • 

c li 
Varlous more specUle forms of thls general definltlon have 8;Ppeared ln tbe 

llterature. For example, the objects are sometlmes assumed to be polygons or 

o pOlyhedra and the motions sought mlght be sequences ot pure rotations and pure 

translations. A varlet y ot words have been used to evoke an Image ot the objeét 
u ~ , 

belng moved. It has been called a piano, a chair and a sota for example. The sofa 

problem, tor example, conslsts ln movlng a planar figure, the sota, around a rlgbt 

angle bend ln a corridor (see [Mos1. [How]. [GoI] and [Seb], see also [Str] tor the 

problem ot movlng a "chair" through a door ). 

~ 
! 

A,U these words suggest the assumptlon that the obJect ls Inftexlble, but the 

,J general deftnltlon just glven allows the posslblllty that the obJect conslsts ot more 

o than o~ part and that these parts are attached to one another ln some flexible 

-
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way, say by revolvl~g or sUdlng Joints. Other posslbllltles are that the parts of the 

'} 
objects are not attached and can functlon Independently or that they can even 

change sha~e as well as configuratIon as they move. 
~ 

In case the movlng obJect conslsts or several Independent pleces, the Mover's 

pt"Oblem Is generaIly called a..-!-1o..tion Coordination problem, see for examplc [Yap21. 

The problem Is that of choreographlng the motIon of disjoInt bodIes sa that • 

startlng at an InitiaI configuration, they atta,n a goal configuration wlthout ever 
<:::"' 

colllding wlth themselves or wlth the obstacles. 
~ 

In case the only obJects are the ones to be moved (I.e. thcre ar(' no nxed 

.' , . 

obstacles) and the flnal configuratIon Is only speclfted by requlrlng that the "obJects 

be spread out. the problem Is called a Separability problem. A very',nICe survey or 

separablllty problems 15 done by ToussaInt ln [Toul] • 

For the even harder case of flndlng a path whlle the obstacles are also alloWcq 
o 

to move, Kant and Zucker, ln [KZh generallze the path plannIng problem to one of 

trajectory planning , ln a'tlme-varyl ng envlronment. 

For the Mover'8 problem, however, the problem of movlng slmpler obJects 
/ 

than polygons such as a dIse or a I1ne segment, aIse called, a ladder. a rod or a 

needle, has recelved sorne attentIon. We will ln thts section present sorne recent 

results on movlng a ladder ln the plane and ln the next sectIon descrlbe sorne 

problems ln the area of Separability. 

t 
Mathematlcal and algorlthmlc analysls of the general motIon plannIng 

problem began ln the early elghtles ln a series or pa.pers by Schwartz and Sharlr, 

(981), [982] and [8S3]. They 5howed the posslb1llty of uslng -analytlcal and 

, .. _-,.,,--,--~,~-----------~-----------_...I 
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topologlcal, rather'than purely geometrlc, methods ln motion planning. Uslng the 

proJection li approach, the Mover·s problem ln [8S1] Is reduced to searchlng ror a 

path ln a graph that represents the connectlvlty propertles of the space whlch Is ail 

the rree legal configurations of the movlng object, called FP for Cree p~ltlon, that 

ls, positions of the movlng object where there exlsts no colllsion wlth the obstacles. 

Schwartz and 8harlr glve an 0(n5) algorlthm for planning the motion of a ladder 

where n Is the number of Hne segments composlng the boundarles of the obstacles, 

and ln [SS5J, they analyse tbe problem of a rod movlng ln 3D space. Thelr work 

stlmulated approaches wlth a more tOPologlcal fiavor ln papers sucb as [08Yl], ... 
[OY] and !yap2]. 

For the specifIe case of a ladder movlng past pioar obstacles, [OSYl] have 

Improved thé 0(n5) algorlthm of [S8l] to obtaln an 0(n210gn) algorlthm by 

'" '--"";;-

applylng what they descrlbe as a relraction approach, a notion from topology . 
. " 

They obtaln O(nlogn) and 0(n210gn) algorlthms for movlng, a dise and a Hne 
. , 

~egment respectlvely past planar obstacles, n belng ~he number oC sldes ln the 

obstacle boundarles. They do thls by uslng the notion oC a Voronol dlagram and Its 

generallsatlon to 3D configuration space. Then ~ retractlon mapplng 15 applled to 

thls dlagram and the Mover·s problem Is thus reduced to a path search ln the 

dlagram. In fact a motIon between two positions exlsts ln FP If and only Ir an 

approprlately retracted motIon exlsts wlthln the 5ubspace Into whlch FP Is 

mapped. Chien, Zhang, Zhat;lg [CZ~] also analyse the planning of a colltslon-Cree 

path Cor a rod movlng.ln the pl~mong polygonal obstacles, uslng metho~ 

from topology~ The rod 15 allowed translation and rotation. (OSY2] and [OSY3] 

use generallzed Voronol dlagrams for planning the movement of a ladder • General 

--
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motion planning ls reduced to searchlng ln a graph whlch represents a su bset, the 

_ skeleton, ot a "Voronol- cornplex". The construction or the dlagrarn ylelds a, 

motion planning algorlthm ror the ladder whlch runs ln O(n210gn logn) tlme. 

Leven and Sharlr [LS] glve an O(n2 10gn) motion planning algorlthm ror a 

ladder. Thelr algorlthm uses the sarne general techniques used ln [SS 1] tor the 

, partltlonlng ot the 3D manifold of free positions FP or the ladder Into connected . 
components. This technique decomposes FP Into simple ,connected cells, each cell 

belng a vertex ln the connectlvlty graph CG, and establlshes adJacency 

relatlonshlps between these cells , reduclng the contlnuous motion planning 

problem to a dlscrete graph seal'chlng problem. Thelr algorlthm howcver contalns 

some Improvements, sueh as locally updatlng the connectlvlty graph al, the crlUcal 

positions, that make It more emclent than the prevlou!? algorlthms . Recently, 

Sltrony and Sharlr ln [SIS] also exhlblted an O(n210g n) algorlthm for the saine 

probJem, whlch runs more emclently when the obstacles are not too cluttered 

together. 

" 
Hopcrort, Joseph and Whltesldes however, conslder a dlfTerent type or 

problem. They deal, not wlth a single Une segment but wlth an assemblage or 

them. In [HJWl],[HJW2) they show that the problem or tOldfng a carpenters rule Is 

NP-complete although. solvable ln pseudo-polynomlal Ume by "'dynamtc 

programmlng. They are ln (HJW3] eoncerned wlth the motion of linkages rrom the -

computatt0!lal co~plexltY point ot vlew. A planaf llnkage conslsts ot rlg~d rods 

that are tree to rotate about Joints al, thelr endpolnts. Each Joint connects two or 

more rods and some JoInts are fastened to the plane. An Interestlng result fs that a 
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planar linkage , that can model a robot arm for example', can be constralned to 

stay ln the lnterlor or a bounded polygonal reg~n by the addition or a polynomial 

number or new links. 

" We wlll now hlghllght sorne lnterestlng results ln a dlfl'erent Instance or the 

movers' problem, the separability of sets. 

1.2 .~eparaDiIit:r of polygons 

1.2.1 - Previous work on the movable separability of sets - . 

One Important 8ubset ln the wlde class or problems Involvlng motion 18 that 

of the separability of sets under dltrerent types of motion . The movable 

separabtllty problem8 are prlmarlly concerned w'lJih the ldea or separatlng one or 

( -
several geometrlcal obJects away from a set and studylng the posslb11lty and the , 

methods or dolng 80. Although It 18 dlmcult to preelsely deftne the class or 
" . 

'.' 

problems that come ln the category or separablllty, they dl1Jer ln general, trom the 

typlcal colllsion avoldance and path plantllng problems encountered ln rabotlcs. 

The goal 18 to spread the obJects far apart . In thls C1:lSe a precise final 
c 

configuratIon 18 not really speclfted slnee one slmply wants to <;letach parts of a 

"puzzle" allowlng dltre~ent types or motion such as translation, rotation " 

sequential, simultaneous , ( some puzzles cannot be solved by sequentlal movement 

of thelr parts but by a s1multaneou8 motion , each part havlng' Its 6Wn direction , 
and veloclty), and uslng geometrleal propert~es or the bodies such as convexity, 

" 
monotonicity, star-shapednes8 ~nd so on. A study ln ~readth or the movable 

• ; ~~il .., 

'J separablllty or sets 18 done by G. Toussaint and 15 clearly presented ln [TOUl}. We 

" 

..... 
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wUl here present sorne problems ln the pla.ne and a • some classlcal, others more recel}t, berore descrlblng ln section 1.2.2 the origInal 
• 

problem that trlggered the probfem whlch ls the subject or study or the present 

thesls. 

Conslder a set or n isothetic rectangles ln the plane whose sldes are paratlel-to 

the x and y axIs. Conslder the problem or translatlng th'e cnUre collection by sorne 

vector wlth the constralnts ,that every rectangle Is moved sequentially' and tha~ at 

no tlme durlng the process do we allow collisions to occur. between a pair or . 
objects. Gulbas and Yao have shown that glven n rectangles and a dIrectIon. l, a 

'; transl~tlon orderlng always exlsts and that It can be computed ln O(nlogn) time. 

ThIs also holds ror the more general case or convex polygons,[GYj . Later 
, .. 

o 
Ottmann and Wldmayer proposed a slmpler algorlthrn wlth the same complexlty 

", 

to solve the same problem, [OWj. The more general types or p'roblems cl"lnslder 

., . 
other types or polygons and other types or motion besldes simple translation and 

de al wlth the notion or Interlocklng or polygons, see ror example Sack and 

,- ToussaInt ln [ToU2] [ST] and (TS] and Chazelle & al [Cha!']. 

o 
Sorne separablllty problems can be expressed as querles such as glven a subse~ 

pl or a set P or convex elements, compute ail the dlrectlons ln whlch p' can be 
\ 

translated away rrom P , wlthout coJJ1dlng wlth the members or P - P', or glven , 
• • 

an orderlng on the polygons , ftnd ail directions or translatIon that admit thts 

orderlng. Reter to [MT). A simple query Is, ror example, glven an obJect ln a set or· 

convex polygons , what are ail the directions or translation ror thl5 obJect ta 

translate away trom . the set ? .one way or solvIDg thl8 query Involves the 

", 
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computa~lon of an or.4erlng ror (P~lbly overlapplng) Intervals on th~ perlmeter of 

, a clrcle. The same qpery for the three dlmenslonal case Involves ftndlng the union 
, 

of (posslbly Intersectlng) polygons on the surface et a sphere. In fact, the three-

dlmenslonal equlvale'nt oc. a nurnber of translation querles , lIivolvlng vIslb1llty ln 

the plane, tn'Volve solvlng' problems' ln a Iion~eucl1dean space, namely on the 

surface of a sphere. [Man]. 

Recently, Battaeharya and Toussaint proposed a llnear algorlthm -for 

determlnlng the translation separablllty of two sltnple polygons, once a 

triangulation Is obtatned, ,(BT]. ' Two polygons are sald to be separable under 

translation If one or them can be translated an arbltrary dIstance ln sorne ftxed 

direction wlthout Intersectlng wlth the other. Thelr algorlthm uses the polygon 

" , 
triangulation algorlthm of TarJan 'a1)d Van Wyck [TV], whlch runs ln O(n log 

, ' . 

. logn) tlme. 

There ls an ,Interestlng dIstinctIon to make between two types of motion ln a 

set of obJects. One 1$ the sequential movement ( th,~t 18 one object Is move.d at a 

tlme whlle the others rernaln statlonary) and the other Is simultaneous. From there 

also 'de rIves ,the' Idea of interlocking. For ex ample, the three quadrllaterals of figure 
. ' C 

1.3 Interlock under a sequence of translatIons or a sequence of rotations, howe~er 
" ' 

, ô 0-' r 

can De separated under simuitaneous mQtlon . The saine observation can be made 

wlth any n,umber of such quadrllaterals. . 
-:. 

, Conslder the monotonitity property~ A poiygon P ls sald to be monotone or 
~ ~ 

m~no'tonic. ln a dIrectIon d, Ir It can b~ partltloned lnto two subchalns, such that 

_ • J> 

tor each subchaln, the orthogonal projection onto a llne parallel to d, perserves the 
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orderlng of the points. Conslderlng monotone polygons, EIGlndy and Toussaint 

[TE] have proved the followlng theorem : 

theorem glven two pOlygons P and Q monotone ln the directions d and t 

respectlvely, then P and Q are separable wlth a single translation ln at least one 

oC the two dlrectlons d + 1r/2 , t + 1r/2. And the direction oC sëParab1llty can be 

determlned ln O(n) tlme. _ " 

What about three monotone polygons, and Cour? Notice that the quadrllaterals oC 
OS' 

figure 1.3 are also monotonlc. Toussaint [ToU2) and Dawson [Dawl) have shown 

lndependently, that tbree monotone polygons can °be sequentlally lnterlocked, see 

figure 1.4, ~ut that they are separable under slmultaneous translations, and that 
, <> 

tour can Interlock even under slmultaneous motion, [Dawl), see figure 1.5 . 

One class oC pOlygons that present Interestlng propertles are star-shaped 

poly}bn.s. A polygOn'p Is sald to be star-shaped Ir It contalns a convex reglon, 

called the kernel (posslbly reduced to a single point), Crom whlcb no part or P Is 

hldden rrom a guard, If he were to stand on any point Inslde tbe kernel. IL Is a 

\'( .. weil known result that two star-shaped n-gons are always movably separable wlth 

'~', a slngle translation and 1ihat a dIrection ror separatlng them can be determlned ln 

, Unear tlme. This Is due to the l1near Ume computation or the kernel ot Lee aîÎd 

[fi 

Preparat.a, [LP). The above statement suggests that two star sbaped polygons, P 
,,~...,. 

and Q, can be separated by translatlng both of them slmultaneously ln sorne pairs 

of direction wlth respect to an arbltrary ftxed point ln the plane. In tact lt 18 

~ 1 
sumclent to guarantee that the relative motion between P and Q ls correct. Let f 

K(P) and. K(Q) be the respective kernels or P and Q. Let a and b be any pair C?t 
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points ln the plane such that the Une L(~ b) golng through a and b. Intersects 
~ 

-..... 
K(P) and K(Q). Let x be any reference point ln the plane, and conslder the vectors 

, . 

xa, xb and ab, ln figure 1.6 • We èan now see tbat te we translate P and Q ln 

cltrectlons xa and xb wlth velocltles proportion al to the magnitudes of xa and xb 

respectlvely. the correct relatIve motIon between P and Q Is malntalned. DIfferent 

paIrs or polnts (a. b) only change the relatIve veloclty or separation. 

Dawson has proved ln [Daw2] that ln any flnlte collection o~ three or more 

convex bodies ln the plane. Intersectlng at most ln thelr boundarles, there exlsts at 

, . 
least three elements whlch are movable~ This however does not lead to easy 

generallzatlon ln spaces or arbltrary dImensions, as the example of the twelve tUes 

ln figure 1.7 demonstrates It. These convex obJects are Interlocked under any type 

of motion. For star-shaped polygons however, Dawson has shown that any 

collection of them are always separable under slmultaneous translatIon. 

Tbeorem: 

. . 
Let P = { PI, P2, ..• • pn} be a set of star-shaped polygons. Ir there exlsts a 

. . 

set T or translations T = { Tl, T2 •.•. ,Tn}. TI = (D,V) (directIon and v~loclty), 
, Q .. 

such that under T every pair (PI, PJ) I.J = 1.2 •...• n. or polygons Is separable, then 

P 1s separable under simultaneous translatl~n. 

. 
Ir we translate each Pt .. by the vector TI we ,easlly see that the relative motIon 

. ~ 

between every pair of polygons Is. malntalned. Refer to ftgure 1.8. 

, , 

. 1 
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1.2.2 - Stating the original problem 

Let "there be two star shaped polygons SP and SQ wlth kernels K(SP) and 

K(SQ).' And let there be two poInts a E Ker (SP) and b E Ker (SQ). The vector ab 

determlnes a direction or separatIon for SP and SQ but also a velo city. We are 

Interested ln Hndlng ail the pa1rs of points p E Ker(SP) and q E Ker(SQ) su ch that 

U pq " = Il ab Il. In other words what reglons Inslde the two kernels determlne a 

glven veloclty of separatlon of the two po)ygons ? 

1.3 - Problem Statement 

Stated more generally and Independently, the problem ls the rollowlng : Glven 

two convex polygons P and Q and a lIne segment S = [ a, b J of length r, 
1 ~ 

calculate the reglons Inslde P and Q If they exlst , such that Scan be placed ln P 

and Q wlth the constralnt that the endpolnt a lies wlthln the boundarles ot P and 

the endpolnt b wlthln those of Q, see figure 1.9 for an tllustratlon. What Is the 

reachabtllty reglon for endpolnts a ·~nd b ? 

1.4 - The approach taken and the structure of the remaining"chapters 
b 

To solve thls problem, we wlll Hrst compute the unrèachabtllty reglon lor the 

two polygons. This· lnvolves computlng the Intersection of clrcles of equal radius 

about each of the vertlces of the polygons. We first present ln chapter 2 an exlstlng 

algorlthm to compute thls InterSection. Then, ln chapter 3 ,we show how thls 

pfoblem can be solved by an algorlthm that has the advantage of being 

generallsable to computlng t~e Intersection ot cIrc les of arbltrary radll. In chapter 

/ 



o 

/ 

o 

-4 we compute the reachablllty reglons ln the two polygons. For thls we ha.ve to 

calculate the Intersection ot two convex figures that may have arcs or cIrc les as 

part ot thelr boundarles. And ln 'cha.t>ter 5t we exhlblt the complete algorlthm tor 

. 
solvlng the problem stated ln the prevlou~ section. Flnally wc close wlth open 

problems ln' the last chapter. 

l' 

\ 

{/ 
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CHAPTER2 

2.1 ~ Brown '8 algorithm 

In [Brow). Kevin Brown exposes an algorlthm for Intersectlng n clrcles 'or arbl-
i 

trary radll, whlch we descrlbe very brlefly., ror: Its beauty and slmpllcltY. The algo-,. 

rlth'm runs ln O(nlogn) tlme:: 

Brown uses an Involutory Inversion transform, whlch maps a clrcle paS§ïDg through 
, 

the center p oC the Inversion, to a Une that doesn't pass through p and vice-versa. 
o 

It also transCorms any sphere that passes throug.h the center of InversIOn to a plane ' 

not passlng through It. Conslder figure 2.1. Ir the n clrcle ln the plane share a com-

mon boundai'y point P , we choose P to be the center of the Inversion transrorm 

and computlng the IntersectIon of the n clrcles will thus be eqUlvalent to comput­

Ing the Intersection or the haU-planes whlch can be done ln O(nlogn) tlme. see 

figure 2,2. 

In the general case however, when the clrcles don't Intersect at a common 

point we do the followlng. Let the cJrdes lle on a plane L • Choose an arbltrary , , 

pOint P not ln L. For each clrcle 'Cf 'there 1~ a unique sphere that passes through , , 
,1 • 

point P and that lntersects the plane, L at clrcle c. We can thus represent the n 
, ~ , 

dIses ln the plane L by n balls whose spherlca\' boundarles share a common poInt P 
, 

l' , 

and' reCer" to figure 2.3. InversIon ab~utl p<?lnt P 'transforms the n spheres' to n 

planes. The IntersectIon of the n dises ls t~ererore represented by the Intersection 
, , 

of the n halt-spaces. whlch can be eomputed ln tlme O( nlogn), uslng Preparata 
,1_ e \ 

, .' 

and Muller's algorlthm, [PM). 
1. 

, .. 

" . 

l ' 
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2.~ • Melville's algorithm ___ _ 

2.2.1 - Problem statement 

Melv1lle, IMel}, ln the context ot findlng the minimum spannlng clrcle, (msc), 

r~r a set of points ln the plane, encounters the followlng problem : 
, -.,.~, 

Glven a convex polygon P = { Pl' P 2' ••• , Pn } and a radIus r, what ls the 

reglon formed by taklng the Intersection of n clrcles of radius r, about,. eaéh of the 

n vertlces of P ?-
_ 't . 1. 

It ls certain that a non-empty tntersectlon exlsts slnce tlie radius ris not glven 
, 

but determlned by the dIstance trom the centrold ot P to the furthest vertex of P . 
. '~.:-

2.2.2 - Overview or the rolling algorithm 

The rolling algorlthm Is an approximation algorlthII). whlch computes a convex 

reglon whlch Is certain to contaln the center of the msc. The area of thls regloil 

may be made as small as deslred allowlng the location ot the center ta be 

~pproxlmated more and more accur~tely. Let c' and r' be the exact center and' 

radius ot the msc. The Idea Is the followtng : 

- choose an Initial center co' taken ta be the area centroid of the Input polygon • 

The area centrold of a convex figure has the tollowlng physlcal Interpretation : If 

the figure were to be cut out of sheet metal, It would balance on a pin point , . 

located under the area centrold. We can trlangulate the convex 'polygon and take 

the-~entrold to, be the welghted sum ot the centrolds of each triangle. 
~~.I:' 

, ..... ( 

- compute the maximum dlstance trom Co to a vertex , and take thls distance to 

be the radius roof a first spannlng Ctrcle • 

- then calculate the Intersection reglon Dr 0 ' of clrcles of radius r 0 about each of 
....... -

, 
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the polygon vertlces. We repeat thls process by chooslng Cl to be the '~area 
. , 

centrold oC Dr 0' compute ri to be the maxImum dIstance between Cl and. the 
~ 

polygon vertlces and compute the next reglon Dr 1 whlch Is nested ln Dr o' 

The complete algorlthm conslsts or several Iterations or the above procedure and 

generates a decreaslng sequence oC radll : 

and a correspondlng sequence oC nested convex reglons : 
': 

Dro >= Dr 1 >= .. ;. >= Dr., #--

. 
The Interestlng part ln thls algorlthm 15 to show how to compute Drj ln l,near 

tlme. We wlll ln the next section aescrlbe ln detatl the calculatlon oC Drj. knd 

show that Il, can be obtalned ln tlme Ilnear to the number or the Input (convex)' 't 

polygon vertlces • \, 

2.2.3 - Computing Dr j in linear time 
, 

. Figure 2.4 shows the nr reglon Cor sorne r > r #. The Idea Is the Collowlng : 

Imagine that the polygon vertl~~s are pOles and that a metal rIng or radius r 

enclrcles the polygone The ring 15 Cree to roll around the pol es. As the rIng makes 

one trip ar~>und, the center ot the rIng w1ll trace out exactly the perlmeter oC Dr. 

~ 
Let r >= r - be an upper boun~ on the radIus oC the I11sc • ~ vertex x oC the 

polygon Is ~ contac't point at radl~ r means that there 15 a radlus-r spannlng clrcle 

through x. We want to Identl1'y qulckly .. the radlus-r contact vertlces. T~ereCore 
~ 

computlng Dr wUl produce them ln counterclockwlse order, as a sub-sequ'ence oC 

" the Input sequence. We thereCore need a sumclent conditIon rot: dlscardtng poInts , 
that do not ~ontrlbute to Dr I.e. t.hose that cannQt be contact points. Let" Pi' 

Pi H' Pi +2 be three consecutive vertlCE:5 oC the convex polygon P. 

' .. 

-.;' ..... ,' ... . , . 

1 
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Let 'circ (r, 'Pi' Pi +2) denote tlië radlus-r clrcl~, through PI' and Pi +2' NotIce 

that there may be two such clrcles. We take the one whlch has Its center on the 

opposIte slde of the. Une through Pi and Pi +2 as Pi +1 Is. Then Pi +1' Is not a radIus­

r contact poInt. Refer to figure 2.5. Intultlvely, the curvature of the clrcle ls 

greater than the curvature of the polygon 'b~r:tdary 'between vertlces Pi and Pi +2' 

, a~d Pi+l must fall Inslde. Also, circ (r, Pi\.,Pi+2) need not be a spannlng clrcle or 
,\', 

the entlre polygon. 

The algorlthm to comput~ Dr Is as rollows : Let c be the center or a spannlng 

clrcle. Flnd the furthest vertex to e , call lt Al and let r be th15 dIstance and 

therefore the radius 'of a spannlng clrcle C. We want to find a paIr or consecutIve 

contact poInts at radIus r. C goes through Al. To ftnd the next contact poInt A2, 

ImagIne C swlnglng.about vertex Al, clockwlse. The ftrst vertex touched by C wlll 
.' 

be At!. Let 8 be the center or the radlus-r clrcle through Al and A2: The w~dge , 

or the angle Cormed by (e. Al, 8) 15 the smallest possIble. ReCer to figure 2.6. 

Let 8uee (Pi) be the successor of vertex Pi ln clockwlse order. To flnd the next 
'y 

contact poInt, we could repeat the procedure, uslng A2 as a pivot and choose 

among 8tLcc(At!), 8tLec(succ(At!») etc. the one that touches first t~ sWlnglng clrcle. , , . 
It would take O(n 2) tlme to ftnd ail the contact pol nts. Instead, Melville desèrlbes 

.i 

a llnear algOrlthm that ylelds ail radlus-r.·. contact poInts arter one clockwlse trIp 

around the polygone The Idea Is the Collowlng. 

'" 1 i ' 
We keep track oC the clockwlse successor ~f each vertex, ln an array called 

Buce. Thus 8uee [Pi] Is Pi +1 ln the orIginal polygon.\ There are also two stacks S 
./ ) 

and DP. S eontalns the polygon vertlces PI such that an arc oC Dr Is on the 

radlus-r ctrcle about Pi' DP :~ontalns the vertlees or Dr, that Is the eènter or the 

clrcle that goes through two consecutIve vertlces of S. The stack S flrst contalns 

the two contaet~lnts Al and Ai In a I~P, the algorlthm keeps addlng a poInt 

\. 

.. 1 
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Pi+l to the stack'S and the center or circ ( rt Pi-l' p,") to DP as long as Pi+l -15 
o 

InsIde circ ( r, Pi,-l' Pi) and that there are stlll vertlces to be vlslted. 

But lt Pi +1 Is outslde circ ( r, lli -1' Pi) lt means that Pi ls lnslde circ ( r, pi -1. . . . 
Pi +1) and that Pi Is not a contact point and thererore can be dlscarded. s? we pop 

the stacks Sand DP and update the IIst or successors by lettlng Pi +1 be the 

successor ror Pi-le We then retreat counterclokwlse, popplng the stack, untll 

8ucc(Pk ) Is agaln Inslde circ ( r, Pk -1' Pk ). The retreat must termlnate because at 

ô worst 0' we wlll baék up to circ ( r, An-l, An) whlch Is a spannlng clrcle. Once 
" 

8UCC (Pk Lcomes back InSlde, we agaln start advanclng clockwlse. or course , Buce 

(Pk) ts not nece~sarlly a contact poInt 'and we may later back up over thls current 

8UCC (Pk)' 

We now glve a pseudo Pascal descrlptkm or the algorlthm : 

Input: 

- Vertlces oC a convex polygon P = { PI' P2' ••• , Pra } , stored ln an array. 

- a radIus r ( we suppos(' that we have already computed thls radIus as belng the 
~ - ' " 

distance or the centrold or P to t~e Curthest vertex oC P ). 

li "Putput: 
~. . 

IntersectIon reglon Dr, oC clrcles or radius r , abouli each or the n vertlces or P. 
i> 

Data structure: 
.... -

- P Is stored ln an array [ 1 .. n 1 or vertlces . 

- Succ ls an array [ 0 ~~ ~ 1 or Inteler. It stores a clrcular ltnked ltst oC IndIces Into 

P, the active polygon vertlces. 

- S I.s the stack or contact pqlnts I.e. t~e vertlces Pi such that an arc oC Dr Is on a 

radlus-r clrcle about Pi • 
t ',', '\ ' 

~ - DP Is the stack contalnlng the ve 'tlces or Dr, that Is the center or the clrcle that 

.. 
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. 
goes through two consecutive vertlces or S. 

Algorithm: 

initialize : 
for 1 := 0 td (n - 1) do 8UCC [ 1] < -- 1 + 1 ; 
S'flCC [n] <--- 1 ; 
S <-- ( Al, A.t?), '{suppose we have round these ftrst two 

contact points as descrlbed eearller} 
k < -- 2, Index of startlng vertex. . 

Whlle s[k) < > S[I] do {when s[kJ = S[l) we have come to the ftrst 
contact point and we 3tOP } 

begin 

-. 

whlle P[ suee [ S[k] 1 ] Inslde cire(r, s[k-I), s[k]) and s [ k ) < > 5 [1 ), do 
begin 

push onta DP. the center or eire( r, s[k-I), s[k} ) 
push onto S, suce [s[k] ) 
k <-- k + 1 

end; 

Ir s[k) < > 5(1) then--------

begin 

ènd. 

z <--- suce [s(k] r 
whlle P[z] outslde circ (r, s[k-1J, s(k)) do 

begln { start backtraeklng } 
\J suce [s[k-l) J <-- z ' 

pop S 
popDP 
k <-- k - 1 * 

end ' 
end,,', 

2.~.4 - The analysis 

The correctness 15 j>roved by the tact that If Pi +2 Is outslde the clrcle circ ( r, 
, . 

( 

Pi' Pi +l ) then Pi +1 does not contrlbute to Dr slhce lt w11l be lnslde circ ( r, Pi' 

Pi ~2 ). We now ~:R"b.t to show that the algorlthm requlres O(n) tlme te ~elect the 

radlus-r contact points trom a convex n-gon. When advanclng clockwlse. the , . 
, algg.t\thm always stacks a point lt has not consldered -berore. Slnce there are at 

, , 
( 

arst n vertlces, the total cost ror advanclng ls O(n). No~ constder' the retreatlng 
.~ 

action , ln wblch the algorltbm backs up past poInts It has already placed on the 

• • stack. The test to determlne whether the a1gorlthm should backup !s 0(1), alnce lt 

.' 

1 1 
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requlres only checklng that one poInt ls Inslde or outslde or a known clrCie. 

Whenever the algorlthm backs uP. lt ellmlnates a poInt as a possIble contact point. 
( 

Slnce at most O(n) points may be el1mlnated. the total cost or retr.eatlng 18 
'1 

bounded by O(n). "-:-

-2.2.5 - An example 

Conslder figure 2,7. Let Al be PI' Tbedlrst vertex Af.-In clockwlse order. hlt 

by the swlnglng clrcle about the pivot Pl wlll be p 2' So A 1 and p 2 wlll be tllë Orst 

two elements or S. We then advance clockwlse and test whether p 3 Is, ln circ (r. 

PpP 2)' Yes It ls • 50 we push (p l."P 2) ln DP, push the vertex p 3 ln S and go lo 

the next vertex whlch 15 p 4' Let «Pi ,Pk) be short ror circ( r, P j' Pk) ). la p .. In 

(p 2tP a) ? Yes, and we push (p 2'P 3) ln DP. pUSh P 4 ln S and ,go to see P 5' At thls 

stage t-he stacks Sand DP contaln (frOID bottom up): PI' P2' P:l-'C:P" and (Pl,P2)' 

(p 2'P 3) respectlvely. We continue, ls Po ln (p a,1! 4) ? No, 50 we backtrack and pop 
- " 

P 4 from S" and (p 2'P 3) from DP. Is P
J
5 outslde of (p 2'P 3) , no so we stop the 

backtrae~lng and go torward . Is Po ln (p 2'P 3)' yes 50. we push Po ln Sand -.... 
1 

CP 2'Pa) ln DP. Then, we test: Is Pl ln (p 3'P,o)? (notIce that slnce we have popped 

P .. from S, the succes50r of P 3 Is not P .. anymore but P 5)' Yes It.ts , so we push Pl 

ln Sand (Pa'P 5) ln DP. We test the next one: la P 2 ln (p 5'P 1)' yes, 50 we must 

also/push CP S'P 1) ln DP and we stop slnee PlIs the ftrst, element or the stack. The 

eontaçt "points are thererore PpP 2.P a,P 5 ln S together wlth the vertlces ot Dr ln 

DP. 

2.2.6 - Comment8 on Melville's algori.t~m - -
An Important thlng to notice ln Melv1lle's algorlthm la that the radIus oC t~e 

clrcle Is not glven but rather Is"s runctlon oC the Input polygone The tact that a 

spsnnlng clrcle exlsts guarantees s non-empty reglon Dr. Thererore, hls algorlthm 
1 

(i! 

, 
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.( 

does not really answer the quet"y: glv~n a convex polygon and glven a radius r, 

compute the IntersectIon or the clrcles about the polygon vertlces, Ir It exlst.s. and 
J 

answer no If It doesn't. Also, hls aJgorlthm may Invol~e backtracktn~. Flnally. an 

Important restriction on thfs method ts that tt does not eastly e~tend to the 

general case of computlng the Intersection or ctrcles or arbltrary radll, about 

polygon vertlces. 
u 

The algorlthm we prop~e ln the next chapter, ts a150 Itnear t nIts tArne 

compiexlty but has the advantages or taklng as Input any convex ,polygon and any 

radius, repbrttng Ir no Inte~ectlon exIsta and yleldtng It, Ir one doe5. Mofeover, It' 

can also be easlly modlflect to' handle the general case, that ts when the circ les' 
" 

about the vertlces have each thelr own radIus. 

1 a '-"" 
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CHAPTER 3 

Cl 

3.1 • Introduction , 

. , 
\ ,1 

Glven a convex polygon P = { Pl' P 2' ... , Pn } and ~e segment A = [a l' 
,., 

a 21 or length 1, wlth the constralnt that al be Inslde P, w\e woul?- llke to compute 

the reglon ot the plane, that 15 not reaehable by a 2' Ir al remalns ln P. Let CH be 

the eonvex hull of the n clrcles of radIus r about each of the n vertlces of P. The 

reglon ot the plane outslde CH 15 unreachable by a2• The-re may also be sueh a 
(.J 

reglon Inslde CH. If lt exlsts, we prove that lt ls the Intersection of the n elreles 

and glve a ltnear algorlthm to compute It. Also we wlll show how our algorlthm 

ror eomputlng thls Intersection can be generallzed to the case where each clrcle, 

around a vertex, has lts own radl us. 

',' 

3.2 - 'Intersection of cireles of equal radii 

. 3.2.1 - P)"eliminary results 

. 3;2.1~1 - Th~.line segment case 
. ~ 

Betcire cpmputlng the unreachablllty reglon for the polygon case, let us solve a . ~ 

s1.mpler version or the problem : 
. , 

Question: 
<1 

Conslaer a statlc IIne segment 8=[8 1, 8 21 of length 1 ln the plane, and a IIne 

segment A=[a l' a 2] of length r , 8ueh that al 18 constralned to remaln on Sand 

oan sil de between 8 1 and 8 2, whlle a 2 Is free to rotate about' a l' See figure 3.1. 

We want to determlne the unreachableOreglon U tor a2, th~t 18 the locus ot points, 

such ~hat : for any point p of U, there Is no point q on S such that d(p, q) = r, 
o • 

w~ere d(p, .q) denotes the euc'ndean distance between points p a!ld q • 
() - . 

- ~, 

\. 

'1 ' 

• 
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Idea: '1 

"" Conslder the convê'x hull or the two circ les Cl and C 2 or radius r and about 8 1 

and 8 2 r~spectlvely. It has the shape or an tclair. See figure 3.2. The reglon of the 

plane "outslde" CHee l'c 2) ls obvlously an unreachablè reglon for a 2 • But there 
~) .;r 

"(" ..... ,. 
may also be such a reglon Inslde CH( c pC 2). 

* Ir 1 >= 2 * r , then the enttre tclair 15 accessible to a 2• As a proof Imagine the 

rollowlng: Place a 1 on 81' The accessible potnts to a 2 are ail the points on the , 
ï>erlmeter or Cl. Imagine Cl to be a clrcular painting bru~h. Translate al from 8 1 

to 8 2 0 The accessible potnts al 50 translate rrom the boundary oC C 1 to that of c 2' 

thus painting the entlre éclair. Notice that the hourglas8 reglon Inslde the éclair 

but outslde c 1 and c 2 wlll be palnted twlce. 

* Ir 1 < 2 * r , then there w1lI exlst an unreachable reglon for a 2 whlch will be the 

strict Interlor oC c 1 n C 2. It Is eas~ see that thls Teglon remalns unpalnted, and 

the two curved trlangular reglons, Instde the éclair .and outslde both c 1 and C 2' 

wlll be palnted twlce. 

3.2.1.2 - The polygon case 

We wlll ~rst state the problem, then prove a rew results, berore presenttng, ln --
the next section, the algorlthm. 

Problem statement : c 

Conslder a conVlèx polygon P as deftned pr,evlously, and a Une segment A = 

[a l' a 2] or length r for whlch ails coœtralned to remaln' imide or f)n the 
rr 

boundary or P. What Is the unreachable reglon for a 2 ? 
, , 

We are Interested ln ftndlng the unreachable points 0 InSI~e CH (c l' C 2' o •• , 

Cil)' From n~w on we wlll assumy that ail two adJace~t clrcl~·lntersect. The case 

" " 

. 
" ,. 
~J..I ' 
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-"".. 

or two dIsjoInt adjacentclrcles wlll be handled by a sImple test ln the final sigo-.. , 

rlthm. 

.... -
Lemma 1:· 

, The reglon,'lt It ~15ts, that lB outslde .~l.i" or tb.'n 'edges .~d 
Inslde P, Is reaéhable by a 2' al remalnlng Inslde P. - . 

Proo! : 

Take any poInt p loslde thls reglon. Draw a half-lloe L from p such that I. .... s 

d)rectlon t5 perpendlcular to an edge e of P and' cuts e al. a poInt x. Refel' 1.0 figure 
" 

3.3. Let y be the tntersectlon potnt or L wlth the '~;Inn'er" ~clair boundnry. Then d 

(p, x) > d (y, x) = r. Thererore, by placlng a 2 al. p, ,:"e can a!wa~s Und a poInt al 

on the Hne segment (p, x) ..such that the segment (a .. a 2) Is Inslde P. QEI? 

Lemma 2: 1 

~~. 

The unreachable reglon for a 2' Inslde CH(c l' C 2' ... , C n ), 18 the strl'ct Interlor 

of the IntersectIon of ail the Ci 's, i = l, 2, ... , n. 

Proo! : 
'1 

l' , i.f 

. Let U be the unreachable reglon inside CH( CI' C 2' :.. • cn ) and CH be CH( C l' 

C 2' ... , Cft 1). 

f * ( ,n Ci) cu 
1=1..n 

for every point p ln ( . n Ci)' there Is no potl1t Q on the boundary of r such 
1==1~" ., 

that d(p. q)= r. 80 there Is no q ln the Interlor or P such that (t(p, Q) = r, there­

fore p Is ln U. 

* U·C ( n c;): 
Î=1 n 

for every poInt p ln U, there ls no poInt q ln P. suéfi that d(p, q)=r. 50 therè 18 00 
1 

poInt Q on the boundary or P such that d(p, Q)=r. Sloce-r> 15 loslde CH, and that 

-. 

.1 
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lt ls loslde aU n lunes, therefore p ls IIi ( n ci ).' QED 
i =1 ft 

.... Definition 1 : 
\ 

, 
\ , 

1 
1 

.. 

Let P = { P l' P 2' ••• 'Pn } be a conVex polygon, where the pts are the ver- ' 

tlces spectfted ln terms 'of carteslan coordlnates and glven ln counterclockwlse 

. r order. Let Cj be the clrcle about vertex PI of radius r. See figU're 3." . 
* The lune of two clrcles ci and C j, noted lune (ci ,c j ), Is Ci n C J • 

* The lune bissectQr 15 t~e Une segment blssectlng the lune and Jolnlng the two 

IntersectIon poInts that are on the clrcle boundarles. 

* The lune of edge ej =(Pi ,Pi +1) ls lune(ci 'Ci +1)~ The lune head, th l • of cdge el ' 

ls the endpolnt of the 1 une blssector whlch ls ta the lel't of (PI ,Pi + 1)' Recall that P 

Is glven ln counterclockwlse order. The lune tail, lt l , Is. the other blssector end-

point, 

'Good and bad arcs: 

We wlll draw two types of arcs between lune heads accordlng to thelr rela~lve 

position. Conslder figure 3.5. By convexlty or ~~. pi +2 must be ln the reglon or the 
. \. 

plane that ls to the)eft of (Pj' Pi +1) and of (p l' 'p 2) and to-1.he rlght of (Pi +1' 

PI)' This reglon may be bounded or not. The angle <PI +2' Pi' PI +1> 15 ln the 

range) 0 , 'Ir [ and the lune blssector or (Pi +1' Pi +2) = ei +1 makes wlth (PI' Pi +1) 

" = ei' an angle ln the fange] '1r/2 , 3 * 1f/2 1. • 

We draw a good arc on Ci +1' Ir Ihl +1 15 on the arc (thi ,y) (golng counterclockwlse). 
~ 

'!-'" Wé'1draw â. bad arc on Cj +1' tr lhi +1 ls on the ~rc (x, lhj ) ( gOlng counterclockwlse) • 
. ~ 

" 
Angle between two consecutive good arcs: 

oi" 
Rerer to figure 3.6 . Suppose we have tW()"~<JJacent good arcs on Ci +1 and 

Cj +2' We cali the angle between two good arcs a closed angle .. ~-A good arc Jolnlng 

.~ .. --------------------------------



c lune bisse ctor lune (Pi 1 P'+l) 

." 

C. +1 ,---.P 

J 0 

lune-taïl; lti 

FIGURE 9.4 '. 
( 

1 

Ci+l 
~. 

" "' -
:z; 

---- - ------
Pi Pi+l 

1 

1 
1 

4 1 
1 
1 
1 
1 
1 

0 FIGURE 9.5 

:-

~-{ 1 

t . .v, . .:. 
'" 

if 
, . 

», 



o 

o .... 

-0 

c· 1 

c· 1 

, 
a _. closed angle between two good arcs 

, 
, , ,~",' P "':'" open angle between two bad arcs 

~ . ' 

• 

" 



-G 

\ . 

,( 
\ ' . 

~---' 

'0 

, 

~ .. 

. , c _ sem~-open angle between a good and a bad arc 
, ' 

FIGURE 9.6 , . 

.~ 

..... 

, 
1 



o 

o 

," 

o 

\~ 

- 41 -

, -
lh .. to l4.J +7 Is to the rlght or the Hne segment [lh .. , lhi +Il. 

~ 

Angle between two consecutive bad arcs: . -, . 
Suppose we have two adjacent bad arcs on ci +l~and Ci +2' We caU the angle 

between two bad arcs an open angle. A bad arc Jolnlng th .. to lh .. +1 Is to the lert 

oC the Hne segmen,t [lh .. , lh .. + 1]' 

Angle between a good and a bad arc: 
,-

"" " We caU the angle between ~ good and a bad arc a 'semi-open angle. The post·' -
~ . 

tlon oC an arc, relative to the Hne segment JOlntng lt~ two eildpolnts. changes ln 

gOlng from one arc to anoth'er oC a dltrerent sort. 

LelÎlma 3 : 

The boundary oC the Int~rsect~n oC ~ clrcles, If lt exlsts, cannot constst of any , 

b~d arcs. 

Proo! : 
.,...-

1 
The Intersection of n clrcles ln the plane Is a coilvex reglol). Havlng one or 

". (eVMal bad arcs Involves open or seml-open angles thus vlolatlng'the notIon or con-

vextty, I.e. we could flnd a pair oC poInts Ins1de the reglon such t.ilat the Ilne seg-
i!V 
ment Jolnlng them ls partly outslde It. QE~ ,~ 

• c 

We deflne Cour types or relatIon between two adjacent lunes: disjoint lunes, 
.. ~ 

tune touching lune, lune inside lune and lili-pad. Rerer to figure 3.7. We cteftne a 

pattern to be the closed sequénce of arcs lInklng adjacent lune heads. 

Lenima 4: 

A pattern composed oC only go<:>d arc{ Is simple. 
~ 

• 

.. , 
. " 

1 

) . 

'-

~ --~----------
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Prool: 

~ 0 
No two non-adjacent arcs Intersect: suppose that there are two non adjacent 

;/ 
arcs -that Intersect. Slnce\ the pattern Is a contlnu~~s path and a~closed curve by 

" 1 4r 
construction, conslder the"sltuatlons ln figure 3.8 : 

....... 
obvlously, we cannot have 1 because 1t ls not one single closed curve. Also we 

l .; 

, cannot have 2. because at points a and b there Is a change ln the Clll·vature. ~)'l 
(' 

direction whlch cannot J?,appen wlth ar~8 or the same nature. Remalns 3 : every'-
~ 

vertex or the pattern 15 a lune head. To every lune head corresponds a lune 
'. 
bls5ector and an edge or the polygon • Golng counterclockwlse, the· sequence or 

lune heads between·a and band that between c a~d d correspond to two polygonal 
o • 

ëhatns that "cover" the sarne por.tion or cone ln' the plane.!n ether words , the ., 
1 

polygon correspondlng to thls pattern Is not simple, whlch; contradlcts our 
l 

" 

t. 4 
LemllllJ. 5 : A pattern cornposed oC only good arcs Is··convex. 

Prool: 

Suppose It ls not • Then we can find twe poInts p and Q such that the Une 
o , 

segment- Jolnlng them 15 partly outslde' the reglon. See figure 3.g. We know by the 
, i 

prevlous lemIna that the reglon. 15 slniplef There must be a path golng 

c~unterclocKwlse trom a. to b. Since we have a simple figure, It would Imply that at 

one' point ln thlS' path rrom a to b there 15 a change ln the c~rvature direction 

~hlcl}. 18 Impossible wJth arcs or the same sOrt. QED 

Lemma 6: 

A pat~ern Is non convex and has at leaSt one bad arc il and only il there exlsts 

~ clrcle Cf correspondlng te an arc ln the pattern, such that c does not eMlr.ëly 

contaln the pattern. ' 
~ 

" , 

l' 

. ~ 

v' 
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Pfool: 
~ 

only il ! slnc~ the pattern Is not convex It has elther, an open angle ofa seml-open , 

angle (o~ bot~). open angle : see figure 3.6-b, there exlsts clrcle ci su ch that lune 
, , of 

head Ihi +1 Is outslde Ci' se ml-open angle : see figure 3.6-c, there exlsts clrcle Ci +1 

such that lune head Ihi +2 Is outslde Ci +1' 

. " 
il: there exlsts a clrcle c correspondlng to an arc a or the pattern such that part of 

the pattern Is outslde c. Take any point p on a (except lts endpolnts) and any 

'poInt q on that reglon or the pattern whlch 15 outslde c. The Une segment (p, q) 

wlll be paitly outslde c, therefore "outslde" 'the curvature or the arc a. Hence the 
J 

pattern Is not. convex and contalns at least one bad arc. QED 

..;. 
Corroll~ry 1 : A pattern Is convex il and only '1 the ctrcle correspondlng to any 

arc or the pattern contalns thts pattern enttrely. 
-, . 

Remark: 

There ls an obvto}ls analogy between a convex polygon (Intersection or half­

planes) and a convex pattern ( we prove ln Jemma 6 that th_e. latter ls the 

IntersectIon of clrcles). Any edge e of a convex polygon P Is such that Piles 
/ 

C> / 

entlrely ln a nalf-plane deflned bye. Any arc a or a ""eel1.vex pattern Is sych that the 

patteTn Iles entlrely Inslde the ~Ircle correspondlng to a. For a cOJ}..vex polygon, a 

stratght haIt-Une (ctrcle of radIus Infinlty) partitIons the plane , ror a èonvex . ~ 

l '" pattern, a clrcle of "small" radius does. , 

Lemma7 : 
, 

Ir there Is a good arc rrom Ih( to lhi +1 on clrcle ci +1 such that lune'(Ci' Ci +1) 

Is elther enttrely contalned ln lune (ci +1' Ci +2) or It entlrely contalns It, then ln 

golng rrom lhi +1 ta lhi (ln counterclockwlse order) the chaIn or arcs wlll have at 

. least one bad arc. In other words a "lu~e imide lune" generates a bad arc. 

--
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Proof: 

Conslder figure S.10 . Lune head a ls outslde ci +2' By lemma 6 the pa~tern wlll 
, " t_ 

) have a bad arc:- QED 

,Corrollary 2 : Ir a pattern has good arcs only then every patr of adjacent lunes 

forms a fO:fi • 

Lemma 8: 

There Is a bad arc on ci iL!!.nd only if lune( Ci -l'Ci +1) Is entlrely lnslde or 
,,' ...---

entlrely outslde Ci • 1) 

Praof: 

Cpnslder figure 3.11 for an lllustration. Let Pi' the center of ci ,be on the 
l; 

'" 
~""" Hne blssectlng the segment [ Pi -411;; Pi +1 J. Just ImagIne movlng Ci on thls Une from' 

, -', 0 _ 
bottom up. As long as c, enttrely Includes or excludes lune ( Ci -l' C, +1 ), the lune-

heads lhi -1 and lhi are on the boundary of 0, ln clockwlse order, whlch glves a 

bad arc. But. when Ci Intersects lune ( Ci -1' Ci +1 ). then ,the, two lune heads wlll 

be ln counterclockwlse order , whlch gtves a g~d arc. . 
( 

'Corrollary 3 : There Is a good arc on Ci 'if and only If Ci Intersects lune (Ci-l' 

Cj +1)' 

LemmaO: 

Ir a pattern has k arcs and k good arcs.only, then It Is the Intersection of the 

k correspondlng cIrc les. 
r, 
\ 

Proo!, " 

Are (1, 1+1) 18 on clrcle c'\+1' See figure 3.12. Call R the reglon Inslde the 

pattern and 1 the Intersection of the k clrcles •. R Is a convex reglon by lemma 5. . , 

• R CI: tor 'every point p of R, p ls loslde ail the k lunes, by the prevlous 

-. 
Il, 
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corrollary and because ail lunes are fan types. so p 15 Inslde ail the cl·s. Therefore 
... 

P 15 1~1: 

* 1 CR: for every point p of l , p ls ln ail lunes, - -
.:-> p musli l>e to the lett, of arc 12 and 

--> p must' be to the lert of arc 23 and .... 

--> p must be to the left of arc kt. 

Therefore p ls ln R. QED 
o 

fLenpna 10 : 

" 
Glven a pattern, removlng a bad arc and updatlng the pattern cap be carrled 

, out ln 0(1) tlme. 

'Proof,' 

A1'ter deletlng a bad arc on ~f ' we update the pattern as follows: 
1 

" J 
1- 'compute lune head (ci -1' Ci +1),' Suppose It exlsts. 

~ draw arc on Ci_l from lune he ad (C"_2' ci-I) to lune head (Ci_II., Ci +1)' 

.' 3- draw arc on.'ci+l trom lune head (Ci-l' Ci+l) to lune head (Ci+l' Ci +2)' Q~D, 

, " 

Lemma Il : 

Dlameter (P) < 2 * ,r if,~~ 

Proof,' 

pair of clrcles Intersect. 

Let p" and PI be such that d(Pk , Pl) = dlameter(P). 

'\ 

" 

only if: dlameter(P) < 2*r. 50 d(p" .Pl)< 2*r and by transltlvlty d(Pi ,p) < 2 • 

-..;;: () () j 0" r for 1, J < > k. l , theretore ci n C j < > for ail I, J =;:: 1, 2 .... , n. , 

if: Ci n C j < > 0 , for ail 1. J = ,l.2,.~.n, therefore d(p, • Pj) < 2 * r for ail 1. J 

and ln partlcular d(p" • P, ) = dlameter(P) < 2 * r. - QED 

Definition 2 : Let P = (p l' P2' ... , Pm) and Q = (q l' Q2' •••• q,.) be two convex 

,. 
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./., . 
polygons. Let ci be the clrcle of radius r about vertex Pi and let Sj be a clrcle 

, 
of radius r about vertex q j 0 Assume that k clrcles f 1 < k < = m, form the npn 

empty Intersection or ail the Ci ·s. We say that ( n Ci) - ( n ",'Sj) Ir and 
i =1 m ' j=1 n 

only If ( n S j ) can be obtalned rrom ( n Ci) acter one translation and 
j=l.n C i=l.m 

one rota~lon. The gymbol - Is read "Is congruent to". ) 

Deflnition 3 : Two patterns on m and n clrcles respectlvely are sald to be 

equivalent when one of the two rollowlng conditIons holds : 

(n Ci ) = ( n S j ) = empty set 
i=1 m j=1 n 

Lemma ( Helly, 1023) : 

Ir FI. F2. 0'0 , Fn are convex subsets ,Or the plane such that every 'three of them 

have a point ln common, then they ail have a poInt ln complono 

Observation: 

If n clrcles have an empty Intersection then there Is at least one trlplet wlth 

an empty Intersection, that Is there Is at least one 'clrcle whlch 1s outslde at least 

one lune ( ln the case that ail paIrs of clrcles Intersect). 

Remarks: 

1- Suppose we have k clrcles, C l' C 2' "0' ck t havlng a non empty Intersection 1 

and such that each of these k clrcles contrlbutes to thls IntersectIon. In other 

words the correspondlng pattern has k good arcs. Addlng a clrcle' CJc +1 such that 1 

\ Is completely contàlned Inslde CIc +1 does not change the Intersection, that Is CI n 
, ,t 

C 2 n ... n Cic = CI n c 2 n ... n CIc n CIc +1' ~t+l Is called a reflundant clrcle. 

2- Let C 1 and C 2 be two clrcles such that C 1 n C 2 = 0. Addlng any number of 

.. li 

~ h 'I( 
..}) " ;1 

1 

'~ b1l;' 
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,elreles to C 1 and C 2 does not change anythlng and the Intersection ln every case 

remalns empty. 

~ 3- Let there be k cl,rcles such that ail pairs of clrcÙ~s Intersect. Suppose there 18 a 

clrcle C 1 whlch ls entlrely outslde the lune of two ctrcles C 2 and c 3· Hence ( n 
i=l k 

'. . 
Ci) = 0 , and addlng any number of clrcles to CI' C 2 and C 3 does not change the 

non existence of the Intersection whlch rematns empty. Clrcles added to an tnl-

..:" 
tlal set of ctrcles, whose lntersectlon Is emp,ty, are also called redundant ctrcles. 

ThereCore, we obtatn equivalent patterns by addlng or deletlng redundant clrcle8. 

Lemma 12: 

Glven a pattern wlth a bad arc on Ci such that lune (Ci -l' C, +1) ts enttrely 

Inslde Ci' the pattern ob~alne~er deletlng Ci and updatlng remalns equivalent 
\ 

, to the preceedlng one. 
j 

Proo! : 1 

lst case: 

Ir the Intersection of the n clrcles ls not empty , then It must be entlrely contalned 

ln every lune and ln partlcular .!nslde lune (ci -1' Ci +1) hence lnslde Ci. 80 Ci Is 

redundant and removlng It does not Change the Intersection and Its existence. 

end case,' 

Ir the Intersection of the n clrcles c l' C 2' ... , Cn ls empty then we must show that 
1 

the Ci we dei ete Is a redundant ctrcle. We can test ln llnear tlme whether 

dlameter(P) > 2 * r ln whlch cas~ we stop. We thus constder the case dtameter(P) 

~ 2 * r. In thls case no two clrcles are disJoInt. Also for aH c, 's, lune (Ci -1' Ci +1) 

exlsts otherwlse Ci -1 and Ci +J are dlsJotnt whtch Is contrary to our ~sumptlon. 

Suppose, by contradiction, that Ci ls not a redundant clrcle. Then delettng It 

creates an Intersection J. So 1 must be lnslde lune (ci -1' Ci +1)' therefore strlctly 

" 



..... -----------------------,--

c 

- 52-

.. 
lnslde Ci. ThereCore a non empty tntersec~lon ~hould have extsted beCore deletlng 
" 
Ci' whteh contradlcts the two assumptlons that there was no Intersection and 'that 

ci was not redundant. (There 15 another Intuitive prÇ>OC wlth the thr~e Curthest 

,clrcles). QED 
',' 

. Note ': 
, 4 

ThIs lemma also hOlds ln the general case : Ir there Is a clrcle ci whtch contalns 

entlrely the lune or two other clrcles ci and c,, then ci Is redundant and can be 

deleted. 

3.2.2 - The Aigorithm 

We now present a llnear algorlthm to compute the Intersection oC n clrcles ci ' tor 

i = l, 2, .. : ,n, oC radius r whose centers are the vertlces oC a convex polygon P= 

{ P l' P 2' ••• , Pn }. 
r 

Notation : 1 ts the Intersection oC the n clrcles. 

dlameter (P) 15 reallzed by (Pk' P, ) 

ca ls the total number oC arcs ln the pattern 

cg Is the number oC good arcs ln the pattern. 

begin 

Step 1 : Ir dlameter(P) ls 

> 2 * r: stop, 1 = 0. 

<= 2 * r: - Cor ail clrcles Ci do: 

tc Ci con tains entlrely lune( Ci ' Cl ), delete Ci. 

tc Ci ls outslde lune( Ci ' C, ) : stop, 1 15 empty. 

- Draw patt~rn and ln the process : 

o 
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* update cg and ca. 

* for each bad arc on ci' lt lune(ci -1' Ci +1) ls 

outslde ci : stop, 1 = 0. 

Step 2 : Ir" ca < > cg then tor every bad arc on ci do.: 

, 1- If lune( ci -1' Ci +1) Is II)8~de Ci then' , 
" M 

'" delete ci 

'" update pattern and counters 

else stop, 1 = 0. 

2- Ir cg < 2 , stop , 1 = 0. 

Step 9 : ~t ca = cg : the p""ttern ls the Intersection 1. 

end. 

3;2.3 - The Analysis 
\ 

.... Correctness : In step l , lt dlameter(P) 18 > 2 * r then ck and cl are disjoint 

and Ils empty. If It ls <=-2-* r then we draw the pattern and deletlng redundant 

clrcles does not change the Intersection by lemma 12. In step 2, we delete safely, 

by lemma 12, redundant clrcles. In step 3, the pattern composed of only good arcs 

is the IntersectIon, by lemma O. The algorlthm correctly compl1tes the 

IntersectIon. 

Complexity : In step 1 , the dlameter ot a convex polygon can be computed ln 

llnear tlme. The complexlty of drawlng the pattern ls also llnear ln the num ber of 

vertlces. For each bad arc, testlng the positIon of the lune of Its two nelghbours 

takes constant tlme. In step 2 there are at most n bad arcs, and for each of them , 
\ 

deletlng a Ci and updatlng takes constant tlme by lemma 10. In step 3 , If there 

,/ , 

" 

\' ., 
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are only good arcs then we slmply enumerate ln O(n) tlme the already ordered lÎst 

-or lune heads and arcs or the pattern and obtaln the IntersectIon or the n clrcles. 

The algorlthm correctly computes the Intersection of n clrcles or equal radIus 

whose centers a.re the vertlces of a convex polygon ln O(n} tlme. 

~ Is easlly seen that 0 (n) Is a Jower bound slnce each of the n clrcles may 
" 

contrlbute to the Intersection. 

3.3 - Intersection of circle$ of dift'erent radü ,< 

In thls section, we analyse the general case ot computlng the Intersection reglon or 

n clrcl<~s or arbltrary radius , about vertlces ot a convex polygone 

Problem statement : Glven n clrcies or arbltrary radius, whose centers are the 

vertlces or a convex polyon P, compute thelr Intersection. 

,3.3.1 - Preliminary results 

We will ftrst glve a few lemmas before exhlbltlng the algorlthm and Its analysls. 

Lemma 13: 

Glven two consecutive clrcles on a convex polygon, Cj of radius ri and ci +1 or 

radius ri+l' about vertlces Pi and Pi+l respectlvely, such tbat ci n Ci+l = Ci' 

deletlng ci +1 does not change the Intersectlon of the set of clrcJes. 

Proof: 

case 1 : the Intersection or the n clrcles ls not empty, then It must be lnslde Ci' 

therefore strlctly lnslde ci +1 whlch Is then a redundant clrcle. 

case f! : the Intersectl(:>D or the n clrcles Is empty, we show that deletlng ci +1 does 

not create an Intersection. If there Is no Intersection then tbere Is at least a triplet 

-
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, 
1 

wlth empty Intersection, Now we delete ci +1 such that Ci Is completely Inslde 

C~ +1' Ir we get an' Intersection then ail triplets fave non empty Intersection, .!hen 

ail n-l clrcles have non empty Intersection. therefore thls Intersection must be 

completely Inslde Ci' And addlng ci +1 shouldn't change It because ci +1 contalns 

Ci therefore It contalns the Intersection , thls means that the n drcles have a non 

empty IntersectIon whlch Is contrag to our assumptlon. QED 

'if 

Lemma 14 : let ck and cl be the clrcles wlth the two largest radIus Tk and T" Ir 
, ' 

the dlatneter oC P 15 sf,rlctly greater thaJ;l (Tk + Tl) then 1 Is empty, 

Proof: 

let Pd and Pe reallze the dlameter. Ir { cd. Ct } = { Ck' C, } then the clalm Is 
1 

evldent otherwlse dlam(P) = d (Pd • PtJ > Tt + Tl, ! slnce rd + Tt < Tk + Tl 

then d( Pd' Pt) = Td + Te + L, for som,e L > 0, therefore Cd and ce do not 

Intersect and 1 Is empty, QED \ 

3.3.2 - The Algorithm 

begin 

step 1 : take the two clrcles ;\Vith the two largest radius, Tk ~d ri' 

IC dtameter (P) > Tk + ri then stop, 1 = empty set. 

otherwlse 

begin 

* draw .. the pattern and ln the process- : 

,testl : If two adjacent clrcles don't Interseet stop, 1 = empty set 
. 

test2 : Cor each bad arc on Ci ' tf lune (Ci_pCi +1) Is out of Ci 

then stoP , 1 = empty set , 
~ ~ 

testa : If two adjacent clrcles have an Inclusion : delete the 
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.' 
~.,. 

lncludtng clrcle and update the pattern. 

* set ca to n. 

end 

Btep e : If ca ,< > cg thea 

for every bad arc on ci do: 

1- If lune (Ci -1' Ci +1) Is lnslde Ci 8t,h~n 

* delete Ci 

* u))date pattern and counters 

else stoP. 1 = empty set. 

2-. If cg < 2 then stop, 1 ls empty. ( 

Btep 9 : tr ca = cg then the obtalned pattern ü; the Intersection. 
.... . 

end. 

.' 

3.3.3 - The Analysis 

1' 

. Correctness: ln step 1 , If the dlameter test Is true , then the overall Inters~ctlon 

ls empty by lemma 14. Otherwlse we draw the pattern and deletlng redundant 

clrcles <;loes not change the Intersection by lemma 12 and 13. In step 2 , by the 
, 

same lemmae we sate!y deI ete the redundant clrcles. In step 3 , Ir the pattern 

. conslsts of good arcs only, by lemma g;-rt;lS~tlie-Tntersectlon of the n circ les. 

Therefore the algorlthm correctly cOlJlPutes the Intersection of the n clrcles. 

Complexlty : Step 1 • the dlameter test can be performed ln llnear tlme. WhUe 

draV{Jng the pattern we advance counterclocklse and every tlme we add an arc to 

the pattern It corresponds to a clrcle that hasn't been vlslted yet. The pattern will 

contaln n arcs at most. Maklng tests l , 2 and 3 Is each' tlme 0(1)., If test 3 ls true 
, c 
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though, we may have to update the pattern -( delete Includlng clrcles, update arcs) 

whlch Is 0(1), and Ir a clrcle ls to be deleted there ls only one test' done. We delete 

at most the number of arcs the pattern has 50 far. So the total cost of thls step Is 
, ' 

llnear. In step 2 , there are at most n bad 'arcs, we have no Inclusion of adjacent 
, -

- .~ 

~lrcles. Deletlng and updatlng one arc Is 0(1) 'by lemma 10. For step 3 • If only n, 
good arcsùremaln, we enumerate, ln order, the arcs and the vertlces of the pattern, 

whlch takes llnear tlme. Therefore the algor~thm c6rreétlY computes ln llnear tlme 

the Intersection or n clrcles· of dUferent radll whœe centers are the vertlces of a 

convex polygon. 
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CHAPTER4 

• 4.1- Introduction 

Glven two dtsJolnt eonvex polygons P={p l' P 2' ••• , Pn } and Q={ q ~ q 2' ••• , 

qm} wlth n and m vertlees respectlvely and glven a Une segment S = [a, bJ or 

length ~, also called a ladder, a needle or a' 'rod, we want to compute the reglons ln 

Q 'that b ean reaeb wlth the constralnt that a lles wlthln the boundarles ot p, see 

figure 4.1. Testlng whether a reaehabll1ty reglon exists ror point b ln polygon Q, 

wlll be a step ot the final aigorithm, deserlbed ln the next ehapter. In thls chapter 

we wlll therefore assume that such a region exists ln Q and coneentrate on the 
li 

. 
algorlthm to compute lt.· ThIs Is done Ih ~two maIn steps. The two problems we 

will solve are best vlsuallzed ln figures 4.2-a and 4.2-b. Let CP denote the convex 

huU ot n clrcles of radius r, wlth centers the n vertlces or P respectlvely, and let 

UP denote thelr intersection. We wlll assume UP Is not empty. Recall from the 
, 

prevlous ehapter that the reachable reglon for point b when a remalns Inslde P 15 

CP - up," where the symbol - denotes the set dlll'erenee. In other words the , , 

-- unbounded reglon of the plane c~tslde CP Is unreaehable as , weil as UP whlch ~s 
" 

Inslde CP. Sinee we assumed tbat a reaehablllty reglon exlsts then CP and Q 

must have a non-empty lntersectlon Q'. Fln~lng Q' wlll be the flrst'-part of thls 

ehapter. Also slnee UP exlsts, Intersectlng UP wlth Q' and obtalnlng Q" wlll be 

the s~cond part or thlS ehapter. The reaehablè reglons for poln~ b wlll be RQ = Q' 

- Q". 

4.2 - The ftrst problem 

4.2.1 - Problem statement 

We want to eompute the Intersectl<;>D reglon between CP and Q; denoted by 
\ 

. QI. Let us ftrst expose the pOS$Îble_ situations aeèordlng to the assumPtlons made 
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prevlously. Conslder figure 4.3 . Figure 4.3-c eannot oecur slnee we assumed that 

a reacbablllty reglon exlsts ln Q. Aiso figure 4.3-d ls Impossible because It Implles 
1,) 

" that Q contalns P f a~d we have assumed P and Q to be disJoint. Tberefore only 
" l \ .... 

the ftrst two case,s are vaUd under the above assumptlon and notIce that ln the 
, 

ftrst situation Q Is contalned ln CP - P. 

4.2.2 - General description of the algorithlD 
l' 

Refer to figure 4.4 for the followlng deftnltlons. 

Definition 1 : otd and new edge8 

An old edge ls an edge oé CP. A new edge ls an edge ln CP' replaclng an arc of 

CP, by 8: segment Jolnlng the two arc endpolnts. If P has n vertlces, then CP' has 

n old and n new edges. 

Definition 2 : a dome 

The reglon under an arc of CP but oùtslde tbe correspondlng edge ln CP' Is called 

a dome . CP - CP' thus glves n domes , each correspondlng to an arc. - , 

Definition 3 : an attie 

Every arc of a new edge ls contalned ln the trlangular reglon whlch ls dellmlted 

by: 

the nêw edge. 

- and the two Unes supportlng the two nelghbourlng otd edges. 

This regton ls always bounded and called the pedlment, or the atttc . 
, , ' 

Definition 4 : an arc region 

It ls an u.nbounded rectangular r~.glon dellmtted by 

- a new edge 

and the two baU Unes perpendlcular to thts new edge at tts endpolnts and golol 

J 
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ou~wards that ls lylng ln the haIt plane dellmlted by the new edge tbat does not 
5 

contaln the polygon. 

The boundary of CP Is an alternatlng seque,nce of arcs and edges. Thererore a 

stralgbtforward appllcatlon of an extstlng algorlthm for Intersectlng two convex 

polygons Is not sumclent. We could solve the problem of computlng the 

Intersection between CP and Q uSlng eXlstlng tools. In O(nlog n + klogn) tlme, 

where k Is the number of Intersection points, the algorlthm or Bentley and 

Ottmann, [BO], based on that or 8hamos and Hoey, 18H], reports ail the 

IntersectIon points between the set of Hne segments and arcs. To have a llnear 

runnlng tlme algorlthm though, we ftrst work wlth two convex polygons, then we 

relnsert the arcs to update the Intersection reglon. 

The two possIble situations are then the followlng 

- Q ls entlrely lnslde CP. 

- Q Intersects CP and sorne parts or Q are unreachable reglons I.e. outstde or CP 

We now glve a general description or the algorlthm that computes CP n Q 

berore decrlblng It ln rull detatl ln the qext sectIons. 

In a ftrst step we replace ail the arcs or CP wlth stratght edges and obtaln CP'. 

We determlne whether CP' and Q Intersect ln logarlthmlc tlme uslng ehazelle and 
c' 

. Dobkln's algorlthm [CD], [Chal]. We assume th~'/:. CP' and Q are ln a general 

position, and that the vertlces or cp' U Q are dIstinct. Let 1 be CP' n Q. 

We dlstlngulsh two cases : 

'::J 

• If 1 ;8 the empty set ,: then Q Is Intersectlng one dome and only one, byelther 

" 
belng strlctly lnslde It or by lntersectlng Us arc. In the latter case the minimum 

distance between the two polygons determtnes the arc that Q Intersects. This can 

be computed ln subllnear ttme uslng Edelsbruner's btnary ellmlnatlon technique. 

li 

"~. 
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His algorlthm will be brlefty descrlbed ln the next chapter. 

~ 1/ 1 i. not, th. empty •• t: then we compu~ the 'con~l' or· the union or 

CP' and Q uslng any of the algorlthms [Tou4], [Sha2], [Tou2]. Ir the convex- hull 

18 CP 1 then Q Is Incl~ded entlrely ln CP , - P. Otherwlse we calcul.ate the 

IntersectIon reglon between CP 1 and Q. For thls , se~eral algorlthms are avallable 
• i 

[0 'R21. [Sha2]. [Toua1. we wlll use O'Rourke's algorlthm for Itsslmpllclty , [0 
\ 

'R2], whlch we also descrlbe ln the next section. 

\ 
We theh IdentlCy the subchalns of Q that are outslde CP' • by ftndlng..\ the 

Intersection poInts Iylng on the boundary of, the polygoDS. Those subchalns 

posslbly Intersect arcs of CP. To ftnd those arcs we partition the plane around CP 

lnto reglons contalnlng arcs (arc regions), and reglons not contalnlng any. Then, 

for every arc reg~on we test for IntersectIon between the outer subchaln of Q and 

the arc of the reglon we are ln. 

4.2.3 - Preliminary algorithms 

4.2.3.1- O'Rourke's po]ygon intersection algorithm 

.. ~' ~Iri thls sectIon we present a short descrIptIon of the algorlthm to compute the 
• c 

IntersectIon of two convex polygons P and Q, wlth m and n vertlces respectlvely. 

The general Idea Is the followlng: two "bugs", one on each polygon boundary, go 

around P and Q, and an IntersectIon poInt 15 detected and calculated every tlme 
• 

that they cross each other. These two bugs advance accordlng to sorne rules, and 

the key Idea 15 not to advance on the boundàry (either of P or of Q) whose current 

edge may contain a yet to be found intersection. We glve here an outllne of the 

algorlthm and for a more detalled description , reter te the original paper [0 'R2]. 

. / 

\\ 
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P'rocedure CONVEX POLYGON INTERSECTION , 
1 

1 '. j 

begln 1:= j := :le := 1 

~epeat 

~ 

{ 1 and J are the two "bugs" } 

-
1t ( edges Pi -1 Pi and qi -1 qi Intersect ) then prtnt the Intersection; 

ADV ANCE {elther 1 or j Is Incremented } ; 

k:= k + 1; 

end 

untll k -; 2 * Lm + il ); - , , 

Ir ( no Intersectlon- has been found ) then 

begln Ir Pi 'E Q then P C Q -
end 

end. 

else If qj E P then Q C 'p 

else P n Q =(/J 

, 

.. 

4.2.3.2- Edelsbrunner's minimum diStance algorithm 

• 0 

Let P, and Q be two convex dIsjoint polygons wlth m and n vertlces 

respectlvely. Let d(P, Q) denote the mInimum distance between P and Q. 
, " 

Edelsbrunner has shown that : 

Lemma : If d(P, Q) > 0 then there exlsts pEP and q E Q that reallze d(P ,Q) 
" d' 

and such ~}lat at least one of them 15 a polygon vertex. 

His algorlthm conslsts ln performlng a blnary search ln the lIst or vertlc~ or p 
, "",-' 

and Q and at every step, el1mlnate half of the candidates to be consldered ror the " 

minImum distance. This blnary ellmlntl.tlon technique ylelds a subJtnear algorlthm. 

as It ls proved by the rollowlng theorem : 

-, 
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Theorem: 

The minimum distance between P and Q , two convex polygons wlth m and n 

vertlces respectlvely, along wlth points p ln P and q ln Q that reaUse It , can be 

computed ln 0 (log m + log n) Ume. ,à; 

For a detalled desclptlon oC the technique, reCer to [Ede]. 

4.2.4 - Preliminary results 

Assumptions : P and Q are dlsjôlnt. 

CP and Q have a non empty Intersection. ' 

We wlll prove sorne lemmae and theorem8 as we glv& a more detalled 

description oC the algorlthm. The context·wlll thus help a better understandlng oC 

the results. We DOW start explalnlng the algorlthm to compute CP n Q. 

We ftrst replace each arc oC CP by a stralght edge jolnlng the two endpolnts 

ot the arc, and obtaln CP'. Then we detect whether CP' and Q Intersect and 

conslder two cases. This Interse9tlon 1 Is empty or not. 

CASE 1 : 1 = Q n cg} = ct> 

Then slnce we have assumed that Q and CP are not disjoInt It must be that 

Q lntersects a deme . It may or may not Intersect the correspondlng arc. The 

problem now Is to ftnd whlch do me . But beCore let us prove that Q cannot 

tntersect more than one dome. In fact lt Intersects exactly one dome. 

LelJlm& 1 : 

If Q n CP' = (/) then Q tntersects exactly one dome ot CP. 

ProoI: 

Since CP and Q are not disjoint -then Q must lntersect [P. Since CP' and Q are 

dIsjoint then Q must Intersect at le~t one dome and no old edges. We must now 
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show that Q Intersects at most one dome : Suppose It Intersects more than orte 

dome. Slnce Q n CP' = Cl> then thls Implles that Q 18 not convex. whlch 

contradlcts our InitIal assumptlon • QED 
j. ~ 

. 
We now want to ftnd whlch dome of CP. Q Intersect8. We calculate the 

convex hull of CP 1 and Q and get two brIdges. It has been proved ln [Toua] that . , 

ln the case that the Intersection Is not an Inclusion. there are exactly two brIdges. , , . 
;< 

Several cases arIse. 

\ , , 
Let us first point out that we cannot have that .the Inner chain or çp 1 19 one old 

1 
. edge only. In other words the two bridges of CH ( CP 1 U Q ) be connected to the 

two endpolnts of the same old edge. This would ,slmply mean that Q and CP are 

dIsjoint whlch contradlcts our InItiaI assumptlon . See FIg. 4.5-a. As well as we 
-~ 

cannot have figure 4.5-b whlch Is the more general case of Q and CP 1 belng 

dIsJoint. We assume that none of these two cases can happen. 

Now ln sorne sItuations we can Identtry qulckly whlch dorne Q Intersects- a.nd 

then take the correspondlng arc to see lt It Intersects Q . These cases are deplcted --
ln figure 4.6. 
j 

In case 1 • the lnner part ot CP' 15 one new edge only, therefore the dome of 
~ 

that new edge Is the seeked dome. We test for Intersection poInts between Q and 

the arc. If there are none tben Q Is completely "" under " the dome. Ir there are 

any , we Identlt'y them and construct the reglon. 

In case 2 • the Inner chain of CP 1 Is composed of one new and one old edge 

,(that are consecutIve ). The seeked dome Is then the anly one I.e. 'the one 

correspondlng to the new edge. 

In case 9 • the Inner chain 1s composed or an alternatlng sequence or two old 

and one new edges and agaln we Identlfy qulckly the Intersectlng dome. 

\ 
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.c-

In other than these cases , the Inner chaIn ot CP' has more than one new 

edge and hence more than one dome, are candidate for Intersectlng Q. And we 

must determlne whlch dome Intersects Q. In thls general situation we compute the 

minImum distance between Q and CP' and thls tells us whlch dome Q Intersects. 

If Q has n vertlces and CP' has m verttces then uslng Edelsbrunner's, [Ede], algo­

rlthm, descrl\)ed earner, we can compute ln 0 ( logm + logn ) tlme the minImum . 
distance between these two polygons • 

We must ftrst sal1! that the mlnlmuII]. distance Is reallsed by elther a pair or 

V'eftlces or a vertex and a poInt on an edge. We want now to prove that the point 

on CP' that reallzes the minimum distance determines 'the dome and theretore the 

arc that Intersects Q. That poInt p 15 elther a vertex or a point Iylng on an edge. 

case 1.a : p 15 a point on an edge of CP' . 
'.J.J"t, 

Lemma2 : 
\\! 

Let A and B be two convex polygons. Let (s, t) of A and B repectlvcly be the 

two points reallzlng the minImum distance between A and B. Let LA and LB be 
" . - , 

the two parallel Ilnes tangent to lune (s, t) at points sand t respectlvely. A and B 

are on dlfferent, sldes ot LA and of LB such that the reglon sandwlched between 
. 

LA and LB Is rt:ee of any points. 

Proo! : 

This result Is also proved ln [MeT]. Ret~r to figure 4.7. S·uppose, by co~trad­

Ictlon, that a point x, say x E A, 15 bet,ween, LA and LB' Slnee A is·.convex the 
) , . / \ 

segme~t [x, sJ ls Inslde A. But slnce [x, sJ Is not tangent t~:lune(s, t) It Intersects It 
) 

1 whlch Implles that lune(s, t) Is not empty. This contradlcts the tact that sand t 

rea:llze the minimum distance between A and B. QED 
\' 

''"'J<'' 
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Lemma3 : 

, -. 

0, 

Ir the point p of CP' ,reall~lng the minimum distance between CP' and Q, 18 

a point on an edge of CP' then lt must be on a new edge. 

-Proo! : 

\ 
Suppose by contradiction that the poInt reallzlng the mInImum dIstance Iles 

, on an old edge or CP'. The poInt ln Q real1zln~ the mInImum distance must then 

be a vert~x q. Let d = d ( p, q ) be the mInimum distance between Q and CP', . 

See the constructions ln figure 4.8. The lune or radIus d and about p and q must 

be ernpty because p and q reallze the ~lnlmU!D distance. Let L be }he Une suppor~ 
Ing the old edge on whlch pIles. Slnce CP Is convex It must Ile entlrely below L. 

'" 
Let L' be the Hne parallel to L passlng. through q • L' Is tangent to lunè(p, q) at 

point q •. 

Now Q cannot Intersect"any arc of CP, and CP ln general, because CP Is below L 

and Q ab ove L' ( and If It dld It woulp mean that' -Q Is not convex, a contradIc­

tion). This roeans slmply, that Q and CP are disJoint whlch Is 'a contradiction to 

our InitIal assump~lon, QED. 

Therefore If the minimum distance Is reallzed by a polnt on an edge ln CP' thls 

pol nt must lle on a néw edge. 

We now, want to show that the arc correspondlng to thls new edge 18 the one 

Int~rsectlng Q. 
. , / 

Lemma4 : 
. . 

Ir the minimum distance between CP' and Q ls reallsed by a point p on a new 

edge or CP', then the do me adjacent to p In~ersects Q. 
" ,. 

j, 
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Proo! : 

We know that Q and CP' are disjoint but that Q and CP lnte..sect and that 

Q Intersects exactly one arc. For Q to Intersect anothér arc of CP, Q must come 

below Une L whlch Is Impossible' due to Q's convexlty. Therefore Q Intersects the 

dome ( and the arc ) correspondlng to the new edge on whlch p Iles and q Is under 

the dome, QED. 

case 1.b: p Is a vertex of CP' 

) . 
Now we want to examine the case where p Is a vertex of CP'. This vertex 

will have on one slde of It a new edge and on the other an old edge. We wlll show 
\',-; 

'--' -u 
that lt ts the arc correspondlng to the new edge that lntersects Q. 

The point reallzlng the minimum distance ln Q Is elther a vertex or a point on 

an edge and conslder figure 4.0. 
, 

Now, p Is between a new edge en and an old edge eo ' Let 0 be the Ilne sup-

"'portlng eo ' By convexlty CP Iles at one slde of O. So, for Q to lntersect an arc of 

CP, the Intersectlng part of Q must be : 

- at one si de of 0 ( the same slde CP Iles) 
n 

and at one slde of L' ( the same slde Q Iles) 

This deftnes a reglon ln the plane ( the lntersectlop. oC two half planes) where the 

Intersection of Q and CP occurs (wc assume 0 and L' Mo':e not parallel for Ir they 

were then Q and CP would be disjoint ). 

We must now show that Q must Intcl'sect the arc correspondlng to en' 

We know that Q must lntersect exactly one arc. It Is clear that only the trlangular 

reg!on deftned by en , 0 and 0' has an Intcrs'ectlon wlth the half plane ( dellmtted . 
by L') ln whlch Q Iles, and that therefore Q must Intersect the arc correspondlng 
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The other trlangular reglons do not have an IntersectIon wlth the hait plane or 

L'. Ir for example the trIangle ( e, 0' " 0 ) dld have an IntersectIon wlth th.e halr 
/, 

plane above L' It would Imply that t:o wlll go above L (whtch 15 parallel .. to L') 
o • 

and that lune (p, q) wlll not be empty, whlch cannot ~appen. 
:/n 

. , 
Therefore ln the case 1 = Q n CP 1 = empty set , Q Jntersects exactly one dome 

, § Il 

or CP. We wlll now examine the case wher'r' 1 = Q n CP' Is not empty. 

CASE 2 : 1 = Q n CP 1 < > q; 

We wlll now conslder the 'case Q Intersects CP' . 

In thls case we calculate CH ( CP' U Q ) . Ir It Is equal to CP' then 1 = Q 
, 

and Q Is strlctly ln CP' - P. But If the CH Is not CP' the set dilTerence CH (CP' 
l , 

l ' 

r. 
Q) - (CP' U Q) forms k pockels each corresPo,ndtng to ~n"lntersectton point also 

alled a bridge point, on the boundarles of the two polygons. The lid of each 
) \ 

pocket 1s called a bridge and to each bl'Idge corresponds exactly one brIdge point, 

[Tou3]. 

We must now consldcr the subchalns or Q, that are outslde CP', and for each 

or them from bridge point to bridge point, we see what arcs of CP tills subchaln 

Intersects. How' Is thls done ? See flgurc> 4.10 for an Illustration. We proceed 4Jfj(jn:' 

terclockwIse and we st art at thc fi,'st (In counterclockwtse order) brldgc point. Wc 

Identlfy the ftrst (counterclockwlse order) arc reglon and wc ,'cpcat thc follpwlng 

process fol' every arc region : 

Let L li and L 2, be the two Infinite half lInes dcllmltlng tihe arc rcglon 1. ln COllll-

terclockwIse order. Find the ftrst edge of the Q-chain to Interséct L l, . Wc are now 

ln the arc region 1. Keep testlng for IntersectIon for the followlng edges wlth arc 1. 

The ftrst edge cuttIng L 2i slgnlftes t~at we are out of the arc region 1. We repeat 

this for the next arc region 1 + 1. We can keep an arrayor a doubJy Jlnked Ilst 
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" . 

for the halt Unes.' 

P.arenthesis : 

Let a be the outslde endp61nt çt' a Q-edgè cùttlng an old Êfdge e oi CP'. : 
- ~.. ' 

...",. Point a. ~nnot cross a nelghbourlng arc and Intersect the .old edge e at .the s~me 

" , , 

1 tlme, see figure 4.11. 50 If we go eounterclockwlse. startlng at the bridge pOint x 
. ' 

on the edge e, ,to see whlch arcs the Q-chaln Inte~~cts; we mustn 't worry about 
, , 

prevlous arcs Carel l,and we can start the testlng at the next arc't.e. arc2. ·Some 

possible simple cases tor Q-chalns Ihtersectlng CP are deplcted ln figure 4.12. 

4.2.5 - T~e algorithm;) " 

'Input: two convex polygons P and Q, 

a. ladctv S = [a. b] ot length r; , 

Output:· ~he Intersectlon'Q' ot CP and Q. 

Assumption: CP and Q Inters~t. 

begin 

step 1 : compute CP and replace lts arcs wlth new edges and obtaln CP'. . " 

step e : detect whether cp' ~nd Q Intersect 

step 9 : It CP' n Q = (/J then 
, 

- compute the minImum dlstance-between the two polygons 

- IdentlCy the dome correspondlng to the point ln CP' that real1zes 

the minImum dl~tance wlth Q ; thls dome Intersects Q 

::. tlnd the lntersectlon points between the arc ot the dome and Q, If 

there are any. 

, " 

{. 
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'. 

step -1 : Ir CP', n Q <. > (/J then 

" Identlt'y the ~rldge points on the boundary 

- Cor every outer subcbaln or Q , Ide~tlty the Intersection points wlth 

the arc ln each reglon. 1 , 

step 5: merge the Inner chalns or ~Gr ~nd Q, deteqplned by the 

,Intersection poInts Cound ln steps 3 and 4. 

~end . 
. , 

Data structures : 
.' Q 

, We keep the edges and carés ôf each polygon ln an array and for each edge we 

speclty Ir It Is a new edge or an old one. AIso , we keep an ordered array ot the 
.. 

halC Unes dellmltlng the arc reglon. 

Correctness: . . 

We have proved ln l~mma. 4, that ln t~e case that' Q and CP' do not Intersect 

, the minimum dIstance betw~en them de termines the- dome ot CP ln'tersectlng Q. 

We have also proved that Cor the more general case, Cor every outer portion oC Q 
~ . 

eV'ery arc reglon correspondlpg to It determlnes the l!ltersectlon polnts.-

Time complexity : 

Computlng CP' d~rectly trom P can be done ln Unear tlme. In step 2,' deteèt-

lng the existence or an Intersection between two convex figures can be done ln sub-
, 

Ilnear Ume uslng Chaze Ile and Dobkln'8 algortthpl. In step 3, tbe minimum diS-
~ 

tance between t,wo convex polygons can be obtalned , together wlth the points , 
, , "-

-l' • 
reallzlng It ln logarlthmlc- Ume uslng Edelsbrunner"s blnary ellmlnatlon tecbnlque. 

1 

Then once a dome Is Identlfted flndlng the Intersection' points wltb Q , te there aIle 

. \ 1 • 

ç 
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" 
any ; ls done ln, at most O(n~ ttme. FOl' ~he general case ln step 4, since we have 

the outer subchalns or Q (they are ordered but thls does not really matter) and the 
, -

correspondlng arc reglons, updatlng the Intersectlon reglon Is really a merge of two 
, • 1 

sorted llsts each havlng a lInéar number or elements. Step 5 ls also a Unear merge 

of two sorted lIsts, If we 'Ieave pointers from the lntèrsectlon points to the lnner 
Q " c 

and outer chalns ln both directions. Thererore the total' runnlng
J 

tlme of the alga-

1 rlthm ~ls bounded by O(n). 

.1 • 

4.3' - Th~ second problem 
, D 

4.3.1 - froblem Statement, . 
, 

. ' A~ ~hlS stage we h~ve the reglon Q' ln Q, In"w.hlch the 
~ 

rea,chab1l1ty reglq1ls 
.... -' . 

are contalned:' We now encounter, tl1e problem 'of computlng the lnte,rsectlon 

teglon between Q', obtalned ln the prevlous sectIon, and UP. This Intersection wlll ' 

be denoted by IQ and the reachablllty reglon ln Q will be RQ = Q' - IQ. Sée 

figure 4.13 ror an lllustration. 

.3.2 - General descripti~~ of the algorithm .' 
, 1 lb 

To compute UP n Q', we flrst replace' aIl tl1e arcs of ~, ' and t .. he JposSlble ' 

rcs or Q' wlth edges to obtaln two convex polygons Up 1 and Q". We· then tes.t 

r the IntersectIon J bet'Yeen these two,' us1t:lg Chazelle and Dobkln's algorlthm, 

, . 
(. 

It J Is empty then two cases arIse : elther UP and Q' are disJoInt, whlch 

eans that ail of Q' 15 rea,chable for'the endpolnt b of the ladder S ='!a, bl ôr OP 
1 

, nd-Q' Intersect ln a reglon IQ and more preclsely we prove that Q' lntersects one reorup
. 

\ . 

1 , \ 

, \ 

b 
co 

: 1 

, 
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In the second sItuation, If J Is not empty then to ftnd 'IQ (we are ln tact 

Interested ln RQ = Q' - IQ) we partitIon the plane around UP ln arc reglons and 

for subchalns of Q' we test for Intersection wlth arcs ln these reglons. Let us ftrst 

expose the dltrerent posslbllltles, by conslderlng figure 4.11. Q' contalns the 

reaehable reglon(s). FIgure 4.14-a Is not val1d under the assumptlon that a reacha-

blllty reglon exlsts ln Q. FIgure 4.14-d Is also Invalld because It means that Q , 
L 

Intersects P ( slnee UP contalns the centrold of P) and that therefore Q Intersects 

P. FIgures 4.14-b and 4.14-c only are val1d. UP conslsts of arcs only and Q' may 

or may not have arcs . 

" "1 ',,< ' 
\ " ..-..... ,., - P reliminary results , ,N 

We wlll prove a few theorems and make observations as we descrlbe more 
. 

fuUS' the algorlthm. 

~acts : 

- UP con taIns the centrold of p, therefore Q ean only. Intersect the parts of UP 

that are outslde P. 

1 - Also an arc of Q' cannot Intersect UP because an arc of Q' Is an arc of CP and 
, 

because UP,IS strlctly ln CP. Therefore only edges of Q' ( that are not edges of CP 

) can Intersect UP. 

We replace the arcs of UP and of Q' to obtaln two convex pOlygons UP' and Q' 1 • 
'~ 

respectlvely. We then test whether J = UP 1 n Q.II ls empty or !!pt. If J Is 

empty we prove , ln case 1, that If an Intersection exlsts between UP and Q' then 

-ït must' be that Q' Intersects exactly one arc of UP. Ir J ls not empty , we are 'in' 
the more general situation treated ln case 2. 
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CASE 1: J = up' n Q" = empty set 

~ 

Lemma 6: 

UP' and Q" 'are dlsJc:>lnt If and only If UP' and Q' are disJoint. 

Proo! : 

only if : The arcs or Q', Ir any, are the arcs of CP. ' UP '. and Q" are disjoInt. we 

know that no arcs of Q' Intersects UP (theretore UP ') slnce UP Is strlctly Inslde 

CP. We now brlng back the arcs of Q' to get Q'. We know that an arc a of Q' 

does not Intersect UP' slnce a Is a portion of an arc '-of CP. Since Q" does not 
\ 

Intersect UP' , edge e does not Intersect UP'. So when we restore the dome of Q' 

the dome Itself doesn 't cut UP' for If If, dld then UP' must have Intersected e or 

a, whlch Is contrary to our assumptlon . Also UP 1 cannot be strlctly Included ln 

the. dome. We now prove thls statement. Suppose UP' were strlctly Inslde a 

dome. UPcontalns the centrold or P and more preclsely UP' contalns It. Therefore 

UP' and P tnust have sorne Intersection and cannot be disjoint, therefore part of P 

must. also be ln the dome, and slnce the dome Is part of Q ( the original Q) thls 

Implles that P and Q Intersect whlch contradlcts the- Initiai assumptlon oC two dis­
( 

Joint polygons. 

il : stralghtforward, slnee Q" Is contalned ln Q'. QED 

C~rrollary : up' and Q" Intersect If and only If UP' and Q' Intersect. 
4< 

We can prove uslng a slmllar reasonlng the followlng theorem and derlve Its corrol-

Lemma 6 : UP and Q" are disjoint If and only If UP and Q' are disJoint. 

" 
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Corrollary : UP and Q' 1 Intersect If and only tr UP and Q' Intersecv.'\-, , 

o Lemma 7 : If UP' antt ~ 1 1 are dIsJoint, and If· UP a.nd Q 1 InterSect, then Q' 

. lntersects exactly one ârCOf UP. --------------- , 

Proof: Q' cannot be completely under a darne because then It would be unreach-
~ 

a.ble whlch contradlcts our InitiaI hy·pothesls. Since Q' and UP Intersect and that , ~ 

the boundary of UP Is composed of arcs, Q' must Intersect at least one arc of UP. 

Suppose Q' Intersects more than one arc of UP. Let a be one such arc, and reter to 

figure 4.15. Let La be the Hne supportlng the edge ot up T correspondlng ta arc a. 

Ali of UP'is at one slde of La _ap.d arc a Is on the other slde. Q" does not Intersect 

UP 1 but lntersects a . Therefore the Interlor of Q" must be on the same side of 

La as arc a Is. For Q" to Intersect other arcs as weil, Qi, would have ta be non 

convex which Is a contradiction. QED 

We now want to' find whlch arc of UP Intersects Q', tr any such arc exlsts. In any , 
1 & 

case we also know that If there exlsts an Intersection, It cannot be wlth an arc or 
-'\ 

.Q' (or a new edge of Q' I.e. an edge of CP) but wlt.h a real edge oC Q' . 
.t' 

. We calculate the minimum distance t reallzed by u ln UP' and v ln Q" 
/' 

, uslng Edelsbrunner 's algorlthm. And let' Lu and L" be the two parallel llnes-

tangent ta 1 une (u, v) at points u and v respec,tlvely. 

case l.a : u Is a point on an edge of UP' . 

If u ls a point on an edge eu 'of UP' , then v)must be a vertex of Q". To edge e. al' 

corresponds 'a. dome du and an arc au • ~ test whether- v 15 below or àbove the 

dome. Nottce that ail of UP except au IS below L •• 
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If v Is above du, that Is outslde the curvature of the arc ail' then we call'easlly see ' 

that Q" and UP do not Intersect, slnce only a~ 19 above L.,. Ir v 18 below the' 

. dome then au Is the arc Intersectlng Q" , and golng up fr9~ v on Its lerVand Us 

rlght edges, we can ftnd the two IntersectIon points. 

'" 
case Lb: u 18 a vertexofUP' 

If u Is a vertex oC UP' ,then v can el t her be a vertex or a pol nt on 'an edge or Q". 
c , 

1C v
c 

15 a vertex of Q' 1 ( conslder figure 4.16) then let au -1 and au be the two arcs 

oC UP adjacent to 4. ln counterclockwlse order. Ir, Lv cut& none pf au _t'or 'au tRen 

Q' f. and UP do not lntersect, therefore Q' and UP don't Intersect. 'Ir Lv' cuts any 
1 

of au -1 or au then thls arc may cut Q'. To see If It doe9 we sImply check the edges 

oC Q' ,startlng at v, ln counterclockwlse dIrectIon If the arc Is aU-l' and ln cw 
• 0 

direction IC It 15 au. The reasonlng Is slmllar If v Is a poInt on an edge or Q.". 

.' 

CASE2: J =l)P' n Q" < > emptyset 

In thls case Q' may Intersect more than one arc ln UP. We ftnd the brIdge 

points aCter havtÎlg CH (UP' U Q' '). We bulld are reglons Cor UP, no need to, 

bulld them for Q' stnee no are of Q' tnterseets UP. In fact, às we look 'for Inter-
, , 

section points, we cut off the reachable' reglons of Q' . - ' 

{ Suppose that we ha~e computed thé' brIdge pol~ts bet~een Q" and UP'. In a " 

first step we must relnsert the arcs oC Q' . For thls we look at the new edges or Q' 

'.' Ir a new edg,e or Q" does not Intersect the boundary or UP' then replaclng It 

wlth Its arc do es not change thls ( I.e. the are will no~ eut UP'). In sueh a case thls 

new edge 19 outslde UP', It cannot be completely lnslde UP' beeause then the 
{) 

correspondlng arc Ç>f CP, wlll be lnslde UP and Intersect UP whlch cannot happen 

, , . 
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Il 

as we mentlonned It berore. 

Lemm& 8 : Ir a new edge e or Q" Intersects boundary (UP') • we say that It must . , 

be cut twlce exactly. 

Proof: 

See figure ~.17 ror an lIlustratlon. We know that when a segment Intersects a 

eonvex polygon lt Intersects It ln at most two poInts. Let us show that e wlll be 

eut more than once : e Is a new edge 
0:-. 

suppose by contra(llctlon that 1t cuts 

bounC!-arYCUP') ln one point only. Then an endpolnt of e must be Inslde UP'( If 

the Intersection poInt Is a vertex ot up' It counts for two potnts) and t'he endpotnt 

~ a new edge Is a point ( posslbly the ~ndPOlnt) on an arc or boundary(CP). Tbl •. 

Is a contradiction slnce boundary(UP') Is strlctl~ lnslde boundary(CP), QED. 

Between the two bridge points on a new edge e, there Is an outer subchaln of 
,) 

UP '. By replaclng e wlth Its correspondlng arc a, aIl the subchaln or UP' wlll be 
" 

under the curvature of a. Therefore two bridge points pop off. So the two adjacent 

outer subchalns ot Q" become 'a Single outer subehaln of Q'. 

Once we have replaced aIl the new edges ot Q" wlth arcs or Q'. We test f?r Inter­

section points wlth arcs of UP by gOlng from bridge pOint to bridge point and trom 

one arc reglon to the tollowlng. 

4.3.4 - The algorithm 

...... 
input : - a convex figure UP that 15 the Intersection or n clrcles or radius 

r , aboùt vertlces ot a convex polygon P 
, . , .---

- a convex figure Q' whose boundary may contaln arcs of CP, 
- '\' ---

obtalned trom the prevlous algorlthm ln section 4.2.5. 

-­....--

---
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.-output: the reach~btllty reglon for endpolnt b of a ladder S = la, bl • 
.... Q' - (UP n QI) r 

Algorithm: 

begin 

8tep 1 " replace arcs of UP and or Q' to obtaln UP' and Q' " 0 

, " 

8tep 2 : test ~hether UP' n Q" Intersèct 

. 8tep 9 : Ir uP' n Q' =(/) then 

- compute the minimum distance between UP' and Q" 

t 

-""teSt whether the arc of UP, correspondlng to °a vertex of UP' 
, , 

reallzlng the mlnlm~m dlstaj~&' Intersects Q"", If 50 compute the 

Intersection p~lnts , otherwlse UP and Q' are disjoint • 
• 

step ./ : Ir UP 1 n Q' 1 < > (/J then 

- compute CH (UP' U Q' ') 

- replace new edges ,of Q" wlth Its arcs-

- bulld arc reglons around up ' ' 

- ror every outer subchaln ot Q', go from one arc reglon 

to the next and IdentlCy the Intersection points 

step 5 : merge the two llsts of UP and Q' and take only the reglons 

-,-

J-

determlned by the Intersectlon points, found ln steps 3 and "l, and the 

outer chalns of Q'. 
./~------

" end. . --' 

( 
\ 

'j 
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4.3.5 - The analysis 

data structure: 

An array to keep track of vertlces and edges ( or arcs) of the t~o polygons. 

Alter haVing computed the bridge points, we can Cor each edge keep track of these 

Intersection points. An array or a doubly llnked ~&t to keep track of the boun-

dari es oC the arc reglOns. 

correetness : "' , 

<J , 

We have proved that ln step 3 the minimum distance determlnes the lntersec-

tlon gplnts Cor the case that UP' and Q" are dIsjoint. Ir thls Is not the case ln 

step 4, we have proved that relnsertlng arcs of Q' and betweEtn two bridge points 

for an~outer subchaln of Q', and testlng each arc ln consecutive arc reglons ylelds 
( 

the Intersection points and thus we already cut off the parts of Q' that are not ln 

UP ,and get up to n ; non convex reachablllty reglons. 

time eomplexity : 

Step 1 Is llnear • Step 2 Is logarlthmlc uslng Chazelle and Dobkln's a~gorlthm" 

In step 3 we compute the minimum distance ln log(m + n ) tlme uslng 

Edelsbrunner's algorlthm. Testlng ror Intersection between one arc and one convex 

figure ls at most O(n). In step 4 , the 'CH can be computed uslng the rotatlng cal­

llpers of Toussaint ln O(m + n) tlme . Replaclng arcs and bulldlng arc reglons ls a 

sequentlal process fe.asable ln O(n) tlme. We use a llnear runnlng tlme algorlthm 

to compute the bridge pqlnts IJl sorted order . And slnce Cor every outer subchaln 

or Q' we know whlch_axc reglon we are ln , the testlng for Intersection ls merely a 

merge of these two llsts , and slnee the number of edg~nd arcs ln éach llst ls . 
1}ounded by n, thls step oc'thé algorlthm Is llnear. Step 5 ls also a mere traversaI of 
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~wc sorted IIsts 'and ls cal\~d out ln O(n) tlme. 
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CHt\..PTER 5 

5.1 - Problem statement 

.Glven two convex polygons P = {PI' P2' ••• , Pm} and Q = {91' 
" c. 

and a Hne segment S = [a. bl of length r, we would llke to compute :the 
.> ~ 

reachablllty reglons ln P and Q for the endpolnts a and b respectlvely, wlth the 

constralnt that a rematns wtthtn the boundarles of P and b wtthtn those of Q. 

Statlng the problem more preclsely : Glven c2 dIsjoint convex polygons P and Q 

flnd the unIon (set) or reachable reglons PR ln P and QR ln Q such that : 

For every point x E PR, there exlsts a point y ln QR su ch that d(x, y) = rand 
\ - -- .4 

For every point SE QR, there exlsts a point t ln PR such that des, t) = r. 
a 

" Calculatlng the reachable reglon ls the same procedure for each p~gon. ln 

other words the reachablllty reglon or one does not Influence the reachab1l1ty 
, 

reglon ot the other. The descrIptIon or the reachablllty reglon(s) ln a polygon Is 

that: 

(1) the boundary may contaln arcs u' , 

(2) It Is not necessarlly a convex reglon 
,'> 

(3) It may be disconnected, as ~e wlll see later It can have O(n) parts, 

each ot whlch Is a reachable reglon. 

a 

5.2 - Preliminar,y results 
'1 

We wJll now show a tew results berore descrlblng ~he algorlthm ln detall. 

deftnition : 

PR = { p ln P 1 tor every p ln PR ,(tbere exlsts q ln Q 1 d(p, q) = r } 
, ~ 

QR = { q ln Q 1 ror every q ln QR';' there exlsts pIn P 1 d(q, p) = r} 

o 



o 

• 
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Theorern 1: 

" 
The reachablllty· reglon of one polygon does not Inftuence the reachablllty 

reglon ln the other polygon. Let PR and QR denote these reglons, 

for every point x ln PR, there exlsts poInt y ln QR, such that d(x, y) = rand 
• 

for every poInt ~ ln QR, there exlsts poInt t ln PR, such that des, t) = r. 

,Proo! " 

we know that : V poInt x e PR, there exlsts y ln Q st d(x"y) = r by de11nltlon, 

now If y Is ln 'Q - QR then there w1l1 be no pOint ln P, and a fortiorI no poInt ln 

PR, such that thelr ,distance = r, QED. 

Le.t us now. show the condition of exIstence of a reachabll1ty reglon ln P and ln Q. 
t 

Such a reglon exlsts if and only il the length of the Une segment Is greater .tlian the 

minimum dIstance and smaller than the maximum distance between' the two 

polygons. and conslder figure 5.1 • 

Theorern 2: 

A Une segment S = la, bl of length r can be placed such that a 'E P and b e Q if 
) 

and only if dm ln < 1 :5 dmax 

Proo! " 

" only if: a e P, b E Q, trivial because any paIr (p, q) of P and Q 15 such that 
< 

dmln :5 d(p, q) < dmax and ln partlcular (a, b). 

i!: Here we use the co~vexlty of the two polygons. Here Is a constructive pr~r: 

If dmln < 1 < d (nI, m2) "then place a on ni and b ln (n2, m2) 

If d (nI, m2) < 1 < dl!lax then place bon m2 and a on (ml, nI) 
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In other words the paIrs or poInts (x, y) st x belongs to [ml, Dl) and y belongs to 
..-...-....-. 

[n2, m2] deftne ( or cover ) -ail possIble dIstances between dmln and dmax 

contlnuously, QED. 

- ...... -
Therefore If we already know the values or dmln and dmax, we could ln constant 

tlme answer the query : can a glven Une segment 1 = [a, b) be placed such that a 

ls ln P and b ln Q. 

To compute dmln we use Edelsbrunner's algorlthm, [Ede], Whlch runs ln subllnear 

tlme and Is O( log m + log n) and to compute dmax we use Battacmarya and 

, Toussalnt's, [BTl], whlch Is llnear ln the number or vertlces. 

5.3 - The algorithm 

We start wlth a few deftnltlons and notations. 

1- CP and CQ denote" respectlvely the convex huLl or clrcles or a glven 

radius about each of tthe vertlces or P and Q. 

o • 2:" UP and UQ denote respectlvely the unreachable reglons ln P and Q. 

3- RP and RQ denote the reac~abJe reglons ln P and ln Q. 

We now state the algorlthm whlch ls a cali to dlfTerent procedures deftned ln 

prevlous chapters. 

Input: 

- two convex polygons P= {Pli 1'(1' ••• , l'",} '. Q = {q., h, .••. ,9.}. 

- a Une segm~nt o,r length r ,S . [a, b ]. 

Output: 

Reacbablllty reglons, RP and RQ, ln P and Q for point a ln P and poInt b ln Q. 

o 



,-

/' 

-

, 

... ,-, 

o 

Algorithm: 

begin 

step 1 : calculate dmln (P ,Q) and ètmax (P ,Q) 

step e: If dmln < 1 ~ dmax then continue to step 3 

else stop. 

step 9 : If 1 = dmln then the reachablllty reglon Is the pair of points -(p, q) of P and Q that reallze dmln. 

ldem If 1 • dmax, (we may have :,3~lr of points) 

""""-- ' 

step -1 : Compute the, reachablllty reglon ln Q : 

1. calculate CP 

e. Intersect CP and Q, obtaln Q' 

( we know that thl~ Intersection ls not empty because 

d~l~ < 1 < dmax ) 

9. ca~culate Vi 

-1. If UP = empty set th en RQ = Q' 

else 

~ 1. Intersect UP and Q', obtaln Q. 

2. If Q. -l empty set then RQ = Q' 

o • else RQ = Q' - Q. 

step 5 : compute the reachablllty reglon ln P. as ln step 4. 

end. 

, , 

, . 
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5.4 - Thè analys~ 

Correctneas : • 
Cc _ 

The correctness Collows trom theorems 1 and ,2 and the_ results or the prevlous 

~ chapters. 

Complexity : 

In step 1 , the minimum and the maximum dIstances can be computed ln 
~t 

O(log m + log n) and O(n) tlme respectlvely, uslng Edelsbrunner and Toussaint 

.and Battacharya's algorlthms. The 'test ln steps 2 and 3 takes constant t1me to . 
perrorm. Step 4 has an overall complexlty or O(n) as proved ln chapters 3 and 4. 

And step 5 ls the repetltlon ''Oc the same C procedures ror the second polygon. The 

totaJ runnlng tlme oC the algorlthm ls thus llnear. 

" 

. , 

't, , , 

--....... 

, . 
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'C~TER6 

o 

, 
We have solved the problem of Hndlng a.Il the reachabtllty reglons ln two 

convex polygons, for the tlps of a ladder, constralned to remaln wlthin the 

boundaries or the polygons, Ina tlme llnear ln the number or vertlcé~Thls Involved 

the calculatlon of the IntersectIon of clrcles or equal radll about (convex) polygem 

vër:~lèes in Ilnear tlme. ThIs Ine turn suggested tbe extension or the algorlthm to one 

for the general case or clrcles or,dlfferent radll, also running ln llnear tlme . 
. ' 

We presented an algorltbm to comptie ln Ilnear tlme tbe Intersection reglon 
_l ~ 

.... <J U 

betweeI\ two convex regions, whose boundarle§' may be composed of arcs, ln the 
, , 0 

partlcular context or our problem. The problem, descrlbed ln the Introductory 

, chapt,er, of separa,tIng two star-shaped polygons. can be generallzed to an arbltrary -
number or star-,shaped polygons. ~ One Interestlng open question ls how' to 

compute, emclently, tqe reachablllty reglon ln n convex polygons ror the vertlces or 

a n-goI\, rree to move but' wlth the restrlct10n tbat each or Its n vertlces remaln ln , , , 

" J) , 

,a polygon. Another Interestlng problem that arIses Is the computation of these 
, 

regiolls ror a: ladder ln 'two Simple polygons. The extension or these problems in 

the three and hlgher dlmeoslonal spaces ~emains open , such as mOV;lng a ladder ln 

two pOlyhedra. a trIangle }n three pOlyhedra , and a polyhedron In n polyhedra. 

, Q 

"0 ' 

, . 
-, 
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